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Abstract

This thesis first discusses braneworld models, we explain how the bulk geom-
etry in codimension 2 scenarios restricts braneworld fields in a way inconsistent
with observation. We then show how generalising Einstein’s equations to include
Gauss-Bonnet terms avoids this problem and as an example we successfully repro-
duce the Friedmann-Robertson-Walker cosmology familiar in Einstein gravity. The
work on braneworlds concludes with a detailed perturbation analysis of a simple
conical space-time in Gauss-Bonnet gravity, non-trivially we find the standard four
dimensional Lichnerowicz equation on the brane even though the calculation is per-
formed in six dimensions. Next, motivated by the microscopic description of black
hole thermodynamics, we discuss Gubser and Mitra's conjectured relationship be-
tween classical and thermodynamic stability including a review of numerical and
theoretical evidence for it. We then give an argument using a recently discovered
ansatz for non-uniform smeared p-brane solutions that the conjecture fails in the
generality in which it is proposed. The thesis emphasises the underlying relation-
ship between worldvolume field theory and bulk gravity from a geometrical point of

view throughout.
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1.2. String theory 2

in which gravity is a manifestation of the geometry of space-time. This is another,

more profound, example of such a geometric principle.

1.2 String theory

General relativity as a theory modelling physics on large scales is very successful,
it correctly yields for example the observed perihelion precession of Mercury, the
observed bending of starlight by the sun and the red shift of distant objects [15].
There are however two clear (although not unrelated) issues it leaves to be addressed,
the first is that it predicts the existence of black holes, the internal singularities of
which imply the demise of the theory itself and the second is that it doesn’t model
small scale physics. Instead we need additional theories to describe short range
phenomenon and Quantum Field Theory arose to meet this particular requirement,
a framework which successfully unifies special relativity and quantum mechanics.
The goal of unifying general relativity with quantum field theory underlies much
of modern theoretical physics, the hope is to find a quantum theory of gravity
describing all of nature.

The modern candidate for a quantum theory of gravity is Superstring theory [16]
in which point particles are replaced as fundamental building blocks by strings with
a length scale of ~ 1073 m. Superstring theory, which for consistency lives in a
space-time of ten dimensions, is in fact not unique. There are five consistent theo-
ries which appear to be related by various dualities, this in turn suggests that they
themselves are different vacua of a more fundamental 11-dimensional theory known
as M-theory [23]. The dualities led to the discovery that string theory admits higher-
dimensional dynamical solitonic objects called branes which are non-perturbative in
origin, these are surfaces in the space-time on which open strings can end, and have
tensions proportional to the reciprocal of the string coupling. In the low energy
limit they are the black p-branes' of supergravity [74] which are generalisations of
black holes in various dimensions and as such are very interesting objects to study.

As we have mentioned black holes in general relativity imply the demise of the

YA p-brane has a (p + 1)-dimensional worldvolume.
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theory itself, a problem we would hope string theory can resolve. An immediate
problem however is how to deal with the additional dimensions that string theory
seems to require. Historically T. Kaluza [8] attempted to unify the electromag-
netic force with gravity by introducing an additional spatial dimension, his work
was subsequently reformulated by O. Klein [9] which forms the basis of the modern
point of view. Kaluza-Klein theory provided unification through the geometry of
a higher-dimensional space-time, the modern use of their techniques is to system-
atically “remove” extra dimensions by supposing they are compact. The existence
of gravitating higher-dimensional objects in string theory provides a framework on
which we can model our observed four-dimensional universe, that is we confine our-
selves to live on such an object. This leads us to the interesting possibility of an

alternative to Kaluza-Klein compactification.

1.3 Braneworlds

The fundamental idea of a braneworld is that our universe is in fact an infinitesi-
mally thin slice of a higher-dimensional space-time. All the fields of the Standard
Model [19] are confined in some way to live on a brane, yet gravity, being the geome-
try of space-time itself, is allowed to propagate everywhere. A more abstract defini-
tion would be to define any model in which the gauge and gravitational interactions
propagate on different spaces as a braneworld, particularly since the relationship
between such interactions motivates the second part of this thesis. In principle of
course the freedom the gravitational field would have in such a scenario would lead
to inconsistencies in predictions with observational experience, this would be true
for any higher-dimensional theory without a further mechanism to confine gravity
in some way. In the previous section we mentioned briefly that Kaluza-Klein the-
ory unified gravity and electromagnetism and the modern use of the techniques is
to systematically remove additional dimensions in theories by supposing they are
compact. The notion of a braneworld however provides us with a novel alternative.

Of particular interest are the Randall-Sundrum models [92,93], the first, to be

abbreviated to RS1, is introduced in detail in chapter 2. In this model we have
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two 3-branes of equal and opposite tension located at the fixed points of an S'/Z,
orbifold and separated by an anti-de Sitter bulk (i.e. a space-time with a negative
cosmological constant). The orbifold construct seems a little arbitrary, however
Horava and Witten [23] proposed that ten-dimensional heterotic string theory is
related to an eleven-dimensional theory (M-theory) on a R x S'/Z, space, they
claim that if M-theory on such a space reduces to a string theory then it must be
that of the heterotic string and as such has phenomenological applications. The
orbifold construction is shown pictorially in fig 1.2. We find that the RS1 scenario
provides a novel resolution of the hierarchy problem, namely the huge unexplained
difference between the Planck and electroweak scales. Other attempts to explain
this hierarchy typically result in the introduction of another large scale, such as the
size of an extra dimension, and so are unsatisfactory. The RS1 model provides a
solution without the need for large extra dimensions by introducing a warp factor

in the metric which is a function of the extra coordinate.

0~ —0

S'/Z,

Figure 1.2: An orbifold construction. A discrete group acts on a space in some way

and points in the same orbit are identified.

The second model, similarly abbreviated to RS2 and also described in detail
chapter 2, doesn’t provide us with a solution to the hierarchy problem but is far
more interesting. Instead of two 3-branes located at orbifold fixed points a finite
distance apart we have a single 3-brane with an infinite extra dimension, this latter

fact is very unusual. Since gravity is free to propagate in all dimensions in these
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models any observer, brane based or not, would measure at the very crudest a five-
dimensional version of Newton’s law and so we would expect to rule out such a
scenario immediately. However in RS2 the warp factor damps gravitational per-
turbations away from the brane and so perturbatively we still obtain an acceptable
four-dimensional Newton’s law for any brane based observer, this model therefore
provides an alternative to compactification.

The braneworlds in the models of Randall and Sundrum have codimension 1, that
is to say that they have a single direction transverse to the brane. In light of the
possibility of the existence of extra dimensions motivated by string theory for exam-
ple it’s a natural question to ask if similar constructions are possible for braneworlds
with higher codimension, a question which is not new [56]. The conclusion of the
investigation in [56] is easily summarised: codimension 2 braneworld scenarios in
Einstein gravity can not admit arbitrary brane based energy-momentum and so are
inconsistent with experience, they could not yield realistic cosmological scenarios
for example. Another way to look at this point is to observe that we are using
worldvolume fields as an explicit source for bulk gravity and in order to recover the
correct lower-dimensional gravity theory the geometry restricts the types of sources
allowed. In codimension 1 there are also interesting modifications to the usual Fried-
man equations governing the cosmology that a braneworld observer would measure.
This aspect of these models is also discussed in chapter 2 to more clearly highlight
the codimension 2 result. In [53] we showed that the codimension 2 problem could be
overcome if in addition to the usual Einstein tensor we included the Gauss-Bonnet
terms in the equations of motion, which among other things such as being the leading
order gravitational corrections in string theory ensure uniqueness of the gravitational
equations of motion in more than four dimensions [4]. This analysis and a discussion
of the results that we obtained is presented in chapter 3, specifically we show that
with the Gauss-Bonnet terms the induced metric and energy-momentum tensors
on the brane satisfy the usual four-dimensional Einstein equations. We then show
that we can obtain the usual Friedman-Robertson-Walker cosmological scenario for
a brane based observer even when carefully taking into consideration constraints

imposed by the bulk equations of motion. The final sections of chapter 2 explain
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how the perturbation equations induced on a codimension 2 brane in Gauss-Bonnet
gravity non-trivially have the correct four-dimensional tensor structure necessary in

a realistic model.

1.4 Black holes and Thermodynamics

While black holes push the limits of what can be understood using general relativity,
in four dimensions they are well understood; their horizons have topology S?, they
are stable and are characterised by just their charge, their mass and their angular
momentum [13]. Quantum mechanically however they are quite different objects;
Hawking [45] showed that they can thermally radiate which together with the work
of Bekenstein [59] and Bardeen, Carter and Hawking [48] led to a clear picture
of black holes as being thermodynamic systems. That properties of the horizons
of black holes, being rigorous results in differential geometry, can be identified with
thermodynamical laws (such as entropy as summarised in the table below) which are
based on microscopic statistical concepts is very surprising. Indeed understanding
such a connection between the classical and quantum properties could shed more

light on quantum gravity.

Black holes Thermodynamics

Zeroth Law | Surface gravity, x, is con- | T is constant throughout a

stant over the horizon body in equilibrium
1%t Law dM = &dA+QpdJ+PydQ | dE=TdS + work terms
2nd Law 6A >0 65>0

37 Law Impossible to achieve Kk = 0 | Impossible to achieve T' =0

through a physical process | through a physical process

Table 1.1: Four laws of black hole mechanics.

As the temperature of a black hole solution is a quantum mechanical effect we
ought to be better able to understand the relationship with our candidate for a

quantum theory of gravity. To this end Strominger and Vafa [49] by explicitly
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counting microstates of extremal D-brane solutions found that their number agreed
with the size of the entropy as calculated from the area of the event horizon. In fact
the microstates, which we will assume are responsible for the thermodynamics, form
a (1 + 1)-dimensional finite-temperature gauge theory living on the D-branes. This
justification for the origin of the entropy must be seen as a success of string theory
and motivated by it we can examine the deeper structure of the theory. Gubser and
Mitra made a conjecture based on this and part of this thesis is devoted to it. First
however we need to discuss other developments.

Further study of higher-dimensional black objects, such as the various p-branes
of supergravity, led to an interesting discovery in complete contradistinction with
black holes in four dimensions. Gregory and Laflamme showed [60,61] that a class
of p-brane solutions were classically unstable! That is they found that there existed
a perturbation around a p-brane background which was spatially regular but grew
exponentially in time, in fact they found that such an instability existed down to
an extremal limit. Interestingly the p-branes they considered always had negative
specific heat, that is they were thermodynamically unstable.

Given that certain black branes can be unstable we can ask the following inter-

esting questions;
e What is the end state of an instability?
e Which other solutions are unstable?

In trying to justify the instability Gregory and Laflamme used a heuristic argument
based on black hole thermodynamical laws as follows; consider a five-dimensional
black string which is simply the product of a Schwarzschild solution with a line,
Schy x R. A portion of the string of length L and mass M has entropy proportional
to M?/L, a five-dimensional black hole on the other hand has entropy proportional
to M3/2. Thus for large L the black hole solution is entropically more favourable
which indicates we might expect an instability while also suggesting what the end
state of such an instability might be. Horowitz and Maeda [78] have shown however
that a black sting solution can’t have a collapsing S! on its horizon and so the

string can’t dynamically pinch off as a result of the instability. This point is shown
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“A black brane with a non compact translational symmetry is classically

stable if and only if it is locally thermodynamically stable3,”

and a partial proof was given for a certain class of p-branes by Reall [63]. We
will give a review of his argument which is based on relating an unstable mode of
spherically symmetric perturbations to a negative mode of a Euclidean black hole
solution in chapter 4. Further investigations of the conjecture were also carried
out in [68,71-73]; the results up to that point supported the conjecture and a
review of some of this evidence is also given in chapter 4. Studies of the connection
between dynamical and thermodynamical instabilities which relax the requirement
of translational invariance have also been performed and appear in [75-77].

In chapter 5 we extend the investigations of the conjecture to study smeared
branes; that is, we take a p-brane and smear it uniformly over one of the transverse
directions, and study stability to perturbations in this smeared direction. This is
a natural extension of the investigation of p-branes in [63,71-73]. The two classes
of solutions are related by T-duality, which implies that the thermodynamics of the
smeared branes is identical to that of the p-brane with the same total number of
extended directions. However, the study of perturbations in the smeared direction is
technically more challenging; certain simplifications exploited in [63] no longer apply
as is explained in more detail in chapter 5. Specifically we exploited recent advances
in the construction of non-uniform brane solutions [67], which were inspired by the
development of Horowitz and Maeda mentioned previously. In particular we used an
ansatz proposed by Harmark and Obers in [83] for such non-uniform solutions, which
describes both vacuum black strings of the type discussed in [79,80] and charged
black branes smeared over a transverse circle. We show that smeared charged black
holes provide a counter-example to the Gubser-Mitra conjecture, implying that the
connection between dynamical instability and thermodynamics is more complicated
than previously thought.

The thesis concludes in chapter 6 with a summary of our findings and suggestions

3Thermodynamic stability is taken to mean that the Hessian of the entropy (thought of as
a function of extensive variables such as the charge and mass of the solution) has no positive

eigenvalues.
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for future research based on them, in addition there are two appendices giving more

calculational details on results in the main text.



Chapter 2

Codimension 1 braneworlds

2.1 Introduction

This chapter gives a review of the success that the Randall-Sundrum braneworld
models have had. First we give a brief discussion of the hierarchy problem and
then how these models can provide a novel solution is explained in detail in sec-
tion 2.2.1. As mentioned in chapter 1 an interesting aspect of braneworld models is
the non-trivial interaction of the sources for fields on the brane with bulk gravity,
in section 2.2.3 we explain how such non-linear gravity effects give rise to modifica-
tions to the standard cosmological Friedman equations that an observer on the brane
would measure. This in particular sets the context for codimension 2 scenarios.
The final two sections then discuss how in the Randall-Sundrum scenario we can
have on the one hand an infinite extra dimension and yet still recover conventional
four-dimensional gravity contradicting conventional Kaluza-Klein wisdom, thus pro-

viding an alternative to compactification.

2.2 Randall-Sundrum I

There appear to be at least two fundamental energy scales in the universe we live
in; the electroweak scale, mgw ~ 103GeV and the Planck scale mp; ~ 101°GeV.
The huge unexplained difference between the two is known as the hierarchy prob-

lem. There are some simple ways of trying to explain this hierarchy using theories

11
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with extra dimensions: suppose we have for example a (4 + n)—dimensional fac-
torisable space-time which is a product of a four-dimensional space-time with a flat
n-dimensional compact space of volume V,. Then if our higher-dimensional space-
time has fundamental Planck scale M and the four-dimensional space-time has a
fundamental Planck scale mp; we find by performing the trivial integration over the
extra dimensions that

mb;, = M2V, (2.1)

Now the electroweak scale has been probed at distances ~ mjyy, however gravity
has not been probed anywhere near m;lL and so the assumption that the latter
is truly fundamental is based on the belief that gravity is not modified over ~ 30
orders of magnitude between where it is measured and the Planck length. Moti-
vated by this simple argument it was proposed in [89-91] that the large hierarchy
could be explained by making the extra dimensions very large with the doctrine that
M ~ mpgw, so mgw is the only fundamental short distance scale in nature. In such
a scenario there would be no hierarchy among these scales, gravity is so weak as it is
in some sense diluted by the large extra dimensions. This procedure however, while
eliminating the present problem introduces another, namely the new hierarchy be-
tween the weak scale and the compactification scale, even for six extra dimensions
(c.f. string theory) there is an unexplained difference in these scales of the order
~ 10° [35]. Randall and Sundrum proposed a space-time metric which was not
factorisable, but in which there is an exponential factor multiplying the braneworld
directions which is a function of the coordinate in the extra dimension, this expo-
nential factor is responsible for generating the large hierarchy without introducing

a new one. We will now present this in more detail.

2.2.1 The model

The RS1 scenario [92] consists of two 3-branes embedded in a five-dimensional space-
time in which the bulk has possibly a cosmological constant A. The 3-branes are

required to exhibit four-dimensional Poincaré invariance and so the metric is taken
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to be!
dsg — e—20(¢)nuud$/-‘da:u —_ ng¢2, (22)

where z# are the usual four-dimensional coordinates and —7 < ¢ < 7 is a coordinate
for the extra dimension, the size of which is determined by r.. Since the space-time
doesn’t fill out all five dimensions we have to specify boundary conditions, these are
taken to be periodicity in ¢ supplemented with the additional condition of identifying
(z#, ) with (z*, —¢). That is to say we have imposed that the extra dimension has
the topology of the orbifold space S'/Z; (see fig (1.2) in chapter 1). The value of o
over the range of ¢, taken to be —m < ¢ < 7, is then however completely specified
when given on 0 < ¢ < . We could of course rescale ¢ to eliminate 7., this however
would just change the periodicity condition and so we will leave it explicitly in the
metric. The two 3-branes are now taken to reside at the orbifold fixed points, i.e. at
¢ = 0,7 and form the boundary of the space-time. The orbifold singularities will
provide, mathematically, the delta functions we need to support the branes. The

metrics induced on the branes located at ¢ = 0,7 are defined by

g = Gu(é = 0,7m), (2.3)

where G, is the bulk metric defined in equation (2.2).

The classical gravity action which determines the physics can be split up as
Sgravity = / dz* / ’ dpvVG (—A + 2MPR) (2.4)
Speo = | dz*\/g?=OA,, (2.5)
Spon = / da' /g s (2.6)

The details of any matter fields living on the branes is not important in this analysis,
however we include possible cosmological terms to act as sources for the branes?.

Einstein’s equations following from (2.4)-(2.6) with the non-factorisable ansatz

In this thesis we use a {+,—, —, —, ...} metric signature.
2A brane with no tension is the same as no brane as far as Einstein’s equations are concerned.
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(2.2) reduce to

602 —A
= 7
72 4M3’ (2.7)
30’” A1 Ag
and a solution to the first equation with the orbifold symmetry is
—A
o =1\ 5 (2.9)

This makes the space-time between the two branes simply a slice of an AdSs geom-
etry® as the solution only makes sense if A < 0. Differentiating equation (2.9) twice
and using (2.8) gives us (see appendix (A.2) for how to differentiate functions with

discontinuities and how to deal with delta functions in higher dimensions)
Ay = —Ay = 24M3k A = —24M°3K? (2.10)

where k, defined by these equations, is taken to be positive (we could choose k to be
negative, however we can obtain this by redefining ¢ — m — ¢). Note also that this
means there is necessarily a fine tuning between the brane tensions and the bulk
cosmological constant (see section 2.2.3 for more on this point).

This completes the set up. We have two three-branes in a five-dimensional space-
time located at the orbifold fixed points of S'/Z;, of the extra dimension, one brane
has negative tension, the other has positive tension and they form the boundary of
a slice of an AdSs space. Note that by taking into consideration the back reaction of
the branes on the geometry we obtain a metric which depends on the position of the
branes in the extra dimension, this dependence is exponential. Let us now examine
the physical implications of this, in particular how the exponential dependence can

resolve the hierarchy problem.

2.2.2 Hierarchy of scales

The first step to make is to identify the massless gravitational fluctuations, these

provide the gravitational fields in the low energy effective theory as measured by an

3 AdS = aiiti-de Sitter.
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observer on one of the 3-branes. They take the following form
ds? = e WG, datds” — f*(z)de”, (2.11)

where g,,(z) = 1y + hu(z) and k is defined in equation (2.10). So hy, is the fluc-
tuation about Minkowski space and is the physical graviton of the four-dimensional
effective theory. f(z) measures the distance between the two branes and is referred
to as the radion field. It can be shown that it doesn’t affect the following calcula-
tion [33] so we will assume that it is frozen at the classical value f(z) = r, this is
after all a toy model.

The four-dimensional effective theory is now obtained by substituting (2.11)
in the action (2.4)-(2.6) and performing the integral over the extra-dimensional ¢

coordinate. It follows that

M3
mpp, = - (1 — e %em). (2.12)

We should pause for a moment and compare this to the result for a factorisable
space-time given in equation (2.1). Equation (2.12) tells us that the effective Planck
scale depends only weakly on the five-dimensional scale if kr. is large, it is also
interesting to note at this point that even if r, — oo, m%; still makes sense, neither
of these facts are true for a factorisable space-time. In order to calculate how an
observer on one of our 3-branes would measure the physical masses of fields we
will consider the simple example of the Higgs field. Consider a fundamental Higgs
field H bound to the brane located at ¢ = 0, in this case the induced metric is
just the usual Minkowski metric and the physics for matter living on this brane will
have its usual form, for the brane located at ¢ = 7 this is no longer true as the
argument of the exponential doesn’t vanish there. In this latter case suppose we
have a five-dimensional mass parameter mg, then the matter part of the action on

this brane is

Smatter = / d'zy/Goms (942, VIOHVIOH — X (1P - m})*), (2.13)

where all covariant derivatives are calculated with the induced metric on the brane.

Using the solution given in section 2.2.1 we find

Smatter = / d'av/G (e VO HVOH = a7 (IHP = m3)") | (214)
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where e~ %#7e"g |, = gﬁf ™. After rescaling the Higgs field using H — e~*"" H so that

the kinetic term is canonically normalised, we find
Smatter = /d4$\/§ (g“”ij")Hij’)H —A (|1{|2 - VZ)Q) ) (215)

where v = e ¥7<"myq and is the scale by which the physical mass scales are set.
Recall that we are trying to resolve the hierarchy between the weak scale and
the fundamental Planck scale, these differ in magnitude by a factor of ~ 10%5. If we
propose that the five-dimensional Planck scale is fundamental then we can see from
equation (2.12) that the effective four-dimensional Planck scale is of similar magni-
tude provided that e *<™ is small, moreover the five-dimensional fundamental mass
scale is scaled by exactly this amount to give the analogous effective scale. Therefore
if we have kr. ~ 50 then the hierarchy goes away courtesy of the ezponential scaling
without introducing a new hierarchy. It is important to realise that this only occurs
if our universe is identified with the 3-brane located at ¢ = m, unfortunately the
brane located at this point has negative tension and this is a problem as we will see

in the end of the next section.

2.2.3 Cosmology

In this section we will examine cosmological models arising in the RS1 scenario. The
mathematical formalism needed is discussed in detail in Appendix A.1, however let’s
briefly discuss the physics geometrically.

Einstein’s equations govern how the geometry of space-time is affected by the
energy in it. The geometry is described by the metric (it defines a notion of
distance) and a smooth metric, via Einstein’s equations, gives a smooth energy-
momentum tensor. The delta function energy-momentum source of our braneworld
is not smooth and so some derivatives of the metric must be at least discontin-
uous somewhere to support it, dealing with discontinuities like this in the highly
non-linear context of general relativity is not trivial [106], however we can assure
ourselves that the analysis makes sense geometrically. Perhaps the simplest most
direct expression of this is to say that if we add singular energy-momentum to the

space then “something must happen”, in practice we introduce the singular be-
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of the hypersurface to the intrinsic curvature of the five-dimensional space-time and

the third is Einstein’s equation. The Gauss equation is
Rg\j)NPQ = B RSN ph Yy Resrr — 2Kmip Ko, (2.18)

4 . . . . .
where RSW)N PQ 18 the four-dimensional Riemann tensor constructed using ha;y and

the Codazzi equation is
VKN, - VYK = nPrY, Ryp, (2.19)

where V@ is also computed with hpnv. Next we obtain the Ricci tensor from

equation (2.18) by raising the first index and then contracting with the third as
Ry = RpohTyh®y — Rigpsnpnh® hSy + KKyn — Ky Kyp. (2.20)
We can then use this tensor to construct the Einstein tensor
GYW, = (RPQ - é gpQR> hPuh®y + Rponn®hay +
+ KKynv— Ky Knp — % (K* — KP9Kpg) hun — Eun,  (2:21)

where

Eymn = Rfopsnen™h®,hy. (2.22)

To introduce energy-momentum, embodied in the tensor Thsy, we need the five-

dimensional Einstein equations

1
Ryn — §QMNR = kTmn, (2.23)

1

where kK = 53

to be consistent with notation in equation (2.4). Now the Riemann
tensor in an arbitrary number of dimensions has more non-gauge degrees of freedom
than are determined by Einstein’s equations, these extra components are embodied
in the Weyl-tensor® Cy, ~pg. For example, gravitational waves are non-trivial solu-

tions to Einstein’s equations in vacuum [17]. The five-dimensional Riemann tensor

can be decomposed in terms of this tensor in the following way [17]

2 1
Runpg = 3 (9mpRoiv — gnipRoim) — gRQM[PgN]Q + Cunpg- (2.24)

6See page 29 for an explicit count of these components
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If we substitute this decomposition into (2.21) and use the five-dimensional Einstein

equations we find that

2 1
GOy = —35 (TthPMhQN + <TPQnPnQ - ZT) hMN) +

1
+ KKun— KPMKNP 3 (K2 - KPQKPQ) hun — Eun,  (2.25)

where

EMN = CMPQNTLPTLQ. (226)

Up to this point we have been quite general, these equations hold for any time-
like hypersurface in five-dimensional general relativity. Since we are interested in
braneworld scenarios we will now be more specific. First, to be concrete, let’s intro-
duce a Gaussian normal coordinate system, specifically for each p € S construct the
unique geodesic through p with tangent vector n™. Next choose an arbitrary coor-
dinate system z* in a neighbourhood of p on S and label points in a neighbourhood

of S by z* and a parameter p along the geodesic on which the point lies. What we

)/G—e:desic

Hypersurface

Figure 2.2: Gaussian normal coordinate construction.

have in fact done is to write the five-dimensional metric in a neighbourhood of the
hypersurface as

ds? = hy,dxtdz” — dp*. (2.27)

Now assign an energy-momentum tensor Ty to the space-time

Tun = —Agun + TMN5(P), (2.28)
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where from now on all braneworld objects will be hatted and in this case
TMN = —ANhyn + Tun. (229)

So we have assumed that there is a bulk cosmological constant A and also (explicitly)

a brane tension A, (or equivalently a cosmological constant on the brane), note that

this latter split is ambiguous as we could soak up part of A; into the definition of
7

TMN -

Next we need to make use of the following result

. 1 3
[Kmn] =& (TMN — §9MNT> ) (2.30)

where [...] is defined as

f1(@) = lim (f(z + ) = f(z - €)). (2:31)

It’s known as Israel’s Junction condition [22] and is very useful. Let’s briefly explain
how it arises in the Gaussian normal coordinate system. The metric in these coordi-
nates is assumed to be continuous across the hypersurface, however an assumption
of Z, symmetry for example would mean that first derivatives w.r.t p would not
be. The extrinsic curvature, containing at most only first derivatives of the metric
would then be discontinuous at p = 0 and so normal derivatives of Ky would
then contain delta functions. Examining where such terms appear in (2.19) gives us
the result (2.30) in this coordinate system. Using the general result (2.30) with the

assumption of Z, symmetry we find that

1 . 1 -
Ky = F3r (TMN - ggMNT) ) (2.32)

where a + index means that the limit to zero is taken from above and a — from below.
In other words with the assumption of Z, symmetry the junction conditions com-
pletely determine the extrinsic curvature in terms of the brane energy-momentum.

So, with the assumption of Z; symmetry and the choice of energy-momentum

above we find that the four-dimensional Einstein tensor satisfies [37]

Gl = 8nGnTin — Ashn + K2Tun — Enw, (2.33)

"We can render this unambiguous in a cosmological context, see comments following equa-

tion (3.47) on page 42 in chapter 3.
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with the tensor 7y defined as

1 1 1 1
TMN = T5TTMN ~ MPT N+ ghMNTPQ’TPQ — ﬂ#hMN, (2.34)

whereas Newton’s constant G and the effective four-dimensional cosmological con-

stant A4 are defined via

81Gy = Ay, (2.35)
Ao = k(A4 rin? (2.36)
4 = 2/‘6 K36 1] - .

There are now a few points to be made;

o To solve the hierarchy problem in section 2.2.2 we needed to assume that we
lived on a brane of negative tension, we mentioned at the end of that section
that there was a problem, we can now see one reason why. Equation (2.35)
tells us immediately that if A, is negative the Newton constant would also be

negative!

o In the RS1 scenario we found that the bulk cosmological constant was related
to the brane tension in a precise way given by equations in (2.10). If we
explicitly introduce the five dimensional Planck scale M through « then we see
that equation (2.36) implies that the four-dimensional effective cosmological
constant A4 has to be zero. This is another way of looking at the fine tuning

referred to at the end of the section 2.2.1.

e The LHS of equation (2.33) is not Einstein’s equation with the energy-momentum

given in (2.29), we have modifications with possible observational consequences.

Let’s look in more detail at what equation (2.33) implies in a purely cosmological
context. To this end we will examine the equations for a homogeneous and isotropic

braneworld described by the usual Friedman-Robertson-Walker metric [18]

ds; = hydztd”

= dr? — d*(r)dx? (2.37)

c?

where dx” is the metric on a three-dimensional Euclidean space of constant curva-

ture ¢ = 1,0 or —1 (sphere, plane or hyperboloid respectively).
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In particular we assume that the braneworld energy-momentum is given by a ho-
mogeneous isotropic fluid of density p(7) and pressure p(7), in other words we have

that

T,uu = pTuTy + P (h,uu + T[J.Tl/) ) (238)

where 7, are the components of the velocity vector of an observer. On top of these
assumptions, to simplify things, we will also assume that Ej,y is zero - Epn is not
directly related to the energy-momentum tensor, it is zero in the absence of purely
gravitational excitations.

If we define, as usual, the Hubble parameter H = a/a where an overdot refers to

differentiation with respect to 7, then equation (2.33) becomes [30]

¢ 81GyN K\ 2
H? = —— (—) 2 2.39
S+t Ptlg) # (2.39)

: c
H = E—élerN(anp)—S(

K

=) plo+p). (2.40)

These are not the usual Friedman-Robertson-Walker equations as they contain pieces
quadratic in p and p. This means that cosmological evolution in this braneworld
scenario is not the same as what we find in standard cosmology®, an explicit example

of how braneworld physics is affected by the higher-dimensional geometry.

2.3 Randall-Sundrum II

In this section we will review Randall and Sundrum’s second paper [93]. The set up
in this scenario is slightly modified from the previous one, if we look again at (2.12)
we can see that the effective four-dimensional Planck scale is still well defined even
if the periodicity of the extra dimension is taken to infinity, i.e. if the dimension is
no longer compact. The scenario of a single brane in a space-time with an infinite
extra dimension is exactly what we will discuss now.

Canonically with four non-compact spatial dimensions we would not even be able
to reproduce the usual Newton law, there is simply too much room for gravity to

move in. The RS2 scenario is able to confine gravity through the exponential warp

8Especially in the early universe when p was large.
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factor. The analysis here to show this will follow that of Garriga and Tanaka [34].

Starting with the metric
ds? = e MW/ly datdz” — dy?, (2.41)

where [ is a constant related to the cosmological constant, defined in section 2.2.1.
Similar to the procedure in section 2.2.2 we are going to consider a metric pertur-
bation of the form

gun — gun + hun. (2.42)

Under a change of coordinates such as
oM — M M (2N, (2.43)
the metric changes as

gun — gun + Vynn + Vinu, (2.44)

from which it is possible to show that one can choose the five functions ™ in such
a way as to make
hsy = 0. (2.45)
The fifteen independent components of the perturbation tensor become ten, there is
however still some residual gauge freedom as this doesn’t fix the five functions n™
uniquely. The additional freedom can be used to ensure the location of the brane is
fixed at y = 0, such a choice is known as the Gaussian normal gauge and here will
be denoted by an overbar, i.e. hyy. Alternatively we can use the extra freedom to
impose that both
hsy =0 and h*, =h", , =0, (2.46)
which is known as the Randall-Sundrum gauge. In this latter case the location of
the brane is not fixed but given by y = —n°, however the linear order perturbation

equations simplify nicely. In fact the perturbation equations are given by
Aphyn =0, (2.47)
where Ay is the Lichnerowicz operator defined by

1
Arhyn =— EDhMN - RMPNQhPQ + RP(MhN)P+

1 1 1 1
+5Vu (vphPN - -z-th) +5Vn (VphPM - 5_vm) . (2.48)
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and in the Randall-Sundrum gauge they decouple and take the following form
(a720W 4+ 82 — 417*) by, = 0, (2.49)

where a = exp(—|y|/l) and O? is the four-dimensional Laplacian computed with
the Minkowski metric.

The decoupling of the Lichnerowicz operator in the Randall-Sundrum gauge is
very useful, we could for example remove the index structure if we wished which
makes any analysis much simpler. The disadvantage is that the effect of the pertur-
bation could be to alter the location of the brane, i.e. it would no longer be located
at y = 0. We can get around this problem by using the Gaussian normal gauge and
then transforming between the two. Since in both gauges the 55 and 5 components

vanish, any gauge transformation between them must satisfy

g*"MV s + Vsn# = 0, (2.50)

V5775 = 0, (251)
which respectively give the conditions
)

Nt = —5g"Moum® + AM(a"), (2.52)
= n’(z*). (2.53)

It then follows that such a transformation between h,, and i—zu,, can be written as

7 5 p 2 5

hy = by — 10,0,m° + gp(,,Au) — ig,“,n . (2.54)

Now the junction condition on the extrinsic curvature in the Gaussian normal coor-

dinate system is (c.f. equations (2.30) and (2.32))

2\ - A 1 .
<8y -+ i) h'l“/ = —K (TI“’ - ggl“/T> N (255)

where g, = exp(—2[y|/l)n,.,. Here TW is additional energy-momentum on the wall,
it doesn’t for example include the contribution from the wall itself which we use to
eliminate the background metric from the equation. Under our gauge transformation

this last equation becomes

2
(ay + 7) by = —KS (2.56)
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where £, = (TW - %gwf’) +2k719,8,m°. As a consequence of the symmetries of
the space-time the bulk fields must be symmetric under the transformation y — —y
and so the derivative at the origin has to be discontinuous®. Introducing delta
functions to enforce these discontinuities in our perturbation equation, (2.49) then

gives us

(0720 + 82 — 4l + 417'6(y)) by = —26T,,0(y), (2.57)

in the sense that integration of this equation over the wall reproduces equation (2.56).
To solve this equation, even only formally, we need to know 7°. Since A" , = 0 we

must have from equation (2.56) that ¥*, = 0, consequently
O@Wys — —g'ﬁ, (2.58)

which can be thought of as an equation of motion for 1°. Of course we would need
a specific energy-momentum tensor for matter on the brane to solve this. Since in
this section we are trying to reproduce the usual Newton’s law for matter on the

brane we will be specific and choose
Ty = med® (x)diag(1, 0, 0), (2.59)

which is nothing more than the energy-momentum tensor for a single stationary
point particle living at the origin of the spatial coordinates on the brane. Taking

the trace of this energy-momentum and using equation (2.58) we find
0@y = ’“’"T”"“)a@)(x). (2.60)

This last equation, assumed to be valid at y = 0, is simply Poisson’s equation and

has the well known solution (see for example [43] pg. 570)

= — 2.61
K 24nr’ (2.61)

where 7 = |x|. Now the formal solution to (2.57) can be written as

By = _25/d4:c'GR(a:,y;x',0)ZW(x'), (2.62)

9As discussed on pages 16, 20 and 99
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where the integration is over the y = 0 surface and G, is a retarded Green’s function.
The RHS of this equation can be naturally split up into two parts using the definition

of ¥, as

~ ~

—2ﬂ/d4a:’GR(x,y;:E’,0) (T,W — gg,wT> — 4/d4:1:'GR(:I:,y,z',O)c‘?ﬂ&,n? (2.63)

An appropriate choice of A* in equation (2.54) gives us

2 .

) L1
hltl/ = Inﬂuns - 2’(‘.’/d4$IGR(Iay7l‘,a O) (THV - Z);g.UVT> : (264)

Next we insert the explicit form of the energy-momentum tensor and the explicit

form of 7° to obtain

- KMy
P = —
o 12l7r

y
N + R;nodiag(l1,1,1)/dthR(95,y;w’,0)- (2.65)

It is possible to show that the retarded Green’s function is given by [34] (a more
detailed derivation is also presented in [36])

B (W% (y)um(y)
coh oY — ik, (xH—2't*) ™m ™m
Cal@y;2.9/) /@ﬂf (w—@wkyflde+W-@+mJ’

(2.66)

where k* = (w + i¢, k) and

um(y) = %\/@ (Jl(ml)Yg (mle|y|/l) — Yi(ml)J, (mlely|/l)) ’ (2.67)

with N a normalisation constant satisfying N = /J1(ml)? + Y;(ml)? and with J,
and Y, being Bessel functions of order n.
For the stationary case (which is the case for our point particle) it is more illustrative

to consider the Green’s function for the Laplacian operator given by

o0

G@xymﬂn=/ 4t Gz, v, 0). (2.68)

—00

Again in [34,36] it is shown that if both points are taken on the wall we have

, 1 2
G(x,0;x',0) = — 1+ —=+..). (2.69)

4drlr 272

We can use this last equation to finally write

. 1 - Kkm 1
4 . _ 0 5. 3
—2n/d o'Gr(z,y; 2, 0) (Tuu — gg#,,T) = 6l7rrdlag(2’ 1,1,1) <2 + 2,2 +O0(1/r )) ,
(2.70)
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so that (2.65) yields

= kmg [ . 1 ,
h,;w = _4Z7TT' (dlag(l,l,l,l) + —3]{227‘2 d1ag(2, 1,1, ]_) + O(l/r )) . (271)
As this result is in the Gaussian normal gauge we have ¢(r) = —%’_loo as the classical

Newtonian potential and so we find without any further problems that

$(r) = moGs (1 + 28 +0(1 /r3)) , (2.72)

Ir 3r2

where kK = 87(G5 has been explicitly introduced to make the comparison with the
familiar result more transparent. To which end if we further note that G, = G5/
(c.f. equation (2.12)) we have found the usual Newton potential for a point particle
of mass mg with the addition of small corrections which do not contradict current

experimental tests of Newton’s inverse square law for gravitational attraction.

2.3.1 Graviton propagator

The appearance of the usual Newton’s law for a stationary point mass in the previous
section is at the least a necessary requirement of a good theory. However we know
that the General Theory of Relativity provides a more accurate model of gravity
and we should therefore also require that to some extent this stronger theory is
reproduced in some way. To this end we can consider the structure of the massless
graviton propagator. The matter part of the metric perturbation on the brane can

be written as

- 1 N
hl(::) = —2/{/d41"GR(iE,O, ;[;I’ 0) (TIW — ggu,,T) (273)

and if we consider massless modes the retarded Green’s function takes the following
form (c.f. equation (2.66))

Gr(z,0,7',0) = —/(;l‘lTk)Lleik“(‘”““mm) (W) : (2.74)
If we insert the Green’s function above into equation (2.73) we do not get the usual
four-dimensional graviton propagator, this is because we find a factor of % instead of
the usual % This difference is a direct result of being in five dimensions instead of

four. However the full perturbation is given in equation (2.65) and includes a term
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proportional to n°, in general we can formally solve the Poisson equation (2.58) for

n° as

S_E 4IL‘
N —6/d:vD4T,

4
L[ e
04 (2m)4

Putting it together we find that the full equation is,

1 - 1 .
m) __ 4
A = —Qﬁ/d ,@ <Tu,, - 5gu,,T).

where

(2.75)

(2.76)

(2.77)

We see the correct factor of % is found so that the usual four-dimensional propagator

appears as we would like. This is an important observation, it was shown in [31, 32]

that the difference in the tensor structures due to the different factors mentioned

here is enough to give observationally inconsistent predictions for the bending of

star light. To conclude this provides strong evidence that four-dimensional gravity

is indeed reproduced.



Chapter 3

Codimension 2 models

3.1 Introduction

The geometry of a space-time exterior to a localised defect depends critically on
the number of codimensions. Typically a localised defect of codimension 1 or 2
manifests its self-gravity in the global features of the space-time, this is not true for
defects of codimension 3 and higher which we can see as follows; intrinsic spatial
directions don’t participate in the self-gravity interaction of the defect and so sym-
metry dictates that the self gravity will be manifested in the directions orthogonal

to it, however in n-dimensions the Riemann and Ricci tensors have [37]

n?(n? -1 n(n +1

(1—2) and (—2—), (3.1)
independent components’ respectively and so gravity in (1+1) and (2+1)-dimensions
has no local degrees of freedom. The vacuum space-time exterior to a defect of codi-
mension 1 or 2 is therefore locally flat and the gravitational effect of the defect shows
up only globally. For codimension 1 scenarios we have two flat space-times glued
across a boundary (i.e. an orbifold construct, see chapter 2) and for the codimen-
sion 2 string we have a conical space-time. The first situation has been well studied

and important examples and aspects have been reviewed in chapter 2, it is the latter

situation we will examine in this chapter.

!The difference between these is &5n(n+1)(n+2)(n—3) and counts the number of independent

components of the Weyl tensor defined on page 19.

29
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Before we do that, let’s first discuss the results in the literature. Rubakov and
Shaposnikov [58] tried to modify the canonical Kaluza-Klein ansatz with the inten-
tion of learning more about the cosmological constant problem, as a by-product they

found that Einstein’s equations for the six-dimensional metric
dst = m(r)%ds? — dr® — L*(r)d6?, (3.2)

where ds? is a maximally symmetric four-dimensional metric, admitted a very el-
egant analysis; Einstein’s equations for the unknowns can be written as simple
classical mechanical equations for particles in potential wells. Since codimension
2 models naturally have six dimensions this provides a very convenient framework
for analysis. Using this framework Cline et. al. [56] found that in codimension 2

scenarios;
e The effect of adding a 3-brane is to introduce a conical singularity.
e Some solutions need space-time to be cut off with 4-branes.

e They observed that even with the more general metric
ds? = N%dt* — M?dx; — B%dr® — L*d6?, (3.3)

where the functions can depend on ¢ as well as r, the brane energy-momentum

T,“, had to satisfy

T,w ~ Guv- (3.4)
The last bullet point above is a real problem, it rules out any realistic codimension 2
models in Einstein gravity. Since it will turn out to be a special case of the main
result of this chapter we will review it only in a simple case after a necessary review
of conical singularities. In section 3.5 we present the work in the paper [53] where
we showed that by considering Gauss-Bonnet terms this restriction on the energy-
momentum tensor could be overcome, the rest of the chapter after that point then

gives some important examples showing the features of the model.



3.2. Conical singularities 31

3.2 Conical singularities

In this section we will see how the angular deficit of a conical space-time can be
identified with the tension of a codimension 2 braneworld. To do this we will consider
an explicit example [39]. Start with the following static cylindrically-symmetric
metric

dsi = dt* — dz* — dr* — B(r)%d¢?, (3.5)

where the coordinates are unrestricted except to say that, r € [0, 00) and the periodic
angular coordinate ¢ € [0, 27). The function S(r) is given by
L (ﬂ) (r <)
sin (7 T <
Br)=14" (3.6)
(r—l+%tan’y) cosy  (r>1),
and here ! > 0 and v € (0, 7/2] are constants. In the interior region of the space-time
(r < 1) there are two non-vanishing components of the Einstein tensor, specifically

we have Gy, = —G,, = ¥?/1? and hence an energy density
p =T, =212 (37)

The metric in the exterior region (r > [) has vanishing Riemann tensor.
Now the mass density of the cylinder y, i.e. the density per unit length, is given by

the integral of the energy density over the two-surface z, t=const. This gives

/%/ — sin —drdgb

=27 (1 — cosvy) . (3.8)

To model a string we then consider the limit { — 0 (see fig. 3.1). In this case, since
u doesn’t depend on [, the mass density converges trivially and we can tentatively
assign

ps = 27 (1 — cosy) 6P (r). (3.9)

In the exterior region §(r) can be put in the form of a standard metric for a
conical space-time in four dimensions via the coordinate transformation R = r -+

({/) tan vy, specifically the metric would take the form

dsg = dt* — d2* — dR* — R® cos® vd¢?. (3.10)
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3.4 Gauss-Bonnet gravity

Einstein’s equations are derivable from an action principle from which it follows

in two dimensions there are no dynamics. In four dimensions this is, of course,

not true. However there are terms which may be added to the action which are

purely topological in four dimensions but which become important in five and higher-
2

dimensional situations, the so called Gauss-Bonnet terms”.

If we define the Einstein tensor Gy n by

1
GMN = RMN — §gMNR, (320)

then Gy + Agpywv is the most general combination of tensors in four dimensions

which satisfies the following conditions [4];
e [t is symmetric.
e It only depends on the metric and its first two derivatives.
e It has vanishing divergence.
e It is linear in the second derivatives of the metric3.

It turns out that in five (and six) dimensions we can also satisfy these with a linear
combination of the Einstein tensor, the metric and the Lovelock tensor [4,5]. The
required linear combination is obtained by varying the following action which is the

usual Einstein piece plus quadratic terms proportional to «
Sgravity = Omatter + /R + o (R2 - 4RMNRMN + RMNPQRMNPQ). (3.21)

In this way we see from a purely geometrical point of view that the theory described
by the above action is a natural generalisation of the pure Einstein theory. This term
can also be shown to arise from String Theory [28,29] and since braneworlds them-
selves are certainly motivated by String Theory [23-25] we have yet more motivation

that they should be considered.

2Generalisations of the Gauss-Bonnet theorem in higher even-dimensional spaces are possible

via the Atiyah-Singer index theorem, the Euler character vanishes in spaces of odd dimensionality.
3In four dimensions this is implied by the other three.
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3.5 The Model

The idea is now simple. We use the Gauss-Bonnet corrections in six dimensions
to provide the additional structure we need to avoid the over restrictive energy-
momentum requirement found by Cline et. al. in [56]. In [53] we proposed such a
model which consists of a string-like defect - our codimension 2 braneworld, in a
six-dimensional space-time in Einstein-Gauss-Bonnet gravity.

Our task is then to derive the effective equations on the brane (i.e. the codimen-
sion 2 equivalent of (2.33)). Before we do that it is worth comparing and contrasting
with the codimension 1 scenarios. In codimension 1 there is a single normal vector to
the braneworld, hence a single direction from the braneworld. This means first of all
that there is a natural coordinate system adapted to the model, the Gaussian nor-
mal coordinates, essentially we choose the extra coordinate transverse to the brane
as a measure of the proper distance along geodesics orthogonal to the braneworld
(see fig (2.2) in section 2.2.3 of chapter 2). Secondly we can relate the intrinsic
curvature of the space-time with the extrinsic curvature of the braneworld using the
Gauss-Codazzi equations. In codimension 2 there are now two normal vectors and
for a regular submanifold we can apply the Gauss-Codazzi formalism as before?,
however it is not possible to put two normal vectors at the location of the deficit
with a well defined inner product as it depends on whether you measure the inner
or outer angle. In this case we will therefore use a coordinate system defined in the
vicinity of the braneworld and in which the effect of the braneworld itself appears
formally as a delta function source, so instead of using the junction conditions to
determine the extrinsic curvature we will identify the singular behaviour explicitly.

We will assume that our braneworld has a nonsingular metric, g, (z*) and from
now on all braneworld objects will be hatted. The coordinates z# denote braneworld
directions and we will use Greek indices to refer to these. To construct the rest of
the coordinate system consider the set of points which have topology S! at fixed
proper distance 7 from any z# and label them with the periodic coordinate # which,

without loss of generality, we will take to have periodicity 27n. The coordinates

4A discussion for arbitrary codimension is given in appendix A.l
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now expand the metric in the neighbourhood of the braneworld since this is the

region we are interested in. In particular with the assumptions we have so far
L(z*,7) = B(z")r + O(r?). (3.23)

If we now substitute (3.23) into (3.22) and compare the result with the analysis in
section 3.2 we find that if § # 1 we have a conical singularity at the origin which
we interpret as being due to a delta function braneworld source. Strictly speaking,
at least in Einstein gravity, we cannot talk of a delta-function source in terms of a
zero-thickness limit of finite sources [106], to reiterate the discussion in chapter 2
the basic reason for this is that a smooth metric yields a smooth energy-momentum
tensor and so the smoothness condition on the metric must fail, unfortunately the
nonlinear nature of Einstein’s equations make such a condition difficult to deal with
rigorously. We however can avoid this technical issue and, geometrically, deduce
the existence of a delta-function in the Riemann tensor from the holonomy of a
parallely transported vector around the source. As the area of any loop vanishes the
curvature has to become singular to account for the lack of parallel propagation, see

fig 3.4. The equations of motion then make perfect sense with the delta-function

Figure 3.4: The dashed lines are identified, parallely transporting a vector from z

around the circle to y induces a rotation irrespective of the size of a

being encoded in a notional discontinuity of the radial derivatives of the metric at

r = (. For a general braneworld then the problem we wish to solve is that of finding
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gravitating solutions that include the effect of a general brane energy-momentum

tensor

- o(r
Ty (z) 27(rL) 0

TMN - y (324)
0 0

where upper case Latin indices run over all the dimensions, the structure of the
delta function is discussed in appendix A.2. In particular, we will be interested in
the relation between the four-dimensional induced metric on the brane, g, (z,0) =
. (z), and the brane energy-momentum tensor, T}, (z). It is this relation which
determines the nature of the gravitational interactions that a “brane observer” would

measure.

3.5.1 Analysis

To derive the equations satisfied by the induced metric our starting point is the

Einstein-Gauss-Bonnet equation
M*(Gun + Hun) = Tun + Suw, (3.25)

where M is the six-dimensional Planck scale and

1
Gun = Run — EQMNRa (3-26)

is the usual Einstein tensor and the Gauss-Bonnet contribution is given by

Hyn = Oé[ s9un(R? — 4RP9Rpg + RPST Rpggr)

—2RMQSPRNQSP] , (3.27)

with o a parameter with dimensions of (mass)~2. Sy is the bulk energy-momentum
tensor, which we will not specify here, other than to assume that it has no delta-
function contributions. If equation (3.25) is to be satisfied then there must be a
singular contribution to the LHS with the structure ~ @. As already discussed in

section 3.2, such contributions arise as

P u-pt)

T + (non — singular part). (3.28)
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Also we have

0?2 5(r .
—T%‘ﬁ =0, ,“,—(L—) + (non — singular part). (3.29)
In Einstein gravity these latter terms are zero as we will see later, however since
they could in principle be nonzero here, we will retain them from now on. We must
therefore set the delta-function contribution to the geometry equal to the brane
energy-momentum tensor in order to solve the equations of motion. To simplify

the calculation we note the following behaviour of some key pieces in the Einstein-

Gauss-Bonnet equations

n

R = T + (non-singular part), (3.30)
LI/
Ry = Tt (non-singular part). (3.31)

After some calculation, one obtains that the only singular part of the LHS of equation

(3.25) lies in the p,v directions and is

_%" lgw + 4o (Rw,(g) - %guuR(g)>:| + %o, (L' w, wv) s (3.32)

where W, is defined as the following combination of first derivatives of the four-

dimensional metric

Wul/ :g/\gargu)\argua - g/\garg/\aarg;w'i'

1
+ Eguu [(g/\oarg)\a)2 - g/\ggéparg)\éargap] . (333)

We can now use the properties

Lz = (1—ﬁ)¥+...,

L
8. (L' W) 5(r)
- T (3.35)

L

(3.34)

/8 W/_LUIT=0+

to obtain the matching condition by equating the 42 terms of equation (3.25). This
yields

- f ﬁW,w] =T (3.36)

where G, is the four-dimensional Einstein tensor for the induced metric, §,,, and

2m(1 — B)M* (g + 4aG,w + «

W, = Wy |r=o+. This is the main result of this chapter, the gravitational equations
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of a braneworld observer are the Einstein equations plus an extra Weyl term, Wuv’
which depends on the bulk solution. This term is reminiscent of the Weyl term in the
codimension 1 braneworlds [37] (see also equation (2.33) in chapter 2), which gives
rise to the corrections to the Einstein equations on the brane. Roughly speaking,
the braneworld equation is obtained by taking the components of the full Einstein
equations parallel to the brane, with the perpendicular components giving some
information on the nature of the Weyl term. Depending on the symmetries present,
in some cases (cosmology being the most physically interesting) we can completely
determine the bulk metric, and hence these Weyl corrections. For codimension 2,
the perpendicular components of the bulk equations do lead to constraints as we
discuss presently, however these now no longer fix the bulk metric exactly, not even
for the highly symmetric and special case of braneworld cosmology with Einstein
gravity in the bulk. Let us now investigate the consequences of (3.36), including the
consistency of the extra Weyl term, which arose as a result of allowing a discontinuity

in the derivative of the parallel braneworld metric.

3.5.2 Discussion

A natural first check is to take the o — 0 limit to recover the Einstein case. Then

equation (3.36) reduces to
27T(1 - IB)M4.@/M/ = T;u/- (337)

Although it looks like it is not possible to satisfy this condition unless the brane
energy-momentum tensor is proportional to the induced metric, in fact we have not
yet determined whether 3 is a constant. A non-constant 3 would correspond to
a varying deficit angle, and is not determined by the braneworld equations alone.
We must supplement the braneworld equations with the bulk equations normal to
the braneworld, and since at the moment we wish to make as few assumptions as
possible about the bulk, we will simply look at the divergent O(1/r) terms in the
Einstein equations near the brane, as these cannot be cancelled by any regular bulk

Spn- These leading terms for the (u,v), (r,r) and (u,r) components of Einstein’s
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equations give

LII) LI "
Guw ( 7~ 5 (0w — Gwg” 0:9p) = 0,
% o.L
L gpo - wll _
579 Orgpo = 0, i 0, (3.38)

where (F') stands here for the smooth part of F' as we approach the brane. We now

see directly that § must indeed be constant, and that

8; L=+ = 0, (3.39)
3rg,w|,,:0+ = 0. (340)

We can now confirm the observation of Cline et. al. [56], that Einstein codimension 2
braneworlds must have an energy-momentum proportional to their induced metric,
and their gravitational effect is to produce a conical deficit in the bulk space-time,
recovering two of the bullet points in the introduction to this chapter.

In Gauss-Bonnet gravity however the situation is not so simple since all these
equations get corrections proportional to a and one cannot rule out the existence
of solutions with W,, # 0. The O(1/r) terms in the (u,7) components of the

Einstein-Gauss-Bonnet equations for example are

vo 0oL’ 1
-9 I [guu + 4o (Ruu(g) - EQWR(Q)) - W;W] +
L, vao
+2a~g [arg,w R’ — Orgus RPW] —0, (3.41)

with similar constraints from the O(1/r) terms of the (u,v) and (r,7) equations
(though these are somewhat more complicated and not particularly illuminating).
In this case we find that in general no simple restriction can be placed on the solution,
and in particular the deficit angle 3 need no longer be constant.

However, it is important to note that some components of the Ricci curvature

tensor (and scalar) are now divergent once we allow 9,g,.|o+ # 0. For example

i _ O
Ruy - §fargp.u +...= ? + O(l)) (342)

near the brane. In a realistic situation, we could argue that a brane would have
finite width, which could act as a cut-off for the curvature, hence all the results in

this chapter would still be valid provided this cut-off is sufficiently large so that the
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curvature is still small compared to M2, the six-dimensional Planck mass squared. In
this smooth case, we can use the Gauss-Codazzi formalism and the §-independence

of the metric to write®

1
W = K Koy — K K + 59 (K? - K2,), (3.43)

where K, are the two extrinsic curvatures (¢ = 1,2) for each of the two normals.
We therefore have the interpretation of W, as being a geometric correction to
the Einstein tensor due to the embedding of the braneworld in the bulk geometry.
The interpretation is then that the Einstein equations acquire additional embedding
terms which unfortunately cannot be deduced from the braneworld geometry alone.

The physical relevance of terms which lead to divergent curvatures and hence
tidal forces in the vicinity of the braneworld is however questionable. If M is of order
the (inverse) brane width, or if we wish to have a truly infinitesimal brane, then we
are forced to conclude that for consistency we cannot stop at the Gauss-Bonnet
curvature corrections, but must include all higher order curvature corrections thus
entering a non-perturbative regime of which we can say nothing®. We are therefore
led to impose J,g,, = 0, and equation (3.41) tells us that the deficit angle 3 is again
constant and the equation for the induced metric (3.36) remarkably takes the form
of purely four-dimensional Einstein gravity

. 1 N 1
v = T, v —g v 44
G 8m(1— Bam4™* 1" (344)

We can read off our four-dimensional Planck mass as
md = 8w(1 — B)aM?, (3.45)
and we note the presence of an effective four-dimensional cosmological constant
Ay =Ty —2n(1 — B)M*, (3.46)
where T} is the bare brane tension

A

Ty =Ty G + 6T (3.47)

SCompare to equation (2.25) on page 19.
80f course if the curvature terms are in the Lovelock combinations [4] then they are purely

topological.
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Of course the splitting of the energy-momentum tensor in this manner is potentially
arbitrary, however, for a cosmological brane 67},, — 0 ast — 0o, and we can simply
posit that 67, — 0 as either ¢ or |x| — oo as being a necessary requirement of a
braneworld thus rendering (3.47) unambiguous.

Interestingly, the Einstein relation between # and the brane tension
To = 2n(1 — B)M*, (3.48)

no longer holds for Gauss-Bonnet gravity — we can specify the conical deficit and
the brane tension independently, the only caveat being that if the Einstein relation
does not hold, then we have an effective cosmological constant on the brane.

To sum up: we have found the equations governing the induced metric on the
brane for a codimension 2 braneworld. We have shown that adding the Gauss-
Bonnet term allows for a realistic gravity on an infinitesimally thin brane which
remarkably turns out to be precisely four-dimensional Einstein gravity independent
of the precise bulk structure, the only bulk dependence appearing via the constant
deficit angle A in the definition of the four-dimensional Planck mass m3, = daAM*.
Since Einstein gravity appears quite generically, our model provides a novel alterna-
tive realisation of the infinite extra dimensions idea of Dvali et. al. [57]. Indeed, we
could modify our model by adding braneworld Ricci terms (which can be motivated
via finite width corrections to the brane effective action [104, 105]), which would
give the same form of the braneworld gravity equations, and simply renormalize the
four-dimensional Planck mass.

We also showed that it was possible to obtain a deviation from Einstein gravity
via a non-zero Wuu- In turn, this allows a variation of the bulk deficit angle and
therefore the effective brane cosmological constant. In this case, one has to either
perform a smooth regularisation of the brane by taking some finite width vortex
model, or accept that the infinitesimally thin braneworld has a non-perturbative
regime in the neighbourhood of the brane. Nevertheless it seems to be a very ap-
pealing feature toward a possible solution of the cosmological constant problem for
example. One could envisage a situation in which the system is in a non-perturbative
phase in which the cosmological constant can vary, and relax itself dynamically to

a perturbative state in which the induced gravity on the brane is four-dimensional
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Einstein gravity and with a very small cosmological constant (an infinite flat super-
symmetric bulk might for instance lead to this situation [38]). Due to the unbounded
curvature near the brane when this situation is violated it seems plausible that once

the system reaches that configuration it would prefer to remain there.

3.6 Cosmology

In this section we will explicitly examine our model in a cosmological context, we
have seen the general matching conditions that govern the geometry as measured
by an observer on the brane, however as has been mentioned there are various
constraints arising from the Einstein-Gauss-Bonnet equations in directions other
than the four on the brane. In a cosmological context these are simple enough to deal
with completely. First of all we will present a general inflating brane solution, this
gives an example of a complete exact cosmological solution, and then we give a more
general discussion of a Friedmann-Robertson-Walker scenario on a codimension 2
brane with an analysis of the restrictions imposed by the bulk equations of motion. A
success of the codimension 1 models is their ability to essentially reproduce standard

cosmology, here we see in detail the same success reproduced in codimension 2.

3.6.1 Inflating brane solutions

In order to obtain an inflating brane solution, we note that de Sitter space is simply
a constant positive curvature space-time and as such is the analytic continuation
of a four-sphere. We can write down six-dimensional Gauss-Bonnet-Schwarzschild

solutions [54] as follows

dr?
dst = V(r)dt? — o r2dx?, (3.49)
where
2 120A 24op
Vir)=r?+— |1 i\/ .
(r) K+12a( 1+ E + " ), (3.50)

and dx? is a Euclidean four-space of constant curvature x2. This is a generalisation
of the usual six-dimensional Schwarzschild solution in the sense that we obtain it

if we take the minus sign in (3.50) and let @ — 0. Note that doing the same
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Figure 3.5: V(r) plotted against r with k = p=A=1

thing with the opposite sign has no such analogue and the resulting metric is that
for a space-time with a naked singularity. These two cases are often referred to as
the Einstein and Gauss-Bonnet branches respectively, here we will work with the

Einstein branch.

We doubly analytically continue the metric given in equation (3.49) as follows;
o First analytically continue the Euclidean four-space to a de Sitter space

dx3 — dr? — e*"dx2. (3.51)

e Second analytically continue the ¢ coordinate

t — 0. (3.52)

This gives us the following metric

dr?

dsg =72 (dT2 - 62"de§) —

Note that the periodicity of 8 is not fixed as 27 but is determined by demanding the
appropriate conical deficit at the analytically continued event horizon. To this end
note that in general V(r) has two real roots, see for example fig (3.5), and so we will

calculate the angular defect at the location of each horizon and fix the periodicity
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of 6 by smoothing one of the conical singularities out.

We can determine the angular deficit at the location of each horizon by expanding
V(r) around the horizon location, performing a change of variables and then doing
a simple integral. Suppose the two zeros of V(r) are located at ry o (with ry < 73)
and that & has periodicity n then the angular deficits A 5 are;

V,('rl,2)

A1,2 =2m (1 —-7n An

) . (3.54)

The absence of a conical deficit at r; requires that A; = 0, so we require

47

=|—], 3.55
in which case
. V’(’I’g)
Ay =2m (1 ‘V’(rl) ) . (3.56)

Alternatively, if instead we require that Ay = 0 then

V'(ry)
V’(T'Q)

A1=27T(1—‘

) (3.57)

In this latter case for generic V(r) we would have an “angular excess” at r,, for
example in the situation depicted fig 3.5 (with o = 0.3) we have,

V'(r)
V'(ra)

~ 5.868, (3.58)

so A; < 0 and the interpretation would be an unphysical one as it would correspond
to a negative tension object.

Motivated by this we smooth out the conical singularity located at r = r; which
then determines the periodicity of 8 as given by equation (3.55). This then gives us
a space-time with a conical singularity, following the interpretation of the previous
sections we have an exact codimension 2 brane world solution with an inflating

cosmology.

3.6.2 FRW cosmology

Since we know that in our scenario Einstein’s equations are reproduced for a brane
based observer (although it is not yet clear that conventional gravity would be

measured by such an observer as was motivated for codimension 1 scenarios in
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chapter 2) and, moreover, that the Friedmann-Robertson-Walker cosmological model
is a good one we will examine these types of solutions and the constraints the bulk
equations impose in our set up. So we start by taking the following form of the
metric

dsg = N*(t,r)dt® — M*(t,r)vydz'de? — dr® — L(t,7)d6?, (3.59)
where +;; is a maximally symmetric three-dimensional metric and lower case Latin

indices will be understood to run over these three dimensions.
1 AN
Yij = (1 + é—lK‘ (Skll' T ) 51’]', (360)

with kK = —1,0, 1 parameterising the spatial curvature. This is clearly a special case
of equation (3.22). The coordinate € is periodic with period 27 and the requirement
of having a codimension 2 brane at the origin (r = 0) translates into L(¢,7)|,—o = 0.
We then expand L thus defining 3(t) as in equation (3.23). Next we decompose the
total energy-momentum tensor as the sum of two pieces, the brane and bulk terms.
Note that in the analysis of section 3.5.1 we didn’t make any assumptions about the
nature of the bulk energy-momentum other than to assume it had no delta function
sources, here of course the same restriction applies however we will assume that

there is a bulk cosmological constant. So if we write

Tun = Ty + Thins (3.61)
then we are assuming that
8(r)
—p N2_LL
Thrane — pM?2,;20) , (3.62)
0

and for the bulk part, we will just assume that at » = 0 we can write it as

g\
Tok| o= 7*F (3.63)
gabAr
where the indices u,v run over t and z' and a,b run over the extra-dimensional
coordinates 7, 6.

If we introduce, for convenience, the notation

My = M(t,0), (3.64)
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then equation (3.36) becomes

(1-B)[1- 12aM;’2wZ; =, (3.65)
M3 M
(1-P8)[1-4a ?\41; g SaJV—[Z] = —p. (3.66)

It is clear from the equations above that when o = 0 we can only find solutions if
p = —p (i.e. a cosmological constant equation of state), but importantly when o # 0
we can find solutions that include matter on the brane and, moreover, this matter
content determines a non-trivial cosmology. Also, from equations (3.65, 3.66) we
can recover the conventional energy-momentum conservation law for matter on the
brane, to do this we first note that the (¢,7) component of the full Einstein-Gauss-

Bonnet equations evaluated in the limit » — 0 gives

tim £ — jiy 237+ OC)
ro0 L =0 fr+ O(r?)

=0, (3.67)

s0 3 = 4 = 0. Now, differentiating equation (3.65) with respect to ¢ and using again
these matching equations we get the familiar result

. M,
p= _3ﬁ0(p +p), (3.68)

in fact performing the same procedure in the codimension 1 scenarios gives the same

energy conservation result [30].

To continue the analysis we will consider the case where;
e p=—p =T, so we assume a cosmological constant equation of state.
e x = 0, zero spatial curvature.

In this case equations (3.65, 3.66) imply that the solution is simply dS space for the
brane worldvolume (Mg /M2 = My/M, = H? is constant) and the deficit angle can

be determined from them as

T

1-f=—" .
b 1—-12aH?

(3.69)

However, these equations do not fix the value of H, (and therefore the deficit angle),

it will be determined by “bulk” physics, the main point of this section. To see this,
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consider the (r,7) component of the Einstein-Gauss-Bonnet equations for the metric

given in equation (3.59), again evaluated at r = 0, that reads

3(k+ MZ)  3M, (k + MZ)M,
A+ + —12q—— 0770
M2 M, M3
3M, K+ M2 M, K+ ME
—~ 1-4 —8a=—2) -~ Ny [1-12 = 70
Mo ( VR VA 2 Mz 0, (370)
where My = M"(t,0) and N, = N”(t,0). This equation reduces for p = —p and
k=0to
2 4 3M, 2
A, +6H? — 12aH; — SYAREAL (1—12aH?) =0. (3.71)
0

From this equation we also see that (%{} + Nz) = A, has to be constant, and
depends on the particular bulk solution we are considering. So H, can be determined
from the previous equation in terms of A,, Ay and «.

This agrees, for « = 0, with the general inflating solutions presented in the
previous section for the Einstein case. But now, with a # 0, we can consider the

situation in which we have some matter on the brane. So let’s take
p=T+pu(t) , p=-T+wpn(t), (3.72)

with w > —1. In an expanding universe pm(;_,oo) — 0, so asymptotically the solution

t—o00
must converge with the previous one. Then for ¢ — oo the matching conditions
reduce to equation (3.69), and since # and T are time independent, we must fix the
deficit angle to satisfy equation (3.69) at all times. Substituting back this value for

B in equations (3.65, 3.66) we get

MZ ., 1-12aH?

20 _HE e, .

M2~ ¢ T 12aT " (3:73)
M, 1 - 12aH?
i & ¢ N i 4 | - 74
M, 2+ SiaT (14 3w)p (3.74)

These are the conventional equations for the evolution of the scale factor of the
universe with cosmological constant H? if we make the identification

1 —12aH? &7

as can been seen by referring to equation (2.39). Notice that the effective cosmo-

logical constant is independent of the brane tension, since it is determined by the
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equation

A, +6H? — 12aH! — AP (1 - 120H?) =0, (3.76)

where Af)"o) = lim; L (% + N2) is a parameter to be determined by the bulk
solution. Matter on the brane satisfying an equation of state such that w > —1 (so
its energy density goes to zero as the universe expands) affects the evolution of the

scale factor in a standard way.

3.7 Perturbation analysis

We know general relativity is in excellent agreement with physical observations,
therefore we need to check that in our codimension 2 model an observer living on
the brane would, at least to a first approximation, find this well established theory
reproduced. In the codimension 1 scenario discussed in chapter 2 we were able to do
this to some extent, to do this in the present case we will first perform a perturbation
analysis (c.f. equation (2.49) in chapter 2).

To make the analysis as neat as possible we take the trace of the Einstein-Gauss-
Bonnet equations and eliminate the Ricci scalar, this gives us a set of equations which
look like “Ricci tensor + corrections” and will enable us to more easily identify the
role played by the higher order curvature terms. In fact when we do this we find

the equations (in n-dimensions) to be

1
2—n

Run — a[ gmn(R? — 4RPORpg + RPST Rpgsr) + 2RRuw — 4Ryp Ry +

3 1
- 4RRMPNRKP + ZRMQSPRNQSP] =Tyun + mgMNT. (3.77)
The metric perturbation we are going to make is of the form

gunN = gun + hun, (3.78)

and we will also make a small additional perturbation to the components of the

energy—momentum tensor
6TMN 4 (STMN + WMN(S(Z) (’l‘), (379)

with the assumption therefore that 6Ty is additional brane energy-momentum.
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3.7.1 The equations

The details of the calculation of the equations of motion for Ay, to first order are
given in appendix B.1. To be concrete we have considered a perturbation around a

conical deficit in Minkowski space, i.e. a space-time with metric
dst = dt? — da* — dy?® — d2* — dr* — L(r)*d6?, (3.80)

this is because locally any general metric in the codimension 2 scenario would take
this form and therefore we expect it to highlight any generic features, moreover it is
the simplest non-trivial case: quadratic corrections make no additional contributions
to the equations in Minkowski space.

Working with the following notation
h="n%, Rh'=h', hy=¢ and A, =4, (3.81)

the various components of the perturbation equations in Gaussian normal coordi-

nates are;

e 7,0 equation:

4
Bulk: 0,0,A% = ——098 (Z) , (3.82)
Brane: 0T, = 0. (3.83)
e ;1,7 equation:
1
Bulk: 0, (Oxh), — ,h* + BpA,) = za,lar (L), (3.84)
Brane: 0T, =0 (3.85)
e 11,0 equation:
Bulk:
v’~’ 82A 3L,8A = BpOzh), + Dpd,h* aa*A =0,
"2 w57 Ot gpm (ZO00MN + k) + 5 AT
(3.86)
Brane:

0T 5 = 0. (3.87)
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® i, v equation:

This equation is slightly more complicated, with
1
212

1 1
+§ (a,ﬁah,‘i + a,,aah;) — 5(%8,}&, (3.88)

1- 1 r
5R/‘“’ = _‘§v2huy + Ea,fhl_“j + agh#y + iarhuy +

we have the following equation

L// _ _
OBy — a— (9u (V2R — 9,0°RY) — 2V°hy,, — 20,0, h*+

_ 1 __ __ _
+2(0,05h;) + 8,0\R})) = 0T, — 19w (8T + "6, + g%°6Ts) .  (3.89)

e 7,7 equation:

Here we find that the perturbation equation can be written as

1 A 1 _
6Rpr + ZoaS(R2 +.)= _-2-hga<2> () + 8T + 5 (0T + g""6T 1 + g°%6T4s)

(3.90)
the LHS of which is more explicitly
L 1 _ L 4 2
6R., + af(z(wﬂa&p +2V2hf — 2farh4 + Eagauhg — ﬁagh‘* —20%h%)),
(3.91)
where
OR,, = L’a B — Lozn (3.92)
T L Titg 2 r'b. .
So simplifying as much as possible yields
L 1 1 L _ —
A 56,%4 —~ 5af¢ — af(v%‘* ~ 9,0} = —éqsa(?) (r) + 0T+

+ 5 (T + 75T, + 5T es) .

(3.93)

¢ 8,0 equation:

Again we find (note how similar this is to (3.90))
1 2 A 952 007577
0Rgg — aé—lgggé (R + ) = Goo —5h95 (r) + 90T g9 +

1 e —
—4 6T +g70T + 9005T99)> ,  (3.94)
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where

1= 1 1 1
6Rpp = — §V2h99 —~ LL'0.hg— LL"hf — §L28fhg + 950, hly — 583h4 - —2—LL’6rh4.
(3.95)
Putting it all together gives

Loz o Kano o Lo o Lorpe 1 gm0 4 L
Ty MmO T e T RO e TR T o
"

_ A — — . _
+ a%(vzh“ — 9,0} = ?;55(2)(7«) + ¢%%6T g9 — % (6T + g"" 6T+ + g%%6T4p) -

L/
Oin* + =0.h*
g + 5T +

(3.96)

3.7.2 The analysis

As has already been used in section 3.5.1 the singular behaviour is embodied in the

LT” term. In fact, to reiterate, we have the relationship

% = —ASPD(r), (3.97)

where A is the angular deficit. As a boundary condition at the origin we match the

singular behaviour in our equations. The r, r and 6, # equations give us respectively

"o _ 1 — S —_—
—a‘%(v%“ — 9,07t = (—%qﬁ +8T 7 + 3 (T + 970, + 0T ee)) 0@ (r),

(3.98)

"

Lf (¢ + a(V2h* — 8,0°RhY)) = (—%gﬁ + 0T go+
3 BT 44780+ ¢5Tw) ) 62(0)
(3.99)
Now by adding these last two equations and using equation (3.97) we obtain

0Ty + g%%0Tge = 0. (3.100)

The u, v components similarly give

"

L _ _
— af(gu,,(V2h4 — 9,0°h%) + —2V*%h,, — 20,0,h*+ (3.101)

+2(0,0\8) + 9,0\h)) = (6_T,w - ig,w (0T + g""6T 1 + g""é_Toa)> 53 (r).
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Together equations (3.98), (3.100) and (3.101) then imply the following

— — 1 — 1
4AQ6RHV = 6Tuu - Egl“,(ST + §g#VA¢ (3102)

where §R,, is the four-dimensional Lichnerowicz operator evaluated on a flat back-
ground without any gauge choice, we see that the correct factor of % is found even
though we are in a six-dimensional space-time as was also found in the analysis
of the Randall Sundrum scenario described in section 2.3.1 of chapter 2. We can
also see that the addition of 6T,, and 8T ¢ terms doesn’t affect the final equations
governing the braneworld physics. The equations are, however, not quite the usual
Einstein equations, we would also need ¢ to be zero.

The condition that ¢ = 0 on the brane is equivalent to the angular deficit and
hence the brane tension remaining constant in the Gaussian normal gauge, this can
be seen as follows; if the proper radius and circumference of a circle around the

origin are denoted by R and C respectively then

R= /O 6 V| grrldr, (3.103)
C = /02,, V| 900]d9, (3.104)
so under a general metric perturbation we would find that to first order
R~e (1 - %h) , (3.105)
C ~ 2nL(e) (1 + %h,@) : (3.106)
In particular in the chosen gauge we have that

C L(e) 1
Cnanlld (14 0), (3.107)

and if we take the limit as ¢ — 0 the angular deficit after the perturbation A can
be seen to satisfy

A=A—nL(0)¢, (3.108)

which in the notation of this section implies
SA = —m L' (0)g, (3.109)

and hence the result as promised.
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3.8 Summary

In this chapter we have shown how the problems encountered by codimension 2
braneworlds in Einstein gravity can be overcome with the introduction of Gauss-
Bonnet terms, in particular the braneworld equations of motion are Einstein’s equa-
tions with additional Weyl terms as discussed earlier. We have shown via a general
calculation and a specific example that the resulting braneworld physics is at least
as rich as the usual Einstein theory, importantly we find that we can reproduce the
usual FRW cosmology in simple cases thus reproducing a success of the codimen-
sion 1 models.

For the codimension 1 Randall-Sundrum scenario it was possible to show that
to a first approximation the usual Newton law would be found by an observer on
the brane, an analogue of this argument is so far lacking in our codimension 2
Gauss-Bonnet scenario. Having said that we are able to show that for a braneworld
observer the correct four-dimensional tensor structure for perturbations is found even
though the space-time is fundamentally six-dimensional, moreover as the equations
of motion for the braneworld perturbations don’t depend on the radial or transverse
components we suggest that reproducing Einstein gravity on the brane is not a result

of zero modes being confined there but rather an exclusion principle.



Chapter 4

Stability and Thermodynamics

4.1 Introduction

This chapter and the next will be concerned with a possible relationship between
dynamical and thermodynamical instabilities. In the first part of this thesis we have
seen how worldvolume fields are restricted by bulk gravity, now motivated by the
existence of a finite temperature field theory dual to black p-brane solutions Gubser
and Mitra conjectured a precise relationship between these two types of instabili-
ties [62]. That is, they proposed how the worldvolume field theory description of
the microstates underlying black hole thermodynamics affects the geometry of a
solution through gravitational effects.

Classically a black hole is a region of space-time where gravity has become so
strong that nothing, not even electromagnetic radiation, can escape. An important
development in the study of black hole physics was Hawking’s discovery [46] that
quantum mechanically they could thermally radiate with temperature

T=— 4.1
o’ (4.1)

where « is the surface gravity. This development suggested that the laws of black

hole mechanics (summarised in table 1.1 on page 6) should not only be analogous

to thermodynamic laws but are thermodynamical in nature. Hawking radiation is

a purely quantum phenomenon, this suggests that a candidate quantum theory of

gravity should be able to help us better understand the origin of these thermody-
56
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namic properties which in turn should help us to better understand quantum gravity.
Another important development in black hole physics was the discovery of Gregory
and Laflamme [60,61] that in higher dimensions black hole solutions can be dynam-
ically unstable. In fact the study of black holes in five, six or higher dimensions is
much richer than in four. While in four dimensions the static neutral black hole is
given by the Schwarzschild solution in higher dimensions we can consider other in-
teresting black hole solutions. The study of solutions with horizons with non-trivial
fundamental groups such as R"~! x S! are potentially more complicated and richer,
on the one hand because a black hole on a cylinder has self interactions, easily seen
by passing to the universal cover!, where we end up with an array of black holes and
non linear interactions between them give the complications, on the other hand the
radius of the circle provides another scale in the problem giving a richer structure.
In the simplest case, a Schwarzschild solution smeared over an infinite transverse
direction was shown by Gregory and Laflamme to be dynamically unstable to pertur-
bations with wavelength approximately seven times the Schwarzschild radius [60].
This is in complete contradistinction with the fact that in four dimensions black
holes are dynamically stable. A review of the existence of this instability is given
in section 4.2. The rest of this chapter will then be concerned with the conjecture
of Gubser and Mitra and motivation for it, sections 4.3.1 and 4.4 contain a partial

proof and various motivating examples.

4.2 Gregory-Laflamme instability

As mentioned in the previous section there is a substantial difference between black
holes in four dimensions and those in higher dimensions. For example Hawking
showed that the event horizon of a black hole in four dimensions is necessarily topo-
logically a sphere [44], he argues that a space-like slice of the horizon is a connected,
orientable 2-surface which admits a metric of positive scalar curvature and hence

from the Gauss-Bonnet theorem must have x = 2 from the well known classification

IThe universal cover of a connected topological space X is a unique simply connected space

which has the same local properties as X. Sce for example [70]
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of compact, oriented 2-surfaces [70]. However even in five dimensions things are
very different, the techniques he applied do not generalise (the Euler character ap-
pearing in the Gauss-Bonnet theorem is identically zero for odd-dimensional spaces)
and moreover it is easy to write down five-dimensional solutions with event horizons
that have topology S3 or R x §? for example.

It is well known that the topologically spherical solutions are stable, that is,
small perturbations do not grow unbounded in time [13]. However for the black
string, under certain circumstances, this is not true as was shown by Gregory and

Laflamme. It is this instability that we shall review in this section.

4.2.1 Perturbation ansatz

The discussion here is based on the original work of Gregory and Laflamme [60].

They showed that the following ten-dimensional black string solution
dS%O = dsgchwarzschild - dIidIi’ (42)

where ds? uarzsenig 18 the usual D-dimensional Schwarzschild solution and lower
case Latin indices run from 1 to 10 — D, admits a dynamical instability. In order to
show this an analysis of the linear order perturbation equations is required and to

this end we will consider a metric perturbation of the form

gun — gun + hun, (4.3)

and work in the transverse trace free gauge, i.e. where hM, = 0 and h%; u = 0.
Now to show that the solution is unstable it is sufficient to find any instability, it

turns out to be enough to consider just a simple s-wave (physically we would expect
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higher angular momentum modes to be more stable) of the form

= 0, (4.4)
Y = 0, (4.5)

he = el 0 0 K(r)

\ : : SN
where 7 is the usual spherical polar radial coordinate in D-dimensions, as for certain
values of €2 and Y p? solutions to the Lichnerowicz equations exist.

Note that when dealing with problems like this it, in principle, may be very
difficult to establish whether any solutions correspond to real physical instabilities
or are simply artifacts of the coordinate system which we may have chosen to work
with. In the present case however there is a simple way to address this issue. Using
the metric (4.2) and the s-wave assumption for the perturbation we can write the

ten-dimensional Lichnerowicz equation in the following way
(A7 +p®) Hy =0, (4.7)

where AP is the D-dimensional Lichnerowicz operator and u? = >, u?. Now since
a pure D-dimensional gauge perturbation satisfies the Lichnerowicz equation for
a vacuum space-time it follows that if >, u? # 0 then the perturbation must be

physical.

4.2.2 Asymptotic and near horizon geometries

Finding an exact solution to (4.7) is too hard. Instead what Gregory and Laflamme
did was to find the form of the solutions both asymptotically and near the horizon,
identify which were regular and then numerically integrate in a regular solution
from infinity and see if it could be matched with a regular near horizon solution.
Although this procedure depends crucially on the form of the perturbation equations
we can calculate the asymptotic behaviour quite easily, we also note the near horizon

behaviour which depends on the Hawking temperature.



4.2. Gregory-Laflamme instability 60

e Asymptotic behaviour
Assuming that the space-time is asymptotically flat then asymptotically the

Lichnerowicz equation can be written, in the DeDonder gauge, as
v? v =0, (48)

where an overbar refers to the operator in flat space. Using the s-wave form

of the metric perturbation we can solve this equation to give
B® — A+6‘/QQ+”?T +A e /Q2+u?r, (49)

where, of course, we require A, = 0 for a regular solution.

e Near Horizon behaviour
For this particular example the Lichnerowicz equations can be reduced to a sin-
gle differential equation for the unknown H' field. Its near horizon behaviour

can be written as
o —1+ 2 G T
H™(ry=By(r—ry) " #™w + B_(r—ry)  7Tn, (4.10)

where r, is the horizon radius and Ty is the Hawking temperature of the

solution.

4.2.3 Existence of solutions

For the specific case of the black string we have

D-3
Ty = A1
H 47TT+’ (41)

where » = 7, is the horizon location. For the solution to be regular at the horizon we
need B_ = 0 and 2 > 0 in equation (4.10). It turns out that for Q > (D —3)/r, we
can rule out the existence of instabilities of this type analytically. If this inequality is
not satisfied then, as we have already said, we have to resort to numerical techniques.
The results of this numerical investigation are presented in [60], they found that there
are indeed solutions to (4.7) that are regular on the horizon and decay at spatial
infinity, moreover there is a critical value p, of y such that for u < pu, there is always

such a solution. For r, = 2 we find for various D that,



4.3. Gubser-Mitra conjecture 61

I8
0.44
0.63
0.92

cncn»&l@

Table 4.1: Threshold values

Exhibiting a single value of (2, u) proves the solution is unstable, from the details
of the equation for H'™ it can be seen there is a symmetry under the following
transformation; ry — ary, Q — Q/a and p — p/a and so one can generate a range
of values of (€2, ) for which the stability exists suggesting that it is both generic

and robust.

4.3 Gubser-Mitra conjecture

Gubser and Mitra conjectured a precise relationship between the thermodynamics
of black holes and their dynamical stability. They were partially motivated by the
AdS/CFT correspondence; the low energy limit of a theory describing a single D-
brane is ordinary electromagnetism, a U(1) gauge theory. If we have N separated
D-branes on any one of which an open string can end we have a (U(1))" gauge
theory. If however the NV D-branes are coincident the gauge group gets enhanced to
SU(N) x U(1). Now D-branes are massive objects with a gravitational description,
for small string coupling this is well described by classical supergravity. So, if the
description of the branes on the one hand using gauge theory and on the other a
theory of gravity are equivalent we are lead to conjecture a correspondence between
the two. Motivated by the AdS/CFT correspondence black holes in asymptotically
AdS space-times correspond to thermal states in the dual field theory. Gubser and
Mitra’s argument can then be summarised as follows; given a black brane solution we
have a finite temperature dual field theory, for example the 2d conformal field theory
Strominger and Vafa [49] used in the counting of microstates. If we identify the
thermodynamical properties of the black hole solution with the dual field theory then

a thermodynamic instability is in fact a thermodynamic instability in the field theory,
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an example of this would be the onset of a phase transition. As one nucleates a new
phase in the field theory we find modes that grow exponentially in time, such a mode
would then correspond to an exponentially growing mode in the gravity theory which

signals a dynamical instability. Motivated by this Gubser-Mitra conjectured [62],

“A black brane with a non-compact translational symmetry is classically

stable if, and only if, it is locally thermodynamically stable.”
The ingredients of this conjecture can be split up as follows;

e Non-compact translational symmetry: This rules out the hyperspherical black
hole solutions which are known to be classically stable and yet thermodynam-
ically unstable [13]. For example the four-dimensional Schwarzschild solution

of mass M has negative specific heat C

oy 1
¢ = oM 8tM (412)
< 0. (4.13)

Also thermodynamic properties such as entropy contain information about
long-wavelength physics which also suggests restricting to horizons that are

infinite in size.

e Thermodynamically unstable: This is taken to mean that the Hessian of the
entropy with respect to the other extensive thermodynamic quantities is neg-

ative definite?.

e Classical instability: The existence of a tachyon mode in the linear fluctuation
equations such as the one discovered by Gregory and Laflamme as reviewed in

the previous section.

Gubser and Mitra provided evidence in favour of their conjecture by examining the
stability of the Reissner-Nordstréom AdS4 black hole solution, subject to numerical
error their analysis supported their claim. Subsequently Reall [63] provided a partial

proof in a different situation which is the subject of the next section.

2If there are no charged fields then this reduces to the requirement of negative specific heat, see

previous bullet point. 'This fact is used on page 80
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4.3.1 Reall’s argument

Reall in [63] presented semi-classical evidence in favour of the conjecture in the case
of translationally invariant black brane solutions. The basic points of his argument

are given schematically in figure 4.1, each of which we shall briefly review.

e 1: Gregory and Laflamme found that there exists a critical value u, of u such
that for every u < u, the perturbation equation has a solution regular at both
the horizon and at spatial infinity. The values for the black string in various
dimensions are tabulated in 4.2.3. The solutions with y = u, are independent
of time and will be called Lorentzian threshold unstable modes, the step from
the existence of an instability to the existence of such a threshold unstable
mode is therefore mere definition. More generally we expect a time indepen-
dent mode for the following reason; an unstable mode grows exponentially in
time so the square of its energy must be negative, however a stable mode is
oscillatory in nature and so the square of its energy is positive. Therefore the
onset of instability occurs at zero energy so such a mode would be independent

of time.

e 2: The idea here is to form a relationship between Euclidean negative modes
and modes for the Lichnerowicz operator with Lorentzian signature. First

write the Euclidean eigenvalue equation as
ALEh/,w(x) = )\huu($), (414)

where A, g is the Lichnerowicz operator for a metric with Euclidean signature
and A < 0 for a negative mode. Now for fluctuations in Lorentzian signature
that are time independent we can Wick rotate to map between Ay and Ay g.

The Lorentzian Lichnerowicz equation is
Aphy(z) =0, (4.15)

which at first sight doesn’t look like equation (4.14), indeed this is how it
should be since it is well known that the Schwarzschild solution has a Euclidean

negative mode [66] and yet the Lorentzian solution is stable [13]. However if we
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Classical Instability

Lorenzian unstable threshold mode

Euclidean negative mode (non—conformal)

Thermodynamic instability

Figure 4.1: Schematic of Reall’s argument.
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now have a transverse extra dimension then we can decompose a fluctuation

with momentum in the transverse space as
hu(z, 2) = H“,,(I)eikz, (4.16)

then if the extra dimension is translationally invariant® the Lichnerowicz equa-
tion can be written

ApH,,(z) = —k*H,,(z), (4.17)

which is then, for a threshold unstable mode, mathematically equivalent to
equation (4.14) with A = —k?.

For example the negative mode for the Euclidean Schwarzschild solution in
four dimensions with mass M = 1 is A = —0.19 [64], consequently we find
that £ = 0.44, which we are thinking of as corresponding to the threshold
unstable value u,. This is in excellent agreement with the value in table 4.2.3.
So we have motivated that a Lorentzian threshold unstable mode can be con-
verted into a Euclidean negative mode by dropping the exp(..) factors and
Wick rotating, although we still have to check that such a procedure preserves
appropriate boundary conditions. The asymptotic behaviour is not affected
by Wick rotation and so the Euclidean solution inherits this property from
the Lorentzian one, regularity is also preserved on the horizon as explained in

appendix A.3.

e 3: This part of the argument requires a Euclidean negative mode to indi-
cate the existence of a thermodynamic instability, this can be motivated by
considering the Euclidean path integral approach for the canonical ensemble,

specifically we consider

7= / dlg) exp (~I[g)) (4.18)

where [ is the Euclidean Einstein-Hilbert action and the integral is taken over
all Riemannian manifolds that are asymptotically flat. As usual, to make

sense of this path-integral, we work with the semi-classical approximation,

3This is crucial here, the result doesn’t hold without it. See chapter 5.
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specifically we expand the action I around a classical solution and work to

next to leading order. So writing

Juv = g;u/ + 69;11/, (419)

we get
Ig] = Lo[g] + I2[g,dg]. (4.20)

The part of I; involving the traceless part of the metric perturbation, in trans-

verse gauge, is proportional to

/ dz/gH" AL H,,, (4.21)

where H,,, is transverse traceless and Ay g is the Euclidean Lichnerowicz oper-
ator. We evaluate the path integral over this part of the action by expanding
H,, in terms of eigenfunctions of the Ay g operator, the contribution to the
partition function then includes a factor of v/det Ak so if Arr has a negative
eigenvalue there exists some pathology indicative of a thermodynamic insta-
bility of the canonical ensemble, there is however no known complete proof of

the equivalence.

e a: To show the existence of a thermodynamic instability gives rise to a Eu-
clidean negative mode we use the following line of reasoning. First construct
a 1-parameter family of geometries for which the Euclidean action takes the

following form

I = BE@) - S(z), (4.22)

where x is some parameter labelling the path. In [63] it is shown that this can
be done for a large collection of solutions. We further require that for some
value of x, say x = T the geometry becomes the black solution of interest. At
this point £ and S are the energy and entropy of the solution respectively.

Since the black hole extremises the action we must have that

£ _
ds

If we further define
T(z), (4.24)
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then equation (4.23) implies that T'(x) is 1/ when z = T'. Using this we find

021 dl" d [(dF 1

(@)M - {aﬁ (% (ﬁ ‘f))LT (4:25)
dz\ 2 dE

(TET> T

It now follows that if the solution is thermodynamically unstable, or in other

that

(4.26)

=T

words, if the specific heat dE/dT is negative the solution can’t be a local
minimum of the action. The action therefore can decrease as we move away
from the solution along the path of geometries and therefore at least one
eigenfunction must have a negative eigenvalue. This eigenvalue is exactly the

Euclidean negative mode we are looking for.

e b: The recipe in this part is to simply take a Euclidean negative mode, Wick
rotate and then multiply by exp(iu;z") as is motivated in step 2 on page 63. It
would appear that this would then give a Lorentzian threshold unstable mode
as required. That this is indeed the case is not completely trivial and requires
a detailed analysis of the perturbation equations to show that solutions to
all the equations are indeed recovered in this way, for example the equations

3

for the Euclidean negative mode don’t “know” about the extra dimensions
although these can be shown to be recovered correctly. The details of this last

point are presented in [63].

e ¢: The existence of a threshold unstable mode is expected to separate stable
short wavelength fluctuations of the black brane from unstable long wavelength

ones indicating that a classical Gregory-Laflamme instability exists.

4.4 Charged p-branes

In this section we give a review of charged p-brane solutions in the context of this
chapter. They provide a further non-trivial example of the relationship between
thermodynamic and dynamic instability in favour of the Gubser-Mitra conjecture

and are also necessary to discuss the more complicated smeared charged p-branes
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which we will use in the next chapter. It was mentioned in chapter 1 that there
is evidence that the strong coupling limit of the various consistent string theories
are described by an eleven-dimensional theory known as M-theory, of which the low
energy dynamics are described by eleven-dimensional supergravity. The p-branes

are solutions to a compactified version of this latter theory.

4.4.1 Explicit solutions

The compactified eleven-dimensional supergravity theory admits a consistent trun-
cation to the following set of fields: the metric tensor gpn, a scalar field ¢ and a

field strength F,, of rank n. The action for these fields takes the following form

I= / d’z/=g (R - %(8@5)2 — %e“"’ﬂf) : (4.27)

where a is a constant characteristic of the theory. Solutions for the theory described

by this action are given by [74]
) k ) st o
dsh = (1 + —gsinh a) (Udt® — b;;d2'd2") +
k 2 a8 ar* 52
— |1+ —sinh a) (— +r=dS); |, (4.28)
r U

k k
¢":? = 1+ —sinh’a, U=1-—, (4.29)
T T

where;

e The field strength can carry either electric or magnetic charge, if €, is the

volume form on a the unit n-sphere then the field strength is given by

F=MXAxep_,, or F =M, (4.30)
respectively. In the former case we must have n = 1 and in the latter n = —1.
e i =1,---,p so that the {z*} coordinates describe the p-dimensional spatial

worldvolume, d =n — 1, d = p+ 1 and of course D = 2+ n + p.
o The parameter A is defined by A = a2 + %. In general supersymmetric

p-brane solutions can arise only when A = % where N is the number of field

strengths participating in the solution, here of course N = 1.
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o The constants a and k are related to the charge and mass of the solution

respectively, the precise relationship is given in the next section.

4.4.2 Thermodynamics/Stability

The mass M, charge (), temperature 7" and entropy S of this solution are given

by [71]

- 4d dk
M =k(d+1+ — sinh? d = ——sinh2 31
( + 14— sin oz) , an Q \/Zsm a (4.31)
- ) .
T = d (cosha) 2, S =—r2Q, (cosh a)% (4.32)
Ty 4

where 7 = r is the location of the horizon and 2, is the volume of a unit n-sphere.
The condition that the entropy is a local maximum in its thermodynamic phase

space is equivalent to the condition that

(oM 0%y

where ®y denotes the charge potential energy at the horizon. Explicitly we find

that
; 4 2d+ (A + d(A — 2)) cosh 2«
Cqo = —4rr§(cosh . ~ 4.34
@ mry (cosha)? 2d + (A — 2d) cosh2a '’ (4:34)
(B(DH ) _ i A cos_h 2a . (4.35)
R J)r 2d + (A — 2d) cosh 2«

Now since the term A+d(A —2) is positive definite the condition for thermodynamic

stability is impossible to achieve, however?

as there is no charged field to carry
the charge we will take the condition of thermodynamic stability to be simply the
positivity of Cg. In which case we find that the specific heat is always negative if

|a| Z W = Qe¢r- (436)

as this guarantees that A — 2d > 0. If we further define a,, to satisfy the equation

2(D-3-p)(p+1)+(D—-2)a?
2(2(D-3-p)?~(D—2)a?) ’

sinh? o, =

(4.37)

*Following (63,65, 71].
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then for |a| < a.- the specific heat is negative if 0 < a < a,, and positive otherwise.
At the critical value a., the specific heat diverges.

For example;

e The Dp-branes of type II string theory have (for D=10) a = 1/2(p — 3) and
so for p > 5 the solutions are always thermodynamically unstable. For p < 5

the specific heat changes sign for some critical value of the charge.

e The black p-branes considered by Gregory and Laflamme have a = 1/2(1 —n)
which for D = 10 implies that @ = a., implying that the specific heat is always

negative.

The second point above is in complete agreement with the Gubser-Mitra conjec-
ture since Gregory and Laflamme found those solutions to be classically unstable.
In [71] a perturbation analysis was performed for the black p-branes solutions given
in this section with added generality of allowing for a variety of values of a. The
authors looked for solutions of the type discussed in section 4.2.1, namely those
which are spatially regular but which grow exponentially in time, their findings are
in remarkable agreement with the Gubser-Mitra conjecture. Specifically they found
that the threshold mass for a regular perturbation (see section 4.2.3) goes to zero
when a = o, i.e. when the specific heat changes sign. In other words the Gregory
Laflamme type instability that was present when the solution was thermodynami-
cally unstable doesn’t persist into the region of thermodynamic stability.

The data in table 4.2, taken from [71], gives an example of the closeness of the

relationship in a special case.

P 1 2 3 4 5 6
Numerical 0.418 0.549 0.695 0.881 1.178 >4
Gubser-Mitra | 0.4186 0.5493 0.6954 0.8814 1.1791 oo

Table 4.2: The first row of data in the table shows the numerical value of « for
which the threshold mass goes to zero for various p-branes in 10-dimensions with

a = 1/2, the second row shows the value of a.,.



Chapter 5

On The Gubser-Mitra conjecture

5.1 Introduction

As mentioned in the introduction of this thesis the existence of an instability raises
two interesting questions, one being can we identify a criterion to establish easily
if any given black brane solution is unstable and the other being what is the end
state of such an instability if it indeed exists in the first place. The Gubser-Mitra
conjecture discussed in the previous chapter addresses the first question and so far
all the evidence is in support of it. In this chapter we will show how work on
non-uniform solutions of the supergravity action

1 1
I= / dP\/=g (R — 58,@6% - 2—e0¢F§+2) , (5.1)

(p+2)!
leads us to a contradiction of this conjecture [67].

Let’s first go back to the original paper of Gregory and Laflamme [60] discussed
in chapter 4, they suggested that a black string solution wrapping a cylinder would
break up and form a black hole, as was also mentioned in chapter 1 this outcome
is at least entropically favourable. However Horowitz and Meada [78] subsequently
have shown that this is not possible, any S! around the horizon can’t shrink to zero
size in finite affine parameter, so the classical evolution of an instability can’t change
the horizon topology, in other words a black string can’t pinch off. This suggests
that there are new solutions which are not uniform in the compact direction, a
conclusion which was supported by numerical evidence provided by Wiseman [80].

71
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Harmark and Obers derived a simple ansatz for such non-uniform solutions and
although they did not find any explicit solutions (as we have already mentioned
in section 4.1 the geometry is expected to be very complicated) the ansatz is very
useful. We will use their ansatz to argue that the Gubser-Mitra conjecture fails
for charged smeared branes, i.e. charged branes which have an extended direction
not coupled to the charge. It would be natural to ask at this point where Reall’s
argument presented in chapter 4 breaks down. The most obvious problem is with
the simple relationship between the Lichnerowicz operator on the space-time, Ay,
and the Euclidean operator, A, g, explained in section 4.3.1. If there are non-trivial
components of the metric associated with directions transverse to the brane then

the simple eigenvalue equation (c.f. equation (4.17))
ApHou(z) = —K2H,u (), (5:2)

picks up extra position dependence on the RHS and so such solutions can’t be
identified with negative Euclidean eigenmodes in any simple way.

The rest of this chapter is organised as follows; first we give a discussion on the
phase diagrams we will need in section 5.5, then a review of Harmark and Obers’
ansatz for non-uniform p-brane solutions and then finally how to use everything to

argue the existence of a counter-example to the Gubser-Mitra conjecture.

5.2 Phase structure

Before we give a discussion of Harmark and Obers’ ansatz and how we can use it to
study the Gubser-Mitra conjecture we first need to explain how the known neutral
and static black string solutions can be gathered together into a single phase diagram
introduced in [87], this phase diagram will be used in the arguments in section 5.5.

To be specific we will consider static and neutral black holes on the cylin-
der R%-! x S'. For static and neutral mass distributions in flat space R? the asymp-
totic leading order correction to the metric is given by the mass, on a cylinder
however we need an additional quantity called the binding energy; intuitively if we
have a band wrapped around a circle with some tension then the tension will re-

ceive self gravity contributions if it is massive enough, these contribute to the total
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tension of the system. The flat metric on the cylinder will be taken to be
ds?,, = dt* — dz* — dr* — r’dQ7_,, (5.3)

where z is a periodic coordinate with period 2mRyr. We will consider metrics which
asymptotically take this form and, in addition, with leading order asymptotic be-
haviour independent of z - this last requirement amounts to the physical assumption
that far from any mass distributions the physical dependence on the periodic coor-
dinate should vanish. It is shown in [87] that with these assumptions asymptotically
two of the metric components necessarily have leading order behaviour

C C
Goo = 1 - rd_37 gZZ = _1 - Tdi3’ (54)

and that ¢, and ¢; contain gauge invariant information about the metric. In partic-
ular the mass M and relative binding energy n are given in terms of them by

¢ — (d — 2)c,

((d—2)e,—c,), n= - Da—c.

(5.5)

Note that in this last equation we have explicitly written « = 871Gy in the notation
of equation (2.23) of chapter 2. These two independent quantities can be used
as variables in a two-dimensional phase diagram for neutral and static black hole
solutions and we can partially construct this phase diagram using solutions that are
already known either explicitly or as a result of numerical investigations.

First we will consider the black hole solutions, we know that such a branch in
the phase space would start at (M,n) = (0,0) and although the exact behaviour
of these solutions is unknown away from the origin we know that the branch would
have to terminate at some large value of the mass M as the horizon would meet
itself around the cylinder. A second branch is given by the uniform neutral black
string solutions, which exist for arbitrary mass. These are the solutions obtained
by taking the direct product of a Schwarzschild black hole solution with a circle. In

d + 1 dimensions the metric can be written as,
dsi,, = fdt* — f~ldr® — d2* — r?dQ%_, (5.6)
where f = 1~ (ro/7)*3. So from the definition of the binding energy we infer that

n= —=. (5.7)
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In the phase diagram for fixed dimensionality this family of solutions appears simply
as a horizontal line. Finally there is a family of solutions discovered numerically by
Wiseman [80]. Gubser [79], assuming directions transverse to the brane remain
rotationally symmetric, introduced a non-uniformity parameter A defined by
/\:l(fﬂﬂ—Q, (5.8)
2 \ Runin
where R,,q, and R,,;, are the maximum and minimum values of the Schwarzschild
radius of the solution. For example for the uniform solution in equation (5.6) we
have A\ = 0. Wiseman [80], by using relaxation techniques with a translationally
invariant black string solution of critical mass as an initial guess, numerically found
non-uniform solutions for values of A up to nine. His numerical data was translated
into the M and n variables of our phase diagram in [87] and these data are also
plotted.

n

o=

Uniform string branch

Non-uniform string branch

’/”l’BIack hole branch

0 Mgy M

Figure 5.1: Phase diagram for neutral solutions for a five-dimensional system on a

circle.

5.3 The ansatz

In [83] Harmark and Obers presented an ansatz for electrically charged dilatonic

black p-brane solutions on a cylinder R%! x S'. The ansatz was motivated by
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introducing a new coordinate system which interpolates between the usual black

brane with transverse space R? (c.f. section 4.4.1)
ds = H™57 (fdi? — Y0 (da)? — H (f~'dp? + p?dQ2,))
e = H® Ap1.p = cotha(l — HY), (5.9)

where

d—2 d—2 ;1.2
. £0 B po - sinh” o
f=1-Cm H=lt—"—m—

, (5.10)
which is a good description of a black hole on a cylinder of small mass, as in such a
situation the black hole has a small radius and in some sense doesn’t know that the

transverse space is compact, and the same black brane smeared over the transverse

circle
ds®y = H™ 57 (fdt2 — Y7 (da')? — H (f~1dr? + d2® + r2dQ2 ,))
e = e, Aor. p =cotha(l — H™Y), (5.11)
where
d-3 d—3 ;12
B o B ro " sinh” «
f=1- pd=3’ H=1+ pd=3 (5.12)

which is a good description at large mass since in this case the horizon radius is
large enough to fully explore the compact direction.

The ansatz in the new coordinates, given in [83], is

p
_ : A
ds?, = H™ b= ( fdt* = (dz')? —~ HR% < FrAdR? + iz’ + KRQdﬂﬁ_z))

i=1

(5.13)

6a¢ = H2, A()l..p = coth« (1 - H—l) , (514)

R4S R&3sinh® o
f:1_Rd—3’ H:]'—'_W?:—_’ (515)

where v is periodic with period 27 and A and K are two unknown functions of R
and v only. The total space-time dimension D = d + p + 1 and the ansatz is for a

solution with an event horizon located at R = Ry.
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5.4 Analysis

Given the ansatz in the previous section an important question is; are the resulting
equations of motion consistent? The next subsection deals with this issue. Sec-
tion 5.4.2 then points out an important property of the the equations of motion for

the unknown fields which will be exploited in section 5.5.

5.4.1 Consistency

The ansatz given in the previous section is an ansatz for solutions to the equations

of motion derived from the action (5.1), namely

Ry — 10,60,¢ — Le® R, F) = g,, (4) e F2, (5.16)

4(2—n)

Vi = 2e*F?,  V, (e*F*) = 0. (5.17)

One of the equations of motion can be solved algebraically for A in terms of K; this
leaves a system of three second-order equations which need to be satisfied by the
function K(R,v). Generically, such a system is heavily over-determined; however,
it was shown in [83] that the system is consistent to second order in perturbation
theory. This surprising result was elucidated in [84,85], where it was shown that in
the neutral case, the seemingly restricted ansatz taken above is in fact equivalent
to the most general ansatz consistent with the symmetries. For the neutral black

string, the Harmark and Obers ansatz reduces to

A
dsi,, = fdt* — R ( fTAdR? + quﬂ + KR2d93_2> , (5.18)
where
Rd—3
f=1- 33—3‘ (5.19)

Using staticity and spherical symmetry, the most general metric for a black string

can be brought to the form
dsi,, = e*Bdt* — € (dr® + d2?) — e*Pd]_,, (5.20)

where z is a periodic coordinate of period 2nRr and r > 0 with » = 0 being the

location of the horizon. This is referred to as the conformal form, as the (r, 2) space
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is written in conformally flat coordinates. Here B, C' and D are functions of r and
z only. Since the metric in (5.20) involves three arbitrary functions, while that in
(5.18) only involves two, it seems like the former must be more restrictive. Of course
from a purely geometrical point of view the former is more restrictive, however with
the additional constraint of having the equations of motion satisfied they are in fact
equivalent [84,85]. We can see this as follows, first perform the following coordinate

transformations and redefinitions in equations (5.18)

R¥™3 = RI3 4793 (5.21)
. =\ 2(d—4)
A = fARL (%) , (5.22)
. Kd—2 F 2(d—4)
-2 _ r
K2 = = ( R) . (5.23)

We find that the metric takes the following form
Fd—3

R§™3 + pd-3

5—

R dv? N 3
dt®* — A (df2 + K: ) — RLK7é2 (Ry2 +77%) T2 dQ7 .

2 _
dsgyy = -
(5.24)

Next write A = €2¢ and RZK = e®* then transform to the conformal form by making

the following transformation

F=g(r,z), wv=h(rz2) (5.25)
Org =e 4Dk, h 9,9 =e @Dk 1, (5.26)

where the last two equations are a sufficient condition for drdz cross-terms to vanish.
We can bring the ansatz for the metric in the neutral case (5.18) into the conformal

form (5.20) if
a3 _ Ry ’e*P

9 =i am (5.27)
and
2a e’ w  Re op 249 _p N
Tl r@er ¢ TmC T (1-e)™=. (528

The system of equations in (5.26) imply an integrability condition which together
with (5.28) implies

(0% + 8%)B + (8,B)* + (8.B)* + (d ~ 2)(8,B4,D + 8,B3,D) = 0, (5.29)
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but this is exactly the Ry = 0 equation of motion for the conformal metric (5.20).
This means that the ansatz in the neutral case is consistent. To show that the
ansatz is in fact the most general possibility with the assumptions we have imposed,
we also have to check that the location of the horizon and the periodicity of the
compact direction are reproduced correctly. In the conformal form these are # = 0
and z — z + 2w Ry respectively. The location of the horizon is straightforward to
obtain, when r = 0 we have that e® vanishes and so by equation (5.27) g(0,v)
must vanish also, but this in turn means that ¥ = 0 and hence from equation (5.21)
R = Ry, so 7 = 0 corresponds exactly to R = Ry as required. The periodicity on
the other hand is slightly harder, v is taken to have periodicity 27 and so we want
that z — z + 27w Ry as v — v + 2m. Looking at equation (5.25) this is clearly the
case if

h(r,z + 2nRr) — h(r, z) = 2, (5.30)

now the RHS of equation (5.27) is periodic in z and therefore so is g(r, z), this in
turn means that d,g(r, z) is also periodic in z and so from equation (5.26) 9,g(r, z)
is as well. The point here then is that this proves that the LHS of equation (5.30)
is independent of r as required. We still have to show that the correct value of 27
is obtained on the RHS, to this end we note that the LHS of equation (5.30) can be

written, using equation (5.26), as

2rRT 2nRT
/ dz0,h = / dze(d“z)karg, (5.31)
0 0

however since this equation is independent of r we can consider it in the limit as
r — 00, this is a useful thing to do for two reasons, first because in such a case
k — 0 and secondly because asymptotically the metric takes the following form

c
goo =1— a3 (5.32)

B = ¢,r~(@=3) to leading order. If we use this in equation (5.27) we

and so 1 — €2
obtain that equation (5.30) is true provided that ¢, = (RrRp)?® which is indeed
the case in the R coordinate system since /R — Rr asymptotically.

This proves that the ansatz (5.18) is in fact the most general possibility. The

extent to which this argument may be generalised to the charged case is given

in appendix A 4.
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5.4.2 Charge dependence

An important point regarding the resulting system of equations following from equa-
tions (5.16) and (5.17) for A and K for the general ansatz is that they are inde-
pendent of the charge (i.e. of @), and hence also of the value of p (since the extra
dimensions z' decouple in the neutral case). Furthermore, the boundary condition
necessary to ensure regularity at the horizon is simply that A(Ry,v) and K(Ry, v) are
constants, so the boundary conditions also do not involve the charge, this boundary
condition corresponds physically to requiring that the surface gravity, and hence the
temperature (see chapter 4), is constant along the horizon. Importantly this allows
us to map the problem of finding a charged solution of the form (5.13) to finding a

solution in the uncharged case.

5.5 Counter-example

We can now provide a counter-example to the Gubser-Mitra conjecture by using the
ansatz (5.15). The uniform smeared black p-brane is given by setting A = K =1,
its thermodynamics are equivalent to those of the T-dual p + 1-brane solution [88]
and so can be computed from the results in our discussion of p-brane solutions in

section 4.4 of chapter 4. In particular, the mass and charge are!

N Qd_227l'RTV;,

d-3[( 7 _ ) winh2
M e (RrRo)*°[(d — 2) + (d — 3) sinh® ], (5.33)
_ Sg92m Ry d=30 7  a\ o
Q= 6nC (RrRp)*°(d — 3) sinh acosh a, (5.34)

while the entropy and temperature are

d—-3
d-2 _
(RrRo)* “cosha, T = Tr(BrFo) coth o (5.35)

. Qd_zzﬂ'RT‘/p

S 4G

The statement of the Gubser-Mitra conjecture uses the Hessian matrix of derivatives
of the entropy as the test for thermodynamic stability. However, following [63,71,72],

we will assume that there is no charged field in the theory, so the charge is not

'We take the v and z' coordinates to be periodically identified to allow us to write finite

cxpressions.
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allowed to vary as a function of position. This assumption in particular allows us to
focus just on the specific heat when considering the thermodynamics (if the charge
is not able to redistribute itself there is no way it can be responsible for altering the
entropy): we take the condition for thermodynamic stability then to simply be the
positivity of the specific heat

oM
CQ = <6_T)Q > 0. (536)

We can then calculate from the formulae (5.34) and (5.33) that the specific heat is

negative at () = 0 for all values of d, in fact in this case we find that

Qg2 RV, (d—3 ‘HTH
167G 4dn ’

Co=—(d—2)(d—3) (5.37)

but it becomes positive above some critical charge if d > 5 as near extremality we

find that
=3

Qd_22’/TRT‘/p)—d%5 ( 167r2 )_5 d_::_%

167G @—ap) - 2)(T*Q)+>. (5.38)

MzQ—|—<

We now reiterate the key feature of non-uniform solutions in this ansatz. In [83], it

was shown that when we impose the equations of motion®

Ry, — %aﬂgﬁa’/(b _ %ead)F,\uF’\u = g (4(2—1_75) e F?, (5.39)
Vg 1E V() =0, (540

the solution is independent of the charge. The important point for our present pur-
pose then is that this implies that any solution of the equations of motion describing
a neutral black string, uniform or non-uniform, can be written in the form (5.18).
This provides a convenient framework for discussing solutions. To include these
solutions on the phase diagram we have already discussed we need the mass M and

the relative binding energy n. For general charge, the mass is
M = w(RrRp)*3[(d — 2) + (d — 3) sinh® o] (5.41)

and the binding energy parameter is

1—(d—2)(d-3)x
(d — 3)sinh®a + (d — 2) — (d — 3)x’

n = (5.42)

2Derived from the action in (5.1).
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This result should be contrasted with the analysis of p-brane solutions in [71-73]
discussed in chapter 5. In those studies, it was found that for the ten-dimensional
supergravity p-brane solutions with p < 4, there is a threshold unstable mode for
the neutral case, but this mode goes off to infinite wavelength at a critical value of
the charge, signalling the disappearance of the instability. This was found to occur
at the same critical value of the charge where the specific heat changes sign.

In our case, by contrast, the threshold unstable mode exists all the way up to
extremality, even though the specific heat changes sign before we reach extremality
for cases with d > 5. Thus, there are smeared branes which are locally thermo-
dynamically stable, but possess a dynamical instability by the arguments of this
section. This is a clear violation of the Gubser-Mitra conjecture. It is interesting
to note that even though we have pointed out a possible failure of Reall’s argument

for this situation it is clear from the result in this section that the
Classical instability — Thermodynamic instability (5.44)

part of the argument must fail. Note also that the wavelength of the threshold
unstable mode, which signals the onset of instability, is determined by Ry, since
the equations for K are independent of charge. Hence if we go near extremality
by taking Ry — 0 and a — oo keeping M fixed, the wavelength of the unstable
mode will go to zero, suggesting that the instability will appear sufficiently close to

extremality for any compactified black string as well.



Chapter 6

Conclusions

This thesis has discussed two modern aspects of theoretical physics, braneworlds and
black holes. From a modern point of view the physics of each are closely related,

here we briefly review each in turn.

6.1 Braneworlds

Physical theories in higher-dimensional space-times can have rich structures, Kaluza-
Klein theory arose as a result of trying to use them to unify electromagnetism with
general relativity. Kaluza-Klein theory now provides a useful tool in modern physics
as it allows us to sweep away, in a systematic fashion, higher dimensions of space-time
which seem necessary when considering unified theories such as superstring theory
and M-theory which require ten and eleven dimensions respectively. Kaluza-Klein
theory hides the extra dimensions by supposing that they are compact. Braneworlds
on the other hand deal with higher dimensions in a fundamentally different way, the
Randall-Sundrum models discussed in chapter 2 provide us with an “alternative to
compactification” - in other words they do not rely on the Kaluza-Klein doctrine.
This offers us both a novel alternative and a richer theoretical base of study, moreover
they are motivated by the higher-dimensional theories themselves.

The Randall-Sundrum models are primarily models in five-dimensional space-
times, they consist of branes which have codimension 1. Of course if we have consis-

tent theories in even higher-dimensional spaces then we could use a combination of
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techniques adapted from both Kaluza-Klein and Randall-Sundrum models to obtain
more realistic scenarios. However there is another possibility; consider braneworlds
with higher codimension. Higher codimension models - specifically codimension 2
- had already been studied in the literature, it was found that in Einstein grav-
ity such models were over-restrictive on the matter and energy that such a brane
could support and is a clear example of how bulk geometry restricts worldvolume
fields. As explained in chapter 3 such a “no-go” result can be circumvented if we
generalise Einstein’s equations to the Einstein-Gauss-Bonnet equations which are
motivated by both string theory and pure generality required by the geometry of
higher-dimensional space-times. Specifically we showed that the theory on a codi-
mension 2 braneworld could be at least as diverse as the usual Einstein theory. The
main result of chapter 3 is summarised in the following equation of motion for the

braneworld metric g,

2m(1 — B)M*[g + 4aéw + a%Ww] = Tuv (6.1)

where the braneworld energy-momentum T;w and the Weyl like tensor WW are de-
fined in chapter 3. Examples and consequences of this equation are also discussed
in chapter 3, we find that in the simplest cases the usual Einstein theory is repro-
duced yet, with the addition of the Weyl like terms Wum there could be interesting
modifications - at the least we have some of the success of the Randall-Sundrum
models. It is however not clear that in our model an observer would measure the
usual Newtonian gravitational law to first order as is possible to motivate in the
Randall-Sundrum models. We were able to show that the braneworld components

of the perturbation equations can be written as

_ —_— 1 — 1
4aAdR,,, = 6T, — ig,wéT + §Q;WA¢ (6.2)

where ﬁw is the usual Lichnerowicz operator calculated using the four-dimensional
braneworld metric. This result is promising, it avoids the problem in six dimensions

where we find that Einstein’s equations yield

1
R;w = jj/w - :lg[lllT7 (63)
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the factor of 1/4 being evidence of two extra dimensions.

Since the main result in chapter 3 there has been a lot of interest in these mod-
els to attack the cosmological constant problem using the automatic relationship
between the brane tension and the deficit angle [40,42], to construct models by in-
tersecting branes [41] and also to study the effect of Gauss-Bonnet terms in the more
familiar codimension one scenarios [55]. There has also been further investigation
into the origin of the no-go result of Cline et. al. [56] using thick branes instead of
resorting to Gauss-Bonnet terms as we used in [53]. In fact in [42] they find that to
lowest order in the density of matter on the brane the usual four-dimensional FRW
cosmology is reproduced, there would however be higher order corrections which

have not yet been calculated. There is clearly still much interesting work to do here.

6.2 Black Holes

Once it is appreciated that certain black hole solutions in higher dimensions are
unstable there are a number of interesting directions to pursue as mentioned in the
introduction in chapter 1. Knowing when a solution is stable is obviously an im-
portant physical question to which the second half of this thesis is devoted. The
identification of the laws of black hole mechanics with the usual laws of thermody-
namics motivated a partial solution. The Gubser-Mitra conjecture, motivated and

discussed in chapter 4, reads

“A black hole with a non-compact translational symmetry is classically

stable if and only if it is thermodynamically stable.”

As also discussed in chapter 4, a partial proof of this conjecture for certain transla-
tionally symmetric black p-brane solutions can be given along with further evidence
in the results of non-trivial numerical investigations for other more general solutions.
However a related development of Horowitz and Maeda that black brane solutions
would not be able to change their horizon topology through some classical evolution
led Harmark and Obers to focus on solutions which would not have the translational

invariance used by Reall in his argument, to this end Harmark and Obers presented
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a consistent ansatz for non-uniform solutions pyossibly smeared over a compact direc-
tion which crucially was independent of a charge parameter. This ansatz is used in
chapter 5, where we explain how it motivates the existence of solutions which possess
instabilities of the Gregory-Laflamme type but which are also thermodynamically
stable and hence provide a counter-example to the Gubser-Mitra conjecture as it is
stated above.

A natural question to ask is of course where their heuristic argument for the
instability fails or in other words to understand how the smeared charge affects the
thermodynamics from the dual field theory point of view. Such an understanding
would surely indicate how to modify the conjecture in light of these results and
give a deeper understanding of the connection between the two distinct types of
instability and, more subtly, how they are related. The end state of the instability
is also unresolved, the non-uniform solutions found by Wiseman [80] can’t be the
end state of the Gregory-Laflamme instability as they have too large a mass. Higher-
dimensional black holes have such a rich structure that it would be interesting to
more fully understand this.

It is also worth mentioning the possibility of studying black hole thermodynamics
in Einstein-Gauss-Bonnet gravity, a recent discussion of this is given in [109]. In
this paper the authors offer a Noether charge approach to computing the entropy of
black hole solutions with Gauss-Bonnet corrections, in particular they point out that
the resulting corrections are interestingly reminiscent of our results in chapter 3. To

be specific the entropy S for a solution in n dimensions is found to be
S ~ / d"2zvh (1 + 20R) (6.4)

where h,, and R are the metric and scalar curvature on the horizon respectively. It
would be very interesting to understand the relation between the two results.

The current state of physics provides much hope of understanding quantum
gravity, non-trivial and unforeseen connections between various aspects of current

theories lead us on. There is however still lots of be understood.
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Appendix A

Miscellaneous details

A.1 Gauss-Codazzi formalism

The Gauss-Codazzi formalism provides a powerful tool for describing the geometry
of the embedding of a submanifold S in a manifold M.

Let us work in complete generality. Suppose that M is a n-dimensional manifold
with coordinates % (a = 0,...,n — 1)! and that S is a d-dimensional submanifold.
We want to describe how & bends and contorts in M.

To do this with a simple one-dimensional curve in a three-dimensional Euclidean

space parametrised by arc length s we use the well known Serret-Frenet formulae [2]

dt

- = 1.1
T Kn, (A.1.1)
d
d—’sl = —7b — kt, (A.1.2)
db
=, (A.1.3)

where n,t and b are the normal, tangent and binormal vectors respectively and x
and 7 are the curvature and torsion. The curvature of the curve can be thought of
as the rate we “pull away” from the normal at each point as we move along it, in

the case of a plane curve this is easy to see.

IThis is a more convenient convention here, there is no confusion with results in the main text.
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RZ

Figure A.1: .

In the diagram we have t = (cos#,sin#) so n = (—sin#, cosf) but

dt df do

2 = (=Zging. = 1.4

7 ( P sin 8, Is cos @), (A.1.4)
So k = Z—g and is the rate of change the unit tangent vector makes with the axis, or

equivalently, the normal vector.

In the more general case each point of S admits a d-dimensional tangent space
spanned by vectors which we shall denote by ¢3, the fi in this notation is just a label
taking d values and not a contravariant index. Similarly at each point on § we have

a n — d-dimensional normal space (S is said to have codimension n — d) which we

a

will assume is spanned by n},

again g is just an index labelling the vector and so
takes n — d values. The normal vectors are only defined on S, it is possible to extend

them off the submanifold in such a way that for all 4 and v [2]

ny, Vany, = 0, (A.1.5)
and also so that they are orthonormal in M, that is

NyuMyq = fht0u, (A.1.6)

where,

1 if time-like
Lty = (A.1.7)

—1 if space-like
We can now define the first fundamental form of S in M

n—d—1

Pab = Gab — Z BT Ty, (A18)

u=0
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where g, is the metric on the full space-time. This defines the projection tensor of

S. For example

haph®, = hqc (A.1.9)
han®, =0. (A.1.10)

Next we can define the extrinsic curvature of & in M. This object, labelled by g,

measures how the submanifold curves away from nj in M.
Kyab = h®(uh%y Venga. (A.1.11)

Using A.1.8 we can rewrite this equation as

n—d—1 n—d—1
Koo = <5§ — Z Ni%i%m) (53— Z uinﬁmd,) Venyg, (A.1.12)

pn=0 u=0

which, after using A.1.5, simplifies to

Kuab = vanub - ZV HTup (n,‘fvan#d) (A113)
= Vanub - ZV /&ﬁ”wn,,b, (A114)

where we have defined the normal fundamental form by
Ba = nduvanud- (A.1.15)
Note the following

e The normal forms (courtesy of the orthogonality condition) are anti-symmetric,

B, = —PB, In particular if n = d + 1 we get the simple relation

Ko = Vanp. (A.1.16)

e If we rearrange A.1.14 to
Vanub = Kp,ab + Z ui,ﬁuﬂanyb, (A117)

then we see that %, can be thought of as a connection on the normal bundle.
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To proceed further we define V((ld) to be the covariant derivative operator associated

with hgp. It follows that

vidrea = h% kY B VT (A.1.18)

m

This result allows us to derive equations relating the curvature of the submanifold

to that of the whole space. For example

R e, = VOV, _ vy@e (A.1.19)

abc

where €® is a vector laying in S. However using equation (A.1.18) it is straight

forward to show that

VOVDe, = nl h%he .V, Ve, — he, (Z uiK,,abnd) Ve +
I

—hd, (Z uiK,mcne) Vée. (A.1.20)

i
Now since K4 is symmetric when we use this equation in A.1.19 the second term

on the RHS must vanish, moreover the last term can be written as

hdb (Z uiKlmcne> Vdee = — z,uj:KlmcKubfﬁf. (A121)
n n
So putting it all together gives us
R(dgbcd = h’fah’gbhkch'lefgkl + Z H+ (K#ch;f a KuacKz b) : (A122)
m
A similar calculation also yields

V@K, — ViK%, = Ranlhe, (A.1.23)

pa

These last two equations are known as the Gauss-Codazzi equations and are used

in chapters 2 and 3.

A.2 Dirac delta function in general coordinates

Let M be an n-dimensional Euclidean manifold with metric

ds? = gaupdr®da® (A.2.24)
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The defining property of the m-dimensional delta function, 6™ (r — r'), is that for

an arbitrary test function f(r) we have

/f me o J ST IrFES (A.2.25)

0 otherwise
where S is an open subset of M. We can write this delta function as a product of
one-dimensional functions in the following way; suppose that the set of pointsr’ € S
in m dimensions is multiply covered by the z, coordinates in (A.2.24) and that the

submanifold spanned by these coordinates, denoted by &, has the metric

ds* = h,,dz"dz”. (A.2.26)
Then we can write
M (r — ') H 5(z (A.2.27)
z#u

where

Q=14 /6 V/det b, (A.2.28)

and ¢ is the determinant of the metric on the space transverse to S. Let’s use this
to write a two-dimensional delta function with r’ = 0 in plane polar coordinates as
a product of one-dimensional delta functions. The metric in plane polar coordinates
is

ds® = dr? + r?d6?, (A.2.29)
where 6 € (0,27] and the origin is multiply covered by this coordinate. It now

follows from (A.2.28) that

Q =27, (A.2.30)
and hence that
1
@ (py = —
' (r) 2Trr6(r). (A.2.31)

The generalisation from 72 to an arbitrary function L(r)? in (A.2.29) is trivial.
Let’s now see how the assumption of Z, symmetry generates the one-dimensional
delta function for us.

Let g(z) be an even function (this is the symmetry assumption) with
g(0)=0 (A.2.32)
g'(0) £ 0, (A.2.33)
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so that in a neighbourhood of the origin we can write

g9(z) =~ |z]g'(0). (A.2.34)

The delta function is defined by its action on test functions, consider that

/ @i = ¢@)f@) .- / ' J(@)f (2)da

% GO (e) + f(—¢ (/f d:c—/ f(wdfv)

and as lim,_,o the RHS becomes 2¢’(0) f(0). On the other hand if we had integrated

X

over a region which had not contained zero, such as [a — €,a + €] then we would

quickly have found that as ¢ — 0 the integral vanishes. Motivated by this we define

g"'(z) = 2¢4'(0)é(x). (A.2.35)

A.3 Regularity of the Euclidean negative mode

In this section we complete the argument, following [63], that a candidate negative
mode is, by dropping the exp (. . .) factors, a physical negative mode by showing that
it satisfies appropriate horizon boundary conditions.

Consider the following, general, perturbed Lorentzian metric

ds? = U(r)(1+ g(r, 2))dt2 — V(1) (1+(r, 2))dr? — R(r)*(1+ k(r, 2))dO2 — doidz,
(A.3.36)
where ¢, 9 and k have z-dependence exp(iu;zt). The metric is regular at the horizon

r = r, if, and only if, the perturbation is bounded as » — r, and

gb(r.,_,z) = 71[)(7’4-)2)' (A337)

Now Wick rotate (A.3.36) (i.e. t — ¢7) and drop the exp(...) factors in the ¢, ¢ and
k fields. Next define a new radial coordinate near the horizon by
2\/
p= (1 + 1/)(74)) (A.3.38)
V'(T+)
so that the ¢, r part of the metric can be written as

U’(r+)V’(rL)

dp? -+ o (1 +9(ry) — d(ry))dr?. (A.3.39)
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Regularity of the background solution requires 7 ~ 7 + 3, the perturbation only

satisfies this if
¢(re) = P(r4), (A.3.40)

which is satisfied if equation (A.3.37) is. We conclude the correct boundary condi-

tions are indeed satisfied.

A.4 Generality of Harmark and Obers’ ansatz in
the charged case

In chapter 5 we mentioned that the Harmark and Obers ansatz is consistent in the
neutral case. Since the equations for the unknown functions A(R,v) and K(R,v)
are independent of the charge, this also implies that the ansatz is consistent in the
charged case. It would still be interesting, however, to ask if we can show that the
most general solution of the equations of motion with the assumed symmetries can
be written in the form (5.13,5.15) when we include charge. The following argument
contains all the details for the neutral case.

We can easily show that the metric can be written in the form (5.13) by an
extension of the previous argument. Starting from the 3-function conformal form

(5.20), we can make the redefinitions,

e? — H w728 (A.4.41)
¢ — HmieB, (A.4.42)
e? - Hwiel, (A.4.43)
for any function H, so that (5.20) becomes
ds* = A~%2 (e2Bdt® — He®C (dr® + d2%) — He*Pd0%_,) . (A.4.44)

If we now perform the same change of variables as was used in [85] in the neutral
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case,
R¥ = RIS 4543 (A.4.45)
i =\ 2(d—4)
A = fAR: (%) (A.4.46)
X Kd-2 , 7\ 2(d—4)
d-2 _ r
R = = ( R) (A.4.47)

and then transform to the conformal form by making the further transformation,

F=g(r,z), v=h(rz) (A.4.48)
O.g=e"@=Dkg.h 9,9 =e @2kH h. (A.4.49)

We can bring the metric (5.13) in the ansatz to the form (A.4.44) if

d—3_2B
a3 _ Ry e

g - 1_ €2B, (A450)
and
2 e” o By op 2629 g 2B\ 723
=BT me o)™ (Adsy

The system of equations in (A.4.49) imply an integrability condition which together
with (A.4.51) imply that

(82 + 82)B + (8,B)* + (8,B)* + (d — 2)(8,B3,D + 8,B8,D) =0,  (A.4.52)

the same integrability condition we had in the neutral case.

If we assume that the arbitrary function H introduced in the redefinitions (A.4.41)
is identified with the dilaton as in (5.15), i.e., €2 = H?  we can show that this in-
tegrability condition is again implied by the equations of motion. The most general
form for F),, consistent with the assumed symmetries has only F;, and Fj, non-zero;
hence we can write

1

F/\tF/\t = §gth2, (A.4.53)

and so eliminating the dilation field using (5.40) from the ¢,¢ component of the
graviton equation (5.39) gives us

"3 G ). (A.4.54)

Ry = gn‘.?.’(n——2)
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This equation reduces to exactly (A.4.52) for the metric given in equation (A.4.44)
and therefore we conclude that this integrability condition is implied by the equa-
tions of motion.

However, this is not yet enough to show that the general solution takes the
form (5.13,5.15): we have not yet shown that H = H(R), and we have no coordi-
nate freedom left to redefine it. The problem can be simply stated in coordinate-
independent terms: in the charged case, there are two a priori independent scalar
quantities, namely the norm of the time-like Killing vector d; and the dilaton. The
ansatz (5.13,5.15) assumes a specific functional form for both of these. While we
can choose coordinates so that one of them takes the specified form, it will not
be possible to do this for both of them in general, without using some additional
information.

Thus, while it seems quite natural to us to assume that the ansatz (5.13,5.15)
describes the most general solution of the equations of motion in the charged case
as well, we cannot show this by some analogue of the arguments in [84,85]. Rather,
verifying our belief would require explicitly solving the equations of motion. We
reiterate that this question of generality is irrelevant to the argument in the body of
the argument, which required only the observation that uncharged solutions of the

form (5.13,5.15) lift to charged solutions.



Appendix B

Perturbation details

B.1 Perturbation equations

The Einstein-Gauss-Bonnet equations are:

Gab + Hab = Tab, (Bll)

where

1
Gab = Rab - igabR, (B.1.2)

whereas the contribution from the Gauss-Bonnet term reads,

1
Hyp = a[ ~ 5 9ab(R? — 4R Reg + B! Roey) (B.1.3)
+2RRap — 4RacR,S — AR® 4R, @ + 2Rucae R, Cde] . (B.1.4)

In fact we will write the equations in the following way

1
Ruy— [Fﬁ Gab(R2 — 4R“Rey + R/ Rog.f) + 2RRay — 4Ry R, “+

1
- 4Rd achd ‘+ 2RacdeRdee] = Tab + mgabT, (B-1-5)

and consider a metric perturbation of the form (from now on lower case Latin letters

will run over all dimensions)

Gab — Gab + hab; (B16)

together with an additional energy-momentum perturbation whose components are
0T 4.
105
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The linearised Riemann tensor is calculated to be,

26Rabcd = g'"’ (—VCV,,hbd — VdVbhcp + chbhdp + Vdehbc — Rl bcdhlp — Rlpcdhbl)
(B.1.7)

from which we obtain the Lichnerowicz operator,

1 1
20Ra = —V?hap — 2Reaaph® + 2Re(ahyf + 5v,,(zvch; = Vah) + 5Va(2Vehi = Vyh),

(B.1.8)
also,
6R = ¢ Ry, — h® Ry (B.1.9)
Let’s perturb the energy-momentum part of equation B.1.1,
. 1 .
0T = (5Tab ~3 (Al + hj) Ta,,> 8%(r), (B.1.10)
6T = —h®T oy + g™ T . (B.1.11)

So if we have TW = Ag,, where A is the angular defect of the background space-time

(which is the situation we are interested in) then we find that,
1 Al 1 ST rr e Vel
5 T/,u/ + mguuT = 6Tpu - mguu (5T + g 5T'rr + g 5T09) . (B112)

Similarly we also have,

5 (Tt 0T = gy (4= 1) ) + 5T,

+ 2_%.% (0T + g 8T + g°°0T 09) , (B.1.13)
0 (Teo t3o ngoeT) = 990% (R — hY) 8%(r) + 6Tpe+

Ty i 7, J00 (6T + g 8T,, + g*°6T o) , (B.1.14)
) (T,e +3 i - grgT> = 0To — Ahygd*(r), (B.1.15)

and the structure of the other cross terms is the same as the one above. To calculate

the equations for the LHS of B.1.1 we need the perturbations of the separate parts
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of the Gauss-Bonnet term. These can be written

6 (R? — 4Ry R™ 4 Rupoa R™?) = 2ROR — 8(6Rup)R™ + 8h*° Ry RY +
+ 2(6R7, )R, +

+ R°

pst

RP_‘hb 4+ RP° h), (B.1.16)
ab ac

§ (R*pm

é (RmpRz) = (5Rmp)Rﬁ + (5anR$n - hqumpan)a (B-1-18)
0 (quSPansp) = 5(qusp)Rqun + 6(Rsrqn)qu§ - quspRsrqnhrp,(B.]..lg)

RE) = 6(RF,,.) R+ RS 6Rkw — RY, RihP°,  (B.L.17)

mpn

Of course they can be be put together to form the full equations, however having
this written out explicitly in this generality isn’t useful in any way.

Now let’s suppose we have a background metric of the form
ds® = dt* — dz? — ... — dr* — L(r)%d§?, (B.1.20)

which is the example we consider in this thesis.

The non-zero components of the Riemann tensor are

Rrere = _LL”, (B1.21)
L//
Rgrer = _7—;7 (B122)

and the non-zero Ricci tensor components

LII
R =2 B.1.23
T L b ( )
LII
RY, = . B.1.24
0= ( )

Then we have

"

6 (R? — 4Ry R™ + Rapeg R =IL (46R — 8g""0R,, — 89"6Reg) +  (B.1.25)
L” 2
—4 (f) (h. +h§) + (B.1.26)

+4(6R"5,0) R, + 4(6R° ) )Ry,  (B.1.27)

ror



B.1. Perturbation equations 108

and for the other ur components we find

6 (RRuw) = 2%51%“” (B.1.28)

§ (RuRS) = 0 (B.1.29)

§ (R, RY) = 7(5RTMV+5RON9V) (B.1.30)
6 (RuaeR,™) = 0. (B.1.31)

After the first part of a lengthy calculation we can then write the yur components of

the perturbation equations as
OR,+ (B.1.32)

Ll/ _
+ af( - ig#,,(élg’\p(SR)\p +2(V2hI + V2hE) — 2(62h] — —a(,hr

+ 3L/a T — 3—%&/13 — O%h8 + %aghz —0rOphrg + 2% (AT — hS) )+

+ 40R,,+

+2(8:0uhur + 800 hyr — 02hyy — 80 hr + %898 hye + ga hyrt

T W W ¥, e X LQa Buhan))+

+ a%" ( — %gﬂ,,(wraahg + 4%" (R, —hY) |- 4 (%) (k. —h§)+  (B.1.33)

+ 4L O, (k. — hY) — 28°h+

! ’ 2 Ll
+ ﬁae (8ahg + LL'A%) + et (a he + ‘i (= hZ) ) — 7305k — 2farh)).

We have split the equation into two parts, the second part begins at B.1.33. If we
calculate the equations with a harmonic gauge choice then all the terms in the second
part are zero (with this choice also understood in dR,,), this leaves troublesome
terms with (L”/L)? factors which without the harmonic gauge choice cancel (such
terms have been boxed for clarity). We therefore chose to work with a Gaussian
normal gauge in which
hyp =0, hye=0 and h, =0. (B.1.34)
With this the full equation simplifies somewhat to
14

L _
ORu — a— (9,0 (V2R — 8,0*RY) — 2V*2hy,, — 20,8,h*+

+2(8,0:h) + 0,00h3)) = 6T, — %gwé_T, (B.1.35)
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where
1
212
1 o a 1
+3 (8,0:h + 8,0.h%) — 5On0uh. (B.1.36)

1= 1 L
6Ruu = _§v2huu + Ea,?h;w + 8gh/;u/ + ‘Q‘Zarh/.w +

The rr and 60 perturbation equations can be written respectively as

SR, + laé R? — AR, R™® + Rypea R™Y) = 6N — a RS — RT) 62(r),
4 2 9 T
(B.1.37)
1 2 ab abed A [ T 2
6Rop — 9006 (R* — 4R R™ + RapcaR™™) = goo | 62 — 3 (h§ — hY) 6%(r) ),
(B.1.38)
where
1o, 1, L 1 L., s 1o
OBy = =5 V2hor + S5 03her = 57 0her — £30:00heg — O h + 0,0,ht — - Oh
(B.1.39)
and
1. 1., 3L 1 L o
dRpg = — 5V2h00 + 5@ hoo — Efarhoa + ﬁagheo + 2330’%0 + (L')"hyr+
'\’ L L 0
+ LL"hT + <f> hoo + Oy (Ouhf§ + LL'h) + T (a,h;} ++ (h] — he)) +
1 1L
- iagh — 5o (B.1.40)

The important point for the analysis in chapter 4 is that § Rgg contains an L” term
which is not part of the « corrections (even if we are careful to consider such terms
hidden in 92hgg). The equations in the Gaussian normal gauge obtained from these
are written out in the main text.

All the other components of the equations have no « contributions, in the Gaussian

normal system they are also written out explicitly in chapter 4.
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