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Abstract

A relevant perturbation of a conformal field theory (CFT) on the half-plane, by
both a bulk and boundary operator, often leads to a massive theory with a particle
description in terms of the bulk S-matrix and boundary reflection factor R. The
link between the particle basis and the CFT in the bulk is usually made with the
thermodynamic Bethe ansatz effective central charge c.q. This allows a conjectured
S-matrix to be identified with a specific perturbed CFT. Less is known about the links
between the reflection factors and conformal boundary conditions, but it has been
proposed that an exact, off-critical version of Affleck and Ludwig’s g-function could
be used, analogously to ceg, to identify the physically realised reflection factors and
to match them with the corresponding boundary conditions. In the first part of this
thesis, this exact g-function is tested for the purely elastic scattering theories related
to the ADET Lie algebras. Minimal reflection factors are given, and a method to
incorporate a boundary parameter is proposed. This enables the prediction of several
new flows between conformal boundary conditions to be made.

The second part of this thesis concerns the three-parameter family of P7 -symmetric
Hamiltonians Has ;= p? — (iz)?™ —a(iz)M ~' + 4D The positions where the eigen-
values merge and become complex correspond to quadratic and cubic exceptional
points. The quasi-exact solvability of the models for M = 3 is exploited to explore

the Jordan block structure of the Hamiltonian at these points, and the phase diagram

away from M = 3 is investigated using both numerical and perturbative approaches.
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Chapter 1

Introduction

This thesis is concerned with problems in two areas of low dimensional quantum field
theory which at first sight seem quite disconnected. The aim of this section is to give
a brief outline of the thesis and details of the topics mentioned will be elaborated on
in later chapters

The first part of this thesis looks into two dimensional integrable quantum field
theory. A question one might ask is why should one study quantum field theory
in two dimensions when the real world lives in four? The first reason is that many
interesting quantum field theories can only be solved perturbatively and so some
information is lost. In two dimensions, there is a special class of theories which have
enough symmetry to enable them to be solved exactly (non-perturbatively) and so
there is a trade off: the complete picture in two dimensions versus the incomplete
picture in four. The hope is to gain an insight into the non-perturbative aspects of
the realistic four dimensional theories by studying these exactly solvable (integrable)
two dimensional theories.

The prototypes of two dimensional integrable field theories are the conformal field
theories (CFTs). These are very interesting theories in their own right as they can
be applied to many areas of physics. In string theory, for example, the strings live
on a two dimensional world sheet which is described by a CFT. The application of
interest in this thesis, however, is statistical lattice models at criticality. Conformal
field theories are scale invariant and hence massless, but by perturbing the theory by
a relevant perturbation a mass can be introduced. This can also be used to study

the statistical models away from the critical point. Far away from this point (in
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the infrared, or IR), the massive theory has a particle description in terms of the
two dimensional scattering matrices, S. These S matrices have a set of constraints
imposed by integrability which can be solved for S, up to some ambiguity known as
the ‘CDD factor’. The link between this IR particle description and the UV (short
distance) CFT is often made by the thermodynamic Bethe ansatz (TBA) effective
central charge ceg, which allows the S-matrix conjecture to be identified with a specific
perturbed CFT. This is all discussed in Chapter 2.

In many cases it is interesting to study integrable theories on a half plane. This
corresponds to open string problems, where different conformal boundary conditions
are thought to correspond to different possible branes. There are also quantum
impurity problems (for example, the Kondo problem) where the quantum defect can
be modelled as a boundary. For statistical models, experimentally it is impossible
to produce an infinite lattice so it is important to know the effects of the boundary.
Chapter 3 discusses the boundary conditions consistent with conformal symmetry.
The discussion of perturbed CFT is then extended to the boundary case, where the
theory can now be perturbed by both a relevant bulk and boundary operator. In
the IR there is once again a particle description, now with both the bulk S-matrices
and the boundary scattering matrices, known as reflection factors R, in play. The
contraints imposed on R by integrability are similar to those on S, however there
are many more ambiguities in the boundary case, which is to be expected since each
bulk theory can have many different integrable boundary conditions. The question,
which the first part of this thesis aims to answer, is which of the infinite number of
possible reflection factors for a given bulk theory are physically realised, and to which
boundary conditions do they correspond?

It is argued, in Chapter 3, that in order to answer this question one needs a
boundary analogue of the TBA effective central charge. It is shown that the obvious
candidate for this is the g-function, defined by Affleck and Ludwig in [3], and the
origin of the exact off-critical version of this, recently proposed in [4], is discussed.
This exact g-function is tested in Chapter 4 for the purely elastic theories related to
the ADET Lie algebras.

Chapter 5 is concerned with the second main topic of this thesis, namely one di-
mensional P7 -symmetric quantum mechanics. In conventional quantum mechanics,

the Hamiltonian is Hermitian and it is this property that guarantees the reality of the
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spectrum. Here, this is weakened to invariance under parity P and time reversal 7.
Although this doesn’t necessarily lead to an entirely real spectrum, it can be used to
prove that all eigenvalues must either be real or appear in complex conjugate pairs.
The main focus of Chapter 5 is on the three-parameter family of Hamiltonians

I(l+1)

HA/[VQJ = p2 — (iI’)QM - a(iI)NI‘l + 332

(1.0.1)

and in particular, on the exceptional points which occur when complex eigenvalues
are formed in the spectrum.

The connection between these two seemingly very different topics is made with
the ODE/IM correspondence. This provides a link between functional relations in
integrable models and spectral problems in ordinary differential equations and, as
shown in Chapter 5, it can be used to prove the reality of the spectrum of Hy; o for

certain regions of the parameter space.



Chapter 2

Techniques in Integrability

The integrable quantum field theories of interest in this thesis are given by certain
perturbations of two dimensional conformal field theories. In this chapter, conformal
field theory is introduced and the effect of perturbing the theory by a relevant field
is examined. Such a perturbation can result in a massive integrable theory in certain
cases. These theories have an S matrix description and the method which allows the S
matrix of a perturbed theory to be linked to the original CFT is described. Finally, a
curious link between functional relations of integrable models and spectral problems
of ODEs is presented, which will be used, in the context of spectral problems, in
Chapter 5.

As mentioned in Chapter 1, conformal field theories have applications in many
areas of physics, but it is the area of statistical lattice models, near criticality, that
is particularly relevant here. This chapter therefore begins with a brief overview of
statistical mechanics which follows the presentation given by Di Francesco et. al. in

[5] and Cardy in [6].

2.1 Statistical Mechanics

Statistical mechanics is the study of complex physical systems where the exact states
cannot be specified. The so called macrostate of the system is characterised by
physical observables such as temperature and magnetisation, whereas the microstate
is specified by the quantum numbers of the particles, or spin configuration on the

lattice for discrete models. There will be several microstates corresponding to each
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macrostate and the basic idea of statistical mechanics is that any physical property
can be thought of as a statistical average over the relevant collection of microstates.

The statistical models of interest in this thesis are the discrete lattice models, the
most famous of which is the two-dimensional Ising model. This can be defined on an
N site square lattice of spacing a, with a spin oy, taking the value £1, assigned to

each site. The energy of a specific configuration of spins is given by the Hamiltonian
H=-JY oio;—h> oi. (2.1.1)
(i) i

The notation (i7) indicates that the summation is taken over pairs of nearest-neighbour
lattice sites. The first term, with coupling J, represents a ferromagnetic interaction
between neighbouring spins and the second term represents the interaction with an
external magnetic field h.

The probability of a particular configuration with energy E; at temperature T is

given by the Boltzmann distribution:

1
P = Ee—Ef/’“BT (2.1.2)

where kg is the Boltzmann constant. The normalisation, Z, is called the partition

function and is given by the sum over all configurations:

Z =Y e FilksT, (2.1.3)

This is a key function in statistical mechanics as it encodes many of the thermody-

namic quantities. For example, the free energy of the system, F, is given by
F=-kgTlnhZ. (2.1.4)

The magnetisation M, which is the mean value of a single spin, is

1 9F
M=-so (2.1.5)

and the magnetic susceptibility, which indicates how the magnetisation responds to

a small external field is

_OM (2.1.6)
X= 2 . 1.
The heat capacity at constant volume is also related to the free energy:
O*F
C = —kgT2— (2.1.7)

or?
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and the specific heat is defined as the heat capacity per unit volume. These properties
will all vary with the Boltzmann distribution, the fluctuations being of order 1/v/N.
To avoid any problems that may arise with the finite lattice, the thermodynamic limit,
N — oo will be taken, in which these fluctuations disappear and the quantities above

can be considered as exact variables.

2.1.1 Critical Phenomena

Consider the Ising model with no external magnetic field, i.e. with A = 0. At low
temperatures, it is energetically favourable for the spins to align and so the material
is said to be spontaneously magnetised. The lowest energy configuration, at zero
temperature, will be doubly degenerate: the spins will either all point up (+1) or
all point down (—1). Assume for now that all the spins are pointing up. As the
temperature increases some of the spins will use the additional energy to change
direction so pockets of down spins will occur. The overall dominating spin will still
be up but the spontaneous magnetisation will be reduced. Domains of down spin of
all sizes will occur, up to some maximum size. The average domain size is known as
the correlation length &.

As the temperature increases the domains of down spin, and hence the correlation
length, continue to grow. At a specific temperature, known as the critical temperature
T., the correlation length becomes infinite. At this point, although the magnetisation
is continuous, its derivative with respect to the magnetic field, the susceptibility ¥,
diverges. The system therefore undergoes a second order phase transition at this
point. As the temperature is increased above T, there will be domains of both up
and down spin, but neither will dominate overall and the spontaneous magnetisation
will be lost.

Close to this critical point, many of the properties of the model simplify greatly.
Instead of depending on the spin configurations they have a power law dependence
on the distance from the critical point in the phase space, i.e. on [T —T,| or h. This is
the case for the magnetisation, susceptibility and heat capacity. The pair correlation
function, I'(: — j) = (0y0;) — (0:)(0;), near this critical temperature, has a power
law dependence on the distance between each pair of spins. The exponents of these

power laws, known as critical exponents, are given in table 2.1.
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Critical Exponent Property Exponent Value
ot Cx(T-T,)“ 0
g M« (T, —T)? 1/8
v x o< (T =T)™ 7/4
) M o hl/8 15
v Ex(T-T,)" 1
n I - ) o Ji = 4 1/4

Table 2.1: Critical exponents for the two-dimensional Ising model

2.1.2 Renormalisation Group

A remarkable fact in statistical mechanics is that all models fall into relatively few
universality classes, which are characterised by their critical exponents. One of the
main aims is therefore to find the critical exponents of a model and so determine
its universality class. The renormalisation group provides a method of doing this by
exploring the model close to the critical point.

Here the real space, or block-spin, renormalisation of the Ising model will be
discussed, following [6]. The general idea is that the physical properties of the system
described above are long ranging, so if some of the microscopic detail of the model is
lost, through coarse-graining, these properties should remain unchanged.

To implement this coarse-graining one can perform a block spin transformation:
group the lattice into 3 x 3 blocks and assign to each a block spin ¢’ = %1 to indicate
whether the spins are predominantly up or down, as shown in the figure 2.1. The
resulting lattice must now be rescaled by a factor of 3 so that the blocks are the size
of the original lattice spacing. The result of this is that the correlation length reduces
by a factor of the lattice spacing. At the critical point, since the correlation length
is infinite, no matter how many times this transformation is applied, the physical
properties will remain unchanged. This, however, is not the case away from this
point. For T' < T, this procedure acts to decrease the size of the domains of down
spin so the system becomes more ordered. Similarly, for T > T, this reduces the
domain size of both the up and down spins so neither dominates. This critical point
is therefore an unstable fixed point of the renormalisation group.

This procedure of coarse-graining can be described in a more mathematical way
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S
-ttt + 4

+t-t-—-+ . + +
+ -+ 4+ + = - +

— — i+

? 3a <_a)

Figure 2.1: A block spin transformation

using the following operator, defined for each block as

1 ifU’ZiO'i>0

T(c';04,...,09) = (2.1.8)

0 otherwise .

After a block spin transformation, the new Hamiltonian is defined by

e M) — Z H T(o';0;)e M) (2.1.9)

o blocks

where ‘H is the reduced Hamiltonian, related to the usual Hamiltonian by H =
H/kgT. Since the sum > _, T(0';0;) = 1, the partition function is not altered by this
transformation. The physical properties described above are therefore also left un-
changed; the only difference is that they should be expressed in terms of the blocked
spins ¢’, rather than the original o.

Although the original Hamiltonian consists of only nearest neighbour interactions,
this block-spin transformation could generate next-to-nearest neighbour interactions,
denoted by 2212]))’ and so on. The most general form of the new Hamiltonian is

therefore

2 3

H'(¢') = —J; Z oi0; — J, (Z):oiaj —J3 (z): 0i0j...— I Z o; (2.1.10)
(ig) (i5) (i) i

and it is useful to think of the couplings, J; as forming a vector J' = (Ji, J5,...).

The original Hamiltonian H can also be considered to depend on a similar vector

J = (J1, Ja,...), although in this case J; = 0 for ¢ > 2. Since the partition functions

of the two Hamiltonians, H and H', are equal there must be a relation between the

vectors J and J’. The map between the two is given by the renormalisation group
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transformation:

J=RJ. (2.1.11)

Successive iterations of this map generate a sequence of points in the space of cou-
plings, which is known as an RG trajectory. As mentioned earlier, critical points
which have infinite correlation length correspond to stationary points of an RG tra-
jectory, and so are called fixed points of the renormalisation group.

The renormalisation group can be used to find the critical exponents by linearising
the RG transformation at a fixed point. Assuming a fixed point exists at J*, and

that R is differentiable at this point, then the following approximation can be made:
Jo—Ji Y Ty(h—J5), (2.1.12)
b

where Ty, = 0J./0Jy|j=7«. The matrix T can be diagonalised, with eigenvalues A’

and corresponding eigenvectors v?, so

> VT =Ny (2.1.13)

a

These eigenvectors are used to define the scaling variables as u; = > vi(J, — J¥)

which transform multiplicatively near the fixed point:

wp = Y V=T =) viTu(ds — )

a a,b

= > XNy(Jy— ) = Ny (2.1.14)
b

The so called ‘renormalisation group eigenvalues’, y;, are defined by \* = aV,
where a is the lattice spacing. The behaviour of the scaling variable under an RG

transformation depends on the sign of ¥;:
o If y; > 0, u; is relevant: the RG trajectory flows away from the critical point
o If y; <0, u; is wrrelevant: the RG trajectory flows towards the critical point

e If y; = 0, u; is marginal: in this case the linear approximation around J* is not

valid.

The Ising model has two relevant scaling variables, u; and uy, with the respective

RG eigenvalues y; and y,. These variables are related to the only two free parameters
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in the model: the reduced temperature t = (T" — T,)/T. and the external magnetic
field h. Since the partition function is invariant under a RG transformation, the free
energy must also remain the same. To ensure this, the free energy per unit site must

increase
ft' ) =a*f(t,n). (2.1.15)

Close to the critical point, the scaling variables can be taken to be proportional to
the parameters t and h, so under the renormalisation group, ¢ and h will transform

according to (2.1.14). This leads to the scaling hypothesis
f(t,h) = a™2f(a¥t,a¥h) (2.1.16)

which can be used to find relations between the critical exponents. The first observa-
tion to make, as mentioned in [5], is that t=2/¥ f(¢, k) is invariant under the scalings
t — a¥t and h — a¥"h and so it must depend only on the scale invariant variable

h/t¥»/vt. The free energy per unit site can therefore be expressed as
F(t, h) = t/veg(h/tvnlv) (2.1.17)

for some function g. The critical exponents can now be found, in terms of the RG

eigenvalues y; and v, by differentiating f as follows:

e The specific heat C' = —T 24 = —A12v=20"(0) so . = 2 — 2/,

Tz |, Ta
e The spontaneous magnetisation M = — %ﬁ g = t(2—yh)/y:gl(0) so = 2;?:1
o The susceptibility y = % T t2=2un)/ve g (0) s0 y = 2th—2

Other critical exponents can be found in a similar manner.

2.1.3 Transfer Matrix

The transfer matrix method is the analogue, in statistical mechanics, of the operator
formalism in quantum field theory. It will be described here in terms of the Ising
model, following the discussion presented in [5]. Taking the Ising model on a square
lattice with m rows and n columns, the spin, o;; at each site is now indexed by two
integers, for the row and column numbers. Imposing periodic boundary conditions

(and so defining the lattice on a torus):

Oijin = Oijs Oigmg = Ogj - (2.1.18)
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Let p; denote the configuration of spins on the " row: p; = {0:1, 04, . .. ,Oin}. Bach

row configuration has its own energy
Elw] = _Jzaikai,lﬁ-l ; (2.1.19)
k=1
along with an interaction energy with neighbouring rows:
Elpi, ps) = —J Y oo - (2.1.20)
k=1

Now, by defining a formal vector space of row configurations spanned by the states

|44;), the action of the transfer matrix 7' can be defined by its matrix elements
(M’T|H,> _ e—”%(E[N»N’]+%E[M]+%E[ﬂ’]) ) (2121)

The partition function has a very simple form in terms of this operator T

Z =Y {ul|TIp2)(ualTs) - -t | T pi2)
b (2.1.22)

In Euclidean quantum field theory, the analogue of the partition function is the

generating function
Z= /D¢e—5[¢’1, (2.1.23)

where S is the action which depends on a set of local fields [¢]. To move from this
description to the operator formalism, constant time surfaces are specified and the
operator U(t) = exp(—iHt) evolves states from time ¢y to t 4 to. The transfer matrix
plays the role of this operator, evolving states over a ‘distance of time’ equal to the

lattice spacing a, and so one can define a Hamiltonian operator H by
T =e"H, (2.1.24)

There is also a relation between the correlation length and the mass of the corre-

sponding lattice quantum field theory:
E=—. (2.1.25)

Close to a critical point the correlation functions are insensitive to the fine details

of the underlying theory, i.e. to whether it is a discrete statistical model or a lattice
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quantum field theory. They are also identical to the correlation functions of the
corresponding continuum quantum field theory, so one can describe statistical models,
near criticality, by quantum field theories. At the critical point, £ — oo and the
corresponding quantum field theory is massless.

So far it is clear that a statistical model, at a critical point, is scale invariant.
However, for a system with only local interactions Polyakov showed [7] that it is also
invariant under the larger symmetry of conformal transformations, and so can be
described in terms of a conformal field theory, which will be discussed in the next
section. The idea is that information about all the possible universality classes can
be gained by studying all possible conformal field theories. There are two advan-
tages of this description: firstly, conformal invariance in two dimensions puts heavy
constraints on the model, so it should be more tractable than the corresponding sta-
tistical model, and secondly, by perturbing the conformal field theory it is possible
to study the statistical model away from criticality. This is of particular interest in

this thesis and will be discussed in more detail in section 2.3.

2.2 Conformal Field Theory

The connection between a statistical model at a critical point and a CFT was first
made by Polykov in (7], but it was some years before the detailed structure of CFT
was studied by Belavin, Polyakov and Zamolodchikov in [8), which paved the way for
the large volume of work which subsequently followed. A brief outline of some of the
main points is presented here, based on the reviews by Di Francesco et. al. [5] and
Ginsparg [9]. More detail can be found in these texts and, for example, in [10].

A theory has conformal symmetry if it is invariant under transformations which

leave the metric unchanged, up to a local scale factor

N (@) = 1, (2") = Uz )N, (z) . (2.2.1)
This means that the angle between vectors is preserved. Under an infinitesimal

coordinate transformation, z# — z'# = z* + ¢*, the metric transforms as
Nyw — 77:“/ = N — (Oue, + Oe,) . (2.2.2)
For this to be a conformal transformation

Oty + Ovey = f(2)N00 (2.2.3)
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where Q(z) = 1 — f(z). Acting with #*¥ on both sides, assuming the theory is d
dimensional, f(z) can be found to be
205 0
E(ape ). (2.2.4)

In d > 3 dimensions, the possible transformations are given by the Poincaré group

" = ¥+ a" (2.2.5)
¥ = Akz¥, (2.2.6)

the dilations
" = Az¥ (2.2.7)

and the special conformal transformations

* + bHa?

Jp ]
1—2b.x + b2x?

(2.2.8)

The two-dimensional case is somewhat special, due to the fact that the global
transformations given here are supplemented by an infinite number of local trans-
formations, which provide powerful constraints for the theory. Restricting to two
dimensional Euclidean space, the metric becomes 7,, = J,,, and the constraint in

(2.2.3) reduces to the Cauchy-Riemann equations
Or€1 = Opez, O1eg = —Dae; . (2.2.9)

This provides motivation to introduce the complex coordinates z and z with the

relations

z=gl+iz? |, z=z'-iz? (2.2.10)

1
9, = %(a1 i) B:= (0 + i), (2.2.11)

With this change of coordinates the Cauchy-Riemann equations become 0;¢ = 0,

1 2

9,6 = 0, where ¢ = ¢! +ie? and € = €! — i€?, so in two dimensions, the group of
conformal transformations is isomorphic to the infinite dimensional group of analytic
transformations

z— f(2), 2 — f(2). (2.2.12)

The infinitesimal mappings z — 2 + € and 7 — 7 + € admit the Laurent expansions

o0 oo

e(z) = Z cn2™, €(2) = Z c zt! (2.2.13)
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around z = 0, so the infinitesimal conformal transformations can be locally generated
by
ly=—2""9,, 1, = -7""0;, (2.2.14)

which satisfy the commutation relations

Loy lm] = (n—m)lyim
[l lm] = (n—m)lyym (2.2.15)
[l lm] = 0.

This algebra is generally known as the Witt algebra. Following the presentation of
(9], since [,, and l,, commute, the algebra splits into a direct sum of two isomorphic
subalgebras, generated by the holomorphic (I,) and anti-holomorphic (1,,) generators
respectively. Consequently, z and Z can be thought of as independent coordinates,
each taking values over the whole complex plane. Of course, to return to the physical
case one must impose the condition z = z*. The physical theory is therefore invariant
under transformations generated by (I, + [,) and i(l,, — I,,).

The only infinitesimal generators to be globally well-defined on the Riemann
sphere S? = CUoo, are {I_1,lo, 11} U{l_1,ly,1;}, and so the subalgebra they generate
is associated with the global conformal group. From the definition above one can see
that [_, and [_; generate translations, (Io + ly) and i(ly — ly) generate dilations and
rotations respectively, while /; and I; produce special conformal transformations. The

finite transformations corresponding to the generators {l_1,ly, {1} form the group of

projective conformal transformations SL(2,C)/Zy, which can be written as

az+b
cz+d’

z —

(2.2.16)

where a,b,c,d € C and ad — bc = 1. The same holds for the anti-holomorphic
generators {Z_ L 1o, l_l}. The global conformal algebra can be used to characterise the
physical states. In fact, it will be useful to work in the basis of the eigenstates [y and
ly, with the real eigenvalues h and h respectively. Since (ly + lo) generates dilations
and i(ly — ly) rotations, the scaling dimension y and the spin s of the state can be
defined as y = h+ h and s = h — h.

The classical action of a field theory, under an infinitesimal conformal transfor-

mation z# — z* + e"(z), will have variation

1 ) 1 v
58 = 5/ d*x T* (9,6, + Oy€,) = 5/ d*zTHO,e (2.2.17)
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where T* = T"* is the canonical energy-momentum tensor, which can always be
made symmetric (see [5]). The theory is scale invariant if this tensor is traceless, and
in turn this guarantees conformal invariance since 45 = 0. In terms of the complex

coordinates z and z, T* has the form

1

T,, = Z(Tll — 2Ty — Ty) (2.2.18)
1

ng == Z(Tl] + 2iT12 - TQQ) (2219)
1

T,: = Z(TU + Ty) =0; (2.2.20)

the final equality results from the fact that T% = 0. Translation and rotation invari-

ance requires that d,T*” = 0, which in terms of the complex coordinates is
agTzz = 0, aszg = O . (2221)

Since 0;1,, = 0, T,, is a function of z alone (similarly T;; is a function of Z) and
so the energy-momentum tensor splits into an holomorphic and an anti-holomorphic
part, often denoted T'(z) = —2nT,, and T(z) = —2rT}, respectively. This property
is assumed to hold when the theory is quantised.

This quantum theory is expected to contain fields known as primary fields, which

transform covariantly under any conformal transformation
i(2,2) — (8:0)"(0:F)"d;(2, 7). (2.2.22)

The real exponents h and h are the conformal weights of the primary field ¢;. Quasi-
primary fields are those which transform as above for the global conformal trans-
formations only. The energy momentum tensor is one example of a quasi-primary
field.

Under the local transformation z — 2 + €(z), the holomorphic part of a primary

field transforms as

$(z) — [0:(z+€(2)]"d(z + €(2))
= (1 + ho,e(2) + €(2)8, + O(e(2)*))9(2), (2.2.23)

so the variation of ¢(z) (ignoring the anti-holomorphic part, which is equivalent) is

dp(z) = hd,e(2)d(z) + €(2)0.0(2) . (2.2.24)
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This transformation can be used to restrict the form taken by the correlation func-
tions, as described in [9]. The two-point function Gs(z1, 21, 22, Z2) = (P(21, 21), ¢(22, Z2))

must be invariant under conformal transformations, so it must satisfy

0eeGa(21, 21,20, 72) = (0¢(21,71), ¢(22, 22)) + (9(21, 21), 60(22, 22)) -
=0 (2.2.25)
This leads to
(h10,€(21) + €(21)0,, + ha0y,€(20) + €(22)0,,)Ga(21, 21, 22, Z2) (2.2.26)
+ (h105,E(21) + €(21)05, + h205,E(22) + €(22)05,)Ga(21, 21, 22, Z2) = 0.
Taking the holomorphic part alone, the infinitesimal transformations generated by

[_1, lp and [; lead to the following constraints on Ga(z1, 29):

e=1 = (821 + 822)G2(21,22) =0

= (3 depends only on 215 = 27 — 2o
€=z = (hl + hz)GQ(Zlg) = —ZlgazGQ(Zlg)

Ciy
= GQ(ZlQ) = m
212
C Co(22 — 22
€ = 252 = 2(}1,121 + thz)ﬁ = (hl + hg)%
212 212

= Cra(hy — he)(21 — 25) = 0= C12 = 0 unless h; = hs.

The anti-holomorphic part can be examined in the same way. The two-point functions

of primary and quasi-primary fields must therefore have the form

512

2h 52h °
219212

(2.2.27)

GQ(Zla 217 29, 22) -

where hy = hy = h, hy = hy = h, and the normalisation C}, has been set to d1s.
The three-point correlation function Gs = (¢1(z1, 21), ¢2(29, Z2), ¢3(23, Z3)) will be
constrained in a similar way, and it can be shown that it must have the form

1 1

hi+ha=hs Jha+hz—hi hs+hi—h2 _hi+hy—h3 zho+ha—h, zhs+hi—~hs
12 %23 231 Zig Py Y gy

(2.2.28)

G3 = C'123
z

Higher correlation functions are not so simple to determine, and further conditions
must be imposed in order to fix their forms.
For a general field theory, the effect of an infinitesimal transformation on the

correlation functions is given by the Ward identity. In a conformal field theory,
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the three Ward identities corresponding to the translation, rotation and dilation
transformations can be combined into one identity known as the conformal Ward
identity: for the transformation z¥ — z¥ + €”(z) acting on a string of primary fields

&(z1) - .. d(z,), denoted here by X, this is given by
S (X) = / d*x 8,(T* (x)e, () X ), (2.2.29)
M

where the domain M contains the positions of all the fields in the string X. This can

also be written in terms of the complex variables z,z and T, T as

5. (X) = —— ?i dz e(2)(T(2)X) — —— 7{} 2 E(3)(T(2)X) . (2.2.30)

B 21t

The integration contour, C, must enclose the positions of all the fields in X.

In order to intreduce an operator formalism, following [5], it is necessary to dis-
tinguish between the time and space directions. In the statistical mechanics lattice
models described earlier, one direction of the lattice was chosen to be ‘space’ and
the orthogonal direction was taken as ‘time’. In the continuum limit, there is more
freedom in the choice of space and time directions. The usual choice, known as ‘ra-
dial quantisation’ is described here: first, define the theory on an infinite cylinder
of radius L, with the time coordinate z! running along the length of the cylinder
and the space coordinate z? compactified. In Euclidean space this cylinder is de-
scribed by a single complex coordinate € = z! + iz?. Now consider the conformal
map £ — z = exp(27€/L). This maps the cylinder to the complex plane, as shown

in figure 2.2. The infinite past and future on the cylinder, ! = Foo, are mapped to

(
N
2

&
(7

x! - .

Z

Figure 2.2: Radial quantisation. The concentric circles are surfaces of equal time.

the points z = 0,00 on the plane respectively and equal time surfaces, z! = const,

become circles of constant radius on the z-plane.
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Concentrating on the holomorphic part of the primary field ¢(w), the conformal

Ward identity for this field, within the radial quantisation scheme is

dz
o) = § ST )otw) (2231)
The variation of ¢(w) was found in (2.2.24), and using this in the Ward identity, the

short distance operator product expansion (OPE) of the T'(z) with ¢(w) is found to

be
ho(w) + 0. ¢(w)

(z-w)? (z-w)

T(2)p(w) = +... (2.2.32)

with the dots representing regular terms. The energy momentum tensor represents an
energy density, so it should have scaling dimension 2 and spin 2. One would therefore
expect T'(z) to have conformal weights h = 2, h = 0, and T'(Z) to have h = 0, h = 2
[5]. The OPE of T(z) with itself will have a similar form to (2.2.32), with h = 2,
but since T'(2) is a quasi-primary field, not a primary field, an extra term should be
added:

T()T(w) = (j{(z)y + ZT—(Z; + flzw) + ... (2.2.33)

Now T is expected to transform as 7" = (9,9) ?T'(z) under the global transformation

z — g(z), so the transformation z — w = 1/z will produce
T'(w) = (O,w)"*T(2) = 2'T(2). (2.2.34)

T'(0) should always be finite and since 7(1/z) must be just as regular as T'(z) this

4

implies that T(z) must decay as z7% as z — oo [5]. The extra term in the OPE must

therefore have the form
c/2

(z —w)t’
where c is a constant and the factor 1/2 is just convention.

Using the OPE of T(z)T(w) in the conformal Ward identity, the variation of T

flz,w) = (2.2.35)

under a local conformal transformation is given by

5 T(w) = —QLM, fc dze(2)T(2)T (w)
1

= 2e(z T(’LU) azT(w) 0/2
o miJe ) (2(2 )l Gow) (- w)4) (22.36)

= =2T(w)dye(w) — e(w)0,T(w) — 1—0233]6(11)) .
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As shown in [5], this corresponds to sending T'(z) — T"(w) under the finite transfor-

mation z — w(z) where

T'(w) = (‘;—";’>_ (T(z) — 1—"’2{10;2}), (2.2.37)

and {w;z} is the Schwarzian derivative given by

w2} — (Pw/dz®) 3 (d’w/d2? 2
iz =G 2 < dw/dz) ' (2:2.38)

T(z) (equivalently T(Z)) admits the mode expansion

T(z) =Y 2" Ly, Ly =5 ¢ dzz"HT(2). (2.2.39)

The commutator [L,,, ¢(w)] can be found using this mode expansion and the OPE

T(z)¢(w) given in (2.2.32) as

b = god a2 g ewT()
0 e [ h9) | d(w)
= 5 .4 ((z_w)2+(z_w)> (2.2.40)

where C' is the contour enclosing w, as shown in figure 2.3. Using the mode expansion

Figure 2.3: The contour C

and the OPE of T(2)T(w), the commutation relations for L, (and L,) can be derived

in a similar way (see [5] for details). The result is

C
[Ln, Lm] = (TL — m)Ln+m + ﬁn(nz — 1)5n+m,0
Loy L] = (n—m)Lpsm + 1—C2n,(n2 — 1)nsmo (2.2.41)
[L,,Ln)] = 0.

This is known as the Virasoro algebra and it is the central extension of the classical

Witt algebra. For this reason, the constant c is often referred to as the central charge.
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Notice that for the global symmetry generators L_;, Ly and L, this central extension
disappears and the algebra reverts to the classical one.
The theory is assumed to have a unique vacuum state, |0), which is invariant

under global symmetries, so
La0)=0,n> —1. (2.2.42)

A state, |¢), can then be associated to each primary field ¢(z) with the definition
|¢) = lim,_o ¢(2)]|0). Using the commutator [L,, #(z)] from (2.2.40) and the relation
(2.2.42) it is easy to show (see [5]) that

Lol) = lim Log(2)[0) = hlg) (2.2.43)
L.¢) = 0,n>0,

with equivalent relations holding for Lo|@) and L,|¢). This is a highest weight state of
the Virasoro algebra and representations of this algebra can be built from these states
in the following way: acting on |¢) with the generators L,, n < 0, produces an infinite
tower of states L_,,, ... L_, |#), 1 < n; < ... < n,,, known as left descendants. They
are eigenstates of Ly with eigenvalues A’ = h+n;+...4+n, = h+1, where [ is known
as the level of the descendant. An equivalent tower of right descendants is generated
from |¢) with the application of L,, n < 0. The subset of the Hilbert space, spanned
by the primary state |¢) and its descendants, is closed under the action of the Virasoro
generators and so it forms a representation of the Virasoro algebra known as a Verma
module.

The set of fields containing the primary field ¢ and its descendants is called a
conformal family, denoted by [¢]. Since the generators L, and L, commute, each
conformal family can be considered as a direct product of the space of left descen-
dants, ®, and right descendants, ®, so any discussions can be restricted to the ‘left’
(holomorphic) sector with the understanding that equivalent statements will hold for
the ‘right’ (anti-holomorphic) sector.

The objects of interest in these theories are the correlation functions as these are
the physically measurable quantities. Correlation functions between descendant fields
can be expressed in terms of those between the primary fields only, so in order to solve
the theory one needs to know all the correlation functions between the primary fields.

For this it is necessary to know the operator algebra: the complete OPE (including
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all regular terms) of all primary fields with each other. Applying this OPE within a
correlation function reduces it to two-point functions which are known.
By taking the limit as any two fields approach one another in the three-point

correlation function (2.2.28), the OPE for primary fields can be expressed as

1 1 _
b (21,21 ¢] Zj, ZJ Zcz]k —hi—h; (_i h_h. ¢k(zk7 Zk) +...

Zi — Zj)ﬁk— U

1

(2.2.44)
The complete operator algebra of primary fields can be obtained from conformal
symmetry once the central charge, ¢, the conformal dimensions of the primary fields,
and the 3-point function coefficients Cj;r are known. Out of these quantities, only
the Cyjx require some dynamical input to find; one often imposes crossing symmetry

which, as described in [9], comes from the observation that the four point function

($i(21, 21)0;(22, Z2)di(23, Z3) Om (24, Z4))

can be evaluated in two ways. One can take z; — 2z and z3 — 24, shown pictorially
on the left of figure 2.4. Alternatively, one could take z; — z3 and z; — z4, shown
on the right of figure 2.4. The equivalence of these two approaches puts constraints
on the coeflicients Cj; which, at least for the minimal models, introduced below, can

be solved completely for C.

i 1

> C”p Cimp >—< = chilq Cimq

3 m

Figure 2.4: Crossing symmetry

2.2.1 Null states and minimal models

In some cases, a representation of the Virasoro algebra comprising some highest
weight state |¢) and its descendants is reducible. This means that there exists a
subspace that is itself a representation of the Virasoro algebra, generated by a de-

scendant |x) of |@) that is also a highest weight state: L,|x) = 0, n > 0. The state
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|x) is known as a singular or null vector. It is orthogonal to the whole Verma module

as

(X|L—py Lky - Log, @) = (| L, - - Liy Ly |x)* = 0, (2.2.45)

using Hermitian conjugation, and its norm (x|x) = 0. In fact, all descendants of
|x) also have zero norm and are orthogonal to all states in the Verma module of the
same level. An irreducible representation may be constructed by quotienting out of
the Verma module the null submodule, i.e. by identifying states that differ only by
a state of zero norm.

To each Verma module, one can associate a function x()(7) called the character

of the module:

X(c,h)(’r) =Tr qLo—c/24 — Zdim(l)ql+h—c/24 (2246)
=0

where dim({) is the number of linearly independent states at level [, 7 is a complex
variable such that Sm 7 > 0 and ¢ = e?™". These characters are generating functions
for the level degeneracy dim(l), so knowing the character amounts to knowing how
many states there are at each level.

Another quantity to determine the number of linearly independent vectors in
the Verma module at level { is the Gram matrix, M (c, h), built of inner products

between all basis states:
MY (c,h) = (¢n|Lm, - Lin;L_n, - .. L_y,|bn) (2.2.47)

with ns,m; > 0 and 325 n; = 327_ m; = 1. If det M®(c, h) vanishes then one can
conclude that there are null vectors at level [. If the determinant is negative there
must be states with a negative norm present so the representation is not unitary. A
general formula for this determinant was found by Kac [11] (and proven by Feigin
and Fuchs in [12]):
det MY = qy [T [h = hr o PO (2.2.48)
r.s>1
rs<i

P(l—rs) is the number of partitions of the integer | —rs and «; is a positive constant

independent of h and ¢

a = [](2r)sm (2.2.49)
r,s>1
rs<l
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with m(r,s) = P(l —rs) — P(I — r(s + 1)). The roots of this determinant can be

expressed by first reparametrising ¢ in terms of the (possibly complex) quantity

1 1 [35-¢
= oy . 2.2.50
M=oV T ¢ (22.50)

The h, s(m) are then given by

[(m+ 1)r —ms]? —1
hys = , 2.2.51
and, in this notation, the central charge becomes
6
=1-— 7. 2.2.52
C m(m + 1) ( )

The existence of null states also puts a constraint on the operator algebra which

becomes
k=ri+ro—1 =51 +82—1
Dlris) X Plrasy) = > Y bun- (2.2.53)
k=1+|r1—r2| I=1+[s1—s2]|
k+ri+ro=1mod?2 l+s1+so=1mod 2
step 2 step 2

These are known as fusion rules. This notation means that the OPE of ¢, ) with
®(ra,s2) (Or their descendant fields) may contain terms belonging to the conformal
families of ¢ ;) on the RHS. In general, a conformal family [¢(, )], with 7, s arbitrarily
large, can be generated by repeatedly applying (2.2.53) which implies that there are
an infinite number of conformal families in the theory. However, if the central charge

can be expressed in terms of two coprime integers p, p' as

c=1- 6% , (2.2.54)

then the conformal weights become
MJ:@wth;@—ﬂV’ (2.2.55)

which has the periodicity properties
Pripstp = Prsy Prs = By _pps. (2.2.56)

The integers p and p’ can be taken to be positive and without a loss of generality it

can be assumed that p > p’. They are related to the parameter m by

(2.2.57)
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where the positive branch of m in (2.2.50) has been chosen. It can easily be shown

that h, s also satisfies the identities:

h'rys + rs = hp’+r.,p-s = p’—r,p-‘rs (2258)

hr,s + (p, - T)(p - 3) = hr,?pvs = h?p’—r,s-

From (2.2.58) it is clear that the null vectors at levels rs and (p' — r)(p — s) are
themselves highest weights of degenerate Verma modules. These two null vectors
will give rise to submodules that also contain null vectors of the same form, and
so on. There will therefore be an infinite number of null vectors within the Verma
module. The existence of each of these null vectors imposes a constraint on the
operator algebra and the result is a Verma module consisting of a finite number of
conformal families. The corresponding conformal weights are h, s with 1 <r <p'—1
and 1 < s < p — 1, but because of the symmetry h,; = hy_,_s, there are only
(p—1)(p'—1)/2 fields in the theory with ¢ 5) = @py—rp—s). To avoid double counting
one often takes p’s < pr. The pairs (r, s) are known as Kac labels and E,, denotes
the set of such pairs in the range described here. These theories are the minimal
models, usually denoted by M, ).

The fusion rules given in (2.2.53) can be expressed in the form of the fusion algebra
¢ X ¢ = ZNikj@c (2.2.59)
k

where the Ni’; are integers. Here the indices ¢, 7, k label the primary fields. For the
minimal models, they can be replaced by the Kac labels (r, s) but the concept of the
fusion algebra can be applied to more general models which will be discussed later.
This algebra is commutative and associative, with the identity element ¢; = I the
identity field, so NX = 6;. Commutativity implies that N{; is symmetric in 2 and j.
Using this, along with the associativity ¢; % (¢; X ¢r) = (¢i X ¢;) X @i leads to the

expression

ZN/lcj ZF:ZN;J‘NI?- (2.2.60)
! )

By defining a matrix with the entries (Ni)f = N, this condition can be rephrased as

i3

NiNe = NiN, (2.2.61)
l
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so the N; form a matrix representation of the fusion rules. They can be simultaneously
diagonalised and their eigenvalues then form one dimensional representations of the
fusion rules.
The full Hilbert space of the CFT is given by
H=EPniVne Vs (2.2.62)
h.h

where the non-negative integers n,; specify how many distinct primary fields of
weight (h, h) there are in the CFT. The fusion algebra, shown above, indicates which
values of (h,h) are consistent with the CFT, but not which ones actually occur.
For this one needs the extra constraints imposed when the theory is required to be

modular invariant on the torus. This was first suggested by Cardy in [13].

2.2.2 Finite size effects

Now, consider a CFT on a complex plane and map this to a cylinder of circumference
L with the transformation z — w = £ Inz. The Schwarzian derivative is {w; z} =
1/22* and using (2.2.37), the energy-momentum tensor on the cylinder 7, (w) can

be related to that on the plane, Ty by

Toi(w) = (%”)2 (Tyanel)2 ~ ) (2.2.63)

Assuming that the vacuum energy density (T,ane) vanishes on the plane, taking the
expectation value of the above gives a nonzero vacuum energy density on the cylinder
cm?

6L2

The change in energy brought about by imposing these boundary conditions is known

(Teyi(w)) = (2.2.64)

as the Casimir energy. The relation between this and the central charge can now be
used to show that c is also related to the free energy. When the metric tensor is

changed the free energy F' varies as

oF = —% / d*z+/det g8 g,, (T*). (2.2.65)

In this cylindrical geometry, an infinitesimal scaling of the circumference §L = €L

0

corresponds to the coordinate variation 62° = €2% and §z' = 0, where 2° runs around

the cylinder and z' along it. The metric tensor then varies as gy, = —2€0,00,0. Now

(T = (T,.) + (Tez) = ——(T(2)) = — (2.2.66)
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so the variation of the free energy is

p mc 0L

T (2.2.67)

6F:/dzodz

The integration over z° introduces a factor of L, whereas the integration over z! can

be avoided by considering the free energy per unit length, F, which varies as

e

= —0L. 2.2.
O0F; N (2.2.68)
Integrating this then leads to
e
Fp=——. 2.
L= -2 (2.2.69)

The central charge also appears in the Hamiltonian for the CFT on the cylinder,
where 2z = exp(z! + iz?). Here dilations z — e%z become time translations z! —
x! 4+ a therefore the dilation generator on the conformal plane can be regarded as the

Hamiltonian for the system:

1= (Lo + (Lo)ew) (2.2.70)

Substituting the mode expansion Tpine(z) = Dz " 2L, into the relation (2.2.63)

gives
_ 2_7T 2 Z L, — c 7 2_7r 2 Z (L B £5 ) e 2mnw/L (2.2.71)
v L nez 24 L nez ' 24 " B

where w = L 1Inz. Therefore the translation generator (Lg)eu on the cylinder, in

terms of the dilation generator Ly on the plane is

c
(Lo)eyt = Lo — 51 (2.2.72)
so the Hamiltonian is
H= 27T<L +1L C) (2.2.73)
- L 0 0 12 ) s L.

where the constant term ¢/12 ensures that the vacuum energy vanishes in the L — oo
limit. The momentum generates translations along the circumference of the cylinder

so this can be written as

271 211

P="" oA ((Lo)eyt — (Lo)eyt) = oA (Lo — Lo) . (2.2.74)

For a CFT on the entire complex plane the holomorphic and anti-holomorphic

sectors completely decouple and can be studied separately. However requiring the
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theory to be consistent on a torus puts useful constraints theory which will now be
discussed. This follows closely the presentation given in [5].

Define a torus by specifying two linearly independent vectors on the complex
plane, and identify points which differ by an integer combination of these vectors.
These vectors can be represented by two complex numbers w; and ws, which are the
periods of the torus. Next the space and time directions must be defined. Here space
is taken along the real axis, and time along the imaginary axis. The Hamiltonian,
H, and total momentum, P, of the theory generate translations along the time and
space directions respectively so the operator which translates the system parallel to

the period w,, over a distance a in Euclidean space-time is given by

6_ﬁ(HImwg—iPRewz) ‘ (2275)

If a is the lattice spacing in a statistical mechanics problem then this translation
will go from one row of the lattice to the next, parallel to w,. If a complete period
contains m lattice spacings, so |wq| = ma, then the partition function is obtained by

taking the trace of the translation operator to the m** power:
Z(wy,wy) = Tr e~ H Imwz=iP Rews) (2.2.76)

Now to express H and P in terms of the Virasoro generators Ly and Ly it is useful to
consider the torus as cylinder of finite length with the ends identified. Recall that on
a cylinder of circumference L the Hamiltonian is H = (27/L)(Lo + Lo — ¢/12) and
the momentum is P = (27i/L)(Lg — Lg). Here w; = L, so in terms of the ratio of

periods 7 = wy/wy, known as the modular parameter, the partition functions is

Z(r) = Trexp[ni{(t — 7)(Lo + Lo — ¢/12) + (1 + 7)(Lo — Lo)}]
= Tr exp[2mi{r (Lo — ¢/24) — 7(Lo — c¢/24)}]. (2.2.77)

Defining the parameters

q=e" g=e "7, (2.2.78)
the partition function can be expressed as

Z(r)y="Tr (qLO‘C/24qE°‘C/2“) , (2.2.79)

which involves the characters described in (2.2.46).



2.2. Conformal Field Theory 28

For a CFT to be sensible on a torus its partition function must be independent of
the choice of periods w » of the torus. Let w), be two periods, describing the same
lattice as w; 2. Since w5 are points on the lattice they must be integer combinations
of wy o

Al (v} (e (2.2.80)
wh c d W
with a,b,c,d € Z and ad — bc = 1. This matrix should have an inverse with integer
entries, since w; 2 must also be expressed in terms of w), in the same way. Also,
as the unit cell of the lattice must have the same area, regardless of the choice of
periods, this matrix must have unit determinant and so these matrices form the group
SL(2,7Z). Under this change of period, the modular parameter transforms as

ar +b

—— ad—bc=1. 2.2.81
CT—G-d’a ¢ ( )

T —

Since this is invariant under a sign change of all the parameters a,b,c and d, the
relevant symmetry, known as the modular group, is PSL(2,7Z) = SL(2,7)/Z.

The generators of this group can be considered geometrically as the cutting of
the torus along one of the non-trivial cycles and gluing back, after a twist by 27, as
described in [9]. Cutting along a line of constant time, z!, and re-gluing corresponds
to transformation 7 : 7 — 7 4+ 1. A similar operation performed along a line of fixed

2

x* is equivalent to the transformation U« : 7 — 7/(7 + 1). The generators that are

usually considered are

T : 71-7+1 (2.2.82)
1
S=7TUr"' : 71> - (2.2.83)

which satisfy S = (§7)3 = 1.
Recall that the Hilbert space of a minimal model with central charge ¢ can be

decomposed into left and right Virasoro modules:

H=EP Ve ® Vi (2.2.84)
hh

The torus partition function is given by

Z(r) =Y mixa(T) X(7) (2.2.85)
hh
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in terms of the Virasoro characters

Xa(7) = Try, (g%~ = ¢"~/** Y " d(n)q (2.2.86)

n>0

The action of 7 on the minimal characters is

Xrs(T+1) = > 7}5 poXpa(T) (2.2.87)
(p.0) EE
where
Trspo = Oy p0s g€” T hre /2 (2.2.88)

with the conformal dimensions given by the Kac formula (2.2.55). The modular

transformation S acts on the characters as

XT,S(_]'/T) = Z Srs,pUXp,U (2289)
(p,U)EEp’p/
where
5 w
Srspo = 24/ —(—1)1***" sin <7r£,rp> sin (ﬂgsa) (2.2.90)
pp p P

is known as the modular & matrix [13][14].

The requirement that the partition function be invariant under the transforma-
tions generated by 7 and S puts constraints on the multiplicities n, 5, which are
described below following [5]. There is also an additional requirement (at least for a
unitary theory) that the n, 7 be non-negative integers, and that the identity operator
appear just once, so ngg = 1.

The 7T invariance is the weakest condition. This restricts the left-right association
of modules by

h—h=0,mod1. (2.2.91)

An obvious solution to this is - = h which leads to a ‘diagonal’ partition function

Z= > |xsf (2.2.92)

(T’S)EEPVP/

Since S is unitary this is modular invariant. The operator content of this theory can
be read off from the partition function: each field in the Kac table E(p,p’) appears
exactly once in the combination ®(, 5) = ¢ ) ® ¢(r5 This is known as the minimal

model M(p,p’). The simplest such unitary minimal model is M(4, 3), with central
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charge ¢ = 1/2 and this can be shown to correspond to the critical Ising model.
The continuum version of the critical Ising model has three operators: the identity
1 with conformal dimension (0,0), the spin ¢ (the continuum version of the lattice
spin 0;) and the energy density, or thermal operator, ¢ (the continuum version of the
interaction energy o;0;,1). The exponents n and v can be defined in terms of the

critical correlators

1 1
7 (€i€ian) = =T (2.2.93)

(0i0itn) =
In table 2.1, these exponents are given as n = 1/4 and v = 1 and with the form of
the two point function for primary fields (2.2.27), assuming that the fields o and ¢

have no spin (h = h), their conformal dimensions must be

(h,h)s = (11—6%) , (h,h), = (%%) . (2.2.94)

The operator-field correspondence is given in table 2.2 restricting to the holomorphic

part for simplicity.

Kac labels (7, s) | Conformal Dimension h Operator
(1,1) or (2,3) 0 1 Identity
(2,2) or (1,2) 3 o Spin
(2,1) or (1,3) 3 ¢ Thermal operator

Table 2.2: Operator-field correspondence for the critical Ising model

Minimal models also exist where not all of the possible fields from the Kac table
are present. One example of this is the three-state Potts model. This is related to
the M(6,5) model, but only the fields ¢, s with s = 1, 3,5 are present in the theory.
In order to find modular invariants one can group the fields into blocks which have
the required transformation properties. It can be shown that the characters for the

relevant blocks are

Cra(T) = Xra(7) + Xrs(7) (2.2.95)
CT,3(T) = Xr,3(T)
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and the modular invariant partition function [14] is

Z(r) = > A{lCa(m)P +2Cs()’} (2.2.96)

r=1,2
= Z {|X‘r,1 +XT,5|2+2|XT’3|2} :

r=1,2
This shows that only the operators ¢ ;) with s = 1,5 and 7 = 1, 2 are present in the
theory along with two copies of ¢, 3y with 7 = 1,2. This multiplicity 2 indicates that
the three-state Potts model is not a subtheory of the M (6, 5) model but actually has
a larger symmetry algebra, known as the W3 algebra, of which the Virasoro algebra
is a subalgebra. The block-characters given above are the characters with respect
to this extended algebra and the partition function is ‘diagonal’ when written in
terms of these. Theories of this form are therefore known as block-diagonal. Further
discussion of extended algebras will be given in Section 4.2. The search for these
modular invariant partition functions began in [14]. A full ‘ADE’ classification for
the minimal models was conjectured by Cappelli, Itzykson and Zuber in [15] , which
was later proved in [16] [17].

There is an important relation between the modular & matrices and the fusion
algebra which was first proposed by Verlinde in [18], and later proven in [19],[20].
This states that S diagonalises the fusion rules, i.e. N} =3 S;n MM 8., where A
are the eigenvalues of the matrix N;. This relation can be used to solve for the NJ,
in terms of the matrix S: first label the identity by < = 0 so Ng; = dF, then the

eigenvalues A§") must satisfy /\E") = 8in/Son- The Verlinde formula then follows:

SinSinS
k inOinOnk
NE =) =t S (2.2.97)

n

This will be of use later on.

2.3 Perturbed CFT

As mentioned earlier, conformal field theories can be used to describe statistical
models at their critical points. One advantage to this description is that it is possible
to perturb a CFT in such a way that it remains integrable, which allows the statistical
model to be studied away from criticality. Such integrable perturbations were first
shown to exist by Zamolodchikov in [21]. This section contains a brief review of this

work.
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Integrability of conformal field theory is guaranteed by the existence of an infi-
nite number of conserved charges provided by the holomorphic and anti-holomorphic
components of the stress energy tensor and other descendants of the identity. The
identity operator I is the unique primary field with weights (0, 0). Its conformal fam-
ily can be split into holomorphic and antiholomorphic sectors and the space of left
descendants of I will be denoted by A. The operator Ly can be used to decompose

this into subspaces Aj;, labelled by spin s
L()As = SAS (231)
LoAs = 0 (2.3.2)

A= é/\s. (2.3.3)

s=

Each field T, € A; has conformal weight (s,0) and so spin s. Since it is holomorphic
it follows that

so an infinite number of conserved charges can be defined:
7{Ts(c)(c — )"l n=0,41,42,. .. (2.3.5)

Not all of these conserved charges will be linearly independent as some of the fields
Ts may be total derivatives, but these fields can be avoided by considering the factor

space

A=A/L_\A, (2.3.6)

which can be decomposed as before

A= é A, (2.3.7)
s=0

Lohs = sA, (2.3.8)
LoAs = 0. (2.3.9)

Once conformal symmetry is broken one would expect these conserved charges
to no longer exist and integrability to be lost. However, Zamolodchikov [21] has
argued that for certain perturbations of conformal field theory, a sufficient number

of conserved charges remain to allow all the states in the theory to be identified and



2.3. Perturbed CFT 33

hence the theory to still be considered integrable. An outline of his argument is
provided here. Consider a perturbation of a conformal field theory with an action

related to that of the CFT by
A= Acprr + X / #(z, 2) d*z (2.3.10)

where ¢ is a field in the CFT with conformal weight (h, h), and so scaling dimension
2h. The coupling constant, A, has conformal dimension (1 — h, 1 — h) (scaling dimen-
sion y = 2(1 — h)). For a relevant perturbation, y > 0 so ¢ is a relevant operator if
h <1. When A # 0, T; will no longer satisfy (2.3.4). Instead 9;7s can be expanded
in a Taylor series

8T, = AR, + NX2R? + .. (2.3.11)

where the Rg’l)l are assumed to be fields belonging to the CFT. The dimensions of
0;T; and X are (s,1) and (1 — h,1 — h) respectively, so by comparing dimensions it

is clear that the fields Ri’i)l must have dimension
[R™] = (s — n(1 — h),1 —n(1 - h)). (2.3.12)

For n large enough, 1 — n(1 — h) < 0. However, all fields in unitary theories have
positive conformal dimensions, so this series must terminate. This argument can
clearly be extended to any non-unitary theories where the conformal dimensions of
the fields are bounded from below. The only possible terms in the series are those

fields in the CFT with conformal dimension
1-n(l—h)=A (2.3.13)

which are easily identified as the dimensions of all the fields are known. In many

cases, only the first term, with n = 1, is possible in which case
8,T, = AR\, (2.3.14)

where Rgl_)l has dimension (h+ s — 1, k) and so is a left descendant of the perturbing
field ¢. The space, @, of all left descendants of ¢ can be decomposed in the same

way as A:

o =pe,, (2.3.15)
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where
Lo®, = (A+5)0, (2.3.16)
Le®, = Ad,, (2.3.17)
so J; can be considered as the linear map
05 As — D, . (2.3.18)

For T, to be non-trivial, it must be non-zero in A = A/L_;A and for it to be a
conserved charge, Rgl_)l must be a total z-derivative, i.e. it must lie in L_;®. Its
projection onto ®=0 /L_1® must then be zero, so it must therefore lie in the kernel
of the map

-~

8 Ay — By (2.3.19)

Conversely, if the kernel of this mapping is nonzero then a conserved charge must
exist. This problem then boils down to checking the dimensions of the spaces Ks and

@s_lz the kernel will be nonzero, and so a conserved charge will exist, provided
dim A, > dim ®,_;. (2.3.20)

Using this method, Zamolodchikov demonstrated the existence of a whole series of
conserved charges for the minimal models perturbed by the operators ¢,3, ¢12 and
@21 and so conjectured that these perturbations are integrable.

The continuity equation 9,T* = 0 for the stress energy tensor, written in coor-

dinates z, Z is

8;T = 9,0 (2.3.21)
where ©® = —T,;. This ensures the conservation of momentum of the theory, with IM
P = %[T dz + ©dz]. (2.3.22)

Following this notation, the higher spin integrals of motion of the perturbed theory

are
P, = f{ (Ty1dz + O, 1d3] (2.3.23)
where the local fields T, and O,_; satisfy the relation

82Ts+1 - (92@5_1. (2324)

A priori there is no reason why one cannot perturb a CFT by two or more relevant
operators simultaneously. However, for the models of interest in this thesis, such a

perturbation will not result in an integrable theory.
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2.4 S matrices

For many cases, perturbing a CFT will result in a massive theory which, in the in-
frared region, can be described in terms of an S-matrix. In this section the constraints
on this S-matrix, due to integrability, will be described and the method of building an
S-matrix using the knowledge of the conserved charges of the theory will be discussed.
Note that this S-matrix approach is naturally described in (1+1) Minkowski space,
while the CFT description above was given in 2 dimensional Euclidean space. This
discussion is based on the original paper by Zamolodchikov and Zamolodchikov [22],
but mainly follows the review by Dorey [23].

Consider a theory with n particles, each with a different mass m,, a = 1,...,n.
These particles are on-shell when their light-cone momenta p,, p, satisfy the condition
PaPa = m2. Tt will be convenient to parametrise these momenta in terms of the
rapidity 8,

(Pa, Pa) = (mae®, mee™%). (2.4.1)

Denoting a particle of type a;, moving with rapidity 6;, by A, (0;), an n-particle

asymptotic state can be written as
|Ag, (01)Ag,(02) ... Aq, (62))- (2.4.2)

An in state, is a state where there are no further interactions as ¢t — —oo so the
particles must be ordered by rapidity, with the fastest on the left and the slowest
on the right. Similarly, if there are no more interactions as ¢ — oo, then the state
is known as an out state, with the order of rapidities reversed. By considering the
A, (6;) as non-commuting symbols, the notation can be simplified and the in and out

states can be written as

Aay (01)Agy (62) . .. Aa (62) (2.4.3)

with 6; > 0, > ...0, and 6, < 6, < ..., respectively.
The S-matrix is a mapping between the in-state basis and the out-state basis.

Given a 2-particle in state this is
Aa, (01)Ag, (02) = Z D Shn(01,05;0),. .. ,60,) A (87) .. A (0h)  (2.4.4)
n=20]<...<0),
where a sum on b, ...b, is implied and the sum on the ¢] will, in general, involve a

number of integrals. The rapidities are also constrained by momentum conservation.
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A conserved charge, Q) of spin s acts on a one-particle state as

Qs A4 (0)) = ¢l A,(0)). (2.4.5)

Considering only local conserved charges, which are integrals of local densities, their

action on multiparticle wavepackets is additive:

Qs A, (01) . .- Au, (02)) = (e + ...+ g{e)

A (61)... A, (6,)).  (2.4.6)

The momentum operator (¢;) will act on a state by shifting all the particles by a
fixed amount. However, in general, the higher spin operators will shift particles by
an amount dependent on their initial rapidity. Parke [24], using this argument, found
that provided there exists a couple of conserved charges with spin s > 1, then the
scattering matrix for a 1 + 1 dimensional theory has several constraints placed upon

it:
e there is no particle production
e the initial and final sets of momenta are equal

e the S-matrix factorises into a product of 2 — 2 S-matrices.

These constraints are particular to 1 + 1 dimensions; for higher dimensions, the
Coleman-Mandula theorem [25] states that the existence of a conserved charge of
spin s > 2 leads to a trivial S-matrix.

From these constraints, it is clear that the fundamental object is the 2 — 2 S-

matrix, Aq,(01)Aq,(02) = S5 (6; — 02)Ap, (61)Ap,(2). Once this is known for all

particles then the full S-matrix is known. As a Lorentz boost shifts the rapidities by

a constant, the S-matrix will depend on rapidity difference, #,, = 6; — 6, only.

S0 (8) N
EZON

a4y a,

Il

Figure 2.5: The two particle S-matrix

In a theory with n particles, there are n* functions S%%  however not all of these

ajaz’

will be independent. Firstly, momentum conservation demands that m,, = m;, and
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Mga, = My,, so unless there is a degenerate mass spectrum a; = b; and ay = by. It is

also assumed that P, C' and T symmetries hold which impose the condition

Shit2 (6) = Shit2 () = g (6). (2.4.7)

ayaz

The analytic properties of the S-matrix are most easily understood when described

in terms of the Mandelstam variables

s=(p1+p)’, t= (1 —p3)?, u=(p1—ps)° (2.4.8)

where s+t +u =31 m?

. Here p; and ps are the momenta of the incoming particles
and ps and py that of the outgoers. In 1 + 1 dimensions only one of these variables

is independent, so choosing s and writing it in terms of the rapidities
s = m? +m} + 2m;m; cosh(6; — 0,). (2.4.9)

For a physical process, the rapidities are real and so s must be real and s > (m;+m;)>.
Continuing S into the complex plane it is single valued, once suitable cuts, as shown
in figure 2.6, have been made. S(s) is real for real s satisfying (m; — m;)* < s <
(m; + m;)? and physical values occur for s = s just above the right hand cut,

as shown in figure 2.6. S(s) is also real-analytic, i.e. SF(s*) = (S’fj‘(s))* holds,

s
Physical
Values
cut ¢ cut
N =

I —— X X X X e«

(m; —m)? (m; +mj)?

Figure 2.6: Cuts in the complex plane

where * denotes complex-conjugate. Unitarity requires that for physical values of s
(st = s+1ie, e = 0, s > (m; + mj)?), S(s)ST(s) = 1. Since there is no particle

production in this case this corresponds to
SH(st) (S (sh))” = orey (2.4.10)
and using the real-analycity property this becomes

SE(sT)Spm(s™) = 7" (2.4.11)
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where s~ = s — ie, € — 0.

Having so far discussed only the right hand cut, the left hand can be understood
using the relativistic property of crossing. This involves taking particles involved in
an interaction and inverting their paths in time so that incoming particles become
outgoing and vice versa. If one incoming particle and one outgoing particle are
simultaneously “crossed” then the result should be another physical process. Here
this corresponds to looking at the diagram 2.5 from the side, so the forward channel
momenta is t = (p; —p3)?, rather than s. Since p, = p3 here, there is a simple relation
between s and ¢

t=(p1 —p2)® = 2mi +2m] — 5. (2.4.12)

The amplitude for this process can be obtained from the previous amplitude by
analytic continuation into a region where t is now physical. This is where £ is real

2

and ¢ > (m; + m;)? which corresponds to s < (m; — m;)?. Physical amplitudes

correspond to approaching this from above in ¢, and so from below in s, therefore

they occur on the lower edge of the left hand cut in figure 2.6. So this is just
SH(s*t) =S¥ (2m? + 2m? — s*) (2.4.13)

which simplifies when written in terms of the rapidity 6, using the transformation

s —m?—m?
6§ = cosh™* <—]) (2.4.14)

2m;m;

= log (2mlimj (52 = m 4\l = s = (o= ) ) ).

This maps the physical sheet into the physical strip 0 < Sm 6 < 7, with the unphys-

ical sheets mapped into the strips nm < Sm@ < (n+ 1)w. The cuts open up and the

branch points go to 0 and n. Rewriting the constaints in terms of 6:
e Real analycity: S(@) is real for 8 purely imaginary
e Unitarity: S}™(6)Sk}, (—6) = 656}
e Crossing: S!‘;‘(B) = Si'}j (im — 0).

The factorisation property also gives rise to the Yang-Baxter equation

sga(eu)sg;(elg)s;";(e%) — sf,g(om)sgj(am)sggl(em) (2.4.15)
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Figure 2.7: The Yang-Baxter equation

shown diagrammatically in figure 2.7. This constraint, along with the properties

above usually allow the S-matrix to be fixed, up to the “CDD” ambiguity
SE(0) — SE(6)D(6) (2.4.16)
where the CDD factor must satisfy
®(0) = O(ir — ), D(O)P(—0) = 1. (2.4.17)

Further restrictions come from the bootstrap. The discussion of this will be restricted
to the purely elastic scattering theories (PEST) as they are the only theories of
concern in the remainder of this thesis. These are theories with no degeneracy in the
spectrum so the scattering is diagonal. The S matrix for these theories needs only

two indices and the unitarity condition becomes
S (0)S;(—6) =1 (2.4.18)
and the crossing symmetry is
Si;(0) = Siz(am — 0). (2.4.19)
Combining these two constraints reveals the periodicity of the S-matrix
Sij (0 + 2mi) = S;;(8). (2.4.20)

The Yang-Baxter equation is trivially satisfied for these theories.
Simple poles in the physical strip of an S-matrix element are often associated
with bound states in the spectrum. This is not always the case; exceptions will be

mentioned later. A bound state occurring in the forward (s) channel, with fusing
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angle U{; will correspond to a simple pole in the physical strip, at 6,; = z'Ui’;. Around
this pole the S-matrix can be considered as

Cijkcvijk

ii(0) =~ t—— 2.4.21

where CY* is the three point coupling associated with the bound state. For unitary
theories this three point coupling is real and so this pole will have a positive residue

and will always be paired with another simple pole, at 8;; = 7 — iUi’;, with negative
residue, corresponding to the same bound state in the crossed (t) channel, see fig-

ure 2.8. For non-unitary theories, the distinction between the forward and crossed

t m

forward channel crossed channel

Figure 2.8: A bound state, shown in the forward and crossed channels

channels is not so clear as the residiies will not necessarily be positive and negative
respectively since C* will not always be real. The intermediate particle k is on-shell,
so should be long-lived, and by the boostrap principle, is expected to be one of the
other asymptotic one-particle states of the model. For the forward channel process,

since the internal particle k is on-shell, s = m2 and so

mﬁ = mf + mjz- + 2m;m; cos UZ;- (2.4.22)

This implies that Ui’; is the exterior angle of a ‘mass triangle’ of sides m;, m; and my,

shown in figure 2.9. Therefore the fusing angles satisfy
UL+ Ul + Ul =2 (2.4.23)

as one might expect from figure 2.8.
If a third particle interacts with a bound state, this interaction could occur before
or after the bound state is formed. However, the factorisation condition implies that

these cases cannot be distinguished, which leads to the bootstrap equation

Si(0) = Si(0 — iUL,) Sy (6 + iU%,) (2.4.24)
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Figure 2.10: The bootstrap

where U = 7 — U. This is shown pictorially in figure 2.10. There is an equivalent
constraint for the conserved charges which comes about when one considers the action
of one of the conserved charges, given by (2.4.6), on the state before and after fusing.

Equating these leads to the conserved charge bootstrap

q,%S) _ qi(s)eisU,];i 4 q§3)6_isgij (2425)

which can be put into a symmetrical form, using q,%s) = (—1)5+1q,(cs)

¢ + q](_s)eisufj + UL = ¢, (2.4.26)

So far only simple poles have been discussed, but higher order poles also occur
in S-matrix elements. The explanation for these poles is given by the Coleman-
Thun mechanism [26]; the discussion of this presented here follows [27]. For a given
Feynman diagram, if the external momenta are such that one or more of the internal
propagators are on-shell then the loop integrals will give rise to a singularity in
the amplitude. The bound states described here are examples of this, where one
propagator, the bound state particle, is on-shell. In three or more dimensions, all
singularities which do not correspond to bound states appear as branch points, but
in 1 + 1 dimensions they are poles. These poles correspond to more complicated

diagrams composed of entirely on-shell particles (known as Landau diagrams). An
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example of such a diagram, which would produce a double pole in the relevant S-

matrix element, is shown in figure 2.11. For a diagram with P propagators and L

™

Figure 2.11: Example of a Landau diagram

loops, the corresponding pole has order p = P — 2L. This, however, is not yet the
whole story as not every simple pole corresponds to a bound state, so one needs
to find a way to reduce the order of a second order diagram to explain such simple
poles. An obvious way that this can occur is if one of the ‘internal’ S-matrix elements
has a zero at the necessary rapidity. Alternatively, if more than one diagram can be
drawn, for fixed external lines, then these diagrams must be added together with
appropriate relative weights. If cancellation occurs between the different diagrams
then the overall order of the pole is lower than would be expected from the individual
diagrams.

To illustrate how one can build an S-matrix the example of the Ising model in
a magnetic field will be discussed. Zamolodchikov [28] showed that, for this theory,

local conserved charges exist with the spins
s=1,7 11,13, 17, 19, (2.4.27)

and so conjectured that this model is integrable. Zamolodchikov’s c-theorem [29]
states that for a perturbed CFT there is a function of the coupling constants which
decreases along the RG flow and is stationary only at fixed points. At these points it
is equal to the central charge of the corresponding theory. Physically one can think
of this as some kind of entropy function which measures the loss of information in
the coarse-graining procedure of the renormalisation group. Since the central charge
of the Ising model is ¢ = 1/2 and there is no unitary CFT with ¢ less than this, by
this c-theorem the perturbed theory must be massive and so an S-matrix will exist.

The search for the S-matrix begins by assuming the existence of a particle of
mass m,, and for simplicity take the model to have diagonal scattering. Since the Z,

symmetry of the model is broken by the perturbation, a ¢* type interaction is not
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ruled out so one can assume that the 3-point coupling C''! # 0. The mass triangle
is then an equilateral, with all the fusing angles equal to 27/3. The conserved charge
bootstrap equation is

qgs) + qgs)e27ris/3 + q£5)e4m‘s/3 = 0. (2428)

This has a non-trivial solution whenever s has no common divisor with 6
s=1,5,7,11,13,17,. .. (2.4.29)

This is close to the spin ‘fingerprint’ of the model, however there are still too many
spins so Zamolodchikov introduced a second particle with mass my and nonzero
coupling C''? and C'?2, so A, can be interpreted as the ‘bound state’ A; A; and vice
versa. Let y; = exp(iU};) and y» = exp(iUZ) then the conserved charge bootstap

equations are

C2 £ = qis) + qés)yf + qgs)ylzs =0 (2.4.30)
0212 7& 0 = qés) + qgs)y; + qgs)ygs = (). (2431)

Eliminating ¢ and ¢ from the above gives

(B +yr" Nys+92°) =1 (2.4.32)

This is satisfied by y; = exp(4mi/5) and yo = exp(3mi/5), for any odd s which is not

a multiple of 5, which corresponds to the following set of fusing angles

Ub=Uy=4r/5 , U4 =2n/5 (2.4.33)
Uz =U% =3n/5 , Ul =4n/5 (2.4.34)

and the mass ratio
my = 2cos(m/5)m;. (2.4.35)

By introducing this second particle the unwanted spins are eliminated and attention

can now be turned to the S-matrix. This will be built from the blocks
sinh(£ + 22)

sinh(§ — 2)

(z)(0) = (2.4.36)

which are unitary, and when combined with the blocks (30 — z), also satisfy the
crossing symmetry property. The choice of 60 here is to ensure that the x is always

an integer. Each block has a single physical-strip pole at i7z/30 and from the fusing
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angles U}, and U}, above the positions of the two forward channel poles are known.
Therefore, incorporating these and their crossed channel partners the S-matrix ele-
ment S;; must contain the blocks (10)(12)(18)(20). However, the bootstrap equation
for the ¢® interaction 11 — 1 requires that Sy,(# — in/3)S11(6 + iw/3) = Si,(6).
For this to be satisfied, an extra factor —(2)(28) must be included. These are
the forward and crossed channel poles corresponding to another particle with mass
mg = 2mj cos(m/30). This procedure can be repeated for the 11 — 2 and 11 — 3
fusings, introducing new particles (and more bootstrap constraints) each time a single
pole, with positive residue, and its crossed channel partner are needed to satisfy the
constraints. This system closes on 8 particle types, each with a different mass, m;,
which together form the Perron-Frobenius eigenvector of the Cartan matrix of the

Lie algebra Ej.

2.5 Thermodynamic Bethe Ansatz

The S matrices described above are conjectured to be the IR limit of a perturbed CFT.
However, weight can be added to these conjectures by verifying that the UV limit of
the perturbations are indeed the proposed CFTs. One can do this by implementing
a technique known as the Thermodynamic Bethe Ansatz (TBA) [30].

Begin by considering a relativistic quantum field theory defined on a torus with
the two periods, L and R, as shown in figure 2.12. The aim will be to take the limit

R — o0 to recover an infinitely long cylinder of circumference L.

Figure 2.12: The two periods of a torus

There are two ways to set up the Hamiltonian description on a torus. On one
hand states can be chosen to lie on the circle L, with time in the R direction, as
shown on the right of figure 2.12. These states are evolved by the Hamiltonian Hj,
and are quantised with momenta 27n/L, n € Z. Taking the limit R — oo, the

partition function, Z(R, L) = Tr(e~#HL) will be dominated by the ground state of
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Hy with energy Fo(L):
Z(R,L) ~ e REL), (2.5.1)

Alternatively, one could take the states to lie along R, evolving in the time-like
direction L under the Hamiltonian Hg. The states are now quantised with momenta
2mn/R and the partition function is Z(R, L) = Tr(e~tr). Recall from section 2.1
that the free energy of the system can be written in terms of the partition function
as F' = —TInZ, where the temperature T now includes the Boltzmann constant.
Here, the system is considered as a 1-dimensional system at a temperature 7 = 1/L.

When the system size is large (so as R — 00), the free energy behaves as
F(L)=Rf(L)+O(R™) (2.5.2)

where f(L) is known as the bulk free energy per unit volume

. F()
f(L) = lim = (2.5.3)

R—o0

(see, for example, [31] for more details). The partition function, in the limit R — oo
therefore behaves as

InZ(R,L) ~ —RLf(L). (2.5.4)

Equating these two descriptions gives the relation
Eo(L) = Lf(L). (2.5.5)

The Hilbert space Hg, is expected to be given by scattering states in the & — oo
limit, so one has some control over Hr which allows a quantisation condition to be
written down and the limit of Z to be found. The aim is then to evaluate the free
energy using saddle point techniques, i.e. minimising the free energy subject to the
constraint imposed by the quantisation condition. The ground state energy can then
be read off from the result using the relation (2.5.5).

For simplicity, the TBA equations for a purely elastic scattering theory with N
identical particles, each with mass M, with two-particle scattering amplitude S(6)
will be derived. Consider a region of configuration space where the N particles are
all well separated, i.e. the distance between adjacent particles is much larger than
the correlation length 1/M. The off-mass-shell effects can then be neglected and

the particles treated as if they are free, with on-shell energy and momenta F; =
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M cosh(f;) and p; = M sinh(f;). This is valid provided R >> 1/M. In this region
the N-particle state can be described by a Bethe wave function ¥(zq,...,zx) =
A(Q) exp(i 3, p;z;) where A(Q) is a function dependent on the configuration of the
particles whose exact form is not important here.

If two particles with initial positions z; << ;4 approach one another, interact
and move apart with their positions reversed to the point where xz;;; << z;, the
situation will again be such that the state can be described by a Bethe wave function
as above. However, as a result of this interaction, the original wave function must
be multiplied by the scattering amplitude S(8; — 6;41). The particle z; can be sent
around the torus, in the direction R, with the wave function picking up an S-matrix
contribution each time x; encounters another particle. Of course, when the particle

returns to its original position, the wave function must equal the original. This

periodicity imposes a quantisation condition on the momentum p;, j =1,..., N:
eP R[S0, —6:)=1. (2.5.6)
i#]

Taking the logarithm of this leads to a set of conditions on the rapidities 6;

MRsinh(6;) —i Y InS(0; — 6;) = 2mn, (2.5.7)
i#]
with N integer numbers n;.

This is quite a complicated system of transcendental equations but they become
more tractable in the thermodynamic limit R — oo. The limit N — oo must also
be taken, where N is the number of particles, so the density N/R remains finite.
In this limit the spectrum of rapidities condenses as the distance between adjacent
rapidities 8; — 0,4, ~ 1/M R so it becomes sensible to introduce a continuous density
of particles, p"(6), which is defined as

o(6) = % (2.5.8)

where d is the number of particles with rapidity between 6 and 8 + Af. This is
independent of the choice of interval A, provided 1/MR << Af << 1. The sum in

(2.5.7) can now be replaced with an integral

MRsinh6; — i/ln S(6; — 0" (0)do' = 27n; . (2.5.9)
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This equation has solutions, 8, for all integer n, not just the integers n; corresponding
to an actual state. The rapidities § corresponding to n # n; are known as holes, and
the 6, roots. The above equation can be differentiated to give an equation relating

the root density p"(6) to the level density p(6) (density of roots plus holes):
M Recosh(6) + 2n / o0 — 05 (0) 6 = 27p(6) (2.5.10)

where (0) is related to the S matrix via () = —5- 4 1n S(6).
If the theory consists of particles of ‘fermionic’ type then each state can only
be occupied by one particle so the maximum number of rapidities in the interval
(0,6 + Af8) is D = p(#)Af. The actual number of roots in this interval is d, written
in terms of the density p"(#) above. The densities p and p" are insensitive to the
exact configuration of roots so the number of different quantum states corresponding
to each pair p and p" is '
N(p,p") = ﬁ :

In the thermodynamic limit, the logarithm of this quantity gives the contribution of

(2.5.11)

the rapidity interval A# to the entropy S. By replacing the factorials above, using

Stirling’s formula In['(2) ~ 2ln z — z + ..., the entropy can be written as

S(p,p")=InN(p,p') = /plnp —p'Inp" —(p—p")In(p—p")db. (2.5.12)

Now the partition function, in the limit R — oo becomes

Z(R,L) = TrynN(p,p"e tin (2.5.13)

T’r{p pr}e—LHR+S(p:PT)

and total energy of the system, in terms of the density p" is
Ha(p) = / M cosh(6)5"(6) df . (2.5.14)

Since In Z(R, L) ~ —RLf(p, p") as R — oo, comparing this to (2.5.13), one can write

the free energy as

“RLf(p.s) = [ [-MLoosh(6)o'(6) + p(6) In p(6) ~ p' () ()

—(p(8) - ' (9)) In(p(8) — o' (6))] 8.

(2.5.15)
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The thermal equilibrium configuration can be obtained by minimising the free energy
per unit length, f, with respect to p and p", i.e. set §(2.5.15)/6p"(0) = 0 where
5(2.5.15) _ 0(2.5.15) /5,0(9’) 0(2.5.15) 40
op"(0) 9p"(6) p7(0) Op(8')

The constraint (2.5.10) allows p to be treated as a functional of p” and from this it

(2.5.16)

is clear that

50(8) ,
=p@—46 2.5.17
L == (25.17)
and it is also easy to show that
)
" Inp (8)=(1+1np (8) 66 —¢ 2.5.18
o O (0)) = (14 1n (9) 66— 0) (25.18)
and
)

op"(6") (2.5.19)
— (1 +1In{p(0) — p"(8)) (6 — &) .
The derivatives of (2.5.15) with respect to p” and p depend on these densities only
through the ratio p"/p and since p(6) > p"(9) it is useful to set

pr (9) —e(6)
—————=c 2.5.20
20— 70 (2:5:20)
where €(6) is a real function known as the pseudoenergy. In terms of this, the deriva-

tives of (2.5.15) are

8(2.5.15) 7(6)
o0 ~MLcosh(f) - In (M)
= —MLcosh(f) + ¢(8) (2.5.21)
and
00515 _ (o0 N _ oy o
s = () =m0 (2522

So setting §(2.5.15)/8p"(#) = 0 leads to a nonlinear integral equation known as the
TBA equation:

€(#) = M Lcosh(0) — /(p(@ —0)In(1+e <) g’ (2.5.23)

This TBA equation can now be used to simplify the expression of the free energy
in (2.5.15). Denote the integrand in (2.5.15) by I and writing this in terms of the

pseudoenergy, €(f), gives

I = —MLcosh(8)p"(8) + p(8) In(1 + e@) 4 p"(0)e(h) . (2.5.24)
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The constraint (2.5.10) can be used to replace p(f) here, leaving

I =— MLcosh(6)p"(9) + 2%TMR cosh(8) In(1 + e~<(9)

(2.5.25)
+ / (0 —8)p"(6")dO’' In(1 + <) + p"(9)e(h) .
This can be simplified using the TBA equation (2.5.23) to give
I= %MRcosh(Q) In(1 +e~<®) (2.5.26)
so the extremal free energy per unit length is then
FL) = —— [ Mcosh(8) In(1 + =@ do (2.5.27)

2L
Recall that the free energy is related to the ground state energy through Fo(L) =
Lf(L) and so
Eyo(L) = —QL/M cosh(6) In(1 4+ e~<®) dh . (2.5.28)
s

The regularisation implicit in the TBA derivation sets the bulk free energy, ELM?,
to zero so Eg(L) given above is actually the Casimir energy. Comparing this to the
Casimir energy of a CFT, Ey = —7wc/6L, one can define the effective central charge,

or ground state scaling function, as

[
cei(l) = %/ df cosh(f) In(1 4 e~<@) (2.5.29)

This is dependent on the dimensionless parameter [ = M L. This will vanish as | — oo
which corresponds to the IR limit of the perturbed theory. The UV limit, when the
CFT is recovered, corresponds to [ — 0. In this case the scaling function is related

to the central charge of the CFT:

%im cet(l) = c— Qg (2.5.30)

=0
Here Ag is the lowest scaling dimension of the CFT and since Ay = 0 for unitary
theories, ceq(0) = ¢ for those cases. This effective central charge provides a useful tool
to check the validity of conjectured S-matrices for perturbed conformal field theories.

This description was extended to cover the diagonal purely elastic scattering the-
ories associated to the ADE type Lie algebras in [32][33]. The number of particles
in these theories corresponds to the rank r of the algebra. The TBA system then

consists of 7 pseudoenergies, each associated with a particle of mass m,, which satisfy

€qa = MyLcosh(f) — Z/ 6’ ap(6 — 6') In(1 4 e (%)) (2.5.31)
b=1
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where ¢q;(6) is related to the scattering amplitude S,;(6)
1 d

dan(0) = —5 5 5u(0) - (2.5.32)

The Casimir energy can be written in terms of these pseudoenergies as
E(L)=—— Zm/ d6 cosh(6) In(1 + =¥, (2.5.33)

Zamolodchikov [34] found the following universal form for these TBA equations in

]

terms of the incidence matrix AES of the associated Lie algebra:

1 < ,
€q(0) = myL cosh(f) — = Z/ do’ Al[)f]goh(ﬂ — 6" (mbL cosh() — In(1 4 e )))
7r
b=1
(2.5.34)
where the universal kernel, ©j, now depends only on the Coxeter number, h, of the

Lie algebra
h

- 2cosh(3h8)

He then remarked that these TBA equations encode one particular solution of a

wn(0) (2.5.35)

system of functional equations, known as the Y-system:

Yo(8 + im/h)Ya(8 — in/h) = [[(1 + Ya(0)) " (2.5.36)
b=1
where Y, (6) = exp(e,(#)). By successive substitutions of (2.5.36) into itself, it can be

shown (case by case) that these Y-functions are periodic
Y, (0 + in(h + 2)/R) = Y,(6). (2.5.37)

There are also various proofs for this conjecture [35, 36, 37, 38, 39, 40]. This ob-
servation has important consequences as it implies that the Y functions admit the

Laurent expansions
oo

Ya@) = Y vBerik (2.5.38)

k=—00
and, as L — 0, the functions In(1 4+ e~%®) acquire the form of a plateau of approx-
imately constant height in the central region —In(1/ML) << 6 << In(1/ML). It
then follows that the function L(E(L)—ELM?*()))/2r = —ceq(l)/12 can be expanded
as a perturbative series in L**/(+2) [34].

These TBA equations correspond to perturbations resulting in massive quantum

field theories. However, some perturbations of CFT's lead to massless theories in the
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IR limit, which are necessarily RG fixed points. These RG flows therefore interpolate
between two conformal field theories. The ¢35 flows between the Virasoro minimal
models are examples of this [29]. In these cases, the derivation of the TBA equa-
tions is not so straightforward so Al. Zamolodchikov [41][42][43] instead developed a
strategy of making an educated guess of the TBA equations and then testing them
by checking that they correctly reproduced UV data, such as the central charge of
the UV CFT and the dimension of the perturbing operator. Perhaps more inter-
estingly, Al. Zamolodchikov [44] also proposed a simple diagonal scattering theory,
known as the ‘staircase model’, from which the TBA equations follow in the standard
way, shown here. Numerical investigations of the solutions to these equations show
the vacuum energy, which is proportional to the effective central charge, following a
staircase type pattern which suggests there is an underlying theory whose RG flow
passes by a sequence of ¢ < 1, i.e. Virasoro minimal model, fixed points. This was
extended to cover the W, minimal models in [45][46][47], however, as this thesis is
concerned with perturbations resulting in massive scattering theories, no more will

be said about these models here.

2.6 ‘ODE/IM’ Correspondence

This section introduces a curious and useful link between functional relations of inte-
grable models and spectral problems of ODEs, first found by Dorey and Tateo in [48].
These functional relations can be derived directly in terms of a CFT [49], but as only
the final relations themselves will be of use later, a discussion of this derivation would
deviate unnecessarily from the main point of the thesis. Instead, it will be shown how
these relations arise quite naturally when statistical lattice models are solved using
a particular method. The discussion presented here follows that found in the recent

review [50].

2.6.1 Functional relations in Integrable Models

The specific lattice model used here is the six-vertex model. This is a simple gener-
alisation of the Ising model, first solved by Lieb [51] and Sutherland [52]. Also see
Baxter’s book [53]. It can be defined on an N x M lattice with periodic boundary
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conditions in both directions. On each link of the lattice a spin 1 or 2 is placed, de-
picted here by a right or left arrow, on the horizontal links, and an up or down arrow
on the vertical links. This is often referred to as an ‘ice-type’ model as each vertex
can be taken to represent an oxygen atom with each link being the bond between
adjacent atoms. The Hydrogen ion, sitting on each bond, will lie closer to one of the
ends, according to the direction of the arrow. The ‘ice-rule’ states that each oxygen
atom should have two Hydrogen ions close to it and two far away, which translates
to the condition that the flux of arrows through a vertex must be preserved. There
are therefore six options for the spins around each vertex, hence the name ‘six-vertex
model’.

For real ice, each possibility is equally likely, but as a generalisation of this one
can allow for different probabilities. The local Boltzmann weights, which assign a

probability to each configuration, are defined here to be:

w —4—) = W t<—i<—] =a (2.6.1)
L] 0
Wi lsT—=| = Wl _««|=5b 2.6.2
RRRRIGE 202
[ 7] ] ]
Wi = | = Wl —=|= 2.6.
=17 T c (2.6.3)

and the partition function is

ZZEHW[-:-] (2.6.4)

{o} sites

where {o} = {«<,—}. In the thermodynamic limit (N, M — o00), the overall nor-
malisation of a, b and ¢ factors out trivially from all quantities so it is convenient
to reparametrise the two remaining degrees of freedom using the variables v (the

spectral parameter) and 7 (the anisotropy)

a(v,n) = sin(n+1iv) (2.6.5)
b(v,n) = sin(n — iv) (2.6.6)
c(v,n) = sin(2n). (2.6.7)

It is usual to keep the anisotropy fixed in calculations, as different values of # will turn
out to correspond to different models. The spectral parameter, on the other hand,

can be varied as it is not a physical parameter, a fact that will become apparent
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later. Introducing the multi indices & = (ay,ag,...,ayn) and o = (af, a), ..., aly),

the transfer matrix can be written as
al al al
=y W {51 1@] (V)W [52 253} v).. W [ﬁN NﬁlJ (v). (2.6.8)
) a3 03] an

Since the boundary condition is also periodic in the vertical direction the partition

function has the simple form

Z =Tr(T"). (2.6.9)

Quantities of interest are given by the eigenvalues of the transfer matrix. For example,

if T' has eigenvalues ty > t; > ... then the free energy, in the limit M — 0 is

1
F = _ﬁan — —lIntg. (2.6.10)
One therefore needs to find the eigenvalues tg, ¢;, .... This can be done using the

Bethe ansatz, which consists of two steps: first a guess is made for an eigenvector of
T, depending on a finite number, n, of parameters vy, vs, . .., Uy, known as the ‘roots’.
This guess is then found to work, only if the set of roots, {v;}, solve a set of coupled
equations, known as the ‘Bethe ansatz equations’. An elegant formulation of these
equations is given by the algebraic Bethe ansatz, details of which can be found, for
example, in appendix A of [50].

The standard form of the ‘Bethe ansatz equations’ (BAE) for the roots {v1,...,v,}
are

. ﬁ sinh(2in — v + v;) a™ (v, n)

RN N 2.6.11
sinh(2in — v; + vy) bN (v, m) ’ " ( )

J=1

There is no unique solution to the BAE, but rather a discrete set of solutions, match-
ing the fact that 7" has many eigenvalues. For each solution {v;} the eigenvector | )
of T has eigenvalue

Hv) ﬁ . :Z:,:Z Z)) +Vw+n) ][] alv —v; Zi0) g6 19)

7j=1
The algebraic Bethe ansatz also provides a simple proof that the transfer matrices,

at different values of the spectral parameter v, commute:
[T(v), T(+)] =0. (2.6.13)

From this it is clear that the eigenvectors of T cannot depend on v, therefore it is

not a physical variable, as claimed earlier.



2.6. ‘ODE/IM’ Correspondence 54

Periodic boundary conditions, as imposed here, are not the only boundary condi-
tions for which this model is integrable. In fact, integrability is preserved when these
periodic boundary conditions are modified by introducing a ‘twist’ (see for example,
[54][55][56]). This amounts to adding a phase factor to the Boltzmann weights on

one column of the lattice, say the N**, so

W[ﬁNZ;’jH] (v) — e W [ﬁwjf;e} (v) (2.6.14)
W[ﬁNZ§;<—} V) — W [ﬁNZi:IU—] (v). (2.6.15)

The transfer matrix is then defined as in (2.6.8) and the algebraic Bethe ansatz goes
through almost unchanged. The result is that the generalised transfer matrix T'(v, ¢)

has eigenvalues

i

t(v,¢) = e—ifbaN(V’ 7) H G(Vj e ’.5'77) n) + eid)bN(V +1) H a(lv — v; —an, n)

pan b(v; — v —1n,m) e b(v —v; —in,n)
(2.6.16)
where the set of roots {v,...,v,} satisfy the modified Bethe ansatz equations
" sinh(2in — - o
(=1 T 22 Qn—vetvi) e ) 1,....n. (2.6.17)
- sinh(2in — v; + vy) N (v, m)

j=1

An alternative approach to this is provided by Baxter [57]: since the transfer
matrices T'(v) commute for different values of the spectral parameter v, the T'(v) can
be simultaneously diagonalised and the eigenvectors ¥ will not depend on v. One can
therefore focus on the individual eigenvalues to(v), ¢,(v) ... as functions of v. Given
the form of the Boltzmann weights in (2.6.5-2.6.7) and the claim that the eigenvectors

are v-independent, these functions t(v) are entire and ¢m-periodic. A matrix Q(v)

can now be defined, which commutes with itself and with T
Q) QW] = [RW), T(¥)] = 0 (2.6.18)
and satisfies the T'Q) relation
T()Q(v) = e ®a (v, 7)Q(v + 2in) + bV Q(v — 2in) . (2.6.19)

The eigenvalues of ) are also functions of v, denoted ¢(v), which are also entire
and, at least for the ground state, ¢m-periodic. They satisfy the eigenvalue relation,

corresponding to (2.6.19)

t(v)q(v) = e a (v, n)q(v + 2in) + 6" (v, n)q(v — 2in) . (2.6.20)
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The BAE equations can then be extracted from (2.6.20) as follows: suppose that the
zeros of q(v) are at vy, ..., v,. Given the periodicity of ¢(v), it can be written, up to

an overall normalisation, as
n

q(v) = Hsinh(u — ). (2.6.21)

=1

Now putting v = v; in (2.6.20) gives
0= e a™ (v, m)q(vi + 2in) + 6™ (i, n)q(v; — 2in) (2.6.22)

and using the equation for ¢(v), (2.6.21), this can be rearranged to

H

v sinh(2in — v; 4 1) _2-¢aN(l/,~, n
-1\ _ _ ip ™ \Vis 1) -1 n 9 6.9
(=1) H sinh(2in — v, + v;) € BN (v, 1) ) b yoeey T (2.6.23)

1=1
This is the BAE from (2.6.17), and t(v), given by (2.6.20), then matches the t(v)
found by the direct calculation. Baxter in fact established this T'Q) relation (2.6.19)
by an independent argument and then generalised it to the previously unsolved eight-
vertex model [57][58]. See his book [53] for more details.

The continuum limit of the six vertex model is a unitary CFT with central charge
¢ = 1. The TQ relations, described above, therefore encode information about this
CFT when this limit is taken. Alternatively, these functional relations can also be
constructed directly in terms of a CFT, as proposed by Bazhanov, Lukyanov and
Zamolodchikov in [49] and developed further in [59] and [60] . No more will be said

about this approach here as it is not directly used in this thesis.

2.6.2 Ordinary differential equations

In order to make the link between the integrable model above and the theory of
ordinary differential equations, the aim is to find a functional relation in the ODE
theory which can be directly compared to the T'Q relation (2.6.19) above. This link
was first found by Dorey and Tateo in [48] where the ODE
d2
~a

was considered, with  a complex variable and M > 1. For a discussion of eigenvalue

z) — (iz)*My(z) = Ev(z) (2.6.24)

problems on a complex contour see, for example, [61][62][63]. The WKB approxima-

tion to the solutions v gives the leading asymptotic

W(z) ~ P(z)" Vet VPO (2.6.25)
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as |z| — oo, with P(z) = —(iz)* — E. Since M can take non-integer values, there
needs to be a branch cut in the plane which is taken here along the positive imaginary
axis. It is then natural to define general rays in the complex plane by = = —ipe®
with p real. The WKB formula gives two leading order behaviours, as expected for a

second order equation:

b
M1

Note that here P(x) has been shifted by E, so that P(z) = —(iz)*, but this doesn’t

Wy ~ PV exp (ﬂ: ew(HM)pHM) : (2.6.26)

change the leading asymptotic for M > 1 so (2.6.26) is still valid. For most values
of 8, one of these solutions is exponentially growing, while the other is exponentially
decaying. The two solutions swap roles when Re(e??!*M)) = 0, and at this crossover
point, neither solution dominates but instead both oscillate. This occurs when 8 is

T n 3T " 57
QM +2" T2M 42 T 2M 427

These values of 8 will be called ‘anti-Stokes lines’ here, but note they are sometimes

0=+ (2.6.27)

alternatively called ‘Stokes lines’. The wedges between the lines are known as ‘Stokes
sectors’ and one solution, the subdominant, will exponentially decay as |z| — oo
within each sector. This is a unique solution, up to a multiplicative constant, whereas
the dominant solutions, those which exponentially grow as |z| — oo, are not. Taking
the subdominant solutions in any two sectors will lead to an eigenvalue problem
with a discrete spectra, but the choice of sectors is important as different pairs give
different eigenvalue problems.

It is convenient to eliminate the factors of ¢ in the ODE above by the variable

changes
r—z/i, E—-F (2.6.28)
so the ODE becomes
(—dd—; + 2?M — E) P(z) =0. (2.6.29)
This variable change also moves the branch cut to the negative real axis. With this

shift, the anti-Stokes lines become

T 3T

=+ .+ s 2.6.30
argl®) =+ oo T ( )
with Stokes sectors defined as
27k T
= — . 2.6.31
Sk= |arg(x) = o35 < 932 (2.6.31)
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The ODE (2.6.29) has a so called ‘basic’ solution y(z, E') which is an entire func-
tion on the cut plane. In the limit [z| — oo, with |arg(z)| < 55, it has the
asymptotic

[t 1 M+1
- 2.6.32
v zeXp[ M+1" (26.32)

which matches the WKB approximation in the Stokes sectors S_; U Sy U S;. Note
that this is subdominant in Sy and dominant in S_; and S;. Further solutions to the
ODE can be generated as follows: consider the function y(z) = y(az, F) which solves

the differential equation

2
(_% 1 g2MA2 M aQE) J(z,E)=0. (2.6.33)

If a®*? = 1, y(z,a 2E) is a solution to the original ODE (2.6.29). By setting

2mi ) (2M+2)

w=e , one can define a whole set of solutions to (2.6.29)

k/2

ye(z, E) := S y(w "z, w*E). (2.6.34)

By inspecting the asymptotics of y; it follows that y; is subdominant in Sy and
dominant in Si+;. Furthermore, y; and ¥y are linearly independent and so form a

basis of solutions so, for example, y_; can be expanded in the {yo, y1} basis as
y-1(z, B) = C(E)yo(z, E) + C(E)i (2, E). (2.6.35)

This is an example of a Stokes relation and the coefficients, C' and C, are the ‘Stokes
multipliers’. These multipliers can be expressed in terms of Wronskians, where the

Wronskian of two functions, f(x) and g(z) is

W(f gl:=fd~fg. (2.6.36)

By considering the derivative of W, with respect to z, it is easy to show that the
Wronskian of two solutions to a second order ODE, with no single derivative term, is
independent of x and is zero if and only if the solutions are linearly dependent. Since
yo and y; are linearly independent, expressions can be found for C(E) and C(E) in
terms of Wronskians. First, to simplify notation, let W{y,,y] = W;, and notice,
using (2.6.34), that

Witik+1(E) = Wj,k(wQE)~ (2.6.37)

By considering the asymptotic expressions for y, it also follows that

Wo, =1 (2.6.38)
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(for M > 1). Now, taking Wronskians of (2.6.35), first with y; and then with y, gives
W—l,l (E)

- o Woio(E)  Woa(WPE)
C(E) = — AR Rt (2.6.40)

With these simplifications, the Stokes relation (2.6.35) can be rewritten as
C(E)yo(z,E) = y_1(z, E) + (2, E) (2.6.41)
which, in terms of the original ‘basic’ solution y(z, E), is
C(E)y(z, E) = w Yy(wz,w ?E) + w/?y(w 'z,0°E) . (2.6.42)

To compare this to the T'Q) relation (2.6.19) found on the integrable model side,
x must be set to zero. Note, however, that if the derivative of (2.6.42) with respect

to z is taken first, this will swap the phase factors w*/2. Defining
D_(E):=y(0,E), D.(E):=9y(0,E) (2.6.43)
and setting 2 = 0 in the Stokes relation (2.6.42) implies
C(E)D+(E) = w™Y2D(w™2E) + w2 D (W*E) (2.6.44)

which matches the T'Q relation (2.6.19), provided the twist parameter is set to ¢ =
sars 148]- This link between the integrable model and an ODE also exists for other
values of the twist parameter, but for this to work an angular momentum term

I(I +1)/x? must be included in the ODE [64], which becomes

( &2 (i) 4 11+ 1)) U(z) = EV(z). (2.6.45)

da? x?

The same method, as used above, can be applied to this case [65]. The only subtlety
arises in the final step when previously z is set to zero. Here, because of the angular
momentum term, this cannot be done directly but instead one must consider the
asymptotics as * — 0. The final Stokes relation, to be compared to the T'Q) relation,
is

C(E,)D(E,l) = w VI D(Ww™2E, 1) + oV D(W2E, ) (2.6.46)
where D(F,1) := Wy, ¥|(E,l), the Wronskian of the ‘basic’ solution, which is the
same as in the simple case (2.6.32), and a solution defined via its asymptotics as
z—0

Y(z, E,1) ~ 2™ 4+ 0(z1?) (2.6.47)
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This asymptotic fixes 3 uniquely, provided Rel > —3/2. A second solution can
be found by sending [ — —1 — [. The differential equation, but not the boundary
condition, is invariant under this transformation so ¥(z, E, —1 — 1) is also a solution
of (2.6.45). Near the origin, this behaves as z7!, so for generic values of [, the
pair of solutions ¥(z, E,l) and ¢(z, E, -1 — [} are linearly independent. Defining
D (F):= D(E,l) and D,(F) := D(E,—1—1), then taking { and —1 — [ in (2.6.46)

gives
C(E,1)Dz(E) = w¥#V/2D_(w2E) 4 w*#HY22D_(L2E) . (2.6.48)

Comparing this to the 7'Q relation (2.6.19), it is clear that the twist parameter is

related to the angular momentum [ and the degree of the potential of ODE via

(2l + 1)m
= 2.6.49
¢ 2M + 2 ( )
and, in fact, the anisotropy parameter 7 is also related to M:
™ M
= 2.6.50
T=om+1 (2.6.50)

This ‘ODE/IM correspondence’ has proved useful, mainly because the properties
of ODEs and their solutions are somewhat better understood than those of the T and
@ functions in integrable quantum field theories. Certain properties, conjectured to
hold for these T and @ functions have been proven using the correspondence [64].
On the other hand, ideas from the theory of integrable models have been employed
to gain insights into the spectral properties of certain ODEs. One example of this,
which will be discussed further in Chapter 5, is the use of this correspondence to
prove the reality of the spectrum, for certain [ and M, of the P7T-symmetric quantum

mechanical problem, with Schrdodinger equation (2.6.45) [66].



Chapter 3

Boundary Problems

So far, perturbed conformal field theories have been examined on both an infinite
plane and a torus. An obvious question which now springs to mind is how does this
story change when more general boundary conditions are imposed on the theory?
This chapter aims to answer this by first looking at the effect of the boundary on a
CFT, in particular, which boundary conditions preserve conformal invariance. The
perturbation of this theory, by both bulk and boundary operators, is then discussed
which leads on to the introduction of Reflection factors, or boundary S-matrices. Fi-
nally a method is proposed to link the reflection factors to specific conformal boundary
conditions, using the TBA. This is analogous to the effective central charge c.g which

provides a link between the S-matrix and the central charge of the bulk theory.

3.1 Boundary CFT

In a series of papers [67][68][69][13], Cardy explored the consequence of restricting
a CFT to the upper half plane with the real axis as the boundary. The discussion
presented here follows [68], along with Cardy’s review [70]. All conformal transfor-
mations acting on the theory must preserve the boundary. This constrains the energy
momentum tensor to satisfy T(z) = T(2) on the real axis. In Cartesian coordinates
this becomes Tyy|,—0 = 0, so physically it corresponds to the requirement that no
energy or momentum must flow across the boundary. The effect of this constraint is
to eliminate half of the conformal generators as the holomorphic and antiholomorphic

sectors are no longer independent.

60
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Mapping the upper half plane into an infinite strip of width R by w = %ln z,
there is no reason why the boundary conditions on either side of the strip must be
the same, so they will be labelled as o and (3, as shown in figure 3.1. Transforming
this strip, with two boundary conditions, back to the upper-half plane produces a
discontinuity in the boundary condition at z = 0. The effect of this is equivalent
to inserting a boundary operator ¢,g(0), known as a boundary condition changing

operator, at the discontinuity.

S R d
z— Rlnz e S
¢a[} T a S 7B
. S / v
o i S s
/ 7

Figure 3.1: Mapping from the upper half plane into an infinite strip

Suppose this strip is now made periodic, becoming a cylinder of length R and
circumference L, with boundary conditions a and [ at each end. If time is taken
in the L direction, this corresponds to mapping the cylinder into a half-annulus in

the upper-half plane by z — exp(nz/R), shown in figure 3.2. The Hilbert space

z»cn;/R 2
> O fffffff T

S S e S S

Figure 3.2: L-channel decomposition

decomposes into irreducible representations of one copy of the Virasoro algebra:
Hag = P nisVi (3.1.1)
i

where the non-negative integers, n, 5, are the multiplicities. The boundary condition
changing operator, mentioned above, is the highest weight state with weight hqg
equal to the lowest value of h for which n; > 0. Acting on this state with other
local operators then gives the other representations with non-zero ngﬂ. Following

the method given in section 2.2.2, remembering that there is only one copy of the
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Virasoro algebra here, it is easy to show that the Hamiltonian H,s is given by

H® = = (Lo— 7). (3.1.2)

It then follows that the cylinder partition function
ZYUR, L) = Try, , (e~ 1" (R) (3.1.3)

can be decomposed into the Virasoro characters x;(q) = ¢~%/*T'r;q™ (first introduced
in (2.2.46)) as
ZY(R,L) =Y nigxi(q) (3.1.4)

where ¢ = exp(—7L/R).
Taking time in the R direction corresponds to mapping the cylinder to an annulus

on the full complex plane by z — exp(—2miz/L). This is shown in figure 3.3. The

V

S L o miz/
L o \: time B /
/

Figure 3.3: R-channel decomposition

R L

Hilbert space is that of the bulk theory on the plane, which carries a representation

of two copies of the Virasoro algebra. The cylinder Hamiltonian is therefore given by

Fycire — 2% (LO + Lo — %) ] (3.1.5)

For the partition function, it is useful here to refer back to the lattice description.
In section 2.1.3, the partition function of a statistical model on an n x m lattice is

written as

Z= 3 (m|Tlu2){palTlts) - - (tim| T pims1) (3.1.6)

Hi:-olm

where |1;) is a state describing the spin configuration on the i*" row and the transfer
matrix T = exp(—aH) evolves each state over the ‘time’ of a lattice spacing a. With

this in mind, by writing the boundary conditions «, § in terms of boundary states
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|a) and |G) [68] and summing over only those states which satisfy the boundary

conditions, the partition function becomes

Z%Y = (ale” Ry, (3.1.7)

The condition 7T(2) = T(z), under the mapping z — wexp(—2miz/L), becomes
W (w) = @*T(@) (3.1.8)

fAY
which corresponds to the following constraint on these boundary states:

(Ln — L_p)|a) = 0. (3.1.9)

For diagonal CFTs (i.e. CFTs whose torus partition function can be written as
Z =Y .n;xi{q)xi(q)) the solution to this constraint is unique and is given by the
Ishibashi states:

1)) = (1 + L‘Qlli‘l +) i) , |0)) = <1+ Lol +> 0) (3.1.10)

/2
(Gl = (i (1 + L;il ¥.. ) , (0] = (0| (1 + LCZ/L; +.. )

in terms of the highest weight state |i) with h; = h;, and conformal vacuum |0) with

h = h = 0. There is one Ishibashi state for each bulk primary state and they can be

normalised so that
((ale™ ™ B5)) = 8ix:(@) (3.1.11)
where § = exp(—4nR/L).
States corresponding to physical boundary conditions are not the Ishibashi states

but are certain linear combinations of these, known as Cardy states:
RPN (3.1.12)
J

The coefficients g/, can be assumed to be real as it is always possible to normalise the

fields in such a way that this is true. In this notation (3.1.7) becomes
Zop(@) = > gh9hx;(d)- (3.1.13)
J

Equating the two partition functions (3.1) and (3.1.13), and using the modular trans-

formation property of the characters

xi(9) = 3 Siyx;(d) (3.1.14)
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leads to the Cardy condition
Y Sutths = 9495 (3.1.15)

For diagonal CFTs (and non-diagonal minimal models) there is a complete solution
to this condition. First a boundary state, |0) must be found such that nks = 0,
which from (3.1.15) must satisfy (gé)2 = Sp;. Since Sp; > 0 this state can be defined

as

0) = > (Sos)"*15)) (3.1.16)

with further boundary states given by

=3 5 i (3117

Denoting the representation conjugate to { by [”, then for the boundary conditions

(k71):

Zsijn;‘-ﬂ- =glgl = Sf;—j” (3.1.18)

Comparing this to the Verlinde formula, which arises when a CFT is considered on
a torus:

zi:sijN;;, = S’;j” (3.1.19)

one can equate the multiplicities nz ;to the fusion algebra coefficients N},. Therefore,
for diagonal models, there is a bijection between the allowed primary fields in the
bulk CFT and the allowed conformally invariant boundary conditions.

A quantity that is of particular interest in this thesis is Afleck and Ludwig’s g-
function, or ‘ground state degeneracy’[3]. This appears when the cylinder partition
function is considered in the limit that the length of the cylinder R — oo. The log

of the partition function, in this limit will have the form
In Zos ~ —RE§™(L) + constant (3.1.20)

where ES'(L) = F;, = —mc/6L and the constant is a boundary dependent term,
defined as In g, g3, with g, the ground state degeneracy corresponding to the boundary

state |a).
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Taking time along the cylinder, in the R direction, the partition function has

leading order behaviour

Zap = (ae” ™D BY =3 (g ) e FEE (g, | B)

i

~ {a|Q)(Q|B8)eBEE L) (3.1.21)
where |€2) is the bulk ground state. Taking logs of this gives
In Zog ~ —RES™(L) + In gags (3.1.22)

with go = (|Q). Now (aQ) = 3= gJ((j1£2), but since all primary states are orthogo-
nal, ({(7]Q) = ((Q|Q?). Expanding the Ishibashi state as ((Q[Q2) = (Q]Q)+(Q|L21—,£1|Q)+

. and using the fact that L,|Q) = 0 for n > 0, the only non-zero term left in this
expansion is the first. Therefore (a|Q) = ¢! and so it is clear from (3.1.12), (3.1.16)
and (3.1.17) above that

_ SaQ
Go = (509)1/2'

go = (Soa)¥? (3.1.23)

Affleck and Ludwig also proposed a g-theorem [3], later proven in [71], which is
analogous to Zamolodchikov’s c-theorem [29]. It states that the g-function decreases
under renormalisation group flow from a less stable to a more stable critical point in
the same bulk universality class. This means that if a CFT with boundary state |a)
is perturbed by a boundary perturbation only, while the bulk remains critical, then
the resulting IR theory will be the same CFT with boundary |3) where gg < go. This

no longer necessarily holds when a bulk perturbation is added.

3.2 Perturbed Boundary CFT

The perturbation of a CFT with a boundary was first considered by Ghoshal and
Zamolodchikov in [72] and the discussion here will follow their work. First, consider
a CFT in Euclidean space, with coordinates (z,y) and impose a conformal boundary
condition at z = 0. This theory can be perturbed by both a relevant bulk operator,
©(z,y), and a relevant boundary operator, ¢(y) with the resulting action taken to be

o0

0 00
A= Agcrr + )\/ dx / dy p(z,y) + M/ dy ¢(y). (3.2.1)

—0oQ
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For a boundary CFT the condition T,,|,—¢ = 0 must be satisfied, but for the per-

turbed theory this constraint becomes

Topleo = (—8)(T = T)loco = diye(y) (3.2.2)

where 6(y) is some local boundary field. Of course, in general, even if the bulk
perturbed theory is integrable the boundary conditions could spoil this integrability.

However, if the boundary conditions satisfy

[Tos1+ 051 = Togr — Ost]lz=0 = %93(3/) (3.2.3)
for some s € {s}, 65 again being some local boundary field and Ts;; and ©s_; being
the local bulk fields described in section 2.3, then an integral of motion for each s
can be found.

There are two ways to introduce the Hamiltonian picture in this theory. The first
is to take y to be the time direction so the boundary is a boundary in space and
the Hilbert space Hp is associated to the half-line x € (—o0,0]. Alternatively, z can
be taken to be the time direction, in which case the boundary is an initial condition
which can be described by the boundary state |B) which will lie in the Hilbert space
of the bulk theory. In this case the integrals of motion are the same as those for the
bulk theory: Py = [ (Tos1 + O,s1)dy and Py = [ (Ty41 + O,-1)dy. Therefore,
from (3.2.3), for the theory to be integrable the boundary states must satisfy

(P, — P,)|B) = 0. (3.2.4)

There is no boundary analogue of Zamolodchikov’s counting argument to deter-
mine the integrable perturbations; instead one must find some integrals of motion
directly. For example, in [72], Ghoshal and Zamolodchikov conjectured that the Vi-
rasoro minimal models, perturbed by the bulk and boundary operators ¢(; 3 and
¢(.3) respectively, are integrable by first setting A = 0, so perturbing at the bound-
ary only, and finding solutions to (3.2.3) for s = 1, 3,5, .... They then argued that by
dimensional analysis, parallel to that used by Zamolodchikov in [21] and described in
section 2.3, these results remain valid for A # 0. In general it is expected, although
has never been proven, that adding a boundary perturbation to an integrable bulk
PCFT will result in an integrable theory provided the boundary perturbing operator

is the boundary operator corresponding to the bulk perturbing operator. Note that
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as there is only one copy of the Virasoro algebra in the boundary theory, boundary
operators have scaling dimension half that of the corresponding bulk operators. This
expectation is certainly true in every case so far examined and if the boundary oper-
ator did not match the bulk operator in this way the situation would, in some sense,
be akin to perturbing a bulk CFT by a combination of two relevant operators which
is also not usually expected to lead to an integrable theory.

Perturbing by a bulk operator, with or without a boundary perturbation, will
clearly alter the boundary conditions and in cases where this perturbation results
in a massive theory with a particle description, it is necessary to understand how
the particles interact with the boundary. The boundary analogue of the S-matrix

elements, known as Reflection factors are therefore needed.

3.3 Reflection factors

In this section the S-matrix approach of section 2.4 is adapted to the semi-infinite
plane. This problem was first treated in papers by Ghoshal and Zamolodchikov [72]
and Fring and Koberle [73], but the discussion presented here follows that given in
[72] and also [27].

Returning to (141) Minkowski space with time taken in the y direction, the
asymptotic states, in parallel to the bulk case, can be considered as particle creation

operators A,,(6;) acting on the ground state |0)g:
|Ag, (01)Aay(02) ... Ag, (6)) = Aa,(61)Ag,(02) ... Ag, (0,)]0) 5. (3.3.5)

For an in state, the rapidities 6y, ..., 8, are all positive, whereas for an out state they
are all negative. The boundary can be thought of as an impenetrable particle, B

sitting at x = 0 so formally, the ground state can be written as
|0) g = B|0). (3.3.6)

This description makes the analogy with the S-matrix theory in the bulk quite

straightforward. The asymptotic in and out states become
Au (01)AL,(02) ... Aa,(6,)B (3.3.7)

with the rapidities ordered as 6, > 6 > ...0, > 0and 0 < 6; < 6, < ...0,

respectively. As in the bulk case, the existence of the higher spin integrals of motion
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constrain the in and out momenta to be equal and allow no particle production. The

n particle S-matrix, which relates the in and out states via

Aqy (01)Aa,(62) ... Ag,, (00)]0) 5
= R0 (0,0, ..., 0,) Ap, (—01) Ap, (—02) . .. Ay (—6,)]0) 5

a1a2...an

(3.3.8)

b1b2

can be expressed in terms of the fundamental 2-particle S-matrix elements, 5122,

and the one particle reflection factors RZ, where m, = my. These reflection factors,
defined by the relations
A.(0)B = R°(0)A(—6)B (3.3.9)

are shown in figure 3.4.

= Rbe)

.
€}
a

Figure 3.4: The reflection factor R’(8)

The amplitudes R? must satisfy properties, analogous to those for the bulk theory
described earlier. The first of these is the boundary Yang-Baxter equation, which

results from the factorisation property, just as in the bulk case:

R (05)52%(6; + 6,) R (el)sgggll (6, — ;) =

acz

SE2 (01 — 0) RV (01) ST (61 + 62) R () -

aiaz ngl

(3.3.10)

This is shown in figure 3.5. The boundary unitarity condition is also a generalisation
of the bulk case, coming from the requirement that the reflection factor is analytic

and so (3.3.9) must make sense for negative rapidity. This leads to the constraint

RE(O)RE(—6) = &°. (3.3.11)

a

The analogue of the bulk crossing symmetry is less obvious and in fact corresponds
to a boundary crossing-unitarity condition found by Ghoshal and Zamolodchikov in
[72]. First, it is necessary to take time in the x direction, i.e. consider the picture

3.4 from the side. The space of states, H, is now that of the bulk theory with the



3.3. Reflection factors 69

Figure 3.5: Boundary Yang-Baxter equation

boundary condition, at z = 0, being an initial condition described by a boundary

state |B). Since |B) € H it must be a superposition of the asymptotic states
|Ag, (61) ... Ag, (0n)) = Agy (61) ... Ag,(0,)]0). (3.3.12)
Now for a boundary state to be integrable it must satisfy
(Qs — Qs)|B) =0 (3.3.13)

and since Q|A,(6)) = q((f)es”|Aa(9)), the eigenvalue of the operator @, — Q, on
(3.3.12) is

> 299 sinh(s6;). (3.3.14)

i=1
Therefore, any particle A, can only enter the boundary state | B) in a pair A, (6)Ay(—6)
of equal mass particles with opposite rapidities.
Ghoshal and Zamolodchikov [72] then argued that the relevant boundary state,
written in terms of a 2-particle out state A,(—6)A,(0)|0) is

|B) = (1 + /Oo K®(0) A (—6)As(0) + .. ) 0) (3.3.15)

0

where K% is related to the reflection factor via

Ke(9) = R (% - e) . (3.3.16)
This boundary state can also be expanded in terms of the in states A,(6)Ay(—6)|0)

as

|B) = <1 + /Ooo K®(—0)Al(0) Ap(—0) + .. ) |0). (3.3.17)
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Since the in and out states are related by the S-matrix, this puts a constraint, known

as the boundary crossing-unitarity condition, on K%(#):
K®(0) = 5%, (20)K** (-9). (3.3.18)

This allows the boundary state (3.3.15) to be written as
|B) = (1 + % /_: K®(0)A,(—6)Ay(0) + .. ) |0). (3.3.19)

The unitarity, Yang-Baxter and crossing constraints described so far allow the reflec-

tion factors to be fixed up to RS (6) — R2(0)®y(6), where @y satisfies

which is exactly the bulk CDD ambiguity.
Restricting to the case where the boundary scattering amplitudes are purely elas-

tic, the unitarity condition (3.3.11) becomes
R,(O)R,(—6) =1 (3.3.21)
and crossing-unitarity (3.3.18), written in terms of the reflection factors, is

R,(8)R,(0 — i) = Sna(26). (3.3.22)

a

There are also bootstrap constraints, as in the bulk S-matrix theory, which occur
when bound states appear in the spectrum. With the introduction of the boundary
there are now two types of bound states and therefore two bootstrap conditions to
consider. The first of these is the analogue of the bulk bootstrap associated with the
usual bulk bound states: if a particle A, is interpreted as the bound state of particles
A, and A, ie. if the bulk three-point coupling C%* is nonzero, then this system
could interact with the boundary before or after the bound state is formed. However,
these two situations are indistinguishable, due to the factorisation condition, which

leads to the bootstrap constraint:
R(0) = R, (6 + iU )R,(0 — iUL)Su(26 + iUL, — iUL) (3.3.23)

shown in figure 3.6. If particle A, is instead a bound state of A, with itself then R,
is expected to have a bound state at = in/2 — US,/2 as shown in figure 3.7. The



3.3. Reflection factors 71

Figure 3.6: The boundary bootstrap constraint

.

i, |

NONON NN N NN

Figure 3.7: The boundary coupling of a bulk bound state

corresponding residue is
,l: Cvaa.cgc
K'0) =~ c—
(6) 20 —Ug,
where C'??¢ is the bulk three-point coupling and g¢ is the coupling of particle A, with

(3.3.24)

the boundary.

It is also possible to find boundary bound states in the spectrum. These occur
when an incoming particle binds to the boundary, thereby changing its state. The
boundary fusing angle, u?_, is associated to a particle A,, binding to the boundary

and changing its state from |a) to |3), as shown in figure 3.8. The reflection factor

| SLY
1=t
~
uﬂau:,/ ’(l>
a i =

Figure 3.8: Boundary bound state
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R% will have an associated pole at iuf, and around this pole it can be considered as

i aads”

R (0) ~ 20— iu?,

(3.3.25)

in terms of the boundary couplings shown in figure 3.8. This also has an associated

bootstrap condition, shown in figure 3.9, and given by

a

o) o)
i %
6 :
b | g b
L A .
% Ry (8
|u> b
ekl )

a

Figure 3.9: The boundary bound state bootstrap constraint

Ry (6) = Sap(6 — iul,)R3(0)San(6 — iul,) (3.3.26)

The difference in energy of these two boundary states can be written in terms of the

mass of particle a and the boundary fusing angle
es — eq = Mg cos(ul). (3.3.27)

These bootstrap constraints can be used to construct reflection factors, in much
the same way as the corresponding bulk constraints were used for the S-matrix. As-
suming that all the boundary states can be formed from the vacuum state by binding
a bulk particle to the boundary, once reflection factors for the vacuum boundary state
are known for all bulk particles they can be examined for evidence pointing to fur-
ther boundary states. Reflection factors can then be constructed for these boundary
states using (3.3.26) which are then also searched. This is repeated until all poles are
accounted for without the need to introduce any more boundary states.

Some care must be taken here, just as in the bulk case, since not all poles will
correspond to boundary bound states. For example, reflection factors will, in gen-
eral, contain simple poles which do not depend on any boundary parameter, although
one would expect boundary bound states to depend on the properties of the bound-

ary. These poles must therefore be simple reflections off the boundary given by the
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_

e
a e

Figure 3.10: A boundary independent Coleman-Thun process

processes shown in diagram 3.7 and 3.10. The latter is a more complicated pro-
cess which requires an appropriate bulk vertex. There are also two mechanisms by
which boundary parameter dependent poles can exist, without the formation of new
boundary bound states. The first of these is the boundary analogue of the ‘u-channel’
process in the bulk [74]: if a particle a, with rapidity 6, binds to the boundary thereby
exciting it to a state |3), then the reflection factor of the same particle on this new
state, R?, will have a pole at the same rapidity #. This occurs as the boundary
initially emits particle a, which returns to its original state, the new state then being

recreated by the incoming particle a, as shown in figure 3.11. The second mecha-

a

e

e
/ 4

B
Figure 3.11: The ‘u-channel’ process

nism is via Coleman-Thun type processes [74], as shown in figure 3.12, which exist
provided there are suitable bulk and boundary vertices to make them close. Naively
they are second order, but they can be reduced to first order if there is a zero in the
reflection factor, or in the case of the RHS of figure 3.12, in the S-matrix element
at the appropriate rapidity. A point to note is that as the boundary parameter is
varied, poles can change from describing a boundary bound state, to being due to a
Coleman-Thun process. This will become clear later as a pole analysis of the ‘mixed’
boundary condition of the three-state Potts model is worked through.

The main problem here lies in constructing the reflection factors for the vacuum
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Figure 3.12: Boundary dependent Coleman-Thun processes

boundary state since, for a given bulk S-matrix, there are infinitely-many distinct
sets of reflection factors consistent with these constraints, because any solution can
be multiplied by a solution of the bulk bootstrap, unitarity and crossing equations
to yield another solution [75]. To identify a set of reflection factors as physically
relevant some more information is needed. A common basis for the conjecturing
of bulk scattering amplitudes is a ‘minimality hypothesis’, that in the absence of
other requirements one should look for solutions of the constraints with the smallest
possible number of poles and zeros. This will be used later to construct a set of
reflection factors for the A, D, E related theories.

Of course, one still needs some way to test these reflection factors, to see if they
are physical and to match them with conformal boundary conditions in the UV limit.
In the bulk case, the S-matrices were matched to specific perturbed conformal field
theories using the TBA ceq, so what is needed is a boundary analogue of this. An
obvious candidate for this is the g-function, defined by Affleck and Ludwig in [3]. An

off-critical version of this must therefore be constructed.

3.4 Off-Critical g-function

In a massive model, the g-function can be defined in a similar way to the CFT
version [76, 78, 4]. One starts with the partition function Za)[L, R] for the theory
on a finite cylinder of circumference L, length R and boundary conditions of type
a at both ends. In the R-channel description, time runs along the length of the
cylinder, and the partition function is represented as a sum over an eigenbasis {|vx)}
of H"(M, L), the Hamiltonian which propagates states along the cylinder:

[e.¢}
Ziaie)| L, R] = (] e R M0 a) =37 (G e  REETMLL) (3.4.1)
k=0
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Here | = ML, M is the mass of the lightest particle in the theory, and

k a
g( )(l) = (1p<k,,|,,fk)3/2 3 (3.4.2)

where |a) is the (massive) boundary state [72] for the & boundary condition. At finite
values of [ any possible infinite-volume vacuum degeneracy is lifted by tunnelling
effects, making the ground state |1y) unique. This gives Zqq) the following leading

and next-to-leading behaviour in the large-R limit:
In Ziajoy[L, R] ~ —=RE§™(M, L) +2In G (1) . (3.4.3)

It is the second, sub-leading term which characterises the massive g-function. Sub-
tracting a linearly-growing piece — f|,)L, the g-function for the boundary condition

a at system size [ is defined to be
In gjoy (1) = I G (1) + fiay L (3.4.4)

The constant fio) is equal to the constant (boundary) contribution to the ground-
state energy F5"P(R) of the L-channel Hamiltonian H"P(R) = H?;rlg’ (R), which
propagates states living on a segment of length R and boundary conditions « at both
ends.

An alternative expression for g can be obtained by comparing (3.4.3) with the L-

channel representation, a sum over the full set { E;""?(R)} of eigenvalues of H*"P(R):

Zialy[L R) = Y e LEOLR), (3.4.5)
k=0
As R is sent to infinity, this gives the g-function:
1 ad stri .
In gay(1) = 5 lim !ln (Z e LEX "(M~R>) +2fi L+ RES™(M,L)|.  (3.4.6)
k=0

In theories with only massive excitations in the bulk and no infinite-volume vac-
uum degeneracy, Ingjo)(!) tends exponentially to zero at large [, while in the UV
limit { — 0 it reproduces the value of the g-function in the unperturbed boundary
conformal field theory.

In the CFT case, at this point the modular invariance of the partition function
was employed to solve for the g-function, however for massive theories this is not
available and instead the energy, Ei"P(M, R), must be estimated using the particle

basis of states and thermodynamic Bethe Ansatz.
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3.4.1 L-channel TBA

Consider the theory on a cylinder of length R and circumference L. with boundary
conditions o and [ at the ends. There are two TBA descriptions, the L-channel
and the R-channel. The first construction of the off-critical g-function was made,
in [76] (making use of results from [77]), using the L-channel TBA which will now
be described. Taking time evolution along the circumference of length L the Hilbert
space is constructed along the finite length R. In the limit ® — oo, the Hilbert space
in this description is given by scattering states and the construction of the TBA
equation and minimisation of the free energy is analogous to the case with periodic
boundary conditions described in section 2.5. The main difference here is that in the
large R limit, the partition function has a boundary contribution from the g-function,
as shown in (3.4.3), so the TBA method results in an expression for this g-function.
The details of this calculation are presented below.

Assume for convenience that the theory has N particles, all of the same type,
and take them to be sufficiently well spaced to be considered asymptotic. Analogous
to the TBA on the torus, discussed in section 2.5, when one particle moves towards
another, interacts with it and moves past until it can again be taken to be asymptotic,
the wavefunction picks up a factor of the S-matrix. If this particle moves to the
right, bounces off the boundary, where the wavefunction picks up a factor of R(6),
and returns to its original position the resulting wavefunction should be equal to
that obtained when the same particle performs the same operation to the left. This

equality imposes the quantisation condition

N N
eiMRsinh(()i) ( H S(Hl N 9])> Rﬁ(ez) — g~ iMRsinh(6;) ( H S(—H, _ 9})) Ra(_gi)-

J=1j#i j=15%#i
(3,4.7)

By unitarity, S7'() = S(—6) and R™'(§) = R(—#0) so this condition can be rewritten
as
N
e?i]\fRsinh(()i) ( H 5(91 — 9])5(91 + 9])> Rﬁ(91)Ra(01) =1 (348)
J=13%

with 8; > 0. Taking the logarithm of this

J#
(3.4.9)
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In the thermodynamic limit, R — oo and N — oo, a continuous particle density can

be introduced
d
() = — 4.1
PO = %5 (34.10)

where d is the number of particles with rapidity between € and 6 + Af. This can be
defined for negative rapidity by p(—6) = p(#) and the quantisation condition, written

in terms of this density, is

2M R cosh(f) + 27T/¢(0 —0")p"(0)dd’
' ' (3.4.11)
+ 27 <—2¢(29) + §¢a(9) + §¢ﬂ(9) - 5(9)) = 27 p(6)

where p(8) = p"(0) + p"(6) is the level density, ¢(8) = —-=21nS(#) and ¢,(0) =

27 do

—1410n R,(0). Note that the terms —47w$(26) — 2r6(0) here result from the fact that
the original sum in (3.4.9) is over 6; where 6; # 0 and §; # 0.

The number of states, N[p"(8)], with effective particle density p" () is given by

the number of possible configurations of particles. If D = p(6)A6 is the maximum

number of rapidities in the interval (0, + A#), this number is just

Np(0)] = ﬁ (3.4.12)
As in the torus TBA this can be written as
Np"(0)] ~ exp Uplnp ~p"Inp" = (p—p")In(p— p")do (3.4.13)
using Stirling’s formula InI['(z) ~ zlnz — z + .... The partition function is
z= 3 et = [ DOl Ot (3.4.14)
states
where the energy of each configuration is
E = / (M cosh(6))57 (8)db. (3.4.15)
0
In the R — oo limit, the logarithm of the partition function is given by
In Z ~ —REZ™(L) + In(ga(L)ga(L))
(3.4.16)

_ / [—LM cosh(8)p"(8) + plnp — p"Inpip — p") In(p — p")] 8
0
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and this can be minimised, subject to the constraint from (3.4.11), in the same way
as the log of the torus partition function (2.5.15) was treated in section 2.5. First the

TBA equation is found by setting §(3.4.16)/dp"(8) = 0 where

5(3.4.16)  9(3.4.16) 5p(60') 3(3.4.16)
= + dy'. 3.4.17
@ op®) ) 0@ o) -
Notice that the integrand of (3.4.16) is the same as that in (2.5.15), and the con-

straint (3.4.11) differs from (2.5.10) by terms independent of p"(#) therefore the TBA

equation here is exactly that of the periodic boundary case
€(8) = ML cosh(6) — / d(6 — ) In(1 4+ e~ 4o’ (3.4.18)

where the pseudoenergies are defined by p"(6)/(p(0) — p"(8)) = e as before. The
difference in this case comes when simplifying the integrand, I, of (3.4.16) using this

TBA equation. Writing the integrand in terms of the pseudoenergies:
I = —MLcosh(8)p"(8) + p(0) In(1 + e<©@) + p"(6)e(6) (3.4.19)
and replacing p(6) here with the constraint (3.4.11) gives
I =— MLcosh(8)p"(0) + %MR cosh(f) In(1 + e~<9)
+ [ 66 - 0)07(0)dt" (1 + &) (3.4.20)
+ (9(6) + 509(6) ~20(26) = 3(6) | n(1-+¢-9) + 7 (9)cl0)
Using the TBA equation then results in
— RE§™(L) + In(ga(L)gs(L)) =
/000 (l]\/[Rcosh(H) — 2¢(26) + %qﬁa(ﬂ) + %¢g(9) — (5(9)) In(1 + e~<) dg.

s

(3.4.21)

Once the range of 6 is extended by symmetry, the ground state energy, without the

bulk contribution is given by

ESme(L) = —/]V[ cosh(f) In(1 + 6_6(0))% (3.4.22)

which is the usual result from the TBA on a torus, and the off-critical g-function is

In(ga(l)) = i / (a(8) — 26(20) — §(8)) In(1 + e~<©) do. (3.4.23)
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This result can be extended to a theory with N particle species where

N
1
In ga(l) = 7 Z/Rde ©.(0) In(1 + e~=®), (3.4.24)
a=1

0.(0) = ( (©(8) — 20a(26) — 5(0)) and now ¢ = —21n RIY(0) and gue(0) =
41n Sua(8).
This was tested extensively for the Yang-Lee model (introduced below) in [79]

~2
using conformal perturbation theory (CPT) and the boundary truncated conformal
space approach (BTCSA). It was shown that for non-zero M, the l-dependence of
(3.4.24) is incorrect, both in the total change in g,(!) between the UV and IR, and
in the behaviour of the small-l series expansion. However, the dependence of g,(!)
on boundary parameters at fixed [, and the ratios of the g functions, g,(1)/gs(l)
are in good agreement with the CPT and BTCSA results. The formula for g,({),
given in (3.4.24), should therefore be modified by adding some boundary condition
independent terms.

Possible sources of error in this construction of the g-function could be the saddle
point evaluation of the partition function, or corrections from the next-to-leading
term in Stirling’s formula [79]. These problems will also exist in the calculation of
the effective central charge, however as this is a leading order term, as opposed to the
next-to-leading order g, the resulting errors are no larger than the numerical errors
in the CPT and TCSA.

One might also think that problems with this equation ought to occur with the
presence of boundary bound states in the spectrum. This was examined in [79], again
for the Yang-Lee model. This is the nonunitary minimal model M;; with central
charge ¢ = —22/5. It has two primary fields 1 and ¢ with conformal dimensions
hy =0 and h, = —1/5 respectively, and two conformal boundary conditions: 1 with
no relevant boundary fields and ® with one relevant boundary field ¢. The bulk
spectrum contains a single particle, with two particle S-matrix [80]

+ 22)

_ iwz)'

S6) = —(1)@) , () = b

= b (3.4.25)

NI

The reflection factors corresponding to the boundary conditions ®(u) (where p is the

boundary coupling) and 1 are [78§]

Ry, (0) = Ry(0) . Ri(6) = Ro(0) (3.4.26)



3.4. Off-Critical g-function 80

where

Ry(6) = (%) (g) <%>_1 [s <9+mbg3) s (e—mb“g?’)}_l (3.4.27)

and the relation between the boundary coupling p and the parameter b is [78][79]

[o= —|ue|sin <@50_5)) MO/ (3.4.28)
—  _g3/594/551/4 Sin@ﬁ/?) ['(2/3) o/
pe 2 TG (m/ﬁ))

For this model, two concerns with the equation (3.4.24) were identified in [79]. The
first is that the two distinct boundary conditions, ®(u(b = 0)) and 1 are described
by the same reflection factor and so have the same kernel function ¢g, but they have
different g-functions. The second problem is that the kernel ¢, describing the ®(u(b))
boundary condition has poles which are b-dependent and which cross the real axis
for b = £1. Taking (3.4.24), with the integration contour always along the real axis
therefore leads to a g-function with discontinuities at b = +1, whereas physical g-
functions ought to be continuous in b. These problems are resolved if the integration
contour, rather than being the real line in every case, is taken to be dependent on
the boundary condition.

In [79], it is shown that the correct ratio of g-functions is found if the real line is
taken as the contour for In g;. This is also the case for In gg (), when —3 < b < —1.
To identify the relevant contour for the boundary condition ®(p(b)), for other values
of b, the terms in the integrand of Ings(.@»)) Wwith b-dependent poles must first be
identified and treated separately:

54(6) = do6) — ¢ (9 _ mb%‘*) —¢ (9 ino 3) (3.4.29)

so for -3 <b< —1
o b+3 b+3 dé
In ga(u(e)) = Ingr —/ <¢ (9 — T :; ) + ¢ (9+z'7r ha )) In(1 +6_6(0))E'
h (3.4.30)

The two terms in this integral give the same contribution when the contour is along

the real axis, so for —3 < b < —1

= b+3 o df
In go(ueey) — Ingr = —/ ¢ (9 —iT— ) (1+e <) (3.4.31)

oo 2m
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Now ¢(6 — iﬂb—'g—S) has poles at

b—5 b—1
+2nmi , @=1in

6 =m + 2nme (3.4.32)

b+1 b+ 5
0 =im - +2nmi , O =1am +

+ 2nme

so when b passes through —1, the contour must deform away from the real axis and
encircle the pole at iw(b + 1)/6. This pole is then called ‘active’. The same then
happens as b passes through 1, when the pole at im(b — 1)/6 becomes ‘active’. This
is shown in figure 3.13, taken from [79].

GO

O U
- | ]

% O= In#

8= Ix T
b1 l
X B= b ——

3<b<-l -]<b<l| l<h<?2

Figure 3.13: The contour for In gg(,s)), from [79]

In [4], a new expression for the g function was proposed and tested for the Lee-
Yang case. The construction avoids the use of the saddle point approximation by
employing an n-particle cluster expansion technique. Before this is discussed, it is

necessary to introduce the R-channel TBA [76] as this will be used later on.

3.4.2 R-channel TBA
Taking time along the length, R, of the cylinder the partition function is
Zop = (Bale *¥|Bg) (3.4.33)

where H is the Hamiltonian of the bulk system. The boundary states can be written
as [72]
< de
|B) = exp (/ Z—WK(H)AT(—G)AT(H)) |0) (3.4.34)
0
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for infinite L. For simplicity, consider a model with 1 type of particle. The partition

function for this model, in the R-channel, can be written as

. <Ba|a><a'Bb>e—REa
Zap =) Tl (3.4.35)

with F, = Zf\il 2M cosh 8;. Formally, this is a sum over all the states in the theory,

«

but due to the form of the boundary state the only states |o) which contribute to

this sum must have the form

|&2N> = IHN, —HN, Ce ,01, —91>
= AN AT(—0N) ... A1(8)AT(—6))]0) (3.4.36)

with 5 > 0x_1 > ... > 6; > 0. The inner product (B,|asy) is then given by

o N o
(Blasw) = 7 [ 15 Kul®)
(OIA(=61)A(B)) - A=0x) ABN) AT (6) 4" (~0) . A (8) AT(~6,)[0).
(3.4.37)

The operators A and A' can be rearranged using the Faddeev-Zamolodchikov algebra:

A(0)ANO) = SO -6)AN ')A (9)
AO)AG) = SO 0)A0)A(9) (3.4.38)
A@ANG) = SO —-0)AT(O)AT(0)+6(0 - ¢)

and using this (3.4.37) becomes
N —
(Baloan) = (6(0)™ [ Ka(6)) (3.4.39)
i=1

where the (§(0))" term results from the terms [[, 8(6 — 6;). Introducing pair creation
operators defined as B(6) = A(—6)A(6) and B() = AT(6)A'(—0) they can be easily

shown to satisfy

B(®)B(#') = B(#')B(6)
B'(0)B'(¢) = B'(§)B'(9) (3.4.40)
B(0)BY(¢) = B'(#)B(0)+6*0—0)+ 66 —6)S(0 —0)AN(—6)A(-6)
+6(0 — 0)AT(0)A(6).
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The norm (apy|azn) can be written in terms of these pair operators

(aznlaan) = (OJA(=01)A(6:) . .. A'(6:)AT(~6,)]0)

(3.4.41)
= <0|B(91)B(92) e BT(BQ)BT(91)|0>
and using the algebra above this becomes
(aan|aan) = (6(0))%Y. (3.4.42)
Therefore the partition function is simply
N N
Zap =Y || KalO:)Kp(8;)e™ %= 200 coshier) (3.4.43)

a =1
Following the method described earlier, the density of pairs of particles is intro-
duced, p"(#) = d/A6, where d is now the number of pairs of particles with rapidity

in the interval (6,6 + A#). In terms of this density, the energy becomes an integral:
E, — oM / d9 cosh(6) () (3.4.44)
and the partition function is

Zap = / D|p"(8)] exp ( / h [In(K,(0)Ky(0)) — 2RM cosh(8)] p"(0)d6 + S(p")
’ (3.4.45)
where § is the entropy of the particle configuration described by the distribution
p" (), as above.

The momenta are constrained by the quantisation condition on the states |asy):

e MLsmh®) 5 (20,) [ [ S(6: — 6;)S(6: + 6;) = 1. (3.4.46)
G
This is exactly the same as the quantisation condition found in the periodic case
when each particle of rapidity € is accompanied by another with rapidity —@. Taking
logs of this, introducing the level density p = p" + p", and differentiating gives

omp — MLcosh(6) — 2 / ($(6— 0) + 30 +8)) p (0)de (3.4.47)
0
with ¢(8) = ——2;—1.(% In S(0). For large L, the logarithm of the partition function is

In Zoy ~ — LES"™(R)
o (3.4.48)
= /o (In(K,(0)K,(0)) — 2RM cosh(8)) " (8) + S(p").
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The TBA equation can be found, using the same method as described earlier: set
5(3.4.48)/6p"(0) = 0 where
5(3.4.48) 0(3.4.48) dp(0) 0(3.4.48)

= + deg’. 3.4.49
57 @)~ oo @) ) 5@ 00 (34.49)
Now from the constraint (3.4.47) it is clear that
p(9') : :
=¢(0—-6)+¢p(0+6 3.4.50
S 0= )+ 00 +0) (3.4.50)

and the derivative of (3.4.48) with respect to the level density is the same as for the

previous cases

8(3.4.48)

2 In(1 4+ e 6Oy 3.4.51
0(0) ( ) ( )
but the derivative with respect to the root density is different
0(3.4.48 _
%W) = In(K,(0)Ky(6)) — 2RM cosh(f) + €(0) (3.4.52)
p"‘

which leads to a TBA equation which is different to the L-channel and periodic

boundary condition cases:

¢(8) =2RM cosh(8) — In(K,(0) K»(6))

00 ) (3.4.53)
+ / (66— 0)p(6 + 0)) In(1 + <)) do.
0
Writing the integrand of (3.4.48), denoted I, in terms of the pseudoenergies gives
I = (In(K,(8)K,(6)) — 2RM cosh(8)) p"(8) + p(6) In(1 + e =) + p(0)e(6) (3.4.54)

and replacing p, using the constraint (3.4.47), leads to

% 1
I =(n(K,Ky) = 2RM cosh(9))" (§) + - ML cosh(9) In(1 + e~")
™

% (3.4.55)
+ / (00 —0) + (0 + ) p" (0 In(1 + =@y db + p"(0)e(6).
0
Then, with the TBA equation (3.4.53), this simplifies to give
1
I'= —MLcosh(§) In(1 + e~<(), (3.4.56)

Since K(A) = K(—6), the term K,(0)K,(6) is even in # so the domain of the
definition of ¢(#) can be extended to the whole real axis by ¢(—6) = €(6). This can
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also be extended to a theory with NV particle types, for which the ground state energy

on an interval of length R is

ESMP(M, R) = Z Ze M, cosh(8)Lo(0) + EM2R + fu + f3 (3.4.57)

v
a=1 R

where EM}R is the bulk contribution to the energy, f,, fs are R-independent con-
tributions to the energy from the boundaries and L,(#) = In(1 + e~%(®). The TBA

equation for this theory, written in terms of the reflection factors is

¢2(8) =2M, R cosh(8) — In (R(“) ( i~ 9) R (zg + 9))
-3 /R 40 6us(0 — 0V Lu(0)

In [78], generalisations of these equations are shown to govern the excited state

(3.4.58)

energies ES"P(M, R). The idea is to use analytic continuation to move between
energy levels [81]. In [78], rather than derive the results using the method of [81], the
formulae are conjectured and then checked using the boundary truncated conformal
space approach (BTCSA). In the large R limit these generalisations reduce to simple
forms. If the n'" excited state is made up of m = ZN 1 m® particles, m!® being the

number of particles of type a, then

N m(®
E(M,R) — Ey™(M,R) = > M,cosh(6,”) + O(e™ ™). (3.4.59)

a=1 i=1

The rapidities, 91(“), satisfy the Bethe ansatz equations
2 = 2M, Rsmh(eﬁ‘”) iIn(RE (0 RS (61)))

- Z Y iln(=Sw(6 +67)) (3.4.60)

b=1 j#i
—ZZzln S (0% —G(b ).
b=1 j#i
These equations are used in [4] to find an exact IR expansion of the g-function, by
employing a cluster expansion. This will be briefly discussed below for a theory with

only a single particle type.
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3.4.3 Cluster Expansion

In the R — oo limit, the g-function, given in (3.4.6), becomes

oo N A
2In go(l) = REG™ +2fo L — LEG™ +In (1 + 37 e KB ) g (e RM)
k=1

(3.4.61)
and since, for R > L > 0, E" = EM?R + 2f, + O(e M), the g-function, to

leading order is

21n go(l) ~ R(ES™ — EM?L) + In (1 +3° e—“Ei““’—ES“”")) . (3.4.62)
k=1

The cluster expansion involves letting L — oo, along with R — o0, so that the right
hand side of (3.4.62) can be expanded in terms of 1, 2,. .. particle contributions, each
of which can be estimated using the Bethe ansatz approximated levels in (3.4.59) and
(3.4.60). The hope is then to resum this expansion to give an exact expression for
the g-function.

Taking the large- R equation (3.4.62) and truncating at the one-particle level leaves

2In g, ~ R(E™ — EM?L) +In (1 +) e—’wsh("l(m))> (3.4.63)

n1>0

and the one-particle Bethe ansatz is essentially that of a free particle
MRsinh(0;) — iln R, (0;) = 7n,. (3.4.64)

In the large-R limit, there is a continuum of possible rapidities so the Bethe ansatz

becomes

A (M’R cosh(6,) — ldiﬁ In Ra(01)> = 1. (3.4.65)
77

The sum in (3.4.63) becomes an integral

1 00
—lcosh(6;) __ = —lcosh(8y) -1
5 e Vo= 5 ( E e ! e )

n; >0 np=-—00

(3.4.66)
- % /R df (J(6) — 6(8))et o

with the Jacobian, J((@), for the change of variables n; — 6, = 6, from (3.4.65),

being
JV() = @ cosh(0) + ¢a(0) (3.4.67)
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where ¢, = —%}0 In R,. The cosh term here cancels with the leading order part of

R(ES™ — £EM?L), so the one-particle contribution to lng is

2Ing = % / df (¢o — 6(8))e "o, (3.4.68)
R

This disagrees with the large-l behaviour of (3.4.24), in particular, there is no ¢(26)
term. However, the hope is that it gives an indication of how to modify the previous
result (3.4.24). The assumption is that the final result will depend, like (3.4.24),
on the single-particle energies only through the TBA pseudoenergies ¢(f). The first
observation to make, therefore, is that the large-l asymptotic of (3.4.68) also emerges

from
2[In go)%) = % /R df (¢ (0) — 6(0)) In(1 + e~<®) (3.4.69)

which is the resummed, or ‘dressed’ version of (3.4.68). Numerically, in [4], it is shown
that (3.4.69) is more accurate than (3.4.68) and this is because it actually contains,
not just one-particle contributions, but n > 1 particle contributions also.

The next step is to consider the two-particle contributions. Some of these will be

taken care of by the one-particle resummation, but there are some new terms:

1
210 go =2{In ga]p’ + / d6,d05 (61 + 05) (8 — By) et o (O1)=Leosh(2)
2

! N (3.4.70)
_ _/ do QS(QO)@_QICOS}](G).
2 /w
This can then be resummed as
1
2 0ol =5 [ dBudb 6161 +62)0(61 — Gr)e= =
e (3.4.71)

21 / df ¢(260)e= 2O
2 Jr

and the final result is given by 2In g, = 2[ln ga]g) + 2[In ga]g) +...

The observation made in [4] is that if the first few terms are corrected with

1
—lcosh(8)
(7 — —1 <(0) (3472)

then the only contribution from the next order is of the form

~1lcosh(6,)

(3.4.73)

e—lcosh(Gl) )

X .. €
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along with an additional term containing a single integration over ¢(26). The final

conjecture is then to replace [ cosh(f) with €(#) and resum as

_l —21 cosh(8) s —e(@)y 1
/R d9¢(20)< e ) /R 46 $(26) <ln(1+e ) 1+eew>> (3.4.74)

which leads to the final result

2Inga(l) %/}R d6 ($a(0) — 6(8) — 24(26)) In(1 + =)

21 do, df
Z n 3.4.75
+;n/n1+e€("1)'”1+ef<"’n) ( )

x @01+ 02)p(02 — 03) . .. $(0n — Ony1)

with 8,,.; = 6. This conjecture was tested numerically for the case of the Lee-Yang

model in [4] and also extended to the purely elastic scattering theories with N particle

species, for which the exact g-function is proposed to be

N
21n g (1) zé Z/R df (¢ (0) — 6(8) — 2¢4a(26)) In(1 + ™)

00 N
1 db, db,, (3.4.76)
+32 Y L e e

n=1aj;...an=1

X Garas (01 + 02)Pasas (02 — 03) . .. Papanyy (On — Ont1)

where 6,1 = 0, and a,, = a;.

The derivation of this conjecture avoided some of the problems that could afHict
a more direct calculation, for example, in working in the limit [ — oo, the particles
are always well separated so the accuracy of the Bethe ansatz is not in question.
However, a direct approach would be desirable, especially for the generalisation to
more complicated models. There has been an attempt at this by Woynarovich, [82],
who proposed an expression for the O(1) corrections to the free energy for a one-
dimensional Bose gas with repulsive §-function interaction, obtained by calculating
corrections to the standard saddle point result. Although his expression has some
of the features of the result here there are important differences. In particular, for
the field theory case, the result in [82] is divergent in the UV limit so it cannot be
consistent with the g-function of a CFT. The direct construction of the g-function
therefore remains an open problem.

In [4], only the conjecture (3.4.75) has been tested for the Lee-Yang model, so the
aim of the next chapter is to test the generalisation of this, (3.4.76), for a variety of

purely elastic scattering theories. This work has been published in [1].



Chapter 4

ADET cases

In this chapter the investigations of [4] are extended to a collection of theories for
which boundary UV/IR relations have yet to be found, namely the minimal purely
elastic scattering theories associated with the ADET series of diagrams [83, 32, 84,
85, 86, 87, 88]. The bulk S-matrices of these models have long been known, but less
progress has been made in associating solutions of the boundary bootstrap equations
with specific perturbed boundary conditions. A collection of minimal reflection fac-
tors for the ADET theories are presented, and then tested by checking the g-function
flows that they imply. It is also shown how these reflection factors can be modified
to incorporate a free parameter, which generalises a structure previously observed in
the Lee-Yang model [78]. This enables the prediction of a number of new flows to be

made between conformal boundary conditions.

4.1 The ADET family of purely elastic scattering
theories

The purely elastic scattering theories that are treated in this chapter fall into two
classes. The first class associates an S-matrix to each simply-laced Lie algebra g, of
type A, D or E [83, 32, 84, 85]. These S-matrices are minimal, in that they have no
zeros on the physical strip 0 < Sm 6 < 7, and one-particle unitary, in that all on-
shell three-point couplings, as inferred from the residues of forward-channel S-matrix
poles, are real. They describe particle scattering in the perturbations of the coset

conformal field theories g; x g,/gs by their (1,1, ad) operators, where g is the affine

89



4.1. The ADET family of purely elastic scattering theories 90

algebra associated with g. More will be said about affine Lie algebras and coset

models below. The unperturbed theories have central charge

2rg

where 7y is the rank of g, and h is its Coxeter number. These UV central charges can
be recovered directly from the S-matrices, using the thermodynamic Bethe ansatz [30,
32] as described in section 2.5. Some of these theories are also perturbed Virasoro
minimal models. These are listed in table 4.1 along with the corresponding critical

statistical model and relevant perturbing operator.

g | Minimal Model | Statistical Model | Perturbing Operator | Conformal weight

Pr.s hr.s
A, Ms Three-state Potts P21 2/5
energy density
Eg Mg 7 Tricritical ¢12 3/8
three-state Potts thermal operator
E, Mys Tricritical Ising P12 1/10

energy operator

Eg M3‘4 Ising ¢13 1/2

magnetic field

Table 4.1: Perturbed minimal models described by perturbations of the coset theories

o Xﬁl/ﬁz

The ADE S-matrices describe the diagonal scattering of r, particle types, whose
masses together form the Perron-Frobenius eigenvector of the Cartan matrix of g.
This allows the particles to be attached to the nodes of the Dynkin diagram of
g. Each S-matrix element can be conveniently written as a product of elementary

blocks [83]

sinh (£ + itz
{z}=@-1)(z+1), (z)= Smhgg “_L i’;; (4.1.2)
' 2 2h

as

Sw=]] {z}, (4.1.3)

€A
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for some index set A,,. Note that
0)=1, (h)=-1, (—z)=(x)", (z+2h)=(x). (4.1.4)

The notation (4.1.2) has been arranged so that the numbers z are all integers. The
sets Agp are tabulated in [83]; a universal formula expressing them in geometrical
terms was found in [85], and is further discussed in [86, 87].

The S-matrices of the second class [89, 80, 90| are labelled by extending the set
of ADE Dynkin diagrams to include the ‘tadpole’ 7T,.. They encode the diagonal
scattering of r particle types, and can be written in terms of the blocks (4.1.2) with

h=2r+1 [91]:
a+b-1

Sw= [ {H{r-1}. (4.1.5)

I=|a—b|+1
step 2

These S-matrix elements are again minimal, but they are not one-particle unitary,
reflecting the fact that they describe perturbations of the non-unitary minimal models
Mo 2r 43, With central charge ¢ = —27(6r 4-5)/(2r + 3). The perturbing operator this
time is ¢13. The T, S-matrices are quantum group reductions of the sine-Gordon
model at coupling 3% = 167/(2r+3) [89], a fact that will be relevant later.

A self-contained classification of minimal purely elastic S-matrices is still lacking,
but the results of [88] single out the ADET theories as the only examples having
TBA systems for which all pseudoenergies remain finite in the ultraviolet limit.

The ADET diagrams are shown in figure 4.1, with nodes giving the conventions
employed here for labelling the particles in each theory. For the D, theories, particles

r—1 and r are sometimes labelled s and ¢, or s and 3, for r even or odd respectively.

4.2 Affine Lie algebras and their role in Conformal

Field Theories

Before the reflection factors for the ADET theories are presented it is useful to
digress slightly and discuss CFTs with associated affine Lie algebras g. This serves,
not only to understand the role of these infinite algebras, but also to introduce some

formulae for the modular & matrices, which will be of use later in calculating the
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The vector @ = (o, ...,a"™) is called a root and E® is the corresponding step op-
erator. The root components are the non-zero eigenvalues of the H} in a particular
representation, called the adjoint,where the Lie algebra itself serves as the vector
space on which the generators act.

To construct a basis for the extended algebra, following the lines above, one must
first construct the analogue of the Cartan subalgebra (CSA) of the finite Lie algebra.
Starting with this CSA, H{ of g, the central element k can then be added giving an

(r + 1)-dimensional Abelian subalgebra. In the adjoint representation

ad(H)E® = [H E%] = o'E* (4.2.5)

ad(k)E® = [k, E%] =0, (4.2.6)

so each of the roots (a!,...,a™,0) = (,0) is infinitely degenerate. To cure this
problem, an extra element Ly = —t% can be added to the algebra g to distinguish

between the E for different n. This satisfies the commutation relations [Log, J?] =

—nJ2, [LO,E] = 0. The resulting algebra
§=§®CkaCL, (4.2.7)

is an affine Lie algebra (also known as a Kac-Moody algebra). The usual basis is
given by the generators of the CSA, H = {Hy,..., HQ*,E, Lo}, along with the step
operators ES and H!, which correspond to the roots & and nd respectively.

The next step is to find an analogue in g of the invariant scalar product, or Killing

form, on g. This must be symmetric and satisfy

which constrains the inner products, up to an overall constant, to be

(J2, T8 = 6%, m0, (JE K =0, (k, k) =0

<Js, L0> = O)<L07k> = -L

(4.2.9)

The only unspecified norm is (Lg, Ly) which is often chosen to be zero.
For an arbitrary representation, it is always possible to find a basis, {|X)}, of

simultaneous eigenvectors of the CSA such that

HIA) = M)Ay . (4.2.10)
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The vector A of simultaneous eigenvalues is known as an affine weight

X = (NHY), ..., NHD); Mk): M=Lo))
= (A;ky;n)

(4.2.11)

where A is a weight of g. The weights live in a space dual to the CSA and this can
be encoded using the Killing form: for each element //\\(H ) in the dual space, there

must be an element H) in the CSA, such that
NH) = (Hy, H). (4.2.12)
The scalar product of two weights is then induced by the Killing form
() = (A, 1) + kany, + kyna. (4.2.13)

As in the finite-dimensional case, weights in the adjoint representation are called
roots. Since k commutes with all the generators of g, its eigenvalue on the states of
the adjoint representation is zero. The affine roots, associated with the generators
E¢ are therefore

a=(a;0;n),n€Z, x €A (4.2.14)

where A denotes the set of all roots of g. This has the same scalar product as the

finite case: (@, ,[Ai) = (e, B). The roots associated to H! are
nd = (0;0;n),n€Z,n#0. (4.2.15)

These have length (nd,nd) = 0 and each one is orthogonal to all other roots so they
are often called imaginary roots, whereas (4.2.14) are known as the real roots.

A basis of simple roots must now be identified, in which the expansion coefficients
of any root are either all non-negative or all non-positive. This basis contains the r

finite simple roots a; of g along with one extra simple root
ap = (—;0;1) (4.2.16)

where 1) is the highest root of g, from which all roots of g can be obtained by repeated

subtraction of simple roots. A positive root is then given by

(a;0;n) >0if n>0,orif n=0and ¢ € A, (4.2.17)
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where A, is the set of positive roots of g. The condition, n > 0 and a € A, for a

positive root is not immediately obvious but by rearranging
a+nd=nag+ (n— 1Y+ (Y +a) (4.2.18)

the expansion coefficients of the final two factors in terms of finite simple roots are
non-negative. Given a set of affine simple roots and a scalar product, the extended

Cartan matrix is defined in terms of the roots @; and coroots a;” = 2&; /| |*

@j =(a;,a;7),0<4,7<m,
26, &) (4.2.19)

From this definition it is clear that C is formed from the Cartan matrix C of g
by the addition of an extra row and column given by (o, ap”) = [1|? = 2 and
(g, ;") = —(9, ;7). Note that the expansion coefficients of 9, when written
in a basis of simple roots, or coroots of g, are known as marks a; and comarks a;
respectively, so —(9, a;7) = — Y _;2, a;(a;, ;7). All the information contained in the
extended Cartan matrix can be encoded in the extended Dynkin diagram. This can
be obtained from the Dynkin diagram of g by adding an extra node corresponding to
oy joined to the other nodes by 601'610 lines. The extended Dynkin diagrams for the
ADE theories are shown in figure 4.2. The nodes are labelled by the ordering of the
roots and the comark. Note that the zeroth comark (and mark) is defined to be 1
so the dual Coxeter number h = 3o, ai is equal to the Coxeter number h for these
simply laced theories.

The affine Weyl group, W, like the finite-dimensional case, is generated by the
reflections

o~

oaA) =A - (A, &)a (4.2.20)

in the hyperplanes normal to the real roots @. This group permutes the real roots,

as

oa(@') = (0a(a);0;n — (X, a)n’) (4.2.21)

where & = (a;0;n), @ = (&';0;n') and o4(c’) is the Weyl reflection for the finite-
dimensional case. The imaginary roots, on the other hand, are left invariant.
In physical applications, Ly is often identified with energy so its spectrum must

be bounded from below. Such a representation is known as a highest weight repre-
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o;h) ©:1) 1)

G\ o . /0
S 22) (32 (rz;zm\
*—9 ®

:hH (&) G (L) (D (LN (L)

(a): AT (b) Dr
o;n
(3;2)
(2;2) I
) G2 43 G2 () (0;1) (2;2) (5:3) (7:4) (6:3) (4.2) (L;D)
(c): Es (d): E;
43)

O;1) (1;2) 33 (54 (7;5) (8:6) (64 (2;2)

(e): Es

Figure 4.2: Extended Dynkin diagrams for the affine Lie algebras 121\, Dand E

sentation. Using the commutation relation [Lg, J¢] = —nJ2, if L0|X> = X!X) then
LoJiA) = (Lo, T3] + T Lo)l) = (X = n) J() (42.22)

so the action of J¢ on an eigenvector of Ly with eigenvalue A gives an eigenvector
of Ly with eigenvalue - n, if it is not annihilated. Since the spectrum of Ly is
required to be bounded from below there must be some lowest eigenvalue, hy, with

corresponding eigenvector th) which satisfies
JA) =0 , n>0. (4.2.23)

In such a representation, all states can be built up from the ‘vacuum states’ which

satisfy (4.2.23) by repeated application of the operators J% , n > 0. However, not

ns
all of these representations are unitary. It will be shown below, following [92], that
the unitary representations can be characterised by the vacuum representation of the
corresponding finite algebra g or its highest weight p, and the value of the central
term k.

The highest weight state, |u), of the vacuum representation of g satisfies

EX|lpy = 0 ifeithern>0orn=0and a € Ay (4.2.24)
Hilg = 0 ifn>0.
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With respect to the CSA H = (H,k, Lo), this state has weight g = (i, k,v) and the
weight i’ = (u', k, V') of any state in the representation has the property that zi — zi’
is a sum of positive roots. The representation is usually labelled by the highest weight
p but v, the lowest eigenvalue of Lo, is often ignored as it is a matter of convention.

For each real root & = (a;0;n) of g there is an su(2) subalgebra generated by

o~

2a.fl 2cH +nk
ge | g 2ol AaH+nk) (4.2.25)
|a|2 a2

The states in any unitary representation of g must fall into multiplets of this su(2)
subalgebra which implies that its set of weights &' must be mapped into itself by
the Weyl reflections (4.2.20). The weight zi' must therefore satisfy the condition that

o~/

i —o(p') is a sum of positive roots of g for any o € w. Applying this to g’ = fi:
i — oalil) = (1,8)& = [(1, @") + kn](@; 0;n) (4.2.26)

which, for a positive root a, gives

o~

2p.a
|al?

(1, &) = €Z, U0. (4.2.27)

The weights can be expanded, like the roots, in a basis of simple roots, however for
the representations of interest the coefficients of these expansions are not integers.
A more convenient basis is provided by the fundamental weights, which are dual
to the simple coroots. For the finite algebra, g, the fundamental weights A; are
defined by (A, ;") = §;; for 1 < 4,5 < 75 Any weight in a finite dimensional
irreducible representation can be written in terms of these fundamental weights as
X' = 377 m\; where the coefficients, n; € Z are known as Dynkin labels. The
highest weight p of the representation is the one with all Dynkin labels n; > 0. This
is also called a dominant weight.

For the affine algebra g, the fundamental weights A; are defined in much the same
way

Ai,a'v 261“ s OS’L,]ST . 4.2.28
7 J 8

The general solution to the condition (4.2.27), written in terms of these fundamental

weights is

ﬁ = Z niAz- s n; € Z+ U 0, (4229)
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ignoring the component in the Ly direction. Using (4.2.13) and the decomposition of
the highest root of g into a sum of coroots: ¥ = > ;_, a;’e;", the affine fundamental

weights can be shown to be given by

Ao = (0;1;0) (4.2.31)

in terms of the fundamental weights A; of g. They are assumed to be eigenstates of
Ly with zero eigenvalue. The Dynkin labels in (4.2.29), for ¢ = 1,.. .7, are therefore
the same as those in the finite case and the ng label is then fixed by the k eigenvalue,

or rather the level {:
2k . .
[=— = E n;a; = ng + g n;a;”. (4.2.32)

Note that for the simply laced theories here | = k. So for the physically interesting
representations, often called integrable representations, the Dynkin labels are all non-
negative n; > 0, ¢ = 0,...7,, and the representation can be specified by the level of
the affine algebra g along with the highest weight of the corresponding representation
of the finite algebra g.

The Verma module of the highest weight state ]3\\) has the following singular

vectors

o~

Egi )\) _ E;“X) =0 (4233)
(Eo—a,-)/\i+1‘/):> _ (Efl)k—(&w)ﬂp\\) =0,5#0. (4.2.34)

But when these vectors are quotiented out from the Verma module, the resulting
module is not finite dimensional, unlike the finite Lie algebra case. This is because the
imaginary root can be subtracted from any weight without leaving the representation.

Define the grade to be the Ly eigenvalue, shifted so that LOIX) = 0 for the highest
weight state |X). At grade zero, all states are obtained from |X) by applications of the
finite Lie algebra generators, as these are the only generators of g that don’t change
the Lg eigenvalue. Therefore, the finite projection of the weights at grade zero are all
the weights in the g irreducible, finite dimensional representation of highest weight A.
Weights at grade 1 can be obtained from those at grade zero that have positive zeroth

Dynkin labels, by subtraction of g, followed by all possible subtractions of simple
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roots, and so on. The important point to note here is that the finite projections of
affine weights at a fixed grade are organised into a direct sum of irreducible finite
dimensional representations of g, so once the Ly eigenvalue is taken into account, the
multiplicity of weights is finite.

The character of an integrable highest weight representation is defined as

chy = > mults(X)e> . (4.2.35)
XlEQX
The sum here is over all weights X in the representation of highest weight state IX),

mults (X)) denotes the multiplicity of the weight X and ¢ is a formal exponential.

This satisfies

et = TR (4.2.36)

A (E) = XD (4.2.37)

where the e on the RHS of (4.2.37) is a genuine exponential function, and Z is an
arbitrary weight.
The character (4.2.35) can be written in a form known as the Weyl-Kac character

formula: "
5 Zurew ( - 1) 9w(i+ﬁ)

Zweﬁ?(_l)w@wﬁ

where (—1)" is the signature of w, which is +1 or —1 if w is composed of an even or

7TLX

Chx =€ (4.2.38)

an odd number of reflections by simple roots, the Weyl vector p is the weight where

all Dynkin labels are unitary and my is the modular anomaly

A 2 2
S 2 ol (4.2.39)
2(k+h) 2R
The generalised © functions, at a specific point E = —2mi(s; T;t) are given by
6:{(2) _ e—27rikt Z e—ﬂi(?k(a‘,g)+2()«,§)—”rk|a’+)\/kf2) (4240)

acqQ
where ()" is the coroot lattice of g. The normalised characters are x3 = e‘mi‘sch;\

and at the point ¢ = ¢t = 0 they are known as specialised characters:

Xa(m) = g™ Y d(n)g" = ¢"5Trsg™ (4.2.41)

n>0

where d(n) is the number of states at grade n and g = *™*".
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Under modular transformations these specialised characters transform as

Xs(r+1) = Y Tpxalr (4.2.42)
nepk
Xs(=1/m) = Y Sspxalr). (4.2.43)

Note that the sum is over the weights in P¥, the set of integrable weights at level
k, which indicates that characters in such representations transform into each other
under the action of the modular group. The transformation 7 — 7 + 1 induces a

phase change only

T3 = % e2mms (4.2.44)

whereas the modular S matrix is given by
Sia = =i P/Q |2 (k + h)Te/? Z Jwe=2rilwite), ntp)/(k+h) (4.2.45)
wew
where |A,| is the number of positive roots in g, P is the weight lattice and for g
simply laced |P/Q7| = |P/Q| = det C;; the determinant of the Cartan matrix. The
matrices S and 7 are both unitary: 7! = 77, §~! = ST, and S simplifies to a
product over the positive roots, A, , of g when 1 = KAy (denoted O here):

) A
S0 = I1P/Q 72 (k+h)™s/2 T] 2sin ((CZ—Z”U (4.2.46)
aEA L +

Note that this is real and positive.

4.2.2 WZW models and Coset theories

The g, Wess-Zumino-Witten (WZW) models are conformal field theories for which
the spectrum generating algebra is the affine Lie algebra g. Unusually for a CFT,
they can be formulated directly in terms of an action, of the form

SWEW — 16%/ &’z Tr(0"g~'0,g) + kT (4.2.47)

where k is a positive integer and I is the Wess-Zumino term I' = 5= [; Tr(g7'dg)?
which is an integral over a 3-dimensional space B® whose boundary is S?. The

conserved currents of this theory are asymmetric, a feature first noted by Witten in
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[94]. They are given by J = J%* ~ dgg~! and J = J%* ~ g~'dg and satisfy the
OPE

P 0) ~ s 4 S e (4.2.48)

Expanding J? in terms of modes, using the Laurent expansion

c

JUz) =) s (4.2.49)

nez
and using a similar method to the Virasoro case, as described in section 2.2, these

modes can be shown to satisfy the commutation relations of the g, affine Lie algebra

T8, T0] = " ifabe T rm + KabOnimo - (4.2.50)

c

Another copy of this relation holds for the J% modes and [J¢, J%] = 0 so the two
algebras are independent.

Conformal invariance of this theory can be shown by constructing the energy-
momentum tensor with the appropriate algebraic properties using the Sugawara con-
struction. This was the culmination of work done by several groups, but details and
further references can be found, for example, in the reviews [5], [92]. Classically,
the energy-momentrum tensor of this theory has the form (1/2k) %" J*J*. For the
quantum theory, the currents must be normal ordered to avoid a singularity so 7'(2)

can be taken to be

T(2) =Y 1 JU: (2). (4.2.51)

The constant, v, cannot be fixed from the classical theory as it is renormalised by
quantum effects since the currents are not free fields. Instead it can be fixed by
requiring that the OPE of T with itself has the form

c/2 2T (w) T (w)
C-wi  (-w? (z-w)

T()T(w) = (4.2.52)

or by requiring J* to be a Virasoro primary field of dimension 1. The result is that

1

ST (4.2.53)

")/:

where k is the level and A the dual Coxeter number. With this prefactor, the energy
momentum tensor (4.2.51) satisfies the OPE (4.2.52) with central charge

kdimg
c= — .
k+h

éﬁb Lg’.{é,/,.
i Ly
AL (éﬁfi'

T

(4.2.54)
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T'(z) can be written in terms of Virasoro modes

L,= Hh ZZ JeJe (4.2.55)

where the dots represent normal ordering of the modes: J? and J?_ . commute if

n—m

n # 0 so the ordering doesn’t matter, but if n = 0 the term with the larger subindex
must be placed to the right. The L, modes satisfy the Virasoro algebra and from the
OPE of T'(z) with J*(z), which is the usual OPE of T with a Virasoro primary field

of dimension 1
T(2) ) (w) = ) 0T w) (4.2.56)

G-w? ' (z-w)

the commutation relation between the L, and J, modes can be found. The complete

affine Lie and Virasoro algebra, written here for the holomorphic sector only, is then

Ly, L] = (m—m)Lpym + %n(n2 — 1)0ntmo
(Lo, J2) = —mJ,,, (4.2.57)
2, 0] =) ifasediym + kndasdnimo -

c
Equivalent relations hold for the antiholomorphic sector. Since J§ commutes with
the Virasoro generators, in particular with Lg, the finite Lie algebra g is a symmetry
algebra of the theory. This is not the case for the affine algebra g, which is the
spectrum generating algebra.

A WZW primary field, ¢, ,, will transform covariantly with respect to the A
representation of g in the holomorphic sector, and the & representation in the anti-

holomorphic sector. It satisfies the OPE

) ~ _t?\¢/\ﬂ(wa ’LT))

JU2)pau(w, w o (4.2.58)
J(2)ap(w, @) ~ ?/\L;%)t—z (4.2.59)

with £¢ the matrix ¢* in the A representation. Focusing on the holomorphic sector
only, a state |¢,) can be associated to the field ¢y by ¢,(0)|0) = |¢,). Expanding the
currents in terms of modes J%(z) = > (2 — w) " ' J%(w), from the OPE above it is

clear that the state |¢,) must satisfy

Joloa) = —t3loa) (4.2.60)
Jogx) = 0 , n>0. (4.2.61)
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These WZW primary fields are in fact also Virasoro primary. This can be seen by
noticing that for L,, with n > 0, the right most factor J2 of (4.2.55) has m > 0 so

Ly|¢y)y=0 forn>0. (4.2.62)

Lo|¢,) also simplifies as only the zero modes J§ contribute
1
L =——) JgJ5 : 4.2.63
oléx) 2(k+h)2a: 0J5|ox) ( )

This is proportional to the quadratic Casimir operator of g, @ = > J*J*. Evaluated
on a highest-weight state |\)

QIA) = (A, A +2p)|A) (4.2.64)

where p is the weight where all Dynkin labels are unity, known as the Weyl vector.
() commutes with all generators of g so its eigenvalue will be the same on all states

of the representation. Therefore, one can associate a conformal weight hy to |¢y),

Lo|@x) = hal¢a) (4.2.65)
where
hy = MA+20) (4.2.66)
2(k + h)

From (4.2.62) and (4.2.65) ¢, is clearly a Virasoro primary field, however the converse
is not necessarily true; a Virasoro primary field can be a WZW descendant. All other
states in the theory are of the form J?, an? ... |¢r) with ny, ng positive integers. The
primary fields correspond to the highest weights of integrable representations of the
affine Lie algebra. Since there are a finite number of such weights for a fixed positive
integer k this means that there are a finite number of primary fields in the g, WZW
model. Of course, these fields are primary with respect to the affine algebra, but
there are an infinite number of Virasoro primary fields. Theories which are minimal
with respect to either the Virasoro algebra or an extended symmetry algebra, are
often called rational conformal fields theories, or RCFTs.

By analogy with the Virasoro case, the character of the integrable representation

of |A) is defined as
X3(7) = Trge?mirtho=e/29) (4.2.67)
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with Lo given by (4.2.55) and ¢ by (4.2.54). States at level n in the module of |5\\)
have dimension h; + n, with hs given in (4.2.66), so the character can be rewritten

as
Xa(r) = 2miT(hs —c/24) Z d(n)e?™inT (4.2.68)

where d(n) is the number of states at level n. Using the formula

12|p|? = hdimg, (4.2.69)
known as the ‘Freudenthal-de Vries strange formula’, it is easy to check that

h; —c/24 = ms (4.2.70)

therefore (4.2.68) is just the specialised, and normalised, character of the irreducible
highest weight representation of the affine Lie algebra gy, from (4.2.41). This iden-
tification shows that the characters of the WZW primary fields transform into each
other under the modular transformations with the modular S and 7 matrices given
in (4.2.45) and (4.2.44) respectively. To obtain physical spectra, a modular invariant
partition function must be constructed. This will not be discussed in detail here, but
like in the Virasoro case, the diagonal theory, in which all primary fields transform
with respect to the same representation in the holomorphic and antiholomorphic sec-
tors, with each integrable representation appearing exactly once is modular invariant.

All of these results can be extended to models invariant under tensor products of
Lie groups Gy ® Ga ®. . ., for which the spectrum generating algebra is the direct sum
of the corresponding affine algebras ()i, D (82)k, ® . ... The Sugawara construction
can be used to find an energy-momentum tensor for each of these algebras and the
total energy-momentum tensor is then the sum of these. The central charges of these
components also sum to the total central charge c.

Of course, these models will all have ¢ > 1, although all unitary RCFTs, including
the Virasoro minimal models, can be built from WZW models with integer k. This
is done using the coset construction, where a coset is a quotient of direct sums of
WZW models.

To see how this works, consider g and let p be a subalgebra of g. The Sugawara
construction can be applied to both g and p to obtain Virasoro generators L% and LP

respectively. In general, they will have different prefactors and different ¢ numbers,
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but they will satisfy the commutation relations

Lg,J7] = —nJy,, ., a=1,...,dimg (4.2.71)
L, J8] = —ndi,, . a=1,...  dimp. (4.2.72)
Subtracting gives
(L8 —LF . J:]=0 |, a=1,...,dimp (4.2.73)
and a consequence of this is that
[L8 — LP  LP]=0. (4.2.74)
Defining L'¥® = L8 — L? leads to
L™, L@P) = [LE,, L8] ~ [LF,, LE) (4.2.75)

so L% satisfies the Virasoro algebra with central charge

kodimg ko dimp
c(g/p) = kg — . (4.2.76)
athy kpthy

The cosets of interest here are of the form g; x g;/g> where g, is the affine algebra
associated to one of the simply-laced algebras A, D or E. The central charge of these

theories simplifies to

. 2 2 2ry
C_dlmg(1+h,—2+h>_h+2' (4.2.77)

In general, to extract the g/p coset conformal theory from the g WZW model, the
representations, fi, of g must be decomposed into a direct sum of representations, U,
of p:

fi — @ bob. (4.2.78)
o

This decomposition corresponds to the character identity
Xa(7) = Xo(7)baa(T) (4.2.79)

where x; and yp are the characters of the g and p representations fi and ¥ respectively
and the branching function, b5(7), is the character of the coset theory. Let II denote
the projection matrix giving the explicit projection of every weight of g onto a weight

of p. Clearly for a coset character to be non zero

Hp—vellQ (4.2.80)
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must be satisfied, where () is the root lattice of g. For the diagonal cosets of interest

here, since II(Q & Q) = @ this selection rule is particularly simple:

p+v—peq (4.2.81)

where p, v and p are weights of g.

The group of outer automorphisms of g, O(g), permutes the fundamental weights
in such a way as to leave the extended Dynkin diagram invariant. Each fundamental
weight is mapped to another with the same mark and comark so the level of the
weight remains the same. The action of the group on an arbitrary weight, written
in terms of the Dynkin labels, for the ADE theories is given in table 4.2, taken from

[5]. The action of an element, A € O(g), on a modular S-matrix element of g at some

g O(g) Action of the O(g) generators
A, Y/ alno,na, .-y Np_y, M) = [Ny Mgy e ooy T2, Ny
D,—o | Zg X Zo a[no, N1,y ..., Nyo1, ] = [N1, M0, N2, -y Ny Ty
a[no,ma,y .-y M1, My = [Ny N1, M2y - -+, Mg, Mg
Dy—ory1 Zy afno, ni, ..., Np_1, Ny = [Ny, Ny Np_a, .+ .., M1, )
Eg Zs a[ng, n1, ni, N, N3, N3, ng| = [Ny, N, no, N3, N2, N3, N4}
E; Zs a[ng, n1, ..., nq| = [n1, o, N4, N3, N2, NG, N5, N7}

Table 4.2: Outer automorphisms of ADE affine Lie algebras, from [5)]

level [ is

27mi( Ao, pg)

S(A;L)p,’ = Sp,p,’e (4282)

More information on this topic can be found, for example, in [5].
Coset fields for these diagonal theories are specified by triples {@,v;p} of g

weights at levels 1,1 and 2 and the modular S-matrix has the form

_ D) o(1) c(2)x
S{ﬁ,a;ﬁ}{ﬁ',ﬁ';ﬁ'} - Sﬁﬁ’SDD’Sﬁ;)’ . (4283)
Under the action of O(g), given in (4.2.82), it transforms as
2ri(AAo. '+ —p'
Staasapya ey = €T TS Gy o) (4.2.84)

= Siuos

mopHE op'}
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since ' + v — p' € @ [95]. This suggests that S is a degenerate matrix, which
cannot be the case since it represents a modular transformation. This degeneracy

must therefore be removed by identifying the fields
[Afi, AD; Ap} = {5, 95} VA€ O(). (4.2.85)

For these diagonal cosets, the orbit of every element A of O(g) has the same order, N,
which is simply the order of the global symmetry group of the model. With this field
identification, every field in the theory will appear with multiplicity N. To remedy
this, the partition function must be divided by this multiplicity, which has the effect
of introducing N into the coset modular S-matrix [96]:

_ v o) o@
S o#) = NSapSowSap (4.2.86)

v’ pp

More information on field identifications can be found, for example, in [97].

4.3 Minimal reflection factors for purely elastic

scattering theories

Returning now to the particle description of the purely elastic scattering theories, it is
useful to note that a common basis for the conjecturing of bulk scattering amplitudes
is a ‘minimality hypothesis’, that in the absence of other requirements one should
look for solutions of the constraints with the smallest possible number of poles and
zeros. In this section this principle is used to find sets of boundary amplitudes, one
for each purely elastic S-matrix of type A, D or E. The amplitudes given below were
at first conjectured [98] as a natural generalisation of the minimal versions of the A,
affine Toda field theory amplitudes found in [99, 100]. The reasoning behind these
conjectures will be explained shortly. More recently, Fateev [101] proposed a set of
reflection factors for the affine Toda field theories. These were in integral form, and
not all matrix elements were given. However, modulo some overall signs and small
typos, the coupling-independent parts of Fateev’s conjectures match those presented
here. (This has also been found by Zambon [102], who obtained equivalent formulae
to those recorded below taking Fateev’s integral formulae as a starting point.)

Recall from section 3.3, the unitarity condition, for a purely elastic scattering
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theory, is
R, (0)R,(—0) =1 (4.3.1)

and the crossing-unitarity condition is

R,(O)R,(6 — im) = Saa(26). (4.3.2)

a

Whenever a bulk three-point coupling C®° is non-zero there is also a bootstrap

constraint

R,(8) = R (0 + iU )R,(0 — iUZL)S.(20 + iU, — iUZ). (4.3.3)

Unitarity and crossing-unitarity together imply that the reflection factors must be 27¢
periodic; unitarity then requires that they be products of the blocks (z) introduced
in section 4.1: .

(@) = b+ 5) (4.3.4)

sinh (g — %) ’

which appear in the ADE S-matrix elements as
Sw= [[{z}., {z}=(@-1)(z+1). (4.3.5)
2€Aab
The crossing-unitarity constraint is then key for the analysis of minimality. Each pole
or zero of S,,(260) on the right hand side of (4.3.2) must be present in one or other
of the factors on the left hand side of that equation. This sets a lower bound on the
number of poles and zeros for the reflection factor R, (0).
To exploit this observation, it is convenient to work at the level of the larger
blocks {z} = (z —1)(x + 1), the basic units for the bulk bootstrap equations [83, 85].

Define two complementary ‘square roots’ of these blocks as

(@ = () (257 . @ =) (25 (4.3.6)

which have the basic properties
(x)(0) = (T)(0 + i) (4.3.7)

and
(z)(0) (z)(0) = {z} (26). (4.3.8)
The crossing-unitarity equation can then be solved, in a minimal fashion, by any

product

R,=[] f (4.3.9)

T€Aqa
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where each factor f, can be freely chosen to be (z) or (z), modulo one subtlety:
since (0) = 1, minimality requires that any factor f; be taken to be (1) rather than
(T) In fact there is always exactly one such factor for the diagonal S-matrix elements

relevant here [86].* Pictorially these ‘square root’ blocks are shown in figure 4.3. Each

in{2h—x)
h
o | [ ; A .
0 imx in 2mi
h
im(2h—x)
7 2h
{x}(20) = 7 ﬁ
ARx T in
0 2h
(x)(8) | R |
[ g in
(x3(8) — ] ‘.
0 in

Figure 4.3: The ‘square root’ blocks

block {z}(6) has a pole at § = im(x £ 1)/h, depicted in figure 4.3 by the edges of the
block sitting above the horizontal (#) axis. Each of these poles has a corresponding
zero (outside the physical strip); the positions of these zeros are given by the edges
of the block sitting below the axis. Figure 4.3 also shows how the poles and zeros of
each block of S(26), {z}(26), are split between the two square roots (z) and ().
There remains the constraint imposed by the bootstrap equations (4.3.3). To
treat these it is necessary to know how the blocks (z)(#) and (Z)(8) transform under

general shifts in 8. As in [85, 86], these shifts are best discussed by defining

(z), () = sinh (g + %) (4.3.10)
and then
(1) = (53), (52T @4 = (), ()] (43.11)

*One could also take (z) = (&) (&), (@) = (2"_2’3_1)_] (2"_21“)_1 throughout, but this

would break the pattern previously seen for the A, theories, and turns out not to fit with the

g-function calculations later.
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so that (z) = (2)+/(~2)4, (z) = (z)+/(~2)+ and (F) = (¥)4+/(~2)+. Once a
conjectured set of reflection factors (4.3.9) has been decomposed into these blocks, it
is straightforward to implement the boundary bootstrap equations (4.3.3) using the

properties
(2)4(8 +imy/h) = (s4+u)+(6) , (B)1(0+imy/h) = (@¥p)4(0).  (43.12)

It is very easy, using the block diagrams shown in figure 4.3, to check the bootstrap
equations. As an example this is done in figure 4.4 for the simple case of A;. Here
the Coxeter number h = 3, the fusing angles U} = Uj, = &%, 511(6) = Sx(0) = {1}
and R (f) = R2(6) = (1). Recall that each vertical edge of every block denotes the
position of a pole (when the edge is above the axis) or a zero (when it is below the
axis). Therefore, when multiplying two blocks at the same position, the result is to
add the areas of the blocks (with a double height edge representing a double pole

or zero), and if two blocks are sitting either side of the horizontal axis at the same

position, their areas then cancel. This can be seen in figure 4.4.

Ry(6)

{

<o

T

Ry (8 +i% 3)

!

n

R, (6 -1 3)

i

I

S;1(26) ’:L—E
0 i
Ry(8) S = R0 4T3)R (0 -T3)s,, (20

o
3

Figure 4.4: The bootstrap equation for A,

For the ADE theories it turns out that the boundary bootstrap equations can all
be satisfied by minimal conjectures of the form (4.3.9), and that the choice of blocks
is then fixed uniquely. (From the point of view of the bootstrap equations alone, an
overall swap between (z) and (Z) is possible, but the requirement that f; = (1) fixes

even this ambiguity.) The final answers are recorded below.
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(4.3.13)

A,
The reflection factors for this case were given in [99]. In the current notation they
are

2a—1

R, = H (x).

=1

x odd
D,
The reflection factors, R,, fora =1,...,r — 2 are

2a—1 2a-1 2a-5

R =

a

while fora=7r—1 and r

[T J[Jth—a J[(h—2—-2), foraodd

r=1
x odd

r=1 r=1
step 4

ste_p 4
2a—1 2a—3
H (x) H (h—x)(h —x —2), for a even,
xxo:dld sitre:14
2r—>5

= R, = H(a:),forrodd

=1
step 4

2r-3
= R, = H (x), for r even,

r=1
step 4

(4.3.14)

(4.3.15)

(4.3.16)
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Er
Ry = (IN9(17)
R, = (IN7)(11)(17)
Ry = (1)(5){(7)(9)(11)(13)(17)
Ry = (1)(3)(T){(9)(9)(11)(15)(17) (4.3.17)
Ry = (D) ENT)(T)(9)X(11)(11)(13)(15)(17)
Ry = (1)(3){(5)*(7)(7)(9)*(9)(11)(11)(13)*(15)(17)
Ry = (1)3)E)*GNN(T)(9)*(9)7(11)*(11)(13)(13)*(15)*(17)
Eg
R, = (1){11)(19)(29)
R, = (1)(7)(11)(13)(17)(19)(23)(29)
Ry = (1)(3)(9)(11)(11)(13)(17)(19)(19)(21)(27)(29)
Ry = (1)(5)(7)(9)(11)(11)(13)(15)(15)(17)(19)(19)(21)(23)(25)(29)
Ry = (1)(3)(5)(7)(9)(9)(11)*(11)(13)(13)(15)*(17)(17)(19)*(19)(21)(21)
<23><§'5><27>(2~9> (4.3.18)
(7

For the T series the story is different: it is not possible to satisfy the boundary
bootstrap equations with a conjecture of the form (4.3.9). This means that the mini-
mal reflection factors for these models are forced by the bootstrap to have extra poles

and zeros beyond those required by crossing-unitarity alone. The general proposal
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will be given in eq. (4.5.4) below, but the situation can be understood using the
boundary T}, or Lee-Yang, model: the minimal reflection factor found in [78] for the

single particle in this model bouncing off the |1) boundary is

)t (4.3.19)

N[>

RV = (D)3

The simpler function (3)(3

2)~! would have been enough to satisfy crossing-unitarity,

but then the boundary bootstrap would not have held, and so (4.3.19) really is a
minimal solution. This observation fits nicely with the g-function calculations to
be reported later: had the minimal reflection factors for the T, theories fallen into
the pattern seen for other models, there would have been a mismatch between the
predicted UV values of the g-functions and the known values from conformal field

theory.

4.4 One-parameter families of reflection factors

The minimal reflection factors introduced in the last section have no free parameters.
However, combined perturbations of a boundary conformal field theory by relevant
bulk and boundary operators involve a dimensionless quantity — the ratio of the
induced bulk and boundary scales — on which the reflection factors would be expected
to depend. To describe such situations, the minimality hypothesis must be dropped
and the conjectures extended.

A first observation, rephrasing that of [75], is that given any two solutions R,(6)
and R, () of the reflection unitarity, crossing-unitarity and bootstrap relations (4.3.1),
(4.3.2) and (4.3.3), their ratios Z,(0) = R,(6)/ R, (8) automatically solve one-index
versions of the bulk unitarity, crossing and bootstrap equations (2.4.18), (2.4.19) and
(2.4.24):

Zd0)Zo(—0) =1, Z,(0) = Za(im —0) , (4.4.1)

N
—
DD
Sa—
I

Za(0 —iU% ) Zy(6 + iU2) . (4.4.2)

The minimal reflection factors R, () can therefore be used as multiplicative ‘seeds’ for
more general conjectures R, (0) = R,(0)/Z,(0), with the parameter-dependent parts
Z.(0)~! constrained via (4.4.1) and (4.4.2). An immediate solution is Ztlld)(O) = S4a(6)
for any (fixed) particle type d in the theory, where the ket symbol is used here to
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indicate that the label |d) might ultimately refer to one of the possible boundary
states of the theory. However, this does not yet introduce a parameter. Noting that

a symmetrical shift in 6 preserves all the relevant equations, one possibility is to take

Z9C)(0) = S4a(6 + C)Sua(6 — C) (4.4.3)

H

with C' at this stage arbitrary. This is indeed the solution adopted by the boundary
scaling Lee-Yang example studied in [78]. This model is the 7 = 1 member of the
T, series described earlier, and corresponds to the perturbation of the non-unitary
minimal model My; by its only relevant bulk operator, ¢, of conformal dimensions
A, =B, =1
ditions which were labelled |1) and |®) in [78]. The |1) boundary has no relevant

The minimal model has two conformally-invariant boundary con-

boundary fields, and has a minimal reflection factor, given by (4.3.19) above. On the
other hand, the |®) boundary has one relevant boundary field, denoted by ¢, and

gives rise to a one-parameter family of reflection factors
R (9) = RM(6)/21"(6) . (4.4.4)
The factor Z!(6) has exactly the form mentioned above:
ZP(0) = S(6 +iZ(b+3))S(6 — iZ(b+3)) (4.4.5)

where S(0) is the bulk S-matrix, and the parameter b can be related to the dimension-
less ratio u?/X of the bulk and boundary couplings A and p [78, 79]. (Since there is
only one particle type in the Lee-Yang model, the indices a, d and so on are omitted.
The notation here has also been changed slightly from that of [78] to avoid confusing
the parameter b with a particle label.)

As an initial attempt to extend (4.4.4) to the remaining ADET theories one could

therefore try
RI%C)(g) = R_(6)/Z1%°)(0), (4.4.6)

with Z(lld’w(@) as in (4.4.3). This manoeuvre certainly generates mathematically-
consistent sets of reflection amplitudes, but in the more general cases it is not the

most economical choice. Consider instead the functions obtained by replacing the

TThere are also boundary-changing operators, but these were not considered in [78, 79).



4.5. Boundary 7, theories as reductions of boundary sine-Gordon 115

blocks {z} in (4.1.3) by the simpler blocks (z) [45]:
sh=1] @ . (4.4.7)
TE€Agp
For the Lee-Yang model, S¥(#) coincides with S(6), but for other theories it has
fewer poles and zeros. The bootstrap constraints are only satisfied up to signs, but
if SF is used to define a function Z.*“ as

™

h

C)SE (6 - Z%C) (4.4.8)

Z14C(9) = SF (0 + i
then these signs cancel, and so (4.4.8) provides a more “minimal” generalisation of the
family of Lee-Yang reflection factors which nevertheless preserves all of its desirable
properties. Setting d equal to the lightest particle in the theory generally gives the
family with the smallest number of additional poles and zeros, but, as will be seen
later, all cases have a role to play.

The normalisation of the shift was changed in passing from (4.4.3) to (4.4.8); this

is convenient because, as a consequence of the property
(z—C)B) x (z+C)(O) = (z)(8 +15C) x (z)(8 —i7C), (4.4.9)

Z140) simplifies to
Z= 1] -0 (z+C). (4.4.10)

TEAad
The factors (ZJld’c))_1 therefore coincide with the coupling-constant dependent parts
of the affine Toda field theory S-matrices of [83, 32|, with C related to the parameter
Bof 83 by C=1-B.

4.5 Boundary 7, theories as reductions of bound-

ary sine-Gordon

The reflection factors presented so far are only conjectures, and no evidence has been
given linking them to any physically-realised boundary conditions. The best signal in
this respect will come from the exact g-function calculations to be reported in later
sections. However, for the 7, theories, alternative support for the general scheme
comes from an interesting relation with the reflection factors of the sine-Gordon

model.
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In the bulk, the 7, theories can be found as particularly-simple quantum group
reductions of the sine-Gordon model at certain values of the coupling, in which the
soliton and antisoliton states are deleted leaving only the breathers [89]. Quantum
group reduction in the presence of boundaries has yet to be fully understood, but the
simplifications of the T, cases allow extra progress to be made. This generalises the
analysis of [78] for T}, the Lee-Yang model, but has some new features.

The boundary S-matrix for the sine-Gordon solitons was found by Ghoshal and
Zamolodchikov in [72], and extended to the breathers by Ghoshal in [103]). To match
the notation used above for the ADE theories, the sine-Gordon bulk coupling constant
[ is traded for

h= 15—2”— Y (4.5.1)
Ghoshal and Zamolodchikov expressed their matrix solution to the boundary Yang-
Baxter equation for the sine-Gordon model? in terms of two parameters £ and k.
However for the scalar part (which is the whole reflection factor for the breathers)
they found it more convenient to use 7 and ¥, related to £ and k£ by

1 1
cosn coshd = % cosé, cos’n+cosh®d =1+ =R (4.5.2)

Ghoshal-Zamolodchikov’s reflection factor for the a*™ breather on the |n,9) boundary

can then be written as

RI"(9) = R (9)R(9) (4.5.3)
where 1
+ h -
g B (e J(+R) (4.5.4)
( e l+ 3h

is the boundary—parameter—independent part, and
R9(9) = S (n, §)S(iv, §) (4.5.5)

with

5@ (v, 6) ﬁ ; (4.5.6)

pris
contains the dependence on 1 and 9. In these formulae the blocks (z) are the same as

those defined in (4.1.2) for the minimal ADE theories, with h now given by (4.5.1).

talso found by de Vega and Gonzalez Ruiz [104]
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Now for the quantum group reduction. In the bulk, suppose that 32 is such that
h=2r+1, reN. (4.5.7)

At these values of the coupling, Smirnov has shown [89] that a consistent scattering

theory can be obtained by removing all the solitonic states, leaving 7 breathers with

masses M, = Ssiir:](gra/hh)) M. The scattering of these breathers is then given by the T,

S-matrix (4.1.5). In order to explain all poles without recourse to the solitons, extra
three-point couplings must be introduced, some of which are necessarily imaginary,
consistent with the 7, models being perturbations of nonunitary conformal field theo-
ries. In the presence of a boundary, these extra couplings give rise to extra boundary
bootstrap equations, which further constrain the boundary reflection factors and im-
pose a relation between the parameters 1 and 9. This can be seen by a direct analysis
of the boundary bootstrap equations but it is more interesting to take another route,
as follows.

First recall the observation of [78], that the reflection factors for the boundary
Lee-Yang model match solutions of the boundary Yang-Baxter equation for the sine-
Gordon model at

£ — ioo. (4.5.8)

The Lee-Yang case corresponds to r = 1, h = 3, but here it is supposed that the
same constraint should hold more generally (see also [76]). The condition must be
translated into the (7,9) parametrisation. One degree of freedom can be retained by
allowing & to tend to infinity as the limit (4.5.8) is taken. The relations (4.5.2) then
become

cosncoshd = A, cos’n+cosh®d =1. (4.5.9)

The constant A can be tuned to any value by taking £ and & to infinity suitably, and

so the first equation in (4.5.9) is not a constraint; solving the second for 1,

W=+ g Y (r—d)r, deZ. (4.5.10)

(The shift by r is included for later convenience.) This appears to give a count-
able infinity of one-parameter families of reflection factors, but this is not so: the
blocks (z) in (4.5.5) and (4.5.6) depend on the boundary parameters only through

the combination

— =2+ 1 (4.5.11)
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Since (z + 2h) = (), the reflection factors for d are therefore the same as those for
d+ h. In addition, the freedom to redefine the parameter n gives an extra invariance
of the one-parameter families under d — 2r — d. The full set of options is therefore
realised by

d=0,1,...7. (4.5.12)

Note also that R(;’)(e), the coupling-dependent part of the reflection factor, is trivial
if d = 0. Thus the limit (4.5.8) corresponds to r one-parameter families of breather
reflection factors, and one ‘isolated’ case. This matches the counting of conformal
boundary conditions (the set of bulk Virasoro primary fields [67]) for the Mg, 3
minimal models, and the fact that of these boundary conditions, all but one have the
relevant ¢35 boundary operator in their spectra.

To see how this fits in with the ideas presented earlier, 7 is swapped for C, defined
by

2n h

D_g-24c. 4.5.1
- 5 +C (4.5.13)

Then, starting from (4.5.5) and relabelling,

o _ ﬁ (~h+d+1+C) (=d+1+C)
o d+1+C) (h—d+1+0C)

a—1

at+d—1
= [ ~1-C)(—+C)(~h+1+C)(-h+1-C). (4.5.14)

l=1-a+d
step 2

Since the first a — d terms in the last product cancel if a > d, it is easily seen that

Rﬁ“) coincides with (chld’c))_l, as expressed by (4.4.10), for the 7, S-matrix (4.1.5).

4.6 Some aspects of the off-critical g-functions

The main tool of use here in linking reflection factors to specific boundary conditions
will be the formula for an exact off-critical g-function introduced in [4]. This was
described in section 3.4 but further properties, and some modifications which will be

relevant later, are discussed here.
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4.6.1 The exact g-function for diagonal scattering theories

In section 3.4, considerations of the infrared (large-l) asymptotics and a conjectured
resummation led to the proposal of a general formula for the exact g-function of a
purely elastic scattering theory. However in section 4.6.2 below, it is argued that the
result given in (3.4.76) needs to be modified by the introduction of a simple symmetry
factor whenever there is coexistence of vacua at infinite volume. This happens in the

low-temperature phases of the Eg, E7, A and D models. The more-general result is
n g|a)( ) =In C'a T Z/ df ¢|a ) 2¢aa(29)) In (1 + 6—6“(9))
(4.6.1)

+ X(1)

where Cj,) is the symmetry factor to be discussed shortly, and the functions qﬁLa)(H)
and ¢.(0) are related to the bulk and boundary scattering amplitudes S, (#) and
R'*)(9), as before, by

1 d

gy — 1%, plo

¢ (0) = —— @ In RI®(6), (4.6.2)
d

Pab(0) = 27rd9 —=1n.Sg;(0) . (4.6.3)

The boundary-condition-independent piece 3(l) is exactly that given in (3.4.76):

da,
2 Z Z /n 14+ eeal (61) ' 1 + eean(Gn) X

n=1 aj...an=1

(¢ala2 (01 + 92)¢a2a3 (92 - 63) N ¢anan+1 (Gn - 0n+1)) (464)

with 6,,, = 61, a,y1 = a;. Recall that the functions ¢,(6), called pseudoenergies,

solve the bulk TBA equations
€a(8) = ML coshd — Z/dﬂ'gbab (60 —0") Ly(0'), a=1,...,1q, (4.6.5)

where L,(6) = In(1 + e~%®), and the ground-state energy of the theory on a circle

of circumference L is given in terms of these pseudoenergies by
. 2. [ df
E§™(M,L) = — Z/{R o M, coshf L,(0) + EL M? (4.6.6) |

where £L M? is the bulk contribution to the energy.
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As mentioned in section 3.4, the formula (4.6.1) has been checked in detail, but
only for the r; = 1, Cjyy = 1 case corresponding to the Lee-Yang model [4]. The results
below will confirm that it holds in more general cases, provided C),) is appropriately

chosen.

4.6.2 Models with internal symmetries

The scaling Lee-Yang model, on which the analysis of [4] was mostly concentrated, is
a massive integrable quantum field theory with fully diagonal scattering and a single
vacuum. However many models lack one or both these properties. In this section
this analysis will be extended to models possessing, in infinite volume, N equivalent
vacua but still described by purely elastic scattering theories$. For the ADE-related
theories the N equivalent vacua are related by a global symmetry Z. When these
systems are in their low-temperature phases, the original formula for g(l), as given
in (3.4.76), should be corrected slightly, by including a ‘symmetry factor’ Cjq).

Low-temperature phases are common features of two dimensional magnetic spin
systems below their critical temperatures. A discrete symmetry Z of the Hamiltonian
H is spontaneously broken, and a unique ground state is singled out from a multiplet
of equivalent degenerate vacua. This contrasts with the high-temperature phase,
where the ground state is Z-invariant.

The prototype of two-dimensional spin systems is the Ising model, so this case will
be treated first. The Ising Hamiltonian for zero external magnetic field is invariant
under a global spin reversal transformation (£ = Z,), and at low temperatures T' < T,
this symmetry is spontaneously broken and there is a doublet {|+),|—=)} of vacuum

states transforming into each other under a global spin-flip:
|+) — |F). (4.6.7)

The Z, symmetry of H is preserved under renormalisation and it also characterises
the continuum field theory version of the model: in the low-temperature phase the

bulk field theory has two degenerate vacua {|+), |—)} with excitations, the massive

$Integrable models with non-equivalent vacua are typically associated to non-diagonal scattering

like, for example, the ¢13 perturbations of the minimal M, ; models [105].
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kinks K, (), K|—4(6), corresponding to field configurations interpolating between
these vacua.

In infinite volume the ground state is either |+) or |—), and the transition from
|[+) to |—) (or vice-versa) can only happen in an infinite interval of time. On the
other hand in a finite volume V', tunnelling is allowed: a kink with finite speed can
span the whole volume segment in a finite time interval. The interest here is in the
scaling limit of the Ising model on a finite cylinder and the open-segment direction of
length R is taken as the space coordinate. Time is then periodic with period L. If the
boundary conditions are taken to be fixed, of type +, at both ends of the segment,
then the only multi-particle states which can propagate have an even number of kinks,

of the form

K[+_](91)K[_+] (92) . K[_+](9n) s (Il even) . (468)

For R large, the rapidities {6;} are quantised according to the Bethe ansatz equations
rsinh@; —iln RM(0,) =7j, (r=MR, j=12,...), (4.6.9)

where RI*)(6) is the amplitude describing the scattering of particles off a wall with
fixed boundary conditions of type +.

At low temperatures Z;|4)[L, R] therefore receives contributions only from states
with an even number of particles. It is conveniently written in the form (see for

example [106]):

1
ZwlL, R = Z((?QI+ [L,R] + 2Z+|+>[L R] (4.6.10)
where
Z((+|+ [L R] — e—LE‘s TP(M, R) H (1 + (_1)be—lcosh0j) ’ (l _ ]\/[L) , (4611)

§>0
ES™P(M, R) is the ground-state energy, and the set {6;} is quantised by (4.6.9). This
can be seen by expanding the product in (4.6.11) and noticing that the contributions
from states with an even number of particles and those from states with an odd
number of particles each appear with the coefficients (—1)?* and (—1)®*+V% n € Z
respectively. The contribution from states with an odd number of particles therefore
cancels from the combination given in (4.6.10), leaving only that from states with an
even number of particles. In order to extract the subleading contributions to Z44y,
as in [4] set

ZiynlL, R =1 N2 LA +le Iz (LR (4.6.12)
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and in the limit R — oo use Newton'’s approximation to transform sums into integrals.
The result is

In Z((i)lJr)[L, R] ~ %/Rdﬁ (% cosh(6) + ¢! (0) — 5(9)) In(1 + (—1)Pe~Lcosh o)

= 2lng\(l) = RE™“*(M,L), (b=0,1). (4.6.13)
From (4.6.13) it follows that at finite values of { as R — oo

0
In Z((+)l+> (L, R] - In Z((Jlr)|+>[L, R] — 400 (4.6.14)

and therefore

2 _ circle 1
ZinlL Bl ~ ()" e 8D~ 70 IR

2 .
= (o) emrEonn (46.15)

where ES*e(M L) = ES™®(M, L) is the ground state energy for the system with
periodic boundary conditions.

Notice that Z% y[L, R] takes contributions from states with both even and odd

(+1+
number of particles. In fact, following section 3.4, g'(g = ggz('fc'f'm) and
I eq.(3.4.76)
gnl) =g-() = ﬁgéied : (4.6.16)
In conclusion, the appearance of the extra symmetry factor Cjyy = % is related

to the kink selection rule restricting the possible multi-particle states. In the Ising
model this was seen in the exact formula for the low-temperature partition function
Z 4L, R], by it being written as an averaged sum of Zéi)|+>[L, R] and Z((i)m[L, R).

In more general theories with discrete symmetries, similar considerations ap-
ply. Consider a set of ¢ = 1,2,... N ‘fixed’ boundary conditions, matching the
i = 1,2,... N vacua. A derivation of Z;;, as in section 3.4, including all multi-
particle states satisfying the Bethe momentum quantisation conditions, will give an

incorrect answer, since some states will be forbidden by the kink structure. Instead,

one can construct a new boundary state

UESOE (4.6.17)

and consider the partition function Zy;y. Since boundary scattering does not mix

vacua it is clear that the only effect of replacing |¢) by |U) is to eliminate the kink
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condition on allowed multiparticle states. Thus the counting of states on an interval
with U at one end and 7 at the other is exactly the same as it would be in a high-
temperature phase with the reflection factor at both ends being Ry;)(#), and the

derivation in section 3.4 goes through to find at large R
In Zww[L, R] ~ —RE§™(M, L) + 2In GV(1). (4.6.18)

Recall, from section 3.4, that G(¥(1) is the massive g-function, defined by

(alo)
(tholtho )12~

which is related to the g-function for the boundary condition a by a linearly-growing

G (1) = (4.6.19)

piece — flqayL:
In gy (1) = n G (1) + fia L (4.6.20)
GO is therefore — up to a linear term — given by (4.6.1) with gb'a)( ) = q*)lf)(ﬁ) and

Clay = 1. On the other hand, since all vacua are related by the discrete symmetry Z

and the finite-volume vacuum state |i) must be symmetrical under this symmetry,

(Woli) = (Wol7) Vi,7, and so

(o) = CIRl) _ Ll (go)’ e
Hence
gy (D) = Fza(l) (4.6.22)

and g, (1) is given by the formula (4.6.1) with Cj;y = \/LN
An immediate consequence is that in the infrared, gj;(!) does not tend to one.

Instead,
1

T

This perhaps-surprising claim can be justified independently. Recall from section 3.3

ll—lglo gli)(l) = C|i) = (4.6.23)

that in infinite volume, boundary states can be described using a basis of scattering

states [72]:
(1+ / K®(0)A,(—0) Ay (0) + .)|0> (4.6.24)

where |0) is the bulk vacuum for an infinite line. In finite but large volumes, the same
expression provides a good approximation to the boundary state, the only modifica-
tion normally being that the momenta of the multiparticle states must be quantised

by the relevant Bethe ansatz equations. However a subtlety arises when there is a
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degeneracy among the bulk vacua, in situations where the boundary condition distin-
guishes between these vacua. Take the case of a fixed boundary condition which picks
out one of the degenerate vacua, say i: then the state |0) on the RHS of (4.6.24) is |7).
However when calculating the finite-volume g-function, one must consider (B ),
where (1| is the finite-volume vacuum. (Note that the bulk energy is normalised to
zero when considering (4.6.24), so this inner product gives g directly, rather than G.)
In large but finite volumes, the tunnelling amplitude between the infinite-volume bulk
vacua is non-zero and so the appropriately-normalised finite volume ground state is

the symmetric combination
N

1 |
(Wl = 7 ; (5] (4.6.25)

The limiting value of g in the infrared is therefore not 1, but 1/v/N, as found in the
exact calculation earlier.

Table 4.3 lists the central charge, the Coxeter number, the symmetry group Z,
and the number of degenerate vacua for the ADET models. For the A., D,, Eg
and E; theories at low temperatures there is a coexistence of N vacuum states |i),
i=1,2,...,N,with N =741, 4, 3 and 2 respectively. The corresponding symmetry
factor Cj;y , for fixed-type boundary conditions which pick out a single bulk vacuum,

is always 1/v/N.

4.6.3 Further properties of the exact g-function

An important property of the sets of TBA equations under consideration here con-

cerns the so-called Y-functions [34],
Y, (6) = e(®. (4.6.26)

Recall from section 2.5 that these functions satisfy a set of functional relations called

a Y-system:
Tg
[G]

AR NACGESES | (RS A0)E (4.6.27)

b=1
where A,[S] is the incidence matrix of the Dynkin diagram labelling the TBA system.

Defining an associated set of T-functions through the relations

Ya(6) = H (TLO)™ | 1+ Ya(0) = Tu(0 + iZ)T(0 — iZ) (4.6.28)

c=1
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Model cef(0) | Coxeter number h | Global symmetry Z N
A, % r+1 Y/ r+1
D, (r even) 1 2r — 2 Zo X Zgy 4
D, (r odd) 1 2r — 2 Zy 4
Eq 2 12 Zs 3
E; = 18 Zs 2
Es 5 30 Z, 1
2r
T. 513 2r+1 74 1

Table 4.3: Data for the ADET purely elastic scattering theories. The symmetry factor
Cj;y for fixed-type boundary conditions is 1/ V/N in each case, where N is the number of

degenerate vacua in the low-temperature phase.

then i
2 1
To(6 +i2)Tu(0 — D) [[ (T.00) 4 = 1+ Y,1(9) . (4.6.29)
c=1
In addition, the T-functions satisfy
_ A i ()
To(0 + 2I)T,(0 — =) = 1+ [ ] (T1(6)) (4.6.30)
b=1

Fourier transforming the logarithm of equation (4.6.29), solving taking the large 6

asymptotic into account, and transforming back recovers the (standard) formula

LM, ,
InT,(0) = N CoshH Z/d& Xas(0—0)Lo(0), a=1,...ry, (4.6.31)
where [34, 88]
_ dk ko (G ! d
Xab(0) = /RQWe (2cosh(kr/h)1 — AI¥)) " = ~5- dHS »(0) . (4.6.32)

The result (4.6.31) allows a connection to be made between the exact g-functions for
the parameter-dependent reflection factors in section 4.4 and the T functions. Taking

the reflection factors defined by (4.4.8) and (4.4.6)

R = RI(0)/(SE(0 —iZC)SL(0 +i2C)) (4.6.33)
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and using (4.6.1),

]‘ & / / . 12
Ingpcy(l) = lng(l)—EZ/dQ Xap(0 —17C) Ly(0')
a=1 R

1 3 g T '
“32 /R d8'Xap(0" +iFC)Lo(0') . (4.6.34)
a=1

Comparing this result with (4.6.31) and using the property T,(6) = T,(—6),

T LM, 7
Ingpcy(l) =Ing(l) + InT, (ZEC) - 2cos T COS <EC) (4.6.35)
or, subtracting the linear contribution:
s
Gy (1) = GOWT, (i7C) . (4.6.36)

Exact relations between g- and T- functions in various situations where the bulk
remains critical were observed in [107, 49, 108]. These were extended off-criticality
to a relation between the G- and T- function of the Lee-Yang model in [79]. The
generalisation of [79] proposed here relies on the specific forms of the one-parameter
families of reflection factors in section 4.4, and so provides some further motivation
for their introduction.

It is sometimes helpful to have an alternative representation for the infinite sum
Y(l) in (4.6.1), the piece of the g-function which does not depend on the specific

boundary condition. It can be checked that, for values of | such that the sum con-

verges,
=1 1 ,
= —TrK" — — " 4.6.
(1) ; ~TrK Zl ST (4.6.37)
where
Knf0.0) = 3~ (600 + ) + 9 (9—9'))—1— (4.6.38)
ab\V, - 2 /——1 T eéa(g) ab ab /_1 T eﬁb(e') <Y,
and
1 1
Hu(0,0") = ——=0(0 — 0) ——=. 4.6.39
The identity
InDet(] — M) = TrIn(/ = M) = =) —TrM" (4.6.40)
n=1 n
then allows ¥(I) to be rewritten as
1 I-H

This formula makes sense even when the original sum diverges, a fact that will be

used in the next section.
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4.7 UV values of the g-function

Taking into account the effect of vacuum degeneracies described above, a first test
of the reflection factors found earlier is to calculate the | — 0 limit of (4.6.1). The
value of gj,)(0) should match the value of a conformal field theory g-function, either
of a Cardy state or of a superposition of such states.

As [ — 0, the pseudoenergies €,(#) tend to constants, which are denoted here by
€q. Their values were tabulated by Klassen and Melzer in [32], who also observed an
elegant formula for the integrals of the logarithmic derivatives of the bulk S-matrix

elements, later proven in [86]:

/ 4 $uo(6) = — N, (4.7.1)

where Ny, is related to the Cartan matrix C of the associated Lie algebra by N' =
2C"! — 1.7 The integrals of the logarithmic derivatives of the reflection factors are

also needed. Writing

Ry =[] () (4.7.2)

€A
for some set A, the required integrals are

/R do () = 23" (1 - %) signlz /] (4.7.3)

with sign[0] = 0. For the minimal ADE reflection factors found in section 4.3 these

evaluate to

/ do ¥ (0) =1 — Ny, (4.7.4)
R
while for the T, reflection factors (4.5.4),
/ df I (0) = 2Ny, . (4.7.5)
R
To calculate the UV limit of X({), define a matrix M whose elements are
Nab
ab = — : 4.7.6
Mas 1+ g’ ( )
2 -1
-1 2 -1

YThe Cartan matrix for 7. is taken to be
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in terms of which

I 1 1
2(0) = ; ~(ef ) = —sln((l-a). . (1-e) (4.7.7)
where ey, ..., e, are the eigenvalues of M. When one of these eigenvalues is larger

than 1, the infinite sum does not converge (this is the case for A,, r > 5, D,, r > 4
and E,) but the RHS of (4.7.7) gives the correct analytic continuation, since it follows
from (4.6.41).

4.7.1 T,

Begin with the T, theories, whose UV limits are the non-unitary minimal models
M3 2,43 There are 741 ‘pure’ conformal boundary conditions, and the corresponding
values of the conformal g-functions can be found using the formula

S(1141)(1,1+4)
/2

9(1,14d) = d=0,...,7 (4.7.8)

|Se1,140),(1,1) |
where (1,1 +7) is the ground state of the bulk theory, with lowest. conformal weight,
(1,1) is the ‘conformal vacuum’ — with conformal weight 0 — and S is the modular
S-matrix. Recall from section 2.2.2 that the components of S for a general minimal
model M,,, are

2

_ Limptno [P (P
Stnm)i(p.o) = 2 p—p’(_l) TR gin (WE’H,O) sin (W;THU) : (4.7.9)

where 1 <n,p<p' —1,1 <m,o <p—1 and, to avoid double-counting, m < I%n
and p < I%a. For the T, theories, p’ = 2 and p = 2r + 3, and so n and p are both
equal to 1 while m and o range from 1 to r + 1, as in (4.7.8).

The values predicted by (4.7.8) should be compared with the values of go)(0) cal-
culated from (4.6.1). For the boundary-parameter-independent part of the reflection
factor from (4.5.4), which is the d = 0 case of the ‘quantum group reduced’ options

(4.5.12), the second term of (4.6.1) evaluates to

%Z /R df (¢I)(6) — 8(8) — 26aa(20)) In (1 + e7%)

T 2
= —EZaln 1+ sin” (57%3)
2 . arn . (a+2)7
a=1 sin (2r+3) S\ 53
. . (r+2)m
sSin (2&3) sin” ( 213 )

(4.7.10)

ol [ (r 7 ’
sm ( 2r+3
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while 3(0), calculated using (4.7.7), is

_iln((l —e)...(1—e)) = %ln (\/%Sin ((gﬁ?» . (4.7.11)

Adding these terms together and using some simple trigonometric identities reveals

a dramatic simplification:

2 : ™ 2
9(D]i=0 = (\/m sin (2T+3)) = g9(1,1) (4.7.12)

for all . This suggests that the minimal T, reflection factors (4.5.5) describe bulk

perturbations of the boundary conformal field theory with (1, 1) boundary conditions.
Notice that among all of the possible conformal boundary conditions in the unper-
turbed theory, this is the only one with no relevant boundary operators, matching

the fact that the minimal reflection factors (4.5.5) have no free parameters.

4.7.2 A,, D, and FE,

The ADE cases exhibit an interestingly uniform structure: substituting (4.7.1) and
(4.7.4) into (4.6.1) shows that the UV limit of the second, reflection-factor-dependent,
term of (4.6.1) is always zero when the minimal reflection factors from section 4.3
are used. This result can be confirmed by examining the contributions of the blocks
(z) of S(26), and {z) (or (%)) of RI*(#), as follows. Since the bulk S-matrix can be

written as

Sw(®) = ] {z}©) (4.7.13)

T€EAL

where {z} = (z + 1) (x — 1), Sas(26) can be written similarly:

Sw(20) = ] [21(6) (4.7.14)

€A

] = (x—;l) (I;1> (Zh —;H)—l <2h—2:c—1)_1 | (47.15)

Summing the contributions of each block [z], it is easily seen that

2 [ d06un(26) = 3

r€Aqa

where

<Qf + G — 2) . (4.7.16)



4.7. UV values of the g-function 130

The minimal reflection factors discussed in section 4.3 can be written in a similar
way:

R,= ][ # (4.7.17)

TE€Aaq
where each f, is either (z) or (Z). The contribution to [ df (,ZSLQ)(G) from each (z)
is =2+ 2z/h + 26, and from each (Z) is —2 + 2z/h. Noting that every minimal

reflection factor contains the block (1) exactly once, this integral can be written as

o) () — 2z _
/R df ¢l (6) ;( -+ 202 2), (4.7.18)
and so
/ d6 (¢! (0) — 6(60) — 2¢aa(20)) = 0 (4.7.19)

for every A, D and E theory, as claimed. Working backwards, this gives a general
proof of the formula (4.7.4), given (4.7.1).

With the reflection-factor-dependent term giving zero, the sum of X(0) and the
symmetry factor should correspond to a conformal g-function value. To find these
values in a uniform way, the diagonal coset description g; x g, /g2 will be employed,
where g; is the affine Lie algebra at level [ associated to one of the A, D or E Lie
algebras [109]. Recall that coset fields are specified by triples { i, U; p} of g weights at
levels 1, 1 and 2, and the g-function for the corresponding conformal boundary condi-
tion can be written in terms of the modular S-matrix of the coset model Syg,0.0}(5,5:5)

as
5{0,0,0}{,5:}

9P = -
) v/ S{0,0,0}{0,0;0}

Once the level [ has been specified, the representation of g; is completely determined

(4.7.20)

by the Dynkin labels of the corresponding representation of g. For example, the label

0 is given to the vacuum representation, where n; = 0,72 = 1,...,r, for both 91 and

—~

go.

For the level 1 representations of simply laced affine Lie algebras, the characters

have a particularly simple form [110, 111]:

Xalq) = 0a(q) (4.7.21)

ne(q)
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where ¢ = exp(2mi7) and the generalised # and Dedekind 7 functions are

ba(a) = D g2 (4.7.22)

neQ

.Js!"‘

H (1-q") (4.7.23)
Under the modular transformation 7 — —= the theta function transforms as

O — (—ir) P ——ex Y Mg, (4.7.24)

\/IP—/Q P

where P and @) are the weight lattice and root lattice respectively [111, 93], and the

n function becomes

1 o1
n(=-)= (—iT)2n(7). (4.7.25)
The modular S-matrix for level 1 is therefore
1 )
SW_ _— iy (4.7.26)

VIR

For the coset description of the g-function, (4.7.20), one needs to compute Ség which
is simply

swo_ 1 (4.7.27)

o VIPQ)

It is important to note that P/Q is isomorphic to the centre of the group under con-
sideration [112, 97]. The group of field identifications of the coset is also isomorphic

to the centre of this group so consequently (4.7.27) becomes

1
VN

The g-function can now be written in terms of the level 2 modular § matrices only:

S = for all fi. (4.7.28)

s
0
Iaop) = 9p = —= (4.7.29)

As is clear from (4.7.29), identifying the conformal g-function value will only pin

down the level 2 representation. For Fg, since there is only one possible level 1
representation (with Dynkin labels n;, = 0, ¢ = 1,...,8), by specifying the level 2
representation the coset field is fixed. However, for other cases, although the coset
selection and identification rules (4.2.81),(4.2.85) do constrain the possible coset rep-

resentations there is still some ambiguity left, in general. For example, for the A,
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cases the selection and identification rules are quite simple and the possible cosets,
given a fixed level 2 weight, are shown in table 4.4. The notation is as follows: ﬁj,
v; are level 1 weights and p; is the level 2 weight with Dynkin labels n; = 1 for i = j
and n; = 0, ¢ = 1,...,r otherwise. The labels p,, V¢ and p, now represent 0 with

Dynkin labels n; =0,i=1,...,r.

Fixed level 2 weight | Level 1 weight Level 1 weight Number of coset
5 i D fields {71, 7; 5}
0 0 0
i)‘i /l;r+1_i,’i=1,...7‘ r+1
ﬁj 18 93’—1‘7 1=0,...7
j=1...](r+1)/2 [T Vrpl-k, k=1,...7—j r+1

Table 4.4: A, coset fields, indicating the number of distinct fields for each level 2 weight;

in the first column, [z] denotes the integer part of

The coset fields for the A, (three-state Potts model) and E7 (tricritical Ising
model) cases, along with the corresponding boundary condition labels from [113] and
[114] respectively, are given in tables 4.5 and 4.6 as concrete examples.

It is useful to note that for the A,, D,, E¢ and E7 models, Sog = Spp only when
p = A0 for some A € O(g) [115] and for each such p there is a unique coset field, so
the number of fields with g-function equal to gz 5,0y is equal to the size of the orbit of
0. On the other hand, Eg has no diagram symmetry, but it is also exceptional in that
Soo = Sop, where p, has Dynkin labels n, = 1, all other n; = 0. Physically, this is to
be expected as the two fields correspond to the two fixed boundary conditions (—)
and (+), which clearly must have equal g-function values. (This exceptional equality
is discussed from a more mathematical perspective in, for example, [115].)

From (4.2.82) it is clear that Sp(ap = Sop is also true for p # 0. For the A and
E models at level 2, these are found to be the only cases where Spp, = Sop,; for the
D, models there is more degeneracy.

The modular & matrices, Spp can be calculated with (4.2.46), alternatively, al-

gorithms for computing these matrices are given by Gannon in [116]; Schellekens
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Az
Coset field Boundary label | Level 2 weight label
from [113] from table 4.7
{[1,0,0],[1,0,0];[2,0,0]} A
{[0,0,1],[0,1,0];[2,0,0]} B 0
{[0,1,0],[0,0,1];[2,0,0]} C
{[1,0,0},[0,1,0];[1,1,0]} AB
{[0,0,1],[0,0,1];[1,1,0]} BC [
{[0,1,0],[1,0,0];(1,1,0]} AC

Table 4.5: A, coset fields with the corresponding boundary labels and level 2 weight labels

from table 4.7. The weights are given in terms of Dynkin labels [ng, n1, ng, . . ]

has also produced a useful program for their calculation [117]. The level 2 modular
S-matrix elements for A, D and E theories needed to calculate the UV values of the
g-functions using (4.7.29) are given in table 4.7. The representations are labelled by
the Dynkin labels, n;, ¢ = 0,...,r. The number of coset fields corresponding to each
label is equal to the order of the orbit of that level 2 weight, under the outer auto-
morphism group O(g). Note for D,, r even, the weights p,_; and p, are in different
orbits, each with order 2, whereas for r odd they are in the same orbit with order 4,
so in both cases there are 4 coset fields with the same g-function value.

For each coset, the possible CFT values of the g-function can now be calculated
using (4.7.29) and the modular S-matrix elements given in table 4.7. Working case-
by-case, these numbers can be checked against the sums InC)qy + 3(0), the UV
limits of the off-critical g-functions g(I) for the minimal reflection factors described

in section 4.3. In every case, they are found to be
In g(l)|1:0 =In C|a> + E(O) =1In Jo (4730)

provided that the symmetry factors Cj,y are assigned as in table 4.3. The explicit
g-function values are given in table 4.8.

For some minimal models, go can be compared to the values of the g-function
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E;
Coset field Boundary label | Level 2 weight label
from [114] from table 4.7

{l1,0,...,0],[1,0,...,0],[2,0,...,0]} (-) 0

{[0,1,0,...],[0,1,0,...);[2,0,...,0]} (+)
{[1,0,...,0],[0,1,0,...];[1,1,0,...,0]} (d) P
{l1,0,...,0],[1,0,...,0];[0,0,1,0,...]} (-0) Do
{[0,1,0,...],[0,1,0,...];[0,0,1,0,...]} (0+)
{l1,0,...,0],[0,1,0,...];[0,0,0,1,0,...]} (0) Ps

Table 4.6: E; coset fields with the corresponding boundary labels and level 2 weight labels

from table 4.7. The weights are given in terms of Dynkin labels [ng, n1, no, . . ]

corresponding to known cases, thereby matching the reflection factors to physical
boundary conditions. For the three-state Potts model (A,), the tricritical Ising model
(E7) and the Ising model (FEjg) the corresponding boundary condition is the ‘fixed’
condition in each case [113, 114, 3]. Note the number of coset fields with g-function
equal to gg corresponds to the number of degenerate vacua, and hence to the number

of possible ‘fixed’ boundary conditions for all A, D and F models.

4.8 Checks in conformal perturbation theory

The off-critical g-functions only match boundary conformal field theory values in the
far ultraviolet. Moving away from this point one expects a variety of corrections, some
of which were analysed using conformal perturbation theory in [79]. The expansion
provided by the exact g-function result is instead about the infrared, but convergence
is sufficiently fast that the first few terms of the UV expansion can be extracted
numerically, allowing a comparison with conformal perturbation theory to be made.
In [4] this was done for the boundary Lee-Yang model; in this section the more

general proposals for the case of the three-state Potts model are tested. In [79], the
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S-matrix element Labels
@ _ 2 x \ 5 g [ ' .
A | Spp = (h+2)\/ﬁsm<m> [1:25 81n<h—+2) 0:ng=2,n,=0fori=1,...,7
A 0 i#j
p; : ng = 1,n;= ‘ .
1 1=
2 Re3 = hi1] ) .
Sf(lﬁ,- = (h2+_22)_\/ﬁ sin <(Jh+g7r) 1125 ] sin (#‘;}2) forj=1,...,[h/2],
where [z] is the integer part of x
and h is the Coxeter number.
D, S((JQO):%\/? 0:ng=2,m=0fori=1,...,r
p1 :ng=mny =1, all othern; =0
@ _ o _ 5ol S _ )0 i#d
Soﬁl_soﬁj_Qsoo pj imo=0,mn= | i
forj=2,...,r/2
2 ~
S(()ﬁ)r_1 S(()?r = 2—\1/5 Pr_i: no=mn,—1 =1, all othern; =0
p, i ng=n, =1, all other n; =0
Eq 55 = Zosin h—jQ) 0:np=2,n;=0fori=1,1,23,34
S(()zﬁ)j \/%sin 2(;11;];”) for j=1,2 P :ng=1,n; =1 all other n; =0
ps 2 nop=0,n2=1 all other n; =0
E- S((]%): h2+28in<h_f?) 0:n9g=2,n=0fori=1,...,7
S(()%)I =2 h—iQ sin hB—_;'Q) p1:no=1,n, =1 all other n; =0
S(()%)Q = h2+2 sin (% Py : no=0,ny =1 all other n; =0
S(()i)S =2 %sin (%) p3 :ng=0,n3=1all other n; =0
By % S(()%)z_% 0:np=2,m=0,foralli=1,...,8
Py :ng=0,n2=1,all othern; =0
[()%)1 % p1 - no=0,n; =1 all other n; =0

Table 4.7: Level 2 modular S-matrix elements for A, D and E models
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Clay go Number of fields
1 2" [ .k 12
Ar Jril <(h+2)\/ﬁ sSin (?) Hk:l Sin (h_-I-Q)) r+ 1
1 1 72\1/4
Dl 3 3 () 4
1 2 27 172
Bs | 7 (< sin () 3
172
1 2 - 47
E7 ﬁ <J+2 S1941 (m)) 2
Fg| 1 é 2

Table 4.8: UV g-function values calculated from the minimal reflection factors for the A,

D and E models

treatment of conformal perturbation theory concentrated on the non-unitary Lee-
Yang case whereas here a general discussion of the leading bulk-induced correction
to the g-function in the (simpler to treat) unitary cases will be presented.

Consider a unitary conformal field theory on a circle of circumference L, perturbed
by a bulk spinless primary field ¢ with scaling dimension z, = A, + A,. The

perturbed Hamiltonian is then

where
2 — c
Hy =~ (LO + Lo 1—2) (4.8.2)
and
L 1-z, .
H, = (—> fw(elo) de. (4.8.3)
2r
For A real in the ADE models a A-M relation of the form
M\?* 7%
M()\) = g|AYC=0) . I\(M)] = (—) (4.8.4)
K

is also expected, with x a model-dependent constant.

Leaving the boundary unperturbed, there is a conformal boundary condition «,
with boundary state |a). Set gy = g,y = (]0) and g, = (alp), where |0) and |¢)
are the states corresponding to the fields 1 and . Since the theory is unitary, |0) is
also the unperturbed ground state; and since ¢ is primary, (0]¢|0) = 0.

The aim is to calculate In Gjoy(A, L) = In{c|§2) where |a) is the unperturbed CFT

boundary state, and |€2) is the PCFT vacuum. This will be a power series in the
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dimensionless quantity AL?~%¢: here, the coefficient of the linear term, dlla), will be
found. The calculation follows [79], but is a little different (and in fact simpler)
because the theory is unitary, so that the ground state is the conformal vacuum |0).

First-order perturbation theory implies
/
Q) = [0) + A Qalvia) + ... (4.8.5)

where the sum is over all states excluding |0), (1),]0) = 0 and

<’¢a|H1|O>
(0[Ho|0) — (vha| Hol¥a)

Since the theory is unitary, (0|Ho|0) — (va|Holtha) = —(¥u|*E (Lo + Lo)|ta). Using

rotational invariance as well,

Q= (4.8.6)

' AL*% |%a){(Walip(1)|0)
A Q| 4.8.7
za: [a) = 27r 1-z, Z |L0+L0|wa) ( )
Hence
0) =10) - 22 (1-P)—L (1= P)p(1)j0) + (188)
— 2w L. 8.
where P = |0)(0] is the projector onto the ground state. Using the formula LoJléfo =
fol qLo-I-Zo—l dq7
AL Ydg ;.1
(@19) = (al0) — (ol (1- P)/0 DB (1-P)e)I0) 4. (489)

Since (0]p]0) = 0 and gLotLop(1)|0) = gFotLop(1)gLo~Lo|0) = ¢%#|0) this last ex-
pression simplifies to

AL2e

(a|Q) = (a]0) - i

/0 dg g™ {a|p(q)|0) + . .. (4.8.10)

Now (a|p(g)|0) is a disc amplitude, and by Mébius invariance it is given by

(@le(@)]0) = giy (1 — ¢*) 7. (4.8.11)

(This is a significant simplification over the nonunitary case discussed in [79], where
the corresponding amplitude had to be expressed in terms of hypergeometric func-
tions. )
Taking logarithms,
InGy(N L) = Ingay — /;7621 z:p §:0‘> / dg g (1 - ¢?) % + ...
= Ingy +dP L% 4+ (4.8.12)
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and doing the integral,
¢
4 = —W % B(l1-x,,7,/2) (4.8.13)
where B(z,y) = ['(z)['(y)/T'(z+vy) is the Euler beta function.

This is a general result. As a non-trivial check, specialise to the 3-state Potts
model, described by the A; scattering theory. There are three possible values A, B
and C of the microscopic spin variable, related by an S3 symmetry. At criticality
the model corresponds to a ¢ = 4/5 conformal field theory. The primary fields are
the identity 7, a doublet of fields {1, '} of dimensions A, = Ay = 2/3, the energy
operator £ of dimensions A, = A, = 2/5 and a second doublet of fields {0, o'} with
dimensions A, = A, = 1/15. The bulk perturbing operator ¢ which leads to the
A, scattering theory is €, and so z, = A, + A, = 4/5. Boundary conditions and
states for the unperturbed model are discussed in [68, 113]. One of the three ‘fixed’

boundary states, say |A), can be written in terms of Wj-Ishibashi states as [68]
Ay =By = K1)+ X|eh+ o)+ o)+ Xo)+X|ot)]  (48.14)
where K* = (5 — v/5)/30 and X? = (1 + v/5)/2. Hence
Ingay = InK = ~0.5961357674... , g%, /gy = X = 1.2720196495... (4.8.15)

Putting everything into (4.8.13), the CPT prediction for the coeflicient of the first
perturbative correction to the g-function for fixed boundary conditions in the three-

state Potts model is

d = —3.011357884.. .. (4.8.16)

The 3-state Potts model also admits ‘mixed’ boundary conditions AB, BC and CA

[118]. For later use note, from [68], that the corresponding boundary state is

|AB) = K [X?*[1) = X e+ X*|9 ) + XP[9T) = X o) — X7 Yol )]
(4.8.17)
so that, for the AB boundary, one instead finds

1
dAB) = —ﬁd'{”. (4.8.18)
The results (4.8.15) and (4.8.16) can be compared to the numerical evaluation of

the exact g-function result, written in terms of AL%/® using Fateev’s formula [119]

5= —iFE;‘—ﬁi (2m)°/9 ((2/5)¥(4/5))7** = 4.504307863 ... (48.19)
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where y(z) = T'(z)/T(1 — z). Setting z = ALY® = —(I/k)%/® (remembering that
(T —T.) x A < 0) a fit to the numerical data yields

Ing(l) = —0.596135768 — 0.49999991[ — 3.0113570 x
~0.909937 % + 0.3982 2% + 1.0z + ... (4.8.20)

which agrees well with (4.8.15) and (4.8.16). The match of the constant term in
(4.8.20) with In g4y from (4.8.15) is guaranteed by the exact formula, and so serves
as a check on the accuracy of our numerics. A calculation of the coefficient of the
irregular (in z) term, proportional to [, as in [79], predicts the value 0.5, again in

good agreement with the numerical results here.

4.9 One-parameter families and RG flows

Just as the minimal reflection factors were tested in section 4.7, the same can now be
done with the one-parameter families of reflection factors. These reflection factors,

RI*® depend on the parameter C and are given in (4.4.6) and (4.4.10).

4.9.1 The ultraviolet limit

If the parameter dependent reflection factors are used as input to calculate the g-

function, (4.6.1), and the limit [ — 0 is taken then
9 = gacy(Dli=o = 90 Tu , (4.9.1)
where Ty = Ty(6)|i=0 is a 6-independent constant. From (4.6.28) and (4.6.26)
Ty=V1+e« (4.9.2)

where the €4 values can be found in [32]. For every ADET theory, (4.9.1) leads to a
possible CF'T g-function value.

For M > 0 there will be many massive bulk flows as the parameter C' is varied.
However, it should be possible to tune C, as the limit | — 0 is taken, so as to give a
massless boundary flow between the conformal g-function ¢!#, corresponding to the
UV limit of the reflection factor RL‘LQ, and g, corresponding to the UV limit of the

minimal reflection factor. These flows are depicted in figure 4.5. Note that the UV
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g-function corresponding to the minimal reflection factors (go for the ADE cases and
g1 for T,) is the smallest conformal value in all cases so, by Affleck and Ludwig’s

g-theorem [3][71], this is a stable fixed point of the boundary RG flow.

Massive Bulk Flow
[ 1—0 |—oo
g

C
Massless

Boundary
Flow \‘

gy

Figure 4.5: The expected RG flow pattern

For the T’ case

g = gnary for d=1,...,7 (4.9.3)

This is consistent with a simple pattern of flows
(1,d+1) — (1,1) for d=1,...,r. (4.9.4)

The conformal values corresponding to the UV limits of ¢! for the A, D and E

cases are given in tables 4.9 and 4.10. Again the boundary flows

gld> — go (4.9.5)

are expected in each case. Notice that in many cases the UV g-function values are
sums of ‘simple’ CFT values, corresponding to flows from superpositions of Cardy
boundary conditions, driven by boundary-changing operators.

The conjectured flow for the three-state Potts model (As), g5, — go, corresponds
to the ‘mixed—to-fixed’ flow (AB — A) found by Affleck, Oshikawa and Saleur [113],
and by Fredenhagen [120].

Similarly, the flow g5 — go in the tricritical Ising model (E;) corresponds to
the ‘degenerate—to—fixed’ ((d) — (—) or (d) — (+)) flows of [121, 120]. Notice that
go + 9p, — go in E; matches the CFT g values for the flow (=) & (0+) — (—)
conjectured in [120]. However this latter flow is driven by the boundary field with
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A,

D,

gV = glr) = g5,
g|2) — glr_l) — gzﬁ?

glr/2> = glr/2+1> = gﬁr/? for r even

g/ = 95y, for 7 odd

g = (i+1)gofori=1,...
g =g =gs =g

Table 4.9: UV g-function values for A and D models

Es E; Es

g" | g™ 9, 95, 90 + 9p,
g™ g0 + 95, g0 + 95, 290 + 95,
g g s + g5, 95, + 95, | 290+ 295,
g go+ 9, +295, | 90+295, | 390+ 29p,
g1® 9o+ 395, | 590+ 39p,
g!® 295, + 295, | 590 + 495,
g'" 390 + 695, | 990 + 695,
g® 16go + 1293,

Table 4.10: UV g-function values for Fg, E7 and Es models
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scaling dimension 3/5, which is inappropriate for the F; coset description. A more
careful analysis shows that the flow described here, which is driven by a boundary
field with scaling dimension 1/10, must start from either (4+)&(0+) or (=)@ (-0), and
flow to (+) or (—). This serves as a useful reminder that the g-function values alone
do not pin down a boundary condition, and that this ambiguity can be physically

significant in situations involving superpositions of boundaries.

4.9.2 On the relationship between the UV and IR parame-

ters

The one-parameter families of boundary scattering theories introduced above should
describe simultaneous perturbations of boundary conformal field theories by relevant

bulk and boundary operators. The action is
Ajgy = ARFET + ABULE - ABND (4.9.6)

where is the unperturbed boundary CF'T action. Suppose that the boundary

BCFT
Ay

condition is imposed at z = 0; in general it might correspond to a superposition of
Njqy Cardy states. Denoting these by |c), ¢ = 1,2,..., N, the boundary is in the

state
Niay

oy =) " mpgle), (4.9.7)

with nj,y € N. The bulk perturbing term is

0 00
ABULK _ /\/ da:/ dy p(z,y) (4.9.8)

while the boundary perturbing part is

Niay

ARYP =D eaa) / dy Pelay(y) - (4.9.9)

c,d=1
The operators ¢ live on a single Cardy boundary, while the ¢(yq with ¢ # d
are boundary changing operators. Since ¢q) = gbz deyy 1D & unitary theory one also

expects (see for example [122])

Ii(cld) = Hidle) - (4.9.10)

Using periodicity arguments to analyse the behaviour of the ground-state energy

on a strip with perturbed boundaries as in [34] and [78] (see also (4.9.15) and (4.9.16)
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below), one can argue that the scaling dimensions of the fields ¢4 must, in these

integrable cases, be half that of the bulk perturbing operator ¢ :

_ T _ 2
for the ADE systems and
_ T _2-h
To= = ) (4.9.12)

for the T, models. The results recorded in (4.9.3) and tables 4.9 and 4.10 provide infor-
mation about the conformal boundary conditions associated with the one-parameter
families of reflection factors. For T, and A, the boundary is always found to be in a
pure Cardy state, while for D,, Fs and E; this is true only in one case per model,
and in the Fg-related theories the UV boundary always corresponds to a non-trivial
superposition of the states |+) and |free). This observation fits nicely with the con-
formal field theory results for the Ising model [68]: from (4.9.11) it is clear that for
the Eg coset description the integrable boundary perturbation must have dimension
z4 = 1/16, and indeed the only boundary operators with this dimension in the Ising
model are ¢4 (free) and P(gree|+)-
For simplicity, only the cases involving a single Cardy boundary will be discussed

here, where -

ARND = N/oo dy ¢(y) . (4.9.13)
As in the Ising and Lee-Yang examples of [72, 78], a simple formula is expected to link
the couplings A and p of bulk and boundary fields to the parameter C in the reflection
factors. However, without a precise identification of the operator ¢ it is hard to see
how such a relation can be determined. Even so, a general argument combined with
a numerically-supported conjecture allows the relation formula to be fixed up to a
single overall dimensionless constant. This goes as follows. In section 4.6.3 it was
shown that in all cases

Gy (D) = GO Ty(izC) (4.9.14)
where T is the TBA-related T-function, and G®(I) is the CPT G-function corre-
sponding to the minimal reflection factor, for which there is no boundary pertur-
bation. In addition, Ty(6) = Ty(,1) is even in 6, Ty(6) = Ty(—0), and periodic,

Ty(0 + in %) = Ty(6), and so it can be Fourier expanded as

Ty(i3C) = co(l) + ZCk(l) cos <h21k20> : (4.9.15)
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The observation of [91], that 7,(6,!) admits an expansion with finite domain of con-

2h
vergence in the pair of variables a; = (le*%)%+2, can now be used to see that
b 2h h
co(l) =co+ O (lhv+2> ,ally=alrt2 +0 (lh+2> : (4.9.16)

The minimal G-function also has an expansion

InGO(l) = In G 4 37 gylk2-2e0 (4.9.17)
k=1

while the conformal perturbation theory expansion of Ql 4 has the form (see [79])

o0

In G (A, L Z (L ) (AL 250 )", (4.9.18)

Comparing (4.9.14) - (4.9.17) with (4.9.18) one can conclude that, so long as ¢y # 0,

the relationship between C' and p must have the form
G cos | 27— ) MAHE = figcos | —2"—C ) M- (4.9.19)
= os | —— = /i 9.
K= Ho hto Ho ht2

where Jip is an unknown dimensionless constant. However the result (4.9.19) can only
be correct if 1 —z4 = 2h/(h+2). This is true only in the non-unitary 7, models, and
indeed it reproduces the Lee-Yang result of [4] when specialised to T}. For the ADE
theories, 1 — x4 = h/(h + 2) so ¢jg, the first u-dependent correction to G, must be
zero. (This is not surprising since in a unitary CFT this correction is proportional to
(@)% = 0.) The first contribution is then at order O(p?) = O(M?~?*¢), and at this
order there is an overlap between the expansions of Ty(6,!) and G®(I). This leads to

the less-restricted result

=k (Z+ 2T o)) MArE =T (2 2T_ o) ) par-ee (4.9.20)
=Ko | 2 CcOoSs hto2 =Rp | = COS ha 2 ..

where now both EO and Z are unknown constants. Consider now the Ising model, for

which the p — C formula is known [72]. Written in terms of C' it becomes
2
(hfefW?l) — 12 = 2M (1 + cos(2C)) = p = 2V/M cos(2C). (4.9.21)

Thus the boundary magnetic field is an even function of C. It is then tempting to

conjecture that z = 1 for all the gj; ¢y cases in the A, models, and, to preserve the
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perfect square property, that 2 is either 1 or —1 in all other ADE single boundary

condition situations:

- C
z=1 : p=ppcos (%) M™% % = Lok "% cos (;:—_'_2> o (4.9.22)

C
T=-1 : p=psin (2—4?2) M=% o % — flok ' sin (%2) . (4.9.23)

Return now to the physical picture of lows parametrised by C' depicted in figure 4.5.
At A = 0 the bulk mass is zero, and the only scale in the problem is that induced
by the boundary coupling 2. The massless boundary flow down the left-hand edge
of the diagram therefore corresponds to varying |u| from 0 to co. If A is instead kept
finite and nonzero while |u| is sent to infinity, the flow will collapse onto the lower
edge of the diagram, flowing from gg in the UV. For the g-function calculations to
reproduce this behaviour, the reflection factor should therefore reduce to its minimal
version as |u| — oo. For (4.9.22), |u| — oo corresponds to C' — ioco, which does
indeed reduce the reflection factor as required. On the other hand, taking |u| — oo
in (4.9.23), requires C' — 7(h+2)/2 4 i0o. While the reduction is again achieved in
the limit, real analyticity of the reflection factors is lost at intermediate values of .
For this reason option (4.9.22) might be favoured, but more detailed work will be
needed to make this a definitive conclusion.

In fact, the proposal (4.9.22) can be checked at g = 0 in the 3-state Potts model
(h = 3), as follows. Consider the results (4.8.16) and (4.8.18) and set

8y = —k 9/ (d'{“” - d'{”) = k9/5 (1 + %) d¥ = —0.683763720... (4.9.24)

According to the conclusions of section 4.9.1 and (4.9.22),
G (D) = G (DT (3C)o=s72 - (4.9.25)

and 6, should match the coefficients ¢; of 1%/ in the expansion of the function
T1(0,1)]o=0 about | = 0. Noticing that T1(0,1) = T»(0,1) = Tiy(6,!), table 6 of
[79] can be used: In Ty (in(b+3)/6) = e(in(b+3)/6), C = 5/2 corresponds to b = 2,
hM~%/5 = h, = —0.6852899839, and so one finds

t1 ~0.9977728224 h, = —0.683763721 . .. (4.9.26)

which within numerical accuracy is equal to 6.
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4.10 Boundary bound states of the three-state Potts
model

Another way to check the proposals made here is to look at the boundary pole
structure of the reflection factors. In this section the boundary parameter dependent
reflection factor for the three-state Potts model will be examined, which extends the
work done for the Yang-Lee model in [74]. Each pole in the physical strip must
correspond to a boundary bound state, unless a ‘u-channel’ or boundary Coleman-
Thun type diagram can be drawn, as described in section 3.3. The boundary bound
state bootstrap condition will be used to construct reflection factors for the excited
state boundaries and the aim is to close the bootrap on a finite number of excited
boundaries, and so conjecture the boundary spectrum.

Recall that the 3-state Potts model has one of 3 possible spins, A, B or C at
each lattice site. It is described by the Ay scattering theory where the two particles
correspond to a kink /anti-kink pair which interpolate between the spins A — B — C
and A — C — B respectively. Particle 2 can be interpreted as a bound state of
particle 1 with itself, and vice-versa, so the bulk fusing angles are U3 = U}, =
27 /3 and the S-matrix elements are Sy = Sz = (2), S;2 = —(1). The parameter

dependent reflection factors, described in section 4.4 are

RY = (=2)(-1+C)(-1-0C) (4.10.1)
RY = (=9)(=2+0C)(-2-0) (4.10.2)

where |0) denotes the boundary ground state here. In the limit C' — oo, the parame-
ter dependent blocks disappear from these reflection factors leaving R; = Ry = (—-2).
There are no poles in the physical strip of these reflection factors, and so no bound-
ary bound states as expected since this corresponds to a ‘fixed’ boundary condition.
When the parameter C' = 5/2, the boundary condition is the ‘mixed’ condition, say
AB, so both spin A or B is allowed at the boundary, but not spin C. The parameter
can therefore be thought of as indicating the preference of the boundary to be either
spin A or B as it moves away from C = 5/2.

The positions of the poles, and zeros, of (4.10.1) and (4.10.2) are shown in fig-
ure 4.6 as C' is varied. The pole positions are shown as solid lines, the zeros as

dashed lines and the axes are dotted lines. Note that the physical strip for reflection
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[0}
R 1

Figure 4.6: The poles and zeros of R|10> and R'QO). The poles are solid lines, the zeros

are dashed lines and the axes are dotted lines.

factors is 0 < @ < in/2 (half that of the bulk S-matrices) so a line at § = in/2 is
also included for guidance. The reflection factors (4.10.1) and (4.10.2) are symmetric
about C = 0 and C = 3 so the search for poles can be restricted to the physical
strip with 0 < C < 3. For Rllo) the only interesting pole occurs at 8 = in(C — 1)/3
denoted a in figure 4.6(a). This must correspond to a bound state, with fusing angle

(C — 1)m/3, exciting the boundary to state |1). The difference in energies between

€1 — eg = M. COS (@) (4.10.3)

which vanishes when C = 5/2, indicating that the levels |0) and |1) are degenerate

these two states is

at this point and for C' > 5/2, their roles swap, with |1) now acting as the ground
state and |0) an excited state. This is precisely as expected when the kink picture
is considered: associating |0) with, say, A and particle 1 with the kink, then |1)
will be B. These two states become degenerate at C' = 5/2, when the boundary
condition is AB. Now as C increases above 5/2, the ground state becomes |1),
and since acting on B with the antikink (particle 2) will give A one would expect
RY(C > 5/2) = RY(C < 5/2) and R\’(C > 5/2) = RY(C < 5/2). R\') can be

found using the boundary bound state bootsrap condition given in (3.3.26):

Rlll) = R'10>S11(9 +C—-1)Sh(0-C+1)
=(-2)(-1+C)(3-0C)

(4.10.4)
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Figure 4.7: The poles and zeros of R'll) and R!,Zl). The poles are solid lines, the zeros

are dashed lines and the axes are dotted lines.

RY = RIS, (0+C —1)S5(0 — C +1)
= (=2)(=2-C)(C).

(4.10.5)

Using the property (z £+ 2h) = (x), where h = 3 here, it is easy to show that

E+e)=RNC=2+e¢) (4.10.6)
Sre)=RP(C=3+¢ (4.10.7)
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so in fact, one only needs to consider poles in the physical strip for 0 < C < 5/2 to
get the full picture.

In RIQO), there is one such pole at i(C — 2)n/3, labelled b in figure 4.6. This
corresponds to a bound state, creating the boundary state |2), with energy

ea = €g + mcos (@) . (4.10.8)

The rapidities of the poles in Rlll) and RIQ1> are shown in figure 4.7. The pole, la-
belled d in figure 4.7(a) is just the ‘u-channel’ version of pole a, shown in figure 4.8(a),
whereas pole e corresponds to the Colemann-Thun process shown in figure 4.8(b).
Naively, this ought to represent a double pole, but note that there is a zero in R|20>
at im(2 — C)/3, which reduces the order appropriately. Diagram 4.8(b) is only valid
for C < 2, at which point a bound state must form, with fusing angle (3 — C)n/3,
creating a state |3), labelled in 4.7 by f. The pole at iwC/3 in ng1> (g in figure 4.7(b))
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Figure 4.8: Coleman-Thun diagrams for poles d and e in R|11>
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Figure 4.9: Coleman-Thun process diagram for pole g in R|21>

has another Coleman-Thun description, shown in figure 4.9, which again due to the
zero at in(2 — C')/3 in ngo) describes a simple, rather than a double pole.

As shown in (4.10.8), the energy of |2) is

C -2
ey = €9 + M Cos ((——3£> (4.10.9)
where eg is the energy of |0) and m is the mass of the kink/anti-kink. For state |3)
the energy is

((C—Q)W)
= ot meos | o | = .

(4.10.10)

As the states |2) and |3) have the same energy, the minimal assumption is that they

are the same state. This is supported by the fact that the reflection factors R?) and
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Figure 4.10: The poles and zeros of R|12> and RIQQ). Double poles (and zeros) are shown

by double lines.

RP) , 2 =1,2 are also equal:
RY = RSy (0+C —2)Su(6— C +2)

4.10.11
— (21 +OF(-1-C)3 - ) = R i

RI;) = Rl20>522(9 +C —2)S5»(0 - C+2)
(4.10.12)
= (—2)(=2+ C)(~2 - C)%(C) = RY

and

=E-*E+ei+e (4.10.13)
=R (C=3+¢)=RY(C=3+¢).

The poles in R?) (Rls) ) are shown in figure 4.10 (double poles are shown by double
lines). The double pole at iw(C —1)/3 in RP (h in figure 4.10(a)), can be described
in two ways: in terms of state |2) by figure 4.11(a), or state |3) by figure 4.11(b). In
these cases there is no zero at in(3 — C)/3 in either R'10> or R|20>, or at im(C — 2)/3
in Rg) so these really are second order diagrams. The pole at in(3 — C)/3 (i in
figure 4.10(a)) cannot be easily described in terms of state |2), but has a simple
description in terms of |3) as the ‘u-channel’ version of pole f, shown in figure 4.12.
The single pole at in(C'—2)/3 in R|22> (7 in figure 4.10(b)) is the ‘u-channel’ version
of pole b, as shown in figure 4.13(a), whereas the double pole at in(4 — C)/3 (k in
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Figure 4.11: Coleman-Thun diagrams for the double pole h in R|12):'3)

Figure 4.12: Coleman-Thun diagram for pole 7 in R|12)

figure 4.10) is explained by figure 4.13(b). Once again there is no zero in R|10> at
im(3 — C)/3, so this is indeed second order.
The boundary bound state bootstrap therefore closes on three states |0), [1) and

|2). The energies of |1) and |2), in terms of ey, the energy of |0), are

e1 = eg+mcos ((C’_;l)_ﬂ) (4.10.14)

es = eg+mcos (@) (4.10.15)

They are shown in figure 4.14, as a function of the boundary parameter C, indicating
at what values they appear in the spectrum. In figure 4.14(a), the energy of the
ground state eg is set, to zero, and e; and ey are given in units of the kink/antikink mass
m. In order to show the symmetry between eq and e; more clearly, in figure 4.14(b),
ep is taken to be eg = T (1 — cos((c—;”—ﬂ)) and again units of the kink/antikink mass
m are used. The one particle threshold (eq+m, for C < 5/2 and e; +m for C > 5/2),

above which the spectrum is continuous, is also shown in bold in figure 4.14(b). It
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Figure 4.13: Coleman-Thun diagrams for poles 7 and k in R|22>

1.0 15
4 125
0.7 3
] 1.04
m 054 J
] m 0.75 7
] 05
0.25- 3
1 025
OOH TTITITT TT T F T T A T T P T Eq T T hTTT 005
10 1258 15 175 20 225 25 ’

C

(a): €0 =0 (b): eo = 2(1 — cos({€5HTY)

Figure 4.14: The boundary spectrum of the three-state Potts model, in units of the

kink/antikink mass m. The bold curve is the one particle threshold.

should be possible to verify the spectrum shown in figure 4.14(b) using the boundary

truncated conformal space approach [78].



Chapter 5

PT symmetry breaking and

exceptional points

This chapter is concerned with the study of a family of P7-symmetric Hamiltonians,
and in particular, in the Jordon block structures which emerge as the P7 symmetry
is spontaneously broken. At first sight, this has little in common with the previous
work in this thesis, however the ODE/IM correspondence, described in section 2.6.2,
does have an important role to play. Before this is discussed there will be a brief
introduction to P7-symmetric quantum mechanics, which follows the recent review

[50].

5.1 PT-symmetric Quantum Mechanics

The study of P7-symmetric quantum mechanical theories began in private com-
munication between Bessis and Zinn-Justin, who considered the spectrum of the

Hamiltonian H = p? + iz3, with the corresponding Schrodinger equation

(—j— " ) b(2) = Bp(z), ¥(z) € LA(R). (5.1.1)

Although this Hamiltonian is not Hermitian, and so the usual arguments to show
the reality of the eigenvalues do not apply, numerical studies of this problem led
Bessis and Zinn-Justin to conjecture that the spectrum of H is in fact both real and
positive. Bender and Boettcher [63] suggested that the reality of the spectrum of this
non-Hermitian Hamiltonian is due to it having P7 -symmetry, where the parity P acts

by sending x — —z and p — —p, whereas the time reversal, 7, sends p — —p and
153
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1 — —i. When the Hamiltonian, H, is P7-symmetric the following commutation
relation holds: [H,P7] = 0. If H and PT are also simultaneously diagonalisable
(which is not necessarily the case as P7 is a non-linear operator) it can be shown
that the spectrum of H is real, as follows [123]: working in the basis in which both
H and PT are simultaneously diagonal, so H|¢) = E|¢) and PT |¢) = a|¢), where a
is a constant, then using (P7)? = 1, |¢) = PTPT|¢) = a*al|p) so a is in fact a pure
phase. It can therefore be absorbed into |¢) with the transformation |¢) — a'/?|¢)
so that PT|¢) = |¢) and HPT |p) = E|¢). Since H and PT commute, this is also
equal to PT H|¢) = E*|¢) and so E must be real.

Consider now the situation where H and P7 are not simultaneously diagonalis-
able, so PT|¢) = |¢) where |¢)) # a|¢). Using the commutation relation of H and
PT, HPT|¢) = PT H|¢), it is clear that H|¢) = E*|¢) so [) is an eigenvector of H
with eigenvalue E*. In these cases the P7 -symmetry of H is said to be spontaneously
broken; the energy eigenvalues are no longer real, but appear in complex-conjugate
pairs. The P7T operator acts to interchange the eigenvectors with complex-conjugate
eigenvalues [123].

Bender and Boettcher looked at a generalisation of the Bessis-Zinn-Justin prob-
lem, the Hamiltonian Hy; = p? — (iz)*™ (M real and > 0), and proposed that the
spectrum of this is real and positive for M > 1 [63]. As M decreases below 1, they
found that infinitely-many real eigenvalues pair off and become complex, and as M
reaches 0.5, the last real eigenvalue diverges to infinity. They interpreted this ‘phase
transition’ at M = 1 as the spontaneous breaking of the P7 symmetry of Hy,.
A further generalisation was made by Dorey and Tateo in [65], where an angular

momentum term was added to the Hamiltonian:

[+1
Hyy = p? — (i)™ + l(%) , (M, lreal and M > 0). (5.1.2)

The conjecture made in [65], was that the spectrum of Hjs, is real and positive for
M > 1and |20 + 1] < M + 1. For both of these generalisations, z is no longer
restricted to the real line, so it is important to consider what boundary conditions
to impose, as taking the quantisation contour to tend to infinity in different pairs
of Stokes sectors will lead to different eigenvalue problems, as mentioned in Section
2.6.2. Note that when M = 1 the Hamiltonian H, = p? + 22 is that of the simple

harmonic oscillator, for which the quantisation contour is the real axis. When the
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angular momentum term is introduced, this contour must be continued around the
singularity at the origin. In general, M can take non-integer values and so to ensure
that the —(iz)*" term is single valued, a branch cut must be made. This is taken
along the positive imaginary axis here, and so the continuation of the contour around
the origin should be taken through the lower half plane. As M increases above 1, the
resulting eigenvalue problem will be the correct continuation of the the simple har-
monic oscillator, provided the quantisation contour tends to infinity in those Stokes
sectors which contain the real axis for M = 1, namely S; and S_;, where

2k < T
2M + 2 2M +2°

Sy = |arg(z) — (5.1.3)

The Stokes sectors S; and S_; rotate towards the negative imaginary axis as M
increases, but for M < 2, the real axis remains within these sectors and so can be
taken as the quantisation contour (with suitable continuation around the singularity
at the origin). When M = 2, the anti-Stokes lines which form the upper boundary
of the sectors S; and S_; lie along the real axis, so for M > 2 the contour must
be deformed from the real axis, down into the lower half plane [63], as shown in

figure 5.1.

Im

Figure 5.1: A wavefunction contour for M > 2

The spectrum of the following family of P7-symmetric eigenvalue problems, first

studied in detail in [66, 124], are of particular interest in this thesis:

[——— — (i)™ — a(iz)M + l(l%l)]w(x) = E¢(z), y(z)e€ L*C). (5.14)
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For M =1, this also reduces to the simple harmonic oscillator (with energy E + «),
and the addition of the inhomogeneous term (iz)™~! has no effect on the Stokes
sectors so the contour C is the same as that described above and shown in figure 5.1.
This problem is invariant under the replacement [ — —1—1, and it will be convenient
in the following to trade [ for A := [+ %, so that the symmetry is between A and —A\.

The first interesting feature of (5.1.4), shared with many P7-symmetric problems,
is the reality of the spectrum for many values of the parameters a and [. More

precisely, for M > 1 and M, a and A = [43 real, the spectrum of (5.1.4) is
e real if a<M+1+2|)|; (5.1.5)
e positive if a<M+1=2|\|. (5.1.6)

This was proved in [66] via the ODE/IM correspondence. This proof will be discussed
shortly, but first it is worth seeing how the functional equations for this ODE differ

from the simpler case described in section 2.6.2 [66] (see also [50]).

5.2 Functional relations

As a small simplification, the factors of i can be eliminated from (5.1.4) by replacing

x with z := x/i and setting ®(z) := ¢(z /1), so that the eigenproblem (5.1.4) becomes

d? } PP ‘
(—@ + 22M 4 M1 4 74> Dp(2) = EPr(z), Pi(2) € L*(iC) (5.2.1)
where &, = —FE). Note that the quantisation contour has also been rotated by 90°;

the new contour is shown in figure 5.2.

In parallel to the discussion presented in Section 2.6.2, the Stokes relations can
be found by first defining the ‘basic’ solution, subdominant in the Sy sector, which
in this case is

S—M/2=a/2

y(z, €, a,A) ~ —\/TE_TH . (5.2.2)

From this ‘basic’ solution the following set of solutions can be generated:

Ye(z, &, a, N) = WM/ 2R 2y 7k WHE WMADRG X)) w = AT (5.2.3)

for integer k, with each pair of solutions {yi, yrs1} forming a basis. Following the

same argument given in section 2.6.2, a Stokes relation can be found, of the form

C(&, a, Nyo(z,E,a,N) = y_1(2,E, 0, A) + y1(2, &, a, N) (5.2.4)
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Figure 5.2: Quantisation contours for the lateral and radial problems

with the Stokes multiplier
C((‘:, «, /\) = W—l,l . (525)

Recall that Wj, is shorthand for the Wronskian of the functions y; and y,:

Wik = Wlys, ve] = Y% — Yju - (5.2.6)

M+1 _

Since w —1, the only values of « to appear in the functions yi(z, &, @, A) are «

and —a and so it is convenient to define
CH(E):=CE +a,N), ¥z, E) :=y(2,E +ta,\). (5.2.7)

Putting +« into (5.2.4) then leads to the pair of coupled equations

CHOEW D (2,E) = w T2y (2 W ME) (5.2.8)
+<'u(l-{~¢31)/2y(—)(w—lz7 w—QME)
CNEW T (2,E) = w 1m02H (2 WME) (5.2.9)

+w(l—a)/2y(+)(w—lz’ w—-?]\/fg) )

Now, consider the solutions to the radial problem, 91 (z, &, @, \), which are defined
at the origin by
Wz, a,A) =1y (2,0, A) ~ 22 (5.2.10)

with ¥_(2z,a,A) = 9¥(z,a,—A). The z dependence of the Stokes relations can be
removed by projecting onto these solutions. Let D(E,a, \) = Wy, v, ](€,a, ) and
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write D) () = D(E, +a, A). The Stokes relations then become

CHNEDI(E) = w @2 p=)(2M g) (5.2.11)
_’_w(2/\+a/2)D(—)(w—2M(€)
CNEDTE) = w Ba2DpH)(2Mg) (5.2.12)

+w(2/\—'a/2)D(+)(w—21\/18) )

It is worth noting a few features of the multipliers C and D here. C*) is defined
as the Wronskian of the subdominant solutions in the S; and S_; sectors. This
Wronskian is zero if and only if the two solutions are linearly dependent, so in fact
the solution is subdominant in both sectors. Such a solution is an eigenfunction of
this lateral problem and so C*) is a spectral determinant of this: the zeros of C*(&)
are the eigenvalues of the eigenproblem (5.2.1) with ®,(z) € L(iC). D®)(€) is also
a spectral determinant, but for the radial problem, with boundary conditions set as
z — 0 and x — +4o00. This is easily seen as D is the Wronskian of two solutions,
one subdominant in the Sy sector, and one which decays as z — 0. The zeros of
D(E) are therefore the eigenvalues of the radial problem. Note that the quantisation
contour for this problem is along the real axis, as shown in figure 5.2, so this problem
is Hermitian.

Now, for M > 1, WKB estimates show that the function D*)(£) has order less
than 1 [65], so Hadamard’s factorisation theorem can be applied in its simplest form.
This states that, if D(0,A) # 0 then D(E,A) can be written as an infinite product

over its zeros. This constraint holds as it can be shown that [66)
1 <M+ 1)%‘% T (25)
r

DY g = ——
( )lé‘ 0 \/2—2 9 (2211\[:15{_%+%)

(5.2.13)

and so

D&, X) = DF(0,)) ﬁ (1 —~ 5) : (5.2.14)

&En
n=0
Using (5.2.13) in (5.2.12), along with the identity

r (% + 0) r (% - 6) - COS?QW) (5.2.15)

and remembering that D7)(€) = D(E, —~a, \) and w = eFiT gives

C(E,a,N)|g=0 = C(E)|e=0

M + 1\ # o (5.2.16)
(%) re

2 ) U5 — 575)

2M+2
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5.3 Reality proof

The functional relations given above can now be used to reproduce the proof of (5.1.5)
and (5.1.6) [66] (see also [50]), using techniques inspired by the Bethe ansatz.

First, define the zeros of the spectral determinant C*)(£) = C(€,a,A) to be
the set {—Ey}, and the zeros of D*)(£) to be the set {S,gi)}. Putting £ = —E} in
(5.2.12) will fix the left of (5.2.12) to zero and so this equation can be rearranged to

DU W Ey) _ _ -2-a

and using the factorised form of D(=) for M > 1, (5.2.14) puts constraints on the Ej:

= [ &7 +WE
I1 ?ﬂ’—’“ = —w P k=12 (5.3.2)
gn +w‘2Ek

n=1
Each 57(1_) is an eigenvalue of an Hermitian operator Hps _, » and is therefore real.
Performing a Langer transformation [125] on Hprqa, by setting z = €%, y(z) =

e*2¢(x), shows that £L7) solves the following eigenproblem

< d‘f; + BMFe _ Mz 4 32 5(—>e%) é(z) =0. (5.3.3)
If o < 0, this is an everywhere positive potential and so £(7) is positive. Without loss
of generality, it can be assumed that A > 0, since the original problem is invariant
under A — —\ and so £ will be positive for a < A.

In fact, by considering the value of D{=)(£)|¢—o, given in (5.2.13), it is clear that
this first vanishes when &« = M + 2\ + 1, and so all £ must be positive up to this
point. Taking the modulus squared of (5.3.2) and writing the eigenvalues of (5.2.1)
as Ej, = |Ey|e’* gives

ﬁ(ls 24 | Ex? + 268 >|Ek|cos<h,+1+ok>)_1 5.34)
E712 + | Ex)? + 2657 | Ex cos(322 — 6)

Fora < M +2A+1, all g8 are positive and so each term in the product is greater
than, less than, or equal to one dependent only on the values of the cosine in the
numerator and denominator, which are independent of the index n. The product

will therefore only be equal to one if each individual term is equal to one, which for

E; # 0 requires cos(+2 ) = cos(+2~ — &%), or equivalently

1\/I+1 1\[+1

. 2m .
sin (]V[ n 1> sin(d) = 0. (5.3.5)




5.3. Reality proof 160

As M > 1, this implies that
Sp=mn,meEZ. (5.3.6)

Relaxing the condition on A now, this shows that the eigenvalues of (5.1.4) for M > 1
and o < M + |2A| are real. Note that most of the F; become complex as M falls
below 1 [63], at least for & = 0. This coincides with the point at which the order of
D)(€) is greater than 1, and so the factorised form of D(-)(£) given by Hadamard’s
factorisation theorem no longer has such a simple form and this proof breaks down.

To prove the positivity at general values of M > 1, one must first consider the
case of M = 1. This is the simple harmonic oscillator with angular momentum term
(where « is absorbed as a shift in &), which is exactly solvable for all A and « in

terms of confluent hypergeometric functions

1
y(z,E, a,\) = ﬁz“%e‘zz/QU(%(A +1) - 290 +1,2%). (5.3.7)

Now, using the analytic continuation formula, from [126]

) . 1—-b )
Ula, b, ze*™) = (1 — e“Q"Zb")F—(rl‘&a—jI))M(a, b,z) +e 2™ U(a,b,z)  (5.3.8)
the Wronskian
r
W(U(a,b,z), M(a,b, 2)] = %z‘bez (5.3.9)
and, for b > 1, the |z| — 0 asymptotic
re-1) .,
Ula,b,z) ~ I'(a) 270 (5.3.10)
it can be shown [65][66] that
2m

C(E, 0, N)|prer = (5.3.11)

F(% + 2/\+f—a)l-\(% _ 2/\—f+a) )

The eigenvalues of (5.1.4), for M = 1, are therefore Ey, = 4k+2—a+2X, k=1,2,....
They are all real for all real values of o and A, and are all positive for oo < 2 — |2A].

For M > 1, provided o remains less than M + 1 + |2)|, all eigenvalues E} will
be confined to the real axis and so the point at which the first eigenvalue becomes
negative will be signalled by the presence of a zero in C(—F, a, A) at . = 0. Recall,
from (5.2.16), that

M+ 1\ ¥ 2
2 ) T (% + 22—« ) r (l _ 2,\+Q) (5312)

2M+2 2 2M 42

C(E,a,\)|emo = (
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and so the first zero when £ = —F = 0 appears when a = M + 1 —|2)]; the spectrum
is therefore entirely positive for all @ < M +1 — |2X\| and M > 1.

Figure 5.3 shows the regions of parameter space for which the reality and positivity
of the spectrum has been proved. So far, the reality of the spectrum of (5.1.4) has
been proven for (a,2)A) € B U C U D, and positivity for (a,2)) € D. This proof
does not show that the reality of the spectrum breaks down for all, or indeed any, of
the points in A, although this breakdown has been observed numerically for several
points. In [124], Dorey, Dunning and Tateo explored the boundary of A, where they
described a mechanism by which the breakdown of reality occurs. They also showed
numerically that the phase diagram for M = 3 has a much more interesting structure

than is shown in figure 5.3. A discussion of their work is presented below.

o

4
A

’
N
NE
L M+
N
N

)

Figure 5.3: The approximate ‘phase diagram’ at fixed M. The spectrum is entirely

real in regions B, C and D, and positive in region D.

5.4 Investigating the frontiers of the region of re-
ality

It is convenient here to adopt a new set of coordinates in the (2A, &) plane defined

by
1

2M +2
The frontiers of the region (5.1.5) of guaranteed reality are the lines, at £45° in

ay = [ — M —1+2)\]. (5.4.1)

the (2A, @) plane, given by ay = 0. In this section, arguments from supersymmetric

quantum mechanics will be used to show that his model has a protected £ = 0 energy
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level along these lines, and that level crossing with this protected £ = 0 level can be
seen as the mechanism by which the first levels pair-off and become complex as the
region (5.1.5) is left [124]. This argument will also be extended to the lines ay = m,
m € N, for the M = 3 case, using the quasi-exact solvability of the model at these
points.

On the line oy =0, a = M + 1 — 2) and the ODE (5.1.4) becomes

d? oM M-1 A2 _i

<_@ + 2" +oaz™ T+ 7) O(z) = —EP(2). (5.4.2)

This factorises as
Q.Q_¢=-EP (5.4.3)

with
d 22 —1
—h— M2 4.

Q+ P + z 5, (5.4.4)

and such a factorisation usually points to a relationship with supersymmetry. It is
easily seen that (5.4.3) has an F = 0 eigenfunction in L?(iC):
1 M+
Y(z) = z27 e T | Q_1p(2) =0, (5.4.5)
which can be interpreted as having unbroken supersymmetry. All other eigenfunctions

are paired with those of the SUSY partner Hamiltonian H = @_Q4, which can

be found by replacing (ay,a_) = (O,—%) with (a ,a_) = (-1,-1 — %ﬁ) =
(-1, — %) This problem is symmetric in A so sending A — — A gives the £ =0
eigenfunction on the line a_ = 0. The boundaries between the regions in figure 5.3

coincide with the presence of the (supersymmetric) zero-energy state in the spectrum.
Ordinarily, this would be expected to be the ground state of the theory, which is the
case on the boundary of D. On the boundary of A, however, this is only true for
a < M + 3, due to level crossing which is not ruled out here by the usual theory of
SUSY quantum mechanics as this problem is not Hermitian.

To see this level crossing, consider C(€, a,l)|g=o, as given in (5.3.12), which in

the a4 coordinates is

M 4 1\ reetes 2m
. o , . 4.
C(—E,ay, a-)|p=0 ( 2 ) I'(—ap)(-a-) 040

This is zero when either o or a_ vanishes, as expected by the presence of the state

1 in the spectrum. Level-crossing occurs when a further level passes through zero.
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To find the points where this occurs, consider the SUSY partner potential, which is

isospectral to H except for the elimination of ¢. Replacing a4 in (5.4.6) with a.

o M+1\* 2
C(—E,OH-,O[—)IE:U,CAH:l - ( 2 ) I'(—a_)

B (M+1>a“ 21
2 L= —a)

(5.4.7)

Level-crossings with the state 1 are indicated by simple zeros of (5.4.7), at (a4, a_) =

(0,n+ %—ﬁ), n = 0,1,.... Swapping a; and «_ (using the A — —\ symmetry)
throughout gives level-crossings on the line «_ = 0. Note that these level-crossings

are exact as v is protected by supersymmetry, and cannot mix with any other state.
As soon as this supersymmetric line is left level mixing can occur. In P7 -symmetric
systems, eigenvalues are all either real, or occur in complex-conjugate pairs. Com-
plex eigenvalues can therefore only be formed via the intermediate coinciding of two
(or more) previously-real eigenvalues. The supersymmetry on the lines @, = 0 and
a_ = 0 provides a mechanism for this pairing-off to occur, and for the formation of
the associated exceptional points [124]. Exceptional points occur in the spectrum of
an eigenvalue problem whenever the coalescence of two or more eigenvalues is accom-
panied by a coalescence of the corresponding eigenvectors; at such points there is a
branching of the spectral Riemann surface [127, 128, 129, 130]. For one-dimensional
problems of the sort under discussion here, genuine degeneracies of levels are impossi-
ble — since the Wronskian of any two solutions which both decay in some asymptotic
direction must vanish — and so levels in this problem can only coincide at exceptional

points. Quadratic exceptional points must therefore exist at

— M—-1
(ay,a_) = <O,n+]]\$ ' 1) and (ag,a_)= (n+ ! ,0) (5.4.8)

+1 M+1

for n € N.

There is also a protected zero-energy level along the lines a;. = m € N. Exception-
ally, for M = 3 a similar line of argument can be applied here, using a higher-order
supersymmetry to eliminate this zero energy level along with 2m others [66][124],
which allows the positions of further quadratic exceptional points to be identified.
As will become clear shortly, this is related to the fact that, for M = 3, the model is

quasi-exactly solvable along these lines.
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Specialising now to M = 3, the eigenproblem (5.2.1) becomes

d2 /\2 1
(“@5 +20 a2’ + —; 4) Op(z) = —Ex®i(2), ®(z) € L2(iC).  (5.4.9)

If boundary conditions are imposed at z = 0 and z = +o0, the problem (5.4.9)
is quasi-exactly solvable whenever o and X are related by a = —(4J + 2\) for some
integer J, and J energy levels can be computed exactly [131]. Bender and Dunne [132]
found an elegant method to find the corresponding wavefunctions, square integrable
along the positive real axis. The solutions to (5.4.9) must have this property along
the contour 4 C, but with minor modifications the approach of [132] can still be used.

First, look for solutions of the form

Vi(z) = eT2H 2 Z an Po(E) 2™ (5.4.10)
n=0
where
1\" 1
n=1— . 5.4.11
¢ < 4) n!I(n++X+1) ( )

The functions ¥4 (z) can be shown to solve (5.4.9) if the coeflicients P, satisfy the

recursion relation
P,=-FEP, 1+16(a/4FX/2—-n+1)(n—1)(n—1xAN)Pa,n>1 (54.12)

with the condition that P, = 0, m < 0. The normalisation is set by the initial
condition Py = 1. If /4 F A/2 = J is a positive integer, then the second term
on the RHS of (5.4.12) vanishes for n = J + 1, and so P,;,(E) is proportional to
P;(E), as are all subsequent coefficients P~ 41(E). At a zero of P;(E) the series
therefore terminates and the J QES energy levels are found as those F that satisfy
P;(E) = 0. Due to the choice of exponential prefactor in (5.4.10) (inverse to that
in [132]), the corresponding 1. (2) will automatically satisfy the revised boundary
conditions. Note, since the boundary conditions are not being imposed at the origin,
both signs of A lead to acceptable solutions.

For simplicity, choose +A in (5.4.10) so a = 4J + 2X (—A can be recovered using
the A — —\ symmetry) and write P,, forn > J + 1 as

P, ;= P;Q,. (5.4.13)
The @), then satisfy the recursion relation

Qn=-EQ, 1+16(1l—n)in+J—-1)(n+J -1+ A)Qn_s (5.4.14)



5.4. Investigating the frontiers of the region of reality 165

with initial condition ¢y = 1. This matches the P, relation if J — J=—J , Or
alternatively, oy — @y = —a;/2+3X and A — XJ = ay/4+ A/2. Then

Qu(E, a5, ) = Pu(E,@5,\)) . (5.4.15)

This has an interesting consequence for the series expansion of (5.4.10), which can

I\" P.,(E,a;,\)
1 n'F n+ A+ l)z
_1 n+J Pi(E, a5, N)Qn(E, ay,\) »2ntJ)
(n+ ) T(n+ T+ X3 +1)

be seen by rewriting it as

4

(z, B, a5, A) = eT A A |4

24
M

(S

=€

(5.4.16)

where the dots represent lower order terms. Compare this with the expansion of

Y(z, E,ay, :\\J):

BN 4 i 1\" Pu(z,E, a5, 7)) o
W(z, E, a5, M) = eT e Z (——> (2, F,67, A1) 22 (5.4.17)
Z\71) W+
which, using (5.4.15) and A; = J -+ A becomes
~ox 4 1 IN"  Qun(E,a;,))
/ Ag) =eT T —= e . 4.1
V(z E.apAg) = etz 2;( 4> AT+ J+A+1) (5:4.18)

It now follows that (2, E, ay, A} is mapped onto a function proportional to ¥(z, E, a, /}\\J)
by the differential operator

(5.4.19)

It can therefore be shown that @Q;(\) maps the eigenfunctions of H(a,, A) to those
of H(@s, M), or to zero [66]. The eigenfunctions which are mapped to zero are those
for which P;(E, ay, A) vanishes, which are precisely the QES levels. The operator @
is therefore a generalisation of the supersymmetry operator @, for J > 1.

The argument for the level-crossing along the o = 0 lines can now be extended
further for the M = 3 case [124]. In terms of the oy notation, the QES levels occur at
(a4, 02) = (a4, 5(J—1)), for J a positive integer, which in the dual problem (with the
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QES states removed from the spectrum) becomes (ay,a_) = (ay — J/2,—3(J + 1)).
Substituting this into C|g=o (5.4.6):

C(—E,04,0-)|poog_=—1(s4+1) = ( 2

which is zero when o, = J/2 + n. Recall from above that the protected zero-energy
levels lie on the lines ay = m € N so if @y = m, J must be even and the quadratic

exceptional points occur for
1
(ag,a_) = (m,n+ 5) , n,méeN. (5.4.21)

Replacing A with —A in the above simply swaps a4, so there are also quadratic

exceptional points at

1
(g, a_) = (n+ i,m), n,m € N. (5.4.22)

It is also worth noting that the levels which become complex at these exceptional
points are always in the QES part of the spectrum. This is easy to show once it is
noted that the ‘dual’ problems, with (a4,a-) = (aq — J/2,3(J + 1)), always lie in
regions of the parameter space covered by the reality proof given above [124]. Since
the spectrum of this dual problem is identical to that of the original, minus the QES
levels, it is clear that the non-QES levels must always remain real. It also follows that
the QES eigenvalues are symmetric about zero, i.e. both £ and —F are contained in
the QES sector of the spectrum.

Numerical investigations at M = 3, reported in [124], showed that the way in
which the spectrum of (5.1.4) becomes complex has considerably more structure than
(5.1.5) might suggest. The curved, cusped line of figure 5.4 is a line of exceptional
points which indicates where the first pair of complex eigenvalues is formed as the
region of reality is left; it only touches the dotted lines ay = 0 at the isolated
points given in (5.4.8), but it will be shown that the smooth segments are quadratic
exceptional points, where two levels coalesce, while the cusps themselves are cubic

points.
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g o_
1 % .

2 2432

3 AR

4 %i 86+85 190,%1 86 8&/@
5 %,%:t 170;7¢m’%i 170—87\/m

Table 5.1: Location of some of the cusps in the (o, a_)-plane for M = 3.

with Qo(a_) = 1. Solving the recursion relation (5.5.4) gives

Q4
Qo (a-) =3F([5, —ay, 5 +a —ay] (3 —ay, 1 +a- —ay], 1) H(] +oa- —ay),
=1

(5.5.5)

which is a polynomial in a_ of degree ar,. Mapping back to the variables
(A o) = (£2(ay —a-), 41 + oy + ), (5.5.6)

the zeros of Qn+(a—) = 0 match all the cusp positions shown in figure 5.5, to within
the numerical accuracy. Table 5.1 shows the location of the first few cusps. Having

located the exceptional points, the next step if to show their Jordon block explicitly.

5.6 The Jordan block at an exceptional point

At an exceptional point, the Hamiltonian can be arranged so that it contains an
n x n Jordan block, where n is the number of merging levels: two for the quadratic
exceptional points, and three for the cubic ones. In general it is hard to see this
explicitly, since the eigenfunctions of (5.4.9) cannot be found exactly. However for
M = 3, the fact that the model is quasi-exactly solvable (QES) on the lines ay € N
can be exploited. Furthermore, as explained above, any levels which coalesce and
become complex on these lines must lie in the QES sector of the model. Near to the
exceptional points on the QES lines it is therefore a good approximation to truncate
the Hilbert space to that part of the QES sector which contains the coalescing levels.
This will be used to see the Jordan blocks for the first quadratic and cubic exceptional
points.

To do this, begin with the Hamiltonian, Hy, at the exceptional point, and restrict

to the space of states which merge at this point. Then perturb about this point,
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along the QES line by writing the full Hamiltonian, H, as H, = Hy + V. The aim is

to expand H,, using the wavefunctions of Hy as a basis, i.e. one needs to calculate

Hpn = (| Hp9n) = (G| Holdn) + (&|V |n) (5.6.1)

where {¢,,, ¢n} is the basis for the Jordan block form of Hy, and {@,, ¢} is the
appropriate dual basis. The expectation is that the eigenvalues of H,,,, to leading
order, will correspond to the eigenvalues of the the merging QES states. Before H,,,
can be calculated, the appropriate basis for Hy must be found. A general method for
finding such a basis, in cases where a suitable one-parameter family of eigenfunctions

is known exactly as the exceptional point is approached is, outlined below

5.6.1 Basis for an n x n Jordan block

To illustrate a method that can be used to construct the basis of an nxn Jordan block,
which arises when n eigenstates merge, the following toy model will be employed.

Take an n x n matrix L, depending on one parameter e:

0 1 0O
N |

L(e) = : (5.6.2)
0 ... 0 1
e O 0

This has n independent eigenvectors
( 1 )
e(27rij/n)€1/n
Y = eldmiy/n) 2/n ,j=1...n (5.6.3)

\ eZﬂ(n—l)ij/ne(n—l)/n /

When ¢ = 0, L(¢) has a Jordan block form, but at this point all n eigenvectors
1; become equal and so no longer form a basis. A new basis must therefore be

constructed, consisting of the vectors /¥, k = 0...n — 1 which satisfy

L(e)z/)(o)'_ - 0 (5.6.4)
L]y = Iy k= 569
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For simplicity, begin with the eigenvector v,, where
L(e)ipn(€) = €'/™hn(e). (5.6.6)

Clearly 1 = v,(¢) satisfies the first condition (5.6.4) above. Choosing (*) to be
another 1; here should work equally well but would need a different normalisation
for 4*) below.

Before the other basis vectors are constructed, it is convenient to introduce some

notation. Let

n—1 d
D=nen — 5.6.
ne o — (5.6.7)
and
-~ dL
L=—. 5.6.8
Ic (5.6.8)
Note that L is linear in € so % = 0. D and L satisfy the following commutation
relations
[D, "] = kelk-b/n (5.6.9)
[D,L] = net B/ (5.6.10)
[D,L] = o. (5.6.11)
Finally, define
1
(k+1) = Duy* 5.6.12
v PR (5.6.12)
By induction, it is easy to show that acting with D on (5.6.6) k times for 1 < k <
n — 1 gives
G (n—1) -1 1
_ B L (R — o (k—1) = ah (k)
11(3'“)’6 Lap®R=370 4 Lp®) = k=) emqp®), (5.6.13)
j=0 i=

When € = 0 this satisfies (5.6.5), so an appropriate basis is
PO =, (5.6.14)

and

1
Pk = EDW—U (5.6.15)

for k =1...,n—1. Recall that 1), was chosen for simplicity here, but other v; should

work equally well with some changes to normalisations.
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5.6.2 A quadratic exceptional point

The method outlined above will now be used to show the existence of a Jordan block
in the Hamiltonian for the first quadratic exceptional point.

Recall that the quadratic exceptional points occur at even values of J solet J = 2,
and take +X in (5.4.10) so J = a/4 — A\/2. Then o = 2X\ + 8 and the eigenvalue

problem is now

02 P
(—@ +20 4 (A +8)7 E) ¥ = 0. (5.6.16)

In the o notation from (5.4.1), this corresponds to oy = (A +1) and a_ = 1/2.
Let A\ = 2¢ — 1, then the exceptional point occurs when ¢ = 0. This is the point at
which two levels merge and the Hamiltonian can be written in a Jordan block form.

At this point the recursion relation for P, (5.4.12), becomes
P,=—FEP, 1 +16(3 —n)(n—1)(n+ 2 —2)P,_» (5.6.17)

which terminates when n = 3. The energy eigenvalues of the two QES levels are
given by the roots of Py: Ey = +iv/32¢ = +4y/—2¢. The corresponding eigenstates,
from (5.4.10), are

24 1 7;22
U, =ae7 22722 (1 = —> 5.6.18
+ \/ﬂ ( )

where U, = 974195 and a is some normalisation constant to be determined
later. The Jordan form of the Hamiltonian can be seen by working with the basis

[129]

o9 = U,| _,= —aie’ 4,302 (5.6.19)
qﬁm = 2b\/—d\IlﬂL = ab\/gez4/4
=0 z
with b another normalisation constant. The unperturbed Hamiltonian is
Hy = LA (5.6.20)
T dz? 422

and in order to satisfy the requirements Hyd® = 0 and Hop) = ¢(©, b is fixed to
be b = 4\/— Note, however, that this basis is not unique as the basis {a¢®, ag!) +
B @} also satisfies the Jordan block constraints for any constants « and 3. The

general Jordan basis, in this case, is therefore given by
do = —iae® /12?2 (5.6.21)
¢ = e/ ( + 623/2) : (5.6.22)
4z
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The integrals fv Pm@Pndz, {m,n} € {0,1}, must now be calculated in order to fix
these constants and to identify the relevant dual basis {qﬁm, qgn}, which must satisfy
fw bododz = f7 $1d1dz = 1 and f,y dodrdz = f7 b10gdz = 0. The contour, here
and in subsequent calculations, is taken to be v = —y_; + v9 + 71, where v.(t) =
texp(Fin/4),e <t < oo,y = ee', —n/4 <t < /4 and ¢ is a small positive number

which avoids any singularities at z = 0. The integrals are given by

/ popodz = —a? / e 23 dz =0 (5.6.23)
v v
2 .2
/¢0¢1 dz = /624/2 (—% —z’aﬁz?’) dz = — 2 \/2r (5.6.24)
v v 4 8
2 :
/¢1¢1 ds — /624/2 (__a_ _ tafz +ﬁ223> _ @ (5, /9 ﬂ) (5.6.25)
. . 16z 2 4 8
Fixing f,y P11 dz = 0 sets § to
o 7T
8= V3 (5.6.26)

and the requirement that f,y pop1dz = 1 sets a to

o= (1+1) (§>1/4. (5.6.27)

™

The basis is now fixed and the dual basis can be taken to be ¢o = ¢; and ¢; = .
The full Hamiltonian is H, = Hy+V where V = % +4ez?, so H,,, must now

be calculated, where
= (¢m|Holgn) + de(e = 1)(gml|272|¢n) + (2" |¢n)

with {¢m, ¢} = {do, #1} from above. The aim here is to find the eigenvalues of H,,
to leading order only. If ($1|V|¢0) ~ ajg€, for some coefficient a;y then to leading
order E, ; ~ *,/a0€, so no other matrix elements need to be considered. This is the

case here as (¢1|V|@p), for V = % + 4e2? is given by
(¢1|V | o) = 16¢(e — 2) ~ —32¢. (5.6.29)

Therefore, to leading order

E,: ~ +4v—2¢ (5.6.30)

which are equal to the QES eigenvalues F., as expected.
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5.6.3 A cubic exceptional point

The first cubic exceptional point occurs when J = 3 and a = 2\ + 12. In the ay
notation, this corresponds to (ay,a_) = (1 + A/2,1), but in table 5.1 the position of
the first cusp is given as (ay,a_) = (1/4,1) (note oy and a_ have been exchanged
here using the A — —\ symmetry). If A = 2e — 3/2, this point then corresponds to

¢ = 0. The eigenvalue problem, in terms of € is

d*  (4e — 2)(4e — 4) 9 6
(—@ + 1,2 +(4e+9)2"+2"+FE |y =0 (5.6.31)
and the recursion relation for P, is
P,=—-FEP, 1 +16(4 —n)(n—1)(n+ 2¢ — 5/2)P,_s. (5.6.32)

The roots of P5 give the energy eigenvalues of the three QES levels: Ey = 0, Ey =
+8+4/—2¢. The corresponding eigenstates are

Wy = eiorig (14 2 5.6.33
0o = ez +46+1 (5.6.33)

44/ —2¢2? 224
] _ 244 _2e—1 1 .
S I R

where a is some normalisation to be fixed later. Note that when ¢ = 0 the 3 QES

eigenstates above merge and so there is only one known eigenstate at this point,
namely

Wol| o =ae’ (% + 223) . (5.6.34)

Moving away from the cusp, along the QES line, the perturbed Hamiltonian would

correspond to a toy model matrix of the form

0 1 0
LEe=]¢2 0 1| (5.6.35)
0 €2 0

This is not the form discussed earlier in section 5.6.1 and in fact, to use the method
described there to find the Jordan basis one would need to know the eigenfunctions
of the Hamiltonian along the line perpendicular to this QES line. Unfortunately, as
these functions are not known analytically the basis functions will have to be found

by solving the constraints directly. The relevant basis ¢g, ¢; and ¢o must satisfy
Hopo = 0
Hopr = oo (5.6.36)
Hopo = ¢
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where Hj is the Hamiltonian at the cusp

d? 2
Hy=-—5+2°+9 + 5. (5.6.37)
Note that Hg ¥g|._, = 0 so one can take ¢g = Wg|._,. Then solving (5.6.36) for ¢,

and ¢, using maple, gives

1
¢ = e/ (%‘f+b(;+223)> (5.6.38)
Y S I NN AP
¢2 € (162+2+C(2+ z

with a, b and ¢ constants. These are not the most general solutions to (5.6.36) as a

term proportional to e~?'/4 can be added to both but as this term does not satisfy
the boundary conditions it is not included here.
Now that a basis has been constructed, the corresponding dual basis, ¢o, ¢, and

(52, must be found which satisfies
/¢i<13idz = 1,fori=0,1,2
N
/qbi(?)j dz = 0,fori#j. (5.6.39)
vy

From [129] this dual basis is expected to be qBO = ¢o, q~51 = ¢; and ég = ¢ and this is
supported by the fact that f oo dz = f doo1dz = 0 and f $1¢1 dz < a®. Fixing
fy ¢atodz = 0 and fw 12 dz = 0 constrains the coefficients b and ¢ to be

- an
~16I7(3/4)2
_a(37* - 8I'(3/4)")
— ST/ (5.6.40)
Then requiring f7 G101 dz = f7 dopydz = 1 fixes a*:
211/47;
2=~ . 5.6.41
R YETZY (564

Choosing the root with positive real part for a, the basis is fixed to be

_ 78,
b0 = %62 /4 (1+223>
r(3) ?

7/8 2
¢ = ( (13)25/2 (Z—SZF (2) +27rz3> (5.6.42)

1—4)27/8 24T (3)* + 372 2 1
¢$y = (;)92624/4 (4) " 16T (§) 2+ 67222 — 16T (ﬁ) 23
s12r (2)” z 4 4
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with the dual basis qgo = @9, q~51 = ¢, and 452 = ¢y.
As in the quadratic case, not all matrix elements need to be calculated in order
to find the eigenvalues to leading order. If (¢o|V|@o) ~ agoe then the eigenvalues are

given by this alone:
Ep; & (aze)P2e™5 + O(e¥%) for j =0,1,2. (5.6.43)

If, however, (¢o|V|do) ~ €2 but (¢1|V|go) = (d2|V]é1) ~ aige then to leading order

Ep;O ~ 0+O(E) (5.6.44)
E,: =~ +v2ay0¢+ O(e). (5.6.45)

One should begin, therefore, by calculating (¢s|V|¢e) which, for V = % + 4dez?,

is given by 982
- e
(@2lVdo) = —==-

ey’

Since this is of order €2, (¢|V|do) = ($2|V|¢1) is also needed:

(5.6.46)

<€Z~51|V|¢0> = (952|Vl¢1>

_ _3F8é)4 (24F (%)4 — 19T G)4 e+ 71’26> (5.6.47)

—64e.

Q

The eigenvalues can now be written down as

Epo ~ Ole)
Ey: ~ +8iv2e+ 0(e) (5.6.48)
which for small ¢ correspond to the QES eigenvalues given above.

To investigate the shape of this cusp it is also necessary to perturb away from the

exceptional point in the direction perpendicular to the QES line, i.e. along n where

a=—-4n+9and A = 2p—3/2, or a; = 1/4 and a_ = —n + 1. The Hamiltonian is
now
d? 2n—-2)(2n—1
Hy = ——+26+(-4n+9)z2+( n=2)(n-1 (5.6.49)
dz? 22

which will be considered as a perturbation of Hy, Hy = Ho+ V', with V' = —dnz? +

———4"2;;6"’. The matrix element <q52|V'|¢0) is found to be:

128nm(n—3) 128wy
3T (3)° r(3)°

(@2|V'|¢0) = (5.6.50)
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and since this is of order n there is no need to calculate any more terms to find the

eigenvalues, which are given by

) 1/3 i
Ey; ~4 (—F(S—L)Q> e s 3+ 0om¥?, for j=0,1,2. (5.6.51)

A matrix which has eigenvalues (5.6.48) and (5.6.51) in the limits  — 0 and

e — 0 respectively, to leading order is

0 1 0
64 0 1 |- (5.6.52)
1287
_r(3/4?2 —64¢ 0

This has the characteristic polynomial X3 + 128¢X + Fl(%’%’)g = 0. Now the curve of

exceptional points occurs when dX/de — oo (or equivalently dX/dn — oo). Since

dX —128X

de  3X2% ¥ 128¢ (5.6.53)

the requirement dX/de — oo fixes

128
X =44/ 36. (5.6.54)

Substituting this into the characteristic polynomial above and restricting to ¢ < 0

gives the following relation between 7 and e:

2 [128T(3/4)% 3
7}—:{:5 3 - le]/=. (5.6.55)

For ¢ > 0 the relation (5.6.54) is not real indicating that there are no exceptional

points in this region, which matches with the numerical results. In terms of the a4

notation, a; = e+ 1/4 and a_ = —n + 1 so this relation becomes:
2 [128T(3/4)?
a_ =1+ 5”? (3/4) (1/4 — ay)*? (5.6.56)
s

which is valid for a_ close to 1 and 0 << ay < 1/4.

A comparison between the prediction (5.6.56) and numerical data is shown in
figure 5.7. A surface plot of the energy levels in the vicinity of this cusp, given by
solutions to the characteristic polynomial above, is shown in figure 5.6, along with

the shape of the cusp given by (5.6.56).
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was truncated to the subspace spanned by |2n — 1) and |2n), and Hj; expanded
within that subspace about H,;—,. Diagonalising the resulting 2 x 2 matrix allowed
an approximation to the eigenvalues of H,; to be found for M near to 1. However,
as shown in [136], this approximation predicts level-merging for both signs of the
perturbation rather than the one sign actually observed, and when applied to the
pair of levels |2n) and |2n + 1), it predicts that they too will merge, contrary to the

actual behaviour of the model. These problems can be traced to the fact that the

energy levels at M = 1 and o = A\? — % = (0 are equally spaced, making the truncation
to the subspace spanned by |2n — 1) and |2n) unjustified.

For the more general Hamiltonian (5.8.2) the presence of A prevents this problem,
as A can be tuned so as to make a couple of levels very close to each other relative to
all of the rest. Truncation to these two levels will then yield a good approximation
to their behaviour for M close to 1. To see how a reliable prediction of exceptional
points can emerge from this approach, it is worth examining a simple 2 x 2 example
which illustrates the main features.

Consider the ‘unperturbed’ Hamiltonian

2n 0
Hy(n) = (5.8.3)
0 —2n
with exactly-known eigenvalues +27, and add to it the perturbation

vy - | T (58.4)

—ie/n  €/n
Here € is the perturbing parameter (corresponding to M — 1 in the full problem) and
the factors of 1/n capture the fact that nearby levels in the unperturbed problem
interact more strongly as they approach each other. Then H,. := H; 4+ V. has

eigenvalues

Ey =220 —¢ (5.8.5)

and there is an exceptional point for just one sign of the perturbing parameter, at
¢ = n2. The singular nature of the  — 0 limit in this presentation of the Hamiltonian
makes it hard to see the emergence of the Jordan block. For this, as in {130], define

a pair of matrices

P=_— |, R= (5.8.6)
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where ¢? = 2i¢/n. Then Hy, is similar to

~ 0 1+n%/e
H1+€ = R_IP—1H1+6PR = (587)
4e 0

which, at n = 0, has the expected perturbed Jordan block form.

Returning to the main problem, at M = 1 the full Hamiltonian is

d? A1
H=-—+2"+ 4
! dz? 2

—a. (5.8.8)

With the given boundary conditions, H; has eigenfunctions

v2vn!
V(1 — eF2mND(EX +n+ 1)

X () = /e T Iz, n=0,1,.... (5.8.9)

n

where L? are the Laguerre polynomials, and the normalisation prefactor is taken

from [137]. The corresponding eigenvalues are
Ef=—a+4n+2+2). (5.8.10)
A degenerate eigenvalue requires EtY = E,. for some n and m, which amounts to
m—n=A. (5.8.11)

Thus the spectrum has degeneracies on the vertical lines A € Z in the (2, a) plane,
and for these values of )\ infinitely-many pairs of eigenfunctions, ¢} and ¢, are
proportional to one other. For A = ¢, where ¢ is a non-negative integer, the normali-
sation in (5.8.9) is singular. Removing the singular term (1 — e*?™¢) and writing the

Laguerre polynomials in terms of gamma functions

a ! I'(n+4+1) ‘
Lf(z) =) (1) b 5.8.12
n(@) ;0( TG hT )Mkt TG T D" (5.8.12)
it is easily shown that ¢, , = (—1)‘1¢>]z,L , for p any other non-negative integer. Since
¢F — ¢, when X — —X, it also follows that ¢;, o ¢, when A = —q.

In order to find the eigenvalues of Hp for M = 1 + ¢, the method of [123] is
followed and Hjy; = H,, is treated in the basis of eigenfunctions of H; by writing it
as

H1+e = Hl + V; (5813)
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where H, is given in (5.8.8) and
V. = —2? — (iz)**% — a(iz)*. (5.8.14)

The matrix elements of V, in the truncated basis of H; eigenfunctions were found
exactly by Millican-Slater [137]. The results of his calculation are recorded here: The

matrix element (¢} |(iz)?M|gt) is given by

(g (i) |7, (2)) =

(cos(Mm) + sin(Mm) cot(Ar)) (—M)p(A+1)m

VAmITA+m + )I(A+n + 1)
FA+ M+ 15(-m A+ M+ 1,14+ M;A+1,14+M —n;1)

(5.8.15)

in terms of the hypergeometric function 3F; and the Pochhammer symbol (a),, de-
fined for positive integer n as (a), = ala +1)(a+2)...(a+n — 1) and (a)y := 1.

The corresponding matrix element for ¢ can be found by sending A — —\. Note,

n
when M = 1 this hypergeometric functions is not defined for all n and m so the
result for M = 1 cannot be read off from the above. This becomes clear when the
hypergeometric function 4Fg(—m, as,...,a4;b1,bs,...,bp;z) is written in terms of

the Pochhammer symbol

L (—m)r(agk - .- (@a)y 2F
Fg(—m,aq,...,a4;b1,...,bp;2) = — 5.8.16
aFs( 2 A 5:2) kz:% (b1)x(b2)i - (bp)x k! ( )
Note that if a is a negative integer, —n, then
—1)kn!
(@)y = (—mh = E” —)k)' ifn>k (5.8.17)
(a)y = 0 ifn<k (5.8.18)

so (5.8.16) is not well defined if one of the b; is negative and —b; < m. Therefore, the
hypergeometric function in (5.8.15) is undefined for M =1 and n — 2 < m. However,
for [n —m| > 2 the symmetry of the inner products in n and m can be used to avoid
this problem. In these cases, when M = 1, the (—M),, term in the expressions above
becomes (—1), = 0 so the inner products are zero. For n = m and n = m % 1, by
taking the limit M — 1 in (5.8.15) it can be shown [137] that the only non-zero inner

products for M =1 are

(6 (@)2®dn(2)) = 1+A+2n (5.8.19)
(6 (2)|2%|¢n (@) = 1—-A+2n (5.8.20)
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GLa@IeEE) = |- (=) (5.8.21)
Grn @60 = |/ (A=), (5822

The matrix element (¢, (z)|(iz)*M|¢,, (z)) is given by

sin(M7)(1 = XN)m(A = M),I'(M + 1)
| sin(mA |\/F 1=A+m)I(1+ A +n)min! (5.8.23)
><3F2(—m,1+M,]\/I+1—A,l—)\,M+1—)\—n,1)

and

(s (2)I(i2)*M |¢7,(2)) =

which, unlike (5.8.15), is always well defined at M = 1. Expanding the matrix
elements to leading order and re-diagonalising the resulting 2 X 2 matrix of H; . will

then give the approximate energy levels.

5.8.2 Perturbative locations of the exceptional points

Now set A = g+ n and M = 1+ €. It will also be assumed that g > 0, as results
for negative g are easily restored using the A — —\ symmetry of the problem. For
small values of 7, the pairs of levels {qﬁz‘f , ®prq}, P > 0, are near degenerate, making
the truncation of the Hamiltonian to the 2 x 2 blocks spanned by these two states
a good approximation. To simplify the notation, fix the integer p > 0 and denote
the corresponding basis by {¢*,¢7} = {7, ¢4}, with matrix elements Ho =
(¢?|Hpr|@?), where a,b € {+, —}. Recalling that Hy = Hy — 2* — (1z)*** — a(iz)*
the matrix elements H, ., H,_ and H__ can be easily written down, using (5.8.15),

(5.8.19), (5.8.20) and (5.8.23), and noting that

(pT|Hil¢T) = dp+2¢+2n+2 (5.8.24)
(9" |Hil¢g™) = 4p+2q—2n+2 (5.8.25)
(p*|Hil¢™) = (¢7|Hil¢") =0, (5.8.26)

Expanding in € and 7 and keeping terms proportional to n, ¢/n, € and €*/7 yields

(84 €
H,, =~ 4p+2q+2—a+(2p+q+l——);+2n

2
+ ((2p+q+1—%)¢(P+Q+1)+2p+2)6 (5.8.27)
+ ((2p+q+1—%)w(p+q+1)+2p+1)%
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a\ €

+ ((p+a+1-3)vp+1) +2p+20+2) ¢ (5.8.28)
2

— ((2p+q+1—%)L/)(p+q+l)+2p+1)%

7 e
H,  ~ - [(2p+q+1——)e
7] 2

2

(2p+q+1—9)w(p+q+1)+2p+1) 62]

+ (% 2p+q+1—g> (w(p+q+1)—w(p+1))—q>6n (5.8.29)
( i

+

where 1(z) = [(2)/I'(2). Details of this expansion are given in appendix A. This

matrix can now be diagonalised to find approximations to the eigenvalues Ei[)\:q )
Eiy v = W+20q+2—a+ (2p+q+2
b 22— )b+ )+ 1) ) (5.8.30)
+ [(8p+4q+4—2a)6+ ((8p+4q+4—a)w(p+q+1)
+8p + 4)62 + ((4p +2¢+2—a)(W(p+qg+1)—Y(p+1))

1/2
—4q) en + 4772]

Having obtained the approximate energy levels, exceptional points can be identi-
fied as lines on the (2), @) plane where the argument of the square root in (5.8.30)

vanishes. The approximations to these curves for both F.,_ and £y, =~ are

—q-n
plotted in figures 5.11, 5.12, 5.13, and 5.14, for ¢ = 0.005, 0.01, 0.02 and 0.035 re-
spectively. Each shows a against 2\ for fixed €, taking ¢ = 0,1,2 in £y, =~ and
Ey, _,_, above, and p= 0,1 and 2. (The lines of exceptional points for other values
of p and ¢ lie outside the regions shown on the plots.) The dotted lines are the

ay € Z7T lines, as previously.

As M increases from 1, regions of complex eigenvalues open up from the lines
A € Z, starting near the bottom of the spectrum. While the cusps cannot be seen
within this approximation (since the truncation is to just two levels), the pictures
are consistent with the numerical evidence in the last section that the cusps should

escape towards a = +o0o as M decreases from 3 to 1.
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A clearer insight into the transitions near M = 1 can be gained by retaining only
the leading terms of the matrix elements for small 7 and ¢, namely those proportional

ton and €/n. For A = ¢+ 1 and M = 1 + € as before, the matrix elements in the
basis {¢*, 97} = {¢], ¢p1 4} simplify to

H,, H,_ -2k 0 2n 0 —ke/n  —ike/n
_ + n (5.8.31)
H ., H__ 0 -2k 0 —27 —ike/n  ke/n
where
kK=3a—2p—q—1. (5.8.32)

The approximate eigenvalues are then

Eopprox = —2K £ 2y/n? — ke . (5.8.33)

Apart from the overall shift by —2x and the replacement of € by ke, (5.8.31) and
(5.8.33) have exactly the same form as the toy example (5.8.5). Exceptional points
occur when the argument of the square root vanishes. At fixed ¢, and using the

A — —A symmetry, the curves of exceptional points form the parabolas
1
a=4p+2q+2+ 2—(2/\ + 2¢)? (5.8.34)
€

on the (2, ) plane, where p and g are non-negative integers. Note the significant
difference between the situations for € > 0 (M > 1) and for € < 0 (M < 1): for given
e > 0 the parabolas open upwards as in the figures above, and only a finite number of
eigenvalues are predicted to be imaginary. On the other hand, for ¢ < 0 the parabolas
open downwards, and infinitely-many eigenvalues are imaginary. This provides an
alternative understanding of the transition to infinitely-many complex eigenvalues as
M dips below 1, first observed by Bender and Boettcher [63] for & = 0, 2A = 1.
Finally, in table 5.2 the various approximations used in this section are compared
with numerical data obtained from a direct solution of the ordinary differential equa-
tion. The numerical eigenvalues are denoted by E, .., so it is against these values
that the approximations are compared. The result using the truncation to two energy
levels, but with no approximation of the matrix elements given in (5.8.15), (5.8.19),
(5.8.20) and (5.8.23), is denoted by Ef and, as shown in table 5.2, this truncation
gives a very good approximation to the numerical result E,,,,. The initial approxi-

mation of this truncated result (including € and €2/7 terms), given in (5.8.30) from
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which the figures 5.11-5.14 are plotted, is denoted by E. and the final approximation
(omitting the € and €?/n terms), as shown in (5.8.33), is given by E,ppror- The table
shows the comparison for various values of €, @ and 7, for p = ¢ = 0 (A = n) and

p=0,g=1 (e A=1+n).

e=001,a=09,7=03 | e=0.001, a =09, n=0.01
Enum 0.5012 1.727 1.15266823 1.05069482
Ey 0.50122059 1.72733240 1.15266441 1.05069431
on 0.49858501 1.73506561 1.15269439 1.05067066
Eopproz | 0.48193851 1.71806148 1.15099019 1.04900980
p=0,¢=1
e=0.01, =39, 17=001]e=0.001, a =35 n=0.01
Enum | 0.07899348 | 0.18089945 | 0.46597112 0.53999606
Ef 0.07897778 | 0.18034086 | 0.46596643 0.53999457
jomn 0.07913480 | 0.18078797 | 0.46595499 0.54000639
Fopproz | 0.05101020 | 0.14898979 | 0.46258342 0.53741657

Table 5.2: Comparison of data




Chapter 6

Conclusion

For perturbed boundary conformal field theories, little is known about the link be-
tween the reflection factors and the corresponding conformal boundary conditions.
In the bulk, this link can often be made with the TBA effective central charge, which
allows the S matrix to be matched with the perturbed CFT. It has been proposed
that the boundary analogue for this is given by the exact off-critical g-function, and
in Chapter 4, this was tested for the purely elastic scattering theories related to the
ADFET Lie algebras. A special class of reflection factors was identified which, in the
ultraviolet limit, were found to describe the reflection of massless particles off a wall
with fixed boundary conditions |¢), matching the low-temperature vacua.

A set of one-parameter families of reflection amplitudes was also proposed which,
from the g-function calculations, appear to correspond to perturbations of Cardy
boundary states, or of superpositions of such states, by relevant boundary operators,
with each boundary flow ending at a fixed boundary condition [3).

While the results presented in Chapter 4 indicate that these models all have in-
teresting interpretations as perturbed boundary conformal field theories, the checks
performed so far should be considered as preliminary. In Section 4.10, the bound-
ary bound-state spectrum was found for the three-state Potts model but it would
be interesting to check this result using the boundary truncated conformal space ap-
proach [78]. It remains an open problem to determine the boundary spectrum for
each of the remaining ADET models and also to fix completely the boundary UV/IR
relations proposed in Section 4.9.2. Finally, it would be interesting to extend this

work to other models, in particular to the Virasoro minimal models perturbed by the

191
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®,3 operator. This perturbation leads to massless flows between the minimal models
and knowledge of the exact g-function should allow conjectures to be made of the
existence of flows between conformal boundary conditions of different minimal mod-
els. The exact g-function described in Section 3.4 must be modified for these models
as they are not purely elastic scattering theories. An attempt at this has been made
in [138], but this suffers from the same problems as the original off-critical g-function
and must be modified by some boundary independent terms, as described in Section
3.4.

In Chapter 5, the phase diagram of the three-parameter family of P7 symmetric
Hamiltonians Hys ., was examined. At M = 3, this model is quasi-exactly solvable,
which allowed the precise Jordan block structure, at the first quadratic and cubic
points to be shown. The locations of the exceptional points were also explored away
from M = 3, using both numerical and perturbative methods.

These curves of exceptional points, for the M = 3 case, have also been found
using the complex WKB method by Sorrell [133]. It would be interesting to see if
this method reproduces the same pictures for other values of M. It would also be
interesting to investigate the phase diagram of this Hamiltonian when different lateral
boundary conditions are imposed, i.e. when the quantisation contour tends to infinity

in a different pair of Stokes sectors.



Appendix A

Perturbative expansion of the

matrix elements

In this appendix, the matrix elements

sin{e+n+q¢mI'p—1—e)l'(2+qg+n+¢€)
sin((n + q)m)[' (-1 —e)I'(1 + g+ n)p!
X3Fy(—p,2+€6,24+qg+n+el+qg+n2+e—p;l) (A.0.1)
sin((n+ 5 +¢)m)T(p—5)I'(1+ag+n+5)
sin((n + ¢)m)I'(—=5)I'(1 4+ g + n)p!

€ € €
>QE(—n1+?1+q+n+§ﬂ+q+m1+§—pﬂ)

I'(l-n+p) 7 )
T(1—q-n)y/T(1=n+p)L(L+q+p+n)p+q)p
(sin(ew)l“(erq—1+17—6)F(2+E)

|sin((n + @)m)[l(g—1+7n—¢)
X3Fy(-p—q,2+€6,2—q+e—n1l—qgq-—n2—-qg—p+e—1n1) (A.0.2)
asin($)I'p+q+n— %)F(1+%)
|sin((n + q)m)|l(g + 17— 5)

X

H+_ - Z

€ € €
Xﬂ%ﬂm—m1+aﬁ—q+§—nﬂ—q—m1—p—q+§—nd)>

sin((e —n—g)ml(p+g—1—-e2—g—n+e
sin((n + ¢)m)T(=1 = )T(1 - g —n)(p + q)!
X3F(—-p—q,2+€2—-qg—n+el—qg—n2+e—-p—q;1) (A.0.3)
sin((n — 5 +@)m)l'(p+q—5)T(1—qg—n+%)
sin((n + ¢)m)I(=5)I'(1 — g —n)(p + @)!
Xﬂ%Cm—m1+gﬂ—q—n+%ﬂ—q—m1+%—p—mQ
193
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as described in section 5.8.2 are expanded in € and 7, including terms proportional
to 1, €/n, € and €2/n. The final results are quoted in (5.8.27), (5.8.28) and (5.8.29).

The first step, before expanding these matrix elements, is to simplify them. The
hypergeometric functions, 4 Fg(—m,aq,...,aa;b1,...,bp;z) with m a positive inte-
ger, are defined in terms of the Pochhammer symbol (a),

—m)e(ag)y . .. (aq)p 2*

(b1)k(b2)k - .. (bp)k k!

AFB(—m,aQ,..,,aA;bl,.. bB, IZ (A04)
k=0

Note that when a is not a negative integer or zero, (a), can be written in terms of I'

functions
_Tla+n)
(a)p, = M) (A.0.5)
Substituting this into (A.0.4) then gives:
AFB(_m,QQ, s 3a’A;bl7b27 s 7bB; Z)
T'(b;)T(by)...[(bg) E’": (—m)l'(ag + k) .. . T(aa+k) 2* (A.0.6)
F(ag) F(CLA) F(bl +k) F(bB -f—k) k!

k=0
Then using the recurrence relation of the I' function, I'(z + 1) = 2I'(2), several times

it is easy to see that
I'(p+2) Iz —p)
I(z1) ['(z2)
The matrix elements (A.0.1), (A.0.2) and (A.0.3), can now be rewritten using

(A.0.6), (A.0.7) and (5.8.17) as

= (~1)". (A.0.7)

sin((n + €)m i (=1)P** T(2+e+k)(2+qg+n+e+k)
sm(mr paars p—KKTA+qg+n+k)I2+e—p+k)

sm — 97) P DA+ 5 +KT(L+qg+n+5+k)
) Lz:p

sin(n KW T(1+g+n+ K1+ 5—p+k)

Hyo =1 LA —ntp) (A.0.9)
VIQ—n+p)I(1+q+p+n)(p+q'p!
sin(er) +q( erqukp—i—q) F2+e+ kI (2+e—n—q+k)
(|5111(777T)|§ (p+qg—k)Nk! Tl—qg—n+kT(2+e—n—q—p+k)
sm(%) s q( 1)Ptatk(p 4 g)! Fl+5+kI1—-qg+5—n+k)
- Ism(mr)l,cz0 (p+g—FkK! T(1—q- n+k)1‘(1—q—p+§—n+k))
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H _ = 2p+q+1—77 (A.0.10)
sin( pif Lpratk T2 —-q+n+e+ kT2 +€e+k)
sin(nm) (p+q— NEIT(1—g+n+K2—p—qg+e+k)
sm 77——7r pZJrq npretk T(1—gq—-n+5+KT(1+5+k)
sin(7 ~ (p+a— KW TQ-g-—n+kI(1—-p-qg+5+k)

A.0.3 Expanding H, ,

Begin by expanding H,, (A.0.8), including terms in 7, €¢/7, € and €2/n. The Taylor
expansion of I'(e + a) and 1/T'(e + a) will be needed here:

F(e+a) = T(a){l+ v(a)e)
1 1

where ¢(z) = I"(2)/T'(z). It is useful to note that (1) = —v, where v =~ 0.5772 is
Euler’s constant, and ¥(z+1) = 1(z)+1/2. This is sufficient to expand most terms in
(A.0.8), but more care must be taken over terms of the form I'(e+a+k)/T'(e+a—p+k)
for k=0,...,panda=1,...,p. Now, for k =p+1—a,...,p the expansion of
these terms can be read off from (A.0.11) but for £k = 0,...,p — a this will not be

well defined so a little more work is required. Let j = k + a, then

&2 T(e+a+k) Z ['(e+ )
kZOF(e+a+k p) [(e+7—p)
> ((G-2G-3)..(G-»N+G-1)G-3)...(G—p)+...
p (A.0.12)

-2 . : :
j— - D! =[-1
[[-2= = (=1t for (A.0.13)
1 Ll —j) 0 otherwise
gives
~ T(e+) .
. ~ € 1P (5 -1 ! A0.14

ZF((—:—{-]—p) D (PG = 1) - )t (A.0.14)

j:a j:a
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so, putting this all together, one finds

Lo Tleta+k) 2, ke
;F(e+a+k—p)’”ﬁk:0( 1Pk +a—1Dl(p— k- a)!

P (h+a—1) (A.0.15)
P2 ra 1o Wt R - vasp k).

Substituting these results into (A.0.8) then gives

H ., =~ 2p+q+1+n+ <1+%> [(p+1)(p+q+1)(1+(1/)(2+p)+’7—1)6

+ v24+p+q)(etn) - 1+p+qn) pp+q( + (P(1 4 p) +7)e

k+1 YA +q+ k)
Jp—k-1)

+ Yl +p+g)le+n) —vp+q) )+ J (A.0.16)

k‘:O
= a<1+%) [(1+w(1+p+q)§+(w(p+1)+7)%) _%gﬁJ .

Finally, replacing the sums above with the following

-1

b~

Zﬁ = Y+1)+7 (A.0.17)
k=0
p—2 1 1
2 (p—k)p— k1) = 1—1—0 (A.0.18)
Z(p k)(; Fo1) p—1-1(p) -~ (A.0.19)
p—2 L2

o Rp—k-1 p* =1+ (1-2p)(%(p) + ) (A.0.20)

and keeping terms in 7, /7, € and €/n only, (A.0.16) reduces to

k=

o

[0 €
H., =~ 4p+2q+2—a+(2p+q+1—§)5+277

+ ((2p+q+1—%)1/}(p+q+1)+2p+2)6 (A.0.21)

62

+ ((2p+q+1—%)w(p+q+1)+2p+1>;

as advertised in (5.8.27).

A.0.4 Expanding H__

To expand the H__ term (A.0.10), (A.0.11) and (A.0.15) are used, as above, but now
more attention must also be paid to the ['(2 —g —n+e+k)/I'(1 — g —n+ k) and
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I'l-g—n+5+k)/T(1 —q—n+k) terms. Taking the second of these, one would
naively expand this, using (A.0.11), as

['(l-q—n+5+k) €
~1+yv(l—qg+k)= A.0.22
however, this is not well defined for £ = 0,...,¢ — 1 so more care must be taken here.

First, replace k with j = ¢ — k:

-1

-Q

T(1—q—n+§+k) jiFﬂ—j—n+®

. (A.0.23)
= Tl-g-n+k) & T0-j-n
then from the recurrence relation of the I' function, it can be shown that
€ e 1 /e
Tl-n+3) = ru—]—n+5ql(§—n—0 (A.0.24)
j-1
Fl-n) = I'I-j5-n)]](-n—1). (A.0.25)
1=0
Using this, (A.0.23) can be rewritten as
g-1 qg j-1 .
[(l-g-—n+5+k F1—-n+¢% _p—
~ T(l-q-n+k) FA-n) HisG-—n-1
_ r(l—n+g>i< n )( N+ )
Fl=mn) ‘Z\n—=35/p\n—5+i
F(l-n+< 7.
™ %uithiJE: (1+3)
n =2 j=1i=1
Then, expanding the I' functions with (A.0.11), and noting that
j-1 .
I'(s+7) €
1 — 2 7 14 -0 A.0.27
£1(+2) CGT(+5) 200 +7) ( )
one finds that
q—1 q
Ml—qg—n+5+k)
% k) + A.0.28
Tt Z( Bla—k)+7).  (A0.28)

Now, using the recurrence relation for the I' function on the '(2—g—n—e+k)/T'(1 -
g —n+ k) term gives

-1 q—1

=Z(1—q—77+e+k)
k=0

[~

'l—g—n+e+k)
Nl-qg—n+k)

F2-g-n+e+k)
Fl—q—n+k)

(A.0.29)

x>
Il

0
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and now (A.0.28) can be used to expand this as

qg-1

~ 621 g+k—n+e)(1+(w(g—k)+7)e). (A.0.30)

=0

T2 —g—n+e+tk)

I'l—g—-n+k)

k=0
Putting all this together gives

(g—7+1)(1—-j)
p+7)p+75-1)

q
H = = 2p+q+1—n+ez

p+q-2 -
_¢ (k+1)(1—q+k)
+ (6 77) 2. ra—Fptq—Fk—1) (A.0.31)

— (1 - %) [(p+Q)(p—n+p(w(1+p+c1)+7+¢(1+p))6)

- (p+q+1)(1+p—n+(1+p)<w(2+p+q)+w(2+p)+v—l)e)}
e 1 e 2\ P! 1
+ “[éjzlmJ“(é“zz) D

(1-5) (rwenrvapea+ng) |

Now, the sums above are given by

gzﬁy = Yp+a+1)—d(p+a) (A.0.32)
q
;(P‘Fj)(Pl-Fj—l) B p+c11_1_p41rq (A.0.33)
q . |
;(pﬂ)(zfﬂ—l) = e - (A.0.34)

—y(p+a—1)

g 9 , ,
Z::(P+j)(;+j—1) B q+1_“+p+i_1—piq (A.0.35)

+(1 =2p)(W(p+q) +¥(p+a—1))

with a = 1, and those in (A.0.17) to (A.0.20). This gives the final result, as written
n (5.8.28):

€
H__ = 4p+2q+2—a—(2p+q+1——>5—277

+ ((2p+q+1—%)¢(p+1)+2p+2q+2)6 (A.0.36)
2

(6]
- ((2p+q+1—Z)¢(p+q+1)+2p+1)%
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A.0.5 Expanding H,_

Finally, the H;_ term (A.0.10) must be expanded. Here there are a couple of terms
that need some attention. The first being of the form I'(a+e—n—q+k)/T'(a + € —
n—p—q-+k), wherea=1,2. Whenk=p+qg+1—a,...,p+ g, the expansion of
this can be read off easily from (A.0.11) so concentrate on k =0,...,p+ g —a. Take
the case k =0,...,q — a first:

—n+a-q+k) pq_a P
- - —k
ZFe—n+a— —q+k) k:OH Tetn-atyg +1)
g—a
[(—e+n—a+p+qg—k+1)
= 1)? ' A.0.37
(= )kz:; I'(—e+n—a+q—k+1) ( )

<~ (P+g—a—k)

Q
B
=

(g—a—k) (1“(¢(p+q—a—k+1)

~(g-a—k+1)(e=mn).

Fork=q+1—a,...,p+ q— a, replace k with j = k + a — ¢ and using (A.0.14):

pia P(e—n+a—q+k) _zp: (e = n+37)

Nl Lle=n+a—p —q+k) jﬂF(e—n%—j—p)
p
n) Y (1P = Di(p - j)! (A.0.38)
=1
ptg—a

Slemn) > [CUPEek e g - Dlg— k- )]

k=q+1-a

The next term to look at is 1/T(1 —q¢—n+ k). Fork=gq,...,p+q, (A.0.11) gives
the correct expansion so only k =0,...,q — 1 needs more consideration:

i s I'(1-n+k)
Fl—q n+k) 0I‘1—77+k ) T(l—qg—n+k)

1

(A.0.39)

Now the expansion of 1/I'(1 —n + k) is perfectly straightforward for k =0,...,q¢—1,
and using (A.0.15) with a = 1 gives

1 - n + k < q k
k'(q—k—1). A.0.40
Z 'l—-q—n+k) kz: ) ( )
Finally, the expansion of the prefactor of H,_ is
(- n+ p)
VI =0 +pL(1+p+q+0)p+q) (A.0.41)
1

~ (i S+ g+ 1)+ (o + 1))
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Gathering these terms together gives

H,_

&

S a4 )+ ulp+ 1))+ )0+ D) x

(1+ @ +2) + 9o+ g+ e+ @+ 1) = v+ 2+ (= Ve —n))
- p(p+q)<1+(w(p+1)+w(p+q+1))f+(w(p)—w(p+1))n+v(6—n))

+”+f2 (k+1)(k—q+1) (k+1)(g—k—1)
(p+q—k)(p+q—k—1 c~(p+q—k p+q—k—1

Mm

n
k=gq )

- g(1 + 1w(p FatDe+ v+ D+ W+ D) +)G-n)  (A04Y
ptg— 1 1
) ; (p+tqg—k (5_n)+zp+q—k7]}

By replacing & with j = k — ¢ in the 1st and 3rd sums and j = ¢ — k in the 2nd
and 4th above, their results can be read off from (A.0.17) to (A.0.20) and (A.0.32)
to (A.0.35). This then simplifies to give

- {
(

_+_

H,_

&

p [(2p+q+1—g)
;(2p+q+1— —) (Wp+qg+1)— w(p+1))_q> en (A.0.43)

a
(2p+q+1—z)w(p+q+1)+2p+1> 62]

as written in (5.8.29).
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