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Abstract: We define the next-to-leading logarithmic corrections to the High Energy

Jets (HEJ) formalism for W plus jets production. We provide in depth analytical

derivation of these subleading corrections, as well as thorough verification of their

validity. This is to improve traditional fixed-order calculations that struggle to

provide reliable predictions in the high energy limit due to the emergence of these

large logarithmic corrections.

Also contained within are various technical details of enhancements to HEJ that

have enabled the transition from Version 1 to Version 2 and thus improvements to

future predictions.

Through comparisons with experimental data from ATLAS at 7 TeV and 8 TeV

collisions, we demonstrate significant improvements in our theoretical predictions,

particularly in the cross-section at large transverse momenta, highlighting the en-

hanced predictive power of the improved HEJ framework. The refinements presented

here not only strengthen our understanding of QCD in the high-energy limit but

also provide a valuable tool for future experimental analyses at the LHC and bey-

ond.
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All models are wrong, but some are useful.

— George Box



CHAPTER

ONE

INTRODUCTION TO QUANTUM CHROMODYNAMICS

In this section, we present an overview of Particle Physics and some prerequisite

concepts to full understanding of the work contained in later chapters. Specifically,

we will introduce The Standard Model (SM) of Particle Physics, the rich historical

context of this theory, and ongoing efforts to test it, such as the experiments at the

Large Hadron Collider (LHC). We will then take a deep dive into one sector of this

theory, Quantum Chromodynamics (QCD), and a basic look at how improvements

to theoretical predictions are being made.

1.1 Context and Background

The particle physics community is currently in a bit of a quandary. Our best theory

of how the Universe fits together, The Standard Model, works too well. That is, it

has been tested to an inordinate degree and as yet we see no deviation between its

predictions and our current reach in experiments. For example, the experimental

measurement of the anomalous magnetic dipole moment agrees with the SM to 10

significant figures [13].

Indeed, it has become very clear that any deviation from the SM in collider experi-

ments will require very precise prediction of dynamics. Despite this, the SM is an
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Figure 1.1: A visualisation of the size and placement of the proposed Future
Circular Collider. Image from CERN website.

incomplete theory. It contains no description of gravity, and does not provide any

insight into Dark Matter or Dark Energy, which according to some measurements

make up to 96% of the mass of the universe [14]. Even the best models that try to

evade the concept of dark matter by describing phenomena such as velocity curves

of galaxies with Modified Newtonian Dynamics (MOND) simply fall short trying to

describe observations such as those made in the bullet cluster [15].

It is bittersweet then, as each successive fundamental particle is discovered, and is

subsequently shown to exhibit the behaviours expected of it as predicted by the SM.

Table 1.1 contains a timeline of all fundamental particle discoveries and we see that it

stretches from the discovery of the Electron by J. J. Thomson [16] in 1897 all the way

up to 2012 with the discovery of the Higgs boson by the CMS [17] and ATLAS [18]

collaborations, the final and central piece in the SM. With this latest discovery, there

is physical evidence and confirmation of Electroweak Symmetry Breaking (EWSB),

as proposed by Peter Higgs [19], Robert Brout and François Englert [20] via the

Higgs Mechanism.

A scrupulous reader may notice a couple of trends in this time-line. Over a century

of experimentation and observation, the number of collaborators for each of the

experimental discoveries has ballooned from one professor to multiple collaborations.
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1897 · · · · · ·• Electron. J. J. Thomson [16]

1932 · · · · · ·• Positron.
C. D. Anderson [21]

Proposed by P. Dirac (1928) [22]

1937 · · · · · ·• Muon. S. Neddermeyer et al. [23]

1956 · · · · · ·• Electron Neutrino.
F .Reines et al. [24]

Proposed by W. Pauli (1930) [25]

1962 · · · · · ·• Muon Neutrino. L. M. Lederman et al. [26]

1969 · · · · · ·• ‘Partons’
(u,d and s quarks).

J. Friedman et al. (SLAC ) [27]
Proposed by M. Gell-Mann (1964) [28]

1974 · · · · · ·• J/Ψ
Charm Quark.

B. Richter et al. [29]
Proposed by B. Bjørken (1964) [30]

1975 · · · · · ·• Tau. M. L. Perl et al. [31]

1977 · · · · · ·• Υ Meson
Bottom Quark.

(Fermilab) [32]
Proposed by M. Kobayashi (1973) [33]

1979 · · · · · ·• Gluon. D. P. Barber (DESY ) [34]

1983 · · · · · ·• W+Z Bosons. (CERN ) [35]

1999 · · · · · ·• Top Quark. (Fermilab) [36]

2000 · · · · · ·• Tau Neutrino. (Fermilab) [37]

2012 · · · · · ·• Higgs Boson. (CERN ) [18]
Proposed by P. Higgs (1964) [19]

Table 1.1: Timeline of Fundamental Particle Discoveries

The size and expense of each experiment have exponentially grown, with each it-

eration of a similar experiment operating at much higher energies. The LHC has

collisions with a centre-of-mass energy limit of 14 TeV, which is seven times that of

the previous hadron-hadron collider at Fermilab. This trend is set to continue with

the proposed 100 TeV Future Circular Collider (FCC) which can be seen in Fig. 1.1.

This is all in an effort in experimental physics to find where the SM’s theoretical

description breaks down.

The current state of affairs in theoretical particle physics is one of incremental

progress, with the hope that this progress may help uncover some discrepancies
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Figure 1.2: This is the Standard Model of Particle Physics

between data and the SM. This in itself testament to the success of the current

theory of the SM and is in sharp contrast to the revolutionary state of play in the

1960-70s 1 when the theory of QCD was born.

Throughout the 1960s, many experiments using cloud chambers were conducted to

study hadrons. This led to the discovery of countless mesons and baryons which we

need not recount here. This did, however, lead to an interesting observation that the

spectrum of these baryons and mesons seemed to obey an approximate global SU(3)

symmetry. In 1964, Murray Gell-Mann [28] and George Zweig [38] independently

presented the idea of the Quark Model based on fundamental particles with spin-
1
2 . The assertion was that mesons were composed of a quark and an anti-quark,

whereas baryons were composed of three quarks. This was later confirmed to be true

following a Deep-Inelastic-Scattering (DIS) experiment conducted in 1969 at SLAC

where it was observed that baryons and mesons appeared to have the predicted
1in particular, 1964, which saw independent models for Electroweak Symmetry Breaking [19,20],

independent proposals for the quark model [28, 38] and a proposal for the fundamental color
charge [39]



1.1. Context and Background 5

substructure [27] and followed an approximate SU(3) symmetry.

This led to the discovery of the up (u), down (d), and strange (s) quarks, followed by

subsequent discoveries of the charm (c) quark in 1974 [29], the bottom (b) quark in

1977 [32] and finally the top (t) quark in 1999 [36]. That concluded the discovery of

all six flavors of quark. These formally are arranged into doublets, with the up-type

quarks (u, c and t) possessing electric charge +2
3e, and the down-type quarks (d, s

and b) having charge −1
3e. Anti-quarks have the same arrangement except with the

opposite electric charge.

Unfortunately, this model failed to explain the existence of two spin-3
2 baryons which

consisted only of one flavor of quark: the ∆++ (uuu) and Ω− (sss) baryons. This

was a problem for the model, since quarks were proposed to be spin-1
2 particles, and

therefore must obey Fermi-Dirac statistics. It was not possible to marry the quantum

numbers of the particles involved in these bound states with Pauli’s Exclusion

Principle. Remarkably in the same year as quarks were posited, Oscar Greenberg

solved this problem by the proposal of the concept of a new hidden value for quarks,

color charge [39].

Modifying the theory with this additional quantum number to accommodate the ∆++

(uuu) and Ω− (sss) baryons, came with a caveat: an additional arbitrary symmetry of

nature, SU(NC). This was not related to the approximate global SU(3) symmetry,

but was a real symmetry which seemed to be observed, the major physical implication

of this symmetry was that quarks had an additional quantum number, color, which

gives an additional degree of freedom in the states available. This symmetry of

nature did not help to explain why hadrons and all other particles discovered to

this point were color singlets and did not transform under this symmetry. These

problems were countered in 1973 when it was realised that the symmetry imposed

was not another global one, but a local gauge symmetry.

With this realisation, it was clear that each quark field ψi(x), with its color state,

denoted by the color index, i, at any point in space-time, x transformed under this
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symmetry as:

ψi(x) = Uij(x)ψj(x) , (1.1.1)

where Uij(x) = eigsα
a(x)T a

with gs as some scaling factor for the generators of the

SU(NC) symmetry, T a, which obey the Lie algebra:

[T a, T b] = ifabcT
c , (1.1.2)

where fabc are structure constants. This promotion to local gauge symmetry within

the non-Abelian group, SUC(3)1, realised by David Politzer [40], and also by David

Gross and Frank Wilczek [41] led to the concept of asymptotic freedom as well as

that of confinement, finally providing an explanation for why hadrons were color

singlets, as well as a Nobel Prize for the trio.

Thus was born QCD, the theory which governs the strong interactions of quarks

and gluons. It is the SUC(3) component of the SUC(3)×SUL(2)×UY(1) Standard

Model of Particle Physics which is in itself a Quantum Field Theory (QFT) which is a

combination of Special Relativity and Quantum Mechanics, with some useful concepts

from Classical Field Theory. In the SM, each particle is an excited quantum of an

underlying field and the interactions of these particles are described by interaction

terms in the corresponding Lagrangian. In perturbative field theories, we can then

visualise these interactions with Feynman diagrams and calculate them with the use

of Feynman rules. This will be explored in Section 1.3, but for now, let us look at

the QCD Lagrangian.

1.2 QCD Lagrangian

As described briefly in Section 1.1, the Lagrangian is the starting point for any QFT.

We encode all the information we have about particle content, coupling strengths

and interactions within the theory itself. The Lagrangian, L, itself is related to the
1where the subscript simply signifies this is a color symmetry
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action, S, through a simple time integral:

S =
∫
L dt . (1.2.1)

The action can alternatively be considered an integral over all space of the Lagrangian

Density, L, this will be dependent on the set of fields in the theory, ϕ as well as their

derivatives. We will from this point on refer to the Lagrangian Density simply as

the Lagrangian, and we see that the action functional is:

S =
∫
L(ϕ(x), ∂µϕ(x)) d4x . (1.2.2)

1.2.1 Quark Content

The quark fields ψ(x) we introduced in Section 1.1 are in fact spin-1
2 Dirac Fields,

and therefore will (when not interacting) obey the Dirac equation [11]:

(i/∂ −m)ψ(x) = 0 , (1.2.3)

where m is the mass of the corresponding quanta and Feynman slash notation:

/A := γµAµ , (1.2.4)

has been used, and where we have implicitly used Einstein summation notation

for the contraction of the Dirac Gamma Matrices, γµ, that satisfy the Clifford

algebra:

{γµ, γν} = 2gµν . (1.2.5)

Further we represent anti-quarks by the conjugate fields: ψ̄(x) := ψ†γ0. This is used,

instead of the obvious choice, ψ†, to preserve Lorentz invariance in the theory. At

this point, we can state the standard ‘free’ Dirac Lagrangian [11]:

LDirac =
∑

f=flavors
ψ̄f (x)(i/∂ −m)ψf (x) , (1.2.6)

where we ensure to include a term for each flavor of quark. From this point on,

this summation will be implicit for all quark fields ψ(x). As a brief sanity check at
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this point, we can utilise the principle of least action on Eq. (1.2.2) and obtain the

Euler-Lagrange (E-L) equations:

∂µ

(
∂L

∂(∂µψ̄(x))

)
− ∂L
∂ψ̄(x)

= 0 , (1.2.7)

which, when applied to Eq. (1.2.6) for the field ψ(x), one obtains the Dirac Equation

(1.2.3) once more. One can also apply the E-L equations to the field ψ(x) instead,

and would obtain the conjugate Dirac equation:

ψ̄(x)
(
i
←−
/∂ +m

)
= 0 . (1.2.8)

1.2.2 The Consequences of Gauged Actions

This all works then, for a generic Dirac spin-1
2 field which obeys any and all global

symmetries. Unfortunately, as we discussed in Section 1.1, QCD contains a gauge

symmetry as specified in Eq. (1.1.1). If we transform the quark fields ψi(x)→ ψ′ =

eigsα
a(x)T a

ψj(x), it is quickly apparent that our proposed Lagrangian is not gauge

invariant:

L′
Dirac = ψ̄′(x)(i/∂ −m)ψ′(x)

= ψ̄(x)U †(x)(i/∂ −m)U(x)ψ(x)

= ψ̄(x)(i/∂ −m)ψ(x) + iψ̄U †(x)γµ
[
∂µU(x)

]
ψ(x)

= LDirac + iψ̄U †(x)γµ
[
i(∂µα

a(x))T aeigsα
a(x)T a]

ψ(x) .

(1.2.9)

This can be solved by an upgrade to our derivative to a covariant derivative, Dµ,

which contains our partial derivative, ∂µ, but transforms in such a way that this

extra term cancels. If we define the covariant derivative Dµ as:

Dµψ(x) = (∂µ − igsA
a
µ(x)T a)ψ(x) , (1.2.10)

where gs is the strong coupling constant and Aa
µ(x) is the vector potential which

corresponds to the gluon. Requiring that the covariant derivative transform covari-

antly,

D′
µψ

′(x) = U(x)Dµψ(x) , (1.2.11)
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fixes the transformation of the gauge field. Writing Aµ ≡ Aa
µT

a and U(x) =

eigsα
a(x)T a

, we obtain

A′
µ(x) = U(x)Aµ(x)U−1(x) + i

gs

(∂µU(x))U−1(x) . (1.2.12)

For an infinitesimal transformation U ≃ 1 + igsα
aT a, this becomes

Aa ′
µ (x) = Aa

µ(x)− ∂µα
a(x)− gsf

abc αb(x)Ac
µ(x) . (1.2.13)

In the Abelian case (fabc = 0), this reduces to the familiar form A′
µ = Aµ− ∂µα [42].

This vector potential corresponds to the gluon field with a color index, a, which

runs from a = 1 to N2
c − 1 = 8. This is because the gluons transform under

the adjoint representation of the SU(Nc) color group. At this point we divulge

a particular representation of the corresponding generators, T a, as introduced in

Section 1.1:

T a = λa

2 , (1.2.14)

where λa are the eight 3 × 3, traceless and Hermitian Gell-Mann Matrices. These

are a natural extension of the Pauli Matrices, which are the basis for the originally

proposed SU(2) quark model [28]. They are normalised to the value of 2, such

that the embedded Pauli Matrices are conventionally normalised. This leads to the

halving in Equation (1.2.14) and to the following properties:

Tr
[
λi λj

]
= 2δij (1.2.15)

Tr
[
T i T j

]
= 1

2δij , (1.2.16)

where δij is the Kronecker delta. Note, Equation(1.2.10) shows us that the derivatives

of the (anti-)quark fields transform like (anti-)quark fields: in the (anti-)fundamental

representation of the SU(3) color group.

We can now slot our covariant derivative (1.2.10) into our Dirac Lagrangian (1.2.6)

to obtain a gauge invariant version:

LDirac Inv = ψ̄(x)(i /D −m)ψ(x) . (1.2.17)
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This is a triumph; we now have a Lagrangian which respects the theorised local sym-

metry transformations from Equation (1.1.1). Secondly, this requirement naturally

leads to the inclusion of the interaction of quarks with gluons, in the description of

the dynamics of the quark fields. We also note that Eq. (1.2.13) makes us conclude,

that adding a gluon Dirac mass term ∼ mgAµA
µ is impossible, since it would violate

gauge invariance.

What we lack in this new description is the dynamics of the gluons themselves. The

gluon gauge field already exists inside our covariant derivative, and since we obtain

the dynamics of a field through derivatives, it is natural to look at the commutator

of this. This gives us the Field Strength Tensor [11], Fµν :

Fµν = i

gs

[Dµ, Dν ]

= ∂µA
a
ν(x)T a − ∂νA

a
µ(x)T a − igAa

µ(x)Ab
ν(x)[T a, T b]

= ∂µA
a
ν(x)T a − ∂νA

a
µ(x)T a + gsA

a
µ(x)Ab

ν(x)(fabcT
c)

=
(
∂µA

a
ν(x)− ∂νA

a
µ(x) + gsA

b
µ(x)Ac

ν(x)fbca

)
T a

= F a
µνT

a ,

(1.2.18)

where we have used the Lie Algebra to resolve the commutator in the second line.

We note that if our symmetry group was Abelian, the last term would vanish, as

is the case in QED [11]. In QCD, what arises as a consequence of this is gluon

self-interaction, which is notably absent in QED. Unfortunately, this extra term also

has consequence and this problem is manifest if we gauge transform:

F ′
µν = i

gs

[D′
µ, D

′
ν ]

= i

gs

[U(x)DµU
†(x), U(x)DνU

†(x)]

= i

gs

U(x)[Dµ, Dν ]U †(x)

= U(x)FµνU
†(x) .

(1.2.19)

The field strength tensor is not gauge invariant in QCD, which means we cannot

include it in the form above. Luckily, the trace of the field strength tensor is gauge
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invariant:

Tr
[
F ′

µν

]
= Tr

[
U(x)FµνU

†(x)
]

= Tr
[
FµνU

†(x)U(x)
]

= Tr
[
Fµν

]
. (1.2.20)

However, since we need our Lagrangian to also be Lorentz invariant, we cannot

simply add it in by itself, since it transforms as a rank-2 tensor under Lorentz

transformations. We need to contract it with something, and an obvious candidate

for this is itself. We can rewrite it as:

Tr
[
FµνF

µν
]

= Tr
[
F a

µν T
a F b µν T b

]
= F a

µνF
b µν Tr

[
T aT b

]
= 1

2 F
a
µνF

a µν . (1.2.21)

If we place this in our gauge invariant Dirac Lagrangian, Equation (1.2.17), we arrive

at the famous Yang-Mills Lagrangian [11]:

LYang-Mills = −1
4F

a
µνF

a µν + ψ̄(x)(i /D −m)ψ(x) , (1.2.22)

where the −1
4 coefficient is simply a normalisation. We now have a gauge invariant

Lagrangian which includes all of the particle content which we wanted at the outset;

however, if we wish to quantise the theory we will need to add some final terms.

First, we need to break the gauge invariance which we worked so hard to achieve.

We will introduce a gauge fixing term as one would obtain from the Faddeev-Popov

method of gauge fixing [42]:

LGauge-Fix = − 1
2ξ (∂µAa

µ)2 , (1.2.23)

where ξ is any finite constant, and is a free parameter of the theory that fixes our

gauge choice. The end result will be independent of gauge, but different calculations

are easier in different gauges. Two frequently used gauges are:

ξ → 0 Landau gauge

ξ → 1 Feynman gauge .

Since the Lagrangian is invariant under gauge transformation, this gauge fixing is

necessary to avoid integration over an infinite set of physically equivalent degrees
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of freedom. In Non-Abelian theories, this gives rise to a new problem: the gauge

bosons have non-physical time-like and longitudinal polarisation states which must

be cancelled. These are removed by the addition of one final term to our QCD

Lagrangian [43]:

LFP-Ghosts = c̄ a
(
−∂2δac − gs∂

µfabcAb
µ

)
cc , (1.2.24)

where the complex scalar fields c and c̄ known as Faddeev-Popov ghosts, are used

to cancel the extra degrees of freedom present in the gauge bosons. These non-

physical fields must be included for higher-order calculations unless one chooses an

appropriate gauge. Following this, we have our full QCD Lagrangian:

LQCD = LYang-Mills + LGauge-Fix + LFP-Ghosts . (1.2.25)

This contains our best description of the strong force, including the particle content

and also their interactions. It is from this that we can derive formulae which can be

compared against experiment.

1.2.3 The Θ Term and the Strong CP Problem

While the QCD Lagrangian presented in Equation (1.2.25) offers a comprehensive

description of the strong interactions, it is not entirely complete. An additional term,

known as the Θ term, can be incorporated without violating the renormalizability

of the theory:

LΘ = Θ g2
s

32π2F
a
µνF̃

a µν , (1.2.26)

where F̃ a µν = 1
2ϵ

µνρσF a
ρσ is its dual, and Θ is a dimensionless parameter.

The inclusion of the Θ term introduces CP (charge-parity) violation into the strong

interactions. Experimentally, however, such CP violation in QCD is highly con-

strained. For instance, the non-observation of the neutron electric dipole moment

imposes that Θ must be extremely small, Θ ≲ 10−10. This fine-tuning problem is

known as the strong CP problem.

Several theoretical solutions have been proposed to address the strong CP problem.
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The most prominent among them is the Peccei-Quinn mechanism [44], which intro-

duces a new global symmetry that dynamically relaxes Θ to zero. This mechanism

predicts the existence of a new pseudo-Nambu-Goldstone boson, the axion, which is

also a viable dark matter candidate.

In summary, while the Θ term is allowed by the symmetries of QCD, its physical

implications lead to significant theoretical challenges. The absence of observed CP

violation in strong interactions suggests that either Θ is incredibly small or that new

physics mechanisms, such as the Peccei-Quinn symmetry, are at play.

1.3 From Feynman rules to Cross-Sections

We have our theory of Quantum Chromodynamics, but without further manipulation

this does not tell us much. To verify our findings above, we look explicitly into the

interactions of particles in our QCD Lagrangian, Eq. (1.2.25) and make predictions

as to the resultant particles from collisions and their respective likelihood. We then

compare this to experimental results, such as those at the LHC1.

The number of scattering events per time N is related to the flux of incoming

particles, F = 4
√

(pa · pb)2 −mamb, by the cross-section, σ:

σ = N

F
. (1.3.1)

This effective area can be interpreted as a probability for a particular interaction to

occur, and in turn can be related to a transition amplitude between initial and final

states of definite momentum, the S-Matrix, S:

⟨f |S − 1|i⟩ ≡ ⟨f |iT |i⟩ = (2π)4δ4(pf − pi)iMfi , (1.3.2)

where we have used isolated the interacting part of the S-Matrix T, as S = 1 + iT .
1The experimental undertaking here is remarkably complex, and the LHC from accelerators to

detectors is a marvel of engineering. The complications arising from this are beyond the scope
of this text, but I implore the reader to not underestimate the sheer scale and ingenuity of the
experiments which provide the data compared to within this text
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This gives us our Lorentz invariant matrix element M. From that object, we are

able to calculate an event rate in the form of:

σ̂ =
∫ ∏

f

d3pf

(2π)3
1

2Ef

 |Mfi|2

2Ei1Ei2|νi1 − νi2|
(2π)4δ4(pf − pi) , (1.3.3)

where the ˆ signifies that this is a partonic cross-section, describing the rate of

interaction of the fundamental partons which we model within the Matrix Element.

We will see in Eq. (1.3.30) just how easily this can be utilised to then calculate

something which can be compared against the measurements from experiments. For

now, we consider the matrix elements themselves, which may be calculated through

the use of Feynman rules. The basic premise is that iM is equal to the sum of all

connected, amputated Feynman diagrams. By calling for diagrams to be connected

we do not calculate extra terms which only contribute a phase shift in the vacuum

energy which is not relevant to the quantity we wish to calculate. This is, in short,

because it excludes vacuum bubbles and ensures that all external lines are connected.

By ‘amputated’, we require that any loops attached to external legs also interact

with another part of the diagram and that the effect isn’t just localised to a single

leg of the diagram. We will discuss this concept more in depth later in Section

1.3.1.

Tables 1.2 and 1.3 show the correspondence between Feynman diagram elements in

QCD and their contribution to the overall diagram. There are further constraints

on these diagrams, and these follow:

• Dirac indices are contracted along Feynman lines

• Momentum must be conserved at each vertex

• Each loop contains an undetermined momenta pi, which must be integrated

over with d
4
pi

(2π)4

• There is a factor of −1 for each fermion or ghost loop within the diagram

• There is a relative factor of −1 for each odd permutation of fermions.
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• There is a symmetry factor which needs to be divided out in the case of identical

particles.

External fermion lines in Feynman diagrams correspond to the four component

spinors us(p) and vs(p) which are the positive (ψ(x) = us(p) e−ip·x) and negative

(ψ(x) = vs(p) e+ip·x) frequency solutions to the Dirac Eq. (1.2.3). This actually

heralded the prediction of anti-matter, by Dirac in 1928 (see Table 1.1).

These spinors satisfy the special property known as spin sums:

∑
s

us(p) ūs(p) = /p+m (1.3.4)∑
s

vs(p) v̄s(p) = /p−m, (1.3.5)

and can be represented themselves, by:

us(p) =


√
p · σ ξs

√
p · σ̄ ξs

 , vs(p) =


√
p · σ ηs

−
√
p · σ̄ ηs

 , s = 1, 2 , (1.3.6)

where ξs and ηs are bases of two component spinors. We can make the choice that

ξ1 = ( 1
0 ) and ξ2 = ( 0

1 ) represent spin-up and spin-down the z-axis respectively.

A particle’s spin is an intrinsic quantum number, which has many effects on the

calculations ahead. Not least, it leads to the concept of a particle’s helicity: the

projection of its spin along the direction of momentum. A particle travelling in

the same direction as its spin will have helicity +s and is said to be right-handed

and a particle travelling conversely to the direction of its spin will have helicity

−s, and said to be left-handed. The same choices for the other basis vectors, ηs,

lead to the opposite helicity assignment and left- and right-handed spinors instead.

The projection operators, PL and PR, allow us to project the left and right handed

components from a spinor:

u±(p) = PR
L
u(p) =

(
1± γ5

2

)
u(p) (1.3.7)

ν∓(p) = PR
L
v(p) =

(
1± γ5

2

)
v(p) , (1.3.8)

where γ5 is the fifth gamma matrix given by γ5 = −iγ0γ1γ2γ3. Interestingly enough,
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we find that in the massless limit, these spinors become equivalent:

u±(p) = v∓(p) . (1.3.9)

This allows us to use the compact spinor-helicity notation:

u±(p) = v∓(p) =
∣∣∣p±

〉
(1.3.10)

ū±(p) = v̄∓(p) =
〈
p±
∣∣∣ (1.3.11)

⟨pq⟩ = ⟨p−|q+⟩ (1.3.12)

[pq] = ⟨p+|q−⟩ . (1.3.13)

External gluons on the other hand, are represented by the polarisation vector

εµ(p), which, using spinor helicity formalism can be written as:

εµ
±(p, k) = ± 1√

2
⟨k∓|γµ|p∓⟩
⟨k∓p±⟩

. (1.3.14)

These obey the sum rule:

∑
λ=±1

ελ
µ

(
ελ

ν

)∗
= −gµν + pµqν + pνqν

p · q
, (1.3.15)

where λ is the helicity of the gluon and q is some reference vector.

A problem should be apparent at this point: if loops are allowed, there are an

infinite number of diagrams. Luckily the whole premise of Feynman diagrams is to

represent an order-by-order expansion in the strong coupling, αs, which means we

know exactly which diagrams we expect to be most significant and include those in

our predictions first. We can therefore make theoretical predictions based on a finite

number of diagrams and we can further improve the precision of these predictions

by including a higher number of diagrams.
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LO NLO

pa

pb

pa + pb

pa

pb

pa + k

pb − k

k

pa + pb

pa

pb

pb − pg

pg

pa + pb − pg

Figure 1.3: Feynman diagrams representing the increasing contributions in
FO contributions at increasing orders.

Indeed, the partonic cross-section can be treated as a perturbative expansion in

αs:

dσ̂ij =
∞∑

n=0

(
αs

2π

)n

dσ̂
(n)
ij

= dσ̂ij, LO +
(
αs

2π

)
dσ̂ij, NLO +

(
αs

2π

)2
dσ̂ij, NNLO + . . . , (1.3.16)

where the lowest order term is referred to as Leading Order (LO), and subsequent

terms are labelled Next-to-leading order (NLO) and Next-to-Next-to-leading order

(NNLO). Each successive term either adds an extra external particle into the diagram

or a loop, which unlocks new diagrams which can be drawn.

We begin by noticing that any higher-order corrections in the perturbative series

of the strong coupling constant is going to add an extra factor αs, the premise, as

stated before being that because the value of this is small, the series will converge

despite the numerous new possibilities of diagrams each new ‘order’ presents. For

each additional ‘N ’ new diagrams are possible, since each new term adds a particle

into the Feynman diagram representation of a process. There are two ways to add

a new particle: as an internal virtual line or as an external line. These break down

the two key components of higher-order corrections in Fixed Order QCD. If a new
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internal line is added, this is a virtual correction, and if a new external line is added

this is a real emission. These successive corrections can be seen in Fig. 1.3 for the

case of the production of a boson from a quark line.

If we consider these diagrams further, we encounter significant computational prob-

lems. Specifically, if we look at one of the NLO corrections contained in Fig. 1.3,

the one loop (virtual) correction to the quark-gluon vertex diagram we will see two

types of divergence. The unconstrained loop momenta needs to be integrated over,

and this integral can be expressed as:

Iloop =
∫ d4k

(2π)4
( /pa + /k)(−ieγµ)(/k − /pb)
k2(k + pa)2(k − pb)2 . (1.3.17)

If we consider the case in which the virtual particle is high energy and k2 ≫ p2 we

see that:

Iloop ∼
∫ ∞

0

d4k

(2π)4
k2

k6

∼
∫
dΩ3

∫ Λ

0

d|k|
(2π)4

|k|5

|k|6

∼ lim
Λ→∞

log(Λ) , (1.3.18)

where Λ is some ultraviolet cut-off we have introduced to regulate the divergence.

Notably, it is clear that the diagram diverges as we move this cut-off to infinity, and

so our integral does indeed diverge as k →∞, as this occurs at large momenta, the

divergence is termed an ultraviolet (UV) divergence.

Another divergence can be seen in the massless limit; however, an unphysical mass

parameter can be added, µ, to demonstrate this:

Iloop =
∫ ∞

0

d4k

(2π)4
( /pa + /k)(−ieγµ)(/k − /pb)

[k2 − µ2][(pa + k)2 − µ2][(k − pb)2 − µ2]
, (1.3.19)

which leads to terms of the form:

log2
(
−ŝ2

µ2

)
, (1.3.20)

where s is a mandelstam variable, ŝ = (pa + pb)2 for this process, which will be
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discussed in greater detail later in Section 2.1. This expression is termed a Sudakov

Logarithm, and we will discuss its significance later. This will clearly diverge in

the case of massless particles (µ→ 0). Whereas the UV divergence corresponds to

the high energy loop momenta, the divergence here corresponds to the case where

the momenta goes to zero. This type of divergence is known as an infrared (IR)

divergence. In the next few sections we will discuss the implications of and how to

approach the problems associated with these divergences.

1.3.1 Regularising UV Divergences in QFT

This perturbative description of QFTs naturally brings in discussion of higher-order

loop diagrams and virtual corrections. As we discussed above, these lead to diver-

gences since the momentum in the virtual particles is allowed to range to infinity.

To manage these high-energy divergences, we introduce a regularisation process,

which subsequently leads to the introduction of a ‘renormalisation’ scale, µr. Meas-

urable observables must be independent of this scale that is defined within the

Renormalisation Group Equations:

0 = µ2
r

d

dµ2
r

O
(

log q2

µ2
R

, αs(µ2
R)
)

(1.3.21)

=
[

∂

∂ log(q2/µ2
R)

+ β(αs)∂αs

]
O
(

log q2

µ2
R

, αs(µ2
R)
)
, (1.3.22)

where the beta function:

β(αs(µ2
R)) = µ2

R

∂αs(µ2
R)

∂µ2
R

, (1.3.23)

describes the rate of change of the renormalised coupling with respect to the renorm-

alisation scale, and αs = gs/4π is the strong coupling constant. The µr-dependence

is moved from the observables in the theory to the coupling, and also the particle

masses.

This running of the coupling is a fundamental property of QFT itself, and not an

artifact of numerical trickery. In fact, this can be modelled and even used to test
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the SM. Eq. (1.3.23) can be expanded perturbatively as a series in αs:

β(αs) = −β0αs(1 + β1αs + β2α
2
s + . . . ) , (1.3.24)

where βi are the perturbative coefficients of each term. For QCD, this β-function is

known to five-loops [45,46]. The leading order contribution, β0 is given by:

β0 = 11− 2nf

3 , (1.3.25)

which is positive for a small enough number of quarks, nf . If we truncate Eq. (1.3.24)

at leading order, we can solve Eq. (1.3.23) and we see that the coupling runs with

the following form:

αs(µ2
R) = g2

s(µ2
R)

4π = αs(µ2
0)

1 + αs(µ2
0) β0

4π
ln µ

2
R

µ
2
0

, (1.3.26)

where µ0 is some reference scale at which it may be measured.

In the SM, the sign of the beta function is negative and thus leads to the concept of

confinement at ‘low’ energies and also asymptotic freedom at ‘high’ energies, since

the coupling strength decreases with increasing energy scale. This differs from QED,

where β0 has a negative coefficient causing the coupling strength to grow with energy.

If we consider the weak interaction, we see that it also has a positive β0 value, but

that it is suppressed below the W±-Boson and Z-Boson mass thresholds and as such

the strong force dominates soft physics.

For µR = µ0 = O(0.2GeV) the strong coupling diverges, which physically manifests

in the observation of color confinement in which partons always group into color-

neutral hadrons. This also highlights the scale at which we expect the perturbative

predictions to break down. Indeed, as one approaches αs ∼ 1, other predictive

methods and models (such as Lattice QCD) must be used to predict the interactions

of particles.

Finally we note that physical observables will be independent of the choice of this

scale, since it is an artifact of our numerical dealings around divergences. Since
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we are not calculating the theory to all orders; instead, we truncate the series we

will end up with some residual dependence on this scale choice. Since physical

observables should not depend on the scale choice; any fluctuation in the values

of physical observables due to the scale choice used can be considered a decent

theoretical uncertainty. Further, if the variation in values obtained is reduced as

more terms in the perturbative series are calculated, we know that the underlying

perturbation theory is at least a theoretically sound approach.

1.3.2 IR Divergences and Dimensional Regularisation

The next type of divergence we have to deal with arises in several places within the

perturbative calculations: loop diagrams with arbitrarily small momenta; and real

emissions wherein the momenta of an external particle becomes too soft or collinear

with other external particles. These both are scenarios in which the momenta can

no longer be resolved, and as in the case of UV divergences, our instinct is to insert

a scale where we no longer think we are able to model the resultant physics. That

is, we separate the physics into long and short distance scales, into perturbative and

non-perturbative regimes. To showcase these two, separate problems, we use the real

emission depicted in Fig. 1.4. Following the Feynman rule for a quark propagator in

Table 1.2, we can describe the quark propagator with the following expression:

Pq ∼
/q + /k

(qµ + kµ)2

∼ /q + /k

2EqEk(1− cos(θqg)) , (1.3.27)

pa

pb

k

q + k q

|k| → 0

k ∥ q

(soft)

(collinear)

pa

pb

q + k

Figure 1.4: A real gluonic emission becoming unresolved in both the soft
and collinear limits
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where θqg is the angle between the gluon and quark’s trajectories, and Eq and Ek are

the energies of particles q and k respectively. It is clear at this point that the propag-

ator with diverge in two scenarios which we qualitatively described earlier:

1. Ek → 0, the soft limit,

2. θqg → 0, the collinear limit.

these limits, depicted in Fig. 1.4, make it clear that these divergences correspond

to a scenario in which experimentally the particles can no longer be resolved, and

theoretically the states become degenerate. The way this is resolved theoretically is

through the use of Jets. We will discuss the concept behind the third initial of HEJ

in Section 1.4. For now, it is enough to note that this same divergent problem occurs

within loops, and so we have IR divergences with the same origins in two different

sectors, and it turns out that these divergences cancel. Further, this has actually

been shown to be the case for QCD by Kinoshita [47], Lee and Nauenberg [48] for

all-orders, in what is known as the KLN Theorem. The only requirement is that the

calculation is sufficiently inclusive.

An inclusive calculation is one in which all diagrams, both real and virtual, are

summed over for a given order of αs. This means that we need to regulate the diver-

gences in both the real and virtual phase-space integrals. This is typically performed

by Dimensional Regularisation, in which we perform integrations in d = 4 + 2ϵ

dimensions and isolate the divergences in the limit ϵ→ 0. There are many complic-

ations in practice with this procedure mostly due to the fact that the divergences

we wish to cancel exist within integrations with dimensionally different phase-space

measures. Specifically, the virtual corrections exist within the N -body phase-space

and the real corrections, exist in N + 1-body phase-space.

This is of course theoretically challenging as well as being numerically very expensive.

The poles existing in different phase-spaces, and the most common methods of

dealing with this issue is through the intoduction of counter-terms. For example, at
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NLO:

σNLO =
∫
dΦN

[
Bn + Vn + In +

∫
dΦ1(Rn+1 − Cn+1)

]
, (1.3.28)

where Bn is the Born-level (in most cases, LO) contribution. The subtraction term

Cn+1 is the theoretically challenging part of this process, since it needs to have a finite

difference from Rn+1, while also being analytically integrable to calculate In:

∫
dΦN

(
In −

∫
dΦ1Cn+1

)
. (1.3.29)

This at first seems to be quite a problem; although methods for NLO [49] and

NNLO [50] have been developed and automated by now. This is, however, without

doubt computationally demanding. Aside from the vast extra phase-space which

has to be sampled the integrand which has to be resolved is suddenly significantly

more complicated. As such, although higher-order calculations are a sledgehammer

that will get better results, they become computationally prohibitive rapidly.

1.3.3 PDFs and Factorisation

There is one final problem with our approach thus far. Experimentally we cannot

collide colored particles at exact energies, since as discussed earlier, they are bound

together in color singlet states. Hence our initial states are hadronic; which inherently

means we will be dealing with non-perturbative effects. The spread of energies

of these hadronic states is negligible; however, we need to accurately model the

substructure. We therefore make a few assumptions about the constituent partons

inside of our incoming hadronic states:

1. they are massless

2. they move in parallel with their parent hadrons

3. they each have a different energy fraction, parameterised by the Bjorken-x and

the sum of these fractions equals unity.

Parton Distribution Functions (PDFs) are structure functions and can be seen as a

probabilistic distribution of the contents of any bound state. These depend on the
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Figure 1.5: The CT18NLO PDF set presented at two energy scales. Note
that the gluon curve has been reduced by a factor of 5. Plot
taken from [1]

energy scale of the scattering, since, as the energy scale is increased the interior of

the hadron modelled will be more precisely probed. The distributions are presented

as a function of the Bjorken-x momentum fraction, x, of any given parton within

it. Fig. 1.5 shows how there is a peak for the valence quarks of any given hadron

at quite a high momentum fraction but there is also a large number of ‘low-x’ sea

quarks and gluons, which need to be considered also. These are generally derived

from experimental data from Deep Inelastic Scattering (DIS) experiments and from

Lattice QCD results.

The problem with this approach to factorising the soft physics from the perturbat-

ive physics is that there is an inherent ambiguity when one considers initial state

radiation, since it could be considered a part of the PDF, or a part of the hard pro-

cess. To better define where an emission belongs, we insert a factorisation scale, µF ,

below which an emission is considered a part of the PDF and irrelevant for the hard

process, and above which it is an emission which forms a part of our hard process.

This expectation is supported by the factorisation theorem [51], which allows us to

systematically separate the long-distance, non-perturbative physics encapsulated in

the PDFs from the short-distance, perturbative hard scattering processes.

Luckily, this technique of factorising the process into different physics scales has

been shown to hold to all orders for many scattering processes [51], and is known as
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the factorisation theorem. Further, PDFs are universal [52,53] and as such we can

use data from previous collider experiments and from different processes to reduce

uncertainties further.

Using these objects, we can actually write down the total proton-proton cross-section

as a integral of the partonic cross-section which we detailed in Eq. (1.3.3) and the

PDFs of the associated incoming particles for which, we sum over all possibilities, in

the QCD factorisation formula:

dσ(Pa, Pb) =
∑
i, j

∫ 1

0
dxa

∫ 1

0
dxb fi/ha

(xa, µF ) fj/hb
(xb, µF ) dσ̂(xaPa, xbPb, µF , µR) ,

(1.3.30)

where i, j denote the partons within the incoming hadrons h1 and h2, xaPa and xbPb

are the rescaling of the incoming hadronic momenta Pa and Pb to give the incoming

partonic momenta, pa and pb. Finally, fi are the PDFs.

As with the renormalisation scale, this factorisation scale this leaves an imprint on

our predictions in the form of residual dependence which physically should not be

present. So the deep question remains, how do we choose our factorisation scale,

µF ? As with the renormalisation scale, observables should have no dependence on

the value of this scale; however, there are artifacts. When one estimates the error

due to the renormalisation scale it is standard practice to also vary the factorisation

scale. This is known as scale variation and is a helpful tool when parameterising

uncertainties to gain a quick understanding of the convergence of the perturbative

series.

The dependence of physical observables on the factorisation and renormalisation

scales is intrinsically linked to the truncation of the perturbative series. At leading

order (LO), both µF and µR dependence are large, reflecting the significant contri-

butions from higher-order terms that have not yet been included in. As we progress

to next-to-leading order (NLO), next-to-next-to-leading order (NNLO), and beyond,

the inclusion of additional loop corrections systematically cancels parts of the scale

dependence present at lower orders.
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Figure 1.6: The standard figure [2] which shows how the hard scattering
process (red) relates to all other parts of scatterings; parton
shower (blue), hadronization (light green), hadron decays (dark
green), underlying event (violet) and QED radiation (yellow)
which occur for typical proton-proton collisions at Hadron Col-
liders such as the LHC.
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1.4 Further Improvements

So far we have introduced the QCD Lagrangian and walked from there to the

methodology used to obtain a prediction for the rate of collisions at the LHC.

While the total cross-section is far from the only thing we wish to look at, specific

observables will be discussed later on when we cover the specific job which High

Energy Jets (HEJ) fulfils when improving the predictions we have discussed so far.

Consider the typical looking collision depicted in Fig. 1.6, we now have a route to

predict the collision between the dark green incoming hadrons all the way through

to the hard process depicted in red.

But this, clearly, is not the full story. We see experiments deviate from these

predictions, and even higher-order versions such as NLO all the time. In fact, if one

looks at inclusive 2-jet differential cross-sections, there is unwavering agreement for

a vast swathe of different distributions; however, if one looks in more granular detail,

at some exclusive distributions such as additional jets in vector boson production,

see e.g. [54] there are clear issues with this approach.

There are many, many improvements which can be made. Firstly, at an experiment

we have no hope measuring colored states at any detector, and instead we need

to detect hadronic outgoing particles. Our theoretical predictions are based on a

premise: the hard process occurs at very high energy and is partonic in nature. We

also know that at lower energy scales, these interacting partons must hadronise into

bound states, but the scales where both of these processes occur is at odds. In

an experiment we actually measure a cone-like structure of energy in the detectors.

This experimentally observable phenomenon is called a Jet. This needs to be a

theoretically sound as well as experimentally valid definition.

Theoretically there are many ways to define a Jet, but all amount to defining a region

around a hard parton for which all soft momenta are encapsulated, as well as a Jet

cut, a scale where any parton with a lower transverse momentum is not classified a

Jet. Notice that these two definitions naturally help us to avoid two major problems
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from the outset. First, by defining a region around a hard parton which constitutes

a Jet, we naturally avoid situations in which two Jets become collinear, since as

they get closer at some point a different Jet that encapsulates both hard partons is

formed. Secondly, by defining a low transverse momentum cut, we avoid particles

which are too soft within the prediction. In this way we remove both the collinear

and soft divergences by avoidance.

There are three commonly used algorithms used to define jets, all with an iterative

approach which slowly clusters particles into finalised jets. This is done with the

definition of a distance dij between objects i and j as follows [55]:

dij = min
(
k2p

t i , k
2p
t j

) ∆2
ij

R2 (1.4.1)

diB = k2p
t i , (1.4.2)

where ∆2
ij = (yi− yj)2 + (ϕi−ϕj)2 with yi and ϕi being rapidity and azimuthal angle

to be introduced in Section 2.1. The premise is that dij is calculated for various

objects relative to a Jet, until the smallest dij < diB, at which point the object

corresponding to the distance diB is labelled as a jet. For p = 1 one sees the kt

algorithm, p = 0 is a special case corresponding to the Cambridge/Aachen algorithm,

and p = −1 corresponds to the Anti-kt Algorithm, which favours clusterings that

involve hard particles rather than clusterings that involve soft particles [56]. We will

be using Anti-kt algorithm for the rest of this text and in all comparisons.

It is clear; however, that simply discarding particles that do not meet this criteria

means we are not getting the full picture. There are regions of phase-space that are

simply not being populated, which is a problem when our method of integration

requires full coverage. We need a way to transition between the hard process and

Jets, which are experimentally observable. This, traditionally comes in the form of

a parton shower which evolves the few, high energy, hard partons to multiple, softer

partons which hadronise and naturally form Jets.

Parton showers generally achieve this through the use of the DGLAP Splitting
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Kernels, which simply describe the likelihood of further emissions below some scale,

through Sudakov factors, the ‘no emission probability’ for any particular state, and

traversing a tree of probabilities to integrate over the very large phase-space of

possibilities. These Sudakov factors are not unrelated to the previously mentioned

Sudakov logarithms, and indeed this process actually includes the terms of the form

found in Equation (1.3.20) in a safe way.

So, aside from the clear physical benefits of evolving our model in this fashion,

towards the objects which we actually see in detectors, we also get the benefit of

including more terms in our model. Further, it is clear to see that in certain regions

of phase-space these Sudakov logarithms become very large, and actually spoil the

previously assumed perturbative series convergence built around the small strong

coupling constant αs. By noting the negative coefficient of the Mandelstam variable

ŝ inside of the logarithm, we notice that these will become very large for small values

of S, which occurs when the two momenta pi and pj which inform it either become

soft or collinear these logarithms diverge.

Including these logarithms improves our theoretical predictions, and, if done correctly

leads to a Leading Logarithmic (LL) accuracy prediction. It is very much worth saying

that there are many different logarithms which become very large and spoil the party

for fixed-order calculations across various regions of phase-space. In these approaches

to improving predictions by including logarithms to all-orders one typically has to

make some approximations, which hold very true in the regions of phase-space in

which they are designed, but do not hold up so well outside of those regions. Thus,

it is often prudent to perform a matching with a fixed-order calculation to ensure

the prediction is never worse than without the inclusion of these logarithms. We

will cover how this is achieved in greater detail in Section 2.3.4.

The remainder of this thesis will be devoted to the inclusion of one such logarithm

into predictions, and showing that it is indeed important for the description of many

different phase-space regions. This is the High Energy Logarithm, included by High

Energy Jets (HEJ) in its all-order predictions.
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Diagram Element Feynman Rule
External Lines

p
= us(p)

p
= ūs(p)

p
= ν̄s(p)

p
= vs(p)

p
= εµ(p)

p
= ε∗

µ(p)

Internal Lines

i j
p

= iδij(/p+m)
p

2−m
2+iϵ

a, µ b, ν
p

= −iδ
ab

p
2+iϵ

(
gµν − (1− ξ)pµpν

p
2

)
a b

p
= iδ

ab

p
2

Table 1.2: QCD Feynman rules: External and internal lines [11]
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Diagram Element Feynman Rule
Vertices

i

a, µ

j

= igsγ
µT a

ij

c

a, µ

bp

= −gsf
abcpµ

a, µ

b, ν

c, ρ

k p

q

gsf
abc[gµν(k − p)ρ+

= gνρ(p− q)µ+
gρµ(q − k)ν ]

a, µ

d, ρ

b, ν

c, σ

−ig2
s [fabef cde (gµσgνρ − gµρgνσ) +

= facef bde (gµνgσρ − gµρgσν) +
fadef bce (gµνgρσ − gµσgρν)]

Table 1.3: QCD Feynman rules: Vertices [11]
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Diagram Element Feynman Rule
External Lines

p
= ε(p)

p
= ε∗(p)

Internal Lines

µ ν
p

=
−i

(
gµν−

pµpν

m
2
W

)
p

2−m
2
W +iϵ

Vertices

qi

µ

qj

= −i gW

2
√

2γ
µ(1− γ5)Vji

l

µ

l

= −i gW

2
√

2γ
µ(1− γ5)

Table 1.4: Some W -boson Feynman rules [12]. Note there are other interac-
tions which are possible within the Electroweak sector, but none
which are useful for the discussions contained within this text



CHAPTER

TWO

HIGH ENERGY JETS

One characteristic property of the LHC is that the average multiplicity of events

at the collision sites is much higher than at previous colliders [56]. This is in part

due to large amounts of pile-up with each bunch crossing, but also the much higher

energy of collisions will open up new areas of phase-space in which hard emissions

are more likely.

Models which are applied to understand physics on a more fundamental level will

never be perfect, but it is clear that there is some tension between current theory and

the results from experiments. Even back as far as the 1.96 TeV Tevatron experiment

there were consistently a larger number of additional jets present in W -production

in association with dijets than expected from purely fixed-order computations [57],

at least at NLO. This discrepancy has only been further highlighted at the LHC

in multiple analyses showing higher numbers of additional jets in both large dijet

invariant mass and also large rapidity separation [58,59].

Throughout Chapter 1, we built up the necessary tools to be able to make basic

predictions for the hard process for collisions at the hadron colliders. We note that

this is a very good model for basic predictions, but there are very large uncertainties
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which exist due to the exclusion of higher-order terms and also areas of phase-

space which provide significant contributions. For this chapter we will present the

framework and methodology of High Energy Jets (HEJ), which aims to include one

such significant contribution in the High Energy Limit.

HEJ, is a Monte Carlo generator that aims to describe high multiplicity events at

the LHC by including this large logarithm into its predictions. We will discuss the

Monte Carlo method in Chapter 3 and some of its implications within the context of

High Energy Physics. HEJ provides perturbative predictions and maintains leading

logarithmic accuracy with its resummation of hard corrections to all orders [60] in the

High Energy Limit. This is possible due to the systematic inclusion of the solution to

and extension of the BFKL equation [61–64], which describes the tower of logarithms

from virtual corrections which we utilise sums to leading logarithmic accuracy (to

all orders). These hard corrections although αS-suppressed, are enhanced by phase-

space in large invariant mass scenarios. This means that at higher energy colliders,

such as the LHC the exclusive (n+1)-jet rate will be a significant component of

the inclusive n-jet rate. The inclusion of the multiple hard perturbative corrections

in this manner are in general an improvement on fixed-order and complementary

to parton shower formulations [3]. These all-order corrections in the large rapidity

separation can then be matched to (currently only) tree level accuracy to ensure at

least fixed-order accuracy.

2.1 Framing Discussions

We now introduce some tools which become useful in framing our discussions going

forward. We first note that it is clear that any scattering amplitude should be frame

independent both experimentally and theoretically. In mathematical formulation

this becomes clear as they depend only on covariant quantities such as masses

and products of momenta. If we start by considering a generic particle collision

experiment, there is a special geometry in which the axis of the incoming beams is
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uniquely defined. This is typically taken as the z-axis. Even in experiments where

the beams do not collide head-on1, it is possible to get into such a frame via Lorentz

boosts. Such a set-up allows for very simple descriptions to be made about the

system.

A coordinate system can easily be defined where there is a polar angle θ with respect

to the beam axis, and an azimuthal angle, ϕ around the beam axis. This coordinate

system, whilst intuitive is not particularly useful since it is frame-dependent and

not Lorentz invariant. Fortunately we can define the rapidity of a particle as the

following:

y = 1
2 log p

+

p− , (2.1.1)

where p± represents the light-cone momenta, given by:

p± = E ± pz . (2.1.2)

The rapidity of a particle is a particularly useful quantity, since it transforms nicely

for boosts along the z-axis:

y′ = y − γ , (2.1.3)

this linear translational property implies that any differences in rapidity between

particles is a Lorentz invariant construct (at least for longitudinal boosts). At this

point, we can then parameterise four-momentum as follows:

p = (p+, p−; p⃗⊥) (2.1.4)

= (m⊥e
y,m⊥e

−y; p⃗⊥) , (2.1.5)

where the transverse mass is defined as:

m⊥ =
√
m2 + p2

⊥ , (2.1.6)

which is invariant under longitudinal boosts. We can go further than this, and define

a set of kinematic variables which can be useful in our calculations going forward
1such as BaBar
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for particular processes. If we consider a basic 2→ 2 scattering process, (a b → 1 2)

as depicted in Fig. 2.1. There are six possible scalar products of momenta, three of

which are distinct:

ŝ = (pa + pb)2 = (p1 + p2)2 −→ 4E2 (2.1.7)

t̂ = (pa − p1)2 = (pb − p2)2 −→ 2E2(1− cos(θ)) (2.1.8)

û = (pa − p2)2 = (pb − p1)2 −→ 2E2(1 + cos(θ)) , (2.1.9)

where ŝ, t̂ and û are the Lorentz invariant Mandelstam Variables, and the last

equivalence in each line is only reached in the centre-of-mass frame. We note here,

that as with Eq. (1.3.3), the hat signifies that this is a partonic quantity, there is a

another quantity, which specifies the beam centre of mass energy, s, which is related

by: ŝ = xaxbs. We have already seen one Mandelstam variable in Eq. (1.3.20).

Although there are three of these in a (2→ 2) scattering process, there are only two

linearly independent variables, since they are constrained by:

s+ t+ u =
∑

i

p2
i = m2

a +m2
b +m2

1 +m2
2 . (2.1.10)

We can go further than this, and generalise this concept of Lorentz invariant scalar

products of momenta for (2→ n) scattering processes, and define:

sij = (pi + pj)2 (2.1.11)

tij = (pi − pj)2 . (2.1.12)

As before, these invariants are not all independent; for (2→ n) scattering there are

only 3n− 4 independent invariants.
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2.2 The High Energy Limit

Here we will try to uncover the behaviour of multi-jet cross sections in the limit of

large invariant mass. By large, what we require is that it is the largest relative scale

within the process such that, for a (2→ 2), process we have:

ŝ≫ t̂ . (2.2.1)

This is known as the Regge limit. Within this limit there are several interesting and

useful equations which one can construct. If we consider the momenta which will

be present in this scattering in the form parameterised as in Equation (2.1.4) we

see:

pa = (xa

√
s, 0; 0⃗) (2.2.2)

pb = (0, xb

√
s; 0⃗) (2.2.3)

p1 = (|⃗k⊥|ey1 , |⃗k⊥|e−y1 ; k⃗⊥) (2.2.4)

p2 = (|⃗k⊥|ey2 , |⃗k⊥|e−y2 ; −k⃗⊥) , (2.2.5)

because we set up these parameterisations in a Lorentz invariant way, we can now

boost into a frame in which xa = xb as well as y1 = −y2 = ∆y
2 . In this frame we get

that the mandelstam variables are given by:

ŝ = 2|⃗k⊥|2(cosh ∆y + 1) (2.2.6)

t̂ = −
√
ŝ|⃗k⊥|e−∆y/2 . (2.2.7)

If we take the limit of large rapidity separation, ∆y →∞, we see that:

ŝ = k2
⊥e

∆y ,

t̂ = −k2
⊥ ,

∆y = log
(
ŝ

|t̂|

)
, (2.2.8)

so we see that large rapidity separation naturally gives us the Regge limit ŝ≫ t̂ in

(2→ 2) scattering. We can expand this concept to (2→ n) scattering quite easily.



38 Chapter 2. High Energy Jets

This corresponds to the Multi-Regge-Kinematic (MRK) limit, which calls for strict

rapidity ordering and a large rapidity separation between all final state particles

which should all have equal transverse momenta:

y1 ≫ y2 ≫ · · · ≫ yi ≫ · · · ≫ yn |⃗ki ⊥| ≈ k⊥ . (2.2.9)

In this limit we get Mandelstam variables given by: [60]

ŝ ∼ k1 ⊥kn ⊥e
y1−yn (2.2.10)

ŝij ∼ ki ⊥kj ⊥e
|yi−yj | (2.2.11)

t̂ij ∼ −ki ⊥kj ⊥e
|yi−yj | , (2.2.12)

we note further that this is equivalent to:

ŝ≫ ŝij ∼ |t̂ij| ≫ k2
i ⊥ , (2.2.13)

such that we see that the centre-of-mass energy is the largest energy scale to be

considered. If we define:

q1 = pa − p1, qi+1 = qi − pi ti = q2
i , (2.2.14)

we find that ti ∼ −k2
i ⊥, and therefore:

∆yij ≡ |yi − yj| ∼ log
(
ŝij

|t̂i|

)
. (2.2.15)

Now we understand the kinematics involved, we are able to calculate the Matrix

Element for (2 → 2) scattering for all types of particles scattering. We note here,

as we will see shortly, that only the t-channel diagrams are significant in the MRK

limit and as such we will only include their contribution.

Further, we omit overall color factors in order to expose the kinematic structure

relevant for the MRK discussion. In the MRK limit the color algebra factorises from

the kinematics, so the leading behaviour and the rapidity dependence are unchanged

by color [3]. Including them here would add clutter without altering our conclusions

about t-channel dominance in the MRK limit.
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pa

pb

p1

p2

√
s

a)

pa

pb

p1

p2

√
t

b)

pa

pb

p1

p2

√
u

c)

Figure 2.1: Feynman diagrams for two-to-two gluon scattering process, il-
lustrating the s-channel (a), t-channel (b), and u-channel (c)
contributions

From here, we can easily derive [3]:

|MqQ→qQ|2 = |Mqq̄
′→qq̄

′|2 = 16π2α2
s

[
4
9
ŝ2 + û2

t̂2

]
(2.2.16)

|Mqq̄→qq̄|2 = 16π2α2
s

[
4
9

(
ŝ2 + û2

t̂2
+ t̂2 + û2

û2

)
− 8

27
û2

t̂ŝ

]
(2.2.17)

|Mqq→qq|2 = 16π2α2
s

[
4
9

(
ŝ2 + û2

t̂2
+ ŝ2 + t̂2

û2

)
− 8

27
ŝ2

t̂û

]
(2.2.18)

|Mqg→qg|2 = 16π2α2
s

[
ŝ2 + û2

t̂2
− 4

9
ŝ2 + û2

ŝu

]
(2.2.19)

|Mgg→gg|2 = 16π2α2
s

[
9
2

(
3− t̂û

ŝ2 −
ŝû

t̂2
− t̂ŝ

û2

)]
. (2.2.20)

In the MRK limit, (ŝ≫ t̂), in which ŝ = −û, these become:

|Mgg→gg|2 = 16π2α2
s

9
2
ŝ2

t̂2
(2.2.21)

|Mqg→qg|2 =
(
CF

CA

)
|Mgg→gg|2 (2.2.22)

|MqQ→qQ|2 = |Mqq→qq|2 = |Mqq̄→qq̄|2 =
(
CF

CA

)2

|Mgg→gg|2 , (2.2.23)

where CF = 4
3 and CA = 3. Note then, that all channels are related very simply

in the MRK limit, with the only substitution necessary being a change in color

factors due to the different interacting particles. Note in particular, that it is simply

necessary to multiply by a factor of CF

CA
for every gluon which is swapped for a quark

or anti-quark. We will see in Section 2.3.2 that this can be improved much further,

and a statement relating these different channels is possible even away from the

MRK limit.
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2.2.1 Regge Theory and the MRK Limit

We have seen that we can describe easily scattering of 2 → 2 processes in the

Regge limit, and we have the kinematic variables needed to clearly calculate the

corresponding 2→ n processes. At this point it would be wise to delve a little into

Regge theory, the predictions of which surprisingly hold to be true in fully fledged

QCD decades after their proposal. In particular, it predicts in the High Energy

Limit the scattering amplitude of a process will scale as the Mandelstam variable ŝ

raised to the power of the spin of the exchange particle in the t-channel, α:

MRegge ∼ ŝα . (2.2.24)

This, and many more interesting propositions in Regge theory are contained within

various texts [65]. A full discussion of this theory and its implications is well

beyond the scope of this text, but we will conclude the above expression can be

generalised to a ‘chain’ of exchanged particles in a t-channel configuration, for which

the corresponding Matrix Element will scale as:

MMRK ∼ ŝ
α1
12 ŝ

α2
23 . . . ŝ

αn−1
n−1 n , (2.2.25)

where αi is the spin of the ith t-channel exchange particle. This, to the reader should

signal that the dominant diagrams in any particular scattering amplitude will be

through gluon (also referred to as color octet) exchange. We take this moment to

note that this has several important ramifications going forward.

Firstly, this defines very nicely for us the kinematics of the dominant contributions

in the MRK limit: along with the strict rapidity ordering and separation of final

state particles, it will also be necessary that any particles which are ‘central’1 will

be gluons. The external particles will be the same flavor as their corresponding

incoming types (except in the case of W -boson emission, as we will discuss later).

This configuration was first noted by Fadin, Kuraev and Lipatov [61] to be the

1that is not external in rapidity
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Figure 2.2: A Schematic representation of an example 2→ n gluon scatter-
ing amplitude in the MRK limit

dominant contribution in the MRK limit and are called FKL Amplitudes. These are

depicted schematically in Fig. 2.7.

Secondly, if the FKL contributions dominate, we gain an insight into what might

be the subleading contributions. That is, configurations which lead to one of the

t-channel exchanges being performed by a spin−1
2 particle (either a quark or an

anti-quark) will lead to a suppressed contribution. The power which lies in this

prediction is not just that we know what contributions this corresponds to, but also

the level of suppression we expect in comparison to the dominant FKL amplitudes.

We will discuss these subleading contributions much further in Chapter 4.

2.3 HEJ Framework

Within HEJ, our goal is to include hard radiative corrections which, while αs sup-

pressed in comparison to other contributions at any particular order of perturbation

theory, they are also enhanced by large logarithms in the large invariant mass limit.

To include these large logarithmic corrections, HEJ models the Matrix Elements for

the hard scattering process using the FKL amplitudes described above, and includes

both real emissions, via effective Lipatov Vertices and virtual corrections through
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the use of the Lipatov ansatz. We begin with a brief discussion motivating the use

of HEJ.

2.3.1 Motivation for HEJ

Our motivation for seeking a new approach is due to a major problem with the

approach taken in FKL formalism within the MRK limit, and that is apparent

if one considers the 2 → 2 process qQ → qQ. The whole result was given by

Eq. (2.2.16) and reduces to Eq. (2.2.23) in the MRK limit. The problem is illustrated

by considering the Mandelstam variables in the MRK limit actually behave as:

t̂→ −k2
⊥ and ŝ ≈ −û→∞, and as such in the FKL formalism:

|MFKL, MRK
qQ→qQ |2 = g4

s

8
9

ŝ2

(k2
⊥)2 . (2.3.1)

This is problematic, since for the relevant phase-space of the LHC, t̂ and −k2
⊥ differ by

at least an order of magnitude and the relation ŝ ≈ −û is dubious at best [66].

We can further demonstrate this issue as in [3] by considering three different scat-

tering processes, for 2→ 2, 3, 4 parton scattering evaluated at the MRK limit and

compared to the leading-order tree level matrix elements. If we consider a slice of

phase-space for each of these with fixed transverse momenta (k⊥i, and rapidities and

azimuthal angles in each respective case as:

1. y1 = −y2 = ∆; ϕ1 = 0; ϕ2 = π ,

2. y1 = −y3 = ∆; y2 = 0; ϕ1 = 0; ϕ2 = −ϕ3 = 2π
3 ,

3. y1 = −y4 = ∆; y2 = −y3 = ∆
3 ; ϕ1 = 0; ϕ2 = −ϕ3 = π

2 ; ϕ4 = π ,

such that ∆ is a simple parameterisation of half of the rapidity separation between

the extremal partons in the scattering process. The matrix elements generated by

a fixed-order generator are evaluated at different phase-space points on the slice of

phase-space in which ∆ is incrementally increased are then divided by a flux factor.

The results are plotted in Fig. 2.3 we see the problems with just using the MRK

result manifest. The MRK limit in all cases is independent of ∆ and corresponds to
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Figure 2.3: The leading-order matrix element squared multiplied by a phase-
space factor and a factor of CF

CA
for each of the quarks in the

final state is shown for of various different scattering processes.
These matrix elements are plotted against a parameter ∆, which
is half of the rapidity separation between the extremal partons
in the final state. The MRK limit is shown as a flat line on all
plots, and it is seen as the rapidity span is opened, this limit
is reached by the fixed-order matrix elements. Plots reproduced
from [3]
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Figure 2.4: The average number of jets in inclusive W plus dijet production
from Tevatron at a centre-of-mass energy

√
s = 1.96 TeV as

a function of the rapidity separation between two hardest jets,
∆y(j1, j2) (left), and rapidity separation between the most for-
ward and backward jets, ∆y(jf , jb)) (right). [4]

the flat line in the figure. The leading-order matrix elements approach this value in

the MRK limit, but this is as expected at large rapidity separation (between 6 and

16 units of rapidity depending on the process). Unfortunately, at the LHC the main

detectors have a pseudorapidity1 coverage significantly lower than this required value

for the MRK limit. Specifically, |η| ≤ 3.0 for the CMS detector [67] and |η| ≤ 4.9

for the ATLAS detector [68]. As such, it is clear that for much of the phase-space

of the LHC, the MRK result is not valid.

This might seem to be a bad sign for the calculation we are attempting within HEJ,

since it means that where its approximation is most valid is a very slim area of phase-

space. However, as we have alluded, and will demonstrate here that large logarithms

play a significant role when these terms are added, and as such the inclusion of such

terms which HEJ calculates is necessary to achieve leading2 logarithmic accuracy in
1The pseudorapidity, η is strictly equivalent to the rapidity (see Eq. (2.1.1)) for massless particles,

and is defined as η = − ln(tan θ)
2and, looking to the future, Next-To-Leading
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Figure 2.5: Differential cross-section with respect to the invariant mass
between the two hardest jets, ∆m12 in inclusive W plus dijet
production at the ATLAS detector with a center-of-mass energy
of
√
s = 7 TeV Plot reproduced from [5]

the high energy logarithms. An all-order approach such as this is unnecessary for

sufficiently inclusive processes; however, for a more exclusive analysis it becomes

necessary to consider these large logarithms.

For example, if one considers a jet veto in a rapidity span such as in a VBF Higgs

production analysis [69], where the major QCD background from gluon fusion pro-

duction is largely removed. To fully understand these vetoes, it is necessary to have

a good description of the exclusive quantities such as the average number of hard

jets in a particular rapidity interval for which the all-order approach of HEJ will

be necessary. We note that there is no other alternative to systematically include

these logarithms, since the traditional resummation achieved by parton showers are

known to not describe the physics of hard jets [70]. This is due to the fact that

rather than resumming high energy logarithms like HEJ, Standard parton showers

resum soft/collinear (DGLAP) logarithms under strong kT or angular ordering and

leading color, so the extra jets they generate are typically soft/collinear; they are
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not systematically accurate for multiple well-separated, high-pT jets.

To drive this home and finalise our motivation, we will look at a couple of analyses

performed by the D0 and ATLAS collaborations respectively. In Fig. 2.4 we see the

HEJ predictions for average number of jets compared to the data collected at the

Tevatron collider at
√
s = 1.96TeV. In the analysis presented in [4] many predictions

were made with parton showers matched to LO (PYTHIA and HERWIG), a parton

shower matched to NLO, (BLACKHAT + SHERPA) and HEJ. Specifically we have the

average number of jets as a function of the rapidity separation between two hardest

jets, ∆(y1, y2) and the most forward and backward jets ∆(yf , yb).

On the left, we see that the average number of jets is independent of the rapidity

separation between the two hardest jets, and on the right, we see that there is a

linear correlation between the rapidity separation between the extremal jets and

the average number of jets. Notably, HEJ provides a good description of data where

attempts matched with parton showers fall short and predict fewer jets than data

would suggest.

In Fig. 2.5 we have the differential cross-section with respect to the invariant mass

between two hardest jets, ∆m12, at a centre-of-mass energy of
√
s = 7TeV, as

presented in [5]. This compares the predictions of various parton shower merging

methods as well as predictions from HEJ. In the limit of large ∆m12 the logarithms

included by HEJ are significant; hence, the predictions by HEJ in this scenario give

the best description of this variable.

These analyses present very simply two important points. Firstly, that the predictions

produced by HEJ include important phase-space enhanced terms in sufficiently high

dijet invariant masses and large rapidity separations, which are not predicted well

within other prescriptions. Further, it is clear that one does not have to access MRK

limit phase-space for these components to become significant, with effects even being

seen at the (relatively) small centre-of-mass energy of
√
s = 1.96TeV.

Before delving into the corrections to the HEJ amplitude and their benefits, we first
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consider the construction of the HEJ amplitude and the necessary approximations for

the later inclusion of these corrections. We shall see that the HEJ framework leads

to the correct limit of N -jet amplitudes but also goes beyond the FKL formalism’s

description of the leading logarithmic accuracy [66].

2.3.2 HEJ Amplitudes

We want to improve the basic fixed-order prediction, but we also want to improve on

the MRK limit predictions for these corrections which are phase-space enhanced. So,

if we want to improve this approximation from the BFKL formalism, we need to look

in a little more detail at the scattering process, and evaluate all terms in Equation

(2.2.16) separately and include all of their effects rather than homogenising them as

would be done (and valid in) the MRK limit.

We use spinor helicity notation for the quark currents where we have j− µ
a1 = ū−

1 γ
µu−

a

is written as ⟨1|µ|a⟩ we can write the amplitude in the color- and coupling-stripped

form:

M
q

−
Q

−→q
−

Q
− = ⟨1|µ|a⟩g

µν

t̂
⟨2|ν|b⟩ . (2.3.2)

If we go further we can define a spinor string, the contraction of these two currents,

as:

S
hahb→h1h2
qQ→qQ = ⟨1 h1|µ|a ha⟩gµν⟨2 h2|ν|b hb⟩ , (2.3.3)

and we denote the sum of helicities over the square of this by the more compact

notation:

||SqQ→qQ||2 =
∑

ha,h1,hb,h2

|Shahb→h1h2
qQ→qQ |2 , (2.3.4)

and therefore we can write the full color and helicity summed matrix element for

this process as:

|M̄qQ→qQ|2 = 16π2α2
sC

2
F

4(N2
C − 1)

||SqQ→qQ||2

t̂2
. (2.3.5)

We have noted in Section 2.2 that there is a simple relation in the MRK limit which

allows one to translate between the results of different channels of 2→ 2 scattering

processes by a simple factor of CF

CA
for each quark swapped to a gluon involved in



48 Chapter 2. High Energy Jets

the process. However, it is clear that under the treatment above, it is possible to

expose the true power of the HEJ formalism at this point, and that is that one can

write the qg → qg scattering process in the following form [60]:

M
q

−
g

+→q
−

g
+ = −i4π2αs

p∗
2 ⊥

|p2 ⊥|

t2eat
b
1e

√√√√p−
b

p−
2
− tbeat

2
1e

√√√√p−
2

p−
b

 S−+→−+
qg→qg

t̂
, (2.3.6)

this leads to the very surprising result that the color-summed and averaged matrix

element for this process can be written as:

|M̄
q

−
g

+→q
−

g
+|2 = 16π2α2

sCF

4(N2
C − 1)

(
C̃A

CF

)
||S−+→−+

qg→qg ||2

t̂2
, (2.3.7)

where we have utilised the momentum-dependent color factor, C̃A, termed a color

acceleration multiplier (CAM) factor, given by:

C̃A = 1
2

(
CA −

1
CA

)(
p−

b

p−
2

+ p−
2

p−
b

)
, (2.3.8)

where it is then clear that in the limit p−
2 ∼ p−

b , C̃A → CA, and thus we recover

our factor previously stated factor in the MRK limit in Eq. (2.2.22). Eq. (2.3.8)

expresses how the strength of the current increases with increasing acceleration of

the scattering gluon. Motivation and derivation of this can be found in [60]. There

is a similar factor corresponding to quark/gluon swapping in the forwards direction,

which is given in the cited text, and can be found in alternate forms in [66]. From this

point forward, these CAM factors are used in replacement of CA where appropriate

to better describe the color factors in the cases of different channels for the same

diagrams. Note that this swap is an exact result, valid for all approximations within

HEJ, which is a significant finding.

So far we have still assumed non-identical quarks in the initial state, aside from

swapping a quark for a gluon through use of this effective color factor. For the case

of swapping the non-identical quarks for gluons it is necessary to divide by an extra

symmetry factor of 2.

To consider the impact of swapping our quarks for anti-quarks we begin by noting
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the following relations:

PLν(p) = ν+(p) = |p−⟩ (2.3.9)

⟨i−|µ|j−⟩ = ⟨j+|µ|i+⟩ . (2.3.10)

As such, we know that if we replace quarks with anti-quarks on a simple extremal

current in HEJ, we only need to replace:

⟨2±|µ|b±⟩ → ⟨2∓|µ|b∓⟩ , (2.3.11)

which in the HEJ formalism is inconsequential, since we perform a sum over helicities

and as such the end result of the total summed matrix element squared is unchanged.

As such, we can swap between any channel of the same process effortlessly.

It must be stressed, that the main power of this result is not the simple relation

between different channels, but it lies within the form. There is an explicit t-channel

factorisation and there is no pole in the s- or u-channels. This, remarkably, is

true for all helicity assignments for which the gluon does not flip helicity under the

scattering. It is notable to mention at this point that any amplitude corresponding

to a scattering under which the gluon flips helicity is suppressed by a factor of ŝ. In

fact, s and u channel poles only exist for scatterings in which the quark and incoming

gluon have the same helicity assignment, and the gluon helicity is flipped [66].

It is apparent then, that the quark scattering calculation we performed above, all

contributions from qQ → qQ and the dominant contributions from qg → qg and

even half of the contributions for gg → gg can be described in full by only varying

color factors. If we continue down this train of thought, and consider gg → gg

scattering, one sees once again this t-channel factorisation in scatterings in which

the gluons have opposite helicities [66]. This is an important result, and will lead

into the systematic improvements made within HEJ. These systematic improvements
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enable the inclusion of higher-order corrections within the perturbative series which

are enhanced by large logarithms in the high energy limit. These are hard, radiative

corrections accompanied by virtual corrections to all orders. We will begin with a

discussion on the addition of real corrections within the HEJ formalism.

2.3.3 Real Emission Corrections

We discussed in Section 2.2.1 that the configuration of the dominant amplitudes is

such that any quarks in the final state are the extremal particles in rapidity. Thus,

any single real emission will be the radiation of a gluon within the rapidity span

between the two external legs, since any quark production must also have an anti-

quark pair and will therefore be two extra particles, and lead to a t-channel quark

propagator and thus a suppression, according to Regge theory, of ŝqq̄.

For (2→ n) scattering we can use some results from multi-Regge theory. We know

that in the MRK limit for every gluon emitted after the first two, there is an extra

factor which is just the MRK limit of the Lipatov vertices [7]:

4g2
sCA

k2
i⊥

. (2.3.12)

For example, the MRK limit of the color and spin summed and averaged matrix

element for gg → gg is

¯∣∣∣MMRK
gg→gg

∣∣∣2 → 4ŝ2(
N2

c − 1
) g2

sCA

k2
1⊥

g2
sCA

k2
2⊥

. (2.3.13)

Further, the MRK limit for the gg → ggg process is:

¯∣∣∣MMRK
gg→ggg

∣∣∣2 → 4g2
sCA

k2
i⊥

¯∣∣∣MMRK
gg→gg

∣∣∣2 = 4ŝ2(
N2

c − 1
) g2

sCA

k2
1⊥

4g2
sCA

k2
2⊥

g2
sCA

k2
3⊥

. (2.3.14)

This is a nice result, but it is only valid in the MRK limit, which as we have already

discussed is an ambitious target area of phase-space for the LHC to reach. This is an

encouraging development; however, since it suggests that it is possible to factorise

the addition of an extra gluon to the process into a simple factor, allowing us to

simply state these phase-space enhanced emissions.
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Instead, let us build a more flexible description of these emissions and check we

get this result in the correct limit. We begin with the emission of a gluon from qQ

scattering, and build a description of qQ → qgQ. We immediately note that the

extra gluon is constrained to be within the rapidity span of the two final state quarks,

but that it could be emitted from any leg of the born level qQ → qQ scattering

diagram. This is indicated in Fig. 2.6.

As one would expect, the addition of an extra particle into the diagram leads to one

needing to consider many more diagrams (or, terms in the perturbative series) to

form the final result. However, we can distil all of these extra diagrams into one and

include this real emission in the form of an effective Lipatov Vertex [3]. Note, that

this means we can calculate the dominant higher-order real emissions in this area of

phase-space very efficiently and accurately, since we are not only selective1 in the

terms we include, but also we calculate many at the same time.

Now, let us construct this effective vertex by calculating the impact of each of

the diagrams from which it is composed; for the extra emission from the t-channel

propagator we get a contribution [3]:

Ag = −Cgg
3
s

t1t2
ū(p1)γµu(pA) ū(p3)γνu(pB) ∗

ε∗
ρ ((q1 + q2)ρgµν + (p2 − q2)µgνρ − (q1 + p2)νgµρ) ,

(2.3.15)

where Cg = Tw
a1aA

fwi2vT v
a3aB

. This is depicted in Fig. 2.6b. If we consider the MRK

Limit we have the relations q1 = p3 − pB + p2 and q2 = pA − p1 − p2 and as such

Eq. (2.3.15) can be rewritten as:

AMRK
g = −2g3

s ŝ

t1t2
ε∗

ρ

(
−2pρ

A

s2B

ŝ
+ 2pρ

B

s2A

ŝ
+ (q1 + q2)ρ

)
. (2.3.16)

Next we consider the contributions where the gluon is emitted from any of the

external quark legs as in Fig. 2.6a.

The eikonal approximation simplifies calculations in the high-energy limit by assum-

ing that the momentum of the emitted gluon is small compared to the momenta of
1Justifiably
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the external particles. This results in a factorization of the scattering amplitude,

where gluon emissions from external legs are proportional to their momenta divided

by the eikonal denominator pi · p2 [3]. This approximation captures the dominant

behavior of soft and collinear emissions. Additionally, it highlights the coherent

nature of gluon radiation, where interference effects between emission sources are

governed by the color structure and contribute to the overall amplitude.

We note here that we are using the Eikonal approximation, which, in this context

enables the decomposition of the gluon emission contributions in Eq. (2.3.17) into a

sum over individual sources, each weighted by its respective color factor, Ci. This

simplifies the treatment of the MRK limit. The four diagrams corresponding to this

contribution sum up to yield [3]:

Aq = AqQ→qQ × (igs) ε∗
ρ

(
C1

pρ
1

p1 · p2
− CA

pρ
A

pA · p2
+ C3

pρ
3

p3 · p2
− CB

pρ
B

pB · p2

)
, (2.3.17)

where Ci are the relevant color factors for each interaction:

C1 = T
i2
a1bT

w
baA
Tw

a3aB
, (2.3.18)

CA = Tw
a1bT

i2
baA
Tw

a3aB
, (2.3.19)

C3 = Tw
a1aA

T
i2
a3bT

w
baB

, (2.3.20)

CB = Tw
a1aA

Tw
a3bT

i2
baB

. (2.3.21)
We are performing this calculation, and then imposing the MRK limit, and thus:

pA → p1, pB → p3 and AqQ→qQ = SqQ→qQ/t, so

AMRK
q → SqQ→qQ

q2
1q

2
2

(−ig3
s) ε∗

ρ

(
(C1 − CA) q2

1
pρ

A

pA · p2
+ (C3 − CB) q2

2
pρ

B

pB · p2

)
.

(2.3.22)

We note of course that (C1 − CA) = iCg and (C3 − CB) = −iCg therefore, we have

the same color factor for all 5 contributing diagrams (despite the complexity). This

similar color factor allows us to sum Eqs. (2.3.16) and (2.3.22) and arrive at the

following result [3]:

AMRK
qQ→qgQ = AMRK

g +AMRK
q = g3

s Cg ε
∗
ρ

SqQ→qQ

q2
1q

2
2

V ρ(q1, q2) , (2.3.23)
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Figure 2.6: This Figure illustrates how the Lipatov Vertex contains within
it contributions from all possible gluon emission sites.

where

V ρ(qi, qi+1) =− (qi + qi+1)ρ

+ pρ
a

2

(
q2

i

pi+1 · pa

+ pi+1 · pb

pa · pb

+ pi+1 · p3

pa · p3

)
+ pa ↔ pi

− pρ
b

2

(
q2

i+1

pi+1 · pb

+ pi+1 · pa

pb · pa

+ pi+1 · pi

pb · pi

)
− pb ↔ pn .

(2.3.24)

is an effective vertex referred to as a Lipatov Vertex which is represented by a grey

square vertex in Fig. 2.6c corresponding to the amplitude in Eq. (2.3.23). In Fig. 2.6,

we follow the process laid out above. We can see then, that the process of an extra

gluon emission in the MRK Limit can be treated as the emission of a gluon from an

effective Lipatov vertex established in the t-channel gluon propagator. We can then,

write a general form for the process qQ → qg . . . gQ with n − 2 final state gluons

where the quarks are extremal in rapidity as:

|M̄qQ→qg...gQ|2 = 1
4
(
N2

C − 1
) ||SqQ→qQ||2

·
(
g2

sCF

1
t̂1

)
·
(
g2

sCF

1
t̂n−1

)
(2.3.25)

·
n−2∏
i=1

(
−g2

sCA

t̂it̂i+1
V µ (qi, qi+1)Vµ (qi, qi+1)

)
.

To generalize this further, we apply the Color Acceleration Multiplier (CAM) factors

from Eq. (2.3.8), extending the expression to all incoming particle types. This repres-

entation concludes the possible real emissions in Fadin-Kuraev-Lipatov (FKL) amp-

litudes. However, these real emissions include an infrared divergence, as discussed in
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Section 1.3.2, which must be canceled by the corresponding virtual corrections.

In HEJ, these cancellations are incorporated through the Lipatov Ansatz, a crucial

element of the formalism that embeds the high-energy behavior of QCD into the

amplitude. The Lipatov Ansatz originates from the BFKL formalism [3, 71, 72],

which resums logarithmic corrections proportional to αs ln(s). It assumes a modi-

fication of propagators in the t-channel to account for the resummation of gluon

exchanges:
1
ti
→ 1

ti
exp[α̂(qi)(yi−1 − yi)] , (2.3.26)

where

α̂ = −g2CA

Γ(1− ε)
(4π)2+ε

2
ε

(
q2

µ2

)ε

, (2.3.27)

is the Regge Trajectory [3] encapsulating the all-order corrections from gluon ex-

changes between scattering particles. This Ansatz allows for the consistent inclusion

of higher-order corrections, bridging the gap between fixed-order calculations and

all-order resummations, as required by the HEJ framework. The exponential factor

encapsulates the dependence of gluon interactions on rapidity separation, ensuring

that the amplitude remains infrared finite by balancing divergences between real and

virtual emissions. The transition to an all-order αs treatment is a defining feature

of HEJ, distinguishing it from traditional fixed-order calculations.

At this point, we are then able to apply the Lipatov Ansatz, Eq. (2.3.26) to ob-

tain a full expression reproducing the leading logarithmic terms to all orders in

coupling:

|Mf1f2→f1g...gf2|
2 = 1

4
(
N2

C − 1
) ||SqQ→qQ||2

·
(
g2

sKf1

1
t̂1

)
·
(
g2

sKfn

1
t̂n−1

)

·
n−2∏
i=1

(
−g2

sCA

t̂it̂i+1
V µ (qi, qi+1)Vµ (qi, qi+1)

)

·
n−1∏
j=1

exp [α̂ (qi) (yi−1 − yi)] , (2.3.28)

where Kq = Kq̄ = CF , and Kg = C̃A. This virtual correction cancels the pole from
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the real emission exactly, as we require. We can see this behaviour by considering

the extremal partons in the final state of the (qQ → qgQ) process to be ‘hard’

while others are then considered to be radiative corrections, then the phase-space

integration of the middle parton will give a factor [7]:

∫ d2k2⊥

(2π)2

∫ y3

y1

dy2

4π
4g2

sCA

k2
2⊥

= ∆y31

4π

∫ d2k2⊥

(2π)2
4g2

sCA

k2
2⊥

= 4 ∆y31 αs CA

∫ d2k2⊥

(2π)2
1
k2

2⊥
,

(2.3.29)

where ∆yij = (yi − yj). We see in Eq. (2.3.29) that the real emission of a parton

introduces a dependence on the rapidity difference of the two extremal partons. This

integral exhibits an IR divergence; however, it adheres to the KLN theorem and

the divergence cancels with the divergence of the virtual corrections of the (2→ 2)

process. It then logically follows (since ∆y31 is an overall factor in Eq. (2.3.29)) that

the virtual corrections will also produce a dependence on this rapidity difference. In

the MRK limit, log ŝ/t̂ → ∆y31 [7], so we have included logarithmic corrections to

the perturbative series. Although presented for a single real emission, this result

holds for all orders of αs, as is presented in [66].

The result is a set of amplitudes in the form depicted by Fig. 2.7.

These FKL amplitudes dominate the phase-space under Multi-Regge Kinematics

(MRK) by resumming the leading logarithms in s/t. Although these amplitudes

represent only a subset of the total phase-space, they capture the dominant contribu-

tions in the high-energy limit. As shown in Eq. (2.3.29), the logarithmic dependence

on rapidity differences (∆y31) arises from real emission corrections, with divergences

canceled by virtual corrections [60].

However, the FKL framework, being limited to leading power in s/t, becomes less

accurate outside MRK. Two main strategies address this limitation:

1. Inclusion of Subleading Terms: Extending the formalism to account for

subleading contributions in s/t broadens its applicability and which improves

the description of processes with smaller rapidity separations [3].

2. Matching to Fixed-Order Predictions: Combining resummed predictions
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Figure 2.7: This is an example FKL Amplitude. Notice in particular the
rapidity ordering with the quarks at the extremal limits.

with fixed-order QCD ensures accuracy across all kinematic regimes, seamlessly

transitioning between logarithmic and fixed-order regions [7].

These improvements enhance the robustness of HEJ, allowing it to describe high-

energy scattering processes with an accuracy well beyond the strict MRK limit. We

will now discuss the concept of matching before covering the subleading terms in

Chapter 4.

2.3.4 Matching

Since the approximation made towards the Matrix Elements within HEJ will be

inaccurate away from the high energy limit, it is best to reweight the matrix element

prediction with the result of a leading (Fixed) order calculation of the result, such

that the overall accuracy is never worse than the prediction from the most naive

perturbative calculation. The reweighting methodology has evolved in recent years.

Up until the release of HEJ2 [73], this was achieved by clustering the final state of

a generated event into jets and figuring out what born level process this equated

to. This was achieved by reshuffling transverse momenta in such a way that jet

rapidities remained fixed throughout this reclustering process, and as such the HEJ

event classification would never be altered. Subsequently, the fixed-order matrix

element prediction was computed with the use of standalone MadGraph code [74],
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which was then used to reweight the HEJ prediction as:

wm−jet =
|MMG

LO

({
pB

J (pi)
})
|2

|MHEJ
tree

({
pB

J (pi)
})
|2
. (2.3.30)

As of HEJ2, fixed-order events are read in as input, and this clustering step is no

longer necessary, since we already know the process at hand upon reading the event

in. We simply calculate the HEJ prediction for the born level process and reweight

it using Eq. (2.3.30). This reweighting means that our HEJ cross-section1 prediction

for the processes under the logarithmic control of the HEJ resummation at a fully

inclusive level is obtained as follows:

σresum,match
Nj =

∑
f1,f2

∞∑
n=2

Ty

n∏
i=1

(∫ pi⊥=∞

pi⊥=λ

d2pi⊥

(2π)3

∫ dyi

2

) |Mf1f2→f1g···gf2
HEJ

({
pB

J (pi)
})
|
2

ŝ2

×
∑

m≥N

Oe
mj({pi}) wm−jet (2.3.31)

× xAfA,f1(xA, QA) xBfB,f2(xB, Qb) (2π)4 δ2
(

n∑
i=1

pi⊥

)
O2j({pi}) ,

where Oe
mj({pi}) is the exclusive m-jet measure applied to each n-parton kinematic

point of the resummation event. This quantity equals unity for exactly m-jets and

zero otherwise. Ty indicates rapidity ordering.

Further, there are contributions which are not calculated within the framework of

HEJ, these processes, referred to within HEJ as non-resummable events, are included

within the HEJ prediction by simply including them in the overall cross-section

prediction without performing any resummation on them. This allows us to recover

the full LO accuracy away from the limit. This leads us to the statement that the

fully inclusive HEJ cross-section is given by:

σHEJ
Nj = σresum,match

Nj +
∑

m≥N

σnon−resummable
mj , (2.3.32)

where σnon−resummable
mj are the exclusive leading order cross-sections for m-jets corres-

ponding to all channels which do not exist within the HEJ formulation. Up until
1as well as all kinematic distributions
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this point we have only discussed that the leading contribution in the MRK limit

corresponds to FKL amplitudes. A significant portion of the work presented in

this thesis has been to reduce the number of significant channels of processes which

are included in this manner, thereby reducing the direct dependence on fixed-order

calculations within our predictions and bringing more of the cross-section under log-

arithmic control. The multiplicity of the matching and inclusion of non-resummable

processes is limited by the generation of fixed order event samples. Since leading-

order input is used, this is theoretically possible for any number of jets; however,

there are considerations including RAM usage, which limit our jet multiplicities in

the fixed-order input even generation.

Before delving into these subleading corrections to the HEJ prediction we will look

at one further nicety of the HEJ formalism which directly results from the current

scattering nature of the calculation.

2.4 W +Jets in HEJ

HEJ formalism is centred around the idea of current scattering. This is intuitive

when considering the high energy limit, since one leg of the diagram is unlikely to

significantly interact with the opposite leg separated from it by many units of rapidity.

This is only an approximation, which is why we use matching. However, in addition

to enabling the resummation of high-energy logarithms as we have discussed in

Section 2.3.1, this factorisation of the process into currents which can be contracted

gives us a very nice property. Namely, we can calculate new processes with relative

ease. If we have a purely QCD process, for example ud → ud, we can consider

an analogous W+Jets process, ud → dνl l̄d, by simply taking a W emission as an

electroweak correction to the pure jet process current factor by the inclusion of:

||Sud→dνl l̄d
||2 = g2

W

4

∣∣∣∣∣ 1
(pl + pl̄)2 −m2

W + iΓWmW

∣∣∣∣∣ ∑
hb, h2

|S−hb→−h2
ud→dνl l̄d

|2 , (2.4.1)
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where mW is the W -boson mass, ΓW is the decay width and gW is the weak coupling

strength, and we defined:

S
−hb→−h2
ud→dνl l̄d

= j−
W µ

gµν

t̂
⟨2h2|ν|bhb⟩ . (2.4.2)

So, we can see, apart from several correction factors, we have changed from a QCD

process to a W+Jets process, by simply swapping out one of the currents for a quark

current which emits a W -boson. In this case, Fig. 2.8 visually demonstrates what

different contributions go into this effective current and mathematically, this is given

by:

jµ
W (pa, pl, pl̄, p1) =⟨1−|

(
γν(/pl

+ /pl̄
+ /p1)γ

µ

(pl + pl̄ + p1)2 +
γµ(/pa

− /pl
− /pl̄

)γν

(pa − (pl + pl̄))2

)
|a−⟩ (2.4.3)

· ⟨l−|ν|l̄−⟩ , (2.4.4)

where we take that pl and pl̄ are the momenta of the lepton (e−, ν) and anti-lepton

(ν̄, e+) which result from the decay of the W -boson in any particular process. How-

ever, additional complications arise when it comes to the consideration of swapping

between different channels in W+Jets. To begin, before the addition of any new

processes, a gg incoming state is not feasible within HEJ, and as such the application

of two CAM factors to transform a quark-quark incoming state would not have made

sense due to the lack of a possible emission site of a W -boson.

We also have to be more careful when swapping between quarks and anti-quarks

when there is a W -boson involved. If the leg in question emits the W -boson, it

is no longer a question of simply swapping the helicity as was the case due to the

relatively simple relation used in the pure jet current swap in Eq. (2.3.11). Instead

we need to consider a few more relations:

⟨i−|µ/pν|j−⟩ = ⟨j+|ν/pµ|i+⟩ (2.4.5)

⟨i−|µ/pν/qρ|j−⟩ = ⟨j+|ρ/qν/pµ|i+⟩ . (2.4.6)

Now, if we swap a quark which emits a W -boson to an anti-quark which emits a



60 Chapter 2. High Energy Jets

W -boson, we see the following behaviour:

⟨1−|µ/pν/qρ|a−⟩ = ⟨1|µ/pν/qρPL|a⟩ → ⟨a|ρPL/qν/pµ|1⟩ = ⟨1+|µ/pν/qρ|a+⟩ . (2.4.7)

We observe that rather than simply ignoring the change in helicity, it has a funda-

mental change to the structure of the current which cannot be ignored. As such, we

need to swap the helicity and continue as we would in the calculation as usual.

We now have predictions for all fundamental W+Jets processes which fall under

the High Energy Limit, as by simply inserting this spinor string in Eq. (2.4.1) into

Eq. (2.3.28) we have the HEJ approximation for any resulting matrix element, and we

can proceed with resummation and matching as with QCD processes. We note that

this approximation does not take into account the scenario where interference occurs

between the W -boson emission sites from two identical legs; however, this has been

found to be negligible in the high energy limit, which is expected, as the different

emission sites are separated by several units of rapidity, and it has been found that

a W -boson is more likely to be close in rapidity to its emission site than far away.

Note, that because we read in fixed-order events as input in HEJ2 we don’t actually

have to consider which leg will emit a W -boson, since the change in flavor which

results from the emission will already signal where the emission occurred.

It is at this point that we note also that in HEJ we assume the CKM Matrix is the

identity matrix, and that there are no intergenerational flavor changes within the

model. As such, any factors of CKM matrix elements are implicitly taken to be unity

(or zero in the case of off-diagonal elements). This is, of course, an approximation;

pa p1

pw

+

pa p1

pw

→

pa Current p1

pw

Figure 2.8: The possible W-Emissions from the external lines with an ef-
fective vertex
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although it is one which factors out since this factor is included in the fixed-order

matrix element used as input and utilised within the matching process.

2.5 Implementation within HEJ2

It is worth noting that while the unordered sub process had been calculated and

presented within HEJ1, on the release of HEJ2, there was only support for pure jets

production, and jet production in association with a Higgs Boson, both with very

limited support for subleading processes. Support for jet production in association

with W±-Bosons, and Z-Bosons was included in HEJ V2.1. As such, a significant

portion of the work behind this thesis has involved porting all necessary functionality

into the new phase-space integration and matching methodology. This has also led

to the porting of all remaining subleading processes for pure jet production.

Before this section, we discussed the calculation as it was at the time of release of

HEJ1. We now present very briefly a motivation as to why this is insufficient for

a full picture of the processes involved, particularly when very large energies are

involved.

The hierarchy of scales involved in the Regge Limit, Eq. (2.2.1), leads to large

logarithms which are resummed by the approach utilised by HEJ and imposing the

limit at the level of the amplitude construction allows for the extraction of the leading

logarithmic contributions. This means in practice, that the dominant contributions

in terms of the cross-section, the FKL configurations, are included by HEJ in the

high-energy-limit to all orders at leading logarithmic accuracy.

All other channels through which the incoming particles can interact to various

outgoing states are included only through matching. As a result, they are not

brought under logarithmic control and are included solely through matching to

leading-order calculations within HEJ. We will discuss in Chapter 3 how this process

differs in revamped version of HEJ2; however, the point stands there are many

processes which are therefore excluded from this calculation to all-order at leading
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logarithmic accuracy.

Higher orders are needed to obtain a more accurate description of data by simply

including more interaction channels. This is clearly demonstrated when one looks

at appropriate distributions. For example, in Fig. 2.9, we see the differential cross-

section with respect to the scalar sum of transverse momenta, HT for W -boson

production in association with at least two jets at
√
s = 7TeV. As the transverse

momentum of the jets increases the requirement of the high-energy-limit, that ŝij ≫

|t̂ij| is less and less convincing, since the larger ∑i t̂ is, the more capacity there is for

a larger individual t̂i. In simple terms, this means that our high-energy-limit is less

dominated by the FKL contributions which are the main amplitudes in play for a

purely MRK limit.

Instead then, it is clear that we need to work on the inclusion of subleading terms

to better our predictions. This means that our reliance on fixed-order calculations is

lessened a great deal, as well as providing an excellent leaping off point for the journey

towards NLL accuracy within HEJ. While we have demonstrated the necessity of

this for a very particular variable, it should be understood by the reader that the

improvements made by the inclusion of subleading terms will have a far greater reach

in the predictions made by HEJ, since it can also be considered a relaxation of the

strict limit imposed by the Multi-Regge-Kinematics thereby increasing the area of

phase-space in which HEJ can be reasonably applied. In the end, it means that more

terms are included and logarithmically controlled.

We will discuss at length in Chapter 4 what these contributions entail; however,

we will simply state for now that in HEJ formalism, processes that can be drawn

solely via a gluon exchange in this planar representation are the Leading Logarithmic

(LL) channels. If a single t-channel gluon is changed for a quark, the diagram will

be suppressed by an invariant mass parameter between the corresponding outgoing

jets - exactly the Regge scaling which was discussed in Section 2.2.1 - which leads

to such processes being referred to in HEJ formalism as subleading channels, or

Next-to-Leading Logarithmic (NLL) processes.
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Figure 2.9: Differential cross-section with respect to the scalar sum of trans-
verse momentum, HT at

√
s = 7 TeV. Figure reproduced from

Ref. [6]. A significant discrepancy is observed between HEJ and
ATLAS data for large HT .

.
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Figure 2.10: Planar representations of the two different possible 3j sublead-
ing contributions. Notably, when in a planar representation it
is impossible to draw a planar diagram with the corresponding
external legs and the same strict rapidity ordering without the
use of a t-channel propagator.

One then quickly realises that there are only three possible categories of subleading

process in HEJ beyond the strict FKL ordering:

1. Emission of an Unordered Gluon, AKA Unordered

2. Extremal Quark pair production, AKA Extremal qq̄

3. Central Quark pair production, AKA Central qq̄

The first of these, the unordered subleading channel, had already been implemented

within other processes within HEJ before the release of HEJ2. As can be seen in

the planar representations illustrated in Fig. 2.10a, the t-channel quark propagator

indeed leads to a suppression of the matrix element as predicted by Regge Scaling.

It has also been shown that the second subleading channel, the extremal qq̄ process

type can be derived from the unordered subleading channel within HEJ through the

use of crossing-symmetry. As can be seen in Fig. 2.10b, this also requires a t-channel

quark propagator to be drawn in a planar representation.

The final subleading channel, known as the Central qq̄ type, is the focus of the work in

this thesis. Its inclusion in W+Jets concludes all possible real emission cases for the

move towards NLL accuracy predictions within HEJ. We will pick up the discussion

of these pieces in Chapter 4. First, we will take a look at the integration method

employed within HEJ, and how we have improved it between HEJ1 and HEJ2.
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THREE

MONTE CARLO SIMULATIONS

Monte Carlo is an extremely bad method; it should only be used when

all alternative methods are worse
Cécile Dewitt-Morette [75]

There are many numerical integration methods available. Monte Carlo integration is

horribly inefficient and should only be used when the other numerical methods are

even less efficient. Depending on your tastes you could choose to convert your integral

into a discrete sum, use the trapezoid rule or even Simpson’s Rule. These methods

typically yield rapid convergence and satisfactory results in numerous scenarios.

However, when dealing with higher-dimensional integrals, one encounters the Curse

of Dimensionality, a concept introduced by Richard E. Bellman. Applied to the

scenario of integration it states that integrals of higher dimensions are significantly

more complex and computationally intensive. For example, if performing integration

in more than d > 8 dimensions, Monte Carlo integration generally outperforms even

Simpson’s rule in terms of convergence [75]! In particle physics, particularly within

HEJ, we often face very high dimensionality due to final-state multiplicities that can

range from 20 to 30 particles, and therefore, as a last resort, we consider the Monte

Carlo method.
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In fact, the preceding paragraph was somewhat facetious, intended to emphasize

that Monte Carlo integration is fundamentally inefficient. Consequently, it demands

careful manipulation of the calculation to maximize efficiency. This chapter covers

the basics of Monte Carlo generation, its use within the particle physics community

and then follows this with a discussion of the sampling used with HEJ events to

improve efficiency and the implications this has. Despite earlier criticisms, Monte

Carlo integration allows simultaneous calculation of all required distributions, a

task not feasible with alternative integration methods, and enables straightforward

implementation of cuts in calculations. These additional capabilities clearly establish

Monte Carlo integration as the most versatile—and indeed most efficient—method

for integration in extremely high-dimensional phase-space scenarios

3.1 What is a Monte Carlo Generator

Monte Carlo integration is a method of stochastic integration which can be used

to approximate integrals numerically. The name was derived in the 1940s from the

Monte Carlo resort - famous for its casinos. The etymology of this name has been

recycled many times, for example with the VEGAS algorithm named after another

Casino location. If we briefly consider what the process of integration is we can

quickly ascertain that if we can find the area under a curve then we can evaluate

an integral numerically. Generally, Monte Carlo integration operates by estimating

the area through the ratio of randomly generated points that fall within the area of

interest.

3.1.1 First Example

A very simple example which illustrates the process nicely is in the use of Monte

Carlo integration to calculate the area of a circle. To numerically integrate, we need

to estimate the area enclosed by a given shape accurately. Consider a circle inside

a box, as in Fig. 3.1. The circle in this case is highlighted as the area we wish to
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calculate. Since we trivially know the area of the square (Atotal = 6 · 6 = 36) we

randomly select points within this two-dimensional plane and determine whether

they lie inside the circle. For this example we generated random points using two

random flat generations within Python’s Random module, and then plotted basically

the output in two planes1 The ratio of points inside the circle to total number of

points will be our prediction of the ratio of the circle and squares area’s. This leads

to:

pcircle

ptotal
= Acircle

Atotal
(3.1.1)

⇒ Acircle = pcircle

ptotal
Atotal = 27.36 . (3.1.2)

Note how similar this estimation is to the true value of πr2 = 28.27, but also that if

we know the radius of the circle, we can in fact estimate the value of the fundamental

constant π, using this method, giving us the central value prediction: π = 3.04; a

remarkable achievement from 50 random points being generated in a 2D-plane. It is

clear that we need to be able to estimate the error involved in this calculation for it

to have any meaning at all, so, we consider the errors within Monte Carlo methods.

3.1.2 The Error of Our Ways

To begin this discussion, we will consider a simple integral:

⟨f⟩ =
∫

Ω f(x⃗)dx⃗∫
Ω dx⃗

. (3.1.3)

If we apply a Monte Carlo method to this integral and choose M random points xi

in Ω then we obtain the expression:

⟨f⟩ ≈ 1
M

M∑
i=1

f (x⃗i) . (3.1.4)

1Note, we have naturally chosen a Cartesian coordinate system here to simplify the discussion,
but any coordinate system would of course be sufficient.



68 Chapter 3. Monte Carlo Simulations

Figure 3.1: This illustrates the idea of a Monte Carlo integration. By taking
the ratio of points which lie within the circle it is possible to
work out the area of the circle.

This yields an approximate numerical result which has a well-known statistical

error:

∆ =
√
σ2(f)
M

, (3.1.5)

where σ2(f) is simply the variance:

σ2(f) =
〈
f 2
〉
− ⟨f⟩2 , (3.1.6)

and M is the number of points used in the integration. This resulting expression

for the error of the Monte Carlo integration is valid in the limit of large M where

according to the central limit theorem [75] we expect the result of multiple measure-

ments of an integral with values In to be normally distributed around a mean ⟨I⟩.

The standard deviation of these results, σM is given by:

σ2
M =

〈
I2
〉
−
〈
I
〉2
, (3.1.7)

where

〈
I
〉

= 1
M

M∑
n=1

In (3.1.8)

〈
I2
〉

= 1
M

M∑
n=1

I2
n . (3.1.9)
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For large M we obtain [75]:

σM ≈
σ√
N
. (3.1.10)

Notably here we see that the uncertainty given in Eqs. (3.1.5) and (3.1.10) is pro-

portional to the inverse square root of the number of points used in the integration1.

This means to reduce the error by a factor of 2 it is necessary to increase the number

of points of integration fourfold. It is necessary to multiply the number of points of

integration by 100 to reduce the error to 10% of its previous value. The dependence

on N in Eq. (3.1.10) is undesirable especially when attempting high precision results

(as we are), but there is simply no alternative which offers as much flexibility or

even as fast convergence at such high dimensionality. With the help of importance

sampling (see Section 3.1.4) the situation can be improved by a multiplicative factor

of up to 106 [75] but the dependence on N remains the same. A crucial point of

Monte Carlo integration is that the these points must be random. This means we

need some method to generate random numbers to fuel the integration.

3.1.3 Random Number Generation

For the Monte Carlo Integration to function we therefore require random numbers.

While it may be possible to generate truly random numbers based on the many values

of computer state which are changing over time, generating truly random results is

actually an undesirable premise for us, since it would make debugging problems or

reproducing interesting phase-space points significantly more difficult.

Luckily, it is far easier to produce a string of fully deterministic and seemingly

random2 pseudo-random numbers. All that we require is a ‘seed’ number to initialise

a Random Number Generator (RNG). By using the same random number seed for

each integration, we can ensure reproducibility of the result. On the other hand if

we want to produce meaningful results we need to ensure the random numbers we
1luckily this is independent of the number of dimensions involved in the integration
2by this, we mean that each number produced by the algorithm will not have any relation to

the previously generated number in the string
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produce are ‘random’ enough, and that means that there is no discernible pattern

in their generation.

When choosing a random number set it is important to show that the set of pseudo-

random numbers adheres to many requirements. Firstly you want the Pseudo-

Random Number Generator (PRNG) to produce a string of numbers with a high

multiplicity which pass statistical tests and replicating random number sequence

distributions well. One well known statistical test is the Spectral Test shown in

Fig. 3.2 [76]. This was the test which even well-designed Linear Congruential Gener-

ators (LCG) could be shown to be problematic with. It shows that if one considers

the relationship between successive points in a LCG there is a distinctive pattern

which shows itself in plots such as that in Fig. 3.2.

LCG Generators operate in a straightforward manner. The next number in the

string is determined fully by an equation of the form:

xi+1 = (xi · a+ c) mod n , (3.1.11)

with a the multiplier, c the addition, n the modulus. There are many PRNG on the

market now, yet one still has to be careful that they produce numbers which are

random enough for purpose. For example, a random number generator may work

fantastically with one seed, but get stuck in a very low multiplicity loop with another

Figure 3.2: This graph depicts the spectral test performed on a Linear Con-
gruential Random Number Generator
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seed.

Due to the nature of HEJ we must perform very high dimensional integrations. As

such, we need to be very stringent with our choice of random numbers. Because

of this, HEJ does not produce random numbers itself; instead choosing to utilize an

external program, MinMax to produce all the random numbers required.

3.1.4 Sampling

Once you have an integrator up and working the battle is not won. In particle

physics generally—and particularly in HEJ—we have very high dimensional integrals

which can be very complex to evaluate even numerically. This means that efficiency

is a key priority. In the simple example outlined in Section 3.1.1 we performed flat

sampling to choose our random points within the 2 dimensional plane. This means

we didn’t attempt to be clever with how we chose the random points. This would

give a perfectly accurate answer as the number of points we choose, N, tends to

being a large value; however, for a much more complex integration we need to be

more efficient.

The integral may converge very quickly in some regions, but not so quickly in others.

We can be smarter with our algorithms that we don’t waste CPU time on calculating

something we already know (or we are simply not interested in) when the error of

the calculation is dominated by another region. This brings us to the discussion of

how we use our random numbers.

There are many sampling types which allow you to improve the efficiency of integ-

ration. Flat sampling is essentially a brute-force method for achieving convergence.

Depending on the integration in question it will almost certainly be better to use a

smarter sampling. These methods are employed throughout Monte Carlo Generators

to increase the speed of the convergence of the numerical integration. In previous

versions of HEJ we utilised importance sampling to ensure that the MRK region

of phase-space which we probe was under control quickly. However, due to the
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alteration in how matching is performed as of the release of HEJ2 [73], we currently

perform flat generation within specific regions. We discuss importance sampling here

briefly since this is a method used throughout all fixed-order generators which we

use as input for HEJ.

There are many available choices for this with HEJ opting for a particular variety

of importance sampling. This approach leverages the fact that if one region of the

integrand converges more quickly than others, it is advantageous to select test points

more effectively within the integration space.

With importance sampling we no longer choose points uniformly but with a probab-

ility p(x⃗) which allows us to consider:

⟨f⟩ =
〈
f

p

〉
p

:=
∫

Ω
f(x⃗)
p(x⃗)p(x⃗)dx⃗∫

Ω dx⃗
, (3.1.12)

where w(x⃗) is the importance sampling weight:

w(x⃗) = f(x⃗)
p(x⃗) . (3.1.13)

To this end we essentially sample from a distribution different to the one we will

integrate. This concept is demonstrated (qualitatively) in Fig. 3.3. The distribution

we sample from is different from the original distribution. This allows us in the case

in Fig. 3.3 to focus our integration on the tail of the distribution to increase the

convergence there.

This is VEGAS importance sampling, which takes sampling and adaptive techniques

to focus computational resources where they are most needed on a real integration run.

It does this by approximating the integrand with a piecewise-constant probability

density function [77], which in our context is a parton density function (PDF) that

resembles the function’s structure [53].
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Figure 3.3: A depiction of importance sampling. A function f(x) is to be
integrated, but we sample points for the Monte Carlo integration
in a probabilistic fashion from the distribution p(x).

3.2 Phase-Space Generation in HEJ

If we want to calculate the cross-section predicted by the formalism of HEJ in

Eq. (2.3.31) we need to perform numerical integration, and the best methodology for

such a high dimensional integral as this is through Monte Carlo integration.

There has been a radical change to how this is performed in HEJ2 as compared to the

original release of HEJ, and that is namely that we now take fixed-order event files as

input and supplement their cross-section prediction with the resummation performed

by HEJ [73]. Consequently, we require a method for performing this integral, along

with an entirely new phase-space generation approach.

3.2.1 Changes needed for HEJ2

Firstly, we must rewrite Eq. (2.3.31) to achieve fixed-order accuracy for jet rates

within the HEJ framework, enabling resummation over fixed-order samples of exclus-

ive jet rates. It has been found that this methodology is significantly faster than old

implementations of the HEJ resummation and has the added benefit that eventually

we will be able to match to NLO1 event samples.

So, as of HEJv2.0, we match to leading-order using exclusive jet event files as input.
1far from trivial, there are many kinks to figure out
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We begin by introducing an integration over the Born level kinematics of the on-shell

reshuffled jets {ji
B} which are reconstructed from the resummed kinematics.

σresum,match
2j =

∑
f1,f2

∑
m

m∏
j=1

(∫ p
B
j⊥=∞

p
B
j⊥=0

d2pB
j⊥

(2π)3

∫ dyB
j

2

)
(2π)4 δ(2)

(
m∑

k=1
pB

k⊥

)

× xB
a fa(xB

a , Q
B
a ) xB

b fb(xB
b , Q

B
b ) |M

B|
2

(ŝB)2

× wm−jet

|MB|
2 × (2π)−4+3m 2m

×
∞∑

n=2
Ty

n∏
i=1

(∫ pi⊥=∞

pi⊥=0

d2pi⊥

(2π)3

∫ dyi

2

)
Oe

mj

×
(

m−1∏
l=1

δ(2)(pB
Jl⊥
− jl⊥)

) (
m∏

l=1
δ(yB

Jl
− yJl

)
)

× |M
f1f2→f1g···gf2
HEJ ({pi})|

2

ŝ2 × (ŝB)2

×
xafa,f1(xa, Qa) xbfb,f2(xb, Qb)

xB
a fa,f1(xB

a , Q
B
a ) xB

b fb,f2(xB
b , Q

B
b )

(2π)4 δ(2)
(

n∑
k=1

pk⊥

)
O2j({pi}) .

(3.2.1)

The first two lines represent LO generated events. Obviously, wm−jet

|MB |
2 = |Mt|

−2
, the

born level HEJ approximation to the matrix element, which we have written in this

form to explicitly show the cancellation of the fixed-order Matrix element. Now, we

need to generate all the resummation kinematics which are overlaid on each specific

reconstructed born level event, so we delve into a formalism which allows for this to

be achieved efficiently.

We note on the fifth line the δ-functional which connects the reconstructed Born-level

kinematics with the resummation phase-space points. This means that we have the

following relation between the transverse momenta in both cases:

pB
Jl⊥

= jl⊥ ≡ pJl⊥
+ q⊥ ∗

|pJl⊥
|

P⊥
, (3.2.2)

where pB is the momentum of a born level jet, q⊥ is the sum of non-jet resummation

partons which by momentum conservation equals minus the transverse momentum

of the resummation jets and P⊥ is the scalar sum of the resummation jets. Finally,
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we note that the rapidities of the jets are kept fixed. To begin with fixed-order

events and apply high-energy logarithmic resummation, we must invert this relation

and reshuffle the transverse momenta of resummation jets while maintaining their

rapidities fixed relative to the Born-level fixed-order jets. So, in order to perform

this phase-space integration we change our δ-functions δ(2)(pB
Jl⊥
− jl⊥) to be linear in

the resummation parton momenta instead of the fixed-order event momenta. This

inherently introduces a Jacobian:

m∏
l=1

δ(2)(pB
Jl⊥
− jl⊥) = 1

∆

m∏
l=1

δ(2)(pJl⊥
− jB

l⊥) , (3.2.3)

where jB
l⊥ only depends on the Born momenta from the input fixed-order phase-space

point. We have extended the product to run to m instead of m− 1 by eliminating

the last δ function δ(2)(∑n
k=1 pk⊥). The Jacobian ∆ is the determinant of a 2m× 2m

matrix with l, l′ = 1, . . . ,m and X,X ′ = x, y.

∆ =
∣∣∣∣∣δll

′δXX
′ +

qX pJ
l
′ X

′

|pJ
l
′ ⊥|P⊥

(
δll

′ −
|pJl⊥|
P⊥

)∣∣∣∣∣ . (3.2.4)

We are performing a Monte Carlo integration of resummation phase-space points

around each individual fixed-order input event. As such, we will be generating

many resummation phase-space points for every fixed-order event taken as input.

A significant concern arises from our lack of direct control over fixed-order event

generation, making several conditions necessary:

1. We have to trust the fixed-order generation is performed correctly.

2. We need the fixed-order inputs distributions to be smooth and stable

3. We need to know some information about certain parameters within the fixed-

order generation.

Let us break this down, point by point. First, if there are any bugs within any

external generator which we rely on for input to our simulation, we simply have

no control over these, and as such we are at the mercy of the programs whose

integrations we are attempting to improve.
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Secondly, we are also limited to the accuracy of the result produced by the fixed-

order event sample. That is, if the results for our input have yet to converge, the

convolution of the errors which are present in the input will ensure that no matter

how good the convergence of our integration on each individual fixed-order phase-

space point is, we simply cannot improve upon the baseline of error from the fixed

order input. This implies two consequences: we must verify that our input results

are stable, but also that we are hamstrung by the computational limitations which

are present in fixed-order generators.

This is even true at LO; although matrix elements and phase-space integrations are

‘trivial’, integrating high-multiplicity events—particularly in association with boson

production—remains computationally challenging. As such, we have also developed

a fixed-order Generator, HEJFOG alongside the release of HEJ2 [73] which uses the

HEJ approximations of matrix elements to produce higher multiplicity events than

would otherwise be computationally feasible with traditional fixed-order generation.

As such, using this method, we have actually been able to provide resummation on

Higgs Boson production in association with 7 Jets in the past [7, 78].

Finally, addressing the third point, we require information about the fixed-order

sample that typically lies outside the standard particle physics event file specifications.

Namely, we need to know several parameters such as the jet cuts to ensure cohesion

between both calculations is as smooth as possible. With this all in mind, we move

on to the generation of resummation phase-space points within HEJ2.

3.2.2 Generation of Resummation Phase-Space Points

As with all Monte Carlo integrations, we generate random numbers and assess their

impact; phase-space sampling follows the same principle. One number which we

must generate for each phase-space point we generate is the number of extra gluon

emissions. The optimal gluon multiplicity and its distribution have been empiric-

ally determined [7] through comprehensive phase-space studies in HEJ1. This study

confirmed an expected strong correlation between emitted gluon multiplicity and
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Figure 3.4: ng as a function of the rapidity gap between extremal jets.

the rapidity span of the input event, revealing an approximately linear relationship

augmented by a quadratic term for improved fitting at smaller rapidity intervals.

This relationship can be seen in Fig. 3.4. The random number of gluons generated

is sampled according to a Poisson distribution around this number for each resum-

mation event corresponding to the original fixed-order event. The actual integration

is fairly trivial. We first remove the rapidity ordering of the outgoing event to avoid

double counting:

Ty

n∏
i=1

∫ dyi

2 = 1
n!

n∏
i=1

∫ dyi

2 . (3.2.5)

We now address the task of assigning momenta to these gluons. Each fixed-order

jet must contain at least one parton, which means we have ng = ngmax − nJ gluons

to assign. If we select random partons and rename the integration variables we

obtain:

1
n!

n∏
i=1

∫
[dpi] = 1

ng!

ng∏
i=1

∫
[dpi]

n∏
i=ng+1

∫
[dpi] θ(pi inside jet i) . (3.2.6)

The remaining gluons can be categorised as either emissions within Jets or outside

of Jets. We will begin with a discussion of the emissions within Jets.
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3.2.3 Number of emissions

Initially, we assume a uniform distribution of gluons in the y-ϕ plane; thus, the

probability of any gluon emission within a jet is simply the ratio of the jet-covered

area to the total available phase-space area.

Assuming each jet covers an area πR2, with R being the jet radius parameter defined

in Eq.(1.4.1), we proceed as follows. The total phase-space area is given by 2π∆yp,

where ∆yp is the rapidity separation between the extremal partons, which is not

known due to the possibility of emissions in the extremal jets. However, we can

make the assumption that for very large rapidity spans, that there will be very few

emissions within the extremal jets and as such we can assume ∆yp = ∆yJ , where

∆yJ is the rapidity span of the original fixed-order event. Note that resummation

within HEJ does not alter this value; it remains fixed throughout the calculation.

Therefore, the probability for a gluon to end up inside a Jet for an event with m

Jets is given by:

pJlarge = (m− 1)R2

2∆yJ
, (3.2.7)

For small rapidity gaps, this approximation overestimates the probability, as emis-

sions within jets are more frequent, positioning extremal partons closer to jet bound-

aries. Hence, the total available phase-space becomes 2π(∆yJ + 2R), giving us the

probability for a parton to end up in a Jet as:

pJ ,< = mR2

2(∆yJ + 2R) . (3.2.8)

For the limit ∆yJ → 0, this gives us pJ ,< → mR/4. This is notably equally invalid

in the case of large rapidity separation; however, we note that both Eqs. (3.2.7) and

(3.2.8) agree for ∆yJ = 2(m− 1)R. As such we combine these approximations and

use a different prescription for small and large rapidity spans:

pJ =


pJlarge ∆yJ < 2(m− 1)R

pJsmall ∆yJ >= 2(m− 1)R .
(3.2.9)
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We now know the number of emissions inside and outside jets within our new phase-

space point; however, we do not yet have enough information to be able to model

the emission of gluons within Jets, since emissions outside of Jets will cause a shuffle

of the transverse momenta of the Jets, as we will see in the Section 3.2.4. Therefore,

first, we must discuss the emission of gluons outside of Jets.

3.2.4 Treatment of gluons outside jets

Now we handle the momentum generation for the ng − ng,J gluons that are emitted

outside of jets. In HEJ, the azimuthal angle ϕ is sampled uniformly within the range

0 ≤ 2π. There is a complication concerning the rapidity span, as the complete

allowed rapidity range is unknown until the gluon emissions inside jets are generated.

Therefore, we initially only generate the transverse momenta of gluons outside jets.

We parameterise the generation such as:

p⊥ = λ+ p̃⊥ tan(τr) , τ = arctan
(
p⊥Jmin − λ

p̃⊥

)
, (3.2.10)

where r ∈ [0, 1), and we require that p⊥ is always less than the minimum momentum

p⊥Jmin required for a jet. We note that p̃⊥ is a free parameter, it has been found

that a good empirical value is p̃⊥ = [1.3 + 0.2(ng − ng,J )] GeV. We then calculate

q⊥ as the sum of the non-jet momenta and solve the system of non-linear equations

in Eq. (3.2.2) for pJl⊥
. Thus, we successfully reshuffle the Born-level jet momenta,

obtaining the momenta of resummation jets and ensuring momentum conservation

despite the introduction of additional particles.

3.2.5 Treatment of gluons inside jets

We know the momenta which the jets in the resummation phase-space point will

have, and as such, we now have enough information to generate the momenta of

their constituent partons. Each jet is required to have at least one particle. The
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phase-space integral we aim to evaluate via Monte Carlo sampling is given by:

∏
i in J

(∫
dpi⊥

∫
dyi

)
δ(2)

( ∑
i in J

pi⊥ − jB
⊥

)
δ(yJ − yB

J ) . (3.2.11)

For the case of one particle inside the jet, this integral is trivial. For the case of

multiple particles, we first generate momenta for the first n−1 partons, and then cal-

culate the final one through a delta functional ensuring that the overall jet momenta

is as found. We parameterize particle generation relative to jet parameters, ensuring

generated particles remain within their respective jets. As such, we use:

ϕi = ϕJ + ∆ϕi , ∆ϕi = ∆Ri cos(Θi) , (3.2.12)

yi = yJ + ∆yi , ∆yi = ∆Ri sin(Θi) . (3.2.13)

We uniformly generate Θi and ∆Ri, ensuring ∆Ri ≤ Rmax, with an empirically

determined optimal value Rmax = 5R
3 . We can then write the phase-space integral

for a single parton as:

∫
dp⊥

∫
dy ≈

∫
□

dx⊥dxRdxθ 2π R2
max xR p⊥ (p⊥,max − p⊥,min) , (3.2.14)

with

∆ϕ = RmaxxR cos(2πxθ) , (3.2.15)

∆y = RmaxxR sin(2πxθ) , (3.2.16)

p⊥ = (p⊥,max − p⊥,min)x⊥ + p⊥,min , (3.2.17)

where p⊥,max is determined by the notion that the transverse momenta of the first

n−1 constituent partons in the jet will not exceed the total jet transverse momentum

p⊥. This requirement gives us:

pi⊥,max =
pJ ⊥ −

∑
j<i pj⊥ cos ∆ϕj

cos ∆ϕi

. (3.2.18)

We then determine the transverse momentum components of the final parton using

the first delta function in Eq. (3.2.11). Similarly, the rapidity is fixed using the

second delta function, enforcing the resummation jet rapidity to match that of the



3.2. Phase-Space Generation in HEJ 81

corresponding Born-level jet. Thus, after reshuffling, we assign the rapidity of the

final parton to ensure this condition is satisfied. Therefore:

yB
J = yJ = 1

2 ln
∑n

i=1 Ei + piz∑n
i=1 Ei − piz

. (3.2.19)

With En ± pnz = pn⊥ exp(±yn) this can be rewritten as

exp(2yJ ) =
∑n−1

i=1 Ei + piz + pn⊥ exp(yn)∑n−1
i=1 Ei − piz + pn⊥ exp(−yn)

, (3.2.20)

which is a quadratic equation in exp(yn). The physical solution of this is

yn = log
(
− b+

√
b2 + exp(2yJ )

)
, (3.2.21)

b =
(

n−1∑
i=1

Ei + piz − exp(2yJ )
n−1∑
i=1

Ei − piz

)
/(2pn⊥) . (3.2.22)

We eliminate the final rapidity integral by expressing the δ-function linearly in

terms of the last parton’s rapidity. This transformation leads to the addition of the

Jacobian: ∣∣∣∣∣∂yJ

∂yn

∣∣∣∣∣
−1

= 2
(
En + pnz

EJ + pJ z

+ En − pnz

EJ − pJ z

)−1

. (3.2.23)

At this stage, we revisit the momentum generation for gluons emitted outside jets.

With the allowed rapidity span now established, we can uniformly sample the rapid-

ities of the emitted gluons within this range.





CHAPTER

FOUR

SUBLEADING CHANNELS

In this chapter, we introduce the subleading channels present in the HEJ formalism

and describe their implementation within the calculation.

The Leading Logarithm (LL) terms can be substantially improved, as the Multi-

Regge Kinematics (MRK) limit corresponds to only a small region of phase space.

Although the FKL contributions dominate, they do not represent the entirety of

relevant processes; in fact, few contributions strictly conform to this limit. One way

to improve the predictions we are able to make with the addition of this method of

resummation is to relax the extreme constraints put in place with the MRK limit.

This is, of course, highly non-trivial in most cases, as many of the conveniences

afforded by the formalism arise directly from the strict nature of the MRK limit.

We will begin with some motivation.

4.1 Motivation

While it may be clear to the reader that including more contributions should lead

to a better result, we have not yet discussed the expected impact of this work. We

now present quantitative demonstrations of the importance of NLL contributions
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Figure 4.1: The leading-order W + 3− jet [left plot] and W + 4− jet cross-

sections [right plot] as a function of the invariant mass between
the most forward and backward jets, mfb. In addition to the
total (black), we also show the split into the contributions from
the LL configurations (blue), NLL configurations (green) and
other configurations (red). As mfb increases, the LL configura-
tions increase in dominance but the NLL configurations remain
significant

in specific regions of phase space, serving as motivation for the subsequent sections.

This discussion is more detailed in [9].

We can demonstrate the importance of the NLL contributions by looking into the

breakdown of the LL and NLL contributions to Born-level processes for 2→ 3 and

2 → 4. Fig. 4.1 shows the different differential distributions for W + 3-jet and

W + 4-jet production as a function of the invariant mass between the most forward

and backward jets. In blue we see the LL contribution, in green we see the NLL

component, and in red we see all other configurations.

This result was obtained using full SM scattering amplitudes and classifying the

contributions according the states as summarised in Table 4.1. The plots were

produced for 7TeV proton-proton collisions, and the jet cut off was set to p⊥ > 30 GeV

and |yj| < 4.4, though these parameter choices are not responsible for the observed

behaviour [9].

What we see in Fig. 4.1, the LL components become increasingly dominant as

mfb rises, while the relative contributions from other components (including NLL)
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LL processes NLL processes
pp→ W + 3j qg → Wq′gg, qg → Wgq′g, qQ→ Wgq′Q,

qQ→ Wq′gQ gg → Wqq̄′g, gQ→ Wqq̄′Q, gQ→ Wqq̄Q′

pp→ W + 4j qg → Wq′ggg, qg → Wgq′gg, qQ→ Wgq′gQ, qQ→ Wq′gQg,
qQ→ Wq′ggQ gg → Wqq̄′gg, gQ→ Wqq̄′gQ, gQ→ Wqq̄gQ′,

Qg → WQ′qq̄g, Qg → WQqq̄′g, gg → Wgqq̄′g,
QQ̃→ WQ′qq̄Q̃, QQ̃→ WQqq̄′Q̃

Table 4.1: A summary of the particle configurations which enter the LL
and NLL lines in Fig. 4.1 and Fig. 4.2. All particles except
for the W are listed in rapidity order. q, Q etc. may refer
to quarks or anti-quarks. Each process refers to itself and its
symmetric counterpart, i.e. qg → Wq′gg is shorthand for qg →
Wq′gg + gq → Wggq′. All other subprocesses not listed above
are included in the line labelled ‘Other’.

diminish. However, even at mfb = 1 TeV the sub-leading contributions contribute

30% in the W + 3-jet case and 40% in the W + 4-jet case.

The importance of NLL contributions is even greater for transverse momentum

distributions such as those depicted in Fig. 4.2. These plots, that show dσ/dp⊥,1,

with p⊥,1 the transverse momentum of the hardest jet, no correlation is expected

between the MRK limit—where LL contributions dominate—and the transverse

momentum. Therefore, there is no systematic suppression of sub-leading channels

for this distribution – we actually see that the size of the sub-leading channels

increase to 60% for W + 3-jets and 70% for W + 4-jet production.

Prior to the introduction of NLL components into the HEJ formalism, these subleading-

channels were only included via fixed-order matching; meaning that these large

components did not receive the all-order resummation that the LL channels did. In

the following sections we present the calculations of the relevant NLL components

in W+-jets so that these components can be included in HEJ without fixed-order

matching, and instead receive the all-order treatment.

With the inclusion of NLL components in this manner, all-order resummation is

applied to a substantially larger portion of the total cross-section, increasing from

40% to 80% in inclusive W + 3-jet production, and from 30% to 70% in inclusive

W + 4-jet production.
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Figure 4.2: The leading-order W + 3− jet [left plot] and W + 4− jet [right

plot] cross-sections as a function of the transverse momentum
of the hardest jet, p⊥,1. In addition to the total (black), we
also show the split into the contributions from the LL configur-
ations (blue), NLL configurations (green) and other configura-
tions (red). As p⊥,1 increases, the LL configurations decrease in
importance underlining the importance of also applying resum-
mation to the NLL contributions.

4.2 Next-To-Leading-Logs

By relaxing the constraints we will be able to include some sub-leading terms of

Next-To-Leading-Log (NLL) accuracy which still contribute significantly. All the

sub-leading channels that we will look at in this section are real emissions at NLL

in HEJ formalism. The resummation that we perform continues to make use of the

LL virtual corrections provided by the Lipatov ansatz (Eq. (2.3.26)). The extra IR

divergences one might expect as a result of these real emissions being added to the

calculation here don’t apply for two reasons, for the most part, these NLL pieces

come from a rearrangement of the final state in rapidity or the changing of parton

flavors, and there is no new emission that one would expect in NLL descriptions

in other formalisms - the poles in the diagrams remain unchanged, and thus the

cancellation remains valid. Further, when we are defining our Matrix Element, there

is an implicit statement that each leg of the diagram exists in a separate jet - and

thus we have cut away any soft or collinear divergence one may expect to arise in

the resolution of these legs.



4.2. Next-To-Leading-Logs 87

Some sub-leading terms include the substitution of one t-channel gluon for a quark

or a gluon emitted outside (in terms of rapidity) of the extremal partons (referred

to as an unordered emission) [7]. The inclusion of these sub-leading processes goes

a long way to stabilising the dependence on the scale choice [9]. Of course other

processes besides (qQ→ qg...gQ) exist and although these will not be strictly FKL

amplitudes, we can still perform some resummation. For example (gQ→ gqq̄g..gQ)

can be related to the unordered FKL results easily.

It has been shown [7] that the contribution of these sub leading terms is suppressed

by one power of the invariant mass ŝij. This will be covered in more detail in Sections

4.3, 4.4 and 4.5. This means that the diagram in Fig. 2.7 is a factor of ŝij larger

than the Feynman Diagram given in Fig. 4.5. This suppression is also true for the

unordered case as given in Fig. 4.4. The plots in Fig. 4.3 demonstrate this suppression

of the subleading terms. It shows the behaviour of the matrix elements of the full

FKL contribution, |M1|, and two different unordered contributions, |M2| and |M3|

for (2→ 3) over different rapidity differences. Notably when plotting |M|2/s2 the

FKL contribution tends to a constant at large rapidity difference, whereas the non-

FKL contributions are suppressed. In the right plot of Fig. 4.3 we see this has led

to a suppression factor of sj1j2 for the non-FKL contributions. The difference in the

unordered case is the quark exchange in the t-channel instead of a gluon exchange

leading to this suppression.

If our approximations do not include a potential resummation point we simply use

the fixed-order result for that particular kinematic arrangement. HEJ will not make

good approximations to anything not included in this limit. As such we need to

match our approximation to a fixed-order result to include dominant contributions

to the cross-section and distributions in other areas of phase-space possible from the

same Born-level diagram.
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Figure 4.3: These plots show that replacing one t-channel gluon in a FKL
configuration introduces suppression by a factor of sj1j2. ¯|M1|

2

(red) corresponds to the Full FKL contribution, qQ → qgHQ,
whereas ¯|M2|

2 (blue) and ¯|M3|
2 (green) correspond to unordered

emissions with a t-channel quark propagator, qQ→ gqHQ and
qQ → gHqQ respectively. The FKL contribution tends to a
constant as the rapidity separation increases, while the non-FKL
configurations are suppressed by a factor of sj1j2 as demonstrated
in the right plot.
SOURCE: [7]

4.3 Unordered Contributions

As we alluded to in the previous section, any diagrams which have a quark line

internally are regarded as subleading in the HEJ framework and the simplest avail-

able versions of these arrive in the form of unordered diagrams. This is where we

take diagrams which simply drawn as Feynman diagrams would be equivalent to

the leading FKL diagrams without any rapidity ordering stated in the final state.

However, if any gluons which are emitted into the final state are more extremal than

the quark leg in terms of rapidity, these are unordered in rapidity, and hence, in the

HEJ framework, become unordered diagrams. An example of these can be found in

Fig. 4.4.

These results were calculated prior to the work presented in this thesis [9]. There

are two distinct classes here, namely, whether the W -boson is emitted from the same

leg as the unordered gluon or from the opposite leg. In the case where the W is

emitted from the opposite leg, we already have the relevant pieces from the pure jets
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Figure 4.4: A Depiction of the effective current or the unordered impact
factor with a W emission in the effective vertex

unordered case to be able to calculate the full HEJ matrix element approximation,

where we simply contract the basic unordered piece with the basic FKL W boson

current.

The more interesting1 version of these subleading pieces requires a new piece, and

that is an effective current in which the unordered gluon and the W -boson both

reside. These were also calculated and presented in [9]. As such, we do not reproduce

the derivation here and instead state the result directly. Which is, we find

jµ
Wuno(pa, p1, p2, pℓ, pℓ̄) = iεν(p1) [ūℓγρvℓ̄]

(
T 1

2iT
d
ia(Ũνµρ

1 − L̃νµρ)

+ T d
2iT

1
ia(Ũνµρ

2 + L̃νµρ)
)
,

(4.3.1)

where the tensors Ũνµρ
1 , Ũνµρ

2 and L̃νµρ are the objects:

L̃νµρ = 1
taW 2

( [ū2γσ(/pa
− /pW

)γρua]
taW

+
[ū2γ

ρ(/p2 + /pW
)γσua]

s2W

)

×
((

pν
b

s1b

+ pν
3

s13

)
(q1 − p1)2gσµ + gσµ(2q1 − p1)ν

+ gµν(2p1 − q1)σ − 2gνσpµ
1

)
.

(4.3.2)

1read: painful



90 Chapter 4. Subleading Channels

Ũνµρ
1 =

[ū2γ
ν(/p2 + /p1)γ

µ(/pa
− /pW

)γρua]
s12taW

+
[ū2γ

ν(/p2 + /p1)γ
ρ(/p2 + /p1 + /pW

)γµua]
s12s12W

+
[ū2γ

ρ(/p2 + /pW
)γν(/p1 + /p2 + /pW

)γµua]
s2W s12W

.

(4.3.3)

Ũνµρ
2 =

[ū2γ
µ(/pa
− /pW

− /p1)γ
ν(/pa
− /pW

)γρua]
taW 1taW

+
[ū2γ

µ(/pa
− /pW

− /p1)γ
ρ(/pa
− /p1)γ

νua]
ta1W ta1

+
[ū2γ

ρ(/p2 + /pW
)γµ(/pa

− /p1)γ
νua]

s2W ta1
.

(4.3.4)
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Figure 4.5: These are the qq̄ contributions to the NLL.
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Figure 4.6: A Depiction of the effective current or the qq̄ impact factor with
a W emission in the effective vertex

4.4 Extremal qq̄ Contributions

The extremal configurations are depicted in Figs. 4.5b and 4.5a. These configurations

involve an incoming gluon state. Fortunately, this configuration is related by crossing

symmetry to the unordered emission shown in Fig. 4.4 [9]. This symmetry remains

valid even in the W+jets context.

As suggested by Fig. 4.5b, our objective is to factorise the effect of this qq̄ emission

into a new effective current at either end of the FKL chain. This is depicted in

Fig. 4.6. This leads to the amplitude for the process qg → qQQ̄W being expressed

as:

Mqg→qQQ̄W ∼
⟨1|µ|a⟩Qµνρ (p2, pw, p3, pb) εν(pb)ε∗

ρ(pw)
t̂1

, (4.4.1)

where Qµν is this effective vertex which includes the emission of the quark/anti-quark

pair. We also refer to this effective vertex as an impact factor. In the pure jets case

there are 5 contributing diagrams for this type of process These are shown in Fig. 4.7.

In the W+jets case, the number of contributing diagrams increases substantially,

although the overall color structure remains unchanged.

Although there are significantly more diagrams than in the pure jets case, the number

of diagrams is significantly limited since the W Boson, when emitted, changes the

flavor of the particle it is emitted from. We begin by considering the addition of
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Figure 4.7: These are the Pure Jet Extremal qq̄ contributions. The trick
we have to play here is to include all of the possible W -boson
emissions to these diagrams to include the analogous W+Jets
NLL processes to HEJ
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the W boson to the impact factor in Fig. 4.6. We will then consider the other cases

where the W -boson can occur in the final state.

Let us consider the possible places for the emission of a W -boson in each of the cases

in Fig. 4.7. The W -boson can be emitted from 12 places within these diagrams and

contribute to the effective impact factor. All of these must be calculated separately.

Fortunately, this complexity can be circumvented by noting a crossing symmetry

with the W+jets unordered contribution [9]. Consequently, we obtain the following

relation:

jd µ

W qq̄
′(pa, p1, p2, pℓ, pℓ̄) = jd µ

W uno(p1, pa, p2, pℓ, pℓ̄) . (4.4.2)

4.5 Calculation of Central qq̄ Contributions

This contribution arises only in processes involving four or more jets. Although

its effect on the overall inclusive cross-section is limited, it constitutes an NLL

contribution and must therefore be included, and as we will see in Chapter 5, the

effect of this component on various distributions ends up being significant.

As with the extremal case, we aim to describe this process through an effective vertex

representation, as depicted for one case in Fig. 4.11. In the pure jet case we have

seven contributions to this effective vertex. These are depicted in Fig. 4.8. As in

the extremal qq̄ case, the number of contributing diagrams is significantly larger in

the W+jets context. There are two cases which are distinct and can be recognised

by the final state. Namely, the two distinct configurations where the W -boson is

emitted from external quark legs or from the central qq̄ quark line. We will first

look at the emission from the external quark lines to assess whether this provides a

reasonable approximation to the full matrix element. We will subsequently consider

W -boson emission from the central qq̄ quark line.
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Figure 4.9: The possible W-Emissions from the external lines with an ef-
fective vertex

4.5.1 W -Boson Emission from the External Quark

Lines

In this case, the number of possible contributions is limited, as the allowed structures

are directly constrained by the final state. Indeed, due to the flavor changing nature

of the W -boson interaction, the final-state flavor structure reveals whether the W -

boson originated from an external leg. There will also be no interference here since

the final state can only be reached by a particular interaction. This is not necessarily

true in the central qq̄ configuration

The effective diagram in this case is depicted in Fig. 4.9. This shows the two possible

W -boson emissions from the external Quark Line. These are naturally related

by exchanging the labels of the involved external particles. This symmetry offers

potential simplification when implementing this process computationally. We want
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factorisation of the form:

Mqq→qQQ̄qW ∼
⟨1|µρ|a⟩Xde µν

cen ⟨4|ν|b⟩ JEx µ

t̂1t̂3
, (4.5.1)

which would correspond to diagrams of the form depicted in Fig. 4.9. Let us first

consider the effective external quark line currents in this case to obtain a building

block for the amplitude, specifically the effective current JEx µ.

If we assume that the W -boson decays into two particles, A and B, we can derive

the expression for this current directly using Feynman rules, this derivation can also

be found in [9]:

Jµ
Ex(pa, pA, pB, p1) =

(
ū1γ

ν(/p1 + /pA
+ /pB

)γµua

t1AB

+
ū1γ

µ(/pa
− /pA

− /pB
)γνua

taAB

)
[ūAγνuB] .

(4.5.2)

We can rewrite this in terms of manageable spinor-matrix-spinor pieces as:

Jµ
Ex(pa, pA, pB, p1) =

(
2p

ν
1 [ū1γ

µ
Paua]+[ū1γ

ν
P1uB ][ūBγ

µ
Paua]+[ū1γ

ν
P1uA][ūAγ

µ
Paua]

t1AB

+2p
ν
a[ū1γ

µ
P1ua]−[ū1γ

µ
P1uA][ūAγ

ν
Paua]−[ū1γ

µ
P1uB ][ūBγ

ν
Paua]

taAB

)
× [ūAγνPAuB] .

(4.5.3)

This extremal current is then contracted with the known result for a central effective

vertex that includes a qq̄ pair. This was previously derived in [9], so we will just

quote the result for the form that fits into Eq. (4.5.1) along with Eq. (4.5.2):

Xde µν
cen = iC2 (Xµν

s +Xµν
6 )− iC3 (Xµν

s +Xµν
7 ) , (4.5.4)

where C2 = T d
2qT

e
q3 and C3 = T e

2qT
d
q3 are color factors, and the various tensors are

defined by:

X6 µσ =
ū2γµ(/q1 − /p2)γσv3

(q1 − p2)2 , (4.5.5)

X7 µσ =
ū2γσ(/q1 − /p3)γµv3

(q1 − p3)2 , (4.5.6)

Xµν
s = 1

s23

(
gµνXσ

sym +Xµνσ
5

)
[ū2γσv3] , (4.5.7)
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where

Xνλσ
5 = (q1 + p2 + p3)λgνσ + (q3 − p2 − p3)νgλσ − (q1 + q3)σgνλ , (4.5.8)

Xσ
sym = pσ

a

(
t1

sa2 + sa3

)
+ pσ

1

(
t1

s12 + s13

)

− pσ
b

(
t3

sb2 + sb3

)
− pσ

4

(
t3

s42 + s43

)
.

(4.5.9)

While the results in Eqs. (4.5.2) and (4.5.4) existed within the HEJ formalism before

the work in this thesis, implementing them both into a single HEJ ME of the form

presented in Eq. (4.5.1) is novel, and as such, much work was carried out to validate

the results when added into W+Jets predictions within HEJ. The validations are

presented in Section 4.6.4.

4.5.2 W -boson Emission from the Central Quark Line

As in the extremal qq̄ case, our goal is to factorise the currents and the W -boson

emission. This will allow for the easy insertion into the HEJ formalism. We therefore

search for an expression of the form:

Mqq→qQQ̄qW ∼
⟨1|µ|a⟩Xµν ⟨4|ν|b⟩

t̂1t̂3
. (4.5.10)

Let us consider the possible places for the emission of a W -boson in each of the cases

in Fig. 4.8. The W -boson can be emitted from 16 places within these diagrams and

contribute to the effective impact factor. All of these must be calculated separately.

These contributions are relatively straightforward to compute, as theW -boson carries

(−)

(+)

(−)

(+)

(−)

(+)

ū (γPLγγγγ) ν ū (γγγPLγγ) ν ū (γγγγγPL) ν

Figure 4.10: The helicity of the central qqx line
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no color charge. There will also then be the case where we reuse the pure jet effective

vertex for these contributions to the W+Jets NLL processes since the W -boson will

be emitted separately.

There are 5 distinct diagrams where a gluon is emitted, splits into a qq̄ pair which

subsequently emits a W -boson. Since the W -boson can be emitted from either the

quark or anti-quark line, this yields ten distinct contributions. Let us first have a

look at the basic building block, JV , which is a gluon splitting into a qq̄ pair and the

subsequent emission of a W. This building block takes into account both possible

emission sites. The two possible contributing emission spots for the qq̄ current are

depicted in Fig. 4.12. When both of these contributions are realised the resulting

current is:

Jµ
V (p2, pA, pB, p3) = [ūAγνuB]

8(p
2
W −m

2
W +imW ΓW )

(
ū2γ

ν(/p2 + /pA
+ /pB

)γµu3

s2AB

−
ū2γ

µ(/p3 + /pA
+ /pB

)γνu3

s3AB

)
.

(4.5.11)

Note the inclusion of the W -boson propagator and the overall factor of 8, arising

from two W -boson vertices contributing 2
√

2 each. The relative minus sign between

terms arises from the direction of momentum flow. We can rewrite this in terms of

pa

pb

∑s
c

p1

pw

p2

p3

p4

Figure 4.11: This is the effective vertex in the central qq̄ with a W -boson
emission from the effective vertex.
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pin

p1

pA

pB

p3

(a) W -boson Emission from Jet-2

pin

p1

pA

pB

p3

(b) W -boson Emission from Jet-3

Figure 4.12: The two possible qq̄ current W -boson Emissions.

manageable spinor-matrix-spinor pieces as:

Jµ
V (p2, pA, pB, p3) =

(
2p

ν
2 [ū2γ

µ
P3v3]+[ū2γ

ν
P2uB ][ūBγ

µ
P3v3]+[ū2γ

ν
P2uA][ūAγ

µ
P3v3]

s2AB

−2p
ν
3 [ū2γ

µ
P2v3]+[ū2γ

µ
P2uA][ūAγ

ν
P3v3]+[ū2γ

µ
P2uB ][ūBγ

ν
P3v3]

s3AB

)
× [ūAγνPAuB] ,

(4.5.12)

where siAB = (pi + pA + pB)2 and Px is the projection operator P± = (1 ± γ5)/2

according to the helicity of particle x. The current is zero unless P2 = P3. Of

course, we can contract this building block effective current with the analogous

pure jet cases (and barring changing momenta in propagators) we have the more

complicated Matrix element exactly already! So, explicitly, we have below calculated

the corresponding diagrams:

For the first diagram, in Fig. 4.8 we can simply use the structure provided by the

Pure Jets case and rather than contracting with a usual ⟨2|µ|3⟩ current, we instead

contract with effective current above: Jσ
V . This construction assumes negligible

interference between the two emission sites. Following Feynman rules, we arrive at

the exact result for the amplitude as we have made no approximations:

iM3g =g
2
wg

4
s T

g
1aT

geg
′
T g

′

4bT
e
23

2
√

2 t̂1s23AB t̂3

[
(q1 + p2 + p3 + pA + pB)λ gρµ

+ (q3 − p2 − p3 − pA − pB)ρ gµλ − (q1 + q3)µ gρλ

]

×
[
ū1γρua

]
[ū4γλub] JV µ(p2, pA, pB, p3) ,

(4.5.13)
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where q1 = pa − p1 = q3 + p2 + p3 + pA + pB, q3 = p4 − pb = q1 − p2 − p3 − pA − pB

and si..j = (pi + .. + pj)2. We have also assumed that the W is produced off shell

and decays to two particles A and B. This accounts for all possible emissions of the

W -boson from the three-gluon vertex in the diagram’s t-channel. Next if we consider

diagram 2 in Fig. 4.8, with our effective current building block we obtain:

iMl1 =−ig
2
wg

4
s T

e
1qT

g
qaT

e
23T

g
4b

s23AB t̂3

[
ū1γ

µ

(
/pa

+ /pb
− /p4

)
(pa + pb − p4)2γ

ρua

]

× JV µ(p2, pA, pB, p3) [ū4γρub] .
(4.5.14)

As might be expected due to the lack of t-channel factorisation this is not in the

form we desired as in Eq. (4.5.10). As such we need to make some approximations.

We consider the quark current [ū1 ... ua]. After expansion of the current with the

use of the completeness relation:ū1γ
µ

(
/pa

+/pb
−/p4

)
(pa+pb−p4)2 γ

ρua

 = ⟨1|µ|1⟩⟨1|ρ|a⟩+⟨1|µ|2⟩⟨2|ρ|a⟩+⟨1|µ|A⟩⟨A|ρ|a⟩+⟨1|µ|B⟩⟨B|ρ|a⟩+⟨1|µ|3⟩⟨3|ρ|a⟩
sab−sa4−sb4

.

(4.5.15)

We now proceed to making some scaling arguments which shall show the dominant

term in the process. Consider the two current expansions in Eq. (4.5.12) and the

Eq. (4.5.15). These come about from the completeness relations. This is quite

simple, the dominant term in Eq. (4.5.15) is the first term. This is apparent after the

contraction with the current ⟨4|ρ|b⟩. Under this scenario, we immediately observe

the emergence of the contraction ⟨1|ρ|a⟩⟨4|ρ|b⟩. This, in the approximation that

p1 ∼ pa and p4 ∼ pb leads to the scaling of this term with a factor of √s14. All

remaining terms exhibit less favourable scaling behaviour. Taking this as the only

relevant term, we can then get the approximation for the amplitude as:

iMl1 =−ig
2
wg

4
s T

e
1qT

g
qaT

e
23T

g
4b

s23AB t̂3(s123AB)
⟨1|ρ|a⟩⟨4|ρ|b⟩(2pµ

1)JV µ . (4.5.16)

As we want to express this as in the form of Eq. (4.5.10) we need to rearrange (mostly

uncontract the extremal currents):

Xµν = gµν

s23AB(s123AB)(pρ
1)JV ρ , (4.5.17)
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µ

σ

p2

pA

pB

p3

µ

σ

p2

pA

pB

p3

µ

σ

p2

pA

pB

p3

Figure 4.13: These are the possible emission sites for the W -boson when
emitted from this central qq̄ arrangement.

up to color factors. We now need to consider the next diagram in Fig. 4.8. This

diagram is of a very similar structure to the last one. The key difference between

these two cases is that the gluon initiating the qq̄ pair originates from leg-4 rather

than leg-1. As such without writing the derivation we simply state the result:

iMl4 =
−ig2

wg
4
s T

g
1aT

e
4qT

g
qbT

e
23

s23AB t̂1(s234AB)
⟨1|ρ|a⟩⟨4|ρ|b⟩(2pµ

4)JV µ . (4.5.18)

Notably the color factors have changed as the gluon now originates from a different

leg, resulting in a structural analogue to Eq. (4.5.17) yielding an expression for Xµν

that now depends on pµ
4 rather than pµ

1 . There are another two diagrams with a

similar form, which rather than derive we are simply going to state the result of the

rearrangement:

iMla =
−ig2

wg
4
s T

g
1qT

e
qaT

e
23T

g
4b

s23AB t̂3(sa23AB)
⟨1|ρ|a⟩⟨4|ρ|b⟩ ∗ 2pµ

aJV µ . (4.5.19)

As in the previous case, changing the location of the gluon emission alters the color

structure of the amplitude. There is one final diagram with this exact form in the

Fig. 4.8. This corresponds to the emission of the Gluon which splits into a qq̄ pair

from leg-b.

iMlb =
−ig2

wg
4
s T

g
1aT

g
4qT

e
qbT

e
23

s23AB t̂1(sb23AB)
⟨1|ρ|a⟩⟨4|ρ|b⟩ ∗ 2pµ

b JV µ . (4.5.20)
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At this point, it is advantageous to invoke the high-energy limit, where p1 ∼ pa and

p4 ∼ pb. We will use these to combine the contributions from the diagrams where

the gluon which splits into the qq̄ pair is emitted from the same quark line. As such,

we will combine the contributions in the manner: i(Mla + Ml1) and i(Mlb + Ml4)

which gives us the expressions:

i(M1a) = i(Mla +Ml1) = g2
wg

4
sC1

s23AB t̂3(s123AB)
⟨1|ρ|a⟩⟨4|ρ|b⟩ ∗ 2pµ

1JV µ , (4.5.21)

where C1 is given by:

C1 = T e
1qT

g
qaT

e
23T

g
4b − T

g
1qT

e
qaT

e
23T

g
4b

= f egcT c
1aT

e
23T

g
4b .

(4.5.22)

We then proceed to do this with the other extremal leg:

i(M4b) = i(Ml4 +Mlb) = −ig2
wg

4
sC1

s23AB t̂1(s234AB)
⟨1|ρ|a⟩⟨4|ρ|b⟩ ∗ 2pµ

4JV µ . (4.5.23)

These two contributions correspond to an effective vertex contribution as (again, up

to color factors):

Xµν
1a = g

µν
g

2
wg

4
s

s23AB(s123AB)t̂3
(2pρ

1)JV ρ , (4.5.24)

Xµν
4b = −g

µν
g

2
wg

4
s

s23AB(s234AB)t̂1(2pρ
4)JV ρ . (4.5.25)

This accounts for five of the original seven diagrams in the pure jets case, and so we

are left with the final two diagrams which both have central qq̄ production. Both

diagrams feature quark propagators that are t-channel factorised and can therefore

be expressed explicitly using Feynman rules in the desired form. In both cases we

have 3 possible emission sites. We will model this with the use of an effective vertex

once again. The first of these diagrams in the pure jets case gives:

iMtqq̄ =
ig4

s T
g
1aT

g
2qT

e
q3T

e
4b

2t̂1(pa − p1 − p2)2t̂3
⟨1|µ|a⟩⟨4|σ|b⟩[ū2γµ(/pa

− /p1 − /p2)γσv3] . (4.5.26)

We need to consider the possibility of theW -boson emission from anywhere within the

central quark line. This gives us three possible emission sites. These are depicted in
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Fig. 4.13. As these contributions are explicitly t-channel factorised, no approximation

is required to cast them into the desired form. We need to use all three possibilities

in our effective vertex, however. We will list these in order, starting with the W

emitted from the quark (p2) leg:

Xµν
1 = −

⟨A|σ|B⟩[ū2γ
σ(/p2 + /pA

+ /pB
)γµ(/q1 − /p2 − /pA

− /pB
)γνv3]

(p2 + pA + pB)2(q1 − p2 − pA − pB)28(p2
W −m2

W + imW ΓW )
(4.5.27)

Xµν
2 =

⟨A|σ|B⟩[ū2γ
µ(/q1 − /p2)γ

σ(/q1 − /p2 − /pA
− /pB

)γνv3]
(q1 − p2)2(q1 − p2 − pA − pB)28(p2

W −m2
W + imW ΓW )

(4.5.28)

Xµν
3 =

⟨A|σ|B⟩[ū2γ
µ(/q1 − /p2)γ

ν(/p3 + /pA
+ /pB

)γσv3]
(q1 − p2)2(p3 + pA + pB)28(p2

W −m2
W + imW ΓW )

. (4.5.29)

The first term includes a minus sign, resulting from the propagator having momentum

flow opposite to the fermion flow. Note that the index µ corresponds to the gluon

with momenta q1, the index ν corresponds to the gluon with momenta q3 and the

index σ corresponds to the emission of the W. A potential simplification exists:

q1 − p2 − pA − pB = q3 + p3; however, if this was actually used within the code,

this would invalidate the gauge invariance, since momentum would then only be

conserved in the hard process, and resummation would no longer be valid.

These contributions can then be combined to construct the effective current. Notably,

their structure is already factorised in the t-channel. So we simply add these together

to get the effective vertex for the uncrossed contribution.

Xµν
unc = ⟨A|σ|B⟩

8(p2
W −m

2
W +imW ΓW ) ū2

[
−
γσ(/p2 + /pA

+ /pB
)γµ(/q3 + /p3)γ

ν

(s2AB)(tunc2)

+
γµ(/q1 − /p2)γ

σ(/q3 + /p3)γ
ν

(tunc1)(tunc2)

+
γµ(/q1 − /p2)γ

ν(/p3 + /pA
+ /pB

)γσ

(tunc1)(s3AB)

]
v3 ,

(4.5.30)

where tunc1 = (q1 − p2)2 and tunc2 = (q3 + p3)2. We now turn to the remaining

diagram of this class, which involves crossed quark lines. Again, there are three

possible emission sites which are depicted in Fig. 4.14 and these give the results as

below:
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Figure 4.14: These are the possible emission sites for the W -boson when
emitted from this central qq̄ arrangement.

Zµν
1 = −

⟨A|σ|B⟩[ū2γ
ν(/q1 − /p3 − /pA

− /pB
)γµ(/p3 + /pA

+ /pB
)γσv3]

(q1 − p3 − pA − pB)2(p3 + pA + pB)28(p2
W −m2

W + imW ΓW )
(4.5.31)

Zµν
2 =

⟨A|σ|B⟩[ū2γ
ν(/q1 − /p3 − /pA

− /pB
)γσ(/q1 − /p3)γ

µv3]
(q1 − p3 − pA − pB)2(q1 − p3)28(p2

W −m2
W + imW ΓW )

(4.5.32)

Zµν
3 =

⟨A|σ|B⟩[ū2γ
σ(/p2 + /pA

+ /pB
)γν(/q1 − /p3)γ

µv3]
(p2 + pA + pB)2(q1 − p3)28(p2

W −m2
W + imW ΓW )

. (4.5.33)

Note the first term here has a minus sign due to the propagator with momentum

flow against the fermion flow. Note that the index µ corresponds to the gluon with

momenta q1, the index ν corresponds to the gluon with momenta q3 and the index

σ corresponds to the emission of the W. We also note a possible simplification:

q1 − p3 − pA − pB = q3 + p2.

All the above can then be added together to form the effective current itself. Their

structure is inherently t-channel factorised. Thus, we simply sum them to construct

the effective vertex corresponding to the crossed contribution.

Zµν
cross = ⟨A|σ|B⟩

8(p2
W −m

2
W +imW ΓW )

ū2

[
−
γν(/q3 + /p2)γ

µ(/p3 + /pA
+ /pB

)γσ

(tcro1)(s3AB)

+
γν(/q3 + /p2)γ

σ(/q1 − /p3)γ
µ

(tcro1)(tcro2)

+
γσ(/p2 + /pA

+ /pB
)γν(/q1 − /p3)γ

µ

(s2AB)(tcro2)

]
v3 ,

(4.5.34)

where tcro1 = (q3 + p2)2 and tcro2 = (q1 − p3)2. We now have everything we need
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necessarily to form an expression for Xµν as depicted by Fig. 4.11. This can be done

by combining all the contributions from above into one single effective vertex. We

begin by revisiting the extremal leg gluon emissions to finalise this component:

Xµν
1a = g

µν

s23AB(s123AB)t̂3
(2pσ

1 )JV σ , (4.5.35)

Xµν
4b = −g

µν

s23AB(s234AB)t̂1
(2pσ

4 )JV σ . (4.5.36)

Earlier we noted that if we looked into the high-energy limit with the approximations

p1 ∼ pa and p4 ∼ pb we could simplify this arrangement. However, we now opt to

symmetrise this contribution and explicitly reintroduce both pa and pb:

Xµνσ
1a = g

µν

s23AB t̂3

(
p

σ
a

(sa23AB) + p
σ
1

(s123AB)

)
, (4.5.37)

Xµνσ
4b = −g

µν

s23AB t̂1

(
p

σ
b

(s23bAB) + p
σ
4

(s234AB)

)
. (4.5.38)

We first observe that an overall minus sign appears between the crossed and uncrossed

qq̄ contributions. We also note that we only have one t̂ denominator in each of the

two extremal leg cases. This will mean we need to multiply X1a and X4b by t̂1 and t̂3

respectively when factorising these denominators out of the overall effective vertex

form. Now, we combine: Eqs. (4.5.37), (4.5.38), (4.5.30) and (4.5.34):

Xµν
3g = T geg

′
T e

23

t̂1s23AB t̂3

[
(q1 + p2 + p3 + pA + pB)ν gµσ

+ (q3 − p2 − p3 − pA − pB)µ gσν

− (q1 + q3)σ gµν

]
JVσ(p2, pA, pB, p3) ,

(4.5.39)

Xµν
Unc = ⟨A|σ|B⟩

t̂1t̂3
ū2

[
−
γσ(/p2 + /pA

+ /pB
)γµ(/q3 + /p3)γ

ν

(s2AB)(tunc2)

+
γµ(/q1 − /p2)γ

σ(/q3 + /p3)γ
ν

(tunc1)(tunc2)

+
γµ(/q1 − /p2)γ

ν(/p3 + /pA
+ /pB

)γσ

(tunc1)(s3AB)

]
v3 ,

(4.5.40)
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Xµν
Cro = ⟨A|σ|B⟩

t̂1t̂3
ū2

[
−
γν(/q3 + /p2)γ

µ(/p3 + /pA
+ /pB

)γσ

(tcro1)(s3AB)

+
γν(/q3 + /p2)γ

σ(/q1 − /p3)γ
µ

(tcro1)(tcro2)

+
γσ(/p2 + /pA

+ /pB
)γν(/q1 − /p3)γ

µ

(s2AB)(tcro2)

]
v3 .

(4.5.41)

We proceed by factoring out common terms, namely the couplings, the W -boson

propagator, and the t-channel propagators: g
2
wg

4
s

8(p2
W −m

2
W −mW ΓW )t̂1 t̂3

. We then inspect

the color factors to determine how these terms combine: In the end, we arrive

at

V µν
Eff = C1

s23AB

(
Xµνσ

1a t̂1 −Xµνσ
4b t̂3 + V µνσ

3g

)
JVσ(p2, pA, pB, p3)

+ iC2X
µν
Unc − iC3X

µν
Cro ,

(4.5.42)

Note the relative minus sign between the uncrossed and crossed contributions, arising

from the presence of crossed fermion lines, and the minus between the 1a and 4b

extremal leg contributions due to momentum flow. There is also an extra factor of

t̂1 multiplying the 1a leg term as this is not present in the denominator. Also, there

is an extra factor t̂3 multiplying the 4b leg term for similar reasons. We have defined

the following expressions:

C1 =T e
1qT

g
qaT

e
23T

g
4b − T

g
1qT

e
qaT

e
23T

g
4b = f egcT c

1aT
e
23T

g
4b ,

C2 =T g
1aT

g
2qT

g
′

q3T
g

′

4b ,

C3 =T g
1aT

g
′

2qT
g
q3T

g
′

4b .

(4.5.43)

Now we have our desired form:

iM = g2
wg

4
s

8(p2
W −m2

W + imW ΓW )
⟨1|µ|a⟩V µν

Eff ⟨4|ν|b⟩
t̂1t̂3

. (4.5.44)

4.5.3 Choosing the W -boson Emission Site

We now provide several additional remarks regarding W -boson emission. First, if

both incoming legs are up-type quarks, any W−-boson emission must originate from

the central qq̄ effective vertex. Additionally, in the case of one up-type and one
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Figure 4.15: In this case of W Emission we will have possible interference.
This will (at least to begin) be assumed negligible.

down-type incoming quark, the W -boson may be emitted either from the quark

leg matching its charge (i.e., up emits W+, down emits W−), or from the central

vertex.

We do not account for interference effects arising from W -boson emission that pro-

duces indistinguishable final states, such as the example illustrated in Fig. 4.15.

Because of the above constraints we will consider the W -boson emission from the

effective impact factor and vertex first.

Such interference has also been neglected in other implementations within HEJ. The

Z+Jets case interference is slightly less trivial because the actual origin of the Z-

boson emission is much less clear. The interference caused in that case must not be

ignored.

We assign W -boson emission to the leg closest in rapidity to the W itself that is

a valid emission site. Specifically, we emit the W -boson from the quark leg with

minimal rapidity separation from it. This is due to the observed fact that the W -

boson emissions appear to have a normal distribution of rapidity around the rapidity

of the particle which first emits it (even if the width of said distribution is a couple

units of rapidity).
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4.6 Matrix Element Validation:

HEJ_Explorer

All processes have always been validated very explicitly using multiple methodologies

before their inclusion within HEJ. One basic verification we performed is to check

our calculations against known solutions. For the case of HEJ, one such explicit check

has always been through comparison explorer plots, such as shown in Fig. 2.3.

The basic premise in HEJ is to compute the matrix element with the t-channel pole

explicitly isolated before applying the Lipatov ansatz and resumming real emissions.

In lots of cases, this calculation requires no approximation, and the resulting matrix

element is exact. In other cases, there are a few approximations made. Either way,

we expect that the result of the approximation within HEJ will be correct in the high

energy limit. Hence, we ‘explore’ a phase-space slice for the HEJ matrix element and

compare it with a fixed-order (exact) LO calculation of the same object.

Within HEJ1, this comparison was exceptionally easy, since automatically generated

standalone Madgraph5 [74] matrix elements were a part of the HEJ code-base. Fol-

lowing the decision to move to using fixed-order event files as input, which doubles

up as our matching methodology, we no longer require these fixed-order matrix

elements to be a part of the code. This has several advantages, notably reducing the

number of dependencies required by the HEJ code and there is far less bloat. The

downside is that there was no obvious candidate for how to explicitly check these

matrix elements in an automated way. As such, I developed a program using C++,

taking advantage of the new ability of HEJ to be used as a library which allowed

such comparisons to take place.

The end result was a robust program which allowed for an extra check which was

not possible (or necessary before). Specifically, it was now possible to input a test

event, and ensure that the output of HEJ just of the hard process approximation

calculation was correct in comparison to predictions made by the same fixed-order

generators which were used within HEJ1. This means that we can see that the input
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events are indeed correctly classified, and then also correctly calculated up to the

stage that they can be verified through comparison to an external program.

This validation procedure has been retroactively applied across all processes in HEJ

to ensure that the matrix elements produced by HEJ2 are firstly, the same as those

produced by HEJ1, but also that they still agree with other external predictions. This

when combined with the other continuous integration checks on the code provides a

fairly safe understanding that the predictions made within HEJ2 are reliable.

4.6.1 Explorer Plot of Unordered Processes

Although the unordered subleading channel was derived in earlier work, it was never

included in any published study. This is also true of the Extremal qq̄ process type.

As such, although we have not included their derivations here, it should be made

clear that extensive verification steps have been undertaken to ensure the validity

of these subleading pieces also. To avoid overcomplicating the current validation

discussion, we simply include one channel of the explorer plots for both the unordered

and extremal qq̄ process types. The following phase-space point was used for both

of these investigations:

p1 =(pT cosh(∆), pT cos(ϕ1), pT sin(ϕ1), pT sinh(∆))

p2 =(pT , pT , 0, 0)

pl̄ = pe = (peT cosh(ye), peT cos(ϕe), peT sin(ϕe), peT sinh(ye))

pl = pνe
= (pνT cosh(yν), pνT cos(ϕν), pνT sin(ϕν), pνT sinh(yν)) (4.6.1)

p3 =(|p⃗3T | cosh(−∆), |p⃗3T | cos(ϕ3), |p⃗3T | sin(ϕ3), |p⃗3T | sinh(−∆))

pa =(xa

√
ŝ

2 , 0, 0, xa

√
ŝ

2 )

pb =(xb

√
ŝ

2 , 0, 0, −xb

√
ŝ

2 ) ,

where pT = peT = 40GeV , pνT = m
2
W

2peT (cosh(ye−yν)−cos(ϕe−ϕν)) , ye = yν = ∆, ϕ1 = 2π
3 ,

ϕe = π
2 , ϕν = −π

2 are parameters chosen to ensure our partons when explor-

ing phase-space do not go too soft. And where our final momentum, p⃗3T =
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(|p⃗3T | cos(ϕ3), p⃗3T sin(ϕ3)) is set through transverse momentum conservation. Lon-

gitudinal momentum conservation is set thanks to:

xa =
∑

i

piT√
ŝ
eyi ,

xb =
∑

i

piT√
ŝ
e−yi ,

where the index i refers to the outgoing particles. Naturally, numerous additional

checks must be performed to ensure that the matrix elements are correct for all

differing phase-spaces, and these were performed. In particular, it must be verified

that altering the emission site of the W -boson does not mean that the HEJ prediction

is incorrect, as well as every different combination of various differing flavors of

partons involved within the process. HEJ is for the most part unconcerned by the

flavor of the involved partons; however, there can be phase factors introduced when

interchanging a quark and anti-quark line within HEJ formalism. These have all been

checked thoroughly both upon original calculation, and also at the point of their

inclusion within HEJ2.

For the unordered process type we consider a process of the type illustrated by

Fig. 2.10a. Specifically, we consider the phase-space in Eq. (4.6.1) with a flavor

assignment of incoming states defined with pa as a quark, pb a quark, with and

outgoing flavors: p1 is a gluon,p2 is a quark, and p3 is a quark.

If one attempts to draw the unordered process in a Feynman Diagram-like style,

except planar, as in Fig. 2.10a it becomes clear that if strict rapidity ordering is

required of the final state particles, there will be a t-channel quark propagator. As

per the scaling behaviour which was predicted in Section 2.2.1, we expect that the

matrix element will be suppressed by a factor equal to the invariant mass of the

unordered gluon and the quark, s12 in the phase-space point chosen. As such, we

multiply the matrix element itself by a factor of s12 to demonstrate that the high

energy limit scaling is indeed suppressed by the factor we suspect from Regge theory.

This is exactly what we see in Fig. 4.16. The HEJ matrix element is not only in
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Figure 4.16: A comparison of HEJ and the leading-order Matrix Elements
produced by MadGraph5 for an unordered gluon configuration
as denoted by the phase-space slice described in Eq. (4.6.1).
Specifically, the plot demonstrates that the matrix element
demonstrates the expected scaling behaviour and also that the
HEJ prediction is in good agreement across the whole range of
rapidities plotted.

perfect agreement with the MadGraph5 matrix element, but it also demonstrates the

scaling behaviour we expected.

4.6.2 Explorer Plot of Extremal qq̄ Processes

One can complete a similar analysis of the equivalent Extremal qq̄ process depicted

in Fig. 2.10b, where we again see the necessity of the t-channel quark propagator.

For our investigation into the validity of the HEJ matrix element, we consider a

phase-space point, again in Eq. (4.6.1) but with the flavor assignment as depicted in

the planar diagram such that pa is a gluon which splits into a quark-anti-quark pair
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Figure 4.17: A comparison of HEJ and the leading-order Matrix Elements
produced by MadGraph5 for an extremal qq̄ configuration as
denoted by the phase-space slice described in Eq. (4.6.1). Spe-
cifically this plot shows that the matrix element demonstrates
the expected scaling behaviour and also that the HEJ prediction
is in good agreement across the whole range of rapidities plot-
ted.

(p1 and p2 in the final state), with the other incoming leg, pb assigned as a quark

and the final particle in the diagram, p3 also a quark.

We again multiply the matrix elements by a factor s12, which according to Regge

theory should be the factor of suppression we expect. Looking at Fig. 4.17, we see

that this is indeed the case. The HEJ matrix element is aligned with the leading

order prediction for all values of rapidity separation, but also the exact scaling

behaviour is exhibited.

It is evident that the matrix elements for both 3-jet NLL real-emission subleading

processes, unordered and extremal qq̄ exhibit the scaling behaviour that would
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be expected from them. A further, more stringent check of the formalism was

possible at this stage. It has been noted that there is a correspondence between

the unordered processes and the extremal qq̄ processes. That is by simply applying

a crossing symmetry to either explicit calculation, it is possible to calculate either

process.

4.6.3 Crossing Correspondence

Crossing symmetries work because the only distinction between the incoming and

outgoing states in the calculation is whether the spinors are associated with positive

or negative frequencies. It is of note that this is how one can distinguish particles

and their and anti-particle counterparts. This allows for an incoming particle with

momentum p to be treated as an outgoing one with momentum −p and the matrix

element which results from Feynman rules applied to the new diagram will be

unchanged.

This crossing correspondence is a strong test of both the actual result and also a

demonstration of how minimal the approximations made within the HEJ calculation

are, since this symmetry carries over to the factorised matrix element from the full

calculation. We do not delve into the subtleties of this symmetry here, most notably

the difficulties associated with defining negative energy spinors. Instead, we simply

state that this was explicitly and extensively tested and exploited to ensure that the

matrix element which was calculated within HEJ is correct.

The following discussion in this section stems from the output of this verification stage

of the central qq̄ process type which was completed using the program HEJ_Explorer.

We consider two categories of central qq̄ processes, each comprising multiple subpro-

cesses. We will begin with the scenario with the W -boson emitted from an extremal

leg, and then follow this up with an investigation into the case of the central qq̄

with a W -boson emitted from that effective vertex. In both cases we will check that

the scaling of the matrix elements is as expected from Regge theory as described in

Section 2.2.1. That is, we expect a suppression of the matrix elements by a factor
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of √sqq̄ due to the necessary quark t-channel propagator in the process.

4.6.4 Central qq̄ (Extremal W Emission) Explorer

Plots

The matrix element which needs to be verified is the inclusion of the effective central

qq̄ vertex discussed in the previous section. This means we need to check various

different incoming and outgoing parton flavors, and W -boson emission sites to be

sure that the process has indeed been included correctly in all of its different manifest

forms.

To begin, we first we define our phase-space slice:

p1 =(pT cosh(∆), pT cos(ϕ1), pT sin(ϕ1), pT sinh(∆)) (4.6.2)

p2 =(pT cosh(y2), pT cos(ϕ2), pT sin(ϕ2), pT sinh(y2)) (4.6.3)

pl̄ =pe = (peT cosh(ye), peT cos(ϕe), peT sin(ϕe), peT sinh(ye)) (4.6.4)

pl =pνe
= (pνT cosh(yν), pνT cos(ϕν), pνT sin(ϕν), pνT sinh(yν)) (4.6.5)

p3 =(pT cosh(y3), pT cos(ϕ3), pT sin(ϕ3), pT sinh(y3)) (4.6.6)

p4 =(|p⃗4T | cosh(−∆), |p⃗4T | cos(ϕ4), |p⃗4T | sin(ϕ4), |p⃗4T | sinh(−∆)) (4.6.7)

pa =(xa

√
ŝ

2 , 0, 0, xa

√
ŝ

2 ) (4.6.8)

pb =(xb

√
ŝ

2 , 0, 0, −xb

√
ŝ

2 ) , (4.6.9)

where the rapidities y2 = −y3 = ∆
3 , pT = peT = 40GeV , pνT = m

2
W

2peT (cosh(ye−yν)−cos(ϕe−ϕν)) ,

ye = yν = ∆, ϕ1 = 2π
3 , ϕe = π

2 , ϕν = −π
2 are parameters chosen to ensure our partons

when exploring phase-space do not go too soft. And where our final momentum,

p⃗4T = (|p⃗4T | cos(ϕ4), p⃗4T sin(ϕ4)) is set through transverse momentum conservation.

Longitudinal momentum conservation is set thanks to:

xa =
∑

i

piT√
ŝ
eyi ,

xb =
∑

i

piT√
ŝ
e−yi ,
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where the index i refers to the outgoing particles. Within this parameterisation we

consider the momentum assignment:

Q(pa)Q′(pb)→ e(pe)ν(pν)Q(p1)q(p2)q̄(p3)Q′(p4) , (4.6.10)

where Q and Q′ are allowed to be any partonic flavors with the only constraint that

at most one of them is a gluon, since what we are testing here is the Matrix Element

for one of these partons emitting a W -boson and then a qq̄ pair produced between

them in a wide rapidity span. In all of our phase-space explorer validations our

investigation will be checking that the matrix element produced by HEJ agrees with

MadGraph5 for variations in the parameter ∆. In this particular case, this leads to

the matrix element approaching the strict MRK limit.

We further test this, by checking that the Matrix Element exhibits the scaling

behaviour we expect from Regge Theory: that it will be suppressed by a factor
1√
sqq̄

.

We show the results of these exploratory plots for a W+-boson emission from an

extremal leg in Fig. 4.18 and Fig. 4.19, and for W−-boson emission in Fig. 4.20

and Fig. 4.21. In all plots, we show the squared matrix element produced by HEJ

plotted against the squared Matrix element generated by the fixed-order Generator

MadGraph. In the plots on the left we see the squared Matrix element itself, and the

plots on the right show the squared matrix element multiplied by ŝqq̄.

At large rapidity separations, the HEJ matrix element aligns with the Matrix element

produced by MadGraph. This is demonstrated clearly by the ratio in the bottom

pane of each plot Further, the plots on the right show that the Matrix element scales

as we expect from Regge Theory, with a suppression by the factor 1√
sqq̄

.

We again that there is a larger discrepancy between the MG and HEJ result for lower

rapidity spans in the events that include incoming gluons, which are displayed in

Fig. 4.25 and Fig. 4.23. We don’t expect a great agreement for low rapidity spans in

general, but the decreased predictive power of HEJ here is due to the larger number

of channels that are available between the incoming and outgoing states that are not
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Figure 4.18: Explorer plots for the Central qq̄ process with the emission of
a W+-boson from an Extremal leg. Included in this figure are
event types with incoming quarks and/or anti-quarks. On the
left we have the HEJ and MadGraph squared Matrix elements
plotted against increasing rapidity. On the right, we have the
same plot by with the squared Matrix elements multiplied by
the factor ŝqq̄, demonstrating the expected scaling behaviour.
In each plot, the bottom pane shows the ratio of the two pre-
dictions, which trends to unity for large rapidity spans.

covered by the MRK limit in the case of incoming gluons. This in turn makes our

prediction away from this limit worse, and is where our reweighting of this matrix

element is important.
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Figure 4.19: Explorer plots for the Central qq̄ process with the emission of
a W+-boson from an Extremal leg. Included in this figure are
event types which include incoming gluons. On the left we have
the HEJ and MadGraph squared Matrix elements plotted against
increasing rapidity. On the right, we have the same plot by
with the squared Matrix elements multiplied by the factor ŝqq̄,
demonstrating the expected scaling behaviour. In each plot,
the bottom pane shows the ratio of the two predictions, which
trends to unity for large rapidity spans.
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Figure 4.20: Explorer plots for the Central qq̄ process with the emission of
a W−-boson from an Extremal leg. Included in this figure are
event types with incoming quarks and/or anti-quarks. On the
left we have the HEJ and MadGraph squared Matrix elements
plotted against increasing rapidity. On the right, we have the
same plot by with the squared Matrix elements multiplied by
the factor ŝqq̄, demonstrating the expected scaling behaviour.
In each plot, the bottom pane shows the ratio of the two pre-
dictions, which trends to unity for large rapidity spans.
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Figure 4.21: Explorer plots for the Central qq̄ process with the emission of
a W−-boson from an Extremal leg. Included in this figure are
event types which include incoming gluons. On the left we have
the HEJ and MadGraph squared Matrix elements plotted against
increasing rapidity. On the right, we have the same plot by
with the squared Matrix elements multiplied by the factor ŝqq̄,
demonstrating the expected scaling behaviour. In each plot,
the bottom pane shows the ratio of the two predictions, which
trends to unity for large rapidity spans.
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4.6.5 Central qq̄ (Central W Emission) Explorer Plots

In this section we will be looking at a very similar process, in which the W -boson is

instead emitted from the central qq̄′ pair itself, meaning we will relax the conditions

in the previous section that one of the initial partons must be not be a gluon.

We will be using the same phase-space slice detailed in Eq. (4.6.2), where the only

difference for these plots will be that yl = yl̄ = ∆
3 as this will place these particles

close in rapidity to the jet which emitted.

The processes selected for display are chosen to minimise ambiguity as to which

partons emitted the W -bosons. By this, we mean that the outgoing extremal partons

match the incoming partons in all processes, and also that the qq̄′ pair that are

produced in the particular process are of a different flavor than any of the other

partons in the process.

We see the results of these exploratory plots for W+-boson emission in Fig. 4.22 and

Fig. 4.23, and the exploratory plots for W−-boson emission from this central qq̄′

pair in Fig. 4.24 and Fig. 4.25. As before, in all plots we have the HEJ output and

the MG output compared. Once again, we observe excellent agreement between the

HEJ matrix element and the fixed-order prediction produced by MadGraph at large

rapidity spans as demonstrated by the ratio plots that are the bottom pane of each

plot.

The plots on the right of the figure are, similar to those produced in the previous

section, designed to check that the matrix element scales as would be suggested by

Regge Theory. We indeed see this, as the plots show in this separate process that

there is again a suppression of the Matrix element by the factor 1√
sqq̄

.

We note again that there is a larger discrepancy between the MG and HEJ result for

lower rapidity spans in the events that include incoming gluons, which are displayed

in Fig. 4.25 and Fig. 4.23. As mentioned in the previous section, we don’t expect

a great agreement for low rapidity spans in general, but the decreased predictive

power of HEJ here is due to the larger number of channels that are available between
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Figure 4.22: Explorer plots for the Central qq̄ process with the emission
of a W+-boson from the Central qq̄ effective vertex. Included
in this figure are processes with incoming quarks and/or anti-
quarks. On the left we have the HEJ and MadGraph squared
Matrix elements plotted against increasing rapidity. On the
right, we have the same plot by with the squared Matrix ele-
ments multiplied by the factor ŝqq̄, demonstrating the expected
scaling behaviour. In each plot, the bottom pane shows the
ratio of the two predictions, which trends to unity for large
rapidity spans.

the incoming and outgoing states that are not covered by the MRK limit in the case

of incoming gluons. This in turn makes our prediction away from this limit worse,

and is where our reweighting of this matrix element is important.
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Figure 4.23: Explorer plots for the Central qq̄ process with the emission of
a W+-boson from the Central qq̄ effective vertex. Included in
this figure are processes with incoming gluons. On the left we
have the HEJ and MadGraph squared Matrix elements plotted
against increasing rapidity. On the right, we have the same plot
by with the squared Matrix elements multiplied by the factor
ŝqq̄, demonstrating the expected scaling behaviour. In each plot,
the bottom pane shows the ratio of the two predictions, which
trends to unity for large rapidity spans.
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Figure 4.24: Explorer plots for the Central qq̄ process with the emission
of a W−-boson from the Central qq̄ effective vertex. Included
in this figure are processes with incoming quarks and/or anti-
quarks. On the left we have the HEJ and MadGraph squared
Matrix elements plotted against increasing rapidity. On the
right, we have the same plot by with the squared Matrix ele-
ments multiplied by the factor ŝqq̄, demonstrating the expected
scaling behaviour. In each plot, the bottom pane shows the
ratio of the two predictions, which trends to unity for large
rapidity spans.
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Figure 4.25: Explorer plots for the Central qq̄ process with the emission of
a W−-boson from the Central qq̄ effective vertex. Included in
this figure are processes with incoming gluons. On the left we
have the HEJ and MadGraph squared Matrix elements plotted
against increasing rapidity. On the right, we have the same plot
by with the squared Matrix elements multiplied by the factor
ŝqq̄, demonstrating the expected scaling behaviour. In each plot,
the bottom pane shows the ratio of the two predictions, which
trends to unity for large rapidity spans.
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4.6.6 Further verifications

Comparing matrix elements to fixed-order results was only one aspect of our veri-

fication strategy that we carried out to check the results of the calculation made

within HEJ. Other, non-trivial checks that were made include ensuring that varying

helicity combinations gave the same result for all diagrams in the MRK limit.

Further, we checked that HEJ produced the same output for a flip of the z-axis in

the process. We further verified invariance under rotation about the z-axis for all

momenta involved. As mentioned in a previous section, we also checked the crossing

correspondence by checking the results of inverted momenta in these processes

inputted into HEJ.

After all the verifications described, we are confident that the matrix element itself

is correct, and can move onto the results which we obtained through the inclusion

of these subleading corrections in the W+jets process within HEJ.





CHAPTER

FIVE

RESULTS

We now present the results arising from the implementation of these NLL contribu-

tions

5.1 Numerical Impact of NLL Components

All the predictions made with HEJ before 2020 [7, 66, 78–81] – that is – before

the publishing of [9], were made with matching to leading-order fixed-order calcu-

lations. At the same time as the NLL updates were being made to improve the

logarithmic accuracy of HEJ, it was also being updated to match to NLO fixed-order

calculations.

The details of this are introduced in [9], and we do not discuss these in detail here,

but it is necessary to mention this, as it formulates one aspect of the results that are

to be presented in this Chapter. In Figures 4.1 and 4.2 in section 4.1, we presented a

breakdown of the leading-order cross-section for pp→ W+3j and pp→ W+4j. The

individual contributions were separated into leading-log (LL) configurations, next-to-

leading-log (NLL) configurations and other (i.e. further suppressed) configurations

and in those figures we showed that NLL contributions account for up to 40% of
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the cross-section in key regions of phase-space. In Chapter 4 have introduced all the

necessary components to construct HEJ amplitudes for these NLL configurations, so

we can now perform an all-order resummation of the dominant high-energy effects

across this extended region of phase-space. We will now illustrate the numerical

impact of these new components.

In Figures 5.1–5.6, we illustrate the impact in various distributions by plotting the

all-order and fixed-order components and analyse the contributions using separate

subplots.

1. First, in each of these Figures, the plot at the top left shows the LO result

plus all HEJ LL corrections. Resummation in this first subplot occurs in

the processes listed in the middle column of Table 4.1. These processes form

the ‘all-order component’ and are displayed by the red dashed line. All other

subprocesses are displayed in the subplot as fixed-order only as the blue dashed

line.

2. Second, in each of these Figures, the plot at the top right shows the LO result

plus all HEJ NLL corrections. Resummation in this second subplot occurs

in the processes listed in the middle and right columns of Table 4.1. These

processes form the ‘all-order component’ and are displayed by the red dashed

line. All other subprocesses are displayed in the subplot as fixed-order only as

the blue dashed line.

3. Finally, there is a third subplot beneath the other two which shows the relative

difference between the top left, and top right plots divided by the results of

the top left plot.

Fig. 5.1 shows the inclusive jet rates for pp → (W → lν)± ≥ Njets. When resum-

mation is only applied to LL states the all-order component decreases with each

multiplicity. This makes sense when we consider the increase of the number of

possible states with each extra jet. The NLL components presented in this thesis

are introduced only for events containing three or more jets, so the relative change
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Figure 5.1: Inclusive Njets cross-sections for pp → (W → lν)+ ≥ Njets

where , in the top left resummation is applied only to LL states.
In the top-right resummation is applied to all LL and NLL states.
Also shown in each case is the breakdown into the component
where all-order resummation is applied (red, dashed) and the
component which remains described at fixed- order only (blue,
dashed). The final subplot, which shows the relative difference
between these two scenarios.
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Figure 5.2: The differential distribution (black, solid) in the rapidity differ-
ence between the most-forward and most-backward jets, ∆yjf ,jb

,
in pp → (W → lν)+ ≥ 3j, without and with resummation ap-
plied to NLL states. The panels and lines are as in Fig. 5.1

in the 2 jet bin is small. In the bins representing a higher number of jets we see

a significant increase in the fraction of the cross-section described by the all-order

contributions.

This clearly illustrates that although the new NLL contributions are formally sup-

pressed, they are numerically highly significant in realistic LHC analyses.

In Fig. 5.2 we show the rapidity difference between the most-forward and most-

backward jets ∆yjf ,jb
, for pp → (W → lν)± ≥ 3j. We see that the all-order

component (red dashed) illustrated in the first subplot is between 30− 40% across

the entire range, with the remainder being the fixed-order component. The addition

of the NLL components being resummed introduces a dramatic increase in the

amount of the distribution described by the all-order components, ranging between
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Figure 5.3: The differential distribution (black, solid) in the invariant mass
of the two leading jets in pp → (W → lν) ≥ 2j, without and
with resummation applied to NLL states. The panels and lines
are as in Fig. 5.1

65% at ∆yjf ,jb
= 0 to 80% at ∆yjf ,jb

= 6.5.

The final subplot, depicting the relative difference between these two cases shows

that the total cross-section decreases linearly across the distribution to around

−25% at large ∆yjf ,jb
. The changes in the relative components are much larger. The

relative stability of the total cross-section despite the inclusion of additional all-order

components, indicates the perturbative stability of the HEJ framework [9].

In Fig. 5.3, we show the comparison between the LL and NLL predictions and the

breakdown of the different components in the distribution of the invariant mass of

the two leading jets in pp→ (W → lν) ≥ 2j. We see when all-order corrections are

just applied to the LL contributions the all-order components begin at 37% rising

to 55% at m12 = 125GeV, and remains stable up to m12 = 2 TeV. When we perform
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Figure 5.4: The differential distribution (black, solid) in the transverse mo-
mentum of the leading jet in pp→ (W → lν) ≥ 2j, without and
with resummation applied to NLL states. The panels and lines
are as in Fig. 5.1

resummation on the NLL processes we see this all-order component increase to 80%

of the total cross-section at large m12. This behaviour is expected, as larger values

of m12 correspond more closely to the MRK limit, which requires a large invariant

mass between all jets.

In Fig. 5.4 we show the transverse momentum distribution of the leading jet in

pp → (W → lν) ≥ 2j events. As we saw in Fig. 5.1, the inclusive cross-section of

the 2-jet events can see that the all-order component is larger than the fixed-order

component for low pj,⊥, even for the LL resummation only plot. This steadily falls to

40% for increasing pj,⊥. After all-order corrections are applied to the NLL states the

behaviour of the distribution changes and the all-order component instead rises as a
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Figure 5.5: The differential distribution (black, solid) in the transverse mo-
mentum of the leading jet in pp → (W → lν)+ ≥ 3j, without
and with resummation applied to NLL states. The panels and
lines are as in Fig. 5.1

fraction of the total, up to 67% at pj,⊥ = 700GeV. We see in the relative difference

plot that the as pj,⊥ increases, the size of the all-order component increases by 50%

and the fixed-order component decreases by 50%.

Fig. 5.5 depicts the same analysis for the transverse momentum distribution of the

leading jet in pp → (W → lν)± ≥ 3j. Since the NLL components only come into

play for ≥ 3j, we expect a more dramatic change in the distribution than that

depicted in Fig. 5.4. We again see a dramatic increase in the component of the cross-

section controlled by the all-order resummation, from 40% for just LL component

resummation to near 80% when the NLL components are included for low transverse

momenta. The relative change in the total cross-section is again small at 8%, but the
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Figure 5.6: The differential distribution (black, solid) in the transverse mo-
mentum of the leading jet in pp → (W → lν)+ ≥ 4j, without
and with resummation applied to NLL states. The panels and
lines are as in Fig. 5.1

fixed-order component is reduced by around 30% whereas the all-order component

increases by around 100%.

In Fig. 5.6 we show the same analysis again for the transverse momentum distri-

bution of the leading jet, but this time for pp → (W → lν)± ≥ 4j. Since all the

corrections derived in Chapter 4 require at least four hard jets, we expect again

a large improvement, as we include more processes. Despite the inclusion of more

processes into the all-order component, it makes up a smaller fraction of the total

cross-section than in Fig. 5.5 since there are significantly more processes that con-

tribute to a 4j process. We observe an increase from 20% − 30% to 55% − 65%

between the top left and top right plots. We see the relative differences are very



5.2. ATLAS Predictions 135

Lepton pT pT> 25 GeV
Lepton rapidity |η| < 2.5
Missing transverse momentum Emiss

T > 25 GeV
Reconstructed transverse mass of boson mT > 40 GeV
Jet pT pT > 30 GeV
Jet rapidity |y| < 4.4
Jet isolation ∆R(l, jet) > 0.5 (7 TeV [8]), 0.4 (8 TeV [10])

jet is removed

Table 5.1: Selection cuts for the data analyses

similar to the three-jet case.

5.2 ATLAS Predictions

The predictions of HEJ including these subleading corrections have been included

in multiple ATLAS studies. This section compares predictions made with [82] to

analyses by ATLAS of Wjj at LHC energies of 7 TeV [8] and 8 TeV [10], and

we will in particular focus on distributions where the new components lead to

important improvements. The data was collected using slightly different cuts for

the electron and muon channel, and then extrapolated to a ‘combined’ selection

contrasted with predictions generated with the following cuts listed in Table 5.1.

The rapidity selection criteria for jets, accepting jets of rapidities in the full detector,

not just the central part, is particularly important for the study of high-energy

logarithms: it matches the selection criteria used for the study of Higgs boson

production in association with dijets, and it avoids the focus on jets of very large

transverse momenta, which is a result of studying large mjj for solely central jets.

We will compare to data the fixed-order predictions for Wjj@NLO obtained using

Sherpa [83] and those of HEJ obtained using the improvements presented in this

thesis and in [9] wherein further details can be found.

In particular we compare the predictions for the inclusive and exclusive jet counts,

the transverse momenta of the leading and sub-leading jet and of the W -boson,

and the azimuthal angle between the two leading jets. µf = µr = HT/2 is the
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central chosen for all predictions, and the scale variation band is the envelope of an

independent variation of both µf and µr by up to a factor up 2, except configurations

with a ratio between them larger than 2 (or smaller than 1/2). All of this is by the

convention, not to avoid artificially improving the correlation between prediction

and data.

We discussed the impact on observables of including resummation of the next-to-

leading logarithmic processes in Section 5.1, and illustrated it in Figs. 5.1–5.6.

Prior to these improvements, predictions based solely on the leading-logarithmic

description as in [79] combined with matching to high-multiplicity Born-level matrix

elements fails systematically in the regions of large (> 100GeV) transverse momenta

of the jets. This is expected, as it is outside the multi-Regge kinematic conditions

that the leading logarithmic approximation is based upon. This break down in

prediction capability displays the shortcoming of matching the non-resummable

part of the cross-section with a simple addition of Born-level events of increasing

multiplicity. That is that the born level predictions should be considered inclusive

in jet multiplicity, so simply adding the contributions leads to overestimated cross-

sections. We don’t solve this by the inclusion of sub-leading channels; however, we

reduce our dependence on Born-level matching from 60% to 35%, which reduces the

impact of this overestimation.

In the paper [9], we can also see the impact of the developed NLO matching which

will be combined into the following ATLAS data comparisons.

Figs. 5.7a-5.7b show the predictions for the inclusive and exclusive jet rates re-

spectively to the data from ATLAS. NLO matching of the inclusive two-jet rate, as

described in [9], reduces the scale dependence relative to predictions made with HEJ

1 reported in [8]. For the predictions made with the NLL resummation and 2-jet

inclusive NLO matching, the central predictions for both inclusive and exclusive jet

rates are within the 1-σ band of the ATLAS data.

The next two subplots, Figs. 5.7c-5.7d show the differential cross-section for the



5.2. ATLAS Predictions 137

pp→ (W → lν)+ ≥ Njets

LHC@7 TeV
anti-kt, R = 0.4, pj,⊥ > 30 GeV, |yj| < 4.410−1

100

101

102

σ
((
W
→

lν
)+
≥
N

je
ts

)
[f

b
]

HEJ1

HEJ2 NLO

Wjj NLO

Data from ATLAS: 1409.8639

2 3 4 5 6
Njets

0.6

0.8

1.0

1.2

1.4

R
at

io
to

D
at

a

(a) Inclusive jet rates.

pp→ (W → lν) +Njets

LHC@7 TeV
anti-kt, R = 0.4, pj,⊥ > 30 GeV, |yj| < 4.410−1

100

101

102

σ
((
W
→

lν
)

+
N

je
ts

)
[f

b
]

HEJ1

HEJ2 NLO

Wjj NLO

Data from ATLAS: 1409.8639

2 3 4 5 6
Njets

0.6

0.8

1.0

1.2

1.4

R
at

io
to

D
at

a

(b) Exclusive jet rates.
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(c) Differential cross-section for the
transverse momentum of the lead-
ing jet.
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(d) Differential cross-section for the
transverse momentum of the second
leading jet.
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muthal angle between the two lead-
ing jets.

Figure 5.7: Predictions for pp → (W → lν)+ ≥ 2j for LHC@7TeV, com-
pared to ATLAS data from [8]. The original HEJ1 predictions
are shown in blue, the pure NLO predictions are shown in red
and the new HEJ2 predictions incorporating the methods of
Chapter 4 and the NLO matching from [9] are shown in green.
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transverse momentum of the leading jet, and the second leading jet respectively.

We observe that including subleading processes in the resummation significantly

improves the description of scatterings at large transverse momenta. We see signific-

ant improvement over the predictions made by HEJ 1 in HEJ 2, with all previously

identified discrepancies in these distributions being resolved. In fact, the central

predictions of HEJ 2 are closer to the data than pure WjjNLO, albeit with larger

scale variation.

The final subplot, Fig. 5.7e, shows the differential distribution for the azimuthal

angle between the two hardest jets, ϕ12. We again observe a significant reduction in

scale variation and predictions that are much closer to the central value of the data

from ATLAS. Overall, the prediction here is of similar accuracy to pure NLO.

Fig. 5.8 depicts the HEJ 1 and HEJ 2 predictions along with NLO predictions and

ATLAS data for 8 TeV collisions. We see similar improvements across the board

between HEJ 1 and HEJ 2 predictions as with the 7 TeV comparisons. To pull out

specifics, The inclusive jet rates obtained with HEJ 2 show very good agreement with

data across all matched multiplicities 2 to 6 inclusive. Similarly, we also see that

predictions are excellent matches to data for the transverse momenta of the first and

second hardest jet, and for the W -boson.

Clearly, the predictions show marked improvement between HEJ 1 and HEJ 2 for a

wide range of distributions, fixing shortcomings of the previous approach to predic-

tions based on Born-level matching and leading-logarithmic resummation. We have

dramatically reduced scale variation to be more in line with pure WjjNLO predic-

tions while substantially enhancing the description of distributions in subleading

regions of phase-space such as large transverse momenta.
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(a) Inclusive jet rates.
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(b) Differential cross-section for the trans-
verse momentum of the leading jet.
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(c) Differential cross-section for the trans-
verse momentum of the second leading
jet.
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(d) Differential cross-section for the trans-
verse momentum of the boson.

Figure 5.8: Predictions for pp → (W → lν)+ ≥ 2j for LHC@8TeV, com-
pared to ATLAS data from [10]. The original HEJ1 predictions
are shown in blue, the pure NLO predictions are shown in red
and the new HEJ2 predictions incorporating the methods of
Chapter 4 and the NLO matching from [9] are shown in green.





CHAPTER

SIX

CONCLUSIONS

In Chapter 1, we stated that a key motivation for building the Large Hadron Collider

was to directly observe all fundamental particles predicted by the highly successful

Standard Model of particle physics. Back in 2012, the LHC achieved this aim, with

the observation of a ‘Standard Model-like’ Higgs boson [84,85], which was the start

of a new age in particle physics. No longer was the focus on experiment to discover

remaining elements of the theory, but rather to find places which the results from

colliding these hadrons together deviates from our theoretical understanding enough

to provide a glimpse into where the theoretical understanding may be lacking.

To this end, the game has changed to one of high precision. This applies to both

experimental and theoretical communities. Most notably, there is a large body of

work being performed to work out whether the Higgs boson which was observed at the

LHC was indeed as the Standard Model predicts, or whether it more closely resembles

that predicted by other models, such as the Higgs doublet model. Regardless this

requires more data from experimental observations, which is why it is prudent

for the continual (planned) upgrades to the LHC which can provide more precise

measurements to be compared to.
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As experimental results become more precise, theoretical predictions must improve in

parallel. We explained in section 1.3 how one goes from a basic Lagrangian through

to a basic prediction using fixed-order QCD, and how one can naively improve upon

this easily1 with one traditional method which is used; however, we also followed

this with a set of sound reasoning as to why this is potentially not enough for a full

description in Section 1.4. Specifically this was a discussion of how large logarithms

can destroy a good fixed-order description in certain areas of phase-space.

Using parton shower resummation on top of fixed-order predictions is a common

approach, but it has been shown to be inadequate in certain regions. Specifically,

these methods tend to underestimate the number of hard jets which are produced

in the resulting final state particles from very high energy collisions.

The HEJ formalism described in Chapter 2 resums the high-energy logarithms

that appear in regions with large rapidity separations. These logs spoil fixed-order

convergence and are not cured by standard parton showers; resumming them enables

accurate predictions in the high-energy limit.

We discussed in Section 2.3.1 various high profile cases in which this approach has

been necessary already. For example, if one attempts to investigate the VBF Higgs

production channel, it is necessary to produce an accurate prediction for all the

Higgs production channels which contribute. Even in the highly exclusive areas of

phase-space in which the VBF channel is the dominant contribution such as with a

large jet veto in a central rapidity span with multiple jet production in association

with a Higgs boson, the gluon fusion Higgs production background is still large, and

understanding this QCD process is important. The high energy logarithms which are

summed and included by the HEJ calculation lead to a better understanding of the

background, and thus a more precise overall theoretical prediction for comparison

to experimental data to investigate the properties of the Higgs boson’s interaction

with vector bosons.
1Easily understood at least, as an increase in the number of terms considered in the power

expansion of αS , not necessarily easily performed
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In the same section, we further discussed how HEJ allows for the integration of these

logarithms across the full phase-space available within each channel since there are

minimal approximations made when exposing the high energy factorisation, due

to the use of the spinor-helicity formalism. We built a picture of how a basic HEJ

amplitude is constructed in Section 2.3.2 and then in Section 2.3.4, we discussed how

HEJ has traditionally built upon fixed-order calculations through matching which

allows for a correct normalisation of the cross-section prediction for regions in which

the approximations made within HEJ are expected to be poor (that is, away from

the high energy limit discussed in Section 2.2.1).

In Section 2.4 we included the final piece of background physics which was needed

before the new material within this thesis could be considered: the discussion of how

W+Jets is included with HEJ. The inclusion of this last piece of the puzzle allowed

us to move onto the implementation of this background knowledge.

This began with a discussion of what Monte Carlo integration is within Chapter 3.

This essentially covered the methods used and the implementation of the physics

contained within this thesis. We noted that since the work within this thesis began

there has been a dramatic shift in how the calculations are performed within HEJ,

and the implications of this shift lie largely within the method of matching. This

change was discussed at length in Section 3.2.1.

At this point we were able to move on to the improvements which are added to the

basic HEJ prediction for W+Jets contained within this thesis. Namely, in Section

4 we discussed the inclusion of subleading channels within the HEJ formalism, such

as those presented in pure jet production in the past. We then discussed the real

contributions required for HEJ to achieve formal NLL accuracy. The derivation of all

these pieces was included as well as various methods of validation which these newly

calculated pieces were put through in Section 4.6.4. Next we showed the impact due

to the inclusion of these channels on the reliance on fixed-order input within the HEJ

prediction, which was shown to be greatly reduced in Section 5.1.

Finally, after all of this we presented how the predictions of HEJ have improved over
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the jump between HEJ1 and HEJ2 by comparison with ATLAS data for production

of W -bosons in association with at least two jets for 7TeV and 8TeV collisions as

shown in the plots in Section 5.

It was found that the inclusion of these subleading channels along with the matching

to Wjj@NLO has improved predictions when compared to the previous approach

which included only born level matching and the leading-logarithmic resummation.

This result aligns with the findings in Section 4.1, where we saw that all-order

resummation now covers a significantly larger fraction of phase-space.

In this thesis we have attempted to describe what is a somewhat novel method of

improving theoretical predictions within the high energy limit by the inclusion of

subleading logarithms. The improvements contained within this thesis improve the

precision of the predictions made for multiple jet production in association with a

W -boson. We hope that, combined with ongoing improvements in the HEJ formalism,

this work will provide an additional tool for theorists to better constrain viable BSM

physics while deepening our understanding of the Standard Model.
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