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Abstract

In this thesis we study aspects of plane wave spacetimes in the hope of shedding
light on the nature of holography for plane waves. In particular, we would like to
understand better the space of asymptotically plane wave solutions. We first review
the necessary background on plane waves, variational principles for gravity and black
holes in higher dimensions. We then propose a definition of asymptotically plane
wave spacetimes in vacuum gravity in terms of the asymptotic fall-off of the metric
and discuss the relation to previously constructed exact solutions. We construct a
well-behaved action principle for such spacetimes, using the formalism developed by
Mann and Marolf. We show that this action is finite on-shell and that the variational
principle is well-defined for solutions of vacuum gravity satisfying our asymptotically
plane wave fall-off conditions.

Next we investigate the construction of black holes and black strings in vacuum
plane wave spacetimes using the method of matched asymptotic expansions. We
find solutions of the linearised equations of motion in the asymptotic region for a
general source on a plane wave background. We observe that these solutions have
some unusual properties and do not satisfy our previously defined conditions for
being asymptotically plane wave. Hence, the space of asymptotically plane wave
solutions is restricted. We consider the solution in the near horizon region, treating
the plane wave as a perturbation of a black object, and find that there is a regular
black string solution. We find that no regular black hole solution exists, which is
a counter-example to a conjecture of Emparan et. al. We end with a discussion of

our results and suggest possible directions for future work.
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Chapter 1

Introduction

1.1 Plane waves

Plane wave spacetimes were first introduced by Hans Brinkmann in 1925 in a paper
on “Einstein spaces which are mapped conformally on each other” [3]. Interest in
plane waves was revived by Rosen in 1937 and they were comprehensively studied
by Jordan, Ehlers and Kundt during the late 1950s and early 1960s [4-6]. Though
the plane wave metric does describe the propagation of waves, it is not meant to be a
realistic model of gravitational waves. Far from the source of a realistic gravitational
wave the gravitational field is weak and well described by the linearised Einstein
equations. The strong gravitational fields which produce the waves (for example,
produced by a system of two orbiting black holes) will require solutions of the full
Einstein equations; these solutions, however, will be of a much more complex form
than the plane wave metric [7].

Plane waves are interesting from a variety of different points of view. One of
their most intriguing properties is that they can be thought of as arising from any
spacetime in a certain limit. This is known as the Penrose limit [8] and essentially
consists of choosing any null geodesic in the spacetime and zooming onto it; the
spacetime in the neighbourhood of the null geodesic is a plane wave. Moreover, plane
wave spacetimes are not globally hyperbolic, so there is no Cauchy hypersurface from
which a causal evolution would cover the whole spacetime [9]. This means that

their causal structure is very different to that of flat spacetime where any spacelike

1



1.1. Plane waves 2

hypersurface is a Cauchy hypersurface. Plane waves also have unusual boundary
dimensionality. Most familiar examples such as Minkowski, Anti-de Sitter (AdS)
and de Sitter (dS) spacetimes in d dimensions have a d — 1 dimensional boundary.
However, a large class of plane wave solutions has been found that have a one-
dimensional boundary [10,11].

Plane waves also provide a rich class of exact solutions to Einstein’s equations,
including some maximally supersymmetric solutions of supergravity. Supergravities
arise as low energy effective theories of strings and can, in general, receive o/ correc-
tions involving higher powers of the curvature. As we describe in section 2.1, plane
waves admit a covariantly constant null Killing vector and their curvature is null, so
they receive no o’ corrections [12]. Thus plane waves are exact o/ solutions of super-
gravity on which the string worldsheet theory is exactly solvable [13]. This property
makes plane waves a particularly interesting background for the study of holog-
raphy. The holographic principle states that all the physics of a quantum gravity
theory in some spacetime can be exactly described in terms of some non-gravitational
quantum theory on the boundary of the spacetime [14,15]. This principle can be
motivated by the Bekenstein bound which states that the maximum entropy of a
given region of spacetime is proportional to the area of the spacetime [16]. An im-
portant realisation of holography is the AdS/CFT correspondence [17], which relates
a gravitational theory on the bulk of AdS to a conformal field theory living on its
boundary. More specifically, the conjecture states that type IIB string theory on
AdS;5 x S is equivalent to N' = 4 supersymmetric Yang-Mills theory in four dimen-
sions. However, despite much effort, string theory on AdS is still poorly understood
and computations must be performed in the low energy limit where supergravity
is a good approximation. An exciting development was the seminal work of [18] in
which the Penrose limit of AdS5x .S® was shown to be the maximally supersymmetric
plane wave of [19]. Since then, string theory on this background has been of intense
interest as an example of holography [20]. The spectrum of strings on the plane
wave is related to the spectrum of a quantum mechanical system obtained from the
dual CFT on the boundary of the AdSs space. Since string theory on plane waves

is solvable, this connection provides stringy tests of the AdS/CFT correspondence



1.2. Variational principles for gravity 3

and has significantly deepened our understanding of this duality.

However, our understanding of holography for the plane wave is still incomplete;
the duality is more indirect than AdS/CFT since the dual quantum mechanics is
obtained from the theory on the boundary of AdS, whereas the Penrose limit which
gives rise to the plane wave focuses on a region at the centre of AdS. Although a
well-defined notion of the boundary of the maximally supersymmetric plane was
obtained by conformal compactification in [10], and this boundary turns out to be
one-dimensional, a direct connection between the string theory on this plane wave
and a theory living in some sense on its asymptotic boundary has not yet been
constructed. As a result, it has not been possible to extend the results of [20] to
discuss a holographic duality for general plane waves.

Another interesting issue is whether plane waves admit event horizons. If they
did then we would have black hole spacetimes with a covariantly constant null
Killing field which, as discussed above, would correspond to o’ exact solutions of
supergravity. Unfortunately, it was shown in [21] that plane waves cannot admit
event horizons. Every point in the spacetime can communicate “out to infinity”
and since black holes are regions bounded by a horizon, there can be no black holes
in plane waves. This does not mean, however, that we cannot look for solutions
that are asymptotically plane wave. Indeed, a useful approach to deepening our
understanding of the duality for plane waves is to construct asymptotically plane
wave spacetimes and to look for interpretations of these spacetimes in field theory
terms. In particular, it is clearly interesting to construct asymptotically plane wave
black holes and black strings. The construction of such solutions has been discussed
in [21-26]. The asymptotic structure of plane waves has also been discussed from a

general point of view in [11,27,28], using the causal completion of the spacetime.

1.2 Variational principles for gravity

Variational principles play an important role in theoretical physics; most fundamen-
tal physical theories can be described in terms of an action and the equations of

motion derived from a variational principle. The action provides a link between
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classical and quantum theories and a well-behaved action principle is essential for
the treatment of semi-classical issues. The classical limit of a quantum partition
function is obtained as a saddle point approximation where stationary points of
the action dominate the path integral. It is well known, however, that the familiar
Einstein-Hilbert and Gibbons-Hawking action does not fulfil the necessary condi-
tions for a well-behaved action principle for non-compact spaces [29], namely being
finite on-shell and vanishing under all variations that preserve the boundary con-
ditions. The Einstein-Hilbert action is constructed from the Ricci scalar R which
contains terms which are linear in second derivatives of the metric. Gibbons and
Hawking [29] found these second derivative terms could be eliminated by the addition
of a boundary term constructed from the extrinsic curvature of the boundary. This
resulted in an action depending only on first derivatives of the metric, as required
by path integral approaches to quantum gravity. The action, however, remains di-
vergent for non-compact solutions of the field equations. These divergences may be
removed by a procedure known as background subtraction [29]. Given any space-
time, the prescription involves isometrically embedding a regulating boundary into
a suitable reference spacetime. A finite action may then be obtained by taking the
difference in the regulated actions between the original spacetime and the reference
spacetimes in the limit that the regulating boundary goes to infinity. One can think
of this new action as a description of the spacetime properties that were not already
present in the reference background. This technique has produced physically reason-
able results; however, it has significant limitations. Firstly, the choice of reference
background is not unique and this can lead to inconsistent results. Secondly, in
D > 4 spacetime dimensions, Weyl’s embedding theorem states that an isometric
embedding of a regulating boundary in a reference background may not exist [30].
Hence, there is no guarantee that this procedure will work for a given spacetime.
This problem is not restricted to pathological spacetimes as even simple solutions
like the Kerr spacetime suffers from ambiguities [31].

Inspired by holography and in particular the AdS/CFT correspondence, a new
approach to cancelling the large volume divergences in the gravitational action has

been formulated [32,33]. This approach, known as the counterterm method, involves
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introducing an additional boundary term to the usual action, chosen to cancel any
divergences. The counterterms are functionals only of the curvature invariants of
the induced metric on the boundary and so they do not contribute to the bulk
field equations. This procedure is intrinsic to the spacetime of interest, unlike
background subtraction, and gives unique results once the counterterm has been
specified. This was originally developed for asymptotically AdS spacetimes [32,33],
but counterterms have since been developed for special classes of asymptotically
flat spacetimes [34,35]. An exciting recent development was the construction of
a well-behaved action principle for any asymptotically flat spacetime in [30] (see
also [36-38]), which was argued in [39] to provide an approach to defining a holo-
graphic dual to asymptotically flat space. This was extended to study holography for
linear dilaton spacetimes in [40,41]. In chapter 3, we will use the Mann-Marolf coun-
terterm introduced in [30] to construct a well-behaved action principle for asymp-

totically plane wave spacetimes.

1.3 Black holes

Black holes are the most basic objects of general relativity and have revealed much
about the nature of gravity and indeed, quantum gravity. Classical, four dimen-
sional, asymptotically flat black holes are well understood and have been found
to exhibit a number of remarkable properties, namely uniqueness, stability, rigid-
ity, spherical topology and the laws of black hole thermodynamics [42]. Recently,
there has been a great deal of interest in the study of black holes in higher dimen-
sions [43-46] and also with non-flat asymptotics [21-23,47,48]. There are a number
of motivations for this interest. Firstly, string theory contains gravity and requires
more than four dimensions, as do brane world models. Secondly, one might expect
the study of black holes in higher dimensions to lead to a better understanding of
gravity in general.

In higher dimensions the spectrum of solutions becomes much more complicated;
for example, in addition to the higher dimensional analogues of the Schwarzschild

and Kerr solutions, i.e. the Schwarzschild-Tangherlini and Myers-Perry solutions
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[43], there are also black p-branes, black rings [44] and multi-black hole solutions
such as black saturns [46], in which a Myers-Perry black hole is surrounded by a
spinning black ring. Higher dimensional solutions are in general no longer unique
or stable and may have non-spherical topology and extended event horizons [42].
It seems that attempting to find exact solutions for all possible higher dimensional
black holes may not be the best approach and that instead it may be more fruitful to
develop some general framework for the approximate construction and classification
of black hole solutions. The presence of extended event horizons is an important
new feature of black hole solutions in higher dimensions as it results in two or more
widely separated length scales. We can take advantage of this separation of scales by
integrating out the short-distance physics to obtain a long-distance effective theory.
This can be implemented in practice using either the method of matched asymptotic
expansions [49] or classical effective field theory [50]. For black holes with two
widely separated length scales, a general effective theory describing the dynamics
at scales much larger than the small scale has recently been developed [51,52]. In
this approach the black hole is viewed as a blackfold, that is a black brane which is
embedded into a curved submanifold of the spacetime. The theory describes which
embeddings are allowed and hence can be used to classify the spectrum of black

holes.

1.4 Overview of thesis

In chapter 2, we discuss the essential background material required for chapters 3
and 4. We start by defining plane waves and pp-waves in terms of both Brinkmann
and Rosen coordinates. We then consider some special cases of plane waves, in
particular maximally symmetric plane waves and vacuum plane waves in four and
five dimensions. Finally, we describe the steps required in taking the Penrose limit.

In section 2.2, we examine the Einstein-Hilbert and Hawking-Gibbons action in
the context of asymptotically flat spacetimes and show that the variational principle
is not well-defined for non-compact spacetimes. Specifically, we demonstrate that

the action is neither finite on-shell nor is it stationary under all variations of the
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metric preserving the boundary conditions. Different approaches to creating a well-
defined variational principle are then considered, namely background subtraction
methods and the addition of boundary counterterms. The Mann-Marolf counterterm
is then introduced and its form is motivated by consideration of the Gauss-Codazzi
equations. We then show that the addition of the Mann-Marolf counterterm to
the Einstein-Hilbert and Gibbons-Hawking action results in a well-defined action
principle for asymptotically flat spacetimes.

In section 2.3, we turn to the description of neutral, vacuum black holes in higher
dimensions as background to the work in chapter 4 where we attempt the construc-
tion of black holes in plane waves. We first consider a new general description of
higher dimensional black holes in terms of a blackfold and then the construction
of an approximate solution for an asymptotically flat, neutral, thin rotating black
ring in some detail as a particular realisation of this method. We introduce the
conjecture which states that satisfying the blackfold equations (2.87) guarantees the
existence of a regular horizon and we consider evidence in support of it. Later, in
chapter 4 we find a counter-example to this conjecture.

In chapter 3, we construct an action principle for asymptotically plane wave
spacetimes. To discuss the action for asymptotically plane wave spacetimes, we first
need a suitable notion of what it means for a spacetime to be asymptotically plane
wave. In section 3.1, we propose a definition in terms of a set of fall-off conditions on
the metric at large spatial distances in directions orthogonal to the wave. We then
need to determine the behaviour of the components of the metric with indices parallel
to the wave; we use the linearised equations of motion to relate the fall-off conditions
of different components, by assuming that all components make contributions of the
same order to each term in the Einstein equations. This fixes the fall-off of the other
components of the metric. We show that the known solutions which asymptotically
approach a vacuum plane wave [21-23] satisfy our fall-off conditions.

In section 3.2, we show that the definition of the action for vacuum gravity in-
troduced in [30] can be applied to asymptotically plane wave spacetimes with our
fall-off conditions without significant modification. We demonstrate that the on-

shell action is finite and that the variational principle is well-defined. This provides
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confirmation that this is a useful definition of an asymptotically plane wave, and
provides another example where the counter-term approach of [30] is useful, sug-
gesting that this approach to defining the gravitational action should have a broad
applicability.

In chapter 4, we adopt the method of matched asymptotic expansions to find
approximate solutions when the horizon size r, of the black hole or black string is
small compared to the curvature scale ! of the plane wave. This gives a separation
of scales which can be exploited to solve the equations of motion in the linearised
approximation in separate regions, matching the solutions in an overlap region.

We proceed in a similar way to the earlier example in chapter 2, first finding the
metric far from the source (for r > r, ) by studying the linearised approximation to
gravity with an appropriate delta-function source. The wave equation in the plane
wave background is rather complicated, so we focus on solving this problem in an

! where the deviations from flat space due to both

intermediate region r, < r < pu~
the source and the plane wave are small.

Solving the equation in this regime, we find that simple dimensional analysis in-
dicates that the solutions will violate the asymptotic boundary conditions proposed
in chapter 3 as a definition of asymptotically plane wave spacetimes. In fact, the
perturbation due to the delta-function source becomes large relative to the back-
ground metric at large distances. An explicit analysis in four and five dimensions
shows that the terms violating these boundary conditions are indeed non-zero.

We then obtain the near horizon metric in the region r < p~! by solving the
linearised Einstein equations on the background of the black object, treating the
plane wave as a perturbation. For a black hole, we find that there is no linearised
solution which is regular on the horizon. For the black string, we obtain a regular
solution in the near horizon region and verify that it matches on to the solution in
the intermediate region.

The calculation in the region r» > r, is described in section 4.1, and the calcu-
lation in the region r < u~! is described in section 4.2.

In chapter 5, we conclude the thesis with some remarks on the interpretation

and implications of our results.



Chapter 2

Background

2.1 Plane waves

In this section, we introduce the plane wave and pp-wave metrics. Brinkmann and
Rosen coordinates for plane waves are discussed and the transformation between
them is given. We then consider some special cases of plane waves: homogeneous
plane waves, maximally symmetric plane waves and vacuum plane waves in four and
five dimensions. Finally, we describe the process of recovering a plane wave from
any spacetime, the Penrose limit.

Generally, when considering gravitational plane waves in flat space far from their

source, one assumes a metric of the form [53]

G = N + hum (21)

where 7, is the Minkowski background and h,, is a small perturbation. When
working to linear order in the perturbation, Einstein’s equations reduce to a wave
equation whose solutions are gravitational waves. A solution representing a gravi-

tational wave travelling in the (¢, z) direction is given by
ds® = —dt* + dz* + (675 + hys(t + 2))dx’ dz”, (2.2)

where 2! are Cartesian coordinates for the directions transverse to the wave. Intro-

ducing light-cone coordinates z* =t + 2,2~ = (t — z)/2 the metric becomes

ds* = —2dxdx™ + (675 + hys(x))dx'dx” . (2.3)
9
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We can now define plane waves by this metric, dropping the assumption that the

perturbation is small, i.e. a plane wave has a metric of the form [7]
ds® = —2dxtdr™ + gry(x")dx' dz”. (2.4)

These are Rosen coordinates for the plane wave.
An alternative approach to defining plane waves is to first consider the more
general class of pp-waves. These are defined as spacetimes that support a covariantly

constant null Killing vector field; i.e. a Killing vector field v* that satisfies
Vo, =0, v,0"=0. (2.5)
The most general metric satisfying these conditions takes the form [13]

ds* = —2daxde™ — F(z*,2")(da™)? + 24, (2™, o)) daTda” + g (2T, 2)da’ dz™
(2.6)
where gy (z",2!) is the metric on the space transverse to light-cone directions
27,2~ and the coefficients F(z*,2!), Aj(2*, 2!) and gk (2", 2!) are constrained
by Einstein’s equations. It is clear that the above metric has a null Killing vector
field (&%)“ which is covariantly constant due to the vanishing of the I'_ component
of the Christoffel symbol. The most commonly considered waves have A; = 0 and

are flat in the transverse direction!
ds* = —2datdr™ — F(z¥, 2" (da™)? 4 6;yda’ da’ . (2.7)

In this thesis we are interested in the sub-class of pp-waves known as plane waves.
By definition, plane waves have F(z*, 2!) quadratic in the transverse coordinates?

but an arbitrary function of 2. The metric for a plane wave then takes the form
ds® = —2daxdr™ — pry(a )2’ 2! (da™)? + 6 yda’ da’ (2.8)

with (%) symmetric. Notice that in the limit p;; — 0 we recover flat space. This

metric has a “plane” symmetry given by translations of the transverse coordinates

'In fact, we can set A; = 0 by a choice of coordinates so long as gk is non-degenerate.

I

2Constant and linear terms in 2! can be removed by a coordinate transformation.
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on the wavefronts ™ = constant, £~ = constant. This is most easily seen in Rosen
coordinates

ds® = —2dxtdr™ + gry(x")dx' da”. (2.9)
The transformation back to the Brinkmann form (2.8) is given by the change of
coordinates

1
o' — bl y(aN)e!, v -+ Egu(aﬁ)h'IK(z+)hJL(x+)xKa:L (2.10)

with hixg™ hy = 6k and pxr, = grsh"! kh’r, where the prime denotes differen-
tiation with respect to ™. Throughout this thesis, we write plane waves in the
Brinkmann coordinate system. Brinkmann coordinates are more useful as they are
globally well-defined, whilst Rosen coordinates are not unique and the metric can
exhibit unphysical coordinate singularities.

It is easy to show that the only non-zero component of the Riemann tensor for

the plane wave (2.8) is

Ryryg = —pus (2.11)
and because of the null Killing vector (8%_)“ the only non-zero component of the
Ricci tensor is

Ry =—0" gy, (2.12)
and the Ricci scalar is zero,
R=0. (2.13)

Hence, for vacuum gravity Einstein’s equations imply that p;;(z") must be traceless.

If pury is constant then we have what are known as homogeneous plane waves
ds* = —2dxtdr™ — pryata’ (dat)? + Spyda’dx’. (2.14)

Finally if we take p;; = p?d;; we have the maximally symmetric plane wave
ds® = —2dax*de™ — p2or x’x! (do™)? + 67 ydx’ da’. (2.15)

Note that in this case py; is not traceless, so this is not a vacuum solution and there

must be some matter support. This plane wave has been the subject of intense study
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since the discovery that this metric in ten dimensions, supported by a self-dual five-
form flux is a maximally supersymmetric solution of type-I1B supergravity [19] and
can be obtained by taking the Penrose limit of AdSs x S° [18].

Consider the plane wave metric (2.8). We can always diagonalise ;75 by a rota-

tion of the transverse coordinates z! to put the metric into the form
ds* = —2dxtdr™ — ppr(a M)z’ 2! (dat)? + Spyda’ dx’. (2.16)

It is clear that for vacuum gravity in d = 2 transverse dimensions the metric can be
written as

ds* = —2drdr™ — a(z? — y?)(dor™)? + do® + dy?, (2.17)

where a is an arbitrary function of 1 and we have used Tru = 0. In d = 3 transverse
dimensions the constraint T'ryu = 0 defines a plane and so the metric can be written

in terms of a two parameter family
ds* = —2dztdr™ — [a(z® —y®) + B(2* + y* — 2w)](da™)? + da® + dy® + dw?, (2.18)

with o and § arbitrary functions of z*.

2.1.1 The Penrose limit

As discussed in the introduction it is possible to generate a plane wave from any
spacetime through a process known as the Penrose limit [8]. The Penrose limit may
be successfully applied to any Lorentzian spacetime; however, if the initial spacetime
is a solution of Einstein’s equations then so too will be the resulting plane wave after
taking the Penrose limit. In this way the Penrose limit can be used to generate new
solutions.

The required steps for taking the Penrose limit are [13]:
e Find a null geodesic in the initial spacetime

e Then choose a coordinate system such that the metric takes the form

ds® = R* [—2dztdz™ +dz~ (dz~ + Ay(2",27,20)d7”) + gyx (2,27, 2")dz’ dz" ]
(2.19)
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where z7 is an affine parameter for the null geodesic, the distance between such
geodesics is parametrised by 7= and 7! parametrises the remaining coordinates.

Any metric may be written in this form in the neighbourhood of the null geodesic.

e Finally, take the limit R — oo with

- I

=1 3 :%, with o™, 27, 2! fized. (2.20)

Taking this limit, it is easy to see that the A; term drops out and g x(z™, 77, 27)

becomes only a function of . The resulting metric is
ds* = —2dx"dx™ + gry(x)dx"da”, (2.21)

which is simply the plane wave metric in Rosen coordinates.

2.2 Gravitational counterterms

In this section, we consider the construction of a well-defined variational principle
for gravity. We first discuss the standard gravitational action, the Einstein-Hilbert
action, and show that the variational principle is not well-defined, even for compact
manifolds with boundary, due to a non-vanishing boundary term. We then consider
the addition of the Gibbons-Hawking term and show that the resulting variational
principle is well-defined on compact manifolds. However, in general, the action will
not be finite for non-compact manifolds . Two different approaches to making the
action finite are then considered: background subtraction methods and holographic
renormalization, and some specific examples are provided. The more general Mann-
Marolf counterterm is then introduced and its form is motivated by consideration of
the Gauss-Codazzi equations [53]. It is then shown that the addition of the Mann-
Marolf counterterm to the Einstein-Hilbert and Gibbons-Hawking action gives a

well-defined action principle for asymptotically flat spacetimes.

2.2.1 The action of general relativity

A variational approach to general relativity was proposed independently by Einstein

and Hilbert. Their action is unique given the requirements that it contains no higher
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than second derivatives of the metric® (or a cosmological constant) and is a scalar

under Lorentz transformations. The Einstein-Hilbert action is given by

1 d
— | = 2.22
Sex e /M gRd"x (2.22)

where R = g" R, is the Ricci scalar, g"” the inverse metric, R, the Ricci tensor
and g = detg,,, and where M is the manifold of interest.

In general relativity, when we are interested in the behaviour of some non-
compact manifold, we can manage the resulting infinities by performing calcula-
tions on a finite subspace M, C M by introducing a regulating boundary oM, to
cut-off the spacetime at finite “radius” and then remove the cut-off by taking the
limit OM, — oo, such that M, converges to M. Throughout this thesis we will be
primarily interested in non-compact manifolds and will have the above procedure
in mind when we perform computations. There are two essential properties that a

well-defined variational principle must possess [30]:

1. Requiring the action to be stationary, when considering all variations which
preserve the boundary conditions, should result in precisely the classical equa-
tions of motion. In particular, any resulting boundary terms must vanish for

any allowed variation.

2. The action is finite on-shell, i.e. when the classical equations of motion are

satisfied.

In general when one is interested in some non-gravitational field theory one considers
an action constructed from first derivatives in the fields. In this case a boundary
condition which fixes the fields on the boundary will give a well-defined variational
principle. When we consider gravity we will similarly impose the condition that
the metric is fixed on the boundary. If we now consider variations of the Einstein-
Hilbert action, we find that extremising the action does indeed yield Einstein’s field
equations on the bulk spacetime M. However, since the Einstein-Hibert action is

constructed from second derivatives in the metric a non-zero boundary term which

3First derivatives of the metric can always be set to zero locally and so any non-trivial scalar

must involve at least second derivatives of the metric.
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depends not only on variations of the metric but also on variations of derivatives
of the metric results. Since we have not fixed derivatives of the metric on the
boundary* the variational principle is not well-defined. Let us now demonstrate the

above result. It is convenient to vary the action with respect to the inverse metric

g"” where variations of the metric and its inverse are related by d¢,, = —g,79u,09™" -
We find
1 1
0Spn = ———— / dz\/—g R, — =Rgu | 09" +/ dr/—gVou,| (2.23)

with v, = V*(89,,) — 9"V (dgsr). Notice that the second term is a total derivative
so, using Stokes’ theorem [53] can be written as a boundary term

1
B ].67TG OM

d* e/ —hven, (2.24)

where h is the determinant of the induced metric on the boundary h,, given by
the pullback of g,, to OM and n* is the unit vector normal to the boundary. This
boundary term clearly does not vanish when only the metric is fixed on the boundary.
Gibbons and Hawking [29] found that, if a suitable boundary term was added to
the Einstein-Hilbert action, the second derivative terms could be removed so that
the resulting boundary term depends only on variations of the metric and not its
derivatives. The required boundary term is

1
Sog = ——— V—hKd" 'z (2.25)
87TG OM

where K = h*" K, is the trace of the extrinsic curvature of the boundary defined

by the covariant derivative of the unit normal vector n* of the boundary
K,, = h%,V,n,. (2.26)

We now show that addition of the Gibbons-Hawking term does indeed give a well-
defined variational principle for compact manifolds, resulting in variations of the
action that depend only on the metric on the boundary. In particular, we show that

1
/ Ao/ —hmt 5h,,, (2.27)
oM

167G

6SEH+GH =

1Fixing first derivatives of the metric as well as the metric itself would overly restrict the space

of solutions.
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where ™" = K" — Kh*. To do this it is convenient to make use of the Hamiltonian
formulation of gravity in the ADM formalism [53] in which a global time function
t is used to foliate the spacetime into spacelike hypersurfaces of constant ¢. In our
case we are interested in the boundary at large r so we proceed analogously and
introduce a family of timelike hypersurfaces M of constant radius r with normal
vector n# pointing in the direction of increasing r and satisfying n,n* = 1. This
radial analogue of Hamiltonian formulation was used in the context of the AdS/CFT
correspondence in [54,55]; we will follow their approach.

The induced metric on the hypersurface M is given by the pullback of the bulk

metric. It can be written in terms of g,, and the normal vector to the surface
hyw = G — Ny (2.28)

We raise and lower indices using the bulk metric and its inverse and define a radial

vector field r* by r*0,r = 1, a lapse function
N =rtn,, (2.29)
and a shift vector
N# =t — Nn*, (2.30)

which are simply decompositions of r* into its normal and tangential components
with respect to the hypersurface. The metric can now be decomposed in terms of

the lapse function, the shift vector and the induced metric
ds® = (N? + N,N*)dr* + 2N, dz"dr + h,,dz"dz". (2.31)
The extrinsic curvature can also be written as
1
K;w = §£nh,uu, (232)

where £, is the Lie derivative along n*. In this form we see that the extrinsic curva-
ture encodes the radial evolution of the induced metric and describes the geometry
of the hypersurface M relative to the bulk M. The bulk curvature pulled back
to OM can be related to the intrinsic and extrinsic curvature on the boundary

hypersurface M by Gauss’s equation

e R LR B e Ry yor = Rywpe + KoKy — Ky Koo, (2.33)
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and Codazzi’s equation
h?,n°Rye = D,K", — D, K, (2.34)

where D, is the covariant derivative on OM compatible with h,, and R, is the
Riemann tensor of the boundary metric h,, on OM. We will also need contractions

of Gauss’s equation

K? — K, K" =R +2G,,n"n", (2.35)

£’VLKMV + KK[AV - QKMUKJV = R/u/ - huahupRopa (236)

where G, is the bulk Einstein tensor. Note that these equations are purely geo-
metrical as we have not yet imposed the equations of motion.

Substituting the definition of the Ricci tensor R,, = R’,,, where the Riemann
tensor is given by R’ ,,,n* = [V,, V,]n” into equation (2.35) allows us to write the

bulk Ricci scalar as
R=R+ K? - K, K" —2V,(n"V,n") + 2V, (n"V,n"). (2.37)

We now substitute (2.37) into the Einstein-Hilbert and Gibbons-Hawking action.
Having applied Stokes’ theorem to the divergence terms in (2.37) we find the result-
ing boundary terms are precisely cancelled by the Gibbons-Hawking term and we

are left with

1
167G

Senicn = — / d'z/=g (R+ K* — K, K™). (2.38)
M

By writing the extrinsic curvature in terms of the lapse and shift functions

1
K = 55 (0yhyw — 2D(,N,)) (2.39)
we see that the action depends only on (h,y, 0yh,,, N, N#). We can now find the

conjugate momenta densities to these fields given by

oL oL oL

W= K e =
" W ™= 50,N)

N 5(arh,u1/) ’ 5(87”NH> 7

(2.40)

where L is the Lagrangian density. The Lagrangian density does not contain any
radial derivatives of the lapse or shift functions so their conjugate momenta van-

ish identically. This tells us that the lapse and shift functions are not dynamical
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variables and can be fixed by a choice of gauge. A convenient choice are Gaussian

normal coordinates for which N =1, N* = 0 and

ds* = dr® + hydz'da’, (2.41)

1
The momentum conjugate to the boundary metric is readily shown to be
7 = K9 — Kh", (2.43)

Let us now consider arbitrary variations of the Einstein-Hilbert action about a
solution of the classical equations of motion. We have reduced the Einstein-Hilbert
action to a function of the metric and its radial derivative. It is convenient to write

the Einstein-Hilbert action in terms of a Lagrangian

1
167G

SEH+G’H = -

/ ddl’L(hij, 8rh,~j), (244)
M

where the Lagrangian is related to the Lagrangian density by L = v/ —hL. We now

find the variation of the action with respect to the metric and its radial derivative

oL
65 = d’x ————5(8:hiy) ) - 2.45
pHrGH 167TG / (ah” T 80,k ( J>> (2.45)
Integrating the second term by parts with respect to r yields
oL
) = — || Ohy; 24
Spa+cH 167TG L‘?h” O (a(arhij))} 7 (2.46)

oL
d -1 Ohj.
167TG Ia(&,hw) J

The integrand of the first term is simply the Euler-Lagrange equation, which vanishes

on-shell, whilst the integrand of the second term is just v —hn¥ so we have shown

1
167G

5SEH+GH = -

/ A" o/ —hr S hy;. (2.47)
oM

Thus the Einstein-Hilbert action, supplemented with the Gibbons-Hawking term
gives a well-defined Dirichlet problem where only the metric and not its normal
derivatives need to be fixed on the boundary. For compact spacetimes the action

principle is indeed well-defined; however, as we will see, the action is not stationary
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for asymptotically flat space. Let us consider the definition of asymptotic flatness
given in [30] where the defining metric in d dimensions is taken to admit a radial

foliation of the form
ds®> = (1+00* ) dr* +r* (hY; + O(r* ) didy/ + rO(r* “)drdn’  (2.48)

where h?j and 1’ are the metric and coordinates on the unit (d — 2, 1) hyperboloid
H?1 and the notation O(r3~?) means that any perturbations to the flat space
metric must fall off at least as fast as r>~¢. We are primarily interested in the large
volume divergences associated with taking the boundary at constant r to infinity,
with n fixed; however, we also need to cut off the spacetime M in time. We consider
the set-up where M is the region between two Cauchy hypersurfaces related by an
asymptotic translation. In this case the volume of M scales like 79=2 [30].
Let us now calculate the variation of the action for the above class of spacetimes.
To first order in the perturbations to flat space we find the extrinsic curvature is
given by
K;; = rh?j + O(r* 9. (2.49)

Hence, we have 77 ~ O(r=3) + O(r=¢) and, using dh;; ~ O(r°~?) we find
5SEH+GH ~ O(T’O). (250)

Thus the action is not stationary, its variation generically approaches a non-zero
constant as the boundary is taken to spacelike infinity, » — oo with n fixed. Note
that the action itself is also not finite as the boundary is taken to infinity. We are
considering Ricci flat spacetimes so the Einstein-Hilbert term vanishes and we need
only consider the Gibbons-Hawking term. Since K ~ O(r!) to leading order we
have

1

= d—1 / ~ d—3
SGH = e o d T hK O(T ), (251)

which diverges for d > 4. Hence we require some modification of the action so that
it is finite on solutions and vanishes under all variations preserving the boundary

conditions, as the regulating boundary is taken to infinity.
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2.2.2 Counterterms

The background subtraction approach [29] attempts to make the action finite with

the addition of a new term to the action

1 —
e = — dd_l _hK e 252
R f 87TG M Zz R f7 ( )

where Kp.s is the extrinsic curvature of the boundary 0 M when it is isometrically
embedded into some reference spacetime. For asymptotically flat gravity the ap-
propriate reference background is Minkowski space; however, as discussed in the
introduction, for spacetimes with other asymptotics there is in general some ambi-
guity with regard to choice of reference background. Furthermore, in higher dimen-
sions the required embeddings will not always exist and so a well-defined variational
principle cannot be constructed.

Boundary counterterms intrinsic to the spacetime of interest initially arose from
a study of gauge/gravity duality [32,33]. The method, known as holographic renor-
malization involves the addition of terms defined locally on the boundary, chosen to
make the action finite. In [33] the authors construct counterterms that are function-
als of the intrinsic geometry of the boundary of asymptotically anti de-Sitter space
(AAdS) and are able to reproduce the conserved quantities for various AAdS space-
times. In [34] it was shown that a counterterm proportional to /R yields a finite
action for Schwarzschild d = 4 spacetimes and this result was extended to arbitrary
dimensions in [35]. These counterterms, though successful in rendering the action
finite and reproducing conserved quantities calculated by reference subtraction, are

somewhat case specific.

2.2.3 The Mann-Marolf counterterm

Recently, a new covariant counterterm was proposed by Mann and Marolf [30] for
asymptotically flat spacetimes with dimension d > 4. The authors show that when
the Einstein-Hilbert and Gibbons-Hawking terms are supplemented with the Mann-
Marolf counterterm, the resulting action is both finite on-shell and stationary under
all variations preserving asymptotic flatness. We now consider the Mann-Marolf

counterterm and its origins in detail, as we will use this counterterm to construct
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an action principle for asymptotically plane wave spacetimes in chapter 3. The

Mann-Marolf counterterm is given by

1 R
Syv = —— d e/ —hK, (2.53)
87TG M

where K = h*8 Kag is defined implicitly by solving
Reop = KogK — WK o K 55, (2.54)

where R,z is the Ricci tensor of the metric h,g induced on the boundary M. Note
that K is a locally determined function of the boundary metric h,g and is defined for
any asymptotically flat spacetime as required for a well-defined variational principle.
Let us consider Gauss’s equation (2.33) written in terms of boundary coordinates
a, (3 for some reference background (MFe/ gftel)

Ref Ref Ref 7-Ref Ref 7-Ref

where the bulk Riemann tensor ngﬂ:é has been pulled back to M. That is to say, if
we had embedded our boundary spacetime (0.M, h) into some reference background
(Ml gBel) then the above equation would hold and we could solve it to find a
counterterm Kg.r. For asymptotically flat spacetime the natural choice of reference
background is Minkowski space. For any spacetime that is asymptotically Ricci flat
we will have Rf;f = 0, hence the trace of (2.55) reduces to (2.54). We discussed
in section 1.2 that an embedding into a reference spacetime is not always possible;
however, when it is, the extrinsic curvature of the embedding will be given by (2.54).
Even when such an embedding is not possible we may still use (2.54) to define a
counterterm. Indeed, we can see it has just the properties we require; firstly, it does
not contain normal derivatives of the metric since it is related only to the intrinsic
curvature of the boundary so it won’t upset the cancellation between the Einstein-
Hilbert and Gibbons-Hawking terms. Secondly, it agrees with K to leading order
(with differences being sourced by the bulk Riemann tensor) and so will cancel
the divergences coming from K. We will now show that the addition of this new
counterterm does indeed give a well-defined action principle for asymptotically flat

spacetimes as defined by (2.48). This will serve as useful background for the similar
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but more complicated analysis for asymptotically plane wave spacetimes presented
in chapter 3. We closely follow the approach of [40]. We first consider the finiteness

of the action before looking at variations of the action.

Finiteness of the action

The action for asymptotically flat spacetimes in the case of vacuum gravity is given

by just the boundary terms

1 d—1 o
- “hK — K). 9
S e 8Md v —h( ) (2.56)

Let us first consider the value of this action for the zeroth order case; that is, for

Minkowski space

ds® = dr® + r*h;dn'dry . (2.57)
0
5

is Rij = (d — 2)hY;. Substituting this into (2.54) we find K;; = rhY, so K = 4L,

i) r

The extrinsic curvature is K;; = rh;;, so K = %. The Ricci tensor on the boundary
Thus the on-shell action for Minkowski space is zero. Let us now consider the action
for asymptotically flat spacetimes as defined by (2.48). We can write the linear order

contribution to the action as

A

KO _ g0 — Wy _ f(g.)h(o)"j. (2.58)

1)

Since v—h ~ O(r42), we need K — KM ~ O(r2=9) to have a finite action. It is
easy to show Ki(jl) ~ O(r*4), s0o K ~ O(r?=%). To evaluate f(g), we can linearise

(2.54) to give

A

Ry = KLY + (KY RS, - KRS ) pom, (2.59)

iJ mn-ij

where®

O)mn _ ;mn g 1 msn o nsm m on m fon n frm n frm

(2.60)

DN | —

®Note that we define Lgoﬁ)w so that it is symmetric in both pairs of indices, so this is slightly

different from the corresponding expression in [40].
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. . . . (1
We can now invert this to give us an expression for K Ej),

hOUR = MOURY — pOi(KD KO — KK pOm, (2.61)

where M% = pm" (L‘l) Y The operator Lg-))mn is generically invertible and of the
same order as K that is O(r~!). Therefore we have (Lil);jn ~ O(r) and MY ~
O(r~1). For the second term in (2.61) we have K'uh ~ O(r), and hOmn~ O(r1=4),
so this term is O(r?~%). To evaluate the first term in (2.61), we express RS) by [53]

(2.62)

1 1
R = —5h O DDA, — SHO™ DDA + WO DR DR

where D; is the covariant derivative compatible with h;;. Using this expression we
can see that RS) ~ O(r3=%), so this term also makes a finite contribution. Hence

we find that the on-shell action is finite for asymptotically flat spacetimes.

Variations of the action

We would also like to see that the action is stationary under arbitrary variations of

hi; about a solution of the equations of motion. We have

/dd YoV —hr'§hyj, (2.63)

08pHien = ~15

and since v/—h ~ O(r¢=2), 704 ~ O(r=3) and dh;; ~ O(r°~%), this gives a non-
vanishing r° term. We need this term to be cancelled with a corresponding term

coming from 0Sy/ps. Since
A 1~ .. A . A
6 (V=hE) = S Kh6hy; + Kjoh" 4+ 6K, (2.64)

we can write the variation of the Mann-Marolf term as

1~
SSun = 87TG d* 'z —h ( 79 6hs; + K”éh,] + h”éK,]) ,  (2.65)
where 7% = K% — hiIK. To zeroth order, #(0% = 70 5o the first term in (2.65)
cancels the non-zero contribution from (2.63). However, the second term in (2.65)

also has a non-zero leading order part, so this must be cancelled by a contribution

from the final term. We find,

WisK; = MOUSRY — MO (Kg’)m - k},?jkﬁ’) Sh™. (2.66)
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Let us consider the first term above. We have 5725?) ~ O(r*%) which involves
covariant derivatives with respect to the unit metric on H*™', h;. Since the only
n' dependence in the terms multiplying 572530-) is through the covariantly constant

metric AY;, this term is a total derivative. Higher-order contributions from this term

57

will not be total derivatives, but they are suppressed by further powers of r so their

contribution to the action vanishes in the large r limit. Finally, we evaluate the

last term in (2.66). By explicit computation we find A0 = Mh?j and, using
Kf;)) = rhy;, we see that

hioK; — —M©O% ([E’qu)[%fr?% - kgggk;?) Sh™ = —%T(ho)imhzj = —%K’Wah”.
(2.67)

This will indeed cancel with the leading order part of the second term in (2.65)
leaving no finite contributions to the variation of the action in the large r limit. So
the addition of the Mann-Marolf term to the Einstein-Hilbert and Gibbons-Hawking

action gives a well-defined variational principle for asymptotically flat spacetimes.

2.3 Black holes in higher dimensions

In this section, we consider the general description of neutral, vacuum black holes
in higher dimensions as background to the work in chapter 4 where we attempt
the construction of black holes in plane wave spacetimes. We first set out the new
effective theory of [51,52] in which a black hole is described by a black brane curved
into a submanifold of a background spacetime - a blackfold. We then look at the
construction of an approximate solution for an asymptotically flat, neutral, thin
rotating black ring in some detail as a particular realisation of this method. We
encounter a conjecture which states that satisfying the blackfold equations (2.87)
guarantees the existence of a regular horizon [51] and we consider an example in
support of it [56]. We see, however, in chapter 4 that a counter-example exists.

An important new feature of higher dimensional black holes is the existence of
event horizons with two length scales of very different magnitude rq < R, where rg
and R are the length scales associated with the mass of the black hole and its angular

momentum respectively. In four spacetime dimensions, the angular momentum is
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bounded J < GM?, so the Kerr black hole is always approximately round with
ro ~ GM. However, the competition between the gravitational and centrifugal terms
changes with dimensionality. The gravitational potential falls off as r*~P, whereas
the centrifugal barrier in a particular direction only depends on the rotation in the

plane, so will fall off as r~2

in each plane of rotation. Thus, for D > 5, regimes exist
where the length scales o ~ (GM)YP=3) and R ~ J/M can be widely separated.
Indeed, five dimensional black rings are known to exist in ultra-spinning regimes
where the ring’s radius R is much larger than its thickness rg [44]. Similarly, Myers-
Perry black holes in D > 6 have ultra-spinning regimes in which the horizon flattens

and approaches a thin black brane with thickness ry and large radius R in the plane

of rotation [43]. This suggests organising black holes in a hierarchy of scales.

1. R < rg - black holes behave qualitatively similarly to the Kerr black hole in

four dimensions.
2. R =~ rq - threshold of emergence of new phenomena.

3. R > ry - regime of new dynamics, very different to four dimensions. Separa-

tion of scales suggests approximation with a long wavelength effective theory.

The first and second regimes are described by the full Einstein equations and, in
general, finding solutions will be challenging as known solution generating techniques
do not extend to higher dimensions. The third regime, thanks to the existence
of a small parameter ro/R, is well described by approximate analytical methods.
Fortunately, there is much of interest in this regime with new dynamics not seen in
four dimensions appearing.

Let us first set out some of the notation we use in this section. Following [52],
we introduce

n=D—p-—3, (2.68)

for a blackfold with p spatial dimensions embedded in D-dimensional spacetime. We
denote spacetime coordinates by X*, with indices p, v... = (0, ..., D — 1), and space-

time metric, connection and covariant derivative by ¢, 1"

r,, and V,; respectively.

Worldvolume coordinates are denoted by ¢, with indices a,b... = (0, ..., p), and the



2.3. Black holes in higher dimensions 26

worldvolume metric connection and covariant derivative are given by v, I'., and
D,. Indices p,v are raised and lowered with g,, and its inverse and indices a, b are

raised and lowered with v,, and its inverse.

2.3.1 Blackfolds

We are interested in studying the large distance dynamics of higher dimensional
black hole horizons with some effective theory. To construct such a theory the grav-

itational degrees of freedom are split into near horizon and far region components

{g near) ’gu ar)} (269)

and the Einstein-Hilbert action is approximated by

Spn & — 16 6nC dzr/—gUe R — 501 [gl0) ¢, (2.70)

where S,y [g,s{,w), ¢] is an effective action resulting from integrating out the short
distance degrees of freedom. What is meant by this is that Einstein’s equations
are solved for r < R and the effects of this solution at large distances r > ry are
encoded in an effective action. The coupling of these short wavelength degrees of
freedom to the long wavelength components occurs via some effective fields ¢, which
we now identify.

We are guided by the result that known black holes approach flat black branes in
the limit 7o/ R — 0. Therefore we take the effective theory to describe the dynamics

of black p—branes, with geometry in D = 3 + p + n spacetime dimensions given by

p 2
S _prane = — (1 — %) dt’ + (d2')’ + 1_% +r?dQ2 .. (2.71)

TTL
We obtain a more general form of the metric by boosting the worldvolume coordi-

nates 0% = (¢, z*). If the velocity field is given by u®, with u®u’ng, = —1, then

dr
+r2dQ2 . (2.72)

dsp brane — (nab + Uaub) dO'adO' +

The parameters describing this black p—brane are the p independent components of

the velocity u, the horizon thickness rg and the D —p — 1 coordinates parametrizing
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the position of the brane in directions transverse to the worldvolume, X*. Thus the

effective fields of (2.70) can be written
P(0*) = { X+ (%), m0(0"), u' (c*)}. (2.73)

Let us now consider embedding the black brane worldvolume W, into the space-
time. It is useful to enlarge the set of embedding coordinates to include all the
spacetime coordinates X*(c®) in order to preserve manifest diffeomorphism invari-
ance. The pullback of the bulk metric results in an induced metric on the brane

worldvolume

Yab = guyaaX“(?bX”. (274)

Given the induced metric 74, on the worldvolume W,., we define the first funda-

mental form of the submanifold
Y = 49, X 9, X" . (2.75)

The metric can be decomposed into a projector onto W, and a projector onto

directions perpendicular to W, respectively
G = bt L (2.76)
The tangential projection tensor h*, satisfies the relations
h*,0, X" = 0, X", (2.77)
and
h*,h", = ht,, (2.78)
whilst the orthogonal projection tensor L, satisfies

L X" =0, (2.79)

and
L,V r =1, (2.80)

The extrinsic curvature tensor can be defined as ©

K,,* = h,h?,V ks, (2.81)

6This is the generalisation of the extrinsic curvature defined in (2.26) for submanifolds with

codimension greater than one.
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and is tangent to W, along its lower indices and orthogonal to W, along its

upper index. It is useful to introduce the tangential covariant derivative

V.=h,"V,, (2.82)
which we can use to rewrite the extrinsic curvature
K.’ = h,,"?uhgp (2.83)

We are now in a position to write down the dynamical equations for a brane em-
bedded in a background spacetime. These equations were first derived by Carter
in [57]; however, when applied to black branes we refer to them as the blackfold
equations. The equations are formulated in terms of an effective stress tensor on

W,41 satisfying the tangentiality condition
1P, T = . (2.84)

The effective stress tensor is derived from solving Einstein’s equations in the near re-
gion. Since general relativity is a conservative and diffeomorphism invariant theory,

the stress tensor must obey the conservation equations

v, T" = 0. (2.85)

These equations can be decomposed along directions parallel and orthogonal to W,

v,T" =V ,(T"h,’)
=T"V ,h" + h,V,T"
=T"h,°V ,ho” + h,"N T+ (2.86)

=T" K" + 0, X" DyT

Hence we have separated the D equations into D — p — 1 equations orthogonal to

the brane worldvolume W,y and p + 1 equations parallel to it,

TWK, =0 (extrinsic equations), (2.87)

DT =0 (intrinsic equations). (2.88)
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We can rewrite the extrinsic equations (2.87) in terms of the embedding X*(c®)
T(Da0y X" + 17,0, X" 0, X") = 0. (2.89)

In this form, we see that the extrinsic equations are generalisations of the geodesic
equation for free particles to p-branes. Blackfolds differ from other branes in that
they have event horizons and we need to consider regularity on the horizon as the
black brane is bent. It has been conjectured in [52] that regularity on the horizon is
preserved under such large scale perturbations when the blackfold equations (2.87)
are satisfied (we will refer to this as the blackfolds regularity conjecture). There
is some evidence in support of this conjecture, for example the analysis of [56],
reviewed in the next subsection. In [56], a black string is bent into a circle and it
is shown that satisfying the extrinsic equations (2.87) avoids naked singularities on
or outside the horizon. However, in chapter 4, when we consider the construction
of black holes in plane wave spacetimes, we find that our black hole solution is not
regular on the horizon even when the blackfold equations for a 0-brane are (trivially)
satisfied. This implies that although satisfying the blackfold equations is a necessary
condition for the existence of a regular black hole horizon, it is not always a sufficient
condition.

So far we have described an effective theory for the dynamics of black holes for
the far region r > ro. However, in general, we are also interested in finding a solution
for the near horizon region » < R. We may construct solutions in a perturbative
expansion in ro/R using the method of matched asymptotic expansions [49,58]. To
zeroth order in r9/R, the near region solution is simply the black p-brane (2.72)
and the far region solution is the background metric g,,; this is the test brane
approximation. To go to the next order we must take account of the gravitational
backreaction of the black brane. We solve the linearised Einstein equations in the
far region with an effective stress tensor derived from the near region and with
appropriate asymptotics at infinity. This results in a correction to the far region
metric of order (ro/R)"™ and provides boundary conditions in the intermediate region
rg < r < R for the near region solution. The first order correction to the near region
solution can be found by linearly perturbing the near region metric (2.72) and solving

with boundary conditions given by the requirements that the near region solution
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matches the far region solution in the overlap region and that the horizon remains
regular. This procedure can be thought of as a dialogue of multipoles [58] and can
be iterated order by order, where the solution in one region is used to provide the
boundary conditions for the solution in the other region, by matching solutions in

the intermediate region where both expansions are valid.

2.3.2 Construction of an approximate black ring solution

We now consider in some detail the construction in [56] of an approximate solution
for an asymptotically flat, neutral, thin rotating black ring in any dimension D > 5.
This will be instructive as an example of how the blackfolds procedure works in
practice and as background to the construction of black hole solutions in plane wave
backgrounds in chapter 4. The appropriate blackfold for this problem is a black
1-brane; that is, a black string with thickness rg corresponding to the horizon radius
which is bent into a large circle of radius R. The required steps to construct an

approximate black ring solution (up to first order) are:

1. We first consider the near horizon region r < R, to zeroth order in 1/R, that
is, we take a boosted black string of infinite radius R — oo. Implementing the
blackfold equations 7" K ,,” = 0, fixes the boost parameter o. This can be
interpreted as balancing the string tension and centrifugal repulsion such that

the string is in mechanical equilibrium.

2. We now solve the linearised Einstein equations to first order in r{, in the far
region r > ry, for some appropriate source. The source we require is that of

the energy-momentum tensor of an infinitely thin rotating ring.

3. Finally, we solve the linearised Einstein equations in the near region for the
first order corrections to the black string. We are finding the geometry of a
black string that has been bent into a circle with some large radius R. The
matching of this solution to the far region solution in the intermediate region
rg < r < R, together with the requirement of regularity at the horizon,

provide the boundary conditions.
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2.3.3 Far region solution

In order to find the far region solution of a rotating, neutral, thin black ring we
must first determine the energy-momentum tensor of a thin black ring of radius R.

Consider the metric of a straight boosted black string

ds* = — (1 ~ 0 cosh? a) dt? — 270 cosh asinh adtdz (2.90)
Tn /,an
n d 2
+ (1 + 20 sinh? a) A2+ =+ Q2
rm —h

/,'-n
with « the boost parameter. We take the z direction to be along an S! with

circumference 27 R and introduce an angular coordinate v defined by
z
b= 0<y<om (2.91)

We must find a source such that the metric it produces in the far region is the same
as that of the full solution. Since the thin black ring locally approaches the solution
for a boosted black string, we choose an energy-momentum tensor that reproduces

(2.90) in the weak field limit

7,.n

_ 0 2 (n+2)
Ty e (ncosh” o+ 1) (r), (2.92)
_ 0 L S(n42)
T, el cosh asinh ad (), (2.93)
TTL
g inh%a — 1) +? 2.94
s 167TG(nsm a—1)0 (r), (2.94)

where r = 0 corresponds to a circle of radius R in (n+ 3)-dimensional Euclidean flat
space. The black ring is described by the parameters ry, R and « or equivalently by
its mass, radius and angular momentum, M, R and J. In mechanical equilibrium,
however, given particular values of mass and radius, the angular momentum will be
fixed so the solution will only depend on two parameters.

Let us now solve the equations of motion for the string probe
T™K,,"” = 0. (2.95)
The extrinsic curvature of the circle is 1/ R, so our equilibrium condition is

Tyy = 0; (2.96)
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that is, the pressure tangential to the ring must vanish. This equilibrium condition
fixes the boost parameter
1

sinh®a = —. (2.97)
n

We will demonstrate shortly that regularity of the near-horizon region requires
this choice of boost parameter. Now that we have the appropriate energy-momentum
tensor we can solve the linearised Einstein equations in the far region to get an
approximate solution for a thin black ring. In [56], these are solved in the transverse

gauge in which the linearised Einstein equations are
Oh,, = —167GT,,, (2.98)

with BW = Dy — %hgw, and V,JL*“’ = 0. We write the (n + 3)-dimensional Euclidean

flat space metric in bi-polar coordinates
ds*(E"3) = dr] + r2dQ2 + drj + r3dy? (2.99)

and take the ring source to lie at r; = 0 and ro = R. When the equilibrium condition

(2.96) is satisfied the general solution is
2
ds* = (=1 + 2®)dt* — 2Adtd) + <1 + ?cp) ds*(E™+3), (2.100)
n

where away from the source ® satisfies the Laplace equation and A the Maxwell

equation for a gauge potential Adiy. The solutions are given by

q): M /zp ! : (2.101)
n+2

(n+2)Q + (Rcostp — 1y)% 4+ R2sin ) (n+1)/2”
and
8GJ 7 0
9 COS
A=—————[d . 2.102
(n+ 1)QniaR / w(r% + (Rcostp — r3)2 + R2sin® ¢)(n+1)/2 (2.102)
0

These integrals can be approximated for the far region ri,75 > R and the
intermediate region 1,79 — R < R to give a linearised equilibrium solution, i.e.
a solution for arbitrary mass and angular momentum but with zero tension. We
would now like to provide an example in which the blackfolds regularity conjecture

of [52] is satisfied. In order to do this, we need to solve the linearised Einstein
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equations for a source with tension 7}, # 0 and show that a regular solution results
only if in fact T,, = 0. This is a much harder problem but it simplifies considerably
if we work in the intermediate region ry < r,7o — R < R, where we are interested
in the local effects of bending a black string into a large circle of radius R.

As is often the case, it will simplify matters considerably if we find a coordinate
system adapted to the problem. We would like coordinates for flat space such that

r = 0 is a section of the bent black string of radius R. We require a metric for which
e The Riemann tensor vanishes up to first order in 1/R.

e The curve r = 0 on the plane of the ring § = 0,7 has constant extrinsic

curvature.

e Surfaces of constant r are equipotential surfaces of the Laplace equation Vr—" =

0, for a delta-function source at r = 0.

The metric which satisfies these requirements is

gs? — (1 L 2)89> g2 4 (1 _ 27’:;39) (dr? + 12d6% + r* sin 0d02) . (2.103)

Our analysis is made clearer if we choose a more general energy-momentum source

given by

nn+2) ry
Ty = 5 +2) 2.104
i 1 Merc (1), ( )

T,n

T,, = np—2_—§"+2) 2.105
e = NPIe o (7), ( )

nn+2) ry
L, = S+ (). 2.106
ntl 167G (r) (2.106)

We recover the source of the boosted black string by the identification

2
%u:ncosh2a+ 1, (2.107)
p = cosh asinh, (2.108)

2
2 nnZa— 1. (2.109)

n+1

Using the symmetry of the solution and by choice of gauge, the perturbations can
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be written in the form

where 7, is the flat space metric (2.103) and the indices ) are coordinates on S™.
However, not all of these functions f; are independent and it may be shown that

one of the relations that these functions satisfy is given by (see appendix B of [56])
fi=fs—fa—fs—(n—=2)fs=0. (2.116)

The radial dependence of the functions f; can be fixed by dimensional analysis and

we can write up to first order in 1/R

i(,0) = "5 (7O + 270 (6)) (2117)

The functions fi(o) must simply be constants, as to zeroth order in 1/R we have a
straight energy-momentum source so the SO(n + 2) symmetry of the S™*! spheres

is unbroken. It is easy to show

Oy T 2.118
V) =—p, (2.119)
O — K 2.120
3 T+7’L—|—17 ( )
0) _ £(0) _ pl0) _ AT 2191

Both the R;; and the R, equations are of the form
f +ncotdf —(n—1)f =0, (2.122)

where the prime denotes differentiation with respect to #. This equation can be
1—n
transformed into an associated Legendre equation by the substitution f = (sin) 2 y
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and it can be shown that the only regular solution is f = 0, hence we have
= =, (2.123)

Using these solutions and (2.116) the R,y Einstein equation takes the form

f"+ (n—1)cotff — Bsinf =0, (2.124)
with f = fél) — fél) and B = Z—ﬁr In order to prevent a singularity at the poles of
the sphere we must have

f(0) = f(r) =0. (2.125)

Making the substitution f = (sinf)" " w, (2.124) takes the form
w' — Bsin" 6 = 0, (2.126)
which can be solved using a hypergeometric function

1 1—n 3
w==k— BcosfF; <§,Tn;§;C0829), (2.127)

with k£ a constant of integration. The hypergeometric function takes the same finite
value at the poles of the sphere but because of the cos@ pre-factor k cannot be

chosen so w vanishes on both poles. Thus the only way to satisfy (2.125) is for both

k and B (and hence 7) to vanish. So we find a regular solution only if
T.. =0; (2.128)

that is, if the blackfold equations (2.95) are satisfied, which is the result we set out

to show. It is now simple to solve the remaining equations; we have
1 1 1
= =50 =0, (2.129)

and

f2(1) = —pcosf (2.130)

as the remaining regular solutions. Using the identifications (2.107), (2.108), (2.109),
and the equilibrium boost (2.97), the solution in the intermediate region ry < r <
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R, written in the Schwarzschild gauge, 7 takes the form

n+1rlk
g =—1+ _SLa
nor
vn+1r? rcosf
Gtz = — 4 (1 + ) 5
n o re R
172 T cosf 2r cosf
L=1+-22(1 , 2.131
g + = n( +— >+ I ( )
i 2n — 1rcosf 2rcosf
rr = 1 ) 1-— - 9
g ton ( 2 R ) n R
R 1 0 27rcosf
Gij = Gij (1—0—?@6089—5 R ),
with
gijda:idxj =72 (d02 + sin® Gin) , (2.132)

the metric of S"*! of radius 7.

2.3.4 Near horizon analysis

We now complete the construction by finding the first order perturbations of the
boosted black string in the near horizon region. The perturbations arise from bend-
ing the straight boosted black string into a circle of large radius R such that the
metric asymptotes to (2.131) at large . The zeroth order metric is simply given by

the boosted black string (2.90) with the equilibrium boost parameter (2.97)

n
1rg

1ry Vi 1r}
9@ = _14 nETo © _vnt i gV =14+-2L (2.133)
n n rm nrr

—1
Ty 0 N 0 A
Grr = (1 + r—i) ; gég) = Joe, gg()g)z = Jaq,

with geg, Goo given by (2.132). We now need to put the first order perturbations
into the simplest possible form to facilitate solving Einstein’s equations. It is con-
venient to decompose the perturbations into scalar, vector and tensor modes under
coordinate transformations of S"*!. The boundary conditions (2.131) are invariant
under simultaneously taking ¢ — —t,z — —z and have an unbroken symmetry

group SO(n + 1) of 8™, so the only perturbations we need to consider are the

"This gauge choice will be convenient for the near region analysis. We change from transverse

gauge to Schwarzschild gauge by the transformation r — 50—



2.3. Black holes in higher dimensions 37

scalars hg, hy,, h.., h,.., the vector h,¢, and the tensors hgg, hqq. In fact, it has been
shown [58] that there is a choice of gauge for which the vector perturbations vanish,
h.g = 0. We also note that the boundary conditions (2.131) imply a deviation from
the zeroth order solution that is proportional to cosf, so in the linearised theory
we can assume that the perturbations only have this (I = 1) mode turned on, since
equations for different modes decouple. It has also been shown [58] that for [ = 1

modes, for scalar-derived tensors, we must have
h@g = hQQ’ (2134)

which tells us that there is only a longitudinal mode on the sphere. This allows the

perturbations to be reduced to the form

n+1ry cosf

g = —1+ p— I a(r), (2.135)
Gin = —\/T (:—ﬁ + Cogeb(r)) , (2.136)
Gz =1+ %:—ﬁ C(Eec(r), (2.137)
= (14 —) (1+<570) (2.139)
9i5 = Gij (1 + 00}299(7’)) : (2.139)

There is remaining coordinate freedom; under
r—>7‘+7(r)%cos@, 8—>9+ﬁ(7‘)T—ROSiIl¢9, (2.140)

with

() (2.141)

Br)=—7F—""—,
(%)

the metric above is unchanged to first order in 1/R. For the horizon to remain fixed

we also require

v(ro) = 0. (2.142)
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These coordinate transformations produce shifts in the perturbation variables

n+1

a(r) = a(r) — (n+1) :?Hlv(r), (2.143)
b(r) — b(r) — n:in(r), (2.144)
o(r) = c(r) — :§+lv(r), (2.145)
f(r) = f(r)+ro | 29'(r) — ni—ﬁ% , (2.146)
J(r) = ¢(r) + 27;—0 () + 18 2) (2.147)

We could, at this stage, fix the gauge; however, it is more useful to construct combi-
nations which are invariant under these coordinate transformations and work with

them. Suitable combinations are given by

A(r) =a(r) — (n+ 1)c(r), (2.148)

B(r) = b(r) — ne(r), (2.149)
rott ' n

F(r)= f(r)+ 2rg (TSLH c(r)) - @C(T), (2.150)

G'(r)=4¢'(r)+ 2% <;§+lc(7")) + ﬁc(r). (2.151)

The goal now is to solve Einstein equations for these functions. This can be done
by deriving a master equation for a single gauge invariant variable from which the
rest of the solution can be obtained. We will not consider the derivation here which
is very similar to our analysis for black strings in plane waves in chapter 4 (see [56]
for details). The master equation that results is a fourth order ordinary differential
equation which can be solved in terms of hypergeometric functions. It is shown that
regular solution exists and is fully specified (up to choice of gauge) by requiring
regularity on the horizon and by the asymptotic boundary conditions. For our
analysis of black strings in chapter 4 the master equation will be a second order

ordinary differential equation and will have solutions in terms of ordinary functions.



Chapter 3

Asymptotically plane wave

spacetimes and their actions

Our aim in this chapter is to construct an action principle for asymptotically plane
wave spacetimes, in the hope that this will shed light on the issue of holography for
plane waves. Our results may also be useful for other investigations of asymptoti-
cally plane wave spacetimes; for example, these methods can be used to calculate
conserved quantities.

To discuss the action for asymptotically plane wave spacetimes, we first need a
suitable notion of what it means for a spacetime to be asymptotically plane wave.
In section 3.1, we propose a definition in terms of a set of fall-off conditions on the
metric at large spatial distances in directions orthogonal to the wave. We start by
assuming that the components of the metric with indices along the spatial directions
orthogonal to the wave fall off as O(r>=¢), where r is a radial coordinate and d
is the number of spatial directions orthogonal to the wave, corresponding to the
influence of a localised source being spread over a (d — 1)-sphere at large distances'.
We then need to determine the behaviour of the components of the metric with
indices parallel to the wave; we use the linearised equations of motion to relate the
fall-off conditions of different components by assuming that all components make

contributions of the same order to each term in the Einstein equations. This fixes

"'We focus on the case d > 3.

39



3.1. Asymptotically plane wave fall-off conditions 40

the fall-off of the other components of the metric. We will show that the known
solutions which asymptotically approach a vacuum plane wave [21-23] satisfy our
fall-off conditions.

We only study solutions of the vacuum Einstein equations; it would clearly be
interesting to extend this to include matter and, in particular, to supergravity. We
will see that the black string solution of [25] which asymptotically approaches a
plane wave solution in supergravity does not satisfy our fall-off conditions.

In section 3.2, we show that the definition of the action for vacuum gravity
introduced in [30] can be applied to asymptotically plane wave spacetimes with our
fall-off conditions without significant modification. We demonstrate that the on-
shell action is finite and that the variational principle is well-defined. This provides
confirmation that this is a useful definition of asymptotically plane wave and provides
another example where the counter-term method of [30] is useful, suggesting that

this approach to defining the gravitational action should have a broad applicability.

3.1 Asymptotically plane wave fall-off conditions

We consider asymptotically plane wave solutions in vacuum gravity. The plane
wave solutions in d + 2-dimensional vacuum gravity can be written in Brinkmann

coordinates as?
ds?®) = —2datdx™ — ppy(x)ala’ (dx*)2 + 67 ydx’ da” (3.1)

where I, J =1,...,d, and p;;(z") are arbitrary functions subject only to 677y ;(z %) =
0, which ensures that the solution satisfies the vacuum equations of motion. The
coordinates in the plane wave solution split into two coordinates z* along the di-
rection of the wave and the spatial coordinates z! in the directions orthogonal to
the wave. In the spatial directions, we will use both Cartesian coordinates x!, and

polar coordinates r, 0%, i = 1,...(d — 1):

Spydatde’ = dr? + r*hy;d6'de’, (3.2)

2In this chapter we use the superscript (?) to denote the plane wave (3.1) and (1) to denote some

perturbation of the wave.
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where h;; is the metric and @' are the coordinates on the unit (d — 1)-sphere S4-1.

A general asymptotically plane wave spacetime will have a metric g = ¢(® 4+ ¢,
where ¢ will have some suitable fall-off conditions at large distance. We will
focus on studying the fall-off conditions at large radial distance in the directions
orthogonal to the wave. In the spatial direction that the wave is travelling in, we
will consider either perturbations which are independent of x~, like the wave itself,
or perturbations which fall off at large x—, but we will not explicitly specify the
fall-off conditions in this direction.?

Considering first metrics which are independent of x~, we specify the fall-off
conditions at large r by making two assumptions. First, we assume that the spatial
components (in the above Cartesian coordinate system) gg,) ~ O (r*=?). These
are the same fall-off conditions as for the spatial components of an asymptotically
flat metric in d + 1 dimensions. This seems appropriate because we would expect
a perturbation which is independent of = to correspond to the effect of a source
which is extended along the direction of the wave, but localised in the transverse
spatial directions, so its effect at large r should be diluted by spreading on the S¢!.

To fix the fall-offs of g+, g+;, we make a second assumption, namely that all
components make contributions of the same order to each term in the Einstein
equations.* This is essentially a genericity assumption, so it should be appropriate
for finding the general fall-off conditions on metric components. In vacuum gravity,

the linearised equations of motion are R,(},,) = 0, where [53]

1 o 1 o o 0) (1
Ry = =59 7)) g = 590 v g + 9 ) Vo (33)

The idea of our assumption is that the cancellations which give R,(}l,) = 0 should

generically involve all the terms in RE}V) The contribution of g}l]) to (3.3) gives

RY)~o(r ), R ~0@"), RY ~0(@*). (3.4)

3This is similar to the treatment of linear dilaton spacetimes in [40] where the fall-offs in the

directions along the brane were not explicitly treated.
4We will not attempt to fully exploit the information in the asymptotic Einstein equations; we

just use them to determine a set of fall-off conditions. The consistency of our fall-off conditions
with the dynamical equations of motion is demonstrated by verifying that the solutions we consider

in the next subsection satisfy our fall-off conditions.
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Because of the assumption that gg,) is constant in 7, it does not make any contri-

bution to R(_l}, RS:)_ and R . Assuming the other terms in gftly) produce effects at

the same order determines

gsrl}r ~ O (r*™), gilz ~ O (r*7), g ~0 (r=9), (3.5)
g~ O (), g~ o). (3.6)

With these fall-offs, all terms also give
RO ~o @Y, RY ~o(@ ), RY ~0(F"?). (3.7)

The faster fall-off conditions required for metric components with an ™ index arise
1)

__ . . 1 .
because ¢(®~~ ~ 72, so terms in a given component of R§ J) coming from ¢g>~ have an

extra factor of r? compared to terms coming from gf.lj Similarly, the less restrictive
conditions on components with an 2+ index are due to the vanishing of g(®++,

If we consider the more general case, allowing the perturbation to depend on
x~, there will be additional terms in R,(},,) involving derivatives 0_. These terms will
also come with extra powers of r coming from ¢®~~. As a result, if we think of a
general perturbation as composed of a part which is independent of £~ and a part

which depends on z~, the part which depends on = will be required to fall off more

quickly than the constant part.® We find

0_gt) ~ O, gl ~0@Y), o g ~o@E Y, (3.8)
g ~o @, o gl ~o@r Y, 0 ~0EY), (39

and

0.0 g) ~0(r 2, 9046 ~0@r Y, 0.0.¢" ~0F3), (3.10)

5Even without this additional factor, the z~ dependent parts would be required to fall off faster
than the constant parts. The situation is analogous to the solution for a localised source described

in a cylindrical coordinate system, which involves

1 1 (d—2)22
~ - + ...
(T2 + 22)% Td—Q 27=d )

so the z-dependent term falls off faster than the constant term at large . The effect of g(®~~ is

to make these contributions fall off even more quickly in the plane wave background.
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9.0_g) ~O0@r ), 994" ~0@r ), aag¢Y ~o@F Y. (3.11)

We take the above constraints on the asymptotic fall-off of the metric to define a
class of asymptotically plane wave spacetimes.

Not all of these components of the metric carry independent physical information;
by an appropriate diffeomorphism, we can set some of the components gfbly) to zero
at large distance. In [40], this diffeomorphism freedom was fixed by choosing a
Gaussian normal gauge in which the components of gfﬁ,) with radial indices are set

+

to zero. In the present case, because the directions = are singled out as special, it

seems more convenient to us to choose a gauge in which
1 1 1
g =" =4" =0. (3.12)

Because of the faster fall-off conditions on the £~ components, the diffeomorphism
which sets these components to zero will not modify the asymptotic fall-off of the

other components.

3.1.1 Comparison to known solutions

There have been a few papers on exact solutions of the Einstein equations which
asymptotically approach a plane wave. These provide a useful check of our analysis;
if we have an appropriate set of fall-off conditions, they should be satisfied by these
solutions. The first such solution was constructed in [21,22], where a Garfinkle-
Vachaspati transform was applied to a black string solution with a non-trivial scalar

field to obtain an asymptotically plane wave black string,

2 _ 2 ot da f(r) +r*(3cos®0 — 1) )2 AN (dr? + r2d92
dSg, = h(?")d dz™ + 0 (dx™)” + (k(r)l(r))*(dr® + rd€23),
(3.13)
o KOI()
o) (3.14)
where
f(r)zl—l—%, h(r)zl%—%, k(r)zl—f—%, l(r)zl%—%. (3.15)

The presence of the scalar ¢ means that this is not a vacuum solution, but it becomes

a vacuum solution at large r, and it is easy to check that our boundary conditions
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are satisfied. The solution is independent of 7, and it has g(jl and gg,) going like
O (r71), gﬁ}r going like O (), with the other components of gftly) vanishing. We have
written the string frame solution above but this statement will be true in either
string or Einstein frame.

This was extended in [23] to construct a pure vacuum solution which is asymp-

totically plane wave, although it is not smooth in the interior:

s? = ! —2dxTdx~ r)(dzT)? —H(r)4 r? 4+ r2dQ2
d ) { 2dzdx™ + f(r)(dz™)” + 7«4H/(7~)2(d + dQQ)} : (3.16)
where
f(r)y =14+1InH(r) + &(a)ba(r)(3cos® 6 — 1), (3.17)
2 -2 r—1 -1
1/}2(7“) = (3T + 24 3r ) lal—i—agln (7"—{——1):| ‘|—6062(7”+7’ ), (318)
H(r) = (;:Dﬁ (3.19)

and a1, oy are arbitrary constants and &(z") is an arbitrary function of z*. Again,
it is easy to see that this satisfies our definition of asymptotically plane wave. The
solution is independent of x~, and it has g(jl and gg,) going like O (r71), gsrl}r going
like O (r), with the other components of g,(j,) vanishing.

In [24], a solution was obtained by T-duality from a black hole in a Godel uni-
verse. This solution reduces to a plane wave when the black hole mass parameter is
set to zero, but it is not asymptotically plane wave as it has components ggj) going
like O (r°) at large r, so the sphere is deformed asymptotically. Thus, it does not
satisfy our definition but this is unproblematic; we would not regard such a solution
as a candidate for the appellation asymptotically plane wave.

Finally, another solution was obtained in [25] by a sequence of boosts and duali-

ties known as the null Melvin twist. This is a solution in the common Neveu-Schwarz

sector of the ten-dimensional superstring theories, and has

_ [+ 262 f(r) 3
dsztr = — k(?‘) dt2 - Wdtdy + (1 - k(?“)) dy2
dr? |, gl — f(r))
+f(r) + r2dQ3 — 0 o2 (3.20)
R : (3.21)
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and
Or?

B= o

(f(r)dt +dy) Ao, (3.22)

where

fr=1-2 gy =14

r6’

, (3.23)

ra
and the one-form o is given in terms of Cartesian coordinates z! by

2

<

70 = 2'da? — 2%dat + 23 dat — pida® + 2°da® — 2%da® + 2Tda® — 2¥dx”. (3.24)
This solution is not vacuum, even at large distances, but at large r it approaches a
plane wave which [25] call Py, which is the two-form equivalent of an electromagnetic
plane wave. We can then write the metric as g = ¢(® + ¢, where ¢ is the metric
of the pure plane wave Py, which can be obtained by setting M = 0 in the above
solution.

This solution lies outside of the scope of our analysis, since it is not a solu-
tion of the vacuum Einstein equations, even asymptotically. However, we can still
observe that this solution does not satisfy our asymptotic fall-off conditions, as
gg,) ~ O (r~), so our input assumption that gg,) ~ QO (7“2_d) is not satisfied. That
is, the spatial fall-off of the metric is not behaving as we would expect based on a
localised source, which presumably means that there are source terms coming from
the two-form field B which extend into the asymptotic region, additional to those
associated with the plane wave Pjy. In addition, the relation between the different
coefficients is not the same as we had; if we define z™ =t +y, 27 =t — y, we will
have ¢ ~ O (r~4), but ¢ ~ O (r~*), and not O (r~¢) as we might have expected
from the behaviour of gg,) It is not clear whether we should regard this solution
as asymptotically plane wave or not; it asymptotically approaches the plane wave
metric Pig, but more slowly than we would expect. In particular, the slow fall-off
of the spatial components gg,) is likely to make it difficult to define a finite action
principle for such solutions. It would be very interesting to extend our analysis
below to include form fields so that this case could be directly addressed.

We remark here that, although the particular vacuum solutions considered above

satisfied our boundary conditions so they’re not dynamically inconsistent, we will
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see in the next chapter that solutions describing generic sources on plane wave

backgrounds are not asymptotically plane wave.

3.1.2 Conformal structure

We have given a definition of asymptotically plane wave spacetimes above, focusing
on the behaviour of the solution at large r. Our decision to focus on the behaviour at
large r is inspired in part by the previously known exact solutions which approach a
plane wave only at large r, and by our interest in the construction of an appropriate
action principle where it is the boundary at r = constant which is expected to be
problematic.

In special cases, however, we could take a different approach and define asymp-
totically plane wave spacetimes in terms of the existence of a suitable conformal
completion. This would be closer in spirit to the usual treatments of asymptotic
flatness. We will not develop this approach here; we simply want to make some
remarks pointing out that it is really quite different to the approach we are taking.

In [10], a conformal completion was constructed for the maximally supersym-

metric plane wave for which the metric is
ds? = —2dx"dr™ — r*(det)? 4 dr? + r?dQ2, (3.25)

where dQ? denotes the unit metric on S7. The conformal completion is obtained
by making a coordinate transformation to rewrite this metric as a conformal factor

times the metric on the Einstein static universe,

1
le? — cos ae'P|?

ds®> = (—dyp? + da® + cos® adB* + sin® adQ?). (3.26)

We thus see that the conformal boundary of this plane wave lies at o = 0, 1) = 3, and
is a one-dimensional null line in the Einstein static universe. The explicit coordinate

transformation is
sin «

= — — 3.27
" 2|e™ — cos ae?| (3:27)
tan gt — sin — cos asin 3 | (3.28)
cos 1) — cos a cos 3
== siny +cosasinf _ 7 tan " (3.29)
2 \ cos — cosacos 3
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The point we want to stress is that when we approach the conformal boundary
a =0, 1Y — [ =0 along a generic direction, say o = y(¢) — [3) for some constant , r
remains finite. In these generic directions, it is = which diverges. Thus, controlling
the behaviour as » — oo in a spacetime which asymptotically approaches this plane
wave will give little information about whether there exists a conformal completion
with (in some suitable sense) “the same structure” as for the pure plane wave.
Rather, it is the behaviour at large = that one would have to study in detail to see
if a suitable conformal completion exists.

Thus, the definition of asymptotically plane wave we have introduced is different
in character from a definition based on conformal structure. If a definition based
on conformal structure could be developed, it would presumably be suitable for ad-
dressing different questions from those which can be addressed with our definition.
We would also remark that the above analysis suggests that the known exact so-
lutions, which have a deformation away from the plane wave which is independent
of 7, are unlikely to qualify as asymptotically plane wave with respect to such a

conformal definition of asymptotically plane wave.

3.2 Action for asymptotically plane wave space-
times

We have put forward a definition of asymptotically plane wave spacetimes, using the
linearised equations of motion to relate the fall-off of different components. In this
section, we give the main result of this chapter, constructing an appropriate action
principle for this class of spacetimes. We construct our action principle following
Mann and Marolf [30] who recently introduced a new approach to specifying a well-
defined action principle for vacuum gravity for asymptotically flat spacetimes.

For the asymptotically flat case, the action is [30]

1 1 1 )
S=——— | —gRd°z — — V—hKd” 'z + — vV —hKdP™
167TG M g v 87TG OM T 87TG OM .
(3.30)

where ¢ is the determinant of the bulk metric, h is the determinant of the bulk metric
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pulled back to the boundary, R is the Ricci scalar, and K = h*¥ K5 is the trace
of the extrinsic curvature on the boundary. The final term is a new contribution
introduced to cancel the divergences coming from the Gibbons-Hawking boundary

term. The function K is defined implicitly by the solution of ©
Reap = KopK — W’ K o K 55, (3.31)

where R, is the Ricci tensor of the metric h,g induced on dM. Thus, this addi-
tional boundary term is determined locally by the induced metric on the boundary in
the spirit of the boundary counterterm approach to constructing actions for asymp-
totically AdS spaces [33]. Alternative actions for asymptotically flat spacetimes with
a similar philosophy appeared previously in [34,35]. See also [59] for related work.

To apply this prescription to asymptotically plane wave spacetimes, we first need
to introduce a cut-off to make the different terms in the action finite. We will cut off
the spacetime by introducing a boundary at some large radial distance, r = constant.
Our main focus will be on boundary terms associated with this boundary; as in the
asymptotically flat case, there is a divergence associated with the Gibbons-Hawking
boundary term on this surface due to the extrinsic curvature of the sphere, and we
need to introduce an appropriate local boundary term to cancel it.

Although our focus is mainly on the r = constant boundary, to make the space-
time region we consider finite, we also need to introduce some cut-offs in the z*
directions along the plane wave. The symmetry of the background under trans-
lations in 2~ makes it natural to introduce cut-offs at two constant values of =T,
respecting this symmetry. In the simple case where p;; are constants, which in-
cludes the cases of most interest for holography, there is an additional symmetry
under translations in ™, which suggests it is natural to take the other cut-off to be
at constant values of 7, respecting this translation invariance. We will also discuss
the calculation of the action for the general case where p;;(z™) are not constants
with this same cut-off. We will see that this choice of cut-off can give a satisfactory
construction for an action even for general uy;(x™), although there are some addi-

tional subtleties associated with the surfaces at constant z—. However, one should

SRefer to section 2.2 for a discussion of the origins of this equation.
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bear in mind that there is no a priori justification for this choice of cut-off in the
general case.

The action for the cut-off spacetime should contain a Gibbons-Hawking boundary
term for each of these boundaries. In the case of the surfaces at 7 = constant, there
is a subtlety as they are null surfaces, so the trace of the extrinsic curvature is not
well-defined. However, this issue has been previously considered in [60] where it was

shown that a suitable boundary term on a null boundary z+ = constant is

1
e /+ d zorona T, (3.32)
T =const
A

where o = \/ng(()“ ((—9) ¢"), with g being the determinant of the metric on the

full spacetime. We will adopt this prescription here. On the boundaries at = =
constant, we consider just the usual Gibbons-Hawking boundary term.

On the boundary at r = constant, the Gibbons-Hawking boundary term gives
a contribution which will diverge as we remove the cut-off. This divergence is as-
sociated with the intrinsic curvature of the boundary (the background plane wave
spacetime has a flat spatial metric in the 2’ directions, so the intrinsic and extrinsic
curvatures of the r = constant boundary are related), so we can try to cancel this
divergence by adding a Mann-Marolf counterterm contribution to the action on this
boundary.

Thus, the action we consider is

1 1
_ dd+2 /_ R— —— dd-i—l /\8 + 3.33
167G [\A ! g 167G T =consts roONt ( )
1 1 N
- de\/|h| K — — d e/ —h (K—K)
87TG xr~ =consts ! | | 87TG r=const ! 7

where by the integral over 7 = constants we mean integrals over two surfaces at
different values of 2™, with opposite orientations for the normal to the surface, and
similarly for the integral over £~ = constants.

Let us first of all consider the value of this action for the plane wave back-

ground (3.1). This is a vacuum solution, so R = 0. On the surface 2 = constant,
oc*oat = ot =0,9"" =0, (3.34)

as ¢+ =0 and ¢+~ = —1. So the boundary term at 2+ = constant vanishes.

On the surface x~ = constant, if u;; are constant, the only non-zero component of
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Kag is
1 0
Ky = ——=01g). 3.35
+1 /g0 19++ (3.35)
Since RO+ =0, this gives K = 0, and the boundary term at ~ = constant vanishes
as well.
In the more general case where p7;(x") depend on =™, we have
1
K=K hO = ———8,¢0, 0O+, 3.36
++ 2\/g(0T +9++ ( )
and at 2~ = constant, hO+ = 1/h") = —1/(uzs(x")z’2”). Hence, this K ~
O(r~!), and the contribution to the action is
1
S =—— K+/|h|dzTd?z" ~ O(r?), (3.37)
87TG T~ =const

so this boundary will make a divergent contribution to the action as we remove the
cut-off at large r. However, in the full action, there are two boundaries at constant
x~ (at say x~ = 4x;), and they contribute with opposite signs because of the
opposite orientations of the outward normals, so this term will cancel between the
two boundaries, making no contribution to the total action.

Finally, the boundary at r = constant is what we want to focus on, so let us be
more explicit and set up the notation we will use later. We define coordinates on

the boundary z® = {z~, 2,0}, so the boundary metric is

0 ~1 0
hozﬁ - —1 —M[JII{EJ 6 y (338)
0 0 7"%”
with determinant h = —r2d’2fz, where h is the determinant of the unit metric on

S=1. The normal vector to the boundary is n, = 6”. The non-zero components of

the extrinsic curvature are

1,.J

Kij =rhij, Ky = B 5 (3.39)
r
so K = %. The Ricci tensor on the boundary is
0 0 0
Raﬁ = 0 R++ 6 . (340)
0 0 (d—2)hy
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Solving (3.31) for Kag, we find that the non-zero components are f(ij = r/Az" and

K, = d =, and so K = . Thus K — K = 0, hence there is no contribution to
the action from the r = constant surface.
Thus, we find that the on-shell action for the pure plane wave is zero. Note

that the action vanishes for any plane wave solution, independent of the values of

porg(27).

3.2.1 Finiteness of the action

Next, we consider an arbitrary asymptotically plane wave solution satisfying our
asymptotic fall-off conditions, and show that the action of the solution will be finite.
Since the metric g is still a solution of the vacuum equations, R = 0, the bulk term
still makes no contribution to the action. For the boundaries at constant x™, as in

the pure plane wave,

1 d
S, =— dz~ (dz")® 9,9 3.41
* 167G A+:const ! ( v ) wd ( )
In the gauge we have chosen, g** = 0, g™~ = 1, and ¢! = 0, so this term still

vanishes.
For the boundaries at constant x—, the contributions to the extrinsic curvature

at linear order in the departure of the metric from the plane wave are
K = K pW 4 gKOpO+ o g pO++ 4 g (DpO17, (3.42)

On these boundaries, we have h(W++ ~ O(r=9), ROF ~ O(Tl_d), and

)+ 1 g+
m_ 1 9 RO A o=
1 9(0”‘ 1
Ki) = =5~ (09 +0195) = 0290 ) + 5V/gO0gl). (3.44)
o=

Thus, the terms which are independent of x~ will give a contribution to K ~
O(r'=4). This will make a divergent contribution to the integral over a single
boundary, S_ ~ O(r?). However, as in the action for the pure plane wave, this
divergence cancels between the two boundaries so, for asymptotically plane wave
solutions which are independent of x~, the contribution to the action from these

boundaries vanishes.
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We require that any terms depending on x~ fall off at large x—. This implies, in
particular, that there cannot be any linear dependence on ™~ near these boundaries,
so the part of the components g,(ﬁ,) involving x~ will fall off faster than the part that
is independent of x~ by a factor of 1/r%. The contribution of the z~-dependent
part of gl(j,) to the terms in K that do not involve explicit derivatives d_ will then
be O(r=¢=3). Thus, the contribution to the action from this part of K is finite and
will go to zero as we take the cut-off in ™ to infinity. There are terms in K f}r and
K}l]) which involve explicit derivatives _; these make a contribution K ~ O(r=41),
giving a contribution to the integral S_ which is logarithmically divergent at large
r. However, this contribution comes with some negative power of x~, so if we take
the boundaries at constant = to infinity at the same time as we take the boundary
at large r to infinity, this contribution will go to zero. This dependence on the order
of limits is not entirely satisfactory but it allows us to define a finite action. It does
not seem to conceal any particularly interesting deeper issues.

Finally, we consider the boundary at » = constant, for which the analysis will

be similar to the asymptotically flat case considered in 2.2. We can write the linear

order contribution to the boundary term in our gauge as

KW — KO = gp®es _ g 1008, (3.45)

As vV/=h ~ O(r% 1), we need KV — KM ~ O(r'=9) to have a finite action. For the

term involving the extrinsic curvature,

1 rr 0 1 1 1 1
Ko =9V Ky — 5 (gér),a +gl s — gig),r) , (3.46)

and substituting for g((llﬁ) it is easy to show that this term is O(r

As before, to evaluate K Sg, we linearise (3.31) to give

lfd)‘
RO = KWL + (ROES - KOKG ) ho, (3.47)
where

0)y4 . 1 - . 1 . N . R
L = WK g+ 5 (0205K + 035K ) — 5 (01K5 + 03K + 01K + 05K )
(3.48)
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Inverting this will give us an expression for K Sﬁ),

PO D) _ AfOne (R%) _ ( RORQ _ RO Kg?) h(l)a6> . (349)

[e%

where M7 = po? (Lil)Zfﬁ. Recall that the non-zero components in K g)ﬁ) are K Sfl
and K Z(;)), and note that in our gauge h(V**+ = 0 on the r = constant boundary. We

thus have

B0 () = @SR _ (RO RO, — RO RO)p0mn (3.50)

1] mn mTgn

A lengthy explicit calculation gives that the only non-zero components of M9 are

; 1 T
M(0)+_ ~O M(O)—— ~ O 2 M(O)U = W =—"_hY. (351
(r), 03, =2 “aa—z" G5

For the second term in (3.50), we have K ~ (’)( ), and R™ ~ O(r=%), so this
term is O(r1~4). For the first term, we express R 5 by the analogue of (3.3),

1
R =~ 2h(0)75D(0)D( 'ty h(O)V‘SD(O)D(O)h )+ hOPDODORG (3.52)

where D, is the covariant derivative compatible with h,g. Using this expression we
can see that R ~ O@r=9), RY ~ O(r~42), and RS) ~ O(r*=%), so the first
term also makes a finite contribution (in addition, many of these terms will actually
be total derivatives, which make no contribution to the action).

Thus, we conclude that the on-shell action is finite for the asymptotically plane

wave spacetimes.

3.2.2 Variations of the action

In addition to being finite on-shell, we would like to see that 6S = 0 for arbitrary
variations about a solution of the equations of motion. The variation of the usual

Einstein-Hilbert plus Gibbons-Hawking action would give a boundary term

1
85 =——— [ d"™av/~h7*F5h, 3.53
EH+GH 167G x T B ( )
where 7% = K — h*S K. On the boundaries at = = constant and 2~ = constant,

we have just this term. Therefore if we require dh,3 = 0 on these boundaries,

they will make no contribution to the variation of the action. This is a reasonable
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boundary condition if we think of these as fixed cut-offs; that is, if we keep the
coordinate position of the cut-off fixed as we vary the metric and do not intend to
eventually send the cut-off to infinity. This is certainly an appropriate approach
for the 2™ = constant boundary. In some cases, however, it is more appropriate to
eventually remove the cut-off on x=. For this purpose, we could imagine relaxing
this condition to require only that dh,s decays as we go to large ~. Since the
background metric is independent of =, any dh,s which goes to zero at large x~
will produce a contribution to S which vanishes as we remove the cut-off on z~.
Thus, there is no problem with the variation of the action involving these boundaries.

We turn to the contribution to the variation of the action from the boundary
at r = constant, where we only want to require that the variation dh,g falls off

(1)

as quickly as ga1 . On the r = constant boundary, we have the above boundary

contribution from the Einstein-Hilbert plus Gibbons-Hawking action and we have

the contribution coming from the variation of the new boundary term,
0Sarnr = # / A av/—h (—%Kha%haﬁ + K op0h®% + haﬂakw) . (3.54)
To determine h*?§ K o8, We need to use the analogue of (3.47) for variations to write
PR a5 = M (6R0s = (KagRos — Koy Kgs ) 65°7) (3.55)
where 0R.; is given in terms of dh.g by
6Rap = —%h”"SDanghw; — %h75D7D55ha5 + h° D, D(oShgs)s. (3.56)

The variation can be taken to respect our choice of gauge, so éh_, = 0. Thus, we
only need to consider the variations 0hy, dhy; and 0h;;.
Let us first consider just dh,y non-zero. The term in 6Sgy. gy involving dhy

is trivially zero, as 7" = 0 with our choice of gauge. For the new boundary term,
1 . .
08w = o= / A" av/—h <K++5h++ + haﬁaf(aﬁ) : (3.57)
T

This expression involves the full metric of the asymptotically plane wave solution we
are considering. For each term, we will explicitly calculate the result for the leading

non-zero contribution (coming from either g(o) or g(l)). Higher-order terms are
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suppressed, so if the first term gives zero contribution to the variation of the action,
we do not need to consider higher orders. In the first term in (3.57), solving for
KW+ using (3.47) gives KOt ~ O(r=41) and dhyy ~ O(r* ), so K*+6h,, ~
O(r3724) and the first term in the integral is O(r?~¢), which vanishes for d > 3.
For the second term, we use (3.55), where there will be a zeroth-order contribution
to the first term and a first-order contribution to the second term. From (3.56),
we find that dh, 4 gives only 0R,, 0R,_ and dR,; non-zero. Using our previous

calculation of the components M (%% we then have
hP6K og = MOT=§RY — pr@ab O gW++sp (3.58)

Now R = — 1% =9_9_6h, 4 ~ O(r=?), so the first term is O(r'~%). Together
with the factor of v/—h in the integral, this would give a finite contribution to
the variation. However, this leading-order term is a total derivative because h&oﬂ) is
independent of 7, so it makes no contribution. Higher-order contributions from
this term would not be a total derivative, but they are suppressed by further powers
of r so their contribution to the action vanishes in the large r limit. The second
term is of the same form as the contribution considered above, giving a contribution
hPKos ~ O(r*24). Thus all the terms coming from 6h,, vanish in the large r
limit.

We now evaluate terms involving dh;,. We find

1 A
5SEH+GH = _167TG /dd+llL‘\/ —hﬂ'H—(ShH_. (359)

At linear order, 7" ~ h99_h;, ~ O(r~%71), and dh;y ~ O(r*=%), so this term is
vanishing for d > 3. For the new boundary term,

_ Y e T (fitsh o haBs
3w = o= [ A2/ h(K Shis + h 5Kaﬁ), (3.60)

and (3.47) gives KW ~ O(r~971), so the first term also vanishes for d > 3. In
the second term, having just dh;; gives us all components of dR,3 except IR__
non-zero. Using (3.55) and our previous calculation of the components M % we

then have

W0 K o5 = MO=6RY. + MOUSRY — MOUKD KO™ 6h,,..  (3.61)
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We have 6RY). = 0@ DV)_gh., ~ O(r~4), and SR} = Lh©+=0_D'Vsh;, ~
O(r*~?). Thus, both of the first two terms in h*?3K .3 would make finite contri-
butions to the variation of the action. However, as they involve 0_, they are total
derivatives so they actually make zero contribution. As in the previous case, when
we analysed terms involving dh , higher-order contributions from this term would
not be a total derivative, but they are suppressed by further powers of r so their
contribution to the action vanishes in the large r limit. The final term in h*?§ K B
is of the same form as the contribution to the variation coming from K F6hiy, so
it goes like O(r*=24), and all the terms in the variation of the action coming from
0h;y vanish in the large r limit.

Finally, we consider terms involving dh;;. We find

/ d™ o/ —h7' §hy;, (3.62)

5SEH+GH = - 167G

and since 77 ~ O(r~3) and dh;; ~ O(r*~%), this gives an 7 term which does not
vanish in the large r limit. This term needs to be cancelled by a corresponding term

coming from 0S5y,,,. The latter is

1

0Syum = 3 G/ddﬂx\/ <——Khaﬁ5haﬁ+K ,85ha’3+h0‘56K )
T
1 1

= oo / A/ —h (Eﬁijahij + Efcijahij -+ haﬁaf(aﬁ) . (3.63)

where 7% = K% — W . To zeroth order, #(0% = 70 5o the first term in (3.63)
cancels the non-zero contribution from (3.62). However, the second term in (3.63)
also has a non-zero leading order part so we need to see that this can be cancelled
by a contribution from the final term. Considering the variation dh;;,

WK .5 = MO R + MO-=RY + M©isRY (3.64)
The terms involving dR,p give finite contributions which are total derivatives, as
before. For the first two terms,

SR = hOUDO0_5h; ~ O, RO = BOUH_0_6h; ~ O, (3.65)

and these are total derivatives because hg)ﬁ) is independent of z~. For the other term,

5732(?) ~ O(r*=9) involves covariant derivatives with respect to the unit metric on
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Sa-1 ﬁij, and this term is a total derivative because the only 6; dependence in the
terms multiplying 672530-) is through the covariantly constant metric izm As in the
previous two cases, higher-order contributions from these terms would not be total
derivatives, but they are suppressed by further powers of r, so their contribution to
the action vanishes in the large r limit. We are then left with evaluating the last

term in (3.64). Using IA(i(jQ) — rh;; and MO = Q(d;_m?ﬁij,

hoPSK g — — MO (k};?%ggg - f%},?jkﬁ) Sh™ = —%rﬁ%hﬁ - —%R@W(Sh“.
(3.66)
This will cancel with the leading order part of the second term in (3.63), leaving us
with no finite contributions to the variation of the action in the large r limit. Thus,
this action gives a well-defined variational principle for our class of asymptotically
plane wave spacetimes. Notice that this computation worked in a very similar way
to the asymptotically flat case, reviewed in chapter 2.

In this chapter, we have given a definition of asymptotically plane wave space-
times which is consistent with the known exact solutions. Using this definition, we
then constructed a well-behaved action principle for asymptotically plane wave so-
lutions. We discuss the interpretation of these results in chapter 5. In the following
chapter we consider the construction of black holes and black strings in plane wave

spacetimes.



Chapter 4

Black holes and black strings in

plane waves

From the point of view of holography, it is clearly interesting to construct asymptot-
ically plane wave black holes and black strings and look for interpretations of these
spacetimes in field theory terms. Some exact solutions describing black strings in
plane wave backgrounds have been obtained by applying solution-generating trans-
formations [21-25]. A review of this work and the structure of horizons and plane
waves can be found in [26]. However, such methods are available only in special
cases and a solution describing the simplest situation, a regular black hole or black
string in a vacuum plane wave background, has not been obtained by these methods.
Constructing solutions by directly solving the equations of motion is challenging.
In this chapter, we adopt the method of matched asymptotic expansions to find
approximate stationary solutions when the horizon size r of the black hole or black
string is small compared to the curvature scale =1 of the plane wave. This gives a
separation of scales which can be exploited to solve the equations of motion in the
linearised approximation in separate regions, matching the solutions in an overlap
region. Such methods have been successfully applied to the construction of caged
black holes in Kaluza-Klein theory [58] and to construct black ring solutions in
more than five spacetime dimensions [56] and in anti-de Sitter space [61]. These
ideas have been further developed in [51,52] as reviewed in chapter 2, where general

extended black objects wrapping a submanifold in an arbitrary spacetime have been

o8
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considered at leading order in the region far from the black object.

We proceed in a similar way to these previous examples, first finding the met-
ric far from the source (for r > r,) by studying the linearised approximation to
gravity with an appropriate delta-function source. The wave equation in the plane
wave background is rather complicated, so we focus on solving this problem in an
intermediate region r, < r < ! where the deviations from flat space due to both
the source and the plane wave are small.

Solving the equation in this regime, we find that simple dimensional analysis in-
dicates that the solutions will violate the asymptotic boundary conditions proposed
in the previous chapter as a definition of asymptotically plane wave spacetimes. In
fact, the perturbation due to the delta-function source becomes large relative to the
background metric at large distances. An explicit analysis in four and five dimen-
sions shows that the terms violating these boundary conditions are indeed non-zero.
Thus, these solutions appear not to be asymptotically plane wave; we will refer to
them as black holes or black strings in plane wave backgrounds. The fact that the
linearised solutions for a delta-function source violate the asymptotic boundary con-
ditions suggests that as in AdS, [62] and the Kerr/CFT correspondence [63-65], the
space of asymptotically plane wave spacetimes may be highly restricted.

We then obtain the near horizon metric in the region r < =1 by solving the
linearised Einstein equations on the background of the black object, treating the
plane wave as a perturbation. For a black hole, we find that there is no linearised
solution which is regular on the horizon. For the black string, we obtain a regular
solution in the near region, and verify that it matches on to the solution in the
intermediate region.

When solving the equations, we focus on vacuum plane waves in the lowest
possible dimension, for simplicity, but the method of matched asymptotic expansion
is more general and a similar analysis could be applied to construct black string
solutions in any plane wave background of interest in arbitrary dimensions. We will
remark on the extension to other waves and higher dimensions at appropriate points
in the calculation. The calculation in the region r > r, is described in section 4.1,

and the calculation in the region r < p~! is described in section 4.2.



4.1. Linearised solutions on a plane wave background 60

4.1 Linearised solutions on a plane wave back-

ground

We want to construct solutions corresponding to a black hole or black string of

radius 7, in a general vacuum plane wave background in D = d 4 2 dimensions
ds® = —dt* + d2* — pry(t + 2)a' 2’ (dt + d2)* + 6pyda’ da” (4.1)

where 2!, I = 1,...d are Cartesian coordinates on the transverse space. We will
work in the parameter range r, < !, where we take the matrix pur;(t + 2) char-
acterising the wave to have a single characteristic scale p for simplicity. The black
object can then be treated as a small perturbation of the plane wave background for
r > r,. In this region of the spacetime, the problem of constructing a black hole or
black string solution thus reduces to solving the linearised Einstein equations for a

suitable source T),,. In transverse gauge, the linearised equations are’
Ohy, = —167GT,,. (4.2)

For a pointlike source, the relevant stress tensor is simply 7, = MV, V,,6(z—2*(T)),
where x#(7) is the particle’s trajectory, V# = dz* /dr is the tangent to this trajectory,
and M is the proper mass. For a black string solution, the stress tensor can be
determined by linearising the vacuum black string solution in d + 2 dimensions,

2 Ti_Q 2 2 Ti_2 o 2 2 102
ds*=—(1—-—= |dt"+dz"+ |1 — —— dr® +r=d€;_,, (4.3)
T

2 Td_2

which gives the stress tensor in these coordinates as

(= Sl

_ d _
T = 167G 0%r), T = 167G (r)-

(4.4)

The source is fixed to follow some appropriate trajectory in the plane wave
background. For a pointlike source, the appropriate trajectory is a timelike geodesic
of the background spacetime. To obtain a stationary black hole solution, we should

require this geodesic to be the orbit of a timelike Killing vector in the spacetime.

'Note that, in our actual calculations we will not assume the transverse traceless gauge as it is

more convenient to use the gauge freedom to fix particular components of the perturbation.
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This forces us to restrict to plane waves with a constant matrix pu;(t 4 2) = pzy, so
that the solution has a timelike Killing vector, and to consider the geodesic z = 0,2
2! = 0, which is the unique geodesic trajectory which is also an orbit of the Killing
vector. The appropriate source is then T, = M§(z)d%(x!), and the size of the black
hole is Ti_l x M.
For the black string, as reviewed in chapter 2, the equation of motion for a probe
string is [57]
K, ST =0, (4.5)

where K, is defined in (2.81) and T, is the stress tensor of the source. We
will consider embedding the black string along the submanifold z/ = 0, which has
K,f = 0. As a result, there is no constraint on the form of the stress tensor. As
for the black hole, we need to restrict to constant p;;(t + z) = pys so that this
submanifold is an orbit of the spacetime isometries, so that we can expect to obtain
a stationary uniform black string solution. We can then use boosts in the ¢ — z
plane to choose the black string solution to be in its rest frame, setting 7, = 0,
without loss of generality. The appropriate source is thus (4.4). We want to find a
uniform black string solution, so the components of the stress tensor are assumed
to be constants along the worldvolume. The blackfold equations of [52] are hence
trivially satisfied.

In each case, the problem thus reduces in principle to solving (4.2) on the plane
wave background for an appropriate source. However, we do not have the Green’s
function for this differential equation in closed form, so we will content ourselves
with studying this problem in the intermediate region r, < r < p~!, where we
can treat the plane wave itself as a small perturbation of flat space, and obtain the

solution of (4.2) order by order in u%r?.

4.1.1 Dimensional analysis

We first discuss the perturbation in general dimensions using a simple dimensional

analysis argument. For the case of a point source, we find it convenient to rewrite

2We can make this choice without loss of generality by translation invariance in z.
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the metric in spherical polar coordinates, introducing a radial coordinate
r? = 2%+ 60’ a’, (4.6)

and defining coordinates % on the S¢ at constant r. As in [66], we use a, b to denote
coordinates on the two dimensional space spanned by r,t. By dimensional analysis,
the form of the perturbation to first order in M and in u? will be

M M2

- 0) (1) (pi
hab - TD—?, hab + 7"D75 hab (0 )7
M M2 .
- (0) 0 () pi
hai - rD—4 hai + rD—6 hai (0 )7 (47)
M (0) M,u2 (1) i
hij = TD_5 hij + T‘D_7 hij (0 )7

where h,(f)y) and h,(}y) are dimensionless functions® depending only on the angles 6.
In fact, since the spherical symmetry is only broken by the plane wave, hg%) are
constants, and the component on the sphere hg?) will be proportional to the metric
on the sphere 7,;. We will always work in a gauge where hl(»?) vanishes. Each addition
of an 7 index raises the power of r by one because the coordinates on the sphere are
written in terms of dimensionless angles.

This simple dimensional analysis already indicates a significant issue: this per-
turbation does not satisfy the boundary conditions introduced in chapter 3. There,
it was assumed that components of the perturbation in the directions transverse to
the wave would fall off at least as 1/r”~* (corresponding to h;; oc 1/r”~5 because
of the extra factors of r from writing the perturbation in polar coordinates), char-
acteristic of a localised source in a flat spacetime. However, we find that the term
resulting from the interaction with the wave must grow more quickly than this on
dimensional grounds. When we think of the plane wave as a perturbation around flat
space, the plane wave background introduces corrections which grow more quickly
with r than the original leading-order response.

Similarly, when we consider a black string source, it is convenient to write the

metric in the directions transverse to the wave in polar coordinates, introducing a

3Note that, in chapter 3, ¢(?) denoted the zeroth order part of the metric, and ¢(*) denoted the
perturbation. In this section, 2(?) and h(!) denote the part of the perturbation of zeroth order and

first order in u? respectively.
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radial coordinate

r? =6t (4.8)
and introducing coordinates 6% on the S9! at constant r, 2. In the string source
case, a,b will denote coordinates in the three dimensional space spanned by ¢,r, z.
Then, to leading order in 7, and p?, the perturbation sourced by a black string will

have the form

D—-4 D—4
hay = bl + R (0),

D—4 D=6
D—4 D—4, 2
_ Ty o T+ KH W)
D—-4 D—4,2
T N () N L X O Y
hij =~ p=shi; + = p=s Mij (0,

where hfﬁ} are constants and h,(}y) are functions of the coordinates 6" on the sphere
only. Thus, as in the black hole case, the perturbation does not satisfy the boundary
conditions introduced in chapter 3.

This is a significant issue because at least in low spacetime dimensions, the
resulting perturbation actually grows more quickly with r than the background
metric. In D = 4 for the black hole and D = 5 for the black string, the perturbation
of the angular metric h;; has a contribution that goes like 7y pr?®, which is growing
faster than the background metric on the sphere which goes like 2. Furthermore,
what we have discussed so far is just the leading order correction in p2. Higher order
terms in p? will come with additional powers of r. One might hope that when the
problem is solved to all orders in p?, the resulting behaviour could be under better
control, but it is hard to see how such a cancellation between different orders could
be arranged. We will see later, in a particular example, that this does not occur.

Thus, we are faced with the odd situation that the linearised field of a point
source may become more important than the background, signalling a breakdown of
the linearised approximation far from the source itself. Thus, the solutions we con-
struct should not be thought of as “asymptotically plane wave” black holes/strings,
as the metric in the asymptotic regime is not close to the original plane wave met-
ric. As a result, the analysis of chapter 3 will not apply to these spacetimes and,
in particular, we do not expect that they will have finite action with respect to the

action principle discussed there.
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One might hope that the terms which violate those boundary conditions which
are allowed by dimensional analysis may actually vanish. This hope would be encour-
aged by the fact that the specific examples of plane wave black strings constructed
in [21-23] satisfied the asymptotic boundary conditions of chapter 3. However, the
examples of [21-23] are special cases in that they are constructed by the Garfinkle-
Vachaspati solution-generating transformation [67] and, by construction, can only
differ from the seed solution in the metric components along the null direction. By
contrast, the solution constructed in [25], which was obtained by a different method,
has precisely the kinds of corrections that are predicted by this dimensional analysis
argument.

In the next two subsections, we will consider the solution of the linearised equa-
tions of motion for the perturbation in detail for the lowest possible dimension for
black hole and black string sources, and see in these particular examples that the
terms which violate our asymptotic boundary conditions do indeed appear. Thus,
the approximate solutions we obtain for black holes and black strings in plane wave
backgrounds are not asymptotically plane wave in the sense defined in chapter 3.
Given the above dimensional analysis arguments and the results below, it seems rea-
sonable to expect that this is the generic case, so that the space of asymptotically

plane wave solutions is very limited. We will comment on this in chapter 5.

4.1.2 Black hole

Let us consider the perturbation sourced by a point source in the lowest possible
dimension, D = 4, in detail. By a choice of coordinates, the most general four

dimensional plane wave can be written as

ds® = —dt* 4+ da® + dy* + dz* — ,u2(x2 — y2)(dt + dz)Q. (4.10)

wave

We rewrite this in spherical polars by defining

z=rcos, w=rsinfcos¢p, y=rsinfsinqp, (4.11)
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SO

ds? _ —dt2+dT2—|—T2(d92+Sin2 9d¢2> (4.12)

wave

—pi*r? sin? §(cos? ¢ — sin® ¢)(dt + cos Odr — r sin 0df)*.

As in the previous subsection, we can use dimensional analysis to fix the de-
pendence of the perturbation on r. We can, in fact, determine the perturbation
to zeroth order in pu? by simply linearising the Schwarzschild solution, which gives
hy = hyp = % This satisfies the linearised equations of motion for a delta-function
point source, but not in the transverse traceless gauge which was assumed in writing
(4.2). In what follows, we will not assume the transverse traceless gauge as it is more
convenient to use the gauge freedom to fix some components of the perturbation.

For the terms of first order in 2, we can use the freedom to choose a gauge
for the perturbation to set h((lz and hég to zero. Note that we have four gauge
degrees of freedom but have only eliminated three components, hence we have one
remaining degree of freedom which we will use later. We then make an ansatz for

the ¢ dependence of the perturbation, and write our perturbation as

hay = %g;} + MpPr(cos? ¢ — sin? ¢)hly) (8),
haoy = Mpr?(cos® ¢ — sin® ¢)hl})(0), (4.13)
hij = Mp*r®(cos® ¢ — sin® qb)hl(-;)(@),
where the non-zero components of hg?)) are hg? ) = 2,h£?n) = 2, and the non-zero
components of hix) (6) are by (8), hiy (6), by (0), hix) (0), by (), hiy (6) and K (6).
We now want to substitute this ansatz into the linearised Einstein equations and

solve for the undetermined functions h,(},,)(ﬁ), requiring regularity on the sphere. In

an arbitrary gauge, the linearised Einstein equations for r # 0 are

1
R = Egpa<vpvuhva + vavhua - vuvvhm - vaohw) = 0. (4-14)

uv

Substituting our ansatz, these equations become (where primes denote derivatives

with respect to 0)

—sin® 0h}" (0) — sin 6 cos O (8) + 2(cos® 6 + 1)h} (8) (4.15)

—6cos® 9 — 2cos O +22cos? ) — 14 = 0,
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— sin? 0h{Y"(0) — sin 6 cos OhLY' (6) + 2sin® th)l(G) + 4h$)(9) (4.16)

+2sin 6 cos thg;)(Q) —8cos’ 0 + 16 cos® ) — 8cosh = 0,

—sin? R0 (9) — sin 6 cos OhY'(8) + 4sin® 0% (0) + 2(3 — cos? )LD (6) (4.17)

—2sin? Qhéle)(e) — 2sin® 9hf§,3(9) +10cos®§ — 26 cos* § + 22 cos®>§ — 6 = 0,

sin? 6h( () — sin? thb{g/(é) — sin 6 cos thbl(g (0) + sin 6 cos Hhéé) () (4.18)

+2(cos® § + 1)h£19)(9) —4sinf(cos® § — 2cos® O + cos ) =0,

sin? th),(e) + 2(cos? § + 1)h$)(9) + 2sinf(cos* 6 — 4cos® + 3) = 0, (4.19)
Wy _ MWgy _ pM MY — cos? 20 -1 =

h,g (8) — cot Oh, ) (0) — hyy (0) + h,,’(0) — cos™ 0 +2cos”0 — 1 =0, (4.20)
hg?'(@) — cot thé)(ﬁ) + A (0) 4+ 2cos (1 — cos®0) = 0, (4.21)
— sin (R (0)—h} (6))+cos O(hY (8)—hl} (8))+2sin Hh%) (6)+2 cos f(cos* —1) = 0,
(4.22)

—sin?0h(})"(0) + sin? by, (8) + sin @ cos (" (6) — 2h0)' (6))
—sin? Oh{D"(0) 4 6sin® 0" () — 5sin® ORS) (0) + 3sin? 6R(6)  (4.23)

— sin? Gh((;z(@) +sin® 0RS) (0) + 2 cos® B(cos® 6 + 3cos? 6 — 5) +2 = 0,

sin 01" (0) + sin 6 cos O(h{Y'(0) — Ry (6) + 2h%) () — hyg' ()
+cos? 0(3hM(0) — 3hly) () + hiy(0)) — 25in? Ohly)" (0) + 3sin? Ohl) () (4.24)
—7h0(0) + 3RS (6) + 2 cos® (3 cos* § — Tcos? 6+ 9) — 10 = 0.

We have a system of ten equations in seven unknown functions (in fact, there will be
only six unknown functions once we have made use of the one remaining degree of
gauge freedom) so it seems that our system is over-constrained. We find, however,
that there are only six independent equations and, hence, that our system is in fact
well-defined. It is convenient to subtract a multiple of (4.20) from (4.17) to simplify
it to

—sin? 0" () — sin 6 cos 0hL (0) + 2(1 + cos? 0) k(Y (8) + 8sin 6 cos Oh'y) (0)(4.25)

42 sin? Hhélg)(ﬁ) — 2sin? Hh((;(;(ﬁ) +10cos®f — 14 cos* § + 6cos® @ — 2 = 0.
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By using combinations of (4.20), (4.22), (4.25) and their derivatives it is possible to

reduce (4.15) to an algebraic equation

25in 0 cos Ohly (0) + 2sin? Ohl) (0) + 3y, (0) — 5hD(0) (4.26)

+2cos? Oh{H (0) 4 2(— cos® 6 + 4 cos* 6 4 cos?  — 4) = 0.

We find we can write (4.16), (4.18), (4.23) and (4.24) as linear combinations of
(4.19), (4.20), (4.21), (4.22), (4.25) and (4.26) and hence that these equations are
not independent. We now see that a convenient choice of gauge is one in which
hY(6) = 0.

It is also useful to define new functions

cu(0) = hi(0) — hD(0) (4.27)
coo(0) = h3)(0) — h(6) (4.28)
con(0) = hyg () — B (0). (4.29)

We can now solve (4.22) for ¢;(0), (4.26) for c4(0), and (4.20) for cge(6). We find

the regular solutions are

cu(0) = 4sin20—§sin49, (4.30)
cpo(0) = —sin'0, (4.31)
cop(0) = —sin*6. (4.32)

Equations (4.21) and (4.19) are a set of coupled first order equations in two variables.
We can therefore reduce this set to a single second order equation in one variable.

We find the regular solutions of this system are
D () = 2sin®fcosb, (4.33)
hy6) = —2sin®6. (4.34)
Finally we solve (4.25) for h{}(8). The regular solution is

A (9) = %sin‘le. (4.35)

rr

Using (4.27), (4.28) and (4.29) we now also have solutions for hg)(é), h((;qz (#) and
hou (6).
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Thus, in this gauge, the solution which is regular on the sphere is

2M 2M
hdetde” = “—dt* + =—dr* + Mp*rsin® §(cos® ¢ — sin® @) x
r T

1
(4 — 3 sin? 0)dt* + 4 cos Odtdr — 4r sin Odtdf (4.36)

1 2
+§ sin? Odr? — §7‘2 sin? 0(d6? + sin® 0d¢?) | .

We note that, as stated earlier, the regular solution for the terms of first order in
1% has non-zero components on the sphere which grow faster than the background
metric on the sphere. These solutions are hence not asymptotically plane wave.
While this leading order term would not grow faster than the background metric in

higher dimensions, higher order terms in ;2 will, in principle, do so.

4.1.3 Black string

We now consider the perturbation for a black string source in the lowest possible
dimension, which is D = 5 for the black string. The most general plane wave solution

in five dimensions is

ds? e = —dt* +dx? +dy? +dz* + dw? — p?(a(2? + 32 —2w?) + B(z* — y?)) (dt + dz)?;
(4.37)
note that there is a two-parameter family of plane wave solutions here. We rewrite

this in spherical polars in the directions transverse to the wave by writing
x=rsinfcos¢p, y=rsinfsing, w =rcosb, (4.38)
SO

ds? = —dt* +d2* + dr® + r*(d6* + sin® §d¢?) (4.39)

wave

— 1 (ar®(1 — 3 cos? 0) + Br? sin® O(cos® ¢ — sin? ¢))(dt + dz)?.

As in the previous subsection, we can determine the perturbation to zeroth order
in p? by simply linearising the Schwarzschild black string solution (4.3), which gives
hit = hy = % We will again find it convenient to fix the gauge by choosing some

components of the perturbation to vanish at each order in y?. We note that the
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background has an invariance under ¢ — —t, 2 — —z and a translational invariance
in ¢ and 2z which is not broken by the source, so the hy,, h., components for u # t, z
will automatically vanish.

At first order in p?, we can treat the two different components of the plane wave
separately. We first consider the first-order terms in the perturbation associated to
«. Let us therefore set @« = 1 and § = 0 in the plane wave background (4.37). There
is then a translation invariance in ¢ and a symmetry under ¢ — —¢, which imply
that hgy, vanish for p # ¢. We will make a choice of gauge to set ALY and h7(”19) to

zero. This gauge choice proves to be convenient for comparing to the solution in the

near region to be obtained later. The form of the perturbation is then

"
ha = MpPr?h()(0). (4.40)
hij = MMQTghz(gl‘)(@)a

where the non-zero components of hgz))) are hg? ) = 2,h,€?~) = 2, and the non-zero

components of hf})(@) are hg)(e), hf;)(e), hil)(e), h(elg)(e) and h%((‘))

We now want to substitute this ansatz into the linearised Einstein equations and

solve for the undetermined functions h,(},,)(e), requiring regularity on the sphere. In

an arbitrary gauge, the linearised Einstein equations for r # 0 are

1
R — §gp”(Vquh,,g +V,Vohue = VuVohpo — V,Vohy,) = 0. (4.41)

g

Substituting our ansatz, these equations become

2R (8) + cot 00phY () + 2k (6) + 16(1 — 3cos® §) = 0, (4.42)
2R (0) + cot 00phY (6) + 211D (6) + 12(1 — 3cos® §) = 0, (4.43)
Oh () + cot 89,h ) (0) + 21V (0) 4 8(1 — 3cos® ) = 0, (4.44)
hig () + hS)(0) + 2(1 — 3cos® ) = 0, (4.45)

tan 09phl) (0) — hig (0) + hi.)(0) + 6sin* 6 = 0, (4.46)

O2hi (0) — O3h5L)(0) — OZR(0) + cot O(Dphly) (8) — 2050 (0)))  (4.47)

+hiy (0) — hD(0) — 5h, (0) — h{)(0) + 125in? @ — 2(1 — 3cos® 0) = 0,

zZ
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Oyhigg (8) + cot 6(0phLL) (6) + Dphi) (6) — Oohgg (6) — Ophiy)(6))  (4.48)

+3R4 (0) + 30 (0) — hif (0) + () + 2(1 — 3cos? 0) = 0.

We first solve equations (4.42),(4.43) and (4.44) for hi?(e),hg’(e) and h&?(e) re-
spectively. We then solve for héle) (f) and héﬁ(@) using equations (4.45) and (4.46).
It is easy to verify that these solutions satisfy (4.47) and (4.48). Keeping only the

regular part of the solution, we find

WP (0) = 4(1-3cos?), RY(0) =3(1—3cos?0), hD(0) = 2(1—3cos?6), (4.49)

hig (0) = —(1 — 3cos?0),  h)(0) = —sin? (1 — 3 cos?0). (4.50)

As in the black hole case, we see that terms that grow faster than the background
metric at large r do indeed occur.
It turns out that, for this background, the linearised equations of motion can be

solved exactly by including one further term at next order in p?. If we take

M
hay = —hgy + MyPrhlp)(0) + Mp'r*hig) 6),

hay = Mp2r2nl)(6), (4.51)
hij = Mﬂ2r3hz(]1')<0)v

with th) and h&l,,) as given above, and
1
hg) = hg) = h? = 5(3 —30cos?  + 27 cos* 0), (4.52)

this will solve the equations to linear order in M but to all orders in p?. This gives
an approximation valid in the full far region r > M, demonstrating that the bad
asymptotic behaviour of this solution is not resolved at higher order in p2.

We now consider briefly the similar analysis for the other independent com-
ponent, setting &« = 0 and # = 1 in the plane wave background (4.37). The ¢
dependence in this background restricts our ability to simplify the form of the solu-

tion by general arguments, but the results from the previous case suggest we take
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an ansatz of the form

M
hey = 7hg1)]) + M p®r sin? 6(cos® ¢ — sin® ¢)hfj,),
heo = Mp*r?sin®6(cos® ¢ — sin® ¢)h§§)7
hgg = Mpu’r®sin® §(cos® ¢ — sin ¢)h¢(9}9)> (4.53)

hee = Mp*r®sin®f(cos® ¢ — sin® qu)h(%,

assuming the angular dependence at first order in p? will reproduce the angular
dependence of the background plane wave. The non-zero components of hg%) are
hg) ) = 2, h = 2, and we assume the hf},,) above are constants. We find that we can

solve the linearised equations of motion to first order in u? for this ansatz by setting

nY =4 h2 = 3,0 = 2,nG) = —1,00) = —1.
We can summarise these results in a more invariant fashion by saying that for a

plane wave background of the form

ds? .0 = —dt® +dz* + dr?* + r*(d6* + sin® 0dp*) — pr* £(0, ¢)(dt + dz)?,  (4.54)

wave

a solution of the linearised equations of motion for a black string source, to linear
order in p?, is

2M
htt = 7 + 4M/L27ﬁf(‘97 (b)? (455>

htz = 3M,u27nf(97¢)7
hzz = ZM,LL2Tf(97¢)7

2M
hrr = T
T
hoo = —Mpr’f(0,¢),
heeg = —Mu*rdsin®0f(0, ).

We would expect that this generalises straightforwardly to higher dimensions. As
in the black hole case, this demonstrates that these solutions are not asymptotically
plane wave, as the perturbation is large compared to the background metric far from
the source.

Let us now consider the action of this black string solution. Despite the fact

that it does not satisfy our falloff conditions for asymptotically plane waves set out
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in chapter 3, we can still evaluate our action for this solution. To make use of the

results of the previous chapter it is convenient to change to lightcone coordinates

xt = i(t—i— z), x = i(t —2). (4.56)

V2 V2

In these coordinates the plane wave background is

ds? e = —2dxTdz™ + dr® + r*(d6? + sin® 0d¢?) — 2u*r* £(0, ) (dx™)?,  (4.57)

wave

and the perturbations (4.55) become

2M

h++ = T + 12M2T2f(6, Cb), (458)
2M

h+* = T + 6/1’2T2f<‘97 (b)? (459>
2M

ho = = (4.60)

with A, hgs and hge unchanged. Let us consider the boundary at constant r. Since
we have a vacuum solution, the action we need to evaluate consists of just the

boundary terms

R d*zvV/—h (K - K) . (4.61)

87TG r=const

To leading order, we have v/—h ~ O(r?). In the previous chapter? we showed that
K© — KO =0, 50 we focus on finding K© — K. We have®

> 0 ~-(0 a 1 ~-(1 a
KO — KO = (K9 — KO)pWes — (k) — K{))p®27 (4.62)

Using (3.39) and that the only non-zero components of Kgoﬁ) are K\ = rizij and

ij
£ (0 R
KJ(FJ)F = o4, we find

(K(Oﬁ) — f((oﬁ))h(l)aﬁ = (Rt — 4°f(0,0))M ~ O(r”) (4.63)

(e} e}

To evaluate K Sﬁ), we use

[}

1
K = 90K + 5 (g + 90— 90, ) (4.64)

4Please note that the (©) and () superscripts are being used here as in chapter 3, and not as

elsewhere in this chapter.
5We have not fixed the gauge in the same way as in chapter 3; this will result in additional

terms to evaluate.
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We find
KhOe0 = —aMp2 (0, ¢) ~ O(r°). (4.65)

To evaluate h(©o8 [ Sg, we use

p0)as IA(SB) _ M(o)aﬁnfjﬁ) — MO RO O 0y ymn, (4.66)

1J mn m=gn

Note that, in the second term, we have made use of the fact that the only non-zero

components of M % are

1

¥ 4.
2(d—2)yr (4.67)

MO~ ~0O@r), MO~ ~0@?), MO0 =

©
ij
term in (4.66), we have IA(Z(?) ~ KO ~ O(r), and RO ~ RO+~ O(r71), so this

and that the only non-zero components of K ((10[; are K\ and K 52 For the second

term is O(r?%). As before, for the first term, we express RSﬁ) by,

1 1
RY) =~ DODPAY ~ SHOPDODPAY + KOPDPDING,  (468)

where D, is the covariant derivative compatible with h,3. Using this expression we
can sce that R ~ O(r~1), RY. ~ O(~?), and 728-) ~ O(r'), so the first term
also makes a contribution O(r°). Hence, we find K ~ KO ~ O(r°). However,
their coefficients will generically be different so there will be no cancellation between
the K@ and K™ terms and the action will diverge like 72 in the large r limit. This
result is not surprising, the solution is clearly not asymptotically plane wave so we

would not expect it to have a finite action.

4.2 Near region analysis

Having explored the behaviour in the intermediate region, where we can use a lin-
earised approximation about the plane wave background, we now turn to the analysis
in the region r < p~! near the black hole or black string. In this region we can
treat the plane wave as a small perturbation of the black object, and the problem
reduces to linearised perturbations on the black hole or black string background,
with boundary conditions at large distances determined from the previous solution

in the intermediate region and a boundary condition at the horizon determined by
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requiring regularity of the perturbed solution there. We will find that there is no
regular solution in the black hole case. For the black string, we find a regular solu-
tion which matches on to the solution we discussed above in the intermediate region.
We will focus on the analysis for the black hole in four dimensions and the black
string in five dimensions, as in the previous section, but the same techniques can
easily be applied in higher dimensions. We will comment briefly on the extension of

the analysis to higher dimensions for the black hole case.

4.2.1 Black hole

We first study the near horizon region of the black hole, treating the plane wave as

a perturbation. We will do the analysis in the lowest possible dimension, D = 4,

even though there is a simple symmetry argument that no regular solution exists in

this case. The calculation is simplest in this dimension, and it serves to illustrate
the method of calculation which will be very similar in higher dimensions.

Take the Schwarzschild black hole solution in four dimensions,
2 , dr?
ds® = —f(r)dt* + 7o)

with f(r) = 1 —2M/r. We want to find a solution of the source-free linearised

+ 72(d6* + sin” Od¢?), (4.69)

vacuum equations on this background which asymptotically approaches the four-
dimensional plane wave (4.10). This implies that we want a perturbation h,, with
asymptotic boundary conditions

2,.2

lim hy,ds"ds” = —% sin? 0(e?? + e~ %) (dt + cos Odr — rsin 0d0)* + ..., (4.70)

r—00

where the ... denotes terms going like 2 M™ for n > 0. These terms are suppressed
relative to the leading term because dimensional analysis tells us the mass will
always appear in the combination M /r. At linear order in M, the sub-leading terms
at large r should match onto the results of the analysis in the intermediate region
obtained in the previous section.

At the horizon, the boundary condition is that the solution be regular there.
Since the background metric is not regular at the horizon in the Schwarzschild

coordinate system we are using, this condition is most easily applied by writing
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the perturbation in an orthonormal frame. A suitable frame is e® = /f(r)dt,
e = f(r)~2dr, e = rdf, e® = rsinfdp. Requiring that the components of the
perturbation in the orthonormal frame are regular at the horizon implies that we

must require that as r — 2M,

hu ~ (r —2M),  hy, ~ (1 —2M)Y? for u #t,r (4.71)
Bop ~ (1= 2M)7Y By~ (r = 2M) Y2 for p # . t (4.72)
ht’r ~ (T — 2M)O, hm ~ (T — 2M)0 (473)

These conditions can also be derived by requiring finiteness of %, in a coordinate
system which is well-behaved at » = 2M, such as Kruskal coordinates.

Matching the leading term written in (4.70) and imposing regularity at the hori-
zon should determine the solution of the perturbation equations uniquely. In fact,
as we mentioned above, we will find that there is no solution of the linearised per-
turbation equations that satisfies these two boundary conditions.

For the black hole case, the analysis of the components on the sphere is suffi-
ciently complicated that it is useful to exploit the results of [66] on the spherical har-
monic decomposition for perturbations of Schwarzschild and rewrite the linearised
equations of motion in terms of gauge-invariant variables with respect to coordinate
transformations on the sphere. We therefore want to convert (4.70) into boundary
conditions for their gauge-invariant perturbations. Let a,b = t,r and i,j = 0, ¢.
Then we have boundary conditions which are scalars hyy,, vectors h,;, and a tensor
h;j, for which the boundary condition only has an hgy component. Following [66] we

expand the perturbation in terms of harmonics on S?: the scalar harmonics
O0S=-l(l+1)S, 1=0,1,2,..., (4.74)
the vector harmonics
av,=(-l(l+1)+1)V;, 1=1,2,3,..., (4.75)
with D;V? = 0, and the transverse traceless tensor harmonics

OT; = (Il + 1) +2)T;, 1=2,3,4,..., (4.76)
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with DT} = 0,7} = 0. We use the notation 0 = D; D’ for the d’Alembertian
operator on S?, where D; is the covariant derivative with respect to the metric 7;;
on the unit two-sphere.

In terms of these harmonics, the scalar components of the perturbation are
hay = Y JarS}" (4.77)
Im

Note that here and hereafter we will omit the [, m indices on the coefficients f,, or

equivalent in the general relations like this for brevity. The vector perturbations are

decomposed into their scalar-derived and pure vector components hy; = h, + hY
where
1 m
hiy = TZ fa(_ﬁDiSl ), (4.78)
l,m
where k% = [(I + 1), and
h =1y L (V") (4.79)
l,m

Similarly, the tensor part of the perturbation is decomposed into scalar-derived,

vector-derived and pure tensor components h;; = h;-s;» + h}g + h;fg», where

hfj = 2r? Z(HL%’J'Szm + HrSij), (4.80)

Ilym

where Sij = k%DZDJSlm -+ %Slm,

hi;=2r"Y  H{ Vi, (4.81)
Im
where Vi; = —52- (D;V; + D;V;) with k% =1(l+1) — 1, and
\%4
hli=2r"Y HIT,;. (4.82)
l,m

There are, however, no pure tensor harmonics T}; on S2.

Thus, to determine the boundary conditions for the gauge invariant variables, we
must apply this expansion to (4.70) and find the asymptotic values for the unknown
expansion coefficients. For scalar perturbations this is straightforward. Substituting

(4.70) into (4.77) we are able to read off that

2,.2

2,.2
. Qe . ur
}L%(ftt)étQ = - 9 Tli)rglo(frr);ﬁ = - 14

(4.83)
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+2 2.2 +2 M27’2
TILI{.IO(ftT)?) = _lu’ r 9 TILI{.lo(frr)Ll = - 14 :

We now turn our attention to the vector perturbations. Since D'V; = 0 we have

D'RY. =0, so

(4.84)

D'hy = D'hjy =13 fuS]", (4.85)
Ilym

where we have used D'D;S = —k?S. Explicit computation gives us the boundary

conditions for the scalar-derived vector coefficients,

B (£)32 = 2 (8 =2t (022 = 2 (ase)
To find the pure vector coefficients we write
hyy = hai = hiy = hai +1> fG%DiS{” =r> £ (4.87)
Lm lm
Again, by explicit computation we find,
Tim ()32 = % Tim (fY)52 = £ 67” (4.88)
Finally we consider the tensor perturbations. We can write
o= (h%) =4 HLS/", (4.89)
Lm

where we have used D'V, = 0,7% = 0, 5% = 0 and ~%; = 2. This allows us to easily

show that
i ()22 = <2 ()52 = (1.90)
To find the scalar-derived transverse modes we will need the following results,
D'DV;; =0, (4.91)
D'DIS;; = (k22_ 2)5, (4.92)

which are proved in appendix A. Using the above results along with D'T};; = 0, we
find
D'D'hy; = D'Dh; (4.93)
= 27 (—K*H,S"+ HrD'D'Sy)

Im

(k- 2)

= 27 (—K*H, + Hy

Im

)S.
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We can now show that

2.2 2.2
) wer ) opT
Thjgo(HT)gEQ T Thjglo(HT)itQ T 9.7 (4.94)
To find the vector-derived transverse modes we will use the identities
i L,
and
< 1
D'V = (ki — DV, (4.96)
which we also prove in appendix A. Since D'T;; = 0, we have
D'hi; = D'} + D'hy), (4.97)

and using the results above we can write this as

i 1 1
D'hy; =2r"> (H, - Q—kQW — 2)H7r)D;S + 2r? Zﬂyﬂ(ka —1)V;.  (4.98)
lym Im
We are now able to show that
11 2.2
lim (HY)E? = — ’1‘27" . (4.99)

Using Maple we find that h;; = hfj + h}g , so there are no pure tensor perturbations
as expected.

We now want to translate this into boundary conditions for the gauge-invariant
variables introduced in [66]. For vector perturbations the gauge-invariant variable
is

Fo=f"+ k%DaHTV . (4.100)
\%

. 2,2 . 2,2 .
For | = 2, lim, o (f))5? = Bo=, so lim, . F; = #5~. The vector master function

® is defined by F, = rle,,DP(r®) [66], so the boundary condition for ®), is

2,3
. P2

lim ¢, = —. 4.101

lim @,_p = — (4.101)

For [ = 3, lim, oo (fY)3% = %’“2 and lim, .. (HY)3? = —21;&2 so F, = 0; this mode

is pure gauge. This is as we might expect; the r? behaviour of the plane wave is

typical of an [ = 2 spherical harmonic, so the higher [ modes that seem to appear
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in our decomposition of the mode in terms of spherical harmonics ought to be pure
gauge.

For scalar perturbations, the gauge-invariant variables are [66]

F = Hp+ % T+ %(D“r)Xa (4.102)
Foo = fao+ DXy + DX, (4.103)

with
X, = %(fa +rD,Hr). (4.104)

The master variable ® is B
b — 2Z—7’(X+Y), (4.105)
4

with
X = Fl-2F (4.106)
Y = F —2F (4.107)
Z =0 (4.108)

For [ = 2 perturbations direct substitution gives us lim,_., X = u?r?,Y =0, Z =0,
hence the boundary condition on & is
2,3

lim &%, = £ (4.109)

T—00 4

For the | = 3 and | = 4 modes we find the gauge-invariant variables F' and Fy,
are zero, so these modes are pure gauge as expected. Thus, we are left with two
non-trivial modes, the [ = 2 scalar and the [ = 2 vector modes.

Having established which modes are non-zero and their boundary conditions, we
consider the bulk solution. For the vector mode the equation for the master field

is [66]
2M 1 2M
0.((1—20,0) — —[I(1+1)—3- 210 = 0. 4110
(1= 2)o0) - L+ -3 2 (1.110)
The boundary condition is lim, .., ®, = %, therefore we set ® = r3y. This

allows us to reduce the master equation (4.110) to

O.(r(1 — %)aﬂu) =0. (4.111)
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which has solution

m L L, .t .t .1 In(1 —2M) b (4.112)
— n(l — . .
C\snrt T 1202 T 1M T 16MAr | 3205 r

Solutions with a # 0 are clearly not regular at » = 2M, therefore the solution for
the vector master field is ®” = br®. The boundary condition at large r then requires
b= ‘1‘—; However, the boundary condition at the horizon (4.71) requires that hy and
hy; vanish at the horizon. This implies that f and hence F} also vanish at the
horizon. Finally F* = r~'D,(r®) implies that ® too must vanish at the horizon,
which would require b = 0. Hence, there is no solution which satisfies the boundary
conditions at both the horizon and infinity.

Thus, there is no regular solution describing a four-dimensional black hole in
the plane wave background (4.10). In fact, this is not a surprising result in four
dimensions; the rigidity theorem [68] shows that regular black holes must be static
or stationary axisymmetric, and the plane wave (4.10) is not static and does not
preserve a U(1) symmetry. Thus, the plane wave perturbation breaks too many of
the symmetries of the black hole for a regular deformed black hole solution to be
possible.

One might hope to avoid this problem by considering a non-vacuum plane wave
solution. We can for example consider in four dimensions the electromagnetic plane
wave

A5 gpe = —dt* + da® + dy® + dz* — > (2 + y*) (dt + dz)? (4.113)

wave

supported by the electric flux
F =2u(dt + dz) A dx. (4.114)

This is also interesting as a simplified model of the maximally supersymmetric plane
wave of [18]. Here, the metric perturbation preserves a U(1) symmetry, but this is
broken by the gauge field, and as a result, we again do not expect to find a regular
black hole solution. In this case, the problem is that the equation of motion for
the gauge field on the Schwarzschild black hole background has no solution which
is regular on the horizon and satisfies the boundary condition at large 7.

If we consider the situation in higher dimensions, the above rigidity argument

does not apply, but there is still no regular solution. Take for example a six-
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dimensional Schwarzschild black hole and add as a perturbation the six-dimensional

vVacuuln plane wave

ds? .. = —dt* +dv* +dw? +da® +dy* + d2* — 2 (v +w? — 2* —y?) (dt +dz)?. (4.115)

wave

This clearly preserves two U(1) isometries, in the x —y and v — w planes. However,
if we rewrite this in spherical polars, there is again an [ = 2 vector part to the
perturbation in the decomposition into spherical harmonics. The analysis is very
similar to the above four-dimensional case, and it is not possible to find a solution for
the vector part of the perturbation that satisfies the plane wave boundary conditions
at large distances and the regularity condition on the event horizon. In this case,
the plane wave preserves two U(1) isometries on the S* surrounding the black hole,
so the above argument does not apply; a regular deformed black hole solution would
not violate the conditions of [69]. This problem seems to be very general. In all
cases we have explored in the vacuum Einstein equations, the plane wave has a vector
part in the spherical harmonic decomposition, and it is not possible to find a regular
perturbation of the black hole which satisfies the plane wave boundary condition.

It would be interesting to understand the physical origins of this restriction further.

4.2.2 Black string

We next study the near horizon region of the black string, treating the plane wave

as a perturbation. The background is the five-dimensional black string solution
d 2
FT) + 72(d6? + sin? 0de?) + d2?, (4.116)
r

with f(r) = 1 — 2M/r. We want to find a solution of the source-free linearised

ds* = —f(r)dt* +

vacuum equations on this background which asymptotically approaches the five-
dimensional plane wave (4.37). This implies that we want a perturbation h,, with

asymptotic boundary conditions

TILIEO hdrtde” = —p*r?*[a(l — 3cos 0) + Bsin® §(cos® ¢ — sin® ¢)](dt + dz)* + ...,

(4.117)
where the ... denotes terms going like 2 M™ for n # 0. These terms are suppressed
relative to the leading term because dimensional analysis tells us the mass will always

appear in the combination M /r.
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As in the analysis in the intermediate region, we will deal with the o and [
components separately. It will turn out that the analysis is identical in these two
cases. In terms of the spherical harmonic analysis on the two-sphere, these are
scalar-type perturbations which excite the [ = 2,m = 0 and [ = 2, m = 2 harmonic
modes respectively. In the linearised theory, we can assume that the perturbation
has only these modes turned on. Since only scalar-type modes are excited, the
analysis on the sphere is fairly simple, and we will follow the similar analysis by
Emparan et al [56], reviewed in chapter 2.

The boundary conditions, and hence the perturbation, are invariant under si-
multaneously taking ¢ — —t, z — —z and under translations in ¢ and z, so the only
modes we need to consider are hy, hy,, h.., h.., and the longitudinal and transverse
scalar-derived perturbations on the sphere.

We first consider only the [ = 2,m = 0 perturbation (we set § = 0). Assuming

that only this spherical harmonic is excited, we can write the perturbation as

hi = a(l —3cos?0)a(r), hy = a(l —3cos®0)b(r), h.. = a(l —3cos®f)c(r),

(4.118)
(1 —3cos?0)
hyr = amf(r), (4.119)
hgg = ar?[(1 — 3cos®)g(r) — 3sin? Oh(r)], (4.120)
hgg = ar?sin® 0[(1 — 3 cos® §)g(r) + 3sin® Oh(r)). (4.121)

Note that g(r) is the coefficient of the longitudinal mode on the sphere, and h(r) is
the coefficient of the transverse mode on the sphere. As in [56], there is a remaining

coordinate freedom, under

r—r+5(r)(1—3cos’d), 6 — 0+ 683(r)cosfdsinb, (4.122)
with
oy () N
B(r) = T2 v(2M) = 0. (4.123)

Similarly, for the [ = 2,m = 2 perturbation (obtained by setting a = 0), we
define

hy = Bsin® §(cos® ¢ — sin® p)a(r), hy, = Bsin®f(cos® ¢ — sin® p)b(r),  (4.124)
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h.. = Bsin” §(cos® ¢ — sin® ¢)c(r), (4.125)
__sin®0(cos? ¢ — sin” @)

= g S 1, (4.126)

hoy = Br? sin 6 cos 0 sin ¢ cos gh(r), (4.127)

heg = Br?[sin® f(cos® ¢ — sin” @) g(r) — (cos* @ + 1)(cos* ¢ — sin® p)h(r)], (4.128)
hgg = Pr?sin® O[sin® (cos® p—sin® ¢)g(r) + (cos® O +1)(cos® p—sin® p)h(r)]. (4.129)

Now we have remaining coordinate freedom under

r — 1+ 7(r) sin? f(cos® ¢ — sin’ @), (4.130)
0 — 6 + 23(r) sin 6 cos f(cos® ¢ — sin® ¢), (4.131)
¢ — ¢ — 43(r) sin? f cos ¢ sin ¢, (4.132)
with
B(r) = —%, v(2M) = 0. (4.133)

We find both coordinate transformations produce identical shifts

a(r) — a(r) — QT—]\j’V(T), f(r)y— f(r)+ ( v = %%) : (4.134)
or) = glr) + 29(r) = 65(r), h(r) — h(r) +26(),  (1135)

while b(r) and ¢(r) are unchanged.
We want to consider combinations which are invariant under these coordinate

transformations. B = b(r) and C' = ¢(r) are already invariant. We define in addition

A=alr)+ T (g(r) + 3h(r), (4.136)
F = ) = 4 0g(r) 4 3n0)) + SO s
L dhg(r)+3h(0) .

= 2
Note that in this section, primes denote derivatives with respect to r. As in [56],
the constant part of A(r) can be fixed using the constant part of F(r). Using the
gauge-invariant combinations basically amounts to setting g(r) = —3h(r), which

can be achieved for r # 2M by an appropriate choice of gauge. Because of the
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boundary condition in (4.133), g(2M )+ 3h(2M) is gauge-invariant. It will, however,
not be determined by solving the equations of motion for the above gauge-invariant
variables, and will have to be separately specified. It will turn out to be determined
by requiring regularity of the solution at the horizon.

For either a = 0 or 3 = 0, substituting into the linearised Einstein equations
gives the same system of equations for the unknown functions A, B, C, F\, H' (keeping

terms up to O(u?)),

R oc r?(r — 2M)2 A" + r(r — 2M)(2r — 5M) A — M (r — 2M)C'(4.139)

—(6r(r —2M) — 2M*)A+ M(r — 2M)*F' + 6 M (r — 2M )*H’,

RY o r(r —2M)B" +2(r — 2M)B' — 6B, (4.140)

RY o r(r — 2M)C" + 2(r — M)C" — 6C, (4.141)

zZZ

RY o r?(r — 2M)2A" — rM(r — 2M)A' +2M (2r —3M)A  (4.142)
—r(r —2M)’C" — M(r — 2M)*C" 4 (2r — 3M)(r — 2M)*F"

+6(r — 2M)*F + 6r(r — 2M)*H" + 6(2r — 3M)(r — 2M)*H’,

R oc —r(r — 2M)A' + r(r — M)A +r(r — 2M)*C" — (r — 2M)*@4.143)

—(r —2M)(r — M)F —r(r — 2M)*H’,

1

RS + .—QQRE;,B o r(r — 2M)A" — (3r + 2M)A — (r — 2M)2C" + 3(r — 2M)C'
Sin

+(r —2M)*F' +5(r — 2M)F + 3r(r — 2M)*H" (4.144)

+6(2r — 3M)(r — 2M)H',

1
Rélg)_ : R(l)

7516 X —r A+(r—2M)C+(r—2M)F+r(r—2M)*H"+2(r—M)(r—2M)H'.
sin

(4.145)
In fact, it is easy to show that the linearised Einstein equations must be the same

for both modes. The perturbation involves some | = 2 scalar harmonic, let’s call it

S, so

hab = fab(,r)Sa hai = fa(r)visu hij = f(T)SgZJ + f,<T)ViVjS, (4146)
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where 7, 7 are coordinates on the two-sphere and a,b = t,r, z. Then, the first order
Ricci tensor constructed from the second covariant derivatives of h,,, will also depend
on angular coordinates only through S and its derivatives. Using V;V!S = —6S
and the fact that the sphere is an Einstein space, so R;; = g;;, one can eliminate

extra derivatives of S to leave us with
RS)) = equ(1)S, Ré? = ¢,(r)V,;S, Rg) = ¢(r)Sgi; + € (r)V;V;S. (4.147)

Hence, the resulting equations €,(1) = €,(r) = €(r) = €/(r) = 0 are independent of
whether S is in the m = 0 or m = 2 mode. Thus, solving the equations (4.139-4.145)
will give us the general solution for the perturbation in the near-horizon region for
both modes.

The boundary conditions at large r imply that at order M°, a(r),b(r),c(r) —
—p?r? and f(r), g(r), h(r) have no u?M° term. This implies that

A B, C — —pu’r?, (4.148)

and F and H' have no p?M° term. Regularity at the horizon requires a(r) o
(r —2M), b(r) o< v/r —2M, and the other functions ¢(r), f(r), g(r) and h(r) are
required to be finite there. In terms of the gauge-invariant combinations, these

boundary conditions are best expressed in terms of the alternative combinations

A:A—%(T—ZM)H’, F=F—-MH. (4.149)

r

The conditions for regularity at the horizon are then that A — 0, F is finite, and
H' is allowed to diverge like (r — 2M)~L.

We now want to solve this system of equations. We see that there are two
decoupled equations, (4.140) and (4.141). The solutions of these satisfying our

boundary conditions are
B(r) = —p*(r — M)(r — 2M) (4.150)
and

C(r) = —p*(r* — 2Mr + §M2) (4.151)
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It is also convenient to subtract a multiple of (4.141) from (4.142) to simplify it to

0=r*r—2M)*A" —rM(r —2M)A" +2M (2r — 3M)A (4.152)
+(2r — 5M)(r — 2M)*C" — 6(r — 2M)*C + (2r — 3M)(r — 2M)*F’

+6(r — 2M)?F + 6r(r — 2M)*H" + 6(2r — 3M)(r — 2M)*H'.

We first solve (4.145) for A,

(r—2M)

A= C+ F+r(r—2M)H" +2(r —2M)H'], (4.153)

and then solve R\ — (r — 2M)2RYY — RYY for F,

1
F = 5 [r(r—2M)*H" —2(r — 2M)(r + 2M)H" — 2(5r — TM)H' — MC"] .
(4.154)
The remaining equations then need to be solved for H'. By combining equations,

we can obtain a second-order inhomogeneous equation for H’,

—2r(r + M)(r —2M)*H" — 2(4r* + 3rM — 4M?*)(r — 2M)H" (4.155)

+2(4r* = 13rM + AM?*)H' = M|[(r — 2M)C" + 6C].

It’s useful to note at this point that if M = 0, we have a solution with ' = H' =0
and A = C' = —p?r?, which is precisely our original plane wave.
The general solution of (4.155) is

r? — 2M2+ [—6rM(r + M) + 4M3 + (6rM? — 3R®)In(1 — 2M/r)]
r—oM r(r—2M)

12
H = 3(7“—]\/[)4—01

(4.156)
This then satisfies all of the equations. To get a solution which is both regular

and has the correct asymptotics, i.e. has A — —pu?r? at large r, we need to take

¢ = —3p® and ¢, = 0. We find

2
w2 M 3r — AM
H=-=-—"—= 4.1
3 r—2M’ (4.157)
and
16 M3 20> M 312 — 9r M + 5M>

A=—p?|r?P—4rM + —M? —2— F = 4.158
A r | 3 r—2M (4.158)
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In terms of the alternative combinations A, F,
2

_ M _
A= —p?(r—2M) [r —2M + 3—] , F=u’M@2r - M). (4.159)
r

Thus, this solution satisfies the regularity conditions at the horizon. Regularity of
the original functions a(r), f(r), g(r), h(r) at r = 2M further requires us to choose
22 M?

9(2M) + 3h(2M) = ~ . (4.160)

We now match the near horizon and intermediate region solutions in the interme-
diate region u~! > r > M, where both approximations are valid. The contribution
from the black string background is

2M 2M
dsyippe~ —(1— T)dt2 + (1+ T)dT2 + r?(df? + sin? 0d¢?) + dz*.  (4.161)

We must now find the unknown functions a(r), b(r), c(r), f(r), g(r), h(r) in this re-
gion to obtain the contribution from the perturbation. In addition to the solu-
tions (4.150), (4.151) and (4.158) we must make a choice of gauge. We choose
g+ 3h = —My?r in order to make the rr-component of the perturbation vanish,
matching our gauge choice in the intermediate region solution. We find, keeping

just the terms up to O(M) and O(pu?),
a(r) = —p*(r* —4Mr), b(r) =~ —p*(r* —=3Mr), c(r) ~ —p*(r* —2Mr), (4.162)
f(r)y=0, g(r)~—Mp*r, h(r)=0. (4.163)
Hence the near region perturbation is
dsipp ~ (1 — 3cos® 0) 4 B sin® O(cos® ¢ — sin® ¢)) x (4.164)
(—pPr?(dt + dz)* + M p*r(4dt* + 6dtdz + 2dz* — r?(d6? + sin® 0d¢p?))).
In the intermediate region the plane wave background is,
dsip pe = —dt* + d2* + dr® + r*(d6* + sin® 6d¢?) (4.165)
— 127 (a(1 — 3 cos? 0) + Bsin® (cos® ¢ — sin® ¢))(dt + dz)*.

From section 4.1.3, the perturbation due to the black string is

2M 2M
dsipp = Tdtz + 7617"2 + M pr(a(l — 3cos? §) + Bsin? §(cos® ¢ — sin? ¢)) x

(4dt? + 6dtdz + 2d2* — r*(d6? + sin’® Od¢?)). (4.166)
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Thus the solution constructed in the near region dsip = ds}z po + dsy g p agrees
with the solution constructed in the intermediate region ds?p = dsip o + dsip p to
the relevant order. This gives us an approximate solution describing a black string
in a plane wave, valid when the size of the black string is small compared to the
curvature scale of the wave, r, < p= %

As in [56], the perturbation does not affect the thermodynamic properties of the
black hole at this order. The area of the horizon cannot be affected at this order
because the perturbation is entirely in an [ = 2 mode, which deforms the shape of
the S? but does not change its area. The temperature cannot be affected because it
is constant over the horizon. Since the perturbation is an [ = 2 mode, it will vanish
at some point on the horizon so the temperature at that point must be unaffected
and, since it is constant, it must be unchanged over the whole horizon.

In this chapter, we have attempted to construct black hole and black string
solutions in plane wave backgrounds using the method of matched asymptotic ex-
pansions. We have found that it is not possible to construct a regular black hole
solution. The failure of regularity here is a counter-example to the conjecture in [52]
that satisfying the blackfold equations implies horizon regularity.

We have successfully constructed an approximate solution describing a black
string in a vacuum plane wave background in five dimensions. This solution exhibits
an interesting property; the effect of a localised object in a plane wave background
is not small, even far from the source. We discuss the interpretation of these results

in the next chapter.



Chapter 5

Conclusions

In this thesis, we have proposed a definition of asymptotically plane wave spacetimes
which is consistent with some known exact solutions, and constructed a well-behaved
action principle for asymptotically plane wave solutions of the vacuum Einstein
equations, following the work of [30]. Our definition of asymptotically plane wave
solutions is valid for any solution which asymptotically approaches a vacuum plane
wave. We have considered only the pure vacuum action and it would be interesting
to extend this work to include appropriate matter fields. It is also interesting to
ask if there are non-trivial physically relevant examples to which our ideas apply.
For the asymptotically plane wave boundary conditions, (3.13) provides such an
example, but this is not a pure vacuum solution so our discussion of the action does
not apply to it. A more trivial example is provided by some pp-wave solutions. For

example, consider the vacuum pp-wave metric
ds® = —2dxtdr~ — F(xt, 2") (daz:*)2 + 67 ydz’ dx’ (5.1)

with 9;0'F = 0. If F(zF,2') — pry(zt)zlz? + O(r*=4) as r — oo, this solution
is asymptotically plane wave according to our definition, and the action we have
defined will be finite for it. However, this is a rather trivial example and it would
be interesting to construct solutions really corresponding to localised sources in an
asymptotically plane wave background. Unfortunately, the analysis of chapter 4
on the construction of black holes and black strings in plane waves suggests that

the space of such solutions will be highly restricted. In this analysis we find an
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interesting general result; the effect of localised objects in a plane wave background
is not small, even far from the source. The usual 1/r?~! fall-off associated with a
localised object in d + 1 spatial dimensions is offset by the p?r? factors coming from
the plane wave background. As a result, we find that the “perturbation” due to
the source is larger than the background metric at sufficiently large r. This leads
us to believe that these solutions should not be thought of as “asymptotically plane
wave” spacetimes.

Our definition of “asymptotically plane wave” allows the construction of a well-
behaved action principle. This still seems a useful definition. However, from the
present results it seems that the phase space associated with those boundary con-
ditions will not include solutions describing localised sources in a vacuum plane
wave background, so it may not admit many physically interesting solutions. Un-
derstanding the space of asymptotically plane wave spacetimes is clearly important
for attempts to construct a direct holographic duality directly for plane waves, so
we would like to understand this issue better.

Similar problems have arisen in AdS, spacetimes [62], where there are no finite-
energy asymptotically AdS, geometries, and in the study of near-horizon extremal
Kerr solutions (NHEK) [63-65], where the space of metrics which are asymptoti-
cally NHEK consists only of the NHEK solution and solutions obtained from it by
diffeomorphisms. It is interesting to note that plane waves, like AdSs, have a one-
dimensional boundary [10,11]. Perhaps the problem is that there is in some sense
“not enough space” near infinity to have interesting asymptotically plane wave so-
lutions. It would be interesting to carry out a general analysis for asymptotically
plane wave solutions along the lines of that in [64,65].

We have only demonstrated that the action is well-behaved; an obvious extension
of this work would be to go on to construct a boundary stress tensor (T,5(z ™, z ™, 6%)),
as was done for the asymptotically flat case in [30] and for the linear dilaton case
in [40]. This could then be used to calculate conserved quantities. The fact that
different components of ¢V fall off at different rates at large r may lead to some
interesting subtleties in extending the previous work to this case; perhaps, as in the

asymptotically flat case, there will be more than one stress tensor associated with
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different orders in the asymptotic expansion.

A central motivation for work in this direction is to better understand holography
for the plane wave. In [39], it was argued that a holographic dual of asymptotically
flat space could be constructed on the hyperbola at spatial infinity, calculating two-
point functions in the holographic dual from variations of the action. It is possible
that similar ideas could be applied in this case, but there is no obvious connection
between this notion of holography and the known example. String theory on the
plane wave obtained from the Penrose limit of AdSs x S® is dual to a quantum
mechanics so it has observables depending on a single coordinate, whereas if we
were to construct a boundary stress tensor (T,s(x™, 27, 6%)) or two-point functions
on the boundary at large r from our action, we would expect them to generically
depend on all the boundary coordinates. Our remarks in section 3.1.2 on the relation
between our notion of asymptotically plane wave and the conformal boundary of the
maximally supersymmetric plane wave suggest that the boundary at large r we have
focused on is not, at least, the whole story. To understand the relation to holography,
we probably need to study the boundaries at constant = in more detail, and the
information coming just from large r» may be misleading.

This asymptotically plane wave example seems to have some interesting differ-
ences compared to previous attempts to study holography for more general space-
times and we hope this work will shed some useful light on the relation between the
bulk action and the holographic dual theory for other spacetimes which, in general,
remains to be worked out.

We have also attempted to construct solutions describing black holes and black
strings in plane wave backgrounds using the matched asymptotic expansion method.
We have found that it is not possible to construct a regular black hole solution. In
the approximation where the wave is thought of as a linearised perturbation on
the black hole solution, we need a non-zero vector part in the spherical harmonic
decomposition on the sphere, and it is not possible to make this vector part regular
on the horizon. It would be interesting to have a deeper physical understanding of
this failure of regularity. One might think that this is simply saying that the plane

wave is exerting a force on the black hole so no stationary solution exists. However,



Chapter 5. Conclusions 92

we do not believe this is the correct interpretation of our result. The black hole
was chosen to follow a geodesic in the plane wave background so there is no force
on it at leading order. Finite size effects can be analysed in the asymptotic region
using the classical effective field theory approach of [50,70,71]. In this approach,
the work done by such finite size terms involves derivatives of the long wavelength
background fields along the black hole world-line. Since our world-line is chosen to
be an orbit of the isometries of the background, the work done will vanish. Thus,
we would have expected the background to simply produce some deformation of the
horizon.

The regularity problem seems to be simply an inconsistency between the symme-
try structure of the black hole and the plane wave. In four dimensions, the problem
is that the solution will not be axisymmetric, so there cannot be a regular black
hole solution as all stationary four-dimensional black holes are required to be ax-
isymmetric [68]. In higher dimensions, however, stationary axisymmetric solutions
describing black holes in plane waves could, in principle, exist and the fact that our
solutions are never regular is somewhat mysterious. Further exploration of this issue
is an interesting project for the future.

The importance of this problem is reinforced by the fact that the failure of
regularity here is a counter-example to the assumption in [52] that satisfying the
blackfold equations implies horizon regularity. Understanding this issue in a more
general context is clearly important for the blackfolds program [51,52]. In consider-
ing the embedding of black branes in arbitrary backgrounds, we need to understand
when the resulting deformation of the near-horizon region will preserve the regu-
larity of the event horizon. Clearly we must require that the embedding of the
blackfold in the background spacetime preserves enough symmetry to satisfy the
rigidity theorems of [68,69]. Our higher-dimensional examples indicate that this
is a necessary but not a sufficient condition. Identifying sufficient conditions is an
important general problem.

We have successfully constructed an approximate solution describing a black
string in a vacuum plane wave background in five dimensions. It would clearly

be interesting to extend this work to find black string solutions in the maximally
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supersymmetric plane wave background. It should be straightforward to extend our

calculation to this case.



Appendix A

Harmonic identities on S?

In this appendix we prove some harmonic identities needed for our analysis of black
holes in the near horizon region. Definitions are given in section 4.2.1. We want to

show that:
e D'DIV;; =0,
Proof:
D'D’V;; o D'D'D,V;+ D'D’D,V, (A.0.1)
= [D', D’|D;V; + 2D’ D' D;V;
= —RNYD,V; — R*9D,V, — 2k DV}
= RMD; — R¥D,V,

= 0.

e DiDiS,; = &g

2

Proof:

o 1 .. 1 .
D'D'S; = 5D'D'DiD;S+ D' D; S (A.0.2)
1 PR 1 i ) |
Lok j k?
1, k2
= 5D (R’fkaSH?S
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for Sz, Rij = %ij SO
. 1, k?
(-2
5 S.
[ ] DZSZ] - —#(k’2 - 2)DJS,
Proof:
. 1. 1
D'S; = EDDDSqL -D;S (A.0.4)
1o 1 1
; 1
= —ﬁR’i DS = 5D;8
1
i DiVi] = 2k2 (kg )Vyv
Proof:
7 1 A
1 ) 7
- 2v %2 —[D', D;]V; — 2k2DDV
1 ki
= 2V + k‘Q/R i iV
1

= ﬂ(k’\% -1V
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