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ABSTRACT

Vector Bundles on Manifolds
and
The Cohomology of Projective Algebraic Varieties
by
Abdulaziz Slaim Al-Ofi

This Thesis looks at different areas of mathematics which require the no-
tion of a differentiable manifold. The first three chapters contain various
materials such as differentiable manifolds, submanifolds, tangent bundles,
differential forms, integrations, Stokes’ theorem, and certain concepts of Rie-
mannian geometry. In the last chapter, we show that the kernel of a given
elliptic operator L is finite dimensional. We also show that on compact dif-
ferentiable manifolds for each de Rham cohomology class o there exists a
unique harmonic form ¢, showing that the de Rham cohomology is finite
dimensional.
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INTRODUCTION

Chapter 1 is divided into two sections. The goal of Section 1 is to introduce
the concept of a manifold and give examples. Section 2 introduces vector
bundles, and we give some examples. We discuss in detail the tangent bundle
of a manifold, which has some special features to make it a very particular
type of manifold. We also discuss some of the classical results in differentiable
vector bundles.

Chapter 2 is devoted to two different types of operations. In Section 1 we
introduce derivations of geometrical objects. Section 2 discusses the reverse
operations of derivations, namely the integrations. We also present Stokes’
Formula which is the higher dimensional version of the fundamental theorem
of calculus (Leibniz-Newton Formula.)

Chapter 3 is divided into four sections. Section 1 introduces differential
forms in terms of tangent bundle and cotangent bundle. Sections 2, 3, and 4
are devoted to give basic definitions of the classical concepts of Riemannian
such as metrics, connections, and curvatures. These are carried out in the
context of differentiable C-vector bundles over a differentiable manifold X.
We also show that every vector bundle admits a Hermitian metric.

Finally, in Chapter 4, we describe the general theory of elliptic differen-
tial operators on differentiable manifolds. In Section 1 we introduce Sobolev
spaces. We also give the fundamental Sobolev and Rellich theorems (see [1]),
providing the proofs of these theorems in special cases. In Section 2 we dis-
cuss the basic structure of differential operators and their symbols. We state
an important result of differential operators which shows that the adjoint
operator L* of a differential operator L exists. Moreover, the symbol of L*
is the adjoint (up to sign) of the symbol of L. Section 3 is to introduce
generalizations of differential operators called pseudodifferential operators.
In Section 4 we show that there exists an inverse for a given elliptic opera-
tor L. We also show that the kernel of L is finite dimensional. Moreover, we
establish the fundamental decomposition theorem of Hodge for self-adjoint
elliptic operators. In Section 5 we introduce elliptic complexes and give some
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examples. We also prove that there is a canonical isomorphism between the
cohomology vector space of degree j of a given elliptic complex E and the
vector space of KerA; = H(E;) = Aj-harmonic sections, showing that the
de Rham cohomology is finite dimensional.
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Chapter 1: Manifolds and Vector Bundles

This chapter is divided into two sections. In the first section, we will
study the geometry of manifolds, the analysis of functions which are defined
on manifolds, and the interaction of the geometry and analysis of manifolds.
In the second section, we will study the concept of vector bundles on man-
ifolds. We will develop the concept of the tangent bundle. Finally, we will
discuss the continuous and C'™ classification of vector bundles.

1. Manifolds

There are many classes of manifolds. In this section, we are interested
in differentiable manifolds and complex manifolds. We will start with some
basic definitions in which we will use the following notations. Let R and C
denote the fields of real and complex numbers, respectively, with their usual
topologies, and let K denote either of these fields.

If D is an open subset of K™, we shall be concerned with the following
function spaces on D:

(a) K=R:

(1) (D) will denote the real-valued differentiable functions on D,
which we simply call C* functions on D; ie. f € &(D) if and only if f
is a real-valued function such that partial derivatives of all orders exist and
are continuous at all points of D. Note that £(D) is often denoted by C*°(D).

(2) A(D) will denote the real-valued real-analytic functions on D; i.e.
A(D) C E(D), and f € A(D) if and only if the Taylor expansion of f con-
verges to f in a neighbourhood of any point of D.

(b) K = C-

O(D) will denote the complex-valued holomorphic functions on D; i.e.
if (z1,..., 2,) are coordinates in C™ , then f € O(D) if and only if near each




point 2° € D, f can be represented by a convergent power series of the form
f(z) = flz1,...,2n) = Z Aoy, (21 — 20)2 L (2 — 22)n.

These particular classes of functions will be used to define the partic-
ular classes of manifolds that we will be interested in.

Definition 1.1: Let M be a Hausdorff topological space. If h is a homeo-
morphism of a connected open set U C M onto an open subset of R", then
h is called a coordinate map, and the pair (U, h) is called a coordinate system.

Definition 1.2: A topological n-manifold is a Hausdorff topological space
with a countable basis which is locally homeomorphic to an open subset of
R™. The integer n is called the topological dimension of the manifold. Note
that the additional condition of a countable basis (countable at infinity) is
important for doing analysis on manifolds.

Suppose that S is one of three classes of functions defined on the open sub-
set of K™, described above. We let §(D) denote the functions of 8§ defined
on D, an open set in K™. That is, (D) is either £(D), A(D), or O(D).

Definition 1.3: An S-structure, Sps, on a K-manifold M is a family of
K-valued continuous functions defined on the open sets of M such that :

(a) There exists an integer n with the property that, for every p € M,
there exists an open neighbourhood U of p and a homeomorphism h : U —
U’, where U’ is open in K™ , such that for any openset V C U

f:V— Ke8yifand only if foh™! € §(h(V)).

(b) If f:U — K, where U = U;U; and U; is open in M, then

f € 8ur if and only if f|y, € Sys for each i.



Remark 1.4: It follows clearly from (a) that

(1) If K = R, then the dimension, k, of the topological manifold M is
equal to n.

(2) If K = C, then the dimension, k, of the topological manifold M is
equal to 2n.
However, in either case n will be called the K-dimension of M, denoted by
dimgM = n, which we shall call the real dimension for case (1), and the
complex dimension for case (2).

(3) A manifold M with an S-structure is called an S-manifold, denoted
by (M, 8y), and the elements of 8y, are called S-functions on M.

For our three classes of functions we have defined

(a) 8§ = € : differentiable (or C*°) manifold, and the functions in &€y,
are called C'*° functions on open subsets of M.

(b) § = A : real-analytic manifold, and the functions in Ay, are called
real-analytic functions on open subsets of M.

(¢} § = O : complex-analytic manifold, and the functions in Oy, are
called holomorphic on open subsets of M.

Definition 1.5: There exists an integer n with the property that, for every
p € M, there exists an open neighbourhood U of p and a homeomorphism
h:U — U C K™ The pair (U, h) is called a coordinate chart around p.

Definition 1.6: (a) An S-morphism F : (M,8y) — (N,S8y) is a contin-
uous map, F': M — N, such that

f € Sy implies f o F € 8.



(b) An S-isomorphism is an S-mapping F : (M, 83) — (N, 8y) such
that F': M — N is a homeomorphism, and

F~1:(N,8n) — (M, 8) is an 8-morphism.

In our three classes of functions, the concept of an S-morphism and §-
isomorphism have special names:
(a) 8§ = £ : differentiable mapping and diffeomorphism of M to N.
(b) 8§ = A : real-analytic mapping and real-analytic iSsomorphism of M to N.
(¢) 8 = O : holomorphic mapping and biholomorphism of M to N.

It follows from the above definitions that a Differentiable Manifold
M, with a differentiable structure of class C*° is a Hausdorff space with a
collection of coordinate systems {(Uy, ho) : @ € A} satisfying the following
three properties :

(a) UaealUy = M.
(b) If we have two coordinate systems h, : Uy, — K™ and hg : Us — K" such
that Uy, N Up # 0, then

hgo h;l the(Ug N Uﬁ) — hﬁ(Ua N Ug)

is a differentiable of class C'*° for all a, 3 € A and is an S-isomorphism on
open subsets of (K™, Skn).

(c) The collection {(Uq, ha) : @ € A} is a maximal with respect to (b); that
is, if (U, h) is a coordinate system such that ho h_! and h, o h™! are C™ for
all a € A, then (U, h) € {(Uy, ho) : @« € A}

Definition 1.7: Let N be a closed subset of an S-manifold M, then N
is called an S-submanifold of M if for each point zo € N, there is a coor-
dinate system h : U — U’ C K", where 2o € U, with the property that
hjunn is mapped onto U’ N K* where 0 < k < n. Here K*¥ ¢ K™ is the
standard embedding of the linear subspace K* into K", and k is called the
K-dimension of N, and n — k is called the K-codimension of V.

From the above definition , we immediately announce a proposition:

Proposition 1.8: An S-submanifold of an 8-manifold is also an §-manifold.



Proof : Let M be an 8§-manifold of dimension n and N be an 8-submanifold
of dimension k, where k < n. Let Sy = { all continuous f : U’ — K such
that for every z € U’ (U’ is open in N), there exists x € U (U is open in M)
such that fiynyr = gunus for some g : U — K}. We have to show that an
S-submanifold N satisfies the two conditions of Definition 1.3.

First condition, (=): If f € Sy(U’') and z € U’, we have to produce
a coordinate map A’ : U’ — V' C K*, then we would like to show that
foh ™t e 8§(V). Let h: U — V C K" such that ' = hjyqy with V' =
VNK*, where NNU = U'. For z € U’ there exists U which is open in M such
that z € U and there exists g € 8,,(U) such that gunv = flunu. Replace h
and h' by the restriction to U and U’ N U. Then we get g o h™! € §(h(U))
and g o h™ pnyy € S(R(U' NU)). Thus goh™ jyyimyy = fo h',—llh(U’r\U)y
where (U’ NU) C V'. This holds for all z. Therefore, f o h'~" € §(V').
(<) Ifh:U — V' and h: U — V such that b’ = hyy» and V' = V N K*.
Let 7 : K™ — K*. Replace V with 771(V/) NV and U with h=}(V). Let
f:U" — K such that foh'~' € $(U"). Because of the projection 7 : V — V’
we have

fohome§(V).
Then
g:foh'_lowohESM(U),

and gjg» = f since hyyr = A’ and 7y = idy-.

Second condition, (=): Let f € Sy(U’). If x € U’; C U, then there exists
g € Sy (U) with z € U such that

qunur = fIUﬂU’ .

Then
qunu; = f|UnU',- .
(<): Let U'; c U' and f : U — K. Let fir, € Sy(U";) for all 4. Since
z € U’ then z € U’; for some i. Thus there exists g € Sy (U) with z € U and
fvr.at = Gur,n- Since U'; is open in N then there exists V open in M such
that VAN =U’;. Take U=V NU and g = iy Since U;NU C U, NU
then we get
fIU’inU = gIU’,ﬂU = qiunu -



We will end this section by providing some examples of manifolds:

Example 1.9: The simplest example of a manifold is, of course, the Eu-
clidean space R" itself. For each z € R™ |, we can take U to be all of R"
and h = identity. Then R becomes a real-analytic (hence, differentiable).
Similarly, for C™ in which becomes a complex-analytic manifold.

Example 1.10: The second simplest example of a manifold is an open
ball in R™. In this case we can take U to be the entire open ball. Since an
open ball in R™ is homeomorphic to R™.

Example 1.11 : An open subset of a manifold is again a manifold. Let
N be an open subset of a manifold M. If p € N C M, and U is an
open neighbourhood of p (contains some open set U N N with p € U N N)
which is homeomorphic to R® by a homeomorphism h : U — R", then
h(U N N) C R™ is open set containing h(p).

Consequently, there is an open ball W with h(p) € W C A(U N N). Thus,
peh Y (W)cUNN CU. Since hyany : U NN — R™ is continuous, then
set h~1(W) is open in U N N, and thus open in N. It is of course homeo-
morphic to W. So it is connected and give a coordinate neighbourhood of p
in V.

Example 1.12: The only connected 1-manifolds are R and the circle
or 1-dimensional sphere, S', defined by :

S!={z € R?:d(z,0) =1}

The function f : (0,27) — S* defined by f(8) = (cos(d), sin(f)) is a home-
omorphism; it is even continuous, though not one-one on [0,27]. We de-
note the point (cos(f),sin(f)) € S! simply by 6 € [0,27]. The function
g: (—m m) — S!, defined by the same formula, is also a homeomorphism;
together with f it shows that S! is indeed a manifold.

2. Vector Bundles

In this section, we will carry on to use the notation § to denote one of
three structures on manifolds which are &, A, or O.



2.1. Basic Definitions :

Definition 2.1.1: A continuous map 7 : £ — X of one Hausdorff E,
onto another Hausdorff X, is called a K-vector bundle of rank r , if the
following conditions are satisfied :

(a) E, := n71(p), for p € X, is a K-vector space of dimension r (E, is
called the fibre over p)

(b) For every p € X, there is a neighbourhood U of p and a homeomor-
phism

h:n Y (U)— Ux K"

such that, for all ¢ in U, h(E,) = {q} x K" and h?, defined by the composition:
h?: E, — {q} x K""Y KT

is a K-vector space isomorphism. The pair (U, h) is called a local trivializa-
tion.

(c) If (Uy, ho) and (Ug, hg) are two local trivializations with U, N U # 0;
then the map:

haohg': (UyNUg) x K™ — (Us NUg) x K
induces a map :
9o : Ua NUg — GL(r, K)
where
gos(q) = h o (hB) ™ : K™ — K,

is a linear isomorphism.



Remark 2.1.2 :

1. For a K-vector bundle 7 : ¥ — X, F is called the total space and
X is called the base space; and we often say that E' is a vector bundle
over X.

2. The functions g,p are called transition functions of the K-vector bundle
7m: E — X (with respect to the two local tivializations above).

The transitoin functions g,g satisfy the condition:
(1'1) GaB * g;gl “Gya = I on U, NUgN U'y,

where the product is a matrix product and [, is the identity matrix of rank r.

Definition 2.1.3: A K-vector bundle of rank v , 7 : £ — X is said to
be an 8-bundle if £ and X are S$-manifolds, 7 is an S-morphism, and the
local trivializations are S-isomorphisms.

Suppose that on M, we are given an open covering U = {U,}, and that to
each ordered nonempty intersection U, N Ug we have assigned an S-function:

Gop : Us NUg — GL(r, K)
satisfying the compatibility condition (1.1). Now, we let
E=]],Us x K" (disjoint union)

equipped with the natural product topology and S-structure.
We define an equivalence realation on E by setting :

(z,v) ~ (y,w), for (z,v) € Ugx K", (y,w) € Uy x K™
if and only if
r=y and w= gup(x)v.

The fact that this is a well-defined equivalence relation is a consequence of
the compatibility condition (1.1). We now let E = E/ ~, (the set of equiv-
alence classes), equipped with quotient topology, and we let 7 : E — M be
the mapping which sends a representative (z,v) of a point p € E to the first



coordinate £ € M. It is clear from the construction that E carries an 8-
structure and is an S-bundle.

Example 2.1.4: (Trivial Bundle ) : Let M be an S-manifold. Then
T MxK'— M,

where 7 is the natural projection, is an 8-bundle; called the trivial bundle.

2.2. The Tangent Bundle :

Definition 2.2.1 : Let M be a manifold, p a point of M. A smooth path
through p is a smooth map o : (—¢,¢) — M such that a(0) = p.

Definition 2.2.2 : Let M™ be a differentiable manifold and py a point
in M. Two smooth paths a, : (—€,&) — M such that «(0) = B(0) = po
are said to have a 1lst order contact at pg, if there exist local coordinates
(z) = (z',...,z") near py such that

a(0) = 24(0)

where (z 0 a(t)) = (za(t)) = (za(t), -+, 24(t)) and (z 0 B(t)) = (z4(t)) =
(z(t), ..., z3(t)). We write this as a ~; S.

Lemma 2.2.3 : ~; is an equivalence relation.

Proof: We state a sketch of proof : ~; is trivially reflexive and symmetric,
so we only have to check the transitivity.
Let & ~; B and # ~; . Thus, there exist local coordinates (z) = (z!,..., 2"
and (y) = (¥',...,y") near py such that (£,(0)) = (£3(0)) and (ys(0)) =
(94(0)). The transitivity follows from the equality

3(0) = 45(0) = 12, §555(0) = X, 5544(0) = 94(0).
Definition 2.2.4 : Let M be a differentiable manifold. A tangent vector
to M at p is an equivalence class of curves through p modulo the first order

contact relation. The equivalence class of a smooth path a(t) through p will
be denoted by [a(t)]. The set of these equivalence classes is denoted by T,M

9



and is called the tangent space to M at p.

Lemma 2.2.5 : T,M has a natural structure of vector space.

Proof: Choose (z',...,z") local coordinates near p such that x*(p) = 0,
Vi and let [a], [5] be classes of curves through p. We define a vector space
structure on 7, M by the formulae

Aa] = [z7"(Aza(2))],

o] + [8] = [a7" (za(t) + z5(1))] .
We first have to check that this definition is well defined. If a; ~1 ag, then
we have to show that 27} (Azy, (£)) ~1 271 (Aze,). Since

0 0

_(Azal (t))|t=0 = ()“Ic‘tz (t>)|t=0

ot ot
0 0
A (o = A (o,
and since
Qq ~1 Qg .
Then

T (Ao, (2) ~1 271 (A2y,) .
Now, let a3 ~; ag and (81 ~1 (;. Since
ay ~y ag and ) ~; B .
Then
Lo, (O) = Za, (0) and i.ﬂl (0) = "tﬂz (0) )
which implies
2(20y (&) + 25, (8) g = B (@aalt) + 23(8)) o -

We now have to check that this definition is independent of local coordinates.

Suppose that we have another local coordinates (y!,...,%™) near p such that
y'(p) = 0, Vi. Since, for fixed a,

Aia(0) = o (Aza(t))=0,

SIS
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and since
g (2a(t)) ~1 ¥y (Walt)

Then
/\IQ(O) = E

0 ey (\galt) o
i Byalt
_ (d(ay™)(A

= Ad(zy™")(

= /\d(a:y_l)'ga(())
Also, for fixed o and (3,

(zalt) + zp(t))j1=0 ,

SIS

£0(0) + 5(0) =

and since
7 (za(t) + 25(t)) ~1 ¥ (Yalt) + ys(t)) -
Then

0 0) + 5(0) = (™ (Wlt) + (1)) o

= oy~ (2t 210

= d(xy_l)(aygt(t) )ie=o + d(zy~")(

= d(zy™")9a(0) + d(zy~")ys(0).

)] =0

Now, let (z',...,z") be coordinates near p € M such that z'(p) = 0, for
all 7. Consider the curves

ex(t) = (t6;, ..., to}), k=1,...,n
where 6} denotes Kronecker’s delta symbol (the function of two variables that
takes the value 1 when ¢ = j and is zero otherwise.) Equivalently, one can
define the e,’s implicitly by z* = 0, for all i # k. We set
aor (p) = [ex(t)]

Note that these vectors depend on the local coordinates (z!,. .., z").

Lemma 2.2.6 : (3% (p)) is a basis of T,M.

1<k<n

11



Proof : This follows from the obvious fact that any curve through the
origin in R"™ has first order contact with a line t — (ait, ..., a,t).

The tangent bundle : we are in a position to construct a vector bundle
by taking the disjoint union of all tangent spaces (described above), to be
called the tangent bundle TM of M. Let

TM = [pep M,

as sets. (We will describe the topology on T'M later.)
There is a natural surjection

m:TM — M, 7(v)=p<=veT,M.

Any local coordinate system z = (z') defined over an open set U C M
produces a natural basis (32 (p)) of T,M for any p € U. Thus, an clement
veTllU= HpEU T,M is completely determined if we know to which tangent

space it belongs (i.e. p = m(v)) and we also know its coordinates in the basis

(324' (p)) :

v= 3, X'(0)(z%(p)
We thus have a bijection
W :TU — U* x K" C K™ x K™,

where U? is the image of U in K™ via coordinates (z°).
Hence, ¢,(T,M) C {Z} x K™, where z(p) = Z. (Note : T,M is called the
fibre over p.)

Now, we can transfer the topology on U® x K™ to TU via the map ;.
Again we have to make sure this topology is independent of local coordinates.

To see this, we pick a different coordinate system y = (y*) on U . The
coordinate independence referred to above is equivalent to the statement that
the transition map

Yyotpt U x K" — TU — UY x K™

is a homeomorphism. Let A = (Z; X',..., X") € U* x K™. Then ¢7!}(A) =
(p, [@(t)]), where z(p) = Z and a(t) C U is a curve through p given in the
coordinates z as

12



alt) =z +tX

since a(0) = z(p) = =.

Denote by F : U* — UY the transition map x — ¥y which is induced
by the above map. Then

Yy 0, H(A) = (F(z);YL,...,Y"),

where [a(0)] = (¢(0)) = ZYj%(p). [(ya(t)) defines the curve «(¢) in the
coordinates (y*). ]

Applying the chain rule we deduce
Yi = g(0) = 32, 254%(0) = 3, ZE X

i Jxi 1 Ozt

This proves that 9, o9, ! is actually an S-isomorphism.

The natural topology of T'M is obtained by patching together the topolo-
gies of TUg, where {(Ug, hg)} are local trivializations of M. A set W C TM
is open if its intersection with every TUps is open in TUg. Thus, the above
argument shows that TM is an S-manifold using {(T'Us, 9)} as trivializa-
tions. Moreover, the natural projection 7 : TM — M is an 8-mor-
phism.

Remark 2.2.7 : The fact that the local trivializations are S-isomorphisms
is equivalent to the fact that the transition maps are S-morphisms.

Proposition 2.2.8 : A differentiable mapping of differentiable manifolds
f:M— N
induces a differentiable mapping
df : TM — TN

such that :
(a) df (T,M) C Ty, for all p e M.
(b) The restriction to each tangent space

df, : T,M — Ty N

is linear.

13



Proof : Recall that T,,M is the space of tangent vectors to curves through
p. If a(t) is such a curve, a(0) = p, then B(t) = f(«a(t)) is a smooth curve
through ¢ = f(p), and we define

df ([a(®)]) = [B(2)].

One checks easily that if a; ~ as then f(a;) ~ f(az). Thus, df is well
defined . To prove the map df, : T,M — TN is linear, it suffices to verify
it in any local coordinates (z',...,z™) near p and (y',...,9™) near g, since
any two choices differ by a linear substitution.

Therefore, we can regard f as a collection of maps

(..., z™) — (yl(z!, ..., z™),. ..., y"(z}, ..., 2™))

A basis in T, M is given by {2;} while a basis of T,;N is given by {%}. Then

ozt
df , is the linear operator given in these bases by the matrix (%%)1 <i<ni<i<m’

Classically, the mapping df, is called the Jacobian of the differentiable map f.
In particular, this map is a differentiable mapping.

Definition 2.2.9 : Let # : E — X be an 8-bundle and U an open sub-
set of X . Then the restriction of E to U, denoted by E|y is the §-bundle

Tlery :m (U) — U.

Definition 2.2.10 : (a) Let 7g : £ — X and 7p : F — X be S-bundles
over X. Then a homomorphism of S§-bundles

f:E—F

is an S-morphism of total spaces which preserves fibres and is K-linear on
each fibre, i.e., f commutes with the projections

E-L-F

N

X

and is a K-linear mapping when restricted to fibres.
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(b) An 8-bundle isomorphism is an §-homorphism which is an §-isomorphism
on the total spaces and a K-vector space isomorphism on the fibres.

(c) Two S-bundles over X are equivalent if there is some 8-bundle iso-
morphism between them. This clearly defines an equivalence relation on the
S-bundles over an 8-manifold X.

We have defined in the above definition a bundle homomorphism of two
bundles over the same base space. We now would like to define a mapping
between bundles over different base spaces.

Definition 2.2.11 : an S-bundle morphism between two S-bundles 7p :
E — X and np : F — Y is an §-morphism

f:E—F
which takes fibres of F linearly to fibres in /. An 8-bundle morphism f :

E — F induces an S$-morphism f(mg(e)) = mr(f(€)), in other words, the
following diagram commutes

gL

F
WEl lWF
X—Y.
f

Definition 2.2.12 : Let f : X — Y be an S-morphism and let 7 : £ — Y be
an S-bundle defined by an open cover (Uy,) of Y and transition maps (gag)-
The pullback of E by f is the S-bundle

m: E — X
defined by the open cover (f~!(U,)) of X and the transition maps (gago f).
Proposition 2.2.13 : Given an S-morphism f : X — Y and an 8-bundle

7w : E — Y, there exists an 8-bundle 7’ : £/ — X and an §-bundle morphism
f' such that the following diagram commutes

g-Ll-E

A

15



Moreover, for every 7 and f such that the outer part of the below diagram
commutes (i.e., m o f = f o), there exists A so that the full diagram

commutes, and that £’ is unique for this property. We denote E' by f*FE.
Proof : See R.O.Wells [8], pages 25-26.

Definition 2.2.14 : An S-section of an $-bundle 7 : £ — X is an §-
morphism

§s: X —F,

such that mos = 1,, where 1, is the identity on X. So s maps a point in the
base space into the fibre over that point.

Remark 2.2.15: S8(X, E) will denote the S-sections of F over X, and
8(U, E) will denote the 8-sections of E|y over U C X, i.e., 8(U, E) = 8(U, Ely).

In the following example , we will state an important result.

Example 2.2.16: Consider the trivial bundle M x R over a differentiable
manifold M. Then &(M, M x R) can be identified in a natural way with
E(M), the global real-valued functions on M . Similarly, £(M, M x R") can
be identified with global differentiable mappings of M into R™ (i.e. vector-
valued functions .)

Therefore, since vectors bundles are locally of the form U x R™, then we can
identify the sections of a vector bundle locally with vector-valued functions,
where two different local trivilizations are related by the transition functions
for the bundle. Thus, sections can be thought of as "twisted” vector-valued
functions.

Definition 2.2.17: Let # : E — X be an $-bundle. An 8-submanifold
F C F is said to be an $-subbundle of E if

16



(a) F'N E, is a vector subspace of Ej.

(b) mp : ' — X has the structure of an 8-bundle induced by the S-bundle
structure of E, i.e., if there exist local trivializations for £ and F which are
compatible as in the following diagram:

Ey—U x K"

1 e

Fyo—Ux K*

where s < r, and the map j is the natural inclusion of K*° as subspace of K"
and ¢ is the inclusion of F' in F.

Suppose that f : F — F'is a vector bundle homomorphism of K-vector
bundles over a space X. We define

Ker f =,ex Ker f;,

Im f=U,ex Im fz,

where f, = fig,. Moreover, we say that f has constant rank on X if rank f,
(as a K-linear mapping) is constant for z € X.

Proposition 2.2.18: Let f: E — F be an 8-homomorphism of 8-bundles
over X. If f has constant rank on X, then Ker f and Im f are S-subbundles
of £ and F, respectively. In particular, f has constant rank if f is injective
or surjective.

Example 2.2.19: A short ezact sequence of vector bundles is a sequence
of vector bundles (and vector bundle homomorphisms) of the following form

0—sp—Lop?

E" 0

which is exact at E', E, and E”. In particular, f is injective and g is surjec-
tive, and Im f = Ker g is a subbundle of F.
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Chapter 2: Calculus on Manifolds

This chapter is divided into two sections. We will give in the first section
the basic definitions of differential forms and compute some examples. In the
second section, we will study the orientation and integration on R™. More-
over, we will state an important result in the theory of integration, namely,
Stokes’ theorem.

1. Derivations of Q*(R")

Let z1,. .., z, be linear coordinates on R". We define 2* to be the graded
algebra over R generated by dz,, ..., dz, with the relations
1. dil?i A dei = 0.

2. dz; Ndz; = —dzy; Adxy, 1 # J.

As a vector space over R, Q" has basis

1 di, dzi A dzy, dai Ada A da, . da A A day
7 .
1‘<j 1<]<k

Definition 1.1: The C differential forms on R" are elements of
Q*(R") = {C* functions on R"} ®g Q*.

Q*(R") is naturally graded as Q*(R") = @p_,29(R"). The elements of
Q1(R"™) are called C*®g-forms on R", or differential forms of order g.
If w is a g-form, then w can be uniquely written as

w = Zfil,,,iqdacil A A dxiq,
where the coefficients f;, i, are C*° functions and 4; < ... < 4,. We also
write w = Y frdxy, where I = (41,...,7,) and 1 <4; <idp < ... < i, <.
Definition 1.2: There is a differential operator
d: QI(RY) —> QIH(RY),

defined as follows:

1. if f € QO(R"), then df = Y $Ldu;

2. if w=>" fidzy, then dw = ) df; Adz;

18



The operator d is called the exterior differentiation.
Example 1.3: If w = zdy, then dw = dz A dy.

Example 1.4: (For n = 3)

1. Let f € C™(R?), or f € Q°(R?), then
df = §Ldz + SLdy + d-

So df looks like the gradient of f.
2. Let w= fidz + fody + fadz € QYR3). Then

dw=df1/\d:1:+df2/\dy+df3/\dz

Qf_g_%%)dy/\dz—(%%—%%)dx/\dz%-(%%—%-yﬁ)da:/\dy.

So dw looks like a curl.

3. Let w= fidy Adz — fodz Adz+ fzdz Ady € Q*(R?). Then
dw = (% + %2 + L)dz A dy A dz.

This looks very much like a divergence.

Q°(R3), and Q3(R3) are each free of rank one, and Q'(R?) and Q?(R?) are
each free of rank three over the C'*° functions.

Definition 1.5: The wedge product of two differential forms, written ¢t A w,
is as follows:

if t=> fide;y and w=>_gsdzy,
then

t/\’LU‘—‘EfngdIEI/\dCIIJ.
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Note that t A w = (—1)de9Wxdeg(w)y, A ¢ where deg(t) and deg(w) are the
orders of ¢, and w, respectively.

Proposition 1.6: Let w;, wy, and w be g-forms. Then
1. d(/\w1 + ?.UQ) = /\dw1 + d’U}Q, iftAe R .
2. d(wl A ’LUQ) = dwl N wy + (—1)qw1 A d’lUQ
3. d(dw) =0 . Briefly, d* =0 .
Proof:
1. is clear.
2. By linearity it suffices to check this for
t= frdz;, w=gydz;.

Then

d(t Aw) = d(frgs)dzr Adzy = (df1)gsde; Adzy + fi(dgy)dz; A dzy
= (dt) Aw + (—1)%90¢ A duw.

where d(f;gs) = (dfr)gs + fi(dg,) is simply the ordinary product rule.

3. It clearly suffices to only consider g-forms of the form

w = fdzx;
then
dw=>37", %dﬂ?i Adzxy
SO

d(dw) = Y7 (X0, 224 dx; A dz; A day)

i=1\2sj=1 Bz,0z;

in this sum, the terms
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32
%jb%_dxj ANdz; ANdxg

and

% f
91,0z, d.’l;i A de‘j A dCE'[

cancel in pairs, for ¢ # j. If i = j, then (dz;)? = 0.

Definition 1.7: The complex 2*(R") together with the differential operator

d is called the de Rham complex on R"™. It has the form
Q°(R™) —2> QV(R") 4> - —4 O"(R) .

Moreover, the kernels of d are the closed forms and the images of d are the

ezxact forms.

Remark 1.8: The exact forms are, by Proposition 1.6(3), closed.

The de Rham complex may be viewed as a good given set of differential
equations, whose solutions are the closed forms. For instance, if we consider
a closed 1-form fdz + gdy on R?, then

d(fdz + gdy) =0
g—gdx/\dy-i-%gdy/\da::O

g—gd:r/\dy—%ﬁdx/\dyzo.

Thus,

9 _9f _
oz oy '

Hence, giving f, g on R? with d(fdz + gdy) = 0 is tantamount to solving the
differential equation gz — %5 =0.

The Functor *

Definition 1.9: Let y1,...,ym and x4, ..., z, be the standard coordinates
on R™ and R", respectively. A differentiable map

g:R™ — R"
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induces a pullback map on C* functions
g P(R") — Q°(R™)
g (f)="fogy.
We would like to extend this pullback map to a pullback map of C*°-

algebras
g': V' (R") — Q*(R™)

in such a way that it commutes with d. These conditions determine g*
uniquely:

g*(O_ frdzy, AL Ndzy) = D (frog)dg, A ... Adg;,,

where g; = z; o g is the i-th component of the function g.

Proposition 1.10: The pullback map ¢g* on forms commutes with d.

Proof: This is obviously an application of the chain rule. Since

dg*(frdzy A ... ANdzy) = d((frog)dgy A... Ndgy,)
=d(frog)ANdgi, A... Ndg,

and

g*d(frdzi, A ... Ndzig) = g* (>, %ﬂ%dmi ANdzy AL ANdzy)

S (B 0 g)dgi) Adgiy A ... Ady,,
=d(frog)Ndgi, N...Ndg,

{

the proposition is proved.

By applying this proposition with g* corresponding to a change of coordi-
nate system
(@1y oy xn) = 9(Ya, -« -, Yn)-

We see that we can calculate the exterior derivative in any coordinate system.
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We will now consider some modifications in order to extend the functor
Q* to differentiable manifolds. Recall that a differentiable structure on a
manifold is given by a coordinate system (U,, hs), and the transition func-
tions geg = hg © hgl are diffeomorphisms of open subsets of R*. Hence,

if we let y1,...,y, be the standard coordinates on R", then we can write
ho = (21,...,2,), where the z; = y; o h, form a coordinate system on U,.
A function f on U, is differentiable if and only if f o A ! is differentiable on
R™.

If f is a differentiable function on U,, the partial derivative gmi,- is defined
to be the i-th partial derivative of the pullback function f o h;! on R™:

2L (p) = A3t (ha(p)),

where p € U,. We also recall that the tangent space to a manifold M
at p, written T,M, is the vector space over R spanned by the operators

%(p), ey %(p), and a smooth vector field on U, is a linear combination
Xa = Zfi% where the f;’s are differentiable on U,. Consider other coor-
dinates (y1,...,Yn). Then X, = Zgj‘ég—j where % and % satisfy the chain

rule:
g dy; 0

ox; Ox; Oy,
A C* vector field on M may be viewed as a collection of vector fields X,
on U, which agree on the overlaps U, N Ug. Therefore, we can make the
following definition.

A differential form w on M is a collection of forms wy for U in the
coordinate systems defining M, which are compatible in the following sense:
If 4 and 7 are the inclusions

then
*fwy = jrfwy in QU NV).

By Proposition 1.10, the exterior derivative and the wedge product extend
to differential forms on a manifold.
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By Proposition 1.10, a differentiable map of differentiable manifolds
f:M— N
induces in a natural way a pullback map on forms

£ H(N) — Q5 (M).

2. Orientation and Integration

Let z1, ..., z, be the standard coordinates on R™. Recall that the Riemann
integral of a differentiable function f with compact support is

. fldzy A ... Adzy| = Al;gozfol Az,

Definition 2.1: The integral of an n-form on R™ with compact support
w = fdx)A...Adx, is defined to be the Riemann integral fRn fldziA. . Adzy|.

Remark 2.2: The order of z,, ..., z, matters in a differential form, but it
does not matter in a Riemann integral. If 7 is a permutation of {1,...,n},
then

fdzzy Ao . ANdZpy = (sgn ) fldzy A oo A dxy),
Rn R"
but
/ Fldzay A - .. A derim| = / fldzi A A dza).
R" R~

However, where is no possibility of confusing we shall use the usual calculus
notation [g, fdzi A ... Adz,.

We now want to emphasize that the Definition 2.1 depends on the coordi-
nates i, ..., Z,. So, we shall use the concept of a transformation. Thus, we
see that there is a change of coordinates given by a diffeomorphism

g:R"— R"
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with coordinates vy, ..., ¥y, and z1, ..., z, respectively:
i =20 g(Y1,- -, Yn) = Gi(Y1, - - Yn)-

where dg1A. . .Adg, = J(g)dy1 A. . .Ady,, and J(g) = det(g%) is the Jacobian

determinant of g.

We now study how the integral [ w transforms under such diffeomorphisms
where w = fdxy A ... Adzx,. Hence,

/ g*wz/ (fog)dgi A...Ndgn

~ [ (Foa)I@ldyi A ndu|

relative to the coordinates vy, ...,y,. On the other hand, by the change of
variables formula

/ w= f(z1,. ., zp)|dzr A L A dzy|
" Rn

= | oaI@ldnn... ndyl.

/ng*wzi/nw ()

depending on whether the Jacobian determinant is positive or negative.

Thus

In general, if ¢ is a diffeomorphism of open subsets of R"™ and if the Jaco-
bian determinant J(g) is everywhere positive, then g is said to be orientation
preserving. Note that the integral on R"™ is not invariant under the whole
group of diffeomorphisms of R". It is only invariant under the subgroup of
orientation preserving diffeomorphisms of R™.

Definition 2.3: A differentiable manifold M with its coordinate systems

{(Uas ha) : @ € A} is said to be orientable if all the transition functions
908 = ho © hgl are orientation preserving diffeomorphisms.
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Now, we will introduce the concept of partitions of unity which will be
used later on.

Definition 2.4: Let M be a differentiable manifold and (U, )aea an open
cover of M. A partition of unity subordinated to this cover is a family
(Dy)yvec C C°(M) satisfying the following conditions:

1.0<p, <1, forall vy .
2. 3¢ : G — A such that supp(p,) C Upy) -

3. The family (supp(p,)) is locally finite, i.e., any point z € M admits an
open neighbourhood intersecting only finitely many supports supp(p,) .

4. > py(z) =1, forallz € M.

Theorem 2.5: (Existence of Partitions of Unity) Let M be a differ-
entiable manifold and {U, : @ € A} an open cover of M. Then there exists
a countable partition of unity {p; : # = 1,2,3,...} subordinate to the cover
{U,} with supp(p;) compact for each . If one does not require compact sup-
ports, then there is a partition of unity {p,} subordinate to the cover {U,},
i.e. supp(pa) C U,, with at most countably many of the p, not identically
zZero.

Proof: See Frank W. Warner (7], page 10.

Proposition 2.6: A manifold M of dimension n is orientable if and only
if it has a global nowhere vanishing n-form.

Proof: Observe that a diffeomorphism g : R* — R" is orientation pre-
serving if and only if there exists a positive function A such that g*(dz; A
... ANdzy) = Adzy A ... Adz, at every point.

(=) Suppose that M is orientable with coordinate systems {(U,, ho) : @ € A}.
Then
(hgh3')*(dzy A ... Adxy) = Mz A ... Adzy,

for some positive function A. Thus

hipdzy A ... Adzn = (hpA)(hodzy A ... A dzy). (%%)
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Consider (py)yeq C C§°, a partition of unity subordinated to the open cover
(Ua)aca, 1.€., there exists a map ¢ : G — A such that

supp(p,) C Uy(y forall y € G.

We now let
w= vawcﬁ(v)
Y

where for all @ € A we define w, = Al dzy A ... Adzx,. Thus, we see that on
Ua N Ug,the wg = f(wq) where f = h%(A\) = Ao h, is a positive function on
U, NUB.

At each point z in M, the all forms w,, if z € U,, are positive multi-
ples of one another. Since P, > 0 and not all p, can vanish at a z, the form
w is nowhere vanishing.

(<) Suppose that M has a global nowhere vanishing n-form w.
Let hy : U, — R™ be a coordinate map. Then, on U,,

hidri A ... ANdz, = fow

where f, is a nowhere vanishing real-valued function on U,. Thus, f, is either
everywhere positive or everywhere negative. We replace hq, by ¥q = g o h,
only when f, is negative, where g : R® — R™ is the orientation reversing
diffeomorphism

g(ﬁl)l, e ,iEn) = (-—-.’L’l, R ,iEn).

Since Yidxi A.. . Adxp, = hlLg*dzi A.. . Adx, = —hidzi A, . Ndz, = (—fo)w
, we can assume f, to be positive for all . Hence, any transition function

hﬁh;1 = ha(Ua N Ug) — hg(Ua N Uﬁ)

will pull back dz; A ... Adz, to a positive multiple of itself as in (x*).
Therefore, M is orientable with {(Uy, ha) : @ € A}.

Proposition 2.7: A differentiable manifold M is orientable if and only
if there exists an open cover (Uy,)a;ea {2 = 1,2,3,...} and local coordinate
systems hq, : Uy, — R™ such that

J(Gayar) >0 on  ha Uy, NUy,). (2.1)

for all the transition functions ga;a, = ha, © b3
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Proof:
(<) Assume that there exists an open cover with J(ga,a,) > 0 o1 hg, (Uy, N
U, )-
Consider (py)yec C C§°(M) a partition of unity subordinated to the cover
(Ua;)osea- Thus

supp(py) C Uy, forally e G

w = § p’ywa,—
v

where for all a; € A we define wo, = dz} A ... Adz] .

Consider

Therefore, the form w is nowhere vanishing since condition (2.1) implies

that on Uy, NU,, N...NU,,, the forms w,,, Wa,, . . ., W,,, differ by a positive
e dz
multiplicative factor, e.g., w,, = det( aiz; )W, -

(=) Let w be a global nowhere vanishing n-form on M and consider a local
coordinate system hq, : Uy, — R™. Then

Wly,, = fady, A A dal,

«;?

where the differentiable functions are nowhere vanishing and on Uy, N. . .NU,,,
they satisfy the gluing condition

893; fa-
Aaia]‘ = det(azkz) = faJ, .
aj i
A permutation ¢ of the variables z ,...,z% will change dzl A ... Adz?,

by a factor £(¢) so we can always arrange these variables in such an order.
Hence f,, > 0, and this will insure the positivity condition

Apia; > 0.
Remark 2.8:

1. Any two global nowhere vanishing n-forms w and w’ on an orientable
manifold M of dimension n are related by a nowhere vanishing function:

w= fw.
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2. If M is, in addition, connected, then f is either everywhere positive or
everywhere negative.

3. We say that w and w’ are equivalent if f is positive. Thus a connected
orientable manifold M has two equivalence classes of nowhere vanishing
n-forms. Either class is called an orientation on M, written [M].

Example 2.9: The canonical orientation on R™ is the orientation given by
dxy N ... Ndzx, where zy,...,x, are the canonical cartesian coordinates.

Definition 2.10: Let [M] be a fixed orientation on M. Given a n-form
t € Q*(M), we define its integral as follows

s

where {p,} a partition of unity subordinated to an open cover {Uy} of M.
Ju. Pat means [g.(h3')*(pat) for some orientation preserving trivialization
he : U, — R™, and p,t has compact support.

Proposition 2.11: Let M be orientable manifold. Then the above in-

tegral |, i t is independent of the coordinate systems {(Uq, ko) : € A} and
the partition of unity {pa}.

Proof: Let {(Vj3, hg) : 8 € B} be another coordinate system and {gz} a
partition of unity subordinate to {V}. Since } ;g5 = 1, then

Z/ Pt = Z/ Pagst.
a o a,8 @

Now p,gst has support in U, N Ug, so

/a Pagpt = /v,, Pagpt.  by(*)

Xa:/uap"t:;/vﬁp"qﬁt:zﬁ:/v,,qﬁt'

Therefore
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Stokes’ Formula

Stokes’ formula is the higher dimensional version of the fundamental the-
orem of calculus (Leibniz-Newton Formula)

b
[ =1~ 1@
where f : [a,b] — R is a differentiable function and df = f'(z)dz.

In fact, as we shall see, the higher dimensional formula follows from the
simpler 1-dimensional situation. We will first introduce the concept of man-
ifold with boundary in order to achieve the correct formulation of the general
version.

Definition 2.12: An orientable manifold M of dimension n with boundary
is given by the coordinate systems {(Us, ho) : @ € A} where U, is homeo-
morphic under h, to either R™ or the upper half space H} = {(z1,...,z,) €
R";z; > 0}.

Example 2.13: A closed interval I = [a, b] is a differentiable 1-dimensional
manifold with boundary I = {a, b}.

Example 2.14: The closed unit ball B® C R3? is an orientable manifold
with boundary 9B® = §2.

In the definition of manifold with boundary the half planes H" play a role
analogous to that of R" for ordinary manifolds. Let H} = {(z1,...,z,) €
R"™; z; > 0} with the relative topology of R™, and denote by HT the subspace
defined by 0H} = {(z1,...,z,) € H}; 2, = 0}. Then JHT is the same space
whether considered as a subspace of R™ or H. It is called the boundary of
H?T. Of course all of these spaces carry the metric topology derived from the
metric of R", and H} is homeomorphic to R*~! by the map:

(g, ..., Zn) = (0,22,...,%,) .

We will now introduce the notion of a diffeomorphism of H'. Let U,V
be open subsets of H}'. We say that U and V are diffeomorphic if there
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exists a one-to-one map ¢ : U — V (onto) such that ¢ and g~! are both
C* maps. Moreover, if U,V C R"™ — 0H}, then U and V are actually
open in R™ so that this definition coincides with our previous one. On the
other hand, if U N @H} # B, then we claim that V N JHT # § and that
g(UNJH}) C VNOHY. Similarly, g~ (VNOH}T) C UNJHY; in other words,
diffeomorphisms on open sets of H]' take boundary points to boundary points
and interior points to interior points. We also notice that U N dH} and
V N OH7 are open subsets of JH}, a submanifold of R diffeomorphic to
R"1; and g, g7! restricted to these open sets in OH} are diffeomorphisms.

We will prove in the following lemma that the boundary 0M of M is an
(n—1)-dimensional manifold. Moreover, the coordinate systems of M induces
in a natural way an orientation [OM] on dM with its coordinate systems.

Lemma 2.15: Let g : H — H7 be a diffeomorphism of the upper half
space with everywhere positive Jacobian determinant (J(g) > 0). Then g
induces a map g of the boundary of H" to itself. The induced map g is
a diffeomorphism of R*~! with positive Jacobian determinant everywhere

(J(g) > 0).

Proof: By the inverse function theorem, an interior point of Hf* must be
the image of an interior point. Hence ¢ maps the boundary to the boundary.
We will now check that § has positive Jacobian determinant. We will verify
this for the case n = 2:

Let g be given by
21 = g1(y1,92)
T2 = g2(Y1, Y2) -
Then g is given by
0= g1 (07 yZ)
T3 = 92(0,92) -

By assumption
) )
90(0,52)  28(0,12)
> 0.

%ﬁ%(o,yz) %;%(0, y2)
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Since 0 = g1(0, yo) for all ys,, g—Zi(O,yg) = 0, and because g maps the upper

half to itself,

a.(]1
8_111(0’ y2) > 0.

Therefore

)= 20

Iz
(g 90,

The general case is similar.

(Oa y?) > 0.

Let the upper half space H} = {(x),...,z,) € R";z; > 0} be given the
canonical orientation dz; A ... A dz,. Then the induced orientation on its
boundary 0H? = {(z1,...,z,) € R* z, = 0} is given by the (n — 1)-form
—dzyA...Ndz,. Note that the minus sign is needed to make Stokes’ theorem
sign-free as we will see later.

In general for an orientable manifold M with boundary, we define the
induced orientation [0M] on M by the following:
If h is an orientation preserving diffeomorphism of some open set U in M
into the upper half space H7, then

h*[0HT] = [0M]|av,
where OU = (M) NU.

We are now in a position to state a basic result in the theory of integration:

Theorem 2.16: (Stokes’ theorem) Let M be an orientable manifold
of dimension n with boundary M. If w is an (n — 1)-form with compact

support on M, then
/ dw = / w.
M oM

Proof: Using a partition of unity the verification is reduced to the
following two situations.

e Case 1. w is a compactly supported (n — 1)-form in R". We have to

show
/ dw = 0.
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It suffices to consider the special case
w= f(x)dza A ... Ndz,,

where f(z) is a compactly supported differentiable function. The gen-
eral case is a linear combination of these special situations. We compute

da: A . Ndx, .
/n R» 6111 !

By Fubini’s theorem,

/ /—d:z:l Ydza A ... Adx, =0.
Rn—1 (9.’131

But
af > af

—dz; = ——dz; = f(0o,Za,...,2Tp) — f(—00,29,...,2,) =0

r 011 oo 011
because f has compact support.

Case 2. w is a compactly supported (n — 1)-form on H}. Let

w=Zf,'(a:)dxl/\.../\d&ci/\.../\dwn.

Then of
dw = (Z( 1)+t axl)dxl A...ANdxzy,.

i

One can see as above that

of

Hp oz;

do A Adon =0  Vi#1

For i = 1 we have

of ——dr A...Ndz, = / -—dﬂ?l)dl'g A...Ndz,
HP Bml Rn-1 81‘1

=/ (floo,z2,...,&n) — f(0,zg,...,zx))dT2 A ... ANdx,
Rn 1
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:_/ f(07$27---,$n)d$2/\.../\dCEn
Rn-1

- w
dHY

The last equality follows from the fact that the induced orientation on
OHY is given by —dzs A ... Adz,. This concludes the proof of Stokes’
theorem.

Remark 2.17: Stokes’ theorem shows that the integral | 2 dw is indepen-
dent of the behaviour of w inside M. It only depends on the behaviour of w
on the boundary oM.

Example 2.18: Let w = zdy A dz and dw = dz A dy A dz, then

4
/a:dy/\dZZ/ d:v/\dy/\dz=—7r,
52 B3 3

the volume of the unit ball B® ¢ R3 .
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Chapter 3: Differential Geometry

In this chapter we want to develop some of the basic differential geomet-
ric concepts in the context of differentiable C-vector bundles whereas we
described vector bundles in chapter 1. We will denote by the term vector
bundle a differentiable C-vector bundle E over a differentiable manifold X .
However, an analogous treatment holds for differentiable R-vector bundles.
Moreover, we will give the basic definitions of the classical concepts of Rie-
mannian such as metrics, connections, and curvatures. Some of these prop-
erties are important in the next chapter.

1. Differential Forms

In this section we will develop the concept of differential forms in terms of
tangent bundle and cotangent bundle.

To start this section we suppose that £ — X is a vector bundle of rank r
and that f = (ey,...,e,) is a frame at z € X, i.e., there is a neighbourhood
U of z and sections {ey, ..., e.},e; € E(U, E), which are linearly independent,
at each point of U.

Suppose that f = fy is a given frame on the domain of definition U and
that g : U — GL(r,C) is a differentiable mapping. Then there is an action
of g on the set of all frames on the open set U defined by

frefg,

where

fg :L‘) ngl )""’ng(m)ep(m)) S Ua

is a new frame, i.e., (fg)(z) = f(z)g(z), and we have the usual matrix prod-
uct at every point. It is clear that fg is defined on U. The mapping g is
called the mapping of a change of frame. Moreover, for any two frames f
and f’ over U, we see that there exists a change of frame g defined over U
such that f' = fg.
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Definition 1.1: Let £ — X be a vector bundle, and suppose that £ € E(U, F)
for some U open in X. Let f = (ey,...,e,) be a frame over U for E. Then

£=> (e (1.1)

where the £P(f) € E(U) are uniquely determined smooth functions on U.
The last equality induces a mapping

l;: E(UE)— EU) =&E(U,UxC)
such that
£ f)
eménN=|

£(f)
where the £P(f) are defined by (1.1).

Suppose that g is a change of frame over U. Then

Z gp 1§U
which implies that

£(fg)=977¢(f)

or

9¢(fg) = &(f) (1.2).
Remark 1.2:

1. The equality (1.1) gives a vector representation for sections £ € E(U, E).

2. The equality (1.2) shows the transformation of a section under a change
of frame for the vector bundle E.
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If E is a holomorphic vector bundle, then we also have holomorphic frames,
ie, f=(e1n,...,e,),e; € OU,E)and e; A... Ney(x) # 0 for all z € U.
Moreover, all changes of frame are holomorphic, given by a holomorphic
mapping

g:U— GL(r,C).

Then with respect to a holomorphic frame we have the vector representation
¢ O(UE) — O(U)

given by & +— &(t) as before and the transformation rule for a holomorphic
change of frame is still given by (1.2).

Now, let 7 : E — X be a vector bundle (as described in Definition 2.1.1,
Chapter 1). We can derive from this vector bundle a new vector bundle
which is the dual bundle E* — X to be the vector bundle with fibre E};
trivializations

hU : EU — U xC"
(where Eyy = 7~1(U)) then induce maps
hyy By, — UxC™ 2UxC,

which give E* = UE7 the structure of a manifold. The construction is most
easily expressed in terms of transition functions: if £ — X has transition
functions {gag}, then E* — X is just the vector bundle given by transition
functions

. —1
Jap(2) = "Gap(z)” .

Similarly, if E — X, FF — X are vector bundles of rank r and m with tran-

sition functions {gns} and {f.g}, respectively, then we can define bundles:

1. and £ @ F, given by transition functions
9op() 0
Jap(z) = e GL(C"aC™).
0 fap(z)

2. E® F, given by transition functions

Jap(T) = 9ap(z) ® fap(z) € GL(C" @ C™).
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3. APE, given by transition functions

Jap(x) = NPgop(x) € GL(APCT).

In particular, A"E is a line bundle given by
Jap(z) = det gop(z) € GL(1,C) = C*,
called the determinant bundle of E.

Definition 1.3: The cotangent bundle is defined to be the dual bundle
T*(X) of the tangent bundle T'(X) .

Definition 1.4: We define
NT(X) = EB;,‘:O AP T(X)
NT*(X) = @)_y AP T*(X)
where n is the dimension of the manifold X.

Definition 1.5: Suppose that £ — X is a vector bundle. Then we let
EP(X,E) = E(X,NPT*(X) ®¢ F)
be the differential forms of degree p on X with coefficients in E.

Lemma 1.6: Let F and E’' be vector bundles over X. Then there is
an isomorphism
T:E(E)®e E(E) — E(EQ E').

Proof: Given £ € E(U, E),n € E(U, E'), define 7(§ ®n) € E(U, E® E')
by
(€ ®@n)(z) = &(z) ® n(z).

We construct a converse as follows. Choose a locally finite covering {U;} of
U such that over each U; we have frames {e,;} for E, {e,;} for E’; and a
partition of unity {#;} such that supp(¢;) C U;, and functions ¢; € D(X)
such that supp(v;) C U; and 9; = 1 on supp(¢;). Given v € E(U,E ® E'),
write
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1) =22, (2)eqi(z) ® €, for z € Ui

We can extend ¢;v;” by zero to a function in (U), and extend e, ; to a
section in (U, E), and e, ; to a section in E(U, E’). Then

ZZ (677 (Wieos) ® (i ;) € E(E) @ecx) E(E'),

and one verifies that 7 maps this to -y, because 3, 4;(z) *¢i(z) =

Corollary 1.7: Let E be a vector bundle over X. Then
EP @: E(X,E) = EP(X, E).

Proof: &(X,APT*(x)) ®: E(X, E)
= E(X,NPT*(X) ®c F)
= E&P(X,E).
We shall denote the image of ¢ ® ¢ under the isomorphism in Corollary 1.7
by p.& € EP(X, E) where ¢ € EP(X) and £ € E(X,E). Suppose that f

is a frame for £ over U C X. Then we have a local representation for
€ € EP(U, E) similar to (1.1) given by

@’} : EP(U, E) — [EP(U)]*
such that

defined by the relation
q
§= ng(f ) ep
p=1

where &P(f) € EP(U). Moreover, if g is a change of frame over U, then
we have the transformation law for the local representation of vector-valued
differential forms

§(f9) =g7¢(f), €€E(X E)
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2. Metric on Vector Bundles

Definition 2.1: Let £ — X be a vector bundle. A Hermitian metric
h on E is an assignment of a Hermitian inner product (-, -)_ to each fibre
E, of E such that for any open U C X and &,n € (U, F) the function

&n):U—C

given by
(& m(z) = (), n(x)),
is C'°.

Definition 2.2: A vector bundle £ equipped with a Hermitian metric
h is called a Hermitian vector bundle.

Definition 2.3: Let E be a Hermitian vector bundle and suppose that

f=(e,...,e) is a frame for E over some open set U. Then
h(f)pg = <eU) ep))
and we define h(f) = [h(f),,] as the 7 x r matrix of the C* functions

{A(f)po}> Where 7 =rankE.

Remark 2.4: h(f) is a positive definite Hermitian symmetric matrix and is
a local representative for the Hermitian metric h with respect to the frame f.

Example 2.5: For any &,n € £(U, E), we write

&ny =0 ey > 1 (flea)

=" (Fhpe(£)E°(S),

where the last product is a matrix multiplication. Moreover, if g is a change
of frame over U, then

h(fg) = tgh(f)g,
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which is the transformation law for local representations of the Hermitian
metric.

Theorem 2.6: Every vector bundle £ — X admits a Hermitian met-
ric.

Proof: There exists a locally finite covering {U,} of X and frames f,
defined on U,. We define a Hermitian metric h, on F|y, by setting, for any
§,n€ Ly, €U,

(€,m)z = "n(fo)(z) - £(fa)(z).

We now use a partition of unity. Let {p,} be a C* partition of unity subor-
dinate to the covering {U,}. For &, € E,, we let

<§7 77):5 = Z pa(fE) (f, 77>§

It is clear that if £, € E(U, F), then the function

z — (€(x),n(2)), = Y _ palz)(€(z), n(z)3)

= Z patn(fa)(x) ’ g(fa)(x)
is a C* function U. Note that it is easy to verify that h is indeed a Her-

mitian inner product on each fibre of E, since 0 < pu(z) < 1 for all a.
Thus, (-, -) gives a Hermitian metric for £ — X.

3. Connection on Vector Bundles

Definition 3.1: Let ¥ — X be a vector bundle. Then a connection
D on E — X is a C-linear mapping

D:&(X,E) — EYX,E)

which satisfies
D(p€) = dyp- &+ pDE, (3.1)
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where p € £(X) and € € E(X, E).

Remark 3.2:

1. (3.1) implies that D is a first order differential operator mapping £(X, E)
to (X, E) = £(X, T*(X)®E), which will be defined in the next chap-

ter.

2. In the case where F is the trivial line bundle, i.e. £ = X x C, we may
take the ordinary exterior differentiation

d: (X)) — EI(X)
as a connection on E .

3. A connection is a generalization of exterior differentiation to vector-
valued differential forms.

Definition 3.3: Let f = (ey,...,e,) be a frame over U for a vector bundle
E — X, equipped with a connection D. Then the connection matriz 8(D, f)
associated with the connection D and the frame f is as

Q(D, f) = [QPU(D, f)]’ Hpa € 61(U)

where

De, = 0,0(D, f) - &
p=1
For a fixed connection D we denote the matrix §(D, f) more briefly by 6(f).

We can use the connection matrix to describe the action of D on sections
of E. If £ € E(U, E) for a given frame f, then

D¢ = D(Z fp(f)ep)
=S (fes + Y €(f)De,
= S + S 0,0 e
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Then
DE =Y [dE(f) +0(f) NE) - es

where we set,

de'(f)
i) =]

dg™(f)
and the wedge product is the ordinary matrix multiplication of matrices with
differential form coefficients.

Thus we see that

DE(f) = dé(f) + 6(f) AE(S)
= [d+0()E(S)

thinking of d + (f) as being an operator acting on vector-valued functions.

Remark 3.4: In the case where F is the tangent bundle of X, ie.,
E = T(X), then the analogue of a connection on a R-vector bundle as above
defines an affine connection in the usual sense.

If w=(wy,...,w,) is a frame for T*(X) over U, then

Ope = > _Thws, TP € EU).

k=1

In the classical case these are the Schwarz-Christoffel symbols associated
with a given connection.

4. Curvature on Vector Bundles

Suppose that ' — X is a vector bundle equipped with a connection D.
Let £ = Hom(E, E) be the vector bundle whose fibres are Hom(F,, E,).
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Definition 4.1: Let £ — X be a vector bundle with connection D and
let 8(f) = 6(D, f) be the associated connection matrix and fix a frame f on
U C X. Then we put

(D, f) =do(f) + 6(f) AO(f)
which is an r x » matrix of 2-forms, i.e.,
Opo = Aps + > Opi A Oy

We will call ©(D, f) the curvature matriz associated with the connection
matrix 6(f) .

Lemma 4.2: Let g be a change of frame and define 6(f) and ©(f) as
above. Then

1. dg+06(f)g = g0(fg)
2. O(fg)=g7'0(f)g

Proof:

L If fg= (3" 1 p1€ps- - D pey Gprep) = (€1, -, €;), then
D(e,) = > b (f9)e,
v=1

= Z Ove (f 9)gpvep

v,p
and on the other hand

D(Z Gpo€p) = Z dgpaep + Z gpoOrper.
P P pT

By comparing coeflicients, we obtain

90(fg) = dg +6(f)g.
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2. If we apply the exterior derivative to ¢g6(fg) = dg + 0(f)g, then we
obtain

do(f)-g—0(f) Ndg=dgnb(fg)+g-db(fg)  (4.1)
and we have
0(fg) =9 'dg+97'0(f)g  (4.2)

By substituting (4.2) in (4.1) we obtain an algebraic expression for
g-df(fg) in terms of the quantities df(f),0(f), dg, g, g~'. Then we can
write

gldo(fg) +0(f) NO(f)] = gO(fg)

in terms of these same quantities. This is the same as

[dO(f) +6(f) AO(f)lg = O(f)g.

Therefore

g9(f9) = ©(f)g
O(fg) =g7'0(f)g-

Lemma 4.3: For all £(f) in E(X, E):

[d+6(f)lld+0()IE(f) = O(ES),
So that D? and © are the same operator &(X, E) — €%(X, E).

Proof: (d+0)(d+6)§=d€+0-dé+d(0-£)+0N0-¢
—0-dE+do—0-dE+ON0-¢
=df-E+OND -
=0.¢.

Definition 4.4: Let D be a connection in a vector bundle £ — X. Then
the curvature ©g(D) is defined to be that element © € €%(X, Hom(E, E))

such that the €(X)-linear mapping
©:&(X,E) — E*X,E)

45



has the representation with respect to a frame f locally

O(f) = O(D, f) = db(f) + 0(f) A O(f).

Note that ©g(D) is well defined, since 6( f) satisfies the transformation prop-
erty in Lemma 4.2(2), which ensure that O(f) a global element in £2(X,
Hom(FE, F)).

Remark 4.5: The curvature © is an £(X)-linear mapping
©:&(X,E) — E*X,E),

but the connection D is not €(X)-linear because the transformation formula
of 8(f) involves derivatives of the change of frames.

Finally, we can extend the definition of D to higher order differential forms
with values in a vector bundle £ by setting

DE(f) = dé(f) + 0(f) AECS).-

Thus
D: & (X, E) — Sp“(X, E)

where £ € EP(X, E). This extension is known as covariant differentiation.
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Chapter 4: Elliptic Operators and The Cohomology of
Projective Algebraic Varieties

1. Sobolev Spaces

Let X be a compact differentiable manifold with a strictly positive smooth
measure 4. This means that du is a volume element (or density) which can
be expressed in local coordinates (zy,...,z,) by

dyp = p(z)dz, - - - dz, ,
where the coefficients transform by

plx)dz; - - dzy, = i?'(y)l(9

1’:.
Lldyy - - - dyn,
5yj| Y- dyn

where p(y)dy, - - - dy, is the representation with respect to the change of co-
ordinates z — y and (0z,;/0y,) is the corresponding Jacobian matrix. Such
measures always exist. If X is orientable, then the volume element du can
be chosen to be a positive differential form of degree n.

Definition 1.1: Let E be a differentiable vector bundle over X. Let
EX(X, F) be the k-th order differentiable sections of E over X, 0 < k < oo,
and for k = oo: £€%(X, E) = &(X, E). Then we denote the compactly sup-

ported sections by
D(X,E) C E(X,E),

and the compactly supported functions by
D(X) C E(X).

Moreover, D* C &% for 0 < k < oo.

Definition 1.2: If F is, in addition, Hermitian, then we define an inner
product (-, -) on E(X, F) by setting

(€,m) = /X (E(x), () i

where (-, - ) is the Hermitian metric on E.
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Let [|€]l, = (&, 5)% be the L2-norm and let W°(X, E) be the completion of
E(X,E). Let {U,, ho} be a finite trivializing cover of E, then we have the
following diagram

By, 221 x C™

L

UCY Ua )

ha

where h,, is a bundle isomorphism as described in Chapter 1 (Definition 2.1.1),
and h, : U, — U, C R" are local coordinate systems for the manifold X.
Then let

he : &(Un, E) — [E(U)]™
be the induced map. Let {p,} be a partition of unity subordinate to the
cover {U,}. We define, for £ € E(X, E),

11,2 = Z Iepalls,rm
«

where | ||sgn is the Sobolev norm for a compactly supported differentiable
function

fiR"—C™,
defined by

1712 o = / F@)PA+ wlrdy, (11)
where

() = @2m) / i@ f(z)dz (1.1

is the Fourier transform in R". If ||€||s < oo, for s a positive integer, then this
means that ¢ has s derivatives in L? since we know that the norm || ||;gn
is equivalent to the norm

1
2

> [ 10fPds| . reD(®),

la|<s

where @ = (ay, ..., a,) is a multiindex. (See, e.g., Hormander [3], Chapter 1,
Sec. 1.7.) This follows essentially from the basic fact about Fourier transforms
that

Def(y) =iy f(y),
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where y* = yi* -y, D* =D .- D2 D; = 3%, and || fllo = (QW)n||f||0-

We let W9(X, F) be the completion of (X, E') with respect to the norm
|| |ls defined on E. W#(X, E) depends on the choice of partition of unity
and the local trivialization.

Theorem 1.3: (Sobolev): Let X be a compact differentiable manifold
and let dimp X = n. Suppose that k < s— 5 — 1. Then

W5(X,E) C ¥ X, E).
Proof: See R. A. Adams [1], page 97.

Theorem 1.4: (Rellich Kondrachov theorem): Let X be a compact
differentiable manifold. Then the natural inclusion

j: WX, E) — W'(X,E)

for r < s is a completely continuous linear map.
Proof: See R. A. Adams [1], page 144.

We mean by completely continuous that the image of a closed ball is com-
pact, i.e., j is a compact operator. We shall prove the above theorems in
special cases.

Proposition 1.5: Let f be a measurable L? function in R" with || f||s g» < oo,

and suppose k is a nonnegative integer such that k <s— %5 —1and s € N.
Then f € C*(R") after a possible change on a set of measure zero.

Proof: || f||s < oo means that

/n I£ (1P + |£]2)°dE < o0.

Let
(€)d¢

=

8
S’

I

3

m@.
T
]
kh)



be the inverse Fourier transform, if the integral converges. It is known that
if the inverse Fourier transform exists, then f(z) agrees with f(z) almost
everywhere (see, e.g., Hormander (3], Chapter 1, Sec. 1.7), and that f €
C°(R™) if this integral exists, making the appropriate change on a set of
measure zero. Similarly, for some constant c,

D*f(a) = c [ ee0ge f(e)ae

will be continuous derivatives of f if the integral converges. Therefore, we
need to show that for |a| < k the integrals

[ e=9efiera

converge and it will follow that f € C*(R™). But we have

. A el
[iieneria = [ 1510+ ra?vuf'wds

2|a|
<[ o)

We have chosen s so that this last integral exists, and we have

/ F©llede < oo.

Thus, the proposition is proved.

We will now prove a simple case of Rellich’s theorem (Theorem 1.4). We
shall write K CC R™ provided K C R" and K is compact.

Proposition 1.6: Suppose that we have a sequence {f,} in W*(R") and
that all f, have compact support in K CC R". Assume that ||f,||s < 1 for
all v. Then for any r < s there exists a subsequence {f,,} which converges

in W™(R").
Proof: We first observe that for {,n € R*,s € Z+,
A+[EPE <251+ € —n*)i(1+nPE.  (12)
To see this we write

L+ [C+n* < T4+ (¢ + [nl)? < 1+ 2(¢1° + Inf?) < 2(1 + ICP)(A + nl?).
If we put £ = ¢ + 7, then we get the above inequality (1.2).
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Now, let ¢ € D(R™) be chosen so that ¢ =1 on K. Then from a standard
relation between the Fourier transform and convolution we have that

fv:(pfv‘

This implies

£.(6) = (2m) / SE—mimdn  (13)

(see, e.g., Nicolaescu [4], Lemma 9.2.9). Therefore we obtain from (1.2) and
(1.3) that

(L+ P2 1fu()] < 28 (2m) /(1 + 1€ = 1) E1@(E — ML+ [0]*)2] £, (m)ldn

< Csp1folls < Csp,

where Cj, is a constant depending on s and ¢. Thus, |f,(£)| is uniformly
bounded on compact subsets of R™.

Similarly, by differentiating (1.3) we obtain that all derivatives of fv are
uniformly bounded on compact subsets in the same manner. Therefore, by
Arzela Ascoli theorem, there is a subsequence f,, such that fv,- converges in
the C* topology to a C'* function on R".

Let € > 0 be given. Suppose that 0 < r < s. Then there is a ball B, such

that
1

(1 + (€17
for £ outside the ball B.. Then consider

<€

o
o= fol = [ Ll ey

< / (€)= Fuy (E)2(L + JE[2)de + ¢ / (€)= oy (O)P(1 + [€P)de
B,

R"-B,

s/, 1fui(€) = Fus (E)P(1 + |€1%)7dE + 2,
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where by assumption || f,||s < 1. Since we know that f,, converges on com-
pact subsets we can choose v;, v; large enough so that the first integral is < e,
and thus f,, is a Cauchy sequence in W"(R").

2. Differential Operators

Definition 2.1: Let E and F be differentiable C-vector bundles over a
differentiable manifold X. Let

L:&(X,E) — E(X, F)

be a C-linear map. We say that L is a differential operator of order at most
k if, for all choices of local coordinates and local trivializations, the induced
mapping L given by the following diagram

) —E—[e())

F

EUUXCP)  &U,U x C9)

| T

EWU, E) E(U, Fu)

L

is a linear partial differential operator of order at most k, where we con-
sider U C R™ and L acting on restrictions of global sections. That is, for

f = (fu,-., fo)in [EO)P
L(fii= Y aiD%f;, i=1,...,q,

j=1,....p;la|<k

where « is a multiindex.

Definition 2.2:

1. A differential operator is said to be of order at most k if there are no
derivatives of order > k + 1 appearing in any local representation.

2. We denote by Diffy(E, F') the vector space of all differential operators of
order at most k£ mapping £(X, F) to (X, F). We define Diff(E, F) to
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be the union of all Diffy(E, F), i.e., Diff(F, F') = Uy, Diffy(E, F).

Example 2.3: (The exterior derivative in R™) The differential operator
d: QIR") — QIT(R™)
is of order 1.

We now need to discuss the concept of a formal adjoint operator.

Definition 2.4: Let E and F be Hermitian C-vector bundles over a dif-
ferentiable manifold X with a measure p, and let L be in Diff(E, F'). Then
the operator S € Diff(F, E) is said to be a formal adjoint of L if for all
feDX,E)Cc&(X,E)and g€ D(X,F) C E(X, F)

/ (Lf’ g)Fd/J’ = / <fa Sg)Ed/J‘a
b's b'e
where dy is the volume element on X, and D is as described in Definition 1.1.

Example 2.5: Let U,V, and W be finite dimensional inner product spaces,
and suppose that

viviw
is exact. Let L* : V — U and S* : W — V be adjoints of L and S
respectively. Then the operator $*S + LL* is an isomorphism on V. To

show this, we let v be a nonzero element of V. We need to only show that
(5*S + LL*)(v) # 0. Now

((S*S + LL*)v,v) = (Sv, Sv) + (L*v, L*v) .

If Sv# 0, then (S*S + LL*)(v) # 0. If Sv =0, then v lies, by exactness, in
the image of L. But L* is injective on the image of L. Thus L*v # 0, which
implies that (S*S + LL*)(v) # 0.

Remark 2.6: The formal adjoint of a differential operator L € Diff(E, F')
is denoted by L*, if it exists.

Lemma 2.7: Any L € Diff(E, F') admits at most one formal adjoint.

53



Proof: Let Sy, 5, be two formal adjoints of L. Then for all g € D(X, F)

/ (f (S = S2)g) g = 0
X

for all f € D(X, E). This implies (S; — Sp)g=0forall ge D(X,F). lf g €
E(X, F) is not necessarily compactly supported, then choosing (p) C D(X) a
partition of unity, we conclude using the locality of S = S; — S5 as described
in Definition 2.1 that

Sg=> pS(pg)=0.

Proposition 2.8: Suppose L € Diff(E, F') and S € Diff(F, G) admit formal
adjoints L* € Diff(F, F) and S* € Diff(G, F'), respectively. Then SL admits
a formal adjoint, and

(SL)*=L*S*.

Proof: For any f € D(X, FE), g € D(X, F), and h € D(X, G)

[ sLs mgdu= [ (15,5 1) dn
X X

=/ (f, L*S™h) , dp.
X

We want to define the symbol of a differential operator. The symbol will be
used for the classification of differential operators into various types. Recall
that 7*(X) is the cotangent bundle to a differentiable manifold X, let 7"(X)
denote T*(X) with zero section deleted.

Definition 2.9: Let 7 : T'(X) — X denote the natural projection map.
We set, for any k € Z,

Smbli(E, F) = {0 € Hom(n*E,n*F) such that o(z, pv) = p*o(x,v) for all
p>0,(z,v) e T'(X)},

where 7*E and 7* F' denote (as in Chapter 1, Definition 2.2.12) the pullback
of E and F by 7 to T"(X).
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Definition 2.10: Let L € Diffy(FE, F'). Then we have a linear map
oy, : Diffu(E, F) —> Smbly(E, F)

where o;(L) is called the k-symbol of differential operator L. Let (z,v) €
T'(X) and e € E, be given. Find g € &(X) and f € &(X, E) such that
dg, = v, and f(z) = e. Then we define

(9 - 9@))(z) € .

Thus ok (L)(z,v) is a linear mapping from FE, to F, which defines an element
of Smbl (F, F).

b

or(L)(z,v)e = L(

Proposition 2.11: The symbol map o, gives rise to an exact sequence
Diff,_i(E, F) 2 Diffy(E, F) % Smbly(E, F) . (2.1)

where j is the natural inclusion.

Proof: We have to show that the k-symbol of a differentiable operator
of order k has a certain form in local coordinates. Let L be a linear partial
differential operator

L:[EQU)F — [EQO))
where U is open in R", and p = rank(F) and ¢ = rank(F). If

where {A,} are px ¢ matrices of C* functions on U, then we choose g € E(U)
such that v = dg = Y ., &dzy, i.e., Dig(z) = &. Let e € CP. Then we have
sl
o(D)@v) = 3 AD (0 - 0(e))e)(2).

|ol <k

Clearly, the evaluation at z of derivatives of order < k — 1 will equal zero,
since there will be a factor of [g — g(z)]|, = O remaining. Hence, the only
nonzero part is



= Y Aa(@)EP £ = ) Aa(z)E”.
lal=k |a|=k
For each fixed (z,v), ox(L)(z,v) is a linear mapping from z x C? — x x CY,
given by the usual multiplication of a vector in C? by the matrix

> Al(z)E*.

|a|=k

It is easy to see that if o, (L) = 0, then the differential operator L has k-th
order terms equal to zero, and thus L is a differential operator of order k — 1.

The mapping oy, in (2.1) is, by Definition 2.10, well defined. We now want
to see that the kernel is contained in Diff,_1(E, F'), so it suffices to see that
this is true for a local representation of the operator. This then follows from
the local representation for the symbol ox(L)(z,v) = >, Aa()€*

Theorem 2.12: Let E, F, and G be vector bundles over a differentiable
manifold X. If L € Diffy(E, F) and S € Diff,,(F, G), then

SL = So L € Diffypm(E,G)

Moreover, oxym(SL) = 0,(S) - ox(L), where the right hand product is the
product of the linear mapping involved.

Proof: The relation ox4m,m(SL) = 0, (S) - 0k (L) is clear for calculations
in local representations for the symbols of S and L as described in proof of
Proposition 2.11.

We will end this section by stating an important property of the basic
properties of differential operators which is the existence of a formal adjoint.

Theorem 2.13: Suppose X is a differentiable manifold, and let L be
in Diffy(F, F'). Then the adjoint operator L* exists, and L* € Diffy(F, E).
Moreover, ax(L*) = (—1)*0}(L)*, where ox(L)" is the adjoint of the linear
map

or(L)(z,v) : E, — F;.
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Proof: Suppose that p is a strictly positive smooth measure on X, and
that hg and hr are Hermitian metrics on F and F, respectively. The inner
product for any &,7 € D(X, E) is (as in Definition 1.2) given by

<€,n>=/x<€,n>gdu-

Recall that if £ and 7 have compact support in a neighbourhood where F
admits a local frame f = (e;,...,e,;), then we have (as shown in Chap-
ter 3, Sec.2)

€m0 = [ Ti@hs@elE)palds,

where p(z) is a density, and

£1(/)(x)
(o =ehw=| - |,
€15 (a)
and the same for n(z). Similarly, let F' admit a local frame g = (ey, .. ., €p)-

Then for 0,7 € D(X, F), we have

(o, 1) = /n;(x)hp(x)o(a:)p(a:)dx,

where

o?(g)(z)
and the same for 7(z). Suppose that L : D(X,E) — D(X, F) is a linear
differential operator of order k, and assume that the sections have support

in a trivializing neighbourhood U which gives local coordinates for X near
some point. Then we can write

(6. 7) = | F@he(a)(L D))z,
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where

=) Calz)D

lal <k

is a p X g matrix of partial differential operators, i.e., Co(z) is a p X ¢ matrix
of C* functions in R*. So we can write

/ pREC: (2)Co(z) D€ (z)dx: .
|la|<k
By integrating by parts, since £ and 7 have compact support we obtain

(LE, T) = Z (1)l D*(ir(z)p(z)hp(z)Colz))E(z)dz

la| <k R

K (32 Cola)orla) ha(a)eo(a)is
al<k
where C,(z) are ¢ x p matrices of C*® functions defined by the formula

‘() Cale)Dor(x)) = ) (~1)D*(7(2)p(z)hr(2)Cal@)) (ha(2)  (p(z)) ", (24)

la|<k |a|<k

and hence the C, have derivatives of metric on F and of the density p(z) on
X. Thus, the formula (2.4) suffices to define a linear differential operator

L*: D(X,F) — D(X, E)

which is the desired adjoint of L. Moreover, the symbol oi(L*) is given by
the terms in (2.4) which only differentiate 7, since all other terms give lower
order terms in the expression . Ca(z). Tt is easy to see that the symbol
of L* is the adjoint (up to sign) of the symbol of L by representing o (L) with
respect to these local frames and computing its adjoint as a linear mapping.

3. Pseudodifferential Operators

In this section we will generalize the concept of differential operators in or-
der to find a class of operators which will serve as almost inverses for elliptic
partial differential operators as we will see in the next section. Such gener-
alizations of differential operators are called pseudodifferential operators.

58



Recall that if U is an open set in R", and if p(z,£) is a polynomial in
€ of degree m with coefficients C'*° functions in the variable z € U, then
we can obtain the most general linear partial differential operators in U by
letting P = p(x, D) be the differential operator obtained by replacing the
vector £ = (&1,...,&,) by (—iDn, ..., —iD,), where we set D; = (9/0z;) and
(—i)lelDx = D¢ ... D replaces £ --- €9 in the polynomial p(z,€). By
using the Fourier transform, for u € D(U), we can write

Pu(e)= [ eOp(a,0u)d, ()

where

a(e) = (2m)~" / e~ @O () dz

3

is the Fourier transform of u, and z € U for u(z) (extending u by zero).

Remark 3.1:

1. The action of the operator P is defined by a polynomial p(z,&) on
functions in the domain U.

2. Since D(U) is dense in most interesting spaces it suffices to know if the
action of P is continuous on such functions.

We shall now define classes of functions which possess several important
properties of the polynomials considered above.

Definition 3.2: Let U be an open set in R" and let m be any integer.

1. Let S™(U) be the class of C® functions p(z,£) defined on U x R",
satisfing the following property: for any compact set K C U, and

for any multiindices «, 8, there exists a constant C, g x depending on
a, 3, K, and p(z,£) so that

DI Dgp(z,€)] < Caprc(1+[E)™, 2 € K, £ R
2. Let S™(U) denote the set of p € S™(U) such that
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limy oo p(i’,,),‘é) = om(p)(z,§)
exists, and

p(,€) = p(llEll) - om(p)(z, ) € S™H(U),

where p: R > 0 — R is a C* function, p = 0 around 0, and p = 1
for x > 1. Note that 0,,(p)(z, §) is the m-th order homogeneous part if
p(z, &) is a polynomial in € of degree m, because the lower order terms
go to zero in the limit.

3. Let S7*(U) denote the class of p € S™(U) such that there is a compact
set K C U, so that for any £ € R™, the function p(z, £), considered as a
function of z € U, has compact support in K, i.e., p(x, &) has uniform
compact support in the z-variable. Let S7(U) = Sy*(U) N S™(U).

Note that property (1) expresses the growth in the £ variable near oco.

Lemma 3.3: Suppose that p € S™(U). Then o, (p)(z,§) is a C* function
on U x (R™ — {0}) and is homogeneous of degree m in &.

Proof: By Arzela Ascoli theorem, it suffices to show that for any compact
subset of the form K x L, where K and L are compacts in U and (R" —{0}),
respectively, we have that the limit in Definition 3.2(2) converges uniformly
on K x L and that all derivatives in z and & of (p(z, A§)/\™) are uniformly
bounded on K x L for A € (1,00). This follows from the estimates in Defi-
nition 3.2(1) since

el
Am

D20 ("0 — Do pep(a, xe)-

and hence
p(z, AE) Ale

IDEDE (=57 < Caprc(1+ Aeym-lel . -

1 —|x m—jx
< Capre ()71 4+ g

< Cap (A + g™
< Caypic sup(l+ €)™ < oo,
£el
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Therefore all derivatives are uniformly bounded. Particulary, the limit also
is uniform. We still have to show the homogeneity. Let 7 > 0, then

(o), 76) = Jim EEATE)

A—00 AT

=o(p)(z,§) -7

Now, for p(z, £) € S™(U), we define an operator L(p) in analogy with (3.1):

L) = [ =9 i),  (32)
and we call L(p) a canonical pseudodifferential operator of order m.

Lemma 3.4: L(p) is a linear operator map

L(p) : D(U) — E(U).

Proof: Linearity is clear. Let u € D(U). Then we have, for any multi-
index «,

(~wﬂea@y:@wrn/£%@@p%4@¢u

and hence [£24(€)| is bounded for any « since v has compact support. This
implies that
la(€)l < C+1EN~7,

for any large N, ie., 4(£) goes to zero at oo faster than any polynomial.
Thus
| DZp(z, £)a()] < C(L+ |e)™ N

is the estimate for any derivatives of the integrand in (3.2). Obviously,
the last equality implies that the integral in (3.2) converges nicely enough
to differentiate under the integral sign. Hence L(p)u(z) € E(U). It is
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clear from the same estimates that L(p) is indeed a continuous linear map-
ping D(U) into (V).

Definition 3.5: Suppose X is a differentiable manifold. We define OP¢(F, F)
as the vector space of C-linear mappings

T:8(X,E) — E(X,F)
such that there is a continuous extension of T'
T, : WX, E) — W**(X, F)

for all s.

Theorem 3.6: Suppose that p € S*(U). Then L(p) is in OP,,.
Proof: See R. O. Wells [8], page 126.

We now want to define pseudodifferential operators on a manifold X.

Definition 3.7: Let L be a linear map
L:D(X) — E(X).

Then we say that L is a pseudodifferential operator of order m on X if and
only if for any coordinate chart U and any open set U’ CC U there exists
ap € S§YU) (considering U as an open subset of R") so that if u € D(U’),
then (extending u by zero to be in D(X))

LulU = L(p)u)

i.e., by restricting to the coordinate U, there is a function p € ST*(U) so that
the operator is a canonical pseudodifferential operator as in (3.2).

Definition 3.8: Let F and F be vectors bundles over a differentiable
manifold X, and let L be a linear map

L:D(X,E) — &(X, F).

Then L is called a pseudodifferential operator of order m on X if and only
if for any coordinate chart U with trivializations of E' and F over U and for
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any open set U’ CC U there exists a ¢ x p matrix (p¥), p? € S7*(U), so that
the induced map
Ly : DU — EU)?

is a matrix of canonical pseudodifferential operators L(p¥), i = 1,...,q,
j=1,...,p defined by (3.2), where p = rank(F) and ¢ = rank(F).

Remark 3.9: The additional restriction in Definition 3.7 and 3.8 of the
restricting the action of Ly to functions supported in U’ CC U is due to the
fact that in general a pseudodifferential operator is not a local operator, i.e.,
it does not preserve supports in the sense that supp(Lu) C supp(u), whereas
differential operators do.

Definition 3.10: The local m-symbol of a pseudodifferential operator

of order m
L:D(X,E) — D(X,F)

is the matrix
on(Lv)(z,8) = lom(®Y)(z,8)], i=1,...,¢,5=1,....p

with respect to a coordinate chart U and trivializations of £ and F' over U,
where the p¥ are in S™(U). Note that o,,,(Ly) will also depend on U’ CC U.

We will now study the behaviour of the local m-symbol under local dif-
feomorphisms in order to obtain a global m-symbol of L. Recall that if a
differential operator is locally expressed as

and we make a change of coordinates x = F(y), then we can express the
same operator in terms of the new coordinates

and



Theorem 3.11: Let U CC R" and let p € SI*(U). Suppose that F is
a diffeomorphism of U onto itself (in coordinates z = F(y), z,y € R").
Suppose that U’ CC U and define the linear map

L:DU") — &)

by setting
(L(v))(y) = (Lp)(F*0)(F(y)) .

(y
Recall that F* : E(U) — E(U) is given by F*v = v o F~'. Then there is a
function ¢ € SJ*(U), so that L = L(q). Moreover,

OF

3 )] 7'n).

om(q)(y,n) = om(®)(F(y), [((=—

This theorem tells us that the set of pseudodifferential operators is invari-
ant under local changes of coordinates and that the local symbols transform
in a precise manner, depending on the Jacobian (0F/dy) matrix.

Proof: Let p € S5*(U). Then we see easily from (3.2) and the Fourier
inversion theorem that

L(p)(u(z)) = (21)™ / / ¢€mDp(z, Eyu(z)dd . (3.3)

So the purpose is to generalize this representation somewhat by allowing the
function p to also depend on the variable z. Considering functions ¢(z, &, 2)
on R" x R™ x R™, with compact support in the z-variable and z-variable,
and satisfying the following conditions (as in Definition 3.2):

|DEDEDYq(z, €, 2)] < Capny(1+1E[)™,

limy oo L8288 = g, (q)(2, €, ) (3.4)

exists, and

Q(:E,é-vw) - O'm(CI)(IE,f,.T) € Sm_l(U) :
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We will need the next two propositions to be used in the proof of this
theorem.

Proposition 3.12: Let ¢(z,&, z) satisfy the conditions in (3.4) and let
the operator ) be defined by

Quls) = [ 6y, Dpule)dzdg
for u € D(R"). Then there exists a p € SF(R") such that Q@ = L(p).

Moreover,
q(z, A, z)

Um(p)(ﬂi,f) = /\II_'I{.IO A

and

p(z,€) = om(p)(z,€) € S™(U).
Proof: See R. O. Wells [8], page 130.

Suppose that we rewrite (3.3) formally as

L)) = m) " [ [ [ s, §>df] u(z)dz

and let
K(z,z—2) = [ & (s, )de.
Then

Proposition 3.13: K(z,w) is a C* function of x and w provided that
w # 0.

Proof: See R. O. Wells [8], page 132.

We now proceed to prove Theorem 3.11. We have that p(z, §) has compact
support in U in the z-variable. Let \Il( ) € D(U) be chosen so that ¥ = 1
on supp(p) U U’ and we set U(y) = U(F(y)). We have, as in (3.3),

L(p)(u(z)) = (2n)™ / / 6=z, €)u(z)dzde



S

where u € D(U’). We let z = F(w) and v(w) = u(F(w)), obtaining

L)) = @n) [ [ eero-rony ), )5 pw)dua,

where |0F/0w| is the Jacobian determinant. By the mean value theorem we
see that

Fy) — F(w) = H(y,w) - (y —w),

where H(y,w) is a nonsingular matrix for w close to y and H(w,w) =

(OF [ Ow)w.

Now, let x1(y, w) be a smooth nonnegative function such that x;(y, w) = 1
near the diagonal A in U x U and with support on a neighbourhood of A
where H(y,w) is invertible. Let x = 1 — x;. Thus we have

L(p)(u(F(y))) = 2m)™" / / ¢! A bl (y)»5)|g—§|v(w)dwd§,

and by setting n = *H(y, w)&, we obtain

Lp)(FE)) = 2r)| / / eIy F(y), [FH (g, w)] )

oF X1(y, w)
%W(w)mv(w)dwdn + E(u(F(y)))]

= (2m) " / / 9= gy (4, whv(w)dwdn+ E(u(F ()],

where ¢1(y,n,w) = p(F(y),[*H(y,w)]"'n)| | ¥LYV(w), and that T €
D(U) is (as chosen above) identically 1 on a neighbourhood of supp(v(y)).
Thus q;(y, n, w) has compact support in the y-variable and w-variable. More-

over, it satisfies the conditions of (3.4) so we have

x|

, , A,
om(@)(y,n, ) = Alggoq—l@/\m—nw

_ o PEW, MG )

A—o00 Am

= o) (Fy), [t(‘g—*;)rlm |
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and the desired growth of

om(q) (W, m,y) — a1(y,m,9)
follows from the hypothesized growth of
om(p)(z,n) — p(z,7N).
We still have to worry about the term E which is corresponding to xs.

Here we claim that F is an operator in which will give no contribution to the
symbol. In fact, we have

) = / / &€=z, €)xa(a, 2)ulz)d=de

-/ [ [ et Otz e | z)a

= /xg(a:,z)K(ac,x — z)u(2)dz,

where K(z,z — z) = K(z,w) = [ e®¥p(z,£)d¢ is a (as in Proposition 3.13)
C® function of z and w =2 — 2z # 0.

Also xa(z, z) identically vanishes near z—z = 0, so the product x(z, 2) K (z, z—

z) is a smooth on U x R™. Let y = F~(z) and w = F~!(z) be new coordi-
nates, so we can rewrite the operator F in terms of y and w as

E@(PW) = [ xa(F@), F@)K(P), F) - Fw)u(Fw) 5 ld

_ / W (y, w)(F*) u(w)dw

where W (y, w) is a C* function on U x U, which we rewrite as

/w y, ) T (w)(F*)"u(w)dw,

where ¥ = 1 on supp((£*)~'u). Then we have

E(u(F(y) /M (y, w



where v(w) = (F*) 'u(w) and

M(y,w) = a(F(), F@)K(F(y), Fy) - F@)l o [¥w).

Thus, M(y,w) is a smooth function. Then the operator

E(u(F(y))) = / My, wyo(w)dw
can be written as
E(u(F(y))) = / 8 g, (y, €)9(€)dE

where

(Y, §) =/6i(y“”’5)M(y,W)dw,

and g, € S5(U) for all r. To see this we rewrite g, as
@(y, §) = &¥9 / e 8 M(y, w)dw.

Thus g is (except for the factor e¥¥¢)) for each fixed y the Fourier transform
of a compactly supported function, and then it is easy to see (by integrating
by parts) that ¢a(y, &), as a function of &, is rapidly decreasing at infinity,
ie.,

1+ €Y lga(y, €)| = 0.

It immediately follows that go € S5(U)for all r. Such an operator E is often
referred to as a smooth operator of order —oo with C™ kernel. This implies
easily that

om(a2)(y,€) = 0.
Thus we can let ¢ = q; + ¢2, and we then have

L=1L(g),

and the symbols behave correctly (here we let gq;(y, &, w) be replaced by
q1(y, €), as given by Proposition 3.12 ). The theorem is proved.

Definition 3.14: Let X be a differentiable manifold and let
L:D(X)— &(X)
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be a pseudodifferential operator. Then L is said to be a pseudodifferential
operator of order m on X if, for any choice of local coordinates chart U C X,
the corresponding canonical pseudodifferential operator Ly is of order m,
ie.,

Ly = L(p),
where p € S™(U). We denote the all pseudodifferential operators of order m
on X by PDiff,,(X).

Proposition 3.15: Suppose X is a compact differentiable manifold. If
L € PDift,,,(X), then L € OP,,(X).

Proof: This is immediate from Theorem 3.6 and the definition of Sobolev
norms on a compact manifold, using a finite covering of X by coordinate
charts.

Remark 3.16: If p € S™(U) for some U C R", then p € S™*(U) for
any positive k. Thus we have the natural inclusion

i - PDiff(X) = PDiffpin(X), k>0 .

Moreover, in this case, o,k (p) =0, £ > 0.

We denote Smbl,,,(X x C, X x C) by Smbl,,(X) for simplicity.

Proposition 3.17: There exists a canonical linear map
om : PDiff,,(X) — Smbl, (X)

3

which is locally defined in a coordinate chart U C X by

Um(LU)(m) E) = am(p)(x, E) ,

where Ly = L(p) and where (z,€) € U x (R™ — {0}) is a point in T*(U)
expressed in the local coordinates of U.

Proof: We need to show that the local representation of o,,(L) trans-
forms correctly so that it is indeed globally a homomorphism of T*(X) x C
into itself, which is homogeneous in the cotangent vector variable of order m.
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But this follows from the transformation formula for ¢,,(p), given in Theo-
rem 3.11, under a local change of variables. The linearity of o,, is clear.

Definition 3.18: Let E and F be vector bundles over a differentiable
manifold X. We denote by PDifl,,,(F, F') the space of pseudodifferential op-
erators of order m mapping D(X, F) into £(X, F).

Proposition 3.19: Let £ and F' be as above. Then there exists a canonical
linear map

om : PDiff,,(E, F') — Smbl,,(E, F)

which is locally defined in a coordinate chart U C X by

Um(LU)(m) é) = [Um(pij)(za 5)] )

where Ly = [L(p”)] is a matrix of canonical pseudodifferential operators,
and where (z,&) € U x (R™ — {0}) is a point in T*(U) expressed in the local
coordinates of U.

We are now in a position to state one of the fundamental results of pseu-
dodifferential operators on manifolds.

Theorem 3.20: Let E and F' be as above. Then the following sequence is
exact

0 = Kn(E, F) 2 PDiff,,(E, F) %3 Smbl,(E,F) -0 ,

where o, is the canonical symbol map given by Proposition 3.19, and K,,,(E, F)
is the kernel of 0,,, and that j is the natural injection. Moreover, K,,,(E, F) C
OPp—1(E, F).

Proof: We need to show that o, is surjective and o,,(L) = 0 implies
that L is an operator of order m — 1. We first prove the surjection of o,.
Let {U,} be a locally finite cover of X by coordinate charts U, over which
E and F are both trivializable. We also let {¢,} be a partition of unity
subordinate to the cover {U,}, and let {1} be a family of functions such
that ¢, € D(U,), where ¢, = 1 on supp(¢,). We then let x be a C*
function on R™ with x = 0 near 0 € R", and x = 1 outside the unit ball.
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Let s € Smbl,(E, F') be given , and write s = Y¢85 = Y Sa, Where
Sa = a8, and supp(s,) C supp(¢d) C U,. Then by Proposition 3.19, we see
that s, = [s¥] is a matrix of homogeneous functions

s9:. U, x (R -{0}) — C,

and s¥(z,r€) = r™s¥, for 7 > 0. We let p¥(z,€&) = x(§)s¥(z, &) so that
pd € Sy*(U) and that

om(pl) = s . (%)

We now let
Ly : DU — E(UL)?

be defined by Lou = [L(p¥)]u with the usual matrix (as in Proposition 3.19)
acting on the vector u. We set u, = 9,u, and we consider each u, as a
vector in D(U,)" by trivializations. Thus we can define the operator L on
the vector u as

Lu = Z wa(Laua) y

and it is clear that
L:D(X,E) — &(X,F)

is an element of PDiff,,(F, F), since locally it is represented by a matrix of
canonical pseudodifferential operators of order m. Note that it is necessary
to multiply by %, in order to sum, since L,u, is C°°, where we consider
Lyu, as an element of E(U,, F) in U,, but it does not necessarily extend in
a C'°° manner to a C* section of F' over X. Therefore it remains to show
that ¢,,(L) = s. But this is simple, since (¢4 L,) € PDiff,,(E, F) and

Im(Yala)(z,€) = om(Ya(z)pd (2,€))
= Ya(z)sd(z,£) by (¥)

— i
85

since (by assumption) %, = 1 on supp(s,) C supp(¢,). It follows that

O'm(waLa) = Sa,
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and by linearity of the symbol map
Um(z 'd)aLa) = Zsa =3S.

We have now to show that if ¢,,(L) = 0, then L is an operator of order
m — 1. Note that 0,(L) = 0 for some L € PDiff,,(F, F') means that in a
local trivializing coordinate chart U, L has the representation Ly = [L(p¥)],
pY € S™(U). Thus,

Um(L)IU = om(Lv) = [om(P7)] = 0.
By Definition 3.2(2), we see that
7 e S™YU).

Hence Ly is, by Theorem 3.6, an operator of order m — 1. Thus L will be an
operator of order m — 1.

Theorem 3.21: Let E, F, and G be vector bundles over a compact differ-
entiable manifold X. If L € PDiff,(F, F') and S € PDiff,,(F, G), then

SL = S oL € PDiffym(E, G)

Moreover, oxim(SL) = 0 (S) - 0x(L), where the right hand product is the
composition product of the linear mapping involved.

Proof: See R.O.Wells (8], pages 138-139.

4. Elliptic Operators
Let E and F' be vector bundles over a differentiable manifold X.

Definition 4.1: Let s € Smbl(E, F'). Then s is said to be elliptic if
and only if for any (z, &) € T*(X), the linear map

s(z,§): E, — F,

is an isomorphism, where £ # 0.
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Note that, in particular, both ' and F' must have the same fibre dimen-
sion. We shall be interested in the case where £ = F.

Definition 4.2: Let L € PDiffy(E, F). Then L is said to be elliptic of
order k if and ouly if o (L) is an elliptic symbol.

Example 4.3: Let
L= Z aij(:v)ij N
ij=1
where ij = 0?/0z;0z;, the functions a;; are defined on some bounded do-
main M C R" and satisfy the condition A|¢]* < 377, ai(2)6:€; < AJ€)?
Ve € M and V€ = (&;,...,&,) € R" for some 0 < A < A, and a;;(z) = a;;(x).

Remark 4.4: If L is elliptic of order k, then L is also an operator of
order k + 1, but is not elliptic of order & + 1 since oy+1(L) = 0.

We shall call any operator L € OP_(E, F') a smoothing operator.

Definition 4.5: Let PDiff(£, F) = U, PDIiff,(E, F) and let L € PDiff(E, F').
Then L € PDIfi(F, E) is called a pseudoinverse for L if it has the following
properties

(a) Lol —Ip € OP_,(F)
(b) LoL-Ige OP_(E) ,
where Ir and Ir denote the identity operators on E and F, respectively.
Theorem 4.6: Let k be any integer and let L € PDiffy(E, F) be ellip-
tic. Then there exists a pseudoinverse for L.
Proof: Let s = ox(L). Then s~ exists as a linear map
sYz,6): F, — E,

since s is invertible, and s~ € Smbl_,(F, E). Now, let L be any pseudodif-
ferential operator in PDiff_y(F, E') such that o_,(L) = s~!, whose existence
is guaranteed by Theorem 3.20. We have that

Go(LOL—IF) = U()(LOE) —UO(IF)»
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and, therefore, by Theorem 3.21 and letting o¢(Ir) = Jr the identity in
Smbly(F)

oo(LoL)—Jp = op(L) o_x(L) — Jp
=Jr—Jr=0.
Thus, by Theorem 3.20, we see that
LoL—1Ip € OP_i(F)
Similarly, Lo L — Iz € OP_;(E) .

Definition 4.7: Let X be a differentiable manifold. Suppose L € OP(F, F).
Then we say that L is compact if for every s the extension

Ly: WX, E) — W**(X, F)
is a compact operator as a mapping of Banach spaces.

Proposition 4.8: Let X be a compact differentiable manifold, and let
S € OP_1(FE, E). Then S is compact as operator of order 0, i.e., an element
of OPy(E, E).

Proof: We have for any s the following commutative diagram

W(X, E) —>W?*(X,E) ,
Ss

i

WS'H(X, E)

where S; is the extension of S, since S € OP_;(E, E), and we have from
the fact that OP_,(E, E) C OPy(E, E) that S, is the extension of S as
S € OPy(E, E). Since j is a compact operator by Rellich’s theorem (The-
orem 1.4), then S, must also be compact. Thus, by Definition 4.7, S is
compact as operator of order 0.

In the rest of this section we will let £ and F be fixed Hermitian vector
bundles over a compact differentiable manifold X.
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Definition 4.9: Let L € PDiffy(E, F'). Then we set
Hy={{€&(X,F): LE =0},

and we let
Hr ={ne WX, E): (£, n) =0,€ € H.}

denote the orthogonal complement in W%( X, E) of H;, restricted to C* sec-
tions, where (£, n) is as in Definition 1.2.

Theorem 4.10: Let B be a Banach space and let S be a compact op-
erator, S: B— B. Let T =1— 5, then

1. Ker T is finite dimensional.

2. The range T'(B) of T is closed, and Coker T'= B/T(B) is finite dimen-
sional.

Proof: See Riesz and Sz.-Nagy [5], pages 179-182.

Definition 4.11: An operator T on a Banach space is called a Fredholm
operator if T has finite dimensional kernel and cokernel.

Here in our applications the Banach spaces are the Sobolev spaces W*( X, E).

Theorem 4.12: Let L € PDiffy(E, F)) be an elliptic pseudodifferential
operator. Then there exists a pseudoinverse L for L so that L o L and
L o L have, for each integer s, continuous extensions as Fredholm operators:

Ws(X,F) - WX, F) and W*(X, E}) - W*(X, E), respectively.

Proof: This is immediate from Theorem 4.6, Proposition 4.8, and The-
orem 4.10.

We now have the important finiteness theorem for elliptic differential op-
erators.

Theorem 4.13: Let k be any integer. Let L € PDiffy(E, F') be ellip-
tic, and let
Ly WX, E) — W 8X, F).
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Then

1. Hy, =ker L, C E(X, E), ie.,, Hp, = H,, for all s.

2. dimH;, =dimH;, < o0

Proof:

1. We suppose that L € PDiffy(E, F) is elliptic, and £ € W*(X, E) has

, s
the property that L§ = o € £(X, F). We now want to show that
§ € E(X,E) so that H;, C (X, E). If L is a pseudoinverse for L,

then LoL -1 =S5 € OP_(X, E). Now L{ € £(X, F') implies that
(Lo L)¢ € E(X, E), and hence

E=I¢=(LoL - S).

Since we assume that £ € W*(X, E) and since (Lo L)¢ € &(X, E), and
that S¢ € W*H(X, E), it follows that £ € W*t(X F). Repeating
this process, we see that £ € Wst*(X | E) for all £ > 0. By Sobolev’s
theorem (Theorem 1.3), it follows that £ € (X, E) for all [ > 0, and
hence £ € £(X, E). Thus H,, C &(X, E), and H,, = Hy.

. Let L be a pseudoinverse for L, by Theorem 4.12, the map

(LoL),: WX, E) — W*X,E)
has finite dimensional kernel. Moreover, we deduce from the following

diagram of Banach spaces

we(x, B) 05 we(x, B)

o
Ls—k
We*k(X,F),

that ker L, C ker(f, o L),. Therefore Ky, is finite dimensional for all s,
and hence dimH, = dimH; < ©

Note that the cokernel of L, of this theorem is also finite dimensional, i.e.,

coker

Ls; < oo. For the proof of this point we include this reference: (see,

e.g., Nicolaescu [4], Theorem 9.4.7.)

Proposition 4.14: Let L € PDiffy(E, F'). Then L is elliptic if and only if
L* is elliptic.
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Proof: This follows immediately from Definition 4.2 and Theorem 2.13.

Theorem 4.15: Let £k > 0 and let L € PDiffy(F, F) be elliptic, and
suppose that 7 € Ht.. Then there exists a unique £ € W*(X, E) such that
L& = 7 and such that £ is orthogonal to ¥ in WO(X, E), ie., £ € H}.
Moreover, if 7 € E(X, F) as well, then £ € £(X, F) also.

Proof: First we will solve the equation L& = 7, where £ € W°(X, E),
and then it will follow from the proof of Theorem 4.13(1) that £ is C'* since
7 is C*°. Consider the following diagram of Banach spaces:

WX, E) —2>WO(X, F)

L]

Wk(X, E) < WO(X, F),

The vertical arrows indicate the duality relation between the Banach spaces
indicated. Since Hi. is the orthogonal complement of the kernel of the
transpose, then the closure of the range is perpendicular to the kernel of the
transpose. Thus Ly(W*(X, E)) is dense in H{.. Moreover, L, has closed
range which follows from Theorem 4.10(2). Hence the equation L& = 7 has
a solution £ € W*(X, E). By orthogonally projecting & onto the closed sub-
space KerL; = J{; which is described in Theorem 4.13, we obtain a unique
solution.

Definition 4.16: Let L € PDiffy(E) = PDiffy(E, E). Then we say that L
is self-adjoint if L = L*.

We now want to state the following fundamental decomposition theorem
for self-adjoint elliptic operators.

Theorem 4.17: Let £ > 0 and let L € PDiffy(E) be self-adjoint and
elliptic. Then there exist linear maps H; and G,

Hy:&(X,E) — &(X, E)
G : &(X,E) — &(X, E)

so that
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1. H(E(X,E)) = Hy(F) and dime Hp(F) < oo.
2. LoGp+ Hp, =GpoL+ H;y = Ig, where I = identity on E.

3. Hp and G| € OPy(F), and, in particular, extend to bounded operators
on W9 X, E).

4. E(X,E)=H (X, EYDGLoL(E(X,E)) = H (X, E)®LoGL(E(X, E)),
and this decomposition is orthogonal in W°(X, E') with respect to the
inner product.

Proof: Let Hy be the orthogonal projection in W°(F) onto the closed
subspace H(FE), which is, by Theorem 4.13, finite dimensional. There is, as
seen in the proof of Theorem 4.15, a bijective continuous map

L. : W*X,E)NH; — Hy .

By the Banach open mapping theorem, L; has a continuous linear inverse
which we denote by Gg:

Go: HE — WH*(X,E) N HL .

We extend Gy to all of WO(X, E) = Hy ®H7 by letting Go(€£) = 0if £ € Hy,
and noting that W*(X, E) C W°(X, E), we see that

Go: WYX, E) — WX, E).

Moreover,
LyoGy=1g—Hp,

since Ly o Go = identity on H;. Similarly,
GO o Lk = IE — HL

for the same reason. Since Go(E(X, E)) C €(X, E), by Theorem 4.15, we see
that we can restrict the linear Banach space maps above to (X, F). Also,
Lle(X,E) =LsoL: E(X, E) — S(X, E) by definition. Let GL = GOIE(X,E),
and it becomes clear that all of the conditions 1-4 are satisfied.
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Remark 4.18:

1. We call the sections in H;, for L a self-adjoint elliptic operator,
L-harmonic sections.

2. The operator G, given by Theorem 4.17 is called the Green’s operator
associated to L.

5. The Cohomology of Projective Algebraic Varieties

Definition 5.1: Let Ey, F,, ..., Eny be a sequence of differentiable vector
bundles defined over a compact differentiable manifold X. Suppose that there
is a sequence of differential operators, of some fixed order k, Lo, L1, ..., Ly_1
mapping as in the following sequence:

EE) B e(E) B ... M5 ¢(By).

Associated with the above sequence is the associated symbol sequence (using
the notation of Sec. 2)

0—7*E U(iJB) T F a(i;) ce U(Lﬁfl) m*Enxy — 0,

where we denote by o(L;) the k-symbol of the operator L;.

Definition 5.2: The sequence of operators and vector bundles in Defi-
nition 5.1 is called a complex if Lo L;_y = 0,41 =1,...,N —1. Such a
complex is called an elliptic complex if the associated symbol sequence in
Definition 5.1 is exact.

Example 5.3: A single elliptic operator [L : E(E) — E(F')] € PDiffy(E, F)
is a simple example of an elliptic complex.

Example 5.4: (The de Rham Complex) Suppose X is a differentiable
manifold. Then the sequence of exterior differential operators and differential
forms is as follows:

E(X,NT*) S (X, AN'T*) S .. & (X, APT™),
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where T = T*(X) ® C, and the sequence of the associated 1-symbol maps

pogy M iy LU gy

is exact, (see, e.g., Nicolaescu [4], Sections 7.1.3, and 9.4.3.) We call this
elliptic complex by the de Rham complex.

Definition 5.5: Suppose that F is a complex as defined above. Then

we let
ZIE)

HIY(FE) =
(E) = 5, (B)
be the cohomology groups (vector spaces) of the complex E, where Z9(E) = KerL, :
E(E,) — &(Eg41) and BYE) = ImLy_, : E(Ey-1) — E(By),q = 0,1,... ,N.
For this definition to make sense, we make the convention that L_; = Ly =

E_, = Eny =0, ie,, we make a trivial extension to a complex larger at
both ends.

Let E be an elliptic complex, and equip each vector bundle F; in E with a
Hermitian metric and the corresponding Sobolev space structures as in Sec. 1.
Associated with each operator L; : £(E;) — &(E;41), we have the adjoint
operator L;* : E(E;11) — E(E;). Then we define the Laplacian operators of
the elliptic complex F by

Aj = Lj*Lj + Lj——le—l* : S(Ej) — E(EJ), ] = 0, 1, .. .,N,

and these operators are well-defined elliptic operators of order 2k. Moreover,
each A; is self-adjoint which follows easily from the fact that (L;*)* = L; and
that the adjoint operation is linear. Since each A; is self-adjoint and elliptic
we can, by Theorem 4.17, associate to each Laplacian operator a Green’s
operator Ga,, which we shall denote by G;. Moreover, we let

fH:(EJ) = j‘CAj = KerA]- . E(E]) — S(EJ)
be the Aj-harmonic sections, and let
H; : E(Ej) — &(E;)

be the orthogonal projection onto the closed subspace H(E;).
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Definition 5.6: Let £(F) = Z;V:o ®E(E;) denote the graded vector space.
Then we define operators L, L*, A, G, H on E(E), by letting
L&) = L(o+ - +&n) = Loo+ -+ Lnén,

where £ =&, + - - - + €n is the decomposition of £ € E(F) into homogeneous
components corresponding to the above grading. The other operators are
defined similarly. We have the formal relations still holding;:

A=LL*"+L"L
I=H+GA=H+AG,

which follows from the identities in each of the graded components, coming
from Theorem 4.17. Note that L and L* are operators of degree +1 and ~1,
respectively, and that A, G, and H are operators of degree 0.

We extend the inner product on E(E;) to E(E) in the usual Euclidean
manner, i.e.,

We shall denote by H(F) = Z;V:o ®H(E;) the total space of A-harmonic
sections.

Theorem 5.7: Let (E(F), L) be an elliptic complex equipped with an
inner product. Then

1. There is an orthogonal decomposition

E(E)=H(FE)® LL*GE(E) @ L*LGE(FE) .
2. The following commutation relations are valid:

(a) I =H+AG=H+ GA.
(b) HG=GH =HA=AH=0.
(c) LA =AL, L*A = AL*.
(d) LG =GL, L*G = GL*.
3. dimH(F) < oo, and there is a canonical isomorphism

H(E;) = HI(E).
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Proof:

1. From Theorem 4.17(4) we obtain immediately the orthogonal decom-
position
E(E)=H(E)D AoGE(E)

— H(E) & (LL* + L*L)GE(E) .

We need to show that LL*GE(FE) and L* LGE(FE) are orthogonal. Sup-
pose that &, n € E(F). Then consider the inner product

(LL*G¢, L*LGn) = (L*L*G¢,Gn) ,
and the latter inner product vanishes since L? = 0.

2. (a) and (b) follow from Theorem 4.17. (c) follows from Definition 5.6.
To show that (d) is valid we shall first have the following proposition.

Proposition 5.8: Let £ € E(E). Then A¢ = 0 if and only if
LE=L*¢ =0. Moreover, LH =HL=L*H=HL*=0.

Proof: See R. O. Wells [8], page 153.

Using the above proposition and the construction of GG, we observe
that both L and G vanish on H(F). Therefore it suffices to show that
LG = GL on the orthogonal of H(FE). It follows from the decomposi-
tion in Theorem 4.17(4) that any smooth £ in the orthogonal of H(FE)
is of the form & = Ay for some ¢ in E(E). Therefore we must show
that LGAp = GLAy for all ¢ € E(E). By using [ = H + GA, we
then have

Lo=HLp+ GALyp
=HLp+ GLAyp,

since LA = AL. We also have
Lpop=LHp+ LGAyp.

Therefore we obtain

GLAp — LGAp = LHp — HLy
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GLAp = LGAyp,
since, by Proposition 5.8, we know that LHp = HLyp = 0.

3. The finiteness follows from Theorem 4.17(1). To prove the desired iso-
morphism we recall that H9(F) = Z9(F)/BI(E), as in Definition 5.5,
and let

U Z9(E) — H(E,)

be defined by ¥ (&) = H(£). It follows from Proposition 5.8 that ¥ is
a surjective linear map. Then we have to show that Ker¥ = BY(E).
Suppose that € € Z9(F) and H(£) = 0. By the decomposition in part
(1) of this theorem, we obtain

¢ = He+ LL*GE + L*LGE .

Since H¢ = 0 and LG = GL we obtain £ = LL*GE, and hence
£ € BIY(E).

Example 5.9: Let (£*(X),d) be the de Rham complex on a differentiable
manifold X. Let us assume that X is compact and that there is a metric
on X. This induces an inner product on APT*(X) for each p, and hence
(E*(X), d) becomes an elliptic complex with an inner product. We denote
the associated Laplacian by A = A, = dd* 4 d*d. Let

H(X) = Ha(NT*(X))

be the vector space of harmonic forms on X. By the de Rham’s theorem,

we have
H'(X,C) = H"(€*(X)),

(see, e.g., Warner [7], pages 205-207.) We shall let H"(X,C) denote the de
Rham group when we work on a differentiable manifold, making the isomor-
phisms above an identification. We thus obtain by Theorem 5.7(3) that

H'(X,C) = H"(X).

This means that for each de Rham cohomology class 0 € H™(X,C) there
exists a unique harmonic form ¢, and hence the de Rham cohomology is
finite dimensional.
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