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Abstract

We investigate the linear instability and nonlinear stability for some convection
models, and present results and details of their computation in each case. The con-
vection models we consider are: convection in a variable gravity field with magnetic
field effect; magnetic effect on instability and nonlinear stability in a reacting fluid;
magnetic effect on instability and nonlinear stability of double diffusive convection
in a reacting fluid; Poiseuille flow in a porous medium with slip boundary conditions.

The structural stability for these convection models is studied. A priori bounds
are derived. With the aid of these a priori bounds we are able to demonstrate
continuous dependence of solutions on some coefficients. We further show that the
solution depends continuously on a change in the coefficients.

Chebyshev collection, p order finite element, finite difference, high order finite
difference methods are also developed for the evaluation of eigenvalues and eigen-
functions inherent in stability analysis in fluid and porous media, drawing on the
experience of the implementation of the well established techniques in the previous
work (cf. Drazin and Reid [46], Fox [53], Ng and Reid [132-134]) and Orszag [140]).
These generate sparse matrices, where the standard homogeneous boundary condi-
tions for both porous and fluid media problems are contained within the method.

When the difference between the linear (which predicts instability) and nonlinear
(which predicts stability) thresholds is very large, the validity of the linear instability
threshold to capture the onset of the instability is unclear. Thus, we develop a three

dimensional simulation to test the validity of these thresholds. To achieve this we



v

transform the problem into a velocity-vorticity formulation and utilise second order
finite difference schemes. We use both implicit and explicit schemes to enforce the

free divergence equation.
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Chapter 1

Introduction

The concept of stability in the mathematical study of a physical system has had a
long and fruitful history. Real situations show that for the practical use of many
technical systems stability properties can be a decisive criterion. Some examples
where stability properties are important could be: engineering structures (bridges,
plates, shells structures under pressure loading or unloading by flowing fluids), vehi-
cles moving at high speed, truck-trailer combinations, railway trains, hydrodynamics
problems.

Over the past decades, engineers have approached many of their stability prob-
lems using a linearised stability analysis. In addition, if a linear stability analysis
does not seem to be sufficient, numerical simulations are employed. Such a numeri-
cal simulation allows one to check whether a linearised analysis provides practically
useful results or not. However, contrary to the widespread belief that linearised
stability analysis together with numerical simulation are a general method of treat-
ing stability problems, it has been proved that this is not the case. There exists
a large number of problems where a linearised analysis does not give much infor-
mation about the behaviour of the nonlinear system at all and, hence, a numerical
simulation would be very costly without yielding much insight into the qualitative

To clarify the concept of stability in the context of a system of partial differential
equations, we begin with a simple illustrative example. Suppose u is a solution of

the nonlinear diffusion equation with a linear source term and subject to boundary



Chapter 1. Introduction 2

and initial conditions as follows, (cf. Straughan [196])

ou ou  0%u
— — = 0,1 t>0
at +u8x 81’2 +au7 x E ( Y )’ )

u(0,t) = wu(1,t) =0,
u(z,0) = ug(x). (1.0.1)

Here ¢ and = are time and spatial point respectively, and a is some real, positive
constant. Clearly u = 0, is a solution to equation (1.0.1), which is referred to as
a stationary solution as none of the variables have time (¢ in the context of the
example) dependence. It is the stability of this solution which we investigate by
introducing a perturbation (i.e. disturbance) to it. If all the perturbations decay to
zero as time progresses then the solution is said to be stable. Conversely if just a
single disturbance grows in amplitude with time, then the solution is unstable. Let

w be a perturbation to the solution @ = 0, i.e. u = u + w, such that

ow ow 0w

To discuss linearised instability we retain only the terms in (1.0.2) which are linear in
w. As this is now a linear equation we may introduce exponential time dependence
in w such that w(x,t) = e”z(x), for some, potentially complex, growth rate o. This
yields the equation
&z | (1.0.3)
0z =—+az. 0.
dx?

By imposing the boundary conditions, (z = 0,z = 0, 1), it is possible to find
2(z) = Csin(kz),  where k=nmr, n==1,4+2 ..

for any constant C'. Substituting this into (1.0.3) yields
o=—k*+a, where  k* = n?n?, n==+1,4+2 ...

The growth rate o can now be used to assess whether the zero solution is unstable.
Therefore, 0 € R and 0 < 0 <= a < k* <= a < kZ;, = 7°. So for a < 7 we

say there is linear stability. On the other hand if @ > 72 then o > 0 for n = 1 and

there is linear instability. Hence a = 72 is the linear instability-stability boundary.

June 19, 2014



Chapter 1. Introduction 3

In general the locus which separates instability and stability is known as the neutral
stability curve. The neutral stability curve represents a marginal state between
stability and instability. This marginal state exhibits one of two kinds of motion,
stationary ¢ € R or oscillatory ¢ € C. If the motion is stationary, perturbations
grow (or are damped) aperiodically whereas if it is oscillatory they grow (or are
damped) periodically. If instability sets in as stationary motion the principle of
exchange of stabilities is said to hold. On the other hand if instability sets in as
oscillatory motion then the system is said to be subject to overstability. One of the
aims of this thesis is to generate neutral stability curves and investigate their state.

It is important to note, however, that this linear analysis approach assumes that
the perturbation is small and so neglects terms of quadratic and higher order. Hence,
if a system of partial differential equations contains nonlinear elements, these terms
must be discarded to proceed. It has been proved that linear analysis often provides
little information on the behaviour of the nonlinear system (see Straughan [196]),
so in such cases only instability can be deduced from the linear thresholds, as any
potential growth in the nonlinear terms is not considered.

To obtain sufficient conditions for stability with respect to arbitrary disturbances
the full nonlinear equations must be considered. In order to establish the nonlinear
stability of the steady solution, it is sufficient to show that all perturbations vanish
rapidly as ¢ — oco. For this is sufficient to prove that any relevant perturbation
vanishes exponentially. One suitable way to demonstrate this is the energy method.
A fuller account of the energy method and its applications on a various problems
may be found in Straughan [196]. Nonlinear energy analysis, which is conducted
throughout the thesis, is of particular importance as energy methods are creating
much interest, see e.g. Kaiser and Mulone [93], Delgado et al. [41], and also because
they delimit the parameter region of possible subcritical instability (the region be-
tween the linear instability and nonlinear stability thresholds).

Multiplying (1.0.1); by u and integrating over (0, 1) yields
1 1 8 2 1 a 2 1
— il :/ uidaH—a/ uida.
2 0 8t 0 axQ 0

June 19, 2014



Chapter 1. Introduction 4

It is possible to use the boundary conditions to derive that

and

where u, = du/dx and || - || denotes the norm on L?(0, 1) (where L*(0, 1) is the space

of square integrable functions on (0, 1)), i.e.,

1
||u||2:/ W2dz.
0

Defining an energy E(t) by

1
E(t) = =||ul?
(1) = 5l
we have the inequality
di 2 2 21 J[ulf?
= el alul? = a3 - 1
1 Ju?
§—a||u$|]2(——max— , (1.0.4)
a A uglf?

where H is the space of admissible functions,
H={uecC*0,1)NC(0,1]):u=0, =01},

and C™(0,1) is the space of m continuously differentiable functions on (0,1), 0 <

m < o0o. Suppose now that Rg is defined by

then (1.0.4) becomes

Using the Poincare’s inequality (i.e. ||uz||* > 7%||u|?, see Appendix A.l for further

details), and assuming ¢ = 1/a — 1/Rg it can be deduced that

dE
o < —acr?||u||* = —2acr’E,

or, equivalently

d 2
E(62CLC7T tE) S 07

June 19, 2014



Chapter 1. Introduction 5

which leads to
E(t) < e 2™ E(0).

Recall that E(t) = %||u||?; therefore if ¢ > 0

HUH2§€_2MW%HU0H2 —0 as t — oo,

Hence it has been shown that provided a < R, ||u|| — 0 at least exponentially as
t — 00, and so the zero solution to (1.0.1) is stable.

To find Rg let I = ||ul|?, Iz = ||u.||* and recall that

Suppose u is a maximising solution and consider solutions of the form u + en where
€ is some constant and 7 is an arbitrary C?(0, 1) function such that (0) = n(1) = 0.

Clearly the maximum occurs at e = 0 so,

d (I 1dl, I dl, 1 ol |1
— (2 ==L 122 s =222 =0,
dé _[2 =0 ]2 dE 122 dE =0 IQ =0 RE _[2 =0

where 0 stands for the derivative with respect to € evaluated at e = 0. Hence it can
be deduced that
Rpdl; — 01, = 0. (1.0.5)

1 1
ol = {i/ (u—i—en)gdaz} = 2/ undzx,
de J, I 0

d [ '
0l = |:_/ (uz + Enx)de} = 2/ Uy d,
de 0 e=0 0

Therefore (1.5) yields

where

1
/ (nRpu — uzn,)dz = 0.
0

which can be integrated by parts to give

1
/ N(Rgu + ug,)dz = 0.
0

Apart from the continuity and boundary conditions it must satisfy, n is arbitrary

hence it can be concluded that,

dQ_u + Rpu=0, u(0)=u(l)=0. (1.0.6)

dx?
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Chapter 1. Introduction 6

This is known as the Euler-Lagrange equation for the example at hand. It yields an
eigenvalue problem for Rg.

The general solution of (1.0.6) is given by

u = Asin(r/Rg z) + Bcos(\/Rg x),

where A, B are constants. The boundary condition «(0) = 0 implies that B = 0,

hence
u = Asin(\/ Rg x).

For a non arbitrary solution suppose A # 0, then u(1) = 0 implies that
vV Rg = nm, where n=4+1,42, ...

ie. Rp = 7%, 472,972, ...

2 50 as expected,

Recall that stability requires a < Rg. The minimum value of Rg is 7
a < 72, is the stability bound of the zero solution to (1.0.1).

In general it is found that the energy method yields some critical threshold below
which everything is stable and a linear instability analysis some bounds above which
everything is unstable. In the example above the energy method and normal mode
analysis yield the same critical instability-stability boundary. This is due to the fact
that the differential equation under consideration (1.0.1); is linear. If nonlinearities
are introduced then in general it is found that a nonlinear stability analysis will yield
a different critical threshold to one obtained by a linear analysis. A linear analysis
assumes that any perturbation is small and so neglects terms of quadratic order and
higher, hence discrepancy between linear instability and nonlinear stability results
can occur. One of the aims of this thesis, and energy theory in general, is to try and
optimise the two thresholds to be as close together as possible and so reduce the
possibility of subcritical instabilities which may occur below the linear instability
bound and above the nonlinear stability threshold. Many techniques have been used
to do this and the theory applied to a range of important physical problems. There
are many references in the literature and significant advancement has been made in
the last 50 years. For reference we mention some recent papers and the citations

therein namely, Basurto and Lombardo [18] and Lombardo et al. [111,112]. Many
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Chapter 1. Introduction 7

more references and a thorough discussion of the energy method and its subtleties
can be found in Straughan [196].

Conventionally, stability calculations involve determining eigenvalues and eigen-
functions, with few of the associated eigenvalue problems solvable analytically. Two
powerful existing techniques for finding eigenvalues and eigenfunctions numerically
are the compound matrix (cf. Drazin and Reid [46] and Ng and Reid [132-134])
and the Chebyshev tau method (cf. Fox [53] and Orszag [140]). These numerical
methods are used in the linear and nonlinear analyses to yield generalised eigenvalue

problems of the form,

Ax = ocBx

where A and B are matrices and x is some vector, all of which depend upon the
system under consideration. The compound matrix method, which belongs to the
family of shooting techniques, performs competently for stiff differential equation-
s, with the specific purpose of reducing rounding error, as explored in Greenberg
and Marletta [68], Straughan and Walker [201], see also the references therein. The
Chebyshev tau technique is a spectral method. This method calculates as many
eigenvalues as required as opposed to just one at a time as is done in the compound
matrix method. Straughan and Walker [201] applied these two techniques to lin-
ear and nonlinear stability problems for convection in porous media. Their paper
provides an excellent summary of the two aforementioned methods. They com-
pare the techniques and highlight the advantages and disadvantages of both when
investigating stability problems.

These established methods, although useful, produce a variety of computation-
al and storage problems, as highlighted in each instance of their utilisation in the
thesis. The main difficulties with spectral methods are how to apply the boundary
conditions which involve derivatives of order higher than one and significant round-
ing errors in the computational results. One of the techniques which was used to
avoid these difficulties was to choose the spaces of test and trial functions such that
these spaces satisfy the boundary conditions [64,65]. One of the aims of Chapter 2
is to apply the Chebyshev tau method to solve the problem of convection in a vari-

able gravity field with magnetic field effect with free-free and fixed-fixed boundary
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Chapter 1. Introduction 8

conditions. We also consider the finite difference and the high order finite difference
to solve our problem which are very flexible numerical methods. We believe that
the comparison between these methods is very important where we discuss this in
some detail.

In Chapter 3, we study the problem of convective movement of a reacting solute
in a viscous incompressible fluid occupying a plane layer and subjected to a vertical
magnetic field. The thresholds for linear instability are found and compared to those
derived by a global nonlinear energy stability analysis. The finite difference method
has been applied to get the numerical results of this problem. We show the effect of
magnetic field and the chemical reaction on the critical Rayleigh number.

Double-diffusive convection takes place in a wide variety of technological appli-
cation (e.g. solar ponds, crystallization and solidification processes, nuclear engi-
neering) and in other scientific branches (e.g. geology, oceanography, astrophysics).
One of the fundamental problems of double-diffusive convection is the stability of a
statically stable horizontal fluid layer, stratified by two buoyancy components with
different molecular diffusivities (e.g. heat and salt) which make opposite contribu-
tions to the overall vertical density distribution. In such systems, motion can arise
even when the basic state density distribution is gravitationally stable.

In any realistic double-diffusive system the temperature or concentration gradient
can cause considerable spatial variations of the physical properties of the fluid which,
in turn, vary the gradient itself. In Chapter 4, we study the problem of double-
diffusive convection in a reacting fluid and magnetic field effect based internal heat
source. A linear instability analysis and nonlinear stability analysis are performed
and using the finite element method of p order we get the corresponding numerical
results. The numerical results are presented for fixed-fixed and free-free boundary
conditions.

The classical hydrodynamic problem of stability of Poiseuille flow in a channel
is a major one in fluid dynamics, see e.g. Joseph [92], Chapter 3, Straughan [195],
Chapter 8. As these texts point out there are major problems in trying to develop a
meaningful nonlinear energy stability theory for such flows since the nonlinear energy

stability threshold is inevitably far away from the linear instability one. Additionally,
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Chapter 1. Introduction 9

the eigenvalue problems associated with this class of flows are numerically very
difficult, see e.g. Dongarra et al. [43]. The focus of attention in Chapter 5 is on the
problem of Poiseuille flow in a channel which is filled with a porous medium saturated
with a linear viscous fluid. In particular, we analyse the effect of slip boundary
conditions on the onset of instability. Due to numerous applications in micro-electro-
mechanical-systems (MEMS) and other microfluidic devices, we consider such a
study to be essential. We accurately analyse when instability will commence and
determine the critical Reynolds number as a function of the slip coefficient.

In Chapter 6, we apply the second order finite difference method, the high order
finite difference scheme, p order finite element method, the Chebyshev collocation
method-1 and method-2 and Chebyshev tau technique to solve the eigenvalue sys-
tems of standard thermal convection with free-free, slip-slip, and fixed-slip boundary
conditions. Rayleigh [163] showed that, in the case of free-free boundary conditions,
we may obtain a analytical result for Rayleigh number Ra.;; = 277%/4 (see also
Chandrasekhar [32] and Drazin and Reid [46]), thus, we select free-free boundary
conditions to check the accuracy of numerical methods. However, slip-slip, and fixed-
slip boundary conditions have been selected to check the flexibility of the numerical
methods in dealing with these boundary conditions.

Within the context of fluid flow in porous media, or simply within the theory
of fluid flow, there has been substantial recent interest in deriving stability esti-
mates where changes in coefficients are allowed, or even the model (the equations
themselves) changes. This type of stability has earned the name structural stability,
and is different from continuous dependence on the initial data. Structural stabil-
ity is the focus of attention in, for example, Ames and Payne [1-4], Franchi and
Straughan [54-57], Lin and Payne [106-110], Payne and Song [144-146|, Payne and
Straughan [149-151], Payne et al. [143], and also occupies attention in the books of
Bellomo and Preziosi [19], Ames and Straughan [5] and Straughan [197]. Structural
stability questions are fundamental in that one wishes to know whether a small
change in a coefficient in an equation, or in the boundary data, or in the equations
themselves, will induce a dramatic change in the solution. Thus structural stabil-

ity constitutes a class of stability problems every bit as important as continuous
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Chapter 1. Introduction 10

dependence on the initial data.

In Chapters 7, 8 and 9 we deal with obtaining stability estimates for solutions
to some convection problems where changes in coefficients are allowed, or even the
equations themselves change. Such stability estimates are fundamental to analysing
whether a small change in a coefficient or other data leads to a drastic change in
the solution. Chapters 7 and 8 continue the investigation of continuous dependence
properties of models which were introduced in Chapters 3 and 4 when these models
include porous media and fluid, respectively. For porous media case, we concentrate
on a Brinkman model. For both models, we establish the continuous dependence on
changes in the chemical reaction K coefficient, and on changes in the coefficient of
the magnetic term o. Chapter 9 is devoted to studying the influence of the magnetic
and the gravity vector coefficients on the double diffusive convective flow in a porous
medium using the Darcy model.

The purpose of Chapter 10 is to study the effect of a heat source on the solution
to the equations for an incompressible heat conducting viscous fluid. When the
difference between the linear and nonlinear thresholds is very large, the comparison
between these thresholds is very interesting and useful. Thus we repeat the stability
analysis of Straughan [194] to select new situations which have very big subcritical
region. Then, we develop a three dimensional simulation for the problem. To do
this, firstly, we transform the problem to velocity- vorticity formulation, then we
use second order finite difference schemes. We use implicit and explicit schemes to
enforce the free divergence equation. The size of the box is evaluated according
to the normal modes representation. Moreover, we adopt the periodic boundary
conditions for velocity, temperature, and concentration in the z,y dimensions.

Chapter 11 contains some concluding remarks on the results and implications of

the thesis, with suggestions on the development of future work.
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Chapter 2

Convection in a variable gravity

field with magnetic field effect

2.1 Introduction

In this chapter, we wish to analyse a model of convective instability created by a top
heavy layer of fluid containing a solute or pollutant. Applications include environ-
mental (atmospheric) physics where a polluted atmosphere at the Earth’s surface
is helped by convection overturning the air and mixing. Other applications concern
studies involving a salt concentration in a fluid. The topic of pollution/contaminant
spread in a shallow atmosphere, in a shallow layer of water, or in soils, is one of
much current research interest with application to many environmental/geophysical
concerns of modern life, cf. Franchi and Straughan [58] and the references therein.

The fundamental concept behind Magnetohydrodynamics (MHD) is that mag-
netic fields can induce currents in a moving conductive fluid, which in turn creates
forces on the fluid and also changes the magnetic field itself. The set of equations
which describe MHD are a combination of the Navier-Stokes equations of fluid dy-
namics and Maxwell’s equations of electromagnetism. The MHD applies to many
conductive fluid and plasma flows encountered in nature and in industrial applica-
tions ( [179], [52] and the references therein). For instance, MHD equations would
be relevant for the atmosphere of the sun, the influence of the solar wind on the

Earth’s atmosphere, nuclear fusion, and for the simulation of plasma thrusters for
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2.1. Introduction 12

active flow control in aerodynamics.

It is likely to be important to consider variable gravity effects in the large scale
convection of atmospheres, see Pradhan and Samal [155]. The addition of viscosity
will provide a more realistic situation. It could be argued that one should further in-
clude compressibility, but we prefer to treat at this stage the incompressible model as
the results will certainly be more transparent; the mathematical complexities intro-
duced by compressibility even with a constant gravity field are highly nontrivial, cf.
Spiegel [191] and Padula [141]. However, it is necessary to include non-Boussinesq

(penetrative) effects to describe a convective atmosphere (Veronis [220]).

The analogous problem which consider the effect of the magnetic field on the
onset of thermal instability in fluids has received considerable attention, cf., Galdi
and Straughan [61], Galdi [60], Sunil et al. [205], Sunil et al. [207], Sunil and Mahajan
[209], Sunil et al. [208], Dragomirescu and Georgescu [44,62], Straughan [193], Zebib
[229], Zakaria [228], Chertovskih et al. [34], Lee and Chun [104], Ghasemi et al. [63],
Ashouri et al. [7], Varshney and Baig [219], Landeau and Aubert [99] and Umavathi
and Malashetty [218].

Convectional hydrodynamic stability theory is mainly concerned with the de-
termination of critical values of Rayleigh number, demarcating a region of stability
from that of instability. To do this, we apply a quasi-static approximation as in
Galdi and Straughan [61]. This still allows a full analysis of the effect of the mag-
netic field but avoids mathematical complication associated with the complete set
of equations for magneto hydrodynamic, cf., Rionero [169], Galdi [60], Rionero and
Mulone [177], Chandrasekhar [32], Roberts [179], Landau et al. [100]. Nevertheless,

the model we develop is still highly nonlinear and very non-trivial.

Orszag in [140], introduced the earlier numerical study to the Orr-Sommerfeld
problem. He solved this problem by using a direct (tau) spectral method. The
other important papers was introduced by Dongarra et al. [43] and Straughan and
Walker [201]. In [43] they analyze the Orr-Sommerfeld equation supplied with ho-

mogeneous boundary conditions which contain derivative up to the first order. S-
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2.2. Governing Equations 13

traughan and Walker in [201] solved other hydrodynamic stability problems using
Chebyshev tau and compound matrix methods. Hill and Straughan in [86] apply
high accuracy Legendre spectral element method for solving second order as well as
higher order (especially fourth order) differential eigenvalue problems. Gheorghiu
and Pop in [65], built up a Chebyshev tau method in order to solve a hydrodynam-
ic stability problem connected with the Marangoni-Plateau-Gibbs convection. The
eigenvalue problem was a non-standard one, i.e., two out of the four boundary con-
ditions attached to the OrrSommerfeld equation contained derivatives of order two
and three. In [64] Gheorghiu and Dragomirescu used Weighted residuals Galerkin
method, Weighted residuals Petrov-Galerkin method and the Chebyshev collocation
method to solve the linear hydrodynamic stability problem of a convective flow in

varying gravity field.

In this Chapter, the problem of convection in a variable gravity field with mag-
netic field effect is studied by using methods of linear instability theory and nonlinear
energy theory. Three numerical methods have been applied to get the numerical re-
sults of our problem, namely Chebyshev tau, finite difference FD and High order
finite difference HFD. The plan of the chapter is as follows. In the next section we
develop the basic equations. Then, both linear instability and unconditional nonlin-
ear stability results are derived in Section 2.3 and 2.4, respectively. The numerical
techniques are described with details in Section 2.5. In the final section, we present
the numerical results which have been computed using the Chebyshev tau, finite
differences and high order finite differences.

The results in this chapter are also presented in the manuscript Harfash [72].

2.2 Governing Equations

We suppose the fluid is contained in the plane layer {z € (0,d)} x R? and is
incompressible, although a Boussinesq approximation is employed in the buoyancy
term in the momentum equation. The momentum equation for a fluid containing a

solute and with an imposed magnetic field is then
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2.2. Governing Equations 14

p(vi e+ 00 5) = —p.i + Av; — packig(2)(c — cx) +j X B, (2.2.1)
where p, v, p, c are the constant density, velocity field, pressure, and concentration of
solute. Additionally, a. is the salt expansion coefficient, p is the dynamic viscosity,
g(z) = 1+ eh(z) is gravity field, ¢, is a reference concentration, k = (0,0,1), j is
the current, and B is the magnetic induction field. Throughout, we use standard
indicial notation and the Einstein summation convention so that e.g. v; ; = Jv;/0t,
and p; = Op/0x;, v;v;; = (v.V)v, and A is the Laplacian. The balance of mass
equation is

vi; = 0. (2:2.2)

The equation governing the evaluation of the solute concentration is, cf., Straughan
[196], p.239,

ctvic,; = DAc. (2.2.3)

Here ¢(x,t) is the solute concentration, D is the the solute diffusion coefficient. To
make the convective overturning instability problem tractable we employ the quasi-
static MHD approximation of Galdi and Straughan [61]. This assume that the
electrical field E is always derivable from a potential, i.e. E; = —¢ ;. The magnetic
and electrical fields, E, H, satisfy Maxwell’s equations, cf. Roberts [179], Fabrizio

and Morro [52], so that

0B
curlH=j, cuwlE = 5 divB=0, divj=0 (2.2.4)

where j is the current and B = iH is the magnetic induction. Then, from (2.2.4),
it follows that 0B;/0t = 0 and so B; is a function of the spatial variable x; only.

Galdi and Straughan [61] take B = Byk where k = (0,0, 1), the convection layer
being R? x {z € (0,d)}. The current is given by j = o(—E + v x B), where ¢ is the
electrical conductivity and v is the fluid velocity, and then (2.2.4), shows that

o(—Ap+B-Vxv—-—v-VxB)=0. (2.2.5)
It is now assumed that ws; = 0, where w is the vorticity, w = curlv. Then since

B = Byk, we have B -V x v =0. From equation (2.2.4); and the expression for j,

1

curl B=—(-V¢ +v x B), (2.2.6)
Ui
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2.2. Governing Equations 15

where n(= 1/fi0) is the resistivity. We let  — oo (which is equivalent to letting
the magnetic Prandtl number P,, = v/n — 0) and then from (2.2.6) we see that
curl B = 0. Therefore, the term v -V x B =0 in (2.2.5) and that equation reduces
to A¢p = 0. Since we suppose ¢ decays sufficiently rapidly at infinite we must have

¢ = 0 and then we arrive to j = o(v x B) with B = Byk. Thus we have

ixB=o0(vxByk)x Byk. (2.2.7)

Now, substitute (2.2.7) in (2.2.1), thus, we find the equations for our model are

1 B2
Vit 05U = —;P,i + vAv; — aeg(2)(c — coo) ki + (,)001 (v x k) x k|;. (2.2.8)

vig =0, (2.2.9)

ci+vic; = DAc. (2.2.10)

The model now consists of the six partial differential equations (2.2.8), (2.2.9) and
(2.2.10) and the following boundary conditions are assumed to hold,

v, =0, at 2=0,d; c=cy, at z=d;, c=cp, at z=0, (2.2.11)

where ¢y, cr, are constant with ¢y > ¢p. Let us now consider the basic steady state
solution (v;,p,¢) of the system, where, as there is no fluid flow, v; = 0. Utilizing
the boundary conditions and assuming that the basic steady state solutions are
functions of z only

c=fPz+ecr, (2.2.12)

where 5 = (cy —cp)/d. The steady pressure p may then be found from (2.2.8) which

reduces to

1
P 9(2)ae(C — coo)ki = 0. (2.2.13)

To study the stability of (2.2.8), (2.2.9) and (2.2.10) we introduce a perturbation

(u;, m, @) to the steady state solution (;, p, ¢), where

v; = U; + Uy, p=p+m, c=c+¢.
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2.3. Linear instability 16

Using (2.2.12), (2.2.13) the perturbed system is

1 3301
Ui ¢+ Uj U5 = _Eﬂ',i + vAu; — g(2)acpk; + P [(u x k) x k;,

O+ u; s = —Bw + DA,

where u; is solenoidal, i.e. u; ; = 0.

We now introduce non-dimensionalised variable with scaling of

d? 2
x=x'd, t=t'2 u=Uu, ¢=T¢ =n=Pr*, U=2% p=FL"
v d 2
cdt
T = U Ifﬁ, R=, /%P 5, M:BOd\/E, ps = 2
Do, Dv pv D

Here Ps is the Prandtl number and R is the Rayleigh number. With this scaling
the non-dimensional form of becomes (we are usually omit all stars even through

the non-dimensionless form is understood)
Wi ¢+ ujug ;= —m; + Au; — kiRg(2)p + M?[(u x k) x k];,
u;; =0, (2.2.14)
Ps(¢r +ui ¢ ;) = —Rw + Ad.

The spatial domain is now {(z,y) € R*} x {z € (0,1)}. The perturbed boundary

conditions are given by

u; =0, ¢=0 on z=0,1, (2.2.15)

and wu;, ¢, m satisfy a plane tiling form in the (z,y)-plane, Chandrasekhar [32], S-
traughan [196].

2.3 Linear instability

Before discussing nonlinear energy stability of a solution to (2.2.14) we briefly digress
into linearized instability theory. The governing equations are obtained from (2.2.14)
by omitting the nonlinear terms. The resulting linearized equations possess solutions
of the type

(%, 8) = w(X)e”, $(x, 1) = $(x)e, m(x, 1) = m(x)e,
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2.3. Linear instability 17

where o is the growth rate and a complex constant. So that u;(x), ¢(x), 7(x) satisfy

—Rw + A¢ = o Ps ¢. (2.3.17)

Taking the double curl of (2.3.16), using the third component, (and the fact that u

is solenoidal) we have

A*w — Rg(2)A*¢ — M*D*w = oAw, (2.3.18)

where A* = 9%/9z% + 0%/0y*, D = d/dz. We now introduce normal modes of the
form w =W (z)f(z,y), and ¢ = ®(2)f(z,y) where f(x,y) is a plan-form which tiles
the plane (x,y) with

A*f = —a’f. (2.3.19)

The plan-forms represent the horizontal shape of the convection cells formed at the
onset of instability. These cells from a regular horizontal pattern tiling the (x,y)
plane, where the wavenumber a (see [32]) is a measure of the width of the convection
cell. Using (2.3.19), and applying the normal mode representations to (2.3.17) and
(2.3.18) we find

(D? —a*)*W + a’Rg(2)® — M>D*W = o(D* — a*)W, (2.3.20)
(D? —a*)® — RW = oPs ®, (2.3.21)

where the boundary conditions become
O=W=DW =0, =z2=0,1, for fixed boundaries, (2.3.22)

and

=W =D*W=0, =2=0,1, for free boundaries. (2.3.23)

System (2.3.20)-(2.3.21) and (2.3.22) or (2.3.23) is solved using the Chebyshev
tau, finite difference (FD) and high order finite difference (HFD) methods. Detailed
numerical techniques and results are reported in sections 5 and 6, respectively. We
have solved system (2.3.20)-(2.3.21) and (2.3.22) or (2.3.23) for eigenvalues o, by

using the ()Z algorithm from Matlab routines. Once the eigenvalues o; are found
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2.4. Nonlinear energy stability theory 18

we use the secant method to locate where of, 0; = o' + o] being the real and
imaginary parts of eigenvalue ;. The value of R which makes o7 = 0, oft being the
largest eigenvalue, is the critical value of R for a? fixed. We then use golden section

search to minimize over a? and find the critical value of R? for linear instability.

2.4 Nonlinear energy stability theory

Linearized instability theory certainly shows where instability occurs. It does not,
however, a priori yield any information on stability, nor does it necessarily predict
the smallest instability threshold. To clarify this concept, we begin with a simple

illustrative example. Consider the following systems

i=ay— 2>,

(2.4.24)
j=—az —y"

&=y + 2>,
(2.4.25)
= —az +y°.
Note that, for both system, the linearization is simply a harmonic oscillator with

eigenvalues +ia. The exact solution of nonlinear system (2.4.24) may be found by

separating variables:

2 ) z3(t) + y3(t)
a(t) +y7(t) < 1+ 2t(23(t) +y3)

Therefor, z%(t) + y*(t) — 0 as t — oo and thus we deduce that the solution is

asymptotically stable. However, the solution of nonlinear system (2.4.25) lead to

, ) x5 (t) + 5 (t)
PO +y (1) = 1= 2 (22(t) + 2)’

and thus system (2.4.25) is unstable as t — oo.

It is possible that nonlinear terms will make a system become unstable long be-
fore the threshold predicted by linear theory is reached. Such instabilities are called
subcritical. If we have a threshold below which we know all nonlinear perturba-
tions decay, in a precise mathematical way, then this will yield a nonlinear stability

boundary. When this threshold is relatively close to the analogous threshold of
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2.4. Nonlinear energy stability theory 19

linear theory we may have some confidence that the linear results are actually pre-
dicting the physical picture correctly. Nonlinear energy stability theory is discussed
in detail in the book by [196].

We now develop an unconditional (i.e. for all initial data) nonlinear energy
stability theory for system (2.2.14). The numerical results for the nonlinear stability
threshold turn out to be relatively close to those for the linear instability boundary,
and hence they are practically useful. The numerical results are discussed in detail
in section 6.

Let V be a period cell for a disturbance to (2.2.14), and let ||- || and (-, -) be the norm
and inner product on L*(V). We derive energy identities by multiplying (2.2.14),
by w; and integrating over V , and (2.2.14), by ¢ and integrating over V | to find

1d

52 = = Vull? = Rig 6,w) = M2l ~ wl?, (2.4.26)
Ps d
017 = =R(g,w) = [ V6 (24.27)

Letting A be positive parameter to be selected at our discretion, we multiply (2.4.27).

Adding this equation to (2.4.26) yields

4.1

AP
S Gl + 251017 = =Ry + N6, w) = AITSIE — [Vul = M(Jull? + o)),

where u is explicitly written as u = (u, v, w). Define
1 APs
E(t) = = |lu|? + 222 19|12
(1) = ¢l + 222 ol
D = X[Vo|* + [[Vul® + M2([Ju]l* + [[o]*),

Z=—-R((g+ No,w).

Adopting these definitions for (2.4.28) we find

Thus we have
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2.4. Nonlinear energy stability theory 20

where 1/Rp = maxy(Z/D) and H is the space of admissible functions, namely
H={u;,¢ € C*0,1): ¢ =w=Dw=0, z=0,1}.

For fixed surface and the same space for free surface with D?>w = 0 instead of
Dw = 0. If Rg > 1, then with \; being the constant in poincare’s inequality for u
and ¢ we have D > ¢ F, where ¢ = min{2\;, 2\; Ps ~'}. Hence

dE Rp—1
ok R
g < Bl Ry

).
Thus, letting v = ¢(Rg — 1)/ Rg and integrating we have
E(t) < E(0)e.

If Rp > 1, then as t — oo, E(t) tends to zero at least exponentially, so we have
shown the decay of ¢ and u. Now that the global stability has been established
we must study the maximisation problem 1/Rp = maxy(Z/D) together with the
condition Rg > 1. To solve the maximisation problem we study the Euler Lagrange

equations. The Euler Lagrange equations are found from

Rg6Z — 6D = 0. (2.4.28)

let x and 1 be arbitrary, fixed C%(0, 1) functions which satisfy the boundary condi-
tions. We now consider neighbouring function u; = w; + en(x;) and ¢ = ¢ + ep(x;),

Hence
5D—i \Y vnl|? + M? 2 M? 24NV V|
—dEHI u+ eVn[]® + M= |lu+ en)| Jw + ens]|* + AV + eV [|"le=o

= (=2Au; + 2M2u; — 2M%kw, n;) + (—20\A¢, V),

and

0L = %[—R«g + Ao + €, w + €ens)]—o

= (—(g+ N Rkio,mi) + (—(g9 + N Rw,v).

Thus, the Euler Lagrange equations which arise from the variational problem 1/Rp =

mazxy(Z/D) can be written as:

—(g + N Rkip — 2M>u; + 2Au; + 2k;M*w = —7, (2.4.29)
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—(g+ A)Rw + 2)\A¢ = 0, (2.4.30)

where 7 is a Lagrange multiplier. To remove the Lagrange multiplier we take the
third component of the double curl of (2.4.29), and introducing the normal mode
representation and notation as presented in section 3, thus system (2.4.29)-(2.4.30)

then becomes
2

(D? — a®)?W — M2D*W = —(g + A)%ch, (2.4.31)
(D? —a*)® = %RW, (2.4.32)
where the boundary conditions become
O=W=DW =0, 2=0,1, for fixed boundaries, (2.4.33)
and
d=W=DW=0, =z2=0,1, for free boundaries. (2.4.34)

We can now determine the critical Rayleigh Ray for fixed a? and A\. Then, we employ
golden section search to minimize in a? and then maximize in A to determine Rag

for nonlinear energy stability,

Rap = max min R*(a®\). (2.4.35)

where for all R? < Rap we have stability.

2.5 Numerical methods

In this section we will discuss the numerical treatment which we used in this chapter
to solve systems (2.3.20)-(2.3.21) and (2.4.31)-(2.4.32). The numerical results are
presented for the gravity field g(z) = 1—ez, while the numerical routine is applicable
to a wide variety of other fields. Three methods are used to solve these systems,

thus we will introduce these methods as follows, respectively:

2.5.1 Chebyshev tau

For free surface, we introduce new function A = (D?—a?)W. Therefore, the systems

(2.3.20)-(2.3.21) and (2.4.31)-(2.4.32) become as follows

(D? —a®)W = A, (2.5.36)
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(D? —a*)A — M?a*W — M?A + a®Rg® = oA, (2.5.37)
(D? —a®)® — Rw = o Ps ®, (2.5.38)

(D? —a®)W = A, (2.5.39)

(D? — a®)A — M?a*W — M?A = —(g + A)%chp, (2.5.40)
(D? —a*)® = %RW, (2.5.41)

and the boundary conditions will be
b=W=A=0, at z=0,1. (2.5.42)

To employ the Chebyshev tau technique, system (2.5.53)-(2.5.55) and (2.5.63)-
(2.5.65) are converted to the Chebyshev domain (—1,1), and then W, A and ® are
written as a finite series of Chebyshev polynomials

N+2 N+2 N+2

k=0 k=0 k=0

The weighted inner product of each equation is taken with some 7} and the
orthogonality of the Chebyshev polynomial is utilised to form the generalised eigen-

value problem

4D? — a®I —1I 0 O 0O O

—M?a®*I 4AD*— (M?+a*)I a®RF1 Q=0 0 1 0O |Q

—RI O 4D? — a®I O O Psl

for linear problem and for nonlinear is
4D? — a®I -1 0 O O O
R
—M?a?*I  4D* — (M? + a®)I O Q= B O O —d®’F2 Q,
O O 4D* — a*I §F2 O O

where Q = ( W, A, &, )T W= (W, oo, Whaa)T, A = (Ao, ..., Ansa)T, @ =
(@, ..., Pny2)T, D? is the Chebyshev representation of d?/dz? and F1 = (1—¢/2)I —
(€/2)Z, F2 = (14+X—¢/2)] — (¢/2) Z, I is the identity matrix and Z is the matrix
representation of z, for more details see [43]. Using the boundary conditions and the

fact that T,,(£1) = (£1)" we remove the last two rows of each (N +2) x (N+2) block
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and replace these rows by the discrete form of the boundary conditions (2.5.42). Al-
so, we can adopt another technique to apply the boundary conditions where we
can find the values of Wy 1, Winio, Ani1, Anio, Pyy1 and @y o from the bound-
ary conditions then we substitute these values in the system and thus we remove
the last two rows. The new system have the order (N + 1) x (N + 1) instead of
(N 4 3) x (N +3) ( see [43,201] for more clarification).

The conversion of the degree of the derivative from fourth to second, in order
avoid the use of the fourth derivatives which will generate a D* matrix. In D* matrix,
if we use a large number of Chebyshev functions, an instability in the calculation of
the eigenvalues will be generated [43].

Firstly, let C = (D —a)W, A = (D + a)C, thus A = (D? — a*)w. Hence, the
systems (2.3.20)-(2.3.21) and (2.4.31)-(2.4.32) can be written respectively,

(
( (2.5.43)
(D? — a*)A — m*a®W — M*A + a*R® = o(D? — a*)W,

(

D? —a*)® — Rw = 0 Ps ®,

(D—a)W =C,
(D +a)C = A,
2 (2.5.44)
(D? — a®)A — m2a®W — M?A = —(1 + /\)%R@,
2 avg (LA
(D* —a*)® = S RW,

with boundary conditions C = W = & = 0 and DC = A on z = 0,1. The system
(2.5.43) and (2.5.44) is transformed onto the Chebyshev domain (—1,1) and the
solutions W, C'; A and ® are expanded as Chebyshev polynomials so that

N+2 N+2 N+2 N+2
k=0 k=0 k=0 k=0

Taking the weighted inner product with Tj, and defining D and D? to be the
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Chebyshev representation of d/dz and d?/dz?, the eigenvalue problem now becomes

2D —al -1 O O
O 2D +al -1 O
—M?a? O 4D? — (M? +a*)I  a*RF1
—RI O 0 4D* — a®I
O O 0 O
_p O O 0 O Q.
4D* —a*I O O O
O O O Psl

for linear problem and for nonlinear is

2D —al —1I O @)
@] 2D +al —1I O
—M?a? @) 4D? — (M? + a?)I @) @
@) O O 4D? — a?]
O 0O O O
R O O O O
"2 0 00 —wrm |
1F2 0 0 0

where Q = ( W, ¢ A b, ) W= (Wo ... Was2)T,C = (Coy ooy Oga)T, A =
(Ag, ..., Any2)T, d = (@, ..., Pyyo)?, D? is the Chebyshev representation of d?/dz?
and F1 = (1—¢/2)] — (¢/2)Z, F2 = (1 + X —¢/2)] — (¢/2) Z, I is the identity

~—
S

matrix and Z is the matrix representation of z

Using the boundary conditions and the fact that 7,,(£1) = (£1)" and T} (£1) =
(£1)"'n? we can find Wy 1, Wxia2, Cni1, Oz, i1 and @yyo, then we can re-
move the N + 1 and N + 2 rows and columns. To find Ax,q, Ayio we will use
the condition 2dC/dz = A. This condition allow to us to evaluate Ay, and Ao

because Cy 41 and Cy o known as functions of {C;}Y,, thus

N-—1 N

Avi=— Y A+ > (= (N+27°)C,
i=0 i=1
i even i odd
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N N-—1

Ay ==Y A+ ) (> = (N+1)*)C;
i=1 =0
i odd i even

Then we use QZ algorithm to solve these systems. Also, a golden section search

method and secant method was employed to find the critical Rayleigh numbers.

2.5.2 Finite Difference Scheme
Standard Finite Difference

The standard second and fourth order central difference operators at grid point ¢

can be written as:

2y = Wit T 2u; + iy

"o h? ’ (2.5.45)
PYNNINCS duiyq + 6u; — du; 1 + up o o

U; = A .

The second and the fourth order derivatives for the function u at grid point ¢ can

be approximated by a second order accuracy as

d*u 9 h* d*u

- = - — hi

d=?|, 12 dz4 + O,

L KR 4 (2.5.46)
—| =0"u; — ———+O(h

dz*|, 6 dzb ()

By using these finite difference approximations, (2.3.22) and (2.4.31)-(2.4.32) can

be discretized at a given grid point ¢ respectively as,

SW; — (M? + 2a%)0°W; + a*W; + a*Rg;®; = (6% — a®)W; (2.5.47)
62®; — a*®; — RW; = 0 Ps ®;, (2.5.48)
and
SIW; — (M2 + 2a*)82W; + a*'W; = —%2(91- + A\ R®;, (2.5.49)
520, — a2, = (g’;; Y g, (2.5.50)

The boundary conditions D,WW = 0 at z = 0,1 are approximated using finite d-
ifference technique as W_; = Wy and Wy, = Wx_1. In the same scheme the

boundary condition D*W = 0 at z = 0,1 has the approximation W_; = —W,
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and Wy = —Wy_1. In this manner, equations (2.5.47), (2.5.48) and the fixed

boundary conditions lead to the finite difference equations

Wiso 4 2a*+ M? 6  2(2a*+ M?* 4 2a*+ M?
1A _(F_‘_T)m-i-l—i_(m_‘_T—i_a)m_(ﬁ"i_T)Wi—l
W, W, 2 W,
+T2 + Ra? g;®; = o hZH — (53 + a®)W; + = 1, (2.5.51)
i=2,..,N—2
0¥ 2 D,
L (S 4P+~ — RW; = 0Ps &, (2.5.52)
h h h
i=1,...N—1,
W 4 2a%+ M? 7 2(2a% 4+ M?
h_43 - (H + T)WQ + (ﬁ + % + a4)W1 + Ra291¢1
W- 2
= a[h—; — (33 + a®)Wy], (2.5.53)

which is the equation obtained from (2.5.47) with ¢ = 1, and

7 2(2a* + M? 4 2a* 4+ M? W
(ﬁ + : 2 ) +a" Y Wy_y — (ﬁ + T)WN—Q + ;;l Sy Ra*gn_1Pn_4
2 Win_2
=ol=(55 + @)Wy + —7, (2.5.54)

which arises from (2.5.47) with i = N — 1.

For free surface, the same equations still work and there two differences, where
the third term in (2.5.53) and and the first term in (2.5.54) are equal to (5/h* +
2(2a*+ M?)/h*+a*)W;. Similarly, equations (2.5.49), (2.5.50) and the fixed bound-

ary conditions produce to the following finite difference equations

Wia 4 2a*+ M? 6  2(2a*+ M?* 4 2a*+ M?
T R L R T
Wi Ra?
= —Ta (gi + \) @i, (2.5.55)
i=2 .. N—2
iy 2 5 ;1 R
r (g T a)@it =5 = o0 (9 F AW, (2.5.56)
i=1,.,N—1,
W- 4 2a% 4 M? 7 2(2a% 4+ M? Ra?
h_f_(ﬁ T)Wng(er%Jra‘l)Wl =-— (1 +A) Py, (2.5.57)
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which is the equation obtained from (2.5.49) with ¢ = 1, and

7 2(2a* + M?) 4 2a*+ M? Wi
(i + ) Wi = (G + W
Ra?
=75 (gn-1+A)PN-1, (2.5.58)

which arises from (2.5.49) with i = N — 1.

Equation (2.5.55)-(2.5.58) still the same with free surface with two differences
in the terms, where the third term in (2.5.57) and and the first term in (2.5.58) are
equal to (5/h* +2(2a® + M?)/h? + a*)W7.

High Order Finite Difference

The main idea of the high order finite difference scheme is to find the values of
truncation errors from the original differential equation and substitute these values
in the finite difference formula. In this scheme we can reduce the order of truncation

errors. In our system we can easily find the value of DWW and D*® as follows
DW = (2a* — M?+0)D*W — (a*+0a*) D*W —a*R(gD*®+¢ DO +g" @), (2.5.59)

D*® = (a* + o Ps)D*® + RD*W, (2.5.60)
where the first derivative D® can be approximate at grid point i as follows. Let

Ui41 — Ui—1
ou; = ——. 2.5.61
u 57 ( )

Then the approximate value of the first derivative can written as
—| = 0u; — ——— +O(hY), (2.5.62)

If we substitute the values of DSW and D*® in (2.5.46) for W and ®, and then
approximate D*W, D*W and D?® by using standard second order finite difference
we have the following fourth order finite difference formula

EWN _ s, — B srow 1+ 02)) + on), (2.5.63)
dz=? |, 12
d*® h?

| = 0= (@40 Ps (30 O(R) + RPW+ O(2) }+O(h'), (2.5.64)
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4 2
dd;V =0t - %{W = M +0)(3"Wi + O(h%)) — (a' + 0a®)(§*W; + O(h?))

—a*R(g;(6*®; + O(h?)) + g}(6®; + O(h*)) + g/ ®;)} + O(h*). (2.5.65)

It is clear that the overall truncation error will be of O(h?). Using (2.5.63)-(2.5.65)
finite difference approximations, (2.3.20)-(2.3.21) can be approximated at a grid

point ¢ respectively as,
4 ] 2 ] 4 ] 2 5. 2 h2 28 . / ) "
ro 0" Wi +1r1 W, +a " W; + a*Rg; ®; + a Rg(gzé O, + 290D, + g ;)

2
[h Wi + r40° Wi — a® Wy, (2.5.66)

Az? Az?
—R(1+ %52)1% +1r362®; — a’®; = oPs (1 + 1—;52)@, (2.5.67)
where r; = (h%/6) a* — M? — 2a?, ry =1 — (h*/12) (M? + 2a?), r3 = 1 — (h*/12) a?
and ry = 1 — (h?/6) a®>. The boundary conditions under high order finite difference
approximated still the same standard scheme for fixed and free surfaces. Thus, for
fixed boundary condition, (2.5.66) and (2.5.67) produce the following high order

finite difference equations

T 47”2 (&1 67”2 27”1 4
paiWirz + (m5 7 + )W + (57 — 55 +a at)W; +(—ﬁ+h2)w h4VV7, 2
1 h h? 1 1 h
21(Z — Z\P. g D\, Z 4 2\,
+Ra [(6 692) i—1 + (gl + 6 -g’L 3) 1 + (6 697,) 7«+1]
Wi Ty 4 1 2ry 2 ! 4 Wia
=l T TVt G T e Wit G — W + ek
(2.5.68)
1=2,...,.N—2,
-1 5 1 P, 2r3 D11
R[Ewiil_ém_12m+l]+r3 h —(F—FCL)(I) +7’3 h2
1 5 1
=oPs [E(I)Z 1+ 6(1) + 12CI)1+1] (2569)
1=1,...,.N —1,
T2 47’2 7T2 27’1 2 h2 1 1 h
EW:H-(— i h2)W2 (ﬁ—ﬁﬂl )Wi+ Ra [(91+E9¥—§)® +(6+691)‘I>2]
7 2ry 4 Ws
=0|(— — — — - — — 2.5.
g~z ~ M+ (h2 o) V2 + 15;3) (2:5.70)

which is the equation obtained from (2.5.66) with i = 1, and

Tr 2r 4r
<h_42_h_21 a YWyt + (— 5 + 5) W2 + 4WN3

e h2> h
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2 1 h ! h2 " 1
+Ra (5 = 9n-1)Pr—2 + (g1 + gn—1 — 3)Pr—i]
WN73 T4 4 7 27‘4

2
e T Ur )Wt (g g — Wl (25.71)

which arises from (2.5.66) with i = N — 1.

= o

For free surface, (2.5.68) and (2.5.69) still the same, while (2.5.70) and (2.5.71)
should be replaced by the following equations

T2 47”2 1 57“2 2’1"1 4 2 h2 1 1 h
ﬁW3+(—F+ﬁ)Wz+(ﬁ—ﬁ+a )Wi+ Ra [(91+g9¥—g)@1+(g+ggi)‘bz]
5 2ry T4 4 W
= W (- W+ — 2.5.72
W~ 72— Wt G~ g We ¥ e (2:572)
5r 2r 4r r T
(h—f - h_; +a")Wy_1 + <_h_42 + h_;)WN—Q + h_iWN—S
1 h h? 1
+Ra? [(5 - 69§v71)‘1’N—2 + (gnv-1+ ggﬁzq - g)‘l’N—ﬂ
WN—3 Ty 4 5 27‘4 2
= e ot (g — o ) 2.5.
o * Uz~ Wt (g — 3 — )Wl (2:5.73)

Generally, the finite difference and high order finite difference schemes produce

a generalized matrix eigenvalue problem of form

AQ=0BQ, (2.5.74)
for the linear case and for the nonlinear case it takes the form

AQ=RBQ, (2.5.75)

where Q is the eigenfunction vector, the Matrices A and B have different values

according to each case and R, o represent the eigenvalues of our problem.

2.6 Results and conclusions

In this section we present the numerical results for the linear instability and the
nonlinear energy theory. Figures [2.1, 2.2] and Tables [2.1, 2.2, 2.3, 2.4] give the
critical Rayleigh number Ra against M? for different values of ¢ utilising the three

numerical methods: FD, HFD and Chebyshev tau. For the FD and HFD techniques
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convergence to 4 decimal places is achieved with h = 0.005 and h = 0.01, respective-
ly. For the Chebyshev tau method, convergence to 8 decimal places is achieved with
20 Chebyshev polynomials. As the results are not distinguishable visually, Figures
2.1, 2.2] show the results from the Chebshev method only.

To investigate the possibility of a very widely varying gravity field (one which
even changes sign) we choose ¢ to vary from 0 to 1.5 . Such fields are of interest in
laboratory experiments in areas of crystal growth and other applications, although
a plane layer would not be the geometry studied. Nevertheless, our results may help
us to understand such situations.

Tables [2.1, 2.2, 2.3, 2.4] give the critical Rayleigh numbers for linear instability
and nonlinear energy stability for e = 0, 0.3, 0.6 and 0 < M? < 100. In Figures
2.1, 2.2] we present the critical Rayleigh numbers for linear instability and nonlinear
energy stability for ¢ = 0.9, 1.2, 1.5 and 0 < M? < 100. When M? is small, it
should be observed that the nonlinear Ra values are very close to the linear ones.
Thus, the linear theory predicts the onset of convection accurately. However, the
difference between the critical Rayleigh numbers for linear instability and nonlinear
energy stability increases with increasing M? values, although, even for M? = 100,
the two thresholds are comparable. Figures [2.1, 2.2] demonstrate that Ra increases
with increasing M? which shows the stabilizing effect of the magnetic field. In
addition, it should be observed that the effect of € on the linear and nonlinear
stability pictures has a similar behaviour to the effect of M?2.

It is very important to make a comparison between the accuracy of the three
numerical methods, with the crucial measurement here being the exact solution. As
a tractable exact solution is not achievable for our problem we turn out attention to
the solution of linear system for two free boundaries i.e. we will solve analytically
system (2.3.20)-(2.3.21) with respect to the boundary conditions (2.3.23) with e =0
ie. g(z) = 1. It is relatively straightforward to show that the solution which yields

the smallest Rayleigh number has a z—dependence like sin 7z. Ra then satisfies

(7 +a?)
2

Ra = [(7* + a®)* + 72 M?). (2.6.76)

a
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The critical wavenumber is found by minimizing Ra in a* subject to
2a° + 3r%a* — (7° + 7 M?) = 0. (2.6.77)

The critical value a?

cry

, can be evaluated by using the Newton-Raphson iteration
method as follows:

22 (2a¢ + 3m%a} — (w8 + w1 M?))
A (6a} + 672a?) '

(2.6.78)

Thus the critical Rayleigh number is found by utilising a2, from (2.6.78) in (2.6.76).

crit
Of course equations (2.6.78) and (2.6.76) provide semi exact results due to the use

2

of the Newton-Raphson method to evaluate aZ,,,

but these results have a very small
error and they can give a very good comparison between our numerical results and
the exact results. In the case of g(z) = 1, the system is symmetric and hence the
critical Rayleigh number for linear theory is equal to the nonlinear one, thus, it is
enough to solve the linear system to find the linear and nonlinear threshold. In Ta-
ble 2.5, we report the absolute error of critical Rayleigh numbers for the FD, HFD
and Chebyshev tau methods with various values of h and number of polynomials.
It is very clear from Table 2.5 that the Chebyshev tau method has highly accuracy
compared with the FD, HFD methods. Moreover, for FD and HFD methods, the
absolute error increases with increasing the value of M, but for the Chebyshev tau
method (when the number of polynomials is greater than or equal to 15) the ab-
solute error does not increase. However, for Chebyshev tau with a high number of
polynomials, the accuracy has an oscillated behaviour where the absolute error in-
creases or decreases with an increasing the number of polynomials. This behaviour is
very common when studying the hydrodynamic stability problems. As the number
of polynomials increases, theoretically, the accuracy of the Chebyshev tau method
should increase, however, as the number of polynomials increases, the computer cal-
culations increase and thus the computer’s error will be higher. Since hydrodynamic
stability problems require the repeated solving of an eigenvalue system to locate the
critical Rayleigh number, we expect the computer’s error to make the absolute error
higher than the theoretical one. This behaviour is very clear in Table 2.5, where
the absolute error of FD and HFD methods is higher than the truncation error of

these methods. The accuracy of the numerical methods increases with increasing
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10000

——Linear & ¢=0.9
Nonlinear & £=0.9
Linear & e=1.2
—— Nonlinear & ¢=1.2
|| — Linear & e=1.5
Nonlinear & ¢=1.5

8000 —

6000 —

Ra

4000 —

2000 +

0 20 40 60 80 100

Figure 2.1: Critical Rayleigh number Ra against M? with ¢ = 0.9,1.2,1.5 for two free

surfaces. Linear instability and nonlinear stability curves as in in caption.

the value of A and the number of polynomials until it arrive to the peak, then the
behaviour of the accuracy become more oscillated due to the computer’s error. In
Figure 2.3, the absolute error of critical Rayleigh numbers are shown for FD and
HED methods with various values of h. Generally, the accuracy of the finite differ-
ence schemes corresponds with the value of h, where the accuracy increases with a
decreasing value of h. However we can not take the value of A less than 0.005 for two
reasons. Firstly, with A = 0.005 and after imposing the boundary conditions, the
order of the eigenvalue matrices will be 399 x 399, thus according to the computers’s
ability, this is an optimal choice. Secondly, we do not believe that small values h
can give us more accurate results as the computations have to increase rapidly, and
this is very important spatially when we solve nonlinear stability problems.

One of the key reasons to apply different numerical methods is to make a com-
parison between these methods and to conclude which is the best method in solving

hydrodynamic stability problems. The advantage of Chebyshev tau method is that
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14000 -
——Linear & ¢=0.9
Nonlinear & ¢=0.9
12000 - Linear & e=1.2
|/ Nonlinear & ¢=1.2
——Linear & e=1.5
10000 Nonlinear & e=1.5
o 8000
[hd
6000 -
4000 -
2000 . , i : , : . :
0 20 40 60 80

100

Figure 2.2: Critical Rayleigh number Ra against M? with ¢ = 0.9,1.2,1.5 for two fixed

surfaces. Linear instability and nonlinear stability curves as in caption.
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Figure 2.3: Comparison of the absolute error of critical Rayleigh numbers for FD and

HFD methods with various values of h.
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Che -

tau

FD

HFD

M2

Linear

Nonlinear

Linear

Nonlinear

Linear

Nonlinear

0
5
10
15
20
25
30
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773.42255
936.96280
1085.71852
1224.98893
1357.49108
1484.84113
1608.09412
1727.98449
1845.04823
1959.69091
2072.22838
2182.91238
2291.94750
2399.50273
2505.71961
2610.71811
2714.60102
2817.45719
2919.36409
3020.38974

100 3120.59427

773.12190
936.57778
1085.25445
1224.44930
1356.87844
1484.15744
1607.34095
1727.16314
1844.15979
1958.73633
2071.20847
2181.82786
2290.79901
2398.29084
2504.44483
2609.38091
2713.20182
2815.99639
2917.84204
3018.80677
3118.95069

773.38012
936.91563
1085.66681
1224.93285
1357.43080
1484.77678
1608.02583
1727.91236
1844.97234
1959.61135
2072.14521
2182.82566
2291.85729
2399.40908
2505.62256
2610.61771
2714.49730
2817.35020
2919.25386
3020.27630
3120.47764

773.02645
936.46215
1085.12047
1224.29814
1356.71093
1483.97421
1607.14251
1726.94990
1843.93212
1958.49451
2070.95277
2181.55850
2290.51620
2397.99476
2504.13564
2609.05877
2712.86686
2815.64874
2917.48182
3018.43408
3118.56563

773.40841
936.94708
1085.70128
1224.97023
1357.47098
1484.81968
1608.07135
1727.96045
1845.02293
1959.66439
2072.20066
2182.88348
2291.91743
2399.47152
2505.68726
2610.68464
2714.56644
2817.42153
2919.32735
3020.35193
3120.55539

773.09008
936.53924
1085.20979
1224.39892
1356.82260
1484.09636
1607.27480
1727.09206
1844.08390
1958.65572
2071.12324
2181.73807
2290.70474
2398.19215
2504.34177
2609.27353
2713.09017
2815.88050
2917.72197
3018.68254
3118.82233

Table 2.1: Comparison of the linear and nonlinear numerical values of

critical Rayleigh for two free surfaces € = 0.3.
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2008.65597
2150.61174
2288.50673
2422.92042
2554.30520
2683.02251
2809.36667
2933.58124
3055.87052
3176.40795
3295.34224
3412.80211
3528.89984
3643.73408
3757.39206
3869.95139
3981.48144
4092.04457
4201.69702
4310.48978

100 4418.46923

2007.94493
2149.83285
2287.66095
2422.00859
2553.32805
2681.98068
2808.26074
2932.41172
3054.63789
3175.11262
3293.98462
3411.38255
3527.41868
3642.19162
3755.78859
3868.28717
3979.75673
4090.25959
4199.85199
4308.58491
4416.50471

2008.26128
2150.18904
2288.05538
2422.43989
2553.79505
2682.48233
2808.80269
2932.98769
3055.24715
3175.75450
3294.65850
3412.08785
3528.15483
3642.95811
3756.58290
3869.11062
3980.60887
4091.13997
4200.76022
4309.52056
4417.46741

2007.69704
2149.56744
2287.37852
2421.70957
2553.01282
2681.64957
2807.91404
2932.04969
3054.26077
3174.72063
3293.57796
3410.96140
3526.98319
3641.74196
3755.32491
3867.80961
3979.26540
4089.75461
4199.33349
4308.05299
4415.95946

2008.52440
2150.47084
2288.35628
2422.76024
2554.13515
2682.84245
2809.17868
2933.38339
3055.66273
3176.19013
3295.11433
3412.56402
3528.65150
3643.47542
3757.12234
3869.67113
3981.19058
4091.74303
4201.38475
4310.16671
4418.13529

2007.86230
2149.74438
2287.56681
2421.90892
2553.22297
2681.87031
2808.14517
2932.29104
3054.51218
3174.98196
3293.84907
3411.24217
3527.27352
3642.04173
3755.63403
3868.12798
3979.59295
4090.09126
4199.67916
4308.40760
4416.32296

Table 2.2: Comparison of the linear and nonlinear numerical values of

critical Rayleigh for two fixed surfaces € = 0.3.
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938.44198
1136.65775
1316.91449
1485.64942
1646.16328
1800.41943
1949.69957
2094.89591
2236.65953
2375.48311
2511.75027
2645.76680
2777.78119
2907.99867
3036.59115
3163.70433
3289.46303
3413.97515
3537.33476
3659.62446

100 3780.91724

936.30507
1133.92450
1313.62323
1481.82538
1641.82480
1795.58066
1944.37188
2089.08867
2230.38066
2368.73940
2504.54762
2638.11041
2769.67566
2899.44813
3027.59931
3154.27456
3279.59839
3403.67846
3526.60860
3648.47121
3769.33912

938.39033
1136.60029
1316.85144
1485.58101
1646.08971
1800.34087
1949.61616
2094.80778
2236.56678
2375.38583
2511.64856
2645.66073
2777.67082
2907.88408
3036.47238
3163.58144
3289.33606
3413.84415
3537.19978
3659.48552
3780.77440

936.18948
1133.78451
1313.46105
1481.64243
1641.62210
1795.35899
1944.13183
2088.83076
2230.10531
2368.44696
2504.23842
2637.78472
2769.33372
2899.09017
3027.22553
3153.88514
3279.19350
3403.25825
3526.17321
3648.02078
3768.87377

938.42477
1136.63860
1316.89347
1485.62661
1646.13875
1800.39324
1949.67177
2094.86653
2236.62862
2375.45068
2511.71636
2645.73144
2777.74440
2907.96048
3036.55156
3163.66337
3289.42071
3413.93148
3537.28977
3659.57814
3780.86963

936.26654
1133.87784
1313.56917
1481.76440
1641.75723
1795.50677
1944.29186
2089.00270
2230.28888
2368.64192
2504.44455
2638.00184
2769.56168
2899.32881
3027.47472
3154.14475
3279.46343
3403.53839
3526.46347
3648.32107
3769.18400

Table 2.3: Comparison of the linear and nonlinear numerical values of

critical Rayleigh for two free surfaces € = 0.6.
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2436.26100
2608.25091
2775.30778
2938.13573
3097.28444
3253.19308
3406.21925
3556.65886
3704.76014
3850.73378
3994.76047
4136.99657
4277.57847
4416.62602
4554.24517
4690.53019
4825.56535
4959.42638
5092.18160
0223.89294

100 5354.61672

2431.21594
2602.72688
2769.31185
2931.67399
3090.36224
3245.81514
3398.38980
3548.38170
3696.03870
3841.57119
3985.15960
4126.96005
4267.10874
4405.72532
4542.91560
4678.77370
4813.38376
4946.82140
5079.15484
5210.44591
5340.75084

2435.78182
2607.73842
2774.76137
2937.55940
3096.67233
3252.54490
3405.53474
3555.93774
3704.00218
3849.93872
3993.92809
4136.12662
4276.67073
4415.68025
4553.26115
4689.50770
4824.50426
4958.32641
5091.04256
0222.71461
9353.39890

2430.91579
2602.40556
2768.96996
2931.31206
3089.98072
3245.41443
3397.97025
3547.94362
3695.58240
3841.09693
3984.66761
4126.45055
4266.58193
4405.18140
4542.35475
4678.19607
4812.78952
4946.21068
2078.52778
5209.80264
5340.09149

2436.10127
2608.08008
2775.12564
2937.94362
3097.08040
3252.97702
3405.99108
3556.41849
3704.50749
3850.46876
3994.48301
4136.70659
4277.27589
4416.31076
4553.91717
4690.18936
4825.21166
4959.05972
5091.80192
5223.50017
5354.21078

2431.11589
2602.61978
2769.19789
2931.55335
3090.23507
3245.68157
3398.24995
3548.23567
3695.88660
3841.41310
3984.99560
4126.79022
4266.93314
4405.54401
4542.72865
4678.58116
4813.18568
4946.61783
5078.94582
5210.23148
5340.53106

Table 2.4: Comparison of the linear and nonlinear numerical values of

critical Rayleigh for two fixed surfaces € = 0.6.
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5
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15
20
25
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35
40
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60
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70
75
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85
90
95

0.432
0.481
0.527
0.571
0.614
0.655
0.696
0.735
0.773
0.810
0.847
0.883
0.919
0.954
0.988
1.022
1.056
1.089
1.122
1.155

100 1.187

0.036
0.040
0.044
0.048
0.051
0.055
0.058
0.061
0.064
0.068
0.071
0.074
0.077
0.079
0.082
0.085
0.088
0.091
0.094
0.096
0.099

0.018
0.020
0.022
0.024
0.026
0.027
0.029
0.031
0.032
0.034
0.035
0.037
0.038
0.040
0.041
0.043
0.044
0.045
0.047
0.048
0.049

0.012
0.013
0.015
0.016
0.017
0.018
0.019
0.020
0.021
0.023
0.024
0.025
0.026
0.026
0.027
0.028
0.029
0.030
0.031
0.032
0.033

0.009
0.010
0.011
0.012
0.013
0.014
0.014
0.015
0.016
0.017
0.018
0.018
0.019
0.020
0.021
0.021
0.022
0.023
0.023
0.024
0.025

0.005
0.005
0.005
0.006
0.006
0.007
0.007
0.008
0.008
0.008
0.009
0.009
0.010
0.010
0.010
0.011
0.011
0.011
0.012
0.012
0.012

3.6E-07
4.0E-07
4.4E-07
4.8E-07
5.2E-07
5.5E-07
5.8E-07
6.2E-07
6.5E-07
6.8E-07
7.1E-07
7.4E-07
7.7E-07
8.0E-07
8.1E-07
8.6E-07
8.9E-07
9.2E-07
9.4E-07
9.7E-07
1.0E-06

7.9E-10 5.8E-10
7.9E-10 1.0E-09
1.1E-10  4.6E-10
1.6E-10  6.5E-10
5.7E-09  3.0E-08
4.4E-10 9.5E-09
5.8E-10 1.8E-10
24E-10 7.1E-10
3.0E-10 2.2E-10
8.7E-10 6.4E-10
2.5E-09 2.6E-09
2.0E-10 4.1E-10
9.6E-10 9.5E-10
9.0E-11 2.9E-10
1.7E-08 9.7E-10
2.0E-10 5.2E-10
8.0E-11 2.0E-08
9.5E-10 1.2E-09
2.9E-10 3.2E-09
1.1E-10  4.0E-09
2.5E-10 5.0E-08

Table 2.5: Comparison of the absolute error of critical Rayleigh num-
bers for FD, HFD and Che-tau methods with various values of A and

number of polynomials.
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it can achieve the required accuracy using a small number of polynomials, and thus
we can get very accurate results with very short run time. However, the FD method
need a large number of divisions to reach the required accuracy, whilst the HFD
method can reach to the desired accuracy by using less number of divisions. The
FD method required h = 0.005 to achieve a good accuracy and convergence results,
while we use h = 0.01 for the HFD method. For the Chebyshev tau method, 15
polynomials is enough to obtain a very good accuracy for two free boundaries, while,
to arrive to the highest accuracy for two fixed boundaries, we use 20 polynomials.
Generally, the run time of Chebyshev tau method is very short compare with FD
and HFD.

On the other hand, the Chebyshev tau method is not easy to apply, where it
requires a great effort to solve any system of equations. Concerning the problems
of variable coefficients, the Chebyshev tau method is complicated to implement, as
this method depends on writing all functions in the system of equations in the form
of Chebyshev polynomials, which can present difficulties when using, for example,
triangular and hyperbolic functions. In addition, the main disadvantages of this
method is that it needs a new numerical treatment when we change the boundary
conditions, where each type of boundary conditions requires different and special
treatment. Also, Chebyshev tau method is unstable in equations which have high
order derivative, where the values of a matrix increase significantly with increasing
the order of derivatives.

In summary, although the Chebyshev tau method requires a great effort to set
up the numerical scheme, it only requires a small number of polynomials to achieve
an excellent level of accuracy and convergence. This point is very important as our
numerical calculations required considerable calculation time (in some cases more
than ten hours). Although the FD and HFD methods are very flexible methods,
hydrodynamic stability problems need a method which can achieve an accurate
solution within a short time period due to the requirement of repeated calculations.
The FD and HFD lack this property and we see from the results that the FD method
requires h = 0.005 to achieve a very good accuracy and convergence results, while

we use h = 0.01 for HFD method.

June 19, 2014



Chapter 3

Magnetic effect on instability and

nonlinear stability in a reacting

fluid

3.1 Introduction

The convective instability created by a top heavy layer of fluid containing a solute is
one with many applications in atmospheric physics, oceanography, and in pollution
where the solute can cover a city and linger for long periods of time. A model for
such behaviour was developed by Franchi and Straughan [58] and they completed a

detailed instability analysis of their highly nonlinear model.

In a separate development Hayat and Nawaz [80] studied stagnation point flow in
a rotating frame for a fluid containing a reacting solute with a superimposed magnet-
ic field acting. Since convection in chemically reacting fluids has been a topic of much
recent interest, cf., Malashetty and Biradar [120], Rahman and Al-Lawatia [157],
and electro-magnetic field effects on such processes have likewise attracted much
attention, cf., Eltayeb et al. [49, 50], Kaloni and Mahajan [94], Maehlmann and
Papageorgiou [116], Nanjundappa et al. [130], Reddy et al. [164], Shivakumara et
al. [187,188], Sunil et al. [212], we deem it of great relevance to develop and analyse
stability in detail for the solute instability problem of Franchi and Straughan [58],
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3.2. Basic Equations 42

but allowing for chemical reactions and an imposed magnetic field as in the work
of Hayat and Nawaz [80]. We should point out that thermal convection interacting
with other effects is a very hot current research topic, cf., Bera and Khalili [20],
Bera et al. [21], Chen et al. [35], Yang et al. [226], Kumar et al. [97,98], Papani-
colaou et al. [142], Saravanan and Sivakumar [184], Saravanan and Brindha [183],

Shivakumara et al. [185,186].

To study the effect of a magnetic field we employ a quasi-static approximation
as in Galdi and Straughan [61]. This still allows a full analysis of the effect of the
magnetic field but avoids mathematical complications associated with the complete
set of equations for magnetohydrodynamics, cf., Rionero [169], Galdi [60], Rionero
and Mulone [177], Chandrasekhar [32], Roberts [179], Landau et al. [100]. Never-

theless, the model we develop is still highly nonlinear and very non-trivial.

The layout of this chapter is as follows. In the next section we present the basic
model for convective motion in a fluid layer with a dissolved reacting fluid and a
vertically imposed magnetic field. In Section 3.3 we analyse linear instability of
the basic motion and Section 3.4 compliments this with a global nonlinear energy
stability analysis. Since the stability analyses involve eigenvalue problems with
non-constant coefficients these problems must be solved numerically and a suitable
numerical method is described in the penultimate section. Finally, in section 6 we
give detailed results and conclusions from our model.

The results in this chapter were published in the article Harfash and Straughan
[73].

3.2 Basic Equations

We suppose the fluid is contained in the plane layer {z € (0,d)} x R? and is
incompressible, although a Boussinesq approximation is employed in the buoyancy
term in the momentum equation. The momentum equation for a fluid containing a

solute and with an imposed magnetic field is then
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p(Vi e +vv;5) = —pi + AV — packig(c — cs) +j X B, (3.2.1)

where p, v, p, c are the constant density, velocity field, pressure, and concentration of
solute. Additionally, a. is the salt expansion coefficient, p is the dynamic viscosity,
g is gravity, ¢, is a reference concentration, k = (0,0, 1), j is the current, and B
is the magnetic induction field. Throughout, we use standard indicial notation and
the Einstein summation convention so that e.g. v;; = dv;/0t, and p,; = dp/0x;,

vjv;; = (v.V)v, and A is the Laplacian. The balance of mass equation is

The equation governing the evaluation of the solute concentration is, cf., Hayat and
Nawaz [80],
ci+vic; =DAc— Ki(c— cy). (3.2.3)

Here ¢(x,t) is the solute concentration, D is the the solute diffusion coefficient, and
K, is the chemical reaction rate, the chemical reaction being represented by the

term Kq(c — Coo)-

To make the convective overturning instability problem tractable we employ
the quasi-static MHD approximation of Galdi and Straughan [61] which has been

explained in Chapter 2. According to this approximation we have
j x B = 0'1(V X Bo) X BQ, (324)

where oy is the electrical conductivity and By = (0,0, By) is a magnetic field with
only the vertical component. We now employ (3.2.4) in (3.2.1) and further replace
¢ — Cx by ¢, (we can always rescale equations (3.2.1) and (3.2.3) to achieve this).

Thus, we find the equations for our model are

1
Vit + VU5 = —;pJ + VAUi — kigozcc + %[(V X B()) X BO]i7

Vi =0, (3.2.5)

)

Cy + v; Ci= DAc — ch.
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The boundary conditions to be satisfied are no-slip at the boundaries z = 0 and

z = d with the concentrations fixed there. Thus,
v, =0, at z2=0,d; c=cy, at z=d; c=cy, at z=0, (3.2.6)
where ¢y, cf, are constants with ¢y > cp,.

We then find there is a steady solution (9;, ¢, p) whose stability we wish to ex-

amine, and this is

V; = 0,
cy — cp cosh(Aqd), .
=2 SinLh(Alag) ! )]smh(Alz) + ¢y, cosh(A;2), (3.2.7)
where p may then be found from (3.2.5), and where A; is given by
K
Al =—. 2.
1= (328)

Next, we drive perturbation equations to this steady state. Hence, put v; =
Vi +u;, c=c+ ¢, p=p+ m, and employ the scales
d2

v prU
= — = — P:
= Ve d’

L=d,

where 7, U, L, P are time, velocity, length, and pressure scales. Define ¢ = A;d =

(v/K1/D)d, and pick the concentration scale C* as

v AC

ﬁ pu—
¢=v Da.gd

where AC' = ¢y — ¢, > 0. Furthermore, define the salt Rayleigh number R? as

a.gd® AC

R =
Dv

(3.2.9)

and the salt Prandtl number as P, = v/D. We also need the non-dimensional num-

bers n and M where

2 12
ne—C  ana m2= Dol (3.2.10)
Cuy — Cf, pv
and further introduce the function f(z;&,n) by
f(z&m) {1+ n(1 = cosh(¢))} cosh(£z) + &nsinh(£z). (3.2.11)

~ sinh(¢)
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Then, one may show the non-dimensional perturbation equations which arise

from (3.2.5) are
U ¢+ ujug ;= —m; + Au; — Rok; — M?[(k x (u x k)],
— (3.2.12)
P +uigi) = Ap—E¢ — Rf(z€,n)w,

where w = u3, and now the spatial domain is R? x {z € (0,1)}.

The boundary conditions to be satisfied are
u; =0, =0, on 2z=0,1, (3.2.13)

and w;, ¢, T satisfy a plane tiling form in the (x,y)-plane, cf., Chandrasekhar [32],
Straughan [196].

Remark 3.2.1 We observe that as & — 0, f — 1, the chemical reaction term disap-
pears and we recover the concentration analogue of the thermal convection problem
studied in Galdi and Straughan [61], pp. 216-217. However, the presence of the
f(2) term destroys the symmetry of the linear operator in (3.2.12) and considerably

complicates the linear instability / nonlinear stability analysis.

3.3 Linear instability

To obtain the threshold for linear instability where we know convection occurs we ne-
glect the nonlinear terms u; u; j and u; ¢ ; in equations (3.2.12); and (3.2.12)3. Then,
due to linearity we may seek solutions like u;(x,t) = u;(x)e”, ¢(x,t) = ¢(x)e’* and

7(x,t) = w(x)e’", where o is a complex constant. This leads to the system
ou; = —7; + Au; — Rok; + M?[(u x k) x k];,
u;; =0, (3.3.14)
P,op = A¢ — ¢ — Rfw.

To proceed further we then take curlcurl of (3.3.14);, and retain the third component

of the resulting equation, namely
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ocAw = A’w — RA*¢ — M?D*w, (3.3.15)

where A* = 0%/92% + 8% /0y? and D = 9/0z.

Next,due to the periodicity of the solution in the (x,y) variables we may write

w and ¢ as

w=W()h(z,y) and ¢ = P(2)h(z,y),

where h is a plane-tiling planform so that
A*h = —a?h, (3.3.16)

where a is the wavenumber. Such planforms are discussed in detail in Chan-
drasekhar [32], p.43-52 and Straughan [196], p.51. With D now denoting D = d/dz
equations (3.3.15) and (3.3.14)3 reduce to

(D? — a*)*W + R a*® — M?D*W = o(D?* — a®)W,
(3.3.17)
(D? —a®)® — £2® — R f(z;6,n)W = o P,®.
The boundary conditions we employ herein are those appropriate to two fixed sur-

faces and so

W=DW=0 and ¢®=0, on 2z2=0,1. (3.3.18)

System (3.3.17) and (3.3.18) represents an eigenvalue problem for the eigenvalues o
with parameters a, M, &, n, Ps and R. Numerical results are presented in section 6

and the numerical method employed is described in section 3.5.

3.4 Nonlinear stability

The linear instability boundary yields a Rayleigh number threshold such that once
R, = R? exceeds this threshold convective instability certainly occurs. However, in
general, linear theory yields no information on whether a solution with a Rayleigh
number below this is definitely stable, cf., Straughan [196]. In fact, it is possible for a
solution to become unstable with a Rayleigh number well below the linear instability

threshold. Such instabilities are sub-critical instabilities and we here wish to employ
June 19, 2014



3.4. Nonlinear stability 47

a nonlinear energy stability technique to yield a threshold for global nonlinear sta-
bility. Fortunately, the nonlinear threshold determined herein is relatively close to
the linear instability one and this is important since it demonstrates that the linear
instability analysis is correctly capturing the physics of the onset of convection. The
energy method for nonlinear stability is attracting a lot of attention, cf., Capone

et al. [24-27], Hill and Carr [83], Saravanan and Brindha [183], Sunil et al. [209,214].

To develop a nonlinear energy stability analysis, let V be a period cell for the
disturbance solution in equations (3.2.12). Let || - || and (-, -) be the norm and inner
product on the Hilbert space L?(V). We multiply equation (3.2.12); by u; and
integrate over V. After some integrations by parts, use of the boundary conditions

(3.2.13), and employing equation (3.2.12)s we derive the identity

1d
gaﬂull2 = —||Vu||> = R(w, ¢) — M*(|[u)® = ||lw|?). (3.4.19)

Next, multiply equation (3.2.12)3 by ¢ and integrate over V , to see that after further
integrations by parts and use of (3.2.13) and (3.2.12),, we obtain

L d

= 9l = ~R(fw, 6) — €16l ~ V6 (3.4.20)

The idea is to now add (3.4.19)+ A (3.4.20) for a positive parameter A which we

later select optimally. This leads to the energy equation

dE
—=7-D 3.4.21
= , (34.21)
where F,Z and D are defined by
1 AP,
Et) = =|ul® + =29/
(t) = 5l + =6l

1 = —R(w,¢[1+ Af]),
D =|[Vull* + M[Vel* + A [[o]]* + M ([Jull* + [|v]|*), (3.4.22)

where u is explicitly written as u = (u, v, w). Define now

i - 4.2
. max . (3.4.23)
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where H is the set of admissible functions defining Z and D. This set is restricted
to divergence free functions due to equation (3.2.12),. To impose this restriction we

use a Lagrange multiplier and add the term — fQ Cu;; to Z so that now

T = —R(w, o[1 + Af]) — (G, uss).

where ( is a lagrange multiplier. Then from (3.4.21) we find

dE 1
— <D(— -1 4.24
<P (3:424)

If R > 1, then with A\; being the constant in Poincare’s inequality for u and ¢, we

have

D>cFE,

where ¢ = min{2\;, 2(\; + £2)P; '}, and from (3.4.24) we may show

dE (Rp — 1)
@ Mg 4.2
it = Rg (8.4.25)

Exponential decay of E(t) follows from (3.4.25) and then Rp defined by (3.4.23)
represents a global (for all initial data) nonlinear stability threshold.

The equations which satisfy the condition (3.4.23) are the Euler-Lagrange equa-
tions and in order to find these we must first derive 6Z and dD. To do this we vary
the perturbation variables u and ¢, by arbitrary functions x and 1, respectively.
This method is described in detail in Chapter 1. The Euler-Lagrange equations

which arise from (3.4.23) are:
S— (3.4.26)

2AAG — 20626 — Rp(1 + Af)w = 0,

This system is solved subject to boundary conditions (3.2.13) by numerical means
and we determine

max R,
A

as our global nonlinear stability bound. Brief details are provided in section 3.5 and

detailed numerical output is contained in section 3.6.
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3.5 Numerical technique

To solve system (3.3.17) and (3.3.18) we expand the operator in (3.3.17);, and solve

the system as

D*W — (2a* + M*)D*W + a*W + R a*® = o(D? — a®)W,
(3.5.27)
(D? —a®)® — 2@ — R f(2;6,n)W = o P,®.
The above system is discretized using finite differences. To do this note that the
spatial domain is z € (0,1) and divide (0,1) into N equal subintervals of length
h =1/N. Let W; denote the value of W at z = ih and then we recall the standard
second and fourth order differentiation operators are
Wigr = 2W; + Wiy
h ’ (3.5.28)
Wiso — AW + 6W; — AW, + Wi_o
h? '
By expanding W (th £+ h) and W (ih 4 2h) in Taylor series we obtain approximations

52w, =

§SW; =

to the second and fourth order derivatives as

2
D*W (ih) = §*W; — %D“Wi + O(h%),

2
D*W (ih) = 6*W; — %DGWZ- + O(h%).

(3.5.29)

The second and fourth order derivatives in (3.5.27)are replaced by (3.5.28) and
(3.5.29) to O(h?) accuracy, i.e. we solve

Wi — (M? 4 2a*)6*W; + a*W; + a>R®; = o(8°W; — a* W),

(3.5.30)
0*®; — (a® + €D, — R f(ih; &, n)W; = o P, ®;.
The boundary conditions for (3.5.30) are
W=0 DW=0 &=0 =01 (3.5.31)

Hence, we are here concentrating on the realistic case of two fixed surfaces. Condi-

tions (3.5.31) are equivalent to
Wo=Wy=0, & =dy=0, (3.5.32)

and for DW we use a central difference and the fictitious points z = —ih, z = 1+41h,

to employ W_; and Wy, to see that W_; = W, and Wy, = Wy_; to order
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O(h?) accuracy. The latter representations are employed in (3.5.29) with i = 1
and i = N — 1 to remove W_; and Wy, when utilizing (3.5.28). In this manner,

equations (3.5.29)and the boundary conditions lead to the finite difference equations

%2 ‘<%+W>WM+<%+W+@4>WF<%+%)Wi1,
+V2;4_2 + Ra*®; = U[VZ’;” ~ (% +a®)W; + V[;;;l], (3.5.33)
i=2,.,N—2,
Q);; - (% +a’ +&%)P; + q);L;l — R f(th;§,mW; = o P, ®;, (3.5.34)
i=1,..,N -1,
% - (% + —2a22_2]\42)w2 + (% + —2(2“2;; M) a')Wy + Ra*®,
= o2 — (o + )W, (3.5.3)

which is the equation obtained from (3.5.29); with ¢ = 1, and

7 2(2a% + M? 4 2a? + M? Wi_
(ﬁ + % +a YWx_y — (m + T)WN—2 + % + Ra*®y-y,

2 Whn_2

= 0[—(ﬁ +a®)Wy_1 + ——— (3.5.36)

which arises from (3.5.29); with i = N — 1.

Equations (3.5.33)-(3.5.36) yield a generalized matrix eigenvalue problem of form
Ax = o0Bx, (3.5.37)

where x = (Wy, .., Wx_1,®y,...,®5_1)T and A and B are (2N —2) x (2N —2) block

structured matrices of form

A A By O
e 1 A2 . B- 1 7
As Ay O B,

where A; is a pentadiagonal matrix, A, is tridiagonal, A and As are diagonal ma-
trices with entries a>R and — R f(ih), respectively. The matrices in B are such that

By is tridiagonal while Bj is diagonal.
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We have solved system (3.5.37) for eigenvalues o; by using LU decomposition
using our own code and by the (QZ algorithm from Matlab routines. Excellent
agreement was found with both methods. Once the eigenvalues o; are found we use

the secant method to locate where af,

0; = o}t + o} being the real and imaginary
parts of eigenvalue o;. The value of R which makes ot = 0, of being the largest
eigenvalue, is the critical value of R for a? fixed. We then use golden section search
to minimize over a? and find the critical value of R? for linear instability. Numerical
results are reported in section 3.6. We have checked convergence and found that
convergence to 10 decimal places is achieved with A = 0.01. In all of our calculations

we found that of = 0 at criticality and so the onset of instability is by stationary

convection.

Remark 3.5.1 We have chosen to employ a finite difference method to solve (3.3.17)
and (3.3.18) rather than Chebyshev tau or compound matrices, such as in Dongar-
ra et al. [43], Straughan and Walker [201-203]. This is largely due to the ease in
implementation with the function f(z). Also, the finite difference method leads to
B non-singular in (3.5.37) and so we may employ LU decomposition, unlike the
D? and D methods of Dongarra et al. [43] which necessarily have B singular and
so necessitate use of the QZ algorithm. The banded nature of A and B would also
lead naturally to solution by an Arnoldi technique. In addition, we found no occur-

rence of spurious eigenvalues as frequently arises with the Chebyshev tau method,

cf., Dongarra et al. [{3].

To solve the energy eigenvalue problem (3.4.26) we remove the ¢ term by taking

curlcurl of (3.4.26); to arrive at the system

2A%w — 2M*w ., — Rp (1 + \f)A*¢ =0,
(3.5.38)
2MAP — 2062 — Rp(1 + A f)w = 0.

Again, the representations w = W (z)h(z,y) and ¢ = ®(z)h(x,y) are introduced
and we solve (3.5.38) as

2(D* — a®)?W — 2M?D*W = —a’Rp(1 + \f)®,
(3.5.39)
2A(D? — a®)® — 202D = Rp(1 + \[)W,
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together with boundary conditions (3.3.18). Now, however, the eigenvalue is Rg.

We again use finite differences to solve for the smallest eigenvalue Ry for fixed a?
and . Then, we employ golden section search to minimize in @? and then maximize

in A to determine the critical Rayleigh number for nonlinear energy stability,

R = max min R%(a?: \).
ap A>0 a2 E( ? )

Numerical results are reported in section 3.6 and compared to those of linear

instability theory.

3.6 Results and conclusions

In this section we report on numerical solution of the linear instability system

(3.3.17), (3.3.18), and on the nonlinear energy stability system (3.4.26), (3.3.18).

Figures [3.1, 3.2] show the effect of increasing magnetic field M? on the crit-
ical Rayleigh number for various values of ¢ and 7. It is very noteworthy that
the nonlinear stability curves are close to those of linear theory. This shows that
possible sub-critical instabilities may only arise in a very small range of Rayleigh
numbers, and it also demonstrates that linear instability theory is correctly captur-
ing the physics of the onset of convection. Figures [3.1, 3.2] demonstrate that Ra

increases with increasing M? which shows the stabilizing effect of the magnetic field.

Figure 3.3 shows how increasing & corresponds, in general, to greater stabiliza-
tion. Figures 3.4, 3.5 show the same effect but for larger magnetic field strength. All
these Figures demonstrate quantitatively the stabilizing effect of the chemical reac-
tion. Again, it is very noticeable that the nonlinear energy stability curves are close
to those of linear instability. This is reinforcing the fact that the linear curves are
a true representation that the physics of the onset of convection is being correctly
reflected. The gap between the curves represents the small band where sub-critical

bifurcation may possibly occur.
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Figure 3.6 again shows the stabilizing effect of increasing &, at least for & > 3.
The decrease in Ra in Figure 3.3 when 7 = 4 and in Figure 3.6 (where again n = 4), is
to be expected due to the definition of 7 in (3.2.10). For example, n = 4 corresponds
to cy = beg /4. If we take n = 6 this corresponds to ¢y = 7ep /6. The coefficient
of ¢y decreases as n increases and this means that the destabilizing effect due to

heavier fluid above is lessening.
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Figure 3.1: Critical Rayleigh number R, against M2, with ¢ = 2 for n = 0,2, 4. Linear

instability and nonlinear stability curves as in caption.

18000
| — Linear & n=0
160004 —— Nonlinear & n=0
{ —Linear & n=2
14000 4 — Nonlinear & n=2
Linear & n=4
12000 Nonlinear & n=4

10000

Ra

8000 -
6000 -///’
4000 -///
2000 |E———

0 20 40 60 80 100

Figure 3.2: Critical Rayleigh number R, against M?, with ¢ = 6 for n = 0,2,4. Linear
instability and nonlinear stability curves as in caption.
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Figure 3.3: Critical Rayleigh number R,against &, with M? = 1 for n = 0,2,4. Linear

instability and nonlinear stability curves as in caption.
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Figure 3.4: Critical Rayleigh number Rjagainst ¢, with M? = 6 for n = 0. Linear
instability curve together with nonlinear stability one.
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Figure 3.5: Critical Rayleigh number R,against &, with M? = 6 for n = 2. Linear

instability curve together with nonlinear stability one.
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Figure 3.6: Critical Rayleigh number R,against ¢, with M? = 6 for n = 4. Linear

instability curve together with nonlinear stability one.
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Chapter 4

Magnetic effect on instability and
nonlinear stability of double

diffusive convection in a reacting

fAuid

4.1 Introduction

The problem of double diffusive convection in fluid and porous media has attracted
considerable interest during the last 50 years. This is because of its wide range of
applications, for instance modeling geothermal reservoirs [36, 70, 180]. Bioremedia-
tion, where micro-organisms are introduced to change the chemical composition of
contaminants is a very topical area, cf. Celia et al. [30], Chen et al. [33], Suchome-
1 et al. [204]. Contaminant movement or pollution transport is a further area of
multi-component, flow in porous media which is of much interest in environmen-
tal engineering, cf. Curran and Allen [40], Ewing and Weekes [51], Franchi and
Straughan [58]. Other very important and topical areas of double diffusive occur in
oil reservoir simulation, e.g. Ludvigsen et al. [114], and salinization in desert-like
areas, Gilman and Bear [67]. Solar ponds are a particulary promising means of har-
nessing energy from the Sun by preventing convective overturning in thermohaline
system by salting from below, cf., Leblanca et al. [103] and Nie et al. [135].
57
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Recently, double diffusive convection in a viscous flow has been extensively in-
vestigated, both theoretically and experimentally [59,115,117,159,206,211,215,216].
Moreover, convection in chemically reacting fluids has been a topic of much recent
interest, cf., Malashetty and Biradar [120], Rahman and Al-Lawatia [157]. Also,
Magnetoconvection (convection in the presence of a magnetic field) on such process-
es has been intensively studied by many authors, cf., Eltayeb et al. [49,50], Kaloni
and Mahajan [94], Maehlmann and Papageorgiou [116], Nanjundappa et al. [130],
Reddy et al. [164], Shivakumara et al. [187,188], Sunil et al. [212]. Thus, we deem
it of great relevance to develop and analyse stability in detail for the double diffu-
sive convection problem of Joseph [91], but allowing for chemical reactions and an

imposed magnetic field.

The two important articles on the nonlinear energy stability of double diffusive
convection problem was presented by Joseph [91] and Mulone [129]. A detailed
review of problems related to this problem can be found in the book by Straugh-
an [196]. A comprehensive review of the literature concerning double diffusive nat-
ural convection in a fluid-saturated porous medium may be found in the book by
Nield and Bejan [138]. Useful review articles on double diffusive convection in porous

media include those by Mojtabi and Charrier-Mojtabi [127] and Mamou [124].

Baines and Gill [11] introduced a detailed linear stability theory for problem of
convection with temperature and salt fields in a fluid and the similar situation in
porous medium was studied by Nield [136]. Rudraiah et al. [182] have used nonlinear
perturbation theory to study the onset of double diffusive convection in a horizontal
porous layer. The linear stability analysis of the thermosolutal convection is carried
out by Poulikakos [154] using the Darcy-Brinkman model. The double diffusive
convection in porous media in the presence of cross-diffusion effects is analyzed
by Rudraiah and Malashetty [181]. Malashetty et al. [121] have studied the double
diffusive convection in a fluid-saturated rotating porous layer when the fluid and solid

phases are not in local thermal equilibrium, using both linear and nonlinear stability
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analyses. Sunil and Mahajan [210] have derived a rigorous nonlinear stability result
by introducing a suitable generalized energy functional for a magnetized ferrofluid
layer heated and saluted from below with magnetic field-dependent(MFD) viscosity,
for stress-free boundaries. Sunil et al. [213] have derived a nonlinear stability result
for a double-diffusive magnetized ferrofluid layer rotating about a vertical axis for
stress-free boundaries via generalized energy method.

The outline of this chapter is as follows. We begin by formulating a governing
model for double diffusive convection with a dissolved reacting fluid and a vertically
imposed magnetic field. We then find an instability bound for the linearized system
and a global stability bound for the nonlinear system. Finally we introduce the nu-
merical method used to solve our system, then we present and discuss the numerical
results.

The results in this chapter have been published in the article Harfash [74].

4.2 Basic Equations

We suppose the fluid is contained in the plane layer {z € (0,d)} x R? and is
incompressible, although a Boussinesq approximation is employed in the buoyancy
term in the momentum equation. The z direction is denoted by the vector k with
1,], k being the standard Cartesian basis. Gravity acts in the negative z direction
and we assume that the density p is constant, everywhere except the body force.

Then, the Navier-Stokes equation for the fluid motion are
p(vit +vjvi ;) = —pi + A + pkig(aT — acc) + j X B, (4.2.1)

where p, v, p,c are the constant density, velocity field, pressure, and concentration
of solute. Additionally, a and «. are the thermal and salt expansion coefficients
respectively, p is the dynamic viscosity, g is gravity, k = (0,0, 1), j is the current,
and B is the magnetic induction field. Throughout, we use standard indicial notation
and the Einstein summation convention so that e.g. v; ; = Jv;/0t, and p; = Op/0z;,

vjv;,; = (v.V)v, and A is the Laplacian. The balance of mass equation is
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The heat equation governing the temperature field is defined as

where T is the temperature field and K is the thermal diffusivity.
The equation governing the evaluation of the solute concentration is, cf., Hayat
and Nawaz [80],
ci+vic; =DAc— K. (4.2.4)

Here ¢(x,t) is the solute concentration, D is the the solute diffusion coefficient, and

K is the chemical reaction rate.

Now, according to the quasi-static MHD approximation of Galdi and Straughan
[61], we have
j x B = O'l(V X Bo) X BQ, (425)

where oy is the electrical conductivity and By = (0,0, By) is a magnetic field with
only the vertical component. We now employ (4.2.5) in (4.2.1). Thus, we find the

equations for our model are

Vg +0jv = —%p,i + vAv; + gki(aT — a.c) + ngal (v x k) x k;, (4.2.6)
vii =0, (4.2.7)

T, +vT; = KAT, (4.2.8)

ci+vic;, =DAc— K, (4.2.9)

where v = p/p. The model now consists of the six partial differential equations
(4.2.6)-(4.2.9), on the boundaries z = 0,d and the following boundary conditions

are assumed to hold,

v, =0, at 2=0,d; c=cy,T=Ty, at z=d; c=cy,T =T, at z=0,
(4.2.10)

where ¢y, cr, Ty, T, are constant.
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Under these boundary conditions, our system admits the stationary solution

whose stability we investigate, namely,

v; = 0,
dc AC |z
- = __f _;57 )
dz AL (4.2.11)
T = —HlﬁZ + TL;
dp
d],: —pga.e — pgaT,

where

f(g;& n) = ﬁ(é){]—h —n(1 —cosh(§))} cosh(ﬁ%) —&n Sinh<§§)7

K c AT
§ = Aud, A%:ﬁy AC = e, —cyl|, AT =Ty, — Ty, nzA—g, f=—

Hy = sign(Ty, — Ty), Ha = sign(cr, — cy).

To study the stability of (4.2.5)-(4.2.9), we introduce a perturbation (u;,m, ¢,0) to
the steady state solution (;,p, ¢, T), by

v = U; + Uy, p=p-+m, c=c+ o, T=T+6.

Using (4.2.11), the nonlinear perturbation equations have the form

1 B(Z)Ul
Ui ¢+ Uj U 5 = _;77,1' + vAw; + gki(ad — o) + [(u x k) x Kkl;,
0, +u; 0.; = Hyfw + KNG, (4.2.12)
AC
O+ @ = Tf( ;&,nw+ DA¢ — K19,

where u; is solenoidal, i.e. u; ; = 0.

These equations are conveniently non-dimensionalised with the variables

d2
x=x'd, t=1"— u=Uu, 0=Ti0", ¢=T¢", ==Pr,

gV p_P B v AC acgd?’AC B Vﬂ
o d’ _2’ N Daegd’ - Dv B Kag

Bagd*
Kv '’

Rt - M = Bod

ﬁ
T
~
Il
SE
~
[l
=
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Here P, and P, is the Prandtl numbers and R. and R; is the Rayleigh numbers.

Equations (4.2.12) in non-dimensional form (dropping stars) become,

Uiy +ujug; = —7; + Auy + k(R — Rep) + M?[(u x k) x k;,
P.(0; + u; 0 ;) = HiRyw + A#, (4.2.13)
Py(¢r +ui ¢,0) = Ref(: 6w + Ap — E2¢.

The spatial domain is now {(z,y) € R?} x {z € (0,1)}. These equations are to be

solved together with the boundary conditions

¢p=0=u;=0, on z=0,1, (4.2.14)

together with the fact that the (x,y) behaviour of w;, 6, ¢, 7 satisfies a plane tiling
periodic pattern, Chandrasekhar [32], Straughan [196]. In this study, we will discuss

three cases:

1. Ty, > Ty, cr, > cy, i.e. heating below and salting below, H; = +1 and Hy =

+1.

2. Ty, < Ty, cp, > cy, i.e. heating above and salting below, H; = —1 and H, =

+1.

3. Ty, > Ty, cp, < cy, i.e. heating below and salting above, H; = +1 and Hy =
—1.

It should be point out that when & — 0 and thus f(z) — H, and if the layer is
salty above and heated below, then both are destabilizing, and the linearized sys-
tem is symmetric, therefore, the linear and the nonlinear boundaries coincide and
no sub-critical instabilities can occur. However, if the layer is salted below, which
is a stabilizing effect, while the layer is heated from below, which is a destabilizing
effect, thus, there are two physical effects are competing against each other. Due
to this competition, it means that the linear theory of instability does not always
capture the physics of instability completely and sub-critical instabilities may arise
before the linear threshold is reached. Due to the possibility of sub-critical instabil-

ities occurring, it is very important to obtain nonlinear stability thresholds which
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guarantee bounds below which convective overturning will not occur.

4.3 Linear instability

Linear instability results for stationary convection are obtained via the application
of standard procedures to the linearized version of (4.2.13). To find the critical
Rayleigh number of linear theory, we neglect the nonlinear terms in (4.2.13) and

assume a temporal growth rate like !, thus we obtain the linearised system

— T + Auz + ]{JZ(RtQ — chb) + M2[(11 X k) X k]z = ou;,
HlRtw + Af = O'Prtg, (4315)
Rcf(z; 57 U)w + A¢ - £2¢ = UPS¢'

To eliminate the pressure in (4.3.15);, we take the curlcurl of both sides. Then,

setting ¢+ = 3 we obtain

A*w + (RA*0 — RA*¢) — M?D*w = o Aw, (4.3.16)

where A* is the horizontal Laplacian A* = 9%/9z% + 0*/9y?, D = d/dz.
Assuming a normal mode representation for w, § and ¢ of the form w = W (z)h(z,y),
0 = O(2)h(z,y) and ¢ = ®(z)h(z,y) where h(z,y) is some horizontal plan form
satisfying

A*h = —a’h. (4.3.17)

The plan-forms represent the horizontal shape of the convection cells formed at the
onset of instability. These cells from a regular horizontal pattern tiling the (x,y)
plane, where the wavenumber a see [32]) is a measure of the width of the convection
cell. Using (4.3.17), and applying the normal mode representations to (4.3.15)a,
(4.3.15)3 and (4.3.16) we find

(D? — a®)*W — a®(R,© — R.®) — M?D*W = o(D?* — a®)W,
(D? —a*)© + H R,W = oP,0, (4.3.18)

(D? — a*)® — 2@ + R.f(z,&,n)W = o P,®,
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where the boundary conditions become

O==W=DW =0, =2=0,1, (4.3.19)
for fixed surface and

O=0=W=DW=0, 2z=0,1, (4.3.20)

for free surface. System (4.3.18) and (4.3.19) or (4.3.20) is solved using the finite
difference (FD) method. Detailed numerical results are reported in section 6. We
can now determine the critical Rayleigh number given Ra; = ming R?(a?), such
that o(R;) = 0 where for all R? > Raj, we have instability. In section 6 we will in-
troduce specific details about the algorithm which we use in evaluation the Rayleigh

numbers.

Although the linear analysis has been completed numerically, it is possible to
use analytic methods to provide a general idea about the stationary and oscillatory
neutral lines. In the linear instability analysis, the values of Prandtl numbers play a
crucial role in determine where the linear curve is an oscillatory curve or stationary
curve. Thus, it is useful to obtain an analytic solution for the problem. Before
we start with analytic analysis we suppose that M? = 0,7 = 0 and & — 0, thus
f(z) = 1. Now, we can discuss the analytic analysis because the function f(z) are
removed . Note that without this assumptions it is impossible to establish the ana-
lytic solution, and we can get this solution just for two free boundaries i.e. we will
solve analytically system (4.3.18) with respect to the boundary conditions (4.3.20).
Moreover, according to our numerical results, we note that case 2 is always stable
and in case 3, we found that ¢ € R. Thus, we discuss just case 1, i.e. H; = +1 and
Hy; = +1. Now, according to the above assumptions, our system can be simplified

to the following form

o(D? — a®>)W = (D* — a*)’W — a*(R© — R.®),
oP.0 = (D* — a*)0 + R,W, (4.3.21)
oP,® = (D? — a*)® + R.W.

June 19, 2014



4.3. Linear instability 65

Hence, letting £ = (D? —a?) — o P, and £, = (D?* — a?®) — o P, Thus, from (4.3.18),
and (4.3.18)3 we have

£,0 = (D*-a*0 —oP.0 = —R,W, (4.3.22)
and
£,0 = (D* —a*)® — oP,® = —R.W. (4.3.23)

Now, re-applying £; and £, to (4.3.18); to get
0L1L5(D* — a®)W = £,85(D* — a*)*W + &> R?L,(W) — a*R2&, (W), (4.3.24)
After make simple calculation we have
o(D* —a®> —oP,)(D* —a® — oP,)(D* — a*)W

=(D?*—a®>—0oP,)(D*—a* - oP,)(D* — a*)’W
+a?R*(D? — a® — o P,)W — a*R*(D? — a* — o P,)W. (4.3.25)
Because of the boundary conditions W = 0, D*W = 0 on z = 0, 1 (non-dimensional
boundaries), then W can be expanded as a sine series of terms like sin(nnz). In fact,

we can show n = 1 yields the lowest instability boundary. Then, with A = 7% 4 a2,

a being a wavenumber, from system (4.3.25) we derive
—oA* — *(P, + P,)A* — AP, P,

= A+ 0(P, + PN + 0*A*P, P, + a*(R? — R?)A + a*(P, R — P,R})o. (4.3.26)

The stationary convection curve (o = 0) is then given by
A3
R} = — + R (4.3.27)
a

Then we minimize (4.3.27) with respect to a* thus we have a? = 7%/2. Substituting

this a? value into (4.3.27) we can evaluate

27
Rap, = Zw‘* + R2. (4.3.28)

For the general case (4.3.26) we put (¢ = o, + i0;) and the instability boundary is

found when o, = 0. Thus, we follow the method of Chandrasekhar [32], P.114, and
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put o = io; in (4.3.26). Taking real and imaginary parts of the resulting equation

and then eliminating o7 we derive the equation for overstability,

g NU=RP) (1= PR

a? (1 - P,P,) °(1-P,P)

(4.3.29)

where P, = ((P, + Ps)/P,Ps) + 1 and P, = P, + P; + 1. Now we minimize (4.3.29)

with respect to a? we find that a? = 72/2 and

277T4(1—P5P2) —|—R2(1_PTP1)

Ra, = — 1-PB.pP)  e(1—P,P)

. (4.3.30)

4.4 Nonlinear energy stability theory

Linear instability analysis provides a boundary for which all R? greater than the
critical Rayleigh number in instability, where no assumptions can be made about
stability when R? is below this boundary, as the solution may become unstable before
the threshold predicted by the linear theory is reached. A nonlinear energy analysis
produces stability boundaries with our aim being to show that these thresholds are
close enough to those of linear theory, so that we can conclude that linear instability
theory effectively captures the physics of the onset of convection.

Let V be a period cell for a disturbance to (4.2.13), and let ||-|| and (-, -) be the norm
and inner product on L?(V). We derive energy identities by multiplying (4.2.13);
by u; and integrating over V | and (4.2.13), by ¢ and integrating over V | to find

1d
5l = [ Vul + Riw,0) = Re(w,6) — M2{Jul ~ Jwl?],  (4431)
P d
DL N6I = HuRuuw,0) — V6], (1.432)
P d
SN = Rlf (2w, 6) - €10l ~ [Vl (1.433)

We introduce positive parameters \; and A\, and define
1 A P, Ao Py
B) = 5[l + 0l + 22 o,

D = M&[6]* + MIVOI* + Ao VoI + IV ull” + M2[fulf” + of?),  (+434)
Z = Ry(w,0) — R.(w, ¢) + HiA Ri(w,0) + o R.(f(2)w, ¢),
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where u is explicitly written as u = (u,v,w). From (4.4.31),(4.4.32) and (4.4.34)

we derive
dE
— =7-7D
dt ’
dE 1
— < -D(1 — —

where 1/Rp = maxy(Z/D) and H is the space of admissible functions, namely
H = {u,0,0cC*(0,1):0=¢p=w=Dw=0, 2=0,1.}

For fixed surface and the same space for free surface with D?>w = 0 instead of
Dw = 0. If Rg > 1 then with x; being the constant in poincare’s inequality, it
follows that D > c¢E where ¢ = min{2x1, 2(x1 +&*) P, !, 2x1 P~'},. Hence it follows
that

dE Ry —1
“E R
g = B

).

Thus, letting € = ¢(Rg — 1)/Rg we have E(t) < E(0)e~ which tends to 0 as
t — oo, so we have shown the decay of ¢, and u. We now turn our attention
to the maximisation problem 1/Rp = maxy(Z/D) with Rg > 1. We do this for
the threshold case Rg = 1 which yield the sharpest stability boundary.To solve the
maximisation problem we study the Euler Lagrange equations. The Euler Lagrange

equations are found from

Ry6T — 6D = 0. (4.4.35)

let x,9 and ¢ be arbitrary, fixed C?(0,1) functions which satisfy the boundary
conditions. We now consider neighbouring function u; = u; +en(z;), 6 = 6 4+ ed(x;)

and ¢ = ¢ + e(z;), Hence

d
0D = —[[Vu+eVnll* + M+ enl” = M?|[w + eng|* + Ml VO + V||

+X2[|[ Vo + eVII|* + Xa€?(|¢ + e [|*)—o

= (—2Au; + 2Mu; — 2k MPw, ;) + (—2M A0, 9) + (2070 — 2000, 1),
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and

d
01 = —[Ri{w + €3, 6 + e0) + HiM Ri{w + e1js, 6 + e0)

—Ro(w + ens, ¢ + ev) + MaRe(f(2)(w + €ns), ¢ + evh)]e—0
= <—RC l{?z ¢ —+ )\QRC kl f(2)¢ + Rt kl 9 + Hl)\lRt kz 9, Th>
+<Rtw + Hl)\lRtw, 19> + <—Rcw + )\QRcf(Z)UJ, ¢>

Thus, the Euler lagrange equations which arise from the variational problem 1/Rg =

maxy (Z/D) can write as:

— Rt k’l 0 — H1>\1Rt k’z 0 + Rc kl ¢ — )\QRC k‘z f(z)qb — 2AU1 + 2]\42UZ — 21{:,M2w = —T4,
Rtw + Hl)\lRtw + 2)\1A9 = 0,

— Rew + MR f(2)w — 220620 + 2X0A¢ = 0,
(4.4.36)
where 7 is a lagrange multiplier. To remove the lagrange multiplier we Take the

third component of the double curl of (4.4.36);, and introducing the normal mode

representation and notation as presented in section 3, thus (4.4.36) then becomes

2 2\2 212 a’? a’R,
(D? = a®)*W = MPD*W + (1 = Mo f () 5 Re® = == (1+ Hi\)®,
1
(D? —a?®)© = —%(A— + H\)W, (4.4.37)
1
(D? — a?)® — &2 — gc (1= Xaf(2))W =0.
2

We can now determine the critical Rayleigh number given by

Rap = maxmin R} (a*, \),
A1z a?

where for all R? < Rap we have stability.

4.5 Numerical method

In this section we will discuss the finite element method which is used to solve sys-
tems (4.3.18) and (4.4.37). We shall explain how the linear system have been solved
and then the solution of the nonlinear system follows directly using the same argu-
ment. Firstly, we introduce a new variable A = D?*W, Therefore, system (4.3.18)
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become as follows
D*W = A,
D?*A — (24> + M)A + a*W — a*(R,© — R.®) = o(A — a*W),
(4.5.38)
(D? —a®)® + HiR,W = oP,0,
(D? — a®)® — £2® + R fW = o P,®.
For free surface the boundary conditions will be W = A = © = & = 0, while
for fixed surface the situation require careful treatment and we shall deal with this
treatment after introducing the finite element approximation.
Firstly, we divided the period 0 < x < 1 into n elements, each element e having
p+1 nodes ny, ng, ..., npr1. In term of its p+ 1 nodal values, the variables W, A, ©,
may be uniquely interpolated as a polynomial of p+ 1 order, the interpolation being

given by
We = Ny, A®= N9, ©°= N5, &°= Ng, (4.5.39)

where 0%, = {Wi,, Wi s W 1104 = {Apss Anys ooy Any 1} 08 = {01, Oy, Oy 1}

and 03 = {®,,, ®p,, ..., Py, }, and the shape function matrix is

N¢ =[NP NP .. NP 1.

ni? = n2? ) Np+1

Therefore the over-all finite element approximation is given by

W—iwe, A—iAe, @—i@e, @—iqfi (4.5.40)
e=1 e=1 e=1 e=1

The variational formulations of (4.5.38) is

1
Minimize Iy[V] / (—(DW)? — 24T )dz,
0
(4.5.41)
1
Minimize I4[A] = / (—(DA)? - (2a® + M*)A* +2a*W A —2a*(R,©OA— R, PA)
0
—0(A? — 2a*W A)dzx, (4.5.42)

Minimize Ig[0] = / 1(—(D@)2 —a’©* + 2H,RWO — o P,0%)dx,
" (4.5.43)
Minimize Ig[®] = / 1(—(D¢)2—(a2+§2)<1>2+2RC fWo—cP,d?)dx. (4.5.44)
’ June 19, 2014



4.5. Numerical method 70

Substitution of (4.5.40) into variational formulations (4.5.41)-(4.5.44) gives

=y /(—(DW6)2 — 2A°W)dx = Iy,
e=1"YE€ e=1
(4.5.45)
Z / (DA®)? — (2a* + M?)(A)? 4+ 2a* W A® — 2a*(R,60°A — R.0°A)

—0((A%)? = 20°W A )dz = Y I, (4.5.46)
e=1

= Z / (—(DO%)? —a?(0°)% +2H, R WO — 0 P, (0°)?)dx = Z I¢, (4.5.47)

e=1

Z/ (D)2 — (a® + £2)(9°)? + 2R WD — o Py(D°)?)dx = ZI¢,
(4.5.48)
here, we use the fact that the functions W€, A€, 0¢, ¢¢ are equivalent to zero outside

the element e. Using (4.5.45), (4.5.46), (4.5.47) and (4.5.48) we obtain
]W[W] = IW(Wla WZ) sy Wm)7

IA[A] = 14(A1, Ag, .. A,
I@[@} - I@(@l,@g,...,@m),
LI?[q)] = I@((I)luq)% "'7q)m)7

where m is the number of all nodes in all elements. Then using the Rayleigh-Ritz
procedure to minimize Iy [W], 14[A], Io[0©], Is[P], with respect to the variational
parameters W;, A;, ©;, ®; respectively, gives

gévvvi =e§;§$j =0, i=1,..,m, (4.5.49)
giﬁ :eigii =0, i=1,..,m, (4.5.50)
géi - é géfj, =0, i=1,..,m, (4.5.51)
gfxi = ; gé‘% =0, i=1,..,m. (4.5.52)
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Using (4.5.39), (4.5.49), (4.5.50), (4.5.51) and (4.5.52), we have

oLy _ /ngi dN¢
oW,

-2 | 56 dz — 2 / NP N°6%da = 0, (4.5.53)

816 € e ngz dNe € €
8A:1. = 2a4/6N£iN 5de—2/e( p (2a* + M?)NE N€)64dx

—2a*R; / NP N°54dr+2a°R, / NP N¢0gdr—20 / [NP N6 —2a’>NE N6, ]dx = 0,

e

(4.5.54)
oI§ dNP dN¢ 9
=2 [(——— NP N€)ogd
00, /e< dz dz NN )dede
+2H1Rt/N£iN66§de — 2PT0/N£iN65gdx =0, (4.5.55)
olg dNP dN* 9 9
—_9 A NP N¢ogd
a@nz /;[ dz dz +(a +€ ) i ] AT
+2Rc/fN£’iN€5§Vda: — 2PSU/N,§’Z,N65(%dx =0. (4.5.56)
Then, the matrix representation for the system of equation of element e take the
form
—Ds —FY @] 0 oy
a*Ff  —D§— (2a®> + M?)Ff  —a*R,Ff a’R.FY 0%
H,\R,FY O —D§ — a*F¢ (@] 06
R.Fy O O —D§ — (a® + &%) F¢ 0%
O O O O Oy
—a®Ff F¢ O @] 0y
=0 ot 4, (4.5.57)
O O PFFs O 06
O O O Py 0%
where
L dNP dNP. 1
0;; =0, Dy;; = /_1 dzlvdz’ Iy = /_1 N,fiNﬁjdz,
1
FQe,LJ :/ f(Z)N,rZ:ZNSJdZ7 Z: 1,.--p+17 ,]: 17..-p+ ]..
~1

The above integral can be evaluated by applying the classical finite element nodal
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basis functions in one dimension on the standard element Qg = (—1,1). The stan-
dard shape functions are defined by the set of Lagrange polynomials

Tp+1

- 11 ¢

Jj=ni,j#i

Cz (4.5.58)

where ¢ = 2/h(z — z,), h is the length of element and z,, is the mid-point. Thus
these integrations take the form:

D¢ 2 de dN”J
215 — h/—l dC dC Ca

P N
lz] / an

22]2 / f C+Zm)NprdC7

1=1,.p+1, j=1.p+1

All these integrals were calculated analytically using Matlab routines. Finally, we
assemble the systems of all elements e = 1,...,n to get the main system which have
the form

Ax = 0Bx, (4.5.59)

where x = (W1, ..., Wy, A1, oo, A, O1, o0, O9, @y, ., @) T

For free surface boundary conditions, we imposing the boundary conditions easily
by removing Wi, W,,, A1, A, ©1,05, &1, P, from the system and thus we remove
the rows and columns of order 1, m,m+1,2m,2m+1,3m,3m~+1 and 4m. However,
for fixed boundary conditions, we change the conditions DW = 0 at z = 0,1, to
another conditions related with new function A. To do this, let the first element is
[0,a] and the last element is [b, 1]. Firstly, we integrate (4.5.38); for first and the

last elements and use the boundary conditions, to arrive to the following conditions

DW!(a) = /OAldx (4.5.60)

1
—DW™(b) = / Anda, (4.5.61)
b
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where 1,n refer to the first and the last element. Next, we transform equations

(4.5.60) and (4.5.61) to the local coordinate ¢ and use (4.5.39) to obtain

2dN(1) 5 _
- dc S = /N )ohdc, (4.5.62)
sz

e / N(¢)8%dC. (4.5.63)

Now, let d; = dN;(1)/d¢, e; = f L Ni(Q)d¢, and f; = dN;(—1)/d¢. In addition,
suppose that the nodes for the first element and for the last element have the order
1,2,..,p+1and m —p,m—p+1,...,m, respectively. Then, (4.5.62) and (4.5.64)

lead to the following computational conditions

4 1
Al h2 [dig + ...+ dp+1Wp+1] — —[€2A2 + ...+ €p+1Ap+1] (4564)
Am - 72 [fl m— p+f2 m— p+1+ +fp m— 1] [elAm—p+-~-+6pAm—1]-
h Cp+1 Cp+1

(4.5.65)
Now, we substitute the values of A; and A,, in (4.5.59) thus the columns of order
m + 1 and 2m will be zeros. Now, we can remove the rows and columns of order

1,m,m-+1,2m,2m + 1,3m,3m + 1 and 4m.

4.6 Results and conclusions

In this section we report our numerical solution of the linear instability and the
nonlinear energy theory. Firstly, we have checked convergence and found that con-
vergence to 8 decimal places is achieved with 2 elements and each element have 10
nodes for two free-free boundary conditions, while for fixed-fixed boundary condi-
tions the convergence to 8 decimal places can be achieved using 3 elements and each
element have 11 nodes. It should be point out that we use the finite element method
to solve our problem because it is very flexible especially for problems which have
variable coefficients and give very accurate result. Moreover, the finite element has
a fast convergence to the required results.

We found that when the layer is heated above and salty below system (4.2.13) is
always stable. For the case of the layer is salty above and heated below i.e. H; = +1
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and Hy = —1, the spectrum o is found numerically to be always real. In the case
of the layer is salty below and heated below i.e. H; = +1 and Hy = +1, the linear
analysis stability is more difficult because it include an oscillatory convection. We
found that the values of wave numbers for oscillatory convection are very close to
the values of wave numbers for stationary convection, thus the computations of
the critical Rayleigh numbers will be difficult especially in the period around the
intersection points.

For the case of the layer is salty below and heated below, we present in Figures
4.1 and 4.2 the critical Rayleigh number R, against R? for fixed-fixed and free-free
boundary conditions, respectively, for M2 =0 and n =0 & = 1071°,1,2,3. The pic-
ture of nonlinear energy bound with the linear curves in these figures is a classical
picture for double diffusive convection. These Figures show the effect of increasing
¢ on oscillatory and steady convection, where as ¢ increase, the switching of convec-
tion from steady to oscillatory will be late. Figure 4.3 present the critical Rayleigh
number R, against R, but with different values &, 7, M?, where the new values are
£€=1,n1n=1and M? = 30,60,90. Figure 4.3 demonstrates that Ra increases with
increasing M? which shows the stabilizing effect of the magnetic field. In addition,
figures 4.1, 4.2 and 4.3 show that the subcritical instability regions become bigger
with increasing R., and this is to be expected for classical double diffusive con-
vection. Also, figures 4.1, 4.2 and 4.3 show that the switching of convection from
steady to oscillatory for free-free boundary conditions occurs before the switching
for fixed-fixed boundary conditions. Thus the switching do not occurs in the same
point, and this is very important because many researchers make an analytic test

to their system with free-free boundary conditions to see where the switching occurs.

Again, for the case of the layer is salty below and heated below, figures 4.4
and 4.5 present the critical Rayleigh number R, against M? with ¢ = n = 1, for
fixed-fixed and free-free boundary conditions. As we mention above, the switch-
ing of convection occurs for the free-free boundary conditions before the fixed-fixed
boundary conditions according to the R, values, thus, for fixed-fixed boundary con-

ditions we select R. = 30, 35, 40, 45, while for free-free boundary conditions we select
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R. = 25,30,35,40. It is very clear the stabilizing effect of the magnetic field where
the values of Ra increases with increasing M?. The distance between the energy
and linear bound increases with increasing R., thus with large values of R, we have
wide subcritical regions. Note that as R, increases the nonlinearity of the linear
curves decreases. The very important point in these figures is that the oscillato-
ry convection appears before the stationary convection. This happen because we
have two competitive effects, the magnetic field effect M? which have stabilizing
effect and R, effect which have destabilizing effect. Thus, when the the values of
M? are small such that the destabilizing effect of R, is stronger than the stabiliz-
ing effect of M2, we expected that the convection will be oscillatory and as M?
increase the convection will be very close to the stationary. For example, in figure
4.4 when R, = 30 the switching of convection from oscillatory to stationary occurs
in the period M? € (20,25), while with R, = 45 the switching appear in the period
M? € (225,230).

In figure 4.6 and 4.7 we plot the critical Rayleigh number R, against M? and
R for n = 2,4,6 and fixed-fixed and free-free boundary conditions. We select the
values of parameters such that oscillatory convection do not occurs for the case
H, = Hy = +1. This is because we wish to make a comparison between the two
cases H| = Hy, = +1 and Hy = +1,Hy = —1. Figures 4.6 and 4.7 a,b present
R, against M? with ¢ = 2 and R, = 15, while Figures 4.6 and 4.7 c,d present R,
against R, with £ = 2 and M? = 50. Again, for both cases it is clear the stabilizing
effect of M? and destabilizing effect of n and R.. Also, we note that the system for
the case of the layer is salty above and heated below is more stable than the case of

the layer is salty below and heated below.

Finally, figure 4.8 present critical Rayleigh number R, against & for M? = 50,
R. =15 H = Hy = +1 and n = 2,4, 6 for fixed-fixed boundary conditions. Again,
We select P, = P, = 1, such that oscillatory convection do not occurs. We note
that how increasing £ corresponds, in general, to destabilizing. The linear critical
Rayleigh numbers always decrease with increasing £&. The nonlinear critical Rayleigh

number start with R, = 2801.657676 for all n, then in the period 0 < £ < 4, the
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value of R, decrease with decreasing £. Next, for £ > 4, the value of R, increase
with increasing £ until they arrive to the starting value R, = 2801.657676 for large
value of £. It is very clear that this decreasing and increasing has a different values
according to the values of 7.

Finally, we should mention that in this study the stability analyses on this prob-
lem have yield regions of potential subcritical instabilities where the linear instability
and nonlinear stability thresholds do not coincide. However, recently, an operative
technique have been applied to yield a sharp conditional nonlinear stability in sub-

critical instabilities regions, for more details see [82,84].
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Figure 4.1: Critical Rayleigh number R, against R with M2 =0, 7 =0 and H; = Hy =

+1, for fixed-fixed boundary conditions. (a) & = 10710, b)) E=1.(c) £ =2.(d) £ =3.

Linear instability and nonlinear stability curves as in caption.
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Figure 4.2: Critical Rayleigh number R, against R with M2 =0, n =0 and H; = Hy =
+1, for free-free boundary conditions. (a) & = 10710, (b) ¢ = 1. (¢c) € = 2. (d) £ = 3.

Linear instability and nonlinear stability curves as in caption.
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Figure 4.3: Critical Rayleigh number R, against R with { =1, 7 =1 and H; = Hy = +1.
(@) M? = 30. (b)) M? = 60. (c) M? = 90. (d) M? = 30. (e) M? = 60. (f) M? = 90.
Linear instability and nonlinear stability curves as in caption. a, b, ¢ represent the results

of fixed-fixed boundary conditions and d, e, f for free-free boundary conditions
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Figure 4.4: Critical Rayleigh number R, against M? with ¢ =1, n =1 and H; = Hy =
+1, for fixed-fixed boundary conditions. (a) R. = 30. (b) R, = 35. (¢) R, = 40. (d)

R. = 45. Linear instability and nonlinear stability curves as in caption.
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Figure 4.6: Critical Rayleigh number R, for n = 2,4,6 for fixed-fixed boundary condi-
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¢ =2,R.=15 H =+1,Hy = —1. (¢) R, against R with £ = 2, M2 = 50, H; = Hy = +1.

(d) R, against R with ¢ = 2, M? = 50,H; = +1,Hs = —1. Linear instability curve

together with nonlinear stability one.
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with nonlinear stability one.
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Chapter 5

Instability in Poiseuille flow in a
porous medium with slip

boundary conditions

5.1 Introduction

There is increasing interest in micro-electro-mechanical-systems (MEMS), and flow
in microfluidic channels due to their applications in the electronics and related
industries. In particular, at nanoscales there is increasing evidence that bound-
ary conditions of slip type are needed rather than those of no-slip, cf. Badur et
al. [10], Cercignani [31], Duan [48], Duan & Muzychka [47], Lauga et al. [101], Mori-
ni et al. [128], Priezjev [156], Rahman et al. [158], Shojaecian & Shojaeian [189],
Stebel [192], Yong & Zhang [227], Zhang et al. [230], Zhang et al. [231]. An especial-
ly important application of microscale flow involving slip boundary conditions is to
flow in porous metallic foams. Lefebvre et al. [105] give many industrial examples of
this and provide a thorough review of the state of the art. The goal of this article is
to provide a critical analysis of instability of flow in a channel occupied by a sparse
porous medium when the boundary conditions are those of slip type.

The instability problem of flow in a channel occupied by a linearly viscous fluid,
and subject to slip boundary conditions, has an interesting history. Chu [38] and
Chu [37] report that increasing slip length in the slip boundary condition has the ef-
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fect of decreasing the critical Reynolds number for the commencement of instability.
However, Lauga & Cossu [102] and Spille et al. [190] report precisely the opposite.
Namely, increasing the slip length has a stabilizing effect, thereby increasing the
critical Reynolds number at which instability begins, according to linear theory.
Webber [223] used a highly accurate Chebyshev tau method to analyse this insta-
bility problem and his results are in agreement with those of Lauga & Cossu [102]
and Spille et al. [190].

The topic of instability of parallel shear flows in a channel and the associated nu-
merical methods to accurately determine the instability thresholds is one of immense
interest in the applied mathematics and engineering literature, cf. Avila et al. [§],
Bandyopadhyay et al. [12], Bassom et al. [17], Dongarra et al. [43], Dragomirescu &
Gheorghiu [45], Gheorghiu & Dragomirescu [64], Gheorghiu & Rommes [66], Hibino
et al. [81], Khoshnood & Jalali [95], Malik & Hooper [122], Massa & Jha [125]. The
difficulty with this class of problem is that the mathematical operators which arise
in the instability analysis are non-symmetric and the resulting eigenfunctions are
close to being linearly dependent. This makes finding an accurate numerical solution
a challenging problem. This difficulty persists in the problem tackled here and we
address the issue carefully.

The problem of instability of channel flow in a porous medium of Brinkman
type with no-slip boundary conditions is itself of recent origin. Nield [137] initiated
this study and this work is described in Straughan [197], pp. 234-236, where the
correct equations are derived. Hill & Straughan [87] perform an accurate analysis
of instability of flow in a fluid saturated channel of porous medium. Their results
largely confirm the findings of Nield [137]. It should be stressed that these papers
consider only no-slip boundary conditions. The conditions of slip at the boundary,
which are believed to be highly relevant in microfluidic situations, are (we believe)
analysed for the first time in this article.

The results in this chapter were published in the article Straughan and Harfash
[199].
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5.2 Basic equations

The equations for Poiseuille low in a Brinkman porous material are derived in
Nield [137] and in Straughan [197], p. 234. With v; being the velocity field, p the
pressure, R being the Reynolds number, and M? a non-dimensional Darcy (friction)
coefficient the governing equations are
ov; 0v; dp
R( S 4 oot ) = =22 4 Ay — M2,
(8t “Jaxj) oz, TOVIT MY
8%
8.1'i

(5.2.1)

=0,

where standard indicial notation is employed, a free index taking values 1,2 or 3,
and a repeated index summing from 1 to 3, A is the Laplacian, and equations (5.2.1)
hold in the domain {(x,y) € R*} x {z € (—=1,1)} x {¢t > 0}.

Slip boundary conditions have been suggested for a long time starting with the
early work of Navier [131] and Maxwell [126]. They are the subject of intense recent
work, especially in microfluidic and nanofluidic situations, as witnessed by Badur
et al. [10], Duan [48], Duan & Muzychka [47], Lauga & Cossu [102], Morini et
al. [128], Priezjev [156], Yong & Zhang [227], Zhang et al. [230], Zhang et al. [231],
and many references including historical ones are given in these articles. A lucid
historical account of the origin of slip boundary conditions in also given in chapter
1 of Webber [223]. The specific boundary conditions which solutions to equations
(5.2.1) satisfy are, cf. Webber [223], chapter 3,

0 0
NDﬂ =y, N()ﬂ:’l)g, vy = 0, on z=—1,
0z 0z (5.2.2)
81)1 a7)2
05— = v, Nom—=—-vy, w3=0, on z = +1,
0z 0z

where Ny is a dimensionless parameter which measures the slip length. We assume
that in equations (5.2.2) the slip on the lower boundary is the same as that on the
upper boundary, for mathematical simplicity, since we are interested in the effect
of the terms Ny and M on the critical instability value of the Reynolds number R.
One could easily generalize this work to allow for different slip coefficients on the
upper and lower boundaries.

The basic solution whose stability we are interested in is one where the fluid is
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driven along the channel in the x—direction by a constant pressure gradient of form

ap
-~ =K?>0,
Ox
where an overbar denotes the basic state. The basic velocity field corresponding to
this pressure gradient has form v = (U(z),0,0). Then one finds U must satisfy the

boundary value problem
—K?*=U" - MU, —1l<z<1, (5.2.3)
subject to boundary conditions
NoU' + U =0, z =1,
(5.2.4)
NoU' — U =0, z=—1

If in our non-dimensionalization we pick K? so that K? = M? cosh M/(cosh M — 1)
then U is found to be

U(z)

cosh M ( cosh Mz ) . (5.2.5)

T coshM —1\ NoM sinh M + cosh M
Note that when Ny = 0, U reduces to

B cosh M — cosh M z
N cosh M — 1 ’

in agreement with the basic solution employed by Nield [137] and by Hill & Straugh-
an [87].

We now wish to investigate the stability of solution (5.2.5) and so let u = (u, v, w)
be a perturbation to v with corresponding pressure perturbation 7. The perturba-
tion equations are derived in detail in Straughan [197], p. 235, and he shows that
after linearization and assuming spatial and time dependence like exp(iax+ify—ict)

then one may show that w(z) satisfies the equation
(D? — a®)*w — M?*(D? — a®*)w = iaR(U — ¢)(D?* — a®)w — iaRU"w, (5.2.6)

where D = d/dz, a* = o* + 3%, and z € (—1,1). The boundary conditions which w
must satisfy are derived from the conditions Nou , = tu, 2 = F1, Nyv ., = tv, 2 =

F1, and the incompressibility condition v, +v, +w . = 0, are

w = 0; Now ., = tw,; on z = Fl1. (5.2.7)
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In terms of the D notation these boundary conditions are

NoD*w = Dw, onz=—1; NoD*w = —Dw, on z=1;
(5.2.8)
w=0 onz==l

In the next section we briefly describe the numerical methods employed to solve

equation (5.2.6) together with (5.2.8).

5.3 Numerical techniques

5.3.1 Chebyshev collocation method

Since solving (5.2.6) and (5.2.8) is a difficult numerical problem, we adopt the Cheby-
shev collocation method to solve the eigenvalue systems. We apply two variations
of the Chebyshev collocation method in order to incorporate the boundary condi-
tions, and also two methods provide an independent check. Firstly we introduce the

function B = Dw, and then equation (5.2.6) may be written as the system
Dw— B =0,
D?B — (2a®> + M*)DB + (a* + o> M*)w + iaRU"w (5.3.9)
= iaR(U — ¢)(DB — a*w).
The boundary conditions (5.2.8) now become
w=0, z==£I1,
NeDB+B=0, z=1, (5.3.10)

NoDB—-B =0, z=-1.
Method 1.

Here we expand w and B as (truncated) series in trial functions 6, ¢, so that

N N
w = anen(z), B = Z Bnon(2), (5.3.11)
n=1 n=1
where 0,,, ¢,, are defined by
u(2) = (1 — 22)Tons(2),

B 2N,
én(2) = [1 —F No(2n—1)

(5.3.12)

2] Tanl(Z)a
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and T,,(z) are the Chebyshev polynomials of the first kind, cf. Dongarra et al. [43],
which is defined by:

or

T,(z) = cos(narccos(z)), —1<z<1

The reason for the choice of the basis functions 6, and ¢, is that in this way
the functions w and B satisfy the boundary conditions (5.3.10). The next step is to
substitute expressions (5.3.11) into equations (5.3.9) and (5.3.10), and then require
that equations (5.3.9) and (5.3.10) be satisfied at N collocation points 21, ..., zy,
where z; are defined by z; = cos ([ — 1]/[2N — 1]7), ¢ = 1,..., N. This results in a

2N x 2N system of algebraic equations in the coefficients wy, ..., wy, By,..., By :
DO —1¢ O O
X=c X,
A Ao ia>RI0 —iaRD¢

where X = (w1, ..., wy, By, ..., By), O is the zeros matrix, A0(ny,ny) = (a*+a?M?+
iaRU" (2,,) + 1a*RU (2,,))I0(n1,m2),  Ap(ny,me) = D@3 (ny,ng) — (2a% + M? +
iaRU (zy,))Do(ny,ng), 10(n1,n2) = 0,,(2n,), Id(n1,n2) = dny(2n,), DO(ny,n2) =
0,,(2n,), Do(ni,n2) = ¢, (2n,), D¢?(ny,ny) = mo(2ny), mi,mg=1,...,N.

This matrix eigenvalue system is solved by using the QZ algorithm, cf. Dongarra

et al. [43].

Method 2.

In order to implement the second technique we approximate the solutions to equa-

tions (5.3.9) and (5.3.10) as truncated series of Chebyshev polynomials as follows,

w = iwnTn(z), B = i B, T,(2). (5.3.13)

These expressions are employed in equations (5.3.9) and (5.3.10) and then the result-
ing equations are evaluated at Gauss-Lobatto points y; defined by y; = cos(mi/[N —
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3]), i=0,...,N—2. This leads to 2N — 2 algebraic equations for 2N 4 2 unknowns
Wy, ..., WxN, By, ..., By. The remaining 4 equations are furnished by the boundary

conditions (5.3.10) which become

N N

dwa =0, ) (=1)"w, =0,

" =0 N (5.3.14)
> (Non® +1)B, =0, [(—1)""' Non* — 1] B,, = 0,

n=0 n=0

and these equations are added as rows to the matrices generated above to yield a
(2N 4 2) x (2N + 2) matrix eigenvalue equation. Then, we obtain the generalised

eigenvalue problem:

D —I @] O
BC; 0..0 0...0 0...0
BC, 0..0 0...0 0...0
X=c X,
Ay Ay iaRI  —iaRD
0...0 BCjs 0...0 0...0
0..0 BCy 0...0 0...0
where X = (wy,...,wy, By, ..., By), O is the zeros matrix, A;(ni,ny) = (a* +

a’M? +iaRU" (yn, ) +ia> RU (yn, ) I (n1,n2), As(ni,ng) = D3(ny, ny) — (2a® + M? +
iaRU(ym))D<n17n2> I(nhn?) = TnQ(ym)v D(nhn?) = TrILQ(ynl)’ Dz(nhn?) =
T (Yny), M1 =0,.., N =2, ny=0,...,N.

This is solved by the QZ algorithm.

5.3.2 Finite element method

As an additional check we have also employed a finite element method to solve
equations (5.2.6) and (5.2.8). This consists of introducing another variable A = D?w
and writing equation (5.2.6) as a system of two equations involving A = D?w and

(5.2.6) written in terms of A and w as follows
D*w = A, (5.3.15)

D?*A—(2a* + M*)A+ (a*+a* M*)w +iaRU"w —iaRU (A — a*w) = —iaRc(A—a*w),
(5.3.16)
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w = 0, at z = 7F1,
NoA — Dw =0, at z=—1, (5.3.17)
NoA+ Dw =0, at z=1.

Firstly, we divided the period —1 < x < 1 into n elements, each element e having
p+ 1 nodes ny,ng, ..., nyy1. In term of its p+ 1 nodal values, the variables w, A may

be uniquely interpolated as a polynomial of p+1 order, the interpolation being given

by
we = N°§¢, A° = N°5, (5.3.18)

where 65, = {wn,, Wny,s -o; Wn, ., }, 05 = {Any s Anys ooy Ay, b, and the shape function
matrix is

N® =[NP NP, . NP .

ny’ Np+1

Therefore the over-all finite element approximation is given by

w = iwe, A= iAe, (5.3.19)
e=1 e=1

The variational formulations of (5.3.15) and (5.3.16) are

Minimize I,[w] = /01(—(Dw)2 — 2Aw)dx, (5.3.20)

1
Minimize [4[A] = / (—(DA)? — (2a* + M?)A? + 2(a* + a*M?*)wA
0
+2iaRU"wA — iaRUA? + 2iRUa*wA + iaRcA®? — 2iRea*wA)dz, (5.3.21)

Substitution of (5.3.19) into variational formulations (5.3.20) and (5.3.21) gives
L] =3 / (—(Dw)? — 24w )dw = S I, (5.3.22)
e=1"¢ e=1
LA =3 / (—(DA%) — (24 + M2)(A°? + 2(a* + a® M?)ur A°
e=1"¢

+2iaRU"w® A® —iaRU (A°)? + 2i RU a®w® A° + iaRc( A°)? — 2i Rea®w® A®)dx = Z 15,

e=1
(5.3.23)

June 19, 2014



5.3. Numerical techniques 93

here, we use the fact that the functions w®, A¢ are equivalent to zero outside the

element e. Using (5.3.22) and (5.3.23) we obtain

where m is the number of all nodes in all elements. Then using the Rayleigh-Ritz
procedure to minimize I, [w], [4[A], with respect to the variational parameters w;, A;

respectively, gives

oI, "L 9I¢
= v — =1, ... 5.3.24
Ow;  — ow; P e ( )

oI, =015 ,
= =0 =1,.. 5.3.25
aAz — 8141 9 7 9 7m’ ( )
Then matrix representation for the system of equations at the element e take
the form
— D5 i o,
(a* + a?M?)Ff + iaRF§ + ia>RFS  —D§ — (2a*> + M?)Ff — iaRFS 0%
@) 0] oe
=c , (5.3.26)
iRaPFY —iaRFf 54
where  O;; =0, DS, = fll dg; AN, Fr= f  NENP dz,

Fs;= [ U(z) NL.N2 dz,  Fy

5ij = f_l U”(z) NENPdz, 1,j=1,.p+1

The above integrals can be evaluated by applying the classical finite element
nodal basis functions in one dimension on the standard element Qg = (—1,1). The
standard shape functions are defined by the set of Lagrange polynomials

Np+1

- 11 ¢

Jj=n1,j#i

Cz (5.3.27)

where ¢ = 2/h(z — 2z,), h is the length of element and z,, is the mid-point. Thus

these integrations take the form:

o _2/ ANg ANY, -
245 — . dC dC )
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h 1

e __ h ' h Np Np d
2ij T 5 » U(§C+Zm) nitVn, ¢,
e h ! 1 h
F5,; = 5 /_1 U (§C + Zm) NﬁiNﬁij,
1=1,.p+1, j=1.p+1
All these integrals were calculated analytically using Matlab routines. Finally, we
assemble the systems of all elements e = 1,...,n to get the main system which have

the form

le = O'BQX, (5328)

T
where x = (w1, ..., Wi, A1, ..oy Ap) '

For slip-slip boundary conditions, firstly, we transform these condition to the

local coordinate (. Thus these boundary condition take the form

w =0, at (=-1,1,
2

NoA = = Dw =0, at (=-—1, (5.3.29)
2

N()A—f—sz:O, at Czl

Now we can impose the boundary conditions (5.3.29); by removing the rows and
columns of order 1 and m, while we can apply the boundary conditions (5.3.29) 3
by substituting ¢ = —1 in (5.3.29); and ¢ = 1 in (5.3.29)3 and then use (5.3.19) to

arrive to the following final equations

1
A = Nohe, [dyws + ... + dpprwpy1] — 6—1[62,42 o Fepn Ay, (5.3.30)

Ap = —————[fitm—p + foWmpi1 + oo + fotWm_1] — App + oo 4 gp A1l
Nohgp i1 rtem—p & fat0m-pia fo 1] et 91 P 9p 1

(5.3.31)
where d; = dNi(—1)/dC, e; = Ni(=1), gi = Ni(1) and f; = dN;(1)/dC.
Now, we substitute the values of A; and A,, in (5.3.28) thus the columns of order

m + 1 and 2m will be zeros and thus we can remove the m + 1 and 2m rows and
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columns.

We have found the finite element method to be more unstable numerically than
either of the two collocation methods reported above. However, we include in ta-
ble 5.1 numerical results to compare the performance of the collocation and finite
element methods. We report this for Ny = 0,0.001, 0.002, 0.003; however, we have
computed for several other Ny values and the trend is always the same. All methods
require more care as M increases and also as [Ny increases, both of which correspond
to increasing critical Rayleigh number. The values reported in table 5.1 give the
number of polynomials and elements required to achieve the same level of accuracy
for all three methods. From tables 5.1, 5.2, 5.3, 5.4 we see that as M increases
the number of Chebyshev polynomials increases for both collocation methods 1 and
2. For the finite element method both the polynomial order of the element and
the number of elements must strongly increase as M increases and, indeed, for M
greater than 5 we found it impossible to obtain satisfactory results, whereas the

collocation methods still worked.

5.4 Numerical results and conclusions

The numerical results reported are based on the leading eigenvalue of the system
(5.3.9) and (5.3.10). By this we mean that when one employs the time representation
in w and B of form e~* with ¢ = ¢, + ic; then this results in w and B having terms
of form exp(—ic,t). exp(c;t). The eigenvalues are found such that the largest value of
¢; is ¢; = 0 and then the result is minimized over the wavenumber a. The resulting
R value is then the critical Reynolds number with corresponding wavenumber. The
value ¢; = 0 is chosen because this is the threshold at which the solution becomes
unstable according to linearized theory. For, if ¢; > 0 then w and B grow rapidly
like exp (¢;t) and the solution is unstable.

In figures 5.1 we display the critical Reynolds numbers at which instability begins
as a function of the slip coefficient, Ny. These graphs are given for values of M

ranging from 0 to 10. The graphs are interpreted as follows. For example, when
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M = 0 consider the lowest curve in figure 5.1; . For values of Rp and N, lying below
this curve the solution is linearly stable, i.e. all eigenvalues in this range are such
that ¢; < 0. If Rg and Ny correspond to a value which is above the M = 0 curve then
at least one eigenvalue has ¢; > 0 and the solution is growing exponentially and is
unstable. A similar interpretation holds for the other curves when M = 0.5, 1, 2, etc.
We observe that as M increases for a fixed Ny the critical Reynolds number increases
substantially, in agreement with the results of Hill & Straughan [87]. In addition, for
fixed M we witness that increasing Ny leads to a strong stabilizing effect. This effect
is particularly pronounced as M also increases. Thus, the increasing slip length and
increasing Darcy term both combine to strongly increase the threshold at which
instability commences. Thus, for a microfluidic channel filled with a porous metallic
foam, we may expect a much greater instability threshold than in a clean channel.
Figures 5.1 quantify this effect so once sufficiently accurate values of Ny and M are
known for a particular material, we may accurately determine when instability will
commence (according to linearized instability theory).

Figures 5.2 display the corresponding critical wavenumber curves against N for
fixed M, M varying over the range M = 0 to M = 10. Again the curves are
interpreted as those for Rg, i.e. above a curve we have instability, below linear
stability. Increasing Ny leads to decreasing critical a and this means the periodic
cells of the w solution become larger in the x and y directions. The critical a values
as a function of M, for fixed Ny decrease as M increases from 0, but then this effect
reverses in the range M = 2 to 3, and with M greater than this a..; increases
leading to smaller periodic cells in the z,y directions.

Finally we include in figures 5.3, critical values of ¢, as a function of N, for
various M. This indicates how oscillatory the solution is in time at the start of
instability, as Ny and M vary.

The spectrum which is plotted in Figures 5.4, 5.5 and 5.6, is similar to that
found in Poiseuille flow in a porous medium with no-slip boundary conditions by
Hill and Straughan [87], the eigenvalues displaying a Y shape in the (¢,, ¢;) diagram.
As M increase, the eigenvalues at the intersection of the three lines in the Y be-

come more numerically unstable, and as M increases this effect is very pronounced.
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The spectrum of (5.3.9) and (5.3.10) behaves very like that of the Orr-Sommerfeld
problem for classical Poiseuille flow. For example, for higher Reynolds numbers we
witnessed mode crossing of eigenvalues. For example, for M = 0,0.5,1.0, the first
and second eigenvalues interchange places for R between 80822 and 80828, 86852
and 86854, and 106618 and 106620, respectively, with the previous first eigenvalue
moving down the list as R increases. This behaviour is very similar to that observed
by Dongarra et al. [43]. Moreover, the spectrum is very sensitive and care must be
taken with the number of polynomials used in the numerical approximation, and
in the arithmetical precision used in the calculation (those presented here are all in
64 bit arithmetic). For different values of Ny, the spectrum for M = 1,5 and 10
at the critical values are shown in Figures 5.4, 5.5 and 5.6, respectively. Since U is
an even function of z, the proper solution of eigenvalue system (5.3.9) and (5.3.10)
falls into two non-combining groups of even and odd solutions. However, Cheby-
shev collection method 1 produce the approximate eigenvalues with even modes for
plane Poiseuille flow, while the Chebyshev collection method 2 give the approximate
eigenvalues with even and odd modes.

The values presented here will be useful for any experiment or any device in
which pressure gradient driven flow in a micro-channel is needed, especially when
that channel is filled with a porous material for which a Brinkman system is suitable.

Such a porous material is we believe, one of porous metallic foam type.
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Che-C-1 Che-C-2 FEM
M n. of pol. Ra n. of pol. Ra n. of N. n. of E. Ra
0 30 5772.22 50 5772.22 14 20 5771.92
0.5 30 6710.37 60 6710.36 16 25 6710.01
1 35 10033.15 60 10033.15 18 30 10032.63
2 40 28663.46 70 28663.48 24 35 28661.98
3 45 65266.01 90 65265.98 30 40 65262.56
4 55 112555.67 110 112555.47 36 45 112549.58
5 60 164298.23 120 164298.36 42 50 164289.76
6.03 65 219727.26 130 219726.34 UN
7.64 75 308610.10 150 308610.86 UN
10 85 440224.15 170 440220.18 UN

Table 5.1: Critical Rayleigh numbers with varying M, Ny = 0. Che-C-1

denotes collocation method-1, Che-C-2 denotes collocation method-2,

and FEM signifies finite element method. The notation no. polys.

denotes number of Chebyshev polynomials used, N is the order of the

polynomial in the finite element, and E signifies the number of finite

elements employed. UN denotes the method is numerically unstable.
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Che-C-1 Che-C-2 FEM
M n. of pol. Ra n. of pol. Ra n. of N. n. of E. Ra
0 30 5769.99 50 5769.99 14 20 5769.68
0.5 30 6713.21 60 6713.19 16 25 6712.84
1 35 10059.17 60 10059.17 18 30 10058.65
2 40 28933.72 70 28933.74 24 35 28932.24
3 45 66530.99 90 66530.96 30 40 66527.54
4 55 116278.33 110 116278.13 36 45 116272.24
5 60 172615.47 120 172615.60 42 50 172607.00
6.03 65 235714.86 130 235713.93 UN
7.64 75 344379.92 150 344380.68 UN
10 85 528034.63 170 528030.66 UN

Table 5.2: Critical Rayleigh numbers with varying M, Ny = 0.001.
Che-C-1 denotes collocation method-1, Che-C-2 denotes collocation
method-2, and FEM signifies finite element method. The notation no.
polys. denotes number of Chebyshev polynomials used, N is the order
of the polynomial in the finite element, and F signifies the number
of finite elements employed. UN denotes the method is numerically

unstable.
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Che-C-1 Che-C-2 FEM
M n. of pol. Ra n. of pol. Ra n. of N. n. of E. Ra
0 30 5795.26 50 5795.26 14 20 5794.96
0.5 30 6751.96 60 6751.95 16 25 6751.60
1 35 10158.12 60 10158.12 18 30 10157.60
2 40 29668.13 70 29668.15 24 35 29666.65
3 45 69913.72 90 69913.69 30 40 69910.27
4 55 126294.04 110 126293.84 36 45 126287.95
5 60 195251.94 120 195252.07 42 50 195243.47
6.03 65 280053.24 130 280052.32 UN
7.64 75 448165.57 150 448166.33 UN
10 85 810199.46 170 810195.48 UN

Table 5.3: Critical Rayleigh numbers with varying M, Ny = 0.002.
Che-C-1 denotes collocation method-1, Che-C-2 denotes collocation
method-2, and FEM signifies finite element method. The notation no.
polys. denotes number of Chebyshev polynomials used, N is the order
of the polynomial in the finite element, and F signifies the number

of finite elements employed. UN denotes the method is numerically

unstable.
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Che-C-1 Che-C-2 FEM

M n. of pol. Ra . of pol. Ra n. of N. n. of E. Ra

0 30 5845.03 50 5845.03 14 20 5844.73
0.5 30 6822.69 60 6822.68 16 25 6822.33

1 35 10321.94 60 10321.94 18 30 10321.42

2 40 30817.51 70 30817.53 24 35 30816.03

3 45 75255.54 90 75255.51 30 40 75252.09

4 55 142553.57 110 142553.37 36 45 142547.48

5 60 233567.17 120 233567.30 42 50 233558.70
6.03 65 359501.74 130 359500.81 UN
7.64 75 657199.37 150 657200.13 UN

10 85 1530026.58 170 1530022.61 UN
Table 5.4: Critical Rayleigh numbers with varying M, Ny = 0.003.

Che-C-1 denotes collocation method-1, Che-C-2 denotes collocation
method-2, and FEM signifies finite element method. The notation no.

polys. denotes number of Chebyshev polynomials used, N is the order

of the polynomial in the finite element, and F signifies the number

of finite elements employed. UN denotes the method is numerically

unstable.
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Chapter 6

Numerical methods for solving
some hydrodynamic stability

problems

6.1 Introduction

The purpose of this chapter is to describe six very efficient numerical methods for
solving a representative example of the stability problem of standard thermal con-
vection in a thin fluid layer. The techniques referred to are the second order finite
difference method, the high order finite difference scheme, p order finite elemen-
t method, the Chebyshev collocation method-1 and method-2 and Chebyshev tau
technique. Free-free, slip-slip, and fixed-slip boundary conditions are included.

The results in this chapter are also presented in the manuscript Harfash [75].

6.2 The effect of boundary conditions on convec-
tive instability

Let x = (x,v, 2) denote Cartesian coordinates in R3. We consider a fluid contained in
the region 2 C R3, which is the infinite layer defined by Q = (—o00, 00) x (—00, 00) X
([0,d]. The behaviour of this fluid is described by the Boussinesq equations (6.2.1)-
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(6.2.3), which comprise the Navier-Stokes equations and an energy balance equation:

p(vit +vjv;5) = —p,i + pAv; — pkig[l — (T — T,,)], (6.2.1)
vi; =0, (6.2.2)

where v = (u,v,w), p and T are velocity field, pressure, and temperature, respective-
ly. Additionally, « is the thermal expansion coefficient, u is the dynamic viscosity, g
is the acceleration due to gravity, p is the density at the reference temperature 7,,,,
K is the thermometric conductivity and k = (0,0, 1). Throughout, we use standard
indicial notation and the Einstein summation convention so that e.g. v; ; = Jv;/0t,
pi = 0p/0x;, vjv;; = (v.V)v, and A is the Laplacian.

Q) is bounded above by the plane z = d and below by the plane z = 0. The

temperature at the upper and lower surfaces is kept constant
T|mo =T, T)eq = Tv, (6.2.4)

for constants T, > Ty, and thus the layer is heated from below.

Navier [131] proposed a linear boundary condition relating v to the shear rate,
which has become standard in the study of boundary slip problems. Letting the
surface 02 have unit normal n(z) directed out of the fluid, and ¢(x) be any of the

vectors tangent to 9S) at x € 02, this boundary condition can be expressed as
vinilaa = Ving, |aa (6.2.5)

Uz‘ti|ag = (‘/Z - A €ij nj) ti, |@Q (626)

where € = €(v) is the shear strain tensor, and V; = V;(09) is the ith component
of the local surface velocity. The model is essentially to set the component of v
normal to 02 to be zero, thus imposing a condition of zero flux across the surface,
while setting the two tangential components of v proportional to the corresponding
components of shear stress. We denote the constant of proportionality A > 0, which
has the dimension of length, and it can be seen that A = 0 in (6.2.5) and (6.2.6)

recovers the no-slip boundary condition.
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We now apply the boundary conditions (6.2.5)-(6.2.6) to the Boussinesq model.

Since the fluid is confined to €2, from (6.2.5) we impose,
w =0, at z=0,d, (6.2.7)

and we note that since there is no variation of w in the surfaces 02, and 90, we

must have

We =w,y =0, at z=0,d. (6.2.8)

Let Az, be the slip length associated with the fluid-solid interface at 9€1;,, and define

Av similarly. Then, from (6.2.6) we have
u—Apu, =0, v—ALv, =0, at z2=0, (6.2.9)

u—Ayu, =0, v—Apv, =0, at z=d. (6.2.10)

We note that these boundary conditions allow the zero solution v = 0, which
represents a fluid at rest. Let us now consider the basic steady state solution (v, p, T
of the system, where, as there is no fluid flow, v.= 0. Utilizing the boundary
conditions and assuming that the basic steady state solutions are functions of z

only
T=—-Bz+Ty, (6.2.11)

where 8 = (T, — Ty)/d. The steady pressure p may then be found from (6.2.1)

which reduces to

1

To study the stability of (6.2.1)-(6.2.3), we introduce a perturbation (u,,6) to the

steady state solution (v, p,T'), where
Ul':’lji—f—ui, p:]j—f—ﬂ', T:T—|—9
Using (6.2.11), (6.2.12) the perturbed system is
1
Uy ¢ + U U5 = —;7'('77; + VAUZ' + gak‘i@, (6213)

0t+ui02

)

= fw + KAD, (6.2.14)
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where u; is solenoidal, i.e. u; ; =0 and v = pu/p.

We now introduce non-dimensionalised variable with scaling of

d2 2
x=x'd, t=t"—, u=Uu*, 0=T%", ==Pr", U:z, P:&,
v d d?
4
oy Y g LS p v
Kag KV K

Here Pr is the Prandtl number and Ra = R? is the Rayleigh number. With this
scaling the non-dimensional form of (6.2.13)-(6.2.14) becomes (omitting the stars

for case of notation)

Wi+ uju; ;= —7; + Au; + kRO, (6.2.15)
ui; =0, (6.2.16)

The spatial domain is now {(z,y) € R?*} x {z € (0,1)}. The perturbed boundary

conditions are given by

u—Apu, =0, v—Apv, =0, at 2 =0, (6.2.18)
u—Apu, =0, v—Ayv, =0, at z =1, (6.2.19)
=0, on =z=0,1. (6.2.20)

We have reduced the problem of finding conditions for the onset of convection in our
fluid layer to that of investigating the stability of the basic steady state solutions
with respect to perturbations u, 7,6 as defined above. In this way we aim to find,
for fixed A\;, and Ay, the critical Rayleigh number R2 (A, Ay) such that solutions
to (2.20)-(2.22) decay over time for R < R..; and grow for R > R, regardless of
the initial data .

We do this by showing that there exists R; such that thermal instability will
occur for R > Ry, and Rg such that R < Rg guarantees stability of the the basic
steady state solutions. It has been shown that Rg = Ry = Ry for system (6.2.15)-
(6.2.17) for no-slip boundary conditions (see Joseph [89,90]) and for slip boundary

conditions (see Webber [222]), thus, it is enough to solve the linear system to find
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the linear and nonlinear threshold and hence we can solve the system with solutions
of the form of single Fourier modes.
The linearised equations are obtained from (6.2.15)-(6.2.17) by omitting a non-

linear terms. The resulting linearized equations possess solutions of type
ui(x,t) = w(x)e”, 0(x,t) = 0(x)e”, 7(x,t) = 7(x)e”,
where o is the growth rate and a complex constant. u;(x), ¢(x), 7(x) then satisfy
-7+ Au; + kRO = ou,, (6.2.21)

Rw+ A0 = 0P, 0. (6.2.22)

Taking the double curl of (6.2.21), using the third component, (and the fact that u
is solenoidal) we have

A*w+ RA*) = o Aw, (6.2.23)

where A* = 0%/9z% + 0%/0y*, D = d/dz. We now introduce normal modes of the
form w =W (z)f(z,y), and 0 = ©(z) f(z,y) where f(z,y) is a plan-form which tiles

the plane (x,y) with
A*f = —ad’f. (6.2.24)

The plan-forms represent the horizontal shape of the convection cells formed at the
onset of instability. These cells from a regular horizontal pattern tiling the (x,y)
plane, where the wavenumber a (see [32] and [196]) is a measure of the width of the

convection cell. Using (6.2.24), and applying the normal mode representations to

(6.2.22) and (6.2.23) we find
(D? — a*)*W — a®’RO = o(D* — a*)W, (6.2.25)

(D? —a*)® + RW = oP,0, (6.2.26)

where D = d/dz, and z € (0,1). It is easy to show that ¢ € R, and therefore the

principle of "exchange of stabilities” applies to the linearized system, and thus it is

enough to solve system (6.2.25)-(6.2.26) with ¢ = 0 i.e we shall solve the following
system

(D? — a®)*W = a’RO, (6.2.27)

June 19, 2014



6.3. Numerical methods for the eigenvalue system 113

(D? — a*)© = —RW. (6.2.28)

The boundary conditions which w must satisfy are derived from the conditions

(6.2.18) and (6.2.19) and the incompressibility condition u, + v, +w , = 0, are

w(0) =w(1) =0, Aw"(0)—w'(0)=0, Ipw"(1)+w'(1)=0, (6.2.29)

6(0) = O(1) = 0. (6.2.30)

Equations (6.2.27) and (6.2.28) are the classic stability equations for the Bénard
problem. We note that in the limit Ay — 0 we obtain from (6.2.29) the no-slip
boundary condition at z = 1, while for Ay — oo we recover the free boundary

condition (and similarly for Ay, at z = 0). In the next section, six numerical methods

are used to solve this system (6.2.27) and (6.2.28).

6.3 Numerical methods for the eigenvalue system

6.3.1 Chebyshev tau

Equation (6.2.27) has a fourth order derivative. Dongarra et al. [43] show that high
order differentiation matrices, for instance in this case the D* matrix, can introduce
significant round off errors. Therefore we use what is described in the literature as
a D? method, and make the substitution. Letting Ay and A\; — oo, then we obtain
from (6.2.29) the free boundary condition at z = 0 and z = 1. We introduce new
function A = (D? —a?)W. Rewriting equations (6.2.27) and (6.2.28) in terms of the

new variable A, we require to solve

(D? —a®)W = A, (6.3.31)
(D* —a*)A = d®R O, (6.3.32)
(D? — a*)© = —RW, (6.3.33)
with boundary conditions
O=W=A4=0, at =0, 1. (6.3.34)
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To employ the Chebyshev tau technique, system (6.3.31)-(6.3.34) is converted to
the Chebyshev domain (—1,1), and then W, A and ¢ are written as a finite series
of Chebyshev polynomials

N+2 N+2 N+2
k=0 k=0 k=0

The weighted inner product of each equation is taken with some T} and the
orthogonality of the Chebyshev polynomial is utilised to form the generalised eigen-

value problem

4Dy — a1 -1 O O O 0O
O 4Dy — a?l O Q=R O O oI |Q,
O O 4Dy — a1 -1 O O

where Q = ( W, A b )T, W= (Wo, .o, Wiso)T, A= (Ag, .o, Axya)T, © =
(©g, ...,On42)T, Dy is the Chebyshev representation of D?, and I is the identity
matrix. Using the boundary conditions and the fact that T,,(£1) = (£1)" we
remove the last two rows of each (N +2) x (N +2) block and replace these rows by
the discrete form of the boundary conditions (6.3.34) which have the form

N
BCy: Y W, =0, (6.3.35)
n=0
N
BCy: Y (=1)"W, =0, (6.3.36)
n=0
N
BCy: Y A, =0, (6.3.37)
n=0
N
BCy: Y (—1)"A, =0, (6.3.38)
n=0
N
BCs: Y ¢n=0, (6.3.39)
n=0
N
BCs: Y (=1)"¢n =0. (6.3.40)
n=0
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Then, the final eigenvalue system has the following form
4D* — a*I —I O O O O
BC, 0..0 0...0 0..0 0.0 0..0
BC, 0..0 0...0 0..0 0.0 0..0
0] 4D? — a?1 o) O 0 aI
0...0 BCs 0..0 Q=R| 0.0 0.0 0.0 [Q
0..0 BCy 0...0 0..0 0.0 0..0
O O 4D? — a?I -1 O O
0..0 0..0 BC; 0..0 0.0 0..0
0..0 0..0 BCy 0..0 0.0 0..0
(6.3.41)

We solve this eigenvalue system by passing the above matrices to the Matlab’s
QZ subroutine. For an initial value of the wave number a, we obtain a spectrum of
eigenvalues then we select the smallest eigenvalue R,, such that the fluid is stable
for all R < R,,. We then repeat for other values of a, so that we may build the
neutral curve of Ra = R?, against a, along which the fluid is neutrally stable. By
iterating over a we are thus able to obtain the critical Rayleigh number Ra..; as
the minimum value on this curve, which occurs at wavenumber a.,.;;.

Also, we can adopt another technique to apply the boundary conditions where we
can find the values of Wy 1, Wy 19, Ayi1, Anie, Py and @y o from the boundary
conditions then we substitute these values in the system and thus we remove the last

two rows. The new system have the order (N+1)x (N+1) instead of (N+3) x (N +3)

However, if Ay and A\j, are fixed finite numbers, and thus our boundary condi-
tions are slip-slip. The solution of (6.3.31)-(6.3.33) with slip-slip boundary condi-
tions produces the same eigenvalue system to (6.3.41). The boundary conditions
BC1,BC2, BC5, BC6 still the same as in (6.3.41), while the changes will be in the
BC3, BC'4 which have the following new forms:

N N
BCs: Y 2NoA,+ Y n*W, =0, (6.3.42)
n=0 n=0
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N N
BCy: Y 2No(—1)"A, + > (—1)"'n*W, =0, (6.3.43)
n=0 n=0

Finally, letting Ay — 0 and Ay a fixed finite numbers, i.e. we have fixed-slip
boundary conditions. We introduce new function ¥ = DW, then system (6.2.27)

and (6.2.28) can written in the following form:

DW — V¥ =0, (6.3.44)
DV —2a>DA + a*W —a*?RO =0, (6.3.45)
(D* — a*)® + RW =0, (6.3.46)

hence, the boundary conditions have the form

W=¢=02z=01, (6.3.47)
NoDVU + U =0, z=1, (6.3.48)
U=0, z=0, (6.3.49)

then, we can apply the same procedure which are used for free-free and slip-slip

boundary conditions to produce the eigenvalue system.

6.3.2 Finite difference scheme
Standard finite difference

The standard second and fourth order central difference operators at grid point ¢

can be written as:

52 — Uip1 — 2U; + Uiy
o h? ’ 6.3.50
Sy = Y2~ duiyy + 6u; — 4wy + uio (6:3.50)
U; = h4 .

The second and the fourth order derivatives for the function u at grid point ¢ can
be approximated by a second order accuracy as

d*u h? d*u

2|, =0T e O 6551
d*u _ St — h* d°u - O(hY o
a0 T 6 ds '
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By using these finite difference approximations, (6.2.27) and (6.2.28) can be dis-

cretized at a given grid point ¢ respectively as,

SW; — 2a*0°W; + a*W; — a*RO; = 0, (6.3.52)
620; — a’0; + RW; = 0, (6.3.53)

The boundary conditions D?W = 0 at z = 0,1 are approximated using finite
difference technique as W_; = —W; and Wy ; = —Wjy_1. In this manner, equations

(6.3.52) and (6.3.53) and the fixed boundary conditions lead to the finite difference

equations
Wiia 4 2a? 6 4a? 4 4 2a>
ha — (m‘l‘ﬁ)%-ﬁ-l"’(ﬁ‘{—ﬁ‘ka )VVz_ (ﬁ“’ﬁ)wﬁ'—l
Wi,_
+ h42 — Ra’0, =0, (6.3.54)
1=2,....,N —2,
011 2 2 Oi1
L (a0, + g+ RW =0, (6.3.55)
1=1,...,.N —1,
% 4 2q? 5  4a®
h_43 — (m + ﬁ)W2 + (m + ﬁ + a4)W1 + RCLQ(I)l =0, (6'3'56)

which is the equation obtained from (6.3.52) with ¢ = 1, and

5 4a? 4 2a? Whn_s
(— + — + a4)WN,1 — (ﬁ + ﬁ)WN,Q + 7

Tt s + Ra*®y_1 =0, (6.3.57)

which arises from (6.3.52) with i = N — 1.

For slip-slip boundary conditions, we adapt equations (6.3.56) and (6.3.57). At
i = 1, we substitute Wy = 0 and W_; = —(NO0/h? — 1/2h)/(NO/h* 4+ 1/2h)W; in
(6.3.54) to get the equivalent equation to (6.3.56). At i = N, we substitute Wy =0
Wxy1 = —(NO/h? — 1/2h)/(NO/h? + 1/2h)Wx_; in (6.3.54) to get the equivalent
equation to (6.3.57). For fixed-slip boundary conditions, At i = N, we substitute
Wy =0 Wyt = Wx_y in (6.3.54) to get the equivalent equation to (6.3.57). At

1 = 1 the equation still the same with slip-slip boundary conditions.
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High order finite difference

The main idea of the high order finite difference scheme is to find the values of
truncation errors from the original differential equation and substitute these values
in the finite difference formula. In this scheme we can reduce the order of truncation

errors. In our system we can easily find the value of DWW and D@ as follows
DW = (2a*> — M*)D*W — a*D*W + a*RD?0, (6.3.58)

D*© = a®’D*® — RD*W, (6.3.59)

Substituting the values of D°W and D*© in (6.3.51), and then approximate D?W, D*W
and D?© by using standard second order finite difference we have the following

fourth order finite difference formula

W h?

_ 2y Y g4 ] 2 4
7| = Wi 30V 0(12) + o), (6.3.60)
d*e h?
| = 070 = @00 + O(h) — R@*Wi + O(h)} + O(h'),  (6:3.61)
7 i
d4W 4 h2 2/ ¢4 2 4052 2 2 2 2 4

(6.3.62)
It is clear that the overall truncation error will be of O(h?). Using (6.3.60)-(6.3.62)
finite difference approximations, (6.2.27) and (6.2.28) can be approximated at a grid

point ¢ respectively as,

h?
ro 8*W; + 11 8°W; + a*W; — a*R(1 + E(SQ)@i =0, (6.3.63)
Az, 2 2
R(1+ =5-0")W; + 15 020; — °®; = 0, (6.3.64)

where 1 = (h%/6) a* — 2a% ry = 1 — (h?/6)a®, r3 = 1 — (h?/12)a® and 1y =
1—(h?/6) a®. Thus, for free-free boundary conditions, (6.3.63) and (6.3.64) produce

the following high order finite difference equations

r 4r r 6ro  2rm dry 1 )
il Wisz + (g 4 g@Wonn & G = g+ @It (o )W + Wi
, 1 2 1
—Ra [661;1 —+ §®Z -+ a@prl] = 0, (6365)
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1=2,...., N — 2,
-1 5! 1 @i—l 2T3 2 @H—l
—-R [Em_l — EWz — EI/VZ‘_H] + TSF — (ﬁ +a )@1 + T3 h2 = O, (6366)
1=1,...,N—1,
T9 dry 1 5ra 21y 4 92 1
mW?) + (_F + ﬁ)WQ + (ﬁ — ﬁ +a )Wl — Ra [g@l + 6@2] =0, (6.3.67)
which is the equation obtained from (6.3.63) with ¢ = 1, and
57’2 27’1 4 47"2 T1 T2 2 1 2
(ﬁ — ﬁ +a )WN_1 + (—F + ﬁ)WN_Q + ﬁWN_g — Ra [6@]\[_2 + §@N_1] =0,
(6.3.68)

which arises from (6.3.63) with i = N — 1.

For slip-slip boundary conditions, we change the equations (6.3.67) and (6.3.68)
by new equations. At i = 1, we substitute Wy = 0 and W_; = —(NO/h? —
1/2h)/(NO/h* + 1/2h)W; in (6.3.65) to get the equivalent equation to (6.3.67).
At i = N, we substitute Wy = 0 Wy, = —(NO/h* —1/2h)/(NO/h?* + 1/2h)Wx_4
in (6.3.65) to get the equivalent equation to (6.3.68). For fixed-slip boundary con-
ditions, At i = N, we substitute Wy = 0 Wy, = Wx_1 in (6.3.65) to get the
equivalent equation to (6.3.68) . At ¢ = 1, the equation is still the same with
slip-slip boundary conditions.

Generally, the finite difference and high order finite difference schemes produce

a generalized matrix eigenvalue problem of form
AYX=RZ=Y, (6.3.69)

where Y is the eigenfunction vector, the Matrices A and = have different values

according to each case and R represent the eigenvalues of our problem.

6.3.3 Finite element method

In this section we will discuss the finite element method which is used to solve
systems (6.2.27) and (6.2.28). Firstly, we introduce a new variable T = D?W,
Therefore, system (6.2.27) and (6.2.28) become as follows

D*W =T,
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D*Y —2a*Y + a'W — a’RO = 0, (D* — a*)© + RW =0, (6.3.70)

with free-free boundary conditions
W="T=0=0, at 2=0,1, (6.3.71)

or with slip-slip boundary conditions

W=0=0, at z2=0,1,
ALY — DW =0, at 2 =0, (6.3.72)
AuY + DW =0, at z=1,

or with fixed-slip boundary conditions

W =060 =0, at 2=0,1,
DW =0, at z=0, (6.3.73)
MY 4+ DW =0, at z=1,

Firstly, we divided the period 0 < z < 1 into n elements, each element e having
p + 1 nodes nq,ng, ...,nyq1. In term of its p + 1 nodal values, the variables W, T, ©
may be uniquely interpolated as a polynomial of p+ 1 order, the interpolation being
given by

We= Ny, T°=N°%%:, O°= N%g, (6.3.74)

where o7 = {Why, ... W}, 05 = {Tnys o, Topiy ) and 0§ = {Oy,,...,0,,,, }, and

the shape function matrix is

N¢ =[NP, . N” 1.

ny’ 7T TNpta

Therefore the over-all finite element approximation is given by

W= iwi T = ire, 0= i@e, (6.3.75)
e=1 e=1 e=1

The variational formulations of (6.3.70) is

Minimize Iy [W] = / 1(—(DW)2 — 2TW)du, (6.3.76)

1

Minimize Iv[Y] = / (—=(DY)? - 2a°Y? + 2a*WTY — 2a*ROY))dz,  (6.3.77)
0
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1
Minimize Ig[O] = / (—(DO)? — a*®* + 2RWO)dx. (6.3.78)
0

Substitution of (6.3.75) into variational formulations (6.3.76)-(6.3.78) gives

Ly [W] = i /(—(DW€)2 —2T°W*e)dx = i I, (6.3.79)

Ie[X] = / (—(DY)* = 2a*(Y°)” + 2*W*Y® = 2a° RO Y)dx = » _ I, (6.3.80)
e=1 "¢

e=1

Io[O] = i /(—(D@e)2 — a*(0°)? + 2RfWO°)dx = i Ig, (6.3.81)

e=1

here, we use the fact that the functions W€, T¢ ©°¢ are equivalent to zero outside

the element e. Using (6.3.79)- (6.3.81), we obtain
Iy W] = Iy (W1, ..., Wy,),
Iy[Y] = I (Y1, ..., Vo),

Io[O] = Io(Oy, ...,0p),

where m is the number of all nodes in all elements. Then using the Rayleigh-Ritz

procedure to minimize Iy [W], Iy[Y], Io[©], with respect to the variational parame-

ters W;, T, ©; respectively, gives

Oy <= OI; ,

= = =1,.. .3.82
o, 2 o, 0, { sy M, (6.3.82)
Oy = 0I% ,
3T, ;:1 ot 0 i=1,..,m, (6.3.83)
0o <= 0I§ _

= =0 =1,...,m. 6.3.84
8@1 — a@l Y ? Y 7m ( )

Hence, we arrive to following formula

oI, dN? dN*

S m OV 5o de—2 | NP NeoSdr = 3.
oW, /dz dz W /" xde =0, (6.3.85)
DI

e e ngz dNe e (S
g = 20" [ NN 2 [ (CPRE 2N N
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—2d’R / NP N¢6gdz = 0,

oI¢ dN? dN®
= -2 t — NP N€dgd 2R | NP N¢;,dx = 0. 6.3.87
So == (G S+ NEN e 2R [ NENGde <0, (6357

(6.3.86)

Then, the matrix representation for the system of equation of element e take the
form

D _F¢ 0 5,
a*Fy —D§ — 2a*F¥ O 0%
O @) —D§ — a*F¥ 5§
O O O Sy
=R| O O a&F¢ 5 |, (6.3.88)
—-Fr O O 9%
where
Oij =0, Dy,; = / AN, ng’d , Fr.. = /1 NP NP dz, v =1,..p+1, 5 =1,..p+1.
L dz  dz a T

The above integral can be evaluated by applying the classical finite element nodal
basis functions in one dimension on the standard element €y, = (—1,1). The stan-

dard shape functions are defined by the set of Lagrange polynomials

Np+1

H C CJ (6.3.89)

j=ni, J#z

where ¢ = 2/h(z — z,), h is the length of element and z,, is the mid-point. Thus

these integrations take the form:
De. dNE. dNnJ
=i ] i

h 1
Ffij = 5/_1N£ianij

1=1,..p+1, j=1.p+1
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The integral were calculated analytically using Matlab routines. Finally, we
assemble the systems of all elements e = 1,...,n to get the main system which has

the form

AT = REY, (6.3.90)

where ¥ = (Wi, ..., W0, Y1, ..., Ty O1, ..., 0,) T
For free surface boundary conditions, we can impose the boundary conditions easily
by removing Wy, W,,, T1, T,,, ©1, 0,, from the system and thus we remove the rows
and columns of order 1,m, m + 1,2m,2m + 1 and 3m.

For slip-slip boundary conditions, firstly, we transform these condition to the

local coordinate ¢ and thus these boundary condition take the form

W=06=0, at (=-1,1,
2

ALY — 2 DW =0, at ¢ =—1, (6.3.91)
2

)\UT—FEDW:O, at <:1

Now we can impose the boundary conditions (6.3.91); by removing the rows and
columns of order 1, m,3m + 1 and 3m, while we can apply the boundary conditions
(6.3.91)2 3 by substituting ( = —1 in (6.3.91); and ¢ = 1 in (6.3.91)3 and then use
(6.3.70) to arrive to the following final equations

1
Tl = [dQWQ + ...+ dp-i-le-i—l] - —[GQTQ + ...+ €p+1Tp+1], (6392)
)\Lhel €1
2
Lo =— [iWonp+ [ Won—py1 oo [y W] — (91 Lin—pt o4 Gp L],
Avhgpi1 Ip+1

(6.3.93)
where d; = dN;(—1)/d(, e; = N;(—1), g; = N;(1) and f; = dN;(1)/d¢.
Now, we substitute the values of A; and A,, in (6.3.90) thus the columns of order
m + 1 and 2m will be zeros and thus we can remove the m + 1 and 2m rows and
columns.
However, for fixed-slip boundary conditions, we change the conditions DW =0
at z = 0, to another conditions related with function Y. To do this, let the first

element is [0, a], then, we integrate (6.3.70); for first element and use the boundary
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condition W = 0 at z = 0, to arrive to the following conditions
DW(a) = / Y'dx, (6.3.94)
0

where 1 refer to the first element. Next, to make (6.3.94) are useful in our compu-
tational, we transform this condition to the local coordinate ¢ and use (6.3.74) to

obtain

2dN(1) ,
Ed—gé /N )& dc. (6.3.95)

Now, let 7, = dN;(1)/d¢ and & = f_l N;(¢)d¢. In addition, suppose that the
nodes for the first element and for the last element have the order 1,2,....p + 1
and m — p,m — p + 1,...,m, respectively. Then, (6.3.95) leads to the following

computational conditions

é[§2T2 + o+ 1 Tyl (6.3.96)

Now, we substitute the value of T; from (6.3.96) and the value of T,, from (6.3.93)

Tl = TQWQ + ...+ Tp+1Wp+1] -

4
e

n (6.3.90) thus the columns of order m + 1 and 2m will be zeros. Now, we can

remove the rows and columns of order 1, m,m + 1,2m,2m + 1 and 3m.

6.3.4 Chebyshev collocation methods

In this section, we use the Chebyshev collocation method to solve the eigenvalue
system (6.2.27) and (6.2.28). We apply two techniques of Chebyshev collocation

method to impose the boundary conditions.

Method 1.

For free-free boundary conditions, we use the same transformation which have been

used in the finite element method, to arrive

D*W = &,
D?® — 24°® + a*W — a’RO = 0, (6.3.97)
(D* —a*)© + RW =0,
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with the same boundary conditions (6.3.71). In the first technique, we choose the

trial functions such that these functions satisfy the boundary conditions as follows:

W =Y W.b.(), (6.3.93)
=) ®,0,(2), (6.3.99)
O => 0,6(2), (6.3.100)
where :
0n(2) = (1 — 2°)Ton_o(2). (6.3.101)

Here T),(z) is the nth-degree of Chebyshev polynomial of the first kind, which is
defined by

or

T,(z) = cos(narccos(z)), —1<z<1,

It is clear that w, ® and © satisfies the boundary conditions (6.3.71). Now, Substi-
tuting (6.3.98)-(6.3.100) into (6.3.97), and requiring that (6.3.97) be satisfied at N
collocation points 21, ..., 2y, where

i—1
IN_—1"

z; = cos( ), i=1,....,N, (6.3.102)

we obtain 2N algebraic equations for 2NV unknowns wy, ..., wy, A1, ..., Ax, @1, ..., ON:

4D? —1 O O O O
a*l 4D? — 2421 @) X=R O O d’RI | X,
O O 4D? — a?] —-RI O O

where X = (wq,...,wyn, Py, ..., Py, 01, ...,0x), O is the zeros matrix, I(ny,ny) =

Ons (2ny), D*(n1,m2) = 00 (2n,), i =1,..,N,ng=1,...,N.
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Now, to deal with the solution of (6.2.27) and (6.2.28) with slip-slip boundary
conditions and A\;, = Ay = A. Firstly, we introduce a new function ¥ = Dw, then

our system can written in the following form:

Dw — 19 =0, (6.3.103)
D39 —2a*DVY + a*W — a®?RO =0, (6.3.104)
(D* —a*)© + RW =0, (6.3.105)

Then, according to this transform, the boundary condition have the form

W=0=0, at z=0,1, (6.3.106)
MDY +9=0, z=1, (6.3.107)
ADY —9 =0, z=0. (6.3.108)

We choose the trial functions such that these functions satisfy the boundary condi-

tions as follows:

N
W =Y Waba(2), (6.3.109)
9= Vnthn(2), (6.3.110)
where i
0,(2) = (1 — 2*)Ton_o(2), (6.3.111)
2)

Vo (2) = (1 — 22 +

1+ )\(271 _ 1>2)T2n71(z)' (6.3.112)

It is clear that W and 9 satisfy the boundary conditions (6.3.106)-(6.3.108). Now
we can apply the same procedure which are used for free-free boundary conditions.
For fixed-slip boundary conditions, we are unable to solve the problem because it
is not easy to suggest a functions which satisfy two different boundary conditions.
However, if A\; # Ay, it is not easy to find a trail functions such that these functions

satisfy the boundary conditions.
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6.3.5 Method 2.

For free-free boundary conditions we adopt the modified system (6.3.97). We expand
the solutions of the governing stability equations (6.3.97) as truncated series of

Chebyshev polynomials

N N N
W= w,Tu(z), =) ¢, T.(2), ©=)Y 6,T,(z), (6.3.113)
n=0 n=0 n=0

then, we insert (6.3.113) into the equations (6.3.97), and then substitute the Gauss-

Labatto points which are defined by

)

N -3

y; = cos( ), i=0,...,N—2. (6.3.114)

Thus, we obtain 3N — 3 algebraic equations for 3N + 3 unknowns Wy, ..., Wy,
Do, ..., Px, Op,...,On. Now, we can add six rows using the boundary conditions

(6.3.71) as follows

N
BCy: Y W, =0, (6.3.115)
n=0
N
BCy: Y (=1)"W, =0, (6.3.116)
n=0
N
BCs: Y ®,=0, (6.3.117)
n=0
N
BCy: Y (-1)"®, =0, (6.3.118)
n=0
N
BCs: Y ©,=0, (6.3.119)
n=0
N
BCs: Y (-1)"©,=0. (6.3.120)
n=0
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Then, we obtain the generalised eigenvalue problem

4D? —1 @) @) (@) O
BC, 0...0 0..0 0..0 0.0 0..0
BC, 0...0 0..0 0.0 0..0 0..0
a*l  4D? —2a°1 O O O a*RI
0...0 BCs 0...0 X=R| 0.0 0.0 0.0 [|X,
0..0 BC, 0...0 0..0 0..0 0..0
O o, 4D? — a?] —~RI O O
0..0 0...0 BCs 0..0 0..0 0..0
0..0 0...0 BCj 0..0 0.0 0..0

where X = (Wo, ..., Wn, ®g, ..., P, O, ..., On), O is the zeros matrix, I(ny, ng) =

Ty (2ny), D*(n1,ng) =T (2,), 11 =0,.., N =2, ny=0,...,N.

However, for numerical solutions of (6.2.27) and (6.2.28) with slip-slip boundary
conditions, we adopt system (6.3.103)-(6.3.105) with boundary conditions (6.3.106)-
(6.3.108) but with general values of Ay, A\;, i.e. Ay # Ap. Then, we apply the same
procedure which are used for free-free boundary conditions to arrive to the following

eigenvalue problem system

2D -1 O O O O
BC, 0...0 0...0 0.0 0..0 0..0
BCy 0...0 0...0 0..0 0..0 0..0
a*l 8D% —4a’D O @) O @RI
0...0 BCsy 0...0 X=R| 0.0 0.0 0..0 X,
0...0 BC, 0...0 0..0 0..0 0..0
@) @) 4D? — a1 —RI O @)
0...0 0...0 BC 0.0 0..0 0..0
0...0 0...0 BCq 0.0 0..0 0..0

where X = (Wy, ..., Wn, Y, ..., 0N, O, ..., On), O is the zeros matrix, I(ny,ny) =
Ty (Zn1)s D(n1,n2) = Tyy(2n,), D*(na,n2) = T (zp,) ;1 = 0,.., N —2,ny =
0,...,N. The boundary conditions BC'1, BC2, BC5, BC6 have the same form of
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the free-free boundary conditions, while BC'3 and BC'4 have different form which is

related with slip boundary conditions and these written in the following form:

N
BCs: Y (2hyn’®+1)d, =0, (6.3.121)
n=0
N
BCy: » (2(=1)""'An® — 1)¥, = 0. (6.3.122)
n=0

For fixed-slip boundary conditions, the system have the same form of slip-slip
with Az, = 0. This show the flexibility of this method, and thus, we believe that this
method is more flexible than the other numerical methods. Moreover, this method

is very accurate and not need to difficult numerical treatments.

6.4 Numerical results and conclusions

In this section we report our numerical results of (6.2.27) and (6.2.28) with free-
free, slip-slip and fixed-slip boundary conditions. It is very important to make a
comparison between the accuracy of the methods with the crucial measurement
being the exact solution. As we mention in the introduction, Rayleigh [163] showed

that, in the case of free-free boundary conditions, we may obtain the analytical

2

cri

result of the Rayleigh number Ra..; = 277%/4 and a? ;, = 72/2. Thus, we compute

the absolute error of the critical Rayleigh and the wavenumbers from the relation:

€a = |a'exact - anumer|7 €R = ‘Reract - Rnumer|

where e, €r, Qezacts Anumers Rezact aNd Rpumer are the absolute error of wavenum-
ber, the absolute error of critical Rayleigh number, the exact value of wavenumber,
the numerical value of wavenumber, the exact value of the critical Rayleigh number
and the numerical value of the critical Rayleigh number, respectively. We report
the absolute error of the critical Rayleigh and the wavenumbers for the numerical
methods with free-free boundary conditions in Tables 6.1-6.6.

In Table 6.1, the absolute errors of the wavenumber which are produce from the
finite element method are introduced. The table demonstrates that the absolute
error of the wavenumbers does not change when increasing the number of nodes
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and number elements, where, in general, the values of absolute error 9.15 x 1076
or very close to this value can be seen. When the number of elements are 2, 3, 4
and the number of nodes is 4, the accuracy is less than normal i.e. the accuracy
is less than 9.15 x 1075 which is very much to be expected as the approximation
in these situations is of a low order. However, with a high number of elements
and nodes, the accuracy values oscillate where the absolute error is less or greater
than the normal value. Furthermore, this behaviour is to be expected in studying
hydrodynamic stability problems. As the number of nodes and element increase,
theoretically, the accuracy of the finite element method should increase. However,
as the number of nodes and elements increase, the computer calculations increase
and thus computer error will be greater. Since hydrodynamic stability problems
require solving the eigenvalue system many times in order to achieve the critical
Rayleigh number which corresponds to the critical wavenumber, computer error is
expected to make the absolute error greater than the theoretical one. This behaviour
is very clear in Table 6.6, where the absolute error is higher than the truncation error
of FD and HFD methods. For both the absolute error of the critical Rayleigh and
wave numbers, the accuracy increases with a higher number of nodes and elements
until it reaches a peak, at which point the behaviour of the accuracy oscillates.

Similar behaviour of the absolute error of the wavenumber can be found in the
Chebyshev tau, Chebyshev collection 1 and 2 schemes (see Tables 6.3, 6.4 and 6.5).
However, the accuracy of the wave number for standard and high order finite dif-
ference methods is less than in the Chebyshev methods and finite element methods.
Generally, the accuracy of the finite difference schemes corresponds with the value
of h, where accuracy increases as the value of h decreases. However, the value of
h cannot be taken as less than 0.01 for two reasons. First, with h = 0.01 and af-
ter imposing the boundary conditions, the order of the eigenvalue matrices will be
199 x 199, and thus, according to the computers ability, this is an optimal choice.
Secondly, it is difficult to believe that low h values can provide more accurate results
as the computations have to increase rapidly, which is very important spatially when
the nonlinear stability problems are solved.

Table 6.2 presents the absolute errors of the Rayleigh number generated from
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the finite element method. Unlike the behaviour of the wavenumber, whereby the
required accuracy with a low number of elements and nodes can be achieved, the
accuracy of the Rayleigh numbers require a greater number of elements and nodes.
Additionally, the absolute errors of the Rayleigh number are less than the absolute
errors of the wavenumber. Similar to the wave numbers accuracy, the accuracy of
the Rayleigh number increases with an increased number of nodes and elements up
to the normal absolute error which is 2 x 107°. At this point the accuracy behaviour
oscillates more. Table 6.2 shows that the required accuracy can be achieved with
2 elements and 8 nodes and this choice is the best according to the computer run
time. In other words, using this choice the best accuracy with the smallest eigenvalue
matrices can be achieved. This means that the order of eigenvalue matrices will be
30 x 30. Now, from the results of the other numerical methods in Tables 6.3, 6.4

and 6.5, it can be seen the following observations

e The Chebyshev tau method can achieve the required accuracy using at least 11
Chebyshev polynomials, thus the order of eigenvalue matrices will be 26 x 26

after adding the two rows of boundary conditions.

e The Chebyshev collection method 1 can achieve the required accuracy using 6
Chebyshev polynomials. Thus the order of the eigenvalue matrices will be 16 x
16 after adding the two rows of boundary conditions. Here we should mention
that the Chebyshev collection method 1 achieves the required accuracy with
a smaller number of Chebyshev polynomials because it uses only the even
polynomials - i.e. this method uses the polynomials Ty, T5,.... So when the
required accuracy with 6 Chebyshev polynomials is reached , this signifies
that it uses the polynomials of order 0,2,4,6,8,10. This is a very significant
advantage of this method, achieving a high level of accuracy with low numbers

of polynomials.

e The Chebyshev collection method 2 can achieve the required accuracy using 10
Chebyshev polynomials. Thus the order of eigenvalue matrices will be 24 x 24

after adding the two rows of boundary conditions.

Here, it is very important to mention that these numerical methods reach a
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high level of accuracy with these numbers of polynomials, nodes and elements for
free-free boundary conditions. However, there is a need to increase these numbers
when dealing with other kinds of boundary conditions. Accordingly, the results of
numerical methods are reported in Tables 6.7 and 6.8 for slip-slip and fixed-slip
boundary conditions with selected numbers of polynomials, nodes and elements and
h. The convergence has been checked and with the result that 8 decimal places for
slip-slip and fixed-slip boundary conditions is achieved using 20, 10 and 20 Cheby-
shev polynomials for Chebyshev tau, Chebyshev collection method 1 and Chebyshev
collection method 2, respectively, while for the finite element method the conver-
gence to 8 decimal places required at least 3 elements and 10 nodes. Additionally,
the required convergence was satisfied with A = 0.001, ~ = 0.01 for FD and HFD,
respectively. Therefore, the numerical results in Tables 6.7 and 6.8 are reported
according to these choices.

One of the important reasons for applying different numerical methods for solving
the system (6.2.27) and (6.2.28) is to make a comparison between these methods so
that a conclusion can be reached regarding which of these methods is the best in
solving hydrodynamic stability problems. The advantage in using the Chebyshev
Tau method is that it can achieve the required accuracy using a small number of
polynomials, allowing the achievement of highly accurate results with a short run
time. On the other hand, the Chebyshev tau method is not easy to apply, as a
considerable effort to solve any system of equations is required. With regard to
problems of variable coefficients, the Chebyshev tau method presents complications
in finding the solution because this method depends on the writing of all functions in
the system of the equation in the form of Chebyshev polynomial series, which proves
difficult when functions such as triangular and hyperbolic functions are present.

The FD method need a large number of divisions to reach the required accuracy,
while the HFD method can reach to the desired accuracy by using less number of
divisions. We see from the results that the FD method require A~ = 0.001 to achieve
a very good accuracy and convergence results, while we use h = 0.01 for HFD
method. However, the FD and HFD methods leads to non-singular matrices in the

eigenvalue systems and so we may employ LU decomposition, unlike the other nu-
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merical methods which necessarily have singular matrices in the eigenvalue systems
and so necessitate use of the (QZ algorithm. The banded nature of matrices in the
eigenvalue systems would also lead naturally to solution by an Arnoldi technique.
In addition, we found no occurrence of spurious eigenvalues as frequently arise with
the Chebyshev methods, cf., Dongarra et al. [43].

We believe that the finite element method is one of the best choices in solving
the hydrodynamic stability problems as it is a flexible method and it can give very
accurate results. However, the disadvantage of this method is that the required run
time is longer than the Chebyshev numerical methods. Thus, using this method
for linear theory problem is recommended. Moreover, it could be a suitable choice
for nonlinear problems but with no more than two maximised parameters. The
Chebyshev collection method 1 is an inflexible method where if the boundary condi-
tions are not symmetric it becomes impossible to find trial functions satistying the
boundary conditions. However, this method has the highest accuracy between the
numerical methods and requires a smaller number of polynomials to achieve excel-
lent accuracy and convergence. This point is of great value because our numerical
calculations require great computational time, with a run time in some cases of more
than ten hours.

Finally, the Chebyshev collection method 2 is the most flexible method among the
other numerical methods and can achieve high accuracy using a reasonable number
of Chebyshev polynomials. Usually, we used this method in my work because of the
highly accurate results within a short time. The author strongly recommends this

method for use in solving hydrodynamic stability problems.
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No. of nodes
No. elements 4 ) 6 7 8 9 10
2 6.8E-04 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06
3 6.7E-05 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 7.0E-06
4 1.9E-05 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06
5 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06
6 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 7.0E-06 9.2E-06
7 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 7.0E-06 9.2E-06
8 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 7.0E-06
9 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 7.9E-06 8.3E-06
10 9.2E-06 9.2E-06 9.2E-06 9.2E-06 7.0E-06 7.3E-06 2.7E-05
11 9.2E-06 9.2E-06 9.2E-06 4.6E-06 7.0E-06 9.2E-06 1.4E-05
12 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 8.9E-07 7.7E-05
13 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 2.0E-05
14 9.2E-06 9.2E-06 9.2E-06 9.2E-06 6.8E-06 1.6E-05 6.1E-05
15 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 3.5E-05 9.2E-06
16 9.2E-06 9.2E-06 9.2E-06 9.2E-06 1.1E-05 3.3E-05 6.1E-06
17 9.2E-06 8.1E-07 9.2E-06 9.2E-06 4.0E-06 3.5E-05 3.2E-06
18 9.2E-06 9.2E-06 9.2E-06 9.2E-06 9.2E-06 3.0E-06 2.9E-05
19 9.2E-06 9.2E-06 9.2E-06 9.2E-06 2.8E-05 6.6E-06 6.2E-06
20 9.2E-06 8.1E-07 8.1E-07 7.0E-06 1.5E-05 4.6E-05 T7.5E-05

Table 6.1: Comparison of the absolute error of wavenumbers for finite

elements method.
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No. of nodes
No. elements 4 ) 6 7 8 9 10
2 1.8E-01 1.8E-03 1.1E-05 b5.0E-08 &8.5E-10 5.2E-10 8.2E-10
3 1.7E-02 7.3E-05 2.0E-07 1.1E-09 6.7E-10 2.3E-10 4.9E-08
4 3.0E-03 7.4E-06 1.2E-08 7.4E-10 9.5E-10 5.1E-10 9.9E-08
5 79E-04 1.2E-06 1.9E-09 6.7E-10 4.0E-10 1.5E-09 1.2E-07
6 2.7E-04 29E-07 8.9E-10 3.1E-10 3.0E-08 b5.1E-08 1.2E-07
7 1.1E-04 8.6E-08 4.4E-10 2.8E-10 3.5E-08 5.3E-08 1.3E-07
8 4.8E-05 3.0E-08 7.6E-10 9.5E-10 4.0E-08 6.0E-08 1.1E-07
9 24E-05 1.2E-08 6.7E-10 4.4E-10 4.0E-08 5.3E-08 1.1E-07
10 1.2E-05 5.6E-09 7.8E-10 7.4E-10 4.6E-08 5.8E-08 9.2E-08
11 7.1E-06 2.7E-09 1.4E-09 3.2E-10 4.8E-08 6.6E-08 9.4E-08
12 4.2E-06 1.3E-09 6.7E-10 6.1E-08 5.0E-08 7.4E-08 6.0E-08
13 2.6E-06 7.6E-10 5.7E-10 6.0E-08 5.0E-08 &8.2E-08 1.0E-07
14 1.7E-06 8.4E-10 5.4E-10 6.0E-08 5.5E-08 8.2E-08 7.6E-08
15 1.1E-06 8.6E-10 4.8E-10 6.1E-08 5.0E-08 6.1E-08 1.1E-07
16 7.5E-07 5.2E-10 5.1E-08 5.7E-08 5.1E-08 6.1E-08 1.1E-07
17 5.2E-07 3.3E-10 5.0E-08 6.0E-08 6.9E-08 5.5E-08 8.0E-08
18 3.7E-07 2.3E-10 5.3E-08 5.8E-08 5.0E-08 9.3E-08 1.3E-07
19 2.7E-07 5.6E-10 5.2E-08 5.6E-08 5.2E-08 5.3E-08 8.7E-08
20 2.0E-07 2.0E-10 5.2E-08 5.8E-08 5.7E-08 8.0E-08 1.8E-07

Table 6.2: Comparison of the absolute error of critical Rayleigh numbers

for finite elements method.
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No. of pol. Ra a? No. of pol. Ra a?
4 9.67E-01 3.63E-03 27 5.08E-10 3.16E-06
5 3.06E-03 6.97E-06 28 1.12E-09 8.11E-07
6 1.10E-02 6.97E-06 29 1.13E-09 1.31E-05
7 2.14E-05 9.15E-06 30 1.31E-09  9.15E-06
8 7.69E-05 9.15E-06 31 4.91E-09 2.53E-05
9 5.89E-08 9.15E-06 32 1.66E-08 4.25E-05
10 3.63E-07 9.15E-06 33 7.98E-11 9.15E-06
11 8.51E-10 9.15E-06 34 2.49E-07 9.15E-06
12 1.86E-09 9.15E-06 35 4.30E-11 1.30E-05
13 8.50E-10  9.15E-06 36 8.36E-08 2.53E-05
14 7.62E-10 9.15E-06 37 7.58E-09 3.52E-05
15 2.72E-11 8.11E-07 38 5.63E-09 2.55E-05
16 6.03E-10  9.15E-06 39 1.85E-09 1.62E-05
17 5.68E-11  9.15E-06 40 4.05E-10  3.00E-06
18 6.80E-10  9.15E-06 41 7.75E-09 9.15E-06
19 2.29E-11 3.00E-06 42 2.69E-09 1.31E-05
20 7.69E-10 9.15E-06 43 1.21E-08 3.87E-07
21 1.09E-09 9.15E-06 H 3.04E-09 9.88E-06
22 7.22E-10  9.15E-06 45 5.46E-09 2.19E-05
23 7.55E-08 9.15E-06 46 4.44E-09 2.93E-05
24 3.61E-10 9.15E-06 47 3.77TE-11  1.94E-05
25 2.98E-10 8.11E-07 48 1.34E-06  3.16E-06
26 6.42E-10 9.15E-06 49 6.41E-09 9.15E-06

Table 6.3: Comparison of the absolute error of critical Rayleigh numbers

and wavenumbers for Chebyshev tau method.
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No. of pol. Ra a? No. of pol. Ra a?
4 1.34E-05 9.15E-06 27 7.47E-10 9.15E-06
5 9.05E-08 9.15E-06 28 7.53E-10 9.15E-06
6 6.07E-10  9.15E-06 29 7.54E-10 9.15E-06
7 7.55E-10 9.15E-06 30 7.54E-10 9.15E-06
8 7.47E-10 9.15E-06 31 7.55E-10 9.15E-06
9 7.52E-10 9.15E-06 32 7.43E-10 9.15E-06
10 7.50E-10 9.15E-06 33 7.44E-10  9.15E-06
11 7.47E-10  9.15E-06 34 7.41E-10 9.15E-06
12 7.51E-10 9.15E-06 35 7.52E-10 9.15E-06
13 7.49E-10 9.15E-06 36 7.48E-10 9.15E-06
14 7.45E-10 9.15E-06 37 7.51E-10 9.15E-06
15 7.48E-10 9.15E-06 38 7.39E-10 9.15E-06
16 7.49E-10 9.15E-06 39 7.44E-10 9.15E-06
17 7.54E-10  9.15E-06 40 7.46E-10 9.15E-06
18 7.48E-10 9.15E-06 41 7.54E-10 9.15E-06
19 7.50E-10 9.15E-06 42 7.52E-10 9.15E-06
20 7.51E-10 9.15E-06 43 7.33E-10 9.15E-06
21 7.50E-10 9.15E-06 H 7.58E-10 9.15E-06
22 7.51E-10 9.15E-06 45 7.43E-10 9.15E-06
23 7.48E-10 9.15E-06 46 7.41E-10 9.15E-06
24 7.35E-10 9.15E-06 47 7.39E-10 9.15E-06
25 7.54E-10 9.15E-06 48 7.38E-10 9.15E-06
26 7.40E-10 9.15E-06 49 7.66E-10 9.15E-06

Table 6.4: Comparison of the absolute error of critical Rayleigh numbers

and wavenumbers for Chebyshev collocation method-1.
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No. of pol. Ra a? No. of pol. Ra a?
4 6.01E-01 2.25E-03 27 3.29E-08 8.12E-06
5 1.05E-01  3.93E-04 28 3.60E-09 3.58E-05
6 1.24E-03  6.97E-06 29 7.40E-08 1.21E-05
7 1.34E-05 9.15E-06 30 2.64E-08 9.15E-06
8 1.86E-07 9.15E-06 31 8.88E-10  3.05E-05
9 9.08E-08 9.15E-06 32 1.98E-08 1.66E-05
10 5.38E-10  8.11E-07 33 4.88E-08  9.15E-06
11 5.37E-10  9.15E-06 34 3.64E-08 4.59E-05
12 9.52E-10 9.15E-06 35 5.54E-08  6.76E-06
13 1.34E-09  3.00E-06 36 2.69E-08 9.40E-07
14 2.21E-10 4.62E-06 37 1.43E-08  4.27E-06
15 2.07E-09 9.15E-06 38 3.26E-08 2.44E-06
16 1.77E-09  9.15E-06 39 8.74E-08 4.22E-05
17 5.56E-09 8.11E-07 40 8.69E-09 3.86E-05
18 2.03E-09 9.15E-06 41 8.36E-08 6.21E-05
19 4.12E-09 4.41E-06 42 7.79E-08 9.40E-05
20 8.86E-09 3.00E-06 43 3.98E-08 8.25E-05
21 2.83E-09 1.85E-05 11 147E-07  2.99E-05
22 5.20E-09 1.91E-05 45 1.78E-07  2.69E-05
23 3.47E-09 3.31E-05 46 6.07E-08 4.93E-05
24 7.38E-09 1.93E-05 47 1.89E-07  5.37E-05
25 2.93E-08 2.23E-06 48 3.95E-08 1.04E-04
26 2.86E-09 3.52E-05 49 3.05E-08 6.33E-05

Table 6.5: Comparison of the absolute error of critical Rayleigh numbers

and wavenumbers for Chebyshev collocation method-2.
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FD HFD
h Ra a? Ra a?
0.5 2. 70E4+00 1.01E-02 1.20E+00 8.99E-03
0.4 1.73E400 6.50E-03 7.69E-01 5.74E-03
0.2 432E-01 1.61E-03 1.92E-01 1.39E-03
0.1 1.08E-02 5.30E-04 4.81E-03 2.80E-04
0.01 2.82E-03 2.99E-05 1.32E-04 1.75E-05

Table 6.6: Comparison of the absolute error of critical Rayleigh num-
bers and wavenumbers for finite differences (FD) and high order finite
differences (HFD) methods.

FEM

Che-tau

Che-C-1

Che-C-2

FD

HFD

1.E-05
1.E-04
1.E-03
1.E-02
1.E-01
1
10
1.E+02
1.E+03
1.E+04
1.E+05

1707.6026
1706.6700
1696.9550
1609.4775
1186.0566
761.2043
669.1816
658.6940
657.6298
657.5232
657.5125

1707.6810
1707.0793
1700.9850
1644.3853
1313.4363
822.7658
677.6847
659.5783
657.7186
657.5321
657.5134

1707.7071
1707.2157
1702.3283
1656.0212
1355.8963
843.2863
680.5191
659.8730
657.7482
657.5351
657.5137

1707.6525
1706.6702
1696.9550
1609.4774
1186.0566
761.2042
669.1816
658.6939
657.6298
657.5232
657.5125

1706.3158
1705.3357
1695.6419
1608.3469
1185.5812
761.0558
669.0695
658.5854
657.5216
657.4151
657.4044

1707.2809
1706.3364
1696.6268
1609.1948
1185.9377
761.1671
669.1536
658.6668
657.6027
657.4962
657.4855

Table 6.7:

The critical Rayleigh and wavenumbers for symmetric-slip
case for a selection of A\ values. These numbers are evaluated by using
finite element, Chebyshev tau, Chebyshev collocation-1, Chebyshev

collocation-2, finite difference and fourth order finite difference.
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Au

FEM

Che-tau

Che-C-2

FD

HFD

1.E-05
1.E-04
1.E-03
1.E-02
1.E-01

1

10
1.E+02
1.E+03
1.E+04
1.E+05

1707.6557
1707.2157
1702.3478
1657.7442
1422.7335
1163.5803
1107.6329
1101.3557
1100.7203
1100.6567
1100.6503

1707.6943
1707.2158
1702.3478
1657.7442
1422.7335
1163.5803
1107.6329
1101.3558
1100.7203
1100.6567
1100.6503

1707.7071
1707.2159
1702.3478
1657.7442
1422.7335
1163.5803
1107.6329
1101.3558
1100.7203
1100.6567
1100.6503

1706.3704
1705.8802
1701.0229
1656.5143
1421.9144
1163.0497
1107.1443
1100.8714
1100.2364
1100.1728
1100.1664

1707.0130
1706.5479
1701.6854
1657.1292
1422.3239
1163.3150
1107.3886
1101.1136
1100.4783
1100.4147
1100.4084

Table 6.8: The critical Rayleigh and wavenumbers for fixed-slip case for

a selection of Ay values. These numbers are evaluated by using finite

element, Chebyshev tau, Chebyshev collocation-2, finite difference and

fourth order finite difference.
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Chapter 7

Structural stability for convection
models in a reacting porous

medium with magnetic field effect

7.1 Introduction

Structural stability is the study of stability of the model itself. The classical defi-
nition of stability involves continuous dependence of the solution on changes in the
initial data. However, it is increasingly being realised that continuous dependence
on changes in the coefficients, in the model, in boundary data, or even in the par-
tial differential equations themselves, is very important. This aspect of continuous
dependence, or stability, is what we refer to as structural stability. Hirsch and S-
male [88] were prominent in introducing the ideas of structural stability. In this
chapter we focus on the structural stability in the context of the convection models
of porous media. It is extremely important, because if a small change in the equa-
tions, or a coefficient in an equation, causes a major change in the solution it may
well say something about how accurate the model is as a vehicle to describe flow in
porous media.

Early articles dealing with structural stability questions in porous flows are those
of Ames and Payne [2], Franchi and Straughan [54,57], and Payne and Straugh-
an [149-151] investigates in some detail the continuous dependence of the solution
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on changes in the initial-time geometry. Payne and Straughan [152] establish con-
tinuous dependence on the coefficients of Forchheimer and of Brinkman, and also
investigate how the solution to the Brinkman equations converges to that of the
Darcy equations as the Brinkman coefficient tends to zero.

There has also been considerable recent interest in questions of structural sta-
bility in porous media. Straughan [196] explains a system of equations to describe
the double diffusive convective flow in a porous medium using the Brinkman model.
In [200] Straughan and Hutter established continuous dependence of the solution
on the Soret coefficient. Lin and Payne [108] further extended the work of [200].
They investigate the structural stability of the Brinkman equations modeling on the
gravity vector coefficients and Brinkman coefficient. Then in [109] they established
the structural stability of the Brinkman equations on the Soret coefficient when the
boundary conditions are nonhomogeneous Dirichlet type. Continuous dependence
of the solution of the Darcy equations on the Soret coefficient is established by Lin
and Payne in [110]. Harfash in [78], proves that the solution depends continuously
on changes in the magnetic and the gravity vector coefficients for Darcy model. For
details of the Darcy model see e.g. Rionero [172]. Straughan in chapter 2 in his
book [197] introduces a very important review of the studies on structural stability.

In Chapter 3, we consider the convection of a reacting solute in a viscous incom-
pressible fluid occupying a horizontal plane layer subject to a vertical magnetic field,
while in Chapter 4, we study the double-diffusive convection in a reacting fluid in the
presence of a magnetic field. This study continues the investigation of continuous
dependence properties of models which introduced in Chapter 3 and 4 when these
models include porous media. We concentrate on a Brinkman porous medium, cf.
Rionero and Vergori [178].

Convection in a porous medium is a highly active subject of research due to
the immense variety of applications such as bio-remediation, geothermal reservoir
systems, contaminant movement in soil, solid matrix heat exchangers, solar pow-
er converters and oil extraction. These and many other examples are described in
Nield and Bejan [138], and specific references may be found on pages 238, 239 of

Straughan [196]. An example of the novel use of porous medium, drawn from these
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references, is in heat transfer mechanisms through the use of porous foams and heat
pipes, see e.g. Amili and Yortsos [6]. Cimatti [39] studied the flow of an incom-
pressible fluid in a porous medium represented by an open and bounded subset of
R3 with a regular boundary consisting of two disjoint surfaces. A linear and non-
linear stability analyses of the motionless state of thermosolutal second-order fluid
in porous Bénard layer is investigated by Xu and Yang [225] via Lyapunov direct
method on the basis of Brinkman’s modification of the Darcy’s model. Capone et
al [23] studied a linear and nonlinear stability analyses of vertical throughflow in a

fluid layer, where the density is quadratic in temperature.

The first model which is studied in this study is the problem of convection with

a dissolved reacting porous medium layer and a vertically imposed magnetic field

v; = —p,; + VAvY; + gic + j x B, (7.1.1)
Vis = O, (712)

ct+vic; =DAc— K, (7.1.3)

v; =0, % =0, on 012, (7.1.4)
c(x,0) = f1(x), in Q, (7.1.5)

where v is the velocity vector, ¢ is the concentration field, p is pressure field, D is
the diffusion coefficient, g; is the gravity vector, B is the magnetic induction field, j
is the current and K is the chemical reaction rate. This system hold on a bounded
spatial domain 2 in R? with boundary 9% sufficiently smooth to allow applications
of the divergence theorem. Standard indication notation is employed with A denot-
ing the Laplacian. The function f; is assumed to be smooth function. In general,
the magnetic induction field B has a separate evolution equation for its determina-
tion, cf. Rionero [165-168,170,171]. However, in certain situations one can avoid
direct use of this equation and employ a quasi-static magnetohydrodynamics MHD
approximation. This leads to a particular form for the term j x B, and this is ex-

plained in detail at the end of this section.
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The second model which is studied in this study is the problem of double diffusive
convection with a dissolved reacting porous medium layer and a vertically imposed

magnetic field

v; = —p; +VAv; + T + gic+ j x B, (7.1.6)
— (7.1.7)

Ti+vT:=KAT, (7.1.8)

ct+vic,; =DAc— K, (7.1.9)

v; =0, % =0, 2—77; =0, on o092, (7.1.10)
c(x,0) = fi(x), T(x,0) = fa(x), in Q, (7.1.11)

where v is the velocity vector, ¢ is the concentration field, T is the temperature
field, p is pressure field, D is the diffusion coefficient, B is the magnetic induction
field, j is the current, K is the chemical reaction rate and K is the thermal dif-
fusivity. This system hold on a bounded spatial domain  in R3 with boundary
01 sufficiently smooth to allow applications of the divergence theorem. Again, we
employ the quasi-static magnetohydrodynamics approximation for the term j x B,
as discussed below. The functions f; and f; are assumed to be smooth functions. In
(7.1.6) we have employed a Boussinesq approximation in the sense that the density

is linear in T" and ¢ so that the gravity term may be written as
—kig(aT — ac)

where o and «, are the thermal and salt expansion coefficients respectively, and g is
gravity, cf. Straughan [196] page 102. Then g; = gk;a, and h; = —gk;a are gravity
coefficients, where k; = (0,0, 1).

Research exploring double-diffusive convection in a fluid-saturated porous layer
has been an active area for many years, making this work considerably relevant to
the wider literature. These phenomena of combined heat and mass transfer appear
in numerous physical problems such as contaminant transport in spreading of pollu-
tants. Comprehensive reviews of the literature concerning double-diffusive natural

convection in a fluid-saturated porous medium can be found in the review article
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by Trevisan and Bejan [217], in the book of Nield and Bejan [138], and in chapter
14 of the book by Straughan [196]. Recent novel contributions include Mahidji-
ba et al. [119] for a vertical porous medium enclosure, Mahidjiba et al. [118] for
mixed boundary conditions, and Guo and Kaloni [71] with the introduction of the
Brinkman effect. In particular there are very interesting recent studies of stability in
double diffusive convection by Rionero [173] and by Capone et al. [29]. Furthermore,
the more technical problem of stability in a triply diffusive convection situation is
anaysed in detail by Rionero [174-176] and by Capone and de luca [28]. The latter
class of problem is one where we may fruitfully apply the techniques of this chapter

to study continuous dependence on the various parameters which arise.

Now, according to the quasi-static MHD approximation of Galdi and Straughan
[61], we have

jx B =o0(v xBy) x By,

where o is the electrical conductivity and By = (0,0, By) is a magnetic field with
only the vertical component. This obviates the need to employ the full MHD equa-
tions which also involve an equation for the evaluation of the magnetic field, H, cf.
Rionero [165-168,170,171] and Rionero and Mulone [177]. Then, equation (7.1.1)

reduces to

v = —p,i + VAV + gic + o[(v x Bo) x By, (7.1.12)
and equation (7.1.6) reduces to
vi = =p,i + VAV + T + gic + of(v x Bg) x By;. (7.1.13)

Throughout the chapter, ||.|| and (,) denote the norm and inner product on
L*(Q) and ||.||s denotes the norm on L>(2). In addition, without loss of generality,

the gravity vectors are assumed constant and the models are scaled so that
|h], lg] < 1. (7.1.14)

The goal of this chapter is to establish continuous dependence on changes in the

chemical reaction K coefficient, and on changes in the coefficient of the magnetic
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term o. The plan of the chapter is as follows. In Section 7.2 we study the continuous
dependence for the model of convective motion in a porous medium layer with a
dissolved reacting porous medium layer. In Section 7.3 we investigate the continuous
dependence for the model of double diffusive convection with a dissolved reacting
porous medium layer.

The results in this chapter were published in the article Harfash [76].

7.2 Continuous dependence for the first model

In this section we consider a solution to equations (7.1.12) and (7.1.2)-(7.1.5). In

the beginning we shall prove bounds for our solution.

Lemma 7.2.1 If ¢(x,0) € L>(Q2), then

[e(x,8)[loo < Co, (7.2.15)
where ¢ = ||¢(X,0)]]0o-

Proof: Multiply (7.1.3) by ¢*~! for p > 1 (where we assume the concentration

is scaled to be non-negative, otherwise p is chosen as an even integer). Thus,

d

— | Pdz=—p(p—1) / A 2|\Vel|*dr — Klp/ Pdx. (7.2.16)
dt Jg 0 QO

We may integrate this and drop non-positive terms on the right to deduce

P dp\1/P 2P, 2.
{/Q iz} g{/gcgd} (7.2.17)

Let now p — oo in (7.2.17) to find the desired result. O

Lemma 7.2.2

[viF < llell-
Proof: Multiply (7.1.12) by v;, we have
IVII* = =vlIVv]* + g(w, ¢) — e B3 (IvI[* — [[w]]*),

where w and g are the third component of velocity and gravity vectors, respectively.
Next, by using the Cauchy-Schwarz inequality, the Poincarés inequality and then

droping non-positive terms on the right, we deduce the required result. O
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7.2.1 Continuous dependence on o

Now, to investigate continuous dependence on o, we let (v, ¢1, p1) and (vje, c2, pa) be
solutions to (7.1.12) and (7.1.2)-(7.1.5) for the same boundary-initial-value problems
for different electrical conductivity coefficients o; and o5. Define the difference

variables and constant as

U; = Vi1 — Vg2, ¢ =c — c, ™= P1 — P2, 0 = 01 — Oy, (7-2-18)

and then from (7.1.12) and (7.1.2)-(7.1.5), (u;, ¢, 7) is found to satisfy the partial

differential equations

u; = —7 ; + vAu; + g;6 + obj[(vy x k) X k)i + 093] (u x k) x kl;, (7.2.19)
Ui =0, (7.2.20)
G1+0v10,i +uci = DAY — K19, (7.2.21)

where k = (0,0, 1). The boundary and initial conditions are as follows

O¢
u; =0, I 0, on 09, (7.2.22)
é(z,0)=0, in Q. (7.2.23)

The proof of continuous dependence commences by multiplying (7.2.19) by u;
and integrating over €2 to find also with the aid of (7.2.15), Lemma 7.2.2 and the

Cauchy-Schwarz inequality,
[ull* < llgllllufl + 20b5ci00]ul], (7.2.24)

where ¢10 = ||c1(X,0)]|0o. We next use arithmetic-geometric mean inequality on the

first and the second term on the right of (7.2.24) to find
[ul* < 2[|¢]]* + 80°byctoc- (7.2.25)

Next, multiply (7.2.21) by ¢ and integrate over ) to obtain

1d
5 719l = (uic2, 6,) = DIIVEIP — Ki[lo]* (7.2.26)
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Using the Cauchy-Schwarz inequality, arithmetic-geometric mean inequality and
(7.2.15) we have

C [e.°]
Sl < =l (7.2.27)

where con = ||c2(X,0)||oo. Substituting (7.2.25) in (7.2.27)

d 2 C%oo 2 2,4
—lol* < =il + dobger.e]. (7.2.28)

After integration (7.2.28), we arrive at the continuous dependence inequality
|¢]|? < 402byct o [exp(cant/D) — 1]. (7.2.29)
If we use inequality (7.2.25), we find

||u||2 < 802boc1oo eXp(CQOOt/D)

7.2.2 Continuous dependence on K,

We commence with a study of continuous dependence on the coefficient K. There-
fore, let (v, c1,p1) and (v, ca, p2) be solutions to equations (7.1.12) and (7.1.2)-
(7.1.5) for the same boundary conditions (7.1.4) and the same initial data function
¢(x,0) in (7.1.5) , but for different chemical reaction coefficient K;; and Kp5. Define

the difference variables u;, ¢ and 7 and constant K; by
Ui = Vi1 — Vi2, ¢ =1 — ca, T =DP1— P2 Ky = K11 — K, (7.2.30)

and then we find that (u;, ¢, ) satisfy the boundary-initial value problem

u; = —7, + VAU + gi¢ + obi[(u x k) x k];, (7.2.31)
¢7t + vy ¢,i + u; Co4i = DAc — K11¢ — chg. (7233)
in 2 x (0,00), and
u; =0 %—0 on o) (7.2.34)
(. bl an - ) 9 L.
é(2,0)=0, in Q. (7.2.35)
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To establish continuous dependence on K7, we then multiply (7.2.31) by u; and
integrate over €2 to find, with the aid of the Cauchy-Schwarz inequality and after

dropping a non-positive term on the right, that we may establish
[Jal| <[] (7.2.36)

Next, multiply (7.2.33) by ¢ and integrate over €) to obtain

1d
5@”925”2 = (uic2,¢,) = DIIVOI* — Kui||o|]* — Ki(¢, c2). (7.2.37)
We then use (7.2.15), the CauchySchwarz and arithmetic-geometric mean inequali-

ties, and then drop a non-positive term on the right to see that

d c3.
ol < X [ull* + 2Kican |11 (7.2.38)

Substituting (7.2.36) in (7.2.38) and then using the arithmetic-geometric mean in-

equality to obtain
d ci.
el < —52l19l” + 2D K. (7.2.39)

Upon integration of (7.2.39), we arrive at the continuous dependence inequality

D2K?
l61* < 2—5—[exp(c5t/ D) — 1], (7.2.40)

200

Due to (7.2.36), clearly ||u||* satisfies the same bound (7.2.40) as ||¢||*.

7.3 Continuous dependence for the second model

In this section we consider a solution to equations (7.1.13) and (7.1.7)-(7.1.11).

Firstly, we need to get some bounds for our solution.

Lemma 7.3.1 If T'(x,0) € L>(Q2), then

1T(x, 8)]|oc < T, (7.3.41)
where Th, = [|T(%,0)]| co-

Proof: The proof of this lemma can be achieved by using the same argument

which is used in the proof of lemma 7.2.1. O
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Lemma 7.3.2
vl < llell + [T

Proof: The proof of this lemma is very similar to the proof of Lemma 7.2.2,
and follows directly after multiplying (7.1.13) by v; and use the Cauchy-Schwarz

inequality. O

7.3.1 Continuous dependence on o

To study continuous dependence on the coefficient o in equations (7.1.13) and
(7.1.7)-(7.1.11), we let (v;1, T, c1,p1) and (vi2, To, co, p2) be solutions to these equa-
tions for the same boundary and initial data, but for different electrical conductivity

of the fluid oy and 5. Define the difference variables and constant as
U; = Vi1 — V42, 0=1T—1T>, ¢ = c1—cy, T = P1— P2, 0 = 01—02, (7-3-42)

and then from (7.1.13) and (7.1.7)-(7.1.11), (u;, 8, ¢, ) is found to satisfy the partial

differential equations

U = —T 4 + UAUZ' + hZG + glgb + abg[(vl X k?) X ]{7]1 + O'Qb%[(u X k) X k?]z, (7343)

ui; =0, (7.3.44)
QJ -+ v, 872' + u; T277; = KA®f. (7345)
G+ V10, + Uuco; = DAY — K19, (7.3.46)

and the boundary and initial conditions

B 00 op
u; =0, =0 g, = 0, on o0, (7.3.47)
0(z,0)=0, &(z,0)=0, in Q. (7.3.48)

From multiplication of (7.3.43) by w;, integration over §2 and use (7.2.15), (7.3.41),

Lemma 7.3.2 and the Cauchy-Schwarz inequality, one finds
[all* < ol lall + élHlull + 2005]1v1 |l [[ull
Therefore, we arrive at

[ull* < 4f10])* + 4[| g]|* + 1655 ([leal + (| T111)?
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< 4[16]1* + 4)16]1* + 320°bg([lea |I* + 171]1%)
< 4)10[1* + 4llgl|* + 32/Q0o*bp(clse + Ttoo), (7.3.49)

where T = ||T1(x%,0)||c. Next, multiply (7.3.45) by € and (7.3.46) by ¢ and

integrate over €2, using (7.2.15), (7.3.41) and arithmetic-geometric mean inequality

to obtain
d T2,
o1 < 522l (7.3.50)
d 3.
—lell” < 5l (7.3.51)

where T = ||T5(%,0)|co-
Let by = (T2./K) + (c3../D) and by, = 16|Q]0?b3(c3, + T2, ). We add (7.3.50) and
(7.3.51) and then substitute (7.3.49) to find

d
(61 +1161%) < b12(161° + [I411%) + ba]. (7.3.52)
This expression is easily integrated to yield

10]2 < %[exp(let/D) ) (7.3.53)

61 < Zlexp(2but/D) —1]. (735

From (7.3.49), (7.3.53) and (7.3.54), one may establishes the continuous dependence

of u; on o.

7.3.2 Continuous dependence on K;

To study continuous dependence of the solution to (7.1.13) and (7.1.7)-(7.1.11) upon
changes in K; we let (v;1,71,c1,p1) and (vi2, T3, c2,pa) be solutions to equations
(7.1.13) and (7.1.7)-(7.1.11) for the boundary conditions (7.1.10) and the same initial
data function ¢(x,0) and T'(x,0) in (7.1.11), but for chemical reaction coefficient K1,

and K. Define the difference variables u;, » and 7 and constant K; by

U; = Vi1 — Uy2, 0 ="1T —1T5, ® =c1 — ca, ™ =DP1 — P2, K, = Ky — K.
(7.3.55)

The difference of the two solutions (u;, 8, ¢, 7) then satisfies

w; = —7 i + vAu; + g;6 + obj[(u x k) x k], (7.3.56)
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- (7.3.57)
07t -+ vy, 971' + TQJ' = KA6. (7358)
Ct -+ vUy; (b,i -+ u; Coi = DAc — K11¢ — K102, (7359)

in © x (0,00), with the boundary and initial conditions

0 8¢
w=0, Zo=0 =0, on 09, (7.3.60)
0(z,0)=0, ¢(z,0)=0, in Q. (7.3.61)

Multiplying (7.3.53) by u; and integrating over (2 to find after discarding the non-
positive term on the right also with the aid of the Cauchy-Schwarz and arithmetic-

geometric inequalities,

[l < 2(101* + [|o]%). (7.3.62)

Next, multiply (7.3.58) by # and (7.3.59) by ¢ and integrate over €, respectively,

and then use (7.2.15), (7.3.41) and arithmetic-geometric mean inequality to obtain

d T2

EHQH2 < _22K [[ulf?. (7.3.63)
d 2 cgoo 2 C%oo 2 2
%”Cb” <5p [ull® + ﬁ”ﬁbﬂ +2DKj7. (7.3.64)

Let b; has the same value in last section and b3 = (T3, /K) + (33, /2D). Summing
(7.3.63) and (7.3.64) and then using (7.3.62), we get

d
— (01 +1161°) < bs(61* + ll6]I°) + 2D K7 (7.3.65)
Upon integration of (7.3.65), we arrive at the continuous dependence on K; inequal-

ity
2DK?

1617 < 2=~ exp(bat) — 1. (7.3.66)

2DK?
lll* < .

lexp(bst) — 1]. (7.3.67)

A similar continuous dependence estimate for u; may then be established with the

help of (7.3.62).
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Chapter 8

Structural stability for two
convection models in a reacting

fluid with magnetic field effect

8.1 Introduction

There has been much recent interest in obtaining stability estimates for solutions to
physical problems in partial differential equations where changes in coefficients are
allowed, or even the equations themselves change. This type of stability, which is
often called structural stability to distinguish it from continuous dependence on the
initial data, is studied for example in Ames and Payne [1-4], Franchi and Straugh-
an [54-57], Lin and Payne [106-110], Payne and Song [144-146], and Payne and S-
traughan [147-151], Payne et al. [143], Straughan and Hutter [200], Harfash [76, 78],
and also occupies attention in the books of Bellomo and Preziosi [19], Ames and
Straughan [5] and Straughan [197]. Such stability estimates are fundamental to
analysing whether a small change in a coefficient or other data leads to a drastic
change in the solution. A concrete example of structural stability, and in partic-
ular continuous dependence on modelling, is provided in the paper by Payne and
Straughan [147], where it is shown how a solution to the Stokes equation for slow
viscous flow approximates that to the Navier-Stokes equations. Thus, questions of
continuous dependence on the model itself are fundamental and in many ways are
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as important as a study of stability itself.

This chapter continues the investigation of continuous dependence properties of
models which are introduced in Chapter 3 and 4. The first model which is studied
in this study is the problem of convection with a dissolved reacting fluid layer and

a vertically imposed magnetic field

Uiy + 00, = =D, + VAV + gic + j X B, (8.1.1)

Vs = 0, (812)

ct+vic; = DAc— Kic, (8.1.3)

v; =0, % =0, on 011, (8.1.4)
u(x,0) = %i(x),  c(x0)=fi(x), i O (8.15)

where v is the velocity vector, ¢ is the concentration field, p is pressure field, D is
the diffusion coefficient, g; is the gravity vector, B is the magnetic induction field, j
is the current and K is the chemical reaction rate. This system hold on a bounded
spatial domain 2 in R? with boundary 09 sufficiently smooth to allow applications
of the divergence theorem. Standard indication notation is employed with A denot-

ing the Laplacian. The functions ¢; and f; are assumed to be smooth functions.

The second model which is studied in this study is the problem of double diffusive
convection with a dissolved reacting fluid layer and a vertically imposed magnetic

field,

Vi + U0 = —p; + vAv + hT + gic+ j x B, (8.1.6)
’Um == 0, (817)
ct+ v c;=DAc— K, (8.1.9)
dc or
V; = 0, % = O, % = O, on 89, (8110)
Ui(xv O) = ¢i(x)’ C(X, 0) = fl(x)v T(X, O) = fQ(X)v n Q,
(8.1.11)
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where v is the velocity vector, ¢ is the concentration field, T" is the temperature
field, p is pressure field, D is the diffusion coefficient, B is the magnetic induction
field, j is the current, K, is the chemical reaction rate and K is the thermal diffu-
sivity. This system hold on a bounded spatial domain € in R? with boundary 9Q
sufficiently smooth to allow applications of the divergence theorem. The functions
¥, f1 and fy are assumed to be smooth functions.

Now, according to the quasi-static MHD approximation of Galdi and Straughan
[61], we have

i xB=o0(v xBy) x By,

where o is the electrical conductivity and By = (0,0, By) is a magnetic field with
only the vertical component.

In Both models, we establish that the solution depends continuously on change
in the chemical reaction and magnetic coefficients. The plan of this chapter is as
follows. In Section 8.2 we study the continuous dependence for the model of convec-
tive motion with a dissolved reacting fluid layer. In Section 8.3 we investigate the
continuous dependence for the model of double diffusive convection with a dissolved
reacting fluid layer.

The results in this chapter were published in the article Harfash [77].

8.2 Continuous dependence for the first model

Lemma 8.2.1 If ¢(x,0) and T'(x,0) € L>(£2), then

le(x, )]0 < o, (8.2.12)
17(x, ) loo < Tos (8.2.13)
where ¢ = [|¢(%,0)]l00,  Too = [|T(%,0)]|c0-

Proof: Multiply (8.1.3) by ¢*~! for p > 1 (where we assume the concentration

is scaled to be non-negative, otherwise p is chosen as an even integer). Thus,

d

— [ Pdr=—p(p—1) / A 2|\Vel|*dr — Klp/ cPdz. (8.2.14)
dt Jq 0 Q
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We may integrate this and drop non-positive terms on the right to deduce

/P oW/, 2.
([ ey < ([ o) (8.2.15)

Let now p — oo in (8.2.15) to find the desired result. Similar argument can be used

to prove (8.2.13). O

Lemma 8.2.2 If ¢(x,0) € L*(Q), then

le(x,1)]1* < e, (8.2.16)
where ¢; = [|¢(x,0) .

Proof: Multiply (8.1.3) by ¢ and integrating over ). we have

d
el = =2D[Vel* — 2K el|*,

We may integrate this and drop non-positive terms on the right to deduce

lee, B)II* < fle(x, 0)]1%.

Lemma 8.2.3 If v;(x,0) € L*(Q), then

v, ) < i, (8.2.17)

where v; = (¢; + || v(x,0)[]?)eT.
Proof: Multiply (8.1.1) by v; and integrating over 2. By using the Cauchy-
Schwarz inequality, arithmetic-geometric mean inequality and and drop a non-

positive term on the right, we have

Ll < [ gwieda < Wil < v + &
2 2
Q

We may integrate this, we get
IVI* < ale" = 1) + ¢'[[v(x, 0|

< (a+ Ve 0P < (e + [vix, 0)2)e".

(I
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Lemma 8.2.4 If v;(x,0) € L*(Q2) and ¢(x,0) € L*(2), then

1
/ vz’,jvi,j dx S ;[’Ull/Q(/ VitV d.fL')l/Q + (0101)1/2]. (8218)
Q Q

Proof: Multiply (8.1.1) by v; and integrating over 2 and drop a non-positive

term on the right, we have

/Ui,tvz' dr < —U/Ui,jvi,j d$+/giv,~cdx.
Q Q Q

Hence, employing (8.2.16) and (8.2.17) in the above inquality, we find, with use of
the Cauchy-Schwarz inequality,

1
/Ui,jvi,j dr < _[_/Ui,tvi dl‘-f-/gwicdx]

[(/ (I dx)l/Q(/ V;V; dx)l/2 + (/ ViU; dx)1/2(/ c? dx)l/z]
Q Q Q Q

1
< ;[vll/z(/ Vi 4Vt dx)l/2 + (vlcl)l/Z].
Q

<

S|

(I

We now derive an a priori bound for v;;. Here we have two different values for
the bound of v;,. This is because we split the proof into two parts depending on
the availability of the Sobolev inequalities. For the two dimensions case, we have

the following inequality [196]:

/Qv‘* dx < (/Q“2 d:z:)(/Q v v, de), (8.2.19)

while in three dimensions, we cannot use the above inequality, thus we will use the

following inequality [196]:

/1)4 dx < ﬁ(/ v? dx)l/z(/ v v, dr)>?, (8.2.20)
Q Q Q

Lemma 8.2.5 For two dimensions, if v;;(x,0) € L?(Q2) and c,(x,0) € L*(Q2), then

/ Vi1V dx < wvy(t), (8.2.21)
Q

where
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L2 /2 1/2 .2
_ _ _ 7 l l 00

d=0,+0., o, = /Qvi,tviﬂf de &, = /Qc,tqt de, Ry= 02 502 +E+1
Proof:

Q. = 2/ ciCpdr = 2/ ci[—vic,i+ DAc— K] dx

Q Q
= 2D/ ciAcydr — 2K, / ciCrdr — 2/ C Vi Ci dr — 2/ C1ViC it AT
Q Q Q Q
< —2D/ c,itC it dv + 2/ C,itVicdr = —2D/ CitCit AT + 2Cog / C,itV;p dx
Q Q Q Q
< —QD/ ciCi dx + 2000(/ CitCit dx)l/Q(/ Vit Vig dx)1/2
Q Q Q
2
< —2D/ citCir da + QD/ cacidr + == [ v v d.
Q Q 2D Jq
Thus we have,
Ig, < g (8.2.22)
dt “— 2D " o
Next, we will perform the same work for @, 4,
Q= 2/ Vi Vi dr = 2/ Vit|[—vjvi; — p.i + VAV + gic + o2 (ksw — v;)] ¢ dx
Q Q

2
= —2U/Ui’jtvi7jt dx—Z/viﬁtvj,tvi,j dx+2/gwi’tct dx—l—ZUbO/(kiwﬁtviﬁt—vi’tvi,t) dx
Q Q Q Q

< —2v/vi7jtvl-,jt dx—2/vi,tvj7tvi7j dx—I—Q/givi,tct dx
Q Q Q

S —2U/ Uit Vi 5t dx + 2(/ Vi, 5 Vi,j dl‘)l/2(/ (Ui,tvi,t)Q d$)1/2 + (I)v + (I)C.
Q Q Q

where k = (0,0, 1).

Now, the arithmetic-geometric mean inequality is used on the right-hand side to-

gether with the Sobolev inequality (8.2.19) and (8.2.18) to find

Ui,j Ui,j d&?)l/z(/

Q

(I)v,t < —2U/ Vi, jt Vi jt d;z:—|—2(/
Q

Q

1 1
< _q)v/ Vy;,5V5,.5 dl‘—l-(Dv—Fq)c S —q)v[”l}ll/Qq)ll)/Q—F (Ulcl)1/2] +(I)v+q)c
2v q 202

Now, summing (8.2.22) and (8.2.23), we have

d
(@ + &) < R @) + By, + P

VitV dI)1/2(/ Vi, jt Vi jt d$)1/2+q)v+q)c
Q

(8.2.23)
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< Ry®y(0y+0,) 2+ Ry(0y+D,) < Ry Oy(Pyt- D)2+ Ry O (B, +D.) /24 Ry (D, + D)

d
E(q% + @) < Ry (D, + D)%% + Ry (P, + D) . (8.2.24)

Integrating (8.2.24), we find the desired result (8.2.21) for the two dimensions case.
a

Lemma 8.2.6 For three dimensions, if v;(x,0) € L*(Q) and c4(x,0) € L*Q),

then
/ vV dr < vy (t), (8.2.25)
Q
where
R,®(0
)= Frr T = 1)
R3®(0)(e fat — 1) + Rye— T4
271)[54 271)[0154 2
o=, +P, Ry= , = =241
- 7T 6408 T 6400 +3 20"
It is clear that for three dimensions the bound (8.2.25) valid just for t < R%; In(1+
Ry

T0(0) ) thus we have conditional continuous dependence in this case.

Proof: Using similar technique which is used for two dimensions case we have

d 2
—d,. < Coo —=o,, 2.2
dt ~— 2D (8.2.26)

and

Q,, < —21}/ V; V5 e dx + 2(/ Vi j Vi j d:l:)l/Q(/ (vi,tvi,t)Q dx)l/2 + &, + P..
Q Q Q

Next, using the Sobolev inequalities (8.2.20), Young’s inequality and (8.2.18) we

derive

V;,tVi ¢t d$>1/4(/ Vit Vi jt d$)3/4+q)@+q)c
Q

®,, < —2U/ Vs jt Vs jt da:—i—ZB(/ Vij Vi j dx)l/z(/
Q Q

Q

27434
— 128v3
< 7ﬁ
— 128v°
4
< 270
~ 640°

(I)v(/ Vi,jVi5 dl’)Q + q)v + (I)C
Q

[ 1/2@11}/2+ (v Cl)1/2] 1+ 3, + D,
(bv[vlq)v + ’UlCl] + (I)v + (I)c . (8227)
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Now, summing (8.2.26) and (8.2.27), we have

d
%(va + (I)c) S R3(D72} + R4q>v + CI)C

< R3(®? + 20,0, + D) + Ry(d, + @,.).

Thus, we deduce

d
%(@v +®,) < Ry(®, + ®.)%* + Ry(®, + D). (8.2.28)

Upon integration of (8.2.28), we find the desired result (8.2.25) for the three dimen-
sions case.

|

8.2.1 Continuous dependence on o

This section is devoted to establishing continuous dependence of the solution on o.
Let (vi1, 1, p1) and (vi2, c2, p2) be two solutions of (8.1.1)-(8.1.3) with the same data
(8.1.4), (8.1.5), but with different electrical conductivity of the fluid oy and 9. Now

set
Ui =V — Vo, P=0C—C, T=p—DpP, O =01 — 09 (8.2.29)
The difference of the two solutions (u;, ¢, 7) then satisfies
Ui V15U U V2 5 = —T i+ VAU +gip+obi | (v X k) X k]i+oob] [(ux k) x k];, (8.2.30)

Uiy =0, (8.2.31)
Q1+ v1idi + wic2; = DA — K¢, (8.2.32)

with the boundary and initial conditions

u; = 0, g_:i =0, on 09, (8.2.33)
O(x,0) =0, u;(x,0) =0, in Q. (8.2.34)

The proof of continuous dependence commences by multiplying (8.2.30) by u; and

integrating over 2 to find,

d
L =2 / witis d
dt 5
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= 2/ ui[—vljui,j — Uj/UQZ"j — 7T,i + ’UAUi =+ ngb —|— O'bg(k?zwl — Uli) + O'Qb(%(k’zw — UZ)] de
Q

IN

—2U/ Uy, jUs, 5 dr — 2/ U; U5V, 5 dx + 2/ g,ung dx + 20'b3 / (k‘lwluz - UMUZ'> dz
Q Q Q Q

S —2U/ Ui, jUs, 5 d$+2(/ V24,5V2i,5 dl’)l/2</ (U1U1)2 dx)1/2+2(/ U; Uy dI)1/2(/ ¢¢d$>1/2
Q Q Q Q

Q
+4o bgvlll/Q(/ wiu; dz )2,
Q

where vy = (1 + || vi(x,0)||?)e”, cin = [Je1(x,0)||* and w, w; is the third component
of the velocities wu;,v;1, respectively . By using the Sobolev inequality (8.2.20),

arithmetic-geometric mean inequality and (8.2.18) we obtain

d
— |l < —QU/ Ui jug 5 de + 25(/ V24,5025 dﬂ?)l/z(/ Ui dx)m(/ w; g g da)**
dt Q Q Q Q

+/u,ulda:+/(b¢dx+a bovll—l—/uiuidx
Q Q

Jul( / v vy A% 4 2l + |82 + 0%bon

275
- 128 5
4

< 2753
— 6405

lulf [ *vua(£)72 + (viaci2) V2P + 2]Jul]” + [|6]1* + o*bguns

[ull*oivue(t) + vigc] + 2||ull® + ||o]]* + o”bgun, (8.2.35)

where vip = (¢i2 + ||[va(x, 0)[|?)e?, crp = ||ea(x,0)||?, the value vy (t) is equal to the
value of vy(t) which is defined in Lemma 8.2.5 and 8.2.6 at the solution (v;a, c2, pa).
Next, multiply (8.2.32) by ¢ and integrate over €2 and using the Cauchy-Schwarz

inequality, arithmetic-geometric mean inequality and (8.2.12) we have

2 C2oo 2
8.2.36
ol < S22 ul? (3.2.36)
Let R5(t) = %[UlQUth(t) + UlQClQ] + < 4 2 and Rﬁ fR5 dt SllHlIIlil’lg
(8.2.35) and (8.2.35), we get
d
Sl + 1611%) < Rs @) (lull” + 1) + o*bovn. (8.2.37)

Integrating (8.2.37) we obtain the continuous dependence inequality on o

t
P + 617 < 0%t [ e, (3.2.33)
0
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8.2.2 Continuous dependence on K;

In this section we demonstrate briefly how to establish a continuous dependence
result for the chemical reaction rate Kj in (8.1.1)-(8.1.3). Let (v;,¢1,p1) and
(vi2, c2, p2) be two solutions of problem (8.1.1)-(8.1.3) for different chemical reac-
tion coefficients K7 and Ko, respectively. Then, as previously, (u;, ¢, ) will solve

the problem

Ujt + UUUQ'J -+ UjUQi’j = —T; + UAUi + gﬂb + abg[(u X k‘) X k‘]“ (8239)
ui; =0, (8.2.40)
Gr+ V10, +uice; = DAc — K119 — Kico, (8.2.41)

subject to conditions

u; =0, g—i =0, on 011, (8.2.42)
6(x,0) =0, u;i(x,0) =0, in Q. (8.2.43)

Multiplying by u; and integrating by parts over 2, we find

d
-4MF=2/UMMM
dt o

= 2/ ui[—vljum — UV — T 4 + UA'LLZ' -+ ngb —+ abg(klw — U1>] dx
Q
= —QU/ w; ju; ; dr — 2/ WUV j dx + 2/ giui¢ dx + 20b; / (kyw.u; — uiu;) de
Q Q Q Q

S —2U/ Uy, jUs, 5 d$+2(/ V2;,5V2i,5 d[[’)l/2</ (ulul)Q dx)1/2+2(/
Q Q Q

Q

U dx)l/z(/ ¢* dx)Y2.
0

By using the Sobolev inequality (8.2.20), Young’s inequality and (8.2.18) we get

UQZ"jUQi?j dl‘)l/2(/

Q

d
Slll < =20 [ sy o+ 25(
t Q

Q

+/uiuidx—|—/<b2d:c
Q Q

wm%lgmw%ﬂMP+HMF+nmP

U; Uy dl’)l/4(/ ui,jui?j dI>3/4
Q

4
< 2703
— 128v3
4
< 275
— 128u°

[l [0 *via (£) 2 + (vaci0) V22 + [u? + [|o]|?

June 19, 2014



8.3. Continuous dependence for the second model 163

4
< 270
— 6405
Next, multiply (8.2.41) by ¢ and integrate over €2 to obtain

[ll?[vizviea (t) + vizciz] + Jull* + (|||, (8.2.44)

5 dtH¢H2 (uica, d5) — D”VCbHQ K11H¢H2 — Ki(¢, c2). (8.2.45)

Next, the CauchySchwarz and arithmetic-geometric mean inequalities are employed

and then drop a non-positive term on the right to see that

C o0
|\¢\|2 < ool + !|q5|\2+2DK2 (8.2.46)

Let R7(t) = (275*/640°) [vpuua(t) + vizcia] + (¢3.0/2D) + 1, and Rs(t) = [ R(t)
Summing (8.2.44) and (8.2.46), we get

d
a(llull2 +[9l1*) < Re(®)([[ul® + [|¢]]*) + 2D K. (8.2.47)
An integration yields
t
JualP + 6] < 2DK? [ ey (8.2.48)
0

which is the desired continuous dependence result, thus the continuous dependence

for u; and ¢ follows from (8.2.48).

8.3 Continuous dependence for the second model

Lemma 8.3.1 If T'(x,0) € L*(Q), then

IT(x,t)|I* < Ty, (8.3.49)
where T) = | T'(x,0)]]*.

Proof: The proof of this lemma follow directly using the same argument in

lemma &8.2.2. O

Lemma 8.3.2 If v;(x,0) € L*(Q), then

[v(x,1)|* < u, (8.3.50)

where v; = (2¢; + 2T} + || v(x, 0)||*)e”
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Proof: The first step involves multiplying (8.1.6) by v; and integrating over .
By using the Cauchy-Schwarz inequality, arithmetic-geometric mean inequality and

and drop a non-positive term on the right, we have
53V = [ gwieds+ [ ho de < el + )11

< VP +a+T.

N | —

We may integrate this, we get
IVI* < (2 + 2T0)(e" = 1) + €'[[v(x, 0) |

< (2¢; + 2T + ||v(x,0)[|?)e’ < (2¢; + 2T + || v(x, 0)]|*)er.

Lemma 8.3.3 If v;(x,0) € L*(Q2) and ¢(x,0) € L*(2), then

1
[ otnsde < 20! virviada) + (e + (T (8.3.51)
Q Q

Proof: Multiply (8.1.6) by v; and integrating over {2 and drop a non-positive

term on the right, we have

/vi’tv,- dr < —U/UZ'JUZ‘J dm+/givicdm+/hivdex.
Q Q Q Q

Hence, use (8.2.16), (8.3.49), (8.3.50) in this inquality together with the Cauchy-

Schwarz inequality to arrive at

1
/vi,jvi,j d.CCS —[—/’Uz‘,t'l}i dl'—i-/gl'UZCdQ?—F/hZUZTdiC]
Q v Q Q Q

1
< —[(/ (I da:)l/Q(/ V;U; alm)l/2 + (/ V;0; da:)l/Q(/ 2 da:)l/2
voJa Q Q Q
—I—(/ V;V; dx)l/Q(/ T? dz)'/?)
Q Q

1
= Z[U}/Q(/ ViaVig dz)? 4 (ve)'? + (o T}) V7).
Q
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Lemma 8.3.4 For two dimensions, if v;,(x,0) € L*(Q) and c,(x,0) € L*(Q), then

/ V; 10 de < wy(t), (8.3.52)
Q

where

I/ ®(0) 9

) = 0 et — 1) + Lo

=, + D+ P, q)v:/Ui,tUi,tdxa CI)T:/T,tT,tdxu (I)c:/c,tc,tdxu
Q Q Q

vll/2 I, = (0101)1/2 + (le>1/2 4 i i i s

hi=55 - 202 oK ' 2D

Proof: Firstly, observe that

O,y = 2/ ciCpdr = 2/ ci[—vici+ DAc— K] dx
Q Q

:2D/c7tAc,t dac—2K1/cytc,t dx—2/c,tvi,tc,i d$—2/ C4V;C 4 AT
Q Q Q Q

< —2D/ C,itCit dx + 2/ citVicdr = —2D/ C,itCit AT + 2Cog / C,itVi dx
Q Q Q Q

< —2D/ citCir dx + 2000(/ CitCit da:)l/Q(/ Vi Vi dx)1/2
Q Q

2
< —-2D / CitCt dx + 2D / C.itCt der + == ’UZ' tUi ¢ dl’,
2D e
thus we have,
g < o, (8.3.53)
ae= 32D o

Similar argument can be apply for @7, to obtain

d 72
—Op < 220, 3.54
TSI (8.3.54)

Next, we will preform similar work for ®,,,

o, = 2/ V; Vg AT = 2/ Vi t[—vj0i 5 — p.i + VAV + gic + hT + obg (kaw — v;)] s d
Q 0

= —QU/Uth'UZ'Jt dx_Q/vZ”t’Uj’t/Ui’j d:v—l—Q/givi,tct dx
Q Q Q

+2/ hiv; T} dx + 207 / (kiwv; s — v 40;) d
Q

Q
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< —2v/ V; 405 j¢ AT — 2/ V; 40;40; 5 dr + 2/ 9iVi1C dx + 2/ hiv; T} dx
Q Q Q Q

S —27.1/ Ui,jtvi,jt dx + 2(/ Ui,j UiJ‘ d$)1/2(/ ('Ui,tvi,t)Z dx)1/2 + 2@1, + (I)c + (I)T.
Q Q Q

Now, we use the Sobolev inequality (8.2.19), arithmetic-geometric mean inequality

and (8.3.51), we have

(I)v,t S —2’0/ Uy, jt Vi, jt dx + 2(/ Vi,j Uij dl’)1/2</ Vit Vit d$)1/2(/ Vi, jt Vi, jt dl’)l/z
Q Q Q Q

+20, 4+ ¢, + Op

1
S —CI)U / Vi,jVi,j dx + 2(I)v + (I)C + (I)T
2'U Q
1
< ﬁcbv[v;/zqﬁ/? + (0e)Y? + (uT)Y?) 4 20, + O, + Dy (8.3.55)

Now, summing (8.3.53), (8.3.54) and (8.3.55), we have

d
E((I)v + &+ Dp) < 11‘1)3/2 + [P, + O, + Pr

< LD,(D, + O, + 7))V 4 [(D, + D, + Dr)
< LD,(Dy + D, + O7)2 + [D(D, + D, + Dp)/?

+ 1Dy (D, + O, + Op)V2 4 (D, + B, + Dr)

d
E((bv + &+ Op) < (D, + P+ D7)32 + L(D, + D, + D). (8.3.56)

Upon integration of (8.3.56), we find the desired result (8.3.52) for the two dimen-

sions case.

O

Lemma 8.3.5 For three dimensions, if v;,(x,0) € L*(Q) and c,(x,0) € L*(Q),
then
/ Vi1V da < wvy(t), (8.3.57)
Q

where
B 1,9(0)
— L®(0)(e fat — 1) + [eTat

(0 (t)

O =, + .+ Pp, (I)v:/vi,tvi,tdxa (DT:/TtTtdxa (I)c:/QtC,tdL
Q Q Q
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270, 8* 2784 (v +v/Ty) T2 2
3 4 3205 tox Tap T

6405
It is clear that for three dimensions the bound (8.3.57) valid just for ¢ < 1—14 In(1+

), thus we have conditional continuous dependence in this case.

14
I3%(0)
Proof: Similar argument can be apply for three dimensions case, to obtain

d c?
—¢. < =9, 8.3.58
dt =~ 2D ( )
d T2
—Op < =9, 8.3.59
dt = 2K (8.3.59)

and

CI)UJ S —2’U/ Ui,jtvi,jt dl‘ + 2(/ Ui,j Ui,j dl’)l/2</ (v@tvi’t)Q dl’)l/2 + 2@1, + (I)C + CI)T.
Q Q Q

Next, using the Sobolev inequality (8.2.20), Young’s inequality and (8.3.51) we

get
(I)v,t § —2U/ Ui itV jit dx + 25(/ Vy,j d[[’)l/2</ Vi tVit d$)1/4(/ Ui 5tV jit dx)3/4
Q Q Q Q

+2®, + &, + D
2784
b @v(/ v; Vi dx)? + 2@, + . + O

— 128v3

273
125)5%[?13/ 202 4 (na)'? + +(uTh) 7] + 20, + D, + Or
2734
< 64U5q)” [0 ®, + 2(vie; + v/17)] + 20, + P, + Pr.

Now, summing (8.3.58), (8.3.59) and (8.3.60), we obtain

<
(8.3.60)

d
(@, + @, + Or) < [P+ [,D, + D+ P

dt
(8.3.61)

d
((I)v + q)c + q)T) S ]3(q)v + q)c + (I)T)Q + [4(®v + q)c + (I)T)

dt
Upon integration of (8.3.61), we find the desired result (8.3.57) for the three dimen-

sions case.

|

June 19, 2014



8.3. Continuous dependence for the second model 168

8.3.1 Continuous dependence on o

In this section, we establish continuous dependence on the electrical conductivity
coefficient 0. To do this, let (v;1, T4, c1, p1) and (v, T, ¢2, p2) be solutions of (8.1.6)-
(8.1.9) with the same boundary and initial conditions, but with different electrical

conductivity coefficients o7 and o,. Now, we define
U =vin—v, O=T1—Ty, ¢=c—cy, T=pi—p2, 0=01—02 (83.62)
Then, (u;,0, ¢, ) is a solution of the problem

ui,t+vljui7j —|—Uj’l}2i7j = —7'("1'+UAui+hi(9+gi¢+O'bg[(U1 X k) X k]l—i-O'ng[(u X k) X k]“

(8.3.63)
u;; =0, (8.3.64)
014+ v1;0; +wTh; = KAO, (8.3.65)
G1+v10,i+ucoi = DAY — K19, (8.3.66)
subject to the boundary and initial conditions
u; = 0, g—z =0, % =0, on o9, (8.3.67)
0(x,0) =0, ¢(x,0) =0, u;(x,0) =0, in Q. (8.3.68)

The proof of continuous dependence commences by multiplying (8.3.63) by u; and

integrating over €2 to find,

d
©Jju? =2 / wittsy da
dt o

= 2/ ui[—’vljui,j—ujvgi,j—7T,i+vAui+gi¢+hi6+abg(kiw1—vli)+02b8(kiw—ui)] dx
Q

—21}/ Uy, 5 Us 5 dr — 2/ U; U5V 5 dx + 2/ gzul¢ dx + 2/ hluﬂ dz
Q Q Q Q

+20’b(2) / (klwlul — vliui) dx
Q

IN

S —2U/ Uq U; 5 dx + 2(/ V24,5V24 5 dl’)l/Q(/ (uiui)Q dl’)l/Q
Q Q

Q
+2(/ uu; dx)l/Q(/ @ dx)1/2+2(/ uu; dw)l/Q(/ 6? dx)1/2+40b3vl11/2(/ wgu; dz)?,
Q Q Q Q Q
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where vy = (261 42T +]|v(x,0)||2)e”, ¢ = ||lei(x, 0)|1%, Tin = || T1(x, 0)||*. By using
the Sobolev inequality (8.2.20), arithmetic-geometric mean inequality and (8.3.51),

we obtain

d
EHUHQ S —2U/Qui,jui,j dx -+ 25(\/{2 Ugi’jvgi,j dl’)l/Q(/Q U;U; d$)1/4(\/9 umui,j d$)3/4

+3/ wu; dr + / O? dx + / 0% dx + U2bgvll
Q Q Q

2734
< Soaes 17| emiguass do)? + 3l + 617 + 6] + o8k
v Q
2754 21, 1/2 1/2 1/2 1/212 2 2 2 2714
< Togo Nl vz "ouea(8) 77+ (vizen) = + (vi2Tiz) 7 + 3l + [l @" + 1611 + o "bgun
2754 2 2 2 2 274
< 64U5HHH [Ulgﬂltg(t)+’U12012+U12T12]—|-3H11H + HQbH + HQH +o bovlb (8369)

where vy = (2¢9 + 2732 + [[va(x,0)|?)e”, aa = |lea(x,0)||%, Tie = ||Ta(x,0)]|?, the
value vy () is equal to the value of vy(t) which is defined in Lemma 8.3.4 and 8.3.5
at the solution (v;o, T3, ca, p2).

Next, multiply (8.3.65) and (8.3.66) by 6 and ¢, respectively, and integrate over (2

and using the Cauchy-Schwarz inequality, arithmetic-geometric mean inequality we

have
d 2 Cg 2
— < £ . 0.
Sl < S22u (8:3.70)
d T2
—10]]7 < =22||ull?. 3.71
C16l? < 2] (8371)

Let I5(t) = (276%/640°) [vivia(t) + viacia + vinTie] + (c3../2D) + (T3, /2K ) + 3, and
Is(t) = [ I5(t)dt. Summing (8.3.69), (8.3.70) and (8.3.71), we get

d
([l + 11 + 11617) < L) fall” + 161* + [101%) + o*bgon. (8.3.72)
pon integration of (8.3.72), we arrive at the continuous dependence on o inequality
U i i f(8.3.72 i h i d d i li
t
[l + [16]1° + 1611° < o*bvn / o0 1o(5) (83.73)
0

Thus, (8.3.73) establishes the continuous dependence on the coefficient o.
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8.3.2 Continuous dependence on K

In this section we show that the solution of the problem (8.1.6)-(8.1.9) depend-
s continuously on the coefficient K;. Let us consider two solution (v;, 71, c¢1,p1)
and (vs2, Th, c2,p2) of (8.1.6)-(8.1.9) and have the same initial and boundary data

corresponding to two different nonzero values Ky, and Ki5. Set

U =vi1 — Vo, O0=T1—=T, ¢=c—coyy T=p1—Dp2 K=K — K,

(8.3.74)

so that (u;, 0, ¢, ) is a solution of the problem
u; = —7,; + vAu; + gi¢ + obj[(u x k) x k];, (8.3.75)
u;; =0, (8.3.76)
0+ v1: 0.+ Ty = KA, (8.3.77)
G+ v b + s 003 = DAc — Ky — Kica, (8.3.78)

in 2 x (0,00), and

u; = 0, % =0, % =0, on 011, (8.3.79)
O(x,0) =0, o(x,0) =0, u;i(x,0) =0, in Q. (8.3.80)

The proof of continuous dependence commences by multiplying (8.3.75) by u; and

integrating over €2 to find ,

d
—|ul]* = 2/ w;u;p dx
di o

= 2/ ui[—vljum — Uj’UQZ'J‘ — 7T7i + UAUZ' + gqu + hzé’ + abg(kzw — Uz)] dl’
Q
Q Q Q Q Q
S —2U/ Ui, jUs, dx+2(/ V2i,5V2i,5 d$)1/2</ (uzuz)2 d$)1/2+2(/
Q Q Q Q
+2(/ Uil d:p)l/Q(/ 0%, dx)*/2.
Q Q

By using the Sobolev inequality (8.2.20), Young’s inequality and (8.3.51) we have

U dx)l/Q(/ ¢ dx)Y/?
Q

d
_||u||2 S —2?)/ ui7juz-7j dl’ —+ 26(/ U?i,jv%,j diL’)l/2(/ U;U; dl’)1/4(/ ’LLZ‘J‘UZ‘,]' d$)3/4
dt Q Q Q Q
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+2/uiuidx+/¢2dx+/92dx
Q Q Q

< DO g e+ 20l + ol + 1P
~ 1283 g
2734
< 2 MalPlod a7 + (o) + (uaTi) 2P + 2l + gl + I
2734
< 6455 [Ja|*[viaviea(t) + 2(vizciz + vi2Ti2)] + 2|[ul|* + [|6]1% + [|0]%. (8.3.81)

Next, multiply (8.3.77) by € and (8.3.78) by ¢ and integrate over €2, respectively,

and arithmetic-geometric mean inequality to obtain

d T2,
617 < 222wl (33.52)

Similarly, by multiplying (8.3.78) by ¢ and integrate over € and using the Cauchy-

Schwarz inequality, arithmetic-geometric mean inequality and drop a non-positive
terms on the right, we have
Lol < Sl + Lz g|2 + 2DK? (8359
dt ~ 2D 2D b -

Let I7<t) = (27ﬁ4/641)5)[1)121)lt2(t) + 2(1)12012 + UZQT’ZQ)] + (C%OO/2D) —+ (T2200/2K) —+ 2,
and Is(t) = [ I;(t)dt. Summing (8.3.81), (8.3.82), and (8.3.83), we get

d
Z(al® +llol” + 161%) < (O ([all* + lI¢]1*) + 2D K7 (8.3.84)
An integration of (8.3.84) leads to
¢
[l + [[ol* + [16]* < ZDKf/ 1) g g, (8.3.85)
0

We thus conclude that the nonzero solutions of double diffusive convection problem

depend continuously on the effective chemical reaction coefficient.
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Chapter 9

Continuous dependence on the
coefficients for double diffusive

convection in Darcy flow with

Magnetic field effect

9.1 Introduction

Straughan [196] explains a system of equations to describe the double diffusive con-
vective flow in a porous medium using the Brinkman model. In [200] Straughan
and Hutter established continuous dependence of the solution on the Soret coeffi-
cient. Lin and Payne [108] further extended the work of [200]. They investigate
the structural stability of the Brinkman equations modeling on the gravity vector
coefficients and Brinkman coefficient. Then in [109] they established the structural
stability of the Brinkman equations on the Soret coefficient which describes the flow
of a fluid containing a solute. In [200] the boundary conditions are nonhomogeneous
Dirichlet type while in [109] they employ homogeneous Neumann ones. Thus the
Sobolev inequalities which are used in [200] are not available for functions satisfying
homogeneous Neumann boundary conditions. However, if the viscosity contribution
to the flow is negligible and this term is neglected, then the Brinkman equations

reduce to the Darcy equations. Continuous dependence of the solution of the Darcy
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9.1. Introduction 173

equations on the Soret coefficient is established by Lin and Payne in [110].

This chapter is devoted to studying the influence of the magnetic and the gravity
vector coefficients on the Darcy equations. The governing equations for Darcy flow
with magnetic field effect in a region € for time ¢ > 0 may be written as

vi = —pi+ T + hiC+ o[(v x By) x By,
T, +vT; =AT,

(9.1.1)
Cﬂf + UiCz =AC + ")/AT,

Vi = 0,
where v;, T, C' and p represent velocity, temperature, salt concentration and pres-
sure fields, respectively, g; and h; are the gravity vector terms arising in the density
equation of state. Standard indicial notation is used throughout, A is the Laplacian
operator, v is the Soret coefficient and By = (0,0, By) is a magnetic field with only

the vertical component. In deriving (9.1.1) we take a particular magnetic field, as

in e.g. Galdi and Straughan [61]

We assume that € is a bounded, simply connected domain with boundary 0€) of
bounded curvature. (For convex domains, we in fact require less smoothness of the

boundary.) Associated with (9.1.1) we impose the boundary conditions

vin, =0, T=f; C=f on o xt>0, (9.1.2)

for prescribed functions f; and f,. We also impose initial conditions
T(x,0) =To(z); C(z,0) = Co(z); in Q, (9.1.3)

for prescribed functions Ty and Cy,.

The plan of the chapter is as follows. In the next section we derive a priori
bounds which are very useful in the next sections. In Section 9.3 we study continuous
dependence of a solution to the Darcy equations on the magnetic coefficient o. In
section 9.4 we derive continuous dependence on the gravity vector coefficients g; and
h; for (9.1.1)-(9.1.3).

The results in this chapter were published in the article Harfash [78].
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9.2 A priori bounds

In this section, we derive bounds for various norms of v;, T and C' in terms of data.
These bounds will be used in the next sections in the continuous dependence proof.
Before we commence the analysis it is opportune to present some useful bounds

which are easy to prove.
[(V X Bo) X BO]Z = Bg(kzw — ?}i), (924)
/ v (kyw — v;)dx < 0, (9.2.5)
Q

2/ vi,j(vi,j — Ujﬂ;)dl‘ == /(Ui,j — iji)<vz‘7j - Uj,i)dxu (926)
Q Q

where £ = (0,0,1) and w = v3. Now suppose that 1 is the third component of
the vector V x (V x (¢T)), where g = (g1, 92, g3), then we have

or or or oT

= . 2.
n= V(ga(9 985, 9oy gzay) (9.2.7)

Then from (9.2.7) we construct the following form

or oT oT oT
/anda: =— /QwV(gga , J3— oy —915. gga—y)dx. (9.2.8)

Now, by using the Cauchy-Schwarz inequality and the arithmetic-geometric mean

inequality, we have

or 0T oT oT
/nwdfv—/Vw s 935 "9 ——)dx

o oy 928y
_ 1 o /| or | OT _ O _ 0T,
= 2o wa T 935 793 gl@x QQay T
1 (0751 aT 8T 8T 2
< — .d — —)*ld
%, Qw iwidr + = [(9381’) +(938y) +<918x+g28y>] x
1 [atel] or., o1, ,0r 0T
< — [ ww,d S Sy (et d
< g [wanide + 52 [(G0P + (G0 + (G + Gl
1 3g2a1/ or., 0T,
< - wid — —)7ld
1 2
2&1 Q bl ) 2 Q bl El

where g = maxg; g;. Later, we apply (9.2.9) for different functions and we use

different values for ;. Now, we look at norms of ||v||?.
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9.2.1 A bound for v

To find a bound for [, v;v;dz, we multiply (9.1.1); by v; and use (9.2.5), the Cauchy-

Schwarz inequality and the arithmetic-geometric mean inequality, then we have

/Q v dz < g|IVIIT] + RIVIIIC]

1
< ZITIP +PICI + vl

Thus, we have

IvII* < 262 T1* + 2r%|| CP?, (9.2.10)

where h? = max h; h;.

9.2.2 A bound for T

Now, the next step is to find bounds for ||T||% ||C|%, |[VT||? and ||VC|]?. To this
end we introduce the harmonic function, ¢, which adopts the same boundary values

as T, so define

A =0, in Qxt>0,
(9.2.11)
@D(l’,t):fl, on 0.

We then form the identity

0 JQ

Next, we perform several integrations in (9.2.12) and use the boundary values and

properties of 1 to see that,

1 1 t t
§||T||2—§||T0||2+/To¢0d$—/T¢d$+/ /T@Umdxdn—/ /Tivi¢d$dn
Q Q 0 Ja 0 Ja

t t aw
—l—/ /fifidasdn —/ fla—dAdn =0. (9.2.13)
0o Ja o Jon

n

Let fi,, be the maximum value of f; on 9Q x [0, 7) (f1, is taken to be positive) and
then since v is harmonic we know by the maximum principle that ¢ < fi,,. Up-

on employing the Cauchy-Schwarz inequality, arithmetic-geometric mean inequality
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and (9.2.10), we can drive a bound for the cubic term of (9.2.13)

/ / T dedn < fim / / vvidadn)?( / / T, T idxdn)'/?

f2 t 1 t
< ﬂ/ /Uividxdn+—/ /fiT,ida:dn
< fim(g / /Tzd:cdn—i—hz/ /Cdedn / /Tdedn (9.2.14)

By use of the Cauchy-Schwartz inequality one finds

! oY ! 2 e [ o, 1/2
—dAd = dAd —)*dAd
/0 20 i O (/0 o0 fidddn) (/0 /BQ( 8n) A

and from the arithmetic-geometric mean inequality it follows that

Q 2 Ja 2 Ja
1
/ Tpdx < / @Zz2d$+1 / T?dz,
//Twndmdn< //@ZJQ dzdn + - //Tdedn

We next employ these estimates together with (9.2.14) in (9.2.13) to arrive at

1 1 [t 1 1 [t
Lirpe + 2 / IVTIPdz < IToll? + 112 + < o] + / Pz
4 2 /s 2 2 /s

t t a 1 t t
([ [ paaay ([ [ (Gpandg ety [P [ CPd
0 JoQ 0 JoQ 0 0

n
(9.2.15)
Now, using well-known inequalities (see for example [153]) we have
1
1P + 5 l1oll” < —c3/ fRdA + c4/ |grad, fi*dA, (9.2.16)
0

t ¢ ¢
/ |, 2 dx < 05/ / fi.dAdT + 06/ |grad, f1 - |*dAdr, (9.2.17)
0 0o Joo 0 Jog

t ¢
/ / (a—w)QdAdn < 62/ \grad, f1|*dAdr, (9.2.18)
o Jaq On 0 JoQ

where grad, denotes the surface gradient on 0f).

Setting

t
Dy (t) = 4||To||* + 603/ fidA + 6cy \grad, f1|*dA + 205/ 2 dAdr
o9 o9 0o Joa
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t t t
+2¢6 / |grad, fi.[*dAdr + 4y ( / fLdAdn)'*( / \grad, f[*dAdn)'/?,
0 JoQ 0 JOQ 0 JoQ

and substituting (9.2.16)-(9.2.18) in (9.2.15) we arrive at the following result

t t t
17| + 2 / IVT|Pde < Dy(t) + (2 + 4f2,%) / IT\2de + 4f2, 1 / IC|Pdz.
(9.2.19)

9.2.3 A bound for C

Now, we introduce another harmonic function, ¢, which has the same boundary

values as C', so define

Ap=0, in Qxt>0,
(9.2.20)
gﬁ(l’,t) = f2a on Of).

Let fom, be the maximum value of fy on 02x [0, 7), and by using the similar argument

to prove (9.2.19) we can establish

t t t
IC)? +2 / IVC|2dr < Dy(t) + (2 + 8f2,4°) / ICIPdz + 8£2, 12 / |C|Pdz

t
+ 4° / VT *dz, (9.2.21)
0

where

t
Dy(t) = 4||Co||* + 6¢3 / f3dA+6cy | |gradsfo*dA + 2cs / f3_dAdr
a0 a0 o Joaa
t t t
+2¢6 / \gmdsf237|2dAdT + 405/2(/ fQQdAdn)l/Q(/ \gmdsf2|2dAd77)1/2
0 Jon 0 Jon 0 Jon

t t
+dcy 2o ( / fidAdn)"*( / |grad, fo|*d Adn)*/?.
0 JoQ 0 JoQ

We now let T be a constant such that I' > 277 and then form T" (9.2.19)+(9.2.21).

In this way we obtain

t t
PITIP + (2T — 492) / IVT|Pda + ||CIP +2 / IVC|2dz < TDy(#) + Dlt)
0 0

t t
LD@44f2, %) +8 12 / 7|2zt (4012, 12424 8f2,6°) / |C|Pde. (9.2.22)
0 0

Define now K as

K = max{2 + 4f12m92 + F_18f22mh2, 4Ff12mh2 + 2+ 8f22m92},
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then from (9.2.22) one derives
t t
T|IT|? + |C|]> < TDy(t) + Da(t) + K[F/ | T||*dx +/ |C||2dx].  (9.2.23)
Setting Dy(t) = 7 ['[['Dy(n) + Da(n)]dn and after integrating (9.2.23), we have

/ HT|\2dw+/ |C||*dz < Ds(t). (9.2.24)

By using Gronwall’s inequality on (9.2.23) we can derive another priori bound,
DIT)* + ICI* < Da(t), (9.2.25)

where

Dy(t) = T'D1(t) + Do(t) + K Ds(t).

9.2.4 Bounds for VI, VC

Finally, to establish the bound for |[VT||* and |[VC||?, we substitute the bound
(9.2.24) in (9.2.22) to obtain the following results

t
D
/ IVT||?dx < % (9.2.26)
0
: D (1)
2y < ——t 2.2
/0 IVCIPdr < (9.2.27)

9.2.5 A bounds for Vw

To find a bound for ||[Vw|| where w = v3, take the double curl of (9.1.1);, using the

third component, (and the fact that v is solenoidal) to find
or or or or

“Aw — g
w = V(gga 98, 9y gzay)
oC oC oC oC
B2 D? 2.2
V(h:%a , hy—— 3y’ —hy— o — hy—— By ) + 0By D w, (9.2.28)

where D = d/dz. Multiplying (9.2.28) by w and integrating over €2, and then using
the similar argument which is used to prove (9.2.9) with ay = 2 we have
1
/ w;w,;dr < = / w; w,; dr+3g° / T;T, d:v+3h2/ C;Cidx—0oBj / wswgdr.
Q 2 Ja Q Q Q
(9.2.29)
Dropping a negative term involving o, finally, we obtain

|Vwl||? < 66°%||VT||? + 612 VC|>. (9.2.30)
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9.2.6 A bounds for Vv

We shall also require a bound for the Dirichlet integral of v. We start with the fact

HVVH2 = /QUiJ'(UZ'J‘ —Uj,i)d.r—{—/ﬂvi,jvj,idm. (9231)

Now, we find a bound for the last term in the right hand side of (9.2.31) as follows

/Ui,jvjﬂ'dﬁ = f UZ‘J’U]'TLZ‘dS = f (vini)j Ude —% V; Vi Ny ds. (9232)
Q o0 oN o0N

Note that §,,(vin;); v;dS contain the product of a tangential vector and a normal
vector, thus its value equal to zero . Moreover, if €2 is convex it follows that since v;

is a tangential vector on 0f2 , hence faﬂ v; v;n;,; dS > 0. Thus we conclude that

/ ’l}i,jUj,idQZ S O, (9233)
Q

while for nonconvex 2 with boundary of bounded curvature

/w,jvj,idx < 507{ lv|*ds, (9.2.34)
Q o0

where ko depends on the Gaussian curvature of 02 (see Weatherburn [221], p. 86).

Next, if we use a trace inequality

]{ ‘V’stglﬁ/ \V]Qd:c—i—@/ Vv |*dx, (9.2.35)
o9 0 0

where the constant ks may be small. It follows then that whether €2 is convex or
nonconvex we have after inserting (9.2.35) into (9.2.34) and the result into (9.2.31),

having chosen ky sufficiently small, we have
||VV||2 S M[/ Ui,j(vi,j — Ujﬂ‘)dl' + ||V||2], (9236)
Q

where M is a computable constant. From this point on we shall use the symbol M to
denote a computable constant, and in the different inequalities where it occurs it will
in general have different values. To find a bound for the first term of (9.2.36), we use
(9.2.4), (9.2.30), the arithmetic-geometric mean inequality and the Cauchy-Schwarz

inequality, to arrive at

/ v; (Vi j — vji)dr = / vil=pij + 9T + hiCj + 0B (kiw; — vy ;)| dx
Q Q
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—/sz',j[—P,MJrng,z'+hjC,z‘+UB§(/€jw,i — vjq)]dz
= /Q viilgiTy + hiCy] — /Q Vi,ilgiTi + h;Cildx — o B3 /Q ViV — vjalda
+UB§/QUW- (kiw j — kjw;]dx
= /Q (9: T (vij=v1.0)+hiC j(vi,j—v;5)|dx—0 By /Q vi,j[vij—vjildr—o Bg /Q kjwilvij—vjilda

1 B2
< 2¢%||VC|]* + 20| VT|* + 4 /(Um‘ — vj)°dx + 020 / w,;w;dx
Q Q

1
< 2¢%|VC|P? + 217 VT|* + 5/9 i3 (Vi = vji)de + 30 Bg* | VT||* + 12|V O]
(9.2.37)

Therefore, we arrive to the following bound
/ Ui (Vi — vjg)de < 4g°|[VC|* + 402 | VT ||* + 60 Bglg* | VT ||* + h*[|[ V]
Q

< M| VC|? + |[VTJ. (9.2.38)

Thus, it follows directly from (9.2.10), (9.2.36) and (9.2.38) the inequality

Vvl < MICI + |71 + IV CI* + VT, (9.2.39)

9.3 Continuous dependence on the coefficient o

In this section, we establish continuous dependence on the magnetic field coefficient.
To do this, let (v;, T, C, P) and (vf,T*, C*, P*) be solutions of (9.1.1)-(9.1.3) with
the same boundary and initial conditions, but with different magnetic coefficients
o1 and 0y. Now, we define
u=v—v,0=T-T* ¢=C—-C*" 1=p—p* 0=0,— 0.
Then, (u;, 0, ¢, ) is a solution of the problem

up = —m; + gif + hi¢ + o[(v" x By) x Bol; + o1[(u x Bg) x Bol;,

0+ vl +uT; =A0,

’ (9.3.40)
¢+ vigi +u,Ch = Ag + yA0,

Ui = 0,
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in 2 x t > 0, together with the boundary and initial conditions,
u;m; =0; 0=0; ¢=0, on 0 xt>0, (9.3.41)
0(x,0)=0; ¢(z,0) =0; in Q. (9.3.42)
Theorem 9.3.1 The solution (v;, T, C, P) to the boundary-initial value problem

(9.1.1)-(9.1.3) depends continuously on change in the magnetic coefficient o, as

shown explicitly in inequality (9.3.71) which derives a relation of the form

a|T =T +|C = C*|| < Lyo”

where « is a computable constant and L; is likewise an a priori constant. Here
(T,C) and (T™*,C*) are two solutions to (9.1.1)-(9.1.3) for different o values oy and

o9. Further the velocity field v depends continuously on ¢ in the manner

lv — v < Lyo?

where Lo is also an a priori constant. Precise details of these statements are contin-

ued in inequalities (9.3.46) and (9.3.71).

Proof: Multiplying (9.3.40); by w;, and integrating over €2, with aid of the
Cauchy-Schwarz inequality and (9.2.28), we obtain

lll? < gl6llifull + Alll ] + o B2 / w(kaw — of)de + o\ B / wi(hw — ug)de,

(9.3.43)
where w = ug, w* = u}. From (9.2.5) we see that
/Qui(kiw —u;)dz < 0. (9.3.44)
In addition, applying the Cauchy-Schwarz inequality we obtain
UBg/Quz(k‘iw* —v;)dz < o B[l flw* || + [Fu|[v*||
< 20 Bg||ul||v*]. (9.3.45)

Now, substituting (9.3.45) into (9.3.43) and then using the arithmetic-geometric
mean inequality and (9.2.10), we have
[l < 4g?[1011* + 4p*[[61* + 80 Byl|v*||* + 20135 / wikiw — u;)dx
Q
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< 4¢°)|0]* + 4h*|| 1> + 80 By[2¢° | T||* + 20*||C||’]
< MIoI* + lI¢l1* + o*(IT11* + IC1*)], (9.3.46)

where we have dropped a negative term involving o;. To find a bound for ||[Vuw||
where w = ug, take the double curl of (9.3.40);, use the third component and use

(9.3.40)y4, to drive

00 00 00 00

—Aw = _v(g3%ag3a_y7 _glﬁ_x - gza—y)

0 0 0 0
—V(h3a—i, hga—gyb, _hla_i — hga—j) + O'BSD2U}* + 01B§D2w. (9347)

Multiplying (9.3.47) by w; and use the similar argument which is used to prove
(9.2.9) with a; = 2 we have

1
/w,iw,i d.’L’S —\/'LUJ"LUJ' d$+92/(97l 971' d$+h2/¢71 ¢,i dx
Q 2 Q Q Q

—alBS/w73w73 da:—aBS/wj‘gw,g dx. (9.3.48)
Q Q

Now, applying the Cauchy-Schwarz inequality and the arithmetic-geometric mean
inequality to the last term, we have
1 22

B,
—/wlwldx§g2/91«9@d9€+h2/¢1¢1dm+0 O/w*gw*gd:c
2)q 7 o o do1 Jo 7

22

B
ggz/é’,i@,idx%—lf/gbﬂ» ¢,idx+"4 0 /w;w;dcg. (9.3.49)
Q Q Q

01

Now, using the bound (9.2.30), we obtain

302 B2
01

IVwl* < 20*[[VOII* + 207[[ V|| + g* IV T + RV O]

< M{IVO|? + [IVol* + o> (VT + [IVC[*)]. (9.3.50)
Next, using the similar argument which is used in the proof of (9.2.36), we find
IVl < M[/ wi iy — wg)de + [[ul?). (0.3.51)

Q

Now, our aim is to find a bound to the first term of (9.3.51), and to this end from
(9.3.40),we form

/Ui,j(uz‘,j—uj,i)ﬁz/Uz‘,j[—Wyz‘j+9i97j+hi¢,j+033(’fiwfj_“f,j)JFUlBg(’fz‘w,j—ui,j)]dff
Q Q
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- / i j[=i5 4 g0 + hio; + o By (kjw' — vl;) + o1 By (kjw,; — ;)| d
Q
= / ui ;190 — 9;0.] + / u;jhigj — hjd]
Q Q
+01B] / w; 5[(kiwj — ;) — (kjw,; —uj,)]dx
Q

+oB; / w;j[(kaw’; — vi;) — (kjws — vj,)]de. (9.3.52)
Q

Now, we shall deal with each term of (9.3.52). Firstly, Using (9.2.6), the Cauchy-

Schwarz inequality and the arithmetic-geometric mean inequality we have
/ uiglgif; — 9;0.] = / 90,i(uij — ujs)dw
Q Q

1 1
< 4g? / 00 dr+— | (u;j;—u;)(uij—uj;)de = 4g°| VO 4 < / w;j(u g —uj;)de.
Q 16 Jgq 8 Ja
(9.3.53)

Similarly,

1
/Uz’,j [hio; — hjo] < AR*(|V | + 3 / i j(uij — wj;)de. (9.3.54)
Q Q

Again, using the Cauchy-Schwarz inequality, the arithmetic-geometric mean inequal-

ity and (9.3.50)
o185 /Q wj[(kawj — wi ;) — (kjw; — uj)]de

= —JlBg/ﬂum(um — U,jﬂ)dl‘ + UlBg/ﬂui,j(kiw,j — k:jwﬂ-)dx

2 2
= —01B; / i j(uij — uj;)de + o1 By / kjw i(u; j — uj)de
Q Q

o, B?
< ! O/IUZU)ZCZZE
2 Q ’ b

< M{[VOI* + [Vo[* + *(IVT|* + [ VC|*)]. (9.3.55)

Applying the Cauchy-Schwarz inequality, the arithmetic-geometric mean inequality,
(9.2.30) and (9.2.38), we have

B [l =) ~ G~

= —0B} / w; (v — vi;)dx + oB: / u; j(kw’; — kjw?)dx
Q Q
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= (Uu i) (vi; — vj;)de — o By kjw,i(ui,j — ug;)d
3 2 4 * * 2 4 * ok
< 16 /. Wi j(wij — wjg)dr +20°By [ vp;(vi; —vi;)de +40”By [ wiwidr
Q Q

3
< —G/u” wis — uyi)de + 2 M|CI2 + |TIP + [VCIP + [VTI2.  (9.3.56)

Substituting (9.3.53), (9.3.54), (9.3.55) and (9.3.56) into (9.3.52), we arrive at

/Qui,j(ui,j —ujg)dz < M[[Vo[* + [VOII* + o*(|ICI° + I T11* + IVCI* + [VT[*)].
(9.3.57)
Now, substituting (9.3.57) into (9.3.51) and then using (9.3.46), we have

[Vl < M[[Vo[* + [[VOI* + *(|C|1* + T + IVCII* + [VTI*)].  (9.3.58)
here we have used the relation
XN < AV, (9.3.59)
where A; is the first eigenvalue of
Ax+A\x =0, in Q,

x =0, on 0ON.

Lower bounds for A, are well known (see, e.g. Bandle [13]).

Next, we will find a bound for ||6(|? and ||¢]|?.
d 2 2
2l +l1ol%) = 2 [ (adf; + d¢r)dw
0
= 2/ af (A0 — v ; — u; T )dx + 2/ P(AP —vip; — u;C7; + yAl)dx
Q 0

Q Q Q

2
7y o 1
—(2a = —— 05—3)||V9||2 —(2-a - a_4)||v¢||2 + aos|[ull {7 + aullulZIC1

e3]
(9.3.60)

Now, we choose the constant as follows

a=7% a=1, a= az3 =2, a4 =4 (9.3.61)

1
47
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Thus, we have
d 1
E(CMH@H2 +[111") < =5 (IVOIP + IVI) + a3y ITIE + 41C1D)-  (9:3.62)

Now, we use the bounds of ||ul|,]|T||2 and ||C||3 which were derived in [110] in the

forms
[ulli < M[(1+ %)HHH2 + 251/3HVHII2}, (9.3.63)
IT|I3 < Ds(t), (9.3.64)
IC|I15 < Dg(t). (9.3.65)

Substituting these bound into (9.3.62) and removing the non positive terms, we

obtain
d 0
%(Ofllgll2 +[1¢l1?) < M[(1+ Z)(IIQII2 + o> + (17N + [IC11*))

+§15_1/3(HV¢||2 VO + *(IC1* + [T + [VCI* + [VT|))]
X [27°Ds(t) 4 4Dg(t)]. (9.3.66)
Since the constant 0 is at our disposal then provided Ds(t) and Dg(t) are bounded
we may choose § so large that the first term on the right dominates the other term
involving V|| + ||[VO|* + 2([|C]I> + |IT||> + [[VC||* + [VT]|?). We are then left
with
%(OAIQH2 +ol*) < Mallfll* +llol* + * (171" + [[C]*)]

%[22 Ds(t) + 4Dg(t)]. (9.3.67)
Setting
Di(t) = 292Ds(t) + 4D (t), (9.3.68)
and
Dg(t) = D(t) x [|IT||* + |C|I°], (9.3.69)
then, we have from (9.3.67)
D (all0I + oI )e 5 rovie) < 11g2 Dy (1) I P, 93.70)

dt

Upon integration, we further obtain
t t
QoI + 191 < Mo? | Dy(eye 0 (9.3.71)
0

which is the desired continuous dependence result. The continuous dependence for

u; follows directly from (9.3.46). O
June 19, 2014



9.4. Continuous dependence on the coefficients g; and h; 186

9.4 Continuous dependence on the coefficients g;

and h;

We have develop an analysis that establishes continuous dependence of the solution
on changes in the gravity vectors g; and h; in equations (9.1.1);. To do this, let
(v;, T, C, P) and (v, T*,C*, P*) be solutions of (9.1.1)-(9.1.3) with the same bound-
ary and initial conditions, but with different (g;, h;) and (g7, hf). Now, we define
u=v—v,0=T-T"¢=C—-C",T1=p—p", i =9 —9;, GG = hi — h}.
Then, (u;,0, ¢, ) is a solution of the problem

u; = —m; + T + g0 + GO + hid + o[(u x Bg) x Byl;,
(97t + Uig,i + UZT’: = A@,

(9.4.72)
b+ v +uC = Ad + yA,
U5 = 0,
in 2 x t > 0, together with the boundary and initial conditions,
un; =0, 606=0;, ¢=0, on 00 xt>0, (9.4.73)
0(z,0) =0; ¢(x,0)=0; in Q. (9.4.74)

Theorem 9.4.1 The solution (v;, T, C, P) to the boundary-initial value problem
(9.1.1)-(9.1.3) depends continuously on change in the gravity vectors g; and h;, as

shown explicitly in inequality (9.4.81) which derives a relation of the form

ol|T — T + ||C = C*|| < Ls p* + Ly ¢

where « is a computable constant and Ls, L, are likewise a priori constants. Further

the velocity field v depends continuously on g; and h; in the manner

v — v < Lsp* + L ¢°

where Ls, Lg are a priori constants. The terms p and ¢ are the differences in the
gravity coefficients g; and h;, respectively. Precise details of these statements are
continued in inequalities (9.4.75) and (9.4.81).
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Proof: Using the similar argument of the last section, we have
lal* < Mllo* + 191" + w1 T1* + ClICI), (9.4.75)
and
IVl < M{IVEI* + VO + 2 (VT + [ T1%) + CUVCI + IC)*)]. (9.4.76)

where ( = max (;¢; and g = max ;.

Now, (9.3.62) still valid and again we shall use the bounds of ||ul|%, ||T||? and ||C|2
which were derived in [110]. Substituting (9.4.75) and (9.4.76) into (9.3.62) and use
(9.3.63)-(9.3.65) and (9.3.68), we arrive after removing the non positive terms in
(9.3.62) to the following bound estimate

d J
—(@l1” + [19lI") < M1+ (Ul + 16]” + 121 71 + ClICI)

3
+50 7 PAVSIPHIVOIP+ > (IVTIP+ITI?) +C UV CIPHICI)] X D (b). (9-4.77)

Similarly, if we choose § so large such that the first term on the right dominates
the other term involving ||Vel||? + [|VO|]? + p2(||VT))*> + I|IT11?) + C(|IVC|]2 + |IC||*)

and Since D7(t) are bounded, Thus, we have
d
—@l01” +1161°) < Mlall6* + 161" + p*ITI* + CICI’] x D (1) (9.4.78)

Setting
Dy(t) = D+(t) x ||T|1%,

Dio(t) = D4(t) x ||C]?, (9.4.79)
then, we have from (9.4.78)
CHO01” + 6]12)e™ O] < M{2Dy (1) + CDiolD)]}e™ 5 PO (9.4.80)
Upon integration, we further obtain
allol* + [lo]* < Mo® /OtWDg(Q) + 2Dy 0))e™ M Je DT, (9.4.81)

which is the desired continuous dependence result. The continuous dependence for
u; follows directly from (9.4.75). O
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Chapter 10

Three dimensional simulation for
the problem of a layer of
non-Boussinesq fluid heated
internally with prescribed heat
flux on the lower boundary and
constant temperature upper

surface

10.1 Introduction

The Rayleigh-Bénard problem is the major section for the problem of the onset of
convection in a horizontal fluid layer uniformly heated from below. Rayleigh [163]
provided an analysis on the assumption that the convection was induced by buoyancy
effects. Rayleigh introduced an approximation to the basic equations of motion that
he ascribed to Boussinesq [22]. However, Joseph [92] found that the approximation
had been earlier applied by Oberbeck [139]. The parameter whose value determines
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the onset of convection is called the Rayleigh number. Joseph [92] noticed that this
parameter appeared in a study by Lorenz [113], who also used the approximation
employed by Oberbeck.

The Oberbeck-Boussinesq approximation is the basis of most of the contem-
porary studies on natural or mixed convection flows. In the Oberbeck-Boussinesq
approximation, all fluid properties such as viscosity and density can be taken as
constants except that a buoyancy term proportional to a density difference is re-
tained in the momentum equation. Thus, the fluid is taken as quasi-incompressible,
the divergence of the velocity is approximated by zero in the continuity equation,
and the term involving the product of the pressure and the divergence of the ve-
locity is neglected in the thermal energy equation; see, for example, Section 8 of
Chandrasekhar [32]. Several Oberbeck-Boussinesq approximations have been ap-
plied on the full Navier-Stokes equations. It is generally used in the framework of
the natural convection problems such as the Rayleigh-Bénard configuration, and
provides a simplified set of equations which is much more tractable for both nu-
merical and analytical purposes, since all the acoustic scales have been eliminated.
Rayleigh [163] employed the simplified thermal energy equation and he ascribed it to
Boussinesq [22]. In [161], Rajagopal et al. intend to provide a rigorous derivation of
the Oberbeck-Boussinesq approximation in the framework of a full thermodynamical
theory of the Navier-Stokes equations. Hills and Roberts [85] provided important
idea to adapt a new method of treating the constraint of mechanical incompress-
ibility. Recently, the Oberbeck-Boussinesq approximation have been developed in-
tensely by Rajagopal [160], Rajagopal et al. [162], Barletta [14] and Barletta and
Nield [15, 16].

Straughan [194] obtained quantitative non-linear stability estimates which guar-
antee nonlinear stability for the problem of penetrative convection in a plane layer
with a nonuniform heat source, and a constant temperature upper surface, while
the lower surface is subject to a prescribed heat flux. In addition to the non-linear
results which establish a critical Rayleigh number below which convection cannot
occur, Straughan [194] calculated the linear value above which convection occurs.

In this chapter we study the problem of penetrative convection in a plane layer with
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a nonuniform heat source, and a constant temperature upper surface, while the low-
er surface is subject to a prescribed heat flux. Especially, the accuracy of linear
instability and nonlinear stability thresholds are tested using a three dimensions
simulation. Regions of possible very large subcritical instabilities, i.e. where agree-
ment between the linear instability thresholds and nonlinear stability thresholds is
poor, are studied by solving for the full three-dimensional system. The results indi-
cate that linear theory is very accurate in predicting the onset of convective motion,
and thus, regions of stability.

In the next Section we present the governing equations of motion and derive the
associated perturbation equations and then in section 10.3, we introduce the linear
and nonlinear analysis of our system. In section 10.4, we transform our system to
velocity-vorticity formulation. Section 10.5 is devoted to a study of numerical solu-
tion of the problem in three dimensions. The results of our numerical investigation
are then compiled and discussed in the final Section of the paper.

The results in this chapter were published in the article Harfash [79].

10.2 Governing equations

Consider then a layer of heat-conducting viscous fluid with a quadratic equation of
state, occupying the horizontal layer z € (0, d) with the lower boundary z = 0 heated
by radiation and with the temperature scale selected so that the temperature at
z = d remains a constant, T,. By assuming the validity of the Oberbeck-Boussinesq

approximation, the following local balance equations hold:

1
Vit +vjv; =——pi +vAv —gki[l —a(T — Tm)Q], (10.2.1)
Vis = O, (1022)

where v, p, T, v, g, o, and k are respectively velocity, pressure, temperature, viscosity,
gravity, a thermal expansion coefficient, and thermal diffusivity, k& = (0,0, 1), and

standard indicial notation is employed. These equations are defined on the spatial
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region R? x [0,d]. Here, we have to mention that the effects of pressure work are

not taken into account in the energy balance. The boundary conditions are

orT

v =0, at 2 =0,d, T="T,, at z=d, = =7
0z

at z=0.
(10.2.4)

We here consider the heat supply function as Q = Qq(e*/? — 1), where Qy and v are

constants. The steady solution (¥, T') corresponding to boundary conditions (10.2.4)

is

Qod> 3 z 22

pa e R Y2

the hydrostatic pressure being determined from the momentum equation.

v=0, T=T,—~(d-2)+

To investigate the stability of these solutions, we introduce perturbations (u, 6, )

by

vl:E—l—ul, T:T—l—G, pzﬁ—l—ﬂ'

Then, the perturbation equations are nondimensionalized according to the scales

(stars denote dimensionless quantities)

d> v K(Tm —Ty)
t=t"— = - =z"d 0=0"T* b= —2
]/7 U d? x x Y Y Q0d2 )

v v Q%d" g Ky
Pr=- T"=U,|—— R?= 0 y = ——.
TR agdrk’ K3v 7 Qod

Here Pr is the Prandtl number and R? is a Rayleigh number. The dimensionless

perturbation equations are (after omitting all stars)

Usq, ¢ + Uj Ui 5 = —T 4 + AUZ + 2Rf1 (z)@kl + P?“k,-@z, (1025)
-} (10.2.6)
Pr(0;+u;0 ;) = —Rfa(z)w + A6, (10.2.7)

where w = ug, fi(z) =4(z—1)—d+e—2—e*+2+32% and fo(2) = 1+ 2+5 — €.
Equations (10.2.5)-(10.2.7) hold on R? x [0, 1] and the boundary conditions adopted

are
u=v=w=0, (10.2.8)
=0, at z=1, (10.2.9)
00
5 = 0, at z=0, (10.2.10)
u, 0, m have a periodic structure in z,y. (10.2.11)
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10.3 Linear and nonlinear energy stability theo-
ries

Linear instability results for stationary convection are obtained via the application
of standard procedures to the linearized version of Eqgs. (10.2.5)-(10.2.7). Straughan
[194] found the critical Rayleigh number of linear theory by determining the lowest

eigenvalue of the system
(D?* — a*)*W = 2f1(2)Ra’6, (10.3.12)

(D? — a*)® = Rfy(2)W, (10.3.13)

on z € (0,1). Here D = d/dz , w = Welma=+m) = Qelma+m) and a? = m? +n? is

a horizontal wavenumber. These equations are subject to the boundary conditions
W=DW =0 =0, at z=0,1. (10.3.14)

We solve the eigenvalue system (10.3.12) and (10.3.14) for ¢ numerically using the
Chebyshev collocation method-1.

Straughan [194] presented a nonlinear energy stability analysis for arbitrary ini-
tial perturbations. They employed a weight in the temperature part of the energy
in order to eliminate the nonlinearities that are introduced through the equation
of state and thereby obtained stability results that were not amplitude dependent.

Their eigenvalue problem of nonlinear theory is
2(D? — a®)*W = —RpM (2)a*0, (10.3.15)

2N(D? — a®)© — 4DO = Ry M (2)W, (10.3.16)

where M(z) = —fi(2) + %fg(z) , A = \—2zand A is a parameter to be chosen.

Then the lowest eigenvalue Rg(a?; \) can be found from

Rap = maxmin R (a%; \).
A>2 a2

For more detail about derivation of these system, see Straughan [194]. To achieve
this, we have used again the Chebyshev collocation method-1. In our use of the

Chebyshev collocation method, we used between 20 and 30 polynomials. Usually 25
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was found to be sufficient but convergence was checked by varying the number of
polynomials and by examining the convergence of the associated eigenvector (which

yields the approximate associated eigenfunction).

10.4 Velocity-vorticity formulation

The mathematical formulations that are commonly used to simulate three-dimensional
incompressible viscous flows include the primitive variables [96] (velocity-pressure),
vorticity-vector potential [9,123] and vorticity-velocity [42] formulations. As indi-
cated in an overview of these formulations by Gresho [69], each formulation has
its own advantages as well as shortcomings with respect to the others. Both the
vorticity-vector potential formulations and the vorticity-velocity approach have a
distinct advantage over the velocity-pressure formulation in that the pressure need
not be calculated explicitly.

In this paper, we present an efficient, stable, and accurate finite difference
schemes in the vorticity-vector potential formulation for computing the dynamics of
viscous incompressible fluids. The emphasis is on three dimensions and nonstaggered
grids. We introduce a second-order accurate method based on the vorticity-vector
potential formulation on the nonstaggered grid whose performance on uniform grids
is comparable with the finite scheme. We will pay special attention to how accu-
rately the divergence-free conditions for vorticity, velocity, and vector potential are
satisfied. We will derive the three-dimensional analog of the local vorticity boundary
conditions.

By using the curl operator to Equation (10.2.5), one gets the following dimen-

sionless form of the vorticity transport equation:
Wi+ (v Viw=(w- V)v+ Aw+ 2RV x F(2)0k + PrV x k6*,  (10.4.17)
where the vorticity vector w = (&1, &2, &3) is defined as
w=V XV, (10.4.18)

To calculate velocity from vorticity, it is convenient to introduce a vector potential

¥ = (¢1,19,13), which may be looked upon as the three-dimensional counterpart
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of a two-dimensional stream function. The vector potential are defined by

v =V x1. (10.4.19)

It easy to show the existence of such a vector potential for a solenoidal vector field

(V -v =0). Such a vector potential can be required to be solenoidal, i.e.,

V-1 =0. (10.4.20)
Substituting Eq. (10.4.19) in Eq. (10.4.18) and using Eq. (10.4.20) yields

Vi) = —w. (10.4.21)

The set of equations (10.2.7), (10.4.17), (10.4.19) and (10.4.21) with appropriate
boundary conditions were found to be a convenient form for numerical computations.

The boundary conditions for the vector potential are given below

O _ Py =13=0, at x=0,1, (10.4.22)
ox
wl = % = wS = 07 at y = O7 17 (10423)
Ay
wl - ¢2 = % = 07 at z = 07 17 (10424)
0z
The boundary conditions on vorticity follow directly and may expressed as

ow v
G=0 =7 &G=75. at 1=01 (10.4.25)

ow ou
= =0 = —— t =0,1 10.4.26
51 aya 52 ) 53 ay7 a Yy ) Ly ( )

ov ou

=5, &=7",6=0 at z=01 (10.4.27)

10.5 Numerical schemes

The first step in the numerical computational is to give an initial values for the vortic-
ity vectors &1\ ix, E5iikr E3ijn 15 J, k = 0,1, ..., m. Next, the Poisson equations (10.4.21)

are discretized in space using an implicit scheme as follows

(02 + 67 + S2)ihe = =&l (10.5.28)
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(02 + 02 + O2)iihd = — &5 (10.5.29)
(02407 + 53);@;;; = —&i- (10.5.30)

where 07, 0;, 07 are the second-order central difference operators, which are define as

52 — Git1jk — 204k + Pi—1jk

(Az)? ’
Gijk1 — 20451 + Gij—1k
62 J J J ,
V= (Ay)?
2 Gijk+1 — 204k + ijk—1
0o = E )

We used the Gauss-Seidel iteration method to evaluate Y750, w3l itl i, j k =
1,...,m—1 from Egs. (10.5.28), (10.5.29), (10.5.30), respectively. The next step is to
discretize Eqgs.(10.4.22)-(10.4.24) to evaluate the @D%}i, @b{‘ntjlk, AR AR 1/);)‘;5, wgﬁl,
i,7,k =0,...,mie we used Egs.(10.4.22)-(10.4.24) to evaluate the potential vectors

at the boundary. Now, the velocity vector can be calculated explicitly by using a

second order finite difference scheme to Eq.(10.4.19) as follows:

upkt = 8,0k — S, (10.5.31)
vkt = 0T — Gaiihy, (10.5.32)
Z—Zl - W;ﬁ - 6y¢ﬁ—;]ia (10.5.33)

,5,k=1,....m—1,
where 0,9y, 0. are the first-order central difference operators, which are define as

(5x¢ _ ¢i+1jk - (bi—ljlc7

2Ax
_ Dijrik — Pij_1k
09 = 2Ay ’
_ Dijkt1 — Dijr—1
0:6 = 2Nz ’

The vorticity transport equations (10.4.17) are discretized in time using the explicit
scheme. The discretized form of the vorticity transport equations (10.4.17) for the
three vorticity components and energy equation (10.2.7) can be written as

e — Elij
i ij
jT z]k5 glz]k + Uzgkéyglz]k + wzgk(s glljk
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- flzgk(g Uz]k+§223k5 uz]k+€3z]k6 uz]k+(52+62+52>§113k+2Rf1k5 ezgk+2prgzgk5 02]16’
(10.5.34)

iz — i
i ij
jT z]k5 £2z]k + Uzgk(gygm]k + w’L]k5 521]]?

glz]ka Uz]k+§2zjk5 Uzgk+§32]k6 Uzgk+(52+52+52)€2z]k 2Rf1k5 szk 2Pr6zyk5 92]14:7

(10.5.35)
Sk — SRk s 5 5
T z]k £3z]k + Uzjk y§3z]k + wl]k é?ﬂjk
= &1ijr02Wij + E2ijk0y Wik, + &5k 02w + (02 + 55 + 5§)§§ijka (10.5.36)
n+1 _/n

(10.5.37)
,,k=1,...m—1,

The temperature on the boundary can be compute explicitly using Eqgs. (10.2.10)
- (10.2.11). However, a second order implicit technique has been used to evaluated

the vorticity vector at the boundary form Eqs.(10.4.25)-(10.4.27).

10.6 Results and conclusions

In this section, Ray, is the critical Rayleigh number for linear instability and Rag
similarly denotes the global nonlinear stability threshold. The corresponding critical
wavenumbers of the linear instability will be denoted by a%. In Table 10.1, we
present the results of numerical results of linear instability and nonlinear stability
analyses. The dimensions of the box, which are calculated according to the critical
wavenumber, are shown in Table 10.1. In this table Lz and Ly are box dimensions
in the x and y directions, respectively, while, the box dimension in z direction is
always equal 1. we select a solution so that these two values are similar to avoid
any possible stabilisation effect from of walls.

As we mention in section 2, we assume that the perturbation fields (u, 6, 7) are
periodic in the z and y direction and denote by Q = [0, 27/a,]| x [0, 27 /a,] x [0, 1]
the periodicity cell, where a, and a, are the wavenumbers in the x and y directions,

respectively. a, and a, are evaluated according to the critical wavenumbers a3 where
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a} = a}+ag, then we computed Lz = 27 /a, and Ly = 27 /a,. The values of Lz and
Ly in Table 10.1 may be rearranged to yield the number of possible solutions for
each value of the critical wavenumber. However, we select a solution so that these
two values are similar to avoid any possible stabilisation effect from of walls.

For numerical solutions of the three dimensional problem, we used At = 5x 1075
and Ar = Ay = Az = 0.02. The convergence criteria has been selected to make
sure that the solutions arrive at an steady state. The convergence criteria is

¥ = max{|§f:;,1€ - gfijk|7 !%ﬁi - ggijk|v |£gz+]i - gz?ijk| |QZJJQI - z]k|}

5] 7

and we select ¢ = 107%. The program will continue computing the results of the
temperature, velocity, vorticity and potential vector for new time levels until the
results satisfy the convergence criteria, otherwise, we stop the program after 80000
time levels, i.e at the time 7 = 4.

To solve egs. (10.5.28)- (10.5.30) using Gauss-Seidel iteration method, in the first
time level we give an initial values to potential vector and we denote ¢1 ik %mw
%wk Then using these initial values we compute new values which we denote by
1/1% ’i’;;gl, 1/15’5.;1, 1/131)’2.];.;1 and then we use these values to evaluated new values and the
program will continue in this process until satisfying the convergence criteria which
is

n= rgljag{\wiﬁf - 17,jk| W’;Z}Zl - 21]]9’ W;Z%l - 31]k|} <107°.
In the next time levels, the values of Y1k, ¥24jk, V345 in the time level n will be
the initial values to the next time level.

In order to display the numerical results clearly, the temperature, velocity and
vorticity contours are plotting in Figures 10.1 and 10.2 at z = 0.5, 7 =4, § = —1,
A4 = 0.3 and R? = 155000, with mesh size of 71 x 71 x 51. In these Figures, the
temperature and velocity contours are presented at the time level 7 = 4 as as it is
impossible to arrive at any steady state. Figure 10.1 shows the contours of u, v, w,
and 0 at z = 0.5 in (a), (b), (c¢) and (d) respectively. The contours of £, & and &3
at z = 0.5 are presented in Figure 10.2 in (a), (b) and (c), respectively.

In Table 10.2- 10.8, we show the summery of the numerical results where we
introduce the maximum and minimum values of temperature, velocity, vorticity and
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A Ray, a2 Rag az, Lx Ly

0.28 114766.015 35.003 59632.100 16.818 1.5 1.5
0.29 133165.864 37.399 64280.001 16.625 1.5 1.4
0.3 154816.654 39.981 68802.297 16446 14 1.4
0.31 180365.749 42.764 73174.607 16.282 1.6 1.2
0.32 210613.017 45.767 77376.734 16.132 1.7 1.1
0.34 289395.588 52.556 85204.774 15.868 1.4 1.1
0.36  402309.378 60.608 92178.900 15.642 1.2 1.1

Table 10.1: Critical Rayleigh and wavenumbers Ray, Rag, a3, a% at
0= —1.

potential vectors. In Table 10.2, we select 6 = —1, 4 = 0.28, then according to the
stability analysis we have Ra; = 114766.015, Rarp = 59632.1. It clear there is big
difference between the critical Rayleigh numbers of linear and nonlinear theories.
From Table 10.2, for R? = 107000, we can see that the values of temperature, ve-
locity, vorticity and potential vectors satisfy the convergence criteria at 7 = 1.94845
while for R? = 111000, the program need 7 = 2.5697 to arrive at the steady stat
solutions. However, for R? = 116000, we can see that the solutions can not arrive
at any steady state and the program stopes at 7 = 4. For R? = 116000, we let the
program work to long time to see the behaviors of the solution for a long time and
to see if it is possible that the solutions could arrive at any steady state. We see that
the values of velocities increased at 7 = 8, then the values decreased at 7 = 12 and
the velocities continue in this oscillation. Here, according to the numerical results,
the linear instability threshold is the actual threshold, i.e. the solutions arrive to
the basic steady state before the linear instability threshold. However, the results
of Tables 10.3-10.8 explain that the stability behavior is absolutely similar to the
stability behavior of Table 10.2, as we found that the linear instability threshold is
the actual threshold.
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R?* = 107000 R? = 111000 R? = 116000
T = 1.94845 T = 2.5697 T=4
Max Min Max Min Max Min
w  1.99E-04 -1.99E-04 2.78E-04 -2.78E-04 0.01647 -0.01646
v 2.00E-04 -1.99E-04 2.78E-04 -2.78E-04 0.01648 -0.01646
w  4.10E-04 -1.00E-04 5.73E-04 -1.40E-04 0.03394 -0.00823
& 448E-03 -447E-03 6.29E-03 -6.27E-03 0.37587 -0.37562
& 44TE-03 -4.48E-03 6.27E-03 -6.28E-03 0.37563 -0.37586
& 1.91E-04 -1.92E-04 2.53E-04 -2.53E-04 0.01340 -0.01340
Y1 3.56E-05 -3.57E-05 4.95E-05 -4.95E-05 0.00291 -0.00291
Yo 3.57TE-05 -3.56E-05 4.95E-05 -4.95E-05 0.00291 -0.00291
Y3 3.15E-07 -3.15E-07 4.07E-07 -4.08E-07 0.00002 -0.00002
0 1.77E-04 -3.70E-05 247E-04 -5.10E-05 0.01467 -0.00302
Table 10.2: Summary of numerical results for 6 = —1, 4 = 0.28, Ray; =

114766.015, Rap = 59632.1, Lz = 1.5 and Ly = 1.5.
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R?* = 125000 R? = 131000 R? = 136000
T = 1.8639 7 = 3.5053 T=4
Max Min Max Min Min
u 1.83E-04 -1.82E-04 3.94E-04 -3.93E-04 0.06589 -0.06585
v L1L71E-04 -1.71E-04 3.67E-04 -3.66E-04 0.06115 -0.06113
w  3.64E-04 -8.89E-05 7.83E-04 -1.91E-04 0.13067 -0.03204
& 3.98E-03 -3.98E-03 8.63E-03 -8.62E-03 1.45141 -1.45118
& 4.22E-03 -4.23E-03 9.18E-03 -9.20E-03 1.55105 -1.55163
&3 2.61E-04 -2.62E-04 5.23E-04 -5.24E-04 0.08371 -0.08374
1 2.96E-05 -2.97E-05 6.32E-05 -6.33E-05 0.01050 -0.01051
vy 3.18E-05 -3.17E-05 6.81E-05 -6.79E-05 0.01133 -0.01133
V3 4.24E-07 -4.27TE-07 8.24E-07 -8.28E-07 0.00013 -0.00013
0 1.57E-04 -3.27E-05 3.39E-04 -6.92E-05 0.05672 -0.01166
Table 10.3: Summary of numerical results for 6 = —1, 4 = 0.29, Ra; =

133165.864, Rap = 64280.001, Lx = 1.5 and Ly = 1.4.
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R? = 145000 R? = 150000 R? = 155000
7 = 1.85045 T = 2.64285 T=4
Max Min Max Min Max Min
v 1.75E-04 -1.75E-04 2.68E-04 -2.68E-04 0.00205 -0.00205
v 1.75E-04 -1.75E-04 2.68E-04 -2.68E-04 0.00205 -0.00205
w  3.59E-04 -8.62E-05 5.52E-04 -1.32E-04 0.00423  -0.00101
& 4.19E-03 -4.19E-03 6.48E-03 -6.47E-03 0.04992  -0.04990
& 4.19E-03 -4.19E-03 6.47E-03 -6.48E-03 0.04990  -0.04992
& 1.78E-04 -1.78E-04 2.56E-04 -2.56E-04 0.00183 -0.00183
Y1 2.95E-05 -2.96E-05 4.51E-05 -4.52E-05 0.00034 -0.00034
Yo 2.96E-05 -2.95E-05 4.52E-05 -4.51E-05 0.00034 -0.00034
Y3 2.58E-07 -2.58E-07 3.66E-07 -3.66E-07 2.57E-06 -2.57E-06
6 1.56E-04 -3.26E-05 2.40E-04 -4.95E-05 0.00184 -0.00038
Table 10.4: Summary of numerical results for 6 = —1, 4 = 0.3, Ray =

154816.654, Rap = 68802.297, Lx = 1.4 and Ly = 1.4.
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R? = 169000 R? = 179000 R? = 183000
T = 1.79825 T = 3.76835 T=4
Max Min Max Min Max Min
v 1.69E-04 -1.70E-04 4.00E-04 -4.24E-04 0.06425 -0.07184
v 1.18E-04 -1.18E-04 2.83E-04 -2.83E-04 0.04586 -0.04586
w  2.96E-04 -9.81E-05 7.14E-04 -2.77E-04 0.11717 -0.04979
& 3.04E-03 -3.04E-03 7.36E-03 -7.36E-03 1.20230 -1.20229
&  4.20E-03 -4.18E-03 1.07E-02 -1.01E-02 1.80962 -1.62091
&3 4.74E-04 -4.71E-04 1.16E-03 -1.15E-03 0.18827 -0.18816
1 1.93E-05 -1.93E-05 4.60E-05 -4.60E-05 0.00741 -0.00741
vy 2.77E-05 -2.79E-05 6.50E-05 -6.90E-05 0.01043 -0.01169
Y3 7.09E-07 -7.05E-07 1.68E-06 -1.67E-06 0.00028 -0.00028
60 1.28E-04 -3.94E-05 3.08E-04 -1.11E-04 0.05069 -0.02055
Table 10.5: Summary of numerical results for 6 = —1, 4 = 0.31, Ra; =

180365.749, Rap = 73174.607, Lx = 1.6 and Ly = 1.2.
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R? = 197000 R? = 206000 R? = 216000
7 = 1.55835 T =3.0146 T=4
Max Min Max Min Max Min
uw 1.56E-04 -1.70E-04 3.64E-04 -5.09E-04  3.96811 -5.99826
v 8.74E-05 -8.74E-05 2.30E-04 -2.30E-04 3.72197 -3.72072
w 2.56E-04 -1.44E-04 6.74E-04 -5.30E-04 4.57103 -10.88875
& 242E-03 -242E-03 6.42E-03 -6.42E-03 93.56001  -93.53506
& 4.40E-03 -4.07E-03 1.32E-02 -9.68E-03 149.12978 -107.62974
& 6.22E-04 -6.19E-04 1.77E-03 -1.77E-03 17.70996  -17.73222
Y 1.39E-05 -1.39E-05 3.66E-05 -3.66E-05  0.64347 -0.64367
vy 2.46E-05 -2.69E-05 5.67E-05 -8.05E-05  0.64702 -0.99582
Y3 8.37TE-07 -8.33E-07 2.39E-06 -2.38E-06  0.02736 -0.02739
# 1.09E-04 -5.94E-05 2.89E-04 -2.22E-04 1.93564 -3.88420
Table 10.6: Summary of numerical results for 6 = —1, 4 = 0.32, Ra; =

210613.017, Rap = 77376.734, Lv = 1.7 and Ly = 1.1.
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R?* = 272000 R? = 282000 R? = 291000
7 = 1.67595 T = 2.7606 T=4
Max Min Max Min Max Min
v 1.33E-04 -1.33E-04 2.40E-04 -2.40E-04 0.03775 -0.03912
v 9.98E-05 -9.96E-05 1.79E-04 -1.79E-04 0.02802 -0.02801
w  2.51E-04 -7.33E-05 4.54E-04 -1.34E-04 0.07173 -0.02343
& 2.93E-03 -2.93E-03 5.30E-03 -5.29E-03 0.83860 -0.83848
&  3.75E-03  -3.76E-03 6.86E-03 -6.83E-03 1.12349 -1.07741
& 3.90E-04 -3.91E-04 6.89E-04 -6.89E-04 0.10748 -0.10737
1 1.54E-05 -1.54E-05 2.75E-05 -2.75E-05 0.00431 -0.00431
Yo 2.04E-05 -2.04E-05 3.67E-05 -3.67E-05 0.00577 -0.00598
vy 4.71E-07 -4.72E-07 8.15E-07 -8.13E-07 0.00013 -0.00013
60 1.06E-04 -2.77E-05 1.92E-04 -5.14E-05 0.03026 -0.00886
Table 10.7: Summary of numerical results for 6 = —1, 4 = 0.34, Ra; =

289395.588, Rap = 85204.774, Lv = 1.4 and Ly = 1.1.
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R? = 379000 R? = 395000 R? = 404000
7 = 1.69925 7 = 3.8083 T=4
Max Min Max Min Max Min
v 1.19E-04 -1.18E-04 3.14E-04 -3.13E-04 0.12174 -0.12169
v 1.08E-04 -1.08E-04 2.85E-04 -2.85E-04 0.11014 -0.11013
w  2.52E-04 -6.04E-05 6.67E-04 -1.60E-04 0.25815 -0.06217
& 3.44E-03 -3.44E-03 9.18E-03 -9.18E-03 3.58302 -3.58280
& 3.72E-03 -3.73E-03 9.96E-03 -9.98E-03 3.90202 -3.90308
&3 2.29E-04 -2.31E-04 5.76E-04 -5.79E-04 0.21958 -0.21970
1 1.62E-05 -1.63E-05 4.27E-05 -4.28E-05 0.01651 -0.01651
Yo 1.79E-05 -1.78E-05 4.71E-05 -4.69E-05 0.01822 -0.01821
Y3 2.36E-07 -2.39E-07 5.78E-07 -5.82E-07 0.00022 -0.00022
0 1.04E-04 -2.23E-05 2.75E-04 -5.82E-05 0.10657 -0.02240
Table 10.8: Summary of numerical results for 6 = —1, 4 = 0.36, Ra; =

402309.378, Rarp = 92178.900, Lx = 1.2 and Ly = 1.1.
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()

Figure 10.1: The contours map at z = 0.5. 7 = 4, 6 = —1, 4 = 0.3, R? = 155000,
Lr=14,Ly=14, At=5x 107" Az = Ay = Az =0.02. (a) u, (b) v, (¢) w, (d) 6.
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Figure 10.2: The contours map at z = 0.5, 7 = 4, 6 = —1, 4 = 0.3, R? = 155000,

Lr=14,Ly=14, At=5x 107" Az = Ay = Az =0.02. (a) &, (b) &, (c) &.
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f. 4 =0.34.
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Chapter 11

Conclusions

The main aims of this thesis have been to investigate convection in fluid and porous
media, and to develop efficient numerical methods to improve on the more commonly
used techniques for these types of problems. Linear instability and nonlinear stability
analyses have been employed to assess critical thresholds for the onset and type
of convection involved, where a variety of numerical methods have been utilised
including those developed in the thesis.

In Chapter 2, the problem of convection in a variable gravity field with magnetic
field effect is studied by using methods of linear instability theory and nonlinear
energy theory. Three numerical methods have been applied to get the numerical
results of our problem, namely Chebyshev tau, finite difference (FD) and High order
finite difference (HFD). One of the key reasons to apply different numerical methods
is to see the advantages and disadvantages of each method when it is used to find the
solution of linear and nonlinear problems. The advantage of Chebyshev tau method
is that it can achieve the required accuracy using a small number of polynomials.
However, the (FD) method need a large number of divisions to reach the required
accuracy, whilst the (HFD) method can reach to the desired accuracy by using
fewer divisions. However, in the problems of variable coefficients, the Chebyshev
tau method is complicated to implement as this method depends on writing all
functions in the system of equations in the form of Chebyshev polynomials, which
could be very difficult in some cases.

Chapter 3 analyses the problem of convective movement of a reacting solute in
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a viscous incompressible fluid occupying a plane layer and subjected to a vertical
magnetic field. The results show the stabilizing effect of increasing the magnetic
field and the chemical reaction on the critical Rayleigh number. We have chosen
to employ a finite difference method to solve the eigenvalue system rather than
Chebyshev tau or compound matrices, such as in Dongarra et al. [43], Straughan
and Walker [201-203]. This is largely due to the finite difference method leading
to matrices of the eigenvalue system that are non-singular and so we may employ
LU decomposition, unlike the D? and D methods of Dongarra et al. [43] which
necessarily have singular matrices and so necessitate use of the Q7 algorithm. In
addition, we found no occurrence of spurious eigenvalues which frequently arises
with the Chebyshev tau method, cf., Dongarra et al. [43].

In Chapter 4, we study the problem of double-diffusive convection in a reacting
fluid and magnetic field effect based internal heat source. We found that when the
layer is heated above and salted below, the system is always stable. For the case
where the layer is salted above and heated below, the spectrum o is always real.
However, when the layer is salted and heated from below, the spectrum ¢ has a
complex value and the linear analysis stability is difficult because it includes an
oscillatory convection. We found that the values of wave numbers for oscillatory
convection are very close to the values of wave numbers for stationary convection,
thus the computations of the critical Rayleigh numbers was especially difficult in the
period around the intersection points. The results demonstrate the stabilizing effect
of the magnetic field and the chemical reaction on the double-diffusive convection
problem.

Further work could assess the practicality of developing numerical techniques for
evaluating the eigenvalues. Now, we are developing the Newton-Raphson technique
instead of the Secant method to evaluate the eigenvalues.

The problem of Poiseuille flow in a channel which is filled with a porous medium
saturated with a linear viscous fluid has been studied in Chapter 5. We analyse
when instability will commence and determine the critical Reynolds number as a
function of the slip coefficient. For this problem, a referee has raised the interesting

question as to how accurate we expect the linear instability results to be compared
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to a nonlinear theory. This is one of the major problems in Poiseuille flow theory
even in a clean fluid with no-slip boundary conditions, see e.g. Straughan [195],
Chapter 8. Linear instability results guarantee that the solution will be unstable
for a Rayleigh number which exceeds the linear threshold. It does not guarantee
stability if the Rayleigh number is below this. One can sometimes calculate nonlinear
energy stability thresholds which will guarantee nonlinear stability if the Rayleigh
number is below this threshold although they say nothing about instability. We
can calculate nonlinear energy stability thresholds for the problem considered here,
just as was done in a porous medium with no-slip boundary conditions by Hill &
Straughan [87], and as was done for a clear fluid with slip boundary conditions by
Webber & Straughan [222]; the latter results are also carefully reported in Chapter
3 of Webber [223]. However, for the present problem the nonlinear energy stability
thresholds which do guarantee the solution is stable, are well below those of linear
theory. This is one area where nonlinear energy stability theory is not so useful.
Such scenarios are not unknown in other areas of fluid mechanics, cf. Straughan
[198], where exactly the same discrepancy is found between the linear instability
boundaries and the global nonlinear stability thresholds. This does mean that there
is a potential area between the two boundaries in which sub-critical instabilities
may arise. In future, we intend, to compute a full three-dimensional simulation
to calculate if and when sub-critical instabilities may arise. For many convection
problems, ongoing computations do suggest there is a region of sub-critical instability
below the linear instability threshold, but well above the nonlinear energy stability
boundary.

In Chapter 6, we solve the stability problem of standard thermal convection in
a thin fluid layer with free-free, slip-slip, and fixed-slip boundary conditions. We
use different numerical methods to check their flexibility and accuracy where we
use the following numerical methods: the second order finite difference method, the
high order finite difference scheme, p order finite element method, the Chebyshev
collocation method-1 and method-2 and Chebyshev tau technique. In conclusion,
we believe that the finite difference and finite element methods are very flexible

methods and we can apply them to solve any problem easily. However, the accuracy
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of these methods is fewer than the accuracy of the Chebyshev methods. However,
Chebyshev tau and Chebyshev collocation-1 are very accurate methods but not
flexible. Thus, we strongly recommend the use of Chebyshev collocation method-2
as we found that this method was very accurate and flexible.

The purpose of following three chapters was to derive a priori continuous depen-
dence estimates for some fundamental models. Chapter 7 deals with two fundamen-
tal models for convection in a reacting porous medium with magnetic field effect.
We demonstrate that the solution depends continuously on changes in the chemical
reaction and the electrical conductivity coefficients. We use Chapter 8 to deal with
two fundamental models for convection in a reacting fluid and porous medium with
magnetic field effect. We demonstrate that the solution depends continuously on
changes in the chemical reaction and the electrical conductivity coefficients. The
continuous dependence is unconditional in two-dimensions but conditional in three-
dimensions. Finally, in Chapter 9, the Darcy model is used to describe the double
diffusive flow of a fluid containing a solute. An a priori result is established where-
by we show the solution depends continuously on changes in the magnetic and the
gravity vector coefficients.

The problem of a layer of non-Boussinesq fluid heated internally (non-uniformly),
with prescribed heat flux on the lower boundary and constant temperature on the
upper surface has been studied in Chapter 10. The validity of both the linear
instability and global nonlinear energy stability thresholds are tested using three
dimensional simulation. Our results show that the linear threshold accurately pre-
dicts the onset of instability in the basic steady state. However, the required time
to arrive at the steady state increases significantly as the Rayleigh number tends to
the linear threshold. Numerically, we find that the convection has three different
patterns. The first picture, where R? is less than Ray, is that the temperature,
velocity, vorticity and potential perturbations vanish, sending the solution back to
the steady state, before the linear thresholds are reached. The second picture, where
R? is close to Ray, is that solutions can tend to a steady state which is different to
the basic steady state. In the third picture, where R? > Ray, the solution does not

arrive at any steady state and oscillate.
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Although this thesis has concentrated on convection problems, the new methods
presented can be adapted to many other classes of stability problem in Continuum
Mechanics. For example, stability in fluid and porous media with a different gov-
erning law such as that of viscoelastic flows, and stability problems in elasticity or

thermoelasticity.
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