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Abstract

A mathematical analysis has been carried out for a coupled pair of Cahn-Hilliard
equations with a double well potential function with infinite walled free energy,
which appears in modelling a phase separation on a thin film of binary liquid mix-
ture coating substrate, which is wet by one component. Existence and uniqueness
are proved for a weak formulation of the problem, which possesses a Lyapunov

functional. Regularity results for the weak formulation are presented.

Semi and fully discrete finite element approximations are proposed where existence
and uniqueness of their solutions are proven. Their convergence to the solution
of the continuous solutions are presented. Error bound between semi-discrete and
continuous solutions, between semi-discrete and fully discrete solutions, and between
fully discrete and continuous solutions are all investigated. A practical algorithm
to solve the fully discrete finite element formulation at each time step is introduced
and its convergence is shown. Finally, a linear stability analysis of the equations in
one dimension space is presented and some numerical simulations in one and two

dimension spaces are preformed.
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Chapter 1

Introduction

Consider when a binary alloy, a composition u,, with components A and B, prepared
at a uniform temperature Ty, greater than the critical temperéture T,, is deeply
quenched to a temperature T, less than T, the alloy being in stable or homogeneous
state in one-phase region transforms into unstable state in two-phase region. In
the transformation process, A and B components spontaneously separate and form
domains pure in each component, u, and u,. This phenomenon is known as spinodal

decomposition.

The phenomena of phase separation of a binary alloy first gained the interest of
metallurgists. It was then noted that certain glass mixtures underwent the éame
type of transformation process. For further physical motivation for studying this
problem we refer to Cahn & Hilliard [18], Cahn [17], and Cahn & Hilliard [19]. See
also reviews by Gunton, San-Migul & Sahni [31] and Skripov & Skripov [47].

A phenomenological theory describing the above is provided by considering a free
energy ¥(u, T) where for T > T¢, Yyu(u, T) > 0 and for T < T, yu(u, T) < 0 in just
one interval [u$, uj] called the spinodal interval, see Figure 1.1, connected with the
description is the phase diagram depicted in Figure 1.2. The spinodal curve [ is the
locus of points where ¥,,(u,T) = 0. Above the coexistence curve, «, any uniform
concentration is stable, see below. Below the spinodal curve the state (up, Tr,) is
unstable and the alloy separates into two values characterised by the values u, and

up where the line T' = T,,, crosses the coexistence curve.
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Figure 1.1: Free energy of the system below the critical temparature.
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Figure 1.2: Phase diagram of binary alloy.
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The Cahn-Hilliard equation, 2 € R",

w=¢P@u)-—vAu z€Qt>0, (1.1.1b)

subject to the intitial condition
u(z,0) = up(x) T €, (1.1.1c)

and the boundary condition

% = (89_1: =0 on Jf (1.1.1d)
where u is the concentration, w is the chemical potential, 1(u) is the homogeneous
free energy, and +y is a given positive constant relating to surface tension, has been
proposed as a mathematical model representing spinodal decomposition of a binary
alloy. For a mathematical discussion of the Cahn-Hilliard mathematical model of bi-
nary alloys see Elliott [25], Copetti and Elliott [22], Novick-Cohen [44], and Fife [29].
In order to model the surface energy of the interface separating the phases, Cahn
and Hilliard [18] represented the free energy by adding a gradient term 7|Vu|? to
a homogeneous free energy term ¥(u) so that the free energy F of a binary alloy

becomes

F(u) = ¢(u) + %|Vu|2. (1.1.2)
The chemical potential w is the functional derivative of the total free energy £
E) = / Flu)ds — / W(w) dz + 1/ V| da. (1.1.3)
Q Q 2 Jq

A prototype homogeneous free energy, used in Cahn and Hilliard [18], is

kT, u?

P(u) = Y(0,T)+ %z (14 u)log,(1+u)+ (1 —u)log, (1 —u)]— , (1.1.4)

see Figure 1.3, where u is the concentration varying between the values +1 which
correspond to either atoms of type A or B, k is Boltzmann’s constant, 0 < T < T,

is temparature considered as a parameter, the (0, T) is continuous in 7", with

kT,

$1(0,T) = =< — kTlog, 2. (1.1.5)
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wlu) ‘

Figure 1.3: Non-differentiable homogeneous free energy in (1.1.4).

Since

kT
d ¢ = —kT, 4+ —— 1.1.
|, v = #7+ g 10)

Yi(u) = —kTeu+ %leoge [1—1_—3
it follows that, for T > T, 1, is a convex function on (—1, 1) and, for T' < T, 9 has
the double well form. Furthermore, when 7 (.) is negative, the spinodal interval is
(-(1- %)%, (1— Tlc)%) Let the two minima of ¥ (u) be at ur ; and up_ = —ur 4
as ¢} (u) is an odd function. As we decrease T, the graph of kT log, (1£%) will be

attracted to the u-axis. However, for T fixed, we note that

lim log, <1+”> — 400, (1.1.7)

u—1- 1—u
thus the graphs of 1T log, (:3%) and kT.u will intersect at ur (and uz,_) which

will clearly converge to 1 (and —1) or

}}_I{})UT,+ =1 and ql}_r{})uT,_ = —1. (1.1.8)

Let © be bounded domain in R%(d < 3) with Lipschitz boundary Q. In this thesis,
we consider the coupled pair of Cahn-Hilliard equation modelling a phase separation
process on a thin film of binary liquid mixture coating substrate, which is wet by the

two components of the alloy denoted by A and B, for further physical phenomenon

see Keblinski et al. [35],

Problem .(P1) For D > 0, find {u(z,t),u2(z,t)} € R x R such that

E - Awl = O in Q, t > 0) (1193’)
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o
% ~Aw, =0 in®Q,t>0, (1.1.9b)

subject to the intial conditions
ui(z,0) = ul(z), us(z,0) = uy(z) on €2, (1.1.9¢)

and the boundary conditions

811,1 8UQ awl a’LUQ

W -y oy oy 0 oo o5, (1.1.9d)
where
_ 5F(U1,U2)
wy = 5“1 y (1199)
- 6F(u1,u2)
2 ——\ 2
F(UI’UQ) = ¢q(U1)+01|VU1| +1/)q(u2)+02|Vu2| +D (Ul + 2b1 (u2+ ﬁ) ,
2
(1.1.9g)
Ye(w1) = biuj — aruj, (1.1.9h)
Pq(uz) = byuj — aguj. (1.1.9)

The variable u; denotes a local concentration of A and B, us indicates the presence
of a liquid or a vapour phase. The function F(uj,us) is the free energy functional,
and ﬂl‘“—L for 4,7 = 1,2,7 # 7, indicates the functional derivative. The constant
¢; denotes the given surface tension of u;. The coefficient a; is proportional to T, — T’
of T, and T in (1.1.3), and T, represents the critical temperature of the liquid-vapour

phase separation.

If a; > 0,ay > 0, there are two equilibrium phases for each field corresponding to

up = £, /5 and up = £ denoted by uj,u;,us and uy, respectively. The

2
coupling D energetically inhibits the existence of the phase denoted by the (uf, uJ).
Thus we have a three-phase system: liquid A corresponds to (uy,u; ) regions, liquid

B to (u,uy) regions and the vapour phase to (u;,ug) regions.

Taking ¢; = ¢; = 1,7 > 0, we obtain the gradient terms %|Vu,|*> and 7|Vu,|* in
F(uy,us).
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In the case where T is close to T}, a Taylor series expansion shows that the approx-

imation of (1.1.3) can be expressed as
P(u) ~ clu® —u?)? (1.1.10)
which compares with bju! — au?,i = 1,2 in (1.1.9h) and (1.1.9i).

As the minima of bju! — a;u? are at + it is natural to replace

2b’

2 2
a; [15)
— > .1.
D (ul + 2b1) (U2 + 2b2 - 0 (]. 1 11)

by
D(uy +1)(ug+1) > 0 (1.1.12)

in the logarithmic case. This lead to the Cahn-Hilliard equation system with loga-

rithmic homogeneous free energy as

Problem (P2) For v > 0 and D > 0, find {u,(z,t),us(z,t)} € R x R such that

% —Aw; =0 inQ, t>0, (1.1.13a)
a’Uq .
—8—t— _— A'LU2 = 0 m Q, t> O, (1.1.13b)

subject to the intial conditions
uy(z,0) = ud(z), wus(z,0) = u)(z) on €, (1.1.13c)

and the boundary conditions

W oy - o ov =0 on 0f}, (1.1.13d)
where
wy = é%,_@_)_’ (1.1.13e)
F(uy,us)

= %[(1 + u1) ln(l +up) + (1 +ug) In(1 4+ ug) + (1 —uy) In(1 —ug) + (1 — uy) In(1 — u2)]

r=[a-ud+ -] + L (1Vul +19u2) + D + Diws + 1)

2
(1.1.13g)
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8UQ

3{ - A'LUQ =0 in Q, t> 0, (1116b)
where
O0F (uy, us)
w € e, (1.1.16¢)
6F(’U,1,'LL2)
wp € =t (1.1.164)
1 1
Fluj,ug) = =(1—u?)+ (1 —u?)+ Z|Vu1|2 + Z|Vu2|2
2 2 2 2
+ D(u1 + 1)(u2 + 1) + I[_l,l](ul) + I[_l,l](’Uq). (11166)

The Problem (P3) corresponds to the deep gquench limit of Imran [33] where the
free energy was for a model with a shallow quench. Together with this problem we

include the following boundary conditions

8’U/1 _ 8UQ . awl . sz .
5 o - B " By =0 on 012, (1.1.16f)

and initial conditions

ui(z,0) = ui(z), us(z,0) = ud(z) on €, (1.1.16g)
where v is the unit normal pointing out of 2.
Thus the Problem (P3) now is

Problem (P4) For v > and D > 0, find {u)(z,t),u2(z,t)} € R x R such that

% —Aw; =0 inQ,t>0, (1.1.17a)
% —Awy, =0  in,t>0, (1.1.17b)
w € %&iuz) = —yAu; —u; + D(uz + 1), (1.1.17¢)
wy € il—:‘—(;;;—w = —yAus —uz + D(uy + 1), | (1.1.17d)

subject to the intial conditions

ui(z,0) = ud(z), wuz(z,0) = uy(z) on €, (1.1.17e)
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and the boundary conditions

6u1 _ (9’UI2 _ 8w1 N awg _
ol Sl sk =0  ondQ. (1.1.17f)

If D = 0, then Problem (P4) reduces to two decoupled Cahn-Hilliard equations,
which has been discussed in the mathematical literatures, see Elliott [25], Novick-
Cohen [44], and Fife [29). For this type of problem, we do not have liquid-vapour

interfaces.

We now provide a layout of the contents of this thesis. In Chapter 2 a global
existence theorem for a weak formulation possessing a Lyapunov functional is proven.

Regularity results are presented for the weak formulation.

In Chapter 3 a semi-discrete finite element approximation is introduced. The exis-
tence and uniqueness is then proven. Stability bounds are obtained. Error bounds
between the semi-discrete and continuous solutions are given as tools for the error

analysis in Chapter 4.

A fully discrete finite element approximation is proposed in Chapter 4. It is shown
that the scheme possesses a Lyapunov functional. An error bound between the

discrete and continuous solutions is given by using the error bound results in Chapter

3.

In Chapter 5, a practical algorithm for solving the finite element problem at each
time step is suggested and convergence of the algorithm is proven. Some interesting
numerical simulations in one and two space dimensions are performed which show

the expected behaviour of the physical problem.



Chapter 2

Evolutionary Problem

In Section 2.1 notation which is used in this chapter is defined. In Section 2.2 a weak
formulation of the Cahn-Hiliard equation system is formulated and the existence
and uniqueness is proven. In Section 2.3 regularity results for the weak solution are

presented.

2.1 Notation and Results

Throughout 2 denotes an open bounded domain in R¢, (d = 1,2,3), we denote
the norm of HP(Q)(p > 0) by ||.||;, the semi-norm || DPqlo by |7|, and the L?*(Q2)

inner-product by (-,-). For d = 2,3 we assume that 9 is Lipschitz continuous.

We introduce the Green's operator Gy : F — V for the inverse of the Laplacian
with zero Neumann boundary data :- given f € F := {f € (H'(Q)) : (f,1) = 0}
we define Gy f € H'(Q2) to be the unique solution of

(VGnf, V) = (fin)  Vne H(Q), (2.1.1a)
(Gnf1) = 0, (2.1.1b)

where V := {v € H}(Q) : (v,1) = 0} and (-,-) denotes the duality pairing between
(HY(Q)) and H!(Q). Note that

(fm) = (fm)  VfeL¥Q). (2.1.2)

10
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The existence and uniqueness of Gy f follows from the Lax-Milgram theorem, the

fact that the space F is linear, and the Poincaré inequality

o < Cp{l(m DI+ 1Inli}  Vne HY(Q). (2.1.3)

For f € F we define

and note that if f € F N L%(Q) then

Iflle = (Gnf, DY, | (2.15)

For f € 7 N L?(), on noting (2.1.5), the Cauchy-Schwarz inequality, the Poincaré
inequality (2.1.3) and (2.1.4) yields

I£12, = (Gnf, £) < IflolGnflo < CpIfblGnfli = Crlflollfll-1,  (2.1.6)

so that
Ifll-1 < Cplflo. (2.1.7)

Introducing the Young’s inequality, for e > 0, a, 56> 0, 1 < p < 00, and % + é =1,
formulated as
P o bY
ab < e— +eP—. (2.1.8)
p q

We introduce also the Cauchy’s inequality, a special case when p = ¢ = 2 in (2.1.8),
Rodrigues [46], expressed as

a? b2
b < e— +e 1=, 2.1.9
ab < e +e€ 5 ( )

We then use the Cauchy’s inequality (2.1.9) to obtain, for all a > 0,

(f>77)h = (VGnf,Vn) < |Gnflilnh
= || fll-1nl
1
< %||f||—1+%|n|f VfeFtne H(Q). (2.1.10)

Let {z;}32, be the orthogonal basis for H'(£2) consisting of the eigenfunctions for
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0z;
—AZj-f—Z]' = WUjz;, 5—5 = 0, (2111)
and normalised so that
1
(21,2;) = & and 2 = —5—, 1 = L (2.1.12)
|11]2]92)2

Note that z; is the orthonormal basis for L*(£2). Let V* denote the finite dimensional

subspace of H'(2) spanned by {z;}5_;.

We define the L? projection onto V¥, P*: L2(Q) — V*, by

k
Pty =) (v, 2)z, (2.1.13)

j=1

We also notice that when v € H'(f2), P* is also the H'(f2) projection
(P*v —v,n*) = (V(P*v —v), Vn*) = 0, (2.1.14a)

“PkHC(Hl(Q),vk) = “Pk”[,(LZ(Q),.Vk) = 1. (2.1.14b)

Consequently from the density of V¥ in H!(}) and compactness, it follows that
PEy — v in L2(Q).

Let n* € V* and set ¢ = P*v + n* € V*. Using (2.1.14a) and the Cauchy-Schwarz
inequality, we have, for i =0, 1,
|Pfy — 0|2 = (P*v — v, Pfv —v) + (Prv — v, 7F)
= (P*y — v, PPy — v +n)
= (P*v —v,&" —v)
< |P*v = v);|€* — ;.

Dividing by |P*v — v|;, we obtain

[Py —w]; < |€F —o|;  VEFeVF i=0,1 (2.1.15)

2.2 Existence and Uniqueness

Given, for i = 1,2, v € K := {n € H'(Q) : =1 < n < 1}. We also define
Kpn, ={neK:(n1)=(ul,1) =m} withm; = (u, 1) € (—]9],|2]). We consider
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two weak formulation of the Problem (P4) (1.1.17a-f) as Problem (P) and Problem
(Q) defined as follows:

Problem (P): For v, D > 0 find {u;, ug, w1, ws} such that u; € H*(0,T; (H'(Q))) N
L>(0,T; HY(2)), wi € K, w; € L*(0,T; HY(Q)), for 4,5 = 1,2, i # j,

<%,n> +(Vw;, V) = 0 ae te(0,T), Vnpe H(Q), (2.2.1a)

Y(Vui, Vi — V) — (ui,n —w) + D(uj + 1,0 —w) > (wi,n —u;) a.e.t € (0,T)
vn e K, (2.2.1b)

ui(-,0) = ul(-). (2.2.1c)

Problem (Q): For 4,D > 0 find {u;,u;} such that w; € H*(0,T;(H(Q))) N
L>®(0,T; HY(Q)), u; € Ky, for a.e. t € (0,T) such that , for¢,j = 1,2, i # j,

Ou;
¥(Vui, Vg —Vu;) + (QN%;U — ui) ~(us,n—u))+D(uj+1,n—u;) > 0Vn € Ky,

(2.2.2a)
ui(+,0) = u(") € Kp, (2.2.2b)
with
(’J‘ui 1
w; = _QNW + @(wi, 1) (222C)

There is no abstract theory to which we can appeal to prove existence and uniqueness
and in order that we can obtain the necessary regularity for the solution to prove

the error bounds later we begin by regularizing Problem (P).
Let the homogeneous free energy with an obstacle potential be expr'essed as
1
’l/)(T) = —2—(1 — 7‘2) + I[—1,1](7"), (223)

where I|_; 1)(r) is defined as (1.1.15). Given 0.< € < 1 we introduce the regularizing
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Figure 2.1: Penalised homogeneous free energy . for three values of €.
homogeneous free energy 9. € C%(R) defined as follows: (see Figure 2.1)
= (r— (1+§))2+%(1—r2)+{3, forr > 1+e¢,
ar(r— 1%+ 3(1—r?), for1<r<1+e,
pe(r) = ¢ 11 -r?), for |r| <1, (2.2.4)
—aa(r+ 13+ 3(1 —7?), for -1 —e<r< -1,
\51;(7‘+(1+§))2+%(1—7'2)+2€4, forr < —-1-c¢
Differentiating (2.2.4) with respect to r we arrive at
(
Lr—(1+4%)-r forr>1+e
az(r—1)2 —r, for1 <7 <1+e,
Y(r) = ¢ —r, for |r] <1, (2.2.5)

—az(r+1)2 -1,

for -1—e<r< -1,

\%(r—}—(l—}—%))—’r, forr<-1-—e¢ -
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Figure 2.2: . for three values of e.

We define 3. € C}(R) as follows: (see Figure 2.2)

(

r—(1+§), forr>1+4e¢,
=(r—1)?, forl<r<l+eg,
Be(r) = er+ey(r) := 40, for |r| < 1, (2.2.6)

—5(r+1)% for —1—e<r< -1,

r+(1+§), forr<-1-e

\

We note that (. is a Lipschitz continuous function where
0<p <1 (2.2.7)
We also introduce the convex function

we,l("‘) = 1/Je(7") - _(1 - 7'2), (228)
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S0
(
71 for r > 1+,
a(r—1P3 —gs(r—1)%, forl<r<l+g
1
Yea(r) = Z(ﬁe(r))z +140, for |r| <1,

—ea(r 1) — g (r+ 1Y, for —l—e<r< -1,

24 forr < —1—¢,

L 24"
(2.2.9)
which satisfies
/ 1 " 1
ws,l(r) = 'gﬁe("‘) and 0 < we,l("') < Z (2.2.10)
It follows from the definition of %, that
1
Yer(r) 2 |8V, (2.2.11)
and from (2.2.10) that
1
we,l(r) 2 1/)5,1(5) + EIBG(S)(T - 3)~ (2212)

wy

Lemma 2.2.1 There exists a positive constant Cp, bounded independently of e,

such that, for e < 1 (2 + 1)_1,

(Ye(wr), 1) + (e(uz), 1) + (D(w + D (ug +1),1) > ~Cp. (2.2.13)
Proof: From the definition of 3, we have that

1B(r)] < |r+1] and |r+1] < [B(r)]+2+ % vr. (2.2.14)

Noting (2.2.14) gives

< / lug + 1||uz + 1| dz
Q

IN

/Q (|5e(ul)| +2+ %) (|ﬂe(u2)| +2+ %) dz
[ 18cunligun)l + (2+ 5) 18w + (2+ 5) 18wl + (24 5) da

11 1
/Q (5 + E) |Be(u)|? + (‘3 * 15) Belw)l? + (2eD +1) (2+ 3)2 o,

IA

IA
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hence, as D > 0, it follows that
D/ ur + 1) (ug + 1) dz

> —D/( >|ﬂe(u1)|2 ( 419) B.(u)? + (26D + 1)(2 + ) d.
(2.2.15)

Again noting (2.2.14) to obtain

/Q(l—uf)dz /ﬂ(1+u1)(2—(1 +vu1)> dz

< / L+ u|2 + 1+ | de
< [ (1wl +2+5) (1Bl +4+5) de
= /Qw‘ u |2+(6+6)|ﬁ6(m)|+(2+§) (4+§) dz

/ﬂ(1+ )|ﬂ€(u1)|2+26(6+6) (2+§) (4+§) dz.

(2.2.16)

(A

In the same way as (2.2.16), we also have

/Q|1—u§|dx < /Q (1+ >|ﬁe(u2)| 4 2(6+ €)% + (2+§) (4+§) da.

Then on noting (2.2.8), (2.2.9), (2.2.11) and (2.2.15) we obtain

/[ (u1)+¢e(Uz d$+/Du1+1)(u2+1)d

/Q () 1—u1)] da:+/n [¢5,1(u1)+%(1—uf)] dz

+/ ’LL1+1 U2+1)d$

> [[(2-2-1) 1twp] ao+ [ |(5 -5 1) unr?] s

2 266+ + (2+5) (4+5)] 121+ D@eD + 1) (24 %)2 9.

Therefore, we have shown that (2.2.13) can be obtained for € < % (% + 1)_1, where
Co=2[2e(6+¢€)2+ (2+ &) (4+ £)] 19 + D(2eD +1) (2 + £)* 1. 0

We now introduce the following penalised Problem (P,) as
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Problem (P.): Fore, D > 0 find {uc 1, e, We 1, Wea} such that u.; € H(0,T; (HY(Q))N
L>(0,T; HY(Q)) and w,; € L*(0,T; HY(Q)), for i,j = 1,2, i # J,

<ag;’i,n> + (Vw;, V) = 0, a.e. t € (0,T), Vn € HY(Q), (2.2.17a)
Y(Vtei, V) + (Yo (ues),n) + D(ue; +1,m) = (wes,n), a.e. t € (0,T)Vn € H(Q),
(2.2.17b)

uei(-,0) = u(:). ' (2.2.17c)

Theorem 2.2.2 There exists a unique solution to Problem (P,) such that:

”ue,illﬂ'l(O,T;(Hl(Q))’) < C, (2.2.18a)
lueill Loy < C, (2.2.18b)
lwesll 2oy < C’(1+T%), (2.2.18c)

where C is independent of € and T'. The Ginzburg-Landau free energy functional

85

’y(ue,l, ue,Z) = %'ue,l|%+%|ue,2|%+(¢e(ue,l)> 1)+(we(ue,2), 1)+D((ue,l+1)(ue,2+1), 1)

(2.2.18d)

is a Lyapunov functional for Problem (P,).

Proof: We prove the existence using the Faedo-Galerkin method of Lions [37], see

Appendix B. A Galerkin approximation to Problem (P,) is the following:

Find {uf},ufy, wk ), wh,} € VE x VF x V¥ x V*, where
k
ulec.i(x’ t) = Zci,j(t)zj(x)7 wcl-:c,i(x’ t) = Zdi,j(t)zj(x) ;o 1=1,2,
j=1 j=1
such that

out,
(%,nk)ﬂwgi,vnk) — 0 Vot eV (2.2.19a)

1
W(VU’J,,-,W'“)Jr;(ﬂe(UQ“,i),n'“)—(Uf,i,n’“)JrD((Uf,ﬁ1),77’“) = (wf;,n*), (2.2.19b)

uf . (0) = Pk, (2.2.19¢)

€,i 1
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Using (2.1.11), (2.1.12) and taking n* = 2; we can rewrite (2.2.19a,b) as, for j =

1,2,...,k,
dCl’j(t)
dt

dii(t) = vk — Der(t) + (ﬁe( $1):23) = e13(t) + Doy + Q[26,5,  (2.2.20b)

+ (k5 — 1)dy5(t) = 0, (2.2.20a)

and
dey ;(t)
dt

dz,j(t) = 7(“ - 1)62]( ) (IBE( ) ) C2_7( ) + Dclyj + |Q|%(51,] (2221b)

+ (j — Dda,(t) = 0, (2.2.21a)

This can be rewritten as a system of ODEs

dy
—_— = F
LW

where F' is uniformly Lipschitz. Hence we conclude the existence and uniqueness of

¢, d on some time interval.

Since 35 £ ¢ V¥, differentiating £¢(uf ), u¥,) with respect to ¢t we obtain

dge( e nLu IECZ)

dt
8 k , ouk ) ouF
(Vuel’ > + (Vue 2 81;2) + <¢e(u’ec,l)’ #) + (we(ufﬂ)) W,z
f Ou
+D | uf,+1, ué +1, == . (2.2.22)
ot
Using (2.2.19a,b), (2.2.4), (2.2.8), (2.2. 10) (2.2.22) can be expressed as

2.2.
dES(uE , uty) ouk ot
. ( e 1 1) (w::,m ﬁ) = _lwf,lﬁ — |w22|% (2223)

In particular .
d&s

( e LU 62) < 0,

dt -

hence we have that
ES(uf (s),ul4(s)) = E(uf (1), ul,(t) Vs<it.

Therefore £5(uf U u¥,) is a Lyapunov functional.
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Integrating (2.2.23) over (0,t) we obtain

86( Ue,15 U ) ge(Pk:ul, / Iwel I%ds—/ Iwe2 dS, (2224)

thus

86( el’ 62 / Iwel |2d5+/ |w€2 |2d3 = Ee(Pkul,Pkug). (2225)

We now show that E5(P*ul, PFug) < C.

On setting s = P*uf and 7 = u{ in (2.2.12), and noting (2.2.8), [u?| < 1, fori = 1,2,
it follows that

€ Y Y
g’y(Pkul’ Pk ) = Elpku(l)ﬁ + Elpkugﬁ + (we(Pkutl))v 1)» +("/}6(Pku(2))» 1)
+ D((Pkuo + 1)(P'°u0 +1),1)

1
— TIPRuff2 + ZIPRugfE + (e (PFuf) + 5 (1 = (PFu)?, 1)

L (PEu0)2, 1) + DU(PF0 + 1)(Prul + 1), 1)

+ (We1 (Pru3) + 3

< TIPSR+ LIPRURE + (bea () - (BLPRUD), (2 — Pud)
+;u—Wk),wam®—§<< ), (8 — Phu)
F 3= (P9, 1) + D((PR + 1)(PRg +1),1). (2:2.26)

Since the Lipschitz continuity of 8, and the strong convergence of P*u? to u) in

L*(), fori = 1,2,

(:BE(Pk 0) P UO_UO) = (ﬂE(Pkuo) Be(u ) Py O ) (Be(u ) Pkuo_u)

< ClO| P —dd))2 — 0 ask — oo.
From (2.2.26) it follows that

limsup E5(P*ul, P*u) < E5(ud,ug) = &(uf,u)), (2.2.27)

k—o0

where the Ginzburg-Landau energy functional, £,(-) is defined by

Ey(ur, ug) = %(lulﬁ + |U2|%) + (Y(u1), 1) + (P(u2), 1) + D((u1 + 1)(uz + 1), 1).
(2.2.28)
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In particular, since u? € H!(Q), we obtain that
SE(Pkul, Pr9) < ¢,

where C is independent of € and k. Thus by using (2.2.13), (2.2.18d), and (2.2.25)

we have

t t
Y Y
TR+ Tkl + [k ds+ [ bl <0 (2229
where C is independent of T', €, and k. Noting (2.1.14a), for i = 1,2, to give

k
dum

| avk, k) _ fauk, d 3
a || \at’ Mat ) o\ dt
d k b
- ci dt ot dt )
dug;
= - (w:l’ dt’ ) |we1, 1 (2.230)

then setting ¢t = T, (2.2.29) can be rewritten as
|

T T
Db + Jubo+ [ k@B e+ [ b0 < 6, (223
0 N

in particular

2 2
T d k T du’“
/ Selll gt / 2N dt < C,
0 dt i 0 dt
which implies, for : = 1,2, that
duf,
: < C, (2.2.32)
L0,T;(H (2)))

where C is independent of T ¢, and k.

Substituting 7* = 1 in (2.2.19a) yields

Oug;
( 5 ) = 0. (2.2.33)

Integrating both side of (2.2.33) over (0, t) to give

0=// a“dxds
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Hence we obtain

(ues(),1) = (ugs(0),1) = (P*(u)),1) = (4],1),
which implies for any ¢ that
(wé(1),1)] < C. (2.2.34)
Using the Poincaré inequality (2.1.3), (2.2.29) and (2.2.34), it follows that
kBl < Cp(I(uk i), DI + b (B)]:) < €. (2.2.35)

The equations (2.2.35) implies that uf;(t) € H'(Q2). On noting (2.2.35), we obtain
the bound
”u,ec,i“Lw(O,T;Hl(Q)) < C (2.2.36)

Defining the mean integral by

1 2
][n = ﬁ(n,l) Vn € L*(9),

thus we have

1
i) = ki) = w0 - k0.
1
= uic.,’t ~_u510,1
A0 = k0. )
= b, (8) — ub,(0) + uF (0) — |—§2|<uf,i<o>, 1)
tduf, k | R
= [ e (0) — — (uk.(0), 1).
0 ds ds+u€,l(0) IQI(U€,'E(O)7 )

Noting (2.1.7) and the Young’s inequality (2.1.8) yields

2 ¢ duk,
< “ds||  +
-1 /0 ds _

2
t duk. 1
< &t k- T (ak 0). 1
= ( A ds ds +Cp ue,z(o) |Q|(U€,1( )’ )0)
-1
tduk, 2
= / d;l ds||  + Cpluf(0)]o + C|(uf;(0), Do
0 -1
t d’u,k-
0 ds
-1
s ¢ (2.2.37)
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Integrating (2.2.37) over (0,7") to obtain

ut(0) - f kit <om<e (22.38)

L2(0,T;(H'(2))")

Therefore (2.2.32) and (2.2.38) imply that

luf o,y pyy < C.

From (2.2.31), to show fOT llwk;|l1dt is bounded, from (2.2.29) and the Poincaré
ineqality (2.1.3), it is sufficient to estimate |(w*, 1)|. We set 7 = wk; in the Poincafe

- inequality (2.1.3) and note the Cauchy’s inequality (2.1.9) to have

2
whl? < C2(I(wk, 1)l + lwk)
< C(1wk DI + [ubif?). (2.2.39)
Recalling that
lwealll = fwesls + lwésl3 (2.2.40)

and substituting (2.2.39) into (2.2.40) gives
lwk? < O 1wk 1) + fwhif2) + k2
< O(Muwk DI+ k7).
Taking n* = 1 in (2.2.19b), for i = 1,2, we have
(who 1) = <(Buk), 1) — (ub, 1) + DGk +1,1)  i4,
which implies that
EOD] < [260uE0. | + 10k D1+ 100, + 1,1

As B = 0 for [—1, 1], it follows from the definition (2.2.6) of G, that |G.(r)| < rB(r),

hence

o=

S8 D] < < (Bluk),ul),

Thus, we have

o=

I(?Uf,i(t),l)il < = (Belues) ues) + |(ugs, DI+ 1D(ug; +1,1)]. (2.2.41)
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Substituting #* = uf; in (2.2.19b) to give
Z('Bf(uf,i))uf,i) = (ufnu’k ) ’Y(V euvu )+D(u +1’uez)+ (wic”uk )
= |u o — 7'“?1'% + D(uf,j + 1’u’ec,i) + (wf,i’ “f,i),

hence (2.2.41) becomes

(e DI < Jugal§ —vluesld + Dlue; +1, ue:) + (wes, ugs) +1(ugs, DI+ Dlug; +1, 1)),

(2.2.42)
Now using (2.1.1a) and noting (uf;, 1) = m; yield
1
k ook koo k k
(we,i’ue,i) - (w”,u Q( €,1) )) IQI( evl)( evl)
— k
- (Vukpvgw( - (e D)) +
< |wki| [N ( ci I—Q_|> + Iﬁl( wk;, 1). (2.2.43)

As |(uf;, 1) = |mi| < ||, rearranging (2.2.42) and using (2.2.43) and (2.1.7), w

obtain
|(we;, 1))
m.
< Juk 2 — Ak 2+ D(uf; + 1,uE) + [mal + Dimy + Q0] + [wk ]y ||uf; @
-1
Imil |, &
1
+ |Q| I( 61,’ )|
m
< Jugsls — vueili + D(ug; + 1w )+|m1|+D|m,+|Q||+C|w 1w _|_Q_’|
0
Imal
1
0 (e 1)
|| 4+ Juf 318 — vlul [} + Cplwk; | |u i—%ﬂoJrD(uf,ﬁ1an“.i)+DImj+IQII
< i _
o _ Imal .
1 -
(2.2.44)

In order to bound the terms on the right-hand side of (2.2.44), we use the Cauchy’s
inequality (2.1.9) and (2.2.36) to have

D((uk; + 1), uk) = D((ukuky) +my)
1 k |2 1 k |12
<D Elue,j|0+—2'ue,i|0+mi

C, (2.2.45)

IA
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and
ID((t, +1),1)] = |D /Q (wk, + 1)dz| < C. (2.2.46)
Noting (2.2.44), (2.2.45), and (2.2.46) we conclude that
|(wk, 1) < C’<|w’“|1+l>. (2.2.47)

Noting (2.2.29), then integrating (2.2.40) over (0,T) and noting (2.2.29) yield
”wg.i”LZ(o’T;Hl(Q)) < C(l + |wa,i|Lz(QT)) < C(l + T%)
Furthermore, since L®(0,T; HY(Q)) C L*(0,T; H'(R)), it follows that

||Uf,¢||L2(0,T;H1(Q)j < C.

Thus we arrive at uf; € H'(0, T; (H(Q))") N L*(0, T; H'()).

From compactness arguments we deduce the existence of subsequences (uf;, wf;)
having the following properties:

uf; = uei in H'(0,T; (H'())) N L*(0,T; H'(KY)), (2.2.48a)

uf; > ues in L0, T; H'(Q)), (2.2.48b)

wf,,- — we; in L*(0,T; H'()), (2.2.48c)

uf; — ue; in L*(Qr), (2.2.48d)

(2.2.48d) being a consequence of a compactness theorem of Lions, see Appendix A.

Furthermore, as the compact embedding H'(0,7T; (H'(Q))) N L2(0,T; H(Q)) —
C([0, T); L*(Q)) which together with (2.2.48a) and the strong convergence in L*(§)

of P*(u?) to u? implies that u;(0) = uf.

Now we pass to the limit in k. For any n € H'(Q), set n* = P*n in (2.2.19a - b) to

obtain
Oug; k k 1
=, P | +(Vwe,;, VP'n) = 0, Vne H (), (2.2.49a)

ot

1
v(Vuf,, VP*n) + ;(ﬁe(Uf,i), P*n) — (uf,, P*n) + D(uf,; + 1, Pn) = (v}, P*n).
(2.2.49b)
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We can immediately pass to the limit a.e. in (2.2.49a) to obtain (2.2.17a). To yield

the result it remains to prove that for ¢ = 1, 2,

(ﬁé(uf,i)’ Pkﬂ) - (ﬂe(ue,i)an) as k — oo.

This is proven by simply using the Lipschitz continuity of 3., properties of P* and

the strong convegence of u¥; to u.; in L*(R), for a.e t € (0,T) to have that

I(ﬁé(uéi% Pk??) - (ﬁe(ue,i)’n”

IA

I(ﬂe(ulec,i) — Be(te,i), Pkﬂ) + (Be(te ), Pk?? - n)l,

< |“fz — Ueilono + | Be(uei)loln — Pknlo —0ask — o0

hence we obtain

Y(Vuei, V) + (W.(tei), m) + D(ue; +1,1m) = (wei, 1)

Finally we prove uniqueness. Let {uc1,Ue2, We,1, We2} and {uf,, ul,, wi, wi,} be

two different solutions to Problem (P.), define, for ¢ = 1,2, 6} = u.; — u},; and

€,1
0¥ = we; —w};. Substract (2.2.17a), when {uc 1, Ue2, We,1, We 2} is the solution, from
(2.2.17a), when {uf,, uf,, w?;, w},} is the solution

<8(ue,i - u:z)

v ,n> + (V(wes —wi;), Vn) = 0 Vne HY(Q),

then <869£ ,n> +(VO*,Vn)= 0 Vne H'(Q), - (2.2.50)

and subtract (2.2.17b), when {uc 1, Ucz2, We,1, We 2} is the solution and 7 = 6%, from

(2.2.17b), when {u? |, u},, w?,, w;,} is the solution and n = ). Then use the mono-

tonicity of ¥, and (2.2.10) yields, for j = 1,2, i # 7,

7(V(ue,i - u:,i)’ V@;‘) + ("»bé(ue,t) - 'ﬁbé(u:,i)a 9:‘) + D(uf,j - u:,j’ 9?) = (we,i - w:,iv 0:«“),
sothat  |6}13 — 16115+ D(6},6) < (6,6}). (2.2.51)

Setting n = Gy0¥ in (2.2.50), noting (2.1.1a) and (2.1.2) to obtain
oo
Y0 = — (==, Gn0} 2.2.52
00,00) = - (G .ontt). (2252
and then substituting (2.2.52) into (2.2.51) yields

agu U U U U U
(w2 ) + 26t + D63 1) < 103 (2:253)
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00y ' ‘
(GEntt ) + 1651 + DL 09) < I (2.254)

Now using the definition of Gy (2.1.1a,b) and (2.1.4), we then have the identity
o0} N ld
(Frontt) = 3ot

por .\ 1d..
(Fhowt) = 51081

Adding (2.2.53) to (2.2.54) gives
1 d u d u U U U U u U
5 (10812, + 16812, )+ (1081 + 512) + 2065, 0) < It + o3

Noting the Cauchy-Schwarz inequality, the Cauchy’s inequality (2.1.9) and (2.1.10),

we deduce

1d

5o (10202, + 0812, ) + v (16212 + 051%) < (1+ D) (Jox(3 + 1613)

Y ou u
< §(|91|% + |92I%)
1+ D)/ )
+ (2—,),) (”01 112, + 1163 ||2_1),
(2.2.55)
so that
1d u u 2 u u (1 + D)2 Y .
525(”91”2_1 + ”92”2_1) + §(|01 |% + |02|?) < T(”gl “2_1 + ”92”2_1),

d u U U U C u U
T (It120+ 0512, ) v (ler + 1) < = (heriZa + egia),
then multiplying through by exp (‘TCt) and integrating over (0,¢) yield
—Ct u 2 m 2 ' —Cs Uu 2 u 2\ 3
e (Z2) (103012 +18501) +9 [ exp (222 (18061 -+ 83(o)E) s
< B2, + I3 O)I2, <0. (2.2.56)

Also noting that from (2.2.17a), (6¥,1) = 0 and noting the Poincaré inequality
(2.1.3), we obtain the uniqueness of u;. Now using (2.2.17b) we also obtain the

uniqueness of w,;, thus proving existence and uniqueness to the Problem (P,).
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Setting s = u; and r = uf; in (2.2.12), and using (2.2.18d) we have

ge( el’ 52) .
= T (ka2 4 ukal?) + (Welub ), 1) + (We(uba), 1) + D((uy + 1)(uby +1),1)
2 5’7(“?,17“5,2)

+ Wea () 1)+ W (sez), 1) + = (Beien), s — wen) + = (Bulen), by — ),

hence noting the convergence of uf; to uc; in H(£) gives

h,gn lIlf ge( e 1; €, 2) > 6 (ue,l;ue,2) + (we,l(ue,l)) 1) + (we,l(ue,‘Z)y 1) = 8;(“’6,17 UE,Z)

which together with (2.2.25) and (2.2.27) yields that
t 14 :
E5(Ue1 Ue,2) +/ lwe 1 (8)|3ds +/ |wea(s)|3ds < 5;(u‘1),ug). (2.2.57)
0 0

Using a “stop start” argument, as u.; € C([6,T]; H(R)),Vd > 0 for ¢’ > 0 we may
set U? = u;(t') and then solve Problem (P.) with the initial data U to obtain
Ui(t) Yt > t' which satisfies

E(UA (), U / 1UL(8)I% s + / Unel?ads < E(uen(t) uealt)).

By uniqueness we have that u;(t) = U;(t) and so we have a Lyapunov functional.

O

In order to prove existence and uniqueness of Problem (P) and Problem (Q), we

define 8 : R — R as follows:

¢

r—1 forr>1,

B(r) = li_{%ﬁe(r) =40 for |r| <1,

r+1 forr<-1.

\

We note that G is a Lipschitz continuous function,

1B(r) = Be(r)| < Vr € R, and |B(r) — B(s)| < |r — 5| Vr,s € R, (2.2.58)

DN o
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Theorem 2.2.3 There exists unique solutions to Problem (P) and Problem (Q)
such that, for 4,7 = 1,2, i # j,

Nwill o,y yy < C, (2.2.59a)
luwillcwrr@y < C, (2.2.59b)
|will 2o,y < C, (2.2.59c¢)

where C' is independent of T'.

The Ginzburg-Landau energy functional, £,(-) defined as (2.2.28) is the Lyapunov
functional for Problem (P) and Problem (Q). Also given initial data uo and vy and

denoting the solutions to Problem (Q) by u(t) and v(t) respectively then
s () = 01 () + ua(t) ()l < CCO) ([ 0l e —0311 1) (2:2.590)

Proof: We observe that u.; € L®(0,T; HY(Q)) N H(0,T; (H())’) and w,; €
L*(0,T; H()) are bounded independently of ¢, thus by the compactness theorem,

see Appendix A, there exists a subsequence of {u.;} and {w,;} such that

ue; — u; in HY(0, T; (H'(Q))') N L*(0, T; H'(Q)), (2.2.60a)
Uei — u; in L®(0, T; HY(Q)), (2.2.60b)

we; — w; in L2(0, T; HY(Q)), (2.2.60c)

Ue; — u; in L2(Q). (2.2.60d)

Therefore (2.2.59a-c) follow on noting (2.2.60a-c).
We now consider

lim ||ue,]l3 — ”Uz‘Hg‘ = lim | luealls = lwlld] = lim |(ues = wi, uei + ui)]
e—0 e—0 e—0

IA

iy s = o (el + 1)
(2.2.61)

Then noting (2.2.60d) and the convergence properties, see Appendix A, we have

lim lucila = |uil2. (2.2.62)
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Furthermore, from the convergence properties in (2.2.60a-c), we can pass to the limit
in (2.2.17a) to obtain (2.2.1a). Now, setting n = B(uc;) € H}(Q) in (2.2.17b), and

using the Cauchy-Schwarz inequality gives

et Vltte) + =162l )
= (Ui + Weis Beue)) — D(u§ + 1, Belue,i)
< (o + lweglo + Dl + 110 1Be(uses)l
< e hesld + wesld) + e Bules )+ Dol + 1+ 216wl

3
= Jueall + lwesl}) + o 1Be(ue)l§ + DPeluc; + 113 (2:2.63)
and, as 0 < 3, < 1, we also obtain
(Vuc,i> V,Be(ue,i)) = / ﬂé(ue,i)vue,i Ve dx
Q

_>_ /(ﬂé(um-))QVue,i . Vum-dat
Q

= |Bc(ucs)]i > 0, (2.2.64)
it follows from (2.2.63) that
[1Be(uei)ll2ory < Ce. (2.2.65)
Hence, from (2.2.63) and (2.2.64), we note that
N Be(ue i)l 220,71 () < Cet.
If we let € — 0, then, from (2.2.65), for a.e.t € (0,T),
lim | Be(ucs)lo = 0.
Using the Lipschitz continuity of 3 (2.2.58) and (2.2.65) gives
T T
[ 1omids < [ (18() = Buesllo+ 18(ues) = Buluedlo + 8.0l o,
< C(Iui — Ue,ilL2(0p) + 6) Il 22(@r)s

so that from the compactness theorem of Lions, see Appendix A, u.; converges

strongly to u; in L?(Qr), B(u;) = 0 a.e. that is u; € K.
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Let v € K thus S.(v) = 0 and
v(Vues, Vv — Vue,i) — (Ue,i + Weyiy U — Uei) + D(ue; + 1,0 — ue;)
1
= E(:BE(U) - :Be(ue,i)a v — ue,i) 2 0
hence we obtain
Y(Vtei, Vo— Vi) — (Uei, 0 —Uei) + D(Uej+ 1,0 —Ues) 2> (Weiy U —Uey). (2.2.66)
Rearranging (2.2.66) to have
Y(Vttei, VU) — (e, v) + D(uc; + 1,v) — (wei,v)
> Y(Vei, Ves) = (Uei Uei) + D(Uej + 1, Uei) — (Wei, Uesi)-
Noting the convergence properties of u.; and we, it follows that
¥(Vu;, Vo) — (us,v) + D(u; + 1,v) — (w;, v)
> v(Vug, V) — (i, u) + D(uy + 1,u;) — (wi, w). (2.2.67)

Rearranging (2.2.67) yields (2.2.1b). Therefore we have proven existence to Problem
(P).

To prove existence to Problem (Q), substituting (2.2.2c) into (2.2.1b), and then

restricting 7 € K to have a fixed mass, i.e. (n,1) = (u, 1) yields existence.

We now prove uniqueness. Let {u, ug, wy, we} and {u},ud, wi,wi} be two differ-
ent solutions to Problem (P). For 4,7 = 1,2,¢ # j, subtracting (2.2.1a) when
{u1, uz, w1, wa} is the solution from (2.2.1a) when {uf,u}, w}, w3} is the solution

gives

96¢ w gy —
<§,7I>+(V9i , V) = 0.

Repeating the arguments used in proving uniqueness for u.; in Problem (P.), we

prove uniqueness for u;.

If we note that

a6
w2 _ 1 w —
loi |1 - < at )01, > 0’
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then we see that w; is unique up to addition of a constant. Asu; € C((0,T]; H())

we may define in the H' sense, the open set
Qo(t) = {z€Q: |u(z)] <1}

since (u;, 1) = m; € (—|Q|,[9]), Qo(¢) is non-empty. Taking n = u; £ §¢ in (2.2.1b)
where ¢ € C§°(Q(t)) and ¢ is chosen so that n € K then we have

¥(Vui, Vo) + D(u; + 17 @) = (ui+w;, @) Vo € Cg°((t)), ae.t,
we conclude that
07(t),¢) = 0 Vo e C(h(t), ae.t, (2.2.68)
from which uniqueness for w; follows.

Noting the weak convergence of u.; to u; in H(2), (2.2.11), (2.2.65), (2.2.18d) and
(2.2.28) yields

lireriiélf Ss(ue,l, Ue,2)
= lim iglf Ey(Ue1, Ue,2) + lim i§f(w6,1(ue,1), 1) + lim iélf('d)e,1(ue,2), 1),
. » 3 1 1 1 1
> laninf & (tg1, ep) + 1 o-|Be(usea) § + liminf o [Belue2)l§ > Ey(ur,u2),

so that by the weak convergence of we; to w; in H'(Q) and noting (2.2.57), (2.2.1c)
and (2.2.4)

t t
Exuua) + [l (@)ds+ [ fun(o)fids < & udud),
0 0
which proves that £, is a Lyapunov functional.

Finally, we prove continuous dependence on the data. Now taking initial data u?,
u3, v), and v3, then, as in the uniqueness proof for Problem (P.), comparing with

(2.2.56), it is possible to show that for all ¢ > 0
ct
o (=2 (Js(®) - (I, + luat) - )12,
t ct
+ [ (<L) (ju) - (o) + lual) - a(o)) s
0 Y
< 1u2t) — o2Oll-1 + 130t) — SO,

from which it is easy to deduce (2.2.59d). O
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2.3 Regularity

Theorem 2.3.1 For i = 1,2, let u? € H3(Q), %%LQ = 0 on 90 and § € (0,1) be
such that ||udllo < 1 —4. Let d < 3 with either Q being a convex polyhedron or
0 € CM. Then, for all € < €(8), the solution {ue 1, Ue 2, We 1, We 2} of Problem (P)

is such that the following stability bounds hold independently of € :

Oue ; Ou. ;
8;" + a;ﬂ + lwell ooy < €, (2.3.1a)
L2O0.T;H' () L (0,T5(H ()")
e ill Loo o, H2(0)) + | Wesill L2020y < C. (2.3.1b)

k
Proof: Differentiating (2.2.19b) with respect to t then setting n = 8—15;1, fori,j =

k
1,2, i # j, and setting n = 61;;" in (2.2.19a) give

out,|” 1 Ouk, duk, ouk,|” o (2 ouk,\  (ouwk, dut,
6t1+2'6€(u6’i)8t’6t _8t0+ ot )=\ ot o
| B L
Weir ¥ "

Noting that G.(-) > 0, we obtain

Ouk; 2 14 - Aut; ’ Ouk; ouf,
ot |, 5%"”“'15{(% 0_D<8t’8t)’
hence we have that |
2 2 k k
| 2 bt < it - (agt agt) . @3
e duf, i 1d duf, i Ouf, Ouf,
7| taaeel < Té(j”(?” B ) (233)

Adding (2.3.3) to (2.3.2) then using the Cauchy-Schwarz inequality and the Young’s
inequality (2.1.8)

2 2

2 2
ouk 1d Oug,
' ) 5z (ki P+ wbslf) < (14+D) | |52

ot

k k
oug o ey

ot

Y

1 0
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then noting (2.1.1a) and (2.1.5) to give

2 2

our ouk, 1d

1| Z2| + 52| | +5 (ki) + ksl
vy [ |Oués ’ Oug i (1+ D)? | || Oue, ’ ug, :
< 5 (9t, at' + 9 3t, at’ , (2.3.4)
1 1 " -1 -1
so that, by (2.2.30), we have
| 2 2 2 2

i(huk 2 + |wk |2) + Qug, Ouf (14 D)? [ ]|0ug, Ougy
dt\' et «2l1 ot o | | ~ v ot ot ||_,

C
<2 (lwk a8 + wkal?). (235)

Integrating over (0,7") and using the Gronwall ’s inequality yields

Ct _
[wh (D) + [wha()F < exp (7) (k1 @) + [wha(0)2). (2.3.6)

We integrate the first term of (2.2.19b) by parts, use the boundary conditions, set
n = 1 and note (2.1.14b) which give, for i,j = 1,2,7 # 7,

wk(0) = —yAuk,(0) + Py (uf;(0)) + D(uf;(0) + 1),
so that
Jwk (0))1 < |yAul,(0)|1 + |9 (u;(0)1 + | D(wé;(0) + 1)1 (2.3.7)

Noting (2.1.13), (2.1.14a) and setting v = Au?, then integrating the right-hand side
by parts gives

(P*aul,n*) = (A, 1)
= —(Vu, Vn*)
— (VPM, V)
= (AP, n")

or

(P*AW — APFO n*) = 0 wpb e VE
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Choosing 7* = P*Aud — AP*u? € V¥ to obtain
| PFAw) — AP*PYS = 0,
we thus have PFAu? = AP*u{ and noting (2.1.14b) yields
|Au(0) = |AP* ) = |PFAw]]: < A
Noting again (2.1.14b) we also have that
[, 0)+ 11 = ;00 = [Pl < fulh.
Next we consider that

[Ye(uc(0) = 1V (ugs(0)lo

e (ues(0) Vg (0)lo
19 (g (0 llooug «(0) s
< W (ues(0))llool -

IA

Also noting that

PR 5 4? inI%Q) or  PMul — ! ae in,

i 1

and |u?| < 1—§ a.e then, for k sufficiently large,

)
|PFud — 0| < 5 e

Hence we have that, for k sufficiently large,

|PFud| < |PRud — w4 |u)] < 1-

N O
e
@

Noting (2.2.4) and (2.1.14b) to give
IVY.(ug:(0)o = | = Vug(0)lo = | = VP o < [ufl1.
Combining (2.3.8), (2.3.9), and (2.3.11), then (2.3.7) yields that

[wh ()l < C(1Aaufls + [uh + Dlufl,).

(2.3.8)

(2.3.9)

(2.3.10)

(2.3.11)
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Therefore we obtain
[k, ()]s + [wha(0) < C(Iludlls + 1Sl ). (2.3.12)

Together with the convergence properties of uf, and wF;, (2.2.47) and (2.2.48a-d),

the third bound in (2.3.1a) follows from (2.3.6) and (2.3.12). The first bound then
follows from (2.3.5) and (2.3.6) such that

[ ()

And the second follows from the third and (2.3.5) such that

5 2
A < C.

The first bound in (2.3.1b) follows from standard elliptic regularity such that

2 2

(9’!1,6,1
ot

Buf,g

ot

1 1

) ds < (Jwea OFF + [wea(O)) < ©.

2
aue,l

ot

6u6,2

ot

1

[ueilla £ ClAueilo + [lueills- (2.3.13)

The second bound in (2.3.1b) follows from the first, integrating the first term of
(2.2.17a) by parts, noting (2.2.2c) and standard elliptic regularity such that

lweilla < ClAwelo + ||we,illx

aue,i

= Cl %

+ ||wei||1- (2.3.14)
0

O

Corollary 2.3.2 For i = 1,2, let u € H3(), %’2 = 0 be such that |jul]lp < 1-4.
Let d < 3 with either € being a convex polyhedron or 852 € C'!. Then the solution
{u1, ug, wy, ws} of Problem (P) is such that the following stability bounds hold :

Proof: From (2.3.1a,b), we pass to the limit to obtain (2.3.15a,b). m]

du;
o

Oui
ot

+||wi||L°°(O,T;H1(Q)) S C, (2315&)
Lo (0,T(H(R)))

L2(0,T;H(Q)) ‘

luill oo 0,7 1200)) + Wil L2000 < C. (2.3.15b)



Chapter 3

A Semi-discrete Approximation

The notation which is used in this chapter and Chapter 4 are introduced in section
3.1. The semi-discrete approximation to Problem (P) and Problem (Q) is formulated
and also the existence and uniqueness are proven in Section 3.2. Error bounds of

approximation solutions are presented in Section 3.3.

3.1 Notation and Results

We introduce the following notations relating to the finite element approximation :

1. T" is a regular family of triangulations for (2, see Ciarlet [21], consisting of
closed simplices, 7, with maximum diameter not exceeding h, so that Q =
UyernT. If OS2 is curved then the boundary elements have at most one curved

edge. Associated with 7" is the finite element space S* C H*(Q)

= {x € C°Q) : x| is linear for T € T"}. (3.1.1)

2. mh . C(Q)) — S" is the interpolation operator such that 7"x(z;) = x(=;), for

i=1,..., N and define a discrete inner product on C({) as follows

N N
(xux2)* = | m(xlz) = Y ) Mipxa(z)xe(z;),  (3.1.2)
Q

i=1 j=1

where M;; = (4, (pj fﬂ ))dz = fn 195 (x)dz is the element of
the n x n symmetric positive definite matrix and ¢; is the continuous piecewise

37
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linear function that takes the value 1 at node point z; and the value 0 at other

node points.
We introduce the discrete Green’s operator G% : F* — V" defined by
(VGav,Vx) = (v,x)"  Vxesh (3.1.3a)
(Gho, )* = 0 (3.1.3b)

where V" := {v" € §": (v",1) = 0} and F" := {v € C(Q) : (v,1)* = 0}. We define
the norm on F" by

lol2, = Gk} = (VGi0,VGRv) = (0,Gho)"  WweF'.  (314)
Then on noting the Cauchy’s inequality (2.1.9) yields, for all @ > 0,
(0" = (VGxv,VX) < Gholilxh

= [lvll-nlxl

1
svan_wgw Voe FhxeSh  (3.15)

We introduce also some well-known results concerning S*:

for n,x € S", r =0 or 1, see also Cialvaldini [20],

l(n,x) — (0, )" < Ch™*"Inle|xli; r=0o0rl, (3.1.6a)

Cilxls < Ixli < Calxlh (3.1.6b)
forr=00rlandforp1szsoo,whereplzlifd§2orp1>%ifd=3,

(=7 0lrpy < CRT 53 gy, Vi € WEPH(Q), (3.1.6¢)

and the error estimate satisfied G and Gy, see Barrett and Blowey [7],

Gy — Gi"|y < ChPPly W e V™ (3.1.6d)

where C, C; and C; are constants independent of A and W%P! be the Sobolev space

defined by Wk?(Q) = {f € LP(Q) : V|a| < k, 2L € L7(Q)} for d < 1, Q an open

) O

subset of R, p € [1,00] and k € N. From (3.1.6b), we note that

W"E < ClW"|)2 Wt e VR (3.1.7)
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Noting (3.1.6a,b) and the continuous Poincaré inequality, for & sufficiently small we

obtain the discrete Poincaré inequality

(060MF = Ixle < G106 DM+ 1xlh)), (3.18)

where C,, is a constant independent of A. The same notation has been used for both
the discrete and the continuous Poincaré constants C,. Noting (3.1.8) and (3.1.3b)

we have the analogue of (2.1.6) as

Gho"} = (@ Gr™" < W lGRh < Col*lalGRv 1. (3.1.9)

Thus we derive the following useful inequality, the analogue of (2.1.7), as
0"l = IGk" 1 < Colt*n. (3.1.10)
We note also the following useful inequalities, see Barrett and Blowey (7]

CiR2 ", € Coh|vt|n < Cs|lv"||on < Cullv™||-1 < Cs||v®||on Yot € VR
(3.1.11)
The first inequality on the left is the inverse inequality on noting (3.1.6b) and holds
for all v® € §*. The second inequality follows from the first and (3.1.5). The third
and fourth inequalities follow from noting (3.1.9), (2.1.4), (2.1.1a), (3.1.3a), and
(3.1.6a).

Our choice of initial data for the finite element approximation u:’ ¥ is open. However,
for ease of exposition we take

u?’o = Phu?
where P is the discrete L? projection onto S*, P*: L2(Q2) — S", as
(P'n,)" = (mx)  VYxeShneLQ).
Actually it is sufficient that " satisfies

u® € K&, (3.1.12)

1

[ — wd|l_, < Ch, (3.1.13)

1
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where K :={ne K": (n,1)" = (u),1)" =m} and K" := {ne S": -1 <n < 1}.
Clearly P*u) € K} since P*uf € S*,

(PMuf, )" = (u),1) = my
and

M| PMud(z;)| = |[(PMu, ;)"
= |(u), @) < (1,0;) = Mj;.

Finally (3.1.13) follows from page 87 in Blowey [10]. In Chapter 4, Section 4.3, we
choose an alternative for u° which has additional key features necessary for the

error analysis.

3.2 Existence and Uniqueness

We introduce the following semi-discrete finite element approximation of Problem

(P) (2.2.1a-c) and Problem (Q) (2.2.2a,b):

Problem (P?): For 4, D > 0 find {u},u}, w? wh} € K" x K" x S* x S" such that
for a.e.t € (0,T), 4,5 =1,2,i # 3,

oul h
( 6tl ,TI) + (Vul, Vn) = 0, neSh (3.2.1a)

Y(Vul, Vi — Vul) — (ul,n —ul)? + Dl + 1,n —uwd)* > (w},n—uf)* Vne S,
(3.2.1b)
ul(-,0) = ulM(). (3.2.1c)

Problem (Q"): For v, D > 0 find {u?,u} € K" x K}, such that for a.e.t € (0,T),
i=1,2,i %7,

oul
ot

h
7(Vu£’,Vn—Vu,’-‘)+(§}‘v ,n—u?) — (@l n—u )+ Dl +1,n—ul)* > 0,

vn € K} (3.2.2a)
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up(0) = u() e Kp. (3.2.2b)

1

Noting (2.2.4) - (2.2.12), we introduce also the following penalized Problem (P") as

Problem (P!): For ¢,7,D > 0 find {ul,ul,, wl ,wh,} € $"* x 5" x S* x §*, such

that for a.e.t € (0,T), 4,7 = 1,2, 1 # j,

Oul, "
a;",n + (Vwl;, V) = 0, Vn e Sh (3.2.3a)

Y(Vugs, Vi) + (Ge(uly),m)" + D(ug; + Ln)" = (we,m)*, Yne S*  (3.2.3b)
uli(0) = w(). (3.2.3¢)

€,

Problem (Q?): Fore,v, D > 0find {u?;,ul,} € S"x 5", such that for a.e.t € (0,T),

6j=1,2,i#7,
“h auh- b
Y(Vul, V) + | G TR + (L), )" + D(ul, +1,m)* = 0, Vne Sk
(3.2.4a)
uli(-,0) = u°(), (3.2.4b)
with
h ’*ha“?.i h o \h 1/ h h

Wei = —Gn—, A" €5 X = (we(ue,i) +u€,j+1>. (3.2.5)

Taking u? = P"u? we have the following

Theorem 3.2.1 There exists a unique solution {uf;, uly, wk  wl,} to Problem

(P") such that the following stability bounds hold

||uﬁi||H?(o.T;(H(n))') < G, (3.2.6a)
||U?,i||L°°(0,T;H1(n)) < C, (3.2.6b)
”w?,i”Lz(O,T;Hl(Q)) <C (1 +T%>. (3.2.6¢)

Proof: We introduce the approximation to Problem (P?) as

; h o b ook h s Gh s Gh s Gh
Find {ul ), uly, w, wly, } € " x S x §* x S

u?,i(m’t) = Zci,m(t)‘pm(m) and wg,i(:r?t) = Zdi,m(t)‘Pm(m);
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such that (3.2.3a-c) is satisfied.

Choosing n* = ¢n,n = 1,..., N in (3.2.3a,b)

N N
dcim
)D - (omy 0n)" + Y " dim(Veom, Vion) = 0, (3.2.7a)

m=1 m=1

N N
1
Y E Cim(v@ma V‘Pn) + ;(ﬂf(ugﬂ)’ (Pn)h - E Cim((Pm) ‘Pn)h

m=1
N N N
+ D Z Cim{Pm; ‘Pn)h + Z 1(pm, ‘Pn)h = Z dim(Pm, ‘Pn)hw (3.2.7b)
m=1 m=1 m=1
Z czm ()Oma Son (PhU?, (Pn)h = bn, (3270)

note that as (¢m, Yn)" = Omn|@m|> then b, = cin = (W, @n).

We also define that

{M}mn = ( m,San)h,
{A}mn = (V(pma VCPn),
{(F(ehn = <(BLu8),00)"

Therefore (3.2.7a-c) can be written as

dc;
M — + Ad;
7 + = 0,

')’Aci + f(Ci) — Mc; + DMc; + DM_l_ = Mdi,
MC,‘(O) = b,

which is equivalent to the following system of ordinary differential equations

% = —yM'AM'Ac; - M'AMf(c;) + M~'Ac; - DM 'Ac; + DM™'Al,

" Mc;(0) = b.

Defining € = [c1, ¢2)7 and G* = [u!, ul]”, we obtain systems of ordinary differential

equations
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Then applying the existence theorem of a system of ordinary differential equations,
see appendix, there is existence of uﬁ‘,i and w,’}_i as ‘H is globally Lipschitz. We now

calculate some a priori estimates.

h

We first consider the second bound (3.2.6b). Fori,j = 1,2,1 # j, setting n = %
in (3.2.4a) and noting ( 5 ,1) = 0, we then have

oul
~ (Vugl, v 6;)

h : h h
oul. Sub ul ouh
+ (é};——gt—};t) + (w;(uzo, gt) +D (ui‘,m,%) =0, (328

oury But,\" [, . oul,\" ok, \"
+(G\’I\II &’27 8t12> +<we(u22)a m,z) +D €1+1 8t2 = 0. (329)

Adding (3.2.8) to (3.2.9), rearranging the terms and integrating over (0, t), we have,
for all t € (0,T)

t auh t 6uh
_ h €1 h €,2
0 —7/0 <VUE’I’V—85 > ds+’y/0 (Vue,g, s ) ds
‘(g Ot Bty "d (g Outa Bula "d
/0 N5t s S+/0 N os |
h
t auh
h €,2
+/0 < ( (u£,2), 63) ds
h
t ou hl t 3uh2
+/ D|uly+1, e ds+/D Pl +1, =22 ds. (3.2.10)
0 8 0 ! 63

For ¢ = 1,2, we consider each term on the right-hand side of (3.2.10). The first and

second terms, noting (3.2.1c), becomes

‘ Oul; 149 4 h
A (VUH,V 9s > ds = 5/0 ég(vue,i’vue,i) ds

1 1
= St R - Sl (0)

1 o1
= §|u§,.(t)|f — 5|P”u§’|§. (3.2.11)
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Noting (3.1.4), we obtain the third and fourth terms as

t( 5, Oul; Oubl; " t
/o<gN63’83>ds /0 1ds=/0
Noting (3.1.2) the fifth and sixth terms can be expressed as
¢ Aul; t oul
rea by ZT6tNR — h I ¢
[ Witk 2 s = [ ( JRCCE ds> da
= /7rh (/t ﬁw (ul (s))ds) dx
Q o Os ¢
= [ (0t 0) ~ velul (0)) o
Q
= (wé(u?,i(t))a 1)h - (¢e(u?,i(0)): 1)h, (3.2.13)

2
h
aue,i
Os

é\hfm

o ds.  (3.2.12)

—h

and the last two terms can be written as
/Ot(ezﬂaa 1) ds+/t(ue 8“”)
( ( Ot ) ag)dx> s
/ (/ Olue )( 62+1)ds)da;
SR
=

ug 1 (8) + Luly(t) + 1)" — (ul1(0) + 1,ul5(0) + 1)™. (3.2.14)

)+ D)(ula(t) +1) = (uby(0) + 1)(ulp(0) + 1) da

Substitute (3.2.11) - (3.2.14) into (3.2.10) then rearrange the terms to obtain

T (s (OFF + [t a(0) + (e (1)) +eluiy(8), 1) + D(ua () + 1, dglt) + 1)

o, |7 out,w
. /( 0 () ) N
0 —h

ds Js
= T(1PMuBf: 4+ |PHuBIE) + (e (0)) + welulp(0)), 1) + D(asy(0) + 1, ulg(0) + )"

2
(3.2.15)
Noting (2.2.3) gives
0 < WELO), ) = S(1 - (Wl (0))1)"
< %m]. (3.2.16)
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Noting (3.1.7), (3.2.1c), inequality 2ab < a®+b? and (a+b)% < 2(a®+b?), we obtain

0 < (ul(0) + 1,uly(0) + 1)"

AN

< ClIP"}IIE + CIIP"up|l? + 2I€2. (3.2.17)

|U?,1(O) + 1|h|u?2 +1|n

In the same way as (2.2.13) we have that

(We(ul 1y DM + (Pe(uly, D™ + D((ul; + 1) (uf, +1),1)* > =C. (3.2.18)

Substituting (3.2.16) and (3.2.17) into (3.2.15), then noting (3.2.18) yields

(a0 + o)) + [ ( ) ds

(@l (6, )" (et 1) + D((wl(8) + 1), (ulalt) + 1)
< S|P} + 2P + Ol P + ClLPMuS): + 310

2
h
8u€,2

Os

h
oul,

Os

< C. (3.2.19)
Using the discrete Poincaré inequatlity (3.1.8) and (3.2.19) gives
[uf i@l < Gp(lubi®)ls + (i), M) < C,

then it follows that
”u?,i(t)”L“’(O,T;Hl(Q)) < C. (3.2.20)

Setting ¢ = T in (3.2.19) we obtain

(1D + [l (D)) + / ' (

+ We(ul (T), )" + (We(ulo(T)), )" + D((ue (T) + 1), (ulo(T) + 1))
< C. (3.2.21)

2 2

h
8u6‘1

Js

h
ouly

95 ds

—h —h

Therefore we have that

A

2

Buz 1
Os

h
8u€,2

Js

2
) ds < C. (3.2.22)

—h

—h
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Noting (3.1.11), we hence obtain

h
8um-

L2(0,T5(H(R))")

Now we consider

lfult; = ali||”, = (luli(8) — uli(0) + uly(0) — = (uli(t), 1)

t .
2 h h o (ah
|| gt ds +i(0) = g luti(0,1)

—h
Noting 2ab < a? + b2, (3.1.10), (3.1.6a) and (3.2.22) yields

2

t
Jub = b, < 2 Suts)ds| +2

2
tah

1

< 2 —ut.
B o Os 1 —h

t
9 h(s)ds|| +C

< 2 U, ;
= 0(98 €1 o

< C.
Integrating (3.2.23) over (0,7'), then
h

”ue,i__fug,i”Lz(O’T;(Hl(Q))l) _<_ C(T) S C

Hence it follows from (3.2.22) and (3.2.24) that
lu i orn@y, < C.
We use the discrete Poincaré inequality (3.1.8) to obtain
@l < Gl + I(wli(d), VI,
and then note the Young’s inequality (2.1.8) to have
i@ < C(jul @ + (wh(0), D).
It follows from the definition of the norm in H!, and (3.1.6b) that

lwe (O = lwes (O + lwea(BO,

ul (0) — = (u®. (¢
£40) — (), )

2

—h

(s)ds|| + Clul;(0)]5+ Cl(ul,(t), 1)I3

(3.2.23)

(3.2.24)

(3.2.25)
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and using (3.2.25) we have

lwt 2 < (ki@ + |(wh(6), DP)- (3.2.26)
Noting (3.2.5) and (3.1.4) gives |
2 2 2
Oug, Oue, Ou;
whlf = |-Gk —e +,\1-1 G5 - 5 h (3.2.27)

Set 7 =1 in (3.2.3b) and note ¥, (ul;) = 18.(ul;) — ul; to obtain
1
(w?,i’ )" = D(u?,j +1,1)" - (U?,i, "+ E(ﬂé(u?,i)’ 1)",
which implies that

1
(ke 01 < [F0k, 1+ 0P+ DGy + 1,1

Noting (2.2.6) we have that G.(r) = 0 for [-1,1] and |Bc(r)| < rBe(r) for |r| > 1,
then

a |

Bk O S S (B ) uh "

Hence it follows that

|(we(t),1)] < (ﬂe(U?,i),U?,i)h%I(UQ‘,i,l)"l+|D(UZ‘,,-+1,1)”I- (3.2.28)

61

oo

Substitute # = u®; in (3.2.3b) and noting (2.2.6) and that /(ul;) = $6:(ul;) —ul;,

e

we have
%(/Bf(u’g,i)’ U?,i)h = (ug,ivug,i)h - 7(Vu?,i, V'U?,i) - D(U?,j +1, u?,i)h + (w?,i) u?,i)h
= |ugz|f21 _'7|U?,i|% - D(u?,j + 17“21’)’1 + (wg,mu?,i)h’
thus (3.2.28) becomes

|(w2i’ 1)h| < |u?,i|i_’7|ug,i|%_D(u?,j+1 u! )h+(w2i,u?,i)h+|(ug,i’1)h|+|D(u?,j+1a1)h|'

y Yesd
(3.2.29)
Note (3.1.3a) and also (uf;,1)* = m; to have
(wh. uh.)h — (,wh' ult — _l_(uh l)h)h_’_i(uh. 1)h(wh_ 1)'1
€4 Ye,i €9 Ye,i lQI €,i lQl €,1 €,

1 m;
= vw?nvg\h (ugi__ugi’lh)>+_zwgia1h
(vt 908 (o= o))+

3 (6-5)
AN (]

m;

il o+ |Q|(w£‘,i, 1), (3.2.30)

(A
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As |(ul;, )" = |my| < |9, rearranging (3.2.29), and using (3.2.30) and (3.1.10), we

obtain
|(wg;, 1)
m-
S |ug,i|h 7|uez|2 D(u?,j_*—]"ue ) +Im1|+DlmJ+ |Q||+|wezl1 1_ 'IT;'
m; h
+ |Ql( €,1) 1)
< [ulilh — D(ul; + 1, ul ) + Il + Dlms + Q] + Cplul)s fub — =
[l s
+ el 1)
|m,|+|u i|2 + Cplw?| T‘Ll D(ul; + 1,u?)* + Dim; + |9
= —|mil -
I W
(3.2.31)
Noting the Young’s inequality (2.1.8) and (3.2.20), we have
|D(u +1’u61) | = ’D((uh_]’ ez) +ml)
1
<D (§|u2j|ﬁ + §|u2_i|i + mi) (3.2.32)
Noting (3.2.32), (3.2.31) becomes
(who 1) < C(lwbly +1).
Noting inequality (a + b)? < 2(a? + b%), then
(ko )M < CwlE+1). (3.2.33)

Substituting (3.2.33) into (3.2.26) yields
lwt @l < o(ll®f+1).
Integrating over (0,7) and noting (3.2.27) and (3.2.21), it follows that
||w2i(t)||L2(o,T;Hl(Q)) < C’(l + T%).

In order to prove uniqueness of a solution to (P"), we simply analoue of proving

uniqueness of that to (P¢). . ‘ O
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Theorem 3.2.2 There exists a unique solution {u?,u},w? w}} to Problem (P")

such that the following stability bounds hold

”u?”Hl(O,T;(H(Q))') < C, (3.2.34a)
lull L@y < C, (3.2.34b)
lwill2orm@) < C. (3.2.34c)

Proof:Noting compactness argument from Theorem 3.2.1, there exist subsequences

of uf,i and wi"i such that, for i =1, 2,

ul; = uf in H'(0,T; (H'(Q))") N L*(0,T; H'(R)), (3.2.35a)
ul; = uf in L0, T; HY(Q)), (3.2.35b)

wzi — w in L*(0, T; HY()), (3.2.35¢)

ul; — ul in L*(Qr). (3.2.35d)

Hence (3.2.34a~c) follow on noting (3.2.35a-c).

We now consider that

lim flug;|f; - IIU?II?,’ = lim [flug;l; = luflli] = lm|(ul; —uf,ul; +uf)|
e—0 e—0 e—0
< tim = bl (llslln + ).
It follows from (3.2.35d) and convergence properties, see Appendix A, that
lim [lull7 = [[w!ll3- (3.2.36)
e—0

Noting again convergence properties in (3.2.35a-c), we pass to the limit in (3.2.3a,b)
to obtain (3.2.1a,b). Setting n = Bc(ul;) € H'(R) in (3.2.3b), and using the Cauchy-
Schwarz inequality yield

A(uls, VB u)) + Bl
(u?,i + w?,i,ﬁe(u?,i))h - D(u?,j +1, 5e(ug,i))h
(e + el ) 1B s + Dla + 1, Be(u))"

1 1
< 2e(Julli + [wbil2) + 2o B(ub)IE + DPefuly + 11 + 18 ()12

IA

IA

1
2 (Jubyff + [whif}) + 518wl IR + D2 (Julf2 + 2m; +192).

(3.2.37)



3.2. Existence and Uniqueness 50

As 0 < BL <1, we have
(Ve VALGA) = [ Biub)Vul Tl da
> /Q(ﬂé(ue,i))ZVugiVuf,i dzx
= |Be(ul ) > 0, (3.2.38)

then it follows on summing with ¢ = 1,2 from (3.2.37) that

2
i=1
Hence, from (3.2.37) and (3.2.38), we obtain
I8tz oy < Ce.
If we let € — 0 then, by (3.2.39), for a.e.t € (0,T), we have
lim |B.(u")lo = 0.
e—0
Using (2.2.58), (3.2.39) and the Lipschitz continuity of § gives
T
[ 1@t < [ (186 - Bt + 186 — A IbIAEN ol
< C7(h4‘—‘UZAL%QT)*‘6)hﬂL%nT»
from (3.2.35d) we have that B(ul') = 0 a.e. that is u} € K"
Let v € K" hence S.(v) = 0 and using (3.2.3b) and (2.2.6) to obtain
Y (Vul Ug iy VU — Vuf}‘i) — (u?l + wi‘,,-, v— u?,i)h + D(ugj +1,v— u?’i)h
1
= E(ﬁe(")) - ﬂe(ug,i)’v - ug,i)h > 0.
Therefore we have that
Y(Vul;, Vo— Vui’,i)—(uzi,v~u£‘,i)h+D(uf,j+1,v—uf,i P> (wh,v—ul)h (3.2.40)

We now rearrange (3.2.40) as

¥ (Viugs, Vo) = (ues, v)" + D(ug; +1,0)" — (wey, v)"

> y(Vaul,, Vul ) — (uli, ul )" +D(u L ul )t — (whul )M

€,1) E‘l
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Noting that
limiglf v(Vu ”,Vu D) > v(Vul, vuly,

(3.2.36), and the convergence properties of u?; and w!;, we obtain

v(Vul, Vo) — (u},v)" + D(u} + 1,v)" — (w],v)"
> y(Vul, Vul) — (u), uh)* + D(u;‘ + 1, uM)h — (wh uM)*. (3.2.41)

(3.2.1b) can be expressed by rearranging (3.2.41) and (3.2.1a) follows from conver-

gence of (3.2.3a). Hence existence of a solution to Problem (P?) has been proven.

The existence to Problem (Q") follows on noting that

h
= - —(wh, 1
On— e + To] (wh, 1)h,
then substituting this into (3.2.40) and restricting 7 € K™ to have a fixed mass,
i.e. (n,1) = (u?,1) yields existence.

We now consider uniqueness of Problem (P"). Let {u?, u}, w? w?} and {ul*, ul*, wh*, wh*}

be two different solutions to Problem (P?), define 6*" = u —u* and 6*" = w}—wh*

fori=1,2.

Subtracting (3.2.3b), when {u}, u}, w? w } is the solution, from (3.2.3b), when
{uh*, ul* wh* wh*} is the solution. Then setting n = ul — u?* when i = 1 and

i = 2, respectively,

YV, V") — (62,604 )" + D(6", 6" = (62", 62" ). (3.2.42)

J

Also subtracting (3.2.3a), when {u?, ul, w?, wh} is the solution, from (3.2.3a), when

ul* ul* wh*, wh*} is the solution. Setting 7 = Gh 0“ when ¢ = 1 and ¢ = 2 to have
1, U, Wy, Wy N

h
(8; gw") = (V6" VGRE),

noting (3.1.4), then we obtain

o0+" h "
w u i Chpu - 2
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Substituting (3.2.43) into (3.2.42) and adding together to have

1d uh wh u m u m m U
52 (1012 + 165" 12,) + (1612 + 165" 3) +2D(61" 05" < 103" 3+ 165" 3
(3.2.44)
Noting the Cauchy-Schwarz inequality and (3.1.4) gives
U u" uh ’u," U =y U
|01h|f21+|92 la = (V8 av@vel )+(V92h,vg1’592h)
< 101 GROY 11 + 165 1 IGh0s |
u" u" U u
= 16" 12 116%" |- + 165" 121165} -, (3.2.45)
and
uh gut ult uh uh uh
208", 65")] < 2DI6" 1463l < D16 % + 165" 13)
uh uh uh uh
< D16 162" 1 + 163" 1165”11 ).
(3.2.46)

Noting (3.2.45), (3.2.46) and the Young'’s inequality (2.1.8) gives

U Uh u" ’U.h
(L+ D) (163" 1163 1 + 165 116311

Y (1 qu uh (L+ D)% () ur uh
< S0+ i) + = (e 12 + 165" 1)

Then (3.2.44) becomes

2 uh 2 1 uh 2 uh )2 < (1+D uh (12
3z (IO 12+ 105" 12,) + 3 (10" + 105" ) < S (16212 + 165124 ).

Using the Gronwall s inequality to obtain

exp (~=EEE (- 0)) (108" 12+ 165" 1-0)

EDPY (1o o) + 1" (o)) s

< 16¥" ()12, + 163" (0)[|2, = 0. (3.2.47)

o [ (222
0-

Noting that (8%, 1)* = 0 and using the discrete Poincaré inequality (3.1.8), it follows
that

8" 1n < G181+ 16, 1Y) < o.
Therefore, we prove the uniqueness of {u?,u?}. Noting (3.2.5) we also obtian the
uniqueness of {w”, w?} up to the addition of a constant. Now we have proved the

existence and unigeness to the Problem (P"). O
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3.3 Error Analysis

Theorem 3.3.1 Let the assumptions of Theorem 3.2.1 hold. Then for all A > 0,

we have that
lu1 — u?|| L2y + lluz — ubll2om;m (o))
+ llur — Wl Loy @y + w2 — wgllpoo e @)yy < Che (3.3.1)
Proof: We define

A h

e; = ui—u?EV", e; = u; — 7 u; and e? = "

u; —ul € S (3.3.2)
also note for later analysis that

(1’ ei) =

Lud)—(1,ud) = 0, (3.3.3)

(el = [ #nfus = wus) de
NN
= 23" Myn(e;) (wlay) - wiz))

=0 Vpe H(Q). (3.3.4)

Choosing 7 = u? in (2.2.2a) gives

Y(Vui, V(ul —u)) + ( “ul — uz‘) — (ui, uf —wi) + D(uj + 1,uf —w;) > 0,

(3.3.5)
and choosing n = m"u; in (3.2.2a) gives
h h
(Tl Vit = )+ (Gh T mtu = o) = b —
+ D(u} + 1,7t —uf) > 0. (3.3.6)
Nothing (3.3.2), (3.3.5) and (3.3.6) become, respectively,

’y(Vu,-, Ve,-) + (QN%%, ei) — (’U,i, Ci) —+ D(UJ -+ 1, 61') S 0, _ (337)
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and
~ Oul h
Y (Vul, V(e —e;)) + (gkﬁ,e{‘——ei) + (ul, eMh +D(u?+1,e?)h < 0. (3.3.8)

Adding (3.3.8) to (3.3.7), then subtracting (QN%"’:, e,-) from both sides, we obtain

h
+(Ves, Ves) + (QN% ei) - (QN%,ez)

o O\ AN
< (B%e) - (o) - (n5e 1)

+ (ui’ ei) - (u?’ e?)h

+ D(u} +1,e)" — D(u; + 1, &) — v(Vu!, Vef). (3.3.9)

Noting (3.3.2) and (3.3.4), the third term in the right-hand side of (3.3.9) becomes

(QN 5 1) = /97r ((g,v 5 ) (u; — 7"y;) ) dz = 0. (3.3.10)
Considering the first two terms, we then have

dut  \" oul
(@50e) - (o0%50e)
out \" oul ul oul
(Q’N ) (QN ) (gN 5 ,) - (Q’Nﬁ,ei) (3.3.11)

Noting the Cauchy-Schwarz inequality, (2.1.1a), (3.1.6d) and the Young’s inequality
(2.1.8), we obtain
61)

oul oul
ch T ) T
(gN ot ,ez) (gN 5 yez)

IN
/‘\/\\

= V gui VgNel)
au

< (N gn )(% |gN61|1

ou'
< on |2 0||e,-||_1

2 a“ 2
< Ch + Cllei])*;. (3.3.12)

ot 0

Considering the terms

h h  Auh
(é\lhvagtt ,6.,;) - (glfb%aei) = Il +I2, (3313)
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where

N
h ~ h
I, = (@hvag; »Whei) —( 1':/8;; ,ei>

Noting (3.1.6a) with r = 1, (3.3.2), (3.1.6¢) with 7 = 1 and p, = 2 and the Poincaré
inequality (2.1.3) gives

dul " dul '

Aul
< 2 Ah 1
< Ch*|Gn 5

|7Th6i |1
1

L <

oul
5t | (e — el + il

oul
= or ||l (It — il + el
-1

< Ch?

oul -
Ch2 L C’h]u,|2 + C|e,~| .
ot |, ( 1)

IA

(3.3.14)

We use the Cauchy-Schwarz inequality, the Poincaré inequality (2.1.3), (3.1.3b),
(3.1.4), (3.1.11) and (3.1.6¢c) to obtain

h
IQ S ‘(@"V%,whei—ei) <

= |7Th€i - €i|0

~ Oult
h 1
gn Bt .

. Oub
gh 1
N ot .
oul
ot

<C

|7rhu,~ — ui|0

< Ch? | 2. (3.3.15)

-1

Substituting (3.3.14) and (3.3.15) into (3.3.13), then substituting (3.3.12) and (3.3.13)

into (3.3.11), and noting (3.2.6a), (3.3.11) becomes

=, Oul " oul 9 . 0
(QNW’Q) — (QNW,&') < Ch* 4+ Clei|f + Cllesl|2;. (3.3.16)

Now we consider the fourth to seventh terms in right-hand side of (3.3.9). Then we

note (3.3.2), (3.3.4), (3.1.6a), (3.1.5), the Young’s inequality (2.1.8), (3.1.11) and
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(2.2.59b) to have
(’U,,', ei) (uh eh)h = (uh el) - (ui’ el)h (ul’ 61)h (u?’ e:l)
= (wi, &) — (wi, &) + (i, e + €f)* — (u, ef)"
= (ui &) — (wi, &) + (ui, ef)* — (e, €f)"
= (wi,e) — (u,,e,) Iez|h
< CR?||luallalesly + Hlesll-nlesh
< Clleilf, + %|e,~|§ + ChY, (3.3.17)
and note also (3.3.4) and (3.3.3) to have
D[(u,- +1,e)— Dul +1, e?)"]
=D -(’U,j +1, 61) — (Uj +1, ei)h + (’U.]' + 1, ei)h - (u;’ +1, e?)h]
= D -('U,J' + 1, 81') - (’U,j + 1,€i)h] + D[(U] + 1, 6i)h — (U,;l + 1, ei)h]
= D (uj + lvei) - (‘le + 1vei)h:| + D(ej’ei)h
< Ch*|lu; + 1hlesh + Cllejll-leils
< Cllesl?, + %|ei|';’ + ChA. (3.3.18)
The last term in the right-hand side of (3.3.9) can be expressed as
—(Vu}, Veft) = —v(Vuf, Vef) +v(Vui, Vef) = 4(Vui, Ver!)
= —y(Vuy, Ved) + v(V(u; — ul), Ves). (3.3.19)

Integrating on the first term of the right-hand side of (3.3.19) by parts and noting
%’—‘j = 0 on 912, the Cauchy-Schwarz inequality, (3.1.6¢), and (2.3.15b), we have

—y(Vu;, Ve{‘)

<

IA

IA

’Y|Auz’|0|€f‘|0
Yuilo (1 = 7" )uslo
Yluila Ch?luil2
Ch?.

(3.3.20)

Noting the Cauchy-Schwarz inequality, (3.3.2), (3.1.6c), the Young’s inequality (2.1.8)
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and (2.2.59b), the second term of the right-hand side of (3.3.19) becomes

Y (V(w — ul), Vel) = 7(Vei, Vel) < v|Veilo|Vello

yleil | (I — 7wy

< Jleilt + 290R uif?
< %|ei|f +Ch2. (3.3.21)
Thus (3.3.19) can be written as
—y(Vul, Vel) < —Z;|ei|f + Ch?. (3.3.22)

Substituting (3.3.10), (3.3.16)-(3.3.18) and (3.3.22) into (3.3.9), also noting (3.3.20)
and (3.3.21), (3.3.9) can be expressed as

d
e, +vleil? < Cllelly +Cllesll2y + % (33.23)
Adding (3.3.23) when 7 = 2 to (3.3.23) when ¢ = 1, we obtain

d 2 2 2 2 2 2 2

= (lealy + ezl ) # v (leslt +leal?) < C(llerl?y + lleall?y) + O (3.3.24)

Integrating (3.3.24) over t € (0,7T), using the Gronwall inequality and then rear-

ranging the terms, we then have

. T
les(DI2, + lealIEs+7 [ (lealt + ealt) s
T
< (eI, + lealO)I2,) + © [ h2ds,
0

It follows from (3.1.13) that

||61“%°°(0,T;(H(Q))’) + |Ie2||%°°(O,T;(H(Q))’) + ||6’1||iz(o,T;H(n)) + ”62”%2(0,T;H(Q))

< (I = PP, + (T = PRI, ) + C(T)A?

< Ch2

The result (3.3.1) can be obtained by noting (3.3.2). a



Chapter 4

A Fully Discrete Approximation

In this chapter we present a numerical scheme to solve the weak formulation we
introduced in Chapter 1. The existence, uniqueness, stability and extra stability for
the scheme have been investigated in Section 4.2. In Section 4.3 we discuss error

estimate between the solutions of weak formulation and fully discrete approximation.

4.1 Notation

We let the assumptions and results of Chapter 3 apply. In addition, we define
At=TL, t"=nAt,0<n <N, J"=(t"1t"],1<n <N, and

,’,,n __ ,r,n—l
"= ————  1<n<N 4.1.1
on A lSnsh, (4.1.1)
for a given sequence {n"}\_,, "> 0 and N € N.
We also introduce the operator ©* : H'(Q2) — S" defined by

7(V(I - @}f)% VX) + ((I - @’11)77’ X) = 0 VX € Shv (412)

and note that
(I - O |mp < Ch¥uf, (4.1.3)

1 1
p € [2,00] and either u = 2—m—d(§—;) or u > 0if p < oo,

see also Barrett and Blowey [7].

58
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4.2 Existence and Uniqueness

Let K" and K} be defined as in Section 3.1 and S% = {x; € S": (x;, 1)’ =
(U, 1)* = m;}. For B € [0,1] we introduce the following fully discrete approxima-
tions to Problem (P) and Problem (Q):

Problem (P}) Given {U?,US}, find {U}, Uy, W}, W3} € K* x K" x S* x S, for
n=1,..., N, such that

OUT, )" + (VWP Vx) = 0, Vxesh (4.2.1a)
(VU Vx — VU — (U, x — UD)" + D(BU3 + (1 - B)Us ', x — UP)*
> (Wi, x — U Vxe K", (42.1b)

and

(OUF, x)" + (VW},Vx) = 0, VYxe s (4.2.2a)

Y(VU, Vx — VUF) — (UF™Y, x = UP)* + D((1 = B)U + BUT, x — Up)"
> (Whx — UM Vxe K" (4.2.2b)

Problem (Q}) Given {UP,US}, find {U},Us} € KR x K}, for n =1,..., N, such
that, for all £ € K% 4,5 =1,2,

Ur — Un—l h
vt v - v+ (G (50 ) - or) - @8- v

+ D(BUy + (1 - BUy,x1 — UM >0 vx, € K

my?

(4.2.3a)

and

n—1

h
- n Uz U n n— n
v(VU3, Vx2 — VUF) + <@v (%) 1 X2 T Uz) - (U3 1;Xz - U; )h
+D((1 - B)UT + BUT  ,x2 —U)* >0 Vxo € K}y, (4.2.3b)
‘Remark: If we observe that

~ [Ur —pr1
W = -Gk (——— At’ )+/\?, (4.2.4)
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where AT = (Wlml) then immediately we see that if {U}, Uy, W ,W"} solves Prob-

lem (P}) then {U}', U7} solves Problem (Qp).

Theorem 4.2.1 Let At > 0 and 5;’(U{’,U§) < C. Then there exist a unique
solution {U, Ug, W, W3} satisfying Problem (P}), (4.2.1a,b) and (4.2.2a,b), such
that the following stability bounds hold

m

> (0 =0 + Uy - Uy |2)]

n=1

max {&’,‘(U{", U™ +%

m=1,...,N

1 = n n— n n—
+§ Z('Ul —UrYp + Uy - U 1|'21)]
n=1
m S 2 yn Lﬂll 2
+At ‘ “— * ‘ 22— < C, (4.25)
; ( At h At h
N N :
ALY WP + 4t ) IWpl < C, (4.2.6)
n=1 n=1

where E(UF, UF) = 3[|Ufh + Ugh] - (102 + \UpRR) + D(UP, Up)".

Furthermore, for At < At* where

. 4y
Attt = B.D)?’ (4.2.7)
and
)18 it 0<p<,
B if 1<B<1,

the solution is uniquely defined.

Proof: We begin by proving stability, i.e. there is a Lyapunov functional similar
to the continuous functional (2.2.18d). Substituting x = U and x = Uy™" into
(4.2.1b) and (4.2.2b) respectively to obtain
¥(VUT, VUP™ = VU = (UF T, UP = Up)" + D(BU3 + (1 - B)U5~, U~ = UT)"
> (Wp,Ur - UD)", (4.2.8)
and
¥(VUz, VU3~ = VUF) = (U U~ = U)* + D((1 - B)UT + BUT 1, U3~ = Ug)"
z(W%U?“JH),MZ%
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then noting that a(a — b) = 3 [a® + (a — b)* — b%], we have, for i = 1,2,

WVURVUF = VUp) = 2O+ |07 - Up = U ), (42.10)

and
n—1 n—1 n 1 n|2 n n—1|2 n—1)2
Oropt o) = (- up - U R - o). (421D
Taking x = G (&—AU{E) in (4.2.1a) to give
U U e (VR UYL n wgn (UF UM
( A7 ,Gn A7 = VWL, VGy — /) (4.2.12)
Then noting (3.1.4) on the left-hand side and (3.1.3a) on the right-hand side, (4.2.12)
becomes
Ur U (e VRO
At o A
1 n n— 7
= E(Wl U I_Ul)hv
thus
Un -1 2
(wr,urt - Unt = At\ e (4.2.13)
At h
Similarly taking x = é\,’t, (y—;—_gg_—l) in (4.2.2a). Noting (3.1.4) and (3.1.3a) we also
have
Ur — n—1 2
(W2, Uz — U = At‘ -2 2 i (4.2.14)
At n

Finally, we derive that

(BUF + (1= AU~ UF ™ = UM + (1 - B)UT + pUT ', Up~ = U)"
= (BU3, Uy~ — (BUZ, U + (1 - B)U; ", UF ™))" — (1 - B)U;, UT)"
+ (1= B)UT, U ) = (1 = AU, U + (BUT 1, Up )" — (BUT Y, UR)"
= —(B+ (1= BNUTLUN" + (B+ 1= p)(UF U
= —(UM, UMM 4 (UPL, U 1)P, (4.2.15)

Substituting (4.2.10), (4.2.11) and (4.2.13) into (4.2.8), and (4.2.10), (4.2.11) and
(4.2.14) into (4.2.9) then adding the resulting equations and utilizing (4.2.15) to
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have

n n 7 n n— n n—
ENUL,UR) + 2 (17— UF i + U3 — U3}

Un Un 1
At

U2 Un 1
At

1 n n— n n—
+5 (o —vp T+ oy - o) + e O

2 2
d
—h —h

< exuptuph. (4.2.16)

Summing the above equation over n = 1,...,m for 1 < m < N, then noting the

Young’s inequality (2.1.8) gives
LY n n—
mex {8" U, ug) 52_:( - U+ g - Up)

5 (0 - U + gt - U

Un Un 12 Un Un 12
+A ’— +‘——
ol (E s RN
< &0, U3)
< C. (4.2.17)
Noting (4.2.4) and (3.1.4) we have
n ur - up!
IVWie = ‘ ( gN<—At )+)\)O
N U,n_Un_l 2 %
— _vgh ( i i )
(e (),
_ & (U = U
- e (),
yr —yr?
= == (4.2.18)
=,

then summing from n = 1,...,m where 1 < m < N and using (4.2.17), (4.2.18)

becomes 2
4 S | Y (4.2.19)

—h

ALY W =
n=1

Next, consider discrete Poincaré inequality (3.1.8), that is

Wil < Cp(IWPl+ W, DY), (4.220)
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Setting x = 1 in (4.2.1b) gives

U — (U3, 1= UM+ D(BUF + (1 - U3, 1 = U > (WP, 1- UM,
(4.2.21)
then

~UT [ ~mi+(UF 1, UL+ Dma—D(BUF +(1-B)U5 =, UT)" > (WP, 1)*=(WT, UT)",
and also with x = —1 in (4.2.1b) gives
—|UP} = (UF, =1=UD)" + D(BU3 + (1 - B)U;~*, =1 -UT)* > (WP, -1-UD)",
then
—NUF3+mi+(UF, U~ Dme—D(BU+(1-B)U5 1, UP)* 2 —(WP, 1)" (WP, UT)"™.
Hence we obtain
YNUR = ma — (UPY U + Dmy + D(BU5 + (1 - B)U5 1, UT)" — (WY, UD)"

< (W,

< —AUPR = my+ (UPTUDY + Dma — D(BUS + (1 = B)UR ™, UMY + (W}, UD)".

Therefore, we have that

(W, 1! < fma|+| Dma| =AU [f+(UF 1, UR)" = D(BUZ +(1-B) U5, UD) (WY, UD)™.
(4.2.22)
Using the Cauchy-Schwarz inequality and (4.2.17) to obtain

UL UD < U < G,
D(BUE + (1 = AUF ™ UP)" < DU (BIUF I + (1= BV Ia) < C,

also noting (3.1.3a), (3.1.4) and (3.1.10) to obtain

h
n n\h __ _ n
oo = (weur |ﬂ|) IQI(Wl,1>

n n m | n
< |W1 |1 Ul e Yl ||Qll | Wl’ I
n |m1| n h
m
<co|w1"|1+| 1' |(wr, 1),

12|
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noting again (4.2.17), we can rewrite (4.2.22) as

|m1|

I(Wl? ) I < C+CO|W1|1+ IQI

(WP, 1)

Now noting that Il"s;‘ll < 1, (4.2.19) and (4.2.20), then summing from n = 1,...,m
where 1 < m < N yields

ALY WP < C.
n=1

In the same way, setting x = 1, —1 in (4.2.2b), we then obtain

m
ALY IWRIF < .
n=1
For uniqueness, let {U}, Us} and {U7*, U3*} be two different solutions to Problem
(Q}), define 8Y = U — UP* and 05 = Uy — Up*. By substituting x; = UP* and
x2 = UP* when {U},U2} is the solution, and vice-versa. Then adding together

when 7 = 1 to have
V16712 + D(863,67)" + ||9U||_h < (4.2.23)
By (3.1.3a) and the Cauchy’s inequality (2.1.9), it follows that

|D(B6Y,6Y)%| = |Dﬁ(v§,’w¥,vo”>|

< —||0U||2 + 5—D2|0 2. (4.2.24)
Thus (4.2.23) becomes
0+ (5 - 5 ) 10612, — 22080 < 0 (4:2.25
In the same way, when i = 2, we also have
o+ (5 - S5 Yoz, - 2 < o (4.2:26)

Now, adding (4.2.25) and (4.2.26) gives

(v=25) (v 108) + 5 (10912, + 10812,

2 1— ,82 _ ,6 2
< Loz, + S5 00002, < max {2 SSPE (o, + 12,

(4.2.27)
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Let B, = max{3,1— (3}, (4.2.27) becémes

8 D2 1 g
(7= ) (v 18) + (5 - 5 ) (¥ + 18812,) < 0. (a228)

Let 6 = (2At. Then (4.2.28) becomes

LD)2A '
(v= 2520 (v + 1) < .

Since At < At* = Tll)? and (67, 1)* = (8Y,1)* = 0, the discrete Poincaré inequality

(3.1.8), implies that
 which is contradiction, thus the uniqueness follows.

So far we have stability and uniqueness. To prove existence to Problem (Qg),

consider the following minimization problem:

For 1 <n < M fixed, find {Uy, Uz} € K x K} =: K} such that

TP, Up) = min 6, &) = 3 (16l +16lt) + DA, &)

— (&, U = (&, UF )
+ o (e = UF 2 + e — U2

IAL 1 1 —-h 2 2 —h
+D(1-B)[(Up, &) + (s, &)t (4.2:29)

Assuming that {U7,Us} € K* x K»_is the solution of (4.2.29) and let {£;,&2} €

KM x K! | where & = UP + A1 — UP) with x1 € K&, & =UF and 0 < A < 1,

ma

then we obtain

0< THUT + Ao — UD), UP) — THUT U3)
= 2(1or + 200 - UDE - 07
— (U + A0a = UR), UF )" + (U7, U )
+ Dﬂ[wl" + A0 = U), Up) - (U7, U]
+ 505 (107 + A0 = UF) = U3 |2, + Up = 012, )
+D(1- B)[(UF, U7 +A0a — UD)* — (U3, UD)": (4.2.30)
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We have that

(U1 + 200 = UP)E - 07E)
= |UT} + 2M(VUT, Va1 — VUT) + X?|xa — UPE — |UT 3
= 2A(VUD, Vx;1 — VUP) + A|x1 — UP3, (4.2.31)

—(U7 + A0 = UD), U O+ (UR, U = =M = UP, Up7Hr, (4.2.32)
DB|(UF +Aoa = UP), Up)* = (U, Up)*| = ADB(UZ, 1 = UP)Y,  (4.2.33)

and

D(1 - B)|[(U™, U7 + Mo = UD)* = (U™, UP)*| = AD(L - B)(UF " xa - U™
(4.2.34)
Noting (3.1.3a) and (3.1.4), we obtain

IUT + A0 — U7) = U 12, = U — U2,

= || UPI%4 + 2M(VORUT, VN (x1 = UD)) + Mlxa — UF|12, — 2(VGRUR, VGRUT)
— 2X(VGRUT™, VGl (x1 — UD)) + IUFH2, = IURI2 s + 2(VGRUT, VGRUT)
— UM%,

= 2A(VGR(UT = UP™), VG (x1 — UP)) + Nllxa — UT 1%

= 2AGR(U? = U™), 00 = UD)) + Xllxa — UR[1% 5 (4.2.35)

Substituting (4.2.31) - (4.2.35) into (4.2.30), then dividing both sides by A and

letting A — 0%, we have

v(VUT, Vxa - VUY) — (Ut xa = UM+ D(BU + (1 - B)UZ Y xa — UP)*

Un__Un—l h
> <—§?v (%) ,Xl—Uln) .

In the same way, letting & = U € K,'in and & = UL + AM(x2 — U}) € K}!

m, Where

0< A<, gives

v (VUE, Vx2 — VU) — (U3, x2 — UP)" + D(BU} + (1 — B)UT !, x2 — Up)"

—~ Unr — Un—l h
2> (—g?/ (Z—At2—) » X2 —Ué’) .
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Thus we obtain the existence of (Q}) when 1— 3= (ie. §=3). |

To prove existence of Problem (P}%) consider the problem:

Problem (S?) Given y; € [uf, pff] find U, € K" such that Vnp € K", i=1,2
(Uuesn=U)" > (fisn = Un)" = (gi,n = Up)" + pi(1,m = Up)", (4.2.36)

where, for i = 1,2, (g;,v)" = ¥y(VUP, Vv), U is the unique solution of Problem

(@4), fi = Up + U7 = G (U555 ) - D(US + (1 - HYUF™), and f; = Uf +
-~ n_gm—1

Uyt - G (BE=) - DI - BUIT + BUT).

We define uf and pf later. We use (3.1.2) and then express (4.2.36) as

Z MUy, $k)(7)k — U, (zx ) Z M (fz tr) — gi(Te) + .Ui) (le - Uﬂi(mk))'
= (4.2.37)
Fixing [ and taking
U, (zk) if k£ 1,

N =

20, (z1) — sign (Uy, (1)), Up(2i) — sign (Uy,(21)) and sign (U, (7)) if k=1,

i

n (4.2.37) yields

( Upi(z1) — (fi(m) — 9i($1)+ﬂi)) (Um(x,)—sign(Um(ml))) >0 VI

(4.2.38)
_Sign(U#i(ml))( Upi(m1) — (filz) — gi($1)+ﬂi)> >0 Vi,
(4.2.39)
() = (i) = gulan) + 1)) (sign (Vs (@) = V(@) = 0 VL
(4.2.40)
Set
ul = 1- min fi(z)+ max gi(z),
so that

filzi) — gi(zi) + pff = 1+ fi(zx) — min fi(ze) — gi(ze) + max gi(zi) > 1,
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hence we conclude that, for n(z;) <1

— b

(1= (h@e) — gi@e) + ) (@) = 1) 2 0

such that at each point 1 satisfies (4.2.38) - (4.2.40) and thus U,r(z;) =1 for all .
Similarly setting

i = 1- (mex filze) + kg;jgﬂm(m%

ey

we then conclude that

(1 + (fi(z:) — gi(z) + u,-)) (n(x,-) + 1) > 0, hence U“iLk (z;) = —1 for all L.

We also have
-1 if fi—gi+m < —1,

Ulti (xk) = 9 fi(a:k) — gi(:ck) + u; if —1 < f,-(a:k) - gi(mk) + i < 1, (4-2'41)

1 if fi—gi+wm>1,

is the unique solution for Problem (S}:) which follows from (4.2.38) and (4.2.40) if
Uy, (zk) # sign Uy, (zk).

We define the mapping M" : [uf, uf] — R by
MM = (U 1)

Let pj, 4} € [uf, 1Y) then setting p; = pj,n = Uy and p; = pf,n = Uy in (4.2.37)

adding the resulting inequalities and we obtain
0 < Uy —Uglt < (M) = M) (ul — 2). (4.2.42)

From the Cauchy-Schwarz inequality and (4.2.42) we have

M (ud) = MP ()
OG- ML < oy - gl < (MGt~ MG 0 )

that is M" is monotone and continuous. Using (4.2.41) so that M"*(uf) = |Q]
and M(uf) = —|Q. It follows from the Intermediate Value Theorem that there
exists \; € [uF, uF] such that MP(\;) = (Uy,,1)* = m;. Now setting x; = U), in
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(4.2.3a), x2 = Uy, in (4.2.3b) and n = U} in (4.2.36) with u; = A and noting that
(U, 1) = m;, adding the resulting inequalities yields

UF = Unli <0,
i.e. Uy, = Ul and defining W = Gl (8U™) — \; we have proved existence.

Remark: 8 = 0 is a special case as the two equations decouple and existence is

shown in a similar way as above. ]

Theorem 4.2.2 Let the conditions of Theorem 4.2.1 and the assumptions of Theo-
rem 2.3.1 hold, 8 = 0or 3, 6t = O(h"),r < 2 and |u —UP|; < Ch. Then there exist a,
solution {U}, Uy, W, W'} satisfying Problem (P}), (4.2.1a,b) and (4.2.2a,b), such
that the following extra stability bound holds |

m 112 n—1 12
2 up -up! Uy - U,
minﬁ’fzv{4 ;At ( T R e
1 - n n—1)2 n n—1(2 1 m(2 ™m|2
+ §Z(|Wl - Wi+ (W - W3 |1)+‘2'(|W1 1+ W3 |1)
n=1
< C (4.2.43)

Proof: Introducing W? € S* defined by

W2 x0)" = —v(Aud, x) — (U7, x)" + D(UF, x)". (4.2.44)

Au!

It follows from %—1:? = "au_g = 0 and the assumption in Corollary 2.3.2 that

Wl < C.

For clarity we consider the cases # =0 and 8 = % separately.
Setting 8 = 0 in (4.2.1b) to have

(WP, x — Uph < 4(VUR, Vx — VUT) — (UP Tt x — UP)* + D(UZ, x — U™
(4.2.45)

n_pmn—1
Let Y* = Y29 forn > 1. Setting x = U7 ! in (4.2.45) to obtain
1 At 1

—AH WY < —Aty(VUR, VYY) — (UL Y0+ DO YY) mz
(4.2.46)



4.2. Existence and Uniquéness 70

Setting x = Up™! in (4.2.45) we have

A WITLYP S At[V(VURTL VYD) - (UF LY+ DURTR YRS >
(4.2.47)
Adding (4.2.46) and (4.2.47) for n > 2 gives

(Wr =W YO = AtlyIYPR - (v vt 4+ DOy v,

A similar argument with n = 1, and using (4.2.44) with x = AtY}, replacing
(4.2.47), yields, on nothing ‘—9{% =0,

Wi =W, Y1) > AV — (V) - 1Y), VYY),
or, for n > 1, we have

(WP = WL Y > yAve|i

—y(V(u} - 07), VYY) if n=1,
+
ALY + DAY L YR if n> 2.

(4.2.48)

In the same way, setting 3 = 0 in (4.2.2b). Choosing x = Uy ~! and also x = Us*!

then adding together, for n > 2, gives
(W =Wyt Y > At[yYgR - (v Yg)h+ DO YY)
For n = 1, using (4.2.44) with i = 2,5 = 1, x = AtY, and noting %g = 0 to have
(W — W3, ;)" 2 yAtY; [} + DALY, Y,)" —v(V(ug - U3), VYy).
Or, for n > 1, we obtain

(W3 ~Wy™L Y3 > yAtYS ] + DALY, Yy')"

— VuO—UO,VYl if n=1
’Y( ( 2 2) 2) (4.2_49)

—AY YL YR if n>2.
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Comibining (4.2.48) and (4.2.49), it follows that

(W =W L Y! + (W - Wyl vp)"
> yat(JYPE + [Y7E) + DAY, YY"
V(W ~ U), V¥) — (Ve - UY), VY}) if n=1,
—At[(Yl""l, YO+ (VL Y0 + DAKYR LYY i n > 2
(4.2.50)

Using (4.2.1a), (4.2.2a) and the identity a(a — b) = 3(a® + (a — b)® — b?), the terms
on the left-hand side of (4.2.50) can be expressed as

(W~ W= Y (W = W v
= —(VWI', VW] = W) — (VW5 V(W3 — W3 ™)
1 n n n n— n n— n— n—
= _5[(|Wl |1+ W3 ﬁ) + (|W1 - WP+ Wy - W 1|%) - (IWI I+ W lﬁ)]
(4.2.51)

Noting (3.1.5), the Cauchy-Schwarz inequality and the Young’s inequality (2.1.8),
we also consider the terms on the right-hand side of (4.2.50), we then have that

Ay Y < JadyrR e SR, - 12 (4.2.52)
MDY < Tyt + AU I, (4253)
DO Y < Tadvilie AL, (25

and also noting (4.1.3) gives
AW - U9, 9 < Tanyf+ Lt - 00 < Tagvi+ 250 (42:55)

2

gl Y gl 7Ch
Y(V(ug — U3),VYy) < ZN|Y21|¥ + Elug - U3} < ZAt|Y21|f X

Substituting (4.2.51) - (4.2.56) into (4.2.50), then summing the equation over n =

. (4.2.56)
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1,....,mfor 1 <m < N, it follows that

37 m 2
AT S )

b (W - W R g - w ) + S (W + |W;"|%)}

2

+
1

up - o
At

n n—1
U2 — Y2

At

n=1

2 m n _ ymn—1 2 n _ -1 2
< mex 1+D AL ‘Ul 4 +|U2 U;
m=1,...,.N ¥ —t At ~h At —h
1 02 0(2 YCh?
+ §(|W1 i + W, 11) t A

The bound of the first term on the right-hand side follows from (4.2.5). Noting
(4.2.4), (3.1.4) and (4.2.5) yields the bound of the second term and hence we have
showed (4.2.43) for g = 0.

Now considering when 8 = 7 in (4.2.1b), we have

- n D n .n— n
(Wi, x=Up)" < +(VUT, Vx—VUT) - (U} 1,X—U1)"+5(Uz +U5h x = U™

(4.2.57)

yn_yn-1
At

Let Y* = . Setting x = UP"! in (4.2.57) gives

D
— AYWP, Y)Y < —At [V(VU?, VY - (UL Y+ E(U; + U;—l,yln)h}
n>1. (4.2.58)
Setting x = UP*! in (4.2.57) gives
D
AtWPLYP) < At {W(VU] LYY - (0P Y) + -2'(U51—1 + U;—2,Y1n)h]
n>2 (4.2.59)

Adding (4.2.58) and (4.2.59), for n > 2, we obtain

D

(W — Wi Yoy > A [vm"ﬁ SO SO0+ Y{’)"] .

With n = 1 in (4.2.58) and then using (4.2.44) with i = 1,5 = 2,x = AtY}],
replacing (4.2.59) yields

, D
(Wll - W{J» Yll)h 2 7At|Ylllg + -—Q—At(Y;, Yll)h - 7(V(u(l) - U{))’ VYll)’
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or, for n > 1, we have
n n—1 n\h n|2 D n n\h
(W' = WP, Y1) 2 ALY + 5At(Y2 Y1)

—y(V(4] - U7), VYY) if n=1,
—AYPLYP)E + SALYRTLYR)E i n> 2.
(4.2.60)

In the same way, setting 3 = 3 in (4.2.2b). Choosing x = Uy~! and also x = Up*!
then adding together, for n > 2, gives

D
(W2n - W2n_1a Y2n)h > At ’7|Y2n|¥ - (an—l, an)h + ?(Yln + Yln_17 an)h ?

For n = 1, we use (4.2.44) with i = 2,j = 1, x = Y2At and note %u} = 0 to obtain
D
(W3 — W3, YO > vAHYH [ + gAt(Yf,Yzl)h —7(V(up - U3), VYy).
Or, for n > 1, we have
n n—1 nyh nj2 D | n n\h
(W3 =W Y3 > vAHYS | + —2—At(Y1 , Y3')

—y(V(ug — U3), VYY) if n=1,

—AKYPTLYP + 2AYPL YR i n> 2,

(4.2.61)
Combining (4.2.60) and (4.2.61) to have
(Wln - Wln_lv Yln)h + (Wzn - Wzn_l’ Y.’Zn)h
> yat(Ivr +1v2R)
—y(V(ud - UD), VYL) —4(V(ud — U3),VYy) if n=1,

+
O]V YR (P Y)Y+ BAL (Y 4 (L Y] i ez 2

(4.2.62)

Noting (3.1.5), the Cauchy-Schwarz inequality and the Young’s inequality (2.1.8),

we consider the term

2D?
MDYTTLYEY] < gAY+ AT, (42.69)
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and

1 wn ¥ n 2 _
ALY LY < At If+;IIY1" 2 (4.2.64)

Substituting (4.2.51), (4.2.52), (4.2.54)-(4.2.56), (4.2.63) and (4.2.64) into (4.2.62),

then summing the result over n =1,....,m for 1 <m < N gives

37 m 2
s { T 5 )

b2 (wr =W R W - W) + S (W |W;"|%)}

2

+
1

U'ln - Ul -1
At

n n—1
U2 - V2

At

2 m n_ =112 n _ pm—12
< max 3+4D At ’ ur - U +‘ Uy —U;
m=1,...,N v At _h At _h
1 02 o2 , YCh’
+2<|W1|1+|W2|1> + AL

Again, the bound of the first term on the right-handed side follows from (4.2.5).
Noting (4.2.4), (3.1.4) and (4.2.5) yields the bound of the second term and hence
(4.2.43) is proved for 8 = 3. |

4.3 Error Analysis

In this section, for i = 1,2, we take U? = ©%uf and assume that the assumptions of
Theorem 2.3.1 hold. Noting the triangle inequality, (4.1.3) with m =0 and p = 0o

and the assumptions of Theorem 2.3.1, we have that

0% oy < 1O%u) — ud|Leoe) + || Lo (@)
S Ch2_%|u?|2 +1-— (S
< 1,

for h sufficiently small hence, from other properties possessed by ©", we note that

(3.1.12) is satisfied .

For 8 =0 and 8 = 3, we apply the framework in Nochetto, Savaré, and Verdi [42]
to analyze the discretization error in the backward Euler method. Introducing the

variable

wu(t) = , t € (th—1,tn], n=1— N, (4.3.1)
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and
At i ft i 3 n-1ln), 2 = 1, 2. +J.

It follows from (4.3.1) and (4.3.2) that for a.e.t € (0,T), i = 1,2,

Ui =

no_ aU; n-1 _ oU;
Ui - Ui = —Atugt—, and Ui - Ui = At(l - ,U,) ot . (433)
Let J" : S = R be defined by
T0axa) = 5(Bali+ el Vxuxees” (4.3.9)
We then introduce the residual
8U1 n—1 n -1 n "
gN = U +D(BUy + (1 - B8)U37),U, = Uj
h
n (%—; ~UF 4 DAL= AU} + BUT), Ve - U ) |
+ 7w, v - T, Up)), (4.3.5)
and for n =1 — N, we also introduce
en U n n—1 U{L - U?_l h
& = ( —gN(T)—D(ﬂUz +(1-P8)U; )aT)
, Uz n w1y UF = Up™'\h
+ (U g (U pa- oy pup, BB
- o up - g op), (4:3.6)

We introduce {U; ", U5 '} € K& x K such that {U) — U;',Uf — Uy '} € VA x V™

and

U? h '
(VUU ) (gN(T1>’X) _(UI_—1>X)h+D(/8Ug+(1_:8)U2—1)X)h = O)
(4.3.72)
and

UO _ U—l
VU3, Vx) + (QAJ"V (—2—2

1 )ox) = U0+ DI - HUP + U )" =

(4.3.7b)
Existence for all At for the case § = 0 is easy as the two equations decouple. To
prove existence of (4.3.7a,b) for At sufficiently small, we consider the minimization

problem

1 | 1
10a,@) = g5 (Iba = ORI+ e — U312, ) + 5 (Iali2 + Ixal?)

— D(1 - B)(x1, x2)* = (f x1)" — (fa, x2)™, (4.3.8)
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where
(f,&)* = D(BUZ,&)" +~(VUY, VE),
and
(f2, )" = D((1 - B)UT,€)" ++(VU3, V§).

Before we bound (4.3.8), we note that

1 1
(x1, x2)* = 50— UL + U, xa)" + 50 xe = Uy + U)". (4.3.9)

Then noting the Cauchy-Schwartz inequality, (3.1.11) and the Young’s inequality
(2.1.8) to obtain

N

(a = Ul x2)" < llxa = Ofllalixzlln
1
< D||X1—U?||%+@||X2||ﬁ
D fxs = U220 + = lxall (4.3.10)
p2 X1 T Fli-n g liXalle i
and

(U?>X2)h = (Ulo’ X2 — US + Uf?)h

<4 ||U°||h + Do < e — US4+ (U9, US)" (4.3.11)
Similarly, we also have
(auxe = U < Dilba = URI4 + g5 ball (4.3.12)
and |
(x1, UD* < 4D||U2||h+Dh2||X1 UP|1% 5 + (UY, U™ (4.3.13)

Noting the Young’s inequality (2.1.8), for i = 1,2, gives

1
(Firm)® < 20AlR + glalla- (4.3.14)
Substituting (4.3. 10) (4.3.13) into (4.3.9) and noting (4.3.14), therefore (4.3.8) can

be expressed as, G = 0, %,

1 - pB)C
) > 2 )(nxl—U§’||?_h+u><2—03||3h)

At

2
1
+(5+%) (hal + lxal?)

1
- —é—(nU{’uh +IU3II2) - D(1 - AP, U3)"

—2(IAlE - 1513).
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Hence, as I(x1, x2) is bounded below for At sufficiently small, we have existence.

Now we consider the minimum of the minimization problem

UL UY) = min I(xg, x2)- ' (4.3.15)

XiEK,';i

Assuming that {U; !, U; '} is the solution of (4.3.15) and letting x1 = U7 '+A¢, x2 =
U;',0< A< 1,) €R, we have

0 S I(leXZ) - I(Ul—l;U2_l)
1 - N 1 3 ~
< a7 (U7 426 = UFI = 107 = URI2,) + 5 (107" + Ml = 1077 17)
— AD(1 - B)(&, U )" = A(f1,€). (4.3.16)

Next we note that

1UTY + X6 = U2, — IO = UD)12, = (Gh(UT* - UD), Ut — UR):
(

= 2A(GH (U — UD), &)™ + 22i¢]12,
(4.3.17)

and
IUTY + XelR = 10T = MU + 20U " + X2l — 11U R (4.3.18)

Substituting (4.3.17) and (4.3.18) into (4.3.16), and dividing both side by A. Then

letting A — 0, we obtain
(G~ UD,O" + (U6~ DA - A& = ()" (43.19)

Multiplying (4.3.19) by —1 to have

TGP~ U7, 0" — (U7,6)" + DA - B)(UF, &) = ~(h,&)"

Similarly letting & = U, & = Uy' + A€, 0 < € < 1, we also have

- Ait@v(US —Uz58)" = (U716 + DA - B)(UT &) = —(f2, )"
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To prove uniqueness of (4.3.7a,b), let {U; !, U; '} and {Uy,!, Us'} be two solutions,
and define 8Y = Uy — U,! and 0§ = U;' — Us,!. Then choosing x = 6Y in (4.3.7a)
and x = 0¥ in (4.3.7b) when {U;',U; "'} is the solution, we obtain

A
YVUE, VoY) + (T (5

h
) 0) —(Ur 6+ D(BUS+(1-B)U5, 67)* = o,

(4.3.20)

and

Uy’

RO (o

72Y,68) - (U5, 68+ D((1=-B)UR+BUT, 08)* = 0,

(4.3.21)
Also choosing x = —8Y in (4.3.7a) and x = 65 in (4.3.7b) when {ULL UL} is the

solution, we have

s (UY = UG h _
—(VUP, VoY) — (G (P i) o)+ (Wi )"
~ D(BUS + (1= AU, 60)" = 0, (43.22)

and

Ud - U, h _
— (VU2 V68) - (G (i) 08) + (U 6"
—D((1 = BUY + pULL, 05 = 0. (4.3.23)

Adding (4.3.22) to (4.3.20) and (4.3.23) to (4.3.21), then multiplying both sides by
—1 to obtain
B2, + 1671 - DO - B, 60 = o, (43.24)
and
inegfn?_h +|6Y|2 — DB(6Y,05) = 0. (4.3.25)
When S = 0 uniqueness of 8 and 6 follows from (4.3.24) and (4.3.25). For 8 = 3,
adding (4.3.25) to (4.3.24) gives

1
= (16912, + 16512, ) + (16713 + 16512 — DY, 6" = 0.
In the same way as (4.2.24), we have that

1 1
D(Hij) ag)h = _D(oij, 92U)h + _D(Oij’ 02U)h

2

1 D ) D%
< 01 DO + 012 + =
_ 1 U2 U2 D 61 U2 U
= o5 (16712 + 108 12) + =5 (107 + 1651
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Then, noting (3.1.11) and choosing 26; = At to obtain
D2At
(1— I—GﬁC) (|9{f|,%+ |0;f|,%) < 0.
Therefore we have uniqueness for At sufficiently small.

Now we introduce

= ot~ ) ot P
U2 US)"
A ) A
- (o - @z’v(u) ~ D(auS + (1 - AU ), & A_tUl )
1 0
(—_) — D((1 - B)UY + BUY), gQ—A-tgz)h>
(4.3.26)

+ (UQ —%(Uzl - Ug) — D((1 -8} +BUY),

and forn=2—> N
Up — Up~! N
B = (un—l - g“?v(‘—l) - (U3 + (1 - o), A7)

‘At Af n—1
n—1 n—2 n n—1
- (U{“2—§1"v(—-———U‘ o) - Do+ (- g, )

n—1 n—2 n n—
_ n—2 _ Ah U -U; _ _ -1 n-2y Uz —Uj h
(U2 - G (B—g=—) - D - ByUF~ + pUp), L)

(4.3.27)

Lemma 4.3.1 For n =1 — N, where £ is defined in (4.3.6) and D" is defined in
(4.3.26) and (4.3.27), we have,

’y n n— n n— An
T(or —vr g —Up ) < A

IA

< A" - Z(jur - or R+ 1Up - U5
< AtD". (4.3.28)
For a.e. t € (0,T) we have that
R < pAt€ < pAtD; (4.3.29)

where

Et) ==&, D) =D  t€(tae,tn], n=1—N.
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Moreover we have that

Y (A2 < (A2 D" < C(A) (4.3.30)

Proof: Rearranging (4.2.16) and noting (4.2.15) and (3.1.4), we have that
’Y n n-— n n—
2(lop - o + o - v )
Y n— n— Y n n 1 n— n—
< SUUTRH1UE7R) = SUUTR + 1031 ) — 5 (0F R + Uz~
2 2 2
1 n n l n n— n n—
+5(1r+103) - 5 (o - Ur R+ vg - U ')
+D(BU; + (1= YU, U = UP™1)* + D((1 = B)UT + BUT, Uy — Up )"
n— n n—1\ " n n— n n-1\ h
é‘n ur -4 ' Ul_Ul1 + éh Uz‘U21 U2—U21
N At Y N At TAt ‘

(4.3.31)

1

At

Noting the equality 1(a® — b%) = a(a —b) — 3(b— a)?, for i = 1,2, we obtain

- 1
_E(W_l'i B |Uin|'21) = —(Ur Ut -un)t + SIU" = P
1
= (UFLUP -0 + 51U = Ui (4.3.32)

Substituting (4.3.32) into (4.3.31) gives

fy n n— n vﬂ—
T(ur - v+ lup - up)

Ur — Un—l B Unr — Un_l h
< At (U{‘-‘ - gy (1T) + (U + (1 - pUg), L )
Ur — Un—l ~ Unr — Un_l h
+ At (U;“l -G <2A—t2) + D((1 - B)U} + BUMY), LAt—2>
= S0 R + U312 = 107 + 105", (4.3.33)

Alternatively, (4.3.33) can be expressed as

N2

(lr - vpB+1vg - Up~') < e
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Considering, for n > 2, we have that

gn —'ZS"
1 n—2 ~h U .U{l_z‘ -1 n—2 n n—1 "
= E Ul gN T '—D(ﬂU2 +(1_/B)U2 )’Ul —Ul

U U2n—2 n—1 n—2 n n—1 "
s (o - an (B85 — b - syt + pur .0y - U3
1

- [FUURE + Uz - S(UR 4+ o' )] (4.3.34)

Noting the equation 3(a® — b*) = a(a — b) — 1(a — b)? to obtain

o (ori = o) = =3 (o - o)

= A(VUPT, VP - U + S U7 - U

Hence (4.3.34) can be written as,
gn N ﬁn

n—2 h
- 5 (v -a (-—U ) - b+ - gy, o - 07

n—2 .
v (v - o (B ) - pa- s + sy ,ug - vp)

- E[(vw LU} = VU + (VU VUE - VU]

h

- ok (|U" U2 U — U;-lﬁ). (4.3.35)

For n > 2, replacing U? by U}! and choosing x; = UT in (4.2.3a)
urt —ypr? h
ot vwp - op) + (3 (S5 2 op - up)
— (U U - UM+ DU + (1= BUF AU = U™ > 0, (4.3.36)

and replacing U} by Uy™! and choosing xo = U} in (4.2.3b)

Un 1 U h -
v, v - up )+ (6 (g2 v - up)
— (U2 U3 — U3 ™) + D(1 - B)UP™ + BUP2, U3 — U3~ > 0. (4.3.37)
Substituting (4.3.36) and (4.3.37) into (4.3.35), for n > 2, we have that

En-Dr<o.
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For n = 1, choosing x = U} — U in (4.3.7a) and x = U} — U? in (4.3.7b)

Uo — Ut h
s, vt - v+ (8 (L5 ) ot - o)
- (Ul_l) Ul1 - U{))h + D(IBUS + (1 - ﬁ)U2_l$ Ull - U{))h = O,

and

(VU3 V(U; - Us)) + (‘JN (g‘*&U—) Uim Uo)h

— (U; 1, Uy = U)" + D((1 — B)UY + BUT, Uy — UJ)* = 0.
It follows that, for n = 1,

E D" < 0- (Ul - URE + (U3 - US).

Therefore we obtain, for n > 1
AtE» < AtD" — —(|U1 —UP R+ (U - U

Now, for t € (t,-1,t,), we consider that

h
R usif = (G (% ) - Urt+ DGR + (1= B3, U - U7 )

BU" - n n—1 n "
<QN<6t) Uy~ 4+ D((1 — B)UT + BU; ))Uz—Uz)

+ T, Us) = THUT, UF)

. our n ooy Ur—Ur!
— ult (Ul ! QN ( 5t ) — D(BUT + (1 — B)U] 1%%)

aUZ n n—1 Uf? - U;_l "
—NAt( gN( 5 > - D((1 - B)UT + pUq )’T)
+u| UL, Ug) - THUEL p ) (4.3.38)

Noting (4.3.3), we can rewrite the first, second, fifth, and sixth terms in right-hand
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side of (4.3.38), in the following way. We have that, for ¢t € (t,—1,t,),

o (OUT -1 n n—1 n ’
(3% (%5 ) - v+ Doy + (1 - Byu3 .01 - 07 )

a(J2 n—1 n n—1 n "
(gN( ) - U™ + D((1 - B)UT + BU; ),U2—U2)

ot

- BU . o Ur — Un—l h
— uAt (Ul ! gN ( 8t1 ) — D(BU; + (1 - B)U; 1)’ 1T1>

n—1 ~h aU; n n—1 U; — U;_l "
—pAt U™ — Gx 7 _D((l_ﬂ)Ul + BU] )’T

aur o . L ur—urt?
= —uAt (gA';V( Btl) — UM+ D(BUR + (1 - B)U; 1),1A—t1>
N AU . N e Ur — Un—l h
—ute (G (B2) -z~ + i1 - oy + pur), L)
n n __ -1 h
+ pAt [ Gl T _ Ut + D(BUZ + (1 — B)UF ™), ur-oi
ot At
n n _ -1 h
+ pAt (Gl UF\ _ Uy~ + D((1 - B)UT + pUP™ Y, i
ot At
-0 (4.3.39)

Noting (4.3.4) and (4.3.3) for ¢t € (t,—1,t,) yields

Jh(Uh U2) - jh(U{la U;)
’y n n
= (10l + vaf} - U7} - Uz })
- %[(VUl — VUP, VU, + VUD) + (VU, — VUF, VU, + VU;)]

U,

S VU, +VU2)]

and with ¢t = ¢,

|7hwr o - o )

= 7 Kv%i—‘,vu;‘ +VU1”‘1> + (Vaa(f VU + VU3~ 1)] ,
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then we have

1
T"U,Uz) = THUT, UF) + pist [E: (7*wr,up) - 7O, Ué"l))}

- %uAt [(v%, VU + VUM - VU, — VU{‘)
+ (v%%, VU + VU™ — VU, — VU5‘>]
- —%,u,At [(V%, (1- u)AtV%) + (V%, (1—- M)Atv%ufﬂ
= ~Tu(t - w(a0? (\%tU— |5 )
<o (4.3.40)

Noting (4.3.3) and substituting (4.3.39) and (4.3.40) into (4.3.38), it follows that

R — pAtE < 0.
We now consider N _
YoD" = h+ L+ I+ (4.3.41)
n=2
where
N h N — _ _ h
_ - Ut up - Uy~ — Uyt Uy — Uy
L= ; At ( At At + ; At At At ’
N n—1 n—2 n -1 n n—1\ b
_ ~h Uy =Uj __ Ah Ur - U ur -U
= ; (gN ( At ) ox ( At At ’
N n— n— n n— n n— h
+Z an Uz 1_Ul 2 _g‘h Uz — Uy ' Uz - Uy '
e\ At N At At ’
B Up - Uy~ vptt-up?\ vp-upty”
Iy = ;Aw (ﬁ( AL )+(1 ﬁ)( = A= ,

N n—1 n—1 n—2 n—1\ h
ur-u ur— -U ur —U.
le= _ZAtD((l_m(_L’ATI_)*ﬂ( AT ) AL ) '
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Noting (3.1.4), (4.2.5) and the equation a(a — b) = —z[a® — b* + (a — b)?] yields

N n—1 n—2 n—1 n—1 h
_ ~h el _ wooh Ur -uj ~h ur -4
I = ; (VQN ( At ) Vo ( At VO At
N n—1 n—2 n—1 n—1
~h U7 -0y o ph Uz - Uy ~h Uz — Uy
*;(Vg”( m) v () v (P
N n n— _ ne
ST L etiind iy il
n:22 t _h At —h
_ _ _ 2
s (U =UPTY  omn (U U
van () -va ()|
N n—1112 n—1 n—2 1|2
+ |-l + || —F
_ _ 2
o (U5 =03\ oan (Us ' U2
van (5) -van ()|
1 lU}—U{’ 2 +{U21—U3 2
=2 At |, At |,
<CcC. - (4.3.42)

Noting (3.1.5) and the Cauchy-Schwarz inequality to give

= paIET

n=2

Ut - Uy
At

1

Up —-Uy?
At

—h

N
+ZAt‘
n=2

n—1 _ rm-2
% % , (4.3.43)

—h

-t
At

A
At

ur - upt
At

L] < ZDAt( ’

~h 1

n—1 n—2
Uy -0,

N ) . (4.3.44)

+H1-9)]

—h 1

and

1) < gmt(u—ml

Uz —Uz!
At

up -Up!
At

n—1
U1

—h 1

Uzt - Up
At

+ﬁH

1) . (4.3.45)

—h



4.3. Error Analysis 86

Adding (4.3.44) and (4.3.45) to (4.3.43) and noting (4.2.5), we obtain

|| + |15) + |14
Ul' U;‘—U;“l Uf“—l —Uf”_z
< e e e S S
(e R e B
U Uy — U{l_l US_I - U;_z
+2At( 0+Dl At —h) At 1
< C. (4.3.46)

Therefore, substituting (4.3.42) and (4.3.46) into (4.3.41), it follows that

NA
ZD

n=2

For n = 1, choosing x = % in (4.3.7a) and x = —arz n (4.3.7b) gives

1__ronNP
(v - a5 (U520 - peug + a - oy, B

1_ 770
= (VU{’, v (Ul AtUl )) , (4.3.47)

and
Uo — Ut Ul —U
(U;1 —gh (%) ~ D((1 - B)U® + BUY), QAt 2)

1_ 770 h
=y (VU;’,V (U2 AtU2>> . (4.3.48)

H}z\—tﬂﬁ when ¢ = 1 and x = M when 7 = 2 in (4.2.44), then

Choosing x =
integrating by parts to have

Ul - Uo\" Ul - yo Ul — yo\" Ul — UoO\"
0 1 1 _ 0 1 1 _ 0 >1 1 0 1 1
(UI) At ) - 7(vu1,v At ) (Wla At ) +D (UZ) At ) )

(4.3.49)

and

Ul — Uo\" Ul - U9 Ul — Uo\" Ul — Us\"
(Uz, s 2) = 7(Vug,v oy 2)—(W5’, oy 2) +D<U° Y 2)

(4.3.50)
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Substituting (4.3.47)-(4.3.50) into (4.3.26), then noting (3.1.5), the Cauchy-Schwarz
inequality, (4.1.2), (3.1.12), (4.2.43), (4.2.5) and (4.2.6), it follows that

- UI_UO Ul_UO
D' = V(V(UE’—U?),V( Y 1>)+7<V(US—U§),V( o 2))

[ Ul_UO h Ul_UO h
- 071 "1 0 Y2 — Y2
(e 25) + (257

(g (UL=00N UL=UNN"_ (g (V2-URY U3-UR)"
MU oAt ) At MU oAt ) At

1 __groN\h 1 __ g0\t
- [oo (o B B) s b (ot or Y |

- At At
< y|U? —ul|; UllA_tU? 1 + 71U —uzh U%A—tUg 1
+ WO, |VE, (—IE—A_t—Ul(—)) 0+|W20|1 7% <Up};tUg> 0
+ DB <|U21|1 vGh (Uf,;t”?) 102 % (UIIA_tU10> )
+D(1-B) <|U11|1 vaGh (U%A_tUg) +|UP) |VGh (U%A—tUg> )
0 0
= y|U? —ud, UIIA_tU? 1+’Y|U3_“g|l U;A—tUS 1
+ WO U%A‘tU? Lt W21 U%A_tUg .
+Dg (|U21|1 UIIA;tU? _h+|U§|1 UfA—tU? _h)
+D(1—B) (IUl‘h U%A_tUg Rt UzlA;tUg _h)

< C.
O

Lemma 4.3.2 Let the assumptions of Theorem 2.3.1 hold. Then for a.e. t € (0,T)

2 1d
T(1BE + | Baf? + 1B+ 1ES ) + 5= (1B + 1Bl )

< (Ef — D(BE§ + (1 - B)E;y, B\)" + (Ey — D(1 - B)EY + BET, E2)" + R,
(4.3.51)

where, for i =1, 2,

1 1

Ei(i) - u:z_Ui(i) eVh and U} = U, U~ = UMY (4.3.52)
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Proof: Choosing n = U; € K", in (3.2.2a) gives
~ Oul h
Y(Vul, VU; — Vul) — (g}‘v—a—t’—, E,-) + (ul, E;)" — D(u? + 1, E;)* > 0.

Noting the equality a(b — a) = 3(—(a — b)? + b*> — a?), we have

N :
2 ‘ .
§(|E,-|f— Uit + lu?ﬁ) < - (gN =~ + D(uj + 1),E,~) ,i=1,2. (4.3.53)
Choosing x; = u! in (4.2.3a) gives
+ aUl + h n—1 +\h n n—1 +\h

Again noting a(b — a) = 3(—(a — b)® + b* — a?), we have

g " an OUL " n '
Y(15R + 0t - ) < (GR%G - upt+ Dgug + (1 - pY5), B )

(4.3.54)
Similarly on choosing xs = uf in (4.2.3b), we also have

%(|E2+|%+|U2 2 — |U2| ) ( 2 — Uy~ + D((1 — B)U} + BU] 1)1Eé+)

(4.3.55)
Adding (4.3.54) to (4.3.53), when i = 1, gives

I‘Y
T(BR + 1B — 02 + b + U7 = [u?)

oul h U
s - <@V%’El> + (@V e

— D(ul + 1, E))" + D(BU} + (1 = B)Uy~*, EF )™, (4.3.56)

h
1 > + (u'll> El)h - (U{l_l’ Ei‘-)h

and adding (4.3.55) to (4.3.53), when i = 2, gives
g n
(1B + B 12 = (Ul + [+ U3 — u3?)
~ auh h our h -
- (gli\l/#’ E2) + (@V#’ E;) + (ug’ E2)h - (U2n lv E;)h
— D(u! + 1, )" + D((1 = U™ + UL ES)™. (4.3.57)

Noting (4.3.52), E;f can be expressed as

Ef = E; +(U; - U}!),
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the first two terms in the right-hand side of (4.3.56) and (4.3.57) become
out _\" oy . h
- (%3{’&) (gN )
oul  ~, OUP ouyp "
- - (@5 -ags) - (@G u-w)
= 0B _\" auy "
_ h 1 . n
= (g"’_at E) (gN 5 Ui = Ui ) . (4.3.58)

The third and fourth terms can be rewritten as

(w!, E)" = (UP L BN = (uf ~UP B — (U1 U = U
= (E7,E)"— (UMY, U, — UMM (4.3.59)

The fifth and the sixth terms of (4.3.56) and (4.3.57) can be expressed respectively

as
— D(ub + 1, E))" + D(BUZ + (1 — QYUY E)?
= —D(B(us — U3) + (1 - B)(uz — U3~") + 1, En)"
+D(BUz + (1 - B)U3 1, Uy — UP)"
= —D(BEF + (1 - B)Ey +1,E1)" + D(BUS + (1 - B)U3~", Ur — UT)™,
(4.3.60)
and

— D! +1,E)" + D((1 - B)U™ + UL, E+)h
= —D((1 - B)(u} - UP) + B(ul — U™ + 1, By)"
+ D((1 = BUT + BUF™, Uy — Up)"
= —D((1 = B)Ef + BET +1,Ep)" + D((1 = B)UT + BUT™, Uy — U™
(4.3.61)

Noting that (1, E;)* = 0 for 4 = 1,2, and (4.3.58)-(4.3.61), (4.3.56) becomes

v 2 + 2)
L(IBR+1ER) + 5

_ - i n
< (Bf, By - D(BES + (1 - B)Ey, B)" + 2 (U} — 1U72)

(gNEI; El)

Uy ‘ "
(gN LUt 4+ DBUy + (1= B U Uy — U{‘) (4.3.62)
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and (4.3.57) becomes

8
LBl + |BLR) + 5 (Gl B’

< (By, By)" - D((1 = )BT + BB, B)* + 2 (|Ual — U5 12)
8U2 n—1 n n—1 n "
gN — U '+ D((1-BUr + UL U, - UZ) . (4.3.63)

Adding (4.3.62) to (4.3.63) yields

v | 1/(d d
T(1Es + Bt + 157 + 1B E) + 5 @R B+ @B B

< (Ef,E\)"+ (By, Ep)"
— D(BE5 + (1 - )E;, E1)" — D((1 - B)ET + BET, By)"
’Y ’y n n
(ol +1oak) = 3 (e + luze)

oun h our h
(gN 81 Ul_U{l) (gN 2 U2 Ug)

— (U Uy = U — (U, Uy — UR)"
+D(BU + (1 = BYUS Uy — UP)* + D((1 — B)U} + BUT 1, Uy — UP)™.
(4.3.64)

Rewriting (4.3.64), we thus obtain the desired result (4.3.51). O

Lemma 4.3.3 Let a,b,c: (0,T) — [0, +00] be measurable functions with a* being
also absolutely continuous on [0, 7. If they satisfy the differential inequality

%az +2Xa? < b? 4+ 2ca, for a.e.t € (0,T), (4.3.65)

depending on the parameter A € R, then we have that

T 3 T
max eMa(t) < [(a(O)]2 + / e (b(t))? dt] —l—/ eMc(t) dt. (4.3.66)
te[0,7) 0 0
Proof: See Lemma 3.7 in Nochetto, Savaré, and Verdi [42]. O

Theorem 4.3.4 Let the assumptions and notation of Lemma 4.3.2 hold. We have,
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forn = N, a:= %, that

_a!l+D2)
max e 2 t(llEl(',t)Hih + ||E2('at)”2—h)

te(0,tn)
3 2 \3]*~
e 2 —a(14+D?)tp— 2gn
< 1+(8a(4+D) tN> Ze LAY)E

n=1

< C(T)(At)?, (4.3.67)

tn

v/OtN(IEfL(-,t)lﬁIE;(-,t)If)dt < 4a( 4 0% [ (IBGO1% + 1B DI

N
+21) (At)2E
n=1

< C(T)(At) (4.3.68)
Proof: Noting (4.3.52), (4.3.3), (3.1.5) and the Cauchy-Schwarz inequality, for
i=1,2,t€ (t,_1,t,), we obtain
(B E)* = (uf = UP )"

1 1 1 1 1 A\
h U+ Zul— UM+ =U; + U - U™ E,
u; 2U,-ir 5 Ui 2U, + 2U1+ ZU’ U; ,E1>
1 h

(E;+ Ef) + §(U,- + UM - Urt, E,-)

1
(Ei+ E} EY* + Ui = Urtt+ U - U B
h

(E; + Ef,E)" + % (At(l — W) + At

ot ot

(Bt B E) + (2~ i,

2
(VE, VG E) + (VEF, VE4E)] + 52 - wAt (V%% vé,"in)

E]-0)]
(4.3.69)

E)"

1 ' 1
(10t (VB -r (i + B7 1)+ 52— i)

ou;
ot

IA
NI D= N = N

Noting the Young’s inequality (2.1.8) and (a + b)? < 2(a? + b?) gives

1 1 « y )
Qe IENA (1Bl + 1B L) < SIBIR, + (1B + BHE) i = 1,2, (43.70)
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Noting (4.3.28) yields

1 1 3U1 1 ;o
300)H2 - WAL ZH < o)t (1-4%) (Ate:) |Edll_ni = 1,2.
(4.3.71)
Substituting (4.3.70) and (4.3.71) into (4.3.69), we have, for i = 1,2,
(B7 Bt < GBI+ (1B + 1B ) + (2003 (1- %) (Ats) 1| .
(4.3.72)

Adding (4.3.72) when ¢ = 1 to (4.3.72) when i = 2 gives

- - a Y
(Br B2 + By B < S (1B + Bl )+—(|E1|%+|E2|%+|E1+|%+|E;|%)

+ ot (1-4) (Ate) (NEllon + 1 Eall-n).  (4.3.73)

1B h)
1

(4/3.74)
Noting the Young’s inequality (2.1.8) and (a + b)? < 2(a? + %), fori,5 =1,2,i # j

In the same way as (4.3.69), for i = 1,2,7 # j, we also have that

oU;

(Ej_’Ei)h ot

[\Dl'—‘

(ya)} (nEnh(leEﬂ) - ,u)At‘

we obtain
1 1 + aD 2 v 2 +|2
sC MBI (1B + 1B 1) < SPIBIR + 5 (1B +IBf).  (43.79)

Noting (4.3.28), for 4,7 = 1,2,4 # j, it follows that

(2 - p)At | —= aU

[N
(NP

< (20)

%(va) (1——) (Até‘) 1B (4.3.76)

Substituting (4.3.75) and (4.3.76) into (4.3.74) to obtain
aD?*(1 -0 y(1-7
LBy, + D (1, 1 15 17)

+ D1 - p)(2a)t (1-£) (ef) i,

|D(1 - B)(E7, E)"| <

(4.3.77)

and

D2ﬁ

|DB(ET, Ba)| < ||E2||2h+—(|E1|2+|E+| )

+ Dﬁ(za)% (1 _ —) (Atg) 1| Ball—n. (4.3.78)
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Again, noting (4.3.52), (3.1.3a), (4.3.3), the Cauchy-Schwarz inequality and (3.1.5),

we then have

1 h
E Eh_ U U, — UnE
(B, B) <2, T3t Tt TRt Tt )

1 . h
= (-E,- + §E;L + —(Uj ~ U] ),E,.)

1 ou
= 5(Ej+E]f*,E) + /J,At(at E,)
1 , 1 oU;
= 5[(VEJ-,ngI’:,Ei)+(VE;“,V@,:,E,-)] + SuAt (v - vgNE)
1 1 BU
< 50t (IBN-wI Byl + B sl B |y + st | S2| 1B,
(4.3.79)
Noting (4.3.28) gives
1 8U 1 ~\ 3
31t || 1B < @)t (AtE) |IE] . (4.3.80)
Substituting (4.3.75) and (4.3.80) into (4.3.79), it follows that
aD? , N3
8(EF B < S22, + L (1B + |BLR) + DAY (86E) Bl
(4.3.81)
and
' aD?*(1 -7 1-—
Dt - met B < e, 4 ; O 1gi+ 151)

+’D(1—ﬁ)(2a)z— (Atg) 11 Bs || (4.3.82)
Substituting (4.3.77), (4.3.78), (4.3.81) and (4.3.82) into (4.3.73), we obtain

(Er — D(BEF + (1 - B)E;, E1)" + (By — D((1 - B)EY + BET, By)"

2
L oL+ DY)
- 2
1
1u &\ 2
+ DS (AE) (B + ||E2||_h)
(

g
1B 128 + |1 Bal2 ) + 5 (BT + |Eal] + | B + | ES R
2

+ (1 + D)(2a)? (1 . _) (Ate) (||E1||_h + ||E2||_,,). (4.3.83)
Combining (4.3.83), (4.3.51) and (4.3.29) yields
d ~
(1B +1B02) < alt+ D2 (B2, + 1 Ball?s) + 2urt E

+220)} (1+D- %) (Atf)% (1Bl -4 + 1 B2ll-n).
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Noting Lemma 4.3.3 with A = @ = || Ei||2 1, b* = 2uAt€ and ¢ = (20)2 (1+
D - g)(Atf)% to have

a(1+D )t

max ™5 By, )l + |1 Ba(,8)]1-n)

te[0,tm]

tn - 2
< (2 / e~ e(+D ALE (1) dt) + 2(20)
0

N

/Otme S (1+D 2) (Atg(t))% dt

N R 2 3 2 N . 3
< Ze—a(1+02>‘n—1(At)2€") + <8a (Z + D) tN Z e“"(HDZ)‘"—‘(At)Zé‘")
n=1 / n=1 L
3 2 2 N ) R 2
< |1+ <8a (Z + D> tN> (Z g~a(1+D )‘"-‘(At)2€"> . (4.3.84)
n=1

Then the desired result (4.3.67) follows on noting (4.3.84) and (4.3.30).
Now we use the same argument, but keep some of the “kick-back” term.

Reconsidering (4.3.69) and noting the Young’s inequality (2.1.8), the first and the
second term of the right-hand side of (4.3.69) can be expressed as, for i = 1,2,

1 1 @
SGHBIEL < SIEIR, + B, (4.3.85)

and

1 1 oY v
SO NBI-AE [ < SIBIE, + gIELL (4.3.86)

Noting (4.3.71) and the Young’s inequality (2.1.8) to give

1 1 oU;
L(a)b(z2 - u)At,

CNE |12 _K
Ell-n < FIEI2 ,,+2(1 2) AtE.  (4.3.87)
Combining (4.3.85) - (4.3.87) and (4.3.69), when ¢ = 1,2, we have that
(E7, E\)" + (E;, Ex)"
2 2 2 +12 + _ H 2 ~
(BN +HIE) 5 (2 (B + [Baf}) + BB ) +4 (1- 5) AeE.
(4.3.88)

Considering the right-hand side of (4.3.74). For ¢ = 1,2,7 # j, we have on noting
the Cauchy’s inequality (2.1.9) and (4.3.76) that

1 1 aD v
5 (va) 2| Eil|-nl Bjly < TIIEi||2_,,+E|Ej|%, (4.3.89)
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1 aD
SOHEN B < SPIEIR, + J5IB T (4.3.90)
and
SGa)ie-w |5 ——||E|| h+5(1—§) At (4.3.91)

Combining (4.3.74) and (4.3.89) - (4.3.91), we then obtain

D(1 - B)(E5, Eq)'|
1-— 2 .
< a1 - BB, + 2 (amt + 151 R) +20- 8) (1- £) A,
(4.3.92)

and
2 2 2 + % &
\DB(EL, Eo)*| < aD*8|| B2 h+—(2|E1| +|E; |>+2ﬁ (1_5) AtE. (4.3.93)

Now consider the last term on the right-hand side of (4.3.79) yields on noting (4.3.80)
and the Young’s inequality (2.1.8) that

1 oU; aD 9 2 /N2, 2
s(e)tuat | ZZIEN, + D‘( 2) AtE. (4.3.94)

Noting (4.3.79), (4.3.89), (4.3.90) and (4.3.94) to obtain
2 ~
DB(EF, B < oD BB, + 2 (2ABR + 1B R) +25 (5) a8, (4395)

and

ID(1 — B)(EY, By)"|
— 2 —~
< aD¥(1 - B)||Eo)|2, + M(zlm +1EHE) +201-8) (4) Até.
(4.3.96)

Combining (4.3.51), (4.3.29), (4.3.88), (4.3.92), (4.3.93), (4.3.95) and (4.3.96) gives

Y(1p+12 +12 ld 2 2
H(1BF R+ 1BFR) + 52 (12 + 1 Eall2,)
2

2 .
a(l + D2)<||E1||2_h + ||Ez||"ih) + [6 (1 . g) + % + u] AtE. (4.3.97)
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Integrating (4.3.97) from 0 to ty yields
tn
Y
2 [ (1Bt 1E£R) a
0
2

tN IN 2 ~
< ol + Dz)/ (||E1|I2_h + ||E2||2_h) dt +/ [6 (1 - %) + % + u] At dt.
0 0

(4.3.98)
Considering the last term of the right-hand side of (4.3.98), noting (4.3.1), we obtain
that

tn 2 t
pN? | p o
- adl <
/0 [6(1 2) +5 +u]At8dt < [
<9
N

4

2 J, 2
% At At)Atgn

- 33

[6 (1—%) +E+,u] AtE™ dt
Ly

I
| &2 ﬁMz 0

(At)2E™,

=

then (4.3.98) becomes

tn tn N
’Y +2 +12 2 2 2 21 25n
Z / (1B B+I1ES ) &t < a(1+D?) / (MBI 4+ BRI ) de+ g (B0

Therefore we have that

in tn N —~
v [T (BB ) de < da(eD?) [ (IBIEIBIR,) dern Yo (an2En
0 0 n=1
(4.3.99)
Then the desired result (4.3.68) follows on noting (4.3.99), (4.3.67) and (4.3.30). O

Theorem 4.3.5 Let the assumptions and notation of Lemma 4.3.2 hold. Let d < 2
then we have that
1B 2o m;m @) + NES L2y + I Billwo @) + | E2ll Lo @y

N

<o) Y (AtyE

n=1
< C(T)(At)2 (4.3.100)
Proof: Noting (4.3.1) and rearranging (4.3.97), it follows that 0 < x <1 and

¥ d /o
T(1BH2+1B 1) + Z (1B + 1Bl )
2(1 + D?) (

IA

B2, + ||E2||2_,,) +2(6 — 5y + 2u?)AtE. (4.3.101)
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Noting the Gronwall ’s inequality, (4.3.101) becomes

tN
Y
3 [ (B + 1) e+ NI+ | Ea(en)E

2 2 2 <
< eﬂ%lm e—@t (6 - 37“) AtE(t) di

. 0

N t
o n 2 3 o
_weh,, Z/ o~ 2020, (6 _ 7’“) AtE(t) dt
th—1

_ ey, Z / _204D >t( 6AL — STAt> AtE(s) dt

n=1"Ytn-1

21 A1+—D)‘(tn—tn—l) 2¢n
< e Z(At)s
n=1
N

< (1) (atyE™

n=1

Then the second inequality in (4.3.100) follows from noting (4.3.30). O

Theorem 4.3.6 The unique solution {U7", UZ'} to Problem (P}) satisfies the error

bounds

l|u1 — U?Iliz(O,T;Hl(Q)) + ||luz — Ug”%ﬁ(o )y T llun — Ul”%“(O,T;(Hl(Q))’)

o+ lluz = Ul oirqa nyy < CD[(A8)7 + b?). (4.3.102)

Proof: Combining (3.3.1) and (4.3.100) gives

lur = wi a0y + lue = w3l ooz mnay + NES 20 oy

+ ||E5r||%2(o,£r;111(n)) + ||lur - u?”%w(om(m(n)y) + [luz — Ugniw(o,T;(m(n))')

+ || Erll Lo o,y @yy) + | B2l oo 0,750 ()

< C(T) [(At)2 + h2] . (4.3.103)

Therefore (4.3.102) follows from (4.3.103) on noting (4.3.52). O



Chapter 5

Numerical Experiment |

In Section 5.1 we introduce two practical algorithms to solve the decoupled (8 = 0)

and coupled (8 = 1) schemes which are used to solve Problem (P}). The conver-
gence theory for the coupled scheme is proven. In Section 5.2 we discuss the linear
stability of the solution for Problem (P4). We also performed some investigative

computational results for one and two dimensions in Section 5.3.

5.1 Practical Algorithm
We define K as in Section 3.1 and S}, as in Section 4.2.
Case =0

Using (4.2.4) and setting 8 = 0 in (4.2.1b) and (4.2.2b), we have decoupled schemes
solving for {UF, U¥} as
Uk — k-1 h
¥(VUY, Vx = VUF) = (U x — Uf)* + (gAzhv (—1—&—1—) VX~ Uf)

+ DU x—UB > O\, x=UB"* vxek!, (511)

1?

and

N - Uk _ Ulc—l h
V(YU Vx - VU - - U+ (G (g ) - ot
+DWUEx-UD" > (ax—UD* Wxe Kh,. (512)

98
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Let By : S® — S" be such that for all £ € S"

R _ k-1 h
(B0, = 1(Ve,v6) - (Ui e+ (8 () €] + D
(5.1.3a)
and B, : S}, — S™ be such that for all £ € S*
rrk—1 h
B0 1= (Ve ve) - V0" + (8 (L= ) €] + Dk
(5.1.3b)

Then (P}) (4.2.1a-c) and (4.2.2a-c) can be rewritten as:

Problem (P}_,) For k =1 — N, find {Uf, U5, A\, A2} € Kt x K}, x S

nox Sh

such that
(By(UY) = M, x — UF)" > 0, | (5.1.4a)
(B2(U§) — Moy x — UN! > 0. (5.1.4b)

Introducing the indicator function of the set 7 := {y € R : |y| < 1} defined by

0 ifye J

+00 ifyeg J,

Iz(y) =

the problem can be restated as find {Uf, U5} € K}

m

x K such that
By (U (zm) + AU (zm) =X 20 m=1— N, (5.1.5a)
Bo(UN)(z) + AU (zm)) — A 50 m=1— N, (5.1.5b)
where A := 9dI7 is the subdifferential of I7 :
0lz(z) = {n€R:Iz(z) - Izf(y) < 0" (z —y) Vz,y € R}.

We seek the solution to (5.1.5a) and then the solution to (5.1.5b). For completeness
we adapt and repeat the general splitting algorithm of Lions and Mercier [38] to
solve the system (5.1.5a,b). Copetti and Elliott [22] and Barrett and Blowey [3] have
applied this algorithm to solve a single Cahn-Hilliard equation with a logarithmic

free energy and the Cahn-Hilliard system with non-smooth free energy, respectively.
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Multiplying (5.1.5a) - (5.1.5b) by p € R*, adding U}*(z.,) and U} (z,) respectively
to both sides of (5.1.5a) and (5.1.5b), then rearranging yields, for ¢ = 1, 2,

Ul (zm) + uA(UF(zn)) > RF(zn) m=1-— N,

where
RE = UF - p[Bi(UF) - Y]
For later use we define also
Xk .= Uk~ RE=UF + u[Bi(U,-") - Af].

Note that

k__ rrk—1 h
(XE-UE, x)* = p ['Y(VUf,Vx) + (—U{H + DU + Gl (U—lzgl——) ,x) ]

and

Uk — k-1 h
XE—UE )" = p | (VUL VX) + (U + DUF + Gl [ 2—2— ) . x
2 2 At
Vx € S,’:n.

For k fixed, a natural iteration to find {U{“, Uf} satisfying (5.1.4a,b) is for ¢ = 1,2
and j > O:

Given U’ € S . Set
R = UM - ,u[Bi(Ui’“'j) - /\f'j] €St . (5.1.7)
Find Uik’j+% € K" such that |
UR ™ (g0) + pAUS T (2)) 3 RM(2) m=1—N. (5.1.8)
Find UF* € Sk such that

URT o) + 1 [BUUS o) = NV = XET @), (5.09)

where

. s 1 .
XFIHL o oyMits _ pRi (5.1.10)
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Note that (5.1.8) is

(Ui’c’ﬁ%(mm) - Rf’p(xm)) (r —uk JJrz(a:m)) > 0, Vir] <1, m=1- N.

Well-posedness and convergence of (5.1.7) - (5.1.10) are proved in Barrett and
Blowey [3].

Case =}

Setting 8 = 3 in (4.2.1b) and (4.2.2b), we have the following coupled to solve for
{Ur, U5}

_ D _
Y(VUF, Vx—VUF)— (Uf l,x—U{“)"+5(U§+U§ Lx—UD" > (WF x—-Uf)"

Vx € K, (5.1.11a)
and
- D B
(VU2,VX V0’2) (U ) _Uéc)h+3(U1k+U{c l’X—Ué‘:)h Z (Wf,X—Uéc)h

Vx € K. (5.1.11b)

Then for k fixed, multiplying (5.1.11a,b) by i > 0, adding (UF, x—UF)" to both sides
and rearranging, on noting (4.2.1a) and (4.2.2a), it follows that {U¥, U, Wf, Wk} €
Kh x KI xSk x S} satisfies

Ui = Uy h k Sh 1.12
—xy X T (VW Vx) =0 Vx€S,, (5.1.12a)
Uk, x —UR" > (RE,x - UP" VxeK},, (5.1.12b)
and
Uéc — Uféc—l " k h
(T’X) + (VW;,Vx) = 0 Vx €S, (5.1.13a)
Uk, x — UP > (RE,x—UE* vxeK!, (5.1.13b)

where RY € St

my

and RS € S%  are such that

D

h
(RF—Uf, x)" = —u lv(VU{“,Vx) + (—U{“‘l + 5(U§ +U5) - Wf,x) }

vx € Sk, (5.1.14a)
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and
D h
(Ry — Uz, )" = —p | (VU3 Vx) + (—Urf“l + 5 (Ur+ 07 - Wz'“,x>
Vx € Sk, (5.1.14b)
respectively.

We introduce also Xf € S* and X§ € S such that

1
D h
(XF-UE )" = p lv(VU{“, Vx) + (—U{“‘l + E(Ué“ + U5 - W{“,x) ]

Vx € Sk, (5.1.15a)

and

D

h
(XE—UE )b = [W(VUé“,Vx) + (—Uz'f‘l + 5(U1'° + U - er,x) }

Vx € S.. (5.1.15b)

Note that X¥ = 2U% — R* and X} = 2U} — R5. We use the above as a basis for

constructing our iterative procedure:

For k> 1set UP® = UF ' € k* and Uy°=US' € Kb, .

1

For j > 0 we define R¥ ¢ S

my

and R5” € Sk, such that

(RY =Uf, )" = —u

. D A C\"
Y(VU, Vx) + (U{H + 5 (U7 + U3 - Wy, x) ]
vx € S}, (5.1.16a)

and

) ) D
(Ry =U3?, x)" = —u

2

h
Y(VU37, Vx) + (Ué"1 + 5 U+ U - Wz’"’}x) ]

Vx € Sk.. (5.1.16b)

1 L1
Then we find {Ulk'ﬁz, ;’Hz} € K" x K" such that

(05 em) = R (am)) (r - U5 am) 2 0, Virl <1, m=1oN
(5.1.17a)
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and

. _1_ . j =
(U3 (@m) = B @) (r =037 (@) 20, V<1, m=1-N,
(5.1.17b)

and find {U{“’Hl, f’jH,Wlk’jH,Wzk’jH}E Sk x St x " x S such that

m1

i
At ’

h
> + (VWP wx) = 0 Vxe St (5.1.18a)

. . D .. . h
(U 0" + [v(vv{”“, Vx) + (;U;”“ ~ W{“”“,x) ]

. D h
= (X{“”“ + (U{°—1 - 5U§‘1) : x) Vx € K , (5.1.18b)

and

. h
Uyt - Up! b1 ,,
x| +(VW"",Vx) =0 VxeSs (5.1.19a)

At ma’

: . D .. : h
UE 0P + [v(vuf"“, v+ (Fu - Wi x) ]

. D h
= (X;‘J“ — i (Ug—_l - EU{H> ,x) Vx € K ; (5.1.19b)

j kj+3 j j kij+3 k.j
where X® .= 20”72 — R® and XP7H .= 20,772 — RS,

We now proved well-posedness of (5.1.16a) - (5.1.19b).

1 1
For each m existence of {U{c ’J+2(:vm), ; 'J+2(wm)} in the variational inequality

(5.1.17a,b) follows from the minimization problem

— : 1 _ pkJd 2
Ii(r) = |IrI|n§I}2|T .Rl (zm)|*, (5.1.20a)
and
1 :
Ip(r) = min|r — R (zm)|*. (5.1.20b)

Ir|<1 2
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. l . 1
Assume that Uf’“"“’ (zm) is the solution of (5.1.20a). Let r = Uf’ﬁ"l’ + A(r UkHz)
and 0 < A < 1, then

0 < ZUS™E 4 Mr — UFHE)) — T(UFITE)
1 it 1 1 . .
= SIUFTE A - P - REP - LUl Rl
1

= S[BWF ) + 20U - B - UFT 4 20 - U -],

(5.1.21)

Dividing both sides of (5.1.21) by A and then letting A — 0%, it follows that
(U’”*Z R (r - Uf’H%) > 0.

In the same way, assuming that U2 I+ is the solution of (5.1.20b) and let r =

UM*E L\ — UPTE) 0 < A < 1, we obtain (5.1.17b).

To prove uniqueness, let {Uf’j+2( m)s Ukj+2( )} and {Ulk*’H’( m) Uk]+2( m)}
be two different solutions of (5.1.17a,b) . Substituting r = {Uﬁj+2( m), Up ’]+2( m)}

when {U{c 'j+2( m)y U’c J+"’( m)} is the solution, and vice-versa, we have that

(UF7* @m) = RE?(@m)) (U (om) — U E () 2 0, (5.1.220)

(U’”*’( )—R’;’p(xm))(U2’J+2( )—Uf’j+%(mm)) > 0, (5.1.22b)
and

(0273 @) = R (@) (U3 o) ~ U F @) 2 0. (5.1:230)

(Uz'“( ) — REP(z ))(U’“ﬂ( m) = URItE(g m)) > 0 (5.1.23b)

Adding (5.1.22a) and (5.1.23a), it follows that
- (U o) - U @) 2 0
In the same way, adding (5.1.22b) and (5.1.23b), we also have
—(Uf'”z( ) - UkJ+2( )>2 > 0.

Thus {Uf’ﬂ%(:vm), U;’H%(xm)} = {Uﬁﬂ%(:vm), U:,,’,“%(a:m)} which is a contradic-

tion.
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It remains to show that there exists a unique solution to (5.1.18a,b) and (5.1.19a,b).

It follows from (5.1.18a,b) that

Wk’J+1 o éh (va]"’l — U{C_l) n Ak’j+l (5 1 24

A G~ R )
. kj+l  rrk—1 ‘

. (U_Atv_> AR, (5.1.200)

where

. ) . . D ..
)\’IC»J‘H = ][ [#—I(U{CJ'H _ X{CJ-H) _ U{C,J+1 + 5(U§J+1 + Uéc_l)] ’

. o . . D . ~
/\12c,1+1 _ ][ I:/‘l‘ 1(U§,J+l _ Xéc,J-H) _ éc,]+1 + E(U{C,]—f—l + U{c 1):| )
Therefore (5.1.18a,b) and (5.1.19a,b) may be written equivalently as:

Find {U}*, 039+ € s

m]

) h
(-1
] Uk,j+1 _ Uk:—l D . h
+p | (VUPH, Vx) + (@"v (JTI + 5 U7, (1 - ][ ) X
) h
= (B{”“, (1 — ][ ) x) Vx € S*, (5.1.25a)

x SP_ such that

and

h
(vt (3  ))
kj+1 Sh Uyttt — uf? D_ i+ "
'7(VU2 Jt ,VX) + gN ~—2_——At— + iUl ,J+ 3 (1 —_— f ) X

+u
h
= (B;"f“, (1 — ][> x) Vx € S*, (5.1.25b)
where
B = b (0 - U,
and

Bf'j“ = Xéc,j+1 +u (U2k—1 _g 5—1) _
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Existence of {U"’J+1 U'”“} e Sh

my

x St satisfying (5.1.25a,b) follows from the

Euler-Lagrange equation of the minimization problem

Z(x1,Xx2) = min { Ixaln + 1xal?

Xi€ S#; =1,

+ (bl + IXzI?)

+ 55 (198800 — UEDE +198h 00 - UEHR)
,+ D(XI)X2)h]
-2 [(Bf’”l, x0)" + (B3, Xz)h] } (5.1.27)

Assume that {U1 g+l U’”H} € Sk x Sk is the solution of (5.1.27). Let S§ :=
{nesSt:(m)"=0}, {&,&} € St, xSk, & = UP"™ + Ax; where x1 € S,
£ = UP*! and |A| > 0 then

0 < Z(UF + Ay, UBTTY — Z(UFIH, Ui+
= [UFH 4 axaf} — UF
+u[r(IUE* + 2l - U )
+ 2 (VG (UE* 4 20 = UEIE - [VER W — UF 1))
(lUl Al - UPR)
+ 2k o, by D

2 2
_ 2[(3{”“ URTH 4 Ay )b — (BRI yhatyh ] (5.1.28)

(Uk J+1 Ulc ]+1) ]

In the same way as (4.2.31) - (4.2.34), we have
UP* 4+ Axalh — IUP R = 20(UF, )" — Xali, (5.1.29)
(IUF 4 Ao — URTHYE = (UM B) = 2A(VUE™, Vxa) + Mal?, (5.1.30)
VORI + doa = UF )l = IVGR Uy = UF S
= 2A(Gh(UETT — UF ), x)" + X VGh xal?, (5.1.31)

DS 4 Xxa, U = DEUSH,US) = ADWS™ x), (5132)
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and
(B, UBH 4 )t — (BEFHL OB = B ). (5139

Substitute (5.1.29) - (5.1.33) into (5.1.28), then dividing both sides by 2, and finally
letting A — 0, it follows that

. h
Urtt Uty D
(Uk]+l,X1) +M ’)’(VU’C]+1 VX]) + (é\lhv (# 2 Uk]+l’

(5.1.34)
= (BT xa)™ (5.1.35)

Next, let x € S* be arbitrary, and set x; = x — I—YITI(X“ 1) so that x; € SI hence
from (5.1.34) we arrive at (5.1.25a).

In the same way as (5.1.28) - (5.1.34), assume that {U'”+1 Uk J+1} €St xSk is
the solutipn of (5.1.27). Let {&,&} € St x St , & = URIH &y = UPIY 4 Ay

my

where x2 € St , and |A| > 0. Then set xz = x — m;(x, 1) so that x» € Sg hence we
obtain (5.1.25b).

In order to prove uniqueness, let {U1 JH U'”H} and {U1 At gk, ’+1} be two so-
lutions, define 8V = Ui+l — kit and g¥ = Ui+t — kit Substituting x = 6Y
into (5.1.25a) and x = 6Y into (5.1.25b), when {U1 I U’”H} is the solution,

gives
(U, )"

, kgl _ prk—1 h
+ p [ H(VUBH oY) + (gN (—UTUl> I; Upitt Al,ei’)

= (B 60Uy, (5.1.36a)
and

(U7, 68)"

kg +l _ pk=1 h

= (BE*1 V). (5.1.36b)

tu
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Substituting x = —6Y into (5.1.25a) and x = —6Y into (5.1.25b), when {U’”“L1 U, ”H}

is the solution, gives

(UL, -7

h
. Uk JHL _ k-1 D

= (BRI _gU)r  (5.1.37a)

and

(Uk W+l —Hg)h

y "h [kt _ k-1 h
F(VUEIT _w8Y) + [ G —l*—At—z U’”+l Mg, —0Y

= (BEIT _gU\h. (5.1.37b)

+p

Adding (5.1.36a) and (5.1.37a), it follows that

D

1
O+ s [+ 10012+ G600 =0 (539

By (3.1.3a) and the inequality ab < ea® + b% e = § > 0

D 1 5D?
l2(03,0”> =D (VGhoY,V8Y) < SIOVI2+ 101 (5.1.39)
Hence (5.1.38) becomes
Uj2 U2 1 1 U2
071+ MOV + {57 — 5 ) 167112 |0 i <0 (5.1.40)

In the same way, by adding (5.1.36b) and (5.1.37b), we then have
1
12+ [+ (- 3) W8I - S00E] <00
Now adding (5.1.40) and (5.1.41) to obtain

16717 + 16213

dD? 1 1
+ [(’Y - 1_6) (|9{j|% + |95]|%) + (Kt - 5) (||0§j||2_h + ”0;]”2—}:)] < 0.

(5.1.42)
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Taking § = At, then (5.1.42) becomes

D2At
051+ 16812+ (7= 21 ) (19 + 1082) < 0

Thus the uniqueness of {U’CJ+1 Uy ’+1} follows for At < 28 which holds from

DZ
Theorem 4.2.1.

Finally, existence and uniqueness of {W‘C T Wk +1} follow from (5.1.24a,b). Hence
the iterative procedure (5.1.16a) - (5.1.19b) is well-defined. Moreover, at each iter-
ation one needs to solve only (i) a fixed linear system with constant coefficients and

(ii) a decoupled nonlinear equation for each component at each mesh point.

We discuss the solution of (i); that is, (5.1.25a,b). Expanding U;, B;,i = 1,2 in

terms of the standard nodal basis function ¢; of the finite element space S* yields

N

Uk = 3 Uhpnla), B - Z BYY, pnz (5.1.43a)
m=1
N

U;i - Z u;»rﬂn om(T), B;'j = Z BZm(pm (5.1.43b)
m=1 :

We introduce the N x N stiffness matrix X = {K, '} and mass matrix M =
{Mmm}, where

’Cm,m’ = (vﬂoma VQOmI), Mm,m’ = (()Om) ‘Pm’)h = Wn 6mm’a
and the N x 1 vector e = 1,, € R" defined by
Qm = (‘Pm’ 1)h'

Observe the algebraic form of (3.1.3a): Given v € R" such that

find ¥ € R¥ satisfying
(5.1.44a)

and 79 = 0. (5.1.44b)
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There exists a unique solution @ to (5.1.44a,b) and this implicitly defines the positive
definite matrix G by
v = Gu. (5.1.45)

It follows that G is the algebraic representation of Q\]h\, Noting (5.1.44a) and (5.1.45),
we have

MIKGy = w.

Substituting (5.1.43a,b) into (5.1.25a,b), noting (5.1), and then multiplying by
MIKM™L. Also setting R = M~!K, (5.1.25a,b) may be restated as find
{U{c’j“,Uf’jH} € RV*2 x RV*2 guch that

, . 1 . 1 . .
RUST + (v REUPTT + — (U7 — U + §RDU§’J+1> = RB,

At
and
. . 1 , 1 . .
RUYT™ + (’y RPUTT+ U7 U + —2—’RDU{°”+1) = RByIH.

Systems of this type are solved using ”the discrete cosine transform” when 7" is a

uniform partitioning, see Barrett and Blowey [3].

Theorem 5.1.1 Let At < %32-, then for all u € Rt and {Uf‘o, Uf’O,Wlk'O,WQk’O} €

K& x K! x S"x S" the sequence {U{c’j, Upi Wi, ng’} generated by the

§>0,i=1,2
algorithm (5.1.16a)-(5.1.19b) satisfies, as j — oo,
U —UF|? — 0and [ V(WP —WE)2dz — 0, 5.1.47a)
1 101 Q 1 1
Uk —Uk|? — 0and | |[V(WFTT — WE)2de — 0. 5.1.47b)
211 Q 2 2

Proof: It follows from (5.1.14a,b), (5.1.15a,b), (5.1.16a,b), (5.1.18b), (5.1.19b) and
by the definition of X®*! and X¥*! that for j > 0

Ub = SR, UM = SXH 4R, UPTTE = L(xby RY)
(5.1.48a)

and

) | Y . TER :
Up = 5(X5HRE), UP = SR, U0 = S RYY).
- (5.1.48b)
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Noting (5.1.18b), (5.1.15a) with x = UF¥*' — U* and (5.1.48a), we have
h
y|Uki+1 —U{“|%+( DU — Uy — (Whit — whky, uFit! - Uf)

[(X{C,j+l Xk Ukt _ gk _ (gRatl _ gk it _ U{c)h]

g —_

(Xl k,j+1 X{c _ Rllw'+1 + Rllc’X{C»J'+1 ch + RkJ+1 Rllc)h
1 ; .
= 7 (1XP7 = X - R - RER). (5.1.492)
In the same way, noting (5.1.19b),(5.1.15b) and (5.1.48a) gives

. 1 . h
71U5’1+1—U§|3+(§D(U{”“ Uf) — Wy W2>U’”“—U§)

1 . .
- (1X57 - X512 - | RS - RARR). (5.1.49b)
: kj+g . :
Choosing x = U, " ? in (5.1.12b) to obtain

(UF, URITE _pkyh > (RE, URIYE ke, (5.1.50)

For m = 1 — N choosing 7 = Uf(z,) in (5.1.17a) multiplying by M;; on recalling

(3.1.2) and summing over j, we have that
U U - U > (R, UE - U (5.1.51)
Adding (5.1.50) and (5.1.51) gives
P - U < (RES - RE UM - OB, (5.1.52)
then noting (5.1.48a) yields
| X7 - XFIR < |RY - REL

Uk j+1 Uk 1

As UPI1, U € Sh,, choosing x = O (Y55 ) — G (U5245) in (5.1.12a)
and using (5.1.24a), we obtain that

k_ prk—1 AN .
(Ul—Aijl ,wf—wf"“) + (VW V(Wf = W) =0, (5.1.53)

and choosing x = W' — W¥ in (5.1.18a) gives

Uk]+1 U -1 ) h . .
~ L Wkt _wk ) (VWP v(WEIT —WwEk) = 0, (5.1.54)
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then adding (5.1.53) and (5.1.54) it follows from (5.1.24a) that

— (W WU Uk = AV - WHR = CUE - UF2,
(5.1.55)
Combining (5.1.49a), (5.1.52), (5.1.55) and rearranging yields that

NPT - Ul

LD 1 :
5 U7 = UF,UP — URYr + CUPT — U+ |R’”+1—R’°Ih

< —NIR’f" — R|2. (5.1.56)

kj+y

In the same way, choosing x = U,”" 2 in (5.1.13b) and r = U¥(z,,) in (5.1.17b), we

then have

|X37* — X5k < |R5? — RS (5.1.57)
Choosing x = W — W7 in (5.1.13a) and x = W7 — W¥ in (5.1.19a), then
adding together to obtain

— (Wt =Wy Uy —URY = ALV (W - WG = 0 - U2

(5.1.58)

Combining (5.1.49b), (5.1.57) and (5.1.58), it follows that -
YUz - U3l
+ (UM UL U - U+ o URY = U+ | R — A
< %|R’2°’j—R§|,2, (5.1.59)
Noting that
DIWFH — Uk, Uk b < o (I0F - Uf||3h+nU§"'“—U§||ih)
B (juts — Ut + U+ — UEE)

on combining this with (5.1.56) and (5.1.59) we have

AtD? ; 1 ; ;
(7——4 )(IU’““ U037 ~UFR )+ (1RET ~ RER+| RS~ AT
1

< 7 (IR =~ REG + 1R — RETE).
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We have that { (|R’c J — RE|2 + |RE — R’ﬁlﬁ)} is a decreasing sequence which
Jj=20

is bounded below and so has a limit.

Therefore, letting j — oo we find that

AtD? .
i (7 S5 ) (087 - U+ 0B - UB) < o

j—o0 4

so that as UM+ —UF € P and At < 5}, (5.1.47a,b) follows on noting (5.1.55) and

(5.1.58). O
5.2 Linear Stability Analysis: One Dimensional
Case

We consider a coupled pair of Cahn-Hilliard equations in one dimension where we

assume that |u;(z,t)| < 1, for i = 1, 2,

Find {ul(:c,t),u2(§:,t)} € R x R such that, fori =1, 2,

% = (W)e Q= (0,1), t>0, (5.2.1a)
wi = —Y(Ui)ez — i + D(u; + 1), (5.2.1b)
where
?;;" - %"Z" =0 ondQ (5.2.1c)
ui(z,0) = ul(z)  on . (5.2.1d)

We assume the solution of the linearised problem is of the form
wi(z,t) = |Q| >+ Zcos nnz)F; . (t), (5.2.2)

so that (5.2.1c) is automatically satisfied. Then we have

D(uj+1) = D (|Q| + Zcos nnz)Fin(t) + 1) . (5.2.3)

Substituting (5.2.3) into (5.2.1b) and then into (5.2.1a), multiplying both sides by
cos(mmz), m > 1, then integrating over the interval (0,1) to give

dFim(t) _

5 — i By (t) + 0202 F 0 (t) — DnPa?Fy (), 1 # 4,
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since
1 0 form#n
/ cos(mmnz) cos(nnz) dr =
0 % form=n<1,
Ou;
rr <|Q| Zcos nnz)Fin ))
= Zcos nwT (t)
n=1
= <—fy (—n27r2 Z cos(mra:)F,-,n(t)))
= —yn 7r4Zcos nmz)F; o (t),
(ui(z,t))zz = (— Zcos(mr:c in ))
n=1 zT
= n’n? Zcos(mra: in(f)
n=1
and

D(uj+1)ge = D (|Q| +Zcos nrz)Fjn(t) + 1)

Tx

= —Dn’zn? Z cos(nmz) F ,(t).

n=1

In term of vectors we express as

d [ Fim(t) —ymAnt + m2n? —Dm?n? Fim(t)
dt \ Fyn(t) —Dm?r? —ymint + min? Fom(t)

Thus the solution is given by

Fim(t) = exp(tA) F1.m(0) ,
Fym(t) F 1n(0)
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where

) —ymAin? 4+ m2m? —Dm?2n?
—Dm2r? —ymint + m?n?

A simple calculation gives that the eigenvalues of the matrix A are
)‘l = _7m47r4 + m27r2 + Dm27r2 and )\2 = —fym47r4 + m27r2 _ Dm27r2.

The corresponding eigenvectors of A\; and A, are

1 1
ey = ( ) and ey = ( ), respectively.
-1 1

Thus we obtain that

1 11 a—>b 0 1 -1
A== ,
2\ -11 0 a+b 11
where a = —ynin? 4+ n?72, and b = —Dn?n2.

Noting exp(At) = ., L A7 yield

=0 1

X H |1 11 a—b 0 j -1
exp(At) ;F!E(—l 1) ( 0 a-l—b) (1 1):|
1 exp((a — b)t) 0 b
1 0 exp((a + b)t) 1)

il
N
AR

Hence we have that

il
[ =
TN TN T 8
Lo
—_
~— — e
N
@
"
=8
OE\
|
o~
=
@
-
=X
® o
+
=
&

_ (%[exp«a—b)t)(m,m(m—Fz.m(m)+exp((a+b)t>(ﬂ,m<0)+F2,m<o>)] )
\ [~ exp((@ = 000 (Fin(©) = Fam(0)) + exp((@ -+ b)t) (Fim(0) + Fam(0))] )
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Note that there is no m; and my dependence on whether or not there is growth, cf.

Imran [33]. Therefore we obtain that

ui(z,t) = |Q| 5 Zcos nmr) [exp((a —b)t )(Fl,n(O) - Fz,n(O))
+exp((a+ 0)t) (Fia(0) + Fon(0)) ],
(5.2.4a)

and

ma

ug(z,t) = Q) —4= Z cos(nmz) [ —exp((a — b)t )(Flyn(O) - Fg'n(O))

+ exp((@+ 8)t) (Fin(0) + Fam(0)) ]
(5.2.4b)

5.3 Numerical Simulations

5.3.1 One Dimensional Case

Numerical simulations in one dimension were performed using the decoupled (8 = 0)
and coupled (8 = 3) schemes with = (0, 1). In all simulations we take v = 0.005,
D=05and TOL=1x 1071,

A comparison between the solution of linearised problem and the numer-

ical approximation

We consider the problem (5.2.1a-d) with the following initial conditions
ui(z,0) = ul(z) = (cos(nz), for i=1,2,
where the (; are small.

Setting ¢; = ( then comparing to (5.2.2), we have that

n=1 m=0Fn0) =¢ and Fj=0 for k#£1,i=12 (5.3.1)
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Hence on noting (5.2.4a,b) the solution of the linearised problem is

ui(z,t) = (1cos(mz)exp((a + b)),

where a = —ym* + 72 and b = — D=2,

If we let ¢; = 521 while keeping the other parameters as in (5.3.1), then
Fl,n(O) = <1 and Fg,n(O) = 2(1
and the solution (5.2.4a,b) becomes

uy(z,t) = %cos(m:) [— exp((a — b)t) + 3exp((a + b)t)] ,

us(z,t) = %COS(’/T.’I)) [exp((a — b)t) + 3exp((a + b)t)] :

In this section we present five experiments in one dimension where the decoupled

(B =0) and coupled (8 = 3) schemes have been solved separately.

In the first experiment we set F}; = Fy; = 0.001. The maximum errors at ¢t = 0.25
with various h and At have been shown in Table 5.1 and Table 5.2 for the decoupled
scheme, and Table 5.3 and Table 5.4 for the coupled scheme. We see that the
maximum errors decrease approximately linearly with At when At is proportional
to h and also when At is proportional to k2. The comparison between numerical
solutions and linear stability analysis solutions for the decoupled scheme have been
depicted in Figure 5.1. We can see that in the numerical solution rounding errors
have led to the introduction of a cos(3wz) component which corresponds to a faster

growth rate than that of the cos(mx) component.

In the second and third experiments the initial condition are given by taking F}; =
%, F,; = 0.002 and F1; = 2F,;, F3; = 0.001. The maximum errors for both
experiments have been respectively shown in Table 5.5 - Table 5.8 and Table 5.9
- Table 5.12. We found that the numerical solutions for both experiments were

symmetric.
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=t (A llur = Utlloo lug — Uslloo
32 256 | 5.87798382 x 1075 | 1.99423955 x 104
64 512 | 3.29621298 x 1072 1.02682757 x 10~*
128 1024 | 1.73478005 x 10~2 | 5.21448920 x 10~°
256 2048 | 8.85900830 x 1078 | 2.63089470 x 103
512 4096 | 4.47220320 x 107° | 1.32180250 x 10~°
Table 5.1: Maximum error at ¢t = 0.25, where 8 = 0, F1, = Fp, = 0.001, At = ¢h,

v=0.005,n =1, D= 0.5 with TOL =1 x 10710,

A A7 lus = Uil lluz — Uslloo
32| 256 | 5.87798382 x 1075 | 1.99423955 x 10~
64 | 1024 | 1.68791947 x 1075 | 5.2568148 x 105
128 | 4096 | 4.32916580 x 1075 | 1.3357218 x 10~°

Table 5.2: Maximum error at ¢t = 0.25, where =0, F1, =
v=0.005,n=1, D= 0.5 with TOL =1 x 10719,

Fyn = 0.001, At = 4h2,
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x10

0 02 04 06 08 1 0 02 04 06 08 |
X0’ x10°

0 02 04 0.6 08 10 0.2 04 0.6 08 1

Figure 5.1: Numerical solution U; and linear stability analysis solution u; for (a) i =

1, (b)i = 2 where 8 =0, Fi, = F3,, =0.001, n =1, and ¢ = 0.05, 0.25, 0.40.
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h=t| (At~ lur — Uilloo lluz — Ualloo
32 256 | 6.13660450 x 1075 | 6.13660450 x 10~
64 512 | 3.06747934 x 1075 | 3.06747934 x 1075
128 | 1024 | 1.54797199 x 1075 | 1.54797199 x 10~5
256 2048 | 7.36275210 x 1078 7.36275210 x 10-6
512 4096 | 4.06392750 x 107% | 4.06392750 x 1076
Table 5.3: Maximum error at ¢t = 0.25, where 8 = 3, Fi, = F, = 0.001, At = £h,
v=0.005,n=1, D=0.5 with TOL =1 x 10710, ~
| (AT lur = Utlloo lluz = Ualloo
32 256 | 6.13660450 x 1075 | 6.13660450 x 10‘7‘5’
64 1024 | 1.49337038 x 1075 | 1.49337038 x 107°
128 4096 | 4.03477361 x 10~ | 4.03477361 x 10~
Table 5.4: Maximum error at t = 0.25, where 3 = % = Fp, = 0.001, At = 4h?,

v=10.005,n=1, D=0.5 with TOL =1 x 1071°.
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AT lu = Uil luz — Usfloo
32 256 | 1.57448860 x 1073 | 1.37118948 x 103
64 512 | 8.57714221 x 10~* | 7.48126182 x 10~*
128 1024 | 5.54432867 x 10~* | 5.00774901 x 104
256 2048 | 4.70444270 x 10~* | 4.45612504 x 10~*
512 4096 | 4.62104810 x 1707‘4 4.50626816 x 10~*

Table 5.5: Maximum error at t = 0.25, where 8 = 0, F;, = 0.001, F, = 0.002,
At =1h, v=0.005,n=1, D =05 with TOL =1 x 1071°,

-8

h=t | (At)~! lur = Utlloo [uz — Uslloo
32| 256 | 1.57448860 x 102 | 1.37118948 x 10~3
64| 1024 | 5.62485313 x 10~ | 5.10229662 x 10~
128 | 4096 | 4.64564336 x 10~* | 4.53513768 x 104

Table 5.6: Maximum error at t = 0.25, where 8 = 0, Fy, = 0.001, F,, = 0.002,
At =4h?, v=0.005,n =1, D = 0.5 with TOL =1 x 107,
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h=t | (Af)T lur — Urlloo lluz — Uslloo
32| 256 | 3.16815803 x 10~3 | 3.27650411 x 10~
64| 512 | 1.47401926 x 10~ | 1.52015157 x 10~
128 | 1024 | 1.02015096 x 103 | 1.04773149 x 10~
256 | 2048 | 8.61216104 x 10~* | 8.74146353 x 10~
512 | 4096 | 7.82690186 x 10~* | 7.89781450 x 10~

Table 5.7: Maximum error at ¢t = 0.25, where 8 = 1, Fy, = 0.001, F5, = 0.002,
At = h, vy =0.005,n =1, D = 0.5 with TOL = 1 x 1071°.

RHLAO)TH lu = Uil [luz — Ua|loo

32| 256 | 3.16815893 x 10~° | 3.27650411 x 1073
64| 1024 | 1.01388805 x 1073 | 1.04085228 x 103
128 | 4096 | 7.80084636 x 10~* | 7.87188765 x 10~

Table 5.8: Maximum error at ¢ = 0.25, where § = %, F, = 0.001, £y, = 0.002,
At =4h% v=10.005,n=1, D =0.5 with TOL =1 x 1071°,
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h=t | (An™ [ur — Utlloo luz = Ualoo
32 256 | 1.39806788 x 1073 | 7.74157991 x 10~*
64 512 | 7.59569017 x 10~* | 4.42124777 x 10~
128 1024 | 5.03354958 x 10~ | 3.46448602 x 10~*
256 2048 | 4.45266735 x 10~ | 3.68990717 x 10~
512 4096 | 4.49211703 x 107 | 4.12042962 x 10~

Table 5.9: Maximum error at t = 0.25, where § = 0, Fi, = 0.002, F;, = 0.001,
At = gh, v =0.005,n =1, D = 0.5 with TOL =1 x 107%°.

B (A0 |l — Urleo luz = Uslloo
32 256 | 1.39806788 x 1073 | 7.74157991 x 10~*
64 | 1024 | 5.12957947 x 104 | 3.54784476 x 10~*

128 | 4096 | 4.52051128 x 10™* | 4.14462769 x 10~*

Table 5.10: Maximum error at ¢t = 0.25, where 8 = 0, F, = 0.002, F;, = 0.001,
At = 4h? v =0.005,n =1, D = 0.5 with TOL =1 x 1071,
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AL A) | = Uil luz = Uslloo
32 256 | 3.27650411 x 1073 | 3.16815893 x 103
64 512 | 152915157 x 1073 | 1.47401926 x 103
128 | 1024 | 1.04773149 x 1073 | 1.02015096 x 103
256 | 2048 | 8.74146353 x 107" | 8.61216104 x 10~
512 | 4096 | 7.89781450 x 10~ | 7.82690186 x 10~*

Table 5.11: Maximum error at ¢ = 0.25, where 8 = 3, Fy, = 0.002, F,, = 0.001,
At = %h, v=0.005,n =1, D=0.5with TOL=1x 10719,

h=t| (At~ lur — Uilloo lluz — Uslloo
32 256 | 3.27650411 x 1073 3.16815893 x 1073
64 1024 | 1.04085228 x 1073 | 1.01388805 x 1073
128 4096 | 7.87188765 x 10_47 7.80084636 x 10~4

Table 5.12: Maximum error at t = 0.25, where § = %, Fi, =0.002, F,, = 0.001,
At = 4h%, v =0.005, n =1, D = 0.5 with TOL =1 x 10710,
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Simulations with no exact solutions
In this section we consider the initial condition
U = UM +((x), ' (5.3.3)

where ((z) is a random perturbation of the state U = 0 with values distributed uni-
formly between —0.05 and 0.05. We performed seven experiments for both decoupled
and coupled schemes by setting h = %g, At = 3—"2 and taking different (m,, ms) and
random initial values. We have noticed that for each choice of (m;, ms), Figure 5.2
- Figure 5.8, the stationary solutions of the decoupled and coupled schemes are the
same so we only present the § = -;— case. Moreover, the approximate solutions are
~also in between —1 and 1. Where possible all numerical stationary solution con-
sists of many spatial intervals where (U, U) = (1, —1),(—1,1) or (—1,—1). What
appears to be the case is that (1, 1) is avoided.

1.5 T T T T 1.5

—1=0.00
= = =1=0.05

~~~~~~~ 1=0.20
trens $=0.50

= = ={=0,05
------- 1=0.20
i =050

“o 0.2 04 0.6 0.8 1 0 0.2 04 06 0.8 1

(a) U1 (b) U2

Figure 5.2: Numerical solution where § = %, m; = my = 0.00, and ¢t = 0.00, 0.05,

0.20, 0.50, 0.80, 1.00.
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1.5 — 1.5 —r— T T
——1=0.00
- = =1=0.05
L EEERERE 1=0.20 1
s 1=0.50
Vo 120,80 .
05 1=1.00 0.5

-1

|| ——t=0.00
= w = {=0.05
"""" t=0.20
—1H| i 20,50
----- 1=0.80
—t=1.00

I

0.2 04 0.6 0.8

(a) U

Figure 5.3: Numerical solution where g =

0.00, 0.05, 0.20, 0.50, 0.80, 1.00.

15 v
—=0.00
= = =1{=0.05

i EEREER t=0.20
veennne t=0.50
''''' t=0.80

051 ——t=1.00

0.2

1
2

04 06

(b) Uz

08 1

, my = —0.50, my = 0.50, and t =

1.5

—t=0.00
- = =t=0.05
A e 1=0.20
o =050
s 10,80

0.5 t=1.00

-1

-1.5 t 4 A . -1.5 - > + +
0 0.2 04 0.6 0.8 0 0.2 0.4 0.6 08 1
(a) U (b) Up
Figure 5.4: Numerical solution where g = %, my; = —0.50, my = —0.50, and

t = 0.00,0.05, 0.20, 0.50, 0.80, 1.00.
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15— 15
—1=0.00
- = =1=0.05
LI A t=0.20 1 Pt bideb it bty
i t=0.50 ’
''''' 1=0.80
05f 1=1.00 05

ot o}
-0.5 —0.5|| ——t=0.00
= = ={=0.05
------- 1=0.20
-1 —1Fivvin t=0.50
r= = 120,80
t=1.00
-15 . : . , -15 i + -+ —
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
(a) U (b) Uz
Figure 5.5: Numerical solution where 8 = %, n =1, my = —0.50, my = 0.25, and

t = 0.00, 0.05, 0.20, 0.50, 0.80, 1.00.

1.5 = — 1.5
~—1=0.00
- - = {=0.05
i t=0.20 1 Het bttt bbbty
1o t=0.50
''''' =0.80
0.5 t=1.00 0.5

|| —— 1=0.00
- = =1=0.05
------ 1=0.20
=1H v 1=0.50
----- 1=0.80

t=1.00

1.5 e " X 1 -1.5 I 1 2 )
0 02 04 0.6 0.8 1 0 0.2 04 0.6 08 1

(a) Uh (b) Uz

Figure 5.6: Numerical solution where 8 = %, m; = —0.25, my = 0.50, and t =

0.00, 0.05, 0.20, 0.50, 0.80, 1.00.
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1.5 T T T T 156 v
—=0.00
- = =1=0.05
& 11 S IR 1=0.20 | 4
uin =050
----- 1=0.80
051 —=1.00{
oFf 4

= = =1=0.05
....... 1=0.20
e $=0.50
''''' 1=0.80

t=1.00

15 L ' . s 15 - . N L )
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1

(a) Ul (b) U2

Figure 5.7: Numerical solution where g =

0.00, 0.05, 0.20, 0.50, 0.80, 1.00.

3, m1 = 0.10, my = —0.90, and ¢t =

15 - v = 15 = - T
—=0.00 ———{=0.00
= = ={=0.05 - = =1=0.05

L 1 t=0.20 | 1 it e t=0.20 | 1
e =0.50 treren =0.50
Vet 1=0.80 rm= = 1=0.80

05t —  t=1.00]1 051 —t=1.00] ]

-15 v . : : -1.5 v : . '
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) Us (b) Uz
Figure 5.8: Numerical solution where g = %, m; = —0.90, my; = —0.90, and

t = 0.00,0.05, 0.20, 0.50, 0.80, 1.00.
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We have shown that £,(ui,up) is a Lyapunov functional and so it is natural to

consider the minimization problem (M,):

inf & (uq,uz)
(u1,u2) € Ky XKm, U ’

which has stationary solutions given by:

Find u; € K, and A; € R such that for all n € K
v(Vui, Vg = Vu;) — (wi,n — i) + D(u; + 1,7 —w) 2 A(1,7—w),i=1,2.

We have exhibited several numerical approximations to these solutions in our nu-

merical experiments which will satisfy the problem:
Find U; € K and A! € R such that for all " € K*
’Y(VUi, Vnh - VU’L) - (U‘i, 77h - Ui)h + D(U]+ 17 77h - Ui)h > )‘?(1: TIh - Ui)h’i = la 2.

Consideration of the asymptotic behaviour as -y — 0 of (M,) as considered by Mod-
ica [40] and Luckhaus and Modica [39] is beyond the scope of this thesis. However,

we formally consider the problem

, 1—u? 1-—ud
min [ ¥(ug,uz)der = 5 + 5 + D(1 + u1)(1 + up) dz,
Q Q

where
lu;l < 1 and /Qui = m.
It is clear that ¥(u;,us) > 0 and as ¢ has three minima at
(-1,-1), (-1,1), (1,-1).
The solution of this problem is

1 in Q_li_, 1 in Q—z}d
'U'l = and u2 =
-1 in Q! —1 in 2,

where QL NQ2 =0, Q0 =0L UQL =02 UQ?, such that

Qlm1 = Q4= QL] [Qme = [QF] - Q2]

if regions 0%, exist.
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If one were to attempt to generalize the results of Luckhuas and Modica [39] the

geodesics connecting the minima are key. It is interesting to calculate

/¢(ul,u2) ds,
T

where
o= (-1,1-2t), Ly = (1-2t,-1), 3 = (—-1+2t,1—2t),

for t € [0,1] which corresponds to the straight line paths connecting the three

minima.
We find that

1
/ P(u1, ug)ds = / 2¢(—1,1—2t)dt
I

0

1 (1 _ os\2
MY PIREICE T
0 2

! 4 2
= [ 4t —-t)dt = 2—- = =
| ae—e) s =2

and similarly

2
¢(U1,UQ)d3 = §
I'z

while

P(ur, up)ds = %(1 + D).
Tz

This lead us to the tentative conclusion, which is demonstrated in two dimensional
simulations that where two close regions consist of (—1,1) and (1, —1) there will be

a thin layer of (-1, —1).

5.3.2 Two Dimensional Case

In the two dimension simulations we consider the NV x N uniform square mesh on Q.
We then choose a particular right-angled triangulation of €2 in which each subsquare

of length h is-divided by the north east diagonal, see Figure 5.9.

Five separate simulations are performed in this section. We will always obtain

phase separation due to [—1, 1} being the global spinodal region for v sufficiently
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Figure 5.9: Uniform mesh with right-angled triangulation in each subsquare

small as observed by the linear stability analysis for one space dimension. In each
simulation we set v = 0.005, @ = (0,1)?, h = &, At = 5, D = 0.5, 4 = 0.001 and
TOL = 1 x 1078, The initial conditions were taken to be a random perturbation,

with values distributed between —0.05 and 0.05, of a uniform state (m,, ms).

In order to make the graphical representation of the solution U; and U; on the
mesh easier, we map the pointwise values of the two variables into an RGB colour.
Fix ¢ and j, then we take the values of U; and U, at the points (z;,¥;), (@i, Yj+1),
(%i+1,Y5),(Ti+1, Yj+1), and average, giving us two values s; and s;. We then define

the RGB colour to be

1 1 1 1
(30 + 030+ s 1= 5o+ 1) = 3se+ 1))
which has the property that when (s;,s2) = (1,-1), (1,—1) and (-1, —-1) we get
pure red, green and blue. These values correspond to the minimum of

1—uf 1-—ud
2 2

'd)(’Uq,’UQ) = +D(1+’U,1)(1+’LL2)
where (u,up) € [—1, 1]?, see Figure 5.10.
We note that:

e the other colour we are likely to see is when (s;, s2) = (1, 1) which corresponds

to yellow;
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In the first two experiments we had that m; + my, = 0 and the numerical solution
only ever consisted of red and green. In the third experiment we set m; = mg = —0.5
and again we see circular domains in the early stages and at the final time we display

a numerical stationary solution. Note the presence of three colours.

In the fourth and fifth experiments we set m; = —0.25, my = +0.5 and m; = —0.5,
my = +0.25 so that the numerical solution should be quite similar to the second
experiment where m; = —0.5 and m, = 0.5. What is of interest is that the phases
(1,1) or (=1, —1) prefers to wet the interface where there is a transition from (—1,1)
to (1,—1) which is also observed at an earlier time in the second experiment and
is supported by our tentative conclusion at the end of Section 5.3.1. Although it
appears that the region which is blue is thicker in the final experiment Figure 5.15

than the earlier experiment Figure 5.14 on closer investigation this is not the case.












Chapter 6

Conclusions

The existence and uniqueness of the solution for the coupled pair of continuous
Cahn-Hilliard equations modelling a deep quench phase separation on a thin film of
binary liquid mixture coating substrate, which is wet by one component, has been

shown by using a penalty method and a Faedo-Galerkin approximation.

The semidiscrete approximation was proposed. The existence and uniqueness for
the semidiscrete finite element have been proven for d < 3 using a penalised prob-
lem. The error bound between the semidiscrete and continuous solution has been

presented for d < 3.

The fully discrete approximation for solving the weak formulation has been ex-
pressed. The existence and uniqueness have been proven for d < 3. The stability
and extra stability have been given for d < 3. The error estimate between the con-
tinuous problem and the fully discrete approximation has been given by combining
the error bound between the continuous solution and the semidiscrete approximation

and the error bound between the semidiscrete and the fully discrete approximations.

The practical algorithm, based on Lions-Mercier spitting algorithm, has been dis-
cussed. The existence, uniqueness, and convergence propeties of this algorithm have
been proven. The linear stablility analysis for one space dimention was also pre-

sented. Simulations in one and two space dimentions have been performed.

Further areas for investigation are:

139



Chapter 6. Conclusions 140

The analysis of (1.1.16a-d) with the prototype logarithmic free energy

Fuy, up)
= g [(1 +up) In(1 + ug) + (1 +ug) In(1 + up) + (1 — uy) In(1 — uy) + (1 — ug) In(1 — w)]
+ % [(1 —u})+ (1 - ug)] + %[IVU1|2 + |VU2|2] + D(up + 1)(ug + 1).

would be used of great interest.
Moreover, one could attempt to classify the stationary solutions:
Find {u;, i} € K} such that
¥(Vaug, Vi — V) — (ui,n —ug) + (D(u; +1) + Aiyn —u) > 0¥pe K.

Also one could look at the «-limit of such problems as mentioned in the previous

chapter.



Bibliography

1]

2]

[4]

[5]

[6]

[7]

C. Baiocchi and A. Capelo (1983), Variational and Quasivariational In-

equalities, John Wiley & Sons, Belfast, Northern Ireland.

J. W. Barrett and J. . Blowey (1995), An Error Bound for the Finite Element
Approzimation of the Cahn-Hilliard Equation with Logarithmic Free Energy,
Numerische Mathematics, 72, pp 1-20.

J. W. Barrett and J. F. Blowey (1997), Finite Element Approzimation of a
Model for Phase Separation of a Multi-component Alloy with Non-smooth Free
Energy, Numerische Mathematics, 77, pp 1-34.

J. W. Barrett and J. F. Blowey (1998), Finite Element Approzimation of a
Model for Phase Separation of a Multi-component Alloy with a Concentration-
dependent Mobility Matriz, IMA Journal of Numerical Analysis, 18, pp 287-
328.

J. W. Barrett and J. F. Blowey (1999a), An Improve Error Bound for Finite
Element Approzimation of a Model for Phase Separation of a Multi-component

Alloy, IMA Journal of Numerical Analysis, 19, pp 147-168.

J. W. Barret and J. F. Blowey (1999b), An Optimal Error Bound for Finite El-
ement Approximation of a Model for Phase Separation of a Multi-component
Alloy with a Concentration Dependent Mobility Matriz, Numerische Mathe-
matik, 88, pp 255-297.

J. W. Barrett and J. F. Blowey (2001), An Improved Error Bound for Finite

Element Approzimation of a Model for Phase Separation of a Multi-component

141



Bibliography 142

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Alloy with a Concentration Dependent Mobility Matriz, Numerisch Mathe-
matik, 88, pp 255-297.

J. W. Barrett and J. F. Blowey (2002), Finite Element Approximation of an
Allen-Cahn/Cahn-Hilliard System, IMA Journal of Numerical Analysis, 22,
pp 11-71.

G. Birkhoff and G. C. Rota (1969), Ordinary Differential Equations, Sec-
ond Edition, Xerox College Publishing, Lexington, Massachusetts.

J. F. Blowey (1990), The Cahn-Hilliard Gradient Theory for Phase Separation
with Non-Smooth Free Energy. D.Phil Thesis. University of Sussex.

J. F. Blowey and J. W. Barrett (1999), Finite Element Approzimation of the
Cahn-Hilliard Equation with Concentration Dependent Mobility, Mathematics
of Computation, 68, pp 487-517.

J. F. Blowey, M. I. M. Copetti and C. M. Elliott (1992), Numerical Analysis
of a Model for Phase Separation of a Multi-component Alloy, IMA Journal of
Numerical Analysis, 16, pp 111-139.

J. F. Blowey and C. M. Elliott (1991), The Cahm-Hilliard Gradient Theory for
Phase Separation with Non-smooth Free Energy, Part I: Mathematical Analy-
sis, European Journal of Applied Mathematics, 2, pp 233-279.

J. F. Blowey and C. M. Elliott (1991), The Cahm-Hilliard Gradient Theory for
Phase Separation with Non-smooth Free Energy, Part II: Numerical Analysis,
European Journal of Applied Mathematics, 3, pp 147-179.

F. Braner and J. H. Nohel (1969), The Qualitative Theory of Ordinary
Differential Equations: An Introduction, W. A. Benjamin, Inc, New

York.

U. Brechtken-Manderscheild (1991), Introduction to the Calculus of Vari-

ations, Chapman & Hall, Cornwall, Great Britain.



Bibliography 143

[17] J. W. Cahn (1961), On Spinodal Decomposition, Acta Metallurgica, 9, pp 795-

[18]

[19]

[20]

[21]

22]

[23]

24]

[25]

[26]

[27]

810.

J. W. Cahn and J. E. Hilliard (1957), Free Energy of a Non-uniform System
L Interfacial Free Energy, Journal Chemical Physics, 28, pp 258-267.

J. W. Cahn and J. E. Hilliard (1971), Spinodal Decomposition: a reprise, Acta
Metallurgica, 19, pp 151-161.

J. F. Cialvaldini (1975), Analyse Numérique d’un Probléme de Stafan d deuz
Phase par une Méthode d’Elements Finis, SIAM Journal of Numerical Analy-
sis, 12, pp 464-487.

P. G. Ciarlet (2002), The Finite Element Method for Elliptic Problems.
Society for Industrial and Applied Mathematics, Philadelphia.

M. I. M. Copetti and C. M. Elliott (1992), Numerical analysis of the Cahn-
Hilliard Equation with a Logarithmic Free Energy, Numerische Mathematik,
63, pp 39-65.

S. K. Das, S. Puri, J. Horbach and K. Binder (2005), Kinetics of Phase Sepa-
ration in Thin Films: Simulations for the Diffusive Case, Physical Review E,

72, 061603.

R. Dautray and J. L. Lions (1988), Mathematical Analysis an Numerical
Methods for Science and Technology Vol 2: Functional and Varia-
tional Methods, Springer-Verlag, Berlin, Heidelberg.

C. M. Elliott (1989), The Cahn-Hilliard Model for the Kinetics of Phase Sep-
aration, In: J. F. Rodrigues, Editor, Mathematical Models for Phase Change

Problem, International Series of Numerical Mathematics, Volume 88, pp 35-73.

C. M. Elliott and J. R. Ockendon (1981), Weak and Variational Methods for
Moving Boundary Problems. Pittman Books Limited, London.

D. J. Eyre (1993), Systems of Cahn-Hilliard equations, SIAM Journal of Ap-
plied Mathematics, 53, pp 1686-1712.



Bibliography 7 144

[28]

[29]

[30]

[31]

[32]

[35]

[36]

[37]

[38]

L. C. Evans (1998), Partial Differential Equations The American Mathe-

matical Society, The United States of America.

P. C. Fife (2000), Model of Phase Separation and their Mathematics, Electronic
Journal of differential Equation, 48(2000), pp 1-26.

M. R. Garvie (2003), Analysis of a Reaction-Diffusion System of Lambda-
Omega Type, Ph.D. Thesis. University of Durham.

J. D. Gunton, M. San-Miguel and P. S. Sahni (1983), The Dynamics of first
Order Phase Transtions, In: J. Lebowitz, Editor, Phase Transitions and Crit-

" ical Phenomena Edition, Academic Press.

J. D. Gunton, R. Toral and A. Chakrabarti (1990), Numerical Studies of Phase
Separation in Models of Binary Alloys and Polymer Blends, Physica Scripta.,
T33, pp 12-19.

M. Imran (2001), Numerical Analysis of a Couple Pair of Cahn-Hilliard Equa-
tion. Ph.D. Thesis. University of Durham.

C. Johnson (1990), Numerical Solution of Partial Differential Equa-
tions by the Finite Element Method. the Press Syndicate of the Univer-
sity of Cambridge, Cambridge.

P. Keblinski et al. (1996), Interfacial Roughening Induced by Phase Separation,
Physical Review Letters 16(75), pp 1106-1109.

P. E. Lewis and J. P. Ward (1991), The Finite Element Method: Prin-
ciples and Applications, Addison-Wesley, Cornwall, Great Britain.

J. L. Lions (1969), Quelques Méthodes de Résolution des Problémes

aux Limites, Dunod.

P. E. Lions and B. Mercier (1979), Spitting Algorithms for the Sum of two
Nonlinear Operators, SIAM Journal of Numerical Analysis 16(6), pp 964-979.



Bibliography 145

[39]

[40]

1]

[42]

S. Luckhaus and L Modica (1989), The Gibbs-Thomson Relation within the
Gradient Theory of Phase Transitions, Archive for Rational Mechanics and
Analysis 107(1), pp 71-83.

L. Modica (1987), The Gradient Theory of Phase Separations and the Minimal
Interface Citerion, Archive for Rational Mechanics and Analysis 98(2), pp
123-142.

R. H. Nochetto, M. Paolini, and C. Verdi (1994), Optimal Interface Error Es-
timates for the Mean Curvature Flow, Annali della Scuola Normale Superiore

di Pisa - Classe di Scienze, 21(4), pp 193-212

R. H. Nochetto, G. Savaré, and C. Verdi (2000), A Posteriori Error Estimates

~ for Variable Time-step Discretizations of Nonlinear FEvolutions, Communica-

[43]

[44]

[45]

[46]

[47]

[48]

tions on Pure and Applied Mathematics, 53, pp 525-589.

R. H. Nochetto (1991), Finite Element Methods for Parabolic Free Boundary
Problems, In: W. Light, Editor, Advanced in Numerical Analysis, Volume 1,
Oxford University Press, Oxford, pp 34-95.

A. Novick-Cohen (1998), The Cahn-Hilliard Equations: Mathematical and
Modeling Perspective, Advances in Mathematical Sciences and Application,

8, pp 965-985.

Y. Oono and S. Puri (1988), Study of Phase Separation Dynamics by Use of
Cell Dynamical Systems. I. Modeling Physical Review A, 38(1), pp 434-453.

J. F. Rodrigues (1987), Obstacle Problems in Mathematical Physics.
Elsevier Science Publishers B.V., The Netherlands.

V. P. Skripov and A. P. Skripov (1979), Spinodal Decomposition (Phase Tran-
sition via Unstable States), Soviet Physics: Uspekhi, 22, pp 389-410.

G. Strang and G. F. Fix (1973), An Analysis of the Finite Element
Method, Prentice-Hall, New Jersey.



Bibliography 146

[49] R. Témam (1984), Navier-Stokes Equations : Theory and Numerical
Analysis, North-Holland, Amsterdam.

[50] V. Thomé (1997), Galerkin Finite Element Methods for Parabolic
Problems, Springer-Verlag, Berlin-Heidelberg.



Appendix A

Definitions and Auxiliary Results

Definition A.0.1 (almost everywhere, a.c., see Evans [28] p.646)
A property is said to hold ‘almost everywhere’ (a.e.) in Q (or, for almost every (a.e.)
z in Q) if the property is true for all z € Q\I', where I is a subset of 2 with measure

Zero.

Definition A.0.2 (Convex Set and Convex Functional, see Johnson [34]
p.249)
Let V be a Hilbert space with scalar product (-, )y and norm || - ||y. A set K is said

to be convez if for all u,v € K and 0 < A < 1, one has
Au+ (1 - A € K. (A.0.1)

We said that F': K +— R defined on the convex set K is convex functional if for all

u,v € K and 0 < XA <1, one has
Fu+ (1= Av) < AF(u) + (1 = A\)F(v). (A.0.2)

Definition A.0.3 (V-elliptic, see Johnson [34] p.50)
A bilinear a(-,-), on V x V| is said to be V-elliptic if there is a constant a > 0 such
that

a(v,v) > a|lv||* Yw eV,

where V' is a Hilbert space with scaler product (-, )y and corresponding norm || - ||y.
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Theorem A.0.4 (Convergence properties, see Rodrigues [46] pp.55-56)

Let E be a Banach-space and {v,} a sequence:

(i) vy—vin E & (v — (L,v), VieE,

(ii) vy — v (strong) = v, — v (weak);

(ili) vy = v in E = ||vy]|| is bounded and ||v|| < liminf ||vy||;

(iv) vy~ v in E, [, — | in E’' (strong) = (l,,vy) — (I, v)

(v) the weak and strong topologies coincide = FE has finite dimension
(vi) if C C E is convex, C is strongly closed

(vii) if L: E — F is a linear continuous operator between two Banach spaces it is

also continuous from FE -weak into F' -weak and conversely.

Theorem A.0.5 (Compactness Theorem, see Lions [37] p.58)
Let V, H, V' be three Banach spaces with V and V' being reflexive and

VcCH=H cV,

where the injection V <— H is compact. Also let

W = {v:veL™0,T;V), % € IP(0, T, V)},

where T' < oo and 1 < pg, p1 < 00, Then the injection of W in LP°(0,T; H) is

compact.

Proof: See Lions [37] p.58.

Theorem A.0.6 (See Dautray and Lions [24] p.289)
Let V be a reflexive Banach space, {,} a bounded sequence in V. Then it is possible

to extract from {7n,} a subsequence which convergences weakly in V.

Theorem A.0.7 (See Dautray and Lions [24] p.291)
Let V be a separable normed space and V' its dual. Then from every bounded

sequence in V’, it is possible to extract subsequence which is weak-star convergent

in V.
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Theorem A.0.8 (Gronwall Inequality)
Let C be a nonnegative constant and let u and v be continuous nonnegative functions

on some interval ¢ € [0o, 8] satisfying the inequality

t

v(t) < C’+/ v(s)u(s)ds for t € |00, f].

Then
¢
v(t) € Cexp (/ u(s) ds) for t € [00,1].
Proof: See Brauer and Nohel [15] p.31. O

Theorem A.0.9 (Lax-Milgram Lemma)
Let V be a Hilbert space, let a(-,-) : V x V +— R be a continuous V-elliptic bilinear
form, and let f : V +— R be a continuous linear form. Then the abstract variational

problem: Find an element u such that
u€V and Vv € V,a(u,v) = f(v),

has one and only one solution.

Proof: See Ciarlet [21] p.8. O

Theorem A.0.10 (Differential Identity)
Let V, H, and V' be three Hilbert spaces, having the property that

VcH=HCcCV.

If u e L¥0,T;V)-and v € L?(0,T;V’) then u € C([0,T]; H)a.e and the folling

equality holds in the scalar distribution sense on (0, 7)

d
Ei|u|2 = 2(u,u).

Proof: See Témann [49] p.261. ]



Appendix B

Faedo-Galerkin Method

Faedo-Galerkin Method (Lions [37], Garvie [30])

1. Assume we have a set {z}2; of linear independent elements of H'(f2) (or

H}(Q)) such that the linear span of the z; is dense in H!(Q) (or H}(Q)). A
Galerkin approximation u*(-,t) = S°F | ¢ (t)z(-) is substituted into the finite
dimensional weak form of the PDE to give a system of £ ODEs (an IVP)
for cy(t). Standard ODE theory then gives local existence (and uniqueness)
of the cix(t) and hence of the approximate solution u* on the finite time in-
terval (0,tx), tx > 0. This relies on the (local) Lipschitz continuity of the

nonlinearities on the right-hand side of the system of ODEs.

2. We deduce that the functions u* are uniformly bounded with respect to some
norm, i.e., ||u¥|| < C. This bound is called an “a prior: estimate”. Then

tr = T is independent of k, that is we have global existence of u*.

3. We use “weak compactness” arguments to extract a convergent subsequence
(in some sense) from the uniformly bounded sequence of functions. This pro-
cess is called “passage to the limit”. We must also show passage to the limit
of each finite dimensional term in the ODE (or, each term in the finite di-

| mensional weak form). It is typically the nonlinear term that gives the most

difficulty in the process. This leads to global existence of the weak solution w.

4. To obtain uniqueness of the weak solutions assume there are two weak solutions
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u; and uo with the same initial data. Substract the weak form for u, from
the weak form for u,, let the test function n = u; — uy =: w and bound w in
terms of the initial data. The aim is to deduce that w = 0, i.e., there is one
and only one weak solution. If the initial data of the weak solutions u; and
uq are assumed different, then this process leads to continuous dependence of

the weak solution on the initial data.



