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Abstract

The Dimensions of the Smooth Representations of
GL,(0)

Alexander Robert Leitao de Sousa Jackson
Submitted for the degree of Doctor of Philosophy
September 2025

Let o be the valuation ring of a non-Archimedean local field with finite residue
field and quotients 0, = o/p". We consider the problem of constructing the irre-
ducible complex representations of GL,(0,). This is known to be a wild problem,
however we prove certain new results about the dimensions of the representations
of GL,(o,).

Our first approach involves studying automorphism groups of finite o-modules,
whose representations can be used to build those of GL,(02). We give a complete
description of the dimensions of the representations of Aut,(o, ® 0y & --- @ 01)
and show that they can be written as polynomials (independent of the choice of o)
in g = |oq].

We also give a polynomial result for GL,(0,), namely that subject to the char-

acteristic of 07 being large enough (possibly depending on n and r), there exists
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a finite set of polynomials R C Q[z], such that when evaluated at ¢ = |o;], all
of the dimensions of the irreducible representations of GL,(0,) appear in the set
{m(|o1]) | m € R}. Our proof also holds when GL, is replaced by an arbitrary
smooth affine group scheme over Z.

Finally, we show that if o and o’ are valuation rings as before with |o;]| = |0/],
then C[GL,(0,)] = C[GL,(0.)], provided the characteristic of o0; is large enough.
This generalises a result of Hadas, who proved the statement when o and o’ are

restricted to be unramified extensions of Q,, if they have characteristic zero.
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CHAPTER 1

Introduction

Let o be the valuation ring of a non-Archimedean local field with maximal ideal p,
finite residue field o/p of order ¢ and characteristic p. We fix a uniformiser @ of 0 and
integers n,r > 1 and write 0, = 0/p”. The main motivating problem for this thesis
will be that of finding the dimensions of the representations of GL,(0,). Throughout,
we write Irr(G) to mean the isomorphism classes of irreducible representations of a
finite group G (over an algebraically closed field of characteristic zero, e.g. C or Q).
By abuse of notation, we write p € Irr(G) to mean either that p is an irreducible
representation of G or p is an irreducible character of G.

There are various levels of detail in which we can understand the irreducible C-
representations of a finite group GG. The most complete is to describe them as vector
spaces with an explicit G-action. A weaker requirement is to give the character table
of GG; knowledge of a character does not give one an explicit description of the rep-
resentation affording this character. In fact, after Green constructed the characters
of GL,(F,) in [23], it was over twenty years before the classification of the represen-
tations of GL,(F,) was completed by Deligne and Lusztig [15]. This required a new
approach using /¢-adic cohomology, which we will use in Chapter 4. In this thesis,

we will generally aim to list the dimensions of the representations, which is a weaker



requirement than finding the character table.! However, by the Artin-Wedderburn
theorem applied to C[G], the dimensions of the irreducible representations deter-
mine the group algebra up to isomorphism. Further, comparing dimensions in the
decomposition of C[G] into simple modules yields |G| =3~ ;g (dim p)2.

The dimensions of the representations of p-adic groups have been studied ex-
tensively. If G is a topological group which is representation rigid, that is, has a
finite number of smooth irreducible representations of each dimension, define the

representation zeta function

o) = 3 =3

pelrr(G) n—1
where Irr(G) denotes the smooth representations of G and r,(G) is the number of
smooth representations of G of dimension n. Jaikin-Zapirain [37] showed that if G
is compact p-adic analytic and FAb,> and either p > 2 or G is uniform pro-2, then
there exist ny,...,nx € Nand fi,..., fr € Q(x) such that (s(s) = Zle n; *fi(p~*).
Stasinski and Zordan [58] give a single proof which works for all p and all compact,
FAD, p-adic analytic G. Avni, Klopsch Onn and Voll have also proven results about
the abscissa of convergence of (;(s) [0, 0, 7] and polynomial representation growth
11, 8] of r,(G).

Some of the first results about the representations of GL,(0,) for r > 2 were
found by Shintani [53], Nagornyi [17] and Nobs [19]. Later, Hill [30, 31, 32, 33]
rediscovered Shintani’s Clifford theoretic approach and constructed certain classes
of representations, including so-called regular representations. Further constructions
for GLg were found by Stasinski [56] and Onn [50], and for GL3 by Onn, Prasad and
Singla [51]. The complete construction of the regular representations of GL,,(0,) was
found for p # 2 by Krakovski, Onn and Singla [13], and independently by Stasinski
and Stevens [57] (for arbitrary p).

We write dimirr(G) = {dimp | p € Irr(G)}. Hadas [26] showed the following:

'If two groups G and G5 have the same character table, then there is a dimension-preserving
bijection Irr(G1) <> Irr(G2). However, the converse is not true: both Z/4Z and Z /27 x 7./2Z have
four irreducible representations, all of dimension one, but different character tables.

%FAb” means that if H is a finite index subgroup of G, then H/[H, H] is finite.

2



Theorem 1. [20, Theorem 1.1.5] Let G be a smooth affine group scheme of finite
type over Z. There exist N > 0 and C' > 0 such that for every p > C and every
finite field F of characteristic p, | dimirr(G(F))| < N.

We extend this result to obtain a more qualitative statement about the dimen-
sions of the irreducible representations of G(o,), namely that they are given by

evaluating some finite set of polynomials. More precisely:

Theorem 2 (Polynomial Theorem for large p). Let G be a smooth affine group
scheme of finite type over Z and r > 1 an integer. There exists C' > 0 such that for
every prime p > C, there exists a finite set of polynomials R C Q[x] such that for
every non-Archimedean local field K with valuation ring o and finite residue field of
characteristic p,

dimirr(G(o,)) C {m(|o1]) | m € R}.

Definition 3. [50, §1.1] Let A = (¢4,...,£,) be a partition, and o a valuation ring
as before. Define the (finite) o-module M), = o, © --- @ o0y, and let G, be its

automorphism group, G, = Auty,(M),).

Note that if ¢, = --- =¥, = r, then M), = o' and G, , = GL,(0,).

In [50, Conjectures 1.3, 1.5], Onn conjectured that the dimensions and frequen-
cies of the representations of G, can be written as polynomials in |o;]. There is
room for interpretation about the precise meaning of the original statements, there-

fore we suggest a new formulation below (see [30, Conjecture 1]).
Definition 4. The representation zeta polynomial of a finite group G is

Re(D)= > D™ eZ[D).
pelrr(G)

Conjecture 5. Let O denote the set of rings which are the valuation ring of a non-
Archimedean local field with finite residue field, up to isomorphism. Let n > 1 and

a partition X\ of n be given. There exist k > 1, polynomials

di(x),...,d(x) € Z[x] \ {0}, mqi(x),...,mp(x) € Qlz] \ {0},
3



such that for all o € O,

k
Ra,. (D) =) my(JoiyDHD.

i=1

The requirement m; # 0 implies that k is unique and the d; and m; are deter-
mined uniquely up to ordering. We must have d; # 0, since an irreducible represen-
tation cannot have dimension zero.

The statement for A = 1™ follows from Green’s construction for GL,, over finite
fields [23]. It has also been shown for A of length two by Onn [50]. Singla [55]
proved the statement for X = (2,1,1) and thus deduced it for A = 23 and 2*. The
statement was also shown for A\ = (¢,1™) by the author [36], and the proof is given
in Section 3.1.

Conjecture 5 does not hold if GL,, is replaced by an arbitrary smooth affine group
scheme. If GL, is replaced by SLo, then the d; no longer have integer coefficients;
SLs(F,) has representations of dimension 3(¢ — 1) and (¢ + 1) when ¢ is odd.
Even if we allow d; € Q[z] in Conjecture 5, the statement also does not hold for
SLs, as it was shown by Simpson and Frame [51] that for SL3(F,), some of the
functions d; and m; are given by different polynomials depending on the congruence
class of ¢ modulo 3. This behaviour is referred to as being polynomial on residue
classes, or PORC' for short. The terminology is due to Higman, and is discussed in
Section A.6.1. Moreover, Halasi and Palfy [27] constructed an example of a so-called
“pattern group” G such that the number of conjugacy classes of G(F,) is not given
by a polynomial in q. However, the question of whether the number of conjugacy
classes of the unitriangular group U, (F,) is given by a polynomial in ¢ is still open;
this was conjectured by Higman [28].

There are situations in which one must assume that the residue characteristic
of 0 is “large enough” (e.g. in [20]), therefore another reasonable conjecture would
be to fix a prime p, and replace © in Conjecture 5 with the set of all valuation
rings of residue characteristic p. This statement would follow immediately from
Conjecture 5.

Onn [50] also conjectured the following:



Conjecture 6. Let \ be a partition. If o and o’ are valuation rings of non-Archimedean

local fields with |o1| = |0!|, then there is an isomorphism of algebras
C[Gx,o] = C[Gry]-

Since this isomorphism is equivalent to there being a dimension-preserving bijec-
tion Irr(G,) > Irr(Gy ), Conjecture 5 implies Conjecture 6.

Singla [55] showed that there exists a canonical dimension-preserving bijection
between Irr(GL,(02)) and Irr(GL,(0%)), thus proving Conjecture 6 for A = 2". Fur-
thermore, Hadas [20, Theorem 1.1.4] showed the following;:

Theorem 7. Let G be a smooth affine group scheme of finite type over Z. Then for

every r € N, there exists C' > 0 such that for every prime p > C' and every d € N,

ClG Fpal[e]]/ ()] = ClG (0 /pg)];

where @é,d) is the unique unramified extension of Q, of degree d.

Thus, Conjecture 6 holds for A = r™ for all » and n, provided that p = char 0,
is large (possibly depending on n and r), and 0 and o’ are valuation rings of finite
unramified extensions of QQ, in the zero characteristic case. In fact, we will show in

Chapter 5 that this can be generalised to the following statement:

Theorem 8. Let GG be a smooth group scheme of finite type over Z and r € N.
Then there exists C' > 0 such that for every prime p greater than C, and for every

non-Archimedean local field K with finite residue field of characteristic p, we have

ClG(ox /pi)] = CIG(F,[t]/(t"))].

The structure of the thesis is as follows: In Chapter 2, we outline the approach
to studying the representations of GL,(0,) directly using Clifford theory. In Chap-
ter 3, we adapt a method due to Onn (see [55, Proposition 7.7]) to construct the
representations of G iny,, prove Conjecture 5 in this case, and give some results

on Schur multipliers of GL,(0,). In Chapter 4, we prove Theorem 2. This uses an

5



argument due to Geck [19] for the reductive case, and an argument due to Hadas [20,
Theorem 4.0.2] for the general case. A previous attempt at a proof of Theorem 2 is
recorded in Section A.6.2. In Chapter 5, we prove Theorem 8, using Hadas’ proof
of Theorem 7 and an argument using motivic integration. Our main reference for
this is Cluckers and Loeser [13]. Appendix A also contains background material on
local fields, category theory, group cohomology, the theory of schemes and first-order

mathematical logic.



CHAPTER 2

Background

2.1 Projective Representations

The material in this section can be found in, for example, Chapter 1 of [39]. The
necessary prerequisites from group cohomology are given in Appendix A.3. In this
section, we will only consider cohomology groups H?(G,C*) where G acts trivially
on C*.

Given a C-vector space V, the projective general linear group of V is

PGL(V) = GL(V)/{\ | A € C}.

Definition 9. Let G be a group. A projective representation of G (over C) is

a C-vector space V' along with a group homomorphism G — PGL(V).

In order to avoid confusion, we may call a homomorphism G — GL(V) a linear
representation of G.

Let ¢ : G — PGL(V) be a projective representation. For each ¢(g), choose a
coset representative @(g) € GL(V) of ¢(g). Define the map o : G x G — C* to be
such that for all g1, ¢, € G,

P(91)¢(92) = alg, 92)P(9192)-
7



Then one can show that a € Z%(G, C*), that is, the cocycle condition

(9192, 93)a (91, 92) = (g1, g293) (g2, g3) (2.1)

holds for all ¢q,¢92,93 € G, and if a1,y are obtained from any two systems of

coset representatives @y, $o, then aya,' € B2(G,C*), that is, there exists a map

p: G — C* such that for all g1, g2 € G, a1(91, g2)a2(91, g2) ™+ = p(g1)p(g92) 1(grg2) 1,

or equivalently, [a;] = [ag] € H*(G,C*). Therefore, every projective representation
defines a unique cohomology class in H?(G,C*). If « is any representative of this
cohomology class, we say ¢ is an a-representation of G. In analogy with identi-
fying linear representations of G with C[G]-modules, we identify a-representations

with modules over an algebra defined as follows:

Definition 10. Let a € Z%(G,C*). Define the twisted group algebra C*[G] to

be the C-vector space with basis {g | ¢ € G’} and multiplication given on the basis
by g1 - 92 = (g1, 92)9192.

Definition 11. If V and W are a-representations of a group G, then they are

isomorphic if they are isomorphic as C*[G]-modules.'

Definition 12. If V is an a-representation of GG, then it is irreducible if it has no
C*[G]-submodules other than 0 and V. The set of irreducible a-representations of

G up to isomorphism is written Irr, (G).

Many of the concepts in the representation theory of finite groups have analogues
for projective representations, including those of conjugacy and class functions. In
each case, the correct definition requires a “twist” by a cocycle a € Z*(G,C*).
In order to understand the projective representations of a group, we only need
to understand those corresponding to representatives of the cohomology classes

in H*(G,C*):

Proposition 13. Let G be a finite group and ay,ay € Z*(G,C*). Then C*'[G] =
C*2[G] if and only if [on] = [aw).

!This is equivalent to the condition of being linearly equivalent, see [39, Chapter 1, Theorem
3.4].

8



Every cohomology class of H?(G,C*) contains a cocycle a such that «(1,1) = 1.
Indeed, given o € Z*(G,C*), choose any p : G — C* such that u(1) = (1, 1), and
let o'(g1, g2) = algn, g2)1(g1) ' p(g2) " 11(g1g2), for then [¢] = [a] and o/(1,1) = 1.
we shall assume that cocycles have this property for the remainder of this section.
This condition implies that a(l,g) = «a(g,1) = 1 for all ¢ € G by the cocycle
condition (Equation 2.1).

Definition 14. Let ¢ : G — PGL(V) be a projective representation and fix a lift
¢ : G — GL(V) with normalised cocycle o € Z*(G,C*). Define the projective
character of ¢ to be the function x,(g) = tr(¢(g)). We also call the character of a

projective representation with associated cocycle a an a-character.

By [39, Chapter 1, Proposition 6.2(i)], projective characters satisfy an analogous
condition to that of a class function, that is, for g, x € G, we have the transformation
law

Xo (9™ zg) a(z.9) o(T).

Definition 15. Let ¢ € G and o € Z%(G,C*). Then g is a-regular if for every

9 € Calg), alg,g') = ald', g).

One can show the following (see [33, Chapter 2, Lemma 6.1] and [39, Chapter 1,
Proposition 6.2(ii)]):

Proposition 16. If g € G is a-reqular, then so are all of the conjugates of g. If x

is an a-character of G and g € G is not a-regular, then x(g) = 0.

Projective characters obey analogous orthogonality relations to the case of linear

representations:

Definition 17. Let Gy e = {g; | 1 < j < n} be a set of representatives of the a-
regular conjugacy classes of G and let Irr,(G) = {x; | 1 <i < m}. The a-character

table of G is the m x n matrix whose (7, 7)th entry is x;(g;).

Note that the a-character table depends on the choice of representatives of the

a-regular conjugacy classes. Nonetheless, we can state:



Proposition 18. The a-character table of G is square, i.e. m = n. Further, the

a-character table obeys the orthogonality relations:

1
— > alg,g ) ale M xGl9) = 6i; (2.2)
|G| gEGa—TBg
1 & “1y—1 -1
g Dxe(g) = 65 2.3
|CG(gz)| p a(gj g] ) Xk(g )Xk(g] ) J ( )

Proof. The proofs can be found in [39, Chapter 1, Theorems 3.6 and 11.2]. Alter-
natively, observe that C*[G] is given the structure of a symmetric algebra by the
map 7 : C*[G] — C, defined by 7(3_,.5a49) = a1. That is, 7 is linear, and the
bilinear form (h, h’') = 7(hh') is symmetric and non-degenerate. Symmetric algebras
obey similar orthogonality relations as for characters of groups [21, Corollary 7.2.4];
the orthogonality relation 2.2 follows from this more general fact. Following [39],
the character x;(g) = a(g,9 ') 'xi(g71) is the character of the contragredient of
the projective representation affording y, with associated cohomology class [a] ™.
Therefore, x;x; has trivial cohomology class and is thus a character of a linear rep-

resentation of G. This implies that xx; is a class function. Writing my, for the size

of the conjugacy class of g, we have

Glo = > X @)xi(9) =Y mix; (9e)x; (9w).

QEGa—reg k=1

These equations can be written in matrix form:

my

G|, = (X:(Qj))i,j (Xj(%‘))w :

10



Since a left inverse of a matrix is also a right inverse and vice versa, we have

my

|G]Ln = (xj(gi))m (x?(%))ivj-

Comparing (i, j)th entries,

|Gloi; = Z miXk(9:) Xk (95)-

k=1

Dividing through by |G| and observing that |G| = m;|Cs(g;)| gives Equation 2.3. [

2.2 Clifford theory

In order to construct representations of a group GG, we shall fix a normal subgroup N
of G and consider the action of G on Irr(N) by conjugation; given g € G, € Irr(N),
we define 99 € Irr(IV) by

Mp(n) = ¥(g~'ng).

Given ¢ € Irr(N), we write Irr(G | ¥) = {p € Trr(G) | (¥, Res§ p) # 0} and
Stabg(1) for the stabiliser in G' of 1. We say that ¢ € Irr(NN) is invariant in
T < G if T < Stabg(4)).

Definition 19 (Strong Extension). Let ¢ € Irr(N) be invariant in 77 < G. A
strong extension of ¢ to T is a projective representation ¥ of T such that for all

n € N,g € T, the following hold:

1. ¥(n) = ¥(n),

~

2. (n)i(g) = ¥(ng),
3. (g)v(n) = d(gn).
The terminology is due to Stasinski and Zordan [58]. By means of a projective

extension, 1 defines a cohomology class as follows:
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Proposition 20. [7/, Theorem 11.7] Suppose 1y € Irr(N) is invariant in T < G.
Then v has a strong extension to an irreducible projective representation 1@ of Stabg (1).
Any cocycle associated to 1[1 is constant on cosets of N in Stabg(), so descends to
a cocycle a € Z*(Stabg(v)/N,C*). This defines a unique cohomology class [a] €
H?(Stabg(¢))/N,C*). Further, 1 extends to a linear representation of Stabg(¢) if
and only if [o] = 1.

Proposition 21. [/, Lemma 9.0.2] If N is a p-group and H*(Stabg () /N, pp=) = 1,

then ¢ extends to a linear representation of Stabg(1).

It would therefore be sufficient to understand, for each orbit representative ¢ €
Irr(N), the cohomology class [a] € H?(Stabg(¢))/N,C*) associated to 1, and the
set Irr,-1(Stabg () /N). However, this is not known in general, and in Chapter 4 we
will arrange for H?(Stabg()/N,C*) to be trivial, so that we only need to consider
linear representations of Stabg(v)/N.

We summarise the results we require from Clifford theory. Their proofs can be

found in [34, Theorems 6.2, 6.11, 6.17].

Proposition 22. Let G be a finite group and N a normal subgroup of G. Then the

following statements hold:

1. for every p € Irr(G), there exists an integer e > 1 and a G-orbit 0 C Irr(N)
such that

Resf p = (EB ¢> ;

IS

2. for every ¢ € Irr(N), there exists a bijection

Irr(Stabg(¢) | ¥) — Irr(G | )

given by induction,

0 Ind§,. (0 0

3. writing 1 for a strong extension of 1 to Stabg(v) and [a] € H?(Stabg (1)) /N, C)
12



for the cohomology class defined by 1&, there exists a bijection

Irr,—1 (Stabg (1) /N) — Irr(Stabe () | 1)

given by

T TR,

where 7 is obtained from T by composition with the natural map Stabg(¢) —

Stabg(1)/N.

Remark 23. A representation is called homogeneous if it is the direct sum of
isomorphic irreducible representations. If GG is finite with normal subgroup N and
p € Irr(G), then by part 1 of Proposition 22, Res$ p is homogeneous precisely when
the orbit Q = {4} has size 1. Equivalently, ¢ is invariant in G, i.e. Stabg () = G.

Definition 24. Given a normal subgroup N of G and ¢ € Irr(V), the representa-

tion zeta polynomial above 1 is

Ry (D) = Z D,
pElrr(Glp)

Remark 25. By Proposition 22, if X is any set of representatives of the G-orbits
on Irr(N), then

Ra(D) =Y Raju(D).

peX

Also by Proposition 22,
Reiu(D) = Rstaneuj (DI W).

We shall also need to describe the representations of a semidirect product where

the normal subgroup is abelian:

Proposition 26. [52, Proposition 25] Let G = N x H, where N is abelian. Let v;
be representatives of the orbits of H on Irr(N). For p € Irr(Staby(v;)), define

13



p € Irr(N x Staby (¢;)) by composition with the projection
N x StabH(%) — StabH(@D,)

Define 1); € Trr(N x Stabg (1)) by &Z(nh) = 1;(n). The irreducible representations
of G are precisely

Ind%xStabH(wi)(wi ® p),
and further, these are all distinct for distinct choices of pairs (i, p).

Note that this is a special case of Proposition 22, where the stabiliser also splits
as a semidirect product, Stabg(1;) = N x Stabg(1;). In order to find Rg(D) in
this case, it is sufficient to find representatives of the H-orbits on Irr(/N) and the

representation zeta polynomial of each of the stabilisers of the orbit representatives.

2.3 Application to the Groups GL,(0,)

Fix an integer r > 2 throughout. The canonical ring surjection o0, — 0,_; induces a
surjective group homomorphism 7 : GL,(0,) = GL,(0,-1). We define the (r — 1)th

congruence subgroup of GL,(0,) to be
K=kern={1+w" 'z |z € M,(o,)}.
We see that K is abelian; indeed for all z,y € M, (0,),

(1+ wr’lx)(l + wr’ly) =1+ w“l(x +y) + w2y

=1+ (z+y)

since w? 2 = 0. We shall use K as the chosen normal subgroup and apply Clifford
theory. One may define the ith congruence subgroup to be ker(GL,(0,) = GL,(0;)),

however we will only consider the case ¢ = r — 1 in this thesis.

Proposition 27. There is a canonical group isomorphism M, (01) — K given by
T 1+ @tz for x € M,(0,).

14



Proof. The map is well-defined, since if x1,2o € M,(0,) are such that 77 = T3
(i.e. 1 = x9 mod w), there exists y € M,(0,) such that ;7 = x93 + wy. Then
1+ 'z, =1+@ Hay+wy) =1+ @ lay, since @ =0 in o,.

The map is a group homomorphism, indeed for z,y € M, (0,), T+7 =2 +y —
1+ Hr+y) = (1+w"t2)(1+ " 'y). The last equality holds because w? 2 = 0
in o,.

We claim the map is injective; indeed suppose that 1 + @" 'z = 1 so that
@'z = 01in o,. If 2 is any lift of x to o, then we have @14 € p", thus r <
V(" 12) = v(@" ) +v(2) = (r — 1) + v(2). We conclude that 1 < v(&), so & € p
and reducing modulo w gives T = 0 € o;.

The map is surjective, since every element of K has the form 1+ w" !z for some

x € 0,; such an element has a preimage . [

Fix a non-trivial character 1 : 0, — C*. We parameterise the irreducible repre-

sentations of K by means of ¢. For 5 € M,,(0;), define 15 : K — C* by

Vs(1+ " ') = ¢(tr(BT))

for x € M,(0,), where T denotes reduction modulo w. This definition does not
depend on the representative x chosen, indeed if x;,25 € M,(0,) are such that
1+ tey =1+ wg_lxg, then x; = 25 mod w and so T = T5.

We can describe the characters of 0, in terms of :

Proposition 28. There is a group isomorphism
M, (01) — Irr(K)

gwen by 5 — g.

Proof. We first show that the map is a group homomorphism. For 1, 8, € M,,(01)
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and g € K, we have

P(tr((Br + f2)T))
(tr(517) + tr(5a7))
(tr(517)) b (tr(82))

(14 ), (1+ @ ).

Vp1p,(1+ @)

(&
(&
Vs

Therefore, 13,48, = V3,95, and f — 13 is a group homomorphism.
In order to show that the map is injective, suppose that 5 € M, (01) is such that
13 = 0. Then for all z € M,(o0,),

0= vs(1 + @' 'x) = y(tr(Ba)).

Let 1 < ¢,5 < n be given, and choose * = aF;; (the matrix with a € o0y in the
(,7)th entry and 0 in all other entries). Then the jth column of Sz is equal to a
multiplied by the ith column of 3, therefore tr(8xz) = af;;. Since ¢ (af;;) = 0 for all
a € 01, we must have 3;; = 0. Since this holds for all ¢ and j, we must have g = 0.

We show that the map is surjective. Let p € Irr(K) be given. Via the isomor-
phism ¢ : M,(0;) — K, T + 1+ @w"la of Proposition 27, p corresponds to a
unique p' = pop € Irr(M,(01)). Since, as an abelian group, M, (0;) is the direct

2

product of n” copies of 0y, there exist characters p;; € Irr(oy) such that for all

T € My (01), ¢/(T) = L, ; pij(Tij). Since the characters of oy are precisely x — ¢ (ax)
for a € 0y, choose a;; such that p;; = ¥(a;; - —). Now define g = (aw) One has
tr(BT) = >, >, ai;Ti;, therefore

Vsl + @) = P(tr(67))
= H H V(ai;Ti;)
= H H pij (Tij)
= /(@)
=p(l+="'z).

16



We have found € M,,(0;) such that p = )3, therefore the map 5 +— 13 is surjective.
O

By Propositions 27 and 28, we have exhibited a non-canonical isomorphism be-
tween K and Irr(K) via 1.

Further, the action of GL,(0,) on Irr(K) is given by 945 = 955;-1, where g is
the image of ¢ in M,,(01). Indeed, for all x € M,,(o,),

(1 +w'r) = a9 (1 + @' la)g)
= p(l + =" g  ag)
= Y(tr(Bg'T - 7))
= (tr(g - 67 '7))
— e (1 + @),

Therefore, when choosing representatives of the orbits, we can assume a canonical
form for 8, and we call p € Irr(GL,(0,) | ¥5) semisimple, nilpotent, etc. if g is
semisimple, nilpotent, etc. respectively.

In order to apply Clifford theory, first observe that Irr(GL,(0,) | ¥5) is in bi-
jection with Irr(Stabgr, o,)(¥8) | ¥5). We claim that it is suflicient to consider

which is nilpotent; for the proof, we follow Hill [30].

Definition 29. Let s € M, (01) be semisimple. For 5 € M, (0;), write 8 ~gs 5 if

vl

the semisimple part of the Jordan-Chevalley decomposition of 8 is conjugate to

Define the set

Catno,)(3) = {p € Irr(GL,(0,)) | (¥, plr—1) # 0 for some § € M, (01) s.t. § ~gs 5}

In [30], CaL,(o,)(3) is called the “geometric conjugacy class” of 5, however we
reserve this terminology for the notion of geometric conjugacy introduced in Sec-
tion 4.1. The following result is proved in the discussion preceding Theorem 2.13

in [30]:
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Lemma 30. For each semisimple s € M, (01), there exists a lift s € M, (0,) with

the property that there exist unramified extensions o) of o such that
t
Cat(on(s) 2 | [ GLum, (09 (7)),
j=1

where 22:1 mj =n, andt =1 if and only if s = al for somea € 0;. The o) and m;

depend only on the decomposition of V = o into 5-invariant subspaces Vi, ..., V.

In order to illustrate the ideas behind the proof of this claim, we give a worked

example.

Example 31. Put 0 = Z5 and

€ M;(F5).

|
Il

—_

—_

Note that s is the direct sum of (1) and two copies of the companion matrix of
the irreducible polynomial 22 — 2 + 1 € Fs[z]. First, we decompose V = F2 into

S-invariant subspaces:

V= <61>F5 S <627 63>F5 D <€47€5>]F5 = 71@72@73

The minimal polynomials of 3 restricted to Vi, Vs and Vs are z — 1, 22 — 2 + 1 and

2% — x + 1 respectively. Define the following extensions of Zs:

Z{ = Zsz)/(z — 1) = Zs,

78 =78 = 7y[x) /(2 — v+ 1).

Since 22 — x + 1 is irreducible modulo 5, by [52, Chapter 1, §6, Corollary 2], Z?)
is a degree 2 unramified extension of Zs, which is also a free Zs-module of rank 2.

Write@lzxmodx—leZél) andegzegzxmode—x—l—lEZ?).
18



For this example, we put r = 2. For 1 < j < 3, define p; : Zéj)/(%) — Zéj)/(25)
by y QNjy, where the tilde denotes reduction modulo 25. Then p; is the trivial map
on Z/25Z., while ji is the Zs-module endomorphism of Z{* /(25) = (Z/25Z)[x] /(% —
x+1) =: R, a free Z/25Z-module of rank 2. Under this isomorphism, the multiplica-

- 0
tion action ps of 65 on Zéz)/(%) corresponds to the action of on (Z/257).
1 1

Suppose [ : R? — R? is a Z/25Z-module homomorphism, and let (js, ii2) : R* — R?
be given by (psg, p2)(r1,r2) = (égrl,égm). Then f is an R-module homomorphism
if and only if f o (g, 12) = (2, p2) © f, since R is generated by Z/257Z and 6s.

Therefore,
0 —1
M (R) = Endg(R?) = Cy,(z/252) b
0 —1
1 1
Now put
1
0 —1
5= 11 € M5(Z/25Z);
0 —1
1 1

this is a lift of 5 to a matrix over Z/25Z. Since the centraliser of a block diagonal

matrix is the direct product of the centralisers of the blocks,

CMg(Z/QSZ)(S) = Cwm,(z/257) (1) X Owy(z/257)

~ 7,/257 x My(Z? /(25)).
Taking units, we get

Cany(z/252)(5) = GLy(Z/257) x GLo(ZY /(25)).
19



Thus, in the case where 0 = Zs and r = 2, we have found a lift of 5 to a matrix
over o, whose centraliser is a product of GL,, (0 /@") where 0\) are unramified
extensions of 0, depending only on the factorisation of the characteristic polynomial
of 5.

Note that our choice of lift s was not unique; we could have chosen any lift of
22—z +1 € Fs[z] to Zs[z] in the definition of Z{* and Z!¥. Consequently, the 2 x 2
diagonal blocks of s can be chosen to be the companion matrices of arbitrary lifts

of 22 —z + 1 to (Z/257Z)[x].

We have the following Jordan decomposition for representations [30, Theorem

2.13):

Proposition 32. Let s € M,(0,), and suppose that its reduction s € M,(07) is

semisimple. There is a bijection

Carn(o)(3) = Cegr, oy ((0); P ity

where we interpret the set CCGL»,L(or)(S)(O) to consist of tensor products of representa-

tions in each Cgy,, (00)/(wr))(0). Further, for all p € Car,(o,)(3),
J

|GLn(Fy)| 2 (w)

di = (di nil ) * ’
11 p ( 1m p. 1) HJ|GLmJ(]Fq)\J)|q

where \; is the degree of the extension 0 /o.

In the case where 7 = 2 and i = 1, 1 has an extension ¢ € Irr(Stabgr, (0,) (¥5))
[55, Proposition 2.2]. This extension is not canonical in the sense that the proof
relies on a choice of extension of a character 1+ woys — C* to 0. By Proposition

22, the representations of the stabiliser containing s are given by

Irr(Stab(1s) | 1) = {bs © 0 | 6 € Trr(Stab(ys)/K)}.

By [32, Proposition 2.3(2)], we have Stab(y3)/K* = Car,,(0,)(3), so the represen-
tations of GLy,(02) are determined by those of Cqr,,(0,)(8), for 8 € My, (01). When £
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is nilpotent, Cqr,,(0,)(83) is isomorphic to the group of o-automorphisms of a finite

o-module. The following definition is due to Onn [50].

Definition 33. Let A = (¢1,...,{,) be a partition and o the ring of integers of a non-
Archimedean local field with finite residue field. Define G, to be the automorphism

group of the o-module o5, & --- @ 0y,:
G)\’o = AUtU(Ogl b---Pp Ogn).

By choosing the basis (1,0,...,0),...,(0,...,0,1) of 05, ®--- Doy, , we can make

the identification
X

G)\,o = (Homo(oﬁja 0&')) L)

)

where
Homo(ﬂgj, 0&) = ; ;
p, ifi <y
given by f +— f(1). Multiplication of group elements in the matrix form is done by

usual matrix multiplication, taking lifts or reductions as appropriate. Indeed,

0 g (1) = Fnlgi; (1) = gis (1) - Fin(1),

where the hat denotes a lift to 0. Since o acts via its quotient modulo p“ on oy,

gr;(1) - fi(1) is to be interpreted as the product in o, of fix(1) and either the

reduction or an arbitrary lift of gi;(1) to oy,.

Proposition 34. [55, Proposition 4.11] Let \ be a partition of n and 8 a nilpotent

Jordan matriz of type X. Then there is an isomorphism of groups

Carn(on(B) = Groy)-

Proof. We sketch the construction of the isomorphism given in [55]. Write A =
(€1,...,0,). The centraliser Cy,(o,)(3) consists of block upper Toeplitz matrices
(Tij)1<ij<n of type A, where Tj; € My, (01). That is, Tj; has the form of an
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upper Toeplitz matrix:

ap ag Qg;—1
0
ay  ay ’
0 0 ag
and T;; takes the form
Ti; = (O Tw)

where ¢ > j and Tij is an upper Toeplitz matrix, or

where i < j and Tj; is an upper Toeplitz matrix. The centraliser CaL,(0)(B) is the
group of invertible block upper Toeplitz matrices of type A over o;.
Let i > j. Let fi; € Hom,, g (01[t]/t%, 01[t]/t") and write f(1) = ag+art +---+

agj_ltgf_l with a; € 01. Define

0 ... 0 apg a; ... Clgj_l
0
T(fiy) =
Qo aq
O ... 0 0 ... 0 Qo

Similarly, replace the zero columns to the left with zero rows on the bottom of the
Toeplitz matrix in the case ¢ < j. Writing an element f € G, in matrix form
(fi7) with fi; € Homy, g (01[t]/t%, 01[t]/t), map f to the matrix (T'(f;;));;. This
defines an isomorphism from G ,, (g to the group of invertible block upper Toeplitz

matrices of type A over o1, as required. O

Therefore, if § is nilpotent, then Irr(GL,(02) | ¥3) is determined by Irr(G) o, 1))
where [ has Jordan canonical form of type \.

In fact, we show that Rar,,(0,)(D) can be obtained from R (D) for certain

o) [11]

choices of A and o’. The following result extends existing work of Singla [55, §7.1],

the difference being that we only assume knowledge about centralisers of nilpotent
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matrices (which are isomorphic to some Gy, by Proposition 34). A similar result
was also obtained where o has positive characteristic by Aubert, Onn, Prasad and

Stasinski [3, Theorem 6.2].
Proposition 35. The representation zeta polynomial of GL,(02) is determined by
1. Ry o 0 (D) for all partitions A of n,

2. Ra, /] (D) for all partitions A of natural numbers less than n and all finite
,07 t

unramified extensions o’ /o of degree at most n.

If the Gy o111y and G () have the polynomaial property as in Conjecture 5, then the

same is true for GL,(02).
Before giving the proof, we prove a short lemma:
Lemma 36. Let a € M,,(01). Then ., extends to GL,(o,).

Proof. We have 1,7, (1 + @ 'z) = ¢(tr(aT)). Note also that det(l + @ 'z) =
1+ tr(z) € o, therefore det(1+w" ') = 1 € o}, where det : K — 0} denotes
the composition of det : K — 0 with the canonical map 0 — 07. We see that
Var, is trivial on ker(det : K — o}), therefore by the Fundamental Homomorphism

Theorem, there exists a homomorphism x, : 07 — C* that makes the diagram

det
K—emf

wtﬂ\ Xa

CX
commute. Then ﬂaln = Xa © (det : GL,(0,) = 07) extends v, . O
Proof of Proposition 35. We give an argument due to Hill [30]. Let 5 € M,,(01) be

semisimple. By Lemma 30, for every semisimple s € M,,(01), there is a lift s € M,,(02)
with the property that there exist unramified extensions 0') /o of degree at most n,

and depending only on 5, such that

t

Catn(on)(8) 2 ] | GLum, (09 /(%))

j=1
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where Z;Zl m; =n, and t = 1 if and only if 5§ = al for some a € 0;. By Theorem

2.13 of [30], there is a bijection

CGLn(02) (g) — CCGLn(UQ)(S) <O>7 p — ,Onilu

where

CCGLn<02>(s)(0) ={1® Qo |0; € Car,, (0(j>/(w2))(0)}'

i
By Proposition 32, for all p € Car, (0,)(5), dim p/ dim py; is a polynomial in ¢ = |oq]
which depends only on the decomposition of o} into S-invariant subspaces and is
independent of p. This allows us to work inductively; if we know Cq,, (o) (0) for
all m < n and every unramified extension o’/o of degree at most n, then we can
construct Cgr,,(0,)(5) where 5 is not a scalar matrix. On the other hand, if p €
Irr(GL, (02) | ¥arin) where N is nilpotent and a € 04, then by Lemma 36, ©_,;
extends to qﬁ,af € Irr(GL,(02)), and p ® zﬂ,af € Irr(GL,(02) | ¥n) has the same
dimension as p.

This completes the construction of Car,,(0,)(5) for all semisimple 3, given knowl-
edge of CaL,(0,)(0) and Cqr,,(0y)(0) for all m < n and unramified extensions o/o
of degree at most n. Since for each m, the dimensions of the representations in
CGL,(02)(0) are determined by Rg, (D) for all partitions A of m, the result fol-

lows. O
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CHAPTER 3

The Representations of G,

3.1 The Representations of G i),

We construct the representations of Gy 1n)0; these results can be found in (36, Propo-
sitions 3 and 4, Theorem 5. This work was done independently of, and extends, the
existing construction of Crisp, Meir and Onn [1, §7.2] which was stated for positive
characteristic. However, we consider the arbitrary characteristic case and give a
formula for the representation zeta polynomial of G n),. This gives an affirmative

answer to Conjecture 5 for all partitions of the form (¢,1").

3.1.1 The Representation Zeta Polynomial of Gy ),

In order to describe Rg, ., , (D), we need to introduce two families of groups whose

representation zeta polynomials we derive:
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Proposition 37. The representation zeta polynomial of

1 0 0
X ok * 1

P, = S0, X G(lnfl)m
X* X *

is given inductively by Rp, (D) =D and for n > 2,
Rp,(D) =Rp,_, (D" ) + R, o) (D).

The entries marked * are from the finite field 0, of order ¢, therefore P, depends
only on g = |o1|. However, to avoid cumbersome notation, we do not write ¢ as a

subscript.

Proposition 38. The representation zeta polynomial of

1 *x *x ... x
010 ... 0

To=10 % % ... x| =0 " % (07 %xGn2z),)
0 * =* *

is given inductively by Rz, (D) = ¢D and for n > 3,
R, (D) = (4 = DRex, oo)(D7) + R, (D7) + Rp, (D),

Knowing Rp, (D) and Rz, (D), one can calculate Rg,, ., (D) as follows:

Theorem 39. The representation zeta polynomial of Gny,e is given by

Réim (D) = ¢ 72(q = 1)*Rar. o) (D”) + ¢ *(q = DR((op xo)1GLa(o) (D),
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where

Ry xap)#CL(o) (D) = Rawn(on) (D) + 2Rp, (D7) 4 Ry, (D@ D@70

+ (g — DRar, 4o (D@71,

In particular, Congecture 5 holds for A = (¢,1™).

Using the method of proof of [55, Lemma 7.7] (an argument attributed to
U. Onn), we derive the representation zeta polynomial of G(giny,, thus proving

Theorem 39.

Proposition 40. [10] Let G be a finite group and N a normal subgroup of G such
that V.= G/N is an elementary abelian p-group, regarded as an F,-vector space. Let

X € Irr(N) be invariant in G and suppose that the bilinear form

(o VXV = (C) 2 Fy (1N, g2N) = x([91, g2])

is non-degenerate. Then there exists a unique p, € Irr(G) such that (x, py|n) # 0.

1

Moreover, py |y = ex for some e > 1, and dim p, = [G : N|z.

Outline of the proof. Choose a maximal isotropic subspace J/N for the bilinear form.
The representation p, is obtained by extending x to J and then inducing to G. One

can show that p, does not depend on the choice of J or the extension of x. [

Lemma 41. [55, Lemma 5.4] Let G be a finite group, N < G and M < G such
that G = NM. Let 11,19 be one-dimensional representations of N and M respec-
tively such that vy is invariant in M and V1|yon = Yo|pman. Then by € Trr(G)
defined by 11o(nm) = 1(n)e(m) is the unique one-dimensional representation of

G extending both 11 and 1)s.

Proof of Theorem 59. We can use Proposition 40 to construct representations of G'y,1n).0,

following the method in [55, Lemma 7.7]. Denote by p, the image of p in 0,. Fix a
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non-trivial character ¢ : 07 — C* and define the following groups:

of pit pyt L4pit pit o pit
01 01 1
G =G = JH =
GLn(Ol)
07 0q 1

Then H is a normal subgroup of G with centre

14 pi!

such that H/Z(H) is an elementary abelian p-group. The non-trivial irreducible
representations of Z(H) are parameterised for z € Z(H),z # 1 by

1+ o

where the bar denotes reduction modulo @, and

1+ oz

We claim that the alternating bilinear form on H/Z(H) given by

<h_17 h‘_2>1/)z = ’l/}Z([hJ? hQ])
is non-degenerate.
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To prove this claim, we choose two arbitrary elements hy, hy € H:

1 +w£71u wéfl,v 1 _’_wéflu/ wéflv/
hl = 7h2 = )
w 1 w' 1
where v = (v1,...,v,) and w = (wy, ..., w,)’ (and similar notation for v" and w’).

We compute the commutator [hy, he] explicitly:

1+ @ty =t . 1+ (—u+ Y vw) —w
hl = ) h; = ’
w 1 —w 1
1 _’_wéflu weilv 1 _’_wéflu/ wéflv/
hlhg =
w 1 w'’ 1

w + w' 1
hithyt 1+ (—utow) —='v\ (1+" (- +0'0) -
1 2 =
1+ @ (= (u+ ) + o0+ 00 + o) —w" v+ )
—(w + ') 1 ’
hong] = (LT BT 4200 — (0 )@+ ) 0
1,12] =
0 1
1+ v — v'D)

1

1w (v, — v
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Suppose (hy, hy)y. = 0 for all hy. Then
P(z(vw' —v'w)) =1

for all v" and w’. Choose v' = 0 and v’ = (w},0,...,0)T to get ¥(zvjw;) = 0 for
all wj. Since z # 0 and ¥ is non-trivial, we must have 77 = 0, i.e. v; = 0 mod w.
Similarly, all other v; = 0 mod @ and w; = 0. Therefore, h, € Z(H), so hy = 1. We
conclude that (-,-),, is non-degenerate, as claimed.

Applying Proposition 40, there are ¢ — 1 pairwise inequivalent irreducible repre-
sentations of H lying over the ¢ — 1 distinct non-trivial characters of Z(H), namely
py for each non-trivial character x : Z(H) — C*. We see that Z(H) < Z(G), indeed
suppose that

1 + wéflu U,I weflvl

Then

Since g € G was arbitrary, Z(H) < Z(G). In particular, Z(H) is normal in G.
For g e G,h € Z(H),
Iox(h) = px(g~ " hg) = py(h),
therefore Resg( m Py = RGSIZ{( ) Px = X- Thus, 9p, = p, and p, is invariant in G.
In the following discussion, fix a non-trivial character y € Irr(Z(H)). The sub-

group

S R < G/Z(H)

30



is a maximal isotropic subspace for (,),,. Consider the inverse image

14 pit

GLn(Ol)

Observe that H*° is normal in G*°. Further, we show that }' is invariant in M,

and that x™°|giconns = X|gsonps (for then we can apply Lemma 41).
Let m = Y € M. Then
D
m ., iso iso Yy u y_l
X =X
w 1 D w 1 D!
iso u
=X
v 'Dw 1
= x(u)

Therefore, \*° is invariant in M. Finally, H*° N M = Z(H), therefore

iso _ — < .
X |HisonM = X = X|HisonM -
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Thus, by Lemma 41, we get a unique one-dimensional representation x*°y : G5° —
C* extending both ' and ¥.

We have dimp, = [H : Z(H )]z = ¢". Define pyiso = IndZie x**°¥ and note also
that dim p,ic = ¢". We claim that piso

g contains p,.

One possible proof of this claim is by a similar argument as in [55, Lemma 7.7].

Since pyiso contains x, pyiso|m also contains y. Since p, is the unique irreducible

representation of A containing x, pyiso

g contains p,.

Alternatively, by the Mackey formula,

_ G G iso~ H s Gliso S (. is0.~
pxiso H — ReSH IndGiso X X - @ IndsGisomH ReSSGisomH (X X)

SGH\G/GiSO
Choosing a set of double coset representatives which contains 1, the summand cor-
responding to s = 1 is
Indffi.o Resio (p) = Indfji ResGi, (%)
— Indgiso XiSO

= Py

by the construction of p, (see the proof of Proposition 40). Therefore, p,iso

H Con-
tains p,.

Furthermore, p,io and p, have equal dimension, therefore p,iso

H = Py, that is,
Py extends to pyise € Irr(G).
By Proposition 22,

Irr(G | py) = {pyie ® ¢ | ¢ € Irr(G/H) },

where G/H = o/ | x GL,(01). Therefore,

S Reip (D) = (0= DRy crnion(@”)

x€lrr(Z(H))
x#1

=¢"(¢— 1)*RaL,o)(D).
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This gives an expression for the representation zeta polynomial of G n)

Ragamy,(D) = ¢"(q = 1)*RaL,0)(D?) + Reyzam) (D).

The quotient G/Z(H) splits as the direct product

Lopy ! P
U 0
G/Z(H) = ueE o0 p X
ul, : GL,(01)
]

which we can write as 0, ; x ((of x 0f) x GL,(0;)), therefore

Réam.(P) = ¢ 72q = 1)*Rannen(P) + ¢ 72(q = DR (o xop) uGLa(or)) (D)

The final task is to find R(UELXUEL)NGLn(Ul)(D). The action in the semidirect product

is the conjugation action

Lopt e
1 01 1
~ | = of x of
GLn(Ol) ’
01 1
given by
1 1 =T\ [1 1 wWID™!
D w 1 D! Dw 1

As in [55], this can be identified with the action GL,(01) ~ (0} X of) given by

1
g~ 0, 0) = (D0, wD), where g =

D
The orbits and stabilisers are given in Table 3.1, from which the representation

zeta polynomial of (0} x 07) x GL,(01) can now be deduced as in the statement of
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Orbit representative x Stabgr,, (0,)(X) (GL,(01) : Stabgr,, (o1)(X)]

0) GLn(Ol) 1
1 0
0 - ~ p n_1
) (01 1 GLn_1(01)> q
0 1 of ! ~ n
z ) (o GLo >) = vl
i 0
1
0
.00 10 0) T, (¢" = D" = 1)
0
1
0 1
. X n—1/.n __
0
Table 3.1: The action of GL,(01) on o} x of
Theorem 39. O

Example 42. One can check by substituting ¢/ = 2,n = 2 that the expression
obtained for R, , ,,(D) agrees with [55, Lemma 7.7]. Moreover, for £ = 3,n = 2

one can calculate

RG(&MM(D) =q(qg— 1D+ =¢*(q — 1)*D" ' + q(q — 1)°D?
+5q(g = 1)*(g = 2)D" + 29(q — 1)*Dl- DY
+q(q = 1)*DT +q(q — 1)(q +2)D' TV @+

+ ;q (¢ — 1’7 4 (g — 1)* Dl DD

+q(q—1°DT + %q(q ~ 1)*(g — 2D,

Further, RG(2,1,1,1>,0(D) has 24 terms, with the polynomials giving the dimensions

of degree at most 6. We omit the expression due to its length.
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3.1.2 Proofs of the Auxiliary Results

In this section, we prove Propositions 37 and 38. We fix the following notation

throughout the subsequent proofs:

U1 w1y Y11 cee Yin—2

Un—2 Wn—1 Yn—21 -+ Yn—2n-2

For i € 01, let o; be the additive character of o, defined by o;(x) = C;r(m), where (,

is a fixed primitive pth root of unity in C and tr denotes the absolute trace tr,, /p, .

Proof of Proposition 37. Note P, = N, % I:In, where

) 10 A - 10
N, = | Vv € 0711_ L H, = | Y € GLn_l(Ul)
v [ 0Y

Parameterise the irreducible representations of N,,:

Wit ,yin—1 =05, (v1) .. 00,y (Un-1)

Ctr(i1v1+“'+in—1vn—1)
D .

The conjugate of an element of N,, by an element of H, takes the following form:

-1

1 0 1 0 1 0 1 0
Y v [ Y Yv I
1 0
Writing h = ,
0Y
1 0 1 0
wfll 77777 in—1 <'()7:1 ~~~~~ in—1
v I Yv I
:C;r@(\’)),



where

0(v) = i(ynvr + - + Y1n-1Vn-1)
+ ...
+ i 1(Yn—11V1 + - F Yn—1,0-1Un—1)
= (i + -+ in—1Yn-1,1)01
+ ...

+ (I1Y10-1 + -+ In—1Yn—1,n—1)Un-1-

Therefore, the right action of H, on Irr(Nn) is given explicitly:

i1yein_1 1yt Fin-1yn—1,1), 011,01+ Fin-1Yn—1,n-1)"

The index transformation is given by the matrix Y, which is non-singular of free
choice, and since every non-zero vector can be mapped to any other by multiplication
by a non-singular matrix, there are two orbits, {w;, ., ,|ixr # 0 for some k} and

{wo,.0}. We find equations for the stabilisers:

wh = Wi, <= forallveol?, C;r(e(v)) = C;r(ilvﬁrm%"*w"*l)

il,...,in,1 --71.7171

<= forallv o', C;T(H’(V)) =1,

where

0'(v) =0(v) — (i1v1 4+ -+ + ip_1Un—1)
= (i1(yr1 — 1)+ +in1Yn-11)01
+ ...

+ (i1 + -+ i1 (Yn—1n—1 — 1))z
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Setting all but one of the v; to zero in turn, we obtain the equations

in(yn — 1)+ 4+ ip1Yp—11=0

ilyl,n—l + et + in—l(yn—l,n—l — ]_) g O

Choose the representative w; .. o of the non-trivial orbit:

( A
1
1 0 0
Yik € 01,
Stabﬁn (wi0,..0) = Y21 Y22 oo Yon-1
) ) . det # 0
L Un—-1,1 Yn—-12 --- Yn—1n-1 )
= n—1,
with index
|GLya(o)] w1

pra =q
10772 % GL,_2(01)
in H,. In the case of n = 2, this is the trivial group. Applying Proposition 26, the

representation zeta polynomial above wy ¢ is

,,,,,

In the case of the trivial orbit, Stabg (wo,.0) = H, ~ GL,_1(01), and

0 (D) = 7?’GLnﬂ(m) (D>

,,,,,

We can deduce the following formula for the representation zeta polynomial of P,

for n > 2:

R, (D) = Rp, (D" ™Y + Rar, (o) (D).

Note that P, = 1, therefore Rp, (D) = D. O
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Proof of Proposition 38. First note that

1 w1
15 = wy €01 ¢,
0 1

has representation zeta polynomial ¢D, as claimed. From now on, let n > 3. Label

the characters of NV,, by

1 w’h

Xityeosin—1 = 0y, (w1)oiy (w2) . . . 04,y (Wn1).
0 I
1 0 1 0
Let Z = ,and h = . The following formula for the conjugate
v Y 0 7
holds: .
1 0 1wl 1 0 I wi'z
0 Z 0 I 0 7 0 1
Therefore,
b 1wl I wi'z
Xityenyin—1 = Xityeoyin—1
1 0 1
— C;r(n( )
where

n(w) = i1 (wy + vywe + + -+ + Vp_oWy_1)
+io(yriws + -+ + Yp—21Wn—1)
+ ...
+in_1(Y1n—2W2 + -+ + Yn—2n—2Wn_1)
= iqwy + (f1v1 +doyin + - F ln_1Y1n—2) W2
+ ...

+ (i1Vn—2 + i2Yn—21 + - F in—1Yn—2n—2)Wn_1.
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Therefore, there is a left action of H, on Irr(N,) given explicitly by the index

transformation

h _ . .
Xityeoin—1 — Xi1,(4101+i2y11 4+ Fin—191,n—2) s (110n—2Fi2Yn—2,1++in_1Yn—2,n—2) -

For each iy # 0, choosing Y and then taking a free choice of vy,...,v,_o gives an
orbit X, s..o = {Xirsins | 92,---,9n—1 € 01}, which we shall refer to as type (a).
There are ¢ — 1 such orbits, one for each ;.

If i; = 0, the index transformation is given by the matrix Y7, which is invertible of

free choice, giving an orbit
{X0is....in_1 | i # 0 for some 2 < k <n — 1},

which we call type (b). The remaining orbit is the trivial one, {xo. o}, which we
call type (c).

We deduce equations for the stabilisers:

h —1 t tr(z vty — 1 Why —
Xityiin—1 = Xityiny < for all w € of 7Cpr("(w)) = Cpr(“wl+ n—1tn-1)

<= forallwe ol !, g;r(’?'(W)) —1,

where
n'(w) =n(w) = (liwr + - + ip_1wy-1)
= (w1 +ia(yin — 1) + - F i1 Y1n—2)Wo
+ ...
+ (ilvn—Q + 7;2yn—2,1 + -+ in—l(yn—Q,n—Q - 1))wn—l-
Setting all but one of ws, ..., w,_1 to zero in turn, we obtain the following system
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of equations:

iyvr + iy — 1) + -+ in_1Y10—2 =10

11Un—2 4+ toYn—21" "+ in-1Yn—2m-2—1) =0

We find explicit forms for the stabilisers of irreducible representations of N,, in-
side H,,.
Type (a) (¢ — 1 orbits)

For iy # 0,19 = -+ = 1,1 = 0, the system becomes i1v; = -+ = v, o = 0,

therefore v; = -+ =v,_9 =0, and

Stab (Xiy0,..0) = 1 Y € GL,,—2(0y) p,

with index ¢"~2. For each i; # 0,

therefore

n—2
ZRTn|Xi1,0 ..... O(D) = ((] - 1)RGLn72(01)(Dq )
10

Type (b)

For the non-trivial orbit with 7; = 0, we choose i, = 1 and all other 7, = 0. The
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system becomes y;1 — 1 = yo1 = - -+ = yp—21 = 0, therefore the stabiliser is

( 3\
1
1
V1 1 Y12 e Y1,n—2 Vi, Yik € 0y,
Stabp, (X0.1,0,..0) = )
vo 0 Y2 ... Yop—2 det # 0
L Up—2 0 Yn—22 --. Yn—2n—2 J

with index ¢"~2—1. There is an isomorphism Staby, (x0.1.0,..0) = Tn—1 which can be
seen by conjugating by the permutation matrix corresponding to the transposition
(2,3). By induction, we can assume that the representations of this are known, and

deal with the base case of n = 3:

~ 1 w1
StabHS(X()l) =T, = . w €01 p,
which has representation zeta polynomial
RT2 (D) == qD.

For general n, we have

R, (D) =Ry, (DT 1),

|X0,1,0,.4.,o

Type (c)

The group H,, is isomorphic to P,_;. Consider the case of the trivial representation,
Staan(ngﬂo) = Hn

The contribution to the representation zeta polynomial of T, is

,,,,,
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which we know by Proposition 37.
Collecting the representation zeta polynomials above the representatives and
adding them (see Remark 25) will give the representation zeta polynomial of T;, as

claimed. O

3.2 The Representations of G2,

The smallest value of n for which the dimensions of the irreducible representations
of G, are not known to be polynomial for some partition A of n is n = 5. This
is settled in the affirmative for the Jordan canonical forms of type: (5) (abelian),
(1,1,1,1,1) by Green [23], (4,1) and (3,2) by Onn [50], and (2,1,1,1) and (3,1,1)
by Theorem 39. The question is still open in the case of (2,2, 1). Based on computer
calculations for ¢ < 5, we conjecture that for all o:

1 —
Réam.0(P) = (@ = 1P+ 54(a = 1)’D* + (¢ = 1)°D*

(¢ —1)%(qg — 2)DT +2(q — 1)?pla-blatD)

+
-~ |~

=

—1)*D7 + (¢ — 1)(q + 2)Dl~ V(D)

+ o+
DO | —

qlqg — 1°DTE@D 4 (g — 1)%(2q — 1)DUa—Dla+)

+

—~

1
¢ = 1D + 5 (g - 1)*(3g — DT

1 (
+4(q = 1)(q + DU 4 Zq(g — 1)(g + DT

1
+ (g = 1)*(2q + DDTDE 4 (g — 1)} (g — 2D,
If this is true, then Conjecture 5 will be proven for GLs(02) (by Proposition 35).

There are some differences which complicate matters in this case. First, if we

define
1 + pMn(02) p%

0? 1
then H is normal in G with centre Z(H) = diag(1l + pM,(02),1) = Ms(01). In

this case, Z(H) is normal in G, but Z(H) € Z(G), so the argument that every

irreducible representation of H lying above a non-trivial character of Z(H) extends
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to G does not work here.
Nonetheless, we are able to construct the representations of H, and we give a

formula for Ry (D):
Proposition 43. Ry (D) = ¢*D + ¢*(q — 1)(¢ + 1)*D? + q(q — 1)*(¢ + 1)D7.

We use the “Heisenberg lifting” method as before, however the bilinear forms
(-,*)y. obtained in this case may be degenerate. We therefore need the following

generalisation of Proposition 40 (see [57, Corollary 3.3]):

Proposition 44. Let H be a finite group, Z a normal subgroup of H such that H/Z
is elementary abelian, and x € Irr(Z), x # 1 invariant in H. Define an alternating
bilinear form on H/Z by

(h1, ha)y = x([ha, 2)).

Let R,, be the inverse image of the radical of (-, -), under the natural map H — H/Z.
Then x has exactly [R, : Z] many extensions to R, and there is a unique irreducible
representation of H lying above each extension. In the case where Z is a central

subgroup of H, the representation zeta polynomial of H is given by

1
Ru(D) = Ruz(D) + > _[R, : Z]DHH2,
x#1
Outline of the proof. The existence and uniqueness of an irreducible representation
of H lying above each extension to R, can be deduced by taking quotients by R,
and applying Proposition 40. O]

As before, there is a canonical isomorphism Ms(0;) — Z(H) given by @ — 1+wu
for u € Ms(02), and a non-canonical isomorphism My (01) — Irr(Z) given by fixing
a non-trivial character ¢ : 0y — C* and mapping u € Ma(0;) to 1, € Irr(Z) given
by

1+ wv

Py = (tr(uv)).
1
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Throughout, write

14+ wr wv 14w’ wv
hl == ) hQ =
w 1 w’ 1

Given u € Ms(0y), define a bilinear form (-,-), on H/Z(H) by
(h, ha)u = Yu([ha, hal) = Y (tr(u(vw’ — v'w))).

Write R, = Rad(:,-),, and R, for the inverse image of R, under the map H —
H/Z(H). It can be shown that Ry, = gR,g™ !, therefore it suffices to find R, for

representatives u of the GLg(0;)-similarity classes in My(0y).

Proposition 45. The following is a list of representatives of the Glig(01)-similarity

classes in Ms(01) along with their sizes and a description of R, :

1. (scalar) w = alsy, orbit size 1. If a # 0, then R, = Z.

a
2. (split regular semisimple) u = ,a # d, orbit size q(q + 1).
d

If d =0, then
0
1+ pMn<02)
Ru - p2
0 0q 1
If a,d # 0, then R, = Z.
0 1
3. (nonsplit reqular semisimple) u = , where ¥* — 7z + A € oy[z] is
-A T

irreducible, orbit size q(q — 1). In this case, R, = Z.

a 1
4. (split regular non-semisimple) u = ,a # 0, orbit size (¢ —1)(g+ 1).

a
Then R, = Z. Ifa =0, then
14 pMo(og)
u — 0
0 01 1



Proof. Note that

VW] — Viwy  vjwh — viws

!/ /

vw' —v'w = :
VW] — VHWy VoWl — VWe

and that h; € R, if and only if for all hy € H, (hy,hy) = 1, or equivalently, for

all v/, w’ Y(tr(u(vw” — v'w))) = 1. We show (2), since the other cases are proven

a
similarly. Suppose that u = and that for all v/, w’, ¥ (tr(u(vw’ — v'w))) = 1,
d

that is,
Y(a(viw] — viwy) + d(vawy — vyws)) = 1. (3.1)

Suppose first that a # 0,d = 0. Put v} = 0 to obtain ¢(av,w]) = 1 for all w| € oy.
This implies that av; = 0, therefore vy = 0. Similarly, w; = 0. Conversely, if

v; = wy = 0, then Equation 3.1 is satisfied. Therefore,

0
I+ pMn<02)
Ru - P2
0 01 1
If d # 0, similar reasoning gives v; = v, = w; = wy =0, so R, = Z. O

We collect the preceding information to deduce the final expression for the rep-

resentation zeta polynomial of H.

Ru(D) = Ruz(D) + Z |OGL2(01)(U)| R, : Z]D[H:Ru]f
u€Mz(01)\ GL2(01),u0

=¢'D+(¢—1)D" + %(q ~1)(¢—2)-q(g+ 1)D” + (¢— 1) - qlg+1) - ¢°D
+ %q(q ~1)-qlg—1)-D* + (¢ —1)- (¢—1)(g+ DT + (¢ — 1)(g + 1) - ¢*D"
= ¢'D+¢*(q— 1) (g + 1)*D? + q(q — 1)*(q + 1)D7 .
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3.3 Schur Multipliers

We give results about the Schur multipliers H?(GL,(0,), C*). For brevity, we write
G, = GL,(0,).

Theorem 46. There is an infinite chain of embeddings of abelian groups
H*(G,_1,C*) — H*(G,,C*);r > 1.

Proof. Consider the inflation-restriction exact sequence [22, Proposition 3.3.14]:

0— Hom(Gr—ly (CX) Ilfl_) HOIH(GT’ CX) RLSl> HOII](K,(CX)GT*1

Inf2

T B G, ) 2 526, )

(since the action of G on C* is trivial, the first cohomology groups are simply
Hom(G,C*)). By exactness, it suffices to show that the restriction map Res' is

surjective. Indeed, we have

HOHI(K’ CX)Gr—l — {wﬂyﬁ I~ Mn(ﬂrfi),vg S Grfla ¢,8 = ¢§ﬁ§—1}
= {¢ﬁ|ﬁ S Mn(ol)av.g € Gr—laﬁ - gﬁg_l}
= {1/)(1]"’@ S 01},

and by Lemma 36, every 1,;, extends to a character G, — C*; this is precisely the

statement that Res! is surjective. Thus, Inf? is injective. O]

Theorem 47. [78, Chapter 16, Theorem 3.7] Let n > 2 and q a prime power. Then
H?*(GL,(F,),C*) =Z/2 if (n,q) € {(2,4), (3,2),(4,2)}, and trivial otherwise.

In fact, [38] gives two possibilities, 1 and (Z/4)?, for H*(GL3(F4),C*), however
computation in GAP showed that H?(GL3(F,),C*) is trivial.

Theorem 48. [0, Corollary 2.1.15] Let G be finite and N a normal p-subgroup
of G. Then the p'-parts of H*(G,C*) and H*(G/N,C*) are isomorphic.

Given a finite abelian group G, there exist unique groups H, and H, such that
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G = H, x Hy, |H,| is a power of p and p does not divide |Hy|. We call H, the
p-part of G and H,, the p’-part of G.

Theorem 49. For alln > 2 and allr > 1, the p'-part of H*(GL,(0,.), C*) is trivial.

Proof. Put N = K' =1+ pM,,(0,) in Theorem 48 to conclude that the p’-parts of
H?(GL,(0,),C*) and H?(GL,(0;),C*) are isomorphic. By the list given in Theo-
rem 47, the p’-part of H*(GL,(0;),C*) is trivial. O

Given n and r, and two rings o and o’ with equal residue cardinality, we may
have |H?(GL,(0,),C*)| # |H*(GL,(0.),C*)|. For example, we have checked us-
ing GAP that H?*(GL3(Z/27Z),C*) = 1, but H*(GL3(F3[t]/(t*)),C*) = (Z/3)>.
This appears as an obstruction when one attempts to formulate Conjecture 5 for
projective representations in general; one would need a canonical bijection between
H?(GL,(0,),C*) and H*(GL,(0.),C*), however the example shows that no bijec-

tion exists.
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CHAPTER 4

Polynomial Results for Smooth Affine Group Schemes

In this chapter, we prove Theorem 2. In order to do this, we prove Theorem 51,

which is a polynomial analogue of [26, Theorem 4.0.2]. In Section 4.1, we also
employ an argument due to Geck [19] to deal with the reductive case. The new
results in this chapter can be found in [35]. For background material about schemes,

see Appendix A.4. For an introduction to affine group schemes, see Appendix A.4.1,
and for affine varieties and Frobenius maps, see Appendix A.4.2.

Tao [59] defined the notion of complexity of a variety over an algebraically closed
field. We will use a notion of Hadas [20, Definition 3.1.1] which is valid for varieties
over fields which may not be algebraically closed.

Suppose F is a field and V' is an affine F-variety (i.e. a reduced affine F-scheme
of finite type over F) equipped with an F-embedding (i.e. a closed immersion of
F-schemes) 2 : V' — AE; this corresponds to a surjective F-algebra homomorphism
7 Flzy,...,2,] = R, where V = Spec R. Consider the morphism obtained after
extending scalars to F: 1 : Vg — Ag. This corresponds to an F-algebra homomor-
phism 7z : Fla1,...,2,] — R ®p F. Since the functor — ®p F is right exact, 7z is

also surjective, and 7 is a closed immersion.

Definition 50. The complexity of V' is the smallest integer M > n such that Vi
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is the zero set of at most M polynomials, all of degree at most M. That is, M > n
is minimal such that there exists a generating set of ker 7 containing at most M

polynomials in F[zy,...,z,], all of degree at most M.

The complexity of a variety depends on the embedding. However, this does not
matter since we will work with closed subgroups of GL,,, which are varieties already
equipped with an embedding.

Following [20], let F be a finite field and define A(n', Maim, Memp, F) to be the set
of all reduced group schemes over F with dimension at most Mgy;,, and complexity
at most Mmp, equipped with a closed immersion into (GL,)r. If we say that an
affine group scheme G over F is connected, reductive or unipotent, we take this
to mean that the extension of scalars G xp F is connected, reductive or unipotent,
respectively.

If G is a group scheme over o,, we can apply the Greenberg functor (see Sec-
tion 4.3.1) to obtain an algebraic group over oy, therefore we aim to prove the

statement for algebraic groups over finite fields. It was shown in [26, Theorem 4.0.2]

that there exists a bound, uniform in |F|, on the cardinality of the set

U dimirr(G(F)).
GEA(' ,Myim,Memp F)
The following result states further that the dimensions of the representations of G(IF)
are given by evaluating finitely many polynomials at |F|. It is the main step in

proving Theorem 2.

Theorem 51. [75, Theorem 28] For all n', Maim, Mcmp € N, there ezists C > 0 such
that for every prime p > C, there exists a finite set of polynomials Ry v, Mem, © Q[2]

such that for every finite field F of characteristic p,

U dimirr(G(F)) € {m(|F|)|m € Ry ayMomy | - (4.1)
GEA(W/,MdivacmpaF)

We give a preliminary outline of the proof; the full proof can be found in Sec-

tion 4.3. The proof follows that of [26, Theorem 4.0.2], with the difference that we

employ the argument of Section 4.1 to deal with the reductive case, and we argue
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at each step that the dimensions of the representations constructed are in fact given

by finitely many polynomials.

Outline of the proof of Theorem 51. We consider groups G € A(n', Mgim, Mcmp, F)
and reduce to the case where G is connected, and then work by induction on Mgj,.
The dimension zero case is now trivial, since the only connected group of dimension
zero is the trivial group. For higher dimensions, we deal with the reductive case by
Section 4.1, and the unipotent case by the Kirillov orbit method (see [26, Corollary
4.3.2]).

If G is neither reductive nor unipotent, let the unipotent radical be U. Given
p € Irr(U(F)), it was shown in [206, Lemma 4.3.4] that subject to the assumption
that charF is large, Stabgw(p) = K(F) for some closed subgroup K of G with

bounded complexity. This leads to two cases:

1. If K = G, we will arrange for p to be large enough so that H*(G(F)/U(F),C*) = 1.
In this case, p extends to p € Irr(G(F)) and we can apply Proposition 22
to conclude that Irr(G(F) | p) = {p ® ¢ | ¢ € Lr((GF)/U(F))}. Since
G(F)/U(F) = (G/U)(F) is the F-points of a reductive group, this case has

already been covered.

2. If K # G, then dim K < dim G, since G is connected. Since K comes with a
complexity bound, we can apply the inductive hypothesis to K (that is, the
dimension of the irreducible representations of K (F) are given by finitely many
evaluated at |F|). In Lemma 74, we show that the cardinalities |G(IF)| of groups
G with bounded dimension are given by finitely many polynomials. Hence, we
show that the quantity [G(F) : K(IF)] is given by finitely many polynomials.
The dimension of a representation induced from the stabiliser K (F) is then
given by a product with the index [G(F) : K(IF)], which is therefore also given
by finitely many polynomials.
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4.1 Finite Groups of Lie Type

Our aim in this section is to show that reductive groups have the polynomial property

of Theorem 2, that is:

Theorem 52. Let q be a power of a prime and G be a connected reductive linear

algebraic group over F,. There exists a finite set R C Q[z] such that for every d > 1,
dimirr(G(F,q)) € {m(¢*)|m € R}.

This result follows from the classification given by Lusztig [15, 16], however we

give an argument due to Geck [19, Remark 4.2].

4.1.1 Deligne-Lusztig Theory

It can be shown that if F' is a Frobenius map on a connected reductive group G
over E, the fixed points G form a finite group, known as a finite group of Lie
type. We will be interested in the representations of these groups. A partition of
the representations was done by Deligne and Lusztig [15], which we outline:

Let T be an F-stable maximal torus (i.e. F'(Ty) C Ty), contained in an F-stable

Borel subgroup By (such a torus is called maximally split).

Definition 53. For w € W, define
To[w] = {t € To|F(t) = w 'tw},

where w is a lift of w to Ng(Tp); this is independent of the choice of representative,
since T is normal in Ng(Ty)). Where we need to make reference to the Frobenius

map F', we write To[w, F].

Following [20], if G is a group acting by algebraic automorphisms on a variety X,

then for each i, H!(X,Q;) is a Q;[G]-module, where each g € G acts via (g*)~!.!

'Each ¢ induces an automorphism X — X, and any morphism f : X — X’ induces a linear
map f* : &(X’ ,Q)) — H{(X, Q) by functoriality. Therefore, g induces a linear automorphism g*
of Hé(Xa Ql)
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The Lefschetz number of g on X is defined as

£(g.X) = Y (=1) tx(g, H(X, Q)).
i€
Define the set X = {(w,0) | w € W,0 € Irr(Ty[w])}. Given (w,0) € X, one
defines the Deligne-Lusztig character R’ associated to the pair (w,6) as follows:
let w be a lift of w to Ng(Ty). Denote by L : G — G, L(g) = g 'F(g) the Lang-
Steinberg map. Then G x Ty[w] acts on the variety L1 (wUy) by (g,t) -2 = gat~L.
This induces an action of Q;[G x Ty[w]] on H*(L™'(wUy),Q;). We set:

1

0 _
Bol0) = )

S (g1, £ (@U,))6(1).

teTo[w]

One can show that RY is a virtual character of G, that is, a Z-linear combination

of characters of GF'.

4.1.2 Polynomial Property for Finite Groups of Lie Type

The objective of this subsection is to prove the following:
Proposition 54. For all Mgy, > 0, there exists a finite set Trean,,, C Q[z] such

that for every prime p and every finite field F of characteristic p,

U dimirr(G(E) C (m(F)m € Teauy,} -

dim G<Mgim
G connected, reductive,
defined over F

The proof follows an argument due to Geck [19], which we outline here.

Proposition 55 (Inner product formula). [20, Ezample 2.5.22] Let R?  R?, be two
Deligne-Lusztig characters. Then W acts on X by = - (w,0) = (zwF(z)~',%0), and

(Re, Riy) = {z € W |2+ (w,0) = (u,60)}].

In particular, 0 < (R’ R?,) < |W].
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Proposition 56. [20, Example 2.3.23] The regular character of G can be written

as

1
Xreg — W Z Z RZ(l)RfH

weW Oelrr(Tolw])

Corollary 57. [11, Corollary 7.5.8] Every p € Irr(GE) occurs in some Deligne-

Lusztig character RY.

Proof. Write

dlmp = <p7 Xreg)

:ﬁz SRR, ).

weW elrr(Tolw])

Then one of the terms in the sum must be non-zero, in particular (R? p) # 0 for

some RY. O
We refer to [20, §2.4] for the following definitions:

Definition 58 (Norm map). Given w € W and F' : Ty — Ty, define wF : Ty — T
by (wF)(ty) = wF(to)w™". We say d > 1 is admissible if it is a multiple of the
order of the induced Frobenius map F : W — W and (wF)¢ = F? on T, for
all w € W. The dth norm map is

Npajp: To— To;  t > tF(t) ... F7(t).

We define Néw) = N(wF)d/wF : TO — To.

Since, by [20, Lemma 2.3.1], Nc(lw)(ng) = T%F = Ty[w], we can consider Ncgw)
as a surjective map TE" — Tolw).

Note also that Ng(To)*" acts on Irr(TE) by conjugation. Since TE” is abelian,
it acts trivially and the action descends to an action of Ng(To)F"/TE = WF* = W

on Irr(TE).

Definition 59. Let wy,wy € W and 6; € Irr(To[w]), 62 € Irr(To[ws]). Then

(wy,01) and (ws,02) are geometrically conjugate if there exists an admissible
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d> 1 and y € W such that 6, o NC(IW) =Y 0 Ncgwl)), or equivalently, 6; o Néwl)

and 0, 0 N, (ng) are in the same orbit of the action of W on Irr(TE").

Note that w; and wy do not have to be conjugate in W in order for (wy, 61) to be
geometrically conjugate to (ws, 03); indeed, these pairs are necessarily geometrically
conjugate when ¢, and 6, are the trivial characters of To[w;] and Tg[ws] respectively.

We say that two virtual representations, Ry, Ry of a group G are disjoint if for
all p € Irr(G), either (Ry,p) = 0 or (Ry,p) = 0. The following important result

relates geometric conjugacy with disjointness of Deligne-Lusztig characters.

Proposition 60 (Exclusion theorem). [20, Corollary 2.4.24] Let wy,wy € W and
0, € Irr(Tolun]), 02 € Irr(Tolws]) be such that (wy,6r) and (wa,bs) are not geomet-

rically conjugate. Then RZ}I and Rsz are disjoint.

Proposition 61. Let p be an irreducible representation of G, occurring in some

Deligne-Lusztig character, R%. Then
(RS, P < W2,
Proof. Write R? as a Z-linear combination of irreducible representations:
R}, = e1p1 + -+ + expr,

where p; = p. Then
(R, Ry) =i+ + e

By Proposition 55, the inner product of two Deligne-Lusztig characters is bounded

above by |W|. Therefore, we have (R? p)? = ¢? < |W]|, and the result follows. [
We record the following useful result:

Lemma 62. [/1, p.33] Let p be a prime and G an algebraic group over IET, with
Frobenius map F, and H a connected F-stable closed subgroup. Then there is a

canonical bijection GF JHY « (G/H)T.

To prove this, we require the following theorem of Lang and Steinberg (see, for

example, [11]):
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Theorem 63. Let H be a connected algebraic group over]FTp with Frobenius map F'.

Then the map H — H; h — h='F(h) is surjective.

Proof of Lemma 62. The map GI'/H" — (G/H) given by ¢gH" — gH is well-
defined and injective. Let gH € (G/H)*. Here, F(g)H = F(gH) = gH, therefore
g 'F(g) € H. By Theorem 63, there exists h € H such that g7 F(g) = h=1F(h),
so F(gh™') = gh™!, that is, gh~' € GI". Therefore, gh'H" — gh/'H=gH. [

Proposition 64. [20, Lemma 2.3.5] Let w € W and 6, € Irr(To[w]). There are
at most |W| choices of 0y € Irr(To[w]) for which (w,02) is geometrically conjugate
to (w,6).

Proof. Let d > 1 be admissible as in Definition 59 and fix w € W. Since the
map thw) : T — Ty[w] is surjective, the map Irr(To[w]) — Irr(TE’) given by
0+ 0oN éw) is injective (this follows from the left-exactness of the functor Irr(—) =
Hom(—,C*) from abelian groups to sets). Since the size of each W-orbit on Irr(TE")
has size at most [W/|, and 6o N, ng) are distinct for distinct 0, there are at most |[W|
choices of # for which # o N éw) lie in the same orbit. Equivalently, there are at most

|W| choices of 6 for which (w,#) lie in the same geometric conjugacy class. O
Before continuing with the discussion, we state the following useful result:

Lemma 65. [01] Suppose f,g € Q|x] and that % € Z for infinitely many a € 7.
Then g | f in Qlx].

Proof. Applying Euclidean division, there exist ¢,r € Q[z] such that f = qg+r and
degr < degg.

We are given that
f(a)
9(a)

() + "@)
SOt <7

for infinitely many a € Z. Suppose that n € Z is such that ng € Z[z|. This implies

wria) _nfl@) g

gla)  g(a)

for infinitely many a € Z. Since degr < degy, Zr—(m) tends to 0 as * — Fo0. In

(z)
particular, @) can only attain non-zero integer values in some bounded interval

g(z)
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[— K, K], so there are still infinitely many a € Z such that |a| > K and %(5) € 7.
In particular, for such a, r(a) = 0. Since r has infinitely many roots, we have r =0

and the result follows. O]

For a connected reductive group G with Frobenius map F', one can assign a
positive real number ¢ as in [I1]. In this thesis, this will be equal to the order

of the finite field over which G is defined (see Appendix A.4, Definition 141 and

Proposition 142 for details).

Proposition 66 (Deligne-Lusztig character degrees are polynomial). Let G be
connected and reductive with Frobenius map F and F'-stable maximally split torus
Ty. For every w € W, there exists f, € Q[z] such that for all d > 1 and all
0 € Trr(To[w, F9), R° (1) = fu,(q%), where R is a virtual representation of GF*.

Proof. The following argument is due to Geck [19, Remark 4.2]. Denote by n, the
p/-part of the integer n, that is, the unique integer m coprime to p such that n = p‘m
for some integer 4. By [11, Theorem 7.5.1], R% (1) = £[G"" : Ty[w]],/, where the sign

depends only on G and w. By [l 1, §2.9], we can write

G"| =12 1" T[] = 1) > ¢,

weWF

where the product runs over orbits J of simple roots of G, I(w) is the minimal length
of an expression of w as a product of the Coxeter generators of W, and Z° is the
connected component of the centre of G.

By [11, Proposition 3.3.8],

| To[w]l = [(Z°)" |x(q)

where Y is a polynomial depending only on F,w and the semisimple algebraic

group G’ such that G = G’Z°. Since p does not divide |To[w]| [I1, p.83], we
see that
G" : Tofu)y = L= D Senor 7
x(q)
which is a polynomial in ¢ by Lemma 65. ]

26



Suppose that p € Irr(GY). Then writing the regular character of G in terms

of Deligne-Lusztig characters by Proposition 56, we obtain

dimp = <Xreg7/0>

Z Y. Ru((RL,p)

wGW Oclrr(To[w])

:,i S Y (B )

wEW Oclrr(To[w])

By Proposition 64, the inner sum has at most |W| non-zero terms, and for each 6,

we have [(R% p)| < [W|z. Therefore, the finite set of polynomials

R = {|W| > awfu

weW

Ay € Z, |ay| < \WP}

will give all the dimensions of the irreducible representations of G'. This completes

the proof of Theorem 52.

Proof of Proposition 54. Even though the polynomials f, in the proof of Proposi-
tion 66 depend on the Frobenius map, for a collection of connected reductive groups
with bounded dimension, there are finitely many root systems (and hence finitely
many possibilities for the Weyl group and the sizes of the orbits of simple roots).
Since x is a polynomial dividing the numerator in the expression for [G* : To[w]],/
(as polynomials, by Lemma 65), we get finitely many options for the polynomial
fuw overall. The parameter ¢ in Definition 141 is equal to |F|; see the proof of
Proposition 142 (Appendix A.4.2). ]

We shall also require a similar polynomial result for the cardinalities of F-points

of reductive groups:

Lemma 67. Let Mg, be a non-negative integer and p a prime. There exists a finite
set of polynomials Reararea € Q[z] such that for every reductive group G defined over

a finite field F of characteristic p with dimension at most Mg,

|G(F)’ € {m(|]F|) | m e Rcard,red}'
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Proof. By the formula for the F-points of a reductive group G,

G| = 1Z) IV [ [ = 1) > ¢ (4.2)

weWF

Since Z° is a torus with dimension at most My;,, we have
(Z9)" e {(a—1)" |1 <i < M}

Since N = |®*] is the number of positive roots, N < Mgy, Since J runs over orbits
of the Frobenius action on the simple roots, we must have |J| < Mgy, so there are

at most My, factors, each of degree at most My;,,. Therefore,

[[@" =D e{d =1 ...(¢" = 1) | I £ Maum, ji- < Maimn for all k}.

J
Since for w € WT' its length is at most the number of positive roots |®T| (see
e.g. [I1, Proposition 2.2.11]), we have [(w) < Mgy also. Since the Weyl group is
determined by the root system of G, and there are finitely many options for the root
system of a reductive group of bounded dimension, there exists Cywey(Maim) > 0,

depending only on Mg, such that |[W| < Cyweyi(Maim). Therefore,

CWeyl(Mdim)
Z ¢ e Z q"|a; < Mgim
weEWYF i=1

Putting all of the above polynomials together, define
Cweyl (Mdim)

Rcard,red - (LL' - 1)i1xi2 (le - 1) cee (mjl - 1) Z " Z.lv i2a l7jk7 a; S Mdim

By its construction, the set Reararea € Q[x] and has the required property. O
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4.2 The Kirillov Orbit Method and its Consequences

In [12], Kirillov gave a complete description of the irreducible representations of a
simply connected nilpotent Lie group; they are in bijection with the coadjoint orbits
on the Lie algebra. We give the analogue of this bijection in our setting of algebraic
groups, and give corollaries regarding the stabilisers of representations of U(IF), with
a view to applying Clifford theory. For the following statement of the orbit method,
see [26, Theorem 4.3.1].

Theorem 68 (The Kirillov Orbit Method). Let n > 1 be an integer, F a finite
field of characteristic p > n, g a nilpotent Lie subalgebra of M, (F) defined over F

and G = exp(g). Fiz a nontrivial character ¢ : T — C*. Then there is a bijection

g(F)"/G(F) — Ire(G(F))

QHXQ)

where G(F) has the coadjoint action on g(F)* given by (g- \)(z) = Mg~ 'zg), and

w(l
Xa(9) \/WZSO og(g

we
The size of each orbit Q is an even power of |F|, and dim xq = /|9
The following results are corollaries of Theorem 68; see [26] for the proofs.

Lemma 69. [0, Corollary 4.3.2] For all ', M > 1, there exists Cyni(n', M) > 1
such that for every finite field F of characteristic greater than Cyni(n', M), and every
unipotent subgroup U of (GLy )y which is defined over F and has complexity at
most M,

{dimp| p € ir(U(F))} C {|F* | 0 < k < (n')?}.

Lemma 70. [20, Lemma 4.53.4] Let n', M € N. There exist Cyonhomog('s M) > 0
and Cgan(n', M) > 0 such that for every prime p > Cgan(n', M), every finite field
F of characteristic p, every closed connected subgroup G of (GL,/ )z defined over F
and of complexity at most M, and every x € Irr(R,(G)(F)), there exists a closed
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subgroup K of G, defined over F and of complexity at most Cyonhomog(n's M), such
that Stabgw(x) = K(F).

4.3 Proof of the Polynomial Result

We prove Theorem 51, and deduce Theorem 2 in Section 4.3.2. First, we need to

deal with the homogeneous case:

Lemma 71. [20, Lemma 4.2.1] For every m € N, there exists Cy2(m) > 0 such
that for every prime p > Cyz(m), every finite field F of characteristic p and every

connected reductive G defined over F of dimension at most m, H*(G(F), pp=) = 1.

Lemma 72. [20, Corollary 4.2.6] Let p > Cyg2(1 + dim G) and G a connected
linear algebraic group defined over a finite field F of characteristic p with unipotent
radical U. Then every p € Irr(G(F)) whose restriction to U(F) is homogeneous has
the form p = m ® my, where m is the pullback of a representation of (G/U)(F) to
G(F), and my is the extension of a representation of U(F) to G(F).

We also need a result (Lemma 74) which shows that the cardinality of F-points
of algebraic groups with bounded dimension are given by finitely many polynomials.

It is a generalisation of the reductive case proved earlier (Lemma 67).

Definition 73. [20, Lemma 4.5.1] Let n/, Maim, Mcmp be given, and F a finite field.
Define
GC<n/7 Mdim7 Mcmpu F) - {‘G(F” ’ G € A(n/7 Mdim7 Mcmp7 ]F)}

The following result is an analogue of [20, Lemma 4.5.1], with polynomials in

place of an upper bound on |GC(n', Mgim, Memp, F)].

Lemma 74. Let n', Maim, Memp be given. There ezists Ceara(n', Maim, Memp) such
that for all p > Ceara(n', Maim, Memp), there exists a finite set Reard ' Map,Momp <

Q[z] such that for every finite field F of characteristic p, we have
GC(n', Maim, Memp, F) € {m(|F|) [ m € Reara}-
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Proof. Let G € A(n', Maim, Memp, F). Let U denote the unipotent radical of G°. By

Lemma 62, we have
|G| = [(G/G°)IF)] - [(G°/U)(F)| - |U(F)].

By [20, Lemma 3.1.2], there exists Ciyed(Memp), depending only on My, such that
G has at most Ciyred (Memp ) geometrically irreducible components. Thus, [(G/G°)(F)| <
Cirved (Memp)-

Since G°/U is reductive, by Lemma 67 there exists Reararea € Q] finite such
that for all finite fields I,

((G°/U)(E)| € {m(|F]) | m € Reard,rea}-

Since U is unipotent, |U(F)| is a power of |F|, and by the dimension bound, |U(F)| €
{1,|F|,..., |F|Mam} (see e.g. [18, Theorem 4.2.4]). By the above construction, the

set
Rcard = {am(x)xb ’ 1 S a S Cirred<Mcmp)7 m e Rcard,red7 1 S b S Mdim}

satisfies the required properties. ]

Proof of Theorem 51. By [59, Lemma 11}, there exists Cic(Memp) > 0 (assume it is
an integer) such that for every finite field IF and every G € A(n', Maim, Mcmp, F), we
have

[G(F) : G°(F)] = [(G/G°)(F)] < Cie(Memp),

and that the dimensions of the representations of G(F) are sums of dimensions of
representations of G°(F) with at most Cic(Mcmp) terms. Therefore, if the result
holds for connected groups, it holds for GG, so we assume that G is connected.

We argue by induction on My;,. For the base case, Mgy, = 0, the only con-
nected zero-dimensional closed subgroup of (GL,, )z is the trivial group, so we choose
Ry o, Memy = {1} We proceed with the inductive step.

Step 1: Reduce to those G which are neither reductive nor unipotent.
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We assume for induction that for all M, € N, there exists a finite set of polyno-

mials Ry ary —1.0. . C Q[z] such that for every I of characteristic p,

s emp

U dimirr(G(F)) C {m(|F|)|m € Ru ag-1011, } -
GEA(nldeim_LM, IF)

cmp?

We need to show that there exists a finite set Ry ar,;. Mom, € Q[2] such that

g dimirr (G(F)) € {m(|F[)|m € Ruv sty Moy } -
GEA(”I,Mdivacmva)
Consider the case where G is reductive. By Proposition 54, there exists a finite set

Tred, My, © Q[z] such that for every prime p and every finite field F of characteristic p,

U dimirr(G(F)) € {m(|[F|)|m € Trears,,.}-

GEA(TLI 7Mdim7Mcmp a]F)
G reductive

Consider the case where G is unipotent. We may assume p > Cupni(n', Memp),
and by Lemma 69, there exists a finite set Tyniar,,, € Q[z] and Cyp; > 0 such that

for every finite field F of characteristic p,

U dimirr(G(F)) € {m(|F|)|m € Tunirzg,} -

A e
In fact, Lemma 69 implies that we can choose Tyni gy, = {1, 2, .. ,x("/)Q}.
Step 2: Homogeneous and non-homogeneous restrictions to U([F)
Let U = R,(G) and suppose now that U # 1,G and p € Irr(G(F)). In order to
apply the results of Section 4.2 onwards, we need to assume that p is large enough
relative to the dimension and complexity of the groups in question. We bound p
below by functions of n', Mgi, and M, which is allowable since the quantifiers for
n', Maim and My, come before the lower bound for p in Theorem 51. We split the
)

proof into two cases, depending on whether or not Resgg) p is homogeneous.

Our assumptions on p will allow us to conclude that dim p is either:

(a) a product of dimensions of irreducible representations of U(F) and (G/U)(F)
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(the homogeneous case), or

(b) a product of [G(F) : K(F)] and the dimension of a representation of K(F),
where K is a proper closed subgroup of GG defined over F, with bounded com-

plexity (the non-homogeneous case).

Step 2(a): The homogeneous case
If Resgg; p is homogeneous, we may assume that p > Cp2(1+ Mg, ). By Lemma 72,

p is a tensor product of an extension of a representation of U(F) with a pullback of

a representation of G(F)/U(F) = (G/U)(F)). Define
ThomOg»Mdim = {m1($)m2($)‘m1 € TunideinH m2 S Trededim}'

Then since U is unipotent and G /U is reductive, for every finite field F of charac-

teristic p,
imp | p € Irr , Res; /m p is homogeneous
di Irr (G(F)), Resgi(g) p is h
GG-A(nldeivacmva)
Ru(G)#1,G

C {m(|F]) [ m € Thomog, My }-

Step 2(b): The non-homogeneous case
We claim that there is a finite set Thonhomog, My, & @[z] such that for every finite

field F of characteristic p,

U {dimp | p € Irr(G(F)), Resg(g p is non-homogeneous}

(
GEA(nldeivacmp’]F)
Ru(G)#1,G

- {m(|]F|) | m € Tnonhomog,Mdim}'

If Resggg; p is not homogeneous, let 1) be an irreducible constituent of Resg% p

and assume that p > Cgpab (', Memp). By Lemma 70, there exists a proper closed
subgroup K < G, defined over F, with K € A(n, Maim — 1, Cronhomog(7's Memp), F)

such that Stabg) () = K(F). Hence, by part (2) of Proposition 22, there exists
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6 € Irr(K(F) | ¢) such that p = Indi((]?)é. Comparing dimensions,

dimp = [G(F) : K(F)]dim6.

Assume that D> Ccard<n,7 Mdinm Mcmp> and P > C1canrd (n/’ Mdim—la Cnonhomog (nla Mcmp))‘

By Lemma 74, for every finite field IF of characteristic p,

[G(F) : K(F)] =

where my € Rcard,n’,Mdim,Mcmp and me € Rcard,n’,Mdimfl,C Therefore,

nonhomog (n/ 7Mcmp) :

we obtain a finite set of rational functions

m ml 6 Rcardvn/:Mdivacmp7 g Q(w)

ma
m2 E Rcardvn’7Mdim7lvcnonhom0g(n/7Mcmp)

If there are infinitely many F such that my(|F|)/mq(|F|) = [G(F) : K(FF)] for some
pair (G, K) appearing in the process, then mj/ms is a polynomial by Lemma 65. If
there are only finitely many F such that m(|F|)/mq(|F|) = [G(F) : K(F)] for some
(G, K), then replace m;/mgy with the values [G(F) : K(IF)] for all such F; this is a
finite set of integers. We obtain a finite set of polynomials Tingex ar,,,, € Q[z] with

the property that for all F of characteristic p,
[G(F) : K(F)] € {m([F[) | m € Tinaex,Mu. }-
By the equation dim p = [G(F) : K(F)] dim 6, the finite set
Thonhomog, My = 173(2)M4(7) | M3 € Tindex,Maim> M4 € Ty —1.Cronnomos (/s Memp) }

has the property that for all finite fields I of characteristic p, all G € A(n', Maim, Memp, F)
and all p € Irr(G(F)), we have dim p € {m(|F|) | m € Thonhomog, My, }» 8 claimed.

Step 3: Conclusion
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Since we already have defined R, o .,,,, define Ry a0 M., inductively by:

Rnl7Mdim7MCrﬂp = Rn/deim_lchmp U 7—‘1"‘~D/(:1a1‘4(‘lim U Tunindim U ThomogaMdim U Tnonhomog,Mdim'

By the construction in the inductive step, Ry a1y, Mem, has the required properties

in the statement of the theorem. O]

4.3.1 The Greenberg Functor

Throughout this section, let o be the ring of integers of a non-Archimedean local
field with finite residue field &k, and o’ an unramified extension of o with residue
field &'

In [24], Greenberg constructed a functor, Gr}_;, mapping schemes of finite type

over 0, to schemes of finite type over k, with the property that
Gry 1 (X)(k) = X (o).

Proposition 75. If X is smooth and affine of finite type over o,., then Gr,_(X) is
smooth and affine of finite type over k. Furthermore, Gr,_, preserves fibre products,

so if X is a group scheme, then Gr)_,(X) is also naturally a group scheme over k.

Proof. This result is the content of Corollary 1 of Proposition 4 and Corollary 4 of
Proposition 6 in [24], and [25, Corollary 1]. O

We also require the following result of Nicaise and Sebag |18, Proposition 3.3]:

Theorem 76. Let X be a scheme of finite type over o,.. Observe that ol is an

0,.-algebra via the natural map o, — ol.; this induces a isomorphism of k'-schemes:
Cr®_ (X)) xp K =2 CGr® (X x,, o).

This result is stated only for finite extensions o’/0 in [18], however the proof does

not make use of the assumption that the extension is finite.
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4.3.2 Proof of Theorem 2

We can now prove a polynomial result for unramified extensions of a fixed base field:

Corollary 77. Let G be a smooth affine group scheme over Z and r > 1 be an
integer. There exists C' > 0 such that for every p > C' and every non-Archimedean
local field K with finite residue field of characteristic p, there exists a finite set of
polynomials R C Q[z]| such that for every o which is the valuation ring of some finite

unramified extension of K,
dimirr(G(o,)) C {m(|os])|m € R} .

Proof. Let ¢4 = Gr,)_,(G Xz 0,), an algebraic group over F,, where ¢ = |o1]. Then
G(o,) =2 ¢4(F,). By Theorem 76, all such ¢ are given by extension of scalars from
% = Gr,*,(G). Therefore, all such ¢ have the same extension of scalars to an
algebraic group over E, which is contained in some A(n/,d, ¢,F,). The result now

follows from Theorem 51. ]

Note that the Greenberg functor does not preserve the property of group schemes
being reductive, which is why we have to treat the non-reductive case in Theorem 51.
We would like to extend Corollary 77 to all non-Archimedean local fields K
with finite residue field. It is already known that such K must be isomorphic as a
topological field to either F,((¢)) or a finite extension of Q,. As it turns out, we can

ignore the case where K has ramification index greater than or equal to r over Q,.

Proposition 78. Let K be a finite extension of Q, or F,((t)) with residue cardinal-
ity q¢ and ramification index e > r. Then ok /P = F [[t]]/(t").

Proof. Let L be the maximal unramified extension of QQ, contained in K. Write

pr, px for the primes in L and K respectively. There are natural maps

F,=o05/pr — 0k /pf — 0k /Pk.

The first map is well-defined because p% = prox 2 pr, and the second natural map

is well-defined because e > r. Therefore, ok /p} is naturally an F,-algebra, and we
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can extend to a map

Fol[tl] = ok /pk
by mapping t — w. This latter map is surjective with kernel (¢"). O
We are now ready to prove the main result of this chapter.

Proof of Theorem 2. For the moment, fix a finite extension K/Q, of ramification
index e < r and residue degree f. Since the lower bound for p (C' in the statement
of the theorem) is allowed to depend on 7, we can assume p > r so that p does not
divide e, and K is tamely ramified over Q,. Denote by K" the maximal unramified
extension of K, which has residue field F, (see Proposition 106). By Corollary 104
(Appendix A.1), we can write L = K™ = Q™ (¢/p) and %.r = Gry™ (G ppr ),
where Gy jpr. = G Xz 05 /. By Theorem 76 applied to the extension or,/ox, we

get

4

= A or, r
0K, Xpr ]Fp = Grril(GgK/pTK XoK/p;{ OL/pL)

= GriL—l(GOL/pZ)a

which does not depend on K. Therefore, if K; and K, are extensions of @, with
ramification index e, then &%, , and &, . have the same extension of scalars 7 to
the residue field of K™ = Ky™ = Q™ (y/p). We can now repeat the argument of
Corollary 77: since ¢ is contained in some A(n',d, c,F,), there exists C, > 0 such
that for all p > C,, there exists a finite set R, C Q[z] such that for every o which is

the valuation ring of an extension of @, of ramification index e,
dimirr(G(o,)) C {m(|o1]) | m € R.}.

Now apply Corollary 77 in the positive characteristic case to get Ct,, > 0 such that

for all p > Chyy, there exists a finite set Rg,, € Q[z] such that for every power ¢ of p,

dimirr(G(F,[[1]/(t")) € {m(q) | m € Ry}
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Choose C' = max(C1,...,C,_1, Cpy) and let
r—1
R= Rfun U U Re

e=1

for the result.
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CHAPTER b

Application of Motivic Integration to GL,,(0,)

5.1 The Weak Onn Conjecture for Large p

Throughout, fix integers n,r > 1. For a local field K and d > 1, denote by K@ the
unique unramified extension of K with degree d.

Let G be a smooth affine group scheme of finite type over Z. In [26, Theo-
rem 1.1.4], Hadas showed that for all » > 1, there exists C' > 0 such that for all
prime p > C' and every power g of p, there is an isomorphism of group algebras
C[G(OQéd) /p?”Qéd))] = CIG(F,[[t]]/t")]. An essential part of the proof is the result [2,
Proposition 3.0.2] that for every scheme X of finite type over Z and every integer

r > 1, there exists C' > 0 such that for every prime p > C and every power ¢ of p,

[ X (0gm /pg)l = |X(E[[H]/ (7)1
The proof follows from results of [12, §9]; we will explain why this is the case in

Section 5.2. The same argument generalises to obtain the following result:

Theorem 79. Let X be a scheme of finite type over Z and r > 1 an integer. There

exists C' > 0 such that for every prime p > C, and every non-Archimedean local
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field K with finite residue field and residue characteristic p,

[ X (oxc /)| = [X(F[[2]]/ (1)1

This result is “folklore” for experts. Before proving Theorem 79, we summarise
the argument in [26] which shows that Theorem 79 implies Theorem 8.

The following result is due to Frobenius (see e.g. [11, Lemma 3.1(ii)]):

Proposition 80. Let G be a finite group and m an integer. The number of solutions
to the equation [T1,y1] ... [Tm,ym| = 1 in G is |G|*""(c(2m — 2), where (g is the

representation zeta function of G.

We need to determine when the representation zeta functions of two finite groups
are equal. It turns out that we only need to check whether they agree on a finite

(but sufficiently large) number of points.

Lemma 81. [20, Corollary 5.0.2] Let G, Go be finite groups, and k an integer such
that | dimirr(Gy)| < k. Then if (g, (s) = (a,(s) for 2k + 1 distinct values of s,

then CG1 = CGQ .

Lemma 82. (c¢f. [20, Lemma 5.0.3]) Let G be a smooth affine group scheme of
finite type over Z, r € N and m € NU{—1}. Then there ezxists C' > 0 such that for

every prime p > C', every p-power q and every non-Archimedean local field K with

residue cardinality q, o,/ (2m) = Caox /py) (2M).

Proof. For m = —1, the statement is equivalent to Theorem 79 for X = G. Form > 1,

Theorem 80 gives
Caton(2m) = |G (o) " {(g1s s Gms s - Ban) € G(0,)°™ | g1, Ba] - . [gmhan] = 1},
where 0 = o or Fy[[t]]. Therefore, if we define

X(R)=A{(g91,--s9m> 1, -, h;m) € G(R) | [g1, h1] - - - [gmhm] = 1},

it is sufficient to show that |X (ox/p%)| = |X(F,[[t]]/(t"))]. In fact, X is an affine

70



scheme of finite type. Indeed, X is representable by

Z[xli? s 7$$7 ylia s 7y$]/($ly1371_1y1_1 R xmymx;lly;ll — 1)’

therefore | X (o5 /p%)| = |X(F,[[t]/(t"))| by Theorem 79. The result follows. O

Note that on its own, Lemma 82 does not guarantee that we have equality of zeta
functions for large enough p. Indeed, | dimirr(G(FF,[[t]]/(t")))| could grow without

bound as ¢ varies among powers of p. However, by Theorem 1, this is not the case:

Proof that Theorem 79 implies Theorem 8. The same argument as in the proof of
[26, Theorem 1.1.4] applies. We have a group isomorphism Gr%, (G)(F,) = G(F,[[t]]/(t")).
By Theorem 1, there exist C, N > 0 such that for every p > C and every p-
power ¢, | dimirr(G(Fy[[t]/(t")))| < N. By Lemma 82, the zeta functions (e, /()

and (o, /pr. agree on at least 2N + 1 points, so are equal by Lemma 31. O

5.2 Motivic Integration

We turn our attention to proving Theorem 79. Suppose X is given by the polynomial
equations fi,..., fm € Z[xy,...,2,], and let K be a non-Archimedean local field
with valuation ring o and finite residue field. From now on, fix an integer » > 1. We
want to show that | X (o,.)| depends only on ¢ when p is large enough. The first step

of the proof is to relate | X (o,)| to the measure of a subset in K™ as follows: define

A (K) ={z € o | fi(x) =0 mod p) for all i}

={z € o} | ord(f;(x)) > r for all i},

where ord denotes the discrete valuation on K.

Proposition 83. We have | X (ox/p%)| = ¢"ux (A, (K)), where pug is the Haar

measure on K normalised so that px(ox) = 1.

Proof. The Haar measure is translation-invariant, therefore the fibres of the map

0% — (0x/pf)" have constant measure ¢~"". Regarding X (ox/p}%) as a sub-
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set of (0 /p%)", one has A,.(K) = 771 (X(ox/p%)), and is a union of fibres of 7.
Therefore, we get px(A-(K)) = ¢ ™| X (0x /%) O

In order to show that | X (o,)| depends only on ¢, it is sufficient to show that
the measure of the set px(A,(K)) depends only on gq. However, the difficulty arises
from having to compare the Haar measures g for different choices of K. We will
outline a concept due to Denef and Loeser [10], known as the motivic measure,
which allows us to assign a “size” (albeit not an element of R) to the assignment
K — A,(K). This motivic measure will specialise to the Haar measure on each
local field K, for large residue characteristic (Theorem 92). This will allow us to
compare measures on different non-Archimedean local fields, in particular enabling

a comparison between the zero and positive characteristic cases.

Definition 84. Let L be a number field with ring of integers 0. Write %, for the
collection of local fields which are either p-adic completions of the finite extensions
of L, or those of positive characteristic equipped with an o-algebra structure. Let

%, n be the collection of all the fields in %, whose residue characteristic is greater

than N.

5.2.1 The Denef-Pas Language

Definition 85. The Denef-Pas language is the 3-sorted language

EDP = (EVah ERCS7 EPros; Ol'd, %%

where Ly, Lres are both the language of rings, Lp,es is the Presburger language (to-
tally ordered abelian groups with 0, 1 and congruence modulo n, =,,, for each n > 1),

ord for the valuation map on a valued field, and ac for the angular component map

—ord(z

ac(z) = rw ) mod w.

Denote by L, the language Lpp with coefficients in o[[¢]], that is, with one constant

symbol for each element of o[[t]]. If K is in &, then a choice of uniformiser wg of K
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gives K an ol[[t]]-algebra structure by the map A, x : t — wg. In an L,-structure,

we interpret an element of o[[t]] as its image under A, .

Definition 86. Let K be a non-Archimedean local field with finite residue field kg
and ¢ an Lpp-formula with m,n,r free variables in the respective sorts. For every
field extension K/k, let h,(K) be the subset of K™ x k}. x Z" defined by ¢. Any
assignment of a definable set to every extension of k in this manner is called a
definable assignment. There is a trivial case, the definable assignment given by
him,n,r](K) = K™ xk} xZ". A point of a definable assignment S is a pair (x¢, K),
where K is a field extension of k£ and xy € S(K).

The category of definable assignments over k, with morphisms given by definable
maps, is denoted Defy. Given S in Defy, we write Defg = Def;/S. An important
subcategory of Defg is RDefg, the category of definable subassignments of S x
h[0, n,0]. Where we need to make reference to the language £,, we write RDefg(L,).

5.2.2 Constructible Motivic Functions

Definition 87. Let L be a formal symbol and

A:Z{L,L*,( 1_i) ]
1-L i>0

For a definable assignment S in Defy, the ring of Presburger functions on S is

the subring &2(S) of functions from the set of points of S to A generated by constant
functions, definable functions S — Z and LL?, where 3 : S — Z is definable.
Let 22°(S) be the subring of Z2(9) generated by L and the indicator functions 1y,

for definable subassignments Y of S.

Example 88. Let A = h[0,0, 0] be the point. Then a definable function A — Z can
be viewed as an element of Z, therefore Z(A) = A and 2°(A) = Z[L].

Definition 89. [13, §5.1.2] The Grothendieck ring Ky(RDefg) is the free abelian
group on symbols [Y], for Y in RDefg, modulo the relations [Y — S] = [Y' — S] if

Y — S is isomorphic to Y’ — S, and

YUY -S| =Y=>S+Y =S -[YnY' = 5]
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(the inclusion-exclusion principle). The multiplication on Ky(RDefg) is given by the

fibre product, [Y — S|][Y' = S| =[Y x5 Y’ — 5].

Definition 90. Let S be in Def,. The ring of motivic functions on S is
CK(S) = KO(RDefs) ®L@0(5) y(S),

where Ky(RDefg) is given a 2°(S)-algebra structure via the unique map 22°(S) —
Ky(RDefg) given by 1y — [Y] and L — [h[0, 1, 0]].

In [12], the dimension of a definable assignment is defined (this is an analogue
of the definition of the dimension of a subset of K™ as the dimension of its Zariski
closure). Defining 4=%(S) to be the ideal of € (S) generated by 1 for definable

subassignments Z of S with dim Z < d, put

C(8) = P e=4(5)/c=(5),
d=0
where ¢1(S) = 0. We think of C(S) as identifying functions which differ on a set

of strictly smaller dimension as their supports.

5.2.3 Motivic Integration and Specialisation

Let f : X — Y be a morphism in Defg. Cluckers and Loeser [13] define the set of
S-integrable constructible motivic functions IgC(X) on a definable assignment X
and define a pushforward map f : [sC(X) — IsC(Y). When Y = A is the point, f;
is the operation of motivic integration (see [12, p. 1015]). The fact we will need for
our application is that the indicator function 14, is A-integrable (as is the indicator
function of any definable assignment), and its integral is interpreted as the motivic
measure of A,.

We need to define the specialisation of an arbitrary motivic function on A. Recall
from Example 88 that € (A) = Ko(RDefy(%,)) ®zu) A. Therefore, it is sufficient
to specify the values of the specialisation map on L and on [Y], where Y is in

RDefA (,,%0) .
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Definition 91. [12, §9.1] The specialisation map associated to the point A and a
local field K is the ring homomorphism sg : €(A) — Q is given by L — ¢k and
Y] = |Y(kk)|, where Y is in RDefy (.%,). We write ¢ = sk ().

The critical observation here is that if K; and K, are local fields with equal

residue cardinality, then sg, = sk, .

Theorem 92 (Specialisation Principle). [12, Theorem 9.1.4] Let S be in Def(.%,)
and ¢ in I\C(S,.%,). Then there exists N such that for all K in 6, n and every

choice of uniformiser wg of ok,

(1)) = /@Kdum

where p = fi 1 INC(S) — IAC(A) and f : S — A is the map to the final object
of Def(%,).

Recall that our aim is to show that px(A,(K)) depends only on ¢g. Putting
S = A, and p = 14, we get (u(A4,))x = px(A-(K)). Since u(A,) is in C(A), its
specialisation to K depends only on ¢q. This completes the proof of Theorem 79.
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APPENDIX A

Basic and Auxiliary Results

A.1 Local Fields

The results in this section can be found in [52].

Definition 93. A discrete valuation on a field F is a map ord : F — Z U {o0}
such that for all z,y € F

1. ord(z) = oo if and only if z = 0;
2. ord(zy) = ord(z) 4+ ord(y);
3. ord(z 4+ y) > min{ord(x),ord(y)}.

A non-Archimedean local field is a field with a discrete valuation which satisfies

the strong triangle inequality, |z + y| < max{|z|, |y|}.

Example 94. Let p be prime. Every a € Q can be written uniquely as p"#, where
a,b € Z are not divisible by p. If we define ord,(a)) = n, then ord, is a discrete

valuation on Q, the p-adic valuation.
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Example 95. Let ¢ be a prime power. Define F ((¢)) to be the field of formal

Laurent series over F:

F,((t) = {i ait' | N € Z,a; € Fq} .

=N

Take f =Y = v a;t’ with ay # 0 and define ord,(f) = N. Also defining ord,(0) = oo,

one can check that ord; is a discrete valuation.

Definition 96. Let F' be a field with a discrete valuation. The valuation ring

of F'is the set op = {z € F' | ord(z) > 0}.

One can show that op is a subring of F. Further, pr = {z € op | ord(x) > 1} is

the unique maximal ideal of 0p and o; = {z € op | ord(x) = 0}.

Definition 97. Let F' be a local field. The residue field of F'is kr = op/pp. The

residue characteristic of I is pp = char kp.

We assume from now on that the residue field of F'is finite. The maximal ideal p
is principal, and any generator of p is called a uniformiser of F'. The ideals of op
are precisely the powers of p; in particular, or is a Dedekind domain (every ideal

can be expressed uniquely as a product of prime ideals).
Example 98. The residue fields of Q, and Fy((t)) are kg, = F, and kg, (1)) = Fq.

Definition 99. Let E/F be a finite extension of local fields and Let wp be a
uniformiser of F'. Consider the ideal wrog of 0g. Then there exists an integer e > 1

such that wrog = (pg)°. Then e is called the ramification index of the extension

E/F. The residue degree of E/F is (kg : k).

Definition 100. Let E/F be a finite extension of local fields with ramification index
e and residue degree f. Then E/F is called unramified if e = 1, totally ramified

if e = n, and tamely ramified if pr does not divide e.

With abuse of notation, we may write the degree of 0’/0 to mean the degree of

the extension F”/F.
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Proposition 101. Suppose the extension F'/F is finite of degree n and ramification

index e. Then k' is a finite extension of k of degree f such thatn = ef.

Proposition 102. Let F' be a non-Archimedean local field with finite residue field

and residue characteristic p. Then F' is isomorphic to either:
e a finite extension of Q,, if char F' =0, or:
o F ((t)) for some power q of p, if char F' > 0.
The following is a form of Hensel’s lemma:

Lemma 103. Let o be the ring of integers of a non-Archimedean local field and
f € olx]. If there exists a € o such that f(a) =0 mod p and f'(a) #Z 0 mod p, then
there exists b € o such that b = a mod p and f(b) = 0.

As an example of an application, we describe the totally tamely ramified exten-

sions when the residue field is algebraically closed:

Corollary 104. Suppose that o is the ring of integers of F', 01 is algebraically closed
and e > 1 is not divisible by p. Then if E/F is a totally ramified extension of degree

e, then E = F(¢wr).

Proof. Consider the polynomial f(x) = x*—wpr € og[z]. Since the residue field of £
is algebraically closed, choose a (non-zero) root of f mod pg, say @ € og/pg. Then

f(a) = ea®! # 0 € og/pE, since e # 0 in the residue field. By Hensel’s lemma,
there exists b € o such that lifts @ and f(b) = b¢ — wp = 0. O

Proposition 105. Let F' be a non-Archimedean local field with finite residue field.

Then F has a unique finite unramified extension of each degree.

Proposition 106 (Maximal unramified extension). Let F' be a non-Archimedean
local field and F the algebraic closure of F. There is a unique subextension F"™
of F/F, called the mazimal unramified extension of F, such that F'"™ /F is
unramified and for every unramified extension F'/F with F' C F, one has F' C ™,

If F has finite residue field of characteristic p, then F'™ has residue field F,.
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A.2 Concepts from Category Theory

Throughout, we denote by (Set) the category of sets, (Grp) the category of groups,
(CRing) the category of commutative rings, and (k — Alg) the category of commu-

tative k-algebras (where k is any commutative ring).

Definition 107. Let C,Z be categories and F' : T — C a functor. A cone to
F is an object C of C, together with morphisms ¢; : C' — F(I) for each object
I of Z. We write C' to denote the cone where the morphisms are understood. If
(C1,{b1,1}1e7) and (Cy, {¢2,1}1ez) are cones to F, a morphism of cones from C;
to Cy is a C-morphism ¢ € Home(Cy, Cy) such that for all 1 € Z, ¢o1 019 = ¢11.
A limit of F is a cone L to F such that for every cone C' to F, there is a unique

morphism of cones C' — L. We write L = l&n F.

The limit of a functor (if it exists) is unique up to isomorphism. In fact, the
cones to F form a category, and the limit is the final object in the category of cones
to . We think of Z as an indexing category, so that the functor F' can be viewed
as some collection of objects in C, possibly with morphisms between them.

We can also dualise the definition of limit to define cocone and colimit.

Example 108. If 7 is a category with no morphisms, then the limit of F' is called
a product. If, further, Z has no objects, then the limit of F' is the final object of C.

Definition 109. Let X be an object of C and Y — X and Z — X be morphisms.
The limit of the diagram Y — X <« Z, if it exists, is called the fibre product and
is denoted Y x x Z.

Example 110. In the category of commutative rings, the diagram
o 5 LIPPL — T)p*T — T pZ

has a limit, the p-adic integers Z,. Putting the discrete topology on each Z/p'Z and
taking the limit of the same diagram in the category of topological commutative
rings, Z, inherits a topology, the p-adic topology. A basis for this topology is given

by open sets of the form {z € Z, | © = amod p'}. These are precisely the open
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balls in the p-adic absolute value, since # = a mod p* if and only if |z — al, < p™,
or equivalently, |x — al, < p~(~Y.

More generally, if o is the valuation ring of a non-Archimedean local field, we
have 0 = lgnl o/p’ as topological rings. A similar fact is true for general linear
groups, GL,(0) = Jim, GL,(0/p") as topological groups, where each GL,(0/p’) has
the discrete topology.

Definition 111. A group is called profinite if it is the limit of a diagram of discrete
finite groups in the category of topological groups. Profinite commutative rings are

defined similarly.

As in Example 110, the group GL,(0) is profinite. The ring Z, also has the
property of being pro-p, i.e. the limit of finite discrete commutative rings of p-

power order.

Example 112. The coproduct in the category of abelian groups is the direct sum.
For example, Z/2 & 7Z/3 = 7./6. However, the coproduct in the category of groups
is the free product, Z/2 x Z/3 = (z,y | > = y> = 1), which in this case is an
infinite non-abelian group. This illustrates the fact that limits and colimits may be

extremely different in a subcategory.

Definition 113. Let F,G : C — D be functors. A natural transformation from
F to G is a collection {®x : F(X) — G(X)}xec of morphisms in D such that for
every morphism X — Y of C, the square

F(X) Ox G(X)

P E6
FY) —— G(Y)
Py
commutes. A natural isomorphism from F' to G is a natural transformation
{®x}xec such that each ®x is an isomorphism. In this case, we say that F' and G

are naturally isomorphic, and write F' = G.

Definition 114. Let C be a category. The opposite category of C is the category
C°? such that ObjC° = ObjC and Homeer (X,Y) = Home(Y, X). Composition of

morphisms in C° is given by composition of morphisms in C in reverse order.
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Definition 115. A functor F' : C — D is an equivalence of categories if there
exists a functor G : D — C such that Fo G Zidp and Go F Zide. If F: C? — D

is an equivalence of categories, then F' is said to be a duality between C and D.

Definition 116. Let C, D be categories and F': C — D and G : D — C be functors.
Then F is left adjoint to G if, for every X € C,Y € D, there exists a bijection
Homyp(F(X),Y) — Home(X, G(Y)) which is natural in X and Y, i.e. such that for
all morphisms X; — X, of C and all objects Y of D, the square

Homp(F(X3),Y) —— Home(Xo, G(Y))

| |

Homp(F(X;),Y) —— Home (X7, G(Y))

commutes, and for all morphisms Y; — Y5 in D and all objects X of C, the square

Homp(F(X),Y;) —— Home(X, G(Y1))

| |

Homp (F(X),Ys) —— Home(X, G(Y3))

commutes.

Theorem 117 (Frobenius Reciprocity). Given a finite group G and a subgroup H,
the functor Indfl is left adjoint to Resg. Consequently, given representations v of

H and p of G, (Ind$ ., p) = (), Res§ p).

Lemma 118 (Yoneda Lemma). Let A be an object of a category C and let F be
a functor C — (Set). There is a one-to-one correspondence between natural trans-
formations of functors from Hom(A, —) to F' and elements of F(A). In particular,
if B is an object of C and F = Hom(B, —), then morphisms from Hom(A, —) to

Hom(B, —) are in one-to-one correspondence with morphisms B — A.

The Yoneda Lemma is a fundamental result about functors which are naturally
isomorphic to Hom(A, —) for some object A; such a functor is said to be repre-

sentable by A.
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Definition 119. Let C be a category and X an object of C. Define C/X to be
the category whose objects are morphisms Y — X, for each object Y of C, and
morphisms given by commuting triangles, that is, a C/X-morphism from ¥ — X

to Z — X is a C-morphism Y — Z such that the triangle

Y — 7

|

X

commutes.

A.3 Group Cohomology

We outline the construction of group cohomology (see [22, Chapter 3]). Let G be
a group and A any abelian group. Take any projective resolution of the trivial
Z|G]-module Z

o= P =P =P —=7Z—0.

Consider the cochain complex

*

C*:0— Hom(F, A) R Hom(Py, A) -, Hom(P,, A) 5, .
and define the ¢th cohomology group
HY(G,A) := H(C®) = kerd;,/imd;.

One can show that this construction does not depend on the choice of projective
resolution. Therefore, for the purposes of computation, we can choose the free
resolution where P; = Z[G"]. In order to define the maps, let s} : Z[G*""'] — Z[G"]
be given on the basis by sj-(gg, ooy 9:) = (90s---,Gjs--.,9;) where the hat denotes
omission of the term, and

d; - Z|G"Y — Z[G]
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is given by d; = 37, s'. Applying the functor Homg(—, A), consider the induced

5

cochain complex

0 — Homye(Z[G], A) 2 Homyg (Z[GY), A) 2 Homyg (Z[G¥), A) 2 .
For gi,...,g; € G, define the element [g1,..., 9] = (1,91,9192,---,91-..9;) € G
One can show that {[g1,...,q] | g; € G} is a Z|G]-basis for Z[G*"!]. Therefore, any
Z|G]-module homomorphism Z[G"™'] — A can be regarded as a function G* — A.

One can show that the maps d; are given on the basis by

—

di(l91,- -5 9) = qilga, -, )+ Y (=1V[g1,.- 99551, ---» 9] + (=1)[g1, - - -, gi1]-
j=1

Therefore, given ¢ € Homgg(Z[G'], A), viewed as a map ¢ : G"! — A, one has

i—1

di ()91, -, 9) = 910(g2, - - -, gi) + Z(—l)]@(gl, 3 95954155 Gi)
j=1

+ (—1)i90(91, o Gie1)-

Definition 120. Let ¢ > 1 be an integer. We define Z/(G,A) = kerdy,,,
BY(G,A) = imd} and H(G,A) = Z'(G,A)/B (G, A). Elements of Z(G,A) are
called i-cocycles, elements of BY(G, A) are called i-coboundaries, and elements
of H(G, A) are called i-cohomology classes. We call H (G, A) the ith cohomol-
ogy group of G with coefficients in A.

We will be interested in the second cohomology group, that is, ker d5/im d5. One

can compute explicitly that

Z(G,A) = {¢: G* = Al q10(92, 93) — ¢(g192, 93) + (g1, 9293) — (g1, 92) = 0},

B*(G,A) ={p:G* = A|Fu:G— A (g1, 9) = qipu(g2) — u(g192) + (1) }-

Definition 121. The Schur multiplier of a group G is the second cohomology
group H?(G,C*), where G acts trivially on C*.

As can be seen in Proposition 20, a criterion for a representation to have an
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extension to its stabiliser is given in terms of a cohomology class in a Schur multiplier.

A.4 Generalities on Schemes

Classical algebraic geometry is concerned with varieties, that is, curves or surfaces
in affine space, A" which are the solution sets to some set of polynomial equations.
However, this approach has some shortcomings. The most serious in our applications
is the fact that one must work over a field in the classical setting, however we would
like to consider sets of solutions of polynomial equations over the local ring o0,. The
material in this section can be found in, for example, Eisenbud and Harris [17].

We introduce the notion of a sheaf, an abstraction of the notion of functions on
a space. More precisely, a sheaf assigns to every open set U of a topological space

X aset F(U), which we think of as being the set of functions on U.

Definition 122. Let X be a topological space. Denote by Top(X) the category
whose objects are the open subsets of X and whose morphisms are given by the
inclusion of open sets. A presheaf of sets on X is a functor F : Top(X)°® — (Set).
Let F,G be presheaves on X. A morphism of presheaves F — G is a natural

transformation of functors F — G.

Equivalently, a presheaf assigns to each open set U a set F(U), and for every
inclusion of open sets U C V, a map res), : F(V) — F(U), called the restriction
map from V to U. The restriction maps satisfy resj; = idz(y) and for every inclusion
UCV CW,resfy/ =resyores)’. Elements s € F(U) are called sections of F.
Given an inclusion of open sets U C V and s € F(V), we also write s|y = resy;(s).

We also define a presheaf of rings to be a functor Top(X)®® — (CRing).
Presheaves of abelian groups, modules etc. are defined similarly.

In order to specify a presheaf on X, it is sufficient to choose a basis B of the
topology on X and define F(U) for every U € B, along with the restriction maps
resy; for U,V € B. One then defines, for arbitrary open sets U C X,

F(U) = lim F(V)

VCU
veB
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Functions on a space also satisfy the property that if functions s; on U; and s
on Uj restrict to the same function on U; N Us, then there is a unique function s
on U; U Uy which restricts to s; on Uy and s on Us. This motivates the following

definition:

Definition 123. A sheaf on a topological space X is a presheaf F satisfying the
following condition, called the sheaf axiom: for every open U C X and every open

cover {U;}ier of U (that is, U;e;U; = U), if for each i € I, s; € F(U;) is a section

with the property that for every i,j € I, silv,nu; = Sjluinu,, then there exists a
unique section s € F(U) such that for all i € I, s|y, = s;. If F and G are sheaves
on X, then a morphism of sheaves F — @ is the same as a morphism of presheaves

F — G, i.e. a natural transformation of functors.

Definition 124. Let F be a presheaf on a topological space X and x € X. The
stalk of F at x, denoted F,, is the set

{(U,s) | U >z open,s € F(U)}

modulo the relation (Uy, s1) ~ (Us, s2) if and only if there exists an open set V' C
Uy N U, such that s1|y = sa|y. equivalence class [(U, s)] is called the germ of s at

z and is denoted s,,.

Alternatively, a more categorical description of the stalk at x is given by

F, = lim F(U).

Usx

One can show that these two definitions are equivalent; moreover, the limit can be
taken over basic open sets U and this will not affect the outcome.

A morphism of sheaves F — G induces a map of stalks F, — G, as follows:
for each * € X and every open set U > x, one has a composition of maps
F(U) = G(U) = G,. Since Fy = lim _ F(U), by the defining property of the
limit and the fact that F — G is a natural transformation of functors, there is a

unique map F, — G, making every diagram
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F(U)
|\
Fo—— G

commute. More explicitly, let [(U,s)] € F,. Write ¢ for the image of s under the
map F(U) — G(U). One maps [(U, s)] to [(U,t)] € G,, defining the map F, — G,.

Definition 125. A morphism of presheaves f : F — G is injective (resp. surjec-
tive, bijective) if for all x € X, the induced map of stalks F, — G, is injective

(resp. surjective, bijective).

Definition 126. Let f : X — Y be a continuous map of topological spaces and let
F be a presheaf on X. The pushforward of F along f is the presheaf f,F on Y,
defined by f.F(U) = F(f~Y(U)) for every open set U C Y. The restriction maps

are defined by those of F, since given an inclusion of open sets U C V in Y, one

has f~Y(U) C f~1(V).
One can show that the pushforward of a sheaf is again a sheaf.

Definition 127. A ringed space is a topological space X with a sheaf of rings Ox.
A locally ringed space is a ringed space (X, Ox) such that for every z € X, the

stalk Ox, is a local ring (i.e. has a unique maximal ideal).

There is a natural way to form a locally ringed space from any commutative ring.
In what follows, given a commutative ring R and a prime ideal p of R, R, shall
denote the localisation away from p, that is, R[S™!] where S = R — (p U {0}). Note

that R, is local with unique maximal ideal which can be identified with p.

Definition 128. Let R be a commutative ring. Define the locally ringed space
Spec R as the set of prime ideals of R, with topology and structure sheaf as follows:
given f € R, define V(f) = {p € SpecR | f € p}. The V(f) form the closed
sets of a topology on Spec R, the Zariski topology. One can show that the sets
D(f) ={p € SpecR | f ¢ p} form a basis for the Zariski topology; the D(f) are

called basic open sets.
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Proposition 129. For f,g € R, D(f) C D(g) if and only if there exists n > 1 such
that g|f™.

It is a general fact about (pre)sheaves that in order to specify a presheaf F on
a topological space X, it is sufficient to specify a basis B for X, along with the
sets F(B) for B € B and a restriction map F(By) — F(Bsy) for every inclusion
By C By of open sets in B. If U is an arbitrary open set, then the sections over U
are determined uniquely by

F(U) = im F(B),

where U = U;¢;B; is any open cover with B; € B. If, further, V is an open set
contained in U and V' = U, ;C; is an open cover by basic open sets, then define the
restriction map F(U) — F(V') Furthermore, if F satisfies the sheaf axiom on open

sets in B, then F is a sheaf.

Definition 130. The structure sheaf on Spec R is given on basic open sets by

OSpecR(D(f)> = R[f71]7

where the restriction maps Ospec r(D(9)) — Ospec r(D(f)) are the natural maps
R[g~'] — R[f™'] (recall that by Proposition 129, f™* = gh for some h € R, therefore
ghf™ =11in R[f7Y], and g~ — hf~" under the map).

One can check that Ogpec g satisfies the sheaf axiom on the basic open sets D(f)
and that the stalks are (Ogpecr)p = Rp-

One can regard any open subset of a locally ringed space as a locally ringed space
itself. It is sufficient to define a notion of the restriction of the structure sheaf to an

open subset:

Definition 131. Let X be a topological space, F a sheaf on X and U C X an open
subset. Define the restriction of F to U to be the sheaf on U (with the subspace

topology) defined for open V' C U by
Flo(V) = F(V),

and the restriction maps are the same as those of F.
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Thus, if (X, Ox) is a locally ringed space and U C X is an open subset, then

(U, Ox|y) is also a locally ringed space.

Definition 132. Let Ry, Ry be local rings with maximal ideals m;, my. A local

homomorphism from R; to R, is a ring homomorphism f : R; — Ry such that

f(ml) g mo.

Definition 133. Let (X, Ox), (Y, Oy) be locally ringed spaces. A morphism from
(X, Ox) to (Y, Oy) is a continuous map f : X — Y along with a morphism of sheaves
f* : Oy — f.Ox which induces a local homomorphism fy# 1 (Oy)y — (f.Ox), on
stalks. Further, f is an isomorphism if f : X — Y is a homeomorphism and f#

is an isomorphism of sheaves.
We are now ready to define schemes.

Definition 134. An affine scheme is a locally ringed space X which is isomorphic
to Spec R for some ring R. A scheme is a locally ringed space X such that there
exists an open cover {U; };cy of X and commutative rings R; such that for all ¢, there
is an isomorphism of locally ringed spaces U; = Spec R;. A morphism of schemes

is the same as a morphism of locally ringed spaces between schemes.

Let (Sch) denote the category of schemes, and (AffSch) the full subcategory of
affine schemes. If k is a commutative ring, we write (Sch/k) = (Sch)/Speck (see

Appendix A.2, Definition 119). Similarly, we write (AffSch/k) = (AffSch)/ Spec k.
Proposition 135. The functor Spec : (k — Alg) — (AffSch/k) is a duality.

Theorem 136. The functor Spec : (k — Alg) — (AffSch/k)°P is left adjoint to the
functor I' : (AffSch/k)°® — (k — Alg) which maps a scheme X over k to its global
sections. That s, given a k-algebra R and a scheme X over k, there is a bijection,
natural in R and X, between morphisms of schemes X — Spec R and k-algebra

homomorphisms R — Ox(X).

A.4.1 Affine Group Schemes as Functors

This exposition follows that of Waterhouse [60]. As a motivating example, we con-

sider the special linear groups, SL,(R). For different choices of the ring R, the prop-
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erties of the group SL,(R) may vary dramatically, however all the groups SL, (R)
are related in a way which we shall describe.

Fix a commutative ring k and let R be a k-algebra, that is, we are given a ring
homomorphism & — R. Then choosing a matrix (a;;) € SL,(R) is equivalent to
choosing a k-algebra homomorphism k[{x;;}};_,] — R which maps z;; to a;;, such
that det(a;;) = 1. This condition is equivalent to det(z;;) — 1 being in the kernel of
the map k[{z;}7,-,] — R, that is, a homomorphism k[{z;}7,_,]/(det(z;;)—1) — R.
We can now identify SL,, with a functor Homy_aig(k[{7}7,=,]/(det(zi;) — 1), —)

from k-algebras to groups. This motivates the following definition:

Definition 137. An affine scheme over £ is a representable functor (k — Alg) —
(Set). An affine group scheme over k is a functor (k — Alg) — (Grp) whose

composition with the forgetful functor (Grp) — (Set) is representable.

There is a duality from the category of k-algebras to the category of affine
schemes over k, given by sending A to Hom(A, —). In order to determine the object
which is dual to an affine group scheme G represented by A, observe that the group
operation is a collection of maps Hom(A, R) x Hom(A, R) — Hom(A, R), natural
in R. This is equivalent to a natural transformation of functors Hom(A ®; A, —) —
Hom(A, —). By the Yoneda Lemma, this corresponds to a unique comultiplication
map A : A — A® A. Similarly, the identity of GG is a natural transformation e — G,
where e = Hom(k,—) is the trivial group scheme over k; this corresponds to the
counit ¢ : A — k. Finally, the inverse map G — G corresponds to the antipode
S : A— A. With these extra operations, A becomes a Hopf algebra, and in fact,
the category of Hopf algebras over k is dual to the category of affine schemes over
k.

The axioms for a group can be written in terms of commutative diagrams; these
can be reinterpreted in the category of affine group schemes and are equivalent
to the requirement that Hom(A, R) must have a group structure which is natural
in R. These give rise to dual diagrams which give conditions on the Hopf algebra
operations on A. For example, the associativity axiom for groups corresponds to

coassociativity for Hopf algebras, as in the diagram below.
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(w,id) (A,id)
GXGXG——GxG AQA@A—A®A

() | C 4. |
Gx @G G AR A A

A

Example 138. Take G = SL,,, for which A = k[{x;}7,_,]/(det(z;;) —1). We need
amap A: A — A® A such that the diagram

A—»A AR A

Tij > D Tik% ‘90 = (@i = 135, Tij > Sij)

R

commutes. Setting A(z;;) = >, T ® x); works, indeed:

polA(zy) =y (Z Tig & 33kj>
k
= Z P2k @ ;)
k
= Zrikskj.
k

By the Yoneda Lemma, A is the only k-algebra homomorphism making the diagram

commute for all R.

A.4.2 Affine Algebraic Groups as Varieties

The material below, with the exception of Proposition 142, can be found in [11].
Let k£ be a field. An affine algebraic group over k is an affine group scheme
represented by a finitely generated k-algebra which is reduced (i.e. contains no non-
zero nilpotent elements). If k is algebraically closed, every affine algebraic group G
over k is isomorphic to a closed subgroup of GL,, (k). In this situation, we identify G
with an affine variety (as a subset of k") with a group operation G x G — G which

is a morphism of varieties.

Definition 139. Let p be a prime and G be an affine algebraic group over F,.

Then G contains a maximal closed connected unipotent normal subgroup, called
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the unipotent radical, R,(G). We say G is reductive if R,(G) = 1.

An algebraic torus is an algebraic group which is isomorphic to G}, for some
n € N (so n is the dimension of the torus). Every reductive group contains maximal
tori, all of which are conjugate in G and thus have the same dimension. This
common value is called the rank of G.

A Borel subgroup of G is defined as a maximal closed connected solvable sub-
group of G. Since any torus is connected and abelian (which implies it is solvable),
every maximal torus is contained in a Borel subgroup. Furthermore, it can be shown
that any two Borel subgroups of G are conjugate. Let T be a maximal torus in G,
B a Borel subgroup containing T, and U the unipotent radical of B. It is a general
fact that B = U x T. We also define the Weyl group of G to be W = Ng(T)/T.

Up to isomorphism, this does not depend on the choice of T.

Reductive groups have a very tightly controlled structure, as we shall now see.
For more details, we refer to Carter [I1]. For the remainder of this subsection, G

will denote a connected reductive group.

Example 140. Let G = GL,(F,). Choose T to be the set of diagonal matrices in
G and B to be the set of upper triangular matrices. One can check that U is the
set of matrices in B whose diagonal entries are all equal to 1, that B=U x T, N
is the set of all monomial matrices (those with exactly one non-zero entry in each

row and column), and W = S,,.

We now define Frobenius maps, which are related to k-structures. This relies on
the fact that every affine algebraic group over E is linear, i.e. is a closed subgroup

of GL,, for some n.

Let ¢ be a power of p. The standard Frobenius map on GL,(F,) with param-

eter ¢ is Fy : GLy(F,) = GL,(F,) given by F,(a;;) = (al;). If G is a closed subgroup

of GL,(F,), then a standard Frobenius map on G is the restriction of a standard
Frobenius map on GL,(F,). A Frobenius map on G is a map F : G — G such
that some power of F' is a standard Frobenius map on G. One can show that a
Frobenius map is a group isomorphism and a morphism of varieties.

Let T be a maximal torus of G. The character lattice of G (relative to T)

is the free abelian group X = Hom(T,G,,) = Z". Let F be a Frobenius map
97



on G. Then F' induces a homomorphism of abelian groups X — X by setting
F(x)(t) = x(F(t)) fort € T,x € X. It can be shown that some power of F', say F?,
is a scalar multiple of the identity on X. Let § > 1 be minimal with this property.
Then define ¢ to be the unique positive real number such that F% = ¢° - id on X.

Definition 141. Following Carter [I1, §1.18], to any Frobenius map F on an al-
gebraic group G we may associate a parameter ¢ as follows: let § be the smallest
positive integer such that F° is an integer multiple of the identity on the character
lattice of G. Define ¢ to be the unique positive real number such that F? = ¢° - id

on the character lattice.

We can relate the notions of k-structures (see Chapter 4, Definition ?7) and

Frobenius maps as follows:

Proposition 142. Let G be a closed subgroup of GL,,(F,) with F,-rational structure
gwen by G = Go Xp, IETq. Then there exists an embedding of G into GL,, as E—gmup
schemes (which can be thought of as coordinates x; on G) such that Go(F,) can be
identified with the fived points of the standard Frobenius map on GL,(F,) restricted to
G(F,). The parameter of Definition 1/1 associated to G with this rational structure

18 q.

Proof. Let G = Gy X, F,. Dually, if A and A, are the coordinate algebras of G
and Gy respectively, then A = Ay ®p, F,. Choose coordinates z; such that Ay =
F,[z;]/(f;) for some polynomials f; € Fylz;], so A = Fy[z;]/(f;). Then Go(Fua) =
Hom(Ay, F,«) is the set of solutions to f; in F 4, which is the intersection of the fixed
points of the standard Frobenius Fa : (a;;) — (agj ) and the group G(F,) € A"(F,).
The ¢ is the same as in Definition 141 because Gy(F,) is the fixed points of the
standard Frobenius F, on G(F,) and F, = ¢ - id on the character lattice X. Indeed,

any split torus 7' = G,, X --- X G, can be parameterised by elements (t1,...,t,),

and the characters are given by x;,, .. (t1,...,t,) =[], t;’“. Then

Fy(Xirooin) (b1 tn) = Xaroin (8, 18) = T 28,
k

80 Fy(Xin,in) = Xqitsoooigin- O
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A.5 First-Order Logic

We give the basic definitions necessary from first-order logic; for more details, we

refer to Kirby [11].

Definition 143. The basic first-order language is the collection of countably
many variables (usually denoted by z; or z,y, z,...), equality =, the quantifiers
V,d, the logical connectives —, —,V, A, the comma and brackets. A first-order
language is the basic first-order language along with any number of function sym-
bols, relation symbols and constant symbols. Each function and relation symbol is
assigned an arity, which is a natural number n; we say that such a symbol is n-ary

in this case.

Example 144. The language of rings is Lring = {+, -, —,0, 1}, where +, - are binary
(i.e. 2-ary) function symbols, — is a unary (i.e. l-ary) function symbol, and 0,1 are

constant symbols.

Definition 145. Let £ be a first-order language. An L-structure is a collection
M consisting of the following data: a set M = |M|; for each n-ary function symbol
f, amap fM: M™ — M; for each n-ary relation symbol R, a subset RM C M™;

and for each constant symbol ¢, an element ¢c™ € M.

Where no confusion arises, we drop the superscripts and write f in place of fM,

R in place of RM and c in place of cM.

Example 146. Any ring R is an Lgig-structure, where +% is the addition in R,

—fis the map a — —a on R, and so on.

Given a language £, one may define what it means for a string of £-symbols to
be an L-formula. Instead of giving the full definition, it suffices for our purposes to
think of an L-formula with n free variables ¢(z1,...,x,) as a statement about each
tuple (ay,--- ,a,) € |[M|™, where M is an L-structure. For example, if £ = Lring
and ¢(r) is Jy(z = y?), then for any ring R and a € R, p(a) is true precisely when

a is the square of an element of R.
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Definition 147. Let £ be a first-order language, M an L-structure and

o(x1,...,x,) an L-formula. The set defined by ¢ is the set

(M) ={(a,...,a,) € M" | M = p(ay,...,a,)}.

A set is called definable if it is of the above form, for some L-structure M and

some L-formula ¢. A function is definable if its graph is definable.
Example 148. If £ = Lgjy,, M =R and p(x) is Jy(z = y?), then p(M) = Rx,.

A first-order language can be n-sorted, that is, a language £ equipped with a
partition of the variables into n disjoint, countably infinite sets known as sorts, and
to each function, relation and constant symbol, a list of sorts from which terms can
be inputted to the symbol to produce a formula. In order to avoid a cumbersome

definition, we give an example of how such a formula can be built in practice:

Example 149. Let £ be the Denef-Pas language of Definition 85, which is a 3-sorted
language. The function symbol ord is unary from the Ly,-sort to the Lps-sort,
and ac is a unary function symbol from the Ly,-sort to the Lres-sort. Let the Lya-
variables be denoted x1, xs, . . ., the Lgres-variables yi, 4o, ..., and the Lp,-variables
21,29,.... Then ord(z) = z; and ac(x;) = y; are valid formulae, but ord(y;) = x;

is not, since ord must take a valued field variable and equal a value group variable.

A.6 Homogeneous Varieties and PORC Func-
tions

It was hoped that in Step 2(b) of the proof of Theorem 51, one could realise the
index [G(F) : K(IF)] as an integer closely related to the F-points of a variety which
is homogeneous under a linear algebraic group. By work of Brion and Peyre (Propo-
sition 151), the number of F-points is polynomial on residue classes (or PORC, see
Section A.6.1). The aim is to use the PORC property to obtain the required finite
set of polynomials. However, there arises a subtle issue with this approach which
we outline in Section A.6.2. Whether this issue can be resolved directly in order to

prove Theorem 51 by this method remains unclear.
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A.6.1 PORC Functions

Given an algebraic group G and an algebraic subgroup K both defined over F, for
some prime p, we will want to describe the behaviour of [G(Fu) : K(F)] as d
varies over N. This does not necessarily define a polynomial function, but one with
a weaker property which we will define. Higman [29] defined the notion of a PORC

function, however we modify the definition for convenience here.

Definition 150. Let ¢ € N. A function f : {¢? | d € N} — Z is ¢-PORC
(polynomial on residue classes) if there exist N € N and polynomials go,...,gy_1 €
Q|| such that for all dy,dy > 1 with d; = dy mod N, f(q®) = g4,(¢™). We call N
the period of f and go,...,gn_1 the constituents of f. We say f is ¢-CORC

(constant on residue classes) if the g; can be chosen to be constant polynomials.

We will always consider ¢ to be a prime power in our applications. The quotient
of a ¢-PORC function of period N; by a ¢-CORC function of period N, is again
¢-PORC, of period dividing Ny N,.

Proposition 151. [9, Theorem 1.2, Remark 5.1(ii)] Let G be an algebraic group
defined over a finite field F, and let X be a variety with homogeneous G-action.
Then the function

¢ > |X(E )

is a q-PORC function. Its period is bounded above by a constant that depends only
on the rank of G.

The statement in [9] states further that the constituents of this ¢-PORC function
have integer coefficients.
The following result states that the values taken by any set of ¢-PORC functions

whose period is bounded above are also taken by some finite set of polynomials.

Lemma 152 (PORC Lemma). Let ¢ € N and { fi}icr be a set of ¢-PORC functions
{¢® | d > 1} — Z such that there exists N > 0 and for all i € I, the period of
fi is at most N. Suppose further that there exists C > 0 such that for all d > 1,
{fi(¢?) | i € I}| < C. Then there exists a finite set of polynomials A C Q[x] such

that for every i € I,d > 1, there exists g € A such that f;(¢%) = g(q?).
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Proof. Let N be the least common multiple of the periods of the f; and fix any
residue class m modulo N. Then there exist polynomials g,,;, for ¢ € I such that
for all d = m mod N, f;(¢?) = gm.i(q?). Let

— Ao |5
Com = _max  [{fi(¢) [ i€ T}].

Choose C,, distinct polynomials from the set {g,.; | i € I}, say Ay = {gm;lj € J}
where J C I and |J| = C,,. Then there exists d,, > 0 such that for all ji,js € J
with j; # jo and all d > d,,,, we have g, j, (¢%) # G j» (¢%).

Write dy = max,, d,, and AT = UmeZ/NZ A,,. Then for all d > dy and all 7 € I,
there exists g € AT such that f;(¢?) = g(¢?). Now put

A=ATU{filq") i€ 1,d<dy},

which is still a finite set by the assumption that for each d, the set {fi(q?) | i € I}
is finite. n

In the proof of Theorem 51, recalling the Clifford theory setup, we begin with a
stabiliser subgroup K (IF) and induce representations to G(IF). Inducing representa-
tions corresponds to multiplication by the index [G(F) : K(IF)], and we show that
this is a PORC function in |F|. More precisely:

Lemma 153. Suppose that p is prime, I is an indexing set, and for each i € I,
G € A(n, Maim, Memp, Fy) for some p-power q, and K; is a closed subgroup of G;
with complezity at most Chonhomog(7's Memp). Then for each i, [Gi(Fy) « K;(F)] is
a ¢-PORC function, and there exists a finite set of polynomials Tinaex € Q[z] with
the property that for all j > 1,

{[Gi(Fy) : Ki(Fyp)] | i € I} € {m(q’) | m € Thuaex}-

Proof. By Proposition 151, the functions fg ke and fx ke, given by fa/ko(¢’) =
(G/K°)(F,)| and fx/xe(¢’) = |(K/K°)(F,:)| respectively, are both ¢-PORC. Fur-
thermore, fx ko is at most the number of connected components of K, and thus

bounded above by Chronhomog (7', Memp). Therefore, fg ko must also be ¢-CORC.
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Thus the quotient '
(OF, )+ K(Ey)) = T2 0
is also ¢-PORC.
Further, we can apply the same argument to show that fx(¢’) := |K(F,)| is ¢-
PORC, therefore [G(F,) : K(F,)] is also a ¢-PORC function.

By [20, Lemma 4.5.1], there exist Cqacoq, Caoc,x > 0 such that for all j > 1,
the sets A; = {|Gi(F)| | i € I} and B; := {|K;(F)| | i € I} are finite, with

|AJ‘ S CGC,G7 |BJ| S OGC,K' Therefore, for allj Z 1,
|{[G1<Fq3> : KZ(]Fq])] | 1€ ]}| < CGC,GCGQK =: Cgc.

Suppose without loss of generality that this bound is optimal, i.e. there exists j
such that |[{[G;(F) : K;(Fp)] | @ € I} = Cge. By Proposition 151, there exist
bounds on the periods of fi and fx depending only on the ranks of G and K (both
bounded above by Mgin), therefore we can apply Lemma 152 for the result. O

A.6.2 A Previous Attempt at a Proof of Theorem 51
Recall that the objective of step 2(b) of the proof of Theorem 51 is to find a finite

set Thonhomog, M, C Q@[] such that for every finite field F of characteristic p,

U {dimp | p € Irr(G(F)), Resg(g) p is non-homogeneous}

(F)
GEA(nldeimaMcmpvlF)
Ru(G)#L,G

€ {m(|F[) | m € Thonhomog, Main }-

Suppose that p € Irr(G(F)) has non-homogeneous restriction to U(F), hence p =
Indf(((?)@b, exactly as before.

By the inductive hypothesis,

dlmw E {m<|FD | m e TMdim_11Cnonhom0g(n,’McmP)}.

Each choice of a pair (G, p), where G € A(n', Mgim, Mcmp, F) neither reductive nor
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unipotent and p € Irr(G(F)), gives rise to a closed subgroup K as above. Index
the pairs (G, K') appearing in this process by {(G;, K;) }icr. We would like to apply
Lemma 153 to show that there exists a finite set of polynomials Tiqex € Q[z] with

the property that for all 1 € I,

{[Gi(F) - Ki(F)] [ i € I} S {m([F]) [ m € Tinex}-

We have

and the denominator must always be at most cmp(K;), which is bounded above by
Chonhomog (1, Memp). The numerator is the number of F-points of the variety G/K?,
which is a PORC function. Since the denominator is also a PORC function, and is
bounded above, it must be a CORC function. Therefore, [G;(F) : K;(F)] is a PORC
function of |F|. However, we do not know over which finite fields the pairs (G;, K;)
are defined, and we are not guaranteed to be able to find one p-power ¢ such that
for all i € I, ¢* — [Gi(Fa) : K;(F )] is ¢-PORC.

To illustrate why the PORC Lemma cannot be applied, index the groups G;; €
A1, Maim, Memp, Fpi) with @ € I, where I; is an indexing set which depends on
j. Let K;; be the stabiliser subgroup arising from Gj; and f;;(p’") = [Gij(Fpr) :
K;j(F )] be the corresponding p’-PORC function (here, k > 1).

fulp)  fa(p)

fu®?)  falp®) fi2(p?)  fa2(p?)

@) fa®) ... fis(0®)  fas (%)
fu) fa@h) | fr®!) feOh)

fu@®)  falp®)

%) fa(@®) fra(@®)  f2(0°) o | fi3(0°)  fas(p®)

There is one large rectangle for each j, and in each rectangle, i increases to the
right and k increases downwards. Blank spaces are left for where the functions are
not defined. If, for example, the period of fi; were equal to 2 for all j, then the
values in the table would spread out vertically, that is, the constituents of fio would

only repeat every 4 entries, the constituents of fi3 would only repeat every 6 entries,
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and so on. It remains unclear whether a PORC Lemma-style result holds in this
situation, since the proof of the PORC Lemma relied on fixing a congruence class

modulo N, which no longer corresponds to an evenly spaced set of rows.
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