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Abstract

Change point detection has been widely applied across different fields such as finance,
engineering, genomics, and other fields. The main objective is to detect significant
changes in the distribution of a data sequence. Two types of problems are studied
in this thesis: the offline change point problem, where detection is performed after
all data have been collected, and the online change point problem, where tests are
conducted sequentially as data arrive and timely detection is crucial. Both problems
have been well studied in low dimensional contexts. However, classical methods often
struggle in high dimensional data where the number of variables is much larger than
the number of observations. We develop nonparametric methods for both offline and
online change point detection and address key challenges in high dimensional change
points.

For the offline change point problem, we introduce distance-based CUSUM
statistics for detecting change points in high dimensional observations. Unlike the
standard CUSUM statistic which primarily detects linear changes such as shifts in
the mean of observations, the distance-based CUSUM statistics are constructed based
on pairwise dissimilarity distances between observations. Therefore, they are capable
of detecting more general types of change points, including linear and non-linear
changes in a data stream, such as changes in the mean, variance, correlation, or

other changes in the shape of distribution over time. Moreover, the distance-based
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CUSUM method is particularly useful for HDLSS data in which the number of
observations is very small but the dimension is very large. Detecting change points
in such high dimensional data is an understudied problem. We study the properties
of our proposed distance-based CUSUM statistics and employ them to develop a
nonparametric test to determine the statistical significance of change point estimates.
Our approach does not require normality or any other distribution for the data.
We provide theoretical guarantees for our method and demonstrate its empirical
performance in comparison with some of the recent methods via extensive simulation
studies and two real data applications.

In the online change point problem, nonparametric approaches for high dimen-
sional data streams are currently understudied, and their theoretical analysis is
often challenging. We construct a sequential testing algorithm using the proposed
distance-based CUSUM statistics with a sliding window approach. Furthermore, we
propose a stopping rule based on data-driven thresholds to terminate the testing
algorithm as quickly as possible after a change point arrives. We prove that the false
alarm rate and average run length are controlled at the nominal level under the null
hypothesis of no change point. We provide theoretical guarantees for the consistency
of the proposed test and derive the convergence of expected detection delay under the
alternative hypothesis that there is a change point in the data stream. We validate
the theoretical results and assess the empirical performance of our method through
extensive simulation studies. We also compare it with some of the recent methods

and demonstrate it on a real data application.
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CHAPTER 1

Introduction

1.1 Background and motivations

Change point detection has applications across fields such as finance, marketing,
engineering, climate science, genetics, and medical research (see Basseville and
Nikiforov, 1993). Its main objective is to detect statistically significant changes in
the distribution of a data sequence, which can have a huge real-world impact. For
example, in finance, fluctuations in the stock market can lead to substantial losses
for investors, and accurate detection can help to reduce this risk. Figure 1.1 shows
stock market prices of 496 of the largest US companies during the COVID-19 period,
which exhibit noticeable fluctuations. The dataset contains daily closing prices of
S&P 500 index stocks from 2020-01-01 to 2020-05-29. This period includes the start
of the COVID-19 pandemic and comprises n = 108 trading days across p = 496
company stocks. This dataset illustrates typical high dimensional data, where the
number of variables, say p, is much larger than the number of observations, say n.
We will analyze this financial data in Section 5.4.

Change point detection is well studied for low dimensional data. However, it be-

comes significantly more challenging in high-dimensional settings. Classical methods
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Figure 1.1: Standardized stock prices of 496 companies from 2020-01-01 to
2020-05-29. This period includes the start of the COVID-19 pandemic and
comprises n = 108 trading days across p = 496 company stocks. Some key
events cause fluctuations in the US stock market (see Table 5.4). The x-axis
shows the trading days, and the y-axis shows the standardized stock prices.

are often inadequate in such scenarios, and we explain the reasons in Section 3.1. This
thesis provides several nonparametric solutions to address some crucial challenges
in high dimensional change points, making this thesis methodological. We study
two types of change point detection problems: offline change point detection and
online change point detection. Offline (retrospective) change point detection aims
to estimate the number and locations of change points after all data are collected.
Online change point detection, also known as sequential change point detection, deals
with data streams arriving sequentially, with the objective of detecting change points
as fast as possible while controlling the false alarm rate at a pre-specified low level.
This differs substantially from the offline setting and requires different statistical
techniques. Both offline and online change point detection form the foundation of
change point analysis and have been widely studied in recent decades.
The motivations are as follows. For offline change point detection, a common

approach for detecting change points is to utilize the standard cumulative sum
(CUSUM) statistic, which is shown to effectively detect linear changes such as shifts

in the mean of observations (see, e.g., Page, 1954; Aue and Kirch, 2024). However,



the standard CUSUM statistic is not designed to detect other types of changes, such
as changes in variance or correlation, changes in the shape of distribution while the
mean and variance remain unchanged, or other distributional changes. It is also
not easily applied to high dimensional data sequences. Moreover, it remains an
understudied problem to detect change points in high dimensional low sample size
(HDLSS) data in which the number of observations is very small while the number
of variables is very large (see our two real data applications in Section 5.4). The
recent methods in the literature do not show a good performance in such situations
where the sample size is very small compared to the dimension, as demonstrated in
our simulated and real data examples (see Chapter 4, Sections 5.3 and 5.4). These
challenges motivate us to develop methods that can address and accurately detect
significant changes in the distribution of such high dimensional data streams.
Online change point detection has recently gained increasing attention for modern
real-world applications, including sensor networks, cybersecurity, image processing,
and many others (e.g., Chen et al., 2022). In the past two decades, online change
point detection has been extensively studied for univariate data sequences (see, e.g.,
Fearnhead and Liu, 2007; Tartakovsky et al., 2014). With growing interest from
contemporary industries in high dimensional data, traditional online change point
methods become more challenging in high dimensional situations. Recent work has
extended classical techniques to high dimensional spaces, such as likelihood ratio
tests (e.g., Chen et al., 2022) and CUSUM statistics (e.g., Xie et al., 2023). However,
those methods are mostly designed to detect changes in the mean of observations,
which limits their ability to detect other types of distributional changes. Moreover,
they often rely on certain assumptions about data distributions, such as normality
or known pre-change or post-change distributions (e.g., Zou et al., 2015). These
challenges motivate us to develop a distribution-free approach capable of detecting

more general types of distributional changes in an online setting.



1.2 Contributions

This thesis contributes two nonparametric approaches for high dimensional change
point detection. For offline change point detection, we propose distance-based
CUSUM statistics based on some appropriate dissimilarity measures for high dimen-
sional observations. In particular, we use the modified version of Lo-norm distance
(Hall et al., 2005) and L;-norm distance, which are especially suitable for HDLSS
settings. Due to the asymptotic nature of these dissimilarity measures, our method
is also useful for detecting non-sparse high dimensional change points where changes
may occur in many variables but with small but significant magnitudes. Distance-
based CUSUM statistics can discover both linear changes (e.g., mean shifts) and
non-linear changes (e.g., changes in variance, correlation, or higher-order moments),
as well as other distributional changes depending on the distance function used. We
use the proposed CUSUM statistic to develop a formal nonparametric test based on
random permutations to verify the statistical significance of the estimated change
point locations. We study the theoretical properties of our distance-based CUSUM
statistic, including the asymptotic limit when p > n — oo, where p is the dimension
and n is the sample size. We also show that the proposed method can consistently
detect multiple non-sparse change points as p > n — oo. Our approach does not
require normality or any other distribution for high dimensional observations. We
use extensive simulation studies and two real data examples to evaluate the empirical
performance of our method in finite samples and compare it with some of the recent
methods in the literature.

In the online (sequential) change point detection, where observations arrive
sequentially, the focus is on fast detection. We employ the proposed distance-based
CUSUM statistics in this sequential testing framework and construct a nonparametric
method to detect high dimensional online change points. Building on the proposed
distance-based CUSUM statistics, the proposed online change point method can
detect both linear changes and non-linear changes in high dimensional data streams.
In practice, real-world data streams could be large-scale, so we adopt a sliding
window approach to manage computational and memory constraints. Another key

contribution to the online change point framework is that we construct permutation-

4



based thresholds and a stopping rule for the online algorithm. We establish theoretical
results for our proposed stopping rule under both the null hypothesis and the
alternative hypothesis. We show that our procedure controls the family-wise error
rate (FWER) of sequential tests. We also derive a lower bound to manage the average
run length (ARL). ARL is defined as the expected time of the stopping rule under
the null hypothesis (see Tartakovsky et al., 2014). Under the alternative hypothesis,
we establish the consistency of the test and the convergence of the expected detection
delay (EDD) under some conditions. Again, our online change point method does
not require normality or any other distribution for the high dimensional observations.
We conduct simulation studies and a real data analysis to evaluate the empirical
performance of our proposed method and compare it with some of the recent methods

in the literature.

1.3 Organization of the thesis

The thesis is organized as follows. In Chapter 2, we review some related work. In
Section 2.1, we begin by introducing classical offline change point detection methods
for low dimensional data, including CUSUM-based approaches and likelihood ratio
tests. Since these classical methods do not extend directly to high dimensions,
we review recent developments for high dimensional change points in Section 2.2,
covering both parametric and nonparametric approaches. In Section 2.3, we give an
introduction and review related work on online change point detection.

In Chapter 3, we propose a nonparametric approach for detecting a single (of-
fline) change point in high dimensional data and provide theoretical guarantees.
In Section 3.1, we discuss the main challenges for high dimensional change points
and illustrate them with mathematical derivations and numerical evidence. In Sec-
tion 3.2, we introduce the nonparametric setting for single change point detection.
In Section 3.3, we propose distance-based CUSUM statistics and construct a formal
nonparametric test. In addition to the method, we derive a permutation-based
confidence interval for the change point estimate. In Section 3.4, we study the asymp-

totic behavior of distance-based CUSUM statistics when p > n — oo and establish



consistency of the change point estimate under some conditions. In Section 3.5, we
conclude the proposed method. Furthermore, in Section 3.6, we provide the technical
proofs for all theoretical results developed in this chapter.

In Chapter 4, we conduct extensive simulation studies to evaluate the numerical
performance of the proposed method for single change point detection. We compare
our method with some recent works across various settings. We show that our
method can detect more general types of distributional changes than other methods:
when a change occurs in the mean of the observations (Section 4.1); when a change
occurs in the variance (covariance) of the observations (Section 4.2); and when a
change occurs in the shape of the observations while the mean and variance remain
unchanged (Section 4.3). Moreover, we show that our method can be tailored to a
range of data settings, some of which are challenging for existing methods. These
simulations include non-normal data with heavier tails than the normal distribution
(Section 4.4), spatially correlated variables (Section 4.5), and data with temporally
dependent observations (Section 4.6). We also investigate challenging cases where a
change point occurs near the tail of the data sequence (Section 4.7) and where the
n/p ratio varies (Section 4.8), including regimes in which n is extremely small relative
to p, as is typical in HDLSS data. Finally, in Section 4.9, we report computational
times and show that our method is computationally efficient in high dimensions.

In Chapter 5, we extend our method to detect multiple change points. In Sec-
tion 5.1, we introduce the problem setting for multiple change points. In Section 5.2,
we present the algorithm that applies distance-based CUSUM statistics for multiple
change point detection using recursive binary segmentation. We establish a con-
sistency result for estimating both the number and the locations of change points
under some conditions. In Section 5.3, we conduct simulation studies for the multiple
change point scenario with changes in the mean or variance of the observations, the
case where change points are closely spaced, and computational time. In Section 5.4,
we apply our methods to two real-world high dimensional datasets, the S&P 500 data
and the MIT cellphone data, and compare them with some existing methods. In
Section 5.5, we discuss other alternatives, such as wild binary segmentation and the

PELT method, which can be topics for future research. In Section 5.6, we provide



the proof of the consistency result.

In Chapter 6, we study the online change point problem and propose a non-
parametric approach for detecting change points in high dimensional data streams
with theoretical guarantees. In Section 6.1, we present the problem setting for
online change point with a sliding window scheme. In Section 6.2, we introduce the
proposed distance-based CUSUM statistics within an online framework. Moreover,
we propose a stopping rule based on some empirical thresholds and construct a
sequential testing algorithm. In Section 6.3, we develop theoretical guarantees for
the proposed stopping rules. Under Hj, we control the FWER and ARL. Under
H,, we prove test consistency and the convergence of the EDD as p — oo with
fixed m, and as p, m — oo under certain conditions. Here, m denotes the number
of sequentially arriving observations. In Section 6.4, we present simulation studies
that validate the derived theoretical results (FWER, ARL, detection power, EDD).
Moreover, we show competitive performance for a change in mean and variance, and
for some non-normal observations, paralleling the simulation results in the offline
change point scenario. In Section 6.5, we apply the proposed method to a human
activity recognition dataset. The results show that our method can rapidly detect
transitions between human activities (standing and walking). We also demonstrate
how our method can detect multiple online change points. In Section 6.6, we provide
the technical proofs for all theoretical results developed for the proposed online
change point method in this chapter.

Finally, in Chapter 7, we summarize the main contributions of this thesis, including
the methodology, theoretical results, simulation studies, and real data applications.
We highlight the advantages of the proposed nonparametric methods for offline and
online change point detection, such as the capability to detect more general types of
change points, the distribution-free property, and the suitability for high dimensional

data, among others. Furthermore, we outline some directions for future research.



1.4 Notation

We adopt some notation throughout the thesis. For a p-dimensional random vector
u = (u1, U, . .., up), we write the Ly-norm as [[ull, = (3_7_, luj|9)1/9. Also, we write

the Lo-norm as |||« = maxi<j<, |u;|. We define the cardinality of a vector u as

— P
= =1

|u. 1(u; # 0), where 1(-) denotes the indicator function and |u|. represents
the number of nonzero components. We use capital letters for all matrices, and in
particular we write an n x p matrix M as M = [M;;]i_, _, with scalar M;; being
the element in the i-th row and j-th column. We write O(-), o(-) to denote the
common big O and little o notation, respectively. Similarly, we write Op(-) and op(-)
to denote the big O in probability and little o in probability, respectively. For two
real-valued sequences a,, and b,,, we use a,, < b, to denote that a, is of the same
order as b,. We use E), 2>, and %3 to denote the convergence in probability, the
convergence in distribution, and the almost sure convergence, respectively. We also
use the symbol 2 to represent the equality in distribution. For two scalars a and b,
we use a Ab and a Vb to denote min{a, b} and max{a, b}, respectively. For a positive

number ¢, we use |c| to denote the largest integer less than or equal to c. We define

some further notation later as we develop the methods.



CHAPTER 2

Literature review on high dimensional change points

The literature on change point analysis is extensive. In this chapter, we review
state-of-the-art in offline change point detection, from traditional methods in low
dimensions (Section 2.1) to recent advances in high dimensions (Section 2.2). For
comprehensive reviews of offline change point problems, see Basseville and Nikiforov
(1993), Chen and Gupta (2013), and Liu et al. (2022). We introduce online change

point detection and review some related work in Section 2.3.

2.1 Classical change point approaches

The change point problem originated about 70 years ago in the context of quality
control. It concerns three fundamental questions: whether a change point exists,
where it is located, and how many change points there are. Before the era of big
data, the problem was thoroughly studied in low dimensions, mostly for univariate
data sequences. Classical methods, including the CUSUM method and the likelihood
ratio procedure, were developed with complete theoretical justification.

We begin with a general parametric model to introduce the offline change point

problem. Let X1, X5,..., X, be a sequence of independent p-dimensional random



vectors with their probability distributions Fi, F3, ..., F,. Suppose that the distribu-
tions F1(01), F2(03), ..., F,(0,) belong to a common parametric family F'(0) with
parameter @ € RP, and 6 is unknown, then a general parametric model for the change

point problem is to test the following hypothesis

Parametric change point problem:

Hoi 01:92:"':071:07
Hi: 0= =0, 40,1 = =0,40, 1= =0, 40, .,=-=0,,
(2.1)
where z is the unknown number of change points with 1 < z <n—1,and 7,7, ..., T,

are the unknown locations of change points. Both the number of change points and
their locations in (2.1) need to be estimated.

It is difficult to test (2.1) directly when multiple change points are present (z > 1).
Consequently, most work begins with the at-most-one-changepoint (AMOC) model,
that is, (2.1) with z = 1, and then extends to multiple change points. The most
common procedure for this extension is called recursive binary segmentation (RBS),
proposed by Vostrikova (1981). Consider the data setting in model (2.1). The idea
of RBS can be summarized in the following steps:

Step 1. Test the null hypothesis of no change point against the alternative hypothesis
of a single change point (AMOC model) as follows

Hoi 01:02:"':an0,
(2.2)

HlAMOCI 01:"':977&07+1:"':0na

where 7 is the single change point location at Step 1. If a significant change point is
detected, then proceed to the next step. If no significant change point is detected,
then stop.

Step 2. Split the sequence before and after the detected change point in Step 1 into
two sub-sequences, and test them using the AMOC model (2.2) for further significant

change points.

10



Step 3. Apply Step 2 recursively until no further sub-sequences contain significant
change points or a pre-specified minimum sub-sequence length is reached. Note that
the minimum length is often used to prevent greedy detection.

Step 4. Denote the significant change point locations discovered by the above
steps and sort them in increasing order. This is because the change point estimates
obtained in the above steps are not necessarily ordered.

In univariate data settings, RBS is computationally efficient with time complexity
O(nlogn), where n is the number of observations. Also, its simplicity in coding and
incorporation into existing change point detection approaches are other reasons for
its popularity. However, it has some limitations in detecting multiple change points
when the sequence is small. Fryzlewicz (2014) showed that, as n — oo, RBS is not
effective in detecting change points when the length of the sequence is less than
O(n3/4).

To overcome this limitation, Fryzlewicz (2014) proposed wild binary segmentation
(WBS), which is a variant of RBS. Unlike RBS, which detects change points based
on the entire data sequence, WBS detects change points based on randomly drawn
sub-intervals within the data sequence. In particular, WBS first draws a large
number of sub-intervals randomly from the data sequence. For each sub-interval, it
performs the detection test, computes the test statistic, and stores the corresponding
change point estimate. After this is done for all sub-intervals, WBS selects the best
change point estimate as the one corresponding to the maximum test statistic. This
procedure is then repeated iteratively until no sub-interval contains a significant
change point or a minimum segment length is reached. Fryzlewicz (2014) showed
that WBS performs better than RBS in detecting change points when the spacing
between them is very small, and also when the jump magnitude, for example the
mean shift, is small. We note that WBS improves on RBS through the use of a
large number of randomly drawn sub-intervals, ideally as many as possible, which
explains the term “wild”. For example, Fryzlewicz (2014) recommended using 5000
drawn intervals in their paper. This slightly increases the computational cost in the
univariate setting. Both RBS and WBS can be extended to high dimensional data,

and we will discuss and compare them in high dimensional settings in Section 5.5.
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There are other extensions of RBS and WBS. Fryzlewicz (2020) developed an
improved version of WBS with a model selection procedure, which was shown to
improve its computational efficiency and to be effective in detecting change points in
both infrequent and frequent change point scenarios. Kovécs et al. (2023) proposed
seeded binary segmentation, which also improves the computational efficiency of
WBS. Baranowski et al. (2019) developed the narrowest-over-threshold method,
which searches for a change point using the shortest interval for which the test
statistic exceeds the threshold, rather than selecting the maximum test statistic
over all randomly drawn sub-intervals as in WBS. Both RBS and WBS are heuristic
algorithms because each iteration depends on previous decisions. If the first detected
change point is unreliable, subsequent estimates may also be affected. There are
also other methods for detecting multiple change points, such as optimization-based
approaches (e.g., Killick et al., 2012; Maidstone et al., 2017), which detect multiple
change points by minimizing a customised cost function, and clustering-based methods
(e.g., Matteson and James, 2014). Most of these methods were developed for low
dimensional data, and can generally be extended to high dimensional settings. A
comprehensive review of multiple change point detection techniques can be found in
Truong et al. (2020).

From the above introduction to multiple change point techniques, it is clear that a
reliable test for the AMOC model in (2.2) is crucial for both single change point and
multiple change point detection. We now review the related work on single change
point detection. In parametric change point analysis, the mean shift problem has
received the most attention. Extensive studies have investigated this problem under
Gaussian models, since the Gaussian assumption is common in practice and facilitates
theoretical derivations. Recall the general parametric model in (2.1) with z = 1.
Here, the parameter of interest is the mean vector. We now introduce the AMOC
mean shift problem under the Gaussian model. Let X, X, ..., X, be a sequence
of n independent Gaussian random vectors, where each X; = (X1, Xpo, . .. ,Xip)T is
p-dimensional. The parameters are (p, 31), (fg, 22), - - ., (K, Xp), Wwhere p, € RP
and X; € RP*P. Tt is assumed that all covariance matrices are identical, i.e., 3, =

Yo =--- =3, = 3, where X is unknown. Suppose that the mean parameters
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Ky, Koy, ..., b, are identical to a common mean parameter p, where p is unknown,

then the AMOC model for the mean shift problem is to test the following hypothesis

Hy:py=py=-=p, =p,
AMOC mean shift problem: (2.3)
Hy:tpy = = pp #F Py =+ = Wy,
where 7 € {1,2,...,n — 1} is an unknown change point location. To test (2.3),

the likelihood ratio procedure and the CUSUM method are commonly used. We
introduce these standard approaches below.

The likelihood ratio test for the change point problem was first studied by Hinkley
(1970). It is known for its robustness in detecting change points in parameters of
interest. In the Gaussian model, these parameters may represent the mean vector in
(2.3) or the covariance structure (e.g., Chen and Gupta, 2013). We here look at the
AMOC mean shift model in (2.3) as an example. Under the null hypothesis of no

change point, the likelihood function is

1 -
Ligy(p, 2) = (2m) || /2 exp{ — 52 (X ) BT XG - u)},
i=1
where |X| denotes the determinant of the covariance matrix . The maximum

likelihood estimators (MLEs) of p and ¥ are

Under the alternative hypothesis that there is a change in the mean vector at
Te€{1,2,...,n—1}, let ¥, denote the pooled covariance matrix computed from
the first 7 observations and the remaining n — 7 observations. The likelihood function
is

T

Y . 1
LHl (I’l’l’ s EPOOI) = (27T) p/Q‘Epool‘ /2 eXp{ B 5 ( Z(X :u‘l)TZpool(Xi - l’l’l)

=1

* Z = 1) B (X — un))}. (2.4)

i=7+1
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The MLEs of p,, p,,, and X, are

B . 1
M:;ngu o =—— > X,

and

R 1 T R R n N R
Spoat = — (D (Xi = B)(Xs = )T+ D (Xi = ) (X~ ).
i=1 i=T+1
Given a fixed change point 7 in (2.4), the first 7 observations come from a normal
distribution with mean pt,, while the remaining n—7 observations come from a normal
distribution with mean ., with g; # p,,. This motivates the use of Hotelling’s 7
test, which is based on the likelihood ratio test. The standardized mean difference
between the two samples is defined as follows (Chen and Gupta, 2013)
k(n — k)

M (k) = — (lek - Xk-l—l:n)a

where X .x = %Zle X; and Xjy1, = =2 >0, X; are the sample averages
before and after k, with & € {1,...,n — 1}, respectively. The unbiased pooled

covariance estimator based on these two sample averages is

k) D (XK= Xy (X — Ykﬂ:n)T)-
i=1 i=ht1

Then, the Hotelling’s T? test statistic for testing (2.3) is defined as (Chen and Gupta,
2013)
T2(k) = M (k)TN (k)" M(K), (25

where k € {1,...,n — 1}. One can reject Hy when

max T°(k) > a,
1<k<n—1

where a is a constant threshold determined by the null distribution of max; <<, 1 T?(k),
which can be found in Srivastava and Worsley (1986).
The CUSUM method was first proposed by Page (1954) as a simple procedure
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to detect an increase in the proportion of defective products during manufacturing.
The idea of the CUSUM statistic is to measure the difference between the sample

means before and after each candidate change point k € {1,2,...,n — 1} as follows

C(k) = k(”n_ k) (nik 'Z Xi—%ZXZ) : (2.6)

where C(k) € RP. If a change point occurs, the CUSUM statistic in (2.6) becomes
large in magnitude. If there is no change point, the values on either side of the sample
mean cancel out, and the CUSUM statistic remains small in magnitude. Thus, a
natural estimator of the change point, based on the CUSUM statistic in (2.6), is
given by

#=arg max C(k)"'Z7'C(k).

1<k<n—1

Correspondingly, the test statistic is defined as (Liu et al., 2022)
Tovsum = C(7)'27'C(7). (2.7)

A large value of Teysum suggests rejecting Hy in (2.3), as it indicates a potentially
significant shift in the sample means.

To assess the statistical significance of the estimated change point 7, the limiting
null distribution of the test statistic Tcysym in (2.7) has been extensively studied (see
Gombay and Horvath, 1990; Csérgo and Horvath, 1997). Let { By(t), Ba(t), ..., B,(t)}
denote independent standard Brownian bridges with mean zero and covariance
structure E (B (t)Bi(s)) = tAs—ts. Under regular conditions such as i.i.d. Gaussian
observations with finite fourth moments, the limiting null distribution of Ttysum as

n — oo has been shown as follows (Liu et al., 2022)

Critical values for the above distribution are provided in Kiefer (1959).
Besides the CUSUM method and the likelihood ratio approach under the Gaussian

model, change point problems have also been studied under various other models,
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leading to a wide range of alternative methods. For instance, Bayesian formulations
treat the number and locations of change points as random and infer them jointly with
segment-specific parameters (see Adams and MacKay, 2007). Change point detection
has also been studied in linear regression models, where regression parameters may
shift at unknown locations (see Zeileis et al., 2003). Information criterion-based
methods, such as AIC and BIC, have been used to select both the number and
locations of change points (see Yao, 1988). However, these methods are not suitable
in high dimensional settings, and we explain the reasons later in Section 3.1. This
highlights the need for new techniques specifically developed for high dimensional

change point problems, which we introduce next.

2.2 Advances in high dimensional change points

In this section, we review recent developments for high dimensional change points.
We begin with methods that adapt the classic CUSUM approach to high dimensional
settings. Developments of the CUSUM procedure have been the focus of considerable
research over a few decades (see Aue and Kirch, 2024, for a recent comprehen-
sive review of this). Building on foundational work by Page (1954), Csorgoé and
Horvéath (1997) established the limiting theorems for CUSUM-based methods in low
dimensional spaces. In addition to the mean shift problem, some studies extend the
standard CUSUM procedure to detect a change in the variance of multivariate data.
For example, Montgomery (2007) applied CUSUM statistics to squared deviations to
identify changes in variance. For change point problems focusing on detecting changes
in the covariance or correlation structure in high dimensional data, several recent
methods adapt CUSUM-type statistics or likelihood ratio statistics. Dette et al.
(2022) proposed the CUSUM statistic based on the dimension-reduced important
components to detect a change point in a high dimensional covariance structure.
Dornemann and Dette (2024) developed a min-type procedure that uses a sequential
framework of likelihood ratio statistics. To detect changes in the correlation structure,
Li and Gao (2024) proposed a two-step procedure employing a sign-flip permutation

dimension reduction step and a CUSUM statistic to detect changing components in
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a correlation matrix. Their method is effective for detecting change points located
both in the middle and at the extreme tail of a data sequence.

The traditional CUSUM approach assumes the dimension of data is fixed and
finite. But, due to the recent technological advancements, high dimensional data
are becoming increasingly common in different domains. Change point analysis is
more challenging in high dimensional situations. In general, detecting a significant
change is difficult in the presence of high dimensional noise. Due to the singularity
of the inverse covariance matrix in high dimensional settings, which we will show in
Section 3.1, the classical CUSUM test in (2.6) is no longer applicable. A common
strategy for applying the CUSUM procedure to high dimensional data is to first
transform the data to a low dimensional space and then use the standard CUSUM
approach. Adopting this strategy, Wang and Samworth (2018) suggested a two-stage
procedure based on random projection to estimate change points in the mean of high
dimensional data. They assumed sparse change points and normality of the data.
Building on this idea, Follain et al. (2022) recently extended the random projection
method to estimate high dimensional change points in the presence of missing data.
Note that a sparse change point means that only a small number of variables change
but with sufficiently large magnitudes. We next introduce the high dimensional mean
shift problem, as well as the definition of sparsity in this context.

Considering the following data structure (Liu et al., 2022), fori =1,...,n,

Xi=p+Apl(i>r1)+e,

where p € RP is the mean vector, Ap € R? is the mean shift vector if a change
point 7 € {1,...,n — 1} exists, and 1(-) is the indicator function. The error terms
ei = (gi1,...,6p)" are i.i.d. with E(g;) = 0 and Cov(e;) = X € RP*P. Under these
assumptions, the AMOC model for a high dimensional mean shift problem (p > n)

can be formulated as follows

H()iA[,L:O,

High dimensional mean shift problem:
Hy:37€{l,...,n— 1} such that Ap # 0.

(2.9)
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Note that the high dimensional mean shift model in (2.9) differs from the mean
shift model in (2.3), which assumes low dimensions with p < n. We here introduce
the definition of sparsity in this change point problem. Denote the mean shift vector
in (2.3) by Ap = (Apy,...,Ap,) . Let p={j: Apu; #0} be the set of variables
that have undergone a change, and let |p|. denote its cardinality. FEnikeeva and

Harchaoui (2019) assumed that |p|. depends on p as follows

lple < p'7,

where € (0,1) is the sparsity coefficient. High sparsity corresponds to 5 € (1/2,1),
while low sparsity (dense) corresponds to 5 € (0,1/2]. The value = 1/2 marks the
boundary between these regimes. It is worth mentioning that these sparsity boundary
results are derived under the i.i.d. Gaussian model and should be interpreted in that
context.

As explained below, we present two examples to illustrate how recent studies have
adapted the classical CUSUM method to the high dimensional mean shift problem in
(2.9) with sparse change points. The first example concerns detecting sparse change
points with 8 € (1/2,1). Jirak (2015) proposed an L.,-norm CUSUM procedure
under Gaussian assumptions with a known sparsity regime and polynomial growth
p < n® for some a > 0. The statistic is

T, = max |C (k)| o,

> 1<k<n—

where C(k) is the CUSUM statistic defined in (2.6). Under Hy, T admits a
Gumbel-type limiting null distribution as follows (Liu et al., 2022)

n—00 2log(2p)

lim IP’( 2log(2p) <TLO<> — (%\/QIOg(Qp) — M)) < :C) = exp(—e ).

Accordingly, a critical value — log( —log(1 — a)) can be used to control the type
I error at nominal level . However, the L,-norm CUSUM is powerful mainly
under very sparse alternatives. By focusing on the maximum coordinate, it discards

information when signals are not extremely sparse, which leads to power loss.
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The second example is by Enikeeva and Harchaoui (2019). They proposed a
x2-type CUSUM test that also assumes normality but allows different sparsity levels.
For a fixed k, the coordinates of C(k) (after standardization) are approximately
standard normal, so that ||C(k)||3 has an approximate x2 distribution with mean p

and variance 2p. A linear test statistic is then given by (Enikeeva and Harchaoui,

2019)
B2 —
TLinear = max M

1<k<n—1 V2p
Given a significance level o and the (1 — «)-quantile of the Xf) distribution, denoted

by ¢yz(1 — ), one can reject Hg in (2.9) when

¢z(l—a)—p

NeT]

TLinear >

In addition to the linear statistic, Enikeeva and Harchaoui (2019) also introduced a
scan statistic to control the overall type I error across different sparsity levels; see
their paper for more details. We note that these methods require a known sparsity
level and Gaussian assumptions. Their performance can deteriorate when these
assumptions are violated. Such techniques are therefore not suitable for problems
with non-sparse change points, where changes occur in many variables but each with
small but significant magnitudes.

Apart from the aforementioned methods, other parametric approaches have also
been developed. Grundy et al. (2020) proposed a geometric mapping approach that
projects high dimensional data onto a two dimensional space using distance and
angle measures. Their method assumes normality and can detect changes in the
mean or variance of observations. However, it fails to detect changes in higher-order
moments of the distribution. Safikhani and Shojaie (2022) suggested a piecewise
vector autoregressive model to select high dimensional variables, which is solved using
a penalized least squares estimator. Their method is effective when the underlying
VAR model is correctly specified. However, misspecification of the autoregressive
order or assuming linear dependence when the true structure is non-linear can lead
to poor detection performance. Xiao et al. (2019) proposed a robust change point

method based on principal component analysis. It performs well when signals are
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concentrated in a few principal directions, but its effectiveness can degrade when
changes occur in weaker components or when the covariance structure is complex.
Hahn et al. (2020) developed a computationally inexpensive Bayesian approach to
estimate an optimal projection direction for detecting change points. Their method
provides uncertainty quantification and performs well when changes occur in the
mean of multivariate normal data. However, it is designed specifically for mean shifts
under normality and does not detect other types of changes. Furthermore, Jewell
et al. (2022) developed a post-detection procedure that uses the CUSUM statistic to
assess uncertainty around an estimated change point. Their method tests whether
there is truly a mean shift in a neighbourhood of the detected location, opening a
new direction in change point analysis by providing inference after detection.
Nonparametric methods are often more practical than parametric methods, since
they do not require specific distributional assumptions or a prescribed sparsity level.
In the univariate nonparametric setting, Padilla et al. (2021) proposed a novel change
point detection procedure based on the Kolmogorov—Smirnov statistic and showed
that it is nearly minimax rate optimal. They also demonstrated that the method
is effective in detecting small distributional changes. In high dimensional space,
one strategy is to use distance functions, such as the Euclidean distance. However,
classical distance-based methods for change point detection, such as Carlstein (1988)
and Diimbgen (1991), do not apply to high dimensional data. Recently, several
nonparametric methods have been developed for detecting high dimensional change
points. A common approach is to construct statistics from dissimilarity distances
between pairs of observations. Matteson and James (2014) proposed an Lo-based
divergence measure using the energy distance to quantify differences between multi-
variate distributions. Energy distance was first proposed by Szekely et al. (2005) for
classification. Assume that X,Y € R? are p-dimensional observations, and X ~ F
Y ~ G, where F' and GG are unknown distributions. Then, energy distance based on

Lo-norm is given as follows (Szekely et al., 2005)

D(X,Y, o) =2E(|X - Y|3) — E(|X = X"[[3) - E(|Y = Y[3),  (2.10)

20



where X’ and Y are independent copies of X and Y, meaning that X’ and X
are i.i.d., and a € (0,2) is a fixed constant. The following theorem provides the

theoretical foundation of the energy distance for change point detection.

Theorem 2.2.1. (Szekely et al. (2005)) For any independent p-dimensional random
vectors X ~ F, Y ~ G and constant o € (0,2), if E(| X5 + [|[Y|l5) < oo, then
D(X,Y,a) € [0,00), and D(X,Y ,a) =0 if and only if F = G.

Theorem 2.2.1 shows that D(X,Y,a) = 0 when there is no change point, as
the two distributions are identical (F' = G). Moreover, large values of D(X,Y, «)
indicate a change point exists. Motivated by this theorem, Matteson and James (2014)
constructed U-statistics based on energy distance. They assumed two independent
data sequences X1, ={X;:i=1,...,h} and Y1, ={Y;:i=1,...,m}, with a
total of h + m observations. The remaining settings are the same as above, where
X1, Yim €eR Xy, ~ F, Yy, ~G, and F and G are unknown distributions.
Then, the empirical divergence measure corresponding to equation (2.10) is defined

as follows (Matteson and James, 2014)

h m -1
N 2 @ h @
DX Vima) = SN K-l (5) X 1% - Xl

i=1 j=1 1<i<k<h

—(ZL) S v, Yils, (211)

1<j<k<m

where a € (0,2). By the strong law of large numbers and the continuity theorem,

Matteson and James (2014) showed the following convergence result

lim D(X1p, Yim, o) 23 DIX,Y, ).

hAM—00

Suppose there exists a change point 7 such that X4,..., X, ~ Fand X, {,..., X, ~
G, where F' # (. Then, a change point estimate based on (2.11) is given by

Matteson and James (2014) showed the following consistency result for the above
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change point estimate.

Theorem 2.2.2. (Matteson and James (2014)) Let v € (0, 1) represent the fraction
of the observations belonging to one of the distributions, such that X,..., X |y, ~ F
and X |yn)+1, - -, Xn ~ G. Suppose that the conditions in Theorem 2.2.1 hold. For
all e > 0, they showed that
P( lim fy—i’ <6) =1
n—00 n

There are some other distance-based methods. Expanding on the work in Matteson
and James (2014), Chakraborty and Zhang (2021) developed an L;-norm-based
energy distance for change point detection. Their framework studies how distance
and kernel metrics behave in high dimensions and shows that classical energy distances
suffer from strong bias when the dimension increases. By using an L;-norm-based
modification, they obtain a distance measure that remains informative in high
dimensional settings and improves robustness to heavy-tailed distributions. Some
graph-based methods, including those in Chen and Zhang (2015), Garreau and Arlot
(2018), and Chu and Chen (2019), also utilize interpoint distances to search for change
points by counting the number of edges in a similarity graph. In addition, Drikvandi
and Modarres (2025) recently introduced a method for detecting non-sparse high
dimensional change points using a new dissimilarity measure and a nonparametric U-
statistic. Their method is shown to be effective for change point detection in HDLSS
data. They also establish the limiting null distribution of their test statistic and study
the optimality of the proposed test, which is a challenging task in nonparametric
change point analysis. Li (2020) introduced a distance-based change point method
that remains asymptotically distribution-free in high dimensional settings. The
method is shown to consistently detect both location and scale changes. It should be
mentioned that there are several other methods for high dimensional change point
analysis, some of which are reviewed in the recent review paper by Liu et al. (2022).

Compared to these distance-based methods, the novelty of our approach is in
introducing novel CUSUM statistics constructed based on pairwise dissimilarity

distances between observations, rather than just pairwise observations. This is
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different from other methods, such as energy statistics, which directly measure
dissimilarity using the Euclidean distance. In contrast, our distance-based CUSUM
method measures dissimilarity between observations before and after a change point,
which provides an effective way to detect more general types of change points
depending on the distance function used. In Chapter 4, we show that our proposed
method outperforms some of these methods in detecting change points under different
scenarios. Furthermore, the theoretical guarantee of our method is developed under
the high dimensional asymptotic regime p > n — oo, which differs from their low
dimensional setup where n — oo with fixed p. The latter is not suitable for the high

dimensional regime.

2.3 Online change point detection

As modern data arrive faster and become richer, rapid detection has become in-
creasingly important, and online change point detection fits this need well. Online
change point detection, also known as sequential change point detection, has received
considerable interest in recent years. For sequentially observed data, the goal is to
detect any significant change in the distribution of observations as quickly as possible
while controlling the false alarm rate at a pre-specified low level. Online change point
detection is arguably becoming more popular than offline change point detection
for modern real-world applications, such as sensor networks, cybersecurity, image
processing, and many others (Chen et al., 2022).

We start by introducing the setup of online change point detection and some
key criteria. Consider the same data setting as in the parametric change point
model (2.1), with p-dimensional and independent observations X1, X, ... arriving
sequentially. We use the index ¢ to denote the time of arrival, where ¢t = 1,2, .... At
each time point, we aim to test whether a change point has occurred in the arriving

observations as follows

H 6, —---—8,
o t fort=1,2,...,  (212)

Hf:01:“':0T7é07+1:".:0t7
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where 7 is the unknown change point. In online change point detection, it is often
convenient to write 7 = oo to denote that there is no change point. If H{ is rejected,
we infer that a change point is detected and stop the procedure at time ¢. Note that
model (6.1) can be slightly modified when considering other data scenarios, such as
the presence of historical data (e.g., Li and Li, 2023) or the use of a sliding window,
which is commonly used to reduce computational complexity (e.g., Xie et al., 2023).
We will discuss this in Section 6.1.

Unlike the offline change point problem, which mainly focuses on estimating the
location and number of change points, online change point detection aims to detect a
change point as soon as possible. For example, under H} in (6.1), which implies there
is a true change point, online change point detection aims to minimize the delay
between the stopping time ¢ and the true change point with a controlled false alarm.
This is also a more difficult problem because of the sequential testing framework.
Hence, the first challenge is to control false alarms.

One common measure of false alarm control in online change point detection
is the average run length (ARL). Suppose a chosen test is performed in an online
change point setting, and its test statistic at each time ¢ is denoted by T'(t), with
threshold a. The ARL is defined as the expected number of observations until the

first false alarm occurs, that is,

ARL =E, (min{t e N: T(t) > a}), (2.13)

where the expectation E(-) is taken under the null hypothesis of no change point
(1 = o0). In practice, the ARL level is pre-specified. A large ARL makes the
procedure less sensitive and the null hypothesis harder to reject, which may lead to a
larger detection delay. In contrast, a small ARL makes the procedure more sensitive
to change points, but also more likely to raise false alarms. Hence, the choice of ARL
is important. Some common choices of ARL in the existing literature are around
1000 to 5000 (e.g., Chen et al., 2022; Li and Li, 2023).

Another criterion for controlling false alarms in sequential testing frameworks is

the family-wise error rate (FWER). Consider the test setting in (2.13) and suppose
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there are a total of m arriving observations. The FWER is defined as the probability

of making the first false detection among the m arriving observations, that is,

FWER =Py (min {1 <t <m:T(t) >a} <m), (2.14)

where the probability P..(+) is taken under the null hypothesis of no change point
(T = 00). Ideally, the FWER in (2.14) is controlled below the nominal level, such
as FWER < 0.05. To achieve this, one can consider using the Bonferroni correction
(e.g., Austin et al., 2023; Zhang et al., 2025).

Besides false alarm control, another important measure is the expected detection
delay (EDD). Consider the same test setting in (2.14) with m arriving observations.
Under the alternative hypothesis, which implies that there is a true change point

0 € {1,...,m — 1}, the EDD can be formulated as

EDD(7) = E,, (min{1 <t <m:T(t) >a} —7o|min{l <t <m:T(t) >a} > 7).
(2.15)

The main objective of online change point detection is to achieve a small EDD while
controlling either the ARL in (2.13) or the FWER in (2.14). We next review some
related work on online change point detection.

In the past two decades, online change point detection has been extensively studied
for univariate data sequences (see, e.g., Fearnhead and Liu, 2007; Tartakovsky et al.,
2014). General reviews of online (sequential) change point problems include Basseville
and Nikiforov (1993) and Tartakovsky et al. (2014). With growing interest from
contemporary industries in high dimensional data, traditional change point analysis
has become more challenging in high dimensional situations. Recent work has
extended classical techniques to high dimensional spaces, such as likelihood ratio
tests (e.g., Chen et al., 2022) and CUSUM statistics (e.g., Xie et al., 2023). However,
these methods are mostly designed to detect changes in the mean of observations,
which limits their ability to detect other types of distributional changes. Moreover,
they often rely on certain assumptions about data distributions, such as normality

or known pre-change or post-change distributions (e.g., Zou et al., 2015). These
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motivate us to develop a distribution-free approach capable of detecting more general
types of distributional changes in online settings.

The recent literature on online change point detection can be roughly reviewed
from two perspectives, namely parametric and nonparametric methods. In the
parametric paradigm, some researchers extended the CUSUM statistic of Page (1954)
to the online change point setting. As discussed in Section 2.1, the CUSUM method
is also very popular in online change point detection. We introduce how CUSUM
can be applied here in the univariate case. Consider the same data setting as in
the parametric change point model (2.1), with univariate independent observations
X1, Xy, ... arriving sequentially. Denote the cumulative sum by S; = Zzzl X;. The
online CUSUM procedure stops at time ¢ when

S; — min S; > a, (2.16)

0<i<t

where a is a pre-specified threshold. If there is a significant positive mean shift
relative to the previous minimum cumulative sum at time ¢, then the statistic in
(2.16) becomes large and indicates rejection of the null hypothesis at time t. The

online CUSUM statistic can also be written recursively as

Zt = St - HliIl Sz = maX{Zt,1 + Xt, O}, (217)

0<i<t

where Zy = 0, and the procedure stops when Z; > a. We note that the above CUSUM
procedure is one-sided and only detects a positive mean shift. To address this issue,
one may use a two-sided or double CUSUM procedure proposed by Waldmann (1996)
to detect both negative and positive mean shifts. Building on the work of Page and
Wald, the online CUSUM procedure has been well studied in the univariate case.
This includes theoretical studies such as Lorden (1971) and Lai (1998). We refer
readers to Aue and Kirch (2024) for further details on online CUSUM procedures.
We now turn to some recent advances in online CUSUM procedures. These
include the moving window CUSUM (MOSUM) proposed by Horvéth et al. (2008),
the modified MOSUM (mMOSUM) proposed by Chen and Tian (2010), and the
functional online CUSUM (FOCuS) algorithm based on generalized likelihood ratios
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proposed by Romano et al. (2023). Also, Kirch and Weber (2018) studied some
of those CUSUM-based online detection approaches. These CUSUM methods are
shown to effectively detect changes in the mean of observations. Moreover, they
assume fixed or finite dimensions and require knowledge of pre-change or post-change
distributions, limiting their applicability to modern data stream settings featured by
high dimensionality and unknown complicated distributions. Likelihood ratio tests
have also been developed for detecting mean shifts in high dimensional observations
(e.g., Mei, 2010; Xie and Siegmund, 2013; Chan, 2017). However, their performance
often relies on assumptions of normality and independence. In addition, Bayesian
tests have been proposed for univariate data sequences (e.g., Adams and MacKay,
2007). In Section 6.4, we show that our proposed method outperforms some of these
approaches in the scenarios of correlated normal data as well as some non-normal
cases.

Nonparametric approaches are more challenging in the online setting due to the
lack of likelihood information or knowledge of the underlying data distribution (e.g.,
Wang and Xie, 2024). In the univariate nonparametric setting, Yu et al. (2023)
developed a CUSUM-based approach that controls both the ARL and the FWER
while minimizing the detection delay in a minimax sense. They also showed how
their method can be extended to estimate multiple online change points sequentially.
In the multivariate nonparametric setting, a popular class of nonparametric methods
uses the scan B-statistic based on kernel Maximum Mean Discrepancy (MMD) (see,
e.g., Li et al., 2019b). Wei and Xie (2026) proposed a computationally efficient
kernel-based CUSUM method for online change point detection. They showed
that their method is effective in detecting small changes compared with the scan
B-procedure. However, their work mainly focuses on multivariate settings with
moderate dimensions. In their simulation settings, the dimension is fixed at p = 20
while the sample size is in the thousands. They also noted that extending kernel-based
methods to high dimensional settings is challenging due to the curse of dimensionality
(see Ramdas et al., 2015; Reddi et al., 2015). Another strategy for handling high
dimensional data is to use the interpoint distances among observations. Currently,

most existing dissimilarity-based methods are developed for offline change point
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detection (e.g., Matteson and James, 2014; Li, 2018; Drikvandi and Modarres, 2025;
Zhang and Drikvandi, 2025). Substantial effort is required to extend such methods
to the framework of online change points. Some nonparametric online change point
methods have recently been developed for specific data applications. For example, Li
and Li (2023) proposed an online procedure, building on Avanesov and Buzun (2018),
to detect changes in the covariance structure of dynamic network data. Austin
et al. (2023) developed a nonparametric likelihood test to monitor the operational
performance of network devices. It is worth mentioning that there are a few other

methods for sequential change points, which are reviewed in the recent review paper

by Wang and Xie (2024).
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CHAPTER 3

Distance-based CUSUM for high dimensional change points

In this chapter, we introduce distance-based CUSUM for change points (DCCP), a
nonparametric approach for detecting high dimensional non-sparse change points
(Zhang and Drikvandi, 2025). In Section 3.1, we discuss the key challenges in high
dimensional change points that motivate our methods. In Section 3.2, we present the
AMOC model in a nonparametric setting. In Section 3.3, we develop distance-based
CUSUM statistics and a permutation test to form a nonparametric procedure for
estimating the change point and constructing its confidence interval. Furthermore, we
provide a single change point detection algorithm for high dimensional observations
(n x p data matrix with p > n). In Section 3.4, we derive asymptotic results for the
distance-based CUSUM and prove consistency of the estimated change point under
the alternative when p > n — oo, with some conditions. In Section 3.5, we provide
some concluding remarks for this chapter. In Section 3.6, we provide the technical
proofs for all theoretical results developed in this chapter. Furthermore, we conduct
the simulation studies for single and multiple change point detection, as well as the

real data applications, in Chapter 4, Sections 5.3 and 5.4, respectively.
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3.1 Challenges in high dimensional change points

With the rapid developments in computing mechanisms and data storage, the world
has already entered the era of big data. This attracts wide attention because
it appears in numerous modern applications. A key feature of such data is the
presence of thousands or even millions of variables per subject or individual. So, high
dimensional data are an important aspect of big data, where the number of variables
greatly exceeds the number of observations (p > n). An illustrative example is
provided in Figure 1.1. Such data examples appear in many fields, including financial
applications such as stock returns of hundreds of companies in the S&P 500 index
(e.g., Zhang and Drikvandi, 2025), genetic studies with tens of thousands of gene
expressions (e.g., Wang and Samworth, 2018), functional magnetic resonance imaging
(fMRI) studies in neuroscience (e.g., Zhong et al., 2021), human activity recognition
(e.g., Zhang et al., 2025), network traffic detection (e.g., Lévy-Leduc and Roueff,
2009), natural language processing, and astronomy for detecting distant galaxies
(e.g., Enikeeva and Harchaoui, 2019).

In change point problems, high dimensional data often provide richer information
for analysis but are considerably more challenging to handle, particularly from a
theoretical perspective. Due to the curse of dimensionality and related difficulties,
classical methods often fail to work in high dimensions. For a general review of high
dimensional statistics, see Biihlmann and Van De Geer (2011); Giraud (2021). We
next highlight the key challenges specific to change point problems.

For parametric change point methods, obtaining a reliable covariance estimate
is difficult when the dimension is larger than the sample size. In high dimensional
settings with n < p, standard estimators become singular or poorly conditioned,
which leads to poor results. An accurate covariance estimation requires sample sizes
that grow with the dimension, yet in practice high dimensional data often come with
small n. Consider the sample covariance matrix 3 = X "X with X € R™ (all
columns centered) and 3 € RPP, Simple algebra shows the nonexistence of s

because

rank(2) < min(rank(X "), rank(X)) < min(n,p) = n < p.
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Therefore, 3 is not invertible in high dimensions when n < p.

The nonexistence or ill-conditioning of f)_l makes routine change point methods
struggle in high dimensions. For example, the Hotelling’s T test in (2.5) is impractical
in this case. The classical CUSUM method in (2.8) is also not applicable. Several
methods have been developed to estimate covariance matrices in high dimensions (see
Cai et al. (2016) for a review). These methods rely on structural assumptions such
as sparsity or banding and require tuning, which complicates their use in CUSUM or
likelihood-based procedures and in the associated theory. These issues raise the need
for developing test statistics for high dimensional change point problems that avoid
using covariance matrix inversion.

Another challenge is that traditional methods lack theoretical justification under
high dimensional asymptotic settings. Classical results typically assume n — oo
with fixed p, such as the limiting distribution in (2.8) for the CUSUM method and
Theorem 2.2.1 for energy distance-based procedures. These approaches perform well
in low dimensional settings; however, modern datasets often violate this assumption.
Recall that in genomics, there may be only a few patients while the number of
measured genes is in the thousands or even millions. In finance, fluctuations in
stock prices across hundreds of companies are often more relevant in the recent
three months than in the past ten years. Consequently, asymptotic regimes such as
p > n — oo or p — oo with fixed n (HDLSS data) are important but have been much
less studied in change point analysis. In these regimes, the null distribution is difficult
to characterize, complicating calibration to a target type I error level a € (0,1).
This limitation prevents direct extensions of classical methods and motivates the
development of test statistics specifically designed for high dimensional change point
problems.

Another challenge in high dimensional change point problems is detecting non-
sparse change points. Many existing methods assume normality and sparsity, which
reduces the problem to a low dimensional structure (see Wang and Samworth, 2018;
Enikeeva and Harchaoui, 2019), and then apply classical procedures such as CUSUM
or likelihood ratio tests. When these assumptions fail, their test power often drops

substantially. In many applications, the change is dense, with many coordinates
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shifting by small amounts. As an illustrative example shown in Figure 1.1, during
the COVID-19 period, most companies experienced fluctuations in their stock prices.
In such dense patterns, coordinate-wise tests (e.g., random projection approaches)
and sparsity-based procedures lose information across coordinates and underperform.
In Chapter 4, we show that several of the parametric methods perform poorly in
these scenarios.

To construct change point tests without relying on sparsity and normality as-
sumptions, many nonparametric methods use distance functions, especially the Lo
norm (Euclidean distance), to build a formal nonparametric test (see Matteson and
James, 2014; Chen and Zhang, 2015). However, the Ly norm distance diverges as the
dimension p increases. To see this, let X{,..., X,, be ii.d. p-dimensional standard
normal observations. Then ) 7 | X3 ~ XZ with mean p and variance 2p. By the

central limit theorem, as p — 0o, one can show that

D 2
=1 Xi— D

2

Let g(x) = v/x. Since the derivative of g(x) is ¢'(z) = 1/(2y/x), we have ¢'(p) =
1/(24/p) # 0. By the Delta method, Hall et al. (2005) showed that

B N(0,1).

p
X = (2x2) " = vi+0p(0)
=1

as p — oo. Similarly, because X;; — X;; ~ N(0,2), we obtain Y 7 (Xy— Xj)? ~ 2)(}2,.

Therefore, one can show that

p

1%~ Xl = (0~ X0?) " = V2 + 0p(1),

=1

as p — oo.

Thus, pairwise Ly-norm distances grow at a rate ,/p. This distance divergence
can make Euclidean distance-based tests unsuitable in the high dimensional regime.
For example, the assumptions in Theorem 2.2.1 may fail, since E(|| X |5+ ||Y||5) can
be unbounded as p — co. In Figure 3.1, we illustrate the pairwise Ly-norm distances

between p-dimensional standard normal observations for p € {5, 10,100, 1000}. It
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can be seen that the distances increase with p (at a rate /p). Moreover, in Figure 3.2,
we report the pairwise L; norm (Manhattan) distances. It can be seen that the
Manhattan distances exhibit the same divergence phenomenon and increase even
faster than the Euclidean distances. Empirically, the L, distances grow approximately
linearly with p. We later address these divergence issues in Section 3.3.

A related implication of divergent distances is the loss of locality in high di-
mensional settings. As p increases with fixed n, the minimal pairwise Euclidean
distance grows, and most pairwise distances become nearly equal. In this regime,
“nearest neighbors” are not meaningful. So, estimators based on local averaging (e.g.,
k-nearest neighbors and kernel smoothing) do not behave as intended. As shown in
Figures 3.1 and 3.2, the histograms shift to the right and tighten, which leaves each
point far from the others and at roughly the same distance as p grows.

Kernel-based methods that depend on Euclidean distance are affected for the
same reason as above. Gaussian and Laplace kernels map distances to similarities.
When distances are nearly equal, the kernel values are almost constant, which
reduces performance (see Ramdas et al., 2015). These effects explain why classical
distance-based procedures are not suitable in high dimensional settings. These
reasons motivate the use of rescaled or modified dissimilarity measures, which we
introduce later in Section 3.3.

Another difficulty in high dimensional change point problems is the increasing
computational cost. Basic operations with a p X p matrix, such as multiplication
or inversion, require on the order of p® operations with a > 2, so repeated use is
expensive when p is in the thousands. For example, covariance-based tests require
repeated inversions of p X p matrices, which is O(p?) per candidate split and becomes
impractical when p is large. Model (variable) selection that compares many subsets
quickly becomes infeasible: there are 2P possible subsets of p variables (each variable
is either included or not). Even with p = 30, this is 23° = 1,073,741,824 subsets (see
also Giraud, 2021).

Last but not least, most of the methods in the literature can only detect a change
in the mean or variance of observations. To detect other distributional (higher-order

moments) changes is even more challenging in high dimensional situations. One
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Figure 3.1: Histograms of the pairwise Lo-norm distances among n = 100 observations
generated from a p-variate standard normal distribution.
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Figure 3.3: The true detection rate (TDR) over 500 replications for five recent
methods in detecting a true change in the shape of distribution while the mean and
variance remain the same.

example is when there is a change in the shape of distribution while the mean and
variance remain the same. To illustrate this challenging problem, we here assess
the performance of five recent methods for high dimensional change points, namely
E.divisive by Matteson and James (2014), HDcp by Li et al. (2019a), Inspect by Wang
and Samworth (2018), Geometry by Grundy et al. (2020), and WBS by Fryzlewicz
(2014) (wbs with observation means), in the two simulation scenarios below.

For the first scenario, we generate 60 observations i.i.d. from a normal distribution
N(1,1) and 40 observations i.i.d. from an exponential distribution Exp(1). In the
second scenario, we generate 60 observations i.i.d. from N(1,1) and 40 observations
i.i.d. from a Poisson distribution Pois(1). In both cases, the distribution changes
after location 60, while the mean and variance remain unchanged at 1. Figure 3.3
shows the detection performance of these methods. All these methods perform poorly

in detecting such a change in the shape of the distribution.

3.2 AMOC model in the nonparametric setting

Since we want to develop a nonparametric approach, we do not impose any specific

assumptions on the underlying distribution of the data sequence. Our objective
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is to detect general types of distributional changes rather than a pre-specified one
(e.g., a mean shift), which aligns with real-world applications where the nature
of the change is often unknown. Accordingly, the AMOC model considered here
differs from the parametric model in (2.1). Let X4, X5, ..., X, be a sequence of n
random observations, each p-dimensional, with unknown probability distributions
Fi, Fy, ... F,, respectively. We here focus on a high dimensional sequence with
X, = (X1, Xi2,...,Xip), i =1,...,n, where n < p and furthermore the p variables
are potentially correlated. The change point problem can be generally formulated as

the following hypothesis test

HO:FleQZ"':Fn
(3.1)
HfF1::FT#FT+1:':Fn,
where 7 is an unknown change point location, with 7 € {1,...,n — 1}. If the null

hypothesis Hy in (3.1) is rejected, we infer there is a change in the distribution of
observations after location 7. Otherwise, we conclude that there is no significant
change point. We will discuss the problem setting of multiple change points given in

equation (5.1) in Chapter 5.

3.3 DCCP method and single change point detection
algorithm

As discussed in Section 3.1, detecting change points in high dimensional data is
challenging, especially in the HDLSS setting. This is because the sample size n is
very small compared to the dimension p so there is high dimensional noise to deal
with. Instead of searching for the change point location in the n x p data matrix,
an alternative strategy is to work with the n x n distance matrix of observations,
transforming the search to a lower n x n space as n < p. Detecting a change point
using the distance matrix was recently advocated by Drikvandi and Modarres (2025).
They showed that their method is effective for detecting high dimensional non-sparse

change points. This approach is unlike the dimensionality reduction techniques such
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as random projection (Wang and Samworth, 2018), geometric mapping (Grundy
et al., 2020), and principal components (Xiao et al., 2019), as they all directly reduce
the dimension of observations. The rationale behind this approach comes from the
following theorem in Maa et al. (1996) which shows that, under certain conditions,
a change in the distribution of observations can be reflected from a change in the

distances between observations, and vice versa.

Theorem 3.3.1. (Maa et al., 1996) Let Sy and Sy be two arbitrary countable sets,
and let X1,Xo,... ~ F and Y1,Yo,... ~ G be two independent sequences of p-
dimensional random vectors, where F' and G are two distributions. If h(X;,Y ;) is
any real-valued non-negative function on Sy xSy such that h(X;,Y ;) =04ff X; =Y,
then

WX, X)) 2nY, YY) 2nX,Y;) iff F=0G.

The choice of dissimilarity distance can be crucial in high dimensional situations.
As previously shown in Section 3.1, the Ly-norm distance || X; — X||, suffers from the
convergence issue when the dimension p grows. To address this issue, Hall et al. (2005)
introduced the modifier p~'/% to the Lyo-norm, which results in p~1/?|| X, — X,
This is known as the modified Euclidean distance. Similarly, the modified L;-norm
distance can be defined as p~' || X; — X||,. To put these together, we define the
modified distance d, (X;, X ;) as follows

4y (X5, X;) = (p —1Z|Xd X[ v (3.2)

where ¢ = 1,2. Note that d,(X;, X ;) can be extended to ¢ > 2; however, we
here establish our methodology with ¢ = 1,2 for the simplicity of exposition. The
following theorem shows the modified L,-norm distance d,(X;, X;) in (3.2) is a

metric for ¢ > 1. The proof, along with our other proofs, is provided in Section 3.6.

Theorem 3.3.2. Let ¢ > 1. The modified L,-norm distance d,(X;, X ;) in (3.2) is
a metric on the set {X1, Xo,..., X} forn > 3.

Both the dissimilarity distances in (3.2) with ¢ = 1,2 satisfy the condition of

Theorem 3.3.1, hence they can be used to help discover general changes in the distri-
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bution of observations (not just a change in the mean). Let X = [X 1, X, ..., X,]"
represent the entire n x p data matrix. Using the dissimilarity distance in (3.2), we
transform the n x p data matrix X = [X;],]_, into the n x n distance matrix

D = [d, (X, X;)|i, §—, with either ¢ = 1 or ¢ = 2 as follows

do( X1, X1) dg( X1, Xn)
d,(Xq9, X d,(Xs, X,

D= (X2, X1) o( X2 ) : (3.3)
(X0 X)) e (X0 X))

where ¢ =1, 2.

Example 1. To illustrate this process using a simple example with one true change
point, we randomly simulate 60 observations from a standard multivariate normal
distribution with p = 1000 and another 40 observations from the same distribution
but with a mean shift of 0.5 for all variables. So there is a true change point at location
60. Figures 3.4a and 3.4b show heatmaps of the lower-triangle of the corresponding
distance matrix D with both dissimilarity distances ¢ = 1 and ¢ = 2. For better
visualization, we remove the diagonals from the distance matrix D, which are all 0.
Moreover, both the modified Ly norm distance and the modified L; norm distance
converge to reasonable values even in high dimensional settings (p = 1000), in clear
contrast to the divergence phenomenon of the classical Lo-norm and L;-norm shown
in Figures 3.1 and 3.2. In Section 3.4, we will show that the distances d,(X;, X)
converge to some finite constants under some conditions. Clearly, the heatmaps show
that the observations from different distributions have larger dissimilarity compared
to those from the same distribution, which here is due to the change point at location

60.

To capture a systematic trend of change in the values of the distance matrix
D due to a potential change point (as in Figures 3.4a and 3.4b), we propose the
following distance-based CUSUM statistic for each i € {1,2,...,n}
kn—k); 1 & 1<
Ci(k) = (n — D dy (X5, X ;) - gqu (XZ-,X]-)>, (3.4)

n . -
j=k+1 j=1
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Figure 3.4: Illustrative example with a true change point at location 7 = 60
with p = 1000: figures (a) and (b) show heatmaps of the lower-triangle of
symmetric distance matrix D with both ¢ = 1 and ¢ = 2 respectively.

where k is a candidate search location with k& € {1,...,n — 1}. The distance-

based CUSUM statistic (3.4) has two main differences from the standard CUSUM
statistic C(k) = @ (n—ik D1 X — %Z?:l Xj>. First, it uses the pairwise
dissimilarity distances d, (X;, X;) instead of just the observations X, and X
themselves. Second, the distance-based CUSUM statistic (3.4) is defined for each
observation 7, i = 1,...,n, providing a sequence of n CUSUM values for each
ke {1,...,n —1}. In fact, the proposed CUSUM statistic (3.4) measures the
average distance differences among all observations before and after each candidate
search location. The computational cost for calculating the distance-based CUSUM
statistic (3.4) is O(n?p). However, when n is much smaller than p as in HDLSS
settings, the computational cost becomes O(p).

We use the proposed distance-based CUSUM statistics (3.4) to obtain the following
n x (n —1) squared CUSUM matrix
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Figure 3.5: Illustrative example with a true change point at location 7 = 60
with p = 1000: figures (a) and (b) visualize column sums of the squared
CUSUM matrix C, where the true change point location is highlighted by a
vertical dashed line.

where all the CUSUM values are squared in order to work with non-negative values.
All columns of matrix C in (3.5) contain information about the potential change
point location. We suggest estimating the change point location based on the column

sums of the squared CUSUM matrix C as follows

7 = arg max{% zj: Ci% (k) } (3.6)

1<k<n—1

For mathematical reasons, if the values % S Ci? (k) areequal forallk = 1,...,n—1,
then we set 7 = (), where the empty set () implies no change point is found.

The change point estimate 7 in (3.6) is actually the location of the maximum
column sums of squared CUSUM matrix C. To illustrate this using the previous
example, we visualize the column sums of the squared CUSUM matrix C for all
k=1,...,n—1in Figures 3.5a and 3.5b. These plots show that the true change
point at location 60 has the largest column sum value. We later prove in Section 3.4
that the change point estimate 7 is consistent for the true change point, say 7y, under

some conditions.

To test the statistical significance of change point estimate 7 in (3.6), we propose
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the following test statistic based on 7
T(7)==> C’(#). (3.7)

We use a permutation procedure based on the test statistic 7'(7) to conduct the
test of significance. Employing random permutations is helpful here because all
the observations X1, X,..., X, are exchangeable under the null hypothesis of
no change point in distribution. For this, in each permutation step, we randomly
permute the indices of all observations before and after the change point estimate
7, while holding the change point location, to get a random permutation sample
under Hy. Using formula (3.7), we compute a permutation test statistic based on
this permutation sample. Repeating this process S times, we obtain an approximate

permutation distribution of the test statistic 7'(7) as follows

S
o (u) = %Zn (T5,m(F) <u) VueR,

perm perm
s=1

where 1(-) is the indicator function and T}, (7) denotes the test statistic calculated
for the s-th permutation sample. We then calculate the p-value of the permutation

test as follows
1S
Pperm = L= GTﬁgerm (TObS(%)) = EZH (TSerm<%) > TObS(%)) ’ (38)
s=1

where Ti,p,s(7) denotes the test statistic for the observed data. Algorithm 1 summarizes
our distance-based CUSUM method for single change point detection.

In addition to the hypothesis test for verifying the estimated change point location,
we also construct a confidence interval for the change point location to quantify
the uncertainty of estimation. For this, we use a different permutation procedure
than the previous permutation procedure conducted under H,. We here obtain
a permutation sample by separately permuting observations before and after the
change point estimate 7 among themselves. The reason is that the observations

before the change point location 7 have the same distribution, and the observations

41



Algorithm 1: DCCP for single change point detection

Input: A data sequence or matrix of observations X = [X1, X, ... ,Xn]T.

Output: A significant change point estimate 7, or “NA” if there is no
significant change point.

Step 1: Calculate the n x n distance matrix D from the n x p data matrix
X.

Step 2: Calculate the squared CUSUM matrix C' using the distance matrix
D.

Step 3: Compute the change point estimate 7 in (3.6) and the test statistic
T(#) in (3.7).
Step 4: Test the significance of 7 using the permutation test.

Step 5: If the p-value pperm in (3.8) is less than « (our default is v = 0.05),
output 7 as a significant change point estimate. Otherwise, output “NA”
implying there is no significant change point.

after the change point location 7 also have the same distribution. For S random
permutations of this, we calculate the change point estimate 7 in (3.6) to get S
permutation estimates denoted by 7% = {%*1,%*2, e ,%*S}. We then construct a

100 (1 — «) % confidence interval for change point location 7 as follows

(2% — T(1—a/2)s 2T — 7:(2/2))’ (3.9)

where 77, 5 and 7}, o represent the (a/2)-th and (1 —a/2)-th percentile of 7~
respectively. We later give examples of this change point confidence interval in

Section 5.4.

3.4 Asymptotic results

In this section, we study the asymptotic behavior of CUSUM statistics C; (k) when
p > n — oo, which depends on the asymptotic limit of the dissimilarity distance
dy(X;, X ;). We also investigate the consistency of the change point estimate 7 =
argmax{< >"  C;* (k) } when p >n — 0o and p — oo with fixed n. To develop

1<k<n—1
the theory, we here define the following scalar term for ¢ =1 or ¢ = 2

Axx, = \JE(d(X. X)) Vi#) (3.10)
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which later appears in the asymptotic limit of both modified L;-norm and modified
Lo-norm distances.

Let 79 be the unknown true change point such that Fy = --- = F, ) # F 11 =
<o = F, with g € {1,...,n — 1}. We define two sets of indices, one for the

observations after location 7y and one for the observations before and including

location 7y, as follows
AL =1{1,..., 7}, A:_:) ={n+1,...,n}
We can then write for i # j that

)\A;()A;o = )\Xin VZ’] S A7

T0?

+

70

)‘AiOAiO =Ax,x;, Vi, j€A

AAT_OA% =Ax,x, VieA,, jeAl orVieAl jeA,.
The following lemma presents some Taylor expansion formulas for d; (X;, X ;) and

dy(X;, X ;), which we will use in our subsequent theoretical results.

Lemma 3.4.1. Suppose that 1y is a true change point location such that Fy = --- =
Fr,# Fry=---=F, withty € {l,...,n—1}. Consider d,(X;, X;) defined in
(3.2). We have for g = 1,2

4 (X, X ;) S

N
Ay Ay
2
(X, X
q i ..
MZl—G—L/ﬁAJr + Rt 4t VZ,]EA;;,
)‘A+ At 0470 704170
T0“7T0
2
(X, X
q i . _ . . . _
le—FLAfﬁ + Ry 4+ Vie A ,je Al orVie AL je AL,
>\ _ 704171 704170 0 0 0 0
A7 AF
T0°7T0
(X3, X 5) =N dg(Xa,X5) =N,y
where we have L ,— ,— = 00 Lo+ 4+ = 00 gnd L - 4+ =
ATO ATO 2)\2A_ A= ’ ATO ATO 2)\1_‘_ At ATO ATO
T0°°T0 T0°T0
dg(X 3, X )= _
20 gre leading terms of the expansions, while R - ,- = O(L2 )
2)\1_ At ) ATOAT0 A;OA:O )
T0°°T0
R+ 4+ = O(L? and R ,- .+ = O(L?_ are remainder terms.
Az Arg ( AioAiO) ArgAzy ( ATOAiO)

To derive the asymptotic limit with the modified Lo-norm distance dy(X;, X ),
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we make the following assumptions on observations X; = (X;1, Xjo, ..., Xjp), similar

to Hall et al. (2005):

(A1) Assume max maxE(X}) < oo.
1<i<n 1<I<p

(A2) Assume Y7 S0 Cov((Xy — Xj)?, (Xir — Xji)?) = o(p?) as p — oo, where
1A,

Alternatively, for the modified L;-norm distance d; (X, X;), we make the following

assumptions:

(B1) Assume max max F(X7) < oo.
1<i<n 1<I<p

(B2) Assume > 7 S0 Cov (| Xy — Xul, | Xir — Xjr|) = o(p?) as p — oo, where
1A,

With these assumptions, it is clear that Ax,x, < oo for 1 <4,j < n. Assumption (A1)
says that the fourth moment of random variables X;; is uniformly bounded. Assump-
tion (A2) imposes the weak dependence among the random variables, which is trivial
if the variables are independent. Hall et al. (2005) made assumptions (A1) and (A2) to
prove the high dimensional convergence of the modified Lo-norm distance, and these
assumptions are also used for change point analysis by Biswas et al. (2014), Li (2020),
and Drikvandi and Modarres (2025), among some others. Note that under assump-
tions (A1) and (A2), the weak law of large numbers (WLLN) holds on the sequence
{(Xa — X;)? : 1 <1< p}. Hence we have p (| X, — X,[3 — B (|1X, — X,[3) -
0 as p — oo. Similarly, for the modified L;-norm distance, assumptions (B1) and
(B2) ensure p~* (| X; — Xl — E (| X — X)) 5 0 as p — co. We note that
the assumptions for the modified Lo-norm distance are stronger than those for the
modified L;-norm distance.

The following theorem provides the asymptotic convergence of both the modified
Lyi-norm and the modified Ly-norm as p — oco. Note that none of the asymptotic
limits are exactly 0 even when observations X; and X ; have the same distribution;

in fact, the asymptotic limits depend on the scalar term defined in (3.10).
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Theorem 3.4.2. Consider the conditions in Lemma 3.4.1 and the distance function
d, (X, X ;) defined in (3.2). Under assumptions (A1)-(A2) or (B1)-(B2), as p — oo
we have for g =1,2

;

N9 4 op(1) Vi, j € Ay,

Ary Az,
dy (X3, X;5) = SN +op(l)  Vi,j€Af,
TOTT0
2 . : o
\/\A/%Aio—i_OP(l) Vie A, ,je Al orVie Al ,je A,

Remark 1. For the modified Ly-norm ds (X;, X ;), Hall et al. (2005) additionally
assume that p~'/2||E (X;) — E(Xj)||§ N ny; and tr(3;)/p N 0% as p — 09,

where o7 and 7;; are finite constants. With this, we can write

2_ 2. 2 2 . .2 . _

0F =07 1= 0y My = My s Vi,j e A,

2_ 2. 2 2 . .2 . "

0F =07 1= 0k Mg = Myt g Vi,j € AL,
2._ 2 2._ 2 2 . 2 - - +
o; = UA:O,O']- = UA;rO, Mij = nA:oAio’ VZGATO,jEATO,
2. 2 2. 2 2 . .2 . + . —
O 1= Oy 05 1= Oy T = M s Vie Al ,j €A,

where 77124?0“% = njioAT_o. Hence for ds (X;, X ), using Theorem 3.4.2 for ¢ = 2, we

have as p — oo

Mian, = 2002)7 Ay as = (203110)1/27

_ (2 2 2 1/2
Mat, = Magag, = (00 + 00 + M40 )
We note that dy (X;, X ;) does not exhibit a similar property due to the absolute

values in the modified L;-norm distance.

Remark 2. In theory, the choice between d; (X;, X ;) and dy (X;, X ;) depends on
their asymptotic limits. The above remark states that d, (X;, X ;) can be expressed
in terms of the mean and variance of observations only, and therefore dy (X;, X ;) can
mainly detect changes in mean or variance of observations. However, the asymptotic

behavior of the (modified) L;-norm distance is more sophisticated and general. It
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has been shown to be more advantageous than the (modified) Ls-norm distance for
detecting marginal distributions in high dimensional settings (see Zhu and Shao,
2021), and it can detect any changes in the marginal distribution of data under the
above assumptions. In Subsection 4.3, we will show via simulation studies that our
CUSUM statistic based on the modified L;-norm distance can detect a change in the
marginal distribution while the mean and variance remain unchanged. As previously
shown in Section 3.1, this is a challenging problem for which many existing methods

struggle to work.

We now provide the asymptotic limit of the distance-based CUSUM statistics

(3.4) when p > n — oc.

Proposition 3.4.3. Consider the conditions and assumptions in Theorem 3.4.2. As

p >n — 00, we have for ¢ = 1,2 that

(

e (N =N ) hor(l) Vi€ A Vk e A\ {n),
= (W e =N ) Hop(l) Vi€ AL Vke AL\ {n},

T0(n—70) (/\2/q . /\2/q ) + OP(l) Vie A;O and k = 70,

(k) = ni Az, A AryArg
ro(: 70) (AZ/,%A% _ AZ/%A%) +op(1) Vie Al and k = 1o,
W (Ai/%Aio B AX%A;O) +op(1) Vi€ Ay, Ve An \{n},
\TFO nok ()‘ix/izAio - )‘Z/%Aio) +op(1) Vi€ An, V€ An A\ {n).

Under the null hypothesis Hy of no change point, it follows from the results of
Proposition 3.4.3 that C;(k) = op(1) for alli =1,...,nand k =1,...,n — 1 as
p > n — oo. This is because A AnAn, = A Ab AL = A A AT under Hy. The following
theorem proves the consistency of our CUSUM test for single change point detection

when p > n — oo, using either of the modified L;-norm and Ls-norm distances.

Theorem 3.4.4. Consider the conditions in Lemma 3.4.1 and the distance function
d, (X, X ;) defined in (3.2). Under assumptions (A1) - (A2) or (B1) - (B2), we

have as p > n — oo that
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(a)
max {% Zq?(k) — $(k)1L(k = 70)} = op(1),

1<k<n—1
mn which
n—70)270k (\2/ 2/ 2 n—70)>k (\2/ 2/ 2 _
i (W e =N ) Sy O - ) Yk e A7\ {mo),
— { 10’ (n=70) (\2/4 _\2/q 2 | 1o(n—70)*(y2/q _\2/q 2 _
o(k) n’ (AA%A% AA%A%) T (AA%A% AA%A%) k=,
702 (n—k 2/ 2/ 2 702 (n—70)(n—k 2/ 2/ 2
%(M;{i% - AA%AT_O) + %()‘A%A% - )\Ag)/\i}]) Vk € A%\ {n}.

(b) the change point estimate 7 = argmax { = 31" | C*(k)} is consistent for 7o when
1<k<n—1
p>n—0o0 as

T — T0 = OP(]_).

Theorem 3.4.4 shows our change point estimate 7 is consistent with the true change
point 7y under the alternative hypothesis when p > n — oco. Does this result hold
for p — oo but with fixed n, as in HDLSS data? The following result answers this

question.

Theorem 3.4.5. Consider the conditions in Lemma 3.4.1 and the distance function
d, (X, X ;) defined in (3.2). Under assumptions (A1) - (A2) or (B1) - (B2), we

have as p — oo that

n

13%125_1{% Z Cf(k)} = ¢(k)1(k = 1) + op(1),

where ¢(k) is given in Theorem 3.4.4.

Remark 3. The results in Theorems 3.4.4 and 3.4.5 can be extended to distance-
based CUSUM using other dissimilarity measures. This raises the question of how to
choose an appropriate distance for high dimensional data. We recommend selecting
a distance that converges in the high dimensional regime (p — o0) and exhibits
distinct asymptotic limits for pairs of observations drawn from the same distribution

versus different distributions, as established in Theorem 3.4.2.
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3.5 Concluding remarks

In this chapter, we have discussed the main challenges of high dimensional change
point analysis. To address these challenges, we have proposed distance-based CUSUM
statistics for detecting a single change point in high dimensional observations, which
do not require normality or any other distribution for the data. Under the alternative
hypothesis, we have studied the asymptotic properties of the proposed distance-based
CUSUM statistic as p > n — oo. Furthermore, we have proved that our change point
estimate is consistent with the true change point under suitable conditions. A main
advantage of the distance-based CUSUM statistics is their capability in detecting
more general types of changes, including linear and non-linear changes such as a
change in the mean, variance, correlation, and other distributional changes. Also,
due to the nature of the distance functions used, our distance-based CUSUM method
is particularly suitable for HDLSS data when the sample size is very small compared
to the dimension. In the next chapter, we will demonstrate these advantages via

extensive simulation studies.

3.6 Proofs

Proof of Theorem 3.3.2

Consider the definition of d, (X;, X ;) in (3.2). We can easily observe d, (X;, X;) =0,
d, (X;,X;)>0andd,(X;, X;) =d, (X, X;). To prove the triangle inequality of
d, (X;, X ;) for observations X1, X»,..., X, with n > 3, we have

1/q
d (XzaX ( _IZ|le ]l| )
/g q 1/q
=p <Z|Xil_le| )
=1
1y P q 1/q
=p q<Z|Xil_Xkl+Xkl_le|>

(S xar) " (S ) )
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1y - A\ Ly P 1
=p q(Z|Xil_Xkl| > +p q(Z’Xkl—XM )
=1

=1

= dy (X, X0) +dy (X1 X))

Hence, d, (X, X;) < d,(X;, X) + d, (X, X;) for n > 3. This completes the

proof.

Proof of Lemma 3.4.1

First, applying a Taylor expansion for the function f(t) = (1 +#)'/2? around ¢ = 0,
we can write

fit) =1+ %t + R(t), (3.11)

where R(t) is a remainder term. For the caseof ¢ = 1, let ¢ (X;, X ;) = (dy (X;, X ;) —
Ai?oA?o)/)\i‘?oA?o for all i, j € A and i # j. Using (3.11), we obtain for all i, j € A
and ¢ # j that
(X, X

An Any

o ) N )2 2 . . .
where Laza;, = (dy (X4, X ) )\A;OA;O)/Q)\A;OA;O is the leading term of the expansion,
and R A A7, 1S the remainder term. To understand the asymptotic behavior of
the remainder term, we use the remainder estimation theorem (see Apostol, 1967,
Section 7.9) and the fact that f(¢t) = (1 + t)'/2 is twice differentiable on some
interval containing ¢ = (. This means there exists a positive constant M such that
|f"(t)] < M, and therefore the remainder term satisfies

M|t]*  Mt?
< — = —.
-2 2

R .-
‘ A Ary

_ 2
Hence, we have R, - = O(L e A?o)'
Similarly, using (3.11) and letting ¢ (X, X;) = (dy (X5, X;) — N1 0 ) /N s 5
070 0770

we find for all 4, j € Af and i # j that

4, (X, X ;)

:]‘—I—LA.,TAi +13A.,J.FA,JT’
) 04170 0470
A7 AT,
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where L4 44 = = (di (X, X ;) — A+ rs )/2X% . e is the leading term and R4 4+ =
7-0 T T

O(L?4+ A+

Similarly, using (3.11) and letting ¢ (X;, X;) = (di (X, X;) — A At )/)\2 gt

70

j € Az that (with i # j)

) is the remainder term.

we obtain for all i € A, ,j € Af and i€ A},

T0?

d,* (X, X ;)

:1""[04:14?r +RA;Aja
>‘A_A+ 0170 0470

where LA"TOA;"—O = (dl (Xz, X])

A e )/2X% - ar is the leading term and R~ 11 =

O(Li1 At ) is the remainder term.
The proof with ¢ = 2 is similar. Let ¢ (X;, X ;) = (d3 (X, X ;) — )\124 e )//\124 An

and using a similar Taylor expansion as above, we first expand ds (X ;, X j) / A Ar Ay in
the same manner. Repeating the same Taylor expansion for ds (X;, X ;) /A at 4t and
dy (X4, X ) //\A?oAio’ we then get the result of the lemma for the case of ¢ = 2. We
note that the idea of applying Taylor expansion to the same function f(t) = (14¢)'/?
has been used in Zhu et al. (2020). However, our result has two main differences from
their paper: (i) our Lemma 3.4.1 applies to both the modified L;-norm distance and
modified Ls-norm distance, whereas their result deals with the L, norm distance;
and (ii) our method applies Taylor expansion to the modified version of the L; norm
and L, norm distances while their paper considers Ly-norm without modification for

growing p.

Proof of Theorem 3.4.2

We first give the proof with the L;-norm distance d; (X;, X ;). Using Lemma 3.4.1,
for all i,j € A7 and i # j, we get from (3.12) that

1/2
dl/ (Xia Xj) = )‘A;OA;O + )‘A;OA;O LA:OA;O + )‘A;OA;O RA:OA;O> (3-13)

where L~ - = = (di (X;, X ;) — )/2)\A e is the leading term, and R~ - =

O(LIQ4 e ) is the remainder term. Under Assumptions (B1) — (B2) and using the

weak law of large numbers, we have d;(X;, X ;) — )\124 an = = op(1) as p — oco. Hence,

since A4~ 4~ < oo under Assumptions (B1) - (BQ), we have L, ,— = op(1) as
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p — 00 and consequently Ay~ - Ly, = op(1) as p — oo. Plugging this in (3.13),

it then follows that
1/2

. _ _ 2 _
as p — 00. Since Lpzaz = op(1) as p — oo, we also have Ry 4z = O(LA;OA;O) =
op(1) as p — oo. This implies Mz Basar, = op(1) as p — oo because Aran, <
oo under Assumptions (B1) — (B2). Inserting this in (3.14), we get the asymptotic
limit of d}/Q (X, X ;) as follows

2
4, (X, X;) = A az, Top(l),

2

as p — 00. Using the continuous mapping theorem and that g(u) = u* is a continuous

function, we then have
dl (XZ, X]) = )\Z;OA;(J -+ 0P(1)>

as p — 0o. We apply the same procedure as above for all 7, j € Aj_[), as well as for all

i€ AL,

j €Al andic Al je€ A, to find

(

)\‘247_014:0 +op(l)  VijeAL,

dy (X4, Xj) = 4 N2

.o +
A-,J-FOAJF +OP(1) VZL] GA

Y
T0 7o

N +op(l) VieA_,je Al or Vie Al je AL

\ " Ar Aio 0 70

as p — oo. This completes the proof for the case of ¢ = 1.

The proof with the Lo-norm distance dy (X;, X ;) is very similar, so we skip it
here. We just note that for the case of ¢ = 2, under Assumptions (A1) - (A2), the
asymptotic convergence of dy (X;, X ;) is obtained in the same manner but without
applying the continuous mapping theorem in the final step, which makes the proof

for ¢ = 2 slightly simpler.
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Proof of Proposition 3.4.3

We first give the proof for the case of ¢ = 1 which is with the L;-norm distance
di (X, X ;) as p > n — oo under Assumptions (B1) - (B2). Considering the results
of Theorem 3.4.2, the asymptotic limit of C;(k) in (3.4) obviously depends on the
relation between i, k, and 79. We recall that i € {1,...,n}, k € {1,...,n— 1}
and 79 € {1,...,n — 1}. We here use the indicator function 1(-) to clarify the
different cases of this in our proof. Obviously, d; (X;, X ;) =0if i = j. First, for all
i€ AL ke A\ {7}, weget asp>n — oo

Ci(k)1(i <k <)

n k
_ \/m(nik Z dy (Xinj)_lledl (Xz'an))

n .
j=k+1
_ Vk(n—Fk)
= Z di (X4, X)) Z di (X, X ;) Zdl X, X;)
" ] =70+1 ] =k+1
k(n—k) n—1. 4 70—k 9 k=1,
= A —— N N, 1
n (n - k AT0A+0 + n — k' ATOATO k‘ ATOATO + OP( ))
E(n—k) n—1y 9 ko ) .
_ - (n_kAATOA++n_kAATOA, X 4 )+ 2/~c N az, Hor()
 VEk(n—k) n n ) 1 1,
_ - (nkaA A+_n7k)‘ATOATO)+ = SN Hor(D)
_TZ—T() k 9
on n—k()\A AL )‘A VAT )+0<1)+0P<1)7

where we note that \/E — —)\2 - A is negligible when n grows to infinity. We
70

similarly get as p > n — o0

C; (k) 1(k < i < 7o)

\/k(i

k
— - Z dl Xl,X k‘;dl (Xi7Xj))

J =k+1
VEG

j =7o+1 a k+1 J=1
E(n—Fk) n—1y To—k—1, 2
= A 7)\ - =N - 1
n (n—k: Az A, n—k ~Andrn  Angdr +or(1))
= P A = A Ao 1
n (nfk: 0 A% 5 nfk ArgAry T ArAr ) n?(n — k) Andn +or(l)
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= A - — )= /= A - 1
n (n— k AfoAj'—o n—=k ATOATO) n(n— k’) n2" Arndn +0P( )
n—mTo k

_ 2 2
T n n_k()‘A:OAiO _)‘A:OA:O) +o(1) + op(1).

Hence, for all i € A,k € A \ {70}, we have as p > n — oo

Ci (k) = Ao b — A - 1).
(%) n n— k( Az Ad, AToATo) +or(1)
Repeating the same calculations as above for alli € {1,...,n}and k € {1,...,n—1},
it is straightforward to obtain the asymptotic limit of C; (k) when p > n — oo as
follows
n;‘l‘o \V/ TEIC(AZ;OA;*‘O B /\1247_0147_0) + OP(l) Vi€ A;O,\V/k € A;O \ {TO}7
n—19 /|_k : —
TO ﬂ()\iioAjo — )\124;01474[0) + OP(l) VZ S A%,Vk € ATO \ {7'0},
T0(n—70) /\2 2 . _
Y (N_ &+ — A _ ,_)+op(l) Viec A, andk =T,
C’L(k) == ( )( ATUAi—O ATOATO) 0 (315)
W()\Z%A% - )\124:0‘4:50) +op(l) Vie Af and k=7,
T n—k . _
WO V T(AZ;OA% - /\31;014;0) + OP(l) Vie AT07Vk € A;rg \ {n}a
%wﬂ%EOi%m%—Ai%A%)+Opﬂ) Vie A} Vke AL\ {n}.

This completes the proof of the proposition for ¢ = 1.
We then provide the proof for the case of ¢ = 2, which is with the Ls-norm
distance do(X;, X;), although the proof is similar to the case of ¢ = 1. For this,

under Assumptions (Al) - (A2), we have for all i € A, k € A7 \ {7} that as
p>n— oo

Ci (k) 1(i < k < 10)

VEk(n—k

n k
_ Y b (xex) - 1Y b (X0 X))
j=1

n

Jj=k+1
k(n—k) 1 n 1 70 1k
A s S - )
j=mo+l Jj=k+1 j=1
_ Vk(—k) n—m T —k k-1
B n ( n—k AnAd T n—k TAnAn T)‘A;OA;O + OP(l))

_ vk —k)n—m 0~k ¢nk
= n ( n—FkL )\AIOAZ—LO + m)\A;OA;O - )\AT—OA;O) + W)\A;OA;O +op(1)
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. k(n—k) n—1o n—1 1 1
= " (n _y AA;OA;“O Tk )‘A;OA;O) TVoE ﬁ)‘A:OA;O +op(1)

_n—=19 L _
= ——\ 5 Pagas, — A an,) o) +op(1),

where @/n—lk — n—12)\ A Az, is negligible when n grows to infinity. We similarly get as

p>n—0o0

C; (k) ]l(k <1< 7'0)
k

kEn—k), 1 1
= n (n—kz da (Xz‘qu)—%ZCb (Xi, X))
j=k+1 j=1
k(n—Fk),6 1 " 1 1k
=G 2 XX+ d L B (X X)) = 1) da (X0 X))
J=T0+1 j=k+1 j=1
k(n—k), n—m To—k—1
- n (n —k AA;OAij + WAA;OA;O B AA;OA;O +op(1))
_Vk(n—k) n—m 70—k k
= Gy T T M an, ~ Aan) — W20 = ) AnAn T op(1)
. k(?’L—]{?) n—1 n—1m 1 1
= o (n — )\A;OA:rO T n—k A;OA;O) - m - ﬁAAT‘OA?O +op(1)
n—mTo k
= Vn_x ()‘A:OA:rO = Az az) + o) +op(1).

Hence, for all i € A- k€ A_ \ {70}, we have as p > n — oo

70

n—mT k

Ci (k) 2 (/\A;OAiO - /\A;OA;O) +op(1).

n n —

Repeating same calculations as above for all i € {1,... ,n} and k € {1,...,n— 1},

it is straightforward to obtain the asymptotic limit of C; (k) when p > n — oo as

follows
(
nemu JR (g ar = Mgz 4 ) Hop(l) Vi€ A7 Vk € A7\ {m},
= ﬁ(AAiOAiO - )\A:OAij) +op(l) Vie AL, Vke AL\ {7},
T0(n—70) . B
Ok = @(AAZOAJFO - AA;OA;O) +op(l) Vi€ A and k = 79,

e (Mazat = Aazaz) top(l) Vi€ Al and k=,

n

B s ar — Aaaz ) Top(l) Vi€ AL VE € AL\ {n},

TV Qg ay, = Aagaz) Hor(l) Vi€ AT VE € AT\ {n}.
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This completes the proof of the proposition for ¢ = 2.

Proof of Theorem 3.4.4

(a) For the simplicity of presentation, we here only give the proof with the L;-
norm distance d; (X;, X ), because the proof with the Ly-norm distance dy (X;, X ;)
is very similar. Under Assumptions (B1) - (B2) and using (3.15), we obtain the
asymptotic limit of L >  C;* (k) for all i € {1,...,n} and k € {1,...,n — 1} as

p >n — 0o, as follows
1= o
~ > CRR)I(k < m)
i=1

1 70 n
Zg(ch(k)ﬂ(k<m,i§ro)+ > CHE)L(E < 10,0 > o))
i=1

i=Tp+1
(n—70)* 0k (1 2 2 (n—10)’k ., 2 2
— m()\A;OAiO - )\A;OA;O) m(AA?oA% — )‘Ai’OAiO) + op(1)

= ¢(k)1(k < 70) +op(1),

B A
i=1

1 70 n
= (D CiR)1(k=m.i<m)+ Y CHk)L(k=r,i>m))
i=1 i=10+1

2 2
_ 70 (n—10) /2 2 2, 10(n—"10) 2 2 2
3 ()‘A;OAiO - )\A;OA;O) + ()‘A;OAiO - /\AiOAiO) +op(1)

= ¢(k)1(k = 70) + op(1),

:LG: C2(k)1(k > 1)
=1

1 T0 n
= (D CHRLk > roi <o)+ Y CHR)L(k > 70, > 70))
=1

i=T19+1
3 2
_ 70 (n—k) 2 2 2, 10°(n—m)(n—k) 2 2 2
= Cagay “Xana) T Wy A ag) Tor()
= ¢(k)L(k > m0) + op(1),
where
n—70)37ok 2 n—79)%k 2 _
(n:’(z)*k()) ()‘124?0Ai0 B )\124¥0A?0) + (n3(nof)k) ()‘?4:014;) B /\iioAio) ’ vk e A\ {7},
— 702 (n—T 2 To(n—70)2 2
k) = P (VL e =N )T R (Ve N L) k= o,
703 (n—k 2 702 (n—70)(n—k 2
(- )(/\i:oAio _AZIOA:(,) + ninm)nk) (AZ;OA% —AZ%A%) , Vke AL\ {n}.

(3.16)
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Using (3.16), we find that

¢(k)L(k = 70) — ¢(k)L(k < 70)
_ nro(n —10)(70 — k)
N n3(n — k)

_ )2 )2 + n(n — 7'0)2(7'0 —k) ()\2

2 2
(/\A WAL TAL AL n3(n — k) A AL /\AiOAiO)

> 0.

Similarly, we use (3.16) to find that ¢(k)L(k = 70) — ¢(k)L(k > 79) > 0. Putting

these two together, we have for all k € {1,...,n — 1} that as p > n — oo
(dnax {¢(k)} = max {¢(k)1(k # m0) + (k) 70)} = o(k)1(k = 7). (3.17)

Therefore, we have as p > n — oo

1<I£1<a§_1{% Z: CH(k) — (k) 1(k = 70)}

= max {{6(R)1(k = m) +0p(1)} — 6(k)1(k = 7) } = 0p(1),

1<k<n-—1

which shows that £ >"" | C?(k) achieves its maximum at k = 7. Illustrative examples
of this property are already shown in Figures 3.4 and 3.5 in the main thesis. This
completes the proof of part (a).

(b) To prove part (b), we use the result in (3.17). We thus have as p > n — oo

%:argmax{ 202 }

1<k<n-—1

—argmax{ 202 1(k # 10) + %ZCE(I{)E(R:TO)}

1<k<n—1

= g max{¢<k>ﬂ<k # 10) + 0p(1) + 6(k)L(k = 1) + 0p(1) }

1<k<n—1

LN argmax{@(k)L(k # 7o) + ¢(k)1(k = 709) }

1<k<n-—1

= arg max{¢(k)}

1<k<n-1

= To,

where the last equality is obtained using (3.17). Hence, 7 — 79 = op(1), where op(1)
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follows from the third equality above. This completes the proof of part (b).

Proof of Theorem 3.4.5

Using the same calculation of ¢(k) given in (3.16) as in Theorem 3.4.4, as p — oo

we have

max {% ZCf(k)} = ¢(k) 1(k = 70) + op(1),

1<k<n-—1

where ¢(k) is given in (3.16) and n is fixed. This differs from part (a) of Theorem 3.4.4,

where we showed that, as p > n — oo,

1<k<n—1

max {% ilcf(k) (k) 1(k = TO)} — op(1).

Apart from this adjustment, the proof can be followed in the same way as in Theorem

3.4.4.
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CHAPTER 4

Numerical results for a single change point scenario

In this chapter, we conduct extensive simulation studies to evaluate the numerical
performance of our proposed DCCP method in Chapter 3 for a single change point
scenario. We consider the DCCP method based on both the modified L;-norm
distance, here called DCCP-L;, and the modified Ls-norm distance, here called
DCCP-Lsy. We compare our methods with four recent methods for high dimensional
change points: the divisive and agglomerative method of Matteson and James
(2014), called E.divisive; the random projection approach of Wang and Samworth
(2018), called Inspect; the method based on spatial and temporal dependence of
data proposed by Li et al. (2019a), called HDcp; and the graph-based method using
minimum spanning tree proposed by Chen and Zhang (2015), called MST. We
compare all the methods on their performance for detecting a single change point
under various high dimensional scenarios, especially for the challenging case when n
is very small compared to p. We will present the numerical results for the multiple

change point scenario in Section 5.3.
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4.1 A change in the mean of observations

We first consider the case of a single change point in the mean of high dimensional ob-
servations. In the simulations, we consider sample sizes n € {50,100} and dimensions
p € {500,1000,2000}. We here generate n random observations X, Xo,..., X,
from the p-variate normal distribution, where the first 3n/5 observations are drawn
from N (p,,3;) and the other 2n/5 observations are drawn from N (py, 32). We set
py =0, and py € {0,, (0.2 X 13,/4,0 x 1,4), (0.3 X 13,/4,0 X 1,,4) }, where 0, and
1, denote two p-dimensional vectors of zeros and ones respectively. This means there
is a change in the mean of observations for two cases of u,. We also consider two
covariance structures for variables: the identity matrix I, imposing an uncorrelated
covariance structure, and the autoregressive covariance matrix V,, := [O.E)Z_j lr—: X
imposing a correlated covariance structure. Note that the true change point lo;tgn
is 7 = 3n/5, except in the case of no change point, that is, when p; = p, = 0, and
X =%=1,

To measure the performance of all the above change point methods, we use the
true discovery rate (TDR) to assess the power in detecting the true change point, as
well as the root mean squared error (RMSE) to assess the accuracy of the detected

change point. Let R denote the total number of replications, and let 7(") denote the

detected change point in the r-th replication. The TDR is defined as follows

R

1
TDR = — > u{#) =1},

r=1

and the RMSE is "
1 o 1/2
RMSE = (}—_{ G —7)2) .

r=1
We consider 200 replications for each simulation scenario and use S = 500 random
permutations for our methods DCCP-L; and DCCP-L,. Table 4.1 reports the type I
errors of all the methods under the null hypothesis of no change point. It can be seen
that all the methods have a reasonably low type I error rate, close to the nominal
level 0.05.

Table 4.2 presents the RMSE results for each method in detecting the true
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Table 4.1: Type I error rate for all six methods over 200 replications in the case
of no true change point.

Type I error rate of all the methods

Case n P ,

DCCP-L; DCCP-L, E.divisive HDcp Inspect MST
50 500 0.03 0.02 0.04 0.05 0.06  0.03
50 1000 0.01 0.05 0.06 0.04 0.04  0.06

K1 = K2 = Opa
50 2000 0.02 0.04 0.02 0.03 0.07  0.04

1=3=1,
, 100 500 0.04 0.04 0.06 0.02 0.04  0.06

(same mean, same variance)

100 1000 0.04 0.02 0.08 0.04 0.04  0.02
100 2000 0.03 0.03 0.07 0.04 0.04  0.03

change point in the mean of observations for the case of uncorrelated variables (i.e.,
3 =1I,). The results indicate that our methods, DCCP-L; and DCCP-L,, perform
well and show good accuracy, similar to E.divisive and HDcp. For the small sample
size n = 50, Figures 4.1a and 4.1b visualize the TDR results for all the methods,
suggesting that our methods perform reasonably well in detecting a change in the
mean of observations compared to the other methods, with the detection power
increasing as the dimension gets larger. Note that the MST method is not very
competitive in these high dimensional scenarios, as it requires much larger sample
sizes, such as n = 1000 and p = 10, as in their simulation studies. Similarly, while
the Inspect method performs better than MST, it is still not very competitive in
these non-sparse high dimensional scenarios due to its reliance on sparsity and large
sample sizes, such as n = 2000, as in their paper.

The TDR results for a larger sample size n = 100 are reported in Figures 4.2a and
4.2b. We observe that all methods perform better than the results with n = 50, which
is expected since more information is available in this case. So far, we have conducted
simulation studies on detecting a change point in the mean of normal observations. It
has been shown that our method performs as well as other methods, with detection
power increasing as the dimension grows. This raises a natural question about
how our method performs for non-normal observations, such as data drawn from a

Student’s ¢ distribution. We evaluate this in Section 4.4.
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Figure 4.1: True discovery rate (TDR) of all six methods across 200 replications
for a single change point detection with sample size n = 50: figures (a) and (b)
show the results on detecting a change in the mean, and figures (¢) and (d) show
the results on detecting a change in the variance.
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Figure 4.2: True discovery rate (TDR) of all six methods across 200 replications
for a single change point detection with sample size n = 100: figures (a) and (b)
show the results on detecting a change in the mean, and figures (¢) and (d) show
the results on detecting a change in the variance.
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4.2 A change in the variance of observations

We next consider the case of a single change in the variance of high dimensional
observations. Using the same simulation setting as before, we here generate the
first 3n/5 observations from N (p,,3;) and the remaining 2n/5 observations from
N (py, 39), where ppy = py = 0,, 3y = I, and ¥y € {1.21,,1.31,}. Table 4.2
presents the RMSE results for each method in detecting a single change in the
variance of observations. Figures 4.1c and 4.1d visualize the TDR results for n = 50,
and Figures 4.2¢ and 4.2d show the corresponding results for n = 100. These
simulation results indicate that our methods, DCCP-L; and DCCP-L,, outperform
all the other methods in detecting a change point in the variance of high dimensional
observations. As expected, Inspect and HDcp show a poor performance here as they
are designed for detecting changes in the mean and not variance. Also, E.divisive
tends to improve only when both the dimension of data and the magnitude of variance
change get larger. We note that E.divisive requires a large sample size, such as
n = 600 and a small dimension p = 5 in their paper, as previously explained in

Section 3.1.

4.3 A change in the distribution while mean and
variance remain unchanged

We now consider a challenging problem for many methods in the literature when
there is a change in the distribution of observations but the mean and variance
of observations remain unchanged (see Zhang and Drikvandi, 2023). For this, we
investigate two cases both with n = 100 and p € {500,1000,2000}. One is to
generate the first 3n/5 observations all i.i.d. from a normal distribution N(1,1)
and the remaining 2n/5 observations all i.i.d. from Exponential distribution Exp(1).
Another is to generate the first 3n/5 observations all i.i.d. from a normal distribution
N(1,1) and the remaining 2n/5 observations all i.i.d. from a Poisson distribution
Pois(1). In these two cases, the distribution of observations changes after location

3n/5 while both the mean and variance remain unchanged and are equal to 1. The
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Table 4.2: Root mean squared errors (RMSE) for all six methods in detecting a

single change in the mean or variance of observations over 200 replications.

Case n

p

Root mean squared error of all the methods

DCCP-L; DCCP-Ly, E.divisive HDcp Inspect MST
50 500 9.29 9.69 7.47 8.75 6.25 16.15
0 (0 9x1 0x1 ) 50 1000 4.51 4.12 3.42 5.79 5.38  13.75
= = 2z X 4,U X ;
Hr="Tp Ba Sp/4 P50 2000 061 0.61 159 160 203 9.85
S =% =1,
- ) 100 500 3.42 4.97 3.61 3.51 570  25.67
(different mean, same variance)
100 1000 0.78 0.71 0.72 0.76 241 1824
100 2000 0.28 0.26 0.28 0.32 1.24 5.29
50 500 0.38 0.22 1.51 0.24 1.25 5.12
0 (0 3% 1 0x1 ) 50 1000 0.14 0.14 0.25 0.54 0.75 1.30
= Up;, = 20 X 13,0 XLy, )
H =V 2 o/ PN 500 2000 0.00 0.10 015 190 038  0.62
S =%, =1,
. ) 100 500 0.17 0.10 0.14 0.14 0.72 2.37
(different mean, same variance)
100 1000 0.00 0.00 0.00 0.00 0.54 1.20
100 2000 0.00 0.00 0.00 0.00 0.10 0.76
50 500 1.22 1.05 18.15 1858  7.02 1891
B —0 50 1000 0.37 0.33 17.76 18.31 5.52 1891
o= e =T 50 2000 0.00 0.00 1730 1811 471 19.00
S =1, =121,
] i 100 500 0.86 0.62 35.12 38.40 15.04 38.83
(same mean, different variance)
100 1000 0.17 0.17 30.55 36.81  10.59  39.00
100 2000 0.10 0.00 21.49 37.83  11.08  39.00
50 500 0.51 0.28 16.83 1855 6.22  19.00
B _o 50 1000 0.14 0.10 14.96 1859  6.24  19.00
Ho = e =T 50 2000 0.00 0.00 972 1799 545 1891
S =1, 5, = 131,
. i 100 500 0.26 0.26 21.45 37.83  14.47  39.00
(same mean, different variance)
100 1000 0.00 0.00 9.17 36.26  11.97  39.00
100 2000 0.00 0.00 1.90 36.07 10.36  38.81

simulation results, shown in Figures 4.3a and 4.3b, indicate that all methods, except

our method DCCP-L;, perform poorly in detecting the change in distribution under

this difficult scenario. We note that DCCP-L; performs reasonably well here because

the asymptotic limit of the modified L;-norm distance does not simplify to expressions

in terms of the mean and variance of observations only, unlike the modified Ls-norm

distance (see Remarks 1 and 2).

4.4 A change point with non-normal observations

We evaluate the performance of our methods in detecting a single change point

in both mean and variance with non-normal observations.

We again consider

sample size n = 100 and dimensions p € {500,1000,2000}. First, to simulate
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Table 4.3: RMSE for all six methods in detecting a single change in the distribu-
tion while both the mean and variance remain unchanged over 200 replications.

Root mean squared error of all the methods

Case n P
DCCP-L; DCCP-Ls E.divisive HDcp Inspect MST
100 500 0.22 38.50 38.20 38.57 2278 38.70
N(1,1) & Exp(1) 100 1000 0.10 38.64 38.80 38.27 2292 38.60
100 2000 0.00 38.62 38.75 38.46  22.19 39.00
100 500 0.07 39.00 37.97 3797 2230 39.00
N(1,1) & Pois(1) 100 1000 0.00 38.48 38.63 38.33  17.73  39.00
100 2000 0.00 38.82 37.92 38.69 15,57 38.12
B DCCP_L1*E.divisive  Inspect B DCCP_L1*E.divisive * Inspect
eDCCP_L2#HDcp  ®MST eDCCP_L2#HDcp @ MST
1.0 ./ al 1.0] g I —
0.8 0.8
0.6 0.6
14 14
a a
(= (=
0.4 0.4
0.2 0.2
0.0] O -t Sk ettt g 0.0] O O e Bt Bt e _r
500 1000 2000 500 1000 2000
Dimensions p Dimensions p
(a) For two distributions N(1,1) and (b) For two distributions N(1,1) and
Exp(1). Pois(1).

Figure 4.3: True discovery rate (TDR) of all six methods across 200 repli-
cations for detecting a change in the distribution while both the mean and
variance remain unchanged.
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Table 4.4: RMSE for all six methods in detecting a single change point with non-
normal observations from a p-variate Student’s-t distribution over 200 replications.

Root mean squared error of all the methods

Case n P
DCCP-L; DCCP-Ly, E.divisive HDcp Inspect MST
gy =0p, pry = (0.2 X 13,4,0 x 1,4), 100 500 0.67 0.95 4.37 096 336 16.48
Yp=%=I,v=v=>5 100 1000 0.10 0.22 3.00 020 2.03 4.64
(different mean, same variance) 100 2000 0.00 0.14 0.14 0.14 122 1.78
py =0y, py = (0.3 x 13,,4,0 x 1,,4), 100 500 0.17 0.17 0.87 117 094  1.26
Yi=%y=I,v1=v=5 100 1000 0.03 0.11 3.00 0.08 022 0.55
(different mean, same variance) 100 2000 0.00 0.00 5.19 0.04 0.10  0.38
By = py =0, 100 500 2.36 4.39 36.74  39.00 27.96 38.71
Yi1=%=I,v=5uvu="7 100 1000 0.93 0.74 33.02 3889 26.84 39.00
(same mean, different variance) 100 2000 0.63 0.52 23.63 39.33 2813 39.00
Py = py =0,, 100 500 1.69 4.02 31.29  39.27  29.68 39.00
S1=%=1I,v=51v=3_8 100 1000 0.58 5.92 22.60  39.14 29.28 38.82
(same mean, different variance) 100 2000 0.22 0.22 7.13 38.82 2848 3881

a single change in the mean of non-normal observations, we here generate n ran-
dom observations X,..., X, from a p-variate Student’s-t distribution with stan-
dardized covariance matrix where the first 3n/5 observations are drawn from
tv, (11, I), and the remaining 2n/5 observations are drawn from t,,(p,, I,). We
set the degrees of freedom to v; = vy = 5, and we consider p; = 0, and p, €
{(0.2 X 13p/4,0 X lp/4) , (().3 X 13p/4,0 X lp/4)}. The RMSE results are shown in
Table 4.4.

The TDR results, which are reported in Figures 4.4a and 4.4b, show that both
of our methods, DCCP-L; and DCCP-L,, perform well compared to the other
methods. This is because our approach does not require normality or any other
specific distribution, similar to E.divisive, which also performs equally well in this
case. Next, to simulate a single change in the variance of non-normal observations,
we generate the first 3n/5 observations from the p-variate Student’s-t distribution
tv, (11, Ip) and the remaining 2n/5 observations from t,,(p,, I,), where we set v; =5
and vy € {7,8} to impose different variances, and p; = po, = 0,. From the results
presented in Figures 4.4c and 4.4d, it can be seen that our methods DCCP-L; and
DCCP-L4 perform much better than all the other methods in detecting a change in
the variance of non-normal observations, which is in line with the results in Figures

4.2¢ and 4.2d.

66



B DCCP_L1*E.divisive * Inspect B DCCP_L1*E.divisive * Inspect

®DCCP_L2#HDcp  ®MST ®DCCP_L2#HDcp ®MST
1.0 ”—_-DH—-—-—"
PR ad
0.8 R
. *
. *
-, 06| @ *
[14 PR . "
a Lo no‘
= L =
02 ¢ ° 0.2
0.0 0.0
500 1000 2000 500 1000 2000
Dimensions p Dimensions p

(&) py = 0p, po = (0'2 X 13p/470 X 1p/4)7 (b) py = 0p, py = (0'3 X ]-3p/4aO X 1p/4)>

0121}2:5 U1=’U2=5
B DCCP_L1“E.divisive © Inspect B DCCP_L1*E.divisive * Inspect
®DCCP_L2#HDcp ®MST ®DCCP_L2#HDcp ®MST
1.0 1.0
0.8 0.8
0.6 0.6
14 x
[a] [a]
= =
0.4 0.4
0.2 0.2
0.0] O T O Ll i el e ® st § e i O Lt R Rkl Rtk §
500 1000 2000 500 1000 2000
Dimensions p Dimensions p
() py =po =0y, v1 =500 =T (d) py = py =0y, v1 = 5,03 =8

Figure 4.4: True discovery rate (TDR) of all six methods across 200 replications
for a single change point detection with non-normal observations from a p-variate
Student’s-t distribution: figures (a) and (b) show the results of detecting a
change in the mean, and figures (¢) and (d) show the results on detecting a
change in the variance.
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Table 4.5: RMSE for all six methods in detecting a single change point with
correlated variables over 200 replications.

Root mean squared error of all the methods

Case n P
DCCP-L; DCCP-Ly, E.divisive HDcp Inspect MST
py=0p, pry = (0.2 X 13,4,0 x 1,4), 100 500 4.90 4.82 3.05 2.03  5.03 26.75
¥ =%=V, 100 1000 1.17 1.23 2.99 0.83 223 17.75
(different mean, same variance) 100 2000 0.28 0.29 0.33 0.39 144 994
py =0, py = (0.3 x 13,,4,0 x 1,,4), 100 500 0.58 0.54 0.62 0.55  1.04 6.42
Yi=3=V, 100 1000 0.26 0.17 0.28 021 057 221
(different mean, same variance) 100 2000 0.00 0.00 0.00 0.00 034 151
By = py =0, 100 500 1.24 1.12 36.26 3792 1523 38.74
Y=V, 3 =12V, 100 1000 0.38 0.33 33.98 3797 1335 39.00
(same mean, different variance) 100 2000 0.12 0.10 27.67 3751 10.34 3881
Py = py =0,, 100 500 0.41 0.36 37.60  37.60 14.37 3891
3=V, X, =13V, 100 1000 0.14 0.18 16.27 3755 1219 38.82
(same mean, different variance) 100 2000 0.07 0.07 6.03 3752 11.35 3881

4.5 A change point with correlated variables

We here evaluate the performance of our methods in detecting a single change
point in either the mean or the variance under a correlated covariance struc-
ture. We use the same settings as in Sections 4.1 and 4.2, and set n = 100.
For the case of a change in the mean of observations, we let pu, = 0,, p, €
{(0.2 % 13,04,0 X 1,y4) , (0.3 X 1304,0 x 1,,4) }, and £y = 3y = V, where V,, =
[0.5Z_j ]%151' For the case of a change in the variance of observations, we let
ny = My : (]);, ¥, =V, and 33 € {1.2V,,1.3V,}. The RMSE results are reported
in Table 4.5, and the TDR results are reported in Figure 4.5. These simulation
results present the same pattern as in the uncorrelated case (Sections 4.1 and 4.2),

with performance slightly affected by autoregressive covariance structure, as one may

expect.

4.6 A change point with dependent observations

We then evaluate the performance of our methods in detecting a single change
point in either the mean or the variance but for weakly dependent observations (in
addition to correlated variables). For this, we consider the same simulation setting

as before (with n = 100) but we here generate the observations from an AR(1)
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Figure 4.5: True discovery rate (TDR) of all six methods across 200 replications
for a single change point detection with correlated variables: figures (a) and (b)
show the results on detecting a change in the mean, and figures (¢) and (d) show
the results on detecting a change in the variance.
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Table 4.6: RMSE for all six methods in detecting a single change point with
dependent observations from an AR(1) process over 200 replications.

Root mean squared error of all the methods

Case n P
DCCP-L; DCCP-Ly, E.divisive HDcp Inspect MST
py=0p, pry = (0.2 X 13,/4,0 x 1,4), 100 500 5.39 6.30 3.72 3.55 7.01 13.04
1 =3%=1,9=05 100 1000 2.02 1.85 2.22 1.31 4.30  10.00
(different mean, same variance) 100 2000 0.83 0.83 0.63 0.66 317 9.37
py =0y, py = (0.3 x 13,,4,0 x 1,,4), 100 500 1.22 1.01 1.93 1.06 183 13.86
1=3y=1,9=05 100 1000 0.45 0.28 0.43 0.17  1.26 10.00
(different mean, same variance) 100 2000 0.10 0.00 0.10 0.10 0.78  10.00
By = py =0, 100 500 0.34 0.22 4.90 5,53 791 10.00
X1=1,3=12I,19=05 100 1000 0.14 0.10 4.02 513 575 10.00
(same mean, different variance) 100 2000 0.09 0.05 3.82 4.98 5.52 991
Py = py =0,, 100 500 0.17 0.17 3.22 6.39 821 10.00
1=1, 3, =131, ¢ =05 100 1000 0.00 0.00 2.29 859  8.00  9.67
(same mean, different variance) 100 2000 0.00 0.00 0.50 6.34 7.78  9.02

process: X; = VX, 1 + €;, where ¢ = 0.5 is the autoregressive coefficient and ¢;
represents the error term. The RMSE results are presented in Table 4.6. It shows
that the accuracy of all methods improves as the dimension p increases, except for
MST. The TDR results for normally distributed €;, which are presented in Figures
4.6a and 4.6b, show that the detection power of a mean shift for all the methods is
reduced when the observations are correlated. However, we observe from Figures
4.6¢ and 4.6d that the detection power of a variance change for these methods is
slightly improved when the observations are correlated. This is probably because
the dependency structure amplifies deviations in variability, making the change in

variance more plausible to discover.

4.7 A change point occurs near the tail of the data
sequence

Detecting a change point near the end of the data sequence is challenging because
only a limited number of observations are available after the change point. Hence, we
are interested in how our methods work in this scenario. We evaluate the performance
of our methods in detecting a single change point in either the mean or the variance,

with comparison to other methods. We use the same simulation settings as in Sections
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Figure 4.6: True discovery rate (TDR) of all six methods across 200 replications
for a single change point detection with dependent observations from an AR(1)
process: figures (a) and (b) show the results on detecting a change in the mean,
and figures (c) and (d) show the results on detecting a change in the variance.
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Table 4.7: RMSE for all six methods in detecting a single change point that
occurs near the tail of the data sequence (7 = 80 with n = 100) over 200
replications.

Root mean squared error of all the methods

Case n P
DCCP-L; DCCP-Ly, E.divisive HDcp Inspect MST
py =0y, pty = (0.2 x 13,14,0 x 1,4), 100 500 9.47 7.71 21.84 7.78 1551 19.28
1=%=1, 100 1000 8.00 7.95 21.45 6.91 11.13 18.26
(different mean, same variance) 100 2000 0.59 0.40 21.19 0.46 955 17.51
gy =0p, py = (0.3 X 13,,4,0 x 1,4), 100 500 0.64 0.60 21.95 033 6.20 1545
3 =3%=1, 100 1000 0.24 0.33 20.73 020 2.68 12.34
(different mean, same variance) 100 2000 0.00 0.00 20.16 0.00 2.44  10.45
B = py =0, 100 500 0.54 0.50 19.83 1753 23.03 18.73
=1, ¥ =12I, 100 1000 0.22 0.24 19.66  16.56 19.15 19.03
(same mean, different variance) 100 2000 0.14 0.14 19.80 15.84 17.27 19.37
By = py =0, 100 500 0.28 0.26 20.01 16.79 17.64 18.73
=1, ¥, =13I, 100 1000 0.10 0.10 20.39  14.94 14.03 19.17
(same mean, different variance) 100 2000 0.00 0.00 19.79 1391 1046 19.29

4.1 and 4.2 with fixed n = 100, and set the true change point location at 7 = 80.
The RMSE and TDR results are reported in Table 4.7 and Figure 4.7, respectively.
These results indicate that our methods DCCP-L; and DCCP-L,; maintain good
performance as p increases, supporting our consistency result in Theorem 3.4.4.
We note that the HDcp method also performs competitively in this case; however,
E.divisive, Inspect, and MST fail in this challenging scenario. Moreover, if the true
change point is located at the extreme tail, such as 7 = 95 with n = 100, it becomes

extremely difficult for any method, including ours, to perform well.

4.8 A change point with varying n/p ratios

We here present the TDR results for detecting a single change point with varying
n/p ratios. We use the same simulation settings as in Section 4.5 with fixed p = 1000
and vary n from different values n € {40, 80, 100,200}, which includes the case when
n is very small compared to p (i.e., n = 40 and p = 1000). The results, reported in
Figure 4.8, show that our test maintains good performance when n/p varies, also
in the case with a very small sample size (n = 40). These findings indicate that
the distance matrix remains stable with varying n/p ratios, such that the proposed

distance-based CUSUM statistics can effectively capture changes in dissimilarity.
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Figure 4.7: True discovery rate (TDR) of all six methods across 200 repli-
cations for detecting a single change point that occurs near the tail of the
data sequence (7 = 80 with n = 100): figures (a) and (b) show the results of
detecting a change in the mean, and figures (c¢) and (d) show the results on
detecting a change in the variance.
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Table 4.8: Average computation time, over 200 replications, for our methods
DCCP-L; and DCCP-L, in detecting a change in the mean of observations
where p, = (0.3 X 15,/4,0 X 1,4).

Number of true  Computation time (in seconds)

" p S change points DCCP-L, DCCP-Ly
100 500 200 1 21.89 22.45
100 1000 200 1 23.78 23.25
100 2000 200 1 26.21 25.87
100 500 500 1 47.89 47.56
100 1000 500 1 49.92 49.53
100 2000 500 1 52.21 53.32

We note that if n is too small, like n = 10 or n = 20, then it would be extremely
difficult for any method, including ours, to expect to work well. This is due to the
required minimum sample size or space between change points, as shown in Section
5.2. We also note that while our method still performs reasonably well when the
sample size n is small, many existing methods in the literature often require a much

larger sample size to work well.

4.9 Computation time

We report the computation time of our methods DCCP-L; and DCCP-L, for detecting
a change point in one of our simulation studies in Section 4.1 with a true change in
the mean of observations, where we recall n = 100, p € {500, 1000, 2000}, g, = 0,,
Mo = (0.3 X 13p/4,0 X lp/4) and 3; = ¥, = I,. We record the average computation
time over 200 replications using a PC (2.20 GHz, 64 GB RAM). The computation
times (in seconds) based on S € {200,500} random permutations are reported in
Table 4.8. The results show that our method has a very reasonable practical runtime
in HDLSS settings when p is very large compared to n. Specifically, the computation
time for both methods increases modestly with the number of variables p and remains
efficient for very large dimensions. For example, it takes about 25 seconds for our
method to run when p = 2000 with 200 permutations, and it takes around 50 seconds
to run when p = 2000 with 500 permutations. So our method is computationally

efficient and relatively quick to run in these high dimensional settings.

74



®DCCP_L1eDCCP_L2 ®DCCP_L1eDCCP_L2

10 10 .___.‘4_-—_——_!
0.8 0.8
=
0.6 0.6
14 14
o [a]
(= =
0.4 0.4
0.2 0.2
0.0 0.0
40 80 100 200 40 80 100 200
Observations n Observations n
(a) py = 0p, py = (02 X 13p/470 X 1p/4)a (b) 1y = 0p, py = (03 X 13p/430 X 1p/4)7
==V, ==V,
mDCCP_L1eDCCP_L2 mDCCP_L1eDCCP_L2
1.0 1.0 = =
0.8 ®= 0.8
0.6 0.6
14 14
a o
= =
04 0.4
0.2 0.2
0.0 0.0
40 80 100 200 40 80 100 200
Observations n Observations n

(C) Ile — ll'2 — Op, 21 — Vp, 22 — ].2Vp (d) lle — I“LZ — Op, 21 — Vp, 22 — 13Vp
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4.10 Concluding remarks

This chapter presents thorough simulation studies to assess the numerical performance
of our method for single change point detection. We have shown that our method
can effectively detect non-sparse high dimensional change points where changes may
happen in many variables but with small significant magnitudes. Moreover, the
results have shown that the method detects a wide range of distributional changes,
including a change in the mean, a change in the variance (or covariance), and a
change in the shape of distribution while the mean and variance remain unchanged.
The last case is particularly challenging, and many existing methods struggle to
detect it. Across different data settings, DCCP has been shown to perform well with
spatially correlated variables, temporally dependent observations, and non-normal
data with heavy tails. Furthermore, numerical results demonstrate our method
remains consistent in several demanding scenarios. In particular, it maintains good
accuracy when the change point occurs near the end of the sequence and across a
wide range of n/p ratios, even for very small samples such as n = 40 with p = 1000.
We also observe that the computation times are reasonable and remain efficient even
for very large dimensions (e.g., p = 2000). A possible future topic of this work is
to adapt the methodology to more complex data structures, such as sequences with
missing values (e.g., financial time series) or contaminated observations (e.g., sensor

data with outliers), which frequently occur in modern applications.
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CHAPTER 5

Extension to multiple change points

In this chapter, we utilize the proposed distance-based CUSUM statistic to detect
multiple change points in high dimensional data sequences. In Section 5.1, we
introduce the problem setting for multiple change point detection. In Section 5.2,
we present a multiple change point detection algorithm and provide theoretical
guarantees showing that our method can consistently find multiple non-sparse change
points when p > n — oo under certain conditions. In Section 5.3, we conduct
simulation studies for the multiple change point scenario. In Section 5.4, we present
two real data applications: S&P 500 data and MIT cellphone data, both of which
are high dimensional datasets. In Section 5.5, we discuss other alternatives that can
be considered for incorporation into our proposed framework for multiple change

point detection. In Section 5.6, we provide the proofs for the theoretical result.

5.1 Multiple change point problem setting

In this section, we extend the proposed distance-based CUSUM statistic to detect
multiple change points for high dimensional data sequences. We assume the number

of change points and their locations are both unknown. The problem of multiple

77



change point detection can be formulated as the following hypothesis test

HQZFleQZ"':Fn
Hlm:Flz"':Fﬁ#FT1+1:"':FT2#FTerl:"':FTz#FTerl:"':Fm
(5.1)
where 1 <7 <1 <--- <7, <n are unknown change point locations and z is the

number of change points, which is also unknown. If Hy in (5.1) is rejected, the main
objective will be to find the z change point estimates 71,7, ..., 7,. As introduced
in Section 2.1, we employ the RBS approach of Vostrikova (1981), incorporating
our distance-based CUSUM procedure for single change point detection. We also
incorporate the WBS approach of Fryzlewicz (2014) with the proposed distance-based
CUSUM, which will be discussed in Section 5.5.

The RBS process begins by applying our Algorithm 1 for single change point to
the entire data sequence [ X1, Xo,..., X,]. If a significant change point is detected,
the data sequence is split into two segments, one before and including the detected
change point, and another after the detected change point. The process recursively
continues with each segment for further change points. We provide the full details in

the following.

5.2 DCCP for multiple change point detection with
theoretical results

Let s,, and e,, denote the starting and ending indices of a sub-sequence, which
we define as [ X, , X5 11,...,Xe,]. We first apply Algorithm 1 to detect a sig-
nificant change point 4, within this sub-sequence. If a significant change point is
found, the sub-sequence [ X , X, .1,...,Xe, | is split into two new sub-sequences
(X, Xty X5, ] and [ X5, 11, X5, 49,..., X, |. We then apply Algorithm 1
to these new sub-sequences to check for additional significant change points. We
continue this recursive search until no further change points are detected or a mini-

mum segment length is reached. We set the default minimum segment length to 10,

which is also commonly used in the literature (e.g., Drikvandi and Modarres, 2025).
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Note that (71, 7s,...,7,) = sort (51,92, - . .,.) in increasing order, since the change
point estimates 4; from RBS are not necessarily ordered. Algorithm 2 summarizes

our distance-based CUSUM method for multiple change point detection.

Algorithm 2: DCCP for multiple change point detection with RBS

Input: A data sequence or matrix of observations X = [X1, X, ... ,Xn]T.

Output: A list of ordered significant change point estimates {71, 72, ..., 7.},
or “NA” if there is no significant change point.

Step 1: Apply Algorithm 1 for single change point detection to the data
sequence X . If there is no significant change point, output “NA”. Otherwise,
denote the detected change point by 47 and go to the next step.

Step 2: Split the data sequence X into two sub-sequences before and after
the detected change point 4;. Apply Algorithm 1 to each of the two
sub-sequences to search for more change points.

Step 3: Repeat Step 2 until no further sub-sequences contain significant
change points or the minimum segment length (our default is 10) is reached.

Step 4: Denote all detected change points by {91, %,...,7.} and return

(71, T2, ..., T») = sort (31,92, - - -, J») in increasing order as a list of ordered
significant change points.

We here expand on the technical details of our method for multiple change point
detection. For a data sequence [X, , X5, +1,.-.,Xe,, |, the distance-based CUSUM

in (3.4) can be written as follows

N eI
Cilks sms em) = €m — Sm + 1 (em —k j;l da(X: X )

X L (5.2)
- Y d(X0 X)),
k—s,+1 jzs ol i)
where k € {s;, 8 + 1,..., e, — 1}. Accordingly, we calculate the average column

sums of the squared CUSUM matrix C for the data sequence [ X, , X5, 11, -, Xe, ],

Sm?

that is m > Ci? (K, $m, €m). Then, the change point estimate is as follows

1 o
Am = argmax ¢ -——— — CiQ kv Smy Em }7
K smg%;gem—l{ €m — Sm t 1 Z ( )

i=Sm

where the case s; = 1 and e; = n indicates that the first time search segment is the
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entire data sequence, as e; — s; + 1 = n. To conduct the test of significance, we

similarly apply the permutation test with the following test statistic based on 4,

1

Tsm,em ('AYm) == m Z OZ'Q ("A)/m, Sms em) . (53)

i=Sm

Example 2. To illustrate this using a simple example, we consider a scenario with
two true change points. We simulate 30 1000-dimensional observations all i.i.d.
from normal distribution N(0,0.5), another 30 observations all i.i.d. from the same
distribution but with a mean shift of 1, and another 40 observations all i.i.d. from
the same distribution but with a mean shift of 3. This means that the two true
change points are at locations 71 = 30 and 7 = 60. Figure 5.1 visualizes Algorithm
2 for this example, showing how the algorithm can detect multiple change points in

high dimensional observations.

In the following theorem, we prove the consistency of our CUSUM method for

multiple change point detection under some conditions.

Theorem 5.2.1. Suppose that there are z true change points 70, 79,..., 70,1 < 70 <
< ...<1)<n, sothat F} = --- =Fo#Foy = =Fo#Fo, ==
Fro # Fropy =+ = F,. Assume the minimum space between change points satisfies
ming <;<, 1 ‘Tﬁrl — Tio‘ > Mnf for some M > 0 and e < 1. Under Assumptions (Al)-
(A2) or (B1)-(B2), Algorithm 2 returns the change point estimates (T1,Ta,...,7z)

satisfying

(72177227"'772,2) - (Tl’TQ""’TZ)Hoo :0P<1)7
where p > n — 00.

We note that the condition minj<;<,q |72, — Tio‘ > Mn® ensures that there are not
too many change points to discover, since it implies 2 < (minlgigz,l ‘Tioﬂ — TZ-0| /M ) e
as 0 < z < n (see also Vostrikova, 1981; Fryzlewicz, 2014). Also, in the proof of
Theorem 5.2.1 in Section 5.6, we demonstrate that the algorithm does not return
additional change points asymptotically when p > n — oo.

As noted above, RBS requires that the minimum spacing between change points

is not too small. This naturally raises the question of how the method performs
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(a) High dimensional observations with n = 100 and p = 1000, and two true
change points at locations 30 and 60. The red line shows the true mean of the
observations. The x-axis shows the observation index, and the y-axis shows the
values of the standardized variables.
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(b) A significant change point is detected at location 60 in the sequence
[X1,...,X100]. The x-axis shows the candidate search location k, and the y-
axis shows the column sums of squared CUSUM statistics.
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(c) A significant change point is detected at location 30 in the sequence
[X1,...,Xe60]. No change point is detected in the sequence [Xg1, ..., X100]. The
x-axis shows the candidate search location k, and the y-axis shows the column
sums of squared CUSUM statistics.
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(d) No change point is detected in the sequences [X1, ..., X3o] and [Xs1, ..., Xeo].

Figure 5.1: Hlustrative example of Algorithm 2 with two true change points.
Significantly detected change points are marked by vertical dashed lines. If
no significant change point is detected in a segment, it is labelled as “NA”.
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when change points are closely spaced under the alternative hypothesis. We examine
this in Subsection 5.3.2.

We have developed an R package called distCUSUM for the implementation of
our distance-based CUSUM method, using both the modified L;-norm and modified
Lo-norm functions. The R package will be made available online on GitHub at
https://github.com/lupengzhang/distCUSUM. The R package returns significant
change point locations and corresponding p-values. It can also be applied with
any other distance function specified by the user. Our default distance function
is the modified L;-norm because it requires weaker assumptions compared to the
modified Ls-norm and generally has a better empirical performance, as shown in our

simulation and data application results.

5.3 Numerical results for multiple change points

5.3.1 Multiple change points in the mean or variance of ob-

servations

We here conduct simulations for the case when there are multiple change points.
Considering n = 100 and p € {500, 1000, 2000}, we simulate high dimensional data
with three true change points at locations 7 = n/5, o = 2n/5, and 73 = 4n/5.
For this, we generate the first n/5 observations from N (u,3;), the next n/5
observations from N (u,, ¥5), the next 2n/5 observations from N (g3, 3s3), and the
last n/5 observations from N (p,, 34). For the case of three changes in the mean
of observations, we let p; = 0,, py = (0.3 X 13p/4,0 X lp/4), Ps = 2y, by = 3o,
and ¥, = Xy = ¥3 = 3, = V. For the case of three changes in the variance
of observations, we let p; = py = p3 = py, = 0,, and ¥y = 0.7V, 3y =V,
Y3 =13V, and 3, = 1.5V,

We use Algorithm 2 in Section 5.2, with the minimum segment size of 10. We
measure the accuracy of the change point estimates using the adjusted Rand index
(ARI) by Rand (1971), since change point estimation can be viewed as a special case

of classification. The ARI measure is also adopted in other change point studies (e.g.,
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Matteson and James, 2014; Wang and Samworth, 2018). The ARI results over 200
replications are visualized by the box plots in Figure 5.2. Also, Table 5.1 presents the
results on frequency and the average number of true change points detected for all
the methods. It can be seen that, for detecting multiple change points in the mean,
the performance of our methods DCCP-L; and DCCP-L, is as good as E.divisive,
while our methods outperform E.divisive in detecting multiple change points in the
variance. Again, the other methods are not competitive in these high dimensional
settings. For instance, Inspect requires sparsity and performs better when the sample
size n is very large. In our simulations, it is observed that HDcp cannot exactly
identify the true change points in these high dimensional scenarios, which explains
its low accuracy as exhibited in Figure 5.2. From Table 5.1, one can see that our
methods DCCP-L; and DCCP-L, have an average number of truly detected change
points much closer to 3 (the number of true change points). This is in line with our

consistency result in Theorem 5.2.1.

5.3.2 Closely located multiple change points

We present the frequency and average number of truly detected change points when
the true change points are closely located. The simulation settings are the same as in
Subsection 5.3.1, except that the three true change points are set at m = 40, 75 = 50,
and 73 = 60. In Subsection 5.3.1, we set three true change point locations at 20, 40,
and 80. The results, reported in Table 5.2, show a slight decrease in performance of
our methods DCCP-L; and DCCP-L,. This is expected as the binary segmentation
requires the assumption that the minimum space of change points is not too small
(see the assumption in Theorem 5.2.1). However, our methods achieve an average
number of truly detected change points much closer to 3 (the number of true change
points) when p increases. This supports that the consistency of our test in detecting
both the locations and the number of multiple change points still holds here as p
increases.

Moreover, while other methods show a slight drop in performance in this case,
E.divisive, HDcp, Inspect, and MST are also affected, with their performance often

decreasing more severely. This is because closely located change points are difficult
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Figure 5.2: Adjusted Rand index (ARI) of all six methods over 200 repli-
cations for multiple change point detection with three true change points
(11 = 20, 75 = 40, and 73 = 80), n = 100, and p € {500, 1000,2000}. Note
that figures (a), (b) and (c) are for the changes in the mean, and figures (d),
(e) and (f) are for the changes in the variance.
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Table 5.1: Frequency and average number of the truly detected change points
across 200 replications for all six methods in the case when there are three
true change points (77 = 20, 7 = 40, and 73 = 80) in the data.

Number of

Frequency of total

Average number

Case n  p | true change | Methods | true change points | of true change
points detected points detected
o 1 2 3
100 500 3 DCCP-L;|0.01 0.10 0.42 0.47 2.35
100 500 3 DCCP-L5|0.01 0.11 0.39 0.49 2.36
100 500 3 E.divisive |0.00 0.05 0.41 0.54 2.49
100 500 3 HDcp {0.03 0.37 0.29 0.31 1.88
100 500 3 Inspect |0.03 0.34 0.42 0.21 1.81
different mean, 100 500 3 MST [0.27 0.44 0.26 0.03 1.05
same variance 100 1000 3 DCCP-L1{0.00 0.01 0.21 0.78 2.77
100 1000 3 DCCP-L5|0.00 0.01 0.17 0.82 2.81
=0y, 100 1000 3 E.divisive [0.00 0.01 0.14 0.85 2.84
po = (0.3 X 13574, 0 X 1), 1100 1000 3 HDcp |0.01 0.73 0.12 0.14 1.39
s = 2t 100 1000 3 Inspect |0.01 0.13 0.42 0.44 2.29
[y = 340, 100 1000 3 MST [0.11 0.35 0.37 0.17 1.60
100 2000 3 DCCP-L;0.00 0.00 0.01 0.99 2.99
100 2000 3 DCCP-L5|0.00 0.00 0.01 0.99 2.99
100 2000 3 E.divisive [0.00 0.00 0.01 0.99 2.99
100 2000 3 HDcp [0.00 0.99 0.01 0.00 1.01
100 2000 3 Inspect |0.00 0.02 0.28 0.70 2.68
100 2000 3 MST |0.02 0.19 0.37 0.42 2.19
100 500 3 DCCP-L,|0.00 0.08 0.71 0.21 2.13
100 500 3 DCCP-L5|0.01 0.06 0.66 0.27 2.19
100 500 3 E.divisive |0.66 0.34 0.00 0.00 0.34
100 500 3 HDcp [0.98 0.02 0.00 0.00 0.02
100 500 3 Inspect |0.93 0.07 0.00 0.00 0.07
same mean, 100 500 3 MST 10.98 0.02 0.00 0.00 0.02
different variance 100 1000 3 DCCP-L1{0.00 0.01 0.46 0.53 2.52
100 1000 3 DCCP-L5|0.00 0.01 0.45 0.54 2.53
X1 =01V, 100 1000 3 E.divisive | 0.46 0.41 0.13 0.00 0.67
3y =V, 100 1000 3 HDcp ]0.99 0.01 0.00 0.00 0.01
33 =13V, 100 1000 3 Inspect 0.95 0.05 0.00 0.00 0.05
S, =15V, 100 1000 3 MST [0.99 0.01 0.00 0.00 0.01
100 2000 3 DCCP-L;0.00 0.00 0.20 0.80 2.80
100 2000 3 DCCP-L5|0.00 0.00 0.19 0.81 2.81
100 2000 3 E.divisive |0.14 0.49 0.37 0.00 1.23
100 2000 3 HDcp ]0.99 0.01 0.00 0.00 0.01
100 2000 3 Inspect |0.97 0.03 0.00 0.00 0.03
100 2000 3 MST [0.99 0.01 0.00 0.00 0.01
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for these methods as well. For example, E.divisive uses hierarchical clustering to
detect multiple change points, and when two change points are close, the clustering
step can merge them into one. In Figure 5.3, our methods also achieve higher ARI
values, indicating that our change point estimates more accurately identify multiple

change points than the other methods.

5.3.3 Computation time

We report the computation time of our methods DCCP-L; and DCCP-L, for detecting
three change points in one of our simulation studies in Subsection 5.3.1. This
simulation is in addition to the computation time for detecting a single change
point in Section 4.9. We do so with true changes in the mean of observations,
where we recall p; = 0p, py = (0.3 X 13,/4,0 X 1,4), 3 = 2py, p, = 3p, and
¥ =3y =33 =3, =V,. Werecord the average computation time over 200
replications using a PC (2.20 GHz, 64 GB RAM). The computation times (in seconds)
based on S € {200,500} random permutations are reported in Table 5.3. The results
show that our method runs in a few minutes for detecting three change points.
Computation time for both methods increases modestly with the number of variables

p and remains efficient even in very large dimensions (p = 2000).

5.4 Real data applications

5.4.1 Application I: S&P 500 data

As our first data application, we apply our distance-based CUSUM method to
analyze the S&P 500 data from the US stock market return, which tracks the stock
performance for 500 of the largest companies listed on stock exchanges in the US. The
dataset is available online at https://www.finance.yahoo.com and can be obtained
using the R package BatchGetSymbols for different time periods. Our analysis here
focuses on daily closing prices of S&P 500 index stocks spanning from 2020-01-01 to
2020-05-29. This period includes the start of the COVID-19 pandemic and comprises

n = 108 trading days across p = 496 company stocks. The reason we select this time
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Figure 5.3: Adjusted Rand index (ARI) of all six methods over 200 replica-
tions in the case when the space between change points is small (77 = 40,
Ty = 50, and 73 = 60), with n = 100 and p € {500, 1000,2000}. Note that
figures (a), (b) and (c) are for the changes in the mean, and figures (d), (e)
and (f) are for the changes in the variance.
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Table 5.2: Frequency and average number of the truly detected change
points across 200 replications for all six methods in the case when the space
between change points is small (1, = 40, » = 50, and 73 = 60).

Number of

Frequency of total

Average number

Case n  p | true change | Methods | true change points | of true change
points detected points detected
o 1 2 3
100 500 3 DCCP-L;0.01 0.17 0.42 0.40 2.21
100 500 3 DCCP-L5|0.01 0.12 0.45 0.42 2.28
100 500 3 E.divisive |0.04 0.92 0.04 0.00 1.00
100 500 3 HDcp ]0.06 0.72 0.17 0.05 1.21
100 500 3 Inspect |0.05 0.51 0.37 0.07 1.46
different mean, 100 500 3 MST [0.27 0.67 0.06 0.00 0.79
same variance 100 1000 3 DCCP-L1{0.00 0.02 0.25 0.73 2.71
100 1000 3 DCCP-L5|0.00 0.01 0.25 0.74 2.73
=0y, 100 1000 3 E.divisive [0.00 0.90 0.08 0.02 1.08
po = (0.3 X 13574, 0 X 1), 1100 1000 3 HDcp |0.00 0.56 0.34 0.10 1.54
s = 2t 100 1000 3 Inspect |0.00 0.43 0.44 0.13 1.70
[y = 340, 100 1000 3 MST ]0.15 0.68 0.16 0.01 1.03
100 2000 3 DCCP-L;0.00 0.00 0.04 0.96 2.96
100 2000 3 DCCP-L5|0.00 0.00 0.02 0.98 2.98
100 2000 3 E.divisive [0.00 0.85 0.08 0.07 1.22
100 2000 3 HDcp |0.00 0.36 0.53 0.11 1.75
100 2000 3 Inspect 10.00 0.35 0.51 0.14 1.79
100 2000 3 MST |0.10 0.52 0.30 0.08 1.36
100 500 3 DCCP-L;|0.02 0.20 0.63 0.15 1.91
100 500 3 DCCP-L5|0.01 0.22 0.55 0.22 1.98
100 500 3 E.divisive |0.62 0.38 0.00 0.00 0.38
100 500 3 HDcp [0.98 0.02 0.00 0.00 0.02
100 500 3 Inspect |0.99 0.01 0.00 0.00 0.01
same mean, 100 500 3 MST 10.99 0.01 0.00 0.00 0.01
different variance 100 1000 3 DCCP-L1|0.00 0.03 0.54 0.43 2.40
100 1000 3 DCCP-L5|0.00 0.02 0.52 0.46 2.44
X1 =01V, 100 1000 3 E.divisive | 0.38 0.62 0.00 0.00 0.62
3y =V, 100 1000 3 HDcp ]0.99 0.01 0.00 0.00 0.01
33 =13V, 100 1000 3 Inspect |0.98 0.02 0.00 0.00 0.02
S, =15V, 100 1000 3 MST [0.98 0.02 0.00 0.00 0.02
100 2000 3 DCCP-L;0.00 0.00 0.25 0.75 2.75
100 2000 3 DCCP-L5|0.00 0.00 0.26 0.74 2.74
100 2000 3 E.divisive |0.31 0.61 0.08 0.00 0.77
100 2000 3 HDcp ]0.99 0.01 0.00 0.00 0.01
100 2000 3 Inspect |0.97 0.03 0.00 0.00 0.03
100 2000 3 MST [0.99 0.01 0.00 0.00 0.01
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Table 5.3: Average computation time, over 200 replications, for our methods
DCCP-L; and DCCP-Ls in detecting three change points with changes in
the mean of observations where p; = 0, pty = (0.3 X 13,/4,0 X 1,/4), and

Mg = 2fy, by = 3.

Number of true  Computation time (in seconds)

" p S change points DCCP-L,4 DCCP-L,
100 500 200 3 70.96 74.88
100 1000 200 3 71.18 69.98
100 2000 200 3 78.32 77.21
100 500 500 3 172.41 174.98
100 1000 500 3 173.30 171.77
100 2000 500 3 195.09 192.46

period is due to its high relevance in illustrating the impact of some key events on
the US stock market during COVID-19. These events are listed and explained in
Table 5.4.

We here apply our CUSUM methods DCCP-L; and DCCP-L,, with the minimum
segment size of 10, to this dataset to assess their performance in detecting the resultant
market fluctuations. We also include E.divisive and HDcp for comparisons. Figure
5.4 (the bottom plot) visualizes the standardized stock prices of 496 companies
over n = 108 trading days. The significant change points detected by each of the
four methods are shown at the top of Figure 5.4. To explain the results, DCCP-L;
identified twelve significant change points at locations 10, 18, 27, 37, 45, 49, 58,
68, 72, 80, 88, and 99. Also, DCCP-L, returned eleven significant change points
at locations 10, 15, 21, 27, 37, 48, 68, 76, 80, 91, and 95. This is while E.divisive,
based on the minimum segment size of 10, detected seven significant change points
at locations 15, 27, 37, 48, 67, 80, and 99. Also, HDcp identified five change points
at locations 36, 47, 65, 78, and 98. Comparing the detected change points by each
method against the COVID-19 events of Table 5.4 highlighted by three vertical
dashed lines in Figure 5.4, we can see that our method DCCP-L; correctly captured
all those events in Table 5.4.

For the S&P 500 data, we also calculate and report confidence intervals for
the detected change point locations using our methods DCCP-L; and DCCP-Ls,.
Specifically, we apply the confidence interval formula (3.9) in Section 3.3, with

1000 permutation samples. Figure 5.5 presents the 95% confidence intervals for the
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(b) The COVID-19 events in Table 5.4 are highlighted by vertical dashed lines. The x-axis
shows the trading days, and the y-axis shows the standardized stock prices.

Figure 5.4: Standardized stock prices of 496 companies from 2020-01-01 to
2020-05-29 are shown in subfigure (b), and subfigure (a) shows the significant
change points detected by the four methods.
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Table 5.4: List of events affecting the US stock market at the early stage of
COVID-19.

Time period Event

2020-03-02  The S&P 500 index experienced significant fluctuations and entered a bear
market by approximately 20% decline (Statista Research Department,
2022).

2020-03-19  Stock markets fell after COVID-19, with investor fears over the economic
growth impact (Drikvandi and Modarres, 2025).

2020-04-03  The S&P 500 index commenced its recovery phase in early April (Statista
Research Department, 2022).

detected change point locations with both of our methods, DCCP-L; and DCCP-Ls,.

The confidence intervals seem to have a reasonable length.

5.4.2 Application II: MIT cellphone data

As our second data application, we apply our CUSUM method to analyze the Mas-
sachusetts Institute of Technology (MIT) cellphone data, which concerns human inter-
actions through cellphone activities (Eagle and Pentland, 2006). The dataset can be
accessed via the website at http://realitycommons.media.mit.edu/realitymining.html.
It encompasses records from 96 participants, including students and staff, who used
mobile phones with pre-installed software to record call logs from 2004-09-15 to
2005-05-04. This period, n = 232 days, includes the winter and spring vacations
according to the MIT 2004-2005 academic calendar. To analyze this dataset, we first
construct a 96 x 96 matrix to measure the cellphone activities of all individual pairs
for each of 232 days. In particular, each matrix entry (7, j) is set to 1 if at least one
phone call is recorded between individuals ¢ and j on that day. Otherwise, it is set
to 0. Note that each matrix is an adjacency matrix. We consider the upper triangle
elements of each adjacent matrix as a 4560-dimensional vector, representing all the
unique pairs of individuals’ cellphone activities. Hence, we obtain a 232 x 4560 high
dimensional data matrix. The winter and spring vacation dates are listed in Table
5.5, alongside some other potentially important events.

We apply our methods DCCP-L; and DCCP-L, to this data matrix and compare

the results with E.divisive and HDcp. Using the minimum segment size of 10, DCCP-
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Figure 5.5: S&P 500 data: the intervals in blue show the 95% confidence
intervals for the detected change points using the proposed methods DCCP-

Ly and DCCP-L,y. The estimated change points are also highlighted with
dots in red.

Table 5.5: List of events potentially affecting individuals’ cellphone activities,
provided by MIT Registrar’s office 2004-2005 academic calendar.

Time Events
2004-10-21  Sponsor meeting.
2004-12-17  Winter vacation.
2004-12-24  Christmas holiday.
2005-01-01  New Year holiday.
2005-03-20  Spring vacation.
2005-04-16 Tax day.
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Ly returns six significant change points at locations 34, 94, 101, 113, 186, and 214,
while DCCP-L, returns eight significant change points at locations 34, 95, 101, 112,
179, 200, 210, and 214. The results of E.divisive and HDcp can also be seen in Figure
5.6. Comparing the detected change points by each method in Figure 5.6 against
the events of Table 5.5 highlighted by vertical dashed lines, it can be seen that our
methods, both DCCP-L; and DCCP-Ls, correctly captured almost all these relevant
events in Table 5.5, especially the Christmas holiday and Spring vacation. We note
that E.divisive returns a few similar change points to DCCP-Ly, while HDcp detects
more change points before the winter holiday but returns no significant change points
afterwards.

For the MIT cellphone data, we also calculate and report confidence intervals
for the detected change point locations using our methods DCCP-L; and DCCP-Ls.
Specifically, we apply the confidence interval formula (3.9) in Section 3.3, with
1000 permutation samples. Figure 5.7 presents the 95% confidence intervals for the
detected change point locations with both of our methods DCCP-L; and DCCP-Ls.
The confidence intervals for the first change point estimated by DCCP-L; and DCCP-
Ly are broader than those for the other change points, as more observations can be
permuted when the next change point is relatively far. The remaining intervals are

narrower and show consistent lengths.

5.5 Wild binary segmentation and PELT

As discussed in Section 2.1, the RBS procedure is widely used for multiple change point
detection because of its computational efficiency and simplicity. In this section, we
also incorporate WBS (Fryzlewicz, 2014) as an alternative segmentation scheme in our
method. To apply this procedure in our approach, we randomly draw W sub-intervals
{1<w<W:s, <s¥ <e? <ep} from the sequence [ X, , X, 11,...,X,,] For

each sub-interval [ X uw, X w1,..., X ], using CUSUM formula in (5.2), we obtain

the change point estimate 4,> as follows

w
1 o
v¥ = argmax —————— Cz(k: s ew)
Tm = g w w 1 i\"V1°m>"m)
sw <k<ew,—1 €y — Sy T

) — oW
=5

93



HDep
—

DCCP L2 Edivisive

DCCP Lt

—~

a) Significant change points detected by DCCP-Lq, DCCP-L,, E.divisive, and HDcp.
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(b) The MIT cellphone events in Table 5.5 are highlighted by vertical dashed lines. The
x-axis shows the days, and the y-axis shows the sum of the daily cellphone activities.

Figure 5.6: Sum of the daily cellphone activities of all individuals from
2004-09-15 to 2005-05-04 are shown in subfigure (b), and subfigure (a) shows
the significant change points detected by the four methods.
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Figure 5.7: MIT cellphone data: the intervals in blue show the 95% confidence
intervals for the detected change points using the proposed methods DCCP-
Ly and DCCP-L,. The estimated change points are also highlighted with

the dots in red.
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After repeating this calculation, for all W randomly drawn sub-intervals we obtain
a collection of change point estimates {¥,,...,4"} and their corresponding test
statistics {Ts1 o1 (3,%), ..., Tow ow (5, )} using (5.3). The change point estimate 4,
under the WBS procedure is chosen as the candidate with the largest test statistic

across all W sub-intervals as follows

Ym = argmax {Ta et (Y)s - Taw ew (3 )}
GRS A
If the detected change point is significant, we split the data before and after 4,, and
repeat the procedure recursively until no further significant change point is found.
We note that by replacing “Step 1”7 in Algorithm 2 with the above calculations,
Algorithm 2 can be updated to the WBS approach.

In our experiments, WBS was more computationally expensive, while it did not
necessarily improve much over RBS in our simulation. Despite Fryzlewicz (2014)
showed that it performs as well as RBS, their results are based on univariate data with
the classic CUSUM statistic. Our distance-based CUSUM differs from that setting,
and moreover it is very computationally intensive to compute test statistics over many
random sub-intervals in high dimensional data. For these reasons, we prefer RBS as
the default segmentation scheme for DCCP. As shown in Subsection 5.3.2, DCCP
still performs well with only a slight drop when the minimum spacing assumption is
violated.

Besides segmentation-based approaches like RBS and WBS, another optimization-
based approach called the pruned exact linear time (PELT) method (Killick et al.,
2012) has also been proposed, which we briefly explain here. The PELT method
detects multiple change points by minimizing a penalized cost function over their
number and locations. Consider an ordered univariate sequence Xy, = {X1,..., X,,}
with z unknown change pointsat 1 <7 <--- <7, <n—1. The PELT algorithm

solves

z+1
min { Z Cost (X(r,_,41)r,) + Bf(z)}a

where Cost(-) is a cost function and §f(z) is a penalty term (for example, linear with

f(2) = z) to control overfitting. Here we set 7 = 0 and 7,41 = n for mathematical
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convention. In Killick et al. (2012), the cost corresponds to the negative maximum log-
likelihood for univariate data. It has been shown that PELT is more computationally
efficient than RBS in the univariate setting because it uses a pruning step in the
search procedure.

To extend PELT for high dimensional change point detection, our DCCP frame-
work can be incorporated. For p-dimensional observations X, = {X,..., X,}
with n < p, the distance-based CUSUM cost can be defined as follows

1 &
Cost(X(ijlﬂ):Tj) =— max ———— Z Oiz(k,Tj_l + 1,73),

Tj—1Sk<STi—1T; — T imrat1
=7

where C;(k, 7j_1 + 1, 7;) is the distance-based CUSUM computed within the segment
[ X+, _.,...,X4], see formula in (5.2). This idea provides a nonparametric way to
integrate PELT into high dimensional change point detection without assuming
a known likelihood function or distribution. Exploring this extension is a topic
for further research as it requires appropriate mathematical and computational

developments.

5.6 Proofs

Proof of Theorem 5.2.1

First, for the simplicity of mathematical presentation, let us define the notation

_ 1 em
Comen (k) = em — Sm + 1 Y CEk), k=smsmtl .. em— L

i=Sm

Using this notation, we can rewrite the change point estimate used in Algorithm 2

as follows

Ym = arg max {55%%(16)}.

sm<k<em—1
For the sake of clarity, we begin by considering the simplest case when there are

two true change points 79 and 73, 1 < 77 < 7 < n — 1. From Theorem 3.4.4, the
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asymptotic limit of C, .. (k) as p > n — oo can be written as follows

asm,em (k> = ¢<k)sm,enL + 0P<1)7

where ¢(k)

Sm,Em Sm)

denotes the value of ¢(k) for the segment [ X , X 11,...,Xe, |-
Similar to the result (3.17) in the proof of Theorem 3.4.4, it is straightforward to
show that

max {(b(k)sm’em} (5.4)

sm<k<em—1

= max {¢(k)sm,em1(k 4 7—107 720) + ¢(k)5m7em]‘(k = 7—{)) + ¢(k)sm,em1(k = Tg)}

sm<k<em—1

=  max {qb(k:)sm,emﬂ(k = 17) 4 (k) sy Lk = TS)}’

sm<k<em—1

see also Figure 5.1 in the main thesis. The binary segmentation in this case starts

with m=1,s,, =1 and ¢,, = n, so

A = arg max{al,n(k)}.

1<k<n—1

Using (5.4), we find as p > n — oo

A = arg max{?lm(k‘)}

1<k<n—1

= arg max{?lm(k)ﬂ(k #70,79) + Crn(B)1(k =7)) + Crn(k)1(k = TQ)}

1<k<n-—-1

= argmax{¢(k)1n1(k # 70, 73) + ¢(k)1n1(k = 77) + ¢(k)1n1(k = 73) + 0op(1) }

1<k<n-—1

> argmax{p(k)1n1(k # 77,78) + (k)1 (k = 70) + ¢(k)1nl(k = 75)}

1<k<n-1

= argmax{ (k)i }.

1<k<n-—1

Using (5.4), we have either 4, i 7 or 4 i 79, depending on which one of

H(k)1,1(k = 70) and ¢(k)1,1(k = 73) is larger. For the first case, if ¢(k),,1(k =
) > ¢(k)1,1(k = 73), we obtain 4 i 77, and then split the data sequence into
two sub-sequences: one before and including 4, and one after 4;. Specifically, the

first sub-sequence has the starting and ending indices sy = 1 and ey = 47, while the
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second sub-sequence has the starting and ending indices sy = 41 + 1 and ey = n.
As shown in our discussion after Proposition 3.4.3, it is clear that under the null
hypothesis of no change point, we have C;(k) = op(1) as p > n — oco. Then, since

P :
1 = 7 < 19, we have either

¥, = argmax {C 5, (k) } = argmax {op(1)} Ly argmax{0} = 0, (5.5)

1<k<An—1 1<k<A1-1 1<k<A1—1

where () indicates no change point found (as previously defined in the main thesis),

or

72 = argmax {6@14-1771(]{3)}
f+1<k<n—1

= argmax {6’91+1,n(k)]1(k 7& 7—20) + 6’71+1,n(k)1(k = 7_20)}

f+1<k<n—1

= argmax {¢(k)‘y1+1,n1(k a 7'20) + ¢(k’)%+1,n1(k = 7'20) + 0P<1>}

A1+1<k<n—1

i) arg max {Cb(k)%—i-l,nl(k # TS) + ¢(k)?1+17nl(k = Tg)}

A1+1<k<n-—1

= argmax {qb(kl)’%—&-lm}
A1+1<k<n-—1

=15
Thus, we must have 45 > 79. For the second case, if (k)1 1(k = 7°0) < ¢(k)1,1(k =
79), then similarly to the first case we can show that 4, = 70 and 45 — 7°. Thus,
denoting (71, 72) = sort (%1, 32), we have ||(71,72) — (17, 79)||, = op(1) asp > n — o
for the simple case of two true change points.
Now suppose that there are z true change points 70, 79,...,70, 1 < 7 < 79 <

. < 719 < n—1. Similar to the previous results in (3.17) and (5.4), we find as

p > n — oo that

smgrilsail—l{qs(k)smem} (5.6)
T aeheX 1{¢(k>smvem1<k # TPy T2+ Z A(K) s e Lk = Tio)}
e i=1

z

- sm<n;33§n_1{ Z Ok )omern 1 = Tio)}'
== i=1
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The binary segmentation again starts with m =1,s,, = 1 and e,, = n, so
4y = argmax{C1,(k)}.
1<k<n—1

Using (5.6), we get as p > n — o0

41 = arg max{@lvn(k;) }

1<k<n—1
= argmax{am(kz)ll(k AT, T+ Zal,n(k)]l(k: = Tio)}
1<k<n—1 p

1<k<n—1

= argmax{o(W)1, 1k £ 77, 70) + D 6(k)al(k =77) +op(1)}

s argmax{ o(k) il (k #7770 + 3 k)1l (k= 77) }
=1

1<k<n—1
= arg max n
1<%<n 1{Z¢ ' }
Hence, using (5.6), we have 4, N o for a 1), my € {1,...,z}, for which
d(k)1nl(k = 75) = max{¢(k)1,1(k = 17),...,0(k)1,1(k = 72)}. We then split

the data sequence into two sub-sequences: one before and including 41, and one
after 4;. Specifically, the first sub-sequence has the starting and ending indices
ss = 1 and e; = #q, while the second sub-sequence has the starting and ending
indices ss = 41 + 1 and e; = n. Applying the same process as above for the two
estimates 45 and 43 that 7, N 7;0,12 and 43 P, o ,» Where we have either o , < o

and 75, > 70 or 70 > 7o and 70 < 79 . Continuing this process, we find
(71, T2y e s 7o) — (T2, 795 oo, T, = 0p(1) as p > n — oco. We note that for the

last two sub-sequences of this segmentation process, no additional change points will

converge according to the calculation in (5.5) for the case of two true change points.
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CHAPTER 6

Online change point detection for high dimensional data streams

In this chapter, we introduce distance-based CUSUM for online change points (DC-
OCP), a nonparametric method for detecting high dimensional online change points
(Zhang et al., 2025). The online change point problem differs from the offline change
point problem. Offline change point analysis estimates both the number and the
locations of change points, and consistency is the main goal in terms of the theory.
But online change point analysis deals with sequential data streams, where the main
task is fast detection while controlling the overall type I error. This is often a harder
problem as the tests are multiple and sequential. In Section 6.1, we present the online
change point problem setting with a sliding window technique. In Section 6.2, we
introduce the DC-OCP method and propose a stopping rule based on permutation-
based thresholds to terminate the sequential testing algorithm when the true change
point arrives. In Section 6.3, we provide theoretical results to justify the proposed
method. In Section 6.4, we assess the numerical performance of DC-OCP, validate
the accuracy of derived theoretical properties, and compare it with some of the
methods in the literature. In Section 6.5, we apply DC-OCP to human activity
recognition data in a high dimensional setting and demonstrate its capability to

detect multiple online change points. In Section 6.6, we provide the technical proofs
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for all theoretical results developed in this chapter.

6.1 Online change point problem setting

Suppose a p-dimensional data stream is observed sequentially as follows

X1, Xo, o X, X1, Xnize o X, ... m=12,...
TV

TV
Historical data Arriving data

where the historical data is of size n and each observation X is p-dimensional as
X, = (Xn, Xig,.... X)) fori=1,2,....n,n+1,....n+m,..., with n+m < p.
We note that the p variables are potentially correlated. We here allow historical data
and note that some arriving data over time can be regarded as historical data if a
change point occurs. In this framework, if there are any significant change points, we
only consider the data sequence after the last detected change point as historical data.
Let Fy, Fs, ..., Fim, ... denote the corresponding unknown probability distributions,
respectively. In line with the above setting, we assume that the historical data do
not contain a change point, so the distribution of the historical data is identical,
although unknown. That is, F} = F, = --- = F},.

Let us consider the first m arriving observations. We use the index ¢ to denote the
time of these arriving observations with t = 1,...,m. We define a data sequence of
size w as most recent w observations in the form of [ X, wi1, Xntt—wi2s -« Xntt]
for each time t = 1,...,m. We aim to sequentially test if there is a change point in

these m arriving observations as follows

1. _ _

Ho-Fn7w+2—"'— n+1,

1. — — — —

H  Fypio==Fpr # Foprp1 = = Fyp1,
H(T:Fn—l-m—w—s-l:"': n+m,

H": Froymews1 = =Fpir # Fyprp1 = -+ = Fyupm,
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or equivalently

HS : Fn+t—w+l = = Lptey
fort=1,...,m, (6.1)
Hi: Fogpewi1 = = Fogr # Fogprp = -+ = Fogy,
where 7 € {0,...,m — 1} points to a (unknown) change point location in the

observations that arrive. For mathematical convenience, if there is no change point,
we set 7 = oo. If H} is rejected at some time ¢, we infer that there is a change
point in the arriving data and stop the detection procedure at time t. Otherwise,
we continue the detection procedure until all arriving observations are tested. This
procedure is for single change point detection. We will discuss the case of multiple

change points later in the next section.

6.2 DC-OCP method and sequential change point
detection algorithm

As noted in Section 3.1, the main challenges in high dimensional change point analysis
also apply to the online change point problem, so we avoid repeating them again.
The distance-based CUSUM statistic can naturally serve as a nonparametric solution
for detecting high dimensional online change points. However, the sequential testing
framework is different and more complex than in the offline change point problem.
For example, it requires a suitable stopping rule to control the overall type I error
across multiple tests. Thus, substantial effort is needed to adapt the distance-based
CUSUM statistic to the online framework, which we discuss next.

To detect general types of change points in online settings, we propose distance-
based CUSUM statistics to carry out the sequential testing problem in (6.1). For each
test at time ¢ = 1,...,m, let the data sequence [X,1i—wi1, Xntt—wi2s -« Xnit]

denote the test interval of size w. We define the following distance-based CUSUM

statistic on this interval, calculated for each i =n+t—w+1,...,n+t,
h n+t h k
Ci(k;t) = —— dX;, X;,))—— d(X;, X;), (6.2
(3 ) n+t—k‘,z ( 2 w—n—t+k Z ( i), (62)
j=k+1 j=n+t—w+1
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where h = \/(n+t —k)(w —n—t+k)/wis a constant, k € {n+t—w+1,...,n+
t —1}, and d(X;, X ;) is a suitable pairwise distance function.

Similar to the case of offline change points, the distance-based CUSUM statistic
(6.2) measures the average distance differences among all observations before and
after each k. It is different than the standard CUSUM statistic, which in this case
is given by Cgandara(k;t) = nfﬂ ?i,iﬂ X, — #—t—l—k ?:n+t7w+1 X j, where the
constant term is h* = \/(n+t — k)(w —n — t + k) /w. The proposed distance-based

CUSUM statistic (6.2) uses pairwise dissimilarity distances d (X;, X ;) instead of just
the observations X; and X ; themselves. This provides a scalar CUSUM value, and
because it is defined for each observation 7 in the test interval, i = n+t—w—+1, ..., n+t,

we obtain a sequence of w values of CUSUM for each k € {n+t—w+1,... ,n+t—1}.

Remark 4. The choice of dissimilarity distance can be crucial in high dimensional
regimes. For example, both the squared Ly-norm distance || X; — X||3 and the
Li-norm distance || X; — X,||; suffer from convergence issues when dimension p
increases (see Hall et al., 2005). To overcome the convergence issue, we can introduce
a modifier 1/p to the L;-norm distance, resulting in the following modified L;-norm

distance

P
d(X;, X;) :p712|Xz‘l—le|- (6.3)
=1

This is a similar modification to the modified Ly-norm distance p~*/2||X; — X2
proposed by Hall et al. (2005). We here prefer to use the modified L;-norm distance
as it requires weaker assumptions and is known to show better empirical performance

over the modified Lo-norm distance, as shown in Section 4.3.

To proceed with the proposed approach, by applying the distance-based CUSUM
statistic (6.2), we obtain a w X (w — 1) squared CUSUM matrix as follows

Cripwi(n+t—w+1;t) - Co o (n4t—1;t)
Crstcwra(n+t—w+1it) o Chpyp(n+t =15t

C = T . ) | +t +2(. ) 7 (6.4)
C2 (n+t—w+1;t) - CP(n+t—11)

where all the CUSUM values are squared to ensure working with non-negative values.
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The computational cost for calculating C;(k;t) foreachi=n+t—w+1,...,n+t
is O(wp), so the computational cost for calculating the CUSUM matrix (6.4) is
O(w3p). Note that when w is much smaller than p as in high dimensional settings,
the computational cost becomes O(p). All columns of the squared CUSUM matrix
(6.4) may contain information about the potential change point. To measure this
information, we suggest the following test statistic using the maximum of column

sums of the squared CUSUM matrix C'"

T =  max {l nff C2(k: t)}. (6.5)

nt+t—w+1<k<n+t—1 | W .
i=n+t—w-+1

As shown in Theorem 6.3.2 below, the test statistic (6.5) converges to 0 under
the null hypothesis of no change point. Therefore, large values of the test statistic

T'(t) suggest rejecting the null hypothesis at time ¢.

Example 3. To illustrate this using a simple example, Figure 6.1a and Figure 6.1b
show the behavior of column sums of the squared CUSUM matrix under the null
and alternative hypotheses, respectively. For Figure 6.1a, we randomly simulate
50 observations from a standard multivariate normal distribution with p = 1000.
For Figure 6.1b, we simulate another 50 observations from the same distribution
but with a mean shift of 1 for all variables in the last 15 observations, hence the
true change point occurs at location 35. For a simpler visualization here, we apply
distance-based CUSUM (6.2) to the entire data sequence. Figure 6.1a shows that all
column sums of the squared CUSUM statistics are close to 0 under the null, hence
the maximum value is also very small. In contrast, Figure 6.1b presents a different
pattern, where the true change point at location 35 has the largest column sum value,
and it is much greater than 0. This is due to the different asymptotic behaviors of
the distance-based CUSUM statistic under the null and alternative hypotheses, as

derived in Section 6.3.

As a nonparametric approach, we use a permutation-based procedure to construct
thresholds for the sequential tests in (6.1). The use of a permutation procedure is
helpful here because all observations are exchangeable under the null hypothesis

of no distributional changes. In each permutation step, we draw w observations
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(a) The behavior of column sums of the (b) The behavior of column sums of the
squared CUSUM matrix C when there is squared CUSUM matrix C when there is
no change point. a true change point at location 35.

Figure 6.1: Illustrative example on behaviors of column sums of the squared
CUSUM matrix C with p = 1000. Figure 6.1a shows the results under
the null hypothesis. Figure 6.1b shows the results under the alternative
hypothesis, where the true change point is highlighted by a vertical dashed
line.

from the historical data and randomly permute their indices to obtain a random
permutation sample under Hf. Using formula (6.5), we obtain a permutation test
statistic based on this permutation sample. Repeating this process S times, we find

an approximate permutation distribution of the test statistic 7'(t) under H§ as

perm

S
Gpe (1) = %Z 1(T%, <u) VueR", (6.6)
s=1

where 77, ., denotes the test statistic calculated for the s-th permutation sample
and 1(-) is the indicator function. For the sequential testing problem (6.1), it is
important to control the family-wise error rate of the m sequential tests, which can
be challenging to achieve. We propose the following threshold to control the FWER

using the Bonferroni correction
¢ :=inf{u e R" : Grs, (u) >1- a/m}, (6.7)

where a € [0, 1] is the nominal significance level. If the value of the test statistic

T(t) exceeds the proposed threshold TE€, we reject the null hypothesis at time ¢,
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indicating a change point.

The Bonferroni correction is suitable for small or moderate m, but when m is large,
the value of T3¢ increases, so rejecting the null hypothesis would be more difficult.
To accommodate large-scale data streams, we suggest an alternative threshold based
on controlling the average run length (ARL) as follows

TAR = inf{u € R" : Gps(u) > 1— aart}, (6.8)

perm

where aagry, € (0,1) is a parameter to control the ARL. The idea of developing
a manageable ARL is widely used to control false alarms in online change point
detection. Unlike T3¢, the ARL-based threshold TAR: remains fixed with respect
to m; however, it is not designed to control FWER (see Table 6.3 in our simulation
results). To combine their properties, we propose an additional threshold defined
based on the average of these two thresholds as

TBC TARL
T — g

; 5 (6.9)

Using either of the proposed thresholds, we define a stopping rule ¢, as the first
time ¢ that the test statistic 7'(¢) exceeds a chosen threshold T, € {T°¢, TARE T}
as follows

ttop =min {1 <t <m:T(t) >T,}. (6.10)

The choice of threshold 7T, should depend on the application and the size of arriving
observations to be tested. Based on our simulation results in Section 6.4, we
recommend using T2¢ for data streams with small m, TARL for data streams with
large m, and 77" for data streams with moderate m. We note that the use of empirical
thresholds is common in online change point analysis, including Monte Carlo-based
thresholds (e.g., Mei, 2010; Chen et al., 2022) and bootstrap calibration schemes
(e.g., Avanesov and Buzun, 2018; Gésmann et al., 2022), among others.

Algorithm 3 summarizes our proposed method, which applies the distance-based
CUSUM (6.2) with the proposed stopping rule (6.10) to detect an online change

point in high dimensional data streams. Unlike offline change point detection which
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typically estimates the change point location, Algorithm 3 stops immediately once a

significant change point is detected, making it efficient for sequential testing.

Algorithm 3: The DC-OCP method

Input: Historical data {X,..., X} and m arriving observations
{ X1y Xnim}-
Output: Stopping time ¢, or “NA” if there is no change point in arriving
observations.
Compute threshold T, using either of the formulas (6.7), (6.8) and (6.9);
t <+ 1;
while t < m do
X ¢ [Xnttmwits Xngtmwias - Xngd)

t
D « [d(X;, XJ')]?:JFnJFt—wH ?:rtz+t—w+1§

C e [C2s Ot s 1202

i=n+t—w+1 k:n-‘rt—w—l—l;

1 n+t 2(1.. .
T(t) « n+t—w—iI-Illgl}€<§n+t—l{E Zi:”“‘“’“ Ci (ks t)}’
if T'(t) > T, then

| returnt

end
t+—t+1;
end
return “NA”

Our Algorithm 3 can be straightforwardly extended to detect multiple online
change points. This can be achieved by considering some observations after a new
detected change point as historical data and applying the algorithm repeatedly
until the data stream is tested in real time (see our real data application in Section
6.5). We note that this requires the assumption that the minimum spacing between
consecutive change points is not too small, which is a typical assumption in online

change points (see, e.g., Yu et al., 2023).

Example 4. Figure 6.2 illustrates Algorithm 3 for the simulation example in Fig-
ure 6.1b with the last 20 observations simulated sequentially. It shows how the
algorithm detects a high dimensional online change point (p = 1000) using a sliding
window approach, and terminates immediately after the time that a true change

point occurs (i.e., n + 79 = 35).
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Dimensions p = 1000

3

Historical Data Arriving Data

1 10 20 30 35 40 50
Observations

(a) High dimensional observations containing 30 historical data (n = 30), 20 arriving
data (m = 20), with p = 1000. The red lines show the true mean of observations in the
simulation.

test statistic

0.00380

Sliding windows

1 10 20 30 35 40 50
Observations

(b) Algorithm 3 begins at the top with the first test interval [X12,..., X31] (here w = 20)
when the first arriving observation (X3;) arrives, and it terminates at the bottom with the
last test interval [X17,. .., X 3¢] where the corresponding test statistic (0.01079) exceeds the
threshold (0.0038). Here, the darker blue color indicates larger values of the test statistic.

Figure 6.2: Illustrative example of Algorithm 3 for detecting a true change
point with window size w = 20 and a pre-computed threshold 7€ = 0.0038.
The time at which the true change point occurs (i.e., n + 79 = 35) is
highlighted by the vertical dashed line in Figure 6.2b.
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6.3 Theoretical results

In this section, we study the asymptotic behaviors of the distance-based CUSUM
statistic in the sequential testing framework (6.1) when p — co. We also establish
theoretical guarantees for the proposed stopping rule under both the null hypothesis
and the alternative hypothesis. In particular, we show that the stopping rule controls
the FWER and ARL under the null hypothesis of no change point. Under the
alternative, we prove that the test is asymptotically consistent as p — oo, or as both
p and m grow large, under some conditions. In the same asymptotic regime, we show
that the test also achieves low detection delays.

The asymptotic behavior of the proposed distance-based CUSUM (6.2) depends on
the asymptotic limit of the distance function d(X;, X ;). To develop the theory, we

define the following scalar term

xx, = \E(d(X. X)) Vi (6.11)

which turns out to appear in the asymptotic limit of d(X;, X ;), as we will see later.
Suppose there is a true change point in the m arriving observations and let 7y denote
the (unknown) true change point such that Fy = -+ = F, ., # Fringe1 = = Frim
with 7o € {0,...,m—1}. We define A7 as a set of indices for pre-change observations

and A} as a set of indices for post-change observations as follows

A ::{1,...,71—1—7'0}, AJF ::{n+7—0+17"-7n+m}'

70

We can then write for ¢ # j that

T0?

707

Mz ar = Axx, Vie A ,je Al orVie Al je AL,

Since we focus on the modified Ly-norm distance d(X;, X ;) in (6.3), we recall the

following assumptions:
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(A1) Assume max maxF(X7) < oo,
I<isntm1<i<p

(A2) Assume >V > Cov (| Xy — X, | X — Xju|) = o(p?) as p — oo, where
1A,

With these assumptions, it is evident that Ax,x, < oo for 1 <4, j < n + m. Assump-
tion (A1) says that the second moment of random variables Xj; is uniformly bounded.
Assumption (A2) imposes the weak dependence among the random variables, which
would be trivial in case the variables are independent. Note that under assumptions
(A1) and (A2), the WLLN holds on the sequence {|X; — Xj| : 1 <[ < p}. Thus, we
have p~ (| X; — X ;| — E (| X — X|l1)) L5 0 as p — o0o. Using the results in
Theorem 3.4.2, we have the following lemma shows the asymptotic convergence of

the modified Ly-norm distance d(X;, X ) as p — oo.

Lemma 6.3.1. Suppose there is a true change point t9 in m arriving observations
such that Fy = -+ = Fy 0y # Fuirge1 = -+ = Fom with 1o € {0,...,m—1}. Under
assumptions (A1) - (A2), we have as p — o0

e

T0

)\’24:0’47_0 +op(1) Vi, je A

d(Xi, X;) =9\, , +op(l) Vi je Al

Af AT, 707

\AZ;OA%“‘OP(l) VieA . je Al orVie Al je A_.

The proof follows the same argument as Theorem 3.4.2 and therefore is omitted.
We derive the asymptotic limit of the proposed test statistic T'(¢) in (6.5) when

p — oo under the sequential testing framework (6.1).

Theorem 6.3.2. Suppose that there are m arriving p-dimensional observations. For
each sequential test at time t = 1,...,m, consider the test statistic T(t) in (6.5)
which is computed based on the test interval [ X pit—wi1s Xnt—wt2s -« - s Xnie). Under

assumptions (A1) - (A2), the following results hold as p — oo

(a) If there is a true change point 1y in m arriving observations such that F} =
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= Lntry 7£ Fn+7—0+1 == Lpim with To € {0, e, — 1}, then

Tt)|g, =¥(t) +op(l) fort>m

T(t)| g, = op(1) for t < 79,

. . _ (t=70)(w—(t—70))% [\ 2
in which W (t) = 3 <)‘ An AL T A An -
)\2

)2
A an)

)2 )2 4 (t=m0)’(w=(t=n0)) (22

w? Aro Ay

(b) If there is no change point in m arriving observations, then T'(t)|g, = op(1)

fort=1,....,m.

Let us use the notations Py () and Eo(-) for the probability and expectation
under the null hypothesis of no change point (i.e., 7 = 00), respectively. We first study
the theoretical properties of the proposed stopping rule under the null hypothesis.
We begin with the following lemma showing that the permutation distribution of the
test statistic T'(t) is asymptotically equivalent to the (unknown) true distribution

under the null hypothesis.

Lemma 6.3.3. Suppose that there are m arriving observations with no true change
point. Let Gy, (u) denote the distribution of the test statistic T'(t) under the null

hypothesis. We have as S — oo that

(a) Grs

perm

(u) 5 Gryy (u) Yu € RY,

(b) Py (T(t) >TE) 5 2 vaelo,1], fort=1,...,m.

Using the results in Lemma 6.3.3, we establish the following theorem which shows

that the threshold T¢ in (6.7) controls the FWER of sequential tests.

Theorem 6.3.4. Under the null hypothesis of no change point, consider the threshold
TBC in (6.7). The probability of the first false detection among the m arriving

T

observations is bounded above by a nominal level o € [0,1] as follows
P (min{l <t<m:T(t) > TTBC} < m) < a.

We next derive a theoretical lower bound for ARL using the threshold TARL in

(6.8).
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Theorem 6.3.5. Consider the conditions in Theorem 6.3.4 and the threshold TAEL in
(6.8). The expectation of the stopping time using this threshold attains the following

lower bound
1

Eo (min {t € N: T(t) > TR} > .
QARL

We now study the theoretical properties under the alternative hypothesis, where a
change point 7 occurs in the m arriving observations. Let P, (-) and E, (-) denote
the probability and expectation under the alternative hypothesis, respectively. We

make the following additional assumption.

(A3) Consider the conditions in part (a) of Theorem 6.3.2 where ¢ > 75. Define
— ()2 2 2 2 2 2
Apin = ()\AJOAiO - )\A¥0A¥0) A ()\A?OA% — AA%A%) . Assume A, > 0 as
p — 00.
The detection power is defined as the probability that a change point is detected
after it occurs (Tartakovsky et al., 2014). The following theorem establishes the

consistency of our proposed test as p — oo, under the above conditions.

Theorem 6.3.6. Consider the alternative hypothesis that there is a true change point
0 € {0,...,m — 1} in the m arriving observations such that Fy = -+ = F, 1, #

Frirot1 = Foim. Under assumptions (A1) - (A3), we have as p — oo

sup P, (T'(t) >T,)—1] =0 fort > 7.

0<to<m

Under the alternative hypothesis that there is a true unknown change point

70 € {0,...,m — 1}, the expected detection delay is defined as
EDD(1p) =E,, (min{l <t <m:T()>T.} — 7o |min{l <t <m:T(t) >T.} > 7).

The literature mostly considers the expected detection delay at the so-called imme-
diate change point, since the supremum over all expected detection delays is often
achieved at this point (see also Siegmund and Venkatraman, 1995; Xie and Siegmund,
2013). In our setting, the immediate change point refers to a change that occurs

immediately after historical observations, that is, at 7 = 0. We therefore expect that
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the supremum of EDD is given by E,; —o (min{l <t <m : T(t) > T,}), as shown in
the following theorem, which establishes the convergence of the expected detection

delay as p — oc.

Theorem 6.3.7. Consider the conditions in Theorem 6.53.6 with a true change point

0 € {0,...,m —1}. We have
(a) The supremum of all expected detection delays is achieved at the immediate

true change point o = 0 as

sup EDD(7p) = E—o(min{l <t <m:T(t) > T,}).

0<to<m

(b) Under assumptions (A1) - (A3), it holds as p — oo that

E—o(min{l <t <m:T(t)>1,}) = L

Theorem 6.3.7 shows that on average one post-change observation is required asymp-
totically as p — oo to terminate the detection procedure after a change point occurs.
The above two theorems hold for finite m, as long as p — co. Do these results also

hold when m grows with p? The following result answers this question.

Theorem 6.3.8. Consider the conditions in Theorem 6.53.6. Under assumptions
(A1) - (A3), we have as p — 0o and m — oo that
(a) sup |P.(T(t)>T,)—1—0 fort>r.
0<m9<m

(b) The expected detection delay satisfies

sup EDD(7y) = E,—o(min{t e N: T(¢t) > T,}),

0<t9<m
and furthermore E, —o(min{t e N: T'(t) > T,}) — 1.

This theorem proves the asymptotic optimality of our method when both m — oo

and p — oo.
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6.4 Numerical studies for online change point sce-
nario

In this section, we conduct some numerical studies of DC-OCP in the online change
point setting. The advantages of the distance-based CUSUM statistic, as shown
in Chapter 4, also apply to online change point detection. So we avoid repeating
them. In Subsections 6.4.1 and 6.4.2, we assess the accuracy of the theoretical results
by evaluating the empirical EDD and detection power under the alternative, and
the FWER and ARL under the null, respectively. In Subsection 6.4.3, we compare
DC-OCP with some recent methods.

6.4.1 Detection delay and empirical power

We first evaluate the detection delay and the detection power of our proposed method
DC-OCP under some online high dimensional scenarios. Here, we consider two types
of distributional change: a change in the mean of observations and a change in the
variance of observations. Our simulations include historical data of size n = 100,
arriving data of sizes m € {100,300}, dimensions p € {500, 1000, 2000} and window
sizes w € {50,100}. For historical data, we generate n random observations from a
p-variate normal distribution N(0,, V'), where 0, is a p-dimensional vectors of zeros
and V, is a p X p autoregressive covariance matrix defined as V', = [O.5L§7j |r_f_1.
To impose a change point in the arriving observations, we generate the ﬁrs’lc_rerS
random observations from the same distribution as historical data whilst the last
4m /5 random observations are generated from N(u,,3,), allowing different means
and variances as p, € {Op, (0.2 X 13,/4,0 X 1p/4) , (0.3 X 13p/4,0 X 1p/4)} and 3, €
{V,,1.1V,, 1.2V ,}. All m arriving observations arrive sequentially, and the true
change point occurs at location n+m/5, except for the case of no change point when
p, = 0, and X, = V. Just to clarify that for the scenarios of a change in the mean
of observations, we have p, € { (0.2 X 135/4,0,/4), (0.3 X 13,4,0,4)} and X, = V.

We compute the three proposed thresholds using S = 500 permutations for each of
the 200 replications to train the threshold, with o = 0.05 for TPC and aarr, = 1/3000

for TARL Table 6.1 reports the detection power of our method over 200 replications.
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Table 6.1: Detection power of our method, DC-OCP, over 200 replications for
detecting a true change in the mean of observations, using three thresholds:
TBC, TARL and T,

p, = (02x15,1,0x1,,),5,=V, | p,=(03x15,,,,0x1,,),3,=V,
w = 50 w = 100 w = 50 w = 100
m  p | IPC TARL Tr [ TBC TARL e | TBC TARL e [ pBC O pARL
100 500 [ 0.44 0.38 0.42[0.81 0.72 0.79[0.99 1.00 1.00[1.00 1.00 1.00
100 1000 | 0.80 0.75 0.77|1.00 1.00 1.00|0.99 0.99 0.99 | 0.99 0.99 0.99
100 2000 | 1.00 1.00 1.00|0.99 0.99 0.99 099 1.00 0.99|1.00 1.00 1.00
300 500 [0.29 0.36 0.32[0.56 0.68 0.63]0.99 098 099 [1.00 0.98 1.00
300 1000 | 0.73 0.80 0.76 [ 0.99 0.98 0.99|1.00 1.00 1.00|0.99 0.98 0.99
300 2000 | 0.99 1.00 1.00 | 1.00 0.99 0.99 [ .00 1.00 1.00 | .00 1.00 1.00

The results show that the power is considerably high, especially when the dimension
p, window size w, or signal strength increases, which is in line with Theorem 6.3.6.
We note that the power with T2C slightly drops when m increases as expected, while
TARL and T show a stable power. We note that a larger window size w improves the
power of TB¢ for large m. Overall, our method performs reasonably well in detecting
a change in the mean of observations in these high dimensional settings with all the
proposed thresholds.

The violin plots in Figures 6.3a -6.3d show the detection delays including the
average values, to detect a change in the mean of observations with m = 100 using
the threshold T2¢. It can be seen that the average detection delay approaches 1 as
the dimension p or the signal increases, which is consistent with Theorem 6.3.7. For
scenarios of a change in the variance of observations, we recall ¥, € {1.1V,, 1.2V}
and we fix p, = 0,. The empirical power and detection delay for detecting a change
in the variance of observations are presented in Table 6.2 and Figures 6.3e -6.3h,
respectively. The results indicate that our method has good performance in detecting
a change in the variance of observations. We report the results on the detection
delay for detecting a change in the mean of observations and a change in the variance
of observations with the arriving data size of m = 300 in Figure 6.4. We can see
that the presented results are similar to those with m = 100 in Figure 6.3, with the
average detection delay approaching 1 as the dimension p or the signal increases.

These results are consistent with Theorem 6.3.8 when m also grows with p.
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Table 6.2: Detection power of our method, DC-OCP, over 200 replications
for detecting a true change in the variance of observations, using three
thresholds: T3¢, TARL and T

p,=0,3%,=11V, p, =0, 3%,=12V,
w = 50 w = 100 w = 50 w = 100

m P TBC TARL T* TBC TARL T* TBC TARL T* TBC TARL T*
100 500 | 0.60 0.55 0.57]0.99 099 099|098 1.00 099|098 0.98 0.98
100 1000 [ 0.90 0.86 0.88 1099 099 099|100 1.00 1.00|099 0.99 0.99
100 2000 | 0.98 0.99 099099 099 099098 1.00 1.00|099 0.99 0.99
300 500 | 0.57 064 063|096 097 096|098 097 098]0.99 098 0.99
300 1000 | 090 096 095|098 099 099|099 099 099|099 099 0.98
300 2000 | 1.00 1.00 1.00|1.00 100 1.00|1.00 098 0.99]|1.00 098 0.99
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Figure 6.3: Detection delay of our method, DC-OCP, over 200 replications
with m = 100 for detecting a true change in the mean of observations (figures
(a) - (d)), and for detecting a true change in the variance of observations
The horizontal line in the middle of each violin plot

(figures (e) - (h)).
highlights the average detection delay.
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Figure 6.4: Detection delay of our method, DC-OCP, over 200 replications
with m = 300 for detecting a true change in the mean of observations (figures
(a) - (d)), and for detecting a true change in the variance of observations
(figures (e) - (h)). The horizontal line in the middle of each violin plot
highlights the average detection delay.
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Table 6.3: False alarm rate (FAR) of our method, DC-OCP, over 200
replications for the case of no true change point using three thresholds: T3¢
with o = 0.05, TARL with asgry, = 1/3000, and T

w = 50 w = 100

m P TPC T,{*RL T TPC TTARL Tr

100 500 | 0.03 0.03 0.03]0.01 0.01 0.01
100 1000 | 0.03 0.02 0.02 ] 0.03 0.02 0.02
100 2000 | 0.04 0.01 0.02]0.03 0.01 0.02
300 500 | 0.03 0.08 0.04]0.03 0.06 0.04
300 1000 | 0.01 0.05 0.03]0.03 0.05 0.04
300 2000 | 0.01 0.01 0.01]0.02 0.03 0.02

Table 6.4: Average run length (ARL) of our method, DC-OCP, over 200
replications for the case of no true change point using threshold TARL with
aarr = 1/3000. Here, the theoretical lower bound of ARL is 3000.

P w=>50 w=100
500 | 2989.25 3589.94
1000 | 3489.99 3300.01
2000 | 3624.72 3472.16

6.4.2 False alarm rate and average run length

We next assess the False Alarm Rate (FAR) and the ARL of our method under the
null hypothesis of no change point. For this, using the previous simulation setting,
we set p,, = 0, and X, =V, so that all simulated observations are generated from a
p-variate normal distribution N(0,, V). We run simulations over 200 replications.
Table 6.3 reports the FAR of our method using the three proposed thresholds, with
different numbers of arriving observations m and window sizes w. We can see that
all three thresholds control the FAR reasonably well. In particular, the test with
threshold TB€ controls FAR below the nominal level a = 0.05, which is in line with
Theorem 6.3.4. Since the threshold TARL is designed to control the ARL of the test,

TARL For this simulation

we also calculate the empirical ARL using the threshold
scenario, we use the previous setting but set m = 5000. We let aarr, = 1/3000
such that the theoretical lower bound of the ARL is 3000. The results presented
in Table 6.4 show that the empirical ARL is reasonably close to the theoretical

lower bound with different dimensions p and window sizes w, which supports our

theoretical result in Theorem 6.3.5.
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6.4.3 Comparison with other methods

We now compare the performance of our proposed method DC-OCP with some
recent methods for online change points. They are the likelihood ratio test for
multiscale high dimensional change point proposed by Chen et al. (2022), here
called OCD, the multi-sensor mixture procedure by Xie and Siegmund (2013), here
called XS, and the method for detecting changes in high dimensional covariance
structure proposed by Li and Li (2023), here called OnlineCOV. In the simulations,
we use w = 100 and m = 100, and set ARL = 3000 for all the methods. We
investigate both normal and non-normal data scenarios. For normal data, we use
the previous setting. For non-normal data, we first generate n observations from a
p-variate Student’s-t distribution with standardized covariance matrix t,, (0,, I,,) as
historical data, where v; is the degrees of freedom. We then generate m arriving
observations where the first m/5 observations are drawn from the same distribution
as the historical data, and the last 4m /5 observations are drawn from ¢,,(p,, Ip).
Here, we set p, € {0,, (0.3 X 13,/4,0 x 1,,4)}.

First, we compare our method DC-OCP with the OCD and the XS for detecting
a change in the mean of normal observations. The results in Figure 6.5a show
that our method DC-OCP has a higher detection power than the OCD, and the
results in Figure 6.5b indicate that our method DC-OCP has lower average detection
delays compared to the XS, also showing comparable detection delays with respect
to the OCD as dimension p increases. This is because both OCD and XS require
the assumption of normal observations with an uncorrelated covariance structure.
To simulate a change in the mean with Student’s-t observations, we use p, =
(0.3 X 13p/4,0 X lp/4) and set v; = vy = 30. The reason we use a high degree
of freedom v; = v = 30 is to have a distribution still close to normal for a fair
comparison with the OCD and the XS. The results in Figure 6.5¢ suggest that our
method DC-OCP has better detection power than OCD. Also, Figure 6.5d shows
that our method outperforms OCD and XS in terms of empirical detection delays.
So our method outperforms both OCD and XS when the normality assumption does
not hold.

Then, we compare our method DC-OCP with the OnlineCOV for detecting a
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change in the variance of p-variate normal and p-variate Student’s-t observations. For
normal data, we use the same simulation setting as before, but for Student’s-t data,
we here set vy = 5 and v, = 10, and fix p, = 0, to keep the mean of observations
the same in this comparison. The results in Figure 6.6a and Figure 6.6¢ show that
our method DC-OCP has a higher power than the OnlineCOV under both normal
and Student’s-t data, and the power of OnlineCOV gets closer to ours only when p
is very large. Furthermore, Figure 6.6b and Figure 6.6d indicate that our method
DC-OCP has much lower empirical detection delays compared to OnlineCOV under
both normal and Student’s-t data. We note that the OnlineCOV method of Li and
Li (2023) is mainly effective in detecting changes in the non-diagonal elements of
the covariance matrix. In fact, in their simulations, they changed the covariance
matrix of p-dimensional observations from the identity matrix to a matrix with 1 on
the diagonal and 0.6 on the non-diagonal elements. In contrast, our settings focus
mostly on changes in the diagonal entries of the covariance matrix. As a result, the

OnlineCOV method is not very competitive in this case.

6.5 Real data application: human activity recogni-
tion data

We apply our online change point method to a real dataset called the Human
Activity Recognition (HAR) data, which is obtained from the UCI Machine Learning
Repository (see Anguita et al., 2013; Reyes-Ortiz et al., 2013). The dataset contains
time-series data of daily human activities collected from experiments in which
volunteers perform six activities (walking, walking upstairs, walking downstairs,
sitting, standing, and laying) while carrying a smartphone with embedded sensors.
There are 561 features in this database that come from the accelerometer and
gyroscope 3-axial raw signals. This dataset was previously analyzed by Yilmaz (2017)
for online change point detection in a low dimensional setup, since they considered
only 5 features. But, in our analysis, we study the high dimensional case by analyzing
all the 561 features. We focus on a time period during which a participant was

instructed to perform three activities: walking downstairs, walking upstairs, and
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Figure 6.5: Detection power and detection delay of our method, DC-OCP,
in comparison with OCD and XS over 200 replications for detecting a true
change in the mean of observations: figures (a) and (b) show the results
with p-variate normal observations, and figures (¢) and (d) show the results
with non-normal observations from a p-variate Student’s-t distribution.
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Time

Figure 6.7: Human Activity Recognition (HAR) data with p = 561 features.
The blue dashed lines mark the detected change points by our method. Note
that all features are standardized here for the purpose of visualization.

standing. This period contains 77 time points (each representing 2.56 seconds), and
it results in a high dimensional 77 x 561 data matrix. While the observations arrive
sequentially, we use the first 20 observations as historical data, where no change
point is found, to train thresholds T2¢ with o = 0.05 and TAR with asgrr, = 1/3000.
We apply Algorithm 3 with two different window sizes w € {15,20} to detect online
change points in the arriving data. Unlike simulations, we here use w = 15 or w = 20
because the sample size is small. As discussed in Section 6.2, if Algorithm 3 detects
a significant change point, we can continue detecting more change points as data
still arrives. As shown in Figure 6.7, our method detects two significant change
points at time points 26 and 52. To make sense of these findings, we notice that
in the testing data, the participant walked downstairs from time 1 to 25, switched
to walking upstairs from 26 to 51, and remained standing for the rest of the time.
Therefore, two potential change points could be at times 25 and 51. These are very
close to the expected change point locations. One reason for the effectiveness of our

method is that both the mean and variance of the observations change when the
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participant switches activities.

Furthermore, no additional change point is found after time 52 where the partici-
pant remains standing. Note that the same two change points are obtained when
we use either of w = 15 and w = 20, and thresholds T2 and TARL. These results
highlight the effectiveness of our method in quickly detecting motion transitions in
HAR data. Also, this example explains how Algorithm 3 can be naturally extended

to detect multiple online change points in real-world data streams.

6.6 Proofs

Proof of Theorem 6.3.2

(a) Under the alternative hypothesis, since there is a single change point 75 in
the m arriving observations, we have Fy = -+ = F, 1, # Foirt1 = - = Foim
with 79 € {0,...,m — 1}. For time ¢t > 79, it is straightforward to see that all
observations in the test interval [ X, ¢—wi1, Xntt—wi2s -« - s Xnit) satisfy F i1 =

= Foiry # Fogrge1 = -+ = Foqe for w > t — 79. Note that we must have
w >t — 7y because otherwise if, for instance, w =t — 79 — 1 then the corresponding
interval [ X, 742, Xntrt3, - - - » Xnie) would not include the true change point 7.
Similarly to the results of Theorem 3.4.4, we have as p — oo that

1 n+t

mo  {n X CHOIm | = 001 =n ) or(1), (612

t— 1<k<n+t—1| w
nt-wtlsksns 1=n+t—w+1

where 1(k; t) is the asymptotic limit of 2 57" C?(k;t)|n, as p — oo which is

given by
(w—(t=70))*(t=70) (2 2 2
T AN— (/\A;O AL )‘A:O A:O)

4 u(=m))(t=m)? (2

2
_ — )2 for k=n+ T
w3 A7, A;ro Aio Aio) 0,

(wf(tf‘ro))gtho)Q(wfnftJrk) (>\2 o
(k) = ey Aro o

(t=70)* (w—n—t+k) (y2 2 2
e (Manar ~ Xz az) Vke{n+t—w+1,...n+m—1}

2
- >‘,24:0A:0 )

w—(t—70))> (n+t—k
( 11)(3(11)3)71—(1‘,4—@ )(AQ

2
_ .
Az, AT, Ary ATO)

_ )2

At AT

+ (w—=(t=70))*(t=70) (n+t—Fk) (/\2

2
w3 (w—n—t+k) Az, AL ) Vke{n+1+1,...,n+t—1}

(6.13)
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The result in (6.12) indicates that the value of %Z?;L;th—wﬂ C?(k;t) reaches its
maximum at k = n + 79 when p — oo. Using the result in (6.13), this property can

be justified as

Yk )Lk =n+710) —¥(k;t)1(k < n+ 1)
(w— (t —710))*(t — 70)

_ 2 2 2 (w-— (t*TO))(t*TO)2 2 2 2
= e (Namaz, = Manan ) T w3 (Nar a2, ~ Xag )
B (w—(t—To))(t—To)Q(w—n—t+k)(AQ Y )2
w3(n +t— k’) A:oAio Arg Arg
(t—70)3(w—n—t+k), o B 2
w3 (TL +t— k) ()\A;o A%, )\AioAjo)
_ (w— (t—710))(t —710)w(n+ 7 — k) (/\2 e )2
w3 (n +t— k) Ao Aj'—o AzgAzg
(t —70)%w(n + 19 — k) (2 Y )2
w3 (TL +t— k) A7 AT, Af AL,

>0

Similarly, we use (6.13) to obtain that ¢(k;t)1(k = n+79) — ¢ (k;t)1(k > n+19) > 0.
Putting these two results together, we find for all k € {n+t—w+1,...,n+t—1}

that as p — oo

max {¥(k;t)}

n+t—w+1<k<n4t—1

— max {(k;t)1(k =n+ 10) + (ki t)L(k # n+7)}

ntt—w+1<k<n+t—1

= (k;t)1(k =n+ 1) (6.14)

Note that Figure 6.1b in the main thesis shows an illustrative example of this property.
We provide the calculation of ¢ (k;t)1(k = n+7p) given in (6.13). From the results of
Lemma 6.3.1, the asymptotic limit of the proposed CUSUM statistic C;(k;t) in (3.4)
depends on the values of i, k, and n+75. We recall that i € {n+t—w+1,...,n+t}
and ke {n+t—w+1,...,n+1t—1}. We here use the indicator function 1(-) to
help clarify the different cases of this in our proof. Obviously, d (X;, X ;) =0if i = j.
First, foralli € {n+ 79+ 1,...,n+t} and k = n + 79, we obtain as p — oo

Cilk=n+m;t)l(n+t—w+1<i<n+m)

n-+t k
1 1
b Y dX X)) Y d(Xi X
<n+t—kﬂ ( 3) w—n—t+k, ( ]))
j=k+1 j=n+t—w+1
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Vo — (1 — n+t n+To
V4G 0)(w (¢ 0))<t—170 3 d(Xi’Xj)_’UJ—(;l—TO) > d(Xi,Xj))
j=n+7o+1 j=n+t—w+1

V(t —70)(w — (t — 0))

w—(t—7) —1
- (Ai:oAio +op(l) = : o y

N +op(1)

w w — (t — 7‘0)
_ \/(t — 7‘0)(1:)— (t—10)) ()‘124:0147%0 B )‘Z;OA;O) n \/wz(wt_(;'()_ ) /\ZIOAT_O +op(1)
_ V(- TO)(Z_ (t —70)) ()\Z;OA% N )‘ZT’OA?O) +op(1), (6.15)

t—T( 2 w 2 _ 1 2
where we note \foam iy Manan, < A ) Mgan, TV e Mgy,

is negligible for sufficiently large w. For alli € {n+719+1,...,n+t} and k = n + 7,

we similarly obtain as p — oo

Cilk=n+71;t)1(n+710+1<i<n-+t)
1 n+t k

1
=h{—— X, X,)-— X, X;
h<n+t—k,z a( 3) w—n—t+k. Z a( J))
j=k+1 j=n+t—w+1
VE—mw—(-m) 1 ! -
= X, X,)-— X, X
w <t—7'0. Z 4 ) w—(t—10) Z ! J))
]:n+7’0+1 ]:n+t7w+1
NV —m)(w—(t—m)) (t—10—1,, 2
= w (o Mg ay, Tor) = Xig gy +or(D)
\/(t_TO)(w_(t—TO)) 2 2 w—(t—10) 9
- " Waian, = Nanan) =\ ) Maas, Horl)
t—To w — t—TO
— \/( )(w ( )) (AQAiOAiO _ )\124;014;%) + OP(l), (616)

where % )\QA% 4z < L] )\QA% ap = \/ m )\QA% At is negligible for
sufficiently large w. Hence, using the results in (6.15) and (6.16), we have as p — oo

1 n+t
— Z C*k =n+10;t)
i=n+t—w+1
1 n+T1o
:E< Z CHk=n+7:)l(n+t—w+1<i<n+m)
i=n+t—w-+1
n+t
+ Z CHk=n+1;t)1(n+7+1 Sién—irt))
i=n+T10+1
1 t—10)(w— (t — 7 2
= w <(w —(t— TO))( o) w2 ( o)) <)‘,24;0Ai0 - )‘,24;0A:0)
t—710)(w— (f — 7 2
+ (t _ 7_0)( 0)( — ( 0)) ()\ZT_OA;% - )\12474__0147-5-0) > + OP(l)
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Emw =) e e e

B w3 A Aio ArgArg
(t —m0)*(w = (t = 70)) /2 > 2
+ w3 ()‘A:OAiO - )‘AiOAiO) +op(1)

=(k;t)1(k =n+ 1) + op(1).

Repeating the same calculations as above for all i € {n+¢t—w+1,...,n+t} and
ke{n+t—w+1,...,n+t— 1}, we get the result for ¢(k;t) given in (6.13) when
p — 00. Now, let ¥(¢) denote the value of ¢ (k;t)1(k = n + 19) as follows

(t —70) (w— (t —70))* 2
‘I’(t) = w3 ()‘,24;0A7+.0 - )\,24;0,4;0)
(t —70)* (w — (t — 1)) 2
+ — (N ar = Mg az ) (6.17)

Using (6.14) and (6.17), we obtain as p — oo that

1 n+t

_ 4 2(7..
T®)]a, = n—i—t—w—&l-rllgl}cign-i-t—l{w , thz " Ci (k; t)}
=n —w

- max {1(k;t) +op(1)}

ntt—w+1<k<n+t—1

= max {v(k;)1(k = n+70) + ¥(k;t)1(k #n+19)} + op(1)

ntt—w+1<k<n+t—1
=Y(k;t)1(k=n+ 1) +op(1)

=U(t) +op(l), fort> . (6.18)

For time ¢ < 79, all observations in the test interval [ X, ¢ wi1, Xntt—wi2s -« Xnit]
do not include the true change point. Therefore, observations are identically dis-
tributed and we have A, ;- = A4 4 = Ay 4o - Hence, we obtain Y(k;t) =0in
(6.13) forallie {n+t—w+1,....n+tland ke {n+t—w+1,...,n+t—1} as

p — 00. Therefore, we have as p — oo

n+t

OIS D DI T

n+t—w+1<k<n4t—1 )
i=n+t—w+1

= max  {ulkit) +op(1)

n+t—w+1<k<n4t—1

= 1
n+t—w—|¥lllglziﬁn+t—l {OP( )}
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=op(l) fort <. (6.19)

This completes the proof of part (a).
(b) Under the null hypothesis of no change point, consider the aforementioned test
interval [ X, wi1, Xntt—wias---, Xnie) for time ¢t = 1,... m. Similarly to the

proof in part (a) where time t < 7y, it holds trivially that, as p — oo,
Tt)| g, =o0p(1) fort=1,...,m. (6.20)

Figure 6.1a in the main thesis gives an illustrative example of this property. This

completes the proof of part (b).

Proof of Lemma 6.3.3

(a) Using the Weak Law of Large Numbers (WLLN), we obtain as S — oo

Grs (u) =

perm

1 (Ts < u)

perm —

| —

- 1

5 E (1 (T3 < 1))

perm

Wl =

1

@
I

I
Al =
]

Poo (T < ), (6.21)

perm —

s=1

where u € R, Let Gz, (u) denote the distribution of T'(t) under the null hypothesis
as follows

Gy, (u) = Poo (T(1) <),

Under the null hypothesis of no change point, all observations have the same distri-

bution. Hence, we must have

S
1
52 Poo (Lo < ) = Gy (1), (6.22)
s=1
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where u € R*. From (6.21) and (6.22), it follows that as S — oo

Grs, (u) 5 Gr, (u) Vue R (6.23)

perm

(b) For the threshold T2¢ in (6.7), it is straightforward to obtain using the result in
(6.23) that
T 5 G1afm: (6.24)

where ¢1—qa/m is defined as G, (¢i—am) = 1 —a/m with a € [0,1]. Using (6.24)
and applying the continuous mapping theorem to the CDF of continuous random

variables T'(t), we get as S — oo

51— Poo(T'(2) < ql—a/m)

=1- GTHO (qlfa/m)
«
—1-a1-2
-

J

(0%
m

where « € [0, 1].

Proof of Theorem 6.3.4

Applying Boole’s inequality and Lemma 6.3.3, we get as S — oo that

Py (min {1 <t <m:T(t) > TP} < m) :pm(fj (T(t) > TEC})

NE

P (T(t) > T°°)

-
Il
—

1w
s
32
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Proof of Theorem 6.3.5

ARL to

Let ¢t € N denote discrete time. For clarity of exposition, we define notation #g

denote the stopping time using threshold TAR as follows

thny =min {t € N: T'(t) > T "},

stop

ARL

The expectation of stopping time #,

under the null hypothesis can be written as

e (A1) = D0 B (148 = )

=1
DGR NGHED
i=1  j=1
=22 Pocltigy =)
=1 i=j
- ZPOO(t?tI(?I}‘ Z j)a (625>
j=1

where the order of summations is exchanged using Tonelli’s theorem because all
terms are non-negative. We define A; as the event that the test statistic is less than

or equal to the threshold at time ¢ as follows
Ay = {T(t) < TR} (6.26)

Then, using the chain rule in probability, we can write the probability Pe(t5ea > j)
in (6.25) as

Poc (t3 > j) = Puo N A)
t=1
~ ﬁ]P’oo<At | t_ﬂlAk)
t=1 k=1

> h]P’oo(At) (6.27)
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where in the last inequality we used Py (A | ﬂfﬁ;ll Ay) > Poo(A;) which follows from
the fact that the probability of no rejection at time ¢ given no previous rejection is
at least as large as its unconditional probability under H,. This is because each test
statistic is computed from overlapped sliding window data. Similarly to the result in

part (b) of Lemma 6.3.3, it is straightforward to show that as S — oo
Poo(A) =1 — Poo (T() > TR 5 1 — app, (6.28)

where aarr € (0,1). Using the results in (6.27) and (6.28), equation (6.25) can be

written as
Eoo (taep) = D Pool(thioy > J)

:i(jIPOO@”;dA’“))

)
QARL

where the last step is followed using the formula for the sum of an infinite geometric

series. This completes the proof.

Proof of Theorem 6.3.6

First, recall the result in part (b) of Theorem 6.3.2 saying that as p — oo

Tt) 5 w(t) fort> . (6.29)

We notice that
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() —(—m),

w?2

Under assumption (A3), it follows that W(t) > 0. Let g = (=@ U=m) A L .

w

By the convergence in probability of test statistic 7'(¢) in (6.29) when p — oo, we

have for a given ¢; = %a > ( that

lim P,, (|T(t) — U()] > e;) = 0. (6.30)

p—00

Using the limit for a sequence to the result in (6.30) when p — oo, for all §; > 0,

there exists a p; > 0 such that, for every p > p;, we have

B,y (IT(1) - 9(1)] 2 ) < 6,
= P, (T(t) — U(t) > e)) +Pry (T(t) — T(t) < —€1) < 6

= B, (T(t) < U(t) — ) < 6. (6.31)

Since the threshold 7, is obtained as the upper quantile of the permutation distribu-
tion of the test statistic under the null hypothesis, we have used part (b) of Theorem
6.3.2 that as p — oo

T. — 0. (6.32)

Similarly to the above, using the convergence in probability and limit for a sequence
to (6.32), for a given e; = 1a > 0, for all §, > 0, there exists a p, > 0 such that, for

every p > py, we have

]P)TO (Tr > 62) < 52. (633)

Since U(t) — €1 > 1a = €, using Boole’s inequality and the results in (6.31) and

(6.33), for every p > max{p;, po}, we can write

P (T(t) > T,) > P, ({T(t) > U(t) — 1} N {T, < &2})
=1-P,({T(t) <U(t) — e} U{T, > e})
> 1Py (T(t) < U(t) — 1) — Pry (T3 > €2)

>1-— (51 — (52. (634)
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Since 01,09 > 0 in (6.34) are arbitrary, we have as p — oo that

P (T(t) >T,) > 1-01—0y = [P (T(t) > T,)—1] < 61+ = |P,(T(t) > T,,)—1| — 0,
(6.35)

where ¢ > 7. We note that the result W(¢) > W&Amm > 0 holds for any

70 € {0,...,m — 1} with ¢ > 7y. Repetition of the above process produces the result

in (6.35) for any 75 € {0,...,m — 1}. Hence, we have as p — oo that

sup [P, (T(t)>T,)—1] —0 fort> 7,

0<m9<m

which completes the proof.

Proof of Theorem 6.3.7

(a) Under the alternative hypothesis, there is a single change point 75 in the m
arriving observations such that Fy = -+ = F1;, # Foin41 = - = Fpm with

70 € {0,...,m — 1}. We recall that the stopping time is defined as
tstop =min {1 <t <m :T(t) >1T,}. (6.36)
Using the tail sum formula of expectation, we can write the worst-case EDD as

sup EDD(T@) = Sup Eq—o (tstop —To | tstop > TO)

0<t9<m 0<m9<m
= Sup Z PTO (tstop > Ty +1 | tstop > TO)
0<m9<m i1
o0
= sup D (1= Pry(taop < 70+ | taaop > 70))- (6.37)
<to<m

=1

From the definition of ¢, in (6.36), the stopping time is strictly positive. Therefore,

the EDD for an immediate true change point 7y = 0 can be written as

ET@:()(tstop -0 ’ tstop > 0) - ET():O (tstop)

00
= Z IP)T():O(tStop Z 7')
i=1
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=3 (1~ Pryoltunep < 7).

o0
i=1

Now, to show that the supremum of EDD is reached at the immediate change point

10 = 0, it suffices to prove that P, (tstop < 70 + 7 | tstop > T0) > Pry—o(tstop < 7). For

this, we can write

P.,-O(To < tstop <79+ Z)
IP)T() (tstop > 7-0)
]P)T() (tstop < Tp + Z) - ]PTO (tstop S 7-0)

_ , 6.38
1— Pm (tstop S TO) ( )

Pm (tstop < ) +Z | tstop > TO) -

where the denominator P, (ts0p > 7o) must be nonzero under the alternative hypoth-

esis. For the numerator, we can write
P, (tstop < 70+ 1) = IP’TO(min{l <t<m:Tt)>T,} <1 +i),

and

Pry (tstop < 70) = Pry (min{l <t <m:T(t) > T,} < 79).

Hence, we have

PT() (tstop < To + Z) - IEDT() (tstop S 7—0) = PTO (7_0 < mln{l S t S m: T(t) > TT} < To + Z)
=Pro0(0 <min{l <t <m:T(t) >T,} <i),
(6.39)

where the above result holds because both probabilities Py, (70 < min{l <t < m :
T(t) > T} < 1+1i) and Pry—o(0 < min{l < ¢ <m: T(t) > T,} < i) are based on
observations after the true change point 75 € {0,...,m — 1} and 75 = 0 respectively,
and post-change observations have the same distribution. Then, using (6.39), we can
compare the two probabilities P, (tstop < To + ¢ | tstop > 7o) and P —o(tstop < %) as

follows

]:P)To (tstop < 70 +1 | tstop > 7—0) - ]P)TO:O(tstop < Z)

_ ]P)TO(T() < tstop < To+ Z)

— P, —o(tston < 7
]PJTo(tstop >T0> ’ 0( top )
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_ ]P)TOZO(tstop < Z)
PTO (tstop > TO)

- ]P)T():O(tstop < Z)

. 1-— IP)T (tsto > 7_0)
=P, _o(tsiop < < 01 =oP )
0 0( top Z) PTO (tstop > TO)

> 0.

We therefore conclude that

sup Er (tstop — 70 | tstop > T0) = Ery—o(tstop)- (6.40)
0<mo<m
(b) We can write
ET@:O(tstop) = ZZ : IP)7—0:0(tst0p = Z)
=1

= IEDTQ:O (tstop = 1) + ZZ : IEDTQ:O (tstop = Z)
=2

> P,—o(tsiop = 1). (6.41)

Using the result in Theorem 6.3.6 obtained under assumption (Al) - (A3), for all

€ > 0 there exists a pg > 0 such that, for every p > pg, we have
| Proeo(T(1) >T,) —1|<e=>Pro(T(1) >T,) >l —e=Pro(tstop=1) > 1 — €.
Since € > 0 is arbitrary, we must have as p — oo

Ery=o(tstop) — 1, (6.42)

which completes the proof.

Proof of Theorem 6.3.8

When m — oo, we have

TPC = inf {u e R : Grs, . (u) > 1— a/m}

— inf {u e R" : Gps (u) =1}

perm
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s
:inf{UERJ’:%ZIL(TgemSu):1}

s=1

= max {Toom}

where a € [0,1]. Also, using the results in part (b) of Theorem 6.3.2 and part (a) of

Lemma 6.3.3, we have when p — oo that

7 B

perm

Therefore, we must have, as m — oo and p — oo, that
T8¢ 5 0. (6.43)

Similarly, for axgy € (0,1), it is straightforward to obtain that as m — oo and

p — o0

T7 = (17 4 TR 3
= (inf {u e R : GT;irm(u) >1—a/m}+inf{ueR": GT;irm(u) >1—aare})/2
— (inf {u e R*: GTlferm(u) =1} +inf {u e R" : GTf)Serm(u) >1— aarL})/2

<inf{ueR": GTﬁqcrm(u) =1}

Using the results in (6.43) and (6.44) and noting that TARL is not affected when m

grows, we obtain as m — oo and p — oo that
T, 5 0. (6.45)

The result in (6.45) is exactly the same as that in (6.32). Therefore, the previous
results in (6.34) and (6.35) also hold here as p — oo and m — oo. Note that the
proof of part (b) can be carried out in the same way as in Theorem 6.3.7, since

Theorem 6.3.6 holds under the same asymptotic regime. This completes the proof.
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CHAPTER [

Conclusions and future work

High dimensional change point detection is less studied compared to low dimensional
change points, and classical methods are often inapplicable to high dimensional
data. This thesis introduces two nonparametric approaches for such data: DCCP for
offline change point detection and DC-OCP for online change point detection. These
contributions advance both the methodology and theoretical understanding of high
dimensional change point problems from a nonparametric perspective.

To conclude our discussion about the DCCP method, we have proposed distance-
based CUSUM statistics for detecting single and multiple change points in high
dimensional data sequences, which do not require normality or any other distribution
for data. The distance-based CUSUM statistic can be regarded as a general purposeful
alternative to the standard CUSUM statistic for high dimensional observations.
A main advantage of the distance-based CUSUM statistics is their capability in
detecting more general types of changes, including linear and non-linear changes
such as a change in the mean, variance, correlation, and other distributional changes.
Also, due to the nature of the distance functions used, our distance-based CUSUM
method is particularly suitable for HDLSS data when the sample size is very small

compared to the dimension. This is currently an understudied problem in the
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literature of high dimensional change points. We have proved that our change
point estimates are consistent under some conditions, as shown in Theorems 3.4.4
and 5.2.1. We have shown that our method can effectively detect non-sparse high
dimensional change points. Moreover, the numerical results support its capability
to detect more general types of changes in the underlying distribution. We have
developed an R package called distCUSUM for the implementation of our distance-
based CUSUM method, which will be made available online on GitHub at https:
//github.com/lupengzhang/distCUSUM.

For the DC-OCP method, we have established several theoretical results demon-
strating the effectiveness of our method in finding an online change point without
requiring knowledge of likelihood information or data distribution. This is technically
demanding, as rigorous theoretical justifications in existing nonparametric work
remain understudied. Under the null hypothesis of no change point, we have shown
that our method controls the FWER and ARL at a pre-specified level. Under the
alternative hypothesis that there is a change point in the arriving data stream, we
have proved the consistency of our test and provided convergence results of EDD
under some conditions. Another advantage of our method for online change points is
its capability in detecting general types of changes, including linear and non-linear
changes in data distribution, such as a change in the mean, variance, or correlation.
In the simulation studies, we have validated the accuracy of the theoretical results,
including FWER, ARL, detection power, and EDD, through empirical evidence. We
also compared our DC-OCP method with several methods in the literature. The
results have shown that our method performs particularly well for detecting online
change points in non-normal observations. In our real data application, we have
demonstrated how the proposed method can be naturally extended to detect multiple
change points in an online setting. Also, we have developed an R package, called
DC-0CP, for the implementation of our method, which will be made available online
on GitHub at https://github.com/lupengzhang/DC-0CP.

Finally, some extensions merit further study. For the DCCP method, alternative
techniques for computing multiple change points could be explored. In particular, the

PELT method (Killick et al., 2012) seems an attractive approach for its computational
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efficiency, though it has been developed primarily for univariate data. Our distance-
based CUSUM offers a nonparametric way to adapt PELT to high dimensional
multiple change points, as shown in Section 5.5. Further research is required to
incorporate PELT into the proposed distance-based CUSUM statistics. For both
DCCP and DC-OCP methods, it is worth mentioning that the distance-based
CUSUM approach can be applied with any suitable dissimilarity measure for high
dimensional data. For example, one can use the modified L,-norm distances in (3.2)
with ¢ > 2. It is a topic for further research to study and discover more properties of
distance-based CUSUM statistics using other dissimilarity distances. Moreover, we
have shown that our methods perform well across diverse data settings, including
spatially correlated variables, temporally dependent observations, and non-normal
data. Future work could extend them to more complex data structures common
in modern applications, such as datasets with missing values (e.g., Xie et al., 2012;

Follain et al., 2022) or contaminated observations (e.g., Li and Yu, 2021).
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APPENDIX A

R code for the offline change point method DCCP

We here provide the core R code for DCCP covering single and multiple change
point detection with some illustrative examples. The complete version will be
available at https://github.com/lupengzhang/distCUSUM. The function below
computes the proposed distance-based CUSUM statistics (3.4) and returns the
distance matrix (3.3), the CUSUM matrix (3.5), the offline change point estimate
(3.6), and the test statistic (3.7). The default distance function is the modified
Ly norm in (3.2), implemented as Fun_DCCP = M.L1norm. To use the modified Ly
norm, we set Fun_DCCP = dist, and the code rescales the distance matrix by /p
accordingly. Users can also specify any other distance function by changing the

argument Fun_DCCP.

M.Lilnorm <- function(data) ##modified LInorm##
{
p = ncol(data)
Linorm_matrix =(1/p)*as.matrix(dist(data,method = "manhattan"))

return(Linorm_matrix)

DCCP <- function(data, Fun_DCCP = M.Linorm) ##DCCP without permutation##

141



https://github.com/lupengzhang/distCUSUM

nrow(data)

=
Il

ncol(data)

as.matrix (Fun_DCCP(data))

if (identical (Fun_DCCP, dist))

D <- D/sqrt(p)

C = matrix(0, nrow = n, ncol = n-1)

for (i in 1:n)

e
Il

D[i, ]

numeric(n-1)

(e]
Il

for (k in 1: (n-1))

c[k] = sqrt(length(R[1: k])*length(R[-(1: k)]))/n*(mean(R[-(1: k)]) -
mean(R[1: k]))
}
Cli, 1 = ¢
}
changepoint <- which.max(colSums(C~2))
test.statistic <- (1/n)*colSums(C~2) [changepoint]
list_all <- list("changepoint" = changepoint, "test.statistic" =
test.statistic, "Distance matrix" = D, "CUSUM matrix" = C)

return(list_all)

The following code implements Algorithm 1, which is the DCCP for single change
point detection. It requires an n x p multivariate data matrix with p > 1 as input and
outputs a significant change point estimate together with its corresponding p-value,

or “NA” if no significant change point is found.

DCCP_single_changepoint <- function(data, FUN_single_changepoint = M.L1lnorm,
nperm = 200, sig.lvl = 0.05) {

if (!is.matrix(data) && 'is.data.frame(data)) {

stop("Input must be a matrix or data frame for multivariate data.")
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}
if (ncol(data) <= 1) {
stop("Data must have more than one column for multivariate change point
detection.")
}
##DCCP
n <- nrow(data)
p <- ncol(data)
D <- as.matrix(FUN_single_changepoint(data))
if (identical (FUN_single_changepoint, dist)) {
D <- D / sqrt(p)
}
C <- matrix(0, nrow = n, ncol = n - 1)
for (i in 1:n) {
R <- D[i, 1]
¢ <- numeric(n - 1)
for (k in 1:(n - 1)) {
c[k] <- sqrt(length(R[1:k]) * length(R[-(1:k)])) / n * (mean(R[-(1:k)])
- mean(R[1:k]))
}
Cli, ] <- ¢
}
changepoint <- which.max(colSums(C~2))

test.statistic <- (1/n) * colSums(C~2) [changepoint]

##permutation
permuted_test.statistics <- numeric(unperm)
for (i in 1:nperm) {
index <- 1:n
perm_before <- index[1:(changepoint - 1)]
perm_after <- index[(changepoint + 1):n]
index <- c(perm_before, perm_after)
permuted_index <- sample(index)
permuted_data <- data[permuted_index, ]
permuted_test.statistics[i] <- DCCP(data = permuted_data, Fun_DCCP =

FUN_single_changepoint)$test.statistic
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pvalue_numeric <- sum(permuted_test.statistics >= test.statistic) / nperm
pvalue_report <- if (pvalue_numeric < 0.01) "<0.01" else pvalue_numeric
significance <- ifelse(pvalue_numeric < sig.lvl, "significant",
"non-significant")
##output
if (significance == "non-significant") {
return(list(
changepoint = NA,
pvalue = pvalue_report
))
} else {
return(list(
changepoint = changepoint,
pvalue = pvalue_report

))

We run two examples to illustrate how DCCP_single_changepoint works. The first
example considers a change in the mean of observations (with correlated variables)
in Section 4.5, where n = 100, p = 500, pu; = 0,, py = (0.3 X 13p/4, 0 X lp/4), and
¥, =3y = V. Here, the true change point is 60. It can be seen that the function
DCCP_single_changepoint returns a significant change point estimate of 60, which

coincides with the true change point.

> n <- 100

> p <- 500

> nl <- 0.6%n

> n2 <- 0.4*n

> mu <- 0.3

> s <- 0.75

> Deltamu <- sample(c(rep(0, (1-s)*p),rep(mu,s*p)))
> rho <- 0.5

> cov_matrix <- matrix(0, nrow = p, ncol = p)
> for (i in 1:p)

+ A
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+ for (j in 1:p)

+ Ao

+ cov_matrix[i, j] <- rho~abs(i - j)
+ 1

+}

> Obs_before <- mvrnorm(nl, mu = rep(0, p), Sigma = cov_matrix)
> Obs_after <- mvrnorm(n2, mu = Deltamu, Sigma = cov_matrix)

> Obs <- rbind(Obs_before, Obs_after)

> DCCP_single_changepoint (Obs)

$changepoint

[1] 60

$pvalue
[1] "<0.01"

The second example considers the case with no change point, where n = 100, p = 500,
puy = py = 0,, and 3y = ¥y = V. The function DCCP_single_changepoint

returns NA with a non-significant p-value (p-value> 0.05).

> n <- 100

> p <- 500

> nl <- 0.6%n

> n2 <- 0.4%n

>mu <- 0

> s <- 0.75

> Deltamu <- sample(c(rep(0, (1-s)*p),rep(mu,s*p)))
> rho <- 0.5

> cov_matrix <- matrix(0, nrow = p, ncol = p)

> for (i in 1:p)

+ 1

+ for (j in 1:p)

+ o

+ cov_matrix[i, j] <- rho~abs(i - j)
+ %

+}

> Obs_before <- mvrnorm(nl, mu = rep(0, p), Sigma = cov_matrix)

> Obs_after <- mvrnorm(n2, mu = Deltamu, Sigma = cov_matrix)
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> Obs <- rbind(Obs_before, Obs_after)
> DCCP_single_changepoint (Obs)
$changepoint

[1] NA

$pvalue
[1] 0.685

The following code implements Algorithm 2, which is DCCP for multiple change point
detection with recursive binary segmentation. It takes an n X p multivariate data
matrix with p > 1 and outputs an ordered list of significant change point estimates,
or “NA” if none are found. Here we set the minimum segment length to 10 and the
number of permutations to 200. If users believe there is only a single change point
to detect, we recommend using the function DCCP_single_changepoint. Otherwise,

we recommend the function DCCP_multiple_changepoints as the first option.

DCCP_multiple_changepoints <-function (data, FUN_multiple_changepoints =

M.Llnorm, minsegment = 10, nperm = 200, sig.lvl = 0.05)

if ('is.matrix(data) && !is.data.frame(data)) {

stop("Input must be a matrix or data frame for multivariate data.")

if (ncol(data) <= 1) {
stop("Data must have more than one column for multivariate change point
detection.")

by

changepoint_all <- NA

length_data <- nrow(as.matrix(rbind(data, data)))/2

while (length_data > minsegment)

{
changepoint_test <- DCCP_single_changepoint(data = data,
FUN_single_changepoint = FUN_multiple_changepoints, nperm = nperm,
sig.1lvl = sig.1lvl)

changepoint <- changepoint_test$changepoint

changepoint_pvalue <- changepoint_test$pvalue
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if (is.character(changepoint_pvalue)) {
if (grepl("~<", changepoint_pvalue)) {
changepoint_pvalue <- as.numeric(sub("~<", ""  changepoint_pvalue)) *
0.999
} else {

changepoint_pvalue <- as.numeric(changepoint_pvalue)

¥
end <- nrow(data)
if (!is.na(changepoint) && changepoint_pvalue <= sig.lvl & changepoint >
2 & changepoint <
end - 2) {

data_before <- datal[l:changepoint, ]

data_after <- datal[(changepoint + 1):end, ]

changepoint_before <- DCCP_multiple_changepoints(data = data_before,
FUN_multiple_changepoints = FUN_multiple_changepoints, minsegment =
minsegment, nperm = nperm, sig.lvl = sig.lvl)

changepoint_after <- DCCP_multiple_changepoints(data = data_after,
FUN_multiple_changepoints = FUN_multiple_changepoints, minsegment =
minsegment, nperm = nperm, sig.lvl = sig.lvl) + changepoint

changepoint_all <- c(changepoint, changepoint_before, changepoint_after)

return(sort(changepoint_all[!is.na(changepoint_all)]))
X
else {

return(NA)

}

return(sort (changepoint_all[!is.na(changepoint_all)]))

We run the following example to illustrate how DCCP_multiple_changepoints works.
It considers changes in the mean of observations in Subsection 5.3.1, where n = 100,
p = 500, py = 0, py = (0.3 X 13p/4, 0 X lp/4), Hs = 2y, by = 3y, and 3; =
Yy = 33 = X3y = V. The true change points are 7, = 20, 7» = 60, and 73 = 80,
which are exactly detected by the following code.

147



nrow = p, ncol = p)

rho~abs(i - j)

rep(0, p), Sigma
Deltamu, Sigma =
2*Deltamu, Sigma
3*Deltamu, Sigma
2, 0Obs_3, Obs_4)

= cov_matrix)

cov_matrix)

cov_matrix)

cov_matrix)

> n <- 100

> p <- 500

> nl <- 0.2%n

> n2 <- 0.4*n

> n3 <- 0.2*n

> n4 <- 0.2%n

>mu <- 0.3

> s <- 0.75

> Deltamu <- sample(c(rep(0, (1-s)*p),rep(mu,s*p)))
> rho <- 0.5

> cov_matrix <- matrix(O0,

> for (i in 1:p)

+{

+ for (j in 1:p)

+ A

+ cov_matrix[i, j] <-

+ 7

+}

> Obs_1 <- mvrnorm(nl, mu =
> 0Obs_2 <- mvrnorm(n2, mu =
> 0Obs_3 <- mvrnorm(n3, mu =
> Obs_4 <- mvrnorm(n4, mu =
> Obs <- rbind(Obs_1, Obs_
> DCCP_multiple_changepoints(Obs)
[1] 20 60 80
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APPENDIX B

R code for the online change point method DC-OCP

We here provide the core R code for DC-OCP for online change point detection. The
complete version will be available at https://github.com/lupengzhang/DC-0CP.
Building on the distance-based CUSUM code DCCP in Appendix A, DCOCP performs
sequential testing and returns the stopping time if a change occurs. Otherwise, it
returns “NA” if no significant change point is found in the arriving data. The idea of
the function DCOCP is given in Algorithm 3 in Section 6.2. The procedure takes an
n X p historical data matrix and an m X p arriving data matrix. We do not assume a
known distribution for the historical data, but we require that it contains no change
points. This can be checked using our offline code in Appendix A or other existing

methods such as E.divisive, Inspect, or HDcp.

DCOCP <- function(historical_data, arriving_data, Fun_DCOCP = M.Llnorm, w =
50, nperm = 10000, threshold_choice = c("BC","ARL","star"), alpha BC =
0.05, alpha_ARL = 0.001, return_details = FALSE)

## data check
threshold_choice <- match.arg(threshold_choice)

if (!is.matrix(historical_data) && 'is.data.frame(historical_data))

stop("historical_data must be a matrix or data frame.")
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if (lis.matrix(arriving_data) && !is.data.frame(arriving_data))
stop("arriving_data must be a matrix or data frame.")

if (ncol(historical_data) <= 1)
stop("Data must have >1 column for multivariate detection.")

if (ncol(historical_data) != ncol(arriving_data))
stop("historical_data and arriving_data must have the same number of

columns.")

n <- nrow(historical_data)
m <- nrow(arriving_data)

if (n < w) stop("historical_data must contain at least w rows.")

## threshold (permute last w rows of historical data)
recent_data <- historical_datal[(n - w + 1):n, , drop = FALSE]
permuted_stats <- numeric(nperm)
for (r in seq_len(nperm)) {
permuted_stats[r] <- DCCP(recent_data[sample.int(w), , drop = FALSE],
Fun_DCCP = Fun_DCOCP)$test.statistic
¥
threshold_BC <- as.numeric(quantile(permuted_stats, 1 - alpha BC / m))
threshold_ARL <- as.numeric(quantile(permuted_stats, 1 - alpha_ARL))
threshold_star <- (threshold_BC + threshold_ARL) / 2
threshold <- switch(threshold_choice, "BC" = threshold_BC, "ARL" =

threshold_ARL, "star" = threshold_star)

## detection
detection_flag <- FALSE
detection_times <- n + m
i<-1
while (!detection_flag && i <= m) {
end_idx <-n + 1
start_idx <- end_idx - w + 1
if (start_idx < 1) { i <- i + 1; next }
testing_data <- rbind(historical_data, arriving data[seq_len(i), , drop =
FALSE]) [start_idx:end_idx, , drop = FALSE]
observed_stat <- DCCP(testing_data, Fun_DCCP = Fun_DCOCP)$test.statistic

if (observed_stat > threshold) {
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detection_flag <- TRUE

detection_times <- end_idx

cat("Change point detected at time:", detection_times,
"threshold_choice:", threshold_choice, "\n")

break

i<-1+1
}
if (!detection_flag) {
cat("No change point detected in the arriving data.", "\n")

detection_times <- NA

if (!return_details) return(detection_times)
return(list(
detection_time = detection_times,
threshold_choice= threshold_choice,
thresholds = list(threshold_BC = threshold_BC, threshold_ARL =
threshold_ARL, threshold_star = threshold_star),
permuted_stats = permuted_stats

))

We run two examples to illustrate how the function DCOCP works. The first ex-

ample considers a change in the mean of observations with correlated variables in

Subsection 6.4.1. Here we set n = 100, m = 300, p = 500, w = 50, p; = 0,,
Uy = (0.3 X 134, 0 X lp/4), and 3 = ¥y = V. We use the threshold in (6.7) with

nominal level o = 0.05 to terminate the sequential testing. Here, the true change

point arrives at time 160, since n + 0.2m = 160. The function DCOCP returns a

stopping time t = 164, which gives a detection delay of 4 in this run.

> n <- 100
> m <- 300
> p <- 500
> w <- 50

>mu <- 0.3
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> s <- 0.75

> Deltamu <- sample(c(rep(0, (1-s)*p),rep(mu,s*p)))
> rho <- 0.5

> cov_matrix <- matrix(0, nrow = p, ncol = p)

> for (i in 1:p)

+{

+ for (j in 1:p)

+ A

+ cov_matrix[i, j] <- rho~abs(i - j)
+ )

+ 3

> Obs_historical <- mvrnorm(n, mu = rep(0, p), Sigma = cov_matrix)

> Obs_before <- mvrnorm(0.2 * m, mu = rep(0, p), Sigma = cov_matrix)
> Obs_after <- mvrnorm(0.8 * m, mu = Deltamu, Sigma = cov_matrix)

> Obs_arrive <- rbind(0Obs_before, 0Obs_after)

> DCOCP(0Obs_historical, Obs_arrive)

Change point detected at time: 164 threshold_choice: BC

[1] 164

The second example is the case with no change point in Subsection 6.4.2, where
n = 100, m = 300, p = 500, w = 50, p; = py = 0,, and 3; = 3y = V.. The

function DCOCP returns NA.

> n <- 100
> m <- 300
> p <- 500
> w <- 50
> mu <- 0
> s <- 0.75

> Deltamu <- sample(c(rep(0, (1-s)*p),rep(mu,s*p)))
> rho <- 0.5
> cov_matrix <- matrix(0, nrow = p, ncol = p)

> for (i in 1:p)

+{

+ for (j in 1:p)

+ A

+ cov_matrix[i, j] <- rho~abs(i - j)
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+ }

> Obs_historical <- mvrnorm(n, mu = rep(0, p), Sigma = cov_matrix)

> Obs_before <- mvrnorm(0.2 * m, mu = rep(0, p), Sigma = cov_matrix)
> Obs_after <- mvrnorm(0.8 * m, mu = Deltamu, Sigma = cov_matrix)

> Obs_arrive <- rbind(0Obs_before, 0Obs_after)

> DCOCP(Obs_historical, Obs_arrive)

No change point detected in the arriving data.

[1] NA
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