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Abstract

Let X be a complex projective smooth irreducible curve of genus g. We begin by
giving background material on symplectic vector bundles and principal bundles over
X and introduce the moduli spaces we will be studying. In Chapter 2 we describe
the stable singular locus and semistable boundary of the moduli space M x(Sp; C) of
semistable principal Sps C-bundles over X. In Chapter 3 we give results on symplec-
tic extensions and Lagrangian subbundles. In Chapter 4, we assemble some results
on vector bundles of rank 2 and degree 1 over a curve of genus 2, which are needed
in what follows. Chapter 5 describes a generically finite cover of M x(Sps C) for a
curve of genus 2. In the last chapter, we give some results on theta-divisors of rank
4 symplectic vector bundles over curves: we prove that the general such bundle over
a curve of genus 2 possesses a theta-divisor, and characterise those stable bundles

with singular theta-divisors.

Many results on symplectic bundles admit analogues in the orthogonal case,

which we have outlined where possible.
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Chapter 1

Introduction

In this chapter, we introduce the objects we will be studying. Throughout this
thesis, X will denote a complex projective smooth irreducible curve of genus g > 2.
Later we will focus on the genus 2 case.

The first three sections are expository, and the result in § 1.4 is proven essen-
tially by comparing the definitions of S-equivalence for vector bundles and principal

bundles.

Convention: Let Y be a smooth variety and W — Y a vector bundle which has

local trivialisations

Qi WlU,- 1) Ui x C"
over some open cover {U; : ¢ € J} of Y. Then we denote the transition function

¥j° (pi—l'Wi(Wwint) by w; ;.

Note: All our vector bundles are algebraic.

1.1 Symplectic and orthogonal vector bundles

References for vector bundles include Le Potier [29], Vishwanath [53], Seshadri [47]
and Griffiths-Harris [15, Chapters 0, § 5 and 3, § 4] and for curves include Arbarello-
Cornalba-Griffiths-Harris [1] and Griffiths-Harris [15, Chapter 2].
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Let K be a field and V and M vector spaces over K of dimensions n and 1
respectively. Let «: Hom(V, M) — V be a linear map. Then the transpose of « is

the unique linear map ‘a: Hom(V, M) — V such that

¢1 (a(d2)) = b2 (ta(¢1))

for all linear maps ¢;,¢2: V — M. If A is the matrix of a with respect to some
basis then the matrix of ‘e with respect to this basis is just ‘A. If M = K then a
is naturally identified with the dual map of a.

We show that this notion also makes sense for vector bundles. Let Y be a smooth
complex variety, ' — Y a vector bundle of rank n and L — Y a line bundle. Let
a: Hom(F, L) — F be a homomorphism of vector bundles over an open set U C Y.
Suppose that F' and L have transition functions {f;;} and {/; ;} respectively relative
to an open cover {U; : ¢ € J} of Y. Then the map « is given by a cochain {o;} of

n X n matrices which satisfy
tr—1
ai(*fi; Wij = figoy

over UNU; NU;. Again, to get the local expression for ‘a we should take the

transposes of the «;. By the above relation, we have
Lgfig (i) = (ay) figy

equivalently

t

a;(*fi g = fii(Cay)
since the /; ; commute with the other transition functions. This shows that the
cochain {‘o;} defines a map Hom(F, L) — F over U.

Thus in particular it makes sense to speak of symmetric and antisymmetric

homomorphisms Hom(F, L) — F. We denote these respectively by
Sym(Hom(F,L),F) and /\(Hom(F,L),F)).
Remark: Similar statements hold for maps F' — Hom(F, L).

A symplectic (resp., orthogonal) vector bundle over X is a pair (W,w) where

W — X is a vector bundle and w is a bilinear nondegenerate antisymmetric (resp.,
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symmetric) form on W x W with values in a line bundle L — X. Two immediate

consequences of the nondegeneracy of w are:

e There is an antisymmetric (resp., symmetric) isomorphism W = Hom(W, L).

In particular, (det W) = L™W,

e W is symplectic only if it has even rank, since skew-symmetric matrices have

even rank.

We will consider most often bundles of rank 2n, even if W is orthogonal. If there is
no ambiguity we may write just W for (W, w). For example, if W is stable then w

is unique up to nonzero multiplicative scalar.

A subbundle of W is isotropic if w restricts to zero on it. For any subbundle

E C W, we have the short exact vector bundle sequence
0— EY > W — Hom(E,L) >0
where the surjection is the map w — w(w,-)|g and
Et={weW:wwE)=0}

is the orthogonal complement of E. Clearly E is isotropic if and only if E C E*;
this shows that the rank of an isotropic subbundle is at most %rk W. An isotropic

subbundle of maximal rank is called a Lagrangian subbundle.

1.2 Moduli of vector bundles over curves

General references for the theory of moduli spaces include Newstead [36] and Se-
shadri [48]. We will just state the results we need. We begin by recalling the
definition of a coarse moduli scheme (see for example Ramanathan [43, p. 307]).
Denote by Sch and Set the categories of schemes over C and sets respectively and
let F: Sch — Set be a functor. Then a coarse moduli scheme for F is a scheme M
and a natural transformation ¥: F — Mor(—, M) satisfying the following proper-

ties:
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1. There is a bijection between closed points of M and the set F(SpecC).

2. For any natural transformation ¥': F — Mor(—,Y’) where Y is a scheme over

C, there is a unique morphism f: M — Y such that the following diagram is

commutative:
F— L Mor(—, M)
Iy
Mor(—,Y)
Recall that the slope of a vector bundle W — X is the ratio
p(W) = drigv‘;,v :

Then W is stable (resp., semistable) if

u(V) < u(W)  (resp., p(V) < p(W))

for all proper subbundles V' C W. Stable bundles have a number of useful properties:

Lemma 1.1 Let V and W be semistable vector bundles over X with u(V) > u(W).
Then h°(X,Hom(V,W)) = 0. Moreover, if V and W are stable and u(V) > p(W)

then
0ifVZEW

1ifv=ew

In particular, the only endomorphisms of a stable bundle are homotheties.

KO(X, Hom(V, W)) =

Proof

Narasimhan-Ramanan, [35, Lemma 2.1]. 0O

A vector bundle W — X with H*(X,EndW) = C is called simple. Note that

not, every simple bundle is stable.

In order to obtain a nice moduli space, we will need to consider semistable
bundles up to so-called S-equivalence, which is slightly weaker than isomorphism.
It is defined as follows. Let W — X be a semistable vector bundle of slope p. Then
it can be shown (see for example Le Potier [29, p. 76]) that W has a filtration

0=WocW,C---CW,CW, =W



1.2 Moduli of vec¢tor bundles over curves 5

where the W; are (semistable) of slope yx and each quotient —W‘_—l is a stable vector

bundle. Then the bundle

D

=1 Wi_l
is called the associated graded bundle of W and denoted gr, W. Two semistable
vector bundles are said to be S-equivalent if their associated graded bundles are

isomorphic. A vector bundle W is polystable if gr, W = W.

Theorem 1.2 (Moduli of vector bundles) Fix integers r and d with r > 0, and a
line bundle L — X of degree d.

(i) There exist coarse moduli spaces Ux(r,d) and SUx(r,L) for S-equivalence
classes of semistable rank r vector bundles over X of degree d and determinant

L respectively.
(i1) Ux(r,d) and SUx(r,L) are irreducible of dimensions, respectively,

r’(g—1)+1 and (r*-1)(g-1).

(iii) The stable loci are dense in Ux(r,d) and SUx(r,L). The singular locus of
Ux(r,d) consists of exactly the nonstable points except when r = 2, g = 2 and

d is even; in this case it is smooth.

(iv) Ux(r,d) and SUx(r,L) are fine moduli spaces (that is, carry universal families)
if and only if ged(r,d) = 1, equivalently, if every bundle in Ux(r,d) is actually
stable.

Proof
We refer to Le Potier [29, Chaps. 4-8] and Seshadri [47, Chap. 1]. The statements
about SUx(r,L) can be found in Chap. 1, section VI of the latter. [

Jacoblan varieties

We discuss the rank 1 case briefly. Ux(1, d) is the Jacobian variety J% parametrising
isomorphism classes of line bundles of degree d over X. References for this subject

include Birkenhake-Lange [11, Chap. 11] and Griffiths-Harris [15, Chap. 2].
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J% is a principally polarised Abelian variety, and each J% is a torsor over J%
by the action defined by tensor product. J% is a fine moduli space since there exist
Poincaré bundles over J¢ x X.

We will often work with J% '. This variety has a distinguished divisor © whose
support consists of those line bundles of degree ¢ — 1 which have sections. The line
bundle O 4-1(8) is ample, and hO(J% 1, nO) = ns,

For any variety Y, we write Ky for the canonical bundle of Y when this exists.
The Serre involution ¢: J§ ' — J§ ' is the map L — KxL~'. This induces an
involution on the cohomology of n©, and the projectivisations of the +1- and —1-
eigenspaces of this involution are the linear systems of even and odd nO-divisors
respectively, denoted |n©|; and |[n©|_. Clearly the associated maps J% ' — |nO|+

factor through the Kummer variety Kumy = J%'/(.).

Moduli of symplectic bundles

The moduli space in which we are interested is that of symplectic vector bundles
of rank 2n over X, denoted M,. Recall that the group Sp,C is the automor-
phism group of a bilinear nondegenerate antisymmetric form C*" x C** — C. By
definition, the transition functions of a symplectic vector bundle belong to some
representation of Sp,, C at each point of X. Since such matrices have determinant
1, a symplectic vector bundle has trivial determinant, so M, C SUx(2n,Ox). To

find out more about M,, we use the connection with principal bundles.

1.3 Principal bundles and their moduli

References for principal bundles include Oxbury [37], Balaji [3], Bradlow [10] and
Ramanathan [43], [44], [45]). For the theory of algebraic groups, we refer to Springer
[562] and Fulton-Harris [13].

Let G be a complex reductive algebraic group. A principal G-bundle E — X is
a variety on which G acts freely on the right with quotient X, and which is locally

trivial in the étale topology. Here, local triviality means that there is an open cover
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{U; = X :i € J} of X by étale maps h;: U; — X and a G-equivariant isomorphism
¢i: h:E e Uz x G.

for each 7 € J. Just as for vector bundles, over all intersections of open sets U; N Uj

we get transition functions
€ UiﬂUj XG—N—‘%UiﬂUj x G

given by ¢; o¢;1|¢i( Elu,nu,)» which are G-equivariant, and are identified on each fibre

with left multiplication by an element of G.

Associated bundles: Let E be a principal G-bundle and Y a quasi-projective
variety with an (algebraic) left action of G. Then we define the associated G-bundle

E(Y) as the quotient of E x Y by the G-action

(g) (e)y)) = (6 ' 9, g—l ' y)
We mention three important cases of this construction.

e Associated vector bundles: If G acts on C" by a representation then E(C")

is a vector bundle of rank r.

¢ Extensions of structure group: If o: G — H is a homomorphism of al-
gebraic groups then G acts on H by ¢g- h = a(g)h and we get an H-bundle
E(H).

e Coset space bundles: Let H C G be a subgroup such that G/H is a variety
(for example, a parabolic subgroup). Then the left coset space G/H is a G-
space. We get a bundle E(G/H) — X with fibre G/H, which we denote
E/H.

Remark: Following Bradlow [10, Lecture 5], we can construct these objects in a
slightly more explicit way. Let {U; : i € J} be an open cover of X over which F
is trivial, and {e; ;} a corresponding set of transition functions. Then the bundle
associated to a G-variety Y can be given by

(H U; x Y) /{eis}.

ied
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In particular, the transition functions of E(Y') are just the images of those of E by
the action G — AutY. It follows that the vector bundle associated to a principal
Sp, C-bundle via the standard representation Sp,, C < SL,, C is a symplectic vector

bundle. Later, we shall see an inverse construction.

Sections: Making X into a G-variety via the trivial action, we define a section
of a principal G-bundle E over an open set U C X to be a G-equivariant map
s: U = E|y. It is not hard to see that E admits a section over U if and only if E|y
is trivial.

Now let Y be a G-variety. A section of E(Y') can be given by morphisms ¢t': E —
Y such that t'(e- g) = g7!-t'(e) and t: X — E x Y of the form z +— (e, t'(e)) for
some e € E|,. (The first condition implies that another choice (eg, t'(eg)) gives the
same point in F(Y).)

Reduction of structure group: Let H C G be a subgroup. A reduction of
structure group to H is a section of the coset space bundle E(G/H). A reduction
of structure group to H exists if and only if there is an H-bundle E' — X with an
isomorphism E'(G) = E (see Ramanathan [43, § 2.5]). We give three important

cases of this.

o Let G = GL,C and suppose P C G is a parabolic subgroup. Then the fibre
E(G/P)|, is naturally identified with a Grassmannian of subspaces of E(C")|,
and so a section of E(G/P) is an algebraically varying choice of subspace of

constant dimension in each fibre, so we get a vector subbundle.

o If G = Sp,, C then a maximal parabolic subgroup P is the stabiliser of an
isotropic subspace of C** of dimension k € {1,...n}. The quotient Sp, C /P
is the so-called Lagrangian Grassmannian of isotropic subspaces of dimension
k (see for example Fulton-Harris [13, Lecture 23.3]). Therefore, a reduction of

structure group to P in this case corresponds to an isotropic subbundle.

e This is a slightly more intrinsic way to see that a principal Sp, C-bundle yields

a symplectic vector bundle. Given an Sp, C-bundle F, we extend the structure
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group to GL., C by an inclusion Sp, C — GL,,C. Then we have a GL,, C-
bundle F(GLjy,C) which admits a reduction of structure group to Sp,C, so

there is a global section of
E(GL,, C) (GL2,C/Sp,C).

But the quotient GLy, C / Sp, C is naturally identified with the set of nonde-
generate symplectic forms on C?", so we get a global nondegenerate symplectic

form on the associated vector bundle.

Semistability: In order to build a moduli space of principal bundles, again we
need to impose a semistability condition. Let E — X be a principal G-bundle. Let
P be a maximal parabolic subgroup of G and write 7 for the projection E/P — X.

We have a short exact sequence
0— Tg/p = Tgp = mTx = 0

where Ty7% is the tangent bundle of E//P along fibres of m. Then E is stable (resp.,
semistable) if for every reduction of structure group to a maximal parabolic P we

have deg(o*T575) > 0O (resp., > 0).

Remark: Later we will examine the relationship of the (semi)stability of a principal
GL, C- or Sp, C-bundle to that of the associated vector bundle. Note that unless
otherwise stafed, the “associated vector bundle” will always be that corresponding

to the standard representation.

We now describe briefly the notion of S-equivalence for principal G-bundles;
we refer to Ramanathan [43, § 3] for details. Let F be a semistable principal G-
bundle. A reduction of structure group to a parabolic subgroup P C G is said to be
admissible if for every character x: P — C* which is trivial on Z(P), the line bundle
associated to F via x is of degree 0. Let M be a maximal reductive subgroup of P.
(This is also called a Levi component of P, and is isomorphic to the quotient of P
by its unipotent radical.) Then Ramanathan [43, Prop. 3.12] proves that E has an

admissible reduction of structure group to a parabolic P C G, which we call Ep, such



1.3 Principal bundles and their moduli 10

that the associated bundle Ep(M) is in fact a stable M-bundle. By the inclusion
M — G, we form a G-bundle (Ep(M)) (G) which is called the associated graded
bundle of E and is uniquely determined up to isomorphism by this condition. Then

two G-bundles are said to be S-equivalent if their graded bundles are isomorphic.

Theorem 1.3 There exists a coarse moduli space M x(G) for S-equivalence classes

of semistable principal G-bundles over X, with the following properties:
(i) Mx(G) is normal and of dimension (g — 1) dim G + dim Z(G).

(ii) The connected components of M x(G) are irreducible and indexed by the fun-
damental group of G.

(iii) Let E € Mx(G) be a stable G-bundle. Then there exists a holomorphic
neighbourhood of E which is holomorphically isomorphic to a neighbourhood

of 0 in
HY(X,AdFE)
Aw E/Z(G)
where Ad E is the vector bundle E(g) associated to the adjoint representation

of G on its Lie algebra g.

Proof
Ramanathan [43] and [44, Thm. 5.9] for (i) and (ii), and [45, § 4] for (iii). See also
Balaji [3] and Balaji-Seshadri [4]. O

Note: See Gémez and Sols [14] for recent results on moduli of principal bundles

over varieties of dimension > 2.

Now we can describe the moduli space of symplectic vector bundles:

Theorem 1.4 M x(Sp, C) is naturally a moduli space for S-equivalence classes of
semistable symplectic vector bundles of rank 2n over X. Moreover, the natural map

Mx(Sp,.C) — SUx(2n, Ox) is an injective morphism.

Before proving this theorem, we use it and Thm. 1.3 to say a few things about

Mx(Spz C) and M,,.
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1. Mx(Sp,C) and M,, are of dimension n(2n + 1)(g — 1), since dimSp,C =
n(2n + 1) and the centre of Sp, C is {£1d}.

2. Sp, C is simply connected, so Mx(Sp, C) and M,, are irreducible.

3. If F is a stable Sp, C-bundle then it is a singular point of M x(Sp, C) if and
only if it has extra automorphisms’. We will study this in more detail in

Chapter 3.

1.4 Proof of Theorem 1.4

The proof of this theorem is rather long, so we relegate some of the more technical

parts to Appendix A.

Notation: Let W be a semistable vector bundle. We denote the associated graded
vector bundle of W by gr, W. On the other hand, let G be a reductive algebraic
group and F a semistable principal G-bundle. We denote the associated graded
principal G-bundle by gr, E. We consider the following functors Sch — Set:

isomorphism classes of families of semistable
Fam,: S —

principal Sp,, C-bundles parametrised by S

isomorphism classes of families of semistable
Fam,: S —
symplectic vector bundles of rank 2n parametrised by S

Our first step is to show that the functor Fam, is isomorphic to Fam,. Let Y be a
smooth variety of any dimension. Denote Buny (G) the category whose objects are
principal G-bundles over Y and whose morphisms are G-bundle isomorphisms. We
write Vecty™"(2n) for the category of symplectic vector bundles over Y, that is,
pairs (W, w) where W — Y is a vector bundle of rank 2n and w a symplectic form

on W, and whose morphisms are isomorphisms H: W — W' such that H*w' = w.

Theorem 1.5 The categories Buny (Sp, C) and Vecty™?(2n) are equivalent.

'In the terminology of Laszlo-Sorger [30, p. 27|, these are the stable bundles which are not

regularly stable.
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Proof
This is well known; see Appendix A. O

Now we adapt a result of Ramanan [42] to the symplectic case.

Lemma 1.6 Let E — X be a principal Sp, C-bundle and E(C*") its associated
(symplectic) vector bundle. Then F is a stable (resp., semistable) principal bundle
if and only if

u(V) <0 (resp., u(V) < 0)

for all isotropic vector subbundles V C E(C*").

Proof
See Ramanathan [45, Remark 3.1]. O

Lemma 1.7 Let F — X be a principal Sp, C-bundle. Then F is semistable if and
only if W := E(C*") is a semistable vector bundle.

Proof (adapted from Ramanan {42, § 4])
One implication follows immediately from Lemma 1.6. For the converse, suppose
that F is semistable and let F’ be a subbundle of W. Let N C W be the subbundle

generated by F N F+. We have a short exact sequence
0+N->F®F- > M0 (1.1)

where the quotient M is the subbundle of W generated by F 4+ F. We claim that
M = N*. Since the two bundles have the same rank, it is enough to show that one
is contained in the other. Clearly w(F + F1,FNF1)=0,s0 M C N*. Thus we

can form the short exact sequence
0->M->W - N"—0, (1.2)
whence deg M = — deg N* = deg N. Thus, by (1.1) we have
deg(F @ FL) = deg N 4+ deg M = 2deg N. (1.3)
From the short exact sequence

0 Ft W F* 50 (1.4)
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we see deg FL = —deg F* = deg F. Thus deg F' = deg N by (1.3). Clearly N is
isotropic, so by hypothesis and Lemma 1.6 we have deg F < 0. O

By definition, Fam, and Fam, are isomorphic functors if for any scheme S over
C, there is a bijection between Fam,(S) and Fam,(S) such that for any map of

schemes ¢g: T' — S, the following diagram commutes:

Fam,(S) -~ Fam,(T) .

i i

Fam,(S) -~ > Fam,(T)

Let E be a principal Sp, C-bundle over S x X such that E|)xx is a semistable
principal Sp,, C-bundle over X for all s € S. Then by Lemma 1.7, the associated
symplectic vector bundle E(C**) defines a class in Fam,(S). By Theorem 1.5 and
Lemma 1.7, this gives a bijection Fam,(S) = Fam,(S). Now let g: T — S be a

morphism. To see that the above square commutes, we need to show that
9" (E(C™)) = (¢"E) (C*")

for any family E — S x X. This follows from looking at the fibre squares defining
g* (E(CQ")) and ¢*E, since fibre products are unique up to unique isomorphism (see

for example Hartshorne [17, Thm. 11.3.3]).

Thus the functors Fam, and Fam, are isomorphic. This shows that M x(Sp; C) is

naturally a coarse moduli space for semistable symplectic vector bundles of rank 2n
over X. To see that we get a well-defined injective map M x(Sp, C) — SU x(2n, Ox),

we use the following lemma.

Lemma 1.8 Two semistable principal Sp, C-bundles are S-equivalent as principal
bundles if and only if their associated (symplectic) vector bundles are S-equivalent

vector bundles.

Proof
Let E — X be a semistable principal bundle. We will show that

grv (E(C™)) = (grp E)(C™).
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We need a technical lemma;:

Lemma 1.9 Let W — X be a semistable symplectic vector bundle. Then there

exists a filtration
O=WoCcW,C--CW CWHtCcW,Cc---cWhHewit=w (1.5)

where each W; is an isotropic subbundle of degree 0 and L}’j—l is a stable vector

bundle for each i = 1,...k. Then the associated graded bundle of this filtration is

é Wi o Wi\ o Wet
Wi Wi Wy

1=1

isomorphic to

and is the usual Jordan-Hélder grading of W. Moreover, the symplectic form on W

naturally induces a symplectic form on gr, W.

Proof
See Appendix A. O

Write W := E(C?) and consider a filtration of type (1.5). Since the transition
functions of E' can be taken to be the same as those of W, we see that F has a

reduction of structure group to a group P of symplectic matrices of the form

(Al * ok e . \
0 Ay «x *
*
0 0 Ap *
0 0 Agyr % *
0 0 A x
\ 0 LAT!

where A; € GL,,,, Cfort=1,...,k and the Ax, € Spm,c+1 C for some nonnegative
integers my,...,mgy;. Now P is parabolic since it preserves a flag of isotropic
subspaces. (Note that the symplectic form preserved by these matrices is not in

general the standard one.)



1.4 Proof of Theorem 1.4 15

Write Ep for the P-bundle so obtained. We claim that the unipotent radical
of P is the intersection U of P with (our chosen representation of) Sp, C and the

group of matrices of the form

Im, *
0 In, *
0 0 I,

where the identities along the diagonal are of sizes
my,ma, ..., M1, Mg, Mk41, Mg, ..., 1.
To see this?, note that there a homomorphism P — M where

M := GLp, CX -+ X GLyn, C xSpyy, ,, C

given by
(Al * * * \
0 A2 * *
*
0 --- 0 Ay = *
— (AlaAZ) . "Ak7Ak+1)'
0 oo 00 Agpr o ox e %
0 0 AT .
\() tAl—lj

Clearly this is surjective with kernel U. Since the quotient is reductive, the unipotent
radical of P must be contained in U. Since U is a unipotent normal subgroup of P,
we get the reverse inclusion also.

Now we show that Ep is an admissible reduction of structure group.

Proposition 1.10 Let P be a subgroup of the group of invertible matrices of the

%[ am grateful to A. Beauville for this argument.
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form
/Al x % * \
0 A, x *
0 Ap 1 x
\ 0 --- 0 Ak)
where the A; € GLy,, C for some m,, ..., my. (For example, P might preserve a

bilinear form.) Then the group of characters of P is generated by the characters of

the blocks along the diagonal.

Proof
See Appendix A. [

By Prop. 1.10, the character group of P is generated by the characters of the groups
GLn, C,...,GL,, C, Spm,c+l C. It is well known that these are generated by the de-
terminants. Thus, to check that Fp is an admissible reduction of structure group, it
suffices to check that W;/W;_, is of degree 0 for each s = 1,...,k and that W /W,
is of degree 0. But this is clear from the definition of the filtration.

We now check that Ep(P/U) is a stable P/U-bundle. P/U is none other than
M, and Ep(M) is the principal bundle whose transition functions are the images in
M of the transition functions of Ep.

By for example Ramanathan [43, § 2.9, p. 305], parabolic subgroups of M are
in bijection with parabolic subgroups of Sp, C contained in P, and the bijection
is given by @' — Q' N M. (The inverse construction is @ — @ - U.) By Fulton-
Harris [13, Lecture 23.3], a parabolic subgroup of G contained in P is the stabiliser
of a partial flag of isotropic subspaces in C** which includes the flag stabilised by

P. Hence a parabolic of M is isomorphic to a subgroup of the form

Q1 X+ X Qr X Qry1

where @; is a parabolic subgroup of GL,, C for each 7 = 1,...,k and Q4 is a

parabolic subgroup of Sp,,, . C. Clearly @ is maximal if and only if either

(1) Q41 = Sp,y,,, C; for one j € {1,...,k} the group @, is a maximal parabolic
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subgroup of GLy,; C, and @; = GL,, C for all i # j.

(2) Q; =GL,, Cforallie{l,...,k} and Qx4 is a maximal parabolic subgroup
of Spyy,,, C.

Now let 0: X — Ep(M)/@ be a reduction of structure group to Q. Suppose @
is of type (1). Write 7 for the projection Ep(M)/Q — X. There is a short exact
sequence

0— TE?EM)/Q = Tepyg = mTx =0 (1.6)

and we must show that deg(a* T (s /g) > 0.
Now recall that Ep(M)/Q is the bundle associated to the M-space M/Q. We
notice that the action of M on M/Q factorises via the projection M — GL,,; C.

Proposition 1.11 Let E — X be a principal G-bundle and Y a G-variety. Suppose
that there exists a homomorphism of algebraic groups v: G — H such that the

action of G on Y factorises as follows:

Then there is an isomorphism E(Y) = (E(H)) (Y), where Y is an H-space via p'.

Proof

Suppose that {e; ;} is a set of transition functions for E. The transition functions of

E(H) are {v(e;;)} and those of (E(H)) (Y) are {p'(v(e;i;))} = {p(ei;)}. But these

are just the transition functions of E(Y). O

Now M/Q = GL,,; C/Q);. Hence by Prop. 1.11, we have an isomorphism
Ep(M)(M/Q) = (Ep(M)(GLn, C)) (GLi, C/Q;),

that is, Ep(M)/Q = E;/Q;, where we write E; for the GLy,, C-bundle

(Ep(M)) (GLm, C)
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obtained by extension of structure group by the projection v: M — GLy,, C. There-

fore we can replace the exact sequence (1.6) with
and show that deg(o *Tge’/tQ ) > 0, equivalently, that E; is a stable GLy,, C-bundle.

Proposition 1.12 Let E — X be a principal GL, C-bundle. Then E is (semi)stable
if and only if the vector bundle E(C") associated to the standard representation of

GL, C is a (semi)stable vector bundle.

Proof
This is well known; see Appendix A. O

But by inspecting the transition functions of Ep(M), we see that E;(C™) is just
WL,ViT By construction, this is a stable vector bundle. By Prop. 1.12, then, E; is a

stable principal GL;,; C-bundle and we are done.

Now suppose that @ is of type (2). By a similar argument, we reduce to showing
that the Sp,, , C-bundle
EP(M) (Spmk+1 C)

is a stable principal Sp,,, ,, C-bundle. Again by inspecting the transition functions
of Ep(M), we see that this is the symplectic frame bundle of VV—VVI‘:- By construction
(and see the proof of Lemma 1.9), this vector bundle has no isotropic subbundles of

degree 0, so is associated to a stable Sp,,, ., C-bundle.

In summary, Ep(M) is a stable M-bundle. We extend the structure group of Ep(M)
to Sp, C by the inclusion M — Sp, C; the extended bundle (Ep(M)) (Sp,C) is

grp E, by definition. Comparing transition functions, we have

(g1, B)(C™) = EB (e () ) @ e = enw =g (). (1)

We need one more technical result to finish.
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Lemma 1.13 Let W — X be a polystable symplectic vector bundle. Then any

two symplectic forms on W are related by an automorphism of W.

Proof
See Appendix A. O

Now let F and E’ be principal Sp,, C-bundles. Then

E is S-equivalent to E' <= gr, E = gr, E' by definition
(g1, B)(C™) = (gr, B')(C™)
as symplectic vector bundles by Thm. 1.5
< gr, (E(C*™)) = gr, (E'(C*")) as symplectic vector
. bundles, by (1.7).

This implies that the vector bundles E(C**) and E'(C*") are S-equivalent. Con-
versely, if gr, (E(C*")) and gr, (E'(C*")) are isomorphic as vector bundles then by
Lemma 1.13 they are in fact isomorphic as symplectic vector bundles. Reversing
the above chain of equivalences, we see that the principal bundles E and E’ are

S-equivalent.
This establishes Lemma 1.8. O

In summary, we have shown that Mx(Sp; C) is naturally a moduli space for S-
‘equiva,lence classes of semistable vector bundles of rank 2n over X which have
a symplectic structure. To finish the proof of Thm. 1.4, we consider the map
Mx(Sp, C) —» SUx(2n, Ox) taking a principal Sp, C-bundle to its associated vector
bundle, equivalently, the forgetful map (W,w) — W. By Lemma 1.8, it is a well-
defined and injective morphism. By Theorem 1.5 and Lemma 1.7, it is surjective to

M, C SUx(2n, Ox).

This completes the proof of Thm. 1.4. [
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I am interested in studying the map Mx(Sp,C) — SUx(2n, Oy) further. In
particular, I would like to know whether it is an embedding, and to study its differ-

ential.

Overview

The goal of this thesis will be to study the geometry of Mx(Spa C). In the next
chapter, we study the singular and strictly semistable loci of M x(Sp, C) for a curve
of genus g. We then digress slightly to develop some properties of symplectic exten-
sions and isotropic subbundles. Following this, we look at the genus 2 case: after
giving some technical results on vector bundles of rank 2 and degree 1 over a curve
of genus 2, we show how Mx(Sps C) can in this instance be covered by projec-
tivised extension spaces, in the spirit of Narasimhan-Ramanan [34]. We conclude
by giving some results on theta-divisors of symplectic vector bundles: we use the
aforementioned covering to prove that a general rank 4 symplectic vector bundle over

a curve of genus 2 possesses a theta-divisor, and characterise those with singularities.

Note: Since Sp,, C is a special group in the sense of Serre, all principal Sp, C-
bundles are in fact locally trivial in the Zariski topology; see for example Sorger [50,

Remark 2.1.2]. This is important as we will often use local coordinates.



Chapter 2

Singular and semistable loci of

M x(Sps C)

In this chapter we describe the stable singular locus and semistable boundary of
M x(Sp, C) for a curve of genus g. We begin by adapting more results on orthogonal
bundles in Ramanan [42] to the symplectic case. The description of the stable
singular locus of M x(Sp, C) then follows easily. For the semistable boundary, we
examine all the possibilities for a filtration of type (1.5) for a symplectic vector

bundle of rank 4, and show how the corresponding loci in M x(Sp, C) fit together.

2.1 Stable singular points of M x(Sp, C)

We prove a lemma which gives useful information on the structure of the vector

bundle associated to a principal Sp, C-bundle.

Lemma 2.1 Let £ — X be a principal Sp,, C-bundle. Then FE is stable if and only
if E(C*") is an orthogonal direct sum of mutually nonisomorphic stable symplectic

vector bundles.

Proof (adapted from Ramanan [42, § 4])
As before, we write E(C*") =: W. Suppose W is an orthogonal direct sum of stable
symplectic vector bundles W; and let ' C W be a subbundle of degree 0. Now F

is a semistable vector bundle since W is semistable and of degree 0. Since a map

21
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between semistable vector bundles of the same rank and degree is of constant rank,
the image of the projection map F' — W; is a degree 0 subbundle of W;. Since each
W; is stable, each of these projections is zero or surjective. Hence F' is a direct sum
of some of the W;, so is not isotropic in W. Therefore E is a stable principal bundle
by Lemma 1.6.

Conversely, suppose E is a stable principal bundle. Then W is a semistable
vector bundle by Lemma 1.6. Suppose F' C W is a nonzero subbundle of degree 0.

By Lemma 1.6 and our hypothesis, F' is not isotropic. We have the exact sequence
0-N->F®Ft - M0 (2.1)

where N and M are again the subbundles generated by F N F+ and F + FL.
We show N = 0. Now deg F'* = —deg F* = deg F = 0 by the exact sequence
0 —» FY - W — F* — 0. Hence, by (2.1) we have

deg N + deg M = deg F + deg F+ =0

Now if N # 0 then deg N < 0 by Lemma 1.6 and by hypothesis, since /N is isotropic.
But then deg M > 0 strictly; this would contradict the semistability of E. Therefore
N =0.

This implies that M = F @ F*. Counting ranks, we see W = M, an orthogonal
direct sum.

To see that F' and F'* are mutually nonisomorphic, note that if F* were isomorphic
to F* then the inclusion f — (f,v/—1f) would give an isotropic subbundle of W
of degree 0, contradicting stability of the principal bundle E. Moreover, F and Ft
are symplectic vector bundles: since F N F+ =0 and (F1)1 = F, the form on W is
nondegenerate on both F' and Ft.

If F and F* are stable vector bundles, we're done. If, say, G C F is a destabil-
ising subbundle of degree 0 then G is nonisotropic because E is a stable principal
Sp, C-bundle. So we can repeat the above procedure to write F' = G & G+. By

induction, we see W has the desired form. [

Let F — X be a stable principal Spy C-bundle. By Theorem 1.3 (iii), there is
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a neighbourhood of E in M x(Sp, C) which is isomorphic to a neighbourhood of 0

in
HYX,AdE)
Aut(FE)/ Z,

since Z(Spp, C) = Zy. A stable bundle is therefore singular only if it has automor-

phism group strictly bigger than {£Id}.

Corollary 2.2 Let E — X be a stable Sp,, C-bundle and Aut E the automorphism
group of E. Then Aut E = {£1d} if and only if W := E(C*") is a stable vector
bundle.

Proof (adapted from Ramanan [42, §4])

By Lemma 2.1, the bundle W is an orthogonal direct sum @._, W; for mutually
nonisomorphic stable symplectic vector bundles Wi, ..., W,. Thus Aut(FE), which
is identified with the group of symplectic automorphisms of W by Theorem 1.5, is
isomorphic to Zj. Thus Aut(E) = {£1d} if and only if r = 1, that is, W is a stable

vector bundle. O

Theorem 2.3 Let E — X be a stable Sp,, C-bundle. Then the following are equiv-

alent:
(1) W := E(C®") is a strictly semistable vector bundle.

(2) W = @]_, W; for mutually nonisomorphic stable symplectic vector bundles
Wl)---,Wr; with r > 1.

(3) E belongs to the singular locus of the stable part of M x(Sp, C).

Proof

(1) = (2): By Lemma 2.1, we have W = @._, W;, an orthogonal direct sum of mu-
tually nonisomorphic stable vector bundles. Since semistability is strict, r > 1.
(2) = (3): In this case Aut(E) = Z7 with r > 1. By Thm. 1.3 (iii), there
is a neighbourhood of E in M x(Sp,C) which is (holomorphically) isomorphic to
H'(X,Ad E)/T where I' 2 Z}~!. This means that there is a finite-sheeted branched

covering of a neighbourhood of E by a domain in some CV whose branch locus is
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contained in the set of bundles with extra automorphisms. It is not hard to show
that this set has codimension at least 2. Therefore, by Prill [41, Thm. 1], the bundle
E is a singular point of M x(Sp,, C).

(3) = (1): By Theorem 1.3 (iii), we see that Aut(F) is bigger than {+1d}. Hence
W is strictly semistable by Corollary 2.2. 0O

Corollary 2.4 Let E — X be a stable Sp; C-bundle. Then E is a singular point
of Mx(Sp; C) if and only if E(C*") = W, @ W, for stable, mutually nonisomorphic
Wy, Wy € SUx(2, Ox).

Proof
By Theorem 2.3, the bundle E is singular if and only if E(C*") is a direct sum of
at least two mutually nonisomorphic stable symplectic vector bundles. Since all line

subbundles of W are isotropic, the summands must have rank at least 2. The result

follows because F(C*") is of rank 4. O

Conclusion: The stable singular locus of Mx(Sp, C) is the image of the com-
plement of the diagonal in the second symmetric product of the stable part of
SUx(2,0x) by the map (Wi,W;) — W, @ W,. Thus it has dimension 6g — 6
by Theorem 1.2 (ii).

2.2 The semistable boundary of M x(Sp; C)

In this section we characterise the S-equivalence classes in M x(Sp, C) corresponding
to vector bundles containing an isotropic subbundle of degree 0, that is, vector
bundles associated to strictly semistable principal Sp,; C-bundles.

By Lemma 1.9, we can find the graded vector bundles associated to points in the
semistable boundary by considering just the possible filtrations of a rank 4 symplec-
tic bundle by isotropic subbundles of degree 0 and their orthogonal complements.

There are three possibilities:

1. 0c L c Lt ¢ W where L is a line subbundle of degree 0
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2. 0 C F = F+ C W where F is Lagrangian of degree 0

3.0C LC F=F'c L' CcW where L and F are isotropic of degree 0 and

ranks 1 and 2 respectively
The corresponding graded bundles are
1. L& L '@V where V = % is a stable symplectic vector bundle of rank 2
2. F@ F*: since F is Lagrangian, % = F*
3. LOoL &M @M where M = £

Conversely, it is easy to see that every such direct sum carries a symplectic form.
We list the components of the semistable boundary of M x(Sp; C). In the following
table, L, and L, are distinct points of J% and F is a stable point of Ux(2,0). We
denote by V a stable point of SU x(2, Ox). Lastly, M; and M, are distinct points of
J%[2], the 2-torsion subgroup of J%. If U is a moduli space of vector bundles over

X, we denote its stable locus by U*.

Polystable rep. Description Dimension
A LoL'leVv Kumy xSUx(2,0x)*| 4g—3
B FoF* Us, (2, 0)/duality 49 -3
C |LhoLi'eL,eL;! Sym® Kumy 29
D (L, & L71)®? Kumy g
A’ MPPoV JY[2] x SUx(2,0x)* | 3g—3
B’ VeV SUx(2, Ox)® 3g—3
| MPoL oL J%[2] x Kumy
C" MP* o MP? Sym? J%[2]
c" M@ J%[2] 0

The diagram overleaf shows how the biggest components intersect.
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All components except for B are contained in the closure Sym?* SU x (2, Ox) of

the (6g — 6)-dimensional stable singular locus described in the last section,

Caution: Not every vector bundle S-equivalent to a polystable bundle in the table
above carries a symplectic form. For example, let ¥ — X be a stable bundle of

degree 0, rank 2 and nontrivial determinant. Let W be an extension
0> F->W-=F"—>0

whose class 6(W) € H'(X,Hom(F*, F)) is not symmetric; such W exist since
R(X,\°F) = g—1 > 0. Clearly W is S-equivalent to a symplectic bundle of
type B in the table. By hypothesis, /\2 F* = (det F)~! has no global sections, so
F would be isotropic with respect to any symplectic form on W. Therefore, by

Criterion 3.4 from the next chapter, there does not exist any symplectic form on W



Chapter 3

Symplectic and orthogonal

extensions

We begin this chapter by reviewing some results on extensions of vector bundles, and
describe the sheaves of sections of such extensions. We then prove some technical
results which will be used later. The most important is Criterion 3.4, which gives in
particular a method of constructing a rank 2n symplectic or orthogonal extension
from a given vector bundle of rank n. We then generalise a result of Mukai to
describe almost all rank n subbundles of such an extension, with a criterion for
isotropy. We conclude by adapting this criterion to a particular case which will be
studied in a later chapter.

§ 3.1 contains generalisations of results in Kempf [19, Chapter 6] on extensions
of invertible sheaves to the case of arbitrary rank. Criterion 3.4 was suggested by S.
Ramanan (the proof is my own). For the rest of the chapter, we apply these results
to the generalisation of Mukai (32, Example 1.7] to the case where the extension

may not split. Some of this work can be found in Hitching [18].

3.1 Extensions of vector bundles

References for this subject include Seshadri [47, Appendix II], Narasimhan-Ramanan
[35] and Atiyah [2]. The approach we shall follow, however, is that of Kempf [19,
Chapter 6.

27
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Notation: Let X be a complex projective smooth irreducible curve of genus g.
We denote the sheaf of sections of a vector bundle (E, F, W etc.) over X by the
corresponding script letter (£, F, W etc.) For a vector bundle V — X, we have an

exact sequence of Ox-modules
0 =V — Rat(V) = Prin(V) = 0

where Rat(V) is the sheaf of rational sections of V and Prin(V') the sheaf of principal
parts with values in V. We denote their groups of global sections by Rat(V) and
Prin(V) respectively. The sheaves Rat(V) and Prin(V) are flasque, so we have the

cohomology sequence
0 —» H°(X,V) = Rat(V) = Prin(V) - H'(X,V) = 0. (3.1)

We denote $ the principal part of s € Rat(V), and we write [p] for the class in
HY(X,V) of p € Prin(V).

Now let £ and F be vector bundles over X. We shall consider short exact

sequences of the form

0>E—->W—>F—0. (3.2)

Two such extensions W and W' of F by E are said to be isomorphic if there is a
vector bundle isomorphism W = W' which induces the identity on E and F'. We
want to classify extensions of F' by FE up to isomorphism. The basic tool is the
notion of the cohomology class of an extension. Applying Hom(F, —) to (3.2), we

form the cohomology sequence
... > H%X,End F) - H'(X,Hom(F,E)) — ---

The class of the extension W is defined to be the image §(W) of the identity map on
F in HY(X,Hom(F, E)). This has been much studied. Following Kempf [19, Chap.
6], we will formulate the notion in terms of the sheaves of sections of E and F, as
this will be useful later.

We begin by characterising those locally free O x-submodules of Rat(F) ®Rat(F)

that are the sheaves of sections of extensions of F' by E. It is not hard to see that
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this is equivalent to W having the following two properties (here 7 is the projection

of Rat(F) @ Rat(F') onto the second summand):
(1) Wn (Rat(E) ® {0}) = € & {0}
(2) n(W)=F

Such W can be built using principal parts as follows. Let p be a global section of
Prin(Hom(F, E')) and consider the Ox-module W, defined, by analogy with Kempf
19, p. 46], as

U {(e, f) € Rat(E)(U) ® F(U) : e = p(f) }.

One easily checks that this satisfies the required properties. The next lemma shows

that in fact this is the whole story.

Lemma 3.1 Let W be an extension of F' by E. Then W is of the form W, for
some uniquely defined p € Prin(Hom(F, E)), and the correspondence p <> W, is a
bijection between Prin(Hom(F, E)) and the set of extensions of F' by E.

Proof !

By (2), we have W C Rat(E) @ F. Let ¢ be the canonical map
Rat(E) ® F — Prin(E) ® F

given by (e, f) — (€, f). We denote by 7 the projection of Prin(F) @ F onto the
second summand.

We show that (1) and (2) imply that #|y ) is an isomorphism ¢(W) & F.
Since 7 o ¢ = m, property (2) shows that 7|4w) is surjective. As for injectivity: let
(e, f), (¢, f) € g(W). Because g(W) is an Ox-module, the difference (e, f) — (¢, f)
also belongs to ¢(W), and then

(e—¢,0) € q(W)N(Prin(E) & {0}).

But property (1) implies that ¢(W) N (Prin(E) & {0}) = {0}, so e — ¢’ = 0 and

€ = ¢'. Hence #|qw) is injective.

1This proof is my own.
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Proposition 3.2 Let § and T be Ox-modules and I" an O x-submodule of S® T.
Then the projection of I' to T is an isomorphism if and only if T is the graph of a

(necessarily unique) homomorphism of O x-modules T — S.

Proof
If T is the graph of an Ox-module homomorphism then clearly the projection to 7

is an isomorphism. Conversely, if we have a diagram

ST
S T

where pr|r is an isomorphism then T is the graph of pso (pr|r)™': T = S. O

We return to the proof of Lemma 3.1. By Prop. 3.2, we see that q(W) is the
graph of a unique Ox-module homomorphism F — Prin(E). By the canonical
isomorphism

Homg, (F, Prin(E)) = Prin(Hom(F, E)),

there exists a unique p € Prin(Hom(F, F)) whose graph {(p(f), f) : f € F}is ¢(W).
Now we claim that ¢~!(qg(W)) = W. It suffices to show that ¢~!(g(W)) satisfies
properties (1) and (2). By the definition of ¢ and the remarks just made, we have

g (gW)) ={(e, f) € Rat(E) & F : (&, f) = (p(f), )}
which is none other than W,, and we have already noticed that this satisfies (1) and

(2). Hence W = W,. Since p is unique, the association p — W, is a bijection.

This completes the proof of Lemma 3.2. [

Lemma 3.3 (i) The boundary map H°(X, F) — H'(X, F) is given by cup prod-
uct by the cohomology class [p].

(i1) The cohomology class 6(W) is equal to [p].

(i) Two extensions W, and Wy are isomorphic if and only if [p] = [p'].
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Proof

This is proven in Kempf [19, pp. 48-51]) for the case where £ and F are invertible,
and the arguments are readily adapted to the case of arbitrary rank. We will,
however, give explicitly the isomorphism W, = W,, when [p] = [p'] as this will be
needed later.

By (3.1), the cohomology classes [p] and [p'] are equal if and only if p’ = p + 8
for some global rational section 8 of Hom(F, E). Then the map W, — W, given by
(e, f) = (e + B(f), f) is an isomorphism of Ox-modules which induces the identity
on £ and F.

Lemma 3.3 (iii) shows that isomorphism classes of extensions of F by F are
parametrised by H!(X, Hom(F, E)). However, isomorphism of extensions is stronger
than isomorphism of vector bundles. For example, the group Aut(E) x Aut(F)
acts on H'(X,Hom(F, E)) (see for example Le Potier {29, § 7.3]) preserving the
isomorphism class of the underlying vector bundle. In particular, for any A € C*
the extension with class A - §(W) is isomorphic to W as a vector bundle. We will

often work with the projectivised extension space P H'(X, Hom(F, E)).

Notation: Let V be a vector space of finite dimension over C and let v be a

nonzero element of V. Then we write (v) for the class determined by v in PV.

3.2 Symplectic and orthogonal extensions

Let L — X be a line bundle and W — X a vector bundle of rank 2n with an L-
valued symplectic or orthogonal form. Suppose F' C W is a Lagrangian subbundle.

Then there is an exact sequence
0> F—>W—Hom(F,L) >0
since F' = F1. Conversely, it is natural to ask for which extension classes
§(W) € H'(X,Hom (Hom(F, L), F))

such a sequence is induced by a bilinear antisymmetric or symmetric form. We have

the following criterion.
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Criterion 3.4 An extension 0 - F — W — Hom(F, L) — 0 carries a symplectic
(resp., orthogonal) structure with respect to which F is isotropic if and only if W
is isomorphic as a vector bundle to an extension whose cohomology class belongs to

HY(X,Sym(Hom(F, L), F)) (resp., H*(X, A(Hom(F, L), F))).

Proof
We prove the criterion for the symplectic case; the orthogonal case is practically
identical. Firstly, suppose §(W) is actually symmetric. By Lemma 3.1, there exists

p € Prin(Hom(Hom(F, L), F)) such that the sheaf W is of the form
{(e,9) € Rat(F) ® Homo,(F, L)) : € = p(¢)} = W). (3.3)

To say that (W) = [p] is symmetric is to say that

‘p-p=a

for some o € Rat(Hom(Hom(F, L), F)). Replacing p by p + ¢ if necessary, which
by Lemma 3.3 (iii) does not change the isomorphism class of the extension, we can
assume that 'p = p.

Now we define a Rat(L)-valued bilinear nondegenerate antisymmetric form
w: (Rat(F) ® Rat(Hom(F, L)))* — Rat(L)

by w ((f1,81), (f2; #2)) = ¢1(f2) — #2(f1). By (3.3), for any (f1, 1), (f2, 2) € W,
the principal part

w ((f1, 81), (f2, #2)) = b1(p(d2)) — d2(p(¢1))
= ¢2(('p — p)(¢1))

which is zero since p is symmetric. Thus w is regular on W, x W,. It is clearly
Ox-bilinear and nondegenerate, and F is isotropic. Thus w induces a global regular
bilinear antisymmetric form W x W — L with the required properties.

For the general case, we note that w pulls back to give the required symplectic
structure to any vector bundle isomorphic to W, which need not be isomorphic as

an extension.
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Conversely, suppose that W carries a symplectic form w with respect to which
F is isotropic. Choose transition functions {f;;} and {l; ;} for F and L respectively
over an open cover {U; : i € J} of X. Then the transition functions of Hom(F, L) are
{f;}'li;} and there exist trivialisations for W over {U;} whose transition functions

are of the form
fij i
-1
0 ! i, iz

where §(W) is defined by the 1-cocycle {4;;}.

Wi,j =

Now w is given with respect to {U;} by a cochain {€;} of antisymmetric matrices
which satisfy
(157 wigQuwi g = Q (3.4)

on the intersection U; N U; for all ¢, j € J, since w induces a homomorphism
W — Hom(W, L).

We write
A, B

~'B; C;
where {A;}, {B;} and {C;} are M, ,(C)-valued cochains and all the A; and C; are

Q =

antisymmetric. Firstly, we have A; = 0 for all 7 because F' C W is isotropic.

Expanding condition (3.4), we see that
Bi(*fi;) = (£i;)B;

so {B;} defines an endomorphism of F* and also of Hom(F, L). Since all the A; are
zero but the form is nondegenerate, this must have rank n, so is an automorphism.

Also by (3.4), we have
i Bi S} — i ('Bi)bi; = Ci — £ Cili (U F1).

(Although a priori *B;d; ; and '6; ;B; map between different spaces, the transpose
of *B;d; ; is in fact defined by '4; ;B; by the discussion in Chapter 1, § 1.) This
shows that the difference between the cocycle {*B;; ;} and its transpose is coho-

mologically trivial. Hence the cohomology class defined by {‘B;d;;} belongs to
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HY(X,Sym(Hom(F, L), F)), and this class belongs to the same orbit as the class of
§(W) under the action of Aut(F) on H'(X, Hom(Hom(F, L), F)), so the extensions

are isomorphic as vector bundles. [J

Remarks

1. For any 8 € Rat(Hom(Hom(F, L), F)), the isomorphism W, = W, 5 de-

scribed after Lemma 3.3 carries the form w into the form w’ on W, 5 given
by
W' ((f, 1), (f2,82)) = 61(f2) — d2(f1) — $2((8 — *B) (1))

This shows that the symplectic form constructed in the first part of this proof

does not depend on the choice of p representing §(W).

. We notice that if u € H*(X, A(Hom(F, L), F')) is nonzero then the symplectic

form is not unique, as we obtain another regular one by adding ¢»(u(¢1)) to
the expression for w ((f1, 1), (f2, #2)). However, this situation will rarely arise

for us.

. If W is orthogonal of rank 2 and F C W is an isotropic line subbundle then

we have W = F @ F~'L because \> F = 0.

3.3 Vector subbundles and graphs

Firstly, we recall some linear algebra. Let K be a field and M, V and V' vector

spaces over K of dimensions 1, n and n' respectively. If V' = Hom(V, M) then we

can define a bilinear nondegenerate antisymmetric form

by

w: (V@®Hom(V,M))** = M

w ((v1,%1), (va,%2)) = 1 (v2) — Yalv1).

The following is a slight generalisation of Mukai [32, Example 1.5].
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Lemma 3.5 (i) There is a bijection between Homg(V',V) and the set of n'-
dimensional K-vector subspaces of V @& V' which intersect V' in zero, given by

associating to a map (3 its graph I's.
(ii) The kernel of such f is canonically isomorphic to I's N ({0} & V).

(iii) If V' = Hom(V, M) then 'y is isotropic with respect to w if and only f is

symmetric.

Proof
This is straightforward to check. O

Now let F and F be vector bundles of rank n and m respectively over X. Con-
sider an extension 0 -+ E — W — F — 0 with sheaf of sections W, and class
§(W) = [p] € H(X,Hom(F, E)). We want to study vector subbundles G C W of
rank m whose projection to F' is generically surjective.

Now Rat(FE) and Rat(F') are vector spaces of dimensions n and m respectively
over K(X), the field of rational functions on X. The following theorem, globalising
Lemma 3.5, is a generalisation of Mukai [32, Example 1.7] to the case where W may

be a nontrivial extension.

Theorem 3.6 (i) There is a bijection

rank m vector subbundles
Homg x)(Rat(F),Rat(E)) & { G Cc W withG|;NE|, =0
for generic z € X
The bijection is given by 8 <> I's N W,,; the inclusion of this subsheaf in W,

in fact corresponds to an injection of vector bundles. Moreover, I's N W, &

Ker(p — f).
(ii) Ker(Blg) = (TN W,) N ({0} & F) (although we will not use this result).

(iii) Suppose F = Hom(F, L) and W is a symplectic extension with sheaf of sec-
tions W, defined by a symmetric principal part p and symplectic form w as
defined in the proof of Criterion 3.4. Then G is isotropic with respect to w if
and only if 13 = B.
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Proof
(i) Let G C W be a vector subbundle of rank m intersecting E in zero except at

a finite number of points. Then Rat(G) is a K(X)-vector subspace of
Rat(W) = Rat(F) @ Rat(F')

of dimension m which intersects Rat(F) in zero. By Lemma 3.5 and the remarks

just before this theorem, Rat(G) is the graph I'g of some uniquely determined
B € Homg(x) (Rat(F),Rat(E)).

Furthermore, G = I'sNW, since a regular section of G is the same thing as a rational
section of G which is a regular section of W.

Conversely, we claim that the the association
B=TgNW, =:Gg

defines a subsheaf of W, which in fact corresponds to a vector subbundle Gy C W

with the required properties. By the definitions of I's and W, we have

G5 = {(B(1), f) € Rat(B) @ F : p(f) = B()}

This is clearly isomorphic to the kernel of the map

(p—B): F — Prin(E)
via the projection of Gg onto its image in £. (The inverse map is f — (B8(f), f).)
But since any principal part is supported at a finite number of points, (Gp); = Fy
for all but finitely many = € X. Hence Gg has rank n and projects surjectively to
F at all but a finite number of points of X.
We now check that Gg actually corresponds to a vector subbundle of W. The

inclusion Gg < W, induces a short exact sequence of Ox-modules
0=2Gs—->W, - Q=0

where Q is coherent. Let G’ denote the inverse image in W, of the torsion subsheaf

of Q. Clearly G' contains Gg. Now G’ corresponds to an injection of vector bundles
y B
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G' — W by Atiyah [2, Prop. 1] since by construction W,/G' is locally free. But in
fact Rat(G') = T'g; this is because G’ is contained in Gg(D) for some divisor D on
X, so they have the same sheaf of rational sections. Hence G’ C I's " W, = Gg, so
in fact Gg = G’ corresponds to a vector subbundle Gg C W.

We need to see that the associations
ﬂ((—)Fgf—)FﬁﬂWp)l—)Gﬁ (A)

and

G~ (Rat(G) =Ty ) B (B)

are mutually inverse. B o A is the identity because Rat(Gp) is clearly contained in
['s, hence is equal to it because they are both K (X)-vector spaces of dimension m.
Conversely, A o B is the identity because Rat(G) N W, = G for any subbundle G of
W. Thus we have a bijection.

(ii) Suppose (8(g),g) € T'g N W,. Then S(g) = 0 if and only if
(B(g),9) € (Ts N W,) N ({0} & F).
(iii) The symplectic form on W is induced by the restriction of
w: Rat (E @ Hom(E, L))** — Rat(L)

to W, x W, so the criterion for isotropy follows from Lemma 3.5 (iii). O

Remarks

1. Suppose that h°(X,Hom(F, E)) = 0. Then principal parts defining the coho-
mology class §(W) = [p] are in bijection with rank n subbundles G C W lifting
from F via g +> Ker (¢: F — Prin(E)). Indeed, by the proof of Thm. 3 (i), the
sheaf of sections of G is isomorphic to Ker(p—f) for some 8 € Rat(Hom(F, E));
by (3.1) we have [p— ] = [p] = §(W). Conversely, if 5(W) = [q] then ¢ = p— 5
for some B8 € Rat(Hom(F, E)), which is uniquely determined by hypothesis.
Then the subsheaf Ker(q) C F lifts to the rank n subsheaf I's N W, of W, by
the map f — (8(f), f); by the proof of Thm. 3 (i) this corresponds to a vector

subbundle. It is easy to see that these constructions are mutually inverse.
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2. If W is symplectic of rank 2, then Theorem 3 gives another proof of the

(obvious) fact that every line subbundle of W is isotropic.

We make an observation:

Lemma 3.7 The K(X)-linear map 8 of Theorem 3 (i) is everywhere regular on
Ker(p — f).

Proof
If the supports of p and B are disjoint, then this is clear. Suppose the supports

coincide at a point z € X. Then the maps

pl‘)Bz and (p - B)z € HomOxJ((gﬂ)$1_Pr_in(Eﬂ)z)

are given locally by matrices of rational functions on a neighbourhood of z. Since
X is of dimension 1, we can assume that the numerators and denominators of each
of these functions are relatively prime, and then in fact the denominators determine
the maps.
The key point is that by the identity
a b _ ah —bf
f h fh '’

the denominators of the entries of the matrix (p — B), are at worst the products of

the corresponding entries of p, and §,. Since G5 = Ker(p— ), the value (p—).(g)
is regular for any g € (Gg),. But for regular functions a, f and h, if J?—h is regular

then so is §. Hence 8 itself is regular on (Gg),. O

3.4 A criterion for isotropy

In this section we specialise to a case we will be studying later. Let FF — X
be a vector bundle of rank n such that Hom(F™*, F) has no global sections. Let
0= F —= W — F* — 0 be a symplectic extension with sheaf of sections W, for a
symmetric principal part p and G C W a subbundle of rank n which intersects F'
generically in rank 0. By the first remark after Thm. 3, the sheaf G is isomorphic
to Ker(q) for some ¢ € Prin(Hom(F*, F)) such that (W) = [q].
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Criterion 3.8 The subbundle G is isotropic if and only if q is a symmetric principal

part?.

Proof
By Theorem 3 (i) we have G = I's N W, for some § € Rat(Hom(F*, F)), and
G = Ker(q) where ¢ =p — 8.

We claim that S is symmetric if and only if B is. One direction is clear. Con-
versely, suppose 3 = 3. By (3.1), the difference 3 — 3 is a global regular section of
Hom(F*, F'), which is zero by hypothesis. Hence g is symmetric.

Thus by Theorem 3 (iii), the subbundle G is isotropic if and only if {3 — 8 = 0.
Now tp —p =0, so

‘g—q="p-B)—(p—B)=B8-18.

Hence G is isotropic if and only if ¢ is a symmetric principal part. [J

Remark: This result holds with no change of statement if we only assume that
tp — p =@ for some a € Rat(A” F*) and work with the symplectic form w' on W,
defined by

W' ((f1,01), (f2,82)) = d1(f2) — d2(f1) — b2 (o)) .

The orthogonal case

There are natural analogues to Lemma 3.5 (iii) and Theorem 3 (ii) for the orthog-
onal case which are proven identically. For Lemma 3.5 (iii), we define a bilinear

nondegenerate symmetric form 6 on V & Hom(V, M)*?2 by

0 ((v1,%1), (v2, ¥2)) = Y1 (v2) + a(v1)

and require 8 to be antisymmetric instead of symmetric, and similarly in the or-
thogonal version of Theorem 3. Criterion 3.8 holds if W is an orthogonal extension

defined by an antisymmetric principal part p and we ask that ¢ be antisymmetric.

2This is a stronger condition than that the cohomology class defined by g be symmetric.



Chapter 4

VeC‘ﬂ:or bundles of rank 2 and

degree 1 over curves of genus 2

Let X be a complex projective smooth irreducible curve of genus 2. In this chapter
we give some results on vector bundles of rank 2 and degree 1 over X which will be

used in the following chapters.

4.1 The moduli space Ux(2,2k + 1)

The moduli space Ux (2, 2k + 1) of vector bundles of rank 2 and degree 2k + 1 over
X is a smooth irreducible variety of dimension 5; see Narasimhan-Ramanan [35), Le
Potier [29] and Seshadri [47] for further details.

Firstly, we give another description of Ux (2, 2k + 1). Let P**! — J5 x X and
P*¥ — J% x X be Poincaré bundles for line bundles over X of degree k + 1 and k

respectively. There is a diagram

p*(Pk+1)—1 . thk

PrHl— JEF x X JE x X —— Pk
Let r: JEM x JE x X — JEM x JE be the projection. Since h'(X, M~1L) = 2 for

40
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all (M, L) € J&! x J%, the sheaf
Rlr, (p*(P**) . ¢*P*) =R

is locally free of rank 2 on JX' x J% by for example Hartshorne [17, Corollary

I11.12.9]. We consider the associated projective bundle
PR — J41 x J%.

By Seshadri [47, App. II], there exists a family of extensions over PR x X whose

restriction to {({e), M, L)} x X is isomorphic as a vector bundle to the extension
0O=>L—->E—->M=0

defined by € € H'(X,Hom(M, L)). By the moduli property of Ux (2, 2k + 1), there
exists a rational classifying map ®pr: PR --+ Ux(2,2k + 1). To analyse this map,

we will need the following lemma:

Lemma 4.1 Consider a diagram of vector bundles over X

0 E w F 0

I

Vv

where the top row is exact. Then f factorises via a map V — W if and only if the

class §(W) of the extension belongs to the kernel of the induced map
f*: HY(X,Hom(F, E)) - H'(X,Hom(V, E)).

Proof

Narasimhan-Ramanan [35, Lemma 3.1]. O

Lemma 4.2 The map ®pp is a surjective morphism of degree 4.

Proof

Suppose we have a short exact sequence

0-L->E—->M=0 (6(E))
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and that L' C F is another line subbundle of degree k. If L' # L then L' must
be of the form M(—z) for some point z € X. Conversely, by Lemma 4.1 a map
M(—z) — M lifts to E if and only if §(F) belongs to the kernel of the linear map

H'(X,Hom(M, L)) - H'(X,Hom(M(—z), L))

induced by the map M(—z) — M. By Serre duality, this is identified with the

restriction map
HY(X,KxL'M)* —» H (X, KxL 'M(~z))*

induced by M(—z) = M. Now PHY(X,KxL'M)* = |KxL'M|* = P, so (§(E))
can be thought of as the divisor of a section vanishing at three points (counted with
multiplicity) z;, z3, 23 € X. So the only degree k subbundles of E are L, M(—z,),
M (—z,) and M(—z3), which are not necessarily distinct.

Now we show that distinct extension classes in P H'(X, M~'L)) give nonisomor-
phic vector bundles. Another extension E’' of M by L, corresponding to a different
divisor | + z, + 74 € |Kx L' M|, admits the line subbundles L, M(—z}), M(—z5)
and M(—z%). One sees easily that

# ({z1, 22, x5} N {2}, 25, 23}) < 1

with equality if and only if |KxL~'M| has a base point. But M(—z) ¥ M(—2') if
z # z', so the extensions F and E’' cannot be isomorphic as there is at least one
degree k line bundle which belongs to one but not to the other.

In summary, no FE is represented in more than 4 fibres of P R or more than once
in any fibre. Therefore, ®pr is finite. Since Ux(2,2k + 1) is irreducible, Ppp is
dominant since both P R and Ux (2, 2k + 1) are of dimension 5. Finally, since every
nontrivial extension we have constructed is stable, ®py is defined everywhere. Thus

in fact it is surjective. This completes the proof of the lemma. O

Note: Lange and Narasimhan [23, Prop. 4.2] prove that a bundle in Ux (2, 2k + 1)

has at most 4 subbundles of degree k.

A more practical statement of Lemma 4.2 is the following:
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Lemma 4.3 Every E € Ux(2,2k + 1) fits into 1, 2, 3 or (generically) 4 short exact
sequences of the form

0->L—o>E—->M-0 (6(E))
where L and M are line bundles of degree k and k + 1 respectively. O

We quote a useful result of Narasimhan and Ramanan.

Lemma 4.4 Let V and L be vector bundles of ranks n and 1 respectively, and let
f: L = V be a homomorphism. Then [ factorises via a map f': L(z) — V if and

only if f is zero at .

Proof

Narasimhan-Ramanan (35, Lemma 5.3). O

Proposition 4.5 Let E € Ux(2,2k+1). Then for any line bundle L — X of degree

k, there is at most one linearly independent map L — E.

Proof
Suppose h%(X,Hom(L, E)) > 0. Then in fact L is a subbundle of F by Lemma 4.4

and because F is stable, and we have a short exact sequence
0O=-L—>E—-M-—=>0

where deg M = k+1. If A% X, Hom(L, E)) > 2 then L is an elementary transforma-
tion of M which lifts to E. Since h®(X,Hom(M, L)) = 0, by the first remark after
Theorem 3 the sheaf £ is isomorphic to Ker(g) for some ¢ € Prin(Hom(M, L)) such
that 6(F) = [¢]. Comparing degrees, we see that L = M(—xz) for some z € X, so ¢
is supported at x where it has a simple pole.

But Hom(M, L) & Ox(—z), so a section of Hom(M, L) which is regular apart
from a simple pole at z is just a regular section of Ox. Since Ox has sections not
vanishing at z, we see that ¢ does occur as the principal part of a global rational

section of Hom(M, L). Therefore [g] is zero by (3.1), so E is a trivial extension.

This shows that if E is stable then h°(X,Hom(L,E)) <1. O
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4.2 Genericity of bundles in Ux(2,1)

In this section, we show that h®(X, E® E) = 0 for generic E € Ux(2, 1), and deduce

some facts about such bundles. Firstly, we quote two results from the literature.

Lemma 4.6 Let F — X be a semistable vector bundle. Then Sym? F and \’ F
are semistable of slope p - u(F).

Proof
Le Potier |29, p. 161]. O

Lemma 4.7 Every semistable vector bundle F of rank at most 3 and slope 1 over

a curve of genus 2 satisfies h®(X,M ® F) = 0 for generic M € J%.

Proof
This is a special case of Raynaud [46, Cor. 1.7.4]. O

Proposition 4.8 For generic E € Ux(2,1), the bundle Hom(E*, E') has no global

sections.

Proof
We have h°(X,Hom(E*, E) = h°(X, det(E)) + h°(X, Sym® E), so it suffices to show
that the subsets of Ux(2,1) where h°(X,det(E) > 0 and where h°(X,Sym? E) > 0
are of codimension 1.

Firstly, h%(X,det(E)) > 0 if and only if det(F) is effective. The set of such E is
the inverse image of Supp(©) under the map det: Ux(2,1) — J}. Clearly this map
is surjective, so the inverse image of a divisor is a divisor.

As for Sym? E: this is of slope 1 = g — 1, so we expect that if the set
{F € Ux(2,1) : (X, Hom(E*, E) > 0}

is not equal to Ux(2,1) then it is the support of a divisor. Since Ux(2,1) is ir-
reducible, it suffices to exhibit one E such that h°(X,Sym? E) = 0. Choose any
E € Ux(2,1). If h°(X,Sym? E) = 0 then we are done. If not, we note that by Lemma
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4.6, the bundle Sym? E is semistable for all E € Ux(2,1). Then since X is of genus
2, by Lemma 4.7 there exists at least one M € J% such that h%(X, M ®Sym? E) = 0.
Let N be any square root of M. Since

M ®Sym? E = N? ® Sym? E = Sym*(N ® E),

by construction the bundle E' := N ® E, which is stable of degree 1 and rank 2,
satisfies h°(X, Sym? E') = 0. This completes the proof of the lemma. [

Proposition 4.9 Let E — X be a vector bundle of rank 2 and degree 1. Then there
exists o € H(X,Sym?® E) of generic rank 1 if and only if E has a line subbundle of
order 2 in Pic®(X).

Proof
Suppose there exists a: E* — E of generic rank 1. Then the image of £* in £ is
an invertible sheaf M. Since E and E* are stable, in fact this corresponds to a line

subbundle M C F of degree 0 by Lemma 4.4. Now « factorises as
E* S MHE
where ¢ is the inclusion map. Hence ‘a factorises as
E S M E

Also, Ima = Ima’' = M since ¢ is injective, and Im®a = Im‘a/ = M~! since ! is

surjective. But since ‘a = o, we have M = M ™!, that is, M is of order 2.

Conversely, suppose M = M~! is a line subbundle of E. Then we have a short

exact sequence

0O—-M-—->FE—->L—->0

where L is a line bundle of degree 1. The dual sequence is
0L ' E > M0

Composing the maps E* -+ M and M — E, we get a map a: E* — FE of rank

everywhere 1. To see that « is symmetric, note that ‘a is another map E* — E
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which factorises E* -+ M — E. By Prop. 4.5 and since M = M ™!, we have
r°(X,Hom(M, E)) = h®(X,Hom(E*, M)) = 1

so the maps o and !« are proportional. Since o — ! is an involution, we have
to = +a. Since a has odd rank, it cannot be antisymmetric, so it must be a sym-

metric map. [

Corollary 4.10 The generic vector bundle E — X of rank 2 and degree 1 has no

line subbundles of order 2.

Proof
This is clear from Props. 4.8 and 4.9. O

4.3 A ruled surface in P°

In this section, we fix F € Ux(2,1) and describe a map of the ruled surface P E*
into P°. We then give a sufficient condition for this map to be an embedding. This
will be used in the following chapter.

We follow an approach outlined in Kempf-Schreyer [20, § 1]. For any z € X, we

can form the exact sheaf sequence
Sym? £*(z)

—0
Sym? £

0 — Sym? £* — Sym? £*(z) —
whose cohomology sequence begins

0 — H°(X, (Sym? E*)(z)) — Sym® E*(z)|, — H'(X,Sym? E*) — ...

The second term can be identified with the set of principal parts with values in

Sym? E* and at most a simple pole at z. Moreover, there is a canonical isomorphism
PSym? E*(z)|, = PSym?® E*|,.

For each z € X, we define a map ;: P E*|, — P H'(X,Sym? E*) by the composi-

tion
PE*|, Seare, PSym® E*|, = P (Sym® E*(z)) |, LN P H'(X,Sym? E*).

We define ¢: P E* — P H'(X,Sym? E*) to be the product of v, over all z € X.
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Notation: We denote P H!(X,Sym? E*) by P5. Let Y be a varietyand T — Y a
line bundle with a nonempty linear series |T| = P H°(Y, T). Then we write ¢y for
the rational map Y --+ |T|* given by sending y € Y to the hyperplane of Y-divisors

containing y.

Remark: It is not hard to see that the image of ¢yy| is nondegenerate in |T|*.

Proposition 4.11 Write 7 for the projection P E* — X and let Y — P E* be the
line bundle 7* K x - Opg+(2). Then there is a natural identification P, 2 |Y|* under
which v coincides with ¢y|. In particular, 1 is algebraic. Moreover, 1 is defined

everywhere.

Proof

We identify H'(X,Sym? E*) with H°(X, Kx ® Sym?® E)* by Serre duality as follows.
Recall from Chapter 3 (3.1) that every class in the first space is of the form [p] for
some p € Prin(Sym? E*). Let s be a global section of Kx ® Sym? E. Then the
contraction (p, s) belongs to Prin K, so defines a cohomology class in H'(X, Kx) =
C, so we get a linear form on H°(X, Kx ® Sym? E). It is easy to check that this
does not depend on the choice of p representing [p)].

Now we describe the identification |Y|* = P5. Let t be a global section of 7.
Since Kx and E are locally trivial, ¢ is locally of the form dz ® t' where z is a local
coordinate on X and ¢ is a choice of homogeneous quadratic ¢/, on each fibre P E*|,.
Such a quadratic defines naturally a linear form on Sym? E*|;, so t defines a section
of Kx ®Sym? E. Moreover, this association is clearly linear and injective, so defines
an isomorphism H(PE*,T) & H°(X, Kx ® Sym? E).

We proceed to the identification of % and ¢y|. Choose x € X and let z be a
local coordinate centred at z. Let f be a nonzero vector in E*|,. We show that
any section ¢t of T vanishing at (f) € P E* belongs to the kernel of the linear form
defined by the cohomology class of the principal part

p::f®fa
z

which lies over ¥(f). We have seen that ¢ is of the form dz ® t' near z. Now since

t(f) = 0, the linear form ¢, vanishes on the element f ® f € Sym?* E*|,. Since p is
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supported only at x and has only a simple pole, the contraction (p,t) € Prin K is
in fact regular. In particular, the cohomology class [(p, t)] is zero.

Lastly, we show that ¢ is a morphism, that is, that the cohomology class [p]
defines a nonzero linear form on H%(X, Kx ® Sym? E). Since Kx ® Sym? E has no
higher cohomology, it is generated by global sections. In particular, we can find a

section s such that the principal part

<f®f S>
2

is not regular. But no global rational section of Kx has only a simple pole, so

[pl(s) # 0 € H'(X, Kx). O

Lemma 4.12 Suppose that E has no line subbundles of order 2 and that Sym? E

has no global sections. Then : P E* — P%, is an embedding.

Proof:
Suppose that 1 is not an embedding. We distinguish three ways that this can
happen:

(i) ¥(u) = 9(v) for some u,v € P E* lying over distinct z,y € X.
(i) ¥(u) = ¥ (v) for distinct u and v in a fibre P E*|,.
(iii) The differential of v is not injective at some point u € P E*.
Recall that we have the cohomoldgy sequence
0 — Rat(Sym? E*) — Prin(Sym? E*) % H'(X,Sym? E*) — 0 (4.1)

which is exact since h%(X, Sym® E*) = 0 by semistability.

Suppose that (i) occurs. By (4.1) and the definition of %, there is a global
section a of (Sym? E*)(x + ) such that a(z) and a(y) are decomposable. Since F
has no line subbundles of order 2, by Prop. 4.9 the determinant of «a is generically
nonzero. Hence it has deg E — deg E*(z + y) = 2 zeroes. It follows that deta €
HYX,Ox(z +y)). But we also have

det o € H°(X, Hom(det E, (det E*)(2z + 2y))),
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so (det E)? = Ox(z + ).
Now since F is of rank 2, there is an isomorphism E* = E ® det(E)™!, so
Sym? E* = Sym? E ® (det E)~2. Thus

(Sym® E*) (z + y) = Sym® E* ® (det E)* = Sym® E,

so a defines a nonzero section of Sym? E.
Suppose (ii) happens. Again, by (4.1) and the definition of 1 there exists a
global rational section a of Sym? E* whose principal part is supported at z and

corresponds under the canonical (up to scalar) isomorphism
Sym? E*|; = Sym® E*(2)|,

to 4 ® i + ¥ ® ¥ for some lifts % and ¥ of u and v. Thus o € H(X, (Sym? E*)(z)).
Again by hypothesis and Prop. 4.9, the determinant of « is generically nonzero. Since
E and E*(z) are semistable of the same slope, o gives an isomorphism F — E*(z),
and Sym? E = (Sym? E*)(2z). Since (Sym? £*)(x) is a subsheaf of (Sym? £*)(2z),
the map « defines a global section of Sym? E.

Lastly, suppose (iii) happens. Then the conditions on the sections in
HY(PE*,m*Kx - Opg-(2)) = H'(PE*, Y)

of vanishing to order 1 and 2 at u are dependent. Suppose 7(u) = z and let @
be a lift of u. We consider principal parts p;,p; € Prin(Sym? E*) with simple and
double poles respectively along the line spanned by @ ® 4. Then we can suppose
that the linear forms defined on H°(P E*, ') by [p;] (which lies over 1(u)) and —[po]
are the same. By (4.1), there exists a global rational section o of Sym? E* which
has principal part p; + ps. Since « is nonzero, by Prop. 4.9 the determinant of « is

generically nonzero. Thus it vanishes at two points because
deg(E) — deg(FE*(2z)) = 2.

Now we notice that the image of o is contained in the subsheaf of sections of E*
with poles along the line spanned by i and of order at most 2. So the cokernel of o

is isomorphic to Cy,, and det(a) € H°(X, Ox(2z)). But det(a) also belongs to

H°(X,Hom(det(E), det(E*(2z)))) = H°(X, det(E)~%(4z)),
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hence det(E)? = Ox(2z). Now « gives a nonzero regular section of
(Sym? E*)(2x) & (Sym? E*) ® (det E)* = Sym® E.

This completes the proof of the lemma. O

Remark: By Proposition 4.8 and Lemma 4.12, the map % is an embedding for
a general bundle E € Ux(2,1).

In the following chapter, we shall apply these results to give a description of M x(Sps C)

in the case where X has genus 2.



Chapter 5

A cover of M x(Sp2C) in genus 2

In [34], Narasimhan and Ramanan construct a generically finite cover of the moduli
space SUx(2,Ox) for a curve X of genus 3 by a union of projectivised extension
spaces of the form P H'(X,L?) as L ranges over Jy. In this chapter we give a
similar description of Mx(Sp; C) for a curve of genus 2. The main tool in the
construction is Criterion 3.4. We will consider a union of projective spaces of the
form P H'(X,Sym? E*) as F ranges over a family of vector bundles over X.

To see how this kind of construction is useful, we refer for example to Pauly [40],
where Narasimhan and Ramanan’s construction is used to prove that the Coble
quartic associated to a curve X of genus 3, which is isomorphic to SU x(2, Ox), is
self-dual. And in the last chapter of this thesis, we will apply the construction in
this chapter to the study of theta-divisors of symplectic vector bundles over a curve

of genus 2.

5.1 Statement of the main theorem

In the last chapter we studied Ux(2, 1), the 5-dimensional moduli space of semistable

vector bundles of rank 2 and degree 1 over X. Since ged(2,1) = 1, there exists a

51
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Poincaré bundle E over Ux(2,1) x X by Theorem 1.2 (iv). We consider the diagram

E
l
Ux(2,1) x X
Ux(2, 1/ \X

where p and ¢ are the projections. Now by stability,
h%(X,Sym? E*) < h’(X,Hom(E, E*)) = 0

for all E € Ux(2,1), so h'(X,Sym* E*) = —x(X,Sym? E*) = 6. As before, by
Hartshorne [17, Corollary I11.12.9] the sheaf R!p,(Sym? E*) is locally free of rank 6
on Ux(2,1). Thus it defines a vector bundle R — Ux(2, 1) whose fibre at F € Ux(2,1)
is H'(X,Sym? E*).

By Seshadri [47, App. II], there exists a vector bundle over PR x X whose

restriction to {({8), E)} x X is isomorphic as a vector bundle to the extension!
0—-FE"=>W->E—=0

defined by §. By Criterion 3.4 and the moduli property of M x(Sp, C), there exists
a classifying map ®pr: PR --+ Mx(Sps C), which we will henceforth call ®. A

priori, ® is only a rational map. The main result of this chapter is

Theorem 5.1 & is a surjective morphism which is generically finite of degree 24.

The strategy for our proof of this is as follows. We begin by showing that ® is
defined everywhere, so it is in fact a morphism. Then we consider a generic (in a
sense to be made precise) symplectic extension 0 - E* - W — E — 0 and show
that it admits finitely many isotropic subbundles of rank 2 and degree —1. It is
then easy to show that ® is generically finite onto its image. By dimension count
and irreducibility, it is surjective. We conclude by using some results of Lange-

Newstead [24] to calculate the degree of ®.

'lMy apologies to the reader for exchanging the positions of £ and E* since Chapter 2.
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Notation: As in Chapter 4, we denote the fibre PR|z = P H'(X,Sym? E*) by
P

5.2 Nonstable loci of P%

Proposition 5.2 Let W — X be any self-dual vector bundle. Then W is stable
(resp., semistable) if and only if it contains no destabilising (resp., desemistabilising)

subbundles of rank at most 3tk W.

Proof
One implication is clear. For the converse, we only have to check that deg(V) < 0
(resp., deg(V)) < 0) for any V. C W of rank greater than 1 rk W. Let V be such a

subbundle, so we have a short exact sequence
02> V-oW-o-0Q->0

of vector bundles over X. Then deg@ = —degV. Since W is self-dual, Q* is a
subbundle of W which has rank less than 5 rk W. Now

degV = —deg @ =deg@Q* <0 (resp.,, <0)

by hypothesis, hence the proposition. Note that this argument applies whether W

has even or odd rank. [

Lemma 5.3 For any E € Ux(2,1), every nontrivial extension W of E by E* is

semistable.

‘Proof
By Atiyah [2, Prop. 3], the class 6(W*) of the extension 0 = E* - W* =+ E = 0 is
equal to —§(W). Therefore W* = W as vector bundles. By Proposition 5.2, then,
it is enough to show that W contains no desemistabilising subbundles of rank at
most 2.

Suppose firstly that L C W is a line subbundle of degree at least 1. Since E* is
stable, h°(X,Hom(L, F)) > 0. But since L and F are stable and

p(L) > 1> u(EB) =,



5.2 Nonstable loci of P}, 54

this is impossible.

Next, suppose F' C W is a subbundle of rank 2 and degree at least 1. Since we
have just seen that W contains no line subbundles of positive degree, F' must be
stable. Firstly, if the composed map FF - W — FE were zero then we would have a
nonzero map F' — E*, contradicting stability of F' and E*. Therefore the composed
map is nonzero. Since F' and E are stable, it must be an isomorphism, so W is a

trivial extension. [J

This lemma shows in particular that ® is defined everywhere on PR, so it is a

morphism.

Strictly semistable loci of P,
The goal of this section is to prove the following lemma:

Lemma 5.4 Let E € Ux(2,1) be such that h°(X,Hom(E*,E)) = 0. Then the

generic symplectic extension 0 - E* - W — E — 0 is a stable vector bundle.

Proof
We shall prove this by determining the the classes in a general P} representing
vector bundles which contain a subbundle of degree 0; this will also be used later.

Again, by Prop. 5.2 it suffices to check for degree 0 subbundles of ranks 1 or 2.

Firstly, suppose that M C W is a line subbundle of degree 0. Since E* is stable,
h%(X,Hom(M, E)) > 0; then in fact M is a subbundle of E by Lemma 4.4 since E
is stable. By Lemma, 4.3, there are at most 4 possibilities for M € J%.

Conversely, by Lemma 4.1, an injection j: M — E lifts to W if and only if 6(W)
belongs to the kernel of the induced map

§*: HY(X,Sym? E*) — H'(X,Hom(M, E*)).

We check that this map is surjective. By Serre duality, it is equivalent to check that
the transposed map H*(X, KxM ® E) — H°(X, Kx ® Sym? E), which by abuse of



5.2 Nonstable loci of P}, 55

notation we also denote j, is injective. Now the induced map
j: H'(X,KxM®F) - H'(X,Kx ® EQ E)

is injective, because the global section functor and the functor Kx ® — @& are left

exact (the latter because these sheaves are locally free). Since

2
H(X,Kx ® E® E) = H'(X,Kx ® Sym’ E) @ H'(X, Kx ® \ E),

we have to show that Im(j) N H(X, Kx ® A’ E) = 0. Now rk E = 2, so the latter
space is just H(X, Kx-det E), and any nonzero section therein has exactly 3 zeroes
(counted with multiplicity). But if a map K3x'M~! — E vanished at 3 points, E
would contain a line subbundle of degree 1 by Lemma 4.4; this would contradict the
stability of F.

Thus the restriction of j* to H'(X,Sym? E*) is surjective. Since Sym? E* and

Hom(M, E*) have no global sections, Ker j* is of dimension
—x(X,Sym? E*) + x(Hom(M, E*)) =6 — 3 = 3.

Hence there is a union of between 1 and 4 projective planes in P}, representing ex-

tensions which are destabilised by a line subbundle of degree 0.

Now we consider a destabilising subbundle G C W of rank 2. We shall use the
map ¢: P E* — P% defined in the last chapter.

Proposition 5.5 Let W be a semistable symplectic extension of E by E*, so that
§(W) € H'(X,Sym? E*). Then W is destabilised by a subbundle of rank 2 and
degree 0 if and only if (6(W)) belongs to ¢(IP E*).

Proof

Let G C W be a subbundle of rank 2 and degree 0. Then the rank of GN&E*is 2, 1
or 0. It cannot be 0 because then the image of G in £ would be a torsion subsheaf
of length 1, of which there are none. If G N £* were an invertible subsheaf £ then

we would have a diagram

0 & 0

N
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where M is an invertible subsheaf of £. Since E* and E are stable, deg £ < —1 and
deg M < 0. But then deg G < —1, a contradiction.

Hence G is an elementary transformation
0>G-€->C, >0

for some point z € X. Since h°(X,Hom(F, E*)) = 0, by the first remark after
Theorem 3, the subsheaf G is isomorphic to Ker(q) for some g € Prin(Hom(E, E*))
such that §(W) = [g]. Clearly q is supported at z with a simple pole along f ® f’
for some nonzero f, f' € E*|,.

Now since W is symplectic, g — ¢ = @ for some global rational section o of

a—ta
2

Hom(E, E*). Clearly @ is antisymmetric, so is a global rational section of det E*
with principal part @. If this is nonzero then it has a single simple pole at z, so is
a global regular section of (det E*)(z). But this is nonzero only if det(E) = Ox(z),

which contradicts our genericity assumption. Therefore f' is proportional to f and

(6(W)) = ¢(f).

Conversely, suppose §(W) lies over ¥(f) for some nonzero f € E*|,. By the defi-
nition of 9, the class §(W) can be represented by a principal part ¢ € Prin(Sym? E*)
supported at one point z € X and with a simple pole along f ® f. By the first
remark after Thm. 3, the kernel of ¢, which is a locally free sheaf of degree 0, lifts
to a vector subbundle of W. 0O

In summary, we have shown that the locus of extensions in a general P%, containing
a subbundle of degree 0 is of dimension 2. The complement of this locus consists of

classes defining stable vector bundles. This completes the proof of Lemma 5.4. [

5.3 Maximal Lagrangian subbundles

Let F € Ux(2,1) be such that h®(X,Hom(E*, F)) = 0 and consider a stable sym-
plectic extension 0 = E* - W — E — 0 of class §(W) € H'(X,Sym? E*). We
shall show that W has finitely many Lagrangian subbundles of degree —1. Suppose
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F C W is such a subbundle. There are three possibilities for the rank of the sheaf
FNE*: these are 2, 1 and 0. If it is 2 then it is not hard to see that F' = E*.

Proposition 5.6 Suppose that E has no line subbundles of order 2 and let W be
any nontrivial extension of E' by E*. Then there are at most 16 subbundles F C W
of rank 2 and degree —1 such that F N E* is of rank 1.

Proof

Let FF C W be such a subbundle and write £ for the subsheaf F N £*. We see that
L is invertible because, say, £* is locally free. By stability, deg £ < —1. The image
M of F in £ is coherent, hence invertible because £ is locally free. Since F is stable,

deg M < 0. But we also have
degM = —1—degL > 0.

Thus deg M = 0 and deg L = —1. By stability, these subsheaves must in fact

correspond to line subbundles by Lemma 4.4. Then, by Lemma 4.3, there are at

most four possibilities L1, ..., L4 and M, ..., M, for each of the corresponding line
subbundles of E* and E respectively. In what follows, we take M;! = f—a

Conversely, let L, C E* and Mg C E be line subbundles of degrees —1 and 0

respectively and suppose we have an extension
0=>Ly—>F—>Mg—0

of class 6(F) € H'(X, Mg 'L,). We need to show that the map L, — W factorises
via F' for at most a finite number of nonisomorphic F'. By the dual version of Lemma
4.1 (see Narasimhan-Ramanan [35, Lemma 3.2]), this happens if and only if §(F)
belongs to the kernel of the induced map

h: HY(X,Hom(Mp, L,)) — H'(X, Hom(Mg, W))
which identifies with
h: HY(X,KxMgLJ')* - H*(X,KxMg®@W)*

by Serre duality. By Riemann-Roch, h!'(X, Hom(Mg, L,)) = 2 because Mﬂ_lLa is of

degree —1. Thus it suffices to show that A is nonzero or, equivalently, that its dual

h*: HY(X, KxMg @ W*) — H*(X, Kx MsL}")
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Is nonzero.
Let @ denote the quotient of W by the subbundle L,. We can form a short exact
sequence

0—)KxMﬁ®Q* —)Kng®W—>KxM,3L;1 — 0.

Now h'(X,KxMg @ W) = h®(X, M;' ® W) by Serre duality; it is therefore zero
because W is stable of degree 0. Similarly, h' (X, Kx MzL;') = h®(X, M;'Ls) = 0.

We get the cohomology sequence

0 — HOX, KxMs ® Q) = HY(X, KxMs @ W) 25
HY(X,KxMgL,") - H'(X, KxMs ® Q") — 0.

We show that h!(X, KxMz ® Q*)) < 1. For then, by exactness, the coboundary
map has a kernel and h* is nonzero. By Serre duality, it is equivalent to show that
h(X, Hom(Mg, Q) < 1.

Now @ is an extension 0 - M;' —+ @ — F — 0. We see this by inspecting a
set of transition functions for W. Let {U; : i € J} be an open cover of X over which
L, and Mp are trivial, and let {l;;} and {m;;} be the corresponding transition
functions. Since E* is an extension of M, ! by L,, we can write the transition

functions of W in the form

i, —6(E);,;
%,J ( )1,.7 6(W)1’J
0 mi_,jl
0 m,-,j 6(E),-,j
0 I}

The lower 3x 3 block is a transition function for the quotient ) of W by L over U;NU;.
From this we see that the only possibilities for degree 0 line bundles with nonzero
maps to @ are M;!, My, ..., My. By Prop. 4.3 we have h%(X, Hom(Mg, Q)) > 2 only
if MJ' = Mg for some 3 € {1,...,4}. But this implies that F has a subbundle of
order 2. By the proof of Prop. 4.9 we see that h°(X, Hom(E*, E)) # 0, contradicting
our genericity hypothesis.

Thus there at most finitely many F' C W of degree —1 and rank 2 which intersect
E* inrank 1. O
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Remark: Later we shall see that in fact the general symplectic extension W con-

tains no such F'.

The last possibility is that dim(F|, N E*|;) = 0 for all but finitely many z € X.

In this case, F' is an elementary transformation
0=F->€EE-T—-0

for some torsion sheaf T of length 2. We now give a result in the spirit of Lange-

Narasimhan [23, Prop. 1.1].

Lemma 5.7 Let W be a stable symplectic extension of E by E* of class 6(W) €
H'(X,Sym? E*). Then the number of degree —1 elementary transformations of E

which lift to isotropic subbundles of W is bounded by the number of 2-secants to
the surface y(IP E*) C P% which pass through (§(W)).

Proof

Consider an elementary transformation 0 - F — £ = T — 0 such that F' lifts to
an isotropic subbundle of W. Since F and E* are stable, there are no nonzero maps
E — E*. Therefore, by Criterion 3.8 and the discussion before it the sheaf F is the
kernel of a symmetric ¢ € Prin(Sym? E*) such that §(W) = [q]. There are three

possibilities for T
(i) C;®C, for distinct z,y € X.
(ii) C2? for some z € X.
(iii) Cy, for some z € X.

We treat each case in turn.
(i} Clearly q is supported at = and y, where it has poles of order 1. It is decom-

posable at these points because it is not surjective to

&) &)

8* gx

Since it is symmetric, then, (§(W)) lies on the secant spanned by the points ¥(f)
and 9 (g) for some f € E*|; and g € E*|,.
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(ii) Here g is symmetric and supported at one point z € X. The image of the
map ¢q: £ — Prin(E*) is isomorphic to T, so is of length 2 and has only simple poles.
But E* is of rank 2, so ¢ is surjective to the subsheaf

£* (z)
S*

C Prin(E™).

Therefore ¢ has a simple pole along some indecomposable vector in Sym? E* and is
otherwise regular. Such a vector must be of the form either f® f+g®gor fRg+9® f
for some linearly independent f, g € E*|,. In the first case, (§(W)) = ([q]) lies on
the secant to ¥(f) and %(g) and in the second, it lies on that to ¥(f + g) and
P(f—9)

(iii) Again, ¢ is symmetric and supported at one point z € X, where this time
it has a double pole. Since ¢ is not surjective as a map & — E*(2z)|,, the double
pole must be along a decomposable vector f ® f € Sym® E*|;. Since the image of ¢
is a torsion sheaf of length 2, it must be equal to

E*(2x)
5*

(C-f)(2x) C

and ¢ has poles in no direction other than f ® f.

Recall that Y — P E* is the line bundle 7* K x - Op g+ (2). We claim that the linear
form determined by [g] on H°(P E*, T) restricts to zero on the space of sections of
T vanishing to order 2 at (f). Let z be a local coordinate on X centred at z. Recall
that by the discussion in the proof of Prop. 4.11, near (f), such a section ¢ is locally
of the form dz ® ' where t' is a choice of quadratic polynomial ¢, on each P E*|,. In
other words, t' is a power series in z with coefficients in Sym? E. Now ¢ vanishes to
order 2 at (f) if and only if ¢/, does. Thus, the contraction of ¢ against a principal

part of the form

fef Mef

22 z

for any A € C, is regular. Thus [g] belongs to the embedded tangent space
PKer (HY(PE*,Y)* — HYPE*,Y — 2(f))*)

to Y(P E*) at ¢¥(f). In particular, [g] lies on a 2-secant.
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This completes the proof of Lemma 5.7. O

Remark: It is intriguing that in case (iii), in fact (§(W)) belongs to a particular
line in the embedded tangent space to ¥(IP E*), namely that spanned by classes of
principal parts with single and double poles along f ® f. A calculation in local
coordinates shows that the kernel of a principal part yielding a general element of
this tangent space is a subsheaf of degree strictly less than —1. The exact relation-
ship between secants to ¥ (P E*) and subsheaves lifting to W is a subject I hope to

pursue further.

We return to the proof of Theorem 5.1. By our genericity assumption and Lemma
4.12, the map 9 is an embedding. In particular, (P E*) is a smooth surface in P%,
which is not a Veronese surface. By a well-known theorem of Severi [49)], its secant
variety is all of P%. So, by dimension count, through a general point of P%, there
pass a finite number of 2-secant lines to the image of 1. By Lemma 5.7, then, there
are only finitely many subbundles of W of rank 2 and degree —1 which project
surjectively to F at almost all points of the curve.

By Prop. 5.6 and Lemma 5.7, there are at most finitely many mutually noni-
somorphic subbundles of W of rank 2 and degree —1. Hence W is represented in

finitely many fibres of P R.

Proposition 5.8 Suppose that E € Ux(2,1) satisfies h°(X,Hom(E*, E) = 0. Let
W and W' be two extensions of E by E*. Then W = W' if and only if §(W') =
Ao(W) for some X € C*.

Proof
By hypothesis, there are no nonzero homomorphisms E* — F by Prop. 4.8. Then

the proposition is just a special case of the following:

Lemma 5.9 Let W and W' be two extensions of F' by E. If every nonzero homo-
morphism E — F is an isomorphism and E and F are simple, then W and W' are

isomorphic as vector bundles if and only if §(W') = X\ - 6(E) for some )\ € C*.
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Proof

Narasimhan-Ramanan [35, Lemma 3.3]. O

Prop. 5.8 shows in particular that the restriction of ® to P, is injective for a generic
bundle E € Ux(2,1).

We conclude that the fibre of ® over a general point of the image is finite. Since
dimP R = 10 = dim M x(Sp, C) and the latter space is irreducible, ® is dominant.
By Lemma 5.3, it is defined everywhere. Since it a morphism of projective varieties,

its image is closed, so it is surjective.

5.4 The degree of ¢

We use some results of Lange and Newstead to calculate the degree of ®.

Theorem 5.10 Let W be a general vector bundle of rank n and degree d over X.
Suppose that n > 4 is even and 2d+4 = 0 mod n with %ﬂ odd. Then the number

of subbundles of rank 2 and maximal degree, counted with multiplicity, is equal to

3
%(n2+2).

Proof
Lange-Newstead {24, pp. 7-10]. O

We check the relevant generality conditions on W, which are listed on p. 6 of [24].
We follow the notation of this paper: for a subbundle FF C W,

s(W, F) = — k(W) deg(F) + rk(F') deg(W)

and

S (W) := min{s(W, F) : F C W of rank n'}.
The generality conditions are
(i) sp(W) =n'(n—n')(g—1).

(i) 85, (W) >ni(n—ny)(g—1) foralln, € {1,...n' — 1}.
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(iii) W has only finitely many maximal subbundles of rank n'.
Forus,n'=2,g=2and n=4.

(i) Here s5(W) = min{—4deg(F) : F C W of rank 2} = 4 since W is stable but

contains Lagrangian subbundles of degree —1. On the other hand,

n'(n-nY(g—1)=24-2)(2-1) =4.

(ii) The only value of n, that we need to check is 1.

51(W) = min{s(W, L) : L a line subb. of W}
= min{—4deg(L) : L a line subb. of W}
=4

since W is stable by Lemma 5.4. On the other hand, n;(n — n;)(g — 1) = 3.
(iii) This is the thrust of the earlier part of this chapter.

In our case, the number % (n? +2) is 24. To verify that deg® = 24, we need to
check that all the subbundles of a general W are isotropic and distinct. Suppose
again that h%(X, Hom(E*, E)) = 0 and consider a stable extension W € P%,.

For isotropy: let F C W be a subbundle of degree —1 and rank 2. The symplectic
form on W restricts to a global section of A\® F*, that is, (det F)~!. To compute
this line bundle, we note that by Lange-Newstead [24, Prop. 2.4], such an F has
a generically injective map to F, so is an elementary transformation of the type

considered in Lemma 5.7:

0=+F=3€EE-T—-0

where T is a torsion sheaf of length 2. Thus det FF = (det F)(—z — y) for some
7,y € X (not necessarily distinct). This has a nonzero section only if (det E)~!(z+y)
is effective. By hypothesis, det E is not effective, so there exist unique points p, q,r €
X such that det E = Ox(p+q—r), with Ox(p+q) # Kx. Then (det F)~! is effective
only if

z+ye{p+qp+ir,qg+ur}
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where ¢ is the hyperelliptic involution on X. Thus F' is isotropic if (§(W)) does
not lie on a line joining points in two of the fibres of P E* over p, ¢ and o (or
on a tangent to a point of a fibre if some of these points coincide). The set of
such (§(W)) is of dimension < 3, so the general (§(W)) € P%, does not satisfy this
condition. Therefore, for a general extension W represented in P, all subbundles of
rank 2 and degree —1 are isotropic. By Criterion 3.4, the bundle W is represented
in the fibre of P R corresponding to each such subbundle.

For distinctness: let E* C W be a maximal subbundle of rank 2 and suppose
that h%(X,Hom(E*,W)) > 2. By the last paragraph, we can suppose that every
copy of E* in W is isotropic, so W/E* & E and we get a diagram

0 E* w E 0

Ve

E*
where the composed map is nonzero. But this yields a nonzero map E* — E, con-

tradicting genericity.

Thus the maximal subbundles in a general W are Lagrangian and distinct. In
summary, ®: PR — Mx(Sp,C) is surjective and generically finite of degree 24.
This completes the proof of Theorem 5.1. [

Remark: Some fibres of ® may be of positive dimension?. If, for example, ¥: PE* —
IP%, failed to be an embedding over a locus of positive dimension P E* then there
would be points of P}, lying on infinitely many 2-secants to ¢(P E*). Then Lemma
5.7 might lead us to expect that that infinitely many degree —1 elementary trans-
formations of E would lift to the corresponding extensions of F by E*. This is a

question I intend to continue studying.

2This is analogous, for example, to the fact that there exist vector bundles of rank 2 and degree

0 over a curve of genus 3 which admit infinitely many maximal line subbundles.



5.5 Future work 65

5.5 Future work

Theorem 5.1 gives a fairly explicit description of M x(Sp; C) at a general point. In
the following chapter, we shall give an application of this description.

It is natural to ask whether such a description of Mx(Sp, C) exists in higher
genus. One calculates that for the dimensions to work out as in the genus 2 case,

we should consider symplectic extensions
0->FE"->W-o>FE—-0 (5.1)

where E — X is a vector bundle of rank 2 and degree g — 1. The P, are replaced
by projective spaces of dimension 6g — 7. However, there is no Poincaré bundle over
Ux(2,9—1) x X if g — 1 is not relatively prime to 2, so we are forced to restrict to
the case of even genus.

If symplectic bundles in higher even genus are still general enough in the sense of
Lange and Newstead then by [24, Prop. 24] the problem is essentially to study the
connection between secants to an image of P E* in P H!(X, Sym? E*) and elementary
transformations

0>F->E—-T—0,

where T is a torsion sheaf of length 2¢ — 2, which lift to an extension such as (5.1).
But one expects the (2g —2)nd secant variety to a smooth surface to be of dimension
6g — 7, so we might indeed expect a general extension 0 -+ E* - W — E — 0 in
this setting to have only finitely many Lagrangian subbundles of degree g — 1. This

is a question I would be interested in studying further.



Chapter 6

Theta-divisors of symplectic

vector bundles

We begin this chapter by reviewing some well-known results on theta-divisors of
vector bundles of degree 0. In § 6.2, we prove that any strictly semistable symplectic
vector bundle of rank 4 over a curve of genus g admits a theta-divisor. We then
consider the genus 2 case. In § 6.3, we use the covering of M x(Sp; C) constructed
in the last chapter to show that the generic bundle in M x(Sp; C) admits a theta-
divisor, and to deduce some necessary conditions on those which do not. We end by
characterising those stable bundles in M x(Sp, C) whose theta-divisors are singular,
when they exist.

References for this subject include Beauville [5], [6] and Laszlo [26] and Raynaud
[46]. Theta-divisors of rank 2 vector bundles are discussed in Narasimhan-Ramanan

[34] and [35)].

6.1 Preliminaries
For a vector bundle W — X of rank r and degree 0, we consider the set
SW):={LeJy':h(X,L&W) > 0}.

Proposition 6.1 Let W be a semistable vector bundle of degree 0. Then the set
S(W) depends only on the S-equivalence class of W.

66
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Proof (well-known)

Choose a Jordan-Holder filtration of W
0=WocW,C--- W1 CW, =W

by proper subbundles of degree 0, with associated graded bundle

k
W;
gy W = @ W,_,
i=1 =

We must show that h%(X, L ® W) > 0 if and only if h%(X, (gr, W) ® L) > 0.
Suppose there exists a nonzero homomorphism L™ — W. Let j € {1,...k} be
the smallest index such that h°(X, Hom(L~', W;)) > 0. Then clearly

h°(X,Hom(L™', W;/W,_1)) > 0.

Since h°(X, (gr, W) ® L) = & h°(X,Hom(L™',W;/W;_,)), we have a nonzero
map L™! - W.

Conversely, suppose that h°(X, (gr, W)® L) > 0. Let j € {1,...k} be the
smallest number for which R°(X, Hom(L™!, W;/W;_,)) > 0. There is a diagram

0 Wi W; i 0

Wi

|

L—l

and by Lemma 4.1, the map L~! — Vv%/i—l lifts to W if and only the class
§(W;) € H'(X, Hom(W;/W;_1, W;_1))
of the extension W; belongs to the kernel of the induced map
HY(X,Hom(W;/W;_1,W,_1)) - H'(X,Hom(L™', W;_,)).

But since h°(X,Hom(L™!,W;_;)) = 0 by minimality of j and Hom(L™', W,_,)
has Euler characteristic 0, we have h'(X,Hom(L™!,W;_;)) = 0. Hence the map
L~' — W;/W,_; lifts to W;. Composing with the inclusion W; — W, we have a

nonzero map L~! - W. 0O
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If S(W) # J% ' then it is the support of a divisor D(W) on J%' linearly
equivalent to r©, called the theta-divisor of W. By Prop. 6.1, the association
D — D(W) is well-defined on S-equivalence classes; it can be shown to define a
rational map Ux (r,0) --+ |rO)|.

A vector bundle of degree 0 such that S(W) = J% ', that is, a point where D
is not defined, is called a Raynaud bundle. For a general treatment of this subject,

we refer to Raynaud [46].

Henceforth we suppose that r = 2n and consider the map
D: Mx(Sp,C) --» |2n0)|.

We can be more precise about the image of D. Recall that the Serre duality in-
volution ¢: J§ ' — J% ! is given by L — KxL~!. It induces an involution ¢* on
HO(J%',2n0). The projectivisations of the +1- and —1-eigenspaces of this involu-
tion correspond to the spaces of invariant divisors of ¢* and are denoted |2n©|, and

|2nO|_ respectively. Using the Lefschetz fixed-point formula, one finds':
RIS, 2n0) = 2n9 £ 2971, (6.1)

Lemma 6.2 The image of D: Mx(Sp,C) --+ |2n©| is contained in |2n©],.

Proof (shown to me by W. Oxbury)
Firstly, we note that D is defined on a nonempty open subset. Since M x(Sp, C) is
irreducible, it is enough to show that it is defined at one point, so we notice that
D(X x C*) is just 2n®©.

Choose a divisor D(W) in the image of D. We check that the support of D(W)

is invariant under ¢*. By definition,

Supp*D(W) = {L € J§': h°(X,Kx L' ® W) > 0}.

T am grateful to M. Bolognesi for showing me this calculation.
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But since x(X,L® W) =0 for all L € J% ', we have

ROX,KxL '@ W) =h'(X,KxL ' @ W)
=h'(X,KxL™' @ W*) because W = W*,
= h°(X, L ® W) by Serre duality.

Thus the supports of D(W) and * D(W) coincide, so ¢*D(W) = k - D(W) for some
integer k. Since ¢* is also an involution by functoriality, ¥2 = 1 and ¢ induces an
isomorphism on the cohomology of 2n®. This shows that £ = 1, and D(W) €
12n0|,+ U |2n0]|_.

We now check that the image of D belongs to the even part. Firstly, since
Mx(Sp, C) is connected and D is continuous, its image will lie in either |2n©|;
or |2n©|_ because these are disjoint connected sets. Thus it suffices to check that
D(W) € |2n0)|, for one W € M x(Sp,, C). Choose n mutually nonisomorphic stable
vector bundles Wy,..., W, of rank 2 and trivial determinant. Then the bundle
@D, W; belongs to Mx(Sp,C).

For any direct sum €D W; of bundles of degree 0, it is clear that D(€D W;) exists
if and only if D(W;) is defined for all 7, in which case it is equal to )_ D(W;). We
show that D(W;) is defined for all 5. Choose any L' € Jf{l; then W; ® L' is of slope
g — 1. We quote a result of Raynaud:

Proposition 6.3 Let F' — X be a semistable bundle of rank at most 2 and slope
g—1. Then h°%(X,M ® F) = 0 for generic M € J%.

Proof
This is a special case of Raynaud [46, Prop. 1.6.2]. O

By Prop. 6.3, we have h®(X, M @ (L' ® W;)) = 0 for generic M € J%. But this is
equivalent to h%(X, L ® W;) = 0 for generic L € J% ' because J% ' is a torsor over
J%. Hence W; admits a theta-divisor D(W;) € |20|. But every 20-divisor is even
since h%(J% ',20)_ = 0 by (6.1), so each D(W;) is the divisor of an ¢*-invariant
section s; of O jg-1 (20). Then D(EQ;_, W;) is the divisor of

s182-++8n € HO(X, O jg-1 (2n@)),
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which is also ¢*-invariant. Hence D(@]_, W;) € |2n©|;. This completes the proof
of Lemma 6.2. O

By Lemma 6.2, since |2n©|, is a projective space, there exists a line bundle =
over M x(Sp,, C) such that [2n@©|; = [E|* and D = ¢jz). Now we claim that the base
locus of |Z| is exactly the set of Raynaud bundles. For any L € J% ', we write Hy,

for the hyperplane of divisors containing L, that is, the point ¢jzne|, (L). Then

W is Raynaud <= W € ﬂ Supp(D*Hp) by definition
LeJy!

—=We ﬂ Supp(D*H) since @jgne|, (J% ') is nondegenerate
He|2n©}4

<= W belongs to every Z-divisor, since [2nO|, = |E|*

<= W is a base point of |E|.

Determinant bundles

Here we recall very briefly some facts about line bundles over the moduli space
M x(Spz C). For a general treatment of this kind of question, we refer to Beauville-

Laszlo-Sorger [8], Laszlo-Sorger [27] and Sorger [51].

To a representation of Spy C, we can associate a line bundle over M x(Sp, C),
called the determinant bundle of the representation. = is the determinant bundle of
the standard representation of Sp, C, and the Picard group of Mx(Sp,C) is Z-E.
To a representation p of Spy C we associate a number d, called the Dynkin indez of
p, and the determinant bundle of p is Z%. The canonical bundle of M x(Sp; C) is
the dual of the determinant bundle of the adjoint representation, and is therefore

=76 by [51, Tableau B], since Sp, C is of type Cs.

6.2 Theta-divisors of strictly semistable bundles

The first result, which holds in any genus, follows from Raynaud [46] and the de-
scription of the singular and strictly semistable loci of M x(Sp2 C) in Chapter 2.
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Lemma 6.4 Any symplectic Raynaud bundles of rank 4 are stable vector bundles.

Proof

We show that every strictly semistable symplectic vector bundle W — X of rank 4
admits a theta-divisor. By the description of the semistable boundary of M x(Sp, C)
in Chapter 2, such a W is S-equivalent to a direct sum of stable bundles of rank 1
and/or 2 and degree 0. By Prop. 6.1, then, it suffices to prove that every such direct
sum admits a theta-divisor. Since D(@ W;) exists if and only if D(W;) is defined
for all 7, we only have to show that every vector bundle V — X of degree 0 and
rank at most 2 admits a theta-divisor. This follows by a similar argument to that
in the last lemma when we proved that a direct sum of rank 2 vector bundles has a

theta-divisor. O

6.3 The genus 2 case

For the rest of this chapter, we suppose that X is of genus 2. Firstly, we would like

to know how many Raynaud bundles to expect in this case.

Proposition 6.5 If the base locus of |Z| is of dimension 0 then it consists of at

most 6 points. In particular, it is nonempty.

Proof
Here, dim M x(Sp, C) = 10, so if the number of base points is finite then it is given
by ¢1(£)!°. To calculate this number, we follow an approach of Laszlo [25, § V,

Lemma 5]. Consider the Hilbert function of =. This is defined as
n > x(Mx(Sp: C), 7).

For large enough n, this coincides with a polynomial p(n). We claim that the
leading term of p(n) is C—‘(l%)—lg. To see this, suppose « is the Chern root of Z. Then,

by Hirzebruch-Riemann-Roch,

x(Mx(Sp2 C),E") = / exp(na)td(Mx(Spz C)).
Mx(Sp2 C)
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Since o = 0 for all ¢ > 11, the only term which contains n!® here is 931%),1—0 as

required.

Now we have seen that K, (sp,c) = =% Hence, by Serre duality,

p(n) = (—1)"x(Mx(Sp2 C), Krmy(sp, )= ")
= x(Mx(Sp; C),E7%")

= p(_6 - n»))

equivalently, p(n) is symmetric about n = —3.

By a result stated on p. 4 of Oxbury [37], we have hi(Mx(Sp, C),Z") = 0 for
alli> 0 and n > 0.

Now for all n < 0, we have h®(M x(Sp, C),Z") = 0 by stability. Thus

Hence
p(n) = v(n+5)(n+4)n+3)2n+2)(n+1Dn-a)(n+6+a)(n—B)(n+6+p)

for some «, 5,7 € R. We wish to find . To do this, we find the values of p at 0,
1 and 2. By the Verlinde formula (Oxbury-Wilson [39, § 2]), we have p(0) = 1 and
p(1) = 10 and

p(2) =22 x 52 x > 8(s, 1)

S(s,t) = 2*sin (@) sin (%) sin (%) sin (I(t—;)?i)>

and the sum is taken over all pairs s,t with s, > 1 and s +t < 4. We calculate

p(2) = 58 with Maple.

where

These values yield the equations
75! x 3(~a)(6 + a)(=B)(6+ 8) =1,

v-6'x 3(1 —a)(7T+a)(1 - B)(7+ B) =10,

!

75 X 32— a)(8+a)(2 - B)(B+B) = 58.
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Solving with Maple, we obtain v = 6 x 10!~! so |Z| has 6 base points. [

Remark: This number coincides with the number of Weierstrass points on a curve
of genus 2. These are the ramification points of the hyperelliptic map X — |Kx|*,

and are in canonical bijection with the odd theta-characteristics of X.

Theta-divisors exist for generic F

By Theorem 5.1 from the last chapter, M x(Spy C) can be covered by projectivised

extension spaces of the form
PH'(X,Sym® E*) =: P},

where £ — X is a stable vector bundle of rank 2 and degree 1. In this section, we
prove that the generic P}, contains no extensions without theta-divisors. The proof
also allows us to deduce some necessary conditions on E in order for P}, to contain

such an extension.
Firstly, we will need a technical result. Let F' and G be vector bundles over X.
We describe two maps between associated cohomology spaces. The first one,
U: H(X,Hom(G, F)) —» Hom(H°(X,G) — H'(X, F)),

given as follows. Let p € Prin(Hom(G, F)) and [p| € H'(X, Hom(G, F)) its co-
homology class; since H!(X, Rat(Hom(G, F))) is trivial, every cohomology class in

H'(X,Hom(G, F)) is of this form. Then
Ulp]: H%(X,G) - HY(X, F)

is the map t — t U [p] = [p(¢)]; this is as before easily checked to be independent of
the choice of p representing [p].

The second map,
m: H(X,G) @ H*(X,Kx ® F*) » H'(X,Kx ® F* ® G)

is the natural multiplication map of sections.
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Proposition 6.6 The maps U and m are canonically dual by Serre duality.

Proof (well-known)
Let V — X be any vector bundle. We make explicit the identification H!(X,V) =
H(X,Kx ® V*)* by Serre duality. Let [q] € H'(X,V). Then [q] defines a linear
form on HY(X,V*® Kx) by |

t— [(g,t)]

for any global section ¢ of Kx ® V*. The class [{g,t)] belongs to H'(X,Kx) = C,
so we get the required linear form.

Let [p] € HY(X,Hom(G, F)). A priori, m*[p] is a linear form on H%(X,G) ®
H°(X, Kx®F*); we interpret it as a map H%(X,G) — H%(X, Kx ® F*)* by sending
a global section ¢ of G to

s+ m*[pl(s ® t) = [(p(t), s)].

The principal part p(t)®s belongs to Prin(F® K x ® F*). The contraction (p(t), s) is
then an element of Prin(K x), with cohomology class in H'(X, Kx) = C, so m*[p|(t)
is a linear form on H°(X, Kx ® F*).

Now let t € H°(X, G) and consider the element t U [p] € H'(X, F'). This defines
a linear form on H°(X, Kx ® F*) by

s = [(p(t), 5)]

which is clearly the same linear form as m*[p](t). Thus -U[p] and m*[p] are identified

as maps

H°(X,G) —» H°(X,Kx ® F*)*.
This shows that U and m* are identified as maps
H°(X,Hom(G, F)) » Hom (H*(X,G), H'(X, Kx ® F*)*).

The proposition now follows by Serre duality. [

Remark: One useful case of this result is the following. If G = F' then we can

compose the contraction

c: H'(X,F ® Kx ® F*) - H'(X, Kx)
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with m. Then (com)* = m* oc*, and one can show in a similar way that c is dual
to the map
H'(X,0x) - H(X,F*® F)

given by [p] — [p- Idp).

We now describe a rational map J} --+ (P%)*. We claim that
WX, L®E) hX,KxL ' ®E) = 1

for generic L € J%. To see this, note that by Riemann-Roch, h%(X, LQ F) > 2 if and
only if A} (X, LQE) is nonzero. By Serre duality, h! (X, LQE) = h°(X, Kx L '®FE*).
But by Lemma, 4.3, this is nonzero for at most four L. Similarly h°(X, KxL ! ® F)
is greater than 1 for at most four L. Thus h%(X,L ® E) - h%(X,KxL ' ® E) is
different from 1 for at most eight L. We write U for the (open) complement of these
points in J¥.

For each L € U, we can consider the composed map m

HYX,L®E)® HYX,KxL ' ® E) "> H'(X,Kx ® E®R E) .

|

H%X,Kx ® Sym? E)

We claim that the image of m is of dimension 1; this follows from the last paragraph
and the fact that no nonzero decomposable vector is antisymmetric. Thus we can

define a rational map j: J; --+ (P%)* by
L +— (image of m).

We write U for the open set of J} where j is defined.

Now by Serre duality, a nontrivial symplectic extension
0->E"->W-HSE—-0 (6(W))

of class §(W) € H'(X,Sym? E*) defines a linear form on H°(X, Kx ® Sym® E), also
denoted (W), whose kernel defines a hyperplane Hy in P H°(X, Kx ® Sym? E).

The main tool of this section is
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Lemma 6.7 Let W € P, be a symplectic extension and L — X a line bundle of
degree 1 belonging to U C J). Then h®(X,L ® W) > 0 if and only if j(L) € Hy.

Proof
Tensoring the sequence (§(W)) by L, we get the cohomology sequence

0 HY(X,L®W) > H*X,L®E) > H(X,L®E*) = - --

whence h°(X, L ® W) > 0 if and only if the boundary map has a has a kernel. But
by Lemma 3.3 (i), this is none other than - U §(W). By hypothesis,

(X, KxL'®E*)=h'(X,LQE)=0

so h%(X,L ® E) = 1 by Riemann-Roch. Similarly, h°(X, KxL™! ® F) = 1. Thus
h%(X,L ® W) > 0 if and only if - U§(W) = 0. By Prop. 6.6 (with F = L ® E* and
G = L ® E), this is equivalent to

m: H(X,LQFE)® H'(X,KxL '® E) » H'(X,Kx ® E® E)

being the zero map; that is, m*6(W) = §(W) o m = 0, equivalently Im(m) C
Ker(6(W)). Since §(W) is symmetric, Imm C Ker(§(W)) if and only if Im(m) C
Ker(§(W)). Projectivising, this becomes j(L) € Hw (our hypothesis of generality
on L implies that j(L) is defined). O

By Lemma 6.7, we see that P% contains an extension without a theta-divisor if
and only if the image of j is contained in a hyperplane H C (P%)*. The extension
will then be that W such that Hy = H.

Lemma 6.8 For general E € Ux(2,1), the image of j is nondegenerate.

Proof
We recall that E has at least one line subbundle of degree 0, by Lemma 4.3. We

state precisely our hypotheses of generality on E:

e At least one degree 0 line subbundle M C F is not a point of order 2.
e For each such M, there is a unique pair of points ¢;,¢2 € X such that

KxM? = Ox(q: + q2).
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On the other hand, we saw in the proof of Lemma 4.2 that the class (6(F)) €
P H'(X,Hom(L, M)) can be identified with a divisor p,+py+ps € |Kx LM™!|.
We require that for at least one such M C E,

{1, @2} N {ep1, tp2, tps} = 0.

We have a short exact sequence
0o>M—o>ESL NSO (6.2)

where N — X is a line bundle of degree 1. We claim that this induces a short exact
sequence

0—>KxM2—)Kx®Sym2Ei)KxN®E—)O

where c is induced by the map £E @ F — N ® E given by
e®@f—ble)®f+b(f)Qe.

We work with the map induced by ¢ on the associated locally free O x-modules. Let
e,f € & be such that e € M, but f is not. Then the image of e® f+ f Qe
belongs to N ® M but that of f ® f does not. Thus the image contains two linearly
independent elements of N ® £, so the map on sheaves is surjective. The kernel of
c clearly contains M?, so is equal to it since they are of the same rank and degree.
This establishes the claim.

The associated cohomology sequence is
0— HY(X,KxM?) = H*(X,Kx ® Sym*E) - HY(X,KxN® E) = 0

since M? is nontrivial.

We now show that P H°(X, KxM?) is spanned by points of j(I/). We see that
j(L) belongs to this space if and only if L € U and

L™'=M(-z) and K3'L= M(-y)

for some points z,y of the curve. This condition can be interpreted geometrically
as L € tpy-10 NityO (notice that in genus 2 there is a canonical isomorphism

X = Supp®©). If M? is nontrivial then this consists generically of ©% = g = 2
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points, which are exchanged by .. We deduce that KxM? = Ox(z + y); therefore
we take L = M(tq1) = M~1(gz) where q; and g, are as defined above. We check
that j is defined at these points. It is necessary that neither M(.q;) = M~'(gy) nor
its image M (tgo) = M~!(q;) under the Serre involution be a quotient of E or the

Serre image of a quotient of F, that is,
{M(LQI)y M(LQQ)} N {N, KN_lv M(pl)y KXM—I(_pi)} - @

Since the set where j is not defined is ¢-invariant, it suffices to check that neither
M(wq;) is equal to N or M(p;).
If M(ug;) = N then P H'(X,Hom(N, M)) = |Kx(¢q;)| and

P1+Dp2+p3=t1q; +r+1r

for some 7 € X. Thus ¢; = ¢p; for some %, j. On the other hand, if M(cg;) = M(p;)
then g; = tp;. By our second assumption of generality, then, j is defined at both
M(eq;), and P HO(X, Kx M?) belongs to j(U).

Now Kx tensored with (6.2) yields the cohomology sequence

0 - HY(X,KxM) - H*(X,Kx ® E) - H*(X,KxN) = 0

and we have the diagram

HO(X,KxNM)

0— HYX,KxM?)— H%X,Kx ® Sym®> E) “— H*(X,KxN ® E) —> 0

\

HY(X, KxN?)

0
By abuse of notation, we also write c and d for Pc and Pd. It is enough to show that
co j(U) is nondegenerate in P H°(X, Kx N ® E). In turn, it suffices to show that
P H®(X, Kx NM) is spanned and that do j(U) is nondegenerate in P H°(X, K x N?).
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By the definition of ¢, we have co j(L) € PH’(X, KxLM) if L™' = M(—x) for
some z € X but K3'L # M(~y) for any y € X, or vice versa. This is equivalent
to L belonging to the symmetric difference of ¢3;-1© and ty©. Since M # M1,
we can find infinitely many such L. We need to find two which define different
divisors in |Kx NM|. We observe that if z is not a base point of |[Kx NM| then
co j(M~(z)) is the divisor in |Kx NM]| containing . Thus if neither x nor y is
a base point and they belong to different divisors of |Kx NM| then the images of
j(M~Y(z)) and j(M~'(y)) generate P H*(X, Kx NM).

Finally, we have do j(L) € P H°(X, KxN?) if and only if neither L™ nor K3'L
is of the form M(—z), equivalently, L does not belong to the union ¢y-1© U t3©.
In fact doj is dominant. Let x1 + Z2 + 3 + =4 be any divisor in |Kx N?|. For generic
7, and z,, we know that N~!(z; + z,) will not belong to t3-1© U t),©, so we can

put L = N7'(z; + 73) and then
KxL_l = KxN(—.’I?l — 1132) = N_1(1’3 + .’L‘4).

Thus d o j is dominant (and generically of degree 6). In particular, the image spans

|KxL?| =P O

Remark: The proof of Lemma 6.8 shows that in order for P, to contain an ex-
tension without a theta-divisor, the following condition must hold: for each pair
(M, N) of line bundles of degree 0 and 1 respectively such that E fits into a short
exact sequence

0—-M-—>F—>N-—=0(,

we have either
e M is a point of order 2 in J%.

e The class (6(E)) € |Kx NM™!| contains g, or gz, where KxM? = Ox(q) + g2).

Line of enquiry: These conditions suggest that one should perhaps look for the
base points of |=| in those P}, such that all degree 0 line subbundles of E are of

order 2. We show how to construct F with four distinct subbundles of order 2. Let
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wy, we and ws be distinct Weierstrass points on X and consider extensions
0— Ox(w1 - ’w2) — F - Ox('ll)g) -0

with classes in |w; + we + w3|. Then the extension corresponding to the divisor

wy + wy + w3 has the degree 0 line subbundles
Ox(w1 - ’wz), Ox(’wg - wl), Ox(’lU3 - 'LUQ) and Ox

which are all of order 2.
One can also construct £ with only one subbundle of degree 0, which may be a

point of order 2. Let L — X be a line bundle of degree 0 and consider extensions
0—->L—E— L(w)—0

where w € X is a Weierstrass point. Then P H'(X,Hom(L(w),L) = |Kx(w)|.
One checks easily using Lemma 4.1 and Serre duality that the extension with class
corresponding to 3w has only the line subbundle L, which may be of order 2.

This is a problem I hope to continue studying. It is related to the Brill-Noether
problem for vector bundles, that is, to determine the loci in the moduli space Ux (r, d)
of stable bundles with at least a prescribed number of independent global sections.

See Mercat [31] for an overview.

Symplectic bundles with singular theta-divisors

In this section, we characterise those stable symplectic vector bundles W of rank 4

over a curve X of genus 2 such that D(W) is singular, when it exists.

Criterion 6.9 Let W — X be a stable symplectic vector bundle of rank 4 such
that D(W) is defined. Suppose L € S(W). Then the subsheaf

E—IEB’CX—IECW

is isotropic if and only if D(W) is singular at L.

Proof
We begin by quoting a result of Laszlo.
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Proposition 6.10 For each stable bundle W of rank 2 and degree 0, we have
mult; D(W) > h%(X, LQW) with equality if and only if there exists v € H' (X, Ox)
such that -Uv: HY(X,L® W) — H!(X,L ® W) is injective.

Proof
Adapted from Laszlo [26, Prop. V.2|; the statement in this paper is for W of slope
g — 1 and D(W) is taken to be a divisor on J$. O

Now the only obstacle to Prop. 6.10 holding in rank r is that not every bundle
of higher rank possesses a theta-divisor. Thus we may assume it for those stable
vector bundles W € M x(Sp, C) which do. By Lemma 6.8 and the discussion in the
last section, this is the case for generic W. Explicitly, mult, D(W) > h%(X, LQW),
with strict inequality if and only if the cup-product map

‘Uv: HY(X,L@W) - HY(X,L® W)

has a kernel for every v € H'(X, Ox).
We treat the cases h%(X,L® W) > 2 and h°(X,L ® W) = 1 separately.

RO(X,L® W) > 2: Then D(W) is always singular at L, by Prop. 6.10. We show
that there are always nonzero maps s: L~ — W and t: K3'L — W such that
w(s(L7Y),¢(Kx'L)) =0.

We have seen that h°(X, KxL '@ W) = h°(X, L ® W), and for the moment we
suppose that both are equal to 2. Consider the map

m: H(X,LeW)® H(X,KxL '@ W) - H*(X, Kx)

where we identify W with W* via w. Note that this depends on the form w, but
since W is stable, w is unique up to nonzero multiplicative scalar and the kernel
of m is independent of the choice. This kernel is of dimension at least 2, because

h%(X,Kx) = g = 2. We need a technical result:

Proposition 6.11 Let V; and V, be vector spaces of dimension k. Then the de-

composable locus S of V; ® V;, is of dimension 2k — 1.
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Proof

The association v ® v' — (v) gives a well-defined map 7: S — PV,, which is clearly

surjective. The fibre
7o) ={v®v v €V}
is isomorphic to V, because v ® v; = v ® v4 if and only if v{ = v}. Hence

dimS =dimV, +dimV, -1 =2k -1

as required. [

Now there exists at least one decomposable element s ® t € Ker(my) since by

Prop. 6.11 the decomposable locus is of dimension 3. Then the image
(s,t) ('@ Kx ' L)

is isotropic in W.

If h°(X, L@W) > 3 then we choose any 2-dimensional subspaces of H°(X, LQW)
and H°(X, KxL~' ® W) and apply the above argument. This proves the criterion
it (X, L@ W) > 2.

Lastly, we suppose that h®(X,L ® W) = 1. Then the image of L™! & Ky'L in

W is isotropic if and only if
m: H(X,LeW)® H*(X,KxL '@ W) - H*(X, Kx)
is zero. By Prop. 6.6 and the remark. following it, this is equivalent to
U: HY(X,0x) = Hom (H*(X,L® W), H'(X,L @ W))

being the zero map. Because h°(X,L ® W) = h®(X, KxL™' ® W) = 1, we see that
U = 0 if and only if the cup-product map - U v has a kernel for all v € H!(X, Oy).
By Prop. 6.10, this last condition is equivalent to mult;, D(W) being strictly bigger
than h%(X,L ® W) = 1, that is D(W) being singular at L. O

Caution: Criterion 6.9 is false if W is strictly semistable. For example, let

V- € SUx(2,0x) be a stable symplectic bundle of rank 2 and M € J%[2] be a
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line bundle of order 2. The direct sum W := V & M @ M is a strictly semistable
symplectic bundle of rank 4 over X. Its (nonreduced) theta-divisor D(W) is equal
to D(V) + 2(tu®).

Now let L be a point of 3,0 which does not belong to Supp D(V') N Supp t4©O.
We have mult, D(W) = 2 = h°(X, LW) and W contains a subsheaf L™ !&Kx ' L,
which is contained in M @& M. Since the symplectic form on W is the sum of those
on V and on M @ M, the subsheaf £~! @ Kx ' £ is isotropic if and only if it is
isotropic with respect to the symplectic form on M & M. But this is impossible
since tk (L' @ Kx™' £) > L 1k(M & M).



Appendix A

Results needed in the proof of
Theorem 1.4

In this appendix we prove some of the more technical results needed in the proof of
Thm. 1.4.

Let Y be a smooth variety of any dimension. Recall that Buny (G) is the cat-
egory whose objects are principal G-bundles over Y and whose morphisms are G-
bundle isomorphisms, and Vecty""(2n) is the category whose objects are pairs
(W,w) where W — Y is a vector bundle of rank 2n and w € H°(Y, A W*) a sym-

plectic form on W and whose morphisms are isomorphisms H: W — W' such that

H*W = w.

Proposition A.1 Let W be a symplectic vector bundle of rank 2n over Y. Then
there exist trivialisations of W with respect to which the symplectic form is given

by the matrix
0 I,

-I, 0

)

equivalently, whose transition functions belong to the standard representation of

Sp,C on C*".

Proof (well-known)
This can be done by choosing an open cover over which W is trivial and then making

a coordinate change over each open set in the covering. O

84
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Theorem 1.5 The categories Buny (Sp,, C) and Vecty""(2n) are equivalent.
Proof (well known)

Recall that a frame for a complex vector space V of dimension 2n is an identification
f: € 3 V. We consider the symplectic form wy on C?" given with respect to the

standard basis by the matrix
0 I,

-I, 0
When V carries a symplectic form w, we may consider frames that carry wy into w,
that is, f*w = wy.

To a symplectic vector bundle W — Y we associate a principal Sp, C-bundle,
the symplectic frame bundle of W (see for example Bradlow [10, Lecture 5]). Let
{U; : i € J} be an open cover of Y over which W is trivial. For each y € U;, we
have, by Prop. A.1, a frame ¢; '|, for the fibre W/, such that (¢;|,)*wo = wl|,. Then,

by definition, all such frames for W, are given by
{¢7'|,0h:heSp,C}.

We define the symplectic frame bundle F(W) of W to be the collection of all such
frames over each y € Y. It has local trivialisations qz F(W)ly, = U; x Sp,C

induced by those of W; precisely,
6 (#7'ly 0 h) = (v, h).
Clearly q?, is equivariant for the right actions of Sp, C. The transition functions
Wi G(EFEW)luew;) = GEW)lviny,),

that is,
Ui ﬂUj X SpnC :) Ui ﬂUj X SpnC,

are given by
(y, h) — ¢j_1|y oh= (¢z_1 0 wi,j|y) ohw (y, wi,jly oh)

(notice that w;j|, is an element of Sp,C). Clearly these are also Sp,C-right-

equivariant.
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To make this association into a functor, we need to specify what it does to
morphisms. Let (V,08) — X be another rank 2n symplectic vector bundle and

H: (W,w) — (V, ) an isomorphism of symplectic vector bundles. Given a frame
f:{y} xC™ > w|,

for any y € Y, the association
F(H): f — Hl,o f

is an Sp, C-equivariant map F(W)|, — F(V)|, which is clearly functorial.
We check that F is fully faithful. Let ¥: F(W) — F(V) be an Sp,, C-equivariant
isomorphism. Define a map H: W — V as follows. For each f € F(W)|,, we have

a diagram

We define H|, = U(f) o f~'. We check that it is independent of f. By definition,

any other symplectic frame for W/, is of the form f o g for some g € Sp, C. Now

U(fog)o(fo g)" ' =V(f)-gog o f! by equivariance
=¥(f)of™!
= H,.

By construction, H is uniquely determined, and F(H) = ¥. Thus we have a bijec-

tion between Homgymp(W, V) and Homg,, c(F(W),F(V)).

We show that the functor W — F(W) is essentially surjective. Given a prin-
cipal Sp, C-bundle E — Y with transition functions {e;;}, we can construct the
associated vectdr bundle

E(c2n) = (H U,' X C?n) /{ei,j}-

iel
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By construction, the transition functions of the principal Sp, C-bundle F(E(C?"))

are just those of F, so this is an inverse construction for F. Hence the theorem. [

The orthogonal analogue of the following lemma is stated in Oxbury-Ramanan

[38, § 2]. For results on Jordan-Hoélder gradings, we refer to Le Potier [29, p. 76].

Lemma 1.9 Let W — X be a semistable vector bundle with a symplectic form

w. Then there exists a filtration
oCWC--CW, CWtCcW,l,Cc-ooCcWhcw

where each W; is an isotropic subbundle of degree 0 and WL‘V_*T is a stable vector

bundle for each ¢ = 1,...k. Then the associated graded bundle of this filtration is

Wi Wi Wy

i=1

isomorphic to

and Is the usual Jordan-Hélder grading of W. Moreover, w induces a symplectic
form on gr, W.

Proof

We check that such a filtration always exists. If W has no nonzero isotropic sub-
bundles of degree 0 then 0 = Wy C Wit = W trivially satisfies the requirements.
Otherwise, from among the nonzero isotropic degree 0 subbundles of W we choose
one W, (not necessarily unique) which has minimal rank. This is stable since any
degree 0 subbundles of W; would also be isotropic, contradicting minimality. If W,

is not contained in any degree 0 isotropic subbundle of higher rank then
oCcW,CWltcw

is the required filtration. Otherwise, we can choose some W, which has minimal
rank among those isotropic degree 0 subbundles strictly containing W;, and so on.
This process must stop because an isotropic subbundle has rank at most n.

Given such a filtration, we note that there are no degree 0 subbundles between

any W;_; and W;. For such a subbundle would be isotropic and its image in Wi
Wiy
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would destabilise this bundle, contrary to hypothesis. This then implies that there
are no degree 0 subbundles W' C W satisfying W} ¢ W’ c Wi, for then (W')*
would be a degree 0 subbundle strictly contained between W;_; and W;.

Therefore, we can complete the given filtration to a Jordan-Hélder one by adding
some (nonisotropic) bundles of degree 0 between W), and W}l if necessary.

We now notice that w induces a symplectic form on

W; o Wik,
Wi -1 W[L

L
and also descends to vV_Vka_, so we have a symplectic structure on the graded bundle

of this filtration. In particular, we get the required isomorphism

WiJ—_— 1 I Wi ’
Wit Wi

I3

foreacht=1,...,k.
If there are no degree 0 subbundles of W contained between W and W' then

we are done. Otherwise, suppose we have completed the filtration to
oCWiC--CWeCWppn C---CWoy CWCcWh, C--CWHCW

1
where all the quotients wl}/f? fori=k+1,...k+[and %":‘ are stable vector bundles.

Now gr, W is isomorphic to

é( uk EB( i )*)ea m W o Vi
Wi Wi 7 Wi Wiyt

i=1

Therefore, we have to show that

Now we have seen that VVVVIT:— carries a nondegenerate symplectic form. It has no
nonzero isotropic subbundles of degree 0 since such a subbundle would come from
a degree 0 isotropic subbundle of W strictly containing Wy, contrary to hypothesis.
By Lemma 1.6, it corresponds to a stable principal Sp,, C-bundle for some m > 0.

1L
We have a filtration of KVV;};:-:

Wit1 ~ Wi Wit Wi
O—-)WkCWkC CWkCWk.
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Since the subbundle V—VW’jJ’—' is not isotropic, by the proof of Lemma 2.1 it splits off
k

wi . .
Vvk; as a direct summand, and the complementary summand is

Wi /We Wit

Wit/ We ~ Wil

moreover, both summands are symplectic vector bundles. Repeating this procedure

v Wi W
with —%’V:—‘ C —v{‘,;c*‘—’ and so on, we see that

Wi Wiy Wit

i=k+1

This completes the proof of the proposition. O

Proposition 1.10 Let P be a subgroup of the group of invertible matrices of the

form
(Al x ke * \
0 Ay *x - *
o - Ap_1 %
\0 - 0 A
where the A; € GLy,, C for some my,...,my. (For example, P might preserve a

bilinear form.) Then the group of characters of P is generated by the characters of
the blocks along the diagonal.
Proof (shown to me by C. Pauly)
Consider the short exact sequence {I} > U — P — M — {I} where U C P is the
subgroup with identities in the diagonal blocks and M is isomorphic to a subgroup
of

GLy, CxGL,,, Cx -+« X GL,,, C.

This induces an exact sequence
{1} = Hom(M,C") - Hom(P,C*) - Hom(U,C*) — - - -

so we just have to show that Hom(U, C*) = {1}.



Appendix. Results needed in the proof of Theorem 1.4 90

We note that U is a unipotent group, so the Lie algebra u of U satisfies Dyu =0
for some k > 0. Therefore, if u is nonzero then we can choose a one-dimensional
Abelian Lie subalgebra of u from Dy_ju. The exponential of this is a subgroup of U
which is isomorphic either to C or C*; since C* is reductive, it must be C. So there

is a short exact sequence of algebraic groups
0> (C,+)=»U->U =0
This induces a short exact sequence
1 — Hom(U',C*) — Hom(U,C*) — Hom((C, +),C*) — - --

Now U’ is also unipotent so, by induction, we have only to show that a unipotent
group of dimension 1, that is, (C, +), has only the trivial character. Now any mor-
phism (not necessarily a group homomorphism) C — C* is given by a polynomial.
Since any nonconstant polynomial has a zero, the only morphisms C — C* are the

constants. Hence the only character of C is the constant function 1.
This completes the proof of the proposition. [

The last technical lemma classifies the possibilities for the symplectic forms in-

troduced in Prop. 1.9.

Lemma 1.13 Let W — X be a polystable symplectic vector bundle. Then any
two symplectic forms on W are related by an automorphism of W.
Proof |
A polystable symplectic vector bundle is of the form
! m n
(@(E @ Fi*)“"“) e (@ Gj'?"f> @ (@ H,?Ck)
i=1 j=1 k=1

where

e the F; are stable of degree 0, mutually nonisomorphic and F; 2 F};

e the G, are stable of degree 0, mutually nonisomorphic and self-dual but not

symplectic;
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e the Hj are stable, mutually nonisomorphic symplectic vector bundles.

(This can be seen by constructing a grading as in Prop. 1.9.) Now let w be a

symplectic form on W. We claim that
w((F @ F), A) =0

for any copy of F; @ F; and any other stable direct summand A in W. For, otherwise
we would have a nonzero map F; — A*, which would be an isomorphism since the
bundles are stable, contrary to hypothesis. A similar statement applies to the G

and H,. Hence w is a sum
Ot b+t Fvpt+lt++6

where 6;, v; and & are symplectic forms on (F; @ F;*)®%, G?bj and HP* respectively.

Thus it is enough to prove the lemma in the following cases:

1. W = (F @ F*)®* where F is stable of degree 0 and not self-dual.
2. W = G®® where G is stable and self-dual but not symplectic.

3. W = H®¢ where H is stable and symplectic.

Now the symplectic form determines an isomorphism W = W*. In the first two
cases, this maps each stable direct summand of W to a copy of its double dual.
Since the only endomorphisms of stable vector bundles are homotheties, the cocycle

of matrices giving the symplectic form is constant on X.

1. Write r = rk F'. Since F' is not self-dual, the subbundles F®* and (F*)®% are
Lagrangian in W by stability. Hence w is given globally by a matrix of the form

0 A
—tA 0

Q.=

where A is an invertible matrix of the form
)\1,1[1' %\1,2Ir e /\1 aIr
/\2,IIr /\2,2Ir e /\2,aIr

Aa,lIr /\a,2Ir /\a,aIr -
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for some A;; € C. By a slight abuse of notation, we write A = A’ ® I, where
A’ = (A;;). Then Aut W = GL, C xGL, C acts on the set of symplectic forms by
0 A

(g, 4) — | g 9| ®I.
_tAl 0

The result now follows from the fact that any two symplectic forms defined by matri-
ces of the form A are related by a transformation of the form N
—tA" 0 0 go

2. Firstly, we note that each copy of G in W is isotropic. For, the symplectic
form induces a nonzero antisymmetric map G — G*, which is either zero or an
isomorphism since G is stable. If it were an isomorphism then G would be a sym-
plectic bundle, contrary to hypothesis, so it must be zero!, but if we consider two
linearly independent injections 7 and ' of G into W then the restriction of w to the
subbundle i(G) @ 4'(G) is either zero or a pairing, by stability. Therefore, w is given
by a matrix of the form B’® I, where B’ is an antisymmetric invertible b x b matrix.
(In particular, b is even.) Then Aut W = GL, C acts on the set of symplectic forms
on W by

(9,B)— (‘gB'g) ® I,.

The result now follows as in case 1.

3. In this case we no longer know that each direct summand is isotropic with
respect to w. However, since H is stable, we know that the restriction of w to a
summand H is either nondegenerate or zero, and that there is only one choice of
symplectic form on H up to multiplicative scalar. We choose trivialisations of H
with respect to which this form is given everywhere by an antisymmetric invertible

r x v matrix J (of course r is even).

'We remark that G is in fact an orthogonal bundle. More generally, a self-dual stable vector
bundle G is always either symplectic or orthogonal. Indeed, let j: G —» G* be an isomorphism;
then tj: G = G* is another isomorphism. Since G is in particular simple, !j is proportional to j.

Therefore !j = +j because j + ¢j is an involution.
J J
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Now since H is stable, there is only one linearly independent map H — H*,
which must be given in our coordinates by a multiple of J. Thus the form w is given

everywhere by a matrix of the form

Mad | Mzd | | Med
O /\2,'1J /\2in /\2th
/\c,l'] /\c,ZJ e /\c,cJ

which we write again as C' ® I, where C' = ()\;;). Now using the facts that w
is antisymmetric and J is an antisymmetric matrix, it is easy to check that C' is

symmetric. Then Aut W = GL. C acts on the set of symplectic forms on W by
(9,C) = ('gC'9) ® J.

The result now follows from the fact that any two symmetric forms on C°¢ are related

by a transformation of the form C' — tgC'g. 0O

Proposition 1.12 Let E — X be a principal GL, C-bundle. Then E is (semi)stable
if and only if the vector bundle E(C") associated to the standard representation of
GL, C is a (semi)stable vector bundle.

Proof (well-known; see for example Oxbury [37, § 1.3])

Let P C GL,C be a maximal parabolic subgroup and o: X — E/P a reduction of

structure group to P. We saw in § 1.3 that E//P is identified with the bundle of

Grassmannians of subspaces of fixed dimension % in the fibres of E(C"). Thus the

section ¢ is an algebraically varying choice of subspace of fixed dimension in each

fibre, that is, a vector subbundle F' C E(C"). Write 7 for the projection E/P — X

and let V = #*E(C"). Let U — Grass(k,r) be the universal bundle. Now by for

example Arbarello et al [1, p. 68}, the tangent bundle of Grass(k, r) is isomorphic to

Hom(U,V/U). Hence the tangent bundle T}ge/r}, along the fibres of 7 is isomorphic

to Hom(U, V/U), whence

0" Tyyp = Hom(o*U,0*V/0o*U)
= Hom(F, E(C")/F).
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Now

deg(o™T§7) = & (Hom(F, B(C")/F)
=¢(F*® E(C")/F)
= ke (B(C)/F) + (n — Ker (1)
= keu(B(C™) — ker (F) + (k = n)es (F)
(

= kn (Cl(EnC")) - CllEF) .

The proposition follows from the definitions of stability and semistability. [
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