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D. M. Beggs Computational Studies of One and Two-Dimensional Photonic Microstructures

Abstract

This work is concerned with the study of photonic crystals and other topical photonic mi-
crostructures, whose optical properties are investigated by solving the Maxwell equations
using appropriate theoretical and computational schemes, which are described. The work
focuses on the photonic band gap, the existence of which is crucial for most applications of
photonic crystals.

Disorder in photonic crystals has been studied. The photonic eigenmodes of an ensem-
ble of a type of disordered one-dimensional photonic crystal are investigated statistically for
three different models of disorder and a certain type of disordered two-dimensional pho-
tonic crystal has also been studied. It is seen that the disorder introduces photonic modes
into the band gap, and the properties of disorder-induced modes localised on random mi-
crocavities are discussed for both one and two-dimensional photonic crystals. It is appar-
ent, however, that there is a certain level of disorder below which the probability of finding
disorder-induced photonic modes with eigenfrequencies in the centre of the photonic band
gap is negligible, and this produces a threshold-like behaviour as a function of the disorder
parameter in the transmission properties of the photonic crystals.

Novel designs for two-dimensional photonic crystals based on the deep etching of a
Bragg reflector and on a unit cell with local quasicrystalline order are considered. Both
are found to possess wide complete photonic band gaps for one polarisation of light over a
wide range of geometrical parameters, and the parameters of the structures are investigated
in order to optimise the properties of the photonic band gap.

An approach using a simple analytical theory has been developed for the design of mul-
tilayered optical bandpass filters based on coupled microcavity layers embedded in an one-
dimensional photonic crystal and the parameters of the optimal structure are presented.

A formalism based on non-local dielectric response theory and a Green function tech-
nique has been developed to describe the interaction of a quantum well exciton with an
evanescent optical mode of a planar waveguide, and the dispersion relations of waveguide
polaritons in a planar dielectric waveguide with an embedded quantum well have been cal-

culated.,
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Chapter 1

Introduction

It seems to the author that the guiding principle of science is (or should be) understanding.
If something is understood, then it stands that it is amenable to control. Thus it has been
throughout the history of human progress; understanding leading to control. It is set against
this background that the field of photonics attempts to understand the behaviour of light in
material systems. If it is understood why or how light acts the way it does, then mankind
can invent ways to modify this behaviour to suit our applications for light. One example
of this from the telecommunications industry is the optical fibre—it is known that light can
be confined by a step in the refractive index, and this is used to guide light through “light
tubes” to wherever we want, even across the oceans. Our understanding of the mechanisms
involved also allows us to understand the limitations—in the example of the optical fibre,
confinement is lost if it is attempted to guide the light around sharp bends.

Microstructures are structures with component parts on the scale of micrometres. Vis-
ible light in air has a wavelength of 400 to 700 nm, and so the understanding of how light
behaves in photonic microstructures must involve a description of the wave nature of the
electromagnetic field of the light.

The aim of the study of the optical properties of photonic microstructures is to understand
them and how to control and manipulate light with them. If we were able to guide, store,
filter, suppress and create light, then light could be put to all manner of useful purposes. For
example, building integrated photonic microchips that used light for all-optical computing
and telecommunications. Such all-optical realisations would have many advantages over

current (no pun intended) ways of doing things. Since the 1970s, the number of electronic







erties of light could be controlled in such a structure. Yablonovitch’s main motivation was to
engineer the photonic density of states, in order to control the radiative properties of mate-
rials inside them, whereas John’s idea was to use photonic crystals to effect the localisation
and control of light.

Photonic crystals that do possess a photonic band gap are also sometimes called photonic
band gap materials. Note, however, that not all photonic crystals necessarily possess a pho-
tonic band gap. A photonic crystal might possess no photonic band gaps, or band gaps only
for certain directions of propagation within the crystal, or for certain polarisations of light. If
a photonic crystal has a band gap for certain directions in the crystal which closes for other
directions, then the band gap is said to be incomplete. Only if the photonic crystal has band
gaps for all possible directions, and further that these band gaps overlap spectrally, is the
photonic band gap said to be complete. If a photonic crystal has complete, overlapping band
gaps for all polarisations and directions of propagation in the crystal, then the photonic band
gap is said to be absolute. In the latter case, the density of photonic modes drops to zero at
frequencies in the absolute band gap. The rate of spontaneous emission of a quantum me-
chanical emitter, as given (to first order) by Fermi’s golden rule, is proportional to the final
density of states of the system. Thus spontaneous emission at frequencies in the photonic
band gap of a photonic crystal can be suppressed by embedding the emitter in the photonic
crystal.

Many authors choose to introduce photonic crystals and the concept of a photonic band
gap through an appealing analogy with electrons in crystals [2,5,6]. These systems possess
a periodic arrangement of positive charges (the (screened) nuclear cores of atoms) which
create a periodic total potential. Electron waves obeying the Schréedinger wave equation
experience Bragg-like scattering when they interact with this periodic potential, which can
lead to forbidden frequency regions in which no electronic states obeying the Schroedinger
equation and associated boundary conditions are allowed. An example of this is the forbid-
den band gap between the valence and conduction bands in a semiconductor. The appeal
of this analogy is broadened when one realises that many of the principles and much of the
nomenclature is directly transferable between the two cases; it is usual to preface words used
in the description of atomic crystals with the word “photonic”. Bloch’s law/theorem applies

equally well for electromagnetic waves in periodic dielectric media as it does for electrons



in a crystalline solid. The notion of Brillouin zones and bands of allowed states are equally
used in both cases.

These appealing similarities between the photonic and electronic cases in periodic media
arise because both the electric field E (r) in the photonic case and the wavefunction 1 (r)
in the electronic case must obey wave equations, from the Maxwell wave equation for the

electric field of angular frequency w in the former case (see section 1.1)
w?
VxVxE()=¢(r) c—2E(r) (1.1)

and the time independent Schréedinger equation for electrons of energy U in a potential
V (r) in the latter case
72
5=V () +V (D) (1) = Uy () (12)
However, there are also important differences between the wave equations in equations 1.1
and 1.2. The electromagnetic field in the photonic case is a vector quantity, whereas the
electronic wavefunction in the Schréedinger equation is a scalar. Also, the potential V (r) in
the time independent Schréedinger equation can be positive or negative, and a potential can
therefore exist where V (r) > U in the local surrounding region. The analogous situation
is not possible in the photonic case, as the relative permittivity ¢ (r) in non-absorbing linear
media has a real positive value. Also, in the second term of equation 1.2, the potential V (r)
enters the equation independently from the electronic energy U, whereas, € (r) enters in
equation 1.1 as a product of w?.

Examples of photonic crystals can be found in nature. Opals are minerals consisting of
grains of hydrated silica (SiO, - nH;0) which are regularly packed in a crystalline lattice.
However, the refractive index contrast between the grains and the voids is not sufficient for a
complete photonic band gap to form. Rather stop-bands of high reflectivity caused by incom-
plete band gaps are seen in different frequency ranges when the angle of viewing changes.
This photonic crystal property gives the opal its iridescent appearance, which is considered
attractive enough for opals to be used as gemstones. In biology, the wings of some butter-
flies derive their colour from photonic crystal lattices grown naturally. Figure 1.2 shows an

opal gemstone and a butterfly with a naturally grown photonic crystal on its wings. Also,









solving the Maxwell equations for photonic crystals. For example, if a new idea on how to
construct a photonic crystal for a particular application is thought of, then its properties can
be simulated numerically, and the parameters optimised for the desired application, before
any attempt to fabricate such a structure is undertaken. Second, the interpretation of exper-
imental results is greatly aided by knowledge of the underlying photonic bandstructure, or
the calculated properties of the idealised system. Also, ideas on why any results differ from
what is expected can be tested by numerical simulations. Third, numerical simulations can
be used as a predictive tool, in much the same way as they were used to predict the first
dielectric structures which possessed photonic band gaps.

A large body of research has been conducted into the control and manipulation of light.
Point defects can be introduced that support localised defect modes with frequencies in the
photonic band gap. Such defects can act as high finesse microcavities [40—46). The frequen-
cies and line-shapes of modes can be engineered by correctly designing the defect, allowing
structures to be designed for many potential applications. For example, photons can tunnel
between defects in the photonic crystal, and optical filters can be designed with the line-
shapes and frequencies of the photonic defect modes. Or the defects can be aligned in a
chain, such that light is guided along the chain by tunnelling from defect to defect; such
a structure is known as a coupled cavity waveguide [47-50]. Light at frequencies in the
photonic band gap can also be confined along a linear defect within a photonic crystal, in a
structure known as a photonic crystal waveguide [51,52]. It is known that both coupled cavity
and photonic waveguides should allow for the guiding of light, even around sharp bends, in
the waveguide. Such control of light would be required for the realisation of all-optical com-
puter chips. However an all-optical computer chip is a distant possibility, and much research
and many innovations will be needed to realise it [53]. However devices based on photonic
crystals are already being built. The photonic crystal fibre [54, 55] uses the principle of a
photonic band gap to guide light along the fibre, rather than total internal reflection as in a
conventional optical fibre. In a photonic crystal fibre, such as the one shown in figure 1.3 (b),
a two-dimensionally periodic cladding of air holes and dielectric that possesses a photonic
band gap is used to confine light at frequencies in the band gap to a core made up of a defect
in the photonic crystal. However, the ability to design and engineer the dispersion and other

properties of the photonic crystal fibre offers many advantages over the conventional optical



fibres, and allows their uses in a much more broad range of applications [55]. Also periodic
multilayered dielectric stacks [56, 57], such as those shown in figure 1.3 (d) and (), are ex-
amples of one-dimensional photonic crystals, and these structures have found many uses as
Bragg reflectors and as high reflectivity mirrors for microcavities for many years.

Most of the applicable properties of photonic crystals rely on the existence of a photonic
band gap, and thus most research has been in finding structures that can be made with pho-
tonic band gaps and then finding parameters of the structures which optimise properties of
the band gap. However, some interesting properties of photonic crystals which could find
uses on all-optical microchips, such as the superprism effect [58, 59], or negative effective
refractive indices [60], rely not on the photonic band gap but instead on engineering the

features in the dispersion curves of the allowed photonic bands.

1.1 The Maxwell equations

In general, the four Maxwell equations relate five vector quantities and one scalar quantity—
the electric field vector E; the magnetic induction vector B; the electric displacement D;
the magnetic vector H; the current density J; and the charge density p. In addition to the
Maxwell equations, the constitutive relations (or material equations) are needed to relate the
fields D and B to the fields E and H, and also the generalised Ohm’s law relating J to
E and B, in the material system being considered. In general, these constitutive relations
can be complicated, involving the polarisation or magnetisation of materials, non-linear and
anisotropic effects and history-dependent (hysteresis) behaviour [57,61].

However, when considering photonic crystals composed of good dielectric media, it is
usual to make a number of simplifications. The dielectric materials are considered to have
no free charges or associated currents so that J = 0 and p = 0, and the Maxwell equations

can be written as
oD

VxH= rr (1.3)
0B

\% xE—-—-a—t (14)

V-D=0 (1.5)

V.-B=0 (1.6)



The materials are considered to be a continuum where it is sufficient to consider the spatially
averaged fields, and no knowledge of the particular microscopic structure is required. This is
a very reasonable model for light at visible or near-infra-red frequencies as the wavelength
of the electromagnetic radiation is large on the atomic scale. For many photonic crystals
it is fair to assume that they are constructed from materials that are isotropic and that the
dielectric response is linear and lossless. These assumptions mean that D and E can be
related by a real scalar factor, called the relative permittivity € (r), and the fields B and H

can similarly be related by the magnetic permeability u (r)

D (r) = ¢ (r) e (r) (1.7)

B(r) = pu(r) uoH (r) (1.8)

Most photonic crystals are made up of non-magnetic materials for which y (r) = 1 while
e (r) varies piecewise periodically. It is also usual to assume that € (r) is independent of the
frequency of light in the spectral range of interest.

Common candidate materials for the construction of photonic crystals for use at optical
or near infrared frequencies are semiconductors such as gallium arsenide (GaAs) [31,34,62-
65], gallium aluminium arsenide (Ga,Al;_.As) [31,62, 63, 65] and silicon (Si) [11, 15,32,
35,66-68], or amorphous materials such as silicon dioxide (silica, SiO;) [18, 54,67, 69-74]
or titanium dioxide (titania, TiO;) [16]. These are only examples, and many other materials
have been used [14,42, 73,75-81]. A natural question that arises is how well do these
materials meet the model assumptions described above. Semiconductor materials can only
be used at frequencies below their absorption edge—this is the frequency corresponding to
the width of the electronic forbidden gap between the valence and conduction bands of the
semiconductor, above which the semiconductor absorbs light by the promotion of charge
carriers from the valence to the conduction band. The absorption edge occurs at frequencies
corresponding to fuww ~ 1.4eV in GaAs (82, 83], lw ~ 2.2eV in AlAs [82, 84, 85] (note
that AlAs is one end point of the Ga,;Al; _;As system, but is chemically unstable) and fuw ~
1.1eV in Si [82], but below these frequencies the approximation of no absorption of light
is a good one [83-85]. The refractive index of GaAs varies from 3.7 at a wavelength of

1000 nm (Aw ~ 0.8¢eV) to 3.4 at a wavelength of 400 nm (fiw ~ 3.0eV) [83]; that of AlAs



varies from 3.0 at 1000 nm to 4.2 at 400 nm [84]. Thus the assumption of constant refractive
index is a good one in GaAs, but not so good in AlAs. Ref. [83] and [84] provide reviews
of the properties of GaAs and Ga,Al;_;As respectively. The amorphous SiO; and TiO, also
conform to the assumptions outlined above. For example TiO; has a very small absorption
coefficient, especially for light at wavelengths longer than 550 nm, and its refractive index
varies from 2.45 at 750 nm to 2.75 at 400 nm [86)].

Before considering the solution of the Maxwell equations in photonic crystals it is in-
structive to consider briefly a linear, isotropic, homogeneous medium with relative permit-
tivity € and relative permeability p. Taking the curl of equation 1.3 and 1.4 and using the
constitutive relations in equation 1.7 and 1.8 gives the wave equations for the electric and

magnetic fields

O’E
VxVXxE- 6“‘60”0_67 =0 (1.9
’H
VxVxH—eueopoa =0 (1.10)

ot

In the vacuum, € = p = 1, and the speed of the electromagnetic wave is

1

o (1.11)

CcC =

whereas in a dielectric medium, the wave is slowed by a factor of the refractive index n,

where

n=\en (1.12)

For photonic crystals, which are non-magnetic and piecewise homogeneous, the refractive

index as a function of position n (r) is related to the relative permittivity € (r) by
n(r) = /e (r) (1.13)

The time dependence of the electromagnetic fields can always be separated out from the
spatial dependence in the wave equations (equation 1.9 and 1.10), and as such it is possible
to speak of harmonic modes with a time dependence e~*“*, where w is the angular frequency
of the harmonic mode. Of course, any solutions of the Maxwell equations can be built from

an appropriate combination of these harmonic modes.
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Now consider the solution of the Maxwell equations for a photonic crystal. Considering

a harmonic time dependence e~ in equations 1.3 and 1.4 gives
V x H(r) = —iwe (r) & E (r) (1.14)

V x E(r) = iwpeH (r) (1.15)
and using equation 1.14 to eliminate E (r) from equation 1.15 leads to

1

v [e(r)

w?
V x H(r)] = —c—2-H (r) (1.16)
Equation 1.16 casts the solution of the Maxwell equations into an eigenvalue problem. This
equation can be solved to find the bandstructure and electromagnetic field profiles of the
eigenmodes given the form of the dielectric function ¢ (r). Of course solutions of equa-
tion 1.16 solve the first two Maxwell equations (equations 1.3 and 1.4) for harmonic modes.
However, we must ensure that the second two Maxwell equations (equations 1.5 and 1.6) are
also satisfied. Equations 1.5 and 1.6 have a simple physical interpretation—there are no point
sources or sinks of the displacement or magnetic fields in the media and mathematically they
require the electromagnetic fields are transverse. Thus equations 1.5 and 1.6 can be satisfied
by explicitly enforcing the transversality requirement in the solutions of equation 1.16.

Consider a dielectric function €’ (r) that is merely a scaled version of ¢ (r)—that is
€' (r) = € (r/s) for some scale factor s. Then, if the eigenfrequencies w, and field profiles
H,, (r) are known for the dielectric function ¢ (r), the equivalent quantities for the scaled
system are wy, /s and H (r/s). This can be seen by making the change of variablesr — r/s
and V — sV in equation 1.16 to give

1 2

Vx| oV xHE/)| = S%JEH (r/s) (1.17)

In essence there is no fundamental length scale inherent in the Maxwell equations and the
frequencies and electromagnetic field profiles of the eigenmodes of the scaled structure are
Just scaled versions of those for the original structure. Thus once the bandstructure and elec-
tromagnetic field profiles are known for a given structure, they can be found for a structure

scaled up by a factor s by increasing the length scale of the field functions and scaling down
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the frequencies by the same factor s (assuming the refractive indices do not change). This
scaling property is very useful; photonic crystals can be built with length scales of centime-
tres and experimentally tested at microwave frequencies [5, 87-93], in the full knowledge
that results obtained are in principle scalable to any other frequency regime. In this regime,
a photonic crystal can be produced by mechanical drilling of a suitable dielectric material,
followed by infilling if required, and the first photonic crystals built where in the microwave
regime, owing to the difficulty in achieving suitable dielectric structures at the micrometre

length scales used for visible wavelengths.

1.2 Description of the work

As already noted, many of the useful properties of photonic crystals rely on the existence
of a photonic band gap, and so the work in this thesis chooses to focus on the creation,
properties and potential destruction of the photonic band gap.

It follows from the definition of a photonic crystal given above that a one-dimensional
photonic crystal is a multilayered dielectric stack, of the kind that have been studied since
long before the phrase photonic crystal was coined [56,57]. Probably the best known ex-
ample of this is a Bragg reflector, which consists of a number of quarter-wave layers of
alternating dielectric materials. Chapter 2 focuses on periodic multilayered dielectric struc-
tures and the concepts of them as one-dimensional photonic crystals. Also, after a discussion
of one-dimensional photonic crystals, and Bragg reflectors in particular, chapter 2 focuses
on microcavities in 1D layered media, which can be considered as defect layers in one-
dimensional photonic crystals, which can add photonic modes into the band gap. Finally
chapter 2 ends with a study on how the line shape of the photonic modes in the band gap,
created by coupling together these microcavities, can be optimised in the design of an optical
filter with a square-shaped passband.

Chapter 3 looks at two-dimensional photonic crystals. Firstly it outlines the two key
computational methods used in this thesis when studying the properties of 2D photonic crys-
tals. The first of these key methods is a plane wave method, where equation 1.16 is solved by
employing a suitable unit cell with periodic boundary conditions appropriate for the crystal

being studied, and expanding ¢ (r) and the electromagnetic eigenmodes for the structure as
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a linear combination of plane waves. The second method is a transfer matrix method, which
is used in this thesis for the calculation of the reflection and transmission from finite slabs
of photonic crystals. Chapter 3 then studies the mode structure, density of states and trans-
mission properties of a new type of 2D photonic crystal—the etched Bragg reflector—with
the aim of finding the parameters of the structure for which a photonic band gap exists and
providing the parameters of the structure which optimise the properties of the bandstructure
and density of states.

Photonic crystals ideally have a periodic arrangement of their dielectric materials. How-
ever, it is technologically impossible to realise photonic crystals without some deviation from
this ideal. Thus all real photonic crystals will display disorder to some greater or lesser ex-
tent. Since many potential applications rely on the photonic band gap of photonic crystals, a
natural question arises—how will disorder in photonic crystals affect the photonic band gap?
Chapter 4 studies the effect of disorder on the band gaps of 1D and 2D photonic crystals, us-
ing the methods detailed in chapter 2 and chapter 3. For 1D photonic crystals, it is possible to
calculate directly the eigenfrequencies and lifetimes of an ensemble made up of thousands of
random realisations of the disordered 1D photonic crystals. The statistics of the eigenmodes
of the disordered 1D photonic crystals can then be calculated, and how these relate to the
experimentally measurable transmission is examined. For disordered 2D photonic crystals,
the greater computational resources required means that the properties of only a few tens of
random disordered structures can be calculated. Nevertheless, results from the 1D case can
be used to help guide the conclusions from the properties of these disordered 2D photonic
crystals.

The properties of a 2D photonic crystal with a unit cell based on a quasicrystalline tiling
are studied in chapter 5. Quasicrystals are not periodic, but do display long range order and
can display non-crystallographic symmetries. In particular, they can display rotational de-
grees of symmetry beyond six (the maximum possible for a periodic crystal) which should
allow for the formation of a more isotropic band gap than is possible in other photonic crys-
tals. The properties of modes with frequencies in the band gap and localised on microcavities
in a photonic quasicrystal are also calculated.

The light-matter interaction in a photonic structure is introduced in chapter 6. Quantum

wells can be embedded in layered dielectric media, and quantum well excitons will then
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interact with the electric field of incident light through their polarisation. The interaction of
light with the polarisation of the quantum-well exciton gives rise to a part-light part-exciton
quasi-particle, known as an exciton polariton. Usually the quantum well is embedded within
a microcavity enclosed by two Bragg reflectors. If a quantum well exciton has a resonance
within the 1D photonic band gap of the Bragg reflectors, the optical confinement provided
can be used to enhance the coupling between the exciton and the light in the cavity, such that
the so-called strong-coupling regime is realised [94,95]. Exciton-polaritons are thus usually
studied in the context of microcavities and referred to as cavity polaritons [96]. However,
a waveguide in the waveguiding regime of light can also provide optical confinement, and
chapter 6 describes studies of the properties of waveguide polaritons. Firstly the interactions
of quantum well excitons with evanescent plane waves, such as are present in the cladding of

waveguides, are studied, before the dispersion relation of a waveguide polariton is calculated.
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Chapter 2

One dimensional multilayered dielectric

structures

One-dimensional dielectric multilayer structures [56], have found use in many optical
devices as, for example, anti-reflection coatings, Bragg reflectors and microcavities. In gen-
eral they are stratified media, with a constant relative permittivity or refractive index in every
layer perpendicular to some fixed direction along which the dielectric properties vary. A
Bragg reflector is a well known example of a multilayer structure, where the refractive index
varies periodically along the direction of stratification. A Bragg reflector can be considered
to be a one-dimensional photonic crystal [2, 3], a structure which can possess a so called
photonic band gap due to the interference of electromagnetic waves within the structure. A
Bragg reflector usually consists of two types of layers, A and B, and the thickness of each
type of layer is arranged such that all layers have equal optical thickness—interference of
waves reflected from the various dielectric boundaries in the structure then meet the Bragg
condition for reflection the optical thickness of the layers is one quarter of the wavelength of
the incident light. The layer structure of a quarter-wave Bragg reflector (sometimes known
asa QUarter-wave stack or distributed Bragg reflector) is then (AB)", where N is the number
of periods contained in the Bragg reflector, and each letter represents one quarter-wave layer.
The photonic band gap (PBG) is a spectral band in which no electromagnetic states exist in
the infinite structure. Thus light incident on a Bragg reflector at frequencies within the PBG
are highly reflected if there are a sufficient number of quarter-wave layers, and this region is

also known as the stop-band of the Bragg reflector.
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Bragg reflectors and other multilayered structures can be fabricated by epitaxial growth
methods, such as molecular beam epitaxy, metal-organic vapour-phase deposition and atomic
layer epitaxy, or other techniques, such as conventional or reactive evaporation and sputter-
ing [86,97]. Although construction of such structures for use at infrared (optical telecom-
munications) or visible frequencies is non-trivial, such techniques are mature technologies,
with layer thickness control reaching the nanometre scale. Materials for their construction
must be non-absorbing (see ref. [98] for discussion of absorption effects in Bragg reflectors)
over the range of frequencies of operation of the Bragg reflector. Bragg reflectors can be
fabricated from epitaxial semiconductors [63, 72,75, 81] or organic materials [78,79], and
recently air has been used as one of the dielectric materials by etching a semiconductor sub-
strate to leave “walls” of high refractive index contrast to the air [64, 80]. Bragg reflectors
find their main use in providing optical confinement as high reflectivity mirrors in high fi-
nesse microcavities or in vertical cavity surface emitting lasers (VCSELSs) [73, 75, 81,99),
and as high reflection surface coatings.

A microcavity can be constructed by enclosing a dielectric layer between two Bragg
reflectors. The microcavity layer could be a homogeneous layer of any non-absorbing di-
electric material, but more usually is a material of the type A or B, used in the layers of
the surrounding Bragg reflectors. If constructed to contain an active region or regions (such
as semiconductor quantum wells), the microcavity can be used as a laser cavity (as in the
vertical-cavity surface-emitting laser (VCSEL) (73,75, 81,99]). The cavity usually has an
optical thickness of an integer number of half wavelengths of light at the Bragg reflection
condition. Such a microcavity layer can be considered as an isolated defect layer in a one-
dimensional photonic crystal [2,3,49].

For the theoretical and computational studies of Bragg reflectors and microcavities in this
chapter, the refractive indices of the two types of layers A and B are chosen to be n; = 1.45
and ny, = 2.3 respectively, which correspond to the materials SiO; and TiO, respectively,
at a wavelength of 700 nm. If 700 nm is chosen to correspond to the wavelength where the
condition for Bragg reflection is met, then the two types of layers must have thicknesses
of d; =76.1nm and d; =120.7 nm to be quarter-wave layers. The parameters of TiO, and
SiO, have been used in past theoretical studies conducted by other authors [100], and are an

experimentally feasible pair of materials for the construction of multilayers for use at optical
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wavelengths [86,97].

The multilayered structures present a series of dielectric interfaces to light incident upon
them. Fresnel reflection is known to occur at such interfaces [57] and when the optical thick-
nesses of the layers are similar to the wavelength of light propagating through the structure,
the interference of the electromagnetic waves reflected and re-reflected from the dielectric
boundaries must be taken into account to properly describe the optical properties of the
structure. This can be most conveniently achieved by solving the Maxwell equations for the
electromagnetic fields in a single isotropic homogeneous layer, and using a transfer matrix
formalism to propagate the fields through each layer and dielectric interface consecutively.

This chapter begins with a description of a transfer matrix techniques in stratified di-
electric media, which can be used to calculate the reflection and transmission properties, or
the eigenfrequencies and eigenmodes, of any arbitrary multilayered structure by imposing
suitable boundary conditions. The method is well known, and described in many textbooks
(e.g. [56,57]), and is presented here as it is used throughout the remainder of the chapter and
also in chapter 3 in the study of disordered one-dimensional photonic crystals and chapter 6
in the study of waveguide polaritons.

The transfer matrix method is then applied in two simple examples—an isolated dielec-
tric boundary, where the Fresnel formulae for reflection and transmission at such a boundary
are derived, and a thin dielectric film, where expressions for the lifetime of the Fabry-Perot
modes and the reflection and transmission spectra of the structure are derived.

In section 2.4 the optical properties of Bragg reflectors are discussed. First Bloch’s the-
orem is used to derive the dispersion relation from the transfer matrix of the infinite Bragg
reflector (a true one-dimensional photonic crystal), and then the reflection and transmission
properties are studied. Section 2.5 studies the change in the optical properties of the quarter-
wave Bragg reflector when a half-wave cavity layer is introduced into the layer structure.
The splitting of the cavity mode through the coupling together two or more microcavities is
then studied in section 2.6. Finally, section 2.7 presents a method of optimising the design

of square-shaped passband optical filters based on a chain of coupled microcavities.
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2.1 The transfer matrix method for a multilayered struc-
ture

In this section we introduce a transfer matrix method to describe the propagation of the
electromagnetic field through a general multilayer dielectric structure with N layers, where
the relative permittivity € (2) and relative permeability u (z) can take any real value but are

constant within each layer. For example, for the structure illustrated in figure 2.1

(

€1 2L z< 2
€2 21 S z < 29
e(z)=4¢ & Zi-1 <2< 2 2.1)
EN-1 ZN-2 S 2 <2y
. EN N1 <z < zy
( H1 Lz 2y
K2 21 K 2< 29
w(z) =< zio1 <2< 2 (2.2)
UN-1 Zn—2 S 2< 2N
[ UN Zn-1 £ 2<zy

and the layers have thicknesses d; = 2z; — z;_;. The transfer matrix is derived here for
arbitrary values of y;, but its use in the thesis is limited to the case of u = 1.

Consider the propagation of a time harmonic electromagnetic wave through the multi-
layered structure. Any arbitrary polarised plane wave can be resolved into two independent
components—a transverse electric (TE) polarisation, where the electric field is perpendicular
to the plane of incidence; and a transverse magnetic (TM) polarisation, where the magnetic
field is perpendicular to the plane of incidence. If the plane of incidence is taken to be the
zy-plane, then the electric field is E = (0, E,, 0) in the TE-polarisation and E = (E,, 0, E,)

in the TM-polarisation. The symmetry of the Maxwell equations for dielectric media mean
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Figure 2.1 An illustration of the multilayer structure under consideration. The transfer ma-
trix of the whole structure can be found from the matrix multiplication of the transfer matrix
for each layer, as discussed in the text, and illustrated here by the arrows.

that any formula derived for one polarisation can be generalised to the other polarisation by
making the substitutions H <> E and y <> —¢ [57].

In the derivations for the TE-polarisation that follow, the quantity p is defined as

p-—-‘/ﬂcosezncosﬁ (2.3)
Hiko

where 6§ is the angle of propagation to the normal and ¢ and p are the relative permittivity and
relative permeability of the medium respectively. Due to the substitution rule outlined above,
all the results derived for the TE-polarisation can be generalised to the TM-polarisation by

replacing the quantity p by its equivalent for the TM polarisation

B0 g = <050 (2.4)
550 n

The parameter n is the refractive index of the medium when the medium is non-magnetic

(u = 1), as is the case in this thesis.

2.1.1 Transfer matrix through a single layer

For a linear, isotropic, homogeneous material of relative permittivity ¢ and relative per-
meability p
B = puH (2.5)
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D =¢gE (2.6)

and the Maxwell equations

0B
VXE = ~5 2.7
D
VxH= v 2.8)
can be written as
V X E =iwppH (2.9)
V x H = —iweegE (2.10)

for time-harmonic waves of angular frequency w. In the TE-polarisation, there is only one

non-zero component of the electric field, E,. Thus equation 2.9 gives

OFE, .
__a;y. = wwppugH, (2.11)
0 =iwppH, (2.12)

OF .
79;1 = wwppoH, (2.13)

and it is apparent that the magnetic field has two non-zero components, H, and H,. Equa-

tion 2.10 becomes

0H, OH,

T~ A = ~iweey By, (2.14)
aHz _
5 =" 2.15)
OH, =0 (2.16)
dy

showing that the magnetic field is constant in the y direction. Substitution of equations 2.14

to 2.16 into equations 2.11 to 2.13 gives the wave equation for the electric field

0°E, , O°E,

5+ r + H By =0 @17)
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where k = nw/c and n = |/} is the refractive index of the layer. This can be solved by a

separation of variables, to give

E, = Ey, (z) e=s=it
and using equations 2.11 to 2.13

H, = Hy (2) eikemiot

Hz — HO,z (z) eikzz—-iwt
where the relationships between Ey, (z), Ho; (2) and Hy , (2) are

dHo,z (Z)

. tkeHy, (2) = —iweegEyy (2)

dEy (2)

1y = whkHog (2)

iszO,y (z) = iw/‘/"OHO,z (z)
Eliminating Hy,; () from equations 2.21 and 2.23 gives

dH(),x (Z) _ Zkg .
T = (wup,o WWEE Eo,y (Z)

Differentiating equations 2.22 and 2.24 with respect to z leads to

dz? Wikito dz
d*Eq,y . 0y (2)
dzz | WHRTT,

Substituting equation 2.24 and equation 2.22 into these gives

d?E,, 9

?zy +k;Ep, (2) =0

d’H,;
dz?

+ kZHO,a: (Z) =0
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@.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



Equation 2.27 has the general solution

Eyy (2) = Asin (k,2) + Bcos (k,2) (2.29)

where A and B are constants. Using equation 2.22, the solution of equation 2.28 is

k,A kA .
Hy,(2) = ™ cos (k,z) — e sin (k,2) (2.30)

Now, to simplify the solution of the Maxwell equations in the TE polarisation, we can con-
struct a two-component column vector, whose components are the tangential components of
the electric and magnetic fields

()= | Bowl® 2.31)

Hog (2)
The electromagnetic fields can then be coupled between any two planes of constant 2 within

the layer by applying the solutions of the Maxwell equations
O (z) = MO () (2.32)

Due to the substitution rule for transforming between the two independent polarisations, the

vector for the TM polarisation must be constructed as

Hoy (2)

0(2) =
() B (2)

(2.33)
and the fields are coupled in the same way as the TE polarisation, by using equation 2.32.
Here M is the transfer matrix to propagate the electromagnetic fields from 24 to z. When
29 and z are the boundaries of a layer in a dielectric multilayer structure, M is known as the
characteristic matrix of the layer. To find the form of the matrix elements M;;, we consider
the two cases when © (2p) = [1, 0], and © (z) = [0, 1], which will give four conditions with

which to specify My, My, M, and Mj,. Applying the boundary condition Ey ; (29) = 1
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and Hy,y (29) = 0 gives A = sin (k,20) and B = cos (k,2,) and
M1 = cos (k; (2 — z)) (2.34)

M21 = zp sin (kz (Z - Zo)) (235)
where p is given by equation 2.3 (and equation 2.4 for the TM polarisation). Applying the
boundary condition Ey; (20) = 0 and Hoy (29) = 1 gives

My, = %sin (k: (z — 2)) (2.36)

My = cos (k, (z — z)) (2.37)

Therefore, when z and 2, are the coordinates of the two boundaries of an isotropic homoge-

neous layer, the characteristic transfer matrix of the layer is

cos (k.d) zl sin (k,d)
M= p (2.38)

ipsin (k,d)  cos (k.d)

where d = z — 2 is the thickness of the layer, k, = (nw/c) cos @ is the z-component of
the wavevector and 7 is the refractive index of the layer. p is given in equation 2.3 for the

TE-polarisation and equation 2.4 for the TM polarisation.

2.1.2 Characteristic transfer matrix of dielectric multilayers

For a multilayered dielectric structure consisting of NV isotropic, homogeneous layers,

where the it layer has boundaries at z = 2;_; and z = z;, the formula

~

O (z) = M (2 — 2i-1) © (2i1) (2.39)

relates the tangential components of the electromagnetic fields at the layer boundaries. The
tangential components of the electric and magnetic fields at any dielectric boundary must

be continuous, so if the fields at the external boundary are known, the characteristic transfer
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matrix of successive layers can be applied to propagate the fields through the structure. Thus

~

© (ZN) =M (ZN - Zo) © (Zo) (240)

where the characteristic transfer matrix for the entire multilayer structure M (zy — 2p) is the

product of the matrices for each layer

~ ~ ~ -~

M2y —2) =M (2y —2y-1) .. . M(2; — zi_1) .. .M (21 — z) (2.41)

where

~ Ccos (k,_,jdj) ’t;lj- sin (kzddj)

M (zj — zj—l) = (242)

ip; sin (k,;d;)  cos(k; ;d;)
where the subscripts j label the layers. Thus the electromagnetic fields can be propagated

through the entire structure, as long as the boundary conditions are known. The situation is

illustrated in figure 2.1.

2.1.3 Reflection and transmission

Now consider a multilayer dielectric structure, surrounded by two semi-infinite media of
relative permittivity €; and ¢; and relative permeabilities 1y and y, as shown in figure 2.1.
The characteristic transfer matrix of the multilayer can be calculated as M, and this cou-
ples the fields at the left and right boundaries of the multilayer. The general solution to
the Maxwell equations in the homogeneous, isotropic semi-infinite boundary media can be

written as

A’eik"fz + Ble—ik,_,z 2 < 2
Eoy (2) = (2.43)
Y . .
Cletk,'lz + Dle—tk,,,z z2> zZN

ik, s A'e*s® — ik, ([Ble=%at7 2 < 2
Hoz(2) =4 _ _ . (2.44)
ik, C'etkai? — ik, | D'e==u2 2> 2N

These equations describe an incident plane wave from the left of the multilayer structure
with a complex amplitude A’. The incident wave is partially reflected by the multilayer
to give a left-travelling wave in the region z < 2; of complex amplitude B’. It is also

be partially transmitted through the structure, to give a right-travelling wave in the region
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z > zy of amplitude C’'. However, since there is no left-travelling wave in the region
z > zy, D' = 0. The reflection coefficient is given by the ratio of the amplitudes r = B’ /A’
and the transmission coefficient by ¢ = C’/A’. Then the reflectivity is R = |r|*, and the
transmissivity is ' = |¢|° p;/p;, which describe the proportions of the power reflected by
and transmitted through the structure respectively. The fields at the left and right boundaries

are coupled by the characteristic transfer matrix, so

- 147 t
M = (2.45)
pr(1-r) it
and thus the reflection coefficient is given by
_ My + Myapy — Moy [pr — Magpy/my
r= (2.46)
Maps + Moy /pi — Magpy/pi — M1y
and the transmission coefficient is
; 2 (M Myy — Mo Moy ) py/pi 2.47)

© My + Maops/p — Migps — My [py

Note that conservation of energy requires My, My — MMy, = 1 for the characteristic
transfer matrix of any multilayer where there is no absorption of light (i.e. all the refractive

indices are real, non-complex values).

2.1.4 Eigenfrequencies

The eigenfrequencies of the electromagnetic modes of the structure can be found by con-
sidering the structure with no incident electromagnetic fields. The condition of no incident
electromagnetic fields corresponds to a boundary condition of outgoing waves, or simply
only a left-travelling wave in the region z < 2z and a right-travelling wave in the region

z > zy giving A’ = D' = 0 in equations 2.43 and 2.44. It follows

M =A (2.48)
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where A is a constant. Eliminating the constant .4 from the two equations that result from

equation 2.48 gives the formula

1
My (W) — Mya (w)py — My (w) . My, (W) % =0 (2.49)

The values of w which are the roots of the above equation are the eigenfrequencies of the
multilayered system. These eigenfrequencies will be complex, as the electromagnetic fields
within the structure decay, with a lifetime related to the imaginary part of the eigenfrequen-

cies, 7 = 1/Im (w).

2.1.5 Electromagnetic field profiles

The electromagnetic fields in a multilayered dielectric structure result from the inter-
ference of waves due to multiple reflections and transmissions at the the various dielectric
boundaries that make up the structure. Hence the electromagnetic field profile can be very
complicated, even for a structure with just a few layers.

The transfer matrix M (2’ — z) can be used to relate the fields at any two points within
the structure. The method for calculating the electromagnetic field throughout the structure
consists of dividing each layer into a series of slices, and applying the transfer matrix of a
slice to propagate the fields from one slice to the next. Hence, if the electric and magnetic
fields are known at one external boundary (or at any other point in the structure), the complete

electromagnetic field profile for the structure can be calculated.

2.1.6 Transfer matrix in a basis of propagating waves

This section has so-far detailed transfer matrix methods using a basis of the tangential
components of the electric and magnetic fields. However, sometimes it is useful to recast the
transfer matrix method into a basis of left and right propagating plane waves. The general

solution of the Maxwell equations within the i** layer of a multilayered structure

Eoz (2) = a;e™*=i% 4 be =42 zi1 <2< 7 (2.50)
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for the TE-polarisation. We can construct a two-component column vector consisting of the

complex amplitudes of the left and right propagating plane waves
®(2) = (2.51)

Matrices can then be constructed to propagate the fields across a layer in the structure

- e” 0
M® = (2.52)
0 et
where ¢; is the change in the phase associated with propagation across the layer. At the
dielectric interfaces between the layers, reflection and transmission of the plane waves takes

place. In the transfer matrix formalism with a plane wave basis, this is described by the

so-called dynamical matrices [56]
MA@, (z;) = MY () (2.53)

where ®; (2;) and ®; (2;) are the amplitudes of the fields at the left and right boundaries of
the i** dielectric interface respectively. The dynamical matrices are given by

i 1 1
NI = 2.54)

n;cosf; —n;cosb;
for TE-polarised waves and

@) _ | cos 0; cosb; 2.55)

n; 7

1

for TM-polarised waves.
Ref. [56] includes a derivation of the transfer matrix in the basis of the left and right
propagating plane waves, and also a discussion of the properties of the transfer matrix. The

most important result for this thesis is that the transfer matrix of any structure can be written
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in terms of the reflection and transmission coefficients, r and ¢, of the structure

NI = % (2.56)

2.2 Fresnel equations for reflection and transmission at a

dielectric interface

The Fresnel formula give the reflection from and transmission through a dielectric inter-
face. These formulae are derived by considering the boundary conditions on the electric and
magnetic fields at such an interface [57]. These state that the tangential component of the
electric and magnetic field must be continuous at any dielectric interface. The Fresnel for-
mula can be obtained in the transfer matrix formalism by writing the characteristic transfer
matrix of a single interface, bounded by the two semi-infinite media with refractive indexes
n; and ng, and using equations 2.46 and 2.47 for the reflection and transmission coefficients.
Consider a plane wave incident upon the interface from the first medium. The wave will be
partially reflected from the interface, and partially transmitted through the interface into the
second medium. The continuity of the tangential components of the electric and magnetic
fields can formally be described by the transfer matrix through the interface which is just the

2 X 2 unity matrix,

- 10
M= (2.57)
01

Thus, from equation 2.46 the reflection coefficient is

p= P17 P2 (2.58)
P1+ P2 '

and from equation 2.47 the transmission coefficient is

2
= P1

= (2.59
n+p2 )

Snell’s law can be used to express the Fresnel equations in terms of the angles of incidence

and refraction only (see, for example, ref. [57], page 40).
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Thus the reflectivity and transmissivity are given by

2
R=|r*= (”1 p2) (2.60)
P+ pe
4
=22 P2 2.61)
h (P1 + p2)

respectively.

2.3 Thin films

A thin film can be considered as a dielectric multilayer with only one layer (or as two
dielectric interfaces). Let this layer have a refractive index of ny = V€2 (u = 1) and a width
dy, so that the characteristic transfer matrix through the thin film is

) kyods) 2 sin (kyd
po | S Waada)  gpsin(kzsdy) (2.62)

ipg sin (ky,d2)  cos (kq.d)

where p, = n, cos §, for TE-polarised waves, and p, = cos 05 /n, for TM-polarised waves.
Consider now the symmetric case, where the film is bounded on both sides by the same

material, of refractive index n,. From equation 2.46 the reflection coefficient is given by

_ My + Migpy — My /py — My

r= (2.63)
Mizp1 + Ma /p1 — Moy — My
or, inserting the form of the matrix elements from equation 2.62
1 BL_ B2 sin (kz, dg)
r= (%) i (2.64)

i (;L; + IP’%) sin (kg,zd‘z) — 2cos (kg’zdg)

Alternatively, this formula can be derived from consideration of the multiple reflections
within the film which occur at the dielectric boundaries (known as an Airy summation—see,

for example, [56], chapter 4). Equation 2.64 leads to the spectral form of the Fabry-Perot
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oscillations in the reflection spectrum

4r? sin? (ky,.dp)

- (1- 1‘%)2 + 4r?sin (kg .ds)

(2.65)

where 7, is the reflection coefficient of the dielectric interfaces, given by the Fresnel equa-
tions as 7, = (py — p2) / (p1 -+ p2). The eigenfrequencies of the thin film can be found by
application of outgoing wave boundary conditions, as discussed in section 2.1.4. The eigen-

frequencies are given by the equation

2 cos (kg zdo) + i (’ﬁ + @> sin (ky,,dz) = 0 (2.66)
P2
or, after rearrangement
2ip1pe
tan (kg,.dg) = ——— 2.67)
(k) P} + p3

For TE-polarised waves, p; 2 = 1,2 cos f; o, so

27;k1 zk".) z
tan (kg ,dy) = 22> 2.68
a'n( 2, 2) k%,z + k%,z ( )
For TM-polarised wave, p; 2 = cos 0 2/n1 2, SO
2ikq ko,
tan (ky ,dz) = i,k (2.69)

(n2/n1)2 k%,z + (nl/n2)2 k%,z

is the eigenvalue equation for TM-polarised modes in the thin film. Due to the symmetry of
the structure under consideration, the electromagnetic field profiles of the eigenmodes must
be either symmetric or antisymmetric; two different classes of solutions of equation 2.68
and equation 2.69 give the eigenfrequencies of the symmetric and antisymmetric modes.
Equations 2.68 and 2.69 can also be derived by directly considering the symmetric and anti-
symmetric fields that are the solutions of the Maxwell equations in the three regions which
the thin film comprises.

In equation 2.67, we can write the tangent function in terms of complex exponentials,

and rearrange to give

ghaeds — g PL7P2 (2.70)
P+ P2

Using the positive sign on the right hand side leads to the eigenfrequencies of the symmetric
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modes, while the negative sign leads to the eigenfrequencies for the antisymmetric modes.

The eigenfrequencies are thus given by

mmnce .
W= —1
g €oS Gady 19 cos Byd,

Inr 2.71)

where even values of the integer m give the eigenfrequencies of the symmetric modes, and
odd values give the eigenfrequencies of the antisymmetric modes. The eigenfrequencies are
complex and the time dependence of the electromagnetic field is e~™! = e—iRe(w)tglm(w)t,
Hence the fields oscillate at an angular frequency given by the real part of the complex
eigenfrequencies and decay in exponentially in time by a factor e"™“)* where Im (w) is neg-
ative. This exponential decay of the fields within the structure is due to the outgoing wave
boundary conditions—light can escape and leak out of the external boundaries, but no light
is incident on the thin film. If 7 is the lifetime of the eigenmodes of the thin film, defined by

the time taken for the fields to decay by a factor of e, then

(2.72)

From equation 2.71, it can be seen that the frequencies of the modes depends only on the
properties of the film, specifically on the phase change of light as it propagates through the
film. The lifetime, however, depends on the properties of both the film and the bounding
medium. Specifically the lifetime is dependent on the reflection coefficient of the bounding

dielectric interfaces.

2.4 Bragg reflectors

A Bragg reflector is a dielectric multilayer that has a periodic refractive index profile
along the direction of stratification. Usually consisting of two types of layer, A and B, of
refractive indices n;, and ny and layer thicknesses d; and d, they ideally have equal optical

thickness, such that n,d, = n,d,. In such a structure, the transfer matrix for one period is
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where M(P), given by equation 2.73, is the transfer matrix for one period in the Bragg
reflector. Therefore
MPQ (z) = €520 (z) (2.76)

which is an eigenvalue equation, where ¢ ? are the eigenvalues of the transfer matrix M(P).
The eigenvalues are found from the secular equation det (M‘P . D) = 0, where I is

the 2 x 2 identity matrix. Therefore

cos (KD) = = (M (w) + Mg, (w)) 2.77)

(NN

gives the dispersion relation for the infinite periodic multilayer structure with period D and

transfer matrix through one period M(P). For the Bragg reflector,

(;m + P2)2

2
cos (k1 .dy + kapdy) — PP sk 4~ ko)) (278)
4p1p2

cos (KD) =
(KD) 4p1ps

or, in terms of the reflectivity, R;, and transmissivity, T, of the dielectric interfaces that

make up the Bragg reflector,

cos (KD) = % cos (ky .d1 + ks ,dp) — % cos (ki .dy — ks .do) (2.79)
1 1

Equation 2.79 can be solved numerically, and it is found that band gaps appear in the dis-
persion relation of the Bragg reflector. These photonic band gaps are spectral regions for
which no real solutions exist for the Bloch wavevector K, since [cos (K D)| > 1. Thus the
band gap edges are at cos (K D) = +1, or values of K which correspond to the centre and
edges of the first Brillouin zone. For normal incidence (§ = 0), the PBG appears for any
arbitrary values of the refractive indices of the layers as long as n, # nj, and regardless
of how small the refractive index contrast between the two types of layer is. However, the
transfer matrix, and therefore the dispersion relation, is dependent on the angle of propaga-
tion of light within the Bragg reflector. The angles in each type of layer are related by Snell’s
law n; sin 8, = nysin 6. If the angle in the higher index medium exceeds the critical angle
for total internal reflection from the high index medium to the low index medium, then the
fields will be evanescent in the low index medium and propagation will be perpendicular to

the direction of stratification (¢ = 7/2). In this case, the system is in effect an infinite chain
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of coupled waveguides, and the band gaps in the dispersion relation will have disappeared,
as the light is guided along the direction of constant refractive index.

Now, consider the case for which the optical lengths of the two types of layer are identi-
cal, such that n;d; = nsyds, and normal incidence, § = 0. Then, ki,.dy = ko ,d2 = kd for ali

frequencies, and the dispersion relation is given by

cos (KD) =1 — % sin? (kd) (2.80)
1

where Tl(o) = 4nyny/ (n1 + ny)? is the Fresnel transmissivity through the interfaces in the
Bragg reflector at normal incidence.

At the centre of the Brillouin zone, KD = 0, 2w, 4, . . ., and cos (KD) =1, and

7%0) sin? (kd) = 0 2.81)
1

Therefore there is only a doubly degenerate solution kd = m for each value of the integer
m, and thus no band gap is formed at the centre of the Brillouin zone when n,d; = nod,. This
degeneracy is lifted when n,d; # nod,. At the edge of the first Brillouin zone, cos (K D) =

—1, and the allowed frequencies in the dispersion relation are given by
2 — 7(0)
sin® (kd) = T} (2.82)
Thus the edges of the photonic band gap are at angular frequencies

_C° . AT
wp = Earcsm( T ) (2.83)

and
=€ € aresin (/T
We = od " md arcsin ( 17 ) (2.84)

and the centre of the band gap, called the Bragg frequency, is given by wy = (w; + wz) /2,

(2.85)

where (n) is the mean refractive index in the Bragg reflector. The width of the band gap is
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given by Aw = w, — wy,

27c 4c )
Aw = WD e (\/Tl(o)) (2.86)

and the width of the band gap relative to its centre frequency is

Aw 4 . (0)
—_—=2-- VT, 2.87
o - arcsin ( \ ) ( )

In the PBG, the Bloch wavevector is complex. The physical meaning of this complex

wavevector can be seen by examining the form of equation 2.74.
O (z) = ®e(K)7e~ImK)29(0) () (2.88)

The real part of the Bloch wavevector K describes the periodicity of the envelope function
of the oscillatory electromagnetic field. However when K is complex, the envelope func-
tion also describes how the incident field decays exponentially with distance into the Bragg
reflector. The attenuation length of the electromagnetic fields, defined as the distance over
which the envelope of the electromagnetic fields decays by a factor of e, is given by the re-
ciprocal of the imaginary part of the complex wavevector (1/Im (K)). At the centre of the

band gap, the transfer matrix for one period of the Bragg reflector is

. - /n 0
M = 1/ms (2.89)
0 —ng/ny
and therefore
) E, -LE
g | Bele) || —nBa(2) (2.90)
Hy () _%Hy (2)
when w = wy. For the electric field, the Bloch wavevector is given by eXP = —n, /n,, so
k="_ilp(™ 2.91)
- D D Tig )
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2.5 Microcavities

Microcavities are structures that are typically made up of a pair of quarter-wave Bragg
reflectors enclosing a central layer of half a wavelength (at the Bragg frequency condition) or
more in thickness. The Bragg reflectors essentially act as high reflectivity dielectric mirrors
(for frequencies in the stop-band of the Bragg reflector) enclosing the central layer, thus
creating a Fabry-Perot type cavity, as illustrated in figure 2.5.

The eigenfrequencies of the microcavity can be found from its transfer matrix by appli-
cation of outgoing wave boundary conditions. This is most conveniently done by searching
for the roots of equation 2.49 numerically. However, an estimate can be made by assuming
some simplifications. Using a basis of left and right travelling plane waves, the fields inside
the cavity boundaries can be coupled by the matrix equation

T e 0 1

A = (2.95)

1 0 et T
where 7] is the reflection coefficient of the left Bragg reflector and r, is the reflection coeffi-
cient of the right Bragg reflector as seen from the cavity (see figure 2.5), and .A is a constant.

71 and r, are dependent on the frequency (see figure 2.4). Eliminating the constant A from
1 y

the two equations that result from equation 2.95 gives
riree?® =1 (2.96)

where ¢ is the phase change associated with propagation across the cavity layer.

If it is assumed that the bounding Bragg mirrors are identical mirror images of each
other, so that the layer sequence of the total multilayered structure is (AB)Y AA(BA)”, then
Tl = ro and

r7e?? =1 (2.97)

The reflection coefficient of the Bragg reflectors can be written as o = |r,| €', In the region
of the Bragg reflector’s stop-band, the magnitude of the reflection coefficient is approxi-

mately constant, SO we can assume

ITQI ~ |T2 (u.)o)l (298)
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Figure 2.5 A typical refractive index profile of a microcavity bounded by two Bragg reflec-
tors. Vertical grey lines represent dielectric boundaries in the structure. 1, r, ¢; and to are
the reflection and transmission coefficients of the left and right Bragg reflectors respectively,
when light is incident from the left; dashed values are the equivalent for light incident from
the right, as shown by the arrows.

and its phase is approximately a linear function of the frequency, given by [98]

RS W — Wy

= (2.99)
14 (TL2 — ’I’Ll) Ne Wy
Solving equation 2.97 for the eigenfrequency using the above approximations gives
- 1
W= wy— i (n2 — m1) me In (——) (2.100)
T (ng — ny) ne + NN |72

Figure 2.6 shows the electric (red line) and magnetic (blue line) fields of the cavity mode
of a half-wave microcavity enclosed by Bragg reflectors with N = 6 periods. It can be
seen that the fields are localised on the microcavity layer, as the envelope function of the
fields decay exponentially with distance away from the microcavity layer into the two Bragg
MITTOrS.

Thus there is a state localised on the microcavity with an eigenfrequency at the centre
of the band gap of the Bragg reflectors and a width which depends on the magnitude of the

reflection coefficient of the Bragg reflectors. At the frequency w = wy, the transfer matrices
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Choosing the cavity to be a half-wave layer (n.d. = 2nd) means that the transfer matrix

simplifies to

_ N-N'
N (wp) = | /™) 0 - (2.105)
0 (=n2/n1)

It follows that the reflection coefficient is

_ 1= (u/ng)™™

r(wp) = — (2.106)
14 (ny/ng)* ™' =M
and the reflectivity is
. 2
1- (nl/ng)Q(N -
R (wp) = — (2.107)
(1 + (n1/ng)* VM)

as long as the two bounding media are the same (i.e. ny = n;). Hence the introduction of a
microcavity mode at the centre frequency of the stop-band of the Bragg reflectors results in
the reflection at the centre of the PBG of the Bragg reflectors is reduced from approximately
unity to some significantly smaller value given by equation 2.107. Indeed, if the two Bragg
mirrors are identical (N = N'), the transfer matrix through the entire structure reduces to the
2 x 2 identity matrix and the reflectivity R (wp) = 0. Hence there is perfect transmission of
light at the centre frequency of the stop-band as a result of the introduction of the half-wave
cavity.

The frequency dependence of the reflection and transmission properties of a microcavity
can also be found by considering the multiple reflections that occur within the cavity layer.
To see this take 7, and ¢, as the reflection and transmission coefficients of the left Bragg
mirror when light is incident from the left, and r{ and t] as the equivalent when light is
incident from the right. Similar definitions for the right Bragg mirror are also made, as
shown in figure 2.5. The total reflection from the entire structure, 7, is made up of the first
reflection r,, followed by multiple reflections in the cavity, taking into account the phase

shift ¢ on propagation across the cavity layer. Thus

oo
T =1y + ot t)e®® Z (rz'rie%"’)n (2.108)
n=0
Now using
= 1
D et = for lz| < 1 (2.109)
o 1-z
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Ty 4T (hit) —rry) €39

: 2.110
1 — rorie¢ ( )
Treating the total transmission in a similar way,
titae™®

It must be remembered that the reflection and transmission coefficients of the two Bragg
mirrors are themselves complex, strongly frequency dependent functions. Therefore, to pro-
ceed, make the following simplifications. Assume that the left and right Bragg mirrors are
identical “mirror” images of each other, such that ry = 7}, 7o = r{, t; = t) and t, = t).
Also assume that the cavity and bounding media have the same refractive index as one of
the layers of the Bragg reflector, n,. In this case r; = r, and ¢t; = t,. Thus equation 2.111

simplifies to

t2et
The transmissivity is then
2
T =|t|* = (1= Ry (2.113)

T (1- R+ 4R, sin? (¢ + )

for normal incidence, where the reflection coefficient of the Bragg reflectors is written as

1 = |r1] e and R, = |r,|*. The reflectivity is similarly obtained and is

4R, sin? (¢ + )

2.114
(1 —R1)2 + 4Ry sin? (¢ + @) ( )

R = |fr,2 =

In the spectral region of the photonic band gap the magnitude and phase of the reflection
coefficient of a Bragg refiector can be approximated by equations 2.98 and 2.99 respectively.
At the Bragg frequency wg, the phase change for light propagating across the half-wave
cavity is ¢ = m, and the phase change upon reflection from the two Bragg reflectors is
¢ = 0. Thus from equations 2.113 and 2.114, R (wp) = 0 and T (wg) = 1, as expected.

Also, the FWHM of the transmission spectrum can be estimated as

C 1—R1

= Al
Arwim = S TR (2.115)
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where 1 — R, is assumed to be much smaller than unity. Thus the width of the transmission
resonance introduced into the stop-band of the Bragg reflector by the microcavity can be

controlled by engineering the reflectivity of the bounding Bragg mirrors.

2.6 Coupled microcavities

Two or more microcavities can be coupled together in a chain, separated by intermedi-
ate Bragg mirrors. The system is then a set of coupled oscillators, which will lead to the
splitting of frequencies of the the cavity modes, in much the same way as for a set of me-
chanical oscillators or resonant electrical circuits coupled together. In this section we begin
by looking at the splitting of the mode frequencies for a pair of coupled microcavities, as
shown in figure 2.7. Then, employing Bloch’s theorem for periodic media and using one of
the coupled cavities and Bragg mirror as a supercell, the dispersion relation of an infinite
chain of coupled microcavities is calculated. It will be seen that the split cavity modes form
a photonic miniband in the former PBG when the number of coupled cavities is large enough

to be considered essentially infinite.

2.6.1 Cavity mode splitting

Consider a system of two microcavities, bound on either side by Bragg mirrors of reflec-
tion coefficient 7, and r,, and coupled through an intermediate Bragg mirror of reflectivity
3. Let the outer Bragg mirrors have N periods, and the intermediate Bragg reflector have
P +1/2 periods, as illustrated in figure 2.7, and let the two cavities have refractive indices
ne, and lengths [, and [, respectively, such that the phase change across a cavity for light
incident normally is

n,,l 1,2W

$r2 = (2.116)

Using a basis of left- and right-travelling waves, the field at the left boundary of cavity 1 and

the right boundary of cavity 2 can be related by

T e 0 o 3 e 1 2117
A B it ra B-ri id2 (2.117)
1 0 e®1 E:‘;i -313—1 0 € T
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Figure 2.7 Refractive index profile of two coupled microcavities. In general there are Q
coupled microcavities; outer Bragg reflectors consist of N pairs of quarter-wave layers while
the central Bragg reflectors consist of P + 1/2 pairs of layers, as shown. Hence here N = 3,
P = 6and Q = 2. The grey vertical lines represent the dielectric boundaries in the structure,
and the outer Bragg reflectors have reflection coefficients r; and 79, as shown. Also the
central Bragg reflector has reflection coefficient r3 and transmission coefficient 3.

where A is a constant. Performing the matrix multiplication, and eliminating the constant .4

yields
Ty (t% _ 7';?) eHd1+62) _ —i(d1+¢2) + 73 (rlei(¢1—¢2) + ,,.26—1'(¢1—¢2)) =0 (2.118)

The solutions of equation 2.118 are the complex eigenfrequencies of the system of coupled
microcavities. To proceed, we simplify the problem by considering only symmetric struc-

tures, so that ¢, = ¢ = ¢, and r; = r5. Thus equation 2.118 becomes
ri (3 —13)e*® —e ¥ 4+ 2113 =0 (2.119)
which factorises as
(ri(rs —t3)€® — 1) (i (r3 + t3) e —1) =0 (2.120)

It is clear that there are two distinct solutions for the eigenmodes of the system of two
coupled microcavities, and that the modes of the two isolated cavities in the stop-band have

been split in frequency. The size of this splitting, Aw, is the difference between the two roots
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of equation 2.120.
As in section 2.5, the reflection coefficient of the outer Bragg mirrors can be written as
1 = |ry| € where the magnitude |r;| and phase  can be approximated by equations 2.98

and 2.99 in the PBG. Hence the solutions of equation 2.120 can be approximated as

| GEm il (|| (rs £ 1))

W= T T (2.121)
¢ (n2—n1)ncwo
and the size of the mode splitting is
iln (53;‘3)
Aw = g0 (2.122)
gl | wmng
¢ (nz2—n1)ncwo

Assuming that the central Bragg mirror has a sufficient number of periods, then t3/r; < 1
in the stop-band of the Bragg reflector and the Maclaurin series for the logarithm on the right

hand side of equation 2.122 is

r3 — i3 1- t3/7‘3 t3 2 ts 3 2 t3 5
— ) =Ihh|(— =) ==22-Z(Z2) =Z(Z] —... 2.123
n('f‘3+t3) n(l+t3/7‘3> T3 3 T3 5 T3 ( )
and only the linear term in ¢3/73 on the right need be retained in an approximate solution
of equation 2.122. It should also be noted that for a symmetric structure, the central Bragg

mirror must have an odd number of layers, and hence the phase difference between its trans-

mission coefficient 3 and its reflection coefficient 73 will always be 7 /2. Thus

' = zE—S—l (2.124)
T3 |’I‘3|
and equation 2.122 becomes
Wo |t3|
Aw = 57~ T (2.125)
c + (n2—n1)ne

It is apparent that the size of the mode splitting is directly proportional to the magnitude of
the transmission coefficient of the central Bragg mirror.
Two separate, distinct coupling regimes can be realised. In the strong coupling regime,

the size of the cavity mode splitting is larger than the width of the cavity modes. In this
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case, the transmission spectrum contains two distinct Lorentzian resonances, centred on the
eigenfrequencies of the split cavity modes. However, in the weak coupling regime, the size
of the cavity mode splitting is smaller than the width of the cavity modes. In this case the
two resonances merge into one, such that the transmission spectrum recovers its Lorentzian
shape, but with a peak transmission of less than unity.

In section 2.5, it was seen that the width of the cavity modes depends on the magnitude of
the reflection coefficient of the bounding Bragg mirrors (equation 2.115), and in this section
it has been shown that the cavity mode splitting depends on the magnitude of the transmission
through the intermediate Bragg mirror. Hence, to realise the strong coupling regime requires
high values of NV and low values of P. The opposite is required to realise the weak coupling
regime. Figure 2.8 (a) to (e) show several coupled microcavities with various thicknesses
of the outer and central mirrors. The central mirrors have P + 1/2 periods, and the outer
mirrors have N = 3 periods (blue lines) and N = 6 periods (red lines). We can see that the
strong coupling regime is realised for all the red curves. This is because the outer mirrors
have a high reflectivity (~ 98%), and thus the width of the cavity modes is small enougth so
that it is always smaller than the size of the cavity mode splitting. For the blue curves, the
outer mirrors have a lower reflectivity (~ 78%), and the cavity modes are wider. Hence for
high transmission coupling Bragg mirrors (as in figure 2.8 (d) and (e)), the strong coupling
regime can still be realised, but for lower transmission coupling mirrors (figure 2.8 (a) and
(b)), the splitting is small and hence the weak coupling regime pertains. In figure 2.8 (c),
the blue curve represents the threshold between weak and strong coupling, when the mode
splitting and width are equal.

Figure 2.9 shows the electric and magnetic fields of the lower (a) and upper (b) split
eigenmodes, calculated by the transfer matrix method described in section 2.1 for a pair of
coupled cavities with N = 6 and P = 6. The fields decay exponentially into the outer
Bragg mirrors, and are localised on the microcavity layers. However, there is a substantial
overlap of the electromagnetic fields in the intermediate Bragg reflector, and this situation
corresponds to the strong coupling regime. Indeed, it is the amount of overlap of the elec-
tromagnetic fields from the coupled Bragg reflectors that physically determines the splitting
of the cavity modes, and this overlap is related to the transmission through the intermediate

Bragg mirror and how far apart the microcavities are.
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Figure 2.11 (a) The dispersion relation for an infinite array of coupled microcavities, with
4% periods in the intermediate Bragg reflectors (P = 4). (b) Allowed frequency bands (grey)
for infinite arrays of coupled microcavities with varying P.
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but where D is now the length of the supercell containing the microcavity and Bragg mirror.
The dispersion relation can then be calculated numerically, and photonic band gaps occur for
frequencies for which |cos (K D)| > 1. In figure 2.11, it can be seen that there is a photonic

miniband centred on the Bragg frequency of the bounding mirrors.

2.7 Optical filters based on coupled microcavities

An ideal bandpass optical filter should allow complete transmission of light in some
narrow spectral range, with zero transmission outside that range; in other words, the trans-
mission spectrum should possess a square shape.

Optical filters based on absorbing materials [97] generally exhibit smooth and wide trans-
mission profiles. However, a more promising approach could be to design a filter based on
the resonant transmission through a multilayered dielectric structures. Such structures have
for a long time been used in various optical devices for anti-reflection coatings and Bragg
reflectors, and it has been seen in this chapter that the introduction of microcavities into the
layer structure of a quarter-wave Bragg reflector can lead to the introduction of a transmis-

sion resonance with unit peak transmission in the centre of their stop-band.
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It is the aim of this section to describe the design of a type of optical filter based on
coupled microcavities that provides the optimal near square transparency band at the centre
of the stop-band of the Bragg reflectors. Chains of coupled microcavities have been used
previously for the production of “square-top multicavity bandpass filters” [97, 101, 102], but
existing examples of such filters exhibit a peak transmission of significantly smaller than
unity, and a substantial variation of the transmission in the spectral region that is supposed
to correspond to the “square-top”. The optical properties of the complicated multilayered
structures are usually calculated using transfer matrix techniques that considers the structure
as a whole. However, to optimise the design of such structures, an analytical approach would
be better, which describes separately the component parts of the filter with a clear insight into
their physical significance.

The component parts of a multilayered optical filter based on coupled microcavities are
as follows: two Bragg reflector “mirrors”, each consisting of NV quarter-wave pairs of layers
bounding @ half-wave microcavity layers separated and coupled through @ — 1 interme-
diate Bragg reflectors, each consisting of P + 1/2 quarter-wave pairs of layers. Thus the
layer structure of the optical filter is (AB)Y (AA(BA)’B)?~!AA(BA)™, where each letter
describes one quarter-wave layer.

As discussed in section 2.6, the coupling of () microcavities in a chain will lead to the
Q-fold splitting of the cavity mode and two distinct regimes—the strong coupling and weak
coupling regimes. The nearest to a square-shaped transparency band with unit transmission
at its centre is provided at the threshold between the strong and weak-coupling regimes,
when the width of the cavity modes equals their splitting.

It was shown in section 2.5 that the width of the cavity modes depends on the magnitude
of the reflection coefficient of the outer Bragg mirrors, and it was shown in section 2.6.1
that the splitting of the cavity modes depends on the magnitude of the transmission coeffi-
cient in the intermediate Bragg reflectors. These values can be engineered by adjusting the
number of layers, N and P, that the Bragg reflectors possess. For the structure considered
in section 2.6.1 it is clear from figure 2.8 that this condition is most closely satisfied in the
structure with N = 3 and P = 4.

The spectral shape of the passband depends on the number of microcavities in the chain,

Q. Figure 2.12 shows the transmission spectra for structures with N = 3, P = 4, and
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Q@ = 2,3, 4,5, and 6, as indicated. It can be seen that an increase of Q@ above 2 leads to
the introduction of unwanted fringes in the transparency band, degrading the flatness of the
top, but also an increase in the slope on the edge of the transparency band, increasing the
squareness of its shape. In order to quantify the most square-shaped passband and compare

the performance of different structures, the averaged deviation A of the transmission within

[2] _
=7 / T’""‘” Tl )du (2.127)

ma:z:

the transparency band

and the gradient at the edge of the transparency band, characterised by the value

g= Lo

War|,_ (2.128)

were calculated for each structure from their transmission spectra. In equations 2.127 and
2,128, W = T (v;) — T (1) is the width of the transparency band, and v = w/wy is a
dimensionless frequency. v; and v, are the frequencies at the edge of the transparency band,
defined as T' (v;) = T (v) = 1/2. For an ideal, square-shaped transparency band, A = 0
and S = 0. W, S and A are shown in figure 2.13 as a function of the number of microcavities
in the chain, @, for structure with N = 3 and P = 4. The width of the transparency band is a
minimum for ) = 2, and, as @ is increased, the width asymptotically approaches the width
of the photonic miniband for the infinite structure with the same value of P. The value of S
decreases for increasing @, as the slope at the edge of the transparency band gets steeper as
more microcavities are included in the chain. The parameter A is a minimum when Q = 3,
and this is the situation corresponding to the optimum square-shaped passband. Hence the
optimum structure is one with N =3, P =4 and Q = 3.

Varying the number of layers in the Bragg reflectors alters their reflection and transmis-
sion coefficient in a discrete way. Hence the condition that the width of the cavity modes
must equal their splitting can only be approximately met by altering the parameters N and
P alone. In order to “fine-tune” the structure to meet this condition exactly, the reflection
coefficient of the outer Bragg reflectors must be adjusted in a continuous fashion. The inset
of figure 2.13 shows the dependence of A on the reflection of the outer Bragg mirrors for
the optimum structure. The circle represents the best that can be achieved by altering N

and P alone, as described above. It can be seen that a more square-shaped passband can
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Figure 2.13 Calculated values of the width W of the transparency band (squares) and the
average deviation A within the transparency band (circles on the left scale, and a value
S characteristic of the slope at the edge of the transparency band (open triangles) on the
right scale, as a function of the number of microcavities in the chain, Q. The outer and
intermediate Bragg reflectors have values of N = 3 and P = 4 respectively. (Inset) The
dependence of the average deviation A as a function of the reflection coefficient of the outer
Bragg reflectors. The circle indicates the reflection coefficient and deviation when N = 3,
P=4,and @ = 3.

be achieved by fine-tuning the reflection in the outer Bragg mirrors. This fine-tuning of the
reflection in the outer Bragg mirrors can be achieved by detuning their Bragg frequency from
the Bragg frequency of the intermediate reflectors that couple the microcavity layers by ad-
justing the thickness of one or both types of layers in the outer Bragg mirrors. The dotted
line in figure 2.12 (d) shows the transmission spectrum of such a fine-tuned structure, and it
can be seen that a more square-shaped passband has indeed been achieved.

Figure 2.14 shows the electromagnetic fields of the three split cavity modes in the optimal
structure. The central split cavity mode is at the Bragg frequency of the Bragg reflectors, and
maintains the frequency of the eigenmode of a single cavity. As can be seen, the eigenmode

has very little interaction of the electromagnetic fields of the left and right microcavities,
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where the field amplitude is concentrated. The fields are small in the central microcavity, and
comparing with figure 2.6, the system acts like a set of two decoupled independent cavities
at this frequency. The lower and upper split cavity modes however have a large overlap of

the electromagnetic fields between adjacent microcavities.

2.8 Conclusions

This chapter has presented a transfer matrix method for solving the Maxwell equations
for the electromagnetic fields in arbitrary multilayered dielectric structures. Equations for
the reflection and transmission coefficients and the eigenfrequencies of the structures are
given in term of the transfer matrix elements.

The transfer matrix methods were then applied to the study of the optical properties of
periodic multilayer systems—Bragg reflectors. The Bragg reflector was considered as a one-
dimensional photonic crystal, and its band structure calculated. It was seen that there is a
band of frequencies for which no states of the electromagnetic fields exist—the photonic
band gap—and that an electromagnetic wave incident at these frequencies decay into the
Bragg reflector. The physical origin of the photonic band gap is the interference of waves
from the multiple reflections from the dielectric interfaces in the structure, and the Bragg
condition is met at the centre of the band gap. Light incident at frequencies in the band gap
is thus strongly reflected, and this spectral region is the stop-band of the Bragg reflector.

It was then shown how the introduction of a microcavity layer into the Bragg reflector
allows the introduction of an electromagnetic state in the photonic band gap. The state causes
a Lorentzian transmission resonance with a width related to the reflectivity of the bounding
Bragg reflector mirrors. The microcavity layer can be considered as an isolated defect in the
one-dimensional photonic crystal.

Microcavities coupled through intermediate Bragg reflectors were then considered. It
was shown that coupling together two microcavities causes the splitting of the microcavity
mode proportional to the magnitude of the transmission coefficient through the intermediate
Bragg reflector. For a large number of coupled microcavities, the system can be considered
as a photonic superlattice of cavities, and the dispersion relation of such lattices have been

calculated. A photonic miniband of allowed states in the photonic band gap results from the
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coupling of the microcavities.
Finally, an analytical approach to the design and optimisation of optical bandpass filters
based on coupled microcavities was considered. It is shown that the situation corresponding

to the weak-coupling strong-coupling threshold for the coupled microcavities produces the

most square-shaped transparency band.
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Chapter 3

Two-dimensional photonic crystals

Two-dimensional photonic crystals are dielectric structures in which the dielectric prop-
erties, such as the refractive index, varies periodically in two-dimensions, and is constant in
the third dimension across the thickness of the sample. As photonic crystals are normally
artificial structures, their form is limited only by the available methods of fabrication on the
spatial scale required, the materials available for use, and the imagination of the engineers
and scientists designing them.

Many of the proposed uses of photonic crystals require operation at visible or near in-
frared frequencies. Techniques to fabricate dielectric structures on the required spatial scale
are almost invariably based on epitaxial growth and lithography of semiconductors. The ma-
jority of photonic crystals reported in the literature consist of circular air cylinders etched
into semiconductor substrates or semiconductors etched to leave circular cylindrical rods in
air [2,4,21-24, 26, 103). Rods/holes with cross-sections other than circular have also been
studied theoretically [23,26, 104], but the nature of the etching techniques used tends to lead
to rounded features. Many different schemes for the design of 2D photonic crystals have
been proposed and studied theoretically—hexagonal structures with interstitial voids [71],
boron or graphite hexagonal structures [19], rods or voids of square or triangular cross-
section [23,26] and dielectric veins [2] are representative. As well as being studied theo-
retically several 2D photonic crystals have been realised for use at visible or near infrared
frequencies [31-33,62,65].

2D photonic crystals designed for use at other frequencies have also been reported. In

particular, those constructed at the centimetre scale for use at microwave frequencies [87,
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88,91-93] are often used to test the theory in proof of concept experiments and to optimise
structures, owing to the scaling properties of the Maxwell equations and the relative ease of
fabrication compared with fabrication on the micrometre scale.

Experimental methods of measuring the bandstructure of a photonic crystal naturally rely
on studies of their optical properties. By plotting the transmission spectrum at different an-
gles of incidence, particular features of the bandstructure such as band gaps can be observed.
However, certain modes or photonic bands can be totally missed in this way, experimen-
tal resolution notwithstanding. Robertson et al. were the first to realise that some modes
do not couple to the external incident electromagnetic fields due to their symmetry, and so
the radiation is reflected from the photonic crystal at the frequencies corresponding to the
uncoupled modes, despite the presence of the photonic band [31, 88, 103]. Thus it is vital
to use bandstructure calculations to complement and interpret correctly the experimentally
measured spectra.

This chapter outlines the two main computational methods used in this thesis for the
study of 2D photonic crystals. The first of these methods is a Fourier plane wave method
[17,21,24,25,105], which has been used for the calculation of the bandstructure and density
of states of 2D photonic crystals. The second is a transfer matrix method due to Pendry
and co-workers [20, 106, 107] and has been used for the calculation of the transmission and
reflection spectra of 2D photonic structures.

Section 3.4 then describes studies of a new design of 2D photonic crystal consisting of
deep air grooves etched into a Bragg reflector perpendicular to its growth direction. The
methods outlined in section 3.2 and 3.3 are applied to this new type of structure to study its
bandstructure, density of states and transmission properties, with the aim of providing the

parameters of the structure that optimise the properties of the etched Bragg reflector.

3.1 Two-dimensional crystals

The elements of crystallography relevant to 2D photonic crystals are covered in many
textbooks. They are reviewed in books about photonic crystals (for example, the appendix in
ref. [2]), but more detailed accounts of the relevant material can generally be found in solid

state textbooks, for example refs. [108, 109].
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The square lattice, illustrated in figure 3.1 (a) is generated by the primitive lattice vectors
a, =aj, a;=oak (3.1)

such that the translation vectors of the lattice are T = n;a; + nqas. a is the distance between
neighbouring points in the lattice, and is called the lattice constant. The reciprocal lattice is

generated by the primitive reciprocal lattice vectors

27 - 2m -
=273 =% 3.2
g1 2 ), B2 a (3.2)

such that the reciprocal lattice vectors are G = n;g; + nygs. The reciprocal lattice is
illustrated in figure 3.1 (c), which also shows the construction of the first Brillouin zone and
its special points of high symmetry, I', X and M.

The hexagonal lattice is generated by the primitive lattice vectors

as a\/ﬁ- _a; a 3~
a, = §J+'—2—k, ag = 2J ) k (33)

and its reciprocal lattice is generated by the primitive reciprocal lattice vectors

2. 2m - 27 » oM -
— 3 + _k’ _ 3 — _k 3.4
& a J a\/§ g2 a J a\/§ 3.4

An illustration of the direct space lattice and reciprocal lattice are shown in figure 3.1 (b) and

figure 3.1 (d) respectively.

3.2 Plane wave method

The plane wave method is used to solve the Maxwell equations for a photonic crystal by
expanding the electromagnetic field and relative permittivity € (r) in terms of Fourier series
or linear superpositions of plane waves.

It was shown in chapter 1 that the Maxwell equations can be combined to form the wave
equation

V x [-8—(11;{-)v < H (R)J = %’;H (R) 3.5)
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which is the basis of our calculational method. For a 2D photonic crystal, ¢ (r) varies in
a plane and is constant along the third direction. Thus it is convenient to introduce a 2D
position vector R in the plane of refractive index variation. Let the plane of refractive index
variation be the yz-plane, so that R = (y, z), and the direction of constant refractive index
is the z direction. In a similar manner, we can define a 2D reciprocal lattice vector as K =
(ky, k).

Light in the plane of a 2D photonic crystal can be separated into two independent and
orthogonal polarisations, and solutions of equation 3.5 can always be found for each of
these. The transverse electric (TE) polarisation has its electric field polarised in the plane
of refractive index variation and its magnetic field polarised out of this plane, whereas the

electric and magnetic fields are exchanged in the transverse magnetic (TM) polarisation.

3.2.1 Bloch’s law and periodic boundary conditions

If a primitive unit cell of a crystal is considered, the complete crystal structure can be

built by applying periodic boundary conditions to the basis within the unit cell and
e(R)=e(R+T) (3.6)

where T is a translation vector of the Bravais lattice. ¢ (r), or e~! (r) which appears in
equation 3.5, can be expanded as a Fourier series in plane waves that satisfy the periodic
boundary conditions, which are the reciprocal lattice vectors, G. The plane wave expansion

of e~ (r) is
1 -
o Y eqe SR 3.7
GI

where e are the relevant Fourier coefficients.

The magnetic field is also expanded in the basis of plane waves, but in general, H (R)
does not share the periodicity of the Bravais lattice, which is governed by Bloch’s law for
periodic media (see, for example [108, 109]). Thus the Fourier expansion of the magnetic
field is of the form

H(R) =) HgeK+@R (3.8)
G

where K is a wavevector within the first Brillouin zone of the reciprocal lattice and Hg are
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the relevant Fourier coefficients. Bloch’s law gives the periodicity of the eigenmodes of the
photonic crystal such that
HR+T)=HR)eKT (3.9)

where K is a Bloch wavevector in the first Brillouin zone.

3.2.2 Transverse electric polarisation

In the chosen coordinate system, the electromagnetic fields for the TE polarisation have

the components

E=(0,E,, E,) (3.10)
H = (H,,0,0) (3.11)

Thus the magnetic field vector has only one component out of the plane of refractive index
variation and this can be expanded as a Fourier series. Applying periodic boundary condi-

tions and using Bloch’s law for periodic media, the magnetic field can be expanded as
H (R) =) Hge'®+&R (3.12)
G

where K is the Bloch wavevector and G are the set of reciprocal lattice vectors. The expan-
sions in equation 3.12 and equation 3.7 can be substituted into equation 3.5, and after some
algebra gives [17,21, 24,25, 105]
w?

Y Hoegla (K+G) - (K+G) = 5 He (3.13)

G
Equation 3.13 can be cast as a matrix eigenvalue equation, where the set of Fourier coef-
ficients Hg are the eigenvectors and w?/c? the eigenvalues. For real scaler values of the
relative permittivity, the matrix in equation 3.13 is Hermitian, which ensures real and pos-
itive eigenvalues. Also, the numerical routines used to diagonalise the matrix can be made

more efficient be taking advantage of the symmetries of the Hermitian matrix.
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3.2.3 Transverse magnetic polarisation

In the chosen coordinate system, the electromagnetic fields in the TM polarisation are of

the form

E = (E,,0,0) (3.14)
H = (0, H,, H,) (3.15)

For the TM polarisation, the magnetic field vector has two non-zero components. Thus the

Fourier coefficients are also 2D vectors
H(R) =) Hge®+OR (3.16)
G

If the Fourier coefficients, Hg, are 2D vectors, then in which direction do they point?
H (R) always lies in the yz-plane, as this is the definition of the TM polarisation. Also,
H (R) is perpendicular to the direction of the electric field vector, E (R), which lies along
the z-direction. Further, each plane wave in the expansion must have its magnetic field
perpendicular to the direction of propagation of the plane wave. Thus Hg is in the direction

of the unit vector )
(K+G)xi

3.17
K+ G| (3.17)

ég =

where 1 is the unit vector along the z direction. The two expansions in equation 3.7 and
equation 3.16 are substituted into equation 3.5, and after some algebra [17, 21, 24, 25, 105]

we obtain
2

Y Heeg e [K+G|K+C'| = %HG (3.18)
GI

As was the case for the TE polarisation in section 3.2.2, equation 3.18 is an Hermitian eigen-
value problem, and the matrix can be diagonalised to give the eigenvalues w?/c?.
The electric field can also be expanded as a Fourier series. In the TM polarisation there

is only one non-zero component to consider,
E, =) EgcK+@R (3.19)
G

However, the plane wave method outlined above gives the Fourier coefficients for the mag-
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netic field vector (the Hgs). Thus, it would be useful to know how the Fourier coefficients
for the electric field relate to those of the magnetic field. The Maxwell equation relating the
magnetic field vector and the electric field vector in photonic crystals is equation 1.15, which

after substitution of the expansions in equations 3.16 and 3.19 gives

_ Wk
Eg = ——-—-—lK n G|HG (3.20)

3.2.4 Calculating the Fourier coefficients
The Fourier coefficients of e~ (R) in equation 3.7 are given by

eg' = 1 e ' (R)e S R’R (3.21)
A unit cell

For rods of circular cross section, an analytical method of performing the integral is available
[21,26]. Itis even possible to extend this method to circular rods coated with a third dielectric
material [59]. However, for a more general basis, numerical integration is required.

Several methods exist for carrying out the numerical integration in equation 3.21, rang-
ing from simple trapezoidal rules, Simpson-type rules and Gaussian quadrature. In terms of
numerical accuracy for the least computational effort, more complex methods such as Gaus-
sian quadrature give the best performance. However, in this work, a simple trapezoidal rule
was adopted. Once a set of Fourier coefficients have been calculated for a given structure,
they can be saved, and a library of the Fourier coefficients of different structures maintained
for easy use whenever required.

Once the Fourier coefficients have been calculated, a useful check on them is to use
equation 3.7 to reproduce the crystal structure. Figure 3.2 shows reproductions of square
and hexagonal lattices of air cylinders of radius r = 0.4a in a GaAs background. The
calculations used 1951 plane waves in the expansion of é~! (R). Evidence of the Gibbs

phenomenon can be seen at the edges of the rods.

3.2.5 Convergence

The theory of the plane wave method considers the electromagnetic fields and ¢! (R)

to be expanded over an infinite basis set. The infinite set of plane waves is complete, and
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calculated using 4921 plane waves (dashed lines). The latter basis set is a factor of ~ 2.5
larger than the former, and so the computer memory and time resources required for the
calculation are more than six and 15 times greater respectively. Yet despite this extra effort,

the calculated bandstructure is very little different.

3.2.6 Density of states

The density of photonic states or modes can be calculated using the plane wave method
described in section 3.2. The basic idea is to calculate the eigenfrequencies (by diagonalising
the matrices given by equation 3.13 and equation 3.18) for a sample of wavevectors in the
first Brillouin zone of the 2D photonic crystal, and count the eigenfrequencies that lie in a
set of frequency “bins”. As long as the bin widths are small, and a large enough sample
of wavevectors is taken in reciprocal space, this “histogram method” gives us the density of

states of the photonic crystal. The histogram method defines the density of states as
pw) =23 8w = wa (k) (3.22)
n k

where n labels the number of the photonic band, and the k sum is over a sample of wavevec-
tors in the first Brillouin zone.

Computational savings can be made by taking advantage of any symmetries within the
first Brillouin zone. For example, for the structures made up of circular rods shown in fig-
ure 3.1 (a) and (b), the “irreducible Brillouin zone” is the set of wavevectors within a triangle
joining the T, X and M points and I', M and K points in figure 3.1 (c) and (d) respectively.

The density of states of a photonic crystal can be compared to the density of states of a
uniform medium characterised by the same averaged value of the photonic crystal to gauge
the influence of periodic dielectric structure. The dispersion relation of photons in a uniform

dielectric medium is
k=" (3.23)
c

and this leads to the density of states for a 2D uniform system of refractive index n as

dN  L%*n?
pw)= To - A v (3.24)
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3.3 Transfer matrix methods

In many ways, transfer matrix methods for the calculation of properties of 2D photonic
crystals resemble their counterparts for 1D photonic crystals. Certain boundary conditions
are assumed at one boundary (dependent upon the type of problem being solved) and the 2D
structure is broken down into 2D “slices” through the structure. A transfer matrix is then
calculated that propagates the electromagnetic fields from one slice to the next, until the far
edge of the structure is reached. The derivation of an individual transfer matrix to propagate
the electromagnetic field from those known electromagnetic fields at the previous slice can
be achieved by finite difference, analytical, or other methods.

Transfer matrix methods can be applied to calculate the bandstructures of 2D photonic
crystals. In fact, unlike the plane wave method previously described in section 3.2, the
transfer matrix method described in this section is particularly apt for calculation of band-
structures where the dielectric function is a strong function of frequency (for example, if the
structure contains metallic components).

The transfer matrix method described in this section was developed by Pendry and co-
workers at Imperial College, London in 1991/2. They developed a publicly available com-
puter code [20, 106, 107], a modified version of which is used in this thesis for the calculation
of reflection and transmission spectra of 2D photonic crystals. The method is a direct solu-
tion of the Maxwell equations on a discretized mesh of points. Only a brief description is
given here but full details can be found in refs. [20], [106] and [107].

Let the mesh have dimensions a, and let the plane of the slices be the zy-plane. Also
let @ be the the distance between slices, as shown in figure 3.4. The electromagnetic fields
are then propagated by a transfer matrix from one slice to the next. The Maxwell equations
for photonic crystals (equation 1.3 and 1.4) and the material equations (equation 1.7 and 1.8,

with p (r) = 1) are Fourier transformed to give

k x E = wyH (3.25)

k xH=-weee(r) E (3.26)

Performing the cross products in equations 3.25 and 3.26 and writing the z, y and z compo-
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Figure 3.4 An illustration of the mesh upon which the Maxwell equations are discretized
and solved in the transfer matrix method.

nents separately gives the six equations

kyE, — k. Ey = wpoH, (3.27)
k.Ey — k;E, = wuoH, (3.28)
ke By — kyEy = wpoH, (3.29)
kyH, — k,H, = —wege (r) E, (3.30)
k.Hy — k;H, = —weee (r) E, 3.31)
kyH, — k,H; = —weqe (r) E, (3.32)

where E;, H;, and k; are the i** components of the relevant vectors.
Next, the main approximations in the method are applied, before transforming the equa-
tions back into real space. Using the series expansion of the exponential function one can

write
5 Lo~ k*a?
e*8 =1 4 ik G — ”2

+..., likod| < 1 (3.33)

with similar equations for k, and k,. Keeping only first order terms and rearranging gives
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the approximations for k in equations 3.27 to 3.29,

eik,ﬁ -1 _
ky % ————, k.a <1 ) (3.34)
a
eiky&' -1 _
]Cy ~ T, kya <1 (3.35)
eik,?i -1
k, % ———or, k.a <1 (3.36)
a
Similarly for e~*i8,
—ikza __ 1
ke ki<l (337
e—ikyﬁ -1 _
—k, =~ = kya <1 (3.38)
—ik, @ _ 1
ko, ka1 (339)
na

The conditions k,a < 1, ... amount to a condition that the dimensions of the mesh on which
the Maxwell equations are discretized and solved must be small compared with the wave-
length of the radiation being considered. Thus for any particular calculation, this condition
is better met at low frequencies, and becomes less accurate for higher frequencies. The ap-
proximations are invalid when @ ~ A, and so the mesh size must be made small compared
with the wavelength of light at the frequency range of interest. Thus the smaller the mesh
size that the Maxwell equations are discretized upon, the more accurate the calculation will
be. However, for a mesh with V x N points, the number of operations required to compute
the transfer matrix of a slice, and thus the computational time required, is of order N2, Thus,
as usual, there is a trade off between the accuracy of the calculation to the computing time
taken.

The approximations from equations 3.34 to 3.36 are inserted into equations 3.27 to 3.29,
and those from equations 3.37 to 3.39 are inserted into equations 3.30 to 3.32, and the result-

ing equations are Fourier transformed back into real space

E.(r +dj) — E, (r) — E,(r + ak) + E, (r) = iawpoH, (r) (3.40)
E,(r +@k) — E, (r) — E,(r + @) + E, (r) = 1awuoH, (r) (3.41)
E,(r + @) — E,(r) — Ex(r + @) + E, (r) = iawpeH, (r) (3.42)

71



H.(r - @) — H,(r) — H,(r — k) + H,(r) = —idweoe(r) E,(r) (3.43)
H,(r — @k) — Hy(r) — H,(r — @) + H,(r) = —idweoe(r) E,(r) (3.44)
Hy(r — @) — H,(r) — Ho(r — @) + H, (r) = —idweee (r) E, () (3.45)

Substituting the z-components of the electromagnetic fields from equations 3.42 and 3.45
into equations 3.40 to 3.45 gives the electromagnetic fields in the plane of points z + @ in

terms of the fields in the plane of points z.

E,(r+ak) = E,(r)+iawuoH, (r)

tawe e (r) o ) (3.46)
Hy, (r) + Hy(r +ai) — H,(r + ai — @)) + Hy(r + ai)
idweoe (r + ai)
E,(r+ak) = E,(r) — iawpuoH, (r)
Hy(r —ai) — Hy (r) — Hy(r — aj) + H; (r)
- (3.47)

. taweee (r) X
+ H,(r —ai+aj) — Hy(r +q)) _.Hz (r) + H,(r + aj)
tawege(r + aj)

H.(r+ak) = H,(r)— iGwee(r + ak)E, (r + ak)
_ By(r+ak) — B,(r — @ + ak) + E,(r — ai — Gj + ak) + E(r — @ + k)

. . . z&wug R . .
+ Ey(r + a1+ ak) — E,(r + ak) — E,(r + aj + ak) + E,(r + dk)
1aw g
(3.48)
H,(r +ak) = H,(r)— idweoe(r + ak)E,(r + ak)
_ By(r+3di-aj+ak) — E,(r —@j + ak) — Ey(r +ak) + Ex(r — 3j + k)
L A iawpe A
N Ey(r +ai+ak) - E,(r + ?ik.)~— E.(r +aj + ak) + E;(r + ak)
aw o

(3.49)
Hence, knowing E (r) and H (r) for all r in a slice, equations 3.46 to 3.49 allows for
the calculation of the electromagnetic fields in the next slice of points, i.e. E(r + ak) and

H(r + ak) for all r + @k. Therefore a transfer matrix that propagates the fields from one
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slice to the next can be defined by

F(2+d) =M(z2)F(2) (3.50)
where } -
E; (r)
F(z)=| @ (3.51)
H, (r)
i Hy (r)

and the matrix elements M;; (r,r') are found from equations 3.46 to 3.49.

If the structure under study is infinite in extent in all directions, then periodic boundary
conditions can be set, and Bloch’s law used to write the solutions as Bloch waves. Then the
transfer matrix through the unit cell can be diagonalised to give the eigenfrequencies and
therefore the bandstructure of the periodic array. However, in this thesis, the transfer matrix
method is used for the calculation of reflection and transmission coefficients—something

that is unobtainable by the Fourier plane wave method described in section 3.2.

3.3.1 Transmission and reflection coefficients

The strategy to obtain the transmission and reflection coefficients of a finite thickness
of a 2D photonic crystal is as follows. First, a unit cell is identified, and periodic boundary
conditions applied in the direction parallel to the plane of incidence. Then a mesh of points is
defined, upon which the Maxwell equations can be discretized and solved, by multiplication
of the transfer matrices of individual slices. Once the total transfer matrix that propagates
the electromagnetic fields across the sample is known, the transfer matrix is transformed
from its basis in electromagnetic fields, M, to a plane wave basis, M. The transmission and
reflection coefficients can be extracted from M. Moreover, the angular dependence of the
transmission and reflection can be obtained, from the different eigenvalues of the plane wave
basis transfer matrix.

Following ref. [106], consider the situation in free space, where € = 1. In this case, the
transfer matrix is independent of 2, and the eigenvalues of equation 3.50 are plane waves in

free space. However, M is not an Hermitian matrix, and so the left and right eigenvectors,
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Fi; and F,;, defined by

MOFY (z) = F9 (2 + @) = ¢4 7FY (2) (3.52)
F) () MO = FY (z + @) = &% *FY (2) (3.53)

are distinct. A unitary transformation into this plane wave basis is then defined as

S = ZF(O) F (2) (3.54)

where F,(? ) (2) - F$§’ (2) = 6;; provided the vectors are normalised. In this basis of plane

waves

ok a
eiksa

MO = sMg-! = (3.55)

o—ka

The same transformation is applied to the transfer matrix in the case where the dielectric

function is allowed to vary.

3.3.2 Multiple scattering

In principle, the transmission and reflection coefficients can be obtained by applying the
above transformation on the transfer matrix through the entire structure being considered.
This is found from consecutive application of the transfer matrix from one slice to the next.
Unfortunately, the transfer matrix method can suffer from numerical instability. When many
slices have been added to the transfer matrix, some components of the electromagnetic fields
can grow exponentially with thickness and overwhelm the calculation with rounding errors
and overflows. Thus, there is a finite thickness to which the transfer matrix method described
above can be applied for the calculation of transmission and reflection coefficients whilst still
retaining the necessary numerical accuracy. The exact thickness at which the calculation
becomes unstable is highly dependent upon the details of the calculation and structure being

investigated [20, 106, 107].
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Figure 3.5 An illustration of the multiple scattering technique, used to assemble “slabs” of
2D photonic crystals in transmission and reflection calculations.

Fortunately, there is another method of adding further slices to the structure. Consider
two “slabs” of material, each consisting of as many slices as numerical stability in the trans-
fer matrix method will allow. Once the transmission and reflection from each of these slabs
is known, the transmission and reflection from the composite structure can be calculated
by a multiple scattering method. The situation is summarised in figure 3.5. The details of
this method can be found in ref. [106]. The disadvantage of adding slices via this multiple
scattering method is that it takes O(/N?®) operations to achieve, as opposed to the O(/N?2) op-
erations required to add a slice to the transfer matrix. Thus, a combination of transfer matrix
and multiple scattering methods are used in any calculations of the reflection and transmis-
sion coefficients. As many slices as possible are added to the transfer matrix as numerical

stability will allow, after which slices are added using the multiple scattering method.

3.4 Etched Bragg reflectors as two-dimensional photonic
crystals

The best known example of a one-dimensional photonic crystal is the Bragg reflector, as
studied in chapter 2, which can be used to provide optical confinement in certain systems,
such as vertical cavity surface emitting lasers (VCSELs) [73, 75, 81, 99]. Recently, Bragg
reflectors made with deep etching of air grooves through a planar waveguide have been

employed to enhance the properties of a semiconductor laser [64]. The idea is to use the

75






AL (1-A)L

R
/// &) a-AL

N
=
/// -

© A
W7

Figure 3.7 Schematic diagram of the structure of the etched Bragg reflector under consid-

eration. The reflector can be constructed by taking the unit cell shown within the square

box, and repeating on a square lattice of points in the zy-plane. (Inset) An illustration of

the first Brillouin zone of the photonic crystal. The symmetry points are shown, and are

located in k-space as follows -I'": K = (0,0); X: K = (w/L,0); Y: K = (0, 7/L); and M:
= (n/L,w/L).

be used to improve the optical confinement in certain laser cavities. The unit cell of the
structure is represented by a square with sides of length L, divided into three rectangular
areas with relative permitivitties g, €; and &5; the sizes of the three rectangles are described
by two dimensionless parameters A and A, as shown in figure 3.7. Thus the structure consists
of “walls” made from materials with relative permittivities £, and ¢, separated by uniform
grooves with relative permittivity €¢.

Two-dimensional photonic crystals are usually made by etching air holes in a uniform
substrate; the resulting structure is similar to either a honeycomb or a periodic array of
solid rods in air. However, structures based on square or rectangular elements similar to
the etched Bragg reflectors considered in this section have also been studied, and PBGs

reported—for TM-polarised modes when the photonic crystal is made up of a lattice of
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square dielectric rods [26], and for TE-polarised modes when the photonic crystal is made
up of a connected lattice of dielectric veins [2,23], which could be constructed by etching
air holes of square cross-section on a square lattice of points. The structures studied in
refs. [2] and [23] possess the four-fold rotational symmetry of the square Bravais lattice.
In contrast, the etched Bragg reflector structure under study in this section possesses no
rotational symmetry, and the symmetry points X and Y (see figure 3.7) in the first Brillouin
zone are not equivalent.

To obtain a sizeable PBG, one should provide a sufficiently large contrast of the refractive
index along both the I'-X direction (perpendicular to the grooves) and I'-Y direction (along
the grooves). The air grooves have a relative permittivity equal to unity, and thus “walls”
made of any semiconductor material achieve the high refractive index contrast along the I'-X
direction automatically. Achieving the high refractive index contrast in I'-Y direction is a
challenging, but feasible, task. A promising pair of materials are GaAs (¢, = 14.44) and
oxidised AlAs (g, = 2.25).

3.4.1 TM-polarised band gaps

In the etched Bragg reflector, PBGs occur for TM-polarised modes for certain values
of the geometric parameters A and A defined in figure 3.7, but a PBG for TE-polarised
modes does not appear. Figure 3.8 shows the ratio of the width of the PBG (Aw) to the
centre gap frequency (wo) as a function of A and A for TM-polarised modes. The maximum
relative width of the PBG is equal to 34%, and occurs when A = 0.55 and A = 0.65.
Figure 3.9 shows dispersion relations, density of TM-polarised and TE-polarised photonic
modes and transmission spectra for such an optimised structure, and a large band gap for all
2D directions occurs for the TM-polarisation, centred around wL/ (2mc) = 0.3 is seen. No
such band gap is observed for the TE-polarisation. The density of photonic modes reduces
to zero for the TM-polarisation, and there are pronounced stop-bands in the transmission
spectrum for both the I'-X and ['-Y directions. In contrast, the transmission coefficient for
light incident in the I'-Y direction for TE-polarised modes is close to one, no reduction of
the density of TE-polarised modes occurs, and the reduction of the total density of photonic
states p (which is the sum of the densities of TM-polarised and TE-polarised photonic modes)

compared to the density of states of an effective medium pes; (characterised by the average
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wL/ (2mc) ~ 0.23 and wL/ (2mc) ~ 0.42. The corresponding transmission spectra for TE-
polarised light differ for low frequencies, as there is no band gap in the I'-Y direction, and

thus no stop-band appears in the spectrum.

3.4.4 Absolute photonic band gap

Whilst no absolute photonic band gaps have been found for both polarisations between
low lying photonic bands, certain values of the parameters A and A do give absolute band
gaps between higher frequency photonic bands, but these gaps are very narrow (typically
about 2-3% of the mid-gap frequency) and only occur for highly restrictive values of A
and A. For example, the structure with A = 0.30 and A = 0.35 has a complete band gap
for TE-polarised modes between the 6th and 7th photonic bands, and a complete band gap
for TM-polarised modes between the 8th and 9th photonic bands (see figure 3.12 for the
bandstructure and density of states). These band gaps overlap each other to give an absolute
2D PBG for both polarisations with a width of 2.8% of the gap centre frequency. Although
these band gaps are narrow, the result demonstrates that an etched Bragg reflector structure
is capable of supporting absolute PBGs, and that if materials with a greater refractive index

contrast were used, these band gaps could open up to a more technologically useful size.

3.4.5 Complementary structures

The etched Bragg reflectors considered so far in this section, with gy = 1.0 (air), ; =
2.25 (oxidised AlAs) and e, = 14.44 (GaAs), give a complete PBG in the TM-polarised
bandstructure when the structure resembles isolated “rods” of high-¢ material in a low-¢
background. This section considers a complementary structure, in which there are connected
regions of high-¢ material in a low-¢ background. According to the rule-of-thumb formu-
lated by Joannopoulos et al. [2], it should be possible to find band gaps in the TE-polarised
bandstructure of this complementary etched Bragg reflector.

Firstly, consider the etched Bragg reflector structure in which the air grooves are filled in
with some dielectric material of high relative permittivity—say with AlAs (eg = 9.0). Then
the structure has €9 = 9.0, €, = 2.25 and ¢, = 14.44. However, these values for the three
dielectrics fail to provide sufficient dielectric contrast, and no 2D band gaps are found for

either polarisation for any values of the parameters A and A.

83









gaps were found, but no TM-polarised band gaps. Hence it can be concluded that photonic
band gaps in the TE-polarised bandstructure or the TM-polarised band-structure are easily
achieved, but that finding a structure with a band gap for both polarisations is a more diffi-
cult task. However, even with the above caveat, it has been demonstrated that very narrow
absolute photonic band gaps can be obtained for certain, restrictive values of the parameters
of the etched Bragg reflector.

Perhaps more usefully, it has been shown that structures can be engineered to provide
wide “near-gaps”, spectral bands where there is a reduction by a factor of about 20 in the
total density of photonic states when compared with a uniform dielectric with the same mean
relative permittivity. These structures could be of technological use in optoelectronic devices

when a suppression of spontaneous emission, rather than a total inhibition, is sufficient.

86



Chapter 4

Disorder in photonic crystals

Disorder in photonic crystals is of interest for a number of reasons. Many potential ap-
plications that result from a photonic crystal’s ability to guide, control and manipulate light,
and their ability to inhibit or enhance spontaneous emission, rely on the existence of a PBG.
However, it is technologically impossible to produce a perfectly periodic photonic crystal,
and all real photonic crystals will therefore possess some variation away from the ideal peri-
odic modulation of the relative permittivity. This disorder can damage the photonic band gap,
potentially rendering the photonic crystal unsuitable for use in certain applications. Hence,
knowing how the presence of disorder in an otherwise periodic dielectric structure affects
the properties of photonic crystals is a technologically important question. Also, there is
the possibility of light localisation in disordered photonic crystals [9, 113, 114]. This is of
fundamental interest, as the lack of interactions between photons make disordered photonic
crystals an attractive test bed for theories of the localisation of waves [115]. Further, localised
defect states introduced into the PBG by disorder could find technological applications. De-
fects can form microcavities in the bulk of a photonic crystal, whose resonances can be tuned
by engineering the defect’s properties.

Many types of disorder can occur adventitiously in particular photonic crystals. For ex-
ample, inverse opals, 3D photonic crystals constructed by self-assembly methods, will show
a dispersion of the radii of the spheres making up the crystal, as well as lattice vacancies
and stacking faults [42, 68, 69, 116]. Also, the growth procedure tends to produce islands
or domains of ideal material separated by gaps or cracks between these regions (see, for

example, [14, 16, 70]). Typical 2D photonic crystals, based on cylinders or rods etched into
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dielectric substrates, will show a variation of the radii of these elements, and a random dis-
placement of them away from their intended (ideal) lattice locations. Also, etched elements
will display surface roughness. One-dimensional photonic crystals—Bragg reflectors—will
show a variation of the thickness of the layers, and the interfaces between them will ex-
hibit a certain amount of roughness. Other types of disorder are also possible—in particular,
random variations of the intended dielectric constant could occur.

Disordered photonic crystals have previously been the subject of many studies published
in the literature. Previous investigations into disordered 1D photonic crystals [69, 117] have
found that the photonic band gap is resilient to a certain level of disorder. Also, it is seen
that the introduction of disorder into an otherwise periodic system leads to an increase in the
transmission through the photonic crystal at frequencies in the photonic band gap. This could
be considered to be a counter-intuitive result—the presence of disorder might be expected to
increase the random scattering of light in addition to the attenuation of light provided by the
presence of the photonic band gap and so decrease the transmission further. However, if the
disorder narrows the photonic band gap by filling all or part of it with disorder-induced states,
then the attenuation of light at frequencies in the band gap can be expected to decrease, and
the transmission increase.

Disordered 2D photonic crystals have been considered by many groups. 2D square lat-
tices of dielectric cylinders have been studied with models of disorder that include disorder
in the position of the cylinders, disorder in the radius of the cylinders, and disorder in the
dielectric properties of the cylinders [118-127). Disorder in the radii of the cylinders has
also been studied in hexagonal lattices [123, 128, 129]. These studies have employed both
plane wave methods with supercell approximations of the disordered structures, to calculate
the effect of disorder on the bandstructure of the photonic crystal, and transfer matrix meth-
ods to calculate the effect of disorder on the transmission of the photonic crystals. These
studies have established that the PBG in 2D photonic crystals is resilient to a certain level
of disorder. Experimental studies of 2D photonic crystals [130, 131] serve to strengthen the
conclusions of the theoretical studies.

Theoretical studies of disorder in 3D photonic crystals [68, 132, 133] have usually been
very limited. They often rely on supercell approaches, but the level of computer resources

and calculation times for 3D systems means that the studies reported in the literature have



small supercells, and the number of different configurations of the disorder considered is
small. For example, in ref, [132], the properties of just two random configurations of dis-
ordered photonic crystals are calculated for each model of disorder considered. There have
also been experimental investigations of disorder in 3D photonic crystals at microwave fre-
quencies [45,47].

This chapter describes the results of studies of disorder in one- and two-dimensional pho-
tonic crystals. Section 4.1 is a study of disorder in a Bragg reflector. The eigenfrequencies
and lifetimes of the photonic modes in disordered Bragg reflectors are directly calculated
using the transfer matrix techniques with outgoing wave boundary conditions described in
chapter 2. The statistics of the eigenmodes of 10? randomly disordered structures are investi-
gated for various models and levels of disorder, and for various properties and parameters of
the Bragg reflectors. Previous studies of disorder effects in 1D photonic crystals have mainly
been concerned with the transmission properties, and so the direct calculation of the statistics
of the eigenfrequencies and lifetimes of disordered 1D photonic crystals is intended to add to
current understanding. A central feature of the work is an investigation of the penetration of
the density of states into the photonic band gap when disorder is introduced, and the extent to
which the states introduced into the band gap are localised by the disorder. The early work of
John [9] suggested that “localisation is possible even for weak randomness”. In experimen-
tal studies of photonic crystals, the properties of the crystals (including the bandstructure)
are usually investigated by measuring the transmission through the photonic crystal. Also,
many potential applications of photonic crystals rely on the properties of light transport at
frequencies in the PBG that a photonic crystal can provide. Thus in our work the statistics
of the eigenmodes are linked to the transmission properties of the disordered 1D photonic
crystals by calculating the transmission properties of 10° randomly disordered structures for
the three related models of disorder and at various levels of disorder.

A notable absence from the literature on disordered photonic crystals is any generally
accepted analytical theory of the penetration of the tails of the density of states into the
photonic band gap when disorder is present in an otherwise periodic system. This chapter
falls short of offering such a theory itself, but the phenomenological relationships between
the penetration of the density of states into the photonic band gap, the level of disorder and

the width of the photonic band gap found in this study should provide a benchmark for any
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analytical theory developed in the future.

The remainder of this chapter is concerned with studies of the effects of disorder on a
certain two-dimensional photonic crystal. The ideal photonic crystal consists of an hexagonal
lattice of air cylinders of radius r = 0.4a etched into a GaAs substrate (¢ = 12.96). Disorder
in the position of the cylinders has been considered, and its effects on a complete band gap
and an incomplete band gap examined. It will be seen that there are important bandstructure
related differences in the two distinct cases. As far as the author is aware this is the first time
this kind of disorder has been studied in a 2D photonic crystal with an hexagonal lattice,
although the results are expected to be qualitatively similar to the case of the square lattice,
which is more widely studied for all types of disorder.

However, the discussion of two-dimensional structures begins with an examination of
the effect of lattice vacancies in section 4.2.1. A complete photonic band gap should fa-
cilitate the formation of localised states at lattice vacancies, which act as microcavities in
the 2D photonic crystal. A defect or vacancy in a photonic crystal with a resonance at a
frequency within a complete PBG of the crystal will support a localised defect state, as the
electromagnetic fields essentially have nowhere to go—they are attenuated by the bulk of
the photonic crystal due to its band gap. Defects in photonic crystals have received much
attention in the literature [5, 6,22, 40,41, 44,49, 134-138], including experimental studies
conducted at microwave frequencies [87,92], due to the potential to design defects with
electromagnetic properties for many potential applications. For example, individual defects
can be coupled together to produce a miniband of defect states [43,49, 138] in the photonic
band gap, which can be used as the basis of optical filters [43, 139] or coupled cavity waveg-
uides (47,48, 51, 140, 141]. Coupled cavity waveguides are chains of coupled cavities that
guide light along the chain by photon tunnelling from one microcavity to the next along the
chain. Coupling further microcavities as side chains to the coupled cavity waveguide could
also allow for the storage of light [50]. Due to the many potential applications, knowledge of
the detailed characteristics of the electromagnetic eigenmodes for defects in photonic crys-
tals is important. Ref. [43] uses the transfer matrix method developed by Pendry and co
workers to study the same ideal system as was considered in this study by calculating the
transmission spectra of the photonic crystals with vacancies, and found transparency bands,

which are attributed to the formation of photonic minibands of allowed states derived from
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defect states within the former photonic band gap of the ideal structure. In contrast our calcu-
lations concentrate on the bandstructure of the photonic minibands, and the electromagnetic

field profiles of the vacancies using a plane wave method based on supercells.

4.1 Disorder in 1D photonic crystals

To study the effects of disorder on 1D photonic crystals, we consider as an ideal structure
a Bragg reflector with a unit cell consisting of a pair of layers of refractive indices n, = ng+g
and n; = ng — ¢ and layer thicknesses d, and d;. In the ideal structures under study, the
thicknesses of the layers, d; and dj, are chosen to be equal, such that the period of the Bragg
reflectoris D = dy + dy = 2d; = 2d,.

Using the transfer matrix method, the dispersion relation for the ideal infinite Bragg
reflector can be written in terms of the trace of the transfer matrix across one period of the
structure as

cos KD = % (T (w) + Tpo (w)) 4.1)

where K is the Bloch wavevector, and D is the period of the Bragg reflector. The optical
period of the Bragg reflector is Dy = nyd; + nads = (n) D where (n) is the mean refractive
index. For the Bragg reflector under study, where d; = d; = D/2, then (n) = ng and the

dispersion relation is of the form

cos KD = cos mDw cos neDw —l ﬂ+EZ sin m Dw sin n2Dw
2c 2c 2\ny, my 2c 2c

“4.2)

This can be rewritten as

2 2
— D
cos kD= mtm) o (wD (1 +ng) ) — =) oo (WD (m—ng)) (43)
2c 4nyng 2¢c

or, inserting the refractive indices in terms of ng and g

2 D 2 D
cos KD = 2n0 5 Co8 (wno ) - 29 > oS (wg ) (4.4)
or
2ny  , {wneD 2¢*  ,(wgD
cosKD=1-— W sin ( % + n% — g2 sin % (45)






Therefore, at the edge of the first Brillouin zone, the frequencies of the allowed modes are

2 2
w, = E;cl_) arcsin (1 - %g> 4.8)
and
2mc 2c _ g’
= = I 1-— .
Wo D~ nD arcsin ( 2n§) 4.9)

The centre of the PBG is wy = (w; + ws) /2,

we

= —_ 4.10
wo oD (4.10)
The width of the band gap is given by the difference Aw = wy — wy:
2re dc g?
Aw=— — — i - = A1
w moD  noD arcsin (1 2n%) 4.11)
The width of the PBG for a small refractive index modulation g is given by
4gc
Awr —— 4.12
v n¢D (4.12)
and the relative width is
Qw29 (4.13)
Wy TNy

Another important quantity to consider is the attenuation of the electromagnetic fields
at the centre of the photonic band gap. This is found from the imaginary part of the Bloch
wavevector when w = wy. Let Ky be the Bloch wavevector when w = wy. Then, from

equation 4.5

1KoD —iKoD _m2 __ 42 4 2
cosKeD=5" 6 T BT g (-"—g—> (4.14)
2 Np—9g Ng—g n

When g < ng, the second term on the right-hand-side of equation 4.14 can be neglected,

and rearranging gives

‘ 24 2)
eap y 2 H ) aop g g (4.15)
no - g
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which has solutions

; +
oD — _ (ZZ : z) (4.16)

Therefore
ng + g

o+ g

KoD=(2m+1)7—iln 4.17)

and the attenuation of the electromagnetic fields per period of the Bragg reflector at the centre
of the band gap is
ngtg

Im(KyD) =+In
(Ko ) g+ g

(4.18)

Now forz < 1,In (1 4+ z) / (1 — z) &~ —2z, so the attenuation length per period for small g
is

D 2
Im(KOD)=§5zn_~‘j

(4.19)
where & is the attenuation length of the ideal photonic crystal at the centre of the photonic
band gap.

When a finite length, L, of the Bragg reflector is considered, the transmission spectrum
and mode spectrum of the Bragg reflector can be calculated using the transfer matrix methods
for layered dielectric structures outlined in section 2.1. By applying outgoing wave boundary
conditions, the frequencies and lifetimes, as well as the electromagnetic field profiles, of the
modes can be calculated directly. The ideal structure of finite length has a discrete eigenmode
spectrum. The states closest to the edge of the PBG of the infinite structure are referred to
as edge-states. As the length of the structure is increased, the edge-states move closer to
the edge of the PBG, and coincide with it in the limit L — oo. Figure 4.2 shows the
eigenmode spectrum and lifetimes (a) and the electromagnetic energy density profile U (b)
for the first three edgestates above and below the PBG for a Bragg reflector of length L =
200D, with average refractive index ny = 2.0 and modulation of the refractive index g =
0.025. Figure 4.2 (c) shows the resultant transmission spectrum. It can be seen that a dip in

the transmission occurs for the frequencies in the PBG.

4.1.1 Models of disorder

Three models of disorder have been considered. The first is a random variation of the

refractive index of the layers in a period of the finite Bragg reflector, such that the refractive
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dently of each other, such that

ngi-1 = ng + g+ 0ng PP | (4.25)
ngi = ng — g + 6@ne P (4.26)
dai-1 =D (1+5OPF) ) /2 4.27)
doi = D (1 +9PP) /2 (4.28)

where P{"? are uniformly distributed in the interval [—1/2, +1/2] and 6239 are the dis-
order parameters. In principle, these four disorder parameters could all take differenti values,
but, for simplicity, they have been considered equal in the modelling undertaken. A typ-
ical refractive index profile of the resultant Bragg reflector is shown in figure 4.3 (c), and
the probability distribution of D; is shown by the red line in figure 4.3 (d). The probability
distribution is very close to a normal distribution, but the maximum deviation of the optical
thickness of a period away from Dg is dDy. Thus there is a small, but significant, proba-
bility for an optical period to have an optical length that is further from the mean than for
the other two models of disorder for equivalent values of the disorder parameter §. It will
be shown that this has important consequences when considering the effect of disorder on
the system. In the remainder of this chapter, this model of disorder will be referred to as

“Gaussian disorder”.

4.1.2 Statistics of the eigenmodes of disordered 1D photonic crystals

In order to assess the impact of the disorder on the properties of 1D photonic crystals, the
statistics of the disordered photonic crystals were compiled. The eigenfrequencies and life-
times of 10* random structures for the three different models of disorder (see section 4.1.1)
and for various combinations of different values of the parameters L, 1y, g and 4. In this way
we were able to investigate how the disorder affects photonic crystals with different band gap
widths (dependent on g) and to see whether the total length of the structure was significant.

Figure 4.4 shows the frequencies and lifetimes of the eigenmodes of 500 random struc-
tures for each kind of disorder. The parameters used in the calculation were L = 200D,
ne = 2.0, g = 0.025 and 6 = 0.035, 0.07, 0.1 and 0.15. Red dots show the frequencies

and lifetimes of the ideal (6 = 0) structure, green dots those for the refractive index disorder
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model, yellow dots for layer thickness disorder, and orange dots for Gaussian disorder. Ver-
tical black lines show the position of the edge of the photonic band gap for the ideal, infinite
Bragg reflector. The lower horizontal line shows the lifetime of the states of a structure for
which g = 0. These are the Fabry-Perot modes of a uniform structure of refractive index ng
and thickness L = 200D, surrounded by air (n; = 1.0). Hence the complex eigenfrequen-

cies of these Fabry-Perot modes are

w="0C Lo (Bt (4.29)
nol noL Ty — Ny

for integer m, and their lifetimes are 7wy = wp/Im (w) = 572. It can be seen that the periodic
modulation of refractive index leads to an increase of the lifetime of the eigenmodes, which is
more pronounced for states closer to the edge of the photonic band gap. The upper horizontal
lines (Twg = 2650) show the lifetime of the edge-states closest to the photonic band gap.

When the disorder parameter is small (6 = 0.035), the edge-states of the structure are
perturbed in the complex frequency plane, but each state is close its ideal counterpart in both
frequency and lifetime and can still be identified with an edge-state in the ideal structure.
Some of these shifted edge-states penetrate a little into the PBG of the infinite ideal structure,
and the density of states (figure 4.5) has a tail in the band gap.

When ¢ is increased to 0.07, figure 4.4 and figure 4.5 show that states now penetrate
further into the photonic band gap, but that the probability of a state appearing in the centre
of the band gap is negligible.

Further increase of the disorder parameter to § = 0.1 or 0.15 leads to the substantial
probability of states appearing throughout the photonic band gap. These states can no longer
be associated with a particular edge-state in the ideal structure.

Figure 4.5 shows the density of states for the 10* calculated eigenstates for the same
structure as the eigenstates in figure 4.4. Strictly speaking, the density of states are his-
tograms, but the bin widths are sufficiently small (much smaller than the separation between
modes) that they approximate to density of states curves. Green dots show the density of
states for the refractive index model of disorder, yellow dots for the layer thickness model,
and orange dots for the Gaussian model.

The density of states for refractive index-type disorder and layer thickness-type disorder

are identical for all values of the parameters considered (as expected, due to the identical
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probability distribution of the optical period of the disordered Bragg reflectors), and to a

very high accuracy can be described by the formula

2
p ~ exp (—(L—Q:)—E)) 4.30)

where w, is the angular frequency of the relevant edge-state and 2 is a constant.

The parameter 2 is found to be proportional to the disorder parameter &, but does not
depend on the length of the structure (as is to be expected, since the density of states is a
self-averaging quantity). The dashed curves in figure 4.5 show the fit of the density of the
states using equation 4.30, and the vertical dotted lines indicate the value of 2 used.

When 2 < Aw/2, the probability of finding disorder-induced states in the centre of
the band gap is negligible. However when Q ~ Aw/2, the probability of finding disorder-
induced states throughout the band gap becomes substantial.

As can be seen in figure 4.5, the density of states for the Gaussian model of disorder
(orange dots) penetrate further into the photonic band gap than those of the other models
of disorder. This is due to the differing probability distributions of the optical periods of
the disordered Bragg reflectors (see figure 4.3 (d)). The independent layer refractive index
and thickness disorder gives a near Gaussian probability distribution for D;. Thus, the tail
of this Gaussian means that there is a significant probability for individual periods in the
disordered Bragg reflector to have optical periods outside the interval for which it is possible
for the other types of disorder. The periods of the disordered Bragg reflector with these large
deviations of the optical thickness can introduce states deeper into the band gap, and hence
raise the penetration depth. However, because the Gaussian P (D;) has a similar width to
the square P (D;) for the refractive index and layer thickness-type disorder, the qualitative
changes in the statistics of the eigenmodes and density of states are similar, and are, to a very
large degree, also quantitatively similar.

It is interesting to consider whether there is an upper limit for the lifetime of the modes
in a disordered photonic crystal. For an isolated defect layer (microcavity) of thickness

D (twice the thickness of the other layers) at the centre of the ideal Bragg reflector, the

electromagnetic energy density of the associated eigenmode decays exponentially away from




0 | Type of disorder | Proportion of disordered structures
with states with lifetimes greater than
edge-state microcavity
refractive index 64.2% (0.80%) 0.52% (0.07%)
0.035 | layer thickness 75.8% (0.87%) 0.43% (0.07%)
Gaussian 67.4% (0.82%) 2.21% (0.14%)
refractive index 66.3% (0.81%) 7.94% (0.28%)
0.07 | layer thickness 67.0% (0.82%) 8.31% (0.29%)
Gaussian 63.0% (0.79%) 16.5% (0.41%)
refractive index 61.3% (0.78%) 13.2% (0.36%)
0.1 layer thickness 61.2% (0.78%) 13.1% (0.36%)
Gaussian 61.5% (0.78%) 24.0% (0.49%)
refractive index 56.3% (0.75%) 13.7% (0.37%)
0.15 | layer thickness 60.0% (0.77%) 13.0% (0.36%)
Gaussian 61.4% (0.78%) 28.8% (0.53%)

Table 4.1 Proportion of disordered structures that possess eigenmodes with at least the life-
times of the edge-states and microcavity modes in the ideal structure. Figures are based on
calculation of the complex eigenfrequencies of 10 disordered structures with parameters
L = 200D, ng = 2.0, g = 0.025. Figures in brackets are the standard error.

of the edge-states. Figure 4.4 shows that very few disordered Bragg reflectors have states
with lifetimes comparable with the microcavity mode when the disorder parameter is small
(6 = 0.035). However, for larger disorder, a greater proportion of disordered structures
introduce states into the mode spectrum with lifetimes greater than the microcavity (defect)
mode in the ideal structure. Table 4.1 shows the proportion of structures that possess modes
of at least the lifetime of the edge-state (Twy = 2650) and microcavity (Twy = 4620).

As can be seen, the refractive index disorder and layer thickness disorder produce struc-
tures that support long-lived eigenmodes at the same rate as each other (to within statistical
error). However, the Gaussian disorder model is able to produce structures that support long-
lived eigenmodes at a higher rate than the other types of disorder for equivalent values of 4.
This can again be attributed to the greater deviation of optical thickness of a small proportion
of the periods in the structures with Gaussian disorder. Thus an individual disordered Bragg
reflector has a greater probability of having a layer that can act as a “random microcavity”
for the Gaussian disorder than for the refractive index or layer thickness disorder.

Figure 4.6 shows calculated electromagnetic energy density profiles for individual eigen-
states of particular configurations of refractive index disorder for ny = 2.0, L = 200D,

g = 0.025 and 6 = 0.035, 0.07, 0.1 and 0.15, as indicated. Each figure shows the field pro-
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file of the microcavity mode of an ideal Bragg reflector with an individual half-wave defect
layer in the centre of the Bragg reflector (grey curves). The electromagnetic energy density
of the microcavity eigenmode decays exponentially with distance away from the defect layer,
and can thus be said to be localised upon the defect. Also shown is the field profile of the
edge-states in the ideal structure (brown curve). For each value of the disorder parameter §
considered, the orange curve is the field profile of the longest-lived state found in the sample
of 10* disordered structures, the yellow curve is that of a state with a similar lifetime to the
isolated defect (microcavity) mode, the green line is for a state with lifetime similar to the
edge-states of the ideal structure (indicated by the higher horizontal line in figure 4.4), and
the blue curves are for states with lifetimes similar to the Fabry-Perot modes of a g = 0
structure (indicated by the lower horizontal lines in figure 4.4).

For the smallest disorder parameter shown in figure 4.6 (6 = 0.035), the longest-lived
state (orange) has approximately the same lifetime as the microcavity mode. The short-lived
mode (blue) with lifetime similar to the Fabry-Perot mode of the g = 0 structure is similar
in profile to the third states away from the edge of the PBG in the ideal structure. These
short-lived modes in the disordered structure are thus just perturbed edge-states. Also, the
green line shows a perturbed edge-state introduced into the PBG of the ideal structure.

The longer-lived states differ in profile markedly from the edge states of the ideal struc-
ture. These states have profiles that decay exponentially away from some localisation site,

and are reminiscent of the microcavity mode, and are localised on “random microcavities”.

4.1.3 Resilience of the photonic band gap to disorder

By modelling structures with different values of the relative band gap Aw/wy, it was
found that the penetration depth parameter, €2 in equation 4.30, is proportional to the square
root of the relative band gap width. However, €1 is actually a function of the three indepen-
dent parameters d, Aw and wy, and therefore the value of the relative penetration depth Q/wy
should be considered to compare disordered structures of different mean refractive indices
(and therefore different wy). In figure 4.7, the dimensionless quantity (2/6w,) v/wo/Aw is
plotted as a function of the average refractive index of the disordered Bragg reflector, which
is related to the centre frequency of the band gap by the formula wy = mc/ (npD). The plot

was made by calculating the ensemble averaged density of states of 10* disordered structures
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parameter is given by

5 Aw
S = ey [ — 4.32
th 2v/=InS;, V wo (4.32)

For example, the suppression of the density of states by a factor of Sy, = 10~% (which

corresponds to a value of the penetration depth of 2 ~ Aw/9) gives a threshold disorder

S & ,/%-A_“’ (4.33)
Wo

Thus a 1D photonic crystal with a level of disorder below this threshold will give the required

parameter of

suppression of the density of states. Note that the function v/— In S, in equation 4.32 varies
very slowly with the chosen value for the threshold suppression factor Sy, so the estimate
in equation 4.33 can be considered as an approximate threshold value for a wide range of
suppression factors.

Figure 4.8 shows how the edge of the PBG varies with the disorder parameter & for
a range of values of the modulation of the refractive index g. Values are based upon the
calculation of 10* random disordered structures of length L = 400D, and the curves are for
the values ¢ = 0.0125 (green), g = 0.025 (purple), g = 0.05 (cyan), g = 0.075 (blue),
g = 0.1 (green) and ¢ = 0.125 (red). The calculations used a value of L = 400D, as
the longer length of the structure allows for smaller values of g to be investigated. This is
because the attenuation per period is proportional to g, but independent of the length of the
structure L, and for a PBG to be established, the electromagnetic fields should be strongly
attenuated through the structure. However, the positions of the edges of the band gap do not
depend upon the value of L, as the density of states is a self-averaging quantity. This has
been checked by calculating similar results for L = 200D, which give essentially identical
curves (to within statistical error) to those shown in figure 4.8.

For all values of g, the PBG narrows as the disorder parameter § is increased due to states
being introduced further into the photonic band gap. The values in figure 4.8 assume that
the edge of the PBG is encountered when some threshold value for the density of states is
reached. In practice the density of states was calculated for an ensemble of 10* randomly
disordered structures for each set of parameters, and the edges of the PBG was taken to be
the frequencies at which the averaged density of states dropped to zero.

An approximate value for the threshold disorder parameter &y, is given by the value of

106






eration. However, the properties of photonic crystals are usually investigated experimentally
via their transport properties, and so this section looks at the link between the modifications
disorder produces in the underlying mode spectrum of the disordered photonic crystals and
the modification in the transmission of light through the photonic crystal.

Figure 4.9 shows the transmission spectrum averaged over 10% random structures with
refractive index disorder (thick red lines). The parameters of the structures are ny = 2.0,
L = 200D, g = 0.025 and § = 0.035, 0.07, 0.1 and 0.15, as indicated. For comparison,
each figure shows the transmission spectrum of the ideal (6 = 0, dashed curves) structure
and for the microcavity mode of the isolated half-wave defect (grey curves). Also shown
are the transmission spectra for one random structure, chosen because the structure supports
a particularly long-lived “random microcavity” mode (orange lines). The arrows indicate
the frequencies of these modes, whose electromagnetic energy density profiles are shown in
figure 4.6 by orange curves. The defect (microcavity) mode introduces a Lorentzian spike
on the transmission dip of the of the ideal Bragg reflector at the frequency of the defect
mode, and a width equal to the reciprocal lifetime of the mode. At the frequency of the
mode, the transmission through the structure rises to unity, regardless of the total length of
the structure, and despite this frequency being at the centre of the band gap. It can be seen
that states shifted or induced into the band gap by the disorder introduce similar spikes on
the transmission dip of the ideal Bragg reflector. These spikes raise the ensemble averaged
transmission in the parts of the band gap where they occur.

For small values of the disorder parameter d, the penetration depth of the density of states
is small compared to the band gap width, and states only appear at the edge of the band gap.
Thus the ensemble-averaged transmission coefficient is similar to the transmission for the
ideal structure, apart from the narrowing of the PBG. Although states only appear in the
edge of the band gap, the averaged transmission at the centre of the band gap is raised above
the level of the ideal structure. This effect is small, as only the tails of the Lorentzian spikes
that states in the edge of the band gap introduce onto the transmission dip can effect the
transmission at the centre of the band gap. When ¢ is increased to 0.07, the PBG is narrowed
further, as states are introduced deeper into the PBG.

Figure 4.10 shows the ensemble-averaged transmission (solid lines) and the standard

deviation of the transmission (dashed lines) at the centre of the PBG for 10® disordered
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PBG is small compared to the width of the band gap, and edge-states are only likely to be
introduced into the edge of the band gap. Thus the transmission at the centre of the band
gap is only affected by the tails of these Lorentzian spikes in the transmission spectrum,
and so rises little for small 6. However, the penetration depth parameter 2 is proportional
to 4, so as J is increased, states are introduced deeper into the band gap, until the disorder
parameter reaches the threshold value 45, there is a significant probability of finding states
throughout the band gap (not only shifted edge-states, but random microcavity states also).
Thus the mean transmission at the band gap centre rises much more rapidly with increasing
d, as the probability of having a transmission resonance at (or near) the centre of the band
gap is increased. Note that for any individual structure in the ensemble, when & > §;;, the
transmission at a certain frequency can be any value from zero to one.

It is also interesting to consider the standard deviation of the transmission coefficient at
the centre of the band gap, o (T'). When o (T') < (T') for a particular frequency, the trans-
mission through the disordered photonic crystal is well defined at that frequency, and will not
vary much from one random configuration of disorder to the next. However, if o (T') ~ (T')
the transmission through any particular disordered structure becomes impossible to predict,
as it will vary widely from one configuration of disorder to the next. From figure 4.10 it can
be seen that o (T') displays a similar threshold behaviour in its dependence on § to (T') at
the centre of the band gap. For § < s, o (T') grows more slowly for increasing d than for
0 > 4. Furthermore, for values of § below the threshold value, o (T') <« (T'), but above the
threshold value o (T') > (T'). (For very large values of 4, the rate of increase of o (T') with
d slows again, as can be seen for the cases of g = 0.025 and g = 0.05.) Thus figure 4.10
shows that the estimated values of threshold disorder parameter from equation 4.33 has a
physical significance; for § < dy,, the transmission through the disordered Bragg reflector
is well defined and predictable, and is not likely to significantly differ from the value of
the ideal structure, but for § > & this is no longer the case. This physical relevance of
the threshold disorder parameter also justifies the chosen value of the threshold suppression
factor Sy, = 10~ used to obtain the estimate in equation 4.33.

The dependence of the transmission coefficient averaged over an ensemble of randomly
disordered structures on the sample thickness L is shown in figure 4.11. Within the photonic

band gap, the ensemble-averaged transmission coefficient (T') decays exponentially with
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4.2.1 Microcavities and vacancies in 2D photonic crystals

In this section, the properties of microcavities and defects caused by vacancies in 2D
photonic crystals are examined. A microcavity in a 2D photonic crystal can be formed by
altering the properties of one cylinder in the lattice of air holes or dielectric rods. Usually the
radius of the rod is changed, but the relative permittivity of the rod could also be altered [2).
The modified rod then forms a defect in an otherwise periodic photonic crystal. If the defect
has appropriate properties, localised modes with frequencies in the PBG can form at the
defect. The frequencies of the modes can be tuned by adjusting the properties of the defect.
A vacancy-—a missing rod—is a special case of a defect, where the radius of the defect rod
is reduced to zero.

Microcavities and vacancies can be studied by the plane wave method presented in sec-
tion 3.2. However, due to the periodic boundary conditions used in this method, a “supercell”
approach must be adopted. A supercell consisting of many rods is chosen as the unit cell of
a “superlattice”, and one rod is removed from each supercell to form the vacancy. The resul-
tant structure is a superlattice of vacancies with the periodicity of the supercell. In order to
study the properties of a single vacancy, the supercell must be made large enough, so that the
interactions between neighbouring vacancies in the superlattice can be neglected. The large
unit cells used for this kind of supercell approach means that in order to achieve convergence
of the eigenfrequencies to a reasonable accuracy, many more plane waves must be used in
the calculations.

This section studies the properties of a vacancy in the hexagonal lattice of cylindrical air
holes of radius r = 0.4a in a GaAs background. Similar microcavities have been considered
previously [2,3,134]. An hexagonal supercell of 35 air holes and | vacancy is used, such that
the distance between neighbouring vacancies in the superlattice is L = 6a. The superlattice

has the primitive lattice vectors

a, = k, ag=—-j—- —k (4.35)

L‘.‘ L\/§~ L‘: L\/—~
PN

and the primitive reciprocal lattice vectors

27 27r 2ma 2T 4

== - = 4.36
g1 J L\/— g2 = LJ T (4.36)
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woa/ (2mc) | Aw/wy | Symmetry
0.274 1.9x 107* | dipole
0276 [32x10 7| dipole
0.346 1.0 x 10~* | quadrapole
0.350 | 0.7 x 10~* | quadrapole
0.371 1.9 x 10=* | monopole
0.396 1.2 x 10~* | hexapole

Table 4.2 Frequencies (wga/ (27c)), width to centre frequency ratio (Aw/wg), and symme-
tries of eigenstates for the six localised defect modes, as described in the text. The naming
convention for the symmetries of the modes follows ref. [2).

quency of the defect modes increases, the field patterns become more complex. The four
states with lowest frequencies form two pairs of doublets. These states are almost at the
same frequency, but are split by being aligned differently with respect to the hexagonal lat-
tice. Following the naming convention of ref. [2] the first doublet is made up of dipole modes,
the second doublet comprises quadrapole modes, the fifth state is a monopole mode and the
sixth is a hexapole mode. In general, the localised modes with higher frequencies have a
more complex field profile which contain more nodes and anti-nodes than those of lower fre-
quency. (The states in figure 4.14 are comparable to those published in ref. [2] (page 100),
although these vacancy states were calculated for a photonic crystal with rod radii r = 0.45a,
and the authors did not resolve the frequency differences between the doublet states.)

All the modes of figure 4.14 can be characterised by their symmetries, which they share
in common with the hexagonal Bravais lattice. Group theory can be applied to give the
modes a rigorous classification [3, 142], but here we will only discuss the simple symmetries
that are apparent from an examination of figure 4.14.

The dipole modes are symmetric under mirror reflections about one plane, and antisym-
metric about the plane perpendicular to this. They are also antisymmetric under rotations of
w. The lower frequency quadrapole mode is symmetric about two perpendicular planes and
rotations of m, whereas the higher frequency quadrapole mode is antisymmetric under the
same transformations. The monopole mode is symmetric under all the transformations of
that leave the hexagonal Bravais lattice unchanged. The highest frequency hexapole mode
is symmetric about mirror reflections in the planes that join two Bravais lattice points and
pass through the centre of the vacancy and antisymmetric in the planes rotated 30° with re-

spect to these. The hexapole mode is also antisymmetric under rotations of 7 /3. Table 4.2
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summarises the symmetries of the microcavity modes.

4.2.2 Positional disorder for a complete band gap

This section describes an examination of the effect of a certain type of disorder on the
transmission and reflection spectra of a particular 2D photonic crystal with a complete PBG.
The (ideal) photonic crystal is made up of air cylinders of radius 0.4a etched in a GaAs
substrate (¢ = 12.96), and arranged in a hexagonal lattice. It possesses a wide, complete 2D
PBG for the TE-polarisation, and as such is well suited for this study. The transmission and
reflection spectra can be directly measured by experiment. However, a deeper understanding
of how disorder modifies the properties of the photonic crystal can be gained from examining
the effects of disorder on the eigenmode spectrum of the photonic crystal. With this in mind,
this section is split into a discussion of the calculated transmission and reflection spectra, and
a study of the disorder induced states in the photonic band gap.

The bandstructure of the ideal crystal for this polarisation, calculated using a plane wave
method (see section 3.2), is shown in figure 4.12. The disorder is of the form of a random
shift of the individual cylinders away from their ideal lattice positions; the centre of each air
cylinder in the disordered structure is located at a random position within a circle of radius ad
that is centred on the ideal lattice point. Thus, if the i** (ideal) lattice point is at (y;, 2o;), the
air cylinder is centred on a point (yo; + 6 Pa cos oy, 2¢; + 6 P,a sin «;), where P, is a random
number uniformly distributed in the interval [0, 1] and ¢; is a uniformly distributed random
angle. Hence ad is the maximum shift of a cylinder away from its ideal lattice location, and
the parameter d is a measure of the “amount of disorder”.

This study is a continuation of previous work which looked at disorder in the same ideal
structure [128, 129]. However, in ref. [128] and [129] the disorder was of the form of a ran-
dom change of the individual cylinder radii. Those studies found a threshold-like behaviour
for the modification of the transmission spectra as a function of the ‘“amount of disorder”; for
small disorder the modification of the transmission spectra is small, but above the threshold,
the modification becomes large.

Calculations of the transmission and reflection spectra have been conducted using a com-
bination of transfer matrix and multiple scattering methods, with a modified version of the

publicly available code developed by Pendry ef al. (see section section 3.3). A disordered
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contributions. Hence, in the modelling undertaken, the ballistic and scattered contributions
to the transmitted light are considered separately. Likewise for the reflection spectra, the
total reflection is separated into contributions from the specular reflection (anti-parallel to
the incident light) and scattered reflection. In the modelling, light is taken as incident along
the I'-M direction of the ideal crystal"s Brillouin zone in reciprocal space, as indicated in
figure 4.15.

Figure 4.16 shows the calculated transmission and reflection spectra. The thin lines are
the spectra for one individual configuration of disorder, shown as an example, and the thick
lines are the mean spectra, averaged over all ten random configurations and additionally
smoothed to remove the remaining traces of the spikes. The ballistic transmission of the
ideal crystal is also shown (as a dotted black line) for comparison. The ideal crystal does not
display any scattering of light, as the band gap under study is below the diffraction cut-off of
the crystal.

It can be seen from figure 4.16 that for small amounts of disorder (6§ < 0.05) there is
very little modification of the ballistic transmission relative to that for the ideal structure.
For larger amounts of disorder, the modifications of the transmission spectra become rapidly
more pronounced. For individual configurations of disorder, sharp spikes are present in
the spectra, which correspond to localised states introduced into the PBG by the disorder.
These sharp spikes then lead to an increase of the transmission on average in the region of
the PBG where they occur. Also the width of the ballistic transmission dip decreases with
increasing disorder. This is due to the fact that small amounts of disorder can only introduce
states into the PBG near its upper and lower edges (perturbed edge-states) and thus act to
narrow the band gap of the photonic crystal. Only when the disorder becomes large can
it introduce states into the centre of the PBG, and influence the transmission there. The
transmission spectra of figure 4.16 also show the calculated scattered transmission through
the disordered supercells. For a relatively small amount of disorder (6§ = 0.01), the scattered
transmission in the transmission dip of the ideal photonic crystal is ~ 3 orders of magnitude
smaller than the ballistic transmission. Figure 4.17 (a) shows the averaged transmission at
the minimum as a function of the deviation ¢ for both ballistic and scattered transmission.
The different behaviour of the minimum transmission depending on the ballistic or scattered

nature of the light is clear here. The ballistic transmission is resistant to disorder up to some
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Figure 4.18 The mean attenuation length (closed circles, left axis) and its standard deviation
(open circles, right axis) at the centre of the ideal crystal’s photonic band gap as a function
of 0. Inset—the spectra of the attenuation lengths for § = 0.01, 0.02, 0.05, 0.1, 0.15 and
0.2. Black lines are the mean over the ten random configurations, and grey lines are the ten
individual configurations.

lower frequency edge, and the onset of significant amounts of scattered reflection occurs at
a lower value of ¢ for the upper frequency edge.

When light is incident upon a finite photonic crystal, attenuation of the light occurs in the
spectral region of the infinite crystal’s PBG, and a transmission dip (such as is shown by the
transmission spectra of figure 4.16) is observed. In the photonic crystal under consideration,
the transmission coefficient decays exponentially with an increase of path length through the
crystal for both ballistic and scattered light [129]. An attenuation length, £, can be defined

by writing the ballistic transmission coefficient through the structure, Tg, as
Ty =e /¢ 4.37)

where L is the thickness of the sample, which in the modelling undertaken is L = 13.7a.

Figure 4.18 shows the mean and standard deviation of the attention length at the centre of the
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PBG as a function of the deviation 4, and the insets show the attenuation lengths as a function
of frequency for different values of 4. As the disorder in the photonic crystals increases, the
mean attenuation length rises. For the ideal crystal, at a frequency corresponding to the
centre of the photonic band gap, the attenuation length is 0.51a. Small amounts of disorder
(0 < 0.1) have very little effect on the attenuation length at the centre of the PBG. When
0 = 0.1, the attenuation length has reached 0.56a, which is only a 10% increase on the
ideal value. However for larger amounts of disorder (§ > 0.15), the rate of increase of the
attenuation length increases, and for § = 0.2 the attenuation length at the centre of the PBG
is 1.1a, a 110% increase on the ideal value. Also for small disorder (6 < 0.1), the standard
deviation of the attenuation length at the centre of the PBG (~ 10~*) is approximately three
orders of magnitude smaller than the mean, implying that it is very unlikely that any disorder-
induced localised states will penetrate to the centre of the band gap and affect the attenuation
length there. As the value of d increases, the standard deviation of the attenuation length at
the centre of the PBG begins to rise rapidly, suggesting that it is more probable for a disorder-
induced localised state to be present at the centre of the PBG. The behaviour described is of
course very similar to that found for disorder in 1D photonic crystals.

The plane wave method can be used to study the eigenmodes of the electromagnetic field
in disordered 2D photonic crystals. In the calculations undertaken, a rectangular supercell
of 93 cylinders was chosen. A rectangular supercell was chosen, as this shape allows for
the imposition of periodic boundary conditions without breaking the local order of the ideal
photonic crystal at the edge of the supercell. The dimensions of the rectangular supercell
are Ly = 8aand L, = 5a+/3, where a is the lattice constant of the photonic crystal. The

rectangular superlattice has the primitive lattice vectors

-~

a; = L) a; = L,k (4.38)
and primitive reciprocal lattice vectors
2m, 21 -

_ _ 4.39
g1 I g2 sz (4.39)

The photonic bands at frequencies close to the photonic band gap are almost disper-

sionless, and so the eigenfrequencies of the disordered photonic crystal are calculated at the
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0 | woa/(2mc) | Aw/wg
0.05 0.26 0.5%
0.1 0.29 0.02%
0.15 0.32 0.03%
0.2 0.34 0.06%

Table 4.3 Frequencies (woa/ (27c)) and width to centre frequency ratio (Aw/wp) for mini-
bands of the deepest lying disorder-induced states introduced into the photonic band gap by
disorder.

is identical to those considered in section 4.2.2, and the transmission and reflection spectra
have been modelled in a similar way, as illustrated in figure 4.15. However, in order to exam-
ine the differences caused by the band gap closing for certain directions in the first Brillouin
zone, the TM polarisation has been modelled.

Figure 4.24 shows the calculated transmission and reflection spectra for the disorder
parameters § = 0.01, 0.02, 0.05, 0.1, 0.15 and 0.2. The thin lines are for the spectra of one
individual configuration of the disorder, and the heavy lines are the mean spectra, averaged
over ten random configurations of disorder and additionally smoothed to remove remaining
traces of the spikes. The ballistic transmission of the ideal crystal is also shown (as a dotted
black line) for comparison.

As can be seen from the transmission spectra of figure 4.24, light incident on the ideal
photonic crystal in the I-M direction in the spectral region of the incomplete PBG undergoes
attenuation, and a transmission dip is observed in the ballistic transmission which is sym-
metrical about the centre of the PBG. When disorder is introduced into the photonic crystal,
light can undergo scattering. For the smallest amount of disorder considered (6 = 0.01),
the scattered transmission is comparable to the ballistic transmission, but for larger disorder
parameters the scattered light dominates the transmission spectra.

The transmission spectra of figure 4.24 display many similar features to the case of dis-
order in a photonic crystal with a complete PBG in section 4.2.2. Figure 4.25 shows the
transmission coefficient at the minimum (T3,;,,) of the spectral dip in the region of the in-
complete PBG as a function of the disorder parameter . The threshold-like behaviour of
the ballistic transmission, and the different behaviour of the scattered transmission, can be
seen. Interestingly, it is seen that for small values of d, T},,;, can be smaller than for its ideal
crystal counterpart, despite the fact that one might expect disorder to decrease the attenuation

within the crystal, and therefore lead to more transmission. However, for the narrow PBG
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Figure 4.25 The transmission coefficient at the minimum (7},;,)) in the region of the in-
complete TM-polarised band gap for ballistic light (closed circles) and scattered light (open
circles) as a function of the disorder parameter 4.

under study, where the total attenuation of light through the crystal is small, the effect of
Rayleigh scattering in the disordered crystal (which serves to remove light from the ballistic
transmission) can be large enough to cause the minimum transmission to be reduced when
disorder is introduced.

The transmission spectra of figure 4.24 also display many features in contrast to the case
of disorder in a photonic crystal with a complete PBG. The averaged scattered transmission
spectra in figure 4.24 display an asymmetric, triangular shape. The reasons for this asym-
metry can be understood in terms of the following simple physical arguments based on the
bandstructure in figure 4.12. Suppose light is incident on the disordered crystal in the ['-M
direction at a frequency corresponding to the incomplete PBG. In this case, an evanescent
wave will be excited in the crystal, characterised by some attenuation length. Due to the
disorder, the wave can be scattered into a propagating state in a direction closer to I"-K. The
wave can then proceed to the rear of the sample without further attenuation, and be trans-
mitted. Also possible is the scattering of the incident wave into another evanescent state (as
opposed to propagating state) that is closer to the ['-K direction, and thus characterised by
a smaller attenuation length (since the PBG is smaller for directions away from I'-M, see
figure 4.12). The direction of the shape modification depends on the details of the curvature
of the bandstructure between the I'-M and I'-K directions for the photonic crystal. For the
present case, the change in wavevector needed to scatter to a propagating state is larger for
higher frequencies (in the second photonic band) then for the lower frequencies (in the first

photonic band), and so the shift of the minimum transmission is to higher frequencies.
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To a lesser degree, the averaged ballistic transmission also displays a shape asymmetry,
which can be explained by similar reasoning. Once the incident wave has been scattered by
the disorder, it can then be scattered a second time, occasionally back into the I"-M direction
where it will contribute to the ballistic transmission. This second-order effect leads to the
shift of the minimum in the transmission away from the centre of the PBG.

Usually, experimental studies assign the centre of the PBG of real photonic crystals to
the minimum of the transmission spectrum. However, when scattered light is dominant in
the total transmission, the shape asymmefry discussed above means that the minimum of
the total transmission will depend on the details of the bandstructure of the photonic crystal,
and does not correspond to the centre of the PBG. Simply assigning the centre of the PBG
to the minimum of the transmission through the crystal can thus lead to significant error in
(disordered) photonic crystals with an incomplete PBG.

When light is scattered into propagating modes away from the incident I'-M direction,
it is free to propagate through the photonic crystal without attenuation. Thus the light will
experience multiple reflections in the crystal, and this leads to Fabry-Perot oscillations in
the transmission spectra for scattered light in the spectral region of the incomplete PBG,
which can be seen in figure 4.24. From the scattered transmission spectra for individual
configurations of disorder, it can be seen that these Fabry-Perot oscillations have a similar
period to the Fabry-Perot oscillations outside the PBG for the ballistic transmission. In
fact, the spectral period of the Fabry-Perot oscillations is inversely proportional to the path
length of the light through the structure, and thus is proportional to a factor of cos c, where
« is the angle of propagation relative to the surface normal. The Fabry-Perot oscillations
in the scattered transmission within the PBG are due to light scattering from evanescent
waves in the incident I'-M direction into propagating waves closer to the I'-K direction.
Thus a < 30°, and the difference between the period of the Fabry-Perot oscillations in the
ballistic transmission outside the PBG and the width of the Fabry-Perot oscillations in the
scattered transmission within the PBG is only around 10%.

These Fabry-Perot oscillations can be differentiated from the spikes caused by the lo-
calised modes. The spikes in the transmission dip are due to states being introduced into the
former PBG by the disorder, and as such their spectral position and width are random in na-

ture. However, the oscillations observed in the scattered transmission have a more systematic




nature—they are seen throughout the former PBG and differing configurations of disorder
give rise to similar oscillations, so they are also seen in the ensemble-averaged scattered
transmission.

The observation of Fabry-Perot modes in the scattered transmission within the former
PBG is a bandstructure related effect. It relies on the PBG closing for some direction of
propagation, such that evanescent modes excited in the crystal by the incident wave can be
scattered into propagating modes in directions where the modes lie outside the PBG. Thus
the observation should be unique to cases where the PBG is incomplete.

Figure 4.24 also shows the calculated reflection spectra for § = 0.01, 0.02, 0.05, 0.1, 0.15
and 0.2. For small disorder parameters (§ < 0.02) the reflection spectra are very similar to
that of the ideal crystal, i.e. very little scattering appears and there is a distinct stop-band in
the spectral region of the incomplete PBG. For § = 0.05, the scattered reflection has begun to
grow, and for individual configurations of the disorder, spikes interrupt the stop-band in the
ballistic reflection spectra. These spikes lead to an overall lowering of the averaged reflection
spectrum. For larger disorder parameters (6 < 0.1), the stop-band of the averaged ballistic
transmission begins to flatten out, and by § = 0.2, scattered light dominates the reflection,

as well as the transmission, spectrum.

4.3 Conclusions

In this chapter, disordered 1D and two-dimensional photonic crystals have been consid-
ered. Three models of disorder in 1D photonic crystals were investigated, and the penetra-
tion of the density of states into the photonic band gap was quantitatively investigated. It
was found that the tail of the density of states in the band gap has a Gaussian form, charac-
terised by a penetration depth. A relationship between the relative penetration depth of the
density of states in the PBG, relative gap-width and disorder parameter has been found for
small relative gap widths—the penetration depth is proportional to the disorder parameter,
but proportional to the reciprocal square-root of the relative gap-width. This phenomenolog-
ical analysis will be of use in the formulation of an analytical model of disordered photonic
crystals, as results presented here should form the one-dimensional limit of any such theory.

Also, the transmission properties of disordered 1D photonic crystals were considered. It
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was found that there is a threshold disorder parameter, below which the transmission through
the photonic crystals increases slowly with increasing disorder. An estimate for the threshold
level is given, based on the statistics of the eigenmodes of disordered photonic crystals.
Below the threshold level of disorder, the penetration depth of the density of states into the
band gap is small compared to the gap width, and only perturbed edge-states penetrate the
edges of the band gap; only the tails of the Lorentzian transmission resonances affect the
transmission in the centre of the band gap, and changes in transmission are small. Above
the threshold level of disorder, the penetration is comparable to the gap-width, and states
penetrate further into the band gap, and the transmission is increased throughout the band
gap. Disorder-induced states are seen to be localised random microcavity modes, as well as
perturbed edge states.

The effect of disorder on the spectra of two-dimensional photonic crystals composed of
air cylinders in a GaAs substrate has been investigated. The disorder was of the form of a
random shift of the air cylinders away from their ideal lattice locations. Two distinct cases
were considered—a photonic crystal with a complete photonic band gap and a photonic
crystal with an incomplete photonic band gap. In both cases, a threshold behaviour in the
ballistic transmission on the disorder parameter is found. For the complete PBG, it was
found that for small levels of disorder there is a vanishing probability of disorder-induced
localised states appearing in the centre of the former photonic band gap, but that the PBG
is narrowed by perturbed states introduced at its edges. A threshold amount of disorder was
found to exist, where the probability of finding disorder-induced localised states throughout
the former PBG becomes significant. These disorder induced states are shown to include
states localised on random microcavities, as well as perturbed edge states.

For the incomplete PBG, scattered light dominates the spectra, even for small disorder
parameters. The transmission spectrum has dips in the PBG, which become asymmetric for
disordered photonic crystals, such that the minimum transmission does not coincide with
the centre of the PBG in disordered photonic crystals with incomplete band gaps. Fabry-
Perot type oscillations appear within the band gap for scattered transmitted light. These
are bandstructure-related effects, and depend upon the PBG closing for certain directions

in the crystal, so that light is scattered by the disorder from attenuated evanescent states to

propagating states.




Chapter 5

Two-dimensional photonic crystals with

quasicrystalline unit cells

Crystals are periodic, and possess both translational and rotational symmetries. For a
crystal to possess an n-fold rotational symmetry, a rotation of the crystal through an angle
2w /n centred on any lattice point of the Bravais lattice must recreate the lattice identically.
Due to the periodicity of a crystal, possible values of n are n = 2, 3, 4, or 6; degrees of
rotational symmetry above 6 are not possible.

Two dimensional photonic crystals are usually built from dielectric rods in air or air
cylinders in a dielectric substrate, with the cylinders/rods placed on the lattice points of a 2D
crystal lattice. Such structures can give rise to large photonic band gaps, but the band gaps
tend to be highly anisotropic in both spectral position and width, and a complete photonic
band gap will only result if the the band gaps for different directions are wide enough to
overlap for some band of frequencies. That requires a large dielectric contrast between the
dielectric materials used for the construction of the photonic crystals.

Often it is desirable to have a photonic band gap material with a band gap which is as
isotropic as possible. A near isotropic band gap facilitates the spectral overlap of band gaps
for different directions in the material without the need for particularly large band gaps. Thus
a smaller refractive index contrast would be needed for the onset of a complete photonic
band gap in the material. A lower refractive index contrast in a photonic crystal could be
advantageous because it would reduce losses from Fresnel reflection when light is coupled

into and out of the structure.
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Quasicrystals [143-145] are not periodic but do possess long-range order and can dis-
play eight-fold (octagonal), ten-fold (decagonal), twelve-fold (dodecagonal), or even higher
degrees of rotational symmetry. 2D quasicrystal structures can be generated by projecting
points onto a 2D-plane from a regular array in a higher-dimensional space or by the posi-
tioning of tiles according to detailed matching rules [143, 145, 146]. 2D photonic quasicrys-
tals are structures possessing an aperiodic modulation of the relative permittivity with long
range order based upon quasicrystalline tilings, and they can be constructed by decorating the
quasiperiodic tiling with the usual dielectric rods or cylinders. Due to the increased degree of
rotational symmetry that a photonic quasicrystal can possess compared to its periodic coun-
terpart, it has been suggested that photonic band gap materials based on quasiperiodic tilings
would possess more isotropic band gaps. Several experimental and theoretical studies have
shown evidence of 2D PBGs, accompanied by dips in the transmission spectrum, in different
photonic structures based on quasicrystalline geometries [76, 77, 147-156]. Further, these
studies have found that the band gap formed from photonic quasicrystals is due to the short
range quasicrystalline structure and not due to the periodicity enforced by the boundary con-
ditions of calculations based on a supercell approach [148]. This would seem to be supported
by studies that look at the transmission through a finite thickness of the photonic quasicrys-
talline structures [151], which do not rely on periodic boundary conditions (at least in the
direction of the incident and transmitted light). These studies show distinct dips in the trans-
mission spectrum which maintain their frequency and deepen exponentially with an increase
in the thickness of the photonic quasicrystalline sample. Also, band gaps in 1D structures
based on the Fibonacci sequence have previously been demonstrated [66, 157], but there is
evidence that a minimum system size is required for the formation of a true PBG where light
decays exponentially with increase of system size [158]. To the author’s knowledge, no the-
oretical study on the properties of 3D photonic quasicrystals have been conducted, probably
due to the computational resources that such calculations would require. However, recently
Man et al. have circumvented this computational problem by performing an experiment on
a 3D photonic quasicrystal with icosahedral symmetry at microwave frequencies [159].

The first half of this chapter reports studies of the bandstructures of 2D photonic crys-
tals with square unit cells based on an octagonal quasicrystal with the aim of maximising

the PBG width and isotropy. The chosen quasicrystalline structure is the Ammann-Beenker
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Figure 5.1 Schematic diagram showing the square unit cells of the 2D photonic crystal that
are based upon an octagonal Ammann-Beenker tiled quasicrystal. The black circles repre-
sent the air cylinders. The quasicrystal is made up of two basic tiles, a square and a rhomb,
and a is the length of the sides of these tiles. The squares indicate the four different unit
cells used to build the photonic crystal, of side lengths L = 3.41424a, L = 4.82848a,
L = 8.24212a, L = 11.6568a. The green lines indicate the quasicrystalline feature associ-
ated with the most prominent diffraction peaks, as discussed in section 5.1.1.

tiling, which displays octagonal 8-fold rotational symmetry [145]. The Ammann-Beenker
tiling consists of two types of tiles—a square tile and a rhomb whose internal acute angles
are 45°. Both types of tile have the same side lengths which we denote by a. A 2D pho-
tonic structure is constructed by decorating the Ammann-Beenker tiling with cylindrical air
holes at the vertices of the tiles. The air holes are embedded in a background dielectric taken
to have a relative permittivity of ¢ = 9.0. The positions of the cylinders in this scheme
are shown in figure 5.1. Several different sizes of square unit cell can be chosen which
do not result in broken cylinders on building up the crystal. The four sizes considered in
this chapter are shown by the squares in figure 5.1, and contain 14 cylinders (side length
L = 3.41424a), 28 cylinders (L = 4.82848a), 82 cylinders (L = 8.24212a) and 164 cylin-
ders (L = 11.6568a). Finally the radii r of the air cylinders (or, equivalently, the filling
fraction f of the air cylinders in the unit cell) can also be varied, and the dependence of the
bandstructure on the radii of the cylinders is investigated for the range 0.12a < r < 0.38a.
For r > 0.38a the air cylinders begin to overlap.

It should be noted that the structure described above is periodic, with local quasicrys-
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talline order within the unit cell. The properties of such crystals are interesting, as the larger
unit cells will be shown to facilitate more isotropic band gaps due to the increase in range
of the quasicrystalline order. However, the computational scheme employed is identical to
the one of considering a photonic quasicrystal within a supercell approximation. The four
sizes of unit cell or supercell investigated will allow for an examination of the supercell ap-
proximation when applied to the case of photonic quasicrystals, specifically on how the size
of the chosen supercell affects the calculation. As both these cases are of interest, both will
be discussed in the context of the results presented. The two cases will be distinguished by
referring either to unit cells of the photonic crystal or to supercells of the photonic quasicrys-
tal.

The structures studied in this chapter (air cylinders in a dielectric background on an
octagonal quasicrystalline unit cell) are complementary to those studied in ref. [147]. Ref.
[147] studied the same octagonal quasicrystalline supercell but with cylindrical dielectric
rods in air, and found photonic band gaps in the TM-polarised bandstructure. It will be
shown that the structures studied in this chapter have photonic band gaps in the TE-polarised
bandstructure, but not in the TM-polarised bandstructure.

The second half of this chapter describes an examination of microcavities in the octago-
nal photonic quasicrystal, formed by cylinder vacancies in the decorated Ammann-Beenker
tiling. The lack of translational order in the the photonic quasicrystal means that there are
many inequivalent sites for the vacancies, and four microcavities based on different vacan-
cies will be studied. It will be shown that localised modes with eigenfrequencies in the
band gap can form at the microcavities, and the field profiles and properties of some of these
modes are examined. The properties of the microcavities are calculated using the plane wave
method with a supercell approximation.

Some of the work presented in section 5.1 was performed by David Roper [160] as part
of an MSci project at the University of Durham that the author helped to co-supervise. Any

results taken from this project and not calculated by the author are explicitly acknowledged.
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5.1 Octagonal photonic quasicrystals

This section describes an examination of a 2D photonic crystal composed of square unit
cells with local octagonal quasicrystalline order. As discussed above, the computational
scheme is the same as when looking at 2D octagonal photonic quasicrystals in a supercell
approximation, and this will be discussed as appropriate. The calculated diffraction pattern
of the photonic quasicrystal is presented in section 5.1.1, before the bandstructure of the
photonic crystal for four different quasicrystalline unit cells is presented, both as a function
of the unit cell size and the filling fraction of the unit cell. The calculated transmission and
reflection spectra are presented, before finally an estimate on the position of the band gaps

(based on treating the crystal as an effective medium) is given.

5.1.1 Diffraction pattern

The diffraction patterns from quasicrystalline structures display sharp diffraction images
of non-crystallographic symmetry. As already mentioned, the long range order but lack of
translational periodicity can lead to degrees of rotational symmetry not allowed in crystals,
and this is reflected in the x-ray diffraction images of quasicrystals [143,145], and the optical
diffraction images of the dielectric contrast in photonic quasicrystals [151, 155].

Figure 5.2 shows the Fourier representation of the dielectric contrast of the structure
shown in figure 5.1. The diffraction pattern displays eight-fold rotational symmetry. Four
series of intense peaks dominate the diffraction pattern, which can be indexed by choosing
a set of reciprocal lattice vectors corresponding to the innermost series. These reciprocal

lattice vectors are denoted +F; (2 = 1, 2, 3, 4), where

F; = (cos (0),sin (0)) = (1000)
F; = (cos(m/4),sin (7w /4)) = (0100) 5.0)
F; = (cos (27 /4) ,sin (27 /4)) = (0010)
)

)
F4 = (cos (37 /4),sin (37 /4)) = (0001)

where the unit of reciprocal length used in reciprocal space is related to the length a of the
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Figure 5.2 The Fourier representation of the dielectric contrast of the largest unit cell shown
in figure 5.1. The radius of the spot is proportional to the squared magnitude of the Fourier
coefficient. The diffraction pattern displays eight-fold rotational symmetry. The most promi-
nent series of peaks can be used as basic reciprocal lattice vectors F; (i = 1,2,3,4) to
index the rest of the diffraction peaks, as shown. Diffraction pattern calculated by D. T.
Roper [160].

sides of the tiles that make up the octagonal quasi-periodic tiling by

k= |F;| = %irjm ~ 1.’171573%77r (5.2)
The vectors are expressed in both Cartesian coordinates and a symbolic four-dimensional
vector notation. Using this symbolic four-dimensional notation, the four major series of
diffraction peaks can be defined by symmetrical sets of vectors based on (1000), (1010),
(1100) and (1001). The calculated intensities of the most prominent series of diffraction
peaks, their indexes and the related elements of the tiles that make up the octagonal qua-

sicrystal are given in table 5.1. The (1000) series of peaks are the most prominent, and are

associated with the element consisting of a tile side and half the square tile’s diagonal, as

indicted by the dotted line in figure 5.1.




reciprocal | Magnitude Sa Magnitude of element of tile associated
lattice vector | RV/|F| Fourier with RV

(RV) coefficient

el(1/¢)

(0000) 0 0.0 8.12/0.209

- - 142

(2-101) 2-v2 |068... | 0.13/0.015 ﬁa ~ 1.457106a

1001 - 89... | 0.18/0. YLy

(1001) 2-v2 (089 0.18/0.021 PN vk 1.115221a

(1000) 1 1.17... 0.50/0.056 &Qéa ~ 0.85355a Half of

the sum of a tile side and a
half a diagonal of a square
(1010 V2 1.65... 0.27/0.031 2—;\5/-?(1 ~ 0.60355a Half of
the sum of a tile side and a di-
agonal of a square

(1100) 2.16... 0.32/0.036 0.4617a

Table 5.1 Magnitudes of different Fourier coefficients of the photonic quasicrystal for a
cylinder radius of r = 0.17a.

5.1.2 Bandstructure

The bandstructures of the photonic structures under consideration are calculated by the
plane wave method (see section 3.2). The square unit cells of octagonal quasicrystalline
order shown in figure 5.1 are arranged on a periodic square lattice. Figure 5.3 shows the
convergence of the eigenfrequencies of the edge states immediately above and below the
photonic band gap for the unit cell containing 164 cylinders (a), 82 cylinders (b), 28 cylinders
(c) and 14 cylinders (d) of radius r = 0.17a in the octagonal quasicrystalline geometry
as the number of plane waves used in the truncated basis set is increased. The horizontal
dashed lines indicate the eigenfrequencies calculated for the lower eigenfrequency with 8281
plane waves. Note that the frequency axis in figure 5.3 has been shifted to allow the four
cases (a) to (d) to be displayed on the same graph with clarity. It can be seen that the
calculated eigenfrequencies converge more rapidly for the smaller unit cells than for the
larger unit cells. This is to be expected, as the plane waves used in the calculation have
wavelengths related to the side length L of the unit cell, whereas the dielectric function
within the unit cell vaires on a length scale of a. Thus when the ratio L/a is increased, more
plane waves are needed of shorter wavelength to be able to represent accurately the finer
details of the dielectric variation. Hence more plane waves should be used for the largest

unit cells to ensure convergence of the eigenfrequencies to a reasonable accuracy. Figure 5.4
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and has a relative width of Aw/wy = 9.4%. For a large filling fraction of the air cylinders
(r = 0.34a, filling fraction 44%), two band gaps occur in the TE bandstructure for all sizes
of unit cell considered. The first of the band gaps is centred around wa/ (2m¢) = 0.31 and
the second around wa/ (2r¢) = 0.40. The maximum width of both band gaps occurs for the
unit cell based on 28 cylinders, and the gaps have relative widths of Aw/wy = 6.2% and
6.8% respectively. A small band gap also occurs in the TM bandstructure of this photonic
crystal, at around wa/ (2rrc) = 0.42, but is not shown in this thesis.

It is also apparent from the TE bandstructures of figure 5.4 that the band gap edges
become “flatter” with increasing size of the unit cell used to construct the photonic crystal,
reflecting less anisotropy in the spectral position and relative width of the PBG. Defining
(Aw), . and (Aw)

any particular direction in the photonic quasicrystal, a measure of the anisotropy of the band

min mag 88 the minimum and maximum width of the photonic band gap for

gap width can be taken as
(Aw),__ — (Aw)

Wo

mar

n= min (5.3)

where wy is the centre frequency of the band gap. The anisotropy value 7 has been calcu-
lated from the bandstructures in figure 5.4 for the four sizes of unit cell for air cylinders of
radius r = 0.17a, 0.24a, and 0.34a and the results are shown in table 5.2. It can be seen
that increasing the size of the unit cell, and therefore increasing the range of local quasicrys-
talline order, decreases the anisotropy displayed in the width of the photonic band gap. This
reduction in the anisotropy of the PBG can be attributed to the increase in the range of the
quasicrystalline order in the crystal.

Figure 5.6 shows the calculated reflection and transmission coefficients for the photonic
crystal with a quasicrystalline unit cell of 164 cylinders and with a cylinder radius of r =
0.17a. The TE-polarised spectra are shown in red, and the TM-polarised spectra in blue, and
they were calculated by the combination of transfer matrix and multiple scattering methods
described in section 3.3. The sample modelled was one unit cell thick and periodic boundary
conditions were applied at the top and bottom edges of the unit cell. Significant transmission
dips occur for both polarisations for the frequency range wa/ (2mc) = [0.20,0.23], with
the TE polarisation displaying a minimum transmission of 0.10, and the TM polarisation of
0.45. The TE bandstructure of the corresponding photonic crystal (figure 5.4, bottom right)

displays a PBG in the same frequency range, and this transmission dip can be seen to be a
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r/a | Lfa | wa/(2nc) | Aw/wy | (Aw) i | (Aw)pee n

3.41424 0.227 0.9% | 0.00202 | 0.0258 | 10.5%
0.17 | 4.82848 0.227 1.0% | 0.00223 | 0.0185 | 7.2%
8.24212 0.231 4.0% | 0.00936 | 0.0172 | 3.4%
11.6568 0.230 3.5% | 0.00813 | 0.0141 | 2.6%
3.41424 0.247 6.8% 0.0170 0.0425 | 10.3%
0.24 | 4.82848 0.248 6.9% 0.0170 0.0307 | 5.5%
8.24212 0.253 9.4% 0.0238 0.0307 | 2.7%
11.6568 0.252 8.9% 0.0227 0.0261 1.3%
3.41424 0.305 5.4% 0.0168 0.0442 | 9.0%
0.34 | 4.82848 0.309 6.2% 0.0223 0.0293 | 2.3%
8.24212 0.319 4.4% 0.0140 0.0281 | 4.4%
11.6568 0.316 4.6% 0.0147 0.0200 | 1.7%

Table 5.2 Frequencies, widths and anisotropies of the lowest photonic band gap for photonic
crystals with octagonal quasicrystalline unit cells.

consequence of the photonic band gap in the bandstructure. Since only the finite structure is
considered in the direction of incident and transmitted light, the stop bands in the spectra for
the TE-polarisation are a result of the quasicrystalline order, and not due to periodicity. The
coincidence of the stop bands in the reflection spectra and the band gaps in the bandstructure
for the TE-polarisation would seem to suggest that the band gaps are due to the short-range
quasicrystalline order, and not the longer range periodicity of the crystal. This agrees with
the conclusions of past studies [148].

The behaviour of the PBG as a function of the filling fraction has also been investigated
for photonic crystals with a quasicrystalline unit cell containing 164 cylinders. The TE band-
structures have been calculated for unit cells with cylinder radii r = 0.12,0.13,...,0.37,0.38,
with each of the twenty-eight calculations performed using a basis set of 10201 plane waves.
Figure 5.7 shows the bands as a function of filling fraction, where the grey shaded regions
represent allowed photonic bands and the intervening regions are the PBGs.

The main band gap begins to open at a filling fraction of the air cylinders of just 7%.
This gap is at a maximum relative width of 10.4% which is acheived for filling fractions of
around 30%. For filling fractions of above 20%, other band gaps open up in the bandstructure
at lower and higher frequencies to the main band gap. The band gaps tend to shift to higher
frequencies with increasing filling fractions of the air cylinders. This is because as the filling
fraction of air increases, the average dielectric constant of the unit cell decreases, and the

free photon dispersion gradient increases. Thus the photonic bands tend to stretch out along
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dielectric (or photonic valence) band and (d), (e) and (f) show eigenmodes in the air (or
photonic conduction) band. The states shown in (c) and (d) are the states at the edge of the
PBG, and the frequencies of the eigenstates are given in all cases in the figure captions. The
electromagnetic field profiles display the strict four-fold rotational symmetry of the square
lattice used. Also many of the states shown have a concentration of the electromagnetic
energy density at the edges and corners of the unit cell, for example figure 5.8 (a) or (b)
or figure 5.9 (a) or (b). The edges of the unit cell are where the quasicrystalline order is
broken, and hence they can be considered as defect points (corners) or planes (edges) of a

quasicrystal. As such, the electromagnetic field can be localised on these defects.

5.2 Microcavities in photonic quasicrystals

Calculations in section 5.1 have demonstrated that photonic crystals made up of octago-
nal quasicrystalline unit cells based on Ammann-Beenker tiling decorated with air cylinders
in a dielectric background can support a complete 2D photonic band gap in the TE-polarised
band structure. This section describes studies of the optical properties of vacancies in such
structures. We show that the vacancies form microcavities in the photonic quasicrystal, and
if the eigenfrequencies of the cavity modes are within the photonic band gap of the struc-
ture, localised modes to can occur in the cavity region. The lack of translational symmetry
in photonic quasicrystals means that there are many inequivalent points at which to site the
vacancies in order to form a microcavity. This range of inequivalent vacancy sites means that
there are many possibilities when designing microcavities with localised states of desirable
properties in photonic quasicrystals. Refs. [147] and [148] have studied the properties of
vacancies in complementary photonic structures to the one studied here—one consisting of
dielectric rods decorating the Ammann-Beenker tiling in air.

This section describes the properties of four different cavities in the octagonal quasicrys-
talline structure, labelled cavity A, cavity B, cavity C and cavity D. The method of calculation
is similar to that used in section 5.1—a square supercell of local octagonal quasicrystalline
order is constructed, from which a cylinder or cylinders are removed to form the microcavity.
The chosen supercell is a square of side length L = 11.6568a (see figure 5.1). Cavity A con-

sisting of a single vacancy at the centre of the supercell, as shown by the inset of figure 5.11,
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Eigenfrequency Symmetries Figure 5.15
wa/ (2mc)
0.241 dipole (a)
0.244 dipole (b)
0.253 quadrapole (c) and (d)
0.257 octapole (e)

Table 5.3 Eigenfrequencies and properties of eigenmodes for “cavity B” (described in text)
in photonic quasicrystal with air cylinders of radii 7 = 0.24a.

supercells do not interact, and the width of the minibands is reduced.

The bandstructure of the photonic quasicrystal when r = 0.24a shows many interesting
features. The dipole modes of figure 5.15 (a) and (b) form two pairs of doubly degenerate
eigenmodes at the I and M points of the first Brillouin zone of the super-lattice. However,
the quadrapole modes of figure 5.15 (c) and (d) are split in frequency at the I point in the first
Brillouin zone. For an isolated defect in an otherwise perfect quasicrystalline structure, the
symmetry of the quasicrystal would mean that the two modes shown by figure 5.15 (c) and (d)
are identical and have the same frequency. This is because they share some of the symmetries
of the octagonal photonic quasicrystal, in that rotation of figure 5.15(c) by an angle of 7 /4
results in the field pattern shown by figure 5.15(d). However, rotations through an angle
of 7/4 is not a symmetry of the crystal, and so the imposition of periodic boundary means
that the field profiles of the eigenmodes are aligned differently within the square supercell
to each other. The octapole mode, whose magnetic field profile is shown by figure 5.15 ()
displays the symmetry of the octagonal quasicrystal, and so this mode is not degenerate with
any other.

The small overlap of field profiles from the mode localised on neighbouring microcav-
ities for the structure with r = 0.24a results in a narrow width of the associated photonic
minibands in the bandstructure of the superlattice. Thus the eigenfrequencies of the cavity
modes can be found with reasonable accuracy from the frequencies of the minibands, and

these are shown in table 5.3, along with the properties of the eigenmodes.

5.2.3 Cavities Cand D

The microcavities studied in section 5.2.1 and section 5.2.2 maintain the octagonal sym-

metry of the photonic quasicrystal in which they are embedded. However, the lack of trans-

160












also associated with the main peaks in the calculated diffraction pattern, and estimates of the
position of the band gap from an effective medium approximation suggest that the band gaps
are due to Bragg-like diffraction from planes associated with these features.

By considering the largest quasicrystalline unit cell as a photonic quasicrystal in a su-
percell approximation, it is seen that octagonal photonic quasicrystal possess photonic band
gaps. The calculated reflection and transmission spectra through a single unit cell for small
filling fractions display stop bands in the same spectral range as the calculated photonic band
gaps, suggesting that the band gap formation is due to the local octagonal quasicrystalline
order of the unit cell, and not due to the periodicity of the supercell approximation. How-
ever, it was also shown that the electromagnetic field profiles of the eigenmodes display the
strict four-fold rotational symmetry of the square supercell, and that states can be localised
on “defects” caused by the breaking of the aperiodic quasicrystalline order in the crystal.

The properties of modes with frequencies in the photonic band gap and localised on mi-
crocavities in the photonic quasicrystal were also examined, and the profile of the amplitude
of the magnetic field have been calculated for the modes of several structures. Localised mi-
crocavity modes in the photonic quasicrystal with the symmetry of the supercell are shown

to be split in frequency by the periodic boundary conditions of the supercell approximation.




Chapter 6

Excitonic interactions of light in photonic

structures

Quantum wells [161, 162] are planar heterostructures engineered to produce a potential
profile that confines electrons and holes to a plane. This confinement discretises the allowed
energies of the electron and holes into sub-bands (the electrons/holes are still free within the
plane of the quantum well), as long as the size of the quantum well is less than the mean free
path of the electrons and holes. The confining potential can be produced in many ways, but
perhaps the most conceptually simple is the so-called type I quantum well, which consists
of a thin layer of semiconductor embedded in another semiconductor of a larger band gap
between the electron valence and conduction bands. This difference in band gaps leads to a
finite square well potential, which can confine electrons in the conduction band and holes in
the valence band.

Excitons are electron-hole pairs, bound together by the Coulomb attraction between
them. When an exciton is created in a quantum well, it is confined close to the 2D plane
of the quantum well, and is referred to as a quantum well exciton. The energy of the exciton
depends on the structural details of the quantum well, as it is dependent on the nature of the
electron and hole sub-bands and the form of the Coulomb interaction between the electron
and hole will depend on the dielectric properties of the heterostructure and the carrier’s con-
finement. Excitons can be formed from the carriers created by incident light promoting an
electron from the valence band of the quantum well to the conduction band. The frequency

of the light required to do this must be greater than the band gap plus the confinement ener-
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gies of the lowest electron and hole sub-bands in the quantum well. Pairs of electrons and
holes can then relax into bound exciton states, before radiatively recombining, which results
in a chain of resonant light-exciton interactions.

Quantum well excitons possess a dipole moment which contributes to the dielectric po-
larisation of the quantum well near the exciton resonance. This interaction between excitons
and the incident light results in a polariton effect, consisting of a coherent chain of light
absorption-emission processes by an exciton. Thus the quantum well exciton can reflect the
incident light. Exciton-polaritons are part-matter part-light quasi-particles formed by this
interaction between the exciton’s dipole moment and light in the quantum well. Exciton-
polaritons combine the properties of electromagnetic modes (high group velocities, large
coherence lengths) and excitons (finite-effective masses, dipole moments, coupling by ex-
change interaction). The main thrust of interest in the study of polaritons is as a result of
the realisation that exciton-polaritons, being bosons, should be able to coherently scatter into
the ground state to form a Bose condensate, which could result in the emission of coherent,
monochromatic light, which is currently referred to as the polariton laser effect [163, 164].
Theoretically such a process could form the basis of a threshold-less laser, as no population
inversion is required for the lasing effect to occur.

Usually quantum well exciton-polaritons are studied in the context of microcavities—so
called cavity polaritons [96, 165, 166]. A quantum well (or multiple quantum wells) is em-
bedded in the cavity layer of a microcavity enclosed by two Bragg reflectors. The optical
confinement provided by the microcavity greatly enhances the strength of the exciton-light
coupling, allowing the strong coupling regime to be realised. The strong-coupling regime is
realised when the splitting between the exciton-polariton modes (often referred to as the
Rabi splitting) exceeds the width of the modes, allowing the splitting to be resolved in
the reflection spectrum of the cavity-polaritons and is characterised by an anti-crossing of
the exciton-polariton modes [94]. (The weak-coupling regime is realised when there is no
splitting between the exciton-polariton modes, and occurs in devices such as vertical-cavity
surface-emitting lasers (VCSELS).)

Strongly-coupled polaritons have been theoretically studied in a number of papers, see
for example [94,167-172]. Three optically active exciton-polariton modes are found, distin-

guished by their polarisation. Transverse (T) modes have TE-polarisation, and longitudinal
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(L) and Z modes have TM-polarisation.

Another way of producing optical confinement is to embed the quantum well in a pla-
nar dielectric waveguide, where guided light modes are confined to the waveguide by total
internal reflection. Such guided modes have an infinite theoretical lifetime in an ideal waveg-
uide, and require the in-plane wavevector to exceed the magnitude of the waveguide in the
cladding of the waveguide. Cavity polaritons with smaller in-plane wavevectors have a short
lifetime of just a few picoseconds [96], which renders manipulation with them difficult. On
the other hand, waveguide polaritons possessing large in-plane wavevectors propagate in the
wave-guiding regime of light, and can have much longer lifetimes. The longer lifetimes de-
rive from the lifetime of the waveguide mode—the light is confined to the waveguide and so
the lifetime of the polariton is determined only by properties of the exciton. These long-lived
polaritons could be more suitable for device applications. However, total internal reflection
necessarily requires large angles of propagation of light in the waveguide (greater than the
critical angle for total internal reflection) and the eigenstates of the waveguide polaritons thus
cannot be observed by direct optical experiments, such as in transmission or reflection spec-
tra. Thus it is important to correctly model the propagation of waveguide polariton modes
and to calculate the electromagnetic field profiles induced in the waveguide structure by the
waveguide polaritons.

This chapter first discusses the interaction of light with a quantum well exciton, and de-
rives the reflection and transmission coefficients for evanescent plane waves incident upon
the quantum well in the context of non-local dielectric response theory. The reflection of a
quantum well placed behind a dielectric interface at which total internal reflection can take
place is discussed, and it is shown that the excitonic response is greatly enhanced when an-
gles of incidence close to the critical angle of total internal reflection are considered. A gener-
alised transfer matrix approach is then used to calculate the dispersion relation of waveguide
polaritons for two distinct cases—a quantum well in the guiding layer of the waveguide,
and a quantum well in the cladding layer of the waveguide. In both cases, the T-polariton
mode dispersion curves are seen to display anti-crossing behaviour indicative of the strong

coupling regime of the exciton interacting with light.
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6.1 Total internal reflection at a dielectric interface

Consider an interface normal to the z-direction between two dielectric media (labelled
1 and 2) having refractive indices n; and n,, respectively, where n; > n,. Let a plane
light wave of angular frequency w be incident on medium 2 from medium 1 at an angle of

incidence @ in the zz-plane. When 8 exceeds the critical value §, defined by the equation

sinf, = 22 6.1)
31

total internal reflection takes place and the reflection coefficient becomes equal to unity.
Above this critical angle of incidence, the component of the wavevector k perpendicular to
the interface becomes imaginary in medium 2, resulting in the amplitude of the electromag-
netic wave decaying exponentially. The spatial variation of the electric field E is described
by

E ~ e™X%¢tke? (6.2)

where

k, =iy, k2 — x® = k2, k=now/c (6.3)

and c s the velocity of light in vacuum. The structure and electric field profile of the dielectric
interface in total internal reflection is illustrated in figure 6.1.
Formally, the electromagnetic field can be considered as a plane wave propagating in the

direction defined by the complex angle [57,173]
b= —iln (ib+ VI— 1) (6.4)

where b = (n;/n2)sin 6.
Equation 6.4 is a generalised form of Snell’s law and gives a proper mathematical de-
scription of the electromagnetic field in the case of total internal reflection. Bearing in mind

equation 6.4, one can write
k, =1ix =kcosb, 6.5)

where the cosine of the angle of refraction is seen to be purely imaginary.







6.2 Reflection and transmission through quantum well con-
taining exciton

This section presents a derivation of the reflection and transmission coefficients for light
incident on a quantum well exciton. The exciton contributes to the dielectric polarisation of
the quantum well at all points within the exciton’s wavefunction, and this can be accounted
for by the theory of non-local dielectric response [96, 174—178). First we describe the so-
lution of the inhomogeneous wave equation in terms of Green functions. Then, the usual
case of a quantum well exciton interacting with a propagating electromagnetic plane wave is
briefly derived. The final part of this section derives the generalised formulae for use when

the quantum well exciton interacts with an evanescent electromagnetic plane wave.

6.2.1 Solution of the inhomogeneous wave equation

In the vicinity of a quantum well, the quantum well exciton makes a significant contribu-
tion to the displacement field when the frequency of light is close to the excitonic resonance
frequency wyq:

D = &,E + 47P g 6.11)

Thus the electromagnetic field in the vicinity of the quantum well is described by the wave
equation
V XV X E = k°E = 4wk2P o4, (6.12)

where the right-hand term accounts for the excitonic contribution to the dielectric polari-
sation P and k = ko /€y = (wo/c) /€ is the wavevector of the light, and ¢, is the
background relative permittivity in the quantum well and surrounding barrier material (as-
sumed to be equal for simplicity). According to the theory of non-local dielectric response,

the polarisation can be written as

1

—_— T ’ ! '
=T T (w,2,2')E (7)dz (6.13)

PCZC (z)

where the non-local dielectric susceptibility is given by T (w, z,2') = T (w) ® (2) ® (2').

The function ® (r) is proportional to the envelope of the exciton wavefunction ¥ (r, r’) taken
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with equal electron and hole coordinates. Hence @ (r) = ¥ (r,r) /V/S, where S is the area

of the quantum well and ,
T (w) = % (6.14)
In equation 6.14, wyr and ap are respectively the longitudinal-transverse splitting and the
Bohr radius of the exciton in the bulk material, and I" is the non-radiative exciton damping.
T (w) describes the frequency dependence of the optical susceptibility (see, for example,
ref. [179] page 3).
The wave equation 6.12 can be solved by a Green function method. The electric field

E (r) can be represented in the form
E(r)=E,+E (6.15)

where Ey is the solution to the homogeneous counterpart of equation 6.12 and E can be

expressed in terms of the Green function G4 as

E,= k3T Ag / Gop (x,2 — 2') @ (2') d2’ (6.16)
where o, 8 = z,y, 2,
Ag = / B (2) By (2) dz 6.17)
and
Gos (1) = (60p + =) G (2,2 — 2 (6.18)
B =N\ k28008 ’ '

where G will be given in section 6.2.2 for propagating plane wave solutions and in sec-
tion 6.2.3 for evanescent ones.
The TE-polarisation has only one non-zero component of the electric field vector, such

that E = (0, E,, 0), and this is given by E, = Eqo, + E,, where, from equation 6.16
E, (z,2) = kITA, / P (2') Gyy (z,2 — 2) d7 (6.19)

The TM-polarisation of light has two non-zero components of the electric field vector, such
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that E = (E,, 0, E,). The components of the electric field are given by equation 6.16 as

(z,2) = kiTA, / Gez (T2 — 2')d2 +k2TA/ Gy, (z,2— 2') d2
(6.20)

E, (z,2) = k2TA, / ®(2') Go (z,2 — 2')d2 + kITA, / ®(2")G,, (z,2 - 2) d2'
(6.21)

Inserting the forms of G4 from equation 6.18 give the projections of the electric field vector
as

E, (z,2) = k¥TA, /@(z G(z,2—2'")d7 (6.22)

for the TE-polarised electric field and

. 2 2
Ex(a:,z)=k§TAm/ ()G (z,2 — 2')d2’' —{—kOTA /<I>(z’)~0—G(:c z—2)dY

kiTA 9? “ %
0 z / A )
+—0 /@(z)amazG(a:,z 2')dz o
23)
[ . kgTA-’L‘ ! 82 = ! ! 2 AVWa ! '
E,(z,2) = 0 /@(237?X62G(x,z—82z)dz +k0TAz/<I>(z)G(x,z—z)dz
0 z ! ~ ] !
+ 2 /<I>(z)—62zG(x,z Z')dz )
(6.24)

for the TM-polarised electric field.

6.2.2 Propagating wave solutions

Normally we are interested in the interaction of propagating waves with the quantum
well. For a propagating wave, the homogeneous solution E is a plane wave having the form
Ep o€¥*:1#let*=% and the Green’s function is given by

G(z,z—2)= 2; gikslz=#|gike (6.25)

The electric field components are given by equation 6.22 for the TE-polarisation and
equation 6.23 and 6.24 for the TM-polarisation. Performing the necessary differentiation

and cancelling the factor e'*= gives

E, (2) = Egye™* + k3TA / G(z—2')d7 (6.26)
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« 2 —_—
E, (z) = Bp e + kgTAx% &(#)G (2 — ) de

L ) 6.27)
HRTA, / ® () =G (s - ) de
E, (2) = By, e :2k2TA / 4Gy de
z (6.28)
kOTA/ z—z)dz—p—szAd)()

The quantities A, = [ @ (z) E, (2) dz can be found by multiplying the left and right hand
sides of equation 6.26 to 6.28 by & (2) and integrating over all z. The resulting equations

can then be rearranged to give

_Eyy [®(2)e**dz
hy= S (6.29)
_ By, [®(2)e**dz
A = TTaTL (R (6:30)
ik.z
) Ey, [®(2)e dz 631)
T 1= RTL (k2/K?) + KT [ (@ (2))% dz/k?

where L is defined as

// ¢ (z2)P (2 —2')dzd? (6.32)

Equations 6.29, 6.30 and 6.31 can then be substituted back into the equations for the electric
field to give the form of the electric field everywhere. The quantity L can be found by

performing the integration directly

L= g, (/ B (e)cos (k‘z)dz)2 g5, ([ 2 s (k‘z)dz)2 (633)

// 2) @ (2')sin (k, |2 — 2/|)dz d7’

The reflection coefficient, r, is given by the ratio of the complex amplitude of the left
(reflected wave, coefficient of e**+%) and right travelling (incident wave, coefficient of e ~#:2)
waves far to the left of the quantum well (as z — —o0). The transmission coefficient, ¢, is
the ratio of the complex amplitudes of the right-travelling waves (coefficients of e**:%) far

to the right (transmitted wave) and left (incident wave) of the quantum well. Assuming the
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exciton is in the ground state

il'o
G)O—w—i(f‘+f‘0)

Tqw =

iy
G)o—w—i(I‘+f‘o)

tow =1+ =147

for the TE-polarisation, where
- Ty

cost

is the exciton radiative broadening for an incident angle of 6, and

2
[y = ngTwa‘} (/ ® (z) cos (kzz)dz)

is the exciton radiative broadening for normal incidence and

@0 = wo — wLTwaB // )sin (k, |z — 2'|)dz d7’

is the renormalisation of the resonance frequency due to the polariton effect.

(6.34)

(6.35)

(6.36)

6.37)

(6.38)

Similar expressions can be found for the reflection and transmission coefficients in the

TM polarisation:
3 i) iy
Tqw = ~1 : ™ B ~ 1 : Wi
wo—w—z(F+F0) wy —w—z(F-i—Fo)
-f\/ -fw
tow =1+ Yo _ 4 e
G -w—i(T+Ty) @ -w—i(0+1Y)
where
I = Tgcosd
=wp+ —-—wLT'/raB //CD )sin (k, |z — 2'|) dzd2’
™ = FQS,i,n 4
=

cosf

(6.39)

(6.40)

(6.41)

(6.42)

(6.43)



AN + wLT7raB // )sin (k, |z — 2'|) dz d2’ +wLT7raB/[<I> (2)]* dz
(6.44)
The exciton polariton’s eigenfrequencies are given by the poles of 74, (equation 6.34 and

equation 6.39).

6.2.3 Evanescent wave solutions

In the case of a quantum well placed behind a dielectric interface at which total internal
reflection occurs, it is possible for an evanescent wave to interact with a quantum well exci-
ton. Although now there are only evanescent fields, it is still convenient to define reflection
and transmission coefficients in a formal mathematical fashion. For the purpose of devel-
oping the theory, we consider the somewhat artificial case where an “incident” evanescent
wave field exists in the absence of a dielectric interface. The reflection coefficient is then
introduced as the ratio of the amplitude of the wave decaying to z = +oo (incident field)
to the amplitude of the wave decaying to z = —oo (reflected field) far to the left from the
quantum well. The transmission coefficient is introduced as the ratio of the amplitude of the
wave decaying to z = +o0 far to the right (transmitted field) and far to the left (incident
field) of the quantum well.

The basic equations used for solving the wave equation 6.12 are similar to before, but the

Green function is now

G(z,z—2)= %e—’d""'e““x (6.45)

The solution to the homogeneous wave equation is an evanescent plane wave having the form
Ej e~ X2etka2,

For the TE-polarisation case, the electric field obeys the equation
E, (2) = Egye ™ + k2TA / (z = 2)d7 (6.46)

and for the TM-polarisation case, the non-zero components of electric field satisfy the equa-

tions
E. (2) = Boae* — RTAX / & ()G (z — ) d7
’ k2 6.47
Kororn (0N 260~ 2 a (647
+ZE§0 z/ (z)gz- (z = 2')dz
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E,(z) = Eg e~ X‘+z——k2TA / G(z—-2)d7
(6.48)

koTA/ _#)d —k—2k2TA o (2)

Then the quantities A, = [ ® (z) E, (2) dz are explicitly found by multiplying the electric

field projections by the function @ (z) and integrating over 2. Carrying out this procedure

yields
Ay =Ey, / ® (2') e X*dz + k?,TA // (z —2')dzd (6.49)
Az=E0,m/<I>(') 'dez+k(2,TAX // G(z—2)dzd?
(6.50)
+ik2T A, k2// G(z—-2)dzd?
A, = Eo,z/ (z') e X*dz + ikiTA,— 273 // G (z — 2')dzd?
(6.51)
+k2TA,-2 // (z = 2'")dzd?' — K3TA,— 32 /[CD (2))%d
Equations 6.49, 6.50 and 6.51 can be solved for A, to give
_ Eyy [®(2)e¥*dz
Ay = 1= RTL (6.52)
A — Eoz [ ®(2) eX*dz 6.53)
T 1+ k3T (x*/k?) L '
“xz
) Ey, [ ®(2)e**dz i 6.54)
1 — (k2/k2)KETL + (kZ/K2) T [ [® (2)]" d=
where L is defined as
L= // ()G (2 - 2')dzd? (6.55)

In order to obtain the reflection coefficient, we must have the ratio of the amplitude of
the left-decaying wave (coefficient of e*tX*) to the amplitude of the right-decaying wave
(coefficient of e™X*) at = — —o0. The transmission coefficient is similarly found from the
ratios of the right-decaying waves (coefficients of e™**) at each side of the quantum well.

Inserting equation 6.52 for A, into the expression for the electric field in the TE-polarisation
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(equation 6.46) gives

N k3T Eg, [®(2)eX*dz [® (2') G (2 — 2') d2'

Ey (z) = Eo)ye_xz 1= kgTL (6'56)
/ 8(#)G (2 - #)ds = %ew / B () e dy’ 6.57)
! d ~ ! ! 1 +xz N _—xz' 3.t
@(z);i—z—G(z—z)dzziex ®(2)e X dz (6.58)
and the electric field far to the left of the quantum well is given by
k2T Ey, (f ® (2) e%*d2)’
E = —xz 4 0 Y txz .
y (2) = Egue X% + 25 (1 —RTL) e (6.59)
for the TE-polarisation and
—-Xz kgT . / —x2' ! _+x2
E; (2) = Epze™* + b7 (tke Ay — xAg) | @ (2) e X* d2'e™ (6.60)

for the TM-polarisation. Either the z or the z-component of the electric field can be used to
find the reflection and transmission in the TM-polarisation, so only the z-component is given

here, for brevity.

As z = +o00,
/CD ()G (2 - 2)d = %e‘“/@ (') e d2! (6.61)
! d ~ ' ! 1 _ z N _4xz gt
@(z)gz—G(z—z)dz=-2-e" o () et** dz (6.62)

and the electric field far to the right of the quantum well is given by

(6.63)

KT [ @ (z) e X*dz [ @ (2') e*X* d2'
— —-X2 0
E, (2) = Egye (1 + 2x (1 = KTL)

for the TE-polarised light and

k2T

— o (tkahs + XAq) / @ (z')e‘xz'dz') e X (6.64)

E; (2) = By, (1

177



for TM-polarised light.
The reflection coefficient for TE-polarised light is given as the ratio of the coefficients of

e*X* and e~X* in equation 6.59 as

KT (f2(2) e"“dz)2
oo = Ty (1 - R2TL)

(6.65)

The transmission coefficient for TE-polarised light is the ratio of the coefficients of e™** in
the expressions for the electric field far to the right (equation 6.63) and left (equation 6.59)
of the quantum well

k2T [ @ (2) e %*dz [ @ (2) X" dz!

2x (1= KTL) (666

Now, e*X? = cosh (xz) + sinh (xz), where cosh (xz) is an even function of z and
sinh (x2) is an odd function of z. Since ® (z) is an even function of z for an exciton in

its ground state

/<I>(z) et dy = /@(z) cosh (xz) dz (6.67)

Thus the reflection and transmission coefficients are

_ k2T (f @ (2) cosh (xz) dz)2

ew L) (6.68)

k2T (f @ (2) cosh (xz) dz)2
= = w . 9
too = 1+ s 147, (6.69)

The quantity L defined in equation 6.55 can be found by performing the integrals directly

L= % ( / @ (z) cosh (xz) dz>2 - 51)—( ( / ® (2) sinh (x2) dz)2 (6.70)

+-21—X//<I>(z) ® (2')sinh (x |z — 2'|) dz d?

For an exciton in its ground state, the middle term on the right hand side of equation 6.70
will vanish, as & (z) is an even function of z while sinh (x2) is an odd function.

Defining (compare equation 6.37)

2
T, = gwmﬂra:}g </<I> (2) cosh (x2) dz) (6.71)



the “reflection” and “transmission” coefficients for the TE polarisation can be expressed as

Tow = . (6.72)

tow = 1+ = =1+ (6.73)

respectively. Here

L, = =T, (6.74)

and
2
@p = wp — %wLTwa% // ® (2) @ (2')sinh (x |2 — 2'|) dz d2’ (6.75)

is the renormalisation of the exciton resonance frequency due to the polariton effect.

The reflection and transmission coefficients for the TM polarisation can be found in a
similar manner. The reflection coefficient for TM-polarised light is given as the ratio of the
coefficients of e*X? and e™** in equation 6.60:

. __KT
™ 2k2E,,

(ikeA, — XAg) / @ (') e X dz! (6.76)

The transmission coefficient for TM-polarised light is the ratio of the coefficients of e X* in
the expressions for the electric field far to the right (equation 6.64) and left (equation 6.60)
of the quantum well:

k2T

tgw =1 — =2—
w 2k2Ey ;

(ikzA; + xAm)/q) (z) e d2' 6.77)

Again, for an exciton in the ground state we use equation 6.67, and for a plane wave Ey ./ Ey ; =

ikz/x, so the “reflection” and “transmission” coefficients for the TM polarisation can be ex-

pressed as

r
Tow = — = - = =r, -7 (6.78)
T —w—4l @ -TM—w—4

fw

+ = ,
wy—-Tg—w—il' @f —T¥—-w-—1T

=1+ T+ 7o (679)

(6.80)




Wy = wp + —wLTvraB // (z) @ (2')sinh (x |z — 2]) dz dZ’ (6.81)

k2
P = (6.82)
kx
QO = wo — —wLTwaB // Ysinh (x |z — #'|) dz d2’ + wrrmad, / (® (2)]* dz

(6.83)

The exciton polariton eigenfrequencies are given by the poles of r,, for the TE case
(equation 6.72) and TM case (equation 6.78). Thus the transverse (T) polariton has a resonant
frequency o, and a width given by the non-radiative damping I". Likewise, the L- and Z-
polaritons have resonant frequencies of @j and @{ respectively.

It is apparent from equation 6.72 and equation 6.78 that in the evanescent field case, there
is no radiative damping of the exciton, in contrast to the case when a freely propagating wave
is incident upon the quantum well. Mathematically, this is because in the denominator the
quantity corresponding to the radiative exciton damping Ty becomes imaginary in the case
of evanescent waves and contributes only to the resonance frequency renormalisation.

This result can also be easily understood from a physical point of view. The radiative
damping in the propagating wave case exists because the photons can propagate infinitely
far away from the quantum well plane. However, in the evanescent wave case, light is no
longer free to propagate in the direction out of the plane of the quantum well unless a suit-
able dielectric interface is encountered, and therefore the radiative exciton damping is zero.
Consequently, exciton-polaritons are “dark” as they have an infinite radiative life-time [180].

Note that, if the angle of incidence corresponds to the critical angle of total internal
reflection, (e.g. k, — 0 or x — 0) so that the polariton state is at the edge of the light-
cone, the reflection coefficients for the cases of propagating (equation 6.34) and evanescent
(equation 6.72) waves coincide and are both equal to —1.

Note also that I, in the expressions for the reflection and transmission in the evanescent
field case are identical to the equivalent I'y in the expressions for the reflection and trans-
mission in the propagating wave case, as long as a complex angle of propagation is used to

describe the electromagnetic fields in the evanescent wave case.




6.3 Interaction of quantum well excitons with evanescent
plane electromagnetic waves

For the structure shown in figure 6.1, the amplitude reflection coefficient r can be ex-
pressed in terms of the amplitude reflection coefficients r; and Tqw Of the interface between

the media 1 and 2 and of the quantum well, respectively:

1+ rgpe X4

T 1+ rrgexd (6.84)

where d is the distance between the interface and the nearest edge of the quantum well.

Figure 6.2 shows some reflection spectra of TE-polarised light for the structure shown in
figure 6.1. The parameters of the structure are chosen to correspond to an experimentally fea-
sible III-V heterostructure. The refractive indices n; = 3.7 and ny = 3.0 correspond to GaAs
and AlAs respectively and the critical angle of total internal reflection for the interface, given
by equation 6.1, is 8, = 54.176°. The parameters of the quantum well are chosen to be those
of an InGaAs quantum well of thickness 50 nm, with fwg = 0.9eV, Ay = 0.05meV, and
hI’ = 1.0 meV. The distance between the interface and quantum well is taken as d = 100 nm.
Substantial angles of incidence on the GaAs/AlAs interface can be achieved by using a prism
or diffraction grating on the external boundary of the sample. The reflection spectra of the
dielectric interface with the quantum well place behind it are shown in figure 6.2 (a) are for
a number of angles of incidence exceeding the critical angle for total internal reflection, and
figure 6.2 (b) for angles below the critical angle.

It follows from equations 6.34 and 6.72 for the reflection of the quantum well near an
exciton resonance that the interaction of light and the quantum well exciton is enhanced
substantially if the angle of incidence on the dielectric interface 6, is close to the critical
value 0.. As 6, — 0. from below 6., the angle of refraction 8, — m/2. Hence the exciton
radiative broadening [y = ['y/cos6; > T, where T is the non-radiative exciton damping.
When 6, > 6., the angle of refraction is complex, where the real part of this angle is /2.
As §; — 6, from above 6., the imaginary part of the complex angle of refraction approaches
zero, and I, in equation 6.72 becomes large. Figure 6.2 shows that if the incidence angle
6, is much less than 4., the reflection spectrum is represented by the usual type of resonant

curve with a relatively small magnitude modulation. However, increase of ¢, leads to a
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Figure 6.3 Top—the refractive index profile of the waveguide, n (z). The parameters used in
the numerical calculations were those appropriate for a AlAs:GaAs:AlAs waveguide (n; =
3.0 and ny = 3.7) with a thickness of d = 150 nm. Bottom—the electric field profile
of the fundamental TEy mode of the waveguide. Vertical grey lines indicate the dielectric
interfaces between the guiding layer and cladding of the waveguide. A quantum well can be
embedded a distance L from the centre of the waveguide structure, as indicated.

parameters.

6.4 Dielectric slab waveguides

A dielectric slab waveguide is essentially a thin dielectric film of refractive index n, and
thickness ds, embedded in another dielectric material of refractive index n; < ns, as shown
in figure 6.3. It is also possible to construct non-symmetric waveguides, where the two
semi-infinite cladding layers that surround the guiding layer are made of different materials.

The optical modes of a planar dielectric waveguide have an electric field of the form
Ey (2) exp (ikzx — iwt), where E,, (2) is the electric field profile of the mode, found by
solving the Maxwell equations in the three regions of the waveguide. For guided modes,
the electric field decays exponentially into the cladding. The integer m is the mode number
label, and gives the number of nodes in the field profile. Figure 6.3 shows the TE, mode of a
planar dielectric waveguide with parameters of a AlAs:GaAs:AlAs structure (n; = 3.0 and
ny = 3.7) and a guiding layer that is 150 nm thick.

For waveguiding, the propagation angle in the waveguide, 6;, must exceed the critical




angle for total internal reflection

sinfy > 2L (6.85)

N2
Therefore, using Snell’s law n; sin 8; = nqsin §;, where 6, is the “angle of incidence” from
the cladding to the guiding layer,
sinf, > 1 (6.86)

Thus the angle of incidence in the cladding layer is complex. It also follows that cos 0, is
imaginary, and §; = /2 — iln (b £ Vb2 — 1), where b = sin6; = (ny/n,) sin 6,.

The waveguide is also characterised by a cut-off frequency. This is the frequency for
which the angle of propagation along the waveguide is 6, = 7 /2, such that the wavevector in
the guiding layer is directed along the waveguide axis. Thus for waveguiding, k; < k, < ks,
where k; = nyw/c, k2 = naw/cand k, = k; sin 6 = k, sin 6. For any angle of propagation,
when the frequency exceeds the cut-off frequency, optical confinement is lost, and the field

spreads into the cladding of the waveguide.

6.4.1 Transfer matrix
The transfer matrix in a basis of tangential components of the electromagnetic fields (see
section 2.1) across the guiding layer of the waveguide is

i | cos(kasds)  (i/po)sin (kaads) (6.87)

ipg sin (k2,2d2) COS (kg,zdg)
where p, = 1 cos 8, for TE-polarised waves and p, = cos 63 /n, for TM-polarised waves.
kg, = ko cos 6,. To find the eigenmodes of the waveguide, the fields at the boundaries of the
cladding and guiding layer are coupled by the transfer matrix, and outgoing wave boundary

conditions are applied,

M =A (6.88)

where A is a constant. In the waveguiding regime, the eigenfrequencies of the waveguide
will be real, as the lifetimes of the guided modes in the waveguide are infinite.

For TE-polarised modes, eliminating .A from the set of two coupled equations in equa-




tion 6.88 gives

My + Migpy + Moy /py + My =0 (6.89)
or
(P D2\
2cos (kg,zdz) +1 (— + —) Sin (kz,zdz) =0 (690)
P2 D
Thus rearranging
2ip1po

tan (k2,zd2) = p% +p% (6-91)

or in terms of the wavevectors k; , = ix and ks ,, where ¥ is real, and

tan (ks ,dy) = 2k (6.92)

k%,z - X2
which is the eigenvalue equation for the TE-polarised guided modes. Two different classes

of solution leads to the symmetric and antisymmetric modes. The eigenvalues are

mmc C
- ; 1 6.93
w Ny cos Ood, + an cos fady nn ©

where odd values of the integer m give the frequencies of the antisymmetric modes and even
values give the symmetric modes. r; is the value of the reflection coefficient at the dielectric
interface between the guiding layer and the cladding of the waveguide, and is given by the

Fresnel formula as
_ 2 2 _ 2
_P—n _p +IZ1 2171172 (6.94)
P2+ M P — P
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where p, and p; are defined for the two polarisations as in chapter 2 (equation 2.3 and equa-

tion 2.4). In the waveguiding regime for TE-polarised light

p1 = nycosfy = iny/sin? B, — sin? 6, (6.95)

P2 = ngcos b (6.96)

and for TM-polarised light

6.97)




cosf
py = —2 (6.98)
N2

0. is the critical angle for total internal reflection at the interface of the guiding layer and
cladding of the waveguide. Substitution of equation 6.95 and 6.96 into equation 6.94 gives

the reflection coefficient for TE polarised light as

_ 1 —2sin?@, + sin® 6, — 2i cos B,+/sin® 6, — sin® 6,

= .99

m 1 — sin26, (6.99)

and thus |r;| = 1, as expected for total internal reflection. The phase of the reflection
coefficient  is given by

tan g = —2cos f51/sin? 8, — sin? 6, (6.100)

1 — 2sin? 6, + sin? 4,

For TM polarised light, substitution of equation 6.97 and 6.98 into equation 6.94 gives the

values of the reflection coefficient and its phase as

2
2. _ [na gin?g; _ 9;n2 sin28;
cos? by — (12) (s — 1) - 2i22 cos 0y /302 — 1

" orte () ()

8in“ 8.

—2¢08 6,1/sin? B, — sin? 4,
1 — 2sin% 6, + sin’ 6,

tanp = (6.102)

Substituting r; = €* into equation 6.93 gives the eigenfrequencies of the guided modes

as
c
- _ - 1
“ T €08 Bady (mm = ¢) (6.103)

Thus the eigenfrequencies are purely real for the waveguiding regime reflecting their infinite
lifetime. The eigenfrequencies are shifted from the frequencies of the corresponding Fabry-
Perot modes in the structure by the value cp/n; cos 6ad,. This shift of the eigenfrequencies
is due to the phase shift of the light upon total internal reflection at either dielectric interface
where the light undergoes total internal reflection. This phase shift is connected to the Goos-

Hinchen shift [173], which is the lateral displacement that a light beam undergoes upon total

internal reflection at a dielectric interface.




6.4.2 Numerical method of finding eigenfrequencies

To find the eigenfrequencies of a general planar layered structure, the transfer matrix
must be calculated and the roots of equation 6.89 found. This can be done numerically by

searching for the roots of the function in the complex angular frequency plane.
F(w) = My + Myp: + Mg /pr + My =0 (6.104)

Since F' (w) is a complex function, the numerical search proceeds by finding the minimum in
|F' (w)| and checking that the minimum are also the roots of F' (w) that are required. First the
parameters of the search in the complex frequency plane are defined, and then the function
|F" (w)| is minimised with respect to the real part of w and then with respect to the imaginary
part of w. This procedure gives a value of w in the vicinity of the root. For example, figure 6.4
shows the function |F' (w)] in the vicinity of a complex eigenfrequency of a guided mode of
the waveguide structure shown in figure 6.3. Once in the vicinity of the root, the gradient of
the function |F (w)| can be evaluated, and a new estimate for the root found by moving in
the direction of this gradient in the complex plane. After several iterations of this Newton-
Raphson method, the minimum in the function |F' (w)| will be reached, and then it must be
checked that this minimum is also a root by ensuring (to within numerical accuracy) that
|F' (w)] = 0 or F (w) = 0. As can be seen in figure 6.4, |F (w)| is a smooth, well behaved

function in the vicinity of the eigenfrequencies of the waveguide.

6.5 Waveguides with embedded quantum well

When a waveguide is embedded in a planar dielectric waveguide, there are two distinct
choices of structure—either the quantum well can be placed in the guiding layer, where it
will interact with the propagating field, or it can be placed in the cladding, where it will

interact with the evanescent fields present there. The latter case is illustrated in figure 6.3.

6.5.1 Quantum well in the guiding layer

We consider the case of a quantum well placed at the centre of the guiding layer corre-

sponding to L = 0 in figure 6.3 first. In the TE-polarisation, the transfer matrix across half
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In the case of a quantum well, t,,, = 1 + rg,, and the transfer matrix for the quantum well is

1 0
Tqw
1474y

M, = (6.107)

2pa

Therefore the transfer matrix for the structure when the quantum well is placed at the centre

of the waveguide is
My My

M = MygMg,M,, = (6.108)
My, Moz
where
M1 = My = cos (kg dg) — i—2%— sin (ky,.d) (6.109)
1474
My = - sin (k.dg) + —— sin? (ky ,d/2) 6.110)
D2 ,Z D2 1+ Tqw ” .
Mg = ipg sin (kz,oda) — 2p2—3— cos? (ky,.d2/2) 6.111)
1+ 7w
Now, from equation 6.34, _
Tqw _ ’LFO

(6.112)

147 @o—w—il
for TE-polarised waves. Far from the resonance frequency @o, the quantity in equation 6.112
is small, and the transfer matrix elements in equation 6.109 to 6.111 have the same form as
for a waveguide with no quantum well. However, as w — @, the matrix elements depart

significantly from the values in the absence of a quantum well, as shown in figure 6.5.

6.5.2 Dispersion relations

By adjusting value of the in-plane wavevector k, and solving for the eigenvalues in the
waveguide using equation 6.104, the dispersion relation w (k) of the waveguide can be
plotted. Figure 6.6 (a) shows the calculated dispersion relations for the cases L = 0 (quantum
well in the centre of the waveguide, blue line), L = 90 nm (quantum well in the cladding,
red line) and a bare waveguide with no quantum well (dashed line).

The dispersion of the bare waveguide is approximately linear, and is described by the
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at L = 90nm. The magnitude of the splitting is smaller in the L = 90 nm case than the

= 0 case due to the smaller electric field interacting with the quantum well exciton. In
both cases, at the anti-crossing point the two polariton modes have lifetimes of 7 = 7ps
and a group velocity of vy, = dw/dk,; = 0.14c, which corresponds to a propagation distance

along the waveguide of vg7 = 0.3 mm.

6.6 Conclusions

This chapter has been concerned with the modelling of a structure in which waveguide
polaritons occur. A semi-classical formalism based on non-local dielectric response theory
has been developed to describe the interaction of a quantum well exciton with an evanescent
plane wave, such as exists behind a dielectric interface where light undergoes total internal
reflection as in the cladding of a dielectric waveguide in the guiding regime of light. Exact
solutions of the Maxwell equations are obtained in a Green function method, for both the
TE and TM-polarisations of light. Reflection and transmission coefficients for an evanescent
plane wave interacting with a quantum well are shown to be identical to the case of propa-
gating waves interacting with the quantum well, as long as a complex angle of incidence of
the evanescent wave onto the quantum well, given by a generalised Snell’s law, is used to
describe the electromagnetic fields.

The excitonic response of a quantum well placed behind a dielectric interface has been
modelled and it is found that if the angle of incidence of the light is equal to the critical angle
for total internal reflection, the excitonic response in the reflection spectrum becomes signif-
icantly more pronounced and is an order of magnitude greater than in the normal incidence
case.

A transfer matrix method has been applied to calculate the dispersion relation of a quan-
tum well exciton interacting with the fundamental electromagnetic mode of a planar dielec-
tric waveguide. Quantum wells in both the guiding layer and cladding of the waveguide have
been modelled using experimentally feasible parameters for the waveguide and quantum
well system. For the waveguide and quantum well parameters considered, strongly coupled
waveguide polariton modes were apparent in the behaviour of the dispersion curves for both

cases. At the anti-crossing point of the upper and lower polariton branches, the waveguide
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polaritons are calculated to have lifetimes of around 7 ps, corresponding to a displacement
along the waveguide axis of 0.3 mm. The Rabi-splitting of the two polariton branches of the
dispersion relation is 6.6 meV when the quantum well is placed at the centre of the waveguide
to interact with the anti-node of electric field of the fundamental waveguide mode. A smaller
splitting of the polariton modes (4.7 meV) was found for the case of a quantum well placed in
the cladding of the waveguide, where it interacts with the evanescent electromagnetic fields

present there.
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Chapter 7

Summary and Conclusions

This thesis has been concerned with the computational study of photonic crystals and
other photonic microstructures, which have been the focus of world-wide research for the
past 15 years owing to the potential for their use in a wide range of applications. Many of
the proposed applications rely on the existence of a photonic band gap that can be formed
using such structures; hence this thesis has chosen to concentrate on the photonic band gap.
Theoretical methods for solving the Maxwell equations in one and two-dimensional dielec-
tric structures are given (chapter 2 and chapter 3), and appropriate computational schemes
are discussed. Novel designs for a 2D photonic crystal, based on an etched Bragg reflector
(chapter 3) and an octagonal quasicrystalline unit cell (chapter ), are proposed and shown
to possess complete photonic band gaps for one polarisation of light. The parameters of the
structures which optimise the properties (such as the width and isotropy) of the photonic
band gap have been found. The controlled introduction of photonic modes with frequen-
cies in the band gap via the introduction of microcavities into the photonic crystal has been
discussed. The use of such modes is demonstrated in the design of a multilayered optical
bandpass filter (chapter 2). The uncontrolled introduction of photonic modes into the band
gap caused by disorder in the otherwise periodic relative permittivity in the photonic crystals
is also investigated (chapter 4).

In chapter 2, it has been shown that a defect or microcavity layer can introduce a localised
mode at a frequency that lies in the 1D photonic band gap of a periodic multilayer structure
(a Bragg reflector). Such modes can be split in frequency by coupling together two or more

microcavities, and it is shown that for a large number of coupled microcavities, a miniband
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of allowed photonic states forms within the photonic band gap. A simple analytical approach
has been developed to engineer the line shapes and tune the frequencies of the microcavity
modes, and has been applied to design an optical passband filter based on coupled microcav-
ities. It was found that the optimum square-shaped passband occurs at the transition between
strong and weak coupling of the microcavity modes, and the parameters and properties of an
optimal structure have been provided for a particular case.

The optical properties of a novel design for a 2D photonic crystal based on the deep etch-
ing of a Bragg reflector with air grooves parallel to the growth direction have been studied in
chapter 3. The etched Bragg reflector was found to possess a wide complete photonic band
gap for one polarisation of light for a large range of geometrical parameters of the structure,
but only very narrow absolute photonic band gaps (where the complete band gaps of both
polarisations overlap spectrally) were demonstrated, and then only for a very restrictive set
of geometrical parameters. However, a wide spectral band where there is a significant reduc-
tion (up to a factor of 20) in the total density of photonic states as compared to a uniform
medium characterised by the same mean relative permittivity is found for a large range of
parameters of the etched Bragg reflector. These structures possess the ability to suppress
strongly the spontaneous emission rate of an entity in the plane of the photonic crystal, and
could also be used to provide effective optical confinement in two perpendicular directions.
A systematic search of the geometrical parameter space of the etched Bragg reflector has
been conducted, and the parameters of the structure which optimise the width of the com-
plete band gap, and the spectral band of reduced density of states, are given. The calculated
bandstructure, density of states and transmission spectra of the optimised structures have
been presented.

The effect of disorder in an otherwise periodic modulation of the relative permittivity is
investigated for both 1D and 2D photonic crystals in chapter 4. For disorder in 1D photonic
crystals, the transfer matrix method was used to calculate directly the eigenfrequencies and
lifetimes of modes in disordered Bragg reflectors. The photonic eigenmodes of an ensemble
of 10* randomly disordered Bragg reflectors were investigated statistically for three models
of disorder. By parameterising the level of disorder present in an ensemble of Bragg reflec-
tors by the maximum deviation of the optical period away from that in the ideal structure, it

is shown that the tail of the density of photonic states in the band gap is described by the tail




of a Gaussian function and is characterised by a penetration depth parameter. The relative
penetration depth parameter is found to be directly proportional to the disorder parameter
and the square root of the relative width of the photonic band gap. These dependences mean
that the photonic band gap is resilient to disorder in 1D photonic crystals—it is apparent that
there is a certain level of disorder below which the probability of finding disorder-induced
states with eigenfrequencies at the centre of the photonic band gap is negligible. The ef-
fect of the mode structure on the transmission of an ensemble of 10° disordered structures
was investigated, and it is shown that the penetration of photonic states into the band gap
produces a threshold-like behaviour of the ensemble-averaged transmission at the centre of
the band gap as a function of the disorder parameter. For small disorder below the thresh-
old, perturbed edge states narrow the band gap, but transmission at the centre of the band
gap increases slowly with increase of the disorder parameter. For disorder levels above the
threshold, states have a significant probability of appearing throughout the band gap, and
the ensemble-averaged transmission at the centre of the band gap increases rapidly with the
disorder. For large disorder, states in the band gap are shown to have the characteristics of
being localised on random microcavities, as well as perturbed edge states.

Two-dimensional hexagonal photonic crystals consisting of cylinders of air in a dielec-
tric substrate, where the cylinders are randomly displaced from an ideal lattice, have been
studied. The greater computational resources required to model 2D systems compared to 1D
systems meant that a sample of only 10 disordered photonic crystals could be considered
for each set of parameters. However, conclusions drawn from the statistical study of the
eigenmodes of disordered 1D photonic crystals can be used to guide the interpretation of the
results for disordered 2D photonic crystals. The transmission of both ballistic and scattered
light have been modelled. A threshold behaviour of the ensemble-averaged ballistic trans-
mission as a function of the disorder parameter is seen, similar to the case of transmission
through disordered 1D photonic crystals, and this again is explained by the penetration of
disorder-induced states into the photonic band gap. For large disorder, these states are shown
to have the characteristics of states localised on random microcavities within the disordered
2D photonic crystal. However, the scattered transmission was shown to have a different
dependence on the disorder parameter, and grows rapidly for small disorder.

The effect of disorder on a 2D photonic crystal with an incomplete band gap was also
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considered. It was found that the closing of the band gap for certain directions allows the
light to be scattered from evanescent states in the incident direction to propagating states
in other directions in the crystal, and Fabry-Perot like modes are seen in the transmission
spectra of the scattered light. The scattered transmission also becomes asymmetric due to
the curvature of the allowed photonic bands above and below the incomplete band gap being
different, so that the minimum in the transmission no longer coincides with the centre of the
band gap.

The bandstructures of two-dimensional photonic crystals with octagonal quasicrystalline
unit cells were calculated for a range of unit cells sizes and filling fractions in chapter S.
A complete 2D photonic band gap is found for one polarisation of light, and it is shown
that the band gap becomes more isotropic as the size of the unit cell is increased. This is
attributed to the increase in the range of the local quasicrystalline order in the unit cell of
the crystal. For small filling fractions, a minimum size of the unit cell is needed for the
formation of a complete photonic band gap, but the widest band gaps are found for unit
cells of intermediate size. The formation of the photonic band gap is attributed to Bragg-like
diffraction from certain planes in the quasicrystalline unit cell.

By considering the above photonic crystal with a quasicrystalline unit cell as a photonic
quasicrystal in a supercell approximation, several microcavities at inequivalent sites in the
photonic quasicrystal were considered. The eigenfrequencies of the microcavity modes as
a function of the filling fraction were calculated, and the associated electromagnetic field
profiles presented.

In chapter 6, a semi-classical formalism based on a non-local dielectric response theory
is used to describe the interaction of a quantum well exciton with evanescent electromagnetic
plane waves. Simplified expressions for the reflection and transmission of plane evanescent
waves from a quantum well exciton are given, and it is shown that these are identical to the
usual case of the interaction with propagating plane waves, as long as a complex angle of
propagation found from a generalised Snell’s law is used to describe the electromagnetic
field of the evanescent plane wave.

The excitonic response of a quantum well placed behind a dielectric interface where
total internal reflection can take place was calculated, and a large enhancement (by an order

of magnitude) of the excitonic modulation of the reflection spectrum was demonstrated for
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angles of incidence on the dielectric interface close to the critical angle for total internal
reflection. A generalised transfer matrix method was then used to calculate the dispersion
relations of waveguide polaritons. Two cases were considered—the quantum well embedded
in the guiding layer of the waveguide, and the quantum well embedded in the cladding, where
it interacts with the evanescent wave present there. For the parameters used for the waveguide
and quantum well systems, an anti-crossing of the waveguide and exciton modes is seen for
both cases, indicating that the strong coupling regime is realised. For the parameters used,
the lifetimes of the upper and lower polaritons at the anti-crossing point were both close
to 7 ps, corresponding to a displacement along the waveguide axis of 0.3 mm. The Rabi-
splitting for a quantum well at the centre of the waveguide (6.6 meV) is larger than for the
quantum well placed in the cladding (4.7 meV) due to the magnitude of the electric field in

the centre of the waveguide being larger than that in the cladding.

7.1 Suggestions for further work

This section attempts to present some possible extensions to work in this thesis and also
some other possible avenues of research along the same themes.

It was found in chapter 3 that the etched Bragg reflector structures can support a wide
photonic band gap for one polarisation of light. The effect of disorder on the photonic band
gap in this structure could be studied. The effect of a random displacement of the high
relative permittivity “walls” in each unit cell would be especially interesting, as it would
simulate the surface roughness that would surely result from any etching procedures on the
scale required to fabricate a structure for use at visible frequencies. Also, defects or mi-
crocavities, and the field profiles of modes localised on them, could be studied, either by
removing dielectric from the high relative permittivity walls or adding dielectric material
to the air grooves. Such studies could be performed using similar methods to the study of
disorder in 2D photonic crystals of chapter 4.

Photonic crystals with octagonal quasicrystalline unit cell were studied in chapter 5. Sev-
eral different sized square unit cell can be chosen that are based on the octagonal quasicrys-
tal. One possible extension of this work would be to repeat the study with a dodecagonal

quasicrystal (with 12-fold rotational symmetry) where several different sized hexagonal unit
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cells could be chosen. The methods used for such a study would be the same as in chapter 5,
and it would be interesting to compare and contrast the results of such as a study with those
already found here.

A major theme of this work has been the effects of disorder on the properties of photonic
crystals. However, many facets of disorder are unexplored in the literature on photonic crys-
tals, and could serve as the basis of future work. For example, an interface between photonic
crystals or a surface of a photonic crystal is known to support localised interface/surface
modes [181, 182]. For any photonic crystal to be technologically useful, we must be able to
couple light into the photonic crystal at an interface or surface, and since all photonic crystals
will be disordered to some extent, it would be interesting to know the effect of disorder on
these interface/surface modes. The interface matching technique in ref, [59] could be used
as a calculational basis for this investigation, but other methods of investigating interfaces or
surfaces also exist, including supercell approximations in the plane wave method. Another
extension would be to study disorder in 3D photonic crystals. As computers become more
powerful, it will become feasible to study disorder in 3D photonic crystals using a supercell
approach in a more systematic way than has currently been attempted.

Chapter 3 presented a transfer matrix method for the calculation of reflection and trans-
mission coefficients of 2D structures by the solution of the Maxwell equations on a mesh.
This method could be reformulated to include outgoing wave boundary conditions, similar
to those used in the transfer matrix method for 1D multilayers in chapter 2, in order to calcu-
late directly the frequencies and lifetimes of the eigenmodes of finite 2D photonic structures.
Numerical routines contained in the publicly available code by Pendry et al. [20, 106, 107]
could be modified once the form of the reformulation is known. However, this would be a far
from trivial task, and the final success is in some doubt due to the numerical instabilities that
the transfer matrix method suffers from. If successful, the new method would be a useful tool
in the investigation of the properties of all 2D photonic structures. In particular, it could be
used for the statistical study of the eigenmodes of disordered 2D photonic crystals similar to
that carried out for 1D photonic crystals in chapter 4, although the sample size of disordered

systems would still be limited by the available computational resources.
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