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Abstract

This thesis presents research into the properties and features of the complex sine-
Gordon theory. The CSG theory is a 1+1 dimensional integrable field theory that
admits soliton solutions which carry a Noether charge due to the U(1) invariance of
the theory. Integrable CSG defects and boundaries are constructed and interactions
between solitons, defects and boundaries are analysed at the classical and quantum
level.

The introduction of defects into the theory is facilitated by a new Backlund
transformation involving two parameters. Defect conditions, constructed so they
maintain the integrability of the theory and found to be exactly the BT, are used to
sew two CSG theories together. How solitons interact with the defect is investigated,
in particular whether as in the SG theory solitons can be absorbed and emitted by
the defect. The classical time-delay and phase-shift are calculated for soliton-defect
and particle-defect scattering.

Using the CSG defect to dress the Dirichlet boundary a new CSG boundary
theory is produced. Its integrability is checked by the explicit construction of con-
served charges. The various interactions between solitons and the boundary are
analysed, compared and contrasted with the defect theory. Finally aspects of the
quantum CSG boundary theory are examined, culminating in a conjecture for the
quantum reflection matrix for a ) = +1 soliton reflecting from an unexcited bound-
ary. Reflection and boundary bootstrap procedures are used to generate the general

reflection matrix for any charged soliton reflecting from any excited boundary.
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Chapter 1

Introduction

This thesis continues the research into integrable field theories on restricted do-
mains [4-8]. Specifically we investigate whether defects and dressed boundaries can
be introduced into the complex sine-Gordon theory while preserving the classical
integrability of the original theory. The complex sine-Gordon theory is a quantum
field theory of a complex field in 1+1 dimensions which like many other integrable
models exhibits soliton solutions. Solitons in the CSG theory carry a Noether charge
due to the U(1) invariance of the theory, this leads to additional interesting phe-
nomena in the interactions between solitons, defects and boundaries, beyond those
found in the well studied sine-Gordon theory.

Solitons or solitary waves were first observed by John Scott Russell on the
Edinburgh-Glasgow canal in 1834 and reported on in his “Report on waves” [9]
in 1844, including the passage

“I was observing the motion of a boat which was rapidly drawn along a narrow
channel by a pair of horses, when the boat suddenly stopped - not so the mass of water
in the channel which it had put in motion, it accumulated round the prow of the vessel
in a state of violent agitation, then suddenly leaving it behind, rolled forward with
great velocity, assuming the form of a large solitary elevation, a rounded, smooth and
well-defined heap of water, which continued its course along the channel apparently
without change of form or diminution of speed. I followed it on horseback, and
overtook it still rolling on at a rate of some eight or nine miles an hour, preserving

its original figure some thirty feet long and a foot to a foot and a half in height. Its

1



Chapter 1. Introduction 2

height gradually diminished, and after a chase of one or two miles I lost it in the
windings of the channel. Such, in the month of August 1834, was my first chance
interview with that singular and beautiful phenomenon which I have called the Wave
of Translation”.

Russell’s “wave of translation” became known as the soliton which plays an
important part in the study of non-linear systems. They are dispersionless localised
solutions which retain their form when they scatter with other solitons. Solitons were
first studied in the KdV equation and then found to be present in many non-linear
theories, including the sine-Gordon theory and complex sine-Gordon theory.

The integrability of the complex sine-Gordon theory adds further interest to the
theory. Quantum field theories that are integrable have been an extensive area of
study over the past 25 years since Zamolodchikov and Zamolodchikov [10] showed
in the case of the sine-Gordon model that the S-matrices can be found exactly. The
S-matrix of a theory governs the particle scattering in the theory. It was realised
that the integrability, which we define as the existence of an infinite number of
conserved charges, simplifies the S-matrix in 1+1 dimensions. The S-matrix in 1+1

dimensions has the following properties:
e no particle production
e the sets of incoming and outgoing momenta are equal
e n — n S-matrix can be factorised into 2 — 2 S-matrices.

These properties mean that the scattering in the theory is totally determined once
the S-matrix governing 2 — 2 scattering is known. The factorisability and integra-
bility of the n — n S-matrix also gives added constraints on the 2 — 2 S-matrices
through the Yang-Baxter equation. We illustrate the factorisability of the 3 — 3
S-matrix in figure 1.1 where the integrability allows the world lines of the particles
to be shifted, so the 3 — 3 scattering can be factorised into three 2 — 2 scatterings.
The Yang-Baxter equation is the equality of figures 1.1(b) and 1.1(c), which gives

the constraint

52516, —6,) S"1(6,—6,) Sg,j(e,,—ec) =S,?](9b—9c) 5;';(9&—96) o (6a—65), (1.0.1)
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(2) (b) (c)

Fig. 1.1: Factorisability of S-matrix and Yang-Baxter equation, with time flowing up the

diagrams.

if the S-matrix is non-diagonal. If the S-matrix is diagonal then the Yang-Baxter
equation is trivially satisfied. The Yang-Baxter equation along with unitarity, ana-
lyticity and crossing constraints mean that the S-matrix is exactly solvable (see [11]
for a review).

In 1993 Ghoshal and Zamolodchikov [4] initiated the study into integrable field
theories on restricted domains when they considered the sine-Gordon theory on the
halfline. They found that the integrability of the theory could be preserved in the
boundary theory if the boundary conditions at £ = 0 were carefully chosen. The
study of boundaries is relevant in condensed matter physics and also in string theory.
A generalisation of the Yang-Baxter equation exists describing the scattering from a
boundary and the reflection matrices K can be solved for. In theories with solitons,
asking how they interact with the boundary is an interesting question.

Progressing on from the study of boundary theories Bowcock, Corrigan and
Zambon [8] first considered the possibility of studying an internal boundary or defect
between two integrable field theories from a Lagrangian point of view. Again it
was found that if the defect conditions used to sew the two theories together are
carefully chosen, the defect theories are able to maintain the classical integrability
of the original theory. Defects allow impurities to be studied, but in the context of
integrable models the conditions on the defect are chosen specifically to maintain

the mathematical properties of the model.
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The complex sine-Gordon theory exhibits many of the same interesting proper-
ties of the sine-Gordon theory, integrability and the existence of soliton solutions,
while adding more complexity. It is a theory of complex fields and exhibits a U(1)
symmetry which generates a Noether charge. The solitons carry this extra internal
degree of freedom. The study of the complex sine-Gordon theory with boundary
and defect provides a testing ground to see whether properties found in the sine-
Gordon and other theories are general to all integrable boundary and defect theories,
and whether the richness of the complex sine-Gordon theory adds to the previously
witnessed phenomena. The examination of the interactions between the charged
complex sine-Gordon solitons and the boundary and defect is of particular interest.

This thesis will be structured as follows, in the next chapter we use the sine-
Gordon and sinh-Gordon theories to introduce common properties and techniques
prevalent in the study of all 1+1 dimensional field theories in preparation for the
study into the more complicated complex sine-Gordon theory. Chapter 3 will con-
tinue the introduction by describing the sine-Gordon boundary and defect theories,
including a brief overview of the soliton interactions with defect and boundary. The
sinh-Gordon defect theory is introduced and we present new analysis on classical
solutions to the field equations.

Chapter 4 starts the main body of research with an introduction into the bulk
complex sine-Gordon theory. A new description of the theory is presented allowing
new Backlund transformation and two-soliton solution to be formulated. In chapter
5 we construct the complex sine-Gordon defect theory, generate defect conditions
so the lower spin Lorentz charges are conserved. We thoroughly analyse the defect
theory in the original ‘two field’ description and the new description introduced in
the chapter 4. Soliton and particle interactions with the defect are studied.

In chapter 6 a new complex sine-Gordon boundary theory is constructed by using
the defect to dress the Dirichlet boundary. We formulate boundary conditions and
lower spin conserved charges. Similarly to the defect theory, soliton and particle
interactions with the boundary are analysed.

Chapter 7 covers the study of quantum aspects of the dressed boundary theory

after properties of the quantum complex sine-Gordon theory are introduced. We
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use semi-classical methods to approximate the quantum boundary spectrum, before
providing a conjecture for the fully quantum reflection matrices. We check our
conjecture with classical results and give a preliminary analysis of the pole structure
present in the reflection matrices.

The final chapter summarises the findings of this thesis and comments on possible

avenues of research leading on from the work presented.



Chapter 2

Sine and sinh-Gordon theories

Two examples of 1+1 dimensional integrable quantum field theories are the sine-
Gordon theory (SG) and its sister theory the sinh-Gordon theory (ShG), recovered
by analytically continuing the coupling constant in the SG theory. In this chapter
we use both theories to introduce features displayed by the complex sine-Gordon
theory and techniques which we use in later chapters. The two theories, despite
being described by virtually the same Lagrangian, have very different properties

and features.

2.1 Sine-Gordon theory

The SG theory exhibits the more interesting properties due to the topological nature
of the vacuum. These include the existence of soliton solutions that carry topological
charge. The starting point in the overview for the SG theory is the Lagrangian

density

2 2

Lsc = % (%) — % (%) — 25—?7;2(1 — cos(V269)), (2.1.1)
where ¢ is a real scalar field, m the mass parameter and 3 the coupling constant.
The presence of the cos(v/2(3¢) term introduces the interactions into the theory.
Expanding the cosine as a sum shows that as well as the standard mass term ~ ¢?,

there are an infinite number of interaction terms ¢*, ¢% ... . Varying the action
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S=[dt [ dx £ with respect to the field gives the equation of motion

¢ 8% 2f 2m
52 8z g in(v259).

o

(2.1.2)

From the Lagrangian, formulae for the energy and momentum can be constructed

E — /_:dx 1(%)24.2 (gf) (1—c05(\/_ﬂ¢))

(< 8604
P - /_oodx oo (2.1.3)

The oscillating nature of the cosine function present in the energy leads to multiple

vacuum solutions, namely ¢ = @, n € Z, with energy £ = 0.

2.1.1 Classical integrability

The SG theory is classically integrable. That means that as well as having conserved
energy and momentum, there are infinitely many related higher spin charges that

are also conserved. The energy and momentum satisfy the condition

9E  OP
5= =0 (2.1.4)

where E = [dz £, P = [dz P. Using this condition we show that the energy is

oE *° 0 > OP

conserved

— [7:]: 0. (2.1.5)
Similarly the condition
‘ZD %‘: (2.1.6)
where 1 (06\> 1[04\ 2m?
£ == (E) +35 <%) 7 (1 - cos(V269)), (2.1.7)

can be used to show that the momentum is conserved. As well as the energy and
momentum there are higher spin versions, so called due to the how their light-cone

co-ordinate versions transform under a Lorentz boost, which are also conserved.
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Scalar field theories, the class of field theories SG and ShG belong to, are described

_ (2‘?) “(2?) ~V(9). (2.1.8)

We show that for the next higher spin versions to be conserved there is a restriction

by the Lagrangian

on the potential term in the scalar field theory and that the SG theory is one of the
allowed theories. For any scalar field theory the next charge related to the energy

has the form

& = %2 ((9:9)" + 6(3:8)*(0:0)" + (0:0)*) + ﬁ%} ((2:9)° + (3:9)?)
2 ((0u0)? + 2006 91+ 4(0u)? + (00 (2.1.9)
Similarly the next momentum-like charge is
Pa = X (06 (0.0)° + 0,0 (310)%) + 00 (s + 3ux) + 55 50,0 016, (2110

Using the scalar field theory equation of motion
¢tt—¢xz+—=0, (2111)

they can be shown to satisfy the conditions

98 0Py _, 9P _ 0

9t  or ot oz

=0, (2.1.12)

where

2?2 19°V

& = 7 (09)" +6(00)°(8:0)" + (0:9)%) ~ 1 557 (()° + (8a0)?)

%((&tqﬁ) 2048 D20 + 4(009)° + (8:29)°) .
P; = A2 (08(0:0)° + 006 (8:9)°) + Ouah (O + ra) — ;%Zm 3
(2.1.13)
if the potential is such that 3 |
27‘: :4A2‘2_‘;_ (2.1.14)

As before for the energy the conditions (2.1.12) are used to show that E; = [dz &,

and P, = [dz P, are conserved. We note that the starred quantities are not
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conserved. The condition (2.1.14) shows that there are only certain scalar field
theories for which the higher spin energy and momentum are conserved. SG is one
of the few theories with [4]
2 2 2
A2 = —%, V() = ﬁ—”; (1 - cos(\/§ﬁ¢)) . (2.1.15)
There are infinite more quantities like the ones displayed above involving higher
derivative terms, it is the conservation of all these charges that make the SG theory

integrable and give it many of its remarkable properties.

2.1.2 SG soliton solutions

Rewriting the energy formula (2.1.3) as a sum of squares we generate a Bogomolny

bound on the energy of the field configurations

o= 109N\ 1(86 28m  (Bs\\ O [4m (B
e - [ (5) *5(%‘ p S‘“(ﬁ)) -5 (7(3)

> [% cos (%)}: . (2.1.16)

The bound is satisfied when the squares are identically zero, explicitly when

2v2m ﬂqﬁ)
=0, r = sin | — | , 2.1.17
¢t 3 ¢ ,8 (\/§ ( )
which are solved by the stationary solution
2v/2
Prink = T\/_ arctan(e?™=¢)) | (2.1.18)

with energy £ = &2 and momentum P = 0. This solution is the famous sine-

Gordon kink solution connecting two of the vacua with ¢ — % as £ — oo and

¢ — 0 at £ — —oo. This kink solution has topological charge +1 which is defined

o0

by Qiop = % [¢] 2 oo+ There is another solution

2v2
Panti—kink = g_arctan(e‘gm(x‘”), (2.1.19)

the anti-kink solution with the same energy and topological charge —1. In figure 2.1
we illustrate both the kink and anti-kink solutions. These soliton solutions can be

Lorentz boosted so that they are moving with rapidity 8. The kink solution becomes

¢ — 262 aJrctan(eQm(cosh(G)(z—c)—sinh(&)tl)) : (2120)
with the increased energy E = &Z2cosh(f) and momentum P = —%—?sinh(ﬂ).
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-éO -1‘0 0 10 20 -20 -10 ] 10 210

(a) (b)

Fig. 2.1: Sine-Gordon (a) kink and (b) anti-kink solution.

2.1.3 Backlund transformation

In SG theory there exists Backlund transformation (BT)

0.0 +v) = Frevam (L20)
0_(6—) = —%mexsin <ﬁ%w—)), (2.1.21)

a pair of coupled first order differential equations in the fields ¢ and 1. Written
here in light-cone co-ordinates where 9, = 71—5(& +0;), 0- = \%(at — 0;). In these
co-ordinates the SG equation becomes
V2m?
g

8,0_¢ + sin(v268¢) = 0. (2.1.22)

These BT (2.1.21) imply that both the fields satisfy the SG equation, this can be

explicitly seen, first we cross-differentiate the BT

0.0,(p+¥) = VImeX0_(¢—b)cos (ﬁ(‘ﬁ—\/;w)) ,
0:0_(¢—v) = —V2meXd,(¢+ 1) cos (W) : (2.1.23)

We remove the first order derivative terms in these resultant equations by again

using the BT
0-0.(0+0) = ~P o (HE W)Y g (D220))

B (U9 g (6=

0+0-(¢ — Y) =
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Adding these equations together and expanding the cosine and sine functions and
using the double angle formula for sine gives the familiar SG equation in ¢, while
subtracting one equation from the other and performing similar manipulation gives
the SG equation in . This property that there exists coupled first order equations
that imply the equation of motions makes these BT a remarkable pair of equations
and very useful for finding solitonic solutions to the SG equation. In fact starting

with the vacuum solution ¢ = 0 means that 1 satisfies the simplified BT

o) = @ (e7x — ex) sin (lb_ﬁ) ,

g8 V2
= @ X + eX) sin ﬂi—
oY = 3 (e7X + €X) (ﬂ) (2.1.25)

It can be checked that these equations are satisfied by the kink solution (2.1.20) with
8 = x. The BT have therefore allowed a one-soliton solution to be produced from
the vacuum with the rapidity of the soliton governed by the parameter that appears
in the BT. This is a general property of BT and as we shall now show provides
a way to generate multi-soliton solutions algebraically via Bianchi’s Theorem of

Permutability [12].

2.1.4 Theorem of Permutability

The Theorem of Permutability (ToP) [13] states that the process using BT to gener-
ate higher soliton solutions is commutative. With the original theory proved for the
SG theory, where the proof involves computing the two-soliton solution and then
shows that it is indeed a solution to the equation of motion. This allows a two-
soliton solution to be formulated by solving no further differential equations and
only algebraic ones. The diagram in figure 2.2 shows schematically the process used
to generate a two-soliton solution ¢;5. The two-soliton solution generated by the
two routes can be made identical by the free choices on the constants of integration
which are generated when solving the first order BT.

The result of the ToP is that the same two-soliton solution is generated if either
route on the diagram is used. Explicitly, if first a one-soliton is made from the
vacuum using the BT with parameter €% and then this soliton is used as the input

to the BT with parameter e?2 or if the BTs are used with their parameters reversed,
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9,(0,)

BT A1 y' \\ BT A2=exp(92)
P! IT

¢0=0\ v ¢12(61’92)
\I II IV
BT A, =exp(8,)™ | 7 BTA=exp(@)

Fig. 2.2: Theorem of Permutability used to generate a two-soliton solution. The theorem
states that the order in which BT are applied to generate multi-soliton solutions
is commutative. So either route on the diagram (from left to right) results in the

same two-soliton solution.

i.e. a one-soliton is generated with parameter €2 and then % is used, then the same
two-soliton solution is produced. In practice that gives eight equations, two for each
BT on all four legs of the ToP diamond, but in fact only four of these equations are
needed, one from each leg of the diamond. These four equations link the vacuum

solution @9 = 0, the two one-soliton solutions ¢; = ¢;(6;) and the two-soliton solution

P12

0ugo+ 1) = e sin (5(% ¢1>> |
0,(do+da) = e tsin (_ﬂ(%\/—i ¢’2)) |
0,61+ 92) = e sin (5@1\/—;12)) |
Orld2+ d10) = %me"” sin <W—2\/_§¢1—2)) | (2.1.26)

The idea is to combine these four equations to produce the form of the two-soliton

solution. We simplify by eliminating the derivatives of the one-solitons by subtract-
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ing the first equation from the third and the second from the fourth

O (@12 + @) = %n (e 92 gin <ﬁ(¢1—\/—§¢12)> _ e %gin < (¢o — ¢1 )

O4(b12 + o) 2m (e‘e1 sin (M) _ e %24in < ¢0 — ¢2 ))
(2.1

V2

As the left hand sides of both equations are the same derivative term, we are able
to eliminate all the derivatives to give a sole algebraic equation. After simplifying

the trigonometric functions this becomes

B "t e B
tan (2\@(1512 - ¢o) = (i;,]—_%) tan (m (¢1 — ¢2)) : (2.1.28)

We rearrange this to give a formula for the two-soliton solution in terms of the two

BT parameters and the constituent one-soliton solutions

o= Lo (Ln (L 6 09)) .

where 4 = tanh(%5%). In a similar way to this construction of the two-soliton
solution another BT can be added to the ToP to construct a three-soliton solution

and similarly for higher soliton solutions.

2.1.5 Soliton-soliton scattering

The two-soliton solution models the elastic scattering of two SG soliton solutions,
one moving with rapidity #; and the other with 6,. We can re-express the one and
two soliton solutions, the one-soliton as

i e
e‘fi‘f’l: 1+z’e .
1 — et

(2.1.30)

where £ = 2m(cosh(#)z — sinh(#)t) and the two-soliton solution in the form

1+ 2(ef — ef2) + efité

e\i/ﬁizm— .
1 (61 62)+61 2

(2.1.31)

The scattering process of two SG solitons described by the two-soliton solution
is shown in figure 2.3. It shows the world lines of two solitons with positive rapidity

coming together, experience a non-zero time interaction before continuing through
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Fig. 2.3: World lines of solitons involved in soliton-soliton scattering illustrating the time-

delay At; and time-advance At; experienced by the solitons.

each other at the same rapidities as before the scattering. To analyse the properties
of the scattering we need to examine the solution around the constituent one-solitons
at the temporal infinities. For example to examine the solution around the faster
soliton ¢, (setting 6; > 6, without loss of generality) as ¢ — —oo, we constrain z

and t by setting

z = tanh(6,) ¢t + ', (2.1.32)
which sends
§1 = 2m COSh(gl).’L‘I (2133)
and
sinh(91 — 92) '
=2 ————=2t — cosh(@ - - = 1.
& m( cosh(8)) cosh(6,) (z d)) 00, (2.1.34)

collapsing the two-soliton solution to

1+ ﬁeﬁ

ig - i3
675¢1 =€ﬁ¢12 - : .
1 _ iefl
IJ.

(2.1.35)

In ¢;, the subscript and superscript denotes that we are examining soliton ¢; in the

far past. Similarly in the other temporal limits the two-soliton solution reduces to

i - — sye? i 1-— l.(352
eva% = L ipe eB¥ = B (2.1.36)

Bar 14 apet
1 —dpefr’ 1+ ipesz’ 1+ ﬁeEZ '

ev?
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As expected in these limits the two-soliton solution reduces to the form of a one-
soliton solution, with additional multiplicative factors. We note that by choosing
the constituent solitons to have the form of a kink solution, the scattering process
described is actually kink-anti-kink scattering. When we examine around solution
@1 the two-soliton solution results in a kink solution, while when we examine around
@2 it reduces to an anti-kink solution. We re-express these factors as time-delays

and phase shifts

In(p) In(p) i i
= = i o 2.1,
At m sinh(f;)’ Aty m sinh(6y) ’ ¢ ¢ ’ (2.1.37)

experienced by the two solitons during the scattering process. An example of this
kink-anti-kink scattering is illustrated in figure 2.4, the time-delays experienced are
not easy to gather from the figures but it does show the elastic nature of soliton-

soliton scattering.

(e) (f) (8) (h)

Fig. 2.4: SG kink and anti-kink scattering, with parameters set m = % 8= % 6, =1,
62 = 0.2, ¢ = —4, d = 10 with the time evolving from t= (a) —15, (b)-5, (c)5,
(d)15, ()25, ()35, (g)45, ()55,

The two-soliton solution describes kink-kink scattering if we make the constituent

@9 soliton an anti-kink, by the transformation &, — —&,. In this case the temporal
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limits of the solution become

if g 1 + jue Bt _ 1+ iefl
¢ 1 —quefr’ ¢ 1 iefr’
i
B . 1 4+ Lebe ; €
B oot _ _1twer (2.1.38)
1 — Lef2 ’ 1 — ipete

Figure 2.5 illustrates this kink-kink scattering process. The two solitons connect
adjacent vacua, initially the faster soliton —27 to 0 and the slower soliton 0 to 2.
After the scattering the kink solutions remain unchanged but the faster soliton now

connects the vacua 0 to 27.

) !
T B X I 2 S T B

(e) (f) (g) (h)

i L

2 P =
62 = 0.2, ¢ = —4, d = 10 with the time evolving from t= (a)—15, (b)-5, (c)5,
()15, ()25, (F)35. (g)45. ()55,

Fig. 2.5: SG kink and kink scattering, with parameters set m = 6 =1,

2.1.6 Breather solution

The two-soliton solution can demonstrate quite different behaviour to the soliton-
soliton scattering described above. By setting the constituent solitons rapidities

very carefully the two-soliton solution can be transformed into a breather solution.



2.1. Sine-Gordon theory 17

If we set the rapidities of the two constituent solitons to be the complex conjugate of
each other 8, = ¥ +16, 6, = 1) — 10, then the two-soliton solution becomes a solution
that breathes. Unlike in the scattering processes where the constituent solitons start
and finish infinitely separated, in the breather solution the solitons remain finitely
separated for all time. The breather solution is a bound state of two solitons and
appears as such in the quantum S-matrix.

Figure 2.6 illustrates the nature of a breather solution. It shows a stationary
breather soliton (7 = 0) composed of a kink and anti-kink solution. The process
starts similarly to scattering with the solitons approaching each other (2.6(b) —
2.6(c)), they move through each other 2.6(d) and away from each other 2.6(e).
Unlike during scattering they do not move away to infinity but slow and change
direction to repeat the process in the opposite direction (2.6(f) — 2.6(h)), before
returning to their starting configuration 2.6(a). This breathing process is periodic
and continues forever. The breather solution can be given its own rapidity by setting

¥ to be non-zero. This concludes the introduction into the SG theory.

10 -5

Fig. 2.6: SG two-soliton breather solution, with parameters set m = % b= % 6, =1,
o = —i, ¢ = 0, d = 0 with the time evolving from t=(a) ¢t — 10, (b)-9, (c)-8,
(d)—7 (e)—67 (f)_5’ (g)—47 (h)_3
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2.2 Sinh-Gordon theory

The sinh-Gordon (ShG) theory is recovered from the SG theory by analytically
continuing the coupling constant # — 483. ShG theory describes a real scalar field in

1+1 D with exponential interaction terms. It is described by the Lagrangian density

Lowe = 209"~ (007 — T (comh(V309) ~1),  (22.1)

ﬁz
when the cosh term is expanded it produces the standard kinetic term then every

even point interaction. Again we vary the action in the normal way to produce the

ShG equation of motion

2

g

The formula for the energy

_ /-Oo dx %(5@ (8 o) + —ﬂ;(cosh(\/_ﬁcb) - 1) (2.2.3)

follows from the Lagrangian. Using the Bogomolny energy bound, as before, gives
the form of the solution which in the SG theory would be the static soliton solution,
however in the ShG theory this solution does not really exist since it is not a finite
energy solution. We remark upon it here as it we use it when we move away from

the bulk theory to the defect theory. The static ShG ‘soliton’ is given by

¢ = %iarctanh(ezm(z'c)). (2.2.4)

Figure 2.7 illustrates the form of the ShG ‘soliton’ solutions, explicitly showing the
field going to infinite ruining the possibility of energy finiteness. Since the spectrum
of the bulk theory contains no soliton solution and only the massive scalar field, it
is uninteresting to study. In the next chapter we show that adding a boundary or

defect to the theory does allow the existence of solitonic objects.

2.3 Summary

This concludes the brief overview of the SG and ShG theories. We have introduced

the Lagrangian of both theories and generated the equations of motion. General
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10 12

(a) (b)

Fig. 2.7: Sinh-Gordon (a) ‘soliton’ and (b) anti-'soliton’ solution.

techniques to generate solitons solutions were covered, explicitly using the BT and
the ToP in the SG theory to give the one and two-soliton solutions. The topological
nature of SG solitons and the different processes that the two-soliton solution can
model have been shown. In the ShG theory we have seen that no soliton solution
exists in the bulk. In the next chapter we use the same two theories to introduce

the ideas of adding boundaries and defects into 1+1 D integrable field theories.



Chapter 3

Introducing boundaries and

defects

In this chapter we introduce the idea of boundaries and defects in integrable field
theories using the sine-Gordon and sinh-Gordon theories. We show that the clas-
sical integrability of the bulk theories can be maintained with the introduction of
boundaries and defects and comment on the different features and properties of the
models. What we learn is used in the analysis of the complex sine-Gordon theory
in chapters 5 and 6. The work presented here on the SG theory is a review but the
analysis of finite energy field configurations in the ShG defect theory is new research.

The first theory we explore is the SG theory with boundary, this was historically
the first 1+1 D integrable field theory to be studied. Ghoshal and Zamolodchikov
conjectured [4] the form of the quantum reflection matrix and this work led to
various other research into the theory [5,14,15]. The next section concentrates on
introducing the set up of a boundary theory and shows the construction of the SG

boundary theory Lagrangian.

3.1 Sine-Gordon theory with boundary

The motivation to study theories with boundaries has many guises; to help in the
understanding of boundary statistical systems near criticality; to get a handle on

the boundary interactions in open string theory. However the mathematical ele-

20
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gance that integrability brings to the theories and the presence of non-perturbative
effects are motivation enough to make the study into integrable field theories with
boundaries both interesting and rewarding.

The general idea for a boundary theory is to restrict the theory to the halfline
z < 0. In the case of integrable field theories the boundary conditions at z = 0 are
constructed so that they preserve the integrability of the theory. It is of interest to
investigate how solitons interact with the boundary. The set up for the SG boundary
theory is illustrated in figure 3.1, with the SG field ¢ restricted to the bulk region

z < 0 and satisfying to be determined boundary conditions at z = 0.

BOUNDARY

x<0

x=0

Fig. 3.1: The set up for a theory with boundary.

We show how the boundary Lagrangian is constructed for a general scalar field

theory, starting by hypothesising the boundary Lagrangian to have the form

0
D= [ da 500 - 5007 - V(e) - [B(&)] (311

oo <

=0

with the standard Lagrangian restricted to the halfline and a term B(¢) added at
the boundary. The minimal choice for the form of the boundary potential is chosen
purely for simplicity, i.e. it is assumed to be only a function of the field and no
field derivatives. It is possible to add more complicated boundary terms and in this

thesis we describe a way of introducing boundary theories with such terms. Varying
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the action S = [dt L

88 = /_Zdt/:odz<8t¢6(8t¢)—8z¢5(8z¢) s ¢) {¢5¢J

o0 0
= / dt/ dz(—auqﬂ-@uqb—%%)éd)—&- ( ‘z¢—a¢)5¢]

with respect to the field and field derivatives generates the Euler-Lagrange type

bl

=0

(3.1.2)

equations that the field satisfies. This shows that the scalar field ¢ does indeed

satisfy the standard equation of motion in the bulk region z < 0

Oud — Oz + 81; 0 (3.1.3)
and the boundary condition
Orp = 0B (3.1.4)
~5% 1.
at £ = 0. The form of the boundary energy
0 1 1
2 2
E= [ dr 067+ 5007 + V() + [BO)|_, (3.15)

can be read from the Lagrangian and we check that it is conserved % = 0 with no

added restriction on B(¢). Explicitly

0
e _ / i (a@aumamamma - ato) [‘93 atqs]

dt o o9
0
- [ g o0+ [Fo0e]|
oB
= ax - 6;:
( - 6¢) o
= 0. (3.1.6)

As the introduction of the boundary breaks the spatial translational invariance of
the theory there is no conserved momentum. Therefore to derive the form of the
boundary potential that maintains integrability, we have to consider a higher spin
generalisation of the energy. In the bulk this has the form & (2.1.9). For classi-
cal integrability to be maintained in the boundary theory this charge with added
boundary contribution should be conserved @Z = 0 where

EF/_O dr &+ [Ba(9)]| . (3.1.7)

00 =0
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Explicitly

dE,  [° dé&; d
& /_oo dz gt + [532(@}
dBy(9)
dt

z=0

= [1); + (3.1.8)

=0 ‘
with P; (2.1.13). Using the scalar field theory equation of motion (3.1.3) and bound-
ary condition (3.1.4) along with the bulk constraint on the potential term (2.1.14),
we find the form of B, to be

5) ~17) (5w ~Ga5g) . ©19

2 4 )
By = \B (8,9)° + (A2B (5B> - 2; B3> + (Ba v _9BovV

with the constraint on the boundary potential [4]
9°B
N B=—. 3.1.10
8¢2 ( )
In the specific case of the SG theory

ﬁ? B 2m2
-5 Vo) = v

4m

A= (1 - cos(\/§ﬂ¢)) , B(¢)= —Fe" cos (%(d) - d)) :

(3.1.11)
Similar expressions exist for the ShG theory [16,17]. Therefore it is possible to
adapt the bulk energy and next energy-like conserved charge so that they are also
conserved in the boundary theory. All the infinitely many higher spin energy-like
charges present in the bulk can similarly be adapted and so the boundary theories
for both the SG and ShG constructed in this way are classically integrable. Both
boundary theories have subsequently been thoroughly analysed. Without present-
ing any detail, their interesting characteristics include SG solitons being reflected
from the boundary and the existence of boundary ShG breather states. The above
derivation of the boundary theories provides a sufficient introduction into integrable

boundary theories for the work on complex sine-Gordon boundary theory in chapter

6.

3.2 Scalar field theory with defect

The idea of studying an internal boundary or defect in 1+1 D integrable field the-

ories was reintroduced in (8] following an earlier exploration by Delfino et al. [7].
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Other early work on the study of impurities and defects include [18,19]. Similar tech-
niques have been used in spin chains [20] and conformal field theories [21], while the
connection between defects and boundaries has previously been commented on [22].
We reproduce the method used by Bowcock et al. [8] to derive the defect conditions
required to maintain the classical integrability for a scalar field theory.

The defect is introduced as an internal boundary between two separate field
theories with defect conditions at £ = 0 governing any interaction between the

fields of the left and right theories. Figure 3.2 shows the defect set up. As in the

DEFECT

x<0 x>0

x=0

Fig. 3.2: The set up for a theory with defect.

boundary case, the starting point for the construction of an integrable defect theory
is to conjecture the form of the Lagrangian

L= [ do 5007 - 5000 - Valo)+ [ 50w - 5007 - Velw)

[es) 0

+ 3000 - va6) - D6, ) 21)

=0

In this case we have two bulk Lagrangians restricted to their respective bulk regions
(z < 0 and z > 0) where two different fields ¢, v reside and two types of defect
term at T = 0, a defect potential term which depends on the left and right fields

and a term anti-symmetric in the first order time derivatives of the fields. Varying
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the action with respect to the field and field derivatives gives

e’} 0
[a[ a (atqsa(am)—axw(am)—%—f;i)

o
D
+ (300 - 57) 00— (300 + 52 60+ 16d(00) - 105600

0

d¢ o

As in the boundary calculation we continue by integrating by parts to get

/ dt/ dz ( Ou® + Opzd — 81(/;)

V,
+/0 ( Outy + Ot — %J)

oD oD
+ (ow-t.0- 5 )do— (000w + ) 54|

which implies the standard scalar field theory equation of motion (3.1.3) in the bulk

. (3.2.3)

regions and the defect conditions

oD oD
oY — 0,0 = —, 9] Orth = —— 3.2.4
W= 8.6 = 52 6= B =~ 50 (3.2.4)
which hold on the defect. We notice that the defect conditions are not symmetric in ¢
and 7 and therefore the defect theory is not invariant under a parity transformation.

We read the energy straight from the Lagrangian to be

0
B o= [ do 3007+ 508 + Velo)

= 2 1 2
+ [tz @0P+ 502+ V) + D], (325)

Using the equations of motion and defect conditions we see that it is conserved

d o D
dE _ / iz L (0.600)+ + [ —d—(azwatww(a bt 8%)
(]

dt 0¢ oY
[(6 ¢+8—D> 0, + ( d¢+a—D> ath

0%
= at.wa@ 0t¢aﬂ/)

= 0, (3.2.6)

z=0

without any restriction on D(¢,v). Despite the fact that the defect breaks the

translational invariance of the theory, it is possible to add a defect term to the bulk
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momentum to make it conserved in the defect theory. The property that the defect
conditions hold at all points not just z = 0 allows this to be possible [8,23]. The

defect momentum has the form

2.7
o’ (3.2.7)

0 o
P = / dx dd) 0.0+ / dz (9t¢ Oz + [Pdef(¢’ w)jl
— 0

o0
where we choose Pes(¢, 1)) so that the defect momentum is conserved. To explicitly
see this we differentiate the momentum with respect to ¢ and use the equations of

motion to simplify

dP - _ /° dz di(é(a@) ;(8 o = Vi(s))

dt - 2
1
+ ( 5 8:0)° - (1/)))
aP
+ 6¢3¢ awaﬂp : (3.2.8)

we continue by integrating the bulk expressions and use the defect conditions to give

P 8P4y 8D OPss 0D
dat M( 86 aw) a@( By aqs)

% ((%) _ (%%)3 V- V. (3.2.9)

Demanding that the defect momentum is conserved results in the conditions

OPus _ 0D OPuy D 1(3_/3)2_(@_0
T o9 oY

We cross-differentiate the first two conditions to give 0D — dyyD = 0, which is

>2> = V¢ - V¢, . (3210)

solved by the ansatz D = f,(¢ + ¢) + fa(¢ — ¥). Substituting this ansatz into the

third condition gives 2f] f;, = V,, — V;;, which further implies

l/I/ m

2 2
L2 2 (3.2.11
i f )

where f| = Oy1yf1 and f} = Js_y f2. This is solved by
k#0 f = a;e” w(o+) o Bre” ¢+¢) fé — QQeN(dJ—IL') + I@QG—K(tﬁ—w) ]

k=0 fil=m(e+v), fi=mn(d-1v). (3.2.12)

These solutions cover the whole set of defect conditions that allow the conservation

of the defect momentum. We now explore the different possibilities.
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3.2.1 Free massive - free massive

First we consider the case when x = 0, this forces the bulk potentials to have the
form

Vs =271m20", Vy=2mmy?, (3.2.13)
which means both bulk theories are free and massive, with the same mass. The

defect term and the momentum defect contribution are calculated to be

1 1,
D = (71+72)§¢2+(71—’72)¢1/1+(71+’Y2)§¢',

1 1
Paer = (m— 72)§¢2 +(Mm+r)ov+(n— 72)§¢2. (3.2.14)

3.2.2 Free massless / Liouville - free massless / Liouville

The case when s # 0 is slightly more complicated with the bulk potentials having

the form
V¢ = 2&1&262'@ + 251ﬂ26—2ﬁ¢, V’d) = —2a1ﬁ262m’b - 251&26—2'“1}, (3215)

which unlike the previous case still leaves a freedom over the bulk theories. Different
bulk theories result from different choices of the parameters a;, §;. By setting

a1 = B; = 0, both bulk theories are free and massless
Vo=V, =0, (3.2.16)
while if a; = 8, = 0 then V;, remains zero but
V=0, V,=-2Bae™ >, (3.2.17)

which gives a massless free field theory on the left hand side of the defect and
Liouville theory on the right. Similarly the reverse set up with Liouville on the left
and free massless on the right can be obtained, as can Liouville theory on both sides

of the defect, for example by setting a; = 0.

3.2.3 Sine-Gordon - sine-Gordon

The parameter choice of

m mé m _ mo

em 2T e T Tivam BT wms GRS

;) =
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with kK = %, gives the sine-Gordon theory on both sides of the defect

Vy = ——ﬁTcos(\/_ﬂ@ Vy = —Fcos(\/—ﬁw) (3.2.19)

with both theories forced to have the same mass and coupling constant. The defect

term in the Lagrangian and the term in the momentum become

D = —%(%cos(%@%—@b))—#(?cos( (¢ - ¢)>)

Pay = - (%cos(%(mm)—écos( (6 w))). (3.2.20)

= Sls

3.2.4 Sinh-Gordon - sinh-Gordon

Similarly the parameter choice of

m md m mé
- _ ’ =—— = — =— 3.2.21
Y Y T R N TR 7 (3221
with Kk = \%, gives the sinh-Gordon theory on both sides of the defect
2m
Ve = (V308), Vi = 2o cosh(v30Y) (3.2.22)

52 32
again with the same mass and coupling constant. The defect term in the Lagrangian

and the term in the momentum become

D=~ (Geosh (Fgerw) +ocom (=)
Poes = -5 <—5—c sh <j_(¢+w)> ~ & cosh (% (¢—w)>) . (3.2.23)

This concludes all the scalar field theory choices on either side of the defect
for which the defect momentum is conserved. The conservation of momentum is
sufficient to fully determine the form of the defect Lagrangian, but as for the bulk
and boundary theories the conservation of energy and momentum is not sufficient to
claim integrability of the theory. In [8] the next energy-like charge has been shown
to be conserved in these theories. In the next section we analyse the properties of

the defect SG theory.
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3.3 Sine-Gordon theory with defect

In the previous chapter we presented the derivation of the defect SG Lagrangian
(3.2.1) where the bulk potentials are the standard (3.2.19) and defect potential
(3.2.20) is chosen specifically to ensure the integrability of the theory. The con-
served energy has the form (3.2.5) and the conserved momentum (3.2.7) with the
momentum defect term (3.2.20) chosen to ensure the defect momentum is conserved.

This Lagrangian means the defect conditions (DC) (3.2.4) take the form

-6 = Lan(EL00) , Von,g, ((6=919),
8 — Bp = —‘f;n sin <(¢ 3%””) + \/Zm(Ssin ((“Z"Tg’)ﬁ) . (3.3.1)

It is noted by Bowcock et al. [24] that these defect conditions are exactly the SG
auto-Backlund transformation (2.1.21). As we see later in this thesis, this seems
to be a general feature of integrable defect theories and it plays an important role
in determining the properties of the defect theory. Using this complete description
of the defect SG theory we analyse its properties. The defect SG theory has been

thoroughly analysed [24-26] since the construction of the model [8].

3.3.1 Vacuum

The defect vacuum is the trivial ¢ = 0, ¢ = 0 when § > 0, with energy and

2m 1 2m 1

There is another trivial solution ¢ = 0, ¢ = % to the defect conditions which due

momentum

to the half angles that appear in the defect term has different energy and momentum

2m 1 2m 1

These two field configurations are shown in figure 3.3, with figure 3.3(a) showing
the zero topological vacuum and figure 3.3(b) showing the defect with topological
charge Q) = +1. The topologically charged defect has positive energy if § > 0 and is

called an excited defect, while the defect vacuum has negative energy and is called
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Fig. 3.3: (a) Unexcited defect and (b) excited defect when & > 0.

an unexcited defect, the opposite is true for 6 < 0. The reason for these labels
will become clear when we examine the interaction between solitons and defects
and discover that the sign of the energy and the momentum determines how they

interact.

3.3.2 Soliton absorption and emission

The realisation that the defect conditions and Backlund transformation are one
and the same thing prompts the idea that solitons can be absorbed and emitted
by the the defect. Since BT allow the construction of higher soliton solutions and
specifically from the vacuum a one-soliton solution can be produced. This suggests
that the defect conditions should be satisfied by the vacuum on one side of the defect
and a one-soliton solution on the other.

First we solve the defect conditions with a one-soliton solution

2v/2
3

i

on the left hand side of the defect and the vacuum % = 0 on the right hand side.

aJrctan(ef_)m(cosh(a)a:—sinh(e) t)) ’ (334)

¢=

Substituting the above values for the fields into the DC, we find that the condition

% is required for the DC to be satisfied. By assuming that the one-soliton

b= -—e
solution describes a right-moving kink solution # > 0 then this set up describes a
kink being absorbed by a defect with parameter 6 < —1. Figure 3.4 illustrates this
scenario with time progressing from ¢ — —oo in figure 3.4(a) through to t — +oo

in figure 3.4(d).
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(a) (b) (c) (d)

Fig. 3.4: SG kink absorbed by a defect, with time progressing from (a) to (d).

Similarly for the set up of a right-moving anti-kink solution on the left

2vV2 .
¢= \/—arctan(e—Qm(cosh(e)m—smh(B)t)) (335)

]

and ¥ = 0 on the right hand side, the defect conditions are satisfied when § = €°.
This describes a defect with parameter § > 1 absorbing a right-moving anti-kink.
Figure 3.5 illustrates this scenario with time progressing from t — —oo in figure

3.5(a) through to ¢ — +oo in figure 3.5(d).

-20 -10 13 18 0 -20 -10 o 10 20 -0 -10 [} 10 0 .20 -1e o 10 £
» x x i

Fig. 3.5: SG anti-kink absorbed by a defect, with time progressing from (a) to (d).

In both of these absorption processes the energy of the original defect configura-
tion 1s negative and the momentum positive. This has to be the case for the defect
to be able to absorb a right-moving soliton which has positive energy and negative
momentum. The absorption leaves the final defect configuration with positive en-
ergy and negative momentum. In fact the energy of the soliton is twice the energy
of the final defect state when the parameters are matched as to allow absorption, so

the final energy is the equal and opposite of the initial energy. The conservation of
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the total energy is schematically shown

Elotal E. + Edef =2E—_E=E = Edef — Ftotal (336)

before before after after

We have described that an unexcited defect can absorb a soliton and become
excited, the reverse process is also possible with an excited defect decaying to an
unexcited one by emitting a soliton. The defect conditions are satisfied by a right-
moving kink solution on the right hand side of the defect and ¢ = 0 on the left with
the condition § = €’. So a defect with topological charge +1 described by parameter
d > 1 can decay to a defect with no topological charge. Figure 3.6 illustrates this
process with the initial defect shown in figure 3.6(a) and time evolving through the

diagrams to the right with the figure 3.6(d) showing the final defect state.

s s
[ .
? 7
s G] 64 [
s s
14 Y 14 14
4 4
3 3
2 2
H )

-20 -10 [} 10 -0 -10 [} 18 0 -2 -10 0 10 2w -20 10 [} 10 20
x » x "

Fig. 3.6: SG kink emitted by a defect, with time progressing from (a) to (d).

As expected a defect can also emit an anti-kink, in fact a defect with zero topo-
logical charge can decay into a defect with topological charge +1 by emitting an
anti-kink (topological charge —1). The defect conditions are satisfied when § = —e?
with a right moving anti-kink solution on the right of the defect and ¢ = 0 on the
left. Figure 3.7 shows this process where time flows from figure 3.7(a) to figure
3.7(d).

In all four examples illustrated the ¢ = 0 or ¥ = 0 solution has been taken

\/’6

opposite the one-soliton solution, but ¢ = —[;E or Y = % also satisfies the SG

equation. Therefore we can also analyse absorption and emission processes with
these values. Figure 3.8 shows a SG kink being absorbed by a defect with § > 1 and
zero topological charge. This scenario of ¢ being a right-moving kink solution and
Y = Y2

¥5" satisfies the defect conditions when § = e’. Analysing the energies more
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Fig. 3.8: SG kink absorbed by a zero topological charge defect, with time progressing from

(a) to (d).

explicitly, the initial defect state (figure 3.8(a)) has energy and momentum

2m 1 2m
E=—-——1[6+= P= - = 3.
ﬁ2<+5><0, o (5 5>>0 (3.3.7)
and the final defect state (figure 3.8(d)) has energy and momentum
2m 1 2m
E = P = — = 3.
7 <5+ )>0 —F (6 (5)<0’ (3.3.8)

which fits consistently with energy and momentum conservation since the SG kink

that is absorbed has energy and momentum

%—?cosh(@) , P = Z—Tsmh(@) (3.3.9)

Topological charge is also conserved, initially the defect has charge zero and the

Esol =

incoming soliton has charge ¢ = +1 and the final defect state has topological

charge @ = +1.
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3.3.3 Soliton - defect scattering

In the previous section we showed that solitons with specific rapidity can be ab-
sorbed or emitted by a defect, but what happens to solitons travelling at a rapidity
other than this specific rapidity? These solitons scatter through the defect and by
analysing a one-soliton solution on each side of the defect we can find the relationship
between the incoming and outgoing soliton.

For a right-moving kink solution on each side of the defect with the same rapidity
6 > 0, which is necessary for any chance of energy and momentum to be conserved,

with the position of the left kink shifted by £ — = — ¢ and the right kink’s position

byz—z—-d
2v/2 : 2v/2 .
¢ — \b/—arctan(e2m(cosh(9)(z—c)—smh(9) t)) 7 'd) — ﬂ arctan(EQm.(cosh(G)(z—d)—smh(e) t)) :
(3.3.10)
the defect conditions are satisfied when
§—éf
e2m(d—c)cosh(9) - o 5 (3'3'11)
We convert this condition into a time-delay
1 §+éf
At = 1 , 3.3.12
2msinh(6) " <6 - e") ‘ ( )
on the outgoing soliton where
¢ — 2I\B/§arctan(e2m(cosh(9):z:—sinh(e) t)) ’ 77[} — 2\6/§arctan(e2m(cosh(0)z—sinh(&)(t—At))) .
(3.3.13)

Analysing the time-delay formula, assuming # > 0 and the incoming soliton is a
kink solution, shows that when § > e’ then the outgoing solution is a kink with
a positive time-delay At > 0. Figure 3.9 shows this process, figure 3.9(a) shows
initially the left soliton far from the defect and the fields at the defect taking the
values ¢ = ¢ = [g—” The left kink approaches and is absorbed by the defect before
the right kink is emitted after a time-delay. The final state shown in figure 3.9(e) is
again a zero topological charge defect but now with ¢ = v = 0. The energy of the
initial and final defect states are the same, as are the energy of the absorbed and

emitted solitons. It is therefore trivial to see that the energy is conserved with the
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(a) (b) (c) (d) ()
Fig. 3.9: SG kink scattering through a defect, time flowing from (a) to (e).

total energy of the system being
8m 2m 1
Bt = Ew(f) + Egly ,_o(6) = Fcosh(O) -7 (5+ 3> . (3.3.14)
Different scattering processes are possible when the § the parameter on the defect
takes different values. Figure 3.10 shows the process when 0 < § < € where the
outgoing soliton still experiences a time-delay but also the incoming kink gets flipped
to an anti-kink. Topological charge is still conserved as the initial defect state has

charge —2 and the final defect state has zero topological charge.

(a) (b) (c) (d) (e)

Fig. 3.10: SG kink scattering through a defect and changing into an anti-kink, time flowing

(a) to (e).

As well as the right hand side soliton being time-delayed it is possible for it to be
time-advanced. Figure 3.11 shows the kink-kink scattering process where § < —e~¢
and the right kink is time-advanced. This time-advancement is shown in figure
3.11(b) where the right kink is being emitted from the defect before the left kink
has been absorbed. We note that in all processes where the scattering soliton is
time-advanced the initial defect state has positive energy, this is necessary so that

the defect can transfer energy to the right soliton before it gains energy from the
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the left soliton. Likewise processes where the right soliton is time-delayed the initial
defect state has negative energy.

Comparing the SG soliton-defect time-delay (3.3.12) with the SG soliton-soliton
time-delay (2.1.37) shows that if we match the parameters between the defect and
soliton then the time-delay experienced when scattering through the defect is exactly
half of that experienced when scattering through another soliton. This might point
towards defects actually being the fundamental objects of the theory and somehow

two defects are equal to a soliton [24].

(a) (b) (c) (d) (e)

Fig. 3.11: SG kink scattering through a defect with time-advance, time flowing (a) to (e).

3.3.4 Particle - defect scattering

The particle of the theory is taken to be linearised fluctuations around the vacuum
and therefore the particle-defect scattering factor is found by solving the linearised
defect conditions. The linearised SG equation of motion is solved by the usual plane
wave solution with mass shell condition w? = k? + 4m2. For the zero topologically

charged defect ¢ = 0, ¥ = 0 the linearised defect conditions are

atwe - a:r¢e = me_x(¢e + d)e) + mex(¢£ - ¢E) )
Oipe — Ozbe = —me X(Pe + ¥e) + meX(g — ), (3.3.15)

which has solutions (strictly speaking the real part of these expressions)
¢e — eik:re—iwt + Re—ilc:re—iwt’ ’(»be — Teikxe—iwt, (3316)

where
_ wi+m(eX —eX)

R= = .
0, —ki + m(ex + e~x)

(3.3.17)
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Similarly for the topologically charged defect ¢ =0, ¥ = % the linearised SG

equation remains the same but the linearised defect conditions become

at"/)e - az¢e = —-m e_x(¢e + 1?/)6) - mex(¢e - we) s
Oipe — Oxthe = me_x(¢)e + 'd)e) —meX(de - we) ; (3-3'18)

which has the same solution (3.3.16), this time with

_ —wi+m(eX —e7X)

R=0, :
ki + m(ex + e~Xx)

(3.3.19)

Both of these solutions have the property that the reflection factor is zero and
therefore the defect is purely transmitting.

This concludes the introduction of the defect SG theory, after the derivation of
the theory we have concentrated on the classical properties of the theory. We have
shown that the defect can store energy, momentum and topological charge and can
have these charges transferred to and away from it during absorption, emission and
scattering processes with SG solitons. Solitons with specific rapidity can be absorbed
or emitted by the defect and during scattering the rapidity of the incoming soliton
in reference with the defect rapidity parameter governs whether the soliton changes
flavour or not. We have seen that a kink can either remain a kink or swap to an
anti-kink. It has been commented that this property could allow the SG defect to be
used as a logic gate [26]. The property that the particle transmission factor is purely
transmitting is startling and is a result of integrability. Further analysis has been
completed on aspects of the quantum theory [25] which are not mentioned here.

Other field theories with defects have since been studied including the non-
linear Schrédinger model [27, 28] and some supersymmetric theories [29]. In the

next section we introduce the sinh-Gordon theory with defect.

3.4 Sinh-Gordon theory with defect

In section 3.2.4 we showed that it is possible to construct a defect theory with ShG
theory on both sides so that the defect conditions preserve the integrability of the
ShG theory. The ShG defect Lagrangian has the form (3.2.1) with the defect term
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(3.2.23) and the standard bulk Lagrangian pieces (2.2.1) restricted to z < 0 and
z > 0. The conserved defect energy (3.2.5) and defect momentum (3.2.7) with
defect term (3.2.23) have contributions from the bulk regions and the defect. The

ShG defect conditions are

Bup— o = Y2 <1 sinh (M> + 6sinh <ﬁ(¢"—7’[’))> ,

g \¢ V2 V2
Bath — Brp = Izﬂ <—%sinh (W) + 6 sinh (W» (3.41)

This model was derived along with the other scalar field defect theories [8] but the
analysis that follows here is new work.

In the earlier introduction into the bulk sinh-Gordon theory in section 2.2, we
showed that the ‘soliton’ solutions in the ShG theory are not finite energy configura-
tions in the bulk theory. This makes the bulk theory uninteresting as it is a theory
of just a scalar particle. This property certainly implies that ‘solitons’ moving with
real rapidity will still have infinite energy in the defect theory. However as we show,
it is possible to hide the infinities present in the ‘soliton’ solution behind the defect
allowing a finite energy field configuration to be constructed using ShG ‘soliton’

solutions.

3.4.1 Defect bound states

The vacuum of the ShG defect theory is the trivial ¢ = 0, % = 0 with energy and

2m 1 2m 1
E=—F(6+5>, P=—ﬁ—2<(5—5). (3.4.2)

We analyse the field configuration with a static one-‘soliton’ solution (2.2.4) on both

momentum

sides of the defect

2v/2 2v/2
¢ = T\/—arctanh(em(z‘c)) , Y= %—arctanh(egm(‘z'd)). (3.4.3)

Due to the asymptotic behaviour of the ‘soliton’ solution, the two solutions are taken
to be the parity inverse of each other. This is achieved by flipping the sign of z in
the ¥ solution, meaning that the ¢ solution tends to zero as z — —oo and the ¥

solution tends to zero as £ — +4o00. This choice at least allows the possibility of
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hiding the infinities from both solutions behind the defect and therefore achieving
the aim of creating a finite energy field configuration.
We substitute these solutions into the ShG defect conditions (3.4.1) and simplify

them to give the constraint

omd 1 d+1
€ = o2me (5_——1 s (344)

on the parameters ¢ and d which govern the position of the two solutions. We

calculate the energy and momentum of this configuration to be

2m 1 8m 2m 1

although the energy is only this value if both infinities are absent from their respec-
tive bulk regions. The position of the infinities are at z = ¢ and z = —d giving the

range of finite energies to be

l<e™ < & for §>1,
—l<e™ < Ho for 0<§<1. (3.4.6)

In figure 3.12 we show that the ShG defect bound state does have greater energy
than the vacuum for é > 0, the range where the defect bound state exists. For the
particular value of § = 1, the energies of the two configurations coincide.

Figures 3.13 and 3.14 each show three examples of the static ‘solitons’ in positions
where the energy of the configuration is finite. Figures 3.13(a), 3.14(a) are where

the left ‘soliton’ has its infinity at z = 0, which coincides with e?™? = $£1.

Figures
3.13(c), 3.14(c) show when the right ‘soliton’ has its infinity at z = 0, where d = 0
(actually for 6 < 1, d = 2%). Figures 3.13(b), 3.14(b) show the ‘solitons’ where ¢2™
lies in the internal region of the range (3.4.6). When ¢ > 1 then the right ‘soliton’
is the same flavour as the left, illustrated in figure 3.13, while if 0 < § < 1 then the
‘solitons’ are the opposite flavour, shown in figure 3.14.

Unlike the bulk ShG theory there are finite energy configurations involving ShG
‘solitons’ in the defect theory, as there are in the boundary theory [16,17]. The

straightforward extension to this result is to ask whether higher soliton solutions

can form other finite energy configurations.
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Fig. 3.12: Energy of the defect states for different values of § (m = 3, 8 = LQ) Solid

line = energy of the ¢ = ¢ = 0 state, dotted line = energy of ShG defect bound

state.

Fig. 3.13: Defect static ‘soliton’ solution with § = 2 with the positions of the ‘solitons’ at

the extremal values and one in the middle of the range.

As in the SG theory (section 2.1.6) there exists a ShG breather solution, similarly
constructed by giving the two constituent one-‘solitons’ in the two-‘soliton’ solution
rapidities the complex conjugate of each other. As for the ‘soliton’ this breather
solution is not a finite energy solution in the bulk theory. If the breather solution
is moving, when the rapidities are not purely imaginary, then this automatically

rules out the chance of the energy being finite in the defect theory. Therefore we
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(a)

Fig. 3.14: Defect static ‘soliton’ solution with § = 0.5 with the positions of the 'solitons’

at the extremal values and one in the middle of the range.

consider the stationary breather solution. We illustrate the ShG breather solution in

figure 3.15, where similarly to the SG breather the constituent ‘solitons’

are bound

to each other, moving through each other periodically and never escaping to infinite

separation.

(a) (b) () (d)
Fig. 3.15: ShG breather solution, time flowing (a) to (d).
The most useful way to write down a ShG breather solution is
2
5= V2 (_0> |
154 1
where
VAR SV I
[T T
and
2m((z—c)cos(6) —i tsin(6)) 2m((z—c)cos(6)+i tsin()) e’ —e ¥
fzemzccos)lsm . g=e {(z—c its . =

(3.4.7)

(3.4.8)

(3.4.9)
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In this breather solution we have made it stationary by giving the constituent ‘soli-

tons’ rapidities +i6. We place this solution on the left hand side of the defect and

Y= V2 In (z‘-’> : (3.4.10)

a similar one for v

¢} g1
where
go=1+2-9 _pq, m=1-2+2_p (3.4.11)
v v v v
and
. . , _ et — o—if
_ 2m((z—d)cos(8)—1i (t—tp)sin(8)) _ o2m{{z—d)cos(8)+17 (t—tg)sin(6)) _
p=e y g=E¢€ ) 0 L i
e +et
(3.4.12)

on the right hand side of the defect. We find that the defect conditions (3.4.1) are

satisfied by

e4m(c—d) — COSh(X) _ COS(G) e4mtg — Slnh(X) — ZSIH(G)
cosh(x) + cos(6) ’ sinh(x) + isin(@)

, (3.4.13)

where § = eX. Generating these conditions is not a trivial matter due to the com-
plexity of the breather solutions and the defect conditions themselves. However
by realising that the conditions must hold for all time, a Taylor series in an expo-
nentiated time variable can be made leaving equations proportional to each term
that can be individually solved. As in the static ‘soliton’ configuration the impor-
tant question is whether there is a range of the parameters where the energy of a
breather-breather solution is finite? Once again it is necessary to “hide” the infini-
ties behind the defect, after extensive analysis it is thought that this is impossible
although we offer no formal proof.

Continuing to the next possible defect solution, we consider a three-‘soliton’
solution on each side of the defect. Again the three-‘soliton’ solutions are best

written in the same form as for the breathers (3.4.7), (3.4.10) this time with

h h h
To = 1+i—i+——&+f——g——fgh,
vp Wy pp pp Wy Up

no=1l---t - + fgh,
vp WV up  pp pr vp
T T T
oy = 1+£—i+——ﬁ+p——g——pqr,
en de en  On  de  en
T T T
o1 = 1—£+i———2g+p——q—+pqr. (3.4.14)

en e en  On b  en
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We choose the constituent ‘solitons’ so that two of the ‘solitons’ form a breather and
the third is a stationary ‘soliton’ with flavour to ensure that ¢ — 0 as £ — —oo and

¥ — 0 as £ — +o0o. These choices mean the solution has the form

f — e2m(z—b) 7 g= eZm(cos(G)(a:—a)—itsin(o)) , h = e2m(cos(o9)(z—a)+i tsin(9)) ,

p = eZm(—a:-—c) qg= e?m(cos(&)(—z—d)—i(t—e)sin(t‘))) r= e2m(cos(9)(-z—d)+i(t—e)sin(G))

(3.4.15)
and
17 —i8 6 —16
e’ —e l—-e 1—e

=5=.—., V=€= ——r, =nN=——————7. 3.4.16
a el + = 1+ e P = e ( )

We solve the defect conditions (3.4.1) for these breather plus static ‘soliton’ config-

urations and find they are satisfied when

Jamlatd) _ \/cosh(x) + cos(6) Jame _ \/sinh(x) + zsin(6)

cosh(x) — cos(8)’ sinh(x) — ¢sin(f) ’
2m(c+b) _ X
e coth (2) : (3.4.17)

After more analysis we found that for no range of the parameters is it possible to
hide all the infinities of this configuration behind the defect and we conjecture that

there are no non-static finite energy defect states in the defect ShG theory.

3.4.2 Particle - defect scattering

In the previous section we analysed different field configurations in the ShG de-
fect theory, despite being able to solve the defect conditions for complicated time-
dependent solutions only the trivial vacuum and static solution were found to be
finite energy. In this section linearised calculations are performed on both of these
configurations which models the scattering of the ShG particle through the two de-
fect states. Strictly speaking the fields are the real parts of the plane wave type
solutions which follow. The ShG equation linearises to the Klein-Gordon equation

which has the standard plane wave solution

¢€ =0 eik::ce—iwt + g eik:l:eiwt’ (3418)
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with the mass-shell condition w? — k% = 4m?. The linearised defect conditions around

the vacuum ¢ = 0, ¥ =0 are

OYe O _

67’/;, agi —me (e + Pe) — meX(de — ),

0. O -

5(’?5 or . e X(@e + Ye) — meX(de — ) - (3.4.19)

We solve the defect conditions for a plane wave solution moving in from left infinity
¢€ — eikze—iwt +R eikxeiwt, d)e =T eikze—iwt’ (3420)

which we find are satisfied when
w +im (6 — 1)
~k+im (64 3)

Ruac = 0: Tvac = (3421)

As in the SG defect theory, the plane wave (ShG particle) is purely transmitted
through the defect.

To find the transmission factor for the particle scattering through the static
‘soliton’ defect state needs more work, first we need to find the linearised equation

of motion around the static configuration. The solutions have the form

¢ = 2T\?atfctanh(e”"“‘”) +o, P= g%arctanh@%(‘”)) +ve  (34.22)

and the linearised equations of motion become

_ . _ ” 2 2
0 = femoctdm (1 M sinh?(2m(z — c))) be
_ . _ ” 5 2
0 = ¢e—19, +4m (1 + e d))) Ve . (3.4.23)

To solve the ¢ equation we use the ansatz ¢. = e "™!f(z) to eliminate the time

dependence, this reduces the equation to a Schrédinger type equation

—f" + 4m? <1 + ) f=w'f. (3.4.24)

sinh?(2m(z — ¢))

We rewrite this in the form ATAf = w?f

('% + tanh(QTQnT?z - c))) (% + tanh(272nn(l:r _ c))) f=w'f, (3425

where

d 2m
A= o + tanh(2m(z —c)) (3.4.26)
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By considering the related equation AA*g = w?g and noticing that if g(z) is a
solution to this equation then f(z) = A*g(z) is a solution to the original equation.
This reduces the problem to solving the related equation. Expanding out the related

equation AA*g = w?g, we find that it has the simple form
—g" + 4m?q = wig, (3.4.27)
which is solved by g(z) = e**** with w? — k* = 4m?. Therefore f(z) = Atg(z) is a

solution to the original equation (3.4.24) and has the explicit form

flz) = (:Fz'k + 2m ))> etike (3.4.28)

tanh(2m(z — ¢

We solve the similar linearised 9 equation of motion (3.4.23) by the same method

and find

tanh(2m(~z — b))
We have the solutions in the bulk and to proceed we find the form of the linearised

92 . .
W, = (q:z'k - e ) gtk int. (3.4.29)

form of the defect conditions

Bube — 0:9, 2—‘?”—%
2 (g0 gt s
mad e — e C(c)C(d) — C(d) — C(c
{7 [Sasa ]+ s}
8i6.— O = —M%g(ld—)
7 () o5 o)
md e — WYe C(c)C(d) — C(d) — Clc
A {(h5) (S50 [0

(3.4.30)

where C(c) = cosh(2mc), S(c) = sinh(2mc). This is before we have applied the
constraint between the positions of the two ‘solitons’ (3.4.4) bound to the defect.
Solving the linearised defect conditions for an incoming particle from left infinity

and allowing the defect to both reflect and transmit
2m X 2m . .
. = —ik ikz R ik ~ikzx —iwt )
¢ l( e tanh(2m(z — c))> e (Z * tanh(2m(z — c))) ¢ ] €

. 2m ikx  —iwt
e = T (-m g d))) giheeiut (3.4.31)
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we find
—w +1im (§ — 1)

s = U, Ts= ;
Fos =0 T = 67 0)

(3.4.32)

Again the scattering is reflectionless so the particle is purely transmitted through

the defect bound state.

3.4.3 Transmission factor analysis

We have calculated the particle-defect transmission factor for the vacuum 7,
(3.4.21) and the defect bound state Tps (3.4.32), finding in both cases that they
have modulus one, another way of saying that the defects are reflectionless.

There exists a pole in Ty at £ = ¢m(§ + §~1) which corresponds to the config-

uration

¢ ~ O, ,d) ~ e:tm(é—d‘l)te—m(6+6_])z ’ (3433)

this is normalisable in z which suggests the existence of a defect bound state but
damped in ¢, except when § = 1 where it is static. This corresponds to the defect
bound state found in the previous section, since the bound state was static and in the
limit 6 — 1 the solution is small as the left and right bound ‘solitons’ are positioned
far behind the defect. Similar analysis of T;s should help to confirm whether or not
we are correct in conjecturing that there are no higher bound states. Tys has a pole

at k = —im(d + 6~!) which corresponds to the configuration
G~0Q, h~ e WlemHiTT (3.4.34)

this is non-normalisable for § > 0 suggesting that there are no higher bound states.

We can rewrite the transmission factors in the form

sinh (55X + %)
-7)

“sinh (
Tvac =1
sinh (

f—x
Tbs = —1 2
sinh (9—;3\

_1
1

=3

) (3.4.35)

)

Using the classical formula for particle-particle scattering in ShG theory [25]

3

f—x
2
f-x

3 +

=

sinh (g) sinh (g - %’)

Si(6) = — =L
n(®) sinh (g) sinh (g—i—%)

(3.4.36)

we check that the transmission factors satisfy the classical defect bootstrap equation,

illustrated in figure 3.16,
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Ths(e)

ol T (8

vac

Fig. 3.16: Defect Bootstrap from vacuum to bound state.
Tyac(8) S11(6 — 6ps) = Tys(0), (3.4.37)

where 6, = x + % the pole that appears in Tyq.

3.5 Summary

This concludes the introductory part of this thesis, in the past two chapters we have
introduced and analysed some aspects of 1+1 D field theories. Using SG and ShG
theories to describe properties of the integrable field theories and general techniques
which are common place in this area of research. We have concentrated purely
on the classical aspects of the theory which dominates the analysis of the complex
sine-Gordon theory to come.

We reviewed the topological solitons solutions present in the SG theory, both by
using the Bogomolny energy bound and the Backlund transformation. Using the
Theorem of Permutability we have generated a two-soliton solution and described
how higher soliton solutions could in principle be generated. The two-soliton solution
can describe soliton-soliton scattering, where the solitons experience a time-delay or
time-advance, or a breather solution where the two constituent solitons are bound
in periodic motion. Unlike the SG soliton, the ShG ‘soliton’ does not have finite
energy, meaning the spectrum of the model is a sole scalar particle. For the SG
theory the conservation of higher spin charges was shown which is the first step on

the way to proving the integrability of the theory, which is responsible for many of
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its interesting properties.

Moving on from the bulk theory we have introduced boundaries and defects in
scalar field theories in such a way as to maintain their integrability. The boundary
potential was determined by the conservation of the higher spin energy-like charges
and the defect potential was similarly determined by the, perhaps unexpected, con-
servation of a defect momentum. Constructing the defect theory in the case of single
scalar field theories gave constraints on which bulk theories are allowed on each side
of the defect.

In the SG defect theory the defect conditions are exactly the BT. We found
solitons can be both absorbed and emitted by a defect if they are travelling at specific
rapidities. More general solitons scatter through the defect, either experiencing a
time-delay or time-advance with the process being either flavour conserving or not.
That is, depending on the rapidity of the scattering soliton, a kink solution can
remain a kink or flip to an anti-kink solution. During all these processes energy,
momentum and topological charge are transferred to and from the defect. The time-
delay for soliton-defect scattering is found to be exactly half of that for soliton-soliton
scattering and the SG particle is found to be purely transmitted by the defect.

In the defect ShG theory, we found the existence of a static defect bound state,
but no higher bound states involving ShG breather solutions. We showed that the
energy of this bound state is always higher than the vacuum in the parameter range
where the bound state exists. We calculated the classical particle transmission factor
through both the vacuum and bound state, again finding both states reflectionless.
Analysis of the transmission factors backs up the conjecture that no more defect
bound states exist and the transmission factors were checked to satisfy the classical
defect bootstrap equation. In the literature there are two different suggestions for the
quantum transmission matrix [25,30], one which depends on the coupling constant
and one that does not, and both of which agree with T, in the classical limit. The
discovery of a previously unknown classical bound state provides an explanation
for the pole that appears in Ty, and also the pole that appears in the candidate
quantum transmission matrices.

We will now use the ideas presented in these introductory chapters in the analysis
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of the more complicated complex sine-Gordon theory and compare and contrast the

properties of the CSG theory with the properties of the SG and ShG theories.




Chapter 4

Complex sine-Gordon theory

This chapter starts the main section of work of this thesis on the complex sine-
Gordon (CSG) theory. We begin with an overview of the bulk theory before in the
subsequent chapters we introduce defects and dressed boundaries into the theory.
The work in chapters 4, 5 and 6 covers the material in the paper “Defects and dressed
boundaries in complex sine-Gordon theory” [1]. In chapter 7 we investigate quantum
aspects of the CSG dressed boundary theory, the work appears in “Quantum complez
sine-Gordon dressed boundaries” (2.

The complex sine-Gordon model, like the sine-Gordon and sinh-Gordon models
covered in the introductory chapters 2 and 3, is an integrable field theory in 1+1
dimensions. Unlike the other two models where the fields are real, CSG is a theory
of complex fields. The CSG theory has many properties in common with the SG
and ShG theories due to their shared integrability. Like the SG model, we see that
the CSG model admits soliton solutions. Whereas the SG solitons carry topological
charge, CSG solitons carry a Noether charge due to the theory’s U(1) invariance.
‘The multi-vacua of the SG theory leads to the topological nature of the SG soliton,
this is absent in the CSG theory which has an unique vacuum.

The similarities and differences between the CSG and SG model provide strong
motivation to undertake further analysis into the CSG model and in particular into
defect and boundary theories. As we have seen the SG theory has been thoroughly
analysed both with boundary and defect, which led to the discovery of many inter-

esting phenomena. In these theories the soliton solutions are found to interact with

50



Chapter 4. Complex sine-Gordon theory 51

the boundary and defect in various ways. They can be absorbed or emitted by both
boundary and defect, as well being reflected from the boundary and transmitted
through the defect.

We find that it is possible to construct CSG defect and boundary theories that are
classically integrable. Whether similar interactions to those in SG theory, between
CSG solitons and CSG boundary and defect are observed is investigated. Will there
be added sophistication due to the solitons holding a Noether charge? These are
the questions that make the research presented here an interesting and worthwhile
study. The CSG theory is the perfect extension to the SG theory to see whether
certain properties are repeated and are therefore possibly traits of all integrable
theories and to see whether new properties appear from the increased complexity.

After the introductory material of this chapter, in chapter 5 we investigate the
possibility of introducing an integrable defect into the theory. We analyse the prop-
erties of the defect and investigate the nature of the interactions between solitons
and the defect. In chapter 6 we use the integrable CSG defect to generate a wider
class of boundary conditions which we similarly examine.

The CSG theory goes back to the mid 1970’s when it was independently intro-
duced by various people, arriving at the now standard CSG Lagrangian from very
different starting points. Lund and Regge [31,32] found that a model of relativistic
vortices in a superfluid in 4D, where the strings/vortices interact through a massless
scalar field, can be reinterpreted as a set of two coupled non-linear equations in 2D.
These equations admit solitary wave solutions and are equivalent to today’s CSG
theory. The 4D Lagrangian they started with was the same as introduced by Kalb
and Ramond [33] when generalising the classical action of a distance theory between
point particles to include 1D strings in analogy with Feynman and Wheeler’s [34]
description of Maxwell’s theory. Lund and Regge did not know whether the theory
they had constructed was integrable.

‘The answer to this question was given by Pohlmeyer and Rehren [35, 36], who
constructed the CSG Lagrangian as one of a series of relativistically invariant field
theories in 141 D with a one parameter family of BT and an infinite number of

integrals of motion. These were obtained by a dimensional reduction of the O(n)
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non-linear o-model, with the O(3) and O(4) o-models corresponding to the SG and
CSG models respectively.

Getmanov [37,38] constructed the CSG Lagrangian when writing down all “La-
grange Lorentz-invariant field theory models in 2 dimensional space-time for the
complex scalar field with an infinite number of conserved currents”. He found two
non-trivial models which he called CSG I and II, with CSG I being the focus of the
current theses.

Bakas [39] presented a Lagrangian description of the CSG model in terms of a
SU(2)/U(1) coset model perturbed by its first thermal operator. This work was built
upon by Park and Chin, who in [40] demonstrated the duality between the positive
and negative coupling sectors of the theory. In addition they wrote down the BT
for the model using the WZW picture and complex field notation. Using the BT
to construct one and two-soliton solutions, he showed that the two-soliton solution
can describe either soliton-soliton scattering or a breather solution depending on
the choice of the parameters in the BT. Fernandez-Pousa et al. [41,42] carried out
further investigation into the class of homogeneous sine-Gordon theories of which
the CSG model is the simplest.

The first investigations into the quantum regime of the theory were by de Vega
and Maillet [43, 44) who showed that the theory is renormalisable at 1-loop level

with just a finite renormalisation of the coupling constant A
(4.0.1)

and calculated the 1-loop S-matrix. They continued to analyse the theory semi-
classically, constructed soliton solutions by the inverse scattering method, calculated
the semi-classical mass spectrum, using the method of Dashen et al. [45], and the
semi-classical S-matrix. These results were built upon by Dorey and Hollowood [46]
who used the Bohr-Sommerfeld quantisation rule to show that the charge of the CSG
soliton is quantised, calculated the classical time-delay experienced by solitons dur-
ing soliton-soliton scattering before conjecturing full S-matrices for soliton-soliton
and meson-solitons scattering which were in full agreement to all the previous semi-

classical computations.
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Following on from work on other integrable field theories in restricted domains,
the CSG model has been studied with a boundary by Bowcock and Tzamtzis [47].
They found a one parameter family of boundary conditions that preserve the integra-
bility in the boundary theory and constructed conserved energy and charge. They
analysed the CSG boundary model, calculating the soliton and particle classical re-
flection factors and found the existence of boundary bound states. Subsequently [48]
they conjecture the form of the fully quantum reflection matrix using the bootstrap
principle.

The CSG theory has been used in general relativity [49] and more widely in the
area of optics. McCall and Hahn [50] used the SG theory to model the lossless
propagation of light pulses, although this was a somewhat over-simplification of the
the physical reality. Park and Chin [51,52] used the extra phase degree of freedom
present in the CSG model allowing them to account for frequency modulation effects.

Most recently the CSG model has attracted some attention in the context of
magnons in string theory. The CSG equation is equivalent to the equations of motion
of a string moving on an R x S subspace of AdSs x S° [35,53]. This equivalence is
used in current work verifying the prediction of the AdS/CFT correspondence that
the spectrum of operator dimensions in planar N' = 4 SUSY Yang-Mills and the
spectrum of a free strings on AdS; x S° are the same [54]. Integrable boundaries

have already been used in this context [55-57].

4.1 CSG Lagrangian description

The complex sine-Gordon theory is described by the Lagrangian

atu (9tu* — aru 6Iu*
= —4 * 4.1.1
1 — Auu* Puu ( )

Lcse

in 1+1 dimensions. Here u is a complex field, A is the coupling constant and f3
is related to the mass parameter. The constant A can be absorbed into u and
u” by scaling the field, in which case it appears as an overall factor multiplying
the Lagrangian. Until chapter 7 we only consider the classical theory, so we can

consistently set A = 1.
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The Lagrangian has a global U(1) symmetry, i.e. it remains unchanged under
the transformations u — e*®u, u* — e~**u*, this leads to a conserved charge by
Noether’s theorem. The Lagrangian looks very similar to that of a massive free
complex field. The interactions in the model can be thought of as arising when the
denominator 1 — A?uu* is expanded in small fluctuations about the vacuum v = 0.
We derive the CSG equation of motion (and its complex conjugate)

w(Gu)? — (8zu)?)

1 —uu*

Onu — Opzu + +40u(l —uu*) = 0, (4.1.2)

by varying the action S = [ dtL in the usual way. By considering small fluctuations
we see that 3 = "‘Tz
The connection to the SG theory can be explicitly seen by a change of variables

u = sing e*7. When 7 is taken to be a constant, the CSG equation becomes
Oud — Oz + 48 cosgpsing = 0, (4.1.3)
which gives the familiar SG equation of motion
On@ — Oz +sing =0, (4.1.4)

after the rescalings ¢ — %, N % The energy has the form

E=/d:l? atuazu +8zu0xu

1 — uu*

+ 4[uu” (4.1.5)

and the momentum

8:‘: * p . *
P= —/dr uo” + 0pu G (4.1.6)
1 —uu*
Analogous to the SG theory, their conservation follows from the equations

where £* = £(8 — —f). As in the SG theory and all integrable theories there
are infinitely many higher spin charges that are conserved. In [47] a formula for
some of the higher conserved charges are generated using the Lax pair method, in

appendix A.1 we rewrite the next conserved energy-like and momentum-like charge



4.2. CSG as a Wess-Zumino-Witten model 55

in notation consistent with the work in this thesis. The extra conserved charge due

to the U(1) symmetry by Noether’s theorem takes the form

Q = /da:f’

= /dac oL iu——ac iu*
- 0(0vu) 9(0u*)

= /dx won” —u' o (4.1.8)

1 —uwu*

As with the Lagrangian the expressions for these conserved charges deviate from
those of the free complex field by the denominator factor multiplying the derivative
terms. The theory has two sectors corresponding to the sign of 3, in these two
sectors the vacuum field configurations are different. When 8 > 0 the vacuum is
u = 0 and therefore topologically trivial, while when 3 < 0 the energy is minimised
when |u| = 1, in this regime the vacuum spontaneously breaks the U(1) symmetry

of the theory.

4.2 CSG as a Wess-Zumino-Witten model

As first demonstrated by Bakas [39], the CSG model can be reformulated as a gauged
Wess-Zumino-Witten (WZW) model [58,59] perturbed by a potential. Consider the
action

S = SgWZW + Spot, (421)
where Sywzw is the standard gauged WZW action
1 = 1
Swaw = —1 / dzdz Tr(¢"'8g g7*8g) — —— / Tr(§™'dg A §7'dg A §'dg)
47 b)) 127 B
1 _ - _ _
-l—% /Tr(—W@g g+ Wglog+ WeWg ! — WW), (4.2.2)

and S, is the perturbing potential

Spor = %/Tr(g 039 '03). (4.2.3)

The action is defined in a three-dimensional manifold B whose boundary is our
normal compactified two-dimensional space X, g is a SU(2) group element with §

its extension to the three-dimensional manifold. W and W are a connection that
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gauge the anomaly free diagonal subgroup U(1) of SU(2). The perturbing potential
breaks the conformal symmetry demonstrated by a WZW model and gives masses
to the fields, with the mass parameter 3.

Varying the action with respect to the field g gives the equation of motion
1 . . = T L _
~5- /TY [0+ (9709 +g™'Wg+iBAas), O+ (W — %g '039)] 9-169 =0, (4.2.4)

which takes zero curvature form [40]. Similarly the variation with respect to the

gauge fields W and W lead to the following constraint equations
1 o
0 = —-%/Tr(agg L gWyg l+I/V)<5W,
1 -
0 = 7 /Tr (97109 + g ' Wg— W)W . (4.2.5)

Combining the constraint equations (4.2.5) and the diagonal part of the equation of

motion (4.2.4) results in the flatness condition
OW — oW =0, (4.2.6)

which allows the non-local gauge W = W = 0 to be chosen [60]. In this gauge the

equation of motion (4.2.4) simplifies to
, - _ = 1 _
[0+ (9709 +iBAa3), - g7 osg] =0 (4.2.7)

and the constraint equations (4.2.5), which are only valid for the diagonal compo-

nent, to

0gg'=0, ¢l'9g=0. (4.2.8)

In this formulation the positive and negative 3 sectors of the CSG model in the
complex field notation are treated simultaneously with the connection between the

SU(2) group element g and the complex fields u and v given by
g= : (4.2.9)

where v = —v/1 — uu*e™ is the dual field to u. The diagonal components corre-
spond to the 8 > 0 sector, so u satisfies the CSG equation with 8 > 0 and the
off-diagonal to the f < 0 sector with v satisfying the CSG equation with 8 < 0.
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8 is to be thought of as an auxiliary field and is defined up to a constant by the

constraint equations (4.2.8), which in the complex field notation become

1 [ ud;u* — u*o,u
6 = —- ,
% 2 ( 1 —uur ) '
1 (udu* — u*du
= ——{ —F ] . 2.
s) 5 < T ) (4.2.10)

The vacuum of the two sectors in complex field notation are respectively

u=0, v=—e’ (4.2.11)
and in this notation
0 4@
Guac = ) . (4212)
et 0

As shown previously for the SG theory, BT are extremely useful in the theory of
integrable models. We used BT to create multi-soliton solutions and found that they
were exactly the defect conditions required to formulate the integrable SG defect.

BT exist in the WZW notation between two SU(2) matrix variables f and g [40)]

g_lag - f_laf - 5\/E [g_la3fa 03] = O)

0gg oy —o30f f71 + \/—TB [gf_l,a;;] = 0. (4.2.13)

If the group elements f and g satisfy the BT then it can be checked that f and g
both satisfy the gauged WZW equation of motion and the constraint equations.
We continue the introduction into the CSG theory by using the BT (4.2.13) as

the starting point to analyse the soliton solutions in the complex field notation.

4.3 Complex sine-Gordon solitons I

We re-express the BT (4.2.13) in complex field notation

ow— dyw  Ou—
- +

- O aVBi(wv+uz) = 0.
dru + Oyu N dw+ Gw 2V
)

(% z

(uz* —wv*) = 0, (4.3.1)
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where v = —/T —uu*e™® and z = —/T — ww*e™* are the dual fields of v and w
respectively. Each dual field introduces an auxiliary field which are determined up

to a constant by constraint equations, § by equations (4.2.10) and ¢ by

. 1 [ wow* — w*o;w

o = 2 ( 1 — ww* > ’

, _ i (wow* — w*ow

oY = 3 ( Tp— > . (4.3.2)

It can be checked that if u, v, w, z satisfy the BT then u and w satisfy the CSG
equation with 8 > 0 and v and =z satisfy the CSG equation with 3 < 0. Therefore
by knowing one solution to the CSG equation, the BT allow a second solution to
the CSG equation to be found. This new solution has a soliton-number one higher
than the original solution. As with the SG model the CSG BT simplify the process
of finding soliton solutions, since they are first order differential equations opposed
to the second order CSG equation.

i)

Explicitly from the vacuum (u,v) = (0, —e**) we can find the one-soliton solu-

tion. Substituting these vacuum values into the BT (4.3.1) to give
. —i(Q2—v)
0 = ouw*— \/E (5 elf=v) _ ¢ ) w1 — ww*,
. e_i(Q_w)
0 = dw* ++/3 ((5 0¥ 4 3 > w*V1 — ww*, (4.3.3)

which can be rewritten in terms of solely the dual field
: 1
dz" = /B <(5 - 5) (1—227),

02" = —4/Be“ (5 + %) (1—22%). (4.3.4)

These are simultaneously solved by the following expressions for the one-soliton

solutions in the two regimes of the theory
cos(a)exp(2iy/Bsin(a)(t cosh(f) — zsinh(h)))
cosh(2\/_cos( )(z cosh(6) — tsinh(8)))

= Vosol = (cos Jtanh(2+/Beos(a)(z cosh(8) — tsinh(6))) — z'sin(a)) :
(4.3.5)

W = Ul-s0l

n

where the phase of the dual field z is given by

Y = —Q+ arctan (tan )coth(2+/Bcos(a) (2 cosh(6) — tsinh(@)))) :
(4.3.6)
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a is associated to the charge of the solution and @ is the rapidity of the solution
related to the parameter § that appears in the BT by § = e®. These solutions were

originally derived by Getmanov [38] and Lund and Regge [31].
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(a) Real part of uj_so (b) Real part of v)_ 4 (c) Energy Density

Fig. 4.1: CSG one-soliton witha =%, Q =0, 6 =1 at time, t = 0.

Figure 4.1 graphically illustrated the CSG one-soliton solution, the energy plot
shows that the solution is indeed a localised energy solution and figure 4.1(b) shows

that the dual field v exhibits a SG kink-like nature.

4.4 Explicit formula for the auxiliary fields

In this section we present an explicit and general formula for the auxiliary fields,
which in previous literature had only being defined up to a constant by constraint
equations (4.2.10), (4.3.2). The realisation that this is possible facilitates the intro-
duction of defects into the theory, which we discuss in chapter 5.

In Pohlmeyer and Rehren’s 1979 paper “Reduction of the two-dimensional O(n)
non-linear o-model” [36] where the CSG theory is generated by reducing the O(4)
non-linear o-model. They present an explicit formula for w

_ €abafaq)'d
w = arcsin (\/1 Y T/J'b@/)'b) ;

where (¢, ¢!) are related to (u, w) in our notation and w is related to the difference

(4.4.1)

in the auxiliary fields  and ¢¥. We denote this difference by a = 8 — 9.
This formula suggests that it might be possible to find an explicit formula for

in the CSG theory. As 6 and ¢ only appear in the combination & = 6 — ¢ in the BT
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(4.3.1) this could allow the theory to be fully determined by only considering the
fields (u, w) of the new function «, as opposed to having to consider both sectors of
the theory simultaneously. More explicitly the BT (4.3.1) can be written in terms

of the u and w fields along with o as
Yl | T U e _ -2\/86 (wv1 —wu* +uv1 — ww*e) ,
1—uu* V1-—ww*
. . 2 .
Ut s o, WetWs VB (w1 —ww* —wv1 —uure®) . (4.4.2)

L gy
V1 —uur V1 —ww* )

We continue by cross-differentiating these BT (4.4.2) and make the assumption that

they imply that « and w satisfy the CSG equation. This allows differential equations

in o to be produced

Oa  luyl—ww*sin(a) — iv1 — uu*w

0 = ,
ou* 2 (1 —wu*)V1— ww* cos(a)
0 = Oa  lwy1l —uu*sin(a) +iv1 — ww*y (4.4.3)

ow* 2 (1 - ww*)V1— uu*cos(a)

and similarly two differential equations for 2& 22

5 5. Equations (4.4.3) are respectively

solved by

i fwV]1 — uur flu, w, w*)
& = arcsin |- + ,
2 \uv1l—-ww* V1-wwV1-—wu
K uyv1 — ww* g(u, u*, w)
@ = arcsm |- | — + .
wyvl —uwu* V1 - ww /1 - uur

(4.4.4)

2
For these solutions to be consistent it is necessary that

flu,w,w") = —%(1 —ww") + h(u, w),

glu, v w) = %(1 — uu”) + h(u,w). (4.4.5)

Substituting this ansatz for a into the aforementioned equations involving %7 -3—3,

results in two simple differential equations for h(u, w)

g%h(u,w) = 5}5-!-5}-,

%h(u, w) = —- % (4.4.6)
which are solved by A(u,v) = £ — ¥ 4 2isinA. This yields an explicit formula for
alpha

i (w1l —wr w1 = wwr = — %+ 2isinA
@ = aem [5 (u\/T—_w_tF T w1 - e N V1—ww*V1 - uu*):l

(uw" —wu* + 2% sinA)} . (4.47)
V1 = ww*/1 — uu*

N | .

= arcsin [
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This formula for o involves a new parameter A and reduces to the formula given
by Pohlmeyer and Rehren (4.4.1) in the case when A = 0. Now the CSG BT (4.4.2)
depend on two parameters 6 and A. In the next section we use this new description
to reanalyse the soliton solutions of the theory and generate a new formula for the

two-soliton solution.

4.5 Complex sine-Gordon solitons 11

The explicit formula for «, the difference in the auxiliary fields, presented in the
previous section allow the BT to be rewritten without using the dual fields (4.4.2).
As with the previous BT it can be checked that these BT imply that both u and
w satisfy the CSG equation. As we have already shown BT are incredibly useful as
they reduce the task of finding solutions to the CSG equation from solving 2nd order
differential equations to solving 1st order differential equations. In fact by using the
Theorem of Permutability, after the one-soliton solution is constructed, to generate
multi-soliton solutions no more differential equations have to be solved. The BT can
be thought of as a “soliton producing factory”, starting with the vacuum solution
u = 0 a one-soliton solution can be constructed then a two-soliton solution,... Uy, —
Ul—sol — Uz—sor- 10 find the one-soliton solution, we substitute the simplified vacuum
u =0, u* =0 into the BT (4.4.2) giving

Wy — Wy ;
————e" = -2./fow,
V1 — ww* \/B

= 2 ;
B —ﬁw e, (4.5.1)

V1-—ww* 1)

which are solved by

cos(a)e2VPsin(a)(t cosh(8) -z sinh(6))
- : 4.5.2
cosh(2y/Beos(a)(z cosh(§) — ¢sinh(8))) (4.5.2)

U1 —sol

We note that this is the same as the positive 3 sector soliton solution (4.3.5) pre-
sented earlier. The parameters in the soliton solution are related to the parameters
in the BT by a = A, e = §. The one-soliton solution has the form of a wave packet
with the phase velocity of the plane wave part coth(#) and group velocity (i.e. the

velocity at which the localised energy moves) of tanh(6). The external cos(a) gives
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the height of the solution. In the limits cos(a) & small the solution reduces to a
plane wave solution and in the case where sin(a) = 0 the solution becomes real. It
is noted that due to the non-topological nature of the vacuum, the soliton is also
non-topological. Recalling that in the dual field picture, the dual field soliton solu-
tion had a topological nature. The topological nature of the theory is now hidden

away in the complicated behaviour of a. The energy

Eso = 8/ |cos(a)] cosh(6) (4.5.3)

of the soliton solution is always positive, while the momentum

P, = 84/ |cos(a)| sinh(6) (4.5.4)

can be positive or negative. They both depend on the charge parameter a and the
rapidity of the soliton . We illustrate the charge of the soliton in figure 4.2 showing

that the charge @ is 27 periodic in a and is ill-defined at a = 0.

S /
0 <a< 3 Qs = —4da + 27
a-] kN //
/
/
P <a<m Qsor = —27 +4a = /../'
/
3 -z /N 1 o 1 - 2 3
i/ *, a
-3 <a< 0 Qsu= —4a-2rm VY
.-/ ‘\".
/ \‘\
,/ \.\—4-
.'/ l‘\
T < a< -7 Q= 4da+27 / 4
/ -6

Fig. 4.2: Charge Q(a) of the complex sine-Gordon soliton.

Section 2.1.4 showed that in the case of the SG theory the BT can be used again in
conjunction with the Theorem of Permutability. We illustrate the ToP specifically
for the CSG theory in figure 4.5. This provides an elegant way to generate the
two-soliton solution from the one-soliton solution. The ToP states that the use
of multiple BTs with different parameters is a commutative process. This allows
the same two-soliton solution to be constructed by the two different routes in the
ToP diamond. Combining the four different BTs in a particular way allows the

two-soliton solution to be constructed by only solving algebraic equations. The
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u=u,_(A,9)
BT 1 P ~__ BT 2

(A, 8) \\( A.8)

< ~
- A

u=0 u= u2-so| ( A1’ 81‘ Az’ 52)

~. v

\\\ . /

BT2 o BT 1
(A, 5) Sa ~ (A, 8)

u=u_ ( A, 82)

Fig. 4.3: Generating multi-soliton solutions via the Theorem of Permutability.

two-soliton solution generated
(107 — u22) (V1 — wpuie™28; — /T — ujuje '*14,)
07 — 6102 (urus + upui + 2T — ujuf/T — uguj cos(a; — o)) + 62

(w102 — u261) (VT — wjuje® d, — /1T — ugube™24,)
63 — 6102 (uqu3 + uou} + 2¢/T — uu] /T — uguj cos(ay — ) + 62
(4.5.5)

U2 sol

+

is written in terms of the two constituent one-solitons in the intermediate steps in
the ToP

Nicos(ai)e2i\/ﬁsin(ai)(cosh(9i) t—sinh(8;)(z—c;))

cosh(2y/Bcos(a;)(cosh(8;)(z — ¢;) — sinh(6;)t))
Ni*cos(ai)e—Qi\/Bsin(ai)(cosh(Oi)t—sinh(@i)(a:—c,'))

cosh(2v/Bcos(a;)(cosh(8;)(z ~ ¢;) — sinh(8;)t))’

(4.5.6)

where Ny = 1, N, = . We set N; = 1 since it is only the relative phase
which affects the solution. The solution also depends on the BT parameters where
a; = A;, €% = §; with the A; dependence through

—sinAi

V1= uul

This form of the two-soliton solution is different to the one previously written down

(4.5.7)

a = arcsin{

[46] as it depends explicitly on the o parameters and is explicitly checked to satisfy
the equation of motion. The two-soliton solution describes soliton-soliton scattering

which we analyse in the next section.
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4.6 Soliton-soliton scattering

The two-soliton solution (4.5.5) describes the totally elastic scattering process be-
tween two one-soliton solutions. That is no energy is dissipated during the interac-
tion but the solitons do get affected in a subtle way. As in the SG theory the solitons
are time-delayed or time-advanced by the scattering. In addition to this common
property with the SG theory the CSG solitons are also phase shifted during the
scattering. Unlike the SG kink and anti-kink, all CSG solitons are topologically
trivial. There is no need differentiate between solitons and anti-solitons, although
when the charge parameter is in the range —% < a < 0 the solution is sometimes
referred to as an anti-soliton. In SG soliton scattering the relative signs of the pa-
rameters d; determines whether the scatting is soliton-soliton or soliton-anti-soliton.
This terminology can be carried through to the CSG soliton scattering, however for
any choice of the parameters §; the scattering is topologically the same and it has
been shown that by the choice of the charge parameters a; there is a duality between
soliton-soliton and soliton-anti-soliton scattering [47]. Due to this, we always talk
about soliton-soliton scattering.

The two-soliton solution is written in terms of its two constituent one-solitons,
constituent as these are the solitons that are involved in the scattering process, albeit
time and phase shifted, and constituent as these are the two one-solitons created by
the intermediate steps in the ToP.

To calculate the time-delay and phase shift experienced by the two solitons dur-
ing a scattering process, we analyse the two soliton solution in particular limits.
Analogous to the SG calculation in section 2.1.5 we examine the solution along the
line of both solitons in the far past and far future. For example to look at soliton
u; in the far past we set = tanh(#;)t + 2’ and send ¢t — —oco. This has the effect
of setting us = 0 and ay to one of its extremal values. We assume that 6; > 6,
without loss of generality and specify cos(a;) = cos(4;) at t — —oo where the u;
soliton to the left of the u, soliton. For the choices of alpha to be consistent we need
cos(ap) = —cos(Az) at t — —oo and so ap = Ay 4+ 7. The other limits are shown in
figure 4.4.

We calculate these four different limits of the two-soliton solution and compare
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At U2 ((11: A1+n)
A
V'Atz‘ u
i/ 1 ((12: -Az)
# At1
- —_—
X

((12: A2+1t) Ul

(alz -A1) uZ

Fig. 4.4: CSG soliton-soliton scattering in general reference frame with 8; > 6.

them with the one-soliton solution
eid);t cos(ai)ezi\/BSi"(ai)(COSh(Gi)(t_Atii )—sinh(8;)x)
cosh(2y/Bcos(a;)(cosh(6;)z — sinh(6;)(t — At¥)))’
e—iqbiiCos(ai)e—2i\/Esin(ai)(cosh(Gi)(t—Atf)—sinh(Gi)J:)

cosh(2y/fBcos(a;)(cosh(8;)z — sinh(6;)(t — AtE)))’

U;

(4.6.1)

which has its time shifted ¢ — t— AtF and allows a phase factor eidi . Comparing the
limits of the two-soliton scattering solution with the standard one-soliton solution
allows the time-delays and phase shifts experienced by the solitons to be determined.

Firstly in the limit of the two-soliton solution around u; in the far past gives

£i97  —  _p2VBsinh(6i+ia)At] 51€" — §ret2
62 + 6leia1 eiaz
64\/Bcos(a1)sinh(91)At1' _ (52 + 51elalezaz)(51 + 62610.]610.2) ‘ (4.6.2)

(51€ial - (52€ia2)(51€ia? - 5gei“1)
These are the phase shift and time-delays between the actual physical incoming
soliton and the mathematical entity inserted into the two-soliton solution. Similarly

for the two-soliton solution around u; in the far future

ei¢;‘ — e2\/Bsinh(l91+ia1)Atl+ w
(5lei‘11 - 628ia2
64\/Bcos(a1)sinh(01)At]+ _ (616“11 — Jgelaz)(dlelaz _ 526“”) (463)

(02 + b1etm1ei92) (6, + Speirreiaz)
We combine these to give the actual time-delay
Aty = At] — Aty

_ 1 In ((616“"1 — 59€'92)(6,€12 — §re'™1)
2 B cos(a,) sinh(6y;) (82 + dyeia1eiaz)(§) + Jyeiareiaz)

> (4.6.4)
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and phase shift

P P

iay yiaz \ 2
—  _2VPBsinh(f:+ia1)At M , (4.6.5)
g€t — fyetoz l

experienced by soliton u;, the soliton moving with greater rapidity. Similarly for

soliton u, in the far past gives

ia] piag
¢i%7 = _ i e2VBsinh(B2+iaz)At; 01 + bpe™e
d1e' — §,etaz

av/Beos(ar)sinh(6p)a; (0167 — 02€2) (8162 — pe'™)
e 2 = —— — (4.6.6)
(02 + b1etm1€92)(§) + doeiareiaz)

and in the far future

Gi07 _ gib 2VBsinh(Orriag)arf (016" — de"%
81 + breimreioz |
gAVBcos(az)sinh(62)AtF  _ (82 + 01€1€'2)(0; + 5Qemlezlaz) | 467)

(0,ei01 — §oeioz) (6 €192 — dreien)
Again we combine these to obtain the time-delay
Aty = AtI — Aty

1 n ((52 + (51€ia1 Eiaz)(61 + 626m16ia2)
2v/Bcos(ay) sinh(f,)  \ (61611 — §yeioz) (6 €122 — Fpeier)

) (4.6.8)

and phase shift
R P G

. ; 2
_ _2VBsinh(B+ia)r, (01671 — 06 (4.6.9)
61 -}—(526“11@"12 ?

experienced by the slower moving soliton. We rewrite the time-delays in a more

elegant form

N 1 | sinh (5% 4 jo1292)
= n >
: VB cos(a)sinh(6;)  |cosh (5% 4 jartaz)
1 h (5% 4 ot
Aty = , In |22 (57 +1 2 ) (4.6.10)
V/Bcos(as)sinh(6,) |sinh (—1—2 + 191—“3)

There is a special frame of reference, the centre of momentum (COM) frame, where

both solitons are delayed by the same amount At; = At,, this is when

/B cos(a;) sinh(6;) + /B cos(az) sinh(6,) = 0. (4.6.11)
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In this limit the time-delays agree with the formula presented in [46]. Scattering
in the COM reference frame is shown in figure 4.5. In fact the figure shows a even
more specialised situation, where §, = —§; and therefore a; = a; due to energy and

charge conservation constraints.

A A F'Y
t
u, U,
At2 | At
) Y .
u
1
u,

Fig. 4.5: CSG soliton-soliton scattering in COM frame, where both solitons experience the

same time-delay.

4.7 Particle-soliton scattering

The CSG particle is taken to be a small fluctuation around the v = 0 vacuum

solution and can also be thought of as a one-soliton solution in the small charge

T _

5 — €. The anti-particle is similarly the one-soliton solution in a different

limit a =
small charge limit, one where the charge is small and negative namely a = -5 +e

In these limits the soliton solution becomes

_ e?i\/B(cosh(GP)t—sinh(Gp)m) .

Uparticle

¢~ 2iv/Blcosh(6,) t—sinh(6;) ) (4.7.1)

Ugnti—particle

The non-topological nature of the CSG soliton sector leads to this unusual dual
description of the CSG particle. Unlike in the SG theory where the soliton and

particle sectors are distinct.
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We calculate the transmission factor for a particle scattering through a soliton,
when the particle has greater rapidity than the soliton, by taking the a; = 5 limit
in the soliton-soliton time-delays and phase factors. This is the meson-soliton scat-
tering described in [46]. We find that the time-delays vanish in these two limits and
the phase factors reduce to the particle-soliton transmission factor

& + iereia?
Tpa.rticle/sol = = (m) ’ (472)

which we rewrite as

2
sinh (=9 4 i — Z)
T = ( S A ) . (4.7.3)

) 2
sinh (—P—(g ,_,_0) - 5(a— g))

This limit also confirms that the soliton solution is unchanged during the particle-
soliton scattering process. Similarly by taking the a; = 7 limit in the soliton-soliton
time-delays and phase factors gives the particle-soliton transmission factor for when

the particle has less rapidity than the soliton

1
Tsol/particle = T— . (474)

particle/sol

These transmission factors can also be calculated by solving the linearised equa-
tions of motion around a one-soliton solution. We generate these linearised equations

by substituting a one-soliton solution plus a small perturbation
u=u_sula,d) +ee(z,t) (4.7.5)

into the CSG equation. This produces a differential equation that the small pertur-

bation e(z,t) must satisfy

0? o? 4iv/Bcos?(a)sin(a) 9
ot elz.t) = @e(:c, b+ cosh®(2X) — cos?(a) Ee(x’ t)

4y/Bcos*(a)tanh(2X) 9
* cosh?(2X) — cos?(a) oz e(z. )

45003 (a)(2cosh®(2X) — Cosg(a’))etli\/[_isin(a)te:(x )
cosh?(2X)(cosh?(2X) — cos?(a)) ’
+4,6(cos (a) — 3cosh?®(2X)cos?(a) + cosh*(2X))
cosh?(2X)(cosh?(2X) — cos?(a))

e(z,t), (4.7.6)
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where X = /B cos(a)(z cosh(#) — tsinh(d)). We find that this is solved by
5ePreicos?(a) gdivPsinalt cosh(6)~z sinh(6)) o ~2iv/B(tcosh(8,)~zsinh(6,))
el@t) = — cosh?(2X ) (8 + eviebr7)(de — ebrg)

+cl cosh?(2X) + ¢, cosh(2X) sinh(2X) + ¢3 20/t cosh(6,)~ sinh(6,)

cosh2(2X) ,
(4.7.7)
where
—i(e%e® + 8ei + efr — §i) (e — e — bi — betis)
C = - |
: 2(—‘51 + eapeal)(—eepi + 56‘“) s
c ie® cos(a)(e9p _ 5)(69,, +6)
2 = ,

(—07 + efrei)(—efri + Heot)
e*e 6 cos?(a)

3 = (— 6% + efreo) (—ebri + desi) (4.7.8)

To calculate the particle transmission matrix we examine the asymptotic limits of
the full solution (4.7.7). In the case where the particle has greater rapidity than the
soliton 6, > 6, the limits we examine are the spatial infinities. Taking cos(a) > 0

without loss of generality the solution becomes
e(z,t) — (Cl + 02) e2i\/ﬁ(tcosh(ep)—:rsinh(ep))

_(5-1—2'—66”6“1 e2i\/ﬁ(tcosh(f)p)—:rsinh(ep)) (4 7 9)
de® — gefbr . -

as £ — oo and

e(z,t) = (c1 — cy)eVPltcosh(Op)=zsinh(y))

_ 0e™ — i€% i B(tcosh(8,)—zsinh(6,) 4.7.10
i | .

as £ — —oo. We calculate the particle-soliton transmission matrix (where the parti-
cle’s rapidity is greater) by combining the phase shifts appearing in the asymptotic
limits
Op pia\ 2
Tpartictefsal = = (%) : (4.7.11)
To generate the particle-soliton transmission matrix where the soliton has greater
rapidity than the particle, it is the time infinities of the full solution that we examine.
As t — oo the solution becomes

e(z,t) = c—c

de® — jefr
o (4.7.12)
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and as £t — —o0

e(z,t) = ca+co
5 + iefrete
= T Few —idb (4.7.13)
Combining to give
1
Tsol/particle = T_ . (4714)
particle/sol

4.8 Summary

In this chapter we introduced the complex sine-Gordon theory starting with a his-
torical overview of the development of the theory up to the present day. CSG theory
can be described by either a Lagrangian of a single complex scalar filed in 1+1 D
or as a perturbed WZW model. In both descriptions BT exist that allow the con-
struction of soliton solutions. The theory has two sectors depending on the sign
of 3, the SU(2) gauge field g in the WZW model treats both sectors of the the-
ory together. We constructed the one-soliton solution where both the sectors are
considered simultaneously, with the v field soliton solution exhibiting a kink-like
nature.

We have found an explicit formula for a the difference in the auxiliary fields,
where the auxiliary fields are introduced in the definition of the dual fields and
appear in the BT. Previously only constraint equations on these fields were known.
This allowed us to write the BT and soliton solutions without the need for the dual
fields, therefore allowing the theory to be analysed using only the 8 > 0 sector fields
and a.

The CSG soliton solution holds an additional charge due to the U(1) invariance of
the theory. We analysed the two-soliton solution, showing that it describes soliton-
soliton scattering where the solitons experience a time-delay and a phase shift. We
calculated the particle-soliton transmission factor directly and also noted that the
particle is the low charge limit of the soliton solution. The non-topological nature
of the soliton solution means that unlike in SG theory the soliton and particle

sectors are not distinct. In the original description the dual field held the topological
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information of the theory, this is now contained in the complicated definition of «.
Namely that cos(a) is defined by a square root, whose argument vanishes for certain
values of the fields. This means at this point a different branch of the solution is
needed to keep cos(a) smooth. This behaviour appears in the examination of the
two-soliton solution in the various temporal limits. The o description facilitates
the introduction of defects into the CSG theory in the next chapter, where this

behaviour of o needs to be carefully treated.




Chapter 5

CSG theory with defect

In chapter 3 we introduced the idea of separating two bulk field theories by an inter-
nal boundary or defect with the purpose of modelling an impurity or dis-continuity
in the theory. We explicitly showed the construction of defect SG and ShG theories
where classical integrability was maintained. Both theories were found to exhibit
interesting but different properties, due to difference in the topological nature of the
theories.

In the analysis of the SG defect it was discovered that it can store energy, momen-
tum and topological charge which permits the emission and absorption of solitons.
Solitons and particles can also scatter through the SG defect with the time-delay
experienced by the soliton observed to be half of that experienced by a soliton scat-
tering through another soliton.

The ShG defect has no ‘solitons’ solutions to emit or decay but there exists a
classical bound state involving a static ShG ‘solitons’ on each side of the defect.
We showed that there are a range of parameters where the ‘solitons’ infinities are
“hidden behind” the defect, allowing the bound state to have finite energy.

The properties exhibited by these two theories make the construction of a CSG
defect theory an interesting project. Like the SG theory the CSG has soliton so-
lutions which suggest similar emission and absorption properties may be prevalent.
The interaction between defect and solitons is expected to be more sophisticated due
to the CSG solitons carrying a U(1) Noether charge. Recall that they are described

by a charge parameter a as well as their rapidity 6.
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In this chapter first using the original ‘two field’ description of the CSG theory
and secondly using the new description involving a we construct a CSG defect
theory. The defect theory is constructed by restricting two separate CSG theories
to the two halflines and by introducing a term in the Lagrangian at z = 0, to
describe the defect. As in the case of previous studies into integrable field theories
with defects despite being free to add any defect term, the term used here is carefully
specified to maintain the classical integrability of the model. Although by this design
no specific impurity is modelled by the defect, the defect introduced is done so as to
retain the interesting mathematical properties displayed by the original bulk theory.

After constructing a classically integrable defect theory, we analyse the various
solitons solutions permitted by the defect theory. To show that classical integrability
is preserved we produce explicit formula for conserved defect energy and conserved
defect momentum and show that the next higher spin charges can be similarly

modified to be also conserved.

5.1 CSG defect in the ‘two field’ description

In this section we use the CSG theory described by the complex field « in the 8 > 0
sector and its dual field v in the § < 0 sector to construct an integrable defect theory.

In this description the set up is as shown in figure 5.1, with the two CSG complex

Theory | Theory Il

(uyv) w,2)

Defect

x=0

Fig. 5.1: The set up for the CSG defect theory in ‘two field' description.

fields v and v restricted to the halfline z < 0 and the fields w and z restricted to the

halfline z > 0. The different sector fields are related by introducing two auxiliary
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fields € and o
v=—V1-uuwe®, 2=-VI-—wweW, (5.1.1)

recalling that the auxiliary fields 6, 1 satisfy the constraint equations (4.2.10),
(4.3.2). The defect is described by terms in the Lagrangian restricted to z = 0,
which along with contributions from the bulk create defect conditions that the left

and right fields satisfy. Therefore the CSG defect Lagrangian has the form

(5.1.2)

z=0"

0 (=]
L= / dz L%C (u, v) +/ dz L°C(w, z) + [Lp(u,v,w,2)]|
- 0

o0
where the bulk Lagrangians £°5¢ have the usual form (4.1.1) and the precise form
of the defect term Lp is to be determined.

The CSG BT (4.3.1) can be expressed involving the 8 > 0 sector field and the

auxiliary fields

1) * iaa * . .
eow L 26/B (€®w VT — wu* + e¥u*v/1 — ww*) = 0,

V1 — ww* B V1 —uu*

(5.1.3)

—i09,,* -, *
e *ou e ¥ow 2V v ”
+ - e"Yu'v1 —ww* — e w1l —uwur) = 0,
V1—uwu*  V1—ww ) (

(5.1.4)

recalling that 0 = % = %—%, o= a% = %—}-a—i. Following from the previous work

on SG and ShG theories we expect that these BT are exactly the defect conditions
required for classical integrability to be preserved. To check this claim, we convert
the BT into equations that bare resemblance to the SG defect conditions. Taking

the linear combinations

(5.1.3)e ™ + (5.1.4)¢™®  and  (5.1.3)e™ + (5.1.4)e* (5.1.5)
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give the equations

oz u* ow* isin(a) Qyu*

1 — uu* —cos(a)\/l —uu*y/1 —ww*  cos(a)(l — uu*)

6\/13 (ia * le—wwt>
eETW +U —Y—m——

cos(a) V1 —uu*
\/B (U* \% 1 - ww* _ e—iaw*)
cos(a) 6 V1 —uu* ’
drw* B isin(a) Jyw* _ ou*
1 -ww*  cos(a)(l — ww?) cos(a)v1 — ww*v/1 — uu*

(D (I )

cos(a “
\/ﬁ <ia * * Vl_uu‘)
et —w

cos(a) 8

(5.1.6)

where a = 6 — 9, as defined earlier, is the difference in the auxiliary fields and

governed by the constraint equations

, 1 (udu* —udu  wow — wd,w

0ta = —= et s
2 1 — uu* 1 — ww*

oo — 1 udu* — u*du B wo,w* — w*ow . (5.1.7)
2 1— uu* 1 —ww*

If these (5.1.6) are the defect conditions, we should be able to generate them from
the Lagrangian (5.1.2). By examining the form of the projected defect conditions
and again with comparison with the SG theory, we conjecture a suitable ansatz for

the defect term in the Lagrangian to be
Lp = Ay, + Auf + Asw, + Aqw;, — D(u, w,u™, w*, a). (5.1.8)

It has two kinds of term, one linear in the first time derivative of the fields, where
the coefficients A; = A;(u, w,u™, w*a) are assumed to be functions of the fields and
o, and the defect potential D(u,w,u*, w*, &), which is similarly a function of the
fields and a.

Varying the action with respect to the fields gives the CSG equations (4.1.2) for
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u and w in their respective bulk regions and the following conditions

6zu* _ 8[:1) + 8£D8_a _ 8[2_9

1 —wu*  du da Ou Ouy

Bzw* _ aﬁD aﬁp Jda &CD
T1-ww  dw + da dw — (3wt ) (5.1.9)

and their complex conjugate conditions valid at £ = 0. Using the ansatz form of £p

(5.1.8) we rewrite these conditions as

O u” . W 0D 0DOda
o - PRt Bal) - - 5 e
o, w* . . 0D 9Dda
1_—W = —(F13u1+F23ut +F43'U)t)+%+%a—w, (5110)
where Fj; = %}? - aA g With ¢ = (u,v*, w, w*) and
da 1(_ iu* sin(a) . >
ou 2 cos(a )(1—uu ) cos(a )\/1—uu V1 — ww*
da E( iusin(a B >
dus 2\ cos(a)(l—wu*) cos(a)vl - uur \/1 — ww*
da 1( iw sm(a) B )
ow 2 cos(a 1—ww) cos(a )\/l—uu V1 — ww*
Ja i ( iw sin(a) N )
ow* 2\  cos(a)(l —ww*)  cos(a)VI — uwv/I — wwr
(5.1.11)

We obtain these formulae for the derivatives of @ by comparing the constraint equa-

tion for Oia (5.1.7) with 0, expanded using the chain rule

da Oa oo , Oa da

e Tt el o+ 1.
at  ou * dur + Bw * Bt (5.1.12)

In the constraint equations we eliminate the spatial derivatives of the fields by using
the defect conditions (5.1.6), this leaves an expression linear in the time derivatives
in the same form as (5.1.12). We compare the coefficients of the time derivatives in
the two expressions to generate (5.1.11).

Comparing the different forms of the defect conditions (5.1.6) and (5.1.10) fur-
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ther, gives the equations for the defect potential D

oD BD[)‘a_
9 ' Padu
6\/3 i, * :Vl_ww* \/IE *Vl_ww* —ia, *
" cos(a) < v m)‘cosm)a (“ I—wwr “’)’
oD 8D8a_
5w | Padw

_6\/B (w" ”1-uu*+e—ia *)_*_ \/B (eiaut_w* Vl_uu')
cos(a) V1 - ww*

isin(a) Oyu*

cos(a)yv1l —uu*v/1 —ww*  cos(a)(l —uu*)’
isin(a) oyw* du*

“cos(a)(l — ww*) cos(a)v1 — ww*v/1 — uu*’

(5.1.14)

le’u: + Fglwt + F41w;‘ = -

F13’U,t + Fgguz + F43w: =

along with their complex conjugates. By inspection we solve (5.1.13)

D = 68 (V1 = uurv1 —vv (e + e7*) — uw* — u*w)

VB
5

+—— (VI —wu V1 —vv* (€% + ) +uw” +u'w) , (5.1.15)

which we rewrite in terms of the dual fields

D =60z +vz* —uw — v'w) + @ Wz4+v +uw' +uww) .  (5.1.16)

It is more complicated to solve (5.1.14) for A;, first we read off expressions for F;;

by matching coefficients, giving for example

isin(a) 1
2 cos(a)(l — uur)’ 3 ' 4 cos(a)v1 —uu*v/1 — ww*
isin(a 1
Fy = () Fi3 =0, Foy = —

~cos(a)(1 — ww*)’ cos(a)v1 — ww /1 — uu*

(5.1.17)
It is observed that the F;; are constructed to take the form of a non-abelian field
strength tensor. They are automatically anti-symmetric Fj; = —F}; and satisfy the

Bianchi identity
OF,; , 9Fy , 0Py
Odr  O¢;  09;

Flijn = =0. (5.1.18)
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With this gauge theory interpretation it allows gauge choices to be made to help solve
for A;. We use two separate gauge choices (i)4; = A3 =0, (4)A; = A, = 0 which
simplify the differential equations allowing the components of the vector potential

A; to be solved for

1 . ~ in W 1 In(w)
A = aln(Z\/l—uu 1 — ww*e —2(1—uu)z> 3 Ta
1 , * 1In(w*
A, = —In (2\/1 — uu*v1 — ww*e® — 2(1 - uu*)5)—> _ Lnw?) :
u* u* 2 u
1 , 11
A; = ——In (2\/1 —uu*v1 — ww*e® — 2(1 — ww*)ﬁ) + = n(w) ,
w w 2 w
1 . u* 1In(u*
Ay = ——In (2\/1 —uu*vV1 — ww*e ™ - 2(1 — ww*) - ) + = p(w) :
w* w* 2 w*
(5.1.19)
which are rewritten in the dual fields notation
11
A = lln (21}2* -2(1- uu*)E - = n(w) ,
U U 2 u
1 * 1ln(w*
Ay = —In <2v*z—2(1—uu*) ) _ lin(w ),
'U,* * 2 u*
1 11
A3 = ——In (21}"z—2(1—ww P_) n(u )
w w
1 1In(u*
Ay = ——lIn (21)2* - 2(1 —ww")— ) n(u ) (5.1.20)
w* 2 wr

We now have known formulae for the terms in the CSG defect Lagrangian D and
A; and therefore an explicit form of the CSG defect action in the ‘two field’ picture.
This action generates the defect conditions (5.1.6) which by construction are the
CSG BT (4.3.1).

Whether or not this defect theory constructed maintains the classical integrabil-
ity of the bulk theory remains to be answered. For the theory to remain integrable
there should be an infinite number of conserved charges, starting from the lowest
spin charges, the energy and momentum as well as the Noether charge. We produce
these three charges in the defect theory and show that they are conserved. The

defect energy can be read straight from the Lagrangian to have the form

0 +oc
Ejep = / dz £¢5¢ +/ dz E€5¢ + [D(u,w,u*,w*,v,z, v, z*)]|
- 0

o

o - (5.1.21)

The conservation of the defect energy a—Eﬁi = 0 is easily checked. The defect mo-

mentum and charge cannot be read directly from the Lagrangian and we determine
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their form by asking what contribution needs to be added at the defect to ensure

they are conserved. We conjecture the defect momentum and charge to have the

form

0 . . . o

T al‘ * T * pe 3 *

Puy = _/ d Oz u Oyu* + dyu Gtu_/ dx Oz w Oyw* + Opw atw+ [PD]| N

—eo 1 — uu* 0 1 — ww* z=0

[0 vou* —u du | [® wow* — w* Sw*

Qaer = Z/ dz : *t +Z/ dz t t +[QDH-0’

o 1 —wuu 0 1 — ww* =

(5.1.22)

where Pp, Qp are specifically chosen to make the expressions conserved. Demand-

ing the conservation of defect momentum BL;:L = () leads to the following equations

6Pp  9Ppda _
ou da Ou
6\/5 ia,, * *m \/B *\/m —ia, ¥
cos(a) (‘e v m)*ma)a (“ i ¢ w)’
Po  9Ppda
ow da Ow
6/ B Nt VB ia v V1 —uur
cos(@) (‘“’m‘e )* (‘e “*“’m)’
(5.1.23)

which are solved by

Pp = —6y/B(-v"z — v2* + uw + uw®) — \/TB (Vz+v +uw+ wru) . (5.1.24)

Similarly charge conservation gives the equation

(5.1.25)

0Qp . (wiu—ubu* wd,w-— wiw
ot 1 — uu* 1 — ww* ’
which is solved by

We have formulated conserved defect energy, momentum and charge and in appendix
A.3 we show that defect terms can be added to the next higher spin charges making
them conserved, going along way to show that the CSG defect theory is classically

integrable.
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5.2 Soliton solutions in the ‘two field’ description

Having constructed a CSG defect theory, in this section we analyse the different
solutions to the bulk CSG equations and defect conditions. We start with an analysis
of the vacuum and then investigate how solitons interact with the defect. Placing

the bulk vacuum on both sides of the defect
(u,v) = (0,€"™), (w, 2) = (0,€™), (5.2.1)

trivially solves the CSG equations in the bulk regions and the defect conditions

(4.3.1). The energy, momentum and charge for this configuration are

E=28 (5 + %) cos(Q — ), P=-21 (5 - %) cos(Qy — Q)
Q = _2(Qu - Qw) . (522)

The value of the dual field on each side of the defect affects the vacuum energy. The

degenerate vacuum of the theory with § > 0 is when (92, — Q) = 7, explicitly
(u,v) = (0, ™), (w, z) = (0, —e*™) (5.2.3)

with vacuum energy
1
Evee = -2/ (5 + 3) . (5.2.4)

The energy is at its maximum with § > 0 when (Q, — Q,) = 0 with the difference
between these two extremals of the energy being exactly the energy of a soliton with
rapidity e’ = § and maximum charge a = 0. These extremals swap roles if the defect
rapidity is negative § < 0.

Following from the property of the SG defect that it can both emit and absorb
soliton solutions, we investigate whether the same phenomena is allowed in the
CSG defect theory. Naively it might be thought that defects are unable to absorb
or emit solitons in the CSG model, since at early/late times the bulk configuration
would look like the vacuum near the defect and the conserved charges carried by
the absorbed or emitted soliton would still have to be accounted for. However the
fact that the defect can have different energies depending on the phase of the dual
fields, suggests that energy can be transferred to and from the defect and therefore

allow the possibility of soliton absorption and emission.
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5.2.1 Soliton emission from the defect

First we consider the situation where a defect possibly decays by emitting a soliton,
this process is modelled by placing the null solution on the left hand side of the
defect and a right-moving one-soliton solution on the right hand side. Explicitly the

field configurations are

u = 0,

v = &2

w = ecos(a) exp(2i+/Psin(a)(cosh(f)t — (z — c)si.nh(ﬁ))) ,
cosh(2y/Bcos(a)((z — c)cosh(f) — tsinh(8)))

z = —¢* (cos(a) tanh(2y/fBcos(a)((z — c)cosh(d) — tsinh(f))) — z'sin(a)) .

(5.2.5)

The one-soliton solution has rapidity 8 > 0, charge parameter a and has freedom on
the phase of the field, phase of the dual field and position of the soliton, governed
respectively by the parameters ¢, d, e. The vacuum on the left of the defect is chosen
with the dual phase Q without loss of generality. In the far past the soliton is at left
infinity hidden far behind the defect so the fields are in the vacuum configuration
around the defect with some phase difference between the two dual fields. As time
evolves the right-moving soliton passes through z = 0 and is emitted by the defect.
The soliton continues to moves away to right infinity leaving a different vacuum
configuration around the defect as time approaches positive infinity. The defect
conditions put a constraint

de+ef et =0 (5.2.6)
on the parameters in the solutions, generated by substituting the solutions into
the defect conditions and simplifying the expressions. For a defect with § > 1 the

constraint becomes

§=¢% e =t (5.2.7)

and for 6 < 1
§=—ef, =M (5.2.8)

Analysing the § > 1 case with cos(a) > 0 then at t — +oc the field configuration is

(w,v) = (0, &), (w,2z) = (0, ¥HeEm) (5.2.9)
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and at t — —o0

(u,v) = (0, %), (w,2)=(0, @) (5.2.10)

This shows that the energy of defect before the emission is positive E = 2\/5(6 +
67')cos(a) and after the soliton has been emitted the defect has negative energy
E = 2\/B(6 + 67')cos(m — a). The energy difference is AE = 4,/3(8 + 6~1)cos(a),
which as needs to be the case for total energy conservation is the energy of the
emitted soliton with rapidity e’ = § and charge parameter a. The change in energy
stored on the defect is due to the phase of the dual field of the one-soliton solution

being different before and after the soliton has been emitted.

'Y
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Fig. 5.2: The evolution of the dual field z during the emission of a soliton.

Figure 5.2 shows the change in the z-field during the process with the values
0 < a << 3. Figure 5.2(a) shows the initial values of the dual fields either side
of the defect, the v-field with phase 2 and the 2-field with phase ? — a. The initial
energy of the defect depends on the difference in these phases and is proportional to
cos(2— (2 —a)) = cos(a) > 0. Figure 5.2(b) shows the final values of the dual fields,
with the v-field unaltered and the z-field now at the pure phase a + Q + 7. Again
the energy depends on the difference now proportional to cos(Q — (2 +a + 7)) =
cos(m+a) < 0. The arrow in figure 5.2(c) indicates the path along which the z-field
evolves. The modulus of the field does not remain unitary for all time and the path
it follows is a chord across the unit circle. This is easier to see with the case Q = 0,

the z-field simplifies to

z = cos(a)tanh(2y/Beos(a)((z — c)cosh(8) — t sinh(6))) — isin(a), (5.2.11)
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where only the real part is now time dependent. Figure 5.3(c) shows the evolution

~_|l_—~ Qa Qiatn__ | Q+a+'7t'\\/

(a) (b) (c)

Fig. 5.3: The evolution of the dual field z during the emission of a soliton, Q = 0.

of z with 2 = 0. Since the imaginary part does not change, the path it evolves along
is a horizontal chord from one side of the unit circle to the other. The change in
the dual fields at the defect is also shown in figure 5.4, which plots the real parts
of the dual field v and z with time evolving from the figure 5.4(a) to 5.4(d). They

15 18 15 1S

Fig. 5.4: The evolution of the real parts of the dual fields v and z during the emission of a

soliton with 1 =0, a = %, time flowing (a) - (d).

show the kink-like nature of the CSG soliton’s dual field which displays the theory’s
topological nature. Before the emission the real part of the z-field at the defect
has the value cos(a) = ? and afterwards cos(m — a) = _\/757 in between it changes
smoothly between these two values as the soliton is emitted from the defect. Figure
5.5 also illustrates this emission process by plotting the real part of the fields u and

w, showing the oscillating nature of the CSG soliton moving away from the defect

leaving the fields at the defect the same u = 0, w = 0 before and after the emission.
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Fig. 5.5: The evolution of the real parts of the fields u and w during the emission of a

soliton with ) =0, a = %, time flowing (a) - (d).

The defect that emits a maximally charged soliton a = 0 is the defect which
initially has the maximum energy. For this the dual fields initially have the same

phase
Q, =0, =90 (5.2.12)

and after the soliton has been emitted the dual fields are at anti-podal points across
the unit circle. In the case when 2 = 0 and a = 0 the path of the 2-field is along
the real axis from 1 to —1.

As with the energy it is easy to check the conservation of momentum and charge

during these emission processes, before the emission the defect has the charges

Epefore = 24/B (6 + %) cos(a), Piefore = 21/ (6 — é) cos(a) ,

Qbefore = —2a (5.2.13)
and after
Eofter = —2\/_ (5 + ) cos(a), Poprer = 2\/_ <5 - —) cos(a),
Qafter = 20 — 27 (5.2.14)

with the emitted soliton having

Eso = 8v/Bcosh(f)cos(a), Poy = = 8+/Bsinh(8)cos(a)

Qo = 27 — 4a. (5.2.15)
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We have shown that the defect with maximum energy can decay to the vacuum
defect by emitting a maximally charged soliton a = 0 and that any other defect with
positive energy can decay to a defect with equal and opposite negative energy. The
constraints from the defect conditions show that for a defect to emit a right-moving
soliton it has to be described by |§] > 1 and this value determines the rapidity of
the soliton emitted, but what charge does the emitted soliton have? The charge of
the soliton that is emitted depends on the difference between the phases of the dual
fields at the defect, explicitly a = Q, — Q,,. There is no restriction on the charge
of the solitons that can be emitted by a defect as long as the previous relationship
holds.

The vacuum defect is a stable object by definition and in fact only positive energy
defects can emit a soliton. Therefore all negative energy defects are stable. This is
a consequence of the property that each positive energy defect only decays into a
defect with the equal and opposite negative energy and therefore the energy of the
emitted soliton is always twice that of original defect. The zero energy defect with
0, — 0, = § is also stable as the soliton it emits has zero charge and in this limit

the solution collapses to a null solution.

5.2.2 Soliton absorption by the defect

Having thoroughly analysed the emission of a CSG soliton, we now examine the
possibility of defects absorbing a soliton. The set up to model the absorption is
a right-moving one-soliton solution on the left side of the defect and the vacuum

solution on the right

exp(2iy/Bsin(a)(cosh(#) t — (z — c)sinh(h)))

u = cfeos(a) cosh(2y/Beos(a )((z—c)cosh(G)—tsinh(G)))’
v o= <cos ) tanh(21/Beos(a)((z ~ c)cosh(8) — tsinh(6))) — isin(a)) :
w = 0

z = €9, (5.2.16)
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with freedom on the positions and phases of the one-soliton solution given by ¢, d, e.

We substitute these solutions into the defect conditions and generate the constraint
fe —ef e =0, (5.2.17)

which as for the the emission case does not put any restriction on the initial position
of the soliton ¢ and the relative phase of the u-field d. This is expected as the initial
position of the soliton solution can be absorbed into a redefinition of time and it is
the phase difference between the left and right fields that matters and since w = 0

it has no phase, d is unrestrained. The constraint separates, if § > 1 then
s=¢, e=Q, (5.2.18)

while if § < 1 then
b=-¢, e=Q+mn. (5.2.19)

The constraint again shows that rapidity of the soliton that can be absorbed is
determined by the defect rapidity parameter and the phase of the dual field of the
soliton must be related to the phase of the dual field of the vacuum. Analysing the

situation with 0 > 1, then the fields at the defect initially have the values

(u, v) = (0, €™y (w,z) = (0,€) (5.2.20)
and after the absorption

(u, v) = (0, ) (w,2) = (0,e). (5.2.21)

The evolution of the the dual field v for 0 < a ~ Q < % is shown in figure 5.6(c).
Figure 5.7 shows the evolution of the real part of dual fields v and z for the values
) = a = % with time progressing from figure 5.7(a) to 5.7(d). Figure 5.7 again
shows the kink-like nature of the dual field of the one-soliton solution. It illustrates
the soliton moving towards the defect before being absorbed by the defect, with the
value of the field at the defect changing during the process. The real part of the
v-field evolves smoothly from its initial value of —1 to its final value of —%, with
the field taking the approximate path of the chord shown in figure 5.6(c). For § > 1

and 0 < a < 5 the defect before absorption has

Epefore = —2\/B <6 + %) cos(a), Poefore = —2\/[_3 ((5 - %) cos(a),
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(a) (b) (c)

Fig. 5.6: The evolution of the dual field v during the absorption of a soliton.

Qbefore = 20 — 27 (5.2.22)
and after
o1 1
o =2VB (043 ) cosle). Pae =25 (6-3) costa): Qupn =22
(5.2.23)

with the absorbed soliton having

Eq = 8\/ﬁcosh(9)cos(a) , P = 8\/Bsinh(9)cos(a) . Qso =21 —4a. (5.2.24)

These formulae show explicitly the energy, momentum and charge conservation dur-

ing the soliton absorption, with for example Eyrore + Eso = Eqfier when the con-

straint (5.2.18) is used.

Fig. 5.7: The evolution of the real parts of the dual fields v and z during the absorption of

a soliton with 2 = % a= %

Analysing these processes has shown that the defect has different amounts of

energy, momentum and charge when the dual fields take different values, this allows



5.2. Soliton solutions in the ‘two field’ description 88

the CSG defect to absorb and emit solitons. For a defect to emit a soliton the initial
energy had to be positive and likewise for a defect to be able to absorb a. soliton it has
to have negative energy. That completes the analysis of the soliton absorption and
emission. The next question we investigate is what happens to solitons approaching

a defect that are not absorbed?

5.2.3 Soliton scattering with the defect

To analyse the situation of a soliton scattering through the defect, we consider the
field configurations of a one-soliton solution on both sides of the defect

COS(G,) e‘zi\/Bsin(a)(cosh(é’) t—sinh(8)(z—c))

v cosh(2+/fcos(a)((z — c)cosh(#) — tsinh(f)))’

v o= — (cos(a) tanh(2+/Bcos(a)((z — c)cosh(d) — tsinh(8))) — isin(a)) :
eficos(a) e2ivPsin(a)(cosh(®) t—sinh(6) (z~d))

Y= cosh(2v/Bcos(a)((z — d)cosh(&) ~ tsinh(6)))’

z = (cos ) tanh(2+/Bcos(a) d)cosh(8) — tsinh(8))) — z'sin(a)) :

(5.2.25)

These are not the most general choices of solution as we have set the rapidity and
charge parameter to be the same on each side of the defect. We make this choice
to allow the possibility that energy and charge can be conserved. There is freedom
in the solutions given by the parameters ¢, d, e, f, which allow phase and spatial
shifts between the left and right solutions. Substituting these solutions into the

defect conditions and expanding as a time series, we generate the constraints

]
(2VBccosh(9—ia) _ _ 2/Bdcosh(s-ia) €7 (0€"€™ — €f)
B deta 4 eetef
6
2VBccosh(f+ia) _ _ 2\/Bdcosh(o+ia)e (6 —emelec ) o
€ = —e (5.2.26)
Sei + evie?
We combine these two constraints
ef 9
4y/Bccosh(f)cos(a) __ _4v/Bdcosh(f)cos(a (561& - )(6 — eefet )
e = e (5.2.27)
(56141 + eezeé‘)((seez + eaze(?)
and reinterpret as a time-delay
iate _ 0 _ oai 8
At = ! In | {967€" = €)(0 — ee"e”) (5.2.28)

4/f3 sinh(f) cos(a) | (dei® + ecief)(Jeci + evief)
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and phase shift

ei 0 a1
i6 _ _2Bsinh(6-+ia)at 07 T €€
e? = e Porigei _§ (5.2.29)

on the right hand side soliton. Therefore a soliton that does not get absorbed by the
defect scatters through the defect experiencing a time-delay and phase shift. This
is analogous to the SG theory where a scattering SG soliton experienced a time-
delay. The extra phase freedom means that a phase shift as well as time-delay is
experienced by a scattering CSG soliton. In SG theory the soliton-defect scattering
can be flavour changing, as with the soliton-soliton scattering all CSG soliton-defect
scattering are topologically the same.

This scattering process limits to the previously studied absorption and emission
cases where the poles and zeroes occur inside the logarithm. Absorption is the limit
where the time-delay At — +o00, which corresponds to where the poles occur, for
example for 6 > 1 when § = ¢ and @ = e + 7. Similarly emission is the limit
when the time-delay At — —oo, which corresponds to where the zeroes occur, for
example for § > 1 when § = ¢ and a = —e. Around these particular values the

soliton experiences the largest time-delays, positive or negative. Figure 5.8 shows

(a) (b) (c) (d) (e)

Fig. 5.8: The evolution of the real parts of the dual fields v and z during the scattering of

asolitonwith8 =1, 6=¢€e?+001,a= —e = %.

the real parts of the dual fields with the parameters slightly perturbed away from
the emission scenario, with time progressing from figure 5.8(a) to 5.8(e). It shows
the initial set up with the real parts of the dual fields at vg = —% and zg = 0 with
a soliton with charge a = % and rapidity § = 1 moving in from left infinity. The left
kink moves towards the defect and the right kink bridging different vacua is emitted
by the defect before the left kink has fully reached the defect. This is an example of
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scattering with a negative time-delay or equivalently the soliton experiences a time-
advance. The right kink then moves away to right infinity leaving the real part of the
dual fields at v = % and zg = 1. The difference in the real part of the dual fields
at the defect is different before and after the scattering. This is compatible with the
initial and final defect energies been equal as the phase difference between the dual
fields at the defect is the same before and after. In this example Q, — Q,, = 7- The
defects initial and final energy have to be the same for energy to be conserved, since

the time-delayed and phase shifted soliton has the same energy as the original soliton

Eso = 8/Bcosh(8)cos(a). The total energy of the whole system in this process is

E = 8+/B cos(a) cosh(6) + 2/ cos(e) (5 + %) ) (5.2.30)

which we calculate by substituting the values of the fields (5.2.25) in the energy for-
mula (5.1.21) and simplify using (5.2.26). A less computationally extensive method
to derive this energy formula is to use the fact that the energy is conserved. This
allows either the simplified situation of the initial or final state to be used to cal-
culate the energy. This reduces the calculation to adding the energy of the soliton
and the energy of the defect, since the soliton and defect are infinitely separated at
t — $oo. By inspection (5.2.30) can be seen to have this form. The total momen-
tum and charge for the system of a soliton scattering through a defect are similarly

calculated for 0 < a < % to be

P = 8+/B cos(a) sinh() + 21/ cos(e) <(5 - %) . Q=-4a+27+ 2. (5.2.31)

Figure 5.9 shows an example of a scattering process where the parameters are
set near to the absorption limit of 6 = e® and a = e & n. This produces a scattering
process where the outgoing soliton experiences a positive time-delay. Time evolves
from figure 5.9(a) to 5.9(e). It shows the initial state where the real part of the dual
fields are vg = —% and zp = 1. A kink solution comes in from left infinity and is
totally absorbed before the kink on the right is emitted from the defect. This moves
away to right infinity, leaving the fields vg = % and zp = 0 in the final state. The

phase difference between the dual fields at the defect is the same before and after

the scattering 2, — Q,, = %”. Again this is not in conflict with figure 5.9 that shows
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(a) (b) (c) (d) (e)

Fig. 5.9: The evolution of the real parts of the dual fields v and z during the scattering of

a soliton withc9=1,6=ee+0.01,a=e+7r=%.

the difference in the real parts of the dual field to be different before and after the

scattering.

At . At .~

,/‘./Y/ t‘ t

|
[ >
X X

(a) (b)
Fig. 5.10: World line of a soliton experiencing a (a) time-delay (b) time-advance.

Figure 5.10 illustrates the paths in space-time the soliton takes when experiencing
a time-delay or time-advance and figure 5.11 displays the progress of the energy
profile of the soliton, where time flowing from 5.11(a) to 5.11(d). It shows that the
energy of the soliton remains the same before and after the scattering with the defect
and that the soliton experiences a time-delay, since the incoming soliton reaches the
defect before the outgoing soliton leaves the defect.

Whether the soliton experiences a time-delay or time-advance is determined by
the energy of the initial defect. If the energy of the defect is positive, as in the case

shown in figure 5.8 where E ~ cos(e) = cos(§) > 0, then the soliton experiences a
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-

Fig. 5.11: The evolution of the energy density during the soliton-defect scattering when the

soliton experiences a time-delay.

time-advance. Whereas if the energy of the defect is negative, as in the case shown
in figure 5.9 where E ~ cos(e) = cos(¥) < 0, then the soliton is time-delayed. A
positive energy defect can time-advance an incoming soliton because it has energy to
transfer to the outgoing soliton before it receives energy from the incoming soliton.
Likewise a negative energy defect needs to receive energy from the incoming soliton
before the outgoing soliton can be released, therefore it is time-delayed.

Another limit of the soliton-defect scattering process is the stationary soliton or
¢ = 0 limit. This simplifies the constraint on the solitons position relative to each

other to

giVBeosia)e _  gavBeos(a)a(0eTe” —1)(0 — ee) (5.2.32)
(6661 + 6‘”)(56‘“ + eez)

and the energy, momentum and charge of this configuration become

E = 8+v/f cos(a) + 21/ cos(e) <5 + %) , P =2/fcos(e) (5 - %) :
Q = —4a + 27 + 2e, (5.2.33)

for 0 < @ < 3. The energy does not depend on the position of the solitons so it
exhibits zero mode behaviour and is not a bound state. The solitons can be moved
away from the defect with no change in the energy.

We commented earlier that the energy of the defect depends on the difference in
the phases of the dual fields at the defect. The way in which we have set up this

scattering process, this is exactly the phase e on the dual field of the right soliton

solution. Along with the incoming soliton parameters 6, a and the defect parameter
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d it is this phase e that determines how the soliton scatters, i.e. the time-delay and
phase shift it experiences. The phase e is a property of the outgoing soliton and
we suggest that it would be a nicer situation if the scattering process was totally
determined by the incoming soliton and the defect it is advancing towards. Although
a different viewpoint is that to describe the initial defect then one needs the value
of the defect parameter 4 and the phase difference in the dual fields at the defect
and it is this initial description that determines the form of the outgoing soliton.
This complexity in the description of the soliton-defect scattering in the ‘two
field’ picture provides the motivation to find a new description of the CSG defect
theory. This led us to the realisation that the difference in the auxiliary fields are
defined by an explicit formula (see section 4.4) and the development of a CSG defect

theory using o, which we introduce in the next section.
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5.3 CSG defect in alpha description

In chapter 4 we presented an explicit formula for o = 6 — 9 the difference in the left

and right auxiliary fields (4.4.7)

i [ uw* — wu* + 2¢sind
= arcsin | — ) 5.3.1
: l ['-’(\/l—ww*\/l—uw)} (5:3.1)

This allowed the CSG BT (4.4.2) é.nd two-soliton solution (4.5.5) to be rewritten in
terms of o instead of the dual fields. The discovery of this explicit form of a was
prompted by the aim to find a tidier interpretation of the CSG defect theory.

In this section we use a to reconstruct the CSG defect. The set up has the u-field
on the left side of the defect and the w-field on the right side of the defect with the

defect now described by parameters § and A, via a.

THEORY | DEXZEOCT THEORY I
u w
x<0 x>0
(A,d)

Fig. 5.12: The set up for CSG defect theory in alpha description.

We follow the same method as before to construct the various quantities that
describe the CSG defect model. Unsurprisingly the quantities have the same form
as in the ‘two field’ description with the definition of a substituted into them. The

Lagrangian has the form (5.1.2) with the defect potential

D = 5B (2 cos(a) VT — w1 — ww' — uw” — u*w)
VB

+= (2 cos(a) V1 —uu*v1 — ww* + uw" + u'w) (5.3.2)

and the coefficients of the time derivative terms

1 ; w 1 In(w)
= x = -_— —_ * _ * 1 _ r) _ * - _ -
A=A} uln (2\/1 wurVv1 — ww*e 2(1 — uu )u) 5=
1 . 11
A3=A; = ——In (2\/1 —uutV/1 — ww e — 2(1 — ww*)ﬁ) + 1ln(w)
w w 2 w

(5.3.3)
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Varying the action gives the defect conditions

Uy — Ug Wy — Wy ia .
- e = =2 § (wv1 — uu* + uv1 = ww*e'®) |
Vi—uwu V1 -wwr \/B ( )
U+ Uz, Wy + Wy 2B

= (uV1 — ww* — wv1 —uwue®), (53.4)

——¢
V1 —uu* V1 — ww* )

which as expected are exactly the BT (4.4.2). The conserved defect energy (5.1.21),

momentum and charge (5.1.22) take the same form as in the previous description

with the defect momentum term

Po = —6y/B (=2 cos(@)V1 — uu VI — ww* +uw'w + uw®)
—? (2 cos(a)V1 — uuV1 — ww* + u'w + wu) (5.3.5)

and charge defect term

Qp =2a. (5.3.6)

5.4 Soliton solutions in alpha description

Using the new description of the CSG defect, in this section we similarly analyse the
soliton solutions. The previous analysis showed that the CSG defect theory exhibits
interesting soliton solutions. We repeat all of the solutions covered in the ‘two field’
description and note comparisons and contrasts between the two descriptions.

Starting as before, we place the bulk vacuum on each side of the defect
u=0, w=0, (5.4.1)

which now involves setting the only field on each side of the defect to zero. This
choice is unique unlike in the ‘two field’ description. It trivially solves the CSG

equation and the defect conditions (5.3.4). It has energy, momentum and charge

E=2/p 6+ %) cos(a”), P=2/B(6- %) cos(a”), Q=2a", (5.4.2)

where

o’ = a(u = 0,w = 0) = arcsin (- sin(A)). (5.4.3)

As before the energy, momentum and charge receive no contribution from the bulk

but a non-zero contribution at z = 0, which is attributed to the defect. Their values
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depend on the two defect parameters ¢ and A, with the A dependence through the

definition of ”. The non-trivial way in which o” is related to A
sin(a”) = —sin(A), (5.4.4)

leads to the interesting property that the energy, momentum and charge can take
different values despite the bulk fields remaining in the vacuum and the defect

parameters taking the same values. Explicitly (5.4.4) has the solutions
o'=—A, A+, (5.4.5)

where the two solutions give different values to cos(c’) and therefore to the energy
and momentum. In particular, depending on which solution is taken the energy,

momentum and charge become either

E=2/8(5+ %) cos(4), P=2yB (6 - %) cos(A), Q=-24 (5.46)

or

E=—-2/3 (5+§) cos(A), P=-2./8 (5—%) cos(A), Q=2A+nm). (547)

Therefore to fully determine the defect, as well as the values of § and A, the solution
to (5.4.4) used needs to be specified. The lowest energy defect for a fixed § > 0 is
when cos(A) = —1 in (5.4.6) or cos(4) = 1 in (5.4.7), which has energy

Eyee = -2/ (5 + %) (5.4.8)

and charge

Quac = £27. (5.4.9)

This corresponds with the lowest energy defect in the ‘two field” description (5.2.4).

The defect has maximum energy

E=2\8 (5 + %) : (5.4.10)

when cos(a”) = 1 with charge @ = 0. When & < 0 the energies of these extremal
defects are swapped but the charges stay the same.
In contrast to the ‘two field’ description of the defect theory, the introduction

of o has got rid of the need to consider the dual fields. Specifically the roles that
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the phase of the dual fields played in determining the defect properties has been
simplified by the use of the extra charge parameter A on the defect. However the
method by which the defect transfers the conserved charges is now through the
non-trivial definition of o and its time dependence.

Through the choice of § and o” there exists defects with positive energy and
defects with negative energy (with either positive or negative momentum). From the
properties discovered in the ‘two field’ description, we refer to defects with positive
energy as excited defects and defects with negative energy as unexcited defects.

We consider the choice a” = — A and examining (5.4.6) shows there are different

regions of parameters that give excited defects, namely
§>0, cos(A)>0 and <0, cos(4)<0. (5.4.11)

If we also consider the momentum of the defect then the two cases above are further
split in two. Explicitly if 6 > 1 and cos(A) > 0 then the defect is excited with positive
momentum, whereas if 0 < § < 1 and cos(A) > 0 then the defect’s momentum is
negative. There is a similar splitting for the second parameter range. Taking into
account the charge of the defect we find there are in fact four defects with the same
positive energy and positive momentum but with different charge.

These excited defects are displayed in table 5.1. It lists four defects with energy

0< A <Z |A=A 5=8 >1 |Q=-24'  €{0,-7})
I< A <0 |A=-a =6 >1 | Q=24 € {r,0}
z A <7 |[A=7n1-A |6=-0 <-1{Q=24-27r €{-m 271}
-7 A <-F|A=-1+A|0=-0 <-1|Q=2r-24 €{2n 7}

Table 5.1: Four excited defects with the same energy and momentum.

E = 2/B|(8' + 5)cos(A")] and momentum P = 2y/B|(6' — £)cos(A’)| each with
different charge.
The specific example when A’ = £, ' = 2 is shown in table 5.2, where the defects

5‘2/3 and momentum Py = % The table shows explicitly that

have energy Eg. 5 =

the defects have different charge.
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Table 5.2: Four defects with the energy Ez.; = %ﬁ and momentum Py = 3—‘2/—3

Recalling that the other solution to (5.4.4) gave (5.4.7), we consider the defects

with positive energy and momentum that this choice describes. These are shown in

table 5.3. The parameter choice A" = §, §' = —2 gives defects with the same energy
0< A <% |A=4 5=6 <-1|Q=24'-2x €{-n —2r)
1< A <0 |[A=-A |6=80 <-1|Q=2r-24 €{2n7)
I< A <7 |[A=w-A ==§ >1 |Q=-24 € {0, -7}
—T< A <-J|A=-n+A"|d==6 >1 |Q=24 € {w,0}

Table 5.3: Four excited defects with the same energy and momentum.

Eiey = %ﬁ and momentum Py = %ﬁ as before. The charge of the defects are

shown in table 5.4. Comparison between tables 5.4 and 5.2 show that using either

A=3 |6=-2|Q=-Z
A=-1 |6==2|Q=2%
A=2Z |§=2 =4
A=-T|5=2 =4

Table 5.4: Four defects with the energy Ey4e; = %B and momentum Pg; = %B

solution to (5.4.4) gives the same four defects.

Therefore to give a list of the possible CSG defects only one of the solutions
(5.4.5) has to be considered, as the other simply gives another cover of the same
defects. From now on we use cos(a”) = cos(A) without loss of generality. Similarly

we find that there are four unexcited defects with the same negative energy and
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positive momentum but with different charge. These are shown in table 5.5.

0< A <
-3< A <
3< A <
-T< A <

T

2
0

s

-z

2

A=A
A=-A
A=n-A
A=-n+ A

ER
6=14
d=-¢ >1
d=-¢ >1

< -1

< -1

Q=24
Q =24’

Q=24'-21 €{-n,—27)
Q =27 — 24’

€ {0, —7}
€ {r,0}

€ {2, 7}

Table 5.5: Four unexcited defects with the same energy and momentum.

Taking the specific parameter choice A’ =

energy Eyep = —

Table 5.6: Four defects with the energy E4e; = —%ﬁ and momentum Py.s = 3y8

5vB

2

[ S NN N
Il
|
ool

§=-2
§=-2
5=2
§=2

and momentum P = %B and charge listed in table 5.6.

Z, 0 = =2 gives four defects with

The excited and unexcited defects we have listed in the tables above all have

positive momentum. There are also excited and unexcited defects with negative

momentum when |§] < 1. Similarly there are four defects with the same energy and

negative momentum which have four different values of charge.

This concludes the classification of the different CSG defects. We have shown

that to fully determine the defect, as well as the two defect parameters the value

of @” has to be specified. However the choice of o’ only creates a second cover of

all the defects, if we consider the full range of values of the parameters. We have

shown that defects with the same energy and momentum can actually hold four

different values of charge. The defects can have either positive or negative energy

and momentum, which we will show determines the way the defect can interact with

CSG solitons.
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5.4.1 Soliton emission from the defect

As in the ‘two field’ description, we analyse soliton emission and absorption in the
a description. That the CSG defect can hold different amounts of the conserved
charges, supports the previous results that soliton emission and absorption are pos-
sible. Namely, an unexcited defect can absorb a soliton, thus exciting it and an
excited defect can decay into an unexcited defect by emitting a soliton. This is
further suggested by the fact that the energy of a soliton (4.5.3) is exactly twice the
energy of a defect (5.4.2), when the relevant parameters are matched and defects
with positive and negative energy of the same magnitude are linked by the solutions
to equation (5.4.4). Since the defect conditions and BT are one and the same thing
the properties of the BT also provide evidence for the absorption and emission of
solitons by the defect. The BT provide a means of generating a one-soliton solution
from the vacuum, the emission of a soliton from the defect is exactly this situation
with the process occurring dynamically.

To examine the emission of a soliton, we analyse the field configurations to
replicate a right-moving soliton being emitted from the right hand side of the defect.
The set up required is the vacuum on the left hand side of the defect and a right-

moving one-soliton solution on the right. In this situation o becomes

a' = arcsin ( —sin(4) ) (5.4.12)
B V1-ww* )’ T

where w = w,_so is the specified one-soliton solution. Substituting these into the

defect conditions (5.3.4), we find that they are satisfied when
a=A, €=9¢,
a=A+n, €& =-4. (5.4.13)

In order to generate these constraint conditions between the defect and soliton pa-
rameters we must make a choice on the starting value of a’. At both time infinities
the fields at the defect becomes zero so o’ reduces to o, this has two solutions (5.4.5).
We take the solution cos(a) = cos(A) at t — —oo without loss of generality to gen-
erate the constraints. We can equally use the other solution cos(a’) = —cos(A), it
generates slightly different constraints but when we analyse the emission processes

they are found to be identical to what we now describe.
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We have set up the problem so the emitted soliton is right-moving § > 0. The
constraints (5.4.13) show that for a defect to emit a right-moving soliton then we
require |§] > 1. This is explained by a right-moving soliton having positive energy
and momentum, therefore for total energy and total momentum to be conserved the
initial excited defect has to have positive energy and momentum, thus |§] > 1.

To analyse in more detail the process of the CSG defect emitting a soliton, we
examine the decays of two of the four excited defects listed in table 5.1. Table 5.7
shows the decay of excited defect I which is described by 0 < A < 3 and § > 1 and

has charge in the region —m < Qg.; < 0. This defect decays by emitting a positively

Excited Defect I — Unexcited Defect I
0<A<F,6>1) Emitted Soliton (G <A <7, ¥>1)
a=-A (a=A,ef =9) a=A-n=
E = 2\/Bcos(A)(6 + 3) Esor = 4v/Beos(A) (6 + 3) E' =-FE
P = 2\/Bcos(A)(6 — 3) Py = 4+/Bcos(A)(6 — 3) P =-P
Q= -2A4 Qsot = 2 — 44 Q =24-2n

Table 5.7: The decay process of excited defect .

charged soliton and the resulting defect has negative energy and momentum, the
same magnitude as the initial defect, and charge —27 < Qs < —7. Similarly table
5.8 shows excited defect II described by —m < A < —% and § < —1 with charge
T < Qges < 27 decaying, by emitting a positively charged soliton, into an unexcited
defect with equal and opposite energy and momentum.

The two decays illustrate that each defect with positive energy and momentum
emits precisely one right-moving soliton. During any emission process the value of
o' changes with time from one solution of (5.4.4) to the other. It is the non-trivial
way that « is defined and its time dependence that means the value of o' is different
before and after the emission process. This property allows the defect to transfer
energy, momentum and charge to and from soliton solutions and therefore make
soliton emission possible.

In the analysis of the vacuum we showed that the solutions of (5.4.4) allowed
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Excited Defect II — Unexcited Defect 11
(—-T<A< =%, 56<-1) Emitted Soliton (0>A>-%,40<-1)
a=-A (A —m, —=4) a=A+m

E = 2\/Bcos(A)(6 + }) Eoot = 4y/Bcos(A)(8 + 3) E' =-F
P = 2/Bcos(A)(6 - }) Poor = 4y/Bcos(A)(6 — §) P'=-P
Q=-24 Qo = —2m — 4A Q@ =2A+2rx

Table 5.8: The decay process of excited defect .

defects with either positive and negative energy to be described by the same ¢ and
A. The evolution of o’ during the emission is what allows the defect to change
from the initial defect with positive energy to the final negative energy defect. To
investigate precisely what is happening during an emission process, we note that

due to the definition of a (4.4.7), cos(c’) is defined

1 — ww* —sin’(A
cos(a’) = /1 —sin®(a \/ \;Ulw_—musin( ) (5.4.14)

using a square root. During the emission process

1 — ww" = 1 — cos®(a)sech?(2y/Bcos(a)(—sinh(8)t)) (5.4.15)

becomes equal to sin®(A4). At this moment the argument in the square root in
the numerator of cos(a’) becomes equal to zero and we need to choose the opposite
branch of this square root in order to keep the function smooth. It is this prescription
that means by the end of the process o’ is equal to the other solution of (5.4.4),
namely o' = A £+ 7.

This evolution of € in the complex plane is shown in figure 5.13 for the two
decays illustrated in tables 5.7 and 5.8. It shows e**’ changing during both emissions
from o' = —Ato o’ = A+ 7. Figure 5.13(a) shows the evolution for e during the
decay of excited defect I where 0 < A < 7 and figure 5.13(b) illustrates the progress
of € during the decay of excited defect II where -7 < A < —%. We note that

in both cases the value of sin(a’) is the same at the beginning and the end of the

process, while the value of cos(¢’) is different.
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Fig. 5.13: The evolution of €’ during two emission processes, decay of (a) excited defect

I, (b) excited defect II.

As mentioned earlier a specific defect emits just one type of soliton but there is
the interesting phenomena that there are two defects that emit the same soliton. The

decay of two such defects are shown in tables 5.9 and 5.10. The two excited defects

E4 and Ep have the same energy and momentum but different charge, Q = —%’T

and QQ = 33’1 respectively. They emit the same soliton, specifically a soliton with

energy Es, = 5/, momentum P,,; = 3+/F and charge Q,,, = &

3 -

The change

EA — UA

(A=3%,6=2)  Emitted Soliton  (A'=%, §=2)

a=-A (a=A,ef =9) a=A-7
E=2%f E. = 5P E'=-E
P=3F Py =3B P =-pP
Q=-% Qso = & Q=-7

Table 5.9: The decay of excited defect E 4.

in charge from the initial excited defect to the final unexcited defect for the two
processes are graphically illustrated in figure 5.14. It shows that the initial and final
charge of the defects are symmetrically spaced about Q = +7. We find this to be
the case for any emission. The maximally charged soliton Q,, = 27 is emitted by
defects with charge 27 or 0, while the defects with charge &7 are stable and do not

emit any soliton. For any emission the charge of the unexcited defect is never the
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(A=-%2 6=-2) Emitted Soliton (A=-%,068=-2)

a=-A (A—m, —9) a=A+T7

E=2%¢ E. = 5B E' =-E

P=2%F Pt = 3V P'=-P

Q= %T Qoo = %T'r Q, = 2%
Table 5.10: The decay of excited defect Fg.

A +27
E +41|:/3‘ e e e el e e Ea .\
[a} 8
G 0
w
S| -2m3 .. e E
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O -4m/3Y e, ,VUA

-2%

Fig. 5.14: Charge of defects E4 and Eg that emit a Q = 23’1 soliton.

opposite of the initial charge.

Considering the pair of defects that emit the same soliton (for example E4 and
Ep) then the unexcited defect, that the other excited defect of the pair decays
into, does has the opposite charge of the first excited defect, as well as energy and
momentum. For example Up has the opposite charge to E4, as do U4 and Eg. We

call this its anti-defect, for example Ug is the anti-defect of £4 and vice-versa.
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5.4.2 Soliton absorption by the defect

The opposite process to a soliton being emitted from the defect is for a soliton to be
absorbed by an unexcited defect. The field configuration we need to describe this
process is a right-moving one-soliton solution on the left hand side of the defect and

the vacuum on the right. In this situation a becomes

o' = arcsin ( sin(4) ) (5.4.16)
B V1—uu* )’ -

where u = u;_4, is the right-moving one-soliton. We find that the defect conditions

(5.3.4) are satisfied, again we use cos(a’) = cos(A) as t — —oo, when

a=-A+7w, € =6. (5.4.17)

These conditions show that it is required that || > 1 for a defect to absorb a right-
moving soliton. This can be explained by noticing that for an unexcited defect to
absorb a right moving soliton it has to have negative energy and momentum, which

requires || > 1.

Unexcited Defect I — Excited Defect I
(3<A<m,d>1) Absorbed Soliton 0<A <% 6>1)
a=-A (a=—-A+m e =4) a=A-m
E = 2\/Bcos(A)(6 + 3) Ego = —4+/Bcos(A)(6 + 1) E'=-F
P = 2\/Bcos(A)(6 — 3) Pior = —4+/PBeos(A) (8 - }) P =-P
Q=-24 Qsot = —2m + 4A Q =24—-2rn

Table 5.11: Showing unexcited defect | absorbing a soliton.

In table 5.11 we show that unexcited defect I described by 5 < A < 7 with
Q@ € {—m, —2x} absorbs a positively charged soliton becoming excited defect I.
Similarly table 5.12 shows that unexcited defect II described by -3 < A <0 with
Q € {0, 7} absorbs a positively charged soliton becoming excited defect II. In both

absorption processes we check that the total energy, momentum and charge of the
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Unexcited Defect 11

(-3<A<0,d<-1)
a=-A

E = 2/Bcos(A)(6 +

P = 2y/Bcos(A)(6
Q=—24

3)
3)

Absorbed Soliton

Excited Defect II

(-r<A<-%,40<

(=4, -9) a=A+T7

Eso = —4+/Bcos(A)(8 + %) E - _E

Peor = —4y/Beos(A)(6 — 3) P =_p
Qsot = 2m + 4A Q =24+ 2r

~1)

Table 5.12: Showing unexcited defect Il absorbing a soliton.

system are conserved. For example, the energy of the unexcited defect plus the
energy of the absorbed soliton is equal to the energy of the excited defect.
As in the emission process ' varies with time during absorption. As the fields

at the defect change there is a moment when

1 — uu* = sin’(A). (5.4.18)

In order to keep cos(a’) smooth, at this point, we take the other branch of the
square root in the definition of cos(e’). This means that o’ changes from —A in the
far past to A £ 7 in the far future. Figure 5.15 shows the evolution of ¢ for the
two absorption processes, figure 5.15(a) shows the evolution of e when unexcited

defect I absorbs a soliton and figure 5.15(b) for unexcited defect II similarly.

g Sin(a) 4 sin(a)
A /<'_‘< v
[ ] . » ‘
, e (1
/ \
! i ! |
\ scos(o \ Jcos(a;
”" ° .
o @ a’
o~ S
-l . i

(b)

Fig. 5.15: The evolution of ¢ during two absorption processes involving (a) unexcited

defect | and (b) unexcited defect II.

Tables 5.13 and 5.14 show that there are two unexcited defects that absorb the

same soliton. The two unexcited defects Uy and Ug have the same energy and
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momentum but different charge, Q = —%” and Q = %” respectively. They absorb
the soliton with E,,; = 5v/8, P,y = 3v/B and Qg = %" With comparison with the
emission tables 5.9 and 5.10, we find that defect E4 emits a soliton to decay to Uy,

and defect U, absorbs the same soliton to become E4.

Ua — E4
(A=Z, 6=2) Absorbed Soliton (A'=3,060=2)
a=-A (a=—-A+me =4) a=A-mr
E=—¥ E =50 E'=-F
= -3vE Py =3P P=-P
Q=-% Qui=1% Q=-%

2

Table 5.13: Showing unexcited defect U, absorbing a soliton with charge Qo = 3

UB — EB

(A=-%,6=-2) Emitted Soliton (A=-Z §=-2)

a=—A (—A, =96) a=A+T7

E= —5‘2/3 Ecoi = 5 E'=-E

P=-2E P = 3VB P'=-P
Q=% Qsot = & Q=%

Table 5.14: Showing unexcited defect Ug absorbing a soliton with charge Q. = 27"

In this analysis into defects absorbing and emitting solitons, we have only con-
sidered right-moving soliton solutions, or at least we have only interpreted them as
such. In fact when solving the defect conditions no restrictions on 8 were used so
the solutions describe both right- and left-moving solitons. We have solely studied
solutions involving right-moving solitons, but there are similarly solutions when left-
moving solitons are emitted and absorbed. The energy and momentum of the initial

defect control what process can occur. The sign of the defect energy determines
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whether a soliton can be absorbed or emitted and the sign of the defect momentum
determines whether the soliton is left- or right-moving.

In figures 5.16, 5.17 we show explicitly that the energy and momentum of the
defect determines whether it absorbs or emits a soliton and whether the soliton
is right- or left-moving. We consider the defect with its charge parameter in the
range —5 < A < § with « initially chosen such that cos(a) = cos(A). For the four
different regions of § we illustrate how the defect interacts with the soliton.

In figure 5.16(a) 6 < —1 so the energy and momentum of the defect are negative.
Considering only that the total energy and momentum is conserved, we can deduce
that this defect can absorb a right-moving soliton. Similarly in figure 5.16(b) with
—1 < 6 < 0 the energy of the defect is negative and the momentum is positive,

therefore the defect can absorb a left-moving soliton.

(A,9) (A,9)

(a=-A, e%=-3) (a=-A, e®=-1/5)

(a) E_ P_ (b) E_ P,

Fig. 5.16: Defects able to absorb a soliton, -2 < A< %, (a) 6< -1, (b) -1<6<0.

In figure 5.17(a) 0 < ¢ < 1 the defect has positive energy and negative momentum
and the defect can emit a left-moving soliton. Finally if § > 1 as in figure 5.17(b)
then both the defect energy and momentum are positive and the defect can emit
a right-moving soliton. The annotation in each of the figures shows the condition
between the soliton parameters and defect parameters for the defect conditions to
be satisfied for the particular process illustrated. This concludes the analysis on the
specific soliton solutions that different defects can emit and absorb. We continue to

analyse soliton and particle scattering with the CSG defect.
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(a=A, e9=1/3) (a=A, e=p)
A2 L 4
(A,d) (A,9)

(a) B4 P (b) E4 Py

Fig. 5.17: Defects able to emit a soliton, —-Z <A< %, (a) 0<d<1, (b) 6>1.

5.4.3 Soliton scattering with the defect

As in the first description of the defect theory, we place a one-soliton solution on
each side of the defect

cos(a) e2VPsin(a)(cosh(6) t=sinh(6) z)

cosh(2y/f3 cos(a)(tsinh(#) — z cosh(6)))’
eQi\/Bsin(a)(cosh(e)(t—At)——sinh(e):r)

e :
cosh(2v/[ cos(a)((t — At)sinh(#) — z cosh(8))) ’

w = (5.4.19)

to model the process of a one-soliton scattering with the defect. The soliton solutions
are not the most general that could be chosen, with the charge parameter a and
rapidity 8 taken to be the same in the left and right solitons. In fact if we start
with general soliton solutions, then the defect conditions force the choices made
above. We interpret that the solitons are right-moving 6 > 0 but again the following
calculations hold for any 6. Note that we are allowing the outgoing soliton w to differ
from the incoming soliton u by a time-delay At and a phase shift e*®. This fits with
the result of the analogous calculation in the ‘two field’ description.

To calculate how a soliton is affected by travelling through a defect, we solve the
defect conditions in this situation. The expressions for the defect conditions become
extremely complicated and are made manageable by expanding the individual terms

2v/Bcos(a)sinh()t _

as a power series in the exponentiated time e We then solve the terms
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of the power series for the time-delay

1 sinh (45X + 4234
At = _ In (02 2 ) : (5.4.20)
2/Bcos(a)sinh(8) " |cosh (55X + i234)
and phase shift
: inh(eiaar 0 + eleitetd
i _ 2B sinh(8+ia)At

(¢ —  p2VPBsinh(6+i e Sl (5.4.21)
where eX = § and again without loss of generality « = —A at t — —oo. We note

that this time-delay is very similar to the time-delay experienced by a soliton in
soliton-soliton scattering. If the parameters are matched between the defect and
one of the solitons then the time-delay experienced by a soliton scattering through
the defect is exactly half of the time-delay experienced when scattering through a
soliton (4.6.4). This is the same relation as found in the SG model.

As we found during the analysis in the ‘two field’ description both the emission
and absorption processes should appear as limits in the soliton-defect scattering
time-delay. To check that the poles and zeros that appear in the logarithm in the
time-delay are the exact conditions for soliton absorption and emission it is useful

to rewrite the time-delay

sinh (45X +i254)

sinh (45X + jetd<n)

1
21/ cos(a) sinh(f) 8

At =

(5.4.22)

with only hyperbolic sines inside the logarithm. The emission limit is when the time-
delay tends to negative infinity, this coincides with the argument of the logarithm
tending to zero which occurs when the hyperbolic sine in the numerator goes to

zero. Thus

0=x, a=A, (5.4.23)
which agrees with the § > 0 condition (5.4.13). Similarly the absorption limit is
when the time-delay tends to positive infinity, so when

8=x, a=—-Atm, (5.4.24)

which agrees with (5.4.17).
In this description it is obvious that the soliton before and after scattering has

the same energy, momentum and charge, since a time or phase shift does not affect
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any of these charges. Therefore for the conservation laws to hold the initial and final
defect must hold the same charges. In this scenario o depends on both one-soliton

solutions and cos(a) has the form

VA1 = wur)(1 — ww*) + (uw* — wu* + 2isin(A))?
2v/1 — uu*/1 — ww* '

cos(a) = (5.4.25)

Unlike in the emission and absorption processes cos(a) never becomes zero during
the soliton-defect scattering process. In figure 5.18 we show this explicitly for two
choices of the parameters. Since the square root never reaches the branch point, the
solution remains on the same branch and the value of « is initially and finally the

same.

Fig. 5.18: Evolution of cos(a) in soliton-defect scattering with a = 3, 6 = 1, x = 1,
A = ¥ (line)/ Z(dots).

As we commented in the previous analysis the sign of time-delay depends on the
energy of the initial defect. We illustrate this in figure 5.19. Figure 5.19(a) shows
the case when the initial defect has positive energy and the time-delay is negative
for all values of a. This implies that a soliton scattering through a positive energy
defect always experiences a time-advance. The stalactitic divergences show where
the emission limits occur. Figure 5.19(b) shows the positive time-delay always expe-
rienced by a soliton scattering through a negative energy defect, with the stalagmitic
divergences showing the absorption limits.

We could continue to analyse more complicated scenarios. For example we could
study the situation with two incoming solitons and one outgoing soliton but essen-

tially this is just a combination of soliton scattering and a soliton being absorbed.
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Fig. 5.19: Time-delay experienced by soliton in soliton-defect scattering, against the charge

parameter a of the soliton.

It is possible for the behaviour of the solitons in such a system to be calculated from

the building blocks of emission, absorption and scattering we have presented here.

5.4.4 Particle scattering with the defect

The CSG particle Upgriicie is described by (4.7.1) which we generate either by consid-
ering a small perturbation around the vacuum or the ¢ = 7 limit in the CSG soliton
solution. To analyse what happens to a particle travelling towards a defect, we need
to calculate the particle-defect reflection and transmission factors. To compute these

factors we solve the linearised defect conditions

Ou, Ou, Owe Owe\ ;4 i
0 = _(8t_61)+<8t—az)e — 2v/B 8(we + ue®),
_ Ju,  Ou, ia Ow,  Ow, 2\/5 ia
0 = _<8t +%>e (at +az)+ 5 (vemwee®), (5:426)

which result from substituting v = € u., w = € w, into the defect conditions (5.3.4)

and looking at the terms linear in €. The ansatz to which these are solved

Ue = uparticle(e) + R uparticle(_e) :

We = Tuparticle(e): (5427)

is a right-moving particle reflected and/or transmitted by the defect. We substitute

the ansatz into the linearised defect conditions (5.4.26) and find that there is no
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reflection and the transmission factor is

e? — idei™

o 115 (5.4.28)

Trarticle/defect

This shows that like the SG and ShG defects, the CSG defect is reflectionless. We
also compute this transmission factor by substituting the particle limit a = 5 into
the soliton-defect phase factor (5.4.21). In this limit the soliton-defect time-delay
(5.4.20) vanishes.

5.4.5 Soliton equal to two defects?

We stated earlier that the soliton-defect time-delay (5.4.20) is half the soliton-soliton

time-delay (4.6.4) if we match the relevant defect and soliton parameters. We check

Ua B
v v
. 7,
EA Es EA Ua EA Es EA Es

Fig. 5.20: (a) Soliton scattering through two excited defects. (b) Soliton scattering through
an excited and an unexcited defect. (c) Soliton scattering through a defect and

decaying defect.

the specific example that if a soliton or particle scatters through defects E4 and Eg
(introduced in tables 5.9, 5.10) then the combined time-delay and phase shift are the
same than if a soliton or particle scatters through a soliton with charge parameter

T

a = 3 and rapidity e? = 2. That is the following relations hold

AEa)+Dy(Ep) = Ay(sol), eWEaW(ER) = gidls) Ty T =T, (54.29)

3

The summed total of the energy, momentum and charge of the two excited defects
exactly matches the energy, momentum and charge of the soliton. These observa-
tions suggest that the integrable defects could be the fundamental objects of the

theory, with two defects combined to give the solitons of the theory.
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If as in figure 5.20(b) two defects are placed together whose quantities sum
to zero, for example defects E4 and Upg, then the scattering soliton or particle

experiences no overall time-delay or phase shift.
AEx)+ A, (Ug) =0, e¥EaeelUs) =1  Tp Ty, =1. (5.4.30)

Figure 5.20(c) shows the decay of defect Eg when placed next to defect E,, the
integrability of the model ensures that the scattering of a soliton or particle through
such a configuration should not be affected by the time that the scattering takes
place. Therefore scattering through defects E4 and Ep should be the same as
scattering through defects E4 and Up and the emitted soliton, using the two previous
results (5.4.29), (5.4.30) we see that this is the case. In appendix B.1 we show the
relations (5.4.29), (5.4.30) explicitly. In appendix B.2 we show the consistency of
the classical soliton-soliton and soliton-defect scattering properties, by examining

explicitly a decay and absorption process.

5.5 Summary

In this section we have constructed a CSG defect theory that maintains the classical
integrability of the bulk CSG theory. In fact, we have derived the CSG defect
theory using two different descriptions. First, we constructed an integrable defect
using the original ‘two field’ description, where on each side of the defect the field
and its dual have to be simultaneously considered. In this description, the defect is
described by one parameter §. We showed that the energy, momentum and charge
of the defect depends on the difference in the dual fields at the defect and that a
positive energy defect can emit a soliton, while a negative energy defect can absorb
a soliton. The difference in the initial and final dual fields at the defect allows for
energy, momentum and charge to be transferred either to or from the defect during
these processes. We found that solitons scatter through the defect experiencing a
time-delay or time-advance, depending on the initial energy of the defect, and a
phase shift.

Using the o formula derived in section 4.4 we re-derived the integrable CSG

defect. This allows us to have to consider only the the 3 > 0 sector fields on each
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side of the defect. The defect is now described by two parameters A and §. The
energy, momentum and charge of the defect now depend on these two parameters
and also the choice of how « is related to A. We showed that there are four defects
with the same energy and momentum but different charge. As in the first description
we found that excited defects can emit a soliton and solitons can be absorbed by
unexcited defects. The transfer of the conserved charges is now described by the
value of cos(a) being different at the beginning and end of the process, this is
explicitly realised by the branch of the square root changing at a point during the
process to keep the evolution of cos(a) smooth. We found that each defect can absorb
or emit one specific soliton, but there are two defects that can absorb or emit the
same soliton. The change in charge during emission and absorption is found to be
symmetric around ) = £7 and a defect never decays into its anti-defect.

We showed that solitons scatter through the defect experiencing a time-delay
and phase shift and that the CSG particle is purely transmitted through the defect.
As in the SG theory we have found that the time-delay for soliton-defect scattering
is exactly half that of soliton-soliton scattering, suggesting that defects may be the
fundamental objects of integrable field theories.

All the results in both descriptions agree with each other. Despite the complexity
of the definition and behaviour of & we find this description better for the CSG
defect. The fact that the defect is described by a rapidity parameter 6 and charge
parameter A which are directly related to the rapidity and charge of the absorbed
or emitted soliton is a nice feature. In the next section we use this description of

the CSG defect to construct a CSG boundary theory by “dressing the boundary”.



Chapter 6

Complex sine-Gordon with

dressed boundary

In this chapter we introduce a new integrable complex sine-Gordon boundary the-
ory, by restricting the bulk theory to the halfline z < 0 and introducing boundary
conditions at z = 0. As throughout this thesis the boundary conditions are con-
structed to maintain the integrability of the theory. As commented on in chapter 3
many different 1+1 dimensional integrable field theories on the halfline have been
studied.

In previous work [47] an integrable complex sine-Gordon boundary theory was

constructed with the Lagrangian

0
L= / dx Lcsg + [2CV1 — uu* ro0 (601)

where the boundary term has no derivative pieces unlike the CSG defect Lagrangian

(5.1.2) introduced in this thesis. The boundary conditions resulting from varying

this action are
Ozu = —Cuv1 — uu*, O;u" = —Cu'vV1 — uu*. (6.0.2)

Soliton solutions in this theory were analysed including the computation of the
soliton-boundary reflection factor. The very specific phenomena exhibited by this
model points towards a more general boundary theory with more generic behaviour.
For example this boundary allows the emission and absorption of only the maxi-

mally charged soliton. Why should one charge of soliton be treated uniquely in this
116
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way? It leads to the question of whether there are integrable boundaries described
by different boundary conditions that allow the emission and absorption of other
charged solitons? This observation about the original boundary theory provides
the motivation to go on and investigate whether more general boundary conditions
exist.

Inspired by the idea [61] that a wider class of boundary conditions can be gener-
ated by placing a defect in front of an existing boundary, in this chapter we construct
new dressed boundary conditions for the CSG model by placing an integrable CSG
defect, using the o description, in front of the most basic integrable boundary,
the Dirichlet boundary. This idea of dressing the boundary is a recent advance,
apart from the work described here the same method has been recently used for the
sinh-Gordon theory [30]. Similar techniques have been used in spin chains [20] and
conformal field theories [21], while the connection between defects and boundaries
has previously been commented on [22].

In the next section we construct the dressed boundary theory, before analysing
the new theory in later sections. A review of the original boundary theory [47] is
not used as a starting point. Instead throughout the chapter the previous results

are shown to be a specific case of the new dressed boundary.

6.1 Constructing the dressed boundary theory

First we recall that one of the simplest integrable boundaries is the Dirichlet bound-
ary which is described by the boundary conditions w = 0, w* = 0. This appears
as the limit C' — oo in the original CSG boundary conditions (6.0.2). To construct
the dressed boundary theory we start with the Dirichlet boundary at z = 0 and
place an integrable defect in front of boundary at z = —§z. Therefore we have two
bulk regions where distinct CSG fields live, one to left of the defect and one between
the boundary and defect. The integrability of the bulk and defect theory allows the
defect to be moved up to the boundary. By taking the limit 6z — 0 we create the
dressed boundary, illustrated in figure 6.1. We are left with the single bulk region
to the left of the dressed boundary.
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DEFECT
THEORY | THEORY Il / DIRICHLET
X < -8x Sx<x<0 " BOUNDARY
CSG CSG v w=0
u w

Fig. 6.1: Dressed boundary model set up.

To formulate the dressed boundary conditions, we substitute the Dirichlet bound-
ary conditions (and dyw = 0, d;w* = 0 since the boundary conditions hold for all

time) into the CSG defect conditions (5.3.4) to give

U — Uy Ll 0
— tw,e’* = -2 Sue® .

— VBSue®,

Uy + Uy ia’ 2\/B ]
—e tw, = —u, 6.1.1
v1—uu* ) ( )

where
in( A
a' = arcsin (_\/sll%—u)u*) : (6.1.2)

Combining these two conditions in a particular linear combination allows us to

eliminate ,w, producing the dressed boundary condition and its complex conjugate

O;u = —duitan(a) + VB (5 + —1-) uv1 — uu*,

cos(a) )
Ozu* = G’ i tan(a’) + VB 5+ ! uV1 — uu*. (6.1.3)
cos(a) ]

The dressed boundary conditions (6.1.3) depend on the two parameters d and A
that appear in the CSG BT. They have first order time derivative terms inherited
from the defect conditions, indicating that the dressed boundary will exhibit more
general properties than the originally studied CSG boundary. The original boundary
conditions appear as a specific case of the dressed boundary conditions when A = 0.

This eliminates the first order time derivative term and the boundary conditions are
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reduced to

Ozu = VB <(5+l)u\/1—uu*,

cos(a®) 8
. _ VP 1\ ., -
out = C—c)sm(é—i-g)u V1 —uur, (6.1.4)

where a® = {0, £7}. This is the boundary condition previously studied (6.0.2) with

i (6 + 1) . (6.1.5)

" cos(a?) 4]

The multi-valued nature of o alters the interpretation a little from the earlier

the identification

analysis and allows easier understanding of the properties of the model, which we
comment on later in the chapter.

From the dressed boundary conditions the aim, in a similar way to the defect
model, is to formulate an expression for the Lagrangian and check that the dressed
boundary conditions derived by this method, placing a defect in front of the Dirichlet
boundary, does produce a theory that is classically integrable. Firstly to formulate

the Lagrangian we hypothesise the general form

L = dz —4fBuu* + [A1 Ou + Ay O™ — Ldb] |x=0 ,

1 — uu*

/0 Oyu Ou™ — O,u O, u*

o0

(6.1.6)

to include the standard bulk piece and boundary terms at £ = 0. The form chosen
is not the most general that can be written down. Using the defect Lagrangian as a
guide, we have restricted the dressed boundary term in the Lagrangian to a dressed
boundary potential term and terms linear in the first time derivative of the fields.
Varying the action produces the CSG equation (4.1.2) in the bulk region z < 0 and

the following conditions on the boundary z = 0

8Iu _ 3[,3 P 8£DB
1 —uuw*  Our “\8(8u*) /)’
Oput  OLp 0Lps
1 —uwuw  Ou % (8(3tu)> ’ (6.1.7)

where

Lpp = A1 0u+ A Qyu™ + La . (618)
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We find the quantities in the Lagrangian

Ls = 2v/8 (6 + %) cos(a’)v1 — uu*,

Al = _ia’v
"LL
Ay = uia (6.1.9)

by comparing the dressed boundary conditions (6.1.3) with the Euler-Lagrange equa-

tions (6.1.7). As with the defect theory the dressed boundary energy

0 8 * A 1*
E, = / dz Oyu Oyu* + O, u O, u + 4B uu”

1 — uur

+ [2\/3 (5 + %) cos(a')\/m}

=0

(6.1.10)
is read directly from the Lagrangian and its conservation §,Ey, = 0 is easily verified.
We formulate the conserved dressed boundary charge

0 *_ *
Qu = i / dp LW —wOu 2],

=-—-00

(6.1.11)

by using the dressed boundary conditions to specify the boundary term needed to
be added to the bulk charge to maintain its conservation in the dressed boundary
theory.

In the dressed boundary theory there is no conserved dressed boundary momen-
tum. This is expected as the dressed boundary breaks the translational invariance,
the symmetry responsible for momentum conservation. This argument also applies
to the defect theory, but the property that the BT and therefore defect conditions are
true for all z means that in the defect theory it is possible to construct a conserved
defect momentum. The lack of conserved momentum does not stop the theory from
being classically integrable. There are infinite number of higher spin energy-like
conserved charges which can be assumed to follow due to the construction of the
dressed boundary, from the constituent integrable boundary and integrable defect.
To support this conjecture in appendix A.2 we explicitly construct the form of the

next energy-like charge and show its conservation.
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There is a connection between the dressed boundary quantities and their defect
counterparts. In fact the dressed boundary Lagrangian and quantities are retrieved
from the defect ones by substituting w = 0, J,w = 0 into the defect quantities.
This indicates that the dressed boundary theory can be constructed directly in the
Lagrangian picture, as an alternative to the process used here where we found the
dressed boundary conditions first and then the Lagrangian. In the work of Bajnok
and Simon [30] they construct the dressed boundary sinh-Gordon theory in the
Lagrangian form.

In this section we have constructed the CSG dressed boundary theory; formu-
lating boundary conditions, the Lagrangian and conserved energy and charge. The
various quantities of the theory have increased complexity over the quantities of
the original CSG boundary theory, due to the presence of time derivative terms in
the boundary conditions and Lagrangian. We have shown that the original theory
is just one specific case of the dressed theory, the case when A = 0. The aim of
producing a more general CSG boundary theory has been achieved. In the next
section we analyse solutions to the dressed boundary theory to investigate whether

the boundary exhibits any new properties.

6.2 Soliton solutions

In this section we investigate the different soliton solutions that solve the field equa-
tions, the equations of motion and dressed boundary conditions. We start by exam-
ining the vacuum of the theory before investigating whether the dressed boundary
can absorb or emit solitons. We go on and ask whether dressed boundary bound
states exist and examine how solitons and particles scatter from the dressed bound-
ary.

The obvious candidate for the vacuum of the dressed boundary theory is when

the bulk fields are in vacuum u = 0. This configuration has energy and charge

E = 28 (5 + %) cos(ag) ,

Q@ = 2a, (6.2.1)

where ap = o/(u = 0). As with the defect theory there is no contribution to the
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energy and charge from the bulk but a non-zero contribution from the boundary.
The contribution at the boundary depends on the two parameters that appear in the
BT and dressed boundary conditions, with an explicit dependence on ap through
which A appears. This oy dependence means that the dressed boundary can have
different values of energy and charge for the same values of § and A. Analogous
to the defect we expect this behaviour to allow the boundary to emit and absorb
solitons. The minimum energy solution for fixed § > 0 is when cos(ap) = —1 with

energy and charge

E = —2\/E<5+%>,

Q = 2m. (6.2.2)

As in the defect theory whether the energy of the dressed boundary is positive or
negative determines its properties. We expect that a boundary with positive energy
to be able to emit a soliton, while a boundary of negative energy to be able to absorb
a soliton. We analyse these scenarios in the next section. From now on we will label
a boundary with negative energy as an unexcited boundary and a boundary with
positive energy an excited boundary.

It is natural to split the excited boundaries into eight types, meaning that there
are eight boundaries with the same positive energy but different charges. As in the
defect theory we need to make a choice on the solution of cos(ay), without loss of
generality we use cos(ag) = cos(A). In fact pairs of the boundaries have the same
charge, but we list them separately as they are described by different § and A. The
excited boundaries listed in table 6.1 have energy E = 2\/3|(6 + }) cos(A)|. For

k4

the specific case where A’ = % and ¢’ = 2 then the eight boundaries have energy

E = # and charge Q € {:i:%”, :t%”}. Similarly we display the eight unexcited
boundaries with energy £ = —2/f3 | (6 + %) cos(A)] in table 6.2. The specific case
when A" = 7 and §' = -2 gives boundaries with F = —%B and @ € {:l:%", i%”}.

6.2.1 Soliton absorption by the boundary

To analyse whether a soliton can be absorbed by the dressed boundary, we solve

the field equations for a right-moving one-soliton solution moving from left infinity
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0< A <Z [A=4A §>1 =8 |Q=—24 € {0, -7}
“I< A <0 |[A=-A 5> 1 §=68 |Q=24 € {r,0}

z A <1 |A=7-A |d<-1 == | Q=2(A-7n) €{-m -2n}
-T< A <-F|A=-m+A"|d< -1 d=-0|1Q=2r-A) €{2n, 7}

< A <i (A=A 0<d<l |6=% |Q=-24 € {0, —7}
-z A <0 |A=-A 0<d<l |[d=3% |Q=24 € {n,0}
7< A <1 |A=71-A |-1<6<0|6=-5|Q=2A4-7) € {-n,-27}
-m< A <-F|A=-7+A | -1<0<0|6=-5|Q=2(r~A) €{2n,7)}

Table 6.1: 8 excited boundaries with the same positive energy.

0< A <% |A=A4 d< -1 =90 | Q=24 € {0, -7}
“I< A <0 |A=-A |6<-1 §=¢8 |Q=24 € {r,0}

z A <7 |A=7n-A"|§>1 60=-0"|Q=2A-7n) €{-n-2r}
— A <—% A=A -7|§>1 6=-¢ QIQ(W—A') G{??T,‘/T}
0< A <% |A=A |-1<6<0|6=2 |Q=-24  €{0,-7)
-z A <0 |A=-A -1<é6<0|d=5 |Q=24 € {n,0}

z A <a |A=71-A|0<0<1 |0=-51Q=2A-7) €{-n,-2n7}
- T< A <-F|A=A-71|0<b6<1 |d=-5|Q=2n-A) €{2m 7}

Table 6.2: 8 unexcited boundaries with the same negative energy.

towards the boundary. As with the defect computations, we have to make a choice on
the initial value of o’. Using cos(a’) = cos(A) at the past temporal infinity without

loss of generality, we find the dressed boundary conditions are satisfied when

5 = € e? a = —A+m,
(6.2.3)
0 = —€ —e a = —A.

Since the boundary conditions can be satisfied in this set up there are boundaries
that do absorb a soliton. This is expected knowing the behaviour of the defect, which
also absorbs solitons and remembering that the dressed boundary is constructed by
placing a defect in front of a Dirichlet boundary. Recall that the defect could only
absorb a right-moving soliton if the defect rapidity was |§| > 1, but a boundary
described by any ¢ can absorb a soliton due to the four separate choices (6.2.3) that

satisfy the boundary conditions.
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Thinking of the dressed boundary as a construction of its constituent defect and
boundary, we can explain these extra absorption processes by noting that there are

two ways that a boundary can absorb a soliton. Figure 6.2(a) shows the soliton

=
(a=-A,e=5) , (a=-A,e=15)
(A,d) (A,d)
(a) (b)

Fig. 6.2: The two methods of soliton absorption by the dressed boundary.

being absorbed directly by the defect and figure 6.2(b) shows the second method
of absorption where the soliton is absorbed after reflecting back from the Dirichlet
boundary. This second method allows boundaries with rapidity |§] < 1 to absorb
solitons, as well as the usual defect absorption by boundaries with rapidity |8 > 1.

We find that each boundary absorbs exactly one soliton but there are four un-
excited boundaries that absorb a soliton of the same energy and charge. In tables
6.3 and 6.4 we show two such boundaries absorbing a charge Qs = %’T soliton with
energy E.; = 5v/B. The other two boundaries that absorb the same soliton are
related by § — % In absorption I we have an unexcited boundary described by
A= %” and 6 = 2 being excited by the absorption of the described soliton and
similarly in II an unexcited boundary with A = ~% and § = —2. Analogous to the

defect case, o’ changes in time allowing the boundary to change energy and charge

which makes this absorption process possible.

6.2.2 Soliton emission by the boundary

We have seen that the dressed boundary can absorb a soliton solution if the initial
energy of the boundary is negative. We now analyse whether the reversal of this
process is possible, i.e. can an excited boundary emit a soliton? To examine whether

the boundary can emit a soliton we solve the field equations for a left-moving soliton,
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Unexcited Boundary I — Excited Boundary I
(A=% §=2) Absorbed Soliton (A'=13%, 6 =2)
a=-A (a=-A+m, e =9§) a=A-n
E=-£ Eg=5VP E'=-E
Qz—%r Qsolz%r le_Qg

Table 6.3: Unexcited boundary | absorbing a soliton with Es,; = 5\/8 and Qo = %”

Unexcited Boundary II — Excited Boundary II
(A=-%,0=-2) Absorbed Soliton (A'=-2, §=-2)
a=-A (a=~A,e = -9) a=A+7
E= -2 Ew =50 E'=-E
Q = 2% Qsol = 2?”' QI = %T

Table 6.4: Unexcited boundary Il absorbing a soliton with Es,; = 5v/8 and Q.o = %’T

once again we make the choice cos(a’) = cos(A) at t — —oo. We find the dressed

boundary conditions are satisfied when

§ = €% ef a =

5 = —é°,

A,
A+,

(6.2.4)

a =

As with the absorption process we explain the property that boundaries of all § € R
can emit a soliton by splitting the emission processes into two types. The soliton
can be emitted, either directly from the defect shown in figure 6.3(a) or emitted
to the right before reflecting back from the Dirichlet boundary illustrated in figure
6.3(b).

Again we find that each boundary emits just one type of soliton but there are
four boundaries that emit a soliton with the same energy and charge. In tables 6.5

and 6.6 we show two boundaries that emit a soliton with energy E, = 51/ and

charge Qso = %’r These two boundaries, excited boundary I described by 4 = 3

and ¢ = 2 and excited boundary II with 4 = —2¢

= and 6 = —2, are joined by two
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(a=A, e®=1/3)

A/ A J

~.

~
(a=A, e’=5) ~

(A, 9 (A, )

(a) (b)

Fig. 6.3: The two methods of soliton emission by the dressed boundary.

other boundaries related by § — % that emit the same soliton.

Excited Boundary I — Unexcited Boundary I
(A=%,6=2) Emitted Soliton (A=% §=2)
a=-A (a= A, el =) a=A-7
E=¥ Esol=5\/_6 E'=-E
Qz_% Qsol:%r QI:_%T

Table 6.5: Excited boundary | emitting a soliton with E;,; = 5/8 and Qg = %”

As with the defect we find that the change in charge during emission and ab-
sorption is once again symmetric around ¢ = +7. For example, during the emission
process described in table 6.6 the charge of the boundary before is Q = %” and after
Q= %", symmetric around @ = +7.

The CSG boundary theory previously studied only allowed the emission and
absorption of the maximally charged soliton, although the authors did not explicitly
state that the boundary could have ) = +27 as well as zero charge. Explicitly the
restriction from the dressed boundary to the theory with no time derivatives in the
boundary term of the Lagrangian is by setting A = 0, which actually amounts to
setting ¢/ = =% = {0, +n}. This restricted theory is different to the one originally

studied, with the conserved charge of this theory having the form

0 *- * V.
QY=Y = z/ dz udu udtu+ [2aA=°]|

— e (6.2.5)
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Excited Boundary II — Unexcited Boundary II
(A=-Z 6=-2) Emitted Soliton (A=-3,0=-2)
a=-A (a=A+m —¢e =) a=A+T7
E=2%8 By =58 E'=-E
Q TW Qsol = 2% QI = 2{

Table 6.6: Excited boundary Il emitting a soliton with Ey; = 5/8 and Qo = %’T

allowing the boundary to have charge @#=° = {0, +27}, not just zero charge. This
theory does permit soliton emission and absorption, with the maximally charged
soliton emitted from the excited defect and absorbed by the unexcited defect.

We have shown that dressed boundary can store both energy and charge and due
to the definition of o’ can transfer the charges to and from soliton solutions allowing
the absorption and emission of solitons. Each excited boundary can emit a soliton
solution, with the soliton charge related to the initial charge of the boundary and

similarly all boundaries with negative energy can absorb a specific soliton.

6.2.3 Dressed boundary bound states

Following on from analysing soliton absorption and emission, we go on a ask whether
there exists any dressed boundary bound states. Mathematically constructed by
solving the boundary conditions with a stationary soliton solution, (4.5.2) with
6 = 0, in the bulk with its position shifted  — z — c. We find that the boundary

conditions are satisfied when

1\ __cos(a)sinh(C)/cos?(A)cosh(C)? — cos?(a) + sin(a)sin(A)cosh(C)?
(6 N 5) =2 cosh(C)? — cos?(a) ’
(6.2.6)

where C' = 2y/fcos(a)c. This constraint is only valid when the argument in the

square root is greater than zero and

% (5 + %) € [min {—cos(A + a),cos(A — a)}, max{—cos(A + a), cos(A — a)}] ,
(6.2.7)
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which implies that ¢ is a pure phase within the range specified. We can solve the

constraint (6.2.6) to find

cos(b) sin(a) — sin(A))
cos(a) sin(b)

tanh(2+/f cos(a)c) = :t( +itan(a), (6.2.8)

with the last two solutions discounted as they infer c is complex. Here we have
defined b through the relation 3(6 + ) = cos(b). There are therefore two positions
where the bound soliton can be placed for the boundary conditions to be satisfied,
and these are related by the parity transformation z — —z. To understand these

solutions, it is useful to rewrite the boundary conditions (6.1.3) in the form

Vcos(A)? —uu* d,u = Bui sin(A) + /8 (5 + %) u(l —wu®). (6.2.9)

Using the expression (6.2.8) for tanh(2y/fB cos(a)c), it is easy to show that

Vcos(A)? —uur = + (cos(b) Si:i(na()b)_ sin(4)) (6.2.10)

and for the boundary condition (6.2.9) to be satisfied, the signs in (6.2.8) and (6.2.10)

must be correlated. Thus the two solutions for the position of the soliton correspond
to different choices of the sign of the square root in the boundary conditions (6.2.9).
The same square root appears in the boundary Lagrangian, and thus the two differ-
ent solutions correspond to bound states of different boundaries. We calculate the
energy and charge of the bound state by substituting the stationary soliton solution
into the total energy (6.1.10) and charge (6.1.11) respectively and simplify using the

two valid solutions for tanh(2/8 cos(a)c) to give

Ef = 4\/E(|cos(a)| + sin(A) sin(b)) ,

Qi = Qoux * 2<b—g> ; (6.2.11)
where .
( 20 — ; 7 <a< 7
T — 2a 0 <a< 3
Qbutk = - (6.2.12)
—2a -7 ; —% <a< 0
\ 2a + 7 ;- <a< —3% J

These dressed boundary bound states include the bound states found in the

original boundary theory, with all the above quantities in the case when A = 0
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agreeing to the previous quantities [47]. The way the charge is written above suggests
that it does not change in the A = 0 limit, this is not the case due to the A

dependence in (6.2.6).

6.2.4 Soliton reflection from the boundary

We continue the analysis of the classical solutions by calculating the classical time-
delay for a soliton reflecting from the dressed boundary. We model the reflection
using a two-soliton solution and demanding it satisfies the boundary conditions. By
specifying that one of the constituent solitons is left-moving and the other right-
moving, the idea is to make the right-moving soliton represent the soliton before
it reflects from the boundary and the left-moving one model the soliton after re-
flection. To ensure that energy and charge conservation are satisfied we make the
parameter choices a; = a; = a and 8; = —f, = 8. These choices mean that the two
solitons involved in the soliton-soliton scattering carry the same charge and equal
and opposite rapidity. Therefore we are modelling the soliton reflection where the
the incoming and outgoing solitons have the same energy and charge.

Substituting the expression for a two-soliton solution (4.5.5), along with the
constituent one-soliton solutions (4.5.2) u;, up with Ny =1, Ny =€/, ¢; =¢, ¢y = d
(we can set N; = 1, since it is only the phase difference between the two solitons
that affects the scattering properties) into the boundary condition creates a long
and complicated expression. To simplify the computation we expand each element
of the boundary condition in a power series for an exponentiated time parameter.
As the boundary conditions hold for all time we can use the individual terms of the
power series to solve for constraint conditions. We solve for (6§ + 67!) and use the
fact that this is real to give two constraints. The first by specifying the imaginary
part of the whole expression vanishes

sinh(6)
cos(a)

i (e%sin(¢ + A) + e sin(¢ — A)) = (e7*sinh(X — iA) — e”sinh(X + i4)) ,

(6.2.13)
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and the remaining real equation

1 sin(a) (€’ sin(¢ + A) — e™?sin(¢ — A))

54+ - —
+ ; cosh(A) + cos(()
_ cosh(6) (e"sinh() + @A) + e~**sinh(\ — i4)) (6.2.14)
cosh(A) + cos(¢) ’ -
where
et = ezﬁcos(a) cosh(ﬁ)(c+d), el = CQiﬂSin(a)Sinh(o)(c+d) e ™. (6215)

We expand the constraint equations and solve for cosh(\), sinh()), cos(¢), sin(¢)

allowing quadratics in cosh(x) in terms of either A or ¢ to be found by eliminating

the other
0 = cosh?(x)+ %h((i; (e cosh(A + @A) + e™* cosh(A — iA)) cosh(x)
2sinh(X) cosh() + e**sinh(A + 234) + e~ %@ sinh(\ — 2iA4)
* 4 sinh(\) -
(6.2.16)
0 = cosh?(x)+ Smg(g (e’ cos(¢ + A) — e™? cos(¢ — A)) cosh(x)
(2 cos(2a)sin(¢) + e sin(¢ + 2A) + e~ sin(¢ — 24))
s . (6.217)

We solve these quadratics for e** and e?< respectively and re-express usin
q p p g

e/\ - 62\/Bcos(a) sinh(0)At= ei( — e—id) e?i\/_sin(a)cosh(G)At, (6218)

as a time-delay

At 1 sinh (5% + 7254) sinh (%X a-4)
= n 4
Bcos(a)sinh(6) | cosh (X + i244) cosh (X atd)
(6.2.19)
and phase shift
] 6+eeeiAeia 1+561A ia 0 ] )
o _ 2\/Bsinh(f+ia)At 29
€ (eeem _— 5eiA> < — 5666111 ) € 4 (6 0)

experienced by the soliton reflecting from the dressed boundary.
Figure 6.4 shows that the time-delay experienced by the reflected soliton is due

to two effects, the standard time-delay from the soliton-soliton scattering and the
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Fig. 6.4: Soliton reflection from dressed the boundary.

position behind the boundary where this scattering takes place. These two effects
both arise because of the mathematical construction used to describe the soliton
scattering from the boundary, in reality the time-delay experienced by the soliton is
due to a non-zero time scattering with the boundary. As with the defect time-delay,
soliton emission and absorption appear as special limits of the soliton-boundary

time-delay.

6.2.5 Particle reflection from the boundary

To complete the analysis of solutions interacting with the boundary we investigate
how the CSG particle interacts with the dressed CSG boundary. First we consider
the reflection from the dressed boundary and then from the dressed boundary bound
state. To calculate the particle reflection matrix, we linearise the dressed boundary

conditions giving

auﬁ—z't-an(A)aue— VB ((5+l>uE = 0,

Oz ot  cos(A) )
ou: ou; VB Iy .
e + 1 tan(A) 3 cos(d) (5 + 3) u;, = 0. (6.2.21)

These linearised equations are then solved with an incoming and outgoing particle
(4.7.1)
Ue = uparticle(g) =+ Rparticle uparticle(_e): (6222)

which gives the particle reflection factor

2 sinh(6 +iA4) + (6 + 1
Rwarticle = . ; 1~ -
2i sinh(f —i4) - (0 + 3)
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We can also obtain this particle reflection factor by taking the a = % limit of the
soliton reflection phase factor (6.2.20).

The calculation to find the particle reflection factor from the dressed boundary
bound state is more involved. First we need the solution for a small perturbation
around a stationary soliton solution (4.7.7). We rewrite the solution for a right-

moving plane wave

GR(SL‘, t) — f(CE) e—?i\/ﬁ(cosh(e) t—sinh(B)x)e4i\/Bsin(a)t + gR(I) e2i\/B(cosh(9)l—sinh(0):z:)

El

(6.2.24)
where
1
@) = R avEes@ )’
on(x) = o+ ertanh(2y/Beos(a) ) + — ;COS(G)I) (6.2.25)
and

2i(eeei“ _ 60 _ ieia _ Z-)(eﬂeia + 60 —4 + ieia,)eia
g = - . :
1 ef(eie — i)2(eie + 4)2 ’
. _ 2 +1)(ef — 1)e* (6.2.26)
2 (e — i)(eie +14) e

Similarly for a left-moving plane wave

EL(CE, t) — f(IL‘) e-—2i\/t_3(cosh(0) t+sinh(8) I)e4i\/Esin(a)t + QL(Z') e’.’i\/ﬁ(cosh(G)H-sinh(B) x) ’
(6.2.27)
where

1
cosh?(2v/B cos(a)z)

By substituting a small perturbation around the stationary soliton into the boundary

gu(z) = ¢ — cytanh(2y/Bcos(a)z) +

(6.2.28)

conditions we find the linearised boundary conditions around the bound state. This
is a differential equation in the linearised bulk solution involving the one-soliton
solution bound to the boundary. The linearised solution to represent a particle

reflecting from the boundary bound state is

E(z,t) =er(z —c,t)+per(z—ct), (6.2.29)
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where c is the position of the bound soliton (6.2.8). p is a constant which can be
found by demanding that the perturbation E(z,t) satisfies the linearised boundary
conditions. By inspecting the z — —oo limit of the resultant plane wave solution,
the classical particle-bound-state reflection factor is identified to be
(€ + ieeit)(eihe? — ieit)(efei® — 4)2
(eibefeid — i) (ieiA + eeb)(ieia + ef)2 |

Ry = (6.2.30)

6.2.6 Descriptions of charged boundaries

We begin our examination of the spectrum of boundaries by comparing the two
descriptions for charged boundaries. For the CSG dressed boundary, both unex-
cited boundary with the properties (6.2.1) and the boundary bound states with the
properties (6.2.11) can carry charge. One idea is that these might provide two alter-
native descriptions for a single tower of charged boundary states. However this turns
out not to be the case. Despite having the freedom to set the charge and energies
to agree, we find that the particle reflection factors do not equate. We conclude
that the unexcited boundary and bound state are not the same object, expect in
particular cases.

For example the unexcited boundary with charge @ is described by the charge
parameter A = —% and if we consider a bound state (using ;. and Q;, (6.2.11))
described by the same A with 0 < a < 7 then the bound state has charge Q when

a = b+ A and the energy
E* = 4/ (cos(b + A) + sin(A) sin(b)) = 4v/Bcos(A) cos(b), (6.2.31)

equals the energy of the unexcited boundary. We find that the particle reflection
factors also agree in this limit. Therefore the bound state and unexcited boundary
are the same object when the charge parameter of the bound soliton is the specific
value a = A+ b. There is a similar limit when using E,_ and Q,, (6.2.11), in this
case to bound state reduces to the unexcited boundary when a = A — b.

To understand these limits we analyse the bound state solutions. We reinterpret
the allowed range of values for cos(b) (6.2.7) as a constraint on the charge parameter
a of the bound soliton. Figure 6.5 illustrates the values of a for two boundaries,

with the dotted line on the figures cos(b) and the two solid curves cos(A — a) and
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—cos(A + a). Classical bound states exist for the values of a when the two curves

(a) (b)

Fig. 6.5: Plots of cos(b), cos(A—a), —cos(A+a),for(a) A=0, b=Z,(b) A= 5. b=

lie either side the dotted line. For both boundaries there are two separate regions,
we concentrate on the region that includes a = 0. Figure 6.5(a) shows that there
exists bound states if —3 < a < % for the boundary described by A = 0, b = 3
Similarly, figure 6.5(b) shows that there exists bound states if —Z + g<a<i+z
for the boundary described by A = £, b = Z. We note that both ranges are between
A+ band A - b, which are precisely the values where the bound state reduces to
the unexcited boundary.

Figure 6.6 shows that for both boundaries on the right end of the region a =
A + b the bound soliton is positioned away at positive infinity ¢ — +oo and at
the left extreme away a = A — b at negative infinity when the plus solution for
tanh(2v/5 cos(a)c) (6.2.8) is used. While figure 6.7 shows that for both boundaries
when a = A + b the bound soliton is positioned away at negative infinity ¢ —» —oo
and when a = A — b positioned at positive infinity when the minus solution for
tanh(2/B cos(a)c) (6.2.8) is used. These figures illustrate that in both charge limits
where the bound state reduces to the unexcited boundary the bound soliton is posi-
tioned at right infinity behind the boundary. As the charge parameter moves away
from the unexcited boundary limit, either decreasing from a = A + b or increasing
from a = A — b, the bound soliton moves from right infinity to left infinity when

it reaches the other end of the range. The soliton being positioned at right infinity
and hidden behind the boundary fits with the fact that the bound state reduces to
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Fig. 6.6: Plots of tanh(2+/B cos(a)c) using plus sign with 3 =1 for (a) A
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the unexcited boundary when the soliton is in this position. In figures 6.8 and 6.9
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Fig. 6.7: Plots of tanh(2/f cos(a)c) using minus sign with 8 = 1 for (a) A

(b)) A=1Z, b=1.
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we graph the energy and charge for the bound states in the range of a where the

constraint is satisfied, using both forms of the energy and charge. They show that

the energy and charge are simply shifted by a constant between the different energy

and charge formulae. In both examples the maximum energy is when a = 0.

To complete the analysis of the classical bound states we examine one further

example with A = 7, b = £. In figure 6.10 the energy and charge are plotted for

the two different energy and charge formulae. We note that in figure 6.10(b) that

as the bound soliton moves out from right infinity, this corresponds to the charge

parameter increasing from A — b, the energy of the bound state decreases. We come
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(a) (b)

Fig. 6.8: Charge (dotted) and energy (solid) of bound states with 5 =1 for A =0, b= 3
using (a) B+, Q* (b) E-, Q"
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Fig. 6.9: Charge (dotted) and energy (solid) of bound states with 3 =1 for A = 5. b=
using (2) B+, Q* (b) B~ Q.

s
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back to this point in the analysis of the quantum theory.

Analysis of the particle reflection factor (6.2.23) shows that it has two poles at

T T
G=A+b-2, A—p-T 2.
A+ 5 b 5 (6.2.32)

which correspond respectively to the field taking the values

- e—Qiﬂsin(A—b)t 62\/Bcos(A—b)z’ e—‘.?i\/—sin(A-H:)t 82\/Bcos(A+b)z . (6233)

These suggest the existence of bound states when the bound soliton has either charge
parameter a = A+ b or a = A —b. This is in agreement with what we discovered
when considering the bound states with the soliton hidden far behind the boundary

at right infinity.
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Fig. 6.10: Charge (dotted) and energy (solid) of bound states with 3 = 1 for A = T b=
using (a) ET,Q* (b) E-,Q~
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The bound states found here are an extra solution not found in the defect theory.
In the defect theory it is possible to satisfy the defect conditions with a stationary
soliton on each side of the defect, but there is no constraint on the positions of the
solitons. It exhibits zero mode type behaviour and the solitons are not bound to the
defect. In the introduction we commented that the ShG boundary admits breather
bound state solutions. They are similar to the CSG bound states found here in
that they are both time dependent solutions, due to the nature of the ShG breather

solution and the rotating phase in the CSG soliton solution.

6.2.7 Dressed boundary consistency check

In this section we check the consistency of the soliton time-delay when reflecting from
the dressed boundary in relation to the soliton-defect time-delay and reflection time-
delay from the Dirichlet boundary. Figure 6.11 shows the check in diagrammatic
form.

We find that the following relations do hold

ADB = AtL'i—ADir +At12, eid’DB = €i¢L€i¢Dir€i¢R s RDB = TL RDir TR, (6234)

leaving the details to appendix B.3. Therefore the quantities that describe the

classical scattering with defect and boundary are consistent. In appendix B.4 we
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Fig. 6.11: Soliton or particle reflection from the dressed boundary.

show the consistency of the classical soliton-soliton and soliton-boundary scattering

properties, by examining explicitly a decay and absorption process.

6.3 Summary

This concludes the classical analysis of the CSG dressed boundary theory. We have
shown that it is possible to construct a classically integrable boundary theory by
dressing a Dirichlet boundary with the CSG defect. The boundary produced takes
a more general form to the CSG boundary theory studied previously.

We have constructed a boundary theory described by a Lagrangian with two
types of boundary terms. The terms linear in the time derivatives of the fields lead
to more interesting properties over the original boundary. The dressed boundary
can store the Noether charge of the CSG theory and due to the definition of o’ this
charge can be transferred to and from the boundary. This property allows every
boundary to be able to absorb or emit a soliton with charge related to the charge
of the boundary. As with the defect the energy of boundary determines whether it
is excited or not and therefore whether it can absorb or emit a soliton.

We have shown the existence of a boundary bound state where a stationary soli-
ton solution is bound to the boundary. The two descriptions of charged boundaries,
namely the unexcited boundary and the boundary bound state, have been shown to
be distinct apart from specific choices of the parameters. Depending on the branch

of the solution to cos(a) used in the boundary conditions the bound state limits
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to the unexcited boundary with either a = A + b or a = A — b and the soliton
positioned at right infinity. For particular examples we illustrated how the energy
and the charge of the bound states varies as the value of a changes across the al-
lowed range. These bound states play an important role in the determination of the
quantum reflection matrices in the next chapter. Solitons that are not absorbed by
the boundary are found to be reflected experiencing a time-delay and phase shift.
This is similar to the behaviour of a CSG soliton scattering through the CSG defect.
The CSG particle also reflects from the boundary and we calculated the reflection
factor from the bare boundary and also from the boundary bound state.

In the next section we build on the classical properties of the dressed boundary
theory presented here to explore the quantum theory and ultimately conjecture a

quantum reflection matrix.



Chapter 7

Quantum complex sine-Gordon

theory

The previous chapters have given a thorough analysis of the classical CSG theory,
from the original bulk theory to the newly presented CSG with defect and dressed
boundary. In this chapter we move away from the classical theory, first providing
a review of quantum aspects of the CSG theory. We go on to semi-classically anal-
yse the quantum spectrum of dressed boundary bound states, before conjecturing a
fully quantum reflection matrix. The bootstrap method is used to generate quan-
tum reflection matrices to describe any charged soliton reflecting from any excited
boundary. A preliminary physical pole analysis is performed, with their existence
explained by the formation of bound states or Coleman-Thun processes. This builds
on [48] where the quantum reflection matrix for the originally studied CSG boundary

was conjectured. We start with a review on general S-matrix theory.

7.1 Quantum S-matrix theory review

In 141 dimensions the scattering in the theory is totally determined once the S-
matrix governing the 2 — 2 scattering is known, illustrated in figure 7.1 [10]. The
S-matrix is constrained by various algebraic relations. One such relation is the Yang-
Baxter relation (1.0.1), however in the CSG theory where the scattering is diagonal

this relation is trivially satisfied. The following discussion is restricted to theories

140
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Fig. 7.1: The 2 — 2 scattering matrix.

where the scattering is diagonal. In these theories the S-matrix is constrained by

the following relations
e real analyticity: S(6) real for purely imaginary 6
e unitarity: S;;(6) Si;(—0) =1
e crossing: S;;(0) = S;;(im - 6).

If there exists a bound state k& formed by particles of type ¢ and j fusing at specific
relative rapidities as shown in figure 7.2(a), then the S-matrices satisfy the bulk

bootstrap equation (see figure 7.2(b))

(a) (b)

Fig. 7.2: Formation of a bound state and the bulk bootstrap relation.

Slk(H) = S[i(9 - ZL/)-L) Sl]'(a + Z’l,/)J) - (711)
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When the theory has a boundary the scattering of a particle with the boundary
is governed by the reflection matrix R, illustrated in figure 7.3. We again restrict the
discussion to diagonal scattering which means the boundary Yang-Baxter equation

is trivially satisfied. Similarly to the S-matrix, the R-matrix is constrained by the

RiN(e)

Fig. 7.3: The reflection matrix.

following relations [4]
e real analyticity: R(#) real for purely imaginary 4
e unitarity: R;(6) R;(—6) =1
e crossing: R;(§ — Z) R;(6 + ) S;(20) = 1

and the boundary bootstrap relation, shown in figure 7.4,

Fig. 7.4: The boundary bootstrap relation.
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Rin(6) = Rjn(0 + db;) Si;(26) Rin (0 — 1v;) . (7.1.2)

If there exists boundary bound states formed by a particle fusing with a boundary at
a specific rapidity as illustrated in figure 7.5(a), then the scattering from the bound

state is given by the reflection bootstrap equation
Rina (0) = Si(0 — itban) Rien (0) Sin(6 + ihin) (7.1.3)

illustrated in 7.5(b). When we conjecture the reflection matrix for a charge Q = +1

wiN ‘/
i

(a) (b)

Fig. 7.5: Formation of a boundary bound state and the boundary reflection bootstrap

relation.

CSG particle from a charged unexcited boundary, we check that they satisfy these
constraints and use the bootstrap relations to generate the reflection matrices for

any charged CSG particle from any charged excited boundary.

7.2 Quantum CSG bulk theory

We return to the CSG theory by reviewing quantum aspects of the bulk theory.
The quantised bulk theory was first considered by Maillet and de Vega [44], with
the results reviewed and expanded on by Dorey and Hollowood [46] to the point
where they conjecture a S-matrix to describe the quantum scattering of charged
solitons in CSG theory. The next section deals with the semi-classical results, with

the S-matrix introduced in the following section.



7.2. Quantum CSG bulk theory 144

7.2.1 Semi-classical quantisation

To begin the discussion a few properties of the CSG soliton (4.5.2) are noted. As
already commented on the CSG soliton rotates in the internal U(1) space with the

constant angular velocity w = 2y/fsin(a). We re-express the energy

E(w) = %B 1 - gcosh(O) = E(O)‘ [1— Z)—;, (7.2.1)

Q(w) = % arccos <23§> , (7.2.2)

of the soliton in terms of its angular velocity, where X is the coupling constant which

and charge

was set equal to one in the previous work on the classical theory (see equation
(4.1.1)). These expressions highlight the unusual property that the energy and
charge of the soliton decreases as the angular velocity in the internal space increases.
The limit of this property is when the angular velocity reaches its maximum w =
2v/B, where the energy and charge vanish but also in this limit the soliton is damped
to zero by the cos(a) factor. Due to the periodic time-dependent nature of the

stationary soliton solution

Cos(a)e’zi\/ﬁsin(a)t

stat  — . 7.2.3
H1=sol cosh(2v/Bcos(a)z)’ ( )

the Bohr-Sommerfeld quantisation (B-S) condition
S[u] + Elu]r = 27n, (7.2.4)

can be applied [62,63]. Where n € Z, S is the action functional, E the energy and
T = %’ the period of the solution u. Using the explicit form of the stationary soliton
(7.2.3) the left hand side of the B-S condition becomes
0 .
80sin’(a) \/B+n(a) /_oo dz l—fuu?’ (7.2.5)
which is proportional to the charge of the stationary soliton (4.2) and the B-S
condition reduces to

27Q =2mn. (7.2.6)

Hence the charge is restricted to integer values @ = +1, £2,...,+N = £[%]. The

classical charge formula, illustrated in figure 4.2, shows the multi-valued nature of
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the charge when a = 0. Dorey and Hollowood [46] resolve this issue by stating that

the charge should be identified mod 2/N. More generally only specific values of the

in

coupling constant should be considered A% = =

where k € Z > 1 and the charge is

now identified mod k. The spectrum of the charge becomes

k

Q 0, £1, £2,..., i—z- k even,
1

k —
Q = 0, %1, £2.., x—— £ odd. (7.2.7)

If k is even then the solitons with charge Q = :}:g are identified, but if & is odd then
no solitons are identified. However when incrementing up from Q = +1 in single
units of charge the step from Q = % leads to Q = —%, from where it continues
up to the @ = —1. Figure 7.6(a) shows the case when k is even and figure 7.6(b)
when k is odd. These two cases illustrate why the coupling constant \ is restricted

in the way it is.

QA QA
kize .Q=+N k/2 'O_~Q=+N
‘e Qatiz . Qa‘iz
[ ] = [ =
/2 . Q=+1 U2 o Q=+1
. 2 a . w2 a
° ()
® [ ]
|
.!-kfz * k2
(a) k even (b) k odd

Fig. 7.6: The quantisation of the charge of a CSG soliton.

The quantisation of the charge can be equivalently described as the quantisation

of the soliton charge parameter

T

=— - 7.2.8

“T2T % (7.2.8)

where n is the charge of the soliton. This gives the semi-classical energy spectrum

of the stationary soliton with the charge n soliton having the energy

2VBk sin (mr) )

m

E, =

: (7.2.9)
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Maillet and de Vega [44] computed the one-loop corrections to this energy spectrum.
They found these corrections were obtained by a renormalisation of the coupling

constant
9 4 \?

/\2—>/\R=m, k—*kR:k—l (7210)

7.2.2 Quantum CSG S-matrix

In this section we review the conjectured exact form for the CSG S-matrix by Dorey
and Hollowood [46]. From this point the coupling constant k will be taken as the
renormalised version kr. The S-matrix to describe the scattering of two charged

solitons is presented to be

2

Q2-1
SQI-,QZ (9) = FQl—Qz(e) H FQ1+Q2—2n(9) FQ1+Q2 (9) ) (7.2.11)
n=1
where ,
inh (£ + 722
£ (6) = 220 G +i5) (7212)

~ sinh (g - z%) '
It is constructed from products of F factors so it automatically satisfies the unitarity
F,(0) F>(—0) = 1 and analyticity constraints. Each of the F factors has a pole at
6 = ¢«7F. This S-matrix is the minimal choice which has the correct pole structure,
explicitly poles are expected at the rapidities where the scattering solitons form
bound states. Charge conservation suggests that two solitons with charge Q; and
Q2 bind to form solitons with charge Q; + Q- in the forward and crossed channels
respectively. Other poles are expected to coincide with processes introduced by
Coleman and Thun [64].

CSG solitons only form bound states when they have very specific relative ra-
pidity. For example, two charge @) = +1 solitons bind together to form a charge
() = +2 soliton when they have the relative rapidity an Figure 7.7(a) shows two
such @ = +1 solitons with rapidities i%’ joining to become a stationary Q = +2
soliton. In this figure and all the ones to follow time flows up the diagram. We
substitute the required charge parameters into the energy formula for the soliton,
T _ 2n

namely a = 7 — 7 for the charge @ = +1 solitons and a = Z — 2% for the charge
2 Tk 8 2 T %

(@ = +2 soliton and use the double angle formula to show that energy is conserved
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Q=+2 Q=n+m
6=0 ’ 6=0

. \

J\ \,

/ \\ /\'\
Q=+n
Q=+1 A % Q=1 0 = min/k ‘ Q=+m
in/k N, 8 =-ink \ 6 = -nin/k

Fig. 7.7: The fusing of (a) two @ = +1 solitons, (b) a Q = +n and Q = +m soliton.

for these rapidities

8/ cos <g - %) <cosh (T) + cosh ( )) = 8y/Bcos (— - T) cosh(0) .

(7.2.13)
Similarly as shown in figure 7.7(b), two solitons of charge ) = +n and Q = +m fuse
to form a bound state of charge Q = n+m at the relative rapidity M Note that
the relative rapidity is always imaginary and in the physical strip 0 < Im(f) < =.
The rapidities of the scattering solitons can be given non-zero real parts, but they
must be equal. For example two @ = +1 solitons with rapidities ¥ + % fuse to form
charge @ = +2 soliton travelling with real rapidity .
The S-matrix (7.2.11) describing the scattering of two charge Q = +1 solitons is

511(0) = Fo(0) F>(8) = F»(6). (7.2.14)

The Fy(6) factor has a pole at § = ZT which corresponds to the formation of a
charge ) = +2 soliton in the forward channel, illustrated in Figure 7.8(a). Similarly

the scattering of charge @ = +1 and @ = +n soliton is governed by the S-matrix
Sn1(0) = Fro1(0) Fopi(6), (7.2.15)

where both of the F factors have poles which correspond to the formation of bound
states. As before in the forward channel process, illustrated in figure 7.8(b) and also

in the cross channel shown in figure 7.8(c).
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. n-1 ‘
'2 n+l —_—

Q=+1 Q=+|;;" .

Q=+1 Q=+1 Q=+1 ©Q=+n

(a) (b) (c)

Fig. 7.8: Formation of (a) Q@ = 42 soliton in forward channel, (b) @ = n + 1 soliton in

forward channel, (c) @ = n — 1 soliton in cross channel.

The general S-matrix governing the scattering between two solitons of charge
Q = Q1 and Q = Q> , where Q; > Q,, has simple poles in the forward and cross

channels, shows in figures 7.9(a) and 7.9(b) and extra double poles due to Coleman-

Q, Q, Q, Q,
Q, Q, .
Q,+Q, % R
| '{ n Q T~
Q, Q, '
Q, Q, Q, dl'

Fig. 7.9: Formation of (a) Q = Q1 + Q2 soliton in forward channel, (b) Q@ = Q, — Q,
soliton in cross channel, (c) Process with intermediate states of charge Q, —n and

Q2 — n, which results in a double pole due to the two on-shell internal loops.

Thun processes illustrated in figure 7.9(c). There are @, — 1 such processes as the
stationary intermediate soliton can have charge @ = n =1 — @, — 1. In two-
dimensions these processes result in double poles due to the two on-shell internal
loops.

This concludes the review of the quantum CSG theory in the bulk, we use the
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techniques and some of the results in the following sections to assist in the investi-

gation into quantum aspects of the CSG dressed boundary theory.

7.3 Quantum CSG dressed boundary

We start this section by applying a semi-classical method on the bound state to
investigate the spectrum of boundaries. The classical bound state solution is periodic
therefore, as for the periodic soliton solution, the Bohr-Sommerfeld quantisation
condition (7.2.4) can be applied. Using the form of the dressed boundary action
(6.1.6) and energy (6.1.10) the left hand side of the B-S condition becomes

S+Er / dt / 2 a‘“ O\ 1 Ay + A B

1 — uu*

- (731)

The computation on the bulk part of this expression works in identical fashion to

the calculation for the soliton solution. The boundary term becomes

/ dt 4/Bsin(a)a’ = 4ma’ (7.3.2)
t=

using that the period is 7 = \/H+n(a) and that o/ has no time-dependence when u is
the stationary soliton solution. As for the bulk piece we find this boundary term to
be equal to 27 times the boundary term of the charge. Therefore the B-S condition

for the dressed boundary bound state becomes
Sei[ua] + Eulua)m = 27Qys = 271, (7.3.3)

implying that the charge of the bound states is quantised Qs = n. We recall that
there are two formulae for the energy and charge of the bound states (6.2.11), in
this initial analysis we use E; and Q. which limits to the unexcited boundary
when a = A +b. We can reinterpret this quantisation of the bound state charge
as a quantisation condition on the charge parameter a of the bound soliton, when
cos(a) > 0

=b—- —, 7.3.4
a= - (7.3.4)
giving an approximation to the energy spectrum
5 2
gr= BV ( (b - %) + sin(A) sin(b)) . (7.3.5)

T
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The energy difference between consecutive states becomes

k 2 2

ElX -El= ﬁ cos | b— n+ 1)) _ cos (b— 2 \ (7.3.6)
s k k

which we rewrite as

~Ef = %cos (f - Z) cos (f(zn +1)+ = — b) . (7.3.7)

+
E 2k k 2

n+1

We note that this the same as the energy formula for a charge Q = +1 soliton

2k
Eu(Q = +1) = ;/'Bcos G - %) cosh(6) , (7.3.8)
with the imaginary rapidity
=i (b ~ %(zn +1) - g) . (7.3.9)

This suggests that the charge Qy; = n+1 bound state can be generated by a Q = +1
soliton fusing with the charge Qs = n bound state at this specific rapidity. This
semi-classical energy difference agrees with the classical energy curves in figures
6.8(a), 6.9(a), 6.10(a), where the energy increases as the charge increases with a
decreasing from A + b.

In section 6.2.6 we found that the unexcited boundary of Q@ = +N appears as
the limit of the bound state where the bound soliton is pushed away to right infinity
and has the charge parameter a = A + b. The unexcited boundary is described by
the charge parameter A = —QNT” and since the bound state charge is quantised and
the unexcited boundary can be thought of as a bound state, a quantisation condition
on A is implied. Therefore the unexcited boundaries can have charge Q = N € Z
where -’2—" < NK § For the analysis to come, we denote an unexcited boundary
with charge Q = N as N(0).

Since the unexcited boundary can be described as a particular limit of the
bound state, the energy difference formula (7.3.6) should hold between the unex-
cited boundary and the first excited bound state. This first step from the unexcited
boundary is a step up the energy curve from the right hand edge of the allowed
classical region, see figure 6.8(a) for an example. We denote the first excited state

above a ) = N unexcited boundary as N(1), similarly N(m) for the m* excited.
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We consider the process where a charge @ = +1 soliton fuses with an unexcited
boundary of charge @ = +N to form the first excited bound state with charge
@ = N + 1. The process is shown in figure 7.10(a). A soliton with charge Q = +1

N(1) N(n)
Q=N+1 Q=N+n
R P “ % lo=en
=+ =+
=+1 =
Q= N(0) Q=+n N(0)

(a) (b)

Fig. 7.10: (a) Charge Q = +1 soliton fusing to charge @ = +N boundary, (b) Charge
Q = +n soliton fusing to charge Q = +N boundary.

is described by asq = 7 — T and therefore has energy

2k\/B

m

cosh(#) sin (%) : (7.3.10)

Esol =

The charge Q = + N unexcited boundary has energy

E = @cos(b) cos (?) : (7.3.11)

while the bound state with charge @ = N + 1 implies that the bound soliton is

described by
27

and the bound state has the energy
27

E} = M (cos <b - Tr(l + N)) + sin(A) sin(b)) : (7.3.13)
o 3

This fusion process is set up so that charge conservation is automatically satisfied,

while energy conservation requires the fusing soliton to have the rapidity

0= (b _ %(1 +ON) - g) . (7.3.14)
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This fusing rapidity agrees with the rapidity from the semi-classical energy difference
(7.3.9) with n = N. The fusion of a charge Q = +1 soliton then has the effect of

shifting the charge parameter of the stationary soliton in the bound state from

27
a0=b+A—>a1=ao—%. (7.3.15)

The quantisation of the bound soliton’s charge parameter (7.3.4) shows that this
sequence continues with a,4; = a, — 27” The semi-classical energy spectrum suggests
that the fusion process can be repeated. Namely a Q = +1 soliton can fuse with

the first excited boundary with charge @ = N + 1 at the rapidity
: ™ T
0—z(b—z(3+2N) - 5) . (7.3.16)

Continuing the process a @ = +1 soliton can fuse with the m** excited boundary

with charge Q = N + m at the rapidity
. ™ ™ -
=z(b—E(1+2m+2N)—§), (7.3.17)

to form a higher bound state with charge @ = N + m + 1.

As a generalisation to the process in figure 7.10(a), the fusion of a charge Q = n
can be considered shown in figure 7.10(b). We find that the rapidity at which this
process occurs is

9=i(b—%(n+2N)——§> , (7.3.18)

resulting in the same excited boundary than if n Q = +1 solitons had been consec-
utively fused, or in fact any combination of solitons whose charge sum to n. The
analysis of these fusion processes show that when using E;", @} the fusion of a
soliton steps the bound soliton charge parameter a down from a = A + b in quan-
tum steps and the energy and charge of the bound states increase up the curves
illustrated in figures 6.8(a), 6.9(a), 6.10(a). Closer inspection shows that the energy
only increases up to a = 0, we come back to this point later in the chapter.
Similarly we can repeat the analysis using E,_, @Q;. (6.2.11), starting by applying
the B-S condition to the charge formula @, which implies the quantisation condition

on a, for cos(a) > 0

a=-b- 2" (7.3.19)
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giving the energy of the charge n state to be

E- = %B <cos <b + 2”—"') _ sin(A) sin(b)) (7.3.20)

n A

and the semi-classical energy difference

i - S (a2 1,2

s
- (3 5)s

0s (%(Zn — 1)+ % + b) . (7.3.21)

which corresponds to the negative of the energy of a @ = +1 soliton with rapidity

9=z’(%(2n— 1)+g+b) . (7.3.22)

For this choice of energy and charge formulae the bound state reduces to the un-
excited boundary when a = A — b, which is at the left hand edge of the allowed
classical region. Therefore to step into the allowed region the charge parameter has
to increase and this coincides with a decrease in the charge, shown in figures 6.8(b),
6.9(b), 6.10(b), the energy can increase or decrease.

For a choice of parameters (A, b) such as in figure 6.10(b), increasing the value
ofafrom A—bto A—b+ QT” decreases the charge and energy of the boundary state
whilst moving the bound soliton away from right infinity. This can be interpreted as
the emission of a charge @ = +1 soliton (or particle) from the unexcited boundary
at rapidity given by (7.3.22). This is illustrated in figure 7.3. This process is also
possible for higher charged solitons at the rapidity

9=1i (%(2N —n)+ g + b) . (7.3.23)

This behaviour is the opposite the the fusion processes described earlier, the dif-
ference is due to the bound state charge increasing when a decreases from A + b
and decreasing when a increases from A — b. In the next section we use the semi-
classical energy spectrum (7.3.6) and fusing angles (7.3.17) to help determine the

fully quantum reflection matrices.

7.3.1 Dressed boundary bootstrap

The procedure to generate quantum reflection matrices for charged CSG solitons

from the dressed boundary is to first conjecture the reflection matrix for the charge
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N(-1) N(-n)
Q=+1 Q=N-1 Q:+h Q=N-n
8
Q=+N Q=+N
N(0) ’ N(0)

(a) (b)

Fig. 7.11: (a) Charge Q = +1 soliton emitting from charge Q = +N boundary, (b) Charge
@ = +n soliton emitting from charge Q = +N boundary.

@ = +1 soliton or particle from a charge Q = +N unexcited boundary. From this
reflection matrix we use the reflection bootstrap and boundary bootstrap procedures
to generate the general quantum reflection matrix for a charge Q = +n soliton from
an excited charge ) = N +m boundary [4,65,66). We make various checks to ensure
that the original conjecture makes sense.

As in the previous work on the quantum CSG boundary theory [48], which covers
the subsection of dressed boundaries with A = 0, it is assumed that the reflection
matrices are constructed out of F factors (7.2.12). The CSG S-matrix (7.2.11) is
defined as a product of these F' factors and since the boundary Yang-Baxter equation
relates the reflection matrices and the S-matrix this assumption has foundation.
Since we generate the reflection matrices from F factors they automatically satisfy
analyticity, unitarity and 27¢ periodicity constraints.

The CSG S-matrix is identically the minimal a,_; S-matrix which is recovered
from the afcl_)] Affine Toda field theory (ATFT) when the parts with the coupling
constant are omitted. Therefore as in the previous work on the CSG boundary
theory we use the terms of the reflection matrix of the afcl_)l ATFT [67,68], which do
not include the coupling constant, as a starting point for the CSG dressed boundary
reflection matrix. Using the block notation (z) = F;(8) the terms in the charge

@ = +n soliton reflection matrix are
R = [[(c = 1)(c - k). (7.3.24)

c=1
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The matrix for the reflection of a charge @ = +1 soliton from a charge Q = +N
unexcited dressed boundary, which we denote by Riv(o), should therefore include
the factor (1 — k). This cannot be the whole expression as it does not contain a
factor that corresponds to the known formation of a bound state discussed in the
previous section, where a charge ) = +1 soliton fuses with an unexcited boundary
of charge @ = +N. This process occurs when the incoming soliton has the rapidity
§ = (142N — B) where B = £ _ k. This fusion process indicates the need for
block factor (1 + 2N — B) in the minimal choice for RN(O)

Delius and Gandenberger [68] showed that when block factors appear in the
pairs (z)(k —z) then the bootstrap is guaranteed to close. In the previous work [48]
charge conjugation invariance, i.e. R? = R®, was needed. However, in the case of the
charged dressed boundary we do not expect invariance under charge conjugation.
It is therefore not required for the reflection matrix to have its F' factors appear
in these pairs. In fact they cannot appear in this way for the charge conjugation
symmetry to be broken.

The way forward in this case is to assume that a similar factor to (k—1—2N + B)
does accompany (1 + 2N — B) in R{V(O) and to find the correct factor we check that
the classical limit £ — oo is correct, by examining the classical reflection factors for
a particle and anti-particle reflecting from the dressed boundary

deth — je?

)
detdel — )’

)

)

prarticle =

detdel + 4
deb — jeiA

(7.3.25)

Ranti —particle

These formulae differ from the ones presented in section 6.2.5 due to a difference in
the prescription in the signs of £ and w. We note that in the A = 0 limit Rparticte =
Ranti—particte; which confirms the charge conjugation symmetry in this case. Similarly

the particle reflection factor from the bound state with these prescriptions is

R _ (1 + ielbe”‘ea)( ze"’eg)( — i60)2 (7 3 26)
particle — (eibeiA —_ 269)(23“‘39 —+ eib)(ze“’e" + 1)2 - -

We find that a conjecture for R;V(O) which has the correct classical limit and includes
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the pole that corresponds to the known bound state is

RY®6) = RY™°(1+2N - B)(k+ B —1+2N)
= (1-k)(1+2N-B)(k+B—-1+2N). (7.3.27)

7.3.2 Reflection bootstrap

We use the reflection bootstrap mechanism from Riv(o) to generate the reflection
matrices for higher charged solitons reflecting from the unexcited boundary, denoted
by RY©_ The reflection bootstrap uses the integrability of the model to equate the
fusion of two solitons before and after reflection from the boundary. It allows the
reflection matrix for the higher charged soliton to be calculated from known lower
charge soliton reflection matrices and S-matrices. We illustrate the first step in

the reflection bootstrap procedure in figure 7.12, which gives the relation between

R, (8+ in/K)

| R, (8- infk)

Fig. 7.12: Reflection bootstrap for two Q = +1 solitons fusing into a Q = +2 soliton.

a charge Q = +2 and charge @ = +1 CSG soliton reflecting from the unexcited

boundary

. -
RY©(9) = RO (9 - %) RY® (9 + %) S11(26) . (7.3.28)
It uses the property illustrated in figure 7.7(a) that the two Q = +1 solitons fuse at
the relative imaginary rapidity 2—? Explicitly writing the F factors that appear in

the two Riv(o)

F (9—7;1) _ sinh (3+ %(I - 1)) F (9+£) _ sinh (¢ + ;—’;(14- 1)).
k sinh (§ — Z(z+1)) k sinh (g—%(z_g))' |
7.3.29
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shows that we can combine them using

F, (9 _ z%) F (e + z%) = Fo1(6) Fx_1(6). (7.3.30)

Along with the form of the S-matrix
S1,1(20) = Fy(20) F»(20) = —(1)(1 — k), (7.3.31)
this gives

RY®(8) = (1 - k)(1)(2 - k)(2+ 2N — B)(2N - B)(k+ B+ 2N)(k + B — 2 + 2N).
(7.3.32)

It is noticed the base factor R3*® appears, allowing it to be rewritten as

1
Ry (6) = RP=J](2N - B+2j)(k+ B+ 2N - 2;). (7.3.33)

Jj=0
To find the reflection factors for higher charged solitons we use the fusion process
between higher charged solitons and a charge @ = +1 soliton. For example for the
next step to generate Rév © we use the fusion process between a charge Q = +1 and

@ = +2 soliton, illustrated in figure 7.13. This gives the relation

S _(26+in/k) ,
12 32| R, (8+ 2in/k)
3 |rRO = 7

1// /

/

| R,(6- in/k)

Fig. 7.13: Reflection bootstrap for a Q = +1 and Q = +2 soliton fusing into a Q = +3

soliton.
9 ., .
RY©(g) = RNO (9 + %”) RY© (9 - %) Sia (29 + %) . (7.3.34)
To find the explicit form of Rév © (6) we use the reflection bootstrap iteratively,

namely we use the equation for Rév ©

. . 2'/ 2.1
RNO (9 _ %) _ RN <9_ %> RY® (9) 5, (29_ ZT> (7.3.35)
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1~ | S (y-8+ink)

2

—_—
/ = 4

/ S, ,(y-6-in/k) J |
1

Fig. 7.14: Bulk bootstrap relation allowing the S-matrix between charge Q = +1 and

Q = +2 solitons to be related to the S-matrix between two Q = +1 solitons.

and the bulk bootstrap relation, shown in figure 7.14, which gives the relation

. ”
Sia (29 + %’r) = S, (29 + %) Si1(26) . (7.3.36)

We simplify the block factors that appear in Rfl(o) (0 — QZT”) Riv(o) (0 + '_th) using
2m 2m
FI (9 - 'LT) Fz <9 +'L?) = FI+2(0) FI_Q(G), (7337)

to give the form of R} (O)(H)

2
RyO0)=Ry*>J[eN-B+2—1)(k+ B+2N—-2j+1). (7.3.38)
3=0

We continue this procedure to generate the reflection matrix for a charge Q = +n

soliton reflecting from an unexcited boundary with charge Q = +N

n—1
RYO0) = R [[(2N - B+2j+2-n)(k+B+2N -2 —2+mn). (7.3.39)

3=0

We check that the bootstrap closes, namely that
RY6) = RY(8). (7.3.40)

This equation is true only for k even, so we shall restrict ourselves to these values

of k. Also as expected, the charge conjugation symmetry is broken

RYD@) =(1-k)(-2N+B—-k—-1)(1-2N-B)=R"9(9).  (7.3.41)
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In the classical limit this agrees with the reflection factor for the anti-particle (7.3.25)

and along with R{V(o) satisfies the crossing relation which we can rewrite as

We leave the details of these checks to appendix C.

7.3.3 Boundary bootstrap

Using the reflection bootstrap we have constructed the quantum reflection matrices
for any charged soliton from the unexcited boundary. Now using the boundary boot-
strap mechanism we generate the reflection matrices which describe the reflection
from excited boundaries. The first step of this process is illustrated in figure 7.15,

which gives the relation between a charge @ = +1 CSG soliton reflecting from the

\\\\
= L
elN(O.l).
\ -
~— R N(O)(e) 0 N(0,1)
1/ ! 1

Fig. 7.15: Boundary bootstrap giving a relation for the reflection factor from the first excited

boundary.

unexcited boundary and the charge @ = +1 soliton reflecting from the first excited

bound state. Namely

S11(8 - 07O RYO(9) S, 1(6 + 6V OV) = RNW (g) | (7.3.43)
where
prON %(1 +2N - B), (7.3.44)

is the imaginary rapidity at which a charge Q = +1 soliton fuses with an unexcited

boundary of charge @ = +N (7.3.14). Noticing that the product of S-matrices can
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be simplified
Sy (9 + %w) Sy <9 - %@/)) = 2+¥)2-1), (7.3.45)
then the reflection matrix from the excited boundary is
RYW(@) = (1-k)(1-2N+B)(k+B—1+2N)(1+2N — B)(3+2N — B). (7.3.46)

In the classical limit this agrees with the particle reflection factor from the bound
state (6.2.30). In R{V(l) there is a new pole which appears in the similar factor
(3+ 2N — B) at

oN 2 %(3 +2N - B)

this agrees with the rapidity required for the next bound state to be formed (7.3.16)

(7.3.47)

3

and therefore we can use this pole to repeat the boundary bootstrap process, illus-

trated in figure 7.16. This gives the relation

e L
8 N12)
\\\\\
B = Rl"'(l)(e) 8,Nw2)

1
-
1

Fig. 7.16: Boundary bootstrap giving a relation for the reflection factor from the second

excited boundary.

S11(6 — 6D RNV () 5, ,(0 + 670Dy = RN?(g) (7.3.48)

which can be solved for the quantum reflection matrix for the Q = +1 soliton from

the second excited bound state
RYP(0) = (1—k)(1-2N+B)(k+B—14+2N)(3+2N — B)(5+2N — B). (7.3.49)

This again has a new pole, this time in the factor (5+ 2N — B), which again agrees

with the fusion factor (7.3.16). At every step a similar new pole appears and we use
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it to iteratively apply the boundary bootstrap process. This results in the general

reflection factor

RY™(8) = (1-k)(1—2N + B)(k+B—1+2N)(2m—1+2N - B)(2m+1+2N — B),
(7.3.50)
which describes the scattering of a charge @ = +1 soliton from the charge Q = N+m

t

m® excited bound state. The charge of the boundary has Z; symmetry which is

exhibited by this formula since
RY®(6) = RN (g) . (7.3.51)

The final stage of the bootstrap process to complete the reflection matrices for
all possible soliton-boundary reflections is to repeat the reflection bootstrap process

starting with RY™ (7.3.50) for any m. The first step is the relation
1

RY™(g) = RN (6 _ %T) RN™ <9 + %) $1.1(26), (7.3.52)
which gives
where
AN (k+ B+2N)(k+ B+ 2N - 2),
By™ = (2-2N+ B)(-2N + B),
3™ = (2m+2N — B-2)(2m+ 2N — B)>(2m+2N — B +2).
(7.3.54)

Iteratively using the bootstrap gives

RY(6) = RE= AY) B o, (7:359
where

A7 = (k+B+2N+1)(k+B+2N —1)(k+B+2N - 3),

BY™ = (3—2N+B)(1-2N+ B)(~1-2N + B),

Cy™ = (2m+2N—B-3)(2m+2N — B — 1)?

X (2m+2N - B+ 1)*)(2m+2N — B+3). (7.3.56)
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We continue this process to give the final general formula for the the quantum
reflection matrix for a charge Q = +n soliton from the m** excited boundary with

charge Q = N +m

n-1
RY™(9) = Re™ T](n-2j—2N +B)(k+ B +2N —n+2j)
=0
x (2m —-n+2N - B)(2n+n+2N — B)
n-—1
X H(2m—n+2j+2N—B)2. (7.3.57)
j=1

From a conjectured form of Riv(o), the reflection factor for the CSG particle from
a charge Q = +N unexcited boundary, we have used the bootstrap program to
generate the general RY (m), the reflection factor for a charge Q = +n soliton from
the m* excited boundary with charge Q = N + m. We have checked that our
results agree with known classical formulae and that the bootstrap closes both on

the charge of the reflecting soliton and the charge of the boundary.

7.4 Physical strip pole analysis

In this section we perform a preliminary analysis of the poles in the physical strip
that appear in the dressed boundary reflection matrices. We first study some specific
examples to find out which poles lie in the physical strip 0 < Zm(8) < 5. The
examples we use are for values of A and b that we analysed the classical bound
state solution in section 6.2.3, namely A =0, b = sand A= %, b= 3. We use

= 100 and k£ = 96 respectively, chosen so that the charge of the boundary obeys

the quantisation condition and high enough to show the existence of bound states.

7.4.1 Examplel: A=0, b=3, k=100

The unexcited boundary has charge Q = 0 and the poles in Riv(o) (7.3.27) appear

at the rapidities

(1-k) —99mi
b}
247
(k+B—-1+2N) —mi. (7.4.1)

300
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There is one physical pole associated with the factor (1 + 2N — B), which is the
pole we implemented the bootstrap procedure on. The excited boundaries generated
by fusing particles to this unexcited boundary have the reflection matrices Riv(m)

(7.3.50), which has poles at the rapidities

(1-k) —99mi

47
1-2N+B) ——tm
( B 3™
247
k+B—1+2N) =lm
(k + + 2N) 300™
(2m+1+2N — B) 53;%“
47
(2m -1+ 2N - B) %smm'. (7.4.2)

The pole associated with the factor (2m + 1+ 2N — B) remains in the physical strip

until m = 17, where the pole is at the rapidity %m’. The pole that is used for the

bootstrap (2m — 1+ 2N — B) remains in the next higher charge boundary reflection

factor, in the next section we show that the existence of this physical pole can be

explained by a Coleman-Thun process. Recalling that

T 2mm T mu
=A+b=— m=A+b— —=— — , 7.4.
Go=A+b=3, a 0T T T3 TR (743)

then explicitly a1 = 125_7ro , @17 = —155- Lherefore the charge parameter of the bound
soliton for the final bound state actually lies past the maximum of the energy of the
bound states at a = 0 shown in figure 6.8(a). However due to the quantisation of a
the energy of boundary N(17) is higher than N(16)

kB 2 kv T
Enqe) = - cos (ﬁ) , Enan = - Cos (ﬁ> . (7.4.4)

We note that if the pole in RiV(N) was still physical then the next bound state would
have reduced energy, so the bootstrap procedure is halted when the highest energy

bound state is reached.
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7.4.2 Example II: A= ¢, b=3%, k=96

The unexcited boundary has charge Q = —6 and the poles in Riv(o) (7.3.27) appear

at the rapidities

(1-k) —95m;

(1+2N - B) %m’
67
(k+B-1+2N) i, (7.4.5)

so again there is one physical pole in the factor (1+2N — B). The excited boundaries
generated by fusing particles to this unexcited boundary have the reflection matrices

Riv(m) (7.3.50), which has poles at the rapidities

(1—k) —95mi

3
1-2N+B ——71
( + B) ™
(k+B—1+2N) %m
2
(2m+ 142N — B) 5“;6’”7”'
2
@m-1+2N—-B) 3 g6mmx (7.4.6)

The pole associated with the factor (2m + 1+ 2N — B) remains in the physical strip

until m = 22, where the pole is at the rapidity %m’. Recalling that

117 2mm 11 mnm
ST g = Apm _Um omm 4.
YIR + k- 24 48" (7.4.7)

then explicitly ao; = 15 ,a22 = 0. This time the charge parameter of the bound

CLO=A+b=

soliton for the final bound state coincides with the maximum of the energy of the
bound states at @ = 0 shown in figure 6.9(a). Again the bootstrap procedure is
halted when the highest energy bound state is reached. These two examples show for
parameter choices such as these we correctly implemented the bootstrap methods,
albeit for a finite number of steps. In the next section we explain the processes

behind the physical poles.

7.4.3 Coleman-Thun processes

In this section we present the Coleman-Thun type processes [64] that explain the

physical poles in the reflection matrices. Coleman-Thun processes were first used
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in the case of boundary reflection matrices by Dorey et al. [69] and subsequently
in [68,70-73]). We limit ourselves to ranges of the parameters where the factors of
the form (z + 2N — B) and the base factors are the only ones in the physical strip,
as in the examples shown above. We note that these are the poles that were used
in the bootstrap, and are related to the rapidity of the fusing soliton needed to step
up the E;. energy curve, while a decreases from A + b. At the end of the section
we comment on the range of parameters this is the case for and also whether any of
the other poles can be physical.

Let us begin our analysis with the pole in the physical strip that appears in
Riv(o), namely (1 + 2N — B). As already discussed this pole corresponds to the
fusion of an incoming particle with the unexcited boundary. Figure 7.17 shows
the reflection process where the bound state forms and then decays re-emitting the
Q = +1 soliton. The label ¥*(1+ 2N — B) indicates the incoming rapidity at which

~~

Q=1 w_ [N
\
N(1)

in(1+2N-B)/k
v’/ N(0)

Q=+1 -

. . . . . N(0)
Fig. 7.17: Process that explains the physical pole (1 + 2N — B) in R; ©

the pole is present.

The reflection factor for a Q = +2 soliton reflecting from an unexcited boundary
(7.3.32) has three such poles which for certain parameter choices are in the physical
strip

(1)(2+ 2N - B)(2N - B). (7.4.8)

These poles correspond to the processes shown in figure 7.18. The pole in factor
(24 2N — B) is due to diagram 7.18(a) where the incoming soliton fuses with the
boundary, forming a bound state before this excited state decays. The pole in

(1) which is in the base factor, in this case R, is due to a process in which a
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N(O)

N(2)

in(2+2N-B)/k

v/ N(0)

(a)

(b)

(2rifk)

N(0)

in(2N-B)/k
“Q=42

//1/

.
~
-
1

(c)

Fig. 7.18: Processes that explain the three physical poles in Rév(o).

N(0)

N(1)
in(-1+2N-B)/k

in(1+2N-B)/k

N(0)

boundary bound state is not formed. This is a fixed pole as it does not depend on

the boundary parameters and arises from the triangular diagram shown in 7.18(b)

where the internal lines are on shell. It shows the incoming Q = +2 soliton decaying

and recombining after one of the resultant charge ) = +1 solitons has reflected from

the boundary. The final pole is from the factor (2N — B) which is due to the process

shown in figure 7.18(c), this is a mixture of the two previous processes. The incoming

soliton decays before one of the resultant @ = +1 solitons fuses with the boundary

to form the boundary bound state N(1), the other resultant soliton reflects from

the boundary before the bound state decays re-emitting the soliton which fuses with

the reflected soliton.

Q=+n\y\ N(0)
N(n)

/ in(n+2N-B)/k
Q=tn_Y N(0)

(a)

\Q=+n
T~
-
\ a
~
n-a .
na .~

-~
in(2a-n+2N-B)/k .-~
( )_,///a'/

—
/Q=:n

(b)

N(0)

N(a)
in(a-n+2N-B)/k

in(a+2N-B)/k

N{0)

Fig. 7.19: Processes that explain the three physical poles in RO

(nmifk)

Increasing the incoming soliton to any charge @ = +n the poles of the considered
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form that could be in the physical strip in Ry © (7.3.39) arise from diagrams of the
same structure as just described. The pole in the factor (n + 2N — B) comes from
the process in figure 7.19(a) and the poles in (2a—n+2N—B)fora =1 — n—1 are
associated with the process in figure 7.19(b). There are n — 1 physical poles in Rbas¢
which arise due to triangular diagrams shown in figure 7.19(c) witha =1 —n — 1.

The three types of diagrams described above are all that is needed to explain
the poles in the reflection matrix for any charged soliton reflecting from a charge
@ = +N unexcited dressed boundary. We find that is not the case for the reflection
from excited boundaries and more diagrams are needed.

Considering the reflection matrix Riv(m) for the reflection of a charge Q = +1
soliton from an excited boundary with charge @ = N + m (7.3.50), we find that
it has poles in the factors (2m — 1+ 2N — B), (2m + 1+ 2N — B). The pole in
(2m +1+ 2N — B) arises because of the formation of the usual higher bound state,
shown in figure 7.20(a). While the pole in (2m — 1+ 2N — B) is because the excited
defect decays before it becomes re-excited, shown in 7.20(b). For this process to
occur the excitation state of the original boundary has to be greater or equal to
the charge of the scattering soliton, in this example for a Q = +1 soliton we need

m > 0.

\\\ Q=+1
Q=+1  “w. |N(@m) N(m)
™~ A¢ in(2m-1+2N-B)/k
N(m+1) ; N(m-1)
in(2m+1+2N-B)/k P
//
g=+1 7 N(m) N(m)
7 Q=+1

Fig. 7.20: Processes that explain the three physical poles in Riv(m).

We continue to analyse the reflection factor for any charged soliton Q@ = +n
reflecting from an excited boundary Ryt (7.3.57). It has n — 1 poles that appear

in the R* factor which are due to the triangular diagrams, shown in figure 7.19(c)
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with @ = 1 — n — 1. The pole in the factor (2m + n + 2N — B) comes from
the standard process of the formation of a higher bound state illustrated in figure
7.21(a). While figure 7.21(b) shows the process that corresponds to the pole in
(2m — n + 2N — B), where the boundary decays before fusing with the incoming
soliton to reform the original excited boundary. We note that this process only

occurs for n < m.

Q=+n
_ - N(m N(m
Q=+n V\ (m) > . in((zm?mZN-B)/k
N(m-+n) P
/ in(2m+n+2N-B)/k L 4
v N(m) N(m)
Q=tn ¥ Q=+n

(a) (b)

Fig. 7.21: Processes that explain two of the physical poles in R,,iv(m), namely the poles in
the factors (2m + n+ 2N — B) and (2m — n + 2N - B).

The double poles from the factors (2m — n + 2j + 2N — B)? correspond to two
different processes. All n — 1 poles arise due to the process shown in figure 7.22(a)
witha=1—n~—1 as long as n > 1. Whereas r poles arise due to the new process
shown in figure 7.22(b) where a = 1 — 7 and r is the lower value of m and n — 1.
In this process the excited boundary decays by emitting a charged soliton which
fuses with the reflected soliton, a remnant of the decayed incoming soliton. We note
that only when m > n — 1 is there the maximum number of poles. For m < n — 1
the poles that are not explained by the restrictions on processes in figures 7.21(a),
7.22(b) cancel with zeroes in the product H;’;&(n -27—-2N+ B).

We have described Coleman-Thun processes that explain all the poles of the form
(z+2N — B) that appear the various reflection matrices. As we saw with examples [
and II the poles that we bootstrapped on do not stay in the physical strip and become
unphysical when the bound state with maximum energy has been reached. At this

point the bootstrap procedure is halted after a finite number of steps, m = 17 in
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Fig. 7.22: Processes that explain the remaining physical poles in R,nN(m), namely the double
poles in the factor (2m —n + 25 + 2N — B)2,

example I. In the examples only the reflection matrix for a @ = +1 soliton reflecting
from the boundary was considered, we revisit example I to investigate whether a

similar pattern exists for higher charged solitons.

7.4.4 Example la: A=0, b=7%, k=100

The pole that we bootstrapped on in the reflection matrix for a Q = n soliton from
an unexcited boundary (7.3.39) appears in the factor (2N — B+n), this corresponds
to the formation of a charge @ = N + n bound state and has the value

T

0=—
300

(3n + 50), (7.4.9)

which is physical for 1 < n < 33. Therefore a soliton with charge greater than
@ = 33 cannot fuse with this unexcited boundary to form a bound state. Continuing
to the reflection matrices (7.3.57) which describe a charge Q = n soliton scattering
with an excited boundary of charge @ = N + m, the pole we bootstrapped on
appears in the factor (2N — B + 2m + n) which corresponds to the formation of a
higher bound state with charge @ = N + m + n and has the value

i

§=—
300

(3n + 6m + 50) (7.4.10)

:

which is physical for 6m < 100 — 3n. This limits to the original example I with

n =1 and the pole is physical until m = 17. For the scattering of the charge Q = 2



7.4. Physical strip pole analysis 170

soliton the last boundary it can fuse to is the 15 excited state, since from the 16t
excited state the resultant boundary has lower energy. Similarly a charge Q = +3
soliton can fuse to the 15" excited state also. These can be deduced by looking at
the charge parameter for excited boundaries with different charges and determining
whether the fusion of a certain charged soliton will create a higher or lower energy
state.

We have shown for this example the bootstrap procedure that we implemented is
valid for a finite number of steps depending on the charge of the scattering soliton.
In fact the pole we started the bootstrap procedure on in (7.3.27) is the only physical

pole in this reflection matrix when

A<b-T k>4 (7.4.11)

m n is
< < - - _
_A+b_2 o k

k

For these range of parameters the bootstrap procedure we implemented and pole
analysis is valid for a finite number of steps. The bound states accessed by the
bootstrap procedure are all related to the E; energy curve created by fusing solitons
to the unexcited boundary with a = A+b. We will now briefly examine an example
which falls outside of these parameter constraints.

7.4.5 ExampleIIl: A=7 b=%, k=96

oo)x)

The unexcited boundary has charge @ = —12 and the poles in ij(o) (7.3.27) appear

at the rapidities

(1—k) —95m

(1+2N - B) ;—2m'
(k+ B —1+2N) g—gm', (7.4.12)

where two poles lie in the physical strip associated with the factors (1 + 2N — B)
and (k+ B —~1+2N). This circumstance lies outside all the previous analysis. The
residues of these poles have the different sign, the pole in the factor (1 + 2N — B)
has the residue 1.654 and the pole in (k— 1+ 2N + B), residue —3.58%. This second
physical pole is at the rapidity for the emission process, shown in figure 7.11(a),

and possibly is explained by a crossed process because it is a remnant pole from the
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lower energy boundary reflection matrix R{V(’l). This would however suggest that
the unexcited boundary is itself a bound state.
If we consider our bootstrap procedure then the excited boundaries generated

have the reflection matrices Rf’(m) (7.3.50), which has poles at the rapidities

(1-k) —95m

11
(1-2N+B) g
(k+B—1+2N) g—gm'
1
(2m+1+2N - B) —%m’
13 +2
(2m — 1+ 2N — B) %m. (7.4.13)

where the pole from the factor (2m — 1 + 2N — B) stays in the physical strip until
m = 18. This seems similar to the other examples but the charge parameter of the
bound soliton has the value a., = 0, which lies outside of the classical region where
bound states exist [%, ‘%’T] In fact a,, moves outside the classical region at m = 13.
This property where the pole stays physical outside the allowed classical region is
not explained by our analysis. Examining the residues of the poles we find that there
are positive imaginary for m = 0 — 11 but becomes negative imaginary for m = 12
the exact value which if bootstrapped on would take a outside the classical range.
We have therefore found that the physical poles we have not been able to explain
both have the feature that their residue is negative imaginary, while all the poles we
have explained by the formation of bound states or Coleman-Thun processes have

a positive imaginary residue.

7.5 Summary

This chapter has moved away from the classical theory and started the investiga-
tion into the quantum CSG dressed boundary theory. We reviewed aspects of the
quantum CSG theory, showing that the charge of the CSG soliton is quantised.
The quantum S-matrix was presented and the existence of poles in the S-matrix
explained due to the formation of higher charge bound states and Coleman-Thun

processes.
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Using the Bohr-Sommerfeld quantisation condition we showed that the charge
of the boundary bound states is quantised and through the fact that the unexcited
boundary appears as a limit of the bound states, all the boundaries in the quantum
theory have integer charge. Using the charge quantisation condition we calculated
the semi-classical energy difference between states differing by one unit of charge and
showed that the energy difference is exactly that of a soliton with specific rapidity.
This discovery prompted the analysis of soliton-boundary fusion processes and we
found that a charge Q = 41 soliton can fuse with an unexcited boundary to form
a excited bound state at the rapidity in agreement with the semi-classical energy
difference. This fusion process can be repeated with the effect on the bound soliton

of altering its charge parameter a — a — 27

=

Using the existence of these bound states we conjectured the form of the quantum
reflection matrix for a charge @ = +1 soliton from the unexcited boundary Riv(o),
checking that the conjectured form is in agreement with the classical limit. From
Rfl(o) we used the reflection bootstrap procedure to generate reflection matrices for
any charged soliton from the unexcited boundary R (0), checking the classical limit
for the anti-particle and that it displayed the charge periodicity property of the
soliton. We note that we found that this was only possible for k£ even. To construct
the reflection matrices which describe the scattering of a Q = +1 soliton from an
excited boundary we used the boundary bootstrap and then to generalise to any
charged soliton repeated the reflection bootstrap. The matrices were checked to be
in agreement with the classical reflection factor from the bound state and checked
that they preserve the periodicity of the boundary charge.

Finally we completed a preliminary analysis of the physical poles that appear in
the various matrices. For some choices of the parameters we explain the physical
poles either by the formation of higher bound states by the fusion process described
above or by Coleman-Thun processes. In the examples we studied, they showed
that the bootstrap method is valid for a finite number of steps until the bound state
of highest energy is reached, at this point the pole we bootstrapped on becomes
unphysical. A counter example showed that for certain parameter values there

exists physical poles with negative residues that do not fit into the explanations
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provided in this chapter. Further analysis is required to complete the picture and
to better understand the bound states present on the Ej, energy curve, which goes
to energies lower than the unexcited boundary suggesting that it itself is a bound

state.




Chapter 8

Conclusion and discussion

In this thesis we have successfully constructed integrable CSG defect and CSG
dressed boundary theories, thoroughly analysed their classical properties and con-
jectured a quantum reflection matrix for the boundary theory.

Inspired by the previous research into the SG theory with defect and boundary,
the richness of the CSG theory made it a perfect candidate to further the study
of 141 dimensional integrable field theories on restricted domains. As in the SG
theory there exists CSG soliton solutions which, unlike the SG solitons that carry
topological charge, carry a continuous Noether charge due to the U(1) invariance of
the theory. The CSG two-soliton solution models soliton-soliton scattering in the
theory. As in all integrable theories the scattering is totally elastic and the solitons
experience a time-delay or time-advance and a phase shift. Unlike the SG theory
the CSG soliton and particle sectors are topologically the same, meaning that the
CSG particle can be thought of as a perturbation around the vacuum or a soliton
in a particular charge limit.

Previously, the CSG theory in complex field notation had to be analysed using
both sectors of the theory, with an auxiliary field introduced in the relation between
the fields of the different sectors. Solving the differential equations for the difference
in the auxiliary fields o that appear in the BT, we were able to find an explicit
formula . This dispenses with the need to consider the fields and dual fields
simultaneously and enabled us to rewrite both the Bicklund transformation and

two-soliton solution in terms of only the 3 > 0 fields. The formula for a introduces

174
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a new parameter A into the theory and the BT now depend on this extra parameter,
along with 4.

In the original description the dual field held the topological information of
the theory, which is displayed by the dual field soliton solution exhibiting a kink-
like nature. This topological nature seems to be lost in the new a description,
it is however hidden away in the complicated definition of a. The square root in
cos(cr) has to be carefully treated and branch cuts changed when the argument
becomes zero, we have seen this to be the case during soliton-soliton scattering,
soliton emission and absorption by both defect and boundary and the variation
of the boundary bound states with respect to the charge parameter of the bound
soliton a.

We constructed and analysed the CSG defect theory in both descriptions. By
construction, the defect conditions at z = 0 are identical to the BT, following the
pattern of defects in previously studied integrable theories. To show the integrabil-
ity of these conditions, explicit formulae for the conserved energy, momentum and
charge and next higher spin charges in the presence of a defect were constructed.
Like the SG theory the CSG defect can be excited or unexcited which enables the
defect to absorb and emit solitons when the soliton and defect parameters are par-
ticularly related. In SG these processes are possible because the defect can store
the discrete topological charge, whereas in CSG the defect can store the continuous
U(1) Noether charge. In both theories there are two different defects that can ab-
sorb the same soliton, one defect with 6 > 0 and the other with § < 0. In SG these
two defects have different topological charges and the CSG defects different charge
@. In all emission and absorption processes we find that the change in charge is
symmetric around @ = £7 and a defect does not decay into its anti-defect.

CSG solitons that are not absorbed by the defect, scatter through the defect ex-
periencing a time-delay or time-advance along with a phase shift. This is very similar
to what happens in soliton-soliton scattering and in fact the time-delay experienced
in soliton-defect scattering is exactly half of that experienced in soliton-soliton scat-
tering, when the parameters are appropriately matched. This same phenomena is

also witnessed for SG defects and solitons and suggests that defects maybe more
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fundamental objects than solitons. The CSG particle scatters through the defect
with no reflection. This purely transmitting nature of the defect is so far a universal
property of integrable defects.

Both descriptions of the CSG defect theory illustrate the same properties, which
is expected as they are two descriptions of the same theory. However there are
differences in the way the properties are explained. In the a description the defect
is described by two parameters § and A, whereas in the ‘two field’ description it is
only described by §. The defect charge parameter A and its definition through a
replace the need to consider the values of the dual fields at the defect. The difference
in the dual fields or the value of A and the solution of & used, determines the energy,
momentum and charge stored on the defect. The transfer of the conserved charges
required for soliton emission or absorption to occur is facilitated by different means
in the two descriptions. In the ‘two field’ description the dual field soliton solution
connects different vacua and therefore the difference in the dual fields at the defect
is different before and after emission or absorption. While in the o description the
branch of the solution for cos(a) has to be swapped mid-process, meaning the final
defect has the opposite energy and momentum to the initial defect.

The new a description is preferred despite the complications the definition of o
causes. Only having to consider a single field on each side of the defect and the
direct correspondence between the charge parameter of the defect and the charge
parameter of the soliton it can emit or absorb are advantages. For these reasons we
used this description to construct the dressed boundary theory.

With the aim to generate a CSG boundary theory that has more generic proper-
ties to the model previously studied, we used the technique of dressing a boundary.
This allows new boundary conditions to be created by placing a defect in front of
a known boundary. In our case we dressed the CSG Dirichlet boundary with the
CSG defect to create the CSG dressed boundary. The dressed boundary conditions
are a wider class of boundary conditions, like the defect conditions they include
time-derivative terms. We found the previously studied boundary to be the particu-
lar example of the dressed boundary where the coefficients of these time-derivatives

terms vanish, achieved by setting the boundary charge parameter to zero.
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As expected by its construction, the dressed boundary maintains classical inte-
grability. We check this explicitly by generating a higher spin conserved energy-
like charge. The dressed boundary inherits properties from its constituent defect,
namely the absorption and emission of particular solitons. Analogous to the de-
fect the charge and energy of the soliton that a specific boundary can absorb or
emit is determined by the energy and charge of the boundary. Unlike the defect,
a boundary described by all § € R can for example absorb a right-moving soliton.
This is explained from the construction of the boundary allowing two methods of
absorption and emission, either straight to or from the defect and after reflecting
from the Dirichlet boundary. Solitons that are not absorbed are reflected experi-
encing a time-delay and phase shift. The formula for classical soliton-defect and
soliton-boundary scattering are shown to be consistent with the construction of the
boundary.

There exist classical bound states in the boundary theory which are not present
in the defect theory. A stationary soliton can be bound to the boundary when
the boundary rapidity is a pure phase, within a certain range. This gives two
descriptions of charged boundaries which we show are not equivalent apart from
when the bound soliton is described by two particular values of the charge parameter
and is positioned far behind the boundary at right infinity. There are two limits to
the unexcited boundary due to the two formulae for the energy of the bound state.
The two values of the charge parameter which limit to the unexcited boundary are
at the two extremes of the allowed range for bound states to exist, while the opposite
extreme of the allowed range corresponds to the soliton being at left infinity. The
highest energy bound state is when a = 0.

Repeating the construction of the dressed boundary, another boundary could be
produced by putting two defects in front of the Dirichlet boundary. To explicitly
write down the boundary conditions of such a doubly dressed boundary is computa-
tionally tricky. However the properties of such a boundary are expected to include
the ability to absorb solitons when the parameters match either of the defects. It
is interesting to ponder whether two defects with the same parameters are allowed

to placed alongside each other unlike the exclusion principle which does not allow
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Fig. 8.1: The construction of a double dressed boundary.

either identical SG or CSG solitons to be placed alongside one another.

Placing defects in front of the boundary act like a soliton filter; it is possible
to create an arbitrary absorption spectrum by placing appropriate defects in front
of the boundary. In fact, one might speculate that there is the hypothetical limit
where by placing an infinite number of different defects in front of the boundary one
could create a boundary that was fully absorbing.

In the quantum theory the charge of the CSG soliton is quantised and the value
of the coupling constant is restricted. Using the Bohr-Sommerfeld quantisation
condition we found that the charge of the boundary bound states is quantised and
since the unexcited boundary appears as a limit of the bound states this implies that
all boundaries in the theory have quantised charge. Using the semi-classical energy
spectrum as a guide we analysed the fusion of the CSG particle to an unexcited
boundary, resulting in an excited boundary modelled by the classical bound state.
The fusion process results in the bound soliton charge parameter being shifted a,, =
Am_1 — 27" we note that this is quantised but can take different values to the charge
parameter of a normal soliton.

Using these fusion processes a quantum reflection matrix is conjectured to de-
scribe the scattering of a @ = +1 soliton from an unexcited boundary. It is con-
structed to have a pole at the rapidity to coincide with the formation of the known

bound state and checked to agree with the particle reflection factor in the classi-
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cal limit. Using the reflection bootstrap the reflection matrix for the scattering of
any charged soliton from the unexcited boundary is generated, closure and agree-
ment with the anti-particle reflection factor are verified. The boundary bootstrap is
employed to generalise to the reflection matrix for any charged soliton from any ex-
cited CSG boundary. The formula is seen to preserve the periodicity of the boundary
charge and limits to the reflection matrix found for the original boundary theory.

We completed a preliminary analysis of the physical poles that appear in the
various matrices. For a range of the parameters we explain the physical poles either
by the formation of higher bound states by the fusion process described above or
by Coleman-Thun processes. The examples we studied showed that the bootstrap
method is valid for a finite number of steps until the bound state of highest energy is
reached, at this point the pole we bootstrapped on becomes unphysical. For certain
values of the parameters, when A — b > 0, there exists physical poles with negative
residues that do not fit into the explanations provided here.

As well as the open questions to describe more completely the processes re-
sponsible for the physical poles in the boundary reflection matrix, the study of the
quantum CSG defect theory is the obvious extension to the work presented here.
Unlike the boundary theory there exists no bound states in the defect theory which
means the same methods cannot be implemented. One handle is the assumption that
the real emission and absorption processes should appear as poles of the quantum
transmission matrix.

The production of the CSG defect and dressed boundary theory and their sub-
sequent analysis has shown them to be interesting theories. The soliton interactions
with defect and boundary confirm and build on the analysis of the SG theory, with
the ability of a defect and boundary to store and transfer a continuous charge being a
new phenomena. The properties discovered could be useful in the study of impurities

in condensed matter systems and the control of solitons in optical communications.
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CSG higher conserved charges

A.1 Bulk theory

The formula for the next conserved energy-like charge is
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Their conservation is checked using that they satisfy

9E,  OP; 0P, _ 0&;
ot Oz’ ot Oz’

(A.1.3)

where £5 = &,(08 — =), P; =Py — -0).

A.2 Dressed boundary theory

The contribution needed to be added the the next highest energy-like conserved

charge is
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This is generated by writing P; on the boundary as a total time derivative, since

0
E2 = / dz 52 + [BQ] |:r=0 (A22)

and therefore
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A.3 Defect theory
The next energy-like charge has the form
0 +o0
E, = / dz Eg(u)+/ dz &(w) + [Dg]lxzo (A.3.1)
-0 0
and the next momentum-like charge
0 +o0
P = / dz Py(u) +/ dz Py(w) + [P5¥] . (A.3.2)
-0 0 =
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To show that these are conserved, we need be able to write
P (u) — Py(w) (A.3.5)
and
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as total time derivatives. We find that D, includes the terms
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these are checked to limit to the boundary terms involving time-derivatives (A.2.1).
The remainder of P;(u) — P;(w) after the time-derivative of the above terms have

been subtracted has the form
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which is a total time-derivative if

(A.3.9)

(A,I,Au.,Aw’Aw.)=<6A A 9A OA )

u’ dur’ dw ' Fwr
for some A. We check that this is the case by showing that the cross derivatives

vanish, for example

0A, OA,. 0A. 0A,
e~ =0 - Tt=0, (A.3.10)

Similar reasoning is used to show that the next higher-spin momentum-like

charge can be modified to be conserved in the defect theory.




Appendix B

Classical scattering processes

B.1 Soliton equal to two defects?
In this section equations (5.4.29)
At(EA)+AL(EB) = At(SOI) R 6i¢(EA)6i¢(EB) = €i¢(50]) s TEA TEB = 1ol , (Bll)

which equate the time-delay and phase factor experienced by a soliton (or parti-
cle) scattering through two specific excited defects to the time-delay experienced
by a soliton scattering through another soliton are explicitly confirmed. Similarly

equations
A(Ea)+ 0(Up) =0, e9Eae®lUs) =1 Tp Ty, =1, (B.1.2)

which state that the effects of scattering through a specific excited defect and unex-
cited defect cancel each other out, are verified. They are graphically illustrated in
figure B.1. In tables 5.9 and 5.10 we introduced defects Ea, Ep, U and Ug, using
a = —A the defects are described by the parameters in table B.1.

Firstly for the particle using (5.4.28) then the different transmission factors are

8 1A v} 6 1A’ SV, [ - iA' g1
elett —ih —efet 4+ 16 e’ + 116
TEA = 9 81 o1A7 TEB = T8 | A s TUB = TiaA s (B.1.3)
e +1d'et e? +1etd') efetd’ — 44
which satisfy
6 1A _ s 6 | i iA s
elett — 19 e’ +ied
TEA TUB = (ee + ié’e“") <eGeiA' _ 26/) =1 (B14)
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E E so! E u

Fig. B.1: (a) Soliton scattering through two excited defects. (b) Soliton scattering through

an excited and an unexcited defect.

Es A =A =1 § =8 =2
Us A =1-A =% § =§ =2
Es A =A-71 ==2 § =—§ =-2
Us A =-A =% § =-§ =-2

Table B.1: The parameters that describe defects E4, Eg, Uy and Ug.

and

efetd’ — i —efetd 4+ i 9t _ 561\ 2
To.Ts, = ( ) ( ) _ <—) . (B15)

e? + i et ed + 1A' el + id'etr
Comparing with (4.7.2)
B Sso + i€fei@eor \ 2
Toarticte/sol = — m , (B.1.6)

shows that a particle scattering through excited defects E4 and Fjp is affected in
the same way as scattering through a soliton described by a,, = A’ and §,, = §'.
The soliton experiences the following time-delays through the different defects

(5.4.20)

1 (eoeia _ 5/eiA’)(eaeiA’ _ (5'6”))
At(E4) = At(EB) = 1 — . ;
(Ea) (Es) 41/f3 cos(a) sinh(6) " <((5’+eme“‘"e"’)(e" + eleeid’§)
(B.1.7)
1 (eeeiaeiA’ +(5')(€0 +5161A’eia)>
At(Upg) = 1 . . . _ ; B.1.8
(Ue) 44/B cos(a) sinh(8) . <(e”‘e€ — §'ett") (efert — eied’) ( )

which satisfy
At(E4) + At(Ug) =1 (B.1.9)
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and
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1
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Comparing this with (4.6.4)

At(sol) — 1 <(606ia _ 5 leiasaz)(eeez‘aw, _ 550leia)

1
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shows that a soliton scattering through excited defects E4 and Ep is affected in the

) . (B.1.11)

same way as scattering through a soliton described by as;,; = A’ and 6, = §'. A
soliton scattering through excited defect £, and unexcited defect Up experiences
no overall time-delay.

A soliton scattering through a defect also experiences a phase shift (5.4.21)

ia 1A’
GO(E) _ _ib(Es) _ 2v/Bsinh(o+in)anEy O+ e (B.1.12)
eé’em 5/6114’ :
2] iA’
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and
2 et 1A’
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Comparing with (4.6.5)
6 ia  iag, 2
gid(sol) _ _ 2v/Bsinh(8-+ia)i(sol) ( Osol + €€’ l) , (B.1.16)
eeela _ 650161‘130[

shows that the phase factors do satisfy (B.1.1).

The pair of excited defects needed to replicate the behaviour of a soliton have to
be specifically chosen, they have to be a pair of defects that emit the same soliton.
In fact the soliton that they replicate the behaviour of is exactly the soliton that
they emit during a classical decay process. Shown in table B.2 are the energy and

charges of the defects. Therefore

E(E4) + E(Eg) _4\/’<5' >cos(4) (B.1.17)
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E4 E =238 +})cos(A) QR =24
Eg E =2J/B(-¢—-3)cos(A' —7) Q@ =-24"+27
Us E =2B(-¢ - 1) cos(—A) Q =24

Table B.2: Energy and charge of defects E4, Eg and Ug.

and

Q(EA) + Q(Eg) = 21 — 44, (B.1.18)

which are exactly the energy and charge of a soliton with as,; = A’ and ds,; = &'. So
the two defects exhibit the same scattering properties and have the same conserved

charges as the soliton. Similarly
E(Ea)+E(Us) =0, Q(Ea)+Q(Us) =0, (B.1.19)

so the energy and charge of the excited and unexcited defect cancel each other out.
As with the two excited defects, the excited and unexcited also have to be carefully
chosen, for the scattering behaviour to cancel an excited defect and its anti-defect

are needed.

B.2 Defect processes

In this section we show explicitly the consistency of the classical scattering properties
of CSG solitons and particles by considering the scattering through a decaying defect

and through a defect absorbing a soliton.

B.2.1 Defect decay process

First we consider the process where an excited defect decays by emitting a right-
moving soliton. The integrability of the theory says that the time of the scattering
should not affect the time-delay and phase factor experienced by the soliton. Figure
B.2 shows this process for the case when the scattering soliton has greater rapidity

than the emitted soliton. The time-delay for a soliton scattering (5.4.20) through
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U soi(ain)) U soi(an)
,/' ’,"’
o - — T solae)
/'
— sol(a,0)
E(A5) E(A.5)

Fig. B.2: Soliton scattering through a decaying defect.

excited defect E4 is (B.1.7) and through Uy

1 (eéeiaeiA’ + 6’)(69 + eiA'(sleia)
At(U,) = 1 . — — . B.2.1
(Ua) 44/ cos(a) sinh(#) . ((ewee — §'etA’)(efetd’ — eind') ( )
and they experience the phase shifts (B.1.12),
1A’ 0 ia
ei9Ua) _ e?ﬁsinh(9+ia)At(UA)5,e —ee (B.2.2)

The soliton emitted when defect E4 decays is described by as,; = A’ and et =
dsor = &' through which the scattering soliton experiences the time-delay (B.1.11)
and phase-factor (B.1.16). We check that these time-delays satisfy

1 (eGeia _ 6leiA’)(eBeiA’ _ 6/eia)
At(Ua)+At(sol) = = At(E
(Ua) (sol) 4+/(3 cos(a) sinh(9) 8 <(5’ + eleeiAef)(ef + eiceid'§') (Ea)
(B.2.3)
and the phase-factors
8 ia iA’
oi0(UA) gid(sol) _ 62\/Esinh(6+ia)At(EA)6l + e’e'?et! — i9(Ea) (B.2.4)

cfeia _ §/giA’

Therefore the time of scattering does not affect the scattering experienced by the

soliton. This should also be true for the particle, which experiences the transmission

factor (B.1.3) through F4 and
0 ;51 1A

Ty, = % (B.2.5)

through U4. The particle-soliton scattering factor given by (B.1.6). Again we check
these satisfy »
Ty T & +iefet!

sol = W = TEA . (B26)



B.2. Defect processes 189

B.2.2 Defect absorption process

Figure B.3 shows an unexcited defect absorbing a soliton, becoming excited, with
the defect conditions providing the relations a,,; = —A’ and 6,,; = —¢’. The soliton
(or particle) scattering through the absorption process has greater rapidity than

the absorbed soliton. The defect conditions are solved using the prescription that

E E
— /sol(a.e)
g = § sol(a,0)
sol(-AIn(-8)) -~ T
sol(-A,In(-8))
U(A,d) U(A,9)

Fig. B.3: Soliton scattering through a defect absorbing a soliton.

a=—Aast — —o0, so in this set-up the time-delay, phase-factor for the soliton
scattering through the excited defect is actually the one previously written down for
the unexcited defect (B.2.1) and (B.2.2) and vice-versa. These new quantities we

denote with a star.

At(Ea)" = At(Ua), At(Ua)" = At(Ea), 9E = i0lUa) | oidlUa)x - (id(Ea)
(B.2.7)
The soliton scattering through the slower rapidity absorbed soliton experiences the
time-delay (B.1.11) and phase shift (B.1.16). These quantities with the defect con-

dition relations applied do satisfy

At(Eq)* = At(UL)* + At(sol), e ®Ba) = giolUa) gidlsol) (B.2.8)

Similarly for the particle we check the following holds

TE‘A = Tparticle/sol T{jA . (B29)
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B.3 Dressed boundary consistency check

In this section the consistency check, due to the construction of the dressed bound-
ary, on the classical soliton time-delay when reflecting from the dressed boundary
and the classical soliton-defect time-delay and reflection time-delay from the Dirich-

let boundary is verified. Figure B.4 shows the check in diagram form.

[
V\ (ele, At)R-> . V\\
~_
\ T~ )
- (e", At) "
/ l (ei® At)Dmht / Oresse,
- ) (ew' At)L aR ‘ _—

Fig. B.4: Soliton or particle reflection from the dressed boundary

Firstly considering the reflection of the CSG particle, from (4.7.2) the transmis-
sion for a left-moving particle scattering through the defect is
4 S PR 1o’
e’ —ide
= — ) B.3.1
etoel + 46 ( )
and for a right-moving particle

Tr=1/T.(0 — —0). (B.3.2)

The final factor which is needed is the reflection factor from the Dirichlet boundary
which is Rp;, = —1. Therefore the particle-dressed boundary reflection factor should

be
(€% — idei®) (e + idef)

Rpg =T, Rpir Tp = —— , : —
bE = 2L bir TR (ei@ef + 16)(1 — ideleie)’

(B.3.3)

which agrees with (6.2.23).
Similarly for the soliton scattering, from (5.4.20) the time-delay for a left-moving

soliton scattering through the defect is

1

" sinh (£X
2v/Bcos(a)sinh(8)

cosh ("9—2X

52)
?)

At; = (B.3.4)

+
+

2
2
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where § = eX and from (5.4.21) the phase-factor

gPL = p2VBsinh(6+ia)Aty de'® + e’e* (B.3.5)
- edeiagia _ §° e

The right-moving soliton-defect scattering properties are related to the left-moving

ones by
Atgp = —At (6 — —8), €97 =1/e®L(§ — —0). (B.3.6)

Explicitly written

Atr = —_In|— (0’—’ )| (B.3.7)
2v/Beos(a)sinh(f) | cosh (3X + jez2)
gibrR  — 2VPsinh(-6+ia)Atg e%e’™ — fef
detagl + el
i ia 0
__2J/Bsinh(0+ia)atg & T 0€%€”
€ 1 — fJetagbeia : (B38)
While the soliton scatters from the Dirichlet boundary with
Atpy =0, e =—1. (B.3.9)
We calculate
inh (=X + 42 inh (41X 4 jeta
Apg = Aty + Aty = 1 . I | S0 (9E 12) sin (63_ z. te )
2/Peos(a)sinh(0) | cosh (73X +4252) cosh (X + %52
(B.3.10)

which agrees with (6.2.19) and

; 6, 6
@i9DB — _oibLgidr — _ ,2v/Bsinh(6+ia)(Aty+AtR) (5810’ +e 6"’) ( ei® + Je%e )

eGeiaeia — 5 1 — 6ezaeeem
(B.3.11)

which agrees with (6.2.20).

B.4 Dressed boundary processes

Similarly for the dressed boundary, the scattering of solitons and particles through

boundary decay and absorption processes are explicitly verified.
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B.4.1 Boundary decay process

Figure B.5 shows an excited boundary decaying, emitting a soliton with less rapidity
than the scattering soliton or particle. The figure shows graphically the relationship
the reflection and transmission factors should satisfy, as the time of the scattering

should not affect how the soliton (or particle) reflects. The excited boundary is

sol(A,In(3)) U sol(A.In(3)) U
v < |
\yv-
~ sol(a,8)
\'
/

sol(a,0)
E(A.9) E(A.9)

Fig. B.5: Soliton scattering through a decaying boundary.

taken to be excited boundary I from table 6.5, so the boundary conditions impose
the conditions as, = A and e = § on the soliton parameters. The time-delay for

a soliton reflecting from the excited boundary is given by (6.2.19)

1 inh (=X + ;9=4) giph (&t 4 ;=4
At(E) = WL e Z_ajA) = (ei Z_aiA) . (B41)
2/Bcos(a)sinh(f)  |cosh (&% + 12%4) cosh (%5X +4234)
and the phase shift by (6.2.20)
: 6+ efethe [1+ feltete? (O
i0(E) _ _ 2/B(sinh(0+ia)At(E) 2
€ (eeem - ez‘A5> ( ciA _ jebeia ) € ’ (B.4.2)
and from the unexcited boundary
AtU) = —AHE), e?U) = 1/¢9E) (B.4.3)

The incoming soliton experiences the time-delay and phase-factor given by

1 _ .
At(sol(—g)) = At(sol) (550[ N 6_> ’ ezd’(sol(—e)) = ezd’(sol) <5sol N i) .
sol
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when it scatters with the emitted soliton.
At(sol;n) = At(sol(—8)), elsohn) = gidlsol(=0)) (B.4.5)

While the outgoing soliton experiences the time-delay given by (B.1.11) and phase-
factor (B.1.16).

At(soloyr) = At(sol), e*solour) = gidlsol) (B.4.6)
It can be checked that these expressions satisfy
At(E) = At(solyn) + At(U) + At(soloyr) (B.4.7)

and

e0(E) — pidlsolin) id(U) yid(solouT) (B.4.8)

Similarly for the particle, its reflection factor from the excited boundary is

(e%e' — 46)(1 + ie*4bef)

e =- (€ + iet46)(et4 — idef) (B4.9)
and from the unexcited boundary
6 4 i AAS\(oiA _ ;5.0
Ry = — (e +1erd)(e 16e?) (B.4.10)

(etded —i6)(1 + ietAdef)
The incoming particle scatters through the emitted soliton with the transmission

factor

1
Tparticle/sol(—e) = Tparticle/sol (6501 - 5 1) (B411)
so

and the outgoing particle with (B.1.6)

TS.IOIZV = Tpartide/sol(—e); T_g[UT = Tparticle/sol (B412)
Which we check to satisfy
TH Ry TV = R (B.4.13)

sol sol
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B.4.2 Boundary absorption process

Figure B.6 shows an unexcited boundary absorbing a soliton while a soliton (or
particle) with greater rapidity scatters from the boundary, before and after the
absorption. The unexcited boundary used to check the relation displayed in the
figure is unexcited boundary II from table 6.4, so the boundary conditions give the

constraints asy = —A and e = —§. As the usual prescription of o' = —A as

sol(-A,In(-3)) U(A,8) 50|('A,|n('5)) U(A,5)

Fig. B.6: Soliton scattering through a boundary absorbing a soliton.

t — —oo is used to solve the boundary conditions which means as in the defect
computations the expressions for the excited and unexcited boundary swap round.
For the particle

Ry =Ry, R} =Rg, (B.4.14)

and for the soliton

ALE) = At(U), At(U)* = At(E), €®E) = ¢l giolU)r _ (i¢(B) (B 4.15)

Considering the particle
Tslo]lv = Tpa.rticle/soh TSOOIUT = dparticle/sol(—8); (B416)

which using the constraints from the boundary conditions a,,; = —A and e% = —§,
can be checked to satisfy

TH Ry, TOVT = Ry (B.4.17)

sol sol
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Similarly for the soliton which reflects from the different boundaries with the fol-

lowing time-delays and phase-factors
ALE) = At(U), AtU)" = At(E), B = gioll)  gid(U)x
The incoming soliton experiences the scattering
At(sol;n) = At(sol), e'®lsoln) = gidlsol)

and the outgoing soliton

gié(solout) — id(sol(-0))

3

At(SOlOUT) = At(SOl(—G))
which we check satisfy
At(solin) + At(U)* + At(soloyr) = At(E)*

and

ei®(solin) ip(U)x pid(solour) — Lid(E)x

=B (B.4.18)

(B.4.19)

(B.4.20)

(B.4.21)

(B.4.22)



Appendix C

Closure of reflection bootstrap

In this appendix we check the closure of the reflection bootstrap procedure imple-
mented in section 7.3.2. We found the reflection factor for a charge Q = n soliton

from a charge @ = N unexcited boundary to be

n—1
RYO(6) = Ry 2N —=B+2j+2-n)(k+ B+2N -2 —2+n). (C.0.1)

§=0

To check that this formula closes means to check that
RY6) = R ™ (0), (C.0.2)

which is checking that the reflection factors show the property that the soliton’s

charge is periodic. First using the crossing symmetry relation
R1(8) R_1(0+im) = 5,1(20), (C.0.3)
implies
R.(0+im)=—-(1)(1 - k)(k-1)(-1-2N+B)(1-2N -k - B), (C.0.4)
which becomes
R,0)=(1-k)(k—1-2N+B)(1-2N -B). (C.0.5)

This is promising, as it has the correct pole (1 — 2N — B) for the known bound state
and limits to the classical reflection factor for the anti-particle. To show closure we
need Ry_1(f) to give the same result. First recall R®®® = (1 — k) and

Rt = (1-k)(2)(2 - k)(3)(3 = k)...(k — 3)(—2)(k — 2)(-1), (C.0.6)
196
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using (z)(—z) = 1 shows for k even RE*¢ = (1 — k). To check the other factors in

k-2
RYD0) = Res[J(2N - B+2j+3 - k)(B+2N — 25 — 3),

=0

(C.0.7)

we write out terms in the product

j factor j factor

0 2N -B+3-k)(B+2N-3) || k-2 (2N -B+k—-1)}{B+2N +1)
1 (2N -B+5-k)(B+2N-5) || k-3 (2N — B+k—3)(B+2N +2)
§-3 (2N-B-3)(-k+B+2N+3)[5+1 (2N -B+5)(-k+ B+2N - 5)
-2 (2N-B-1)(-k+B+2N+1)| * (2N-B+3)(-k+B+N-3)
E-1  (@N-B+1)(-k+B+2N-1)

reordering these terms

factor

(2N - B + 1)

factor

(2N + B —3)(2N — B +3)

(2N + B - 5)(2N — B +5)
(2N +B=T7)2N =B +7)

2N+B-k+3)2N - B+k-3)

2N+B+1)2N-B-1)
(2N +B+3)(2N -B-13)

@N+B+k—T)2N-B—-k=+7)

2N+B—-k+1)2N-B+k-1)

(
2N+B+k—-5) (2N -B—-k+5)
2N+ B~k-1) (

2N+B+k-3)2N-B-k+3)

shows that the terms appear in pairs expect for two terms, using (z)(—z) = 1 allows

the array of terms to be completed and Riv_(?) rewritten

RY9®) = (1-k)(-2N+B—-k—-1)(1-2N - B)
k-1
x [J@N+B+1+2j)2N - B+1+2j)
j=0

= (1-k)(-2N+ B—k—1)(1-2N - B)

= RY%). (C.0.8)

The terms in the product cancel as 2N is an even integer and therefore the product

as the form o
[[B+1+25)(-B-1-25)=1.
j=0

We have shown that the reflection bootstrap close for & even.

(C.0.9)
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