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Abstract

The domain decomposition strategies proposed in this thesis are efficient precondi-
tioning techniques with good parallelism properties for the discrete systems which
arise from the finite element approximation of symmetric elliptic boundary value
problems in two and three-dimensional Euclidean spaces.

For two-dimensional problems, two new domain decomposition preconditioners
are introduced, such that the condition number of the preconditioned system is
bounded independently of the size of the subdomains and the finite element mesh
size. First, the alternate strip-based (ASB;) preconditioner is based on the parti-
tioning of the domain into a finite number of nonoverlapping strips without interior
vertices. This preconditioner is obtained from direct solvers inside the strips and
a direct fast Poisson solver on the edges between strips, and contains two stages.
At each stage the strips change such that the edges between strips at one stage are
perpendicular on the edges between strips at the other stage. Next, the alternate
strip-based substructuring (ASBS;) preconditioner is a Schur complement solver for
the case of a decomposition with multiple nonoverlapping subdomains and interior
vertices. The subdomains are assembled into nonoverlapping strips such that the
vertices of the strips are on the boundary of the given domain, the edges between
strips align with the edges of the subdomains and their union contains all of the
interior vertices of the initial decomposition. This preconditioner is produced from
direct fast Poisson solvers on the edges between strips and the edges between subdo-
mains inside strips, and also contains two stages such that the edges between strips
at one stage are perpendicular on the edges between strips at the other stage. The

extension to three-dimensional problems is via solvers on slices of the domain.
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Chapter 1

Introduction

Computational mathematics facilitates an approximation to the solution of a prob-
lem using limited computer resources. The discretisation of partial differential equa-
tions (PDE’s) in many computational continuum mechanics problems, for example
in fluid dynamics and elasticity, often leads to large linear systems of algebraic
equations, sometimes several tens of thousands of unknowns for two-dimensional
problems, and more than one million unknowns in three space dimensions. The
direct solution of systems of this size is prohibitively expensive, both with respect
to the amount of storage and to the computational work. Making a good choice of
an iterative method for a particular problem is often difficult, since each method has
its own advantages and liabilities. Suitable approaches are often based on physical
insight in the underlying process or on insight into the structure of the mathematical
model. Usually a method is selected according to its numerical convergence qualities

and its ease of programming.

1.1 Significance of Domain Decomposition and

Multigrid Methods

Classical iterative methods like the Jacobi, Gauss-Seidel and Successive Over Relax-
ation (SOR) have been used from the beginning of the numerical treatment of PDE’s.
Yet these methods share the disadvantage that the amount of work does not remain
proportional to the number of unknowns, and the computer time needed to solve a
problem grows more rapidly than the size of the problem (Varga (1962) [81], Young
(1971) [89], Freund (1991) et al. [41], Nenvalina (1993) [62], Axelsson (1994) [1]).

1



1.1 Significance of Domain Decomposition and
Multigrid Methods 2

In order to apply them efficiently, iterative methods need to be preconditioned.
Domain decomposition’ (DD) and multilevel methods are the basic techniques for
parallelising PDE solvers and for constructing new parallel solvers, especially pre-
conditioners.

The emergence of parallel computers and their potential for the numerical solu-
tion of difficult-to-solve problems, has led to a vast amount of research in DD meth-
ods, which provide a natural possibility to combine classical and well-tested single-
processor algorithms with new parallel ones. In preconditioning, DD algorithms
use a preconditioned conjugate gradient?> (PCG) approach. The preconditioners are
derived from exact or approximate solvers for large scale linear or nonlinear systems
of equations arising from the discretisation of PDE’s restricted to subdomains into
which the given domain is subdivided (or from which it is originally assembled) to
obtain fast solutions. Each subdomain can be associated with a set of nodes and a
finite element subspace of a global finite element space. The DD techniques can also
be used for describing complex geometries, for coupling physically different fields,
and for coupling different discretisation techniques.

For most industrial and scientific problems, the most efficient discretisation is
not explicit, it requires repeated solution of large systems of algebraic (usually non-
linear and of mixed mathematical type) equations, and may require multigrid® (MG)
algorithms to ensure rapid convergence of both short and long range solution com-
ponents. -

The MG approach combines two complementary ideas that lead to rapid con-
vergence: the smoothing of the high frequency components of the error, and the
coarse-grid correction of the low energy components. There are virtually unlim-
ited choices of the interpolation and the coarse grid correction that may be used.

Complying with the golden rule that “the amount of computational work should be

1The earliest known DD method was introduced by Hermann Amandus Schwarz (1870) [70] to
prove existence and uniqueness of solutions to Laplace’s equation on irregular domains. Sobaolev
(1936) [76] showed that the method converges for the equations of linear elasticity.

2The conjugate gradient (CG) method was developed by Hestenes and Stiefel (1952) [48], and
first combined with a simple method for preconditioning by Reid (1971) [67].

3Probably the first working MG method was developed and analysed by Fedorenko (1964) [40]
for the Laplace equation on the unit square. Bachvalov (1966) [2] considered the theoretical case
of variable smooth coeflicients. The beginning of a rapid development was marked by Brandt
(1972) [13], (1977) (14], (1984) [15] who outlined the main principles and the practical utility of
MG methods and Hackbusch (1980) [45], (1981) [46] who laid firm mathematical foundations and
provided reliable methods.
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proportional to the amount of real physical changes in the computed system” (Brandt
(1984) [15], p. 1), MG methods offer the possibility of computational complexity
and storage that is linearly proportional to the number of grid—points. For this
reason MG methods are not usually considered as preconditioners for acceleration
techniques, but rather as powerful iterative methods in themselves. However, when
combined with DD, the amount of computational work needed to solve a problem
to a particular accuracy may reduce considerably. DD’s can also be regarded as MG
methods employing potentially a more robust, localised smoother. Both DD and
MG methods have a great potential for problem specific tuning and optimisation.
Recently a powerful abstract framework has been developed for the analysis of
DD and MG algorithms. Texts on the theoretical foundations for MG techniques
are the tutorial by Briggs (1987) [18] or Briggs et al. (2000) [19], the MG guide
by Brandt (1984) [15], and the monographs by Hackbusch (1985) [47] and Wes-
seling (1992) [82]. Convergence and complexity issues are presented by Yserentant
(1993) [90] and more extensively by Bramble (1993) [8]. An overview of the essential
principles of DD is offered by Chan and Mathew (1994) [25], while a discussion of
DD and MG algorithms, their implementation and analysis is presented by Smith
et al. (1996) [75]. In Quarteroni and Valli (1999) [66], the fundamental mathe-
matical concepts behind DD methods for a wide range of boundary value problems
is treated. An introduction to the basic concepts of parallel computers, parallel
programming, and the run-time behaviour of parallel algorithms to understand, de-
velop, and implement parallel PDE solvers is Douglas et al. (2003) [30]. In Toselli
and Widlund (2004) [80], some of the most successful and popular DD methods
for finite and spectral element approximations of PDE’s are presented. For a more
extensive survey of recent advances in DD algorithmic techniques, implementation
tools and applications, we refer to the proceedings of the annual DD meetings, which
can be accessed via the web page of the Domain Decomposition Organisation (at

http://www.ddm.org).

1.2 Scope of this Thesis

In DD, current research concentrates both on the improvement of existing algorithms
as well as on the development of new ones. The goal is to design algorithms with a

convergence rate and efficiency independent of the number of unknowns, coefficients,
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and geometry. In this thesis a new class of DD methods for symmetric elliptic
boundary value problems in two and three-dimensional Euclidean spaces is proposed.

The remainder of this thesis is organised as follows. Chapter 2 is a brief review
of the essential principles of the DD and MG methods in the case of second order
symmetric elliptic boundary value problems. In particular, we introduce the basic
mathematical concepts and develop the motivation behind the new DD approach.

For the two-dimensional case, in Chapters 3 and 4, two new domain decomposi-
tion preconditioners are introduced. These preconditioners are optimal with respect
to the partitioning parameters, that is the condition number of the preconditioned
system can be bounded independently of the size of the subdomains and the finite
element mesh size.

Chapter 3 is dedicated to the formulation and analysis of the alternate strip-
based (throughout this thesis, referred to as ASB,) preconditioning technique. This
technique is based on a partitioning of the given domain into a finite number of
nonoverlapping strips without interior cross-points (i.e. all the vertices of the strips
lie on the boundary of the domain). The strips may have high aspect ratio, that is
they may be long and narrow. The new preconditioner is obtained from direct solvers
inside the strips and a direct Poisson solver on the interfaces between strips. Perfect
scalability, that is performance insensitive to the number of strips, is achieved in two
stages. At each stage the strips change such that the interfaces between strips at
one stage are perpendicular on the interfaces between strips at the other stage. The
applicability of this new DD method is restricted mainly to problems with constant
coeflicients.

When the coefficients of the given problem are varying, preconditioners with
smaller subdomains better reflect the behaviour of the coefficients and give rise to
more rapidly convergent algorithms. In Chapter 4, we present the alternate strip-
based substructuring (ASBS,) preconditioning technique. This technique applies to
the case of a decomposition with multiple nonoverlapping subdomains and interior
cross-points (i.e. there exist vertices of the subdomains which are situated in the
interior of the domain). In general, cross-points are more difficult to handle, due to
the fact that they represent strong coupling between subdomains. The main task
of the ASBS, method is to determine the interface data between all subdomains,
by solving iteratively the Schur complement problem obtained after the variables

corresponding to the interior of the subdomains are block Gauss eliminated. In
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view of the ASB; solver (Chapter 3), for this Schur complement preconditioner, the
separate treatment of the cross-points is avoided by assembling the subdomains into
nonoverlapping strips such that: the ends of the strips are on the boundary of the
given domain, the interfaces between strips align with the edges of the subdomains
and their union contains all of the interior vertices of the initial decomposition.
Then, the global interface between all subdomains is partitioned as a union of edges
between strips and edges between subdomains that belong to the same strip (edges
do not include their end-points). For the subproblems corresponding to the various
edges, a direct fast Poisson solver is used. Scalability is again achieved in two stages.
At each stage the strips change such that the interfaces between strips at one stage
are perpendicular on the interfaces between strips at the other stage.

The three-dimensional alternate strip-based substructuring (ASBS;3) precondi-
tioning strategies, presented in Chapter 5, are direct extensions of the ASBS, tech-
niques to three-dimensional problems. The ASBS3 preconditioners are based on
a decomposition of the given domain into a finite number of disjoint subdomains
assembled into nonoverlapping slices such that: the edges of the slices lie on the
boundary of the given domain, and the union of the faces between slices contains
all of the interior vertices. For the subproblems corresponding to the faces between
slices, a direct fast Poisson solver is used. Both scalability and efficiency are achieved
in two stages. At each stage the slices change such that the faces between slices at
one stage are orthogonal to the faces between slices at the other stage. The two
stages of the ASB,, ASBS,, and ASBS; preconditioners allow the use of a two-grid
V-cycle.

Each of the Chapters 3 to 5 contains three main parts. In the first part, the
new algorithms are described and explained. Matrix notation is also used to help
with the understanding of the implementation issues. A mathematical framework
for the abstract analysis of the new DD techniques is developed in the second part.
The third part contains numerical examples which confirm the theoretical estimates
and illustrate the efficiency of these techniques. All computations were carried out
in Matlab. Once it is understood why and how they work, these new DD methods
can be extended to more general problems, defined on more complex geometries. In
the final chapter, overall conclusions and final remarks are addressed. In addition,
some possible extensions of these methods to time-dependent problems for parabolic

operators are also sketched. This thesis ends with an appendix and references.



Chapter 2

Prerequisites and Notation

The aim of this chapter is to introduce the basic mathematical concepts and develop
the motivation behind the new DD techniques proposed in this thesis. First, we
formulate the elliptic PDE to be studied, then we focus on presenting the salient
features od the DD and MG methods for the numerical solution of the given problem.
For more comprehensive details and proofs, we recommend the relevant references
in each section. The chapter ends with a summary.

In what follows, we shall denote continuous functions by using boldface, for
example, u, f, and discrete functions (i.e. vectors) by using italics, such as u, f.

Further notation is explained as it occurs.

2.1 Problem Formulation

In this section, we present the model problem to be studied, and its finite dimen-
sional formulation in the framework of the piecewise polynomial finite elements. We
focus on scalar, self-adjoint, second-order elliptic problems, including those with
large variations in the coeflicients. The classic results presented here can be found
in various finite element monographs and course texts (see e.g. Lions and Ma-
genes (1972) [52], Strang and Fix (1973) [77], Mitchell and Wait (1977) [60], Ciarlet
(1978) [28], Yosida (1980) [88], Johnson (1987) [50], Quarteroni and Valli (1994) [65],
Eriksson et al. (1996) [39], Renardy and Rogers (1996) [68], and Brenner and Scott
(2002) (17]).
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Differential Form. We consider the following symmetric elliptic boundary value

problem:

~V - (a(z)Vu(z)) = f(z) in Q (2.1.1)
u(m) = 0 on 01,

where 0 C R? is a D-dimensional domain with Lipschitz boundary 8Q. Without
loss of generality we assume that €2 is a polygon, for D = 2, or a polyhedron, for
D = 3, of unit diameter. Let x = (z1,- -+ ,zp) denote a generic element in €. The
coefficient a(z) > ay, for some positive constant ap, will be taken as a(z) = 1 (for

the Poisson equation) or piecewise constant in ; f(z) is a given datum.

Variational Form. First, we recall some function spaces, which are important
for our subsequent analysis. L>() is the Lebesgue space of real-valued, uniformly

bounded functions on 2. This is a Banach space for the oo-norm:
||| e () = esssup [u(z)].
€N

L%(Q) is the Lebesgue space of real-valued, square integrable functions on 2. This is
a Hilbert space for the scalar (inner) product and the associated 2-norm (Euclidean

norm):

(u,v) = / avdzr,  [[ulZaq = (u,u).

The following are Sobolev spaces:

HYSQ) = {u e 12y 2

with the associated seminorm and norm:
1/2
[ul1q) = |Vl 2@ = (/ Vu- Vudz) ,
Q

1/2
lallim) = (IlalZa + lulf)

and the subspace:

H3(Q) = {ue H(Q)| u=0o0n o0} .
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The above definitions imply:
lullze) < Cllullzo@y  and  [ullzzq) < Cllullgrq, (2.1.2)
for some positive constants C. Thus the following ordering relations hold:
L*(Q) c L*(Q) and H'(Q) C L*(Q).

A function u € H}(f) is said to be a weak solution of the differential equation
(2.1.1), if
a(u,v) = (f,v), ¥v € H;(Q), (2.1.3)

where

a(u, v) :/aVu-Vvdx and (f, v) =/fvd:c.
Q Q

We assume that the bilinear form a(-,-) is continuous (bounded), in the sense that

there exists a positive constant ¢y, such that:
la(u,v)| < collullmylIvim@), Yu,v e HA(Q). (2.14)

We also require a(-,-) to be coercive, i.e. there exists a positive constant c;, such
that:
a(u,u) > ciffull} gy, Yu e Hy(Q). (2.1.5)

Finally, we assume that there exists a positive constant cs, such that:
£,V < eollVilingey, Vv € HAR). (2.1.6)

Note that a(-,-) is an inner product in the space HJ(£2). Thus we can define the
corresponding energy norm [[ufl?2 = a(u,u), which through the coerciveness and

continuity of the bilinear form a(-,-) is equivalent to the norm in the Sobolev space

HY(Q).
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Theorem 2.1.1 (Lax-Milgram) When a(:,) is a continuous, coercive bilinear
form on Hj(§2), and (2.1.6) holds, there exists a unique u € Hj () such that (2.1.3)

is satisfied. Furthermore, the following stability estimate holds: |||l g1y < c2/ci.
Proof: See e.g. Brenner and Scott (2002) [17], Section 2.7. O

Finite Element Approximation. Let X" = {0},} be a quasi uniform partition-
ing of the given domain {2, into a finite number of polyhedra, such that (see e.g.

Quarteroni and Valli (1994) [65], pp. 73-74; (1999) [66], pp. 41-43):

e {0} are nonoverlapping D-simplexes of size h € (0,1] (i.e. there exist positive
constants C' and ¢ independent of A such that each simplex o, contains a ball of
diameter ch and it is contained in a ball of diameter Ch). We define S,(2) to be

the piecewise linear finite element subspace of H'({2) associated with £",
Sh(Q) = {ll € HI(Q)l ulah € P1(Uh),VUh S Zh},

where Pj (o) is the set of linear polynomials (i.e. polynomials of degree less than
or equal to 1 globally with respect to all space variables) defined in o,.
Similarly, let SP(Q2) be the piecewise linear finite element subspace of H}(f)

associated with X7,
Sh(§) = {u € Hy(Q)| uls, € Pi(on), Vo, € "},
or

o {0} are nonoverlapping D-cubes of size h € (0,1] (i.e. there exist positive
constants C and c¢ independent of h such that, for every element o}, each simplex
formed by its vertices contains a ball of diameter ch and it is contained in a ball of
diameter Ch). In this case, we define S,(§2) to be the piecewise bilinear (trilinear)

finite element subspace of H(f2) associated with %,
S() = {u e HY(Q)| ul,, € Qi(on), Yo, € ="},

where Q) is the space of bilinear (trilinear) polynomials (i.e. polynomials which are

linear with respect to each variable).
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Similarly, let SP(£2) be the piecewise bilinear (trilinear) finite element subspace

of Hy(Q) associated with T7,
S2(Q) = {u € Hy(Q)| u|,, € Qi1(0n),Yon € "}

The finite element (Galerkin) approximation for problem (2.1.1) is to find u €
S2(€2) such that:
a(u,v) = (f,v), Vv € Sp(Q). (2.1.7)

We observe that the converse inequalities to (2.1.2) are not true in general.
However, if the function u belongs to the finite dimensional subspace S,(2) of

H(€2), then the following inverse property holds.

Lemma 2.1.2 (the inverse property) For all u € S,(Q),
1
lulre) < OE”“”LZ(Q),
where the constant C' depends on the domain §2.

Proof: For proofs of this result in a more general case we refer to Ciarlet (1978)

[28], Theorem 3.2.6. O

Algebraic Form of the Discretised Equation. To obtain the unknowns of the
finite dimensional problem (2.1.7), given by the point values {u;}*; of u at the
mesh points (m is the number of degrees of freedom for the grid), the test functions
v are chosen equal to a set of piecewise linear (bilinear) basis functions, {¢;}}*,, for

S2(€). Substitution of the discrete solution:
u(z) =) uigi(z)
i=1

into equation (2.1.7) generates the equivalent algebraic problem, in the form of the

discrete linear system:

Au = f. (2.1.8)
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In (2.1.8), u = {u;}}2; is the m vector of the point values, A = {a;;}7%_, is the

m X m finite element stiffness matrix with entries:
aij = a(¢j) ¢i))
and f = {fi}~, is the m-dimensional load vector with entries:

fi = (fa ¢1)

The Conjugate Gradient Method. The stiffness matrix A in (2.1.8) is sym-
metric, i.e.

(Au,v) = (Av,u), Yu,v € R™,

and positive definite, i.e.
(Au,u) > 0, Yu € R™, u # 0,

where (-, -) denotes the Euclidean scalar product. In particular all its eigenvalues are
positive. Therefore the conjugate gradient (CG) method (see Luenberger (1973) [55],
Golub et al. (1989) [43], Freund et al. (1992) [41], Saad (1996) [69]) can be applied.
For the CG method, the decrease in the energy norm of the error after r steps can
be bounded by: )
. ( k(A) — 1) |
VA(A) +1
where

Amax (4)
)\min (A)

k(A) =

is the condition number of the matrix A, with Apax(A) and Apin(A) the maximum
and minimum eigenvalue of the matrix A respectively. Therefore, for A with a low
condition number or with clustered eigenvalues, the convergence of the CG method
is very rapid. On the other hand, it can be proved that x(A) = O(h™2) (see e.g.
Johnson (1987) [50], Section 7.7; Quarteroni and Valli (1994) [65], Section 6.3.2;
Smith et al. (1996) [75], Section 2.7), thus, for very small A, a direct application of
the CG method will not be an efficient approach, since although sparse, the matrix
A is no longer well conditioned. In the preconditioned conjugate gradient (PCG)

method (Axelsson (1994) [1}) an easily invertible, symmetric positive definite (SPD)
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matrix B, which is spectrally close to A, is chosen, such that the relative condition
number x(B~'A) is much smaller than «(A). Let b(-,-) be the bilinear form, also
defined on SP(Q) x SP(f2), associated with the preconditioner B. Then the matrix

B~!A is symmetric with respect to the inner products a(-,-) and b(-,), i.e.
(AB7'Au,v) = (AB™'Av,u), VYu,v € R™,

and

(BB~ 'Au,v) = (BB 'Av, u), Yu,v € R™,
respectively.

Theorem 2.1.3 Let B be a SPD preconditioner for A, and let b(-,-) be the inner

product associated with B, such that:
cb(u,u) < a(u,u) < Ch(u,u), Yu € SH(Q),

for some positive constants C and c¢. Then ¢ < Apin(B71A4) and A\ (B71A) < C.
Hence x(B~'A) < C/e.

Proof: See e.g. Dryja and Widlund (1994) [37], Section 2.3, or Brenner and Scott
(2002) [17]), Section 7.1. O
The PCG method can be viewed as a CG method applied to the preconditioned

system:

B 'Au = B7!f, (2.1.9)
as follows:

o let u¥ be an initial iterate,

r® — f — Au®, the initial residual

w® — B~ the initial preconditioned residual

09 — w®, the initial search direction
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e for /=0,1,---

o : (w', )
compute the direction coefficient: p; «— —~——
(v}, Avh)

update the iterate: u™! — u! — ppt
update the residual: 7'+ — 7t + p, Av!
if 741 > tolerance, then

update the preconditioned residual: w!*! « B~1p*1

(wl+1, ,rl-f—l)

compute the orthogonalisation coefficient: g « ﬁ—
whr

+1

update the search direction: v'*! «— w"*! 4+ g

else end for.

Note that in the CG algorithm given above the matrices A and B™! are not explicitly
formed, but only applied to given vectors. In developing preconditioners, the goal is
to find a B~! that is inexpensive to apply in terms of floating point operations and
interprocessor communication, and that provides fast convergence, hence requires a
small number of iterations to achieve an accurate solution (see Golub and Van Loan

(1989) [43], Section 10.3).

Parallel Subspace Correction. Many DD algorithms are interpreted and anal-
ysed within the framework of parallel subspace correction (PSC) method (Xu (1992)
[86]), or the additive Schwarz method (Dryja and Widlund (1994) (37]) by construct-
ing a partitioning of the solution into local subspaces and bounding the energy of

each element in the partition. Let V;, i = 1,-, N be a set of subspaces such that:

N

SpQ) =D "V,
i=1
and b;(-,-) be an inner product defined on V; x V; such that:
a(u,u) < wb;(u,u), Yu € V,

for some positive constants w. We define the operators P; : SP(2) — V; such that:

bi(P;u,v) = a(u,v), YveV, PueV,. (2.1.10)
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Then the PSC operator P : S)(Q) — SP(Q) is defined by:

P=> P, (2.1.11)

and is analysed by the following result. We denote by P; the equivalent matrix form

of P, (i=1,---,N), and by P the equivalent matrix form of P.
Theorem 2.1.4 Let

N 0, if Pj=0
C = max dij, where §;; = is the Kronecker symbol.

1SjsN A= 1, otherwise

If for all u € SP(§2) there exists a representation (not necessarily unique)

N N
u= Z u;, u; €V, such that CZ b;(u;, w;) < a(u,u),
i=1

i=1

for some positive constant ¢, then x(P) < wC/c.

Proof: See Dryja and Widlund (1994) [37], Section 2.3, Smith (1992) [74], Sec-
tion 3, Chan and Mathew (1994) [25], Section 4.1, or Xu and Zou (1998) [87],
Section 2.2. O

2.2 The Domain Decomposition Approach

DD methods are powerful preconditioned methods, where the preconditioners are
designed from exact or approximate solvers for large scale linear or nonlinear sys-
tems of equations arising from the discretisation of PDE’s restricted to subdomains
into which the given domain is subdivided or from which it originally is assembled,
to obtain fast solutions. In this section, we present a selective survey of several
DD techniques, classified as either an overlapping or nonoverlapping subdomain
procedure, which underlie the new DD methods introduced in this thesis. For ex-
tensive convergence and complexity issues we refer, for instance, to Smith et al.
(1996) [75], Xu and Zou (1998) [87], Quarteroni and Valli (1999) [66], Brenner and
Scott (2002) [17], Chapter 7, Toselli and Widlund (2004) [80], and the references

therein.
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2.2.1 Nonoverlapping Domain Decomposition

A DD without overlapping, of the domain 2, consists of a number of mutually

disjoint open subdomains €; (i = 1,---, N) such that:
N
Q=% (2.2.1)
i=1

We assume that all subdomains €; (¢ = 1,---, N) are of size H (> h) in the sense
that there exist positive constants C' and ¢ independent of H and h, such that §2;
contains a ball of diameter ¢H and it is contained in a ball of diameter C H. We also
assume that the mesh ©" is consistent with (2.2.1) in the sense that the boundary
of every individual subdomain, 0¢);, can be written as a union of boundaries of
elements in £ (see Figure 2.2.1) and consider the elements (edges, vertices) of a

subdomain to be direct projections of the corresponding elements in (2.

Figure 2.2.1: The initial partitioning of the domain Q C R? into subdomains {€;}}¥;,
with mesh refinement shown on one subdomain.

When the coefficient a(z) in (2.1.1) is piecewise constant, the subdomains are
chosen such that a(z) = «a; in ©;. Corresponding to each subdomain ; (z =

1,.---,N), we denote:
a;(u,v) = / a;Vu - Vvdz, Yu,v € H'(Q). (2.2.2)
Q;
Thus,
a(u,v) = Zai(u, v). (2.2.3)

i=1
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Let the global interface between all subdomains be:

N
r=Jona).

i=1

Therefore:

First, we define the local subspaces Sp(§%;) C Sp(?) (¢ =1,---, N), such that:
SY(Q) = {ue S Q)| u(z) =0, Vr € Q\ Q},
then, for each subdomain €, solve for u! € SP(£2;), the following local problem:
a(ul,v) = (f,v), Vv € Sp(%).

We observe that the computation of u! can be carried out independently and in

parallel for all §2;. Let

u’ e VI = 8() @52(92) @ . @SS(QN)
be the solution of the problem:
a(u’,v) = (f,v), vv e V%

We denote by uf = u — u’ the part of the solution u which lies in the orthogonal

complement of V! in Sp(2):
VE = {ue S)HN)| a(u,v) =0, Vv eV}

Therefore, by the representation (2.2.3) of a(+, -), on each subdomain €2;, the function

u?” € VE satisfies:

ai(uE, ¢) = ai(VuE, V¢) = 0, ‘V’qﬁ € S}?(Ql)

E

The function u” is called a piecewise discrete harmonic function. From the definition
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of VE, we deduce:

a(uf,v) = (f,v) — a(ul,v), Vv € 5)(Q),

or equivalently, when v& € V¥ is similarly defined as u?,

a(uf,vF) = (f v) — a(ul,v), ¥v € SP(Q).

Note that:

a(u,u) = a(u’,u’) + a(u?, u®).

Since the value of u” in € is uniquely determined by its value on I, it is convenient
to consider only the restrictions on I' of the functions in SP(2). If we denote the
finite element space of these restrictions by S5(T'), then the relation between inter-
face functions u, v € S)(T') and their discrete harmonic extensions u?, v&€ € V¥

respectively, can be established through the following bilinear form:
s(u,v) = a(uf,v¥), Yu,v € SYI). (2.2.4)

When af(-,-) and s(-,-) are symmetric, positive definite, then the the bilinear form
s(+, ) has the minimisation property:

s(u,u) = min (@, 1), @ € Sp(Q), (2.2.5)

d|r=u

i.e. the discrete harmonic extension is the energy minimising extension (see e.g.

Smith et al. (1996) [75], p. 145, or Brenner and Scott (2002) [17]), p. 194). The

bilinear forms a(u”, u”) and s(u,u) can be analysed using the seminorm [u|g/2(r)

defined by:
,ulip/z(p) = fflrsiznulﬁﬁ,l(ﬂ), e H(Q). (2.2.6)

This is equivalent to the fractional order Sobolev seminorm:

172y = // IE::|2T) dédr, (227)

where £ and 7 denote arc-length along I' (see e.g. Xu and Zou (1998) [87], p. 871,
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or Brenner and Scott (2002) [17], p. 195). The associated space is:
H'A(T) = {ue L*()| |u|3{1/2(r) < oo}
is equipped with the norm:
[all2/20y = ullZzqy + a2 (2.2.8)
Let I'; be an open curve in I', then the Hilbert space:
H*(Ty) = {u € LA(Iy)| u € H'*(I)},

where t|r, = u, @|p\r, = 0, is endowed with the norm defined by:

2 _ (u(é) = u(r))? u?(7) u?(r) g
”u”Hgéz(Fi) = /i /Fi € = 7P dédr + - ’)’1|dT + /F, P T, (2.2.9)

where 7, and 7, are the end-points of I';. For extended discussions of these Sobolev

spaces and their properties, we refer to Lions and Magenes (1972) [52], and Grisvard
(1985) [44].

The next results play important roles in the analysis of many DD algorithms.

Theorem 2.2.1 (trace theorem) For all functions u € H!(Q;), there exists a

continuous linear map v : H*(Q;) — L2(£) such that yu = u|sq,. Furthermore,

lvull grr200,) < Cllull e,
for some positive constants C'. Using this result, it can be proved that:
IullZ2 a0,y < Cllullzz@yllullagy — and  Jlullzzeey < Cllullaig,,
for some positive constants C, where |lul|z2(sq,) denotes the L?(99;)-norm of ulaq,.

Proof: See Lions and Magenes (1972) [52], v I, Sections 3 and 4, v II, Section 10,
or Quarteroni and Valli (1994) [65], Section 1.3, or Brenner and Scott (2002) [17],
Section 1.6. O
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Lemma 2.2.2 (Poincaré - Friedrichs inequality) For all functions u € H(£;),

lulZs@, < C (Iul3sn, + ufnq,) .
where C is a positive constant which depends on the domain §2;.

Proof: See e.g. Quarteroni and Valli (1994) [65], Section 1.3, or Brenner and Scott
(2002) [17], Section 5.3. O

Theorem 2.2.3 If u € S,(2) is discrete harmonic in ; and |u|}2ql,2(m,) repre-
sents the H/2(5¢;)-seminorm of u|ag,, then there exist positive constants C and c

independent of the mesh parameter h and the number of subspaces IV, such that:

C|u[§11/2(391) < |11|%11(Q,-) < Clu@;lﬂ(ani)-
The left hand-side inequality holds for all functions u € H!(£;).

Proof: See e.g. Chan and Mathew (1994) [25], Section 4.3, and references therein,
or Brenner and Scott (2002) [17]), p. 195). O

Let S be the stiffness matrix associated with the bilinear form s(-,-) under the
standard nodal basis functions in SP(I'), then S is a Schur complement (SC) asso-

ciated with the stiffness matrix A. If we write:

A A Arg
ATy Ape

where A;; is the stiffness matrix associated with the nodes in 2\ I" and Agg is the
stiffness matrix associated with the nodes on I', then A can be expressed in factored

form as:

It 0 y A 0O " It A Are
AT AT} Iee 0 S 0 Igg

where I;; and Igg denote identity matrices, and S = Agg — AT, A} Arg is the SC
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matrix. Writing the original linear system (2.1.8) as:

Iy 0 y Air 0 y Irr AjlAre y ul _ fr

then eliminating u! yields:

Suf = fs, (2.2.10)

where fs = fE— AT A} f!. We note that (2.2.4) can also be written as the following

inner product:

(SuE,vE) = (uE)TSvE,

and (2.2.5) can be expressed in matrix notation as:

The condition number for S is much smaller than that for the matrix A, k(S) < k(A)
(see e.g. Smith et al. (1996) [75], Section 4.2). Therefore, we can iterate directly
on S, that is apply the CG method to the system (2.2.10), then extend the result
harmonically inside all the subdomains. When the SC is computed explicitly, the
method is called direct substructuring. However, the explicit calculation of Schur
complements is expensive and requires a large amount of memory since they are
typically dense, though of much smaller dimension than the original stiffness matrix.
Moreover, the condition number «(S) deteriorates with respect to the subdomain

size H, the finite element mesh-size h, and the coefficients a;:

max; o; Hpax

K(S) < C

min; o; hH2, '

where H.x and Hpi, denote the maximum and the minimum diameters of the
subdomains respectively (see e.g. LeTallec (1994) [78], Xu and Zou (1998) [87],
or Brenner (1999) [16]). This may lead to a high number of iterations, and a
suitable preconditioner may need to be considered. A large number of iterative
substructuring methods have been proposed during the last decades (see Bramble et
al. (1989 ) [11], Dryja et al. (1990) [36], Smith (1992) [74], Dryja et al. (1994) [35],

Dryja et al. (1995) [38]). These preconditioners are referred to as interface solvers
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or interface preconditioners. Let M be a suitable preconditioner for the SC system.

Then the preconditioner B for the whole matrix A is defined as:

I 0 A 0 I AfA
B= 1 x | x | T T (2.2.11)
ATLAL Ipg 0 M 0 Igg
and the preconditioned matrix is:
B—IA _ [11 _A[_IIAIE Al—ll 0 y .[11 0
0 Igg 0 M | _A,{EAI—II Igg
g ( Irr 0 A 0 o I A7 Are
AT AT Ipe 0 S 0 Igg
IR — A Are y Iy 0 y Irr A Are
0 Igg 0 M1'S 0 Igg

Note that the matrix B~ A is equivalent to the block diagonal matrix:

Iy 0
0 M-S

Therefore the eigenvalues of B~1A are the eigenvalues of M~1S and the eigenvalue
1 of the identity matrix I.

In view of parallel implementation, for each subdomain €2;, let A; denote the
contribution to the stiffness matrix A obtained from the corresponding subdomain
(see e.g. Quarteroni and Valli (1999) [66], Section 2.4):

A(i) A(i)
A = (i’)’ (’f . (2.2.12)
(Arz)T Agg
The notation has the following meaning. A?I) is the principal submatrix associated

with nodes in the interior of €2;, with entries:

(AN sk = a(Bn, ;). Vh,j =1, ,m,,
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the entries of A% are:
(Ag%)ﬂ' - a’(¢”"¢j)’ \V/-] =1,--+,my Vr=1,--- T

and Ag)E corresponds to the nodes on the interface I' N €);, and its entries are of

the form:

(A%)E)qr = a(¢1‘a wq)7 VT‘) q= 17 e, Ty
where ¢; ( = 1,---,m;) are the finite element basis functions associated with the
nodes in ;, and ¥, (r =1,--- ;) are those associated with the nodes on I' N 95;.

Therefore, we can also write A in the split form:

N
A=Y RTAR,, (2.2.13)
i=1
where A; is as introduced in (2.2.12), R; is the restriction matrix from the full vector
in Q2 to the local vector in €; UT}; and RT denotes the prolongation by zero on the
nodes external to Q; UTL; (i=1,---,N).

We note that the interior nodes in each subdomain §; are decoupled from the
interior nodes in other subdomains, while for the interface nodes, more than one
subdomain contribute. These features are useful for parallel processing, since t‘he
given problem can be decoupled into independent subproblems on subdomains and
the communication needed will be only for the values on the interface between

subdomains. We can write Ay as a block-diagonal matrix with block order ¢ given

by AY (i=1,.-- N):

A o
Ayp = blockdiag (A)) =
N
0 A
and N
S=> RTS:R, (2.2.14)
i=1

where S; = AW —(AY))T(A)-14%) | R, is the restriction matrix from the vector on
I" to the vector on I';, and Rf is the matrix that extends by zero a nodal vector from

Fitol (i =1,---,N). The Schur complements S; can be formed independently



2.2 The Domain Decomposition Approach 23

and in parallel (see e.g. Quarteroni and Valli (1999) [66], Section 2.4).

When an iterative method is used to solve the linear system associated with
B7'A, at each iteration step a system with the coefficient matrix B needs to be
solved. This requires first the inversion of A(Ii} for each i = 1,--- N, ie. the
solution of N independent Dirichlet problems in the subdomains, which can be
solved in parallel. Then backward substitution can be applied, starting from the
block M to obtain the values along the interior boundary, followed by the block
Ajy, which again yields the solution of N independent Dirichlet problems in the

subdomains.

The Null-Space Property. Very important for the iterative substructuring meth-
ods is the null-space property (see Bramble et al. (1986) [9], Mandel (1990) [56],
Smith (1990) [73], Smith et al. (1996) [75]). This allows for global estimates to
be derived from the local properties of the Schur complements and the interface
preconditioners associated with the boundary of individual substructures. Let us
write the SC operator in the form (2.2.14). We assume that the SC preconditioner

M may also be written as:

such that for every subdomain ;, the null-space for S; and M; are identical (note
that for PDE’s that are constant inside each subdomain, if a subdomain has no part
of its boundary with given Dirichlet data, the corresponding null-space is equal to
the constant functions, while to a subdomain with given Dirichlet data on part of

its boundary corresponds the trivial null-space). If
ciqu{iTMilfﬁiu < qu%lTSiRiu < C',-uTR;-‘FMiR,-u,
for some positive constants C; and ¢;, then summing over the subdomains implies:
(miin c)u' Mu < ufSu < (mlax Ci)uf Mu.

We refer to the quantity max; C;/ min; ¢; as the local bound. It follows that, when
using M as a preconditioner for S, the convergence rate will not depend explicitly

on the number of subdomains. When there are jumps between coefficients across
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the interface boundary between subdomains, such that:
a(u,v) = Z/ a;(z)(Vu, Vv)dz,
i Uk

and «; is smooth inside the subdomains, we may define M; = &;M;, where M; is a
preconditioner associated with the Laplacian and &; is the average of a;(z) on ;.

If there exist constants C; and ¢; independent of the jumps in e;(z) such that:
ciuTR;Fl\ZfiRiu < uTR;-‘FSiR,-u < C,-uTRfMiéiu,

then the convergence rate is also independent of the jumps in «a;(z).
In the remaining part of this section we shall briefly review some of the most
popular and successful DD methods and motivate the construction of the new DD

approach to be introduced later in this thesis.

Decomposition without Interior Cross-Points. Let = (0,) x (0,1) be a
rectangular domain, partitioned into N > 2 disjoint subdomains without interior
cross-points (Figure 2.2.2). In this case, the SC matrix S can be written as a block-
diagonal matrix, each block corresponding to the boundary 9€2; N ). By dropping
all the couplings between different edges, we obtain a block-diagonal matrix, each

block corresponding to an interface I'; between two adjoint subdomains §2; and 2,4,

(i=1,--,N—1):

Si 0 0
0 S5 0
0 O Sn-1

Figure 2.2.2: The partitioning of the domain @ C R? into subdomains {Q;}Y,
without interior cross-points.
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The J-Operator. We choose two adjacent subdomains ©; = (0,1;) x (0,1) and
Qp = (L, 11 +{3) x (0,1) with interface I’y = {(z,y) : £ = 1;,0 < y < 1} and assume
that the grid corresponding to the union of the two subdomains is (n; +1+ns) x n,
ly = (ng+1)h (k=1,2) and h = 1/(n+ 1). For the Laplacian operator, S; can be
expressed by an exact eigendecomposition (Bjgrstad and Widlund (1986) [4], Chan
(1987) [24)):

S, = F)A@) F(”),

where F™ is the orthogonal sine transform matrix with entries:

2 iJm
F '
i T P

(hence F™ = (F™)T) and A™ is a diagonal matrix with elements given by:

A (L T ¥}
i 1_,7;114-1 + 1_%712-%1 ¢i+Z’

where

2
. | :
¥; = 4sin® (2(75—11» and ’Yi=<1+%—\/¢i‘+—ﬁ—l> .

Let (¥()/2 denote the diagonal matrix with the diagonal entry of order 4 given by

the positive square root of ¢;, then S; can be preconditioned by the J-operator:

) q1/2
2 -1 0 0
-1 2 -1 0
Jog = F (3™)? pm) % T (2.2.15)
0 -1 2 -1
i 0 0 -1 2 |

which is a scaled version of the square root of the discrete one-dimensional Laplacian
operator along the interface I'y, with zero Dirichlet boundary conditions on 90I';.
This preconditioner was proposed by Dryja (1982) [31]. For computational issues
regarding this preconditioner we also refer to the tutorial by Douglas et al. (2000)
[30], Section 2.3, and the web resources for downloadable software announced in this

tutorial.
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The spectral technique used to approximate the solution along the edges can also
be extended in higher dimensions. For the three-dimensional case, we assume that
the interface I'; between two adjacent subdomains is a rectangle with an n; X ng

mesh. The corresponding J-operator has the form:

Jaa = (P @ FO) (¥ &) foy + 1, @ \I,(m))l/z (F @ F),

(2.2.16)
where F(™) and ¥(™) are defined as above with n; instead of n, I,,, denotes the n;-
by-n; identity matrix (i = 1,2), while Q) represents the Kronecker (direct, tensor)
product (see e.g. Smith et al. (1996) [75], p. 120). This operator guarantees a
convergence rate that is independent of h, but depends on the aspect ratio of the
subdomains.

When the mesh on I’y is uniform, the preconditioner (2.2.15) can be solved in
O(nlog(n)) operations using the Fast Fourier (Sine) Transform (FFT). Moreover,
when S; is associated with a quasi-uniform grid, (2.2.15) can still be used on the
uniform grid to obtain an asymptotically well-conditioned preconditioner for S;. For
further details we refer to Dryja (1982) [31], (1984) [32], Smith et al. (1996) [75]
pp. 119-120, Xu and Zou (1998) [87] p. 878, Quarteroni and Valli (1999) [66], pp. 77-
78. For a survey of preconditioners for more general operators and discretisation,

see Keyes and Gropp (1987) [51], Chan and Resasco (1987) [26] and (1988) [27].

Decomposition with Interior Cross-Points. We consider now the case of a
partitioning (2.2.1) of the domain € R? into N > 2 disjoint subdomains with
interior cross-points. When interior cross-points are present, in two dimensions, the
global interface I' can be partitioned as a union of edges and vertex-points (see
Figure 2.2.3). The edges are the lines that separate two adjoint subdomains and do
not include their end-points. The vertices are isolated points on the interface that are
shared by more than two subdomains. We look for preconditioners for the SC system
(2.2.10). These preconditioners should have good parallel properties on arbitrary
elliptic operators and should be perfectly scalable, that is their performance should
be insensitive to the number of subdomains. Thus global coupling between distant

subdomains must also be provided.
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Figure 2.2.3: The global interface I' as a union of edges and vertices in a partitioning
of the domain 2 C R? into subdomains {;}, with interior cross-points.

We reorder the unknowns u? on the interface I, listing first those lying on each

edge, then those at vertices. Thus,

uE = ('U/e, uX)T = (uq) e 7u6nc>ux)T'

In what follows we shall use deliberately a duplicity of notation and denote by ¢
the indices of the nodes lying on the edge ¢, (k= 1,- - ,n.); similarly, denote by x
the indices of the vertex-points. With the above reordering we obtain the following

block partitioning of .S:

See Sex
S = - , (2.2.17)
Sex SXX
or equivalently:
[ i
S€1€1 co Sﬁlﬁne Sle
S — S;II‘GZ Se?e"e SC2X
L ng Sej;ex Sxx ]

Note that Se,—e]- = 0 whenever ¢; and ¢; are not part of the same subdomain, and
that S,, is a diagonal matrix.

The survey below, of some of the preconditioners based on the partitioning
(2.2.17), follows closely the presentations in Chan and Mathew (1994) [25], Smith
et al. (1996) [75], Xu and Zou (1998) [87] and Quarteroni and Valli (1999) [66].
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The Block-Jacobi Preconditioner. A simple block-Jacobi preconditioner Mj is
obtained from S by dropping all the couplings between different edges and between

edges and vertices. The result is a block diagonal preconditioner given by:

M, O
MJ = )
0 Sy
where: ~ .
Melel 0 0
M. — 0 M, 0
0 0 oo My,
with M., ., equal to either S, or an interface preconditioner for the edge ¢, like

(2.2.15) introduced earlier.
If R., and R, denote the pointwise restriction map from I' onto the nodes on ¢

and the vertex-points respectively, then the block-Jacobi preconditioner M satisfies:

€k€k X TXX

e
Mt = Z RIM_! R, + RLS_IR,. (2.2.18)
k=1

Since M; does not involve global coupling between the subdomains, its spectral

properties deteriorate as the number of subdomains increases. Then:

H 2
k(M;'S) < CH™? <1 + log ﬁ) ;

where the positive constant C, independent of H and h, may depend on the co-
efficients of the given problem (see Bramble et al. (1986) [9], Dryja and Widlund
(1994) [37]). The presence of the H~?2 factor can be heuristically justified by the fact
that the information is exchanged only between neighbouring subdomains, hence the
number of steps required by the CG method to converge must be equal to the inverse
of the diameter of €;. On the other hand, the presence of the log(H/h) stems from
the consideration that the global preconditioner is made up of local edge precondi-

tioners M,

e, and of the vertex contributions Sy,. The latter yield pointwise values

that should be controlled in terms of energy norm, which is possible at the expense

of a logarithmic factor.
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The Bramble-Pasciak-Schatz Preconditioner. In order to remove the H 2
term, Bramble et al. (1986) [9] inserted some mechanism of global coupling through
a coarse grid problem based on a coarse mesh induced by the vertex-points. Let R}
and Ry denote the standard piecewise interpolation and restriction maps of coarse
grid functions onto all the nodes of I', and Ay = Ry AR% be the associated stiffness

matrix. Then the inverse of the modified preconditioner is defined as:

€k€k

Mghs = > RL ML Re, + Ry AL Ru. (2.2.19)
k=1

This is also referred to as a direct sum preconditioner, since the sum of the dimen-

sions of Ay and M,, ., equals the dimension of S.

k€k

The estimate of the relative condition number thus improves to:

2
K(MgpsS) < C (1 + log ﬁ) )

where the positive constant C is independent of H and h, and also of the variation
in the coefficients if they are constant in each subdomain §2; (see Bramble et al.
(1986) [9], Widlund (1988) [83], Dryja et al. (1994) [35]).

In three dimensions, the interface I' can be decomposed into faces ¢, edges e,
and vertices x. After reordering, the vector of interface unknowns can be expressed
as:

u = (uy, ue, uy) T
Thus, the SC matrix may be written as:
Spp  Spe Spx

S = Sge See Sex

SZX SZ;( SXX

Droping the coupling between different faces, different edges, faces and edges, edges

and vertices, faces and vertices yields:

M,, 0 0
Mrppy = 0 M. 0 |,
0 0 Ay
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where M., is block diagonal, such that each block is associated with one face and
could be any face preconditioner, M, is also block diagonal, where each block is
associated with one edge and could be any edge preconditioner, Ay is a coarse grid
operator obtained by using linear finite elements, with the subdomains themselves
as mesh-elements. If R, denotes the restriction operator for each face, then:

e Ne
Mppy =Y RLMY Ry +> REMZLR., + RpAy Ry. (2.2.20)
k=1

€k€k
i=1

Then:

2
k(Mpp,S) < Cg— 1+ log —
h h
(see Dryja et al. (1994) [35]). However, it is not possible to solve the coarse problem
and the local problems in parallel while preserving both the null-space and the

convergence properties.

The Vertex-Space Preconditioner. In general, whenever ¢; and ¢; are edges of
the same subdomains, Seiﬁj # 0. The preconditioners M; and Mpgps both ignore
this coupling, hence the logarithmic growth factor in the condition number. The
aim is to remove the mild residual dependence on H/h and this is achieved by Smith
(1990) [73], (1992) [74], where additional coupling between edges and vertex-points
is introduced (see also Nepomnyaschikh (1986) [63]. The vertex-region v; is defined
as the cross-shaped region centred at the vertex-point x; containing segments of
length 6H (0 < § < 1) of all the edges that emanate from x; (7 = 1, -+ ,ny) (see
Figure 2.2.4).

Figure 2.2.4: The vertex-regions as union of segments inside adjacent edges.
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Let R,, denote the restriction map that associates with full vectors the subvec-
tors corresponding to the indices in v}, and S,; denote the principal submatrix S
corresponding to v;. Then:

S,, = R,,SRT..

The vertex-space preconditioner is defined by:

x
My = Mpps+ ) Ry S'Ry,. (2.2.21)
i=1

Then:

k(MyiS) < C (1 + log %) ,

where C may depend on § (see Smith (1990) [73], (1992) [74], also Dryja et al.
(1994) [35]).

The Wire-Basket Preconditioner. For the three-dimensional case, in Smith
(1990) [73] the vertex-space method is extended into a wire-basket based algorithm,
by associating the vertex nodes and the edge nodes into one set called the wire-

basket. The vector of interface unknowns becomes:

uF = (uy,u,)7,

while the SC operator may be written as:

Sop  Spw
Sgw N

S =

By dropping the couplings between various faces and faces and the wire-basket, the

following preconditioner emerges:

Myp = . (2.2.22)

Then:
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where C' is also independent of coefficients (see Smith (1990) [73], also Dryja et al.
(1994) [35], Dryja et al. (1996) [34]). This method is completely parallelizable.

The New Alternate Strip-Based Preconditioner. The convergence results
corresponding to the substructuring methods via the M;, Mgpg, and Myg pre-
conditioners indicate that interior cross-points are more difficult to handle. This
is due to the fact that vertices represent strong coupling between interfaces. The
BPS method is perhaps the first to treat vertices satisfactorily. In order to im-
prove convergence, the VS method introduces additional local solvers associated
with the points near each vertex-point. However, the local problems associated with
the vertex-regions are usually expensive to solve, hence for these problems interface
preconditioners may have to be considered to reduce computational complexity.
The new DD methods to be introduced later in this thesis may be viewed as
direct extensions of the two-subdomains interface preconditioning technique via the
J-operator, to the case of a decomposition with multiple nonoverlapping subdomains
and interior cross-points. In two dimensions, the separate treatment of the vertex-
points is avoided by assembling the original subdomains into nonoverlapping strips
such that: the ends of the strips are on the boundary of the given domain, the
interfaces between strips align with the edges of the subdomains and their union
contains all of the interior vertices of the initial decomposition. Thus, the global
interface between the subdomains can be partitioned as a union of edges between
strips and edges between subdomains inside to the same strip (edges do not include
their end-points). For the subproblems corresponding to the various edges, the
J-operator is used. Since this interface preconditioner is sensitive to the aspect
ratio of the subdomains, in order to achieve scalability, the new preconditioner is
produced in two stages. At each stage the strips change such that the interfaces
between strips at one stage are perpendicular on the interfaces between strips at
the other stage. This gives rise to an efficient method which is optimal with respect
to the partitioning parameters (see Chapter 4). The extension to three-dimensional

problems is via slice solvers (see Chapter 5).
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unknown vector u and n; + iy > n, where n is the number of unknown in 2. Let R;
be the restriction matrix whose action restricts a vector v of length n to a vector of
size 7i; by choosing the entries with indices I; (i = 1,2). Its transpose R is an n x i,
matrix whose action extends by zeros a vector of nodal values in ;. Therefore the

local subdomain matrices are:
The Schwarz alternating algorithm can also be written as:

w2 F 4 RiATIRT(f — Aub)
(2.2.23)
uFt — uF T2 Ry ATYRY(f — AuRTY?).

By defining
B, = RAT'R] i=1,2,

(2.2.23) can be written as a single step process:
Pt — uF + (By + By — ByABy)(f — Aub).
The multiplicative Schwarz preconditioner B,,, is given by:
B\ = B, + By — ByAB;,
and the convergence is governed by the multiplicative Schwarz iteration matrix:
(I — BA)(I — B A).

Although the matrices B;A are symmetric with respect to the a(,-) inner product
(induced by the SPD matrix A), the multiplicative Schwarz iteration matrix is not
so (see Chan and Mathew (1994) [25] pp. 66 and 92). A symmetrized version can

be constructed by iterating one more half-step and obtain the iteration matrix:
(1 — BiA)(I = ByA)(I — B, A),

therefore the CG method can be applied.
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The two subdomain additive Schwarz preconditioner can be extended to the

multiple overlapping subdomains as follows:
N
a—sl,l = Z RiAi_lRiTa
i=1

where R; and RT are the restriction and interpolation maps respectively, correspond-
ing to {; and A; = R;ART (i=1,---,N). However, this algorithm is not scalable,
since the condition number of the preconditioned system grows like the number of
subdomains (Dryja and Widlund (1994) [37]):

k(BZLA) < CH (144672

as,l

An improved additive Schwarz preconditioner is defined by:

N
B, =) RAT'Rl + R} Ay'Ru.
i=1
Then:
k(B A) < C(1+672),

as,2

where the positive constant C may depend on the variation of the coefficients (see
Dryja and Widlund (1994) [37], Dryja et al. (1994) [35]). If the coefficients are

constant or mildly varying within each coarse grid element, then:
H
K(Bg,A) < C (1 + log ﬁ) ,

where C may depend on the overlap parameter § (see Dryja and Widlund (1994)

[37]). In three dimensions this estimate deteriorates to:

K(B;STBA) < C%I‘

(see Dryja and Widlund (1994) [37]). On the other hand, the classical Dirichlet
transmission conditions employed between subdomains lead to convergence rates
which are not uniform with respect to frequency: high frequency components con-

verge rapidly, whereas low frequency components converge only slowly (Gander

(2000) [42)).
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2.3 The Multigrid Technique

The MG methods provide optimal order algorithms for solving elliptic boundary
value problems, in the sense that the amount of computation is determined only
by the amount of real physical information. The error bounds of the approximate
solution obtained from the full MG algorithm are comparable to the theoretical
error bounds in the finite element method, while the amount of necessary computa-
tional work is proportional to the number of unknowns in the discretised equations
(problems with N unknowns are solved with O(N) work and storage), for a large
class of problems. The short presentation in this section is based the introductory
tutorial on MG techniques by Briggs (1987) [18], Briggs et al. (2000) [19], and the
monographs Hackbush (1985) [47] and Wesseling (1992) [82]. For theory regarding
the more general case we recommend Scott and Zhang (1992) [72].

A MG method has two main features: smoothing on the current grid, and error
correction on a coarser grid. The idea beyond the MG process is to damp all (locally)
highly oscillating components of the error first, then approximate the remaining
smooth part on the coarse grid. By alternately repeating the smoothing step and
the coarse grid correction, an iterative method is obtained. From the beginning we
introduce a sequence of grids obtained by doubling the step size from the smallest
grid-size equal to h, to the largest possible grid-size equalto hp: h=ho < - < h; <
-++ < hy, where the index [ is the number of the level and h; = 2'h (I = 0,--- , L)
(Figure 2.3.1). This process of descending to a coarser grid is called coarsening,
while the opposite process of ascending from the a coarser to a finer grid is called

refinement.

Figure 2.3.1: Sequence of nested grids associated with the domain 2 C R2.
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The Two-Level Case. We first assume only two grids, one fine and one coarse,
of mesh-size A and 2h respectively. The two-grid (TG) method has the following
steps:

Step (1) (Smoothing) first we consider the equation on the fine grid:
Au = f. (2.3.1)

The goal of the TG iteration is the solution of (2.3.1). After a few iterations of
a chosen iterative method (e.g. damped Jacobi, Gauss-Seidel, SOR, CG) the high
frequencies become smooth. However, if low frequencies (smooth components) are
also present, the convergence will become slow. Let u!/2 be the approximate solution
after this step has been completed. The TG technique is based on the observation
that a complementary iteration needs to be constructed to reduce the smooth error.
The error u!/? — v is to be approximated on a coarse grid. In order to do this, first,

we calculate the initial defect on the fine grid:
r=Aul? — f.

Therefore:

AWM? —u) = Au? — f =1 (2.3.2)

Then, translate the defect r into the coarse grid as:
re = Rr,

where R : SP(Q) — S5, (9) is a restriction operator. Let A, be the matrix of the orig-
inal system (2.3.1) restricted to the coarse grid. Then the coarse grid approximation

w of ul/? — u satisfies:

Aw =r,. (2.3.3)

By the Galerkin approach, we can define A, = RAP. Another approach is to
rediscretise the given equation on the coarse grid and therefore obtain A, in the
same way A has been initially derived. The equation (2.3.3) can be solved exactly,

or iteratively with an initial guess w = 0.
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Step (2) (Coarse Grid Correction) The coarse grid approximation of the error

is then translated into the fine grid, as Pw, by means of prolongation!

P S%(02) — SP(Q). Finally the old value of u is updated as:

operator,

ul — ul/? — Pw.

This process can be expressed in a single coarse grid correction formula as:
ul — u? — PAT'R(AuY? — f). (2.3.4)

Having returned to the fine grid, we have completed a two-grid V-cycle and can
check for convergence, by measuring the size of the residual (I — APA;'R)r. The

V-cycle is repeated until the error is below the required tolerance.

The Multilevel Algorithms. The notation in the description of the MG V-cycle
is as follows: the index indicates the grid-size of the mesh-grid on which the system
is described at each level, namely the index 2'h indicates the discretisation on the
grid of grid-size hy = 2'h (I = 0,---,L); Py, denotes the interpolation from the
(I + 1)th grid level to the Ith grid level, while Ry denotes the restriction from the
(I — 1)th grid level to the Ith grid level.

Step (1) Pre-smooth Aju, = f, with some initial guess @y,.
Compute 79, = Ron(Apun, — fn)-
Step (1) Pre-smooth Agpwyy, = 7o, with initial guess wyy, = 0.
Compute 145, = Ryn(Asnwon — fan).

Step (14,) Pre-smooth Agpwyp, = r4p, with initial guess wy, = 0.
Compute 75, = Rgn(AspWan — fan).

Step (1y) Pre-smooth Agw,, =14,

Step (24r) Correct Wyp «— wap — Papwsp.

Post-smooth Agpwgy = 74, with initial guess wyqy = Wqp.

1A popular prolongation is the piecewise linear interpolation (Hackbush (1985) [47], p. 59.)
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Step (22,) Correct Wy, «— wop — Popwap.

Post-smooth Agpwsg, = 195 with initial guess wop = Wap.

Step (2;,) Correct @y, «— up — Pywap.

Post-smooth Apuy, = rp with initial guess u, = 4y,

The difference from the TG V-cycle is that (2.3.3) is replaced by one multigrid
iteration applied to the initial guess w = 0. If (2.3.3) is replaced by two multigrid
iterations, then we obtain the W-cycle. A particular case of the V-cycle is the
sawtooth cycle, derived by eliminating from the V-cycle process the pre-smoothing

step.

Multilevel Schwarz Methods. Let the domain 2 be as represented by Fig-
ure 2.2.6 with the overlapping subdomains §; (¢ = 0,---, N), of diameter QO(H)
and overlap of width O(4). We assume that with the domain €, a sequence of grids
with grid-sizes h = hg < --- < by < --- < hy, are associated, denoted by Q®. We
also assume that the grids corresponding to each subdomain € (i=0,---,N) are

inherited from the original grids on the domain €2 and denote by le) the corre-
U]

sponding I-level subdomain of Q). We consider the interpolation maps (R;” )T from
the nodal values on the interior grid le) to the finest grid and its corresponding
restriction Rgl) map on the interior nodes in Qlw and denote by AEZ) = Rg”A(Ry))T
the local stiffness matrix associated with the subregion le). The additive two-level

Schwarz process reads:

ul/2 — (R(l+1))T(A(l+l))—1R(l+1)f

N
ut a2+ S (RO)T(AP) RO S,
i=1
where [ =0, -+, L—1. The corresponding two-level additive Schwarz preconditioner
is: N
Bijas = (R(I-H))T(A(I—H))—IR(H-I) + Z(Rl(l))T(Agl))—lel)‘
i=1

Note that the local subproblems involving (Agl))_1 are much smaller than the origi-
nal problem and can be solved by direct or iterative methods. If however the coarse
problem involving A1) is still large, the two-level additive overlapping precondi-

tioner can be used again.
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The multilevel additive Schwarz preconditioner is defined as follows:
L N
Byl =SS (RO)T(AQ)1RY.
=1 i=1

It has been shown (Zhang (1992) [91]) that:

k(B A) < C,

mlas

where the positive constant C is independent of h and the number of levels, but
may depend on the variation in the coeflicients.

The two-level multiplicative Schwarz process reads:

u1/2 — (R(H-I))T(A(l+l))—IR(l+l)f

N
ul —u? + 3 (R (AR (f - Aul?).

i=1

The corresponding two-level multiplicative Schwarz preconditioner is:

N
By, = R(l+1))T(A(l+1))—1R(l+1) + Z(Rgl))T(Agl))—lRl(l)
i=1
N
_ (Z(R(l))T(A(l))—lR(l)) (R(Hl))T(A(l+1))_lR(l+1).
i=1

A symmetrized version can be obtained by iterating one more half-step as follows:
u1/3 - (R(l+1))T(A(l+1))—1R(l+l)f
N
u2/3 — u1/3 + Z(REI))T(Al(l))_lREl)(f _ Au1/3)
i=1

ul — u2/3 + (R l+1)) (A(l+1 ) IR(H—I)(f _ Au2/3).
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2.4 Summary

In this chapter, we have recalled some of the best known and most efficient DD
and MG methods applied to second order, self-adjoint, coercive boundary value
problems. We note that the convergence results for this methods remain valid if
the exact solvers on every subdomain and/or on the coarse grid are replaced by
spectrally equivalent inexact solvers and the meshes are assumed to be shape regular
(for a definition of regularity of meshes see e.g. Ciarlet (1978) [28], Remark 3.1.3;
Quarteroni and Valli (1994) [65], Section 3.1; (1999) [66], Section 2.1). In recent
years, a unified framework for the analysis of both DD and MG methods has been
developed via the PSC method or the additive Schwarz method. This generates the
natural idea that new and more efficient algorithms may be devised, to draw upon
the strengths of both DD and MG methodologies. The challenging point is how to
do that and yet do not add to the already perceived complexity of DD algorithms.



Chapter 3

Alternate Strip-Based Domain
Decomposition Algorithms

for Symmetric Elliptic PDE’s in
2D

3.1 Introduction

In this chapter, we propose a new class of DD preconditioners for the discrete linear
system (2.1.8), in two dimensions. The new solvers are obtained from alternate de-
compositions of the domain € C R? into a finite number of nonoverlapping strips,
and are perfectly scalable (i.e. their performance is insensitive to the partitioning
parameters). Probably the earliest papers involving splitting the domain into sub-
domains without interior vertices are Buzbee et al. (1971) [20] and Buzbee and
Dorr (1974) [21]. Later, preconditioners for two-dimensional elliptic boundary value
problems together with analytic estimates of the convergence of the preconditioned
iterative procedures were proposed by Bramble et al. (1986) [10] and Bjgrstad and
Widlund (1986) [4]. In Chan and Resasco (1987) [26], a fast direct Poisson solver
on a rectangle divided into parallel strips or boxes is presented. These methods,
however, are applicable only when the aspect ratio of each strip is not too high (i.e.
when the strips are not too long and thin). In Mandel and Lett (1991) [57], DD
preconditioners for p-version finite elements with high aspect ratio with better con-

vergence properties are introduced. In Boglaev (1997) [5], (2000) [6] and Boglaev

43
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and Duoba (2004) [7], strip-based decompositions are used for solving singularly
perturbed problems.

The alternate strip-based (ASB;) preconditioner to be introduced in this chapter
is based on exact solvers in the interior of the strips and the J-preconditioner (see
Section 2.2) on the interfaces between strips (i.e. on the edges shared by two strips).
Since this interface preconditioner is sensitive to the aspect ratio of the subdomains,
in order to achieve scalability, the ASB, preconditioner is produced in two stages.
At each stage the strips change such that the interfaces between strips at one stage
are perpendicular on the interfaces between strips at the other stage. The two stages
allow the use of a two-grid V-cycle and guarantee a good rate of convergence of the
preconditioned iterative procedures, which is optimal with respect to the partitioning
parameters. Therefore, the new preconditioner is also applicable in the case of strips
with high aspect ratio. This new DD approach extends in a straightforward manner
to the three-dimensional case (see Chapter 5).

The rest of this chapter is organised as follows. In Section 3.2, we describe the
strip-based (SB;) and the alternate strip-based (ASB;) preconditioning techniques.
Section 3.3 is devoted to the theoretical investigation of these DD methods. In
Section 3.4, numerical examples are presented to illustrate the behaviour of these

methods. Conclusions and further remarks are addressed in Section 3.5.

3.2 Strip-Based Domain Decomposition

We consider the problem (2.1.1) with constant coefficients a(z) = 1, in the two-
dimensional case. For clarity of presentation, we assume the domain  C R? to be

the unit square (0,1) x (0,1). Let
a=Jo (3.2.1)

be a partitioning of this domain into strips Q° (s = 1,-- -, ny), such that each Q° is
an open rectangle in R? having one dimension equal to 1 and all vertices situated
on the boundary 99 (see Figure 3.2.1 left or right). The interface between two
strips, which we denote by IV ( =1,--- ,n, — 1), is an open line in R, of length 1.
We assume shape regularity of the rectangular strips in the sense that there exists

a maximum rectangle edge ratio 1/H, such that for every strip 2° the width H*
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satisfies the double inequality 1 < 1/H*® < 1/H. We say that the strip aspect ratio
condition is satisfied with 1/H. We emphasise that 1/H® may be high, i.e. the
strips may be long and narrow. We assume that the edges between strips align with
a given finite element mesh X" associated with Q (see Figure 3.2.2 left or right).

Let SP(Q) be as described in Section 2.1 (h < H). For every strip Q°, we
consider the restrictions on ° N Q of the functions in SP(£2), and denote the finite
element space of these restrictions by SP(0*). We define S9(Q°) to be the subspace
of SP(*) consisting of those functions which are zero on the boundary 9Q°NQ. We
also consider the restrictions on 9Q° N Q of the functions in SP(£2) and denote the
finite element space of these restrictions by SP(8°). For every edge between two
strips [V C 99, we define S2(I'V) to be the subspace of Sp(0Q*) consisting of those
functions which are zero on (9Q° NN) \ V.

Furthermore, let I be the domain obtained from the union of the edge between
two strips [V with the neighbouring strips °. Note that the domains IV form an
overlapping covering of €2, such that every point in §2 is contained in at most two
of these domains. With every such a domain, a subspace of S2(2) is associated: we
define S,?(f‘j) as the subspace of SP(f2) consisting of those functions with support in
V. Then:

ns—1

S%Q) = Z SY(IY), (3.2.2)

i.e. for all u € SP(R2), there exists a representation, which is not unique, of the form:
u= Yy o, weSHDY). (3.2.3)

3.2.1 The Strip-Based (SB;) Technique

We consider the linear system (2.1.8) and write the stiffness matrix A as:

A _ AII AIE
Alp Aspg

Ns
where A;; is the stiffness matrix associated with the finite element nodes in |J ¢,
s=1

Ns
and Agg, the stiffness matrix associated with the finite element nodes on |J 99°*NS.
s=1
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Then:
Iy 0 A 0O It AjlArs
A= X X ,

where I7; and Igg denote identity matrices, and S = Agg — A?EA;}AIE is the SC
matrix.

On the other hand, the matrix A can be split as:

A= i(RS)TASRS, (3.2.4)

s=1
where A® is the finite element matrix associated with the given problem in the strip
subregion {2°, with zero Dirichlet boundary conditions on 02°* N 9} and Neumann
boundary conditions on 9Q2°* N§2, R® is the restriction matrix from the full vector in
Q2 to local vectors in Q° U (092°* N Q), and (R*)T is the corresponding prolongation
by zero on the nodes external to ° U (9Q° N Q) (see also (2.2.13)). Therefore we

can write A;; as a block-diagonal matrix with block of order s given by Agsl):

A o
— - )\ —
A = blockdiag <AH> =
0 ... A

Furthermore, by reordering the nodes, S can be expressed as a block-diagonal
matrix, with each block corresponding to a boundary 9€2° N 2. First, in the SC
matrix S, we drop all the couplings between different edges I'7, to obtain the block-

diagonal matrix:

blockdiag (Sri),

each block Sp; corresponding to an edge between two strips I'V. Then, we define
the preconditioner My, for S as follows. For every IV, let (—8?/07%)r; be the one-
dimensional Laplacian operator with domain of definition Hj(I'7), and let 8r; denote

the discrete operator defined on S2(I'V) by:
(6psu, V)ps = (0, V)i, Vv € S)TY),

where the prime denotes differentiation with respect to the arc-length 7 along I/, and

(-, )rs is the scalar product in L%(I7). Note that ép; represents a finite dimensional
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approximation of (—8?/872)p;. Since dp; is symmetric and positive definite (SPD)
in the inner product (-,-)ri, we can define the square root (51142 of ép; (see Bramble
et al. (1986) [9], pp. 108-109). We denote by Jr; the matrix form of 5#2, then set

the approximation for Sp; as Jr; and the approximation for S as:
Mg = blockdiag (Jrs) .

We define the preconditioner By, for the matrix A as:

I 0 A 0 I A7 A
By = i « | w | A AIE L 305
ATR AL Ies 0 Mo 0 Igp

The preconditioned matrix is:

I;; —A7A I 0 I;; AA
Bs_béAz II I “*FE % II % II I “AE
0 IpE 0 Mj,S 0 Ik

A generic system Bgow = r can now be written in terms of block matrices as:

[]1 0 AU A[E ’LUI TI
PRy X 0 M X 1= 501 (3.2.6)
IESM T EE 3b2 w T

where w! represents the subvector of w associated with the finite element nodes in

Ns
U ©Q°, w® represents the subvectors of w associated with the finite element nodes
s=1

on Lj 00° N Q, and similarly for 7/ and rf. The solution w = By;r can be derived
s=1
as follows.

The SB, Procedure (algebraic form).

I) compute A7}r! and obtain the system equivalent to (3.2.6):
i

A A w! rl
s = N (3.2.7)
0 Mgy w¥ P — AT AT

(II) using A;}'r! obtained in (7), solve for w® the system (3.2.7).

(IIT) using wf obtained in (I7), solve for w’! the system (3.2.7), by backward sub-

stitution.
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With the preconditioner By, we can construct the following iterative method:
start with «° as an initial approximation (without restricting the generality we can
assume the starting approximation to be zero) and generate a sequence of iterates

ul, .- ul, -+, as follows:

ol + By (f — Add).

This can be interpreted as a Richardson iterative procedure (see e.g. Smith et al.
(1996) [75], Appendix, or Toselli and Widlund (2004) [80], C. 3).

Alternatively, since the new preconditioned matrix BS_béA is symmetric and non-
negative definite with respect to the a(-,-) scalar product (induced by the SPD

matrix A), the CG acceleration can be applied as follows (see also Chapter 2):

o let u° be an initial iterate,

%« f — Au®, the initial residual

w® — Bs_béro, the initial preconditioned residual

v — P, the initial search direction

e for/=0,1,--.

(w', ')
(vt, Avt)

compute the direction coefficient: p; — —

update the iterate: u*! — u! — pp'

update the residual: r'+! «— 7! 4 p A}t

if 71 > tolerance, then

update the preconditioned residual: w'*! « B r!t!

I+1 041

wtr

compute the orthogonalisation coefficient: ¢ «— ( ( l’ ) )
wt,

+1

update the search direction: v'! — w'*! 4+ g0t

else end for.

The resulting SB; method has good parallelisation properties and a rate of conver-

gence proportional to 1/v/H (see Theorem 3.3.4 and Table 3.4.1).
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Figure 3.2.1: The horizontal (left) and vertical (right) partitioning into strips of the
domain Q C R2

Remark 3.2.1 We note that since the interior problems on each strip {2° are solved
exactly, the variables corresponding to the interior of {2* can be eliminated from the
iterative process, which then can be reduced to a boundary iteration on U o0 NAQ.
The resulting algorithm, though with a convergence rate still proportion:tl_éo 1/VH,
is more efficient than the SBy algorithm presented above, as each iteration does not
require the solution of interior strip problems (see Chan and Resasco (1987) [26]).
However, our goal is to obtain a method which is optimal with respect to both
partitioning parameters H and h. In the ASB; algorithms to be introduced below,

the variables corresponding to the interior of the strips will play an essential role,

and the SB, procedure as described earlier is preferable.

3.2.2 The Alternate Strip-Based (ASB;) Technique

In order to be effective in a parallel environment, the conditioning of the precon-
ditioned system should not deteriorate as the number of subregions (processors)
increases. We continue our discussion with a two-stage extension of the SB; tech-
nique, which does not exhibit such growth in the condition number. We assume,
for instance, that at the first stage the strips are horizontal (i.e. the edges between
strips align in the horizontal direction Oz), while at the second stage the strips are
vertical (i.e. the edges between strips align in the vertical direction Oy). Figure 3.2.1
shows the partitioning of the square €2 into disjoint, uniform strips at two different

stages.
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The Additive Alternate Strip-Based (ASB,,) Algorithm. Let B'}) and B%)
denote the SBy preconditioner at the first and second stage respectively. It is easy
to see that §2 is covered by the following overlapping subdomains: on one hand the
strips and the edges between strips at the first stage, and on the other hand the strips
and the edges between strips at the second stage. Therefore Schwarz algorithms can
be built using the By, preconditioner.

The (inexact) additive Schwarz method is: start with u° as an initial approxi-
mation (without restricting the generality we take this approximation to be zero)

l

and generate a sequence of iterates u!,---  u!,---, as follows:

Wl + (By) N (S — Au)

utt e W2 4 (BE) TN - Au).

This can also be written in one step as:
_ 2)\—
e+ (B + (BG)™) (f - Aud),

and interpreted as a Richardson iterative process with the two-stage SC precondi-
tioner defined by:
_ 1)\ - 2)\—~
B, = (BG) ™ + (BE) ™.

asb2 —

The new preconditioned matrix Ba_s}ﬂA can also be used with CG acceleration as

follows (see also the SB, method above):

e let u° be an initial iterate,

r® — f — Au®, the initial residual
w® — B 1,r°, the initial preconditioned residual

1% — P, the initial search direction
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e for{=0,1,--.

(w', ')

compute the direction coefficient: p; — ———
(oF, Av)

+1

update the iterate: 't — u! — pof

update the residual: r'*! — 7! + p AVt

if 7*1 > tolerance, then
update the preconditioned residual: w**! « B} r+!
(wl+1, 'I“H'l)

compute the orthogonalisation coefficient: q; « (wt, 70
wh, T

I+1 - wl+1

update the search direction: v + gt

else end for.

The following steps will compute w! = B, 1,r' (1=0,1,---):

w2 By

ol e w4 (B

or equivalently:
1)\— 2)\—
wh e (B + (B )

The resulting ASB,, method is optimal in the sense that the rate of convergence
can be bounded independently of the partitioning parameters H and h (see Theo-
rem 3.3.8 and Table 3.4.2).

Moreover, the ASB,, algorithm can be modified such that at the second stage the
calculations are reduced to a coarser grid. The two-grid approach combines two ideas
that lead to rapid convergence: the smoothing of the high frequency components
of the error, and the coarse grid correction of the low energy components. Let
HS=H, forall s =1,---,ng, and let T¥* C ... ¢ £ C 2" be a set of nested
uniform square grids associated with the original domain €1, such that 1 < p and
2Ph < H. Figure 3.2.2 shows the partitioning of the square €2 into disjoint, uniform
strips 2° at two different stages, with two levels of mesh-refinement. In order to
describe the two-grid algorithm, we introduce the restriction R from grid X" to
grid £* and the interpolation (prolongation, extension) P = RT from grid %" to

grid ©*. The prolongation and restriction operators can be defined blockwise, each



3.2 Strip-Based Domain Decomposition 52

block corresponding to a strip or to an edge between two strips. For A, the coarse
grid reduced operator A, is defined either by rediscretisation of the problem on the
coarse grid X2"* or by the relation A, = RAP. Finally, let bez denote the SB,
preconditioner when the domain €2 is partitioned into horizontal strips and the grid
is fine, and B¢, denote the SB, preconditioner when the domain {2 is partitioned

into vertical strips and the grid is coarse. Then, in the ASB,, procedures above we

can replace (B4))™ by P(B%,)"'R, and (B))™" by (Bl,)™".

Figure 3.2.2: The horizontal (left) and vertical (right) partitioning into strips of the
domain £ C R?, with two levels of mesh refinement.

The Two-Grid Alternate Strip-Based (ASB,,,) Algorithm. The new ad-
ditive two-grid method is: start with «® as an initial approximation (without re-

stricting the generality we take this to be zero) and generate a sequence of iterates

ul, .-, ul, -+, as follows:

ut2 — ' + P(Bg,) ' R(S — Au)

ul+1 — ul+1/2 + (Bsfb2)_1(f _ Aul)
This can also be written as:
w4 (P(Ba) R+ (Bly) ™) (f — Aud)

When this scheme is used to define a preconditioner for the CG method, the inverse

of the new two-grid SC preconditioner is:

B(;}ﬂg = P(B%,) 'R+ (Bl,)™
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The preconditioned SC matrix is B;s}ﬂgA. The resulting ASB,,, method is also
optimal in the sense that the rate of convergence can be bounded independently of

the partitioning parameters H and h (see Theorem 3.3.11 and Table 3.4.3).

Remark 3.2.2 We note two different possibilities that arise from the strip-splitting
of the domain at the coarse level of the ASB,, algorithm. First, if the same number
of strips is maintained at both stages, then the size of the strip-subproblems at the
coarse stage reduces by increasing the size of the coarse mesh. On the other hand,
there is the possibility of reducing the number of strips while increasing the mesh
size. The latter situation occurs, for instance, when at the coarse stage each strip
is of width 2H while the mesh size is equal to H. Another case is that when the

coarse strip is the whole domain and the size of the coarse mesh is equal to H.

3.3 Spectral Analysis for the SB; and ASB,
Techniques

In this section, we analyse the behaviour of the strip-based preconditioners intro-
duced in Section 3.2. In view of Theorem 2.1.3, we first collect some technical tools
which will be used to prove our main results, then we state and prove the theorems
concerning the spectral condition for the relevant operators in the PCG iterations
described in Section 3.2. Throughout this section the notation introduced in Sec-
tion 3.2 is maintained. Also, C' and c¢ denote generic positive constants which are
independent of the partitioning parameters H and h. The actual values of these
constants may not necessarily be the same in any two occurrences. Further notation
is explained as it occurs.

We decompose functions u € SP(f2) as:
u=u +uf (3.3.1)

where

u' eV = P Sp)
s=1

is the solution of the problem:

a(ul,v) = (f,v), ¥vve V%
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Note that this is equivalent to solving independently for each 2¢ the following local
problem: find ul € S2(2°), such that:

a(ul,v) = (£ v), ¥v € SY(S).

We denote by u” = u—u’ the part of the solution u which lies in the orthogonal

complement of V7 in S2(Q):
E={ue S| alu,v)=0, ¥veV}

The function u? € V¥ is the piecewise discrete harmonic function in S2(f2), and
the value of u? in  is uniquely determined by its value on the global interface
s

L 89 N Q between all strips (see also Section 2.2). From the definition of VE, we

s=1
deduce:

a(uf v) = (f,v) —a(u!,v), ¥v e Sp(Q),

or equivalently, when v¥ € V¥ is similarly defined as u”,

a(u® vP) = (f,v) — a(u!,v), ¥v € SP(Q).
Note that:
a(u,u) = a(u!, u’) + a(u®,u). (3.3.2)

Next, we consider the bilinear form a(-,-) on SP(€2) x SP(?) defined by first
setting:
a’(u, v) =/ Vu- Vvdz, (3.3.3)

for every s = 1,-- -, ng, then writing:
d(u,v) =Y a(u,v). (3.3.4)

It can be shown that the bilinear form af(-,-) is equivalent to a(-,-) (see e.g. Quar-

teroni and Valli (1999) [66], Section 2.4, also discussion in Section 2.2). Thus we can

drop the tilde from this notation. The bilinear form a(uf, uf) can now be analysed
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using the fractional order Sobolev seminorm on the boundaries of all strips:

g
. [ul72(000):

s=1

where [u|g1/2(p9s) denotes the fractional seminorm of ulags = u¥|sq. given by:

. 2
[l 2 500 = /a N /a N (“(2*:'(;)) dédr, (3.3.5)

where £ and 7 denote arc-length along 9Q° (see e.g. Xu and Zou (1998) [87], p. 866).

For every edge between two strips [V C 907, let

_ 2

where £ and 7 denote arc-length along I'V. The associated space:

HY2(I7) = {u € LX(I7)| [ul}/2(ps) < 00}
is equipped with the norm:

||u||H1/2 (riy = ||u||L2(I‘J + |u|H1/2(FJ)

(see e.g. Xu and Zou (1998) [87], p. 868).

On the other hand, let v € SP(IV), and let ||w’[| /2, be the norm given by

(r9)
(2.2.9), or equivalently, by:

) (u (& —UJ 7))? (W)
e =, f, e [ G

where dist(r, OT7) represents the distance of 7 to the end-points of I'Y. It can be

shown that, when w is a smooth function defined on 9%, with support contained

in the edge IV C 99)°,

cju’ |H1/2(BQS) < |l HY2) = < O’ |H1/2 (802) (3.3.6)

(see e.g. Bramble et al. (1986) [9], p. 112, or Xu and Zou (1998) [87], p. 868).
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Furthermore, if u/ € SY(I'7), then the following equivalence holds:

< (0w, w)ps < CJW |2, (3.3.7)

Ay <

(T7)

(see e.g. Bramble et al. (1986) [9], p. 113).
Now we can define the bilinear form bgs(-, -) associated with the preconditioner

Bsbg as:

besa (1, v) = a(u’, v + Z(J;éQuj, v)rs, (3.3.8)
J
where for every edge between two strips [V, u’ is equal to u®|r; on I'V, and zero on

d€ and on all the other strip boundaries, and v7 is similarly defined as u’.

The process of obtaining the solution w € S}(€2) of
bsb2(w7 V) = (I‘, V), Vv € S}?(Q)’
is equivalent to the following procedure.

The SB; Procedure (continuous form).

(I) for every strip Q° C €, solve for w! € SP(Q°) the following equation:
a(wl,v) = (r,v), Vv € SP(Q).

This can be done independently and in parallel for all 2°.

(II) for every edge between two strips I, solve for w/ € Sp(I'V) the following

equation:
ar; (62w v = (r,v) — a(w!,v), ¥v € SY(IY),

where v/ = vE|r;. This can be done independently and in parallel for all I'V.

(III) for every strip °, extend the values of w’, determined in (IT), discrete har-
monically into §°. That is solve for wE € SP(£2*) the following homogeneous

equation:

a(wf,v) =0, Vv € Sp(9),

with w2 given by w’ from (II) on IV C 99°. Then, set the solution w, €
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S2(2°) as wy = w! + wP. Again, this can be done independently for all Q°.

Next, we define the bilinear form b,s(-,-) associated with the preconditioner
B2 as follows. Let bgg(, -) and bﬁ)z(, -) represent the bilinear form (3.3.8) associ-

ated with the preconditioners ng and Bs(gg respectively. We define:
Baspz(u, v) = b (0, v) + 6 (0, v),  Vu,v e S)Q). (3.3.9)

Analogously, in order to define the bilinear form byape,(-, *) associated with the
preconditioner B, let 5% (-, -) and b/, (-, -) denote the bilinear form (3.3.8) asso-

ciated with the preconditioners B, and B£b2 respectively. We define:
Dashzg (W, V) = bS, (u, v) + b, (u, v), Yu,v € S)(R). (3.3.10)

Lemma 3.3.1 Let Q = (0,1) x (0,1) be the unit square and let Q° = (0,1) x (0, H)
be a strip in the partitioning (3.2.1) of Q. For all u € H'(Q*), the following estimates
hold:

(i) if u is equal to zero along one side of size H of *, then:
[ul|Z2(qs) < Clulfnqs)-
(ii) if u is equal to zero along one side of size 1 of 2%, then:
[ullZ20sy) < CH?[ul} g

(iii) if IV is an edge of size 1 in 9Q°, and ||u||z2(rs) represents the L*(IV)-norm of

u|ps, then:

1
Julls < € (g7l + Hlufian )

(iv) if u € HY(Q), then:
1
lallsey < O (il + luffe )

In each of the estimates (i) — (iv), C denotes a generic positive constant which is

independent of the function u and the partitioning parameter H.
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Proof: These estimates can be obtained by direct integration and the Cauchy-

Schwarz inequality. See Appendix for details. O

Lemma 3.3.2 Let Q° be a generic strip in the (3.2.1) partitioning of  and IV
denote a generic interface between two strips. If a € SP(Q) is discrete harmonic in

%, u = Ulgns, and a*(-, -) is defined by (3.3.3), then:

11 <C Z 1/2

ricofne

Proof: See Bramble et al. (1986) [9], Lemma 3.2 (i7). O

Lemma 3.3.3 Let u be a continuous, piecewise quadratic function defined on the
finite element mesh T" of the domain Q. If I*u is its piecewise linear interpolant
on the same mesh, then:

[IhulHl(Qs) < C|U|H1(Qs),
where 2 is a generic strip in the (3.2.1) partitioning of 2. The same type of bounds

hold for the L2, HY/2 and H2/? norms.

Proof: See Dryja and Widlund (1994) [37], Lemma 4. O

Theorem 3.3.4 For the SB, preconditioning technique, the relative condition num-
ber x(B;;A) grows linearly as 1/H, i.e.

Amax(BgpA) _

C
B A —.
) = Bat) =

Proof: Throughout this proof we maintain the notation adopted when defining
(3.3.8). In order to show that the relative condition number satisfies k(B ,A) <

C/H, by Theorem 2.1.3, it suffices to show that:
cHbg(u, 1) < a(u,u) < Chga(u,u), Yu € Sp(R). (3.3.11)

Note that, by the definition (3.3.8), of bgs(, "), and the representation (3.3.2), of

a(-, -), in order to prove (3.3.11), we only need to show that:

T

CHZ (YW, W) < a(u ) < C’Z 1/2u7 w)p (3.3.12)
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Let §2° denote a generic strip in the (3.2.1) partitioning of €. The right hand-
side inequality in (3.3.12) follows through the representation (3.3.4) of a(-,-) and
Lemma 3.3.2:

Ns
a(u®f uf) = Zas(uE, u®)
=1

<C (6, ).

J

Next, we show that the left hand-side inequality in (3.3.12) holds. Let u =

u’ + u” be the (3.3.1) decomposition of u. For u¥

of the form (3.2.3):

, we construct a representation

uf = E o,
J

where @ € SY(IV), with SY(IV) as in (3.2.2). We derive this representation as
follows. Let 17 denote a continuous, piecewise linear function on the finite element
nodes of 9°, that is zero at the ends of IV C 9Q° and everywhere else on 0Q° \ IV,
0 <7/ <1, and its gradient is of order O(1). If I" is the finite element interpolation

operator onto the space Sp(992°) and u® = u®|sqs, then we define:
W = I"(pu’).
Note that if {#’} form a partition of unity, then

u’ = E u’.
J

Then we may choose 1’ as the discrete harmonic extension of u? in IV, extended by
zero to the rest of 2. By Lemma 3.3.3 (for the H2.* norm), when v = np’u® (note that

this is a continuous, piecewise quadratic function), in order to estimate ||u’ “i{‘ /29y’
0o

it suffices to estimate ||v||12q1 20 We assume for simplicity that IV = (0,1). We

(ry
divide the interval [0, 1] into two intervals of length 1/2: [0,1/2] and [1/2, 1] and take
the tensor product [0, 1] @0, 1]. The double integral in the definition of ||v||i11 205)
is then split into a sum of four double integrals. Due to the symmetry, we only need

to consider one of them. We consider the diagonal term corresponding to the set
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[0,1/2] x [0,1/2] and use the identity:
v(€) — v(7) = 260°(§) — 21u’(7)
= (€ +7)(u(§) —u’(r)) + (£ — 7)(u’(£) + u’(7)).

By the Cauchy-Schwarz inequality applied twice, we obtain:

1/2 1/2 |V _ V 1/2 1/2 §+ T f) (7_)|2
déd
/ / |§ =" ““<0/ / |&4P s
/2 p1/2
*CA A [u'(€) + w(r)Pdedr

V2 PV2 (6 4 r2lue(e) — ue(r)l
<[] [ E—

1/2
+ C’/ / &)|*dedr

1/2 1/2 Iu _ 7(77_)|2
< / e
1/2
+ C/ €))%de.

Therefore:

v(i&) —v .
/Fl : | (|§ |(2 Wik dédr < C||lu ||L2(FJ) + C|u® |H1/2(I‘J

Now, we consider the single integral in the definition of ||v||?, AL (0,

/w %mz /01 (V(:))Qdm/ol @dr

In this case, due to the symmetry, we only need to consider the following four single

integrals:

/1/2ﬂm /01/2 —4T2(“:(7))2d7=/01 4¢(1 24T<c/1/2 7))%dr,
/1 :th—ﬂ%ﬂ>ﬂi<c <““”dgc ()i,

/2 T /2 T 1/2

/01/2 l_de_/Om @;)_yd <0/1/2 d <C/1/2 e
—/11 )er _ /11 4(1 —7)2(US(T))2dT < C/l (us(T)) dr <C (US(T))ng.

p2 1-7 /2 -7 1/2 -7 1/2
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Therefore:
(v()? i
dist(+ OT9) < 215
/pj dist(T, 6I‘j)dT < Clu ||L (%)

By the above evaluations, we obtain:
||uj||§{;éz(rj) < C”us”?ﬂ(n‘) + C'usl?qm(rj)-

From the above estimate, Lemma 3.3.1 (¢¢) and (z), and the left hand-side inequality

in Theorem 2.2.3, we deduce:

> Wy SC 30 Ny +C 3 0l

i cons 7 cons Iricons

1

< 0 (1 g + HIo iy ) + Ol
1 E2

<C (ﬁ + 1> 0™ |7 ).

Thus, through the equivalence (3.3.7) and the definition (3.3.3) of a*(-, ),

) ) 1
Z (61142u7,u3)pj <C (-I—{— + 1) a®(u?, uf).
ricoqs
Since every IV is shared by only two strips Q°, after summing over all Q% C ,

through the representation (3.3.4) of a(:, -), we obtain:
L 1
Z(é;fu], w)p <C (E + 1) a(u?,uf),
J
which is equivalent to the left hand-side inequality in (3.3.12).

Therefore, by Theorem 2.1.3 for the preconditioner Bgpa, 1/Amin(ByA4) grows
linearly as 1/H. Since 1/Amax(BgsA) < C, we conclude that:

k(ByA) < C/H. O

Remark 3.3.5 We observe that in the proof of Theorem 3.3.4, when €2° is a strip
with only one edge in the interior of the domain §2 and the remaining edges on the

boundary 0€2, we can apply Lemma 3.3.1 (i:) instead of (7). Thus, for this strip:

2. “uj”iléf(rj) < Clu®linquy-
ricofns
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Lemma 3.3.6 Let Qo : L?(Q) — Sawy(92) be the L2-projection associated with
Sapn(2) (h < 2°h < H, p € N). Then, for all u € H'((), the following estimates
hold:

||u - Q2phU||L2(Q) S C2ph'u|H1(Q) and 'szhulHl(Q) S C|u|H1(Q).

Proof: Seee.g. Bramble and Xu (1991) [12], Section 3. For related results we also
refer to Xu (1989) [84] and (1991) [85]. O

Lemma 3.3.7 Let Qup, : L*(Q) — Sory(Q) be the L2-projection associated with
Sorn(Q) (A < 2Ph < H, p € N). Then, for all u € S3(Q),

basb2(Q2Phua Q2Phu) S C’a(u, u)'

Proof: The proof of this result is based on the observation that the ASB,, precon-
ditioner is obtained in two stages such that the interfaces between strips at one stage
are perpendicular on the interfaces between strips at the other stage. Throughout
this proof we maintain the notation adopted when defining (3.3.8).

First, we show that for any u, € Sp(9),
bas2 (o, U,) < Ca(u,, u,). (3.3.13)

Then, by replacing h by 2Ph and taking u, = @2rpu in the above estimate, the lemma

follows, through the definition of a(-,-) and the second estimate in Lemma 3.3.6.
Let u; = ul + uf be the (3.3.1) decomposition of u, at the first stage, and

u; = u} + uf be the (3.3.1) decomposition of u, at the second stage. By the

definition (3.3.9) of byspa(+, -), ul and u} are solved exactly. It remains to show that:
by (u?, ) + b (05, uz) < Calug, w). (3.3.14)

The proof of this estimate involves some auxiliary results from Chapter 4 (see also
Remark 4.3.7). Let I' be the union of the interfaces between strips at the first stage
and the interfaces between strips at the second stage. Then I' can be regarded
as consisting of overlapping vertex-regions, such that each region is cross-shaped,
is centered at a vertex-point, and contains parts of the interfaces between strips

that are within a distance H from that vertex. Thus at most two such regions
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overlap and the overlap is uniform of order O(H). Let I denote a generic vertex-
region as described above, restricted to the boundary 9§ of a generic subdomain
(2} representing the intersection of a strip at the first stage with a strip at the second
stage. Let I'"* and ' denote a generic edge between two strips at the first and at
the second stage respectively, such that I'V C I'* UTY2. We introduce the following
notation: TV = [Vt N IV2 and SY(T) = SY(I91) N SY(I¥2), with SO(IV*) and SP(IV2)
as in (3.2.2). If @1, represents the discrete harmonic extension in the sense described

in Section 2.2.1 of the restriction u,|r into €, then we derive a representation:
. ﬁo = Z ﬁv’
v

where @’ € S(I'”). We construct this representation as follows. Let 7” be a
continuous, piecewise linear function on the finite element nodes of {2 that is zero
on the finite element nodes of the boundary 9I'” and everywhere else on Q\ I, 0 <
n¥ < 1, and its gradient is of order O(1/H). If I" is the finite element interpolation

operator onto the space S3(2), then we define:
a° = I"(pi,).
Note that if {#*} form a partition of unity, then:
i, = Z av.
v

We proceed to bound the energies of the parts of @ associated with the elements

in ©*. If 7V is the average of 7V on a single mesh-element o}, then:
In* — 77“”%00(0,,) < C(h/H).
By the Cauchy-Schwarz inequality, we can write:
18310y < 207" Bol1 (o) + 21T (7 = 1) 8olF1(0,)- (3.3.15)

Since ||7"||zee(o,) < 1, the first term on the right hand-side of the inequality in
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(3.3.15) can be bounded as:
207" 00311,y < Clol71(0,)- (3.3.16)

For the second term on the right hand-side of the inequality in (3.3.15), from an the
inverse estimate, the weighted norm on element o, of diameter h, and the bound on

the gradient of ¥, we obtain:
h(=v vy~ |2 1 h(=v vy~ (12 L 2
21 = 1)l < Cog 1T~ 1)l < Ozl (33.17)

Since each oy, is associated with only four @Y, from (3.3.15), (3.3.16), and (3.3.17),

we deduce:

_y . 1
Z o |?~Il(oh) < Cluolﬁp(m + Cﬁ“uo”%z(ah)-
Ivcons

After summing with respect to oy, we obtain:

_ - |
Z |uUI?{1(Q;§) S C|u0l?{1(ﬂf) + Cﬁ“uo”iZ(Q:)
rvcong

We choose 01" to be the discrete harmonic extension of u¥ = @’|pv in 7, extended
by zero to the rest of €. Then, the last estimate and the minimisation property

(2.2.5, of discrete harmonic functions, imply:

~ i 1
> 18y < Cloling + 07{—2||u0||%2(95).
rvcons

Thus, by the left hand-side inequality in Theorem 2.2.3 and Lemma 4.3.1 (i),

- L.
Z luv|§11/2(ang) < C|“o|12ql(ﬂg) + Cﬁ“uo”%zmg)
rvcong

< Clito|3 ()

From this estimate, by the definition (2.2.9), we deduce:

D Iy < Cltoliay,
Ivcans

Since each I'V is shared by only four subdomains €2, after summing over all €2} C €2,
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by the minimisation property of discrete harmonic functions, we obtain:
Z ||uv“§{;éz(ru) < Ca(i,, 0,) < Ca(u,, u,),
v

from which (3.3.14) follows. O

Theorem 3.3.8 For the ASB,, preconditioning technique, the relative condition

number K(B;S},QA) is bounded independently of the partitioning parameters H and

h, i.e.
Amax (BagbzA)

k(B ) = -
& /\min (Baslb2A)

<C.

Proof: This proof is based on the observation that the ASB,, preconditioner is of
overlapping Schwarz type. In order to bound the condition number /i(Ba_S})QA), we
need to find upper and lower bounds for the spectrum of Ba_s}ﬂA. To this end, we
use Theorem 2.1.3 for the preconditioner Bgygs. Throughout this proof we maintain
the notation adopted when defining (3.3.8) and (3.3.9).

First, we derive an upper bound for Ayay (B j,A) as follows. Let u € S3(Q2),
and let b3} (-, ) and (-, -) represent the bilinear form (3.3.8) associated with the
preconditioners BS,% and Bg; respectively. By the Cauchy-Schwarz inequality and

Theorem 3.3.4,

(a(u, u) + a(u, u))

(a0, w) + b (u,w)

a(u,u) < C
<C

From this estimate, the definition (3.3.9) of bgep2(+, ), and Theorem 2.1.3 for the

preconditioner B,gs, it follows that:
Amax (B 4) < C. (3.3.18)

Next step of our proof is to determine a lower bound for /\min(Ba_s}ﬂA). Let
u; = u} +u? be the (3.3.1) decomposition of u at the first stage, and u; = uf + u¥
be the (3.3.1) decomposition of u at the second stage. By the definition (3.3.9) of

basb2(+, +), ul and ul are solved exactly. It remains to show that:

1 2
b (uf, uf) + b2 (uf uf) < Ca(u, u).
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As in the proof of Lemma 3.3.7 above, we denote by I' the union of the interfaces
between strips at the first stage and the interfaces between strips at the second
stage, and by {27, a generic subdomain representing the intersection of a striﬁ at the
first stage with a strip at the second stage. Let u represent the discrete harmonic
extension in the sense described in Section 2.2.1 of the restriction u|r into 2, and
let @, = Q20 be the L2-projection of @ onto S%/Q(Q), and u, = G,|p. Then, by
the Cauchy-Schwarz inequality and Lemma 3.3.7,

basb2(ﬁ, ﬁ) = ba.sb2(fl - 1tlo + ﬁo; u- ﬁo + ﬁo)
S C'bast(l~l - ﬁO) u-— ﬁo) + Cbasb?(ﬁm ﬁo)

< Cbassz (it — i, @ — 1) + Ca(i, ).

Since, by the minimisation property (2.2.5), of discrete harmonic functions,
a(, ) < Ca(u,u),

it remains to show that:

bepz (8 — Ty, T — 1,) < Ca(t, ). (3.3.19)
We demonstrate that:

b (8 — @, 0 — @) < Ca(a, @) (3.3.20)
and

b2 (11 ~ Gy, 1t — T,) < Ca(i, ). (3.3.21)

Let w = i1 —01,. At the first stage, for w, we construct a representation of the form

(3.2.3):

w = E o,
J

as follows. Let 7/ be a continuous, piecewise linear function on the finite element
nodes of  that is zero on the finite element nodes of the boundary IV (hence at
the ends of IV as well) and everywhere else on Q\IY, 0 < 7/ < 1, and || V#|| Loo(fi) S

C/H. If I" is the finite element interpolation operator onto the space S2(f2), then
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we define:

o = I"(Yw).

Note that if {’} form a partition of unity, then
w = Z o’
J

We proceed to bound the energies of the parts of i/ associated with the elements
in $". Since the gradient of 7’ is of order O(1/H), if 7’ is the average of 7/ on a

single mesh-element oy, then:
177 — 7 [foo(o,) < C(R/H)?.
By the Cauchy-Schwarz inequality, we can write:

|ﬁj|12ql(ah) = |Ih(77jW)|%11(ah)

< 24P Wi g,y + 21T — )W in (o).

(3.'3.22)

Since ||7||p=(s,) < 1, the first term on the right hand-side of the inequality in
(3.3.22) can be bounded as:

207 Wt (o) < ClWlEn(o)- (3.3.23)

For the second term on the right hand-side of the inequality in (3.3.22), the inverse
estimate in Lemma (2.1.2), the weighted norm on element o, of diameter h, and the

bound on the gradient of 7/ imply:
o 1 .
20T = )Wl < Cop 1T = )Wl

; (3.3.24)
< C@H“’Hiz(ah)‘

Since each o}, is associated with only two @/, from (3.3.22), (3.3.23) and (3.3.24),

we deduce:

iy 1
Z 107 1%1(5,) < ClWline,) + Cﬁg”“’”%noh)-
ricoqs
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When we sum over all o, C 2°, we obtain:

. 1
12 2 2
Z [ |31(s) < ClWlinos) + Cm”W“LQ(QS)'
ricesns
We choose 1t/ as the discrete harmonic extension of u/ = @’|p; into IV, extended by
zero to the rest of £2. Then, the last estimate and the minimisation property (2.2.5),

of discrete harmonic functions, imply:

iy 1
Z |uJ|%11(Qs) < C|W|%{1(Qs) + Cﬁ”“’“%?(ns)-
ricans
From this estimate, through the equivalence (3.3.6) and the left hand-side inequality

in Theorem 2.2.3, we deduce:

> ||uj||§{%2(m§0 > W1k r2000)

Ticons Ticans

1
< Clwlinas + Cﬁ”WHiZ(ns)-

Since every [V is shared by only two strips §2°, after summing over all Q° C Q,

Lemma 3.3.6 implies:

. 1
Z ||uJ||zggz(Fj) < C|W|§11(Q) + Cﬁ”w”%ﬁ(ﬂ)
j (3.3.25)

< Clafi ).

Then, through the equivalence (3.3.7), the Cauchy-Schwarz inequality for the de-
composition bf Q into nonoverlapping strips £, and the definition (3.3.3) of a*(-, ),
we obtain:
N (6P, W) < C Y g
J Q:cO
<C ) Ca(in, i)

Qsc

Thus, by the representation (3.3.4) of a(:, ),

> (@0l wi)y < Ca(@, @),

3

from which (3.3.20) follows. Analogously, at the second stage, we obtain (3.3.21).
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Next, through the definition (3.3.9) of bgea(:, ), (3.3.20) and (3.3.21) imply (3.3.19).
Therefore, by Theorem 2.1.3 for the preconditioner Bygp2, Amin(Bp4) is bounded
independently of the partitioning parameters H and h. Since (3.3.18) also holds, we

conclude that:

/ﬁ(Ba_stzA) <(C.0O

Remark 3.3.9 We note that the arguments used to prove Theorem 3.3.8 cannot be
applied to prove the growth of order O(1/H) for (B3 A) in Theorem 3.3.4. This is
because, for Theorem 3.3.4, in the proof of Theorem 3.3.8 1 — 11, must be replaced

by @. Therefore, through the Poincaré - Friedrichs inequality, (3.3.25) becomes:
Jl2 < C|~l2 C L 2
Z lu l’Hggz(Fj) < Cajpyg) + m”‘l”m(a)
J
LY o
< C 1+"I_ﬁ |11'H1(Q)-
This leads to an upper bound of order O(1/H?) for k(B ,A).

Remark 3.3.10 We mention here that (3.3.19) also follows from Lemma 3.3.6 and
(3.3.13), as:

basp2(T — U, T — W,) < Cal(Q — Gy, 1 — 0,) < Ca(h, ).

However, we chose to show that (3.3.20) and (3.3.21) also hold.

Theorem 3.3.11 For the ASB,,, preconditioning technique, the relative condition
number k(B 1, A) is bounded independently of the partitioning parameters H and

asb2g
h, i.e.

Amax(B_%ﬂ A)
K(BogogA) = T— 2T <
- Amm(Ba.sc}ﬂg‘A)

Proof: We can prove this result in a similar manner as Theorem 3.3.8 above, by
simply replacing the functions at first stage by those at the coarse level, and the
functions at the second stage by those at the fine level. However, we present here
a different approach for bounding the minimum eigenvalue, which is based on the
observation that the ASBy,, preconditioner is of a two-level type. This argument is
also valid for Theorem 3.3.8, with the corresponding change of notation. Moreover,

in view of Remark 3.3.9, this approach can be regarded as an extension of the
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argument used to demonstrate Theorem 3.3.4. Throughout this proof we maintain
the notation adopted when defining (3.3.8) and (3.3.10). |

First, we derive an upper bound for /\max(Ba_s}ﬁgA) as follows. Let u € SP(9),
and let b¢,,(-,) and b/, (-, ) represent the bilinear form (3.3.8) associated with the
preconditioners B¢, and Bssz respectively. By the Cauchy-Schwarz inequality and

Theorem 3.3.4 |

a(u,u) < C(a(u,u) + a(u,u))

C
C (B, 0) + byg(u,0))

IA

Thus, through the definition (3.3.10) of bggpag(-, ), and Theorem 2.1.3 for the pre-
conditioner Bygpag,

)\ma.x(B_1

g ) < C. (3.3.26)

Next, we find a lower bound for Amin(Byy,4). Let uy = uf 4 uf be the (3.3.1)
decomposition of u at the fine stage, and u, = ul +u? be the (3.3.1) decomposition
of u at the coarse stage. By the definition (3.3.10) of bagpz (- -), u} and uf are solved

exactly. It remains to show that:
E E E \E
b£b2(uf ,uf) +bgu(ug, u.) < Ca(u,u).

As in the proofs of Lemma 3.3.7 and Theorem 3.3.8 above, let I' be the union of the
interfaces between strips at the first stage and the interfaces between strips at the
second stage, and €2} denote a generic subdomain representing the intersection of a
strip at the first stage with a strip at the second stage. Let @ represent the discrete
harmonic extension in the sense described in Section 2.2.1 of the restriction u|r into
Q, and let @, = Qg2 be the L:-projection of @1 onto S%/Q(Q), and u, = Q,|r.

Then, by the Cauchy-Schwarz inequality and Lemma 3.3.7,

basb2g(ﬁa ﬁ) = basb2g (ﬁ - ﬁo + ﬁoa a-— 1~lo + ﬁo)
S C'basb2g(f1 - ﬁo, u-— ﬁo) + Cbasb2g(ﬁo, ﬁo)

= C'bastQ(fl - ﬁm u-— ﬁo) + Cbasb2(ﬁ07 ﬁo)

S Cbastg(ﬁ — ﬁo, u-— flo) + C’a(ﬁ, ﬁ)
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Since, by the minimisation property (2.2.5), of discrete harmonic functions,

a(d, i) < Ca(u,u),

it remains to show that;

basbag (0 — o, U — T,) < Ca(q, ). (3.3.27)
We demonstrate that:
bl (@ — @y, 1 — 11,) < Ca(i, i) (3.3.28)
and
sp2(8 — Uo, 0 — T,) < Ca(d, ). (3.3.29)

Let w = i1 — u,. At the fine stage, we proceed as in the proof of Theorem 3.3.4,

where we take u® = w|sqs. Then we obtain:

||uj||i,gc(z(1«j) < C”us”%?(rj) + C|u3|§{1/2(rj)‘

From the above estimate, Lemma 3.3.1 (iiz), and the left hand-side inequality in

Theorem 2.2.3, we deduce:

> I zery < © 2 ClEewy +C > 0l
i cons i coqs Ticans

1
< CﬁHW”%z(ns) + Clwlinqs):

Since every IV is shared by only two strips Q°, after summing over all Q° C Q,

Lemma 3.3.6 implies:
S I, g2 oy < O W12y + Clol
") =T H L) H()
J

Then, through the equivalence (3.3.7), the Cauchy-Schwarz inequality for the de-

composition of §2 into nonoverlapping strips ©°, and the definition (3.3.3) of a®(:, -),
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we obtain:
D0 W)y < C ) falin
j Qsc
<C Y (i, a).

QsCQ)

Thus, by the representation (3.3.4) of a(:, ),

S (61w, W) < Cai, ),
j
from which (3.3.28) follows. Analogously, at the coarse stage, we obtain (3.3.29).
Next, through the definition (3.3.10) of byspog (-, -), (3.3.28) and (3.3.29) imply (3.3.27).
Therefore, by Theorem 2.1.3 for the preconditioner Bygspag, /\min(Ba_s%ﬂgA) is bounded
independently of the partitioning parameters H and h. Since (3.3.26) also holds, we
conclude that:

k(B 1, A) < C.O

asb2g

3.4 Numerical Estimates

The purpose of this section is to illustrate the efficiency of the ASB, preconditioners

when solving equations of the form (2.1.1) by the PCG method.

Example 3.4.1 We solve the Poisson equation:

—Au(z) =f(z) in Q = (0,1) x (0,1)
u(z) =0 on 99.

In the computations, at each stage the unit square Q is partitioned into ng = 1/H
equal strips. The mesh size is h for the fine grid, and H/2 for the coarse grid. The

iteration counts are for a reduction in error of 1074

Discussion: Table 3.4.1 indicates that for the SB; preconditioning technique, the
relative condition number grows linearly as the number of strips, 1/H, and for a
fixed number of strips it remains bounded independently of the mesh parameter h
(see Theorem 3.3.4). Table 3.4.2 illustrates the theoretical results for the ASB,,

preconditioning technique, that is the relative condition number can be bounded
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Table 3.4.1: Condition number and iteration counts for SBs.

1/H =n, || 1/h = 64 128 256
2| 43606 10| 4.3612 10| 4.3613 10
4| 60980 12| 6.0991 12| 6.0994 12
8| 107012 16 | 10.7035 16| 10.7040 16
16| 206269 23 20.6314 23| 20.6324 23

Table 3.4.2: Condition number and iteration counts for ASB,,.

1/H =n, | 1/h =64 128 256
2| 3.2545 8 3.4449 9] 3.6298 9
4| 3.1775 8] 3.3734 9 3.5636 9
8| 3.0088 8]3.2027 8| 3.4000 9
16| 2.9020 8| 3.0188 8] 3.2065 8

Table 3.4.3: Condition number and iteration counts for ASByg,.

1/H=mn,||1/h =064 128 256
2 4.1725 10 4.1788 10 | 4.1816 10
4 4.2897 10 | 4.3078 10| 4.3151 10
8 4.3498 10 || 4.3900 10 || 4.4058 10
16 4.3755 10 || 4.4306 10 | 4.4601 10

independently of both partitioning parameters H and h (see Theorem 3.3.8). For
the ASBy,, preconditioning technique, in Table 3.4.3, although the relative condition
number seems to increase slightly with 1/H, the growth is asymptotic towards a
value which has not yet been reached, thus it can also be bounded independently of
the partitioning parameters H and h (see Theorem 3.3.11). The condition numbers
in Table 3.4.2 are smaller than those in Table 3.4.3. However, the two-grid method
has the advantage that the subproblems defined on the coarse grid are significantly

smaller than those on the fine grid.
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3.5 Summary

In this chapter, we have designed a perfectly scalable DD strategy for solving the
symmetric elliptic boundary value problem (2.1.1) in two dimensions, when the do-
main is partitioned into long and narrow strips. The (two-stage) ASB,; method
presented here achieves scalability, and therefore optimal convergence properties,
by alternating the (one-stage) SBs solver (obtained from direct solvers on the strip
subproblems and the J-operator on the edges between strips) in the horizontal direc-
tion, with the SB, solver in the vertical direction. However, since the interior strip
problems are solved exactly, to machine precision, this is an expensive computa-
tional procedure. Moreover, when the coefficients of the given problem are varying,
preconditioners with smaller subdomains would better reflect the behaviour of the
coefficients and give rise to more rapidly convergent algorithms. In the case of
smooth coefficients, an alternative approach is to employ the overlapping Schwarz
methods to solve the independent strip subproblems. When the coefficients are
varying rapidly, the convergence estimates for well designed nonoverlapping DD al-
gorithms are similar to those for smooth coefficients as long as the jumps align with

subdomain boundaries.



Chapter 4

Alternate Strip-Based
Substructuring Algorithms for
Symmetric Elliptic PDE’s in 2D

4.1 Introduction

The strip-based substructuring methods to be presented in this chapter are DD pre-
conditioning techniques for the SC system (2.2.10) in the two-dimensional case, and
may be viewed as simple generalisations of the two-subdomain iterative substructur-
ing technique with the J-operator (see Section 2.2) to the case of a decomposition
of  C R? into multiple nonoverlapping subdomains with interior vertices. In view
of the strip based solvers introduced in Chapter 3, the separate treatment of the
vertices is avoided by assembling the subdomains of the original decomposition into
nonoverlapping strips such that: the ends of the strips are on the boundary of the
given domain, the interfaces between strips (i.e. edges shared by two strips) align
with the edges of the subdomains, and their union contains all of the interior vertices
of the initial decomposition. Thus, the global interface between the subdomains can
be partitioned as the union of edges between strips and edges between subdomains
inside the same strip (edges do not include their end-points). For the subproblems
corresponding to the various edges, the J-operator is used. Global coupling is again
achieved in two stages. At each stage the strips change such that the interfaces
between strips at one stage are perpendicular on the interfaces between strips at

the other stage. The two stages allow the use of a two-grid V—cycle and guarantee a

75
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good rate of convergence of the preconditioned iterative procedures, which is opti-
mal with respect to the partitioning parameters. These new techniques have natural
extensions for three-dimensional problems (see Chapter 5).

The rest of this chapter is organised as follows. In Section 4.2, we describe
and give a brief account of the behaviour of the strip-based substructuring (SBS,),
and of the alternate strip-based substructuring (ASBS,) preconditioning techniques.
These are further analysed in Section 4.3. In Section 4.4, the performance of these
DD methods is illustrated by numerical evaluations. This chapter is summarised in

Section 4.5.

4.2 Strip-Based Substructuring

We consider the problem (2.1.1) in the two-dimensional case. For clarity of exposi-
tion, we assume 2 = (0,1) x (0,1). Let (2.2.1) be the initial partitioning of €2 into
subdomains such that each subdomain is an open square of uniform size 0 < H < 1
(see Figure 2.2.1). In every subdomain, we consider the coefficient a(z) of (2.1.1) to
be constant. We assemble the nonoverlapping subdomains in the initial partitioning
of €2 into disjoint strips, 2°, such that: the vertices of each strip are on the boundary
990, the interfaces between strips, [V, align with the edges of the subdomains, and
the union of these interfaces contains all of the vertices of the initial partitioning
(see Figure 4.2.1 left or right). Thus the strips ° form a partitioning of the form
(3.2.1) of Q. We denote by Q¢ C ° a generic subdomain inside the strip £°, and
by 'y a generic edge between two subdomains €2 inside the same strip £2°. The
strips 2° are open rectangles in R%, and the edges IV and I'y are open lines in R of
length 1 and H respectively. If I' is the global interface between all subdomains in

the initial partitioning of {2, then:

~()ufr)

Let SP(€2) be as defined in Section 2.1 (h < H). As in Section 3.2, for every strip
Q°, we consider the restrictions on {2°* N of the functions in SP(f2), and denote
the finite element space of these restrictions by S2(£2%). We define S2(Q?) to be the
subspace of SP(£2%) consisting of those functions which are zero on the boundary

o N Q. Next, for every subdomain 22 C Q°, we consider the restrictions on Qf N
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of the functions in SP(2°), and denote the finite element space of these restrictions by
S(25). We define S2(£2¢) to be the subspace of SP() consisting of those functions
which are zero on the boundary 09 N 2. We also consider the restrictions on I'
of the functions in SP(2) and denote the finite element space of these restrictions
by S§(T"). We define: SP(6°), S(5), Sp(0% N Q?), SY(IY), and SP(T%) as the
subspaces of Sj(T") consisting of those functions which are zero on I'\ 8%, T'\ 89,
L\ (0% NQs), T\ TV, and T\ Ty respectively.

Furthermore, let T, be the domain obtained from the union of T’y with the
neighbouring regions (27 inside the strip 2°, and IV be the domain obtained from
the union of IV with the neighbouring strips 2°. Note that these domains form an
overlapping covering of €2, such that every point in  is contained in at most four of
these domains. We define S(T') and SP(I'V) to be the subspaces of S%(2) consisting

of those functions with support in I’y and I respectively. Then:
ShQ) =D SA(Tw) + ) SuI), (42.1)
k J
i.e. for all u € SP(£), there exists a representation, which is not unique, of the form:
u=>Y u+y w, ueSHTk), v e SHDY). (4.2.2)
k J

4.2.1 The Strip-Based Substructuring (SBS;) Technique

Let 20y be a two-dimensional orthonormal system of coordinates. In SP(T), let {¢*}
be the set of finite element basis functions corresponding to the union of the vertex-
points, and {1*} and {¢¥} be the set of finite element basis functions corresponding
to the union of the edges that lie in the Ox and Oy direction respectively. The set
of functions {9®, 9", ¢¥} is a basis for Sp(I') and so any function in SP(I") can be
decomposed as a linear combination of this basis and represented by a vector of its
coefficients. If we order these vectors as [u® u” u¥]T and consider the SC system

(2.2.10), then the SC matrix S can be described in terms of block matrices as:

Sa:a: va Smy
S=1 ST Sw Sy
St SL, Sy
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We choose, for instance, the strips to be horizontal, i.e. IV to align in the horizontal
direction Oz and Iy, to align in the vertical direction Oy (see Figure 4.2.1 left). Then

S can be expressed in factored form as:

Lw 0 SgSy) Sez Saw O - 0 0
S=1 0 Iy, SuS,' | x| S, Sw 0 |X 0 L, 0 |,
0 0 I, 0 0 Sy SySt, SplSe Iy

where I, I,, and I, denote identity matrices; Sy, corresponds to the union of

edges I'y, and

‘S:a:a: L?’:w _ Sm: va _ Szy % Sy_yl % [ S;I;y SZ; ]
ST Sy ST Sy Suy
corresponds to the union of interfaces I'V (between strips).
We observe that, by reordering the finite element nodes, the matrix Sy, can be

expressed as a block-diagonal matrix with each block corresponding to a boundary

892 N Q.

Remark 4.2.1 It can be shown that the matrix:

SIEI Sl“U
ST, Sy

represents the SC matrix corresponding to the decomposition (3.2.1) of  into the
nonoverlapping strips §2° and is equal to the matrix S in Section 3.2. We refer to
the Appendix for detailed calculations. Therefore, by reordering the nodes, this
matrix can be expressed as a block-diagonal matrix with each block corresponding

to a boundary 9Q° N Q.

In order to construct the strip-based preconditioner for the SC system (2.2.10),
we proceed as follows. First, we drop all the couplings between different edges I'y,

(inside strips), to obtain the block-diagonal matrix:
blockdiag (Sr, ),

each block Sr, corresponding to an edge I'y. Then, for every 'y, let (—=9?/9¢?)r, be

the one-dimensional Laplacian operator with domain of definition Hj(T;), and let
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dr, denote the discrete operator defined on Sp(I;) by:
(6Fku’ V)Fk = (ul’vl)r‘u Vv € Sl(z)(Fk)7

where the prime denotes differentiation with respect to the arc-length £ along I'x, and
(-, )r, is the scalar product in L?(T'y). Note that o, represents a finite dimensional
approximation of (—8?/0¢2)r,. Since ér, is symmetric and positive definite (SPD)
in the inner product (-, -)r,, we can define the square root 511{ % of dr; (see Bramble
et al. (1986) [9], pp. 108-109). We denote by Jr, the matrix form of 611{2, then set
the approximation for Sr, as:

Mrk = ar‘k Jr‘k,

where ar, is a scaling factor equal to the average value of the coefficients inside the

subdomains sharing the edge I'y,. We set:
M, = blockdiag (Mr,) as the approximation for S, .

Analogously (see also Section 3.3), we drop all the couplings between different

edges IV (between strips), to obtain the block-diagonal matrix:
blockdiag (S’pj) ,

each block Sp; corresponding to an edge I'V. Then, for every IV let (—82 /01%) s be
the one-dimensional Laplacian operator with domain of definition H}(I'V), and let

drs denote the discrete operator defined on Sp(I'7) by:
(briw, V)i = (UI,V’)I% Vv e S)?(Fj)v

where the prime denotes differentiation with respect to the arc-length 7 along I,
and (-, +)rs is the scalar product in L?(I'Y). We denote by 61142 the square root of dr;,

and by Jr; the matrix form of 61142,

then set the approximation for Sy; as:

My = ar; Jri,

where ar; is a scaling factor equal to the mean value of the coeflicients inside the
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subdomains adjacent to I'V. We set:

R
t

M:El' ME‘U . . SZ'I v
= blockdiag (Mrs) as the approximation for _ .
Mg; Mv'v ng ]

We define the preconditioner Mg, as:

Lie 0 SyM;} My Mg, O Iz 0 0
Mys2 = | 0 Iy SyMjp' |x| ML M, 0 |X 0 L, 0
0 0 L, 0 0 M, M ST MIST I,

A generic system Mggw = r can now be written in terms of block matrices as:

[

L. 0 Sy My‘y1 My, M, 0 w r
0 Iy, SvyMy_yl X | ML M, 0 x|l w |]=17r]. (4.2.3)
0 0 Iy S 921 S 3;1 My, wY Y

The solution w = M;.,7 can be derived as follows.

The SBS, Procedure (algebraic form).

(I) compute the solution M, 'r¥ and obtain the system equivalent to (4.2.3):

My, My, 0 w® ¥ — SzyMl;;Ty
Ml My, 0 |Xx|w |=]|r=S8,Mr |. (4.2.4)
SwTy S 1;; M, wY Y

IT) using M }r¥ obtained in (I), solve for w* and w" the system (4.2.4).
yy

(ITI) using w® and w" obtained in (IT), solve for w¥ the system (4.2.4), by backward

substitution.

With the preconditioner My, we can construct the following iterative method:
start with u® as an initial approximation (without restricting the generality we can
assume the starting approximation to be zero) and generate a sequence of iterates

ul, -l -+, as follows:

=l + ML (fs — Sub).
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This can be interpreted as a Richardson iterative procedure (see e.g. Smith et al.
(1996) [75], Appendix).

Alternatively, since the new preconditioned matrix M ;,;25 is symmetric and non-
negative definite with respect to the s(-,-) scalar product (induced by the SPD SC

matrix S), the CG acceleration can be applied as follows (see also Chapter 2):

e let u° be an initial iterate,

r% «— fg — Su®, the initial residual

w® — M 3_6;27"0, the initial preconditioned residual
v® — 0P, the initial search direction

e for[=0,1,. -

(wh, rt)
(vt, Svt)

compute the direction coefficient: p; — —

+1

update the iterate: u'*! — u' — pjvt

update the residual: r'*! — 7! + p, St

if 71 > tolerance, then

update the preconditioned residual: w'*! «— M Lr!*!

(le, ,,.l+1)

compute the orthogonalisation coefficient: q; ——W
whr

+1 ,wl+1

update the search direction: v + @

else end for.

The resulting SBS; method has good parallelisation properties and a rate of con-
vergence proportional to 1/ v'H, when the strip aspect ratio is r° = 1 /H (see The-
orem 4.3.4 and Table 4.4.1).

Remark 4.2.2 We note that if the problems on each edge I'; (inside strips) are
solved exactly, then the variables corresponding to these edges can be eliminated
from the iterative process, which then reduces to an iteration on the edges between

strips. The resulting algorithm coincides with that mentioned in Remark 3.2.1.
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Figure 4.2.1: The horizontal (left) and vertical (right) association into strips of the
subdomains of  C R2.

4.2.2 The Alternate Strip-Based Substructuring (ASBS;)

Technique

We proceed with our discussion to the two-stage extension of the technique intro-
duced in the previous section. At each stage the direction of the strips changes.
We assume for instance that at the first stage the strips are horizontal, that is the
edges between strip align in the horizontal direction Ox, while at the second stage
the strips are vertical, that is the edges between strips align in the vertical direction
Oy. Figure 4.2.1 shows the partitioning of the unit square 2 into disjoint, uniform

strips 2%, at two different stages.

The Additive Alternate Strip-Based Substructuring (ASBS,,) Algorithm.
Let MS(;S)Q and Mgzg denote the SBS; preconditioner at the first and second stage
respectively. It is easy to see that the global interface I' is covered by the union of
the following two overlapping subdomains: on one hand the edges between strips
and the edges between subdomains inside strips at the first stage, and on the other
hand the edges between strips and the edges between subdomains inside strips at
the second stage. Therefore Schwarz algorithms can be derived using the Mo
preconditioner. The (inexact) additive Schwarz method is: start with u® as an

initial approximation (without restricting the generality we take this approximation
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l

to be zero) and generate a sequence of iterates ul, - ,ul,---, as follows:

ul+1/2 — 4+ (Ms(;s)g)_l(fs _ Su’)

w2 (MG) T (fs — Su).

This can also be written in one step as:
ut el (MGL) ™+ (ME)™) (fs — s,

and interpreted as a Richardson iterative process with the two-stage SC precondi-
tioner defined by:
-1 (1) y-1 (2) y=1
Masbs2 = (Msbs2) + (Msbs2) :

The new preconditioned SC matrix M_; ,S can also be used with CG acceleration:

o let u° be an initial iterate,

70 « fg — Su®, the initial residual
wl— M (;},827‘0, the initial preconditioned residual

v% «— 2P, the initial search direction

e for(=0,1,---

. . (w',r)
compute the direction coefficient: p; «— ————<
(v!, Svt)

update the iterate: u't' — u' — pjt

update the residual: r'*t! — 7t + p,; S

if 71 > tolerance, then

update the preconditioned residual: w!*! «— a_s},ﬁrl“

(wl+l ,rl+1)
compute the orthogonalisation coefficient: ¢, «— (l—,l)
wh,r

+1 ,wH-l

update the search direction: v + gt

else end for.



4.2 Strip-Based Substructuring 84

The following steps will compute w! = M} ,r* (1 =10,1,---):

1) y\—
Wl (b

w' e w4 (M)

or equivalently,
1) y~ 2) \—
wh— ((MGL)™ + (ML) ™) o

The resulting ASBS,, method is optimal in the sense that the rate of convergence
can be bounded independently of the partitioning parameters H and h (see Theo-
rem 4.3.8 and Table 4.4.2).

However, reloading the problem at the second stage, when the direction of the
strips changes, can be expensive. We therefore consider the possibility of reducing
the calculations to a coarser grid at one of the stages, for instance when the edges
between strips align in the vertical direction, Oy (see Figure 4.2.2). This will result
in a two-grid process. First, we need to establish some further notation. Let £%* C
<. C X% C %P be a set of nested uniform square grids associated with the original
domain €2, such that 1 < p € N and 2Ph < H. The coarse grid reduced operator
for S, S,, can be defined either by rediscretisation of the problem on the £%* grid,
or by the relations S, = RSP, where R is the restriction from grid £* to grid X?""
and P = RT is the prolongation from grid %" to grid £". Finally, let M,

sbs2 and

Mg, be the SBS, preconditioning matrix at the fine stage and the coarse stage

respectively. Now, in the ASBS,, procedures above we can simply replace (M, (;32)_1

by P(M%,) 'R, and (Me),)™" by (M},)"".

S

The Two-Grid Alternate Strip-Based Substructuring (ASBS,,,) Algo-
rithm. The new additive two-grid method is: start with u° as an initial approx-

imation (without restricting the generality we take this to be zero) and generate a

l

sequence of iterates u!,--- ,u', - -, as follows:

WV 4+ P(MG,) T R(fs — Sul)

uH—l — ul+1/2 + (M,g{;;s‘z)_l(fs _ S’U,l)

This can also be written as:

w4 (P(Me) R+ (M) ™) (fs — Su).
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Figure 4.2.2: The horizontal (left) and vertical (right) association into strips of the
subdomains of 2 C R?, with two levels of mesh refinement.

When this scheme is used to define a preconditioner for the CG method, the inverse
of the new two-grid SC preconditioner is:

M_l P( §b32)_1R+ (Msfbs2)—1'

asbs2g =

The preconditioned SC matrix is Ma_sll,ﬂgS . The resulting ASBS,,, method is also
optimal in the sense that the rate of convergence can be bounded independently of

the partitioning parameters H and h (see Theorem 4.3.11 and Table 4.4.3).

4.3 Spectral Analysis for the SBS; and ASBS,
| Techniques

In this section, we concentrate on the abstract framework for the new strip-based
substructuring algorithms described in Section 4.2. Qur approach is via Theo-
rem 2.1.3 applied to the SC matrix S and the new strip-based substructuring pre-
conditioners. First, we present some technical tools which will be used to prove
our spectral results, then we state and prove the theorems concerning the condition
number for the relevant operators in the PCG iterations described in Section 4.2.
Throughout this section the notation introduced in Section 4.2 is maintained. Also,
C and ¢ denote generic positive constants which are independent of the partitioning
parameters H and h. The actual values of these constants may not necessarily be

the same in any two occurrences. Further notation is explained as it occurs.
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We decompose functions u € SP(T') as:
u=u’+u’ (4.3.1)
where

ut e Ve =" SponnQ)

is the solution of the following problem:

s(u®,v) = (fs,v), Yve Ve,

Note that this is equivalent to solving independently for each 9 NQ* the following
local problem: find u¢ € S9(0Q¢ N Q*), such that:

s(ué,v) = (fs,v), Vv € Sp(Q N Q°).

We denote by u® = u— u® the part of the solution u which lies in the orthogonal

complement of V¢ in SY(T):
Ve ={ue SyT)| s(u,v) =0, Vv € V°}.

Thus, the value of the function u® € V* on I is uniquely determined by its value on

U I'V. From the definition of V?*, we deduce:
j

s(ué,v) = (fs,v) — s(u’,v), ¥v € Sy(I),
or equivalently, when v* is similarly defined as u®,

s(u?, v®) = (fs,v) — s(u%,v), ¥v € SH(T).

Note that:
s(u,u) = s(u’, u®) + s(u’®, u’). (4.3.2)

Next, we consider the bilinear form 3(-,-) on SP(I') x Sp(I') defined as follows.

Let ©; be a generic subdomain in a partitioning (2.2.1) of Q. First, we set:

§(u,v) = a;(uf vF), Yu,v e )T, (4.3.3)
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E

where a;(,) is given by (2.2.2), and u®, v¥ are the discrete harmonic extensions

into €2; of u, v respectively. Then, we define:

i, v) = &(u,v). (4.3.4)

It can be shown that the bilinear form (-, -) is equivalent to s(-,), and we can drop
the tilde from this notation (see e.g. Quarteroni and Valli (1999) [66], also discussion
in Section 2.2). The bilinear form s;(u, u) can be analysed using the fractional order

Sobolev seminorm [u|g1/2(5q,) given by:

6 _ 2
lons = [, o, e

where £ and 7 denote arc-length along 0€); (see e.g. Xu and Zou (1998) [87], p. 866).

For every edge 'y C 0f;, let

|u|H1/2 Ty = / /Fk |§_ ) dédr,

where £ and 7 denote arc-length along I',. The associated space:

H'2(Ty) = {u € LXTW)] |uf3poqp,) < 0o}
is equipped with the weighted norm:

1
”uk”iII/Z(rk) = ﬁ”uk”i%rk) + |uk|§11/2(rk)

(see e.g. Xu and Zou (1998) [87], p. 868).

On the other hand, let u, € Sp(T'k), and |lug||, 12, be the norm given by

(T'x)
(2.2.9), or equivalently, by:

(T (£)? ui (€)
||uk|| 1/2(I‘ ) K‘k /I‘k |7_ __§|2 dr d§+/1"k mdév

where 7 and £ denote arc-length along [y, and dist(&, O'x) represents the distance

of ¢ to the end-points of I'y. It can be shown that, when uy is a smooth function
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defined on 92}, with support contained in the edge I'y C 92,
cluelinaony < 0%l r,y < Cluslan, (43.5)

(see e.g. Bramble et al. (1986) [9], p. 112, or Xu and Zou (1998) [87], p. 868).

Furthermore, the following equivalence holds:
1/2
clluglliye g, < (6 g, i), < Clluellfsze, (4.3.6)

(see e.g. Bramble et al. (1986) [9], p. 113).
For an analogous discussion regarding the interfaces between strips [V, we refer
to Section 3.3.
The bilinear form mgpsa(-, ) associated with the preconditioner Mgy,, is defined
by:
M2 (0, V) = 3 _ o, (67708, v)r, + D ars (87570, v/ ), (4.3.7)
k J

where for every edge Iy, uf is equal to u®|r, on I'y, and zero everywhere else on I'
and on 02, and we recall that ar, is a scaling factor equal to the average value of
the coeflicients inside the subdomains sharing the common edge I'y; for every edge
between two strips [V, u’ is equal to u®|p; on IV, and zero everywhere else on I" and
on Jf), and ar; is a scaling factor equal to the mean value of the coefficients inside
the subdomains adjacent to I'V; and v¢ and v7 are similarly defined as uf and u’
respectively.

The process of obtaining the solution w € S)(T") of
Maeps2(W, V) = (r,v), Vv € Sp(T)
is equivalent to the following procedure.

The SBS,; Procedure (continuous form).

(1) for every edge I’y C T (inside strips), solve for w¢ € SP(T) the following
equation:

ar, (511{2W2,V)1"k = (r,v), Yv € S)(Ty).

This can be done independently and in parallel for all T'x.
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(IT) for every edge between two strips IV C T, solve for w? € SP(I'V) the following

equation:
ozpj(dll,fzwj, v = (r,v) - apk(éllﬂizwi, V)r,, Vv € S)(T),

where v/ = v*|p;. This can be done independently and in parallel for all V.

(IIT) for every strip Q°, extend the values of w’, determined in (/I), discrete har-
monically onto all I’y C Q°. That is solve for w® € >, SP(9QF) the homoge-
Qscqs
neous equation:

> ar, (6w V), =0, Vv e > SN2 N Q)
recQs Qycos
with w® given by w? from (II) on [V C 8Q°. Then, for each Ty C Q°, set

wi = W{ + w*|r,. This can be done independently and in parallel for all Q°.

Next, we define the bilinear form mggsa(+, -) associated with the preconditioner
M sps2 as follows. If mg)sz(-, -) and mg)82(—, -) represent the bilinear form (4.3.7)

associated with the preconditioners M, (1)2 and M§§32 respectively, we define:

sbs

Masbs2 (W, V) = mG(w,v) + mE(u,v),  Vu,ve SUD). (4.3.8)

Similarly, in order to define the bilinear form mgspsoq(-, <) associated with the
preconditioner Mygps24, let mS o(+, ) and mfb32(~, -) denote the bilinear form (4.3.7)

associated with the preconditioners Mg, and M sfbs2 respectively, we define:
Masbs2g (W, V) = M (0, V) + Ml (0, v),  Vu,ve SYT). (4.3.9)

Lemma 4.3.1 Let Q@ = (0,1) x (0,1) and let ; = (iH,(i + 1)H) x (0,H) be
a subdomain in the partitioning (2.2.1) of Q. For all u € H!(Q), the following

estimates hold:

(i) if u is equal to zero along one side of 2;, then:

JullZ2i0, < CH?Jul} 0,
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(ii) if I’y is an edge in 0%, and |[u]|?, () represents the L?(T'x)-norm of ulr,, then:
2 Lo e 2
lullzzqr,y < C Fllullzzg) + Hluling, ) -
H
(iii) if ©° = (0,1) x (0, H) is a strip such that Q; C Q° and u € H*(Q°), then:
o 1y ne 2
lull2q, < CH E”“”Lz(ns) + [ulzes) ) -

In each of the estimates (i) — (ii7), C denotes a generic positive constant which is

independent of the function u and the partitioning parameter H.

Proof: These estimates can be derived by direct integration and by applying the

Cauchy-Schwarz inequality (see also Lemma 3.3.1). O

Lemma 4.3.2 Let §; be a subdomain in the (2.2.1) partitioning of 2, and I'y denote
a generic edge in 0. If G € SP(Q) vanishes at the vertices of ;, and u = tsn,,

then:

su2
(u,u) <C E F{cuupk,
I'yCoQ;

where s;(+, ) is defined by (4.3.3).

Proof: See Bramble et al. (1986) [9], Lemma 3.2 (7). O

Lemma 4.3.3 Let u be a continuous, piecewise quadratic function defined on the
finite element mesh " of the domain Q. If I*u is its piecewise linear interpolant
on the same mesh, then:

11"l < Clulmay,
where §2; is a generic subdomain in a (2.2.1) partitioning of §2. The same type of

bounds hold for the L2, H*2, and Hi/? norms.

Proof: See Dryja and Widlund (1994) [37], Lemma 4. O

Theorem 4.3.4 For the SBS, preconditioning technique, the relative condition

number x(M};1,S) grows linearly as 1/H, i.e.

Amax (Mip55)
Amln (M b;?‘s’)

8

H(Ms_b;ZS) <

) Q
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Proof: Let mgs2(-, -) be the bilinear form defined by (4.3.7). In order to show that
the relative condition number satisfies (ML, S) < C/H, through Theorem 2.1.3

for the matrix S and the preconditioner Mg, it suffices to show that:
CHmsbs?(u, u) S S(u, u) S Cmsbs?(ua ll), Vu € SI?,(F) (4310)

Throughout this proof we maintain the notation adopted when defining (4.3.7).
First, in order to derive an upper bound for )\max(Ms_bizS), we show the right
hand-side inequality in (4.3.10). By the Cauchy-Schwarz inequality,

s> ug, > ug) <C Y s(ug, uf)
k k k

and
(o, ) £ €Y a(w,w).
J J J

Let &’ be the discrete harmonic extension of u/ in IV, extended by zero to the rest

of 1. Therefore:

> s(w, W) = Za(ﬁj,ﬁj).

J J
Then, by Lemma 3.3.2 and Lemma 4.3.2:

Zs(ui, uli) < Czafk 5 /2uk’ uk)
k

k
and

3 s(w,w) <O aps (0w, w)p
j J

respectively.
Thus, by the decomposition (4.3.2) of s(-,-), the above estimations, and the
definition (4.3.7) of mgsa(-, -), we deduce:

s, w) =s(3 " uf, Youp) + 53w, 3o w)

<CYan, (6, u)r, + C Y aps (557w, W)y,
k J
from which the right hand-side inequality in (4.3.10) follows. Therefore, by Theo-
rem 2.1.3, Apax(M;5,8) < C.
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Next, in order to derive a lower bound for Amin(MyL,S), we show the left hand-
side inequality in (4.3.10). The argument here is analogous to that used to prove
Theorem 3.3.4. Let §2° denote a generic strip in §2, and 2} C §2°, a generic subdomain
in °. If u = u®+ u® is the (4.3.1) decomposition of u, we denote by G and @® the
discrete harmonic extensions of u® and u® respectively in Q.

We show that:
Zapk %{fuk,uk) < Cs(u,uf) (4.3.11)
k

and

o 1
ZO(Fj(511~§2uJ,uJ)Fj <C (1 + E) s(u’, u’). (4.3.12)
J

Let 7’ be defined as in the proof of Theorem 3.3.4, and 7, be a continuous,
piecewise linear function on the finite element nodes of 952 that is zero on the finite
element nodes at the ends of 'y C 9§ and everywhere else on I'\ I'x, grows linearly
to 1 on the finite element nodes of I such that its gradient is of order O(1/H), and
it is identically 1 on the remaining finite element nodes of I'y. If u = u® + u’® is the
(4.3.1) decomposition of u, and I" is the finite element interpolation operator onto

the space S2(T"), then we define:
uw = I"(nu®) and w = I"(nu?).

Note that if {7} and {n’} form partitions of unity, then:
ue=ZuZ and uszz:uj.
k J

From Lemma 4.3.3 (for the H? norm), we deduce that when v = 7, u® (note that

this is a continuous, piecewise quadratic function), in order to estimate ||u||? , AT,

it suffices to estimate ||v||§{1/2(r ) Let I'y = (0, H) and Qf be a subdomain such that
oo k

Iy < 0. Then, we divide the interval [0, H] in two parts [0, H/2] and [H/2, H],
and take the tensor product [0, H] @)[0, H]. The double integral in the definition of

||v||2 y2 is then split into a sum of four double integrals. Due to the symmetry,

(Tx)
we only need to consider one of them.
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We consider the diagonal term corresponding to the set [0, H/2] x [0, H/2] and
use the identity:
26ut(§) — 2Tu(7
(6 —v(r) - 2O ()

_ E () —u(r) (€~ n)(u() + u(r))
H H '

As for the diagonal term corresponding to the set [0,1/2] x [0,1/2] in the proof of
Theorem 3.3.11, by the Cauchy-Schwarz inequality, we obtain:

H/2 pH/2 IV )| H/2 pH/2 §+T) 'u( ) ue(T)lz
/ / | g_ =l I dedr <C / / dédr

H2|€— 7|2
H/2 PH2 |ye(€) 4 ue(r)|?
+C’/ / H dédr
H/2 H/2 2
(€ +7)%ue(§) — us(r)]
<C'/ / H2|§— B dédr

H/2 pH/2 |ll |2
+C / / WO eqr
0 0 H?
H/2 pH/2 |ue(7.)|2
vo [ [ gy,
0 0 H?
H/2 pH/2 |ef¢y _ 1€ 2
co [V [ IO W
0 0 1€ — 7|

HIZ Jue(€)2
+C’/0 7 d€

Therefore:

T lv(g) | e e
|§ — g ddT < C—||u Iz + ClU® 3o (r,)-

In order to estimate the single integral in the definition of ||v]||? HI 1y e write the



4.3 Spectral Analysis for the SBS, and ASBS, Techniques 94

closed set T’y as the interval [0, H]. Through the definition of 7, we deduce:

(v(§)* " ) T (v(¢))?
/‘Mﬁ@amdgz/ dﬂﬁé 7%

<c /”/2 E@©) 4, o /H (H =W ())”
H/2

H2§ H2¢
H/2 52 H H—f 2(,€ é 2
+c/ T §%+0Hﬂ(ﬂqyfénﬁ
H/ _ e
:C/ 2¢ uj}f)yduc/li (H 5});2(; () ¢
H/2
H/2 2 H e 2
£ (u (H —&)(u(£))
+0/ HQH gdg+c - 7z d¢
(ue())?
<o [" Lty

Therefore:

(v(£)* 1,
AﬁE@ﬁﬁﬁscﬁmWww

By the above evaluations, we obtain:

1
||ui”§,°142(rk) < CEHUEH%Z(F,C) + C|Ue|zl/2(rk)'

From this estimate, Lemma 4.3.1 (44) and (i), and Theorem 2.2.3, we deduce:

Z ar, [lug|f? HY2(ry) = <C Z _”ue”L2 ary +C Z |u® |H1/2(Fk
Iy CoQ chaﬂs TyCoy
< C_” ||L2(n-;) + C|ﬁe|H1(ng)

< C|ﬁ6|H1(Qg)

< C|ue|21/2(aﬂf).

Thus, through the equivalence (4.3.6),

Z ar, (0r /2uk,uk) < Csi(u’,u’).
FkCBQ‘i’
Since each I’y is shared by only two subdomains €2}, after summing over all 27 C §2,
through the representation (4.3.4) of s(-, ), we obtain (4.3.11).

On the other hand, arguments similar to those in the proof of Theorem 3.3.4
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yield:

”ujlliléé2(1~3) < CHUSH%%N) + Clusliﬂﬂ(l—‘j)'

From this estimate, Lemma 3.3.1 (4i¢) and (4), and Theorem 2.2.3, we deduce:

Z O‘””“j”?{;éz(m)sc Z [l l1Z2rs) + € Z 9 (2 ey

ricoqns I coqns ricons

1. . . -

< Cﬁ“‘lsnzm(ns) + CH|W |31 gy + Cl8° 51009
1. . -

< CE”us”?L?(Qs) + C|us|in(ns)

1Y -
< C (1 + E) |us|?{1(gs).

Then, we apply the Cauchy-Schwarz inequality for the decomposition of the strips
2° into nonoverlapping subdomains 27, and the right hand-side inequality in The-

orem 2.2.3, to obtain:

| 1 .
> e[, <C <1 + ﬁ) > 18

ricons Qs CQs

1
<C (1 + ﬁ) Z |u3|§m2(895).

Qicas

Thus, through the equivalence (3.3.7),

S 1
Z arj((5¥2u],u’)pj <C (1 + —) Z s;(u’®, u’).
: H
ricoqs Qcns
Since each edge IV is shared by only two strips 2%, after summing over all Q° C €,
by the representation (4.3.4) of s(,-), we obtain (4.3.12).
From the estimates (4.3.11) and (4.3.12), the definition (4.3.7) of mgsa(:, ), and
the decomposition (4.3.2) of s(-,-), we deduce:

1
Mapsz(, 1) < C (1 + E) s(u, u),

which is equivalent to left hand-side inequality in (4.3.10).
Therefore, by Theorem 2.1.3 for the matrix S and the preconditioner Mg,
1/ Amin(ML,S) grows linearly as 1/H. Since 1/Amax(MeS) < C, we conclude
that:
k(MyL,S) < C/H. O
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Remark 4.3.5 We observe that in the proof of Theorem 4.3.4, when €2° is a strip
with only one edge in the interior of the domain 2 and the remaining edges on the

boundary 02, we can apply Lemma 3.3.1 (iz) instead of (7). Thus, for this strip,

Z arf”uj“?{;éz(m < C|1~15|§11(Qs)-
ricans

See also Remark 3.3.5.

Lemma 4.3.6 Let u € S)(I') and u be its discrete harmonic extension in Q. If
Qaorn : L2(2) — S9,,(Q) is the L2-projection associated with S3,, () (h < 2Ph < H,

p € N), we denote 0, = Qo0 and u, = @,r. Then:
masbs2(uo; uo) S CS(LI, u)'

Proof: The proof of this result is based on the observation that the ASBS,, pre-
conditioning is obtained in two stages such that the interfaces between strips at
one stage are perpendicular on the interfaces between strips at the other stage.
Throughout this proof we maintain the notation adopted when defining (4.3.7).

First, we show that for any u, € S}(T'),
massz(uo» uo) < CS(uo, uo)- (4313)

Then, by replacing h by 2Ph and taking u, = Qepll,r in the above estimate,
the lemma follows, through the definition of s(-,-), Theorem 2.2.3, and the second
estimate in Lemma 3.3.6.

Let u; = u§ + uj be the (4.3.1) decomposition of u, at the first stage, and
u; = u§ + uj be the (4.3.1) decomposition of u, at the second stage. Note that
the global interface I' can be viewed as being covered by the union of the following
two overlapping subdomains: on one hand the edges between strips and the edges
between subdomains inside strips at the first stage, and on the other hand the edges
between strips and the edges between subdomains inside strips at the second stage.
' can also be viewed as being covered by the union of the interfaces between strips
at the first stage, and the interfaces between strips at the second stage.

Furthermore, I' can be regarded as consisting of overlapping vertex-regions, such

that each region is cross-shaped, is centered at a vertex-point, and contains parts of
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the interfaces between strips that are within a distance H from that vertex. Thus
at most two such regions overlap and the overlap is uniform of order O(H). Let I
denote a generic vertex-region as described above, restricted to the boundary 02}
of a generic subdomain 2. Then the restriction u’ = ugv, of u, to I'’, can be
analysed using the Ha! ?(I") norm according to definition (2.2.9), as follows.

Let IVt and I'’2 denote a generic edge between two strips at the first and at the
second stage respectively, such that [V C I'Yt U T2, We introduce the following
notation: T” = IV1 N T¥2 and S9(I%) = SY(IV1) N SY(IV2), with SY(I¥1) and SP(I72)
as in (4.2.1). We denote by 1, the discrete harmonic extension of u, in §2 and derive

a representation:
a, = E a’,
v

where @’ € S9(I'V). We construct this representation as follows. Let 7” be a
continuous, piecewise linear function on the finite element nodes of 2 that is zero
on the finite element nodes of the boundary 8" and everywhere else on Q\ %, 0 <
n’ < 1, and its gradient is of order O(1/H). If I" is the finite element interpolation

operator onto the space Sp(2), then we define:
a’ = I"(n"d,).

Note that if {n*} form a partition of unity, then:

u, = E u’.
v

We proceed to bound the energies of the parts of ¥ associated with the elements

in X", If 7% is the average of ¥ on a single mesh-element o}, then:

1" = 7 oe(o,) < C(h/H)?.

By the Cauchy-Schwarz inequality, we can write:

18 o) = (0" 00) 30 o
Hl( h) Hl( h) (4314)

< 2780l }1 gy + 21 (7 = 7)ol F1(0)-

Since ||7”||zeo(o,) < 1, the first term on the right hand-side of the inequality in
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(4.3.14) can be bounded as:
2|ﬁvﬁ0|§{1(0’h) S Clﬁolél(o‘h)' (4315)

For the second term on the right hand-side of the inequality in (4.3.14), from the
inverse estimate in Lemma (2.1.2), the weighted norm on element ¢}, of diameter h,

and the bound on the gradient of 7, we obtain:

= VY 1 HU VY17
217" = 1) Bo[t105) < Coz 1M = 0*Yiho2(c

1 .
< Cf{a”uoniﬂ(ah)'

(4.3.16)

Since each oy, is associated with only four @¥, from (4.3.14), (4.3.15), and (4.3.16),

we deduce:

_ . 1, .
Z |uv’§{1(ah) < C|u0|§{1(oh) + Cﬁz‘“uo“%Z(ahy
recons

After summing with respect to o, we obtain:

_ . 1 .
Z |uvﬁ{1(gg) < C|ua|iﬂ(ng) + Cﬁ”“o”%zmgy
recons

We choose @° to be the discrete harmonic extension of u? = @’|p» in ', extended
by zero to the rest of €. Then, the last estimate and the minimisation property

(2.2.5), of discrete harmonic functions, imply:

_ . L
> |8y < Clitofiay + Cglltelliay), (43.17)
rvcong

Thus, by the left hand-side inequality in Theorem 2.2.3 and Lemma 4.3.1 (%),

- 1.
Z |uv|?11/2(ang) < Cluoﬁll(ng) + Cﬁ““o”%zmg)
TvCons

< ClﬁOﬁIl(Qf)‘

From this estimate, by the definition (2.2.9) and the right hand-side inequality in
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Theorem 2.2.3, we deduce:

S gz ey < Clitoliga)

rvcong
2
S C|uo|H1/2(3Qf)

< Csi(ug, u,).

Since each I'” is shared by only four subdomains €2, after summing over all Q¢ C Q,

through the representation (4.3.4) of s(-,-), we obtain:

Z ”uU”iI:éz(Fu) S CS(UO, u0)>
v

which implies (4.3.13). O

Remark 4.3.7 We note that, since I" can be viewed as being covered by the union
of the interfaces between strips at the first stage and the interfaces between strips
at the second stage, the argument used in the proof of Lemma 4.3.6 can also be
applied to prove Lemma 3.3.7. In order to achieve that, at the first stage, we take
u$ of Lemma 4.3.6 as the restriction of u” of Lemma 3.3.7 to the interfaces between
strips, and uf = 0. Analogously, at the second stage, we take uj of Lemma 4.3.6 as

the restriction of u¥ of Lemma 3.3.7 to the interfaces between strips, and ug = 0.

Theorem 4.3.8 For the ASBS,, preconditioning technique, the relative condition
number (M} ,S) is bounded independently of the partitioning parameters H and

asbs2
h, i.e.

max ( Masbs2s)

<C.
min (Masb.sQS)

A
M1 S
K'( asbs2 ) A

Proof: This proof is based on the observation that the ASBS,, preconditioner is of
overlapping Schwarz type, and it is similar to that of Theorem 3.3.8. However, since
the ASBS,, preconditioner applies to the SC system, here we use discrete harmonic
extensions of the functions defined on I Throughout the proof we maintain the
notation adopted when defining (4.3.7) and (4.3.8).

In order to bound the condition number (M}  S), we need upper and lower

asbs2
bounds for the spectrum of M sbSQS In order to do this, we use Theorem 2.1.3

for the matrix S and the preconditioner M g4. First, we find an upper bound for

Amax(M}5S). Let u € S(T), and let m{}),(-,-) and m{,(-, ) denote the bilinear

a
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form (4.3.7) associated with the preconditioners Ms(zgz and M£b2.22 respectively. By
the Cauchy-Schwarz inequality and Theorem 4.3.4,

s(u,u) < C(s(u,u) + s(u,u))

1 2
S C (mgbLQ(uv u) + m.(sb)32(u» u)) :

From this estimate, the definition (4.3.8) of masps2(+, -), and Theorem 2.1.3, it follows
that:

Amax(M4,05) < C. (4.3.18)
Next step of our proof is to determine a lower bound for /\min(Ba‘s},szA). Let @1 be

the discrete harmonic extension of u in §2, and let 11, = Q /21 be the L?-projection
of 1 onto S?{/Q(Q), and u, = U,|r. Then, by the Cauchy-Schwarz inequality and
Lemma, 4.3.6,

masbs2(u; ll) = masbs2(u — U, + W, 1 —u, + uo)
S Cmassz(u — U, U — uo) + Cmasbs2(u07 uo)

< Cmggpsz(1 — U, u — u,) + Cs(u, u).

It remains to show that

Masps2(1 — Uy, 1 — u,) < Cs(u,u). (4.3.19)
We demonstrate that:

mfg?sz(u — U, u—u,) < Cs(u,u) (4.3.20)
and

m2 (u — up, u — u,) < Cs(u,u). (4.3.21)

Let w = 1 — @,. Then w|r = u — u,. At the first stage, for w, we construct a

representation of the form (4.2.2):
we YW,
k J

as follows. Let 1’ be defined as in the proof of Theorem 3.3.8, and 7, be a continuous,



4.3 Spectral Analysis for the SBS; and ASBS, Techniques 101

piecewise linear function on the finite element nodes of €2 that is zero on the finite
element nodes of the boundary 8Ty (hence at the ends of T'; as well) and everywhere
else on Q \ Tk, grows linearly to 1 on the finite element nodes of I'y such that
V|l Lo,y < C/H, and it is identically 1 on the remaining finite element nodes
of I'y. If I" is the finite element interpolation operator onto the space S9(Q), then
we define:

af = I"(nw) and @ = I"('w).

Note that if {nx} and {n’} form partitions of unity, then:

W= g, and W = Z o’
k J
We show that:
3" ar, (6¢7%ug, uf)r, < Cs(u, u) (4.3.22)
k
and
Z ops (07w, wl)ps < C's(u, u). (4.3.23)
J

We proceed to bound the energies of the parts of i} associated with the elements

in ¥*. If 7 is the average of 7 on a single mesh-element oy, then:
17k = Tkl oo,y < C(R/H).
By the Cauchy-Schwarz inequality, we can write:

1G5 F10,) = (W) 3016
klH on) Hieon) (4.3.24)

< 2|77kW|12ql(ah) + 2|Ih(77k - 77k)W|§11(oh)-

Since ||7k||zoo(s,) < 1, the first term on the right hand-side of the inequality in
(4.3.24) can be bounded as:

207w |30y < ClWIH(o))- (4.3.25)

For the second term on the right hand-side of the inequality in (4.3.24), from the

inverse estimate in Lemma (2.1.2), the weighted norm on element o}, of diameter h,
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and the bound on the gradient of 7, we obtain:

211" (e — k) Wlin e,y < C—”I (e — 1)W1 3205,
(4.3.26)

Cﬁ”w”%ﬂ(ah)'

Since each oy, is associated with only two @y, from (4.3.24), (4.3.25), and (4.3.26),

we deduce:

_ 1
Z |uZ|§{1(ah) S Clwlg-ll(ah) +lelwl|iz(o'h)'
I, coQs

After summing with respect to o, we obtain:

1
—e (2 2 2
Z 0|7 gy < ClWlgnas) + C’ﬁillwnL?(Qf)'
I CcoQs
We choose @S to be the discrete harmonic extension of u¢ = @é|pr, in Ik, extended
k k kllg
by zero to the rest of 2. Then, the last estimate and the minimisation property

(2.2.5), of discrete harmonic functions, imply:

1
Z |ug|? s < C|W|?{1(Qf) + Cm““’”iz(ﬂg)-
TycoQs

From this estimate, through the equivalence (4.3.5) and the left hand-side inequality

in Theorem 2.2.3, we deduce:
e|l2 el2
E aFk||uk||H;gz(Fk) <C E T e
T CO0S ICons

1

Since each Ty is shared by only two subdomains 2, after summing over all 2} C €,

Lemma 3.3.6 implies:

. 1
E :al“k”uk“f{;gz(m < C|W‘%11(Q) + C_H2 ”W”%%Q)
k (4.3.27)

< Clﬁﬁp(n).

Then, by the equivalence (4.3.6), the Cauchy-Schwarz inequality for the decompo-

sition of € into nonoverlapping subdomains €2}, and the right hand-side inequality
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in Theorem 2.2.3,

1/2 -~
> o, (670, uf)r, < C > [k
k Qo

<C D |ulinaen
Qca

<C Z si(u, u).
Qicq
Thus, by the representation (4.3.4) of s(-,-), we obtain (4.3.22).

Similar arguments yield:

, 1
_j12 2 2
Z 10731y < ClWl3n sy + Cﬁ”W”Lz(ns)'
ricoqs
We choose @/ as the discrete harmonic extension of w/ = @/|p; into 7, extended by
zero to the rest of Q. Then, the last estimate and the minimisation property (2.2.5),

of discrete discrete harmonic functions, imply:

L 1
Z 0731 ey < ClWlinqe) + Cﬁ”W“izms)'
ricoqs
From this estimate, through the equivalence (3.3.6) and the left hand-side inequality

in Theorem 2.2.3, we deduce:

Z arj||uj||f,§(/)z(rj) <C Z |uj|%11/2(693)
ricons i cons

1
< C|W|%{1(ns) + Cﬁ”w“%ﬂ(ﬂs)'

Since each edge IV is shared by only two strips Q°, after summing over all Q° C ,

Lemma 3.3.6 implies:

. 1
ZaFJ‘”uJ”i{;éz(rj) < C'Wﬁ{l(n) + Cﬁ”“’”%ﬁ(n)
j (4.3.28)

< Clafin g

Then, through the equivalence (3.3.7), the Cauchy-Schwarz inequality for the decom-

position of €2 into nonoverlapping subdomains €2{, and the right hand-side inequality
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in Theorem 2.2.3,

Zarj(tséézuj,uj)rf <C D lilingy
J

Q;c

<C Y Iulinsn

Qs
<C Z s;(u, u).

Q:cO

Thus, by the representation (4.3.4) of s(-,-), we obtain (4.3.23). The estimates
(4.3.22) and (4.3.23), and the definition (4.3.7) of mga(-,-) imply (4.3.20). Analo-
gously, at the second stage, we obtain (4.3.21). Then, through the definition (4.3.8)
of Mashs2 (", ), (4.3.20) and (4.3.21) imply (4.3.19).

Therefore, by Theorem 2.1.3 for the matrix S and the preconditioner Mggs2,
Amin (M, —3,1,525) is bounded independently of the partitioning parameters H and h.

a

Since (4.3.18) also holds, we conclude that:

k(M ;.,5) < C. O

asbs2

Remark 4.3.9 We note that the argument used in the proof of Theorem 4.3.8
cannot be applied to prove the growth of order O(1/H) for the relative condition
number x(My,,S) in Theorem 4.3.4. This is because, for Theorem 4.3.4, in the
proof of Theorem 4.3.8 we must take w = 0. Therefore, through the Poincaré -

Friedrichs inequality, (4.3.27) becomes:
€2 2 1 2
Zal‘k”uk”H;éz(pk) < C|W|H1(Q) + Cﬁ”“’”m(n)
k
LY a2
<Cl1+ I—IE |u|H1(Q)
and (4.3.28) becomes:
S sl IRy < Clwlisgay + C g Wi
: HY?(ri) = H() 2 L2(Q)
j
LY~
SC 1+ﬁ |u|H1(Q)‘

These estimates lead to an upper bound of order O(1/H?) for k(M}.,S).
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Remark 4.3.10 We mention here that (4.3.19) also follows from (4.3.13), the left
hand-side inequality in Theorem 2.2.3, Lemma 3.3.6, and the right hand-side in-
equality in Theorem 2.2.3, as:

masbs2(u — Uy, U — uo) S C’s(u — U, 0 — uo)
S lel — ﬁo'lgql(g)

< Cs(u,u).
However, we chose to show that (4.3.20) and (4.3.21) hold as well.

Theorem 4.3.11 For the ASBS,,, preconditioning technique, the relative condi-
tion number k(M "},SQgS ) is bounded independently of the partitioning parameters

H and h, i.e.

- AmaX(Mtz_.s};s2 S)
R W
min asbs2g

Proof: This result can be demonstrated in a similar manner as Theorem 4.3.8
above, by simply replacing the functions at the first stage by those at the coarse
level, and the functions at the second stage by those at the fine level. However,
we present here a new approach for bounding the minimum eigenvalue, which is
based on the observation that the ASBS,,, preconditioner is of a two-level type.
This argument is also valid for Theorem 4.3.8, with the corresponding change of
notation. Moreover, in view of Remark 4.3.9, this approch can be regarded as an
extension of the argument used to demonstrate Theorem 4.3.4. Throughout the
proof we maintain the notation adopted when defining (4.3.7) and (4.3.9).

First, we derive an upper bound for )\max(M;]szgS) as follows. Let u € S)(T'),
and let m&,,,(-,-) and m/, ,(-,-) represent the bilinear form (4.3.7) associated with
the preconditioners M§

so and M sfbs2 respectively. By the Cauchy-Schwarz inequality
and Theorem 4.3.4,

s(u,u) < C (s(u,u) + s(u,u))
C

< C (Mp(u, w) + myp(u,w))

Therefore, by the definition (4.3.9) of Mgspsg(+, -) and Theorem 2.1.3 for the matrix
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S and the preconditioner Mgs24,

Amax (M3 ,8) < C. (4.3.29)

asbs2

Next, we determine a lower bound for )\min(M;s},szgS). Let @1 be the discrete

harmonic extension of u in , and let 1, = Q1 be the L2-projection of & onto

Soon(Q), and u, = Q,|r. Then, by the Cauchy-Schwarz inequality and Lemma 4.3.6,

Masbs2g (W; W) = Magpsag (U — Up + Up, U — U, + U,)
S Cmasbs2g(u — U, u— uo) + Cmasbs2g(u0) uo)
= Cmasbs?g(u — Wy, U — uo) + Cmasbs2(u0a uo)

< CMigsbszg(U — up, u — u,) + Cs(u, u).

It remains to show that

Mashs2g (W — Up, U — U,) < Cs(u,u). (4.3.30)
We demonstrate that:
m, (1 —u,,u—u,) < Cs(u,u) (4.3.31)
and
mép(u — up,u — u,) < Cs(u,u). (4.3.32)

Let w = '—10,. Then w|p = u—u,. At the fine stage, in the proof of Theorem 4.3.4,

we replace u by uy. Then we obtain:

1
||UZ||i,;gz(Fk) < Cﬁ“u;lliz(rk) + C|U‘}|§11/2(rk)-

From the above estimate, Lemma 4.3.1 (é7), and the left hand-side inequality in

Theorem 2.2.3, we deduce:

1
Z arkIIUEIIL%z(Fk)SC Z E““?”%Z(rk)*'c Z '“(}I?{l/z(rk)

chaﬂf chanf I'ycoQs

1
< Cﬁ”""”%zmg) +C|Wltqs)-

Since each I'y is shared by only two subdomains 2}, after summing over all £} C €,
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Lemma 3.3.6 implies:

1
Z al“k“ui”zgc/;(m < Cﬁ”“’”%?(n) + C|W|311(Q)
k
< Clafi g
Then, through the equivalence (4.3.6), the Cauchy-Schwarz inequality for the decom-

position of 2 into nonoverlapping subdomains §2{, and the right hand-side inequality

in Theorem 2.2.3, we obtain:

1/2 ~
> ar (@ ug, uf)r, <C Y (830
k

Q:co

<C ) [ulizon

QIC
<C Z si(u, u).
Q:cn
Thus, by the representation (4.3.4) of s(-,-),
> an, (6 uf, uP)r, < Cs(u,u). (4.3.33)
k

On the other hand, replacing u by uy; in the proof of Theorem 4.3.4, also yields:
s 101,02 < 03 sy + Cl0 By

From the above estimate and Lemma 3.3.1 (4i¢) and the left hand-side inequality in

Theorem 2.2.3, we deduce:

Z ari||uj||figéz(m50 Z ||u§||%2(m+0 Z |u;|%{1/z(rj)
ricoqs ricoqns ricoqs

1
< Cﬁ”W”iz(Qs) + Clwl3ias)-

Since each I is shared by only two strips §°, after summing over all ° C Q,

Lemma 3.3.6 implies:

. 1
Zarjl|ujl|i{géz(rj) < Cﬁllw”%z(ﬂ) + C|W|§11(n)
j

< C|ﬁ|§11(9).
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Then, through the equivalence (3.3.7), the Cauchy-Schwarz inequality for the decom-
position of {2 into nonoverlapping subdomains §2;, and the right hand-side inequality

in Theorem 2.2.3, we obtain:

Z&ra‘(5¥2uj,uj)ri <Cc) 1813 (02
i

Q:cn

<C ) ulfeen

Qcn
<C Z s;(u, u).
Qica
Thus, by the representation (4.3.4) of s(-,-),
D ars (8w, w)rs < Cs(u, ). (4.3.34)

J

The estimates (4.3.33) and (4.3.34), and the definition (4.3.7) of mgps(-, ) imply
(4.3.31). Analogously, at the coarse stage, we obtain (4.3.32). Then, through the
definition (4.3.9) of Masbs2e(-,-), (4.3.31) and (4.3.32) imply (4.3.30).

Therefore, by Theorem 2.1.3 for the matrix S and the preconditioner Mgsps24,
Amin(M;,05) is bounded independently of the partitioning parameters H and h.

as:

Since (4.3.29) also holds, we conclude that;:

k(M ,.8)<C. O

asbs2g

4.4 Numerical Estimates

The purpose of this section is to illustrate the efficiency of the ASBS, preconditioners
when solving the SC system (2.2.10) by the PCG method. The domain €2 is the unit
square partitioned into N = 1/H? equal squares, and the coefficients « are either
equal to 1 (Example 4.4.1), or are chosen random constants inside each square
(Example 4.4.2). The mesh size is h for the fine grid, and H/2 for the coarse grid.

The iteration counts are for a reduction in error of 1074,

Example 4.4.1 Consider the Poisson equation:

—Au(z) =f(z) in Q= (0,1) x (0,1)
u(z) = 0 on 0.
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Table 4.4.1: Condition number and iteration counts for SBS, in the case of constant
coeflicients (Example 4.4.1).

1/H*=N | 1/h=64 128 256

4 1.3350 413353 413354 4
16 1.8669 618674 618675 6
64 3.2761 8 |3.2771 832774 8

256 6.3147 12]6.3168 126.3174 12

Table 4.4.2: Condition number and iteration counts for ASBS,, in the case of con-
stant coefficients (Example 4.4.1).

1/H?= N || 1/h = 64 128 256
4 12549 4[1.2563 4|1.2572 4
16| 1.3287 4|1.3269 41.3262 4
64| 14327 5|1.4126 514036 5
256 | 1.5902 5|1.5056 5|1.4723 5

Table 4.4.3: Condition number and iteration counts for ASBS,g, in the case of
constant coefficients (Example 4.4.1).

1/H?= N | 1/h =64 128 256
4l 23109 7[23112 723113 7
16| 26319 7|26270 7[2.6257 7
64| 28284 828085 8|2.8032 8
256 | 3.0722 8|2.9726 8|2.9464 8

Example 4.4.2 Consider the model problem:

=V - a(z)Vu(z) =f(z) in @ = (0,1) x (0,1)
u(z) =0 on 99.
In this case, £ is partitioned into four by four uniform square subdomains, as repre-

sented in Figure 4.2.1. The subdomains are §);, i = 1,---, 16, and their correspond-

ing coefficients are indicated in Table 4.4.4. Inside each strip, the coefficients on the
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edge between two subdomains €2; and Q;, with coefficients a; and «; respectively,
are taken to be equal to the average values (o; + «;)/2, for all 4, j. For every edge
between two strips, the coeflicient is chosen as the average value of the coefficients

corresponding to the adjacent subdomains.

Table 4.4.4: The specified discontinuous coefficients for Example 4.4.2.

a1 =10 | oy =10"*| a3 =10% | oy = 1072

as=10" | ag=1 |ar=10"| ag=10?

ag =102 |ap=10"%| a;; =15 |a; = 107
s =203 | ags =102 | ags = 104 | an =5

Table 4.4.5: Condition number and iteration counts in the case of discontinuous

coefficients (Example 4.4.2).

1/H>*=N=16 || 1/h = 64 128 256
SBS, 1.8669 6|1.8674 6|1.8675 6
ASBSy, 2.6321 726275 726262 7

Discussion: Table 4.4.1 shows that for the SBS, preconditioning technique, the
relative condition number grows linearly as 1/ H and remains bounded independently
of the mesh parameter h (see Theorem 4.3.4). In Tables 4.4.2 and 4.4.3, for the
ASBS,, and ASBS,, preconditioning techniques respectively, although the relative
condition number seems to increase slightly with the number of subdomains, the
growth is asymptotic towards a value which has not yet been reached, hence this
condition number can be bounded independently of the partitioning parameters H
and h (see Theorems 4.3.8 and 4.3.11). The values in Table 4.4.2 appear to be smaller
than those in Table 4.4.3. However, the two-grid method has the advantage that the
subproblems defined on the coarse grid are significantly smaller, than those defined
on the fine grid. Note that the results in Table 4.4.5, for the case of discontinuous
coefficients, differ negligibly from those given for the Laplace operator. Similar

results were obtained in tests with other randomly chosen coefficients.
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4.5 Summary

In this chapter, we have introduced a new class of strip-based iterative substructur-
ing techniques for the SC system (2.2.10) in two dimensions. The new solvers can
be regarded as extensions of the strip-based solvers presented in Chapter 3 to the
case when each strip is a union of nonoverlapping subdomains. The global inter-
face between all subdomains is the union of edges between strips and edges between
subdomains inside the same strip. The interior problems on each subdomain be-
ing solved exactly, the variables corresponding to the interior of the subdomains
are eliminated from the iterative process, which becomes a boundary iteration on
the global interface between subdomains. The main task of the (two-stage) ASBS,
process is to determine the interface data between all subdomains, by solving it-
eratively the SC problem. This method achieves scalability, and therefore optimal
convergence properties, by alternating the (one-stage) SBS, solver (based on the
J-operator on the edges between strips and on the edges between subdomains inside
strips) in the horizontal direction, with the SBS; solver in the vertical direction.
We note that the convergence behaviour of the ASBS, preconditioners is com-
parable to that of the VS preconditioner (2.2.21) with overlap of order O(H). How-
ever, in (2.2.21) S,; is dense and expensive to compute, hence for the VS method
the design of appropriate approximations for the local problems associated with the
vertex-regions still has to be considered to reduce computational complexity. In this
context, the VS method can be regarded as a Schwarz method (Nepomnyaschikh
(1986) [63]), while our new preconditioners can be viewed as inexact Schwarz solvers.
Moreover, when the two-grid technique is applied, we solve one-dimensional prob-
lems on edges (between strips and between subdomains inside strips) at the coarse
stage, and alternate the direction of the strips at the fine stage. The possibility of
reducing the size of the coarse solver from two to only one dimension seems to offer

an advantage, especially if H is small.



Chapter 5

Alternate Slice-Based
Substructuring Algorithms for
Symmetric Elliptic PDE’s in 3D

5.1 Introduction

In this chapter, we derive and analyse some possible extensions to three-dimensional
problems of the preconditioning techniques introduced in Chapter 4. The slice-based
methods to be presented in this chapter are DD preconditioning techniques for the
SC system (2.2.10) in the case of a decomposition of the domain 2 C R3, into
multiple disjoint subdomains with interior cross-points. In this case, the global
interface I' C €2 between subdomains contains faces, edges, and vertices of these
subdomains. In order to avoid the separate treatment of the interior edges and the
vertices (i.e. of the wire-basket, see Section 2.2), first the subdomains are assembled
into disjoint bars, then the bars are assembled into disjoint slices. The vertices of
each bar are on the boundary 9%, the interfaces between bars (i.e. faces shared by
two bars) are strips which overlap with the faces of the subdomains, the interfaces
between strips (i.e. edges shared by at least two strips) align with the edges of the
subdomains, and the union of the interfaces between strips contains all of the interior
vertices of the initial decomposition of the domain. The edges of each slice are on
99, and the union of all the interfaces between slices (i.e. faces shared by two slices)
contains all of the interfaces between strips. Therefore, the global interface I' can

be partitioned as a union of interfaces between slices, interfaces between bars, and

112
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interfaces between subdomains inside bars. For the subproblems corresponding to
the various faces, the J-operator is used (see Section 2.2). As in the two-dimensional
case, scalability is achieved in two stages. At each stage the slices change such that
the interfaces between slices at one stage are orthogonal to the interfaces between
slices at the second stage. The two stages allow the use of a two-grid V-cycle and
guarantee a good rate of convergence of the preconditioned iterative procedures,
which is optimal with respect to the partitioning parameters.

This chapter is organised as follows. In Section 5.2, we describe the slice-based
substructuring (SBS3) and the alternate slice-based substructuring (ASBS3) precon-
ditioning techniques. These are further analysed in Section 5.3. Numerical examples
to illustrate the performance of these DD methods are given in Section 5.4. Sec-

tion 5.5 summarises this chapter.

5.2 Slice-Based Substructuring

We consider the problem (2.1.1) in the three-dimensional case. For clarity of presen-
tation, let the domain © C R? be the unit cube (0,1) x (0,1) x (0,1). Let (2.2.1) be
the initial partitioning of §2 into subdomains, such that each subdomain is an open
cube of uniform size 0 < H < 1 (Figure 5.2.1). In every subdomain, we consider

the coefficient a(x) of (2.1.1) to be constant.

Figure 5.2.1: The initial partitioning of the domain Q C R3, with mesh refinement
shown on one subdomain.

The boundary of each subdomain is partitioned into faces, edges, and vertices,

such that the faces are open squares in R?, the edges are open lines in R, defined
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to be the intersection of the boundaries of at least two faces, and the vertices are
point sets which are the end-points of the edges. First, we assemble the subdomains
in the initial partitioning of Q into disjoint bars, Q° (b=1,---,m,), such that: the
vertices of each bar are on the boundary 052, the interfaces between bars are open
(rectangular) strips which overlap with the faces of the subdomains, the interfaces
between strips are lines which overlap with the edges of the subdomains, and the
union of the interfaces between strips contains all of the interior vertices of the initial

partitioning of § (see Figure 5.2.2-left). Thus the bars )* form a partitioning of {:

ny
o= (5.2.1)
b=1
Next, we assemble the bars 2 into disjoint slices, Q° (S = 1,---,ng), such that:

each face between two slices is an open square with its boundary on 0f2, and the
union of all the faces between slices contains all of the interfaces between strips (see

Figure 5.2.2-right). Thus the slices 2° also form a partitioning of Q.
Q=[J0% (5.2.2)
S=1

Let QF denote a generic bar in 5, and € denote a generic subdomain (of uniform
size H) in the bar . We denote by F}° a generic face between two slices, by
F ;’ a generic face between two bars inside the same slice, and by F} a generic face
between two subdomains in the same bar. Let I" be the global interface between all
subdomains in the initial partitioning of 2. Then the union of the faces FIS , F;’, and
F} form a partitioning of T

Let S2(€) be as described in Section 2.1 (h < H). For every slice 05, we
consider the restrictions on 25 N Q of the functions in SY(£2) and denote the finite
element space of these restrictions by SP(€27). We define S2(22°) to be the subspace
of S2(Q2%) consisting of those functions which are zero on the boundary Q° N Q.
Next, for every bar 25 C Q°, we consider the restrictions on (2§ N of the functions
in SP(€2%) and denote the finite element space of these restrictions by S3(€2). We
define S2(§27) to be the subspace of SY(25) consisting of those functions which are
zero on the boundary 9§27 N €. Finally, for every subdomain 2 C Qf, we consider

the restrictions on ¢ N of the functions in SP() and denote the finite element

space of these restrictions by SP(€2¢). We define SP(2%) to be the subspace of SJ({2?)
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consisting of those functions which are zero on the boundary 4Q° N Q.

We also consider the restrictions on I' of the functions in Sp(2) and denote the
finite element space. of these restrictions by SY(I'). We define SP(90°%), S2(95%)),
SYOL), SUOALNNF), SUILNNQS), SN NAS), SUES), SYFL), and SYF) to
be the subspaces of SJ(I") consisting of those functions which are zero on I\ 805,
U\oQY, [\ oL, T\ (0020 NQY), T\ (8022 NQS), T\ (895 NQ5), T\ F?, I'\ F?, and
'\ F} respectively.

Furthermore, let F, + be the domain obtained by the union of F} with the neigh-
bouring regions Q¢ inside the bar €2, F’;’ be the domain obtained by the union of F;’
with the neighbouring bars QF inside the strips Q°, and F}° be the domain obtained
by the union of F}° with the neighbouring slices 2°. Note that these domains form
an overlapping covering of €, such that every point in €2 is contained in at most
six of these domains. We define SP(F}), S,?(F’;’), and SY(F) to be the subspaces
of SY(Q) consisting of those functions with support in F}, F?, and F}° respectively.

Then:
SHQ) =D SAED + D SHED + Y SUEP), (5.2.3)
i,k b,j Sl

i.e. for all u € SP(), there exists a representation, which is not unique, of the form:

u=> u+> uwi+> v, (5.2.4)
ik b,j S
uj, € SH(E}), uf € SNEY), uf € SR(EP).

5.2.1 The Slice-Based Substructuring Technique

The slice-based substructuring (SBSs) preconditioner is a natural extension to the
three-dimensional case of the SBS, preconditioner introduced in Chapter 4. Let
0zyz be a three-dimensional orthonormal system of coordinates. In SP(T), let {¢'},
{v?}, and {4} be the sets of finite element basis functions corresponding to the
union of faces in the planes z0y, y0z and 20z respectively; {1”} be the set of finite
element basis functions corresponding to the union of the vertex-points; and {¥*},
{¥¥}, and {1*}, the sets of finite element basis functions corresponding to the union
of the edges that lie in the 0z, Oy, and 0z direction respectively. The set of functions
{91, 92, 3, 9¥, ¥%, 9¥,9*} is a basis for SY(T), thus any function in SP(I') can be

decomposed as a linear combination of this basis and represented by a vector of its
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coefficients. If we order these vectors as [u! u? u® u¥ u® u¥ v*]T and consider the SC
system (2.2.10), then the SC matrix S can be described in terms of block matrices

as:

Sll SIZ Sl3 Slv Slm Sly Slz
ST, Sa Saz Say Sox Say So
ST, S3; Sz Ss S Sy Si
S=| 857, S5, S5 Ss S Swy S -
ST, S3 Si Siy Swx Sk Se
ST S ST ST ST S, S,

We take, for instance, the faces F; between subdomains €2 in the y0z plane, the
faces F}’ between bars in the 20z plane, such that each bar Q° is of size 1 x H x H
(see Figure 5.2.2-left), and the faces F}° between slices in the z0y plane, such that
each slice 2° is of size 1 x 1 x H (see Figure 5.2.2-right).

Figure 5.2.2: A bar (with mesh refinement shown on one subdomain) along the Oz
axis (left) and the corresponding slice (right) of the domain  C R3.

Then, we denote by ¥; = [¢o], ¥y = [¢3 9,], and ¥s = [¢h1 ¢y ¥ ¥,] the
basis functions assembled into vectors corresponding to the interfaces between sub-
domains inside bars, the interfaces between bars, and the interfaces between slices
respectively. Note that ¥;, ¥, and ¥s also form a basis for SP(I') and so any
function in SP(I") can be decomposed as a linear combination of this basis and rep-
resented by a vector of its coefficients. If we order these vectors as [u’ u® u%]7, and
consider the SC system (2.2.10), then S can be described in terms of block matrices

as:

Si S S
S=1| SL Sp Sps

SEL SL Sss
We observe that, by reordering the nodes, S;; can be expressed as block-diagonal

matrix with each block corresponding to the boundary of a domain €2}, in the interior
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of a bar 2.

Now, S can be expressed in factored form as:

L 0 0 Sqs 0 0 Li SpS;' SisSy!
S = SZl;Szzl Iy O X 0 gbb ng X 0 Iy 0 )
S;-QS;I 0 Igg 0 Sg:g S’SS 0 0 Iss

where [;, Iy, and Isg denote identity matrices, and

—

S S S S ST
_bb -bS _ bb bS | ib % Si;I v [Si S. ]
S,’;”S Sgss I S,,TS Ssg SZ;*

Sy — S S;'Sip Sbs — S5 ' Sis
Sls — SES;: S Sss — SESi'Sis

corresponds to the union of faces F (between bars), and faces F? (between slices).

Remark 5.2.1 It can be shown that the matrix:

Swo Sbs

SL  Sss
is equal to the SC matrix corresponding to the decomposition (5.2.1) of € into the
disjoint bars QF. The calculations are similar as for Remark 4.2.1. Therefore, by

reordering the nodes, this matrix can be expressed as a block-diagonal matrix with

each block corresponding to the boundary of a bar 2, in the interior of a slice Q5.

On the other hand, the block diagonal matrix:

Sii 0 0
Ses Sbs
0 S'g:,s, 5’55
can be decomposed as:
I 0 0 Sqi 0 0 I, 0 0

0 Iy 0 | x| 0 S 0 | x| 0 Iy SwsSy' |
0 SLS;' Iss 0 0 Sss 0 0 Iss
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where
Sss = Sss — gz?,;'gg,_l,ls’bs
Sii  Sip S;

= Sss — | 8L SL | x X
[ ’ ] SE S Shs

corresponds to the union of faces F}° (between slices).

Remark 5.2.2 It can be shown that the matrix Sgg is equal to the SC matrix
corresponding to the decomposition (5.2.2) of £ into the disjoint slices 2°. See also
Remark 5.2.1. Therefore, by reordering the nodes, Sgg can be expressed as block-
diagonal matrix with each block corresponding to the boundary of a slice, in the

interior of the domain €.

From the above factorisations, we deduce that S can be expressed equivalently

as:
I 0 0 L 0 0 Su SuS;' SisSz!
S = S};Sgl Iy O X 0 Iy 0 X 0 ‘S_'bb S'bss—’,;)l
SESZY 0 Iss 0 SES;' Iss 0 0 Sss

In order to construct the slice-based preconditioner for the SC system (2.2.10),
we proceed as follows. First, in the SC matrix S, we drop all the couplings between

different faces F} (inside bars), to obtain the block-diagonal matrix:
blockdiag (SF,:) ,

each block Spi corresponding to a face F}.
Similarly, we drop all the couplings between different faces F}’ (between bars),

to obtain the block-diagonal matrix:
blockdiag (5'1;},) ,

each block S F corresponding to a face F;ﬂ

Finally, we drop all the couplings between different faces F}° (between slices), to
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obtain the block-diagonal matrix:
blockdiag (S’Fls) ,

each block S 5 corresponding to a face F°.
Next, for every face F' € {Fy, F},Ff}, if u € Sp(F), let (—Ar) be the two-
dimensional Laplacian operator with domain of definition H}(F'), and let §r denote

the discrete operator defined on SY(F) by:
(6ru, v)p = (VUu, VVv)r, Yv € SY(F),

where V denotes the two-dimensional gradient on F, and (-, -)r is the scalar product
in L?(F). Note that §F represents a finite dimensional approximation of (—Ap).
Since 6 is symmetric and positive definite (SPD) in the inner product (-,-)r, we
can define the square root 6;/2 of 6r (see Bramble et al. (1989) [11], pp. 9-10). We

denote by Jr the matrix form of 51F/2, then we choose:

Mpi = ap J Fi to be the approximation for S Fi
Mp = appJ to be the approximation for Sp»

J 7 2 7
M FS = Qs J FS to be the approximation for S FS-

Then, we set:

k

M;; = blockdiag (M Fi) to be the approximation for Sj;
My, = blockdiag (]\7[ F@) to be the approximation for S
J

Mgg = blockdiag (M FF) to be the approximation for Sgg.
We define the preconditioner Mgy,3 as:

Ii' 0 0 In’ 0 0 Mii SibMizl SiS'Miz_'l

Mgpss = SZI;MJI Iy O X 0 Iy 0 X 0 Mbb SbSMb_bl
SEMY 0 Iss 0 SLMg' Iss 0 0 Mgs
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A generic system Mg ,3w = r can now be written in terms of block matrices as:

I, 0 0 I, 0 My SaMji' SisMj;t
S£Ml:1 Iy O X 0 Iy X 0 Mbb S’bSMl;(;l
SZ;Mizl 0 Igs 0 gg:ng);I Igs I 0 0 MSS

,wi pl
x| wb | =1{ rb
wS S
L
(5.2.5)
The solution w = M 57,;37“ can be derived as follows.
The SBS; Procedure (algebraic form).
(I) compute the solution M;;'r* and obtain the system equivalent to (5.2.5):
Ii~ 0 0 Mii SibMizl SiSMizl wi Ti
0 I 0 [ X| 0 My SpsMyg' | x| w [=]7],
0 SEM,' Iss 0 0 Mss w3 75
(5.2.6)

where 7° = r® — SEM1rt and 75 = rS — SLM Tt

(IT) using M;'r* obtained in (I), compute the solution My;'7® and obtain the sys-

tem equivalent to (5.2.6):

My SapM;' SisM;? w? I; 0 0 7t
0 Mbb SbsMI;,l x| whb | = 0 Iy 0 x| 7|,

0 0 Msg wS 0 —Sgng;I ISS fs
(5.2.7)

where 7% = 75 — SN = rS — SEM;'rt — S M.

(I11) using M;;'r* obtained in (1) and M,,'® obtained in ({I), solve for w5 the
system (5.2.7).

(IV) using w’ obtained in (III), solve for w® the system (5.2.7), by backward

substitution.

(V) using w® obtained in (II7) and w® obtained in (IV), solve for w® the system
(5.2.6), by backward substitution.
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As in the two-dimensional case (see Section 4.2), using the preconditioner Mgps3
we can construct the following iterative method: start with «® as an initial approxi-
mation (without restricting the generality we can assume the starting approximation

to be zero) and generate a sequence of iterates u',- - ,u!,-- -, as follows:

uttt — b+ ML (fs — Sub).
This can be interpreted as a Richardson iterative procedure (see e.g. Smith et al.
(1996) [75], Appendix).
Alternatively, since the new preconditioned matrix Mj;1,S is symmetric and non-
negative definite with respect to the s(-,-) scalar product, the CG acceleration can

be applied as follows:

e let u® be an initial iterate,

0 — fg — Su®, the initial residual

w® — M;Lr° the initial preconditioned residual

1% — w°, the initial search direction

e for{=0,1,---

te the directi fficient (w, )
compute e dlrection coermclient: - — -

update the iterate: u"*! — ul — pot

update the residual: 7! — ! + p, S}

if 71 > tolerance, then

update the preconditioned residual: w!*! «— ;,;37‘1“

(wh!, ri+ 1)
compute the orthogonalisation coeflicient: ¢; « (w’—,r’)

H+1 wl+1

update the search direction: v + gt

else end for.

The resulting SBS; method has good parallelisation properties and a rate of conver-

gence proportional to 1/v/H (see Theorem 5.3.4 and Table 5.4.1).
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Remark 5.2.3 We note that if the problems on the faces F} (inside bars) are solved
exactly, then the variables corresponding to these interfaces can be eliminated from
the iterative process, which then reduces to an iteration on the boundaries of the
bars. Moreover, if the problems on the faces F}’ (between bars) are also solved ex-
actly, then the variables corresponding to these interfaces can also be eliminated
from the iterative process, which then reduces to an iteration on the faces F° (be-

tween slices).

5.2.2 The Alternate Slice-Based Substructuring (ASBS;)

Technique

In order to obtain scalability with respect to H, we construct a two-stage precondi-
tioner as follows. At each stage the slices change (see Figures 5.2.3) such that the
interfaces between slices at one stage are orthogonal to the interfaces between slices

at the second stage.
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Figure 5.2.3: Slices of the domain Q C R3? at two different stages.

Remark 5.2.4 We note that in a two-stage process, the bars may change as well,
such that the faces between bars at one stage are orthogonal to the faces between
bars at the other stage. Figures 5.2.2-left and 5.2.4-left show bars and slices at two
different stages. For clarity of presentation, throughout this section we shall restrict
our attention to the case when, like the subdomains in the initial partitioning of €2,
the bars, once formed, do not change when the slices change. However, we remark
that our subsequent analysis (see Section 5.3) is also valid in the case when the bars

change with the slices.
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Figure 5.2.4: A bar (with mesh refinement shown on one subdomain) along the Oz
axis (left) and the corresponding slice (right) of the domain Q C R3.

The Additive Alternate Slice-Based Substructuring (ASBS;,) Algorithm.
Let Ms(;s)3 and M 3(533 denote the SBS3 preconditioner at the first and second stage
respectively. It is easy to see that the global interface I' is covered by the union of the
following two overlapping subdomains: on one hand the interfaces between slices,
between bars inside slices, and between subdomains inside bars at the first stage,
and on the other hand the interfaces between slices, between bars inside slices,
and the between subdomains inside bars at the second stage. Therefore Schwarz
algorithms can be derived using the Mg, preconditioner. The (inexact) additive
Schwarz method is: start with u° as an initial approximation (without restricting
the generality we take this approximation to be zero) and generate a sequence of

l

iterates u!,--- ,ul,- .-, as follows:

ul+1/2 - ul + (Ms(;zz)—l(fs . S‘U,l)

ultl — 2 (Ms(fﬁs)‘l(fs _ Sul)'
This can also be written in one step as:
ot ((Mg;gs)_l + (M3(333)_1) (fs — Sul),

and interpreted as a Richardson iterative process with the two-stage SC precondi-
tioner defined by:

-1 _ (1) y-1 (2) y-1

asbs3 T (Msbs3) + (M3b33) :
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The new preconditioned SC matrix M sbs35 can also be used with CG acceleration:

o let u® be an initial iterate,

% — fs — Su’, the initial residual

w® — M- sbs3r , the initial preconditioned residual

19— w®, the initial search direction

e for[=0,1,---

(wh, rt)
(v, Svt)

compute the direction coefficient: p; « —

update the iterate: u't! — u! — po!

update the residual: 7! — 7t + p,Sv!
if 71 > tolerance, then

update the preconditioned residual: w'*! «— ,;},83?“1“

(’LUl+1, ,r,H—l)

compute the orthogonalisation coefficient: ¢, « —(W
wh,r

+1 wH-l

update the search direction: v + g

else end for.

The following steps will compute w! = M. Sbs3r (l=0,1,---):

a

W (M)

wh e w2 (M)

or equivalently,
wh e (M) + (M) )

The resulting ASBS;, method is optimal in the sense that the rate of convergence
can be bounded independently of the partitioning parameters H and h (see Theo-
rem 5.3.8 and Table 5.4.2).

However, reloading the problem at the second stage, when the slices change, can
be expensive. We therefore consider the possibility of reducing the calculations to a
coarser grid at one of the stages (see Figures 5.2.5). Let Z¥** C ... C ¥?* C ©" be a
set of nested uniform square grids associated with the original domain §2, such that

1 <pe Nand 2?°h < H. As in the two-dimensional case, the coarse grid reduced
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operator for S, S;, can be defined either by rediscretisation of the problem on the
Y2’ grid, or by the relations S, = RSP, where R is the restriction from grid X" to
grid ©%* and P = R” is the prolongation from grid ¥?** to grid .

Y\-=q-==¥==r--Y---==d---1-
'
|I
1
3
|
|
:
'
RIS WU SN S D DU
|
|
:
N--4-=—=-%-- -;‘-———-—N*- -
|
t
'
1

7
4 ’ 4
/ ’, 7’ ’ P
P ’

Figure 5.2.5: Slices of the domain 2 C R® at the coarse (left) and the fine (right)
stage respectively.

The Two-Grid Alternate Slice-Based Substructuring (ASBS;,) Algo-
rithm. Let MS,; and M sfbss be the SBS; preconditioner at the coarse stage and
the fine stage respectively. The new additive two-grid method is: start with u°® as

an initial approximation (without restricting the generality we take this to be zero)

and generate a sequence of iterates ul,--- ,ul, -, as follows:

WVl 4 P(M) " R(fs — Su)

uH—l — ul+1/2 + (MsJ;sB)—l(fS _ Sul)
This can also be written as:
W el (P(Ma) " R+ (MA,0)™") (fs — Sub).

When this scheme is used to define a preconditioner for the CG method, the inverse

of the new two-grid SC preconditioner is:

ob P(Mg3) 'R+ (Msfbss)_l-

asbs3g =

The preconditioned SC matrix is Ma_s}mgS . The resulting ASBS3,, method is also

optimal in the sense that the rate of convergence can be bounded independently of
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the partitioning parameters H and h (see Theorem 5.3.9).

5.3 Spectral Analysis for the SBS; and ASBS;
Techniques

This purpose of this section is to present an abstract framework for the slice-based
substructuring algorithms described in Section 5.2. First, we present some technical
tools which will be used to prove our main results, then we state and prove the
theorems concerning the condition number for the relevant operators in the PCG
iterations described in Section 5.2. Throughout this section the notation introduced
in Section 5.2 is maintained. Also, C and c denote generic positive constants which
are independent of the partitioning parameters H and h. The actual values of these
constants may not necessarily be the same in any two occurrences. Further notation
is explained as it occurs.

We decompose functions u € Sp(I') as:
u=u’+u” +u*s, (5.3.1)
where u”, u¥*, and u¥s are defined as follows. First,

u e Ve =Y Spo0 Q)
S,bi

is the solution of the problem:
s(u¥,v) = (fs,v), Yve V¥,

Note that this is equivalent to solving independently for each Q2N the following
local problem: find uf € SP(8Q N Qy), such that:

s(u?,v) = (fs,v), Vv € SP(0Q° N Q).

Next, u¥® is the part of u which lies in the orthogonal complement of V¥ in

ZS,b,i 52(89? N 98)3

Ve = {u € Sp(00 N Q%) s(u,v) =0, Vv e V¥},
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Thus, the value of the function u¥* € V¢ in '\ 897 is uniquely determined by its

value in (J F;’. From the definition of V¥* we deduce:
b’j

s(u?,v) = (fs,v) — s(u®,v), Vv e V¥ V.

Note that:
s(u¥,v) =0, Vve V%

We deduce that if v¥ € V¥ is similarly defined as u¥®, then:

s(u¥,v#) = (fs,v) — s(u®,v), Vv e V¥ @ Ve,

Finally, u¥s = u — u® — u*® is the part of u which lies in the orthogonal com-

plement of V¥ @ V¥ in S)(T):
Ves = {ue SpT) : s(u,v) =0, Vv e VP PV}

Thus, the value of the function u¥s € V¥s in I' is uniquely determined by its value

in EJI FZS . From the definition of V¥, we deduce:
s(u®s,v) = (fs,v) — s(u?,v) — s(u®®,v), Vv € SYT),
or equivalently, if v¥S € V¥s is similarly defined as u¥s, then:
s(u?s,v¥s) = (fg, v) — s(u®,v) = s(u,v), vv e Sy(I).

Note that:

s(u,u) = s(u?, u?) + s(u*®,u?) + s(u?s, u¥s). (5.3.2)

As in the two-dimensional case, we consider the bilinear form 3(-,-) on SY(T') x
S)(T) defined as follows. Let §2; be a generic subdomain in a (2.2.1), (5.2.1), or

(5.2.2) partitioning of Q. First, we set:

5:(u,v) = a;(u?,vF), vu,v € SY(I), (5.3.3)

E

where a;(-,) is given by (2.2.2), and uf, v are the discrete harmonic extensions
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into §; of u, v respectively. Then, we define:
N
8, v) =) &i(u,v). (5.3.4)
i=1

It can be shown that the bilinear form (-, -) is equivalent to s(-,-), and we can drop
the tilde from this notation (see e.g. Quarteroni and Valli (1999) [66], Section 2.4,
also discussion in Section 2.2). The bilinear form s;(u, u) can be analysed using the

fractional order Sobolev seminorm |u|g1/2(5g,) given by:

[uls200,) = /a N /a ) (“(2:‘;'(;)) dedr, (5.3.5)

where £ and 7 denote areas on 9€; (see e.g. Xu and Zou (1998) [87], p. 866).

For every face F' C 0f2;, let

_ 2
W = [ [ SO g,

where £ and 7 denote areas on 9; (see e.g. Xu and Zou (1998) [87], p. 868).

When F is an face F} (inside bars), the associated space:
HY(F}) = {u e L*(F})| |u|§11/2(F’z—) < oo}
is equipped with the weighted norm:
||u”12ql/2(p‘§) = ﬁ”u”iz(ﬂg) + |u]i{1/2(Fli)' (5.3.6)
Next, when F' is a face F}’ (between bars), the associated space:
H1/2(F]¥’) ={ue L2(F;’)| |u|§11,2(F;,) < o0}
is equipped with the weighted norm:
ey = s ey + Il (53.7)
HY2(Fh) — [ L2(F}) HY/2(FPy i
Finally, when F is a face F}° (between slices), the associated space:

H'2(FP) = (u € LAFD)| [ulsagps) < 00}
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is equipped with the norm:

”u”§{1/2(pls) = ”u”iz(FF) + ,u|?{1/2(F’S)- (5.3.8)

On the other hand, let u € S}(F), and |Jul| ;12 be the norm defined by:

(F)

) B (u(r) — u(g))? u’(r)
|lu||H;g2(F) - /F/F I — ¢J? drdf + /F dist(r, 6F)dT’

where 7 and € denote areas on F', and dist(r, JF) represents the distance from 7
to the boundary OF of F'. Conform Necas (1967) [64], Chapter 2, Lemma 5.3 (see
also Dryja (1988) [33] p. 47), in the case of a rectangle F' = (0, H;) x (0, Hs), in the

definition (5.3.9),
[ [ =0
FJF T — &P

can be replaced equivalently by:

/Hl /H1 ||u(§1, ) — u(Tla ')”2L2(0,H2) d€ dr
1 1
0 0

€1 — 712

Hy pHy ||u(., —u(-, 7)|?
+/ / lu(-, &) — u( 2)||L2(0,H1)d€2dT2,
0 0

|§2 - T2|2

and
(u(r))?
/F dist(r, OF) dr

can be replaced equivalently by:

/Hl (€, M Z2(0,2) g, + /Hl (€as IZ 20,1, it
0 £ A H - & !

42 Jlu(, &)l3a0m 2 [al, €2)llZ2(0,)
+ SaLy)) +/ —=d&,.
/. e et Tm-g ©

It can be shown that, when u is a smooth function defined on 9€2;, with support

contained in the face F,

C|“|3{1/2(39i) < ||u||§{342(},) < C|u|§11/2(39i) (5.3.9)

(see e.g. Bramble et al. (1989) [11], p. 9, or Xu and Zou (1998) [87], p. 868).
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Furthermore, the following equivalence holds:

el s g, < (6720, 0)r < Cluly (5.3.10)

(F) (F)

(see e.g. Bramble et al. (1989) [11], pp. 9-10).
The bilinear form mgs3(-, ) associated with the preconditioner Mg,z is defined

by:

Msps3 (W, V) E ap 61/2u,;,vk Fl + E an 1/zug’,vb)F
b,j
5.3.11
. (5:3.11)
+ E an ul VI )ES

where for every face Fy, uj, is equal to u®|r; on Fy, and zero everywhere else on I
and on Jf), and we recall that ap; is a scaling factor equal to the average value of
the coefficients inside the subdomains sharing the common face F}; for every face F;’

b

(between bars), u is equal to u®*|ps on F;’, and zero everywhere else on I' and on
J

0f2, and aFy is a scaling factor equal to the average value of the coeflicients inside
the subdomains adjacent to F?; for every face F, S (between slices), uf is equal to
u”s| Fs on F?, and zero everywhere else on I" and on 95, and « Fs s a scaling factor
equal to the average value of the coefficients inside the subdomains adjacent to F°,
and v, v, and v{ are similarly defined as uj, u}, and u; respectively.

The process of obtaining the solution w € S)(T') of
Maps3(W, V) = (r,v), Vv € SH(T)
is equivalent to the following procedure.

The SBS; Procedure.

(I) for every face F} (inside bars), solve for w$ € Sp(F}) the following equation:
gy (5 Wha Vg = (1,V), WV € SR(F).

This can be done independently and in parallel for all F}.
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(II) for every face F (between bars), solve for wi € Sp(F}) the following equation:

aFJp((S;/,, wyl ,V)FJ (r,v), Vv e S,?(F;’).

This can be done independently and in parallel for all F;’.

(III) for every face F;° C I' (between slices), solve for wg; € Sp(F}°) the following
equation:

aps(Sswsi, V)ps = (r,v), Vv € S(FY).
This can be done independently and in parallel for all F}°.

(IV) for every slice 2°, extend the values of wg;, determined in (II]), discrete
harmonically onto all faces F}’ C Q° (between bars). That is solve for w5 €

> S)(65) the following homogeneous equation:
Q7 cqs

> an((sl/ WS, V)p =0, ¥v € Y Sp(O9) NQY)

FJ!’CBQS QScas

with wi* given by wg from (I1I) on Fz C 09F. Then, set w; = Wb] +wblF,,

This can be done independently and in parallel for all Q5.

(V) for every slice Q°, extend the values of wg;, determined in (I17), and the values
of wf$, determined in (IV), discrete harmonically onto all faces F} C Q5.

That is solve for wi € 5 S2(05?) the following homogeneous equation:
Qbtcas

Z aF’:(é;{;wf,v)Fi =0, Vve Z S22 N Q°),
Ficant Qbcns
with w? given by wg from (III) on F° C 90°, and by w{® from (IV) on
F;’ C Q5. Then, set wy, = w¥ +wi5|'Fk. Again, this can be done independently

and in parallel for all Q5.

Next, we define the bilinear form mggs3(+, ) associated with the preconditioner
M_,as3 as follows. If mggs( -) and mﬁ)s3( ) represent the bilinear form (5.3.11)

associated with the preconditioners M, (b33 and M) sz Tespectively, we define:

Maspsz(W, V) = mgi)ﬁ(u, v) + mg,)sc,,(u, v), Yu,v € SYI). (5.3.12)
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Similarly, in order to define the bilinear form mggps34(:, ) associated with the
preconditioner Mygps3q, let mS, 4(-, -) and mf, (-, -) denote the bilinear form (5.3.11)

associated with the preconditioners M¢, ., and MY, ; respectively, then we define:
Mashasg(W, V) = MEpea(u,v) + mlyi(u,v),  Vu,v e SH(D). (5.3.13)

Lemma 5.3.1 Let 2 = (0,1) x (0,1) x (0,1) and let % = (0,1) x (0,1) x (0, H)
be a slice in Q. For u € H'(QF), the following estimates hold:

(i) if u is equal to zero on one face in Q5 N A5, then:
[ullZzasy < Clulin gs)-
(ii) if u is equal to zero on one face in 9025 N Q, then:
[ullZ2i0s) < CH?[ulf sy

(iii) if F is a square of size 1 in 9Q%, and |lu[7,r represents the L?(F)-norm of
u|p, then:

1
Il < € (g7lulEe + Hlalings )

(iv) if u € H(Q), then:
1
||u”%2(95) < CH? (ﬁ”“”%’z(n) + Iulin(n)) .

In each of the estimates (i) — (iv), C denotes a generic positive constant which is
independent of the function u and the partitioning parameter H.

Furthermore, let €5 = (0,1) x (jH,(j + 1)H) x (0, H) be a bar in 5, and
0 = (GH, (i + 1)H) x (jH,(j + 1)H) x (0, H) be a cube of size H in Q. Then,
estimates analogous to (i) — (iv) hold when Q° and Q are replaced by ¥ and Q%

respectively, and also when Q° and § are replaced by 2 and QF respectively.

Proof: These estimates can be obtained by direct integration and the Cauchy-

Schwarz inequality. See Appendix for details. O
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Lemma 5.3.2 Let ©; be a subdomain in the (2.2.1) partitioning of €2, and F' denote
a generic face in 8. If G € SP(2) vanishes on all edges and vertices in 9;, and
u = 1lgg,, then:

siwu) <C Y- (3w wr,

FCofy,

where s;(-, -) is defined by (5.3.3).

Proof: This is the three-dimensional version of Lemma 4.3.2. See Bramble et al.

(1989) [11], pp. 10-11. O

Lemma 5.3.3 Let u be a continuous, piecewise quadratic function defined on the
finite element mesh £* of the domain . In three dimension, if I*u is its piecewise

linear interpolant on the same mesh, then:
[I*ulmia) < Clulmay,

where €; is a generic subdomain in a (2.2.1), (5.2.1), or (5.2.2) partitioning of (2.
The same type of bounds hold for the L2, H2, and H? norms.

Proof: This is the three-dimensional version of Lemmas 3.3.3 and 4.3.3. See Dryja

and Widlund (1994) [37], Lemma 4. O

Theorem 5.3.4 For the SBS; preconditioning technique, the relative condition

number x(M}1,S) grows linearly as 1/H, i.e.

Amax(MgaS)
/\min(Ms;;SS) B

K‘(Ms_b;ElS) =

T Q

Proof: Let mgs(-, ) be the bilinear form defined by (5.3.11). In order to show that
the relative condition number satisfies x(M};.,S) < C/H, through Theorem 2.1.3

for the matrix S and the preconditioner Mg3, it suffices to show that:
cHmgpss(u,u) < s(u,u) < Cmgss(u,u), Yu € Sp(T). (5.3.14)

Throughout this proof we maintain the notation adopted when defining (5.3.11).

First, in order to derive an upper bound for Apau(M};15S), we show the right
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hand-side inequality in (5.3.14). By the Cauchy-Schwarz inequality,
S(Z uj, ZUZ) < CZS(ui;, uj,)
Z uJ’ Z u;) < C Z J’ J
S(Zul ,Zul ) < CZs(ul u?).
S| S|l S|l
On the other hand, by Lemma 5.3.2:

Z s(u, u}) < C’Zapl &Y, 2uk,u,c)

ik
512
sl J’J<CZQF )
b,j
2
Zs(ul,ul)SC’ZaFls Y ul,uS)Fls.
S S

Thus, by the decomposition (5.3.2) of s(-,-), the above estimations, and the
definition (5.3.11) of mgss(, -), we deduce:

o) = oS T + o )+ o S

Z 11;|/z2uk’ ;) T CZO‘FI’ 1/2 2» u; Fb + CZan 1/2‘11 ’qu)Fs,
ik
from which the right hand-side inequality in (5.3.14) follows. Therefore, by Theo-
rem 2.1.3, Apax (M,55) < C.
Next, in order to derive a lower bound for /\min(M;,;H.S), we show the left
hand-side inequality in (5.3.14). The argument here is an extension to the three-
dimensional case of that used to prove Theorem 4.3.4.

We show that:

Zan 51 2ul;:,uk)F1 < CS(u(p u(p) (5315)
Zan ;/fug, b)) s < Cs(u?, u?), (5.3.16)
and
1
ZO‘FF ;/Szul , )Fs < (1 + E) s(u¥s, u”s). (5.3.17)
5,1

If u=u”+ u® + u¥s is the (5.3.1) decomposition of u, we denote by u¥, a*,
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and U¥s the discrete harmonic extensions of u¥, u®® and u*s in € respectively. Let
ni be a continuous, piecewise linear function on the finite element nodes of Q2 that
is zero on the finite element nodes on the boundary 9F} of F} and everywhere else
on '\ F}, grows linearly to 1 such that |Vni| 1~ < C/H, and it is identically 1 on
the remainder finite element nodes of Fi. Next, let 77;’ be a continuous, piecewise
linear function on the finite element nodes of €2 that is zero on the finite element
nodes on the boundary BF}’ of FJ’-’ and everywhere else on I'\ F]’-’, 0< 77? <1, and
|Vn}]|L < C/H. Finally, let n? be a continuous, piecewise linear function on the
finite element nodes of §2 that is zero on the finite element nodes on the boundary
OF7 of F and everywhere else on '\ F°, 0 <7 < 1, and |V7]|z~ < C.

If I is the finite element interpolation operator onto the space SP(I'), then we

define:

up = I"(pu?),  up=TI"(fu®),  and = I"(u®).

Note that if {n}}, {n?}, and {n;’} form partitions of unity, then:
u’ = Zu};, u? = Zu?, and  u¥s = Zuf
ik b,j 5.

From Lemma 5.3.3 (for the HY? norm), we deduce that when v = nju?, in order

to estimate |lul|| it is sufficient to estimate ||v|| 12
00

HoG* (F}) ()

We consider a generic face Ff = (0, H) x (0, H). We divide the interval [0, H] in
two parts [0, H/2] and [H/2, H], and take the tensor product [0, H] @0, H]. The
double integral in the definition of ||v||3.,, (Fi 18 then split into a sum of four double

k

integrals. Due to the symmetry, we only need to consider one of them. By the
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definition of 7}, and the Cauchy-Schwarz inequality, we obtain:

/H/2 /H/2 lv(&,-) — v(m, - )||L2(0 H)d§ dr
14T

161 — 71|?

/H/z/H/2 |v(-, &) — v(, T2)||L2(0H)d€
€& — 72l .

3 C/H/Q /H/2 (&1 + 1)?||u? (&1, ) —11“’(71,')||%2(0,H)d5 dr
= o H?|§ —n|? o
H/2 rH/2 |lu® (€, -) + u?(m, <) |2,
+C/ / “ ( 1 ) Hz( 1 )”L (O’H)dfldﬁ
+C/H/2 /H/z §2+72 [u?(-, &) —u“’(',Tz)“%ﬂ(o,hr)dg dr
H?|&y — 1|2 =
H/2 rH/2 ||lu?(., +u?(-, )|
+C/ / lu?(:, &) 2( 2)||L2(0’1L1)d§2d'r2
0 0 H
H/2 pH/2 ||u?(&y,-) — u?(m, )”%2 0,H
<c / / O ge,dr
&P e

H/2 pH/2 u"’ , 2
+C’/ / l fl )”L(OH)dfdl

H/2 pHP2 |[u? (-, &) — u®(-, 7 )||L2(o H)
+C / / dCadr
e e

7'2|2

H/2 H/2 uﬁo ,
.\ C’/ / 1 52)||L2(0,H) déydrs
0 0

HQ

Therefore:

/H /H ||V(£1, -) -— V(Tla ')”%2(0,]{) df daT
1071
0 0

&1 — 7 |?

H H (|v . — Vi, T 22
+/ / V(- &2) — v(-, )13 ©H) ye. i
0 0

|§2 — To/?

1 2 2
< CEI|U¢||L2(F,§) + Clu‘lel/z(F,i)'

Next, we consider the single integrals in the definition of ||v]|3, /2(py- Through the
k
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definition of 7}, we deduce:

/H/2 Iv(&, {)1”L2(0 H) dé, + /H/2 ”V(‘S;")“zj(o,}{) dé,
0 0
A2 v, 52)”L2(0H 172 ||v(-, &) (0,H)
* }/ & df?’*./g -G w
2 §1||u‘P 51;' ||L2 (0,H) (H 51)2”11‘0(51,,)“%2(02}1)
C/ i, dé& + C - 7, d§;
H &2 lu? (&, ')||L2(o H) H(H = &) u? (&, ) E20.m)
+c/ ) 4, + C L0 e,
0 H*(H - &) H/2 H*(H - &)
H/2 £2||u¥(-, )||L2(0 H) H (H — &)*||u?(- a§2)“L2(0 H)
vef e Y, (e %
H/2 g2llu* (., 52)“L2 (0,H) H (H - &)* ||u"’(-,§2)||%2(0’H)
+CA H*(H — @)‘@ Hy2 H*(H ~ &) %
172 6061, By W = 670 (€)oo
_q/ ok de, + CH/2 e dé
H{l'lu‘p 51)' L2(0H) (H_gl)”u‘p(gla')”Lz(OH)
C/ dé1+ C dé;
H*(H — &) H/2 H?
H/2 62 Iucp( 52)”[,2 OH) H (H - 62)2”u‘p('v§2)”%2(0,H)
e / H? @2t H/2 H(&, =
H/2 §2[|u“’( fQ)”IJz(O H) H (H - 52)““(/)(, 52)”%2(0,H)
+C/0 H (H 62) dfg C 12 H2 d§2
H “utp(gl, ')”Lz(O,H) H ”u‘p("€2)”%2(0,H)
< C’/O I d&; + C'/O i d&,.

Therefore:

H ||V(§1, )”Lz (0,H) H ”V(§11 ')||%2(0,H)
/0 &1 @1+ /0 H-& “

Hlv(-, &)2200.11) H{[v(-, &)l 20,y
—}—/0 & d€2+/o =& dés

1
—a®ll?., ..
< CH||u ||L2(F’:).

By the above evaluations, we obtain:
i2
u
b,

i )12 i 12
F S Cﬁ”ufc”mmg) + Cluglg2py):

From this estimate, Lemma 5.3.1 (ii7) and (i) for subdomains Q2 inside bars, and
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Theorem 2.2.3, we deduce:

, 1., .
2 2 2
E aF,:”u;c”ch/)?(Fé) <C E ﬁ“uinm(p,g) +C § , |u7c|H1/z(F,;‘)
Ficaqt Fjcoat Fjcoqnt

<C “ﬁ‘p”izmg) + C|ﬁ¢|§11(nﬁ?)

1
H?
~ |2
< 1@l ap)

Thus, through the equivalence (5.3.10) for the face F},

1/2 i i
E aFil(‘sF,g u, up) s < Csi(u?, u?).
Ficont

Since each F} is shared by only two subdomains (¢, after summing over all (2 C Q,
by the representation (5.3.4) of s(-,-), we obtain (5.3.15).

Next, similar evaluations are also possible on the faces F? = (0,1) x (0, H)
(between bars). Note that by the definition of 77;? on F;’, we first need to divide this
face into (0, H] x (0, H), - -+, [1 — H,1) x (0, H). Then the double integral evaluated
on F} @ F} is split into the sum of 1/H? double integrals. However, by symmetry,
only one case needs to be considered, which is similar to the double integral for F}.

The single integral is also similar to that for F{. Then we obtain:

1
||u2||§{;gz(FJg,) < Cﬁ“ugnizwjb) + |u?|?{1/2(FJb)'

From this estimate, Lemma 5.3.1 (iii) and (i) for bars Q3 inside slices, and the left

hand-side inequality in Theorem 2.2.3, we deduce:

1
Z aF}’||ug”iI§({2(FJ‘?)S Z ﬁHug”iz(FJb)‘*‘ Z |u?|?-]1/2(FJ€>)

b b N b S
Fpcony Fpcoy FpcoQy

| TR — 012
< Cﬁ”u%“m(nf) + Cla* |3 g

< Cla” [ ag)-

Then, we apply the Cauchy-Schwarz inequality for the decomposition of the bars

b

into disjoint subdomains €27,

and the right hand-side inequality in Theorem 2.2.3,
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to obtain:

b2 = 0p |2
S nldln g, < O g
Frcony

<C Y 10

Qbcay
2
<C Z [0 [51172(900)-

Qbcay

Thus, through the equivalence (5.3.10) for the face F;’,

F;CZBQE apy (G, W)y < QZQ s (w0, u),
Since each face F° ;’ is shared by only two bars 2, after summing over all 2f C Q,
by the representation (5.3.4) of s(-,-), we obtain (5.3.16).

Finally, analogous calculations can be carried out on the faces F;° = (0,1) x (0, 1)
(between slices). Note that by the definition of 7 on F°, we first need to divide
each interval (0,1) as (0,1/2] and [1/2,1), then express F}° as the tensor product
(0,1) ®(0,1). Replacing H by 1 in the calculations carried out for F} yields:

s s
¥ ”iiééz(FF) < Cllu; ”22(1915) + Clulsﬁﬁ/zwﬁ)-

From this estimate, Lemma 5.3.1 (ii4) for slices £2°, and the left hand-side inequality

in Theorem 2.2.3, we deduce:

Z aF,SHUzS”;;y(Fls)S Z “uf”iZ(F,S)"' Z |uf|i11/2(Fls)
Ffcaqs FScons Ffcans

1, . - ~
< Cﬁl]u%”iz(m) + CH[0%S |31 (gs) + Cl0®[31(qs)

1, . -
< Cﬁ”“‘psniz(m) + Cla®s |1 qs)

1Yy .
<C (1 + ﬁ) [8%5 70 s)-

Then, we apply the Cauchy-Schwarz inequality for the decomposition of the slices 2°

into disjoint bars 7, and also for the decomposition of the into disjoint subdomains
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2, and the right hand-side inequality in Theorem 2.2.3, to obtain:

1
S anslof ey < € (14 77 ) 16 nger

FScaqs (
1 .
=¢ (1 " ﬁ) > 8% fap)

Qscﬂs

1+ﬁ) > D e “lina

Qfcas abcy

1
) T E ey

QFcas Qbcny

Thus, through the equivalence (5.3.10) for the face F}°,

3 aﬂs((s;/:ul,uﬂpsw( ) Y s, ues),

FScons Q7cas Qbcay

Since each face F° is shared by only two slices 7, after summing over all Q5 C ,
through the representation (5.3.4) of s(-, ), we obtain (5.3.17).
From the estimates (5.3.15), (5.3.16), and (5.3.17), the definition (5.3.11) of

Msps3(, ), and the decomposition (5.3.2) of s(-,-), we deduce:

1
Mspsz(u,u) < C <1 + E) s(u, u),

which is equivalent to the left hand-side inequality in (5.3.14).
Therefore, by Theorem 2.1.3 for the matrix S and the preconditioner M3,
1/ Amin(M45S) grows linearly as 1/H. Since 1/Apax(M;1,S) < C, we conclude
that:
R(MzhS) < C/H. O

Remark 5.3.5 We observe that in the proof of Theorem 5.3.4, when Q is a slice
with only one face in the interior of the domain 2 and the remaining faces on the

boundary 952, we can apply Lemma 5.3.1 (i¢) instead of (z). Thus, for this slice,

O—'F5|luf||2l/2 o SC lu? |H1/2anb
] Hoo"(FP) — (

Ffcons Q7 CQs Qbcay
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Lemma 5.3.6 In three dimensions, let Qg : L?(2) — Sory(€2) be the L?-projection
associated with Sop,(2) (h < 2°h < H, p € N). Then, for all u € Hj(2), the fol-

lowing estimates hold:
”11 — Qgphu”Lz(Q) S C'2ph|u|H1(Q) and |Q2phulH1(Q) S C’|u|H1(Q).

Proof: This is the three-dimensional version of Lemma 3.3.6. For a proof see e.g.

Bramble and Xu (1991) [12], Section 3. O

Lemma 5.3.7 In three dimensions, let u € Sy(I') and @ be its discrete harmonic
extension in Q. If Qgy : L2(Q) — S5%,(Q) is the L2-projection associated with
S%,(Q) (h < 2°h < H, p € N), we denote 1, = Qavp11 and u, = @,|r. Then:

masbs3(u01 uo) < C's(u, u)'

Proof: This is the three-dimensional version of Lemma 4.3.3. The proof is based
on the observation that the ASBSs3, preconditioner is obtained in two stages such
that the interfaces between slices at one stage are perpendicular on the interfaces
between slices at the other stage. Throughout this proof we maintain the notation

adopted when defining (5.3.11). First, we show that for any u, € Sy(T),
masbs3(u07 uo) S Cs(uo, uo)- (5318)

Then, by replacing h by 2Ph, and taking u, = Qopli,r in the above estimate,
the lemma follows, through the definition of s(,-), Theorem 2.2.3, and the second
estimate in Lemma 5.3.6.

Let u; = uf¥ +u® +ufs be the (5.3.1) decomposition of u, at the first stage, and
u; = uf +uf+uf® be the (5.3.1) decomposition of u, at the second stage. Note that
the global interface I' can be viewed as being covered by the union of the following
two overlapping subdomains: on one hand the faces between slices, between bars
inside slices, and between subdomains inside bars at the first stage, and on the other
hand the faces between slices, between bars inside slices, and between subdomains
inside bars at the second stage. I' can also be viewed as consisting of the union of
the faces between slices and between subdomains inside bars, at both stages.

Furthermore, the union of the interfaces between slices at both stages can be
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regarded as consisting of overlapping wire-basket regions, such that each region
contains an edge of a bar and parts of the interfaces between slices that are within
a distance H from that edge. Thus at most two such regions overlap and the width
of the overlap is uniform of order O(H). Let I'” denote a generic wire-basket region
as described above, restricted to the boundary dQ5 of a generic bar Q. Then
the restriction u¥ = u,rv, of u, to I'’, can be analysed using the H&c{Q(F”) norm
according to definition (2.2.9).

Let F; and F denote a generic face between two slices at the first and at the
second stage respectively, such that TV C FjJ U Fj3. We introduce the following
notation: T¥ = FS N ES and SY(I?) = SAES) N SAES), with SY(FS) and SY(F3)
as in (5.2.3). We denote by 1,, the harmonic extension of u, in €2, and derive a

representation:
u, = E a’ + E g,
v k

where @’ € SY(IV) and @, € SO(F}), with SY(F}) also as in (5.2.3). We construct
this representation as follows. Let 1" be a continuous, piecewise linear function on
the finite element nodes of {2 that is zero on the finite element nodes of the boundary
A" and everywhere else on Q\I'?, 0 < n¥ < 1, and its gradient is of order O(1/H).
If I" is the finite element interpolation operator onto the space SP(f2), then we
define:

@’ = I"(n',).

Analogously, let 7¢ be a continuous, piecewise linear function on the finite element
nodes of €2 that is zero on the finite element nodes of the boundary 8F~’,§ and every-
where else on 2\ F}, 0 < ni < 1, and its gradient is of order @(1/H). Then we
define:

Note that if {n;} and {7*} form partitions of unity, then:
=) o'+ aj
v i,k
Like in the two-dimensional case (see the proof of Lemma 4.3.3), we obtain:

— ~ 1 17
Z Iuv'%ﬂ(ﬂf) S Cluolip(ﬂf) + C—]ﬁ”uolliﬂ(gf)
receny
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We choose @1V to be the discrete harmonic extension of u¥ = @"|rv in I, extended
by zero to the rest of ). Then, the last estimate and the minimisation property

(2.2.5), of discrete harmonic functions, imply:

0 . 1.
Z |u |§11(QE) < Cluolil(gf) + Cﬁ““"lliz(ﬂf)‘
rvcony

Thus, by the left hand-side inequality in Theorem 2.2.3 and Lemma 5.3.1 (i) for
o0 NOS,
v|2 ~ 12 Los e
Z |u IHI/Q(aﬂf) < CluolHl(QE) + Cﬁ“uo”[ﬂ(gf)
rvcong

< C|ﬁ0|§11(gf)-

From this estimate, by the definition (2.2.9) and the right hand-side inequality in

Theorem 2.2.3, we deduce:
2 ey < Clolias)
rvcony
S Cluoﬁ{l/z(agf)-

Since each I'" is shared by only four bars f, after summing over all 27 C Q, we

obtain:

D M1 172y < Clttolipagry. (5.3.19)
v

Similarly, we obtain:

iy - 1.
D [l < Clioliny + C 77z l18o 172 ot
Ficoqt

We choose i}, to be the discrete harmonic extension of uj, = @/ in F}, extended
by zero to the rest of €). Then, the last estimate and the minimisation property

(2.2.5), of discrete harmonic functions, imply:

iy . 1.
Z |uk|§11(0?) < C|uo|311(ng) + Cﬁ”“o”izmy
Ficont

Thus, by the left hand-side inequality in Theorem 2.2.3 and Lemma 5.3.1 (i¢) for
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o N Q7
; - |
Z |uk|?11/2(ang) < CI“OI?{I(Q?) + Cﬁ““O”iZ(Qg)
Fico!

From this estimate, by the definition (2.2.9) and the right hand-side inequality in

Theorem 2.2.3, we deduce:
(12 - |2
Z HUZHHgéz(FD < C|u0|H1(Qg)
Ficoqb
2
S C|uo|H1/2(3Q?)-
Since each F} is shared by only two subdomains Q¢ C €2f, after summing over all

Qb C Q, we obtain:
Z ”u;"H?{;éz(F’;) S Cluolgp/z(p)- (5320)
ik

Finally, (5.3.19) and (5.3.20) imply (5.3.18). O

Theorem 5.3.8 For the ASBS3, preconditioning technique, the relative condition
number x(M.} .S) is bounded independently of the partitioning parameters H and

asbs3
h, i.e.

. Amax(M2L .S)
M 1 S) = max asbs3 < C.
K( asbsS ) Amln(Ml;iSSS) g

Proof: We observe that the ASBS3, preconditioner is of overlapping Schwarz type.
Therefore it is possible to show this result by arguments extended from those used
to prove Theorem 4.3.8. However, like in the two-dimensional case, this result can
be demonstrated in a similar manner as shown in the proof of Theorem 5.3.9 below,
by simply replacing the functions at the coarse level by those at the first stage, and

the functions at the fine level by those at the second stage. O
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Theorem 5.3.9 For the ASBS;,, preconditioning technique, the relative condition

number (M, ;3,1)8395 ) is bounded independently of the partitioning parameters H and
h, i.e.

Amax (MoghasyS)
KM by §) = TSP <
bsde )‘miﬂ(MaSiSBgS)

Proof: In order to bound the condition number x(M,;,3,S), we need upper and
lower bounds for the spectrum of Ma_s}w3 o2 To this end, we use Theorem 2.1.3 for
the matrix S and the preconditioner M,4,3. Throughout this proof we maintain the
notation adopted when defining (5.3.11) and (5.3.13).

First, we find an upper bound for Amax(M ;.5S). Let u € Sp(I), and let
m&pes(:,-) and mf, (-, -) denote the bilinear form (5.3.11) associated with the pre-
conditioners M§,,, and Msfbs3 respectively. By the Cauchy-Schwarz inequality and

Theorem 5.3.4,

s(u,u) < C(s(u,u) + s{u, u))

< C (mngS(u7 u) + mﬁbsS(u7 u)) :

From this estimate, the definition (5.3.12) of mggpss(:,-), and Theorem 2.1.3, it
follows that:
Amax (Mt 5.5) < C. (5.3.21)

asbs3g

Next, we develope a lower bound for )\Inin(M‘;sll,s3gS). Let 11 be the discrete

harmonic extension of u in €, and let @i, = Q1 be the L2-projection of G onto

S, (€2), and u, = G,|r. Then, by the Cauchy-Schwarz inequality and Lemma 5.3.7,

masbs3g(u; u) = masbs3g(u — U, + Uy, u—u,+ uo)
< Cmasbng(u — Uy, U — uo) + Cmasbs3g(um uo)
= CmasbsI}g (11 — Uy, U — uo) + Cmasbs(i(uo, uo)

< CMigspszg(U — Uy, u — u,) + Cs(u, u).

It remains to show that

Masbs3g(W — W, U — U,) < Cs(u, u). (5.3.22)
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We demonstrate that:
mys(1 = o, u — 1,) < Cs(u, ) (5.3.23)

and

M3 — Uy, u — u,) < Cs(u, u). (5.3.24)

Let w = 1—1,. Then w|r = u—u,. At the fine stage, in the proof of Theorem 5.3.4,

we replace u by uy. Then we obtain:

, 1
Ilu;c”i{gé?(}pé) < ﬁ||u?||%2(pg) + |u?|§11/2(F,;')-

From this estimate, Lemma 5.3.1 (i) for subdomains Q¢ inside bars, and the left

hand-side inequality in Theorem 2.2.3, we deduce:

. 1
2 2 2
E O‘F,;'”u}c“HgéZ(Fg) < E E”u?”m(ﬂ;‘) + E af 572
Ficoqt Ficoat F}con

1
< Cﬁ”“’”%z(ng) + C|W|§{1(Qg)'

Since each F} is shared by only two subdomains 2, after summing over all Q! C ,

Lemma 5.3.6 implies:

- 1
> om0y < Cgallwliagey + Clwhina
i,k

< Clafi -

Then, through the equivalence (5.3.10) for the face F}, the Cauchy-Schwarz inequal-
ity for the decomposition of €2 into disjoint subdomains €2°, and the right hand-side

inequality in Theorem 2.2.3, we obtain:

(sY/2000 iy =12
E aF,g(‘SFz uk»uk)F,: <C E |u|H1(Qg)
ik obcn

<C D 1ulinaon

Qbco

<C Z si(u,u).

Qbcq
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Thus, by the representation (5.3.4) of s(-,-),
Y ag (5;{;11;;, u)p < Cs(u, u). (5.3.25)
ik

Next, replacing u by uy in the proof of Theorem 5.3.4, also yields:

1
Ilu’}llzléz(F]@) < ORIy + Clu? [ po,

o

From this estimate, Lemma 5.3.1 (4i) for bars 2 inside slices, and the left hand-side

inequality in Theorem 2.2.3, we deduce:
1
b2 Vb (|2 P2
2. - < > gl >
CYF;HUJ”H%z(F;) = H“ f ||L2(F]b) + |u? 'H1/2(F;)
FPcoQy FPcoqy FPcony

1 2 2
< Cﬁ”W”Lz(QbS) + C|W|H1(Qf)-

Since each Ff is shared by only two bars F, after summing over all Q5 C Q,

Lemma 5.3.6 implies:

1
ZQF;”u?”i,;éz(F;,) < Cﬁ”‘””%z(n) + C"’Vﬁﬁ(n)
b,j !

Then, through the equivalence (5.3.10) for the face F}’, the Cauchy-Schwarz inequal-
ity for the decomposition of §2 into disjoint subdomains 2°, and the right hand-side

inequality in Theorem 2.2.3, we obtain:

1/2_ % b ~
E :aF;’(dpé: ujauj)FJb <C E lulfil(ng)
b,j

Qbca

<C Y uffaon
Qbtca

<C Z si(u, u).

bca

Thus, by the representation (5.3.4) of s(, ),

3 aF]g,((Sll,?u?, ) < Cs(u, ). (5.3.26)
b,j
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Finally, by replacing u by u; in the proof of Theorem 5.3.4, also implies:

||u2g||§,;gz(pls) < CHU?SHiZ(F,S) + C|u?3|311/2(1«“,3)'

From this estimate, Lemma 5.3.1 (iii) for slices Q°, left hand-side inequality in

Theorem 2.2.3, we deduce:

S
S sl s < 30 I e+ D0 10 B
Ffcoas Ffcons Fcans

1
< CE“W”iZ(QS) + Clwlki sy

Since each F}° is shared by only two slices Q°, after summing over all 25 C ,

Lemma 5.3.6 implies:

1
Z ||uig||§,3gz(pls) < Cﬁ”“’”%z(n) + Clwlin g
S|l
< Clil )
Then, through the equivalence (5.3.10) for the face F°, the Cauchy-Schwarz inequal-

ity for the decomposition of € into disjoint subdomains €22, and the right hand-side

inequality in Theorem 2.2.3, we obtain:

E /2.8 .S 2 : ~ 12
aFIS((SFlS ul ,ul )FIS S C |u|H1(Q$)
S Qbca

<C ) ulirea

Qe
<C Z si(u, u).
Qbcn
Thus, by the representation (5.3.4) of s(-,-),
3 aFls(a;fﬁuf Juf)ps < Cs(u, ). (5.3.27)
S

The estimates (5.3.25), (5.3.26), and (5.3.27) imply (5.3.23). Analogously, at the
coarse stage, we obtain (5.3.24). Then, through the definition (5.3.13) of m,sps34(-, *),
(5.3.23) and (5.3.24) imply (5.3.22).
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Therefore, by Theorem 2.1.3 for the matrix S and the preconditioner Mggps34,

)\min(Ma;zl;s3gS) is bounded independently of the partitioning parameters H and h.

Since (5.3.21) also holds, we conclude that:

k(M. S)<C. O

asbs3g

5.4 Numerical Estimates

The aim of this section is to illustrate the efficiency of the ASBS; preconditioners

when solving equations of the form (2.1.1) by the PCG method.

Example 5.4.1 We solve the Poisson equation:

—Au(z) =f(z) in Q= (0,1) x (0,1)
u(z) =0 on IN.

In the computations, at each stage the unit cube  is partitioned into N = 1/H?3
equal cubes. The mesh size is h for the fine grid, and H/2 for the coarse grid. The

iteration counts are for a reduction in error of 1074.

Table 5.4.1: Condition number and iteration counts for SBS;.

yH*=N|1/h=16 | 32 64

23|l 32369 8| 3.5697 9| 3.6692 9
£ 36275 9| 37039 9| 37250 9
8| 57642 12| 59023 12| 5.9266 12
167 10.1532 16 |10.9779 16 | 11.0591 16

Table 5.4.2: Condition number and iteration counts for ASBS3,.

1/H*=N|1/h=16 32 64
23 3.0767 813.3672 9|3.4036 9
43 3.1926 8|3.5881 9]3.6512 9
83 3.3836 93.7624 9|3.9844 9
163 3.8914 9(4.0684 10)|4.1180 10
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Discussion: Table 5.4.1 shows that for the SB.S3 preconditioning technique, the
relative condition number grows linearly as 1/ H and remains bounded independently
of the mesh parameter h (see Theorem 5.3.4). In Table 5.4.2, for the ASBS;,
preconditioning technique, the relative condition number is bounded independently

of the partitioning parameters H and h (see Theorem 5.3.8).

5.5 Summary

In this chapter, we have introduced a new class of slice-based iterative substructuring
techniques for the SC system (2.2.10) in three dimensions. For the new solvers,
the separate treatment of the wire-basket points (see Section 2.2) is avoided by
partitioning the global interface between all subdomains as a union of faces between
slices, faces between bars inside slices, and faces between subdomains inside bars.
The (two-stage) ASBS; techniques presented here achieve scalability, and therefore
optimal convergence properties, by alternating the (one-stage) SBS; solver (based
on the J-operator on the various faces) in two orthogonal directions. When the two-
grid technique is applied, we solve two-dimensional problems on interfaces (between
slices, between bars inside slices, and between subdomains inside bars) at the coarse
stage, and alternate the direction of the strips at the fine stage. The possibility of
reducing the size of the coarse solver from three to only two dimensions seems to

offer an advantage, especially when H is small.



Chapter 6

Conclusions and Further Remarks

6.1 Overview

In this thesis, we have considered the solution of discrete linear systems of equations,
which result from the finite element approximation of second order symmetric elliptic
PDE’s on bounded domains, via a new class of DD methods. The alternate strip-

based techniques described and analysed in this thesis are:

e optimal with respect to the partitioning parameters,

e suited for parallel computing architectures.

After the claimed convergence behaviour of these methods has been verified, the
next step is to consider some more practical matters. Since the early implementa-
tions of DD methods on parallel computers, programming techniques and computer
architectures have significantly evolved and developing efficient programs for these
architectures needs in general some expertise in parallel programming. In a parallel
setting, it is natural to match the number of subproblems to the number of proces-
sors available. In addition, the amount of storage requirements for each processor
should be roughly similar. The new two-stage methods proposed in this thesis are
all additive techniques. Corresponding multiplicative versions can also be derived.
The convergence rate for additive methods is slower than for the multiplicative ones,
and in general may require twice as many iterations as the multiplicative versions.
On the other hand, additive algorithms tend to be easier to load balance, since the

number of parallel tasks is significantly larger than in the multiplicative case.

151
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An important issue in DD is choosing the subdomains. Very often the choice of
the subdomains is dictated by geometric considerations, e.g. subdomains with reg-
ular geometry are preferable. From a purely computational complexity viewpoint, a
small H provides a better, though more expensive, coarse grid approximation, and
requires solving more subdomain problems of smaller size. However, for problems in
two dimensions, when the ASBS, technique is applied, only one-dimensional prob-
lems need to be solved at both stages. Similarly, for problems in three dimensions,
if the ASBS; technique is applied, then only two-dimensional problems need solving
at both stages.

The results in Chapters 3 to 5 of this thesis remain valid if the solvers for the
subproblems are replaced by spectrally equivalent solvers. In view of extending the
(two-stage) ASB,, ASBS,, and ASBS3; methods from the case of a quasi-uniform
partition of £ to the case when the elements of the coarse grid are shape regular,
or to finite elements with polynomials of higher degree, we note that throughout
our analysis the L2-projection operator can be replaced by other local averaging
operators (see Clément (1975) [29], Ciarlet (1978) [28], Section 3.2.3, Scott and
Zhang (1990) [71], Xu and Zou (1998) [87], Section 4.2.1, or Brenner and Scott
(2002) [17], Section 4.8).

6.2 Time Dependent Problems

Extending the alternate strip-based algorithms to parabolic problems is an area
for future research. We now consider briefly one possible extension based on the
observation that once a parabolic problem has been discretised in time, it can be

viewed as a sequence of elliptic problems.

Differential Form We consider the following model parabolic problem:

~V - aVu(z,t) + au((;, t) _ f(z,t) on Q x (0, T
u(z, 0) = ug(z) on (6.2.1)

u(z,t) =0 on 992 x (0,7,

where the domain Q C RP is a polygon, for D = 2, or a polyhedron, for D = 3;

z = (z1,+--,zp) denotes a generic element in Q and f and ug are given data. The
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coefficient a(z) > «p, for some positive constant ap, is a(z) = 1 (for the heat

equation) or piecewise constant in €.

Variational Form Let
L*(0,T; Hy(2)) =

T
— {u : (0,T) — H;(Q)] u - measurable in (O,T),/ Ju(t)]| 3 qydt < oo}
0

and

C°([0,T); L*(Q2)) = {u: [0, T] — L*()| u - continuous in [0,T]}.
The weak form of problem (6.2.1) is: find u € L% (0,T; H}(2)) N C° ([0, T); L2(£2))
such that:

(V- aVu(t),v) + %(u(t),V) = (f(),v), ¥v € L* (0, T; Hy () (6.2.2)

U(O) = Up,
where (-,-) denotes the scalar product in L?(2).

Finite Element Approximation (Thomée (1984) [79], Morton and Mayers (1994)
[61]) The time discretisation for (6.2.1) is the discontinuous Galerkin method (see
e.g. Johnson (1987) [50], Section 8.4.3). This is based on a uniform partition
0=ty <ty -+ <ty, =T of the time interval [0, 7], with time-step At =ty — tp,
p=20,---,N; — 1, and a finite element formulation in time with piecewise poly-
nomials of degree r. As in the time-independent case, at each given time t,, the
space discretisation is based on a uniform mesh of the domain 2. Let A denote
the space-step at each time t,, S,(§2) be the space of continuous piecewise linear
functions associated with the mesh £, and SP(Q2) C S,(€2), the subset of functions

that vanish on 9{). Let:
V) = {u| u(z, t) Zthﬁ] , ¢; € Sp(Y), (x,t)eﬂx(tp_l,tp)}

and

Var = {u | Wlax (1) € Vi, vp=1,- ,Nt}.
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The full space-time discretisation for problem (6.2.1) is: find u € V{, such that, for
= 1’ T Nt)

[
=

tp d tp
/t ((=V -aVu,v) + a(u, v))dt —ul ,vi) +/t (f,v)dt, Yv e Vy,
’ ’ (6.2.3)

where u,_; = lim u(t,_; +s)and uj_, = sl_i.r(% u(t,_1 + s).

Algebraic Form of the Discretised Equation Let {¢;}7., denote the nodal
basis for SP(2), where m is the number of degrees of freedom for the grid. If we

take:
w(z) = uli(z), ¥p=0,---, N, — 1,
k=1

and v = ¢ (k= 1,---,m) in the case r = 0, then (6.2.3) generates by numerical

integration (trapezoidal rule) the following linear system:
1, At
(AtA + M)uP = MuP™ + - (fP=1+ f7), (6.2.4)

where A and M denote the stiffness and the mass matrix respectively, and uP is the
m vector of the point values {u}}i-,. We note that this is a simple modification of
the backward Euler scheme (see e.g. Johnson (1987) [50], Section 8.4.2) where the
term involving the data f involves an average over the time interval [¢,_;, t,] rather

than the value fP of f at ¢,.

Domain Decomposition for Parabolic Equations When L = AtA + M in
(6.2.4), the condition number (L) is of order O(1 + At/h?) (Quarteroni and Valli
(1994) [65], Section 6.3.2). If At = O(h) or At = O(h?), then k(L) < s(A). In this
case a coarse solver might not be needed for the global communication of information
(see Bank and Dupont (1981) [3]). For developments in Schwarz preconditioners for
parabolic problems we refer to Lions (1988) [53], Cai (1991) [22] and (1994) [23],
Meurant (1991) [58], Israeli et al. (1993) [49], and Lube et al. [54].

Let 2 be partitioned into N nonoverlapping subdomains €2;, and I denote the
global interface between all subdomains. If we write:

I = LII LIE ’

Lig Lee
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where Lj; is the submatrix of L associated with the nodes in 2\ T', and Lgg is the
submatrix of L associated with the nodes in T', then we can use the following LDU
factorisation of L:

I 0 L 0 I Li}Lig
L = X X )

LY.Ly} T 0o S 0 1
where S is the SC matrix defined as S = Lgg — LTz L;; Lig. When Q C R?, using
the same notation as in Chapter 4, the preconditioners M) and Mj, at the first and
second stage of the alternate strip-based substructuring process respectively, can be

described in terms of block matrices as follows:

(L. 0 SaMyt | | oMy oMy, oo | [ L. o o
My=| 0 I, SyuMg} | x| (MY M, 0 |X 0 Ly, 0

| 0 0 Ly |0 0 M, I M ST M'SE Iy |
and

[ L. o o [my o o [ ., M2'S,, MIS.,
My=| STM=' I, 0 0 M M 0 I 0

| STMEE 0 L, | [ o (ME)T mME| |0 o0 I,

In two and three space dimensions, if At < C'H, then by using the one-stage strip-
based preconditioner we would generally expect the condition number of the precon-
ditioned SC system to be bounded independently of the space-time discretisation
parameters H, h and At. For larger At, the same estimate would hold provided

that a two-stage alternate strip-based preconditioner is employed.



Appendix A

Auxiliary Results

In this appendix we prove some of the results underlying the theorems in this thesis.

Proof of Lemma 3.3.1: Let = (0,1) x (0,1), Q° = (0,1) x (0, H) be a strip-
subregion of 2, and u € H'(Q).

(i) If u is equal to zero along one side of size H of Q°, {0} x (0, H) say, then:

_ [*ou(r,y)
u(x,y)—/0 5 dr.

By the Cauchy-Schwarz inequality,

u¥(z,y) = (/0 8ug7-_’y)d1)2 Sz/om (a—“é:—’@)QdTg/ol (3“—((92’@)2(13;.

To complete the proof of inequality (i), we integrate first with respect to y:

H
/ u’(z, y)dy < |u|§ll(ﬂs)a
0

then with respect to z:

Il = [ [ 0o 0)ivde < fulf ey

(ii) If u is equal to zero along one side of size 1 of ¢, [0, 1] x {0} say, then:

_ [YOu(z,T)
u(x,y)—/0 57 dr.

156
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By the Cauchy-Schwarz inequality,

uz(x,y)g(/oy%ﬂdazgy/oy(gu(ai;—) dr <H/ (8uxy> dy.

To complete the proof of inequality (i2) we integrate first with respect to z:

1
| w@ds < Hluly o,
0

then with respect to y:

H 1
||u||%2(93) =/0 /0 u2(:c,y)d:vdy§H2|u|§11(Qs).

(iii) If [V is a side of size 1 of °, [0,1] x {0} say, then:

Y ou(z,T)

u(z,0) = u(z,y) —/0 a—T’dT.

By the Cauchy inequality,

u?(z,0) < 2u®(z,y) + 2 (/Oy %ﬁ’ﬂm)z.

Next the Schwarz inequality and the bound on y imply:

u?(z,0) < 2u’(z,y) +2H/ (w—évyi)) dy.

Integrating with respect to z yields:

/0l (J:O)dac<2/0 xyd:z:+2H//(

Integrating again with respect to y implies:

2
) dydz.

H|[ul32 sy < 2[ul72gqsy + 2H?|ulF (s

Hence:

2
[ullZ2 sy < ﬁ”““%zms) + 2H /| g0
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(iv) For u € H(Q), we can write:

u(z,y) =u(iH,y) +/ Mdr.
iH or

For all (z,y) € §;, by the Cauchy-Schwarz inequality, we deduce:

u’(z,y) < 2u%(iH,y) + 2 </191 Md’r>2

i H 87'

< 2u’(iH,y) + 2(z — iH) /H (WY dr

(i+1)H 2
<2u?(iH,y) + 2H/ (M) dzx.
iH ox

Thus:
H H
/ u?(z,y)dy < 2/ w’(iH,y)dy + 2H a3 g,
0 0

and
(i+1)H ,H
Il = / / (2, y)dydz
< 2H/ 2(iH,y)dy + 2H? lulHl(Qs

On the other hand, it is easy to show that:

H H
| oy <2 [ u(a,p)dy + 25l
0 0

Therefore:
H
A ug(z’H, y)dy < 2”11“%2(93) + 2H|U|§{1(Qs).

Now we can write:

[ullZz,y < 4H |ullZz2iq0) + 6H?[ulfqs. O



A Auxiliary Results 159

Proof of Remark 4.2.1:  As in Section 4.2, let (2.2.1) be the decomposition of the
domain ) into nonoverlapping subdomains with interior cross-points. We consider

the SC system (2.2.10), and write the SC matrix S as:

S:z:x Szv Sa:y
S = Sty Sw Suy
Aa:z Aa:v Azy A,};
— | AT, A Ay |- | AT | x4 x| A A Ay |
L A’fy AI’J;y Iyy A"}Fy
Hence:
sz va S:cy Aza: - A};A[—;AI"B AJ;‘U - A};;AI_IlAI'U Awy - AiIrxAI_IIAIy
ng SU'U S'UZ/ = A?E-‘v - A?UAI_}AICC A'UU - A?UAI_IIAI'U Avy - A}‘UA;IIAIU
S::cry S;;’; Syy A{y - A?yAI—IlAlx Agy - A}ryAI—IIAIU Ayy - A?yAI—IIAIy
(A1)
We also write S in the factored form:
II:E 0 S:vyS;yl Szx TV 0 ]m: 0 0
S = 0 I, LS”,,ySy‘y1 X va w0 X 0 Ly 0 )
0 0 Iy 0 0 Sy Sy Sty SouSey Ly
where
Sﬂ:l‘ SZ'U S"El‘ Sl“l) S{E
e — - v xS;ylx[SZySfy]
ng S‘UU ng va Svy

corresponds to the interfaces between disjoint strips into which the subdomains in

(2.2.1) are assembled. Hence:

Ses Szu Sea — SaySyy SL Szv — SaySyt St

ST, Suw ST, = SuySytST, Sy — SuySytST
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When we replace the matrices on the right hand-side in (A2) by their equivalent
forms from the right hand-side in (A1), we obtain:

St =Ase — AT A7 AL

+ (Awy — ALALL An)(Ayy — AL AT Ar) 7 (A3 — ALAT Al)
Sev =Azw — AL AL Apy

+ (Aay — AL AT Any)(Ayy — AT AT An) ™ (Ag, — AL AT Ar) (A3)
S'gv ZAZv - ACIFUAI_IIAM

+ (Aw — ALAL An)(Ayy — AL AT An) 7 (A, — AL AT Ar)
Spy =Ayy — AL AT} AL

+ (Avy — ALAL Ar) (Ayy — AL AT Ar) 7' (A, — AL AT An).

On the other hand, we assemble the subdomains in (2.2.1) into nonoverlapping
strips, such that the strip interfaces align in the Oz direction. Then, we can write

the SC matrix for the decomposition of {2 into strips as:

—1
S _ Amx Am‘u . A}; Azy % AII AIy < Alm AI’U
AT A, AT A, AL Ay, AL AT

joxh) vy
Note that:
—1
A Ap | In —Af Ay y A} 0
Af, Ay 0 Iy 0 (Ay — AL AT A)™
Iy 0
% -1
_A?yAII Iyy
Therefore:
AJXE A(L"U
S, =
Af’u AUU
_ Ar{z Axy - A’}—‘IAI—Il Aly % "41-11 0 (A4)
L A?‘u Avy - ACIFUAI—IIAIZI 0 (Ayy - A:FyA;IlAIy)_l

AI::: AIv
X .
| AL - AL AL A AL - ALAT A
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After completing the calculations in (A4), we obtain:

Ss = ] Wlth sz) S':w) gT

TV

and S, as in (A3). O

Proof of Lemma 5.3.1: (i;) We prove that if u € H(€)) is equal to zero on
one square face of Y, {0} x (H, (j + 1)H) x 0, H) say, then:

||u||%2(gb5) < C|u|i11(gl§)-
For u € H'() equal to zero on {0} x (FH, (j + 1)H) x (0, H), we write:

[T Ou(r,y,2)
u(z,y, 2) _/0 57 dr.

Thus, for all (z,y, 2z) € QF by the Cauchy-Schwarz inequality,

2 < owr,y,z)
u‘(z,y, 2) < (/0 . dT)
T 2
<o [[(203)
0 87'
1 2
< / (M) de.
—Jo ox

Now (i,) follows by integrating first with respect to y and 2:

H [G+1)H \ \
/ / u (.’L',y,Z)dde S |u|H1(QbS)’
0 JH

then with respect to z:

1 pH pG+DH
||u||%z(Qbs) =/0 /0 /H u?(z,y, 2)dydzdz < |u|§11(n,§)'
J

(i) We show that if u € H'(2%) is equal to zero on one strip like face of QF,
{0} x (0,1) x (0, H) say, then for all (z,y, 2) € Q5:

ullZ20sy < Clulfngs).
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Let u € H'(Q%) be zero on {0} x (0,1) x (0, H), then:
_ [Fou(n,y,2)
u(z,y, z) = /0 Tdr

By the Cauchy-Schwarz inequality, we obtain:

* ou(r,y,2) , \’
2 < Nt
u(z,y,2) < (/o 5 dT>
x 2
0 aT
1 2
< / (M) dz.
- 0 31:

And (iy) follows by integrating first with respect to y and z:

H 1
/ / uz(xay’z)dyd‘z S |u|§{1(ﬂs)a
0 0

then with respect to z:

1 pH g1
“u||2L2(QS)=/O/O /0u2(a:,y,z)dydzdx§|u|§{1(QS).

(ii1) We prove that if u € H'(QF) is equal to zero on one face of ¢, then:
”u”%z(gg) S C’H2|U|§11(QE)

Let u be equal to zero on (iH, (i+1)H) x (jh, (j +1)H) x {0}. For all (z,y, 2) € 2,

we can write:

_ [?Ou(z,y,7)
u(z,y, z) —/0 57 dr.

Thus:
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Now (ii,) follows by integrating first with respect to = and ¥:

G+D)H  pG+1)H
/ / *(a,y, 2)dydz < H]ulp o,

then with respect to z:

) H rG+1)H p@i+10)H \ o 1o
HUHLQ(Qg) :/0 /H /H u’(z,y, z)dydedz < H |u|H1(Q,i,).
i j

(ii;) We show that if u € H'(})) is equal to zero on one strip like face, (0,1) x
(7h, (j + 1)H) x {0} say, then:

||u||22(9,§) < CH2|U|§11(Q,§)-
Let u € HY() be equal to zero on (0,1) x (jh, (5 + 1)H) x {0}, then for all

(z,y,2) € Qf:
u(z,y,2) = / _—3u(a(;,y,r)d7_.
0 T

Thus:

u’(z,y,2) < (/{:wdﬂz
[ (e e
H/ (3uzy, )

Now (ii2) follows by integrating first with respect to z and y:

(G+1V)H
/ / 22,9, 2)dydz < Hlul}ys s,

then with respect to z:

, Ho ol rGHOH .
||u”L2(Q§) :/O /0 /H u’(z,y, z)dydzdz < H IU|H1(QE).
J

(iii;) We prove that if F = (0,1) x (jH, (j + 1)H) x {0} is a face on 8¢, then:

l/\

1
Il < € (10l + i) -
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Let
ou(z,y,
II(CL',y,O)—U.’Ey, / umy

By the Cauchy inequality,

z 2
u?(z,y,0) < 2u®(z,y,2) + 2 </ Mm-) ‘
0 87'

Next the Schwarz inequality and the bound on z imply:

2
u?(z,y,0) < 2u?(z,y, 2 +2H/ (3—"%)> dy.

Integrating with respect to z and y yields:

(G+1DH (G+VH
/ / (z,9,0 dydx<2/ / (z,y, z)dydz

(G+1)H 2
+2H/ / / (M’—Z—)> dzdydz.
0o JjH 0 0z

Integrating again with respect to z implies:
Hllullfepy < 2lullfzqs) + 2H2[ul3 gs).

Hence:

2
MllZe(ry < g llullza@g) + 2H 0l 0g)-

(ili;) We show that if F = (0,1) x (0,1) x {0} is a face on 905, then:

1
Iulfsr < © (g ulEse + Hlulfgs )

Let
U(I,y,O)—u.’E Y,z / au z y,

By the Cauchy inequality,

z 2
u?(z,y,0) < 2u®(z,y, 2) + 2 (/ %Tyﬁ)dv') .
0
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Next the Schwarz inequality and the bound on z imply:

H 2
u¥(z,9,0) < 2uX(z,y, 2) + 2H / (W) dy.
0

Integrating with respect to x and y yields:

1 pl 1 1
/ / u’(z,y,0)dydr < 2/ / u’(z,y, 2)dydz
o Jo o Jo

1 1 H 2
+2H / / / (M) dzdydz.
0 Jo Jo 0z

Integrating again with respect to z implies:
H[u|Z2(py < 2[ull?2gs) + 2H?ul}1 gs)-

Hence:

2
JallZzr < ﬁ”u“%?(nS) + 2H [ul}1 gs)-

(ivi) We prove that for every u € H'(2)) the following estimate holds:

1
Hu||2Lz(ng) < CH® (ﬁ”u”%z(nf) + |u|§11(nf)> :

First we write:

? du(r,y, 2)

u(e,y,2) = u(iH,v,2) + [ dr.

iH 87’

For all (z,y, z) € £, by Cauchy-Schwarz inequality, we deduce:

u(z,y,2) <2u(iH,y,2) + 2 —=dr

H 87'
< 2
< 2u%(iH,y,2) + 2(z — zH)/ (M> dr

iH 87—
(i+1)H 2
< 2u?(iH,y, 2) +2H/ (M) dz.
iH oz

Thus:

H G+0)H H pG+DH
/ / u’(z,y, 2)dydz < 2/ / w’(iH,y, z)dydz + 2Hulf o)
0 7 0 J ’

jH j H
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and

(i+1)H G+1)H
|‘1HL2 @) —/ / / (z,vy, z)dydzdz

(G+1)H ) 91 12
< 2H/ / u‘(iH,y, 2z)dydz + 2H |u|H1(QbS)-

On the other hand;

(j+1)H H (J+1)H
/ / 2(iH,y, z)dydz < 2/ / u?(z,y, 2)dydz + 2H|u|§{1(ﬂf).
o JjiH

Therefore:

(F+1)
/ / uw’(iH,y, z)dydz < 2[|u||isz) + 2H|u|f{1(ﬂf).
0 J
We deduce:
ulZagasy < AH 22, + 65 ulZ s,

from which (iv;) follows.

(ivy) We show that for every u € H'(2%) the following estimate holds:

1
Iy < CH? (ulEas, + s )

We write:

Yy
u(z,y, z) = u(z, jH, z) + / du(z,12)

iH or

For all (z,v, z) € Q°, by Cauchy-Schwarz inequality, we obtain:

Y du(z, T, 2) 2
u’(z,y,2) < 2u’(x,5H, z) + 2 (/ —”——dr)
jH or

y 2
< 2u(z, jH, z)+2/ (M) dr
iH 87'

G+DH 2
< 2u®(z,jH,2) + 2H/ M dy.
i H Oy

Therefore:

1 pH
/ / (z,y, 2)dzdx < 2/ / u’(z, jH, z)dzdz + 2H|u|§11(9bs)
o Jo
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and
(G+VDH 1 pH )
||u||%z(gf) =/ / / u’(z,y, 2)dzdzdy
< 2H/ / (z,jH, z)dzdz + 2H? |u|H1(QS)
Moreover,
1 H 1 H
/ / u’(z, jH, z)dzdz < 2/ / u?(z,y, z)dzdx+2H|u|%,1(Qs),
0 0 0 0
Thus:

/ / (z,jH, 2)dzdz < 2||u||L2(Qs) + 2H|u|H1(QS)

Now (ivy) follows from the inequality:

”u”iz(ﬂf) < 4H||ull32gs) + 6H?[ul? sy O
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