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Abstract

This thesis investigates the mechanisms which limit the critical current density in
high-field superconductors using simulations based on time-dependent Ginzburg–
Landau (TDGL) theory. The primary contributions are a fast and general method
for solving the TDGL equations in large three-dimensional systems, a preliminary
study of an anisotropic coated conductor with nanorod artificial pinning centres,
and a study of niobium–titanium using a material model with Ginzburg–Landau
(GL) coefficients which are derived from the measured properties of single-phase
samples.

The solver uses a geometric multigrid method to solve the backward Euler
discretised TDGL equations in the London gauge. It does not assume the frozen-
field limit, all of the coefficients can vary in space, and the simulation time scales
well with system size and does not depend strongly on the parameters. This
allows a wider class of materials to be studied than previous solvers.

In the preliminary study of a system representing a REBCO coated conduc-
tor, it was assumed that the pinning landscape consists of resistive cylinders
representing nanorod artificial pinning centres embedded in an anisotropic su-
perconducting matrix. The effects of the density, resistivity, and splay of the
nanorods were investigated. It was concluded that surface effects in the vicinity
of matrix-pin interfaces can play an important role for dense, highly resistive
nanorods, and that this might affect the observed critical fields in real materials.

For the model of niobium–titanium, the ratios of the GL coefficients 𝛼 and 𝛽
were calculated for the two phases using the measured properties of single-phase
samples and GLAG theory. Microstructures were generated procedurally to match
the precipitate thicknesses and titanium volume fractions seen in transmission
electron microscope images of real wires. Critical field anisotropy simulations
were runwith a range of effectivemass values and a comparisonwith experimental
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2 ABSTRACT

data implied that the ratio of the effective mass in the titanium precipitates to
that of the niobium–titanium matrix is about 2.

Critical current simulations were also run over a range of effective mass
values. The magnitude of the high-field critical current density indicated that the
effective mass ratio is closer to 4 than 2, but this comparison is sensitive to the
precise values of the GL coefficients in a way that the critical field anisotropy is
not. Given a 10% error in the calculated penetration depth for niobium–titanium,
the critical current data are consistent with an effective mass of 2. It is concluded
that the conventional understanding of pinning in niobium–titanium, that fluxons
are pinned primarily by ribbon-shaped titanium precipitates, is consistent with a
Ginzburg–Landau theoretic model where the pinning force primarily arises due
to the higher carrier effective mass in titanium compared with that of niobium–
titanium.

This work demonstrates that simulations based on TDGL theory can be used
to study industrial superconducting materials, that using accurate coefficients is
essential for properly capturing the mechanisms which limit the critical current,
and that the carrier effective mass, which has been historically neglected in
theoretical and computational studies of pinning, is a key parameter in niobium–
titanium. This is a step in making TDGL simulations a more quantitative tool for
critical current prediction.



Chapter 1

Introduction

1.1 Superconducting materials

Superconductivity is a phase of matter which occurs at low temperatures in
materials with free charge carriers. It is characterised by the condensation of
the charge carriers which leads to striking phenomena like the flow of electric
current with no resistance, quantisation of magnetic flux, stable levitation due
to flux pinning, and perfect diamagnetism of pure samples. Thirty-one of the
sixty-two stable metallic elements are known to exhibit superconductivity at
ambient pressure [1], and more do so at high pressures [2]. Even hydrogen
is thought to be superconducting in its high-pressure metallic phase [3], [4].
Superconducting phases also occur in more extreme systems such as the interiors
of neutron stars, where nuclear matter condenses and the supercurrent is carried
by proton pairs [5]. Finally, the standard model itself contains a phase which
exhibits characteristics of superconductivity. In the abelian Higgs model, the
Higgs field is scalar field in a condensed state with a positive expected magnitude
much like the order parameter of a superconducting phase transition [6]. In
everyday metallic superconductors, the magnetic field acquires an effective mass
and hence a finite range through its coupling to the condensate, which is exactly
how the other elementary gauge fields acquire mass through their coupling to
the Higgs field [7]. Topological defects like the vortices which are key to the
performance of superconducting magnets may also be present in some of the
elementary fields of nature [8].

We don’t often encounter materials in the superconducting state because the
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4 CHAPTER 1. INTRODUCTION

conditions on the surface of Earth happen to be unfavourable. Most metallic
elements are only superconducting at temperatures lower than the boiling point
of helium at atmospheric pressure. Of the pure elements, niobium has the highest
transition temperature, 9.26 K [9], and certain alloys have slightly higher tran-
sition temperatures [1]. In these materials, the superconducting phase differs
from the ordinary metallic phase in that the occupation of Landau quasiparticle
orbitals with opposite spin and momentum are correlated. These correlations
arise due to an effective attraction between quasiparticles of opposite spin and
momentum which is mediated by phonons. Since this interaction is weak, only
a small amount of thermal energy is required to disrupt the correlations, and
therefore the transition temperatures are low. These materials are known as low-
temperature superconductors (LTS).

Nuclearmagnetic resonance imaging (MRI) is themain commercial application
of superconductors [10] and almost all MRI devices use magnets wound from
superconducting wire containing niobium–titanium, a ductile LTS alloy which
can be used to build magnets reaching about 7 T at 4.2 K [11], or up to 11.7 Twhen
cooled using superfluid helium [12]. Helium is the only suitable liquid cryogen
for this material, since its transition temperature is less than the boiling point of
hydrogen, neon, nitrogen, and every other substance. The second most important
low-temperature superconductor, which is currently used in research magnets
and will soon be used in particle accelerators [13] and fusion reactors [14], is
Nb3Sn, a brittle intermetallic compound. This material can reach higher current
densities and magnetic fields but is more expensive and has worse mechanical
properties than niobium–titanium. Because the superconductor is brittle, magnets
are usually wound from a copper–niobium–tin composite and then heated so that
the elements of the composite react to form Nb3Sn.

Another, increasingly important, class of superconductors are the high-tem-
perature superconductors (HTS), particularly the cuprates, materials with copper
oxide planes in which the current preferentially flows, and more particularly the
rare-earth barium copper oxides (REBCO), a family of anisotropic ceramics which
share a crystal structure. In these materials the attractive interaction between
electrons has a different mechanism which allows superconductivity to persist
to temperatures of up to 93 K [15], higher than the boiling point of liquid nitro-
gen. Not only do HTS materials have higher transition temperatures, they also
remain superconducting in higher magnetic fields and support higher current
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densities than LTS materials. However, these materials are less widely used for
a few practical reasons: they are expensive, they degrade easily, and they are
hard to make into round wires. HTS conductors require specialist manufacturing
procedures because the superconducting properties are sensitive to imperfections
in the crystal structure and stoichiometry. For example, REBCO conductors are
usually manufactured as a tape, where various buffer layers are deposited on a
substrate to ensure that the top superconducting layer grows with a uniform crys-
tallographic orientation. This is then coated in silver to reduce oxygen diffusion
and preserve the optimal stoichiometry. Finally the whole assembly is coated in
copper so that external electrical connections can be made. The resulting tape
must not be heated for too long [16], put under strain [17], or exposed to water,
lest the superconducting properties be permanently degraded.

In summary, although superconducting materials are many and varied, only
a few are of present interest for applications in engineering. Pure elements like
niobium, and certain alloys, are often used in electronic applications such as
superconducting quantum interference devices1 [20], which are used to make
sensitive measurements of magnetic fields, and in superconducting quantum
computers [21]. Niobium–titanium and Nb3Sn are used in high-field magnets
for nuclear magnetic resonance, particle accelerators, and magnetic confinement
fusion. Other materials which have superior superconducting properties and are
expected to see future application in high-field magnets include the LTS material
MgB2 [22], the HTS REBCO materials, and the cuprate bismuth–strontium–
calcium–copper oxide [23].

1.2 Flux pinning and the critical current

When a superconductor is subject to a small magnetic field, lossless currents are
induced to flow near the surface which prevent the field from penetrating into
the interior. This is known as the Meißner–Ochsenfeld effect [24]. When the
field is sufficiently large it becomes energetically favourable to form topological
vortices in the superconducting condensate (as long as it is a so-called type-II

1This technology was used in Gravity Probe B to measure the geodetic and Lense–Thirring
effects in orbit of Earth [18], confirming the existence of a ‘gravitational effect which is analogous
to electrodynamic induction’ [19].
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superconductor, which all high-field superconductors are2). The condensate is
depleted in the core of a vortex, which, in a three-dimensional superconductor,
has the form of a long, thin tube whose axis is aligned with the magnetic field.
A lossless electrical current flows around the core of each vortex so that each
carries a quantum of magnetic flux. The formation of vortices is a mechanism
by which a superconductor can accommodate some magnetic flux in its interior.
The vortices are microscopic in radius and huge in number. When a flux density
of 1 T penetrates a superconductor, about 500 million vortices pass through every
square millimetre. The vortex radius depends on the material and temperature
but it is typically on the order of nanometres.

If a superconductor in a uniform external magnetic field also carries an overall
electrical transport current, this interacts with the circulating vortex currents
resulting in a force on each vortex causing it to move in the direction which is
perpendicular to the applied current and the magnetic field. Since this motion is
dissipative, the superconductor develops an electrical resistance even though the
superconducting condensate is still present throughout most of the material.

For a lossless current to flow, the vortices must be prevented from moving
under the applied force. To this end, inhomogeneity is introduced into thematerial
which results in variation of the vortex energy depending on its position relative
to nearby defects. When a vortex sits in a position corresponding to a local
minimum in energy, there is a pinning force which opposes the force exerted by
the transport current. Defects which provide a pinning force include dislocations,
grain boundaries, and second-phase inclusions. The point where the transport
current becomes sufficiently large that the pinning force is exceeded and the
vortices begin to move is called the critical current. A superconductor with
too few defects has a low pinning force and therefore a low critical current.
A superconductor with too many defects, or the wrong kinds of defects, has
degraded superconducting properties. Optimised high-field superconducting
materials have a distribution of defects which results in a high critical current
under operating conditions.

2MgB2 is not strictly ‘type-II’ [25], but it does support vortices.
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1.3 Magnetic confinement fusion

One possible future application of high-field superconductors is to confine a
fusion plasma for energy production. Whilst the economic viability of magnetic
confinement fusion is in doubt in general [26], [27], superconducting magnets
are certainly required.

The tokamak is the most developed fusion reactor concept for energy pro-
duction. Most serious plans for demonstrator reactors are based on this con-
cept [28]–[32]. The basis of the tokamak concept is to set up a magnetic field to
confine a plasma in a toroidal vacuum vessel. The charged particles in a fusion
plasma move helically in a magnetic field, where the axis of the helix is parallel
to the field, so to a first approximation particles cannot move large distances
transversely to the field direction. By taking a tube of magnetic flux and closing
it in on itself to form a torus, the particles are constrained to orbit around the
closed field lines, and are therefore confined. Strictly though, the orbits of charged
particles are only helical in a uniform magnetic field. When the field is curved
around the torus, particles drift in the transverse direction so they don’t remain
confined for very long. Confinement times are improved by introducing a twist
to the axes of the helical orbits. This way, the particles move through the minor
angles as they orbit the central axis, see Figure 1.1, and the drift effects cancel
out, although confinement is still imperfect since the particles interact with each
other. The primary component of the field, whose field lines encircle the major
axis, is called the toroidal field. The twist is a result of a secondary component,
called the poloidal field, whose field lines encircle the minor axis.

The toroidal field is generated by the toroidal field coils. These are the largest
magnets in the system and they carry the most current because the toroidal field
is usually the larger of the two field components. The poloidal field is generated
mostly by an electrical current in the plasma itself, supplemented by poloidal
field coils. Additional coils are also used to make fine adjustments to the shape
of the magnetic field to improve control over the plasma. Usually, the plasma
current is initiated inductively, by ramping up the current in a solenoid which lies
along the major axis of the torus. Since the current can’t be ramped up forever,
other methods of driving a current through the plasma must then take over if the
current is to be sustained for long periods of time. For example, directed particle
beams can be used to simultaneously transfer heat and momentum to the plasma.
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Figure 1.1: The path of a free charged particle in the magnetic field of a tokamak is
a helix whose axis, the ‘guiding centre’, winds around the minor (poloidal) angles
of the torus as it moves through the major (toroidal) angles. In a fusion plasma the
path length is limited by collisions.

There are many difficulties in adapting superconducting materials so that
they will be able to survive for any length of time in the environment of a
fusion reactor. In particular, neutron irradiation from the plasma will disrupt
the optimised microstructure so that the superconducting properties gradually
degrade with increasing fluence [33]. Substantial radiation shielding is therefore
required to maximise the lifetime of the superconducting magnets, since they
represent a large fraction of the cost of a fusion reactor [27]. There are many
other engineering issues like the requirement for low-resistance ‘re-mountable’
joints (i.e., joints where the superconductor can be separated and joined without
damage) for ease of maintenance, the reduction of energy losses and heating under
time-varying fields which is an intrinsic issue with high-field superconductors,
and the design of cables and magnets which prevent excessive strain and transient
load on the conductor itself. Some of these issues are common to all applications
of superconducting magnets but are exacerbated by the scale of the magnet system
of a tokamak. A detailed physical understanding of the mechanisms which limit
the performance of high-field superconductors in this environment might allow
us to design better superconducting materials for use in fusion reactors.
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1.4 Thesis overview

The aim of this thesis is to study a practical high-field superconducting material,
niobium–titanium, using simulations based on time-dependent Ginzburg–Landau
theory with material parameters which are consistent with the measured proper-
ties of the particular phases which are seen in the actual microstructure. Some
previous studies have included defects with realistic geometry in simulations, but
the material properties of second-phase inclusions are usually set to arbitrary
values representing a generic non-superconducting material, and consequently
the magnitude of the critical current density in the simulation is not directly
comparable with the measured value, although some qualitative features of the
dependence on the magnetic field (magnitude and direction) can be reproduced.

Chapter 2 discusses relevant aspects of superconductivity theory. Most of the
chapter is dedicated to the phenomenological Ginzburg–Landau theory, which
forms the basis of the computational method, with a small section on the more
fundamental BCS theory, from which the Ginzburg–Landau theory can be derived
under certain conditions, thereby giving expressions for the phenomenological
parameters in terms of normal state properties.

Chapter 3 describes the computational method used to solve the time-depen-
dent Ginzburg–Landau equations. In order to model a wide class of materials
accurately, a solver is required which solves the full system of equations and
allows for spatial variation of all of the material parameters. Since existing three-
dimensional solvers [34], [35] either don’t allow for variation of some material
parameters, or solve the Ginzburg–Landau equations only in a restrictive limit, a
new solver is developed which uses a geometric multigrid method.

Chapter 4 describes the results of some preliminary simulations of REBCO
with nanorod artificial pinning centres. It was found that for resistive nanorods,
surface superconductivity in the vicinity of the matrix-pin interfaces can allow a
lossless current to flow above the upper critical field of the matrix as long as the
rods are sufficiently dense that the regions of surface superconductivity overlap
allowing a supercurrent to flow across the whole system.

In Chapter 5 the conventional understanding of pinning in niobium–titanium,
that ribbon-shaped titanium precipitates are primarily responsible for the high
critical current density, is investigated. A computational model of niobium–
titanium is developed using parameters which are constrained by experiments on
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single-phase samples. Critical fields and critical currents are calculated for a range
of microstructures and material parameters. It is concluded that the conventional
explanation for the high critical current density in niobium–titanium can be
justified, but that the pinning force must result primarily from a difference in
the carrier effective mass between the precipitates and the matrix, rather than a
difference in the condensation energy.

At least for the materials studied in this work, it appears that given suffi-
ciently accurate material parameters for the various components of the system,
simulations based on time-dependent Ginzburg–Landau theory can be used to
obtain approximate critical current densities and critical fields. These methods
might be used to guide the further optimisation of high-field superconducting
materials.



Chapter 2

Superconductivity theory

Because macroscopic quantum coherence is unusual in terrestrial materials, some
of the properties of superconductors can be surprising and unintuitive, but various
theories exist which explain superconducting phenomena at different levels of
detail.

The celebrated BCS theory describes the underlying mechanism using nothing
more than many-body quantum mechanics, results from the theory of metals,
and some well-chosen assumptions. Since it describes superconductivity at the
finest level of detail it is often called a microscopic theory. Other microscopic
theories include the generalisation of BCS theory to impure materials which is
sometimes known as Gor’kov theory [36], and a greater generalisation which
is important for first-principles modelling of low-temperature superconductors
called Eliashberg theory [37], [38]. Whilst microscopic theory is not the main
focus of this chapter, some discussion of BCS theory is given at the end.

The Ginzburg–Landau theory is a mesoscopic theory of superconductivity
which can be obtained as a classical limit of BCS theory. It is the main subject of
this chapter because it is the foundation of the computational method described
in Chapter 3. Ginzburg–Landau theory predates BCS theory, being initially based
on simple physical arguments rather than a detailed derivation from microscopic
theory. For this reason it can be applied to superconductors for which there is
no convincing microscopic description, such as the high-temperature cuprate
superconductors.

There are macroscopic descriptions of superconductivity which are coarser
still. One example is the critical state model [39], which can describe the irre-

11



12 CHAPTER 2. SUPERCONDUCTIVITY THEORY

versible magnetic response of high-field superconducting materials. These models
are used in the design of superconducting magnets [40] to calculate the energy
losses, heating, and forces when the superconductor is subjected to a changing
external field or current. Whilst practically useful they have little to say about
why some materials have better superconducting properties than others and they
are not discussed in this chapter.

2.1 Ginzburg–Landau theory

Ginzburg–Landau theory [41] is a phenomenological theory of superconductivity
based on Landau’s [42] theory of second-order phase transitions. In Landau
theory, a second-order phase transition is characterised by a particular observable
called the order parameter, which is zero in the less-ordered phase, above the tran-
sition temperature, and non-zero in the more ordered phase, below the transition
temperature. It is assumed that the free energy can be written as a power series in
the order parameter with coefficients which are simple functions of temperature,
so that the equilibrium value of the order parameter, that is, the value which min-
imises the free energy, linearly approaches zero as the temperature approaches
the transition temperature from below, leading to a discontinuity in the second
derivative of the free energy as a function of temperature. An example of an
order parameter is the magnetisation in a ferromagnet, which drops to zero at the
Curie point. Ginzburg and Landau were motivated to make a particular choice
for the order parameter based on some observed properties of superconductors.

The ability of a superconducting loop to carry a persistent current and there-
fore maintain angular momentum in spite of external perturbations is reminiscent
of the ability of electrons in an atom to orbit the nucleus indefinitely without
decay by electromagnetic radiation. Experiments show that the magnetic flux
through such a loop is quantised just like the angular momentum of atomic
orbitals [43]–[45]. These observations indicate the presence of macroscopic quan-
tum coherence in the superconducting phase, suggesting that the charge carriers
form some kind of condensate, an idea first proposed by London [46]. The key
contribution of Ginzburg–Landau theory is that one can take the wavefunction
of the state into which the charge carriers are condensed as an order parameter,
expanding the free energy in terms of the squared-norm of the wavefunction,
which in some way represents the fraction of the charge carriers in the condensed
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state, and its spatial derivatives, which correspond to the kinetic energy of the
condensate. This idea was proposed before the mechanism for low-temperature
superconductivity was understood in detail, but the Ginzburg–Landau theory can
also be derived as a limit of the more fundamental theories in the framework of
many-body quantum mechanics under certain conditions [47].

2.1.1 Free energy

The state of the Ginzburg–Landau system on a base manifold 𝑀 , representing
the space occupied by the superconductor, consists of a section of a complex line
bundle, 𝐸, and a connection on that bundle. In a particular local trivialisation (i.e.,
with a particular gauge choice) over a neighbourhood, 𝑈 , the component in a unit
basis of a section of 𝐸 is expressed as a complex-valued zero-form, 𝜓 ∶ 𝑈 → ℂ,
called the condensate wavefunction, and the local connection one-form, 𝜔𝐴, is
written in terms of a real one-form, called the magnetic vector potential, as

𝜔𝐴 = −𝑖
𝑞
ℏ
𝐴 (2.1)

where 𝑞 is the charge of the condensed particles and ℏ is the reduced Planck
constant. The covariant derivative in the local trivialisation is then given by

𝐷𝜔𝐴𝜓 = 𝑑𝜓 + 𝜔𝐴 ∧ 𝜓 (2.2)

where 𝑑 denotes the exterior derivative and ∧ denotes the exterior product (which
will often be elided when one of the arguments is a zero-form).

There are several observables which can be calculated using 𝜓 and𝐴which are
independent of the choice of local trivialisation. The curvature of the connection is
proportional to the magnetic flux density, 𝑑𝐴, the squared-norm of the condensate
wavefunction, ‖𝜓 ‖2, is interpreted as the superfluid density, and the supercurrent
circulation1 is given by

𝑗s = ℏ𝑞𝑚−1ℑ(𝜓𝐷𝜔𝐴𝜓) (2.3)

where ℑ denotes the imaginary part, ∙ denotes complex conjugation, and 𝑚−1 is
the reciprocal effective mass for the charge carriers in the superconductor, which

1I use the term circulation to refer to the one-form which is dual to the current density
(dim𝑀 − 1)-psuedoform.
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is a symmetric2 (1, 1)-tensor field for an inhomogeneous and anisotropic material.
Juxtaposition denotes tensor contraction, which is unambiguous in this case.

The Ginzburg–Landau free energy3, 𝐹 , consists of three parts [41], [48],

𝐹(𝜓 , 𝐴) = 𝐹1(𝜓 ) + 𝐹2(𝜓 , 𝐴) + 𝐹3(𝐴). (2.4)

The first part is the condensation energy. Since the order parameter (the conden-
sate wavefunction) must be non-zero in the superconducting phase, it is necessary
to include terms in the free energy which encourage the condensate to form when
the temperature, 𝑇 , is less than the transition temperature, 𝑇c. Specifically, the
condensation energy has the form

𝐹1(𝜓 ) = ∫
𝑀
(1
2
𝛼‖𝜓 ‖2 + 1

4
𝛽‖𝜓 ‖4)vol (2.5)

where vol is the volume pseudoform4 and 𝛼 and 𝛽 are phenomenological coeffi-
cients, which for generality we take to be real zero-forms rather than constants.
Since 𝜓 only exists in a local trivialisation, computing this integral involves choos-
ing a partition of unity and a local trivialisation on each support. Even though
𝜓 depends on the choice of local trivialisation, the value of the integral is well-
defined because ‖𝜓 ‖ is independent of this choice, i.e., it is gauge invariant.

In the simplest case, 𝐸 is trivial and the coefficients are constant, 𝛼(𝑝) = 𝛼0
and 𝛽(𝑝) = 𝛽0, where the condensation energy has a minimum corresponding
to a constant non-zero wavefunction if 𝛼0 < 0 and 𝛽0 > 0. These constants are
parameters of the theory, and from a thermodynamic perspective they can be
thought of as functions of temperature. If 𝛽0 is negative then the free energy
is unbounded from below, so 𝛽0 must be positive for all temperatures. Since
the minimum with a non-zero wavefunction exists only for 𝛼0 < 0, 𝛼0 must be
negative below 𝑇c and positive above 𝑇c.

2Symmetric as a linear map between one-forms with respect to the Hodge inner product.
3More properly, this is the free energy difference between the superconducting and normal

states, but it is assumed that the normal state free energy is virtually constant in the vicinity of
the transition.

4In a three-dimensional Euclidean space where the coordinates, 𝑥 , 𝑦 , and 𝑧 have units of
length and the orientation of the integration manifold agrees with the conventional right-handed
orientation, the volume form (not pseudoform since we have picked out an orientation) can be
written as 𝑑𝑥 ∧ 𝑑𝑦 ∧ 𝑑𝑧.
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The next part of the free energy is the kinetic part, given by

𝐹2(𝜓 , 𝐴) = ∫
𝑀

ℏ2

2
⟨𝐷𝜔𝐴𝜓 , 𝑚

−1𝐷𝜔𝐴𝜓⟩vol (2.6)

where ⟨∙, ∙⟩ denotes the Hodge inner product, defined by ⟨𝜁 , 𝜂⟩vol = 𝜁 ∧ ⋆𝜂 for
possibly complex-valued forms 𝜁 and 𝜂 of the same degree where ⋆ denotes the
Hodge star operator5. Again, the integral is well-defined because the integrand
is gauge invariant. This expression is essentially the usual kinetic energy from
single-particle quantum mechanics, except it depends on the magnitude of the
wavefunction because the total kinetic energy of the condensate depends on the
number of condensed particles, and the reciprocal mass is a tensor rather than a
scalar because we are dealing with quasiparticles in a material.

The final part of the free energy is (up to addition of a constant) the Gibbs
free energy associated with the magnetic field,

𝐹3(𝐴) = ∫
𝑀

1
2𝜇0

‖𝑑𝐴 − 𝜇0⋆−1𝐻‖2vol. (2.7)

The magnetic induction is 𝑑𝐴 as always, so 𝑑𝐴 − 𝜇0⋆−1𝐻 is the magnetisation,
assuming the normal magnetic response of the material is much weaker than the
magnetic induction due to the supercurrent, so that it can be neglected. Here, 𝐻
is a pseudo-one-form which should be specified as a datum to impose an external
magnetic field.

Since terms higher than second order in the superfluid density and the deriva-
tives of the wavefunction are not included, the theory is only to be applied when
the magnitude of the wavefunction is sufficiently small so that those terms can
be reasonably neglected, which is the case when the temperature is close to the
transition temperature because the phase transition is second order.

2.1.2 Equilibrium equations

The equilibria of the Ginzburg–Landau system are states for which the free energy
is maximised or minimised. To obtain a set of equations whose solutions are
equilibria, the free energy is varied with respect to the wavefunction and the

5I assume the version of the Hodge star which maps 𝑘-forms to (dim𝑀 − 𝑘)-pseudoforms, and
vice-versa. Then no arbitrary handedness rule is required; the theory is parity-symmetric after all.
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vector potential. The resulting equations are known as the Ginzburg–Landau
equations, and they are given by

0 = (−𝛼 − 𝛽‖𝜓 ‖2)𝜓 + ℏ2

2
⋆−1𝐷𝜔𝐴⋆𝑚

−1𝐷𝜔𝐴𝜓 , (2.8)

0 = 1
𝜇0
𝛿𝑑𝐴 − ⋆−1𝑑𝐻 − ℏ𝑞ℑ(𝜓𝑚−1𝐷𝜔𝐴𝜓), (2.9)

where 𝛿 is the codifferential, which is defined by 𝛿𝜁 = (−1)𝑘⋆−1𝑑⋆𝜁 for a 𝑘-form
𝜁 , subject to the boundary conditions

0 = 𝑖𝜕∗(⋆𝑚−1𝐷𝜔𝐴𝜓), (2.10)

0 = 𝑖𝜕∗(⋆𝑑𝐴 − 𝜇0𝐻), (2.11)

where ∙∗ denotes the pull-back and 𝑖𝜕 ∶ 𝜕𝑀 → 𝑀 is the boundary inclusion map,
so 𝑖𝜕∗ is the restriction to the boundary. The boundary conditions imply that the
supercurrent through the boundary is zero and that the field on the boundary is
equal to the applied field. These are the natural boundary conditions for the varia-
tion, which is to say that if they are not satisfied then the solutions the Ginzburg–
Landau equations are not necessarily extrema of the free energy functional, but
we will have cause to consider more general boundary conditions when modelling
systems with an overall current flow, which correspond to minimising the free
energy subject to a constraint on the total current.

The first Ginzburg–Landau equation can be interpreted as Schrödinger’s
equation for a particle in a magnetic field, except there is an additional non-linear
term which pushes the magnitude of the wavefunction towards its equilibrium
value so the normalisation is fixed (since ‖𝜓 ‖2 is an observable equal to the
superfluid density) and the vector potential must be obtained self-consistently
because there are a macroscopic number of condensed particles and the induction
due to their motion can no longer be neglected. The second equation is essentially
Ampère’s law where 𝛿𝑑𝐴/𝜇0 is the total current circulation, ⋆−1𝑑𝐻 is the ‘free
current’6, and ℏ𝑞𝑚−1ℑ(𝜓𝐷𝜔𝐴𝜓) is the supercurrent which is induced to flow in
the material. This equation tells us how the motion of the condensate affects the
vector potential.

6The free current is an externally applied current which doesn’t interact with the condensate
except via the magnetic field which it induces.
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Internal boundary conditions can be obtained by varying the free energy for
a superconductor which is divided into two regions, 𝑀1 and 𝑀2, which share
a common boundary, 𝑆, with inclusion maps 𝑖1 ∶ 𝑆 → 𝑀1 and 𝑖2 ∶ 𝑆 → 𝑀2. If
𝜓 = 𝜓1 in 𝑀1 and 𝜓 = 𝜓2 in 𝑀2, and likewise for 𝐴, assuming that the dependent
variables are continuous at the interface,

𝑖1∗(𝜓1) = 𝑖2∗(𝜓2), (2.12)

𝑖1∗(𝐴1) = 𝑖2∗(𝐴2), (2.13)

the natural boundary conditions are

𝑖1∗(⋆𝑚−1
1 𝐷𝜔𝐴1

𝜓1) = 𝑖2∗(⋆𝑚−1
2 𝐷𝜔𝐴2

𝜓2), (2.14)

𝑖1∗(⋆𝑑𝐴1) = 𝑖2∗(⋆𝑑𝐴2), (2.15)

where 𝑚−1
1 and 𝑚−1

2 are the reciprocal mass tensors on 𝑀1 and 𝑀2 respectively.
These imply continuity of supercurrent and magnetic induction across the inter-
face.

The Ginzburg–Landau equations are expressed in terms of the local con-
densate wavefunction and vector potential, and therefore depend on a local
trivialisation. On a non-trivial bundle, where local trivialisations on multiple
patches are required to cover the whole manifold, the Ginzburg–Landau equations
must be satisfied by the local 𝜓 and 𝐴 on each patch. Where patches overlap,
𝜓 and 𝐴 are related by the transition map of the bundle. Given any local so-
lution to the Ginzburg–Landau equations, (𝜓 , 𝐴), by making a change of local
trivialisation (i.e., a gauge transformation), one can obtain an infinite family of
condensate wavefunctions and vector potentials which also satisfy the Ginzburg–
Landau equations, corresponding to the same global section and therefore the
same physical configuration. These are given by (𝜓 ′, 𝐴′) where

𝜓 = 𝑒𝑖𝜒𝜓 ′, (2.16)

𝐴 = 𝐴′ + ℏ
𝑞
𝑑𝜒 (2.17)

for an arbitrary zero-form 𝜒 , which is sometimes called a gauge function.
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2.1.3 Homogeneous solution

The simplest solution to the Ginzburg–Landau equations is for a homogeneous
superconductor, 𝛼 = 𝛼0 and 𝛽 = 𝛽07, in zero external field, 𝐻 = 0, on a trivial
bundle. In this case a global wavefunction and vector potential exist. Any spatial
variations only serve to increase the free energy so the stable equilibrium is the
constant

(𝜓 , 𝐴) = (√−𝛼0/𝛽0, 0) (2.18)

when 𝛼0 < 0. When 𝛼0 > 0 the stable equilibrium is

(𝜓 , 𝐴) = (0, 0), (2.19)

which remains a valid solution for all 𝛼0, although it is a maximum of the free
energy and therefore unstable for 𝛼0 < 0. We call these the homogeneous su-
perconducting solution and the normal state solution respectively. The former
describes a stationary condensate with a homogeneous superfluid density of
𝑛0 = −𝛼0/𝛽0 and a free energy density of 𝑓0 = −𝛼02/2𝛽0. The latter describes a
system with no condensate where the free energy is zero.

2.1.4 London limit

Assuming the domain is simply connected, the bundle, 𝐸, is trivial, and the wave-
function is non-zero everywhere, we can consider Ginzburg–Landau equations
in the case where the wavefunction is real. This is because the phase can be
eliminated from any solution by means of a gauge transformation. Letting 𝜓 = 𝑓
where 𝑓 is real-valued, the second Ginzburg–Landau equation becomes

1
𝜇0
𝛿𝑑𝐴 = ⋆−1𝑑𝐻 − 𝑞2𝑓 2𝑚−1𝐴. (2.20)

Assuming a homogeneous and isotropic superconductor with scalar effective
mass 𝑚0 where the current density is small and neglecting second order terms,
the first Ginzburg–Landau equation reduces to a pair of equations (from the real
and imaginary parts) which are still satisfied by 𝑓 = √𝑛0 as long as 𝛿𝐴 = 0, which

7The effective mass need not be homogeneous nor isotropic.
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is a gauge condition for what is known as the London gauge8. Explicitly, we have

𝛿𝐴 = 0, (2.21)

𝛿𝑑𝐴 = 𝜇0⋆−1𝑑𝐻 − 1
𝜆2

𝐴 (2.22)

subject to the boundary conditions

𝑖𝜕∗(⋆𝐴) = 0, (2.23)

𝑖𝜕∗(⋆𝑑𝐴 − 𝜇0𝐻) = 0 (2.24)

where 𝜆 = √𝑚0/𝜇0𝑞2𝑛0 = √−𝛽0𝑚0/𝜇0𝑞2𝛼0 is called the London penetration depth
and the equations are known as the London equations.

Since 𝛿𝑑𝐴/𝜇0 is the current circulation, the London equations imply that 𝐴 is
proportional to the difference between the free current circulation, ⋆−1𝑑𝐻 , and the
total current circulation, i.e., that −𝐴 is proportional to the supercurrent circula-
tion. Since 𝛿⋆−1𝑑𝐻 is automatically zero (all exact forms are closed), the condition
𝛿𝐴 = 0 expresses continuity of current, and the condition 𝑖𝜕∗(⋆𝑑𝐴 − 𝜇0𝐻) = 0
expresses that the current flow into the boundary is just the free current, i.e., that
the supercurrent into the boundary is zero.

It can be shown that for a superconductor obeying London’s equations, an
applied magnetic field is screened so that the magnetic induction decays exponen-
tially with a length scale 𝜆 away from the free surface. This is due to a lossless
supercurrent which is induced to flow near the surface. Likewise, if a super-
conducting wire carries a current, the current density flows only near the free
surface of the wire, again decaying on a length scale 𝜆 in the interior. Since the
penetration depth is usually on the scale of nanometres or micrometres, macro-
scopic superconductors in sufficiently weak external fields (so that the London
approximation is valid) exhibit near-perfect diamagnetism. This is known as the
Meißner–Ochsenfeld effect.

2.1.5 Thermodynamic critical field

According to London’s equations, the homogeneous superconducting state per-
sists in the interior of a superconductor when a magnetic field is applied. However,

8The boundary conditions differentiate the London gauge from the Coulomb gauge, which
also has 𝛿𝐴 = 0, but where the boundary condition 𝑖𝜕∗(⋆𝐴) = 0 is replaced with the condition
that the vector potential approaches zero at spatial infinity.
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even if such a solution exists, it does not mean that it is thermodynamically prefer-
able, and the Ginzburg–Landau free energy contains a penalty for the screening of
the external field. If the superconductor in a constant external field is sufficiently
large so that the contribution to the free energy from near the boundaries can be
neglected, since in the interior we have 𝜓 = √𝑛0 and 𝑑𝐴 = 0, the free energy is
given by

𝐹(𝜓 , 𝐴) = |𝑀|( 1
2𝜇0

‖𝜇0⋆−1𝐻‖2 − 𝑓0) (2.25)

In the normal state, 𝜓 = 0 and 𝑑𝐴 = 𝜇0⋆−1𝐻 , so the free energy is zero. Therefore
the superconducting state is thermodynamically preferable if 𝜇0

2 ‖⋆
−1𝐻‖2 < 𝑓0 and

we call the critical field value for this scenario,

𝐻c =
√

2𝑓0
𝜇0

=
√

𝛼02

𝜇0𝛽0
, (2.26)

the thermodynamic critical field. When the critical field is exceeded, the super-
conductor reverts to the normal state.

2.1.6 Flux quantisation

The magnetic flux through a superconducting loop is quantised. This can be
understood by a simple argument which invokes the existence of the condensate
wavefunction and the Meißner–Ochsenfeld effect. Consider a loop of supercon-
ducting wire carrying a persistent current. If the superfluid density is constant
as in the London limit, the wavefunction is given by 𝜓 = √𝑛0𝑒𝑖𝜃 for some phase
function 𝜃 , and therefore the supercurrent circulation is given by

𝑗s =
ℏ𝑞
𝑚0

ℑ(𝜓𝐷𝜔𝐴𝜓) =
ℏ𝑞𝑛0
𝑚0

(𝑑𝜃 −
𝑞
ℏ
𝐴). (2.27)

If 𝛾 is the closed curve along which the superconducting wire lies, integrating
the circulation around this curve gives

∫
𝛾
𝑗s =

ℏ𝑞𝑛0
𝑚0

∫
𝛾
(𝑑𝜃 −

𝑞
ℏ
𝐴) = 2𝜋𝑛

ℏ𝑞𝑛0
𝑚0

−
𝑞2𝑛0
𝑚0

Φ (2.28)

where 𝑛 is an integer, since the phase must wind by an integer multiple of 2𝜋
around the loop, and Φ is the flux through the loop. If the wire is sufficiently
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thick and the curve passes through its axis, then, due to the Meißner–Ochsenfeld
effect, the current circulation along the curve is zero. Hence

0 = 2𝜋𝑛
ℏ𝑞𝑛0
𝑚0

−
𝑞2𝑛0
𝑚0

Φ (2.29)

and therefore Φ = 𝑛𝜙0 where 𝜙0 is called the magnetic flux quantum, and is given
by

𝜙0 =
2𝜋ℏ
𝑞

. (2.30)

Since the phase is a smooth function, a smooth deformation of the integration
path cannot result in a discontinuous jump in the flux, and therefore sets of paths
which are homotopic in the space where ‖𝑗s‖ ≈ 0 must enclose the same flux.

2.1.7 The coherence length and the proximity effect

Whilst the first Ginzburg–Landau equation closely resembles the Schrödinger
equation, it can also be viewed as a Helmholtz equation with an additional non-
linear term. For a homogeneous and isotropic superconductor the natural length
scale, called the coherence length, can be read off as

𝜉 =
√
− ℏ2
2𝑚0𝛼0

. (2.31)

In situations where the wavefunction is not constant, it usually changes on a
length scale of 𝜉 . For example, the Ginzburg–Landau equations for a supercon-
ductor occupying ℝ1 with 𝛼 = 𝛼0 for 𝑥 > 0 and 𝛼 = −𝛼0 for 𝑥 < 0 are solved
by9

𝜓 = { √𝑛0 ⋅ tanh
𝑥
√2𝜉

+ log 3
2 𝑥 > 0

−√2𝑛0 ⋅ csch
𝑥
𝜉 − log 3 + 2√2 𝑥 < 0

. (2.32)

This system models an interface between a superconductor and a normal metal.
The condensate is depleted near the edge of the superconductor (𝑥 > 0) but it
also survives some distance into the non-superconducting metal (𝑥 < 0). This is
known as the proximity effect.

9A unit metric has been assumed so that the coordinate has units of length.
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2.1.8 Vortices

There are spatially inhomogeneous solutions to the Ginzburg–Landau equations
even for homogeneous materials. In an infinite homogeneous superconductor,
the winding number of the phase of the wavefunction is topologically preserved,
so there are equilibria for every integer winding number. For example, for a
superconductor occupying the plane, ℝ2, suppose the wavefunction is given by
𝜓 = 𝑓 𝑒𝑖𝜃 where 𝑓 is real-valued and only depends on the radial coordinate 𝑟 ,
and 𝜃 is the polar coordinate. The phase winds by 2𝜋 around the origin so the
winding number is 1. The winding of the phase is associated with a supercurrent
which circulates around the origin, and since the winding becomes more and
more rapid towards the phase singularity at 𝑟 = 0, 𝑓 must drop to zero so that
the supercurrent remains bounded. We should also expect that 𝑓 approaches √𝑛0
as 𝑟 approaches infinity, since the derivative of the wavefunction is negligible far
from the origin. So we have a circulating supercurrent around a core where the
superfluid density drops to zero, and by the same argument as for the quantisation
of flux in a superconducting loop, taking the contour of integration to infinity, the
flux in this state is 𝜙0. Such a solution is called a vortex or fluxon. More generally,
a vortex with a winding number of 𝑛 carries a flux of 𝑛𝜙0.

The thermodynamic stability of vortex solutions depends on the external
magnetic field and the material in question. A superconductor containing vortices
accommodates flux in the interior, allowing it to reclaim some of the free energy
penalty for the expulsion of flux in the Meißner state, but they come at a cost in
the condensation energy because of the normal core, as well in the kinetic energy
due to the inhomogeneity of the wavefunction. It turns out that the normal core
of a single-quantum vortex has a radius of roughly 𝜉 , and the flux it carries is
spread over a region with a radius of 𝜆. Whether it is favourable to form vortices
at any field depends on the ratio 𝜅 = 𝜆/𝜉 which is called the Ginzburg–Landau
parameter. Formation of single-quantum vortices in high fields is disfavourable
for 𝜅 < 1/√2 and favourable for 𝜅 > 1/√2, which separates superconductors
into two classes called type-I and type-II respectively. Still, vortex solutions are
metastable in type-I superconductors with no free surfaces because of the topo-
logical constraint. Furthermore, in type-I superconductors, amongst the solutions
with a winding number of 𝑛, a single 𝑛-quantum vortex is preferable, whereas
for type-II superconductors it is preferable to have 𝑛 single-quantum vortices,
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essentially because the free energy associated with a normal-superconductor
interface, as between the normal core and the superconducting bulk, is positive
for type-I superconductors and negative for type-II. Although there are no exact
vortex solutions in terms of elementary functions, approximations of the super-
fluid density, current density, and magnetic flux density as a function of radius
can be obtained [49].

2.1.9 Abrikosov lattice

For a homogeneous and isotropic type-II superconductor subject to a large exter-
nal field, the global minimum in the free energy corresponds to a solution with
closely-packed vortices with a density proportional to the amount of flux which
penetrates the material [50]. There is an effective repulsion between vortices
because there is a free energy cost associated with the superposition of the circu-
lating currents around nearby vortex cores. Although the formation of vortices
allows superconductivity to persist at fields higher than the thermodynamic criti-
cal field, eventually the density of vortices becomes so high that the vortex cores
are forced to overlap and the system becomes fully normal. The magnetic field at
which this occurs is called the upper critical field.

Near the upper critical field, the superfluid density is small and so is the
magnitude of the supercurrent. The magnetic induction is therefore almost
constant. The Ginzburg–Landau problem can be approximately solved in this
regime by considering the wavefunction as a perturbation to the normal state
solution at the upper critical field. In this case one considers the linearised form
of the first Ginzburg–Landau equation (neglecting the ‖𝜓 ‖2𝜓 term), which is just
the same as the problem of a charged particle in a magnetic field in quantum
mechanics, and is solved by Landau orbitals in ℝ2. However, since the Ginzburg–
Landau problem is not an eigenvalue problem, that is, the energy eigenvalue of
the Schrödinger equation is replaced with the constant −𝛼0, each Landau level is
only a solution for a specific field value, and the lowest Landau level corresponds
to the highest field, which is the upper critical field. For larger fields there is no
solution.

The value of the upper critical field, 𝐻c2, is given by

𝜇0‖𝐻‖ = 𝜇0𝐻c2 =
𝜙0

2𝜋𝜉 2
= −

2𝑚0𝛼0
ℏ𝑞

(2.33)
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and the associated family of solutions is

(𝜓𝑘 , 𝐴𝑘) = (𝑒𝑖𝑘𝑥 𝑒−
1
2 (𝑦/𝜉−𝑘𝜉 )

2
, −𝜇0𝐻c2𝑦 ∧ 𝑑𝑥) (2.34)

where 𝑘 is an arbitrary real parameter. However, arbitrary linear combinations
of this solution with different values of 𝑘 do not solve the full Ginzburg–Landau
equations, except at precisely the upper critical field in which case the wave-
function is zero anyway. In order to find the precise solution of the linearised
equations which is preferred close to the upper critical field, one must somehow
include the non-linearity, as a perturbation or by minimising the free energy.

Abrikosov [50] chose to seek solutions which were periodic, writing the
wavefunction as a linear combination of the form

𝜓 = ∑
𝑚∈ℤ

𝑐𝑚 ⋅ 𝑒𝑖𝑚𝑘𝑥 ⋅ 𝑒−
1
2 (𝑦/𝜉−𝑚𝑘𝜉 )

2
(2.35)

where 𝑘 is now taken to be constant and the coefficients 𝑐 repeat with some
periodicity 𝑁 , so that 𝑐𝑚 = 𝑐𝑚+𝑁 . He used 𝑁 = 1 but it was later shown that
the global minimum of the free energy is attained when 𝑁 = 2, 𝑐0 = 1, 𝑐1 = 𝑖,
and 𝑘 = 31/4𝜋1/2/𝜉 , corresponding to a triangular lattice of vortices [51]. The
normalised superfluid density for the resulting solution is shown in Figure 2.1. A
similar triangular lattice solution is valid when the magnetic field is smaller, but it
cannot be expressed as simply. Some numerical solutions are shown in Figure 2.2.

The Abrikosov solution remains valid when the domain is a flat torus,𝑀 = 𝑇 2,
but the Stokes–Cartan theorem implies that the wavefunction bundle must be non-
trivial in order to accommodate non-zero flux. The construction of the bundle
is reminiscent of the Dirac monopole [53]. It implies a quantisation condition
where the number of phase singularities in the wavefunction is a fixed integer, 𝑛,
and the total magnetic flux is exactly 𝑛𝜙0.

For a flat torus of dimensions 𝑤 ⋅ ℎ, given the obvious Cartesian coordinates,
𝑥 ∶ 𝑀 → [0, 𝑤] and 𝑦 ∶ 𝑀 → [0, ℎ], one can take two patches, 𝑈 and 𝑉 , which
are the pre-images of [0, 𝑤] × (0, ℎ) and [0, 𝑤] × ([0, ℎ/2) ∪ (ℎ/2, ℎ]) respectively.
That is, each patch is a horizontal band, covering the whole torus except for a
horizontal circle, and the missing circles from each patch are vertically offset by
ℎ/2 so that 𝑈 ∪ 𝑉 covers 𝑀 .

The wavefunction is given by its components, 𝜓𝑈 and 𝜓 𝑉 , in local trivialisa-
tions over 𝑈 and 𝑉 , and likewise the vector potential has a different expression
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Figure 2.1: Superfluid density contours for the normalised triangular lattice solution
to the linearised Ginzburg–Landau equations at the upper critical field.

in each patch. The patches 𝑈 and 𝑉 intersect in two disjoint regions, 𝐼1 and
𝐼2, which are the pre-images under the coordinate map of [0, 𝑤] × (0, ℎ/2) and
[0, 𝑤] × (ℎ/2, ℎ) respectively. In each of these intersection regions, the values of
𝜓𝑈 and 𝜓 𝑉 are components of a single section in two different unit bases. They are
therefore related by a transition map which can be represented as multiplication
by a complex-valued function with unit norm. For example, in 𝐼1, 𝜓𝑈 = 𝜓𝑈1 and
𝜓 𝑉 = 𝜓 𝑉1 , so

𝜓 𝑉1 = 𝑒𝑖𝜒1𝜓𝑈1 (2.36)

for some smooth (circle-valued) zero-form 𝜒1. The vector potentials which define
the connection one-forms in the two local trivialisations are related by

𝐴𝑉
1 = 𝐴𝑈

1 + ℏ
𝑞
𝑑𝜒1. (2.37)

The structure of the bundle is defined by the transition functions on the
intersections of the patches which cover the manifold. For the Abrikosov lattice,
the appropriate transition functions are

𝜒1 = +𝜋𝑛 𝑥
𝑤
, (2.38)
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Figure 2.2: (Left) Profiles of the superfluid density and magnetic induction around a
vortex core in the lattice with 𝜅 = 3/2 for magnetic flux densities 0.01, 0.05, 0.2, 0.4,
0.6, 0.8, and 0.9. (Right) Reversible magnetisation curves for lattice solutions. These
plots are inspired by a figure of Brandt’s [52], but were generated by numerically
solving the Ginzburg–Landau equations using the method described in Chapter 3.

𝜒2 = −𝜋𝑛 𝑥
𝑤
. (2.39)

When considering the wavefunction on one patch, say 𝑈 , these essentially imply
a jump10 in the phase between the bottom and the top edge of magnitude 2𝜋𝑛𝑥/𝑤 .
There is a corresponding jump in the 𝑥-component of the vector potential. The
magnetic flux is the integral of 𝑑𝐴𝑈 over 𝑈 , since 𝑈 almost covers 𝑀 , missing
only zero-measure subset. Its value is 𝑛𝜙0 as previously stated. The Abrikosov
lattice solution on the patch 𝑈 , which is valid for 𝑛 = 2, is

𝜓𝑈 = ∑
𝑚∈ℤ

𝑐𝑚 ⋅ 𝑒𝑖𝑚𝑘(𝑥−𝑤/2) ⋅ exp(− 1
2𝜉 2

(𝑦 − ℎ
2
− 𝑚𝑘𝜉 2)

2
), (2.40)

𝐴𝑈 = −
𝜙0
2𝜋

⋅
𝑦 − ℎ/2

𝜉
∧ 𝑑𝑥

𝜉
(2.41)

where 𝑘 = 31/4𝜋1/2/𝜉 , 𝑤 = 2𝜋/𝑘, ℎ = √3𝑤 , and 𝑐𝑚 = 1 if 𝑚 is even and 𝑐𝑚 = 𝑖 if
𝑚 is odd.

10Technically, there is no discontinuity because the patch does not include the edge.
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2.1.10 Surfaces

In the vicinity of the boundary of a superconductor, the translational symmetry
of the Ginzburg–Landau system is broken, and solutions like the Abrikosov
lattice are invalid. The boundary geometry can significantly affect the observed
behaviour of superconducting samples.

A simple systemwith a boundary is the superconductor occupying a Euclidean
half-space. In three-dimensions this system has a two-dimensional planar bound-
ary. Such a system was considered by Saint-James and de Gennes [54] in the
linearised high-field limit, where it was observed that although superconductivity
is destroyed in the bulk if the constant field 𝐻 parallel to the surface exceeds
𝐻c2, superconductivity persists in a layer, approximately a coherence length wide,
along the boundary surface up to a field of 𝐻c3 ≈ 1.695𝐻c2. It is generally true
that superconductivity persists above the upper critical field in the vicinity of free
surfaces, or interfaces with resistive or insulating materials, which are parallel
to the magnetic field. This has a negligible effect on the thermodynamic and
transport properties of macroscopic bulk superconductors, but it is important in
thin films, multilayers, and nanowires.

For superconductors with sharp corners, or parts which are so thin that pairs
of boundaries are separated by less than a coherence length, superconductivity
can survive beyond even 𝐻c3. For example, the parallel critical field of a thin film
diverges as the reciprocal of the film thickness [41], and a similar result holds for
thin wires.

2.1.11 De-pairing current

The Ginzburg–Landau equations imply a limit to the amount of current which
can be passed through a superconducting wire immersed in three-dimensional
Euclidean space. For a very thin wire, with dimensions much smaller than the
coherence length, the spatial variation of the current and superfluid density over
the cross-section of the wire can be neglected. Although the critical field can be
arbitrarily high for sufficiently thin wires, the current density cannot exceed [41]

𝐽D = 2
3√3

⋅
𝜙0

2𝜋𝜇0𝜆2𝜉
, (2.42)

which we call the de-pairing current density. This illustrates that the Ginzburg–
Landau equations do not respect Galilean relativity, the condensate motion is in
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reference to the privileged rest frame of the crystal lattice11.

2.1.12 Characteristic units

Since there are two natural length scales in the Ginzburg–Landau system, there are
two approaches to writing the Ginzburg–Landau equations in dimensionless form.
Some authors choose to express lengths in terms of the penetration depth [48],
[50], [56], whereas in this work, they are expressed in terms of the coherence
length since it is the smaller of the two length scales for the systems which we are
interested in. The difference is where the factors of 𝜅 appear in the final equations.
Firstly, the dimensionless metric, 𝑔̂, is given in terms of the original metric, 𝑔, as

𝑔 = 𝜉 2𝑔̂, (2.43)

which induces dimensionless versions of the volume form and Hodge star. Like-
wise, writing the wavefunction in units of its equilibrium value, the vector poten-
tial in terms of the flux quantum, the magnetic field in terms of the natural current
unit (assuming a three-dimensional domain12) and the material parameters in
terms of some arbitrary reference values,

𝜓 = √𝑛0 ̂𝜓 , 𝐴 =
𝜙0
2𝜋

𝐴̂, 𝐻 =
𝜉𝜙0

2𝜋𝜇0𝜆2
𝐻̂ = 𝐽0𝜉 2𝐻̂ , (2.44)

𝛼 = 𝛼0𝛼̂ , 𝛽 = 𝛽0 ̂𝛽 , 𝑚−1 = 𝑚̂−1/𝑚0, (2.45)

we obtain the dimensionless Ginzburg–Landau equations,

0 = (𝛼̂ − ̂𝛽‖ ̂𝜓 ‖
2
) ̂𝜓 + ⋆−1𝐷𝜔̂𝐴̂⋆𝑚̂

−1𝐷𝜔̂𝐴̂
̂𝜓 , (2.46)

0 = 𝜅2𝛿𝑑𝐴̂ − ⋆−1𝑑𝐻̂ − ℑ( ̂𝜓 𝑚̂−1𝐷𝜔̂𝐴̂
̂𝜓 ) (2.47)

11A rotating superconductor generates a magnetic field known as the Londonmoment. Measure-
ment of the London moment can be used to determine the electron mass (with small corrections),
but naïve application of Ginzburg–Landau theory in the lab frame (in which the superconductor
is rotating) implies that this measurement should give the effective mass of Landau quasiparticles.
Tate et al. [55] measured the London moment in niobium and obtained an electron mass which is
very close to the accepted value, 𝑚 ≈ 1.000084𝑚𝑒 .

12The units of the norm of the current density and magnetic field depend on the dimension
of the domain since the current density is a (dim𝑀 − 1)-pseudoform and the magnetic field is
a (dim𝑀 − 2)-pseudoform. Once the appropriate units have been chosen, the dimensionless
Ginzburg–Landau equations look the same regardless of the dimension.
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subject to the boundary conditions

𝑖𝜕∗(⋆𝑚̂−1𝐷𝜔̂𝐴̂
̂𝜓 ) = 0, (2.48)

𝑖𝜕∗(𝜅2⋆𝑑𝐴̂ − 𝐻̂) = 0 (2.49)

where the dimensionless connection form is given by 𝜔̂𝐴̂ = −𝑖𝐴̂ and the Hodge
star and codifferential implicitly refer to the dimensionless metric.

2.1.13 Time dependence

The non-equilibrium behaviour of a superconductor can be described using time-
dependent Ginzburg–Landau theory. The time-dependent Ginzburg–Landau
equations are gradient-flow equations for the Ginzburg–Landau free energy,
meaning that the wavefunction and vector potential gradually relax towards an
equilibrium. They can also be derived from the microscopic theories under an
even more restrictive set of assumptions than the ordinary Ginzburg–Landau
equations.

The dimensionless time-dependent Ginzburg–Landau equations are given
by [57]

̇̂𝜓 + 𝑖𝜑̂ ̂𝜓 = (𝛼̂ − ̂𝛽‖ ̂𝜓 ‖
2
) ̂𝜓 + ⋆−1𝐷𝜔̂𝐴̂⋆𝑚̂

−1𝐷𝜔̂𝐴̂
̂𝜓 (2.50)

−𝜎̂( ̇𝐴̂ + 𝑑𝜑̂) = 𝜅2𝛿𝑑𝐴̂ − ⋆−1𝑑𝐻̂ − ℑ( ̂𝜓 𝑚̂−1𝐷𝜔̂𝐴̂
̂𝜓 ) (2.51)

where 𝜑̂ is a real-valued zero-form representing the electrostatic scalar potential
and 𝜎̂ is a new material parameter which is a symmetric (1, 1)-tensor field. The so-
lution now consists of the triple ( ̂𝜓 , 𝐴̂, 𝜑̂)where each entry is a time-parametrised
family of differential forms of the appropriate degree and value where, for ex-
ample, ̇̂𝜓 denotes differentiation of ̂𝜓 with respect to the time parameter. The
scalar potential is introduced to maintain the electromagnetic gauge symmetry
and the dimensionless conductivity, 𝜎̂ , represents the ratio of the time-scales for
relaxation of the vector potential and the wavefunction. The second equation can
now be read as Ohm’s law, where −( ̇𝐴̂ + 𝑑𝜑̂) is the dimensionless electric field,
and the right-hand side represents the normal current, which is the difference
between the bound current and the supercurrent. The magnetic field can vary
with time but it must be slowly varying since we are working in the magnetic
limit.
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Time dependence introduces new characteristic units for time and for the
electric field. The relaxation time for the wavefunction has to be introduced as a
parameter, 𝜏 , whose value can be calculated in the microscopic theory, and the
dimensionless conductivity represents the relative relaxation time for the current.
The characteristic scale for the electric field is given by 𝐸0 = 𝜙0/2𝜋𝜉 𝜏 .

2.1.14 Pinning

A perfect macroscopic type-II superconductor in an external magnetic field cannot
carry any current without dissipation. This is because the transport current exerts
a force on the vortices, causing them to move dissipatively through the material.
The force can be viewed either as a Magnus force, where the transport current
reinforces the circulating vortex current on one side of the core and counteracts
it on the other, or as a Lorentz force due to the magnetic flux carried by the
vortex interacting with the transport current. Any force causes the vortices to
move immediately because a perfect superconductor is translationally symmetric,
assuming it is sufficiently large that the effects at the boundary can be neglected13

In order to carry a lossless current density, defects must be introduced in the
material. For example, consider a homogeneous type-II superconductor with an
embedded cylinder of normal material, whose radius is roughly the coherence
length, where the applied field is along the axis of the cylinder. Suppose there is
a vortex near the cylinder. Since the condensation energy is reduced due to the
decreased superfluid density in the vortex core and since the superfluid density is
reduced in the normal cylinder anyway, it is preferable for the vortex core to lie
inside the normal cylinder. We say that the vortex is pinned, since there is a force
of attraction between the vortex and the cylinder which acts against the force
due to the current, holding the vortex in place.

The situation becomes much more complicated when there are a variety of
defect types, when they are randomly distributed, andwhen the density of vortices
is high enough that their interaction can’t be neglected. The vortices themselves
act like elastic strings, but together they can form a rigid lattice with certain
elastic properties, or a disordered glassy state, or a vortex liquid when thermal
fluctuations are present. How the individual pinning forces of each defect lead

13This requires that the Ginzburg–Landau parameter is large, otherwise the current is confined
to the boundary.
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to a net pinning force on all the vortices taking into account the interactions is
sometimes called the grand summation problem. In practice, strong assumptions
are required to make analytic progress [58]–[61] but, in principle, quantitative
predictions of the pinning force could be obtained by numerically solving the
time-dependent Ginzburg–Landau equations, which is the subject of this thesis.

2.2 BCS theory

Whilst a detailed exposition of the microscopic theory of superconductivity is
beyond the scope of this work, some discussion is required since some of the rela-
tions derived from microscopic theory will later be used to relate the coefficients
of the Ginzburg–Landau free energy to more concrete measurable properties of
the material.

The original mechanistic theory of superconductivity is due to Bardeen,
Cooper, and Schrieffer [62] and it has been subsequently extended by many
authors to deal with more complex and realistic materials [36], [37], [63]. A brief
discussion of BCS theory will be given including the limits of its applicability and
state some key results from the literature.

2.2.1 The BCS system

The starting point of the BCS theory is a model for metals based on Fermi liquid
theory and the Born–Oppenheimer approximation. That is, the valence electrons
interact with each other, as well as with the nuclei and core electrons, via the
Coulomb interaction, but the nuclei and core electrons are treated only as a
static external potential, whereas the valence electrons are treated as a strongly-
interacting Fermi liquid. The fundamental excitations of the Fermi liquid are
quasiparticles of the same number and charge as the electrons, but which interact
with each othermuchmoreweakly. Soweakly, in fact, that to a first approximation
the interaction can be completely neglected. The model then consists of free
particles subject to an external potential which, in the case of a non-magnetic
pure metal, is periodic and independent of spin, so the orbitals are Bloch waves
which are uniquely specified by a crystal momentum, 𝑘 ∈ 𝐾 , a band index, 𝑖 ∈ 𝐵,
and a spin projection, 𝜎 ∈ 𝑆, where 𝑆 = {↑, ↓}. The (grand canonical) Hamiltonian
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is
𝐻0 = ∑

𝑖∈𝐵
∑
𝑘∈𝐾

∑
𝜎∈𝑆

𝜉𝑖(𝑘)𝑐
†
𝑖,𝑘,𝜎 𝑐𝑖,𝑘,𝜎 (2.52)

where 𝜉 is the energy of the Bloch waves measured from the chemical potential
and 𝑐† and 𝑐 are the creation and annihilation operators for the Bloch states of
the quasiparticles, which from now on will just be called ‘electrons’.

The key idea in the BCS model is that the coupling between electrons and
lattice vibrations in a metal can result in an effective interaction between elec-
trons of opposite spin and momentum which is attractive. Fröhlich [64] was
the first to suggest this, but BCS theory was the first fully developed theory of
phonon-mediated superconductivity. In view of the success of the BCS theory,
the correctness of this idea will not be justified to the same lengths as in the
original work, and instead the effective interaction will simply be added into the
Hamiltonian. The interaction is given by

𝐻int = ∑
𝑖∈𝐵

∑
𝑞∈𝐾

∑
𝑘∈𝐾

𝑉𝑖(𝑞, 𝑘)𝑏
†
𝑖,𝑞𝑏𝑖,𝑘 (2.53)

where 𝑏𝑖,𝑘 = 𝑐𝑖,−𝑘,↓𝑐𝑖,𝑘,↑ and 𝑉𝑖 is the interaction matrix in momentum space.
Clearly, this is just the general form of an interaction between pairs of electrons
in the same band having opposite spin andmomentum. The final BCSHamiltonian
is just the sum of the free particle Hamiltonian and the interaction,

𝐻 = 𝐻0 + 𝐻int. (2.54)

Sometimes additional terms are added to represent, for example, randomly dis-
tributed impurities.

2.2.2 Mean-field theory

Although the original authors used a variational method, the modern approach to
BCS theory begins with a mean-field ansatz. With the expectation that the charge
carriers form a condensate, we assume that the 𝑏 operators are well-approximated
by their ensemble averages and rewrite the interaction term as

𝑏†𝑖,𝑞𝑏𝑖,𝑘
MF
⟶ ⟨𝑏†𝑖,𝑞⟩𝑏𝑖,𝑘 + ⟨𝑏𝑖,𝑘⟩𝑏

†
𝑖,𝑞 − ⟨𝑏†𝑖,𝑞⟩⟨𝑏𝑖,𝑘⟩. (2.55)

Since it is assumed that the ensemble averages ⟨𝑏𝑖,𝑘⟩ are non-zero in the ground
state, and since these operators do not conserve particle number unlike the full
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Hamiltonian, we have assumed that the transition to the superconducting phase
is a symmetry-breaking phase transition.

With the above assumption, the Hamiltonian can be re-written as

𝐻MF = 𝐻0 + 𝐻MF
Δ + 𝐸MF (2.56)

where the interaction term has been replaced with the following non-interacting
term,

𝐻MF
Δ = −∑

𝑖∈𝐵
∑
𝑘∈𝐾

(Δ𝑖(𝑘)𝑏𝑖,𝑘 + Δ𝑖(𝑘)𝑏
†
𝑖,𝑘), (2.57)

plus a constant term,

𝐸MF = ∑
𝑖∈𝐵

∑
𝑞∈𝐾

∑
𝑘∈𝐾

𝑉𝑖(𝑞, 𝑘)⟨𝑏
†
𝑖,𝑞⟩⟨𝑏𝑖,𝑘⟩, (2.58)

where Δ, known as the pair potential, is given by

Δ𝑖(𝑘) = − ∑
𝑞∈𝐾

𝑉𝑖(𝑘, 𝑞)⟨𝑏𝑖,𝑞⟩. (2.59)

Δ can be non-zero only if some of the ensemble averages ⟨𝑏𝑖,𝑘⟩ are non-zero, so Δ
itself is a suitable order parameter for the superconducting phase transition.

2.2.3 Formal solution by Bogoliubov transformation

Any quantum system where the Hamiltonian is at most quadratic in the lad-
der operators is solvable in principle, and a standard approach to solving the
mean-field BCS system uses a transformation of the ladder operators known as a
Bogoliubov [65] transformation. The new operators, 𝛾† and 𝛾 , are defined by

𝑐𝑖,𝑘,↑ = 𝑢𝑖(𝑘)𝛾𝑖,𝑘,↑ − 𝑣 𝑖(𝑘)𝛾
†
𝑖,−𝑘,↓, (2.60)

𝑐𝑖,−𝑘,↓ = 𝑣𝑖(𝑘)𝛾𝑖,𝑘,↑ − 𝑢𝑖(𝑘)𝛾
†
𝑖,−𝑘,↓ (2.61)

where 𝑢 and 𝑣 are given by

𝑢𝑖(𝑘) =
√

1
2
(1 +

𝜉𝑖(𝑘)
𝐸𝑖(𝑘)

) ⋅ exp(+ 𝑖
2
argΔ𝑖(𝑘)), (2.62)

𝑣𝑖(𝑘) =
√

1
2
(1 −

𝜉𝑖(𝑘)
𝐸𝑖(𝑘)

) ⋅ exp(− 𝑖
2
argΔ𝑖(𝑘)), (2.63)
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and where 𝐸 is given by

𝐸𝑖(𝑘) = √𝜉𝑖(𝑘)
2 + |Δ𝑖(𝑘)|

2. (2.64)

The new operators satisfy the fermionic anti-commutation relations, and they
therefore describe fermionic quasiparticles which are sometimes known as bo-
goliubons. In the new basis the Hamiltonian has the form

𝐻MF = ∑
𝑖∈𝐵

∑
𝑘∈𝐾

∑
𝜎∈𝑆

𝐸𝑖(𝑘)𝛾
†
𝑖,𝑘,𝜎 𝛾𝑖,𝑘,𝜎 +∑

𝑖∈𝐵
∑
𝑘∈𝐾

(𝜉𝑖(𝑘) − 𝐸𝑖(𝑘)) + 𝐸MF, (2.65)

which describes free bogoliubons with energy 𝐸, meaning that the ground state
is the bogoliubon vacuum and the excited states are obtained by applying the
bogoliubon creation operators. Since the minimum excitation energy is the
minimal value of |Δ𝑖(𝑘)|, |Δ| is called the energy gap. The existence of an energy
gap is partially responsible for the stability of the ground state in the presence of
external perturbations.

2.2.4 Expressions for Ginzburg–Landau parameters

In order to calculate properties of the superconductor analytically, it is common to
assume a free electron dispersion relation, that is, a single spherically symmetric
band, and an approximate form of the phonon mediated interaction which gives
a constant weak attraction between electrons with momenta near the Fermi
surface. The assumption of a spherical Fermi surface is inaccurate for almost
all superconductors [66]–[68], but scattering results in the averaging of most of
the properties over the Fermi surface and the first order corrections from the
true shape can be incorporated by correcting the Fermi surface area. In the case
where the interaction is weak, it is reasonable to assume that it is constant, since
the energy gap is in all cases much smaller than the Fermi energy, but there are
certain materials where the interaction cannot be considered weak [25], in which
case the phonons have to be considered as a separate species of particle rather
than as an effective interaction between electrons.

Some of the quantities in the Ginzburg–Landau theory can be obtainedwithout
deriving the full free energy, for example, the thermodynamic critical field is
essentially a measure of the free energy difference between the normal and
superconducting states. With all the above assumptions it can be calculated in
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the BCS theory as [69]

𝜇0𝐻c
2 = 𝑁F

8𝜋2(𝑘B𝑇c)
2

7𝜁 (3)
(1 − 𝑇

𝑇c
)
2

(2.66)

where 𝑁F is the density of states per spin direction at the Fermi surface and 𝜁 is
the Riemann zeta function. This expression is the only one which we will need
to constrain the Ginzburg–Landau coefficients for the materials studied in this
work. Other measurements, such as those of the upper critical field as a function
of temperature, can often be used to obtain the coefficients more directly. We will
see that the most problematic parameter is the effective mass tensor, for which
we will rely on fermiological methods like the de Haas–van Alphen effect.

There are many possible sources of inaccuracy of the determined Ginzburg–
Landau coefficients. These include deviation from the Ginzburg–Landau theory
due to application at temperatures far from the transition temperature, deviation
from the BCS relations due to the failure of assumptions like weak coupling and
a spherical Fermi surface, and inaccuracy in the measured properties themselves.
These factors will lead to inconsistencies in the final observables. The choice
of measured properties used to constrain the Ginzburg–Landau coefficients can
affect the calculated values by up to 50%. Although this situation may seem dire
we will see that there are conclusions which we can draw which are insensitive
to errors in the coefficients of this magnitude.
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Chapter 3

Computational method

In this chapter, the discretisation of the Ginzburg–Landau equations will be
discussed, as well as how the discrete equations can be solved numerically. A
major contribution of this work is the implementation of a solver for the time-
dependent Ginzburg–Landau equations whose performance scales optimally
with the size of the system, so that it can be used for three-dimensional critical
current simulations. Unlike previous implementations, the frozen field limit is
not assumed, all of the material parameters are allowed to vary in space, and both
the effective mass and conductivity are allowed to be independently anisotropic.

The spatial discretisation, derived in the framework of discrete exterior calcu-
lus, is second-order accurate and valid for cylindrical, rectilinear, and well-centred
simplicial complexes, although only rectilinear complexes are supported by the
present implementation. This discretisation coincides exactly with a standard
finite-differences approach for the Ginzburg–Landau equations, but the derivation
provides a clearer geometric justification for the approach.

A fully implicit backward Euler temporal discretisation is used, leading to
a system of nonlinear equations which are solved using a geometric multigrid
method [70]. The multigrid method is an iterative technique which can be directly
applied to the nonlinear equations and converges quickly regardless of the spatial
resolution and value of the Ginzburg–Landau parameter unlike simple iterative
methods (e.g., the Jacobi and Gauss–Seidel methods [71]). Multigrid methods also
offer faster convergence than general-purpose linear system solvers applied to
linearised equations or to the Jacobian system for Newton iteration.

In applying the geometric multigrid method to the fully implicit time-depen-

37
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dent Ginzburg–Landau system for the first time, some special considerations were
required. Firstly, in the transfer of the wavefunction between grids of different
resolutions, care must be taken to parallel transport the components into the cor-
rect fibres so that the whole operation remains covariant. Secondly, it is essential
for the convergence of the present implementation that the London gauge is used.
This gauge is usually avoided in numerical Ginzburg–Landau theory [72] because
it requires solving an additional equation, for the scalar potential, as opposed to
the more common temporal gauge which simply has 𝜑 = 0.

A limited study of the accuracy and convergence of the solver is given towards
the end of the chapter. The chapter concludes with a list of potential improvements
in future work.

3.1 Discrete exterior calculus

Having expressed the Ginzburg–Landau equations in terms of the theory of ex-
terior calculus, we can make use of the theory of discrete exterior calculus [73]
to write down the corresponding discrete equations. Discrete exterior calculus
includes the notion of a discrete differential form as well as discrete counterparts
of the exterior derivative and Hodge star operators which preserve some impor-
tant properties of the smooth versions exactly. After also defining the discrete
wavefunction and covariant derivative we will obtain discrete equations which
turn out to be identical to those of the standard ‘link variable’ technique [56].

3.1.1 Cellular complexes, chains, and discrete forms

The discrete counterpart to the base manifold is a cellular complex. This can
be seen as a formalisation of a finite element mesh. An 𝑛-dimensional complex
consists of a set of cells for each dimension 0 to 𝑛, each equipped with a specific
reference orientation. A zero-dimensional cell is a vertex, a one-dimensional cell
is an edge, a two-dimensional cell is a face, and a 𝑘-dimensional cell is called
a 𝑘-cell. A 𝑘-cell can be any manifold which is homeomorphic to a 𝑘-ball, and
popular choices for numerical applications include simplexes and hypercubes.
The boundary of a 𝑘-cell consists of signed (𝑘 − 1)-cells which are also part of
the complex, the sign being positive where the induced orientation of a boundary
cell agrees with its reference orientation, and negative otherwise. For example,
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an edge has a boundary consisting of two vertices. An orientation on the edge
distinguishes the start and end points. Since these are points they have the same
(positive) reference orientation, so the start point is given a negative sign and the
end point is given a positive sign.

A 𝑘-chain is a formal linear combination of 𝑘-cells. For example, if 𝑒0 is an
edge in a cellular complex, beginning at the vertex 𝑣0 and ending at 𝑣1, then its
boundary can be written as

∂𝑒0 = 𝑣1 − 𝑣0, (3.1)

which is a formal linear combination of zero-cells the 𝑣0 and 𝑣1 with coefficients
−1 and +1 respectively, and is therefore a zero-chain. Furthermore, 𝑒0 itself can
be considered a one-chain, having a coefficient of 1 for 𝑒0 and 0 for all other edges.
The boundary operator can be extended from 𝑘-cells to all 𝑘-chains by linear
continuation. That is, if 𝜒 is a chain defined by

𝜒 = ∑
𝑖
𝜒𝑖 ⋅ 𝑐𝑖 (3.2)

where 𝜒𝑖 is a real coefficient and 𝑐𝑖 is a 𝑘-cell for each 𝑖, then

∂𝜒 = ∑
𝑖
𝜒𝑖 ⋅ ∂𝑐𝑖. (3.3)

This definition has the nice property that applying the boundary operator to a
sum of distinct cells with compatible orientations gives the correct boundary of
their union. For instance, if 𝑒1 is the edge from 𝑣1 to 𝑣2, then

∂(𝑒0 + 𝑒1) = ∂𝑒0 + ∂𝑒1 = (𝑣1 − 𝑣0) + (𝑣2 − 𝑣1) = 𝑣2 − 𝑣0, (3.4)

which is the correct boundary of 𝑒0 ∪ 𝑒1 since the end point of 𝑒0 and the starting
point of 𝑒1 are the same, they are both 𝑣1.

The discrete analogue of a differential 𝑘-form is a 𝑘-cochain, that is, a linear
map from 𝑘-chains to the real numbers. The canonical map from smooth forms
to discrete forms on a cellular complex is called the de Rham map, 𝐼 [74]. It is
defined by

𝐼 (𝜂)(𝑐) = ∫
𝑐
𝜂 (3.5)

for a smooth 𝑘-form, 𝜂, and a 𝑘-cell, 𝑐. For general 𝑘-chains the de Rham map is
given by linear continuation. If a discrete 𝑘-form, η, is to be thought of as approx-
imating a smooth form, then the de Rham map gives a means for interpreting the
components, η(𝑐), on each cell. They are to be thought of as approximating the
integral of the smooth form over the corresponding cells.
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3.1.2 Discrete exterior derivative

The discrete exterior derivative, d, of a discrete (𝑘 − 1)-form, ζ, is defined by

(dζ)(𝜒) = ζ(∂𝜒) (3.6)

where 𝜒 is a 𝑘-chain. In other words, the discrete exterior derivative is dual to
the discrete boundary operator. The discrete exterior derivative maps (𝑘 − 1)-
cochains to 𝑘-cochains like the smooth exterior derivative maps (𝑘 − 1)-forms to
𝑘-forms. An important consequence of this definition is that the Stokes–Cartan
theorem is preserved exactly under the de Rham map,

𝐼 (𝑑𝜁 )(𝑐) = ∫
𝑐
𝑑𝜁 = ∫

𝜕𝑐
𝜁 = (d𝐼 (𝜁 ))(𝑐) (3.7)

for a smooth (𝑘 − 1)-form, 𝜁 .

3.1.3 Dual complex and discrete Hodge star

So far in the development of the discrete theory themetric has not been introduced.
This reflects the fact that smooth forms, the exterior derivative, and integration do
not depend on the metric. This is not the case for the Hodge star. Furthermore, the
definition of the discrete Hodge star only approximates its smooth counterpart,
unlike the previous definitions which are exact for injected smooth forms. To
obtain an accurate discretisation we need to restrict the class of cellular complexes
we are considering to those with a sufficiently nice dual complex.

The dual of a cellular complex is another cellular complex which has an (𝑛 − 𝑘)-
cell for each 𝑘-cell of the original, henceforth ‘primal’, complex. Given a cell, 𝑐, of
the primal complex, let 𝑐∗ be the corresponding cell of the dual complex, and let
𝑐∗∗ = 𝑐. The dual complex is connected in a way which is compatible with the
primal complex in that the boundary of a dual cell is the dual of the co-boundary
of the corresponding primal cell (special consideration is required for cells on
the boundary of the manifold, covered in Section 3.1.8). Since an orientation
of the primal cells induces a transverse orientation of the dual cells, and since
pseudoforms are integrated over submanifolds with transverse orientation, it
is natural to represent the Hodge dual of a cochain on the primal complex as a
cochain on the dual complex. Only oriented primal cells and transversely oriented
dual cells, and therefore primal forms and dual pseudoforms, will be considered,
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but in general one can also consider dual forms and the corresponding primal
pseudoforms.

It is not posible for the discrete Hodge star to be exact for injected smooth
forms like the exterior derivative is. This would require

𝐼 (⋆𝜂)(𝑐∗) = (∗𝐼 (𝜂))(𝑐∗) (3.8)

where ∗ is the discrete Hodge star, but this can’t be satisfied for arbitrary 𝜂 because
the dual cells and primal cells are not identical, so the integrals of 𝜂 over primal
cells are not sufficient to determine the integral of ⋆𝜂 over every dual cell. Instead,
the discrete Hodge star is defined so that this requirement is satisfied for some
specific set of smooth forms.

Often there is a natural choice of smooth forms which should be preserved
under the discrete Hodge star. For example, consider a polar grid in two-dimen-
sional Euclidean space. Suppose we require that for a radial edge, 𝑒, forms with a
locally constant (that is, constant on a neighbourhood containing 𝑒 and 𝑒∗) radial
component are preserved exactly, which is guaranteed if 𝑑𝑟 itself is preserved,

𝐼 (⋆𝑑𝑟)(𝑒∗) = (∗𝐼 (𝑑𝑟))(𝑒∗). (3.9)

A simple calculation shows that if the radial and polar grid lines have equal
spacing and the dual cells lie half-way between the primal ones (all according to
the polar coordinates), then

(∗𝐼 (𝑑𝑟))(𝑒∗) =
|𝑒∗|
|𝑒|

𝐼 (𝑑𝑟)(𝑒) (3.10)

where |∙| denotes the measure of a primal or dual cell. This situation is illustrated
in Figure 3.1. Extending this to arbitrary discrete forms, we write

(∗η)(𝑒∗) =
|𝑒∗|
|𝑒|

η(𝑒) (3.11)

where 𝑒 is a radial edge. It turns out that the same relationship holds for polar edges
if 𝑟𝑑𝜃 is preserved (the intensity ‖𝑟𝑑𝜃‖ is constant under the Euclidean metric). In
fact, the idea of preserving locally constant forms leads to the same formula for
the discrete Hodge star for forms of any degree in any simplicial complex with
the circumcentric dual (where the dual vertices are the circumcentres of 𝑛-cells)
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Figure 3.1: For a one-form with a constant radial component, the circulation along a
primal radial edge is proportional to the flux of the dual form through the dual edge.
The constant of proportionality is the ratio of the primal and dual edge lengths.

and in any rectilinear cubical complex with the barycentric dual. This discrete
Hodge star is given by

(∗η)(𝑐∗) =
|𝑐∗|
|𝑐|

η(𝑐). (3.12)

This is the definition of the Hodge star which we will use. It is a good approxima-
tion of the smooth Hodge star for smooth forms which do not deviate much from
constant in the neighbourhood of 𝑐 ∪ 𝑐∗.

3.1.4 Discrete tensors

The reciprocal mass and conductivity are symmetric (in the sense of linear op-
erators) (1, 1)-tensor fields. The reciprocal mass is essentially the diffusivity of
the wavefunction, since it appears in the covariant Laplacian between the two
derivatives. In the smooth case, the application of the reciprocal mass before the
Hodge star can be combined into a new Hodge star with a new metric. This can
be used to define the discrete covariant Laplacian with the reciprocal mass tensor,
since we know how to construct a discrete Hodge star given a metric. However,
the new metric doesn’t necessarily preserve the structure of the complex. A
rectilinear complex will not necessarily remain rectilinear under the new metric.
A more approximate definition based on the view of a (1, 1)-tensor field as a linear
map between one-forms is therefore preferred.

Since tensor fields act linearly on forms multiplied by any smooth function,
discrete tensors should be linear on each cell, in which case a discrete (1, 1)-tensor
is described by a single component on each edge [75, p. 84]. The discretisation of
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a smooth tensor field is accomplished in much the same way as the discretisation
of the Hodge star. Each edge has an associated form in its neighbourhood which
should be preserved exactly, and the component is the integral along the edge of
the result of applying the tensor to that unit form. This leads to a discretisation
which has been used previously in discrete Ginzburg–Landau theory [76].

3.1.5 Discrete bundle-valued forms

Whilst the component of a bundle-valued form in some local trivialisation can be
represented as a smooth form, it does not make sense to discretise this smooth
form as a cochain because the integral of the component across a submanifold is
not covariant. Instead, the integral of a bundle-valued form is defined by picking
a particular reference point on the submanifold, transporting the components to
the fibre over that point, and integrating the resulting form. In general, the result
will depend on the paths chosen to transport over, but for a one-dimensional
submanifold it does not.

The parallel transport from the end point of a curve, 𝛾 , to the start point is
given in terms of the connection form, 𝜔, as1

Γ(𝛾 ) = 𝑒∫𝛾 𝜔 . (3.13)

The covariant integral of a one-form, 𝜁 , with values in the bundle is then given by

∫
𝛾
𝑒
∫𝛾[0,𝑡] 𝜔 ⋅ 𝜁 (3.14)

where 𝑡 is the parameter coordinate on 𝛾 and 𝛾[0,𝑡] is the part of 𝛾 with coordinate
between 0 and 𝑡 . When 𝛾 is an edge, 𝑒, of a cellular complex beginning at vertex
𝑣0 and ending at vertex 𝑣1, this integral is the value of the covariant de Rham map,
𝐽 (𝜁 )(𝑒, 𝑣0), on the edge 𝑒 with the reference point 𝑣0. We represent the bundle-
valued form as a map from a cell and a particular reference point on that cell to
the complex numbers [77]. We can calculate the integral over multiple cells by
adding the values of the discrete form as long as they have the same reference

1This expression is only valid for bundles with an abelian structure group. When I mention
bundle sections and bundle-valued forms I always mean the specific bundle 𝐸, whose structure
group is 𝑈 (1).
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point. The reference point can be changed from one end of an edge to the other
by parallel transport, as

𝐽 (𝜁 )(𝑒, 𝑣1) = 𝑒−∫𝑒 𝜔 ⋅ 𝐽 (𝜁 )(𝑒, 𝑣0) = 𝑒−𝐼 (𝜔)(𝑒) ⋅ 𝐽 (𝜁 )(𝑒, 𝑣0). (3.15)

3.1.6 Discrete covariant derivative

The discrete covariant derivative of a discrete form, ζ, representing the component
of a bundle section, on an edge, 𝑒, is given by

(Dωζ)(𝑒, 𝑣0) = 𝑒+ω ⋅ ζ(𝑣1) − ζ(𝑣0) (3.16)

(Dωζ)(𝑒, 𝑣1) = ζ(𝑣1) − 𝑒−ω ⋅ ζ(𝑣0) (3.17)

where 𝑣0 and 𝑣1 are the start and end points of the edge and ω is the discrete
connection form. This is just the same expression as for the ordinary exterior
derivative except each term has been transported into the same fibre. It can
be easily verified that this expression exactly matches the covariant integral of
the smooth covariant derivative under the covariant de Rham map, just like the
discrete exterior derivative matches its smooth counterpart.

The covariant Laplacian involves taking the covariant codifferential of a
bundle-valued one-form. Since the resulting zero-form is evaluated at a point, by
choosing that as the reference point for the evaluation of the bundle-valued one-
form, all terms are already in the correct fibre so the application of the covariant
codifferential becomes identical to the application of the ordinary codifferential.
The discrete codifferential of a discrete bundle-valued one-form, η, is then given
by

(−∗−1Dω∗η)(𝑣) = − 1
|𝑣∗|

(∗η)(∂𝑣∗, 𝑣). (3.18)

The covariant laplacian of a bundle-valued zero-form, ζ, is then given by

(−∗−1Dω∗Dωζ)(𝑣) = − 1
|𝑣∗|

∑
𝑒∗∈∂𝑣∗

|𝑒∗|
|𝑒|

(Dωζ)(𝑒, 𝑣) (3.19)

where it has been assumed that the bundle-valued form is linearly continued in
the first argument and that the Hodge star has been extended to bundle-valued
forms in a trivial way.

The expression for the supercurrent circulation contains a term of the form

ℑ( ̂𝜓𝐷𝜔̂𝐴̂
̂𝜓 ) (3.20)
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which cannot be discretised exactly. Knowing the integral of the covariant deriva-
tive along the edge and the values of the wavefunction at the end points is not
sufficient to calculate the supercurrent circulation along the edge. We therefore
resort to a central differences approximation,

ρs(ω, ζ)(𝑒) = ℑ(12(ζ(𝑣0) + 𝑒−ω(𝑒)ζ(𝑣1))(Dωζ)(𝑒, 𝑣0))
= ℑ(ζ(𝑣0)𝑒ω(𝑒)ζ(𝑣1)).

(3.21)

The central differences approximation has been evaluated in the fibre over 𝑣0 but
since the overall expression is gauge invariant it doesn’t actually matter which
fibre is chosen, they both result in the same expression.

3.1.7 Non-trivial bundles

The covariant derivative of the component of a bundle-valued form has been
defined in a local trivialisation, which makes sense if all the cells involved lie
in the patch over which the local trivialisation is defined. If the wavefunction
bundle is non-trivial, more than one local trivialisation is required to cover the
whole manifold, so there will be neighbouring vertices in the cellular complex
where the values of the discrete wavefunction will be components in different
local trivialisations.

In the computational method, each vertex and edge in the complex is assigned
a local trivialisation so that the stored values of the wavefunction or the vector
potential on those cells live in the corresponding local trivialisation, see Figure 3.2
for an illustration. Suppose an edge, 𝑒, in local trivialisation over a patch 𝑈
originates at a vertex, 𝑣0, in 𝑈 and ends at a vertex, 𝑣1, which is assigned a local
trivialisation over another patch, 𝑉 . The stored values of the wavefunction are
ψ𝑈 (𝑣0) and ψ𝑉 (𝑣1) and the stored value of the vector potential is A𝑈 (𝑒). Since 𝑒
is entirely in 𝑈 , the point 𝑣1 lies in both 𝑈 and 𝑉 . Hence we can obtain ψ𝑈 (𝑣1)
using the transition map as

ψ𝑈 (𝑣1) = 𝑒+𝑖𝜒(𝑣1)ψ𝑉 (𝑣1) (3.22)

where 𝜒 is the transition function on the intersection of 𝑈 and 𝑉 . The discrete
covariant derivative in the fibre over 𝑣0 in 𝑈 is therefore given by

(DωA𝑈
ψ𝑈 )(𝑒, 𝑣0) = 𝑒−𝑖A𝑈 (𝑒)𝑒+𝑖𝜒(𝑣1)ψ𝑉 (𝑣1) − ψ𝑈 (𝑣0). (3.23)
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Figure 3.2: A triangular complex with two different local trivialisations, indicated
by the vertex and edge colours. The edges which connect vertices of different colours
carry a phase difference which is used to compute the covariant derivative along
that edge and the magnetic induction on adjacent faces.

The covariant derivative at 𝑣1 can be obtained by first parallel transporting to the
fibre over 𝑣1 in 𝑈 and then using the transition map from 𝑈 to 𝑉 . It is given by

(DωA𝑉
ψ𝑉 )(𝑒, 𝑣1) = ψ𝑉 (𝑣1) − 𝑒−𝑖𝜒(𝑣1)𝑒+𝑖A𝑈 (𝑒)ψ𝑈 (𝑣0). (3.24)

One obtains a similar expressions using 𝜒(𝑣0) when an edge terminates at
a vertex with which it shares a local trivialisation. The expression Dω(A+C)ψ,
where A and ψ are the components of the vector potential and wavefunction in
the standard local trivialisation for each cell and C(𝑒) is the transition function
for the start or end point of each edge, depending on which point shares the
same local trivialisation, gives the correct component of the covariant derivative
in the local trivialisation of each end point. Essentially, we have combined the
parallel transport and change of local trivialisation operators in the definition of
the covariant derivative.

For the derivative of the vector potential a similar argument holds. For a face,
𝑓 , where all but one of its boundary edges lie in the patch 𝑈 and one lies in the
patch 𝑉 , the magnetic induction is given by dA𝑈 (𝑓 ) = (d(A + C))(𝑓 ). Since dA𝑈
is independent of the local trivialisation, it is also the case that δdA𝑈 = δd(A + C).
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Figure 3.3: For vertices on the boundary of the complex, the dual of the coboundary
is not equal to the boundary of the dual. In the case illustrated here, only three of
the four dual edges which comprise the boundary of the dual cell can be obtained as
the dual of a primal edge. Extra information is therefore required to compute the
codifferential of a one-form at this vertex, namely the contribution from the fourth
dual edge.

3.1.8 Boundary conditions

Earlier it was stated that the dual complex is connected in such a way that the
dual of the coboundary of a primal cell is the boundary of the corresponding dual
cell. This is true for internal cells but not for dual cells on the boundary of the
complex. Dual cells on the boundary of the complex can have boundary cells
which have no corresponding primal cell. An example of such a cell is shown
in Figure 3.3. This means that the Hodge star and its inverse do not constitute a
bijection between primal and the dual discrete forms and therefore to say that
the discrete codifferential of a form, f, is δf = ∗−1d∗f is to impose the artificial
restriction that the value of ∗f on the external boundaries of dual cells is zero.
As a convention, the definition δf = ∗−1d∗f is used but to discretise a smooth
codifferential, one must add a correction to account for the flux through the dual
boundary elements. This convention is used so that δ remains a linear, rather
than an affine, operator.

In the vector potential equation, the expression 𝛿𝑑𝐴̂ requires a boundary
contribution. In the discrete theory, 𝑑𝐴̂ lives on the faces of the complex, so
⋆𝑑𝐴̂ lives on the dual vertices in two dimensions or the dual edges in three
dimensions. In two dimensions, to compute 𝑑⋆𝑑𝐴̂ on a dual edge which intersects
the boundary of the complex we need to know the contribution from the dual
vertex where it intersects the boundary, which can’t be obtained as the dual of a
primal face. According to the smooth boundary conditions, we have 𝜅2⋆𝑑𝐴̂ = 𝐻̂
on the boundary, so there is a contribution from the dual boundary vertex which
is equal to the value of the external field pseudoform on that vertex. Thus the
discretisation of 𝛿𝑑𝐴̂ is written as δdA + fA where fA is a primal one-cochain
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given by

fA(𝑒) =
1
𝜅2

|𝑒|
|𝑒∗|

H(∂𝑒∗ ∩ closure(∂M)) (3.25)

where H is a dual zero cochain representing the external magnetic field, M is the
full complex, and closure(∂M) is the boundary subcomplex of M.

3.2 Multigrid Ginzburg–Landau solver

3.2.1 Discrete Ginzburg–Landau equations

Using the definitions from the previous section, the dimensionless time-dependent
Ginzburg–Landau equations can be written in discrete form using an backward
Euler temporal discretisation [78] as

ψ1 − 𝑒−𝑖𝑘φ1ψ0
𝑘

= (α − β‖ψ1‖
2)ψ1 + ∗−1DωA1+C

∗m−1DωA1+C
ψ1, (3.26)

−σ(
A1 − A0

𝑘
+ dφ1) = 𝜅2(δd(A1 + C) + fA) − ∗−1dH1 −m−1ρs(ωA1+C,ψ1).

(3.27)
where 𝑘 is the time step size and ψ1 and ψ0 denote the discrete wavefunction at the
current and previous time steps respectively, and likewise for the vector potential,
A, scalar potential, φ, and magnetic field, H. The phase factor multiplying ψ0 in
the left-hand side of the wavefunction equation results from writing the covariant
time-derivative in the same way as the covariant spatial derivative, approximating
the integral of φ along the temporal edge as 𝑘φ1 [72]. We use a backward Euler
discretisation because for large 𝜅 or high spatial resolution, the forward Euler
method is only stable if the time step is extremely small [34]. The semi-implicit
Crank–Nicolson is often used for diffusive equations like these [35], since it
is unconditionally stable and second-order accurate in time, but the first-order
backward Euler method is still preferred since taking 𝑘 to infinity gives the discrete
time-independent Ginzburg–Landau equations in the limit, and the object of
critical current simulations is to determine the existence or non-existence of time-
independent solutions.

Although the discrete Ginzburg–Landau equations are non-linear, it is con-
venient to express them in a common form which resembles an affine equation



3.2. MULTIGRID GINZBURG–LANDAU SOLVER 49

where the linear operator is a function of the dependent variable. For example,
the wavefunction equation can be expressed as

𝐿𝜓 (ψ1,A1,φ1)(ψ1) = 𝐹𝜓 (ψ0) (3.28)

where the linear operator, 𝐿𝜓 , is given by

𝐿𝜓 (ψ1,A1,φ1) = 𝑒𝑖𝑘φ1(1
𝑘
− (α − β‖ψ1‖

2) − DωA1+C
∗m−1DωA1+C

) (3.29)

and the right-hand side is given by 𝐹𝜓 (ψ0) = ψ0/𝑘. Similarly, the vector potential
equation can be written as

𝐿𝐴(A1) + 𝑅𝐴(ψ1,A1,φ1) = 𝐹𝐴(A0) (3.30)

where the linear operator is given by

𝐿𝐴 = σ
𝑘
+ 𝜅2δd, (3.31)

the nonlinear part, 𝑅𝐴, is given by

𝑅𝐴(ψ1,A1,φ1) = σdφ1 −m−1ρs(A1 + C,ψ1), (3.32)

and the right-hand side is given by

𝐹𝐴(A0) = ∗−1dH1 +
σA0
𝑘

− 𝜅2(δdC + fA). (3.33)

Finally, an equation for the scalar potential can be obtained by taking the discrete
codifferential of the vector potential equation, and it is given by

𝐿𝜑(φ1) + 𝑅𝜑(ψ1,A1) = 𝐹𝜑(A0) (3.34)

where
𝐿𝜑 = δσd, (3.35)

𝑅𝜑(ψ1,A1,φ1) = δ(
σA1
𝑘

−m−1ρs(A1 + C,ψ1)), (3.36)

𝐹𝜑(A0) =
δσA0
𝑘

. (3.37)

The natural boundary conditions of the Ginzburg–Landau equations specify
⋆𝑑𝐴̂ in terms of the external field 𝐻̂ . From Ampère’s law, this implies that the
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total current in the system is the integral of the external current density 𝑑𝐻̂ . This
is because the free energy is always minimised when the net supercurrent is zero.
However, we would like to constrain the current density in the superconductor
to determine the critical current density. To do this, we modify the boundary
condition on the vector potential, so

𝑖𝜕∗(𝜅2⋆𝑑𝐴̂ − (𝐻̂ + 𝐻 ′)) = 0 (3.38)

where 𝑑𝐻 ′ integrates to the desired current on the boundary of some cross-section
of the system. In the discrete system this corresponds to a simple modification of
the boundary term, fA.

3.2.2 Gauss–Seidel relaxation

A general linear equation, 𝐿(𝑥) = 𝑓 , where 𝐿 is a linear operator, 𝑥 is an unknown
vector, and 𝑓 is a known vector, can be written in component-form in some basis
as

∑
𝑗
𝐿𝑖,𝑗𝑥𝑗 = 𝑓𝑖 (3.39)

where 𝑖 and 𝑗 are indices for the basis vectors and the sum ranges over the whole
basis. Gauss–Seidel relaxation [71] is an iterative method for approximately
solving such an equation. By splitting the linear operator into diagonal and off-
diagonal parts, one can rearrange the equation to put the dependent variable on
one side like so

𝐿𝑖,𝑖𝑥𝑖 +∑
𝑗≠𝑖

𝐿𝑖,𝑗𝑥𝑗 = 𝑓𝑖, (3.40)

𝑥𝑖 =
𝑓𝑖 −∑𝑗≠𝑖 𝐿𝑖,𝑗𝑥𝑗

𝐿𝑖,𝑖
. (3.41)

The exact solution must satisfy the above equation, and under certain conditions
on the structure of 𝐿, one can iteratively approach a solution by repeatedly
updating the components of 𝑥 with the right-hand side,

𝑥𝑖 ← iter(𝐿, 𝑓 , 𝑥, 𝑖) =
𝑓𝑖 −∑𝑗≠𝑖 𝐿𝑖,𝑗𝑥𝑗

𝐿𝑖,𝑖
. (3.42)

Since the components are updated one-at-a-time, and the updated vector is im-
mediately used to calculate the next updated component, the order in which the
updates occur can affect the result.
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The Gauss–Seidel method works equally well for non-linear systems of equa-
tions like the discrete Ginzburg–Landau equations. In this case the basis vectors
are the unit cochains,

𝛿𝑐(𝑐′) = {
1 𝑐 = 𝑐′

0 𝑐 ≠ 𝑐′
, (3.43)

and the dependent variables are updated according to

ψ1(𝑣) ← iter(𝐿𝜓 (ψ1,A1,φ1), 𝐹𝜓 (ψ0),ψ1, 𝑣), (3.44)

A1(𝑒) ← iter(𝐿𝐴, 𝐹𝐴(A0) − 𝑅𝐴(ψ1,A1,φ1),A1, 𝑒), (3.45)

φ1(𝑣) ← iter(𝐿𝜑 , 𝐹𝜑(A0) − 𝑅𝜑(ψ1,A1,φ1),φ1, 𝑣). (3.46)

Unfortunately, for these equations, Gauss–Seidel relaxation converges extremely
slowly. This is because the matrix row for each cell only has non-zero components
for the cell’s direct neighbours, hence the updated value of each component only
uses information from the nearest neighbours. When the diffusion coefficients are
high compared with themesh resolution, it takes many iterations for the necessary
information to propagate across the mesh. However, fast convergence can be
achieved by using a multigrid method combined with Gauss–Seidel relaxation.

3.2.3 Non-linear multigrid

Multigrid methods solve the issue of slow convergence of the Gauss–Seidel
method on fine meshes by maintaining a hierarchy of approximations to the
solution on several meshes of decreasing resolution [70]. It is quicker to solve
the problem on a coarse mesh, interpolate the solution to a fine mesh as an initial
estimate, then solve on the fine mesh, than it is to solve the problem on the fine
mesh to begin with.

A discretised partial differential equation on a fine mesh can be represented
as a system of non-linear equations of the form

𝐹 0(𝑢0) = 𝑓 0 (3.47)

where 𝑢0 is a vector whose components are the the values of the solution on the
vertices (or edges, faces, etc.) of the mesh, 𝑓 0 is the constant right-hand side
vector, and 𝐹 0 is some non-linear function. Given an estimate, 𝑣0, of the solution,
the residual, 𝑟0, is defined by

𝑟0 = 𝑓 0 − 𝐹 0(𝑣0) (3.48)
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so that if the estimate is perfect then the residual is zero. This leads to the so-
called residual equation [79],

𝐹 0(𝑢0) − 𝐹 0(𝑣0) = 𝑟0. (3.49)

If we have a true solution we can compute the error, that is, the difference between
the solution and our estimate,

𝑒0 = 𝑢0 − 𝑣0. (3.50)

The basic idea of non-linear multigrid is to solve a coarse version of the residual
equation, compute the error, and interpolate the error to correct the fine grid
estimate. In order to do this, we need to know how to convert the fine problem
into a coarse problem and how to interpolate the coarse correction to the fine
mesh.

If we have two meshes which approximate the same geometric domain at
different levels of detail, the functionwhichmaps a form on the lower-detail coarse
mesh to an ‘equivalent’ form the higher-detail fine mesh is called interpolation,
and the map in the other direction is called restriction. If the discrete form on the
fine mesh approximates a smooth form, then the restricted form should just be a
coarser approximation of that same smooth form, and vice versa for interpolation,
although the approximation can’t be any better in this case because forms on the
coarse mesh have fewer degrees of freedom than on the fine mesh.

Given a discrete form on a simplicial complex, the Whitney map is a general
method for constructing a piecewise smooth form, that is, interpolating the
values of the discrete form within each simplex. This might be used to define an
interpolation operator from a coarse mesh to a fine mesh. Once we have a linear
interpolation operator, a good choice for the restriction operator is simply the
transpose of interpolation, scaled by a constant factor so that constant forms are
restricted exactly [79] (at least in the case of zero forms). However, in the case
of well-centred simplicial complexes, it is tricky to define a general method for
constructing a coarser approximation to a given fine mesh. Instead, only regular
rectilinear meshes will be considered, in which case constructing a coarser mesh
is trivial: simply double the grid spacing along each axis.

Let ‘interpolate’ be the interpolation map from a coarse mesh to a fine mesh,
and let ‘restrict’ be the restriction. The specific expressions for these operators
for discrete forms on rectilinear meshes will be discussed shortly. Given an
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approximation to the solution of our non-linear system of equations on the
fine mesh, 𝑣0, we can produce an approximation on the coarse mesh given by
𝑣1 = restrict(𝑣0). If 𝐹 0 is expressed only in terms of operations from discrete
exterior calculus then we can construct an analogous function on the coarse mesh,
call it 𝐹 1. We can therefore write the residual equation on the coarse grid as

𝐹 1(𝑢1) = 𝐹 1(𝑣1) + restrict(𝑟0). (3.51)

Once we solve this coarse equation for 𝑢1, which is easier than solving the fine
grid equation, we can compute the correction, 𝑢1 − 𝑣1, and update our fine grid
estimate as

𝑣0 ← 𝑣0 + interpolate(𝑢1 − 𝑣1) (3.52)

which should be a better approximation depending on the properties of 𝐹 0.
We can keep recursively applying this two-grid correction scheme on coarser

and coarser meshes until we are left with a mesh consisting of only a few vertices,
on which it’s trivial to solve the non-linear equations. If we have an iterative
method for improving the estimate on each level, call it ‘relax’ so that relax(𝑣0)
is a better estimate than 𝑣0, then a single multigrid cycle consists of the following
procedure:

1. ‘relax’ a few times on the current level (initially level zero, the finest grid)

2. restrict the current estimate and residual to the next (coarser) level

3. compute the right-hand side of the coarse residual equation using the
restricted estimate and residual

4. perform a multigrid cycle on the coarse level (recurse)

5. compute the correction on the coarser level

6. correct the estimate on the current level using the interpolated correction

7. ‘relax’ a few more times

On the finest level the right-hand side is a datum which is provided as part of the
initial problem, and on the coarsest level we just ‘relax’ a few times since there’s
no coarser grid to transfer to. This procedure is known as a V-cycle because in
each cycle the estimate is transferred to coarser and coarser, then finer and finer
grids. An alternative is the W-cycle, which spends longer on the coarser grids by
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replacing the recursive step with two multigrid cycles on the coarser grid instead
of one.

There is much more to the theory of multigrid methods than is presented
here [79], but the above forms the basis of the algorithm used in this work.
The circumstances under which the multigrid method converges have not been
explained, but it requires that the problem is well-posed, so that iterations at
different levels converge to the same solution, and that the solution is smooth so
that the interpolation and restriction operations retain sufficient accuracy that
the correction is an improvement.

In the case of the discrete time-dependent Ginzburg–Landau equations, the
solution, 𝑢, is the triple (ψ,A,φ), the non-linear operator, 𝐹 , is given by

𝐹(ψ,A,φ) = (𝐿𝜓 (ψ,A,φ), 𝐿𝐴(A) + 𝑅𝐴(ψ,A,φ), 𝐿𝜑(φ) + 𝑅𝜑(ψ,A)) (3.53)

and the right-hand side on the finest level is given by

𝑓 = (𝐹𝜓 (ψ0), 𝐹𝐴(A0), 𝐹𝜑(A0)) (3.54)

where (ψ0,A0,φ0) is the state from the previous time step (although φ0 is not used).
The interpolation and restriction operators for the state will be defined shortly.
In order to make the system well-posed, a particular gauge choice is required. A
common choice for this system is the temporal gauge, 𝜑̂ = 0, since this eliminates
the scalar potential equation, which on its own is an elliptic boundary value
problem and therefore particulary slow to solve with simple iterative methods.
However, multigrid methods are good at solving Poisson’s equation, and so we
instead choose the London gauge, where 𝛿𝐴̂ = 0 and ⋆𝐴̂ = 0 on 𝜕𝑀 . This means
that the expression 𝛿𝑑𝐴̂ in the vector potential equation becomes Δ𝐴̂, where Δ is
the Laplace–de Rham operator. This makes the solutions smoother, which allows
the multigrid method to converge. The equations are still under-determined in
this form, and this will be discussed in Section 3.2.7.

3.2.4 Rectilinear meshes

Whilst many of the operations in exterior calculus can be defined for wider classes
of complexes, the present implementation is specialised to rectilinear meshes.
There are two reasons for this. Firstly, the interpolation and restriction operators
described here can only be implemented for paralleletopes and the definition of
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the discrete Hodge star requires that those paralleletopes are in fact rectilinear so
that the dual cells are orthogonal to their primal counterparts. Secondly, operators
like the Laplacian, interpolation, and restriction can be computed on rectilinear
meshes without explicitly storing their components as matrices. This drastically
reduces the memory usage of the solver which means that larger systems can be
studied.

The manifold we will discretise consists of an 𝑛-ary product of intervals and
circles. For example, 𝑀 = 𝑆1 × [0, 1] × [0, 1] is a three-dimensional manifold
which is ‘periodic’ in the 1-direction and has boundaries in the 2- and 3-directions.
There are natural dimensionless coordinates for 𝑆1 and [0, 1], and therefore for
any product of these. One can define a constant diagonal metric (so the curvature
is zero) in terms of these coordinates to give the manifold the desired dimensions,
then the coordinates can then be rescaled in terms of the metric so that they have
dimensions of length, and these are these rescaled coordinates, 𝑞𝑖, are the ones
we will use.

A primal cell of a rectilinear mesh represents a 𝑘-dimensional submanifold of
𝑀 . The points of this submanifold are

𝐾(𝐼 , 𝑋 ) = {𝑝 ∈ 𝑀|∀𝑥 ∈ 1…𝑛 . {
𝑞𝑥 (𝑝) ∈ [𝐼𝑥ℎ𝑥 , (𝐼𝑥 + 1)ℎ𝑥 ] 𝑥 ∈ 𝑋

𝑞𝑥 (𝑝) = 𝐼𝑥ℎ𝑥 𝑥 ∉ 𝑋
} (3.55)

where 𝐼 = (𝐼1, …, 𝐼𝑛) is the spatial index of the cell, 𝑋 = (𝑋1, …, 𝑋𝑘) is a tuple of
axis indices, 𝑋𝑖 ∈ 1…𝑛, and ℎ𝑥 is the constant grid step size along axis 𝑥 . The
origin of the cell has coordinates (𝐼1ℎ1, …, 𝐼𝑛ℎ𝑛) and it spans the axes 𝑋 having a
side length ℎ𝑥 along each 𝑥 ∈ 𝑋 . The orientation on 𝐾 is the induced one from
the orientation ( 𝜕

𝜕𝑞1 , …,
𝜕
𝜕𝑞𝑛 ) on 𝑀 . See Figure 3.4 for an example.

One has to choose the dimensions of the manifold and the step size so that
the manifold can be divided into 𝑁1 ⋅ 𝑁2 ⋅ … ⋅ 𝑁𝑛 cells of degree 𝑛 where 𝑁𝑥 ∈ ℕ.
If no directions are periodic then the number of vertices in the complex is then
(𝑁1 + 1) ⋅ (𝑁2 + 1) ⋅ … ⋅ (𝑁𝑛 + 1). In general, the number of 𝑘-cells spanning the
axes (𝑋1, …, 𝑋𝑘) along axis 𝑥 is

extent(𝑋)𝑥 = 𝑁𝑥 + (if 𝑥 ∉ 𝑋 ∧ ¬periodic𝑥 then 1 else 0). (3.56)

For computational purposes, it’s convenient to have indices which wrap
around on periodic axes. To this end, the index, 𝐼 , of a cell spanning axes 𝑋
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Figure 3.4: Indices and reference orientations of the cells of a small two-dimensional
rectilinear mesh.

is defined to be in bounds if it is in the range 0…extent(𝑋)𝑥 − 1 along all non-
periodic axes 𝑥 .

inbounds(𝐼 , 𝑋 ) = ∀𝑥 ∈ 1…𝑛 . periodic𝑥 ∨ (𝐼𝑥 ≥ 0 ∧ 𝐼𝑥 < extent(𝑋)𝑥) (3.57)

If an index is in bounds, then it identifies a cell 𝐾(mod(𝐼 , extent(𝑋)), 𝑋 ) where
mod(𝐼 , extent(𝑋))means taking themodulo of each index componentwith respect
to the extent along each axis. Thus we define the primal cells as the chains

𝑐𝐼 ,𝑋 = if inbounds(𝐼 , 𝑋 ) then 1 ⋅ 𝐾(mod(𝐼 , extent(𝑋)), 𝑋) else 0. (3.58)

Returning the null chain for out-of-bounds indices will prove convenient.
The measure of a cell depends only on the axes which it spans. It is given by2

|𝑐𝐼 ,𝑋 | = ∏
𝑥∈𝑋

ℎ𝑥 . (3.59)

The boundary operator is given by

∂𝑐𝐼 ,𝑋 = ∑
𝑖∈1…|𝑋 |

(−1)𝑖−1(𝑐inc(𝑋𝑖,𝐼 ),del(𝑖,𝑋 ) − 𝑐𝐼 ,del(𝑖,𝑋 )) (3.60)

where |𝑋 | means the length of the tuple 𝑋 , inc(𝑥, 𝐼 ) means the index 𝐼 with the
𝑥-component incremented, and del(𝑖, 𝑋 ) means the tuple 𝑋 with the 𝑖-th entry
deleted. The signs reflect whether the reference orientation of the boundary cells
agrees with the induced orientation.

2The definitions of the measure and boundary operators assume that the index of the cell
which is being operated on is in bounds, otherwise they should return zero.



3.2. MULTIGRID GINZBURG–LANDAU SOLVER 57

For each primal cell there is a corresponding dual cell. The boundary of the
dual cell must be the dual of the coboundary of the primal cell. Assuming the
axes 𝑋 are unique and sorted, the boundary of a dual cell is given by

∂𝑐𝐼 ,𝑋 ∗ = ∑
𝑥∈𝑋

(𝑐𝐼 ,ins(𝑋 ,𝑥)
∗ − 𝑐𝐼 ,ins(dec(𝑥,𝐼 ),ins(𝑋 ,𝑥))

∗) (3.61)

where 𝑋 is the complement of 𝑋 , that is, the tuple of axes which are not in 𝑋 ,
ins(𝑋 , 𝑥) means the tuple 𝑋 with the axis 𝑥 inserted at the end, and dec(𝑥, 𝐼 )
means the index 𝐼 with the 𝑥-component decremented. The geometry of the dual
complex is defined by giving the locations of the dual vertices. In the rectilinear
case the obvious choice is that the dual vertices should be the barycentres of the
primal 𝑛-cells, in which case the measure of a dual cell is given by

|𝑐𝐼 ,𝑋 ∗| = ∏
𝑥∈𝑋

(
if inbounds(inc(𝑥, 𝐼 ), 𝑋 ) then ℎ𝑥

2  else 0
+ if inbounds(dec(𝑥, 𝐼 ), 𝑋 ) then ℎ𝑥

2  else 0
). (3.62)

From these definitions we can immediately write down the exterior derivative
and the Hodge star, then we can write down the codifferential, then the Laplacian,
as well as the covariant equivalents.

Evaluating the discrete Laplacian on a zero form at a particular vertex uses
only the components of the zero form on that vertex and its nearest neighbours. In
a rectilinear complex we can divide the vertices into two classes where the neigh-
bours of each vertex are of the opposite class. This is called red-black colouring,
and the vertices are coloured in an 𝑛-dimensional checkerboard pattern. When
performing a Gauss–Seidel iteration of the discrete Laplacian on a rectilinear
grid, if the updates are ordered so that all the vertices of one colour are updated
before all the vertices of the other colour, then the update equation for a red
vertex does not depend on other red vertices, and likewise for the black vertices.
This means that all the red vertices can be updated in parallel, followed by all
the black vertices. A similar argument holds for the edges. This is the ordering
we will use for the Gauss–Seidel iterations, and this approach is called red-black
Gauss–Seidel.

3.2.5 Transfer operators for real-valued forms

It is assumed that a coarse grid is refined by halving the grid step size along all
axes. In this case alternating fine vertices, having index 𝐼 , lie on top of a coarse
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Figure 3.5: Coarse and fine vertices and horizontal edges for a small rectilinear mesh.

vertex with index 𝐼 /2. A form defined on the coarse grid is transferred to the
fine grid by standard linear interpolation. If 𝑐0 are the cells of the fine grid and 𝑐1

are the cells of the coarse grid, then a zero-form, f, defined on the coarse grid is
interpolated as

I(f)(𝑐0𝐼 ) =
1

2∑𝑥∈1…𝑛 mod(𝐼𝑥 ,2)
∑

𝛿∈×𝑥∈1…𝑛 0…mod(𝐼𝑥 ,2)
f(𝑐1⌊𝐼/2⌋+𝛿). (3.63)

The idea is that when a fine vertex lies between multiple coarse vertices, the
values of f on those vertices are averaged, see Figure 3.5.

Since every coarse vertex has a corresponding fine vertex, transfer from the
fine to the coarse grid could be defined by simply sampling the values from those
fine vertices, a procedure known as injection. However, it turns out to be better
to use the transpose of the interpolation operator, scaled by a constant factor
so that constant forms are restricted exactly. Explicitly, the restriction of a zero-
form, g, on the fine grid is

R(g)(𝑐1𝐼 ) =
1
2𝑛

∑
𝛿∈{−1,0,+1}𝑛

g(𝑐0boundaries(2𝐼+𝛿))

2∑𝑥∈1…𝑛|𝛿𝑥 |
(3.64)

where special treatment of the boundary values is required, as given by

boundaries(𝐼 )𝑥 = {
𝐼𝑥 periodic𝑥 ∨ (𝐼𝑥 ≥ 0 ∧ 𝐼𝑥 < extent𝑥 )

𝐼𝑥 − 2 𝐼𝑥 = extent𝑥
𝐼𝑥 + 2 𝐼𝑥 = −1

. (3.65)
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Indices which are out of bounds are reflected into the interior, which is a standard
central differences approximation of the boundary condition ⋆𝑑𝑔 = 0.

For one-forms, interpolation is performed along the axes perpendicular to
each edge, with injection being used in the parallel direction. For example, in a
one-dimensional grid the coarse edge 𝑐10,1 is equal to the sum of the fine edges
𝑐00,1 + 𝑐01,1. If f is a coarse one-form then the injected value is given by

I(f)(𝑐00,1) = I(f)(𝑐01,1) =
1
2
f(𝑐10,1), (3.66)

and conversely, if g is a fine one-form, then

R(g)(𝑐10,1) = g(𝑐00,1) + g(𝑐01,1). (3.67)

In the one-dimensional case there are no perpendicular directions, but the linear
interpolation scheme is identical it’s just performed with the injected edge values,
see Figure 3.5.

3.2.6 Transfer operators for the wavefunction

The ordinary interpolation and restriction operators should not be used for the
wavefunction because they are not covariant. The correct approach is to parallel
transport the wavefunction values to the same point when interpolating. Linear
interpolation on an 𝑛-dimensional grid can be viewed as nested one-dimensional
interpolation and the fine-grid parallel transport operators are sufficient to define
a covariant version of this operation.

In the two-dimensional case shown in Figure 3.6, there are three types of fine
vertices: those that lie on top of a coarse vertex, those that lie between two coarse
vertices, and those that lie between four coarse vertices. For fine vertices which
lie on top a coarse vertex, the value of the wavefunction is injected:

IA0(ψ1)(𝑐02𝐼 ) = ψ1(𝑐1𝐼 ) (3.68)

where ψ1 is the wavefunction on the coarse grid and A0 is the vector potential
on the fine grid. For those that lie between two coarse vertices, the values are
averaged in a covariant way:

2 ⋅ IA0(ψ1)(𝑐02𝐼+𝛿𝑥) = 𝑒+𝑖A
0(𝑐02𝐼 ,𝑥)IA0(ψ1)(𝑐02𝐼 )

+ 𝑒−𝑖A
0(𝑐02𝐼+𝛿𝑥 ,𝑥)IA0(ψ1)(𝑐02𝐼+2𝛿𝑥)

(3.69)
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Figure 3.6: Covariant interpolation to the fine vertex (filled circle) at the centre of a
coarse face. The values from the coarse vertices (open circles) are transported along
the edges indicated by arrows. When several arrows meet, the values are averaged.

where 𝑥 ∈ 1…𝑛 and 𝛿𝑥 is an 𝑛-tuple which is zero for all components 𝑦 not equal
to 𝑥 and one for 𝑦 = 𝑥 . For vertices which lie between four coarse vertices, the
interpolated edge values are averaged:

4 ⋅ IA0(ψ1)(𝑐02𝐼+𝛿𝑥+𝛿𝑦) = 𝑒+𝑖A
0(𝑐02𝐼+𝛿𝑦 ,𝑥)IA0(ψ1)(𝑐02𝐼+𝛿𝑦)

+ 𝑒−𝑖A
0(𝑐02𝐼+𝛿𝑥+𝛿𝑦 ,𝑥)IA0(ψ1)(𝑐02𝐼+2𝛿𝑥+𝛿𝑦)

+ 𝑒+𝑖A
0(𝑐02𝐼+𝛿𝑥 ,𝑦)IA0(ψ1)(𝑐02𝐼+𝛿𝑥)

+ 𝑒−𝑖A
0(𝑐02𝐼+𝛿𝑥+𝛿𝑦 ,𝑦)IA0(ψ1)(𝑐02𝐼+𝛿𝑥+2𝛿𝑦)

(3.70)

where 𝑦 ≠ 𝑥 . Hopefully it’s clear how this generalises to higher dimensions.
Again, the restriction operator is given by the scaled transpose.

3.2.7 Fixing the average potential

The time-dependent Ginzburg–Landau equations in the London gauge subject
to the variational boundary conditions are not well-posed because there is still
some gauge freedom. A time-dependent homogeneous function can be added to
the phase, and its time derivative to the scalar potential, to give another solution.
To make the system well-posed one must fix the average scalar potential [79].
We therefore add the additional condition

∫
𝑀
‖𝜑̂‖ = 0. (3.71)



3.2. MULTIGRID GINZBURG–LANDAU SOLVER 61

Computationally, this is implemented by subtracting the average value of the
scalar potential after each multigrid cycle,

φ ← φ − ⟨φ⟩0 (3.72)

where ⟨φ⟩0 = ∑𝑐𝐼 (∗φ)(𝑐𝐼
∗)/∑𝑐𝐼 |𝑐𝐼

∗|, the numerator being the integral of φ over
the manifold and the denominator being the measure of the manifold.

In the smooth case the vector potential does not have the same issue. However,
there are technical reasons why taking a similar approach to the scalar potential
is beneficial. When taking the limit of large Ginzburg–Landau parameter, one
can divide the vector potential equation by 𝜅2 and take 𝜅 → ∞. This gives a
vector Poisson’s equation where the spatial variation in the vector potential
is determined only by the boundary conditions and not by the supercurrent.
However, with the present statement of the vector potential equation, estimates
with similar errors have residuals which scale like 𝜅2. To get similar solution
times for large 𝜅, the residual for the vector potential is divided by 𝜅2 for the
convergence check, which is equivalent to dividing the whole equation by 𝜅2, but
it is important to maintain accuracy in the time dependence of the average vector
potential. This is not an issue for non-periodic directions, because those have
Dirichlet boundary conditions which fix the average vector potential, but it is
an issue for periodic directions where the time derivative is determined by the
normal current densities.

The discrete vector potential equation is

−σ(
A1 − A0

𝑘
+ dφ1) = 𝜅2(δd(A1 + C) + fA) − ∗−1dH1 −m−1ρs(ωA1+C,ψ1).

(3.73)
Averaging the component along a periodic direction, 𝑥 , gives

⟨σA0⟩
1
𝑥 − ⟨σA1⟩

1
𝑥

𝑘
− ⟨σdφ1⟩

1
𝑥 = 𝐽𝑥 − ⟨m−1ρs(ωA1+C,ψ1)⟩

1
𝑥 (3.74)

where ⟨𝑓 ⟩1𝑥 = ∑𝑐𝐼 ,𝑥 𝑓 (𝑐𝐼 ,𝑥)|𝑐𝐼 ,𝑥
∗|/∑𝑐𝐼 |𝑐𝐼

∗| for a rectilinear one-form 𝑓 and where
𝐽𝑥 is the applied current density in the 𝑥-direction. Therefore the solution should
have

⟨σA1⟩
1
𝑥 − ⟨σA0⟩

1
𝑥 = 𝑘(⟨m−1ρs(ωA1+C,ψ1) − σdφ1⟩

1
𝑥 − 𝐽𝑥). (3.75)
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Given an estimate A1, we use this equation to iterate the estimate by first calcu-
lating ⟨σA1⟩

1
𝑥 and then updating the components of A1 according to

A1(𝑐𝐼 ,𝑥) ← A1(𝑐𝐼 ,𝑥)+
(𝑘(⟨m−1ρs(ωA1+C,ψ1) − σdφ1⟩

1
𝑥 − 𝐽𝑥) − (⟨σA1⟩

1
𝑥 − ⟨σA0⟩

1
𝑥))

σ𝑐𝐼 ,𝑥
.

(3.76)
The magnitude of this correction is also included in the convergence check. This
approach is similar to that of Sadovskyy et al. [35], except the electric field is
encoded in the time dependence of the vector potential instead of an additional
gauge parameter.

3.2.8 Implementation summary

The solver described above is implemented as a Julia library which will be made
available under a copyleft license. It can be run on a single processor core, suitable
for two-dimensional simulations or short-running experiments, or a single graph-
ics card, suitable for long-running three-dimensional critical current simulations.
Most of the two-dimensional simulations in this work were performed on a single
core of an AMD Ryzen 5 1600 or an Intel Core i9-10900K CPU. Three-dimen-
sional simulations for purposes other than critical current determination were
performed on an AMD RX 7600 and an Nvidia GeForce RTX 3080m GPU. Critical
current simulations were performed on various Nvidia GPUs on Durham’s NCC
cluster.

The description of a system consists of the number of highest-degree cells
along each axis, whether each axis is periodic, the grid step size along each axis,
the time step size, the Ginzburg–Landau parameter, a condensation parameter and
nonlinearity parameter value on each vertex, a reciprocal mass and conductivity
value on each edge, a change-of-local-section phase difference on each edge, and
the value of the exterior derivative of that phase difference on each face. The
exterior derivative of the phase difference has to be stored because the phase
is supposed to be circle-valued but it’s stored as a real number, so the phase
difference around a loop is ambiguous up to addition of 2𝜋𝑛.

Discrete differential forms are represented as arrays of components, with
some metadata for converting rectilinear cell indices into linear indices. The
state of the system consists of the wavefunction, a complex-valued zero form,
the vector potential, a one form, and the scalar potential, a zero form. In order
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to perform Gauss–Seidel iteration and check for convergence, one must also
store the right-hand side and the residual for each discrete equation, which both
have the same shape as the state structure since there is one equation for each
dependent variable. The parallel transport operators on each edge are also stored
as a separate array and updated each time the vector potential estimate is updated.

In a multigrid system with several levels we store a version of all of the above
data for each level, plus an additional copy of the state for each level which
represents the restricted state from the finer level. This restricted state is used
in constructing the right-hand side of the residual equation and computing the
correction. The system is initialised by providing the mesh, parameters, material,
and initial state for the finest level, along with the number of desired multigrid
levels and the coarser levels are constructed by restricting these data.

The multigrid implementation performs fully coupled W-cycles of the back-
ward Euler discrete equations in the London gauge. It performs one red-black
Gauss–Seidel relaxation step before transferring to the coarser grid, and it per-
forms two relaxation steps after correcting on the fine grid. The average vector
potential is iterated before each multigrid cycle and the average scalar potential
is fixed after each multigrid cycle. The infinity-norm of the residual on the finest
grid level is used for the convergence criterion.

When stepping the system forward in time, additional data must be provided.
These are a one form representing the boundary and field terms in the vector
potential equation and the value of the applied current density in each direction,
which is used in iterating the average vector potential. The field boundary term
and the current density must agree in order for the iteration to converge.

A user of the library will typically construct the solver at the start of their
program and then step the simulation forward in a loop. They might change the
boundary conditions with each step to vary the current and field with time, and
they may also compute and record some observables such as the average electric
field, or the magnetic flux in some part of the system. There are some functions
available for computing these observables from the state.

3.2.9 Critical current determination

The primary reason for the creation of the present solver was to determine the
critical current density for large three-dimensional systems with full control of all
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of the material parameters. This involves setting the current and field via specific
expressions for the boundary term and phase jump and evaluating the electric
field to decide if the system is in a dissipative state. By repeatedly changing the
current density and checking whether the system reaches a stable configuration
one can systematically search for the critical value.

Consider, for example, a three dimensional domain which is periodic in the 1-
and 2-directions, but has insulating boundaries on the upper and lower surfaces in
the 3-direction. If we want to apply a field in the 3-direction we have to introduce
a non-trivial transition map because the system is doubly periodic in the (1, 2)-
plane. If there are 𝑛 fluxons in this plane then one valid choice of the transition
maps has

C(𝑐(𝑖,extent(1)2−1,𝑘),2) =
𝑛 ⋅ 𝑖

2𝜋 ⋅ extent(2)1
, (3.77)

dC(𝑐(𝑖,extent(1,2)2−1,𝑘),(1,2)) =
𝑛

2𝜋 ⋅ extent(2)1
, (3.78)

and all other components zero. If we then want to apply a current in the 1-
direction, we can do so via the field boundary conditions on the insulating surfaces.
Approximating the tangential field on the free surfaces as uniform, we use the
boundary term

fA(𝑐(𝑖,𝑗,0),1) = fA(𝑐(𝑖,𝑗,extent(1)3−1),1) = −
𝐽
𝜅2

⋅ extent3 ⋅ ℎ1 (3.79)

which gives the appropriate tangential field difference to satisfy Ampère’s law
given a uniform current with density 𝐽 .

An alternative to the above setup has periodic boundary conditions in the 3-
direction as well. In this case there are no free surfaces on which to apply a field
to satisfy Ampère’s law. Instead, we superpose a uniform external current which
cancels the first-order variation in the field which would be expected from our
desired current. A current must flow in the superconductor to compensate for
this externally applied current so that the field remains continuous. This achieved
with the external field term

(∗−1dH1)(𝑐𝐼 ,1) = 𝐽 ⋅ ℎ1. (3.80)

A common experimental method of determining the critical current of a real
superconductor is to supply an increasing current to the sample and measure
the voltage between two fixed points along its length, which is proportional to
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the average electric field. When the electric field exceeds a given criterion, it is
said that the critical current has been reached. A continuous current ramp is less
practical in a simulation because there is a normal inductive contribution to the
electric field due to the change in current, and the time scale of the simulation is
tiny compared with that of a real experiment, as noted by Carty [80, p. 94]. Instead,
we use the same stepped current ramp procedure as Blair [81] and Din [82].

The system is initialised with a small current, 10−8𝐽0, and allowed to relax for
some time, 4000𝜏 , then the following steps are taken repeatedly until the critical
current is reached. The current is increased by some factor, 2%, causing a spike
in the electric field, if this electric field drops below a criterion, 10−5𝐸0, then
the current is increased again and the process repeats, but if it remains above
the criterion for a long time, 8000𝜏 , then the critical current has been reached.
The criterion is in terms of the average electric field in the same direction as the
current, the 1-direction, which is given by

𝐸 = −⟨
A1 − A0

𝑘
+ dφ1⟩

1

1
=

⟨A0⟩
1
1 − ⟨A1⟩

1
1

𝑘
(3.81)

where, as before, the subscripts on the state variables denote the time step they
are evaluated at, whereas the subscripts on the brackets indicate the component
which is being averaged.

3.2.10 Numerical experiments

Having implemented the solver, it must be determined whether it accurately
solves the discrete equations and whether the performance is as expected from
the multigrid method. Unfortunately, exact non-trivial solutions to the Ginzburg–
Landau equations in more than one dimension are not available, much less time-
dependent solutions. Some simple checks are included as unit tests. These
include checking that the flux in systems with non-trivial bundles matches the
expected value, checking that the induced electric field depends approximately3

correctly on σ and the applied current in the normal state, and checking that the
superconducting state is destroyed at the upper critical field or the de-pairing

3Due to the discretisation and the iterative nature of the solver, only approximate agreement
is expected. In this test the grid step sizes along each axis were (0.3𝜉 , 0.4𝜉 , 0.5𝜉 ), the time step
size was 0.1𝜏 , the tolerance was 10−5, and it was required that the electric field agreed with the
expected value with an absolute error of less than 10−5𝐸0.
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Figure 3.7: Error in the dimensionless critical current density versus grid step size for
a Josephson junction system in the weak coupling limit. The system has dimensions
8𝜉 ⋅ 2𝜉 , a time step of 1

2𝜏 , and a Ginzburg–Landau parameter of 20, and the junction
has a thickness of 1𝜉 and a dimensionless condensation parameter of −20.

current density. These tests can eliminate factor-of-two-type errors in the terms
of the equations and in the boundary conditions.

Another important test for the multigrid London solver was to compare with
simpler solvers using other gauges, namely an explicit solver in the temporal
gauge and implicit solvers in the temporal and London gauges both using single-
grid Gauss–Seidel instead of multigrid. These other solvers are included in the
provided code. Since the explicit solver uses a different temporal discretisation,
the level of agreement with the multigrid solver depends on the time step size,
but the exact gauge invariance of the discrete equations implies that the implicit
solvers should agree perfectly with the multigrid solver regardless of the gauge,
apart from the small error in the solution due to the non-zero tolerance of the
iterative method. This was confirmed by comparing gauge invariant quantities
like the magnetic induction between time-dependent solutions like the one in
Figure 3.8. Other tests of the accuracy of the solver include the comparison with
Brandt’s [52] lattice solutions in Figure 2.2.

It can be seen that the solver accurately reproduces the hexagonal vortex
lattice solutions, but the most relevant parameter for which we would like the
solver to be accurate is the critical current density. Very accurate approximations
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of the current density are available for weakly coupled, approximately one-di-
mensional Josephson junction systems. For a junction of thickness 𝑑 in which the
condensation parameter is decreased to 𝛼n/𝛼0 < 0, the zero-field critical current
density is approximately

𝐽c = 𝐽0 ⋅
√
−
𝛼0
𝛼n

⋅ 𝑒−
𝑑
𝜉 /√−

𝛼0
𝛼n . (3.82)

Since the critical current density is the boundary below which there exists station-
ary solutions, the accuracy of the numerical approximation should not depend on
the time step. Since the spatial discretisation is effectively a second order central-
differences approximation, the accuracy in the numerical critical current should
depend on the grid step size as ℎ2. Figure 3.7 shows the error in numerically
determined values of 𝐽c for a particular Josephson junction system versus the grid
step size. The accuracy appears to scale as ℎ2.338, which is close to the expected
order of accuracy. The difference may be due to the small number of samples.

The reason for implementing the multigrid approach was to improve per-
formance for high 𝜅 and for small grid step sizes. To determine whether the
implementation achieves this goal, several simulations were run to produce mag-
netisation loops for a square superconductor with various parameters and the
average numbers of multigrid iterations per time step were recorded. One of the
generated magnetisation loops is shown in Figure 3.8. Since there are no pinning
sites in the system, it is a pure superconductor with insulating boundaries, the
irreversibility of the magnetisation is due to the losses associated with the field
ramp rate. The results of this experiment are illustrated in Figure 3.9. It can be
seen that the number of cycles is virtually independent of 𝜅 over a wide range of
values, and only weakly dependent on the grid step and time step sizes. For Jacobi
and Gauss–Seidel methods the number of iterations drastically increases with
decreasing ℎ [35]. It may be concluded that the multigrid approach delivers on
its promise of performance which is practically independent of these parameter
choices. Figure 3.10 shows a comparison of the real run time of the simulation
whose results are shown in Figure 3.8 for three different solvers, illustrating that
the multigrid solver is faster in absolute terms as well. It should be noted however
that the explicit method and the Gauss–Seidel method do not represent the state-
of-the-art in Ginzburg–Landau solvers, but to my knowledge no existing solver
exhibits the same scaling with grid size as the multigrid approach.
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Figure 3.8: A magnetisation loop for a homogeneous square superconductor with
dimensions 16𝜉 ⋅16𝜉 and 𝜅 = 2. The applied field is given by𝐻 = 2𝐻c2sin 2𝜋𝑡/2000𝜏 .
The insets show contours of the wavefunction magnitude (at intervals of 1

5√𝑛0) at
various points in the loop.

3.2.11 Summary and future work

A second-order finite-differences solver for the time dependent Ginzburg–Landau
equations on rectilinear meshes has been implemented which allows for spatial
variation of the condensation and nonlinearity parameters, and spatial variation
and anisotropy of the the reciprocal mass and conductivity tensors. The solver
operates in the London gauge using a backward Euler temporal discretisation.
The multigrid approach offers favourable scaling with grid size which enables in-
vestigation of the dynamics of the condensate in large three-dimensional systems
without assuming the high-𝜅 limit.

To my knowledge, this is the first time the multigrid method has been applied
to simultaneously solve both Ginzburg–Landau equations. Various authors have
applied multi-level methods to solve various kinds of nonlinear Schrödinger
equations in more restricted situations [83]–[86]. Only one of these prior works
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Figure 3.9: Dependence of the mean number of Gauss–Seidel iterations or multigrid
cycles per time step on various parameters of the magnetisation loop simulation.
Where unstated, 𝜅 = 2, 𝑘 = 1

2𝜏 , ℎ = 1
4𝜉 , and the tolerance is 10

−3. The Gauss–Seidel
solver uses the temporal gauge whereas the multigrid solver uses the London gauge.

solves the wavefunction equation with an external field [85], and it is restricted to
constant field (the high-𝜅 limit) and homogeneous and isotropic materials. They
use an algebraic multigrid method as a preconditioner for solving the Jacobian
system for Newton iteration. None of these prior works simultaneously solves
for the vector potential.

The present solver could be further generalised and improved in many ways,
some of which are listed below in no particular order.

• Weight by reciprocal mass or conductivity in the interpolation and restric-
tion operators. This could improve the accuracy of the interpolation and
therefore further reduce the number of multigrid iterations required for
anisotropic materials.

• Generalise to non-rectilinear meshes. For a well-centred simplicial complex,
interpolation can be defined using the Whitney map and restriction is ob-
tained from the transpose. However, mesh refinement is more complicated
for a simplicial complex, red-black colouring is impossible in general, and
storing the matrices of the linear operators explicitly uses a lot of memory.

• Treat the reciprocal mass and conductivity as different metrics which induce
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Figure 3.10: Simulation time comparison between three different solvers for the
magnetisation loop simulation with 𝜅 = 2, ℎ = 1

4𝜉 , and a tolerance of 10
−3. Each

simulation was run on a single thread on an AMD Ryzen 5 1600 CPU.

different Hodge star operators. For non-rectilinear meshes this would be
both simpler and more accurate, as the off-diagonal components could be
encoded accurately and the isotropic and anisotropic cases would be treated
identically.

• Allow internal boundaries. Especially with non-rectilinear meshes, this
could enable more accurate modelling of the geometry of defects. It could
also let us couple the Ginzburg–Landau solver in the superconducting
domain to a magnetostatic solver in the free space outside the supercon-
ductor, which would improve accuracy for certain materials like type-I
superconductors and thin films.

• Support simulations in the limit of large Ginzburg–Landau parameter. The
discrete equations can be written in such a way that literally setting 𝜅 = ∞,
so that 1/𝜅 = 0, gives the correct limit, but the performance benefit is limited
because expensive iterations of the vector potential are still performed
whilst the other variables are converging. The condensate has no impact
on the magnetic induction in this limit, so an optimised solver only needs
to compute the induction once for each change in the external field.

• Solve the time-independent Ginzburg–Landau equations using Newton’s
method. The time-dependent equations are effectively gradient descent
of the free energy functional, so Newton’s method could be a faster way
to reach a minimum, potentially speeding up critical current searches.
Gradient descent can always be used as a fall-back if Newton’s method fails
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to converge. Althoughmultigrid methods are often used for boundary value
problems, the method described in this work is not suitable for solving time-
independent Ginzburg–Landau equations because they are not well posed
due to the existence of multiple extrema of the free energy functional.
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Chapter 4

Preliminary simulations of REBCO
with APCs

In some work which was published as part of the 2022 Applied Superconductivity
Conference [87], we studied pinning due to resistive nanorods in REBCO coated
conductors using simulations based on time-dependent Ginzburg–Landau theory.
That publication forms the basis of this chapter. The solver described in Chapter 3
did not exist when this work was completed, so a simpler method which is similar
to that of Sadovskyy et al. [35] was used. We assumed the frozen field limit, but
improved on prior work by considering the consequences of spatial variation in
the effective mass.

The critical current densities of high-field superconductors are usually un-
derstood in terms of the pinning of fluxons by defects in the superconducting
material. In REBCO coated conductors, these defects include natural pinning
centers such as dislocations and twin boundaries, and artificial pinning centers
such as oxide nanoparticles or nanorods. When, for example, yttrium barium
copper oxide (YBCO) is made by pulsed laser deposition, nanorods are produced
by doping the YBCO target with barium zirconate (BaZrO3, BZO) impurities [88].
In the deposited film, these impurities agglomerate into nanoparticles which
self-assemble into columnar nanorods aligned with the crystal 𝑐-axis [89], [90].
The nanorods are thought to act as strong pinning centers because of the sharp
boundary between the superconducting YBCO and the insulating BZO [91].

Aligned BZO nanorods result in 𝑐-axis correlated pinning, with a peak in
the critical current density when the magnetic field is aligned with the 𝑐-axis. It

73
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has been demonstrated that some degree of splay, so that the nanorods are not
oriented perfectly along the 𝑐-axis, can broaden this peak and improve the critical
current density by producing an entangled vortex matter ground state [92]–[94].
However, it has also been shown that films in which the nanorods are dense and
highly aligned across the film thickness demonstrate exceptionally high critical
current densities [95], [96].

Time-dependent Ginzburg–Landau theory can describe the interaction of
fluxons with pinning centers, and simulations based on this theory have been
used successfully to model pinning in coated conductors [97]. However, these
simulations typically assume that pinning arises due to modulations in the critical
temperature alone, whilst the other material parameters are constant throughout
the matrix and the pins. In order to accurately model insulating oxide nanorods,
modulation of the carrier effective mass, which is proportional to the normal state
resistivity, must be considered.

For this work, a program was developed to solve the TDGL equations in the
high-𝜅 limit [98] whilst allowing all material parameters to vary spatially. Critical
current data were produced for pinning landscapes with nanorods of varying
density, splay, and normal-state conductivity. A simple geometric multigrid
method [70] was adopted to solve the Poisson’s equation which constitutes part
of the high-𝜅 TDGL system. This significantly improved simulation times and
was a stepping stone to the fully coupled nonlinear multigrid solver described in
Chapter 3.

4.1 Computational method

The simulation setup used here is far more specialised than the one described
in Chapter 3. It assumes the high-𝜅 (frozen field) limit, and only supports three-
dimensional fully periodic systems. The conductivity and reciprocal mass tensors
are assumed to be equal, the field always points in the 𝑧-direction, and the
current always flows in the 𝑥-direction. The equations are de-coupled by using
a leapfrog method and linearised by replacing the ‖ ̂𝜓 ‖

2
term with its value at

the previous time step, and a linear multigrid method is applied to the scalar
potential equation alone, with the Gauss–Seidel method being used to solve the
wavefunction equation. See the original publication [87] for further details.
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The distribution of material parameters in the computational domain is de-
signed to model an anisotropic superconductor with embedded non-supercon-
ducting nanorods. Intrinsic defects are not included. The free parameters in
Ginzburg–Landau theory are 𝛼 , 𝛽 , and 𝑚, called the condensation parameter, the
nonlinearity parameter, and the effective mass. For the superconducting matrix,
the 𝑧-axis of the system coincides with the crystalline 𝑐-axis and is taken to have
an anisotropy factor of 𝛾 = 𝜉𝑎𝑏/𝜉𝑐 = 3, which is representative of commercial
REBCO tapes [99]. The nanorods are considered circular and isotropic, with a
relative condensation parameter of 𝛼̂ = −1 and an effective mass 10 times that in
the 𝑎–𝑏 plane unless otherwise stated. When the maximum splay angle is 𝜃 ≠ 0,
each nanorod is sheared in a random direction in the 𝑥–𝑦 plane, by a random
amount uniformly distributed in [0, arctan 𝜃], about its base at 𝑧 = 0. When the
maximum splay angle is zero, each nanorod is a cylinder of radius 𝑟 = 𝜉𝑎𝑏 aligned
with the 𝑐-axis. The nanorods are distributed by dividing the 𝑥–𝑦 plane into
rectangles and placing a nanorod at a randomly chosen point in each rectangle.
A non-superconducting layer is included at the bottom and top of the system to
mimic insulating boundary conditions in the 𝑧-direction so that the nanorods can
be splayed by arbitrary angles without introducing artificial breaks at the system
boundary. The dimensionless nonlinearity parameter is set to 1 throughout the
entire domain. An example of a computational domain with splayed nanorods
is shown in Figure 4.1. The critical current is determined by a well-established
upward current ramp procedure [100] using an electric field criterion of 10−5𝐸0.

The grid resolution used in the simulation is ℎ = 1
2𝜉𝑎𝑏 and the system di-

mensions are 64𝜉𝑎𝑏 ⋅ 64𝜉𝑎𝑏 ⋅ 32𝜉𝑎𝑏 . Since the grid resolution is fairly coarse, the
material parameters are first sampled on a high-resolution grid, four-times the
linear resolution of the final simulation, which is then down-sampled to the final
grid resolution. In order to implement the boundary condition correctly, it is
important for each neighbouring pair of vertices with different condensation
parameters (𝛼̂ = ±1) to be connected by an edge with a large effective mass
(𝑚̂ = 10), otherwise the order parameter is artificially suppressed at the edge of
the superconducting region. To ensure this, when testing whether each edge
is inside a nanorod, a larger radius of 𝑟 + 1

2ℎ = 5
4𝜉𝑎𝑏 is used, since the test is

performed at the midpoint of the edge1.

1This is approximately correct, but a better approach is to interpolate the effective masses
using the fraction of the edge which is inside the cylinder.
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Figure 4.1: An isosurface of the condensation parameter in a computational domain
representing a REBCO system with splayed nanorods.

4.2 Results

4.2.1 Effect of nanorod density

Figure 4.2 shows the critical current density versus applied field for highly resistive
(𝛼̂ = −1, 𝑚̂ = 10) nanorods aligned with the 𝑐-axis with varying density (for YBCO,
𝐽0 = 𝐽0,𝑎𝑏 ≈ 1.1GA/cm2 [101]).

In low fields and for higher pin densities, each fluxon occupies its own pin,
and each pin contains at most one fluxon, resulting in a field-independent critical
current density. When the number of fluxons approaches the number of pins
(i.e., the matching field), fluxons begin to enter the superconducting matrix. Due
to the irregular distribution of pins, where some are very close or overlap, this
happens just below the matching field. At fields greater than the matching field,
the mechanism which limits 𝐽c switches from the de-pinning of single fluxons
to the coherent motion of the vortex matter past the pins. For low pin densities
this results in a rapid drop in 𝐽c because the vortex matter must shear only
slightly to flow past the sparse matrix of pinned fluxons. At high pin densities
the fluxons in the matrix are effectively trapped by the pinned fluxons. In this
case, the decrease in critical current density is primarily driven by the decrease
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Figure 4.2: Critical current density versus field for aligned highly resistive nanorods
with varying density. The separation is the distance between the rod centres.

in the condensate fraction as more fluxons enter the superconducting matrix.
Furthermore, there is no significant change in the critical current at 𝐻c2, the upper
critical field of the matrix, since surface superconductivity persists in the vicinity
of the matrix-pin interfaces. In fact, superconductivity can persist to very high
fields as the thickness of the superconducting layer between neighboring pins
decreases [41], [102], [103]. For the system with very high pin density, an average
pin separation of 2𝜉𝑎𝑏 , the pins, whose radii are 𝜉𝑎𝑏 , are sufficiently dense to block
the supercurrent flow entirely, resulting in a negligible critical current density
for all fields.

Figure 4.3 shows the fraction of an 𝑎–𝑏 cross section which has a superfluid
density greater than 1% of the equilibrium value versus field for different pin den-
sities. The dashed vertical lines indicate ‘effective upper critical field’, extracted
by linearly extrapolating the high field pinning force versus field data derived
from the data in Figure 4.2. Although the effective upper critical field is greater
than the upper critical field of the matrix, it does not represent the point at which
the superconducting state is destroyed, or even that the critical current density is
zero. When the field is such that the suppression of the superconducting state is
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Figure 4.3: (Left) Superconducting fraction versus field for aligned highly resistive
nanorods with varying density. Dashed lines indicate the ‘effective upper critical
fields’ extracted from a linear fit of the high-field tail of the pinning force data
derived from Figure 4.2. (Right) Cross-section in the 𝑎–𝑏 plane of the superfluid
density with an average pin separation of 4𝜉𝑎𝑏 at the effective upper critical field of
1.44𝐻c2.

sufficient to block the last percolative current path there is a precipitous drop in
𝐽c, which is not visible in Figure 4.2.

4.2.2 Effect of nanorod splay

Figure 4.4 shows the critical current density versus applied field for highly re-
sistive nanorods with average spacing 4𝜉𝑎𝑏 and varying maximum splay angle.
Introducing splay reduces the critical current across the whole field range and
smooths out the transition from the low-field to the high-field behavior. We at-
tribute this to the reduction in the pinned fluxon length fraction. In high-current
HTS wire with BZO APCs, continuous 𝑐-axis-aligned nanorods are associated
with increased critical current densities [95], [96], but splayed nanorods have also
been associated with increased 𝐽c due to the entanglement of fluxons in the vortex
matter ground state [92]–[94]. The fact that a small amount of splay reduces
the critical current density, and that 𝐽c is substantially independent of splay for
larger angles, indicates that some aspects of the real pinning landscape are not
yet captured.
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Figure 4.4: Critical current density versus field for highly resistive nanorods with
average spacing 4𝜉𝑎𝑏 and varying maximum splay angle.

4.2.3 Effect of effective mass

Figure 4.5 shows the critical current density versus applied field for nanorods
with average spacing 4𝜉𝑎𝑏 , maximum splay angle 7.1°, and varying effective mass,
which is proportional to the normal state resistivity. The data for the material
with conducting rods (𝑚̂ = 1) show the expected precipitous drop in 𝐽c at 𝐻c2,
whereas the other two materials have non-zero critical currents beyond the upper
critical field of the matrix. It is clear that the mechanism which limits 𝐽c in
high fields for systems with highly resistive pins is fundamentally different from
that of conducting pins. TDGL models which incorporate only variation of the
condensation parameter cannot describe this mechanism.

4.3 Conclusion

A TDGL model of REBCO with highly resistive nanorod APCs has been imple-
mented showing high-field critical current density limited by percolative current
flow between regions of internal surface superconductivity in the vicinity of
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Figure 4.5: Critical current density versus field for nanorods with average spacing
4𝜉𝑎𝑏 , maximum splay angle 7.1°, and varying effective mass.

matrix–pin interfaces. Future work might include the strain field which arises
due to the lattice parameter mismatch between the matrix and pin material, which
is not included in the present model. TDGL simulations were accelerated by use
of a multigrid method to solve the Poisson’s equation for the scalar potential.
Since the publication of this work, we have developed a new solver which applies
the multigrid method to the full TDGL system.



Chapter 5

Simulations of niobium–titanium

Niobium–titanium is the most widely used industrial superconductor. A typical
magnet coil is wound from amultifilamentary wire consisting of strands which are
made from a billet of niobium–titanium alloy by a procedure of drawing and heat
treatments. The initial composition, the number of drawing stages, the final strain,
and the heat treatment temperatures and times have been optimised to produce
material with a high critical current density at the typical operating field of 5 T
at 4.2 K [104]. It is thought that the optimised procedure leads to high critical
current densities because it produces an inhomogeneous microstructure which
effectively pins vortices, consisting of laminar α-phase (hexagonal close-packed)
titanium precipitates embedded in the β-phase (body-centred cubic) niobium–
titanium matrix.

Amongst high-field superconducting materials, this system is uniquely suited
to modelling with Ginzburg–Landau theory since both phases are superconduc-
tors in their own right, so their superconducting properties can be measured
and their Ginzburg–Landau coefficients can be calculated. This is in contrast
to, for example, nanorod artificial pinning centres in REBCO, which are made
of insulating materials which can’t be effectively described within Ginzburg–
Landau theory, requiring ad hoc choices to be made for their Ginzburg–Landau
coefficients. This chapter describes an attempt to simulate pinning in niobium–
titanium using time-dependent Ginzburg–Landau theory with parameters which
are determined from experimental measurements.

81
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5.1 Elementary pinning force

Pinning in realistic materials is a complex problem because of the many competing
forces acting on the vortices. An isolated defect exerts an elementary pinning
force on an isolated vortex, but when there are many vortices and many pinning
sites the equilibrium configuration also depends on the line tension of each
vortex and the interactions between vortices. The simplest part of this problem
is determining the elementary pinning force but even this can’t be calculated
exactly in Ginzburg–Landau theory. In fact, there is no exact closed-form solution
even for an isolated vortex in a homogeneous superconductor. Before proceeding
directly to the model of niobium–titanium, it will be useful to understand how
each of the Ginzburg–Landau coefficients affects the force exerted by a thin planar
pin on nearby vortex.

For a homogeneous pin with a fixed geometry embedded in an otherwise
homogeneous superconductor, there are three parameters which can affect the
dimensionless pinning force. These are the ratios of the condensation parameter,
nonlinearity parameter, and effective mass in the pin and the superconductor, 𝛼̂ ,
̂𝛽 , and 𝑚̂. Depending on the values of these parameters, the pinning force can be

attractive or repulsive (or repulsive at short range and attractive at long range, for
example). In the literature, some authors refer to pinning due to changes in the
thermodynamic critical field, as a proxy for the condensation energy, or changes
in the Ginzburg–Landau parameter, 𝜅, rather than changes in the Ginzburg–
Landau coefficients themselves [60]. A change in the condensation energy is
interpreted as core pinning whereas a change in 𝜅 is interpreted as magnetic
pinning. This categorisation neglects a third type of pinning, due to changes in
the effective mass, which results from the redistribution of the vortex currents,
which prefer to flow in parts of the system with low effective mass.

Since the precipitates in niobium–titanium are laminar, we will consider the
elementary pinning force due to a thin normal layer, with perfectly parallel planar
boundaries, embedded in a superconducting matrix. The maximum pinning
force occurs when the transport current direction and the magnetic field are
perpendicular to each other and both are parallel to the planar surfaces. In this
case the problem can be treated in two dimensions. When the properties of the
normal layer are such that the pinning force is attractive, there is a minimum in
the free energy when the vortex core lies inside the pin, which leads to a positive
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critical current density, since a positive Lorentz force is required to push the
vortex out of this minimum. When the properties are such that the pinning force
is repulsive, there is a maximum in the free energy when the vortex lies inside the
pin, and so, in this geometry, the critical current density is again positive, since
a positive Lorentz force is required to push the vortex through the pin. This is
not the case for all possible pin geometries but it is generically true; especially
symmetric arrangements are required to avoid any local minima in the pinning
landscape.

If 𝛼̂ = ̂𝛽 = 𝑚̂ = 1 in the pin then the pinning force is zero, since the pin
has exactly the same properties as the superconductor. We can therefore view
small changes in the properties as perturbations, in which case the pinning
force should depend linearly on those parameters, and we should be able to add
the contributions from the changes in each parameter. However, the case where
𝛼̂ = ̂𝛽 = 𝑚̂ = 1 is singular since the local minimum in the free energy as a function
of the vortex position disappears. We can, a priori, have different minima for
𝛼̂ < 1 than for 𝛼̂ > 1 for example, so we should avoid linear extrapolation through
this point.

Figure 5.1 shows the dependence of the pinning force for a planar pin of
unit thickness on the various material parameters in isolation, as obtained by
critical current simulations. Despite the caution against extrapolating through
the zero-point, the derivative of the pinning force does appear to be continuous
through 𝛼̂ = ̂𝛽 = 𝑚̂ = 1 in every case. The pinning force data show that,
generally speaking, worse superconductors (lower 𝛼̂ , higher ̂𝛽 , higher 𝑚̂) attract
vortices, and better superconductors repel vortices. The fact that reducing 𝛼̂ has
an opposite effect to reducing ̂𝛽 is significant for pinning in niobium–titanium.
Changes in 𝜅 do affect the pinning force but this effect is diminishing for large 𝜅,
and 𝜅 is large in most practical high-field superconductors. Once we calculate
the Ginzburg–Landau coefficients for niobium–titanium and pure titanium, these
data will allow us to estimate the elementary pinning force. However, since this
calculation is for an isolated vortex, the overall pinning force in high field will be
substantially different.
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Figure 5.1: Pinning force for a single fluxon on a single planar pin of thickness 1𝜉
with current parallel to the plane as a function of the relative condensation parameter,
nonlinearity parameter, and mass inside the planar pin. The system is 16𝜉 ⋅ 16𝜉
and the different lines are for Ginzburg–Landau parameters 𝜅 ∈ {1, 2, 4, 8, 16}.
Unspecified parameters have a value of 1. Positive force represents repulsion and
negative force represents attraction.

5.2 Metallurgy and microstructure

Optimised niobium–titanium alloy has a fraction of 0.47 titanium by weight [104],
but heat treatments cause titanium to precipitate so that the volume fraction of
pure titanium in optimised material is about 0.17 [105]. The conventional lattice
parameter for β-phase niobium is 0.33 nm, depending slightly on the composi-
tion [106]. For pure α-phase titanium, the lattice parameters are 0.295 nm and
0.468 nm [107]. Calculating the molar density, using the relative atomic masses
of niobium and titanium, and the volume fraction of titanium, the atomic fraction
of titanium in the β-phase matrix is then 0.56.

Titanium initially precipitates at grain boundary triple points. The precipi-
tates are initially equiaxed and homogeneously and isotropically distributed but
when the wire is drawn down, the precipitates become elongated in the drawing
direction and distorted into ‘ribbon-like’ structures in the perpendicular plane
[108]. Transmission electron microscopy shows that the titanium ribbons become
thinner and their separation becomes smaller as the wire is drawn further. In
optimised material the ribbon thickness is approximately 1.5 nm [105].
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5.3 Ginzburg–Landau coefficients

Both niobium–titanium and titanium exhibit phonon-mediated superconductivity.
This means that we should be able to use theoretical formulae to calculate the
coefficients in their Ginzburg–Landau free energy functionals but we must decide
which parameters have been most reliably determined by experiment, and which
theoretical approximations can be justified for these materials.

Assuming the niobium–titanium matrix is purely β-phase with no variation
in composition, use measurements of single-phase samples will be used. Muller
[109] made resistive measurements of the upper critical field and resistive, in-
ductive, and calorimetric measurements of the transition temperature for single-
phase samples with various compositions. Debye frequencies and electronic
specific heat coefficients were also extracted from heat capacity measurements.
The relevant data are reproduced in Table 5.1. It was found that the values of
𝐻 ′
c2(𝑇c) predicted by the Ginzburg–Landau–Abrikosov–Gor’kov theory1 using

the measured residual resistivity and electronic specific heat coefficient did not
agree very well with the measurements of the upper critical field, and that the
more general theory (with additional parameters to fit) of Werthamer, Helfand,
and Hohenberg [110] was required. However, since our simulations are based
on Ginzburg–Landau theory we must somehow extract Ginzburg–Landau coeffi-
cients from the measured data, so we assume that the differences from the simple
microscopic theory arise from corrections to the coherence length and penetration
depth rather than a complete breakdown of the theory. Such corrections can arise
from the breaking of certain assumptions, like the assumptions of a spherical
Fermi surface and of weak electron-phonon coupling. We will therefore rely
mostly on the relations between quantities within Ginzburg–Landau theory, in
preference to those derived from microscopic theory.

Three parameters are required to characterise a homogeneous and isotropic
phase in a multi-phase system within Ginzburg–Landau theory. For example, the
condensation parameter, 𝛼 , nonlinearity parameter, 𝛽 , and carrier effective mass,
𝑚, are sufficient, but an alternative set are the coherence length, 𝜉 , penetration
depth, 𝜆, and effective mass, or the thermodynamic and upper critical fields and
the effective mass. These parameters have different temperature dependences so

1This is the version of Ginzburg–Landau theory with parameters derived from BCS theory [36],
[63].
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at.% Nb 𝑇c −𝐻 ′
c2(𝑇c) 𝐻c2(4.2 K) 𝛾mol

1 K T/𝜇0K T/𝜇0 J/mol/K2

20 7.19 2.59 7.0 0.0051
25 8.27 3.22 10.6 0.0055
30 8.71 3.25 11.4 0.0086
35 9.07 2.98 11.6 0.0063
40 9.23 2.87 11.5 0.0082
50 9.47 2.45 10.7 0.0056
60 9.88 2.09 9.3 0.0042
70 9.86 1.50 7.6 0.0032

Table 5.1: Measured properties of β-phase niobium–titanium from Muller [109].

they are usually quoted at some reference temperature, say 𝑇 = 0, and some con-
ventional temperature dependence is assumed, or they may be directly measured
at the particular temperature of interest, which in our case is 4.2 K, the typical
operating temperature of a niobium–titanium superconducting magnet.

In Ginzburg–Landau theory, the coherence length can be obtained directly
from the upper critical field as

𝜉 =
√

𝜙0
2𝜋𝜇0𝐻c2

. (5.1)

The penetration depth is difficult to directly measure, and the expression in
Ginzburg–Landau theory depends on the thermodynamic critical field,

𝜆 =
𝜙0

2𝜋√2𝜇0𝐻c𝜉
. (5.2)

The thermodynamic critical field is related to the free energy difference between
the normal and superconducting states, and in BCS theory it can be approximated
near the transition as

𝜇0𝐻c =
√
𝜇0𝑁F

8𝜋2(𝑘B𝑇c)
2

7𝜁 (3)
(1 − 𝑇

𝑇c
)
2
. (5.3)

where 𝜁 is the Riemann zeta function and 𝑁F is the density of states per spin at
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the Fermi level. The Sommerfeld expression for the density of states is

𝑁F =
3
2𝛾

(𝜋𝑘B)
2 (5.4)

where 𝛾 is the electronic specific heat coefficient. These formulae can be used
together to obtain the characteristic length scales from the electronic specific
heat coefficient and the upper critical field.

Notice that the thermodynamic critical field depends linearly on the tem-
perature, and this is true of the upper critical field as well within Ginzburg–
Landau theory, due to the assumption that the condensation parameter depends
linearly on temperature and the nonlinearity parameter and effective mass are
constant in the vicinity of the transition. This is clearly not true of the measured
upper critical field, so we must choose whether to use standard Ginzburg–Landau
theory, extrapolating linearly from the transition temperature, or a more ad hoc
approach of directly applying the Ginzburg–Landau formulae using the measured
upper critical field at 4.2 K. Either way we are assuming a linear temperature
dependence of the thermodynamic critical field. The calculated length scales for
both of these options are shown in Table 5.2. The Ginzburg–Landau coefficients
for the linear extrapolation are higher because the measured upper critical field
is strictly lower than the linear extrapolation.

For titanium, the superconducting properties are known with less precision
than those of niobium–titanium. This is because the transition temperature is
very low (less than 1 K) and superconducting titanium has no applications. Still,
some measurements have been performed mainly for the purpose of testing
BCS theory. For example, Thiemann, Dressel, and Scheffler [111] studied the
microwave response of a sample of pure titanium over a frequency range which
included the energy gap and were able to obtain the size of the gap, the transition
temperature, the penetration depth, and the critical field2. Titanium is referred to
in their work as a type-I superconductor, but the stated values of the penetration
depth and critical field do not support this interpretation according to Ginzburg–
Landau theory. Taking their zero-temperature penetration depth and the lower
limit on the critical field gives a Ginzburg–Landau parameter of 𝜅 = 1.64, which
is greater than the critical value of 1/√2.

2Although, they say that their measurement of the critical field is not representative of ‘the
conventional definition of 𝐵c’.
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at.% Nb 𝜉 𝜆 𝜅 𝜉 𝜆 𝜅
1 nm nm 1 nm nm 1

20 6.86 391 57.0 6.52 411 63.0
25 5.57 340 61.0 5.01 378 75.4
30 5.37 254 47.4 4.74 289 60.9
35 5.33 278 52.1 4.76 311 65.2
40 5.35 235 43.9 4.77 263 55.1
50 5.55 261 47.1 5.05 287 56.9
60 5.95 261 43.9 5.27 295 56.0
70 6.58 271 41.2 6.23 287 46.1

Table 5.2: Calculated Ginzburg–Landau length scales for β-phase niobium–titanium
at 4.2 K. The first set directly use themeasured upper critical field at 4.2 Kwhereas the
second set use a linear extrapolation from the data near the transition temperature.

The transition temperature in titanium is sensitive to impurity concentration,
differing by a factor of two between a sample with an impurity concentration
(by weight) of 10 ppm and one with an impurity concentration of 2000 ppm [112].
This introduces a large uncertainty in the Ginzburg–Landau length scales. The
purity of the titanium precipitates in niobium–titanium is not likely to be high,
so the coefficients are likely to differ substantially from those of high-purity
titanium.

Since niobium–titanium magnets are usually operated at 4.2 K, we need the
Ginzburg–Landau coefficients of titanium at this temperature, and since this is
above the transition temperature of titanium we have no choice but to extrapolate
the coefficients from near the transition temperature. According to the theory
of thermal fluctuations, the Ginzburg–Landau coefficients follow approximately
the same temperature dependence above the transition temperature as they do
below [113], but thermal fluctuations are so weak in titanium due to the low tran-
sition temperature that this prediction cannot be verified. Even if the fluctuations
were detectable, we have to extrapolate the coefficients so far beyond the transi-
tion that they would not provide any assurance of the validity of the extrapolation.
This is another source of possible error in the determined coefficients.

Collings and Ho [114] give the electronic specific heat coefficient of high-
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purity titanium as 𝛾mol = 3.36mJ/mol/K2. Peruzzi et al. [112] give the transition
temperature of a high purity sample as 𝑇c = 511.3mK. Using the molar density
calculated in Section 5.2 to obtain the volumetric electronic specific heat coeffi-
cient we can again calculate the zero-temperature thermodynamic critical field as
𝜇0𝐻c = 12.2mT. The critical field temperature derivative is 𝜇0𝐻 ′

c2 = −0.091 T/K
which gives a zero-temperature coherence length of 𝜉 = 84.1 nm. The penetration
depth can then be calculated as 𝜆 = 227.2 nm, which agrees reasonably well with
the value obtained by Thiemann et al. [111].

In the dimensionless Ginzburg–Landau equations, the parameters of the
niobium–titanium matrix are used as the reference values for the condensation
parameter, nonlinearity parameter, and effective mass. The quantities we require
are then the ratios of these parameters in the normal precipitates to those in
the superconducting matrix, 𝛼n/𝛼s, 𝛽n/𝛽s, and 𝑚n/𝑚s. Leaving the effective
mass for now, the condensation parameter and nonlinearity parameter ratios
can be expressed in Ginzburg–Landau theory with the usual simple temperature
dependence (𝛼 linear in temperature, 𝛽 and 𝑚 constant) as

𝛼n
𝛼s

= (
𝜉s0
𝜉n0

)
2
⋅
1 − 𝑇

𝑇cn

1 − 𝑇
𝑇cs

⋅
𝑚s
𝑚n

= −0.0232
𝑚s
𝑚n

(5.5)

𝛽n
𝛽s

= (
𝜉s0
𝜉n0

)
2
⋅ (

𝜆n0
𝜆s0

)
2
⋅ (

𝑚s
𝑚n

)
2
= 0.00240(

𝑚s
𝑚n

)
2

(5.6)

where the values of the Ginzburg–Landau length scales for pure titanium and
β-niobium–titanium with 40 at.% Nb have been substituted. Over a wide mass
range the condensation parameter and nonlinearity parameter are small in the
pins compared with those in the matrix.

Since the ratio of the coefficients is so small, the large uncertainty in the
values for titanium does not lead to a large uncertainty in the pinning force, since
according to Figure 5.1, the pinning force depends smoothly on these ratios, so
even if the coefficients in titanium were wrong by a factor of two, the ratios
would still be close to zero and the pinning force would be essentially the same.
In case where 𝛼̂ = ̂𝛽 = 0, the condensation energy in the pins is zero, and the
distribution of the condensate is determined only by the values on the boundary,
that is, by the proximity coupling. Since the pinning forces resulting from the
differences in 𝛼̂ and ̂𝛽 in this case are opposite in sign and similar in magnitude,
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their effects partially cancel. That niobium–titanium has a high critical current
density despite this cancellation suggests that most of the pinning force arises
from a difference in effective mass, although, as previously noted, this may not
hold in high fields.

There is no simple measurement of a macroscopic Ginzburg–Landau ob-
servable in a single-phase sample which can be used to determine the effective
mass, but the effective mass in Ginzburg–Landau theory is just twice the Lan-
dau quasiparticle effective mass averaged (due to collisions) over the region of
the Fermi surface where the superconducting gap is present [69], and it can
therefore be obtained, at least in principle, using fermiological methods like the
de Haas–van Alphen effect. However, it is not possible to obtain a clear de Haas–
van Alphen signal for a random alloy like niobium–titanium and, even if it was, it
is not simple to take the effective masses for specific orbits on the Fermi surface
obtained by de Haas–van Alphen measurements and use them to calculate an
appropriate average for use in the Ginzburg–Landau model. For this, a detailed
model of the Fermi surface is required, whose parameters can be constrained by
the de Haas–van Alphen data.

The most relevant de Haas–van Alphen data in the literature are for pure
niobium [67] and pure titanium [115]. The measured effective masses for electron
cyclotron orbits in titanium range from 1𝑚𝑒 to 3.4𝑚𝑒 . For niobium the effective
masses range from 1.4𝑚𝑒 to 5.56𝑚𝑒 , ignoring the mass stated for ‘β oscillations’
which the authors say are ‘not from the dHvA effect, but rather a result of oscilla-
tory magnetoresistance’. Based on these data, it will be assumed that the ratio of
the averaged effective mass in titanium to that of niobium is greater than (roughly)
1
5 and less than 3. Assuming the values for niobium–titanium are similar to those
of niobium, simulations were run with effective mass values which cover this
range to determine which effective mass values are consistent with the observed
critical current density in niobium–titanium wires.

5.4 Computational system

The diameter of a real niobium–titanium filament is on the order of 10 μm [104],
or 1000𝜉 , and the length is on the order of kilometres. Since these scales are
impractical to capture in a simulation where the grid step must be a fraction of
a coherence length, the simulation domain is set up to model a small volume
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inside the filament to obtain the local critical current density subject the local
magnetic field. When a magnetic field is applied perpendicular to the filament
axis and the filament is fully saturated with flux then, neglecting the pinning due
to the surface of the filament, the critical current density for the whole filament
is the same as the local critical current density over some part of the cross section
whose scale is larger than the scale of the inhomogeneity of the microstructure.

Since the microstructure is elongated during the drawing process, the length
scale for variation in the drawing direction is thousands of times longer than the
length scales in the perpendicular plane [116]. It is therefore also impractical
to capture this scale in the simulation and we consider the microstructure to be
homogeneous in the drawing direction. This means that the system is transla-
tionally invariant in the drawing direction so the component of the pinning force
in this direction is always zero in the computational system, that is, the flux line
lattice is free to slide along the precipitates. Since the transport current flows in
the drawing direction, the average Lorentz force in this direction is also zero. The
drawing direction will be called the 𝑥-direction. In all critical current simulations
the applied magnetic field will lie in the plane perpendicular to the drawing
direction and, since the microstructure is isotropic in this plane, the direction is
arbitrary. The direction of the applied field in critical current simulations will
be called the 𝑧-direction. The 𝑦-direction is the direction perpendicular to 𝑥 and
𝑧 so (𝑥, 𝑦 , 𝑧) are the three Cartesian coordinate functions. We align the grid to
these axes and the same symbols are used as labels to index into triples like the
grid step, ℎ = (ℎ𝑥 , ℎ𝑦 , ℎ𝑧).

The grid step must be made small enough to resolve the smallest length scales
in the system but not so small that the number of mesh elements is too large
and the simulation times become too long. The smallest intrinsic length scale
is the coherence length of the niobium–titanium matrix, being much smaller
than the penetration depth of the matrix material, and the coherence length and
penetration depth of the titanium precipitates. However, the titanium ribbons
have a thickness which is a fraction of a coherence length, the smallest thickness
used here being 0.3𝜉 , so this length scale must also be resolved. It was decided
that a grid step of ℎ𝑥 = ℎ𝑦 = ℎ𝑧 =

1
3𝜉 was a good compromise between accuracy

and simulation time for most of the microstructures studied, and this is the value
used for all of the simulations of the niobium–titanium analogue system. The
microstructure is rasterised to the simulation grid, weighting by the fraction of
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each dual cell which is occupied by the ribbons, so although the grid step is larger
than the smallest ribbon thickness, it is found that the results follow the general
trends from the thicker ribbons.

We would like to simulation domain as large as possible to model the macro-
scopic behaviour but we are again limited by simulation time. The cross-section
in the 𝑦–𝑧-plane should be sufficiently large as to represent a suitable average
over the possible distributions of titanium ribbons, and the size in the 𝑥-direction
should be large enough to include at least a few vortex-lattice-spacings for the
value of the critical current density at a particular field to be representative of a
macroscopic sample. It is convenient for the dimensions to be powers-of-two, so
we use a mesh with dimensions 64 ⋅ 128 ⋅ 128 (cells), which corresponds roughly
to a volume of 100 nm ⋅ 200 nm ⋅ 200 nm.

To allow the current to flow in the 𝑥-direction, this direction must be periodic.
The system must also be periodic in the 𝑦-direction so that there are no free
surfaces in the direction of flux flow, whose pinning force would otherwise
dominate over the bulk. The 𝑧-direction may or may not be periodic. The
method for applying a transport current depends on whether it is so, as described
in Section 3.2.9. The critical current simulations in this work used insulating
boundary conditions in the 𝑧-direction with a thin normal coating on each surface
to reduce the effects of the artificial boundaries.

All simulations use a time step of 1
2𝜏 . The size of the time step should not

affect the accuracy of the critical current and critical field values since they are not
dynamical properties. Similarly, a relatively loose tolerance of 10−3 is used and the
conductivity is set to the same value as the reciprocal mass. The parameters of the
critical current search procedure are the exemplary values given in Section 3.2.9.

Procedural generation is used to produce microstructures which share similar
features to the observed microstructure. Using procedural generation rather than
tracing the microstructure from images3 will allow us to systematically vary
the parameters of the microstructure, like the ribon thickness and the overall
volume fraction, to see how they affect the critical current, and to guarantee
that the microstructure is continuous across the periodic ‘boundaries’ of the

3A previous study of pinning in a high-temperature superconductor, YBCO, used positions
and radii of nanoparticles derived from a three-dimensional scanning transmission electron
tomogram [97]. The authors were able to reproduce some of the qualities of the experimental
field and angular dependence of the critical current in their simulations.
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system. Other authors have used Voronoi tesselation for procedural generation
of microstructures which resemble grain boundary networks [100]. A drawback
of procedural generation is that there may be features which are important for
pinning in the real microstructure which we are not aware of, and so are not
reproduced in the computational microstructure, or vice versa, features in the
computational microstructure which are not present in the real microstructure
but which affect the critical current.

Since the system is translationally symmetric in the 𝑥-direction, we need
only generate the distribution of ribbons in the perpendicular plane. In order
to produce a random microstructure which is periodic in both directions, we
use a smooth periodic noise function and place the ribbons along the contours
of this function. The thickness of the ribbons is controlled directly and their
separation is controlled by changing the interval between the function values at
which contours are drawn.

To generate a smooth periodic noise function, we begin with a function in
frequency space, 𝐹 , and take the discrete inverse Fourier transform to obtain a
function in real space, ℜ ∘ ℱ −1(𝐹 ). The frequency representation is given by

𝐹(𝑘) = ∑
𝑖
𝑤𝑖 ⋅ 𝑒𝑖𝜑(𝑘) ⋅ 𝑒−|𝑘|

2/𝑓𝑖
2

(5.7)

where 𝑤𝑖 and 𝑓𝑖 are positive real numbers for each 𝑖 in some finite set, and 𝜑(𝑘) is a
random phase for each 𝑘. Figure 5.2 shows the Fourier transform of two terms in
the sum whose 𝑓 values differ by a factor of 4. The 𝑓 values chosen are fractions
of the ‘base’ value, 𝑓𝑖 = 𝑓0/2𝑖, up to some maximum 𝑓𝑛, and the corresponding
weights are 𝑤𝑖 = 1/22𝑛. With 𝑛 = 2 this was found to produce microstructures
which resembled the microscope images to a reasonable degree, although there
are of course many other choices which produce similar results.

The contours of the noise function are closed, whereas the precipitates in
niobium–titanium have ends. To produce precipitates with a certain length we
draw the contours with a ‘dashed’ pattern, lowering the pen and drawing until
the ribbon reaches a certain length, then raising the pen and continuing along
the contour for some gap size, then lowering the pen again.

An example microstructure is shown in Figure 5.3. The ribbon thickness
is controlled directly and the separation between the ribbons is controlled by
varying the interval between the isovalues at which the contours are drawn. One
could in principle vary the length and smoothness of the ribbons, or draw some
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Figure 5.2: Smooth periodic noise functions with different frequency content.

of these variables from probability distributions, but for the purposes of this work
only the thickness and separation are varied. The code which implements the
microstructure generation is included in the supplementary material.

5.5 Anisotropy of the critical field

Despite niobium–titanium being an isotropic superconductor, it has been observed
that the properties of optimised niobium–titanium wire are anisotropic [117].
This could arise from some intrinsic anisotropy which is introduced in the matrix
by the drawing process, but it could also arise due to the geometric anisotropy in
the microstructure, that is, the fact that the normal precipitates are very long and
straight in the drawing direction but shorter and distorted in the perpendicular
plane. Since we are assuming that the properties of the niobium–titanium matrix
are the same as those of single-phase samples, we should investigate the latter
possibility, and how the anisotropy depends on the effective mass ratio between
the matrix and the pins.

Chislett–McDonald et al. [117] used resistive transport and calorimetric mea-
surements to determine the critical field for niobium–titanium filaments with the
magnetic field oriented in either the longitudinal or the transverse direction at
a few temperatures both for filaments as supplied by the manufacturer, and for
filaments with the outer copper etched away. They found that in all cases the
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Figure 5.3: Varying two parameters of the microstructure generation procedure and
their effect on the precipitate volume fraction. Each image represents part of the cross-
section of a strand, having dimensions of roughly 200 nm ⋅ 200 nm. Black represents
the titanium precipitates and white represents the niobium–titanium matrix.

critical field was higher for the longitudinal orientation. This was also the case for
critical current measurements at 4.2 K where the critical field in the longitudinal
direction was 1.10 times higher than the critical field in the transverse direction.
Assuming the difference in the critical field is due to surface superconductiv-
ity (see Section 2.1.10) at the matrix-pin interface allowing a lossless current to
flow above the critical field of the matrix, it should be possible to reproduce the
anisotropy with Ginzburg–Landau simulations if the material properties of the
precipitates are correct and the geometry is sufficiently accurate.

To determine the critical field, we set up a computational system as described
in Section 5.4 with all three axes being periodic. To vary the field in the longitu-
dinal direction, we vary the number of fluxons in the 𝑦–𝑧-plane, and to vary the
field in the transverse direction, we vary the number of fluxons (by changing the
phase differences between patches in our non-trivial bundle) in the 𝑥–𝑦-plane. In
either case, we begin at a flux density where the system is completely normal and
remove fluxons one-at-a-time, perturbing the wavefunction slightly to encourage
the condensate to nucleate, and then allowing the system to equilibrate for some
time. After each equilibration period the average superfluid density is recorded.
The effective upper critical field is then obtained as the highest field where the
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superfluid density exceeds some small criterion. This approach is similar to the
experimental calorimetric technique as it measures the bulk superfluid fraction,
which is related to the condensation energy.

The effective upper critical field should depend on the ribbon thickness and
average separation. For a thin superconducting slab in parallel field the effective
upper critical field is inversely proportional to the thickness [41], so it is expected
that the critical field for the ribbon microstructure will increase as the separation
between the ribbons is reduced. However, when the superconducting layers are
bordered not by a perfect insulator but by a normal metal, we expect the critical
field to go to zero as the fraction of superconducting material approaches zero [82,
p. 66].

Figure 5.4 shows the critical field ratios for a set of microstructures with ribbon
thicknesses of 0.3𝜉 , 0.5𝜉 , and 0.7𝜉 , and various separations using a superfluid
density criterion of 1% ⋅ 𝑛0. The dependence of the ratio on the effective mass is
roughly independent of the criterion in the range from 10−2𝑛0 to 10−9𝑛0, although
the absolute values of the critical fields do depend on the criterion. As in the real
wire, the critical field in the direction parallel to the wire axis is always greater
than in the perpendicular direction. This is because the precipitates are elongated
along the drawing axis, so in the parallel orientation their interfaces are parallel
with the field over much greater lengths than in the perpendicular orientation,
and surface superconductivity arises when the field is parallel to an interface.

As the effective mass in the precipitates approaches from above that of the
matrix, the critical field in the parallel direction becomes nearly constant with a
value slightly less than that of the matrix, and the critical field in the perpendicular
direction continues to decrease. As the effective mass in the precipitates increases,
there is a regime where the critical fields in both directions depend almost linearly
on the effective mass ratio. The critical field ratio is greater than one regardless
of whether the effective mass of the precipitates is larger or smaller than the
effective mass of the matrix. When the effective mass is larger, the parallel critical
field is enhanced more than the perpendicular field, whereas when it is smaller,
the perpendicular critical field is suppressed more than the parallel critical field.
For all reasonable values of the microstructural parameters, the effective upper
critical field ratio of 1.1 is consistent with an effective mass ratio between the
pins and the matrix of about 2.
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Figure 5.4: The ratio of the effective upper critical fields parallel to, and perpendicular
to, the wire drawing direction versus the effective mass in the normal precipitates for
a set of ribbon microstructures with various thicknesses and separations. The upper
critical field is defined as the field magnitude where the superfluid density drops
below 1% of the homogeneous zero-field equilibrium value. Inset: the value of the
effective mass which gives a critical field ratio of 1.1 versus the precipitate volume
fraction of each microstructure.

5.6 Critical current density

Critical current density simulations have been run in a parameter range which
encompasses the range of reasonable values for the precipitate thickness, separa-
tion, and effective mass ratio. Since the microstructure is random to some extent,
two different samples were also used to check that the qualitative behaviour is
similar when the parameters of the microstructure are the same. The collected
data are shown in Figure 5.5.

Several observations can be made from the raw data. Firstly, the behaviour
of all systems is erratic in low fields, with the critical current density showing
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rapid variation with field which is not seen in real materials. Secondly, all of
the systems with higher effective mass in the precipitates, and some of those
with lower effective mass, show an approximately linear decrease in the critical
current density in high fields, which is seen in real materials. Finally, in all cases
where the effective mass is the same in precipitates and the matrix, the critical
current density is comparatively tiny over most of the field range. Each of these
observations will be discussed in more detail.

Figure 5.6 shows an example of some critical current data for a particular sys-
tem with ribbon microstructure. In this case the effective mass in the precipitates
is 4 times that of the matrix, the thickness of the ribbons is half a coherence length,
and the volume fraction of second phase material is 0.14. These data exhibit a
linear dependence of the critical current density on the applied field close to the
upper critical field and erratic variation in low field. This linear dependence is
not seen in other pinning landscapes such as those with nanorods, nanoparticles,
or grain boundaries (see Chapter 4, Sadovskyy et al. [97], and Blair [81]), so its
presence is an indication that the generated microstructure is capturing some
important features of the real pinning landscape. However, the erratic behaviour
in low-field is not seen in real materials. It is believed that this is an artefact due
to the scale of the simulation domain, a possibility which is now explored via a
simpler analogue system.

A cross-section in the 𝑥–𝑦-plane of a system with ribbon microstructure
consists of a series of bands of normal material embedded in a superconducting
matrix, in other words, an irregular multilayer. The full system can therefore be
considered as a stack of coupled multilayer systems where the thickness of each
normal and superconducting layer depends on the 𝑧-coordinate of the slice. To
simplify the system, we can consider a regular two-dimensional multilayer, which
would correspond to a series of ribbons with equal spacing which are aligned
with the 𝑧-axis. This two-dimensional system is much simpler to simulate and
to understand, but still retains some of the unusual (compared to real materials)
behaviour of the three-dimensional simulations.

Figure 5.7 shows some critical current data from simulations of a multilayer
system where the material parameters of the normal layers are similar to those of
the titanium precipitates in niobium–titanium. The system is a doubly-periodic
square superconductor with evenly spaced normal planes. The plot shows similar
erratic variation of the critical current density in low fields as is seen in the
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three-dimensional simulations, despite the vastly simpler microstructure, and the
variation remains when the system size and the grid resolution are increased.

After watching the flow of vortices in the multilayer system, it’s clear the
erratic variation in the critical current density is due to a matching effect. Certain
numbers of fluxons produce highly stable and symmetric lattices which are
commensurate with the underlying microstructure. These stable configurations
result in high critical current densities. Adding or removing a single fluxon from
such a configuration results in a defect in the lattice, a vacancy or an interstitial,
which can move through the systemmuch more easily, resulting in a lower critical
current density, see Figure 5.8. It is not as simple as the pins being saturated with
fluxons, as with an array of cylindrical pins, since the fluxons can slide along the
pins. In the state of flux motion, the whole lattice does not move as a solid, but
the rows of the lattice de-pin one after another, so the lattice simulataneously
slides in the vertical direction. Similar behaviour is seen in the niobium–titanium
analogue system. It is expected that these matching effects disappear in high
fields since the local hexagonal order dominates when the density of vortices
is high, and it is not necessarily possible to establish a globally ordered state.
Defects in the initial state like vortex lattice grain boundaries are frozen in for
the duration of the simulation.

In a regular multilayer system, matching effects persist independent of the
system size, but for a macroscopic system like niobium–titanium where the
spacing and orientation of the titanium ribbons varies over the cross-section,
and where the number of fluxons is much greater than in our simulations, it is
expected that the vortex matter will be able to equilibrate such that is highly stable
in each local region. In this case the variation disappears and the critical current
density is high. From this point onwards, the low-field critical current density
will be ignored and we focus only on the high-field behaviour, which appears to
vary systematically with the microstructural parameters, and is reliable across
different microstructures with the same parameters.

Figure 5.9 shows the critical current density as a function of the applied mag-
netic field for a particular system with ribbon microstructure where the effective
mass in the precipitates is equal to that of the matrix. The values of the mag-
netic field and critical current density have been converted to SI units using
the unextrapolated length scales for niobium–titanium with 40 at.% Nb from Ta-
ble 5.2. Although the decision was made to use the extrapolated length scales in
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calculating the relative Ginzburg–Landau coefficients, since otherwise the differ-
ence parameters and two phases are not treated consistently, the unextrapolated
lengths (that is, with the coherence length obtained directly from the measured
upper critical field at 4.2 K) are used to compare with experimental data since
otherwise there is a substantial discrepancy in the critical field. It is clear from this
plot, and from all of the data with equal effective masses in the precipitates and
the matrix, that, as expected, a difference in condensation energy alone cannot
explain pinning in niobium–titanium. Therefore, if the important details of the
microstructure are captured, the strong pinning in niobium–titanium must arise
from a difference in effective mass.

Since the steady linear decrease of the critical current density in high-field is
reliable despite the small system size, we can compare different microstructures
by their gradients in that region. To do so, the critical current data for fields
greater than half the upper critical field for each microstructure are fit with a
straight line of the form

𝐽c = 𝑎(1 −
‖𝐻‖
𝑏

) (5.8)

where 𝑎 and 𝑏 are free parameters, as in Figure 5.6. The parameter 𝑏 is an effective
upper critical field, which is usually close to the critical field of the matrix, slightly
larger for high-mass precipitates and slightly lower for low-mass precipitates.
The magnitude of the critical current density is proportional to the parameter 𝑎.

Figure 5.10 shows the values of these fit parameters for the three different
mass ratios and the full range of microstructures. The horizontal lines show
the values from an identical fit to the experimental data shown in Figure 5.9,
converted to dimensionless form using the same, unextrapolated, Ginzburg–
Landau coefficients. It can be seen that precipitates having a dimensionless
effective mass of 𝑚̂ = 0.2 or of 𝑚̂ = 1 never result in critical current densities
which are as high as those seen in experiments. It can also be seen that the critical
current for 𝑚̂ = 0.2 does not depend strongly on the precipitate volume fraction,
whereas for 𝑚̂ = 1, 𝑚̂ = 2, and 𝑚̂ = 4, the critical current density scales with the
precipitate volume fraction. This latter behaviour is consistent with experiments,
although the experimental volume fractions for the final wires all lie in a small
range [108]. An effective mass of 𝑚̂ = 4 can account for the experimentally
observed critical current densities with reasonable precipitate volume fractions.
However, we previously found that the anisotropy of the critical field is consistent
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with an effective mass of 𝑚̂ = 2, and precipitates with this lower effective mass
require unrealistically high precipitate volume fractions to reach the observed
critical current density.

The effective upper critical fields shown in Figure 5.10, which were extracted
from critical current, data are qualitatively consistent with the transverse critical
fields shown in Figure 5.4, which were obtained via the superfluid density. That is,
high-mass precipitates result in a small enhancement in the transverse critical field,
whereas low-mass precipitates result in a small suppression. The experimental
data have an effective upper critical field which is less than the matrix value,
which seems to suggest the presence of low-mass precipitates.

Whilst the magnitude of the critical field and critical current density in exper-
imental measurements do not seem to be consistent with an effective mass ratio
of 2, which was the value obtained from the critical field anisotropy, it should
be noted that these quantities are sensitive the precise values of the calculated
Ginzburg–Landau coefficients for the matrix, whereas the anisotropy factor of
the critical field is not. The coherence length can be determined relatively reliably
from the measured upper critical field, but the penetration depth is calculated
using the BCS theory, which makes many assumptions which are unjustified
in the niobium–titanium system, and it depends on the electronic specific heat
coefficient, which is difficult to measure accurately. If the penetration depth is
substantially inaccurate, the resulting error in 𝜅 would lead to an error in 𝐽0 and
therefore an error in the dimensionless critical current density calculated from
the experimental data. In calculating the dimensionless critical current density,
a value for the Ginzburg–Landau parameter of 𝜅 = 43.9 was used, which was
based on the directly measured upper critical field at 4.2 K and the extrapolated
BCS thermodynamic critical field obtained from the electronic specific heat. If an
error in the penetration depth meant that the real Ginzburg–Landau parameter
was 10% lower, 𝜅 = 39.5, then the natural current density unit would be 23%
larger, which would mean that a mass of 𝑚n = 2𝑚s would be consistent with the
experimental data, as shown by the dotted horizontal lines in Figure 5.10.

Only the critical current density for high-mass precipitates shows a systematic
variation with precipitates thickness. The other parameters only seem to depend
on the overall precipitate volume fraction. It can be clearly seen in Figure 5.10 that
for equal volume fractions, thicker precipitates result in higher critical current
densities in the 𝑚̂ = 4 case. Experiments have revealed an opposite dependence
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in the real material, where the pinning force per volume fraction decreases with
ribbon thickness [108]. However, one cannot directly control the thickness in
the drawing process, so it’s possible that the improvement in the critical current
density is due to some other change in the microstructure.

Is it reasonable to conclude that pinning in niobium–titanium is primarily due
to a difference in effective mass? It’s clear that the pinning force is much smaller
if there is no difference in effective mass between the precipitates and the matrix,
but on the other hand, Figure 5.1 shows that the elementary pinning forces due to
an increased mass or a decreased condensation parameter are attractive whereas
the pinning force due to a decreased nonlinearity parameter is repulsive. Maybe
the pinning force is small because of a cancellation between the two terms in the
condensation energy, in which case the magnitudes of the pinning force due to
the effective mass and condensation parameter may be similar, and we could not
conclude that the effective mass term is the most important factor.

Figure 5.1 gives the elementary pinning force, so it is only expected to reflect
the critical current density in very low field, where the interactions between
vortices can be neglected. The pinning forces due to the different terms in
the condensation energy may be different in high field. Figure 5.11 shows the
high-field critical current density for a particular niobium–titanium analogue
system, and the effects of ‘turning off’ the condensation parameter or nonlinearity
parameter. The high-field critical current density is almost entirely accounted
for by the difference in the condensation parameter alone. The reason for this
is that in high field, the magnitude of the order parameter is small, and hence
the nonlinear term in the free energy can be neglected. We therefore conclude
that the high-field pinning force resulting from differences in the condensation
energy is in fact only due to the difference in 𝛼̂ , and therefore that there is no
significant cancellation due to the competing terms. It is then reasonable to
say that a difference in effective mass is the primary reason for the high critical
current density in niobium–titanium.

5.7 Conclusion

According to the present model, strong pinning in niobium–titanium arises pri-
marily due to the increased carrier effective mass in the titanium precipitates.
There are three pieces of evidence which support this conclusion. Firstly, high-
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effective-mass precipitates can explain the enhancement of the effective upper
critical field in the longitudinal direction versus the transverse direction. Sec-
ondly, the high-field critical current density scales as expected with the precipitate
volume fraction with high-mass precipitates. Thirdly, only high-mass precipitates
lead to high-field critical current densities which are similar in magnitude to
those measured in experiments on niobium–titanium filaments. Pinning due to a
reduced effective mass or condensation energy fail to explain these phenomena.

That high-effective-mass precipitates can account for the critical field aniso-
tropy, the magnitude of the critical current density, and its dependence on the
titanium volume fraction indicates that other microstructural features like crystal
defects, concentration gradients, and disordered interfaces between phases do
not significantly contribute to pinning in high-field niobium–titanium conduc-
tor. However, there is an inconsistency with the effective masses required to
reproduce the critical field anisotropy and the magnitude of the critical current
density, the former indicating an effective mass ratio of 𝑚̂ = 2, and the latter
being consistent with an effective mass ratio of 𝑚̂ = 4, although, the magnitude
of the critical current density is sensitive to errors in the calculated Ginzburg–
Landau coefficients, whereas the critical field anisotropy is not.

There are other ways in which the model is inconsistent with experiments
on real wires. For example, images of the microstructure and critical current
data from various stages in the drawing process indicate that thinner and more
closely spaced precipitates result in higher critical current densities even when
the precipitate volume fraction is roughly the same, whereas the simulations show
the opposite behaviour, that for the same volume fraction, thicker precipitates
lead to higher critical current densities. Finally, the perpendicular critical field
for real wires, as obtained by critical current measurements, is about 10% less
than the measured critical field for single-phase niobium–titanium with the
appropriate composition whereas, in the simulations, the upper critical field
for high-mass precipitates is always higher than that of the matrix. Depending
on the criterion used for the critical field, low-mass precipitates can result in a
10% reduction. However, the critical field is again sensitive to the values of the
Ginzburg–Landau coefficients, so this difference could also arise from errors in
the material properties.

In summary, the computational model suggests that the high critical current
density in niobium–titanium wires cannot be explained by pinning due to a differ-
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ence in condensation energy between the matrix and titanium precipitates. It can
be explained by a difference in the carrier effective mass, but some inconsistencies
between the model and the observed properties of real wires remain. These may
arise from assumptions like the perfect separation of the two phases or errors in
the calculated Ginzburg–Landau parameters due to extrapolation far from the
transition temperatures.



5.7. CONCLUSION 105

Figure 5.5: Compilation of critical current data. In each plot the 𝑥-axis represents
the field, ranging from 0 to 𝐻c2, and the 𝑦-axis represents the critical current density,
ranging from 0 to 0.015𝐽0. For most of the configurations, two different randomly
generated microstructures were used, and the dotted line is for the second of these
samples.
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Figure 5.6: Simulated critical current density as a function of applied field for a
typical system with ribbon microstructure where 𝑚n = 4𝑚s, the ribbon thickness is
𝜉/2, and the precipitate volume fraction is 0.14.
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Figure 5.7: Critical current density for two-dimensional multilayer systems consisting
of a doubly-periodic homogeneous superconducting matrix evenly spaced normal
planes. The normal planes have 𝛼 = 𝛽 = 0, 𝑚n = 2𝑚s, and a thickness of 𝜉/2, the
separation between the centres of the planes is 16𝜉 , and 𝜅 = 50. The current flows
along the interfaces. The solid line is for a system of dimensions 64𝜉 ⋅ 64𝜉 and the
other data are for similar systems, one with twice the linear dimensions and one
with half the grid spacing.
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Figure 5.8: Current streamlines for two snapshots of the multilayer system with
different numbers of fluxons. Although the first system has fluxons which sit between
the pins, it has a much higher critical current density because there are simply too
many fluxons in the second system to comfortably sit either on the pins or directly
between them.

Figure 5.9: Simulated critical current data for a particular system with ribbon
microstructure having the same effective mass in the precipitates as in the matrix,
converted to SI units and compared with experimental data from Meingast and
Larbalestier [118].



5.7. CONCLUSION 109

Figure 5.10: Plots of the fit parameters characterising the high-field critical current
density as a function of the precipitate volume fraction for various microstructures
and effective mass ratios. The horizontal lines across all panels shows the values of
the same parameter for an identical fit to the experimental data shown in Figure 5.9,
converted to dimensionless form using the same reference values. The dotted lines
use a 𝜅 value which is 10% less. The vertical lines indicate the precipitate volume
fraction in a real wire.
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Figure 5.11: High-field critical current density for a niobium–titanium analogue
system with no mass difference between the precipitates and the matrix. The ribbon
thickness is 𝜉/2 and the precipitate volume fraction is 0.14. The points show the effects
of ‘turning off’ the condensation parameter or nonlinearity parameter (artificially
setting the value in the precipitates to be the same as in the matrix).



Chapter 6

Conclusions and future work

The aim of this work was to demonstrate that it is practical to simulate the
dynamics of the condensate in high-field superconductors like niobium–titanium
using Ginzburg–Landau theory with microstructures and material parameters
which are consistent with real microstructures and measured properties of single
phase samples. Most prior work makes use of overly idealised microstructures
and ad hoc choices of material parameters. This is partly because of the nature of
pinning sites in, for example, REBCO tapes. It is not obvious how to model oxide
nanoparticles in Ginzburg–Landau theory since the oxide is not superconducting
in the first place, so the transition temperature, critical field, and penetration depth
do not exist to be measured. It is also because of the limitations of existing solvers
for the Ginzburg–Landau equations. Solvers for large-scale three-dimensional
systems assume the frozen field limit and most assume the homogeneity of all
material parameters except for the condensation parameter, and the more general
solvers do not scale well with system size, making them prohibitively slow for
large systems.

In some preliminary simulations, we investigated pinning by resistive nanorods
in REBCO tape, still assuming the frozen field limit and using ad hoc material
parameters but lifting the assumption of the homogeneity of the effective mass,
which is proportional to the resistivity. Not only do resistive rods pin more
strongly than conductive ones, but the interpretation of the mechanism limiting
the critical current density is completely different in high fields. An interface with
a resistive material supports surface superconductivity above the upper critical
field of the matrix, and when the pins are sufficiently close together, these regions
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of surface superconductivity overlap so that a supercurrent can flow across the
whole system.

Since a generic inclusion will have an effective mass which is different from
the matrix, this shows that the field at which the critical current density drops to
zero is not the necessarily the same as the upper critical field of the matrix, even
neglecting flux line lattice melting. More impure superconductors tend to have
higher critical fields, since more scattering leads to a shorter coherence length,
but there may be an additional increase in the effective upper critical field due to
surface superconductivity in the vicinity of interfaces in inhomogeneous samples
which is usually not considered. It also shows that there are effects which are of
fundamental importance in determining the critical current density which cannot
be captured in simulations which only allow spatial variation in the condensation
parameter.

A major contribution of this work is a computational method for solving
the fully coupled time-dependent Ginzburg–Landau equations which allows all
of the material parameters to vary in space and which scales well with system
size. This is required for accurate treatment of systems consisting of multiple
superconducting and normal materials, some of which might not have very
large Ginzburg–Landau parameters. A geometric multigrid method was used to
solve the nonlinear system of equations which arises from a backwards Euler
discretisation of the time-dependent Ginzburg–Landau equations in the London
gauge. To my knowledge, this is the first time that such a method has been applied
to simultaneously solve the full system of equations.

We applied the new solver to investigate the most widely used high-field
superconductor, niobium–titanium. In this material, it is thought that the primary
pinning centres are titanium precipitates. Since titanium is itself a superconductor
at very low temperatures, we were able to use the measured properties of both
phases to obtain estimates of the ratios of the Ginzburg–Landau coefficients
in the titanium precipitates versus the niobium–titanium matrix. We generated
microstructureswith random distributions of ribbon-like precipitates with varying
thicknesses and separations which are similar to the microstructures which are
observed by transmission electron microscopy of niobium–titanium.

Measurements of the macroscopic superconducting properties of single phase
samples cannot constrain the carrier effective mass but, as demonstrated in the
REBCO simulations, the ratio of the effective masses can have a drastic effect on
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the pinning. However, because of the anisotropy in the microstructure due to the
wire drawing, there is an anisotropy in the effective upper critical field due to a
differences in the surface superconducting state at the interfaces depending on
the field direction. This anisotropy depends on the effective mass ratio, so we
were able to calculate the upper critical field using simulations and compare the
results with experimental data to constrain the effective mass ratio.

From the simulations, we found that the effective upper critical field is always
higher when the field is parallel to the drawing direction, compared to when
it is perpendicular, regardless of the effective mass ratio and microstructural
parameters. When the effective mass is larger in the precipitates, this is attributed
to enhanced surface superconductivity when the field is parallel to the drawing
direction because the precipitates are highly aligned in that direction, so there
is a large interfacial area parallel to the field. We find that the experimentally
observed critical field anisotropy factor is consistent with an effective mass ratio
of 2.

Critical current simulations were also run with a range of effective mass values
and microstructural parameters. Since the small size of the system compared with
a real wire led to unpredictable variation in the critical current density in low
fields, we compared the effective upper critical field and high-field critical current
density for each system with experimental data. We found that the effective
mass in the titanium precipitates must be higher than that of the matrix in order
to explain the magnitude of the critical current density. Using the calculated
Ginzburg–Landau coefficients, an effective mass ratio of 4 is required, but given
some uncertainty in the measured properties, an effective mass of 2 could be
consistent.

Whilst high-mass precipitates can consistently explain the critical field aniso-
tropy and high-field critical current density in niobium–titanium, the dependence
of the critical current density on the microstructural parameters was not as ex-
pected. The conventional understanding of why the optimised heat treatment
and drawing process results in high critical current densities is that it produces
titanium precipitates which are thin and closely spaced. Thinner and more closely
spaced precipitates have been shown to result in higher pinning forces. How-
ever, in the case of high-mass precipitates, which were the only systems which
showed systematic variation with ribbon thickness in our simulations, we saw
the opposite behaviour. That is, for the same titanium volume fraction, thicker
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precipitates resulted in higher pinning forces.
Although high mass precipitates are required to explain the pinning force,

since the differences in the condensation parameter and nonlinearity parameter
are of a similar magnitude to the difference in mass, it does not necessarily
imply that the effective mass is the dominant factor. One of the advantages of
simulation is that we can test scenarios which would be impossible to test in
an experiment, and in this case we can simply ‘turn off’ the pinning due to the
condensation and nonlinearity parameters. By doing so we observe that the
difference in nonlinearity parameter barely contributes to the high-field critical
current density because in high-field the nonlinear term in the free energy is
small anyway. Therefore in the case where the mass is the same in the matrix and
the precipitates, the pinning force is only due to the difference in condensation
parameter, and the critical current density is small. Therefore, we conclude
that the pinning in the high-mass case is predominantly due to the difference in
mass. If high mass precipitates are responsible for pinning the real material, the
condensation parameter must provide about 15% of the high-field pinning force,
the effective mass about 85%, and the nonlinearity parameter does not contribute
at all.

In conclusion, pinning in niobium–titanium was modeled satisfactorily, ap-
proximately reproducing the observed critical field anisotropy and high-field
critical current density. It is likely that titanium precipitates are indeed the dom-
inant pinning centres in niobium–titanium, and that the pinning force arises
because the carrier effective mass in the precipitates is about twice that of the
matrix. This demonstrates that time-dependent Ginzburg–Landau simulations
with accurate material parameters are practical and can provide insights which
would be difficult to discover by other means.

In future work, these methods will hopefully be applied to other materials.
For pinning sites which are not superconducting, accurate simulations may allow
effective Ginzburg–Landau coefficients to be obtained in the same way that we
were able to constrain the effective mass using the critical field anisotropy. One
particularly relevant example are the defects which are created by neutron irra-
diation in fusion magnets. The solver described here should be able to simulate
superconductivity in most low-temperature and high-temperature superconduc-
tors. Those with multiple condensates, like MgB2, can’t be simulated at present
but the inclusion of a second wavefunction would be a simple extension of the
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existing code.
There are many other potential improvements which could be made to the

solver including support for non-rectilinear meshes, internal boundary conditions,
and special treatment for the frozen field and steady state limits. These are
discussed more in Section 3.2.11.

In the long term, Ginzburg–Landau simulations might be used to inform the
optimisation of superconducting materials [119]. Although these simulations take
a significant amount of computational time, they are much quicker and cheaper
than a full production cycle of a real conductor. If the errors in the Ginzburg–
Landau coefficients and simulated critical current can be understood for many
different superconductors, one might be able to check whether some modification
of the material would lead to higher critical currents, and thereby improve upon
locally optimal designs.
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Supplementary material

The following materials are provided to supplement the main text. The updated
code will be made available under a copyleft license.

• MulTDGL_nbti.jl, the Julia librarywhich implements themultigridmethod
for the TDGL system as used in the simulations of niobium–titanium. There
are some minor differences from the method described in Chapter 3 be-
cause the implementation has been improved since the niobium–titanium
simulations were performed.

• nbti_material.jl, a script which generates niobium–titanium analogue
microstructures.

• nbti_run.jl, a script which drives the critical current simulations for
niobium–titanium.

• nbti_data.tar.xz, an archive containing input parameters and critical
current data for niobium–titanium analogue systems.

• nbti_vid_side.avi and nbti_vid_top.avi, videos of the fluxmotion in
a niobium–titanium analogue system with low-mass precipitates showing
different cross-sections of the wavefunction magnitude.

• figures_code_data.tar.xz, an archive of all the code and data required
to generate the figures in this work. This is a large file and some of the
code is not very pretty!
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Fusion CDT courses

As a student of the Fusion CDT, I completed the following courses.

• Introduction to fusion plasmas (dist.)

• Introduction to materials (dist.)

• Computational techniques (dist.)

• Materials applications (dist.)

• Fusion technology (dist.)

• Integrated systems and project management (dist.)

• Radiation damage (n.a.)

• Nuclear power (n.a.)

• Finite element modelling (pass)

• Characterisation and analytical tools (dist.)

• Frontiers of fusion (n.a.)

• Collaboratory (n.a.)

The Collaboratory is a collaborative project with another institution. I spent
eight weeks at Oxford Instruments developing a method to estimate AC losses in
superconducting solenoids during a quench.
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Simulations Using Time-Dependent Ginzburg–Landau Theory for Nb–Ti-
Like Microstructures’, IEEE Transactions on Applied Superconductivity,
vol. 32, no. 4, pp. 1–5, Jun. 2022, doi: 10.1109/TASC.2022.3156916.

• C.W.W. Haddon and D.P. Hampshire, ‘Fast Multigrid Simulations of Pin-
ning in REBCO With Highly Resistive Nanorods’, IEEE Transactions on
Applied Superconductivity, vol. 33, no. 5, pp. 1–5, Aug. 2023, doi:
10.1109/TASC.2023.3253065.
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