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Abstract

Recent developments have revealed that various two-dimensional integrable and con-
formal field theories (CFTs) can be understood as descending from a common higher-
dimensional origin: holomorphic Chern-Simons theory in six dimensions. Building on
foundational ideas by Costello, the work of Bittleston and Skinner, described how
two distinct approaches of deriving integrable models, namely from defects in four-
dimensional Chern-Simons theory or via symmetry reductions of four-dimensional anti-
self-dual Yang-Mills (ASDYM) equations, are in fact unified within a six-dimensional
framework. This thesis provides a complete description of this framework for a broad
class of deformed sigma-models, extending beyond previously studied Dirichlet bound-
ary conditions.

By formulating holomorphic Chern-Simons theory on twistor space with a mero-
morphic three-form, we construct novel four-dimensional integrable field theories whose
equations of motion can be identified with ASDYM. Subsequent symmetry reduction
yields rich families of two-dimensional integrable models, including multi-parameter de-
formations of sigma-models. Additionally, we show that performing the reduction in
reverse order—first obtaining four-dimensional Chern-Simons theory with generalised
boundary conditions, then constructing defect theories—recovers the same integrable
models. Importantly, we extend this correspondence to include models realised through
gaugings, thereby providing a higher-dimensional origin for coset CFTs and homoge-
neous sine-Gordon models. This expanded framework not only unifies known construc-
tions but also uncovers novel classes of integrable theories, offering new directions in

the study of integrable systems.
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Chapter 0O
Introduction

Modern theoretical physics suffers from an issue with complexity. Mathematically de-
scribing even the most fundamental interactions of nature is a profoundly tough exercise
given the non-linear nature of the equations describing such systems. It is for this reason
that integrable systems provide a pragmatic opportunity for physicists. Such systems
can at first appear intractable; however, behind this superficial exterior, integrable sys-
tems display large amounts of order. Such order often being manifested through the
existence of infinitely many charges which in turn constrains their dynamics rendering
the system solvable.

The study of integrable systems emerged from Newton’s studies of celestial mechan-
ics, which culminated in his solution to the famous Kepler problem. This problem is
a special case of the two-body problem, where the potential between the two bodies is
given by the gravitational potential between the two objects. The phase space of the
Kepler problem defined in R? is the 12 dimensional space, T*R? x T*R3, however, using
the translational, rotational and Runge-Lenz symmetries present in the system one can

reduce the problem to that of a first order ordinary differential equation,

=\ (B = Valr).

m

which may be solved by quadratures. The Kepler problem thus presented the first known
physical system which was integrable in the sense of Liouville, that is, a system with
a 2n-dimensional phase space possessing n independent, Poisson commuting conserved
charges.

The works of Fuler, Lagrange, Hamilton and Jacobi in the 18th and 19th centuries
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presented many more examples of integrable systems exhibiting Liouville integrability,
in particular highlighting the efficacy of utilising a system’s symmetries in solving its
equations of motion.

Liouville integrability is a strong notion for systems with a finite-dimensional phase
space. However, its analogue becomes less clear when we shift our focus to systems with
infinite-dimensional phase spaces. After all, infinitely many conserved charges may not
suffice if we have missed every second one, as required for Liouville integrability. As
such, for systems described by partial differential equations, integrability can manifest
itself in a different fashion. One such manifestation is the ability of a system to admit
solitonic solutions.

The inception of endeavours in this direction is tied to the observations of John
Scott Russell, who, while on horseback along the towpath of the famous Union Canal

in 1834, made a remarkable discovery:

“I was observing the motion of a boat which was rapidly drawn along a
narrow channel by a pair of horses, when the boat suddenly stopped - not so
the mass of water in the channel which it had put in motion; it accumulated
round the prow of the vessel in a state of violent agitation, then suddenly
leaving it behind, rolled forward with great velocity, assuming the form of a
large solitary elevation, a rounded, smooth and well-defined heap of water,
which continued its course along the channel apparently without change of
form or diminution of speed. I followed it on horseback, and overtook it
still rolling on at a rate of some eight or nine miles an hour, preserving its
original figure some thirty feet long and a foot to a foot and a half in height.
Its height gradually diminished, and after a chase of one or two miles, I
lost it in the windings of the channel. Such, in the month of August 183/,
was my first chance interview with that singular and beautiful phenomenon
which I have called the Wave of Translation.”

— John Scott Russell

What J.S. Russell had observed in the union canal that day was a solitonic solution
to the Korteweg-De Vries (KdV) equation [KV95|. Building upon the preceding work
of John William Strutt, 3rd Baron Rayleigh and Joseph Boussinesq, Korteweg and de



Vries derived the following equation
4uy — Ugpe — Ouu, =0,

describing the behaviour of waves propagating in a shallow body of water, providing
a mathematical framework aligning with the empirical observations of J.S. Russell in

1834. The solution describing a single soliton is given by
u = 2k%sech? (kx + K3t — Kag) |

for k and z(y constants. This is exactly the aforementioned ‘wave of translation” Russell
observed.

In general, the term soliton refers to a solution of a differential equation characterized
by a localized, non-singular concentration of energy. It transpires that the stability of
such objects during propagation is maintained by constraints arising from the existence
of infinitely many dynamically conserved Currents.ﬂ

Another sense in which a model may be deemed integrable is if it possesses a Lax
pair. The Lax pair method for constructing conserved charges relies on writing the
equations of motion in a specific form, namely the Lax form. In the Lax formalism, the
associated charges are conserved due to the equations of motion for our system being
satisfied. Let us demonstrate the concept through the medium of an example, again
with the KdV equation. Defining

L=-0>+uand M = 40> — 6ud, — 3u, ,
we can write the KdV equation as
Ut :Lt: [L,M} .

The infinite tower of associated charges can then be constructed via the inverse scat-
tering transform.

The concept of a Lax pair naturally leads to the notion of Lax integrability, which

IThere are also ‘topological solitons’ whose stability is owing to the fact they are finite energy
solutions to the equations of motion, which are in turn characterised by the classes of non-trivial
homotopy groups. To deform a topological soliton from one configuration to another topologically
distinct configuration requires infinite energy and as such the soliton is stable. Examples of such
objects include instanton solutions to Yang-Mills theory and BPS monopoles.
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can alternatively be framed in terms of a Lax connection, providing a more geometric
perspective on a system’s integrability.

Given the abundance of models deemed ‘integrable’ in one of the aforementioned
senses, it becomes essential to ask what universal characteristics these models share
that enable their integrability. An attempt at answering this question was given by
Richard Ward,

. many (and perhaps all?) of the ordinary or partial differential equations
that are regarded as being integrable or solvable may be obtained from the
self-duality equations (or its generalizations) by reduction. In a sense, they

are special cases of the self-duality equations.
— Richard Ward

The latter statement has become known as the ‘Ward conjecture’ [War85|. It postulates
that perhaps there is a sense in which integrable models can be understood as coming
from certain symmetry reductions of the anti-self-dual Yang-Mills (ASDYM) equations,
given by

F(A)=—xF(A).

The contemporary understanding is still marred by an uncertainty as to whether the
ASDYM equations truly are universal in the manner specified in Ward’s original conjec-
ture however. For instance, the Kadomtsev—Petviashvili (KP) equations, an integrable
system in three dimensions, escapes a neat description as a reduction of the ASDYM
equationsﬂ

What remains true is that a striking abundance of physically interesting integrable
models are found as reductions of the ASDYM equations, the Bogomolny equations,
the Toda field equations, the Non-linear Schodinger equation and the KdV equation,
discussed above, to name just a few examples.

This research direction has been pursued with renewed vigour in recent years with
the introduction of four-dimensional Chern-Simons theory by Costello. Indeed, a rela-
tionship between Chern-Simons theory and integrable systems had been suspected prior

[Ati88],

2During the course of this work, the talk [Ski25|, and subsequently the related article [Bit+25],
appeared. These provide a clear description of the KP equation in terms of a local action on mini-
twistor correspondence space. The authors remark that “a variant of the Ward conjecture, that all
integrable models should arise as symmetry reductions of twistorial theories, therefore seems plausible.”



... Atiyah advocated that a natural explanation of the three-dimensional in-
variance of the Jones polynomial should have an extension to explain the
spectral parameter of integrable systems and the associated Yang—Bazter

equation.
— FEdward Witten

In the seminal works |[Cosl4; |Cos13|, Costello introduced the following action,

1
S4dCS = %/Xw A CS(A) s

for four-dimensional Chern-Simons (4dCS)EI Here, Costello demonstrated that the par-
tition function of the X X X Heisenberg spin chain can be elegantly recast as the vacuum
expectation value of specific Wilson line configurations in 4D Chern-Simons theory. This
striking result provided yet another vivid illustration of the deep and intricate connec-
tions between gauge theory and integrable systems. Notably, the spectral parameter,
previously an emergent quantity in the study of integrable models, now takes centre
stage as a fundamental element defining the system; the underlying Riemann surface is
no longer a ‘secondary construct’ but an intrinsic part of the spacetime on which the
theory is defined. In the subsequent articles [CWY18a; [CWY18b], further details of
this new paradigm were elucidated, using the more familiar machinery of perturbative
Feynman diagrammatics.

A key observation was that Wilson lines in 4D Chern-Simons theory are not solely
classified by their representation of the gauge group G but are also associated with rep-
resentations of the infinite-dimensional algebra g[[z]], the Lie algebra of power series in
the formal parameter z with coefficients in g. This arises naturally via a computation:
when evaluating quantum corrections to the operator product expansion (OPE) of Wil-
son line operators, one finds that closure of the OPE necessitates the inclusion of line
operators associated with representations of g[[z]]. At higher orders, further corrections
require deforming g[[z]] into a mathematical object called a Yangian algebra ). The
emergence of infinite-dimensional symmetry algebras, such as Yangians, is a hallmark of
the existence of an integrable structure underpinning a system’s solvability, an attribute
exemplified by the X X X Heisenberg spin chain, 6-vertex model, and principal chiral

model.

3An action of this form had also appeared in the PhD thesis of Nekrasov [Nek96].
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It was also demonstrated that the deformation from g[[z]] to ) is a fundamental
requirement for anomaly cancellation. Specifically, an anomaly would otherwise emerge
from the contribution of a two-loop Feynman diagram describing the interaction of two
gauge fields with a Wilson line operator in the perturbative expansion, as displayed in
fig[l] It was shown that ensuring the Wilson lines transform as a representation of the

Yangian algebra is a sufficient condition to prevent this anomaly.

Figure 1: The two-loop Feynman diagram contributing to the gauge anomaly

Having established the link between integrable lattice theories and 4dCS, the details
of how 4dCS describes 2d integrable field theories (IFTs) appeared in |[CY19]. The 4dCS
approach allowed for many exciting new insights. Costello and Yamazaki demonstrated
that the action principle governing non-ultra-local integrable field theories emerge nat-
urally from a certain class of defects, known as disorder defects, within the framework
of 4dCS theory. In these instances, by permitting w to be meromorphic, 2d theories
arise at the poles of w, with the constraints on permissible gauge transformations giving
rise to dynamical fields, known as edge modes [BSV22|, forming the 2d theory’s field
content.

This novel gauge-theoretic description elucidated many aspects of 2d IFTs. Most
notably, giving a systematic approach to obtaining the Lax connection, the quantity
underpinning a system’s integrability. Four-dimensional Chern-Simons theory can in
turn be understood as coming from a reduction of six-dimensional holomorphic Chern-
Simons (6dhCS) on Euclidean twistor space, PT,

1
Shess = f/]P}TQ/\CS(A) :

271

This action was first considered in [Wit95] as the cubic open string field theory action
for the type B topological string. In the context of type B topological string theory,
the target spacetime is necessarily Calabi-Yau which ensures it is complemented with a

trivial canonical bundle, admitting a globally holomorphic top form €. Twistor space



however is not Calabi-Yau and as such does not possess a trivial canonical bundle.
Therefore, to study 6dhCS on PT we instead require that  is a meromorphic (3,0)-
form on PT. Schematically, this process can be understood as defining a non-compact
Calabi-Yau 3-fold by excising the poles of 2 from PT, which we can now take to be a
consistent target space of our type B topological string.

In [BS23|, Bittleston and Skinner presented an incredibly aesthetic picture, one
that linked the two ways of describing lower-dimensional IFTs via the two aforemen-
tioned four-dimensional gauge theories, as depicted in figf2] It was shown that, just as
integrable models can be obtained through symmetry reductions of the anti-self-dual
Yang—Mills equations, four-dimensional Chern—Simons theory arises as a symmetry re-
duction of six-dimensional holomorphic Chern—Simons theory. On the other hand, by
performing computations analogous to those employed in localising 4dCS to derive ef-
fective actions for 2dIFTs, for the more intricate setting of 6dhCS, it was demonstrated
how one can localise 6dhCS, arriving at effective actions for 4dIFTs, the latter theories

being integrable in the sense that they are classically equivalent to ASDYM.

hCSg¢

IFT, / CFT,

Figure 2: The diamond correspondence of integrable avatars, in which wavy arrows
indicate a descent by reduction and straight arrows involve localisation.

Just as the quantisation of 4dCS had resulted in the emergence of objects such as
the Yangian, which underpins the quantum integrability of 2d QIFTs, the analysis in
[Cos21] investigates the quantum properties of 6dhCS, in particular, highlighting nu-
merous previously obscure aspects of the quantisation of 4d IFTs. Costello showed that
6dhCS theory has a gauge anomaly originating from the one-loop four-point diagram
as displayed in fig[3] To cancel the gauge anomaly from this diagram one can use a
Green-Schwarz mechanism. This prescription cancels the anomaly by coupling the open

and closed sectors of the string field theory. The cost is that this anomaly cancellation
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restricts the allowed gauge group of the theory, with Costello elucidating the details for
the choice G = SO(8).

Figure 3: The gauge anomaly for holomorphic Chern-Simons comes from the one-loop
four-point diagram

This gauge anomaly in twistor space has the interpretation on spacetime as the
anomaly that arises when quantising classically integrable field theories that fail to be
quantum integrable. The construction outlined above addresses this, with the closed-
string field localising to an axionic field on spacetime that cancels the anomaly, such
that the resulting theory is quantum integrable. Notably, the computation reveals a
crucial distinction between 4D and 2D quantum integrability: generically, 4D theories
require the presence of gravitational fields to preserve integrability at the quantum level.

The framework outlined above has been further developed in recent contributions
|[CL24; SV24]. In these works the authors undertake a systematic investigation of inte-
grable systems through the lens of five-dimensional semi-holomorphic 2-Chern—Simons
theory (5d2CS). Just as classical gauge theory is a theory studying connections, A,
on principal G-bundles, 2-gauge theory offers a categorified analogue: it studies 2-
connections, & = (A,B) € QY(X,g) ® Q?(X,h), on principal 2-bundles, geometric
structures whose fibres are 2-groups, subject to coherence and compatibility conditions
intrinsic to higher group gauge symmetry. A neat analogy is drawn by using the 2-

Chern-Simons 4-form given by

2CS(r) = (F(A) — ;t*(B), B) — ;d<A, B

and forming the action
Ssazcs = / wA2CS() .
R3xCP!



By trivialising the 2-connection over CP! in an analogous fashion to 4dCS and 6dhCS
and localising the action to an effective theory on R3, the authors chart a new realm
of novel integrable phenomena within this higher-dimensional, categorified framework.
As one would expect by considering the admissible 2-gauge transformations at the
boundaries of 5d2CS, many of the 3-dimensional theories exhibit global or holomor-
phic 2-group symmetries. The 2-connection provides a natural notion of higher Lax
connection for 3-dimensional integrable field theories, by including a 2-form component
B which can be integrated over Cauchy surfaces to produce conserved charges. The
link between theories integrable in the preceding categorical sense and those theories
integrable due to being attained as symmetry reductions of ASDYM is, at this moment,
opaque, and an important direction for understanding the landscape of integrable field

theories certainly includes illuminating this relationship.

Outline of the Thesis: In this thesis we will explore the following research direction:
What is the landscape of integrable field theories that can be studied using this diamond
of correspondences as displayed schematically in figf2J? This will turn out to be an even
richer story than expected.

We begin in chapter §l1| by reviewing foundational topics in two-dimensional inte-
grability, introducing sigma-models and the conditions that such models satisfy when
they are classically integrable. This introduces the notion of Lax integrability; Lax
integrable models are incredibly symmetric, possessing an infinite number of conserved
charges in involution. These symmetries severely constrain the dynamics, often making
the model exactly solvable. We proceed in describing integrable deformations of sigma-
models: performing an integrable deformation of a sigma-model involves modifying the
action, breaking some of the global symmetries, but in such a way as to preserve its
integrability. These deformations alter the target space geometry or interaction terms
while maintaining the solvable structure, allowing exact methods such as the Bethe
ansatz to still apply to solving the theory’s spectrum. To conclude, we will introduce
the broad notion of dualities of sigma-models. Dualities are a tool of great utility in
physics, allowing for the possibility of translating difficult problems in one theory to a
more tractable calculation in another dual theory. We will cover Abelian, non-Abelian
and Poisson-Lie dualities.

In chapter §2] we explore how gauge theories in higher dimensions can be employed to

describe integrable field theories. This involves introducing the main protagonists of the
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thesis, four-dimensional Chern-Simons, six-dimensional holomorphic Chern-Simons and
anti-self-dual Yang-Mills. We begin by introducing Chern-Simons theory, a topological
theory in three-dimensions, and then present a topological-holomorphic generalisation
of the purely topological Chern-Simons theory, namely four-dimensional Chern-Simons.
We describe how the latter can be utilised in the description of two-dimensional inte-
grable field theories. We will highlight how ASDYM can be used to describe integrable
systems in lower dimensions, by discussing its symmetry reductions. The concluding
sections of the chapter are dedicated to introducing topics in twistor theory relevant
to the succeeding components of the thesis. We will provide discourse covering the
Ward transform, relating holomorphic vector bundles over twistor space to anti-self-
dual connections on spacetime. In the peroration of the chapter we cover holomor-
phic Chern-Simons theory. We shall elucidate how, in much the same manner four-
dimensional Chern-Simons theory describes two-dimensional integrable field theories,
six-dimensional holomorphic Chern-Simons theory describes integrable field theories in
four dimensions.

Chapter is based on the article [Col+24b|, a piece of work which the author
produced in collaboration with Lewis Cole, Ben Hoare, Joaquin Liniado and Daniel
Thompson. The content of this chapter contains an investigation into the nature of
integrable deformed models in dimensions two and four. Starting from 6d holomorphic
Chern-Simons theory on twistor space with a particular meromorphic 3-form, we con-
struct the defect theory to find a novel 4d integrable field theory, whose equations of
motion can be recast as the 4d anti-self-dual Yang-Mills equations. Symmetry reducing,
we find a multi-parameter 2d integrable model, which specialises to the A-deformation
at a certain point in parameter space. The same model is recovered by first symme-
try reducing, to give 4d Chern-Simons with generalised boundary conditions, and then
constructing the defect theory.

Chapter is based on the article [Col4-24a|, developed by the author in collabora-
tion with Lewis Cole, Ben Hoare, Joaquin Liniado and Daniel Thompson. This chapter
presents work extending the holomorphic Chern-Simons framework to incorporate mod-
els realised through gaugings. As well as describing a higher-dimensional origin of coset
CF'Ts, by choosing the details of the reduction from higher dimensions, we obtain rich
classes of two-dimensional integrable models including homogeneous sine-Gordon mod-
els and generalisations that are new to the literature.

In chapter §5| we conclude the thesis with a discussion and outlook section where
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we will expand on possible future directions that one could explore from the lines of

endeavour presented earlier in this thesis.



Chapter 1

Aspects of 2d Integrability

1.1 Integrable Sigma-Models

The dynamical field configurations of a sigma model are mappings between two mani-
folds X : ¥ — M, which describes an embedding of the two-dimensional worldsheet
in the n-dimensional manifold M. We will use the field X? as local coordinates on M,
and the coordinate 0® = (7,0) to coordinatise ¥.. The generic form of an action for a

sigma-model is given by,

1
4drad

S = /Z d2o [T Gy (X)X 05X + ¥ By (X)0.X'05X7] | (L11)
where G;; is a symmetric tensor playing the role of the metric of the target space
manifold M and B;; is an antisymmetric tensor called the Kalb-Ramond field [KR74].
In the case where ¥ is a 2d worldsheet, the first term in the action is exactly the famous
Polyakov action |[Pol81], which describes strings propagating through a spacetime M E]
Using local diffeomorphism invariance, the dynamic worldsheet metric h**(o) is often
gauged fixed to that of the flat Lorentzian metric, which then allows one to adopt the
light-cone coordinates defined by 0% = (7 4 ¢)/2. With this choice, the above action

Tn string theory, the worldsheet metric hqp has no direct physical interpretation in the target
space. Consequently, a faithful description of a string propagating on M should rely solely on the
embedding X of the worldsheet into the target space. This requirement leads one to impose the
Virasoro constraints, which enforce the vanishing of the worldsheet energy-momentum tensor,

Tos =0,

thereby fixing the worldsheet metric and ensuring that all physical degrees of freedom are encoded in
the embedding fields. In the discussion that follows, we will refrain from imposing such constraints.

12
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reads

1
Y

S

/ &0 B;(X)0_X'0,X7 | Ey(X) = Gy(X) + By(X) (1.1.2)
where we have introduced the generalised metric £;;.

The Principal Chiral Model:

Consider a sigma-model with target space given by a Lie group G, such that our field
configurations are group-valued mappings g : ¥ — G. The Principal Chiral Model
(PCM) [Poh76; ZM78a] describes the propagation of g(o) in G using the action

_K 2 -1 -1
Spem = %/zd oTr(g 7 0-gg 0+9) . (1.1.3)

Or rather, using the left invariant Maurer-Cartan forms j = g~ 'dg € g, where g is the

Lie algebra of G, we can write

K -
Spem = 2—/ d*o Tr(j_j4) - (1.1.4)
T Jx
The equations of motions of the action are given by
0rj-+0-j4+=0. (1.1.5)

The first thing to note is this action has the form of a sigma-model (1.1.2)). If we
parametrise g(o) = g(X (o)) where X are local coordinates on the group manifold G,

we can expand jy in terms of the left invariant frame fields by
jx = L{(X)0:+ X' T, (1.1.6)

where the T, € g constitute a basis of Lie algebra g of G, such that [T,,T}] =
favT.. Then we immediately see that the PCM is equivalent to (1.1.2) with G;; =
L?(X)L?(X)Tr(TaTb) and B;; = 0. The PCM is a highly symmetric model, with global
isometry group given by Gy, X G'r acting on the fields as

g—h'gh, . (1.1.7)
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The associated conserved currents are given by the left and right Maurer-Cartan forms,
j = g 'dg and k = —dgg~'. The PCM is also exceedingly symmetric in another
sense, owing to the fact that it is Lax integrable. It will transpire that one can write
down infinitely many non-local conserved charges associated to the model, each in turn
constraining the dynamics.

The Lax formalism is indeed a powerful formulation of an integrable field theory.
The idea is to introduce a spectral parameter dependent, g-valued connection over 3,
whose flatness implies the equations of motion of the corresponding theory. We can
define a Lax connection for the PCM by

J+
L. = 1.1.8

+ 1 Tz ) ( )
where z is the local coordinate on the Riemann sphere CP!. The curvature of the

connection L is defined by,
F(L)=dL+[L,L]. (1.1.9)

One finds flatness of L,

1 . . o . .
F(L)=1—"0 [0+ = 0-jt + [J+,5-] — 2(0+j- + 0-j4)] (1.1.10)

for all z € C, implies that 7. is both conserved and flat. Conversely, if j4 is both
flat and conserved, then the corresponding Lax is also flat. Once a connection with
such properties is acquired, the construction of the monodromy matrix and conserved

charges follows systematically. We define the monodromy matrix by

M(T; 2) :Pﬁb(—/_o;daﬁg(aﬁ;zﬂ :P%(-/_O:de‘j”_%) . (1.1.11)

1— 22

with P % denoting the path-ordered exponential, where functions with argument z’ >
x are placed to the left in the expressionﬂ. Given the flatness of the Lax, one can show

the monodromy matrix satisfies
- M(732) = —Ly lgmoe M(T32) + M(T52)Lr o on - (1.1.12)

As such, imposing boundary conditions that ensure £, vanishes at spatial infinity, we

2This gives rise to the useful mnemonic ‘last (or later for time ordering) to the left’



1.1. INTEGRABLE SIGMA-MODELS 15

find that our monodromy matrix is conserved. Taylor expanding M(t; z) around z = oo,

we arrive at the following expression;

M(r;2) =1+ - / do j.(1,0) + /danga

? da/ do'j (1,0")j(1,0") + -
(1.1.13)
At first order in 1/z, the conserved charge is exactly the Noether charge associated
to the right acting symmetry. At higher orders, we generate less familiar terms, all
non-local in nature. Such higher order terms generate the classical Yangian algebra of

the model, an infinite dimensional algebra that underlies the classical integrabilityﬁ

The Wess-Zumino Term

Our discussion of sigma-models with target space a Lie group G has been limited to
the case where the B-field is identically zero, such as in the case of the principal chiral
model. Given the fact the PCM enjoyed the existence of a G, x G symmetry, one can
ask if it is possible to modify the action and add in a non-trivial B-field term whilst
preserving this global symmetry? The answer is yes, however it will come in the odd
shape of adding a 3-form term to the action. Let us zoom in momentarily on the B-field

term in our sigma-model:

Sp=—— /E P B,,0, X195 X7 . (1.1.14)

4o
One finds that under the local target-space transformations,

By — Bij + 0:A; — O;A; | (1.1.15)

for A; = A;(X), the action for Sp is invariant. As such, one can form the gauge-invariant
field strength for B, a three form defined by H = dB, with components

'Uk a Bjk + a Bkz + ak: ij - (].]_]_6)

3In the literature, people often refer to integrable systems as those systems that possess a “hidden
symmetry” algebra. It is often algebraic structures such as the Yangian algebra they are referring to.
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The fact H is spacetime gauge invariant means that the spacetime physics of B will
depend only its field strength. This certainly advocates the primacy of H and as such
we should not be surprised that we have a 3-form term in our action. There is a
glaring issue however, our worldsheet ¥ is two dimensional, and as such 3-forms vanish
identically on it. To proceed then, we introduce a 3 dimensional manifold A/ such that
the boundary of A is given by %, i.e. IN = L[]

This introduces another obstacle, in order to write down a meaningful theory, we
will need to promote our group valued fields from maps ¢ : ¥ — M tomaps § : N' — M,
so that we extend ¢ from the boundary X into the bulk N in a consistent fashion. We
will require the physics to be completely agnostic to the exact choice of extension into
the bulk, g. In other words, if we were to deform ¢ continuously by a small quantity,
leaving its value on Y unchanged, the integral of our 3-form should remain invariant.

We will thus consider the following term [WZ71; Nov82; |Wit83|:

k R R 1 N
Swe = o [ Wzlg), Wzlgl = STe(g7'g A g dg A5 d) (1.1.17)

Clearly due to the ad-invariance of the inner product, Tr, we have that the term also
has a manifest G, X G global symmetry. Let us show that it is also invariant under
small continuous deformations. Send § — gexp(e) ~ §(1 + ¢), where € vanishes on the
boundary Y. Under this deformation, the left current transforms as §j = de +[j,¢]. We
thus have i
8wa = o [ Tr((de + [ e 1. 3)
k
_ N T<d~,~ i [, ) 1.1.18
- ) Tr(etdli g+ [ 1, 1) (1.1.18)

4
=2 [T (el bl =0,

where we have used integration by parts, ad-invariance of Tr, the flatness of ;7 and
finally the Jacobi identity. So indeed, continuous deformations of § do not change the
WZ-term. One concludes that the WZ-term, despite superficially appearing to be a
bona-fide three dimensional term, is in fact only sensitive to the physics on the two
dimensional boundary!

It is worth noting at this point, there may exist extensions of the group-valued field

into V that are not related by continuous deformations. Consider two such fields § and

4QOr a disjoint union of such worldsheets ON = LY.
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§', defined on N" and N, which agree on their mutual boundary ON = ON’ = X, such
that § [x= ¢’ |s. The difference between the two distinct terms corresponding to each

extension is given by

I:/NWZ[Q]— | wzlg). (1.1.19)

We denote the reversing of the orientation of A7 by A”. Gluing together the manifolds
N and N forms a manifold homeomorphic to a 3-sphere S% = N UN’. With this, we
can identify I with the Brouwer degree [Brol2| of a mapping g defined by,

~ gon N\ |
9= o on A7 (1.1.20)
g on )

So I measures the winding number of the mapping § : S® — G defined as § |yv= §
and § |y»= ¢’. Such mappings from S® — G are, by definition, characterised by the
third homotopy group m3(G). For G a compact and simple Lie group, we have that
m3(G) = Z. As such we have that,

WZ[g WZ[§ ]+ 2mn, neZ. (1.1.21)
J vl = |,

Explicitly, this result tells us that extensions of g into the bulk with differing winding
numbers (or in differing homotopy classes) will lead to actions differing by a constant
of 2mn. Now, when we come to quantise the action we will need the path integral to be
single valued, this will require the constant £ to be integer valued.

Let us consider the system described by the action

SPCM+WZ— /TI' 10_gg 10_,.9 / WZ (1122)

We call such a theory the PCM with WZ term. Varying the action, the equations of

motion of the theory are given by
(K — k)0 j_ + (K +k)o_j,. =0. (1.1.23)

We thus find that the conserved current with the addition of the WZ term is given by

I | =
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where 7 is a normalisation constant that we will fix to likewise ensure flatness. Calcu-
lating F'(.J), the choice n = K ensures that Jo is indeed flat. With this we can define
the Lax connection of the PCM+WZ as

Ji 1Fa

L= = “1oyq, 1.1.25
* 1F=2 1$zg +9 ( )

where we have introduced the parameter a = k/ K. As such, introducing a WZ term
has preserved the Lax integrability of the PCM, allowing one to conclude that the PCM
+ WZ term shares many of the same integrable properties.

At a special point in the parameter space, namely K = —k, the equations of motion

(1.1.23]) take the form
0+j-=0. (1.1.26)

One can solve the above in closed form by

9(0.7) = glo) §lo) (1.1.27)

In Euclidean signature this is nothing more than the statement that our fields factor
into holomorphic and anti-holomorphic sectors. The result is that the theory is chiral
in nature: it has two independently conserved currents generating independent affine
Lie algebras. This chirality is a powerful constraint on the theory, by the Sugawara
construction it can be shown that the (anti-)holomorphic energy momentum tensor of
the theory is a product of the (anti-)holomorphic currents which one can then use to
generate the Virasoro algebra familiar in the study of 2d CFTs. The CFT corresponding
to the point K = —Fk in parameter space is known as the Wess-Zumino-Witten (WZW)
model [Nov82; Wit84].

Conserved Quantities and the Yang-Baxter equation

Before proceeding, we will emphasize the implications of a theory possessing infinitely
many conserved quantities. At the classical level we discussed how the emergence
of these conserved charges, in principle, allows one to constrain the dynamics of the
system sufficiently, allowing one to perform explicit calculations. But what about at the
quantum level? How do the hidden symmetries constrain the dynamics after performing
quantisation? A priori there is no guarantee that such charges survive the quantisation

process. In some famous classically integrable models (such as the CP" model for
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example), the tower of conserved charges becomes anomalous and so cannot be employed
to constrain the quantum S-matrix, the observable describing the quantum dynamics of
the system. We will consider the constraints imposed on the S-matrix by those theories
whose integrable properties admit a quantisation. For massive two-dimensional theories,

the following properties are possessed by quantum integrable field theories:
o There are no processes in which particle production may occur.
e The collection of initial and final momenta are equal up to permutation.
e The n — n S-matrix can be factorised into a product of 2 — 2 S-matrices.

For a more pedagogical and complete discussion of the above, we refer the reader to
[Dor96]. We will briefly highlight the implications of third point so as to motivate future
discussions. The fact that all scattering processes in 2dQIFTs may be given in terms
of the elementary 2 — 2 S-matrices suggests the primacy of the two particle S-matrix:
once it is known, all other S-matrix elements follow. For consistency, we need our
2-particle S-matrices to solve the Yang-Baxter equation.

The S-matrix is the operator describing the change of basis between the in-state
basis and the out-state basis, describing the evolution of the system as it goes from the
asymptotic far-past to the asymptotic far-future. For a 2 — 2 process the S-matrix

satisfies

Ai(61)A;(85) = SE (01 — 6) A(62) Au(6h) . (1.1.28)

Here A;(6;) denotes a particle of type ¢, transforming in a representation V; of the
underlying global symmetry group, with rapidity 6;, where an on-shell particle of mass

m; has rapidity given by

(pi>+ = my; eXP(‘gi) ) (pi)— =m; eXp(_Qi) )

where (p;)+ are the light-cone momenta of the ith particle. The Yang-Baxter equation
is then given by the necessity that our 3 — 3 process be single valued when decomposed
into the 2 distinct ways of factorising into multiple 2 — 2 processes. Referring to figure

one can see for an S-matrix given by the linear mapping

S(z1,22) Vi@V, - Vi@ Vs,
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(1) (2) (3)
Figure 1.1: Possibilities for a 3 — 3 process. The Yang-Baxter equations ensures that
all three diagrams are equal.

the Yang Baxter equation (YBe) reads

512(21,2’2)513(21723)523(22, 23) = 523(2’2,23)513(2’172’3)512(2172’2) ) (1-1-29)

where z; are complex spectral parameters, generalising the dependence on rapidity,
which the S-matrices depend on in a meromorphic fashion and the subscript denotes
on which of the factors in the tensor product V; ® V5 ® V3 the S-matrix acts.

The YBe is an inherently quantum constraint. As such, one should consider whether
it admits a classical counterpart. If we consider expanding S(z;, 2;) as a formal power
series in h one has

S(2) = Idv,ev, + hr(z1, 20) + O(R?) . (1.1.30)

Here 7(21, 22) is again a meromorphic function of z; and z, valued in End(V; ® V5),

known as the classical r-matrix. Plugging in ((1.1.30) into (1.1.29) one attains the
classical Yang-Baxter equation (cYBe):

[ro3(22, 23), m13(21, 23)] + [r13(21, 23), r12(21, 22)] + [r23(29, 23), r12(21, 22)] = 0, (1.1.31)

where once again the subscripts denote on which factors of the tensor product the
classical r-matrix is acting.

A classical r-matrix is called non-degenerate if det r # 0 identically. Remarkably, it
was shown by the work of Belavin and Drinfeld [BD84], that non-degenerate solutions
to the cYBe are classified. The solutions fall into three distinct families called rational,
trigonometric and elliptic. As such, we likewise refer to the corresponding integrable
systems as rational, trigonometric or elliptic depending on the class of their underlying

classical r-matrix.
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Given the existence of a constant and antisymmetric classical r-matrix, satisfying
for a Lie algebra g, one may define a new distinct Lie algebra over the underlying
vector space of g. To show how, we introducing tensorial notation. Take X,Y € g we
denote by X; and X3 the two different embeddings of the element X in the tensor
product of the universal enveloping algebra U(g) ® U(g), defined so that

X1 =X®Id,and X :=Ild® X . (1.1.32)
Then given an r-matrix valued in g&®g we can introduce an equivalent object R : g — g,

where Trp denotes taking the trace with respect to the second factor in the tensor

product. We can use then use R to define the bracket
[0,0]g :=[Re, 0]+ [0 Re|, (1.1.34)

where the Jacobi identity of [e, e|r is satisfied by virtue of R being a solution to the

cYBe. This ensures (g, [, ®|z) indeed forms a Lie algebra.

The Lax connection and the Yang-Baxter equation

We have seen that certain emergent structures appear to underlie the remarkable prop-
erties of integrable systems. Thus far, we have introduced two notable instances: the
Lax formalism and the Yang-Baxter equation. As such, a question one should naturally
be inclined to pose is the following: what is the relation between the notions of integra-
bility in the Lax sense and the cYBe? In this subsection, we will endeavour to answer
this question by studying the canonical structure underlying integrable systems, closely
following [Mai85].

Recall the definition of the monodromy matrix (1.1.11]). Here we defined a quantity
that was independent of the spatial coordinates of our worldsheet by integrating over
an entire spatial slice at a fixed time 7. One can equally generalise the definition of

the monodromy matrix, defined in such a fashion as to be dependent on the spatial
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coordinates of our worldsheet by
Mo, o', 7;:2) = P&D (/:/ do" Ly (c", T z)) : (1.1.35)
Clearly, the monodromy matrix satisfies the properties,
M(o, o', m;2)M(c’ 0", 7, 2) = M(0,0",7;2) , where M(o,0,7;2)=1d. (1.1.36)

To study the canonical structure of the integrable theory, it is desirable to compute the
equal time Poisson brackets of quantities in the theory. We introduce Poisson brackets,

computed such that
{(X1,Ye} ={X YT, 0T cg®g . (1.1.37)

In integrable field theories, G-invariant quantities formed from the monodromy matri-
ces, and hence the non-local conserved charges extracted from them, mutually Poisson
commute. If two such charges fail to Poisson commute, the flow generated by one
does not preserve the other—i.e., one charge is not conserved along the Hamiltonian
flow of the other. This mutual incompatibility implies that the associated symmetry
flows interfere, obstructing the construction of a consistent collection of commuting
flows. As a result, the charges cannot jointly generate an integrable foliation of the

infinite-dimensional phase space. Using the identity,

dM(o,0'52) =P (/U do" 6L, (0" 2) M(o,0’; z))
\Jo (1.1.38)
= / do”" M(c',0";2)0L,(c";2) M(c",0; 2) ,

one can verify that the Poisson brackets read,
o' 0
{My(0,0";2), Ma(p,p/;w)} :/ da”/ dp" My(o,0";2) Ma(p, p’; w)
o p

X {‘Cgl(a//; 2)7 Eaz(p“;w)} (1139)
x My(0”, 0" 2) Ma(p", p'sw) |

where we have suppressed explicitly displaying the dependence on 7, since all quanti-

ties will be evaluated at equal time. The above shows that the canonical algebra of
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the monodromy matrices is determined by the Poisson bracket of our Lax matrices.

Consider the following form for the Poisson bracket of our Lax matrices,

{Lo1(0:2), Loz(piw)} = ([Ruiz(z,0), Lo1(0, 2)] — [Riz(w, 2), Log(o,w)] )d(o — p)
+ (RQ(Z, w) + Ro1 (w, z)) 0,0(0 —p) ,

(1.1.40)
with R a function of the spectral parameters z and w, valued in g ® g. The canonical
algebra given in is called the Maillet bracket. It is the most general choice with
at most one derivative of a delta function term, 0,9, that ensures the Poisson bracket
between the trace of polynomials of the monodromy matrices vanishes [Mai85]. Many
of the 2d IFTs of interest to us in the succeeding segments of the thesis exhibit such
an algebraic structure in the Poisson structure of their Lax connections. We call such
theories non-ultralocal due to the presence of the derivative of the delta function in
the algebra. Complementarily, if a 2d IFT is such that R is antisymmetric, ensuring
that the last term in ((1.1.40)) vanishes, we call the theory ultralocal. In the ultralocal
setting, the bracket reduces to the Skylanin bracket [SkI82].

One could consider the condition for this choice of canonical algebra to form a Lie
algebra. In this case, it will be necessary for the Maillet bracket to satisfy the Jacobi
identity. Calculating

{Ea;(m; 21), {502(02;22), £a§(03;2’3)}} + {505(03;23), {Lal(o-l; 21)7 503(02; 22)}}
+ {Lo3(02; 22), {Lo3(03; 23), Lor(01:21)}} =0,
(1.1.41)

one can show that this is equivalent to the condition,

[Y@(zh22723),£al(01;21)] + [Ym(zhzm23),£o§(03;23)] =+ [Y&(szmzs),ﬁaz(@;22)] =0,
(1.1.42)

where

Yios(21, 22, 23) = [RQ(ZI,ZQ),RE(Zl,Zi;)] + [RQ(Zl,ZQ),RB(ZQ,Zg)] + [RQ(Zi;,Zz),RE(Zl,Zg)] )

(1.1.43)
As such, the consistency condition for our canonical algebra to form a Lie
algebra is that R(z,w) satisfies the cYBE for antisymmetric R-matrices. With
this we have thus elucidated the relationship between the Lax for ultralocal theories
and the cYBE.
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1.1.1 Integrable Deformations

Integrable deformations provide a pragmatic approach as we try to understand the full
landscape of integrable theories. The motivation behind deforming integrable models
is the following; given that integrable systems are incredibly symmetric, how much
symmetry can we break whilst still retaining the properties underlying a system’s inte-
grability? We will investigate this question through the lens of two seemingly unrelated
models, namely the A-deformed model of Sfetsos [Sfel4| and the Yang-Baxter deformed
model of Klimcik [K1i02; KIi09].

The M-Deformed Model

In what follows we will outline a procedure that allows one to derive a one parameter

family of integrable models. Our starting point will be the PCM on a group manifold

G, as given by (L.1.3):

];:2
Spom = —*/ d*oc Tr(g'0_gg ' 0+9) ,
21 Jx

where have chosen a more convenient normalisation to expedite future calculations. We
begin by gauging the GG, symmetry, which acts as G : ¢ — h~'g, by promoting the
partial derivatives in the PCM to covariant derivatives, Dy = d4 + A4, with the gauge
fields transforming as

A— h'Ah+h7tdh . (1.1.44)

The action for the gauged PCM takes the form,

i _ _
Sepom(g, A) = —%/Edza Tr(¢g'D_gg'D.g) . (1.1.45)

We will add a WZW-model on G at level k, with the dynamical field g € G.

- k L o B k -
Swawkld] = %/zd% Tr(§g'0-g5 '0:+9) + 27T/NWZ[Q] : (1.1.46)

We will also gauge the diagonal subgroup of the WZW model acting as Ggiag : § —
h=tgh, where h € G. It transpires that gauging the WZW model is a subtle task. The
WZ term is a closed 3-form, however, when we perform a naive gauging of the Wess-

Zumino term by minimal coupling, d — d + A, one generically finds that the resulting
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3-form is no longer closed. This is undesirable, since for our purposes, we require the WZ
term to be closed so that we can write it locally as an exact 3-form ensuring our theory
is two-dimensional. The resolution lies in the machinery of equivariant cohomology
[F'S94a]. We can write down the gauged-WZW term as

X(g, A) = WZ(g) + d [Tr(dgg—" Ar) + Tr(§~'dg As) + Tr(57 ArgAs)] , (1.1.47)
and the covariant derivatives act on g as
Vg=dg+ Aig — gAs , (1.1.48)

where we have gauged by the subgroup H C G X Gg such that A = (A}, As) € h C
97,Pgr. In the case of gauging the diagonal subgroup H = Ggisg, We have A; = Ay 1= A,
transforming as

A h'Ah+ h™dh (1.1.49)

for h € Ggiag. Proceeding by replacing dg — Vg and WZ[g] — x(g, A), we can write
down the action for the diagonal-gauged WZW model as

_ _ k o RPN
Sngw,k(g, A) = SWZW,k:(g) + o /z d’o Tr(A_0437 1) —Tr(Ayg 15—9)

+ TI'(A_gA+g_1) + Tr(A_A+) .
(1.1.50)
Now here we will make a crucial step. We will identify the two gauge fields in (|1.1.45)

and (1.1.50)). Doing so we have the following action

Sia(9, 9, A) = Sepem(9, A) + Sewzw k(9, A) , (1.1.51)

where the two terms are coupled through the gauging. We can fix this gauge symmetry

by fixing ¢ = Id. Doing so, the only term that survives from the PCM action is

K/ o Tr(A_Ay), (1.1.52)
21 Jx
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and so we arrive at the action,

k _
Skalg:A) = Swawilg) = 5= [ o Tr(A4(1d = AAG)A)

+ 2]{7; /Z d’0 Tr(A_0,99™") — Tr(Ay g™ g),
(1.1.53)
where we have introduced the paramater \ = KQLW and relabelled § — g on aesthetic
grounds. One notes at this stage that our gauge field, A4, appears in the action in a
non-dynamical fashion. As such, one can integrate out the gauge fields, replacing them

with their on-shell values. A quick calculation gives,
Ay =AM1=MAdg) "0,997", A =-X1-XAd, ") g0y, (1.1.54)
so plugging the above expression back into the action we arrive at
Sk = Swzw + I;/T\ /2 d*c Tr(0,g99~ (1 — AAd;l)_lg_la_g) : (1.1.55)

The above action is that of the A-deformed PCM [Sfel4]. We have shown how to arrive
at the action of the theory, however there is no a-priori guarantee that after undergoing
the outlined prescription the resulting theory is still Lax integrable. This we will show
explicitly. Luckily for us we can employ the gauge fields AL, as in , and show
that the equations of motion of can be written as

1
aiA¥ - im[A+,A,] . (1156)

With this, we can define the following Lax connection

=2 AL
BTV E=

o , (1.1.57)

one finds that the flatness of £ implies the equations of motion of the A-model are

satisfied. As such, we have found that indeed the A-model is Lax integrable.
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The Yang-Baxter Deformation:

Given a solution to the modified classical Yang-Baxter, i.e. R : g — g, satisfying,
[RX,RY] - RIRX,Y] - R[X,RY]|+*[X,Y]=0, VX, Yeg, (1.1.58)
one can define the following model,

Sy = /EdzaTr(g_laJrg g to_g), (1.1.59)

1
1-1R,
where R, := AdglRAdg. This is the aptly named Yang-Baxter model [K1i02], and it is

indeed integrable with the Lax connection given by

1 1—c*n?
BEDEL e

Lo (1.1.60)
By introducing the operator, (1—nR,) !, we have naively deformed the original G x Gr
isometry group to just the right acting symmetry Gg. It was shown in [DMV13], for the
case where ¢ = —1, that the left-acting symmetry is modified, with the original local
charges associated with GG, now giving rise to non-local conserved charges, forming
the algebraic structure of a quantum group. We call such a phenomenon a g-deformed

symmetry.

1.1.2 Sigma-Model Dualities

In the landscape of physical theories, some models exhibit a striking feature: their
dynamics can be fully captured by a seemingly different, non-equivalent theory. In such
cases, objects and quantities in theory X correspond to objects and quantities in theory
Y through a non-trivial mapping, referred to as a “duality dictionary.” This raises an
intriguing question: can computations in theory X, which may be intractable using
contemporary methods, be reformulated in theory Y, where they are more accessible,
and then translated back using this dictionary? It is to this end that dualities not
only reveal deep structural connections between theories, but also provide powerful
computational tools, allowing physicists to extract insights that would otherwise remain
out of reach. In this subsection we will provide an introduction to dualities in sigma-

models by presenting a discourse covering Abelian [Bus87], non-Abelian [0Q93] and
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Poisson-Lie [KS95| dualities between sigma-models.

Abelian duality in non-linear sigma-models

Before discussing Abelian duality for a generic sigma-model, it will prove useful to
consider the simple example of a scalar field ® : ¥ — R. If we impose periodicity of our
scalar field such that & ~ & 4 27, we end up with a periodic scalar field, whose target

space is now S!, with a radius of R. Such a field has an action given by,

R2

4o/

S[]

/d200+<1> 0. (1.1.61)
b))

where d’c = dr A do = 2do* Ado~, and 0 = (7 £ 0)/2. This theory clearly has a
global translational symmetry given by ® — ® + \. Let us gauge this symmetry so that
now A — A(c¢). Such a promotion is tantamount to introducing a gauge field B on our
worldsheet and replacing 0.® — Dy = 0+P + By, where the gauge field transforms
as By — By — 01\, Clearly after gauging we have fundamentally changed our theory,

and the equations of motions for & now read,
284,87@ + a+B, + 8,B+ == 0 . (1162)

However, if we introduce a Lagrange multiplier 8, that sets B to be gauge trivial on-
shell, we can ensure that equations of motion of our theory are unchanged after gauge
fixing. We have the following action

_ 2
S0, B,6) = =

/d2aD+<I>D_cI>+i/ &0 0 F,_(B), (1.1.63)
b 2w Jy

Y te

where F, = 0, B_—0_B,. On a topologically trivial choice of worldsheet %, integrat-
ing out 6 indeed ensures that B is pure gauge globally. However, this is not the case
for topologically non-trivial worldsheets. On non-trivial worldsheets the connection can

have non-zero holonomies around non-contractible cycles, v C ¥, defined by
Q, = 7( Bodo® . (1.1.64)
v

Put plainly, this means if we take our gauge field, B, around a loop in X it can transform
in a non-trivial manner. The gauge invariance of (|1.1.64]) requires our gauge transfor-

mations be single valued. As such, one can immediately see that if B is pure gauge along
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the curve v, i.e. B = d\, the right hand side of vanishes by Stokes’ theorem,
and we have a contradiction. So we conclude holonomies, as global quantities, restrict
our ability to globally gauge fix a quantity, and so, on such worldsheets, B can only
be locally pure gauge. Therefore the actions and are not necessarily
equivalent for ¥ topologically non-trivial.

There is a fix however, the equations of motion for B4 return the following;

2/

Be=—m

0+0 . (1.1.65)
So plugging the above into , we find that such holonomies vanish if we have that
6 is periodic around these cycles. It is in this sense that the winding modes of 6 act
as Lagrange multipliers for the holonomies. We would like to derive an action for just
the Lagrange multiplier field §. To do this, let us first consistently eliminate ® from
(1.1.63]), we can do this in a rather expedient fashion by gauge fixing ® = 0. This then
leaves the action

_ 2
S[A,0) = -2

/ d’0 B,B_ + i/ d?0 B_0,0 — B,0_0 , (1.1.66)
b 2w Jy

Y,
where we have integrated the Lagrange multiplier term by parts. Finally integrating
out B next leaves us with the action

RQ

4o

S = /Ed%méa_é, (1.1.67)
where R = o//R is the radius of the dual circle. So what have we shown here? We
have shown that a theory defined on S!' with radius R is equivalent at the level of the
classical action to another theory with target S' but now of radius R = o/ /R. This
is an example of a T-duality transformation between two classical models. Of course,
in the full quantum theory many more things must occur for consistency when going
between corresponding T-dual models. For instance, one must exchange the winding
and momentum modes, and if the theory is coupled to a dilaton, the duality will induce
a shift in the dilaton due to the Jacobian of the path integral [RV92; Thol9).

Let us employ the intuition built from the previous example to the more general

case. Beginning with the sigma-model

S = / o By(X)0_X'0, X7, Ey(X) = Gy(X) + By(X) , (1.1.68)
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consider the case where the target space of our sigma-model admits a splitting of its
coordinates such that {X'} = {X° X'} where X° ~ X° 4 2rR. We can once again
gauge the translational symmetry X% — X% + \. To write an action that is symmetric
under such local translations, we implement the replacement 94 X° — D X = 9, X+
B.. Finally, to ensure new action is equivalent to ([1.1.68]), we again add a Lagrange

multiplier imposing the flatness of of the gauge field, giving the action

S = / &0 [Eoo(a_XO 4+ B, X%+ By) + Eor (_X° + B_)a, X!
b

} (1.1.69)
+ B0 X"(0,X°+ B,)+Er;0_X'0, X’ +0F,_(B)
Using the gauge symmetry to fix X° = 0 we arrive at the gauge fixed action
5 = / Lo [EOOB,B++EOI B 8, X"+ En0_X'B,
2 (1.1.70)

4 B0 X109, X7 + éF+,(B)] .

As before, integrating out the gauge fields B4, one arrives at the dual model with action
given by
S = / &0 B;(X)0_X10, X7 | (1.1.71)
b
where {XZ} = {é, XI} and E~U<X> = éij (X) + Bij (X), for élJ(X> and Bij (X) given by
~ 1 ~ Bor ~ G10Gos + BroBos
00 Goo o1 Goo 1J 1J Goo )
~ Gor n Gr0Bos + BroGos

Byy=—-2. B;;=B
(0)4 GOO ) IJ IJ GOO

(1.1.72)

The above relationship between the old and new metric is profound; we have that two
models with completely distinct target space geometries are classically equivalent! It
turns out that, for Abelian dualities, this equivalence holds for the path integral also,

and so is an inherently quantum duality [RV92].

Non-Abelian dualities in non-linear sigma-models

Let us write down the recipe one adopts to arrive from one theory to its non-Abelian
T-dual theory. In these cases, we will look to undertake the dualisation procedure for

non-Abelian isometry groups of the target space manifold, which will present further
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technicalities one needs to navigate than in the simpler Abelian case.

1.

ii.

1il.

Identify an isometry of the target space: Recall that an isometry is a sym-
metry of the metric. Suppose we have a group action of G on the target space M
of our sigma-model (1.1.68)), generated by the vector field, v, = v’ (X)d;, acting as

X5 X=X el | (1.1.73)
such that the generalised metric transforms as Ey;(X) — FE;;(X), where

Xk ox!t . .

Eii(X) == EuX). 1.1.74
ii(X) X7 5X7 1 (X) (1.1.74)
This gives us the following expression for the metric,

Eij(X) = Ej(X) + €Ly, E(X) . (1.1.75)

One can see if £, E;; = 0, then E;;(X) = E;;(X) and the generalised metric is
unchanged under the transformations generated by G. We call such a group, G, an
isometry group of our target space, and v, = v’0; is its associated Killing vector.

Using the above results and performing the classic Noetherian trick, one finds that

the action (|1.1.68)) transforms as
5.5 = /e“ﬁvaLJr /de“ A K, | (1.1.76)

where the Noether current is given by K, = v:E;;0_X?do~ — v) E;;0, X'do™. If
G is an isometry then one has £,, L = 0 and K, satisfies the conservation equation

d x K, = 0 on-shell.

Promote the global isometry group to a local gauge symmetry: We pro-
mote our derivatives 04 to covariant derivatives D, such that Dy — Adg-1Dy,
under the gauged isometry transformations, where g = exp(e*v,) € G. We achieve
this by introducing a gauge field transforming as B — ¢ 'Bg + ¢~ 'dg, so that
Dy =0, + By.

Impose the flatness of the connection with a Lagrange multiplier: To
ensure we had classical equivalence at the level of the equation of motions between

the models, we add a Lagrange multiplier § that imposes the constraint that our
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connection B was flat, i.e. F(B) = dB+3[B, B] = 0. Or rather, that the gauge field
can locally be written as pure gauge. Considerations of the holonomies around non-
trivial cycles of the worldsheet will impose conditions on the Lagrange multiplier
akin to the periodicity in the Abelian examples. It is important to state here
that gauging non-Abelian isometry groups on non-trivial worldsheets is currently
a poorly understood procedure. This is due to the fact that the holonomies of the
gauge field are a more challenging adversary. The Lagrange multipliers (i.e. the
T-dual coordinates) are now necessarily adjoint valued, and so a natural notion of
periodicity is not so easily assigned. Even so, non-Abelian holonomies are path
ordered exponentials and as such are non-local quantities, meaning the resulting

action would likewise have the undesirable property of being non-local.

iv. Fix the gauge symmetry and integrate out X and B: As the final result, we
desire an action principle for the Lagrange multipliers that will form the coordinates
of our T-dual space. At this point, it will prove useful to perform an appropriate
gauge fixing of our gauge symmetry. Then putting the non-gauged fixed quantities
on-shell and plugging their on-shell value back in the action yields an action for the

dual coordinates.

The above recipe is completely general and can be exercised for the case where our
isometries are non-Abelian [OQ93]. There are however some technical differences in this
case when compared to the Abelian case stemming from the non-commutative nature,
which we will highlight below.

Consider with the non-linear sigma-model with vanishing Kalb-Ramond two-form,

Bij =0,
1
 4nad

S[X]

/E &0 Giy(X)0_X'0, X7 (1.1.77)

such that now the metric G has a non-Abelian isometry group G and the worldsheet 3
possesses no non-trivial cycles. We will adopt notation that allows the action of this
isometry group on our target space to be as transparent as possible by again splitting
the coordinates as { X} = {X*, X7} where the Greek indices shall denote the isometry

directions, acted upon by our isometry group G as,
Xt — gt (X) X" (1.1.78)

where g € G. Starting with the action ([1.1.77) and performing (i.-iii.) of the outlined
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procedure for the whole of the Lie group ¢ will result in the following expression for

the path integral:

7 - /DX/DG/M exp( 1S auged | X, Ba] —z/ &0 Tr(0F (B ))() , |
1.1.79

where
Seanged = Gij DL X'D_X7 | DL X" =0, X"+ BL(T,)" X", (1.1.80)
after fixing a basis for the Lie algebra g of G, given by {7,} such that Tr(T,T};) = dup,

and
DX = DX /det(G) e™® (1.1.81)

is the covariant path integral measure with dilaton coupling. We attain the dual theory
by proceeding to integrate out our gauge fields, starting with B_. To do so, we note
that B_ appears linearly in our action. As such, after elementary manipulations, such

as integrating by parts, we will be able to make use of the identity;

1 foo ,
= — dp e'P* 1.1.82
2T /—oo pe ( 8 )

adapted for functional quantities, allowing us to write the path integral (1.1.79) as,

,/Zd%Tr(hB+)> . (1.1.83)

DX - .
7z = / gl / DB, 8(FB; + h)exp (—ZS[X] s
where h, h and f are defined as

= —8+0 + (G2M8+XZ + Gpu&+Xp)( )M XV
fo = 00, + (Gipd_X' + G0 X°)(Ta)" X" . (1.1.84)
Fap = _fabcec + Xu(Tb) ;LGVP(Ta)poXU :

Performing the functional integral over B, one attains,

Z = /—DQ exp(—iS'[X, 0]) det(F~) (1.1.85)
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with
1

Y de

S'[X.0] = S[X] /E EoTe(hF~h) . (1.1.86)

We are now in the position where we would like to perform a choice of gauge fixing. It

will prove useful to denote the choice of gauge
X=IX, 0=10"". (1.1.87)
As such, using the Fadeev-Popov trick to fix the gauge in the path integral we have
7 = / DXDO(Q) det (;f exp(—iS'[X, 0]) det(F7') | (1.1.88)

where Q is the gauge fixing function and w the parameters of the isometry group.
Denoting the new coordinates X and 0 collectively by Y we can write the path integral
as

Z = / DY exp(—iS[Y]) det (F(Y)) (1.1.89)

where the Fadeev—Popov determinant in the path integral, 0Q)/dw, contributes to the
measure such that the correct volume element for the dual manifold is

DY = DYVGe . (1.1.90)
Finally one still needs to compute the det(F~!) that appeared due to the delta function
for B,. This contributes a local term to the action given by

1
Y e

/ &0 o' R® (AD) (1.1.91)
>

which corresponds to the change of the dilaton due to the duality transformation given
by
¢ =& — logdet F . (1.1.92)

In general, we cannot easily write the gauge fixed dual action out explicitly, with the
new metric and antisymmetric tensor fields failing to be in a closed form, as for the
Abelian case above. For special examples where the duality transformation may be

performed explicitly, we refer the reader to the original article [OQ93].
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Poisson-Lie via promoting Isometries

Having outlined some of the features of the dualities for the case of Abelian and non-
Abelian dual models in a systematic fashion, we will now turn our attention to another
type of duality.
Consider momentarily that the vector field, v, instead of generating isometries, is
a group action such that the associated current obeys the following Maurer-Cartan
equation,
d+ K, = ;fc‘lb*Ka/\*Kb, (1.1.93)

where we have introduced the structure constants £, which will define for us the Lie
algebra g. We call the symmetry associated to such an action of the group a Poisson-
Lie symmetry. After inserting (1.1.93)) into (1.1.76)) one concludes that the variation

vanishes if

1 -
L, L= §f§b * Koy A xKp (1.1.94)
or equivalently
1 -
EvcEij = §fcabEilEkj Us’l}ll) . (1195)

A target space that satisfies is said to admit generalised isometries. It turns
out that the mathematical underpinnings of this duality are familiar. Lie derivatives
satisfy

[Lows Lo) = Lipg,o] = far Lo,

where we have used the fact the structure constants are constant. As such, acting with
the Lie derivative on (|1.1.95)) we find the consistency condition

Felfoa = Fe fad® + i fad® — FEfod® — [ far” = 0. (1.1.96)

It turns out that the above relation is exactly the Jacobi identity for a Drinfeld double.
Let us start with a 2n-dimensional Lie group D. We equip the corresponding Lie
algebra 0, with the ad-invariant bilinear form (e @), : 0 x 0 — R, of ultrahyperbolic
signature (+,---,4,—,---,—), i.e. with an equal number of positive and negative
eigenvalues. We call such a Lie group a Drinfeld double if 0 admits two maximally

isotropic subalgebras, g and g such that ® = g+g. Fixing a basis {7, } for g and {T “}
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for g, we choose the inner product to be such that
(T, Ty)o = (T T%)y =0, (T,,T")=0". (1.1.97)

Taking T4 = (T,,T"%) and
[Ta,Ts) =Fap“Te , (1.1.98)

we can determine the structure constants by using the ad-invariance property of our

bilinear form. The result is the following
[T, T") = f."T° + f2°T. . (1.1.99)
The former along with
[T, Ty] = fu’T, and [T° T°] = fobT¢ (1.1.100)

determine the structure constants of the Drinfeld double, F 45°. One can then check

that the resulting Jacobi identity for the mixed indices of F45¢ is indeed given by
(1.1.96]).
An aside on Poisson Manifolds

Before introducing action principles for sigma-models manifesting Poisson-Lie symme-
try, it will be instructive to understand the etymology of the name. Firstly, a Poisson

Manifold is a manifold M together with a Poisson structure. A Poisson structure is a

mapping
{0, 0} :C®(M)x C®(M)— C>*(M), (1.1.101)

such that it endows the space of smooth functions of M with a Lie algebraic structure,

{f.9} =—{9. 1}, (1.1.102)
{f g, h}} +{g.{h f1} +{h,{f.9}} =0, (1.1.103)

and acts as a derivation on the space of smooth functions, i.e. for all f,g,h € C*(M),

{f,9hy ={f.9th+g{f.h} . (1.1.104)
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Vector fields are defined as being the collection of derivations of smooth functions. As

such, given f € C°°(M) we have that this uniquely defines a vector field X such that

{f,9} = Xpg = =Xof = dg(Xy) = —df (X,) . (1.1.105)

We call X; the Hamiltonian vector field of f. Given a choice of coordinates {z'} on M,

we can write this as
{f,9} = X}0;9 = 170,09 = 11(df  dg) , (1.1.106)

where II is called the Poisson bivector of the Poisson manifold (M, {e, e}). The bivector
II is a bilinear mapping IT : Q%(M) — C*°(M) and so can be canonically identified with
II € A*TM. Any smooth mapping between two Poisson manifolds, ¢ : M — N,
preserving the Poisson structure is called a Poisson mapping. That is, ¢ : M — N is
Poisson if for any f,g € C°°(N) we have

{fod,godtu={fginod. (1.1.107)

Given two Poisson manifolds M and N, we would like a notion of being able to combine
the pair to form a third Poisson manifold on the underlying topological space M x N.
We can form a Poisson structure on M x N as follows; the projection wy; : M X N — M
and my : M x N — N are Poisson mappings. Explicitly, this means that pulling back
the functions from M or N and taking their Poisson bracket on M x N is tantamount
to pulling back their Poisson bracket on M or N to M x N:

{f/OWMag/OTrM}MXN = {flag,}M 7and {foT"ngoTrN}MXN = {f?.g}Na (11108)

for all f',¢" € C°(M) and f,g € C*(N). However, naturally we will also need the
Poisson bracket between functions defined on M and N. We will choose the Poisson
structure on M x N such that

{flomu,gomn}uxn =0, (1.1.109)

for f' € C>°(M) and g € C*°(N).
A Poisson-Lie group is a Lie group together with a Poisson structure such that the

multiplication mapping m : G x G — @, is a Poisson map, where G x G is equipped
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with the product Poisson structure. In this instance, we describe the Poisson structure
on G as multiplicative (or grouped). We call a multivector field K on a Lie group G

multiplicative if it satisfies the following,
K(gh) = L(9)K(h) + . (WK () (1.1.110)

where [, denotes the pushforward by the left action and r, the pushforward by the
right action. A Poisson structure is multiplicative if and only if the Poisson bivector is

multiplicative. It proves useful to introduce the mappings II, and II; defined by

I(g) == L.(g")I(g) , and TI,(g) := r.(g~ " )I(g) . (1.1.111)

Then the condition of the Poisson structure being multiplicative becomes,
I,(gh) = (k) + Ad;, 'Ty(g) , or TI.(gh) = II,(g) + Ad,IL,.(h) (1.1.112)

for all g, h € G.

Poisson-Lie groups are particularly flavourful in the sense that their dual algebra
g* is naturally ‘compatible’ with g, satisfying . A Lie algebra g and its dual g*
satisfying the doubled Jacobi identity is called a Lie bialgebra. Lie bialgebras

are actually familiar to us! They are an example of a Drinfeld double where g = g*.

Poisson-Lie Sigma-Models:

Working in the Drinfeld double, we introduce the following notation for the adjoint

action of the group on its corresponding algebra

g ' Tg=0al(9) Ty, g 'T°g=0b"(g)Ty+ (a )" (9)T",

~—1a~ ~a (~\ b a1 ~ =\ b CCINb s~ (].].1]_3)
g T g:ab(g)T ) g Tag:bab(g)T +(CL )a(g)Tb.

Clearly, as Ady o Ad,~1 = Id we have that a(g~!) = a~'(g). Furthermore, using the
Ad-invariance of the inner product one finds v%(g) = b*(g~1), with analogous relations

for a(g) and b(g§). We will want to form the combinations

Hab(g> _ baCCLCb s Hab(g) = bcadg . (11114)
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One can show I1%(g) = —I1**(g) and I1%°(§) = —I1**(§). It turns out that IT and II form
Poisson bivectors on G and G respectively. To demonstrate this, we must establish that
the bivector is inherently multiplicative in the aforementioned sense (1.1.112)). Using

the relations ([1.1.113)), and concluding
aa’(gh) = a.“(9) ac’(h) , and  0™(gh) = 0"(g) ac"(h) + (a™")c" (9) V" (h) ,

one can show explicitly that, indeed, II defines a multiplicative bivector.
With this, given a Drinfeld double, we can define a pair of sigma-models whose
background admits generalised isometries, (1.1.95)). Let E, be an invertible matrix

with constant entries. The two dual actions are given by

/d2 L g) (g 0g)" . F = (Eo+1(g))" | (1.1.115a)

/d2 Y §) E(G710,9)", F = (Eyt +10(g))L . (1.1.115b)

Using the definition of the left invariant frames (¢7'0+g)* = L%(X)0+ X", we find the
relation to the generic form of a sigma-model by identifying that the generalised metric
is given by Ey;(X) = L{(X) Fo LY(X). The two actions are classically equivalent in the

sense they are related by a canonical transformation.

A duality manifest formulation on the Drinfeld double:

In the previous section we saw that Poisson-Lie duality makes explicit use of the Pois-
son structure of the Drinfeld double, with the Poisson bivectors of the two maximal
isotropic subgroups featuring in the two dual actions. As such, one may thus find it
unsurprising that a duality manifest formulation of Poisson-Lie duality is best expressed
as a Hamiltonian system on the (loop group of the) Drinfeld double, making explicit use
of the associated symplectic form. For this discussion, let us assume that the worldsheet
is periodic in the spatial direction such that the worldsheet is given by the cylinder,
Y = R, x St. With this, the phase space of our theory at a fixed time 7 consists of
mappings from [(c) : ST — D, we call such a space the loop space of D, denoted by
LD.

To describe the Hamiltonian dynamics of the associated system we will need to
define a symplectic form on LD. If we have a particle propagating on the manifold X,

the phase space is given by the cotangent bundle T*X, with coordinates (X, P) and
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the symplectic structure given by the two-form of w = 60X A dP. Indeed, given any
2n-dimensional manifold admitting a symplectic structure one has such a partition of
the local coordinates is always possible by Darboux’s theorem. The Drinfeld double D
is by definition a 2n-dimensional manifold and so one ponders if we can allow the two
isotropic subspaces to define such a splitting.

We can achieve this in a rather agnostic fashion, by defining a linear operator £ :
0 — 0 such that £2 = Id, € is self adjoint with respect to the bilinear form (e, e),,
ie. (Eo,0), = (o, Eo),, and the bracket (o, o), is positive definite [K1i02; KIlil5}
KS96|. The operator &, by squaring to the identity and defining a positive definite inner
product, must have eigenvalues of +1, defining two complementary eigenspaces. The
self-adjoint condition then ensures the two subspaces of 0 are orthogonal with respect
to (e, @);. Due to the hyperbolic signature of (e, @), it turns out these eigenspaces
are both n-dimensional, as such we have achieved the splitting of our double into the
positive and negative eigenspaces of £, which we denote by ¢, and ¢_ respectively.

With the operator £ introduced and defining a choice of splitting of the Drinfeld
double, one must now consider the dynamics. Ultimately, given a choice of splitting, we
will want the model on D to reduce to two dual theories on G and G in such a fashion
as to depend on our choice of operator £. The group-valued fields I(c) € LD define a
current j(o) = 1719,l, so that

i4(0) == (i (o), Th), . (1.1.116)

We can use the d-valued functions j*(o) to coordinatise the loop group LD. We will
now make an imposition on the currents, namely let 4 (o) satisfy the symplectic current

algebra, i.e.
{74(0),72(")} = F*¥5 j%(0) 6(0 — o) + 12 0,5(0 — &), (1.1.117)

where
B = (T4, TP), . (1.1.118)

The bilinear product n? is non-degenerate and hence we can invert the Poisson bivector
to define a symplectic structure. Doing so, one indeed finds that the symplectic form

() is given by .
0=—3 %ql(l‘lél,&,(l‘lél)% , (1.1.119)
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where

67 = 0, (17161 + [, I716l] . (1.1.120)

One should note the similarities between this expression for the symplectic form 2
and expression for the symplectic form on the space of solutions to the WZW model
|[Gaw91]. This is to be expected since we imposed that our current j satisfies the
symplectic current algebra and so the calculation to invert the Poisson bracket follows
in an identical fashion. The dynamical system of interest will be defined by the quadratic
Hamiltonian

Helj] = 5 f,, do (o), £3(0))o- (1.1.121)
Using the identity

o-f={H,[}, (1.1.122)

one derives the following equation of motion of zero-curvature form for j,
0, = 0,(E5) + [€5,4] (1.1.123)

Now we have defined a Hamiltonian system putatively describing the desired dynamics
on the loop group of the D; the question may be asked of how we attain our dual
theories. The procedure is somewhat simplified in the case where our Drinfeld double
is perfect, or rather every element [ € D is such that [ = gg, for ¢ € G and § € G. In

this case, we see that the Hamiltonian decomposes as

_ 1 _ 1yeeln = _ liaeln -
Helg, §) = 5;21@ 0,0+ 90 0:0)9,E (97 0sg + 97 (§57'0:9)9) )0 . (1.1.124)

To arrive at the Poisson-Lie dual actions (|1.1.115a)) and ({1.1.115b|), we will need to pass

from the Hamiltonian formulation of the above theory to its Lagrangian formulation.

From the Hamiltonian to an Action:

To pass from the Hamiltonian formulation of a field theory to a Lagrangian formulation

one uses the familiar Legendre transformation,

S:/@—Hdt, (1.1.125)
v
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where O is the symplectic potential of the symplectic form €2, a one-form on our phase
space, satisfying 00 = 2. We denote by v a curve in phase space y(t) : R — phase
space (in our case LD), describing how our field configurations evolve through time.
Notice that by integrating over the curve we are pulling back our symplectic potential

by v, so as to attain a function of time to integrate over. For our choice of symplectic
form (|1.1.119) and Hamiltonian (1.1.121]) one attains the following first-order action,

1 1 )
Se = f/ d?o (171 0,1,17 10 1)y + f/ dodt ¢RI 17101, 171 0k1))s

2z . 6 v (1.1.126)
= /E &0 (I710,1, €178, 1), .

The above is the action principle for the so-called £-model describing Poisson-Lie dual
models [KS96]. To describe the passage to a sigma-model on the isotropic subgroup G,
consider transforming our field [ by [ ~ §l, where § € G. The action correspondingly

transforms as

1
e = f/ o (17101, E1710:0)y — (1710:1,1718, 1),
2 Js
- / (A7 (G71058) + 17051 — E1710,1, € (Ad; ' §0,5) + 10,1 — E17'0,1) )
by

1 g
+5 /N Podt €7 (1719,1, [1719,0, 17 0,1])s |
(1.1.127)

where we have used the fact that G is isotropic and the Polyakov-Wiegmann identity,
WZ[gl] = WZ[g] + WZ[l] — / Te(G g A dllY) . (1.1.128)
by

As such, one concludes that the action depends only on § through the combination A=
§10,g € g, with the action being quadratic in A. This is an important observation, as it
now opens up the possibility of being able to classically integrate out the g field in much
the same manner as one would integrate out an auxiliary-type field in a Lagrangian.
This comes with a subtlety however, the equations of motion for A possess a redundancy

unless we have that
Ad;'gnEAd; g = {0} . (1.1.129)

Constraining the moduli of £ to be such that the above relation is satisfied, we will now
endeavour to integrate out A. A particularly convenient tool for doing such calculations
is to introduce the projector P [Hoa22|, defined such that imP = (S'Adl_1 g and kerP =
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Ad;'g. Similarly, the quantity 1—7 is also a projector with im(1—7P) = kerP = Ad; 'g
and ker(1 — P) = imP = E£Ad;'g. Given the isotropic property of the Lagrangian
subalgebra g and the defining properties of the self-adjoint operator £ the introduction

of such projectors proves useful due to the following properties holding
(Po,P0)y =((1—=P)0,(1=P)0), =0. (1.1.130)

Introducing the projectors and running through the computation for integrating out A

we arrive at the following relativistic second-order action,

Sgé = ;/Ed20' (<lfla+l,573(5 + 1)1718,00 — <l7187l,573(5 — 1)lila+l>a)
1.1.131)

1 o (

+6Ag%ﬁaﬂu%uﬂ1@ulmmm

The operators EP(E+1) are projectors with im EP(E+1) = Ad; '§and ker EP(E£1) =
¢+, where ey are the eigenspaces of £ with eigenvalues £1. At this point, we should
clarify what we have done. Taking the first-order action , we shifted our D-
valued field I by a G-valued field, §, immediately finding that we could integrate out
the field g from the action. After doing so, we superficially appear to have a theory
on D. However, if we parametrised [ such that [ = gg for ¢ € G and repeated the
above analysis we would have attained a theory on (G. With this one can conclude that
(T.1.131) must possess a G-gauge symmetry, [ — gl and therefore defines a theory on
the left-quotient G /D = G. With this, we can perform a gauge fixing such that we
attain the action ({1.1.115a)), where by comparison we have,

E(P-PHE+EP+PIE=F. (1.1.132)

Likewise we could have equally parametrised [ as | = gg and repeated the above analysis,
defining new projectors and thus attaining a theory on G/D = G given by .

It turns out that many of the integrable sigma-models familiar to us do indeed
fall under the £-model framework, including the A- and Yang-Baxter deformations
introduced in §I.1.1} In fact, it turns out that using the £-model formulation of such
theories allows one to relate the A-model on a simple compact Lie group G to the

Poisson-Lie T-dual of the Yang-Baxter model by analytic continuation [KIi15].



Chapter 2

Gauge Theories and Integrable

Systems

2.1 3d Chern-Simons Theory

The space of all gauge invariant local operators of dimension four has dimension two,

1
EYM = —4 g2TI‘(F N *F) , (211&)

Ly =

5 T(FAF). (2.1.1b)

The first term is the Lagrangian density for Yang-Mills theory [YMb54], the much cel-
ebrated gauge theory underpinning the dynamics of the gauge boson in the standard
model. The second term may be mysterious to physicists, but familiar to those versed
in characteristic classes. The so-called ‘theta-term’ is exactly the second Chern Charac-
ter of the underlying principal bundle, describing topological properties of the fibration
[Ched6]. Saving any further dialogue on the mathematical origins of the term for now,
we will now study the theta-term through the physicist’s lens, and indeed, it will turn
out to source some incredibly beautiful physics. The first thing to note about Ly is
that, due to the Bianchi identity, it is closed. As such, locally one can write it as an

exact form

Te(F A F) = dCS(A) (2.1.2)

44
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with CS(A) € Q3(M), being the Chern-Simons 3-form, first introduced in the seminal
work [CS74] and given by

CﬂA%EHMAdA+;AAM¢m. (2.1.3)

While is clearly gauge invariant, what is less clear is the gauge invariance of the
Chern-Simons 3-form defined above. If gauge invariant, one could introduce a gauge
invariant action principle in three dimensions with the Lagrangian given by . This
would certainly define an interesting theory, worthy of study in its own right. However,

the Chern-Simons 3-form fails to be gauge invariant, if we perform the transformation
A= A =g 'Ag+ g dg , (2.1.4)
one finds that CS(A) — CS(AY) where

CS(A%) = CS(A) — dTr(dgg™ ' N A)
) (2.1.5)
+ gTr(g’ldg Ag tdg A g tdg) .

Imagining for a moment the underlying 3-manifold is such that the boundary is empty

OM = (), then one finds the obstruction to gauge invariance is in the final term,
1
WZlg] = ng“(g_ldg ANg~tdg Ag~tdg) , (2.1.6)

which we recognise as the Wess-Zumino term [WZ71], familiar to us from section [L.1]
This term is again a familiar object in mathematics, measuring the Brouwer degree of
the mapping g : M — G [Brol2]. In particular if G is a connected, simply connected,

compact group, we have that
/’wmﬁzzmh new. (2.1.7)
M

where n is the aforementioned Brouwer degree of g(x). The hope of defining a gauge

invariant action is not lost however. We can define the Chern-Simons action by

&Mﬂzkﬁfﬁmy (2.1.8)



46 CHAPTER 2. GAUGE THEORIES AND INTEGRABLE SYSTEMS

The corresponding measure in the path integral given by exp(iScs[A]) is indeed invariant
if the level k € Z. As such, Chern-Simons theory is fully gauge invariant at the quantum
level [DJT82; Wit89].

Gauge invariance established, let us momentarily concentrate on the dynamics of
(2.1.8). Varying the action one arrives at

1
5SA:/TFA /\(5A—f/ Te(A A GA) = 0. 2.1.9
A = [ T(FA) A4~ [ T A 64 (219
Here the variation separates into a bulk term and a boundary term. For the variation
to define a well-posed differential equation for the equations of motion, we must first

impose boundary conditions on our gauge field that ensure the boundary term
9:/ Tr(A A SA 2.1.10
g T ) ( )

vanishes. For the case that OM # (), a sufficient choice of boundary condition is given

by Dirichlet boundary conditions,
Alom=0. (2.1.11)

However, more generally we can make the boundary variation vanish by choosing a
Lagrangian subspace of the phase space symplectic form w form given by w = 00.
Having imposed our boundary conditions, we find that the bulk equations of motion
are given by

F(A)=dA+ANA=0. (2.1.12)

As such one finds that the on-shell configurations of Chern-Simons theory are given by

the moduli of flat connections of the principal G-bundles over M.

The topological nature of 3dCS

3d-Chern-Simons theory is perhaps the most famous example of a topological field
theory (TFT), but what do we mean by a TFT? One definition is that the theory is

independent of the metric, i.e.

5 . (2.1.13)
0Guw
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A consequence of this is that the classical energy-momentum tensor defined by

oo~ L 05 (2.1.14)

Ry
vanishes identically. Topological theories, being independent of the metric, are agnostic
to local geometrical properties, and instead sensitive only to the global topological prop-
erties of spacetime. Looking back at (2.1.8)), it is transparent that 3dCS is topological
in the aforementioned sense, given the clear absence of the metric in the defining La-
grangian. However, a theory can also topological in a more sophisticated sense. Given
a QFT with a collection of operators {O;,}, one can consider a theory such that all

correlation functions are independent of the metric, or rather,

o

—(0;,--- 0,
5g,w<

in

) =0. (2.1.15)

It is in this sense that a QFT can define a topological quantum field theory (TQFT),
the metric independence of the Lagrangian surviving at the quantum level. One should
note this definition is independent of the Lagrangian and instead only dependent on
the correlators, allowing for a Lagrangian free definition of TQFTs.

Naturally, one should consider whether the 3dCS theory falls into this class. Witten
showed in [Wit89], that 3dCS is indeed a TQFT, modulo a subtlety, the so-called
framing anomaly. We will omit the details of this calculation, but let us explore the
implications.

A consequence of a field theory being topological is the lack of local degrees of free-
dom within the theory. Local operators, which depend on specific points in spacetime,
are sensitive to the metric and local geometry. As such, local operators are irrelevant
in describing the quantum dynamics of a TQFT. Instead, the natural observables are
non-local in nature. Let us consider Wilson line operators within our theory, these are

operators defined by
W,(y) = Tr,Pexp (/ A> ) (2.1.16)
v

for a given choice of representation, p, of the Lie group G and path . We use P
here to denote the path-ordered exponential. Witten argued that in 3dCS Wilson
line operators and their correlation functions give rise to topological invariants of the

underlying 3-manifold. We can combine a collection of closed paths 7; C S? to form a
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link L = U;y; C S? in the 3-sphere. If we then consider the partition function, defined
by
Z(L) = /DA e Js2 O T W, (v,) (2.1.17)

and take the gauge group to be G = SU(N) with the representation of our Wilson
lines p in the fundamental representation, one finds that Z(L) is the famous Jones
polynomial. This fact is certainly exciting; the Jones polynomial of a knot is invariant

under the Reidemeister moves, given by

==
» = C
5 I XL

the third of which looks tantalisingly close to the physical form of the Yang-Baxter
equation, the relation underpinning 2d integrability! This likeness motivated many
researchers to ponder the nature of the exact relationship between 3dCS theory and the
field of 2d integrable systems; is the similarity a profound observation or is it a purely
superficial facade? It will turn out that there is, in fact, an incredibly deep and intimate
relation between Chern-Simons-type theories and 2d Integrability. However, for 3dCS
there is a notable absence halting immediate progress, the lack of a spectral parameter

for our Wilson lines operators.

2.2 4d Chern-Simons Theory

In the previous section, we highlighted the visual similarities between the Yang-Baxter
equation and the third Reidemeister move. The optical parallels are undoubtedly in-
triguing and the latter being a manifest property of Wilson line operators in 3dCS seems
to hint at a close connection between Chern-Simons and Integrable systems. However,
the lack of spectral parameter is fatal to the premonition that there exists a direct link
between the two, and motivates one to search for new ideas. With this observation in

mind we will now introduce the first protagonist in this thesis.
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Four-dimensional Chern-Simons Theory (4dCS), introduced by Costello in |[Cos14],
is an example of a topological-holomorphic theory. Defined on a four manifold X, =
> x C, where ¥ is a two dimensional worldsheet and C' is a Riemann curve. Much
like how topological field theories are theories that are only sensitive to the underlying
topological properties of the manifold, holomorphic field theories are theories for which
the data of the theory is dependent only on the complex structure of the underlying
manifold. A topological-holomorphic theory is a theory exhibiting both properties si-
multaneously, dependent only on topological properties along some directions in the
underlying manifold and only on the holomorphic properties along the other directions.
It turns out this state of matrimony between the topological and the holomorphic is

exactly the recipe we need to describe 2dIFTs systematically.

2.2.1 An action for 4dCS

Our starting point is the following action,

SIAl = = [ wACs(A), (2.2.1)

21 Jx,

where w is a meromorphic one form on C'
w=p(2)dz, (2.2.2)

and CS(A) is the Chern-Simons three-form. The action has an obvious redundancy
given by shifting our gauge field by a one-form with legs along only dz. As such we
have established that our action is independent of the z-component of our gauge field
A,. Similarly, the dz-leg of the de-Rham differential d drops out, and so along C only
the anti-holomorphic derivative appears in the action. It is in this sense we say the
theory is sensitive to the complex structure of C' through w. Varying the action we

arrive at

5S:; wAéCS(A)zl,/ w/\Tr(F/\(SA)—L, dw NTr(ANO0A) . (2.2.3)
X4

™ Yy’ Tl J X4

The first term once again provides the bulk equations of motion, given by

WAF=0. (2.2.4)
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The second term is at first glance rather odd. When integrating by parts we were
aware of the fact that w need not necessarily be closed. As such, we have attained a
‘boundary like” term which instead of being generated by Stokes’ theorem and localising
us to the boundary of our four manifold, is instead localising us to the poles of w. It is
in this sense that the poles of w define ‘the boundaries’ of our theory. Let us study this
fact more concretely; suppose that w has a collection of poles at {z;} of order m; and

simple zeroes {y;}. Choosing C' = CP' we can write

T Gt TORS ol TV (2.2.5)

(Z — Zl)ml e (z — zn)mn
The relation between the number of zeroes and number and number of poles (counted

with multiplicity) is constrained by the Riemann-Roch theorem,
number of zeroes — number of poles = 2g — 2, (2.2.6)

where g is the genus of the Riemann curve C. For the rest of this thesis we will fix our
Riemann curve C' to be the Riemann sphere CP'. We refer the reader to [CY19; LW24;
MYZ25| for considerations of 4dCS theory on higher genus curves.

For ease in computations we will write out the one-form w in terms of partial fractions

w = Z Z (Z _i,;)p + e (2.2.7)

where the coefficients in the expansion L;, are called the ‘levels’ and the additional

terms are those that are regular at each of poles z;. Employing the identity

1
882 <z> = 2mi6@(2) (2.2.8)
we have that
mi (_1)p+L],.
dw =2y Y W’ PP (2 — 2) dz Ndz . (2.2.9)
i p=1 - .

To evaluate the boundary term in (2.2.3)), we will perform the integral over C, to do

this we will need to integrate by parts the z derivatives off of the Dirac distribution.
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This will allow us to localise the integral to the support of the distribution,

Sy = 33 1 /E P L Te(A A GA) . (2.2.10)
i p=1 :

As such, to ensure our action principle is well defined we need to choose boundary
conditions for the gauge field at the poles of w that ensure the boundary variation
(2.2.10|) vanishes. Having imposed boundary conditions upon our gauge field, we now
endeavour to solve our bulk equations of motion , which in components read

, (2.2.11b)

where 7 = t, z. Now here comes the crucial assumption in all that follows in this thesis,

we shall restrict ourselves to consider gauge fields A of the form
A=g1Aq+ 5 'dg (2.2.12)

where AL = 0. What have we done here? It looks suspiciously like we have just
performed a gauge transformation. We have not, instead we have restricted ourselves
to the collection of gauge fields that are gauge trivial along their dz-leg and this triviality
is parametrised by the group valued field § or rather,

A; =909 . (2.2.13)

The attentive reader should perhaps feel uneasy since we have traded a single field for
two fields, and one should not be surprised that in doing so we have introduced a further

redundancy. Consider the transformation
A AT (2.2.14)

Then so long as we have
va_laifvy =0 )

preserving the condition A’; = 0, one can perform the transformation

g— 519 (2.2.15)
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and the gauge field A is unchanged. We call such a transformation an internal gauge
transformation. Internal gauge transformations, in their ability to leave our gauge field
A fixed, will naturally be compatible with any choice of boundary conditions we choose.

So, internal gauge transformations are a redundancy in our choice of parameterisa-
tion, but what became of the gauge transformations we are used to? How do they fall

into this framework? Performing a gauge transformation on ([2.2.12)) one arrives at
Ao AT =577 Wy + 475 (dg)i+ 474 (2.2.16)
which can be written as
AV = (§3) 7 A(G9) + (39) () (2.2.17)
So one finds that performing a gauge transformation is tantamount to sending
9—97

and leaving A’ fixed. We shall call such a transformation an external gauge transfor-
mation. External gauge transformations change the value of A and as such one must
ensure they are compatible with the choice of boundary conditions we impose. This
has profound consequences that we will discuss in detail later.

Leveraging the above gauge transformations to perform tactful gauge fixings is a
common feature in this work, making tough calculations much simpler to perform. We

will show this explicitly through examples later in the discussion.

Reality Conditions

In what follows we will want the action (2.2.1)) to be real valued. Let us briefly dis-
cuss how we impose consistent reality conditions to ensure this. We will require the

meromorphic one-form w = ¢(z)dz to be equivariant with respect to conjuagation on
CP',

0(z) = p(2) . (2.2.18)

This condition will require that the poles and zeroes of w are either real or come in
pairs along with their complex conjugate.

In this section, we have implicitly assumed that our gauge group is a complex Lie
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group G® with corresponding complex Lie algebra g€. In order to make our action
real valued, one will need to choose a real form of the gauge group and corresponding
Lie algebra by restricting to the collection of fixed points of an involutive anti-linear
automorphism 7 : g© — g% namely g = {X € ¢g© : 7(X) = X}. As such, we require
that the components of our gauge field are equivariant functions of z under complex

conjugation on CP' and the action of 7
T (Aultiz,2)) = Aultz,2) (2.2.19)

where ;4 = t,x,z. To ensure gauge transformations preserve the above reality condi-
tion we will also impose the same equivariance condition on the collection of gauge
transformations. To do this we lift the antilinear automorphism to the group G® and
impose

T (ﬁ/(tﬂ Z, Z)) = &(t, X, 2) .

The combination of (2.2.19) and ([2.2.18]), along with restricting the gauge transforma-
tions as above ensures that (2.2.1)) is indeed real.

The appearance of the Lax

In terms of the parameterisation (2.2.12]) the bulk equations of motion (2.2.11)) read

(=) (0L, — DA, + [A, AL]) =0, (2:2.20a)
0(2)0:A; =0 . (2.2.20Db)

The latter of these equations is telling us that the components of A" are holomorphic
away from the zeroes of p(z), however at the zeroes, is also satisfied without
any conditions on A’, this leaves the possibility that the components need not be holo-
morphic on C' but instead meromorphic, with poles at the zeroes of ¢(z). Away from
the zeroes of (z), tells us that A" defines a flat connection on ¥, satisfying
the zero curvature equation. As such, if we interpret the holomorphic coordinate of
C, z, as a spectral parameter; the bulk equations of motion are telling us that A’ is a
spectral parameter dependent flat connection on ¥, paralleling exactly the definition of
a Lax connection!

This discovery is rather profound. Previously, finding a Lax connection whose flat-

ness yielded the equations of motion for a 2D theory was an arbitrary process, often
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relying on seemingly clairvoyant choices to determine the final form. On the contrary,
4dCS allows one to systematically find the Lax connection given a choice of w and
boundary conditions for A, all whilst impressively elucidating its geometrical origin in

the context of gauge theory.

Solving for the Lax

To find the form of A’ one must make some careful considerations, which we outline
now. The generic choice of w given in (2.2.5)) possesses simple zeroes at the points {y; },

as such we stand to have a kinetic term of the form
‘Ckinetic =wA TI"(A A\ dA) ,

which vanishes at each y;. This is an issue, currently we would be unable to invert
this term at these points and define a sensible propagator. The solution is to allow the
gauge field A to have simple poles that cancel with the zeroes of w. We will choose the
following form
A =
zi: £ =Y

This ansatz is not quite the full story, we should check if it is consistent with ([2.2.20al).
Looking at the second term, one finds that the term proportional to A’ A A" will have

+V. (2.2.21)

a second order pole as opposed to the first order pole in the dA’ term. We will thus
require that each term vanishes on its own. A particularly transparent way to achieve
this is to ensure that the U’ has legs along a single direction so that U'® A U'® is
zero. In the interest of working with relativistic models later, we choose to allow our
zeroes to be split into two: those that have legs along lightcone coordinate o™, which
we denote by {y;+}, and those whose legs point along o~, {y;- }. As such, we will have
iH o)

A, =N —F—+Vv,, A=Y ——+V_. (2.2.22)

i+ Z = Y+ i Z = Y-

To solve for the exact form of our Lax components, UJ(rﬁ) , Vi, Ut 7), and V_ in terms
of the fundamental fields we simply solve the boundary conditions. We will make this

more transparent when we tackle our first example.
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An Action for the 2d Theory

Defining j = —dgg ' and using the identity
CS(X +Y) =CS(X) + 2Tr(F(X)Y) — dTr(XY) + 2Tr(XY?) + CS(Y) ,  (2.2.23)

we have

1 .
CS(A) = gTlr(j?’) +dTr(jAA') +CS(4) . (2.2.24)
We can thus write (2.2.1]) as

A
0

S[A" §] = L w A (Tr(A’ NdA) +dTr(GAA") + 1Tr(j?’)> : (2.2.25)
21 Jx, 3

where we have used the fact that AL = 0. One can go a few steps further; first consider

an extension of Xy to X5 = [0,1]; x Xy, with the interval coordinatised by ¢. We will

accordingly extend our group valued field § : X4 — G to the field g : X5 — G, by a

smooth homotopy such that at t =0, § = Id and at t =1 § = §g. Why have we done

this? Well consider now the final term in , one has by Stokes’ theorem

/X4w A Tr(5°) =/ d (wATr(5®)) . (2.2.26)

X5

One can show dTr(j®) vanishes allowing us to write

wATE() = /X don [ T . (2.2.27)
4 t

X4 [Oul}

Bringing this all together we have

S[A" g] = 21m v ATr(A"ANdA") + 71m . dw N <Tr(j NA)+ ;)/[O’I]t Tr(j3)> :
(2.2.28)
The first term is also zero on-shell. To see this note that the only term that can
give A’ A dA" a non-zero dz leg is the term ~ €7 A";0;A';. But we know that A’ is
meromorphic, with simple poles at the zeroes of w. So all the distributional terms
generated by the derivative will evaluate the product w A Tr(A” A dA’) at the zeroes of

w and will therefore vanish. Finally we have the expression

S[A" g] = i dw A (Tr(jAA’) +;/ Tr(j3)> : (2.2.29)

21 Jx, [0,1];
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The above expression, with A’ given by its on shell value in terms of §, is in fact a 2d
action in disguise as a 4d action; the term dw will localise the integral over C' to the
poles over w, and so only the values of the fields and their derivatives with respect to z
at the poles of C' will contribute to the final expression.

At this point, we have touched on enough of the technical details of 4dCS to allow

us to follow with an example.

2.2.2 PCM + WZ Term

Let us now work towards making the previous discussion concrete. From now on we
will be explicit in our choice of manifold X, choosing ¥ = R? and C' = CP'. We will
start our story by choosing to work with the meromorphic one-form
1— 22
w=k———=—dz. (2.2.30)
(z—a)?
Our choice has two simple zeroes at z = +1 and two double poles at z = a and z = oco.

In terms of partial fractions

9
wek( 2T 24 (2.2.31)
(z—a) zZ—a

Boundary Conditions and Admissible Gauge transformations

The first errand to run is to identify an appropriate choice of boundary conditions.
The space of admissible boundary conditions is completely dependent on our choice of

merormorphic one-form. Given,

Ozp(2) = —2kmi ((1 —a)%0.0% (2 — a) +2a0@ (2 — a)) + “contributions at z = 00",
(2.2.32)
it follows the boundary term ([2.2.9) is of the form

2a
STr(AA (5A)> +

0Sboundary = k(1 —a)* | dzndz A 6P (z —a) (@Tr(A AGA) — (1—a)2

Xy

2

“contributions at z = oo

2a
2TI‘<A A 5A)|Z:a 4+

k(- a)z/ZaZTr(A NOA)| _, — —a2

(2.2.33)
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A choice that ensures ([2.2.33)) vanishes is given by
Alca= A== 0. (2.2.34)

Proceeding with this choice, let us consider what collection of gauge transformations
leave these boundary conditions fixed. As stated in the preceding subsection, internal
gauge transformations are compatible with any choice, but what subset of the full set

of external gauge transformations can we use? Requiring
A;Y |Z:a: &_IA’S/ |Z:a +/$/_1d;5/ |z:a: ﬁ_ld/y |z:a: 0 5 (2235)

implies that 4 = const. at 2z = a, and similarly for z = co. As such we will only have the
ability to employ our external gauge symmetry to fix the degrees of freedom away from
the poles. We use our internal gauge symmetry to fix a gauge such that § |,—..= Id,
this will expedite the calculations considerably, as now all the degrees of freedom in
the 2d theory will be exclusively from the edge modes at the pole z = a, which we will
denote by § |.—.= g.

Before continuing we should ask ourselves if these degrees of freedom are truly
the only ones that can be generated at the poles. Naively the answer is no! The
appearance of a second order pole ensures the distribution dw contains a term of the
form 0.6 (z — a). As such, when we integrate by parts before then evaluating the
integral, the expression will not just depend on the value of §, but also @ = §710,§ at

z=aand z = ooE| Under an external gauge transformation
U=97"'0.9 =4 9710.0)7 +710:A . (2.2.36)

In the case at hand 4710,% is completely unconstrained by the boundary conditions at
the poles of w, so can be used to set @ to zero at the poles. One can then conclude that
the degree of freedom @ will not appear in this example. However, one should note if
our boundary conditions involved constraining d,A at the poles this argument would

no longer hold, allowing @ to be non-zero at the poles and appear in our 2d theory.

!This can be easily seen by explicitly calculating (2.2.29)).



58 CHAPTER 2. GAUGE THEORIES AND INTEGRABLE SYSTEMS

The Lax Connection

Having acquired our boundary conditions, we can now solve them for the components of
the Lax connection, A’. Our choice of meromorphic one-form contained zeroes
at z = £1. As such, one of our Lax components will have a pole at z = 1, and the
other at z = —1. Using the ansatz for zeroes at z = +1 and solving for our
boundary conditions , a quick calculation gives

Al = g '0.g . (2.2.37)

With this we have found that our Lax connection exactly coincides with that of the
PCM+WZ term ([1.1.25)).

The Action

The final thing to compute is the form of the action (2.2.29). A priori, we know that
the contribution to the action from the distributions at z = oo will all be zero, this
is due to the fact j |.—0o= 0 and @ = 0 identically. Using ({2.2.32)), this leaves us with

following form of the action

S=k(1—a)? [ dzAdzA 6?P(z—a)0, {Tr(j/\A')—l—

X4

1 .
ZTr(33 }
o1, 3 r(j°)

(2.2.38)
(i)

A 1
+2ak [ dzAdzZA 6P (z—a) {Tr(j NA)+ =
X4 3 [071]t

To evaluate this expression we note that 9.j = 0 and one arrives at the following action

Slg] = k /Z Ao Ado™ Te(g™0,997'0-g) + 2k [ WZ[g]. (2.2.39)
where WZ[g] is the Wess-Zumino term defined as in (2.1.6). We have found that for our
choice of meromorphic one-form and boundary conditions , 4d Chern-
Simons gives us the action of the PCM+W?Z term (1.1.22). One should note that had
we decided to centre our double pole at a = 0 then the WZ term drops from the action
leaving us with the action for the principal chiral model. As such one concludes that
by ‘turning on a residue’ and shifting our pole away from zero, we introduce the WZ

term into the action.
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The non-Abelian T-dual of the PCM

Consider now ([2.2.30) with a = 0. The boundary term now looks like
k/ 0. Tr(ANJA)|,_,+ contributions from z = oo . (2.2.40)
b

In this case, making the choice 0;A|.—¢ = A|.—oc = 0, also ensures the boundary
variation vanishes. The compatible gauge transformations at z = oo are familiar to us.
We again use the internal symmetry to set § |.—.o= Id and use the fact [ = A710.4
is unconstrained to fix @ |,—oo:= §710.9 |.—co= 0. However, at z = 0 we have the
condition that 8,A% |,_o= 0 which is solved by ensuring I’ |._g:= §710.% |.—o= 0.
Crucially, 4 is unconstrained at z = 0, so we can use an external gauge transformation
to fix § |,—o= Id. The same is not true for r however, and so we lack the gauge freedom
to gauge fix 4 |,—g:= §'0.§ |.—o= u. As such u will appear as an edge mode in our
theory, localising to the 2d degree of freedom that acts as the fundamental field for our

2dIFT. So keeping tabs, after gauge fixing, we have the following:
G limo=1d, d|,co0=u, §liceo=1d, 1 |=00=0". (2.2.41)

Now we need to use the boundary conditions to solve for the form of our Lax. The

boundary condition at z = 0 imposes
0:A |.20= 0. (§7'A'G +§7'dg) |.=0=0. (2.2.42)

So, using the same ansatz for the form of our Lax, given by ([2.2.22)), a brief calculation

gives V. = 0 using the boundary conditions at z = oo, and

Uy = (ad, — 1) '04u U.=(ady +1)'0_u, (2.2.43)
using the boundary condition at z = 0, where ad, ® := [u, ®]. As such, the Lax reads
-1
a, = BT, (2.2.44)
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This Lax is familiar from the literature, it is the Lax for the non-Abelian T-dual (NATD)
of the PCM. Indeed, if we then calculate the action for the localised theory we find

Slu] = k:/zdaJr Ndo~ Tr <8+u adul—l— 18_u) : (2.2.45)
which is exactly the action for the NATD of the PCM [Thol9).

Here we have displayed clearly that the choice of boundary conditions we impose on
our gauge field is indeed a defining part of the data that forms the 2dIFT. In choosing
‘Neumann’ boundary conditions instead of Dirichlet we have localised our 4d action to
a completely different theory. However, one may wonder what the exact relationship is
between two theories that share the same meromorphic one form but vary in the choice
of boundary conditions imposed at the poles. In the above case, we have seen that the

two models are T-dual models.

2.2.3 Integrable Deformations and T-duality from 4dCS

Let us introduce some more features about 4dCS through the medium of another ex-

ample [Del420].

The A-deformed Principal Chiral Model

Consider the meromorphic one-form given by

ok 1=z
C1—a?222—a?

dz (2.2.46)

w

where k,a € R. In this choice we have two simple zeroes at z = +1, two simple poles

at 2 = +a and a double pole at z = co. Performing a partial fraction decomposition

k 1 1
w=— ( — — 1) dz . (2.2.47)
20 \z—a z4+«

This will generate a boundary term through
ik

O-p(z) = — (5(2)(2 —a) -0z + oz)) + “contributions at z = 00” (2.2.48)
o
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given by

0 Shoundary = 2]; /2 Tr(ANGA) |,—a —Tr(AANJGA) |,—_, +“contributions at z = c0” .
(2.2.49)
We know from the PCM+WZ term case that the contributions at z = co can be dealt
with by choosing A |,—.= 0 and using the internal gauge symmetry to fix § |,.= Id.
One may be naturally compelled to deal with the contributions at z = +a in a similar
vein, making the choice such that the gauge field vanishes at these points. This would
be a poor choice, however, as it is over-constraining. The next most transparent choice

of boundary ConditionsE| are the so called ‘diagonal’ boundary conditions,
Alica= A li=a - (2.2.50)

Curiously these boundary conditions are non-local, relying on equating the gauge field
at two distinct points but they certainly ensure that vanishes and importantly
are not over-constraining, allowing for dynamics. Performing a gauge transformation
on the boundary conditions one finds, the gauge transformations satisfying
A |s=a= 4 |s=—a preserve the boundary conditions and so form our admissible external
transformations. As a result, when we gauge fix the value of our parametrising field
g at z = —a we are no longer able to fix its value at z = . With this we shall fix
J |.=—a=Id leaving § |,—o= g having used up our allowed gauge transformations.

To find the Lax connection, we need to solve our boundary conditions. Given the

double pole at z = oo we deduce,

1~
_a+ 0

Ay = . 2.2.51
* zF1 = ( )
Then solving (2.2.50) we find
+1 AAd a+1 Ad
A =2 94719 A = g1y 9.9.52
L v R L 1 Y D L (22.52)

where A = (1 + a)/(1 — «). After some quick manipulations, that make use of the
definition of the Ad-operator, we have that the above Lax is exactly that of the -
deformed PCM ((1.1.57)). To show that our choice of w, (2.2.46)), with diagonal boundary

2This or the chiral boundary conditions.
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conditions, ([2.2.50)), does indeed correspond to the A\-model we will need to show that
the effective 2d action coincides with ({1.1.55]). This is a quick computation using ([2.2.29))
and (12.2.52)),

A
.

) 1
S =5 [ dzndzA (6%(z =) = 6% (= + ) (Tr(J AN)+3 /[o 1

(7))

7

+ “contributions at z = oo

(2.2.53)
After some manipulations one can finesse the above into the form
k + - —1 -1 7 ~
Slg] = 5/ do™ Ndo~ Tr(g  0+g99  0_g) + k WZ[g]
> (2.2.54)
E [ do* ndo™T < “19,997'0_ ) ,
Tk doT N doT T\ TR 9 090
where k = —k /4. After using the Ad-invariance of the inner product, one can see this

is exactly the action for the A-deformation of the PCM.

A brief afterthought

Schematically it appears as if we are able to obtain integrable deformed models by
splitting the double pole at z = 0 into two simple poles at z = £a. This is certainly an
interesting thought, however the A-deformed PCM is not the only integrable deformation
we know of. There is also the Yang-Baxter deformation of the PCM, which is related
to the A-deformed PCM via Poisson-Lie T duality and then analytically continuing the
deformation parameter. If 4dCS is as robust a framework as we imagine for describing
2dIFTs, one should conjecture that this relation between the 2d sigma-model should be
manifest through a 4dCS lens: rather excitingly, it is.

The Yang-Baxter deformed Principal Chiral Model

Again, as our starting point we will have the same choice of w as in the A\-deformed
model . Let us look again at the boundary term and ask what other
solutions exist? We will deal with the contribution from the double pole at z = oo in
an identical fashion as the previous examples, setting A |,—..,= 0 and using the internal
gauge symmetry to set § |,—.o= Id. To address the contributions from the simple poles

we introduce a constant linear operator on the Lie algebra g, given by R : g — g.
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Setting
Aliya= (RFDX (2.2.55)

for some X € g, we have that
(R4+1DA|,ca= (R—-—1DA |.——s - (2.2.56)

Due to the fact that the variation of A must also satisfy the boundary condition, one

arrives at

5 Shoundary = —]; /E Tr (R + RY)X A6X) (2.2.57)

where the transpose of R with respect to the bilinear form Tr, RY, is defined by
Tr(XRY) = Tr(R'XY) for all X,Y € g. As such, if R is antisymmetric then the
boundary variation vanishes. We should check how these boundary conditions act un-
der external gauge transformations. Performing an infinitesimal external gauge trans-

formation on ([2.2.56|) we find
(R+D([AT] 4+ dD) |sca= (R = D([A,T] +dl) | o . (2.2.58)
To solve this first we see we can make the two differential terms match by setting
lta=(RFLY. (2.2.59)

Using ([2.2.55)), we then plug this in resulting in the following equation that needs
satisfying

R+D[(R-DX,(R—1)Y]-(R-1)[(R+1DX,(R+1)Y]=0. (2.2.60)
Expanding out and collecting like terms gives
[RX,RY] —R[RX,Y] —R[X,RY]+[X,Y] =0, (2.2.61)

or rather for gauge invariance R must solve the modified classical Yang-Baxter equation
(mcYBe). As such given R is indeed a solution of the mcYBe, we have found that
the residual external gauge transformations preserving the boundary conditions are
those generated by infinitesimal transformations satisfying . This motivates the
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following definition; we define the Lie algebra g* as
g2 {(R-DX,(R+1)X): XeglCgxyg, (2.2.62)

so that the collection of permissible infinitesimal gauge transformations is such that
(fzz_a, fz:+a) € g”®, which in turn lift to the group of permissible finite gauge trans-
formations G*. Clearly we can see that dim(g”) = dim(g), and furthermore, as vector

spaces, we have the decomposition,
gxg=gtxg® (2.2.63)

where g2 1= {(X,X) : X € g} C g x g, is the diagonal subset of g x g. We will assume
that this decomposition lifts to the level of the corresponding Lie groups [Del+20], such
that G x G = G® ¢ GA. Here o defines the necessary multiplication rule between the
elements of the two groups to ensure the decomposition relationship holds. With this,
gauge fixing by the permissible gauge transformations valued in G® effectively means
considering the left quotient G®\(G x G) = G® . We will again look to make use of
this residual gauge symmetry to gauge fix some of our degrees of freedom. Currently,
our physical degrees of freedom, namely the edge modes § |,—, and § |.—_, form a
tuple (§ |.=a, 0 |:=—a) € G X G. As such, we can gauge fix by the permissible gauge

transformations valued in G® such that

g |z:o<: g |z:—oc: g . (2264)

Following the now familiar method of solving for the Lax we arrive at,

) 1 1-a?

= ! 2.2.
T 1aaR,? %9 (2.2.65)
where we have defined the operator R, by,
Ry = Ad,'RAd, . (2.2.66)

Localising the action to 2d we have

S, = 2a /Z do* Ado~ Tr(g 10,9 g'0_g) (2.2.67)

1
1 —-aR,
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which upon redefining R — ¢ 'R and setting & = ¢n we can then identify as the
Yang-Baxter deformed PCM (|1.1.59)).

2.3 Anti-Self-Dual Yang-Mills Theory

Having discussed at length how 4dCS theory allows us to describe 2dIFTs we turn to
another 4d gauge theory that also gives rise to a plethora of lower-dimensional IFTs,
namely anti-self-dual Yang-Mills. For a complete discussion of this vast topic, we refer
the reader to [MW91].

In four dimensional spacetimes with Euclidean signature the curvature two-form has
the property that it decomposes under the action of the Hodge star into self-dual (SD)
and anti-self-dual (ASD) parts. That is

F(A)=dA+ANA=F"4+ F~  where *F*=4F, (2.3.1)

where F'" is the self-dual part and F~ the anti-self-dual part of the curvature. A

connection A is called anti-self-dual if it satisfies
xF(A) = —F(A) . (2.3.2)

Due to the Bianchi identity, DF = 0, any ASD connection also satisfies the Yang-
Mills equations D x F' = 0. It is important to note that the anti-self-duality equations
are an algebraic condition on the curvature. As such, when we perform a conformal
transformation g, — A?(2)g,., both sides of scale with a factor of A?(z), can-
celling, and allowing us to conclude the ASDYM equations are conformally invariant.
This observation will be a key component of our discussion when introducing symme-

try reductions of the ASDYM equations to attain integrable models in lower dimensions.

In this thesis, we will see that the ASDYM equations can assume many distinct, but
ultimately equivalent guises, let us briefly discuss some of those important for future

discussion. We adopt double null coordinates (z, z, w,w) for R*, with metric
ds® = 2(dzdz + dwdw) .

Such a choice of coordinates is useful as they allow for a particularly transparent choice
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of basis for the self-dual two forms, given by
Q=dzNdw, Q=dzNdw, w=dzAdz+dwAdw. (2.3.3)

We recognise that the first and second basis two-forms are the holomorphic and anti-
holomorphic volume forms on R?*, denoted Q and Q respectively, and the third basis
two-form is exactly the Kéhler form for R*, which we denote by w. As such, the
above basis has an interpretation of defining a complex structure on R*. Expanding

the curvature with respect to this choice of self-dual two-forms, the anti-self-duality

condition ([2.3.2)) reads:
OvF, =0, Q“F,=0, w"F,=0, (2.3.4)

that is, the self dual components of F' vanish, where explicitly

0

- (2.3.5)

,and  wy,, =

o
o O O O
o O O =
o O o O
o O O O
o O o O
o O = O
o O O =
o = O O

-1 0 -1

One can also write the above more explicitly in terms of the components of the connec-

tion,

azqu - 8111142 + [Aza Aw] =0 )
agAw - (%,Ag + [Ag, Auj] = O 5 (236)
azAE - aZAz - awAID + aﬁ)Au) + [A27 AZ] - [Awa Aﬂ)] = O .

2.3.1 Yang’s Equation:

Using the above choice of complex structure on R?*, we define the corresponding Dol-
beault operators as 0 = dz 9, + dw 9, and 9 = dz 0z + dw Oz. With this, one finds the
first two equations of ([2.3.4)) are solved by

A0 — =197 AQD — p-15p (2.3.7)
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where h, h € C>(R* G). Now if we perform a gauge transformation by h, acting as

h — hh~!, we transform the gauge field to
A=g'9g, where g=hh'. (2.3.8)

In this choice of gauge the first two equations are satisfied identically and the third
equation of ([2.3.4)) is equivalent to

wAd(g'0g) =0. (2.3.9)

This particular manifestation of the ASDYM equations we call Yang’s equation [Yan77].
Although completely equivalent to ASDYM, Yang’s equation is invariant under confor-
mal isometries that preserve the Kahler form w, as opposed to the full conformal group

in four dimensions.

2.3.2 The 4d Wess-Zumino-Witten Model

In this section we will introduce a four-dimensional avatar of the WZW model [Los+96],
whose equations of motion are exactly Yang’s equation ([2.3.9). Consider the action
given by

Syawzwlg] = ;/ Tr(g~dg A xg~'dg) + ! wAWZ[g] , (2.3.10)
R4 3 JR4x[0,1]
where w is necessarily a closed two-form, independent of the coordinate ¢ € [0, 1], thus
ensuring that the 5 dimensional term is locally exact. Given the optical resemblance
between the WZW model in two dimensions and , we refer to the above theory
as the 4d WZW model (or WZW,).
A particularly interesting point in the moduli of possible choices of w is the so called

Kahler point. Here w is the Kéhler form for R* and we can write the action as

! oo gt 4
Sw—244wATr(g dgNg ag)+3/R w A WZ[g] (2.3.11)

4x[0,1]

and the equations of motion are exactly (2.3.9). One immediate consideration is the

quantisation condition of the WZ-esque term. In WZW,, we had a condition on the



68 CHAPTER 2. GAUGE THEORIES AND INTEGRABLE SYSTEMS
level k, here we require instead a four dimensional generalisation, namely
wAWZ[g] € H>(R* x [0,1]; 27Z) (2.3.12)
which explicitly forces the cohomology class [w] to be valued in
[w] € H*(R%: Z) . (2.3.13)

The class [w] is the four-dimensional analogue of the quantised constant k in WZW,.

The WZW, is a theory describing the ASD sector of Yang-Mills. Naively, it is
profound that such a manifestation of the 2d WZW model in four dimensions manages
to relate to ASDYM theory at all; we will motivate this from another perspective
using twistor theory later on, showing that this action has a rather natural origin from
considering a local action on twistor space. For now, let us consider the properties of
the action S, which mirror those of WZW,.

As previously discussed, WZW, can be thought of as a special point in the moduli
space of parameters of the PCM+WZ action. It is the point where the model has
vanishing S-function for the coupling at one-loop and becomes a 2d CFT. This is owed
to the fact that it admits a chiral current algebra; the otherwise globally conserved
currents of the PCM+WZ theory become (anti-)holomorphic currents at the WZW
point, giving rise to an emergent chiral symmetry, enriching the algebraic structure of
the theory. The story for WZW, at the Kéahler point is similar in the sense that it
too possesses a holomorphic symmetry. The corresponding conserved currents of this
holomorphic symmetry form an algebra generalising the 2d current algebra of the WZW
model [Nek96|.

2.3.3 Symmetry Reductions of ASDYM

The anti-self-dual Yang Mills equations can be used to derive the equations of motion
of integrable models in lower dimensions through the medium of symmetry reduction
(see [MWOI]| for an in-depth treatment of the topic). Earlier we discussed the fact
that the ASDYM equations are conformally invariant. The conformal transformations
are generated by conformal Killing vectors, which, by definition, satisfy the conformal
Killing equation

1
Xy = 0o X (2.3.14)
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A generic solution of the conformal Killing equation is given by
X, =T,+ L,2" + Rz, + 2"x,S, —2S,2"z, , (2.3.15)

where the constant coefficients 7),, L,, = —L,,, R and S,, parametrise translations,

v
rotations, dilatations, and special conformal transformations, respectively.

An important observation is that a solution to the equations need not be invariant
under conformal transformations: symmetry transformations will map one solution to
another distinct solution, or rather will map one point to another point in the moduli
space of solutions to a given equation.

However, let us consider solutions that are invariant under a subgroup H C SO(1,5)
of the conformal group in 4-dimensional FEuclidean space. Given a conformal Killing
vector field, X, generating the transformations of H on R* the solutions will satisfy the
constraints,

LxA=0, (2.3.16)

where Lx is the Lie derivative. Clearly the constraint is not gauge invariant, in
fact, it will only be gauge invariant if we impose the same constraint on the collection
of gauge transformations. So if A is constant along the flows generated by X, the
collection of gauge transformations 4 must also be constant along the flows of X, so
that

LxAT=0. (2.3.17)

So in effect the reduction proceeds by imposing the constraint that the components of
the gauge field A are independent of one or more variables that parametrise the orbits
generated by a chosen subset of the conformal generators.

Another important consideration is the following: there may exist gauge fields which
are gauge equivalent to a gauge field satisfying , as such it would appear that the
reduction is gauge dependent. Therefore, one can conclude that the lower-dimensional
theory one attains from performing a symmetry reduction is dependent on the choice of
gauge of our connection. This turns out to be the case for the Heisenberg ferromagnet
equation and non-linear Schrodinger equation. Here, reducing by the same subgroup of
the conformal group but with the anti-self-dual connection being expressed in different

gauges leads to two distinct 2d IFTs.
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2.4 Twistor Space

Twistor theory, introduced by Roger Penrose in the 1960s [Pen67; Pen6§|, emerged
as an elegant mathematical framework with the ambitious aim of unifying quantum
mechanics and general relativity. At its core, twistor theory allows us to reformulate
physical theories in spacetime in terms of geometric information on complex manifolds
[War77; [Pen76]. The key ingredient that proves the foundation of twistor theory’s
efficacy is the twistor correspondence, a mapping which takes points in space time to
non-local objects in an auxiliary space called ‘twistor space’.

In this subsection, we present the essential technical foundations of twistor the-
ory, allowing us to engage with the problems where it shines brightest: the twistorial

description of integrable systems. This section follows [Adal8; Dunl0; Sha22].

2.4.1 Complexified Minkowski Space and 2-Spinors

To begin, let z* = (2%, 2!, 2%, 2*) be holomorphic coordinates on C*. We will endow C*

with the holomorphic metric whose line element is given by
ds® = ndatds” = (da®)? — (da')? — (d2?)? — (dz®)? . (2.4.1)

We call the combination of C* with the metric complexified Minkowski space.
Starting with complexified Minkowski space is an advantageous choice. Indeed, working
with a complexified spacetime allows us to treat all real spacetime signatures simultane-
ously, arriving at any choice we wish by imposing different choices of reality conditions.

On any given manifold, tangent vectors transform in the fundamental representation
of the structure group of the tangent bundle. For complexified Minkowski spacetime,
the structure group is given by SO(4,C). The relation between SO(4,C) and its spin

group is given by the short exact sequence
1 — Zs — Spin(4,C) — SO(4,C) — 1. (2.4.2)
One can show the group Spin(4, C) enjoys the following isomorphism,

Spin(4,C) 2 SL(2,C) x SL(2,C), (2.4.3)
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and so we have that
SO(4,C) = (SL(2,C) x SL(2,C))/Z, . (2.4.4)

As such the tangent vectors in the fundamental representation of SO(4,C) must be
related to certain representations of (SL(2,C) x SL(2,C))/Zs. Or, representations of
(SL(2,C) x SL(2,C))/Z, give representations of SO(4,C). We denote by (3,0) the
fundamental representation of the SL(2,C) factor on the left and (0,3) the funda-
mental representation of the SL(2,C) factor on the right. The objects living in these
representations we will call left and right-handed Weyl spinors respectively, and we will

adopt different indices to differentiate their origin,
left-handed Weyl spinor — 1® , right-handed Weyl spinor — x% , (2.4.5)

where the indices take the values ¢ = 0,1 and @ = 0,1. We would now like to es-
tablish the relationship between the fundamental representation of SO(4,C) and its
corresponding form in SL(2,C) x SL(2,C). Let us consider a tangent vector v = v"0,,.
On dimensionality grounds we know a vector should correspond to a 4-dimensional ob-
ject on the right hand side of (2.4.4). One such choice of representation is (3,0)® (0, 1).
Let us then consider a linear mapping of the form

v = Mgt (2.4.6)

where M is a four vector of 2x2 matrices with indices reflecting the fact it transforms
in the representation (3,0) ® (0,3) := (3,3) . So long as M* is invertible, it defines
an isomorphism at the level of the underlying vector spaces. The choice we will use to

proceed is the Pauli four-vector,
o0t = (Izxa,04) (2.4.7)

such that
1. 1 (0 +03 ot —d?

% — ﬁazaz}“ = ﬁ (Ul N 2'1)2 UO B U3> . (2.4.8)
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One immediate consequence of choosing the above relation is that
d ad\ __ 1 w, v 4
et(v™) = 5 M t"0" . (2.4.9)

The fundamental representation of SL(2,C) has an invariant tensor given by the Levi-

Civita symbol eq, €, We will work with the conventions:

0 1 y :
€ab = €4 = <_1 0) . e =0, ey, = 7. (2.4.10)

The invariant tensors €4, €., can be used to raise and lower spinor indices as follows
A= €PNy Ay = Noeyy (2.4.11)

and similarly for the right-handed spinors. We also will make ample use of the associated

SL(2,C)-invariant antisymmetric brackets
(AR) = XNq ,  [wx] = wxa - (2.4.12)

Given a vector one can find the relation between the Levi-Civita symbols €4, €, and
the metric 7,,,
Uy = Nut” = Vaa = €ap€ypt"” - (2.4.13)

As such the line element of the holomorphic metric (2.4.1)) is given by
ds® = eapey; dz®dz® | (2.4.14)

2.4.2 Euclidean Reality Conditions

In the discussion so far we have enjoyed the flexibility of working with complexified
Minkowski space, a space containing all metric signatures of the real spacetime R*.
Clearly, to recover the Euclidean metric from ([2.4.1)) we require that firstly all 2* € R,

then we Wick rotate z' — iaz?, i = 1,2,3. This leaves us with the desired metric

ds® = (d2°)? + (da*)? + (dz®)* + (dz®)?* . (2.4.15)
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Performing the above manipulations on our complex coordinate %% amounts to the

following form for our coordinates on R*,

. 1 a2+’ x4+ ixt
2o — , 2.4.16
FV2 (—:c2 +ixt 20 — 23 ( )

Y 2' € R. Picking out the Euclidean slice in this way is equivalent to

where now x
imposing the complex coordinate z%¢ be invariant under the action of an involution-

esque operation, defining an action = — Z by

) 1 =0 _ =3 _ 41 s =2
e B (2.4.17)
V2 \ -zt —iz?2 704+ 73

and demanding the invariance of our complex coordinate under the ‘hat’ operation gives
coordinates of the from (2.4.16)). We call such an operation Euclidean conjugation. The
action of Euclidean conjugation on vectors gives an induced action on spinors, with

spinors A\, and y, transforming as
Ao Ao = (=A, No) W > O = (—@1, @) - (2.4.18)

An interesting fact about Euclidean conjugation is that it is not quite an involution
but instead a quartic-involution, that is Ao = —A,. For this reason the reality structure
associated with Euclidean signature is called ‘quarternionic’. An immediate consequence
of this is the following; if we take a null vector in C* given by A\*\%, the only null vector
preserved by the action of Euclidean conjugation is 0. This is equivalent to the statement

that there are no non-zero real null vectors in Euclidean space.

2.4.3 Homogeneous and Inhomogeneous coordinates

So far we have used inhomogeneous coordinates to coordinatise CP'. Inhomogeneous
coordinates are, in a sense, completely standard. They locally allow us to describe points
in a certain chart of CP! by points in the complex plane C in much the same fashion
as we would any space satisfying the definition of a Riemann surface. A particularly
useful choice of atlas for CP! is given by using two open sets, one open set excluding
the north pole, Uy = CP* \ {0}, and coordinatised by z and another that excludes the
south pole, U; = CP' \ {oc}, coordinatised by Z. On the overlap the two holomorphic
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coordinates are related by z = 71

Due to it being a purely local construction, using inhomogeneous coordinates has
an anticipated deficiency when it comes to describing the global properties of the ge-
ometrical objects on our manifold. For instance, when checking if our meromorphic
one-form w had poles at z = oo we had to flip from one chart to the other, changing
coordinates, and explicitly check if w had a pole at Z = 0.

This motivates the introduction of homogeneous coordinates, which have the advan-
tage of being global on CP'. Instead of describing points of CP! in terms of a single
complex number, homogenous coordinates use a pair complex numbers, so that one can
embed CP' into C? as

CP' := {(m,m) € C?/{0} : (mo,m1) ~ A(mo, 1), X € C*}. (2.4.19)

Homogeneous coordinates on CP' will be denoted by 7, = (71, m2), which are defined
up to the equivalence relation 7, ~ Aw, for any non-zero A € C*. We can relate
homogenous coordinates to inhomogeneous coordinates on the two patches covering
CP! using the following prescription: introducing an arbitrary spinor 7, that satisfies

(v4) = 1, the two patches covering CP' will be defined as

Up={ma [ (m) #0}, Ui ={ma|{my) #0}. (2.4.20)
Inhomogeneous coordinates may be defined on each patch by

F= L (2.4.21)
N

—~
~

)
>
—

In this section, we restrict our attention to U, and the inhomogeneous coordinate z,
knowing that an analogous discussion holds for the other patch. The complex conjugate

of the inhomogeneous coordinate z is

—~
~

i
ok

7= — (2.4.22)

—~
~

The adoption of homogeneous coordinates when describing objects on projective spaces
comes with some subtleties. One is the scaling redundancy which comes with using
coordinates on C? to represent points in CP'. As such, we should ensure this scaling

redundancy which equates points in C? remains a redundancy. Let us first consider
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which functions descend consistently from C? to CP".

Clearly, to avoid being multivalued at a point in CP!, a representative function on C?
should be constant on every equivalence class in C2. That is for every (m, m;) € C?\ {0}
we have f(Ar) = f(m) for every A € C*. Such functions are called homogenous functions
of weight zero. One can conversely conclude that homogeneous functions of weight k
on C? defined by f(Ar) = A¥f(r) for all A € C*, cannot descend to functions on CP'.
Instead, they describe sections of line bundles over CP' which we denote by O(k).

2.4.4 Holomorphic line bundles over CP*

Given that complex projective spaces, CIP" are defined as the collection of straight lines
through the origin of C"*!, one has the ability to define a natural notion of line bundle.
Working with the case of n = 1, we can pick a point in 7, € CP' and simply attach to

it the line that we ‘projected away’
l:={t (mo,m) CC*:tcC}. (2.4.23)

Given its natural appearance, we call such a bundle over CP! the tautological bundle.

To explore the properties of line bundles over CP' it will help to discuss holomorphic
vector bundles more generally. The data defining holomorphic vector bundles is given
by two complex manifolds £ and M together with a holomorphic mapping 7 : £ — M.
Given a point z € M we will denote the fibre over z by F, := 77 (z) C E. Rank-
k holomorphic vector bundles have the property that given U; C M, we have the
biholomorphism 7=1(U;) = U; x Ck. Such maps are called ‘local trivialisations’, denoted
by ;. On any given fibre above z € M, we require that the trivialisation is a C-linear
mapping from FE, to CF, thus inducing the fibre E, with a vector space structure.
Naturally one should ask what happens when the trivialising neighbourhoods overlap.

For x € U; N U; one has the following choice of two trivialisations
(2} x CF &2 B, Y0 (1) x CF (2.4.24)
As such we have a vector space isomorphism defined by

Vij(w) == ;0 @Dj_l(f, o) :C* = C", (2.4.25)
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so clearly our transition functions are valued in the space of invertible linear mappings
of C*, GL(k,C),
Yij(x) : UiNU; = GL(k,C) (2.4.26)

where the transition function is the same for all points € U; N U;. By construction we
have that
Vij = U3 (2.4.27)

and on triple intersections, U; N U; N Uy, consistency also dictates that
Yij 0V = Vi, (2.4.28)

We call the previous two conditions, (2.4.27]) and ([2.4.28]), the cocycle conditions.

Such maps 1;; are called transition functions; they find efficacy in showing how a
local trivialisation in one open neighbourhood varies from another local trivialisation
in another open neighbourhood, effectively describing how the fibres ‘twist’ around the
base manifold. Because of this property, one may wish to describe a vector bundle
using the collection of open sets of M and their transition functions, ‘patching the
fibres together’, as initial data instead, ({U;}, ;).

Let us investigate what the sections of the tautological line bundle look like. The

total space is given by
L={(m,]) CCP* xC*:1= M, , A€ C}. (2.4.29)

The projection mapping acts as 7 (m,,l) = m,. Given the local nature of the data
defining the line bundles, it will prove beneficial to adopt inhomogeneous coordinates

at this point in the discussion. Covering CP* with the open sets given by
Up = {(mo,m) €CP' : 1y #0} and Uy = {(my,m) € CP' : 1, #0}, (2.4.30)

we use the inhomogeneous coordinates z = m /my on Uy and Z = my/m; on Uj. Clearly
on the overlap, Uy N U, we have that 2 = 271, Along the fibres, we will adopt the coor-
dinates (Zy, Z1). By the nature of the definition of the fibres (2.4.23)) of the tautological

bundle, we have that these coordinates satisfy the constraint

Z
20 _ M0 orrather mZ = 107 - (2.4.31)
A 1
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So that the fibres indeed form a 1 complex dimensional subset of C2. On U, my # 0,

and we can trivialise the bundle by

7' (Uy) ={(2,2)) €Uy xC: Zy = 2Zy} C L. (2.4.32)
Similarly on U; we have

7' (U)={(32) eUy xC:Zy=2Z,} C L. (2.4.33)

Clearly on the overlap Uy N U;, where z = Z7!, the transition function for the fibre
coordinate is given by 19, = mo/m1. The sections of L, by definition, satisfy the property
so = o151. Given the fact that 1)y = 27!, we denote the tautological bundle by O(—1).

In a sense, O(—1) is fundamental, since one is able to construct all other holomorphic
line bundles over CP' starting from the tautological line bundle. Consider the line
bundle, O(1), defined as the ‘dual’ of O(—1) in the following sense; if we take the
tensor product of the two bundles, it gives the trivial line bundle over CP', or rather
O(—1) ® O(1) = CP' x C. The trivial line bundle is defined by necessarily having
o1 = 1. We conclude that O(1) must have transition functions given by 1y, = z. The
line bundle O(1) is often referred to as the hyperplane bundle. Taking tensor products
between k copies of these bundles, we define the line bundle O(k) as the line bundle
with transition function ¢ = 2*. In all that follows we will take ¥ = 7 /7, as in
O(1).

At this point, we need to make an important clarification. Above, we used O(k) to
denote the line bundle whose sections allowed us to describe homogeneous functions of
weight & over CP! in terms of a representing function defined on C2. This was done by
design, as any homogenous polynomial of degree k in CP' can be canonically identified
with holomorphic sections of O(k).

Explicitly, consider a degree k polynomial in 7, € C? given by
Pu(m) =Y a,mo" "y, (2.4.34)

where a,, are the polynomial coefficients, then we can see that P, does not descend to
a polynomial on CP!, for k # 0, since it isn’t homogenous of degree 0. However, the
polynomial can be used to define functions on the standard affine charts U, and Uy,

which can be glued together on the overlap Uy N Uy, to form a global section of O(k).
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We can see this as follows, in Uy with the affine coordinate z we have

Pk(gw) _ En:an (Wl)" _ ;anz" ‘ (2.4.35)

™ ™0

S —

Now to proceed in an analogous fashion on U; with the affine coordinate Z,

$1 = P’;(,;) = znjan C:?)k (:;)n = (Y1) "so - (2.4.36)

Or rather we have that,

S0 = (1/101)k81 )

and so for k£ > 0 a homogenous degree k polynomial defines a unique holomorphic section
of O(k), as claimed. One should also note that for k£ < 0 the polynomial is not,
in fact, holomorphic in U; but meromorphic at my = 0, hence we conclude that there
are no nonzero global holomorphic sections of O(k), with £ < 0. The above discussion

is often stated economically as [Wel80],

0<(C 1 O( )) Ck+17 lfk207
H°(CP', O(k)) =
0, it k<0,

with H® denoting the 0" cohomology class of O(k)-valued sections over CP' and hence

the space of global holomorphic sections of O(k).

2.4.5 The Twistor Correspondence

With a familiarity of 2-spinors established we can now begin our discussion of the twistor
correspondence. Understanding the twistor correspondence is tantamount to being well

acquainted with the following double fibration:

y X (2.4.37)

PT ct

The projective spin bundle, PS is defined such that

PS = C* x CP! (2.4.38)
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with coordinates given by (2%, m,), where 7, ~ rm, for r € C* is the homogenous
coordinate for the projective line CP'. Projective twistor space, PT is defined as the

following open subset of CP?
PT = CP*\ CP' = {Z% = (W%, 7,) : Ta £ 0,2 ~12Z% rc C*}. (2.4.39)

Finally C* is complexified Minkowski space, coordinatised by z%¢. The projections in

(2.4.46|) are given by

T (2%, m) = (2%my, T,) | (2.4.40)
7T2(.Z’ad,7rb) = .CEaa . o
We call the following mapping,
w* = %7, , (2.4.41)

the incidence relations. It is this mapping that generates the non-local correspondences
that make twistor theory such a strong tool. Let us discuss its immediate consequences.
Consider fixing a point z in space time, C*, what does this correspond to in PT? Or
rather formulating this using the fibration (2.4.37), we can ask what the image of
mi(my 1 ({z})) is in PT. Ignoring projective scaling momentarily, let us pretend Z* =
(x%7,, ) € C'. Then with 2%¢ fixed one can see Z“ is completely defined by a sub-
plane C? C C* coordinatised by 7,. Bringing back the projective scaling one can see
this defines a CP' ¢ CP? subset of PT, or rather

mi(my H({zx})) = CPL , (2.4.42)

where CP. denotes the Riemann sphere subset of PT corresponding to the space-time
point z. With this we have established that points in C* correspond to linearly holo-
morphic embedded Riemann spheres in PT. It is worth noting here that in the literature
such CP' subsets are regularly called ‘complex-projective lines’. This name makes sense
in parallel with our familiar notions. Just as a line in Euclidean space is a 1-dimensional
subset whose points are a linearly embedded curve, complex projective lines are the
complex dimension 1 subsets whose points are a linearly and holomorphically embed-

ded complex curve.
Conversely, fixing a point Z¢ € PT, what is the image 7 (75 ' ({Z}))? Using (2.4.41)),
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one arrives at the following simultaneous equations,
wh = 2%m, and W' =y 71, = (v—y) "1, =0. (2.4.43)

This is solved by
(x — )™ = 7% (2.4.44)

displaying that %¢ and »% are null separated points in C*, with their relative position
parametrised by the right-handed Weyl spinor 7#%. Such a collection of points forms a
self-dual, null two-plane in spacetime called an a-plane. As such we have established
that, given a point Z¢ = (w%, w,) € PT,

m(my ' ({Z}) 2 {V* eC : V™ =7} . (2.4.45)

2.4.6 The Euclidean Twistor Correspondence

Let us consider the twistor correspondence for Euclidean spacetime. We obtain the
Euclidean twistor correspondence by picking out the slice of each space in the fibration
(2.4.37)) which is invariant under the action of Euclidean conjugation. In doing so, we

obtain the following double fibration

PSg = R* x CP!

/ \ (2.4.46)

PTg R*

The only unfamiliar space that needs explaining here is that of PTyg, Euclidean twistor
space. As mentioned above, PTy is the slice of PT that is invariant under the action of

Euclidean conjugation Z% = 2%, where
7 = (&% 7,) . (2.4.47)

As 20‘ = —Z“, clearly no points in twistor space are invariant under this quartic
involution, and so one can conclude that there are no Euclidean real points in PTg.
This is to be expected, points in twistor space correspond to null planes in complexified
Minkowski spacetime. As there are no non-zero null vectors in Euclidean space, there

is no subset of the a-plane in C* that can correspond to a point in PTg. This motivates
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looking at the other side of the correspondence. If points in PT corresponding to a-
planes cannot be Euclidean real, we can certainly look at which subset of complex
projective lines, CP' C PT, are Euclidean real.

Consider the antisymmetric bi-twistor
70 = gl g0 (2.4.48)

where Z; and Z5 are distinct points in PT. Let us assume that both of the points lie
on the same complex projective line, corresponding to the point z%¢ in complexified

Minkowski spacetime, i.e. Z¢ = (2%m,, m) and Z$ = (2%*\,, \p), then explicitly the

1,ab,.2 a
298 — (7)) (26 . xb) . (2.4.49)

bi-vector reads

€ab

From this, one sees the bi-vector exactly encodes the information of the projective
lines between the two points, up to a scaling factor (wA). The complex projective
lines described by Z%# generically will not be invariant under the action of Euclidean
conjugation. However, we can define the following quantity that is invariant under
Euclidean conjugation:

AL (2.4.50)

These lines are ‘real’ with respect to Euclidean conjugation and will form the collection
of lines in twistor space that correspond to the points in Euclidean spacetime R*.
As such we have found that Euclidean twistor space is obtained by picking out the
‘Euclidean real’ complex projective lines in PT. By the twistor correspondence, the
collection of these Riemann spheres are equivalent to R*. One concludes that to describe
a point in Euclidean twistor space amounts to picking which ‘real’” sphere you are on in

PT (i.e. your point on R*) and your point on that sphere, i.e.
PT: = R* x CP* . (2.4.51)

We have also shown that PTg is a CP' fibration over R*, with the CP! fibre being the
collection of points in PTy corresponding to x € R* via the twistor correspondence.
One can show the explicit form of the fibration by solving the incidence relations for

Fuclidean reality conditions . _
Naga _ ,ana

_— 2.4.52
(mr) ( )
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An interesting feature of the Euclidean twistor correspondence is the fact that the
projective spin bundle and twistor space are diffeomorphic to one another. The equiva-
lence is not true at the level of the complex category however. As a complex manifold,
PTg, has coordinates given by (w® m,) = (2%m,, 7,) and as such is equivalent to the
holomorphic vector bundle O(1) & O(1) — CP'. Given this one can equally use the
holomorphic variables (w?, 7,) or the non-holomorphic variables (2%, 1,). We will work
primarily with the latter as it allows us to easily relate our calculations on twistor space
to their implications for the spacetime physics. We use the following choice of frame
for (0, 1)-vectors fields in PT adapted to the non-holomorphic coordinates (%, 7),

Oy = —(m7) wai Oa = T™0uq (2.4.53)

where 9, = 0/0x%. Using the incidence relations w® = x%m,, one can check that these
are in the span of the canonical choice {9/00%, 0/0%,}. One may question why we have
factors of (77) appearing in the definition of our frame. Such factors allow us to work
with a basis of vectors that have homogeneity 0 in 7,. That is, instead of using bona
fide vector fields on PTg, we adopt (0, 1)-vector fields valued in the line bundles O(k)
to give a convenient global representative of T(OVPTg. Clearly 9y € TOVPTE ® O(2)
and 0; € TOVPTE ® O(1). In a similar vein the (1, 0)-vector fields are spanned by

q O T

T (r#) O, O = " (w)

Daar (2.4.54)

valued in O(—2) and O(—1) respectively. This choice of frame is perhaps peculiar as

the vectors no longer commute with one another, in particular
[50, (%] = 5{1 [a‘z, 80] = 8(-1 . (2455)

We also introduce the dual basis of (1,0)-forms and (0,1)-forms as

e = (ndr) , e = mda™
o (Rd?) . Redzta (2.4.56)
(mE)? ()

The one form e, being a nowhere vanishing global section, trivialises the canonical
bundle of CP' and identifies it with O(—2).



2.4. TWISTOR SPACE 83

Introducing the Dolbeault operators defined by
0=1¢e" + ¢, , 0=2ey+ e, . (2.4.57)
One can show that this basis of one-forms satisfies the following structure equations
e =P net, oet =t ned. (2.4.58)

These relations are vital to note when performing calculations in this choice of CP'-

dependent frame on PT.

2.4.7 The Ward Transform

Having set up the necessary twistorial machinery, let us now watch it pay dividends
in the form of the Ward correspondence. The Ward correspondence establishes a one-
to-one relationship between anti-self-dual connections on R* and special holomorphic
vector bundles on PT which are topologically trivial upon restriction to each projective
line. The observation at the heart of the correspondence is that the curvature of an
ASD connection necessarily vanishes upon restriction to an a-plane. Let us start with
the following facts: an a-plane is the space spanned by those tangent vectors at a point
in C* of the form V% = \é7? for an arbitrary spinor A\%. As such, translations between

points within an a-plane are of the form,
% — % N
and are generated by the operator
0y = T 0yq - (2.4.59)
The curvature two-form has components

Foinh = OuaAyy — OppAas + [Aaas Ayp)- (2.4.60)

a
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Due to the antisymmetry when exchanging the pair of indices (ad) < (bb), one can
show the components of F' decompose as

Fonp = €an®yp + €45 Pab - (2.4.61)

a

Similarly the 4d Levi-Civita symbol is translated into 2-spinor notation as

P LAPEN Eacﬁbdﬁadébé o Eadﬁbcﬁaéﬁbd ’ (2462)
where the spinor indices correspond to spacetime indices as (aa) — p, (bb) — v,
(¢¢) — p and (dd) — o. Using this we can show that taking the Hodge star of F' results

mn
1 -
(*F)po' = §€MVpUF/w A Ecdq)(;d - eédq)cd . (2463)

We conclude ® o, has eigenvalue +1 under Hodge duality and so corresponds to the self-
dual component of F' and ®,;, has eigenvalue -1 under Hodge duality and so corresponds
to the anti-self-dual component of F'. As such, an ASD connection is such that the self-
dual component d i of its curvature vanishes, i.e. F,;; = €., Pap-

Defining the gauge covariant derivative along an a-plane in an analogous fashion as
Dy = 7"Dyy = 1 (Oue + Aua) (2.4.64)

for an ASD connection one has
[Da, Dy = 77" [Oae + Aua, Oy, + Ayy] = 7°7°F 4y = T°mleay®yy = 0, (2.4.65)

which confirms that the curvature of an ASD connection vanishes on restriction to an
a-plane.

Now, consider a complex vector bundle F, with a connection V. For a complex
vector bundle to be holomorphic we require the (0,1)-component of the connection
TonV = 04 = 0+ A to satisfy the integrability condition

2 =0=0A+ANA:=F(A). (2.4.66)

Working explicitly with PTg our (0,1)-connection decomposes into the basis given by
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(2.4.50) as
A= Age® + Azet . (2.4.67)

The partial connection A is a section of @(0), as such one concludes the components A
and A; are valued in O(2) and O(1) respectively. The components of the (0,2)-curvature

are given by

Qi

0a 0-’4(1 - d-AO

ab = OaAj — OpAa

[Ao, Ac] (2.4.68)
[Aay Aj] (2.4.69)

|
|
+ o+
|
|

with both components vanishing when F is a holomorphic vector bundle.

Consider now that our bundle E, further to being holomorphic is also holomorphi-
cally trivial upon restriction to any complex line in PT. We can introduce a holomorphic
frame that trivialises the bundle over the CP'. What do we mean by this? Well firstly,
restricting to a complex line corresponding to the point x € R* is executed by setting

w® = x%7, in all our expressions. Secondly, the fact that E |(C]P’}c is holomorphically

trivial is tantamount to finding a gauge transformation §(r, x) € C>(CPL, G) such that
gl o(0+A) cpr 09 = 0 [ (2.4.70)

where we have used o to emphasise the equality of the left and right hand side when
acting on sections of E. On the left, we first act on a section by §, then 9 + A, then
finally by g—!. Explicitly calculating the right hand side of (2.4.70) by acting on a

generic section, one finds §(m, x) needs to satisfy
O+ A) glep =0 (2.4.71)

Given this, the above tells us that, under this gauge transformation, covariantly holo-
morphic objects become simply holomorphic objects. It is in this sense that g is said
to define a choice of holomorphic frame for E |cpi. We note that tells us
our holomorphic frame is uniquely defined up to a gauge transformation §(w,z) —
h(m,z)g(m, x), where h is globally holomorphic on CP! and hence a constant by Liou-
ville’s theorem.

Solutions to equations of the form (2.4.71f) are well known, and are given by path-
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ordered exponentials. In this case the solution is of the form
g(x,m) =Pexp (—/ 0N A) , (2.4.72)
CPL

where 6 is an O(0)-valued meromorphic (1,0)-form on CP*. The quantity is
called a holomorphic Wilson line [BS11], an object analogous to the familiar Wilson line
in gauge theory, however adapted for the complex category. This raises an interesting
consideration, complex numbers have no notion of ordering, so how is the path ordering
in defined? For the real category, we have the following formal expression for

path ordering exponentials,

pos -

x T Yy
=1lp— [ dy* Au(y) +/ dy" Au(y)/ dy” A (y') — - -
xo xo o
m

oo dz dz”
=1 _1m/ ds,, -+ ds; Ay(s,)——O (8, — 81 -+ - —5) A, ’
R+ mZ::l( ) o1 S s1A,(s )dsm@(s Sm_1) - O(s2 —s1) A,(s1) &,
(2.4.73)
where we have introduced the Heaviside step function © defined by,
, 1, s>4¢,
O(s —§') = (2.4.74)
0, s<s.
The above are Green’s functions for the de-Rham differential satisfying
g@(s—s’)zé(s—s') (2.4.75)
Ep : 4.

To proceed in analogy to the real Wilson line above, let us consider the following form

for the meromorphic (1, 0)-form 6,

g _toB) (2.4.76)

(ra)(mp) 2mi

0 has residue +1 at 7 = a and —1 at m = 3, given this one can then show

00 = (8P ((ma)) — 6@ ((xB))) & N e . (2.4.77)
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We have thus established that 6 provides a holomorphic generalisation of the Green’s
function ©. As such, we can define path ordering in our holomorphic Wilson lines using

the following formula,

P exp (_ /C LOA A) =1+ §1<—1)m /(Cpl)m Z\l OO) A AN)) (2.4.78)

where )\; is the homogenous coordinate for the i** factor of CP' in the integral. For a

holomorphic Wilson line parallel transporting from « to m the path ordering gives

7\9(/\0 N (TAm) "§7<T/(\12>>\1></\10z> O‘”‘d),‘m) Aol e . (24.79)

2 271

One can equivalently write ([2.4.71)) as
Alepr=—099"" |cpr - (2.4.80)

As such, we have demonstrated that for connections on F we can find a gauge trans-

formation for our connections such that
O+ A=g0+A)g™", where A =0, (2.4.81)

with ¢, : C]P’glc — PTg being the inclusion mapping, defined such that, when composed
with the projection mapping 7 : PTy — E* we have m o, = # € E% It then follows
that in components A’ = A.é%. In the ‘gauge’ defined by the holomorphic frame, the
curvature satisfies

F(A) = gF (A . (2.4.82)

The holomorphicity condition given by equation (2.4.68)) vanishing becomes

0o A, =0 . (2.4.83)

Al =7"Aga(x), (2.4.84)

where Ag; is a function of R* only. With this one finds that by plugging in (2.4.84) into
(2.4.69)) one attains the condition ([2.4.65]), and so we have shown that A, is indeed
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an ASD-connection on R*. So to conclude, given a holomorphic vector bundle, trivial
upon each CP', we can construct solutions to the anti-self-dual Yang-Mills equations.
It can be shown that this is indeed a one-to-one correspondence, with anti-self-dual

connections defining holomorphic vector bundles over PT [War77].

2.5 Holomorphic Chern-Simons on PTg

In this section we introduce 6d holomorphic Chern-Simons theory (6dhCS). In much
the same way many integrable systems can be understood as reductions of the ASDYM
equations, 4dCS theory can be understood as a reduction of 6dhCS [BS23]. This ob-
servation suggests an intriguing paradigm: both 4dCS and ASDYM are gauge theories
in four dimensions that give rise to two-dimensional integrable field theories. This nat-
urally raises the question; can six-dimensional holomorphic Chern—Simons theory serve
as a unifying framework that connects these two approaches, thereby revealing a deeper
equivalence in their capacity to describe two-dimensional integrable systems?

The action of holomorphic Chern-Simons is given by

1 _
ShCSG = T QA hCS(.A) (2.5.1)

T JPTR

where the holomorphic-Chern-Simons (0,3)-form is given by,

hCS(A) = Tr(ANOA+ - ANANA), (2.5.2)

1
3
the (3,0)-form €2 is defined by,

Q=" Ne"Aey, for &€ O(—4),

and Tr denotes the ad-invariant bilinear form on g. In much of the previous litera-
ture where an action of the form has appeared |[Wit04; BMS07], © was typ-
ically defined as a nowhere-vanishing holomorphic (3,0)-form—or, more precisely, as
a nowhere-vanishing section of the holomorphic canonical bundle. Since the existence
of a global holomorphic section of a bundle implies the holomorphic triviality of the
bundle itself, the existence of such an 2 is equivalent to the underlying manifold be-

ing Calabi-Yau. However, twistor space is not Calabi—Yau, as its canonical bundle is

isomorphic to O(—4). Consequently, to adapt (2.5.1) for PT, we require €2 to be a
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meromorphic (3,0)-form on PT which, in this work, is assumed to be nowhere vanish-
ing [Cos20]. Schematically, this process can be understood as defining a non-compact
Calabi-Yau 3-fold by excising the poles of € from PT.

The equations of motion of are given by

FA) =0A+ANA=0. (2.5.3)

That is the equations of motion define a holomorphic G-bundle over PT. In section
2.4.7, we highlighted the fact that holomorphic vector bundles, trivial over each CP*
subspace of PT, are equivalent to solutions to the ASDYM equations. As such, given

we can find a holomorphic frame g such that
go(0+A) lepr 097" =9 |cpr (2.5.4)

we should expect that the action (2.5.1]) could be used to describe anti-self-dual con-

nections. We will explore this notion through an example.

2.5.1 WZW, action from hCSg

Consider the case where the meromorphic (3, 0)-form, €2, has two double poles at the
points a, 3 € CP, so that

(ap)?

1 aa bb
Q= 50(m) ey mada™ Amda® A (mdm) @ = o

(2.5.5)
The poles of Q in CP! play the role of boundaries in hCSg because total derivatives
pick up a contribution from 99 which is a distribution with support at these poles. To
ensure a well-defined variational principle, we impose boundary conditions on the gauge

field at these poles given by
Alrea =0,  Alzp=0. (2.5.6)

Turning to the symmetries of this model, the theory is invariant under gauge transfor-

mations acting as

i A (AT =474 +97107, (2.5.7)
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so long as they preserve the boundary conditions. This implies restrictions on the

allowed external transformations at the poles of €2, which are given by

Waaaa?}/‘ﬂ-:a =0 > ’/'Taaaa’A}/‘ﬁ:/g =0. (258)

2.5.2 Localisation of hCSsz with double poles to WZW,

Proceeding in analogy to 4dCS, we will parametrise our holomorphic connection in such
a way that highlights the fact that the holomorphic frame § trivialises our holomorphic

vector bundle over CP!,
A=A =51A5+5'07 . (2.5.9)

As such, one would expect the holomorphic frame § to act as the edge modes in our
theory, localising to the dynamical fields of the theory in R*. Expressing the action
Shesg[A] in terms of the fields A’ and § one obtains

1 _ o
Shcse [./4] = Shcse [.A/] + i 0O N 'Tr (.A/ A\ 8§§‘1)

L JPT

1

) (2.5.10)
_ / OO ATr(g~ dg A g~ dg A g~ dg) |
PTx[0,1]

671

where, with a slight abuse of notation, we are also denoting by § a smooth homotopy
to a constant map in the last term (this will be an indiscretion we continue to make).
Notably, the edge mode § only appears in this action against the 4-form 9, which is a
distribution with support at the poles of 2. This means that the action only depends
on § and its CP'-derivative @ := §~'0,¢ through their values at the poles of 2, which

we denote by

A

g|7r:a =g, §—180g|7r:a =u, g'ﬂ:ﬁ = g 5 g_180§|7r25 =u. (2511)

Let us consider the symmetries of the theory in this new parametrisation. The gauge

transformation (2.5.7)) acts trivially on A’ while § transforms with a right action as

. A=A, G a7 . (2.5.12)
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In addition to the external gauge symmetry, the new parametrisation has introduced a

redundancy, which we dub an internal gauge symmetry, acting as

¥ A= yTTAY 5708 G— 5. (2.5.13)
We can exploit these symmetries to impose gauge fixing conditions on the fields A’
and §. Let us fix A’ such that it has no CP' leg, and fix the value of § at 7 = /3 to
the identityﬁ The surviving edge mode at the other pole g = §|r—, will become the
fundamental field of WZW4.

Returning to the action , the first term is a genuine six-dimensional bulk term
that we eliminate by going on-shell. We find the bulk equation of motion (%Af-l = 0,
which implies that these components are holomorphic. Using the fact that f_l; € O(1)
this may be solved in terms of CP'-independent components A’ as

Fradr®®

A = rAge®, et =0T (2.5.14)
(m#t)

This completely specifies the CP*-dependence of A’, and the boundary conditions (2.5.6)

may be solved to determine A/, in terms of g,

Bact®

Ao = 0By

Ohagg " . (2.5.15)
From these components, we can construct a 4d connection A = A,,dz%*. This parametri-
sation of A, in terms of g we identify as Yang’s parametrisation with g being
identified with Yang’s matrix. This solution for A’ may now be substituted into the ac-
tion and the integral over CP* can be computed explicitly. The second and third terms
of localise to a four-dimensional action and we land on the WZW, theory
defined by

1
Swzw, = 3 /11@4 Tr(g'dg A xg~'dg) +/R wa,6 AN WZ[g] . (2.5.16)

4x[0,1]

3At this point, we may further fix the CP'-derivative of § at both 7 = a and 7 = 8 to zero.
However, these fields drop out of the action anyway without specifying this.
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In the second term, we have introduced a 2-form defined by

1 . ;
Wa,p = @%Bb €5 dz®* A dz® (2.5.17)
and the WZ 3-form
Lo
WZlg) = 3Tr(g"dg Ag~"dg /g~ dg) , (2.5.18)

defined, as usual, using a suitable extension g of g.

The equations of motion of this theory are given by
d(x —wapN)dgg =0 & €30, (a®Dy997") = 0. (2.5.19)

The six-dimensional gauge transformations (constrained by boundary conditions) de-

scend to semi-local symmetries of the action (2.5.16)), which act as
9= 9w, 00uvr=0, B0 =0, (2.5.20)

where v, = 4|g and g = H|o. Of particular interest is the case where § = @, i.e.
the poles of Q are antipodal on CP', in which case Wa,a = w is proportional to the
Kihler form on R* Here, we are referring to the Kéhler form with respect to the
complex structure 7, that is defined by the point & € CP'. In this case, the semi-local
symmetries can be interpreted as a holomorphic left action and anti-holomorphic right
action (akin to the 2d WZW current algebra).

2.5.3 Interpretation as ASDYM

A 4d Yang-Mills connection A" with curvature F[A'] = dA"+ A’ A A’ is said to be anti-
self dual if it obeys F' = —xF'. After converting to bi-spinor notation, the anti-self-dual

Yang-Mills (ASDYM) equations can be expressed as
77 F =0 V7, € CP' . (2.5.21)

This contains three independent equations that can be extracted by introducing basis

spinors «, and [, satisfying (o) # 0. The three independent equations are then
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expressed in terms of contractions with these basis spinors as

a®a’F =0, (2.5.22)
BBF i =0, (2.5.23)
(a*B° + B’ F i = 0 . (2.5.24)

The six-dimensional origin of WZW, (and indeed all IFT, constructed in this way)
ensures that the connection A’ introduced in the previous section satisfies the ASDYM
equation when evaluated on solutions to the WZW, equations of motion. This follows
from the six-dimensional equation QAF[A’] = 0, which encodes both the holomorphicity
of A" and eq. . To see this explicitly for WZW, where the connection A’ is given
by eq. , we note that the -contracted eq. holds because (53) = 0, and
the a-contracted eq. holds due to the Maurer-Cartan identity. The remaining
equation ([2.5.24]) yields the equations of motion of WZW, .

2.5.4 Reduction of WZW, to WZW,

Next, we will apply a two-dimensional reduction to WZW, specified by two vector fields
V; on R* with ¢ = 1,2. The idea of reduction is to restrict to field configurations that
are invariant under the flow of these vector fields. The two-dimensional dynamics of
the reduced theory will be specified by the Lagrangian Lipr, = (V1 A V3) V Lipr, where
Lipr, is the Lagrangian of the parent theory and we denote the contraction of a vector
field V' with a differential form X by V' VvV X.

Let us introduce a pair of unit norm spinors v, and x; and define the basis of 1-forms

on R*

dz = yakeda®® | dz = Ahedz®® | dw = yahedz® | dw = —A,kedz™® .
(2.5.25)
These are adapted to the complex structure J, defined by 7, € CP'. We choose to
reduce along the vector fields dual to dz and dz by demanding that 0,9 = 0:g =
0E| Contracting the WZW, Lagrangian with these vector fields results in the two-

4In this case for reality we have Lipr, = i(0. A 0z) V Lipr,.
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dimensional action of a principal chiral model (PCM) plus Wess-Zumino (WZ) term:
1 -1 -1 ik P N T I PRI
Spemirwzs[9] = 5 / Tr(g~'dg Axg~'dg) + — Tr(g~'dg A g~ dg A g—'dg) .
2 Js 3 Jex0,1]
(2.5.26)
In this action, the relative coefficient between the WZ term and the PCM term is given

by
a+p _ () _ (B)

B “Tlay PTEy

Varying the basis spinor v, in these expressions changes the choice of reduction vec-

k=

(2.5.27)

tor fields and parametrises a family of two-dimensional theories interpolating between
WZW, and the PCM. The WZW, CFT limit is obtained when £ — 1 with af held
fixed. This can be achieved by starting at the Kéhler point in 4d, with = &, and
choosing the reduction to be aligned with the complex structure, i.e. setting v = a. An
alternative reduction that turns off the WZ term and recovers the PCM is achieved by
setting § = —au.

For general choices of reduction, the four-dimensional semi-local symmetries descend
to a global G x G symmetry. This is because, for example, the conditions a*0,,vg = 0
and 0,7 = 0svg = 0 generically contain four independent constraints leaving only
constant solutions. However, when the reduction is taken to the CF'T point, this system
of four constraints is not linearly independent, and chiral symmetries emerge satisfying

OwYr = 0 (and vice versa for 7).

Lax connection. A virtue of this approach is that a g®-valued Lax connection for

the dynamics of the resultant IFTy may be derived from the 4d connection A’:

1 —
Ly = k"7 (Ous + ALy) = On + Mawgg_l )
(m9) (a—p)
) (8 —C) (2.5.28)
‘Cw = 7/43&7[_(1 aad + A;a = aw + 7_811}99_1 )
oy G ) = Ot )
where the spectral parameter is given by ( = O™ - Flatness of this connection for all

(m9)
values of ( is equivalent to the equations of motion of the PCM plus WZ term

@05(00gg™") — BOL(0wgg ) =0 << d(x—ik)dgg ' =0. (2.5.29)
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Notice that in the CFT limit £ — 1 with  — oo, & — 0 the Lax connection becomes

chiral and spectral parameter independent.

2.5.5 Reduction of hCSgz to CS,

Instead of first integrating over CP' and then reducing to two dimensions, we could

instead directly apply the reduction to hCSg. This gives the action of CSy,

!
27

2
Ses, Al /Eml wATr (A NdA+ZANAN A) . (2.5.30)

Here ¥ is the R? ¢ R* with coordinates w, w, and the meromorphic 1-form w is given
by
w=1i(0, N0z) V. (2.5.31)

A crucial feature here is that this contraction introduces zeroes in w to complement
its poles, as required by the Riemann-Roch theorem. For the case at hand, w is given

explicitly by
(B)*(my)(m7)

(m)(mf3)?

and the zeroes are introduced at the points m, = v,,%.. The details of the reduction

(mdm) | (2.5.32)

show that, while our six-dimensional gauge field was regular, the connection A entering
in CS; develops poles at the zeroes of w. In particular, the component A, will have a
simple pole at 7, = 7, and Ag will have a simple pole at 7, = 4,. The four-dimensional
Chern-Simons connection is subject to the same boundary conditions as its parent,
namely it vanishes at the points o, 5 € CP'. The subsequent localisation of CS, then
gives the same PCM plus WZ term derived by reducing WZW, as we have shown in
subsection [2.2.2

2.5.6 LMP action from hCS;

Let us review the localisation of hCSg with a fourth-order pole. We start with the
action and (3,0)-form defined by

1 — 0/\ d/\ 4
Snese Al = — [ QACS(A), Q=20

2mi Jer (ra))*

(2.5.33)
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As is usual in hCSg, we impose boundary conditions on the gauge field A to ensure the

vanishing of the boundary variation

| 1
bdry 977 Jpr

0. hCse OUNTH(SANA) . (2.5.34)

Evaluating this integral is achieved by making use of the following localisation formula

1 - k
. @) :7/ S AOQ| . 2.5.
5 Ma AQ 6 Jos @ N Q|, (2.5.35)

Then, we find that the boundary variation vanishes if we impose the boundary condi-

tions

Alrea =0 and  9pA|r—a =0 . (2.5.36)

Admissible gauge transformations. We now check which residual gauge symme-
tries survive once we impose our choice of boundary conditions. We proceed in the

familiar fashion, introducing a new parametrisation of our gauge field A as
A=g"Ag+5 07, A, =0. (2.5.37)
This parametrisation has both external and internal gauge symmetries, which act as

AT, A= A
A, A AT

External # : A — g

N)
-2

Y

o (2.5.38)
=Yg .

Ne)

Internal ~: A

The internal gauge transformations must satisfy 0yy = 0 to preserve the condition
Ag = 0. These transformations leave A invariant and as such they are fully compatible
with the boundary conditions. We use the internal gauge symmetry to fix §|,—, = id.
The story for the external gauge symmetries is slightly different; under external gauge
transformations A — A7 and so the value of A at the poles is not necessarily invariant.
Requiring our boundary conditions to be invariant under external gauge transformations
imposes constraints on the admissible symmetries at # = . This limits the amount of
symmetry available for gauge fixing. The gauge transformation of the first boundary

condition reads

-1

0=A|rea =AY +4709) lrmea = 7 'a%0uay =0, (2.5.39)
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where we have defined
'3/|7r:a =7-

Here, we have shown that at 7 = « the gauge transformations are restricted such that
they are holomorphic on R* with respect to the complex structure given by the point
7 = «. Another way of stating this is that our admissible external gauge symmetries
on PT localise to semi-local symmetries in the effective theory on R*. However, this
restriction is derived from only one half of the boundary conditions. Introducing the

notation

A

I =470 .
the gauge transformation of the second boundary condition reads
0= a0-’21’”#:04 = 80 (:)/_1“21:)/ + :)/_15?}/) ’77:04
(37149, T + 470043 + 00 + [709. 0| + 471047 &) e -
(2.5.40)

Imposing the original boundary conditions we arrive at the constraint equation
®0y,T + 7 16" 00ay = 0, (2.5.41)
where we have used (a@) = 1 and defined
[ea=T.

One solution to (2.5.39)) and ([2.5.40|) is that the external gauge transformations are

global symmetries of the localised effective theory dgay = 0, and I is holomorphic on
R* with respect to the choice of complex structure given by the point a € CP*'.
Tentatively, our localised theory should have 4 degrees of freedom, known as ‘edge
modes’,
u:= (g,ut,u’ u’), (2.5.42)

where
g= §’7T=a ) u' = gilaogyrca ) u’ = gilagg’ﬂ:x ) u’ = gila(:)))g'ﬂ:a . (2'5'43)

However, some of these fields are spurious and can be gauged fixed away using the

admissible gauge symmetries. We have already used the internal gauge symmetry to
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fix ¢ = Id. Furthermore, the second and third Oy-derivatives of the external gauge
transformations are unconstrained by the boundary conditions, so they can be used to
gauge fix u?> = u® = 0. This leaves us with one dynamical degree of freedom in the
localised theory on R*, namely u' : R* — g, which we will now denote by u for brevity.

In conclusion, after gauge fixing we have
u = (Id,u,0,0) . (2.5.44)

Solving the boundary conditions. Using the boundary conditions, we will solve
for A’ in the parametrisation (2.5.37)) in terms of the edge modes. The first boundary

condition tells us
/_l/|7r:a =0 = OéaAad =0 = Aad = OéaC[z . (2545)

The second boundary condition equation is then written as

Aa

(80,41’ + 5(&718()@)) ’ﬂ-:a =0 = <2;&>Aaa -+ Oza&mu =0 s (2546)
which allows us to conclude that
Cd = a“&mu . (2547)

We now have all the ingredients to localise the hCSg action to R*.
Localisation to R*. We can write the action (2.5.33)) in the new variables as

_ o 1 _
S—— [ 80 AT(A A DGy —i/ DONTE ((571d)) . (2.5.48

271 JPT 1“( 99 ) 677 JPTx([0,1] g (<g g> ) ( )
where in the second term we have extended PT to the 7-manifold PT x [0, 1], whose
boundary is a disjoint union of two copies of PT. We have also extended our fields via
a smooth homotopy § — §(t) so that §(0) = Id and §(1) = g. Applying the localisation
formula (2.5.35) and the choice of gauge fixing (2.5.44)), we arrive at the spacetime

action

k 1 1
Spmvp(u] = 3 /11&4 §Tr(du A xdu) + gaaabzab A Tr(u [du, du]) . (2.5.49)
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The action (2.5.49)) is the LMP model for ASDYM |[LM8&7; Par92|, which upon reduction
to R? becomes the pseudo-dual of the PCM.

In summary

In this section we have outlined a systematic procedure describing how one can descend
from holomorphic Chern-Simons theory in six-dimensions, we can picture this using

fig2.1] The solid arrows represent the procedure of localising the theory by integrating

hCSg¢

IFT, / CFT,

Figure 2.1: The diamond correspondence of integrable field theories as outlined in .

over the CP*! factor, and the wavy arrows representing performing a symmetry reduction
of the theory. In the following chapter, we will continue to explore this paradigm,

beginning from a novel choice of divisor on twistor space,

K
(ra)(ma)(mB)*

o =

having two simple poles and a double pole. From this starting point, we will present a
rich story that widens the landscape of known four-dimensional integrable field theories,
and allows us to recover integrable deformations of two-dimensional integrable field

theories from this six-dimensional starting point.



Chapter 3

Integrable Deformations from

Twistor Space

In this chapter we present a discourse on a diamond of integrable theories for a family of
deformed sigma models. In particular, we will consider alternate boundary conditions
for hCSg, distinct from the Dirichlet boundary conditions that we have been primarily
considering thus far in the thesis. Starting from 6d holomorphic Chern-Simons theory on
twistor space with a particular meromorphic 3-form €2, we construct the defect theory
to find a novel 4d integrable field theory, whose equations of motion can be recast
as the 4d anti-self-dual Yang-Mills equations. Symmetry reducing, we find a multi-
parameter 2d integrable model, which specialises to the A-deformation at a certain
point in parameter space. The same model is recovered by first symmetry reducing, to
give 4d Chern-Simons with generalised boundary conditions, and then constructing the

defect theory.

3.1 6d Holomorphic Chern-Simons

Our primary interest in this chapter will be the hCSs diamond containing the \-
deformed IFT, originally constructed in [Sfel4]. By proposing a carefully chosen set
of boundary conditions, we will be able to find a diamond of theories that arrives at a

multi-parametric class of integrable A-deformations between coupled WZW models.

100
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To this end we restrict our study of hCSg, defined by the action

1 2
Snose = 5= Q/\Tr(A/\aA+§AAA/\A), (3.1.1)

27 JpT

to the case where the (3,0)-form is given by, in the basis of (1,0)-forms, as defined by

(2-4.56)

1 . B K
Q=0 Ne Nes, D= e A (3.1.2)

The constant spinors «, & and 3 should be understood as part of the definition of the

model. The gauge field is similarly written in the basis of (0, 1)-forms as
A:Aoéo—i‘Aaéd . (313)

The action (3.1.1) is invariant under shifts of A by any (1,0)-form, i.e. A — A+ p
where p € QLO(PT).
The first step in studying the 6-dimensional theory is to impose conditions ensuring

the vanishing of the ‘boundary’ term that appears in the variation of the action

0=/ IQATr(ANGA) . (3.1.4)

PT
Since €2 is meromorphic, as opposed to holomorphic, this receives contributions from
the poles at «, &, and . Following on from our discussion in § [2.5.1], we will again
impose Dirichlet boundary conditions /Idlﬂzg = 0 at the second-order pole. At the

first-order poles, we can then evaluate the integral over CP' to obtai the condition

1

aa)(af) /E4 voly e Ty (Aacgjb) |

voly e Ty (ﬁdé.@é) }ﬂ:d .

(3.1.5)

Using the Schouten identity we can decompose a 2-spinor X% using the 2-spinors

1
e = TP

!To compute the boundary variation of the action, we have used the identities e A ez A e A g =
—2voly €% (where voly = dz° A dz' A dz? A d2?) and

1 05 1
21 Jom eo/\eoao(<7ra>>f(7r) = f(a) .
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{ps, po}
X% = [Xplu® — [Xplp® . where [uji] = 1. (3.1.6)

Expanding the gauge field components in terms of the basis p% and %, and solving

locally pointwise on E*, this condition may be written as

o T A = (AR A, = 1y T (A 0AR] = (AR A o (5.7

The boundary conditions we are led to consider are

(08) 4 : alad)

[Ap]lr=a =0 @) [Allr=s ,  [Af]lr—a = ) [AD) | r=a (3.1.8)

where we have introduced the free parameter o, which will play the role of the defor-
mation parameter in the IFT}.

Let us note that these boundary conditions are invariant under the following discrete
transformations

Qs a, oot (3.1.9)
= oot (3.1.10)

These will descend to transformations that leave the IFT, invariant.

3.1.1 Residual Symmetries and Edge Modes

A general feature of Chern-Simons theory with a boundary is the emergence of propa-
gating edge modes as a consequence of the violation of gauge symmetry by boundary
conditions. A similar effect underpins the emergence of the dynamical field content of
the lower dimensional theories that descend from hCSg. Generally, group-valued degrees
of freedom, here denoted by h and §, would be sourced at the locations of the poles of
Q). If however, the boundary conditions admit residual symmetries, then these
will result in symmetries of the IF T4 potentially mixing the h and § degrees of freedom.
These may be global symmetries, gauge symmetries, or semi-local symmetries depend-
ing on the constraints imposed by the boundary conditions. It is thus important to

understand the nature of any residual symmetry preserved by the boundary conditions
(13.1.8)).
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Gauge transformations act on the hCSg gauge field as
¥ A= ATTAY+ 47107 . (3.1.11)

In the bulk, i.e. away from the poles of €2, these are unconstrained, but at the poles
they will only leave the action invariant if they preserve the boundary conditions. For
later convenience, we will denote the values of the gauge transformation parameters at

the poles by
Ma=7, Ala=7, Fla=0". (3.1.12)

Firstly, the transformation acting at 8 must preserve the constraint Ag| 3 = 0. Initially,
one might suppose that only constant ¢ would preserve this boundary condition, but in

fact it is sufficient for £ to be holomorphic with respect to the complex structure defined

by 3

1
B“@aaf =0 = faaﬁaaﬂ = d“@aa€ . (3113)

af) (aB)
These differential constraints arise from the fact that the anti-holomorphic vector fields
Os = T*0aq are valued in O(1), depending explicitly on the CP' coordinate.
Secondly, the transformations acting at o and & must preserve the boundary con-
ditions , implying the constraints

r=r,
1 . o Y ~a
fagyt" o Ol = Gyt Oeal (3.1.14)
(aB) (aB) -
1 . ot

mﬂ " Ogam = <d5>ﬂ Q- 0gaT -

These residual symmetries are neither constant (i.e. global symmetries) nor fully local
(i.e. gauge symmetries). Instead, we expect that our IFT4 should exhibit two semi-
local symmetries subject to the above differential constraints, akin to the semi-local
symmetries of the 4d WZW model first identified in [NS90; [NSO2JP|

Symmetry reduction As we progress around the diamond, we will perform ‘sym-
metry reduction’. In essence, this will mean we restrict to fields and gauge parameters

that are independent of two directions, i.e. they obey the further differential constraints

2Complementary to this perspective, the WZW, algebra can also be obtained as a global symmetry
of five-dimensional Kéhler Chern-Simons on a manifold with boundary [BGH96].
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(where ¢* is some constant spinor)
107 =0,  [%1%05 = 0. (3.1.15)

We can then predict some special points in the lower dimensional theories by consid-
ering how these differential constraints interact with those imposed by the boundary
conditions. Generically, these four differential constraints (two from the boundary con-
ditions and two from symmetry reduction) will span a copy of E* at each pole, meaning
that only constant transformations (i.e. global symmetries) will survive. However, if
the symmetry reduction is carefully chosen, the two sets of constraints may partially or
entirely coincide. In the case that they entirely coincide, the lower dimensional sym-
metry parameter will be totally unconstrained, meaning that the IFTy will possess a
gauge symmetry. Alternatively, if the constraints partially coincide then the lower di-
mensional theory will have a symmetry with free dependence on half the coordinates,
e.g. the chiral symmetries of the 2d WZW model.

3.2 Localisation of hCSg; to IFT,

The localisation analysis is naturally presented in terms of new variables A’ and g,

which are related to the fundamental field by
A= AG+§'05 . (3.2.1)

However, there is some redundancy in this new parametrisation. There are internal

gauge transformations, leaving A invariant, given by
Yoo A yTTAY 05, g5 (3.2.2)

These transformations allow us to impose the constraint /I{) = 0, i.e. it has no leg in
the CP'-direction.

There are still internal gauge transformations that are CP'-independent, and we
can use these to fix the value of § at one pole. We will therefore impose the additional
constraint §|g = Id so that we have resolved this internal redundancy. The values of §
at the remaining poles
(3.2.3)

Ne)
o
Il
N}

g|a:ga
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will be dynamical edge modes as a consequence of the violation of gauge symmetry by
boundary conditions. As we will now see, the entire action localises to a theory on E*
depending only on these edge modes.

The hCSg action is written in these new variables as

1 T Ry o
Shess == | QATr(AANOA) +— | 9QATr(A ADGg™")
2mi Jer 271 JPT (3.2.4)
1 _ _ B 2.
—— [ QAT(37'0g N9 09 N 971 09)
67i JpT

The cubic term in A’ has dropped out since we have imposed A} = 0. Inspecting the
terms in our action involving g, we see that the second term localises to the poles due to
the anti-holomorphic derivative acting on 2. The third term similarly localises to the
poles. For this, we consider a manifold whose boundary is IP"]I‘.H We take the 7-manifold
PT x [0, 1] and extend our field § over this interval. We do this by choosing a smooth
homotopy to a constant map, such that it’s restriction to PT x {0} coincides with §.
Denoting this extension with the same symbol, we see that the third term in our action

may be equivalently written as

1

- 6mi

/ d [Q ATe(g~"dg A g~ dg A gldg)] . (3.2.5)
PTx[0,1]

Then, using the closure of the Wess-Zumino 3-form and the fact that all of the holo-
morphic legs on PT are saturated by 2, this is equal to

1

WL =

/ O ATe(57dg A g~ dg A g~ dg) . (3.2.6)
PTx[0,1]

Therefore, this contribution also localises, meaning that the only information contained
in the field § : PT — G are its valuesﬂ at the poles of €. Explicitly, this contribution is

3More generally, a manifold whose boundary is a disjoint union of copies of PT.
4For higher order poles in 2, the CP*-derivatives of § would also contribute to the action.
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given byE|

K 1 B 1 e e
2 = St o Lt AT = e n )] 020

where
o = €4CaCth Az A dgb , Ha = €4 CaCtp Az A da?® , (3.2.8)

are the (2,0)-forms with respect to the complex structure on E* defined by the spinors
a, and &, respectively.

Knowing that the latter two terms in the action localise to the poles, we are
one step closer to deriving the IFT,. There are two unresolved problems: the first term
is still a genuine bulk term; and the second term contains A’, rather than being written
exclusively in terms of the fields ¢ and g. Both of these problems will be resolved by
invoking the bulk equations of motion for A’. This will completely specify its CP'-
dependence, and, combined with the boundary conditions, we will then be able to solve
for A’ in terms of the edge modes ¢ and §.

Varying the first term in the action, which is the only bulk term, we find the equa-
tion of motion 50./4{21 = 0, which implies that these components are holomorphic. Com-
bined with the knowledge that A} has homogeneous weight 1, we deduce that the
CP'-dependence is given by Afl = %A, where Ag; is CP'-independent.

Turning our attention to the boundary conditions, we first consider the double pole
where we have imposed A, | 5 = 0. Recalling that g|g = Id, this simply translates to
Al|s = 0. This tells us that A, = (73)B; for some By, hence A,, = B,Bs. Therefore,
we have that

Ay = (78)Ad; " By 4 7§ 0aad - (3.2.9)

The solution for B; found by solving the remaining two boundary conditions (|3.1.8])
is written more concisely if we introduce some notation. We will make extensive use of

the operators
Us=(1-0"A)7",  A=Ad'Ad, , (3.2.10)

5Tn principle there are also contributions from the double pole at 3 both in this term and the second
term in the action . Since this is a double pole, these contributions may depend on dy§|g, which is
unconstrained. However, one can check that they vanish using just the boundary conditions A;|z =0
and internal gauge-fixing §|s = Id. Alternatively, we may use part of the residual external gauge
symmetry to fix dyg|s = 0, which ensures such contributions vanish.
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which enjoy the useful identities
Ul+U-=1d, UgA=—-0o7'UL, (3.2.11)

where transposition is understood to be with respect to the ad-invariant inner product

on g. In terms of the components of 710,49, defined with useful normalisation factors,

= (aB)"' " g™ Duag
= (aB) " A"a" " 0uad

j={(aB) e’y Dug

T (3.2.12)
7 =(aB) pu'a"yg 0l

=0 =)

we find that the solutions to the remaining boundary conditions may be written as

AdS'By =bpo —bja ., b=Us(j —07), b=U_(7-0"'7), (3.2.13)
A" By =bpa —bpa ,  b=UL(7—07Y), b=UNG-07). (3.2.14)

Note that b = Adg_l[Bu], b= Ad;l[Bﬂ], etc., and that b, b, b and b are related as
b—7=0ctb—7), b—7=0b-7). (3.2.15)

Recovering the IFTy is then simple. The first term in the action (3.2.4) vanishes
identically on shell, and we can substitute in our solution for A’ in terms of ¢ and § to

get a 4d theory only depending on these edge modes. This results in the action

1

SIFT4 = 277“ - 59 A TI'(./ZV AN 6§§_1) -+ SWZ4
K N = . -
- (aa) /1@4 voly Tr(b(7 — A7) = b(j = AT7)) + Swz,
(3.2.16)
K . o~ =
= <()464>/1E4 VOl4TI‘<]<UI ~U)7+ UL -U-)j—
QUjUI j"i‘ 2071‘]' U_ j::) + SWZ4 y
where
Swr = / vols AdpTe(g7' 8,9 - [, 71— 50,5 - 17, 7)) (3.2.17)
W (ad) Jeixpo] P ' ’ ’ ' o

Observe that the 4d IFT (3.2.16)) with (3.2.17)) is mapped into itself under the formal
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transformation

g7, a e a, oot (3.2.18)

interchanging the positions of the two poles. This directly follows from the invari-
ance (3.1.9)) of the hCSg boundary conditions. On the other hand, looking at how the
transformation (3.1.10)) descends to the IFTy, we ﬁndﬁ

~ ~

j=7, Jw—j, Jw=7J, J=-], o=, (3.2.19)

It is then straightforward to check that the action with is invariant
under this transformation.

Let us emphasise that, to our knowledge, the IFT, described by the action (3.2.16))
with has not been considered in the literature before. In the following sub-
sections we will study some properties of this model starting with its symmetries, and

moving onto its equations of motion and their relation to the 4d ASDYM equations.

3.2.1 Symmetries of the IFT,

Having derived the action functional for the IFT,, we will now examine those symmetries
that leave this action invariant. While they may not be obvious from simply looking at
the action, in § [3.1.1] we leveraged the hCSg description to predict the symmetries of
the IFT,. These may then be verified by explicit computation.

To this end, we recall that the hCSg gauge transformations act as
i A ATTAY 4+ A4TI04 (3.2.20)
and we denoted the value of this transformation parameter at the poles by
Ma=7, Ala=7, Alg=0". (3.2.21)

Tracing through the derivation above, we find that these result in an induced action on

the IFT, fields,
(l,r,7): g Lgr, g Lgr, (3.2.22)

where ¢, r and 7 obey the constraints (3.1.13) and (3.1.14) respectively. One can

6Note that to derive this we use that i = —p
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explicitly verify that the IFT, is indeed invariant under these transformations. Key
to this is exploiting a Polyakov-Wiegmann identity such that the variation of Swyz, in
eq. (3.2.17) produces a total derivative. This gives a contribution on E* that cancels
the variation of the remainder of eq. . Useful intermediate results to this end

are

Ad, — AdyAd,Ad, , Ady — AdyAdzAd, , Uy — Ad,'UiAd, ,
b Ad; (b + (o) TAd, T 0,al) b AdTH(D A+ (aB) TTAd, T 9l |
(3.2.23)
in which the constraints (3.1.13]) and have been used.
We can also derive the Noether currents corresponding to these residual semi-local
symmetries directly from hCSg. The variation of the action under an infinitesimal gauge
transformation 0.4 = 9¢ + [.AI, é} is

1 _ _ _
5S6dCS = 27 O N TI“(.A N 8€) . (3.2.24)

™1 JPT

First let us consider a transformation that descends to the ¢-symmetry, i.e. one for
which

A

fla=¢Ea=0, ¢&z=¢
The only contribution to the variation localises to S and is given by

1~6di’Tr(fld8;,€)) ' . (3.2.25)

dpSeacs X /E4 voly 0y ( (ra) (nd) ,

Since Aalg o< (73) (recall that we fix j|z = id) the only way the integrand will be
non-vanishing is for the dy operator to act on A;. Noting that dy(m3)|s = 1 we have

that 80Aa| 3 = By, and hence the variation becomes

5¢Ssacs / vl Te (B2 30 (3.2.26)
E

If we think of the /-symmetry as a global transformation, then this would provide the

conservation law associated to the Noether current, i.e.
3°0,,B® =0, (3.2.27)

and indeed we will see later that this conservation law follows from the equations of
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motion of the IFT,. As the parameter ) is allowed to be holomorphic with respect
to the complex structure defined by 3, the interpretation is more akin to a Kac-Moody
current.

For the case corresponding to the r-symmetry we have

A

fla=¢a=€", Ez=0.

In this case the variation receives two contributions with an opposite sign

0, Seacs X /E4 voly e Tr(mlﬁyﬂa@;@ o <d16>2fld85€‘&> ) (3.2.28)
Integrating by parts gives
07 Sedcs X / voly Tr <e(r) (Oéaﬁaafma — M&G@ad.ﬁiﬂ&)) : (3.2.29)
Bt (af) (ap)?
Introducing new currents defined by
(@B) Co = Asla . (aB) Ca = Asla (3.2.30)

the conservation law associated to the r-symmetry is given by

1 . 1
aa .Oa_

Tagy ™" O B G%9,aC% =0 . (3.2.31)

Recalling from eq. (3.2.9) that A, = <7T5>Ad;13d + m§710,40, we can relate the B

current to the C' and C currents as follows

1 ~
Co =Ad, By + a9 ' 0uag = (b— Dpta — (b— j)fla , (3.2.32)
(aB)
~ 1 ~
Cy = Ad;'B; + @&Gg—la@g =a(b— s — o (b — )i (3.2.33)

where we have used the identities (3.2.15]). The transformation of these currents under
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the (¢, r)-symmetries is given by

(€,7) : By AdyB; — (af) ta0,.007"
(0,r):  Cars AdTICy + (aB) rar ™ Opar (3.2.34)
(1) Cyr AdT'Ch + (@8) ' a% " Dar .

As a consequence notice that the 4d (CP'-independent) gauge field introduced above,
Awe = PuBg, is invariant under the right action, whereas the left action acts as a

conventional gauge transformation
(f, ’I") : Aad — AdgAm‘l — 8@66_1 s (3235)

albeit semi-local rather than fully local since /¢ is constrained as in eq. . The
transformation of these currents and the 4d ASD connection also follows from the hCSg
description. While the original gauge transformations act on A, we observe that 7 and
7 become right-actions on §, leaving A’ and A, invariant. By comparison, after fixing
glg = id, it is only a combination of the ‘internal’ transformations and the original
gauge transformations that preserve this constraint. In particular, ¢ has an induced
action on g, § and A’, thus leading to the above transformations of B, and Ag.

As we will show momentarily, the equations of motion of the theory correspond to
anti-self duality of the field strength of the connection A,;, hence it immediately follows
that the equations of motion are preserved by the symmetry transformations ([3.2.35)).
To close the section we note that the action is concisely given in terms of the currents

as

K L ~
Ster, = ) /E voly e Tr(Ad; ' Ba(Cy — ATCy)) + Swa, - (3.2.36)

3.2.2 Equations of Motion, 4d ASDYM and Lax Formulation

The equations of motion of the IFT, can be obtained in a brute force fashion by per-
forming a variation of the action (3.2.16|). This calculation requires the variation of the

operators Uy

0UL(X) = U(0X) + Us ([g710g, Uz (X)]) = U ([g7 09, U(X)]) (3.2.37)
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but is otherwise straightforward. The outcome is that the equations of motion can be

written as
ua uab + ia aaab+[ b = [,0] — [b,b] =0,
igz = ,iaz -~ ~ o~ (3.2.38)
<ﬁ> b+< >8 b+ 1[7,0] =170 —[b,b] =0,

in which we invoke the definitions of b, g, b and b above in eqs. (3.2.13) and (3.2.14)).

These equations can be written in terms of the current B, as

. 1 .
aaﬁadBa + *<Oéﬁ> [Bd, Ba} =0 s
e | (3.2.39)
@%0,a B + 5(@@ [Bi, B*] =0 .
Taking a weighted sum and difference equations gives
BYa® — (af)a%) 0, B = — (@) %0, B = 0 ,
(@8)a° = (af)a") (ad)s o0

((@B)a” + (aB)a*) 0ua B* + (aB)(aB)[Bs, B] =0,

the first of which is the anticipated conservation equation for the f-symmetry. Making
use of the definitions of C' and C in (13.2.32)), the equations of motion are equivalently

expressed as

090, C + L (aB)[Ca, O] = 0
I (3.2.41)
A%0,,,C% + 5(@@[0@, C7=0

Noting that [C4, C%] = [C4, C%] we can take the difference of these equations to obtain
1 1
aaaaCa ~

(aB) (af)

which is the anticipated conservation law for the r-symmetry.

0%0,,C% =0 | (3.2.42)

ASDYM. We will now justify the claim that this theory is integrable by constructing
explicit Lax pair formulations of the dynamics in two different fashions. First we will
show the equations of motion (3.2.39) can be recast as the anti-self-dual equation for a

Yang-Mills connection. Before demonstrating that this holds for our particular model,
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let us highlight that this follows from the construction of hCSg by briefly reviewing the
Penrose-Ward correspondence [War77|. Recalling that we have resolved one of the hCSg
equations of motion F), = 0 to find A, = 7%A, it follows that the remaining system
of equations should be equivalent to the vanishing of the other components of the field
strength 77, = 0. We may express this in terms of the anti-holomorphic covariant
derivative D), = 0, + A, as (D, Dg] = 0, which may also be written as

77 [Dag, Dy = 0 . (3.2.43)

This is equivalent to the vanishing of m%m®F,,5, where F is the field strength of the 4d
connection A,,. To make contact with the anti-self-dual Yang-Mills equation, note that
an arbitrary tensor that is anti-symmetric in Lorentz indices, e.g. F),,, can be expanded
in spinor indices as

Froapp = € Pab + €ab Py - (3.2.44)

Here, ¢ and ¢ are both symmetric and correspond to the self-dual and anti-self-dual com-
ponents of the field strength respectively. Explicitly computing the contraction (3.2.43]),
we find that the remaining equation is simply ¢ = 0 which is indeed the anti-self-dual
Yang-Mills equation. In effect, this argument demonstrates that a holomorphic gauge
field on twistor space (which is gauge-trivial in CP') is in bijection with a solution to the
4-dimensional anti-self-dual Yang-Mills equation — this statement is the Penrose-Ward
correspondence.

Now, returning to the case at hand, recall that our connection is of the form A,; =

BaBa, so the anti-self-dual Yang-Mills equation specialises to
(7B) (7*0uaBp — 7" OppBs + (7B)[Ba, Bp]) =0 . (3.2.45)

This should hold for any 7® € CP' and we can extract the key information by expanding

7% in the basis formed by a* and &“, that is

w = ((ra)a® — (ra)a) . (3.2.46)

(@)

Substituting into ([3.2.45)), we find two independent equations with CP'-dependent co-
efficients (7f)(ra) and (7f)(ma) respectively. These are explicitly given by the two
equations in eq. (3.2.39)). Therefore, as expected, the equations of motion for this IFT,
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are equivalent to the anti-self-dual Yang-Mills equation for A,, = 5, Bs.

Let us comment on the relation to Ward’s conjecture which postulates that many
integrable models arise as reductions of the ASDYM equations. It is clear that that the
equations of motion for the A-deformations explored in this paper arise as symmetry
reductions of the ASDYM equations for the explicit form of the connection given above.
On the other hand, a generic ASDYM connection can be partially gauge-fixed such
that the remaining degrees of freedom are completely captured by the so-called Yang’s
matrix, which is the fundamental field of the WZW, model. In this case, the equations
of motion of the WZW, model, known as Yang’s equations, are the remaining ASDYM
equations. It is natural to ask whether a generic ASDYM connection can also be
partially gauge-fixed to take the explicit form found in this paper. This would provide
a 1-to-1 correspondence between solutions of the ASDYM equations and solutions to
our 4d IFT.

B-Lax. The anti-self-dual Yang-Mills equation is also ‘integrable’ in the sense that it
admits a Lax formalism. Using the basis of spinors p% and fi%, we define the Lax pair
L and M by

LB = () 4t Do, MP) = (1) Win Dy (3.2.47)

where the normalisations are for later convenience. It is important to emphasise that

here 7

is not just an ad hoc spectral parameter. It is introduced directly as a result
of the hCSg equations of motion and is the coordinate on CP' < PT. The vanishing
of [L®, MB)] = 0 for any 7 € CP' is equivalent to the anti-self-dual Yang-Mills

equation.

C-Lax. Let us now turn to the equations of motion cast in terms of the C-currents
in eq. (3.2.41)). Evidently, looking at the definition of these currents eq. (3.2.32)), we see
that when o = 1 we have C = C and the equations of motion have the same form as the
B-current equations . Therefore, when o = 1, we can package the C-equations
in terms of a ASDYM connection AEE) = [,C4. Away from this point, when C #+C
it is not immediately evident if these equations follow from an ASDYM connection.

Regardless, we can still give these equations a Lax pair presentation as follows.
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Letting o € C denote a spectral parameter we define

1 ./ a° o las 1 .
L(C):”‘< 14 0) 4+ —(1— )aanrAa(Ja
P\ G >( 0) @A) (1-o0) ok

©_ L af oo . _ A
M —nM,u (<Oéﬁ>(1+g)+<@ﬂ>(1 Q))(?aa—l—nMuCa.

(3.2.48)

Noting that yBCp = o 'uBCp and 4BCy = oiPCp one immediately sees that the
terms inside [L(©), M(©)] linear in p yield the conservation law eq. (3.2.42). The contri-
butions independent of g, combined with eq. (3.2.42)), give either of eq. (3.2.41]). It will

be convenient to fix the overall normalisation of these Lax operators to be

(o) (@) [

(o)

"M )

ny =

(3.2.49)

Unlike the spectral parameter 7, entering the B-Lax, there is no clear way to asso-
ciate the spectral parameter of the C-Lax, o, with the CP' coordinate alone. Indeed,
under a natural assumption, we will see that o has origins from both the CP* geometry
and the parameters that enter the boundary conditions.

The existence of a second Lax formulation of the theory, distinct from the ASDYM
equations encoded via the B-Lax, is an unexpected feature. We will see shortly that,

upon symmetry reduction, this twin Lax formulation is inherited by the IFTs.

3.2.3 Reality Conditions and Parameters

To understand how the reality of the action of the IFT, (3.2.16) with (3.2.17)), as well

as the dependence on the parameters K, o, oy, &g, B., p® and g%, let us denote our

coordinates
W — <Oéﬁ> ﬂd xaa W= — <Oéﬁ> 7RG Z’aa
<OéC~K> [N/Lla] o ’ <O~‘Oé>[,uA] o 7 (3.2.50)
z=— <~aﬁ> — [l z= <~aﬁ> — e
(aa)[pi] (ad)[pfi]
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such that
j=9"0g, T=¢'%g, JT=§ 09, J=g 03. (3.2.51)

In this subsection we let p% and fi® be an unconstrained basis of spinors, i.e., not
related by Euclidean conjugation or of fixed norm. This means the action (3.2.16]
with ([3.2.17) comes with an extra factor of [ui]~!. Writing the volume element vol, =

; / ; j - . ~ A
Lesi€ei€actbadz®® A dzBB" A dzé A dz™ in terms of the coordinates {w,W,z,2} we find

(aﬁ>2(dﬁ>2d AdwAdzAd (aB)2(afB)? Iy - (3.2.52)

Substituting into the action (3.2.16) with (3.2.17)), we see that the IFT,; now only

VOl4 =

depends explicitly on two parameters

,_ @)
K = 7 Gragr ad o (3.2.53)

Moreover, the action is invariant under the following GL(1; C) space-time symmetry
z— ez, w— e’w | 7 e, W — e W, (3.2.54)

where ¥ € C.

To find a real action we should impose reality conditions on the coordinates {w, W, z, 2},
the fields ¢ and ¢, and the parameters K’ and o. We start by observing four sets of
admissible reality conditions simply found by inspection of the 4d IFT. Note that, im-
plicitly, we will not assume Euclidean reality conditions for z%¢. Starting from Euclidean
reality conditions we complexify and take different split signature real slices. We will
then turn to the hCSg origin of the different reality conditions.

Introducing ©, the lift of an antilinear involutive automorphism 6 of the Lie algebra

g to the group G, the four sets of reality conditions are as follows:

1. In the first case, the coordinates are all real, w =w, W =W, z = z, 2 = 2; K’ and
o are real; and the group-valued fields are elements of the real form, O(g) = ¢

and ©(g) = g. Under conjugation we have Uy — U...

2. In the second case, the coordinates conjugate as w = w, z = z; K’ is imaginary

and o is a phase factor; and the group-valued fields are elements of the real form,
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©(g) = g and O(g) = g. Under conjugation we have Uy — Us.

3. In the third case, the coordinates conjugate as w = 2z, z = w; K’ and o are
real; and the group-valued fields are related by conjugation ©(g) = g. Under

conjugation we have Uy — UL.

4. In the final case, the coordinates conjugate as w = z, W = 2; K’ is imaginary
and o is a phase factor; and the group-valued fields are related by conjugation

©(g) = g. Under conjugation we have Uy — Ug.

The action ((3.2.16|) with (3.2.17)) is real for each of these sets of reality conditions. To

determine the signature for each set of reality conditions, we note thatﬂ

€ ieapdziddaBl’ = m(dwdz dzdw) . (3.2.55)
It is then straightforward to see that the four sets of reality conditions above all corre-
spond to split signature. Note that for the metric to be real, we require the prefactor to
be real in cases 1 and 4 and imaginary in cases 2 and 3. We will see that this is indeed
the case when we comment on the hCSg origin.

In cases 1 and 4 the reality conditions are preserved by an SO(1,1) space-time
symmetry with ¥ € R. On the other hand, in cases 2 and 3, the reality
conditions are preserved by an SO(2) space-time symmetry with |¢”| = 1. In § [3.4]
we will be interested in symmetry reducing while preserving the space-time symmetry,
recovering an action on R? or RY! that is invariant under the Euclidean or Poincaré
groups respectively. We have freedom in how we do this since the action is not invariant
under SO(2) rotations acting on (z, w) and (z, w). Therefore, we can choose to symmetry
reduce along different directions in each of these planes, in principle introducing an
additional two parameters. We should note that in the Euclidean case, since the two

planes are related by conjugation, we will break the reality properties of the action unless

“Conjugating in Euclidean signature we find the reality conditions

G D) (8, a8 @D (e, ey
(aa) \ {aB) (ap) (aay \(@B) (ap)
As an example, let us take & = @&, in which case the reality conditions simplify to w = Eagiz and
g 2B) . Substituting into the metric we find 2(<O;;;>([HBM)] (dwdw + ¢¢pdzdz) where 1) = < . Since the

prefactor is real and positive, this indeed has Euclidean signature. Note that these reahty conditions
are distinct from case 3 above, and they do not imply reality of the 4d IFT.
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the two symmetry reduction directions are also related by conjugation, reducing the
number of parameters by one for a real action. This is not an issue in the Lorentzian case
since the coordinates are real, hence we expect to find a four-parameter real Lorentz-
invariant [FTy. We will indeed see that this is the case in §[3.4]

Origin of reality conditions from hCSg. Let us now briefly describe the origin of
the different sets of reality conditions from 6 dimensions. It is shown in [BS23] that for

the hCSg action to be real we require that
C(P) =C(D), (3.2.56)

where ® is defined in eq. (3.1.2) and C' is a conjugation that acts on the coordinates
(z,m), not on the fixed spinors «, & and ﬁ.ﬁ In Euclidean signature this constraint

becomes

K K
_ (3.2.57)

(ma)(n&)(xB)2  (ma)(ma)(nB)?

We immediately see that this has no solutions since the double pole at 3 is mapped to

@ and B = [ has no solutions. On the other hand, in split signature we have

__ (3.2.58)

K K
ra)(rp)?  (may(wa)(nB)?

(ra)
This can be solved by taking K and 3 to be real, and o and & to either both be real or
to form a complex conjugate pair.

We also need to ask that the boundary conditions are compatible with the
reality conditions. Imposing C*(A;) = 6(A;), we can either take 1 and fi to either
both be real or to form a complex conjugate pair. The two choices of reality conditions
for (o, &) and the two for (u, fi) give a total of four sets of reality conditions, which we
anticipate will recover those in the list presented above. With the same ordering, we

have the following:

1. In the first case, we take real («, &) and real (u,f1). Analysing the boundary

conditions we find that A is valued in the real form at the poles, implying that

8Conjugation in Euclidean signature can be defined as C(us) = jia = € Piin, C(1}) = iy = €. B'ip
and C(z%%) = (e7)2gzBB ep/* with €12 = —1, while in split signature, we take C(ua) = fia, C(ta) = ta
and C(z%) = z°*. We will restrict our attention to Euclidean and split signatures since there are no

ASD connections in Lorentzian signature [BS23].
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g and g are as well, and that o is real. Since both (a&) and [u/i] are real, real K
implies that K’ is real using eq. (3.2.53)).

2. In the second case, we take real (a, &) and complex conjugate (u, ). Analysing
the boundary conditions we find that A, is valued in the real form at the poles,
implying that g and g are as well, and that ¢ is a phase factor. Since (a@) is real

and [pfi] is imaginary, real K implies that K’ is imaginary using eq. (3.2.53)).

3. In the third case, we take complex conjugate («, &) and complex conjugate (u, fi).
Analysing the boundary conditions we find that A; at « is the conjugate of A; at
&, implying that g and § are also conjugate, and that o is real. Since both (a&)
and [pf1] are imaginary, real K implies that K’ is real using eq. .

4. In the final case, we take complex conjugate («, &) and real (p, j1). Analysing the
boundary conditions we find that A, at « is the conjugate of A at &, implying that
g and g are also conjugate, and that o is a phase factor. Since (a&) is imaginary

and [pf1] is real, real K implies that K’ is imaginary using eq. (3.2.53)).

Finally, one can also check that in split signature, the different reality conditions for
(v, @) and (p, 1) imply the different reality conditions for the coordinates {w,w,z, 2}
given above.

As implied above, see also [BS23|, a real action in split signature in 4 dimensions is
useful for symmetry reducing and constructing real 2d IFTs since both Euclidean and
Lorentzian signature in 2 dimensions can be accessed. However, the lack of a real action

in Euclidean signature raises questions about the quantisation of the IFT} itself.

3.2.4 Equivalent Forms of the Action and its Limits

In this section we describe alternative, but equivalent ways of writing the action of the
4d TFT with , and consider two interesting limits of the theory. These
constructions are motivated by analogous ones that are important in the context of the
2d A-deformed WZW model.

First, let us note that the IF'T, with can be written in the following
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two equivalent forms

Ster, = K’ [ vol, Tr( (= )UT=U)G+o'])—0]T+0" §) + S
_ K /E ol Tr((Adgj — Ady 7)(UT = U-)(Ad, ] — Ady J)
+Ad;7Ad, 7 — Adyj Ad, ?) + Swz,
(3.2.59)
where

Us=(1-0"A)"",  A=Ad;'Ad,,

- L N (3.2.60)
U= (1-0""A)"", A =Ad,Ad; "

Written in this way, it is straightforward to see that the symmetries of the 4d IFT are
given by transformations of the form (3.2.22)) with

(Ow —00)r = (04 — 0 '0)r =0,  (By— )0 = (05 — ) =0 | (3.2.61)

which, as expected, coincide with (3.1.13]) and (3.1.14)) upon using the definitions (3.2.50)).

We can also introduce auxiliary fields B¢, C% and C% to rewrite the action as

Strr, = K' / voly Tr(j 7 — 25Ad, " [Bf] + 27(Cl — 2[CulAd; " [Bj]
+ 77 —27Ad;[By] +27(Cp] - 2[CAlAd; By (3:2.62)

+2(BulBp] + 207 (CullCAl) + Swz,

Here we take the auxiliary fields B4, C% and C% to be undetermined. Varying the
action and solving their equations of motion, we find that on-shell, they are given by the
expressions introduced above in egs. and . Moreover, substituting their
on-shell values back into (3.2.62) we recover the 4d IFT. Using the symmetry ,
we note that the action can also be written in a similar equivalent form, in which tilded
and untilded quantities are swapped, o — 07!, K’ — —K’ and B = B. This can also
be seen by making the off-shell replacements [Bu| — [Bul, [Ba] — Ady([Ca] + 7),
[Cp) — o[Cp] and [Cp] — Ad;'[Bp] — 7, all of which are compatible with the on-shell

values of the auxiliary fields.
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The first limit we consider is ¢ — 0, in which the action becomes
Stetyloso = Spr, = K’ /E VoI Te(j7 + 77 — 2Ady AdgJ) + Swz, . (3.2.63)

This has the form of a current-current coupling between two building blocks that could
be described as ‘holomorphic WZW,’ of the form

Swawilg,al = [ Vol Tr(i7) = [ vol, AdpTe(g™' 0,903, 7) - (3:264)
E4 E4x[0,1]

This somewhat unusual theory has derivatives only in the holomorphic two-plane singled
out by the complex structure on E* defined by « (i.e. only 9,, and 9, enter), although
the field depends on all coordinates of E*. This structure is quite different (both in the
kinetic term and Wess-Zumino term) from the conventional WZW, [Don85; Los+96|
for which the action] is

_ — 1 -
Swzw, b, o, 8] = /E4 Tr(g tdg A xg ldg) T 6 E4iﬂ[0ai]ﬁ " Tr((g ldg)?’) 7 (3.2.65)

aa bb
Wa,g = €430 Spdz™ A da™ .

The Kéhler point of the theory is achieved when 8 = & such that w, 3 is the Kahler
form associated to the complex structure defined by «. In fact, the WZ term of our
holomorphic WZW, is of this general form with § = « such that w, g defines a (2,0)-
form. However even in the § = « case, the kinetic term does not match that of the
holomorphic WZW, action.

Returning to the holomorphic WZW,, we can establish that the theory is invariant
under a rather large set of symmetries. Since only w and w derivatives enter, it is
immediate that the transformation g +— [(z,z)gr(z,z) leaves the action eq.

invariant. These are further enhanced, as in a WZWs, to
lr)y: g~ Llz,z,w)gr(z,z,w) . (3.2.66)

From this perspective holomorphic WZW, can be considered the embedding of a WZW,

9This is also the 4d IFT that was found in [BS23; Pen21| from hCSg with two double poles at T = «
and 7 = 8, with Dirichlet boundary conditions.
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in 4 dimensions. Similarly, we have a symmetry for the holomorphic WZW, for g

(0,7): g 0(z,W,w)§7F(z, W, w) . (3.2.67)

The interaction term, Ad,j Ad; j::, in the action (3.2.63)) preserves the right actions, but
breaks the enhanced independent ¢, ¢ left actions. Instead a new ‘diagonal’ left action

emerges
lyr,7): g—Llz+w,24+W)gr(z,z,w), §g—Llz+w,2+W)§r(z,w,w) . (3.2.68)

It is important to emphasise that here the right actions on g and § are independent (r
and 7 are not the same). This stems from the enlargement of the residual symmetries
of the 6-dimensional boundary conditions. The constraints of eq. are relaxed
such that gauge parameters at different poles are unrelated but are chiral.

In this limit the currents associated to the left and right action become
Baloso = éa = Adg Jpa — Adgjfla
Ciloso =Ca=—(T = A" T)pa , (3.2.69)
Caloso = Ca = (T — Aj)fua
The conservation laws become

Ou(T-ATT) =0, (T-Aj)=0,

. = ~ , (3.2.70)
Ow(Adyj) — Ow(Ady 7) + 0,(Ad; 7)) — 05(Ad,j) =0 .
To compute the O(o) correction to the action (3.2.63)) we first note that
Bi=Bi+o (Adg(?a + AdgCo’a) +0(c?) | (3.2.71)

and that the combination C; — ATC, = C, — ATC, is independent of ¢. Then from
the expression of the IFT, action in terms of currents (3.2.36)), we see that the leading

correction to Sipr, is given by

20 kK’ / voll, é¥Tr(CyCy) = —20K' /E Vol Tr((F—A(G—AF)) . (3272)
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i.e. the perturbing operator is the product of two currents associated to the right-acting
symmetries.

The second limit we consider is ¢ — 1. Recall that in this limit, we have that C=C
from eqs. and , and a symmetry emerges interchanging B and C', as
well as g and g~'. This is also evident if we set ¢ = 1 in (3.2.62)). An alternative way
to take 0 — 1 is to first set g = exp(%) and g = exp(%), along with o = ex and
take K’ — oo. In this limit the 4d IFT becomes

1

SIET, | K00 = — /134 voly Tr((dwr — 0z17)m

(Oav —0)) . (3.2.73)

which is reminiscent of a 4d version of the non-abelian T-dual of the principal chiral
model, albeit with two fields instead of one. If instead we take the limit in the action
with auxiliary fields (3.2.62), also setting [Cp] = [Bu] + O(K'™!) and [Ch] = [BA) +
O(K'1), we find

St = [ voly Tr (20 (Bl — 04 [By) + (B [By])

+20(0:[Bu] — 0,[Bfi) + ([Bul, [BA)) — 2[Byl[BA) .
(3.2.74)

after integrating by parts. Integrating out the auxiliary field B% we recover the ac-
tion . It would be interesting to instead integrate out the fields v and 7 to give
a 4d analogue of 2d non-abelian T-duality. However, note that, unlike in 2 dimensions,
v and 7 do not enforce the flatness of a 4d connection, hence there is no straightforward

way to parametrise the general solution to their equations.

3.3 Symmetry Reduction of hCSg to CS,

The idea of symmetry reduction is to take a truncation of a d-dimensional theory
specified by a d-form Lagrangian £? depending on a set of fields {®} to obtain a
lower dimensional theory. We assume here that we are reducing along two directions
singled out by vector fields V;, i = 1,2. The reduction procedure imposes that all fields
are invariant, Ly, ® = 0, with dynamics now specified by the d — 2-form Lagrangian
L72 = ViV Vy Vv LY While similar in spirit to a dimensional reduction, there is no

requirement that V; span a compact space, hence there is no scale separation in this
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truncation.
In order to perform the symmetry reduction, we will introduce a unit norm spinor

Le about which we can expand any spinor X, as
Xy = (X0)ty — (XY, - (3.3.1)

The spinor ¢, defines another complex structure on E* which coincides with the complex
structure on E* C PT at the point 7, = ¢,. It coincides with the opposite complex
structure — swapping holomorphic and anti-holomorphic — at the antipodal point 7, =

iq. Using the spinor p®, we can define a basis of one-forms adapted to this complex

structure,
dz = pgreda®™ dz = figl,dz® |
HataGl s _ (3.3.2)
dw = figtedz® dw = —pgledx®™ .
We will perform symmetry reduction along the vector fields dual to dz and dz,
0, = f41%0p , Oz = p1%04q . (3.3.3)

The symmetry reduction along the 9, and 0; directions takes us from a theory on PT
to a theory on ¥ x CP' in which w, w are coordinates on the worldsheet X.

To perform this reduction, it is expedient |[Bit22] to make use of the invariance of
the action under the addition of any (1,0)-form to A — A = A+ poe® 4 paet.
By choosing p; appropriately, we can ensure that A has no dz or dz legs and is given
by

A = Aydw + Agdw + Ape® (3.3.4)

where these components are related to those of A by

A __[A4] Ay = —

(3.3.5)

An important feature to note is that A necessarily has singularities at ¢ and 7. While
at the 6-dimensional level this is a mere gauge-choice artefact, it plays a crucial role in
the construction of the CS, theory.

In these variables, the boundary variation and boundary condition of hCSg are
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restated as

A

7’+TI'(AU,(5A@ - A@&le) |7r:a = —r,Tr(flwé.A@ - A@(Sflw) |7r:d : (3.3.6)
"le|7r:a = tSAw|7r:d ) Au’;|7r:a = t_1$Aw|7r:a , (3.3.7)
where we have introduced the combinations
o L) @@
S O N T AR
(o) [ (e 8
ry o {ap) | (){a) ’ (af)(at)

Upon symmetry reduction to CSy, r4 will correspond to the residues of the 1-form w.
Since the shifted gauge field A manifestly has no dz or dz legs, and we impose
L. A = L.A = 0, the contraction by 8, and 9; only hits Q. It then follows that the

symmetry reduction yields

1

Seg, = ——
OS54 7 omi

/ wATr(AAdAHAAAAA), (3.3.9)
SxCP! 3

in which the meromorphic 1-form on CP' is given by

w=0; V0o,V Q==>¢, (82 \Y; ed) (62 \Y; eB) =—K (e () el . (3.3.10)

To compare with the literature, we will also translate to inhomogeneous coordinates on
CP'. The CP' coordinate itself will be given by ¢ = 7y /71, on the patch mp # 0. We
also specify representatives for the various other spinors in our theory. Without loss of

generality we can choose

ag = (1,aq) , Qg = (L), Ba=1(0,1), (3.3.11)
such that

(af) =(af) =1, (o) =ap —a- = Aa. (3.3.12)
We also denote the inhomogeneous coordinates for ¢, and 7, by

Loy 22/ L o 1 1
by = —, o= =—-——=, Lirly = =
L1/ Ly Loy by — L AL

(3.3.13)
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Then, the meromorphic 1-form w is written in inhomogeneous coordinates as

K (i)
K¢~ )¢ —a)

d¢ = p(¢)dc¢ . (3.3.14)

To complete the specification of the theory we simply note that the 6d boundary

conditions immediately descend to

A A

-/le ‘TI'ZGf: tSAw ’71':& s Aw |7r:a: tilsAu’; ’ﬂ':& . (3315)

Before we discuss the residual symmetries of the CS,; models, let us make two related
observations. First, fixing the shift symmetry to ensure A is horizontal with respect
to the symmetry reduction introduces poles into our gauge field A at ¢ and 7. Thus,
despite starting with potentially smooth field configurations in 6 dimensions we are
forced to consider singular ones in 4 dimensions. We can understand the origin of these
singularities by recalling the holomorphic coordinates on E* with respect to the complex
structure on PT = CP*\CP'. As noted in , twistor space PT is only diffeomorphic
to E* x CP', and the complex structure is more involved in these coordinates. The
holomorphic coordinates on E* with respect to this complex structure are given by

aa

¢ = m,x

v , which align with our coordinates {z,w} at m ~ ¢ and {z,w} at © ~ i.
It is precisely at these points that we are forced to introduce poles by the symmetry
reduction procedure.

Second, in line with the singular behaviour in the gauge field, we have also introduced
zeroes in w at m ~ ¢ and ™ ~ 7 whereas (2 in 6 dimensions was nowhere vanishing. Of
course, given the pole structure of €2, the introduction of two zeroes was inevitable given

the Riemann-Roch theorem.

3.3.1 Residual Symmetries and the Defect Algebra

Let us take a moment to consider the residual symmetries of these CS; models. Here the
residual symmetry preserving the boundary condition (3.3.15|) is generically constrained

to only include constant modes,

r=7, (1-ts)0r =0, (1—ts)gr=0. (3.3.16)
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At the special ‘diagonal’ point in parameter space where t = s = 1, notice these
differential equations are identically solved and we find a local gauge symmetry. This
enhancement of residual gauge freedom matches with previous considerations in the
context of CS4, where diagonal boundary conditions of the form A|, = A5 are known
to give rise to the A-deformed WZW as an IFT,, a theory that depends on a single
field g. The residual gauge symmetries are those satisfying 4|, = 9|a and can be used
to reduce the number of fields appearing in the resulting IFTy to one (see § 5.4 in
[Del+20]).

Another interesting point occurs when we take t = s or t = 57!

in which case
we retain a chiral residual symmetry. When ¢ = 0 the boundary conditions admit an
enlarged residual symmetry as there is no requirement that r = g|, and 7 = §|z match.
Instead they must be chiral and of opposite chiralities i.e. 9,,r = J37 = 0. As mentioned
earlier, for more generic values of ¢t and s the residual symmetries will be constrained,
preventing them from being used to eliminate any degrees of freedom. While these
boundary conditions have not been yet considered for t,s # 1 and t # 0, we will see
that they give rise to the multi-parametric class of A-deformations between coupled
WZW models introduced in |GS17].

To make further contact with the literature, it is helpful to rephrase the boundary
conditions in terms of a defect algebra, which in the case at hand is simply the
Lie algebra 0 = g + g equipped with an ad-invariant pairing

(X, Y) = r Tr(zyy1) + r_Tr(zays) , X=(z1,22) , Y = (y1,92) - (3.3.17)

We map our boundary conditions into this algebra by defining A, = (-'th‘w:ou Aw’w:&)
and A; = (Awh:a,flu—}“:&) such that the requirement that the boundary variation

vanishes locally can be recast as
0= (A, 6Az)) — (Ag, JA,)) . (3.3.18)

The boundary conditions (3.3.15)) read

A, €, =span{(tsz,z) |z € g} , (3.3.19)
Ay € - = span{(t 'sz,z) |z € g} . o

Since ((It, [;-1)) = 0 the boundary conditions are suitable, however it should be noted
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that [; is itself neither a subalgebra nor an isotropic subspace of 9. This is more general
than boundary conditions previously considered | in the context of 4-dimensional Chern
Simons theory. In particular, we might expect that generalising [BSV22; LV21}; |LV23] to
boundary conditions defined by subspaces that are neither a subalgebra nor an isotropic
subspace of ? will lead to novel families of 2-dimensional integrable field theories.

It is worth highlighting that these boundary conditions still define maximal isotropic
subspaces, but now inside the space of algebra-valued 1-forms, rather than just the
defect algebra. Consider the space of g-valued 1-forms on ¥ x CP', equipped with the
symplectic structurd']

W(X,Y) = / dwATH(XAY), XY eQ(SxCPYag. (3.3.20)

S xCP!

The boundary conditions above define maximal isotropic subspaces with respect to this
symplectic structure, that is half-dimensional subspaces Y C QY(X x CP') ® g such
that W(X,Y) = 0 for all X,Y € Y. Indeed, this is required for them to be ‘good’
boundary conditions. The isotropic subspaces of the defect algebra described earlier

are then special cases of these subspaces.

3.4 Symmetry Reduction of IFT, to IFT,

Recalling that the reduction requires that the fields g and g depend only on w,w and
not on z,z, we can simply set 9, = 0; = 0 in the action eq. . To compare
with the literature, when discussing 2-dimensional theories we will define 0, = 9,, and
0_ = Oy (implicitly rotating to 2d Minkowski space where the action is rendered real

for real parameters) and denote

Jy =g 0.9, Jr =g 0.7 . (3.4.1)

100f course in the limit ¢, s — 1 [; revert to defining the diagonal isotropic subalgebra. In the special
case where t — 0,00 we recover chiral Dirichlet boundary conditions considered in [CY19; [ASY23].

1 As defined, this is not quite a symplectic structure since it is degenerate — for example, it vanishes
on the subspace of 1-forms which only have legs along CP'. A more careful treatment would involve
restricting the symplectic form to a subspace where it is non-degenerate, but we will neglect this for
the purpose of our brief discussion.
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To evaluate the symmetry reduction, denoted by ~», of the IFT, action we first note
that

- {o) ~ _, lad)
I apy T (ap)

The resulting 2-dimensional action is given by

A T (3.4.2)

Ster, = /Z voly T (ry Jo(UT = U_)J_ —r_ Jo(UT = U_)J- + 1y Lz (h)
+r- Lwz(h) — 2t/ —ry - r— JLULT 4+ 2t /=y JLU_T)

(3.4.3)
where vol, = dwAdw = do~ Ade™. This theory, depending on two G-valued fields, g and
g, and four independent parameters, r, t and o, exactly matches a theory introduced in
|GS17] as a multi-field generalisation of the A-deformed WZW model [Sfel4]. To make
a precise match with |GS17] we relate their fields (gi, g2) to our fields (g,§~'). The
model in [GS17] is defined by two WZW levels k; 5 and by two deformation matrices
which we take to be proportional to the identity with constants of proportionality A; 5.

The mapping of parameters is then

M=ot Ao =1, ki=1ry, ky = —r_,
)\0: \/kl/kgz \/—7“,/7“+:871 .

In 2d Minkowski space, the Lagrangian (3.4.3)) is real if the parameters 74, s t and o

are all real. Assuming K and o are real, this is the case if r, and r_ have the opposite

(3.4.4)

sign and the parameters a4 and ¢4 lie on the same line in C, which we can take to be
the real line without loss of generality. This follows since ., s and ¢ are all expressed as

ratios of differences of o+ and ¢4, hence are invariant under translations and ScalingsE

3.4.1 Limits

The four-parameter model has a number of interesting limits, many of which are dis-
cussed in [GS17]. Here, we briefly summarise some key ones. First, let us take ¢ — 0.

In order to have a well-defined limit we keep ot~! = X finite, implying o — 0 as WGHH

12Note that this is the subgroup of SL(2,C) transformations that preserves the choice 3, = (0,1).
13 An analogous limit is to take 0 — 0 and keep ¢ finite.
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The resulting 2d Lagrangian is given by

SIFT, |to—0 = /2 voly Tr (r+ JpJ_—r_ Irj, -2 )\stJrA*lj, +ry Lwz(g)+r_ sz(g)) )

(3.4.5)
This current-current deformation preserves half the chiral symmetry of the G, x G_,_
WZW model, which corresponds to the UV fixed point A = 0. Indeed, this model can
be found by taking chiral Dirichlet boundary conditions in 4d CS |[CY19; ASY23|, cor-
responding to the special case t = 0 in the boundary conditions we find from symmetry
reduction . Assuming —r_ > r,, in the IR we have that A = s~!. At this point

the Lagrangian can be written as

SIFT2|t7O'*)O7tO'71:S = /2VOI2 TI'(T+(Ang+ - Adgj+)(Ang_ — Adgj_) - (T_ + 7’+) j+<]~_

+ry Lwz(§79) + (r- +74) Lwz(9)) -
(3.4.6)

Redefining g — gg, we find the G,, x G_,__,, WZW model. In the case of equal levels
r_ = —r4 this reduces to the G,, WZW model.

The equal-level, r_ = —r,, version of , whose classical integrability was first
shown in [BBS97|, is canonically equivalent |[GSS17] and related by a path integral
transformation [HLT19a] to the A-deformed WZW model. Indeed, from the point of
view of 4d CS, these two models have the same twist function. To recover with
equal levels, we take chiral Dirichlet boundary conditions, t = 0, s = 1 in (3.3.19)),
while to recover the A-deformed WZW model we take diagonal boundary conditions
t=s=1.

It follows that if we take t = s = 1 in eq. , we expect to recover the A\-deformed
WZW model. Indeed, setting r_ = —r, and ¢t = 1, the Lagrangian becomes

Strs lieset = /E volo Tr (ry (J4 — J) (UL = U_)(J- — J-) + 14 Lwz(957Y)) . (3.4.7)

As explained in subsection [3.1.1] at this point in parameter space the symmetry reduc-
tion directions are aligned such that the constrained symmetry transformations
become a gauge symmetry of the IFT,. This allows us to fix § = 1, recovering the stan-
dard form of the A-deformed WZW model [Sfel4] with o playing the role of A. Further
taking o — 0, we recover the G, WZW model.

Another point in parameter space where we expect a gauge symmetry to emerge is
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when the symmetry reduction preserves the left-acting symmetry. This corresponds to

setting t =0 and s =1, i.e. r_ = —r,. Doing so we find

L /Z voly Tr (14 (AdyJ, —Ady T, ) (T =0 ) (AdyJ_—Ady )47 Lwz(5'g)) .
(3.4.8)
where we recall that ﬁi are defined in eq. . This Lagrangian is invariant under
a left-acting gauge symmetry as expected, which can be used to fix § = 1. We again
recover the standard form of the A-deformed WZW model with ¢ playing the role of A.
Before we move onto the integrability of the 2d IFT and its origin from the 4d

IFT, let us briefly note the symmetry reduction implications of the formal transforma-
tions (3.2.18) and (3.2.19)), which in turn descended from the discrete invariances of the

hCSg¢ boundary conditions (3.1.9) and (3.1.10). The first (3.2.18) implies that the 2d

IFT is invariant under

Ty T o—o b, t—t 1, g g, (3.4.9)
recovering the ‘duality’ transformation of [GS17]. Since the second involves interchang-
ing w and z, it tells us the parameters are transformed if we symmetry reduce requiring
that the fields g and g only depend on z, z, instead of w,w. We find that ¢ — o¢~! and
t— to2

3.4.2 Integrability and Lax Formulation

The analysis of [GS17] shows that the equations of motion of (3.4.3)) are best cast in
terms of auxiliary ﬁeldﬂ B, Cy which are related to the fundamental fields by

Jo=Ad;'B_ - NN O J_=XNA'Ad;'B_ - C_

} (3.4.10)
Jr =X 'ATTAd By — Oy Ji =Ad; By — MA; 'Oy

The equations of motion for ¢ and §, together with the Bianchi identities obeyed by
their associated Maurer-Cartan forms, can be repackaged into the flatness of two Lax

connections with components

o os L= A 2 os 1— 25"
= QGS:Fl 1—>\% £ + CG’S:Fl 1—)\%

14To avoid conflict of notation B, Cy here correspond to A, By of [GS17].

Cy . (3.4.11)




132 CHAPTER 3. INTEGRABLE DEFORMATIONS FROM TWISTOR SPACE

Here (g is the spectral parameter used in [GS17]|. Taken together, the flatness of this
pair of Lax connections implies both the Bianchi identities and the equations of motions.
However, if one is prepared to enforce the definition of auxiliary fields in terms
of fundamental fields (such that the Bianchi equations are automatically satisfied) then
either Lax will generically (i.e. away from special points in parameter space such as
Ai = 1) imply the equations of motionﬁ of the theory.

We can relate this discussion to the construction above by symmetry reducing the
4d Lax operators and . First we note that the currents corresponding
to the (¢, r)-symmetries reduce to simple combinations of the auxiliary fields introduced
in eq. (3.4.10)

(at) (auw) P
By ~~ B_pa — +H

<<Off>> ap ><ow (3.4.12)
G e T g O

Notice that all explicit appearances of the operators Uy have dropped out such that
these currents reduce exactly to the 2-dimensional auxiliary gauge fields.
Using the complex coordinates adapted for symmetry reduction defined in eq. (3.3.2)),

and introducing a specialised inhomogeneous coordinate on CP! given by ¢ = (7f) /(m),

the 4d B-Lax pair (3.2.47) may be written as

LP) =Dy —s¢'D,, MP =D, +D: . (3.4.13)

We can symmetry reduce the 4d Lax pairs, L(P/9) MB/C) of eqs. (3.2.47) and (3.2.4])

to obtain

D o 0 (30 = B0 (R B M 0y 4 (s(50) — () B
)y 1 © o, — 1
S ) Vo B e ) v W (e

(3.4.14)
Now using the inhomogeneous coordinates introduced in eqs. (3.3.11)) and (3.3.13]), and
the relations between parameters (3.4.4), the 4d Lax operators immediately descend
upon symmetry reduction to the 2d Lax connections (3.4.11)), provided the 4d and 2d

15Tt is less evident in contrast if all the non-local conserved charges of the theory can be obtained
from a single Lax.



3.5. LOCALISATION OF CS, TO IFT, 133

spectral parameters are related as

L(B)Wa_+£1_7 M(B)Wa++£}|_) CGS:w’
—l2 + 11§

LOwo +£2, MO wo,+L2, (as= i L= I :
(Ao = Ag ) A2 — (1= AoA2)(1 — Ag A2)o

(3.4.15)
The relation between (gg and ¢ can be recast in the standard CP' homogeneous coor-

dinate m ~ (1,() as
by — L

20— (s + )

such that if we choose to fix ¢4 = +1 then (g5 = ¢!, If we make the assumption that

Cas = (3.4.16)

the (gg entering in the two different Lax formulations have the same origin then we can

map between between ¢ and the CP' homogeneous coordinate

141 +ts 1—Cl4ts!
N 2 1—ts 2 1—tst°

(3.4.17)

Therefore, under this assumption, we see that o depends on the parameter ¢, which is
part of the specification of boundary conditions and not just geometric data of CP'.
Indeed o becomes constant when ¢ — 1, hence there is no spectral parameter dependence

left. In contrast, when ¢ — 0, we have o — —(.

3.5 Localisation of CS, to IFT,

Having descended via symmetry reduction from hCSg, in this subsection we will perform
the localisation of CS,. Recall the action (3.3.9)

1

Sosy = =—
54 o

/ w/\Tr(fl/\d/l+2A/\fi/\.ﬁ), (35.1)
S xCP! 3

with the meromorphic one form of eq.(3.3.10) and boundary conditions as per eq.(3.3.7)).

We parametrise our gauge field A as
Ac=5700, Ar=5"'Lig+57"(09), T=ww. (3.5.2)

Viewing A = £9 as the formal gauge transform of £ by g, we use the following identity
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satisfied by the Chern-Simons density

A

CS(A) = CS(LY) =CS(L) —dTe(JAGLG) — ~Te(TA[J, T]), (3.5.3)

[N

in which .J = §~'dg. Noting that on shell CS(£) = £ A dL and w A (9:L) A L = 0 we

then arrive at the following action

A

/w AN(IALT,T)) (3.5.4)

1 R T
Scs, = —%/dw/\Tr(J/\g Eg) 9

In this form we see how our action will localise at the poles of w giving a 2d theory
5= r+/ Te(JAGL§)|o+ r_/ Te(J A §'L §)|s + WZ terms | (3.5.5)
b b

where we recall

(o) {at) and = K (au)(at)

"= R ad) ey (ad)(ap)?

To complete the construction we need to specify the meromorphic structure of £
that ensures the theory is well defined given the form of w and is compatible with the
boundary conditions. This requires that

ﬁwZMMw-l-Nw, Ew:<7rﬁ>

(me) (mi)

where My, Nj € C=(%, g). The boundary conditions in this parametrisation read,

Mg +Ng | (3.5.6)

Ad ' Lola + T =ts (AdS Lols + Ju) (3.5.7)
AL Lola+Jo =t7's (A Lola + Ja)

in which we use the definitions,

g|a:g7 §|d:§7 J| :Ja J|d:j (358)
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Solving these conditions uniquely determines the Lax connection

M, = g‘% Ad, [1— o Ad'Ad,) ! (EsT, — ) N, =0,
ot L (3.5.9)
M D <()45> Adg [1 — 0 AACIE7 Adg} (t Sjuj - Juj) s Nuj =0 N

where we have introduced the parameter o =t ggiiézg It will also be useful to state

the alternative forms

My = pqy 11— o A AG) T (s — )
<<Z >> - ] (3.5.10)
qu; <656> Adg |:1 — O'Ad Ad; } (t57 J@ — Jw) .

Inserting (3.5.9)) and ( into we obtain

S = 7’+/EV012 Tr(Jw 1o Ay Ady] ! (5T — i) )
vy [ voly Tr (g [1 = 0Ad7 A, (s — ) )
= [ vl (U [L - oAd; Adg) ! (57 o — ) ) (3.5.11)
e [ voly (g [L— 07t Ady Ay T (s = ) )
+ WZ terms |

where voly, = dw A dw. Expanding out this action, collecting together terms, and Wick
rotating to Minkowski space, we arrive at the action , thus demonstrating the
diamond of correspondences.

Let us note that this IF'T5 has also been constructed from CS, in a two-step process
in [BL20]. First, a more general 2-field model based on a twist function with additional
poles and zeroes, and the familiar isotropic subalgebra boundary conditions, is con-
structed. Second, a special decoupling limit is taken, where a subset of these poles and
zeroes collide. It remains to understand how to recover our boundary conditions
from those considered in [BL20].

Another important point to discuss is the apparent lack of a systematic derivation, in
the 4dCS spirit, of the other Lax £2. This is in contrast to the derivation of this model
from CS4 in [BL20] where the extra data associated to the additional poles means that
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both of the Lax connections can be directly constructed. More generally, this highlights
an interesting question that we leave for future work about the integrability and the
counting of conserved charges, beyond the existence of a Lax connection, when we

consider boundary conditions not based on isotropic subalgebras.

3.6 Renormalisation Group Flow

Before discussing the renormalisation group (RG) flow of the 2d IFT through the lens
of 4dCS theory, let us begin by introducing the RG flow in a more general capacity. In
a generic quantum field theory, the behaviour of the theory is explicitly dependent on
the energy scale it is defined up to. We can implement a change in scale via a dilatation

transformation acting on our world-sheet coordinates as
o = Ao® (3.6.1)
where A € R\ {0} which has the effect of changing the world-sheet metric as
hap — Nhag - (3.6.2)

In the case where A > 1 we are changing the scale of our theory to longer distances,
and hence smaller energies and vice-versa for A < 1 we are changing the scale to shorter
distances and hence higher energies. Dilatations are a symmetry of the classical action
(1.1.1). This symmetry is generically anomalous at the quantum level however, and it is
precisely this anomaly that gives rise to the phenomena captured by the renormalisation
group. We will want to see how quantities in our theory such as couplings and operators
change at higher order in perturbation theory as a function of the effective scale we
regulate our theory at. Generically, it proves convenient to choose a regularisation
scheme such that we have an ultraviolet cut off at k£ = pyy and an infrared cutoff at
k = Ajr. As such, our momenta integrals are evaluated for momenta values Ajg < |k| <
fuy, rendering the resulting integrals finite.

One can ask how changing the energy scale infinitesimally pyyv — puv + dpuy
changes the couplings g; in our theory. This behaviour is captured by the beta-function

defined by
0
Bi = p5—gi - 3.6.3
> (363)
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For sigma-models, the couplings of the theory are defined by the target-space metric
and B-field. In the case with vanishing B-field we can calculate the one-loop S-function
(see e.g. [Hor+03])

d
G
B = TRy Gi;(1) = Ry (3.6.4)

where R;; is the Ricci curvature tensor. This is an intriguing prospect, firstly if the
Ricci curvature of the target space manifold vanishes the theory is scale invariant at
one-loop! Of course, the S-function may receive non-vanishing contributions at higher
loops order, spoiling this. In the case where R;; > 0, the sigma model is increasingly
weakly coupled at higher and higher energies, as the coupling is inversely proportional
to the size of the target space. This property is called asymptotic freedom. When
R;; < 0 the coupling will increase as u — 00, and so our perturbation expansion in
the coupling becomes meaningless in the UV. However, in the IR, the theory can be

completely consistent, and the IR dynamics can be described perturbatively.

3.6.1 RG Flow for IFT,; from CS,

Let us recall the RG equations given in [GS17]

A= — ! , =1,2, 3.6.5
N (1— )2 ! (3.6:5)

where dot indicates the derivative with respect to RG ‘time’ ﬁ and cg is the dual
Coxeter number. The levels k; and ko and Ao = /k;1/ks are RG invariants. In this
section we will interpret this flow in terms of the data that is more natural from the
perspective of 4d CS, namely the poles and zeroes of the differential

K (€ —q)(C— o)

Y= M e =0 (3.6.6)

and the boundary conditions of the theory.

Using the map between parameters given in eq. (3.4.4) we can infer from eq. (3.6.5))
a flow on the parameters {¢, ay, 4, K'}. Let us first consider the parameter t = \g. As

discussed in [GS17], there is a flow from ¢ = 0 in the UV to t = )¢ in the IR (assuming
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that A\ < 1). Explicitly the flow equation

. Cq t2 -1
t= t—Xo)(t— A .0.
2]{;2)\0 (1 —t2)2( 0)( 0 ) ) (3 6 7)

has the solution

ca -1

_ _ t
f()‘Out)+f()\017t)+t+t 1: 2\/%10%,“/%0; f(x,t)leog( n

— X

) - (3.6.8)

The interesting observation is that the boundary conditions

A, € I, =span{(tA\;'z,z) | z € g}, (3.6.9)
Ay € - = span{(\; 'z, tz) | z € g}, -

display algebraic enhancements at the fixed points. In the UV, ¢ = 0 limit, these
boundary conditions become chiral, A, € gr C 0 and Ay € g C 9. While g, r are
now subalgebras, neither are isotropic with respect to the inner product (4.2.26f). In

non-doubled notation the UV limit becomes
Avla =0,  Agla=0. (3.6.10)

On the other hand in the IR limit, ¢ = Xy, we see that A, € gaine C 0, again a
subalgebra, but only an isotropic one for ky = ks, i.e. r, = —r_. In non-doubled
notation the IR limit becomed™|

"le|6¥ - Aw|6¢ ) klfii)|a = k2vzlw|d . (3611)

While in general, there are no residual gauge transformations preserving the boundary
conditions, in the UV and IR limits we notice chiral boundary symmetries emerging.
For example, in the IR these are those satisfying ¢~'03;9 = 0, which corresponds to
t=s5"11n eq. (3.3.16).

Let us now turn to the action of RG on the differential w. An immediate observation

16The seemingly more democratic boundary condition of t = 1,

\/EAU)|0: = \/kTQAw‘& 5 \/EAHJO’ = \/EA@‘&

which does define an isotropic space of d (not a subalgebra however) is not attained along this flow.
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is that the RG invariant WZW levels are given by monodromies about simple poleﬂ

1
thio=rr=-—¢ w=resc—, (), (3.6.12)
T Jagt
exactly in line with the conjecture of Costello (reported and supported by Derryberry
[Der21]). While there are more parameters in w than there are RG equations, we can

form the ratios of poles and zeroes

o= =% (3.6.13)

a4 — L U+
in terms of which the RG system of [GS17| translates to

1 . _

2K (—1+q5) 2 (1—q)(1—qq)

The RG invariants are given by

K?q_qy Fi_ e ar (1-g)

kk: ) 7 )
2T (g —q )2 ke 0T (1-q)? 4

(3.6.15)

which allows us to retain either of ¢+ as independent variables. We can directly solve

these equations

4+ — g- e
V /ﬁkz\;%_q + ki log gy — kylog g = =~ log i/ fiq, , (3.6.16)
and a remarkable feature, also conjectured by Costello, is that this quantity is precisely

the contour integral between zeroes

d b+ ca
_— 6.1
dlog,u/L YT (36.17)

To best understand the action of the RG flow on the locations of the poles directly,
we replace K with the RG invariant ky (or k;), and fix the zeroes to be located at
t+ = £1. This yields the RG invariant relation

l—al—X(1-a%)=0, (3.6.18)

1"The monodromy about the double pole at infinity is trivially RG invariant since the sum of all the
residues vanishes.
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and a flow equation
_ g ag(l—a?)?

= 3.6.19
8ky a_ —ay ( )

the solution of which is
ar —a_ 1 ay +1 1 o +1 ca

ar—o- 1 g2l
1—a2 T2%4 -1 22 ®a -1 ik

log 1/ ey - (3.6.20)

As illustrated in fig. [3.1] this system displays a finite RG trajectory linking fixed points.
In the UV limit the poles accumulate to different zeroes, and in the IR the poles
accumulate to the same zero. Let us consider the upper red trajectory of fig. [3.1]in which
we choose \g < 1 and pick the positive branch of the solution ay = +4/1 — A3(1 — a?).
With this choice we see that there are finite fixed pointﬁ such that the right hand side

of eq. (3.6.19)) vanishes at

UV: (a_,ay)=(-1,1), M\ =0, IR: (a_,ay)=(1,1), A =X\,
(3.6.21)

in which we recall the map

(4 a)(~1+ay))\?
A1_<(—1+oé)<1+oé+)) ' (8.6.22)

One of the appealing features of the IFT, is that it provides a classical
Lagrangian interpolation that includes its own UV and IR limits [GS17). That is to
say these CFTs can be obtained directly from the Lagrangian eq. by tuning the
parameters of the theory to their values at the end points of the RG flow. Given the
interpretation of these RG flows as describing poles colliding with zeroes it is natural
to expect that a similar interpolation can be obtained directly in 4d by taking limits of
the differential w in eq. (3.6.6)).

Here we will explore how this works for the IFTy in the IR. The limit we
will consider is to collide the poles at ar with the zero at ¢, following the upper red

trajectory in fig.|3.1} This corresponds to taking g+ — 0. In order to be consistent with

8There are also fixed points to the RG flow at ay = 0 with a? =1 — % however by assumption
ko > k1, and so these do not correspond to real values of a_ and consequently A; is imaginary. We do
not consider such complex limits here.
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e
AN

Figure 3.1: Left: RG flow across the a4, a_ plane with arrows directed to the IR. The highlighted
parabola are the solutions that lie on the locus of the RG invariant quantity A2 = ki /ks, plotted here
for A\g = 0.8 (red) and A9 = 1.2 (blue). Right: The value of A; plotted along the red loci of the left panel
(upper branch solid and lower branch dotted). In both cases A\; — 1 asymptotically as a— — +oo.
Of note is the flow displayed by the upper red branch between the UV fixed point (a_,a4) = (=1,1)
with A\; = 0 and the IR fixed point (a—_,ay) = (1,1) with A; = Xo.

the RG invariants (3.6.15]), we take this limit as
¢ = kie+O(%) q- = koe+0O(€%) , K =k —k+0(e), e—0. (3.6.23)

Taking this limit in (3.6.6]), and redefining the spectral parameter such that the remain-

ing pole and zero are fixed to 1 and —1 respectively, yields

ki —ky(+1
TR (3.6.24)

Let us consider the implication of this limit from the CS, perspective. Given that
the pole structure of w is modified in this limit, so will the double 9, and thus we should
be careful in our interpretation of the boundary conditions. If we take w to be given by
(3.6.24) and consider the boundary conditions with ¢ = 0, the condition A, € [,
becomes ./le|a = 0. From eq. we know that ./le has a pole at ¢,. In other words,
we can write ( )

1 —0y) -

Ay = =) =), (3.6.25)

with Z(¢) regular as a; — ¢,. Hence, in the IR there is no boundary condition for Aw
at ¢ = 1. On the other hand, the boundary condition Ag; € l;-1 for ¢ = 0 is fl@|@ =0
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which in the limit a.;, ¢, — 1 becomes a chiral boundary condition for the w component
Aple=1 =0 (3.6.26)

For this choice of boundary condition one can localise the CS, action following the
procedure described in §[3.3] and the resulting two dimensional IFT is the WZW model
at level ky — kq.

In contrast, from the 2-dimensional perspective it is known that the full result at this
IR fixed point is actually a product WZW model on Gy, X G, ¢, |[GS17|. This indicates
that there is some delicacy in taking the IR limit directly as a Lagrangian interpolation
in 4d even when it is possible in 2d. One reason for this is there is also the freedom
to perform redefinitions of the spectral parameter, which can, in general, produce non-
equivalent limits of w. Such limits are known as decoupling limits [Del+19; BL20| in
the literature, and have been investigated for the UV fixed point of the bi-Yang-Baxter
model in [KLT24].



Chapter 4
Gauging The Diamond

In this chapter we present the findings of an investigation intending to extend the
framework of the diamond correspondence of integrable theories to incorporate models
realised through gaugings. As well as describing a higher-dimensional origin of coset
CFTs, by choosing the details of the reduction from higher dimensions, we obtain rich
classes of two-dimensional integrable models including homogeneous sine-Gordon mod-

els and novel generalisations.

4.1 Introduction

Given an IFTy or CFT, it is sometimes possible to obtain another IFTy/CFT, via
gauging. Perhaps the most famous examples are the GKO G/H coset CFTs |[GKOS85],
which can be given a Lagrangian description by taking a WZW, CFT on G and gauging
a (vectorially acting) H subgroup |GK88; Kar+89; BCRI0; |Wit92]. This motivates the

core question of this work:
How can the diamond correspondence be gauged?

Resolving this question dramatically expands the scope of theories that can be given
a higher-dimensional avatar. A significant clue is given by the rather remarkable
Polyakov-Wiegmann (PW) identity, which shows that the G/H gauged WZW; model
is actually equivalent to the difference of a G WZW, model and an H WZW, model.
This points towards a general resolution that certain integrable gauged models might

be obtained as differences of ungauged models. This is less obvious than it might first

143
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seem; it was noted in [Los+96] that for a PW identity to apply for WZW, it is nec-
essary for the gauging to be performed by connections with field strength restricted to
type (1,1). The six-dimensional origin of such a constraint is rather intriguing and will
be elucidated in this paper. In the context of CS,, Stedman recently proposed [Ste21]
considering the difference of CS, to give rise to gaugings of IFT,. We will recover this
construction as a reduction of hCSg theory in the present work, as well as uncovering
some additional novelties in the CS, description.

At the top of the diamond, we will consider a theory of two connections, A €

QYPT) ® g and B € Q'(PT) ® h for a subalgebra h C g. The action of this theory is
SghCSG = ShCSG [A] — ShCSG [B] + Sint [A, B] , (4.1.1)

in which the term Sy couples the two gauge fields. We will develop this story by
means of two explicit examples: choosing {2 to have two double poles, we will study the
diamond relevant to the gauged WZW theory, and with ) containing a single fourth-
order pole we will study the gauged LMP model. This seemingly simple setup gives rise

to a rich story whose results we now summarise:

1. Starting from the holomorphic theory on twistor space , we localise to arrive
at an action for a gauged version of WZW, (denoted gWZW,). After localising,
the gauge field B is constrained to satisfy two of the three anti-self-dual Yang-
Mills equations, namely F*°[B] = 0 and F%?[B] = 0, and the resulting gWZW,
is an IFT,[]

2. The two gauge fields A and B of the gauged hCSg theory (denoted ghCSg) source
various degrees of freedom in gWZW,. In particular, as well as the fundamental
field g and the 4d gauge field B, auxiliary degrees of freedom enter as Lagrange
multipliers for the constraints F>°[B] = 0 and F*?[B] = 0.

3. Reducing by two dimensions, we recover a variety of IFTy including the special
case of the gauged WZW, model (denoted gWZW,). In general, we find a model
coupling a gauged IFTy and a Hitchin system [Hit87] involving the gauge field
B and a pair of adjoint scalar fields. These scalars may source a potential for

the gWZW, in which case we recover the complex sine-Gordon model and more

!This indicates that general unconstrained gaugings of WZW, will break integrability in the sense
outlined above.



4.2. THE GAUGED WZW DIAMOND 145

broadly the homogeneous sine-Gordon models [Fer+97]. At the special point
associated to the 2d PCM, Lagrange multipliers ensure that the gauge field is
flat and hence trivial — this is essential as the gauged PCM is not generically

integrable.

4. We also use this formalism to perform an integrable gauging of the LMP model.
Just as in the gauging of WZW,, the field strength of the gauge field must be
constrained to obey two of the anti-self-dual Yang-Mills equations, this time
F*°[B] =0 and wA FY'[B] = 0. It is noteworthy that the two equations that are
enforced by Lagrange multipliers agree with the two equations that are identically
solved in the ungauged case. This is true for both WZW, and the LMP model.
In addition, we show that the gauged LMP model obeys a PW-like identity such
that it may be expressed as the difference of two LMP models on g and b.

In section [4.2] we introduce the gauging of the WZW, diamond concentrating in par-
ticular on the right hand side. We recover the gauged IFT, and demonstrate that its
equations of motion may be rewritten as the ASDYM equations. The wide array of IFTy
are explored in section where we also show that they are integrable and provide the
associated Lax connection. Following the gauging of WZWj,, section elaborates on
the left hand side of the diamond, connecting to CS, by first reducing, and then to the
IF'T5 by localisation. Section describes the diamond for the gauged LMP theory.

4.2 The gauged WZW diamond

In this section, we will construct a diamond correspondence of theories which realises
the gauged WZW, model, i.e. the G/H coset CFT.

4.2.1 Gauged WZW Models

First, let us review the gauging of the WZW model and the crucial Polyakov-Wiegmann
identity. Letting G be a Lie group and g € C*(X,G) a smooth G-valued field, the
WZW, action i’

1 _ _ 1 N O S
Swzw,lg] = 7/ Trg(g Ydg Axg 1dg) + = Try(g 'dgng~'dgng1dg) . (4.2.1)
2Js 3 Jox0,1]

2To minimise factors of imaginary units we momentarily adopt Lorentzian signature. Schematically,
we have Storentz = _iSEuclid‘*—}hv
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Gauging a vectorial H-action of the PCM term is straightforward. We introduce an

h-valued connection B € Q'(X) ® b transforming as
(eC®(N,H): Bw('Bl+r7'de, g 7'gl, (4.2.2)

with field strength F[B] = dB + B A B. The PCM term is then gauged by replacing
the exterior derivatives with covariant derivatives dg — Dg = dg+[B, g]. Less trivially,
the gauge completion of the WZ 3-form is [Wit92; F'S94a; FS94b; FMO5|

Lowzlg, B] = Lwz[g] + d Trg(¢9 'dg A B +dgg ' AB+ g 'BgAB) . (4.2.3)
Adding these two pieces together gives the gauged WZW, action,

Sewzw, |9, B] = Swzw,[9] + /Zng(gfldg A(l—*)B+dgg " A(1+*)B

+BAxB+g 'BgA(1—%)B).

(4.2.4)

Notice that chiral couplings between currents and gauge fields emerge from combinations
of the PCM and WZ contributions. The identity

Lwzlg192) = Lwzlgi] + Lwzlga] +d Trg (dgags ' A gy'dar) (4.2.5)

ensures that (4.2.4]) can be recast as the difference of two WZW;, models. To see this we

choose a parametrisation of the gauge field B in terms of two smooth H-valued fields

_1+* 1—x

B a 'da + Tb*ldb . a,be C®(%, H) . (4.2.6)

In two dimensions, this is not a restriction on the field content of the gauge field, but
simply a way of parametrising the two independent components of B. With such a
parametrisation, if we then further define § = agb™* € C®(%,G) and h = ab™' €
C>(3, H) the gauged model can be written as the difference of two WZW,

models:

Sewzw, 9, B] = Swzw,[3] — Swzw,[h] . (4.2.7)

This is known as the Polyakov-Wiegmann (PW) identity [PW83].
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4.2.2 Gauging of the WZW, model

Let us now consider the four-dimensional WZW model, given by eq. (2.5.16). The
gauging procedure follows in the exact same manner, producing an analogous gauged
WZW, action,

1

a?B —_ J—

Sy 19, B] = §/R4 Te(g~ Vg Axg~'Vg) +/R4x[o,1] was A Lowzlg, Bl . (4.2.8)
Here, we denote the covariant derivative by Vg = dg + [B,g]. A critical difference
between two and four dimensions is the applicability of the PW identity as was pointed
out in |Los+96]. In two dimensions, this mapping relies on the relation (4.2.6). To

extend it to four dimensions, we consider the operator on 1-forms

Top(0) = —ix (WapNo) . (4.2.9)
Checking that «75, 5 = —id, we can introduce the useful projectors
1. . = 1.
P:§(1d—1j) : P:§(1d+1j) ) (4.2.10)

which furnish a range of identities detailed in appendix [A] With these in mind, we can

write a four-dimensional analogue to (4.2.6)),
B=P(a'da) + P (b7'db) , a,beC®R* H). (4.2.11)

With this parametrisation of the gauge field, it is indeed possible to use the composite
fields § = agb~' € C®°(R*,G) and h = ab~' € C=(R*, H) to express the gauged WZW,
action in a fashion akin to eq. (4.2.7)) as

Siwiwl9: Bl = Sy, 18] — St [P (4.2.12)

However, unlike in two dimensions, the parametrisation of the gauge field in eq. (4.2.11))
is not generic. It implies a restriction on the connection, namely that its curvature

satisfies
a®a’F 5 [Bl =0,  BB°F,.;[Bl =0. (4.2.13)
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This can be thought of as an analogue of imposing that F' is strictly a (1,1)-form,
which indeed is the case when § = & and the WZW, is taken at the Kahler point. It
is noteworthy that these constraints on the background gauge field agree with two of
the three ASDYM equations; the same two equations that were identically satisfied by
the Yang parametrisation of the connection A’. In the forthcoming analysis, we will see

how this arises from the hCSg construction.

4.2.3 A six-dimensional origin

We now turn to the six-dimensional holomorphic Chern-Simons theory on twistor space
that will descend to the above gauged WZW models in two and four dimensions. Given
the factorisation of gWZW, to the difference of WZW5 models, a natural candidate is to
simply consider the difference of hCSg theories to generalise the six-dimensional action
introduced in [Cos20; BS23; Pen2l; |Cos21|. Indeed, a similar idea was proposed in
[Ste21] to construct 2d coset models from the difference of CS4 theories. However, how
this should work in six dimensions is less clear as the factorisation of gWZW, requires
the curvature of the gauge field to be constrained.

The fundamental fields of our theory are two connections A € Q%'(PT) ® g and
B € Q%(PT) ® b, which appear in the six-dimensional action

1,
SincsalA, B = Shcsa[A] = Shesa[B] = 5~ /aQ ATe(ANB) | (4.2.14)

where the functional Sycs, is defined in eq. (3.1.1]), and

(af)?

Tt ap (4.2.15)

0= ;CD(W) €4 Tadz™ A mydz?® A (mdm) o =
As well as the bulk hCSg functionals, we have also included a coupling term between the
two connections that contributes on the support of 99, i.e. at the poles of Q. We will
shortly provide a motivation for this boundary term related to the boundary conditions
we impose on the theory.

This definition is slightly imprecise; strictly speaking, the inner product denoted by
“Tr’ should be defined separately for each algebra, i.e. Try and Try. In the coupling term,
where B enters inside Try, we should first act on B with a Lie algebra homomorphism
from b to g, and, in principle, this homomorphism could be chosen differently at each

pole of Q2. We discuss more general gaugings, beyond the vectorial gauging considered
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here, in appendix [C] It will also be useful for us to assume that we have an orthogonal

decomposition of g such that
g=bh+t, Tr(X-Y)=Tr(X"Y") +Tr(x* V", (4.2.16)
and that the homogeneous space G/H is reductive,
h,¢ Ct. (4.2.17)

To complete the specification of the theory, we must supply boundary conditions
that ensure the vanishing of the boundary term in the variation of (4.2.14]),

1

27

6 Sun S0 g /59 ATe((6A+0B) A (A= B)) . (4.2.18)
Since 9 only has support at the poles of €, the integral over CP' may be computed
explicitly in this term. As well as contributions proportional to delta-functions on CP*,
this will also include CP'-derivatives of delta-functions since the poles in ) are second

order. Using the localisation formula in the appendix [B], we find

ab
5SghCS@}bdry =— /R4 {aiibﬁi} ATr((6A+0B) A (A—B))
n ;aaabZ}ab A O Tr((6A+0B) A (A — B))} +a+ 5.

(4.2.19)

In this expression, we have introduced a basis for the self-dual 2-forms defined by

¥ = g,;dz A dz?. To attain the vanishing of the boundary variation, we consider
the boundary conditions

A

w5 =0, A =Bl WA =3B, (4.2.20)

where the superscripts £ and h denote projections corresponding to the decomposi-
tion (4.2.16)). This completes our definition of the gauged hCSg theory.

We might choose to think of the boundary term in the variation as being a potential
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for a ‘symplectic’ formEHﬂ

O = 05008, |y » 2 =00 = —Qlﬂ [ 90 A (Trg (BA N 6A) = Ty (3B A 6B) ) |
(4.2.21)
such that our boundary conditions define a Lagrangian (i.e. maximal isotropic) sub-
space. We would like to interpret this as a symplectic form on an appropriate space of
fields defined over R*. Evaluating the integral over CP* and writing Q = Q4 — Qg, this

symplectic form is given by

aaﬁbE“b 1 ab
4= /R ) [W)Am (BANGA) |, +50un T N0 Trg (OANSA) | | +a ¢ B, (4.2.22)
with an analogous expression for ()z. Since our boundary conditions are identical at
each pole, we concentrate only on the contributions associated to the pole at . The
symplectic form is not sensitive to the entire field configuration A € Q!(PT) ® g, but
rather to the evaluation of A at the poles and its first CP'-derivative,

A= (Ala, AlL) - (4.2.23)

This data may be interpreted as defining a 1-form (or more precisely a (0, 1)-form
with respect to the complex structure defined by a) on R?* valued in the Lie algebraﬂ
g = g x R¥™(®)  With this in mind, it is more accurate to say that the contribution

from the pole at a in 2 is a symplectic form on the space of configurations
(A B) e Q"R @ (§ob) . (4.2.24)

This symplectic form may be succinctly written by introducing an inner product on
the Lie algebra g @® H , and our boundary conditions describe an isotropic subspace with

respect to this inner product[]

3Precedent in the literature dictates that we denote the symplectic form by Q; we trust that context
serves to disambiguate from the meromorphic differential 2.

4This is slightly loose as the 2-form is degenerate; strictly speaking we should restrict to symplectic
leaves.

5The dimension of g is 2 dim(G), so it must be isomorphic to RE™ (@) gRA™M(E) a5 a vector space. The
Lie algebra structure may be derived by considering consecutive infinitesimal gauge transformations.
In the CSy literature, these structures have been studied under the name ‘defect Lie algebras’ [BSV22;
LV21].

®This need not be the case since our boundary conditions could generically intertwine constraints
on the algebra and spacetime components, meaning they would not be captured by a subspace of the
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To be explicit, we associate R4 with the dual g* and denote the natural pairing
of the algebra and its dual by #(z) € R for # € g and & € g*. We let X = (z,%) and

—

Y = (y,7) be elements of g such that the bracket on g is defined by
X, Y]z = ([z,y],ad}j — ad}) , (4.2.25)

where the co-adjoint action is ad,#(z) = Z([z,y]). We equip g with the inner product

(B&) 1/ i
b oay Tl v + 5 (360 + 7)) (4.2.:26)

such that the contribution from the pole at « to §24is given by
04— /]R fia A (0A 5 A);5 (4.2.27)

where ;% = a,0;2% is the (2,0)-form defined by the complex structure associated to
o € CP'.

In a similar fashion we let U = (u,u) and V= (v,0) be elements of f, which is
equipped with a bracket and pairing via the same recipe. We consider the commuting

direct sum g @® 6 equipped with pairing and bracket

<<<)27 [j) 9 (?7 ‘7)» = <)?7 ?>§ - <[77 ‘7>H ) [[(Xa ﬁ) 9 (?7 ‘7)]] = ([)?7 }7:|§ ) [(77 ‘7} E) )
(4.2.28)

such that the total symplectic form coming from the pole at « is just
0= /R o A (0.4, 68) , (04.58)) . (4.2.29)

Then, our boundary conditions can be expressed as (/T, g) € Q%(RY) ® L where we

introduce a subspace
L={X,U)egaob|z=u, Fr=a}, (4.2.30)

in which Fy is dual to the projector P onto the subalgebra, i.e. Py#(z) = #(Fyx). As

L is defined by dim g + dim b constraints, it is half-dimensional and it is also isotropic

algebra alone. They would always, however, define an isotropic subspace of Q%!(R?%) @ (@' &) E) by
definition. Examples of this more general type of boundary condition can be found in |Col+424b].
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with respect to (-, -)), hence defines a Lagrangian subspace. Moreover, assuming that
G/H is reductive, L is a subalgebra.[] Pre-empting the following section, this analysis
indicates that there will be a residual H gauge symmetry associated to the pole at «,
and similarly at f3.

We can make one further observationf] on the role of the boundary term from a
symplectic perspective, which is best illustrated by a finite-dimensional analogy. Recall
that the cotangent bundle M = T*X is a symplectic manifold; if we let {z'} be local
coordinates on X and {&;} the components of a 1-form £ = &;dz' € T X, thenp = (z',&;)
provide local coordinates for M in terms of which the canonical symplectic form is
Q) = d& A dzt. The tautological potential, which admits a coordinate free definition
in terms of the projection 7w : T*X — X, for this is given by © = &da’. The zero
section, i.e. points p = (2°,& = 0) of T*X, is a Lagrangian submanifold and we
note that © vanishes trivially here. Now Weinstein’s tubular neighbourhood theorem
ensures that in the vicinity of a Lagrangian submanifold L, any symplectic manifold
M locally looks like T*L with L given by the zero section. In the case at hand, our
boundary conditions are of the schematic form ¢ = A—B = 0, and the effect of including
the additional boundary contribution in the action (4.2.14) ensures that the resultant
symplectic potential is the tautological one.

To close this section, let us comment that at the special point a = B , one of the
terms in the inner product vanishes. This allows for a larger class of admissible

boundary conditions, even in the ungauged model, including the examples

A

=0,  GA| =0 or  9Al,=0, Al =0. (4.2.31)

We leave these for future development.

4.2.4 Localisation to gWZW,

The localisation procedure follows in a similar fashion to the ungauged model. However,
given that there are now two gauge fields A and B, some care is required to account for

degrees of freedom and residual symmetries.

"If g = b+ is not assumed to be reductive then the stabiliser of L consists of elements of the form

stab, = {(X,U)egah|z=u, PFz=1a, [ue=0, ([h¥,a) =0} .
8We thank A. Arvanitakis for this suggestion.
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We introduce a new pair of connections A" € Q% (PT) ® g and B’ € Q% (PT) ® b,
along with group-valued fields § € C°(PT,G) and h € C™(PT, H) related to the
original gauge fields by

(4.2.32)

The redundancy in this parametrisation is given by the action of ¥ € C*°(PT, G) and
n e C®(PT, H):

7. (4.2.33)
i th (4.2.34)

A s 57T 570
B it B 497

which leave A and B invariant. As before, this is partially used to fix away the CP*
legs
0=B8By=0. (4.2.35)

The localisation procedure will produce a four-dimensional boundary theory with fields
given by the evaluations of g, h and their CP'-derivatives at the poles a and [ of Q.

Since the CP'-derivatives will play an important role, we denote them
=000, ©=h"1oh. (4.2.36)

After fixing (4.2.35), we note that there is still some remaining symmetry given by
internal gauge transformations (#.2.33) and (#.2.34)) that are CP'-independent. We use

this residual symmetry to fix
gls=id, hlg=id. (4.2.37)

On the other hand, the action (4.2.14)) is invariant under gauge transformations acting
on A and B that preserve the boundary conditions. These are given by smooth maps
4 € C*(PT,G) and 7 € C®(PT, H) satisfying]|

;?lohﬁ = ﬁ’a,ﬁ ; ao”ﬂa,ﬁ = 80ﬁ’a,,3 . (4238)

9Here we use that the homogeneous space G/H is reductive (4.2.17) to ensure that the boundary
conditions are preserved.
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The induced action of these gauge transformations on the new field content is

A — A,
B — B,

+ 471007 (4.2.39)
+ 07107 (4.2.40)

> @

g
heshi, 0
We would like to use this symmetry to further fix degrees of freedom. Note that, while
the right action on the fields § and h at « is entirely unconstrained, the action at g
should preserve the gauge fixing condition . This is achieved by performing both
an internal and external gauge transformation simultaneously, and requiring 4|z = ¥
and 7|z = 7. This results in an induced left action on the fields § and h at a. In
summary, introducing some notation for simplicity, we have our boundary degrees of

freedom

dla=g, glg=1d, U)o = u , Ul =1, (4.2.41)
ha=h, hlg=id, Dla=v, D=7, (4.2.42)

and boundary gauge transformations
/A7|Oc = 77|oc =r, /Ay_laofwa = 77_18077|a =€, (4'2'43)
Mo=ilg=0",  470As=10"00ils = ¢, (4.2.44)

which act on the boundary fields as

g Llgr, u—rtur+e, U lalt +E (4.2.45)
hsChr, vesrtorde, w000 +E, (4.2.46)

with £,r € C®°(R* H) and ¢,é € C°(R% h). Based on our expectation of a gauge
theory containing a G-valued field and a vectorial H-gauge symmetry, we use the above

symmetries to fix

h=id, wv=0=0. (4.2.47)

We are thus left with a residual symmetry r = ¢~! acting as
g Lol u—s ™t a—tat, B (Bt —deet (4.2.48)

which will become the H-gauge symmetry of our 4d theory.
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We now proceed with the localisation of the six-dimensional action. As with the
ungauged model, the first step is to write the action in terms of A’, B’ and §, h. Given
that the localisation formula introduces at most one 0, derivative, all dependence
on h will drop out due to our gauge fixing choices (£.2.42) and (4.2.47). Hence there will
be no contribution from Sycs,[B] to the four-dimensional action. As per eq. (2.5.10)),

we find that the bulk equations of motion (i.e. contributions to the variation of the

action that are not localised at the poles of ) enforce dp A}, = 0B, = 0. This implies
that the components A, B, are holomorphic, which (combined with the fact that they
have homogeneous weight 1) allows us to deduce that

A, =7 Al B, =B, (4.2.49)

aa aa

/
where A/,

gauge fixings described above, the remaining contributions in the action (4.2.14)) are
given by

B!, are CP'-independent. Imposing the bulk equations of motion and the

1 _ _ _
Senosg[A, B] = 7 IUVNTr(A' NOgg ™ — (7' Ag+97'09) N B)

i
1

- 6

) (4.2.50)
/ o 0N Tr(5~dg A g~ 1dg A g'dg) .
x[0,1

In the ungauged model, the next step was to solve the boundary conditions for A’ in

terms of §. Here, the boundary conditions on A and B, i.e. excluding those relating the

/
aa’

CP'-derivatives of the gauge fields, do not fully determine A’,, B. and instead relate

them ad™| X
Al =B+ 64 = By — ——=B.0"Viagg™" | 4.2.51

where the covariant derivative is given by V,.99™' = 0.a99™ " + B., — Ad,B!,. The
relation (4.2.51)) allows us to express (4.2.50) entirely in terms of B', © = 7%0,,e% and
g. Many of the terms combine to produce a gauged Wess-Zumino contribution (4.2.3))

10The boundary conditions relating the CP'-derivatives of the gauge fields impose

a” —1\b a . B -1 b a )
— (Vaagg™ ") = =BV, (97" Vaag) = —a"Vaau"
By V99 ) (aBy 9 Vess)
which, in principle, can be solved for B/,. However, we will not invoke these since they will follow as
equations of motion of the 4d theory due to the addition of the boundary term in the gauged hCSg

action (4.2.14). See appendix for more details.
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with the result

i 27

1 /= 1 =
Sines, A B = 5~ [00AT(OA (V95— B) )~ / o N Lawald, B (4.2.52)
Given that both B/, and ©,; are CP'-independent, we have that
/59 ATHOAB) =0, (4.2.53)

with cancelling contributions from the two end points of the integral. Hence we are left

with a manifestly covariant result
1 /= . N
SghCS6 [A, B] = % /(9(2 A Tl"(@ A (V@g 1) - ngz[g, B/]) . (4254)

Applying the localisation formula (B.15) in appendix [B| yields the four-dimensional

action

1
SIFT4 25/ Tr(Vgg_l A *Vgg_l) + Wa,B A ,ngz[g, B/]
R REx10,1] (4.2.55)

_ /R fio ATr(u - F[B'])) + pg A Tr(@ - F[B]) .

At this point only the h-components of u and @ contribute to the action, and so hence-
forth, to ease notation and without loss of generality, we set their projection onto £ to
Zero.

Something rather elegant has happened; we have found that the localisation of the
six-dimensional theory returns not only the gauging of the WZW, model, but also
residual edge modes serving as Lagrange multipliers constraining the field strength to
obey exactly those conditions that ensure the theory can be written as the
difference of WZW, models. The constraints F>° = 0 and F%? = 0 have also been
imposed by Lagrange multipliers in the context of 5d Kéhler Chern-Simons theory
[NS90; NS92]. This theory bears a similar relationship to WZW, as 3d Chern-Simons
theory bears to WZW,. This poses a natural question: what is the direct relationship
between this 5d Kéhler Chern-Simons theory and 6d holomorphic Chern-Simons theory?
We suspect the mechanism here is rather similar to that which relates CS; and CSg

[Yam19] and comment on this further in the outlook.
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4.2.5 Equations of motion and ASDYM

Making use of the projectors previously introduced in eq. (4.2.10)), the equations of
motion following from the action (4.2.55|) read

§B': 0=PVgg 'y — Pg'Vgly + *(pta A Vu+ ps AVTQ) |
6g: 0=V *xVgg ' —was AV (Vgg™") +2w.s A F[B],
du: 0=p,ANF[BT],
du: 0=psA\F[B].

(4.2.56)

We can exploit the projectors to extract two independent contributions from the B’

equation of motion:

P (Vgg~ 'y + *(ug A V@) | (42.57)
. 2.

0=
0B : .
0="P (g7 Vgly —*(ta A Vu)) .

As expected from the discussion in appendix [C], these are exactly the conditions that
arise from the boundary conditions relating the CP'-derivatives of the gauge fields,
90A| 0.5 = OoB|ap, justifying a posteriori why we did not impose them in the localisa-
tion procedure.

Making use of the identity
V(waﬁ VAN *(,ug VAN Vﬂ)) = V([Lﬁ A\ Vfb) = U A F[B/] - U s (4258)

we obtain an on-shell integrability condition for the first equation in (4.2.57]), namely
that
V(Was AP(Vgg™y) =0. (4.2.59)

Hence, using the projection of the dg equation of motion onto b, we have that w, g A
F[B'] =0 follows on-shell.

Let us return to the ASDYM equations, which we can recast as
Pa NF =0, pugANF =0, wepNF=0. (4.2.60)
In differential form notation, the relation (4.2.51)) can be written as

A =B —P(Vgg™h) . (4.2.61)
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By virtue of the identities obeyed by the projectors in eqs. (A.3) to (A.5) and the

covariant Maurer-Cartan identity obeyed by RY = Vgg~!,

VRY — RV ARY = (1 - Ad,)F[B]], (4.2.62)

we can readily establish

ps AF[A'] = ugAF[B], (4.2.63)
fia NF[A] = o ANAd,F[BT], (4.2.64)

2wWap A F[A] = 2wap A F[B]+2was A VP(RY)
= 2w,3AF[B]=V(*Vgg™) +was AV(Vgg™') . (4.2.65)

Hence we conclude that the dg, du, 0t equations of motion are equivalent to the ASDYM
equations for the connection A’. Demanding that the B’ connection is also ASD requires
in addition that w, g A F[B’] = 0, which is indeed a consequence of the B" equations of
motion as shown above.

As we have seen, the equations of motion of gWZW, are equivalent to the
ASDYM equations for the two connections, A" and B’. This ensures that the gauging
of the WZW, is compatible with integrability.

4.2.6 Constraining then reducing

We now proceed to the bottom of the diamond by reduction of the IFT,. In this section,
we shall first implement the constraints imposed by the Lagrange multipliers u, @ in the
4d theory and then reduce. While not the most general reduction, this will allow us to
directly recover the gauged WZW coset CF'T. In section 4.3, we will investigate more
general reductions, in particular, what happens if we reduce without first imposing
constraints.

Imposing the reduction ansatz that 0, = 0; = 0 in the complex coordinates of

eq. (3.3.2), we have that the solution to the constraints B = P(a~'da) + P(b~'db)
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becomes

1

o —

(ab_lawb — Ba_lawa) dw — aiﬁ (Bb_l&,;b — Oza_la,;a) dw
af
a—pf

B' = B,daz" =

=

1
- B

+ (b_lf)wb — a_lﬁu—,a) dz + (b_lf)wb — a_lawa) dz .
(4.2.66)

For simplicity, let us first consider the Kéahler point and align the reduction to the

e

complex structure (implemented by taking & — 0 and § — oo). In this scenario, the
reduction ansatz enforces that B, = B. = 0 with the remaining components of B’
parametrising a generic two-dimensional gauge field. Effectively, we can simply ignore
the constraints altogether but impose B, = B. = 0 as part of the reduction ansatz.
This could be interpreted as demanding D, = D; = 0 acting on fields. In this case, it
is immediate that the 4d gauged WZW reduces to a 2d gauged WZW.

Away from the Kéhler point and aligned reduction, i.e. not fixing o and (3, we need
to keep track of contributions coming from B’ and B.. We can still view the B] and
B> components of eq. as a parametrisation of a generic 2d gauge field, but
there is no way in which we can view the B/ and B. as a local combination of B!, and
Bl,. We are forced to work with the variables a and b rather than a 2d gauge field.
Fortunately, however, the reduction can still be performed immediately if we use the
composite fields § = aghb* and h = ab~!. These composite fields are invariant under
the H-gauge symmetry, but a new semi-local symmetry emerges given by a — /a,

b — br!

with abd;r = 3°9,;¢ = 0. These leave B’, g, h invariant but act as § — (gr
and h — Chr. At the Kéhler point and aligned reduction, these symmetries descend to
affine symmetries, but in general descend only to global transformations. Recall that

in terms of the composite fields gWZW, becomes
Sewz,[9. B = S\, 9] = S, 1] (4.2.67)

It is then immediate that this reduces to the difference of PCM plus WZ term theories
with action ([2.5.26)) and WZ coefficient k:

StrT, (9, h] = Spevewz,[9] — Spenywz,[P] - (4.2.68)

Away from the CFT point, £ = 1, this cannot be recast in terms of a deformation of

gWZW, expressed as a local functional of B’| g.
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Lax formulation. To obtain the Lax connection of the resulting IFT, we first note
that the four-dimensional gauge fields, upon solving the constraints on B’, are gauge

equivalent to

1 1 77
Ay = L Ba0ugi T, Bl — —— Buatohih
o = "oy P 049 (ap)

Therefore, we may simply follow the construction of the Lax connection from the un-
gauged model in eq. (2.5.28)), with the connection A’ producing a Lax for the Spomwz, (7]

and B’ producing one for Spcniwz, [h]-

4.3 More general IFT, from IFT,: reducing then

constraining

In the previous section, we reduced from the gauged WZW, model to an IFT,, but
prior to reduction we enforced the constraints imposed by the Lagrange multiplier
fields. These constraints determine implicit relations between the components of the
gauge field as per eq. (4.2.66). In the simplest case, where we work at the Kéhler
point and align the reduction directions with the complex structure, the constraints
enforce B, = B. = 0. However, if we do not impose the constraints in 4d, the standard
reduction ansatz would only require that B! and B are functionally independent of z
and z, a weaker condition.

In this section, we explore the consequences of reducing without first constraining.
Denoting the reduction by ~» we anticipate that the lower-dimensional description will

include additional fields ad™

B;U(UJ:'JJ?Z)E) ~ Bw(w,ﬂ_}) ) B;(UJ,QD,Z@E) ~ B?E(w7w) ) (4 3 1)
B'(w,w, z,Z) ~ ®(w, w) , BL(w,w, 2, Z) ~ ®(w, w) , o

where ® and ® will be adjoint scalars in the lower-dimensional theory (sometimes called
Higgs fields in the literature). These will enter explicitly in the lower-dimensional theory

through the reduction of covariant derivatives

V.gg 'l @ —gPg!, Viggl e @ —gPg" . (4.3.2)

"Note, we are dropping the prime on the 2d gauge field B.
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On-shell, the 4d gauge field B’ is ASD and couples to matter in the gWZW, model. It
is well-known that the reduction of an ASDYM connection leads to the Hitchin system,
and we will see this feature in the lower-dimensional dynamics below.

The two-dimensional Lagrangian that arises from reducing eq. without first
constraining {7

1 1 4 la+ - o - 153 1=
5 Tr(97 Dugg ' Disg) + §ngwz + Tr(2P + m<1>Aolgc1> — ﬁéAdg D)

Tr(® (97" Dag + Dagg ") + aB® (97 Duwg + Dugg ™))

Lipr, =

1
+ a—p3
+ Tr(ﬂ(Fﬂ;w - 6_1DU7CI) - BDwCI) - [Ci)a CI)]))+
+ TI'(U,(Fujw — CY_lDﬂ;(I) - Ofl)w(i) - [(i) (I)])) )
4.3.3

where we denote the 2d covariant derivative as D = d + adp and note that we have

rescaled

~ U U

e M T e
The fields of the IFT, are ¢ € G and By, 4, P, ®,u,7 € h. In addition to the overall
coupling, the IFTy only depends on a single parameter. This can be seen by

introducinﬁ

O‘+B ! 2\/&5 2 12
k= k' =— k*—k*=1 4.3.4
a—ﬂ’ a—/B’ ) ( )

rescaling ® — /afB® and & — ﬁ@, and defining X~ = k" '(u + @) and X+ =

12The 2d Lagrangians are defined as Strr, = 2i fR2 dw A dw Lipr,. We have also introduced the
scalar densities Lyyz and Lgwz where [ dw Adw Ligywz(g) = fsz[o I L(g)wz(9) and the 3-forms Lz

and Lgwyz are defined in egs. (2.5.18]) and (4.2.3)) respectively. Explicitly, we have

LgWZ - LWZ(g) + Tr((gilawg + 8’wggil>Bu7 - (gilau’)g + 8@9971)Bw + B'wAnglE - BwAdngw) B

which we include for convenience.
13Here, we have implicitly assumed that a3 > 0, which implies that |k| > 1. The other regime of
interest, af < 0 and |k| < 1 is related by the analytic continuation &' — —ik’.
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E'~Y(u — @). The Lagrangian (4.3.3)) can then be rewritten as

Lipr, = lTr(g—lpwgg—lpi,g) + ];ngz + Tr (PO + ® Vy + V)

2
+ Tr (X~ (K (Fgw — [, @) + k(Dy® + Dg®))) + Tr(XH(D,® — Dg®)) ,
(4.3.5)
where
1 —1 !
O =1- ]%;Adg + kQAd;l ) Vw,w = _Z(g_lDw,wg + Dw,ﬁ)gg_l) . (436)

Note that the CFT points k = 1 or k = —1 correspond to taking v — [ or v — «, i.e.
when the zeroes of the twist function coincide with the poles.

By construction, as the reduction of gWZW,, the equations of motion of this theory
are expected to be equivalent to the zero curvature of Lax connections, whose compo-
nents are given by the dw and dw legs of the 4d gauge fields. Explicitly, these Lax

connections are given by

1 /
LY =0, + B, — k;er - 1(<I>+ ZKw) ,
¢ (4.3.7)
LY =0+ Bot " i, 1 (@ + ﬁ/fc)
w w w 2 w 2 w )
1 _
L) = 0+ By — 2. LY =05+ By + (P, (4.3.8)

where we have also redefined the spectral parameter ( — y/af8( compared to section
2.5.4 and introduced the currents

k-1 o k+1 _
% (1—Ad,)® Kg = Dggg™ ' — % (1—Ad,)® . (4.3.9)

K, = Dygg " +

It is natural to ask whether first reducing and then constraining leads to a consistent
truncation since we are dropping certain parts of the 4d constraints. In the language
of Kaluza-Klein compactifications these would be the higher-mode constraints. Since
every term in a higher-mode constraint will depend on the higher modes of some field, it
follows that setting all the higher modes to zero is expected to be a consistent truncation.
Another viewpoint is that of symmetry reduction; since the action is invariant under

shifts of z and z we can consistently set all fields to be independent of them. If the
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truncation is consistent then we expect the resulting 2d theory to be integrable, which

we now check explicitly.

4.3.1 Lax formulation

Before analysing the Lagrangian (4.3.5)) in more detail, let us show explicitly that its
equations of motion are indeed equivalent to the zero-curvature condition for the Lax

connections (4.3.7) and (4.3.8). The equations of motion that follow from the La-
grangian (4.3.5) by varying X*, X~ and ¢ are

6XT: &£, =D,®—Dz®=0,
60X~ & (Fyw—[®,9]) + k(Dy®+ Dy®) =0,

k-1 41 -
b997": & = (Duka + = —[0, K] ) -
k41 k-1 R I
o (Pakw = (@, Ka] ) + 7€~ — = (Du® + Da®) = 0.

(4.3.10)
We also have the Bianchi identity following from the zero-curvature of the Maurer-

Cartan form dgg—*

ZE[%K@+kfﬂ@ku—J%K@+E;i@Jg]
k h (4.3.11)
[, K] 4 251 = Ad)(E- + ) = 0.

The zero curvature of the A-Lax eq. (4.3.7]) gives rise to three equations that are
linear combinations of the equations of motion eq. (4.3.10) and the Bianchi identity
eq. (4.3.11):

k—1 k 1
O:TZ,—€Q+?(€_—E(€+,
0=k?Z' —2kE, +2K'E_ (4.3.12)
k+1 k 1
O:Tz’—5g+ye,+y€+,

where we have defined 2’ = Z — L(1 — Ad,)(€- + €;). On the other hand, the zero
curvature of the B-Lax (4.3.8]) defines the Hitchin equations:

0=Dz®, 0=Fy—[0,®, 0=D,P, (4.3.13)
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which can be rewritten as the three equations £ = 0 and & = D,® + Dz® = 0.
Therefore, the two Lax connections give rise to five independent equations, which are
linear combinations of the equations of motion , the Bianchi identity ,
and the additional equation & = 0.

To recover this final equation from the equations of motion, let us consider the

variational equations for B, Bg, ®, ®:

0By :Ep =K DgX™ —[®, X + kX |+ k;lpf)K@ + kjlpbAdgle
k+1 =
- TP"“ —Ad;H® =0,
. k+1 k—1
6By :E5 =K DypX —[® X" — kX ]+ ;Pth + TJ%,Ad;le
kE—1 _
- B(1—-Ad, Yo =0,

- _ k! _
60 : € = Dp(XT — kX)) +K[®, X7] - 513,,(1 +Ad, YKy + By(1—Ad, )P =0,

~ B _ 14 _ _
00 :E5 = Dy(XT+EX )+ K[®,X ]+ 5Pf,(l +Ad; YK, — B(1—Ad, )P =0.
(4.3.14)
These can be understood as a first-order system of equations for Xt and X~.

Consistency of the system implies that they should satisfy the integrability conditions
[Da, D) X = [Faw, X*] and [Dyg, D] X~ = [Faw, X ]. We find that

K[Dg, Du] X~ — K[Fauw, X 7] = [XT, ]+ [ X7, €]+ B(1 - Ad, )& + kPAd, ' Z
(4.3.15)

hence, using the Bianchi identity (4.3.11)), this vanishes on the equations of motion for
X*, X~ and g (#.3.10). On the other hand, we have

KDy, D] X — k' [Faw, X1 = [XT,E_] +[X7,E] + ife_

2 _ _
— 60— B(1+ Ad, NE + kRAd 2
(4.3.16)
Here, we see that in addition to the Bianchi identity (4.3.11) and equations of mo-
tion (4.3.10)), we also require & = 0, recovering the final equation of the Lax system.
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4.3.2 Relation to known models

As we will shortly see, if we take H to be abelian, the Lagrangian (4.3.5)) can be related
to known models, including the homogeneous sine-Gordon models and the PCM plus
WZ term. However, for non-abelian H this model has not been considered before, and
defines a new integrable field theory in two dimensions. Moreover, by integrating out
®, ¢ and the gauge field B, 4, it leads to an integrable sigma model for the fields g,
Xt and X~. We leave the study of these models for future work.

To recover a sigma model from the Lagrangian for abelian H, after integrating
out By, By, we have two options. The first is to integrate out ®,®. The second is

to solve the constraint imposed by the Lagrange multiplier X*. For abelian H the

Lagrangian (4.3.5)) simplifies to

1 k _ ]
Ligr, = 5T(97' Dugg™ Dug) + 5 Lawz + T (2O + 2V, + 2 V,)

+ Tr(X ™ (K Faw + k(0u® + 05®))) + Tr(X (9, — 059)) .

(4.3.17)

This takes the form of a first-order action in the Biischer procedure, and it follows
that the two sigma models will be T-dual to each other with dual fields X and X .
Explicitly the Lagrangians, before integrating out B,,, By, are

o 1 k
Lipr, = 5Tr(97" Dugg™ Dag) + 5 Lewz + KT (X~ Fa)

2 ) i (4.3.18)
+ Tr((0uX ™ = Viy + k0, X )OO (0 X + Vi — k0 X)) ,
and
Lipr, = lTr( “Dugg ' Dag) + 0L KTr(X™Fy
IFTy — 2 g wdg wg) + 9 gWZ + I“( ww)
1
+ ZTr((‘)wX*O&DXJ“ + 20, X1 (Vg — k0a X ™) + 205X (Vi — k0,X 7)) ,
(4.3.19)

where in the second Lagrangian we have locally solved the constraint imposed by the

Lagrange multiplier X+ by setting
1 + = 1 + +

As mentioned above, the first approach can also be straightforwardly applied for non-
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abelian H. Generalising the second approach is more subtle. The constraint imposed
by the Lagrange multiplier X* in the Lagrangian (£.3.5) implies that

Dy® — Dp® =0 . (4.3.21)

Typically the full solution to this equation would be expressed in terms of path-ordered
exponentials of B, and Bg. To avoid non-local expressions, we can restrict ® and ®
to be valued in the centre of b, denoted Z(h). Note that this is not a restriction if
H is abelian. With this restriction, the Lagrangian (4.3.5) again simplifies to (4.3.17]),
and the constraint becomes 0, ® — 93® = 0, which we can again locally solve

by (4.3.20) now with X € Z(b), similarly leading to the Lagrangian (4.3.19).

Relation to PCM plus WZ term. Taking H to be abelian, we can relate the
Lagrangian (4.3.17)) to that of the PCM plus WZ term for G x H through a combination
of T-dualities and field redefinitions. We start by parametrising

g— e%Tge%T , TED, (4.3.22)

and setting 0,7 — 2C, 5. We also integrate by parts and set d, X~ — 2V¥ and
03X~ — 2¥. To maintain equivalence with the Lagrangian we started with, we add
Tr(f'(aw(;’@ — &Jng)) + Tr()?‘(@w\fl — 8@\11)), i.e. the Lagrange multipliers 7 and X~
locally impose Cy, 5 = %&D,wﬂ U = %&UX’ and U = %&EX’. We can then redefine the
fields ad™]

k 1 k
Bw—>Bw—E(I>, C’w—>Cw—?<I>, \I/—>\I/+ﬁ<1>,
k - 1= - - k -
~ 1 - k - 1 - -
XT = SXT = 2XT 4 o7 X~ =KX, FoF
(4.3.23)

4To arrive at this field redefinition, we first look for the shifts of By.w, Cw,w, ¥ and U that decouple
® and ® from all other fields apart from X*. Since both C,, and Cy transform in the same way, as
do ¥ and ¥, we can then easily compute the transformation of 7, X~ and X+ by demanding that the
triplet of terms Tr(i'Fww (C)+ X‘Fww(\ll) + X+Fw@(<1>)) is invariant up to a simple rescaling, i.e. it
becomes Tr(7Fyui(C) + k' X~ Fiu (V) + & X Foui(P)).
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Doing so, we arrive at the following Lagrangian

a |- _ k
Lipr, = §T1"(9 '0ug9 ' 0ag) + §sz(g)

+

Tr(g_l wg<0u7 - Bu?) + au?gg_l(cw + Bw) + (Cw + Bw)Adg(CiJ - Bw))
1+E

Tr(g™'959(Cw = Bu) + 0ugg™" (Cis + Ba) + (Cuw = Bu)Ad, (Ci + B))
+ TI'(BwBuj + Cwa + kaBuj — k’BwCﬂ,>
+ Tr(#(0uCs — 05Cw)) + KTt (X (0, — 05V)) + 26Tt (V By — B, V)
1o oo = 2 _
+ T (X (00 = 0,9)) — -5 Tr(DD) .

]{3/2
(4.3.24)
The final steps are to integrate out 7, ¥, ¥, and ®, ®, leading us to set
1 1 - K - - K S
7 = =Ow.a Byo = —=0waX d=——09,X" O =—0,X".
Cw,w 2 (MRTI w,w Zaw,w ) 2 811} ) 9 8w
(4.3.25)

Redefining ¢ — e 2+  )ge=2-X7) we find the difference of PCM plus WZ term
Lagrangians for G and H

1 k 1 - -
Lpenikwz, = §T1“(971(9w99713@g) + §sz(g) — ETr(ﬁwXJra@X*) , (4.3.26)

where we recall that for abelian H the WZ term vanishes.

To summarise, starting from the sigma model we T-dualise in 7, X and X,
we then perform a GL(3) transformation on the dual coordinates, and finally T-dualise
back in 7 to recover , the difference of the PCM plus WZ term Lagrangians
for G and H. This relation through dualities may have been anticipated since this is
the model we would expect to find starting from the ghCSg action and instead
imposing the boundary conditions Al, s = Bl, s = 0.

k — 1 limit. As we have seen, the £ — 1 limit is special since if we first constrain and
then reduce we recover the gauged WZW coset CF'T. By first reducing and then con-
straining, we can recover massive integrable perturbations of these theories. We consider
the setup where ® and ® are restricted to lie in Z(h) and solve the constraint imposed
by the Lagrange multiplier X+ by . Taking £ — 1 the Lagrangian (4.3.19)
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simplifies further to

1 1
Lipr, = =Tr(97' Dwgg ' Dag) + = Lgwz
2 2 (4.3.27)
T (0, X (1= Adg) 0 X7 = 20,X 05X~ = 20,X70,X7) .

This is reminiscent of a sigma model for a pp-wave background, with the kinetic terms
for the transverse fields described by the gauged WZW model for the coset G/H,
except that the would-be light-cone coordinates X and X~ have dim Z(h) components.
Nevertheless, we still have the key property that the equation of motion for X~ is
0,05 X" = 0, whose general solution is X* = Y(w) + Y (w). Substituting into the

Lagrangian (4.3.27]) we find

1 1 1 _ _
Lipr, = =Tr(9 ' Duwgg ' Dig) + = Lewz + ~Tr(0,Y 05Y — 0,YAd05Y) . (4.3.28)

2 2 4

In the special case that Y = wA and Y = wA, which is the most general solution
preserving the translational invariance of the action, this is the gauged WZW model for
the coset G/H perturbed by a massive integrable potential V = Tr(AAd,A) — Tr(AA)
as studied in [Par94]. Taking the limit & — 1 directly at the level of the Lax connection
given in eq. , keeping track of the definitions of the currents K, K5, which
depend on k, we find

¢

1
ﬁw—>(3w—|—Bw—Dwgg_1—l—fA ﬁw:&@—{—Bw—E

2t Ad,A | (4.3.29)

recovering the Lax given in [Par94} Fer+97].

When G is compact and H = U(1)™*¢, A and A can be chosen such that these
models have a positive-definite kinetic term and a mass gap. These are known as the
homogeneous sine-Gordon models [Fer+97]. For G = SU(2) and H = U(1) the homo-
geneous sine-Gordon model becomes the complex sine-Gordon model after integrating
out By, By. Note that if Z(h) is one-dimensional and Y (w) and Y (w) are both non-
constant then we can always use the classical conformal symmetry of the sigma model
to reach Y = wA and Y = wA, hence recovering a constant potential. This is not the

case for higher-dimensional Z(b).
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4.3.3 Example: SL(2)/U(1)y

To illustrate the features of this construction, let us consider the example of SL(2)/U(1)y
for which the 2d gauged WZW describes the trumpet CFT. To be explicit we use sl(2)

generators

1 0 01 0 1
T _ T = Ty = , 4.3.30

and parametrise the group element as

_ ( C?S(Q) S?nh(p) + cosh(p) C?S(T) sin (@) sinh(p) + cosh(p) ‘SiH(T) >  (4331)
sin(#) sinh(p) — cosh(p) sin(7) cosh(p) cos(T) — cos(8) sinh(p)

We choose the U(1) vector action generated by T3 such that
dg=¢€lg, T3] = op=3dr=0, d0=c¢€, (4.3.32)

hence we gauge fix by setting # = 0. The analysis here is simplified by the observation
that there is no WZ term since there are no 3-forms on the two-dimensional target

space.

The CFT point. For orientation, we first work at the CF'T point corresponding to
k = 1. Recall from the discussion in section that first constraining in 4d and then
reducing enforces ® = ® = 0 and the Lagrange multiplier sector vanishes. This gives

the conventional gauged WZW model described by the target space geometry
ds? = dp* + coth? pdr? . (4.3.33)

Let us now consider the IFTy that results from taking the same reduction that would
lead to the CFT, but now in our reduction ansatz set ® = T3 and o = —5T3. The

Lagrangian that follows is
Lesa = Owpdgp + coth? p 0,705 — m?sinh? p . (4.3.34)

This theory is well known as the complex sinh-Gordon model, a special case of the inte-

grable massive perturbations of G/H gauged WZW models known as the homogeneous
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sine-Gordon models |[Par94; Fer4-97).

Unconstrained reduction: integrating out ®, ® and Bys.- We now turn to the
more general story, away from the CFT point, by considering the reduction without
first imposing constraints. Taking the IFTy and integrating out ®, ® and the
gauge field B, ; while retaining X~ and X+, results in the sigma model with target

space metric and B-field

ds® = dp? + coth® pdr?® + esch’p (X2 — dX?) |

3 (4.3.35)
By =V AdXT, Y = kesch?pdX ™ + K coth? pdr .

Unconstrained reduction: the dual. On the other hand, if we solve the constraint
imposed by the Lagrange multiplier Xt setting ® = %&UX +and & = %G@,X *. we find

the sigma model with target space geometry

ds? = dp® + coth® pdr? — csch?pdX 2 + sinh? p (dX T + V)? |
By =0.

(4.3.36)
This can of course be recognised as the T-dual of (4.3.35) along X*. In the limit
k — 1 (4.3.36)) becomes the pp-wave background

ds? = dp? + coth? pdr? + sinh? pd X T2 + 2d X TdX ™,
BZ =0 )

(4.3.37)

and if we light-cone gauge fix, X* = m(w — w), in the associated sigma model we
recover the complex sinh-Gordon Lagrangian (4.3.34]) as expected.

Relation to PCM plus WZ term. Finally we demonstrate a relation between the
models above and the PCM plus WZ term. Let us start with the metric and B-field for
the PCM plus WZ term for G = GL(2)

ds* = dX*2 + dp? — cosh? pdr? + sinh? pd X 2 |

) (4.3.38)
B = kcosh? pdr AdX ™~ .
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Note that dB = ksinh 2pdpAdr AdX~, which is proportional to the volume for SL(2).
We first T-dualise 7 — 7, and then perform the following field redefinition

. . ko~
Xt WXty ZX0 -7, X X (4.3.39)

It is straightforward to check that this is the inverse transformation to (4.3.23)). Fi-
nally, T-dualising back, X* — X+, X~ — X~ and ¥ — 7, we precisely recover the

background (4.3.36)), demonstrating that it can be understood as a generalised TsT
transformation of the PCM plus WZ term.

4.3.4 The LMP limit

The PCM plus WZ term admits a limit in which it becomes the 2d analogue of the LMP
model, otherwise known as the pseudodual of the PCM [ZM78b], see, e.g. [HLT19b]. It
is possible to generalise this limit to the gauged model by setting g = exp(eU),
k=e W Xt — 22Xt X~ = X~ — eRU, rescaling the Lagrangian by 2, and
taking e — 0. Implementing this limit in (4.3.5) we find

LiMP = ;Tr(DwUDwU +[@,U][®,U]) — éTr((DwU +[®, U][U, (DgU — [@,U])])
+LTr (X (Fgw — [, ®] + Dy® + Dg®)) + Tr (X (Dy® — Dp®))
+ iTr(U(FM — [®,®] — D,® — Dy®)) .

20
(4.3.40)

Similarly we can take the limit in the Lax connections (4.3.7) and (4.3.8). The B-
Lax (4.3.8]) is unchanged, while the A-Lax (4.3.7)) becomes

L4 =0, + By~ SKR — (@4 LKI)
; © 7 (4.3.41)
LY =05 + Ba + §K5MP +((P+ 5KgMP) :
where
KMP D U+ [0,U], KM —D.U—[3,U]. (4.3.42)

As we will see in section this model can also be found directly from gauged hCSg

and CS, by considering a twist function with a single fourth-order pole.
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As for the gauged WZW case, we can again find an integrable sigma model from (4.3.40))
by integrating out ®, ® and the gauge field B, . For abelian H we can also construct
the dual model by solving the constraint imposed by the Lagrange multiplier X+ and
integrating out B, Bg. For SL(2)/U(1)y the resulting backgrounds can be found by
taking the LMP limit

1 1
p—reEp— 653p7'2 : T —eT — 583/)27' : (ds?, By) — ¢ %(ds?, By) , k—etl,

X" =X —er, Xt = e?XT Xt — Xt e—=0,

(4.3.43)
in eqs. and . This limit breaks the manifest global symmetry given by
shifts of the coordinate 7. This is in agreement with the fact that the Lagrangian (4.3.40))
is not invariant under U — U+ Hy (Hy € b), while its gauged WZW counterpart
is invariant under g — hogho (ho € H) for abelian H.

Curiously, we can actually take a simplified LMP limit

—ep, T —€ET, ds?, By) — ¢ %(ds?, Bs) , k—e b,
p—ep ) ( 3) ( 2) (4.3.44)

X~ =X —er, Xt 52Xt Xt XT e—=0,
in the backgrounds (4.3.35)) and (4.3.36)) that preserves this global symmetry. Taking

this limit in eq. (4.3.35)) we find

1 5 2
ds? = dp? +dr? + —2dXJr2 + —dXdr,
P ;! X (4.3.45)
By =V AdX* = —dX~ (z—)d
2 % s V ,02 + 2€p2 T,
while the limit of eq. (4.3.36]) is

. 2
ds? = dp* +d7° + p*(dX T + V)’ + 5dX dr

p (4.3.46)
By, =0.

As for the gauged WZW case these two backgrounds can also be constructed as a
generalised TsT transformation of the background for the LMP model on GL(2)

ds? = dX* 2+ dp? —dr? + p?dX 2,

. (4.3.47)
By = (p*dr NdX ™ .
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Explicitly, if we first T-dualise 7 — 7, then perform the following field redefinition

3 N 1 - 8 1. 1 -
Xt tXth e 5 X -7, X X, Foio X (4.3.48)

and finally T-dualise back Xt = Xt X~ — X~ and ¥ — 7, we recover the
background (4.3.45]).

4.4 Reduction to gCS,; and localisation

Having discussed the right hand side of the diamond, we briefly describe the left hand
side that follows from first reducing to obtain a gauged 4d Chern-Simons theory on
R? x CP' and then integrating over CP! to localise to a two-dimensional field theory
on R?. We show that the resulting IFT, matches ([4.3.3).

We recall the six-dimensional coupled action

1 _
SghCS6 [.A, B] = ShCS<; [.A] - ShCS(3 [B] - — 0Q N Tr (.A A B) , (4.4.1)

271 Jer

and note that the three terms in the action are invariant under the transformations
A A= A+ plet + pite and B — B = B+ pBet + pBel, given that both Q and 90

a

are top forms in the holomorphic directions. By choosing p* and p? appropriately, we

can ensure that neither A nor B have dz or dz legs, so

A= Aydw + Agdw + Ae® with A, = _Ax] J Ay = — [A’f] : (4.4.2)
() (m9)
B = B,dw + Bydw + Bye®  with B, = _1BA] By = — B ’f] : (4.4.3)
(m7) (m4)

To perform the reduction we follow the procedure outlined in section [2.5.4 Namely, we
contract the six-dimensional Lagrangian of with the vector fields 0, and 0, and
restrict to gauge connections that are invariant under the flow of these vector fields.
Thus, since the shifted gauge fields A and B manifestly have no dz or dz legs, and we
are restricting to field configurations satisfying Lazfi = Lazl’g’ = Lagfl = Laglg’ =0, the
contraction by 9, and 0s only hits Q in the first two terms and 02 in the third. In

5 Note that here the order of T-dualities matters. In particular, we cannot first T-dualise 7 after
the coordinate redefinition since it turns out to be a null coordinate.



174 CHAPTER 4. GAUGING THE DIAMOND

particular, we find

(.n0:)ve = OO N o0 g jayvan = _<0‘5>an< <<m><ﬁ>2)6%0.

2 (ra)2(mB 2 \{ra)2(B)
(4.4.4)
Hence the six-dimensional action reduces to a four-dimensional coupled Chern-Simons
action
A oA ~ A 1 _ ~ A
Sycs,[A, B] = / w A CS[A] — / WACS[B] — — [ BuATH(AB),  (44.5)
X X 2mi Jx
where X = CP' x R?,
2 A
W = <Oéﬁ> <7r,->/> <7T,7> 0 (446)

2 (ma)(mp)"
and A and B are the restrictions of A and B to X. Similarly, the boundary conditions
descend to analogous boundary conditions on A and B. The action has
been considered before in [Ste21], albeit not with the choice of w discussed here.

With the gauged 4d Chern-Simons action at hand, we may now localise. The pro-
cedure is entirely analogous to the one described in section 4.2.4] so we shall omit some
of the details. We begin by reparametrising our four-dimensional gauge fields A and B
in terms of a new pair of connections A, B’ and smooth functions § € C*(X,G) and
h e C=(X,H). We use the redundancy in the reparametrisation to fix A} = Bj) = 0.
The boundary degrees of freedom of the resulting IFTy will a priori be given by the
evaluation of g, iAz, 4 and v at a and . However, as in the 6d setting, we have some
residual symmetry we can use to fix |z = id, hlas = id, and similarly, 9|, 53 = 0. We
are thus left with

dla=9, Ua=u, dlzg=1u. (4.4.7)

In terms of these variables, the bulk equations of motion of gCS; imply
DAL =0, OB, =0, (4.4.8)

away from the zeroes of w, namely v and 4. The on-shell gCS; action can be thus
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written as

A oA 1 - ~ - ~ - ~
Sees, [A B = — | OwATr(A' NGy — (57 ' A5+ ¢ '0g) A B')

27 Jx
1 (4.4.9)

- 6

To obtain the IFT, we begin by looking at the bulk equations of motion . Liou-
ville’s theorem shows that the only bounded, holomorphic functions on CP' are constant
functions. However, we are after something more general than this since we do not re-
quire the components of our gauge field to be bounded at the zeroes of w. Indeed, we
allow the w-component to have a pole at m ~ v and the w-component to have a pole
at m ~ 4. With this analytic structure in mind, we can parametrise the solution of the
bulk equation for B’ as

™)

B;UZBw+M<1>, 1?3;3:1_%’@—<

w2 (4.4.10)

where we have conveniently used the field variables introduced in to ease com-
parison with after localisation to the IFT,. In particular, under m-independent
gauge transformations B,,, By transform as the components of a 2d gauge field, while
® and ® transform as adjoint scalars.

Note that in the singular part of these solutions, we have chosen to align the zero
of each with the pole of the other. This choice is completely general since moving the
zeroes in the singular parts amounts to field redefinitions relating B,, and ® or By and
®. However, it is a convenient choice since the flatness condition on B’ immediately

reproduces Hitchin’s equations,

FonlB') = FynlB] — [0.8] — Y .6~ p g (4.4.11)

On the other hand, for the A’ gauge field a convenient choice of parametrisation when

solving the bulk equation of motion (4.4.8)) is

om0 ) () )

= (m) (Bey) Y (1) (o)
A (me) (BA) o (B {ed) | (4.4.12)
w <7T’7> <50¢> v <7T?> <Oéﬂ> w -
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This parametrisation, in which we have chosen the coefficients such that one term
vanishes at m ~ « while the other vanishes at @ ~ 3, is adapted to the boundary

conditions, which can be solved for U; and V; to yield

(w0 (1, o1, 1)

A =D
Tt () (ef)

A;I; B/— . <7T6> <OfY> <Dwggl .

(4.4.13)

(m) (af)

Replacing (4.4.10) and (#.4.13)) in ([4.4.9) and integrating along the CP' fibre using the

localisation formula given by:

1 [(a”ﬁ(ﬂ’ﬁ + (@) (B7)
2mi Jx 2 Jr2 (aB)

Qla+ @N(0N@OQ] + ae s,
(4.4.14)
for any Q € Q*(X), we recover the IFTy given in (4.3.3)).

4.5 Gauged LMP action

In the previous sections, we analysed the ghCSg action (4.2.14]) where the meromorphic
(3,0)-form Q had two double poles, showing that such a theory leads to a gauged WZW,
upon localisation to R*. To highlight some of the universal features of this procedure,
we will now focus on another example in which the meromorphic (3, 0)-form has a single
fourth-order pole. For the ungauged hCSg, such a configuration was shown in [Bit22]
to lead to the LMP action for ASDYM |[LM87], [Par92].

4.5.1 Gauged LMP action from ghCSgq

Earlier in the thesis in section §2.5.6] we derived the LMP action from hCSg. Next, we
consider the same fourth-order pole structure for gauged hCSg. The starting point is
to compute the boundary variation and choose boundary conditions to ensure that it

vanishes.

Boundary conditions. Starting from the action

1 _
SghCSG [A, B] = Shcsg [A] — Shesg [B] - — 00N TI“(.A A B) , (451)

271 JPT
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where 0
Y AL ARAL (4.5.2)
(rav)
the boundary variation is given by
1 _
0Sgncsg ]bdry =57 Jor O N Tr((SA AN(A—=DB)—0BA(B- A)) . (4.5.3)

Following in a parallel fashion to the hCSg case, we find that a suitable choice of

boundary conditions is given by

A|7r:a = B‘ﬂ*:a ) aOA’TK'ZO( = aOB‘ﬂza )

(4.5.4)
ORA o = O2Blree . BAY e = OPBlr -

Gauge fixing. Gauge fixing will once again prove helpful to proceed with the localisa-
tion calculation. As such, we will consider the set of admissible gauge transformations
respecting our boundary conditions. Performing a gauge transformation on the first

boundary condition gives
(Y AY +97109) lama = (0B +77'00) |n=a . (4.5.5)

from which we conclude that the admissible gauge transformations should obey 4|, =

f|o. Running through systematically, the second boundary condition requires

([ A5 +47'09, D] + 47'00AY + OF + 47104 &) |o=a
= ([i7'Bi+ 7700, N| + 770087 + ON + 707} &) o .
(4.5.6)
where we have denoted I' = 47194 and N = H~10y7H. Making use of the original
boundary condition and the constraint 4|, = 7|, we conclude that admissible gauge
transformations should also obey f‘\,r:a = N]ﬂ:a. In a similar fashion, from the third
boundary condition we conclude that f‘gg)|a = N(2)|a where I'® = 41924 and N® .=
771927. Finally, from the fourth boundary condition we find f‘gg)|a = N®)|, where
I'® = 471934 and N® = 571937. It is important to note here that the boundary
conditions do not constrain féQ) and ff”.

Now we know the admissible gauge symmetries of our theory, we can gauge fix the
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degrees of freedom. Initially, there are 8 degrees of freedom in our theory,

= (g7u17u27u3) )

V= (h, Vl,V2,V3) )

I=

(4.5.7)

We first consider the internal gauge symmetries of A and B, which we can use to set both
g and h to the identity. Next, we note that the H-valued external gauge transformations
of B parametrised by 7 are unconstrained at the point 7 = . As such, we can gauge
fix v = 0 for i = 1,2,3. After this choice of fixing we note that the external gauge
transformations of 4 parametrised by 4 are constrained to coincide with 7 at 7 = «,
and we have used these symmetries in our choice of gauge fixing, we find that we are
unable to gauge fix u, ug or ug. As such, each of these degrees of freedom will appear
as fields in our effective theory on R*. After gauge fixing uf = uj = 0 and renaming u'

to u, we have
. 2 .3
u= (1d, u, uh,uh) ,

(4.5.8)
v = (id,0,0,0) .
Solving the boundary conditions. The first boundary condition reads
(7 AG+ G7'09) lna = (W' Bh+ h™'0h) | nza - (4.5.9)

Given our choice of gauge fixing (4.5.8)) and the bulk solutions A, = 7*A,, and B}, =

7% Bag, this implies
Al = Blaca = %A =a"Bu = Aw = Ba — @,Qq - (4.5.10)
We can then use the second boundary condition to solve for @),
0o Al r=a = 00B|r=a , — Qs = —a® ([Baa,u] + 05u) = —a*Vyu . (4.5.11)

These two boundary conditions are sufficient to solve for A,; in terms of the other

degrees of freedom,
Aad = Ba(l + OéaOébvbdu . (4512)

Localisation to R*. Writing the action (4.5.1)) in terms of the new field variables,
the only terms that contribute to the effective action given our choice of gauge (|4.5.8))
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will be

Sehcss = i OUNTe(A NOGG™" — g ' AgAB — 57109\ B)
2me Jpr 1

- /MX[OJ] IO A Tr ((57'dg)?) .
(4.5.13)

The localisation calculation of the gauged model is slightly more involved than the

ungauged case due to the additional degrees of freedom appearing. However, in analogy

with calculations in previous sections, we expect uﬁ and u‘;’ to appear only as Lagrange

multipliers, in particular, imposing self-duality type constraints for our gauge field B.

With this in mind, we can show that the 4d theory is given by

SeLvp(U, k/ voly fTr (V*uVgau) + “bTr( [aavaau,&bvbbu})

1
+ue®ata PFni(B) + ngt‘ab (a"a” + a"a’) F,,(B)
+ uheaba O‘bFaabb(B> )
(4.5.14)

where we have performed a field redefinition uj — aj := 3(uj + 2 [u, ui]). Reducing

along a particular R?, and appropriately redefining fields and parameters, we find that
the gauged LMP action gives the [FTy (4.3.40)).

Implementing the Lagrange multipliers. In section we reviewed how solu-
tions to the ASDYM can be formulated in terms of Yang’s matrix after a partial gauge
fixing of the ASD connection. We conclude this section by integrating out the Lagrange
multiplier fields present in the action by solving the self duality constraints they
impose in a similar fashion. Indeed, the LMP equations of motion can be understood
as the remaining ASDYM equation once these two constraints have been solved. This
is analogous to the statement that the WZW, equations of motion are the remaining
ASDYM equation for Yang’s matrix.

The equation of motion found by varying ﬁg’ is an integrability condition along the

2-plane defined by a®, and it can be solved by
a0l F, i (B) = 0 = Q“Bas = h™'a%0uh (4.5.15)

where h € C*(R*) ® H. It is helpful to parametrise the remaining degrees of freedom
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in By, in terms of a new field C;, defined by the relation

Bao = h ™ 04ah — ag h™1Csh . (4.5.16)
Then, the u? equation of motion becomes

€ (a%G? + a%) Fy(B) =0 <= ¢®a%9,,C,=0. (4.5.17)

a

This may be solved explicitly by Cy = a®duf for f € C°(R?) ® b, such that the gauge
field B is given by

Bao = h 10k + h ' Xaah  where Xo = —a,a’Opaf (4.5.18)

Reinserting this expression into the action (4.5.14)), the resulting theory may be written
as a difference of two LMP actions. This follows after performing a field redefinition
huh™ = v — f, for v € C*°(R?*) ® g, such that we arrive at the action

1 1
SgLvp[u, B] =k /4 iTr(dv A *dv)—l-gozaozbE“b A Tr(v [dv, dv])
R

- k:/R ;Tr(df A*df) + ;aaabzab ATr(f [df, df)) .
(4.5.19)

This demonstrates the conclusion

SgLMp [u, B] = SLMP [U] — SLMP [f] 3 (4520)

in much a similar vein as (4.2.67)) for the case of gWZW,.



Chapter 5
Discussion and Outlook

In this thesis we have presented work that has attempted to illuminate the rich landscape
of integrable field theories. We will provide an outlook and discussion for §3| and then
similarly for before concluding with further directions of study via the medium of

higher gauge theories.

Integrable Deformations from Twistor Space

In §3| we constructed a diamond of integrable models related by localisation and symme-
try reduction. Starting from holomorphic Chern-Simons theory with the meromorphic
(3,0)-form (3.1.2), we found a new choice of admissible boundary conditions, which
leads to a well-defined 6-dimensional theory. This generalised the analysis carried out
in [BS23; Pen2l] to a new class of boundary conditions not of Dirichlet type.

This work opens up a range of interesting further directions. There are a selection
of direct generalisations that can be made to incorporate the wide variety of integrable
deformations known in the literature. Perhaps the most interesting outcome of this
would be the construction of swathes of new four-dimensional integrable field theories.
Our work focused on the case where ) was nowhere vanishing; it would be interesting to
explore the relaxation of this condition together with its possible boundary conditions,
and how the ASDYM equations are modified. Moreover, one might hope that the study
of boundary conditions in hCSg could lead to a full classification of the landscape of
integrable sigma-models in 2d, and perhaps result in novel theories not yet encountered
in the literature.

From the perspective of the IFTy, there is a close relationship between the notions

181
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of Poisson-Lie symmetry, duality and integrability [Vicl5; HT15; [SST15; Klil5|. This
poses an interesting question as to the implications of such dualities for both the IFT,
and hCSg. For the model considered here, we might seek to understand the semi-local
symmetries of IFT, in the context of the ¢-deformed symmetries expected to underpin
the TFTs.

By coupling the open and closed string sectors |[CL15; (CG18; (CL20; Cos21] one
can find an anomaly free quantization to all loop orders in perturbation theory of the
coupled hCSg-BCOV action. This mechanism has already proven a powerful tool in the
context of the top-down approach to celestial holography |[CPS23; BSS23]. This could
provide an angle of attack to address the important questions of when the IFT, can be
quantised, if the IFTy is quantum integrable, and if there is a higher dimensional origin

of IFT, as quantum field theories.

Gauging the Diamond

The construction presented in §4|led to the discovery of novel integrable field theories
in both four and two dimensions, opening up a plethora of interesting future directions
to be explored.

Motivated by the observation that the gauged WZW model on the coset G/H in two
dimensions can be written as the difference of WZW models for the groups G and H,
we took the difference of two hCSg theories as our starting point. The boundary condi-
tions led us to add a boundary term resulting in the action . It is worth
highlighting that the boundary variation vanishes on the boundary conditions
whether or not the boundary term is included, and the contribution of the boundary
term to the IF'T, vanishes if we invoke all the boundary conditions. However, while the
algebraic boundary conditions A*|, 3 = 0 and A", 3 = B|. 3 can be straightforwardly
solved, this is not the case for the differential one 9y A", 5 = oB|a 5. Therefore, we re-
laxed this condition such that the contribution of the boundary term no longer vanishes.
Importantly, for the specific boundary term added in , the constraints implied by
the differential boundary condition now follow as on-shell equations of motion, leading
to fully consistent IFT, and IFTs.

There are compelling reasons to follow this strategy, including that the symplectic
potential becomes tautological upon including the boundary term. However, a sys-

tematic interpretation of when boundary conditions can be consistently dropped for
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particular choices of boundary term is an open question. To address this, it would
be appropriate to pursue a more formal study, complementing a homotopic analysis
(along the lines done for CS, in [BSV22|) with a symplectic/Hamiltonian study of the
6d holomorphic Chern-Simons theory (similar to [Vic21] in the context of CSy).

A second arena for formal development is the connection between 6d holomorphic
Chern-Simons and five-dimensional Kahler Chern-Simons (KCS;) theory [NS90; NS92].
This should mirror the relationship between CS; and CSs3 theories described by Ya-
mazaki [Yam19]. To make this suggestion precise in the present context one may con-
sider a Kaluza-Klein expansion around the U(1) rotation in the CP' that leaves the
location of the double poles fixed, retaining the transverse coordinate as part of the
bulk five-manifold of KCS;. The details of this are left for future study.

It would also be interesting to explore the new integrable IF T4 and IFT, that we have
constructed. G/H coset CFTs in two dimensions have a rich spectrum of parafermionic
operators [BCR90; BCHO91|. It would be very interesting to establish the lift or analogue
of these objects in the context of the IFT,. The natural framework for this is likely to
involve the study of co-dimension one defects and associated higher-form symmetries.

For abelian H we find IFT, that, in the £ — 1 limit, are related to massive integrable
perturbations of the G/H gauged WZW models known as homogeneous sine-Gordon
models [Par94} |Fer+97]. These include the sine-Gordon and complex sine-Gordon mod-
els as special cases, two of the most well-understood IFT,. There is nothing in our
construction that prohibits non-abelian H and it would be interesting to study the re-
sulting models in more detail. The homogeneous sine-Gordon models before gauging
are closely related to the non-abelian Toda equations [LS83; HMP95|, for which an al-
ternative derivation from CS, involving both order and disorder defects was presented
in [FSY22]. It would be instructive to understand the relationship between the two
approaches.

An important class of IFT5 are the symmetric space sigma models. These can be
constructed either by restricting fields to parametrise G/H directly or by gauging a left
action of H in the PCM. These theories have been realised in CS; through branch cut
defects [CY19] and recently in hCSg [CW24]. One might explore the realisation of the
gauging construction of such models within the current framework, and generalise to
Zy-graded semi-symmetric spaces (relevant for applications of CSy to string worldsheet
theories [CS20; |[BP24]).

When GG/ H is a symmetric space, an alternative class of massive integrable perturba-
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tions of the G/H gauged WZW model are known as the symmetric space sine-Gordon
models [BPS96; Fer+97]. In the landscape of IFTy these are related to the A — 0
limit [HMS14; HT'15] of the A-deformation of the symmetric space sigma model [Sfel4].
Note that & — 1 and A — 0 both correspond to conformal limits and it would be
instructive to explore the relation between the two constructions. More generally, it
would be interesting to generalise the construction in this chapter to deformed mod-
els, in particular, splitting one or both double poles in the meromorphic (3,0)-form

into simple poles, or dual models, for example, considering the alternative boundary

conditions (4.2.31]).

Higher-Dimensional Integrability from Higher Gauge
Theory

In this thesis, we have investigated novel classically integrable systems whose equations
of motion are equivalent to the ASDYM equations. This equivalence, in principle, al-
lows for the complete solvability of these models via the ADHM construction [Ati+78].
The manifestation of integrability by such models has its roots in the fact that they
descend from a local holomorphic action on twistor space |Cos21|; however, when com-
pared against the notion of Lax integrability in two-dimensional integrable systems the
parallels between the two mechanisms that allow solvability are opaque. As such, a
natural question is the following: Is there a class of higher-dimensional integrable field
theories, whose integrability is given by the flatness of a higher Lax connection?

As briefly described in the introduction, this is the ambition of a new programme,
which studies a higher-categorical generalisation of 4dCS theory, named five-dimensional
2-Chern-Simons (5d2CS) |SV24; (CL24; |CL25]. Using the 2-categorified notion of a
Lie group, namely a Lie 2-group, one can define a 2-Chern-Simons four-form for a
2-connection, & = (A, B) € QY(X,g) ® Q?(X, ), on a principal 2-bundle [BS04], by

1 1
2CS(o) = (F(A) — §t*(B)’ B) — §d<A, B) .
The idea is to proceed in analogy to 4dCS, defining the action

SSdQCS = /]1{3 cp! w N QCS(Q{) s
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where w is a meromorphic (1,0)-form on CP*.

This landscape is currently sparsely charted, and numerous promising directions for
future research remain open, a few of which we outline below.

The emergence of the Yang-Baxter equation from considering Wilson line operators
in 4dCS was a remarkable success story [Cos13; |CWY 18a; (CWY18b], giving an elegant
gauge-theoretic account of the algebraic structures underlying two-dimensional inte-
grable lattice models. In the context of three-dimensional lattice models, the algebraic
relations underpinning integrability are given by the Zamolodchikov tetrahedron equa-
tion (ZTE) [Zam80; |Zam81|. It is therefore natural to investigate the extent to which
5d2CS may illuminate the origin of the ZTE. One may conjecture that the topologi-
cal-holomorphic character of 5d2CS theory, together with its intrinsic 2-group structure
[BC10], renders it a particularly suitable framework in which such algebraic behaviour
might be realised.

An important open question concerns charting the landscape of theories obtained
by localising 5d 2-Chern—Simons (5d2CS) theory. While known integrable field theories
in three dimensions admit elegant twistorial formulations [MW91} Bit+25], it remains
unclear whether these theories can also be realised from the data of 5d2CS theory.
This line of inquiry has two significant implications. Should these established models
possess a 5d2CS description, their dynamics could be encoded in a Lax 2-connection,
thereby offering a framework that more transparently parallels Lax integrability in
two dimensions. Conversely, if the theories arising from 5d2CS lie beyond the scope
of twistorial constructions, this would suggest the existence of two genuinely distinct
notions of integrability in three dimensions, opening up a range of compelling directions

investigating the structure and properties of such novel models.
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Appendix A

Projector technology

We consider the operator on 1-forms on R* given by

Jap(0) = —ix (wapgNo), Tisz=—id, (A.1)

where w, g = ﬁ%ﬁb eabdx“ada:bb , which allows us to define projectors

P= ; (id —17) P=_(d+1i7) . (A.2)

N | —

For this to define a complex structure on the real Euclidean slice of R* € C* we require
that J maps Euclidean-real 1-forms to Euclidean-real 1-forms. While not true for
general o and 3, this is the case if we take o = v and 8 = 4. Then 7, 5 is the complex
structure J,. The projectors P and P project onto the (1,0) and (0,1) components
thus realising the Dolbeault complex.

These projectors satisfy a range of useful identities:

Px(pia N0)) =0, PH(usgho))=0, psAPo)=0, paAP(c)=0, (A.3)

Wag N ]5(0) = — % P(U) , waps N\ P(o) =%P(0) , (A4
waﬁ/\P(O')/\Tzwa”g/\O'/\P(T) , wav/g/\P(J)/\P(T) =0, (A5

where
o = QqQtp edbda:“ddxbb, and  pg = Bubp edbdxaadxbb ) (A.6)
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To move between form and component notation it is useful to observe that

P(U)ad - _<a16>05a5b0-bd 5 P(0>aa - <a15>6a@b0'ba . (A?)

Further relations, useful for analysing the CP'-derivative boundary conditions, are

2004 0 = *(fta A 0) , B Tase’|a = —(aB)P(T) , (A.8)
28044 |g = * (g N a) , a’Taae’|s = (aB)P(T) . (A.9)

As an application of this projector technology let us consider the (ungauged) WZW,
model, for which the equations of motion can be cast in terms of the right-invariant
Maurer-Cartan form R = dgg~!, which obeys dR = R A R, as

1
dx P(R) = §d (% — wWapN) dgg ' =0. (A.10)

We now consider a Yang-Mills connection A = —P(X). The equations for this to be

anti-self dual are
pus AN F[A] =0, pa N F[A] =0, waps N F[A] =0 (A.11)

The first of these vanishes identically by virtue of the fact that g A A = 0. Since
fo N A= —po A X, the second yields a Bianchi identity

pa N FIA] = —po A (dX — X AN X) | (A.12)

hence is solved by X = R. The final equation returns the equations of motion as

Wap A F[A] = —d(wa s A P(R)) + was A P(R) A P(R) =dx P(R) . (A.13)
At the Kahler point § = & = 4, we can simply write the ASDYM equations as
F*0 =0, F%2 =0, wAFY =0, (A.14)

In this case, the connection given by A = —dgg~' is of type (0,1), hence F?0 = 0

automatically, F*? = 0 is zero by the Bianchi identity and the equations of motion of
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WZW, are
wAddgg™)=0. (A.15)



Appendix B

Derivation of localisation formulae

In this work we are required to evaluate integrals of the form

1 _
I=— [ 0ONQ, QecQ"*PT). (B.1)
2mi Jer
In this appendix, we will derive general formulae for these integrals for the cases in
which 2 has either two double poles or a single fourth-order pole. To compute these
integrals efficiently we will work in inhomogeneous coordinates and make use of the

identities
1 _
aC(C—a) =2mid?(( —a) /@m d¢AdCEP(C—a) f(O) = fla) . (B2)
Introducing an arbitrary spinor 7,, the inhomogenous coordinate ¢ may be related to

the homogenous coordinate 7, by

_bm
C= (3 (B.3)

B.1 Two double poles
We consider the (3, 0)-form given by

a3)? ~
(af) 260/\6a/\6a:

_ 1 {af)” (o — B)?
2 (m)*(mf3)

1
. 20— (¢ —B)

S ACAO* NG, (B.4)
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Here we have introduced the inhomogenous one-forms, d¢ and % defined by

¢ = ¢ amd g O (B.5)
(my)?” (my) '
Substituting this into the integral gives
1 . CED BN
1:—77/ dc A d a—( AOFA G, A Q . B.6
22t Jon O T e - “ (B6)

Then, using the identity (B.2)) gives

_ (a=p) 2[00 —a) 0P =B)] 4o na
1--2o0 /de/\d([ T R ]Ae NOAQ .  (BT)

Since the integral is symmetric under a <+ [ we will only compute the first term

explicitly. Integrating by parts and evaluating the integral over CP' gives

1= LTt

We first distribute the 0, derivative, leaving the 2-form () completely general, resulting

+ ae . (B.8)

[0}

m

_(a—B)Q —2 a . LA ad ‘

1= /RLL[(C_ﬁ)Be NN Q+ (g Tada™ N0 Q -
_|_0d/\0d/\agQ] + ae . .
(C—nB) N

The overall factor of (o — 3)? outside the integral cancels with the denominators in the
integrand. Returning to spinor notation and introducing the self-dual 2-forms defined
by $% = e,;dz A dzt to write

I = 1 [Maaabzab A Q’a + iﬁaabzab A Q|a
2 Jes {aB)(a) (o) B0
+ gy 2% A aﬂ 5 } + a+p.
()2,

Expanding «, in the basis formed by 4, and (,, we see that one component of the first
term cancels the second term, and only a term proportional to o, (X% survives. In the

third term of the integral, we recognise the combination Jy acting on ) and make this
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replacement. In conclusion, we have the general formula

1/ 5(2/\@—/ [O‘“B”Eab/\@ —i—laazab/\(@Qﬂ} + a+p, (B11)
271 Jer CJre L {aB) o gret? 0/l ’ .
or in differential form notation

1 = 1
TM/IPTaQ/\Q:/R“ [wa,ﬁ/\Q‘a+2Ma/\(80Q)|a} + O‘HB . (B12)

It is also helpful to specialise to 2-forms of the form @Q = 77°Q, ;€% A éi’, which we

will often encounter. In this case, we may make use of the identity
e Nes Nt Ae = —2voly e (B.13)
and its generalisation valid for any spinors «, and 3,

Qa2 A et A e =2 voly <047T>(>627r) b (B.14)

s
Using these identities on the above formula for Q = 77°Q ;€% A & gives

Edl.)(aaﬁb + 5aab)
()

1 _
— aQ/\Q:—/RélvoLl [

271 Jer

Qaabb|a+5dbaaab(aoQaab;,)|a} + a+ .
(B.15)
Finally, we specialise to the case when Q.,; = XaaY};, for which the answer can again

be recast in differential form notation as
1/ 59/\@—/ [ AXAY] 41 aA(XAY)|] + a<+ f. (B.16)
27i Jer = Jpa [P o T gHa “ “ ' '

To apply these formulae we also need the following CP*-derivatives:
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where we have defined 4 = §=19,9.

B.2 Fourth-order pole
In section [4.5] we consider the (3,0)-form given by

0 a . / a .
Q:k‘e Ae /4\ea: Ak 4alC/\H /\49a. (B.22)
(mar) ()" ((—a)

Substituting this into the general integral expression above gives

k1 - 1 .
I=————F— d¢nd 8() ANONO, NQ . B.23
(Aa)* 2i /m CAd6 o (¢ —a) @ ( )
Then, using the identity (B.2)), we find
k - .
I=———0 [ dCAdC(026P(¢— 0° N0, AQ B.24
el UL GRS RPYC (B.24)

Integrating by parts and evaluating the integral over CP' gives

k .
127/ 92 (0% A G, A B.25
6<§/04>4 R4 C< Q> o ( )
In order to distribute the 0, derivatives, it is helpful to use the identities
6| = O‘aﬁixaa ;00 =Adxt . 926%| =0. (B.26)
© (jo) o °

Distributing the three 0, derivatives gives

k aaabzab Oéa'A}/bEab
I= / [ ZNO2Q| 462 AOPQ| 4+ 64X A0Q] | . (B.2T
ey Jes Lo " EQl+ 0oy A0l 62T ASQL] - (B2

Converting this expression back into homogeneous coordinates (and using the fact that

Q is a (0,2)-form on twistor space hence d,dz® A Q|, = 0) this integral becomes

k
[= 6/ 0 S A RBQ| (B.28)
R4 @



Appendix C

Localisation derivation with general

gaugings

In this appendix we describe in more detail the derivation of the gauged WZW, model
from the gauged hCSg theory and the application of the localisation formulae in ap-
pendix [B.I] We will do this in a more general manner, allowing the gauging of an H

subgroup that acts as
g ps(O)gpa(™), BBt —dit, (e HCG, (C.1)

where p; : H — G are group homomorphisms (algebra homomorphisms will be denoted

by the same symbol). The covariant derivative is then given by

Vgg ' =dgg "+ Bs — gBag™ " — ps(0)(Vag " )ps(¢7h) , (C.2)

in which we ease the notation by setting B; = p;(B).

The starting point is the six-dimensional theory
Sencss A, Bl = Shess[A] — Shess[B] + Svary[A, B] (C.3)
where we take the boundary interaction term to be

Spary| A, Bl = =L [ 00 ATr, (AN p(B)) . (C.4)

271 Jer

Here we have introduced a parameter ¢, which will ultimately be set to one, to keep
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track of the contributions from this boundary term. To specify this term we include an
algebra homomorphism p that only needs to be defined piecewise on the components of
the support of 9. We could choose to dispense with the higher-dimensional covariance
and simply add different boundary terms specified only at the location of the poles, but
it is convenient to formally consider p to be a defined as a piecewise map that takes
values plr—a.s = Pas-

To define a six-dimensional theory requires imposing conditions that ensure the

vanishing of the boundary variation
. OUN (Trg (SAN (A — gp(B)) + qp(0B) A A) — Try (B A B)) . (C.5)

We are required to cancel a term involving the inner product on the algebra b with one

on g, which can be achieved by demanding

Try(p(x)p(y))las = Tro(zy) Va,yebh. (C.6)

Note that as a consequence this implies

Trg(pa()paly)) = Try(xy) = Tre(ps(2)ps(y)) (C.7)

which is the familiar anomaly-free condition required to construct a gauge-invariant
extension to the WZW model with the gauge symmetry (C.1). With this condition

satisfied, the boundary term produced by variation is given by

OUN (Trg (SAN (A—qp(B)) + qp(6B) A (A—q 'p(B)))) , (C.8)

PT

and is set to zero by the conditions

AE| 0 ) Ah‘aﬂ = p<B)|a’ﬂ ) a0"46|a”3 - p(aOB)| (09)

aB aB

If we impose all of these conditions from the outset, the contribution from the explicit
boundary term Spary[A, B] would vanish. However, from a four-dimensional perspective
the CP'-derivative boundary conditions lead to constraints relating derivatives of the
fundamental fields to the 4-dimensional gauge field B that comes from B. While these
can be formally solved for B, our aim is to construct a gauged IFT, with a gauge field.

Therefore, we only impose the conditions Af}a 5 =0and A”‘a 5= p(B){a g Which can
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be solved for the 4-dimensional gauge field A that comes from A and substituted into
the Lagrangian without concern. Doing this, we find that Spary[A, B] does contribute,
and when ¢ = 1 in particular, it provides a gauge invariant completion of the action.
Importantly, the CP'-derivative boundary conditions that we have not imposed have
not been forgotten, instead when ¢ = 1 they are recovered as on-shell equations in this
four-dimensional theory. This provides an alternative view of the procedure; when ¢ = 1
the explicit boundary term is serving to implement the constraints arising from
(‘90./4*"&7 5= p(@OB)‘a, g at the Lagrangian level. We can see this explicitly by observing

that if we just impose A*| =0 and A°|_ 5= p(B)| 5 then

‘a,ﬂ

(6AN (A= qp(B)) + ap(dB) A A= p(3B) A p(B) ) o = 0.
00 (JAN (A = qo(B)) + ap(58) A A = p(38) A p(B) )l

= (1= 4)0(00A = p(8B)) A p(B)la,s + (1 +q)p(0B) A (GoA = p(86B))]as -
(C.10)

Therefore, for ¢ = 1 we see that the boundary equations of motion for B are precisely
the CP'-derivative boundary conditions 80.14')‘% g = p(@ol’)’)‘% g

The localisation proceeds as follows. First, we change parametrisation A = A9 and
B = B’ fixing some of the redundancy by demanding that A’ and B’ have no CP" legs.
Second, we fix some of the residual symmetry preserved by the boundary conditions to
set glg = iL|o¢,,3 = id and E)Omaﬂ = 0. The remaining fields are §|, = g, § '0§|a = u,
G7'00§|s = @ and the four-dimensional gauge fields A and B that arise from A’ and B’
once their holomorphicity is imposed.

We may now directly apply the localisation formulae to show that the hCSg

terms localise, before imposing boundary conditions, to give

ShCS6 [.A] ~ /4 Wa,g N\ Tl"g(Ag A g_ldg) — Wa,g N Lwrz [g]
" (C.11)

1 1
+ SHa A Try (A9 A du) + SHe N Trg(AAda) ,

while Sphcg, [B] yields zero in this gauge. Let us first consider the terms involving w, g.

Since the gauge completion of the WZ term is

Lowzlg, B] = Lwzlg] + Trg (97'dg A By +dgg™" A Bs + g ' BsgBa) | (C.12)
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we may express them (trace implicit) as

Wa,s VAN (Ag A g_ldg — sz[g])
= Wa g A (Ag A g 'dg — Lewzlg, Bl + g 'dg A By +dgg ' Bs + g_lngBa) (C.13)
= was A (A7 = Ba) Ag™'Vg — Lowzlg, Bl + A N By — AN Bg) .

In differential form notation, the algebraic boundary conditions of eq. ((C.9) become
A=Bg—P(Vgg'), A9 = P(g7'Vg) + B, . (C.14)
It follows that

wWa,g A (A7 A ¢ 'dg — Lwy [9])
= was A (P(g7'Vg) A g 'Vg — Lywzlg, B + A’ A B, — A A By) (C.15)

1 _ _
— —ig 1vg/\*(g 1Vg)—wa,5/\(£ng[g,3]—Ag/\Ba—i—A/\Bﬁ) .

Here, in the last line, we made use of the identity w A P(o) Ao = —40 A *o for a

1-form o. To treat the terms involving 1, and pg we combine the algebraic boundary
conditions (C.14) with the properties y, A P(X) = pg A P(X) = 0 such that p, A A9 =
ftaBo and pg AN A = pugBs. In summary, we find

1
Sness [A] = /R4 —5Trg (97 Vg Axg™'Vg) = was A (Lawalg, Bl + Trg(A A By — A’By))

1 1
+ Sha A Tr(By A du) + S8 A Tr(Bg Ada) .

(C.16)
The localisation of the explicit boundary term yields, after using p, A A9 = o Ba,
dery[A7 B] =~ — Q/4 Wa,p A Trg(AgBa — ABB)
R

1 1
+ St A Trg(du - [Ba, ) Ba) + 5 A Tro((di + By, 1)) By)
(C.17)
The significance of the boundary term now becomes clear. It serves to ensure manifest

gauge invariance when we do not impose the CP'-derivative boundary conditions. When

q = 1 the terms wy g A Tr(A9B, — ABg) directly cancel. The contributions of the entire
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localised action that are wedged against p, sum to
tio N Trg (1 — q) du A By + 2q wF[B], — 2q d(Bau)) - (C.18)

We see that for ¢ = 1 we find a gauge-invariant field strength together with a total
derivative term that we discard. The terms wedged against ps give a similar contribu-

tion. Hence the fully localised action becomes

1
S ~ /R4 —§Trg (97'Vg Axg7'Vg) — wap A Lewzlg, B]

+ fia N Trg(uF [Bla) + pg A Trg(@F [ Blg) -

(C.19)

Noting that the components of u and @ in the complement of fh decouple, we can view

u and @ as h-valued and write

1
Sz/ Ty, (07 AkgTIVG) — wa s A Lewzlg, B
3T (97 Vg AxgTIVG) = was A Lowzlg, Bl (C.20)

+ pta A Try(uF[B)) + 15 A Try(aF[B])
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