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Abstract

In this thesis we investigate thermal convection and wave motion in models of second
sound such as the Cattaneo model, Green and Laws model, Batra model, and Green
and Naghdi model. For the Green and Laws and Batra models we also investigate
questions of stability and uniqueness.

The term second sound means the transport of heat as a thermal wave. The
models are all presented within the framework of continuum mechanics. We use a
mathematical technique involving an acceleration wave to solve some problems. Fur-
thermore, in one of the chapters we use a numerical method, namely a D? Chebyshev
tau method to find eigenvalues of a thermal convection problem. This technique is
a highly accurate method.

In Chapter two we study thermal convection with the Cattaneo model. The
model is about thermal convection in a layer of fluid heated from below. We also
employ D? Chebyshev tau method to obtain numerical results for the model.

In Chapter three we study various properties such as instability and uniqueness
of the model of second sound which is derived by Green and Laws. We investigate
the model of Green and Laws for which the generalized temperature ¢ depends on 8
and §. We also show diffe,r'qncesl between the results when the boundary and initial
conditions have been changed. |

In Chapter four we study uniqueness, instability and wave motion of a Batra
model. In Chapter five we investigate thermal waves in a rigid heat conductor. This

is a more recent model of heat transport in a rigid body, namely that derived by



iv

Green and Naghdi.

In the final chapter, Chapter six, we consider a generalization of the theory of
Chapter five, to include fluid mechanical behaviour. We adopt a special relation for
the Helmholtz free energy in the model of Green and Naghdi. We analyse behaviour

of an acceleration wave for the model.
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Chapter 1

Introduction

In this thesis we study several models for “second sound”. The term second sound
refers to the transport of heat as a thermal wave. In particular, we study mod-
els for second sound which have been derived using the principles of continuum
thermodynamics. A lucid introduction to continuum mechanics may be found in
pages 310-344 of the book by Fabrizio [46]. The mathematical techniques we use
are based primarily on two ideas. The first is to analyse problems of linear instabil-
ity in a hydrodynamics setting. This involves solving eigenvalue problems numeri-
cally and to this end we employ a D?-Chebyshev tau method. The Chebyshev tau
method is a highly accurate numerical method, which is described in Chapter 2.
This technique has been very successful in yielding sharp results for hydrodynamic
stability problems and suitable (mainly recent) references are Carr [17,18], Chang
et al. 23], Dongarra et al. [41], Hill [70,71], Hill & Straughan [72-74], Orszag [125],
Straughan [168-170], Straughan & Walker [174-176], Webber [188,189].

The second mathematical technique we employ is that of acceleration waves. This
technique has been in employment for some time, see Chen [24], Fabrizio and Morro
[49], Ogden [124], Truesdell and Toupin [181], Truesdell and Noll [180]. However,
it is still a very powerful technique which is much in current use. This is because
it yields a means of analysing a fully nonlinear problem with no approximation
and then yields valuable results which allow one to test the validity of the physical
theory. To indicate just hdw important this technique is in the recent literature we

list the following references, all of which deal with acceleration waves, or very similar
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analyses such as these involving other discontinuity waves, Chen [24], Christov et
al. [27,28], Ciarletta & lesan [30], Ciarletta & Straughan [31-33], Ciarletta et al.
[34], Curro et al. [39], Eremeyev [45], Fabrizio & Morro [49], Fu & Scott [53-55],
Gultop [66], lesan & Scalia [80], Jordan [83-88], Jordan & Christov [89], Jordan
and Feuillade [90], Jordan & Puri [91,92], Jordan & Straughan [95], Kameyama &
Sugiyama [100}, Lin & Szeri [103], Mariano & Sabatini [112], Marasco [110], Marasco
& Romano [111], Mentrelli et al. [114], Ogden [124], Ostoja-Starzewski & Trebicki
[126], Rai [156), Rajagopal & Truesdell [157], Ruggeri & Sugiyama [160], Sabatini
& Augusti [161], Straughan [170,172], Sugiyama [179], Truesdell & Toupin [181],
Truesdell & Noll [180], Valenti et al. [186], Weingartner et al. [190,191}, Whitham
[192].

The topic of second sound is a very hot one in the current applied mathematical
literature. There are many theories for heat propagation as a wave in rigid bodies,
in fluids, in gases, in elastic bodies, and even in materials with much more exotic
structure. A thorough review of second sound theories, generalised heat conduction
theories, and acceleration waveé is contained in the book by Straughan [170] and
in the forthcoming book by Straughan [171]. The material for this introduction
and the cited references are‘taken from the books of Straughan {170,171]. To give
an idea of the extent of interest we quote the following references, all of which are
dealing with some aspect of second sound, Alvarez et al. [1], Alvarez et al. [2], Anile
& Romano [6], Bargman & Steinmann [8-10], Bargmann et al. [11], Bargmann
et al. [7], Brusov et al. [14], Buishvili et al [15], Cai et al. [16], Cattaneo [19],
Caviglia et al. [20], Chandrasekhariah [21,22], Chen & Gurtin [25], Christov &
Jordan [26], Cimmelli & Frischmuth [35], Ciancio & Quintanilla [29], Coleman et
al. [36,37], Coleman & Newman [38], De Cicco & Diaco [40], Dreyer & Struchtrup
[43], Duhamel [44], Fabrizio et al. [48], Fabrizio et al. [47], Fichera [50], Franchi &
Straughan [52], Green [57], Green & Laws [58], Green & Naghdi [60-65], Gurtin &
Pipkin [67], Han et al. [68], Hetnarski & Ignaczak [69], Horgan & Quintanilla [75],
lesan [76-78], Iesan & Nappa [79], Jaisaardsuetrong & Straughan [81], Johnson et al.
[82], Jordan & Puri [94], Joseph & Preziosi [96,97], Jou et al. [98], Jou & Criado [99],
Kaminski [101], Lindsay & Straughan [105,106], Lin & Payne [102], Linton-Johnson
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et al. [107], Loh et al. [108], Metzler & Compte [115], Meyer [116], Mitra et al. [117],
Morro et al. [118], Morro & Ruggeri {119, 120], Payne & Song [130-136}, Puri &
Jordan [137-140], Puri & Kythe [141, 142], Quintanilla [143-145], Quintanilla &
Racke [146-149], Quintanilla & Straughan [150-155], Roy et al. [158], Ruggeri [159)],
Saleh & Al-Nimr [162], Sanderson et al. [163], Serdyukov [164], Serdyukov et al. [165],
Shnaid [166], Straughan [169-171], Straughan & Franchi [173], Su et al. [178], Su &
Dai [177), Tzou [182,183], Vadasz [185], Vadasz et al. [184], Vedavarz et al. [187],
Zhang & Zuazua [193].

1.1 Cattaneo theory

To give a precise application of acceleration wave analysis we begin with an example
of heat propagation in a rigid solid. Straughan [170], pp. 349-360 describes these
ideas in a porous medium When.the heat flux laws are of Cattaneo type and then of
dual phase lag type. We follow the presentation given there. The basic equations are
those of an energy balance, and a constitutive equation for the heat flux ¢. Thus, let
€ be the internal energy of the body per unit mass and let 6(z, t) be the temperature.
For simplicity, we here restrict attention to one space dimension and so § = §(z, t),
where wave propagation will be in the z-direction. The energy balance law is in

three-dimensions

s Og
pa I —81'1' (11)
or
pE = —qi;- (12)

Throughout, standard indicial notation is employed with a repeated index denoting
summation over 1,2 or 1,2,3.
In the one-dimensional case (1.1) becomes

Oe 0q
= =_Z% 1.
P ot oz (13)
The general theory of acceleration waves and shock waves in nonlinear elastody-
namics is covered in detail in Chen [24} and in Fabrizio & Morro [49], pages 518-532

for acceleration waves and pages 532-541 for shock waves. Truesdell & Toupin [181]
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and Truesdell & Noll [180] cover many aspects of acceleration waves and singular
surfaces, in general.

To illustrate the basic concepts of acceleration wave analysis, we mostly restrict
attention to a plane acceleration wave moving in the direction of the z—axis, with
one-dimensional motion. The precise definition of an acceleration wave depends
on the material comprising the body we are examining. However, it will involve a
surface S across which certain derivatives of the functions defining the problem will
have discontinuities. A precise definition of an acceleration wave will be given in the
context in which it occurs.

For a function h(z,t) we define
ht(z,t) = lim, h(z,t) from the right,

h™(z,t) = lin}; h(z,t) from the left.

In particular, A™ is the value of h at S approaching from the region which S is about

to enter. The jump of h at S, written as [h], is,
[A] =h~ —h™". (1.4)

A key relation in acceleration wave analysis (or generally in any discontinu-
ity analysis) is the kinematic condition of compatibility, sometimes known as the

Hadamard relation,
) of af
= (] (2
=5+ (5
where §/6t denotes the time derivative at the wave. (The Hadamard relation is
discussed in detail in Chen [24], Appendix 1, and also in Truesdell & Toupin [181],

Section 180.)

(1.5)

From the definition of [h] we may prove the relation for the jump of a product

of functions g, h,

[gh] = g™ [h] + h™[g] + [g][A]- (1.6)

We use this relation extensively throughout this thesis when calculating the wave

amplitudes.
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When K = K(6) and € = £(8), equation (1.3) together with the Cattaneo law,

Cattaneo [19], present us with the system of equations
¢ +q=—-K(0)0,
p609t = —(qz, (17)

where 7 is a relaxation time.
Let us define an acceleration wave S for system (1.7) to be a surface across
which 6,, 8, q;, g and their higher derivatives suffer a finite discontinuity, jump, but

6, g € C%R x (0,00)). Then taking the jump of (1.7) we see that

T[Qt] = _K[ez]

peelb:) = —|gz)- (1.8)

To progress beyond (1.8) we use the Hadamard relation to find

[Qt] = _V[Qx]1 [at] = _V[ex]a

and then (1.8) become

_TV[QZ] = _K[HI]a
_—P€0V[9z] = _[QI], (19)
or, writing in matrix form,
-7V K (9] [0
1 —pegV 6] 0

For a non-zero solution of this we require

-7V K
=0
1 —pegV
and so
K(6%)
Vie —— . 1.10

where 8% denotes the temperature immediately ahead of the wave.
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Equation (1.10) shows that in the rigid body a temperature wave moves to the

right while an equivalent wave moves to the left with speed V', where

V= (1.11)
PTEg

We may analyse the solution behaviour at the wave in much greater detail than

this. To do this define the wave amplitudes a and b by
a(t) = [6:], b(t) =[] (1.12)
and then differentiate each of (1.7) with respect to z,

Tqie + @z = —K'(0)62 — K(6)6,,

P6099191 + p€09t:r = —qzz, (1-13)

where K' = 0K/98.

To simplify the analysis we suppose the region ahead of the wave is in thermal
equilibrium, i.e. #= constant.
This means

6" = constant, 6} =6 =0. (1.14)

We take the jumps of (1.13) and use the product relation (1.6), recalling (1.14) to

deduce

T[Qt:c] + [qa:] = _KI[GI]Q - K[era:]

pé'aa[et] [91] + p&'g[en] = —[q,_.x]. (1.15)

Next, we use the Hadamard relation to see that

ob da

5t [9ze] + Vg, 5t [6:z] + V[6z2]

and employ these expressions in (1.15). In this manner one finds

ob

(5 - Viesl) + b= =Ka - Ko

da

pEg(E - V[BM]) — peggVa® = —[qzz) (1.16)
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From (1.9) we know that

K
7Vb= Ka, or b= Wa

Using this we may deduce a satisfies the equations (note V' is constant since 6 =

constant)

- TV[qII] + _KI 2 K[erz]

K —
V 6t 'rVa_

da
pEBE - P€9V[9m] - P€09Va2 = —[qu] (117)

Dividing by K/V, where K/V # 0 these yield

da TV? 1 KV ,

5_t [Q:c:r] + a - —? V[e:c:c]
da

500 o =
o v {gu L1

Now, add both equations to find
5(1 V2 1 1 K’ 690
- - Za+ Va®=0. 1.19
—l ]< pEa) + Ta (K € ( )
Thanks to the wavespeed relation (1.10), the coefficient of [g..] is zero. This yields

the following equation for the wave amplitude a,

da

1
5 —a+Ca =0, (1.20)

where the constant ( is given by
- 1(K'V eV
N 2 K €y

_ }_ K(9+) K9(9+) _ 609(9+)
= 2\ pres(@h) ( K7 esld”) ) (1:21)

To solve (1.20) we put v = 1/a and then find

Using the integrating factor
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We integrate this to find after rearrangement

a(0)
exp(t/27) + 2r({exp(t/27) — 1}a(0)

When a(0) > 0 this shows a(t) — 0 as t increases. However, if a(0) < 0 we have

a(t) = (1.22)

la(t)| blows up in a finite time. This is associated with thermal shock formation, cf.

the calculations in elasticity in Fu and Scott [55]. From (1.22) the blow-up time is

when
et?" = |a(0)]| 27C<exp(t/27) - 1) (1.23)
and thus we find the blow-up time is
27¢|a(0)]
T =271 —_— ], 1.24
7108 (a7 (124

1.2 Outline of thesis

In Chapter 2 we study the problem of thermal convection in a layer of fluid heated
from below, but when the heat flux law is one of Cattaneo type, as introduced in
Section 1.1. Since we solve this problem for two rigid surfaces we are faced with the
numerical solution of an eigenvalue problem for a system of differential equations.
Thus, in Chapter 2 we also introduce the D? Chebyshev tau numerical method.

Chapter 3 investigates various qualitative properties for a model for second sound
derived by Green & Laws [58]. The model of Green & Laws introduces a generalized
temperature ¢ which depends on 6 and 6, where 6 is the usual temperature. We
extend this work in Chapter 4 to a model of Batra [13] who generalizes the Green
& Laws ideas by allowing 6§, § and 6 to be variables in the constitutive theory.
In Chapter 4 we investigate uniqueness, instability, and wave motion in the Batra
theory.

Chapter 5 studies a more recent model of heat transport in a rigid body, namely,
the model of Green & Naghdi [60]. In this chapter we give a detailed analysis of
acceleration waves in the Green & Naghdi [60] theory.

In the final chapter, Chapter 6, we investigate an extension of the model in
Chapter 5. This is to the case of the thermodynamics of Green & Naghdi [60],

but when the theory is extended to cover an inviscid fluid. The extension is due
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to Quintanilla & Straughan [155]. We consider a different constitutive theory from

Quintanilla & Straughan [155], and study the development of an acceleration wave.



Chapter 2

Thermal convection with the

Cattaneo model

Our goal in this section is to solve a thermal convection problem. Firstly, we intro-

duce a numerical method.

2.1 D? Chebyshev tau method

To describe the Chebyshev tau technique we follow Dongarra et al. {41] and consider

a simple example. Consider the equation and boundary conditions,

Lu=v"+ X u=0, z € (—1,1),

u(~1) = u(1) =0, (2.1)

where the differential operator L is defined as indicated.
Now write u as a finite series of Chebyshev polynomials

N+2

u(z) = Z upTi (). (2.2)
k=0

The idea is that (2.2) represent truncations of an infinite series. Due to the trun-
cation, the tau method argues that rather than solving (2.1) one instead solves the
equation

Lu=nTni1 +TTNio (23)

10



2.1. D? Chebyshev tau method 11

where 1, 7, are tau coefficients which may be used to measure the error associated
with the truncation of (2.1).
To reduce (2.1) to a finite-dimensional problem the inner product with T; is taken

of (2.3) in the weighted L?(—1, 1) space with inner product

1
f(z)g(z)
,9) = ———=dx
(f,9) /_ Vi
and associated norm ||-||. The Chebyshev polynomials are orthogonal in this space,

and then from (2.3) we obtain (N + 1) equations
(Iuw,T})) =0 i=0,1,...,N. | (2.4)
There are two further conditions which arise from (2.3),
(LU,TNH)‘: Tl 5=1,2,

and these may effectively be used to calculate the 7’s. The two remaining conditions

are found from the boundary conditions, which since 7, (£1) = (£1)?, yield

N+42 . N+2
n=0 n=0

Equations (2.4) and (2.5) yield a linear system of (/V + 3) equations for the (N + 3)
unknowns u;, t =0,..., N + 2.
The derivative of a Chebyshev polynomial is a linear combination of lower order

Chebyshev polynomials, in fact

T, =2n Z Tk, n even,

n—1
T =2n) Te+nT,, nodd (2.6)
k=2

Then (2.4) becomes
u® 42y =0, i=0,...,N, (2.7)
(2

where the coeflicients u;” are given by

p=N+2

e 1
2 .
u® = o > p(@* - )y, (2.8)
top=it2
p+1 even
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with the numbers ¢; being defined by ¢y = 2,¢; = 1,1 =1,2,... . (Actually, (2.8) is
really a truncation to the N + 2th polynomial of an infinite expansion.) Equations

(2.7) and (2.5) represent a matrix equation
Ax = —)Bx, (2.9)

with x = (uo, ..., uns2)7. However, the B matrix is inevitably singular due to the
way the boundary condition rows are added to A. Indeed, the last two lines of B
are composed of zeros, while the upper left (N + 1) x (N + 1) part is simply the
identity.

To clarify this point, we observe

N+2

u = Z u T ()

i e

= Z us<z Dr,sTr>
vz wio

= Z (Z Dr,sus>Tr
r=0 >s=0

and so we may make the identification

N4-2
1
uﬁ) = E D, sus.
s=0

Similarly,

o N+2 ,N+2
v =3 (L D)
s=0

r=0

and, therefore,

This allows us to introduce the differentiation matrix D, and second differentiation
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matrix D? which are shown to have components

Dosji-1=25-1, 721,

Diiy2j-1=2(i+2j—1), 121,721,
1 . .
Dg,2j = 5(2])3, J =1,

Diipo; = (E+2))45(i+7), 121,721,

or

01 0 3 0 5 0 7 0 9
0 0 4 0 8 0 12 0 16 0
,_| 00 06 010 0 1 0 18
0 0 0 0 8 0 12 0 16 0
0 0 0:0 0 10 0 14 0 18
0 0 4 0 32 0 108
pe_ |0 0 0 2400120 0

0 0 0O 0 48 0 192

(2.10)

where we observe D? = D - D in the sense of matrix multiplication. These matrices

are started at (0,0) and truncated at column N + 2.

The N+1 and N+2 rows of the matrix A are replaced by the boundary conditions

(2.5) while the same rows of B are replaced by zeros.

The resulting matrix eigenvalue problem is solved by using the QZ algorithm in

the NAG library.

2.2 Hydrodynamic stability eigenvalue problems.

To begin our discussion of hydrodynamic stability eigenvalue problems we shall

consider the Orr-Sommerfeld equation

(D? — a?)%¢p = iaRe(U — ¢)(D* — a*)¢ — iaReU" ¢, z€(-1,1),

(2.11)
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see Drazin & Reid [42], equation (25.12), where D = d/dz, Re, a and c are Reynolds
number, wavenumber, and eigenvalue (growth rate), respectively, and ¢ is the am-
plitude of the stream function. For Poiseuille flow U = 1 — 22, whereas for Couette

flow U = z. Equation (2.11) is to be solved subject to the boundary conditions
¢=D¢p=0, =z==1 (2.12)

In Poiseuille flow the basic flow is driven by a pressure gradient in the z-direction
whereas Couette flow is driven by the upper boundary being sheared relative to the
lower one. The latter is known as shear flow but the whole class of such flows is
known as parallel flow.

Equation (2.11) governs the two-dimensional stability problem for parallel flow
where Squire’s theorem is employed to reduce the three-dimensional problem to a
two-dimensional one. This is standard knowledge in the fluid dynamics literature,

cf. Drazin & Reid [42]. The function ¢ is related to the stream function ¢ by
P = ¢(z)etalEel), (2.13)

System (2.11), (2.12) has an infinite number of eigenvalues and associated eigenfunc-
tions. Since the real part of the temporal growth rate in (2.13) is e%¢, ¢ = ¢, + ic;,
the eigenvalue which has largest imaginary part is the most dangerous in a lin-
ear instability analysis. The component in (2.13) of the solution associated with an
eigenvalue is referred to as a mode and the one with largest imaginary part is known

as the dominant, or leading, mode (eigenvalue).

2.3 D? Chebyshev tau method, Orr-Sommerfeld
equation
A D? method writes (2.11) as two equations

Li(¢,x) = (D*—a®)p—x =0,

L2(¢1 X)

(D? — a®)x — iaRe(U — c)x + iaReU" ¢ = 0. (2.14)
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We solve exactly the equations

Li(¢,x) = Tn+1 + 72T 42,

Ly(¢,x) = m3Tn+1 + a2, (2.15)
by writing e s
' : +
$=> oT(2), x= xTi(2),
i=0 i=0

and then by multiplying each of (2.15) in turn by 7;, ¢ = 0,..., N. This yields
2(N + 1) equations for the coefficients ¢;, x;- The equations obtained by taking the
inner product of (2.15) with T, 1, Tn+2 yield equations for the tau coefficients. The
difficulty with the above approach, as pointed out by McFadden [113], p. 232, is
that the boundary conditions are all on ¢; and none are on ;.

A D?-method for (2.11),! (2.;12) appropriate to Poiseuille flow eventually solves

an equation like (2.14) where

X = (¢07 e 7¢N+2a X0y XN-{—Z)T)

with
(D2 - a?1 —1 \ (0 o)
BC1 0...0 0...0 0...0
BC?2 0...0 0...0 0...0
A, = . A=
0 D? —a?I —2aRel  aRe(P - 1)
BC3 0...0 0...0 0...0
\ BC4 0...0 J 0...0 0..0 |
and

(0 o )

B, =0, Bi=10 —aRel
0...0
\ 0...0 /

where P is the Chebyshev matrix representing 2%, A = A, +14;, and B = B, +iB;.

(P is the matrix obtained by writing 2% = 5(1+ T3(2)), and then taking the inner
product (T3, 22¢).)
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The rows BC1,..., BC4 refer to the boundary conditions on ¢, and for the
Orr-Sommerfeld problem. The four discrete boundary conditions are obtained from

the boundary conditions (2.12). Since T".(£1) = (£1)**!n?, these are

N+2 . T ON+2 N+2 . N+2
ST-1)igi=D> =D (-D)FiPei =) *¢i=0. (2.16)
i=0 1=0 =0 =0

Due to the way the terms split in the discretization of (2.11) when U =1 — 22 it is

then better to write (2.16) as

i=N+1 1=N+2 i=N+2 i=N+1
(bi = O, ¢i = O, 1 d’i = 0, 1 ¢i = 0 (217)
=0 i=1 i=1 =2
i even i odd 1 odd 1 even

2.4 Thermal convection with the Cattaneo law

We use the Cattaneo law as in Straughan & Franchi [173]. The equations for fluid
motion consist of the balance of mass, balance of linear momentum, balance of
energy, and the Cattaneo law [19]. These equations are found in Straughan &

Franchi [173]. The balance of linear momentum is,
1
Vit T VUi = —;P,i + agk;T + vAv; (2.18)

where v;,p,T are the velocity, pressure and temperature fields, A denotes the
Laplace operator in three - dimensions, p is the constant density, v is the kinematic
viscosity, g is the gravity, k = (0,0, 1) and « is the thermal expansion coeflicient.

The balance of mass equation is,

Vii = 0. (219)

The balance of energy is,
pcp(Tt + 'UiT,i) = —Q;; (220)
where g; is the heat flux and ¢, is the specific heat at constant pressure. The invariant

form of the Cattaneo law adopted by Straughan & Franchi [173] is,

1 1
T(Qie +viGi; — 5Vij + 58V5:) = —¢ — &1, (2.21)
2 2

k being the thermal conductivity.
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The fluid occupies the layer (z,y) € R?, z € (0,d) and equations (2.18) - (2.21)
hold in the domain R? x (0,d) x {t > 0}. The boundary conditions are

v; =0 on z=0,d,

(2.22)
T=T, z=0, T=Ty, z=d,
with T, > Ty. The steady solution to (2.18) - (2.21) of interest is
2
p= _agﬁz + agpTLz + po, where py is a reference pressure. (2.23)

2

&

Here (3 is the temperature gradient,

T -1y
B = 7
T =T,
i=d
/\_/\_/\/\
TN N N T
Layers of fluid
P N S
/\/\/-\/\
=0
T=T,

T, >T,

Figure 2.1: Diagram illustrating fluid heated from below.

Instability of solution (2.23) is studied by introducing perturbations (u;, 8,7, g;)
such that v; = §;+u;, T =T+6, p = p+m, ¢ = §; +¢. Then, from equations (2.18)

- (2.21) we derive the linearized equations governing (u;, 8,7, ¢;) as, see Straughan
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& Franchi [173],
1
Uy = ——T; + agki9 + I/A’U.i,
P

u;; =0,
(2.24)
pepby = Bpcyw — gig,
1 1
7(qie — Eui,zﬁlﬁ + Eﬂﬂw,i) = —q — K0,
where w = u3. Equations (2.24) are non-dimensionalized as in Straughan & Franchi

[173]. We need the Prandtl number, Pr, Cattaneo number, C, and Rayleigh number,
Ra = R?, which are

_pU _ 7(k/pcp) _ | agd‘g
Pr= d’ €= 2d? k= v(k/pep)

The non-dimensional linearized equations (2.24) are

Uit = —T4 + Rkﬂ + Aui,
Ui = Oa V
(2.25)
Prf; = Rw — g;,
2C'Prq1-'t = —q; + CR(U-L',Z - w,i) — 0'1' .

To study instability we seek an exponential time dependence like
ui(x,t) = e ui(x), 0(x,t) = e70(x), q(xt) =e"q(x), w(x,t)=e"n(x),
Equations (2.25) yield

oU; = —7 4 + Rkﬂ + A’U,i,
Ui = 01
(2.26)
ocPrf = Rw — g,
20C’Prqi = —q; +'CR(’U/1',Z - w‘,-) - 9,7; .

[13 ”»

Eliminate 7 from (2.26); and put @ = g¢;;, where “ ;” means derivative with
respect to z;. Thus we solve the equations
ocAw = RA*9 + A*w
oPré = Rw - Q (2.27)
20CPr@Q = -Q — A8 — CRAw,
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where A* = 9%/0z? + 9% /9y? is the horizontal Laplacian.
We now use the D? Chebyshev tau numerical method to solve equations (2.27).

The fixed surface boundary conditions are
w=w,=0=0, z2=0,1. (2.28)

Equation (2.27); is fourth order and hence we introduce the variable x by x = Aw.
We let f be a plane tiling periodic function so that f., + f,, = —a®f where a is a

wavenumber. Next write w, x, 8 and @ in the form

w=W()f(z,y), x=x(2)f(z,y), 8§=0(2)f(z,y), Q=Q(>2)f(zy)
We now solve (2.27) as
(D? — a®)W — x =0,
(D? — a®)x — Ra*0 = oy,
(2.29)
(D* - a*)© + Q + CRx = —20CPrQ,
QQ — RW = —oPro.
The functions W, x, © and @ are expanded in terms of Chebyshev polynomials, for
N odd,

W(Z) = anTn(z)a. X(Z) = ZXnTn(z),
N N

O(2) =D _0,Tn(2), Q) =) QuTn(2)
n=0 n=0

To use the boundary conditions (2.28) we note that
T (£1) = (£1), T (£1) = (£1)"'n?

Then the boundary conditions (2.28) become,

i=N-1 =N
E W; = 0, E w; = O, (230)
1=0 =1

i even 1 odd

i=N-1 i=N
§ iw; = 0, § i2w; = 0, (2.31)
1=2 i=]

1 even i odd

i=N-1 i=N

Y =0 > =0 (2.32)
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The Chebyshev tau D? method now reduces to solving the matrix system Ax = o Bx.

Here the (N + 1) x (N + 1) matrices A and B are given by

where x = (wy, . .

BC1
BC?2

BC3
BC4

(4D? — @21

-, WN, X0 - - -

-1 0 )
0...0 0...0 0...0
0...0 0...0 0...0
4D? — o?] —Ra?I 0
0...0 0...0 0...0
0...0 0...0 0...0
CRI 4D? — g2I I
0...0 BC5 0...0
0...0 BC6 0...0

0 I

0 0 0 )
0...0 0...0 0...0
0...0 0...0 0...0

I 0 0
0...0 0...0 0...0
0...0 0...0 0...0

0 0 —2CPrI
0...0 0...0 0...0
0...0 0...0 0...0

0 —Prl] 0

aXNvGO)"'aeN)Q(J:"

.,@Qn). The boundary condi-
tions BC1, BC2, BC3, BC4, BC5, BC6 refer respectively to (2.30), (2.31), (2.32).

The matrix system is solved by the QZ algorithm used as given in the NAG library,
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cf. Dongarra et al. [41]. Note that in the last block row of A and B there are no
boundary conditions. This is due to the fact that (2.29), is an identity and not a

differential equation.

2.5 Numerical results

Straughan and Franchi [173] found that for two free surfaces, the following asymp-

totic formula,
_ 21t
4

Ra (1 + gcﬁ + O(C2)> .

We present numerical results for two fixed surfaces below. Again, we find Ra to be

increasing in C.

Table 2.1: Critical Rayleigh numbers

C Ra a
0 1707.765 3.12
1074 1711.180 3.12

2x107* 1714596  3.11
4x107% 1721475  3.11
6 x 10~ 1728.402  3.10
8x10™* 1735369  3.10
103 1742.393  3.09
2x107%  1778.194  3.07
4x107%  1853.544  3.03
6x107%  1934.276  2.98
8x107%  2020.868  2.94
1072 2113.893  2.89
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The results in this table we found by fixing a? and solving for ¢. The numerical

routine seeks that value of Ra for which Reo = 0. Then we find

min Ra(a?).

It was found that ¢ € R throughout the table. From the table we see that Ra

satisfies an approximately linear relationship in C. For small C values we have
Ra ~1707.765 + 34150C (2.33)

so the slope is approximately 3.5 bigger than that in the free surface case.




Chapter 3

Green and Laws model

3.1 Derivation of the model

In this section we will summarize the derivation of the model which appeared in

Green and Laws [58].

In the article of Green & Laws [58], they proposed the entropy production in-
equality for the whole body b and for the material volumes p, by employing the
specific Helmholtz free energy and energy equation together with other standard
balance equations. Moreover, they make the constitutive assumptions that i, 7, ¢, g;
are functions of 6, 6, 6 ;. Furthermore, they treat both the external volume and sur-
face supplies of entropy on an e‘qual footing and retain a non-zero r. The balance

laws for a single phase continuum that are used in Green & Laws [58] are

p+pvi;i =0 (3.1)
teik + pFi = pus, (3.2)
pr — gi; + tixdix — pé = 0, (3.3)

where p, v;, tii, Fi,7,q; and €, are, respectively the mass density, the velocity, the
Cauchy stress tensor, the specific body force, the specific heat supply, the heat flux
and the specific internal energy. The stress tensor t;; is symmetric, so t;x = tx,
and dj is the symmetric part of the velocity gradient, dix = %(vi,k + vg;). Also a

superposed dot denotes material time differentiation.
23
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In 1967, Muller [121] proposed an entropy production inequality of the form

i/,{)’rydv—-/ﬂdlh# kinida > 0 (3.4)
dt p P 7 Op

for every material volume p, 7 is the specific entropy, ¢ is the absolute temperature
(0 > 0), k; is an entropy flux vector, and n; is the outward unit normal to the
boundary surface, dp, of p.

The equation of motion (3.2) and the energy equation (3.3) are balanced by suitable
choices of body forces F; and heat supply 7.

Green & Laws [59] suggest that since (3.4) holds for every material volume p, it also
holds for the whole body b, therefore they assume that the only external volume
supply of entropy is defined in a particular way in terms of externally supplied rate
of production of heat r, namely r/6. Similarly the only external supply of entropy
over the boundary 9b of the continuum is that defined in the same way in terms of
the rate of supply of heat. Then they suggest that the entropy flux vector in (3.4)
be restricted by the condition

Qi
kini = 10

Otherwise the external supply of entropy over 0b is of different character from the

n ob. (3.5)

external volume supply of entropy.

In 1971, Muller [123], [122] considered solutions of (3.1) to (3.3) when F; =0, r = 0.
Green & Laws [58] assume that associated with the heat supply r there is an entropy
supply 7/¢ where ¢ > 0 and ¢ = € in equilibrium. The function ¢ = ¢(4, 9) is a
generalised temperature.

For the whole body b, the entropy production inequality is

d or q;n;
— | pndv — /—dv +/ dz > 0, 3.6
dt Jy b @ o @ (3:6)

and for all material volumes p, the entropy production inequality is

d/ /m‘ /qmi
— [ pndv— | —dv+ —~—dz > 0. 3.7
it J, R S (37)

Green & Laws [58] define the Helmholtz free energy 1 = € — n¢, and consider a

stationary rigid heat conductor. Moreover, they use the constitutive assumptions
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that 1,7, @, q; are functions of 0,9, 6;, and exploit the Helmholtz free energy ¢

together with the constitutive assumptions into (3.7) to obtain

gf = 0 (which yields ¢ = ¢(6,8)),
8¢ 74 0 7é 0. (3.8)

For a rigid solid which conducts heat according to a Fourier law
q; = —m]-(9, 9.)9‘]', (39)

leads to x;; is symmetric.
Define equilibrium to be when § = 0, 8, = 0, and let ¢| = 0, hence (8¢/36) | , =
1. Then Green & Laws [58] show

_ o o |
an 65. is a positive semi-definite tensor. (3.10)

By employing (3.7) and the Helmholtz free energy: 1 = ¢ — n¢, then the equation
(3.3) becomes
pr — gus — p(3 + 1 + ¢n) = 0, (3.11)

and the linearized version of (3.11) is

dg; 0g; on ]
pr 69 5 \ 89’10 Ee,lk p<¢)80> 7
37]> .. < 877 ) .
p<<b %) |, \®a; )| b (3.12)

Thus, (3.12) is capable of predicting a finite speed of heat propagation. We now

study the properties of a solution to equation (3.12) in some detail.

Throughout the remainder of the thesis {2 will denote a domain in R3. If Q has
a boundary this will be denoted by I'.
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3.2 Uniqueness for the Green and Laws model
with k; constant

In this section  C R3 is a bounded domain with boundary I'. Now, discuss equation

(3.12) and take the specific heat supply 7 = 0 then this equation becomes,

af + B0 + &b + kb = 0, (3.13)
where the coefficients are

5=o(eg)|

S = gg:c 5

- IRLC IR

In this section a, 3, & and k; are constants, we assume &;; to be symmetric, and
equation (3.13) holds on the domain €2, t > 0.

The boundary and initial conditions are

Boundary Condition 0= f(x,t)onT, (3.14)
Initial Conditions 6(x,0) = g(x), 6;(x,0) = h(x), x € Q. (3.15)

Let P denote the boundary-initial value problem given by (3.13)-(3.15).
To prove that the solution is unique, assume that there are 2 solutions ¢, and 6,
which satisfy the equation (3.13) and the boundary-initial conditions (3.14) and
(3.15). Then let w = 6; — 5. From (3.13) we find w satisfies

aw + Pw + Ew i + kiw; =0, wherex € Q, t > 0, (3.16)

with the boundary condition
w=0 on T, (3.17)

and the initial conditions

w(z,0)=0, x € Q, (3.18)



3.2. Uniqueness for the Green and Laws model with k; constant 27

w(z,0) =0, x € Q. (3.19)
To demonstrate uniqueness we multiply (3.16) by w and integrate over §2, to obtain
a/ wwdx + ﬁ/ widz + / Eipw spwdT + / kyw wdz = 0, (3.20)
Q Q Q Q
or equivalently in the form,
a(w) ’lU) + B(wv 'LU) + (§ikw,kia 'LU) + (kiw.ia 'l.U) = Oa (32]‘)
where (-, ) denotes the inper product on L*(92). Note that
o - a [ d, . ad
_ _afe 2
a(w, W) a/ﬂwwdx 5 /Q dt(w) dr = 5 dt”w” (3.22)
The second term of (3.21) is
Bl w) = [ wds = Bl (3.23)
Q
and for the k; term we have

(k)i'LU',i,’U.)) =/kiu'1_iu')d:c
Q

0w Ow
= | Fana o

ki 0 (0w)® . .
=/ 3 5.\ 5t dz, by using the chain rule
Q

—1/ 9 k; ow d since k; is a constant vector
5o, 5 z, since k; constant vecto

/ niki(gt—fds, by using the divergence theorem
r

=0. (3.24)
For the & term,

(€W ki, W / EikW ki WdT

= /inkw(a—

o) . 0 :
—/Q-az(&-kww‘i)dx—/Qw'igk(fikw)d:r

= / nelikwiw i ds — / kW W AT,
r Q
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where we have integrated by parts and used the divergence theorem. The first term

is zero since w = 0 on I, so that

(Cikw ks, W) = —/&kw,iw,ktdl‘,

= _iﬂ/&kw W kdz. (3.25)
Employing (3.22) to (3.25) in (3.21), equation (3.21) becomes
2 _ =
: dt”w” + Bl - 5 % / £t 10 4T = 0, (3.26)
or
.2 .2, Lla _
2dt d:v+ﬁ/ dz 2dt/£mw swidz = 0. (3.27)

Integrate equation (3.26) from 0O to ¢,

1 t
= / (a"d}2 - §,~kw‘iw,k> dx + ,3/ / wdz = 0. (328)
2 Q 0 JQ

We now require o > 0, § > 0, & to be a negative semi-definite tensor, i.e.

£k <0, V&, that is
dg;

28 1

Then from equation (3.28) we obtain

1
0< —/ <au')2 — fikw,iw,k> dx <0,
2 Jq

0<a / widz — / Epw sw kdz < 0.
Q Q

Since a [, wdz > 0 and — [, Euw wrdz > 0, then

&&e <0, V&
E

and so

0< a/ widz < 0. (3.29)
o

Therefore
/ widr = 0, (3.30)
Q

so w = 0, this leads to w = 0, hence §; = 8, which yields uniqueness.
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3.3 Uniqueness for Green and Laws model with
ki = k)z($>

Now we use equation (3.13) but allow k; to depend on the spatial variable, i.e.
k; = k;(z). Let 6; and 6, be solutions to the boundary-initial value problem defined
by equations (3.13),(3.14) and (3.15), where 6; and 6, each satisfy (3.14) and (3.15)
for the same data functions f, g and h.

Let w = 6, — 6. Then from equations (3.13),(3.14) and (3.15) we find w sat-
isfies the boundary-initial value problem (3.16), (3.17) and (3.18). We now, prove

uniqueness when k; = k;(z).

Multiply (3.16) by w and integrate over the domain Q. Thus

a/u';ﬂ';da:+ﬂ/(u’;)2d:z+/§ikw,kiu'1dx+/kiu},iwdr =0. (3.31)
Q Q Q Q
As in section (2.2) we find
a/ wwdr = g—HwH2 (3.32)
Q 24t '
and 3
‘/fz§ikw,kiwd$ _é-cﬁv/&kwlwkdx (3.33)

For the term in k; we note

.. _ ki 6 N2
/Qlclw_,-wda:—/Q > 92, (w)dzx (3.34)

and upon integration by parts

A k',i .0
/lewﬂwd:r /3 kw Ydx — 5 —widz

1
2
1
= —/nik,-u')2ds— l‘/ k“u')2d$
2 2 Jo

1

= ——/kiﬂ-wzdz, (335)
2 Ja

because w =0 on I'.

Then, employing equation (3.32)-(3.35) in equation (3.31) we obtain

ld ki,i .0 _
57 (allwll - /Q gikw,iw,kdx> + /Q (ﬁ - 7)10 dz = 0. (3.36)
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We now require that

B sku(@) 20, VzeQ (3.37)
Then we discard the § — k;;/2 term in (3.36) to find
d (o, . 12 gik
{2l = | FEwwidz ) <0 .
7 (2 il T W :r:) <0 (3.38)
Integrate this from 0 to ¢ to find
1
Sl - - / Cixwiwpdz < 0, (3.39)
2 2 /o :

since w(x,0) = 0 and w(x,0) = 0. Since &€ < 0 inequality (3.39) leads to

0 < [lw)|*><0 (3.40)
Therefore
()l = 0. (3.41)
Thus
W=0 inQ,Vt (3.42)
and so
w(x,t) =0. (3.43)

Hence the solution 6 to the boundary-initial value problem (3.13),(3.14) and (3.15)

is unique.

3.4 Continuous dependence of the thermal energy

In this section we suppose k; = k;(x).

We now suppose 8 satisfies the boundary and initial conditions
#=0onT,
0(x,0) = bo(x), T € Q,

9(:13,0) = (100(1:)7:” € Q.
Then multiply equation (3.13) by 6 and integrate over (2, we obtain,

a(0,8) + B8, 8) + (€0, 0) + (ki(x)6,6) = 0. (3.44)
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We note,
gzke 1ka / Ezke 1k9d$
as in Section (3.3) we find
. 1 .
(ki(@)h. ) = / ki 6%, (3.46)
Q
Employing (3.45) and (3.46) into (3.44), we obtain
2 2, @1 1 2
2dt/0 dz+ﬁ/9 dx /f,kﬁ 0 rdx Q/kue dz. (3.47)
Rearranging equation (3.47), we obtain
i/ 392—15-9-9 d / 8 Kii ) g2z = 0 3.48)
&t Jo \ 27 T atlabn JaT T | g )7 3.
Suppose now
ki
B——5 20>0. (3.49)
Then from equation (3.48) we have
d a, 9
dt Q
Integrate from O to ¢ over {2, we obtain
@y 1 Y
—9 dr — = Eiké?'iakdz + B 0°dzdn
0o Ja
& 040
2 / 2dr — = / il ;0 dz. (3.51)
Suppose
&k < 0, (3.52)
then
- [ €t ibudz 2 0 (3.53)
Q
Therefore, from equality (3.51) we have
o . ¢ .
— / 6%dz + Bo / / 6*dzdn < D, (3.54)
2 Ja 0 Ja
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where Dy is the data term,
1 t
D, = g/ cpgd:v— —/{ik0390kd:z+ﬁo/ /cpozd:rdn. (3.55)
2 Jq 2 Ja ’ 0 Ja
Define now
F(t) / / 6*dzdn, thus F'(t /02dz (3.56)
Then the equality (3.54) may be rearranged as
%F’(t) + GoF(t) < Dy, (3.57)
or
2
F'(t) + %F( t) < Do (3.58)
Multiply (3.58) by exp( ot then we have
d ( —”‘LF> < 28up,
dt o!
Then integrating
t
2
ea tF(t) — F(0) 5/ 2 Doe 4ds
0
2 o 2 |
= {2V = \Dye=
(2) (55) 2|,
= _1)_0 <e%ﬂt 1 ,
0
rearranging to obtain,
D
egﬁQ‘F(t) < F(0) + =2 <6%Qt - 1)
Bo
So
Dy 260t
F(t) < =22 (1 _ e ) (3.59)

Inequality (3.59) shows continous dependence of  on the initial data in the F(t)

measure.

3.5 Uniqueness and continuous dependence for a

related model

An equation very similar to (3.13) may be taken from the work of Payne & Song

[134]. These authors study a model for thermoelasticity which stems from the ther-

modynamic treatment of Green & Laws [58]. By fixing the displacement, u;, in
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equation (1.11) of Payne & Song [134] so that u; ; = 0, one arrives at the equation

for the temperature field 6 of form
hi+db — b0 — (b:0): = (kikbr) .. (3.60)

Clearly equation (3.60) is very like our equation (3.13) but has the extra term
—(b:0),:.

In this section we establish uniqueness and continuous dependence on the initial
data for a solution to (3.60). Hence, let Q C R3 be a bounded domain with boundary
I" and suppose (3.60) is defined on the space-time domain §2 x (0, T) for some T > 0.

The boundary conditions are
0(x,t) = f(zx,t), =xeT, (3.61)
and the initial conditions are -
6(x,0) = g(z), 6:(z,0) = h(z), (3.62)

where € (2.
The functions h,d may depend on x but A > 0,d > 0,b; = b;(x) and k;; = k;i;(x),
but ki;&€; > 0, VE.

To establish uniqueness and continuous dependence we let §, and 6, be solutions
to (3.60) and (3.61) for the same data function f. Let 6; satisfy (3.62) for g =
gl,iz = h; and let 6, satisfy (3.62) for g = gg,fl = hy. Define w = 6, — 6,,G =
91— g2, H = hy — ho, then from (3.60)-(3.62) we find w satisfies the boundary-initial

value problem

hw + dw — biw,i - (biu'))y,- = (k,-jw,j),i, in 2 x (0, T), (363)
w(zx,t) =0, z €T, (3.64)
w(z,0) = G(x), w(x,0) = H(x), © € . (3.65)

Multiply equation (3.63) by w and integrate over Q to find

d1 . : d1
a5‘/Qhw2dx—}—/dezd:zc+35/Qkijw,iw,jdz

Q- . Q
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where we have integrated by parts on the k;; term and used the boundary condition.
To handle the right hand side we use the chain rule and integrate by parts to see

that

/bzww’ldm-i-/(blw)ﬂwda:
Q Q
1
= —/bi(wz),id$+/biw,i’lbd$+/bi_iw2d$
2 Ja 0 0
= l/bi(’d}z),idl'-i-l/bi(w2)’id$+/bi,iw2d$
2Jq 2 Ja Q
=/bi(w2),idiﬂ+/bi,iw2d$
Q 2

o
_/Q%_i(biw dz

= / bingw?dS = 0, (3.67)
r

since w = 0 on I'. Thus, equation (3.66) becomes

1
i - / hu'12dz + l / kijw ,-wjdz -+ / d’l.U2diL' = 0. (368)
dt 2 (9] 2 Q ’ ’ Q
Since d > 0 we drop the last term to obtain
d 9
dt Q 0 ’ '

This equation is integrated from 0 to ¢ and we find
/ h[w(ﬂ:,t)]zdﬂ? + / kijw,i(a:,t)w,j(:n, t)dl‘ S / hH2diE + / kijG,iGyjd.’lf. (370)
Q Q Q Q

Inequality (3.70) yields continuous dependence on the initial data g and h in the

measure
E(t)=/h[w(m,t)]2dz+/kijw,i(m,t)w,j(a:,t)da:. (3.71)
Q Q

If we additionally know k;; is positive-definite, i.e.
kij&& > kol€l?, ko > 0, (3.72)

then since h > 0 we may deduce from (3.70) with the aid of Poincaré’s inequality

that
ko/\l/[w(w,t)]2dill§/h,sziL'-f-/klijG,iG'jd.’E, (373)
Q Q Q
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where A\; > 0 is the constant in Poincaré’s inequality.

Inequality (3.73) demonstrates continuous dependence on the initial data g and

h, in the L?(Q) measure of w, and hence 6.

Uniqueness follows immediately from (3.73) when (3.72) holds, for in that case
G =0, H =0 and so from (3.73)

0< / widz < 0 (3.74)
Q

which shows w =0 V(x,t) € Q x (0,T). Thus 6, = 6, and hence uniqueness.
When k;; is simply positive, i.e. k;;§:€; > 0, then uniqueness follows from (3.70). In
that case we see

0< / hi’dz <0 (3.75)
Q

and since A > 0 we must have w = 0 in Q x (0,T). It then follows w = 0 and so

f, = 0, in Q x (0,T), hence uniqueness.

3.6 An instability result for a solution to (3.13)

We return now to equation (3.13) which we recollect together with the boundary

and initial data as

of + 00 + €xb i + kif; = 0, in Q x (0, 00), (3.76)
Oz, t)=0, x €T, (3.77)
6(x,0) = g(x), 8,(x,0) = h(x), = € Q. (3.78)

In this case we assume «a, 3 are constants but allow k; to depend on «.
Our aim is to see whether the continuous dependence (stability) result of Section
3.4 may be negated if k; is sufficiently large and &;; is not negative. Thus, multiply

(3.76) by 6 and integrate over Q. After calculations like those of Section 3.4 we may

2 kii o\ g4
dt?/@d —/<7 ﬁ)ed th/@ﬁedz (3.79)

show that
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Suppose now that
kii(x) >k >0 (3.80)
and
ky > 28 (3.81)
We also assume that
;&5 = 0, V¢ (3.82)
Under conditions (3.80)-(3.82) one now shows from (3.79) that
— t .
/ 6%dz > <kl 2ﬂ) / / 6%dzds + L. (3.83)
Q « 0 Jo
Put A = (k; — 28)/a > 0. Define the function K(t) by
t
K(t) = / / 62dxds, (3.84)
0 J0
where
- 1
L= / hzda: - = / {ijg,ig,jdz. (385)
Q @ Jo
Then inequality (3.83) is equivalent to
K' > MK+ L;. (3.86)
Using an integrating factor one finds
d
= (eMK) > Lie™ (3.87)
and upon integration from 0 to ¢ one obtains
L, At
K(t) > 7(6 -1) (3.88)
or
t o R 1 e — 1
/ /Qz(m,t)d:rds > [/ h2(X>d.’E— —/é.ijg'ig’jdx:l (—— (389)
0 Ja L/ aJa

This inequality clearly shows [, 62dz grows exponentially fast in time if conditions

3.80) - (3.82) hold and [, A%(x)dz > L [, &;9.9;dz. This in turn demonstrates
Q o Ja6ii9.i9.5

instability of a solution to (3.76)-(3.78). Thus, the conditions imposed in Sections

3.3 and 3.4 are important in ensuring a well posed boundary initial value problem.
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3.7 Uniqueness on an unbounded spatial domain

In this section we let 2 be a domain in R® exterior to a bounded set §; ¢ R®. The
interior boundary of Q2 is 9§2. Suppose without loss of generality the origin 0 € Q.
Define {2 to be the domain Bg\§y where By, is the ball of radius R with R so large
that {2y does not intersect Bg. The boundary of g, i.e. the spherical surface of

radius R, is denoted by I'r. The smallest R which intersects with 95 is denoted by
Ry.

Figure 3.1: Diagram illustrating unbounded spatial domain

We wish to establish a uniqueness result for a solution to equation (3.13) but now
on the unbounded domain . Our aim is to establish uniqueness by not assuming

the solution @ decays as R — oco. To achieve this we employ a method due to
Graffi [56].

Let us recollect the boundary-initial value problem for (3.13), i.e.

af + B0 + ki(z)8; + (kif,): =0, in Q x (0,T), (3.90)

f(z,t) = 6;(x), on 89, (3.91)
8(z,0) = g(x), b(x,0) = h(x), = € . (3.92)
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To establish uniqueness via the Graffi method we assume 6, and 6, are solutions
o (3.90)-(3.92) for the same data functions 6,,¢ and h. Let w = 6; — 6. Then w

satisfies the boundary-initial value problem,

aw + ,B’LU + ki(a:)u')_i -+ (kijw‘j),i = O, T € Q, t e (O,T), (393)
w(z,t) =0, T € 09, (3.94)
w(z,0) =0, w(x,0) =0, € . (3.95)

Multiply equation (3.93) by w and integrate over Qg for R fixed. We find

d a ki' .
T o (—2-w2 - —2lw,iw‘j> dz + /I“R kijw ;um;dS

R ki .
+ [ Buldz + / —(w?)dz = 0, (3.96)
Qg ap 2

where we have integrated by parts on the k;; term. For the last term

ki kin; . Kii .
—(w?) dz = ST 2dS — —~hiddz. (3.97)
2 ' 2 2

Qg g QR

Combining (3.97) with (3.96) we see that

fhad —i? — Skpw w _
g QR<2w 5 Jw,w,J>d$+/QR<ﬁ 2)wdac
kin; .
Tr 2

Integrate equation (3.98) twice over the time region (0,7),

[, (5= Jromans)asans [ [ [ (0-25) st

kz Ny .
_ / / / (kijnj ; : w2) dSdudn. (3.99)
0 0 T'r '
We now require
ki ;
8- 7’_2 0. (3.100)
Then the term 8 — =* may be dropped, hence we obtain

L o)
Lo

kz i .
2n w2> dSdudn. (3.101)
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We now suppose k;; is a bounded, negative-definite tensor, so that
—kij&€; > aolél’, a0 > 0. (3.102)

By employing (3.102) in (3.101), we then obtain

T ,
a ., 1 )
—w° + -oapww; | drdn
/0 -/QR (2 2 °
T s . kini .2
- kijnjuw; + — v dSdudn. (3.103)
0 0 I'r

Suppose |k;;| < K, |ki| < ki, ki > 0, then we obtain

/ / —w? + QoW W, )dmdn
k
< / / / (K|w||w,i|+51w2> dSdudn. (3.104)
o Jo Jrg

We then use the arithmetic-geometric mean inequality on the right to see that

/ / w‘*'CYOUIIU)dxdn
/ / /FR{ (le Iwéi|2> + %uﬂ} dSdpdn. (3.105)

/ / — ) + apw ;w, )dmdn

K+k
g/ // (——+—1|' [V I)deudn (3.106)
0 0 Tr 2 2
Hence, we obtain

1 (7 K T [T
5/ / (e® + apww;) dzdn < —(—+—2ki/ / (Jw|? + |Vw]|®) dSdn.
0 Qn 0 T'r

(3.107)

or,

Let a; = min{a, oo}, then

—/ / W? + |Vwl|?) dzdn
Qg

<= / / a? + ao|Vuw|?) dzdn
Qr

(K
< ——+—kl—/ / |w| + |Vuw| )den,
Cr
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or

T T
. / / (6 + [VoP) dedn < (K + k)T / / (Jl? + |Vwl?) dSdn. (3.108)
0 Qg 0 I'r

Define now '
T
F(R) = / / (w? + |Vw|?)dzdn, (3.109)
0o Jag
and put A = a;/(K + k1)T. From inequality (3.108) one shows
dF
AF < —. 11
SR (3.110)

Thus,
d
iR [Fexp(=AR)] >0

Integrate this from 0 < Ry to R to find
F(R) = F(Ro)exp[A(R — Ro)]. (3.111)
Suppose now that our class of solutions is such that
[, |Vw| < ef for some & > 0. (3.112)
Then, since F(Ry) = Fp is a constant (3.111) shows that
Fyexp[MR — Ry)] < F(R) < Ae®"R, (3.113)
some A > 0. If we pick T small enough then (3.113) yields a contradiction, i.e. for
| A > 2,

or
. S
26(K + k1)

Thus, w = 0 on 2 x (0,T) and uniqueness follows.

T

However the bound (3.112) is independent of T and so we may repeat this argu-
ment on (T, 2T), and so on to establish uniqueness on (0,T).

N.B. The original Graffi method, see Graffi [56], was developed for the Navier-
Stokes equations and for the equations of compressible flow. The extension of the

Graffi method to hyperbolic equations of linear elasticity was due to Straughan [167].
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3.8 A non-standard problem for equation (3.13)

Payne & Schaefer [127] began a study into non-standard problems for a class of
partial differential equations. They argued that rather than prescribe initial condi-
tions on the function, @, say, one prescribes a combination of the solution at ¢t = 0
and at t = T, for some time 7' > 0. Such a class of problem may be employed to
obtain bounds for the solution when the problem is improperly posed. The class of
non-standard problems studied by Payne & Schaefer [127] has proved to be a very
fruitful area of research as may be witnessed by the extensions of Ames & Payne [3],

Payne et al. [128,129], Ames et al. [4,5], and Quintanilla & Straughan [153, 154].

To state the class of non-standard problem we are interested in, suppose in (3.13)

we change a to m, (3 to d, &; to —ay; and for m,d > 0 but constant we have
m9 + d0 + ki(r)é,i — (aijG,j)ﬂ- = 0. (3114)

Equation (3.114) holds in Q x (-O,T) where §2 € R3 is bounded. On the boundary
of ,T", we have
6(x,t) =0, xel. (3.115)

For constants «, 3, the “initial” conditions are replaced by

af(x,0)+0(x,T) = g,

Our goal is to establish that a solution to (3.114)-(3.116) depends continuously
in an appropriate manner on the data functions g and h. To achieve this we begin
with a general estimate which follows by multiplying (3.114) by g and integrating
over §). After integration by parts and use of the boundary condition (3.115) we

may arrive at

. t " » . 1
T”9”2 +/ / (d - ‘k—,> szmdn + —/ a,-je'i(t)e'j(t)da:
2 0o Ja 2 2 Jq

where here and throughout this section we have suppressed the dependence on x in

6.
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Observe that (3.117) does not by itself yield a continuous dependence estimate for

8(t) since the right hand side consists of unknown functions 6(0), V8(0). We do not

know 6(x, 0), 6(x,0) we only know the data functions g(x) and h(x).
We suppose throughout this section that

d—%zo Ve € .
ol 18] > 1

We firstly consider the case |a|,|3] > 1. Thus, we evaluate (3.117) for t = T and
drop the second term on the left of (3.117). This yields

mIB(@)IE + [ 00, (T8, (T)de
< mIBO)IP + [ 01,8,(0)0,(0)dz (3.118)
Now, use equation (3.116) in the left hand side of (3.118) to find
m(h — 86(0), h — 86(0)) + /Qaij [95 — af;(0)][g.: — af:(0))dz
< mllé(0)|2 + /Q 05;0,5(0)0:(0)dz, (3.119)

where (.,.) denotes the inner product on L*(2).

Note now that
(h — B88,(0), h — 86,(0)) = ||B]|* + 52(|6.(0)||* — 26(h, 6.(0))

2
> [l + B8, ~ L1807 - <Al (3.120)

for € > 0, where we have used the arithmetic-geometric mean inequality. For €; > 0

we similarly establish
| astas = 08,(0a; - o6, (0))dz
=/aijg,jg,idac+a2/ aijﬁ_j(O)Qi(O)da:— 2a/ aijg_ie,j(O)dac,
Q Q Q
Z/Qijg_ig,jd:v—#a?/ain,i(O)Q,j(O)da:
Q Q

2
— (i/aijey,-(O)Q,j(O)dz—Q/aijg,,-g‘jd:z. (3121)
&1 Ja 0
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Combining (3.120) and (3.121) in (3.119) we thus obtain

5(u~)MUW+M@—§)A%&m%@m

+ m(l — E)”h“2 + (1 — 81) [) aijg,igddm
SMM@W+/m;wW() (3.122)
Q

Since |G| > 1, |a| > 1 we choose

22 ’ 22
5=i>1 and €1 = e

B -1

These choices in (3.122) yield the inequality

m (%’—1> 16:0)1I> + (a22_ 1> /Q 01;0,:(0)8 ,(0)de

#2+1 , f[a®+1 /
< h - T 0.0.dz. _
=m ([32 —1 ” ” + o2 —1 o azgg,zg,]dl' (3 123)

Put £ = min{|e], |5]} and then from (3.123) we may obtain

mmmW+Amﬁmmmwx

ShMW+b/awwﬁ% (3.124)
0

B2 +1\ 2 a?+1 2
won(5759) (@50) >0 8- (55) (652) >0

Finally, employ the bound (3.124) in (3.117) to find

Tsz /m] m+//< )W@m

g+ EA%LLM (3.125)

where

Inequality (3.125) holds for any ¢ € [0, T] and thus yields our desired estimate of how

the solution § depends continuously on changes in the data functions g(x) and h(x).

The case |a|, 8] < 1

In this situation we follow the method of Payne & Schaefer [127], p.88.
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Let us define the bilinear form (A4.,.) by

Q
Then we follow the procedure leading to (3.117) but now integrate from ¢ to T'(fixed)
rather than from 0 to ¢.

Recall d — k;;/2 > 0. Then put-
E(t) = ml8.(t)1* + (A8(t), 6(t))- (3.127)
One obtains
m||6.(8)]I + (A6(2), 6(t))
= /tT /Q(2d — ki,1)|0,|*dzdn + m||6,(T)|)> + (A6(T), 6(T)). (3.128)

We cannot discard the 2d — k; ; term on the right of (3.128) since it is non-negative.

However, we suppose

mgx[2d — ki (x)] < a, (3.129)
for a constant. Then, from (3.128)
T
E(t) < a/ 16,112dn + E(T) (3.130)
¢
and since (Az, z) is a positive form,
T
Et)<a / E(n)dn + E(T). (3.131)
t
Now put
: T
P(t) = / E(n)dn. (3.132)
t

Then (3.131) may be rewritten as
~P'(t) < aP(t) + E(T). (3.133)

Since T is fixed E(T) is constant. Hence from (3.133)

% (e®*P) +e*E(T) > 0. (3.134)

Upon integration from ¢ to T" we find

(e — e%) > ™ P(t). (3.135)
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Thus

p(t) < BT (gar-0 _ ). (3.136)
Now put this in (3.133) to obtain
—P'(t) < B(T) (e*T™Y — 1) + E(T) = E(T)e*™™" (3.137)
Now recall definition (3.132) so that P'(¢) = —E(t), hence
E(t) < E(T)eTY,  te[0,T). (3.138)
Evaluate this for t =0,
m||8.(0)||* + (46(0),6(0)) < [m|6.(T)|1* + (A6(T),6(T))]e"". (3.139)

Using the data relations

af(0)+6(T) =g, B6,(0)+6,(T)=h, (3.140)
we then find
h_e@)° 9 _6M)N g _oT)
m“3 +<A<a o' )’a a )
< m||6’L(T)||2e“T + (A6(T), 6(T))e". (3.141)

The left hand side is expanded out to see that
mone ., m 2
ﬁzllhll + ﬁzll(h( W= (h 0:.(T))
1
+ —5(-49’9) + ‘—2(A9(T)79(T)) - a;(Ag,&(T))
< m||6y(T 1%t + (A8(T), 6(T))eT. (3.142)

Next, use the arithmetic-geometric mean inequality to obtain

2m m51 2 2
- TR 0T 2 =TT ~ 555 (3.13)
—%(Ag,em»—ﬁme( JOT) - o= (Agg), (3144

where 8;, 6, > 0 are constants.

Upon insertion of (3.143), (3.144) into (3.142) and rearranging one finds

(15 = el + (2 - ) (a0(m) o17)

ﬁ2

< % (i - 1) A% + %(6—12 - 1) (Ag,9), (3.145)
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where we assume 0 < {6;,8,} < 1. Pick §; = é, = % Then

(55 = T IO + (52 - ") (ab(D),607)

o
RlIIZ 1
< g (3.146)

Suppose now ||, |B]| are such that

2—ﬁ2—€aTZ,U1>O,
1
2T¢2—6G'TZ/,I;2>O.

This requires |al, |8 < e~%7/2/1/2 and is a restriction on the data coefficients & and
3. Let & = min[u;, po] and then from (3.146) we find
E(T) < g”—g; + 51—22(Ag, 9). (3.147)

Now, we use (3.147) in inequality (3.138) to find

E(t) < ll_h|_|z + L(Ag,g) expla(T —t)], (3.148)

632 &io?

for0<t<T.
Inequality (3.148) is our bound for 6(t) in terms of the data functions g and h and
the data constants a and 3. Note, however, that a and # must in the case of |a],
18] < 1 be restricted.

When o > 1, 8< 1, 0r a < 1, 8 > 1, Payne & Schaefer [127] show that non-
uniqueness or non-existence of a solution is possible for an equation with d = 0,
k; =0, ie mb+ (kij0 ;) = 0.

We expect similar undesirable behaviour for the more complicated equation

(3.13).



Chapter 4

Batra Model

4.1 Model and uniqueness?

In 1975, Batra [13] studied heat conduction and wave propagation in non-simple
rigid solids for which the constitutive quantities at a point depend upon the present
value of temperature and of all its derivatives up to second order at that point.
Batra’s theory is also developed in Batra [12].

He considered the balance of the internal energy
E'+qi,,-—r=0, (41)

where ¢ is the internal energy density, g is the heat flux measured per unit surface
area and 7 is the supply density of the internal energy. In that paper he used f
for the time derivative of a function f of x, ¢, f; for the partial derivative of f
with respect to z;, where x is the position of a material particle in rectangular
Cartesian coordinates. Moreover, he assumes that a material point = and at time ¢,

the variables ¢,¢,n and ¢ are smooth functions of 6, 6,9,0,g,G and he denotes the

corresponding functions by a superimposed caret i.e.

e(z,t) = £(0,6,9,60,9,G, 1), (4.2)

where 8 is the empirical temperature, and g, G denote the temperature gradient

and second gradient, i.e.

gi = Hﬂ' and G-L] = 9'1-]-. (43)
47
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He notes that isotropic heat conductors, é,7, § and é are isotropic functions of their
variables. Furthermore, he derives for the balance of the internal energy in the linear

case when heat supply r = 0 as

C10 + Cob + C50 + (Cy + K4)bii = K104, (4.4)
where
Cl = _6—6 ) C2 = &
9 | ¢ 00 | g
C3 = % 5 04 = Qé':‘ 3
60 E a]l E
K, = _Q1|E1 Ky = Q4|E7 I, = Gii7 (4-5)

where Q; and @, are the coefficients of g; and g; in the expression for g;.

He shows that the equation (4.4) gives C3 and K, have the same sign. Moreover,
he assumes that 6,6, 9,6, ¢, and G are continuous across a singular surface, from
which it follows that the jumps [6], [f] and [8;] across the wave vanish. He therefore

obtains the solutions for the wavespeeds in the linear case as

| K
u;n; = 0, ung = +4/— it C4. (46)
Cs

He also establishes a uniqueness theorem for (4.4) by assuming that

Cl>O,K1>0,CQSO,C3<O,C4+K4SO, (47)
and the initial and boundary conditions are
§=0=60=0 on Nat t=0,
00
6 =00on o0 x (0,7, o 0 on 3,82 x (0,7T), (4.8)

where

00 =,0U 80, 5NN =10, (4.9)

Here 2 is the region occupied by the body and 0f? is its boundary. The proof of the
uniqueness theorem in Batra [13] is wrong, as we now show. Recall the equation

(4.4) with M = Cy + K, as

Ci0 + Crf+ C50 + MAG = K\ A8. (4.10)
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To prove uniqueness, Batra multiplies (4.10) by 6 and integrates over ), to obtain

C1(6,8) + C2(8,60) + C3(4,6) + M(8, A8) = K, (A8, ).

Note that,
6.0)= [ (67dz = 0]
Q

For the second term on the left hand side we find

5oa _li 5 _ 1 9
(6,6) i/ﬂeedm 55 )02 g

For the last term on the left hand side we find

0 AO /98%6%
o6 00 96
/Q 8(171 (93351)611: B /Q <5;8$1>d$
o0 19
/Fnlec—?;ds—/ﬂ(ve) dzx

= ——/(Vé)zdm = —|| V)%
Q

For the term on the right hand side one finds

629
(A8, 6) / 6 5o, &Cl

90 89 66

/ a:u (96x1>d B q 0z; ax,-dx
/ — n;ds — / VOVhdz
6 0

__-° __-“ 2

2dt (V@) de 2dt”ve”

Note, now that
56:0)=0.9)+ (.9,

therefore
2 . .
_ %gﬁ (6)2dz — / (6)2dz
1 :

= 5817 — 1611

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Therefore (4.11) becomes,

. C Cy d . . K
2 “2 2 3 2 2 2 1 2
— - ikt Y 4.1
culbe + 22161 + Lo - e - mpvi = K13 pvee, 1)
or
d d? C . . .
(e BL19017) + 5 S = CaloIP + MIVE - CaldP. - (418)

Under the conditions of Batra’s theorem, M < 0,C3 < 0,C; > 0, so drop the
right hand-side of (4.18), and integrate from 0 to ¢, to obtain

40,

75 16]|? < 0. (4.19)

Cay iz, K 2
—1|0 —(|Vo
5 1017 + - 1IVeII" +
Now suppose K; > 0, then with K(¢t) = %||9||2, inequality (4.19) yiélds
CoK + C3K < 0. (4.20)

If Cs3 # 0, then inequality (4.20) may be rewritten
CyK

3

+K >0, (4.21)

Define A = Cy/C3, thus
K+ MK >0, (4.22)

then multiply by the integrating factor e* and then one finds

(K 4+ AK) > 0, (4.23)
or
d —(eMK) > 0. (4.24)
dt

Then integrate from 0 to ¢, to find

eMK(t) — K(0) >0
K(t) > e M K(0). (4.25)

Uniqueness does not follow from inequality (4.25) as claimed by Batra [13].
We now investigate the Batra theory further. We are able to show that under
certain conditions one achieves exponential growth in a suitable solution measure,

or possibly even finite time blow-up.
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4.2 Exponential growth

Recall the Batra model of heat conduction in homogeneous, isotropic, non-simple

rigid heat conduction,
Cif+ Cob + C36 + MO ;; = K16 5. (4.26)

The boundary and initial conditions are

Boundary Condition f(x,t) =0, € T, (4.27)
Initial Conditions f(x,0) = bo(x),

o9

5 —(=z,0) = vo(x),

0%6

50 —(x,0) = ap(x). (4.28)

To establish exponential grdwth of a solution, we multiply (4.26) by § and integrate

over €2, then we obtain
01(9, 9) + 02(9, 9) + 03(0, 9) + M(9, é,ii) = K] (0, 9'1'1'). (429)

Note now that

[ y )
9,6) —/QOde— 2dt/9 th % 19)2 (4.30)

For the term of M we have

: 526
0,04) = /Q 9( &Ciaxi)dm
a (. 08 o0 96
- /Qazi( ax,-)dx“ 7. 01"

o6 a9 o9
B /FniOa—xids B q 0T; 8xd

__-a 2, _ _~@ 2
=5 Q(V@) dz = 2dtHV@H (4.31)
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For the term on the right hand side we obtain
2
(6. 6:) = / 98:?169271
/ﬂ Oz, (652)@ o 882 ggi dz
. /Fni&a%%ds _ /Q (gf)?dx
-/ ((f,%) dz = ~||V8|*

Now, put (4.30), (4.31) and (4.32) in (4.29) to obtain,

S0P + Ca(6,6) + Cs(6, 6) — T2 IVOI* = —Ka | V6

Define & = (9,5), thus
d¥¢ d . d .
=/9'9'd$+/99'da:
Q Q
=(0,0)+(0,0)=(6,0)+ li/(é)?d
- ] bl - ) 2dt Q Z

=0,6)+ 22 )2,

2dt
therefore
L dF 1d
(6,6) = el 5&”“)” -
Since & = (6,6), put (4.35) in (4.33), and we find
d¥ Csd Md '

1 _92 ¢ L3d e Ma 2 2 _0.
Sad o+ 0oz + 05 - DL yap - T2 e+ 59 =0
Then, rearrange to obtain,

dF . M
G2+ s+ (a1 - LN - FIVOIR) + v o

Divide (4.37) by C3 # 0, thus (4.37) becomes

dF C2

Ciivis lose Moo\ Kiyoos
7+ 225+ 2 (0l - G101 - S IVEIR) + S8 =0

Put u = —Cy/Cj3, then equation (4.38) may be rewritten,

iF ,
2 uF = G- VeI,

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)
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9112
where G(t) = L + 22| vg))2 — 26|

Let £ = —g—;, then (4.39) is

dF d ,
i puF = EG+£HV€H :

Use an integrating factor

d , _ _,dG  _
() = e e Vo,
but
% (e™™G) = e"“t%f- — pe MG,
then

(™) (Z—Cj = % (e™™G) + pe ™™G.

Put (4.43) in (4.41), therefore

2 (€)= 5 (76) + pema+ g vol?

= %(e““G) +e# (,uG + §||V9|]2>,

and upon integration from 0 to ¢ we find
t

(9
0

t
HF - FO) =G - G0+ [ e (MG + suven?)ds,
0

t

t
(e %) + / ehe <NG+§||V6||2> ds,
0 o

or

or, rearranging

t
eHF =e MG + / e M (/.LG + §I|V9||2) ds + Z(0) — G(0).
0
Let now Q(t) = uG + £||V6|?, then (4.47) may be wriiten
t
eHF =e MG +/ e " Q(s)ds + Z(0) — G(0).
0

Divide (4.48) by e ™, to obtain

Z(t) = G(t) + /0 I Q(s)ds + e (F(0) — G(0)).

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)
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Now recall that

. d
F(t) = (6,6) = 2(6,0) - I
d? 1 :

= S5l — 1ol

In addition we define

Next, employ (4.50) and (4.51) in (4.49) to see that

2 ' t
LI =17 = Gl + [ eH-IQ(s)ds + K (0).
0

Define now F(t) = ||6]|?, then from (4.52) we have
1

t
2F" — 18] = G(t) + / e"=9)Q(s)ds + e K (0),
0

or taking a term to the right hand side
F//

.4

t
— 61 + @) + [ 9Q(s)ds + K (0),
0
and then multiplying by 2 we arrive at
i
P = 2))6|12 + 2G(¢) + 2 / 4= (s)ds + 2eH K (0).
0

Next, substitute for G(t) in (4.55), to obtain

X . M ' C t
F' = 2|00 + 1611 + = 1Vo|*> — ==16]|% + 2/ eHt=9Q(s)ds + 2e" K (0),
Cs Cs 0

or,

. M t
F" = 3)6|> + —HV(9||2 - 9||0||2 + 2/ e“(L_S)Q(s)ds + 2e" K (0).
Cs Cs 0

If M/C3 >0,—C;/C3 > 0,Q(s) > 0, Vs > 0, thus (4.57) becomes
F" > 2e* K (0).

Recall Q(t) = uG(t) + £||Vo)?

= — 0 _
21617+ S el -

Hé’ll2 + €lIvel®

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)
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where y = —C,/C3 and £ = —K;/C;. Thus, if we suppose p > 0 and £ > 0, then
Q(t) > 0, as required.

Inequality (4.58) is the fundamental inequality from which exponential growth
follows.

Now, integrate inequality (4.58) from 0 to ¢, thus

Pl 2 E e, (4.60)
F'(t) > 212(0) (e’ — 1) + F'(0). (4.61)
Further, integrate (4.61) from 0 to ¢, to find
F(t) — F(0) > ”1(0) /O t(e#s — 1)ds + /0 t F'(0)ds
_2KO (e 1Y [
= 0 < p t ‘u) +/(; 2(0,9)0d8
_ 2’2(0) (% _t- i) + (66, wo)t. (4.62)
Rearrange inequality (4.62) to obtain
F(t) > F(0) + QKU(O) <67#t —t— i) + 2(8, 8)ot
= F(0) + (%(e“‘ -1) - %t) K(0) + 2(6,8)ot
= 16017+ ( Z5(e = 1) = 2 )((0) - GO) + 206, ot
Therefore
I6@IF 2 16017 + (S = 1) = %) (#(0) - GO) + 26,00, (463

Provided #(0) — G(0) > 0, since p > 0, inequality (4.63) leads to exponential
growth of ||8(¢){|>.

4.3 Explosive instability in a Batra model

We now investigate a generalization of equation (4.26) for which we are able to

establish that a solution ceases to exist in a finite time. A similar result for another
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third order in time equation was established by Quintanilla and Straughan [151].
Recall that with M = K4 + C; and K = K}, equation (4.26) is

C10+ Cof + Cs9 + MAG = KAS. (4.64)

We here suppose that K is a function of temperature. This is realistic because in
general the thermal conductivity does depend on temperature. Thus, we consider

the following generalization to equation (4.64),
Caf + Cof + C10 + MAG = V(K(6)VE). (4.65)
For our instability result we require either
C3>0,C<0,Cy <0, M>0and K <0, (4.66)

or

C3<0,Cy>0,Cy >0, M<Qand K >0. (4.67)

It is easy to see (4.66) and (4.67) are equivalent. Suppose now (4.66) holds. Then
divide by C5 and we find @ satisfies the equation

0 —af — a0 = —BAG — V(F(6)VE), (4.68)
where
|Gy . C, _ M
_03702_ 03,/6_ C3’ (469)
and we have chosen
f(0)=—-K(6) =1+ at", (4.70)

for a,e positive constants. We could easily have f = ko + a8® for ky > 0 and our
proof will carry through.
Suppose 6 > 0, an assumption which is realistic given @ is temperature. Then

0 satisfies equation (4.68) on the domain Q x (0,T) together with the boundary

condition :
f(xz,t)=0, x=eTl, (4.71)
and the initial conditions
O(x,0) = Go(x), %(w,O) = vo(x),
i (x,0) = ap(x), =€ Q. (4.72)

o
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We define the functions G(t) and K (t) to be
G(t) = 6@, K(t) = l16])°. (4.73)
Then, we multiply equation (4.68) by 6 and integrate over €2 to find
6,9) — a8, 6) — ay(6,8) = —5(8, Af) — /ﬂ OV (fV6)dz. (4.74)

Next, integrate by parts and use the boundary condition (4.71) to establish the

following chain of results.

~(6,6) = - 2> l611* = =5,
and
. . d1 )
~(6,00) = (V6,V6) = Z_ || V0",
and
—(0,V(fV0)) = / f|V9|2da: = (f6.,0.),
Q
and
o d -
~(6,6) = —2(6,0) + 1]
1d? :
= —5@”%2 + 191?
1 1
= —§G +K,
and
_d d . - 1d .2
- 5|00~ 18] - 5080
14, . 3d,;
== — 22912
G 1]
1 1113 _§ !
= iG 2K.

Using relations (4.75)-(4.79) we rewrite equation (4.74) as

1/// 3 / o Q2 /__ﬁd
EG 2K 26’ + aK 2G =357

V0> + (£6:,6,:).

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)
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We multiply by 2 and rearrange this equation to obtain
d
G" —aG" = 3K' — 2aK + E(aga + BIVE|?) +2(£6,,6.). (4.80)
Now, multiply by the integrating factor exp(—at) and write —2aK = —3aK +aK,

and then from (4.80) one sees that
d "o__ i _ —at ﬁi_ —at 2
E[exp( at)G"] = 3dt [exp(—at)K] + aKe ™ + dt[e (a2G + B||IVEOII*)]
+ aexp(—at)(aG + 8)|VO||?) + 2exp(—at)(f0,,6.).  (4.81)

We integrate this equation from 0 to ¢ and multiply the result by exp(at) to arrive

at
G"(t) = 3K + oG + B||VI)?

t
+ a/ =) (K 1 0y G + BI|V6|2)ds
0

42 /0 t e*t=9)(£0;,0,)ds + Koe*, (4.82)

where the initial data term Ky given by
Ko = G"(0) — 3K(0) — c2G(0) — B V8o|)*. (4.83)
Recalling the definitions of G and K in (4.73) and the initial data in (4.72), we find
Ko = 2(6o, ao) ~ ||voll* — eallfolf* — Bl VEol|*. (4.84)

We henceforth require

Ko > 0. (4.85)

This condition can always be achieved and requires the initial temperature and
temperature acceleration to be sufficiently different that (4.85) holds.
Next, we return to (4.82). Since oy, 3, and Kj are all non-negative we may

deduce from (4.82) that
G" > Z/Ot expla(t — $)](f0,0.)ds. (4.86)
Recall f =1+ a6°. Then
(f6:,0;) = /Q |VO|%dz + a /Q 6°6.,0 ;dx

Z a/ 959'19,1-(1:1:. (487)
Q
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Now, define
t
F(t)= / G(s)ds
0
Combine (4.87) and (4.88) in inequality (4.86) to find
¢
F" > 2a/ e“(t”)/GEOJQidmds.
0 Q

To handle the right hand side of (4.89) we write

€N O . = a 1+e/2\ (pl+e/2y
a /ﬂ 6°6 .6 ;dz TTep / (077/%):(6077%) udz

2 _;\;a/g /(91+E/2)2dz

/\10’ 2+€
1+£/2 /0 4z,

(4.88)

(4.89)

(4.90)

where A; > 0 is the constant in Poincaré’s inequality ||[V@||? > A1||¢||? for functions

¢ which vanish on Q. Next, use Holder’s inequality
2 1/q 2p ..\1/p 1 1
6%dx < (| dz)9( | 0Pdx)"?, — 4+ - =1.
9] Q Q p q

Pick
2 2
_tte and then qg= +E.
2 €

Thus, with m denoting the volume of {2 we find

2/(2+¢)
/92d$ < mE/(2+E)</ 02+Ed$) ’
Q B 0

Or rearranging,

2+s)/2
2+¢ 2 2+¢
[oeanz —a( [ear) = e

Thus, combining (4.92) and (4.90) one sees that

. a/\l 2
6.0 .dz > te,
Now use (4.93) in inequality (4.89) to find

t
F/// > k/(; ea(t_s)||9(8)||2+€d3,

where
/;: _ 8(1)\1
(2 + €)?ms/?

(4.91)

(4.92)

(4.93)

(4.94)

(4.95)
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We must now estimate the right hand side of inequality (4.94) in terms of F. To
do this we again employ Hoélder’s inequality as follows, where £ > 0 is a constant to

be chosen,

¢ t
0 0 M
t Ve t 1/p
< (/ e"aEQ(l—s)ds> (/ eafp(t—s)”9”2pd8> . (496)
0 0

2+¢ 2+¢
p = ——, whence g =
2 €

and from the inequality above one derives

[oras< ([ oo]-age-9t E)]ds)s/w
<( "exp locte - 5)( 255 |61+ T e

Now, choose £ = 2/(2 + ¢), then

t t 2/(24¢) e/(2+¢)
/ 1612ds < [/ e"‘(t‘s)||9||2+€ds} ( exp [ a- (t—s }ds)
0 0
t 2/(2+¢€) e/(2+€)

= |:/ ea(t—s)“e“2+ed8:| < —2at/e/ e2as/sd8>
0 0
£ e/(2+¢€) : —9at e/(2+¢) 2/(2+¢)

= <%> [1 — exp <——€a )] (/ aft- s)||6||2+5ds> .

0

(4.98)

Pick

We now bound the second term on the right by 1 to find

e/(2+¢) t 2/(2+¢)
/ ||9||2d3<( ) [ / ea(t's)l|0||2+5ds} | (4.99)
0

Thus, rearranging (4.99) ylelds
/ ea“—s)ne( )I**ds > (?) F@e+e2, (4.100)
0
Finally, use of (4.100) in inequality (4.94) shows
F" > kF'™/? where k = k(20/)*/%. (4.101)
To show (4.101) leads to global non existence of a solution suppose ¢y # 0, then

F'(0) = ||6o||* > 0. Multiply (4.101) by F” to show

2k \ d
(F/F//)/ > (FII)Z + <m> th2+5/2 (4102)
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Integrate this inequality from 0 to ¢ to obtain

2k
F'F'> F F F2+E/2. 4.10
> POFO)+ () (4.103)

Now multiply this inequality by F”, integrate from 0 to ¢t and multiply the result by
3. One finds

(F')® > [F'(0)]® + 3F'(0)F"(0)F(t) + yF3+e/2, (4.104)
where the constant ~ is given by

1%
Tt (6+e)

The proof now proceeds by contradiction. Suppose @ exists for all time ¢ > 0.

Then

FI Z (011 +,81F+’YF3+E/2)1/3,

oy = [F'(0))}, By =3F'(0)F"(0), and so

F(t) iF ,
> dt. 4.105
/F(O) (ap + B F + yF3+e/2)1/3 = /0 ( )

The left hand side is bounded above by the analogous integral from F(0) to co and

then
t<T,, (4.106)

T, = ” aF 4.107
v 0 (al+ﬁ1F+7F3+E/2)l/3, (4.107)

where

where we have noted F(0) = 0.

Since T, < 00, inequality (4.105) shows ¢t must be bounded which contradicts
the fact that 6 exists for all time ¢ > 0. In fact, 6 cannot exist globally beyond the
value t = T,,.

The expected behaviour of 8 is that it blows-up in a finite time 7' > T,,.

4.4 Thermal discontinuity waves in the Batra the-
ory

Batra [13] found the wavespeed of a discontinuity wave in the linear version of his

theory. We now analyse discontinuity waves in his model, but for the fully nonlinear
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theory. A further study of thermal waves in a rigid heat conductor is contained in
Chapter 5.
Recall the complete equation of Batra [13], with the heat supply 7 = 0,

O¢  Oq

E + _3; = 0. (4.108)

In this section we restrict attention to a one-dimensional discontinuity wave. Thus,

e and q are functions of the variables
9,90, 86,0, 0, 0. (4.109)
Using (4.109) in (4.108) and expanding we see that

gl + e + 50 + 0,0, + ;.05 + €0,, 020

=+ qeez + QQQI + QGe:r + qerezx + qozezx + QGuezxr =0. (4110)

A discontinuity wave for (4.110) is a singular surface, analogous to an acceleration
wave, S, across which 'é',éx, 0,z and Oy, possess a finite discontinuity. The higher
derivatives may also be discontinuous across S. However, § € C? in both z and ¢.

As stated in the introduction the jump of a quantity f is
[fl=f"—f*

where

ff= lim f(z,t).

ot

Taking the jump of equation (4.110) and recalling the regularity properties of S, we

obtain

The Hadamard relation is

il
=+ vIs @.112)

where § /4t is the derivative of a function at the wave S, as seen by an observer on the
wave, and V is the speed of the wave moving in the z-direction. Since § € C*(R xR)

we find the chain of relations

5100 =0=[6]+VIp:], (4.113)
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and

5 . . .
E[g’”] =0 = [0:]) + V{0rz], (4.114)

and

5 .
=[622) = 0= [fze] + V[6zzs]. (4.115)

From (4.113)-(4.115) we derive

(6] = V(6] = V] = —V*[rza), (4.116)
[em] = _V[gz:c] = V2[91z1]7 (4.117)
and

Next, use (4.116)-(4.118) in equation (4.111) to find
[Hzm]{—V‘*s(; + V269: — VEgu} + [9111]{1/2%' - qu51 + qgn} =0. (4.119)

We require that [6z;] # 0, otherwise we do not have a discontinuity wave, and then

equation (4.119) yields the following equation for the wavespeed V/,

This is thus a cubic equation for V. In general we shall find three solutions for V.
To make a comparison with the work of Batra [13] (who only studied discontinuity
waves in the linear theory) we suppose the wave, S, is moving into an equilibrium
region for which 8+ = constant and so 67 = 0,6}, = 0,67 = 0,6+ = 0. In this case
da _o S| o
80|z 86, ’

=0, —| =0. 4.121
=0 (4.121)
[Equations (4.121) follow since by the representation we must have for g; and € in the

E

three dimensional theory, terms like dg;/ 66 will involve 6 ;, etc, and so dg;/ a6 g =0].

For a wave moving into equilibrium, equation (4.120) reduces to
V{e;V? +eq,, +q5.} =0. (4.122)

Equation (4.122) has solution

, e
V=0, V=i1/—qﬁ6__—o", (4.123)
[/
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Solutions (4.123) correspond to those of Batra [13], his equation (4.7) when we adopt
a linear theory and the appropriate expressions for ¢ and €. Of course, our equations

(4.123) are valid for a general nonlinear theory. The only solutions of interest are

y +¢€
V=, He T (4.124)
Ve

Since physically we must have V2 > 0, this imposes the restriction on the derivatives
of ¢ and €, in the sense that we must have

I

< 0. (4.125)
&

Equation (4.125) imposes a restriction on the possible forms of nonlinear functions

£ and ¢ may have.



Chapter 5

Thermal waves in a rigid heat

conductor

This work is published in Jaisaardsuetrong and Straughan [81]. There has been a
huge amount of interest in theories which allow heat to propagate as a wave. For
example, extensive reviews of Chandrasekharaiah [22] and Hetnarsky & Ignaczak [69]
study several thermal wave theories coupled to the equations of elasticity. There
are many theories which allow heat to propagate as a thermal wave and among
these we quote the theories of Green & Laws [58] where a generalised temperature
(T, T), T being absolute temperature, is introduced, the two temperature theory
of Chen & Gurtin [25], the history-dependent theory of Gurtin & Pipkin [67], the
dual phase lag theory of Tzcl)u [183], the T theory of Cattaneo [19], and its extension
to thermoelasticity by Lord & Shulman [109], and the internal variable theory used
by Caviglia et al. [20]. We note that the theory of (9] in the linear case reduces to
that of Lord & Shulman [109], as connectly observed by Chandrasekharaiah [22].
A more recent theory which allows heat to propagate as thermal wave is intro-
duced by Green & Naghdi '[60]._whose thermodynamics employs an entropy balance
equation, rather than an entropy inequality, and a thermal displacement variable
t
a(x,t) = /to T(x,s)ds. (5.1)
In equation (5.1) the temperature field T is defined by Green & Naghdi [60] to be
an empirical temperature. This temperature is, however, equivalent to the absolute

65
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temperature as shown by Green & Naghdi [ [64], pp. 338-340]. The theory of Green
& Naghdi [60] has been extended to thermoelasticity and many applications are
reviewed in [1] and [2], mainly in a linear setting. The theory of Green & Naghdi [60}
relies on a variable § which they call a temperature, although it is actually a function
of « and T, so that § = 0(a,T) = 0(«, &). While there may appear some formal
similarity with the Green & Laws [58] theory where ¢ = ¢(T,T) the two theories
are very different. In fact,‘ most applications to date of the Green & Naghdi [60]
theory assume a particular form and work with o rather than 6. In this work the
goal is to analyse the full nonlinear theory of Green & Naghdi [60], the theory they
refer to as type II, for a rigid body, and we keep 8 = 6(a, T)). We have not seen
any study like this before. (It is worth pointing out that both type I and type III
heat conduction in a rigid body lead to nonlinear theories, see Green & Naghdi [60],
but wave motion in these theories is very different.) We maintain that which of the
many heat propagation theories will be useful in a mundane situation will depend
on an extensive and rigorous analysis of each theory and the aim in this chapter is
in this line.

There are many recent applications of the various theories outlined above, to
a variety of problems, mostly in a linear context. While these are too numerous
to list we do draw attentvi'o.n to the paper of Jordan & Puri [94] where they make
a very useful comparison of the Lord & Shulman [109] model and the Green &
Laws [58] model with that of classical Fourier theory. Christov & Jordan [26] analyse
the Cattaneo theory as do Franchi & Straughan [51], who also dwell on the fact
that a constant relaxation time 7 in the Cattaneo theory is not consistent with
thermodynamics. Puri & Jordan [139] and Quintanilla & Straughan [152] study
wave motion in thermoelastic bodies of type III. The Tzou [183](third order) theory
is studied from various angles by Quintanilla & Racke [147], Quintanilla [144] , Jou
and Criado-Sancho[19], and Serdyukov[20], while Quintanilla & Straughan [151]
show that finite time blow up is possible with third order theory when the thermal
conductivity is a nonlinear function of temperature, as it often is in practice. Puri
& Jordan [140] analyse the two temperature theory of Gurtin & Pipkin [25] in some

depth. Many other recent references may be found in these chapter.
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The goal is to perform a complete analysis of acceleration wave motion in a
Green & Naghdi [60] rigid solid of type II. By a rigid body we follow the definition
of Green & Naghdi [ [60], p.177] and such a body is one for which the distance
between any two particles remains unchanged whatever the motion maybe. We keep
the equations of {10] in their fuil generality, full nonlinearity, and we completely
determine the wavespeed a,nd' the amplitude of the wave as a function of time.
While the mathematics behind acceleration waves, cf. Chen [24], has been around
for some time, the fact that its use reveals very useful understanding of the physics
of a problem justifies its use. In this regard we cite the recent papers of Jordan
& Puri [92, 93], Jordan [86], Christov et al [27], Fu & Scott [55], Quintanilla &
Straughan [152] where acceleration waves are employed, and many other articles

dealing with acceleration waves are cited there.

5.1 Basic equations and thermodynamic restric-
tions

The fundamental equation of Green & Naghdi [60] is the balance of entropy, equation
(7.20a), which is
pi = p§ + ps — pi, (5.2)

where p,n, £, s and p; are, respectively, density, entropy, internal rate of production
of entropy per unit mass, external rate of production of entropy per unit mass, and
the entropy flux vector. Standard notation is used throughout, so a superposed
dot denotes 9/0t, subscript'comma i denotes 0/0z;, and repeated indices denote
summation from 1 to 3. |

Fundamental theory are a temperature function § = 6(T, o) such that § > 0 and
00/0T > 0. In addition, Green & Naghdi [ [60], p185], show how the energy balance
equation may be exploited to deduce restrictions on the thermodynamic variables
which may be interpreted as defining 7, p; and € in terms of a Helmholtz free energy

function ¥ = (8, 5;). The relevant relations follow from Green & Naghdi [60],
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equation (8.15), and are

oY 00
o/ o (5:3)
p; = '—pggi/%, where 3; = o;, T = & (5.4)
6, T Ou
§= 21\%@ tg <¢;T - lba), (5.5)
A= Qi = BiBi, (5-6)

and we write e.g. ¥, = 01/0A.
For our analysis there is no less in generality in setting the external supply of
entropy to be zero and so we henceforth assume s = 0. Then, using (5.3)-(5.6),

equation (5.2) may be written as

0A _ (9,Ui

—5 = £+ 75, (5.7)
where we have defined
Alada)=A=2T and p=22 (5.8)
_ Or Or

The above equations represent the general theory of heat flow in a type II rigid
body of Green & Naghdi [60]. However, we may wish to consider the following
special cases,

¥ = c(6 - 0lnd) + 0.6, (59)
and
¥ ='¢c(6 — 6lnb) + gﬁlﬂi, 0 =a+bT (5.10)
¢, k,a,b positive constants, whére ¢ and k denote the specific heat and heat con-
ductivity. Case (5.10) is considered by Green & Naghdi [60]. Note that, in these
cases the theory is still nonlinear. Moreover, from equation (8.15); of Green &
Naghdi [60], for case (10), £ = 0.

While we concentrate on a rigid heat conductor of type II, we point out that
Green & Naghdi [ [60], pp.183-188] also define such a heat conductor in type I or
type I1I cases. Very briefly, the key difference is the list of independent constitutive
variables. This list comprises T and T; for type I ,T,a and o for type II, and
T,a,T; and a for type III. Type II leads to a very different equation to both type
I and III, the latter types both containing substantial damping.
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5.2 Acceleration waves

Define an acceleration wave for the theory of section 5.1 to be a two-dimensional
surface, &, in R3, across whxch a(x,t),&,;, and a;; suffer a finite discontinuity, but

a € C! everywhere. The ] Jump, [ f] of a function f, across ¥ is defined by
fl=f-f, (5.11)

where - and + refer to the limits of f as ¥ is approached from the region into which
the wave is advancing, or through which it has just passed. The jump is assumed
to be even along the wave surface, cf. Chen [24], so that [f] is a function only of £.
By expanding (5.7) one may arrive at the following equation

— 6—A 6—A Qé = Opi O . O y
(8TT+aaa+aﬁiﬁ> £+ <6TT + 6aa,,+8ﬁjﬁj,z>. (5.12)

After taking the jumps, and since o € C! everywhere, then ¢ = 0 and a; = 0,

moreover £ is continuous then [£] = 0, hence

O0A . B 8u1 Ol
-G+ G3161) = Zem+ (5.13)
or equivalently,
. Oi ;. O
516 - galad = laid+ Fhlas (.14
Using equation (4.15) of Chen [24], then
0= g[a] = [&] + Vnild 4], (5.15)
[/
0= 2o = o] + Vylosd, (5.16)
from (5.16) one obtains
[Ol',i] = —an[a‘ji], (517)
and from (5.15) one finds
@] = =Vnla,). (5.18)

Now put (5.17) into (5.18) then

[a] = Vgninj[a,ﬁ]. (519)
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Recall that

8’“ — i <?§.’.> since @ = e(a,a) then
Or

o6, 9B
- (520
Use equation (4.14) in Chen [24], obtains
[a,i5] = nimj[n' o), (5.21)
then
(@] = —Vnnnin na,s)
= —Vnin"n’a g (5.22)
therefore,
g—g_[a il = gg; nini[n" i), (5.23)

By employing (5.17) and (5.21) in the second term on the left hand side of (5.14)

we find
0A . | 0A 0A
_a_ﬁi[a'i] = a—BiVnk[a,ki] = 6_61

Put (5.19), (5.23) and (5.24) into (5.14), then (5.14) becomes

Vng[nFnd o). (5.24)

i 0A
— ApVin'nia ) + ”"a—@
B,u,

=37 Vi [nPnia ) +

Vin'n®ars)

nznj [nPnia ). (5.25)

863

Since we assume the amplitude is non-zero, therefore in (5.21) we have [nPnfa pq] # 0,

and hence (5.25) becomes

=0. (5.26)

ATVQ _ V< 8/4’/1 8A> 8U1

5T T ™as ) T ag,

We now wish to develop (5.26) and to do this we recall the form of A, p; and A from

(5.6) and (5.8);
A=Y = and A= g,
O Or

then,

Yrr _ Yrbrr

Ap = YT _ ¥rorT,
T 97‘ 0’1‘2

(5.27)
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Therefore
Opi Vs, Yor  WYabrr oY A
= = = — - D] ) h = ooy =2 ) )
8T ~ aT ( o7 ) 6r 62 Vhere Vs = Frag = 20Wa
Ou;  28:Uar  2B:9a07rr
= — . .28
then 5T o 6,7 (5.28)

Now we must calculate’ Ar, '8A/6‘B,-, Ou;/0T and Ou;/0B; in terms of the
Helmholtz free energy .

0A _ BADBA _
96, oA 0 aA

20;

04 28 = (wT)(m—%(wm)(zﬁi) ", (529)

then derive the last term of (5.26) obtains

ou _ 0 (zpﬂ) (2@-%)_ 18
35, aﬂJ a5\ 6 ) = 835, 20W)

i 4 ¢
= 9—(51']‘1/)/\ + Bivan(26;)) = 269]¢A < gjwM’
T T !

therefore
O 2%a 2¥an
.y — .7 .30
n n’] 8 ﬁj eT (/8 ) BT (5 )

Finally, put (5.27), (5.28), (5.29) and (5.30) into (5.26), then the wavespeed

equation is

Yrr wfeTT 2Yrn  Uabrr
— 2n:0; - |4
( Or 012 ) 0 { Or Or° }

+ 2 (o i <o (531)
T T

This means there are wave moving in each direction with speed V' given by the roots

of (5.31).

For the special theory (5.9), we can find wavespeed as follows, since

b= o0 - 0n0) + kBB, 6 =0(T,a)

Yr =Yg 0r Ve = by + Yeebr?
k
¢A=§ Yap =0 Yy =0
= c(1=1nf — 1) = —clnf Yoo = — =
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put these equations into (5.31), then the wavespeed equation reduces to

2
V2 (’gbg@TT + 01 e _ 1/199TT> — .6, ( _ EQZ%V) + ﬁ, (5.32)
OT 9’1‘ 2 9T 0T

rearrange to obtains

6 k
V2(0rtep) + knifi—2V + — =0,
97" 9’1‘
or equivalently,
O V? 6 k
_C T + kniﬁi—-—TzTV +—=0. (533)
9 97‘ 0T

For the case (5.10), as follows,
k
P = c(f - 6Ind) + Eﬁiﬁi, f =a+ 0T,
equation (5.31) reduces further by
br =b, Orr =0,
then the wave speed theory for case (5.10) is

——V?+

A =0, orV?=

b, k
‘ = (5.34)

b2c
from which it is clearly seen there are waves moving in opposite directions with

speeds V = b~ 1\ /kf/c.

5.3 Homogeneous region
We can calculate the wavé'ieltmplitude
alt) = (4, (5.35)

exactly, even in the general case studied in section 5.2. However, the key physics is
perhaps easier to see by considering a wave moving into a homogeneous region for
which

a; =0 =0. (5.36)

We henceforth restrict attention to this situation.
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For the wavespeed we find equation (5.31) reduces to

V2 =295 / (wg‘i” - szr). (5.37)

Under the same conditions, equation (5.33) becomes

ko
ki 5.38
C@Tz’ ( )

V=

while equation (5.34) remains the same.

5.4 Amplitude behaviour

To calculate the wave amplitude a(t) = [&] one expand (5.7),

(Aré + Aab + ArA) = £l T, M) + bt 5 e + 55

Bj -
Then differentiate with respect to t,

— (A76 + &{Arrd + Ared + AraA}) — (Aad 4 &{Aar@ + Agad + AaaA})
— (ApA + A{Ap7d + Apal + ArpA}) = 46 + E76 + EaA

Ou; .. o O . OPuy . Pui
Tar T O‘ﬂ{ daoT" T2 aﬁjaTﬁj}

O { Pu; . . OPuy }

* 5%t %\ 5 T 52 T 35,00
32#1 . 32#1 . 62,Ui ﬂ }

O
H# o+ &+ k
3005, * aTa5,° T 35.05;

IB_.j,i + ﬁj,i{ (5.39)

+ R
3B,

Recalling that
A= 0f = aia;

A =280 = 200

A = 2{a,id,i + d,idyi},
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then (5.39) becomes,

- (AATTQ“2 + ATadd + ATAd(Qa’ia',i) + ATQ) — (AaTdd + Aaadd + AaA2c'ya,ia',i + Aad)
- AAT(.)'I(201’1'C'1,1') + AAao'z(Za,,-d,i) + AAA(4CM_1'OZ_1'OL,kd,k) + AA2{a,ioZ_i + oi,ia',i}

= E40 + Epdi + E7 (203G ;)

5’114 . 0 . FPu; .. OPu .
T %t daar % T G T g a7 i
Ous . Pu; . 0w g 0% p;
+ 55 % + 5aaT i + 9o oG+ 8[3j8aa’ﬁ3
8/11 Pug . Pu . P
35]5 i+ 5eag, %% T aTap, 9 3505, @i

Take the jumps of the resulting equation with take into account that the wave

is moving into a homogeneous region, o; = 0 and since o € C*, then this becomes,

— (Arr[e?) + Arald]d + Ar[G]) — (Aard[d] + Aa [d]) + 24400 ]

Opi .. O*u Pui . . 5uz .
= )+ 2l + e o+ Fhilaal] + bl + el
8/1,,, 0 u; 02 u; o*u
aﬁ] [aU] + A 6 a [a 1]] o+ o 6T8,B [a 1]a] + 8,8 8,8_7 [Oi 1]510]
Recall
. ”(,bgl 1 ON  a
i = OT - 111/\ 8ﬂ1, 9T Qﬁu
Define ”|g” denotes the hq_mogeneous region, therefore in the homogeneous region
we have |
NiaTlE = 2@'(%\‘) =0, (5.40)
T/ aT
also,
Ya _
,ufiTTlE = 2a_1- 9— = 0. (541)
T/rTT
Furthermore,
(2 YA Ya
pirs; | = o5, {2[3,( )P} = 251](9T) +2ﬂj(@)m2ﬁj
P
= 261](9T)T, (5.42)
and so,
O
g = 2@(‘“) =0, (5.43)

or
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similarly,
8 ,LL, - ¢A wl\
O 8[6] 8[31{ ’61( ) } 251](9T) +4:81ﬁ]( )a
- 2511(15:%7 (5.44)
and,
O _ YA _
50 E = 2@-((—9;)(1 =0. (5.45)
Moreover,
62ﬂi WA
96:00; 8ﬁk6ﬁ] s (e - {2511( %)+ 45, (38), )
Ya U’A
B 25”<0T> 200 + 24, op,
0
+4/Bzﬁ]( T> 20 61k+4<¢/\> 618k(/31/3])
(?A> (Bidjk + B;0u) = 0. (5.46)
T
Also,
3/~Li . ’l,b,\ wA
55| =2 <9T> +4<0T> 66, = 251](%).

Hence the amplitude equation becomes,

— App[a)? — 2AraT[d) — Ar[&) — Agld] — 24a[6i64)
= &rfd) +2 < Z’DT{ [Gs6r5]) + [da,,-i]}

+ 2T(1§;) [ u] + 215; [6,5]. (5.47)

The Hadamard relation or condition of kinematical compatibility, see Chen [24], is

)
E[f] = [fe] + Vnilf4] (5.48)

where §/6t is the derivative of a function on the wave as seen by the observer on the
wave. We now use (5.48) and the wave speed equation to remove the [¢] and [& ;]
terms, therefore |

o .. -
&[a] = [a] + V[n'a,], (5.49)

%[(1,1] = [a;] + Vo], (5.50)
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6. , ,
0= E[a] = [@&] + V[n"d,], (5.51)
5 .
0= E[a,r] = [C:Y‘T] + V[nja‘rj], (552)
then (5.51) is
[6] = —V[n"&,] = V[n"n?daL], (5.53)
and |
0= %[a,i] = [C.Yyi] -+ V[nka'ik], (554)
then
(6] = ~V[n*oul, (5.55)
[Tlid,i] = —Vninj [a,ij]. (556)
Therefore
a(t) = [6] = —V[n'd] (5.57)
or
a = V2ninj[a,ij]. (558)
Hence
ba _ [d] + Vdn']. (5.59)
ot
Seeking for the term [&/;n’] in the equation (5.59).
So use equation (4.15) of Chen [24] to obtains
5. . .
&[nia,i] = [&n'] + Vning[a;), (5.60)
but from (5.57) we have [n;a;] = —a/V then
., a .4 .
—a(v) = [a,in ] + Vninj[a‘ij].
Hence
.3 a .
[a,m] = _(_SZ(‘—/_) — Vninj[a’ij]. (561)
Put (5.61) into (5.59), therefore
da ... b, a ,
E = [Cl] + V{B_t(_v) —_ Vninj[a_ij]}, (562)
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7T

since

) a da adV
Vi (7)) - wm v
then (5.62) becomes

ba ... 6a ada 9
E_[a]—a—{— V5t — Vninla ;).
Therefore
da a oV
2 . . —_ =) — ‘A -
Venin;la) 2& + [a] + V5
a1 a VvV
V [aﬂl] - [ ] V (St

Now, we can obtain the term [& ;] as follows

] 1 oa . a oV
[Ol,ii] = W{ —ZE +[ ]+ Vﬁ}

Put (5.65) into the last term of the amplitude equation (5.47), therefore,

— Arp[d)? — 2A7 T[] — Ar[&] — Au[d] — 24n[G 6]

_ erla]+2 (%)T{[a,iaﬂ.} 4 [da,ii]}

Ya (N dba ..
+2T<E)a[ “]+29 7 {_232 [&] + ——

By rearranging,

— Arp[6)? — 2A7T[&) — Agld) — 2Aa[did;] — Arl@] — 7Y

= &rld) + 2 ( Z’; ) T{[a_ia,,-] + [a'a,“-]} +2T ( ?;)a[a,ii]

’(,/}A éa adV
'”%W{QE+VE}

or simplicity,

— Arrla)? = 2AroT (@) — Agld) — 2Ap[cié] + (—Ar — —
T

= &rld] + 2(‘9”;‘)T{[a,ia,,-] + [oza_ii]} T 2T<‘g:)a[aﬁ]

w/\ da adV
'”%w{25+VE}

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)
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Recall that the wavespeed relation in homogeneous region (5.37) is

V2 = 2¢A/ (%ZFTT - wTT>7

Va

or V2Ar + 294 — g,
Or
or Ap + 224 _ g (5.68)
Vo,

therefore this term has been vanished in (5.67), hence the amplitude equation be-

comes
- ATT(I2 - 2ATaTa — Aaa - 2AA [dyid,i] = £Ta + 2(%)7, <[d,id,i] + [da,ii])
T
(7 ¥a da  adV

Since the formula for the jump of a product that has been discussed by Lindsay
& Straughan [104]: [fg] = f*(g] + g™ [f] + [f]lg]), therefore

the term 2&7[@ ;] of (5.70) vanished since the wave is moving ahead of the region,
a;t=0.

From (5.51) obtains

gl A _
wlad=—y =y
then,
2
et ] = @ Jhence [di,lldi] = 77 = [dhadiy),

and from (5.58) we have V?[a ;] = a, therefore [a ;] = a/ V2, moreover
[da,ii] = d+[a,ii] + Ol,ii+[&] + [a] [Olyii]
2
y a a
- dlload = @) () = 72 5

Henceforth (5.69) can be reduced further as follows,

2
— Apra® — 247, Ta — Ana — 2AA%

¢'A a2 2T w,\ 2¢A a6V da
= fT(L+4(‘9—T‘)T(V§) +W<@> a -+ V20T (VW—QE) (572)
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Multiply both sides of (5.72) by V201/2¢,, then obtains

da a oV V 9'1‘

Ap
a_aor _ A,
2% "V T ——(Arra® + 2T Aroa + a+2v2 a®)
VZQT 7-[11\ eT 2 'w/\ 9T
—4 -2T'{-— ) ——a=0. q
20 7 4 g (%)ﬂma ° (573)
By rearranging (5.73) obtains,
25_61 L6V V20rT Arq 3 V207 Ay B V20rér _TOr (a
ot V ot YA PATJN PAN ¥a \Or
V20rArr | OrAn | 61 Ya ) 2

- + +2—(— a°=0. 5.74
< 29 (O d)A( ) (5.74)

Now the Maxwell relation and the wave speed equation are employed to remove

the [&] and [& ;] terms and we arrive at the amplitude equation

2‘;—t + wa — (a® =0, (5.75)

where 0/0t is the derivative of function on the wave as seen by an observer on the
wave.

The coefficients w and ¢ are given by
o LB VBT () V() D)
V ot YA br)ra 20a \Or/), ¥a \07/,
V29T 'd)Tea 'd)a
_ Ny ahadcl
PATTN {(2/\@/)/\ 96?1‘) " (T 00r >T < 0 )T}

. _1_5_V_V29TT<¢T> _V29T<ﬂ> T9T<7JJA>
TV 6t W Or ),  2%a \fOr Ya \ Or

V29T wT9a ’(tba
- (), - (7). 576
_ Vr Yr Yr O (Y
‘<= 2 <9T> dh\( > 21!)1\( ) . (&7)

We observe the effect of £ is manifest in the last term of (5.76), the one involving
the braces:

_ 601 Z wTea _
£ = 2/\’(,0/\@ + 9 (_0T 7abo[)

_ Z (djT_ea — 1%) in equilibrium region. (5.78)
0\ 6br
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The general solution to (5.75) is easily found, cf. Chen [24] as follows.

2é—+wa—Ca =0,

ot
da 2 _ _v —_C_
§+aa—ﬁa —O,Wherea—zandﬁ—2,
da
g—l—aa Ba?,
lda «
2 ta =P
Letf=1then
a
_5_f_+af‘=/8’
éof
2 af = —3. (5.79)

Use integrating factor u(t) = e~ Jo @M therefore (5.79) becomes

ﬁ(uf)' = —Bu,
‘/ﬂ r)dr + u(0)£(0),
©(0)£(0)
/ B(n\u(r)dr + ——= PO (5.80)
since
1
thus (5.80) becomes
= p(t)

a(t) =

since
,U(O) — e—fé’a(r)dr =1,

therefore

e~ f(; a(T)dr

ay — Jo Br)e fo e@sar

a(t) =

However, its interpretation is perhaps easier seen by considering the special theories
(5.9) and (5.10).
For (5.9), we have

¥ = c(f — 6lnf) + gA, 0=0(T, ),
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then
k
Ya = 5
wT = ¢99T = C(l — Inf — 1)0T = —clnf - GT-
Yo = Pgbs = c(1 — Inf — 1), = —clnb - 4,
Hence, in this case,
V20r 407 , k V26r O
(= (—CIDQ)TT + T(z—e’r’)T = - % C(IDB)TT - 29—%'9717“,
and from (5.37) we have
V2= @i
c 62’
so ( for special case (5.9) is
0 297"7' 8 /1 20TT
= — 2 (1n)pr — __Y (2.9} -
¢ =gy Wnfrr = =5 9T(9 T)T or
then,
br Orr
== —3—. 5.81
(=% 35 (5.81)
and,
16V 26,TV? V20
V& (—clnb)ry — p (—clnb),
T0r , k V20r k8, clnf - 6, clnf - 4,
-— (=) - Al — -T -\ T
k (eT)a k { <99T>T+( 0 >T < 0 >T}
., kb1 .
Put V* = e then the term w can be rewritten as
T
_ 14éV 2T6r ko cor k6 TO74
W= p Cts)%c(—lnﬁ)m + 09%(1119)0 .

() () ), - %)

2
cbr

k T
16V 276 6 bra
=__—2 427 _ _ 7t
5 g W)+ p-(n)e — T

Ok (0) 3o 0
CGT 097" T 9’[‘ 6 T.

Since the wave is moving into the homogeneous region, o; = 0, then

146V 276~ ) Ore 26, Inf-6,
— 2oV HYy 2 (no)y — T2 + (7 , .
V50 + o (Inf)rq + o (Inf)y — T o + 9T( 7 )T (5.82)

The effect of € is due to the last term of (5.82).
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Finally, in case (5.10), we further assume 7= constant, i.e. the temperature

ahead of the wave is constant, thus

0=a+bT, 9T=b, GTTZO

ko
then V? = — = constant, since # = a 4+ bT = constant,

b2c
hence
—0, (=" (5.83)
Y= ot 0T >
so equation (5.75) becomes
da  C
= —2a?=0. 84
5 —3a° =0 (5.84)
da 1
232 / Gt
1 1 1 [
—_— —_— — — d
@ T a) "2, (O
1 1 1/t
— = d
o0 = a0) 2/, S
Therefore solution is
a(0)
a(t) : (5.85)
a(0
1 - Wy

Since ¢ > 0, we see that if a(0) > 0 then a(t) blows up in a finite time ¢y, where ¢,

has derived from

t
20 [¢(s)as =1,
2 Jo
1
2
A ((s)ds = 2(0)’
Lb 2
/0 a+de8 - a(0)’
o2
a+bT  a(0)’
g 2ottt (5.86)

Thus, ty depends on T in the homogeneous region. In the last case we have { = 0 and
it is interesting to note that this may always lead to the thermal shock formation.

For a deeper discussion of how an acceleration wave may develop into a shock wave,
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see Fu & Scott [55]. To interpret thermal shock formation we note that the aid of
Hadamard relation,

[a] = _V[dx] = —V[Tx]- (5-87)

Since T = constant we may deduce T} = 0 and hence [&] = —VT,. The con-

dition a(0) > O then implies T, < 0 and from (5.85) T,

- increases in absolute

value as time increases. Thus, as the wave moves right the temperature gradient
increases(negatively) and blow-up is consistent with the thermal shock formation,

i.e. ajumpin T (or ).



Chapter 6

Green-Naghdi theory for a fluid.

We now consider a generalization of the theory of chapter 5, that developed by
Green and Naghdi [60].

Green and Naghdi [65] extended their theory of [60] to be applicable to a perfect
fluid. They, however, adopted a special relation for the Helmholtz free energy of

form
1
w = Emayia,i + f(p’ 6)7 (61)

where m is a constant. A general theory satisfying the laws of continuum ther-
modynamics was constructed by Quintanilla and Straughan [155]. Quintanilla and
Straughan [155] also developed a fully nonlinear acceleration wave analysis with a
very general form for ¥ = ¥(p, G,IVa).

In this section we derive the wavespeeds of an acceleration wave when the
Helmholtz free energy is more general than (6.1), but less general than that proposed

by Quintanilla and Straughan [155]. We assume that
1
¥ = 5m(p,0)|Vel® + F(p,0). (6.2)

Here, m and F are allowed to be functions of p and §. Note that again « is a

temperature displacement function,

i
o= / bds, (6.3)
0

while p is the density.

84
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The equations of Quintanilla and Straughan [155] are those of continuity of mass,

the momentum equation, and the energy balance law, namely,

P+ vipi + puis =0, (6.4)
10
p(vis + V0 5) = —pi — 57— {P(Ya i + Yasa )} (6.5)
2 813_7'
—p(Yo,1 + vithgs) = (0Wai) s (6.6)
where the pressure p is given by
p = p*p. (6.7)
We note that from (6.2),
1 2
b = 5me| Vel + F, (6-8)
Va,i = My, (6.9)
1
Y, = 5m,,|Va|2 + F,, (6.10)
Ya,j0i + Yo, ; = 2mo ;o ;. (6.11)

Employing the above relations, equations (6.4)-(6.6) become

pe +vip; + pvi; =0,
,O(Ui,t + UjUi,j) = —Pi— (Pma,ia,j),j,

0 0
_p{ awg + v,-gx—iwg} = (pma,;) ;. (6.12)

We now analyse the behaviour of an acceleration wave S for equations (6.12). By
an acceleration wave we here mean a surface S across which oy, 004, @35, Vi 5, Vi, Pty P
and higher derivatives posses a finite discontinuity, but a € C*(R®), v;, p € C%(R3).

Equations (6.12) are expanded recalling p = p?¢, and ¢ = ¥(p, 0, a;) to find

after taking the jump [ . ] across S,

[o:] + vilps] + plvis] = 0, (6.13)

p([vie] + v5[viz]) = —pel0i] — Polpi] — Pajlasi] — [pjlmasa; — pm,lpjlao;

— pmglf jlajo; — pmajla;] — pmaoifa ), (6.14)
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1 1
- P{ ™Moo CALTE TS §m9p[pt]a,ka.k + mea ;o i) + Fpol6:] + FOp[Pt]}

1 1
- Uip{ sMasldslarar + smeplpilaras + mea j{o ;] + Falf:] + Fé)p[p,i]}

= [paJmar; + pai(mel0:] + mplp.]) + pmlas). (6.15)

We now analyse equations (6.13)-(6.15), but when the accelaration wave S is

moving into an equilibrium region. An equilibrium region is one for which
p=po, v =0, =0, a=ap.

Since in an equilibrium region «; = 0, v; = 0, equations (6.13)-(6.15) reduce to

plvie] = —pel0:] — polp.l, (6.16)
—pFol0:] — pFoploe] = pmol, (6.17)
[:] + plvis] = 0. (6.18)

Since p = p?y, we find
e
Do = —2—mpg|Va|2 + ,02Fp9
o [ o 2
po = |Val 5 Mee M P Fop+ 2pF,.
In equilibrium, therefore,
Po = p*Fop, Dp = p*Fpp + 2pF,. (6.19)
Define now the wave amplitudes A%, B and C by
Ai = [levi,j], B= [Tlip,i], C= [ninjaﬂ-j].

Use the compatibility relations given in chapter 1 we see

[o:] = =V B,

[v5:] = A,

[v:e] = =V A,

o] = niB, (6.20)

0] = [au] = —VniC,
(6] = [os] = V2C,
[a,“—] =C.
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Next, employ equations (6.20) in {6.16)-(6.18) and we derive the relations

— pV A = p*F,Vn,C — (p*F,, + 2pF,)n; B, (6.21)
— pFpV*C + pFy,VB = pmC. (6.22)
— VB + pAin; =0, (6.23)

For equation (6.23) we see immediately that S is a longitudinal wave, i.e. A* = An’
where A = [n;n;a ;). Equations (6.21)-(6.23) then reduce to a system of three

simultaneous equations for the wave amplitudes A, B and C, namely

-~ VA= pFg,VC — (pF,, + 2F,)B
— FpV*C + Fp,VB =mC
VB—pA=0

To require non-zero wave amplitudes A, B, C' we require non-vanishing of the deter-

minant
-V pF,, +2F, —pFp,V
0 V Ey, —(m + FypV?)| = 0.
—-p |4 0

Expanding this determinant we find
—V4Fy + V2(0*FppFpg — m — p°Fg, + 2pFoe F,) + mp’ F,, + 2mpF, = 0. (6.24)

Equation (6.24) is a quadratic equation for V2. This, in general, allows for a
slow wave, speed Vi, and a fast wave, speed V5. (Note V}? < V2, where each fast
and slow wave moves in the + and - directions.)

To analyse (6.24) further we may consider a further simplification to the consti-

tutive theory for v, equation (6.2). Hence, we suppose

¥ = clp)(6 ~ HTn )+ m(p, O (6.25)
Thus, we find
Fy=—clnb
Fyo = _%p_)

E,=c(p)(6 —6nb).
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The solution to the wavespeed equation (6.24) is then

1

Vie o —
2Fye

{ — (p*FppFoo —m — p*Fy, + 2pFyeF,)
£ [(p*FppFop ~ m — p*Fg, + 2pFeoF,)? + 4Fpe(mp°F,p, + 2mpr)]1/2}.

If ¢ = constant, so that all the p dependence is in m(p,8), then F, =0,

1 m
V2=————m:i:m =—'0 or — —.
2Fge { J Fye
Thus, we find a standing wave, V = 0, and one with wavespeed given by
yro_m _mé
Fgg C

6.1 Conclusions

In this thesis we have a.n@ll.ysed a variety of models in continuum mechanics which
are capable of admitting temperature waves of finite speed (second sound). In
particular, in Chapter 1 we saw how an acceleration wave evolves in a rigid body
with a heat flux law of Cattaneo type. Chapter 2 investigated the problem of a
layer of fluid heated from below when the Cattaneo law is involved. In Chapter 3
we investigated uniqueness, stability and instability together with a class of non -
standard problems for a class of rigid bodies using thermodynarhics of Green & Laws.
Chapter 4 investigated an extension of the Green - Laws model due to Batra. Here
we analysed uniqueness, exponential growth, finite time blow - up and discontinuity
waves.

In Chapters 5 and 6 we concentrated on a model for a rigid solid and then a fluid
when the thermodynamics is based on more recent ideas due to Green and Naghdi.

All of these theories have shown to yield desirable physical properties. Which
model is preferable can on'fy' be decided by comparision with experimental results.

There are still many open problems. In particular, the theory of type II fluids
studied in Chapter 6 is very new. There are many open questions concerning unique-
ness, continuous dependence, and other stability issues. Such studies will form part

of future work.
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