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CR Submanifolds in Kaehler and Nearly Kaehler Mani-
folds

Matthew Thomas Gregg

ABSTRACT. A review of the study of CR submanifolds within Kaehler and
nearly Kaehler manifolds, and the properties of such manifolds with respect
submanifold theory in differential geometry. The study in such a fashion is rel-
atively young, most being carried out within the past thirty years. We consider
CR submanifolds as a generalization of complex and real submanifolds, with
the tangent bundle decomposing into real and complex parts. We demonstrate
that the CR structure has strong consequences, and is heavily dependant on the
properties of the ambient manifold.

The integrability of the real and complex parts is examined in various spaces,
and we consider the existence of CR submanifolds with product, warped prod-
uct, and foliate structure. The relationship governing the curvatures of the
ambient manifold, the CR submanifold and leaves of the complex and real dis-
tributions are all considered.

We consider the general cases of complex, almost complex, Kaehler and
nearly Kaehler manifolds. Further detail is included for the specific manifolds
of flat complex space, complex hyperbolic space, complex projective space and
the G-sphere.

As an example of the applications of CR structure we include some work on
the index of paths, and some topological consequences.

Examples of CR submanifolds are generated for the 6-sphere, and the prop-
erties of these submanifolds are considered, including the minimality and the
second fundamental form. We include details of possible further study, and
suggestions for how techniques used might be fruitfully employed elsewhere.
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Submanifold theory has a long and deep history, being born in the classical
notion of surfaces in three dimensional space. The more general theory of sub-
manifolds has been well studied, and with many applications. If the ambient
manifold has an almost complex structure it is natural to ask how the subman-
ifold interacts with the complex structure, giving rise to the idea of real and
holomorphic submanifolds.

This thesis is concerned with CR submanifolds - a class of submanifolds
which is a generalisation of holomorphic and real submanifolds, but less well
studied than either. While the behaviour and existence of holomorphic and real
submanifolds has been examined extensively, CR submanifolds are relatively
neglected despite having some interesting additional features. We study the
existence of CR submanifolds, the restrictions on CR submanifolds dependant
on the ambient manifold, and the properties of given CR submanifolds. It is
our intention to demonstrate that CR sumanifolds are of interest in their own
right, not a mere curious extension. We hope to show that the structure of CR
submanifolds is deeply connected to the properties of the ambient manifold.

We are concerned mainly with the specific case of CR submanifolds in
Kaehler and nearly Kaehler manifolds. The Kaehler structure will be shown to
have immediate consequences for CR submanifolds. For nearly Kaehler struc-
tures we shall mainly consider the 6-sphere, S, interesting due to being simple
enough to be well understood, whilst being complex enough to admit interesting
submanifolds. The published work on holomorphic manifolds in both Kaehler
manifolds and S% is extensive (see for example Berndt, Bolton, and Wood-
ward[6]), and much CR submanifold study has been inspired by this existing
work.

The main body of the thesis consists of a review of published work - we
consider existence theorems for the case of Hermitian and Kaehler ambient
manifolds in general and then some specific cases of well studied manifolds such
as projective spaces, hyperbolic spaces and flat spaces. As an example of the
use of the CR structure we shall recount some recent results concerning index
theorems for CR submanifolds.

A large part is spent considering examples of CR submanifolds of S%, cul-
minating in an examination of warped-product CR submanifolds. The general
construction of such submanifolds (with geodesic complex leaves) is original
work due to the author and Dr John Bolton, inspired by the restricted exam-
ples demonstrated by Sekigawa, Hashimo and Mashimoto in [15] and [23]. We
finish with some discussion of the properties of such submanifolds, and ideas for
possible further study.

Proofs have been omitted in the cases where they are obvious or fully detailed
on the referenced texts. We have also omitted proofs where they are overly long,
or the ideas present have been previously indicated, and the presentation of the
proof in full would not be of interest to the general reader. For example the proof
of topolgocial results from Morse theory would be of limited interest. Where
proofs have been reproduced we have added notes and comments, or expanded
steps from the referenced texts.
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Chapter 1

Assumed Material and
Some Notation

We shall be studying CR, submanifolds, and hence will use some general results
from Riemannian geometry, submanifold theory and complex structures. Some
elements from other disciplines will also be required on an ad hoc basis (e.g.
some results on Morse theory, group theory, homotopy theory), and will be
quoted where required. Where a theorem or concept is used in isolation the
defintions and related therems will be quoted where appropriate.

Basic differential geometry will be assumed, such as the defintion of a dif-
ferentiable manifold, vectors, tensors, metrics, connections and so forth. Any
introductory text on differential geometry will contain details of these concepts.

General theorems and definitions relating to submanifold theory, complex
structures, and some other general concepts will be covered in the following
chapters, as they will be referred to often. Some points where proofs and iden-
tities are standard the proofs have been omitted.

References for theorems will generally be quoted where required, however for
general theory the reader is referred to Wilmore’s book on Riemannian geometry
[26], which contains many of the basic defintions and theorems required. We also
refer the reader to Do Carmo[l1], and Spivak(24] as containing much general
theory for Riemannian geometry and submanifold theory.

13



Chapter 2

Basic Defintions and
Submanifold Theory

2.1 Basic Defintions and Notation

Let M be a differentiable manifold. We shall then assume that M is of class
C>°. For a point p in M, we shall use T, M to denote the tangent space at this
point. We shall use T'M to denote the tangent bundle over M, and use ['(T'M)
to denote the set of smooth vector fields over A (i.e. we shall use X € ['(A)
to indicate that X is a vector field over AM).

We define a metric as a siooth non-degenerate bilinear map ¢ : T,M X
TyM — R for each p € M. We also use the notation:

g(X,V)y=< XY >.

A metric is a Riemannian metric, if it is positive definite (i.e. < X, X >
is positive, except in the case where X is identically 0). A manifold equipped
with a Riemannian metric is called a Riemannian manifold.

A submanifold is a manifold M equipped with an injective map ¢ : A —
M, where M is some other differentiable manifold called the ambient mani-
fold. We further require that d is injective - where di maps the vector spaces
TpM — Ty M. If 4 is a homeomorphism preserving the topology of A, then
the map is described as an imbedding. If ¥ is a bijection, ¢ and the inverse
= ! both C* then the map called a diffeomorphism,

We shall often need to consider vectors over the submanifold M as vectors
in (M). We therefore implicitly identify the vector space T,M with the relevant
subspace of T,M.

We define a distribution D, to be a map M — (subsets of TAf), s.t.
D(p) € T,M™", such that each D(p) is a vector subspace of T, M, dim D(p) is
independent of p, and that D is a smooth map.

We use I'( D) to indicate the set of vector fields taking values in D(p) at each
point p. An integral submanifold of a distribution is a submanifold W s.t.

14



T,W C D(p)Vp € W. A maximal integral submanifold is a submanifold W
s.t. T,W = D(p)Vp € W, not contained in any other integral submanifold. We
normally indicate a maximal integral submanifold by some point in the ambient
manifold - if an integral submanifold exists through a point, then there is a
unique integrable submanifold.

We define a distribution as involutive if the distribution is closed under
the action of the Lie bracket. We shall make free use of Frobenius’ Theorem
which states that any involutive distribution is integrable. (The converse is
obvious)

2.2 Inherited Metrics, Connection, Riemannian
Curvature, and the Second Fundamental Form

We shall in general be considering some Riemannian manifold M (the Ambient
Manifold), with submanifold M. We note that given this metric there is the
natural Levi-Civita connection on M, denoted V. the unique torsion free con-
nection which is compatible with the metric. Associated with such a connection
we have the Riemannian curvature tensor, R, given by :

R(X,Y)Z =VxVyZ-VyVxZ -V xvZ, (2.1)

where X,Y, Z are vector fields on M.

We assume all normal properties of the curvature tensor, the associated
symmetries {e.g. anti-symmetry under X,Y above). We may also associate a
Ricci Tensor, and a scalar curvature by the contractions:

Ri; = R,
R =R, (2.3)

respectively, where we use normal index notation for these tensors, and assume
contraction over repeated indices.

Given a submanifold A we naturally inherit a connection V from the am-
bient manifold M as follows. Given vectors U,V € T,M any p € M, then
U,V e T,M in a natural way, and so there is an induced metric on M. Hence
there is an induced Levi-Civita connection V on M given by this metric. Fur-
ther we may show that V is in fact just the tangential component on V when
applied to vector fields in I'(T'M).

Hence we may write :

VuV =VyV + WU, V), (2.4)

for U,V € T(TM) over M and h(U, V) perpendicular to TA{. This defines the
tensor field i called the Second Fundamental Form of 3 in M. Note we
have implicitly extended U,V € ['(M) into fields in I'(M) on some region of



M, but this is acceptable as it is easily shown that ¥V and h are independent
of the extension chosen. The second fundamental form contains a great deal of
information about how the submanifold is embedded in the manifold - we shall
see that by using the Gauss equation the second fundamnetal form completely
determines how the curvature tensor of the submanifold is related to the of the
ambient manifold.

We also note that there is an associated normal bundle to A, which at
each point p € A consists of that part of T,,zf[ perpendicular to T,Af. We
also have a natural induced metric on this bundle, and an induced normal
connection V<,

For £ in the normal bundle, X tangential to M, we write:

Vx€=—AcX + VEE, (2.5)

where the first term is tangential to M, and the second term perpendicular.
This defines the operator A, which is related to the second fundamental form
as follows:

< AUV >=< (U, V). € >, (2.6)

where U, V' are tangential fields to A, and € perpendicular to M. In some cases

A is referred to as the shape operator of the submanifold. It may be shown

that either of these two definitions of A are equivalent. The identity above

relating A and A is someteimes referred to as the Weingarten Equation.
Observe that the tensor /i is symmetric:

WU VY= h(V,U) = (VyV =VyV) - (VyU - VyU) (2.7)
= (VuV =VyU) = (VyV =V U) (2.8)

= [U,V]-[U,V] (2.9)

= 0. (2.10)

(2.11)

(Observe that the Lie bracket [U/,V] is conatained wholly in TM as the
tangent bundle is necessarily integrable. Hence the evaluatiion is the same on
the submanifold or in the ambient manifold).

We deduce that h may be diagonalised - let the entries of the diagonalisation
of h be ry,...,r, called the pronicpal curvatures of the submanifold. We define
two associated curvatures:

The Mean Curvature

1
H= ;(1‘1 + ..rn),
and the Gaussian Curvature

K =rirq.r,,

16



(the product of the principal curvatures).

It is of interest to note that the Gaussian curvature, although defined in
terms of some embedding is actually an intrinsic property of the submanifold.
It may be demonstrated that K is invariant under isometries of a surface.

We shall be particularly interested in the condition H = 0, defining minimal
submanifolds. Such manifolds are studied classically as minimizing certain
energy conditions, and most easily recognised as the surfaces formed by soap
filims.

We also note that there is also a naturally induced Riemannian curvature
tensor, R, exactly as expected. However we will make use of several structural
equations, referred to as equations of Gauss and Codazzi respectively.

<RUVIW,Z >=< RU,V)W,Z > + < h(U,Z), h(V,W) > (2.12)
— < WU, W), MV, Z) >, (2.13)

(R(U,VYW) = (Vi)(V, W) — (T )W(U, W), (2.14)

where U, V. W, Z are tangential fields to A, and we assume the connection acts
on h by:

(Vi) (VW) = VERV, W) — WV V, W) = h(V, VW),

A submanifold M is a totally geodesic submanifold in M if every geodesic
in M is a geodesic in M. Totally geodesic submanifolds are of interest because
of their general simplicity, and the simple forms that induced curvatures, con-
nections and the second fundamental forms necessarily take. For example in
R planes through the origin are totally geodesic submanifolds. Similarly in
the n-sphere S" the totally geodesic submanifolds are precisely great spheres.

17



Chapter 3

Complex Structures

Given a real manifold M, we will define an almost complex structure,
usually written as J, as a linear map on the tangent bundle TAf such that
J? = —Identity. Observe that for such a structure to exist, the manifold must
be of even dimension.

Observe that an n-dimensional complex manifold may be viewed as a 2n
dimensional real manifold, in which case multiplication by ¢ induces a complex
structure. Observe that for local coordinate x; we may write tangent vectors
in the form X = Aiﬁ% + 'ITBJ-% at a point. Multiplation by ¢ maps X to

iX = —Bi% + Aj%, and it is clear that such a transformation satisfies the
x; T
requirements for an almost complex structure.
Hence every complex manifold generates an almost complex structure, but

the converse is not true. We introduce the Nijenhuis tensor, N, by:

N(X,Y)=[JX,JY] - [X,Y] - J[JX,Y] - J[X,JY].

For vector fields X, Y over the manifold. The Nijenhuis tensor is identically
zero if and only if the almost complex structure has been derived from a complex
structure. We use the alternative notation:

N(X,Y) = [J,J)(X,Y),

and extend the notation for arbitrary linear maps, ¢ of the tangent bundle,
by:

(6, 0](X,Y) = [6X,6Y] + ¢2[X, Y] — [6X, Y] - 6[X, dY].

If a manifold M admits an almost complex structure we shall call it an
Almost Complex Manifold (As distinct from a complex manifold).

Given a Riemannian manifold M with a submanifold M we will find it useful
to decompose .J into tangential and normal parts with respect to the submanifold
M:

18



JU = ¢U +wU, (3.1)
JE = BE + CE, (3.2)
(3.3)

where U is a tangential vector field to M, £ perpendicular to 3. The first
terms, in ¢ and B, are tangential to A/ and the second terms, in w and C are
perpendicular to M.

If an almost complex structure is compatible with the metric as:

< JX,JY >=< X,Y >,

then we call the metric Hermitian. An almost complex manifold with Her-
mitian metric will be called Almost Hermitian. (And naturally a complex
manifold with Hermitian metric is called a Hermitian manifold). We note
in passing that any almost complex manifold can be given a Hermitian metric,
e.g. by:

<X,V >=g(X,Y) + g(JX,JY),

where ¢ is any metric on the manifold. Almost all common manifolds of interest
( C", complex projective spaces, complex hyperbolic spaces, S%) are Hermitian
with the normal metric.

We define the Kaehler form on an almost Hermitian manifold Af by:

(X, Y)=< X, JY >,

for X,Y vector fields on M. If ® is closed (i.e. d® = 0) then we call M a
Kaehler manifold. An equivalent defintion is a manifold over which Vil =0
for abitrary vector field X. We note that the equivalence of these two definitions
is dependant on the Hermitian structure.

It is also possible to define a Kaehler metric in terms of a Kaehler potential,
but we shall not be using this property.

There are several interesting Kaehler manifolds such as CP”, C", and com-
plex hyperbolic spaces.

The Kaehler property is of great use in manipulating terms involving the
complex structure in connection terms. For example, consider some vector fields
X, Y, then:

Vy(JY) (Vx )Y + J(VxY) (3.4)

JVyY. (3.5)

So we see that in Kaehler manifolds the complex structure may be pushed
through covariant differentiation.

19



3.1 Nearly Kaehler Manifolds and S°

We shall wish to consider manifolds such as S which are not Kaehler, but
instead have the property that:

(VyJ)X =0.

We call manifolds with this property nearly Kaehler. Note that various
manipulations will fail in the nearly Kaehler case, for example:

Vy(JY) = (V)Y +J(VyY), (3.6)
(3.7)

cannot be simplified further. However:

Va(JX) = (VD)X +J(VyX) (3.8)
= JVyX. (3.9)
(3.10)

This will have important consequences for the attempts to carry theorems
over from the Kaehler case to the nearly Kaehler case.
The most common nearly Kaehler manifold, (often the only one considered)
is §% with the almost complex structure defined as follows.
It is well known that the idea of complex numbers may be extended to four
dimensional quaternions, of the form:
q¢=w+zxi+yj+ zk,

with w,x,y, 7 € R, and 1, j, k satisfying the relations:

And conjugation by:

q=w—xi—yj— zk.
We may further define an eight dimensional analogue, the Octonians (or
sometimes called Cayley numbers), as ordered pairs of quaternions, i.e.
T = ((117(12)7

where ¢; are quaternions. Addition and subtraction is defined as might be
expected:

20



(qrsq2) £ (g3, 00) = (@1 £ q3,92 £ q4)

and multiplication by:

(01 q2)(q3, q1) = (143 — G392, 44q1 + G2 G3)-

Conjugation is defined by:

(¢ 42) = (@, —q2).

Naturally we have a metric by |v|?> = 7. We define the real part of (qy,¢2)
to be the real part of ¢, and by extension a purely imaginary octonian to be
one with identically zero real part.

We now identify the normal euclidean space R7 with the purely imaginary
octonians, and define a wedge product {(or vector product, or cross product),
by:

Xy Ay = Im(xyns),

where the multiplication is to be carried out as defined above in the field of
octonians. We may also define an inner product by the rela part of the multi-
plication, and observe that this is a natural extension of the concepts as defined
in R? - where the normal wedge and inner products may be identified as corre-
sponding to multiplication in the field of quaternions. We note in passing that
no higher dimensional algebras with these properties may be constructed - see
Harvey and Lawson[l4] for more details and a fuller treatment.

Let S be the unit sphere in R7 with the normal euclidean metric, the inner
and wedge products as defined above. Then for some point p € S%, and a vector
X € 7,55, we define:

JX =pAX,

where we have identified T,M with the vector space in R’.

After some calculation we can demonstrate that J so defined is indeed an
almost complex structure as J? = —identity. Further the Nijenhuis tensor
is non vanishing, and hence S® with the given structure is not derived from
a complex manifold. The given metric is Hermitian, and the almost complex
structure is nearly Kaehler.

We note in passing that any 6-dimensional orientable manifold embedded in
R7 may inherit this almost complex structure via the gauss map.

A large part of this work is concerned with the submanifolds of S® - this
manifold is of interest due to its nearly Kahler structure (as opposed to Kaehler
for many other interesting spaces), and the spheres S" do not admit almost
complex structures, except in the case n = 2,6. As shall be shown CR subman-
ifolds are only of interest in dimensions 3 and higher, requiring ambient spaces
of dimension 4. Hence S® has a unique structure and construction, and admits
many interesting results which are not found in other spaces.
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Chapter 4

Totally Real, Complex, and
CR Submanifolds

Given a almost complex manifold A/ we are interested in how a submanifold M
interacts with the almost complex structure .J.

Traditionally two types have been studied - complex submanifolds and to-
tally real submanifolds. We label a submanifold M as complex or holomor-
phic if its tangent bundle is preserved by J, i.e. J : TM — TAM. There has
been extensive work identifying these types of submanifolds and studying their
properties, for example Bolton, Vrancken, Woodward|8].

A submanifold M is called totally real if J{(T'M) is perpendicular to TM.
ie. < JX)Y >=0,VX,Y € TM. A totally real submanifold is sometimes
labelled lagrangian or anti-holomorphic if it is of maximal dimension - i.e.
half that of the ambient manifold. As with complex submanifolds there is con-
siderable literature on the existence and properties of such submanifolds.

This work is concerned with a generalisation of these ideas to CR submani-
folds, as defined by Bejancu in [1].

M, a submanifold of M, is a CR submanifold if there exist orthogonal
distributions D, DL over M s.t.

TM =D& D,

where D is preserved by .J, and D1 is mapped to (TM)* in TM, and D, D+
are of constant dimension. It is very quickly seen that real and complex sub-
manifolds are special cases where D or D' respectively, is the trivial zero-
distribution. We therefore call the case excluding these, where both D and
D+ are both non-trivial, proper CR submanifolds. We see that a CR. sub-
manifold is an extension of complex and real submanifolds in that part of the
tangent space acts as a real submanifold, and part as a complex submanifold.
Hence we will sometimes refer to D as the complex distributions, and D+ as
the real distribution. It should be noted that not all submanifolds are of CR
type - we shall give firm examples later in S8, but submanifolds may fail (for
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example) due to the real part being non-perpendicular to the complex part, or
the complex or real distributions being of non-constant dimension.

We shall sonietimes find it useful to denote the vector bundle perpendicular
to both TM and J(T'M) by v, so that

TM =D& DY@ JDt 0.

In the case where v is the zero chapter, (equivalently DL is of maximal
dimension permitted by D) then the submanifold is called anti-holomorphic,
an extension of the previous defintion.

Having defined the basic concept of CR submanifold we also find it useful
to define certain properties that such a submanifold may have.

We will call a CR submanifold A a CR product if it is locally about
V¥p € M the Riemannian product of submanifolds M’ and M respectively
leaves of D and D+. By definition therefore the distributions D and D+ must
be integrable on a CR product.

We define CR submanifold as mixed geodesic if h(U,X)=0VU € D, X ¢
DL,

We describe a CR submanifold A as mixed foliate if D is integrable and
M is mixed geodesic.

4.1 Levi Structure

We shall find it useful to use an adapted definition of the Levi Structure
of a CR submanifold M, as defined by Lei and Wolfson in [18]. In [18] only
submanifolds with real dimension (equal to dim(D+) ) 1 are considered. If we
define a local frame on a CR submanifold {U,, JU;} s.t. U; € I'(D) (so that
there is no degeneracy in the framing), and X € T(D%), then we define the
Levi Form c;; by:

Ui, JU] = ¢;; X + termsin D.

Clearly the exact form of ¢;; is dependent on the framing chosen, however we

define a 2-form 7 ( 7,5 —cipinindexnotationinthis framing), andtherankandnullityo ftheLeviformr

are well defined.

The nullity of the submanifold is defined as the complex dimension of the
null space of the Levi form. M is called Levi flat if the Levi-form vanishes.
By referring to Frobenius’ theorem we see that this corresponds to the case in
which the distribution D is integrable.

We extend the definition of Levi form by using a local framing {X;} for the
distribution D+ and associating a form (‘f‘J by:

W, JUj| = cf-"ij + termsin D.

(Assuming summation over k).
Again the case where the Levi-form vanishes corresponds to the case in which
hoth D and DL are integrable.
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4.2 Alternative Definitions

We note that similar structures called variously CR. structures, CR man-
ifolds may be defined with respect to complex manifolds - see for example
Jacobowitz[17], and indeed there has been a longer history of study of such
structures. Although in many cases roughly equivalent, there are important
differences in exact definitions and exact properties, and often the defintion is
restricted to the case where the real part of the manifold is of dimension 1,
and sometimes other conditions are imposed on the tangent spaces. Such ob-
jects naturally occur as (2n-1) dimensional real submanifolds in n-dimensional
complex spaces.

We will not give the definition here, and will only be considering those sub-
manifolds as defined above following Bejancu et al. We should note that these
structures have strong relations to the Cauchy-Riemann equations over a com-
plex manifold, and for this reason in this context CR is taken to stand for
Cauchy-Riemann. Using CR submanifolds as a generalisation of real and com-
plex submanifolds there is a case for considering CR. as standing for Complex-
Real in this situation.

For completeness we shall also note the definition of Quaternionic sub-
manifolds, where the single linear map J, is extended to a set of linear maps
J, K, L, in analogue with the extension of complex numbers to quaternionic
numbers. In the same way we may define QR-Submanifolds as submanifolds
with quaternionic and real distributions.



Chapter 5

Products and Warped
Products

For general theory of warped products and twisted products, we refer the reader
to the paper by Ponge and Reckziegel[20].

The most general case of a twisted product may be defined as follows: Let
(My,q1) , (M,, g2) be Riemannian manifolds with their associated metrics, and
define smooth, positive functions:

f1: M x My - R,
fg . A/‘[l X l\[-;) — R.

We define 7, m2 as the projections onto My, My. The twisted product M, x
M3 is then a manifold equipped with the Riemannian metric ¢ given at a point
p = (p1,p2), by:

9(X,Y) = Lip)g(m X m3Y) + fa(p)ga(m3 X, m3Y).

We shall be more concerned with the restricted case where f; is the identity,
and f; depends only on p; € M. We denote this as the warped product of
My and My, and denote it by M, xs, Ma. The case where fy is the identity
corresponds to & Riemannian product manifold. We shall often refer to f2
as the warping function of Ms over M.

We apply these concepts to CR submanifolds by considering the case where
D and D+ are both integrable distributions, with each leaf in D+ isometric to
every other leaf of D+, and each leaf of D isometric to every other leaf of D.
We call M a CR warped product if it is a warped product M; x M, with
M a holomorphic submanifold, and M, totally real. We shall call M a CR
product if f is the identity, i.e. M is a Riemannian product. CR products,
and CR warped products are natural objects to investigate as their structure is
defined in terms of the simpler complex and real parts, and hence there is some
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idea of how to construct them, and sufficient structure to enable analysis to be
carried out.
We will find the following theorem of use:

5.0.1 Theorem

Let M be a warped product submanifold of some Riemannian manifold as above,
M = M, x; M, then M is totally geodesic in M.

Proof Take some geodesic y(t) in M. Take arbitrary points v(ty), v(¢1), then,
for sufficiently short geodesics, the distance between these points is minimised
in M. If this is so we now need to show that the length is minimized in AL
Consider some small variation in A, §,(t), d2(t), respectively in Ay and Afs.
Then:

(L+0L{ty,t1))> = /1<ww+amwo+an>w (5.1)
Sl AR U ORI ORT AR (5.2)
FOAE) +01(8),7(8) + 1)) < da(t). da(t) >o dt.(5.3)

Now observe that as M is a submanifold of a Riemannian manifold it neces-
sarily has a positive definite metric, and so f is a strictly positive function. We
therefore see that :

ty
wumm»>umm%4/ < A(t), 4(t) > dt)V/2,
Jtg
And as this is true for arbitrary points on the geodesic, we see that v is a
geodesic in A, and hence M) is totally geodesic in M.//

We note that the same is not true for M5 due to the fact that we may vary
in M; so as to move to lower values for f. Consider for example the punctured
sphere S? {poles} = R x s S1, where the totally geodesic R form great circles,
but the warped S! form small circles, not geodesic in S2.

We note as a consequence that if f is identically equal to one, then we have:

5.0.2 Theorem

If M is a product CR submanifold then D and D' are both integrable, and the
complex and real leaves are each totally geodesic in M.

The converse is also true: If A/ is a CR submanifold with integrable D, D+,
such that the real and complex leaves are each totally geodesic in M, and each
the integral submanifolds in D, D' are isometric respectively, then M is a CR
product submanifold.
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Proof Take M an arbitrary leaf of the distribution D, and observe that the
distribution D+ defines totally real manifolds through each point, hence M does
indeed have a twisted product structure. Consider some geodesic in M€, then if
we move to adjacent leaves of the distribution the length of the geodesic varies
depending on the warping function f : M+ — R, where M/perp is the leaf of
D+, If f is not a local minimum ( with respect to both the chosen geodesic
and leaf A¢), then we may vary the geodesic so as to reduce its length in A,
contradicting the assumption that all leaves of DL are totally geodesic in M.
Hence f is a local minimum for this choice of leaf and geodesic - but as this
choice was arbitrary we see that f is a loacl minimum for all leaves of D, and
for all geodesics in each leaf, hence for all of ML, and hence a constant. By a
similar argument the warping function on f': M° — R is also constant, and so
we deduce that the manifold Al is indeed a product manifold.//
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Chapter 6

Go structure

G is of interest as one of the exceptional Lie groups, and is a subject of much
interest in its own right, and as might be expected may be defined and inves-
tigated in various ways. We shall be mostly intereted in how G4 relates to the
almost complex structure of S%, and the consequences for CR submanifolds in
S8,

We define G5 as the subgroup of GL(R,7) which preserves the standard
euclidean metric, and the almost complex structure on S®, with determinant
+1. We quickly see that it is the subgroup of SO(7) which preserves the wedge
product on R7. i.e.

A(X AY) = AX A AY,VA € Gy, X,Yvectors in RT.

(G4 is a Lie group and hence analysis is helped by examining the associated
Lie algebra go. We may define go either as the set of left invarient vector fields
on G, or equivalently the tangent space to Gg at the identity.

We observe first of all that the metric preserving condition implies that
g2 C so(T), and it is well known that so(7) consists of 7 x 7 skew symmetric
matrices. We must impose a further condition derived from preserving the
complex structure as follows:

Let A(s) be some path in Gj, s.t. A(0) is the identity. We shall let ¢;, ¢, to
be a basis for the tangent space of R7 at the identity. By the defintion of G:

A(s){e; Nej) = A(s)e; A A(s)e;.
Differentiate this with respect to s, and evaluate at zero, to obtain an element

of the tangent at the identity:

A(0)(ei Aey) = A(0)e; A A(0)ej + A(0)e; A A'(0)e;
AI(O)(EI‘ A 6_,‘) = A/(O)E,‘ ANej+e; A A’(O)Gj.
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For any element of the tanagent space we may find some associated path in
G4 (by definition of the tangent space) and so every element X € g, obeys this
relation:

X(einej)=Xe; Nej+e; AN Xej.

In fact if X € so(7) this is a sufficient condition for X € ¢go. Thus

g2 = {XeglR, )X €s0(7), X(e;Nej)=Xe;Aej+e, AN Xej¥i,j=1,..,7}
= {(Negl(RXT =X, X(e; Nej)=XeiAej+ei AXejWij=1,..., 7T}

This is sufficient inforination to construct the general form of ¢o. We start
by setting the following relations:

Xey = aies + asez + azey + agen + aseg + ager,
){62 = —@1€y -+ 1)1(33 + [)2(34 + 1)385 + b466 + b5€7.

Where the choice of —aye; as a factor in Xey has been forced by the anti-
symmetry requirement. We are free to choose these factors as the wedge product
relations involve three basis elements. Consider therefore the relationship e; A
ez = e3. If X € g we must fulfil:

X€3 = Xel ANeg +er A 1Y€2.

We can completely write out the right hand side:

Xey = (—(.1,2 + 0)61 + (0 - bl)eg + Oes +
(a5 — bs)ey + (a + ba)es
(‘*(L;j + 1)5)6(-; -+ (—(L4 — b4)

Further observe that there is no wedge product relation involving only e, es, €3
and ey. Hence we are free to pick the action of Xey, as long as we respect the
anti-symmetry.

Hence:

){64 = —az€; — bz@g =+ (—(L;:, + b;5)83 + C1€5 —+ Ca€g + Cye7.

With ¢;,¢2,03 € R. Note further that the action of X on es,eqg, €7 is now
fully determined by further wedge product relations, most simply e; A ey = es,
es Ney = eg and ez A ey = ey. Hence we are now free to write out the most
general form of X € ¢s.
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0 —a —ag —a3 —ay —as —ag

a 0 —by —by —by —~by —bs

a, b 0 —as + by —ag 0y ay — by Gy + by
X=1| a3 by ag — by 0 - —Co —ey

ay by ag + ba c) 0 —a; —C¢3 —ag + ¢y

s [)4 —ay + b,-") Co ay + ¢y 0 —!)1 — (]

ag bs  —ag — by ¢y (y — Cqy by + ¢ 0

with:
Ay g, byy by, 01, 00,03 € R

Observe that g, therefore has fourteen real dimensions, and hence G5 is also
of real dimension fourteen.

We note a further notation that is sometimes of use:
Write A;; for the element of gl/(7) which acts on basis elements as:
{ei for ex =e;
Ao, = {—e; fore.=e¢

{0 otherwise.

We note that these elements span so(7), as they generate all anti-symmetric
matrices. Hence it is possible to form a basis for ¢s, equivalent to the matrix
form above. Note that they are the infinitesimal parts of various rotations in
R’. For example :

exp(Aijt)aFer = (ejcost + ejsint)a; + (ejcost — e; sint)w;.

In [15] it is observed that g, is spanned by a series of two-dimensional sub-
spaces, for example:
(LA23 + [)A45 + CA76,

where a + b 4+ ¢ = 0. We observe that the relevent co-efficients in the matrix
form are:
a = by,
b =,
Cc = —b] — Cy,

and so the subspace is indeed in g;. The full set of subspaces is:
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aAgy + bAy; + cAzg,
aAzy + bAgg + cAs7,
adyy + bAy + cAgs,
ads) + bAzs + cAga,
aAyy + DAz + cAsg,
A7 + bAgy + cAgs,
adg) + bAsq + cAgs,

where in each subspace a+b+c = 0. We have obtained a set of two-dimensional
subspaces of g2, which form the whole of g under the direct sum. This decom-
position is useful shorthand for looking at specific g, elements, as occurs in [15]
where it is used extensively in identifying subgroups of Gs and the associated
sub-algebras of ..
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Part IV

CR Submanifolds in Almost
Hermitian Manifolds
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We start the investigation of CR submanifolds with the case of almost Her-
mitian manifolds as ambient spaces. This is the most general case that we shall
consider, as any almost complex manifold may be given a Hermitian metric, and
in practice many manifolds under investigation have Hermitian structure with
their usual metrics. It is also a common feature of Kaehler and nearly Kaehler
manifolds which we will examine in greater detail. Hence results in this chapter
will show common theorems between these two types, where as later we shall
indicate the differences in theorems.

While a relatively weak condition, the Hermitian property gives some inter-
esting general results - often neglected, or not noted as such when developed
for more specialised results. For example in [23] Sekigawa produces results for
the specific case of SY, which are actually of more general application. It is a
primary use of reviews of this type to isolate results and indicate their position
in the more general theory. Many of the given results may be found in Bejancu
[3].

Throughout this chapter we shall generally be considering M as an almost
Hermitian manifold, with submanifold M. We denote the complex structure by
J, and decompose into tangential and perpendicular components as before (cf
eq. 77eqno3d), and (3.2)) - for U a tangential vector field to M, € perepndicular
to M:

JU = U +wU,
JE = BE+ C¢,

where @U, BE are tangential to A, and wU, C€ are perpendicular to M.
In cases where M is a CR submanifold we will use P and @ to represent
projection of TM onto D and D' respectively.

6.0.3 Theorem

M is a CR submanifold if and only if
a. rank(¢) = constant, and
b.w-¢=0

Proof Firstly assume that M is a CR submanifold. We see that:

$X = JPX,
wX = JQX, VX € T(TM).

Hence rank(¢) is a constant, as it is equal to rank(J P), and by definition of
a CR submanifold P is of constant rank. If we combine these two expressions,
then we may write:

w- X = JQ(JPX) =0,
as JPX € D.
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Conversely suppose conditions a. and bh. are satisfied. We then define D
by D = Image(¢). Observe now that if X € ['(D), then X = ¢Y for some
Y e I'(T'M). Then:

JX = JoY = ¢*Y + (w - 0)Y = ¢?Y € Image(¢) = T(D).

Hence D is indeed preserved by .JJ. We now define D+ as the bundle perpen-
dicular to D in TM. For an arbitrary Y € ['(TM) wecan write Y = U+ Z,U €
(D), Z e T(D1Y), and X € T(D4), then:

<JX)Y >

I
A

JXU+Z >

= —< X, JU+JZ >
<X, JZ >

< X, 07 >

Il
I

So we see that /D' is indeed perpendicular to M, and so M is truly a CR
submanifold as reuired.//

We can prove a related theorem:

6.0.4 Theorem

M is a CR submanifold if and only if
a. rank(B) = constant, and
b. ¢-B =0

Proof In the case that M is a CR submanifold, we do not define B explicitly.
We note that Image(B)) C D]f at each point p € M. To see this consider:
< BVYY >=< JV.Y >= - <V, JY >=0,
for V€ I(TM*) and Y € I'(D).On the other hand if we take U € [(D1) so
that JU € [(TM*), then we see that:
-U=J*U=BJU+CJU =BJU.

Hence DY C I'mage(B), and so D+ = Image(B), and so B is of constant

rank. Further we may write:
JBV = ¢BV +wBV.

And we deduce that ¢ - B = 0, as both sides are perpendicular to TM.
Conversely suppose that conditions a. and b. hold. Then we define Dt as
the image of B, and D as the distribution perpendicular to D+ in TM. It is
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simple to show that D maps to TM* under J - take X € [(D+),Y € ['(TM)
then, for some V € ['(D+):

< JX)Y >=< JBVY >=<¢-BV|Y >=<0,Y >=0.

Further we demonstrate that .JJD is perpendicular to both 7ML and D+,
and hence is preserved - for X € T'(D),Y = BV € T(D1),Z € T(T1), then

<JX)Y >= - < X, JY >=< X, JBV >= - < X,¢ - BV >=0,

<JX. Z>=-<X,JZ>=-<X,BZ>=0.

Hence D, D+ are as required, and M is a CR submanifold.//

Note in both of these theorems we needed the almost Hermitian structure to
show that certain spaces are perpendicular. Without the Hermitian structue
we have no information concerning the way in which J relates to the metric,
and hence no manipulations are available between equations involving the met-
ric. We may compare this with the way in which Kaehler and nearly-Kaehler
structures give methods for moving the complex structure through covariant
differentiation. We note that there is very little work on CR submanifolds (or
indeed more generally) in cases of non-Hermitian manifolds.

We note in passing that for a CR submanifold A, ¢ has the properties:

2
/.‘:_P!

and
o'+ ¢ =0,

and so by defintion ¢ is an f-structure on the bundle TA. Similarly C forms
an f-structure on the tangent space perpendicular to TAM in M. An fstructure
may be defined by these two properties, and there is a body of work on such
structures, and the reader is referred to Bejancu(5] for how these ideas may be
applied to CR submanifolds. One may naively consider them as an analogu of
amost complex structures on odd dimensional submanifolds, an idea which may
he made more precise. We shall not go into further details of f-structure here.

Recall that we extended the Nijenhuis tensor N = [J, J], to aribtrary linear
maps on vector fields such as ¢ by:

[, 0/(X,Y) = [6X,0Y] + 6°[X, Y] = §[X, 9Y] — §[3X, Y],

and similarly for w, B,C.
It is then useful to write the relation:

NUV) = [6.6)(0.V) - QULV] - w([6U.V] + [ToV]),  (6.)
for U,V e [(D).



Proof By direct substitution.//

We consider some examples of integrability conditions for the distributions D
L
and D+,

6.0.5 Theorem
A CR submanifold A has D integrable if and only if
NU V)T = [6,6)(U. V),
for all U,V € T(D).
Proof Take tangential parts of the identity (?7eq29)). If D is integrable then

the terms (U, V], [U, V] are contained in D, and so w of these is zero, leaving
the indeitiy required. The converse follows similarly. //

Several other integrability conditions may be demonstrated for D, but these
are of similar character to those already given. As they will not be used for
further proofs we refer the reader to chapter 2 of Bejnacu’s work|[3].

As contrast we will prove an integrability result for the real distribution D*.

6.0.6 Theorem

Let M be a CR submanifold of an almost Hermitian manifold, with real dis-
tribution DL. Then D+ is integrable if and only if the tensor [¢, ¢] vanishes
identically on D+,

Proof For X,Y € ['(D') then we may write:

[, 9)(X,Y) = —P[X, Y],

and the result follows. The identity may be demonstrated by substitution

4, ¢(X, )

&2(X, Y]
_PIX,Y].

Recalling that ¢ acts only on vector fields in I'(D). //

We note in passing that the analogous result holds for D in the case of Her-
mitian manifolds - simply observe that N is identically zero for Hermitian man-
ifolds.

It is also worth noting that when the ambient manifold is given a Kaehler
structure both of these theorems may be strengthened considerably - in fact we
shall see that in Kaehler manifolds the distribution D+ is always integrable.
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6.1 Parallel Distributions and ¢ -connections

We consider now some results proven in general by Bejancu in [4], the main
result being that CR submanifolds with ¢ connections are necessarily CR prod-
uct submanifolds (see 6.1.2 for defintition). Although proved by Bejancu for
CR submanifolds in almost Hermitian submanifolds it is used extensively by
Chen[10] with respect to Kaehler manifolds, who developed the theorem in the
case of ambient manifolds with Kaehler structure independantly. Chen gives
an alternative proof (of a weaker theorem) for Kaehler manifolds which will be
indicated in the relevant chapter.
A distibution K is parallel with respect to some connection V if:

ViY e T(K) VY e [(K),

and X an arbitrary vector field on the relevant manifold. We may then show
that:

6.1.1 Thoerem

Given a CR submanifold A, in an almost Hermitian manifold M with Levi-
Civita connection V, the distribution D and D+ are parallel with respect to ¥
if and only if D and D+ are both integrable distributions, with leaves totally
geodesic in M.

Proof Suppose D and D+ are paralle with respect to V. Then as V is torsion
free, for U,V € T(D) and X,Y € I'(D') we may write:

[U, V} =VyV - VvU € F(D),

[(X,Y]=VyY = Vy X e I(D4).

And hence by Frobenius theorem D, D™ are integrable distributions. Now
take M° some leaf of D, and consider the second fundamental form h® of A¢
in A, then:

WU, VY =ViV - ViV,

where U,V € ['(T'M°) and V¢ is inherited connection on M€, However observe
that the first term is parallel to TAM® as D is a parallel distribution, and A° is
defined as the perpendicular part of ViV hence is identically zero. Hence M€
is geodesic in M. Similary for any arbitrary leaf of DL,

Conversely suppose that D, D' are integrable distributions, and the leaves
are all totally geodesic in M. As the leaves are totally geodesic the second
fundamental form of each leaf is zero. Hence for U,V ¢ ['(I'AL€), for some leaf
Me¢ of D, the covariant derivatives ViV has no part perpendicular to TM¢, by
similar arguments as those above. Hence:



VyV e I(D), VU,V € I'(D),
and by identical arguments:
VxY € [(DY), VX, Y e [(D*).

[t remains to demonstrate that VvV € (D), and VuY e ['(D1), however:

0 = Vy<Y, V>
= <VyV.V>4 <Y, ViV >
= <Y, VyxV >.

Hence VxV € I'(D) and similarly we show that VyY e D(D4). And so D,
D+ are both parallel with respect to V and the proof is complete.//

We recall that if M has distributions D, DL with integrable leaves, each leaf
geodesic in M then M has a product manifold structure, and further M is a
CR product, and hence derive the following corollary.

6.1.2 Corollary

Given a CR submanifold A/, in the manifold M with Levi-Civita connection V,
then the distribution D and DL are parallel with respect to V if and only if A
is a CR product submanifold.

We will call a connection V on a CR submanifold M a ¢-connection if:

V¢ = 0VX € T(TAM),

where ¢ is the tangential component of the complex structure J on the CR
submanifold M as usual. We prove the following useful theorem:

6.1.3 Theorem

If M is a CR submauifold of an almost Hermitian manifold M, and the Levi-
Civita connection V on M is a ¢-connection then M is a CR product subman-
ifold.

Proof For the proof we require the following lemma:

6.1.4 Lemma

All ¢-connections on M take the form:
1
VY = Pvf\-PY+Q\7f\»QY+§(( @)Y +PK(X, PY)-¢dK (X, Y ))+QS(X,QY),
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for all X, Y € T'(TM). Where V' is a connection with respect to which D,
D+ are parallel, and K, S are arbitrary vector fields of type (1, 2) on M. The
proof of the lemma is of reasonable length, and does not provide great insights
into the CR structure of the submanifold. The reader is referred to Theorem
3.1 in Chapter 2 of Bejancu[3] for the full proof.

Given this Lemma, we quickly observe that for any é-connection, D and
DL are parallel with respect to the Levi-Civita connection, and hence by the
previous theorem A is a CR product submanifold.//

A more direct proof, of a slightly weaker theorem for the case of Kaehler
manifolds will be demonstrated in the chapter on Kaehler manifolds, not purely
out of interest but also because in the course of the proof several interesting
results are demonstrated. Further although slightly weaker in requirements, we
shall see that for Kaehler manifolds we can obtain a converse theorem, lacking
here.




Part V

Some Results for CR
Submanifolds in
Nearly-Kaehler Manifolds
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We include some results here, partly because they follow naturally from the
previous work on almost Hermitian spaces, and partly because we can make
inferences to the Kaehler case, which will be considered in the next chapter.

If M is a nearly-Kaehler manifold, X,Y € T'(D), we have the following
identity:

1
XY+ X IY] = STLI)XY) + T Y] + (6.2)
VixY =V X+ /l,(.]/\r, Y) — /I(z‘\", JY),

which we obtain by writing out the expressions in the usual way, observing the
anti-symmetry of the Nijenhuis tensor, and using the nearly-Kaehler property
that:

(V)Y + (Vy )X =0,
to eliminate further terms. It is further possible to simplify the two brackets
on the left hand side, and combine with the terms in V as V is a torsion free
connection. We use this identity to prove the following three results, the first
ofwhich is due to Sato [21].
6.1.5 Theorem
The distribution D is integrable if and only if : A(JU, V) = MU, JV) and
NWUV)eDforUVeD.

Proof We refer to Eq (6.2) and deduce that if D is integrable then:

hU, V) = h(JU,V) = %.]([J, JU. V).

We obtain this result by taking only terms perpendicular to D, and applying
Frobenius theorem as usual.//

We have already shown that when D is integrable and M is an almost Her-
mitian manifold (Theorem 6.0.5) we have:
(J,J] = [¢.8) on D, [J,J]* =0 0n D and Q[¢,#] =0 on D.
Hence : A(U,JV) — h(JU,V) = 0, and the two required statements hold.
Conversely, if the conditions hold then from equation (30) we may write:

1
JUV] = VoV =Yy JU = 2J[1,J)(U, V).

We now take some Z € I'(D1), (and consequently .JZ is perpendicular to
M), and so:

<|UV|Z >= - < JU,V],JZ >=0,
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where we have noted that the terms in V are parallel to M and the term in
[J,J] are in T'(D) by our assumption. Hence [U, V] € (D), (it is necessarily
in T(TM), by virtue of M being a submanifold, hence its tangent bundle is
integrable), and by Frobenius theorem D is an integrable distribution.//

We require a Lemma, which is deduced in Bejancu[3], and is also derived in
the course of Sekigawa’s work[23].

6.1.6 Lemma

The Nijenhuis tensor on a nearly Kaehler manifold may be written as:
(L, J)(X,Y) =4](VyJX).
Proof Firstly we note that we are using a torsion free tensor, amd so:

[(X,Y]=VyY =V X.

Further we have the nearly Kaehler structure, (f7.\>J )X = 0. If we apply
this to vector field X + Y, we see that:

(V\—H»-J)(X +Y)=0,
and hence
(V)Y +(Vy )X = 0.

From this we derive the relation:

(Vor )X = —(VxJ)(JY) (6.3)
= VY + J(VyJY) (6.4)
= J(VxJ)Y). (6.5)

Now we may write out the Nijenhuis tensor in full, and use these relations
to simplify:

[(LINX.Y) = (VyxJ)Y = (Vyy X + J(Vy X (6.6)
—J((VxJ)Y) (6.7)

= AVy X +J(VyJX) - VxY - J(V,JY)) (6.8)

= 2J(VyJX - J(Vy X)) — (VxJY — J(VyY))) (6.9)

= 2J(Vy )X — (VyJ)Y) (6.10)

= 4J(VyJ)X). (6.11)

This proves the lemma.//



We apply this lemma to obtain the following theorem, originally due to Ur-
bano[25] (the proof follows immediately from the given work)
6.1.7 Theorem

Let M be a CR submanifold of a nearly Kaehler manifold M. Then the distri-
bution D is integrable if and ouly if:

(VuJ)Y e T(D),

and
MU, JVY = h(JU, V).

Similar results may be obtained for integrability on D+, or alternative con-
ditions can be shown for the integrability of D. We do not quote them here
however, as (has been remarked) generally nearly-Kaehler manifolds are of re-
stricted interest beyond S°. The given results are sufficient for a discussion of
the consequences for Kaehler manifolds and S8.

43



Part VI

CR Submanifolds in
Kaehler Manifolds
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Chapter 7

(General Results for CR
submanifolds of Kaehler
Manifolds

We now consider the case of CR submanifolds where the ambient manifold A
has a Kaehler structure. Recall that this is equivalent to the almost complex
structure being parallel :

VyJ =0VYX € I(TM).

This definition is of considerable interest due to the fact that many well
known spaces are Kaehler with respect to their usual metric - we shall partic-
ularly consider complex projective, complex hyperbolic and the flat space C".
We refer the reader to (for example) Lei, Wolfson[18], chapter 2, where several
more complicated Kaehler manifolds are listed - amongst which are some Grass-
manian spaces, and quotient spaces, such as E7/(Eg x T;). We contrast this
with the case of nearly Kaehler manifolds, where research is often restricted to
S8,

We shall see that in many cases stronger theorems can be proven for Kaehler
manifolds. The key result in this chapter is to relate the curvature of a CR
product submanifold to the length of its second fundamental form, and hence
place limits on the existence of CR products in some common spaces.

Many of the Kaehler results that we will quote are derived from those in
Chen{10]. Where the proof is clear, or fully given in references, we will often
omit it, but have given further details at points where non-obvious steps may
have been skipped in the original paper, or the proof is of interest for the
methods used.



7.1 Some General Results

Here we use standard submanifold theory to derive some relations which hold
for CR submanifolds in Kaehler manifolds, and will prove useful in later proofs.

Let A be a Kaehler manifold with complex structure J. We will take M
to be a CR submanifold of M with complex distribution D and totally real
distribution DL, We use V as the Levi-Civita connection on M, V the inherited
connection on M, V1 the connection on the normal bundle to A, and h the
second fundamental form of M.

Recall the Gauss (eq 12) and Weingarten (eq 5) formulae relating these,
hence:

h(X,Y)=VxY - VY, (7.1)

ViE=—AcX + Ve, (7.2)

where X, Y are in the tangent bundle of A{. £ in the normal bundle to M, and
A the shape operator related to i by:

CAXY >=< WX, Y),E>. (7.3)

As before we shall decompose .J into parts tangential and perpendicular to
M

JX =X +wX, X e [(TM),
J& = BE+C¢, £ e T((TM)L).

Finally recall that v indicates the orthogonal subbundle of JD* in T M,
ie. s.t.

T M =JD % v, JDY Ly, (7.4)

and so, more fully: )
TM=DsDtsJD 3w

We now prove some resulss for general Kaehler manifolds.
First observe that for a Kaehler manifold M, M any submanifold we have
the result:

JVuZ + JhU,Z) = —A;2U + VI Z, (7.5)

where Z is in D+ and U is tangential to M. This follows immediately from
equations (2.12) and (6), Gauss and Weingarten, using £ = JZ in (41) and
using torsion free properties of V and the Kaehler property V.J = 0.



7.1.1 Lemma

Let M be a CR submanifold of Kaehler manifold M, then we have the results:

<VuZ,X >=<JA;;U X >, (7.6)
AJZ"V = A,/wZ7 (7.7)
AjeX = —AJX, (7.8)

where U is tangential to M, X e (D), Z,W ¢ ['(D1), and £ € T'(v).
The first follows from (7.5) by multiplying by J and then observing that A is
normal to M, and for the final term we can write X = JY for some Y € ['(D):

<JIVHEIZ, X > = < IVEIZ,JY >
= <VEIZY >
0.

The second follows in a similar fashion - we may write (7.5) in the two forms:

IVWZ + Jh(W,Z) = —A;,W + Vi JZ,
JVW + IMZ, W) = A Z +VEJW,

and then subtract one from the other using the usual equations, and symmetric
properties of h to eliminate terms.
The third follows on observing that:

<AJX)Y >

<h(JX.Y), &>
< vyJX,f >
<JVy X, E>

= < Jh(X,Y),£>
= - <h(X,Y), JE>
= < —AuX)Y >,

for arbitray Y € (T M).

7.1.2 Lemma

Let M be a Kaehler manifold, with CR submanifold A/. Then for Z, W in
(DY)

Vi JZ -VEJW € JDL. (7.9)
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Proof Take £ in v then :

— <V JEW >
= < V3 JW >
= —<EVEIW >,

< AjeZ,W >

(For the final step we observe that 0 = VL < £, JW >=< VL&, JW > + <
EVLIW >)
Hence:

<ENVGIZ —VEIW >=< AjeZ W > — < A;c W, Z >=0. (7.10)

And as this holds for arbitrary € € v the result is proved.
We note that as a consequence:

][Z "V] = J(VZ‘/V - VH/Z)
= ViJW -V JZ.

The second step is obtained by writing down the two identities:

IVwZ + Jh(W,Z) = —A;,W + Vi J Z,
JVZW + JWZ W) = —AywZ + VEIW,

and subtracting one from the other, using the above theormes to remove the
unrequired terms. And so by applying this result, and Frobenius theorem to
the fact that D~ is closed under the Lie bracket, we obtain:

7.1.3 Theorem

The totally real distribution D of a CR submanifold A in a Kaehler manifold
is integrable.

This result is actually generalizable to locally conformal Kaehler mani-
folds, see[7] for proof and full definition. A locally conformal Kaehler manifold
may be defined as a manifold, with an atlas such that the restriction of the the
metric to any co-ordinate chart is conformally related to a Kaehler manifold. We
contrast this to the nearly-Kaehler, and general almost Hermitian case where
such a result is not known. The theorem is not extendable to the more general
case, as in (7] Blair and Chen give an explicit example of a CR submanifold in
a Hermitian manifold with non-integrable D+,

We also obtain results on the integrability of the complex distribution D.
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7.1.4 Theorem

Let M be a CR submanifold of a Kaehler manifold M. Then the complex
distribution D is integrable if and only if;

<X, JY),JZ >=< h(JX,Y),JZ >, (7.11)
for any X, Y in D, and Z in D+,

Proof This follows from Theorem 6.1.7 in nearly-Kaehler manifolds. Although
the statment is slightly different it is possible to show that the two conditions
are equivalent (see further Bejancu[3] Chapter 3).//

7.1.5 Lemma

Let M be a CR submanifold of Kaehler manifold M. The leaf ML of DL is
totally geodesic in M if and only if :

< h(D,D%),JD* >=0. (7.12)
Proof This follows from (7.9), see [2]

Recall that the leaves are totally geodesic in a CR product submanifold, hence
we have a condition for CR products. We also obtain the following lemma:

7.1.6 Lemma

If M is a CR submanifold of Kaehler manifold M, D integrable, and equation
(7.12) holds (i.e. the leaves of DL are totally geodesic), then for any X in D
and € in JD', we have that:

AJX = —~JAX. (7.13)

Proof This follows very quickly from the above condition that:

< WX, JIY),JZ >=< MNJX,Y),JZ > .
For X,Y € (D), Z € T(D+).We observe that:

<MX,JY)E> = <hJX,Y) &> (7.14)
<AXJY > = <AJX)Y > (7.15)
<-4 XY > = <AJX)Y >, (7.16)

and hence the result follows.//



We will explicitly define define a connection V on the forms ¢, w, B, C derived
from the complex structure J, extending the usual connection V naturally, as
follows:

(Vud)V =Vu(oV) - oViV, (7.17)
(Vyw)V = ViHwV) —w(VyV), (7.18)
(Vi B)E = Vi (BE) — BVEE, (7.19

)
(VyC)E = VH(CE) - CVe, (7.20)
where U,V are tangential to A, & is normal to M.

Recall that we call ¢ parallel if V¢ = 0 (and similarly for w, B,C). We
have already shown that if .for a CR submanifold M, V is ¢-connection then
M is a CR product submanifold (in almost Hermitian ambient manifold 1\7[).
Certainly if V is a ¢-connection then ¢ is parallel, hence we immediately have
the weaker result that if ¢ is parallel (on M) then M is a product submanifold.
We shall also be able to prove the converse (which we did not have for the almost
Hermitian case). We shall therefore find the following Lemma useful:

7.1.7 Lemma

(Vyod)V = Bh(U, V) + Auy U (7.21)

Proof This follows from making the relevant substitutions from the defini-
tions.//

We now prove a key theorem for CR product submanifolds in Kaehler mani-
folds:

7.1.8 Theorem

Let M be a Kaehler manifold, with a CR submanifold M, then M is a CR
product if and only if P is parallel, Vo = 0.

Proof If ¢ is parallel then from Lemma(7.1.7) we have,

Bh(U,V) = —Agv U, (7.22)

for U,V tangential to M. Further if X € ['(D) then ¢.X = 0, and so Bh(I/, X) =
0. Hence by the symmetry of /i we have :

AjzX =0, (723)



for X € ['(D),Z € I'(D*). Hence by Theorem 7.1.3 and Lemma 7.1.5 , we
have the result that D is both integrable and has totally geodesic leaves in
M. Finally we consider some leaf M7 of the distribution D, and suppose
XY e (TM?), and Z € (D), then:

0 = < Ajzx, Y > (7.24)
= < JA;zY, JX > (7.25)
= <VyZ,JX > (7.26)
= < Z,VyJX >, (7.27)

where we have used equation (45) in the third step, and considering Vy <
Z,JX > in the final step. We deduce that as the tangential connection on
MT (within M) is entirely contained in M7, then M7 is totaly geodesic in M.
Hence combining these results M is a CR product submanifold.

Conversely we suppose that A is a CR product, then for X € T(TM) and
U e I'(D), then

VxU e T(D).

(Using the totally geodesic property of leaves of D). Then we may write:

Jh(X,U) = h(X, JU).

(Simply observe that

WX, JU) =VxJU -V JU,

Jh(X,U) = JVxU - JVxU,
and note that on the right hand side the first times are equal by the Kaehler
structure, and the second terms are in ['(D) and hence must be equal as & is

perpendicular to M, and Jh is certainly perepndicular to D.)
Hence using the expression for V¢ above we may show that (Vx¢)}U =0 :

(Vxp)U = Vx(oU) - (ViU) (
= VJU = WX, JU) = J(VxU — h(X,U)) (7.29)
= JVNU - Jh(X,U) — JVxU + Jh(X,U) (
= 0, (

where we use the fact that ¢ = J on D.

Similarly taking Z € ['(D+), then VxZ € [(D*1), by leaves of D+ being
totally geodesic, and (Vx¢)Z = 0 (this follows immediatel on observing that
¢D+ = 0). Hence the full result.//



We have in the course of the proof also:

7.1.9 Lemma

A CR submanifold M in a Kaehler manifold M is a CR product if and only if:

A;pi D =0.

Note We compare this result with the similar result Theorem 7.1.8 for the
more general almost hemritian case. We note that the result here is stronger
in that we also have the converse result. Although proved by Chen in [10] in
the way indicated we note that the proof was previously demonstrated for anti-
holomorphic submanifolds (Bejancu, Kon, Yano [2]), and of course the proof in
one direction could be inferred from the almost-Hermitian case. It is interesting
to note that the converse (that CR product implies that ¢ is parallel) is the
more direct part of the proof, but reliant on the Kaehler structure. We also call
attention to some notation variation between sources, for example Chen calls ¢
parallel for Vo = 0, but Bejancu(3] calls this a manifold with a ¢ -connection.
This is possibly to differentiate from his previous defintion of parallel in the case
of the distributions D, D+, where he only requires that the connection preserves
the distribution, rather than being zero.

We now prove a result of great interest, relating the curvature of the ambient
manifold to the second fundamental form of a CR product. This immediately
has consequences for simple KKaehler manifolds.

7.1.10 Theorem

If M is a CR product submanifold of a Kaehler manifold A7 then for unit vectors
X in D and Z in Dt then:

Hp(X,Z) =2|MX, 2)|?, (7.32)

where H B(X,Z) = f?,(X, JX;JZ.Z) defines the holomorphic bichapteral cur-
vature of X, Z.

Proof Take M to be a CR product, so we are free to use the lemmas above.
Recall the Codazzi equation for an embedded submanifold:

R(X,JX:Z,JZ) =< VEh(JX,Z) - VI X, 2),TZ > . (7.33)

And so using the theorems for Kaehler manifolds we may re-arrange:
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R(X,JX;Z,JZ) = <WX,Z),ViyJZ > <h(JX,2),V+JIZ >
= < h(X,2), JvJ\Z> — < h(JX,Z),IJVxZ >
= <WX,2),Jo(JX,Z)>—<a(JX,2),IJN(X,Z)>
= <hX,Z),h(X,Z)>+ < W(X,Z),h(X,Z) >

(X, 2)I°,

and hence the result is proved.//

= 2|

s an immedia onsequence we hote th wing corollary:
As an immediate consequ we note the followin lary

7.1.11 Corollary

If M is a Kaehler manifold with positive holomrophic bichapteral curvature,
Hp > 0, and M a proper CR product. Then M is not anti-holomrophic, and
M is not totally geodesic in M.

Proof Observe that if M were anti-holomorphic then we would have Hg = 0,
as in that case h(X,Z) = 0 in M as well as M. Further as h(X,Z) # 0 we
deduce that M is not totally geodesic in M. (Note that h(X,Z) = 0 for the
second fundamental for of leaves of D, D* in M, and if M were totally geodesic
in M then the second fundamental form would be unchanged.)//

We will now consider some specific [{aehler manifolds, and show how the
general theory developed can be used.

7.2 Product CR Submanifolds in Complex Hy-
perbolic Space H"

For a CR product M in a Kaehler manifold M we have the result that:

Hp(X, Z) =2|MX. 2)|?,

where X is in D and Z in D1. Hence for any space of negative bichapteral
curvature there can be no proper CR products. In particular there are no
proper CR products in any complex hyperbolic spaces.

7.3 Product CR Submanifolds in C"™

7.3.1 Theorem

Every CR product M in C™ is locally the Riemannian product of a complex
submanifold, M7, in a linear complex subspace CN and a totally real subman-
ifold, M1, ofa C™ N _je.



M=M"xM-cCNxcmN=cm
Proof As M is a CR product in C™ then Theorem 7.1.10 implies that:

h(D,D*) = 0. (7.34)

Let A", ML be integral submanifolds of D, D+. We apply a result of
Moore[19], so that, given the restrictions on the second fundamental form, we
may conclude that M = M7 x M1 is a product of submanifolds in RF x R2™-r
for some r, clearly greater than dimpg(D), and at most 2m — 2dim(D+). As
MT is a complex submanifold of C™ it is possible to choose RF to be a complex
linear subspace of C™.

Further if M is antiholomorphic we see that leaves of D, D+ must be holo-
morphic and real hyperplanes in C™, simply due to dimension restrictions.
The anti-holomorphic examples of CR product submanifolds are therefore of
extremely simple form.

7.4 Product CR Submanifolds in Complex Pro-
jective Space C'P"

In this chapter we shall examine a specific form of proper CR products in coin-
plex projective space via a Segre embedding which we shall call a Standard CR
Product. Further we show that these proper CR products have the smallest
possible codimension, and that no other CR product has the same codimension.

7.4.1 Definition

Let CP™ be m-dimensional complex projective space. We recall that CP™ has
constant positive holomorphic chapteral curvature of 4. For real numbers &, p
we define a Segre mapping:

Skp : CP¥ x CPP — CPktP+kp
by
(207 e 2k 70 s 7][)) - (207707 v 0G0 e Zk”[))7

where (zg, .., z) and (7, ..., ) are homogeneous coordinates of CP¥ and CPP
respectively. Then let M+ be a p-dimensional totally real submanifold of CPP.
Then CP¥ x M+ induces a natural CR product in CP¥+tP+KP yia the mapping
Skp-
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7.4.2 Definition

Let M = MT x M+ be a CR product in CP™. Let k = dimcD, and p =
dimpD*. Then M is called a Standard CR Product if and only if :

a. m==kk+p+kp,

b. M7 is a totally geodesic holomorphic submanifold of CP™.

We see that this definition includes Segre embeddings, although is not exclu-
sively Segre embeddings (we have some freedom in how the real submanifolds
M+ are embedded in the space). We shall see that the definition is partly
redundant in this case as we shall demonstrate that (a.) implies (b.) for CR
products.

7.4.3 Lemma
Let M be a CR product in CP™. Then:

{(MXi.Z)}=1,..,2k, a=1,..,p

are orthonormal vectors in v, where X1, ..., Xox, and 72}, ..., Z,, are orthonormal
bases for D, D+ respectively.

Proof Firstly we note that as CP'" has constant holomorphic bichapteral
curvature we can use the theorem:
Hyg(X,Z)=2< (X, Z), (X, Z) >,

and so

[MX.Z)| =1.
We note that h is defined linearly in V, V, and these are in terms linear in their
vector field arguments, and so :
<h( X, Z), M X;,X)>=0,i# .

Further we have already shown (Lemma 7.1.9), that for a CR product
‘4,/ Nt D = 0

Hence we see that:

<WMX,Z),JY >=< Ayv X, Z >=0,

for Y € T(D%), and hence h(X,Z) € v. If dim(D+) = 1 then the proof
is complete. If dim(DL) > | then (again arguing from A being linear in its
arguments) we can infer that:

< ]I,(Xi,Za,IL(Xj, Zﬂ) >4+ < /’IV(XI',Z‘Q).’II,(XJ',ZQ) >=(,

for + # j, o # 3.
As M is a CR product we have:

[}
9]



< R()&ri, Xj)ZO, Zg >=0.

We shall quote a result from Blair, Chen[7] (Theorem 6.1), that for a CR
product in CP™ we have:

<R(X{, X)) Z0a, 23 >=0.

Combining these two curvature results, with the Gauss equation (2.12) we
see that:

< R(X:, Xj) 2o, Zg >=< R(XI,XJ-)ZQ, Zg >+ < h(X;,Z3), X, Za) >
— < WMX:, Z4). WXy, Zs >,
and so:

< (X Z8), (X}, Zo) >=< (X, Zo). W(X;, Z3) > .

And hence we see that this expression is actually equal to zero, and so the
h(X;, Z,) do indeed form an orthonormal basis for the perpendicular space v.//

As a consequence we immediately see that:

7.4.4 Theorem
Let M be a CR product in CP™, then
m > k+p+kp.

Indeed as the given Segre mapping gives results where equality holds, we see
that this inequality is the best possible.

7.4.5 Theorem
If M is a CR product of CP™, with m = k + p + kp then M is a standard CR

product.

Proof Take M to be a CR product submanifold in CP™ with m = k+p+kp.
Take X,Y,Z € (D), W € I'(D+). Then from the Gauss equation:

0=<R(X,Y)Z,W > + < h(X,W),h(Y, Z) > — < WX, Z), (Y, W) >,

where we have used the fact that the leaves of D, D+ are totally geodesic in A
to see that the term in R is zero. Further as CP™ is a complex space form,
we may use the following identity for the curvature (see standard texts for the
derivation):



RIX.Y)Z =<Y,Z>X-< X, Z>Y+<JY,Z>JX
-<JX,Z>IJY +2< X, JY > JZ,
and hence < I?(X, YZ W >=0.
Hence:
<h(X, W), WY, Z) >=< WX, Z), (Y, W) >.

Further if we set ¥ = JX | and using Theorem 7.1.4 to manipulate terms in
h, we have:

<X, Z),h(JX, W) > = <h(JX,Z),hX,W)> (7.35)
= < JMX,Z),MX, W) > (7.36)
= - <h(X,Z),Jh(X,W) > (7.37)
=~ <h(X,Z),h(JX,W) >, (7.38)

andso < WX, Z), h(JX. W) >=< h{JX,Z), h(X, W) >= 0. Further < h(X, Z), h(X, W) >=
0.
Hence,

0 = <hX+VY,2),h(X+Y,W)> (7.39)
= <hX,Z),MY,W) >+ < h(Y,Z),W(X,W) > (7.40)

Given < h(X, Z), h{X, W) >= 0 we see (by dimension counting arguments),
that h(X, Z) lies in J D (we have shown that v is covered completely by h{D, D+)).
However recall the earlier condition for CR products (Lemma 7.1.9) that A;p. D =
0 - we see that this implies h(X, Z) lies in v.

(To see this we write

<WMX,Z2),JU >=< Ay X, Z >=0,

for any U € ['(D1))

Hence we must have A{D, D) = 0. Also as M is a CR product the leaves
MT of D are totally geodesic in M, and as the second fundamental form over
D is zero, we see that each M7 is totally geodesic in CP™. //

Hence we see that for CR submanifolds of minimal codimension the integral
submanifolds of the complex distribution D are totally geodesic in CP™. We
may contrast this with the results in C", and the non-existence of CR products
in hyperbolic space, and S% (see later), to see that to be a CR product is a
relatively strong condition, and constructing examples of any complexity is not
a trivial task.



7.5 Mixed Foliate Submanifolds

We define a CR submanifold of a Kaehler manifold as mixed foliate if D is
integrable, and A(D, D+) = 0. The condition on the second fundamental form
is sometimes described as defining a mixed geodesic CR submanifold. As the
definition is given on Kaehler manifolds the distribution D4 is automatically
integrable. It seems sensible that in extending the definition to non-Kaehler am-
bient spaces, the condition that D+ is integrable should be added. By analogue
with the results obtained for CR products, we obtain the following:

7.5.1 Lemma

Let A be a mixed foliate CR submanifold (in a Kaehler manifold Af). Then
taking X € D and Z € D', then we have:

Hp(X,Z) = =2||Asz|*
Proof Firstly note that the mixed foliate condition gives us the following:

h(D,D*) =0,
(D, D] c D,
X, JY) = h(JX,Y),

for arbitrary X, Y € ['(D). (The last is a consequence of integrability of D that
we have obtained for almost-Hermitian manifolds, Theorem (6.1.7)).
We make substitutions into the Codazzi equation:

Hp(X.Z) = <R(X,JX)JZ, Z > (7.41)
= —-<R(X,JX)Z,JZ > (7.42)

= — < (VxW)(Z,JX) = (Vixh)(X,2),JZ > (7.43)

- < —WVxZ,JX) = h(Z,VxIX)+ MV xX,Z) (7.44)

YWX,Vx2), 7 >
= <MVXZ.JX) - h(X,VyxZ)+ h([X,TX), Z),TZ $7.45)
= <h(VXZJX)JZ>—<h(X,Vx2),JZ > (7.46)

= <AjZJX VxZ >—-<A;2X, V2> (7.47)
= < AyzJX, JA;zX > — < Ay;zX,JA;zJX > (7.48)
= — < JAzX, JA;zX > — < AyzX, —J2A;X > (7.49)
= —llAszX]?, (7.50)

as required, where we have also used the identities in Lemma 7.1.1.//

We immediately have the following theorem:



7.5.2 Theroem

Let M be some Kaehler manifold with strictly positive holomorphic bichapteral
curvature, then there are no mixed foliate CR submanifolds of M.

In particular we see that CP™ admits no mixed foliate CR submanifolds,
a result reached independantly by Bejancu, Kon and Yano [2], who proved
the more specific result that any complex space form of positive bichapteral
curvature admits no mixed foliate CR subamnifold.

Chen[10] also call attention to the fact that geodesic spheres of CP™ are
real hypersurfaces, with (D, DY) = 0, where we take DL to be the tangent
bundle over the sphere, and D may be chosen arbitrarily in the tangent space
perpendicular to the sphere. Hence as any CR submanifold with real part a
totally geodesic sphere is mixed foliate - which we have shown cannot hold.
Hence there are no CR submanifolds in complex projective space with real part
totally geodesic spheres.

We finally prove a theorem for C™.

7.5.3 Theorem

Let M be a CR submanifold in C™, then M is mixed foliate if and only if A is
a CR product.

Proof Let M be some CR submanifold in C™. If M is mixed foliate, then :

0=Hgp(X,Z)=-2(4,2X]>

Hence, A;zX =0, for all X € D, Z € D, However we have already shown
{Lemma 7.1.9) that this is a necessary and sufficient condition for M to be a
CR product.

Conversely if M is a CR product we already have an expression for H for
CR. products:

0= (X, 2) = 2[|h(X. 2)|%

with X € [(D),Z € T'(D+). Hence A(X,Z) = 0, and so M is indeed mixed
foliate (the integrability of D is part of the definition for CR product).//

Again Bejancu, Kon and Yano|2] developed the above theorem independantly
for antiholomorphic CR submanifolds.
It is interesting to note that the existenc of CR products and CR mixed foliate
submanifolds mirror each other, for spaces of positive bichapteral curvature
(eg projective spaces) CR products are admitted but not mixed foliates, in
manifolds of negative bichapteral curvature { eg hyperbolic spaces) CR products
are not admitted but mixed foliates are. Finally in spaces of zero holomorphic
bichapteral curvature ( eg C™) the two definitions coincide.
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7.6 Some Comments on Further Work on Kaehler
Manifolds

Also of interest are several results derived by Chen placing bounds on the length
of the second fundamental form. We shall only give the simplest result for CP™,
but refer the reader to the referenced papers for further work on the same
subject. We pick out a result concerning the length of the second fundamental
form, which follows quickly from the work already given:

7.6.1 Theorem

Let M be a CR submanifold of CP™. Then the length of the second funda-
mental form is bounded:

IA)12 < 4hp.

where & = dimcD and p = dimgD~. If equality holds then leaves of D, D+
are totally geodesic in CP™,

Proof Firstly observe that CP” is of constant holomorphic bichapteral cur-
vature 4, and as a consequence:

Ih(X, Z)] =1,

for X € I'(D) and Z € T(DY). Further we have shown that we may write
orthonormal bases for D, D+ of { X1, ..., Xowh {21, ... Zp}, with M(X 4, Z4) = 0.
Hence, using the linearity of the second fundamental form, we may write:

1R = dkp+ > " (X4, XB)2 + D (|h(Za, Zs),
A,B w3

where we have been able to evaluate the cross terms hX,Z) as 1. Hence we
have the required inequality, and immediately observe that equality holds only
if h(D, D) = 0 and h(D+, D+) = 0, which may be shown as equivalent to the
integral submanifolds of the distributions being totally geodesic in the ambient
manifold.//

We end this chapter by noting that Chen[10] pursues similar lines of argu-
ment to deduce further relationships between the second fundamental form, the
curvatures and the CR structure of submanifolds.




Part VII

Some Morse Theory Results
on CR Submanifolds
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The results up to this point have been concerned with the traditional sub-
manifold properties of CR submanifolds, such as the curvature properties, Rie-
mannian product structure, and properties of the second fundamental form. As
a contrast we will consider some results obtained by Lei Ni and Jon Wolfson in
[18], relating to the application of some Morse theory results and consequences
for the topology of CR submanifolds. The work is an extension of techniques
applied by Schoen and Wolfson in [22] to complex submanifolds of a Kaehler
manifold.

We shall quote several required results, which although far from obvious and
of interest in themselves, lie outside the context of the current work.

In [18] work is exclusively carried out for ambient manifolds having Kaehler
structure (and some further restrictions), and for the real dimension of the real
distribution D+ to be equal to 1. The restrictions permit the use of some quoted
thereoms, and manipulations. Some consideration of the problems encountered
for extending the ideas to more general cases are given.

7.7 Some Definitions

Throughout this part we shall consider the ambient space M to be an irreducbile
compact Kaehler manifold, complex dimension v of non-negative holomorphic
bichapteral curvature.

We define a symmetric bilinear form:

Hy (W, Z) =< R(Y, JY)W,JZ >,

for vector fields W,Y,Z over M. By the general symmetries of the curvature
tensor, for fixed Y # 0, observe that Hy is positive semi-definite. The null space
of Hy is then denoted Ny, and we write {(Y) for the complementary dimension
of Ny. We define the complex positivity of the manifold M as :

nf
Y #£0

We will simply quote the result that [ is a well defined on the manifold, and
is independent of the evaluation point chosen. Further we note that values of
! have been computed for various spaces, and of particular interest to us is the
fact that the complex projective space CP? has complex positivity v.

We refer the reader to Part I for definitions of the Levi form, and the nullity
as defined for a CR submanifold A. We shall assume the the real distribution
D+ over M has dimension 1, and the distribution D complex dimension p.

! I(Y).

7.8 Critical Paths Between a Complex Subman-
ifold and a CR Submanifold

Let the ambient space M be an irreducible compact Kaehler manifold with
complex positivity | and complex dimension v. Let M be a smooth compact CR
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submanifold of real dimension (2p+ 1), and NV a compact complex submanifold
of complex dimension 7.

We consider the space Q(M; M, N) consisting of piecewise smooth paths
v:10,1] = M s.t. ¥(0) is on M, and (1) on N. We define an energy function
on these paths by:

1
E(y) = / 112 (7.51)

It may be shown that + is a critical point of EF if:

a. v is a smooth geodesic in M,
b. 7 is normal to Al at v(0) and to NV at y(1).

This result may be obtained by considering some first variation of the energy
function:

d bd
—F = — <A,y > dt 5
B /0 g ST (7.52)
/l ddo oo P (7.53)
= - e - —Y, —= . A
o dt ds 7 ds a2 7

and observing that the second term is zero if condition (a) holds, and the first
part is zero if condition {b) holds.

We are interested in the index of such critical paths in order to apply Morse
theory ideas, and hence need to consider the second variation of the energy
function. We observe that the second variation of E may be put into the form:

1 . ror .
§E**(”/17 I/VZ) = < vl’Vl W. vV >

1
(1) + / < Vvu ‘/V] s V'Y‘Vj > dt
4]

1
- / < Ry, Wi, Wy > dt.
0

We now need to determine the subspaces for which E., is negative. We will
prove the following:

7.8.1 Theorem

Let M be a CR submanifold in M, let N be a complex submanifold of M,
subject to the restrictions above. Let M be of real dimension 2p + 1 and M
have complex positivity [. If the nullity of M is everywhere greater than or
equal to r, (where necessarily 0 < » < p), then the index of a critical path v of
the energy function E is at least [ + 1 — (v —r) — (v — n).

The proof of this result is surprisingly straightforward when the necessary
manipulations are shown, being in essence a dimension counting problem. The
chief interest is how this result may be combined with more general results to
generate topological theorems.
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Proof Given the situation above let v be a critical path of E: Q —» R. Let M
have nullity everwhere greater than or equal to ». Then for any point on M we
may pick local vectors X, ..., X; lying in the null space of the Levi form. Further
it is possible to select X; such that X; = W; —iJW;, where Wy, ..W,, JW,, JW,
are orthonormal vectors. We construct such a basis at v(0).

We extend the vectors W; at v(0) to vector fields W;(t), along the whole of 7,
by parallel transport. Observe that the vector fields W, so defined necessarily
define varitions of the the path v. We have chosen W; to lie in TyoyM, so
variations keep v(0) lying in A. However the construction does not necessarily
mean that W;(1) lies in T, N, and so y(1) may under the W; variation be
moved off of N, leading to a path not in Q. Hence W; does not necessarily
belong to 7,€). Because we are only attempting to set a bound on the index it
is sufficient to consider the W; which do belong to T,,€2.

We consider the second variation of the energy for some such varition W;:

1 1
GE (WL W) = < Vi, Wi >{d+ / < VWi, Vi Wi > dt (7.54)
0
1
- / < R(3, W), W; > dt (7.55)
JO
1
= <V, W4 () - / < R(3.Wy), W, > dt. (7.56)
J0

(NB We here use V to indicate the metric connection on M, we shall not
consider connections on the subamnifolds in this chapter). The second term in
the first line is observed to be zero as W, has been constructed by parallel trans-
portation. Similarly we construct fields JW; along v by parallel transportation,
and obtain the identity:

1
EE**(JWI', JWy) =< Vyw, JWi, % >

1
- / < R(%, JW,)%, JW; > dt.
4]

However we now use the Kaehler structure to move J through covariant
differentiation:

<Vaw JWi,v> = <J(Vyw,), 5> (7.57)
= — < Vyw Wi, J¥ > (7.58)

= — <V, JW,J¥y >+ <[JW,, W], J% > (7.59)

- < Vw, Wi 3>+ < [JW,W,],J¥>. (7.60)

Note This is the only element of the proof of the index of paths that relies on
the Kaehler structure of the ambient manifold - for almost Kaehler manifolds a
further terms will be introduced in this expression.
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We now show that the second term is zero when evaluated at v(0) and ~(1).
As vy is a critical path, ¥ is perpendicular to M, N at +(0),v(1) respectively.
Further since (by construction) X; = W; 4+ JW,; lies in the null space of the Levi
form then [JW;, W] is perpendicular to JT, ). Further as v is a critical path,
¥ is perpendicular to M, and hence to [JW;, W;]. (We have used Frobenius
theorem to infer that [JW;, W] lies in TyoyM).

In order to show that < [JW;, W;], J¥ >= 0 when evaluated at (1), we use
an argument due to Frankel(19). Let V' be some analytic curve passing through
(1) with tangent vectors W;, JW,. Extend W;, JW; to vector fields in some
region U of ¥(1). On this region U, [JW;, W;], JIJW;, W,] are tangential to V,
and so at v(1) are perpendicular to both 4 and J#.

Hence we may drop the associated terms for the second variation:

1
%E**(JW.,-,JWI») = — < Vi, Wi 3> ||} - / < R(3, JW))4, JW; > dt.
JO

Thus we have:

.1
%E**(‘/Vh "Vzﬁ) + %E**(JI/V,', J‘Vl) = — / (< f?(')’ "Vi);Y: JI/V,— >
) J

+ < R, JWiyy, JW, > dt.

Rewriting using the usual symmetries of K :

1
(Eon(Wi, W) + B (JW,, JW))) = */ (< R(%, JH)Wi, JW; >,
0

and the term on the right handside is (minus) the holomorphic bichapteral
curvature of the complex lines ¥ A J¥ and W; A JW;. We see therefore that
the second variation is necessarily non-positive (as the holomorphic bichapteral
curvature is non-negative) for all W;, JW; which define a variation in 7, -
i.e. those where W;(1), JW(1) € Ty (;yN. Hence the index of the path 7 is at
least equal to the number of such W; which are variations in T, for which the
holomorphic bichapteral curvature given is psoitive.

We consider the full set of Wy, ..., W, JW, ..., JW,. Firstly observe that W;, JW¥,
are perpendicular to both of ¥ and J¥ (from the arguments above). Hence the
span of such vectors, say:

S = span{W,, .., W, JW, . JW.},
is an r-dimensional complex vector space, within a (v — 1) dimensional subspace
of 1'.,(1)1\7[. Hence the space S N T;yN has complex dimension of at least
r4+n—(v—1). If it is given that A has complex positivity {, then we see that
the subspace of SN 7T, )N for which the holomorphic bichapteral curvature is
strictly positive is (r +n — (v — 1) — (v — {). Hence:
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index(y) >r+n—(v—-1)—(v-0)=1+{—(v—7)—(v—n)),

as required.//

Given this result for the index we may derive theorems concerning the topol-
ogy of the manifolds, for example:

7.8.2 Theorem

Let M be a compact Kaehler manifold of non-negative holomorphic bichapteral
curvature, of complex dimension v, and complex positivity . Let A be a
compact CR submanifold on M of real dimension 2k + 1, where dim D+ = 1.
Suppose the nullity of the Levi form of M is everywhere greater than or equal
to 7. Let N be a compact complex submanifold of complex dimension n. Then
the homomorphisms induced by inclusion:

iv:mi(M,MNN) - m;(M,N),

are isomorphisms for 3 < n+1r — v — (v —[) and is a surjection for j =
n+r—v—(v—1-+L

The 7; referred to are relative homotopy groups for the relevant spaces. The
proof follows from the results on the index of critical paths combined with some
more general results from Morse theory connecting index values with such homo-
topy groups. The reader is referred to the references (e.g. Schoen-Wolfson[22])
for details, which are not immediately relevant.

7.9 Critical Paths Between Two CR Submani-
folds

Lei and Wolfson continue by extending the results in the previous chapter to
the case where both M and N are CR submanifolds.

7.9.1 Theorem

Let M be an irreducible compact Kaehler manifold of complex dimension v,
nonegative holomorphicbichapteral curvature, and complex positivity [. Let M,
N be CR submanifolds of M with real distributions of dimension 1, complex
distributions of (real} dimensions 2p, 2¢ respectively. Let A{ have nullity every-
where greater than or equal to r. Let N have nullity everywhere greater than
or equal to s. Then the index of a critical path v (in the space of paths from
M to N) is at least:

[+1—(v—71)—(v—s).
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Proof The proof is almost identical to that in the case where NV is complex,
with some minor variation caused by replacing the complex manifold with a CR
submanifold. The idea involved are identical however. //

Results concerning the relevant topologies of the two submanifolds is again
possible. In addition we may consider the case where M and N are identified as
the same submanifold, and so obtain results concerning a single CR submanifold.
For example Lei and Wolfson[18] obtain the result

7.9.2 Theorem

Let M be as above. If m > 2(v 4+ 1) — [ then there are no smooth Levi flat

subamnifolds of dimension m in M with compact leaves of D.

Proof The proof is via comparing topological consequences of the index results
given here, with further general topological results about submanifolds. The
details are not of direct relevance to this work.//

7.10 Conclusions

We have shown how very specific CR structure has been used by Lei and Wolfson
to place restrictions on the index of paths in the ambient space. It is a direct
extension of work for complex submanifolds, and so it is of interest to see how CR
structures contrast with the complex case. Here we observe how the estimates
on the index may take into account the Levi form, which is not available in the
purely complex case, modifying the estimate considerably.

Observe that the work is restricted to CR submanifolds with real distribu-
tions of dimension 1 - however it would be simple to extend to a more general
case if the nullity were approriately redefined. The restriction to Kaehler man-
ifolds is more complicated - we observed that relaxing the Kaehler condition
would generate extra terms in the expression for the second variation. Natu-
rally restrictions could be placed on these extra terms, hut it is unlikely that
these would be sensible restrictions to place on a manifold. It is more practi-
cal to suppose that the relevant steps could be tested for specific non-Kaehler
ambient manifolds, for example S°.

The work in its entirety is highly abstract, it may be that consideration
of specific submanifolds, e.g projective spaces, S$%, in which the form of the
curvature and connection are well known, might permit more direct proofs,
or more restricitve estimates. It is unclear whether the given estimates are
improvable, and it would also be of use to produce examples - the most readily
available are those due to the Segre mappings in complex projective spaces.
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Part VIII

CR Submanifolds in S°
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Chapter 8

Totally GGeodesic CR
Submanifolds of S°

It is a known result that the only totally geodesic submanifolds of the sphere are
great spheres, most easily described as the interchapter of the sphere with linear
subspaces through the origin. In order to simplify analysis of submanifolds
we shall use the fact that we only consider CR submanifolds up to some G,
variation. Hence we can freely choose the direction of €, and es, and ey as a
vector perpendicular to e, e; and e} A es.

For completeness we also consider totally real and totally complex exam-
ples as degenerate examples of CR submanifolds. We will generally consider
dimensions to be in terms of real dimensions unles otherwise specified. We shall
call the constructed submanifold M as usual. Submanifold which are neither
complex, real or CR will be described as unclassified.

8.1 1-Dimensional Examples

Necessarily any one dimensional submanifold is totally real. Just observe that
for any vector p:

<p,Jdp> = <Jp, >
= —<Jp,—-p>
= —<p,Jp>.
This implies that < p, Jp >= 0, and hence specifically any totally geodesic
example (i.e. some S! about the origin) is totally real.

This follows immediately from the almost-Hermitian structure, and so sim-
ilarly holds in any Hermitian manifold.
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8.2 2-Dimensional Examples

These consist of the interchapters of S% with some 3-plane. We can use G,
action to force this 3-plane to include e; and e,.

If e3 completes the 3-plane then the submanifold is totally complex.

Suppose instead that the 3-plane is completed by pes + vey.

Certainly if ¢+ = 0, v = 1 then the submanifold is totally real. Again
this is essentially unique up to G5 actions. However if p is not zero then the
submanifold is unclassified, as (for example) at e;, Jes = ¢; A ey = ey is neither
contained in, nor perpendicular to T, M = span < eq, ey + vey >.

8.3 3-Dimensional Examples

The most interesting possibility is one with a two (real) dimensional complex
distribution D, and a one dimensional real distribution D+. Let us take the
point e; to be on M, select es as being in T, M and D(e;) and so ej is also.
We are free to select a further perpendicular direction e, which is in T, A
and D' (e;). However observe that at the point e, we have tangent space
< e1,e9,e3 >, but Je; = e5, Jea = e and Jey = ey, and so the manifold has
totally real characterisitics at this point. hence the submanifold is of undefined
type.

The only further option is a totally real example. Again we look at the point
e1, and can assume e;, e4 are in the tangent space at this point. Observe that
at ey, Jes = ey, Jey = e5 and at the point ey, Jey = ;. Hence we are forced
to complete the 4-plane with e7. Observe that this indeed forms a totally real
submanifold (simply notice that e;, eq, e4, e7 wedge products all have results in
€3, €5,€4).

8.4 4-Dimensional Examples

We firstly note that Grey[l3] has previosly demonstrated that there are no
four (real) dimensional complex submanifolds of S¥. We refer the reader to this
reference for the general proof, but give a proof for totally geodesic submanifolds
here. Take e; to belong the submanifold, and as before we can pick es,es,e4
to lie in the tangent space. Further to make the tangent space complex we
require es € T, M. However if we now look at the point es, observe that
Jeg = —eg & T, M, and so the submanifold constructed is of undefined type.

It is not possible to construct a totally real example due to the restriction to
6 dimensions - a totally real manifold of dimension 4 would require a minimum
of 8 dimensions.

Therefore consider a non-trivial CR example, with 2 (complex) dimensional
complex distribution, and 2 (real) dimensional real distribution. We select e;
as a point on the submanifold, and take es, e3,e4 € T,, M, defining a complex
distribution D = span < ey, ey >, and partially defining the real distribution
by eq € D* at this point. Observe that Je, = e5, hence e5 L T, M and
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50 is perpendicular to the intersecting 5-plane. Further as ei,eo,e3 form an
associative plane, at points e, and e3 note that ey € D/perp. However at ey,
Jeys = eg, and at ey, Jey = es, and so we similarly deduce that eg, e7 are
both perpendicular to the intersecting 5-plane as well. This means that it is
impossible to construct an intersecting 5-plane with the required properties.

Hence all 4-dimensional totally geodesic submanifolds of S® are of unclassi-
fied type.

8.5 5-Dimensional Examples

We observe that any 5 dimensional manifold M of S° is CR, with one dimen-
sional real distribution D, with D(p) = p A€, for € the orthogonal complement
of T,M in T,55.

8.6 Summary of Totally Geodesic CR Subman-
ifolds in S°

In 1 dimension all submanifolds are totally real.

In 2 dimensions there are unique real and complex submanifolds, plus undefined
submanifolds.

In 3 dimensions there is a unique real subamnifold, plus undefined submanifolds.
In 4 dimensions all submanifolds are of undefined type.

In 5 dimensions all submanifolds are (trivially) CR.

(Uniqueness up to Gy actions.)
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Chapter 9

Small Sphere CR
subamnifolds in S°

We continue to the next simplest class of submanifolds in S, those of small
spheres, formed by the interchapter of S with planes not passing through the
origin of R7.

9.1 1-Dimensional Examples

We have already observe that all 1-dimensional examples are totally real.

9.2 2-Dimensional Examples

Without loss of generality we will take the intersecting plane to be offset perpen-
dicularly by the vector Ae; with A € (0,1). (actually A = 0 would correspond
to the totally geodesic great spheres). We may also choose ey to lie in the inter-
secting plane, and also ces + Bey, for some «, 3 yet to be determined, however
not both zero.

Let us first attempt to coustruct a complex example:

Look at a point p = Ae; + pey, where 4« has been chosen s.t. p indeed lies on
S8, Consider then the result of the tangent space under the complex structure:

Jaes + Bey = (Aer + peg) A (aey + Pey) (9.1)
= A—aey + fes) + pu(—ae; + feg). (9.2)
Now observe that we require the e; component of this to be indentically zero

(the tangent space is by construction perpendicular to e;), hence o = 0, and we
may take F = 1. We may therefore rewrite:
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.164

(Aey + pex) Aey (9.3)
= Aes+ HEg .- (94)

We deduce that the intersecting plane is spanned by vectore < eq, ey, Aes +
tieg >. However observe then that at other points on the submanifold we will
have components in e; e.g. generated by ey A e, and hence A = 0 contradicting
the original assumption. Observe further that this difficulty will arise with
constructing any (specifically 4 dimensional) holomorphic submanifold from a
small sphere, hence we deduce that there are actually no holomorphic small
spheres in S%.

We now attempty to construct some totally real example: again we look at
the point p = Ae; + pies and the image of the tangent space under J.

Jaey + Beqy = (Aey + pea) A (cvey + Gey) (9.5)
= /\(—()'6'_7_ + /365) -+ /,L(—O‘el + ,666). (96)

We see that this is perpendicular to ey if and only if o = 1, and so again:

.]64 = ()\61 + }162) Ney (97)
= \es + peg. (9.8)

We deduce that the intersecting plane is spanned by < ea, ey, ftes — Aeg >.
However moving to the point p = ey + ey, then :

Jey = (Aey + pey) Aes (9.9)
= ey — l€g (9.10)

But this is not perpendicular to the vector jies — Aeg, as by construction
A and g are both non-zero. Hence we cannot construct a totally real small
sphere in 2 dimensions. Observe further that the argument extends to trying to
construct totally real small spheres of any dimension.

9.3 3-Dimensional Examples

We have observed that we cannot construct totally real examples of any dimen-
sion, and so the only interesting type is CR with D of dimension 2, and Dt of
dimension 1.

As before we will take the intersecting plane to be offset perpendicularly
by the vector Ae; with A € (0,1). (actually A = 0 would correspond to the
totally geodesic great spheres). We may also choose e5 to lie in the intersecting
plane, and also aey + Fey, for some «, 3 yet to be determined, however not
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both zero. Further we assume aes + ey to lie in D(p) where p = Aey + pes.
But by previous arguments we deuce that « = 0 and that D(p) is spanned by
span < eq, Aeg + jteg >.

Now consider a further point p = Ae; + jey. Observe that D has non-zero
interchapter with span < ey, Ae; -+ peg >. However e; will generate elements in
e1, hence we observe that e; € D(p). Hence we deduce that the complex part
of the tangent space is completed by:

Jes = (Aey + jeq) A (eq) (9.11
(1\83 — /Le(;). (912)

Hence the intersecting plane must be spanned by span < ey, Aes 4 jieg, Aeg —
peg >. Whilst bearing in mind that we must orthonormalize to :
span < ey, Aes + pieg, ey — jeg + ;LZ(/\BE‘ + ieg >,

(recall that A, 1 are chosen such that A% + ;2 = 1).
Moving back to the point p = Ae; + jteq observe that :

JAes — peg + 1 (Nes + e = A(—Neg + per + 12 (=Aey — peq) + (A&13)
+pes + 1 (her — pey).

This has component in e, of:

AL =X —p).

Which is zero if and only if A + y¢ = 1, but this is incompatible with the
construction that /\2—+—,u2 = 1, and both are non-zero. Hence we cannot construct
a 3 dimensional CR submanifold which is a small sphere. Observe that the same
argument will follow if we attempt to build a higher dimensional CR submauifold
with dim(D) = 2, dim(D+) > 1, in each case we are restricted to the choice of
D, and this is then incompatible with constructing a totally real D+.

9.4 4-Dimensional Examples

We have observed that construction of holomorphic examples, and CR examples
with dim(D) = 2 are not possible. These are the only cases to be considered.

9.5 5-Dimensional Examples

As previously observed all 5-dimensional submanifolds of S are trivially of CR
type.
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9.6 Summary of Small Sphere CR Submanifolds
in S°

In 1 dimension all submanifolds are totally real.
In 2 dimensions all small spheres are of unclassified type.
In 3 dimensions all small spheres are of unclassified type.
In 4 dimensions all small spheres are of unclassified type.
In 5 dimensions all submanifolds are (trivially) CR.
Hence small spheres are of little interest regarding their CR character.
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Chapter 10

CR Product Submanifolds
in S0

We now prove that there are no CR product submanifolds in S¢. This is a
result initially due to Sekigawa in [23]. A slightly adapted version occurs in
Bejancu’s text {3], although the technique is essentially the same. The proof
is by contradiction on the relationship of the various associated distributions
D, D+, JDL, and v.

We first of all derive some results:

10.0.1 Lemma

If M is a CR product then D is closed under covariant differentiation in M,
ie. VxY € (D) for all X,Y € (D). Similarly D+ is closed under covariant
differentiation in A/,

Proof This can be shown by recalling that the integral manifolds of D and
D+ are both totally geodesic in M for a CR product.

10.0.2 Lemma
h(JU, VY = h(U, JV).
Proof This has already been proven for almost Hermitian manifolds in general

so we will not repeat the proof.
We further derive the following directly from the Gauss equation.

0 = 1+ < hU.U),h(X, X)~ < h(U, X),h(U,X) >, (10.1)
0 = <hUJU),MX, X)>—-<h(UX),h(JU,z) >, (10.2)
0 = <AUJU)LWUX) > — < (U,U),h(JU,X)>.  (10.3)
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where U € D, X € D1, and both are unit vectors.
We shall prove the first of these as an example. Substituting the relevant
vector fields into the Gauss equation we obtain:

< R(U,X)U, X > <R(X.X)Z.Z >+ < W(X,X),h(U,U) > (10.4)

— < h(X,U), (X, U) >

1 = 0+ < h(X.X),h(UU) > (10.5)
— < WU, X),h(U, X) >
0 = 1+ < h(X,X), MU U) > (10.6)

— < WU, X), MU, X) > .

The other two follow in a similar fashion.
It is also useful to define a vector field E € I'(D) relative to a choice of vector
field Z € T'(D1), by:

Max

(E,E),M(Z, =
< h(E,E),MZ,Z) > <UU>=1U€eD

< WU, U),MZ,2Z) > .

We now prove the following :

10.0.3 Lemma
ME,Z) # 0 and dim A = 3.

Proof Suppose that i(E, Z) = 0. Then from the Gauss identities (113 to 115)
we have:
<h(E,E),hME,Z) > +1=0.
However also note that we have:
Mazx
<UU>=1,UeD
We deduce therefore that < A(JE,Z),hMJE,Z) >= 0, as this must be

minimized and h is diagonalizable, and hence attains a minimumn of zero.
Hence by the above Gauss identity (12):

< WE,Z),h(E,Z) >=

< WU, U),h(Z.Z) > +1.

0=1+ < W(JE,JE),I(Z,Z) > +0,
0=- < h(E,E),h(Z,Z) > +1.

But this is a contradiciton and so we deduce that h(E, Z) # 0.

Now note that by a result due to Gray[13] there are no four dimensional holo-
morphic submanifolds of S8, Hence we are forced to conclude that dim(D) = 2.
Further by totally geodesic property of the leaves of D+ we have

<MJE,Z),JX >=0vX € D+

, and so D+ has maximal dimension of 1. Hence dimM = 3.//
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Further by counting dimensions we can infer that :

WMJE, Z) = alh(E, Z),

for some a € R.
We now reach the main theorem of this chapter:

10.0.4 Theorem

There are no CR product submanifolds in S%.

Proof We show that there is no a satisfying the recuirement that
WJE, Z)=alJW(E,Z)

, hence contradicting results for a product CR submanifold M, and so we de-
duce the non existence of such a submanifold. The full details are not of great
interest in themselves and the reader is referred to Sekigawa[23] or Bejnacu’s
review text[3] for full details. The idea of the proof is to derive of number of
contradictory statements concerning the hypothesised a. For example we have
derived from the Gauss equation:

0 =< h(U, JU), (U, X) > — < h(U.U), h(JU, X) > .

By substitution we then have:

0 = <h(EJE),ME,Z)>— < h(E,E),h(JE,Z) > (10.7)
= < JhE.E),h(E,Z) > — < h(E,E),aJWE, Z) > (10.8)
= — <h(E,E),JWE,Z)> —a < h(E,E),JhE,Z) >  (10.9)

0 = (a+1)<h(E, E),JWE,Z)>. (10.10)

By application of the CR submanifold theory already developed Sekigawa
obtains a number of similar, contradictory expressions, hence proving the non-
existence of a, and proving the non-existence of product CR submanifolds in
S8,
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Chapter 11

Homogeneous Submanifolds

of S°

‘This chapter is largely a review of the paper by Hashimo, Mashimoto[15].

Clearly a submanifold generated by the image of some point under a 3-dimensional

subgroup of /3 will be a 3-dimensional homogeneous submanifold. In [15] each

3-dimensional subgroup of 75 is considered (they are classified into four types),

and tested for generating a manifold with CR structure. It shall be seen that

the CR submanifold genrated may, or may not, depend on the initial point.
The following theorem gives a test for CR submanifolds:

11.0.5 Theorem

Let e;,....es be a basis for the standard complex space C3, with e, = Je;,
e5 = Jea, eg = Jey, J the standard complex structure. Let wy,...ws be the dual
basis to ey, ..., e¢. Further define a lagrangean form w by:

w = (wl + Iu)_;) A (wz + ’iu)g) A (Ld3 + in).

Given any three dimensional real subspace V of C?, then dimg(VN.J(V)) =
2 if and only if w(V) =0

Proof That this must be the case can be carried out by observing that if
w(V) # 0 then V must be spanned by three vectors, one in each of {e1,eq}.
{e2,e5} and {es, eg}. However by construction this will be a totally real subspace
dimg(V N J(V)) = 0. Conversely if w(V) = 0 V must have empty interchapter
with one of these subspaces, and so by dimension counting V will contain at
least one of the preserved subspaces {e1,es}, {€2, €5}, {€3, €6} and so dimg (V N

J(V)=2//

And hence:
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11.0.6 Corollary

For W a 6-dimensional (almost) complex manifold. A three dimensional sub-
manifold M of W is a CR submanifold with one dimensional real distribution
if and only if w(T,A) =0, Vz € M.

This follows immediately as the condition dimp (T M N J(T,AM)) =2 is an

assertion that some two dimensional subspace of the tangent space is preserved
under the complex structure - i.e. the complex distribution D is non-empty at
this point. If this is true Vo € M then it follows that A is a CR submanifold
of the required type.
Also we are interested in the existence of product and warped product examples.
Hence it would be of interest if any of the subgroups contain a 2-dimensional
subgroup which generates a holomoporhic submanifold at each point of the sub-
manifold. The existence of such a subgroup would be a requirement for a CR
(warped) product - this is not considered by Hashimo and Mashimoto, and it
does not appear that the existence of such holomorphic submanifolds is trivial.
There are four families of three dimensional simple subgroups of Gs. The fol-
lowing conclusions are reached. We describe each subgroup in terms of its
subalgebra. We shall not give full details of the analysis, although in each case
we apply the corollary above. We also take advantage of G5 action to simplify
calculations.

11.1 Orbits of Type I
This subalgebra has basis:

Xy = —Ags + Azs,
Xo = —Ays + Asr,
X3 = —Ayg7 + Ags.

(Where A;; is the element of s0(7) which maps e; — e;, e, — —e; and
ek, k # 1,7 to 0) These orbits are small or great spheres, and recall from above
that none of these are of CR type, except for a unique totally real submanifold
based on the interchapter with e.g. span < ey, e5,€5,e7 >.

Orbits of Type II This subalgebra has basis:
Xy = =249+ Ays + Azg,

X5 =244, + Ayg + As7,
){3 = _2A1'2 + A47 + A63

l

This orbit generates a CR submanifold M, unique up to G5 action. The CR
subamnifold may be generated by taking for a base point the point x, with:

2 _
+af =

[=R 1)

r

1
9 k)
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2 _ 8
Ty =—.

9

Every orbit through such a point is congruent to M by the transformation
exp(t(Aas — Azg)), for some real t. Note that not all orbits of this subgroup
have CR structure.

Orbits of Type III This subalgebra has basis:

X1 = 245 — 245,
Xy = =243, — 244,
)(3 == ‘21431 - 2A75.

It is shown that no CR submanifold is an orbit of an element of this subgroup.
Orbits of Type IV This subalgebra has basis:

X1 =4A30 + 2454 + 647,
Xo = V6(Aur + Agg — 2415) + V10(Ag — Ays),
Xy = V6(Ags + Ayr — 2441) + V10(Ags — Asy).

It is shown that the orbit of a point x € S%s a CR submanifold if and only
if the function f is identically zero. Where:

flx) = —baj — 1023x: — 523 + 420222 4 422242
-9 — 24\/51':1’1:5:1;7 + 8\/51‘%;1:7.

Further it is demonstrated that such submanifold form a two parameter
famnily. This is demonstrated by considering the point z, with:

Ty = -,

ol —

.’1]',':2

=%

(And other z; = 0). For which f = 0, and notinng that the Jacobean of f
at this point is regular with respect to x;, 27 on S%, and hence we (locally) have
a two parameter family of such submanifolds.

31



11.2 Extension to Higher Dimesnions

As used in [15] the form w is an effective test for three dimensional CR-submanifolds
where dimg D = 2. It is natural to wonder whether alternative forms might be
of use in detecting other CR submanifolds. In the higher dimensional case:

W = (wl + iwn+1) A (CUQ -+ ‘iw,1+g) AA (Ldn —+ iwg,l).

Where wy, ...ws, is a dual basis to ey, ..., €3, an orthonormal basis of complex
vector space C", then for an n dimensional real vector space V, dim(VN(JV)) >
2 if and only if w(V) = 0. Hence any real submanifold A of n, where n is odd,
sit. w(T,M) =0, Vpe M wil be a non-trivial CR submanifold, although
the dimensions of D, D' are not determined. Note the restrictions on both the
ambient space and the submanifold that » is odd. The vanishing of this w only
indicates that part of the space behaves like a holomorphic subspace, in the case
that n is even there is the possibility that A is purely holomorphic.

In the specific case of S¢ however we have the theorem due to Gray[13] that
there are no 4-dimensional complex submanifolds of S%. We still have the possi-
bility that a submanifold may locally, or at a point, be completely holomorphic,
so the vanishing of w is not quite sufficient for 4-dimensional submanifolds.

The analysis of 4-dimensional subgroups of G5 is therefore more problematic,
although it would be immediately possible to demonstrate the non-existence of
CR submanifolds using the method above.
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Chapter 12

Some Warped Product
CR-Submanifolds in SY

12.1 Previous Examples of CR warped products

In [23] a warped product submanifold of S is constructed of the form:

U(y2.yayse™) = (yacost)es — (yasint)ey + (yscos2t)es +  (12.1)
(yasin2t)es + (yscost)es — (yosint)er.  (12.2)
(12.3)

Where 42 + y3 + y& = 1, so that this is a mapping of $2 x S! into S, This
is not an embedding as ¥(ya, Y4, Ys. €'") = ¥(—ya, y4, —vs, ™). Tt is shown
that this is indeed a CR submanifold with the distributions D and D+ both
integrable.

In [15] this is extended to a family of examples parameterised by py, ps, py €
R, s.t. p1 +p2 + p3 = 0 and pypaps # 0, given by:

exp(t(p1As; + pades + padas)(vrer + woeg + w3e3)
xy(cos(tp))eysin(tp))es) + wa(cos(tpa)ea + sin(tps)eg) +
Ty (cos(tps)es + sin(tps)er).

‘(/)(:1:171:2’51;37 t)

Where 73 +23+x3 = 1, and t € R. We observe that this is a map $2 xR — S,
It is shown that the example in [23] is given by p; = 2,p0 = —1,ps = —1 with
some G action. By the description of + it is clear that it is the orbit of a
complex manifold 5% under the one geodesic path in G given by the g, algebra
element py A5y + paAsz + p3 Az (i.e. the path in Gy formed by the exponential
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map acting on this algebra element). We shall demonstrate that this is in fact
a specific example of a more general class of CR submanifolds.

It is also discussed in [15] as to under what circumstances this is a map of
S$? x R and when it is a map of S? x S!. Certainly if the parameters p, po, p3
are all co-rational (i.e. the ratios of any two are rational) then it is possible
to find some value of t € R s.t. g, tpa, tpy are all multiples of 27 and hence
the map is indeed of S? x S'. However if the p; are not co-rational, then no
such t exists, and the mapping is instead that of S% x R. We may compare this
situation with that of the irrational line on the torus.

12.2 General Warped Products in S°¢

The examples given in [15], [23] have been shown to be the submanifolds gener-
ated by the orbit of a complex submanifold under some G5 action. We naturally
ask therefore how this may be generalised and what other warped product sub-
manifolds may be formed from the orbit of some complex submanifold.

Let M¢ be some complex submanifold of S, and let v : R x S8 — 86 be
some parameterised transformation on S° with v(0) the identity map. Let W
be the submanifold consisting over the image of A€ under v for all R. If v is
to generate a warped product submanifold then we require:

a. v preserves the metric on A€

b. The distribution %7(7')|,-[,1\f[ Y1y € R must be perpendicular to the
tangent vector field I'(y(ry)M*).

¢. The submanifolds y(r)A¢ must be complex submanifolds Vr € R.

d. The variation is non-zero over all A€

We will initially be concerned with constructing examples locally, and hence
not immediately concerned with (d).

Consider for what variations this is true, i.e. for what perpendicular varia-
tions on a submanifold is the metric preserved:

12.2.1 Theorem

A submanifold M C M, M a Riemannian manifold, is acted on by v:Rx M —
M, ~(0) the identity map, and d‘—lrﬂ/('r)z\fc is everywhere perpendicular to T A{°¢.
Then 7y preserves the metric on M€ (i.e. each y(r)M° is isometric) if and only
if %7(")17-0 is everywhere perpendicular to the second fundamental form on

')’(l'o)]"[CV'I'O € R

proof It is sufficient to prove the result on a v{(rg)A¢, and we can take this
to be M€ itself without loss of generality. Consider a point p € A€, then there
is an orthonormal basis e; to the vector space T,M“. Let o;(t) be paths in M€
through p s.t. @j(0) = e;. Assurue that the variaton does peserve the metric.
We analyse the situation locally:



{ 7
< (—7(7')(»,-, £

dt (lt7’("')("j > im0 = Oy
%_ < %‘/(")an %7(7')&‘, > oo = O
= < %,%7("')04, %”/(7')@ > 4+
< %7(")01', %%7(7‘)0_,- > |r=0.=0

= < Ve e >+ < e, Vee; >

= < Aeeje; >+ < ey, Acej >

= <& Nhleiey) >+ < hiei,e;), &>
= 2<& hie,e5) >

Where we have written ¢ for the vector field on A7¢, (%*,/(r)z\‘[ﬂr:o, and V for
the metric connection on M. We have also used the fact that £ is perpendicular
to the tangent vector space on M, and the identity < h(X, V), E>=< A XY >
where A¢ X is the tangential (w.r.t. M°) component of @gX.

Hence the variation field must be perpendicular to the second fundamental
form, at all points of the submanifold M. The proof of the converse is obtained
by simply reversing the argument, and showing that % < ene; >=0if it is
assumed that < &, h{e;,e;) >= 0,¥i,7 at all points of M€,

12.3 Warped Products from Totally Geodesic S2

We will intially examine the simplest example of warped product submanifolds
in §%, that of totally geodesic S? under the action of totally geodesic paths in
G,. Formally we take M¢ = S%N < e[, eq,e4 > a complex submanifold. Further
() = exp(Xt) for some X € g,. With this choice v necessarily preserves
the metric on M (as v(t) € SO(7)) and by virtue of being in G5 the complex
structure on M€ is preserved. It is therefore only necessary to ensure that the
variation field £ is perpendicular to M€,

Firstly we must define the relation between X and €. Let p € S? then P —
exp(Xt)p under the given transformation. Hence, &(p) = %e:z:p(Xt)p[t:D = Xp.
Let X be the most general element of g,

0 —a —ay —ag —ay —ay —ag
ap 0 _bl —bg —b3 —()4 ~b5
ay b 0 —as5 +by —ag — by ag — by ay + by

X=1] a3 by as — by 0 —C1 —Cy —cy
ay by ag + by cy 0 -] —C3 —ag+
a; by —az+bs Co e 0 —-b —
ag by —ay —by Cs3 Qs — Cy by +¢; 0



Let general point p € S? be given by p = x1e; + xgeq + xgey, where 22 +
z3+ 13 = 1. Now &(p) = Xp, and so:

—a12Ty — a9Ty
ayry — by
' asxy + by
Ep)=Xp= azxy + baxa + (a5 — b3)wxy
a4 + byrg + (ag + by)ay
a5y + byro + (—az + by)ay
agry + 1)5.’1,'2 + (—(1,4 - h;l).’l.'g

Rather than examining than forcing £(p) perpendicular to 7,52 for general
p € S?, consider instead p = e, x; = 1,29 = 3 = 0. At ey, the tangent space
is span< ey, e3 >, and hence we require:

0=<{(er),e2 >=<E&(ey), e3 >

Writing these out:

<§(€1),€2> = Qa,
<§(€1),€3 > = Q3.

And so we deduce a; = az = 0. We know also consider the point p = e,
and observe that:
< 5(6‘2)’ €3 >= b17

and so by similar arguments b; = 0. Hence &(p) is reduced to:
0
0
0
Elpy=Xp= asxy + baxo + (a5 — by)xy
ayT) + byxg + (ag + ba)xy

asxy + bazy + (—ay + bs)wy
agTy + bsxy + (—(1‘4 - b‘;);l,‘g

We observe that this £(p) is everywhere perpendicular to the entire subspace
span < e1,€2,e3 >, and hence no further restrictions may be imposed. We
only consider submanifolds as distinct when not related by some G5 action,
i.e. by a co-ordinate change. Recall that G, action allows free choice of some
associative three plane, and a further perpendicular direction. We have already
made the choice of the three plane ey, ey, e in fixing a specific S%, but there is
still a free choice of an ey direction. For simplicity we will pick this such that
a4 = a5 = ag = U. Further we observe that by reparameterization of v(t) we
art perfectly free to alter the length of &, hence we make pick a3 = 1. Hence up
to Gy actions there is a four dimensional space of perpendicular variation fields
&(p) given by:
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0
0
0
Ep)=Xp= 21+ bag + —byay
byy + boxy
bae + (=1 + bg)xy
bswo — by

And derived from a variation (t) = exp(X¢), for

0 0 0 -1 0 0 0
0 0 0 —bg *b;} —'b4 —b')
0 0 0 [)3 —bg 1-— I)5 b4
X = 1 by —by 0 —c¢ -9 —cy
0 by bs c 0 —cy Co
0 by —14by e c3 0 -
0 [)5 ])4 Cy —C9 (03] 0

Hence we infer a seven dimensional family of CR submanifolds generated in
this way.

12.4 Valid variation fields over the whole of §2

Although we have demonstrated that there is a local family of CR submanifolds,
generated by S%(ey, ez, e3) under a seven dimensional famil of G, variations, it
is not certain that this variation is everywhere non-zero.

Recall that we have the form for the varition at a point p = (&1, T9, 3) € S?

given by:

0
0
0
{(1)) = 1\’[) = T + bQ.’L’Z -+ —{);5.'1?3
bg.’l,’Q —+ [)QZEg
b4.’L‘2 + (_1 + ba)."lf;s
b51U2 - [)4.’1,'3
Let us firstly rewrite into spherical polars, T, = cosd, 19 = cos8sin ¢,
@3 = sinfcos ¢. The condition that £(p) = 0 is equivalent to solving the set of
equations:

cos ¢ + (bycos @ — by sin#)sind = 0, (12.4)
(bgcos @ + by sinB) sing = 0, (12.5)
(bgcos@ + (bs — 1)sin#)sing = 0, (12.6)
(b5 cos @ — by sin @) sin¢g = 0. (12.7)
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We can rearrange these, assuming sin ¢ # 0, to the form:

cot @
by = bytanf — —— | 12.8
19 3 tan cos ( )
by = —by tané, (12.9)
hy = (1 — by) tan 8, (12.10)
bs = by tan®. (12.11)

We may solve these equations as follows:

by = —cot P cos b, (12.12)
b3 = cot dsin b, (12.13)
by = sinfcos b, (12.14)
bs = sin® 6. (12.15)

These are certainly soluble for fixed 6, ¢. The points siné = 0 correspond
to the point |z1| = 1, 3 = x3 = 0, at which point £(p) # 0 (in fact is in the
e4 direction). This should not be a surprise, as it is a consequence of some a
non-vanishing vector at e; to be ey.

We observe that for any other point p € S? it is possible to select a G5 action
which is zero at this point. Also that opposite points on the sphere map to the
same b, b3, by, bs. Further we observe that if we relax the condition that aj is
identically 1, then we may normalize the vector ag, by, by, by, by, and so observe
that the map constructed appears to be a map from RP! to RP*. However
this map still has a singularity at sin¢ = 0, where a3 = 0, and bs, b3, by, b5 are
undefined.

If we remove our restriction that a4, as, ag, a7 = 0, then we still see that at
the point x1 = 1,9, xy = 0, by, by, by, by are undefined, and we actually have a
mapping to a 4-plane in R8. Further in this situation there is no preferred point
on S%(ey, ez, €3), so we deduce that every point in RP! maps to some 4-plane in
R2. We deduce that the map of points of S? to their invalid points, is actually
amap from RP' to the space of 4-planes in RS,

Where we use Gg to simplify matters, we implicitly prefer some directions,
and reduce most of these 4-planes, to rays, or points, depending on whether re-
sults are normalized. We see that this reduction cannot be carried out smoothly
over the whole sphere, hence the singularities occuring when we attempt to sim-
plify. We deduce a mapping from 4-planes in R® to RP?, except at the points
corresponding to these singularities.

12.5 Suitablitiy of non-(, Variations

Here we demonstrate that the only varitions which produce warped product
submanifolds on totally geodesic S? are locally generated by g, variations as
above. We prove the following theorem:
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12.5.1 Theorem

Let M€ be some totally geodesic holomorphic S? in §6, Let v(t) be some path in
GL(7), such that v(t)M € is holomorphic and isometric to A €. Then (‘,—"ﬂ(f)z\rjﬂ to
d

is equal to 7' (t)M¢ 4, for some ¥ a path in G5 dependant on t, for each ¢,

over which v is defined.

Proof This is a purely local result, so it is enough to consider a fixed ty = 0.
Further it is enough to consider ¥’ to be geodesic, i.e. the exponential map of
some element of go. We also require the fact that the only isometric manifolds
to totally geodesic S? in S°, are other totally geodesic S%. Hence we see that
v will necessarily transform assosciative 3-planes to assosciative 3-planes, and
given any such motion we can find a path in G5 which moves the relevant 3-
planes in the required fashion (this is a basic property of G2, and has been
implicitly used when we move assosciative three planes to ey, €3, e3). The only
difficulty would be some non-SO(3) varition within the 3-plane, but this would
not be metric preserving on M¢//

Note that there is no restriction on the action of 7y off the image of A ¢, but this
is of no consequence for the generated submanifold M. Also note that although
locally v may be approximated by a totally geodesic v/, it is not necessarily
globally totally geodesic, and we shall consider this case.

Note further that we are in the restricted case where M° is some S?. In
order to extend to more complicated A{° it would be necessary to prove that
all isometric holomorphic submanifolds to A€ are related by some G2 variation
locally. The converse, that holomrophic submanifolds under some G variation
are isometric and holomorphic, naturally holds regardless, and so defines at least
some subset of warped product submanifolds.

12.6 Second Fundamental Form of Warped Prod-
uct Examples

We know consider the properties of this family of submanifolds. We construct
a CR submanifold M as the orbit of S? under a suitable G5 geodesic variation
as above. We calculate the second fundamental form on the base manifolds S2,
in terms of spherical polar coordinates 8, #, on 82, where x, = cos#cos ¢, Ty =
sinfcos ¢, r3 = sin¢g. First of all we note that the second fundamental form
of great spheres in S° is identically zero (although along radial directions in
R7). Hence the second fundamental form of M between vectors in some S? is
identically zero. i.e.

d 0
h(gé.a—(lb) = 0,

o 0
"6 o) ="
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P
Ap’ D
Remembering that A is a symmetric function.
Recall that the second fundamental form h(X,Y) is given by the perpen-
dicular part of a covariant derivation VY. Hence we first need the tangent
vectors, 5)—0 and % zi is already known explicitly.

0.

. a - S ) a
= (—sinfcos (D)% + (cosf cos ) Oxs

And similarly:

g  Oz; 0
96 9 o
= (—cosHsin@')i—
T 0x
(sin @ sin qzb)i +
dxy
J
(cosgb)E.

Now we calculate the relvant covariant derivative V¢£ at some point :

Ve = (Elempte(r)hmo

= S (Xen(6(p)lmy
= (Xeern(tEm)l—g
= (X¢(p)

= X?p.

Where X2 is calculated by matrix multiplication.
We calculate that:

0
0
0
X = | —ciky —coky — csky
ciky — kg + Coky
Caky + ezko — ¢y ky
csky — cokg - c1k3

Where k; are expressed by:
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ki, = x| 4 bay — byxy, (12.16)

/»52 = [)3.’1,‘2 + bg.’L‘3, (1217)
ks = bywa + (bg — 1)ay, (12.18)
ky = bsxo — by, (12.19)

We calculate the A(£, &) by removing parts parallel to £, however we need
not do this to observe that 2(£,€) will be identically zero over the whole of $2
if and only if ¢; = ¢g = ¢35 = 0. Recall that the second fundamental form on
52 is already identically zero, and so we deduce that the CR subamnifold M is
minimal if and only if ¢; = 0. Further note that ¢; do not occur in the description
of that tangent field on S2. We reach the following conclusions about the CR
submanifolds constructed:

1. The variation fields on S? form a four dimensional connected family
(taking into account some space of invalid variations).

2. Corresponding to each variation field there is a three dimensional family
of CR submanifolds (due to the choice of ¢;), of each exactly one is minimal.

We now consider the diagonal part of the second fundamental form by con-
sidering &(p) as a function of 8, . It is simple to calculate that:

0 0
0 0
oe |9 . | 0 |
— =| 1 | (~sinflcosd)+ | b2 | (cosOcosa),
a6
0 by
O ’)4
0 {)5
and,
0 0 0
0 0 0
o€ 0 0 0
— = | 1 |(—cosfsing)+ | by | (—sinfsing)+ —by {cos ).
Do
' 0 b5 b2
0 by -1+ by
0 b5 —b4

The second fundamental form is calculated by removing the pal ts of these
tangential to the manifold, i.e. by removing the parts along 2 50+ aaé and ac
Consider these quanitities evaluated at singd = 0, cos¢ = 1, i.e. around some
great circle parameterised by 9. It is immediately seen that gg is constant along
this circle, dependant on the b; chosen. Consider further the form derived for
30 and we see that at cos § = 1 the value is constant, independant of the chosen
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variation, although away from this point there is a dependancy on b;. We see
therefore that the non-diagonal entries of the second fundamental form is non-
constant, and of non-constant length.

In general we see therefore that the second fundamental form is non-constant,
and argue from this that the scalar curvature of the submanifold is non constant
(from the Gauss equation relating the second fundamental form to the curvature
tensor). Whether the b;, ¢; might be chosen so as to generate a submanifold
with constant curvature is left as an open question.

12.7 Totally real parts in S! and R

As observed the examples in [15] and [23] were shown to be maps of S? x §!
or 5% x R depending on whether certain coefficients are corational. Certainly
in our more general case if all components of the go variation element, X, are
corational then the resultant submanifold will indeed be the image of 5% x S!.
Simply observe that under the exponential map, although the full form is more
complicated than that of [15], the result will consist of trigonometric functions
with co-efficients multiples and sums of the components of the given X € ¢, -
and hence all corational.

The converse does not immediately follow - it is only certainly necessary
that coefficients of exp(Xt) are corational, or equivalently that there exists
some tg s.t. exp(Xty) is the identity. The form of exp(Xt) involving trigono-
metric functions will not involve all combinations of elements of X and so it is
not absoltutely certain that every pair elementt of X be corational. Certainly
examples of $? X R exist (e.g. the example in [15]), and are not difficult to
construct.

We note that these comments only apply to the case where the holomorphic
submanifold M€ is acted on by a geodesic path in G,. For a more arbitrary
path 7y, then the distinction between the two cases is only dependant on the
existence of a ty s.t. v(t) = y(t + ty), for the mapping to be that of S% x S!.
Further the case of $% x R is indicated by v taking distinct values for all values
of t € R. We also note that these are not the only two cases possible.

12.8 Non-geodesic Paths in G5

All examples explicitly constructed so far have been through totally geodesic
paths, AM° under the action exp(Xt) for t € R and X € g,, with X subject to
the given restrictions. However the analysis has all been performed locally, and
it would certainly be possible to envisage a path v(t) in G, which is not of this
type. This would be CR as long as %ﬂ/(t)ﬂlchu, an element of g,, satisfies the
required restrictions w.r.t. the submanifold v(tq)M € (i.e. that the variation is
perpendicular to the subamuifold and its tangent space at each point). Certainly
we have demonstrated there is a 4-dimensional choice of valid variation fields
on each leaf, so the choice of a valid such « is not too heavily constrained. We
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deduce that it is possible to construct warped product CR submanifolds which
are locally identical, but not globally.

As we are more concerned with the submanifold A, rather than the exact
details of construction we have ignored any consideration of the length of the
variation field, equivalent to the velocity of the path in G5. Certainly the
generated submanifold is independant velocity of the path, except in the special
case where at either or both ends the velocity of the path tends to zero faster
than a critical value. As an example with X € g, generating a valid varition
on M°, consider the following two cases:

M = exp(Xt)M°,
M = exp(X tan™ ' t)MC.

The first case is that considered previously. In the second case we note
that tan™! is restricted to the interval (—m/2, +7/2), and hence the mapping
is in reality the image of M€ x (0,1), i.e. some open interval - a distinct CR
submanifold to those considered before. It can be seen that any smooth mapping
could be appplied to the ¢ variable, and so produce CR submanifolds which are
warped products of M€ and open intervals or semi-open intervals. The local
properties of such manifolds remain unchanged.

We note that any warped product CR submanifold is locally equivalent to
some warped product CR submanifold where the real part is generated by a
geodesic variation, although not uniquely. Further in the case where the holo-
morphic part is S? there is a correspondane to a unique minimal submanifold
with geodesic real part. The existence of minimal CR submanifolds which are
warped products of S x R with non-geodesic real parts are certainly possible.

12.9 Four dimensional Warped Product Exam-
ples

We now consider whether it is possible to create higher dimension CR sub-
manifolds using the methods so far employed. Let us consider therefore a CR
submanifold M which is the orbit of some complex submanifold A/¢ under the
map exp(Xt), where X € g9 subject to the given restrictions due to M°. Sup-
pose that there were a further ¥ € g¢o, would M€ under the double variation
exp(Xt)exp(Y's) be a 4-dimensional CR subamnifold with 2-dimensional real
part?

Certainly the generated submanifold is a warped product submanifold of the
type M€ x R%2. We require that both X and Y are valid variations for every
value of s,t. We consider the case where M€ is a totally geodesic S? as above,
and so we have a specific formn that X, Y may take at s = 0, = 0. We now
observe that X, Y must be both of the form
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0 0 0 -1 0 0 0
0 0 0 _bg —b3 —/)4 —b5
0 0 0 by —=by 1-10bs by
1 by —by 0 - —Cy —Cy
0 b3 bg Cq 0 —Cy Co
0 by —-1+0b; Co C3 0 —C
0 bs by 3~ 0

And perpendicular to each other. It is possible to demonstrate that these two
conditions are incompatible, and so we cannot generate a 4-dimensional CR
submaunifold of this forin. Further as we have shown that any warped product
CR submanifold on a holomorphic S% must have its real variation generated
locally by g2 elements. Hence we deduce that there are no 4-dimensional CR

warped product submanifolds of S® with holomorphic part a totally geodesic
52,

12.10 Further Ideas

The study of warped product submanifolds has been shown to be a way of easily
generating CR submanifolds in S%, and there are several ways in which this work
might be extended.

12.10.1 Further Analysis of Given Examples

The analysis of the examples given is far from exhaustive, and there are many
extensions which immediately suggest themselves from comparison with other
work. For example it would be possible to consider how the constructed exam-
ples have foliate, or mixed foliate structure. Further we may consider whether
such submanifolds are linearly full in S® (not contained in some interchapter
of a linear subspace with 5%). We would like to consider whether any of the
examples given are holomorphic, and consider other submanifold properties.

12.10.2 More General Base Manifolds

We have considered only the restricted case of CR submanifolds generated from
the orbit of a totally geodesic holomorphic submanifold. Ideally we would like
to have a general theory for orbits of an arbitrary holomorphic submanifold. Al-
though a start could be made by considering a specific holomorphic manifold, it
would be more useful to consider a general such, through a local analysis. It has
been suggested that such an analysis might be facilitated by the consideration
of harmonic maps, similar to the work in Bolton, Vrancken and Woodward[8] or
Bolton and Woodward[9], where harmonic maps are succesfully applied to the
study of holomorphic submanifolds in S9.



Part iX

Conclusions
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We have seen that the study of the existence of CR product submanifolds
has reached a sufficient stage as to make general statements about the existence
of CR products in various spaces. Further the construction of such spaces in
C"andCP" is well understood.

The study of CR warped products is less well understood, although we have
demonstrated existence, explicitly constructed a family of such submanifolds
in 5% As far as we know there has been no study of CR warped products in
general Kaehler manifolds, and this may provide a useful area for further study.
Whether the construction methods employed in S% might be extended to other
manifolds is an open question.

The study of CR submanifolds with non-integrable real and complex leaves is
relatively untouched. We have the general morse theory ideas due to Lei, Wolf-
son[18]. The homogeneous examples in S® [15] do not rely on integrability of the
distributions, although integrability is not explicitly considered. Other papers
have considered general properties, such as [16] due to Hashimoto, Mashimo and
Sekigawa, where some topological restriction are placed on general 4-dimensional
CR submanifolds. There is not however a comprehensive classification of such
submanifolds, and examples are few compared those with integrable leaves.

We note that there has not been sufficient space for all of the related results
developed in the past thirty years, however we hope that we have given a flavour
of the results which are possible in the field, and an indication of some further
results. We are confident that this is the first time that these particular results
have been collected and compared in a single paper.

This work has hopefully demonstrated that the existence of a CR structure
has interesting consequences for its relation with the ambient manifolds. The
fact that CR submanifolds are readily understandable once holomorphic and
real manifolds have been considered is in its favour. Considering the large body
of work relating to these submanifolds, and the success with which results have
so far been obtained for CR sumanifolds, it seems highly likely that further
study will be rewarded. We have indicated in the text where we have seen
immediate opportunities for research, particularly in the field of warped prod-
uct submanifolds, but almost any text studying holomorphic submanifolds will
suggest possible extensions.
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