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Rydberg Radio-Frequency Electrometry with
High-Angular-Momentum States

Gianluca Allinson

Abstract

This thesis details a two-photon method for coupling high—orbital-angular-
momentum Rydberg (highly-excited) states in a thermal caesium vapour,
allowing broadband radio frequency (rf) sensing and precision spectroscopy.
Using a sequence of rf driven transitions, whose energy spacings decrease signi-
ficantly with increasing angular momentum, we demonstrate a Rydberg atom
receiver capable of simultaneous detection of fields ranging from 128 MHz to
0.61 THz. The optical response to multiple simultaneous rf fields is reproduced
theoretically, and we show experimentally that amplitude-modulated signals
across these widely separated carrier frequencies can be demodulated concur-
rently. The same scheme enables rf and terahertz (THz) spectroscopy of states
with 15 <n < 22 and 2 < ¢ < 8. Through a global fit to measured transition
frequencies, we extract a complete, independent set of quantum defects in
133Cs and determine the ionic-core dipole and quadrupole polarisabilities of
Cs™, finding ag = 15.729(18) a} and «, = 76.3(1.9) a respectively. These
results allow prediction of all Cs Rydberg energy levels with uncertainties of 1
MHz or less. Finally, we analyse the fundamental and technical noise limits of
EIT-based Rydberg-atom sensors, separating the contributions of photon shot
noise, laser technical noise, and others. This establishes the dominant factors
currently limiting sensitivity in warm-vapour Rydberg receivers and provides
guidance for future direction. Together, these results further develop and
demonstrate the strengths of Rydberg atoms as electric field sensors while sim-
ultaneously improving the spectroscopic data required for accurate modelling

of many atomic physics experiments.
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Chapter 1

Introduction

Over the past two decades, quantum technologies have expanded rapidly, driven
by advances in manipulating quantum systems [3, 4]. These technologies are often
grouped into four categories: quantum communication, quantum computation,
quantum simulation, and quantum sensing/metrology. Broadly speaking, quantum
sensing, the work that concerns this thesis, refers to the use of quantum states
of matter, such as superposition, entanglement, or long-lived coherence, to meas-
ure physical quantities with precision or capabilities beyond those of traditional
sensors [5, 6]. Here we use traditional to mean sensors that do not deliberately
exploit quantum coherence or entanglement, even though they may still be grounded
in quantum physics (as is the case for semiconductors, lasers, or even atomic clocks).
The term quantum sensing is therefore used somewhat variably: in a stricter sense
it is reserved for sensors enhanced by non-classical correlations (e.g. entanglement),
while in a broader sense it encompasses devices that rely on the manipulation of
quantum objects, such as discrete energy levels. In this thesis we adopt the latter

convention, placing Rydberg-atom sensors, those explored in this thesis, alongside




1.1. Rydberg Atom Sensors

other quantum devices that exploit coherence and other properties of atomic states

rather than strictly entanglement.

Among the many possible platforms, atom-based quantum sensors are particularly
notable. Atoms provide intrinsically identical, stable, and reproducible references
defined by fundamental constants, which enable absolute measurements without
need for some external calibration. Atom interferometers have been demonstrated
for gravimetry [7, 8] and inertial navigation [9], optical lattice clocks [10] which
achieve incredible precision [11, 12] for use in position, navigation and timing [13],
and atomic magnetometers [14] are used in fields ranging from biomedicine [15]
to geophysics [16]. These examples illustrate how atoms themselves can serve as
precise and universal probes of external fields, and provide the foundation for more
specialised approaches such as Rydberg-atom electrometry, which will be the focus

of this thesis.

1.1 Rydberg Atom Sensors

Rydberg atoms, in which one or more valence electrons are highly excited, exhibit
exaggerated properties that scale strongly with principal quantum number, n [17].
Intuitively, this arises from the large spatial extent of the Rydberg electron’s
wavefunction, approaching the micron scale compared to sub-nanometre scale when
the electron is in the ground-state. This leads to strong interactions with light,
static electric fields, and long-range interactions between other atoms. These
properties have made Rydberg atoms valuable tools across quantum technologies,
from quantum information processing and quantum simulation, where strong,
controllable interactions enable quantum entanglement and quantum gates, to

precision spectroscopy and sensing [18, 19].

In this thesis, we focus on their sensitivity to electromagnetic radiation — light!
Because Rydberg transitions couple strongly to radiofrequency (rf) and microwave

fields, they can be used as atomic probes of electromagnetic radiation, providing




1.1. Rydberg Atom Sensors

a fundamentally different way of sensing compared to traditional antennas and

electronic receivers.

Historically, Rydberg atoms have been explored intermittently as probes of ac
and dc electric fields through many different methods [20, 21, 22, 23, 24, 25].
However, it was not until the demonstration of a non-destructive measurement by
an optical readout using electromagnetically induced transparency (EIT) [26] that
their potential as practical sensors could be fully realised. This development enabled
advances in Rydberg-based electric-field detection [27, 28], culminating in the first
demonstrations of microwave electrometry using these methods [29]. Concurrent
work established that Rydberg-atom receivers can be directly tied to fundamental
constants, providing a route toward Sl-traceable standards for radio-frequency (rf)
electric-field strength and power [30, 31]. At the core of all Rydberg microwave
electrometry, whether for sensing, spectroscopy etc., is a single relationship that
links what we detect optically to the rf electric field we want to measure. This entire
thesis can be viewed as different manifestations of the same underlying quantity,
the Rabi frequency:

Measured Inferred

|
Q= % IE|. (1.1)

Constant

Here, €2 is the Rabi frequency which governs the interaction between two atomic
states, p is the transition dipole moment (a measure of intrinsic transition strength)
for that specific transition, and \E | is the amplitude of the applied electric field.
In Rydberg-atom experiments, we measure €2 indirectly through an optical power
measurement (‘Measured’). Because p and h are fixed constants (‘Constant’), the
measured value of 2 can be used to determine the external electric field (‘Inferred’).
This simple equation appears in many aspects of Rydberg electrometry. Every
technique developed in this thesis can be understood as different ways of measuring

or manipulating this fundamental interaction strength.




1.2. Thesis Structure

The work presented in this thesis explores several open challenges associated with
Rydberg atom sensors based on EIT in a caesium atomic vapour. Specifically, we
address three themes: (i) the use of Rydberg-EIT as a route to broadband and
lower-frequency receivers, a capability often emphasised in the literature [32] but not
yet fully explored; (ii) improving the accuracy of caesium atomic data available in
open-source databases such as arc [33], broadly relevant for quantum technologies,
including Rydberg atom-based sensors; and (iii) understanding the theoretical
sensitivity limits of Rydberg-EIT sensors in describing the role of different noise

sources.

1.2 Thesis Structure

In this chapter we have provided the scientific context for the work and an intro-
duction to Rydberg-atom rf electrometry. Chapter 2 develops the theoretical tools
used throughout the thesis, including models of atom-light interactions and atomic
structure that underpin the experimental and computational methods. Chapter 3
describes the experimental approaches, including optical layouts, beam geometries,
instrumentation, a home-built laser system, and data acquisition methods, which

form the background of the results presented in later chapters.

In Chapter 4, we introduce and explore multi-level ladder schemes in EIT, where
multiple Rydberg states are coupled onto a single optical probe. These schemes
are investigated both as a method for rf and microwave sensing and as a route
toward broadband Rydberg receivers. Chapter 5 applies these methods to precise
spectroscopy of caesium Rydberg levels, yielding a new, complete and independent
set of quantum defects to refine atomic data resources such as arc [33]. Chapter 6
extends this work to high-angular-momentum Rydberg states, providing the first
measurement of the true ionic core (Cs™) polarisabilities. Finally, Chapter 7 presents
a systematic study of noise in Rydberg rf sensors, identifying the dominant processes

that set the ultimate sensitivity limits of the techniques demonstrated in this thesis.




Chapter 2

Atom-Light Theory

2.1 Quantum Description of Alkali Metal Atoms

Rydberg atoms are most naturally described using the single-electron quantum
mechanics of hydrogen-like systems. Alkali metals, including caesium, possess a
single valence electron outside a closed-shell ionic core, and at the large orbital
radii associated with Rydberg excitation the electron experiences an almost pure
Coulomb potential [17]. This makes the hydrogenic model an excellent starting
point for understanding their structure and interactions. The purpose of this section
is not to re-derive the full formalism of quantum mechanics, but to summarise the
notation and physical processes required later to better understand the content

used in this thesis.

The stationary states of the valence electron is described by the time-independent
Schrodinger equation [34]
H|p) = El9), (2.1)
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through its energy, F, with a Hamiltonian

h? 2 Ze?

H=— (2.2)

2m, dmeor’

where £ is the reduced Planck constant, V the Laplacian operator, Z the nuclear
charge, e the elementary charge, ¢y the vacuum permittivity”, and r the electron—core
separation. The latter term is the potential energy of the system as described by
the Coulomb potential, the potential energy of the electron with charge, —e, arising

from a nucleus of charge Z.

Because the potential is spherically symmetric, the solutions, named wavefunctions

Y(r), separate in spherical coordinates into radial and angular components [35],

() = Rng(r)Yem(0, ¢), (2.3)

labelled by the principal, orbital, and magnetic quantum numbers (n, ¢, m). The
Yy m encode the orbital angular momentum of the electron through the quantum
numbers, ¢ (magnitude) and m (projection along the chosen axis), while the radial
part, R,e(r), depends on the principal quantum number, n, and determines the
electron probability amplitude as a function of distance from the nucleus giving

both the size of the electronic orbit and the energy of the state.

Historically, the the discrete nature of the energies occupied by the electron was first
observed empirically through absorption and emission lines in atomic spectra [36,
37, 38]. For a purely Coulombic potential, the bound-state energies depend only on

the principal quantum number n and are given by [39]
B, = — 2 (2.4)

so states with different orbital angular momentum /¢ are degenerate meaning they
share the same energy despite being distinct physical states. In real atoms such
as caesium, however, the potential deviates from the ideal Coulomb form due to

a number of effects which we explore later. These effects break the /-degeneracy

*c =1/ /€otio, where c is the speed of in vacuum and o the vacuum magnetic permeability.
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and produce a characteristic large energy shift for low-¢ states. For high-¢ Rydberg
states the electron spends most of its time far from the core and the potential

becomes increasingly hydrogenic, restoring an approximate degeneracy [17].

Several key scaling relations that we use throughout this thesis arise directly from

this nearly hydrogenic structure [18]:
(rYocn?, AFEo«cn™ and |u| ocn? (2.5)

where (r) is the expectation value of the radial wavefunction, AE denotes the energy
spacings between states of adjacent n and |u| here specifically denotes the dipole
moment between adjacent states. These scalings capture the behaviour of strong
electric-dipole coupling of Rydberg atoms to rf and terahertz fields, their energy

separations and underlie the sensitivity of Rydberg-EIT electrometry.

2.2 Atomic Structure of Caesium

The hydrogenic model outlined in the previous section provides the leading de-
scription of highly excited Rydberg states. Real alkali atoms, however, exhibit
several important deviations from a pure Coulomb potential, especially at short
range due to the differing ionic core. These deviations lift the large degeneracies
of the hydrogen spectrum and give rise to the fine structure, hyperfine structure,
and quantum defects that define the detailed level structure of caesium. This
section summarises the elements of atomic structure required to understand the
energies of caesium, Rydberg transitions between their states, and the spectroscopic

measurements presented in later chapters.

2.2.1 Fine-Structure

The electron possesses intrinsic spin s = 1/2, which couples to its orbital motion
through the spin—orbit interaction [39]. This coupling produces states of total

electronic angular momentum
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1
J=L+S, J=(+; (2.6)

and lifts the degeneracy between the resulting j-manifolds. The splitting is small
compared with the separation between different n-manifolds, but sufficiently large

to be spectroscopically resolved in the Rydberg states used throughout this work.

The resulting states are labelled by the standard spectroscopic notation n¢; (e.g.
50p3 /2, 17115 /2). The orbital quantum number ¢ is denoted by spectroscopic letters
s,p,d, f,g,...=0,1,2,3,4,.... This labelling is used throughout the thesis when

identifying the optical and rf-driven transitions®.

Accounting for relativistic effects leads to an additional energy shift which is only
dependent on £. This arises from when the electron experiences relativistic velocities
close to the nucleus. The form of this energy shift is given in a later chapter in
the context of measurements of energy levels. A second additional shift arises
again from a relativistic effect leading to the term, which only affects states with

=0 [39.

Later, we address transitions between the many different ¢; states using external

fields for electrometry and sensing applications.

2.2.2 Hyperfine Structure

Beyond fine structure, even smaller energy splittings arise from the interaction
of the electron with the nuclear spin, known as the hyperfine structure. Just as
the electron possesses an intrinsic spin s = 1/2, the nucleus is characterised by a
nuclear spin, I. Caesium has a relatively large nuclear spin, I = 7/2, leading to a
magnetic-dipole hyperfine interaction that splits each fine-structure level into states

of total angular momentum [39]

F=1+J. (2.7)

*The letters then follow alphabetically from g for higher ¢ states, but omitting j for £ = 7.
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In this thesis, hyperfine structure plays only a supporting role. It is observable
and important at low principal quantum numbers, where we use it address specific
hyperfine states to stabilise our lasers, but becomes vanishingly small for the highly
excited Rydberg states that form the focus of this work. For these states, the
splitting is far below our experimental resolution and is therefore omitted unless

explicitly stated.

2.2.3 Alkali Metal Atoms

In modern atomic physics, alkali metals such as rubidium and caesium are widely
employed due to the relative simplicity of their electronic structure, their high vapour
pressure at room temperature and the availability of lasers at relevant wavelengths.
Their single valence electron outside a closed shell makes them amenable to the
single-electron treatment introduced in Section 2.1. However, unlike the idealised
hydrogen atom, the Coulomb potential experienced by the valence electron is
modified by the presence of other ‘core’ electrons. The finite extent and screening of
the nuclear charge by the core electrons introduce an additional phase shift relative
to the hydrogenic radial wavefunction, which is parametrised by the quantum defect,
d¢; [17]. This leads to deviations from the exact hydrogenic wavefunctions and

energy levels.

The bound-state energies, being assigned quantum numbers nfj, in an alkali atom

can be expressed as
Roo

h¢ —————,
(n — d¢j(n))
where R, is the Rydberg constant and dy j(n) is (usually) an empirically determined

Engj = — (2.8)

parameter characteristic of each /¢, j series [34]. The size of the quantum defect
depends strongly on orbital angular momentum. Low-¢ states (s,p and d) have
significant probability density within the core region, where inner-shell electrons
partially shield the nuclear charge therefore acquiring large quantum defects [17]

depressing their energies. In contrast, high-¢ states (f,g...) are almost purely
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Figure 2.1: An energy level diagram showing the difference in the caesium spectrum
and the spectrum of the hydrogen atom. Left: An overview of the energy scales
between caesium and the hydrogen atom showing the degenerate states of hydrogen
(red) in comparison to the highly ¢ dependent states of caesium (blue). Each
hydrogen n manifold is labelled along with some low lying states of caesium. Right:
A zoom of the higher n states of both spectrums showing the convergence of the
caesium spectrum at the high angular momentum states (¢ > 3)*. At low ¢ states
the quantum defects are large and show little resemblance to the hydrogen atom
spectrum, e.g. the 7p states are almost 1 eV depressed in energy from the n = 7
hydrogen manifold.

hydrogenic, with dy; ~ 0. Their energies follow the hydrogenic formula to good
approximation. The difference between the energy spectrum of a hydrogen atom

and a caesium atom is highlighted in Fig. 2.1.

This dependence on £ plays a central role in the experimental work presented later in
this thesis. Low-¢ Rydberg states serve as the optically accessible levels in the EIT
scheme and are measured with high precision to refine the corresponding quantum
defects. In contrast, the dense and nearly hydrogenic manifold of high-¢ states
provides a ladder of closely spaced rf transitions that enables broadband sensing
(Chapter 4) and allows us to determine specific quantum defects and related atomic

constants (Chapters 5 and 6). For these high-¢ states, the dominant deviation from

*Note that £ < n.
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2.2.4. FEffective Potentials for Alkali Rydberg States

ideal hydrogenic behaviour arises from the polarisabilities of the Cs™ core, which
introduces a small additional energy shift that scales approximately as 1/n3¢> [40].
The energy spacings between states of adjacent £ become directly measurable in our
spectroscopy. We exploit this in Chapter 6 to extract both dipole and quadrupole

polarisabilities of Cs™.

2.2.4 Effective Potentials for Alkali Rydberg States

In modern approaches, the wavefunction of the valence electron in alkali-metal atoms
is treated by writing a more complete description of the total potential. Namely,
these include polarisation of the ionic core due to the electron, a modified central
potential representing the screened nuclear charge and a spin orbit interaction

representing some potential
V(r) = Ve + V50, (2.9)

to replace the potential in equation 2.2. A widely used form that includes these

effects is from [41] with, in atomic units*,

Qg

_(-\6
Sall—e % (2.10)

1
Vet (1) = - (1 +(Z = 1)e " —r(ase + ra4,g)e_’““2’€> _

where a4 (often denoted «. for the ionic core polarisability) is the static dipole
polarsability of the ionic core, Cs™. The various constants, 7., the cut-off radius
defining where to truncate the polarisation potential near the origin, and a,, ¢ are
fit parameters listed in [41] for different ¢ and alkali-metal species. The spin orbit

potential takes the form

Vso

L-S ld‘/eff(’r')< B Veff(r)>2 (2.11)

C2myctr dr 2m2c?

where the latter factor ensures that the wavefunction is well defined near the origin

as r — 0 [42].

*where the constants h, m., 4meo, and e all correspond to the value 1.
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2.8. Atom-Light Interaction

Radial wavefunctions for alkali Rydberg states can be obtained by numerically
integrating the radial Schrédinger equation in the presence of the effective single-
electron potential, for example using the Numerov method. This approach is
implemented in widely used open-source packages such as arc [33], which is employed
throughout this thesis to compute accurate dipole matrix elements and transition
strengths. Presenting the full effective potential here is also intended to emphasise
the central role of the Cs™ dipole polarisability, cg, which governs the dominant
deviation from hydrogenic behaviour for high-¢ states and directly determines
many of the measurable quantities in this work. The influence of the ionic core is
interestingly also evident in the fine structure itself: in caesium, exchange effects
modify the spin—orbit interaction to such an extent that the usual hydrogenic

ordering of the f5/5 and f7/, levels is inverted [43].

2.3 Atom-Light Interaction

Having established the structure and energy-level organisation of alkali atoms, we
now consider how these states couple to electromagnetic radiation. Understanding
this interaction is essential for the spectroscopic and sensing techniques employed
throughout this thesis. We follow the a semi-classical approach in which the
atom is treated quantum mechanically and the electromagnetic field classically, an

approximation that is well suited to our thermal vapour experiments [44, 34].

2.3.1 Electric Dipole Transitions

The interaction of a bound electron with an applied field follows from the minimal-
coupling Hamiltonian, the dynamics of a single electron in an external field are

written as [44]
1

2m,

H=—(—ihV +eA)’+V(r), (2.12)

where A is the vector potential of the applied electromagnetic field, defined via

E = —0A /0t — V¢. Expanding this and simplifying, the atom—field coupling

12



2.8.2. Dipole Matriz Elements and Selection Rules

reduces to the electric—dipole interaction [44],
ﬁint =K E(t)7 (213)

where pu = —er is the electric dipole operator. Two features justify this derivation.
First, the optical field varies negligibly over the extent of the atom (kr < 1, where
k = 2w /X is the wave vector or light, and 7 is the position of the electron relative
to the atomic nucleus — the wavelength of the light is much larger than the spatial
extent of the atom.) allowing the field to be treated as spatially uniform. Second,
we assume a slowly varying temporal envelope for the driving field so that it may
be represented as a single-frequency carrier with fixed polarisation. Within these
approximations, light couples a ground state |g) and an excited state |e), through

the matrix element
(e| Hintlg) = —(elulg) - E(t), (2.14)

the central quantity governing optical transitions. The magnitude and structure of
this coupling depends both on the atomic wavefunctions and on the polarisation of

the light as we shortly see.

2.3.2 Dipole Matrix Elements and Selection Rules

The dipole matrix element factorises naturally into radial and angular contributions.
Writing the dipole operator in its spherical-tensor form, the transition strength
becomes [44]

(e’f"g} = Re,gAe.g; (2.15)
where
Reg = / Re(r)rRy(r)dr, (2.16)
0

and, for some nlm gross structure state,

/ o0 4 1 ¢
Aeg = (—1)ymtmax(Gl) [max(e, o) 00 041 (2.17)
-m' m-m' m
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2.8.2. Dipole Matriz Elements and Selection Rules

where § denotes the Kronecker delta and the () denotes the Wigner-3j coefficient [44]*
The radial integral, equation (2.16), determines the overall strength of the transition
(and is what is computed in atomic-structure codes such as arc [33]), thus influenced
by the effective potential discussed in Section 2.2.4. It is this component that varies
significantly between Rydberg states and determines the large transition dipoles
characteristic of high-n states. The angular part, equation (2.17), follows solely from
symmetry and the Wigner—FEckart theorem. It therefore fixes the electric—dipole
selection rules [45] which specify the only combinations of quantum numbers for
which the dipole matrix element is non-zero and thus the only optical transitions

that the atom is permitted to make:

Al = +1, (2.18)

Am = 0,41, (2.19)

where the total spin s is unchanged. Physically, this reflects angular momentum
conservation between the photon (which carries spin angular momentum /) and

the atom.

The Am selection rules can be directly related to the polarisation of the driving light.
Linearly polarised light drives Am = 0 or ‘w’ transitions, while circularly polarised
light drives Am = +1 or ‘o™’ transitions. Thus, the polarisation state of the light
controls which magnetic sublevels are coupled. When fine or hyperfine structure
is included, these rules generalise to Aj = 0,£1, and AF = 0,£1 (excluding
0 <> 0) [39], but the physical origin remains the conservation of angular momentum

between the photon and the atom.

*Similar expressions can be constructed for dipole matrix elements when concerning fine- and
hyperfine structure states.
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2.8.3. Rabi Frequency

2.3.3 Rabi Frequency

For a simple two-level system represented by a ground state, |g), and an excited

state, |e), the interaction Hamiltonian may be expressed in matrix form as [45]

0 1oy - E(t
Hipe = Heg * B! : (2.20)

—ge - E(1) 0
where pge = pg, by Hermiticity. This matrix formulation underlies the description
of Rabi oscillations and, more generally, the optical Bloch equations introduced

later in this chapter.

The strength of the atom—field coupling is encapsulated in the Rabi frequency,
defined by

Q= %M-E. (2.21)

In the case of a monochromatic field with fixed polarisation, 2 provides a direct
measure of how strongly the external light drives coherent oscillations between |g)
and |e). The time evolution of the populations of these states is then governed
by Rabi oscillations at frequency 2, a phenomenon that forms the basis of many

interactions in atomic physics.

2.3.4 Spontaneous and stimulated processes

In addition to this coherent driving, real atoms undergo dissipative processes due
to their interaction with the vacuum electromagnetic field [34]. These are described
by the Einstein A and B coefficients. The Einstein A coefficient, A.g, gives the
spontaneous emission rate for decay from |e) to |g), while the B coefficients describe
stimulated absorption and emission in the presence of external radiation. In the
dipole picture, the spontaneous emission rate can be related to the dipole matrix
element as [34]

Aoy = 72 |peyl?, (2.22)
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2.8.5. Optical Bloch Equations

where wey is the transition frequency. Equation (2.22) makes clear the link between
the strength of coherent driving (through €2) and the strength of spontaneous
decay: both depend on the same dipole matrix element. This balance between
coherent excitation and dissipative loss will later appear explicitly in the optical

Bloch equations.

2.3.5 Optical Bloch Equations

To describe the time evolution of an atom interacting with light, we must move bey-
ond the wavefunction formalism and instead use the density matriz [46]. The density
matrix p is a matrix-valued operator that provides a complete statistical description
of the atomic state, encompassing both pure states and mixed ensembles [47]. Its
diagonal elements, p;;, describe the populations in each energy level, while the
off-diagonal elements, p;; with ¢ # j, represent the atomic coherences, the phase
relationships between different quantum states. The time evolution of the density
matrix is governed by the Gorini-Kossakowski-Sudarshan—Lindblad (GKSL) master
equation [48]:
dp @

a - h[pr] +[’(p)7 (2'23)

where H is the Hamiltonian describing coherent evolution, £(p) is the Lindbladian,
[,] represents the commutator and 7 is the imaginary unit. The Lindbladian acts as
a superoperator on the matrix p and incorporates all non-Hamiltonian processes
such as spontaneous emission, collisions, optical pumping, and dephasing. For a
decay channel |e) — |g) with rate I', the corresponding Lindblad term takes the

standard form
. 1 .
Leg(p) = F(agep Geg — 2{0'66,,0}> , (2.24)

with 6;; = [i)(j] and {-,-} the anticommutator. Thus both the Hamiltonian and
dissipative contributions act directly on the matrix elements of p. Under the

rotating-wave approximation (RWA), the atom-light interaction Hamiltonian for a
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2.8.5. Optical Bloch Equations

two-level atom driven with Rabi frequency € and detuning A = wy, — weq is

- hA hQ
H: —7&66—1—7(669—1—696). (225)

Substituting this Hamiltonian and the Lindblad operator for spontaneous emission
into Eq. (2.23), and evaluating each matrix element explicitly, yields a set of coupled

differential equations known as the optical Bloch equations [34]:

. 102

Pee = —L'pee + o5 (pge - peg) ) (226)
. 1€

Pgg = T pee — o (Pge = Peg) » (2.27)
. . T 1€

Peg = (ZA - 2) Peg t ? (pee - ng) : (2'28)

Each component p;; then evolves through a combination of coherent driving terms
proportional to € and A, arising from [fI ,p|] and dissipative relaxation terms

proportional to I'; arising from L(p).

In this thesis, the atomic ensemble reaches equilibrium well before measurements
are taken: optical pumping, population transfer, and coherence dynamics occur on
microsecond timescales, while data acquisition takes place on millisecond timescales
or longer. Thus we typically solve for the steady state, i.e., all p;; = 0. The resulting
steady-state density matrix encodes the complete optical response of the medium.
The optical Bloch equations thus form the theoretical backbone for describing
electromagnetically induced transparency, Rabi oscillations, optical pumping, and
the steady-state absorption spectra observed throughout this thesis. All later
modelling of Rydberg EIT and rf-coupled Rydberg systems uses this framework,

extended to include more levels, and Doppler averaging.

The coupled linear equations formed by (2.23) are solved computationally using
code based upon [49] in chapter 4. In later chapters we use another open-source
software, rydiqule [50]. Both programs compute (2.23) based upon user input and

then solve the set of coupled linear equations.

17



2.83.5.1. Dephasing

2.3.5.1 Dephasing

In real experimental systems, the decay of the atomic coherence p.4 is not governed
solely by spontaneous emission. Other processes, referred to as dephasing, contribute
to the loss of phase coherence between different atomic states without necessarily

changing their populations.

The total decoherence rate of the optical coherence can therefore be written as some

1—‘..
Vi ==+ % (2-29)

where the first term, I';; /2, arises from population relaxation due to spontaneous
emission, from some state |i) to some state |j) (as introduced in Section 2.22), and

74 represents an additional dephasing rate.

Sources of dephasing include:

e Laser linewidth: Finite spectral width of the driving field introduces phase
noise, effectively broadening the transition and leading to random fluctuations

in the optical phase [51].

e Transit-time broadening: In thermal vapour experiments, atoms move in

and out of the laser beams, interrupting the interaction [52].

« Collisional dephasing: Elastic collisions between atoms, with a buffer gas
or the cell walls can randomise the atomic phase without causing population

transfer [52].

Including dephasing modifies the optical Bloch equations by replacing I';; /2 in the
coherence term with a more general ;;:

Y

) (pee - pgg)’ (230)

Peg = (1A — ’Yeg) Peg T+

This term accounts for both spontaneous decay and all other mechanisms. Together,

these processes form the realistic picture of atom—light interactions, where excitation,
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2.4. Rydberg Atom RF Sensing

spontaneous emission, and dephasing shape the internal dynamics of the atom. In
the next section, we will see how these processes form the measurement used to

make a sensor.

2.4 Rydberg Atom RF Sensing

We have so far described the dynamics of a single atom interacting with an external
field. We now turn to how this picture is applied in a real Rydberg sensor, where
the measurement signal arises from EIT and not from one atom but from a thermal
ensemble of atoms inside a small glass vapour cell. In this setting the atoms move,
experience Doppler shifts, and collectively determine the transmission of the probe

laser.

Most Rydberg-atom-based rf sensors make use of electromagnetically induced
transparency (EIT) [53, 26, 54], a coherent and non-destructive process that couples
the properties of the Rydberg state to an optical transition from the atomic ground
state, thereby allowing the perturbative effect of an incoming rf electric field on
the Rydberg state, to be mapped onto an optical probe field, which is detected
using a photodetector [27, 55]. This EIT technique effectively enables sensitive and
SI-traceable measurements of RF electric fields to be extracted from an optical

signal [56].

2.4.1 Electromagnetically Induced Transparency (EIT)

Electromagnetically induced transparency (EIT) is a coherence effect in which an
otherwise absorbing medium becomes transparent to a weak probe field in the
presence of a strong coupling field [57]. In Rydberg systems, EIT provides a highly
sensitive and non-destructive means of probing atomic coherence and detecting

external electromagnetic fields [52].
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2.4.1. Electromagnetically Induced Transparency (EIT)

In a typical ladder configuration, a weak probe laser couples the ground state |g)
to an intermediate excited state |e), while a strong coupling laser connects |e) to a
highly excited Rydberg state |r). In the absence of the coupling field, atoms excited

to |e) rapidly decay, resulting in strong absorption of the probe field.

When the coupling field is applied, it drives coherent Rabi oscillations between |e)
and |r), such that excitation to |e) can occur both directly from the probe field and
indirectly through coupling to the Rydberg state. At exact two-photon resonance,
these excitation amplitudes interfere destructively, suppressing population of the
intermediate state and therefore preventing absorption of the probe field. At
exact two-photon resonance, these excitation amplitudes interfere destructively,
suppressing population of the intermediate state. As a result, the atom can no
longer efficiently absorb probe photons despite the probe remaining resonant with

the |g) — |e) transition.

This destructive interference leads to the formation of a non-absorbing “dark state”
|D) o Qc|g) — Qp |7) (2.31)

where €2, and €. are the probe and coupling Rabi frequencies, respectively. Within
this coherent superposition state, the system becomes effectively decoupled from

le) and probe absorption is suppressed.

In the density matrix formalism, this corresponds to cancellation of the coherence
term pge, whose imaginary component determines probe absorption. The suppression
of Im(pge) produces a narrow transparency window in the probe transmission
spectrum, as shown in Fig. 2.2, while the associated steep variation in Re(pge) gives
rise to strong dispersion. This dispersive response underpins applications such as

slow light [58].

In Rydberg EIT-based rf sensing, an additional radio-frequency field couples two
nearby Rydberg states, typically denoted |r) and |r'). This introduces an extra
coherence into the density matrix and alters the optical response of the medium.

Depending on the rf amplitude and detuning, this coupling can generate features
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2.4.2. Probe Laser Transmission

such as Autler—Townes splitting [59], in which the original EIT resonance divides
into two distinct components whose separation directly yields the rf Rabi frequency

Q0 [29].

EIT therefore provides a mechanism by which microscopic atomic coherences are
imprinted onto the optical absorption experienced by the probe laser. The density
matrix and optical Bloch formalism introduced earlier predict these absorption

features, and will be used throughout this work to model spectra.

2.4.2 Probe Laser Transmission

In this section we show how the atomic coherences calculated via the density matrix
give rise to the macroscopic electric susceptibility experienced by the probe, and how
this susceptibility ultimately determines the measured probe transmission. Consider
a weak probe laser driving the |g) <> |e) transition in an ensemble of N atoms per

unit volume. Each atom develops a microscopic dipole moment, p [60, 47]

P = Heg Pge, (2~32)

where p., is the transition dipole matrix element and pye is the coherence between
the ground and excited states. The macroscopic polarisation or polarisation density,

P, of the ensemble is then simply the sum over all atoms [60]:
P=Np= Nﬂeg Pge (2'33)

Here, N scales the microscopic response to the collective medium response. The
polarisation is also related to the applied probe field E,(t) via the complex electric
susceptibility y:

P =¢yxE,;. (2.34)

Comparing this to the previous expression, we see that the susceptibility is directly

proportional to the atomic coherence and can be found as:

2
x=—"Twl (2.35)
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2.4.2. Probe Laser Transmission

The complex susceptibility x = ¥’ + ix” encodes both the dispersion, x’ or equival-

ently Re(x), and absorption, x” or equivalently Im(x), properties of the medium.

The propagation of the probe field through an atomic vapour is commonly described

using Beer’s law [34]. For a medium of length L, the probe intensity obeys
I(L) = 1(0) e °F, (2.36)

where a = kIm(x) is the absorption coefficient and k is the probe wavevector [61].

The corresponding measurable transmission is therefore,

I(L) k1
T = — e kImOI L, 2.37
Equation (2.37) follows from a susceptibility x is assumed to be uniform throughout
the medium. This is accurate when the optical depth, k£ Im(x)L, is not too large i.e.,
when the vapour is optically thin. In this regime, the probe intensity (or other field
intensities) does not vary dramatically over the length of the cell, and the coherence

pge (which determines x) may be taken as constant along the propagation direction.

For high number density, long vapour cells, or conditions in which resonances lead
to strong absorption, this approximation begins to fail. A large optical depth means
that the probe is significantly attenuated as it propagates. Because the atomic
response depends on the local probe intensity, the susceptibility becomes position-
dependent, x — x(z), and Beer’s law no longer captures the correct nonlinear

propagation.

A more complete treatment couples Maxwell’s wave equation for the probe field
to the density-matrix (Bloch) equations describing the atomic medium, leading to
the full Mazwell-Bloch equations [62]*. However, for the purposes of this work,
where the vapour is operated in a regime of modest optical depth and the probe
remains weak, the approximation of a uniform susceptibility and Eq. (2.37) provide

an accurate and computationally efficient description of the probe transmission.

*For an application to Rydberg sensing see e.g. [63] or [64]
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2.4.3. Effect of Doppler Broadening

This derivation establishes the clear chain of causality:
pge — x — T,

showing that the probe transmission measured in the experiment directly reflects
the underlying atomic coherence induced by the light fields. This is a key result
used and, more often, observed throughout this thesis. Anything that modifies
the atomic coherence directly determines the optical transmission that we detect

experimentally when the power of the probe laser is detected.

2.4.3 Effect of Doppler Broadening
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Figure 2.2: Overview of EIT of a three-level system in an atomic ensemble.
Left: Doppler broadened electric susceptibility, y, of a three level system with
Q. = 21 x 4MHz and ), = 27 x 2MHz showing the imaginary part, leading to
absorption, and the real part, leading to a phase shift. Middle: EIT in a three-level
system as part of a Doppler-broadened atomic ensemble with L = 1 mm, and number
density N = 5.9 x 10" m~—3. Right: Plot of the number density of two alkali-metal
atoms, rubidium and caesium showing the drastic increase with temperature.

In a thermal vapour, atoms possess a velocity distribution that shifts the effective

laser detuning through the Doppler effect. For an atom moving with velocity

component v along the probe propagation direction, the probe detuning becomes
Ap — Ay —kpv, (2.38)

where kj, is the probe wavenumber. Similarly, any coupling or rf field with wavenum-

ber k; acquires the corresponding Doppler term —k;v.
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2.5. Sensing Primer

The ensemble susceptibility is obtained by averaging the single-velocity susceptibility

x(v) over the one-dimensional Maxwell-Boltzmann distribution

1}2
flv) = u\l/% eXp<—u2>, u=\| %:;T’ (2.39)

yielding the Doppler-broadened susceptibility

w@) = [ xRy f(0)do (2.40)

—0oQ
Doppler averaging generally broadens spectral features and reduces peak contrast.

For ladder-type EIT systems, the choice of counter-propagating probe and coupling
beams can partially cancel Doppler shifts on the two optical transitions, narrowing
the effective linewidth of the EIT resonance. In contrast, rf and THz fields contribute
negligibly to Doppler broadening, since their associated wavevectors are much smaller

than those of the optical fields.

Fig. 2.2 summarises these relationships by showing how the atomic coherence
determines the susceptibility and, in turn, the probe transmission in a Doppler-

broadened atomic ensemble.

2.5 Sensing Primer

Rydberg atoms have rapidly emerged as a versatile platform for precision electro-
magnetic field sensing. The last decade has seen an explosion of progress, with
Rydberg-based receivers achieving state-of-the-art performance in the measurement
of RF electric-field amplitude [65], frequency [66], and phase [65, 67], as well as
vector quantities such as polarisation [68] and angle of arrival [69]. More recently,
the intrinsically broadband nature of Rydberg transitions has enabled simultaneous

detection across multiple independent frequency bands [70, 71].

Although alternative readout mechanisms exist such as fluorescence detection [72, 73],

photon conversion [74], and ion-counting approaches [75], EIT remains the most
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Figure 2.3: Overview of transition frequencies in caesium accessible using two-
and three-photon methods and their distribution across the radio spectrum. These
include all dipole allowed ¢; — (£ + 1);; but exclude transitions with negligible
radial overlap (those far-separated, e.g. 40s — 50p) are omitted, as they produce
dipole moments too small to be driven appreciably. Above: Plot of the dipole matrix
element against logarithmically spaced transition frequencies for different dipole
allowed transitions in the range n = 15-100. Below: A histogram showing the
distribution of logarithmically-binned transition frequencies and their count for the
selected dipole allowed transitions. The dashed vertical lines show the transition
frequencies that are used throughout this thesis for spectroscopy or sensing purposes.
Some of these lines use higher ¢ transitions not shown in either plot.

widely adopted technique for RF sensing. Its combination of high sensitivity,
non-destructive readout, (relative) experimental ease and direct traceability to
fundamental atomic constants makes it particularly attractive for metrology ap-
plications. Accordingly, throughout this thesis, we focus exclusively on EIT-based
schemes. A key advantage of Rydberg atoms is the vast range of accessible trans-
ition frequencies in the RF, microwave, and THz domains. Because the Rydberg
level structure becomes increasingly dense with higher principal quantum number,
two- and three-photon schemes™ can address transitions spanning several orders of
magnitude in frequency. Fig. 2.3 illustrates this broadband coverage by mapping
the dipole matrix element and transition frequency for allowed Rydberg transitions

between s — p,p — d,d — f and f — g states in caesium.

*Referring to the number of lasers needed to address Rydberg states.
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2.6. Conclusion

The upper panel shows the frequency—dipole-moment relationship, highlighting
how the enormous radial matrix elements associated with high-n Rydberg states
lead to strong RF coupling even at very weak electric-field amplitudes. The lower
histogram demonstrates the natural distribution of transition frequencies across the
0.1-1 x 10® GHz range, indicating that suitable transitions exist for essentially any
frequency of interest within this band although it is most densely packed around
10 GHz. This clustering means that practical operation is naturally biased toward
the microwave band, where suitable transitions are abundant. Conversely, outside
this region, the sparser transition landscape limits flexibility but points towards
better use-case as traditional technologies are poorer in higher frequency regions
(> 100 GHz) [76] and, additionally, Rydberg sensors offer an interesting case of

small sensor size for lower frequency (longer wavelength) detection [77].

The vertical dashed lines mark the particular transitions used in this thesis for spec-
troscopy and sensing. Some involve higher angular-momentum states not displayed
for clarity, but the overall picture emphasises the intrinsic spectral flexibility of
Rydberg systems. Together, this broad frequency coverage, electric-field sensitiv-
ity, and optical readout capability form the foundation for the sensing techniques

developed and explored in the following chapters.

2.6 Conclusion

This chapter has established the theoretical backbone of the work presented in this
thesis. We first built up the structure of the Rydberg atom from its hydrogenic
origins, identifying the quantum numbers, wavefunctions, and matrix elements that
govern its behaviour. We then developed the framework for light—atom interactions,
beginning with the electric-dipole Hamiltonian and progressing through dipole
selection rules, Rabi coupling, and spontaneous decay. The density-matrix and
optical Bloch formalism provided the language needed to describe coherent evolution

in the presence of dissipation, while the calculation of electric susceptibility linked
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2.6. Conclusion

these atomic coherences directly to the measurable probe transmission. Extending
the picture to a thermal vapour introduced Doppler effects and averaging procedures,
yielding the realistic lineshapes central to Rydberg EIT spectroscopy. Finally, we
used these concepts to motivate the operating principles of Rydberg-based RF
sensors and to illustrate the broad frequency coverage enabled by the Rydberg level

structure.

We are now equipped to construct a practical Rydberg sensor. The next chapter
turns to the experimental tools that make these ideas into an experiment. We
detail the design of a novel coupling laser, the optical layout for probe and coupling
beams, laser frequency stabilisation, RF delivery schemes, and the control and
data-acquisition infrastructure. Following this, all remaining measurements in this
thesis are built, and they translate the theoretical mechanisms developed here into

a functioning experiment.
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Chapter 3

Experimental Methods

3.1 Introduction

In this work, Rydberg atoms are realised using a thermal vapour of caesium atoms
contained within a glass cuvette. The atoms are optically excited using a sequence of
laser fields at well-defined wavelengths to reach highly excited electronic states. By
monitoring the transmitted power of one of these laser beams using a photodetector,
information about the amplitude and frequency of external rf fields interacting with
the atoms can be inferred. This chapter describes the key experimental methods
required to generate and detect these Rydberg excitations, and how the measured

atomic response can be used for rf field sensing.

Caesium is particularly well suited to such experiments owing to its convenient
optical transition wavelengths, large dipole moments between Rydberg states, and
high vapour pressure, giving a large number of atoms, at room temperature. These

features enable strong light—atom interactions and sufficient optical depth in a
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8.2. Atomic System

small package to be able to readily detect using an optical probe. The following
section introduces the relevant energy level structure of caesium and outlines how

the applied optical and rf fields are used to access the required atomic states.

3.2 Atomic System

The experiments in this thesis focus on the low-lying Rydberg states of the caesium
atom. An ensemble of atoms within a vapour cell is excited using two optical lasers
and a series of applied rf fields. The relevant energy levels explored throughout the
thesis are illustrated in the top left of Fig. 3.1 and give an overview of the scale of

energies involved.

The first (‘probe’) laser at 852 nm couples the ground state 6s;/5, ' = 4 to the
excited 6pgz/o, I' =5 state via an electric dipole transition. Other specific hyperfine
levels of these states™ can be addressed by changing (‘detuning’) the frequency of
the laser. This becomes relevant when we discuss stabilising these lasers to specific
hyperfine levels in section 3.5. At these low principal quantum numbers, the energy
spacing between adjacent n states is large (~1eV), several orders of magnitude

greater than the energy of the rf fields we aim to study (~ 10-100 peV).

To reach Rydberg states where adjacent levels are much more closely spaced, a
second (‘coupling’) laser couples the 6ps /o state to Rydberg states with principal
quantum numbers n = 18-22 and angular momentum ¢ = 2, j = 3/2,5/2, as
determined by the accessible laser wavelengths. These states are shown in the top
right of Fig. 3.1. In this region, the separation between dipole-allowed transitions
lies in the range of 0.1-1 THz. The strong deviation of the low—¢ (s, p, and d) states
from the hydrogenic manifold (¢ > 3) is a consequence of their large quantum defects,
which cause them to lie significantly lower in energy than the nearly degenerate

high—¢ states of similar n.

*Spaced ~ 100 MHz apart, see [78]
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Figure 3.1: Energy level diagram showing the energy levels of caesium at different
scales and principal quantum numbers. Additionally, we display the excitation
scheme(s) used in this thesis (5 <n <22, 0 < ¢ <9). Grey regions highlight the
next panel (clockwise) Top left: The 852nm probe laser (red arrow) couples the
6s1/2 ground state and the first excited 6p3/ state, where a 515-520 nm coupling
laser (green) couples to a range of high-lying states. Top Right: The caesium energy
level ‘neighbourhood’ of the Rydberg states used (blue) throughout this thesis
(17<n <22, 0<¢<9), showing the nf states that are coupled using a range of
THz transitions (purple) from the nd states. The range of THz frequencies used is
shown. The nd states have fine structure which is not resolved at the scale shown
in the diagram. Bottom: The (nearly) hydrogenic energy levels of the high angular
momentum states explored in this thesis (n = 17, 3 < ¢ < 9). Microwave fields
are used to couple these states using radiowaves of various frequency in the range
0.1-50 GHz.
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3.8. Laser Systems

Focusing on these high—¢ states (bottom of Fig. 3.1), we find that their energy sep-
arations decrease monotonically with increasing ¢. Owing to their small separations,
transitions between adjacent states can be driven by electromagnetic fields in the
microwave and rf regime (<100 GHz). For the principal quantum numbers used
in this work, these energy separations correspond to frequencies of approximately
0.1-50 GHz. The optical and rf systems used to produce and control these fields

are described in detail later in this chapter.

3.3 Laser Systems

3.3.1 Probe Laser

The first optical source in the experiment is an infrared probe laser operating at
852nm, resonant with the 6s;/, — 6p3/o transition in caesium. The system is
a commercial external-cavity diode laser (ECDL) supplied by Toptica Photonics
(DL Pro), providing up to 40 mW of single-frequency output with a linewidth below
1 MHz. Diode lasers are compact semiconductor devices that generate coherent
light through stimulated emission in a semiconductor junction. However, their
native emission typically consists of multiple longitudinal modes and has a relatively
broad linewidth (tens of MHz). Incorporating the diode into an external cavity
allows for single-mode, narrow-linewidth operation and tunability by selecting and
feeding back a single longitudinal mode. Coarse wavelength tuning is achieved by
translating a diffraction grating, by applying a voltage to a piezo actuator. Fine
adjustments of the wavelength are made through current adjustment of the diode.
The laser frequency is actively stabilised using polarisation spectroscopy on the
same transition, described in 3.5. This laser serves as the probe field in the Rydberg

EIT scheme described.
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3.3.2. Coupling Laser

3.3.2 Coupling Laser

Here we describe the design and operation of the coupling laser system used to
excite atoms into Rydberg states. The initial aim was to access relatively low-lying
Rydberg states (n =~ 15-25), for which the transitions to neighbouring states lie
in the millimetre-wave and terahertz regions, frequencies of interest in previous
work by this group for imaging and sensing applications [79, 80, 81]. Compared
to higher-lying Rydberg levels, these states require excitation at slightly longer
wavelengths, corresponding to photon wavelengths in the 515-520 nm range. This
spectral region lies significantly above the typical 509 nm transitions commonly
used for Cs Rydberg excitation, and therefore necessitated the development of a
custom laser system capable of providing high output power, and broad tunability

in this wavelength range.

To couple atoms to high-lying Rydberg states, the field must drive transitions with
sufficiently large Rabi frequencies, which require high optical intensity at the target
wavelength. The system implemented here is a Master Oscillator Power Amplifier
(MOPA) configuration combined with second-harmonic generation (SHG). In a
MOPA, a low-power, narrow-linewidth ‘seed’ laser (the master oscillator) is amplified
by a high-power optical amplifier. Instead of directly generating visible light
(400-700 nm), we use high power infrared light and double its frequency. Operating
at near-infrared (NIR) wavelengths offers several advantages: semiconductor gain
media in this region are capable of producing watt-level powers with good beam
quality and stability. The visible light needed for Rydberg excitation is then
produced by frequency doubling the NIR output using a non-linear crystal, a
process known as SHG, in which two photons of frequency w combine to form
one photon of frequency 2w in a phase-matched medium [62]. This approach is
widespread in modern atomic physics experiments, as directly lasing, e.g. by using
a diode, at visible wavelengths is considerably less efficient and typically limited to

several milliwatts of output power unless at certain specific wavelengths.
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3.3.2. Coupling Laser

Commercial high-power SHG systems meeting these specifications are often costly
and optimised for standard wavelengths. Consequently, homebuilt frequency-
doubling systems have become common in atomic and molecular physics, particularly
when high power is required at non-standard wavelengths [82]. In this chapter, we
detail such a system using an external-cavity diode laser (ECDL) operating around
1030——1040 nm to seed a tapered amplifier, followed by coupling into a bow-tie

enhancement cavity for frequency doubling to produce tunable 515-520 nm light.

To
Experiment
N2 N4
A
U
L2 PBS
SHG

% Cavity L6

L1

G1

Figure 3.2: Diagram showing a homebuilt SHG MOPA laser system. \/2 - Half-
wave plate, A\/4 - Quarter-wave plate, OI - Optical Isolator, TA - Tapered Amplifier,
PBS, polarising beam-splitter. Above: The beam diagram and optical layout of
the MOPA system is shown for the production of high power infrared light to be
subsequently frequency doubled. An ECDL laser produces coherent light which
then passes through an optical isolator and a tapered amplifier chip for subsequent
second harmonic generation of the amplified infrared light. The beam is focused
inside the cavity where a standing wave is formed. Infrared light that traverses
the cavity is and transmitted back through M2 is used to form the cavity lock.
The frequency-doubled output beam passes through M4, a dichroic, where it is
then launched into a fibre to be used in experiment. Lower Left: Internal diagram
showing the layout of the ECDL laser where light from a laser diode is collimated
and retro-reflected from a diffraction grating. A photograph of the assembled
ECDL is shown beside the diagram. Lower Right: Internal diagram of the SHG
bow-tie cavity detailing the 4 mirrors and the non-linear crystal where frequency
doubling takes place. A photograph of the assembled cavity is shown beside the
diagram, showing the brass oven containing the crystal and a thermistor to monitor
temperature.
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3.3.2.1 External Cavity Diode Laser (ECDL)

The seed source is a Sacher Lasertechnik (SAL-1030-060) laser diode integrated
into a home-built ECDL in a modified Littrow configuration [83]. In the Littrow
design shown in Fig. 3.2, a diffraction grating (Thorlabs GH13-12V), G1, is used
as the wavelength-selective element. Light from the diode is first collimated using
a short aspheric lens, L1. The first-order diffraction of the light from the grating
is reflected back into the diode to form optical feedback, while the zeroth-order
reflection provides the output beam. By adjusting the grating angle, one can select
which longitudinal mode of the diode cavity is resonant with the external cavity,
thus tuning the laser wavelength. Fine tuning is achieved through small adjustments
to the grating angle using a piezoelectric actuator, while coarse tuning is obtained
via temperature control of the diode, which changes the refractive index and gain

spectrum of the semiconductor material or by mechanically tuning the angle grating.

The combined length of the diode and external cavity (typically a few centimetres)
determines the mode spacing, which is on the order of a few GHz. The temperature
is stabilised using a thermoelectric Peltier element set within the mechanical mount

pictured with feedback control to within 0.01 K to ensure mode stability.

The ECDL output used is approximately 20 mW, sufficient to seed the tapered
amplifier. Although higher seed powers can be achieved, the amplifier output does
not scale linearly with input power due to gain saturation and mode-matching
effects. Instead, the seed power is optimised to balance amplifier stability, beam
quality, and output efficiency. This is changed as mostly dictated by mode-matching

of the doubling cavity as will be discussed.

To prevent unwanted optical feedback, out of the back facet of the tapered amplifier,
from destabilising the diode, an optical isolator is placed immediately after the ECDL.
A half-wave plate (HWP, \/2) before the isolator ensures maximum transmission,
while a second HWP after the isolator adjusts the polarisation to match the input

requirements of the optical amplifier.
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8.8.2.2. Tapered Amplifier and Beam Preparation

3.3.2.2 Tapered Amplifier and Beam Preparation

The output of the external-cavity diode laser (ECDL) is coupled into a semiconductor
tapered amplifier (TA; Coherent model TA-1060-2000), which provides optical
gain over the wavelength range 1035-1040 nm, yielding an output power of up to

approximately 1 W.

Semiconductor optical amplifiers, such as the TA, consist of a gain-guided waveguide
structure with an input ridge section followed by a laterally broadened taper
region, allowing amplification to high powers while maintaining reasonable beam
quality. The amplification spectrum is centred around the designed gain peak (here,
~ 1060 nm), though some gain remains available at shorter wavelengths closer to

our target region.

The seed beam from the ECDL is coupled into the narrow ridge section of the TA
using a short focal-length aspheric lens (L2), which focuses the beam to match the
mode size of the input waveguide. Efficient coupling is highly sensitive to alignment.
The procedure is typically carried out by monitoring the emission from the back
facet of the amplifier chip, which provides a visual reference for overlap of the ECDL
beam and the facet of the TA. By collimating this back-facet light using L2, the
ECDL beam can be steered with two preceding mirrors to achieve spatial overlap at
the input facet. The TA output from the front facet (following L3) is continuously
monitored on a power meter, and the alignment is optimised for maximum amplified

output power, which serves as an indirect indicator of mode matching.

The TA is mounted in a custom-designed housing that provides mechanical stability,
thermal management, and fine alignment of mode-matching lenses for the TA.
The mount includes a Peltier thermoelectric cooler connected to a temperature
controller for thermal stabilisation, and a large aluminium heat sink to dissipate
the substantial thermal load generated at the high operating currents required by
the TA. Two anti-reflection (AR) coated aspheric lenses (L2 and L3) are integrated

into the housing to couple light into and out of the TA chip.
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3.3.2.3. Bow-tie Cavity and Second Harmonic Generation

The amplified output beam exhibits strong astigmatism and ellipticity, arising
from the asymmetric geometry of the amplifier’s tapered region. To produce a
near-Gaussian spatial profile suitable for efficient coupling into the second-harmonic
generation (SHG) cavity, the beam is passed through a series of mode-correcting
optics. The sequence of lenses and optical elements used is illustrated schematically

in Fig. 3.2.

The first element (L3) is a short focal-length aspheric lens that collects the divergent
beam, followed by a cylindrical lens (L.4) that corrects for the horizontal divergence.
A second cylindrical lens (L5) is used to complete the collimation, yielding a more
symmetric beam profile. The output then passes through an optical isolator to
suppress optical feedback from the bow-tie cavity, and a half-wave plate is inserted

to align the polarisation with the phase-matching axis of the non-linear crystal.

The final beam-shaping lens (L6, f = 300 mm) is positioned such that its focal point
coincides with the centre of the non-linear crystal within the bow-tie doubling cavity.
The positions of the cylindrical and collimating lenses are iteratively adjusted to

maximise the SHG power, which serves as a proxy for optimal mode matching.

Achieving a high-quality Gaussian mode is needed for efficient coupling into the
SHG cavity, as poor beam quality can drastically reduce the intra-cavity power

build-up and therefore the overall conversion efficiency.

3.3.2.3 Bow-tie Cavity and Second Harmonic Generation

The generation of 515-520 nm light for Rydberg excitation is achieved via second-
harmonic generation (SHG) in a resonant bow-tie optical cavity. A bow-tie cavity
consists of four mirrors arranged in a unique geometry that allows for propagation
of light in a square or ‘bow-tie’ geometry (see Fig. 3.2). Such cavities are widely
used for SHG because they support tight focusing in the non-linear crystal while
maintaining good spatial mode quality and efficient coupling to external beams. The

travelling-wave nature of the bow-tie geometry also suppresses spatial hole burning,

36



3.3.2.3. Bow-tie Cavity and Second Harmonic Generation

improving frequency stability and reducing multi-mode operation compared to

standing-wave cavities.

Optical cavities act as frequency-selective resonators, supporting standing-wave
modes at discrete frequencies separated by the free spectral range (FSR). The FSR
depends on the total (path) cavity length, L, and the refractive index, n, of the

medium within the optical path,

C

For the cavity used here, which contains a nonlinear crystal, the measured FSR
is approximately 1GHz. This spacing is sufficiently small that at least one cavity
resonance lies within the mode-hop-free tuning range of the seed ECDL, allowing
reliable locking of the cavity to the laser frequency and efficient intracavity power

build-up.

The cavity is composed of four mirrors: a planar input coupler (M2, LayerTec
103406, T1 = 0.96), a second planar mirror (M1, LayerTec 101041) mounted on
a piezoelectric actuator for cavity-length control, and two concave mirrors (M3,
and M4, both LayerTec 102289) with radii of curvature of 30mm. The final
mirror (M4) serves as the output coupler, with high transmission (> 95%) at the
second-harmonic wavelength (515-520nm) and high reflectivity (> 99.5%) at the
fundamental wavelength. The curved mirrors are positioned such that the cavity
focuses to a specific beam waist at the centre of the non-linear crystal, optimised
according to Boyd—Kleinman theory [84]. Theoretical estimates for these positions
are obtained using ray-transfer matrix analysis*, and many adjustments are made

empirically to maximise the generated second-harmonic power.

The frequency doubling stage uses two periodically poled stoichiometric lithium
tantalate (PPSLT) crystals (poling periods 7.28 pm and 7.35 pm, dimensions 0.65 X
2 x 20mm). PPSLT is chosen for its large effective nonlinear coefficient, high optical

damage threshold, and superior resistance to moisture and thermal cycling compared

*J. Pritchard, private communication
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with more traditional nonlinear materials such as Lithium niobate (PPLN). When
the intense intra-cavity field propagates through the crystal, the induced nonlinear
polarisation generates radiation at twice the optical frequency, producing the green
output. The nonlinear response of the medium may be expanded in powers of the

electric field [62],
P=¢ (X(l)E +XPE? + OB + .. ) (3.2)

where a non-zero second-order susceptibility y(?) enables second-harmonic genera-
tion. In classical terms, SHG corresponds to the nonlinear polarisation oscillating at
2w, which acts as a source term driving coherent emission at the doubled frequency.
In quantum terms, it is the annihilation of two w photons and the creation of a
single 2w photon, consistent with energy conservation. Efficient SHG requires that
the nonlinear polarisation and the generated second-harmonic field remain in phase
as they propagate. However, due to material dispersion, the phase velocities of the
w and 2w waves generally differ, causing destructive interference and poor conver-
sion efficiency over the length of the crystal [85]. Quasi-phase matching (QPM)
circumvents this by periodically inverting the sign of (2 [85]. The condition for
first-order QPM is:

2
ko = 2k, + X (3.3)

where A is the poling period. Thermal expansion and the temperature dependence
of the refractive indices both shift this condition, so the phase-matching wavelength
can be tuned by temperature. Each PPSLT crystal therefore provides a tunable

window around its design wavelength.

In the experiment, the crystal is mounted in a temperature-stabilised oven (operating
in the range 30-105°C) inside the doubling cavity. The quasi-phase-matching point
is identified by maximising the green output power, which shows the expected
sinc?-like dependence on crystal temperature around the optimum. The beam’s
polarisation is adjusted using a half-wave plate before the cavity to ensure coupling

to the correct non-linear component. In PPSLT, two extraordinarily polarised
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fundamental photons combine to generate an extraordinarily polarised second-
harmonic photon [86, 87]. This orientation maximises the effective non-linear
coefficient deg, a key parameter governing the overall conversion efficiency. Here,
extraordinary polarisation refers to light whose electric field lies in the plane
containing the optical axis of the crystal, experiencing an effective refractive index

that depends on the propagation direction.

The alignment procedure begins by removing the input coupler (M2) and maximising
the single-pass SHG efficiency. This step optimises the beam waist and orientation
of the input mode relative to the crystal. The cavity mirrors are then aligned
such that the transmitted and retro-reflected beams overlap precisely, ensuring that
successive round trips retrace the same optical path. When correctly aligned and
the input coupler is replaced, the cavity exhibits visible ‘flashes’ of green light as it

momentarily resonates with the input field.

Once coarse alignment is achieved, the piezo-mounted mirror (M1) is driven with
a small triangular ramp voltage to scan the cavity length. The transmitted and
reflected powers, monitored with photodiodes, display a series of resonant peaks
corresponding to cavity modes. Fine adjustments to mirror positions and input
collimation are made to maximise transmission through resonance. The cavity is
then actively locked to a transmission peak using a feedback loop that stabilises the
piezo voltage, maintaining resonance and ensuring stable, high-power SHG output.

In 3.5, we detail the method used to stabilise the cavity to peak power.

We obtain approximately 80 mW of 520 nm light for around 1 W of input within
the doubling cavity which decreases to approximately 20 mW at 515 nm. Although
this represents a successful frequency-doubling configuration, the conversion ef-
ficiency is lower than that achieved in comparable systems at 509 nm [88]. The
reduced performance is most likely attributed to limitations in the tapered amplifier
(TA) used to boost the fundamental light. Specifically, the TA’s gain spectrum is
rated for operation around 1040-1060 nm, whereas our system operates closer to

1030-1040 nm. At these shorter wavelengths, the available gain decreases signific-
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antly, and the amplifier exhibits increased amplified spontaneous emission (ASE)
outside the desired mode. This results in less effective amplification of the seed
light and consequently lower intra-cavity power at the fundamental wavelength,

reducing the overall SHG output.

3.4 Radio Frequency Equipment

UHF Microwave mmWave THz
AMC-731
1

AMC-331
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Figure 3.3: Top Right: A plot showing the various radio-frequency equipment
used in this thesis and the available frequency span of each component. These
approximate frequency ranges of the antennas are shown along with the product
names for reference. Left and Below: Reference images of the antennas used. Two
Laird 81/-ABFT monopole whip antennas tuned for ~ 140 MHz and =~ 300 MHz,
and the Flann Microwave Ltd. 19240-20 and 22400-20 horn antennas (left to right).

In this section, we describe the equipment used to coherently generate and deliver
rf and microwave radiation® for the experiments presented in this thesis. The
radio spectrum, and those accessible via Rydberg transitions, spans many orders of
magnitude in frequency, and no single source can cover its full range with sufficient
power, and tunability. Consequently, a combination of rf instruments is employed,
each for a particular frequency band. The accessible frequency range of these sources
directly determines which transitions between Rydberg states can be driven, and
therefore influences both the atomic states that can be reached and the types of

spectroscopy and sensing experiments that can be performed. These frequency

*The terms rf and microwave are used interchangeably throughout the thesis. However, we
often use microwave to refer to the higher-frequency portions of whole radio spectrum.
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sources were selected based on the Rydberg states accessible via the coupling laser we
previously built, which in turn determine the adjacent states that can be resonantly

coupled and the corresponding rf transition frequencies.

3.4.1 Microwave Sources and Antennas

The microwave radiation used to coherently couple Rydberg states in this work is
generated and emitted using a series of whip and horn antennas that span a wide
range of frequencies, as shown in Fig. 3.3. These antennas cover the regime from
the very high frequency (VHF) region through to the extremely high frequency or
millimetre-wave region, enabling coupling between Rydberg states separated by

transitions from a few hundred megahertz up to tens of gigahertz.

For the generation of single-frequency microwave tones, we employ multiple Wind-
Freak SynthHD Pro signal generators. These sources provide tunable outputs over
the 0.1-24 GHz range, are compact and able to operate two tones simultaneously.
The generated signals are fed into the appropriate antenna depending on the target
transition frequency. For frequencies above 24 GHz, we use an Anritsu MG3696A
signal generator, capable of continuous-wave output up to 65 GHz. The highest
microwave frequency employed in this work is 50.6 GHz. The next highest frequency
we employ is 480 GHz, in which the system enters the terahertz (THz) regime

discussed below.

3.4.2 Terahertz Sources

The THz radiation used in this thesis is produced using commercial amplifier-
multiplier chain (AMC) modules from Virginia Diodes Inc. (VDI). These devices take
a microwave seed tone, typically in the 10-15 GHz range, and generate harmonics
through successive frequency multiplication stages, yielding a THz output. The seed
frequencies are produced using the aforementioned WindFreak generators, which

are fed into the AMC.
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Two AMCs were employed throughout this work:

e AMC-331: A widely tunable, low-power THz source covering 475-750 GHz.
This source was used for most experiments, including the rf-sensing measure-
ments in chapter 4 and the spectroscopic studies in chapters 5 and 6. The
available power ranges from approximately 50 uW at its peak near 600 GHz

to around 1 W at the extremes of its tuning range.

o AMC-731: A higher-power (~ 400 1W) source covering ~ 1.01-1.08 THz.
This was employed for specific high-frequency transitions requiring greater

coupling strength, as detailed in chapters 5 and 6.

The emitted power of the THz source can be controlled via a user-controlled
attenuator (UCA) which allows a voltage controlled attenuation of the output, this
was programmed as needed using a National Instruments Digital I/O programmed
using pyVISA. The THz radiation is emitted from standard waveguide horn antennas
(WR1.5/1), and collimated using polytetrafluoroethylene (PTFE) lenses to form a
near-Gaussian beam. The linear polarisation of the emitted field is defined by the

orientation of the horn aperture.

3.5 Laser Frequency Stabilisation

In this section we go over the various instruments and methods used in stabilising
lasers. Lasers are inherently sensitive to fluctuations in temperature, current,
and mechanical alignment (through vibrations), all of which can cause the output
frequency to drift over time or fluctuate rapidly. Frequency drift must be suppressed
so that the laser remains resonant with a stable optical reference. This is achieved
through active feedback control, where a portion of the optical signal is monitored
to generate an error signal that represents how far the system is from its resonance

or target condition.
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A proportional-integral-derivative (PID) controller is the standard feedback mech-
anism used to stabilise such systems. It continuously compares the measured error
signal with a setpoint (the desired value) and applies a corrective response to
minimise the difference. The proportional term reacts to the instantaneous error,
providing fast correction, the integral term compensates for steady-state offsets by
accumulating the error over time, and the derivative term anticipates future changes

based on the rate of error variation, improving stability and damping oscillations.

In the context of laser frequency stabilisation, a PID loop can act on either the laser
frequency (by adjusting the grating or current) or the cavity length (by adjusting a

piezo-mounted mirror).

3.5.1 Probe Laser Polarisation Spectroscopy

In all of the experimental work presented in this thesis, the probe laser is frequency-
stabilised (‘locked’) using polarisation spectroscopy on the caesium 6s; /o, F' =4 —
6p3/2, F' " =5 transition. The technique, described in detail by Pearman et al. [89],
provides a method of generating an error signal suitable for laser frequency locking.
In this scheme, optical pumping by a circularly polarised pump beam creates an
anisotropic population distribution among the ground-state hyperfine sublevels,
resulting in circular birefringence and dichroism in the atomic vapour. A weak,
linearly polarised probe beam experiences a differential phase shift between its left-
and right-circularly polarised components as it passes through the medium. When
analysed with a polarising beam splitter (PBS) and balanced photodetector, these
differential phase shifts result in intensity changes in the two orthogonal linear
components, producing a dispersive error signal centred on the atomic resonance.
The probe laser includes integrated locking electronics that enable direct current

control using the generated error signal.
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3.5.2 Coupling Laser
3.5.2.1 Cavity Lock

As described in section 3.3.2.3, resonant enhancement of the fundamental field within
the bow-tie cavity is needed for efficient generation of 515-520 nm light. To maintain
resonance, the cavity length is actively stabilised using the Hansch—Couillaud (HC)
method [90], which generates a dispersive error signal from polarisation changes
in the reflected light. The technique provides a modulation-free alternative to
other stabilisation schemes such as Pound—Drever—Hall (PDH) locking [91]. The
resulting error signal is processed and stabilised via a digital PID feedback loop
implemented on a STEMlab Red Pitaya control board [92] or using a Moku:Go, a
lab multi-instrument which includes PID control loops. In the HC method, the input
beam, composed of two orthogonal linear polarisations, is converted to an elliptical
polarisation by an intracavity element that introduces polarisation-dependent loss
or phase shift. In our setup, the non-linear crystal itself provides this birefringent
behaviour. The reflected beam from the input coupler (M2) is directed through a
quarter-wave plate that converts the circularly polarised components into orthogonal
linear polarisations. A polarising beam splitter (PBS) separates these components,
which are detected on two photodiodes. Their difference forms the error signal,
which changes sign as the cavity crosses resonance. The dependence of this signal

on cavity detuning can be expressed as:

TinRsin(¢)
(1-R)*+4Rsin*(1¢)’

I = 2Iycos(0)sin(0) (3.4)

where 6 is the angle of the half-wave plate before the cavity, Ti, is the input coupler
transmission, ¢ is the phase difference between the two waves, and R is the effective
round-trip reflectivity. Setting # = 7/4 maximises the error signal, though in
practice this is reduced to 1-2° to maintain sufficient power along the primary

polarisation for efficient frequency doubling.

The PPSLT crystal introduces additional birefringence, leading to polarisation-
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Figure 3.4: Typical error signal (blue) used for cavity locking when the cavity
is roughly aligned, overlaid with the corresponding cavity transmission spectrum
(orange). The primary large zero-crossing, corresponding the largest production of
green light, is the TEMyg (pictured top right) extraordinary-polarised mode, while
the smaller adjacent feature arises from the lower-amplitude TEMg; mode (pictured
bottom left). The crossing associated with the ordinary-polarised wave is also visible
for this mode in the error signal (middle blue feature) but not in the transmission
profile (as no green light is generated!). The TEMg; mode is suppressed and the
TEMgg mode is enhanced as the cavity is better aligned. Inset: Piezo offset signal
supplied by the Red Pitaya (RP) during lock operation, together with the PID
set-point over several minutes, illustrating stable feedback performance.

dependent refractive indices for the ordinary and extraordinary components [93].
This results in two distinct error-signal zero crossings corresponding to the two cavity
resonances, as shown in Fig. 3.4. Each crossing has an opposite slope, allowing the
PID controller to distinguish between them by inverting the sign of the proportional,
integral, and derivative constants. Temperature drift can modify the birefringence,
shifting the separation between the crossings and occasionally causing overlap,
leading to unstable locking conditions. To mitigate this, temperature stability of
the cavity mount is maintained, and in some systems an additional intracavity wave
plate can be used to control birefringence [93], though this was not required in our

implementation.

The error signal, generated from the cavity pick-off optics shown in Fig. 3.2,
is fed into the Red Pitaya (and later a Moku:Go), which performs analogue-to-

digital conversion (ADC), applies a digital PID algorithm, and outputs a correction
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3.5.2.2. FExcited State Lock

voltage via its DAC to the piezo-mounted cavity mirror (M1). Although the £1V
input/output range limits the dynamic locking range we use an additional voltage
amplifier which provides sufficient long-term stability for our application. Fig. 3.4
shows a typical locking signal overlaid with the cavity transmission spectrum, as

well as the PID output behaviour over several minutes.

3.5.2.2 Excited State Lock

From
515-520 nm From
source ~100mG  _ 852 source

\

PBS

Figure 3.5: Experimental diagram showing the layout to produce an excited
state signal for the coupling laser frequency stabilisation. A circularly polarised
coupling laser propagates against a linearly polarised probe beam inside a Cs vapour
cell where a magnetic field is aligned along the probe beam direction. A PBS
then separates the two orthogonal components of the polarised probe beam. The
difference signal between the two signals then produces a dispersive error signal on
resonance of the Rydberg state shown in the bottom right of the diagram. The
signal is processed by a Moku:Go which feedbacks to the coupling seed laser.

For the coupling laser, the cavity lock maintains constant intra-cavity power and
thereby stabilises the frequency-doubling efficiency, an additional feedback loop is
required to stabilise the wavelength of the external-cavity diode laser (ECDL) itself.

This is achieved by controlling the grating actuator of the ECDL using a separate

electronic feedback loop, as described below.

To generate the necessary error signal, a nonlinear polarisation spectroscopy tech-
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nique is employed [94]. In this scheme, small fractions of the probe and coupling
laser beams are diverted from the main optical path to form an auxiliary Rydberg
EIT setup within a vapour cell. The principle is similar to the ground-state po-
larisation spectroscopy used to stabilise the probe laser: optical pumping creates
an anisotropic (birefringent) medium, which rotates the polarisation of the probe

beam as a function of laser detuning.

A small magnetic field is applied along the propagation direction, lifting the degener-
acy between the mp = +F Zeeman sublevels. This introduces a frequency-dependent
birefringence that produces a dispersive, zero-crossing signal at line centre. When
the coupling laser polarisation is made slightly elliptical, achieved by adjustment of
a quarter-wave plate, the two circular components of the coupling field contribute

unequally to the interaction, resulting in a well-defined, dispersive error signal.

The experimental arrangement used to realise this lock is shown schematically in
Fig. 3.5. After transmission through the vapour cell, the probe beam is analysed
by a polarising beam splitter that separates the orthogonal linear polarisation
components. The difference between the two resulting photodiode signals yields
the error signal, which is fed back to the ECDL grating actuator to stabilise its
wavelength. Here, a Moku:Go is used as the control electronics and PID loop for the
system. This non-linear polarisation spectroscopy lock provides long-term frequency

stability of the coupling laser while preserving the efficiency of the SHG cavity lock.

3.6 Experimental Configurations

3.6.1 Rydberg RF Electrometry

In the first experiment presented in this thesis, we explore the coherent excitation
and coupling of Rydberg states in caesium atoms using a combination of optical,
THz, and rf fields. A schematic of the experimental layout is shown in Fig. 3.6.

The purpose of this experiment is to demonstrate how multiple Rydberg states
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Figure 3.6: General experimental layout for the Rydberg EIT rf sensing. The
coupling laser is launched from a fibre, where it has been fibre coupled from a
separate optical table. It is split by a 90T:10R non-polarising beam splitter whereby
it counter-propagates against the 852 nm probe laser within the Cs vapour cell. The
resulting probe after transmission is diverted from a dichroic mirror and measured
on a photodiode. An off-axis parabolic (OAP) mirror is used to reflect a coherent
THz beam to the vapour cell where it has been partially collimated using a PTFE
lens. Dipole whip antennas and antenna gain horns are positioned around the vapour
cell whereby various microwave fields are generated, modulated and propagate to
the Cs vapour cell.

can be connected in a cascade, or ladder-type, configuration to probe the atom’s
response across a wide range of frequencies. As we have seen, Rydberg atoms are
particularly well suited to this task due to their large dipole moments and varying

closely spaced energy levels.

The probe and coupling lasers are used to excite the atoms from the ground state
to a chosen Rydberg state via a two-step excitation process. A linearly polarised
probe laser resonant with the 65/, F' = 4 — 6P3), F " = 5 transition interacts
with a room-temperature vapour of caesium contained in a 10 mm cubic glass cell.
A second, counter-propagating coupling laser drives the upper transition from the
6ps /o state to the 19ds,y state. The probe and coupling beams have powers of
20 uW and 21 mW and 1/e? beam waists of 1.20(7) mm and 0.96(7) mm respectively.
Rydberg EIT then allows the probe transmission to be used to infer properties,

such as the Rabi frequencies of the probe and coupling field.

Once the probe and coupling laser are both established, additional fields at THz
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3.6.2. Rydberg High Angular Momentum Spectroscopy

and rf frequencies are applied to couple neighbouring Rydberg states of increasing
angular momentum. The THz field is launched from a diagonal horn antenna,
collimated using a polytetrafluoroethylene (PTFE) lens and focused in the Cs cell
using an off-axis parabolic (OAP) mirror. The OAP contains a 2mm through-hole
to allow the laser beams to copropagate with the THz beam and is estimated to
have a power of 10 uW and beam waist of approximately 1.5 mm within the cell.
The rf fields are emitted from the various horn and whip antennas detailed in the
previous section and are placed approximately 10-20 cm from the cell where there

is clear line-of-sight.

These transitions form a cascade of connected states, each linked by a resonant
electromagnetic field, extending from the optically excited 19ds5,, state to high—¢
states such as f, g, and beyond. The THz field couples the 19ds5/5 — 17f7/2
transition at 0.607 THz, while lower-frequency rf fields couple adjacent higher—¢
states, with transition frequencies ranging from hundreds of megahertz to several
gigahertz. Each additional field modifies the probe transmission spectrum, providing
a direct optical signature of the underlying couplings. This approach effectively
links transitions spanning optical to THz and rf frequency domains within a single

atomic system.

3.6.2 Rydberg High Angular Momentum Spectroscopy

In chapters 5 and 6, Rydberg EIT is used to investigate the response of the thermal
caesium vapour to applied THz and microwave fields. By monitoring changes in
the probe laser transmission as these fields are applied, the frequency of the THz or
microwave radiation can be precisely determined, enabling accurate measurement
of atomic transition frequencies. A schematic of the experimental layout is shown

in Fig. 3.7.

Two excitation schemes are employed to access different Rydberg manifolds in

Cs: a two-photon ladder scheme for excitation to nd; states and a three-photon
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Figure 3.7: General experimental layout for the Rydberg high ¢ spectroscopy. The
green Rydberg laser is launched from a fibre and passes through a dichroic. As
in the sensing experiment, it counter-propagates against the 852 nm probe laser
within the Cs vapour cell. The resulting probe after transmission is diverted from a
dichroic mirror and measured on a photodiode. Depending on the transition being
measured, two off-axis parabolic (OAP) mirror reflect coherent THz beams to the
vapour cell. Dipole whip antennas and antenna gain horns are positioned around
the vapour cell whereby various microwave fields are generated and propagate to
the Cs vapour cell. Extended experimental control of the microwave fields, DAQ
from the photodiode, and the resulting signal on the oscilloscope (SA) are shown in
addition. In contrast to the previous experiment, the coupling laser is scanned and
does not require active frequency stabilisation.

DC  OAP Cs

(using an additional laser to access an intermediate state, 7s /o, before exciting
to a Rydberg state) ladder scheme for access to Rydberg np; states. The present
work focuses on the two-photon excitation scheme, while the data from the three-
photon configuration collected by Downes [80] is used for additional data analysis in
Chapter 5. In the two-photon scheme, the counter-propagating Rydberg laser drives
the 6p3/y — nd; transitions. The laser powers are typically 10-20 mW, with similar
beam waists to those used in previous sections. To improve atomic transmission and
enhance the observed EIT contrast, the vapour cell is occasionally heated to 40-60°C
using a ceramic heater placed within the vapour cell’s mount (Thorlabs HT24S),
increasing the number density and resultant optical depth. The THz radiation is
emitted and used similarly to the previous section. However, in contrast to the
previous experiment, both THz AMC sources are used, covering different frequency
ranges which define the accessible set of adjacent Rydberg transitions. In this
configuration, the applied THz field couples the excited nd; state to neighbouring

nf; states. Additional microwave or THz fields can be applied to further couple to

50



3.7. Optical Readout and Data Acquisition

higher-¢ states (g, h, etc.), with horn antennas used for frequencies above 20 GHz
and whip antennas for frequencies below 10 GHz. These microwave fields, typically
~10 uW within the cell, are applied perpendicular to the propagation direction of
the optical and THz beams. In the absence of applied electromagnetic fields, the
transmitted probe signal exhibits a single Lorentzian EIT resonance as the Rydberg
laser is scanned. Although the experiment is performed in a thermal vapour,
where optical transitions are typically Doppler broadened and therefore Gaussian,
the EIT resonance itself is dominated by homogeneous broadening mechanisms
(natural linewidth, transit-time, power broadening, dephasing). In particular, for
near counter-propagating probe and coupling beams, the two-photon resonance
condition is largely insensitive to atomic velocity, leading to a significant suppression
of Doppler broadening. In contrast, a Gaussian lineshape would arise if Doppler
broadening dominated, for example in the absence of Doppler cancellation or for
single-photon absorption resonances. The EIT lineshape can display enhanced
absorption just below and above the two—photon resonance [26, 95]. However, this

only occurs for a much weaker probe power not used in throughout this work.

When additional THz or microwave fields are present, this resonance splits or shifts
depending on the detuning of the field. By examining the observed lineshapes, the

transition frequencies can be extracted with sub-megahertz precision.

3.7 Optical Readout and Data Acquisition

As in Rydberg EIT experiments, the transmission of the atomic vapour is modified
by the presence of external electromagnetic fields. The transmitted optical power of
the probe laser once it has passed through the vapour is detected by a photodiode
(Hamamastu APD C5460) that produces a voltage proportional to the incident
probe power. To quantitatively relate this voltage to the optical transmission of
the vapour, several calibration and data-handling steps are required so that the

recorded signal can be interpreted in physical units and analysed computationally.
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3.7.1 Calibration

In both experimental configurations presented in this thesis, the coupling laser
frequency is scanned across an atomic resonance while the probe laser remains
fixed. The photodiode voltage therefore varies as a function of time according to
the detuning of the coupling laser, producing a characteristic transmission profile

or ‘scan’ on the oscilloscope.

Because the oscilloscope records voltage, calibration measurements must be per-
formed before each data set to relate the voltage to the transmitted optical power.
With the probe laser locked, the probe power is measured both before and after
the vapour cell. The ratio of these powers provides the absolute transmission of
the probe transition and a scaling factor, P,/V, that is used to convert photodiode
voltage to optical power. This calibration must be repeated whenever the probe
power, beam waist, or cell temperature is changed, as these parameters influence

the transmission through the vapour.

With the coupling laser scanned and the probe laser locked, the Doppler-broadened
background is effectively removed, simplifying the spectrum but eliminating a
straightforward reference (The Doppler broadened width) for the frequency axis.
The laser frequency detuning (z-axis) calibration is therefore obtained by referencing
the known hyperfine splitting between the F’ = 4 and F’ = 5 states of the 6p3 /s
manifold, 251.00(2) MHz [78] modified by a Doppler factor (A,/A. — 1) [26]. When
the frequency scan range of the coupling laser is sufficiently large, two EIT peaks
are visible corresponding to transitions from the 6p3 /o, F' = 4 and F' = 5 hyperfine
states to the excited state and their ‘time’ separation on the oscilloscope trace
provides a conversion factor between time and frequency detuning (MHz/t) i.e.,
some ‘scan rate’. For scans of a smaller detuning range, this factor can be reused
provided that the laser scan rate remains constant. While more rigorous methods
exist for accurately determining the frequency axis [96], such precision is not required

here, and this calibration is used here only to provide a sense of the frequency
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range, as the results presented throughout this thesis do not explicitly depend on

an absolute or relative frequency scale.

3.7.2 Data Acquisition and Automation

Oscilloscope traces are transferred to a control computer via the pyVISA Python
package [97], which provides a standard interface for communicating with laboratory
instruments using the Virtual Instrument Software Architecture (VISA) protocol.
The acquired data are then processed and analysed using custom Python routines

for baseline correction, fitting, and frequency calibration.

Automation is an essential part of the data collection process, particularly for
spectroscopy measurements that require the acquisition of hundreds of transmission
profiles at different rf frequencies or powers. To facilitate this, we employ the
windfreak Python package, which provides USB control of the Windfreak SynthHD
signal generators [98]. This allows programmable adjustment of the rf frequency
and output power, during long data acquisition sequences. The Anritsu frequency

generator had to be manually adjusted for each data acquisition.

3.8 Conclusion

In summary, this chapter has detailed the construction and stabilisation of the
laser systems and optical components used to generate and manipulate coherent
light fields for Rydberg excitation in thermal caesium vapour. The development of
a stable SHG system provided access to the 515-520 nm wavelength range, used
for coupling to higher-lying electronic states. Frequency stabilisation of both the
probe and coupling lasers was achieved through polarisation spectroscopy, while
the doubling cavity was locked using a Hansch—Couillaud method implemented
with a digital PID controller. Together, these systems provide long-term frequency

stability required for the spectroscopy and sensing using multiple Rydberg states.
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3.8. Conclusion

These setups form the experimental foundation for the measurements and results
presented in the following chapters, where these laser systems are applied to explore
couplings between Rydberg states, THz and microwave sensing, and multi-level

ladder schemes in atomic vapour.
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Chapter 4

Radio Frequency Sensing Using
High- Angular-Momentum

States

The work presented in this chapter is based on material published in [1].

In the previous chapters we developed the theoretical background and experimental
tools needed to produce and detect Rydberg states in caesium. In this chapter, we
present a novel excitation scheme to access and coherently detect a wide range of
Rydberg states by using multiple rf fields, along with the optical fields, applied
simultaneously. In addition to a probe and coupling laser used to prepare the
Rydberg state, additional coherent rf fields are applied concurrently, each resonantly
coupling the next-highest angular momentum (¢ — ¢ + 1) state. As the ¢ values
increase, the energy spacing between adjacent states decreases, allowing access to

an extremely broad range of radio frequencies within a single atomic ensemble.
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4.1 Introduction

A key feature of this scheme is that it enables continuous, non-destructive optical
readout of these high—¢ states through the probe transmission. Traditionally,
spectroscopy of such states has relied on field-ionisation techniques [99, 100, 101],
which are inherently destructive and provide only static information about the
energy levels. In contrast, the method presented here allows real-time observation
of coherent dynamics and rf-induced couplings through electromagnetically induced
transparency (EIT), opening the way to both sensitive rf detection and high-

resolution spectroscopy of high—¢ Rydberg manifolds.

We show that the optical response of the multi-level rf-driven system can be
accurately reproduced using a Lindblad-master-equation model and demonstrate
experimentally that a series of amplitude-modulated rf tones can be detected
simultaneously using a common optical readout. This approach allows a Rydberg
receiver to detect signals across multiple frequency bands, from the very high
frequency (VHF) to the terahertz (THz) range, using a single optical detection
channel. In addition to its technological relevance for broadband quantum sensors,
this method also provides a new tool for high-resolution spectroscopy of high—¢

Rydberg states, which are otherwise difficult to access experimentally.

4.2 Overview

One of the major advantages of Rydberg-atom rf receivers, when compared to
traditional antenna-based rf technologies, is its potential to detect electromagnetic
fields across an enormous frequency range using a single device [77]. Indeed,
Rydberg-atom receivers have demonstrated rf field detection at frequencies across

12 orders of magnitude, from below 1kHz [102] to above 1 THz [103].
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The low-frequency™ end of the radio spectrum can be accessed using an off resonant
detection method (quasi-DC), making continuous frequency coverage possible [27,
77, 104]. However, sensitivity is typically lower as it relies on a different mechanism
(the polarisability of the states). In contrast, in the resonant ac regime, where
transitions between Rydberg states are driven close to resonance, much higher
sensitivity is achievable [29, 105], but only within narrow frequency windows defined

by those transitions.

The resonant frequency between adjacent Rydberg levels decreases as the principal
quantum number n increases, approximately scaling as n =3 [18]. Consequently,
accessing lower-frequency transitions (e.g., below 4 GHz) requires very high-n states

(n > 100). However, such states present experimental challenges:

e The dipole matrix element between the ground and Rydberg state scales as

n~3/2 meaning the required laser power increases with n for a given Rabi

frequency, putting larger demands on the laser.

e High-n states suffer from strong Rydberg—Rydberg interactions, DC Stark

shifts, and ionisation, which degrade measurement accuracy [26].

Much of the electromagnetic spectrum used for practical communication and sensing,
including maritime, navigation, and radar bands below 2 GHz remains outside the
range of conventional Rydberg receivers [106]. To date, Rydberg sensors have
demonstrated their highest sensitivities in the microwave regime around 10 GHz [32],
but extending their operation to lower-frequency bands is highly desirable. Unlike
conventional antennas, Rydberg receivers are not constrained by the limitations
that apply to so-called electrically-small antennas, where the physical size of the
antenna (or in this case, the atomic vapour volume within the excitation lasers) is
much smaller than the wavelength of the detected field [107, 108]. In traditional

systems, this size restriction sets fundamental limits on sensitivity, bandwidth

*low-frequency’ for Rydberg atoms (< 2 GHz) is very different to low frequency in traditional
rf technologies (<1 MHz!) owing to the way in which energy levels are spaced in typically used
states (n = 30-80 and ¢ < 3) as shown in Fig. 2.3.
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and data capacity [109, 110]. These limits arise from thermal noise within the
detection electronics and from the Chu limit, where the latter restricts the bandwidth
and data capacity of electrically small antennas by relating them to the stored
reactive energy in the near field [111]. Rydberg sensors, by contrast, are not bound
by the Chu limit, since they do not rely on resonant current distributions in a
conductive structure [109, 110]. Instead, their ultimate sensitivity is governed by
quantum projection noise of the atomic ensemble, allowing for potentially much
lower fundamental noise floors. Further discussion of sensitivity in comparison to

traditional antennas is given in chapter 7.
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Figure 4.1: A plot of transition frequencies of the form n¢ — n(¢ + 1) showing
the lower frequency regions accessed by going to higher angular momentum states.
Overlay regions showing the IEEE spectrum [112] with n = 15-100. The transitions
used for the excitation scheme demonstrated in this chapter are are circled in red
for reference.

To reach lower resonant frequencies for sensing, recent work has focused on ex-
ploiting higher angular momentum (¢) states to reach lower-frequency transitions
without resorting to extremely high n or other non-resonant (less sensitive) methods.
The energy spacing between states of the same n but successive ¢ values scales

approximately as £~° compared to n~3 with increasing n [18], allowing access to rf
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and microwave transitions at more experimentally manageable n. For reference and
interest, the transition frequencies between successive £ states are shown in Fig. 4.1

for a range of principal quantum numbers.

Recent work includes a three-step laser excitation schemes [113] combined with an
rf coupling can drive nf — n’g (¢ = 3 — 4) transitions, extending sensitivity to the
~ 0.5-3 GHz range for n ~ 40-70 [114]. Similarly, two rf couplings can be used to
access nf — n'g transitions, where one is used as an auxiliary rf field to first couple
to nd — nf states allowing access to higher ¢ states. This has been demonstrated
for satellite signal detection near 2.3 GHz [115]. More recently, multi-frequency
excitation schemes have demonstrated simultaneous demodulation across frequencies
from 1.7-116 GHz using adjacent nd — n/p and nf — n/d transitions in varying
An = |n —n'| [70]. Also worth mentioning is a recent proposal for dc electric field

sensing which uses spectroscopy of states up to £ = 6 in Rb [116].

In this chapter, we extend these approaches substantially. We demonstrate that a
Rydberg ensemble can support simultaneous coupling via multiple rf fields (seven
in our implementation) each connecting adjacent ¢ states in a ladder-like structure.
The resulting transitions span from the very high frequency range (30-300 MHz) to
the THz (0.3-3 THz) regime, corresponding to more than twelve frequency octaves®.
Due to the limited bandwidth intrinsic to the atomic state, the frequency coverage
is not continuous, and instead acts a set of discrete narrow ‘windows‘, analogous to,

say, an array of narrowband antennas.

At accessible frequencies, we additionally show that amplitude-modulated tones
imposed on each rf field can be independently detected and demodulated through
the optical probe transmission, enabling simultaneous multi-band communication
at each ‘carrier’ frequency using a single atomic receiver. Finally, this same scheme
provides high-resolution access to high—¢ Rydberg states, offering a new platform

for precision spectroscopy of, otherwise, difficult to reach states. This is explored

*One could insincerely regard the probe and coupling lasers as further ‘frequencies’ being
detected by the Rydberg ensemble. However, the point is that the enhanced sensitivity arises from
the large dipole moments at high n, which is ultimately what enables sensitive detection.
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in subsequent chapters. By utilising resonant transitions at significantly lower-
frequency radio bands, we extend the resonant methods of Rydberg rf sensing
to frequencies around 100 MHz, and potentially much lower at higher principal

quantum number.

4.3 Multi-level EIT Cascade Scheme
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Figure 4.2: An energy-level diagram showing the electronic states used and the
couplings from the various rf fields used where €, is the probe Rabi frequency and
Q). is the coupling Rabi frequency with detuning, A.. A zoomed inset shows the
17¢ states with ¢ > 6 for clarity. Transitions are colour-coded to their counterpart
in Fig 4.5 and display the frequency of the rf field used.

The excitation scheme used is shown in Fig. 4.2. The resulting experimental spectra,
shown in Fig 4.3 can be understood in terms of a N-level EIT cascade scheme [117].
With the probe laser locked, a transparency window in the probe absorption profile
is expected around A, = 0, resulting in a coherent EIT transmission feature as
the coupling laser is detuned across this resonance. Applying the THz field results

in a reduction in transmission of the probe field at A, = 0. For large THz field

strengths, this results in the Autler-Townes (AT) splitting seen prominently in
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Figure 4.3: Absolute probe transmission traces from the experiment (green) with
each subsequent addition of a field in the ladder system overlaid with an n-level
master equation model (red). The frequency scale is calibrated via the 6P3/s,
F =4 & F = 5 separation. (a) The probe and coupling field on with the THz
field resonant to the 19d5/5 — 17 f7/5 transition. The subsequent microwave fields
are then resonant with the (b) 17f7, — 17g (c) 17g — 17h (d) 17h — 17i (e)
176 — 17k (f) 17k — 171 (g) and 171 — 17m transitions. Each transition is labelled
with the respective ¢ — ¢’ for clarity. Figure reproduced from [1].

Fig 4.3(a). With the addition of another field, there is again transparency in
the line centre. This is apparent in the data in the left-hand column of Fig 4.3,
showing the distinct increase in the probe transmission at zero detuning of the
coupling field for an odd number of levels. For an even number of levels, there is
absorption about the line centre, shown in the right hand column of Fig 4.3. When
the subsequent rf fields are applied, the previous resultant AT splitting is further
shifted from the line centre and decreases in amplitude. These features become
hard to distinguish in the lineshape, nevertheless modulation of these fields causes

a change to the transmission of the probe beam. The atomic ensemble is modelled
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4.8. Multi-level EIT Cascade Scheme

using a Lindblad master equation approach we introduced in section 2.3.5, which
gives a time evolution of the density matrix. The series of differential equations
formed are then solved in the steady state to give the susceptibility of the atomic
ensemble. In this chapter we use the modelling of reference [49] to produce the
theoretical fits in Fig. 4.3. The system is repeatedly solved for varying velocity
classes and integrated over a bounded velocity distribution to obtain the Doppler
broadened profile, as in (2.40). Minimisation of numerical solutions, to best fit
the data, inclusive of Doppler broadening is computationally expensive. Instead,
model inputs such as the Rabi frequencies for each field, were varied around the

experimental values to give the best fit by eye.

Atomic transition Final ¢  rf (GHz) = DME (eay)

19d5/5 — 17f7/3 3 607 354
17f7/2 — 1749/ 4 349 423
17g9/2 — 1Thyy 2 5 6.01 414
17911/2 — 17i13/2 6 1.85 406
17irgja — 1Tk 7 0.700 395
171572 — 1Th7/2 8 0.310 383
17079 — 1Tmig)s 9 0.128 368

Table 4.1: A list of the electronic states that are coupled by the series of cascading
rf fields. DME - (Radial) dipole matrix element calculated using arc. Whilst the
fine structure splitting is not resolved beyond F, we label the strongest coupled j
state for completeness. Note that by convention ‘j’ is omitted as the symbol for the
¢ = 7 azimuthal quantum number.

The resulting model spectra are shown by the red lines in Fig 4.3, along with
those from the experiment. Only one m; state is used for each level; including all
sub-levels would result in a model consisting of 110 levels. Fine structure beyond the
f state is ignored but note that the j = £+ % states are most strongly coupled and
transitions to these states are assumed in the calculation of dipole matrix elements

for g, h and beyond.

While the model reproduces the overall spectral structure and level splittings, it
does not fully capture the detailed experimental lineshapes or linewidths. Several
effects likely contribute to these discrepancies. Firstly, the omission of magnetic

sublevels neglects the distribution of ac Stark shifts experienced by different m;
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4.4. Detuning Resonant fields

states in the strong applied fields, leading experimentally to additional inhomogen-
eous broadening that is absent from the model. Secondly, the applied THz field,
and to a lesser extent the microwave fields, are spatially non-uniform across the
vapour cell. Atoms therefore experience a distribution of field strengths, produ-
cing asymmetric broadening and distortion of the observed spectral features [118].
Finally, the model parameters, including the Rabi frequencies and homogeneous
decay rates, were chosen to reproduce the qualitative behaviour of the system rather
than obtained through a global fit to the experimental data. Consequently, the
simulated linewidths are broader than those observed experimentally, particularly
for transitions involving successively higher Rydberg states where the cumulative

effect of coupling approximations becomes more significant.

We find good agreement with the model in the generality of adding additional levels.
The parameters used for the model were ), = 27 x 1.8 MHz, (). = 27 x 3.7 MHz and
Qri, = 2m x 46 MHz. The remaining Rabi frequencies of the rf fields varied by a few
MHz but were approximately 27w x 20 MHz. Increasing the power of the THz field,
which is limited due to technical restraints, would result in a larger transmission
window and hence better estimation of the Rabi frequencies of subsequent fields
without the use of a model. Each distinct splitting could be distinguished and

measured directly from the experimental data.

4.4 Detuning Resonant fields

Fig. 4.4(a) shows behaviour of the lineshape in response to detuning the rf field
from resonance. Here, the probe laser power (~100 uW) and the power of the rf
fields are increased in order to improve signal to noise and visibility of the distinct
AT splittings arising from each of the rf field couplings. The contrast is seen in
Fig. 4.4(b) when compared to Fig. 4.3(e) whereby each of the distinct AT peaks

are separated and can be distinguished.

The transmission window in the lineshape persists over a large detuning range,
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Figure 4.4: Spectral map when the i — k coupling is added and this rf field is
swept and the coupling laser is detuned across resonance. (a) A color map made
up of the resultant probe transmission traces in response to scanning the rf field
over resonance for the 17¢ — 17k transition at ~700 MHz. As the coupling laser
detuning is scanned, the system evolves through regions where different rf-coupled
dressed states become resonant with the optical excitation pathway, leading to level
hybridisation and the formation of avoided crossings at the distinct rf resonance
conditions. The resulting level repulsion produces splittings whose magnitude is
set by the effective rf Rabi frequency associated with each coupled transition. (b)
A plot of the probe transmission against the coupling detuning for an rf field of
703 MHz — a grey bar shows the EIT trace which makes up that respective part of
the color map. Figure reproduced from [1].

Ay = 220 MHz. As this is an even level system, the induced transparency from
the presence of the previous field slowly shifts about the line centre and splits until
symmetric at A,y = 0 MHz. The resonance of the feature is seen at ~705MHz
compared to the previously observed 700 MHz used in Fig 4.3(e). This can be
attributed to ac Stark shifts or detunings of previous fields that accumulate error

for each rf field that is on resonance.

4.5 Amplitude Modulation of RF Fields

The rf fields were amplitude modulated to demonstrate simultaneous detection

across the various frequencies that are resonant with the atomic transitions. A
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4.5. Amplitude Modulation of RF Fields

change in each rf field amplitude will independently change the transmission of
the probe beam. When amplitude modulated, the baseband tones on each rf field
can then be extracted via performing a fast Fourier transform (FFT) of the probe
transmission signal. In a Rydberg atom detector, demodulation of the rf frequencies
are performed by the atom in and of itself, so no additional demodulation of the
signal is necessary. The signal from the photodiode then reflects the baseband signal
that is transmitted along with any other instrumental noise and noise associated
with the power of the probe laser. Each of the electronic states detailed above
were simultaneously coupled by the probe, coupling, THz and the six rf fields with
powers similar to those used in the spectra of Fig. 4.3. A baseband tone in the kHz
frequency range was modulated on each carrier rf field and detailed in Fig. 4.5. The
modulation index of the AM used on all of the carrier frequencies was 0.5 controlled
by settings in the Windfreak frequency generators. The resulting modulus of the

fast Fourier transform of the probe signal is shown in Fig 4.5(a).

The data show that the baseband tone from each of the independent carriers can be
recovered from the probe signal. The decreasing strength of the FFT signal as the
carrier frequency decreases can be partially attributed to the decreasing DME of
the transitions. Additionally, the large modulation depth of each field may decrease
sensitivity of subsequent states, through a change in the response of the vapour,

and also from the different driving Rabi frequencies of each field.

In order to remove servo noise that we observed in the FFT, the data presented
is taken by disengaging the coupling laser frequency lock and subsequently saving
a trace. Due to technical limitations, the THz source and 34.9 GHz microwave
generator could not be amplitude modulated. However, there is nothing to suggest

that amplitude modulation of these transitions could not be detected.

Finally, to complement Fig. 4.5, a mobile phone was connected to the Windfreak
signal generator, which was configured to produce a continuous-wave carrier at
700 MHz. The audio output from the phone’s 3.5 mm phone connector (‘audio jack’)

was fed into the amplitude modulation (AM) input of the generator, such that the
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4.6. Discussion

audio waveform acted as a modulation signal. The ensemble of atoms transduces
the amplitude-modulated microwave field onto the probe laser transmission via the
EIT process. The resulting optical signal, detected on a photodiode, can be directly
connected to a speaker (after applying a DC block/high-pass filter) to recover the
original audio — an ‘atomic radio’. Representative recordings of this demonstration
cannot be included in the supplementary materials due to copyright restrictions
but can be obtained from the author upon request*. This is identical to previous
demonstrations [119] albeit with a much lower carrier frequency allowed by the

method presented in this chapter.

4.6 Discussion

In principle, the number of fields that could be applied is limited by the possible
angular momentum states, (n — 1). At higher principal quantum number, the
sensitivity to the fields would increase, and the splitting between neighbouring /¢
states would decrease. For example, neighbouring angular momentum transitions
¢ > 8 at higher n (40-70) would correspond to resonant fields in the medium
frequency (300 kHz—3 MHz) or high frequency (3 MHz-30 MHz) radio bands as

shown in Fig. 4.1.

We note that at low n, many perturbing effects such as DC Stark induced state
mixing and Rydberg-Rydberg collisions are significantly reduced [120]. Despite the
lower sensitivity to external rf fields, electrometry at low principal quantum number

may be more suitable for calibration of an rf field or metrology applications.

In this work, Rabi frequencies were chosen so that transition frequencies could
be determined from visual inspections of the lineshape. Consequently, the rf field
strengths detected throughout this manuscript are large and approximately ~9 V/m

although this is not in the limit of a minimum detectable field. Generally, the Rabi

*Audio modulation sources used for this demonstration were excerpts from “Never Gonna Give
You Up” by Rick Astley (link) and a fan-made Simpsons parody of “Feel Good Inc.” (original by
Gorillaz) created by ‘NPCarlsson’ (link)
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4.6. Discussion

frequency of an rf field can be foremost determined by measuring the resultant
AT splitting [121]. Increasing the power of the THz field, which is limited due
to technical restraints, would result in a larger transmission window and hence
better estimation of the Rabi frequencies of subsequent fields without the use of a
model. Each distinct splitting could be distinguished and measured directly from

the experimental data.

A sensitivity assessment of the method to each of the applied rf fields is beyond
the scope of this thesis as the sensitivity for each transition depends upon the
driving strength of all previous transitions making the parameter space very large.
Regardless, we note that our sensitivity could be improved using rf heterodyning

techniques and lock-in detection.

Heating the cell would also improve signal to noise ratio by increasing the optical
depth. We do not expect to match the sensitivity of other Rydberg microwave
detectors because of the lower dipole moments of transitions at low principle quantum
number. However, implementation of these techniques would allow apt comparison
to an equivalent two/three-photon method measuring resonant transitions of ~

100 MHz at n > 100.

Furthermore, the use of other well-characterised antennas for the lower frequency
fields would allow a better estimation of the electric field strengths involved. The A\/4
monopole antennas used are not well-characterised, are omnidirectional, and have
poor efficiency, resulting in significantly less power estimated from the lineshapes in

comparison to that fed to the antennas.

In the following chapter, the method presented above is used to investigate higher-
angular-momentum states in alkali-metals, which are not as well studied as the
s,p,d and f states. There is currently no recent published work on quantum defects
in Cs higher than g7/, known to the authors [122, 123], whilst some exists for
rubidium [124, 101, 125].

At the time of this work, arc used an approximate method to determine the higher-
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4.6. Discussion

¢ quantum defects (¢ > 4), extrapolating from the measured Cs g7/2 quantum
defect [33]. More recent versions of the package® now employ a more complete
treatment based on the atomic core polarisability. The observed resonances were
found to be in general agreement and were additionally compared to the scarce
available literature [100]. Discrepancies on the order of several MHz are found for
¢ > 5 in comparison to said literature. There is no control of stray magnetic/electric
fields which may cause further splitting of the numerous m; states. Additional
discussion of using the experimental method presented for precision spectroscopy of
high ¢ states is presented, along with associated systematic error, in the following

chapter.

When compared to traditional rf technologies, Rydberg atomic sensors offer a
fundamentally different approach to frequency detection and control. Conventional
receivers rely on resonant electronic components, antennas, mixers, and oscillators
whose physical dimensions and parameters constrain the accessible frequency range.
Even the most agile architectures, such as frequency-hopping spread-spectrum
(FHSS) systems or cognitive radios, operate over comparatively narrow bandwidths
and require active tuning of electronic components to move between frequency
bands [106, 126]. In contrast, Rydberg receivers are limited not by circuit bandwidth

but by the accessible transitions.

The inherent spectral flexibility of the method presented suggests a novel secure
communication method. In such a scheme, the optical excitation wavelength
determines the initial Rydberg state, thereby defining the set of rf transitions
to which the atomic ensemble is sensitive. By changing the excitation laser, the
receiver can be reconfigured to detect entirely different frequency bands without
any electronic retuning. One could envision some frequency-hopping protocol,
in which both transmitter and receiver share a lookup table mapping optical

wavelengths to Rydberg transition frequencies. Communication could then proceed

*From version 3.7.0 onward, arc includes an updated model that calculates the energies of
these states using the atomic core polarisability, as detailed in Chapter 6. The author contributed
to the implementation of this update.
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by hopping between widely separated transitions, e.g. from 128 MHz to 34.9 GHz
to 0.601 THz, according to a pre-agreed sequence. Unlike classical FHSS systems,
where the hopping is limited by oscillator tuning speed and hardware bandwidth,
such atomic-state hopping could, in principle, span many orders of magnitude in
frequency, while also providing a degree of physical-layer security: an eavesdropper
would not only need to detect the signal across an extremely large band but also
know which Rydberg state the receiver is tuned to. In this way, Rydberg-based
receivers naturally fit the bandwidth agility requirements of frequency-hopping
spread-spectrum methods. While highly speculative, such an approach highlights

the broader potential of Rydberg platforms than solely sensitivity metrics.

4.7 Conclusion

Simultaneous detection of rf fields across 12 octaves detected by an optical probe
is demonstrated. The method opens up a new way of conducting rf electrometry
using a cascade of rf fields across adjacent angular momentum coupled states which
allows access to a number of lower resonant frequency states. We have furthermore
demonstrated that the simultaneous amplitude modulation of several of these rf
fields can be clearly resolved in the resulting EIT optical signal, offering a path to
simultaneous multi-band rf communication at increasingly lower radio bands using

significantly lower principal quantum numbers.

Further work should be done to characterise, optimise and generalise the technique
both for higher principal quantum number and 3-photon electrometry methods so
that sensitivities are on-par with current demonstrations [32]. Such a task may be
impractical to perform in experiment and may lend well to experimental modelling
to see the effect on bandwidth and how modulation depth of other fields affects the

detection of subsequent fields in the chain.
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Chapter 5

Transition Frequencies and

Quantum Defects

The work presented in this chapter is based on material published in [1]
and [2]. Some work, such as Fig. 5.4, Fig. 5.5, and table 5.3, were produced in

collaboration with L. Downes and uses data from their thesis [80].

In the previous chapter, a novel sensing scheme was demonstrated in which a ladder
of optical and rf fields was used to coherently couple a chain of Rydberg states
in caesium. In this chapter, we employ the same multi-field excitation scheme to
perform high-precision spectroscopy of transitions between many different Rydberg
states. From these measurements, we extract the quantum defects for each ¢; series
of the caesium atom, that is well-described by a quantum defect, via equation (2.8),

by fitting to an extended Rydberg—Ritz formula.

In the following chapter, transitions involving higher ¢ states are used to extract

the polarisabilities of the ionic core, providing insight into the response of the ionic
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Cs core to the Rydberg (valence) electron’s field. These constants allow accurate

modelling of the energy spectrum in caesium at high-/.

5.1 Overview

High-precision spectroscopy of atomic and molecular states is fundamental to our
understanding of the structure of matter and allows us to refine fundamental theories
and discover new physics [127, 128]. Detailed knowledge of the energy levels of
atoms and molecules is also essential for the development of many modern atom-
based quantum technologies [5, 129] with systems involving highly-excited Rydberg
levels showing particular promise for quantum computing and electric-field-sensing
applications [130]. Rydberg atom-based systems are increasingly being used for
electric-field sensing [65], communications [131, 132] and metrology [29] applications
spanning the radiofrequency [133] to terahertz range [103, 134] and often include
transitions to states with high angular momentum [116, 115]. To model these
systems, open-source software such as arc [33] are widely used for calculating the
properties of alkali atoms, relying on precision measurements of constants, such as
quantum defects, to calculate energy levels, in order to improve predictive accuracy.
Others can calculate these properties from first principles [135] for which these

experiments can then be compared to.

The most comprehensive measurements of the quantum defects in Cs were made
in 1987 by Weber & Sansonetti [136]. They determined the quantum defects of
the nsy /g, npyjp and nds/, states, and rely on fine-structure intervals measured
by Goy et al. [137] for calculation of the nds /2 quantum defects, and from San-
sonetti & Lorenzen [138] for calculation of the nps/, quantum defects. Data were
also taken for the nf;/, and ngy/, states, with the latter having no other recent
measurements. Recently, there have been more precise measurements of Rydberg
states to determine the nf5 /o 7/9 [139] and the nsy 9, np;/23/2 and nds /5 quantum

defects [140] by millimetre-wave spectroscopy of ultra-cold Cs [141]. However, these
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5.2. Method

measurements still rely on data from older sources, primarily [136], rather than
providing an independent reference. The most recent direct measurements for the
quantum defects of the nds/, state in Cs was made by Lorenzen & Niemax in
1984 [142]. Consequently, there is no single independent reference for accurate
values of the quantum defects for all states with ¢ < 4. This situation mirrors
challenges in other areas of precision spectroscopy and metrology, where reliance on
a patchwork of older measurements can propagate systematic errors and obscure
true uncertainties [143, 144]. Independent, internally consistent determinations,
as recommended in CODATA adjustments, can establish reference values without

correlations between many data sets.

In this chapter, we present values for the quantum defects for the sy /9, p;, dj, f; and
g; states of Cs, using Rydberg EIT in conjunction with THz and rf fields. Frequency
intervals between Rydberg states are measured using our THz and microwave
sources to couple the states using the principle of the method used in the previous
chapter for the application of sensing. The results are compared to the most recent
determinations of the Cs quantum defects. Finally, by using our measurements
of Rydberg states with £ > 4, accurate values of the Cs™ dipole and quadrupole
polarisabilities can be extracted which we explore further in the subsequent chapter.

This enables the precise calculation of energies for states with ¢ > 5.

Both analyses lead to a complete, by which we mean for every ¢; series in caesium,
independent set of Cs energy levels based on the findings in the following two

chapters.

5.2 Method

At the heart of our method is the use of the symmetry of the EIT lineshape to
determine transition frequencies between atomic states, even in the presence of
multiple additional rf fields. As discussed in the previous chapter, resonant coupling

to an additional atomic state modifies the transmission through the vapour. When
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5.2.1. 4-Level Scheme

the rf field is detuned from resonance, it induces an asymmetry in the lineshape,
which can be systematically analysed to extract the transition frequency. Similar
observations have been used in warm vapour systems [145, 146], particularly in
rf sensing [147] for metrology purposes, although precision spectroscopy in these
environments has been less common compared to cold atom systems. Our method

leverages this lineshape asymmetry as a tool for frequency determination.

5.2.1 4-Level Scheme
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Figure 5.1: Plot showing the dependence of EIT line shape on detuning of a THz
field. Top: Examples of the 2-photon Rydberg EIT signal with an applied THz field
that is approximately 0.7 MHz below (solid line) and 0.4 MHz above (dashed line)
resonance. When the THz field is resonant with the transition, we expect the height
of the two Autler-Townes peaks to be equal. As the THz field is detuned, we see
clear asymmetry in the peaks. Bottom: Height of the blue detuned (blue) and red-
detuned peak (red) as a function of THz frequency - the above peaks corresponding
the first and last pair of data points. By fitting straight lines to these points, we
can find the resonant transition frequency as the point at which the lines intersect.
In this example we measure the frequency of the 18d5/, — 16 f7/, transition to be
730.40683(6) GHz, indicated by the shaded region. Figure reproduced from [2].
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The simplest case, frequently used in Rydberg sensing experiments, is a four-level
system. Here, the single EIT peak generated by the probe and coupling lasers splits
into two peaks when a fourth level is coupled via a resonant rf field. As shown in
Fig. 5.1, detuning the rf field changes the relative amplitude of the two peaks. By
measuring this amplitude asymmetry for small detunings, the rf transition frequency

can be extracted [80].

In our two-photon excitation scheme, the coupling laser accesses nds s and nds /o
states with n = 18-22. THz fields then couple these to nearby n f5 5 and n f7 /5 states,
as well as a nps/y state, that are accessible with our AMC sources. Transmission
lineshapes are recorded for each transition, Lorentzian peaks are fitted, and peak

heights extracted. The measured transitions are summarised in Fig. 5.1.

We collect transmission lineshapes for each available transition with the coupling
laser and fit Lorentzian distributions to the data in order to extract the peak heights.
A table of all intervals measured using a 4-level scheme and those subsequently used
for the data fitting (from [80]) in this chapter is given in appendix A and only the

transition frequencies measured as part of this thesis are given in table 5.1.

5.2.2 N-Level Scheme

In adding additional fields, we establish the principle of extracting the transition
frequencies without loss of generality. In the ladder excitation scheme, addition of

an rf field resonant with an adjacent level modifies the spectrum in one of two ways.

For even numbers of levels, a strong rf field causes an Autler-Townes (AT) splitting
in the lineshape, resulting in two distinct peaks appearing in the spectrum. On
resonance, the amplitude of these peaks are equal, which can be used as criteria for
determining the exact transition frequency. For small detuning about resonance,
the change in amplitude of the features is linear, and the transition frequency can

be extracted from the intersection of two straight-line fits as shown in Fig. 5.2.

For an odd number of levels, the field creates a central transparency peak, the relative
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Figure 5.2: Demonstration of method for determining transition frequencies using
EIT in even-numbered ladder systems. (a) Modelled peak amplitudes (using [49])
against rf detuning of the 18; — 18k transition. The two insets show modeled
spectra when the rf field is detuned 1.5 MHz either side of the 18 — 18k resonance,
corresponding to the first and last pairs of data points. (b) Measured peak amplitude
data of the 18¢ — 18k transition as the rf is detuned. The straight dashed line fit
determines where the AT splittings have the same amplitude - assumed to be on
resonance when neglecting perturbing effects. The blacked dashed line shows the
extracted transition frequency, 594.9(4) MHz, and the error as the shaded beige
band, calculated from statistics of the fit. The inset shows the measured spectrum
used to extract the first pair of data points when the rf field is 592 MHz. Figure
adapted from [2].

detuning of which from the previous AT peaks varies linearly and can similarly be
used to determine resonance. An example is shown in Fig. 5.3. Here, once excited
to the 18d5/, state, a THz field is used to couple to the 157/, on resonance, which
we previously measured to be —1034.94423(7) GHz. With this additional field on, a
horn antenna is then used to detune across the 15f7/5 — 15g9 /5 transition with the
other fields kept on resonance. Both methods are then generalised for the higher
¢ — ¢’ measurements. A table of the intervals studied in this thesis and the obtained
transition frequencies using these particular schemes are shown in table. 5.2. For
certain transitions, we selectively excite the j = ¢ — % sublevel of the initial state so
that only the corresponding j' = ¢/ — % final state is addressed, effectively excluding

the j/ = ¢ + % state from the observed lineshape. For example, to measure the g7/,
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Figure 5.3: Demonstration of method for determining transition frequencies using
EIT in an odd-numbered level ladder system. (a) Model peak amplitudes (using [50])
against rf detuning. The panel below shows a modelled spectra when the rf field
is red-detuned +0.27 MHz (b) Extracted peak separations of the data from the
15f7/2 — 15992 transition as the rf frequency is detuned. The intersect of the two
straight line fits (shown with shaded 1o standard error regions) determine where
the peaks have the same separation with respect to the central feature - assumed
to be on resonance when neglecting perturbing effects. The blacked dashed line
shows the extracted transition frequency, 50.6009(1) GHz, and the error as the
shaded beige band, calculated from statistics of the fit. The panel below shows the
measured spectrum used to extract the first pair of data points when the rf field is
red-detuned by +0.5 MHz.
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5.2.2.1. Tables of Measured Intervals

state, we excite from the nf5/, state rather than the nfr/, state, since the g-state
fine structure cannot be resolved when starting from nf;/,. For states with £ > 4
(beyond g), our experimental resolution is insufficient to resolve the fine structure,
so we do not attempt selective excitation from the j = ¢ — % sublevels. Having
established how the transition frequencies are extracted from the measured spectra,
we now quantify the reliability and limitations of these measurements by analysing

the dominant sources of experimental uncertainty.

5.2.2.1 Tables of Measured Intervals

Transition Frequency (GHz)
18d3/0 — 15f5/, —1034.94423(7)
18d3/5 — 165 746.664 04(9)
1850 — 15f5/,  —1050.97405(8)
1850 — 15f7/, —1051.248 88(9)

(8)

(6)

18dsjy — 16f5,  730.63472(8
18ds/5 — 16f7/;  730.406 83(6

1930 — 17f5s  620.57851(8)
195/, — 17f7;s  607.09149(5)

20d3/y — 17fs/5  —T715.18566(9)
20d3/ — 18fs/5 521.36182(9)
20d5y — 17f5/5  —T726.3370(1)
20d5y — 17f7/5  —T726.52729(8)
20d;/, — 18fs/5 510.2102(1)
20ds /5 — 187/ 510.0500(1)
20ds/5 — 22p3y  1025.9229(2)

21dyjy — 185, —603.9741(1)
2ds/y — 18f7,  —613.5782(1)

22dy/5 — 19fs/y  —514.6726(1)
22ds /5 — 19f7/5  —522.876 75(9)

Table 5.1: Measured d — f and d — p transition frequencies with statistical
uncertainties from the fitting procedure in parentheses, ordered by principal quantum
number of the initial d; state. The ‘—’ of a transition frequency indicates the final
state is lower in energy than the initial state.
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5.2.2.1. Tables of Measured Intervals

Transition Frequency (GHz)
15f5/2 — 15972 50.3241(2)
15f7/2 = 15992 50.6009(1)
159 — 15h 8.7008(4)
15h — 154 2.6751(5)
154 — 15k 1.016(1)
15k — 151 0.439(1)
16f5/2 — 16g7/2 41.5844(2)
16f7/2 — 16992 41.8139(1)
16g — 16h 7.1905(5)
16h — 163 2.2069(5)
167 — 16k 0.840(1)
16k — 161 0.365(1)
17f5/2 — 17972 34.7509(1)
17f7/2 — 17992 34.9430(1)
17g = 17h 6.0072(5)
17h — 173 1.8513(4)
17 — 17k 0.705(1)
17k — 171 0.306(1)
18f5/2 — 18g7/2 29.3321(1

18f7/2 — 18992
18f7/2 — 19992

)
29.4946(1)
1071.33778(7)

18492 — 19h 1046.1632(3)
189 — 18h 5.0718(5)
18h — 18i 1.5634(5)
18h — 19i 1042.4245(5)
18i — 18k 0.594(1)

19f5/2 — 1997/2 24.981(1)

19f7/2 — 1999/2 25.1200(8)
19f7/5 — 18g9/s  —1016.7236(1)
199 — 19h 4.3206(5)

Table 5.2: Table of measured transition frequencies using the method described
in this chapter, for f =+ g, g > h, h = i, i — k and k — [ transitions measured
via EIT ladder schemes. Fine structure beyond f is not resolved for higher ¢, but
j = £+ 1/2 is used if not indicated in the transition. The ‘=’ of a transition
frequency indicates the final state is lower in energy than the initial state.
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5.2.8. Measurement Uncertainties

5.2.3 Measurement Uncertainties

The main source of error from statistical fits is derived from the laser amplitude
noise which causes a change in the detected probe power. This could be reduced in

experiment via use of laser amplitude stabilisers.

Any detuning from resonance of the previous fields in the ladder scheme will cause
an asymmetry in the lineshape. This compounds into a change in the measured
resonant frequency of subsequent fields by shifting the AT peak amplitudes. We
minimised this uncertainty by first measuring transition frequencies of previous
states before those of subsequent states. The uncertainty in these measurements
can then be taken as the uncertainty in the rf detuning of the following field. This
effect was studied and found to be negligible compared to the statistical errors for

our ¢ measurements. This analysis is detailed in appendix B.

The dc stark effect results in a shift of the transition frequency due to stray electric
fields in the cell, introducing a further uncertainty [148]. It has been recently
highlighted that the polarisability scales significantly with high ¢ states and as such
would present a significant uncertainty on the higher ¢ transitions measured [116].
Whilst we cannot currently reliably measure the magnitude of any stray dc electric
fields in the cell, we can place bounds on the expected shift using the polarisability
of the state of interest. For example, the polarisability of the n = 17i (¢ = 6)
state is 119 MHz cm~=2/V? [149]. From this, we can calculate that a dc electric field
uncertainty of order 0.1 V/cm results in a 0.6 MHz error in the measured transition
frequency. At higher principal quantum number, this effect presents a significant
uncertainty due to the already present n” scaling. The 40i state has an expected
polarisability of (56.8x10%) MHzcm™2/V2, Whilst this effect is not significant for
the f or g transitions, this is a significant uncertainty when measured transitions are
on the order of hundreds of MHz and would be significantly larger at higher Rydberg
states. During our measurements, we did not observe any mixing of different states

in the Rydberg manifold if the rf field was significantly detuned.
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5.83. Quantum Defect Determination

The ac Stark effect may become significant as the number of fields increases during
higher ¢ measurements. Similarly, this was minimised by first taking a measurement
at low power of the dressing field to minimise this shift. Numerical models, such
as those included in arc (using an implementation of Shirley’s time-independent
floquet Hamiltonian [77]), could be used to estimate the ac Stark shift for a given
electric field strength which could be estimated from the Rabi frequency of said
field. The shift in the resonance of subsequent fields could be investigated against
the field strength of previous fields and the resonant frequency could be taken in the
limit of zero field strength. However, from observation we found that there was no
indication of large ac Stark shifts on the level of errors provided from the statistical

fits which we do not expect at our low n and the rf powers used (< 10 pW).

5.3 Quantum Defect Determination

In contrast to some precision spectroscopy approaches, we do not reference our meas-
urements to the absolute ground state (6s;/2), and are therefore insensitive to the
absolute ionisation energy. Instead, we measure energy intervals between Rydberg
states. These relative measurements are sufficient to determine the quantum defects
for each ¢; series through a global least-squares minimisation, which is carried out

in this section.

Previously we have given the absolute energy of a state of an alkali-metal atom.
The energy separation, as a frequency 1y, between two states described by the

quantum numbers n, £, j and n’, ¢, j’ is given by

1 1
Vo =cRcs <(n oy (n)? = 5£/j/(n,))2> ; (5.1)

where Rcg is the Rydberg constant (in m~!) corrected for the mass of the relevant

species (Cs in this case). The quantum defects, dg;(n), can be parametrised using
the modified Rydberg-Ritz equation as [150]

- 5 54 56
R o A I S L e U (52)
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5.83. Quantum Defect Determination

where the values for dg 2.4, are coefficients that are distinct for different ¢ and j.
Using previously reported values of these coefficients (see Table 5.3), we calculated
the expected transition frequencies from Eq. (5.1) and compared them to those
measured in this work. The predicted and measured frequencies show noticeable

deviations, particularly for states with n < 20.

Fig. 5.4 illustrates the difference between the predicted and measured transition
frequencies as a function of the average principal quantum number of the transition,
Navg = (n +n')/2, where n and n’ correspond to the initial and final states of each

transition respectively.

The plot reveals a distinct structure, with each data point corresponding to a
different measured transition. For all series considered, the differences are more
apparent at lower n. Since the value of the quantum defect d,; depends inversely
on n, we posit that inaccuracies in the underlying empirical coefficients dp 24 are
responsible for the observed difference between experiment and theory. These
differences are not correlated with frequency, so are not due to any frequency-
dependent effects in the terahertz or microwave generation. While there may be
slight shifts in our measurements caused by external effects such as for example a
dc electric field, any such shifts would typically increase with n and so are unlikely

to be the cause of the differences seen here.

The three largest discrepancies are for measurements of the p; — d; transitions at
low n where a difference of over 100 MHz is observed between our intervals and
those predicted by the collated historical quantum defects. As n increases the
observed discrepancy is less apparent, on the order of several MHz at higher n, with
npsjg — n'ds /2 transitions showing discrepancies of up to 4 MHz. The s1/5 — p;
series measurements show a systematic discrepancy of several MHz throughout,
suggesting some inaccuracy present in the dy coefficient of the s; /2, P1/2 O P3/2
quantum defects. Given that the p; — d; set of intervals describe the data well
at high n, and that there is no structure when comparing the sy, — py/; and

s1/2 — p3/2 intervals, the most likely source of this discrepancy lies in the sy,
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5.83. Quantum Defect Determination

quantum defects. For the d; — f; and f; — g; transitions, discrepancies on the
order of tens of MHz are observed with a clear n dependence. This suggests that the
f-state defects from [139] are inaccurate at low n. When accounting for this in our
g-state analysis, and comparing to transition frequencies based on the g7/, defects
from [136], we find that the g quantum defect given from this work overestimates

the transitions by several MHz relative to our measurements.

In addition to this literature comparison, we use our measured transition frequencies
to extract measurements of the quantum defect parameters dp 24 in Cs for all states
with ¢ < 4 without relying on any data from other sources. In addition to the
transition frequencies determined in this thesis, we also use measurements from
those of Downes using a similar method in a three-photon experiment [80]. These
include measurements of sy, — p; and p; — d; states so that these quantum defects
can be determined. A full list of the transitions used in the global fit is included in
Appendix A. By using THz frequencies, measuring intervals at significantly lower n
than other publications is possible, increasing our sensitivity to changes in quantum
defects. A global fit was performed, optimising the values of all quantum defects
simultaneously. We use equations (5.1) and (5.2) as a theoretical model to calculate
the transition frequencies for initial values of gy, do, and J4 for all relevant states.
A least-squares x? minimisation method, implemented via the SciPy optimise
package in Python, varied the values of §; to minimise the differences between
the predicted and measured transition frequencies. Table 5.3 shows our optimised
values of the coefficients from equation (5.2) and the residuals of the fit are shown

in Fig. 5.5.

Although the Ritz expansion in equation (5.2) may formally be extended to ar-
bitrarily high order, inclusion of terms beyond 04 did not produce a statistically
significant improvement in the reduced y? value for the present dataset. Higher-
order coefficients were also found to be poorly constrained and strongly correlated
with lower-order parameters, indicating that the available experimental precision

was insufficient to reliably determine additional terms. Including further free para-
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5.4. Discussion

meters therefore increased the risk of overfitting the experimental noise without
improving the physical accuracy of the model [151]. For this reason, the expansion

was truncated at fourth order.

Our values for the quantum defects largely agree with the values reported in [136]
but, in contrast to the work presented there, do not rely on data from other sources.
The error in their measurements is likely underestimated, especially for the higher
order quantum defects where values are quoted to a superfluous number of significant
figures. While our measurements are of a lower precision than [140], they agree

within error.

5.4 Discussion

In the minimisation it was found that there are strong correlations between the
optimum values of the d; coefficients for each dy ;. Whilst this would not affect
the optimum value of the fit parameters, it does put bounds on the precision for
each coefficient. Additionally, as the fitting minimises transitions between pairs of
states, quantum defects for a specific £ are correlated to those with £ & 1. Further
details of the correlations between parameters can be found in the appendix of [2].
One of the main use-cases for quantum defect measurements is to calculate the
frequency of a specific atomic transition through equation (5.1). In this case the
precision of the quantum defect parameters is the dominant source of error and
must be accounted for. In the simplest case all parameters (dp2.4) can be considered
as independent (uncorrelated) and the error in the transition frequency can be
calculated by summing the contributions from the uncertainty on each parameter

in quadrature [151].

Using the optimised values and their precision as quoted in Table 5.3 we can calculate
values of transition frequencies at the MHz level for n > 30. Incorporating the
correlations between fit parameters in the calculation of the error on the predicted

transition frequencies is non-trivial but possible, details of two methods are given
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Figure 5.5: Residuals from a global fit to all quantum defects using the transition
frequency data. Measured minus calculated transition frequencies as a function
of navg = (n + n’)/2 for optimised values of dp24. The marker style denotes a
transition with initial state nf; to a final state n'¢}, where Aj = +1 (filled) or
Aj =0 (empty). The lighter (darker) points indicate transitions from the higher
(lower) fine-structure state, as in Fig 5.4. Figure reproduced from [2] and uses data
from [80].

86



1scussion

D

5.

‘pUNO} sem onjeA 2InjeIdg] /66 oN

‘[9€7] woxg st 10830p wmgrenb ¢/26 o1jy pue [5eT] woxy axe /Ll pue /S oy ‘[z 1] woIy axe T/€p o1py [0 T] wIOIf o1 sy00jep wmjuenb ‘@/9p ¢/€d ‘¢/1d ‘e/1s oy,

"9[qe[reAR DI9YM

UOAIS 9I€ SoN[eA 9INJRIANI[ ) UO SIOLIF ‘11 oY) SULINP PoJeIOUSS XIIJRUI 9OURLILAOD dY[} WOIJ PIJR[NO[RD SeM SIUSIDIJe0d pastuiydo oY) ut
10119 9, "PISI[ OI8 SON[RA SINJRII)I] JUIDI JSOW 91} pue sonfea pasturydo mo [joq ‘F = y 03 dn sor1es [e1309ds [[€ I0J SIUSIIIFI0D }I9JoP
wnjuenb oY ], "SHUOWOINSLBOUIL JUIDAI JSOUT J) UOIJR[[0D ® 0} poIeduiod YIom SI} Ul PUNOJ SAN[eA 109Jop wnjuenb jo o[qe)l y :€°Q 9[qel,

- - (6)8665°0 (8)5282°0 (19)€19¢°0- (26)692€°0- 00 00 (ge)LvLr0 | e
- - (¥1)68202°0- (¥1)9£002°0- (69)1€7€10°0 (29)6£€8000  (FI)69PLE'0  (91)€229¢°0  (81)2108¢2°0 | %0 °[€41](520T) T8 10 uoy§ pue [7¢1](FE0g) 18 10 ueys
- - (61)68295££0°0  (STE6VIFEL0'0  (P1)62STEI97°G  (EDOPSSHSLY'G  (£)929065S°¢  (£)TL8ST6S'E  (LT)F66SE6T0T | %0
- - - - - 1900°81- - - (0¢1)60- 8¢
- - - - (£)6°1- 86£9.°0- - - (11 9%
- 16210°0 - - (e1)z6e0- 867EF 0~ - - (01)90°0 vo »SYION [BOLIOISTE
- 355670°0- (62)250 0~ (91)¥10°0- (e1)18€10°0 02£600°0 (F1)69vL8°0  (91)€LT98°0 (¢)1682°0 &9
- (0£)$98€0200°0  (€1)9795€€0°0  (0L)L6STFEE00  (9)FFIE 997G T9SHELY'T (£)9L90695°¢  (£)1285165°¢  (F)zese6r0v | O
(61)0z°0 (®)eo (11)8r°0 (€1)69°0 (91)90°0 (91)90°0- (Fr)Lr1 #1)18°0 (@)80 vo
(91)2150°0- (@)¥50°0- (11)9102°0- (21)5208°0- (#1)1010°0 (¥1)1500°0 (€1)289¢°0  (£1)695€°0 (¥)eeec0 | %o y10M ST,
(1)670£00°0  (€)L80200°0 (£)0L8££0°0 (£)62¥££0°0 (7)L2£997°C (P)vLvsLve (e)160655°¢  (£)909165°€ (£)89e670% | Y
2/66 T/Lh N\ﬁ e/sf /S N\mm z/eq e/1d /g

87



5.4. Discussion

in the appendix of [2]. Doing so increases the precision of transition frequencies
calculated using our quoted parameters by up to an order of magnitude. This
means that we can predict transition frequencies with a similar precision as those

calculated using more precise measurements of dg 24 such as quoted in Table 5.3.

Since performing the analysis presented in this chapter and tabulating the quantum
defects listed in Table 5.3, more precise measurements for the sy /5, d3/; and ds/o
states have been made [152]. Using the updated values to compute theoretical
transition frequencies did not significantly reduce the discrepancies with our data,
particularly the >10 MHz shifts at low n,ys and the consistent 1-2 MHz offsets at
higher n,ys seen in Fig. 5.4. Notably, [152] excludes states with n < 20, where most

of the large deviations occur.

The global fit residuals of £2MHz in Fig. 5.4 for s;/5 — p; and p; — d; transitions
at navg = 35 are consistent with a small (< 10mV /cm) dc electric field. However,
most measurements are in the lower n = 15-30 range or involve higher ¢, where
any resulting shifts are smaller than our measurement uncertainties (10-100 kHz).
Inclusion of electrodes in the cell would allow for compensation of small electric

fields, especially if measurements were carried out at higher n.

Laser power fluctuation is a large source of error in determining the peak heights,
this could be reduced by the inclusion of amplitude stabilisation techniques. In
the ladder scheme, the error caused by any detuning of the previous transitions
was minimised by measuring each resonance sequentially, and associated shifts
were found to be negligible compared to the dominant fitting uncertainty. AC
Stark shifts from earlier rf fields were also negligible at the low field strengths used.
Electric-field non-uniformity would cause distortion of the lineshape [118] however
such distortions are symmetric and were not observed with the rf powers used in this
work. Implementation of amplitude stabilisation would likely require reevaluation
of the other errors mentioned previously as they would come into the same order of

magnitude as the reduced statistical error.
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5.5. Conclusion

The frequency separation of the Autler-Townes splitting itself could be used to
determine resonance. However, this approach is non-linear in detuning and sensitive
to laser scan calibration. Additionally, the small detuning range used in this
work results in near-constant splitting. Fitting relative peak heights could reduce
common-mode noise, but it introduces correlations that add to the error. Ideally,
normalisation of peak height using background scans would be preferred, but rapid
laser power fluctuations occur on timescales shorter than our rf/THz switching,

limiting the practicality of this approach.

5.5 Conclusion

In this chapter, we have presented a comprehensive set of independent measurements
of Rydberg transition frequencies in caesium using electromagnetically induced
transparency combined with tunable THz and rf fields. By exploiting the sym-
metry and amplitude asymmetry of EIT lineshapes, we demonstrated a method for

determining resonance frequencies.

Our measurements span the sy, p1/2, P3/2, d3j2, ds/2, f5/2, f1/2, 9772 and gg o

Rydberg series, covering transitions over a wide range of principal quantum numbers.
Through global least-squares fitting of the observed transition frequencies, we have
derived new values of the quantum defect parameters dg 24 for all states with ¢ < 4.
These results form the first independent, complete and self-contained set of quantum
defects for caesium. Our findings show clear deviations from previously reported
values, particularly for low-n transitions, where the sensitivity to variations in dy ; is
greatest. Strategies to further reduce these sources of uncertainty, such as amplitude

stabilisation and electric-field compensation, are proposed for future work.

The optimised quantum defect values obtained here allow for the calculation of
Cs Rydberg energy levels and transition frequencies to MHz-level precision across
a broad range of n. This precision provides a solid foundation for subsequent

determinations of the Cs™ core polarisabilities, discussed in the following chapter,

89



5.5. Conclusion

and for benchmarking ab initio theoretical methods. More broadly, this work
establishes a complete and independent reference dataset for caesium Rydberg
states up to ¢ = 4, supporting improved modelling in applications ranging from

quantum sensing and communications to fundamental tests of atomic structure.
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Chapter 6

Core Polarisability Analysis

The work presented in this chapter is based on material published in [2].

6.1 Introduction

In the previous chapter, transition measurements between low-angular-momentum
states were used to extract the quantum defects for each /; series in caesium. In
principle, this procedure could be extended to determine quantum defects for all
higher ¢; series. However, such measurements become experimentally impractical
at larger /, since accessing these states requires multi-photon excitation pathways
with progressively complex line shapes. Moreover, attempting to determine several
quantum defects simultaneously through a global fit would introduce significant
parameter correlations, leading to larger uncertainties, particularly when only a

limited number of experimental data points are available.

Rather than use a quantum defect approach, the energies of all higher ¢ states
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0.1. Introduction

(¢ > 5) can be calculated from the polarisabilities of the ionic core, which describe
the decrease in energy caused by the polarisation of the atomic core, Cs™, due
to the electron’s motion [17]. As the wavefunction’s penetration into the core is
small [40] for high—¢ states, the total energy becomes increasingly dominated by the
long-range polarisation potential, rather than any energy shift due to penetration, a
shift due to the electron’s wave function penetration into the ionic core, or exchange
effects, the energy shift due to the exchange interaction between the core electrons

and the valence electron [154].

In this chapter, an overview of Rydberg high—¢ spectroscopy is given as well as the
applications in determination of the polarisabilities and consequences of improving
the accuracy in calculation of the energy levels. We use our measured transition
frequencies between high—¢ states to determine the dipole (ag) and quadrupole
(ag) polarisabilities of the Cs ionic core, Cs*. These constants are used to model
the energies of states with angular momentum ¢ > 5 and provides a systematic
framework for determining the quantum defects of all higher ¢ states [40] without

their direct measurement.

The measurement of Rydberg high—¢ states has been used to extract ion polarisabil-
ities [155]. This technique is not limited to alkali metals [156, 157, 158] and has been
explored in alkaline-earth elements [159, 160] and other species [161, 162]. For sim-
pler species, such as He and Hs, comparisons between theoretical and experimental
results have further validated these models [163, 164]. Beyond this, ionic polarisabil-
ities have a range of applications [165] from the study of ion-neutral and atom-atom
interactions [166, 167, 168] to addressing black-body radiation uncertainties in ionic
and atomic clocks [169, 170]. Proposals to trap atoms using circular states [171]
and improve measurements of the Rydberg constant have highlighted the need for
improved ionic polarisability constants [172, 173] with recent studies identifying it
as a leading uncertainty [174]. Accurate determination of atomic polarisabilities is
also critical for calculating tune-out wavelengths and Stark shifts, which depend

on the contribution from the core [175, 176]. In a recent Cs measurement, this is
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the dominant source of error in determining the ratio of the 6p reduced matrix

elements [177].

More fundamentally, the better accuracy of the core polarisabilities to determine
energy levels would be principally used in the calculation of the Stark structure
of alkali-metal atoms [148]. Here, the Hamiltonian in the presence of a dc electric
field is diagonalised requiring the calculation of the entire n and, often, adjacent
n manifolds to accurately determine mixing between states and the magnitude
of de-Stark shifts [148, 120], useful for the study of circular Rydberg states [99].
Additionally, the constant is used to compute the electronic wavefunctions in
alkali-metal atoms [41] which in turn enter into calculations of scalar and tensor
polarisabilities of atomic states [178] as well as dipole matrix elements [179]. In
particular for Cs, the contribution of the ionic core polarisability to the total state
polarisabilities is significantly larger than all other alkali metals [180]. The accuracy
of these constants directly impact the performance of Rydberg atom—based electric

field sensors and neutral atom—based quantum computing platforms [152]

Previous studies of core polarisation in alkali metals typically relied on atomic beam
experiments, where multi-photon microwave and rf transitions populate excited
nt states, which were subsequently detected via field ionisation [181, 182, 100].
Techniques like resonant excitation Stark ionisation spectroscopy (RESIS), where
an atomic or ionic beam is excited and captures an electron by passing through
a Rydberg target, which is then subsequently excited by a Rydberg laser and
ionised. These experiments have observed ¢ states as high as 14, though significant
experimental setup and dc Stark corrections are required [183, 184]. Here we use
our measured Cs Rydberg high—¢ transitions to extract the dipole and quadrupole

polarisabilities of the Cs ionic core.

The energy of an atomic state in an alkali metal, encapsulated by its quantum
defect, reflects the combined influence of several physical effects, including relativistic
corrections, core polarisation, and valence—core exchange interactions. To interpret

these shifts quantitatively, the total energy of a Rydberg state can be expressed as
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the sum of additive contributions:

hcRcs
n2

Eng = Er, —
(6.1)

— AFE,o — ABy — AEey — AEpen — AEq.
where Fj. is the ionisation energy and Rcs the reduced Rydberg constant for
caesium. The correction terms AF,q, AEg, AFey, AELen, and AFE, represent
the polarisation, fine-structure, exchange, penetration, and relativistic energy shifts,

respectively [154].

For states with high angular momentum (¢ > 4), the penetration and exchange
contributions become negligible, as the Rydberg electron very weakly penetrates the
ionic core. Consequently, the total energy deviation from the hydrogenic term in this
regime is dominated by the polarisation term. The definition of ‘high—¢” adopted here
is somewhat conventional and accuracy dependent. These states retain a small but
finite core overlap, yet within the precision of modern high-resolution spectroscopy
(typically ~1 MHz), such residual effects lie well below the experimental uncertainty.
Throughout this thesis, therefore, the term ‘high—¢ state’ refers to those for which
the energies are accurately described by the hydrogenic model to within current

experimental precision, modified only by the core polarisability of the specific atom.

Under this assumption, the observed energy intervals F,y — E,» (explicitly, the
same n but different ¢) primarily reflect differences in the polarisation energy, which
can be expressed analytically in terms of the dipole and quadrupole polarisabilities
(og and o) and the quantum numbers n and ¢. The remaining corrections arise
from the fine-structure and relativistic contributions, which, for hydrogenic states,
take the forms [39]

a’hcRcs
200+ 1) (0 + 1)n3

AFg = — (G +1)—e(e+1)—3], (6.2)

and

azthcs( 1 3 )

AF,q = 2
rel E‘F% An

n3 (6.3)

these terms incorporate the spin-orbit interaction, Darwin term and relativistic

correction we previously mentioned in section 2.2.1. In the present analysis, we
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assume this hydrogenic fine-structure scaling and correct all measured intervals
such that transitions correspond to an effective [nf) level located at the centre of
mass of the |nfj) manifold. This approximation has been validated in previous
studies [101], where the measured fine-structure splittings for g and higher ¢ states in
Rb were found consistent with hydrogenic predictions. At lower principal quantum
numbers, or for heavier atoms such as Cs with larger cores, small deviations from
this approximation may arise. These are expected to produce systematic shifts of
order tens to hundreds of kilohertz well below the uncertainty level of the present

measurements [185].

Penetration and exchange energies are estimated following the treatment in [185],

which shows good agreement with other calculations of g states [154, 158]. While
penetration and exchange corrections for g states are small (~15MHz), they are
not negligible compared to experimental errors. For ¢ > 5, these corrections are

< 100 kHz, well below measurement uncertainty but included for completeness.

This transition from quantum defect to polarisability-based modelling not only
reflects the underlying physics but also enables the grouping of our sparse high-¢
data into a single framework, allowing predictions of unmeasured ¢; states. We
analyse core polarisation energies using so-called adiabatic and non-adiabatic models.
The former has historical precedence and enables comparison with prior exper-
imental results, while the latter provides greater accuracy in determination of
the Cs™ polarisabilities as it uses a more complete description of the polarisation

potential [186, 165].

6.2 Analysis

6.2.1 Adiabatic Model

The adiabatic polarisation energy AFEp], in atomic units, is given by [187]

1 _ 1 _

AE,, = 3




6.2.1. Adiabatic Model

where o/, and ozfl are the effective dipole and quadrupole polarisabilties of the
Cs™ ion, and (r”) are the radial m! power expectation values of the hydrogenic
wavefunction, |nf) [188]. Equation (6.4) is from a perturbative treatment from [189]
which considers the decrease in energy of the valence electron due it polarising
the ionic core from the electrostatic interaction. The ’ denotes the ‘effective’
polarisabilities which imply the treatment considers the electron slowly moving,
referring to the ionic core developing an instantaneous dipole to follow the electron,
because the internal excitations of the core are much faster than the electron’s
motion. This nomenclature follows that of Freeman and Kleppner [40]. Literature
may use this model but not explicitly refer to the adiabatic model, meaning their
results of the dipole or quadrupole polarisability are the effective values [100]. A

non-adiabatic model is one which includes corrections to account for the electron’s

motion, shown later in this chapter.

It is instructive to examine how polarisation energy varies with angular momentum;
in particular, transitions of the form n¢ — n¢ (at fixed n) provide a sensitive
probe of the underlying polarisation dynamics. These transitions, conveniently our
measurements shown in the previous chapter, display differences in polarisation

energy which can be linearised through using equation (6.4) to

AEpOl,nf - AEjpol,7"0€’ N / <T1:£6> B <T;E§>
—4 —4 =agq+ S a— 4\
(roe ) = (roer) (roe) = (roe)

(6.5)

where AE,q1 ne — AEpo ne are polarisation energies extracted from the measured
transitions. In this way, the gradient and intercept of this linear equation correspond
to the effective quadrupole, aj and dipole polarisability, ag, respectively. Such a
plot is sometimes called a ‘polarisation plot’ and can take different forms depending

on completeness of the polarisation potential used [165, 190].

We apply the adiabatic model to two different datasets. One data set uses intervals of
the form n¢ — nf’ where the principal quantum number has not changed. However,
given our nf — n/g measurements contain information on the energies of g states,

we can neglect the need for identical n intervals to perform a linearisation of data
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Adiabatic Model
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Figure 6.1: Plot of transition frequency intervals obtained from describing ¢ > 4
states using an adiabatic model for polarisation energy. A fit inclusive of g;
states (from the measured nf; — n'g; intervals) is included with the series of
{ > 4 measurements taken where the energy of a state is described as a series
of contribution from the fine-structure, relativistic, exchange, polarisation and
penetration corrections. Figure reproduced from [2].

and perform a second global fit using all available intervals. In this way, a state
nt with £ > 4 is simply given by equation (6.4) instead of unique quantum defects
for each ¢; series. Physically, there is no difference in the way the energies are
described in the two data sets but the linearisation of the model allows better visual
inspection and comparison of the data to the adiabatic model, as when inclusive
of the f — g data, only fitting residuals can be inspected. The residuals for the

adiabatic model when using all available data is shown in Fig. 6.1.

The adiabatic model describes the data well and shows good agreement with previous
literature values of o/, as shown in table 6.1. Conversely, the value of afl is in
reasonable agreement considering the significant variance between publications. Our

disagreement with [136] and [154] can likely be attributed to them only performing
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6.2.1. Adiabatic Model

measurements on f and/or g states, where inclusion of higher ¢ states give better
information on the value of afl. Additionally, the inclusion of very low n values,
where the adiabatic approximation is more inaccurate and core penetration is much
more significant [120], forms part of their analysis. In [100], low-lying Rydberg
states (n = 16-18, 4 < ¢ < 6) were used but core penetration and exchange effects

were not taken into account for g states. Omitting these corrections would lead to

/

an increase in Qg

and decrease o), as AFE,, would be larger than expected for g
states. Furthermore, there is disagreement between our measurements of the same
nf; — ng; intervals. Whilst the penetration and exchange energies are small and

only represent 0.1% of the measured transition frequencies, they have significant

impact on the value of af] given their relative sensitivity, compared to higher ¢
(ro)—=(r5)
()=o)

of f; — g; transition data, the value of o, decreases and o/q increases expected from

states, from the larger ratio of . By including the g; levels from the set

the weighting of these data points to lower £ transitions.

Inspection of the global fit in Fig. 6.1 suggests that the nh levels are anomalous.
This is indicated by slightly elevated g — h residuals and large h — i residuals.
While the former may be attributed to an overestimation of Fpe, for the g states,
this explanation does not account for the latter measurements, as the penetration
energies are on the order of kHz. We considered that this may be the result of a
large dc stray electric field, as polarisability scales significantly with ¢ [187]. This
would decrease the transition frequency for successive n¢ — nf’ measurements.
While this effect is observed in the h — ¢ dataset, it is not supported by the higher
¢ — ¢ transitions, which do not show a corresponding decrease in energy. It is
interesting to note that [181] also observed smaller h — i intervals than their fit.
They made similar conclusions, but they do not measure to higher £ to further

clarify whether this is the result of a stray dc electric field.

Additionally, [100] agrees well with our set of h — ¢ measurements within their
precision. Their interval sizes are not significantly larger, meaning they do not

indicate the presence of a large stray field in our work. Using a non-adiabatic
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Reference oy (ad) oy (a)  Xo. min
This work (£ > 4) 15.634(17)  59.8(13) 6.0
This work (global fit) 15.680(17) 55.7(18) 7.3
Safinya et al. [100] (Expt.) 15.544(30)  70.7(29)
Sansonetti et al. [154] (Expt.) 15.79(1)  38.7(19)
Curtis & Ramanujam [191]* 15.759 47.990
Weber & Sansonetti [136] (Expt.) 15.770(3)  48.9(4)
Zhou & Norcross [192] (Expt.) - 33.60(66)

Table 6.1: Table of effective Cs™ polarisabilities compared to previous experimental
results of the effective dipole, o, and quadrupole, ag, polarisability. The table shows
our results for two data sets, one excluding the nf — n'g intervals (‘¢ > 4’) and
one inclusive (‘global fit’). The fitted parameters were found by the minimisation
of the reduced ? statistic and the errors by re-fitting to x2%.;,, + 1 [151].

model as in the following section somewhat resolves this discrepancy. Further
measurements of higher ¢ states or a larger sample of n may put more confidence

on whether this is a systematic error or an unaccounted perturbation.

6.2.2 Non-Adiabatic Model

A non-adiabatic model introduces corrections to equation (6.4) by accounting for
the delayed response of the core dipole to the outer electron’s motion [195], allowing
extraction of the true static polarisabilities. The non-adiabatic model accounts
for the dynamic lag of the core electrons, which becomes relevant as the Rydberg
electron’s orbital frequency approaches the core excitation frequencies. This work
presents the first experimentally determined values of the true static polarisabilities
of the Cs™ ion, as all previously reported values have been based on ab initio
calculations, as well as the latest experiment to determine Cs core polarisabilities

in almost forty years [122].

Two recent treatments addressing adiabatic corrections are Berl et al. [181] and
Peper et al. [158]. The former corrects for non-adiabatic effects using the method
of Gallagher for measurements in Rb, introducing correcting factors as coefficients

in equation (6.4) by considering ionic dipole and quadrupole matrix elements [187].

*Using data from [154, 193, 194]
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6.2.2. Non-Adiabatic Model

The latter follows the treatment of Eissa and Opik in 3°K [196] whereby correction

factors, yﬁl, yd, and y4, are introduced into equation (6.4) giving

1 _ _ 1 _
AEyq = _gad(yg<rnz4> + y%(rnf» - iaqyg<rn£6>, (6.6)

where each correcting factor is a function of n and ¢. Physically, these arise from
higher multipole moments induced by the electron as it polarises the core, sometimes
described as ‘distortion’ in this literature. Evaluation of these is beyond the scope
of this work but described in [196]. The treatment given in [158] approximates each
y(n, ), over their much higher Rydberg states (n = 30-47), to be static and uses
constants found in previous work to evaluate these. For our case, it is likely that y
would need to be evaluated for each nf state as we are at much lower n. The work
of Patil for the treatment of non-adiabatic polarisation effects was also considered
as a method for modelling the data [197, 198] however, this was not used due to
the absence of experimental studies applying it in the context of Cs or comparable
alkali systems. In the absence of empirical validation or precedent, its applicability
remains uncertain. This highlights a broader issue: the variety of treatments for
non-adiabatic effects and extensions to the polarisation potential underlines the
need for a more systematic and comparative analysis, as also noted in [165]. In this
chapter, we follow the treatment given by Drake and Swainson to extract the true
polarisabilities [199]. The non-adiabatic polarisation energy, AEy, can be written
as [165]

1 _ 1 _
ABpor = —50alry) = 5(ag = 68)(r0) + B + . (6.7)
Here, (3 is a non-adiabatic correction factor [195], a constant which is estimated via

extrapolation of oscillator strength sum rules. Specifically, we have [200]

k
S(k) = (Em - (2.;_ 5 (2.56_ k;)2> S(0) (6.8)

where FEy; is the energy difference between the ground and first excited state of
the core, 5p° 1Sy — 5p°6s 3/2 [3/2]3, in Rydbergs [201]. The a and b are fitting
constants which can be determined from the values S(0), the number of electrons

in the core, S(—1) = 3(3; r?), where r; are the positions of the core elections, and
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6.2.2. Non-Adiabatic Model

S(—2) = ag/4 with S(—3) = /4 being the quantity to be estimated. The quantity
S(—1) is estimated by using the values of the isoelectronic Xe for which S(—1) is
known and the ratios of the diamagnetic susceptibilities of Cs* and Xe which are
taken from theory [202]. Since the extrapolation of S(—1) depends on the dipole
polarisability, a4, being extracted, an iterative fitting process is used in which fits are
refined until the value of 8 converges, which we find to be 8.4, close to that reported
in [186]. The term E?) represents second-order polarisation effects, a correction
term which is a function of g, n, and ¢. Higher-order corrections, not included
in equation (6.7), to the polarisation potential depend on ionic oscillator strength
sums [184] for Cs™, which are not well characterised. A renewed interest in the
theory may be warranted, especially in the case of caesium, which has few literature
analyses in comparison to other species and little accessibility when compared to

established non-adiabatic theory in studies of K [196, 158].

The non-adiabatic model describes the data well and an extension of equation
(6.5) to include non-adiabatic corrections is shown in Fig. 6.2. We find ay =
15.729(18) a3 and oy = 76.3(1.9) af which show good agreement with the theoretical
results shown in Table 6.2 [202, 203, 204], the value of ag we obtain is within 0.5%
of these predictions. However, we note the variance in oy in the literature and the
fact that our experimental value is smaller than all theoretical predictions. The
non-adiabatic model somewhat resolves the anomalous h — ¢ data although there
is still some discrepancy when performing a global fit inclusive of the f — g data

which give less weight to the h — ¢ set of data.

Quantum defects for states with £ > 5 can then be directly determined from expan-
sions of equation (6.4) [199], or their energies can be expressed using equation (6.1)

where their penetration and exchange effects can be considered negligible.

*“Inferred from their effective value, o,
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Figure 6.2: Analysis of the data using the non-adiabatic model for two sets of
data using a polarisation plot. Linearisation of the data by extending equation
(5) to include the non-adiabatic polarisation energy from equation (6), allowing
extraction of the dipole, a4, and quadrupole, oy, polarisability. A global fit to all
data (including g; states from the nf; — n’g; intervals) is included in the plot
(black) for comparison to data where only intervals of the form n¢ — nf' (same
n) are used (red). The shaded regions show the +10 standard errors in the fitted
parameters (see table 6.2). Groups of data points correspond to different sets
of transitions with increasing ¢: (i) nh — ni (ii) ng — nh. In the lower left,
the transitions ni — nk, nk — nl are shown, along with the y-intercepts, which

correspond to ay for the two fits. The data sets are grouped by colour similarly to
Fig. 6.1. Figure reproduced from [2].

6.3 Discussion

The set of quantum defects presented in the previous chapter for the s,p,d, f
and g states and the determination of core polarisabilities in this chapter will
allow more accurate energy levels for reference databases such as arc [149], Ry-

dberg atom interaction potentials and in the calculation of long-range Rydberg
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Reference aq (ad) g (ad) X% min
This work (¢ > 4) 15.696(16) 78.6(12) 4.2
This work (global fit) 15.729(18)  76.3(19) 5.6

Zhou & Norcross [192] (Expt.) 15.644(5) 96.8(40)*

Safronova et al. [204] (Th.) 15.84 -
Johnson et al. [202] (Th.) 15.81 86.4
Lim et al. [203] (Th.) 15.8(1) .
Sternheimer [205] (Th.) - 118.26

Mahan [206] (Th.) 15.9 108

Table 6.2: Table of true Cs™ polarisabilities compared to various theoretical results
of the dipole, a4, and quadrupole, oy, polarisability. The table shows our results
for two data sets, one excluding the nf — n'g intervals (‘4 > 4’) and one inclusive
(‘global fit’) along with their x2 statistic [151].

molecules [207, 208, 209]. Previously, arc used an estimation, &, ~ 4(4/¢)®, which
is taken from [187], by truncating (r,)) to the leading term. We advocate for
using an adiabatic treatment when predicting the energies of states (by evaluating
the polarisation energy) as the accuracy in predicting energies of high—/¢ states is
preserved whilst using relatively simple calculations . The non-adiabatic theory is
used to improve the extracted accuracy of the dipole and quadrupole polarisability
constants of the core to be used in other contexts such as evaluating core contribu-
tions in state polarisabilities [204] or calculation of the wavefunction [41]. However,
the extended expression of the non-adiabatic energy, especially when inclusive of
FE®) is cumbersome and does not substantially improve the predictive accuracy of

the high—¢ energy levels.

In previous studies of the core polarisability of Cs [154] and other alkali-metal

atoms [158, 40, 157], f; has been included as a ‘non-penetrating’ state. For [154],
this gave results for ay and o, that were not in agreement with their ng; energies.
By contrast, in lighter species such as Na and K, inclusion of small penetration and
exchange corrections for the nf states gave good agreement with experimental ener-

gies [158, 40, 157], reflecting the reduced core overlap in these atoms, and, perhaps,

As stated previously, from version 3.7.0 onward, arc calculates the energies of these states
using the effective atomic core polarisabilities. The author contributed to the implementation of
this update.
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the reduced precision in older precision spectroscopy experiments. Regardless, the
inclusion of our f states in a core polarisation analysis would place better bounds
on the value of o, and only slightly change our value of oy. Additionally, the
polarisation energies for these states would depend substantially on the accuracy
of the theoretically predicted penetration and exchange energies. We note the
importance of including high—¢ states beyond f and g states in core polarisability
analyses as they allow the deduction of the dipole and quadrupole polarisabilities

without reliance on calculation of the exchange and penetration energies.

Extending measurements to higher ¢ yields diminishing returns, as the reduced
transition frequencies lead to larger relative uncertainties, and these states primarily
constrain ag with limited sensitivity to cy. In contrast, a broader range of principal
quantum numbers n offers greater leverage for improving the accuracy of both
polarisabilities. In our experiment, we are limited both by the range of the THz
sources and the two-photon Rydberg laser, which dictate the Rydberg transitions
we can measure. A three-photon scheme reaching f Rydberg states would omit
the need for a THz source and allow couplings to g states and higher ¢ states with

microwaves and mm-waves.

A full list of the intervals used in this chapter and their corresponding transition

frequencies, is provided in Appendix A.

6.4 Conclusion

In this chapter, we transitioned from a quantum defect analysis to a core polarisation
model to accurately describe caesium Rydberg states with ¢ > 4. By analysing
our measured transition frequencies with a non-adiabatic model, we successfully

extracted the static dipole (ag) and quadrupole (ay) polarisabilities of the Cs™ ion.

Our derived value for ay4 agrees with theoretical predictions to within 0.5%, and
inclusive of our result for oy, both provide an experimental update to historical

literature. Collectively, these refined constants allow for the precise prediction
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of high-¢ energy levels without direct measurement. This improved accuracy is

predicted to be useful for reducing uncertainties in many atomic physics platforms.
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Chapter 7

Technical Noise of EIT-based

Rydberg Receivers

Some work presented in this chapter is based on material to be published in Ry-
dberg Receivers for Space Applications Gianluca Allinson et al. arXiv:2601.20631.
This chapter was developed during a secondment on a parallel project investigat-
ing Rydberg sensors for space-based applications. As such, it differs somewhat
in emphasis from the predominantly experimental work presented in earlier
chapters. It is included as part of the wider research carried out during this

PhD and remains closely related to Rydberg atom sensors..

7.1 Introduction

In this chapter, a theoretical study on the sensitivity of EIT-based Rydberg atom
sensors is undertaken, with an emphasis on breadth rather than depth. The aim here

is to identify the factors that most strongly influence the performance of a practical
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sensing system. For example, laser frequency noise which informs requirements for
laser power and linewidth, rather than to provide a comprehensive exploration of the
atomic physics, as other studies have attempted previously [63, 210, 64, 211, 212].
To emphasise this practical analysis, we aim to compare the sensitivities of Rydberg
detectors to more traditional techniques. In doing so, we introduce the concept of
noise equivalent field (NEF), a metric often used for Rydberg atom sensors, and
noise temperature 7T,,, a standard metric in rf receiver design. This chapter does
not weigh other advantages of Rydberg sensors, such as the dielectric nature or

small sensor size, against traditional antennas.

Given the complexity of the problem, arising from parameter interdependencies,
the large parameter space, detection frequencies, and the different methods or archi-
tectures, we structure this chapter into three parts. First, we examine the general
behaviour of various noise sources for a generic representative superheterodyne
Rydberg receiver operating at different detection frequencies for fized temperature,
cell length, beam waist and so on. Second, we investigate how sensitivity changes
when the sensing region (through its length and beam waist) is scaled according to
the wavelength of the detected radiation. Lastly, we see how incorporating Rydberg
vapour cells into resonant structures affects the sensitivity. This framing of the
problem, and the associated scaling of the sensor model, is motivated by several
considerations: (i) It enables us to examine how the dominant noise processes scale
largely independently of specific experimental choices; (ii) It allows a direct and
fair comparison with conventional antennas, whose optimal performance typically
requires physical dimensions on the order of the wavelength (e.g., A/2 dipoles),
and which therefore exhibit strong wavelength-dependent constraints on sensitivity,
bandwidth, and impedance matching; (iii) It provides a natural route to understand-
ing how Rydberg vapour cells might be embedded within resonant or quasi-resonant
microwave structures, where scaling with wavelength again plays a central role.
Together, these considerations motivate treating the atom-based sensor in a way

that parallels traditional antennas, while highlighting the fundamentally different
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Figure 7.1: Overview of the probe measurement and the factors that determine
the sensitivity. (a) Simplified experimental diagram showing the general superhet-
erodyne two-photon scheme considered in this chapter with relevant parameters
labelled next to the appropriate source. T - temperature of surroundings, G - gain
of receiver, v, - linewidth of the probe/coupling laser, €2, ¢ it 1o - Rabi frequency
of the probe/coupling/signal/local oscillator, RIN - (laser) relative intensity noise,
n - quantum efficiency of the photodiode, NEP, N - noise equivalent power of the
photodiode, CMRR - common mode rejection ratio of the balanced detection scheme.
(b) Cylindrical interaction region defined by the overlap of the probe and coupling
laser within the vapour cell, w, - 1/ e? beam waist of the probe laser, L - path
length of the laser beam through the vapour cell, N, - number of Rydberg atoms
participating in the measurement, 7., - coherence time of the atomic ensemble. (c)
Energy level diagram showing the typical setup for a two-photon Rydberg hetero-
dyne scheme in Cs using a probe laser to couple the ground state (6s; /2) to the
intermediate state (6p3/5). A Rydberg laser is then used to couple the intermediate
state to a Rydberg state (nf;). The LO is used to drive a transition between the
Rydberg states of interest to allow coherent detection of the rf signal of interest
and bias the atomic vapour so that the response to the rf signal is maximised.

Wp

size—wavelength relationship offered by Rydberg receivers.

7.1.1 Probe Measurement

As we have seen previously, Rydberg EIT-based receivers measure a change in the
optical probe power, P, due to the change in the transmission of the atomic vapour.
The measurement of optical power can be related to the local electric field within

the region defined by the overlap of the laser beams. To determine a measure of
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sensitivity, we equate the resolvable Rabi frequency, A, (and hence electric field)
of the microwave field to the effective noise floor of the photodetector signal. The
optical power change, AP, due to a small variation in the rf Rabi frequency is then,

most generally,

IV (L o o

where Py is the initial power before propagating through the vapour cell, (6371;) is
the ‘transmission response’, that is, the instantaneous change in transmission that
occurs due to the incoming change in the rf signal field. The right-hand side of Eq.
(7.1) represents the measured change in optical power caused by a resolvable change
in Rabi frequency induced by the signal field. The sensitivity corresponds to the case
where AP equals the noise floor, allowing us to determine the minimum detectable

change in Rabi frequency, AQ,¢, and thus the smallest resolvable microwave field.

For a measurement bandwidth Av the rms noise power is expressed as

AP
vV Av

Here, the LHS represents the signal amplitude in a 1Hz bandwidth, while the

= n,PSD(Qpan ) (72)

right-hand side represents the total equivalent input noise in the same units. This
form makes it explicit that the minimum resolvable Rabi frequency occurs when the
signal-induced optical power change per vHz equals the noise spectral density of the
measurement. Determining the sensitivity then becomes an exercise in finding each

independently correlated noise sources, P, psp, of the signal from the photodetector.

As we have done in previous chapters, the modelling assumes to be sufficiently
optically thin so that a number of simplifications can be made greatly speeding up
computation time. Optically thick treatments, through forms of the Maxwell-Bloch
equations, in Rydberg rf sensing have been explored previously [63] however mostly
with focus on a single limiting noise factor (the standard quantum limit). Another
simplifying assumption we make is that the electric field is uniform throughout the
vapour cell, this assumption is discussed later in the chapter when we introduce

resonant structures.
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7.2. Noise Analysis

For this chapter we use rydiqule [50] to model the atomic vapour’s transmission due
to its speed. In this chapter many exploratory simulations are done in order to find
the parameters which minimise the total noise requiring much faster computations

than the homebuilt models we used in chapter 4.

Figure 7.1 outlines the experiment that we model in this chapter. The noise analysis
follows the standard approach used in superheterodyne Rydberg experiments, in
which an additional microwave field acts as a local oscillator [65]. This field biases
the vapour transmission to operate in the regime of maximum sensitivity to changes
in the microwave signal. In our modelling, this is captured by choosing the LO field

strength that maximises the sensitivity.

7.2 Noise Analysis

To quantify the sensitivity of Rydberg receivers, we use the noise-equivalent field
(NEF), which expresses the smallest detectable electric field per unit bandwidth.
NEF is conceptually analogous to the noise power spectral density or noise temper-

ature, 1), used in traditional radio systems [213] which we introduce shortly.

Some recent work has attempted to relate the sensitivity metrics of Rydberg sensors
to those of traditional antennas by looking at a power-based comparison [64, 214,
215]. These approaches often begin with the argument that the input power collected
by an antenna from an incident electric field (peak amplitude), |E], is:
B 1
27y Amw 27y’

2
where Ag is the free-space wavelength and A.g = G 2—2 is the effective area/aperture

P = Ay (7.3)

of the antenna with gain, G, and Zy = ugc is the impedance of free space. From
this, the electric-field sensitivity of a Rydberg sensor can be expressed in terms
of an equivalent noise temperature, T', representing the input noise power, kg1 B,

from a single thermal noise source of bandwidth, B:

B = | 3 TR (7.4)
“\VesagVET T '
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7.2. Noise Analysis

Here T denotes the effective noise temperature of a single noise source. While
originally defined for thermal noise, the same framework applies to any white noise
process [213] which we assume in this work. The natural analogue to the noise
temperature T,,, of a conventional receiver is then the noise-equivalent field (NEF),

defined as,

2
NEF = | S T, (7.5)

€@
The NEF can be interpreted as an electric-field spectral density, conceptually
equivalent to the noise power spectral density in traditional systems. In the
literature, it is often defined as the minimum electric field that yields a signal-to-
noise ratio of unity in a 1 Hz measurement bandwidth. In this chapter, we use NEF
to quantify the noise of various sources in superheterodyne receivers, at the end of
the chapter we summarise by comparing to a survey of (non-cryogenic) low-noise
amplifiers (LNAs). LNAs provide a meaningful benchmark because, in conventional
receivers, the LNA is the component that fundamentally determines the noise floor
of the entire system and is often the first active stage after the antenna, its gain
suppresses the noise contributions of all subsequent components, and its added

noise directly limits the achievable sensitivity [213].

The sensing ‘volume™ in a Rydberg receiver is defined by the atomic ensemble and
excitation lasers. If one wanted to define a noise temperature, a limitation of this
mapping is the definition of GG, which is architecture dependent. It is typically
discussed for electrically small detectors [110], can, in some cases, be measured from
the sensing process [74], and has been treated theoretically in several works [214, 64].
In this work, where we state an equivalent T,,, we assume that G = 3/2 so that the

Rydberg detectors are consistent with electrically small dipoles [213].

As an example, the noise temperature of a NEF = 1 uVm~'Hz~ /2 10 GHz dipole

receiver has approximately T, ~ 1x10* K (NF' = 15.5dB). The best demonstrated

*here referring to a physical volume, often taken to the cylindrical overlap of the excitation
lasers, whereby the excited atoms take place in a measurement of electric field - not to be confused
or correlated with some antenna’s effective aperture

"Noise figure (NF) is an alternative measure of sensitivity with NF = 10log;,(1 + 29%7"K)
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7.2. Noise Analysis

superheterodyne Rydberg receivers at 10 GHz are roughly around this NEF [32].
Conversely, with an NEF ~ 1 pVm1Hz /2 for a 100 GHz dipole, this gives 100 K
(NF ~ 1.3dB).

The total NEF of a Rydberg receiver can be separated into contributions arising
from intrinsic detector noise and external environmental backgrounds [214, 216]. In

this work, we define these schematically as

int»

NEF = \/NEF2,, + NEF2 (7.6)

where the intrinsic contribution represents noise internal to the detection process,
such as photon shot noise or electronic noise, while the extrinsic contribution is
used as a comparative benchmark for external backgrounds that may couple to
the receiver, including black-body radiation (BBR), radio interference, or other

environmental fields.

It should be noted that, while thermal electromagnetic backgrounds are naturally
treated as additive noise sources in conventional antenna theory, their role in
coherent Rydberg-EIT sensing is less clear. In practice, BBR primarily acts on
the atomic system through incoherent transitions and dephasing processes that
modify the susceptibility of the medium, rather than necessarily appearing as an
independent additive noise term at the detector output. As such, the decomposition
above should be regarded as a useful phenomenological framework for comparison
with conventional RF receivers, rather than a complete description of the underlying

noise processes in the Rydberg sensor.”

This separation will later prove convenient when considering microwave-confining
structures coupled to the detector. Throughout this work, correlations between
different noise mechanisms are neglected, providing a simplified and generally

conservative estimate of the total sensitivity limit, although some studies have

*Here we group BBR external to the vapour cell together with thermal radiation emitted by
the warm cell itself, as both contribute to the surrounding electromagnetic environment. One could
alternatively regard thermal emission from the vapour cell as intrinsic to the detector platform;
however, throughout this chapter it is treated as part of the external background for consistency
with conventional receiver-noise terminology.
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7.2.1. FExtrinsic Noise

considered correlations between atomic and photon shot noise [216]. Throughout this
chapter, we report NEF in terms of the peak electric-field amplitude unless otherwise
specified as Rydberg sensors naturally measure Rabi frequency (proportional to
the field amplitude). In rf literature of antenna and power relations, it is more
common to use the root-mean-square (rms) value Eims = Epeak/ v/2 which has
also occasionally been adopted in Rydberg sensing studies [65]. This conversion is
reflected in equation (7.3), where the input power to an antenna is defined as the

time-averaged power corresponding to the rms electric field.

7.2.1 Extrinsic Noise

The only source of extrinsic noise considered here is the thermal electromagnetic
background associated with undesired black-body radiation (BBR) incident on
the Rydberg receiver. In conventional radio-frequency systems, thermal radiation
occupies the same electromagnetic modes as the signal of interest and is therefore

naturally associated with a background noise floor.

There is ongoing discussion regarding the precise role thermal fields play in Rydberg
sensing architectures. Historically, BBR in Rydberg atoms has been well known to
modify transition rates between excited states and induce ac Stark shifts [217, 218,
219]. In modern Rydberg sensing, early experimental work investigated these effects
on the EIT lineshape, but did not analyse possible consequences for fluctuations
in the detected probe spectrum [220]. Some treatments have drawn analogies
between Rydberg receivers and conventional antennas, suggesting that thermal
electromagnetic fields may contribute noise through the variance® of the field,
particularly in heterodyne sensing architectures [214, 221]. More recent work has
additionally highlighted the role of the spatial coherence properties of the thermal

field across the vapour cell [222].

*Here variance refers to the statistical variance of the thermal electromagnetic field, i.e.
fluctuations arising from (E?) — (E)?. Thermal (chaotic) light has photon-number variance
n(n — 1) [60].
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By contrast, other studies have argued that thermal radiation primarily acts through
incoherent pumping and dephasing processes, modifying excited-state populations,
linewidths, and coherences without directly generating measurable coherent dynam-
ics in the atomic response [223, 224, 17]. In this description, the dominant effect of
BBR is incorporated through effective transition and decoherence rates within the

master equation governing the atomic susceptibility.

The relationship between these two viewpoints remains unclear in the context of
continuously monitored Rydberg-EIT sensing. While stochastic electromagnetic
fields can, in other atomic systems, imprint measurable fluctuations onto transmit-
ted probe light [225, 226, 227], it is not yet established whether thermal background
fields contribute to Rydberg receiver noise in the same manner as conventional addit-
ive noise sources. In this work, we therefore adopt a conservative phenomenological
treatment in which thermal backgrounds are retained primarily as a comparative
benchmark against conventional RF receiver theory, while recognising that their
dominant physical effect in present Rydberg-EIT sensors is likely through deco-
herence and population redistribution rather than a directly measurable additive
noise process. In traditional radio detection, noise due to the background BBR is
described in terms of the antenna temperature [228], which provides a convenient
way to separate environmental noise from the Johnson—Nyquist noise generated
internally and to quantify the noise contribution from the coupling of the antenna’s
effective aperture with the background spectral radiance. Both are often grouped
under the term ‘thermal noise’, as they arise from the same underlying physical

process.

For traditional systems, an equivalent thermal background contribution can be

estimated using the Callen—Welton expression,

| 8 f2
NEFeXt == 60073G7 @(f, T), (77)

2hf

o(f,T) = ShI/RET — 1 +hf, (7.8)

where
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for a heterodyne measurement [214, 229]. The factor of 2 accounts for down-

converted thermal noise from the image band.

Within conventional antenna theory, this expression corresponds to the thermal
electromagnetic background coupled into the receiver from the surrounding en-
vironment. For example, a thermal background of 290 K would correspond to an
equivalent input noise temperature of approximately 580 K at microwave frequencies.
In the context of Rydberg sensing, Eq. (7.7) should therefore be regarded primarily
as a comparative benchmark against traditional radio-frequency receivers, rather
than as a rigorously established lower bound on the NEF of coherent Rydberg-EIT

Sensors.

The precise role of thermal electromagnetic backgrounds in Rydberg sensing remains
an open question. In addition to inducing incoherent transitions and decoherence,
black-body radiation modifies excited-state populations and probe transmission, ef-
fects which have themselves been explored for thermometric applications, for example
through BBR-driven Rydberg-state transfer [75, 230, 231], Doppler-broadening
measurements [232, 233|, and transmission changes associated with BBR-induced

decoherence [224].

In this chapter, however, we restrict our perspective to treating the thermal electro-
magnetic background primarily as a comparative benchmark against conventional
radio-frequency receivers. This allows the performance of the Rydberg receiver to be
discussed within a familiar RF noise-temperature framework, while recognising that
the microscopic interaction between thermal fields and a coherent atomic sensor
is more naturally described through modifications to the atomic susceptibility
and decoherence rates. Since the precise relationship between these effects and
measurement-level noise remains uncertain, Eq. (7.7) is retained as a phenomen-
ological reference point rather than a complete description of the thermal-noise

processes in the sensor.

A further consideration for Rydberg sensors is the thermal environment generated by
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the vapour cell itself. In warm-vapour systems, the cell must typically be heated to
approximately 290,K or above in order to achieve sufficient atomic density, meaning
that the surrounding glass and nearby components also contribute to the local
thermal electromagnetic environment. Low-emissivity materials or radiative-cooling
approaches have been proposed as possible mitigation strategies [234, 235, 214],
although experimental demonstrations have not yet reached sensitivities sufficient to
clearly verify these effects [215]. To date, direct measurements of thermal background
by reaching the associated sensitivity in Rydberg-EIT sensing have not yet been

performed, however it been observed in six-wave-mixing experiments [74, 236].

7.2.2 Intrinsic Noise

In this section we will go over the mechanism of the various internal noise sources
in a Rydberg receiver. At the end of the section, a discussion of the various noise
sources are given. This is to put the experimental parameters in the context of the

overall Rydberg receiver architecture.

7.2.2.1 Photon Shot Noise

Photon shot noise originates from the Poissonian counting statistics of photons in
the probe field [60]. It sets a fundamental limit to the sensitivity of any optical
detection. The corresponding noise-equivalent power (NEP) spectral density is

given by:

NEPsy = /Pyhu,, (7.9)

where P, is the detected (average) probe power, and v, is the frequency of the

probe laser.

To total detected probe power is directly tied to the transmission of the atomic
vapour which encapsulates many (if not all) variables of the sensor. For example,
changing the laser powers will change the properties of the vapour and hence the

transmission or changing the length and the number of atoms in the cell (through
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heating or cooling) will change the transmission. The resulting expression for the

NEF due to photon shot noise is [214, 237]

h | 2hv dT \ !
NEF,., = —4| T2 . , 1
e =\ R (dszrf) (7.10)

-1
dng)

where y is the dipole moment of the Rydberg transition, and the derivative, (
tells us about the instantaneous change in transmission due to an incoming change in
the microwave field (the signal). This will be referred to as the transmission response
throughout this chapter. Intuitively, we want the point where the transmission
changes the most due to a change in the incoming microwave (signal) field giving
the largest change in measured power. This means optimising many parameters
such as laser powers, cell length, temperature, microwave LO and so on. Naively,
we could increase power forever to decrease the NEF, however, this results in a
very large (%),1 i.e. the vapour transmission does not change much for a change
in microwave field when using very large Rabi frequencies. Note that Eq. (7.10)
includes an additional factor of two compared to the generic NEP expression above.
This factor arises from the conventional use of a one-sided noise spectral density

when the optical shot noise is expressed in terms of the photocurrent generated at

the detector.

Equation (7.10) assumes that we have a perfect photodiode. Specifically, that
there is no noise associated with the photodiode and that the quantum efficiency,
7, the percentage that an incoming photon is converted to electrons within the
photodetector, is 100%. Typical values for quantum efficiency vary from 40% to
95% and is usually expressed as photodiode responsivity. The intrinsic noise on a
photodetector is measured in noise equivalent power (NEP), which encapsulates
the noise when there is no incident light on the detector. This is the sum of the
Johnson-Nyquist noise associated with the resistance in the circuit and the dark
current of the detector. Incorporating photon shot noise with a quantum efficiency

and photodetector NEP into the photon shot noise we find,

A 2hy, N2 /dT \ !
NEF on pd = — 4| T—L + — - | — | , 7.11
b pd =\ R B (d%) (7.11)
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where A is the NEP of the photodiode. Similarly to probe power, we could naively
increase the probe power to improve the NEF, but this would affect the transmission
change. For large photodiode NEPs, it may be beneficial to do this, but using
typical values (1071% — 10712 WHz Y/ 2 smaller is better), our results presented later
imply we are not limited by photodiode NEP. Optical homodyne and heterodyne
techniques or physically cooling the photodiode could decrease the noise from the
NEP of a photodiode in the case where this is limiting [238, 214]. Additionally,
use of squeezed light would reduce the shot noise associated with the amplitude

measurement light [239, 240].

We consider a general two-photon experiment and minimise the total shot noise
by varying the probe and coupling Rabi frequencies for a cell of fixed length and
temperature detailed in Fig. 7.2(c), which shows the typical photon shot noise
results, for a photodiode with no internal noise, in a Rydberg superheterodyne
scheme. The results shown are for the 51s; /5 — 51p3/; microwave transition with

parameters detailed in the caption of Fig. 7.2.

The results show that the NEF with minimum photon shot noise occurs around
Qe ~ 27 x 2MHz and Q, ~ 27 x 10MHz giving NEF ~ 0.1nVm~!/v/Hz. The
colour map shows that the sensitivity shows little variation until €. is significantly
reduced. Interestingly, the probe power can be increased significantly without
affecting the sensitivity. This direction likely reduces the noise power from shot
noise but simultaneously degrades the transmission response of the medium. We
see another local minimum at higher €. consistent with another analysis [234].
However, our sensitivity results are lower in comparison to [234] which can likely
be attributed to the larger number density of Cs at identical temperatures. Further
discussion of the variation of temperature and cell length, affecting the total optical

depth, are discussed later in this chapter.

Fig. 7.2(a) shows the lineshape with this configuration of Rabi frequencies and
Fig. 7.2(b) shows the transmission response as the Q0 is varied. We can see that

for the best response, 21,0 is not strong enough to split the lineshape as in other
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Figure 7.2: Photon shot noise for a perfect photodiode. This simulation was
performed on the Cs 515y — 51p3/5 (30.68 GHz) transition with a 5mm cell at
300K room temperature and 0.5 mm beam waists, including transit broadening
and other dephasing mechanisms. (a) Typical lineshape of the EIT feature as the
Rydberg (coupling) laser is scanned across resonance for the Rabi frequencies which
minimise photon shot noise. This is additionally shown in the presence of the local
oscillator field. (b) A plot showing the transmission response, %, for different
values of the local oscillator Rabi frequency at the optimal probe and coupling Rabi
frequencies. The dashed line shows the value which maximises the transmission
response, minimising the shot noise for a particular choice of parameters. (¢) A
colour map showing the variation of probe and coupling Rabi frequency and the
resultant limiting photon shot noise. The Rabi frequencies which maximise the
sensitivity (minimise the NEF) is shown in a red cross giving Q. = 27 x 2.1 MHz
and Qp, = 27 x 10.4 MHz.

119



7.2.2.2.  Quantum Projection Noise

typical works [65] but this may change depending on the many factors affecting
broadening of the lineshape [210]. The second local maxima at higher Qg0 reflects

this choice of splitting the line.

7.2.2.2 Quantum Projection Noise

Quantum projection noise (QPN) or atom shot noise (also more generally referred
to as the standard quantum limit, SQL), is the main noise source that separates
Rydberg, and most quantum sensors, from their classical counterparts. QPN is an
inherently quantum noise source that arises due to the measurement of a quantum
state. This is common across all forms of quantum sensors or instruments and,
as such, it is often seen as the analogue to Johnson—Nyquist noise in traditional
detectors. In all electrical systems, there is some resistance which, at some temper-
ature T, generates a noise power due to the thermal motion of the charge carriers.
Similarly, in all quantum sensing systems, a measurement requires the collapse of a
quantum state, which generates quantum projection noise [241]. This is common
across all forms of quantum sensors, such as magnetometers or atomic clocks [242].
Warm Rydberg sensors represent an interesting case in comparison to most other
quantum sensors. In cold systems, the long coherence time (typically ms—s) means
that a single measurement can integrate information coherently over the entire
interrogation period, so the projection noise scales with the total number of atoms

involved in that one coherent evolution.

Warm Rydberg sensors, by contrast, have a much shorter coherence time, 7.on (on
the order of ps), due to decoherence from collisions and the finite transit time
of atoms through the laser beam. In this regime, the total measurement interval
contains many independent coherence windows, and the signal is effectively an
incoherent sum of N separate measurements over a (much longer) interrogation
time, each lasting only 7.on. This fundamental difference means projection noise in
warm systems is determined by the atom number within a single coherence time,

and not entirely set by the integration period. The large number density afforded
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by warm vapours leads to an extremely low quantum projection noise highlighting
the potential, in the absence of other noise sources, as quantum sensors. It is given

as [243],
h 1
A/ NTeon ’

where N is the number of atoms contributing to the signal (the number of excited

NEF g = (7.12)

Rydberg atoms), u is the dipole moment of the Rydberg transition and 7.y is
the coherence time. This expression is only valid when the measurement time,
typically > 1ms, is greater than the coherence time (<< 1 ps) which is the case
for superheterodyne Rydberg receivers. The coherence time has been taken from
the inverse of the EIT linewidth [65] as an approximate measure, it can be more
accurately calculated from the sum of the various decay processes of the atom in the
required Rydberg state [216]. Namely, transit broadening, state lifetime, Rydberg-
ground or Rydberg-Rydberg collisions and that limited by the laser coherence
time [243]. The number of atoms participating is often naively taken to be the
number density at the temperature of the vapour cell. In this modelling, we take
the volume of the Rydberg sensor to be that of the cylinder formed by the two
overlapping laser beams each of equal waist, w,, and cell length, L. Often, numerical
modelling of the Lindbladian, and subsequently the electric susceptibility, reveal
that the absorption of the probe is often lower than expected. Typically, this is
due to the population settling in the other hyperfine ground state and the lasers
only addressing a smaller fraction of the ensemble due to the Doppler effect. This
fraction, e has been reported as being ~ 1/400 [243] or, more broadly, anywhere

from 0.1%—1% [114]. These considerations give the total measurements N to be,
N = enymw, L. (7.13)

Whilst the introduction of € is arbitrary and gives a large range of values for N,
the temperature of the vapour may be increased to further the number density
nat. However for high number densities, there is likely a point where the Rydberg
blockade radius prevents further excitation, or causes noise induced from strong

dipole-dipole interactions and collisions [210, 216].
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For a generic vapour cell Rydberg receiver increasing the number of atoms is the
primary method for decreasing the quantum projection noise. This can be done
in a number of ways, increasing the beam waist, interaction length or increasing
the temperature of the vapour. Increasing the beam waist demands larger Rydberg
laser power, and increasing the length may increase the optical depth (this also
ultimately depends on the probe and coupling Rabi frequency among other factors)
so that little probe signal remains. Additionally, the change in temperature affects
the atomic motion leading to an increase in Doppler broadening and decrease in

transit times.

The dipole moment increases at higher principal quantum number where Rydberg
transitions, generally, occur with lower microwave frequencies. Hence, while the
quantum projection noise decreases for lower-frequency transitions, the choice
of dipole moment is fixed to the sensing frequency and not under user control.
This constraint, unlike adjustable parameters such as laser powers, nonetheless
has a significant impact on the use case of Rydberg atom systems for microwave
sensing. Similarly, the coherence time is maximal at principal quantum numbers
of n = 40-50 [243, 114] with 7con &~ 10 us but this has little tunability with the
exception of the beam waist to influence transit noise and temperature affecting

blackbody induced decay rates.

Care should also be taken when mapping the projection noise limit from other
quantum sensors to Rydberg sensors. The QPN, as presented by the above equation,
corresponds to an idealised case where N Rydberg atoms undergo a Rabi rotation
and are then measured. However, this does not accurately describe the operation
of hot-vapour sensors, and therefore this QPN estimate may be incorrect in more
realistic or future studies. Notably, quantum projection noise appears in hot-vapour
magnetometers [244]. However, atomic magnetometers operate by continuous
rotation in a magnetic field along with simultaneous measurement. On the other
hand, some Rydberg sensors rely on immediate transduction rather than continuous

evolution [74].
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7.2.2.3 Laser Frequency Noise

Laser frequency noise refers to the resulting noise on the probe power measurement
due to the frequency stability of the excitation lasers. Laser frequency must be
stabilised so that it sits on resonance with the appropriate atomic energy levels.
A measure of the stability of laser frequency is the laser linewidth, ~, which tells
us the width of its optical spectrum. Intuitively, a small change in the laser
frequency affects the electric susceptibility of the atomic ensemble, which changes
the transmission of the vapour. This random instantaneous change in frequency
causes a subsequent change on the measurement of the electric field. Secondarily,
the laser frequency can also be treated as a decoherence term in the Lindbladian of
the system. The latter treatment is included in the photon shot noise model, where
changes in transmission response (due to laser linewidth) of the vapour impact the
optimum Rabi frequencies and resulting limiting noise. In this section, we only
consider the former as it is distinct from the noise that laser frequency noise imparts

on the shot noise.

Historically, this has been studied in early atomic vapour experiments to investigate
the resulting intensity noise on the probe laser [245] which was used to assess the
impact on other technologies such as early Cs frequency references [246], magne-
tometers [247] and atomic clocks [248]. For Rydberg sensors, this noise has been
qualitatively highlighted in seminal work where it was stated as the limiting noise
source in their experiment [65] despite the stated single Hz level linewidths for their
lasers. However, a subsequent study had shown that other noise sources, such as
quantum projection noise or transit noise are likely more limiting [249]. In either
case, laser frequency noise remains an important noise source as it informs the laser
design architecture and ultimate size, weight and power (SWaP) requirements. To
achieve certain state-of-the-art laser linewidths, ultra-stable optical cavities are

needed with stringent temperature stability and vacuum requirements.

We only deal with the instantaneous change in laser frequency as oppose to drift
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Figure 7.3: Laser Frequency Noise (a) Plot showing the variation in NEF as
the laser linewidth is varied for the probe, coupling and both lasers simultaneously
for the 51s — 51p transition (30.68 GHz) with €, = 27 x 10 MHz and with
Q¢ = 27 x 2MHz. (b) Colour map showing the NEF as the probe and coupling
laser linewidth are varied independently with the same parameters.

of the central frequency (i.e. the laser frequency is fixed to some stable atomic
reference). In this thesis, we use the treatment given in [250]. The magnitude of
noise is principally dependent on the linewidth of the laser(s) in the quantum system

but is also a function of the Rabi frequencies, decay rates, and other broadening

mechanisms.

The detailed derivation of the effect of laser frequency fluctuations on the measured
field is provided in Appendix C, where we extend the weak-probe treatment of [250]
to improve accuracy at our larger probe powers. Here, we summarise the treatment

relevant to our results.

As detailed in Appendix C, an expression relating the cross-power spectral density
matrix to the atomic coherences can be found. This must be evaluated for each
velocity group in the atomic vapour, meaning a Doppler average is taken where
each detuning, A;, is modified as a result of the atomic motion. An integral similar

to (2.40) can be identified, which leads to [250]:

L ( dpor )1
NEFpy = — 4w SD 14
FN 1 (dQLO 7TSPOl (0)7 (7 )

-1
where (d%'o—l) is a slope factor telling us about the change in atomic coherence
LO
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(on the probe transition) due to a change in the microwave (measured) field and
S}% .(0) is the Doppler averaged noise PSD at zero frequency of the atomic coherence
(po1) calculated from a stochastic analysis of the Lindbladian governing the quantum

system.

We evaluate equation 7.14 for the same scenario given in Fig. 7.2 using the Rabi
frequencies which minimise the photon shot noise. The results are shown in Fig. 7.3
which show the NEF of order < 0.1 pVm~!/y/Hz at laser linewidths of 10 kHz which
increase slowly until it is > 1pVm™!/ vHz at MHz level laser linewidths. For the
Rabi frequencies chosen here, which minimise the photon shot noise in most cases,
the coupling laser linewidth gives rise to marginally more noise than the probe
laser with both of similar order. Meaning it is always better to focus improving the
linewidth of both lasers rather than focussing on one, as one may intuit the probe
laser being more important. The magnitude of these results are consistent with

other theoretical treatments [250, 212].

7.2.2.4 Laser Amplitude Noise

Laser amplitude noise refers to fluctuations (“jitter”) in the optical power of both
the probe and coupling lasers. Such fluctuations on the probe laser are directly
measurable in the detected signal and are typically characterised by the relative
intensity noise® (RIN) of the laser source. RIN is conventionally expressed as a
power spectral density in units of dBc/Hz and is often specified by manufacturers
at the peak or shown with the full noise power spectrum [251]. The RIN is stated

as some
S(f)
P2’

RIN = (7.15)

where S(f) is the power spectral density of the power fluctuations and P is the
total power. Following an analogous derivation to that used for photon shot noise,

the variance in photocurrent, 7, on the photodiode as a result of RIN, which we now

*some sources also group laser shot noise in with RIN
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denote R, can be written as
Var(i) = R2P? /B R(f)df ~ R2PIRAS, (7.16)

where the product RE, is the average photocurrent for a photodiode of responsivity,
R, and incident power P,. We approximate R(f) to be spectrally flat within the
observation bandwidth leading to the intergral becoming a direct product over
Af. The NEF contribution due to RIN can be found by considering the standard
error on the photocurrent, and dividing by the signal, RPp(fTTrf)_l, per observation

bandwidth Af;

h dT \ !
NEF =-TVR- 7.17
a = 2 TVR- (G0 (7.17)

where R denotes the RIN of the laser in linear units. Using the same experimental
parameters as those minimising photon shot noise (Fig. 7.2), typical values yield
NEFgy ~ 1 nVm~!/v/Hz for a RIN of —115dB, decreasing to ~ 0.1 pVm~'/v/Hz
for —140dB.

High-frequency components of the amplitude noise can be strongly suppressed
using balanced photodetection. In this configuration, the probe beam is split into
two equal-power arms: one arm propagates through the vapour cell without the
coupling beam, while the second arm probes the EIT medium. Subtracting the
two photocurrents suppresses noise that is common to both beams. The level of
cancellation is quantified by the common-mode rejection ratio (CMRR), and its
effect can be included in Eq. (7.17) by replacing R — R/C, where C is the CMRR
in linear units. For a typical CMRR of 30dB, the resulting NEF is reduced to

~ 0.05pVm~!/v/Hz when RIN is —115dB.

However, balanced detection only suppresses amplitude noise within the frequency
range over which the two detection channels are well matched in gain and phase
response. While this is highly effective for cancelling fast RIN at kHz—MHz fre-
quencies, it does not suppress slow power drifts occurring on ms—s timescales.
These low-frequency components arise from thermal effects, slow current noise in

laser drivers or fibre coupling drift. Crucially, such drift directly modulates the
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atomic coherence and therefore cannot be distinguished from genuine changes in
the RF-induced signal. In this respect, Rydberg-atom sensors share a direct parallel
with classical microwave radiometers, where long-term gain fluctuations require
careful calibration and periodic referencing to maintain absolute accuracy [228].
While balanced detection is extremely effective for suppressing fast noise, long-term
amplitude stability must instead be ensured through active power stabilisation, slow

feedback control, or referencing schemes.

Finally, probe laser amplitude noise also contributes indirectly to decoherence of the
atomic system, in a manner analogous to laser phase noise. A recent full treatment
of this effect is given in [212], where it is shown that for typical experimental
parameters this contribution is well below the direct noise imparted by probe laser

RIN, and even smaller for the coupling laser.

7.3 Results

Firstly, we will consider a generic experiment where the length and laser beam
waists are constant (fixed volume). We will then look at a specific example where
we scale the waist of the laser beams and the length of the vapour cell according to

some ~ \/2 resonant cavity. This will become relevant later on in chapter 7.4.

Figures 7.4 and 7.5 show the intrinsic noise for experiments of different design. They
use transitions of the form nsy 5 — nps o with principal quantum number ranging
from n = 30-80 leading to a frequency range of v = 6-250 GHz. To fairly represent
the noise sources, we choose values for RIN, NEP, quantum efficiency (n) which
represent typical values. The parameters used in this section, unless otherwise

stated, are summarised in the caption of Fig. 7.4.

There are other angular momentum transitions that have been explored for use in
Rydberg rf sensing. Most notably the { =3 — ¢ =4 [114, 252, 115, 131, 253] (or
larger ¢ [1]) transitions which have lower resonant frequencies at considerably lower

principal quantum numbers. However, these configurations require three lasers
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to excite to be able to excite to nf; states, this would likely be performed from
the 5d or 6d states in Cs and has been demonstrated from the 4d or 5d states in
Rubidium [116, 253]. In this work, we stick to two-photon schemes for simplicity
and to demonstrate limiting behaviour of the Rydberg sensor, although much of
the analysis shown can be extended to a three-photon scheme. Whilst three-photon
schemes have some evidence for generally improving sensitivities [237] and novel
sensing schemes to negate Doppler broadening [254], they would impart additional
amplitude and frequency noise from the addition of another laser (this could be
mitigated by using an additional rf field instead [115]). Also worth mentioning is
the caesium-specific nd; — (n + 1)p; transitions as these are of particularly low
frequency when compared to other two-photon accessible rf transitions. We use
these later on in this chapter to demonstrate sensitivities over a larger frequency

range allowed by solely using the ns;/; — nps3/s set of transitions.

Fig. 7.4(a) shows the intrinsic noise and total noise for sensors across transitions of
the form nsy /o — npz/; with principal quantum number ranging from n = 30-80
leading to a frequency range of v = 6-250 GHz. For this section, we only use
the |Aj| =1 as these have the larger dipole moments, and consider 7 transitions

between the m; = 1/2 states for simplicity.

The code first selects the appropriate €1}, . which minimise the total photon shot
noise (inclusive of photodetector noise) of the system, rather than select the Rabi
frequencies which globally minimise the noise*. This approximation is likely suitable
for two main reasons: First, the photon shot noise dominates in most cases and
principally informs the laser powers that are required. Secondly, the Rabi frequencies
which minimise the photon shot noise, likely also minimise the frequency noise as it
is tied to the coherence gradient, which informs the transmission response, and is

maximal at the same Rabi frequencies.

*This is due to the extremely long computation time (= 60 s per configuration) of laser
frequency noise.
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7.3.1 Fixed Volume Receiver
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Figure 7.4: Noise Equivalent Field results for a LO-dressed Rydberg (superhetero-
dyne) sensor with length 5 mm, beam radius 0.5 mm and temperature 300 K using
nsi/p — npg/p transitions in Cs. The laser linewidths are v, = 7. = 27 X 10kHz,

n = 90%, NEP = 1pW/vHz, RIN = —120dBc/Hz and CMRR = 30dB. (a) (i)
Graph showing the noise sources that make up the total intrinsic noise in the
sensor. PSN - photon shot noise, NEP - noise equivalent power (of photodetector),
RIN - relative intensity noise (of probe laser), FN - (laser) frequency noise, QPN -
quantum projection noise (ii) A stack plot showing the squared proportions of each
noise source (when added in quadrature) that contribute to the total noise source.
(b) A graph showing the total NEF as a result of the extrinsic noise and intrinsic
noise added in quadrature.

Fig. 7.4 shows the intrinsic noise and total noise for a Rydberg sensor where the
interaction region, defined by the overlap of the two laser beams, is constant for
the detection frequency. Specifically, we look at the case where the length of the
beam within the vapour cell is 5 mm and the beam waist is 0.5 mm for a vapour
temperature of 300 K. Figure 7.4(a) shows the components of the intrinsic noise
source, which show that the photon shot noise limits the sensitivity of the Rydberg
sensor at all detection frequencies. Laser frequency noise is of similar value, by
coincidental choice of 7, ./2m = 10kHz, and both inversely scale with the dipole

moment which decreases at higher n. However, in all cases, the laser linewidth can

always be improved to further reduce the total frequency noise, whereas photon shot
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noise, fundamentally, cannot be reduced indefinitely as it is tied to the transmission
response of the vapour which does not improve indefinitely (without additions to
the experiment [255, 211]). Quantum projection noise, NEP of the photodiode, and
RIN do not meaningfully contribute with the values chosen, which represent typical
values found of equipment. The floors these represent are much lower than photon
shot noise but demonstrate the often-lauded extremely low noise limits imparted by

QPN.

Fig. 7.4(b) is shown highlighting the difference in magnitude of the Rydberg receiver
to the thermal background and the internal noise in a typical case showing that,
in a perfect limit, the sensor could be limited by the thermal noise imparted by
the hot glass. This of course is also common to traditional systems (where thermal
noise is caused by the hot background the antenna is pointing at) but, here, the
limiting thermal noise is also from the warm detector itself irrespective of where

the detector is pointed at.

7.3.2 Wavelength-Scaled Volume Receiver

For a Rydberg receiver that scales with the wavelength, namely L = A\/4 and
wp = L/4*. The results are shown in Fig. 7.5, where the trend of increasing NEF
for increasing frequency can be understood due to a number of mechanisms, tied
to the resulting incident power on the photodetector. For low frequency, and
correspondingly larger wavelength, the large beam waist and cell length results in a
large detected probe power. Hence, rather than photon shot noise, the noise floor
is instead set by other noise sources which do not scale with the total detected
probe power. Namely, the laser frequency noise. As the frequency noise strongly
depends on the probe and coupling Rabi frequencies (which stay roughly constant),
and not the resulting probe power (affected by the length, waist or number density)

it is largely independent from the trend of other noise sources and chiefly set by

*These choices are somewhat arbitrary but serve to demonstrate a detector that scales with
the wavelength, e.g. 30 GHz corresponds to L = 2.5 mm and w, = 0.6 mm.
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Figure 7.5: Noise Equivalent Field results for a LO-dressed Rydberg (superhet-
erodyne) sensor with length A\/4, beam radius A/16 mm (with a minimum and
maximum waist of 0.1 mm and 1.5 mm respectively.) and temperature 300 K using
nsyi/o — npsjo transitions in Cs. (a)(i) Graph showing the noise sources that make
up the total intrinsic noise in the sensor. PSN - photon shot noise, NEP - noise
equivalent power (of photodetector), RIN - relative intensity noise (of probe laser),
FN - (laser) frequency noise, QPN - quantum projection noise (ii) A stack plot
showing the squared proportions of each noise source (when added in quadrature)
that contribute to the total noise source. (b) A graph showing the total NEF as a
result of the extrinsic noise and intrinsic noise added in quadrature.

the constant laser linewidth (and secondarily the dipole moment which decreases

steadily with increasing detection frequency).

This results in the laser frequency noise dominating at lower frequencies where it
is the most prominent source of source below transition frequencies of ~ 20 GHz.
The detected probe power at low frequencies is extremely large, due to the scaling
waist, resulting in very low photon shot noise. Of course, this also sets demanding
coupling power to match the large waist of the probe laser. Indeed, for a detection
frequency of 9.7 GHz at n = 73, the waist is 1.5 mm, requiring 7 W(!) of 509 nm
light to maintain the ). = 27 x 2 MHz required to minimise photon shot noise. This
requirement is demanding but we note that Fig. 7.2 suggests the sensitivity would

not degrade substantially until Q. < 2 x 0.6 MHz — corresponding to 500 mW.
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Similarly to laser frequency noise, laser maturity would remove sensitivity limits

imposed by power.

The trend at higher detection frequencies is due to the poor optical depth of
the vapour from reducing the excitation region of the laser beams. At 100 GHz,
(e.g. the 36s1/5 — 36p3/o at 96.7 GHz) the beam waist is now 0.2mm and an
interaction length of 0.8 mm. This results in a poor optical depth afforded by the
short interaction length. To compensate, the probe Rabi frequency is increased,
giving a lower transmission response, a higher total transmission of the probe beam,
resulting in a larger proportion of RIN. Despite the increase in Rabi frequency, the
change in probe power detected (for a change in signal field) is very small, meaning
that the NEP of the photodiode increasingly becomes a significant proportion of

the noise.

Importantly, however, there is a distinction between these intrinsic noise contri-
butions: while the NEP of the photodiode is an instrument limitation that can,
in principle, be improved with better detectors, the transmission response of the
vapour represents a fundamental constraint of the sensing medium. Increasing the
probe power cannot arbitrarily suppress the NEP, because the atomic response
itself diminishes, placing a fundamental bound on the achievable signal-to-noise
ratio. The reduction in interaction volume from the geometry of the lasers also
expectingly increases the noise from QPN. from the lower total number of atoms
participating in the measurement. The vapour could be heated to increase the

vapour density at higher frequencies allowing a larger optical depth.

As seen in figure 7.5(b), the total noise in the system is still dominated by the thermal
noise at lower frequencies, approximately below 30 GHz. For high frequencies, the
photon shot noise dominates due to the low optical signal power. The ‘kinks’ seen
in the graph at approximately 10 GHz and 110 GHz are due to the 0.1 mm and

1.5 mm beam waist limit we have imposed.

132



7.4. Cavity-Enhanced Rydberg Receivers

7.4 Cavity-Enhanced Rydberg Receivers

Several recent studies have explored the use of microwave confinement or enhance-
ment structures to improve the sensitivity of Rydberg atom-based [256, 257, 258,
215]. Among these, the most promising approach is the integration of Rydberg
vapour cells into resonant microwave cavities [214, 215] from which this section is
based upon. This configuration offers three potential advantages: (i) a reduction
in extrinsic thermal noise contributions due to BBR if this were present, (ii) en-
hancement of the local microwave field and (ii) a well-defined receiver gain pattern.
Henceforth, throughout this section, the system noise is expressed in terms of the
noise temperature, 7,,, rather than the noise-equivalent field (NEF), since the overall
system gain is well defined when the receiver is connected to an external antenna
of gain G via the cavity. and (iii) a reduction in the total thermal noise from the

blackbody background via radiative cooling if present in the system.

7.4.1 Effect on Intrinsic Noise

The influence of a resonant cavity on the intrinsic noise properties of a heterodyne
Rydberg receiver can be summarised by two principal effects. First, the cavity geo-
metry constrains the maximum permissible dimensions of the vapour cell, typically
on the order of a quarter wavelength (A/4) at the operating frequency. In standard
Rydberg atom experiments, the microwave field is often assumed to be spatially
uniform along the optical axis. In contrast, standing-wave patterns inherent to
resonant cavities produce non-uniform field distributions that can alter the observed
line shapes and potentially modify the atomic response [118]. At higher frequencies
(> 30 GHz, corresponding to A\/4 < 2.5mm), this requirement severely restricts the
physical cell dimensions and thus the laser beam waists, leading to reduced optical
transmission and lower signal power. Conversely, at lower frequencies (< 5 GHz,
A/4 > 60mm), the cavity becomes bulky, and the resulting large optical depth can

again limit the transmitted signal. In addition, achieving sufficient optical power
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and large beam waists (> 500 mW) at these lower frequencies increases the overall
size, weight, and power (SWaP) demands of the receiver. Lastly, the resonant cavity
enhances the local electric field amplitude experienced by the atoms, effectively
improving the signal-to-noise ratio by the field enhancement factor determined by

the cavity quality factor, Q.

7.4.2 Effect on Extrinsic Noise

By appropriate choice of cavity parameters, the introduction of a resonant cavity
can also reduce the thermal noise, if this were present, associated with the physical
temperature of the vapour-cell-cavity system. As we have seen, a key limitation of
Rydberg receivers is that the vapour cell typically operates at room temperatures,
where the resulting thermal noise often well exceeds the intrinsic noises. This
limitation could, in principle, be mitigated by employing cold atoms or atomic
beams. However, such configurations remain subject to ambient blackbody radiation
from their surroundings, defined by an effective aperture that is not yet well
characterised. Similar challenges have been addressed in other work on millimetre-
wave photonic radiometers [234]. The proposed solution, directly applicable to
Rydberg receivers, is to over-couple the cavity, thereby enabling radiative cooling
of the cavity’s thermal mode [259, 235, 234, 214]. By selecting the intrinsic quality
factor ); and the loaded quality factor (). appropriately, the effective thermal
noise power can be reduced. The optimal coupling condition depends on the
balance between the radiative cooling and the electric field enhancement. In general,
over-coupling (C' = Q;/Q. > 1) provides the lowest overall noise temperature
when intrinsic sensor noise is small (low NEFj,;). This comes at the cost of
a reduced field enhancement factor but yields a lower contribution from cavity
thermal emission. While this principle has been demonstrated as a method of
microwave field enhancement [215], experimental verification of the reduction of
thermal noise in Rydberg receivers remains outstanding, and indeed the thermal

noise floor in superheterodyne systems has not been observed as of yet. However,
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analogous effects have been demonstrated in electro-optic converters employing
similar cavity—thermal coupling mechanisms [234]. A key technical limitation
observed in [215] is the degradation of the intrinsic cavity @ due to alkali-metal

deposition on the vapour cell walls, an effect discussed further in [260].

7.4.3 Cavity-Enhanced Noise Temperature Results

The total noise temperature of a warm Rydberg superheterodyne receiver within
a microwave cavity can be expressed following [214, 215] as the sum of three
contributions: (i) the intrinsic sensor noise (photon shot noise and related effects)
scaled by the cavity field enhancement factor F, (ii) the reduced thermal noise
due to radiative cooling of the cavity—vapour cell system if such a noise floor were

present, and (iii) the vacuum noise contribution (the quantum limit*). Explicitly,

21 h h
) +C(2Tp+k£)+k£, (7.18)

T, ~

Gc?e <NEFint
~ 8nf2kp

F

where T}, is the physical temperature of the cavity, and the enhancement factor
F' is determined by the cavity parameters, notably the intrinsic quality factor
Q;, the coupling factor C' = Q;/Q., and the intracavity modal volume AV [215].
The coupling coefficient C' is optimised to minimise the total noise-equivalent
temperature (NET) arising from intrinsic and extrinsic noise sources. As discussed,
BBR likely does not manifest as an additional noise process in which case, the total
enhancement factor F' can be maximised regardless of the effect to potential thermal
noise. If present however, optimal performance is achieved under over-coupled
conditions (C' > 1) as the intrinsic noise is low enough such that the thermal noise

is often dominating.

Using our previous results of a wavelength-scaled Rydberg receiver and cavity
parameters from reference [215], we modelled a Rydberg receiver of intrinsic noise

NEF;,, embedded in a cavity with @; = 2000 and an antenna gain G = 3/2.

*Distinct from the standard quantum limit, this refers to restrictions imposed on all linear
amplifiers [261] (under the assumption that Rydberg receivers behave similarly)
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Fig. 7.6 compares the predicted performance of cavity-enhanced Rydberg receivers to
commercially available low-noise amplifiers (LNAs) * and those from literature [263].
The solid lines represent the total noise temperature, with dashed and dotted lines
showing intrinsic and extrinsic contributions respectively. LNA data points are

overlaid, with line segments denoting bandwidths where available.
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Figure 7.6: Plot of ‘free space’ (black) and cavity enhanced Rydberg sensitivities
with the ns — np (blue) and nd — (n + 1)p (red) Rydberg transitions with
experimental parameters as in the previous section. Dotted lines show the intrinsic
noise contribution to the noise temperature whereas the dashed line shows the
contribution from the extrinsic thermal noise. A survey of low-noise amplifiers
(LNAs) is shown with the data. Lines represent the bandwidth of the LNA specified,
dots are shown if the bandwidth was not specified. Recent EIT-based experimental
sensitivities for Rydberg sensors are shown (gold star) with an assumed gain,
G = 3/2. The references for these data points are, sequentially from left to
right: [264, 215, 265, 255, 216, 266].

The results indicate that a cavity-enhanced Rydberg receiver can theoretically
achieve noise temperatures lower than those of most commercial LNAs across
1-300 GHz. Crucially, this is only allowed via the use of cavities to reduce the
potentially large thermal noise imparted by the cell. This is reflected in the free-space
results showing a near-constant line at ~600 K regardless of detection frequency.

Inspection of the free space sensitivities without the noise contributed by black-body

*Those available from Mini-Circuits [262].
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radiation show that they are well below this value and, interestingly, decrease with
increasing detection frequency. Again the use of T, here is approximate at best as
we have no way of fixing G. However, recall these intrinsic sensitivities ranging from
107110 pVm~—1/ VvHz with the thermal noise being an order of magnitude greater.
This configuration interestingly shows promise for higher frequencies (> 60 GHz)
where traditional LNAs have much larger noise temperatures. In this frequency
region, the introduction of a cavity only reduces the sensitivity by its imposition of
reducing the beam waists and cell length (But would fix the antenna aperture of

the detector if needed for application).

Below 60 GHz, the results show that the sensitivities are well below those of LNAs
giving noise temperatures of 10-100 K staying roughly constant. The sensitivity
does not increase indefinitely with decreasing frequency largely due to the unaffected

laser frequency noise which we have kept at a 10 kHz linewidth.

7.5 Discussion

It is important to remind the reader, however, that the Rydberg receiver operates
only over discrete frequency bands (typically ~ 10 MHz wide), which become more
sparsely distributed at higher frequencies. Residual noise mechanisms such as atomic
transit noise not treated in this chapter, identified in previous studies [249], may
ultimately limit achievable performance but are expected to be further suppressed

by cavity confinement.

The integration of a microwave cavity into a Rydberg receiver introduces several
technical challenges relevant to atomic spectroscopy. Practical implementations
therefore require cavity tunability on the order of hundreds of megahertz to ensure
resonance with the desired atomic transition. Although the atomic transition
frequency can be known to within a few megahertz, the cavity resonance may

shift due to the dielectric loading introduced by the vapour cell. The physical
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construction of the cavity must accommodate the vapour cell, typically with wall

thicknesses of approximately 1 mm.

7.5.1 Optical Depth and Sensitivity

We have not fully explored each parameter due to brevity but we note that varying
temperature (and less similarly cell length) represents an interesting case. In most
scenarios, the temperature of the vapour cell can be increased to drastically increase
the number density of atoms that take part in the EIT sensing process. This
in turn would increase the total optical depth when calculating the transmission
of the medium. As seen in another sensitivity analysis [63], this would improve
the sensitivity of the detector whilst also increasing the necessary probe and
coupling laser powers (by necessitating increased Rabi frequencies). This is due
to the increased temperature causing a reduction in the transmission response
(from Doppler broadening, transit broadening etc.) of the medium, and the larger
transmission causing a reduction in signal power reaching the photodiode (for
constant Rabi frequencies). Both effects, therefore, requiring larger probe power to

reduce the shot noise.

However, the temperature may be increased so that no transmission remains or that
transit noise becomes dominating. Contrastingly, the increase in temperature may
compensate for the reduction in cell length and beam waists to get larger optical

depths, a larger signal probe power, and, hence, lower shot noise.

Therefore, increasing the temperature represents an interesting case but likely
does not overall improve the sensitivity. Experimentally, intrinsic noises are still
limiting [32] and varying temperature represents a case to further explore depending

on the demonstration’s limiting noise sources.
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7.6 Conclusion

This chapter modelled various noise sources impacting performance, intrinsic to
Rydberg EIT-based detectors (e.g. photon shot noise) to better understand practical
limits and factors affecting the sensitivities of Rydberg sensors. Free-space Rydberg
receivers, using a glass vapour cell to directly sense the microwave field, show
theoretical intrinsic noise temperatures that are competitive with LN As at millimeter-
wave frequencies (~100K at 100 GHz). However, performance can be limited by
thermal background radiation from the warm vapour cell (>300K) and the sensor’s

non-directive nature.

Cavity-enhanced Rydberg receivers, with the vapour cell enclosed in a resonant
structure, offer substantial theoretical advantages. Cavities can enhance the signal
field (reducing intrinsic noise impact). These systems theoretically could achieve
noise temperatures of 10-1000 K, significantly lower than state-of-the-art LNAs
across 1 GHz to 300 GHz.

Despite promising theoretical noise temperatures, achieving these predicted low
sensitivities in experiment has not been demonstrated. Current results (~800 K
for cold atoms [216], ~4000 K for warm vapour EIT sensors [266]) are well above

theoretical projections.
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Chapter 8

Conclusion and Outlook

In this thesis, we have explored the physics arising from a novel two-photon coupling
scheme that accesses high-angular-momentum Rydberg states in a warm atomic
vapour. This approach has been applied in two distinct contexts. First, as a means
of enabling Rydberg atoms to function as a broadband microwave sensor, and second,
as a spectroscopic tool to study the structure of highly excited states in caesium.
Together, these results demonstrate both the applied potential of Rydberg-based
quantum sensors and their utility as a probe of fundamental atomic properties. The
regular structure of adjacent high-angular-momentum Rydberg manifolds, combined
with the ability to couple transitions using comparatively low radio frequencies,
produces a system that shares similarities with Jaynes—Cummings and synthetic-
dimension style models [267, 268]. While this thesis has focused primarily on
spectroscopy and sensing applications, future studies could investigate whether
control over these manifolds enables the simulation of engineered Hamiltonians or

transport-like dynamics in synthetic state-space lattices.
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The method introduced in Chapter 4 provides a new route to coupling successive
states with considerably lower radio frequencies, and further work could investigate
its sensitivity limits relative to more established Rydberg sensing techniques. A
full characterisation of how prior fields influence successive transitions would help
quantify the ultimate usefulness of this scheme in more applied contexts. Since
the coupling architecture naturally spans many neighbouring Rydberg states, it
may also provide a route toward broadband or frequency-agile quantum receivers
operating across wider spectral regions than conventional resonant schemes. At the
same time, several broader practical questions remain open. In particular, it is not
yet clear whether accessing lower-frequency transitions at lower principal quantum
numbers ultimately provides a net advantage when additional rf preparation fields
are required to reach the high-¢ states. This consideration becomes especially
relevant in applications where Rydberg sensors are attractive because of their
intrinsically dielectric and low-profile nature, ideally requiring minimal auxiliary
electronics or antenna structures. A possible compromise may involve operating
at moderately higher n while retaining some of the reduced-frequency advantages
demonstrated here. However, the ability to link widely separated frequency scales
may also motivate future studies of multiband sensing architectures based on
Rydberg systems and generally in a wider rf sensing context. Ultimately, the value

of such trade-offs will likely depend strongly on the intended application.

The spectroscopic methods developed in Chapters 5 and 6 could also be extended
through the use of broadband rf or THz sources, or by employing tunable lasers that
cover a wider wavelength range to access additional Rydberg states. While the high-
£ transition measurements presented here already constrain the core polarisability of
caesium, future progress will likely come from improved theoretical modelling of the
core contribution. The data provided in this thesis will therefore remain valuable
as more refined models of the ionic core become available. In addition, the large
spatial extent and strong interactions associated with high-¢ Rydberg states suggest

possible future studies of collision processes and state-mixing dynamics in warm
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8. Conclusion and Outlook

vapours, where comparatively little experimental work has yet been performed [269].

Our noise and sensitivity analysis, presented in Chapter 7, is not exhaustive but
offers a framework for understanding the principal mechanisms that limit Rydberg
receiver performance. Further work could incorporate additional noise sources. The
aim here was to identify which mechanisms are most constraining and to assess how
these might guide the future development of Rydberg-based field sensors. Sensitivity,
however, represents only one of several important characteristics. Rydberg receivers
also offer other advantages, such as their inherently dielectric nature and their
potential for absolute self-calibration beyond the reach of traditional electronic
sensors. The interplay between bandwidth, sensitivity, and these other advantages
ultimately determine the niche in which Rydberg receivers offer over conventional

technologies.

Overall, this thesis has shown that Rydberg-based quantum sensors, while not yet
matching state-of-the-art sensitivities, possess distinctive capabilities that comple-
ment and expand existing technologies rather than replace them. More broadly,
the high-¢ coupling methods explored here provide a flexible experimental platform
that connects precision spectroscopy, quantum sensing, and driven-state quantum
physics. The results presented in this thesis therefore contribute not only to the
development of Rydberg electromagnetic sensing, but also to future studies of highly
excited atomic systems, synthetic quantum structures, and coherent multilevel

dynamics in warm atomic vapours.
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Appendix A

Tables of Transition Frequencies

The 0.5 MHz uncertainty in Table A.1 reflects the fit uncertainty from the inter-
section of two lines from the three-photon experiment. Table A.1 and Table A.2
includes results from the two-photon scheme, which use different scan ranges and

differing number of data points, leading to differing uncertainties.
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A. Tables of Transition Frequencies

np — n's Measurements

np — n'd Measurements

nd — n’ f Measurements

Transition Frequency v (GHz) Transition Frequency v (GHz) Transition Frequency v (GHz)
20p1/2 — 20519 -710.9264 14p1 /5 — 13d3)2 685.8714 18d3/2 — 15 f5)2 -1034.94423(7)
20py/2 — 2Lsyyp 770.1388 15p3/p — 14ds)2 548.6153 18d3/5 — 16 f5)2 746.66404(9)
20p3/2 —> 21sy /9 721.8937 15p1 /5 — 1dd3)» 519.0775 18d5/2 — 15f5)2 -1050.97405(8)

18ds)y — 15f7,  -1051.24888(9)
21p1j2 = 21syyn -593.8743 22p3/3 — 20ds5 /2 -1025.9229(2) 18ds5/2 — 16 f5)2 730.63472(8)
21p1j2 — 22519 646.5781 18455 — 1672 730.40683(6)
21p3js — 22519 606.1677 24py 3 — 22d3/5 -730.6733
21p3js — 21s1y9 -634.2831 24p3 /3 — 22ds55 -747.7028 19d3/5 — 17f5)2 620.57851(8)
19ds)5 — 17f5/ 607.2809(1)
22p1j2 —> 22519 -501.1722 25p1 /2 — 23d3/n -631.0236 19ds5/2 — 17 f7)2 607.09149(5)
22p1j2 — 23519 548.1043 25p1 /2 — 25d3/5 694.2632
22p3/9 — 23519 513.9218 25p3/3 — 23ds52 -645.8232 20d3/2 — 17f5/2 -715.18566(9)
22p3/9 — 22519 -535.3544 25p3/2 — 25d5)9 677.7750 20d3/2 — 18f52 521.36182(9)
20ds/2 — 17f5/2 -726.3370(1)
23p3/2 — 23512 -455.9748 26py /2 — 24d3)- -548.7019 20ds/2 — 17f7/2 -726.52729(8)
26py /2 — 26d3)- 607.3581 20ds/5 — 18f5/2 510.2102(1)
27p1j2 — 29519 719.4515 26p3/2 — 24ds)o -561.6441 20ds /5 — 18f7/2 510.0500(1)
2Tp3j2 — 29519 702.8132 26p3/2 — 26d5/- 593.0072
21ds)y — 1852 -603.9741(1)
28p1/2 — 30812 636.9761 27p1j2 — 25d3)9 -480.0988 21ds/o — 18f7/2 -613.5782(1)
28p1j2 = 27s1/0 -723.7312 27p1j2 — 27d3)» 534.3773
28p3/2 — 30512 622.2992 27p3/2 — 25d5)9 -491.4822 22d3/5 — 19f5)2 -514.6726(1)
28pgy — 27512 ~738.4080 2Tpsyy — 27ds )5 521.8114 22y, = 19f7,  -522.87675(9)
20p1/5 — 3Lsy) 566.6445 30p1 /2 — 31ds)2 674.1317
29py /o — 28519 -639.1752 30p3/2 — 31ds)s 665.1313
29p3/2 — 3lsy o 553.6318
29p3/2 —> 28519 -652.1882 31ps/s — 32ds52 597.3845
30p1/2 — 29512 -567.2976 32p1 /2 — 33d3)2 545.7370
30p3/2 — 32512 494.7101 32p3/0 — 33ds,2 538.5382
30p3/2 — 29512 -578.8893
30p3/2 — 3081/ -516.1775 33py )y — 34ds) 493.6529
34p1j2 — 32519 -653.2059 33p1/2 — 35d3)2 694.0853
33ps/y — 34ds ) 4871777
35p1/2 — 33512 -590.2641 33p3/2 — 35ds)2 687.4378
35ps/s — 3351/ -597.1567
34py1 /2 — 36d3)2 630.7592
36p3/2 — 34512 -541.4330 34p3/2 — 36ds)2 624.7619
35p1 /3 — 37ds )2 574.9137
35ps/y — 37ds )2 569.4835
36p32 — 38ds)2 520.5438

Table A.1: Tabulated values of the p — s, p — d and d — f transition frequencies
measured using the two- and three-photon method. The p — s and p — d
measurements have errors of 0.5 MHz unless otherwise specified. The d — f
measurements have separate errors given for each measurement. A negative sign
indicates that the final state lies lower in energy than the initial state. The np — n's
and np — n'd measurements (bar one) are from [80].
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A. Tables of Transition Frequencies

nf—ng (0 =4) ng —n'h nh — n'i ni — n'k nk — 'l

Transition v / GHz Transition v / MHz Transition v / MHz Transition v / MHz Transition v / MHz
5fs — 159, 50.3241(2)  Ibgos — 16k ST00.8(4) 16k — 15 2675.1(5) 150 — 15k 1016(1) 15k — 15/ 439(1)
15f7/2 = 15995 50.6009(1)
1652 — 1607, A15844(2)  16ge), — 16k T1905(5) 16k — 16i  2206.9(5)  16i — 16k  840(1) 16k — 16/  365(1)
167/ — 160, 41.8139(1)
1Tfsp = 1Tg7s  347509(1)  17gg — 17Th  60072(5)  17h — 170 1851.3(4)  17i — 17k  705(1) 17k — 170 306(1)
17fr = 170, 34.9430(1)
18f52 = 18972 29.3321(1)  18ggjp — 18k 5071.8(5)  18h — 18i  1563.4(5)  18i — 18k  594(1)
1872 — 1809/, 29.4946(1)
1872 = 1999/, 107133778(7) 18ggj, — 19h 1046163.2(3) 18h — 19i 1042424.5(4)

19f5/2 — 1997/2
19f7/2 — 19g9/2
19f7/2 — 18g9/2

24.981(1)
25.1200(8)
-1016.7236(1)

19g9/2 — 19h

4320.6(5)

Table A.2: Tabulated values of the f — g, g > h, h — 4,7 — kand &k — [
transition frequencies measured using an EIT ladder scheme. The fine structure
beyond f is not resolved but we label the g states for completeness and for the
dipole allowed transitions. Beyond g we omit the fine structure but assume that
the j =0+ % is coupled. A negative sign indicates that the final state lies lower in
energy than the initial state.
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Appendix B

Error from Detuning of

Previous Transition(s)

In this appendix, we look at the effect outlined in section 5.2.3 that gives rise to
measurement error in our methods described in section 5.2 to measure the various
high ¢ intervals. This is used to justify the errors we see in table 5.2. As mentioned
previously, the errors arising from the detuning of earlier transitions, i.e. transitions
preceding the measurement within the ladder of applied fields, were minimised by
first determining the resonance frequency of all earlier transitions. Here, we quantify

the residual error that remains in this procedure.

We estimate this uncertainty by assuming that any statistical uncertainty in a
preceding transition corresponds to an equivalent small detuning from resonance.
Such a detuning produces an asymmetry in the observed lineshape, which in turn
shifts the rf frequency at which the two peak amplitudes (or the distances about

the central peak) appear equal. To determine the size of this effect, we measured
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B. FError from Detuning of Previous Transition(s)
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Figure B.1: Diagram showing the effect of detuning previous resonant rf fields
on an example measurement. Here, the 17g — 17h transition by detuning the
previous 19d5/5 — 17f7,5 and 17 f7/5 — 17g transitions. The red data points are
‘measurements’ of the transition when the previous fields are detuned, shown along
with the true measurement (green) with only its error from the statistics of the fit
described in section 5.2. (a): Plot showing how the detuning of the 19d5/, — 17 f7/2
resonant field affects the resulting measurement of the 17g — 17h transition. The
gradient, m, represents the change in the measured frequency, MHzgy,, per detuning
of the 19d5/, — 17f7/5 field, MHzg¢. The grey bands highlight the uncertainty
in the measured 19ds/, — 17f7/2 (0.05 MHz) and the resulting uncertainty that
propagates as a result. (b): Plot showing how the detuning of the 17f;/, — 17g
resonant field affects the resulting measurement of the 17g — 17h transition. The
grey region highlights the uncertainty in the measured 17f7/,, — 17g (0.1 MHz)
and the resulting uncertainty that propagates as a result. (c) Energy level diagram
to clarify the scenario of resonant and detuning fields that affect the resultant
measurement.

the resonant frequency of the 17g — 17h transition while independently detuning
the two immediately preceding fields from resonance. These results are shown in

Fig. B.1.

By plotting the measured frequency shift against the magnitude of the applied
detuning, we extract a gradient, m, representing the induced measurement error
per MHz of detuning. For example, for the 19d5,5 — 17 f7/, transition we obtain
m = —0.2 MHzg, /MHzg¢. This means that (over the tested detuning range) the

measurement of the 17g — 17h interval shifts by —0.2 MHz for every 1 MHz by which
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that earlier field is detuned. Since the statistical uncertainty of the 19d5,5 — 17 f7 /2
transition is 0.05 MHz, this corresponds, at the 1o level, to an effective detuning
of 0.05 MHz, yielding a detuning-induced error o4 = 0.01 MHz (10kHz). For the

17f7/9 — 17gg/o transition we find a similar contribution of 0.04 MHz.

We then assume that the detuning errors from all earlier transitions are uncorrelated,
so that their contributions can be added in quadrature (appropriate when the
underlying error sources are independent [151]). This assumption gives a worst-case
estimate, because the sign of the detuning matters. Blue- and red-detuned fields
can produce asymmetries in opposing directions, potentially reducing the net effect.
We also assume that the strength of this effect, represented by the gradient m, is
comparable for the other similar measurements in the excitation chain. Finally,
we note that the statistical uncertainties typically increase for our higher-¢ states,

which lead to correspondingly larger detuning errors at later stages.

As an illustrative example, consider the 17k — 17/ measurement. The uncertainty

is

2
o4y, N Z (méawsl%,) (B.1)
L—L!
= my/(0.052 + 0.12 4 0.52 + 0.42 + 12) (B.2)
— 0.2 MHz (B.3)

where o5 denotes the statistical uncertainty in the fitted resonance frequency and
here we take each my_,y to be a constant m = 0.2 MHz/MHz. This contribution
is smaller than the statistical uncertainty of the transition itself (0, = 1 MHz).
When combined in quadrature with the statistical errors, the total uncertainty is
unchanged to one significant figure. It is therefore reasonable to neglect detuning-
induced errors in the results presented throughout this thesis. Table B.1 is shown for
the n = 17 high ¢ transitions to illustrate this. The uncertainties only become large
in response to large uncertainties associated with statistical uncertainties, which

(we argue in section 5.4) can be improved with amplitude stabilisation techniques.
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Transition (n =17) | fro—>9 g—h h—i i—k k—I
oq (MHz) 0.01 0.022 0.10 0.13 0.24
o, (MHz) 0.1 05 04 1 1

Table B.1: Comparison of statistical uncertainties, o, and those associated with
the detuning of previous fields, o4, for the n = 17 set of high ¢ measurements.
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Appendix C

Laser Frequency Noise Method

In this appendix, we provide a detailed derivation of the treatment of laser frequency
noise used in the main text (Section 7.2.2.3). While the main discussion focuses on
the conceptual dependence of noise on the laser linewidth and related broadening
mechanisms, the full stochastic derivation is presented here for completeness. This
analysis extends the weak-probe treatment of [250] to arbitrary probe powers, where

the weak-probe approximation may no longer hold.

This was studied in the weak probe approximation for theoretical simplicity. How-
ever, our results from photon shot noise imply that large probe Rabi frequencies
are required to obtain good sensitivities. In these regimes, the weak probe approx-
imation may no longer hold. To improve accuracy, we extend the results of [250] for
arbitrary probe powers. The laser frequency is modelled as a stochastic (Wiener)
process with the laser linewidth, ~, ., dictating the amplitude of the frequency
fluctuations. In order to derive the effect that a laser frequency fluctuation has on a

measurement of the electric field, the evolution of the density matrix is derived in the
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case of a stochastic average. Recall that the master equation for a quantum system
can be reduced to a series of linear coupled equations as in section 2.3.5. Taking
the stochastic average involves transforming the Hamiltonian, H, by adding laser
decoherence to the relaxation rates of atomic coherence. The resulting expression,
in the steady-state,

d{o)

— =Hle)+C=0 (C.1)

where (o) represents the stochastic average state vector of atomic coherences of
the quantum system defined by, ', the modified Hamiltonian of the system after
incorporating the frequency fluctuations of the probe and coupling laser. Specifically
H’' takes the form

H =H+ %Bp + %BC (C.2)

where B; are matrices which modify the respective laser detuning components,
A;, of H. The matrices B; only consist of -1 or 1 and can be determined by
allowing A; — A; 4+ dw; in the Hamiltonian, and identifying them by inspection
of equation (C.1). Following this treatment, one can derive the autocorrelation
function of the process and, by the Wiener-Khinchin theorem [270], it can be shown
that the PSD matrix for the process is given by,

1
o

S(w) [P(oo)(—H —iwI) T + (P(c0)(—H + iwI) ' P(c0)] (C.3)

where S(w) represents the cross-power spectral density matrix of all the atomic
coherences in the system, the diagonal components of which are the PSDs of each
atomic coherence, p;;. The quantity P(oco) denotes the covariance in the steady-
state, I is the identity matrix and A~T denotes the inverse transpose of the matrix
A. We consider only the component corresponding to Im(pg;) as this determines
the transmission of the probe laser and any resulting noise. Finally, P(c0) obeys

the equation
H'P(c0) + P(co)H' + Y 7B;i(P() + 00" )B] = 0. (C.4)

The equation for P(o0) is a non-standard matrix equation that does not fall into

common solvable forms such as Sylvester or Lyapunov equations [271]. As such,
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there is no closed-form analytical solution in general. In this work, P(oc0) is

determined numerically by minimising the Frobenius norm of the residual,
min [H'P(00) + P(oo)H'" + 5, By (P(o0) + 00”) ByllE  (C5)
(0.9)

using an optimisation routine from the the python package scipy and its function
minimize. This approach is computationally expensive due to the large number
of free parameters in P(o0) and the need for repeated evaluations. Moreover, the
optimisation procedure does not, in general, find an exact solution (residual exactly
zero), but rather yields an approximate P(co0) that minimises the residual to within
a small tolerance. In the context of the present work, this approximate solution
is sufficient, and may only cause slight inaccuracies in the evaluation of the laser
frequency noise. Reference [250] does not provide details on the method used to
solve this equation. However, given the complexity of the matrix, even in the
weak probe regime, it is unlikely that an exact solution exists, and a numerical

approximation similar to the one employed here is presumably used.

Equation (C.3) must be evaluated for each velocity group in the atomic vapour,
meaning a Doppler average is taken where each detuning, A;, is modified as a result

of the atomic motion. An integral similar to (x) can be identified, which leads

to [250]
_ h( dpor ! 5
NEFpy = ( . QLO) /475D (0) (C.6)
where ((%’%) isa slope factor telling us about the change in atomic coherence (on

the probe transition) due to a change in the microwave (measured) field and Sgn (0)
is the Doppler averaged noise PSD at zero frequency of the atomic coherence (po1)
calculated from a stochastic analysis of the Lindbladian governing the quantum

system.

The resulting expressions connect the stochastic model of laser frequency fluctuations
with the noise-equivalent field sensitivity discussed in Section 7.2.2.3, and form the

quantitative basis for the simplified expressions presented there.
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