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Abstract

In this thesis we consider probe branes in 10- and 11-dimensional supergravity back-
grounds. Firstly, we consider probing a class of 11-dimensional backgrounds with giant
gravitons. These backgrounds arise from lifting solutions of 4-dimensional U(1)* and
7-dimensional U(1)? gauged supergravities. We find that giant gravitons degenerate to
massless particles exist in arbitrary lifted backgrounds, and furthermore both these ob-
jects are degenerate to massive charged particles probing the associated lower-dimensional
gauged supergravity solutions. We then move on to consider superalgebras for M2- and
M5-brane probes in general 11-dimensional supersymmetric backgrounds. We derive the
form of the topological charges which appear in the super-translation part of the algebra.
These charges are given by the integral (over the spatial world-volume of the brane) of
certain closed forms constructed from Killing spinors and background fields. The super-
translation algebra allows us to derive BPS bounds on the energy/momentum of probe
branes in these general supersymmetric backgrounds. These bounds can be interpreted as
generalized calibration bounds for these branes. We then use a similar procedure in type
IIB supergravity to construct a calibration bound for a giant graviton in AdSs x S°. As
a by-product of this construction, we find a number of differential and algebraic relations
satisfied by p-forms constructed from Killing spinors in type IIB supergravity. These re-
lations are valid for the most general supersymmetric backgrounds. We then show that
the calibration bound which we have constructed is saturated by a large class of general
giant gravitons in AdSs x S5, which are defined via holomorphic surfaces in C»? x C3.
Moreover, dual giant gravitons also saturate the calibration bound. We find that both

these branes minimize “energy minus momentum” in their homology class.
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Chapter 1
Introduction

The search for the theory of quantum gravity is one of the outstanding problems facing
theoretical physics. The most promising theory so far, which incorporates quantum me-
chanics as well as general relativity in a mathematically consistent frame-work, is String
Theory. String theory has been studied since the 1960s. It was originally studied under
the guise of the so-called “dual models” for the strong interactions which were proposed
before the advent of QCD. These models were suggested because they could reproduce
the observed relation between the mass and spin of hadrons, namely m? = J/o/, where
« is a constant called the Regge slope. However, in the early 1970s it was realized that
these dual models, which were later realized to be theories of 1-dimensional strings, could
only give an approximate qualitative description of hadrons. In particular, they failed to
produce the observed behaviour of scattering amplitudes at high energies. Consequently,
in 1974 these dual models — or various versions of string theory — were dismissed for the
strong interactions in favour of QCD.

However, at the same time it was realized that string theory is a good candidate
for the theory of quantum gravity. The reasons for this are as follows. Firstly, in the
low energy regime, string theory reduces to a gravitational theory which contains Ein-
stein’s general relativity. Moreover, in the high energy regime, string theory gives well-
behaved expressions for scattering amplitudes involving gravitons. In the 1960s and 70s
it was a well-established problem that quantum field theories involving gravitons were
non-renormalizable, i.e. there were serious ultra-violet divergences in scattering ampli-
tudes that could not be removed using the methods of renormalization. However, string
theory circumvents this problem by “smoothing out” point-like interaction vertices. In
particular, Feynman diagrams describing scattering processes are no longer composed of
lines and points, but rather they are smooth 2-dimensional surfaces. This means that the
infinities which arise from zero size interaction vertices in ordinary field theory calcula-

tions involving gravitons do not occur in string theory, and the scattering amplitudes are



Chapter 1. Introduction 2

UV finite.

We now give some details of the different types of strings and their excitations. Further
details can be found in the following text-books: Refs. [4-6]. There are two basic types
of strings: open strings which have end-points, and closed strings which do not. There is

one input parameter in string theory, namely the tension of the string, which is given by

where [, is the characteristic string length and o/ = [2. It is widely accepted that the string
length is tiny compared to the scales probed by the most energetic particle accelerators.
Motivated by the ideas of quantum gravity, the string length is often taken to coincide
with the Planck length, 10733 cm, but it is not necessarily the same. From the field
theory point of view each string contains an infinite number of particles. In particular,
when one quantizes a string, a number of massless fields and an infinite tower of massive
excitations are produced. The massive excitations of a string have mass of the order
I7!, and so are too massive to be seen at any accelerators. The only accessible string
excitations are the massless fields, which are therefore relevant to phenomenology. For
example, the massless excitations of a closed string include a massless spin 2 particle,
which we identify with the graviton, gm.., and a scalar field — the dilaton — which we
denote by ¢. The dilaton is interesting as its value determines the strength of string-string
interactions. Therefore, string theory determines its own coupling strength dynamically
through this excitation. This is clearly very different to the situation in ordinary quantum
field theories, where the coupling strength is an input parameter. As well as the graviton
and dilaton, other massless excitations of strings include Ramond-Ramond anti-symmetric
tensor fields, Abelian and non-Abelian gauge fields, and various scalars and fermions. The
Ramond-Ramond tensor fields will be of particular interest later on because the sources
of these fields are solitonic extended objects called D-branes.

An interesting feature of string theory is that it puts certain demands on the properties
of the background space-time in which the strings propagate. In particular, the dimension
of the space-time must either be 26 (for bosonic strings) or 10 (for superstrings). These
dimensions arise from requiring that the theories are anomaly free. We will generally
be interested in the superstring theories, not the bosonic string theories. The fact that
string theory exists in backgrounds with such large numbers of dimensions is a difficult
issue since we only observe 4 dimensions (3 spatial and 1 time) in our universe. It has
been a long-standing problem to try to connect 10-dimensional string theory backgrounds
with our 4-dimensional world. There has been much progress on this problem in recent
years. One of the most successful ideas is that the 6 extra dimensions are very small, and

curled up on a manifold. Since these dimensions are small, we would not see evidence of
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them at current accelerator scales. Often the manifolds used in these compactifications
are 6-dimensional Calabi-Yau manifolds. These manifolds have the correct properties to
ensure that the 4-dimensional backgrounds obtained after the compactification preserve
supersymmetry. One then might hope to obtain the minimally supersymmetric standard
model in 4 dimensijons, and then have some mechanism (ideally with a stringy origin) for
supersymmetry breaking. This is the subject of much current research, see for example
Refs. [7-13].

An alternative solution to compactifying the extra dimensions is the idea of a brane-
world [14-17]. This scenario allows the extra dimensions to be large, and in some cases
infinite!. However, in general, observable matter and gauge fields must be confined to 3+1
dimensions (to agree with strict experimental bounds), and it is only gravity, and perhaps
exotic matter such as the dilaton, which are allowed to permeate the extra dimensions.
Fortunately, string theory contains extended objects, called branes, which have the right
properties to realize this kind of set-up, as we now describe. Since the early 1990s, it has
been known that in some superstring theories there exist solitonic extended objects called
Dirichlet p-branes, or Dp-branes. These objects are non-perturbative objects in string
theory. In detail, Dp-branes are p-dimensional hypersurfaces, with a (p + 1)-dimensional
Minkowskian world-volume, which arise as the surfaces on which open strings can end 2.
The dimension p can take various values depending on the particular string theory (As we
will describe in a moment, there are 5 different superstring theories.). In fact, D-branes are
not just surfaces, but they are dynamical objects. For example, they have gravitational
interactions and they can move. Furthermore, D-branes carry charges corresponding to
the Ramond-Ramond anti-symmetric tensor fields. In particular, a Dp-brane will carry
charge associated to a (p + 1)-form Ramond-Ramond potential, A®*). These tensor
potentials arise in the quantization of strings, however, the strings themselves cannot
source these fields. It is interesting that an extended object, namely a brane, is needed
to source this type of charge.

Returning to brane-worlds, the idea is that perhaps our observable universe is a brane
embedded in a higher dimensional space-time, for example a D3-brane in a 10-dimensional
string theory background. Now, as described above, we require that all observable matter
and fields are confined to 3+1 dimensions, i.e. confined to our brane. This idea becomes
more plausible when we combine it with the fact that branes have fields that exist only on

their world-volume, and not in the embedding space. In some situations we can identify

!Experimental tests of gravity have only probed to sizes of order 1 millimetre, so extra dimensions of
size less than 1 mm would not be detected. However, it is also possible to have much larger, or infinite,
extra dimensions if one uses a mechanism [17] for localizing the graviton wave function in the extra
dimensions, so that gravity is effectively 4-dimensional.

2Dirichlet or “D” refers to the boundary conditions on the open strings.
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these fields with observable matter and gauge fields. The idea that our universe is a
brane embedded in a higher-dimensional space-time has many interesting implications.
For example, the assumption that only gravity can permeate the extra dimensions has
been proposed as a possible reason why gravity is such a weak force compared with the
other forces. The study of brane-worlds is the subject of much current research in string
theory and cosmology, see for example Ref. [18] and the references within it.

It has been known for some time that there are 5 consistent superstring theories, all
in 10 dimensions. These theories all contain gravity and they are type IIA, type IIB, type
I, SO(32) heterotic and Fs x Ejg heterotic string theory. For a few years it was assumed
that one of these 5 theories must be selected by nature, although it was not clear why.
This also seemed to contradict the expectation that the theory of quantum gravity is
unique, since all 5 superstring theories appeared to have the right properties. However,
in the mid-1990s it was realized that the 5 superstring theories are connected by a web of
strong/weak coupling dualities [19-23]. These dualities strongly suggest the existence of a
new theory — known as M-theory — whose low energy limit is 11-dimensional supergravity.
The high energy version of M-theory is not known, but it does not appear to involve
strings. In fact, the dynamical degrees of freedom of M-theory are unknown. However,
there are great hopes that this theory may be the unique theory of quantum gravity, with
the 5 different string theories appearing as effective theories in different regions of the
parameter space. One way of studying M-theory is to consider the low energy theory, i.e.
11-dimensional supergravity. However, due to the web of dualities connecting the string
theories, it is also important to study the 10-dimensional supergravities, which arise in
the low energy limit of the 5 string theories. In this thesis we will study many features of
these supergravity theories.

As well as giving us clues about M-theory, the study of supergravity theories is im-
portant since solutions of these theories can be used as backgrounds for compactifications
of string/M-theory. Furthermore, the study of branes in supergravity has led to an inter-
esting duality between string theory and certain gauge theories. This duality is known
as the AdS/CFT correspondence [24] and it relates two mathematical theories which are
naively completely different, and actually exist in different numbers of dimensions. A
practical application of the AdS/CFT correspondence is that it allows one to obtain non-
perturbative information about a gauge theory by considering a perturbative expansion
of the supergravity theory. Understanding more about this conjecture, and using it to
obtain information about different field theories, is a key reason why it is important to
investigate solutions of supergravity theories. We will be particularly interested in finding
energy minimizing configurations of probe branes within fixed supergravity solutions. As

we will see for the case of giant gravitons in AdSs x S5, these brane configurations can
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have interesting interpretations in the dual gauge theory.

In the next section we will review 1l-dimensional supergravity and 10-dimensional
type IIB supergravity. We will discuss bosonic solutions of these theories, and the re-
quirements for these solutions to be supersymmetric. Solutions of both of these theories
will be considered in later chapters of this thesis. In § 1.2 we will describe branes in
11-dimensional and type [IB supergravity. We will give examples of brane solutions, and
we will discuss the notion of a probe brane. In particular, we will discuss the idea of a
probe brane calculation, which will be especially important in the forthcoming chapters.
In § 1.3 we give a brief description of the AdS/CFT correspondence. In § 1.4 we give the
full outline of this thesis.

1.1 Supergravity

In this section we review 11-dimensional supergravity and 10-dimensional type IIB su-
pergravity. These theories arise in the low energy limit of M-theory and type IIB string
theory respectively. We will consider bosonic solutions of these theories and discuss the

requirements for the solutions to be supersymmetric.

1.1.1 11-dimensional supergravity

There is a unique minimal® supergravity theory in 11 dimensions which is referred to
as 11-dimensional supergravity. This theory has the following field content: a metric,

ds? = gundz™dz™, a 3-form gauge potential, A® and a fermionic field called the gravitino,

«
m?

1 (with components 92, where « is a spinor index). We will usually be interested in
situations where the gravitino is set to zero, and only the bosonic fields, ds? and A®), are

non-zero. The action for the bosonic fields is given by

1 1 1
S = F/d“m v—g R— / (5 FOAF® 4 5 A® A FW A F(“)) (1.1)
K
where F( = dA® is the 4-form field strength associated to A®, g is the determinant of
the metric and R is the 11-dimensional Ricci scalar. The quantity  is related to Newton’s
constant in 11 dimensions by
2&2 = 167TG11

3In fact this theory is also maximal as it has 32 supercharges, which is the highest possible number
for a physical theory.
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The operations of A and * are defined in Appendix A. The equations of motion corre-

sponding to this action are given by,

1 1
n— — 4 &) mrars - 7 @y2) _ 9
B = 73 ( mrirars o T dmnlF)7 ) =0 (1-2)
1
dx FY + §F(4) AF® =0 (1.3)
where the indices m,n,--- = 0,1,...,9, (As explained in Appendix A, we are using

the symbol f for the 10th spatial direction.). A solution of 11-dimensional supergravity
consists of a metric, ds?, and a closed 4-form field strength, F®, which together solve
these equations of motion (the closure property of F arises since F® = dA®). We
denote bosonic solutions of 11-dimensional supergravity by (ds?, F®). Note that the
second equation above can be interpreted as a (generalized) Bianchi identity for the dual
7-form field strength, F( = %«F®_ This field strength can be associated to a 6-form
gauge potential, A® where

JA®) — wF@ L 140 A p@
2

so that d2A® = 0 reproduces the second equation above. Note that if we want to consider
brane solutions of 11-dimensional supergravity, then we should also include appropriate
source terms in the field equations. For example, for an M2-brane solution, a source term
Jume2 should be included on the right hand side of Eq.(1.3). While for an M5-brane, the
Bianchi identity for F becomes dF® = Jys, where Jus is the source term.

We should also remark that the low-energy effective action for M-theory will contain
an infinite number of higher order corrections in addition to the 11-dimensional super-
gravity action above. The form of most of these corrections is unknown, apart from a few
exceptions, but it is known that the corrections will affect the equations of motion and
supersymmetry variations. Some consequences of the known corrections are described in
Ref. [25]. We will ignore them from now on and assume that they are not important at
the low energies we consider.

A solution of supergravity can have the additional property that it is supersymmetric.
For a bosonic 11-dimensional supergravity solution, (ds?, F()), this means that the solu-
tion admits a 32-component Killing spinor. In eleven dimensions, irreducible spinors have

32 real components (Majorana) and they form a representation of the group Spin(1, 10).

A Killing spinor, e, satisfies the following equation for each value of m =0,1...,4,
1
Vi€ + ooz [[p™72m™ — ggarmemsm] fl) €= 0 (1.4)

288
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where I',,, are the Dirac matrices in 11 dimensions with conventions in Appendix A. The

covariant derivative of the spinor is defined by
1 . 5
Vi€ = Ome + Zw s mlat € (1.5)

where w™; ., are the components of the connection 1-forms for the metric and the hats
denote tangent space indices, so ['; are tangent space I'-matrices. The equation (1.4)
is known as the Killing spinor equation and it arises because we are considering purely
bosonic solutions of supergravity, so all fermionic fields are set to zero, i.e. the gravitino 9
is zero. This means that the supersymmetry variation of all bosonic fields vanishes, since
these variations involve fermionic fields. Therefore, for a bosonic solution to be super-
symmetric, we simply need to ensure that the supersymmetry variation of the fermionic
field, 4, is zero. The equation one obtains from this is the Killing spinor equation,
Eq. (1.4), where € corresponds to a supersymmetry transformation parameter. The num-
ber of independent Killing spinors, ¢, satisfying Eq. (1.4) corresponds to the amount of
supersymmetry the solution preserves, i.e. a solution which possesses N independent
Killing spinors preserves N out of a possible 32 supersymmetries.

Note that the name “Killing” for these spinors is appropriate since Killing spinors can
always be used to construct Killing vectors. Essentially the idea is to sandwich a Dirac
matrix between a commuting Killing spinor, €, and its conjugate, €, as follows: K™ =
€['™¢, where all spinor indices are contracted. We will prove that K™ are components of
a Killing vector in Chapter 5.

A problem which has generated much interest in the past few years is to try to clas-
sify the bosonic supersymmetric solutions of supergravity theories in various dimensions.
Some important progress on this problem has been made, and it now known that there
are 4 maximally supersymmetric solutions in 11 dimensions [26,27]. These solutions pos-
sess 32 Killing spinors. Specifically, they are: flat space, the AdSy x S7 solution, the
AdS; x S* solution and the pp-wave background. The most general supersymmetric so-
lutions in 11 dimensions have also been classified in some recent work by Gauntlett and
collaborators [28,29]. These solutions possess at least one Killing spinor. The approach
used in these papers was to construct p-forms of different degrees from one Killing spinor
of the background, in an analogous construction to K above. These p-forms satisty a
set of differential and algebraic relations. Moreover, these forms define a mathematical
structure known as a G-structure, which is the reduction of the Spin(1, 10) frame bundle

to a G-sub-bundle. For general supersymmetric solutions there are only two possibilities?

4That is, if one Killing spinor is used to construct the forms. There will be more possibilities for the
G-structure if we consider forms constructed from 2 or more Killing spinors.
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for the G-structure, according to whether the Killing vector K is time-like or null: in
the time-like case the G-structure group is SU(5), and in the null case the G-structure
is (Spin(7) x R®) x R. Knowledge of the G-structure, together with the differential and
algebraic equations satisfied by the p-forms, allows some of the metric and 4-form field
strength components of the corresponding solutions to be determined. General solutions
corresponding to time-like K were classified in Ref. [28] and the null case was discussed
in Ref. [29]. Similar techniques have also been used [30-39] to (partially) classify super-

symmetric solutions in various lower-dimensional supergravity theories.

1.1.2 Type IIB supergravity

We now describe one of the 10-dimensional supergravity theories, namely type IIB super-
gravity. This theory is a chiral theory and it arises in the low energy limit of type IIB
string theory. The bosonic fields in this theory are the metric, ds? = g,dz™d2™, the
dilaton, ¢, three independent Ramond-Ramond gauge potentials C@, C» and C®, and
a Neveu-Schwarz-Neveu-Schwarz (NS-NS) 2-form gauge potential, B®). The fermionic
fields are the gravitino, 9%, and the axino-dilatino, A*. We will generally be interested in
cases where the fermionic fields are set to zero.

We now define the field strengths associated to the many gauge potentials in this
theory. Firstly, the 2-form potential, B(®, has an associated 3-form field strength, H®) =
dB® . For the Ramond-Ramond gauge potentials we construct composite field strengths
G, where

G+ _ go@) _ g® A o2i-2)

and 7 = 0,1,2,3,4. For the case i = 0 we take C?=2 = C2 = 0. Note that the
higher dimensional potentials, C® and C® are not independent, but are related to C'(?,
C® and C® via following duality relations between the field strengths: G® = *GM
and G = — x G®. We also have the condition that the 5-form field strength, G®,
is self-dual, i.e. G® = *G®. This condition is difficult to enforce from the action for
type IIB supergravity, and generally it must be included as an additional constraint on
solutions of the equations of motion.

In the string frame the action for the bosonic fields in type IIB supergravity is

_ 1 10 — —2¢ 2 1 (3)\2

S = g [ 4V [e R+4(V$)? - —(H®)
_L [ g, wy2 _ Loz _ 1 aeye
e KV ((G )= (GO = 5 (G9)

_*_L/ 0(4) + lB A 0(2) A G(3) A H(3)
4k32, 2
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where k19 is related to Newton’s constant, G1g, in 10 dimensions as follows:

262, = 167G = (211)7 g1 (1.6)
and g, is set by the asymptotic value of the dilaton at infinity: g, = e®. The equations
of motion for type IIB supergravity can be derived from this action. However, one must
always impose the constraint G® = %G by hand on any solution of the equations of
motion.

Given a bosonic solution of type IIB supergravity (which consists of a metric, dilaton
and field strengths G@®+1) and H® which together solve the equations of motion), this
solution can have the additional property that it is supersymmetric. Then the solution
will possess Killing spinors. Type IIB supergravity has A/ = 2 supersymmetry and it is a
chiral theory. This means that the supersymmetry transformations involve two spinors,
¢! and €?, which have the same chirality. In particular, ¢! and €* are 32-component
real spinors which satisfy I'1;¢! = €, where I'y; is the chirality matrix, given explicitly
by I'yy = [0123456789 (the hats denote tangent space indices). We will often combine
the spinors ¢! and €® into a 64-component real spinor, € = (¢!, €2)T. Note that due to
the chirality condition on the spinors, each €' has only 16 non-zero components, and so
correspondingly € has 32 non-zero components. In type IIB supergravity, Killing spinors
obey two types of equations. These equations arise from requiring that the supersymmetry
variation of the gravitino and the axino-dilatino vanishes. The gravitino Killing spinor
equation is a differential equation D,,e = 0, m = 0,1,...,9. The precise form of the
differential operator D,, will be given in Chapter 6. The axino-dilatino Killing spinor
equation is an algebraic equation, given by Pe = 0. Here P is a projection matrix which
does not involve derivatives but it does contain the background fields. Again, we will
defer the precise form of P to Chapter 6.

As an aside we note that type IIB supergravity has the interesting feature that it
is invariant under the group SL(2,R) (See Ref. [5] for the type IIB supergravity action
rewritten in a manifestly SL(2,R) invariant fashion.). In the full string theory, this
symmetry group is restricted to only involve integers, and the group becomes SL(2,Z).
This group is generated by 7 — —7~! and 7 — 7 + 1, where 7 = C® 4 ie~¢. Moreover,
the fields B® and C® transform as a doublet of SL(2,Z). The invariance of the full
type IIB string theory under SL(2,7Z) is known as S-duality. S-duality also relates type I
string theory to SO(32) heterotic string theory.
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1.2 Branes in supergravity

As described in the introduction, string theory contains extended objects called D-branes.
A useful way to describe these D-branes is to consider them from the point of view of 10-
dimensional supergravity theories, since these theories are obtained in the low energy limit
of string theory. It turns out that there are also branes in 11-dimensional supergravity.
This implies that M-theory also contains branes, although we cannot see this directly
from the high energy theory (since we don’t have a complete formulation of M-theory).
From the supergravity point of view, branes in 10 and 11 dimensions are very similar. In
both cases they are p-dimensional extended objects which are charged with respect to a
(p+ 1)-form gauge potential. Of course, branes in 11 dimensions cannot correspond to the
surfaces where open strings can end (since there are no strings in M-theory), so they are
not D-branes. We refer to them as M-branes. We will discuss branes in 11-dimensional
supergravity and type 1IB supergravity in this section.

The branes we consider will be BPS objects, which means that their tension and charge
are equal. It turns out that the BPS condition also means that the branes preserve
% supersymmetry. Furthermore, these properties imply that branes reside in a short
representation of the supersymmetry algebra. This means that many of the properties
of these branes should not change as we go to high energies (for example, the tension
of the brane and the spectrum of excitations should not change), since objects in short
representations of supersymmetry are protected against higher order corrections. In this
case the corrections could have a quantum or a stringy/M-theory origin.

In this section we will consider branes in two different ways. The first way will be to
consider branes sourcing a supergravity background, i.e. we will discuss the supergravity
solutions which arise from branes warping the geometry of space-time around them. The
second way will be to consider branes as test objects (i.e. probe branes) in a fixed

background. This will involve the world-volume description of branes.

1.2.1 Brane solutions

We begin by describing supergravity solutions corresponding to branes in 11-dimensional
supergravity. Recall that in 11-dimensional supergravity the only field strengths are F
and its dual F() = xF®. So the only possible branes are an M2-brane and an M5-brane,
which are electrically charged with respect to F® and F(7. Alternatively, we can think
of the M5-brane as being magnetically charged with respect to F®.

The supergravity solutions corresponding to a stack of N parallel coincident M2- or
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M5-branes are given by

p=8 ptl
ds* = H's d:c%l‘p) + H™ dm%m_p)
F®2) — d(H™Y) Aeyp,
B cpN
H = 1+ ;ﬁ (1.7)

where p = 2,5 and ¢, is a constant, whose precise value will not be needed. The F in
F®+2) corresponds to whether we are considering branes or anti-branes. Here da:?l p) 18
the Minkowski metric in (p + 1) dimensions, given by

d:v%l = —(dz®)? + (dz')? + - - - + (dzP)?

p)

and €, is the volume form on this space. The metric dm%m_p) is given by
d:c?lo_p) = (dzP*) 4 4 ()2 = dr? + rdefg_p)

where in the second equality we have rewritten the metric in terms of the radial coordinate,

T, where

i=p+1

and dQ?g_p) is the usual metric on a (9 — p)-dimensional sphere. It is easy to check that
the metric and 4-form field strength in Eq. (1.7) gives a solution of the 11-dimensional
supergravity field equations. For example, the equation of motion for F®+2) is satisfied
(with an appropriate source term at r = 0) because H is a harmonic function of 7.
The interpretation of the above solutions is that the N coincident p-branes are situated
at 7 = 0 (hence the source term at r = 0), and they have world-volume coordinates

z°

,-..,xP. The coordinate r gives the radial distance away from the branes. Note that
the (p + 1)-dimensional world-volume of the branes is Poincaré invariant. Moreover, the
(10 — p)-dimensional space transverse to the branes has rotational invariance. These are
precisely the symmetries one would expect for a stack of coincident p-branes.

In type IIB supergravity there are many more types of branes than in 11 dimensions.
This is due to the large number of different gauge potentials in this theory. Firstly, there
are Dp-branes which are charged with respect to the Ramond-Ramond potentials and

have NS-NS 3-form, H®, identically zero. Here p can take the values 1,3,5,7,9. The
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supergravity solutions corresponding to a stack of N coincident Dp-branes are given by

ds* = H™'\Pdz} ) + H'?dz},_,
GP? = Fd(H™)Aepy

ed) = Hs_ze
c,N
H = 1+T’7’_p (1.8)

Again, the interpretation is that the branes are situated at 7 = 0 and have world-volume

coordinates z°

,...2P. The coordinate r gives the radial distance away from the stack
of branes. The main difference between these D-branes and the M-branes above is that
here the dilaton is excited (apart from the case p = 3) , whereas there is no dilaton in
11-dimensional supergravity.

In type IIB supergravity there are also branes which are charged with respect to the
NS-NS 3-form H®. There are two branes of this type, namely a 5-brane — the NS5-brane
— and a fundamental string. These are not D-branes, since they do not correspond to
surfaces on which open strings can end. We will not be particularly interested in these
types of branes in this thesis, so we do not present the solutions here. However, solutions
corresponding to stacks of these branes can be found in Ref. [40].

The solutions we have presented here are for simple configurations of coincident par-
allel branes. However, more complicated configurations of branes are possible, and the
corresponding supergravity solutions can be constructed. For example, it is possible to
construct orthogonal and non-orthogonal intersecting brane configurations, and configu-
rations of branes ending on other branes. Examples of these types of configurations and
the procedures for obtaining the associated supergravity solutions are given in Ref. [40].

The brane solutions given above all preserve % supersymmetry, i.e. each solution
possesses 16 Killing spinors. We could obtain the Killing spinors for each background by
substituting the metric and field strength(s) into the 11-dimensional or type IIB Killing
spinor equations. In both cases these equations can be solved and the 16 independent
Killing spinors are given by € = (—ggo)"/*€o, where ¢, is a 32-component constant spinor
which satisfies the following projection condition®: I'ey = €g, where I is a projection matrix
which we now define. For the 11-dimensional brane solutions, the projection matrix I is
given by
I'=4Ts1 5 (1.9)

where I'y, ..., ' are tangent space I'-matrices in the directions 2% ...zP. The =+ refers

whether this is a brane or anti-brane solution (and matches the F in the expression for

5Since € and ¢y are simply related by a scale, we can consider the projectors acting on either €g or €.
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F®+2) For the type IIB solutions, we have the following expression for the projection
matrix for a Dp-brane,

ptl

I'= :t’i((fg) 2 09 F()i...ﬁ (1.10)

Here the {0y, 02,03} are the usual 2 x 2 Pauli matrices. The matrix I' in Eq. (1.10) is

64-dimensional and acts on the 64-component constant spinor €y = (€}, €2)7, where €} and

€2 are 32-component constant spinors with the same chirality, i.e. satsifying I';;€} = €.

In both the 10- and 11-dimensional cases there are 16 independent Killing spinors
which satisfy the projection condition I'e = e. This is because for each allowed choice
of p, the matrix I' squares to the identity. Moreover, I' is symmetric and traceless.
Therefore, this matrix can be diagonalized as diag(+1,...,+1,—1,...,—1) where there
are equal numbers of +1 and —1. In the 11-dimensional case, I' is 32-dimensional, and so
there are 16 independent €y, which satisfy the projection condition. In the 10-dimensional
case, I' is 64-dimensional, which naively would suggest that there are 32 Killing spinors.
However, since the spinors obey the chirality projection condition I'yjef) = €}, which
commutes with the matrix I', the number of Killing spinors is reduced by a factor of %
Therefore, the 10-dimensional brane backgrounds also possess 16 Killing spinors. Thus
all the brane backgrounds given above preserve % supersymmetry, i.e. 16 out of a possible
32 supersymmetries.

So far we have only considered supergravity solutions corresponding to brane back-
grounds. However, it is generally true that the Killing spinors for any supersymmetric
background can be expressed in terms of a set of projection conditions together with a
scale for e. The number of independent projection conditions corresponds to the number
of Killing spinors the solution admits (and hence the number of preserved supersymme-
tries). In particular, each successive projection condition reduces the number of Killing

spinors by a factor of %

1.2.2 Probe calculations

Given a supergravity background one is often interested in finding energy minimising
embeddings of branes. One way of doing this is to perform a probe calculation. The idea
is to place a “test” brane in a fixed supergravity background and then to examine the
dynamics of this brane. The aim is to minimize the brane’s energy. If the energy can be
minimized, then the probe brane can exist in this supergravity background. Note that in
probe calculations we always make the approximation that the back reaction of the probe
brane on the supergravity background is negligible. This is an approximation to the real
physics, but in many situations it is well justified, since the back reaction can be shown

to be small. The key ingredient used in a probe calculation is the brane’s world-volume
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action, which we now introduce.

The minimal action for a p-brane without dilatonic coupling is given by

S = —Tp{/d”“a\/—_v—/’P(A(p“))} (1.11)

where T, is the tension of the brane® and « is the determinant of the induced (p + 1)-
dimensional metric on the brane world-volume, whose components are given by

dz™ dx™
b = Omn—— —— 1.12
Tab = Imn 56 dgb (1.12)

Here g,.n are the components of the metric for the background supergravity solution and
0% a=20,1,...,p, are coordinates on the world-volume of the brane. The term involving
P(AP*D) in the action is the called the Wess-Zumino term. Here A®*) is a (p 4 1)-form
gauge potential for the background supergravity solution and the quantity P(A®+D) is
the pull-back of this potential to the brane world-volume, i.e.

1
' OaoT™ ... 00, T Ay, A0 A -+ Ado®™

rP(A(p+1)) = m

In a probe calculation the first step is to compute the action Eq. (1.11). We then compute
the Hamiltonian for the probe brane, and attempt to minimize its energy. If the energy can
be minimized, then typically the position of the brane at this minimum will be specified
in some of the directions transverse to the brane world-volume. However, often there will
be freedom in the brane’s position in the other transverse directions. We will see many
examples of probe calculations in Chapters 2 and 3.

In fact, we can also consider supersymmetry for branes from this world-volume per-
spective. The idea is to consider embedding the probe brane in superspace. In the cases
we are interested in (i.e. branes in type IIB or 11-dimensional supergravity), superspace
is parameterized by 10 or 11 bosonic coordinates, ™, and 32 fermionic coordinates, 6¢.
Embedding the brane in superspace results in a supersymmetric action for the probe
brane, i.e. the probe action above, Eq. (1.11), is augmented to include fermions in a su-
persymmetric way. For world-volume supersymmetry one must also have equal numbers
of on-shell bosonic and fermionic degrees of freedom. This requires a fermionic symmetry
on the brane world-volume called xk-symmetry which projects out half of the fermionic
degrees of freedom. The k-symmetry transformations are very similar to the supersym-

metry transformations on the brane. If we fix the k-symmetry (i.e. we choose which

SFor a D-brane, T, can be calculated from a 1-loop open string amplitude, which gives T, =
(2m)~Pg; 1P, For an M-brane, T, = (2r)~Pl5P~! where , is the Planck length.
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components of the fermionic fields to project out) then the condition for preservation of
world-volume supersymmetry is
Fe=c¢ (1.13)

where the matrix I is given in Eqgs. (1.9) and (1.10) for M- and D-brane probes aligned
along the z°, ...,z directions. More generally, we can write the projection matrix for a

p-brane in terms of the matrix ¥,y where

1 m
E(p+1) - m e“0~-~%aa0$mo T aapx me0-~~mp (1'14)
and €%2+ = —1 in our conventions (see Appendix A). Then for p-branes in 11 dimensions,

[' = £3541), and for Dp-branes in type I1IB supergravity
I'= :i:’l:(O'g)L;iO'g & E(]H—l)

le. In each case we have replaced I’y ; by the more general expression Xg41y. Note
that the supersymmetry projection condition, Eq. (1.13), is a local condition, i.e. it
must be satisfied at each point on the world-volume of the probe brane. In general, the
projection condition is different at each point on the world-volume, and so typically all
supersymmetry is broken. Of course in special cases the conditions are the same at each
point and a non-zero fraction of supersymmetry is preserved.

Now that we have the supersymmetry projection conditions for a probe brane, it is
not always necessary to perform a probe calculation to establish whether a probe brane
can be embedded in a supersymmetric background. In particular, if one can embed
a probe brane so that some of the supersymmetry of the background is still retained,
then this brane will not experience any force from the background, and it will be an
energy minimizing configuration. The simplest example of this comes from considering a
background generated by N coincident branes. If we add a probe brane of the same type
and orientation as the background branes then this probe will not experience any force
from the other branes. This can be seen from a probe calculation, but it is implied because

both the background branes and the probe brane have the same supersymmetry projection

1
2

can be placed anywhere in the transverse space parallel to the background branes. In

condition, and so the whole configuration preserves s supersymmetry. The probe brane
fact, we could also add a probe brane which is not parallel to the background branes,
provided that some of the supersymmetry is still retained. Supersymmetric embeddings
of branes will be discussed further in Chapter 4.

In fact the action given in Eq. (1.11) is not the most general action for a probe brane.

We can also allow non-zero gauge fields on the world-volume of Dp-branes and the M5-
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brane. For a Dp-brane in type IIB supergravity the most general bosonic action we

consider” is given by

S=-T, {/d”“ae_d’\/— det(Yap + Fap) — /ZP(C(")) /\ef}

Here F = 2nl2F — P(B), where B is the space-time NS-NS 2-form potential and F
is a 2-form field strength associated to a U(1) gauge potential on the world-volume of
the brane. In the second term, n can take the values 0,2,4,6,8, but the integral is
restricted to only include (p + 1)-forms. This means that the Dp-brane can couple to
other Ramond-Ramond potentials, as well as the usual coupling to C?*t1). We can also
have world-volume gauge fields on the Mb5-brane. However, the form of this action is
quite complicated, as it involves a 2-form gauge potential whose associated 3-form field
strength satisfies a non-linear self-duality condition. The full covariant form of this action
can be found in Ref. [41].

We now show that at low energies, the world-volume action for a D-brane reduces
precisely to a supersymmetric Yang-Mills action. To see this we consider the simple case
of a D3-brane probe in Minkowski space. Since in flat space all background field strengths

are zero, the action for this brane is simply

S =-T; /d4o\/— det(vap + 272 Fp) (1.15)

where Yo = O™ 0oL nn, and My, are the components of the flat metric. We now fix the
reparameterization invariance of the world-volume by setting ¢° = z° 0! = z!,0% = 22

and o2 = 23. Then the directions transverse to the brane are z*

,...x°, and we will
interpret these coordinates as scalar fields in the world-volume action. We write these 6

coordinates more suggestively as
P (0%) = == (") (1.16)

where ¢ = 4,...,9. We then expand the determinant in Eq. (1.15) around [, = 0. Taking
ls — 0 corresponds to taking the low energy limit and it serves to decouple gravitational
interactions from the brane world-volume theory. The leading order term in this expansion
is

Sp = —4n?l4Ty / d*o (%aacp"aa«pi + iFabF“”) (1.17)

This is simply the bosonic part of the maximally supersymmetric Yang-Mills action in 4

"One could also include curvature corrections to the action, but we will not consider this possibility.
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dimensions with gauge group U(1). Notice that the gauge coupling here is

, 1
9ym = 3o
47T2lgT3

Using the formula for the tension of a Dp-brane, T,, = (2m)7Pg; 117771, this gives g% ,, =
2mgs.

Now if we consider N coincident D3-branes then the world-volume action should be
a non-Abelian version of the action in Eq. (1.15). The precise form of this non-Abelian
action is not known. However, it is known that in the limit [; — 0, the dynamics is
described by a maximally supersymmetric Yang-Mills theory with gauge group U(N). In
fact, one factor of U(1) simply describes the centre of mass motion of the branes, and it

decouples, so effectively the gauge group is SU(N).

1.3 The AdS/CFT correspondence

In this section we describe an interesting duality between string theory and gauge theories
— namely the AdS/CFT correspondence. This correspondence was proposed by Malda-
cena [24], and the precise details were elucidated by Witten [42], and Gubser, Klebanov
and Polyakov [43]. Note that while this duality has not been proved, it has passed many
tests, and there is a large body of evidence (see Ref. [44] and the references within it)
which supports this conjecture. We will consider one example of the correspondence which
involves N coincident D3-branes. This is the best understood example of the AdS/CFT
correspondence.

Recall from the previous section that the low energy world-volume theory on N co-
incident D3-branes is maximally supersymmetric (i.e. A = 4) Yang-Mills theory in 4
dimensions with gauge group SU(N). In fact this theory is actually a conformal field
theory, i.e. it is invariant under conformal transformations, hence the “CFT” in the name
of this conjecture. We now give some motivation for why this theory is “dual” to type
IIB supergravity on the space AdSs x S°. (In fact in its strongest form, the AdS/CFT
conjecture says that this gauge theory is equivalent to the full type IIB string theory on
AdSs x S5 However, we will only consider the supergravity limit of the conjecture.) To
do this we will use the supergravity solution which is sourced by the stack of N coincident
D3-branes. We then take the limit [, — 0 in an appropriate way so that we consider the
same limit as for the gauge theory. On the supergravity side this amounts to considering
the near-horizon limit of the solution (i.e. the region close to the D-branes) and scaling

this region up.
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From Eq. (1.8), the metric around a stack of N coincident D3-branes is given by
ds? = H7Y2(—(dz®)? + (dz')? + .. (dz?)?) + HY*(dr® 4 r?dQ2)

where
H=1+ c—iii

and the constant c; = 4wg,l?. We want to take the limit I, — 0, but in such a way that
the Yang-Mills coupling gy = /2mg, remains fixed and the gauge theory masses and
vacuum expectation values remain fixed. The correct quantity to keep fixed is U = r/I2,
while we take the limit [; — 0 (therefore we are also taking r — 0 at the same time,
which means we are considering the near-horizon limit). To see that we should keep U
fixed, consider separating one of the branes a distance r from the stack. Then we obtain
massive states in the gauge theory from strings stretched between the separated brane
and the stack. These states are W-bosons in the gauge theory®, and their mass is given
by the string tension multiplied by the separation, i.e. m ~ r/I2. Therefore, to keep the

W-boson masses constant we must keep U = r/{2 fixed. In terms of U, the function H is

given by
Ad7gs N
=1+
Now if we take the limit {; — 0,
dwgsN
H —
U4
In this limit the metric becomes
1 U? dU?
l—2d5‘2 = ﬁds%m) + L2W + L2ng (118)

where L? = \/drg,N = \/2g2,,N. This is the metric for AdSs x S® where the radius of
both AdSs and S® is L. The supergravity description of this background is valid as long
as the curvatures are small. We can ensure that the curvatures are small by making L
large. This amounts to taking the effective 't Hooft coupling, A = ¢&,,N, large (In fact,
we must also have N large so that we can ignore stringy corrections, i.e. we want g;/N
large but g, small, which means N is large.). By contrast, the gauge theory description
is valid when the ’t Hooft coupling is small. Therefore, we have a duality between the
two theories, with non-overlapping regions of validity. Effectively, this means that we can
make predictions about the non-perturbative nature of the gauge theory by considering

the supergravity description in its perturbative regime.

8Tn fact, separating one of the branes from the stack corresponds to Higgsing part of the gauge group
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In practice, we must have a concrete way of associating quantities in the gauge theory
with objects in the supergravity theory. The prescription [42,43] is that operators in the
gauge theory are associated to states in the supergravity theory, and the association takes
place on the boundary® of AdSs. Note that the boundary of AdSs is a 4-dimensional
Minkowksi space, and it is interpreted as the space on which the gauge theory lives.
To associate a field in the supergravity theory with an operator on the boundary, the
requirement is that this field couples to the operator in a way that respects the symmetries
of the problem. This is the basis for all state/operator associations in the AdS/CFT
correspondence. We will see some examples of this association in Chapter 2 when we

consider giant gravitons.

1.4 Outline of thesis

We begin this thesis by considering a particular class of branes, known as giant gravitons,
which exist in AdS x S backgrounds. Giant gravitons have a spherical topology and they
are expanded within the spherical part of the space-time. From our point of view these
branes are interesting as they are non-static. In particular, they must move to couple
to the background flux which prevents them from collapsing. Historically, the interest in
giant gravitons arose from the AdS/CFT correspondence. This is because these branes
play an important role in resolving a paradox within this correspondence known as the
“stringy exclusion principle”. We will introduce giant gravitons and the stringy exclusion
principle in Chapter 2. In this chapter we will also discuss dual giant gravitons, which
are spherical branes similar to giant gravitons, but they are expanded within the AdS
part of the space-time. Then we will describe the conformal field theory interpretation of
giants and dual giants, and the resolution of the stringy exclusion principle. In Chapter 3
we continue discussing giant gravitons. However, we will consider these branes in more
general backgrounds than AdS x S. In particular, we consider backgrounds that are
lifts of 4-dimensional U(1)* and 7-dimensional U(1)? gauged supergravity theories. Using
probe calculations we show that giant gravitons exist in all these lifted backgrounds,
which typically are not supersymmetric. Moreover, these branes are equivalent to massive
charged particles probing the lower-dimensional gauged supergravity backgrounds.

In Chapter 4 we discuss a geometrical technique for finding energy minimizing embed-
dings of branes. This is the method of calibrations. This method involves a calibration
form, which is a p-form, ¢, which satisfies some special conditions. We can use ¢ to find

surfaces which have minimal volume in their homology class. These surfaces are called

9We always mean the conformal boundary of AdS.



1.4. Outline of thesis 20

“calibrated”. Moreover, these surfaces correspond (at least in some cases) to minimal
energy cycles for branes to wrap. We will see that in supersymmetric backgrounds it is
always possible to construct a form which has the right properties to be a calibration.
Therefore, in supersymmetric backgrounds we can always use calibrations to find minimal
energy surfaces for branes to wrap.

In Chapter 5 we consider the underlying structure of supersymmetric backgrounds
by considering their superalgebras. A superalgebra comprises a set of commutators and
anti-commutators of operators that generate the symmetries of the background. We will
be interested in the modifications to superalgebras that arise from placing probe branes
in supersymmetric backgrounds. It is well known that the super-translation part of the
algebra is modified when one includes a probe brane in the background. However, the
exact form of this modification is known only for some specific classes of backgrounds.
Our result is to find the precise modification to the super-translation algebra for a probe
brane in a general 11-dimensional supersymmetric background. The technique we use is
to construct a set of differential forms of different degrees from the Killing spinors of the
background. These forms obey a set of differential equations which can be manipulated
to construct a closed 2-form and a closed 5-form. We argue that these closed forms are
the topological charges which appear in the super-translation algebra for a probe M2- and
M5-brane in a general supersymmetric background.

Using the form of the superalgebra derived in § 5.2 we can then derive a BPS bound
(or “calibration bound”) on the energy/momentum of the probe brane. For each type of
brane, the BPS bound involves some calibrating form(s). Therefore, the super-translation
algebra allows us to derive the correct calibrating form(s) for the particular probe brane
under consideration. Moreover, the BPS bound tells us what quantity a calibrated brane
will minimize.

In Chapters 6 and 7 we work towards formulating a calibration bound for giant gravi-
tons in AdSs x S°. This is an interesting problem to work on as most previous work on
calibrations has focussed on static brane configurations. Our construction involves a num-
ber of steps. Firstly, in Chapter 6 we construct a set of p-forms of different degrees from a
Killing spinor of type IIB supergravity. From the Killing spinor equations and Fierz iden-
tities we derive a number of differential and algebraic identities satisfied by these forms. In
Chapter 7 we describe an interesting construction of giant gravitons [45] via holomorphic
surfaces in C2 x C3, which is a (complex) embedding space for AdSs x S°. These giant
gravitons are more general than the original example considered in Chapter 2. Moreover,
the construction via holomorphic surfaces makes the supersymmetry projection conditions
for these branes very simple. Our aim is to show that these general giant gravitons are

calibrated. To do this we manipulate the differential equations derived in Chapter 6 to
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find the closed form which appears as a topological charge in the super-translation algebra
for a giant graviton. We then use this algebra to find the calibration bound satisfied by
these branes. We then show that this bound is saturated by holomorphic giant gravitons.
Interestingly, we find that the dual giant graviton introduced in Chapter 2 also saturates
this bound. Moreover, we find that both the holomorphic giants and dual giants minimize

“energy minus momentum” in their homology class.



Chapter 2
Giant gravitons

In this chapter we introduce giant gravitons. Giant gravitons are spherical branes which
exist in AdS x S spaces. These branes were first discovered by McGreevy, Susskind and
Toumbas [46] as a solution to the following paradox in the AdS/CFT correspondence. In
N = 4 SU(N) super-Yang Mills theory there exists a family of chiral primary operators
consisting of single traces of scalar fields. These operators are dual to massless single
particle states carrying momentum on the spherical part of AdSs x S°. The important
feature of these operators is that they have bounded R-charge. This implies a cutoff
on the momentum of the massless states propagating on the S° However, it is difficult
to understand how this cutoff on the momentum arises. Naively, one would expect the
momentum of the particle to be allowed to get arbitrarily large. This paradox is referred
to as the “stringy exclusion principle”.

The idea of McGreevy, Susskind and Toumbas was to find an alternative description
of the massless particles in terms of spherical branes. These spherical branes, or giant
gravitons, are expanded D3-branes which wrap an S® within the S° part of the geometry.
They carry angular momentum on the sphere and are degenerate to the massless single
particle states. The important feature of giant gravitons is that their radius grows with
increasing angular momentum. However, since the giant graviton radius cannot exceed
the radius of the S°, there is a natural cutoff on the angular momentum of these states.
Moreover, the cutoftf obtained from the giant graviton description precisely matches the
bound on the R-charge of the single trace operators!.

Since the original work on giant gravitons, there has been much interest in these
objects. For example, more general giant graviton configurations have been found in

a variety of supergravity backgrounds, such as the pp-wave background [48-52]. Giant

1ater it was realized that the single trace operator description of giant gravitons was not quite correct,
but rather the dual operators are a family of sub-determinants and determinants of scalar fields [47]. These
operators have the same cut-off on their R-charge. We will discuss these operators in § 2.3.

22
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gravitons have also been found in backgrounds which are not supersymmetric 1,53, 54].
Progress has also been made on understanding the microscopical description of giant
gravitons in AdS x S backgrounds [55-57]. Furthermore, it has been conjectured [58]
that distributions of giant gravitons might source the naked singularities in superstar
solutions.

In this chapter we will describe simple D3-brane giant gravitons in AdSsx 5. To begin,
we will perform a probe calculation to show that such objects exist, they are degenerate
to massless particles, and their radius grows with increasing angular momentum. In § 2.2
we will describe a related brane known as a dual giant graviton. This is a D3-brane which
is expanded within the AdS part of the space-time. Then in § 2.3 we will discuss the field

theory interpretation of giant gravitons and dual giant gravitons.

2.1 The simple giant graviton

We consider an example of a giant graviton in AdSs x S°. In this case the giant graviton
is a D3-brane, which wraps an S® within the S° and carries angular momentum on S°.
We begin by describing the AdSs x S° solution of type IIB supergravity.

The metric on this space-time is given by ds* = ds? ;5 + ds% , where?

r? dr?
ds? o = — <1 + —) dt? + + r2dQ2 2.1
AdS L2 1+ 2_22 3 ( )

where L is the radius of curvature of AdSs (and S°) and d)2 is the usual metric on a unit
3-sphere:

dQ2 = dao? + sin® apdas + sin? o sin? apdo;

where 0 < a;,a9 < 7 and 0 < a3 < 2. The metric on S°, which also has radius L, is

3
dsg = L* ) (du? + plde?) (2.2)

i=1
where p; > 0 satisfy Z‘;l 12 =1and 0 < ¢; < 2m. We can parameterize the y; by

p1 = cosfy, pg=sinf;cosfy, p3= sinb;sinby (2.3)
where 0 < 6; < /2. In these coordinates the metric on the sphere becomes

ds% = L* (df} + sin® 6,d63 + cos® 01d¢; + sin® 0 cos® fyd¢p3 + sin” Oy sin® faddp3)  (2.4)

2Here we write the AdS metric in different coordinates to the version in Eq. (1.18) of Chapter 1.
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The only non-zero field strength for this solution is the 5-form, G®, which is given by
4
G® = - (vol(S®) + vol(AdSs)) (2.5)

where v0l(S®) and vol(AdSs) are volume forms on the 5-dimensional spaces, given explic-
itly by

’UOl(SS) = L5 sin3 91 COs 91 sin 02 COS 92 d91 A dgg A dqbl N (l¢2 A d¢3 (26)
vol(AdSs) = 7r’sin®a;sinay dt Adr Adag Aday Adag (2.7)

The 5-form field strength, G®, is related to a 4-form gauge potential, C®, by G® = dC®
(this agrees with the definitions in Chapter 1 since H® is zero for this background). A
giant graviton probe in AdSs x S° will couple to C™ to prevent it collapsing under gravity.
Now, G® is closed, but not exact. Therefore, C*) can only be determined locally. We
will be interested in giant gravitons at fixed 6;, and we will assume that cosf; # 0
(i.e. 0 # 7/2). Therefore, we integrate G with respect to 6, to obtain the following

component of C™® that couples to the giant graviton world-volume,
CW = —L*sin? 6, sin 0y cos odf; A ddy A dpy Adeps + . . . (2.8)

Note that because the giant graviton is expanded in the S® part of the geometry, the AdS
piece of C™® will not contribute to the brane action.

The giant graviton we consider is a D3-brane which wraps a 3-sphere parameterized
by 8s, ¢2, ¢3 at fixed 6; # w/2. We take the brane to move rigidly in the direction ¢;. For
simplicity, we consider the giant graviton to be at r = 0 in the AdS space (although the
brane could travel along any time-like trajectory in AdSs, see chapter 3 for details). The

action for this probe brane is given by

S = —T4 { / dtdfsddodds/—v — / 'P(C(“))} (2.9)

where T3 is the D3-brane tension. Here + is the determinant of the induced metric and
the second term is the pull-back of the 4-form potential to the brane world-volume. The
induced metric is obtained by pulling back the Ad.Ss x S° metric to the brane world-volume
using the formula in Eq. (1.12). We obtain

ds?, = (—=1+ L?cos?01¢?) dt* + L?sin® 0, (62 + cos? fod¢} + sin® 6,dg2)  (2.10)

9.9-

From this metric it is clear that the radius of the S wrapped by the giant graviton is
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744 = Lsiné;. The determinant of this metric is
v = —L5sin® 6, sin® @, cos® 0, (1 — L? cos® 0,¢°) (2.11)
Moreover, from Eq. (2.8), the Wess-Zumino term in the action is
P(CW) = ¢y L*sin’ 6, sin 0 cos By dt A dby A dy A deps (2.12)

Therefore, we obtain the following Lagrangian for the probe brane,

L=-A \/1 — L2cos?6,¢% + ALsin6,¢, (2.13)
where A = T3L?sin® f, sin 63 cos §,. The momentum conjugate to ¢, is

AL? cos? 01 ¢

Py, =
\/1 — L2 cos? 6,42

+ ALsin 6, (2.14)

This is a conserved quantity since the Lagrangian does not contain any explicit dependence

on ¢;. Using this expression for Fy,, we obtain the following Hamiltonian,

. — 1 2
H= Py - L = \/(P¢1 ALSO)” | a2

L2 cos? 0,

We can re-write this Hamiltonian using trigonometric identities as

1 N . 2

H= Z\/qul +tan2 6, (P(t,1 T sin? 6, sin @, cos 92> (2.15)
where we have substituted N = V3T5L%, where V3 = 272 is the surface area of a unit S°.
Note that N is actually an integer corresponding to the quantized flux of G through
the S°. We now want to minimise the energy with respect to 8;. Since H involves a sum

of squares, the minimisation is straight-forward. The first minimum occurs when

1
P, = — Pysinfcosb,
Vs
where P, = Nsin?4, is constant. This minimum corresponds to the expanded brane
solution (i.e. the giant graviton solution). Note that this definition of P; means that the

total momentum, [ df,dgodgs Py, , is simply equal to P for this configuration. We can
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also calculate the energy at this minimum as follows,

P P,
E= [ doyddodds H= | =22 =21
/ Ao /L .

i.e. this is a BPS minimum. Moreover, if we compare the expression for P; with the
radius of the giant graviton, ry, = Lsin#,, we find

N

b= ﬁTg.g.

This means that the radius of the wrapped sphere grows with increasing angular momen-
tum. Since r,, < L, the angular momentum of the giant graviton is bounded, P, < N.
Moreover, the maximum value of angular momentum, N, occurs when the brane has
maximal radius, rg4 = L.

There is also another minimum of H at §; = 0. This corresponds to the massless
particle solution because the radius (Lsin#;) is zero at this point. The massless particle
carries angular momentum on the S° and is a BPS object, with energy £ = %. Therefore,
both the giant graviton and the massless particle have the same energy. For large angular
momentum (of order V), the giant graviton description is more reliable than the point-like
particle description. This is because the particle has a huge energy concentrated at a point
(N34 ) and is subject to very large quantum corrections (see Ref. [46] for an estimate of
these corrections). By contrast, the giant graviton has the same energy spread out over
the surface of the brane. In Ref. [46] the authors suggested that the singular point-like
solution is resolved by blowing up into a brane as the momentum on the sphere increases.
Roughly speaking, the massless particle becomes less and less point-like as its momentum
increases. Moreover, there is no change in energy as this change occurs, as both objects
are BPS. This is analogous to the Myers’ effect [59] in type IIA supergravity where a
system of DO-branes blows up into a 2-sphere in the presence of a 4-form flux. In the
Myers’ effect this spherical configuration is interpreted as a bound D0-D2-brane state.

In Ref. [60] it was shown that the massless particle and the giant graviton preserve the
same supersymmetries. This gives further support to the idea that one should associate
giant gravitons with massless particles. We now see that there is a further D3-brane
configuration, degenerate to both the massless particle and the giant graviton, which is
expanded in the AdSs part of the space-time. This configuration also preserves the same
supersymmetries [60].
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2.2 Dual giant gravitons

We have seen that giant gravitons carrying the same quantum numbers as massless single
particles exist in AdSs x S°. It was noticed in Refs. [60,61] that one can also consider
brane expansion in the AdSs part of the space-time. In particular, there exist D3-branes
which wrap a 3-sphere in the AdSs; part of the geometry and carry angular momentum
on the §° These branes are known as dual giant gravitons, and they carry the same
quantum numbers as ordinary giant gravitons and massless particles. To see that these
objects exist we perform a probe calculation.

Recall from Eq. (2.1) that the metric on AdSs is given by,

.2 d2
d32z—<1+%) dt2+1 Trz

2

+ 72(da? + sin® ayda? + sin® o sin® apda?)  (2.16)

We consider a D3-brane which wraps a 3-sphere parameterised by «;, ag, a3 at fixed 7.
We take the motion of the brane on S° to be in the direction ¢; at fixed §; = 0. The

action for this probe brane is

S =—Ty { / dtdodasdasy/ =y — / P(C(4))}

where T3 is the D3-brane tension, -y is the determinant of the induced metric and the
second term is the pull-back of the 4-form potential to the brane world-volume. This
term prevents the brane collapsing under gravity even though it wraps a topologically
trivial cycle (an S3). The induced metric on the dual giant world-volume is

2
ds? = (_1 - % + L%f) dt* + r*(da? + sin® ayda? + sin® o sin? apda?) (2.17)

where we have pulled back the AdSs x S° metric to the brane world-volume. From this

metric the radius of the dual giant is . We now compute the first term in the action,

2 .
V=7 = r3sin? o sinag \/1 + % ~ L2¢?
For the second term we note that the relevant part of the 5-form field strength, G®, is

4 4
——Evol(AdS5) = —Zr3 sin? a; sin awdt A dr A dag A dos A das (2.18)

Since the brane has fixed r, we integrate this term with respect to r to obtain the following
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term which couples to the brane,
1
cW = Z’IA sin? o sin azdt A doy A dag A dos (2.19)

Hence, we obtain the following Lagrangian for the dual giant graviton,

L=A]-r34/1 T—Q—L2'2 rt 2.20
T +L2 ¢1 +L ()

where A = Ty sin® aq sin ap. The momentum conjugate to ¢, is thus

P oL ATBLZQZH
1 e . = =
061 \J14 % - 12

This is a conserved quantity since the Lagrangian contains no explicit dependence on ¢;.

We can use this to calculate the Hamiltonian. After some algebra we obtain,

. N r2 le r6 rd
H=P¢1¢l_£:z \/<1+ﬁ)(N2+E>_E (221)

where we have integrated over the compact brane coordinates, ay, as and a3z, and N =

VsTsL* as before. We now want to minimise the energy with respect to 7. Solving
OH/0r = 0 we find two minima,

B Nr?

T=O, P¢1-7

(2.22)
The energy at both critical points is E = P/L, where P, = [ P, is the total momentum.
The first minimum corresponds to the point-like particle. The second minimum corre-
sponds to an expanded brane configuration, i.e. the dual giant graviton. From Eq. (2.22),
clearly the radius of the dual giant, r, grows with increasing momentum. However, here
there is no bound on the angular momentum since the range of r is 0 < r < co. So the
dual giant graviton is another configuration which is degenerate to the massless particle,
but it does not have the correct properties to solve the stringy exclusion principle as its
angular momentum is not bounded. In Ref. [60] it was shown that the dual giant gravi-
ton preserves exactly the same supersymmetries as the massless particle and the giant
graviton. Therefore, there are two expanded brane configurations which are degenerate
to the massless particle and preserve the same supersymmetries. We will discuss the field
theory interpretation of all of these objects in the next section.

Giant gravitons and dual giants degenerate to massless particles are also found in
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AdSy x ST and AdS; x S*. In AdSy x ST the giant graviton is an M5-brane which wraps
an S° within the S7. The dual giant graviton is an M2-brane which wraps an S? within
the AdS, part of the space-time. In AdS; x S* the situation is reversed and the giant
graviton is a spherical M2-brane in S* and the dual giant is a spherical M5-brane in
AdS;. In both space-times the probe calculations for these branes are analogous to the
calculations presented in § 2.1-2.2, and the results are qualitatively very similar. In this
chapter, however, we will focus only on the AdSs x S® case because the dual conformal
field theory for this this space-time is much better understood than the other cases. We

now discuss the conformal field theory interpretation of these branes.

2.3 Conformal field theory interpretation

As discussed in § 1.3, the AdS/CFT conjecture proposes that in the large N limit type
1B supergravity on AdSs x S° is dual to an AN/ = 4 super-Yang-Mills (SYM) theory in
four dimensions with gauge group SU(N). This conjecture is now very well tested and
so we assume that it holds. We now give some details of the 4-dimenionsal gauge theory,
first in A/ = 4 language and then in terms of a A/ = 1 subgroup of the supersymmetry
algebra.

The 4-dimensional SYM theory has 6 adjoint scalar fields, X*, (¢ = 1,...6) and 4
adjoint fermions A2, (A = 1,...4). The theory has an R-symmetry group SU(4) which
is the cover of SO(6). The scalar fields form a vector of SO(6) and the adjoint fermions
form a positive chirality spinor of SO(6). It is useful to describe this theory from the point
of view of a N’ = 1 subalgebra of the N/ = 4 supersymmetry algebra. In particular, this
means we combine the scalars and fermions into 3 chiral superfields, ®*, = 1,2,3. In
this setting the SU(4) R-symmetry is partially hidden. However, the “visible” part of the
group comprises an SU(3) which rotates the chiral superfields ®* and a U(1) which acts
on one of the ®* (the SU(3) symmetry means that it doesn’t matter which ®* is chosen).
The charge of an operator under the U(1) symmetry is referred to as its R-charge. One

way of forming gauge invariant operators is to take traces of the chiral superfields, e.g.
THL — Ty (q)(ul Pr2 q)m)) (2.23)

where the SU(3) indices are symmetrized over to ensure the operator is irreducible. This
operator is gauge invariant due to the cyclicity of the trace and the fact that ® transforms
in the adjoint of SU(N). The R-charge of this operator is equal to ! times the R-charge
of ®#. Taking the free field limit one finds that the R-charge is precisely [ and it remains
[ for all values of the coupling (which in practical terms means we can take the R-charge

of ®* to be 1). An important fact about these operators is that they have a bound on
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their R-charge: [ < V. This arises from the properties of traces of matrices in the adjoint
of SU(N). In particular, if one takes [ > N in T## the operator decomposes into a
sum of products of lower R-charge operators.

The original idea [46] was to associate a giant graviton carrying angular momentum
[ with T##t where the SU(3) structure of the operator corresponds to the plane of
rotation of the brane in S°. There are two reasons that this association was believed to
be correct. Firstly, the bound on the R-charge of the operators T#!# precisely matches
the bound on the angular momentum for a giant graviton (derived in § 2.1). Secondly,
for low R-charge, the number of traces in an operator counts the number of particles.
Since in the stringy exclusion principle giant gravitons are associated to single point-like
particles carrying angular momentum on the 5%, one would expect that the operator dual
to a giant graviton would contain a single trace.

However, it was realized in Ref. [47] that the single trace description of giant gravitons
is not quite correct. The reason for this is that operators corresponding to states with
different numbers of giant gravitons are not orthogonal when the R-charge is of order
N. In particular, at order N the correspondence between the number of traces and
particle number breaks down. The fact that operators containing different numbers of
giant gravitons are not orthogonal is in contradiction with the semi-classical description,
where there is a clear distinction between these states. In particular, in the semi-classical
description states containing different numbers of giant gravitons only weakly interact
with each other and transitions are suppressed.

To address these problems, the authors of Ref. [47] proposed that giant gravitons
should instead be associated to a family of sub-determinant and determinant operators

as follows. A giant graviton with angular momentum [ should be associated to
1 o : .
O; = det;® = l—'eilm,-,kl“_kN_,ejl“'“kl"'kN‘“I);ll . (2.24)

where i, j, k are SU(N) indices and we have suppressed the SU(3) indices on ®. Like
the single trace operators, these operators are gauge invariant and by definition they
have maximum R-charge N. At maximum R-charge, which corresponds to maximum
angular momentum, N, for the giant graviton, the sub-determinant becomes the usual
determinant of the matrix ®%, i.e.
Oy = meil___ih,eﬂ'l-~f~¢;i§ BN = det @

The motivation for using this family of operators to describe giant gravitons came from
considering wrapped D3-branes on related geometries [62-66], where the dual operators

were known to involve determinants of chiral fields. The important feature of this new
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family of operators is that the overlap between operators corresponding to different num-
bers of giant gravitons is exponentially suppressed. Therefore, the transition probability
between states containing different numbers of giant gravitons is very small, in agreement
with the semi-classical description.

The remaining question is what do the dual giants, and indeed the point-like gravitons,
correspond to in the dual description? We now have a sensible set of operators for giant
gravitons, but we haven’t yet discussed the field theory dual of point-like gravitons and
dual giant gravitons. The field theory interpretation of these objects has been discussed
in Refs. [67,68]. Firstly, in Ref. [67] it was argued that the point-like graviton configu-
ration is unphysical whenever a giant graviton configuration carrying the same angular
momentum is allowed, i.e. whenever the radius of the giant graviton exceeds the string
scale. Therefore, one does not expect to find a field theory operator corresponding to a
point-like graviton except in a very restricted range of momenta where the giant graviton
description does not make sense. The second point in Ref. [67] is that the dual giant
configuration has a completely different particle interpretation to an ordinary sphere gi-
ant. In particular, a dual giant carrying angular momentum [ arises from [ point-like
gravitons, each carrying angular momentum 1, which form a bound state and expand
into a brane via quantum effects. This differs completely from an ordinary giant graviton
which arises from one point-like graviton, which carries angular momentum !, blowing up
into a brane. These two scenarios can be neatly described via one Young Tableau [68].
The consequence for the field theory is that an operator with R-charge ! can have two
possible supergravity duals - either in terms of giant gravitons or dual giants - but the
two supergravity configurations have non-overlapping regimes of validity. Therefore, for a
given set of parameters, the field theory operator has only one sensible supergravity dual.
However, to determine precisely which supergravity dual corresponds to a given opera-
tor for particular parameters, one would require a better understanding of the auxiliary

theory®, which has not yet been given.

3The auxiliary theory lives on [ coincident gravitons in the AdSs x S° background. This theory has
been discussed in Refs. [57,67]. In this picture the giant gravitons, point-like gravitons and dual giants
correspond to vacuua of this theory.



Chapter 3

Giant gravitons in

non-supersymmetric backgrounds

In this chapter we consider probing a family of 11-dimensional supergravity solutions with
giant gravitons. These solutions arise from lifting arbitrary solutions of 4-dimensional
U(1)* and 7-dimensional U(1)? gauged supergravities. Typically, these solutions will
not preserve supersymmetry. Our main result is to show that giant gravitons in the
11-dimensional lifted geometries are equivalent to massive charged particles in the cor-
responding lower-dimensional gauged supergravity background. Furthermore, both these
objects are equivalent to massless particles in 11 dimensions, which carry momentum on
the internal part of the lifted geometry.

We begin by studying the case of 4-dimensional U(1)* gauged supergravity. This
theory arises from the reduction of 11-dimensional supergravity on an S”. The correspon-
dence between the 4-dimensional and 11-dimensional solutions is given in Ref. [69], and
we discuss this in § 3.1.1. Roughly speaking, the 11-dimensional lifted backgrounds are
composed of a product of the 4-dimensional background with an internal 7-dimensional
space which has the topology of a 7-sphere, but an unusual metric (one can think of this as
a “squashed” 7-sphere). For this class of 11-dimensional supergravity solutions, the giant
graviton probe is an M5-brane which wraps a 5-sphere in the internal space. It is sup-
ported from collapse by coupling magnetically to the 4-form field strength, F*). Before
we embark on the giant graviton probe calculation, we first consider a massless particle
carrying angular momentum on the internal space of an arbitrary 11-dimensional lifted
geometry. We show that the action of this particle reduces to that of a massive charged
particle in four dimensions. Then we perform a brane probe calculation to show that
the same massive charged particle has yet another description in terms of an M5-brane
giant graviton which also carries momentum on the internal 7-sphere. In particular, we

show that a massive charged particle probing any solution of the gauged supergravity is

32
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equivalent to a massless particle or M5-brane probing the 11-dimensional lift, with specific
embeddings in the internal space. This extends the results of [54] for the closely related
case of 5-dimensional U(1)® gauged supergravity!. Moreover, our results agree with the
calculations in pure AdS x S geometries, discussed in § 2. However, here the geometries
are much more complicated (although the pure AdS x S geometries arise as a special case
where all the gauge fields and scalar fields are set to zero).

In § 3.2 we repeat the above calculations for lifted solutions of 7-dimensional U(1)?
gauged supergravity. In this case the giant graviton probe is an M2-brane wrapping a
2-sphere in the internal 4-dimensional space. Qualitatively, the results are exactly the
same, i.e. giant gravitons and massless particles probing an 11-dimensional lifted solution
are equivalent to massive charged particles probing the corresponding lower-dimensional
background.

In § 3.3 we apply our results to probe superstar geometries. These backgrounds arise
as the extremal limit of charged black holes [70-72], and they are conjectured to be
sourced by distributions of giant gravitons [58,73,74]. Instead of performing full giant
graviton probe calculations, we can work entirely within the simpler lower-dimensional
setting, using massive charged particles to probe the geometry. The original results in

this chapter are published in Ref. [1].

3.1 Probing lifted 4-d U(1)* solutions

In this section we introduce the 4-dimensional U(1)* theory and discuss the lift ansatze
for the metric and the 4-form field strength. Then we probe a general lifted geometry
with a massless particle and an M5-brane giant graviton. We find that these objects
are both equivalent to a massive charged particle probing the associated 4-dimensional

background.

3.1.1 4-d gauged supergravity and lift ansatze

The compactification of 11-dimensional supergravity on S leads to gauged N = 8 super-
gravity in four dimensions with gauge group SO(8). This theory arises from consistently
truncating the massive Kaluza-Klein modes of the compactified 11-dimensional super-
gravity. Consequently, all solutions of this 4-dimensional supergravity theory correspond
to solutions of the 11-dimensional theory. In practice, however, the relationship between
solutions of the two theories is complicated and highly implicit. To provide a concrete

realization of this relationship one can consistently truncate the 4-dimensional N' = 8

n this case the 5-dimensional solutions lift to solutions of type IIB supergravity.



3.1. Probing lifted 4-d U(1)? solutions 34

theory to a N/ = 2 theory. This corresponds to truncating the full gauge group SO(8) to
its Cartan subgroup, U(1)?. The explicit relationship [69] between solutions of the N’ = 2
U(1)* theory and 11-dimensional supergravity is shown in the following.

The 4-dimensional N’ = 2 supergravity theory has a bosonic sector consisting of the
metric, four commuting U(1) gauge fields, three dilatons and three axions. We will be
interested in cases where the axions are set to zero. While this is not completely consistent
(since terms of the form e,,,,, F** F'*° will source axions) it suffices for the present purposes
since we will only consider electrically charged solutions. The Lagrangian for this theory

is given by

#b-lb—‘

8
cosh ¢, + cosh 2 + cosh ;)

1 |
—— Li=R— (09) + 7

7= Z GE(F)? (3.1)

where g is the determinant of the 4-dimensional metric, ds?1 3 = gudz*dz”. Here ¢ =
(1, @2, 3) are the three dilaton fields, the quantities F(2) dAfl), i =1,...4, are the
four U(1) field strength tensors, and the 3-vectors a;, ¢ = 1,.. ., 4, satisfy

The three dilaton fields can be conveniently parameterized in terms of four scalar quan-
tities X;, 2 =1,...4, where
X, = e (33)

The X; satisfy the constraint X;X;X3X4 = 1. The Lagrangian (3.1) leads to the following

equations of motion,

1 _
d*q3 dlog(X;) = 1 Z My X% * F(]2)
j

; 1
A F(‘72) + EE Z Mz‘ijXkE(l’g)
ik

1
_ﬁ Z ]\4'”)(]2 6(1,3) (34)
J

d(X7 " Fy) = 0 (3.5)

together with the 4-dimensional Einstein-Maxwell equations coupled to scalars X;. Here
*(1,3 means dualizing with respect to the 4-dimensional metric ds?m), and €(;,3) is the
volume form on this space. Solutions of this 4-dimensional theory can be “lifted” to

solutions of 11-dimensional supergravity as follows [69],

4
ds}) = A*Pdsl g + A7V (LPX Ndpd + X7l (Ldds + Afyy)?) (3.6)

i=1
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where A = Z?:l X;p2. The lift ansatz for the 4-form field strength tensor is

2U
FO == cant 3 ZX x(1,3) dX; Ad(pd) ZX 2d(p2) A (Ld + Aly)) Az Flyy
(3.7)
where U = S0 (X242 — AX;). The four ¢; satisfy 0 < ¢; < 27 and the coordinates ;

define a unit 3-sphere, S : Zle u? = 1. They can be parameterized as

(1 = cos b 1o = sin 8; cos Oy i3 = sin 6y sin 65 cos 03 (44 = sin @ sin O, sin O3

(3.8)
where 0 < 60y, 0,,03 < w/2. The compact coordinates 0y, 8,, 03 and ¢y, . . . ¢4 parameterize
the internal 7-dimensional space of the lifted solution. This internal space has the topology
of a 7-sphere but its metric is not the usual 7-sphere metric (except in the special case
where the gauge fields and dilatons are set to zero and we recover the AdS; x S™ metric
and its associated 4-form field strength). It is important to note that the metric and
4-form field strength given in Eqs. (3.6)-(3.7) solve the 11-dimensional supergravity field
equations provided (ds?m), X, A’kl)) is a solution of the 4-dimensional theory given above.
In particular, it is easy to check that dF® = 0 if the 4-dimensional equations of motion
are satisfied.

We will be interested in probing the 11-dimensional lifted solutions in Egs. (3.6)-
(3.7) with massless particles and giant gravitons. The giant gravitons are M5-branes
which wrap an S° in the 7-dimensional internal space. These 5-branes are prevented from
collapse by coupling to the 6-form potential, A®), which is related to the 4-form field
strength via the dual field strength, F(" = *anF ) = dA®) . To obtain the relevant piece
of A® we must first dualize the 4-form field strength in Eq. (3.7), and then integrate it.
This procedure involves a number of tricks and intermediate results analogous to those
obtained in Ref. [54]. We perform the calculation in detail in § B.1 and present the results
here. We find that the dual 7-form field strength is given by,

2L2U
N — 4 _—
F = *anF = -

(Ldgy + Af))
2A2 ZX AX; A i Zig /\Mk Lddy, + Afy)

Z Fy A Zii X I\ pw( Ly + Afy)) (3.9)
ki
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where 7,7, k,---=1,...,4 and we use the following notation,

1
/\ dpm = 3 Z €ijkl dPj N ddi N dey

m#i Tkl

where €1934 = +1. Here W is the usual volume form on the 3-sphere, .S,

1
W = 6 €kt Pidpt; A dpg A dpy = sin? 6, sin 05d6; A dfy A db;

and Z;; are 2-forms on S, given by

Zij = Z €ijkt A N dpy
)

It is reasonably straighforward to check that the Bianchi identity, dF(" = 0, holds for
F( given in BEq. (3.9). This does not require use of the equations of motion and it
provides a check on the relative signs in Eq. (3.9). The only subtlety is that one must
take F('iz) /\F(jQ) = 0 for this to hold, which corresponds to neglecting the axions, as already
discussed.

Since dF( vanishes identically, the 6-form potential, A® associated to F( must
exist at least locally. In fact, it is not possible to determine A® globally, but it can
be found locally as we show explicitly in § B.1.2. The local region we consider is where
w1 # 0. As we will see, this is appropriate for the giant graviton probe in § 3.1.3, as we
will take the probe to be at fixed y; # 0. In this region, A® is given by

L2 . 12 . m
A®) = BETN > XupwZan \ ni(Ldg; + ALy) + - €Lk pamdp A Fly N\ (Ldgm + Af)
i j m
(3.10)

where a sum over 7, k, ! is implicit in the second term. In § 3.1.3 we will see that the first
term in Eq. (3.10) contributes to the action for the probe giant graviton, while the second
term does not couple to the brane. Note that from now on we will drop the subscripts
(1) and (2) from the gauge potentials, A, and associated 2-form field strengths, F".

3.1.2 A massless particle probe

As a warm-up to the brane probe calculation, we consider a massless particle moving
in a general 11-dimensional lifted geometry, Eqs. (3.6)—(3.7), carrying some conserved
angular momentum on the compact internal 7-dimensional space (the “7-sphere”). We
are interested in how this particle appears in the associated 4-dimensional space-time.

Clearly if the particle is stationary on the 7-sphere it will simply appear as a massless
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particle in four dimensions. However, if the particle carries some angular momentum on
the internal space we expect that it will behave as a massive charged particle in the 4-
dimensional space-time. Here we show that this is indeed the case by performing a probe
calculation and minimizing the energy of the particle in the compact directions.

To simplify the calculation we begin by considering the action for a massive particle
moving in eleven dimensions. Then we will move to the Hamiltonian formulation and

take the mass to zero. The action is given by

S = —m/dt\/—gmnj:mj:" (3.11)

where g, is the 11-dimensional metric from Eq. (3.6) (m,n = 0,1...,9,4), z° = ¢ and
&™ = da™/dt. We assume that the motion on the 7-sphere is only in the ¢; directions,
and that the particle is stationary in the p; directions. Therefore, the Lagrangian is given

explicitly by

4 1/2
L=-m (—A2/3g“,,jz“j;" — ATV X (L + AL:'E#V) (3.12)
i=1

where g, are the components of the 4-dimensional metric. The momentum conjugate to
¢; can be easily computed for each ¢ = 1,...4. One obtains,

oL m2L 1,2

=94, AL (L + ALi*) (3.13)

Since the Lagrangian contains no explicit dependence on ¢; these momenta are time-
independent. We want to rearrange Eq. (3.13) to write é; in terms of the momenta, P;.

A few lines of algebra yields

 ABPX, (A g it \ Y .
i = X G LN T L i (3.14)
L2 K + m2Al/3 T
where
1. A3 P2X;
K= —_— (3.15)

2
j=1 Lo
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We now construct the Hamiltonian (or Routhian?) by conjugating the ¢; variables,

R =2 Po-t (3.16)
Al/B‘Piin _A guuj:ui:u 1/2 1 .
RS < K + mEAL/ ) - I Z RAL G — L (3.17)

In the limit m — 0 this becomes

AP\ .
R = \/—guihi” W -7 Z PAL# (3.18)

We want to minimize this energy function with respect to the sphere coordinates y;. This

can be achieved by defining two 4-vectors U and V with components

Xlljz _ 2

and recognizing that the quantity in brackets in Eq. (3.18) can be written as

N AN
ZLz—;ﬁ = |U||V]| (3.20)

By the Cauchy-Schwarz inequality the minimum value of this expression is U -V =
>~ Xi P/ L which occurs when U and V are parallel. The constraint Y, u? = 1 determines
the constant of proportionality relating U and V when they are parallel. We obtain,

which implies that the minimal energy configuration occurs when u? = P;/ 5 i P;. There-
fore, after minimizing the energy in the compact directions we obtain the following

Routhian,

1 — 1 i
R= T 21: P.Xi\/—guiti’ — I Z PA 3" (3.21)

This is just the Lagrangian for a massive charged particle with scalar coupling moving
in a 4-dimensional space-time with metric ds?l 3) = Gudrtdz”, ie. the massless particle
action in 11 dimensions reduces to the action for a 4-dimensional massive charged particle

in the associated gauged supergravity background. It is important to note that we have

2More precisely, this quantity is called a Routhian, since we are not conjugating the x# variables
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not assumed any special form for the 4-dimensional solution, i.e. this calculation is valid

for arbitrary lifted solutions of the gauged supergravity.

3.1.3 Brane probe calculation

We now consider probing an arbitrary lifted solution, Egs. (3.6)—(3.7), with a giant
graviton. In this case the giant graviton is an Mb5-brane which wraps an S° within
the internal 7-dimensional space. We take the wrapped S® to be parameterized by
o' = {6,063, ¢2, 3,94} and we assume that the brane moves rigidly in the ¢; direc-
tion at fixed 6, with arbitrary rigid motion in the 4-dimensional space. The action for

this brane is,

S5 = —Ts / dtdfrdfsddydpsdeps [\/——7 = A bt — ¢1A;ﬁ’9203¢2¢3¢4] (3.22)

where 7 is the determinant of the induced metric on the brane world-volume, v = det (7yg),
and the last two terms arise from the pull-back of the 6-form gauge potential to the brane.
To calculate the induced metric we use the formula from Chapter 1, namely

oz™ oz

ab = Imn a5 2
Yab = Gmn 55 (3.23)

Here g, is the 11-dimensional lifted metric from Eq. (3.6), 2™ are embedding coordinates
for the brane in this background and o* = {¢,0'} (a,b=0,...,5) are the brane’s world-
volume coordinates. The 6-dimensional induced metric, 7., is slightly messy to write
down, but it has non-zero entries along the diagonal and in the (¢, ¢;) positions. Evaluating

the determinant of this metric gives

_ LX}a
A

2 g, .
sin'® 8; cos? 6, sin® 8, cos? 05 sin? O (gu,,a':“:i:” + E&@) (3.24)

" XA

where & = Lq31 + All‘:'v“ , and
a = X,c082 05 + X3sin? 6, cos? 3 + X4 sin? 0, sin? 0,

Note that the 1-form A! appears in this determinant because we are considering mo-
tion in the ¢; direction and the metric contains the combination Ld¢; + A'. Now, the
Wess-Zumino terms in the action can be determined simply by reading off the relevant

components of A® from Eq. (3.10). Using the parameterization for the p; coordinates
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given in Eq. (3.8), one finds

) : L® . . . :
$“Af?9)293¢2¢3¢4 + ¢1A$)3293¢2¢3¢4 =X sin® 6y sin® 0 cos B, cos O3 sin 63 o @ (3.25)

Thus, the action for the giant graviton is given by

in® @ sin #
S = —TL5/dtd0 d03ddoddbsddrs oL 005 0y Sin® 0o cOs O Sin f14 — !
5 5 2d0sddoddsdy A 2 9 3 3 /A

o cos26; .
+\/X12a (—gu,,m“a:" XA <I>2> } (3.26)

This action contains no explicit dependence on ¢;. Thus, the momentum conjugate to

ad

$1, which we denote by Pp,, is time independent. Conjugating the variable $1 we obtain
the following Routhian, R = P¢1¢1 — L, where L is the Lagrangian corresponding to the

action above,

1 XA N 2
R = I /_gwj;u;'gv (coslz 5 <P¢1 — Vg,_Z sin® 6; cos 85 sin® 6, cos f5 sin 9;;)
1/2 .
N2X2 P, Al
Ve Ala sin'® 8, cos? 6, sin® B, cos? O3 sin” 93> — ¢1T (3.27)

where N = T5V5L® and Vi = 73 is the surface area of a unit 5-sphere in flat space. The

terms inside the square root above can be rewritten as the following sum of squares:

N 2
XiP; + X,atan® 0, (qu1 - sin 8, cos 85 sin® 8, cos 05 sin 93) (3.28)
5

Then the Routhian becomes,

1
R = i /=G *iv\/ X{ P} + Xjatan® 6, (Ps, — N sin* 6 cos 0, sin® 6 cos 63 sin 03/V5)2
Py A
L

This rearrangement makes it easy to minimize the energy over 6;. There are two minima

of R which occur at 8; = 0 and

P
Py, = ~! cos 65 sin3 05 cos 0 sin 5
Vs
where P, is constant given by P, = Nsin?6;. The minimum at §; = 0 corresponds

classically to a massless particle, rather than a brane expanded on S5 This solution
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is singular with respect to the gravitational field equations because it represents a huge
amount of energy concentrated at a point, which leads to uncontrolled quantum correc-
tions [46]. However, the second minimum corresponds to an expanded giant graviton. At
this expanded minimum the Routhian reduces to

1 1 1
R = (Z =G ahi X Py — EHA}@“) 7o cos 85 sin® 05 cos 63 sin 63 (3.29)
5

Note that P, is the centre of mass momentum of the brane, and P, = Nsin®#, agrees
with the result obtained in Ref. [60] for giant gravitons in AdS, x S”. Integrating R over

the spatial coordinates of the brane, o' = {6, 03, d2, P3, d4}, we obtain

1 1 .
R = TV —guThz PX, — 7 P1A,1ﬁ3” (3.30)

This is just the Lagrangian for a massive charged particle with scalar coupling moving
in a 4-dimensional space-time with metric ds(; 3y = g, dz*dz”. Note that this particle is
BPS as both the mass and charge are equal to P,/L. Equivalently we could have chosen
the probe brane to move in any of the four ¢; directions. Then minimizing the energy

over the remaining compact coordinates would give

E, = %,/—gw,:t#j:" PX; - %PiALj;” (3.31)

for the energy of that brane. So we find that by minimizing the energy in the compact
directions, the giant graviton action reduces to that of a 4-dimensional massive charged
particle coupled to a scalar field. This means that probing an 11-dimensional lifted so-
lution with a giant graviton is equivalent to probing the corresponding 4-dimensional
solution with a charged particle. Note that the energy obtained above precisely agrees
with the Routhian obtained from the massless particle probe calculation in Eq. (3.21) if
we set all but one of the particle momenta, F;, to zero. As in the massless particle probe
calculation, we haven’t specified a particular form for the 4-dimensional solution, so this
result is valid for arbitrary lifted solutions of the 4-dimensional gauged supergravity.
Note that the results we obtain certainly agree with the calculations in pure AdS; x S7
where giant gravitons are associated to single particle states. However, it is somewhat
surprising that giant gravitons degenerate to massless particles also exist in this much more
general class of backgrounds, which are generically not supersymmetric. Technically, our
result depends on the fact that the quantity under the square root in Eq. (3.27) could be
rearranged as a sum of squares. If this did not happen the minimization would be much
more complicated and probably not produce such a simple result. It seems that the lift

ansatze in Egs. (3.6)-(3.7) have precisely the right properties to allow this to happen for
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these giant graviton probes.

3.2 Probing lifted 7-d U(1)? solutions

In this section we introduce 7-dimensional U(1)? gauged supergravity. This theory arises
from the compactification of 11-dimensional supergravity on S*. Solutions of the 7-
dimensional theory can be lifted to solutions of 11-dimensional supergravity, and we give
the ansatze for this lift [69]. Then we perform a giant graviton probe calculation in an
arbitrary lifted background. In analogy to the calculation in § 3.1.3, it is possible to solve
for the embedding in the internal space, and the giant graviton action then reduces to that
of a massive charged particle probing the associated 7-dimensional gauged supergravity

background.

3.2.1 Supergravity reduction on S* and lift ansatze

The Kaluza-Klein reduction of 11-dimensional supergravity on S* leads to N = 4 super-
gravity in 7 dimensions with gauge group SO(5). As in the previous case, this N' = 4
theory can be consistently truncated to a N’ = 2 supergravity theory coupled to a vector
multiplet. The vector multiplet consists of the 7-dimensional metric, a 2-form poten-
tial, four vector potentials and four scalars. We are interested in a further truncation of
the 7-dimensional theory where only the metric, two vector potentials and two scalars are
retained in the bosonic sector. That is, the only gauge fields retained are those correspond-
ing to the U(1)? Cartan subgroup of SO(5). Like the previous case, where we neglected
axions, this further truncation is not completely consistent. However, it is consistent for
solutions which satisfy F' A F2 = 0 (where F' and F? are the U(1) field strengths in
the 7-dimensional theory). These solutions can be lifted to solutions of 11-dimensional
supergravity, and we describe the lift ansatze to in the following.

The Lagrangian for the 7-dimensional truncated N' = 2 theory is given by
1o 1 1 1
£7 = R-— 5 Z(alnXi)z — Z(ah’lXo)z + ﬁ(4X1X2 + 2X0X1 + 2XOX2 - §Xg)
1 —2( i
-1 ZXi 2(F1)? (3.32)
Here g is the determinant of the 7-dimensional metric, ds?l,ﬁ) = gudztdz”, R is the 7-
dimensional Ricci scalar, and the quantities Xy, X7, X5 parameterize the two scalar fields

and they satisfy the constraint X, = (X1 X2) 2. We denote the two U(1) gauge potentials
by A, i = 1,2, and F* = dA' are the corresponding field strengths. The 7-dimensional
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equations of motion can be deduced from the above Lagrangian. We obtain,

4x; 2 2X0X; . .

d *(1,6) leg(Xz) = — z €(1,6) — ;2 €(1,6) — Xi—zFl A *(1,6)F1 -2
_4X X

d *(1,6) leg(Xo) = 0 ZX 6 (1,6) + — 6(1 6) — 2

d (Xi—Q *(1,6) Fl) =0

together with the Einstein-Maxwell equations coupled to the scalar fields. Here x(; )
refers to dualizing within the 7-dimensional space and €( ) is the volume form on this

space. The quantity A is defined by

1 —1/2 i
A= 5L2< 8X /% — 4X, ZX +XO> 16)——ZX2F A (16 F (3.33)
1=1
Note that we use the following convention for indices in this section: %,7,--- = 1,2 and
a,b,---=0,1,2. Solutions of the above equations of motion can be lifted to solutions of

11-dimensional supergravity via the lift ansatze [69]:

dst, = AV3dsh o + A <L22X ldua+ZX : Ld¢Z+A1)> (3.34)

a=0 =1
" 2U
FO = g - Z AXo € ——ZX *(1.) 4Xa A d(p)
a=0
_ L Zx 2d(12) A (Lddp; + AY) A () F (3.35)

where 0 < ¢, ¢o < 27 and the quantities A and U are defined by

2

2
A = ZXaﬂi’ U= Z(Xa”a AXG)
a=0

a=0
The variables p,, a = 0,1,2, define a unit 2-sphere, S : S>,u2 = 1. They can be
parameterized by

o = sin 6, cos 0y, 1 = cos By, o = sin 0y sin 6, (3.36)

where 0 < 6; < 7/2, 0 < 6, < 7. The polar coordinates 6,0z, ¢1, 2 parameterize the
internal 4-dimensional space of this lifted solution. This space has the topology of an 5%,

but its metric is not the usual 4-sphere metric except in the special case where X; = 1
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and A* = 0. In this case we recover AdS; x S*. In general, the metric and 7-form field
strength (where F(7) is related to the usual 4-form field strength by F*) = — *1) F7)
given in Egs. (3.34)-(3.35) will be a solution of 11-dimensional supergravity provided that

ds? .\, X;, AY) is a solution of the 7-dimensional theory described above.
(1,6)

3.2.2 Obtaining the 3-form potential A®)

We want to consider probing the lifted 11-dimensional supergravity solutions, Eqgs. (3.34)—
(3.35), with giant gravitons. These giant gravitons are M2-branes with an S? topology.
They will be supported from collapse by coupling to a 3-form potential, A®, which
is related to the 7-form field strength, F(7, via the dual 4-form field strength F(® =
— 1) F = dA®. Therefore, to find A® explicitly we must first dualize F(, given
in Eq. (3.35), and then integrate the resulting 4-form. In many ways this is similar to
the previous case (§ 3.1.1 with details in Appendix B.1) where we dualized F® and
then integrated the resulting 7-form to obtain the 6-form potential, A®). The main
differences in these calculations arise in the intermediate steps because here the sphere is
even-dimensional, and thus parameterized slightly differently compared to the S7. In this
section we simply present the results of the calculation for A® and the full details are
given in Appendix B.2.
If we dualize F("), given in Eq. (3.35), we obtain the following 4-form field strength,

2LU - . LXy + .
FO = — 4y FO = -——A—zq W/\[J,i(qubi + AY) — TO W/\Hi(Ldei + A)

L . N 4
v E PalXo N Zgy p15.Xp /\/Ji(Ldei + A")
a,b i

L 1' =~ :
-3 2:1? A Zig paXa /¢\ i (Ldg; + A7) (3.37)
a,i JF

where W is the following volume form on the 2-sphere S,

- 1 _
W = 5 Z €apettadits A dpie = — sin 6;d0; A dby

a,b,c

and we use the convention that €¢go = +1. The quantities Zab are 1-forms on S defined
by
Zab = Z 6abcd,u'c
c
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Note that in F® we use the following shorthand notation:

/\ d¢] = Z Eijd(zsj

J# J

where €15 = 1. Using some identities which we derive in Egs. (B.31)-(B.33), one can show
that the 4-form field strength given above obeys dF) = 0. This means that F* can
be integrated at least locally. As in the previous case for F(7 it is not possible to write
F@ = dA®) with A® well-defined over the whole space-time. However, A® can be found

locally everywhere. For example, in the region where pu; # 0, A® is given by

L ~ .
A® = __A Z PaXaZal /\ ﬂz(Ld¢z + Az) - L:LLOF’2 N (Ld¢1 + Al) (338)
241 a i

In the next section we will consider giant graviton probes moving in arbitrary lifted
backgrounds at fixed 1 # 0. The above form for A® will allow the coupling of the probe

brane to the 3-form potential to be determined explicitly.

3.2.3 Brane probe calculation

We now consider probing an arbitrary lifted solution, given in Eqgs. (3.34)-(3.35), with
a giant graviton. As in § 3.1.2 we could also consider probing these solutions with a
massless particle which carries angular momentum on the internal 4-sphere. However,
this calculation is entirely analogous to the calculation in § 3.1.2 for lifted 4-dimensional
geometries, so we will not include it here. The result from this calculation is that a
massless particle probe is equivalent to a massive charged particle coupled to scalars
probing the associated 7-dimensional space-time. We now see that a giant graviton probe
is also equivalent to this 7-dimensional particle.

In this case the giant graviton is an M2-brane which wraps an $? within the internal 4-
sphere. We take the brane world-volume to be parameterized by the coordinates ¢, 8, ¢,
where 6, ¢ are coordinates on the wrapped S%. We consider rigid motion of the brane
in the ¢; direction at fixed 6; # 7/2 (which corresponds to fixed u; # 0). The motion in
the non-compact 7-dimensional space is arbitrary, but is assumed to be independent of
the coordinates 65, ¢, so that only rigid motion of the brane is considered. The action

for this brane is given by
Sy = —T / dtddade, [,/_—ry — i AS) L — AL, ¢2] (3.39)

Here 7 is the determinant of the induced metric on the (3-dimensional) brane world-

volume and the last two terms arise from the pull-back of the 3-form potential to the
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brane. The induced metric can be calculated readily by pulling back the 11-dimensional

metric, Eq. (3.34), to the brane. Evaluating the determinant of this metric gives

Lrd oo cos® 0 .
v = AL X2 sin* 6, sin? G Guiti’ + ——=—o* (3.40)
XA
where a = X, cos? 0y + Xosin?6,, & = Lo + A}La’:“ and g,, are the components of the

7-dimensional metric, ds(w) = g,,dz*dz”. The components of A® which couple to the
brane can be read off from Eq. (3.38), using the parameterization for u, given in Eq. (3.36).
We obtain,

L? )
JlﬂAuaquZ + d)l ¢192¢2 = —A— Si113 91 sin 92 a® (341)

Thus, we obtain the following Lagrangian for the giant graviton,

X 20, . 1 )
L= -T,L? {—1 sin? 6, sin 92al/2.\/ — gy — C;’(S Mg X sin® 0 sin f,0®

VA
(3.42)

As in the previous case, there is no explicit dependence on ¢, in the Lagrangian and so
the momentum conjugate to ¢;, which we denote by P,,, is time independent. We use
Py, to construct the Routhian, R = P¢1¢51 - L

. 1/2
1 [ X,A N 4. >2 N?X2o
R = —+/—g.1tz" Py, — =——sin" Oy sinfha | + sin? 6, sin? 6
Gu ( ( & AV, 1 2 IR 1 2

2 2

—— Py Ay (3.43)

where N = T5,L3V, and V, = 4~ is the surface area of a unit 2-sphere. As before, the

quantity in the square root can be rearranged as a sum of squares to give

9\ 1/2
R = Z‘/W <X12P¢?1 + X, tan® 6, (Pd,l - %sin 6, sin 92> ) - %PmAtiu
(3.44)
It is now simple to minimize the energy over #,. There are two minima: #; = 0 and
Py, = P;sinf,/V,, where P, = N sin 6, is constant. Like the previous case, the minimum
at 6; = 0 is singular as it corresponds to the point-like particle solution and represents
a huge energy concentrated at a point. From now on we consider the second minimum,

which corresponds to the giant graviton. At this minimum the Routhian becomes

1 1
= -L—,/—ng‘ua';v X.P — ZPIAL:z’:“ (3.45)
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where we have integrated over the spatial coordinates of the brane, 65, ¢, and hence the
factors of V4 cancel. Note that P, is the centre of mass momentum for the brane, and
P, = Nsinf, agrees with the result in Ref. [60] for giant gravitons in AdS; x S* The
above Routhian is the Lagrangian for a massive charged BPS particle in 7 dimensions with
scalar coupling. Equivalently, we could have chosen the brane to move in the ¢, direction
and wrap a different S2. This would produce an entirely analogous result. Therefore, after
minimizing the energy in the compact directions, the energy of a probe brane moving in

the ¢; direction is given by

1 Lo g

where ¢ = 1, 2. Therefore, probing the 11-dimensional lifted solutions, Egs. (3.34)—(3.35),
with a giant graviton is equivalent to probing the related 7-dimensional geometry with
a massive charged particle. Again, this result depends on the fact that the quantity
in the square root in Eq. (3.43) can be rearranged as a sum of squares to simplify the
minimization procedure. As in § 3.1.3, we have not assumed any special form for the
7-dimensional solution, so this result is valid for arbitrary lifted solutions of the gauged

supergravity.

3.3 Probing superstars with giant gravitons

In this section we use the giant graviton probe calculations of § 3.1.3 and § 3.2.3 to probe
a specific class of 11-dimensional lifted solutions, namely the superstar geometries. Su-
perstars are solutions in 10 and 11 dimensions that are lifts of certain gauged supergravity
solutions which contain naked singularities. These lower-dimensional solutions arise by
taking the supersymmetric limit of a family of black hole solutions. In this limit the hori-
zon disappears®, and the space-time is left with a naked singularity. The corresponding
lifted solutions are supersymmetric and they also inherit the naked singularity from lower
dimensions. It is thought that these superstar solutions may be sourced by giant gravi-
tons, with the naked singularity interpreted physically as a collection of giant gravitons
in the internal space. Evidence for this was first given in Ref. [58] where the authors
considered type IIB superstar geometries and they argued that the dipole field which is
excited in the 5-form field strength near the singularity corresponded to the dipole field

excited by a distribution of giant gravitons. Moreover, they showed that this distribution

3In the multiply charged cases, the horizon disappears before we reach the supersymmetric limit.
However, in the singly charged cases, the horizon area shrinks to zero size precisely at the supersymmetric
limit.



3.3. Probing superstars with giant gravitons 48

of giant gravitons produced the correct mass and internal momentum for the superstar.

Further investigations of superstars were made in Ref. [74], where giant graviton probe
calculations were performed in singly charged 11-dimensional superstar geometries. These
calculations gave further evidence to support the conjecture that giant gravitons source
these geometries.

In this section we will consider two types of superstar solutions. Firstly, we consider
superstars which are lifts of particular 4-dimensional gauged supergravity solutions. Then
we will consider superstars which are lifts of particular 7-dimensional solutions. The idea is
to consider probing these superstar geometries with giant gravitons to establish whether
the naked singularity has a physical interpretation in terms of a distribution of giant
gravitons. If it does, then a giant graviton probe of the same type as the background
should have minimal energy at the position of the naked singularity. However, due to
the general results obtained in § 3.1.3 and § 3.2.3, probing a lifted solution with a giant
graviton is equivalent to probing the corresponding lower-dimensional solution with a
charged particle. Therefore, we will be able to perform these probe calculations very

simply, with reference only to the associated lower-dimensional solution.

3.3.1 Superstar backgrounds from 4-d solutions

In this section we consider 11-dimensional superstar solutions which are lifts of 4-d U(1)*
gauged supergravity solutions. The relevant lift ansatze are given in Egs. (3.6)-(3.7). The

4-dimensional solutions of interest are the following 4-charge AdS black hole solutions,

ds? = [ HQIJ; H4)1/2dt2 + (H HoHs H)Y2 (f71dr? + r2dQ2) (3.47)
1 3

where d2 is the usual metric on a 2-sphere and

f = 1- g + %H1H2H3H4 (3.48)
H = 1+ q? (3.49)
A* = (H7'-1)dt (3.50)
X, (H1H2Z3H4)1/4 (3.51)

These solutions are parameterized by the four U(1) charges, ¢;, ¢ = 1,...,4, and the
non-extremality parameter, y. We assume without loss of generality that ¢, > g3 > ¢3 >
gs > 0. In the extremal limit, p = 0, these solutions become supersymmetric and a naked
singularity appears at r = —q4. The apparent singularity in the metric at » = 0 is a

removable coordinate singularity (unless g4 = 0, in which case r = 0 coincides with the
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naked singularity). In the extremal case, 4 = 0, we choose a new coordinate p = r+g4 and
extend the space-time past the coordinate singularity to p = 0. This gives the following

set of supersymmetric solutions which have a naked singularity? at p = 0:

= - S (R HGEL) (g + ) (3.52)
1H2H3Hy
where
. S
f = (p— ) +§H1H2H3H4 (3.53)
Hi = p+ai—aq (3.54)
A= Lt (3.55)
TR BT BT\ 1/4

X, = (HIHQ?H“) (3.56)

Now if we lift these 4-dimensional solutions to 11 dimensions, the corresponding superstar
solutions will inherit the naked singularity at p = 0 (This is clear from the form of the lift
ansatz for the metric given in Eq. (3.6).). These superstar solutions are supersymmetric
and satisfy the BPS condition M = > .¢;. This means that the background should
have a simple physical interpretation in terms of fundamental degrees of freedom. In
particular, there should be zero binding energy between the fundamental constituents.
The conjecture is that these fundamental degrees of freedom are giant gravitons. To
test this idea we will probe each superstar geometry with another giant graviton which
carries the same type of charge as one of the constituents of the background. Note that
a U(1) charge, g;, corresponds to a giant graviton with momentum in the ¢; direction.
This is because the lifted metric contains the U(1) gauge potentials in the combinations
(Ldp; + A*). If the conjecture is correct, one expects that a probe carrying the same
type of charge as one of the non-zero background charges will have minimal energy at the
naked singularity, p = 0°. Physically, this corresponds to being able to consistently place
another giant graviton of the same type as the background at the position of the naked
singularity (which should be allowed as the conjectured distribution of giant gravitons in
the background preserves supersymmetry). We also expect p = 0 to be a BPS minimum
for the probe, i.e. for a probe carrying momentum in the ¢; direction in a background
with ¢; # 0, we should find E; = F,/L. This is because the solutions we consider are BPS.

4Note that in the case that all ¢; = 0 we obtain the AdS, solution which lifts to AdSs x S7. In this
special case there is no naked singularity.

SFor example, for a background with q;, g2 # 0 we will probe with a giant graviton carrying momentum
in the ¢; direction and then with another giant graviton carrying momentum in the ¢, direction. We
expect the energy of both probes to be minimized at p = 0.
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We consider a giant graviton probe carrying momentum in the ¢; direction and wrap-
ping an S° within the internal 7-sphere of the superstar background. We look for solutions
which are stationary in the 4-dimensional space, i.e. ©¥ = 0 except for v = 0. From the
probe calculation in § 3.1.3 (particularly Eq. (3.30)) we obtain the following energy func-

tion for such a probe brane,

PAy _ Pf' +a
°=Zf 4 (3.57)

1
Eiz— - (P2 Y =
L\/ goo P X T 7

where the energy of the brane in the compact directions has already been minimized, and
now it just depends on the details in the 4-dimensional space. There are five distinct
cases for the charge of the superstar solution, and we will consider each background in
turn. In each case we will evaluate the energy function for a probe giant graviton and
then calculate whether it has a BPS minimum at the position of the naked singularity,

p=0.

1. Background has all ¢; = 0, i.e. AdS; x S”. There is a BPS minimum for all 4 types

of probe (i.e. moving in each ¢; direction, i = 1,2,3,4) at p = 0, as expected.

2. q1 # 0, all other ¢; = 0. The probe coupling to A! (i.e. moving in ¢, direction) has
a BPS minimum at p = 0. The energy of probes coupling to A2, A3, A? saturates
the BPS bound at p = 0, but the gradient of the potential is non-zero at p = 0.

3. q1,q2 # 0, all other g; = 0. The energy of probes coupling to A!, A? saturates the
BPS bound at p = 0, but the gradient of the potential is non-zero. Probes coupling

to A3, A?* neither saturate the BPS bound, nor have a minimum at p = 0.

4. q1,92,q93 # 0, g = 0. The energy of probes coupling to A!, A%, A3 saturates the
BPS bound at p = 0, but the gradient of the potential is infinite. Energy of probe
coupling to A* diverges as p — 0.

5. q1,q2,q3,q4 # 0. Energy of probe coupling to A* diverges as p — 0. The gradient
of the potential for probes coupling to A, A%, A3 is non-zero at p = 0.

Note that these cases are distinct since the limits ¢; — 0 are not generally smooth, i.e.
it is not possible to work out the energies and gradients at p = 0 for case 5 (where all
¢; # 0) and then take smooth limits ¢; — O to obtain the other cases.

From the above information we see that our results certainly support the conjecture
in the singly charged case, since in this case the probe which carries the same type of
charge as the background has a BPS minimum at p = 0. In the doubly and triply charged

cases, the gradients of the potentials are non-zero at p = 0, but the BPS bounds are
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saturated by the relevant probes. However, the fact that the gradients of the potentials
are non-zero is perhaps not important, since p = 0 is at the edge of the space-time and
the energy is minimized at this point. Therefore, we are cautiously optimistic that our
results support the conjecture in the doubly and triply charged cases. However, we do
note that in the triply charged case the gradient of the potential is infinite at p = 0, which
seems rather unusual. Another slightly unusual feature is that in the doubly charged case
the energy of a probe brane coupling to A% is not minimized, although the energy of
this probe is minimized in the triply charged background. This indicates that it is not a
smooth procedure to build up backgrounds with different types of charges (in contrast to
the situation in flat space, or in brane backgrounds). Clearly, for the quadruply charged
case our results no longer support the conjecture because the energy of the probe coupling
to A% becomes infinite at p = 0. In this case the background preserves the least amount
of supersymmetry, and so it is possible that higher order curvature corrections to the

background and brane action become important, which might modify the results.

3.3.2 Superstar backgrounds from 7-d solutions

In this section we consider 11-dimensional superstar solutions which are lifts of certain 7-
dimensional U(1)? gauged supergravity solutions. The 7-dimensional solutions of interest
are the following family of black hole solutions,

f ,,,2/5

ds? = —mdtZ + (HyHy r)Y3(frtdr? + dO2) (3.58)
1412

where d§22 is the usual metric on a unit 5-sphere and

1

f = TG—/,LTQ—{—mHlHQ (359)

H = r+g (3.60)

A' = —qH'dt (3.61)
HyH,)*/®

X, = % (3.62)

Here the index 7 = 1,2. The parameters for these black hole solutions are the two
U(1) charges, ¢;, and the non-extremality parameter, u. We will assume, without loss of
generality, that ¢ > g2 > 0. In the extremal case, where u = 0, these solutions become
supersymmetric and there is a naked singularity at » = 0. If we lift to 11 dimensions,
this naked singularity is inherited by the 11-dimensional solution. As in the previous
case, we want to understand whether this singularity can be interpreted as a distribution

of giant gravitons in the internal 4-sphere. We will use the results of § 3.2.3 to probe
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these 11-dimensional superstar solutions with giant gravitons. We want to see whether
the energy of a giant graviton probe, carrying the same charge as one of the constituents
of the background, is minimized at r = 0, and whether it is a BPS minimum (F; = P;/L).

We consider an M2-brane giant graviton probe which carries momentum in the ¢;
direction, and wraps a 2-sphere. Furthermore, we take the brane to be stationary in the
7-dimensional space, i.e. ¥ = 0 except for v = 0. From Eq. (3.46), the energy of such a
probe is given by

1 1 P f'r + g,
Ei= v ~g0 XiPi~ + =
LV 9w X I L H,

There are three distinct cases of background charge to consider, and we evaluate the

PAL = (3.63)

energy function for the probe branes in each case.

1. All ¢ = 0, i.e. AdS; x S*. BPS minimum at » = 0 for both types of probe (i.e.

moving in both ¢; directions), as expected.

2.q1 # 0, ¢g = 0. Probe coupling to A! (i.e. moving in ¢, direction) has a BPS

minimum at 7 = 0. Energy of probe coupling to A? diverges as r — 0.

3. q1,q2 # 0. The energy of both probes saturates the BPS bound at r = 0, but the

gradient of the potential is non-zero at r = 0.

From these results we see that it is certainly sensible to interpret the singly charged back-
ground as being sourced by giant gravitons, since in this case a probe carrying the same
type of charge as the background has a BPS minimum at » = 0. In the doubly charged
case, the gradients of the potentials are non-zero, but the BPS bounds are saturated by
both probes. As in the previous case, since r = 0 is at the edge of the space-time, the
fact that the gradients are non-zero might not be important. Therefore, we are cautiously
optimistic that our results support the conjecture in the doubly charged case also. How-
ever, we note that it is slightly unusual that in the singly charged background the energy
of the probe coupling to A% diverges at r = 0, while in the doubly charged background
this probe has a BPS minimum. Again, this indicates that backgrounds with different
charges cannot be built up smoothly by adding more branes.

To summarize, we have found evidence to support the conjecture that both types of
superstars (i.e. 4-d and 7-d lifted) are sourced by giant gravitons. However, there is some
uncertainty in how to interpret the results for the quadruply charged superstars in the
4-dimensional case, since here the energy of one of the relevant probes goes to infinity
at p = 0. Moreover, it is rather strange that in some cases the energy of a probe giant
graviton has a BPS minimum at the naked singularity even though the gradient of the
potential is non-zero. It would be interesting to try to understand this by performing fur-

ther probe calculations, perhaps incorporating curvature corrections. Nevertheless, these
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superstar backgrounds have given us a specific example where the giant graviton/charged
particle relationship is extremely helpful. In particular, this relationship has allowed us
to investigate the nature of singularities without performing the rather involved brane

probe calculations.



Chapter 4
Calibrations

In this chapter we introduce the method of calibrations. This a geometrical technique
which allows one to find minimal energy configurations for probe branes in various back-
grounds. This method involves a calibration, which is a p-form, ¢, which satisfies some
particular conditions. As we will see, we can define surfaces which are “calibrated” with
respect to ¢. These surfaces have the property that they have minimal volume in their
homology class. For a static probe brane wrapping one of these surfaces, this translates
into minimal energy for the brane. Therefore, the problem of finding minimal energy
brane configurations translates into finding calibrated surfaces. For backgrounds that
admit calibrations, this method is preferable to performing a probe calculation, since it
does not require the same level of guess work. For example, in a probe calculation one
must first guess what surface the brane will wrap, and then one performs the calcula-
tion to determine whether the energy is minimized. However, if the background admits
a calibration, then these surfaces can be determined more systematically by finding the
calibrated surfaces of ¢. Often this turns out to be quite simple, as we will see.

We begin by defining a calibration, ¢, for a manifold and the associated calibrated sur-
faces. Then we show that static probe branes wrapping calibrated surfaces have minimal
energy. We then introduce a class of manifolds which naturally admit calibrations. These
are the manifolds of special holonomy. Many of these manifolds can be used to construct
supersymmetric supergravity solutions with vanishing flux!. In these backgrounds the
calibrated surfaces give brane configurations which are supersymmetric, as well as energy
minimizing?. Moreover, the calibrations can be constructed from the Killing spinors of

the background.

Tn this chapter we will be interested in the 11-dimensional solutions that can be constructed, although
much of the discussion could be easily extended to other dimensions.

2This has been taken a step further in Refs. [75-81], where the authors constructed full back-reacted
geometries corresponding to branes wrapping calibrated cycles in special holonomy manifolds. These
solutions give new examples of AdS/CFT.

94
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In fact, for a general supersymmetric solution it is always possible to construct a cali-
bration from the Killing spinors of the background. In supersymmetric backgrounds with
non-vanishing flux (i.e. F*) # 0 for the 11-dimensional case) the forms we construct
from Killing spinors are generalized calibrations, which are slightly different to standard
calibrations. However, generalized calibrations can still be used to find energy minimiz-
ing configurations for probe branes in these backgrounds. We will discuss generalized

calibrations in the context of 11-dimensional backgrounds with F™ £ 0 in § 4.4.

4.1 Standard calibrations

We begin by giving the mathematical definition of a calibration. Then we define the cali-
brated submanifolds and show that these surfaces have minimal volume in their homology
class.

Consider a d-dimensional manifold (M, g). A calibration is a p-form ¢ € AP M which

satisfies two properties. Firstly, ¢ is closed, i.e.
dp=10 (4.1)

Secondly, for any tangent p-plane?, £, the pull-back of ¢ to £ is less than or equal to the
volume form on &, i.e.

¢)’ < voll5 (4.2)

£
where the volume form is induced from the metric. A p-dimensional oriented submanifold,
N C M, is called calibrated if at every point on N the bound in Eq. (4.2) is saturated.
More precisely, for each tangent space TN,

= vol
TN

¢

=N

An important property of calibrated submanifolds is that they have minimal volume
compared to other submanifolds in the same homology class. This can easily be seen by
considering two p-submanifolds, M/, £ C M, in the same homology class. This means that
we can write NV = £ + 0= (and hence N and L share the same boundary, i.e. 9L = ON),
where 0= is the boundary of a (p + 1)-dimensional submanifold = C M. Now we assume
that AV is a calibrated submanifold. Therefore, the total volume of A is given by,

TmNZ//\[¢:/C+aE¢:/£¢+/Ed¢ (4.3)

3Precisely, a tangent p-plane is a vector subspace, £, of some tangent space Ty M to M. The dimension
of € is p, and we assume that £ is equipped with an orientation.

Vol(N) =/

€

vol
N
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where we have used Stoke’s theorem in the last equality. Now we use the fact that ¢ is a

calibration to write the expression on the right hand side of Eq. (4.3) as

/.c¢+/ad¢:/£¢ < /yeﬁvol

Therefore, from Egs. (4.3) and (4.4) we have Vol(N) < Vol(L), i.e. the calibrated mani-

fold, A, has minimal volume compared to an arbitrary manifold, £, in the same homology

= Vol(L) (4.4)

Ty L

class. Thus, given a calibration, ¢, on a manifold, we can look for surfaces calibrated by ¢,
and these surfaces will have minimal volume. Surfaces of minimal volume are interesting
from the point of view of supergravity because in some cases they correspond to minimal
energy surfaces for branes to wrap, as we now explain.

Consider a static 11-dimensional supergravity background with metric given by
ds® = —dt* + g;;dz’dz? (4.5)

where 7,7 = 1,...,9,1. We assume that this metric solves the 11-dimensional supergrav-
ity field equations with F¥ = 0. Suppose we now include a static M2-brane in this
background, with world-volume coordinates ¢, o', 0% (where we have fixed some of the
reparameterisation invariance of the brane action by choosing the time-like coordinate to

be ¢ = t). The Lagrangian for this probe M2-brane is given by

L= —Tg/dzU\/—’Y

where T5 is the tension of the brane and < is the determinant of the induced metric on
the brane world-volume. Due to the form of the background metric, together with the
fact that the M2-brane is static, the only non-zero components of the induced metric are
B 02 oxd
Ve = —1, Yab = gij%@
where a,b = 1,2. Therefore, the determinant of the induced metric is v = — det(vg),
i.e. it is simply related to the determinant of the metric on the 2-dimensional spatial

world-volume. Using this result and moving to the Hamiltonian formalism (H = —£ in

this case), we see that the M2-brane minimizes the following energy functional,

E= Tg/dzax/det(%b‘) =Ty, x Vol

where Vol = [ d*0\/det(vap) is the volume of the brane. Thus the energy and volume

of the brane are equivalent, up to a (constant) factor of the tension. This calculation
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also works for probe M5-branes provided there are no fields excited on the world-volume.
To summarize, we have shown that for a static probe brane to have minimal energy it
must wrap a minimal volume submanifold. Thus, branes wrapping calibrated cycles have
minimal energy. Similar results could also be obtained for branes in other supergravity
theories.

We now consider a class of manifolds which naturally admit calibrating forms. These
are the manifolds of special holonomy. We will see that in many cases these manifolds can
be used to construct supergravity solutions, and the calibrations naturally defined on them

can be used to find minimal energy cycles that branes can wrap in these backgrounds.

4.2 Special holonomy and calibrations

We begin this section by defining the notion of holonomy. We then introduce the idea
of a manifold with special holonomy. Manifolds with special holonomy are interesting
because they naturally have calibrating forms associated to them. Moreover, in several
cases, these manifolds admit covariantly constant spinors. We will see that in these cases
the special holonomy manifolds can be used to construct supersymmetric supergravity
solutions, with the constant spinors corresponding to Killing spinors for the background.
The calibrating forms defined on the special holonomy manifolds can be then used to find
energy minimizing embeddings of branes in these backgrounds. Furthermore, we will see
that these minimal energy embeddings are also supersymmetric embeddings, i.e. probe

branes wrapping these cycles will preserve some of the background supersymmetry.

4.2.1 Holonomy

Suppose we have a d-dimensional manifold, M, equipped with a Riemannian metric, g,
and associated Levi-Civita connection, V. The connection V allows us to define parallel
transport on the manifold. For example, given a vector v € T, M we can parallel transport
this vector around a closed loop, C, which begins and ends at z. This procedure will
generally change the direction of v, but it will not change its length (since we are using
the Levi-Civita connection). After transporting around C, the resulting vector is related

to the original vector v by an SO(d) rotation, i.e.
’Ul = Acv

where A¢ is an SO(d) matrix, and the subscript C indicates that this matrix depends
on the path taken. We can now consider the collection of matrices {Ac} acting on an

arbitrary vector v € T, M, with C any closed loop through z. This set of matrices forms a
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subgroup of SO(d) (not necessarily a proper subgroup), called the holonomy group of M
at z, denoted H,(M). Now suppose we consider another point y € M. Then assuming M
is connected, y can be connected to = via a piece-wise smooth path «y. Then the holonomy
groups at « and y are related by Hy(M) = P,H,(M)P*, where P, : T, M — T,M is
a linear transformation associated to the path . Therefore, we define the holonomy
group of the manifold, denoted H, to be the subgroup H,(M) defined up to conjugation
by elements of SO(d). This definition means that H is independent of the choice of
base-point z.

Now the manifold M is said to have special holonomy if H is a proper subgroup of
SO(d). Manifolds with special holonomy are characterized by the existence of invariant
forms. We will see that these forms can be used as calibrations. The possible Riemannian
holonomy subgroups, H, of a d-dimensional manifold, M, have been classified by Berger
[82]. This classification is based on the classification of Lie groups, and it uses the fact
that the holonomy group strongly restricts the curvature tensor, Rpnpq, of the manifold.
We briefly discuss each possibility in Berger’s classification in turn, and give the invariant
forms for each case. We will see that several of the special holonomy manifolds have
the right properties to allow them to be used in the construction of supersymmetric

supergravity solutions.

4.2.2 Kahler manifolds

The first possibility for the special holonomy group is H = U(m) C SO(2m), where d =
2m is the dimension of the manifold, M. Here m > 2 is an integer, so this possibility can
only occur when the manifold is even-dimensional. Manifolds with H = U(m) are called
Kahler manifolds. These manifolds are characterized by admitting an invariant 2-form,
w, known as the Kahler 2-form, which obeys Vw = 0. Kéahler manifolds automatically
admit a complex structure, i.e. they are complex manifolds. This means that there is
a complex structure tensor Iij , with 12 = —1 (4,5 = 1,...2m), which satisfies certain
properties. In fact, the Kahler 2-form is related to the complex structure tensor and the

metric as follows,
Ik
Wij = 4; Gkj

where w;; are the components of w and gi; are the components of the metric on M. Now

1

we can choose an orthonormal basis of 1-forms, {e!,e?,...e*"}, where e* = I - €*~! and

the dot denotes the action of I on 1-forms. The Kahler 2-form is then

w=e Ael+- -+ AL
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If we introduce complex coordinates on M, {z?, 27}, where p,q = 1,...,m, then w can

also be written as,

1 _
W= = gpg d2F Nd2*

2
where g,; are the coordinates of the metric with respect to the complex coordinates.
Now, since the Kahler form is covariantly constant, it is also closed, i.e. dw = 0. Thus
w satisfies the first property required for a calibration. Moreover, w also satisfies the
second property for a calibration, Eq. (4.2) [83]. Therefore, we can use w as a calibration.

In fact, for any Kéhler manifold (with d = 2m) we have the following set of calibrating

forms,
1
¢ = ] w?
p!
where p = 1,...,m. The Wirtinger theorem states that the calibrated submanifolds

of ¢ are the complex submanifolds, i.e. submanifolds specified by the zeros of a set of
holomorphic functions, f,(2!,...,2™). Therefore, the calibrated submanifolds in a Kahler
manifold are the complex submanifolds, and these submanifolds have minimal volume in

their homology class.

4.2.3 Calabi-Yau manifolds

The second possibility for the holonomy group is H = SU(m) C SO(2m) where d = 2m
is the dimension of the manifold, M. Again, m > 2 is an integer, so this requires the
manifold to be even-dimensional. These manifolds are called Calabi-Yau, denoted CY (m),
and they are a special case of a Kahler manifold. Therefore, like the Kahler case, these
manifolds are complex, with complex structure, I. Calabi-Yau manifolds possess two
independent invariant forms; w, the Kahler 2-form, and €, the holomorphic (m, 0)-form.

In an orthonormal frame, {e',e?,...e?™}, these invariant forms are given by

w = e A4 A (4.6)
Q = (er+ie®) A +ie) A AP 4 4e™™) (4.7)

where €% = I - e%~!  as in the Kahler case. Both w and ) are invariant under the action
of the holonomy group, SU(m), which means that Vw = VQ = 0. Therefore, w and 2

are closed. We can generically construct two types? of calibrations from these forms as

4 Actually for m = 4 there is an additional calibrating form, namely %wz + Re(e*®Q). This is actually
the Cayley 4-form (see § 4.2.5) since CY (4) can be viewed as a special case of a Spin(7) manifold. The
calibrated submanifolds are Cayley 4-cycles.
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follows,
— 1 Y4 48
¢ = oY (4.8)
$p; = Re(e”Q) (4.9)

where 6 is an arbitrary constant phase. Clearly ¢; and ¢, are closed, and they also satisfy
the second property for a calibration, Eq. (4.2), as proved in Ref. [84]. The calibrated
submanifolds are the complex submanifolds, which are calibrated by ¢; (just as in the
Kahler case), and the special Lagrangian submanifolds, which are calibrated by ¢,. Special
Lagrangian submanifolds have been studied extensively, for example in Ref. [85].
Calabi-Yau manifolds have two interesting properties that general Kahler manifolds do
not possess. Firstly, these manifolds admit covariantly constant spinors, i.e. for CY (m)
there exist spinors in d = 2m which satisfy Vp = 0, where V is the spin connection
associated to the usual Levi-Civita connection. In general, the manifold CY (m) admits
two covariantly constant chiral spinors, which are related by complex conjugation. These

spinors can be used to construct the forms w and 2 as follows,

Qi = P Tuy i p (4.11)
where I'; are the Dirac matrices in d = 2m, with indices 4,7,--- = 1,...2m, and p and

p* are the covariantly constant (commuting) spinors. Clearly, for the above components
of w and ) to match the forms given in Egs. (4.6)-(4.7), the spinors must obey a partic-
ular set of projection conditions, as we will see explicitly later. The second interesting
property of Calabi-Yau manifolds is that they are Ricci flat, i.e. R;; = 0. We will now
see that these two properties mean that Calabi-Yau manifolds can be used to construct
supersymmetric supergravity solutions. Our discussion will focus on the 11-dimensional
supersymmetric supergravity solutions that can be constructed from Calabi-Yau mani-
folds (and later, from other special holonomy manifolds). However, these ideas carry over
to supergravity theories in other dimensions, where similar supersymmetric backgrounds
can be constructed from Calabi-Yau manifolds and from some other special holonomy
manifolds.

Recall that supersymmetric supergravity solutions are characterized by admitting
Killing spinors. The Killing spinor equation in 11 dimensions is schematically given by
Ve+ F-T'e = 0, where F is the 4-form background field strength and € is a 32-component
Majorana spinor. If we set F' = 0, the Killing spinor equation reduces to Ve = 0, i.e.
we obtain the covariantly constant spinor equation. Now, Calabi-Yau manifolds have

covariantly constant spinors p, p*. Therefore, geometries of the form R1972™ x CY (m)
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Background Dimension of M Holonomy No. of supersymmetries
R510-4 5 T4 d 1 32
RY¢ x CY(2) 4 SU(2) 16
R x CY(3) 6 SU(3) 8
RYZ x CY(4) 8 SU(4) 4
R x CY(5) 10 SU(5) 2
R x CY(3) x CY(2) 10 SU(3) x SU(2) 4
RL2 x CY(2) x CY(2) 8 SU(2) x SU(2) 8
RY? x HK, 8 Sp(2) 6
RY2 x Spin(7) 8 Spin(7) 2
Rl’s X GQ 7 G2 4

Table 4.1: 11-dimensional supersymmetric supergravity backgrounds of the form R110-¢ x
My, together with number of preserved supersymmetries (out of a possible 32). Note that
T? is the d-dimensional torus.

will automatically possess Killing spinors, €, which are obtained from the direct product
of a constant spinor in RM0=2™ with p or p*. Therefore, backgrounds constructed from
the direct product R119=2™ x C'Y'(m) preserve a non-zero fraction of the supersymmetry.
The amount of supersymmetry preserved by these backgrounds is given in Table 4.1.

The backgrounds RY1972™ x CY(m) also satisfy the 11-dimensional supergravity
equations of motion (which of course we require for a supergravity background). This
is because in the absence of background fields, the only non-trivial supergravity field
equation is R;; = 0. Calabi-Yau manifolds satisfy this equation as they are Ricci flat, so
backgrounds of the form RV19=2™ x CY(m) will also satisfy this equation. Therefore,
backgrounds constructed from Calabi-Yau manifolds are supersymmetric and satisfy the
11-dimensional supergravity field equations with F = 0.

Note that the key properties of Ricci flatness and covariantly constant spinors meant
that Calabi-Yau manifolds were suitable to be used in the construction of supersymmetric
supergravity backgrounds. However, these properties are actually much more generally
found for special holonomy manifolds. In fact, the following three classes of manifolds
with special holonomy, which we will discuss in § 4.2.4-4.2.5, admit covariantly constant
spinors and are Ricci flat. First, however, we consider the role of the calibrations, ¢, and

¢, in the supergravity backgrounds R:972™ x CY (m).

Calibrated cycles and supersymmetry

We consider backgrounds of the form R*%~?™ x C'Y(m). We have argued that these
background are supersymmetric solutions of 11-dimensional supergravity with F*4 = 0.

Moreover, these backgrounds have calibrating forms defined on them, which are inherited
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from the calibrations ¢; and ¢2 on CY(m). As usual, the submanifolds calibrated by ¢;
and ¢, have minimal volume. Therefore, if we consider wrapping a static probe brane
on a calibrated cycle then this brane will have minimal volume in its homology class.
As explained in § 4.1, this translates into minimal energy for the brane provided there
are no gauge fields excited on its world-volume. In supersymmetric backgrounds, such as
RL19-2m » OV (m), not only do branes wrapping calibrated cycles have minimal energy,
but they also preserve a non-zero fraction of the supersymmetry.

To see this, let’s consider the example of the background R x CY(5). This is a solution

of 11-dimensional supergravity with metric given by
ds? = —dt? + gijd:vid:[:j

where g;; is a metric with SU(5) holonomy. This background inherits two types of cali-
bration, ¢; and ¢, from the CY (5). We will be interested in the calibrated cycles of ¢;.
Now ¢; = wP/p! , and we take w to be given by

w=e'Ne+ -+ A€l

Here {e!,..., €% e} is an orthonormal basis for the CY (5) metric (which has components
gi;) and we have chosen the complex structure so that e* = I - €', and so on. We now
consider wrapping a static M2-brane probe on a cycle calibrated by w. From the form of
w we can have calibrated M2-branes which wrap the following 2-cycles: {e!, e?}, {e3,¢e*},
...{€% e'}. This is because the volume of these branes is given by the integral of ¢’ A e*t?,
and the pull-back of w to the surface of these branes is also €' A e*!. Since they are
calibrated, these branes will have minimal energy, and we now see that they preserve
supersymmetry.

From Table 4.1, the background R x CY (5) admits two Killing spinors, € (These spinors
are related to the 2 covariantly constant d = 10 spinors, p and p*, on CY(5), but we will
deal with the d = 11 spinors, €, from now on.). Due to the choice of complex structure,

the projection conditions satisfied by these spinors are [86],
F126 = F346 = F556 = F736 = Fguf

where the indices on the I’ matrices refer to the orthonormal basis above. We can rewrite

these projections using the identity 1234567805 = 1 to obtain,
Loi2€ = I'gzae = Tosee = Forge = 1_‘ognf =€ (4-12)

From Chapter 1 we know that these are exactly the supersymmetry projection conditions
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expected for M2-branes wrapping the cycles {e!, e?}, {3, e}, ... {€% €'}, i.e. these branes
are supersymmetric. Moreover, the conditions in Eq. (4.12) are already satisfied by the
Killing spinors on CY (5), so including an M2-brane wrapping any of these calibrated
cycles will not break any more supersymmetry, i.e. we can wrap the brane on any of
these 2-cycles for free. This is not always the case; usually adding a probe brane to a
supersymmetric background reduces the amount of preserved supersymmetry.

Note that the projections in Eq. (4.12) imply that w can be expressed in the following

form,

1 , )
w= EGTFOijE e'Nel (4.13)

where ¢ is either of the two Killing spinors, and we have normalized ¢’¢ = 1. This is
analogous to the expression for w in terms of p and p' given in Eq. (4.10). Note that ¢
is a commuting spinor, and in general the p-forms we construct will involve commuting
Killing spinors. In fact, the calibrating forms ¢, and ¢, for this background can all be
constructed from Killing spinors in a similar way to Eq. (4.13). In § 4.3 we will show
that calibrations constructed from Killing spinors always give calibrated surfaces which
correspond to supersymmetric branes. First, however, we discuss the remaining special

holonomy groups.

4.2.4 Hyper-Kahler manifolds

The third possibility for the holonomy group is H = Sp(n) C SO(4n), where d = 4n is
the dimension of the manifold, M. Here n > 2 is an integer®, so the dimension of M must
be divisible by 4 in this case. These manifolds are called Hyper-Kahler, denoted H K,,, and
they are very similar to Calabi-Yau manifolds. However, Hyper-Kahler manifolds have
several complex structures (the number of complex structures is divisible by 3, and each
set of 3 satisfies the algebra of imaginary quaternions). For example, an H K5 manifold,
i.e. an 8-dimensional manifold with holonomy group Sp(2), has three complex structures,

I', i = 1,2, 3, which satisfy the following algebra,
I' [P = —§% 4 ¢k Tk

This is the algebra of imaginary quaternions. These complex structures correspond to
3 independent Kahler 2-forms, w’, and 3 holomorphic (4,0)-forms, !, which are not
independent of the Kahler 2-forms, but can be written as linear combinations of w® A w’.
As before, the forms w® and ¢ are closed, and they can be used to construct calibrating

forms exactly as in the Calabi-Yau case (see Egs. (4.8) and (4.9)).

5Note that Sp(1) =~ SU(2) so we do not include the case n = 1.
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Like the Calabi-Yau case, Hyper-Kahler manifolds possess covariantly constant spinors.
For example, H K, manifolds admit 3 covariantly constant spinors, from which w* and €*
can be constructed. Hyper-Kahler manifolds also have the property that they are Ricci
flat. Therefore, using the same arguments as in the Calabi-Yau case, these manifolds
can be used to construct supersymmetric supergravity backgrounds with vanishing flux.
For 11 dimensions, the only possibility is the background RV? x HK, with F4 = 0.
The amount of supersymmetry preserved by this background is 3/16. Again, the idea is
that we can use the calibrating forms defined on H K, to find energy minimizing cycles
for probe branes to wrap in this background. Moreover, since these calibrations admit a
Killing spinor construction, the calibrated branes will be supersymmetric (see § 4.3 for a

proof of this).

4.2.5 Exceptional holonomy groups

The two remaining holonomy groups of interest are referred to as ezceptional. This is be-
cause these groups only occur for one dimension, d, of the manifold. The first exceptional
holonomy group is H = Spin(7) C SO(8) which is possible for d = 8 manifolds. The
second exceptional holonomy group is Gy C SO(7) which can occur when d = 7. Both
these groups give rise to 8- and 7-dimensional manifolds which are Ricci flat and pos-
sess covariantly constant spinors. Therefore, like the Calabi-Yau and Hyper-Kahler cases,
these manifolds can be used to construct supersymmetric supergravity solutions with
vanishing flux. In 11 dimensions these are RY? x Spin(7) and R!® x G5. The amount
of supersymmetry preserved by these backgrounds is given in Table 4.1. Both Spin(7)-
and Go-manifolds possess invariant forms, which can be used as calibrations. Like the
Calabi-Yau and Hyper-Kahler cases, these calibrations are inherited by the supergravity
backgrounds R»? x Spin(7) and RY® x G5 where they can be used to find energy min-
imizing, supersymmetric embeddings for branes in these backgrounds. We now briefly
describe some features of Spin(7)- and Ge-manifolds and give the associated calibrating
forms.

First, we consider the case where H = Spin(7) and the manifold is 8-dimensional. In

this case the manifold possesses a Spin(7) invariant 4-form, ¢, which in an orthonormal

basis {e!,...,e®} can be written as
p = 12y Q16 | 1278 4 3456 | 3478 | 5678 4 1357
_ Q1368 _ 1458 _ ,M67 _ 2358 _ 2367 _ 2457 | 2468 (4.14)
where €% = el Ae? Ae3 Ae? etc. This form is known as the Cayley 4-form and it satisfies

Vi = 0. Thus 9 is also closed. In fact, 9 also satisfies the property in Eq. (4.2) [84], so
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1 is a calibration. Manifolds with Spin(7) holonomy admit one covariantly constant real
chiral spinor, p. The chirality condition on p is I'; g p = p, where the I'-matrices are
real and the indices refer to the orthonormal basis introduced above. The Cayley 4-form

can be constructed from p as follows,
Yijkt = —p" Tijir p (4.15)

where the indices ¢,7,k,1 = 1,...,8. In the background R? x Spin(7) the spinor p will
lift to 2 covariantly constant d = 11 spinors. The 4-form % can also be constructed using
these d = 11 spinors, in a similar way to Eq. (4.15).

The second exceptional holonomy group is G5, which can occur for 7-dimensional
manifolds only. Manifolds with G5 holonomy possess an invariant 3-form, ¢. In an

orthonormal frame {e',...,e"} this 3-form can be written as

¢ — 6246 _ e235 _ e145 _ e1.36 4 6127 + 6347 + 6567

This 3-form has the property that V¢ = 0, which is equivalent to the two conditions
dp = d*x ¢ = 0, where *¢ is the dual 4-form to ¢. Therefore, these manifolds have a
closed 3-form, ¢, and closed 4-form, *¢, associated to them. Both these forms can be
used as calibrations as they satisfy the property in Eq. (4.2) [84]. Moreover, manifolds
with G5 holonomy possess a single covariantly constant spinor, p. This spinor can be used

to construct the 3-form ¢ as follows,
Gije = —ip" Lijep

where here the ['-matrices are purely imaginary, and 4,5,k = 1,...,7 in this case. Note
that in the background R!3 x G5, there are 4 covariantly constant d = 11 spinors which
are derived from p. Both the calibrations ¢ and *¢ admit a construction in terms of these
d = 11 spinors.

Note that there are also some other possibilities for the special holonomy of a Rieman-
nian manifold that we have not discussed. Firstly, there is the group H = Sp(m) x Sp(1)
where m = d/4 and m > 2. This case is not interesting from the point of view of super-
gravity solutions, as manifolds which possess this holonomy are not Ricci flat and do not
possess covariantly constant spinors. Secondly, Berger’s list also includes locally symmet-
ric spaces. These are spaces that are locally isomorphic to G/H for Lie groups G and H.
Some simple examples of locally symmetric spaces include R™ with the Euclidean metric,
S™ with the usual sphere metric, and CP" with the Fubini-Study metric.

One further note is that we have only considered holonomy groups for Riemannian

manifolds. However, Lorentzian holonomy groups are also possible, and these groups
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have also been classified [87]. These groups can be used to construct supersymmetric
supergravity solutions which are non-static [88].

To summarize, we have discussed the possible special holonomy groups for a Rieman-
nian manifold. All these holonomy groups are associated to invariant p-forms, which can
be used as calibrations. In the Calabi-Yau, Hyper-Kahler and exceptional cases, the cor-
responding manifolds are Ricci flat and possess covariantly constant spinors. These two
properties mean that these manifolds can be used to construct supersymmetric super-
gravity backgrounds with vanishing flux. These backgrounds take the form R110-¢ x M,
where My is a d-dimensional manifold with holonomy group either SU(d/2), Sp(d/4),
Spin(7) (for d = 8 only), G (for d = 7 only) or some reducible combination of these
groups, e.g. SU(2) x SU(2) for d = 8. The amount of supersymmetry preserved by these
backgrounds is given in Table 4.1. We have discussed how the calibrating forms naturally
defined on My give minimal energy embeddings for branes in these backgrounds. More-
over, we have seen that all the calibrating forms inherited from My (where Mj is one of
the choices above) can be constructed from the Killing spinors of the background. We
now show that this means that branes wrapping calibrated cycles are supersymmetric, as
well as having minimal energy. (We saw this for a particular example of a supersymmetric

background earlier. We now show that this is true in general.)

4.3 Calibrations from Killing spinors

In this section we consider 11-dimensional supersymmetric backgrounds with F = 0.
We show that in these backgrounds the Killing spinors can be used to construct differential
forms, and these forms satisfy the properties required for a calibration. Moreover, the
calibrated submanifolds are supersymmetric as well as energy minimizing, i.e. if we wrap
a static probe brane on a calibrated submanifold, then this brane will be supersymmetric.

Consider an 11-dimensional supergravity solution with F(¥) = 0 and metric given by®
ds® = —(dz°)? + g;;dx’da’ (4.16)

where 4,7 = 1,...,10. We assume this background is supersymmetric, i.e. it admits at
least one Killing spinor, € (which is always a commuting spinor for our purposes). Since
the background has F¥ = 0, € is covariantly constant, i.e. Ve = 0. We now construct a
p-form from e as follows,

1 , .
¢ = H@Fh_,,ipe dz"* A--- Adz™ (4.17)

6Note that this is a special form for the metric, but it is valid for the backgrounds R»19-9 x M.
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where € = €/T°. In fact, the p-form ¢ will vanish unless p = 1,2 mod 4. This is due to the
symmetry properties of the product of [-matrices sandwiched between the spinors (see
Appendix A).

We now show that ¢ satisfies the two properties required for a calibration. Firstly,
since € is covariantly constant, ¢ is automatically closed. Secondly, if we pull back ¢ to a

tangent p-plane, £, with coordinates ¢!, ..., 0P, we obtain,
qb‘ = "Teer/7 d¥ (4.18)
£

where the matrix I'¢ is given by

1 . :
Ff = _p'ﬁ Gal“'ap(c)al.’E“ e aapﬁElpFOilmip (419)
and ay, ..., a, refer to the p-plane coordinates o, . .., o”. Here we have introduced factors

of 4, which is the determinant of the induced metric on the p-plane (hence /7 d¥r is the
volume form on €). For p = 1,2 mod 4, the matrix in Eq. (4.19) satisfies I‘g = 1 and

I'f = I¢. This means that (1 — I'¢) is a Hermitian projector, and so

>0

€ ———€=¢€

P(1-Tg) _ p(1-T)(1-Tg) _ H(l_:[‘s)e"z
2 2 2 2

That is,
efTee < efe=1 (4.20)

where we have chosen to normalize the Killing spinor by €f'e = 1. Substituting the above
inequality in Eq. (4.18) gives
¢>‘ <7 dPo = ’UOl’ (4.21)
4 £

Therefore, ¢ satisfies the second property required for a calibration. From Eq. (4.20) it
is clear that the calibration bound, Eq. (4.21), is saturated only when I'ce = €. However,
this is exactly the supersymmetry projection condition for a static p-brane wrapping &,
since the matrix I'c matches the p-brane projector in Eq. (1.14) in Chapter 1 (if we restrict
to the case we are considering here where the brane has 0% = t). Therefore, the calibrated
cycles of ¢ are supersymmetric cycles for static p-branes to wrap.

Hence, we have shown that ¢ constructed from Killing spinors as in Eq. (4.17) is
a calibration. Furthermore, static probe branes wrapping calibrated cycles of ¢ are
supersymmetric (as well as energy minimizing). Note that in the backgrounds R10-4 x
My, where M, is one of the special holonomy manifolds discussed in the last paragraph of
§ 4.2.5, all calibrations inherited from My can be constructed from Killing spinors in this

way. In more general supersymmetric backgrounds, e.g. when the metric takes a more
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general form to Eq. (4.16), it is also possible to construct calibrating forms in this way.
In fact, even when F'® # 0, we can construct generalized calibrations from the Killing

spinors of the background, as we will see in the next section.

4.4 Backgrounds with non-zero flux

We now consider 11-dimensional solutions which have a non-zero 4-form field strength,
F® +£ 0. To begin with, we will not assume that these backgrounds are supersymmetric,
although we will specialize to the supersymmetric case at the end of § 4.4.2. We wish to
find calibrations for branes in these backgrounds. To do this we will need to relax one of
the requirements for a calibration, namely the condition that ¢ is closed. However, we
will still require the second condition, Eq. (4.2), to hold. In this case ¢ will be referred
to as a generalized calibration. We make this modification because in backgrounds with
F® £ 0 the energy and volume of a probe brane are not equivalent. Rather, the
energy of a probe brane is given schematically by £ = Vol + WZ, where WZ is the
Wess-Zumino term for the brane, which arises from the coupling of the brane to the
background gauge potential. We will see that in certain circumstances the modification
d¢ # 0 is exactly what is required for calibrated branes to have minimal energy, rather
than minimal volume. Roughly speaking, the non-zero derivative of ¢ takes account of
the Wess-Zumino term in the energy of the brane.

Generalized calibrations were first introduced in Ref. [89] in the context of anti-de
Sitter backgrounds, and were considered for more general backgrounds in Ref. [90]. For
branes with non-zero world-volume fields, there are other types of generalized calibrations,
which were discussed in Ref. [91].

We begin our discussion by considering the consequences of relaxing the requirement
that ¢ is closed. Then we find the condition on d¢ which allows one to associate the
quantity minimized by a calibrated cycle with the energy of a brane. In a supersymmetric
background we will see that this condition is automatically satisfied by a calibration
constructed from Killing spinors. Furthermore, in this case the calibrated cycles are

supersymmetric.

4.4.1 Generalized calibrations

We define a generalized calibration, ¢, to be a p-form which is not necessarily closed, but
it satisfies the condition in Eq. (4.2). That is, given any tangent p-plane, &, the pull-back

of ¢ to £ is less than or equal to the volume form on £, i.e.

¢L < wl's (4.22)
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where the volume form is induced from the metric. As before, submanifolds which saturate
this calibration bound at every point are referred to as calibrated, but these submanifolds
will no longer have minimal volume. To see this, consider two p-submanifolds A and
L in the same homology class. This means we can write N = £ + d=, where = is a
(p + 1)-dimensional submanifold. We take N to be calibrated by ¢. Therefore,

TN //\/q5 - /£+05¢ = /zeLwl

where, in the last step, we have used the fact that ¢ satisfies Eq. (4.22). We now introduce

Vol(N) =/

TE

vol
N

+/ ¢ (4.23)
0=

T=L

a reference p-submanifold, W, in the same homology class as A and £. This means that
we can write N — W = 0A; and £ — W = JA,, where A; and A, are (p + 1)-dimensional
submanifolds. Using the relationship N' = £+ 0= we find that 0= = dA;—0A,. Therefore,
the inequality in Eq. (4.23) becomes,

Vol(N) < Vol(L) + /a o] 4

dAa

Using Stoke’s theorem, this implies,

Vol(A) — /

Ay

dgp < Vol(L)— / d¢ (4.24)
Ao
Therefore, the calibrated manifold, N/, minimizes the quantity

Vol(N) — do (4.25)

A
in its homology class. Note that if ¢ is closed, the calibrated manifold has minimal volume,
as before. When ¢ is not closed, the minimized quantity can, under certain circumstances,
be associated to the energy of a probe p-brane in a supergravity background with F(*4) = 0.
We now describe how this works for M2-brane probes’. In this case ¢ is a 2-form and

N, L are 2-dimensional submanifolds.

4.4.2 (Generalized calibrations and energy

Consider an 11-dimensional static supergravity background with F® # 0. This back-
ground possesses a time-like Killing vector, K, which we take to be K = 3/0t, and we
denote the norm of k by v = V—K?2. We now consider probing this background with

"In 11-dimensions we have M2-branes and M5-branes only. The M2-brane case is simpler, so we focus
on it here.
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a static M2-brane with world-volume coordinates ¢, 0!, 02. The energy functional mini-
mized by this brane is [90]

E:J?/fdw~%+mﬁﬂ

where v is the determinant of the induced metric on the world-volume and A® is a 3-
form gauge potential for F). Note that tx A® is a 2-form constructed from A® and
K, and this form is evaluated on the brane world-volume. From now on we will drop the
indices (3) and (4) on the gauge potential, A®®) and field strength, F¥), for convenience.
Now, since the M2-brane is static, the determinant of the induced metric, v, decomposes
as v = —v2det(vq), where 74 is the metric induced on the spatial world-volume of the

brane, and a,b = 1, 2 refer to the coordinates ¢!, 2. Therefore, the brane minimizes

E:/fdmmm%w+mﬂ (4.26)

where we have left out the constant overall factor of 75 since it is not important here.
The first term in this expression corresponds to the volume of the brane (v corresponds
to a red-shift factor), and the second term corresponds to the electrostatic energy. If we
compare this to Eq. (4.25) we see that the first terms in the two expressions match if we
identify N with the 2-d surface wrapped by the brane. To identify the second terms we
require d¢ = —dig A, i.e. ¢ is not closed, but its derivative is specified by the background
fields. In this case the second term in Eq. (4.25) becomes,

—/ d¢=/ digA = LKA:/LKA—C
Ay Ay dA N

where we have used Stoke’s theorem in the second equality and we have rewritten 0A; =
N —W. Here ¢c = fw tg A is an arbitrary constant (since W is an arbitrary manifold),
which cancels from both sides of the inequality in Eq. (4.24). Therefore, provided ¢
satisfies dp = —dix A and we identify N with the surface of the M2-brane, then the
quantity minimized in Eq. (4.25) is equal to the energy of a static M2-brane probe, given
in Eq. (4.26). Thus, the calibrated submanifolds of ¢ are minimal energy cycles for M2-
branes to wrap in these backgrounds.

If the background is supersymmetric, there is a natural construction of ¢ using Killing
spinors. Formally this construction is the same as in Eq. (4.17), except now the constituent
Killing spinors are not covariantly constant. Rather, they satisfy the full Killing spinor
equation, Eq. (5.1), with non-zero F'. Schematically, this is given by Ve + F'-T'e = 0. We
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can construct a calibration 2-form from a Killing spinor, €, as follows,
1‘I‘ da* A da’
¢ = 5elijeds A dzx (4.27)

where € = ¢T0 where IV is a tangent space ' matrix, i.e. [? = v (In Eq. (4.17) there
was no need to distinguish between these two I'-matrices as v = 1 for that case.). The
derivative of ¢ in Eq. (4.27) can be calculated by replacing derivatives of € using the Killing
spinor equation. This procedure gives d¢ = ¢ F'. For a certain gauge choice of A, one finds
tkF = —dig A, and so d¢p = —di A as required. We will prove that d¢ = 1 F' = —dig A
from the Killing spinor equation explicitly in Chapter 5. Therefore, if we construct ¢
from Killing spinors, then ¢ satisfies the correct condition for the calibrated cycles to
correspond to minimal energy submanifolds for branes to wrap. Furthermore, branes
wrapping calibrated cycles are supersymmetric. The argument for this follows exactly
the same route as in § 4.3.

Note that so far we have only dealt with generalized calibrations for M2-branes. The
Mb5-brane case is more involved as there can be non-zero world-volume gauge fields which
will contribute to the energy of the brane. Despite this complication, the calibration
bound for an Mb5-brane in flat space has been derived [91], and the extension to general

non-flat backgrounds has been considered in our paper [2]. We will discuss this in § 5.2.

4.4.3 An example: M2-brane background

We now consider a particular example of a background with F' # 0, namely the back-
ground sourced by NN coincident M2-branes. This background is supersymmetric, and thus
possesses Killing spinors. We will show how a 2-form generalized calibration, ¢, can be
constructed from the Killing spinors. We will use this calibration to find supersymmetric
embeddings of further M2-branes in this background.

From § 1.2, the metric and 4-form field strength for this background are given by

ds? = H™3(—(dz°)? + (dz!)? + (dz?)?) + H3((dz®)* + .. . (dz})?)  (4.28)
F = dH™ Adz® Adz! Ads? (4.29)

where the M2-branes which source this background are aligned along the z°, z', 22 di-

rections. Here H is a harmonic function of r, the radial distance away from the branes,

B
r? = Z(x1)2

I=3

where

It is straight-forward to check that the vector K = 9/9z° is a time-like Killing vector for
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this background, i.e. V(,, K,y = 0. The vielbein for this metric is given by ¢! = H~/3dz’,
fori=0,1,2, and e/ = HY%dz! for I =3,...,14.
This background has 16 Killing spinors, ¢ = H~1/8¢,, where €, are constant spinors

normalized by €l €g = 1) which satisfy the usual M2-brane projection condition:
Y € y
o260 = €0

where the indices on the [-matrices refer to the orthonormal basis, {e‘, e/ }. We now make
some additional projections, compatible with the above condition, to select one of the 16

Killing spinors. A possible choice for these additional projections is
Lozs€o = Lose€o = Torgeo = Foguﬁo =€

F1357g€0 = €p (430)

We now use this selected Killing spinor to construct ¢ as in Eq. (4.27). We obtain,
¢ = —H 'da' Ada?® — dz® Ada? — dz® A da® — da” A da® — d2® A da” (4.31)

where we have used the orthonormal basis specified above, and the norm of € is €le =
H~Y3¢leq = H™Y/3. Since ¢ is constructed from a Killing spinor it will automatically
satisfy the calibration bound Eq. (4.22) (we proved this in § 4.3). We now calculate the
exterior derivative of ¢ to show that it also satisfies d¢p = —dix A, which means that ¢ will
calibrate minimal energy probe M2-branes in this background. The exterior derivative of
¢ is

dp = —dH ™ Adz' Ada?

By integrating F' we obtain the following 3-form potential,
A = H'dz® A dz* A da?
Therefore, tx A = H'dz! A dz? and so
diwA=dH ' Ndz' Adz? = —d¢

Therefore, ¢ given in Eq. (4.31) satisfies the right property to calibrate minimal energy
supersyminetric probe M2-branes in this background. From the form of ¢ in Eq. (4.31), we
see that an M2-brane can wrap one of the following 2-cycles and be calibrated: {z', 2%},
{z3, 2%}, ..., {z° z"}. Including one of these probe branes in the background will reduce

the supersymmectry of the configuration by a factor of % except if the brane wraps the
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{z',z?} cycle, in which case the probe M2-brane is parallel to the background M2-branes
which source the geometry, and no supersymmetry is broken. Notice that the cycles
{z% 2%}, ..., {2° 2%} are selected due to the particular projection conditions chosen in
Eq. (4.30). Clearly, we could have chosen these additional projections in a different way,
and this would have led to different supersymmetric cycles for probe M2-branes to wrap.

In the next chapter we will consider superalgebras for general supersymmetric back-
grounds. In particular, we will be interested in the modifications to the super-translation
part of the algebra which arise when probe branes are placed in supersymmetric back-
grounds. We will see that the properties of generalized calibrations arise naturally from
the modified super-translation algebra. In particular, we will derive the calibration bound
for an Mb-brane in a general supersymmetric background with non-zero gauge fields on

its world-volume.



Chapter 5
Topological charges for branes

In this chapter we will consider supersymmetry algebras in eleven dimensions. In general,
a supersymmetry algebra consists of a set of commutators and anti-commutators between
the momentum operators P, the supersymmetry generators, @), and the Lorentz gener-
ators, My, *. We will be particularly interested in a sub-algebra of the full supersymmetry
algebra which is generated by the operators P, and @, (which we will refer to as the
super-translation algebra). In flat space, this sub-algebra is given by the following set of

commutators and anti-commutators,
[Pmapn]=O> [Pm>Qa]=O

{Qm Qﬂ} = (CFm)aﬂPm

where C' is the charge conjugation matrix. It has been known for some time that if one
includes a probe brane in flat space, there is a modification to the supersymmetry algebra.
In particular, the anti-commutator {Q, @} acquires an additional term on the right hand
side. For example, if one places a probe M2-brane in flat space, one finds the following

anti-commutator for the Qs [92],

{Qm QB} = (CFm)aﬂPm + %(Crmn)aﬂzmn (5-1)

where

z7m = ﬂ:/dxm/\dx"

and the integration is taken over the spatial world-volume of the M2-brane, and the +

in Z™" corresponds to whether this is a brane or anti-brane [93]. This additional term

f additional charges appear in the algebra, then the full supersymmetry algebra will also include com-
mutation relations amongst these charges, and relations between the charges and the operators P, Qo
and My,

74



Chapter 5. Topological charges for branes 75

in the algebra is only found when one considers probe M2-branes in the background.
However, strictly speaking one should think of the new term as always being present in
the algebra, but conventional states (i.e. point particles) are not charged under Z™", and
so for these states the supertranslation algebra reduces to {Qq, @s} = (CTin)apP™. Note
that this new term in the algebra is a topological charge for the M2-brane. The charge
is topological because it involves the integral of a closed form, and therefore it depends
only on the homology class of the probe brane configuration.

Similarly, for an M5-brane probe in flat space, the anti-commutator {Q, @} acquires
a topological charge given by the integral of a closed form over the 5-dimensional spatial
world-volume of the brane (Again, strictly speaking, this charge is always present in the
algebra but it is only excited by Mb5-branes.). In both the M2- and Mb-brane cases,
the new topological charges in the algebra have trivial commutation relations with the
operators P, and @, (at least in the flat space case).

The aim in this chapter is to find the form of the anti-commutator {Q, @} for probe
M2- and Mb-branes in arbitrary supersymmetric backgrounds. Motivated by the flat space
case, we will look for topological charges for the probe branes which arise from integrals
of closed forms. We begin by considering the Killing spinors of a general supersymmetric
background. These spinors obey a set of differential equations (the Killing spinor equa-
tions) which involve the metric and background fields. Following Ref. [28] we can use
the Killing spinors of a supersymmetric background to construct a set of p-forms. These
forms obey a number of algebraic and differential conditions which will be described in
§ 5.1.1 and § 5.1.2. In § 5.1.3 we show that the differential conditions satisfied by the
forms can be manipulated to produce a closed 2-form and a closed 5-form. In § 5.2 we
will argue that these closed forms appear in the super-translation algebra for probe M2-
/Mb-branes in arbitrary supersymmetric backgrounds. Moreover, we will show how the
algebra for the M5-brane can be modified to allow for arbitrary world-volume fields. The
super-translation algebras we propose agree with the algebras found for probe branes in
various specific backgrounds in Refs. [90-92,94,95]. In § 5.3 we will present an example
of a non-trivial supersymmetric background. We will explicitly find the expressions for
the closed forms and we will use these expressions to obtain the supersymmetry algebras
for M2- and M5-branes probes in this background. The original results discussed in this
chapter have been published in Ref. [2].
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5.1 General 11-d supersymmetric backgrounds

In this section we discuss bosonic supersymmetric solutions (ds?, F') of 11-dimensional su-
pergravity?. Recall from Chapter 1 that these backgrounds are characterized by admitting
Killing spinors. The Killing spinor equation is

1

Vi€ + 988 [, memena — ggmprensmal fr g€ =0 (5.1)

where ¢ is a 32-component real Majorana spinor which transforms under the group
Spin(1,10). Here F is the 4-form field strength for the background, I',, are the Dirac
matrices in 11 dimensions (with conventions in Appendix A), and the covariant derivative
of ¢ is defined by

1 . R
me = 8m6 + anﬁ m]__‘ﬁp €

where w™; ,,, are the components of the connection 1-forms for the metric (the hats denote
tangent space indices). For a background to admit a Killing spinor, Eq. (5.1) must be
satisfied for each m = 0,1,..., (so the Killing spinor equation is really 11 equations).
The number of independent Killing spinors satisfying these equations corresponds to the
number of supersymmetries preserved by the background.

Note that the Killing spinor equations are first order, while the Einstein equations are
second order. Therefore, it is generally be easier to solve the Killing spinor equations to
find supersymmetric solutions of supergravity. The existence of a Killing spinor guarantees
that some components of the Einstein equations are satisfied. In some cases, for example
where the metric is diagonal [96], the Killing spinor equations ensure that all components
of the Einstein equations are satisfied, and one only needs to check that the equations of
motion and Bianchi identities for the field strengths are satisfied.

It is helpful to translate the condition for supersymmetry, Eq. (5.1), into several con-
ditions on p-forms of various degrees that can be constructed from Killing spinors. The
idea is to start with a set of commuting Killing spinors, {¢’,7 = 1,... N}, and construct

p-forms with components given by,

Ki = &L, (5.2)
wi = &l € (5.3)
Z%npqr = Eianqu ¢ (5-4)

where & = (e")TF() is the conjugate spinor (I‘o acts as the charge conjugation matrix,

%In this chapter we drop the indices (4) and (3) from the 4-form field strength, F', and its associated
3-form gauge potential, A.
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('), and all spinor indices are contracted. These forms are symmetric in ¢ and j. This is
because in each case the product of [' matrices between the spinors is a symmetric matrix
(see Appendix A), and the components of the spinors commute. There is also a set of

forms which are anti-symmetric in ¢ and j. Their components are given by,

X9 = &d (5.5)
Y;zjnp = gi anp Ej (5 : 6)
Z riv{npq = gi F‘"qu fj (5 . 7)

One could also consider constructing p-forms with p > 6, but these forms will simply
be dual to the lower-dimensional forms. The forms introduced in Eqgs. (5.2)-(5.7) obey a
number of algebraic and differential conditions [28]. The algebraic conditions arise from
Fierz identities, while the differential conditions follow from the Killing spinor equation.
We will describe these conditions in § 5.1.1 and § 5.1.2 respectively. However, from now on
we will concentrate on the case where the forms are constructed from one (commuting)
Killing spinor, €. This reduces the number of possible forms, since X, Y and Z are
automatically zero (due to anti-symmetry in ¢ and j) and there is just one 1-form, K, one
2-form, w, and one 5-form, 3, to consider. Obviously, since we are just dealing with just

one Killing spinor, our results will hold for the most general supersymmetric solutions.

5.1.1 Algebraic conditions

We begin by discussing the algebraic conditions satisfied by the forms. These conditions
can be derived from Fierz identities. In particular, the following Fierz identity re-expresses
the product M,gN,s; (where M and N are real 32 x 32 matrices, and «, f3, ... are spinor

indices) in terms of a basis of I' matrices,

MagNos = 55 [(NM)ass + (NI M) (T = o (NE™ M)as (T
=51 VT M)os (T + 5 (V™ )T
(VTP M) (T | (53)
If we take M = Iy, n, and N = I'™~" for p = 1,2,5, then the following identities

between the forms K, w and ¥ can be derived [28],

22 = —6K? (5.9)
w? = —5K? (5.10)
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where for a p-form, a, we define

2 1
o = I; Qny..mp O

ny..Mp

The identities in Egs. (5.9) and (5.10) suggest that there is only one independent Lorentz
scalar (which we can take to be K?) that can be constructed from K, w and 2. In Ref. [87]
this was proved to be the case and it was also shown that K2 < 0,i.e. K is either time-like
or null. Since K? is a Lorentz scalar it will remain fixed under Lorentz transformations
of the constituent spinor, which correspond to transformations of the spinor under the
group Spin(1,10). Therefore, we can label the orbits of Spin(1,10) by the value of K2.
Since K? = 0 or K% < 0, there are only two orbits of the group because the spinors with
K? < 0 can always be re-scaled to give the same value of K2 e.g. K? = —1. Moreover,
Spin(1,10) acts transitively on the level sets of K? [87], so different spinors in the same
orbit are related by a Lorentz transformation.

For the two cases, K2 = 0 and K? < 0, we can choose a convenient set of projection
conditions which define the constituent spinor (up to scale). For K2 < 0 a possible set of

projection conditions is
Io12€ = Logae = Dosee = Torze = F09{16 =€

Lo1ss79€ = € (5.11)

where here the I" matrices all have tangent space indices, i.e. (I';y)? = +1. In fact, one
of the above conditions is not independent, since ;34567805 = 1. The forms K, w and

corresponding to this set of projection conditions are given by,

= A€ (5.12)

w = —AlrA 4+ net +eP Al e At +e A€ (5.13)
1

= ——QA"zK Aw Aw — ARe() (5.14)

where € is the complex 5-form,
Q= (et +ie®) A (€3 +ie*) A (€5 +1ie5) A (€7 + ie®) A (e + ie?)

and A = ¢Te is the norm of the spinor. Note that clearly K in Eq. (5.12) is timelike.
Moreover, it is easy to check that the forms obey the algebraic identities in Egs. (5.9) and
(5.10). Now, since Spin(1, 10) acts transitively on the level sets of K2, this means that the
projection conditions for any spinor with K2 < 0 can be brought into this particular form

(5.11) by an appropriate choice of vielbein (choosing a frame is the same as performing a
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Spin(1,10) rotation on the spinor).

The above p-forms define an SU(5) structure on the underlying manifold. This struc-
ture group corresponds to the stability group of the spinor used to construct the forms. In
general, this group is referred to as the G-structure. Information about the G-structure
has been used in Refs. [28] to classify the form of supergravity solutions which possess
Killing spinors. For example, in Ref. [28] the SU(5) structure corresponding to timelike
K was used to specify properties of the metric and 4-form field strength for solutions
which possess such a Killing spinor.

We now consider the case where K? = 0. In this case a possible set of projection

conditions for the constituent spinor is
Ipie = —¢

Ia345€ = Daggre = 'ozgoe = Nagpge = —€ (5-15)

These conditions together with I'gj23456780y = 1 give an additional equation
I'ye = —€ (5.16)

where all [' matrices in the above equations have tangent space indices. The forms corre-

sponding to the above projection conditions are

K = A(e®+e') (5.17)
w = —KAé (5.18)
Y = —KA¢ (5.19)
where ¢ is the Cayley 4-form,
b = PO 4 T8y 26T _ 2560 _ 3478 4 2468 | 3579
| 4580 | 4567 _ 34690 | 2389 _ 2578 2479 _ 3568 (5.20)

and we are using the short-hand notation e?*4® = e2 A e A e? A €5 etc. Note that K in
Eq. (5.17) is clearly null and the forms obey the algebraic identities in Egs. (5.9) and
(5.10). Again the idea is that the projection conditions for any Killing spinor with null
K can be put into the above form by an appropriate choice of vielbein. In this case the
forms define a (Spin(7) x R8) x R structure. This corresponds to the stability group of
the spinor used to construct the forms. The form of supergravity solutions which possess
this structure have been classified in Ref. [29].

It is important to note that the situation is much more complicated when we consider
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forms constructed from more than one Killing spinor. In these cases, typically more than
one independent Lorentz scalar can be constructed. Consequently, there will be more
orbits of Spin(1, 10) to consider, and correspondingly more sets of projection conditions
to be defined. These backgrounds have not yet been considered in general, and it would
be very interesting to investigate them and to try to formulate a classification for the
corresponding solutions.

So far, we have only dealt with the consequences of the algebraic relations in Eqgs.(5.9)-
(5.10). However, there are many other algebraic relations that can be derived from the

Fierz identity in Eq. (5.8). For example, the following identities can be derived [28],

1
LgWw = O, LKE = 5 wAw, (521)

1
V= .
wA 2K2K/\w/\w/\w (5.22)

where the components of the 1-form ¢xw are given by (txw)m = K wy, (see Appendix A
for the full definition of the interior product of forms). These identities can also be derived
very simply using the explicit p-forms obtained for time-like and null K in Eqgs. (5.12)-
(5.14) and Egs. (5.17)-(5.19).

5.1.2 Differential conditions

We now derive the differential equations satisfied by the forms following Ref. [28]. These
equations arise because the forms are constructed from spinors which satisfy the Killing
spinor equation, Eq. (5.1). To illustrate this we first consider a general p-form, ¢, con-

structed from a Killing spinor, €. The components of ¢ are

¢n1...np = EFnl...npe

We can calculate the covariant derivative of ¢ as follows,

Vm¢n1...np = vm (a-_‘nl...npe)
= (Vin€)Tny..np€ + s, Vime

where (Vme) = (Vne)TT? and the Killing spinor equation is used to make the following

replacements,
1 r1T2T3T T1Tr27ar
Vmé = —@ Fm 17273ra 85"%1—‘ s 4] Fr1r27‘3T4€
1
(V€)= ez €L 4 8O0 By,
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Using this technique to calculate the covariant derivatives of K, w and £ one finds [28],

1 1
van — 6 wmmFrlern + a b TIT2T3T4TS o Fr1r2r3r4r5mn (523)

1 1

VmW'er = 3__21_1 gm[nzp]rlr2r3r4Fr1r273r4 + W Enp
1

rirar, 1 T
— 3—3| Em[n 172 3Fp]7‘17‘27“3 + g K Frmnp (524)

1727
12 3Fmr1r2r3

1, 10
vmznpqrs = 61< * Frmnpqrs - _Fm[npqwrs] - _F[npqrws]m

3 6
10

5 e
B ?gm[nwptﬂuqrsl 5 Eonnlryra) (¥2) 77
5

9 T r1ToT
+ 6 F[nplhrzl(*z) ' 2qrs]m - §gm[nFPlT1T273|(*E) o

pars]

(5.25)

qrs]

Anti-symmetrizing over all free indices in the equations above, we obtain the following

equations for the exterior derivatives of the forms,

2 1
dK = S wF+zisxF (5.26)
dw = xF (5.27)
d¥ = wx+xF—wAF (5.28)

Moreover, symmetrizing over the indices m,n in Eq. (5.23) we find,
VimEyy =0

i.e. K is a Killing vector. This is equivalent to the statement that Lxgm, = 0, where
L is the Lie derivative. This means K is a symmetry of the metric. In fact, K will be
a symmetry of the full solution if additionally LxF' = 0. To calculate Lx F we use the

following definition of the Lie derivative of a general p-form, 1, along a vector, X,
Lxy = d(txy) + ixdy (5.29)
Applying this rule to calculate L F' we find,
LxF = 1xdF + digF = d(dw) =0 (5.30)

where we have used the Bianchi identity for F' together with Eq. (5.27) in the last step.
Therefore, K is a bosonic symmetry of the supersymmetric solution (ds?, F,¢). This fact
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will be useful when we construct closed forms in the next section.

5.1.3 Constructing the closed forms

In this section we construct a closed 2-form and a closed 5-form for a general supersym-
metric solution (ds?, F,¢). This will involve adding pieces involving background fields to
the forms w and ¥ to cancel the terms on the right hand side of Egs. (5.27) and (5.28). In
§ 5.2 we will argue that the closed 2-form and 5-form that we construct appear as topolog-
ical charges in the superalgebras for M2- and M5-brane probes in general supersymmetric
backgrounds.

Recall from the last section that the 1-form K is a symmetry of a general supersym-
metric solution, i.e. Lxg = LxF = 0. Now, the 4-form field strength F' is related to a
3-form gauge potential, A, via F' = dA. Therefore, we can choose a gauge for A which
respects the symmetry generated by K, i.e. LxA = 0. To see that this gauge choice is
always possible, we use the fact that the following commutator acting on an arbitrary

form, ¢, vanishes:
[Lx,d] ¢=0 (5.31)

This commutation relation is easily proved using the expression for the Lie derivative
given in Eq. (5.29). Applying this commutator to A we find that d(LxA) = 0 since
L F = 0. Therefore, locally we can write LxA = dS), where €} is a 2-form. Now if we

make a gauge transformation on A, i.e. A — A + dA, this relation becomes
LxkA = dQ— Lx(dA) =d(Q2— LxA)

where in the second equality we have used Eq. (5.31) again. Now we can choose A
appropriately so that LxA = 2, and we have L A = 0 in this particular gauge. Therefore,
we have shown that if LxF = 0 then we can always choose a gauge for A which satisfies
LA = 0. Note that this proof works for field strengths of any dimension and their
related gauge potentials.

We now discuss the consequences of choosing this gauge for A. Using the definition

of the Lie derivative given in Eq. (5.29) we have
£KA = d(LKA) + LKdA =0 (532)

i.e. d(tgA) = —tg F. Using this relation together with Eq. (5.27) we find that the 2-form
w + Lt A is closed:
d(w + I,KA) = LKF - LKF =0

We will see that this closed 2-form appears naturally in the supersymmetry algebra for
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an M2-brane probe in a supersymmetric background. In particular, it gives rise to a
topological charge for the brane.

Similarly, we can find a closed 5-form. Firstly, since LxF = Lxgg = 0 this implies
that L * ' = 0 also. Now *F' is a 7-form field strength which satisfies the following
equation of motion,

dx F + %F ANF =0

We can introduce a 6-form gauge potential, C, for xF which satisfies,
1

Then d2C = 0 gives the equation of motion for *F. Since Lx x FF = LxF = LxA =0
we can choose a gauge for C which respects this symmetry, i.e. LxC = 0 (the proof for
this is exactly the same as above). If we choose the gauge in this way then the 5-form,
Y4+ xC+AN(w+ %LKA), is closed:

1 1
d(2+LKC+A/\(w+§LKA)> = gxF—wAF+LC — 1y (*F+§A/\F)

1 1
+F A (w + §LKA) — AN (LKF + 5([:[(14 — LKF)>
=0

where we have used the gauge choice LxA = 0 and the fact that (x (AAF) =1 AANF —
AN igF to show that these terms sum to zero. This closed 5-form will appear in the
superalgebra for an M5-brane probe in an arbitrary supersymmetric background, as we

will soon see.

5.2 Supersymmetry algebras

We begin this section by introducing the full supersymmetry algebra for conventional
states in 11-dimensional flat Minkowski space. This is given by the following set of

commutators and anti-commutators:

{Qa,Qs} = (CTw)P™ (5.33)

[Pm’Qa]‘:Oa [Pm,Pn]ZO

[Minn, My = Nmlp Main — Tnip Majm,

1

[Mmm Qa] - —=

4 (anQ)a, [Pnn an] = 77m[npp] (534)
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Here @), is a 32-component Majorana spinor, F,, generates translations and M,,, are the
Lorentz generators. The matrix C' is the charge conjugation matrix, which we will take
to be I from now on. We will be mostly interested in the part of the algebra which
involves the anti-commutator of the @s (the super-translation algebra). We can rewrite
this anti-commutator by introducing a constant commuting Majorana spinor parameter,
€ (which is a Killing spinor for flat space — the set of Killing spinors in flat space is simply

the set of all constant spinors). Then the anti-commutator becomes,
{*Qa, €’ Qp} = (€"CT ) P™ (5.35)

Notice that the term in round brackets in Eq. (5.35) is simply €l',e = K,,,, where K is
the 1-form we defined in § 5.1. In this case the components of K are constant, since the
constituent Killing spinor is constant. We can write this anti-commutator in the following

short-hand notation
2(eQ)? = K™P,, (5.36)

This is equivalent to the original anti-commutator, Eq. (5.33), if we demand that the
above equation holds for arbitrary constant € (i.e. we demand it to hold for an arbitrary
Killing spinor € of the background).

We now move on to consider general supersymmetric backgrounds. Such backgrounds
possess Killing spinors, € = e(x™), which satisfy the Killing spinor equation, Eq. (5.1).
These spinors are generally not constant, but depend on the 11-dimensional coordinates,

xm

Each Killing spinor corresponds to a preserved supercharge, €@, for the solution.
The algebra of these supercharges is given by Eq. (5.36), where K is now a field (i.e. not
constant) constructed from the relevant Killing spinor.

Since €@ are supercharges, they correspond to fermionic symmetries of the background.
Therefore, we expect that K™ P, is a bosonic charge and corresponds to a bosonic sym-
metry of the solution (since it arises from the anti-commutator of fermionic charges). In
general, a bosonic symmetry is associated to an infinitesimal coordinate transformation
which leaves the solution invariant (i.e. an “infinitesimal diffeomorphism”). Such a coor-
dinate transformation is associated to a vector field which acts by the Lie derivative. The
quantity K™ P, is associated to the vector field K, and therefore it acts on supergravity
fields by the operator Lx. However, in § 5.1.2 we proved that Lgg = LxF = 0, for
K = €l'e. That is, the background fields are invariant under this action. Hence K™P,,
is a bosonic charge for the supersymmetric solution (ds?, F,¢) and it corresponds to a

bosonic symmetry of the solution. The algebra satisfied by the bosonic charges is

[K-P,J-P|=(LyJ)- P
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where K and J are Killing vectors constructed from Killing spinors. As expected, these
bosonic charges act on each other by the Lie derivative. Note that because K and J
are both Killing vectors the Lie derivative satisfies LxJ = —L; K, as required for the
commutator. We can also consider the mixed bosonic-fermionic commutator. This is
given by

[K - P ed] = (Lke)*Qa

where Ly here is the spinorial Lie derivative, which is defined only along Killing vector
fields.

So far we have considered the part of the supersymmetry algebra which is generated by
the Killing spinors of the background. However, the background may possess other bosonic
symmetries which are generated by vector fields which do not take the form K,, = €[, e. In
fact, it is generally not possible to construct all Killing vector fields for a background from
the Killing spinors. For example, in flat space there are Killing vectors corresponding to
the rotational symmetry of the background which are not constructible from the flat space
Killing spinors. In general, the supersymmetry algebra for a background is determined
by the Killing spinors up to purely bosonic factors [97,98].

We now consider the addition of branes to general supersymmetric backgrounds.
We will be interested in the modifications to the anti-commutator of fermionic charges,
Eq. (5.36). We will find that the branes induce additional topological charges in this part
of the algebra.

5.2.1 Supersymmetry algebra for M2-branes

In this section we consider adding a probe M2-brane to a general supersymmetric back-
ground. However, before we consider the situation for a general background, we first
review the algebra for flat space coupled to an M2-brane probe. In particular, we will
be interested in the anti-commutator of the supersymmetry generators, ). This was first
considered in Ref. [92].

Recall that the Lagrangian for a probe M2-brane is schematically given by

Lyz = —Ta(v/—9 + P(A))

where g is the determinant of the induced metric on the brane’s world-volume and P(A) is
the 3-form gauge potential pulled back to the brane. We could write this Lagrangian in the
full super-space formalism, i.e. with fermions as well as bosons induced on the brane world-
volume. We could then perform a supersymmetry transformation on all supergravity
fields. Under such a transformation, one finds that the Lagrangian is not manifestly

invariant; rather, it changes by a total derivative term. This induces a modification to
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the fermionic charges, @, and the anti-commutator changes as follows,

1
{Qa,Qp} = (CT)apP™ + 5 (CTn)apZ™ (5.37)
where
YA i/d:rm A dx™ (5.38)

and the integration is taken over the spatial world-volume of the M2-brane and the +
corresponds to brane/anti-brane. If we introduce coordinates (o', 0?) on the spatial world-

volume of the brane then Z™" is given explicitly by

2 = :}:/eijaz Oz d’c

dai Hod

As in the previous section, we can rewrite this algebra by introducing a constant com-

muting spinor €“. Then the anti-commutator becomes,

1
2AeQ)? = KnP™ % 5 wpn 2™ (5.39)

where w;,,, are components of the 2-form w constructed in § 5.1 from Killing spinors (which
are constant spinors in flat space). If we substitute the integral for Z™" into Eq. (5.39)
and rewrite the momentum, P™, as an integral of the momentum density, p™ (o), over the

spatial world-volume of the brane, then we obtain

2(eQ)? = /d2chmpm(a) :t/w (5.40)

where we have brought the constant coefficients K,, and w,,, inside the integrals. In
particular, the second term combines nicely to give the integral of the 2-form w. The
above expression is valid for a probe M2-brane in flat space.

We now consider the case of a probe M2-brane in a general supersymmetric back-
ground. We propose that the generalization to the super-translation algebra is given
by

2(eQ)? = / d’cK,p™(0) £ / (w+ L A) (5.41)

where ¢ is a Killing spinor for the background and K and w are fields constructed from
€, as described in § 5.1. Now, as shown in § 5.1.3, the 2-form w + tx A is closed. This
means that the extension to the algebra in Eq. (5.41) is topological. This is a property
which is generally expected for extensions to supersymmetry algebras [90]. Moreover, this
generalization agrees with the algebra for M2-branes in curved backgrounds for timelike

K, which was presented in Ref. [90]. However, here we do not require K to be time-like.



5.2. Supersymmetry algebras 87

Note also that the combination [(K,,p™ + txA) is very natural, since it generalizes the
replacement of p,, with p,, + A,, for a charged particle in an electromagnetic field. Here
the M2-brane is electrically charged with respect to the 3-form potential A.

Since (eQ)? > 0, the super-translation algebra, Eq. (5.41), gives rise to a BPS bound
on the energy/momentum of the M2-brane. We find,

/ Lo K, pm(0) > F / (w + 1 A) (5.42)

where the left hand side is the energy/momentum of the M2-brane, and the right hand
side is a topological charge for the brane. The F in this bound can be chosen to make
the topological charge term positive, so that the bound is of the type E > |Q|. Note that
the topological charge term is only defined up to the addition of closed forms, i.e. we are
free to add df2 to the integrand on the right hand side, where €0 is any 1-form.

We now discuss the connection between the BPS bound given above and the calibra-
tions and generalized calibrations that were discussed in Chapter 4. Firstly, we consider a
static probe M2-brane in flat space. We take K to be the time-like 1-form dz°. Since we
are in flat space tx A = 0, and from the choice of K we have K -p = —py. We can identify
—po with the Hamiltonian density H [90]. However, for static probes in backgrounds with
F = 0, H is simply equal to the volume density (as we saw in Chapter 4). Therefore,
K - p = vol and the above bound becomes

/d2O’UOlZ:F/w

This is (the integrated) ordinary calibration bound in Eq. (4.2), where w is the calibration
form, and the F refers to the orientation of the brane. Moreover, since we are in flat space,
we also have dw = 0, as required for these calibrations. Therefore, essentially we find the
ordinary calibration conditions of § 4.1 from the BPS bound in Eq. (5.42). Note that this
argument would also follow through for 11-dimensional backgrounds constructed from
Calabi-Yau and Hyper-Kahler manifolds (these backgrounds possess 2-form calibrations
and they are supersymmetric).

The second case we consider is where the probe M2-brane is static, but the background
has F' # 0. However, we assume that the background possesses a time-like Killing vector,
which we identify with K. Then the left hand side of the BPS bound becomes —p, = H,
and the right hand side is w + txA. Rearranging the bound (and choosing a definite

orientation for the brane) then gives

/d2a('H —1gA) > /w
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where tx A is evaluated on the brane world-volume. Now, recall from § 4.4 that in this
case the Hamiltonian density is simply given by the volume density plus tx A, i.e. H =
vol + 1 A. Therefore, the bound above simply reduces to [ d?c vol > [w, as expected
from § 4.4. Moreover, we have seen that the Killing spinor equations imply dw = 1x F.
Now if we choose the gauge LA = 0 then tx F' = —d(1xA) and hence dw = —d(1g A), as
required for the generalized calibrations in § 4.4. Therefore, we have seen that both types
of calibrations considered in Chapter 4 arise from the super-translation algebra above.
However, the BPS bound (or calibration bound) we have constructed in Eq. (5.42) is
applicable to more general situations, for example where K is null, or where the brane
is non-static. We will consider these cases when we discuss generalized calibrations for

giant gravitons in Chapter 7.

5.2.2 Supersymmetry algebra for M5-branes

We now consider the super-translation algebra for a probe Mb-brane in an arbitrary
supersymmetric background. As in the M2-brane case, we begin by considering a probe

Mb5-brane coupled to flat space. In this case, the anti-commutator of the @s is

1
{Qa. Qs} = (CTm)apP™ + 51 (Canpqr)aﬁZmnpqr

where
ZmPT — 4 / dz™ Adz™ AN dzP Adz? Adz”

and the integration is taken to be over the spatial world-volume of the Mb5-brane. As
in the previous case, the + simply refers to whether the probe is a brane or anti-brane.
In analogy with the M2-brane case, we can introduce a constant commuting Majorana

spinor, €*, and rewrite this as
b Y

1
2(6Q)” = KnP™ £ = Sunpgr 27

where K and ¥ are the 1-form and 5-form constructed in § 5.1 from Killing spinors (which
are constant spinors in flat space). We now substitute the expression for Z™"P9" and write
P™ as an integral of the momentum density, p™(o), over the spatial world-volume of the

brane. Then the algebra becomes

2(eQ)? = / d°o Knp™ (o) + / )

where both integrations are over the 5-dimensional spatial world-volume of the brane, and

ol,...0"% are coordinates on this space.
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Our proposal for a general supersymmetric background is to replace the integral of ¥
by the integral of the closed form ¥ + (xC + A A (w + 3¢k A) which we constructed in
§ 5.1.3 (Recall that we will need to impose the gauge choices LxA = LxC = 0 to ensure

this 5-form is closed.). That is, the anti-commutator becomes

2eQ)? = / o Kop™(0) + / (2 4 CA AN (w+ %LKA))

This extension is topological because it consists of an integral of a closed form. In fact,
the M5-brane probe can also have a non-zero 2-form gauge field, B, on its world-volume.
This gauge field is related to a 3-form field strength, d B. We can construct an additional

closed 5-form involving this world-volume gauge field as follows:
dB A (w + 1 A) (5.43)

This 5-form is closed since the 2-form w+ ¢t A is closed. We can include this 5-form in the

above anti-commutator to allow for non-zero world-volume fields on the probe M5-brane:
1
2(6Q)2 = /d5o'Kmpm(o') :i:/ (E +txkC+(A+dB) A (w+txgA) — EA A LKA) (5.44)

where the relative normalization of the new term, Eq. (5.43), comes from comparing with
Ref. [91] in the flat space limit. The new Mb5-brane algebra, Eq. (5.44) extends the results
of Refs. [91,95] and agrees with them in the appropriate limits. As in the M2-brane
case, the extended algebra, Eq. (5.44), gives rise to the following BPS bound on the
energy /momentum of the M5-brane,

/dngmpm(g) > q:/ <2 +1xkC+ (A+dB) A (w+tgA) — %A A LKA> (5.45)

where the right hand side is a topological charge for the probe brane. Again the F refers to
the fact that the bound is of the type E > |Q)|, i.e. we can choose the sign appropriately to
make the topological charge term positive. Note that again the integrand is only defined
up to the addition of a closed forms.

As in the M2-brane case, we can consider this bound for special classes of backgrounds
to obtain known calibration conditions for M5-branes. However, this bound also allows for
situations that have not been considered in detail, for example non-static probe M5-branes

with non-zero world-volume gauge fields.
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5.3 Example of brane in non-flat background

In this section we consider a particular supersymmetric background, namely the back-
ground corresponding to N coincident Mb-branes. This background preserves % super-
symmetry. The 16 Killing spinors can be found explicitly and we will choose one of them
to construct the forms KX, w and X. These forms can then be used to find a closed 2-form
and a closed 5-form as shown in § 5.1.3. We will give the explicit expressions for the closed
forms and show how they appear in the super-translation algebra for M2- and M5-brane
probes. We will also give the relevant BPS bounds on the energy/momentum of probe
branes in this background.

Recall from § 1.2 that the supergravity solution corresponding to N coincident M5-

branes is given by

ds® = HY3(=(dz®)*+ (dz")?+ ... + (dz®)?) + HY3((dz®)* + ... + (dz")?)(5.46)
sF = —dH 'Adz®Adz' A... AdT® (5.47)

Here the background Mb-branes are aligned along the 012345 directions, and H is a

harmonic function of r, the radial distance away from the branes, where

We can dualize *F' to obtain the 4-form field strength, ' = — x (xF'). We obtain,

10H 1 o
F= _a_aeijklmmldxj N dl‘k A del Adz™
r Or 4!
where i,7,... =6,7,...,0 and €_y = +1. Therefore, the non-zero components of F' are

all transverse to the background M5-branes. Recall from § 1.2 that the Killing spinors for

this background are given by ¢ = H~1/12¢;, where ¢, is a constant spinor satisfying
Co12345€0 = €0 (5.48)

and we can normalize the constant spinor by (eg)T

€o = 1. Since there is just one projection
condition, this background possesses 16 Killing spinors, and preserves % supersymmetry.
In Chapter 1 we showed that there are two ways of obtaining the projection condition
above. Firstly, one can simply substitute the background supergravity solution into the
Killing spinor equation and solve. The second way comes from requiring the brane world-
volume to be supersymmetric. The projection condition then arises from fixing the -

symmetry on the brane (see § 1.2 for details).



5.3. Example of brane in non-flat background 91

We now construct the forms K, w and 3. To do this we must select one of the 16
Killing spinors of the background. This can be achieved by making further projections

on the spinor, consistent with Eq. (5.48), as follows,
Poieo = —€o

Dosaseo = Taszereo = azgo€o = I'aggseo = —¢€o

where again these ' matrices have tangent space indices. These projection conditions

give K, w and ¥ as follows:

K = A +eb) = HY3(dz® + dat) (5.49)
w = —KAe"=—(dz + dz') A da (5.50)
Y = —-KA¢ (5.51)

where A = H~'/6 and ¢ is the Cayley 4-form, given by

¢ — H_2/3d$2345 4 H4/3d£l,‘6789 + H1/3 |:d$2367 _ dI3478 + dl’2468 4 d$3579 _ diL’2569

+d’c4589 4 d$4567 _ d$3469 4 diL‘2389 _ d.’l?2578 _ d’l?2479 _ d$3568

and we use the short-hand notation dz?*® = dz? A dz3 A dz* A dzd, etc.

Now that we have explicit expressions for the forms, we can verify that the equations
for dK, dw and d3, given in Egs. (5.26)-(5.28), are satisfied. The simplest equation to
check is Eq. (5.27) for dw. Clearly, from the explicit expression for w in Eq. (5.50), we
have dw = 0. Moreover, since the 4-form field strength, F', has non-zero components only
in the transverse directions (i.e. in the 6,7,8,9,4 directions), it is clear that (xF = 0.
Therefore,

dw=0=1xF,

so the equation for dw, Eq. (5.27), is satisfied. Similarly, we can check that the equation
for d¥ , Eq. (5.28), is satisfied. From the explicit expression for ¥ we find,

dY = dH A (dz° + dz?) A (H 2dz®45 — dz57)

We can also easily work out the terms which appear on the right hand side of Eq. (5.28).
We find,
i * F = —dH ™' A (dz® + dz') A dz®®

wAF =dH A (dz° + dz') A dz®™°
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So clearly,
d =1 *xF—wAF

as required by Eq. (5.28). Similarly, the equation for dK, Eq. (5.26), is straight-forward
to verify, but we do not present the details here as it is slightly messy.

We now work out the closed forms in the M2- and M5-brane super-translation algebras.
The closed 2-form, which appears in the M2-brane algebra, is given by w+ ¢x A. The first

step is to choose a gauge for A which satisfies Lx A = 0. Now, this means that
EKA = dLKA + LKF = dL](A =0

where we have used the fact that in this case tx F' = 0. So we can consistently choose a

gauge for A such that ¢x A = 0. Then the closed 2-form is simply,
w+tigA =w=—(dz° + dz') A da?

The gauge choice 1 A = 0 also simplifies the expression for the closed 5-form defined
in § 5.1.3. It becomes,
Y4+ 1xC+ (A+dB)ANw (5.52)

Now, the 6-form potential C' satisfies dC = *xF' + %A A F. However, in this background
AN F = 0. Therefore, to find C' we simply integrate *F'. We obtain,

C =—(H'=1)dz® Adz* Adx? Adx® Adz? A da

It is easy to verify that this gauge for C satisfies LxC = 0. We can now compute txC
which appears in the closed 5-form,

1xC = (H™' = 1)(dz° + dz') A dz® A d2® A dz* A da® (5.53)

The remaining subtlety is how to define A A w, since A is a magnetic potential for this
background, and so it is not globally well-defined. The natural solution is to define the
integral of A Aw over the spatial 5-dimensional world-volume of the brane as the integral
of F'Aw over a 6-dimensional surface whose boundary is the 5-brane surface. The quantity
F A w is well-defined, and is given explicitly by

FAw=(dz® +dz') AdH A dz® A dz” A da® A d2®

We can integrate F' A w once to give the quantity that we will identify with A A w up
to the addition of a closed form (Recall that all topological terms are defined up to the
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addition of closed forms.),
—(H — 1)(d2® + do*) A da® A dx” A dz® A d2® (5.54)

Therefore, adding Eqgs. (5.51),(5.53) and (5.54), we obtain the following expression for the

closed 5-form,
ikC + %+ (A+dB) Aw = (dz° + dz') A ¢ — dB A (d2® + dz*) A da (5.55)
where the terms have combined such that ¢; is the Cayley 4-form on flat space:

¢f — diE2345 + dCL'6789 4 dSE2367 _ d.’132569 _ d$3478
4 dil,‘2468 + d$3579 + d$4589 € dil}4567 . d([}3469

L 2389 _ g8 _ 3,2479 _ 4o3568

Clearly the 5-form in Eq. (5.55) is closed.
Now that we have the expressions for the closed 2-form and closed 5-form we can
write down the extended super-translation algebra for probe branes in the Mb-brane

background. For the M2-brane the anti-commutator is given by,
2(eQ)* = K- pF / (d2® + dz') A da”
M2 M2

and the corresponding BPS bound on the energy/momentum of the probe M2-brane is,

/ (=po +p1) 2 :f:/ (dz° 4 dz') A da
M2

M2

where we have used the explicit form for K, given in Eq. (5.49), to rewrite the term K - p.
Note that the indices on p,, are coordinate space indices. As before, —pgy can be associated
to the Hamiltonian for the brane, so the integral [ —po gives the energy of the brane.

For an Mb-brane probe the super-translation algebra is,
2(eQ)? = K-pn‘:/ (—(dz® + dz') A ¢y + dB Aw)
M5 Ms
and the corresponding BPS bound on the energy/momentum of this probe is given by,

/ (—po+p1) > :l:/ ((d:z:0 + dz') A ¢s—dB /\w)
M5 M5

For a static probe Mb5-brane, which is parallel to the background Mba-branes, this bound
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becomes,

/ H > / dz' A dz® A dz® A dz* A da® (5.56)
M5 M5

This is the same as the calibration bound one would obtain for adding an M5-brane
probe to flat space. Therefore, it is consistent to add a probe Mb-brane parallel to
the background branes. Moreover, ¢; contains many other terms, so there are many
other possibilities for adding M5-brane probes to the background without breaking all

the supersymmetry.



Chapter 6

Type IIB supersymmetric

backgrounds

In this chapter we consider the Killing spinors associated to type IIB supersymmetric
supergravity backgrounds. In particular, we will be interested in using these spinors to
construct p-forms of different degrees. These p-forms are analogous to the forms which
were constructed from d = 11 Killing spinors in Chapter 5. Like the 11-dimensional case,
we will use the type IIB Killing spinor equations and some Fierz identities to derive dif-
ferential equations and some algebraic relations for these forms. Our motivation is to use
these equations to obtain generalized calibrations for branes in type IIB supersymmetric
backgrounds. In particular, in Chapter 7 we will use the results obtained here to find a
generalized calibration for giant gravitons in AdSs x S°.

In contrast to the 11-dimensional case, type IIB supergravity has two types of Killing
spinor equations. The first equation is differential, and it arises from requiring that the
supersymmetry variation of the gravitino vanishes. In § 6.1 we will use this equation
to derive a number of differential equations satisfied by the p-forms in a general super-
symmetric background. Note that all our equations will be valid for the most general
supersymmetric backgrounds, i.e. backgrounds which possess at least one Killing spinor
and have background field strengths H®, G, G and G® non-zero. The second type
of Killing spinor equation is an algebraic equation, which arises from the variation of
the axino-dilatino. In § 6.2 we will use this equation to derive some algebraic relations
between the forms and the background field strengths. We will also use Fierz identities
to derive another set of algebraic relations between the forms.

The results we derive here extend the partial results of Refs. [37-39] which have been
obtained for backgrounds which preserve 4-dimensional Poincaré invariance. In these pa-
pers the focus was on using the p-forms to find the G-structure for backgrounds with this
symmetry, and then using the G-structure to classify the form of the corresponding solu-

95
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tions. We anticipate that both the differential and algebraic relations we derive here will
play an important role in the full classification of supersymmetric type IIB backgrounds,
as our equations are valid for the most general supersymmetric backgrounds. However,
we will not attempt to make this classification here. The results described in this chapter

are reported in Ref. (3]

6.1 Differential equations for the p-forms

In this section we construct p-forms of different degrees from a Killing spinor of type 11B
supergravity. We then use the gravitino Killing spinor equation to compute derivatives of
these forms.

Following Ref. [99], the gravitino Killing spinor equation in the string frame is D,,e = 0,

where m = 0,1,...,9 and € is a 64-component spinor, with two chiral components:

()

In particular, the spinors €', 4 = 1,2, are 32-dimensional, and satisfy the chirality pro-
jection condition I'je* = ¢ (This condition reduces the number of non-zero components
of each €' to 16, which means that ¢ has only 32 non-zero components.). The derivative

operator acting on € is given by

5
1 1 (—1)at
Dy =V + -HE) TN —e? Y LGl TR 90, (6.1

v + 8 mrira ® 03 + 166 o (2a _ 1)' T1...T2a—1 ® ( )
where ¢ is the dilaton and V is the usual spin connection defined in Eq. (1.5) of Chapter 1.
The matrices )\, are defined as follows

op if a even,
Ao = (6.2)
109 if a odd.

where 01, o, and o3 are the usual Pauli matrices. Recall from Chapter 1 that the NS-NS
field strength, H® | is defined by H®) = dB® (we will often omit the index (3) on H®),
and the field strengths G(?+1) are defined by

G(2a+l) — dc(2a) . H(3) A C(?a—2)

where C(?® are Ramond-Ramond gauge potentials. These field strengths are not all
independent, but G = — x GO, GO = xGM and GO is self-dual (GO = +GO)).
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We now construct p-forms of different degrees from a single Killing spinor €. However,
due to the chirality of the spinors, many p-forms that we construct are automatically zero.

For example, suppose we construct the following O-form: & ¢2, where & = (¢!)T9. Then
~ 1 ~
ee? = (1)Tr%% = Z(el)T(l + TP+ Ty =0 (6.3)

where we have used the following facts: ['j;¢* = €', I'T; = I'}; and the fact that I';; anti-
commutes with each I'®. Extending this logic to forms of other degrees, it is clear that
the only non-zero p-forms are those with p odd. The components of a generic odd p-form,
w' | are given by

ij i j
Wiy my = € L'my.mj,€ (6.4)

where 7, j = 1,2. In general, the construction in Eq. (6.4) will produce 2 x 2 matrices of
forms for each odd degree p, however not all of these forms are non-zero. The possible

non-zero forms are denoted as follows,

e 1-forms, with components:

ij o
K} = €T e
e 3-forms, with components:

i j s
Dy = €L mnpe for i # j,

e 5-forms, with components:

i = J
Emnpqr =€ anpqre

It is also possible to construct some higher-dimensional forms (two 7-forms, I1%, for i # 7,
and four 9-forms, Q). However, these forms are simply dual to the lower-dimensional
forms as follows; II¥ = — % &7, Q¥ = xK* . Note also that the 5-forms, ¥¥, are all

self-dual. Moreover, there exist relations between the “off-diagonal” forms, namely:
K12 — K21 @12 — _(1)21 212 — 221 (65)

These relations can be easily proved by computing the transpose of the components of
each form. This means that there are only 7 “independent” forms to consider: K, K22,
K2 @12 $! $22 and $!2. Actually these forms are not independent, since they obey
complicated algebraic relations (some of which we will derive in the next section).

We now compute the covariant derivatives of these forms. For each p-form, w*, whose
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components are given in Eq. (6.4), we will compute

Vnwglmmp == Vn(gil_‘nn...m,nej) (66)
= (vnei)rml...mpfj + gil—‘ml...mp(vnej)

where V, ¢t = (Vnei)TFﬁ. The idea is to use the gravitino Killing spinor equation, D,,e =
0, to replace the covariant derivatives of € with terms involving the fields strengths, metric
and dilaton. The second step is to antisymmetrize over the indices n,m;, ... m, to obtain
the ordinary derivative of w¥, i.e. dw®. This is entirely analogous to the procedure in
Chapter 5 for computing the derivatives of the forms constructed from d = 11 Killing
spinors. However, here the computations are messier due to the large number of terms in
the type IIB Killing spinor equation. Therefore, we will not present all the details of these
calculations here. However, we will show one of the simpler calculations in Appendix C,
namely the computation for dK'2. The other calculations will be similar to this, but with
more indices.

We now present the results for the ordinary derivatives of the forms. While the equa-
tions look complicated, they are valid for the most general supersymmetric backgrounds
which have non-zero field strengths, H, GV, G® and G®. Starting with the 1-forms,
KY, we have

¢
dKY = —gn H + % ( - I,G(l)q)l2 + LG(:;)E12 + LK12G(3) — Lq,lzG(S) ) (6.7)

The equation for K?? can be obtained from Eq. (6.7) by replacing
dKll - dK22, LKnH — —LKzzH,

with all other terms remaining the same. For K'? we obtain,

1 ™r e¢
(dKlz)mn et §H 1 2[m®711%7.17.2 + 71‘ (LG(S) (211 + 222) + L(I(ll+]{22)G(3)> (68)

mn

The equation for K?! is exactly the same as above since K*! = K!'2. For the 1-forms
it is also interesting to calculate V(ng, i.e. symmetrizing over the indices. If this
quantity vanishes then K* corresponds to a Killing vector. In fact, we find that only the
combination K'!' + K*? is Killing, i.e.

V(m(Kll + K22)n) =0

We will see in Chapter 7 that the combination K'! + K?? appears naturally in the cal-

ibration bound for D3-branes. This is not surprising as in § 4.4 we saw that a Killing
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vector, K, was involved in the generalized calibration conditions. For D3-branes in type
IIB supergravity we will see that K'' 4 K22 plays the role of K.

The 3-form ®¥ is non-zero only when ¢ # j. The ordinary derivative of ®? is

(dD')pg = Hrmme Enpqlrm gKIQ AH
+ %(L(;(l)(xu + £ — L(K11+K22)G(5) + %(K11 - K2)A GG
FG (57— 2" (6.9)
where the omitted indices are understood to be [mnpq. Since ®?! = —®!? we do not need

to work out the equation for ®?! separately. We now consider the 5-forms X%, For &1!

we obtain the following differential equation

15
(dzll)mnpqrs = _—Ht[ S

pars]t
+§{2K12 AG® £ 2GW AS2 — 34,012 + 315 Q12

(3) 12 t 12 () ¢ (3) 12 t1ts
_15Gt[mn>3 pqrs) + 159 t[mnqurs] - 12G’t tz[m]‘—I npqrs) }
(6.10)

where in this equation and in Egs. (6.11)-(6.12) the omitted indices are understood to be

[mnpgrs]. The ordinary derivative of %22 is

15
(dzﬂ)mnpqrs = 2 —H [mnz

&
+E2_{ _ 2K12 A G(5) — 2G(1) A 212 — BLG(I)HIQ -+ 3LG(3)Ql2

pars|t

~15G0) w12+ 15012, GO

timn pgrs]

t
+ 12Gt1t2 [mH12npqrs]t1t2 }
(6.11)

and the equation for ¥!2 is

3
(dZIQ)mnpqrs — §Ht1t2 [mH12npqrs]t1t2 _ iH A @12

]
+ %{2(](22 N Kll) A G(5) + 2G(1) A (222 _ Ell)

3

+ Bigm (1 + 0%2) — 15GY)

T t[mn

(222 4 Ell)pq,.slt} (6.12)

The equation for £2! is exactly the same as above since $?! = £!2,
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6.2 Algebraic relations for the p-forms

There are two ways to obtain algebraic relations between the forms. The first way is
to use the algebraic Killing spinor equation. This Killing spinor equation arises from
requiring that the supersymmetry variation of the axino-dilatino vanishes. As we will see,
this equation gives relations between different products of p-forms with background field
strengths. The second way is to use Fierz identities, which relate products of different
numbers of [-matrices to each other. We will see that these identities give relations
between the p-forms, without involving the background field strengths.
The algebraic Killing spinor equation is given by A = Pe =0 where [100]

P = Fmamqs_*_ H (3) [mamams ® 03 + Z 3) G(2a—1) [™m1--M2a-1 ®/\a

2 mymamg 2(1, . 1 mi...M2a—1

(6.13)
Here ¢ is the dilaton, o3 is the third Pauli matrix and A, are the 2 x 2 matrices given
in Eq. (6.2). Algebraic identities can be obtained from this equation by constructing
€ m,..m,(Pe)! = 0, where p can take values from 0,...,10. For p = 0 we obtain the
following set of identities,

& (Pe)t = KH-d¢—e¢Kl2-G<l>+?2fG<3>-@12:0 (6.14)
& (Pe)! = K% .dp—e®K?. G(1)+;H " =0 (6.15)
e (Pe)? = K2 .dp+e?K1. gV — ;H P2 =0 (6.16)
& (Pe)® = K2.dp+e?K?. G(1)+e G®. 9% = (6.17)

where

G’(S) . (I)12 = _1_ G(3) ((1)12)m1'm2m3

3! mimaoms

and the dot products of other p-forms are similarly defined (for the full definition see
Appendix A). Now, if we consider the case p = 1 in our algebraic identity, we find that
all terms in €I',,(Pe)’ automatically vanish (this follows from the fact that the only non-
zero forms constructed from Killing spinors are 1-,3-,5-,7- and 9-forms), and we obtain no

identities from this case. However, for p = 2 we obtain another set of four identities given
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by,
0=l (Pt = (K" Adp— PEPAGY = ign®?) + 2 @,Mmcfj)””
1
+§ (J,HZ” — g H + 1St — e"bLKnG(B))m" (6.18)
0=&Tmn(Pe) = (K Adp—e?K? AGD +1440™)  + @Tlrz[mH [
1
-{-5 (LHZQl - [,KZIH + e('bLG(S) 222 - €¢L1(22G )'mn (619)
1
0=&Tmu(Pe)? = (K?ANdp+e? K" AGD 41440'2)  — -1 [ nr
o mn 9 rirg(m"in]
1
—*‘5 (—LHE12 + I,Kle + €¢LG(3)ZH - 6¢LK11 G(g))mn (620)
0=&Tma(Pe)® = (K2 Adp+e?K* AGH + e?1500@%)  + : <I>r1,.2[mef]) i
1
+—2— (—LHE22 + LK22H + €¢LG(3) 221 — €¢L](21G(3))mn (6.21)
These identities can be combined using the relations K2 = K2 &2 = —®?! and 1% =

Y21 However, generally this doesn’t make the expressions much simpler (although it
eliminates some terms, so it might be useful in some situations). The final set of four

identities comes from p = 4. For example,

0 =T mnpg(Pe)! = (tapZM — 1o T2 + G A 312)

mnpq

1
—5 (K" AH + K NG — ef150117%)

mnpq

—efG®) w12 i (6.22)

rirz[m npq]

__Hrlrz[ 211

m<inpg|rira

Again, there are three other similar identities for p = 4, given by

0 = ETmnpg(Pe)’ = (tapZ* — e?1e005% — dgp A M)

mnpg

1
—5 (K AH +e?K™ NG — 1511

— |2

mnpq

»2 GO 522 e (6.23)

[m“npglrirs — rire[m nPlI]

0= € Tmnpg(Pe)> = (LasZ"? + €1y T — dop A @12)

mnpq
L 12 ¢ g1l ®3) 12
+5 (K NH = et KT AGD —uIl?)
nr 11 77
+H ' 2[m2npq]r1r2 € GTlrz[m npq] e (624)

2
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& \)/
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0 = ETmnpg(Pe)? = (1pT% + ?ro0y B — ?G A )

mnpq

+% (K ANH — ? K2 AG®) + 15617

mnpq
T 22 ¢ ~(3) 21 TiT2
+HT1 z[mrznpq]rsz — € G'r‘lrz[nlznpql (625)
If we take p > 4 in €@y, m,(Pe)! = 0, we obtain identities which are simply the duals
of those obtained for p < 4. Therefore, Eqs. (6.14)-(6.25) give the full set of independent
identities that can be derived from the algebraic Killing spinor equation.
The second way to obtain algebraic identities between the forms is to use Fierz iden-
tities. There are many possible Fierz identities for the Dirac matrices in 10 dimensions.

However, here we will consider one particular class of identities given by [101]

10

(F(z) ml...m,)aﬁ (I—"g’ll)l---"nl)'yé _ ZA(lk) (F(k) nl...n.k)aé (Fg?...nk)w (6.26)
k=0

where «, 3,7, 6 are spinor indices and the coefficients Ay, are given explicitly by

min{k,l}
l! (t+k)%—1-k 10—k k
A =15 2 (_1),,( L-p ) (p)

p=max{0,l+k—10}

These identities allow us to find relationships between K% . K* &% . * and TV . T,

where 1, 7, k,l € {1,2}. In fact, somewhat surprisingly, these Fierz identities give
K9.K* =0, @U.9H =0, %¥.xM=0 (6.27)

which implies that I1¥ - II¥ and QY - Q¥ also. This is different to the 11-dimensional
case. In 11 dimensions the Killing vector K can be time-like or null [28,87]. However, our
results show that the Killing vector for type IIB supergravity, namely K+ K22 can only
be null. Moreover, since each K* is null and all scalar products vanish, this means that
all K% are proportional to the same null vector, i.e. K = ¢/K, where ¢/ are constants.
Note that ®¥ and ¥¥ are also null, and all scalar products of these forms vanish too. We
find the same results using the I'-matrix algebra package GAMMA [102]. Presumably
there are other non-trivial algebraic relations which could be obtained by considering
other types of Fierz identities (e.g. K A ® and tx¥ might be related). However, we will
not investigate this here as we will not need any algebraic relations between the forms to
construct generalized calibrations, which is the main focus of the next chapter.

To summarize, in this chapter we have constructed p-forms from Killing spinors of type
I1B supergravity. We find that non-zero 1-,3-,5-,7- and 9-forms can be constructed. Using

the gravitino Killing spinor equation we have derived differential equations that the forms
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satisfy in a general supersymmetric background. In analogy to the 11-dimensional case,
one combination of the 1-forms is Killing, namely K*!' + K22, We have also derived some
algebraic identities for the forms using the algebraic Killing spinor equation and Fierz
identities. These differential and algebraic relations could now be used for classifying
general supersymmetric type IIB backgrounds using the ideas of G-structures. However,
one complication in 10 dimensions is that there are four independent background field
strengths, so classifying the most general supersymmetric backgrounds might be more
difficult than the 11-dimensional case, where there is only one independent field strength.
In the next chapter we will use the differential equations derived here to construct gener-
alized calibrations for D3-branes in type IIB supersymmetric backgrounds. In particular,

we will be interested in finding a calibrating form for giant gravitons in AdSs x S°.



Chapter 7

Holomorphic giant gravitons and

calibrations

In this chapter we will investigate generalized calibrations for branes in supersymmetric
type IIB supergravity backgrounds. Our aim is to find a generalized calibration and
calibration bound for giant gravitons in AdSsx.S3. However, much of the discussion will be
applicable to more general situations. The approach we will use is to derive the calibration
bound from the super-translation algebra for a probe D3-brane in a supersymmetric type
IIB background. This algebra can be found using the methods of Chapter 5 adapted to
type IIB supergravity. Now, recall that giant gravitons are non-static spherical branes.
The fact that they are non-static makes them an interesting example to consider from
the point of view of calibrations, as most previous work on calibrations has involved
static probe branes (for example, in Ref. [81] generalized calibrations for static 5-branes
in particular type 1IB backgrounds were discussed). Here we aim to understand this
particular example of a non-static brane using calibrations.

An interesting construction of giant gravitons has been proposed by Mikhailov [45].
In this construction the space AdSs x S° is embedded in C!?2 x C3. The spatial world-
volume of the giant graviton then arises from the intersection of a holomorphic surface
in C® with the embedded S°. The motion of the giant graviton is also specified in this
construction. Gilant gravitons constructed in this way are supersymmetric. Moreover,
these configurations are much more general than the original example of a giant graviton
found in Ref. [46] (which we presented in § 2.1). The calibration bound that we derive
will allow us to prove that these general giant gravitons are calibrated.

The outline of this chapter is as follows. In § 7.1 we review the Mikhailov construction
of giant gravitons in AdSs x S° in detail. In particular, we give the supersymmetry
projection conditions for these branes. These projection conditions are then used to find

a set of p-forms relevant to these branes, using the method in Chapter 6. In § 7.2 we
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show that the p-forms obey the correct differential and algebraic relations. Then in § 7.3
we consider the super-translation algebra for D3-branes in backgrounds where the dilaton
and the field strengths H, G and G® are zero. This class of backgrounds includes
AdSs x S°, as well as more general backgrounds. We use the supersymmetry algebra to
derive a calibration bound for general D3-branes in these backgrounds. Then we specialize
to the case of giant gravitons, and we find the calibration bound which should be saturated
by these branes. It turns out that the speed of the giant graviton is specified precisely
by requiring that the calibration bound is saturated. In § 7.4 we consider a dual giant
graviton and show that it saturates the same calibration bound. Interestingly, we find
that these calibrated branes all minimize “energy minus momentum” in their homology

class, rather than just the energy. The original results in this chapter are reported in
Ref. [3].

7.1 Giant gravitons in AdSs x S° from holomorphic

surfaces

In this section we review the Mikhailov construction of giant gravitons in AdSs x S°
via holomorphic surfaces [45]. This construction gives a large class of giant graviton
configurations, generalizing the example given in § 2.1. We begin our discussion by
defining the embedding of AdSs x S5 in C»? x C3. We then use the complex structure of
the embedding space to define the spatial world-volume of a giant graviton and its motion
on S°. We discuss the supersymmetry projection conditions for these branes in § 7.1.3,
and in § 7.1.4 we show how a specific choice of holomorphic surface reproduces the simple

giant graviton of § 2.1.

7.1.1 The complex structure of AdSs x S°

We begin by embedding the S5 part of the geometry in flat C3, which has complex
coordinates Z; (i = 1,2, 3), which can be written in terms of 6 real polar coordinates as

Z; = p;e'® where 0 < ¢; < 2w, pu; > 0. The metric on C3 is given by

3
ds® = |dZy|* + |dZ|* + |dZ5|* = (dp? + pide?) (7.1)

i=1

C3 has a complex structure, I, which acts on the basis 1-forms as follows,

I: le — —idZ,‘
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This is equivalent to the following transformations of the real 1-forms: du; — p;d¢; and

pidd; — —dp;. The sphere is defined in C? by
S NP |2 12 = iy + i+ =1 (7.2)

where we have set the radius to 1 for convenience. Note that this means that the radius
of curvature of AdSs is also 1 (If we compare with expressions in Chapter 2, we should set
L = 1 everywhere.). The metric on S® is given by the metric on C?, Eq. (7.1), restricted
to the sphere. The embedding of S° in C? allows us to define a radial 1-form, e € T*C?,
which is orthogonal to the sphere at every point. Explicitly, e is given by

e" = pidpy + paduy + padus

Note that " does not belong to the 10-dimensional space-time, and it has no physical
meaning. We can act with the complex structure on e” to produce a new 1-form ell = I.¢",

which is given explicitly by

el = pdey + p3des + pides (7.3)

This 1-form does belong to AdSs x S° and it gives a preferred direction on S°. Note that
el has unit length on S°. We will see later that el is the direction of motion for giant

gravitons in this construction. Now, calculating the derivative of ell, we obtain
dell = 2(pdpy A dgy + padpg A des + padps A dés) = 2w (7.4)

where w is the Kahler 2-form on C3. We can also write w in another orthogonal basis as
follows,
w=Ne Nell el Aelt +ef2 pe (7.5)

Here {e1,e’1,e!2, e’} are unit 1-forms on C3, where
et =T . elx, k=12

These 1-forms are orthogonal to each other and to {ell,e”}. The factor of A in Eq. (7.5)
ensures that ¢” and ell are normalised everywhere on C3. Explicitly, N = (u? + p3 +p2) .

Since e and e’ are non-zero 1-forms on S°, the restriction of w to the sphere is simply

w (7.6)

.= (eI1 Aelt el A eJ"’)

S 58



7.1. Giant gravitons in AdSs x S° from holomorphic surfaces 107

This restricted Kahler 2-form will appear later when we construct p-forms relevant to
supersymmetric giant gravitons.

It is also possible to define a complex structure for AdSs. In particular, we embed
AdSs in flat CY?) which has complex coordinates W, = u, + v, (@ = 0,1,2). The flat

metric on C1? is given by
ds® = —|dWo|* + |[dW1|? + |[dWy|?
C'? has a complex structure, I, which acts on the basis 1-forms as
I:dW, — —idW,
i.e. du, — dv, and dv, — —du,. The embedding of AdSs in C»? is given by
[Wol? = [WAJ? = [Wa* = (u0)? + (v0)” — (w1)? — (1) — (u2)® = (v2)* = 1 (7.7)

The metric on AdSs is given by the flat metric on C'2 restricted to this surface. In a
similar way to the S°, we can define a radial 1-form, e, which is orthogonal to AdSs at

every point. Explicitly, et is given by
el = uodug + 'U()d’UO - uldul — vldvl — U;zd’llq - ’UQdUQ

We can act with the complex structure on el to obtain a time-like direction, e® = I - et

which belongs to the cotangent space of AdSs:
e® = ugdug — vodug — wrdv; + v1duy — usdvs + vodus (7.8)

This is a preferred timelike direction on AdSs, and it will appear later in the supersymme-
try projection conditions for giant gravitons. The derivative of €° is related to the Kahler

form on C2, denoted @, by
de® = 2(dug A dvg — duy A dvy — dug A dvg) = —20 (7.9)

In a local region close to the sphere (such that et and e° remain time-like), & can be

written in a different basis as
@=—Ne-Ne®+ e Ae? +e2 Aeh? (7.10)

where e? = [ .e%, k = 1,2, are unit spacelike 1-forms and A normalizes e* and €° in
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this region. The above form for @ restricts conveniently to AdSs as

0 = (e® A’ + e Aeh?) (7.11)
AdS AdS

This 2-form will appear later when we construct p-forms for supersymmetric giant gravi-
tons.
Later it will be useful to parameterise AdSs with “polar” coordinates. In particular,

we can take
Wy = cosh p e*, W1 = sinh p (4 + i), W, = sinh p (Q3 + i€)y)

where Z?:l Q)? = 1. With this parametrization, the embedding condition for AdSs, given

in Eq. (7.7), is automatically satisfied. Moreover, the metric on AdSs becomes

4
ds% s = — cosh? p dt® + dp* + sinh® p Z dQ? (7.12)

i=1

supplemented with the condition that E?:l ? = 1. In the next sections we will also need

the expression for €° in these coordinates:
e = cosh® p dt — sinh? p (Q:dQy — QdQ) + Q3d — QydQs3) (7.13)

Note that the metric Eq. (7.12) becomes the usual AdSs metric of § 2.1 if we take r = sinh p

and we write the coordinates (); in terms of angles ay, as, a3 as follows,

) = cosa (29 = sin a; €oS

{03 = sin oy sin a COS az Q4 = sin o sin ap sin a3

So in this case we obtain the following metric on AdSs,

2

ds’ = — (1+7%) d® + ] _:ﬂ +7r2(da? + sin® ayda + sin® o sin® apdad) (7.14)

7.1.2 Giant graviton construction

Giant gravitons in AdSs x S5 are D3-branes which have their spatial world-volume entirely
contained in the S° part of the geometry. In this construction, the spatial world-volume
of the brane is defined by the intersection of a holomorphic surface in C3 with the S°. In

particular, we consider the class of holomorphic surfaces, C C C3, which have complex
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dimension 2 (4 real dimensions). These surfaces are specified by a single equation,
F(Z1, 22, Z3) = 0

Here F' depends only on the holomorphic coordinates Z; (i.e. it does not depend on the
Z;s). The intersection of C with S® is a 3-dimensional surface, 3, which we take to be
the spatial world-volume of the giant graviton at time ¢ = 0.

Giant gravitons have a non-trivial motion on the S° In this construction they are
defined to move with the speed of light (c=1 in our units) in the direction ell. Typically
the surface of the giant graviton ¥ will not be orthogonal to el' (in fact the construction
would break down if the brane was completely orthogonal to el at any point). Therefore,
at each point on the brane, e!l can be decomposed into a component normal to the brane,

denoted e?, and a component parallel to the brane, denoted eV, i.e.
ell = —ve? — V1 —02e¥ (7.15)

where 0 < v < 1. In fact, v turns out to be the speed of the giant graviton in the direction
e®. This association arises from requiring the brane to be supersymmetric [45], and we
will see in § 7.3 that this condition is also encoded in the calibration bound for giant
gravitons. Since v < 1, it means that the surface elements of the brane move at less than
the speed of light, even though the centre of mass of the brane (which does not lie on the
brane) moves with the speed of light. Now, due to the holomorphic construction of 3, the
directions wrapped by the brane are ¥, eX, ef, where {X,el} are unit 1-forms which
define a complex 2-cycle orthogonal to ell, i.e. eX =T -ef and el - eX =€l . &L = 0 [45)].
We can actually define the full world-volume of the giant graviton using the holomor-
phic function F. Due to the form of ell given in Eq. (7.3), the full world-volume of the

giant graviton is given by the intersection of S® with the following surface [45]
F(e'Z,,e"Zy,e"Z3) = 0

The above equation describes the holomorphic surface C translated in the direction e!l at
the speed of light (We can think of this as F'(Z(t), Z,(t), Z3(t)) = 0, where Z;(t) = e Z;
are comoving coordinates). We will see in § 7.1.4 that the giant graviton introduced
in § 2.1 is a simple case of this construction; one takes the holomorphic surface to be
F =7, — d, where d is a constant. However, since any holomorphic surface can be used,
more complicated giant gravitons are also included in this description. Mikhailov proves
that all giant gravitons in this construction preserve at least % supersymmetry. In the
next section we will discuss the supersymmetry projection conditions for these branes.
Note that the Mikhailov construction does not specify the AdS trajectory of the giant
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graviton. However, if £ in the above expression is identified with the time coordinate in
the AdSs metric in Eq. (7.12), then we are implicitly assuming that the trajectory of the
giant graviton is p = 0. However, it is known that giant gravitons behave as free massive
particles in AdSs [54], so they can move along any time-like geodesic. The trajectory
p = 0 is one particular time-like geodesic in AdSs (where the particle is stationary at
p = 0), and it can be related to any other time-like geodesic in AdSs by an appropriate
change of coordinates [103]. Therefore, without loss of generality, we will consider giant
gravitons sitting at p = 0, since other AdS trajectories can be easily related to this.

One further note is that the Mikhailov construction for giant gravitons can be applied
to more general backgrounds than AdSs x S°. For example, it is also possible to construct
holomorphic giant gravitons in AdSs x T, where T! is embedded into the conifold.
(Here the holomorphic surfaces C are defined with reference to the complex structure of
the conifold. The spatial world-volume of a giant graviton then arises from the intersection

of one of these holomorphic surfaces with 7!. For more details see Ref. [104].)

7.1.3 Giant gravitons and supersymmetry

This construction of giant gravitons via holomorphic surfaces in the 12-dimensional com-
plex space C1? x C® means that they preserve supersymmetry. Moreover, the supersym-
metry projection conditions can be written down in a very simple way. This is due in
part to the fact that Killing spinors in AdSs x S® become covariantly constant spinors in
the 12-dimensional space!, so everything simplifies in the higher-dimensional setting. In
particular, Mikhailov finds the supersymmetry conditions with reference to the d = 12
covariantly constant spinors, and then projects these conditions down to spinors in 10
dimensions. We give the conditions on the d = 10 spinors here. The amount of supersym-
metry preserved by a particular giant graviton depends on the function F' which defines
the holomorphic surface C (and hence the brane surface ¥). If F' depends on (1, 2, 3) of

the complex coordinates? then the resulting giant graviton configuration will preserve (%,
11
438
general configurations, which preserve % supersymmetry, are given by [45]

) of the supersymmetry respectively. The projection conditions satisfied by the most,

rerlle! = ¢
[k = —€2, k=1,2 (7.16)

This interesting fact was first realized in Ref. [105], and was highlighted in Ref. [106].
2Up to linear holomorphic redefinitions of Z; which do not alter the amount of supersymmetry pre-
served.
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Here €', €?

e = (e!,e2)T of AdSs x S° (so € satisfies Dye = 0 and Pe = 0 for this background, where

these operators were defined in Chapter 6). Moreover,

are the chiral spinors of type IIB supergravity, which form a Killing spinor

°=rE"), rl=rEh, Tk=T(*), TI%*=TI(%)

where the 1-forms €, ell, efk e’ are defined in § 7.1.1 and here they are all evaluated on
AdSs x S® (N.B. while these projections are made with reference to the complex structure
of C1? x C®, everything now is in 10 dimensions, so the forms must be evaluated on
the lower-dimensional space). Note that since the [-matrices in the projection conditions
correspond to unit 1-forms in AdSs x S°, they all square to &1 (i.e. they are tangent space
[-matrices). In finding these projection conditions, Mikhailov shows that v, defined in
Eq. (7.15), must be associated with the physical speed of the giant graviton (see Ref. [45]
for details). In § 7.2 we will use the projection conditions given in Eq. (7.16) to explicitly
construct the differential forms, K%, ®¥ and ¥%, relevant to these branes. First, however,
we give a simple example of the Mikhailov construction, where the giant graviton of § 2.1

is reproduced.

7.1.4 A simple example of the construction

In this section we consider a particular holomorphic function in C3, namely F = Z; — d,
where d is a constant. We construct the giant graviton corresponding to this function and
show that the original giant graviton of Ref. [46], which we presented in § 2.1, arises from
the Mikhailov construction for this choice of F.

The giant graviton is specified at t = 0 by F' = Z; — d = 0. Following Mikhailov’s
prescription this means that the world-volume of the giant graviton is given by the inter-

section of the following surfaces

eitZl —-d=0
|21 + | Za* + 125 = 1

In the AdS space, we take the giant graviton to sit at p = 0. Writing Z; = p,e'%, the first
equation becomes
piet®t g =0

We can solve this by taking p; = |d| and ¢, = —t + const, ie. ¢ = —1 and so the
brane moves in the ¢, direction. Recall that the equation for S°, given in Eq. (7.2), is
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E?:l p? =1, where p; > 0. We can parametrize y; by two angles as follows,
J4y = cos by, o = sin 6, cos b5, i3 = sin 6 sin O,
where 0 < 8;,0, < 7/2. In these coordinates, the metric on S° is given by
ds%s = dO} + sin’ 0,d03 + cos® 61d¢T + sin® 0) cos® Od¢3 + sin® 0, sin® Hodp;

Now, since the giant graviton surface has p; = |d|, this translates into 6, = const.
Moreover, the giant graviton moves in the ¢, direction, so it must wrap the remaining
sphere coordinates: 3, ¢o, @3, which define an S3. Therefore, the induced metric on the
giant graviton world-volume is

ds?, = (—1+ cos®0,¢%)dt? + sin® 6, [d62 + cos® Oodp? + sin? 6,d 2] (7.17)

9.9

where the term —dt? comes from pulling back the AdSs metric to p = 0. This metric
agrees with the induced metric, Eq. (2.10), for the giant graviton in § 2.1 if we set L = 1.
Note that the terms in square brackets in Eq. (7.17) correspond to the usual metric on
S3. Therefore, the radius of this spherical giant graviton is sin 8, as in Chapter 2.

Finally, we calculate the speed of this brane according to the Mikhailov construction.
From Egs. (7.3) and (7.15) we have

el = p2dgy + pidgs + pides = —ve® — V1 —v2e¥

where e? is a unit 1-form corresponding to the physical direction of motion of the brane.
We know that the giant graviton moves in the direction ¢;, and from the metric on S°
a unit 1-form in this direction is e? = p;d¢,. Therefore, comparing with the equation
above we find v = —pu; = —cos#; for the giant graviton’s speed (Note that this agrees
with ¢, = —1 found earlier, since v = de®/dt = ¢, = —py).

In summary, the holomorphic surface F' = Z; — d produces a giant graviton which
wraps an S® of radius sin#;, and moves in the ¢; direction with é1 = —1. This is
precisely the original giant graviton of Ref. [46] which was presented in § 2.1. Note that
because F' only depends on Z,, this brane preserves % supersymmetry. This agrees with

the supersymmetry calculations of Ref. [60] for this particular brane configuration.

7.2 Differential forms for giant gravitons

In this section we use the projection conditions given in Eq. (7.16) to construct the forms

K%, ®Y and ©¥ relevant to holomorphic giant gravitons. These forms were introduced in
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Chapter 6, and they are constructed from one Killing spinor of the background, which in
this case is AdSs x S°. We will check explicitly that the differential and algebraic relations
derived in Chapter 6 are satisfied by these forms.

To begin our construction of these forms, we must make some additional projections
which are compatible with Eq. (7.16) to select one Killing spinor which we will use to
construct the forms. The projection conditions in Eq. (7.16) admit 4 independent Killing
spinors, so we need to make another two projections to reduce this number to 1 (because
each projection reduces the number of allowed spinors by %) The obvious way to make
compatible projections is to treat the complex structure of AdSs in a similar way to the

complex structure of S°. Therefore, one set of possible projections is
[%el =~ k=1,2 (7.18)
where
I =T(e%*), I’ =T(e")

and e, e’ defined in § 7.1.1, are non-zero unit 1-forms which we evaluate on AdSs.
These 1-forms are orthogonal to {€°, el elk, eJ"}, so the above projections commute with
the existing projections in Eq. (7.16). Note that again the matrices in the above projec-
tion conditions are tangent space I'-matrices, since they are associated to unit 1-forms.

Therefore, the full set of projection conditions is
rorlle! = €l
Diekel = —2, T%I%el = 2 k=1,2 (7.19)
Note that in this basis the chirality condition, I = €', becomes

I'\0a1b1a2b211J112J2||6i — Ei

where all these I-matrices are defined above.
Using the projection conditions given in Eq. (7.19) we can now compute all the p-
forms which were defined in § 6.1. This will give us the set of p-forms relevant to giant

gravitons. Firstly, the 1-forms, K*, which have components K% = & T,,¢’, are given by

K'Y = K2 =A(L+€l (7.20)
K12 — K21 — O

where A is the normalisation of the spinors, A = (e')Te! = (¢2)T¢?, and & = (¢)7T?

(N.B. I'® = I'(e")). The 3-forms & are non-zero only for i # j. Their components are
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. ,L',' . "’I: y . .
given by ®J = €[mnpe’. In this case we obtain

2 = —3?' = A(e® +ell) A (ws + Daas) (7.21)

where wg and @445 are the restricted Kahler 2-forms on S° and Ad.Ss respectively. These
2-forms were defined precisely in Eqgs. (7.6) and (7.11). The 5-forms, 3%, have components
given by ¥¥ = @l mnpere’. In this case we find that these forms are given by

mnpqr

1 1
211 = 222 = A(eo + 6”) N (—5w5 A wWg — ECDAdS A (;)AdS — Wg /\(I)Ads) (7.22)

212 — 22120.

We now calculate the derivatives of the forms K, ® and ¥, and show that they obey
the differential equations derived in § 6.1. Recall that these equations relate derivatives of
forms to terms involving the background field strengths. In AdSs x S° the only non-zero
field strength is G®. Explicitly, G® is given by G©® = —4{vol(AdSs) + vol(S®)}. In our
basis this is

G® = —2(e® A Qs A Dags + €' Awg Aws) (7.23)

To calculate the derivatives of the forms we will need the following results,

deo = —QLDAds,
dell = 2wg,
dA = 0 (7.24)

The first two equations follow from Egs. (7.4) and (7.9), together with the fact that e and
ell are evaluated on AdSs x S%. The third equation can be derived by writing A = €'T'ye!
and calculating dA using the Killing spinor equation. We will not go into the details of
this calculation here, as it is analogous to the calculations in Chapter 6. Note that the
third equation allows us to set A = 1, which we do in the following.
We first consider the differential equation for K''. From Egs. (7.20) and (7.24) the
derivative is given by
dKM = de® + dell = 2(—@pg5 + ws) (7.25)

From Eq. (6.7) in Chapter 6, this should be related to 1512G®, which we compute using
the expression for @12 given in Eq. (7.21):

Lp12GO) = —4(—@pds + ws)
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Therefore,
dKll = —%Lqﬂz G(S)

This is precisely what we expect from Eq. (6.7) since the dilaton is constant for Ad.Ss x S°.
The equation for K22 works in the same way as above. The differential equations for K12
and K%, given in Eq. (6.8) of Chapter 6, are trivially satisfied as both left and right hand
sides are identically zero.

We now consider the differential equation for ®!2. Firstly, from Egs. (7.21) and (7.24)

we have

A2 = ¢ [(60 + e“) A (ws + @AdS)]

= 2(ws Aws — Wads N Dads) (7.26)
From Eq. (6.9) this should be related to ¢(11x22)G® which we can compute:
1/(K11+K22)G(5) = 4((1),4,15 N Wpads — wg A wg) (7.27)

Therefore, from Eqs. (7.26) and (7.27), we have
12 1 )
dd** = _iL(K11+K22)G (728)

as required. The equation for ®?' works in the same way. Note that Eq. (7.28) is the
type of condition we expect for a generalized calibration, as we saw in § 4.4. In the next
section we will see precisely how & is related to a generalized calibration for D3-branes
in supersymmetric type IIB backgrounds.

Using Egs. (7.22) and (7.24), we can calculate the derivative of the 5-form X!, We
find

dE = —Qaas Aws Awg + ws A Dags A Dads (7.29)
From Eq. (6.10), the components (dX)npers should be equal to

15 15 (5) t
7(D t[mnqum]

since K2 = K?! = (0 and the dilaton is zero. By considering different combinations of
the indices, one finds that

15 t
_(I)lzt[mnG(S)

5 = (—ws Aws A @Dags + ws A Dads N Dads)

pgrs] mnpqrs

and hence 5
t
(dzll)mnpqrs = 7(1)121‘.[11171(;(5) (7.30)

pgrs)



7.3. Calibrations for giant gravitons 116

as required. The equation for 2, given in Eq. (6.11), works in the same way since
¥ = ¥ in this case. The equations for ¥!? and X!, given in Eq. (6.12), are trivially
satisfied, since all terms in these equations are identically zero.

The algebraic relations derived in Chapter 6 are easy to verify. Firstly, since G® is the
only non-zero background field for the AdSs x S° solution, the algebraic identities derived
from the Killing spinor equation in Eqs. (6.14)-(6.25) are all automatically satisfied, as all
terms in these equations vanish. Secondly, from the form of K, ® and ¥ given here, we
have K¥ . KM = &4 . ®% = $4 . T* = 0, j.e. they satisfy the algebraic relations derived
from Fierz identities in Eq. (6.27) as required.

7.3 Calibrations for giant gravitons

In this section we consider constructing a generalized calibration for giant gravitons.
Our approach is to first consider the super-translation algebra for D3-branes in flat 10-
dimensional space. We then extend the flat space algebra to allow for backgrounds with
non-zero G®). This is analogous to the extensions of d = 11 supersymmetry algebras
which were discussed in Chapter 5. The extended algebra will allow us to find a calibration
bound for a giant graviton in AdSs x S°, and we will see that the bound involves the 3-
forms ®¥. Using the form for ¥ given in the previous section we will see that all giant
gravitons constructed from holomorphic surfaces are calibrated. Furthermore, we will see
that the quantity minimized by these calibrated branes is not simply the energy. Rather,

the giant gravitons minimize “energy minus momentum” in their homology class.

7.3.1 The super-translation algebra and calibration bound

The super-translation algebra for D3-branes in flat space is given by [107]

{Qic, Qip} = 6;;(CT ) apP™ + (202)13'5 (CTynp)ap 2™ (7.31)

where
2P = /dzm Adz™ A dzP (7.32)

and the integral is taken over the spatial world-volume of the brane. The indices 7,7 €
{1,2} and «, 3 are spinor indices. The matrix C' is the charge conjugation matrix, which
we will always take to be ['® = I'(e®). The quantity P™ is the total 10-momentum of the
brane. The term involving Z is a topological charge for the D3-brane. The fact that this
term is topological is clear from Eq. (7.32), since Z is defined as the integral of a closed

form over the spatial world-volume of the brane.
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We now introduce a constant commuting spinor, € = (¢!, ¢2)7, and contract all indices
in Eq. (7.31) with the indices of € to obtain

2(Qe)* = (K" + K?) - P + /(@12 — o) (7.33)

where Qe = Q€' + @2€?, and the spinor indices are also contracted. We can rewrite the

first term in Eq. (7.33) as an integral over the spatial world-volume of the brane, to obtain
2(Qe)? = /(K“ + K*)-p+ /2@12 (7.34)

where py; is the momentum density of the brane, and we have used the fact that ®!2 =
—®2! to rewrite the second term. Note that the integrand ®'2 is closed. This is because
the Killing spinor, €, used to build the forms is constant (In flat space, Killing spinors
and constant spinors are equivalent.).

We now want to consider the super-translation algebra for a curved background with
non-zero G® . but with all other field strengths and the dilaton zero. This will allow us
to consider the case we are interested in, namely D3-brane giant gravitons in AdSs x S°.
Using the method of Chapter 5, we can find the curved space super-translation algebra by
modifying Eq. (7.34) as follows. First we promote the constant spinor € to a Killing spinor
of the background. This means that the forms K, K22 and ®'? are no longer constant,
but become fields. Secondly, we replace ®? by a closed 3-form, since for non-zero G®
this form is not closed. In particular,

1 1
do'? = —§L(K11+K”)G(5) = —§LKG(5) (7.35)

where K = K'! + K?2. However, we can construct a closed 3-form from ®!2 by manipu-
lating this equation. The starting point is to compute the Lie derivative of G® along the
direction K. Using the expression for the Lie derivative given in Eq. (A.8) of Appendix A,
this is given by

LxG® = d(1xG®) + 1xdG®

Differentiating Eq. (7.35) and using the fact that dG®) = 0 for this background, it is easy
to see that the two terms here vanish independently and £G® = 0. This means we can
choose a gauge for the 4-form Ramond-Ramond potential C® such that £LxC® = 0 also.
In that case

d( 2P12 — LKC(4)) — _LKG(S) _ dLKC(4) — _£K0(4) =0

Therefore, we propose that for backgrounds with non-zero G®, the 3-form 22 should
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be replaced by
2(1312 - LKC

in the super-translation algebra (from now on we will drop the index (4) on CW). So,

the algebra becomes
2(Qe)? = /K-p-l— /( 20" — 1, C) (7.36)

Clearly this reduces to the original flat space algebra if we set the 4-form potential, C, to

zero. We now use the fact that (Qe¢)? > 0 to obtain the following calibration bound:

/(K~p—LKC) > —/2@12 (7.37)

where the integrals are over the spatial world-volume of the brane (and so txC and ®!?
are understood to be pulled back to the brane). This bound is valid for all D3-branes
in supersymmetric backgrounds which have field strengths GV, G® | H zero and the
dilaton also zero. In particular, we will see in § 7.3.2 that holomorphic giant gravitons in
AdSs x 8% saturate this bound, i.e. they are calibrated. Moreover, in § 7.4 we will see
that the dual giant graviton of Ref. [60] is also calibrated.

First, however, we show that any brane which saturates the bound Eq. (7.37) (ie. a
calibrated brane) minimises the quantity [ K - p in its homology class. To prove this,
consider two 3-dimensional manifolds U and V in the same homology class. Moreover,

we assume that the manifold U is calibrated, i.e.

/U(K p—1xC) = —/ 201 (7.38)

U

Now since U and V are in the same homology class, we can write U = V 4+ 9= where 0=

is the boundary of a 4-dimensional manifold =. Therefore,

/U(K-p—bKC)=—/ 29" (7.39)

V+0E

Now using Stoke’s theorem together with Eq. (7.35) we have

- / 2012 = — / 29" + / L G®
V402 v =

Since we have chosen a gauge where LxC = 0, it follows that txG® = —duiC, and

/LKG(5):—/ LKCZ—/LKC+/LKC
= 0= U \4

where we have used Stoke’s law again, and rewritten d= = U — V in the last step.

therefore,
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Therefore, using the above two equations we see that Eq. (7.39) becomes

/(K-p—LKC) = —/2(1)12—/1,](04-/111(0

U v U |4
/(K-p—L](C')—/LI(C+/LKC
|4 U v

where we have used the calibration bound Eq. (7.37) for V in the second line. Rearranging,

/UK-pS/VK-p (7.40)

i.e. U has minimal [ K -p compared to all other manifolds in the same homology class.

IN

this is just,

To get an idea of what this means, we can consider the case where K is simply the
timelike vector €°. Then K - p = —p, and —p, can be identified with the Hamiltonian
density for the brane [90]. Therefore, in this case, the quantity minimized by a calibrated
brane is its energy. However, as shown in § 7.2, giant gravitons have null K. This means
that the quantity minimized by calibrated giant gravitons is “Energy minus momentum”,

as we now see.

7.3.2 Holomorphic giant gravitons

We now specialise to the case of giant gravitons in AdSs x S°. That is, we consider the
calibration bound Eq. (7.37) with K and ® relevant to holomorphic giant gravitons. Using
the expressions for K% and &% given in Eqgs. (7.20) and (7.21), we obtain the following

expression for the bound,

/ (=po +py — t6C — ¢ C) > /‘(60 +ell) A (ws + Baas) (7.41)

where the integrals are over the spatial world-volume of the brane. Since the spatial
world-volume of a giant graviton is entirely contained in the S° part of the geometry, this

inequality reduces to

/ (H+py— oC — yC) > /—e” Aws (7.42)

where we have identified —py with the Hamiltonian density 7. From the previous section

we know that calibrated branes minimise f K - p, which in this case is

/K-p =2/(—po+l’n) x /(H+PII)
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Now, recall that the physical motion of the giant graviton is in the direction e?, where
el = —ve? — /1 —v2¥. There is no physical momentum in the direction e¥, so the

quantity minimized by a calibrated giant graviton is actually

/(Hﬂ?n) =/(H—vp¢)

i.e. calibrated giant gravitons minimise the total energy minus the total physical momen-
tum, J = [ vp,, which is a conserved charge. Note that this agrees with Ref. [108] where
the generator of time translations for giant gravitons is £ — J (N.B. our definition of the
direction ¢ is different to the definition in Ref. {108]). We will now see that giant gravi-
tons constructed from holomorphic surfaces saturate the bound in Eq. (7.42) and hence
have minimal energy minus momentum in their homology class. This indicates that the
Mikhailov construction is indeed correct. Moreover, we will see that a brane which wraps
the same surface as a holomorphic giant graviton, but travels at the wrong speed (i.e. at
a different speed to that specified in the Mikhailov construction), does not saturate the
bound.

We begin by evaluating the quantities  and p; which appear on the left hand side of
the bound Eq. (7.42). To do this we must first calculate the giant graviton Lagrangian.
Schematically, this is given by

L=—-V/=7+P(C) (7.43)

where «y is the determinant of the induced metric on the brane, and P(C) is the pull-
back of the 4-form gauge potential to the giant graviton world-volume. To calculate
the induced metric, we rewrite the metric on S° in a basis which is related to the giant
graviton world-volume:

ds%s = (e?)? + (e")? + dx? (7.44)

Here e?, defined in Eq. (7.15), is the physical direction of motion of the brane, and e"
is a unit 1-form on S® which is orthogonal to e and to the brane surface, ¥. The 3-
dimensional metric d¥? is the metric on the spatial world-volume of the giant graviton.
This rewriting allows us to calculate the induced metric very easily. We obtain,

ds? = (=1+ ¢*)dt* + dx? (7.45)

9.9

where ¢ = de®/dt and t is a time-like coordinate for the brane, which coincides with the
AdSs time (i.e. we are choosing static gauge). The term —dt? comes from the pull-back
of AdSs metric to the trajectory p = 0 (Recall that we consider giant gravitons sitting at
p = 0 in the AdS space.). Now we evaluate the quantity P(C). Since the giant graviton
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moves in the e? direction, this is simply given by
P(C) = (Cwlazas + QBC¢ 010203) dt ANd’c

where o' (4 = 1,2, 3) are the coordinates on the spatial world-volume of the brane. There-

fore, we obtain the following Lagrangian density for the giant graviton,

L=- V (1 - ¢2)Z + Cigtoze + ¢C¢ olo2g3 (746)

where ¥ is the determinant of the metric d52. From this Lagrangian we can calculate the

momentum conjugate to ¢. We obtain,

L V%
Dp = —= = ﬂ + C¢ olo2ed (747)

o ,/1_(2)2

Therefore, the Hamiltonian is

_VE
\/1—¢?

We could, of course, rewrite H in terms of py rather than (;5 However, it will be more

H=rpsp— L= — Cior 203 (7.48)

convenient to leave H in this form for calculating the calibration bound. We now calculate
the remaining quantities on the left hand side of the bound Eq. (7.42). Firstly, p = —vps,

so the momentum in the direction ell is

Moreover,
/(L()C + L||C) = / (—Cwlazds —v C'¢01,,203) dio

where we have used the fact that ¢® = dt on the giant graviton trajectory together with
the decomposition ell = —ve? — /1 — v2e?, given in Eq. (7.15). So the left hand side of
the calibration bound Eq. (7.42) becomes

/(H +pj — toC — L||C /\/_ 1——’U(}§) (7.49)

11—

Note that in the Mikhailov construction the speed of the giant graviton in the direction e?

is v, .e. ¢ = v. However, one could also consider a brane which wraps the same surface
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¥, but has a different speed, i.e. ¢ # v. We will see that these branes are not calibrated,
so we leave v and qS as distinct quantities for the moment.
We now calculate the right hand side of the calibration bound Eq. (7.42) for a general

holomorphic giant graviton. Using the decomposition of ell given in Eq. (7.15) we have

/—e”/\wsz/vl—v2 e¥ A wg

K

Now, recall that the directions wrapped by the brane surface ¥ are e¥, e, el where

{eX el} define a complex 2-cycle. Therefore, the pull-back of ¥ A wg to the brane is

simply the spatial world-volume of the brane, i.e.

/ed’/\wsz/\/fd:;a

Therefore, the right hand side of Eq. (7.42) is

/ —ell Awg = / JA=)% do (7.50)

Clearly, the left and right hand sides of the calibration bound, Eqs. (7.49) and (7.50), are
equal when ¢ = v, which is the speed specified by Mikhailov. For a giant graviton moving
at the “wrong speed”, i.e. é + v, then

VI —ve)
/1 — ¢?

i.e. the brane is not calibrated, but it does satisfy the correct inequality in Eq. (7.42).

(1—22)2

Therefore, in this section we have proved that holomorphic giant gravitons constructed
using the Mikhailov construction are calibrated branes. Hence they have minimal energy
minus momentum in their homology class. Moreover, a brane wrapping the same surface

as a holomorphic giant graviton but traveling at the wrong speed is not calibrated.

7.4 Dual giant gravitons and calibrations

We now consider dual giant gravitons from the point of view of calibrations. Recall that
dual giant gravitons are D3-branes which wrap a 3-dimensional surface in AdSs and have
non-trivial motion on the S° part of the geometry. In this section we show that the

dual giant graviton introduced in § 2.2 of Chapter 2 (originally in Ref. [60]) saturates the
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calibration bound Eq. (7.37). That is, we will show that

/(K-p—LKC)z_/Zq)m

for this configuration. Now, recall from Chapter 2 that the dual giant graviton in § 2.2
preserves the same supersymmetries as the ordinary giant graviton introduced in § 2.1.
Both these branes preserve one half of the background supersymmetry and the condition
on the Killing spinors is IT'%lle! = ¢!, 4 = 1,2. Since the preserved supersymmetries are the
same for both branes, we can make the same additional projections on the Killing spinors
as in § 7.2. This means that the p-forms K, ® and ¥ will be exactly the same for the dual
giant configuration as for holomorphic giant gravitons. These p-forms are given explicitly

in Egs. (7.20)—(7.22). Therefore, the calibration bound for the dual giant graviton is

/ (H +p) — toC — L||C) > /—(60 + 6”) A (ws + &AdS) (751)

exactly as for giant gravitons. However, because dual giants wrap three AdS directions,
the only term on the right hand side that contributes is | —e€® A @aqs. Therefore, the

bound becomes

/(H +p|| — LOC — L”C) > /—60 A Wads (752)

We now show that the dual giant configuration of § 2.2 saturates this bound.
Recall that the AdSs x S° metric is given by ds? = ds? ;5 + ds% where

2

1472

ds s = —(1+7%) dt* + + 7r%(da? + sin® aydad + sin® o sin? apdad)

and
3

ds} =) (dp? + pldg?)

im1
with the condition that ), u? = 1. Note that both the radius of AdSs and S° is 1. In

these coordinates the preferred time-like direction, €°, defined in Eq. (7.13), becomes
e® = (14 1?) dt — r*(cos apday — cos o sin o sin agday + sin® o sin® apdas)  (7.53)

The dual giant graviton we consider wraps a 3-sphere parameterised by «a;, s, ag at fixed
r. We denote the coordinates on the world-volume of this brane by ¢* (¢ =0, 1,2, 3) and
here 0® = t (i.e. static gauge) and o* = ;. The dual giant graviton moves on the surface
of S° along any equator. For concreteness, we take the motion on the sphere to be in the
direction ¢; with pu; fixed to the values puy = 1, ug, uz = 0.

We now calculate the quantities on the left hand side of the calibration bound Eq. (7.52).
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To do this we must first calculate the Lagrangian for the dual giant graviton. As before,

this is schematically given by

L=—/=7+P(C)

where + is the determinant of the induced metric on the brane world-volume. Computing

this metric we obtain

ds® = (-1 -1+ qﬁf) dt? + r?(do? + sin® ayda? + sin® o sin® apda?) (7.54)

V= =4/1+72—¢? r*sin® a; sin ay

The pull-back of the 4-form potential is

Therefore,

P(C) = (Ctalaza3 + (}.sloqﬁlalozzag)dt N dsa (755)

Hence, we obtain the following Lagrangian for the dual giant,

L=—/1+72—¢2 r®sin? o sin s + Chayazas + P1Charazas (7.56)

We can use this to calculate the momentum conjugate to ¢,. We obtain,

oL  r3sin®a;sinas ¢
pd’l = - = -
8¢1 A /1 + 7”2 . Qﬁ

Therefore, the Hamiltonian is

+ C¢1010203

r3sin® o sin g (1 + 72)
/1472 — @2

Recall that !l = >, n2de;, which on the dual giant trajectory becomes ell = d¢,. There-

H=p¢1¢1_£:

— Clayazas (7.57)

fore, p;; = ps, and hence

1+72+ ¢y
—. - Ctalaza3 + Cd)lozlagag
Jitr -

We now need to calculate [ (:0C + ¢;C). From the form of €° given in Eq. (7.53) together
with the fact that ell = d¢, on the trajectory, we obtain

H+p = 3 sin? o sin a (7.58)

/ (”OC + LHC) - /(_Cialazaa + Cpranazas) o
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Hence, _
1 + T2 + ¢1

1472 — @2
which gives the left hand side of the bound.

The right hand side of the bound Eq. (7.52) is given by

/ (H+py — wC -y C) = /TB sin? o sin a P’ (7.59)

/ —e® A Gags (7.60)

We can calculate @aqg easily since de® = —20445. Using the expression for €V given in
Eq. (7.53) we obtain,

Gags = —rdr Adt+r?sina; cosoy sin? oy day A dos
+ 7%sin?a;sinay (day A dog + cos ap dag A das)

+ rdr A (cos apday — sin oy cos oy sin apdag + sin® o sin® agdas)

If we now calculate e A @445 and use the fact that the spatial world-volume of the dual

giant is parameterized by a, as, a3, the right hand side of the bound is given by,
/ —e® A Dags = /r4 sin? oy sin ag doy A das A da (7.61)

Now if we compare Eqgs. (7.59) and (7.61) we see that the left and right hand sides of the
calibration bound, Eq. (7.52), are equal when (jﬁl = —1. In the case where (,})1 # —1, we

find )
1 -+ ’f'2 -+ ¢1

\/1+r2—q3f

which means that the brane is not calibrated, but the inequality in Eq. (7.52) is satisfied.

>r

In fact, for a brane wrapping «;, s, as the calibration bound is saturated if and only if
$1 = —1. Note that the speed ¢; = —1 agrees with the speed one obtains from the probe
calculation in § 2.2 (To see this one should equate the expression for py, in § 2.2 with
Nr%/L? which is the value of the momentum at the critical point.). Therefore, the dual
giant graviton of § 2.2 saturates the calibration bound, and thus minimizes energy minus
momentum in its homology class.

It is easy to show that like giant gravitons, the centre of mass of the dual giant moves
along a null trajectory. This can be seen by evaluating the AdSs x S° metric on the
trajectory puy = 1, ¢1 = —1 with 7 = 0, which corresponds to the centre of mass of the
brane. Moreover, like the giant graviton, the surface elements of the brane move at less

than the speed of light. The time-like trajectory taken by a surface element is simply
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ds? = —ridt?.

A future direction for this research is to establish whether there is a holomorphic
description of dual giants. The presence of @445 in the calibration bound indicates that
such a description might well exist. However, so far our attempts at such a description
have not led to any new configurations of dual giant gravitons.

To summarize, in this chapter we have constructed a calibration bound for giant
gravitons. This bound was derived from the super-translation algebra, which we found
in § 7.3. We showed that giant gravitons constructed from holomorphic surfaces saturate
this bound. Moreover, branes wrapping the same surfaces but traveling at the wrong
speed do not saturate the bound. The calibrated giant gravitons have minimal energy
minus momentum in their homology class. Here the momentum is a conserved charge,
corresponding to the R-charge in the dual field theory. We also saw that the dual giant
of § 2.2 saturates the same calibration bound as the holomorphic giants. This brane also

minimizes energy minus momentum in its homology class.



Chapter 8
Conclusion

In this thesis we have investigated aspects of supergravity theories in 10 and 11 dimen-
sions. In particular, we have considered the problem of finding energy minimizing configu-
rations of probe branes in various supergravity backgrounds. We began this discussion by
introducing giant gravitons and dual giant gravitons in AdSs x S°. These are interesting
branes to consider as they are spherical and non-static — in fact they must move to prevent
collapse. In Chapter 3 we considered giant gravitons in more general backgrounds. In par-
ticular, we performed giant graviton probe calculations in two classes of 11-dimensional
lifted geometries. We found that giant gravitons degenerate to massless particles exist
in arbitrary lifted backgrounds. Moreover, these objects are both equivalent to massive
charged particles probing the associated lower-dimensional gauged supergravity solution.
We applied our results to probe superstar geometries. These geometries are conjectured
to be sourced by giant gravitons. We tested this conjecture by performing giant gravi-
ton probe calculations to see if these branes had a BPS minimum at the position of the
naked singularity. Our results supported the conjecture in most cases. However, there
were some unusual features of our results which we were not able to fully understand.
For example, the results for the quadruply charged superstar solutions did not agree with
the expectations of the conjecture. This may indicate that quadruply charged superstars
are not sourced by giant gravitons, that the singularities in these backgrounds are not
physical, or that the reduced supersymmetry means that we should consider higher order
curvature corrections to our probe calculations. It would be interesting to try to resolve
this issue with further probe calculations.

In Chapter 4 we introduced the method of calibrations. This is a more geometrical way
of finding energy minimizing brane configurations in supergravity backgrounds. Primarily
this method is useful for backgrounds which preserve supersymmetry. We gave some spe-
cific examples of calibrations and showed how they could be used to find supersymmetric

embeddings of branes in these backgrounds. In Chapter 5 we continued investigations of
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supersymmetric backgrounds by considering the superalgebras for these backgrounds. In
particular, we found the form of the super-translation algebra for probe M2-/M5-branes
in general 11-dimensional supersymmetric backgrounds. Previously, these algebras were
known only for some specific classes of backgrounds. The technique we used was to con-
struct p-forms of different degrees from the Killing spinors of the background. These
forms obey a set of differential equations which can be manipulated to construct a closed
2-form and a closed 5-form. We argued that these closed forms are the topological charges
which appear in the super-translation algebra for probe M2- and Mb-branes in general
supersymmetric backgrounds. The super-translation algebras we derived could then be
used to find a BPS bound on the energy/momentum of a probe brane in a general super-
symmetric background. These BPS bounds give us the relevant calibrating form(s) for a
probe brane. Moreover, they tell us what quantity a calibrated brane will minimize.

In Chapters 6 and 7 we combined the ideas of non-static branes and calibrations to
work on finding a generalized calibration for giant gravitons in AdSs x S°. We used the
techniques of Chapter 5 to construct the super-translation algebra for a D3-brane in a
type IIB supersymmetric background. We then used this algebra to find a calibration
bound on the energy/momentum of the branes. As a by-product of this construction
we derived a number of differential and algebraic identities for p-forms constructed from
type 1IB Killing spinors. These equations are valid in the most general supersymmetric
backgrounds. This extends previous work [37-39] where equations of this type have been
derived for specific classes of type IIB backgrounds.

To test the calibration bound on giant gravitons, we introduced a class of giant gravi-
tons in AdSs x S° which generalize the original example of Ref. [46]. In particular, we.
considered the Mikhailov construction [45] of giant gravitons via holomorphic surfaces in
C12 x C3, which is an embedding space for AdSs x S®. Using this construction we showed
that these general giant gravitons saturate the calibration bound. Moreover, these branes
minimize energy minus momentum in their homology class. We also showed that the dual
giant graviton configuration of Ref. [60] saturates the calibration bound and minimizes
the same quantity as the ordinary giants.

While we have made some progress in understanding calibrations for one type of non-
static brane, there is still much work to be done. For example, it would be interesting
to try to understand other types of non-static branes using these techniques. Some work
on this has already begun - for example in Ref. [109], where our method was followed to
formulate a calibration bound for supertubes {110,111} in type IIA supergravity. How-
ever, there are also other interesting non-static branes, such as supercurves [112,113], and
giant, gravitons in other backgrounds. It would be interesting to find calibration bounds

for these objects. This formalism might well allow us to find new configurations of these
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branes. Another future direction for this research is to try to understand the essential
characteristics of backgrounds which admit non-static branes. This is a more difficult
question to address, but the geometrical formalism of calibrations might well provide the
required insight. Related to the work in this thesis is the classification problem for su-
persymmetric solutions of supergravity. Although there has been much important work
on this subject, an outstanding issue is how to classify supersymmetric solutions of 10-
and 11-dimensional supergravity which preserve more than minimal, but less than maxi-
mal, supersymmetry. The approach one could use is to construct more differential forms
from the additional Killing spinors, and then try to classify the corresponding G-structure
groups. While this probably would be very difficult for every fraction of preserved super-
symmetry, it might be tractable for small amounts of preserved supersymmetry, i.e. for
1 3

fractions such as 3, 5.
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Appendix A

Conventions

Throughout this thesis all Lorentzian metrics have the signature (—,+,+,...), while
Riemannian metrics have signature (+,...,+). We will denote the components of the
background metrics by g,.,, where the indices m,n,p,q, ... are coordinate space indices.
In 11 dimensions these indices run over 0, 1,2,...,8,9,4, with the § symbol used to avoid
the confusion of “10” with 1,0. In 10 dimensions the indices run over 0,1,...,9. We will
use early greek letters , 3, ... for spinor indices only. The components of induced metrics
on p-branes will generally be denoted by ~,;, where a, b run over the p 4+ 1 coordinates on
the brane world-volume.

We will consider the Dirac matrices (or “I-matrices”) in 10 and 11 dimensions. In

both cases these matrices are 32-dimensional and satisfy

{Trm,Tn} = 20mn (A1)

where m,n = 0,..., in the 11-dimensional case, and m,n = 0,...9 in 10 dimensions.
In both cases the I" matrices can be taken to be real (i.e. one can choose the Majorana
representation). We will use the following notation for the anti-symmetrized product of
p I matrices:
Loy = LDy - Ty = I% (le...m,, +o.o )

where the sum contains all permutations of m,, ..., m, weighted by an appropriate +1.
Note that here we have used square brackets to denote anti-symmetrizing over a set
of indices. Similarly, we use round brackets to denote symmetrizing over the indices.
We will also use the notation |m| to indicate that the index m is not included in the
(anti-)symmetrization. In the above equations we have used coordinate space I" matrices,
however, in some cases we will need to use the tangent space I' matrices, I';. These are
related to the coordinate space matrices by the vielbein as follows: I';, = ™Iy, where

the vielbein is defined by g, = e™e™n4 and 744 are the components of the flat metric.
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The tangent space I' matrices satisfy
{Ca, Tat = 204

We will always use tangent space matrices in any explicit supersymmetry projection con-
ditions so that we avoid factors of the vielbein appearing in these conditions. We now

discuss some specific properties of the 10- and 11-dimensional I' matrices in turn.

we have duality relations between anti-symmetrized products of I' matrices such as Iss 5=
[4; ete. In particular, each product of p > 5 Dirac matrices can be related to a product of
5 or less matrices. The Dirac matrices have a natural action on spinors. In 11 dimensions
irreducible spinors have 32 real components (Majorana) and they form a representation
of the group Spin(1, 10). Given a spinor ¢, its conjugate is defined by € = ¢7'C, where C
is the charge conjugation matrix in 11 dimensions. The matrix C must satisfy C7 = —-C
and C? = —1. In the Majorana representation we can always choose C = 0. This matrix

can be used to find the transpose of Dirac matrices as follows,
(')t = CT,,C, (I'p)T = CTpC

In Chapter 5 we will need to know the symmetry properties of the following products of
Dirac matrices: CI'y,..m,. Using the above relations, it is easy to prove that forp = 1,2,5
the matrix CT'm, ., is symmetric, while for p = 0, 3, 4 it is anti-symmetric. For example,
for p = 1 we have

(CTH)T = —(Tw)TC = —CTzC% = CTy,

as expected. Note that for p > 5 the products CT'y;,. s, are simply dual to the lower
dimensional cases using the duality relation described above.

In 10 dimensions the Dirac matrices are 32-dimensional. They are also real and satisfy
the algebra in Eq. (A.1). Type IIB supergravity is a chiral theory with A/ = 2 supersym-
metry. Therefore, the supersymmetry transformations involve two spinors, €, i = 1,2,
which have the same chirality. The spinors €' are 32-dimensional and both obey I'j1¢t = €
where I'y; = 0123456780 Dye to the chirality condition on the spinors, each €' has only 16
non-zero components. We define the conjugate spinors in type IIB by & = (¢/)TC, and
we take C = I'” as in the 11-dimensional case. The Killing spinor equations in type IIB

supergravity involve the Pauli matrices. These are given by

0 1 0 —i 1 0
g1 = N 09 = y O3 =
! 1 0 2 i 0 s 0 —1
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We now give our conventions for differential forms. A p-form w is defined in terms of

its components as follows,

1

w = Ewml___mpdiliml /\ e /\ dﬂ?mp (A2)

The set of all p-forms on a manifold M is denoted AP(M). For a d-dimensional manifold

we will generally express p-forms in terms of one of the following bases of 1-forms: either

we will use the coordinate basis {dz°, ..., dz? '}, or the orthonormal basis {e°, ..., e?"1}.
The wedge product of a p-form, w, with a g-form, v, is defined (in components) by

_(p+q)!

((4) A 'U)ml___mp+q = p'q' w[ml‘..mpvmp+14..mp+q] (A3)

The Hodge dual of a p-form, w, dualized within a d-dimensional space, is a (d — p)-form,

*w, with components,

1

(*w)ml...md_p = E lg| 6m1...7n,,g_pm...n,, Wt (A4)

where |g| is the modulus of the determinant of the metric on the d-dimensional space. In

a Lorentzian space-time we use the convention that ey» = +1 and €2+ = —1 (so € is
not a tensor; it is just a symbol). In a Riemannian space we will use €53, = +1 and
€!?3 = +1. In a Lorentzian space-time one finds

* kW = (—1)p(d_p)+lw

For Riemannian spaces this relation differs by an overall factor of —1.
In Chapter 4 onwards, we will often come across the interior product of forms. The

definition of the interior product of a ¢-form, v, with a p-form, w, where ¢ > p, is

1
(va)nl...nq_p = ﬁwml...mp Um;y...mpny..ng—p (A5)

A useful result which helps to simplify several expressions in Chapter 6 and Appendix C
is the following: given a g¢-form, v, and p-form, w, where q > p,

Ly ¥ W = (=1)POPIHL, (A.6)

Again this relation differs by an overall factor of —1 if we dualize within a Riemannian
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space. We define the dot product of p-forms w and v by

1

w-v = ﬁwmln_mpv’”l“'m” (A7)

and the square of w is w? = w - w. Moreover, the Lie derivative of a p-form w along the

direction specified by the vector X is defined by

Lxw=d(txw) + txdw (A.8)



Appendix B

Dualizing and Integrating forms in
lifted backgrounds

B.1 Lifted backgrounds of the 4-d theory

In this section we will consider 11-dimensional backgrounds which are obtained by lifting
solutions of 4-dimensional U(1)* gauged supergravity (as explained in § 3.1.1). We will
calculate the 6-form potential, A®, for a general lifted solution. This potential couples
to M5-brane giant gravitons and prevents them from collapsing. The calculation for A®
requires two steps. Firstly, in § B.1.1 we will dualize the 4-form field strength, F*), to
obtain the dual 7-form field strength, F(”. Then in § B.1.2 we will integrate F(7 locally
to obtain the 6-form potential, A, which couples to the brane.

B.1.1 Dualizing F®

Recall from Eq. (3.6) that the lift ansatz for the 11-dimensional metric is
dsy = AY3ds, 5 + A7V3ds?

where d3%1,3) is the metric for the 4-dimensional gauged supergravity solution and ds? is
the metric on the internal 7-dimensional space. Moreover, from Eq. (3.7) the 4-form field

strength for this background is given by

2U
F(4) = — €, 3)"‘ ZX *(1,3) dX /\d /.L,L ZX 2d ,LL1 Ld¢z +A(1))/\*(1 3)F(2

L
(B.1)
We now derive some results which will allow us to find the Hodge dual of this form. To

begin, we consider dualizing a (p+ ¢)-form of type a/P) A3 in this background. Here a®
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is a p-form in the 4-dimensional space and 59 is a g-form in the internal 7-dimensional

space. We obtain the following result,
san (e ABD) = (PTDACIII (g 0) v 50) (B

where #(; 3y and x(7) refer to dualizing within the 4- and 7-dimensional spaces which have
metrics ds?1 3) and ds2 respectively. Our conventions for dualizing forms are given in
Appendix A. In fact, from Eq. (3.6) we see that the metric on the internal 7-dimensional

space splits further into two parts;
ds =L X7'dp? + ) X7 ui(Ldgi + A (B.3)

where the p; define a 3-sphere, S. Therefore, a result similar to Eq. (B.2) holds for

dualizing forms in seven dimensions, namely
*(7)(01(7) A IB(S)) — (_)T(4—S)L3—2r(*(3)a(r) A *(4)5(3)) (B.4)

where o is an r-form in the p; directions and B) is an s-form in the ¢; part of the
7-dimensional space. Here x4y refers to the metric ds? = 3=, X; 'p2(Ld¢; + A%)? and *3
refers to the metric )
dsf =) X ldy} (B.5)
i=1
restricted to the 3-sphere S: Z?:l p? = 1. Due to this constraint on y;, dualizing forms

on S is not completely straightforward. Therefore, we will need the following result,
*(3)O{(T) = (=1)"" xg(es A o) (B.6)

where o) is an arbitrary r-form on S. Here %) refers to the metric d3; on R?* and
eq = A™Y2S" pidp; is a unit 1-form in A'(R*) which is normal to S. Essentially, we are
using the embedding of S in R* to dualize the forms on S. With the results in Eqs. (B.2)-
(B.6) we are now almost ready to dualize F® in eleven dimensions, but first we will derive
a few intermediate results to simplify the calculation.

We define the following 2-forms on S,

Z;, = Z €ijki idun A diy (B.7)
ikl
Ziy; = Z €ijkl QLo N dpy (B.8)

k,l
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where 4, 5, k, 0l = 1,...4. The volume form on § is given by

1
W = G Z €ijhr pidpg N dpge N dpy

i)j)k!l

Due to the constraint on p; it can easily be shown that the 2-forms Z; and Z;; satisfy the

following three identities:

ZXj,u'ij,U'i = ZX]',U']'Zji —*—AZ, (Bll)
J J

We can use these identities to obtain two further results which will be used to dualize

F@® . Firstly, using the relation in Eq. (B.6) for dualizing forms on S, we have

B A_1/2
*@) 1= = *q (A 2 Z,U»id,ui> I ZXjA‘jdﬂi N Zij
i ij
AL/2 —1/2
= — 5 21: Zi Ndp; + 5 ; pipe; X525 N dp;

Al/Q A_1/2

= 5 2.0- uW — 3 > i X5 (8i5 ~ papss)W
i ij

= xg 1l = AYW (B.12)

where we have used the identities Eqgs. (B.11) and (B.10) in the second and third steps
respectively. Secondly, we evaluate the 2-form *3)d(u?):

*@d(1?) = *@) (A_l/z Z pidig A 2Midﬂi> = —AT/? Z XiXjuips Zij (B.13)
j J

J

where again we have used Eq. (B.6) in the first step.
We can now dualize the first term in F®) given in Eq. (B.1), using the results from
Egs. (B.2), (B.4) and (B.12). We obtain,

2U 2U
*ayeay = — A 2 %y 1

= —2UL? A~5/2 *3) 1 A x(g)1

2
- Wy N\ (L + A¥) (B.14)
.

A2
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Similarly, we can use the results in Eqgs. (B.2)-(B.13) to dualize the two other terms in

F@_ For the second term in F one finds,

L _ L?
*(11) (5 ZXl 1 *(1,3) Xm A d('u,?)) = _§_A—2 ZX]dxz A [LiﬂjZij /\,uk(Ldngk + Ak)
1 iJ k

(B.15)
and for the third term we obtain
T ( ZX i) N (Ldds A Ay B ) Z F'AZi Xju, /\ pur(Ldgp+A*)
k#£i
(B.16)

Therefore, the dual 7-form field strength is

2L2U
F(7) = *(11)F(4) = 5

S
(Ldgy + AF) — oA Z X;AX; A paps; Zig [\ pn(Ldgpy, + AY)
¥ k

Z F'A Z X s /\ i(Ldgy + AF) (B.17)
k#i

We have checked that this 7-form satisfies dF(" = 0, which is the Bianchi identity for
this solution. This calculation is straight-forward, but it is quite messy, so we do not
present the details here. However, one must take F* A FV = 0 for dF( = 0 to hold. This

corresponds to neglecting the axions, which was discussed in § 3.1.1.

B.1.2 Integrating F(")

We now wish to integrate F(7, obtained in Eq. (B.17), to determine the 6-form potential,
A®  which will couple to the M5-brane giant graviton. Since dF(" vanishes identically,
such an A® must exist, at least locally. In fact we will find that it is not possible to
determine A® globally, but it can be found locally.

The first step is to use the identity in Eq. (B.11) to rewrite the following 3-form which
appears in the second term of F(),

A2 X;dXi A pipi Zij = 1Zu1dX NZi— A2 XidX A s Z

ij ij

= Z(‘)( Z'un)dCE“/\Zi
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Using this result, the second term in F7), given in Eq. (B.17), can be rewritten as follows,
g

X

L2
oAz > X dXinupy Zig \ (Ldgi+A') = —— Z O, < ) dz*AZ; \ u(Ldg+A)
is ! l

(B.18)

Thus we postulate that the 6-form potential, A®) contains the following term,

2

i

~ L? Xit;
A = — 23207 N\ lLdgy + A') (B.19)
l

Evaluating dA©® gives

~ 2L2
dA® — W/\,u; Ld¢g, + A — —Z@ < 1’“’) dz* A ZiANl(Ld¢l + AY

ZZ AFI N a(Ldgy+ A + ZF A ZiXsps \ m(Ldgy + A)
I#j l#i

—6L2W I\ (L, + AY) (B.20)
l

where we have used the identities in Egs. (B.9)-(B.10) and recall from § 3.1.1 that U =
S (X2u? — AX;). Therefore, comparing with F(” in Eq. (B.17) we have,

FO = gA4® L = Z Zi NFI N\ m(Ldy + A') + 6L W /\m Ldgi+ A')  (B.21)
I#j

The sum of the last two terms in this expression is closed but not exact. For p; # 0 we

can integrate them to see that they are equal to

A L?
d ( ! /\uJ (Ldg; + A7) + - €uml prdpy A F? [\ (Ldgm, + A’")) (B.22)

m#£j

Therefore, in the region where pu; # 0, A® is given by

a0 _ L
ZMIA

. L? .

Z XipiZay [\ i (Ldg; + A7) + 5 €Ukl pimdp A F? N\ (Ldgm + A™)
i J m#j

(B.23)

where we have used the identity in Eq. (B.11) to replace the two terms involving Z; with

one term involving Z;;.
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B.2 Lifted backgrounds of the 7-d theory

In this section we will consider 11-dimensional supergravity solutions which are obtained
by lifting solutions of 7-dimensional U(1)? gauged supergravity, as shown in § 3.2. We
will derive the 3-form potential, A®), for these backgrounds. This potential couples to
M2-brane giant gravitons and prevents them from collapsing. As in the previous section,
this calculation involves two steps. Firstly, we dualize the 7-form field strength, F(,
given in Eq. (3.35), to obtain the dual 4-form field strength, F® = — ;) F(. Then we
integrate F® locally to obtain A®). The steps involved in this calculation will be broadly

similar to those in the previous section.

B.2.1 Dualizing F

Recall from Eq. (3.34) that the metric for the 11-dimensional lifted solution takes the
form,

dst) = A3dsfy 5 + A*Pds]

Moreover, from Eq. (3.35) the 7-form field strength is given by

2U L&
F(7) — __f €(1,6) — Z AXO €(1,6) — 5 Z‘:;Xa_l *(1,6) d/Ya AN d(,Uzg)
~- = ZX 2d(p?) A (Ldg; + A*) A x( ) F" (B.24)

In analogy with the previous case, we first need a result for dualizing (p + ¢)-forms which
split into a product of a p-form, o), which lies in the (6 4 1)-dimensional space and a

g-form, 5@, which lies in the internal 4-dimensional space. We find
*(11)(a(}’) A 5(‘1)) — (_1)p(4—q)A(—2p+4q—1)/6(*(1’6)a(1)) A *(4)ﬁ(Q)) (B.25)

The metric on S* also splits into two parts:

ds4—LQZX ldua+ZX 2(Ldg; + AY)?

where as in § 3.2 we take the indices a,b,--- = 0,1,2 and 4,7,--- = 1,2. Since the 4-
dimensional metric splits in this way, we have a result similar to Eq. (B.25) for dualizing

forms within the S$¢, namely

) (& A BO) = (=1 L2 (5 0l A 4 ) (B.26)
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where o) is an r-form in the u, directions and 3 is an s-form in the ¢; directions. Here
%(2) means dualizing with respect to ds? = >, X; 'u2(Ldp; + A')%, whereas (5 refers to
the metric )
dsi = X7 'dp? (B.27)
a=0
restricted to the 2-sphere S : >, k% = 1. Dualizing forms on S requires the following
result [54],
;(2)0'(” = (—1)T *(3) (63 A a(r)) (B.28)

where * 3) refers to the metric ds on R? (i.e. not restricted to S) and e3 = A2 3" yi,dp,
is a unit 1-form on A!(R3) which is orthogonal to S. We now have all the necessary tools
to dualize F(?) in eleven dimensions, but we will first derive a few intermediate results.

It is useful to define the following 1-forms [54],

Zab = Z Eabcd,uc (BQQ)
Z, = Z Eabe ol ic (B.30)
b,c

Due to the constraint ), p2 = 1, there are three identities connecting these 1-forms [54]:

dZ, = 2uW (B.31)
Zo Ndpy = (6ap — ,uap,b)W (B.32)
Z XoftaZay = Z XottaZapty — AZ, (B.33)

where W = Leavettadpiy A dp. is the volume form on S. Using these identities together
3 1

with Eq. (B.28) we can obtain the following intermediate results,

;(2)dll'a = —;(3) (Ahlﬂ Z ,ubdub A d/,l,a) = .)('()_1/4&_1/2 Z XaZab/J,bXb (B34)
b b
ol = 3(A7 Y pedua) = Xo AW (B.35)

The factors of Xy arise from the relation Xy = (X1X3)™%, which means that the determi-
nant of the metric ds? is X, 2 However, these factors will cancel out when we dualize
terms in F("). For example, using Eqgs. (B.25), (B.26) and (B.35), we can dualize the first
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term in F(")| given in Eq. (B.24), as follows,

2U 2U ~ _
*(11) <"T€(1,6)) = *L—A 2 %y 1

= 2ULA—5/2;(2)1 A *l
= WLA2X W N\ X7V (Ldgs + AY)

= WLATW /\ ju(Lde; + AY) (B.36)

where we have used the constraint Xy = (X,X,)72 in the last line. Similarly we can
dualize the other terms in F(V using the results Egs. (B.25)-(B.35). We find

LXO

_2LU
FO = =y FO = = =2 W/\,h Ldg; + AY) W/\ (Ldds + AY)

- _ZS_Q Z ll'aan A ZabNbXb /\ N'i(Ldgbi + Al)

- = Z F* A ZiunXo [\ i (Ldp; + A7) (B.37)
J#i

It is straightforward to show that dF = 0, using the identities given in Eqs. (B.31)-
(B.33) (this works provided F! A F? = 0, which we assume. See discussion in § 3.2). This
means that F') can be integrated at least locally.

B.2.2 Integrating F®

The procedure for integrating F is very similar to the method in § B.1.2 for integrating
F() . Essentially, we rewrite some of the terms in F using the identities in Eqs. (B.31)-
(B.33). Then we are able to guess some of the terms which appear in A®), and we integrate
the remainder. Due to the similarity with § B.1.2 we will not show the calculation for A®
but just give the final results. As before, it is not possible to write F¥ = dA®) with A®
well-defined over the whole space-time. However, A® can be found locally everywhere.

For example, in the region where i # 0, A® is given by

L . .
A® — -—= > paXaZor [\ mi(Ldgy + AY) — LugF? A (Ldpy + A) (B.38)
H1 a i




Appendix C

The derivative of K12

In this appendix we give the detailed calculation for one of the results presented in Chap-
ter 6, namely the ordinary derivative of K'? given in Eq. (6.8). Recall that K'? is con-
structed from the 16-dimensional constituent spinors, €! and €2, of a single Killing spinor,
¢, as follows:

K2 =&T,é

where n = 0,1,...,9. To calculate dK'? we will first calculate the covariant derivative
of K'2. Then we will use the Killing spinor equation to replace derivatives of ¢! and €2
with terms involving the metric, dilaton and background field strengths. Finally, we will
anti-symmetrize over the free indices.

The covariant derivative of K2 is given by,

Vi K2 = (Ve ) The? + €T,V 62 (C.1)

where (Vimel) = (Vme!)TI0. Now we use the Killing spinor equation to replace the

1

covariant derivatives of ¢! and €2. Recall that the gravitino Killing spinor equation for

type IIB supergravity is
| — e? (=1)*! (2a-1)
- 172 a— T1...T2a—1 _
Ve + 8Hmm2F ® o3€ + T E -1 1)!GT1__.T2‘1_1F Fn®Xe=0 (C.2)

a=1

where € = (¢!, €2)T and the matrices )\, are defined by

oy if a even,
Ag =
ioy if a odd.

and oy, 09, 03 are the usual Pauli matrices. From Eq. (C.2) we can read off the following
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expression for V¢!,

1 ‘ e?
Vel = —gHm,mrwel - (ngrrrme?— G I e + Gfl) LITTST
1
G T 4 G T, )

If we calculate the transpose of this equation and multiply by I' 0 we obtain

—21-\mr\r1...7'5

717273 T1---Ts

- ¢
(Vmel) — %Hmrlmgll—‘rlrz""%(G —21‘\ FT_I_ G3) —21‘\ 1‘\7‘17‘2T3+ G(S)

—21- T G(Q)

T1...77 9 r1-..T9

+ G —2Fmrr1...rg)

where we have used the property that (I'"™)T = ['9T™I'0. Therefore, the first term in the
expression for V,, K12, given in Eq. (C.1), is

~ 1)\ 1 _1prr _ r = r1T2T

(V€ )Tne? = < Honryry@ I 00 — = ; (G(l 0 The? + — Gﬁf,m 2y, [ 2
+= Gn I A e Gg’? 0 VS R W
+5 e BTl L) (C.3)

We now compare each term in this expression to the possible non-zero forms which can be
constructed from the spinors. For example, the first term in Eq. (C.3) involves e!['"'72I",, ¢2.
However, this must be equal to the following combination of the 3-form ®!'2 and the 1-form
K2

€1Fr1r2Fn62 — ((1)12)7'11‘2” + 5;2 (K12)r1 _ 5:11 (K12)r2

Contracting this expression with H,,, r, we obtain
1 =11w7rirs 2 1 T2 12 1
gHmrm,e [mrr, e = —8—H I Z(LKHH)mn (C4)

for the first term in Eq. (C.3). Treating each term in Eq. (C.3) in this way, and neglecting
any symmetric combinations of the indices m,n we obtain,

1
- (LKNH)mn

njrirg 4

=% 1
(V[mﬁl)rn]62 — 8Hr1r2[mq)

@
e
+— (1,1(22G(3) + Lo > + Lo n% + (,zzzG(7))

= (C.5)

mn

Now we can use the identity in Eq. (A.6) of Appendix A to simplify (o2 as follows,

LG(-/)Q22 = —l,q0) * K? = LK22G(J)
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where in the first step we have used the fact that GV = —xG®) and Q = %K, as explained
in Chapter 6. Similarly, we use the identity (A.6) to rewrite 1522G(") as

ngzGU) = —lyyee ¥ G(S) = L(3) 222

where we have used the fact that ¥?? is self-dual in the first step. Therefore, Eq. (C.5)
becomes
1

1 a
8HT1T2[7TL@'}12 — ~(tgr2H)pn + 8 (LK”G(S) + lg® 222) 2

frira 4 mn

(Vime)pe® = (C.6)
From Eq. (C.1) we see that this is the first term in the expression for V|, K}¥. The second
term in Vi, K ,,11]2 comes from the second term in Eq. (C.1). This term can be calculated

in a completely analogous way to the first term, so we do not show this here. Overall we

obtain,
DI g 12 e? (3) 22 11
Y ZH @, + 5 (kg2 G® + g (B2 + 51) (C.7)
Now the ordinary derivative of K'? is related to this by (dK'2)n, = 2V, K 71112, so we
obtain
12 | 12 e? 3) 22 11
(dK )mn = §H ! Q{m@n]nm + Z (L(K22+1<11)G + LG(s)(Z +3 ))mn (C8)

as stated in Eq. (6.8).




