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ABSTRACT

Symmetries play a fundamental role in our understanding of nature. While traditionally
described by the theory of groups and their representations, recent years have seen
a vast generalisation of the notion of symmetry, leading to so-called generalised
(or categorical) symmetries in quantum field theory. In this thesis, we examine
the mathematical structure that underlies such generalised symmetries and develop
a representation theory that captures their action on physical observables. We
focus on the case of finite bosonic symmetries in low spacetime dimensions, where
the appropriate mathematical framework is given by the theory of (higher) fusion
categories. We construct higher-dimensional analogues of Ocneanu’s tube algebra
and classify their higher representations using the so-called sandwich construction
(or Symmetry TFT) for categorical symmetries. We provide explicit examples that

include both anomalous group-like symmetries as well as non-invertible symmetries.
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INTRODUCTION

Symmetries provide a powerful tool for our understanding of nature. They reveal the
patterns and regularities that govern the behaviour of a physical system and thereby
reduce the number of variables needed for its theoretical description. They constrain
the ways a system can evolve over time, leading to predictions about future outcomes
of physical processes. The exploitation of symmetry-based principles in the study and
construction of new theoretical models has been one of the driving forces in advancing

our understanding of nature over the past century.

While the concept of symmetry was known to the Greeks, its rigorous mathematical
treatment began during the nineteenth century with the development of group theory
[7]. The latter captures symmetries as certain types of transformations that leave a
given object “invariant”, allowing for the notion of symmetry to be applied not only to
geometrical figures but also to more abstract objects such as mathematical equations
describing the dynamics of a physical system. For example, Newton’s laws of motion
are invariant with respect to Galilei transformations, while Maxwell’s equations of
electrodynamics are invariant under Lorentz transformations. With the discovery of
relativity and quantum theory at the beginning of the twentieth century, we arrived
at our modern understanding of symmetries in fundamental physics [8], according to

which they play the following twofold role in both classical and quantum theory:

1. Given a physical system, identifying its symmetries allows us to simplify the
theoretical description and constrain the dynamics of the system. According to
Noether’s theorem [9], every continuous symmetry leads to a conservation law,
which puts restrictions on the way the system can evolve over time. For example, if
a system possesses a time translation symmetry (meaning that the laws governing
its behaviour do not change over time), the associated conserved quantity is the
energy of the system. In quantum theory, symmetries lead to conserved operators,
which act on and thereby organise the spectrum of physical observables, leading

to selection rules and constraints on possible quantum transitions.

2. In the search for new theoretical models and descriptions of nature, imposing
symmetry principles often constrains and dictates the form that natural laws

can take. This point of view was initiated by the discovery of special relativity
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by Einstein in 1905 [10], who promoted the Lorentz symmetries of Maxwell’s
equations to isometries of spacetime itself. As a result, Maxwell’s equations were
fixed by the requirement to be compatible with the geometry of space and time.
Ten years later, Einstein used the principle of equivalence (i.e. the assumption
that the laws of nature are invariant under local changes of spacetime coordinates)
to derive the dynamical laws of gravity, leading to his celebrated general theory
of relativity [11]. On the quantum side, the implementation of local symmetries
resulted in the development of non-abelian gauge theory and culminated in the
construction of the standard model of particle physics in the 1970s, which dictates

and unifies the structure of the strong, weak, and electromagnetic forces [12].

While group-like symmetries continue to serve as a guiding principle in the search for
new physics beyond the standard model, recent years have seen the discovery of a
new, generalised type of symmetry as described in the seminal work [13]. Although no
longer captured by the theory of groups, these “generalised symmetries” act on and
organise the spectrum of physical observables in a quantum system just like ordinary
symmetries, leading to new selection rules and constraints on the dynamics of the
system. This raises the following question: What is the appropriate mathematical
structure that replaces group theory as a descriptor for generalised symmetries and
how does it act on physical observables in a quantum theory? Addressing this question

in simple cases is the aim of this thesis.

0.1 Motivation

The term symmetry derives from the Greek words sun (mean-

ing ‘with’ or ‘together’) and metron (‘measure’) and initially

referred to two things being measurable or comparable by

a common standard [7]. More generally, the ancient notion

of symmetry used by the Greeks and Romans referred to a Figure 1
relation between two things that turns their union into a harmonious and balanced
whole. For example, the two sides of the left image in Figure 1 are mirror images of

one another, which makes their union symmetric. On the other hand, the right image

is perceived asymmetric due to the lack of such relation between its two sides.

With the beginning of the seventeenth century, a new notion of

/\ symmetry (sometimes called the crystallographic notion of sym-

n=3 n=4 metry) developed, according to which symmetries correspond to

Q <:> certain types of transformations that leave a given object ‘invariant’
in an appropriate sense [7]. As an example, consider the regular

polygon P,, with n edges (the cases n = 3, ...,6 are illustrated in

Figure 2 Figure 2). We denote by r the transformation that rotates P,
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counterclockwise by an angle of 27 /n about its origin, and by s the transformation

that reflects P,, about a fixed vertical axis as shown below for the case n = 6:

)
(0.1)

g

Clearly, applying either r or s to P, leaves the appearance of the latter unaltered, which
is why they are called symmetry transformations of P,,. We can obtain other symmetry
transformations by applying r and s repeatedly to IP,, in different orders. However, the
resulting transformations are not all independent of one another: Rotating by 27 /n
for a total of n times is equivalent to not rotating at all; reflecting about a vertical
axis twice is the same as not reflecting at all. Furthermore, one can convince oneself
that a rotation followed by a reflection followed by a rotation is the same operation as

a single reflection. Formally, we write these relations as
'rn:52:1’ r-s-r=s, (02)

where we denoted by 1 the transformation that does nothing to P, at all. We denote
by Do, the set of all symmetry transformations of P,, that are generated by r and s

subject to the relations (0.2). Formally, we define
Doy = (rys | =s=1,rsr=5), (0.3)

which, as one can check, is a finite set of cardinality |Ds,| = 2n. Furthermore, the set

Do, of symmetry transformations of P,, has the following properties:

e We can ‘compose’ any two elements g and h to obtain a new element g - h which
as a symmetry transformation corresponds to the consecutive application of the
transformations g and h.

e We can ‘undo’ the symmetry transformation associated to each element g in the

1

sense that there exists an element g~ which is such that the composition of g

and ¢~ ! gives the ‘trivial’ symmetry transformation 1.

The starting point for the development of our modern understanding of symmetries
was the axiomatisation of the above structures underlying symmetry transformations

during the early nineteenth century, which led to the mathematical notion of a group:

Definition: A group is a set GG that is equipped with a binary operation - : G X G — G
(called the group multiplication and denoted by (g, h) — g-h) such that

1. the group multiplication is associative, i.e. (g-h)-k = g-(h-k) for all g,h, k € G,
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2. there exists a distinguished element 1 € G (called the identity element) such that
l-g =g-1 = gforall g €,

3. for every group element g € G there exists a unique g~! € G (called the inverse

of g) such that g-g7! = g71.g = 1.

A group G is called abelian if its associated group multiplication is commutative, i.e.
g-h = h-gforall g,h € G. A group homomorphism between groups G and G’ is a map
f: G — G’ such that f(g-h) = f(g)- f(h) for all g,h € G. A group homomorphism is
called a group isomorphism if it is a bijection. Two groups G and G’ are said to be

isomorphic (G = G') if there exists a group isomorphism between them.

The above notion of a group captures the abstract properties that we expect symmetry
transformations to have and puts them into a well-defined mathematical framework.

In general, we distinguish between the following two types of groups:

* Discrete: A group G is said to be discrete if it does

not contain any limit points, i.e. only consists of isolated .. . 1. .. °
group elements as illustrated in Figure 3. An important e
subset of discrete groups is given by finite groups, which

Figure 3
only contain finitely many elements.

e Continuous: A group G is said to be continuous (or a TG
Lie group) if its elements can be labelled by a set of real
parameters \; that turn G into a smooth manifold. The M G
Lie algebra g of G is then defined to be the tangent space B
to G at the identity element; g := T1G (see Figure 4). The Figure 4

usefulness of the latter is due to the existence of an exponential map
exp: g = G, (0.4)

which is a local diffeomorphism from a neighbourhood of 0 € g to a neighbourhood
of 1 € G. As a result, we can write ‘infinitesimal’ group transformations g € G
close to the identity as g = e® for some unique € € g close to 0, which allows us to
linearise computations inside G. For example, the product of two group elements

e® and e can be computed using the Baker-Campbell-Hausdorff formula

1
et el = exp<5+n+ 5[6,77] + ) , (0.5)
where [.,.] : g x g — g denotes the Lie bracket on g. The adjoint representation

of G is defined to be the map Ad : G — Aut(g) that maps a group element g € G

to the differential D1(9(.)) : g — g of the conjugation map 9(.) : h +— ghg™'.
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Examples of (discrete and continuous) groups that will be used throughout this thesis

repeatedly include the following:

The set Da, of symmetry transformations of P, as defined in (0.3) forms a finite
group called the dihedral group of order 2n, which is non-abelian for n > 2. It
contains as a subgroup the finite abelian group Z,,, which has a single generator

r subject to the relation " = 1.

Given two groups G and G’, we can construct their direct product, which as a
set is given by G x G’ with group multiplication (g,¢’) - (h,h') := (g-h,g"-I).
According to the fundamental theorem of finite abelian groups, every finite

abelian group A is of the form A = X'_, Zj, for some n, k; € N [14].

Given a set X, we denote by Aut(X) the automorphism group of X, which consists
of all bijections f : X — X with group multiplication given by composition. If
X is equipped with additional structure, we often implicitly assume Aut(X) to
consist of only those bijections f that are compatible with this structure in an
appropriate sense. For example, if X is a vector space, we take f to be a linear

automorphism of X, etc.

For each n € N, we call S,, := Aut([n]) the symmetric group of degree n, which
consists of all permutations of the finite set [n] := {1, ...,n}. This group is abelian

for n = 2 (where Sy = Zy) and non-abelian for n > 2 (e.g. S3 = Dg).

Let M be a Riemannian manifold, i.e. a smooth manifold —
that is equipped with a symmetric, non-degenerate, and (a)e \1(/ )
positive-definite 2-tensor (.,.) € T2M (also called a metric). v (®) b )
The latter allows us to compute the length of any smooth M 7(0)
curve v : [a,b] — M via the formula Figure 5
b
L) = [ 1Al . (06)

where we denoted by + the tangent to the curve « as illustrated in Figure 5 and
7@ == (7(¢) ,7(t))1/2. A diffeomorphism f : M — M is called an isometry of

M if it preserves the length of any smooth curve, i.e.

L{fon] = L[] (0.7)

for all v. We denote by Iso(M) the set of all isometries of M, which (for connected
M) forms a Lie group under composition called the isometry group of M [15].

As an example, consider M = R" with the standard metric tensor

(v,w) = Y vi-w (0.8)

i=1
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for v,w € R™. The isometries in this case consist of the following pieces:

1. Translations: For fixed a € R"™, we denote by f, : R™ — R" the isometry that
maps x — z + a corresponding to a ‘translation by a’ Using f, o fy = fa+s,
we see that translations form a subgroup of Iso(R™) isomorphic to R™ with

group multiplication given by addition.

2. Orthogonal Transformations: Given a square matrix’ R € M,(R), the map

fr:R™ — R" that sends  — R - x is an isometry of R™ if and only if
RT-R =1, (0.9)

where 7' denotes the transpose of a matrix and 1,, is the identity matrix in
n dimensions. A matrix R satisfying (0.9) is called an orthogonal matriz®.
The set of all orthogonal matrices forms a Lie group of dimension n(n—1)/2
under matrix multiplication which is called the orthogonal group O(n) in n
dimensions. It has two connected components distinguished by det(R) = +1,
the first one of which forms the so-called special orthogonal (or rotation)

group SO(n) in n dimensions.

Putting the above together, every isometry of R™ can be written uniquely as

f(a,r) = Ja © [R for some a € R" and R € O(n). Their composition is given by
far) © f,8) = SfarRb RS) > (0.10)

which shows that the isometry group of R™ is the semi-direct product
Iso(R") = R"xO(n) . (0.11)

More generally, we may consider pseudo-Riemannian manifolds such as RP»9,
which as a smooth manifold is given by RP*Y together with the (not necessarily

positive-definite) metric tensor

p ptq
(v,w) = Zvi'wi — Z vj - wj . (0.12)
i=1 i=pH

! Given an arbitrary field F, we denote by My, xm (F) the set of (n x m)-matrices with entries in F.
Furthermore, we set M, (F) := My xn (F).

2 The term ‘orthogonal matrix’ stems from the fact that matrices obeying (0.9) map orthogonal
vectors to orthogonal vectors. However, this terminology is somewhat unfortunate since there are
matrices which do not obey (0.9) and still preserve orthogonality of vectors (e.g. ¢-1, for any
¢ # 1). Condition (0.9) in fact ensures the stronger property that the matrix R preserves any inner
product of two vectors, i.e. (R-v, R-w) = (v,w) for all v,w € R"™.
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As before, the corresponding isometry group® is given by a semi-direct product
Iso(RP9) = RP*Y x O(p, q) of translations and generalised orthogonal transfor-
mations. In the case p=d —1 and ¢ = 1, we call M? := R d-dimensional
Minkowski space, whose isometry group is called the Poincaré group. Furthermore,

the subgroup O(d — 1,1) is called the Lorentz group.

e Given a Hilbert space H, i.e. a complex vector space equipped with an inner
product? (.,.) : H* x H — C such that the induced metric turns H into a
complete metric space, the unitary group U(H) of H is the subgroup of Aut(H)
consisting of all invertible (bounded) linear maps U : H — H obeying

(U(@),U(V)) = (D,7) (0.14)

for all ®, ¥ € H. Equivalently, U € U(H) if and only if Ut o U = U o UT = idy,
where the adjoint UT : H — H of U is the unique linear map that satisfies

(U(®),T) = (&,UT(T)) (0.15)

for all &, ¥ € H. We set U(n) := U(C"), where C" denotes the canonical
n-dimensional Hilbert space equipped with the standard inner product. Then,
U(n) is a Lie group of dimension n?, which contains as a hypersurface the
(n? — 1)-dimensional Lie group SU(n) consisting of those U € U(n) that have

unit determinant, i.e. det(U) = 1.

While the mathematical notion of a group elegantly captures the algebraic properties
we expect symmetry transformations to have, it does not explicitly represent group
elements as symmetry transformations of any specific object. This raises the following
question: Given an abstract group G, in what sense do its elements correspond to
symmetry transformations of some object X? Mathematically, this can be addressed

using the notion of group actions:

Definition: A (left) group action of a group G on a set X isamap>:Gx X — X
(denoted by (g,x) — g>x) such that

1. the identity element of G acts trivially on X, ie. 1>z =2 forall x € X,

3 Since the length functional L from (0.6) is not well-defined for all curves on a pseudo-Riemannian
manifold due to the lack of positive definiteness of the metric, we can define isometries on a
pseudo-Riemannian manifold M to be diffeomorphisms f : M — M that leave the energy

b
Bl = 5 [ KO a (0.13)

of any curve 7 : [a,b] — M invariant, i.e. E[f o] = E[v] for all ~.

4 Given a complex vector space V, an inner product on V is a bilinear map (,):V'xV =C
(where V* denotes the complex conjugate of V) that is Hermitian (i.e. (v,w) = (w,v)" for all
v,w € W) and positive definite (i.e. (v,v) > 0 for all v € V' with equality if and only if v = 0).
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2. the consecutive action of two group elements g,h € G is compatible with the

group multiplication in G, i.e. g (h>z) = (g-h)>z for all z € X.

Put differently, the assignment g — g©>(.) defines a group homomorphism G' — Aut(X).
We call a set X together with a G-action on it a G-set in what follows. A morphism
of G-sets X and X’ is a map f: X — X’ such that

flgra) = go'f(2) (0.16)

for all g € G and € X. A morphism of G-sets is called an isomorphism if it is a
bijection. Two G-sets X and X' are said to be isomorphic (X = X') if there exists an

isomorphism of G-sets between them.

The above notion of a group action puts the idea of a group G acting on an object X
via symmetry transformations of X into a well-defined mathematical framework. To

each group action > : G x X — X, we can further associate the following:

e Orbits: The orbit of an element x € X is given by the subset
Oy = {grx|geG} C X. (0.17)

We have that O, = O, if and only if there exists a g € GG such that gz = y.
The set of all orbits is denoted by X /G and induces a disjoint decomposition

X = |] o. (0.18)
0eX/G

The stabiliser of an element z € X is defined to be the subgroup
Gy = {geGlgrz=z} C G. (0.19)

If g>x =y, then’ Gy = 9(G,). The orbit-stabiliser theorem (see e.g. [16]) states

that for each x € X there is an isomorphism of G-sets’
0, =2 G/Gy . (0.20)

The group action is called transitive if it has a single orbit; O, = X for all x € X.
This means that for any x,y € X there exists a g € G such that g>x = y.

5 Given a group G, a subgroup H C G, and an element g € G, we denote by 9H := gHg ' the
conjugation of H by g. Similarly, we denote HY := g 'Hyg.

6 Given a group G and a subgroup H C G, we denote by G/H the set of all left H-cosets in G. A
left H-coset is a subset of G that is of the form gH = {g-h|h € H} with g € G. Then, G/H is a
G-set via multiplication from the left with elements in G.
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o Fixed Points: The set of fized points of an element g € G is given by
X9 ={zeX|grx=a} C X. (0.21)

The fixed point sets X9 are dual to the stabiliser subgroups G, in the sense that

there is a bijection of sets

] x7 = |]G.. (0.22)

gel zeX

Plugging (0.20) into the above then yields Burnside’s lemma [17]:

> 1X = |G| 1x/G]. (0.23)
geG
The group action is called faithful if X9 = X implies ¢ = 1. Equivalently,
the group action is faithful if and only if the associated group homomorphism

G — Aut(X) is injective, meaning that its kernel
ker(>) := {ke G| k> () =1idx} (0.24)

comprises only the identity element 1 € G. The group action is called free if
g>x = x for some x € X implies g = 1. Clearly, every free group action is also

faithful but not vice versa.

In general, the kernel ker(>) of a group action > : G x X — X captures the subgroup
of G that consists of all elements that act trivially on X. Intuitively, this means that
we should not view g and g - k as distinct symmetry transformations of X if k& € ker(>).

Rather, the set of actual symmetry transformations is given by the quotient
G /ker(p) =: G, (0.25)

which is again a group due to the fact that ker(>) C G is a normal subgroup’. The
group action > then induces a faithful group action B : G x X = X of G on X. This
shows that, without loss of generality, we can always assume group actions to be
faithful and to represent honest symmetry transformations of the associated object X.

Simple examples of faithful group actions include the following;:

o The dihedral group Dy, as defined in (0.3) acts on the n-gon P, via rotations and

reflections as illustrated in (0.1). This group action is faithful but not transitive.

" A subgroup H C G is said to be normal if YH = H for all g € G. It is easy to check that H C G is
normal if and only if there exists a group homomorphism f : G — G’ such that H = ker(f).
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o The symmetric group S, of order n acts on the finite set [n] = {1,...,n} via

permutations. This group action is both faithful and transitive.

o By construction, the isometry group Iso(M) of a Riemannian manifold M acts on
the latter via diffeomorphisms in a faithful manner. When M = R", this action

is also transitive, since any two points x,y € R"™ are related by a translation.

o By construction, the unitary group U(H) of a Hilbert space H acts on the latter
via linear transformations in a faithful manner. This action is not transitive in
general. For instance, the multiplication action of U(1) = {€* | ¢ € [0, 27)} on
C leaves the modulus of any complex number unchanged, so that C decomposes

into a continuous union of orbits C = ||, ¢ (9 «) Or With O, = {z € C||[z]| =7}.

While the theory of groups emerged as a rigorous mathematical framework for the
description of symmetries during the early nineteenth century, its application to
theoretical physics only began in the early twentieth century, when the idea of
‘symmetry as invariance under certain transformations’ was applied not only to
geometric figures but also to mathematical expressions such as equations governing
the dynamics of a physical system [7, 8]. As a result, the machinery of group theory
could be applied to problems in both classical and quantum physics, leading to new

insights and constraints on the dynamics of a variety of physical systems.

0.1.1 Classical Symmetries

Classical theories are deterministic in the sense that the fu-
ture outcome of physical observables is uniquely determined
by their initial conditions. In other words, classical theories

N
exhibit no intrinsic randomness and allow for (in principle)

exact predictions of physical quantities. Often, the fundamen- ) ;
\f/
t

tal observables are taken to be fields, which, broadly speaking, ;
dt %=
correspond to maps Y, =

o: M — N (0.26) Figure 6

from d-dimensional spacetime® M into some target space N as illustrated in Figure 6.
In other words, a field ¢ assigns to each point m = (#,t) € M in space and time a

value ¢(m) in the target space N. We denote the space of all such fields by

F ={¢p:M—-N}. (0.27)

8 In what follows, we use the word ‘spacetime’ to refer to an oriented d-dimensional manifold M
whose coordinates (locally) describe d — 1 directions & of space and one direction ¢ of time. While
the distinction between space- and timelike coordinates only makes sense if M is equipped with a
Lorentzian metric, the latter will not be essential for the following discussion.
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A (classical) field theory is a mechanism that singles out those  S[y]
wo € F that correspond to ‘physically observable’ configurations of
the field . Often, this is done using the principle of least action,

according to which the physical field configurations correspond to Yo 7
local extrema (or critical points) of a given action functional Figure 7
S: F—=R (0.28)

as illustrated in Figure 7. In other words, the physical field configurations ¢g are

those that solve the equations of motion’

051 Ly (0.29)
680 ©o

We denote the set of all such solutions by Fy C F and call it the phase space of the

theory. Examples of classical field theories include the following:

e CLASSICAL MECHANICS: The theory of classical mechanics is an example of a
one-dimensional field theory that describes the motion of point particles in space
as a function of time and in the presence of forces. The fields hence correspond
to maps 7 : (a,b) — N from a time interval (a,b) to a fixed Riemannian manifold
N that we interpret as “space”. Given a smooth function V' : N — R (called the

potential), we can then define the action functional

b em )
shl = [ [FHOIP-vee)]a, (0.30)

where, as before, ¥(¢) denotes the tangent to the curve v and the parameter
m € Ry is called the mass of the point particle. The equations of motion that

result from varying the action (0.30) w.r.t. v are then given by
m-Vyy = —grad(V), (0.31)

where V denotes the Levi-Civita connection w.r.t. the Riemannian metric on N
and grad (V) is the gradient vector field'” of the function V. Upon identifying
a := V47 with the acceleration of the curve v and F' := —grad(V') with the force

field on N, equation (0.31) simply becomes Newton’s law of motion F = ma.

9 Note that in order for the functional derivative in (0.29) and hence the equations of motion to
be well-defined, one typically needs to impose suitable boundary conditions on the fields, which
specify e.g. the value of ¢ and its differential Dy on M and which allow one to discard possible
boundary terms in the variation of the action functional.

10 Given a smooth function f: N — R on N, its gradient is the vector field grad(f) € X(N) on N
that satisfies (grad(f), X) = (df)(X) for all vector fields X € X(N), where (.,.) € T2N is the
Riemannian metric on N and d denotes the exterior derivative.

11
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As an example, consider N = R3\{0} with the standard

Euclidean metric and radial potential V(7)) = —m - M/ ||7||.
r(t
The corresponding equations of motion are r(t)
. 7(t
F) = M0 (0.32)
7@
whose analytical solutions fall into four classes as illustrated
Figure 8

in Figure 8: circles, ellipses, parabolae, and hyperbolae.
These describe the possible orbits of a probe particle that moves in the grav-
itational field of a heavy object with mass M > m centred at the origin of

three-dimensional space.

MAXWELL THEORY: The theory of electrodynamics describes the behaviour of
the electric and magnetic fields E = E(Z,t) and B = B(Z,t) as a function of
space and time in the presence of a charge density p and a current density J. Tt
is convenient to express the electric and the magnetic field in terms of a scalar

potential ¢ and a vector potential A as!!t
E = —9,A —grad(¢) and B = curl(4), (0.33)
which ensures that they obey the homogeneous Mazwell equations
div(B) = 0 and curl(E) + 0B = 0. (0.34)
The potentials ¢ and A are not unique, however, since redefining

¢ = ¢— A and A — A+ grad()) (0.35)

for some arbitrary scalar function \(Z,t) leaves both the electric and the magnetic
field in (0.33) unchanged'?. We can combine the potentials ¢ and A into a single

field living on four-dimensional Minkowski spacetime M* by setting

A= Ay de + Aydy + A, dz — ¢dt, (0.36)

1 We denote by grad, div, and curl the gradient, the divergence, and the curl operator w.r.t. the
three spatial coordinates x, y, and z, respectively.

2 The transformations in (0.35) are often called ‘gauge symmetries’ However, since the physical fields
E and B are unaffected by these transformations, they do not correspond to genuine symmetries
of the theory but should rather be viewed as redundancies of our chosen description.
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which defines a 1-form A € QY (M*) called the connection 1-form (or gauge field).
The electric and magnetic fields can be recovered from the latter via the curvature

2-form (or field strength) F := dA € Q?(M*), whose components are given by

F = [Exd:c + E,dy + Ezdz] A dt
(0.37)
+ By dyNdz + By dz Ndx + B, dx ANdy .

Here, we denoted by d : Q"(M*) — Q"F1(M*) the exterior derivative on differen-
tial forms, which satisfies d?> = d o d = 0. This property ensures that the field
strength F is invariant under ‘gauge transformations’ A — A + d\, which, using
(0.36), reproduce the transformations in (0.35). Similarly, the homogeneous
Maxwell equations (0.34) follow from dF = d?A = 0. In order to obtain the
inhomogeneous Mazxwell equations that describe how the electric and magnetic
fields are sourced by the charge and current densities p and J , we combine the

latter two into a current 1-form
J = Jpdr + Jydy + J.dz — pdt (0.38)
and define the following action for the connection 1-form A coupled to J:
S[A,J] = /M4 [—%F/\*F T+ ANT] (0.39)

Here, we denoted by % : Q*(M*) — Q4"(M*) the Hodge star operator defined
in terms of the Minkowski metric on M?*. The equations of motion that result

from varying the above action w.r.t. A are then given by
d*F = %J, (0.40)

which, using (0.37) and (0.38), can be checked to be equivalent to the inhomoge-

neous Maxwell equations
div(E) = p  and  cuwrl(B) — ,E = J. (0.41)

Furthermore, applying the exterior derivative d to (0.40) yields d x J = 0, which

is equivalent to the current conservation equation

dip + div(J) = 0. (0.42)

GAUGE THEORY: Maxwell’s theory of electromagnetism is an example of a gauge
theory, where d-dimensional spacetime M forms the base space of a principal

G-bundle associated to some Lie group G (called the gauge group). What this

13
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means is that M is the image of a smooth surjection 7 : P — M, where P is a
manifold (called the total space) that is equipped with a smooth (right) group
action < : P x G — P satisfying m(p < g) = w(p) for all
p € P and g € G and which locally looks like U x G as a
G-set for small enough open neighbourhoods U C M. In
other words, a principal G-bundle attaches to each point

m € M in spacetime a fibre P, := 7~1({m}) that is a

G-torsor in the sense that G acts freely and transitively

on P, as illustrated in Figure 9. We refer the reader to

Figure 9

[18] for more background on mathematical gauge theory.

The ‘fields’ of gauge theory are (equivalence classes of) gauge fields, which are
connection 1-forms'® A € Q'(P,g) on the total space of the principal bundle with
values in the Lie algebra g of G. Two such gauge fields A and A’ are considered
equivalent if there exists a bundle automorphism'* f : P — P (also called a
gauge transformation) such that A" = f*(A). To each gauge field A we can
associate a field strength F € Q%(P,g) vial®

1
F o= dA+ g[An4], (0.43)

which obeys the Bianchi identity dF' + [A A F| = 0. Note that, as defined above,
neither the gauge field A nor its field strength F' are fields in the sense of (0.26),
since their domain is the total space P rather than the spacetime manifold M.
We can try to cure this by pulling back along a global section s : M — P obeying
7o s = idys, whose existence, however, implies that the bundle P is trivial'® (i.e.
P = M x G). In general, we may hence only be able to patch up M = |J,; U;
into a union of contractible open neighbourhoods with associated local sections

s; : Uy — 7w 1(U;) C P, which allow us to define local connection 1-forms

A; = si(A) € QYU;,9) . (0.44)

'* A 1-form A € Q'(P,g) is called a connection 1-form if Rj(A) = Ad,-1(A) and A(X.) = ¢ for all
g € G and € € g, where Ry : P — P denotes the right action of a fixed group element g € G on P
and X. € X(P) is the vector field on P defined by (X.), := & ’t:O [p<exp(t-e)] forallp € P.

14 A bundle automorphism of P is a diffeomorphism f : P — P that satisfies 7 o f = 7 and
flp<ag) = f(p)<gforallpe Pandge€QG.

5 Here, the map [. A.] : QF(p, g) x Q' (p, g) — Q! (P, g) is constructed using both the wedge product
A of differential forms and the Lie bracket [.,.] on g.

16 If the base space M is contractible (such as M = M4), then every principal bundle P over M is
trivial, and hence admits a global section s : M — P.
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However, these may not agree on local intersections U; N U; for i # j, but are

instead related by the formula
A = Ady(4y) + gllka) (0.45)
where the smooth function g;; : U; N U; — G is defined by
si(m) =: s;(m) < gij(m) (0.46)

for m € U; NU; and pe € Q1(G, g) is the Maurer-Cartan form'” of G. On the
other hand, the local curvature 2-forms F; := s} (F) € Q?(U;, g) are related by

F, = Ad,1(F)) (0.48)

ij

on U; NUj, so that upon choosing an Ad-invariant positive-definite symmetric

18

bilinear form'® (.,.) : g x g — R on the Lie algebra g, the following (pure)

Yang-Mills action for the gauge field A is well-defined:

S[A] = —;/M (F AxF) | (0.49)

Here, we regard the integrand as a 2-form on M by pulling F' back along the
local sections s;, the choices of which do not matter due to (0.48) and the Ad-
invariance of (.,.). The equations of motion that arise from varying the action
(0.49) w.r.t. A are called the Yang-Mills equations and correspond to non-linear

generalisations of Maxwell’s equations for classical electrodynamics.

For applications in high energy physics, one often chooses four-dimensional
Minkowski spacetime M = M* to be the base space of a (necessarily trivial)
principal G-bundle for some Lie group G. In the case of electromagnetism,
this is G = U(1), while for reasons nobody really understands the standard
model of particle physics has G = U(1) x SU(2) x SU(3). Upon choosing a
global section of the G-bundle, we may then view the gauge field A and its field
strength F' as global forms on M* as in (0.36) and (0.37), with the difference that
their coefficients are now smooth maps M* — g into the Lie algebra of G. For
example, in the case of chromodynamics (where G = SU(3)), this yields a total

of dim(su(3)) = 8 so-called gluon fields that are distinguished by their “colour”.

" The Maurer-Cartan form of a Lie group G is the 1-form pug € Q'(G, g) defined by
(kG)g = Dg(Ly-1): T,G — TG = g, (0.47)

where Ly : G — G denotes left multiplication by g € G.

8 If G is a compact Lie group (such as SO(N) or U(N)), there always exists a positive-definite
symmetric bilinear form (.,.) : g X g — R on its Lie algebra which is Ad-invariant in the sense
that (Adg(.),Ady(.)) = (.,.) for all g € G [18].
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As in the case of the examples above, we often consider field theories that are local in

the sense that their action functional is of the form

Skl = [ £e.Dg) (050)

for some top-form £ € Q4(M) (called the Lagrangian) constructed out of the fields
@ : M — N and their differentials Dy : TM — TN. The resulting equations of
motion are then typically given by second-order (partial) differential equations for
the fields ¢, such as Newton’s law of motion (0.31) for a particle’s trajectory 7 or
Maxwell’s equations (0.40) for the gauge field A. Solutions ¢q to these equations are

then usually constructed via a two-step process:

1. Initial conditions: Given a codimension-one hypersurface L
X C M (interpreted as “space”), we prescribe the initial condi- 7
tions of the fields to be given by some function ¢ : X, — N that
solves the restricted equations of motion on an infinitesimal M
neighbourhood X; := X x (—¢,¢) of X (see Figure 10). Figure 10

2. Time evolution: Given an initial condition ¢, we find a solution ¢ to the full
equations of motion that restricts to ¢o|x. = ¢ in an infinitesimal neighbourhood

of X. The field ¢g then describes how ¢ “evolves over time” on M.

In favourable circumstances, the restriction map that sends a solution g to its initial
condition pg|x. is one-to-one, giving an isomorphism between the phase space Fy of
physical field configurations and the space of their initial conditions in a neighbourhood
of X. A hypersurface X with this property is called a Cauchy hypersurface'® and
embodies the idea of classical determinism: The time evolution of physical observables
is completely determined by their initial conditions, allowing for (in principle) exact

predictions of future outcomes.

In practice, our ability to describe the dynamics of a physical system by solving its
equations of motion is limited by two factors: First, the system’s initial conditions
may be arbitrary and unpredictable and can only be determined with finite precision
experimentally. Second, for a given set of initial conditions, the equations of motion
may not admit analytical solutions, necessitating the use of numerical simulations
and approximations. In this context, symmetries provide a powerful tool to obtain
qualitative and quantitative constraints on a system’s dynamics that are independent
of initial conditions and that do not require solving the equations of motion explicitly.

Here, by “symmetries of a field theory” we mean the following:

19 If the equations of motion are given by a normally hyperbolic differential operator on spacetime,
then the latter admits a Cauchy hypersurface [19].
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Definition: A classical field theory is said to have a symmetry group G if there exists
a faithful group action > : G x F — F of G on the space of fields that leaves the
action functional invariant, i.e. S[g> @] = S[p] for all g € G and ¢ € F.

The invariance of S under the group action on the space of fields ensures that if (g
is a critical point of S, so is g > ¢g for any g € G. In other words, the group action
has a well-defined restriction to the phase space Fy of physical field configurations
and hence leaves the equations of motion (0.29) invariant. More generally, we may

consider group actions that shift the action functional by a boundary term,
Slg>¢] = S[p] + boundary term , (0.51)

since (under suitable boundary conditions for the fields) the latter does not affect the
equations of motion for the fields. Group actions satisfying (0.51) are often referred to
as quasi-symmetries of a field theory. We say that a (quasi-)symmetry is spontaneously
broken by a physical field configuration (g if the associated orbit O, is non-trivial.
This captures the idea that while the laws governing the dynamics of the fields may be
invariant w.r.t. a certain symmetry group, a given solution to the equations of motion
need not be. In this case, we call the stabiliser H := G, the unbroken subgroup of G,
which captures those symmetry transformations that leave the field configuration g

invariant. We say that G is fully spontaneously broken by ¢ if H = 1.

For a field theory with fundamental observables given by fields ¢ : M — N from
spacetime M into some target manifold N, we typically further distinguish between

the following two types of symmetries:

e External: Symmetries that are induced by symmetries of spacetime M are
called external (or spacetime) symmetries. For example, every automorphism

f € Aut(M) induces an action ¢ — f*(p) on the space of fields via pullbacks.

e Internal: Symmetries that are induced by symmetries of the target space N
are called internal symmetries. For example, every automorphism g € Aut(N)

induces an action ¢ — g o ¢ on the space of fields via post-composition.

The utility of (quasi-)symmetries stems from the fact that they are intimately tied to

conservation laws, as captured by the famous Noether theorem [9]:

Theorem: For every continuous (quasi-)symmetry of a classical field theory there

exists an associated conserved quantity () satisfying %Q =0.

For local field theories with action functionals of the form (0.50), this result is easily
justified using the following Noether trick (see e.g. [20]): Suppose that a local theory
has a continuous Lie group symmetry G and consider an infinitesimal group action

on the fields parameterised by a Lie algebra element € € g. Now promote ¢ to an

17
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arbitrary Lie algebra valued function on spacetime M. The resulting infinitesimal

change of the action must then be of the form?"

S = /M(s/\d*k:> +/M<d5/\*€> (0.52)

for some 1-forms k, ¢ € Q' (M, g¥) valued in the dual space®' gV of the Lie algebra and
constructed out of the fields ¢ and their differentials Dy. This ensures that S shifts
by at most a boundary term when ¢ is constant, as required for a (quasi-)symmetry
transformation. Moreover, we must have 5 = 0 for any ¢ once we substitute in a
physical field configuration ¢y € Fy satisfying (0.29), which, after integrating by parts,

implies the current conservation equation
A%l = 0, (0.53)

where we defined the so-called Noether current j := ¢ — k. This shows that for every
continuous symmetry there exists an associated 1-form current j that is conserved
on-shell, i.e. when the equations of motion are satisfied. In order to obtain from this a
conserved quantity, we integrate the pairing of xj with a constant Lie algebra element

€ € g against a codimension-one submanifold ¥ C M, which yields
Q.(%) = /E (%) . (0.54)

Upon smoothly deforming ¥ into a homologous codimension-one submanifold X' C M,

the above quantity changes by

Q) = Qu(®) = [ (o) = [{em) = [(edxi).  (059)

where U C M is such that** 9U = ¥’ U, (see Figure 11) and we used Stokes’ theorem
for the integration of differential forms in the last step. Upon substituting in physical a
field configuration, (0.55) together with (0.53) then implies

that Q-(2) = Q-(X’) on-shell. In particular, for a spacetime .m, M
of the form M = X x R, the quantity Q.(t) := Q-(X x{t}) ;
d . . . DINEEDY
obeys Q. = 0. By varying ¢ over a basis {e;} of g, this gives

a total of dim(g) = dim(G) independent conserved quantities Figure 11

20 Here, the appearance of the Hodge star operator  defined w.r.t. a spacetime metric on M is purely
conventional to have k and ¢ correspond to 1-forms as opposed to (d — 1)-forms.

21 Given a vector space V over a field K, we denote by V" := Hom(V,K) the space of K-linear maps
f:V — K and call it the dual space of V. We denote by (.,.) : V¥ x VV — K the canonical pairing
between V and its dual space given by (f,v) — f(v). This is the pairing appearing in (0.52).

22 Given an oriented manifold ¥, we denote by ¥ its orientation reversal, i.e. the manifold ¥ equipped
with the opposite orientation.
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Qi = Qe, as claimed. Examples of internal and external (quasi-)symmetries and their

associated conserved quantities include the following:

e CLASSICAL MECHANICS: The theory describing the motion of probe particles
on a spatial manifold N via their trajectories v : R — N with action functional
(0.30) has an external time translation symmetry that acts on the fields via

v(t) = v(t —¢) for fixed e € R. The associated conserved quantity is given by
m., .
E = S WO + V((®) (0.56)

and is called the energy of the probe particle, where V' : N — R denotes the

potential function and m is the mass of the particle as before.

For example, probe particles moving on trajectories 7(t) in the gravitational
potential V(7) = —m - M /r (where r := ||7]|) of a heavy object with mass
M > m centred at the origin of N = R3\{0} have conserved energy

m-M

502
— . 0.57
7P - (0.57)

E =

iy
2

Without solving the equations of motion, this already allows us to establish a
qualitative relationship between the particle’s position and its speed: the closer
the particle is to the heavy object at the origin, the greater the magnitude of its
velocity. Moreover, the system has an internal SO(3) rotation symmetry that acts
on the fields via 7(t) — R-7(t) for R € SO(3) and that yields dim(SO(3)) = 3

independent conserved quantities
Li = m-[Fx7F]; (0.58)

(where i = z,y, z), which we identify as the components of the particle’s angular
momentum L. Since the latter is perpendicular to both the particle’s position 7(t)
and its velocity 7;“'(15), the conservation of L implies that the particle’s trajectory
lies within a two-dimensional hyperplane H (e.g. the z-y-plane) that intersects
the origin and has a normal vector parallel to L. Without loss of generality, we
may hence simplify the variational problem by restricting to those trajectories
7(t) that are confined to H and that have conserved angular momentum L. The
action functional (0.30) then possesses three further quasi-symmetries, whose
infinitesimal actions on the fields are given by

5iF = — & xL, (0.59)

9
m
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where ¢ < 1 and €; (i = ,y, z) denotes the standard basis of R3. The resulting

infinitesimal shift of the action is given by the total derivative

d T3

which via Noether’s theorem induces the conserved quantities

m- M

Ai = (’FXE)Z —
r

T3 (0.61)
that form the components of the so-called Runge-Lenz vector A. The conservation
of the latter then allows us to determine the shape of the particle’s trajectory
explicitly (see e.g. [21]): Consider the inner product
- L?
A7 = A-r-cos() = ——m-M-r, (0.62)
m
where A := ||A||, L := ||L||, and 8 € [0, 27) labels the angle between A and 72°.
Rearranging (0.62) and using the fact that
2L2

A2 = A4 = W-E+(m-M)2 (0.63)

then allows us to relate the particle’s distance r from the origin to the angle 6 by

C
= —— .64
14 p-cos(f)’ (0-64)
where we defined the non-negative constants
2 202
C = i and o= 41+ e (0.65)

with ¢ := L/m and e := E/m. Equation (0.64) famously parameterises conic
sections, which fall into four classes depending on the value of the eccentricity
parameter u: circles (u = 0), ellipses (0 < p < 1), parabolae (u = 1), and
hyperbolae (x> 1). This reproduces the classification of possible orbits of a
probe particle moving in the gravitational field of a heavy object as illustrated in
Figure 8. Note that we arrived at this result purely by symmetry considerations.
We often say that orbits with eccentricity 0 < p < 1 (or equivalently with energy

E < 0) are bound, since they have a finite maximum distance to the origin.

23 Note that since A - L = 0, the Runge-Lenz vector A lies within the two-dimensional hyperplane
that the particle’s trajectory 7(t) is confined to. The angle 8 = £(A,7) hence captures the angle of

—

the particle’s position vector w.r.t. some fixed hyperplane axis labelled by A.
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e GAUGE THEORY: Given a Lie group G, the theory of gauge fields living on

a principal G-bundle P with action functional (0.49) has external symmetries
given by the isometry group Iso(M) of spacetime M. For example, if M = M* is
Minkowski spacetime, this is the Poincaré group Iso(M*) = R*x (3, 1) consisting
of translations and generalised orthogonal transformations. The associated
(canonical) Noether currents are not gauge-invariant in general. However, they
can be improved by adding appropriate auxiliary terms as shown by Belinfante
and Rosenfeld [22, 23]. For instance, the so-obtained Noether current associated

to the translation symmetry R* is given by the (R*)V-valued 1-form

(FNxF)
2 - vol

T() = Z<F('7b)7F(_7bv)> -

b

(.,—) (0.66)

on M* [24], where F' € Q?(P,g) is the curvature 2-form of the gauge field and
— {(.,.) is the fixed Ad-invariant positive-definite symmetric bilinear form on
the Lie algebra g of the gauge group G that appears in the action (0.49),

— Y, denotes a sum over elements of a fixed basis b of R*, where b" denotes

the corresponding dual basis w.r.t. the Minkowski metric (.,.),

— vol € Q4(M*) is the metric-induced volume form on M*.

Note that we can equivalently view (0.66) as defining a symmetric real-valued
2-tensor on M*, which is called the energy-momentum (or stress-energy) tensor

associated to the gauge field.

As an example, consider free Maxwell theory on M*, which is described by the
gauge group G = U(1). The components of the field strength F' are given in
terms of the electric and magnetic fields £ and B as in (0.37). The stress-energy

tensor in this case can be computed to be

T = wdt? =2 Sida;dt — Y oijda;dx; (0.67)

]
where u and S denote the energy density and the Poynting vector

(E?+B? and S; := [ExB); (0.68)

1
U = -
2

of the electromagnetic field and o is the Mazwell stress tensor

Oij = E,LEJ + B,LBJ — 5iju . (069)

The conservation of T' is then equivalent to the continuity equations

—, —

Jru + div(S) = 0 and oS — div(e) = 0, (0.70)

21
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which say that the rate of change of the electromagnetic energy E(V) := [, ud 3
contained in a spatial volume V C R3 is given by the flux of the Poynting
vector through the boundary 0V of V. Similarly, the rate of change of the
electromagnetic momentum P(V) := I S d3z contained in V is given by the
flux of the Maxwell stress tensor through OV. For instance, an electromagnetic
wave propagating freely in the z-direction of space with wave profile f : R — R

and non-trivial field components
E.(Z,t) = By(Z,t) = f(z—1) (0.71)
has associated conserved stress-energy tensor
T = [f(z—1)- (dz —dt)]”, (0.72)

which allows us to read off the energy density and the non-trivial components of

the Poynting vector and the Maxwell stress tensor as u = S, = —0,, = f(z —t)%.

0.1.2 Quantum Symmetries

Quantum theories are probabilistic in the sense that the future outcomes of observables
can be predicted only with certain likelihoods from their initial conditions. As a result,
quantum theories exhibit an intrinsic randomness and constrain us to compute at most
‘expectation values’ of physical quantities. Heuristically, given a classical theory of
fields , we can promote it to a quantum theory by introducing a ‘measure’ Dy on the
space F of fields?*, which allows us to define and compute probability distributions on
sets of field configurations by evolving suitable initial conditions over time (in analogy
to the classical case). For this purpose, we will use the notation F(M) to denote the
space of fields on a fixed spacetime M and Fx := {¢|x} to denote the set of field
configurations restricted to a spatial hypersurface X C M. Similarly, we will write
Sy F(M) — R for the action functional that evaluates field configurations living
on M. The probabilistic evolution of fields can then be determined via the following

axiomatic two-step process (also called quantisation):

1. Initial conditions: Given a codimension-one hypersurface X C M (interpreted

as “space”), we take the nitial conditions of the fields to be given by some

24 Since the space F of all field configurations is usually infinite-dimensional, the existence of a ‘nice’

measure Dy on F is far from guaranteed. While mathematically rigorous constructions exist in
special cases (e.g. the Wiener measure in quantum mechanics), the measures used in generic
quantum field theories are typically ill-defined (for instance, one can show that no locally-finite,
strictly positive, and translation-invariant measure exists on an infinite-dimensional vector space
[25]). The following discussion should hence only be viewed as a heuristic motivation for the general
structure we expect quantum field theories to have.
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probability distribution p : Fx — R>( on the space Fx of field configurations

restricted to X. Concretely, we interpret?’

P(S) = [ Dilx -ple] (0.73)

as the probability to measure a field configuration that lies in a given subset
S C Fx. Since p (being a probability distribution) is everywhere non-negative,
we can write it as?® p = |¥|? for some complex functional ¥ : Fx — C called

the wave functional, which needs to be normalised in a way such that

| 2 !

PFx) = [ Dolx-|¥lelf £ 1. (0.74)

Consequently, ¥ may be viewed as an element of the Hilbert space
Hyx = L*(Fx,Dy|x) (0.75)

of square-integrable complex functionals on Fx obeying [|[¥|? := (¥, ¥) < oo,

where we denoted by (.,.) the Hermitian inner product on Hx given by

@.0) = [ Dolx- @[] wlg] (0.76)

Fx

In fact, any non-zero ¥ € Hx\{0} induces a probability distribution on Fyx via
pw = U2/ ||¥||?, so that py = py if ¥’ = X- ¥ for some non-zero A € C*. This

motivates the definition of the projective Hilbert (or ray) space
P(H) = (H\{0})/C* (0.77)

as the space of possible initial states of the fields*’. We often use the Dirac
notation to write elements of the Hilbert space as |¥) € ‘H and the associated
dual vectors as (U] := (U, .) € H". The amplitude of a functional ¥ € Hx on a
field configuration ¢ € Fx may then be written as

Ulp] = (o|¥) (0.78)

where (p| € HY; represents the ‘delta functional’ on Fx that is peaked at (.

25 Here, we denote by Dy|x the disintegration of the measure Dy to Fx, which formally captures
the ‘restriction’ of Dy onto the space of field configurations living on X.

26 For z € C, we denote its complex conjugate and modulus squared by z* and |z|> = 2*z, respectively.

27 In the following, we will use the term ‘state’ rather loosely to refer to non-zero vectors in H as well
as their image under the canonical projection map H — P(H).
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2. Time evolution: Given a bordism”® between spatial hyper-
surfaces X and Y (i.e. a d-dimensional spacetime manifold M YX
with an orientation-preserving diffeomorphism OM = X LY, M
see Figure 12), we define an associated time evolution operator Figure 12

U(M): HX — ’Hy (0.79)

to be the linear map that sends an initial state |¥) € Hx to the final state
U(M)|T) € Hy defined via the Feynman path integral

GIUODIY) = [Dp- S Blgly] (050)
F(M):
ply=9¢

Intuitively, what this means is that in order to obtain the amplitude of the
final state on a field configuration ¢ € Fy on Y, we integrate over all field
configurations ¢ on M that restrict to ¢ on Y, weighted by their amplitudes
w.r.t. the initial state |¥) on X. Furthermore, we weight any such ¢ € F(M)
by the exponential of (i times) the action functional evaluated on ¢, the effect of
which can be described using the so-called stationary phase approximation: If we
momentarily reintroduce Planck’s constant® h by rescaling the action S — %S ,
then in the limit where i — 0 (which is also called the classical limit) we can

approximate a generic path integral by

e %S[(po]

Dy eiS¥. Fly] o~ — i
/f 2 Heo (5)[7

w0 €Fo

Floo) + O(h),  (081)

where Hy,(S) := (625/6¢%)|,, denotes the Hessian matriz of the action S at
o and F' is an arbitrary (suitably fast decaying) functional on the space of
fields. This shows that when i — 0, the dominant contributions are given by the
classical on-shell solutions pg € Fy of the equations of motion (0.29) as expected.
For finite A, however, one receives additional contributions from so-called off-shell
field configurations, which yield quantum corrections to physical observables

computed from the path integral.

In order for the above construction of initial states and their time evolution to be
well-behaved, we often make the following assumptions about the underlying spaces

of fields and associated action functionals [27]:

28 In order for the gluing of bordisms to be well-defined, one usually equips them with additional
data such as collars around their incoming and outgoing boundary components (see e.g. [26] for
further details). We will not dwell on this technical issue in what follows. We will frequently
use the notation X 5 Y to denote bordisms from X to Y. Note that, for later convenience, we
pictorially represent bordisms with the incoming boundary X on the right, e.g. in Figure 12.

29 For the remainder of this thesis, we choose units in which h = 1.
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o Additivity: Given two spacetimes M and M’, the space of fields on their disjoint
union is given by the Cartesian product F(M U M') = F(M) x F(M') (and
similarly for lower-dimensional submanifolds X C M). Furthermore, given field
configurations ¢ € F(M) and ¢’ € F(M'), we have that

Suunme (e, €)] = Smlel + Swle] - (0.82)

e Cutting & Gluing: Given a spacetime M, we v/ v
Vi 1V HY

can cut it along a codimension-one hypersurface @ o @

Y C M to obtain a new spacetime M)y with two

boundary components diffeomorphic to Y as shown Figure 13

in Figure 13. Every field ¢ € F(M) on M then determines a field ¢y € F(My)
on My that has the same boundary values on the two components of OMy

corresponding to Y. We demand that
Smlel = Suy, leny] - (0.83)

 Orientation: Given a spacetime M, we have that (M) = F (M), where M

denotes the orientation-reversal of M. Furthermore, we have that
Syl = —Suly] - (0.84)

Using these assumptions, one can check that the quantisation procedure that assigns
X — Hx and M — U(M) has the following properties:

o Multiplicativity: Given two disjoint spatial hypersurfaces X and Y, the Hilbert

space assigned to their union is given by

Hxuy = L*(Fxuy,Delxuy)
= L*(Fx x Fy, Dy|x ® Dyly)
~ [*(Fx,Dylx) ® L*(Fy,Dely)

= Hx ® Hy,

(0.85)

where we used the additivity axiom as well as the fact that (under suitable
assumptions) the L?-space of the product of two measure spaces is (isometrically)
isomorphic to the tensor product of their individual L?-spaces [28]. Furthermore,
we assumed that the restricted measure behaves like Dp|x 1y = Dy|x @ Dyly,
where the right hand side denotes the product measure on Fx x Fy. Physically,
the relation (0.85) means that states in composite quantum systems consist of

(superpositions of) product states for the individual components.
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. Functoriality Given spatial hypersurfaces X, Y, and Z and bordisms X M,y

and Y 7, the composition of the associated time evolution operators obeys

(GIUML) o UGN D) = / Dso Sl [ Dy Sl )]

F(M):
® |Z <l> ely=¢'lv
_ / DG - ciSwonl?l . glg|y] (0.86)
F(MDOM):
Blz=¢

= (| UM ©M)|T) .

Here, we first used the additivity axiom (0.82) and then identified M LI M’ with
(M'© M)y, where M'@ M denotes the result of gluing the bordisms M and
M’ together along Y as illustrated in Figure 14. Similarly, M’ M

we identified pairs of field configurations ¢ € F(M) and Z -Y.X
¢ € F(M') satisfying ¢ly = ¢'|y with @y for some

p € F(M'©M), allowing us to apply the cutting and Z(Z{:‘SX

gluing axiom (0.83). Since (0.86) holds for all ¢ € F and M'©M
|U) € Hx, we obtain the operator equation® Figure 14
UMY o UM) = UM DM) . (0.87)

Physically, this means that we can divide the time evolution of states into steps
(i.e. evolving an initial state from X to Y and then from Y to Z is equivalent to

evolving it from X to 7).

o Unitarity: Given a bordism X 25 Y and states |¥) € Hx and |®) € Hy, we

can compute the complex conjugated overlap

<(I)|Z/{( )‘\I/ /D<,0 e —iSale] | [QP‘Y] *[(p‘X]
F (M)
/ Dy - eiSM[%’] . \Ij*[()ob?] ) (I)[QD|17] (088)
F(M)
= (T|UM)|D) ,

where we used the orientation axiom (0.84) and denoted by Y’ MY X the bordism
that is constructed out of M using the following two canonical operations: Given

any bordism X M,y with boundary M = X LY, we can assign to it

30 Here, we see that representing bordisms pictorially with the incoming boundary to the right has
the advantage that the gluing of bordisms interplays nicely with the composition of the associated
time evolution operators as in (0.87).
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1. the dual bordism ¥ M5 X , where MY = M as an oriented manifold viewed
as a bordism with boundary Y U X (using Y Y,

2. the opposite bordism X M,y by flipping the orientation on M and its

boundary components X and Y.

We then set M := MV, which corresponds to ‘turning the bordism M around’
and subsequently reversing its orientation. Since (0.88) holds for all |¥) and |®),

we obtain the operator equation®!
UMY = U, (0.89)

which states that performing the time evolution along M is equivalent to

reversing the time evolution along M*2.

Operators

In general, one can consider time evolutions along bordisms X M,y together with so-
called path integral insertions. Concretely, given a (suitably well-behaved) functional

F : F(M) — C on the space of fields on M, we can contruct an associated operator
UM;F): Hx — Hy (0.90)
via the path integral that is weighted by F,
GIUOLP)|Y) = [ Do Flgl - S wlglx] (091)
F(M):

ply=¢

where ¢ € Fy and |¥) € Hx. We will typically not distinguish between F and U (M; F)
and refer to both simply as ‘operators’ in what follows. Furthermore, we are often only

interested in a small subset of operators that have a well-defined

D
support in M. Concretely, given a submanifold ¥ C M, we say y ) x
that a functional F' has support in ¥ (supp(F') = X) if for any field \‘[
¢ € F(M) the amplitude F[¢] only depends on the values of ¢ in ‘

Figure 15

an infinitesimal neighbourhood of ¥ (see Figure 15). We often write
F's, for an operator F' whose support is given by Y. It is useful to think of the operator

F' as the assignment ¥ +— Fy,, which (in favourable circumstances) allows us to obtain

31 Given a linear map f : H — H' between Hilbert spaces, we denote by fT the adjoint of f, which is
the unique linear map f7: H' — H satisfying (f(®), ¥) = (®, f1(¥)) for all ® € H and ¥ € H'.

32 Note that (0.89) does not imply that U(M) is unitary in the sense that U ol = U ol = id. This
reflects the fact that M may induce a change in topology from its incoming boundary to its outgoing
boundary, so that in general we only expect unitary time evolution to exist for topologically trivial
bordisms of the form M = X x [0,¢]. In other words, unitary time evolution is not a built-in
feature of quantum theory but rather a consequence of specific assumptions about the nature of
spacetime, as pointed out in [29, 30].

27
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a well-defined path integral insertion for any suitable submanifold > C M. As a result,
we can organise the spectrum of operators according to the dimensionality of their

support. In particular, we distinguish between the following two types of operators:

o Local: We say that an operator F is local if dim(supp(F')) = 0, meaning that F is
supported in an infinitesimal neighbourhood of points in M. We denote by O the
space of all local operators, which forms a (generally infinite-dimensional) complex

vector space via point-wise addition and scalar multiplication of functionals.

o Extended: We say that an operator F is extended if 1 < dim(supp(F')) < d—1.

We denote the space of all p-dimensional operators by
O, = {F | dim(supp(F)) =p} . (0.92)

Apart from genuine operators that can be freely inserted on any p-dimensional
submanifold, this also includes non-genuine operators that sit ‘inbetween’ non-
trivial higher-dimensional operators. Concretely, given two p-dimensional op-
erators A,B € O,, we denote by** Homp(A, B) C O,_1 the space of all

(p—1)-dimensional operators that can sit at the interface between

-

v A and B. Similarly, given p,v € Homp(A, B), we denote by

Al B Homoe(p,v) C Op_2 the space of all (p — 2)-dimensional opera-

. tors © that can sit at the junction between p and v, et cetera.
Figure 16

This is illustrated in Figure 16 for p = 2. We will provide
explicit examples of non-genuine operators further below. Note that for each
F € O,, there is the ‘trivial’ interface idp € Hom(F, F') that corresponds to
134

inserting the trivial functional”® into the path integral.

A priori, the space O, of p-dimensional operators is again a complex vector
space for p > 0 via point-wise addition and scalar multiplication of functionals.
However, since extended operators often carry a preferred normalisation®’, it is
useful to relocate parts of this linear structure to the space Qg of local operators.
Concretely, while we use point-wise addition to define direct sums F @ F’ of
p-dimensional operators F, F' € O,, we interpret expressions such

as A+ F' (with X\ € C) as inserting a multiple of the trivial local op-

erator idk. € O onto (an arbitrary point on the support of) F as il-

lustrated in Figure 17. This allows us to reduce the linear structure

Figure 17

of arbitrary operators to the linear structure of the vector space Oy.

33 Despite the notation, we do not (yet) think of O := I_IZ;%) O, as a (higher) category due to the lack
of appropriate notions of composition. This will change once we restrict ourselves to topological
operators when discussing generalised global symmetries in Section 0.1.3.

34 Here, the ‘“trivial functional’ is the one that maps every field configuration in F(M) to 1 € C.

3% For example, Wilson lines in gauge theory carry a preferred normalisation corresponding to a
choice of character on the gauge group; see further details below.
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As a special case of the above considerations, we can look at bordisms with partially
empty boundary components. For instance, consider a bordism @ M, x , which
corresponds to a spacetime M with only an outgoing boundary component X. Using

the canonical identification Hgy = C, this induces a linear map
UM;F): C - Hx (0.93)
for any operator insertion F' on M, which we can canonically identify with a state
|M; F) = U(M; F)(1) (0.94)

in the Hilbert space Hx associated to X. This mapping of operators on spacetime to

states on its boundary is called the operator-state map®®. Pictorially, we write it as
F F.
‘X(EE\%)» = ”(XQE\%i))(l) : (0.95)
M M

If we furthermore assume that X = @ (so that M is closed), we obtain a linear map
UM;F): C - C, (0.96)

which we can canonically identify with a complex number
UM;F) = (M;F)-idc (0.97)

called the correlation function®” of F on M. Pictorially, we write this as

(@) - (@)

M M

The correlation function on a closed spacetime M with no operator insertions is called

the partition function of M and denoted by

M) = ((o)M). (0.99)

36 In general, this map is not surjective. However, in special cases such as conformal field theory
(CFT), one can use the operator-state map to construct a bijection between operators on spacetime
and states in the Hilbert space [31]. In this case, one speaks of the operator-state correspondence.

37 Despite (M; F) being a complex number, it is referred to as a correlation function because it (in
principle) depends on the support 3 of the operator F. Studying (M; F) as a function of X for
different operator insertions F' typically gives rise to a rich algebraic structure and is one of the
main objectives of quantum field theory.

29
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We can derive general properties of correlation functions using the path integral
prescription (0.91). For instance, repeating the computation (0.88) with a generic

insertion F' : F(M) — C leads to the operator equation
UM; F) = UMt Fy (0.100)

where F'T: F(MT) — C is given by the complex conjugated functional F[p] := F[p]*.
In analogy to the orientation axiom (0.84), we often assume that complex conjugating

an ertended operator F reverses the orientation of its support 3, i.e.

Fyle]" = Fglgl (0.101)

when dim(X) > 0. As a result, we can interpret (0.100) as stating that turning the
bordism M and its extended operator insertions F' around and subsequently flipping
their orientation is equivalent to reversing the ‘decorated’ time evolution described by
U(M; F). Pictorially, we write this as

. T
u ' = ul() : (0.102)
M Wl

where we kept the notation ©' for local operators © € Op. In particular, by restricting
to closed spacetimes M, we see that ‘reflecting’ the operator content of a correlation

function is equivalent to complex conjugation:

(=) - (=) o

M M

As a result, we have that reflection-symmetric correlation functions are necessarily
real-valued (and in fact non-negative since they correspond to the norm of a state
on a reflection-symmetric hyperplane II in spacetime). In the context of Euclidean

quantum field theory, this is often called the principle of reflection positivity [32-35].

Schrodinger Picture

For practical purposes, it is often useful to work infinitesimally in the neighbourhood of
a given spatial hypersurface X C M. Concretely, upon choosing a normal direction to
X, we may assume that spacetime locally looks like M = X xR, where R parameterises
the direction of time. If we denote by H := H x the Hilbert space associated to X, we

can then describe the time evolution of states using the operator

U(t) := U(X x]0,t]), (0.104)
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which as a consequence of (0.87) and (0.89) obeys
Ut)yoU) = Ut+t) and U = U(-t). (0.105)

Furthermore, we assume that tlin%) U(t) = idy, which together with (0.105) implies
—

that U(t) defines a unitary operator on H for all t. In particular, the time evolution

U(1) = U)|P) (0.106)

of a state |¥) € H preserves probabilities in the sense that ||¥(¢)||* = ||¥||* for all .

Moreover, the rate of change of |¥(¢)) can be computed to be

d d
Sl = LU

. (U(t+h) - U(t)) @)

h—0 h

_ {lim (W) oU(t)] o)

h—0

(0.107)

= (—i)- H[¥())

where we defined the so-called Hamiltonian operator HonH by

H =i lim (U(h)_ld”) . (0.108)
h—0 h

Rearranging (0.107) then gives the Schridinger equation
. d -
i) = o) (0.109)

which is the quantum analogue of Newton’s law of motion describing the time evolution

of physical states via a differential equation. The solutions to (0.109) are given by
W) = ) (0.110)

which allows us to identify the time evolution operator with U(t) = e~*#¢. According
to Stone’s theorem [36], we then have that U(t) is unitary for all ¢ if and only if H
is Hermitian (or self-adjoint) in the sense that HT = H. In this case, H induces an

orthogonal decomposition®®

"= P Hn (0.111)

38 More precisely, if Hisa compact self-adjoint operator on H, then the spectral theorem states that
there exists an orthonormal basis of H consisting of eigenvectors of H with real eigenvalues [37].
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of the Hilbert space into eigenspaces H.,, of H , where each |V,) € H,, obeys
H|V,) = E,-|¥,) (0.112)

for some (necessarily real) eigenvalue E,, € R (called the energy of |¥,)). The set
{En}n of all eigenvalues is called the spectrum of the Hamiltonian, which we assume
to be bounded from below. We call the eigenspace Hy associated to the lowest energy
Ey (if it exists) the space of ground states (or vacua). We say that an eigenspace H,, is
degenerate if dim(H,) > 1. Determining the spectrum and its associated degeneracies

of a given Hamiltonian is one of the main objectives of quantum field theory.

More generally, we can use the decorated time evolution (0.90) X
to construct operators on the Hilbert space from generic path

integral insertions. Concretely, given a functional F' whose sup- .
port is entirely contained in the spatial hypersurface X, we can c

. ~ . Figure 18
define an associated operator F': H — H via

F = Eh_% UX:F), (0.113)

where we used the notation X, := X X (—¢,¢). This is illustrated in Figure 18.

Intuitively, the operator F allows us to compute ‘expectation values’

(V| F|Y)
(Fy = 5 (0.114)
Il

of the functional F w.r.t. the probability distribution py = |¥|/||¥||* induced by a
non-zero state |¥) € H on X. Since, from a physical point of view, we are mostly
interested in measuring quantities that are real-valued, we often restrict ourselves to
functionals F obeying FT = F (which are also called observables). The associated

operators F on H then satisfy

~

T = 9 A
= Eh_% UX F)
— I t.opt
Ehg}) UXI;FT) (0.115)
= lim U(X.;F) = F,
e—=0
where we used (0.100) as well as the fact that XI = X.. Hence, we see that physical
observables are implemented by Hermitian operators on the Hilbert space. In particular,

this ensures that their expectation value (F'), is real for any state |¥). Moreover,

the fact that observables correspond to operators has important consequences for our
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ability to measure different observables simultaneously. Concretely, if we define the

variance of an observable F' in a state |¥) by
o(Fly = (F2)y — (F)}, (0.116)

then the Cauchy-Schwarz inequality for inner product spaces implies the so-called

Robertson uncertainty relation [38]

o(A)y-o(Blw = 5|(14.B]), (0.117)

N | =

for any two observables A and B, where we defined the commutator of A and B
by [ﬁ, E] .= AoB — Bo A. Physically, this means that, given two observables, the
precision with which we can measure both of them at the same time in a given state

|¥) is bounded from below by the expectation value of their commutator.

Examples of quantum field theories and their associated spectra of (local and extended)

operators include the following:

e QUBITS: A qubit is the quantum version of a bit, which is a classical system
consisting of a single variable s (called spin) that can only occupy two possible
states (denoted + and — and called ‘up’ and ‘down’, respectively). The associated
Hilbert space is % = C?, which is spanned by the two basis vectors |+) := ()

and |—) = ((1)) The most general form of the Hamiltonian is given by
H=A1,+B-7, (0.118)

where A € R and B € R? and we denoted by & = (03,0y,0-) the vector that

contains the three so-called Pauli-matrices

_ (01 _ (0 —i _ (10
Oy = (1 0), oy = (l 0), 0, = (o _1>. (0.119)

Together with the identity matrix 1o, these form a basis for the space of all
Hermitian (2 x 2)-matrices. Since the parameter A simply shifts the Hamiltonian
by a constant, we can without loss of generality assume that A = 0 in what

follows. The eigenvalues of H are then simply given by
E, = +B, (0.120)

where we denoted by B := ||B| the magnitude of the vector B. Moreover, the

associated time evolution operator can be computed to be

Ut) = et = cos(Bt) - 1o — isin(Bt)-(b-3) (0.121)
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where b := B /B denotes the unit vector in the direction of B. Using this, we
can compute the expectation value of the spin operator § := o, (which measures

whether the spin s is up or down) in the time evolved state U(t) |£) to be

(s()y = ()puey = £[1—-2-01-sin*(Bt)], (0.122)
where we denoted by b := ||b, || the magnitude of the transverse component
l_)l_ =b— b, €, of the unit vector b that is perpendicular to the z-axis in R3.

Physically, this means that if we view the spin s as being aligned along the
z-axis and coupled to a constant magnetic field é, then the latter induces an
oscillation of s whose frequency is given by the magnitude B and whose amplitude

is determined by the normalised transverse component b | of B.

QUANTUM MECHANICS: The quantum theory of probe particles moving on a
Riemannian manifold N can be constructed by introducing the so-called Wiener
measure [39, 40] on the space F of (continuous) paths v : [a,b] — N. Since
the boundaries of time intervals are points and F|,; = N, equation (0.75) then

implies that the space of states is given by the Hilbert space
H = L*(N) (0.123)

of complex functions ¢ : N — C that are square-integrable w.r.t. the Lebesgue
measure induced by the Riemannian metric on N. We usually refer to elements
C of H as wavefunctions of the probe particle. Physically, given a

I ‘ non-zero |¢h) € H, we interpret py, := 1|2/ |[||* as the probability
N

density to find the probe particle in subregions S C N as before.

" For instance, the state |n) that localises the particle at a fixed

Fi 1
igure 19 position n € N with probability 1 corresponds to the Dirac delta
function peaked at n (see Figure 19). The probability to subsequently find the

particle at a different position n’ € N after some finite time ¢ is given by
[ |T@))* (0.124)

where, according to (0.80), the time evolution operator U(t)

now computes an integral over all paths®’ « in IV that start at
n and arrive at n’ after time ¢, weighted by the exponential of
the action functional (0.30). This is illustrated in Figure 20.

Figure 20

39 The fact that the general expression (0.80) for the time evolution operator becomes an integral
over a space of paths in quantum mechanics is the historical reason for the term ‘path integral’.
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As an example, consider probe particles moving along trajectories in N = R?
(or suitable subsets thereof). Typical observables include the position 7 of the
particle as well as its momentum p = m - 7. Using (0.113), their associated

Hermitian operators on the Hilbert space H = L?(R3) can be computed to be*’

o= T and P = —i0; , (0.130)

where ¢ = x,y, z and r;- and J; denote multiplication by and differentiation w.r.t.

the coordinate r;, respectively. As a result, the canonical commutation relations

between the position and momentum operators are given by
[fi,ﬁj] = 1-0j -idy . (0.131)
Plugging this into (0.117) yields the Heisenberg uncertainty relation [41]
1
o) o) > 1. (0.132)

where we assumed that we measure the variances o(r) and o(p) of the particle’s

position and momentum along a common spatial direction in a normalised state.

40 For example, the expression for the momentum operator p can be derived as follows (for simplicity

we restrict ourselves to the case of one spatial dimension x): Given a state |¢) € L*(R), its image
under the momentum operator is defined to have the position space representation

(z|ply) = lim [ Dy ¥ y(y(—e)) my(0), (0.125)

e—0
y: (—e,e) >R,
yle)==

where we used that, classically, the momentum of a particle on a trajectory y(t) is given by
p = my. For infinitesimal £, we may approximate any such trajectory by y(t) = = + %(g — 1) with

& :=x —y(—¢), so that §y = 25—5 and the action functional (0.30) evaluated on y approximates to
Sly] = ) [lmy2 - V(y)} dt ~ g 2V (z—¢/2) - (0.126)
) 4e ' '

Writing ¢ (y(—¢)) = ¢ (z — £), we can then Taylor expand the integrand of (0.125) about £ and ¢ as
_m ¢2 / m

e I [1+0(e)] - [p@) - (@) £+ 0E)] - 5 ¢ (0.127)

(where ' denotes the derivative w.r.t. z), so that switching integration variables from y to ¢ and

substituting in the Wiener measure Dy — /1= d¢ reduces the integral in (0.125) to a series of
Gaussian moments for £. Evaluating the latter then gives

(2lplo) = lim (= iv'(@) + O@)) = ~iv/(a), (0.128)
e—
which shows that the momentum operator can be represented by p = —i 0, as claimed. Note that

the imaginary multiplicative factor i is crucial to ensure that the operator p is hermitian:

www:—jwwwmmuw/wwwmm:www, (0.129)
R R

where we integrated by parts in the middle and discarded boundary terms due to the fact that ¢
and v (being square-integrable) fall off sufficiently fast at infinity.
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Using (0.108), the Hamiltonian can be computed to be

~

1
H=-—A+V({F)), (0.133)

2m

where A := ", 8? denotes the Laplacian and V is the potential function appearing
in the action (0.30). For instance, if V(¥) = —a/r with a € Ry, the above

Hamiltonian has an infinite series of negative energy eigenvalues®!

2

E, = ——
" 2(n + 1)2

(0.134)
indexed by non-negative integers n = 0,1, 2, ... with associated eigenspace de-
generacies dim(#H,) = (n + 1)2. Physically, these correspond to the bound state
energies of a quantum particle in a radial 1/r potential (such as the electron in

the Coulomb potential of the proton, which together form the hydrogen atom).

GAUGE THEORY: Given a Lie group G, the theory of P P

7@ 7(0)
gauge fields living on a principal G-bundle 7 : P — M
has a canonical class of line operators that can be

constructed using the notion of parallel transport.

Concretely, given a connection 1-form A € Q!(P, g)

and a path v : [a,b] — M in spacetime, we denote by Figure 21

H,Y(A)Z P’y(a) — P’y(b) (0135)

the associated parallel transport map®?, which is a diffeomorphism between
the fibres P, ) and P, that is independent of the parameterisation of v with
inverse given by I1,(A)~! =II5(A) (where 4 denotes the reverse path of ) [18].

Under a bundle automorphism f : P — P, it transforms as
I,(f*(A) = f oIl (Ao f, (0.136)

which shows that parallel transport is not itself gauge-invariant (as required for a
valid path integral insertion). However, we can build gauge-invariant quantities
from it by introducing so-called ‘matter fields’ Concretely, given a vector space
V equipped with a linear (left) G-action >: G x V' — V| we define the associated

bundle to be the vector bundle over M with total space

Py = (PxV)/~, (0.137)

41 The fact that (a part of) the spectrum of a given Hamiltonian is often quantised such as in (0.134)
is one of the historical reason for the term ‘quantum theory’.

42 Concretely, the map (0.135) is defined as follows: Given p € P, (q), we denote by ¥ : [a,b] — P the
unique horizontal lift of  that satisfies m 0 4 = v as well as 4 € ker(A) and §(a) = p. We then set
IT.,(A)(p) := #(b). This is illustrated in Figure 21.
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where the equivalence relation identifies (p < g,v) ~ (p,g>v) forp e P,v eV

and g € G. Parallel transport then induces a linear map
Y (A) s (Pv)sy@) = (Pv)y) (0.138)

which sends® [p,v] = [IL,(A)(p),v]. If we denote by Vv and V* the dual and
complex conjugate space of V' equipped with their natural G-actions, respectively,
the canonical identifications (Py )Y & Pyv and (Py)* & Py« then imply that

mY(A4)]" = ¥’ (4) and [IY(4)]" = 0¥ (4). (0.139)

If we now assume that our theory contains matter fields in the form of sections**

¢ € I(Py) and Y € T'(Pyv), then the scalar quantity

Wy
= (e T A e)) (0.140)

is invariant under gauge transformations f : P — P if we simultaneously shift*’
A= f5(A)  and o) = flo™) (0.141)

We call the quantity in (0.140) a Wilson line associated to the linear G-space
V with endpoints dressed by the matter fields ¢ and V. This is an example of
an extended operator that supports non-genuine local operators at its boundary.

More generally, we can consider local junctions
Wi
I/VV/

between Wilson lines Wy, and Wy associated to (possibly distinct) G-spaces V'

(0.142)

and V’. By the same reasoning as above, these can be constructed using sections

¢ of the morphism vector bundle

PV\/ ® PV/ g PHom(V,V’) . (0143)

43 Here, we use the fact that parallel transport obeys IT,(A) o R, = Ry o I1,(A) for all g € G (where
Ry : P — P denotes the right action of g on P), which makes the map (0.138) well-defined.

44 Given a vector bundle 7 : E — M over M, a section of E is a smooth map s : M — F such that
mg os = idy. We denote the vector space of all smooth sections of E by I'(E).

45 Here, we use the fact that any bundle automorphism f : P — P induces an automorphism
Py — Py of the associated bundle via [p,v] — [f(p),v].



38

INTRODUCTION

If we furthermore assume that V and V' are unitary (meaning that (V*)V =V

as G-sets and similarly for V'), then (0.139) implies the complex conjugation law

Wi\ W,
r 7= ’ ¥ (0.144)
W vl W v ol :

where ¢t € I'(Prom(v,vy) is defined by taking pointwise adjoints of linear maps.
This is an example of the general conjugation law (0.101) we typically impose on
extended operators. Finally, we can consider paths v whose start and end point
coincide (i.e. y(a) = vy(b) =: m). Parallel transport then induces a linear map
HX(A) : (Py)m — (Py)m, which allows us to define the so-called Wilson loop

1,,1@,@ = Tr(p,, (1Y (A)) (0.145)

independently of additional matter fields. One can check that this construction

is independent of the choice of base point m of the loop.

As an example, consider a G = U(1) gauge theory with gauge fields given by
connection 1-forms*® A € Q'(P,u(1)). Upon choosing a local section s : U — P
that trivialises the principal bundle over an open set U C M, we can pull back
the gauge field to obtain a local one-form Ay := s*(A4) € QY(U,u(1)). Given a
path 7 : [a,b] — U that is contained in U entirely, the action of the associated
parallel transport on p := s(y(a)) may then be written as [18]

IL,(A)(p) = g <exp (/7A8> : (0.146)

where ¢ := s((b)). Similarly, if we denote by V,, the one-dimensional vector
space C on which z € U(1) acts by multiplication with 2™ for some fixed n € Z,
the induced parallel transport I17(A) := HZ” (A) is given by

I (A)(v) = exp (n A As) ‘w, (0.147)

where v := [p, 1] and w := [g, 1]. In particular, this shows that for closed =, the

Wilson loop W,, := Wy, associated to V,, is given by the path integral insertion

Win(v) = exp (n]iAs> = exp (n/SF) , (0.148)

where the second equality holds if the path v bounds a two-dimensional surface

S (i.e. S =+y). In this case, we can use Stokes’ theorem to replace the integral

46 Here, we denote by u(1) = iR the Lie algebra of U(1).
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of Ag over v by the integral of the pullback dAs = s*(F) of the field strength
F =dA € Q*(P,u(1)) over S. Moreover, since the gauge group U(1) is abelian,
equation (0.48) implies that s*(F) = (¢/)*(F) for any other local section s’
wherever defined, so that we obtain a globally well-defined 2-form on spacetime
M (which by abuse of notation we also call F' € Q%(M,u(1)) in what follows).
This is the 2-form appearing on the right hand side of (0.148). One can check

that it satisfies the integral condition®”

1
— F 7 .151
2m'/s c (0.151)

for any closed oriented two-dimensional submanifold S C M. Physically, equation
(0.148) then means that a Wilson loop placed on a closed path measures (the

exponential of n times) the magnetic flux through the surface that it bounds.

W,
ing that the theory contains an additional complex scalar field ¢ i”+

W,
of charge k € Z (i.e. ¢ is a section of the line bundle Py := Py,). ”+
Figure 22

We can build non-trivial junctions between Wilson lines by assum-

In this case, the space of local junctions Hom(W,,, W,,,) between
Wilson lines W,, and W, is non-trivial if and only if (m — n) divides k (i.e.

m —n =k - £ for some ¢ € Z), since the monomial

o = P®..0¢ iflL>0 (0.152)

PrR.00" iflL<0

(where ¢* denotes the complex conjugate of ¢) defines a non-trivial section of

the morphism bundle Pyoyv;,,v;,) = Pn—n. This is illustrated in Figure 22.

In addition to Wilson lines, the above example admits yet another type of

operator, which instead of being defined in terms of functionals of the gauge

field is constructed using certain types of ‘boundary conditions’ for the latter.

47 In the case where S is (homotopic to) a 2-sphere S?, this may be checked as follows: 92

i

Consider a closed loop 7 along the equator of S% and denote by S+ the north and south
hemisphere with boundaries S+ = v and 0S_ = 7, respectively. As both S; and S_ 52
are contractible, we can find tubular neighbourhoods U+ C M of Sj: that trivialise the principal
bundle via local sections st : Uy — P. If we denote Ay := s (A) € Q' (Uy,u(1)), we then have

Jr= L L= [ [ o

by virtue of Stokes’ theorem, which, using (0.146) together with the fact that parallel transport
obeys IT,(A)™" =15 (A), implies that

1 = I,(A) o - (4) = exp</A+ +/A> = exp</S2F> . (0.150)

Hence, we see that we must have f g2 b € 2miZ as claimed.
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Concretely, let F' € Q?(M,u(1)) denote the globally defined 2-form
on M that is induced by the field strength of the gauge field as g2 Q(D
before. Given a codimension-three submanifold > C M and an
integer n € Z, we can then define an operator 7T,, with support in Figure 23

Y by defining the insertion of 7, (%) into the path integral to mean that we only
integrate over those (equivalence classes of) gauge fields on bundles over the

modified spacetime M\¥ that satisfy

% P = (0.153)
where S% C M denotes a 2-sphere that links ¥ as illustrated in Figure 23. We
will call the operator T,, as defined above a 't Hooft operator of charge n in what
follows. Physically, it corresponds to the insertion of a magnetic monopole of
charge n into the path integral. Note that the dimension dim(7,) = d — 3 of

't Hooft operators depends on the ambient dimension d of spacetime.

The construction of 't Hooft operators can be generalised to the case of a non-
abelian compact simple*® gauge group G. The result is that while Wilson lines are
labelled by linear G-spaces, 't Hooft operators are labelled by linear “G-spaces,
where “G is the so-called Langlands dual group™ of G [43, 44]. In spacetime
dimension d = 4 (where the dimensions of Wilson and 't Hooft operators coincide),
this can be seen as an instance of electromagnetic duality [45, 46], which relates a
gauge theory based on G to a gauge theory based on “G and exchanges Wilson

and 't Hooft lines in the process.

Symmetries

While the path integral offers an intuitive approach to quantum theory, its usage
in the explicit computation of state spaces and correlation functions is often highly
non-trivial. In this context, symmetries (again) provide a powerful tool to constrain
the dynamics of a quantum field theory. Concretely, suppose that a theory has a
symmetry group G with associated group action > : G x F — F on the space of fields
F leaving the action functional invariant, i.e. S[g> | = S[p] for all g € G and ¢ € F.
If the group action restricts to an action on the space of fields Fx on some spatial
hypersurface X C M in spacetime, we obtain an induced action on the Hilbert space

Hx of square-integrable functionals ¥ : Fx — C via

(U 0)[g] == W[ '>g] (0.154)

48 We say that a Lie group is simple if its Lie algebra is any of the algebras appearing in the Cartan
classification of finite-dimensional simple Lie algebras [42].
49 For instance, one has “(SU(pq)/Z,) = SU(pq)/Z, while “SO(2k) = SO(2k).
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for all g € G and ¢ € Fx. In particular, this G-action is linear in the sense that

A A

U\ U +®) = X-Uy(0) + U, () (0.155)
for all A € C and ¥, ® € Hx. Furthermore, we have that
Uy, 0 Uy = Uy, (0.156)

for all g, h € G. Lastly, one can compute that

@019 = [ Delx- ¥ [g" o] - 0ly]

= [ Dlx-w[3]-0l> ) (0.157)
= (W\qu@) ,

where we used the substitution of variables @ := ¢~ > ¢ and assumed that the latter

leaves the measure invariant, i.e. Dp = Dy. As a result, we obtain that
U)' = Uy1 (0.158)

which, together with (0.156) and U, = idy , implies that Ug is a unitary operator on
the Hilbert space Hx for every g € G. The above then motivates the following:

Definition: Given a group G and a complex vector space’’ V', a (linear) representation

of G on V is a group homomorphism U : G — Aut(V). If V is furthermore a Hilbert

space, we say that such a representation is unitary if U, is unitary for every g € G.

An intertwiner between two representations U and U’ of G is a linear map f: V — V'
such that UQOf = foU, forall g € G. Two representations are said to be isomorphic if
there exists an invertible intertwiner between them. The dimension of a representation
U is given by dim(U) := dim(V').

Given two representations U and U’ of G on vector spaces V and V', their direct sum

U@U' is the representation on V@ V' with diagonal G-action, i.e. (U®U’), = Uy,@U,.

It is often useful to consider representations that cannot be decomposed into direct

sums of smaller ones and hence form the ‘building blocks’ for all other representations.

Concretely, we introduce the following notions:

e Indecomposability: A representation is called indecomposable if it is not

isomorphic to a direct sum of non-zero other representations.

50" Although group representations are well-defined on vector spaces over any field F, we will henceforth
restrict ourselves to F = C and assume that every vector space is complex (unless stated otherwise).
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e Irreducibility: A representation U of G on a vector space V' is called irreducible
if it does not contain any non-trivial G-invariant subspaces. That is, if W C V
is such that Uy,(W) C W for all g € G, then W = {0} or W = V.

Clearly, irreducibility implies indecomposability but not vice versa. The utility of
irreducible representations stems from the fact that the spaces of intertwiners between

them are severely constrained. This is the content of Schur’s lemma [47]:

Lemma: Let U and U’ be two irreducible representations of G' on vector spaces V
and V') respectively. Then, any intertwiner f : V — V' between U and U’ is either
zero or an isomorphism, and any other intertwiner is of the form f’ = X\ f for some

A € C. In particular, since U, intertwines U for any group element z in the centre
Z(G) == {2€G|z-g=g-zforall ge G} (0.159)

of G, we have that U, = A(z) - idy for some group homomorphism A : Z(G) — C*.

Examples of (unitary) group representations that we will use repeatedly throughout

this thesis include the following:

e Given any group G, there exists a one-dimensional representation on V' = C that
sends every group element to the identity map idc. We will call this the trivial

representation of G in what follows.

o Representations of the integers Z on a vector space V can be constructed by
picking an invertible A € Aut(V) and mapping n € Z ~ A™. For instance,
picking A = (}1) € Aut(C?) yields a two-dimensional representation that is
indecomposable but not irreducible (since () € C? spans a non-trivial invariant

subspace). Furthermore, this representation is not unitary”'.

o If G is a finite group, a representation of G is irreducible if and only if it is
indecomposable. According to Maschke’s theorem, every representation of G is
then isomorphic to a direct sum of irreducible ones [14]. Furthermore, by virtue
of Weyl’s unitarity trick®, every representation of a finite group is isomorphic

to a unitary one. For instance, the dihedral group of order eight

Dg = (rs|rt=s*=1,rsr=s) (0.160)

5! Indeed, suppose that there exists an inner product (.,.) on C? such that (A-v, A-w) = (v, w) for
all v,w € C?. If we fix v := (}) (so that A-v = v), the above implies that (v, A-w — w) = 0 for all
w € C2. However, setting w := (9) (so that A-w = v +w) yields 0 = (v, A-w — w) = (v,v) = ||[v]|?,
in contradiction to v # 0.

52 Concretely, consider a representation U of a finite group G on a vector space V and fix an arbitrary
inner product (.,.) on V. Define a new inner product via (v, w)) := ﬁ . dec (Ug(v),Uqg(w)).

Then, U is a unitary representation w.r.t. {(.,.).
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has five irreducible representations 1, u, v, uv and m that send the generators r

and s to the linear automorphisms

1 U v uv m
rl1 -1 1 -1 (8 _OZ) (0.161)
01
1 1 -1 -1
’ (1 0)

and that are unitary w.r.t. the standard inner products on C and C?, respectively.

o If Ais an abelian group (i.e. Z(A) = A), Schur’s lemma implies that every irre-
ducible representation of A is one-dimensional. We denote by A" := Hom(A, C*)
the set of all such one-dimensional representations, which itself forms an abelian
group (called the Pontryagin dual or character group of A) via point-wise multi-

plication. There exists a canonical pairing
(,): AV x A = C*, (0.162)

which (if the group A is locally compact) induces a canonical isomorphism
(AV)Y = A between A and its double dual. If A is furthermore finite’, one has
AY = A, however, this isomorphism is non-canonical in general. For instance,
if A =27, = (x|z" =1), its Pontryagin dual is AY = (Z|2" = 1), where 7

2mi/n

denotes the character on A defined by (Z,z) = e

o If G is a continuous Lie group, we require representations U : G — Aut(V)
of G to be Lie group homomorphisms (meaning in particular that they are
smooth maps between manifolds). It is then often useful to ‘linearise’ such
representations by considering the differential p := DU : g — End(V'), which

defines a representation of the Lie algebra g of G in the sense that

ple.nl) = [p(e), p(n)] (0.163)

for all £, € g, where the bracket on the right hand side denotes the commutator
of linear maps in End(V). Conversely, if G is a simply connected group® and
p: g — End(V) is a representation of its Lie algebra, then there exists a unique
representation U : G — Aut(V') of G such that DU = p [48].

53 Since for any finite group A we have a/l =1 for all a € A by virtue of Lagrange’s theorem, any
character x € AY on A is automatically valued in U(1) C C*.

5 We say that G is simply connected if it is path-connected (meaning that there exists a continuous
path between any two points in G) and has trivial fundamental group 71 (G) = 1 (meaning that
any closed path in G can be shrunk to a point).
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As an example, consider G = SU(2), whose Lie algebra su(2) is the three-
dimensional (real) vector space of traceless skew-hermitian (2 x 2)-matrices over
C with basis s; := —%O’i (where the o; denote the Pauli matrices for i = x,y, z

as in (0.119)) and commutation relations®
[si, s3] = €ijisk - (0.164)

Since we are interested in complex representations of su(2), we can without loss
of generality use the complezification C ® su(2), which is the three-dimensional

(complex) vector space of traceless (2 x 2)-matrices over C with basis
h = 2is, and at = i(sy £ isy) . (0.165)
The Lie brackets of these generators are given by
[hyat] = +2ay and [ay,a_] = h. (0.166)

It is then a classic result that for each n € N there exists an (n + 1)-dimensional
irreducible complex representation p, of the above algebra on a vector space V,,

with basis {vp,4 |0 <p,q <n s.t. p+ g =n} and generator action

pn(R)vpg = (P—q) Vpg
pn(a4)pg = ¢ Vpr1,g-1, (0.167)

Pn(a*)vp,q = D VUp-1,q+1

where we set vp41,-1 = V141 := 0 [48]. Since the Lie group SU(2) is simply
connected, each p,, corresponds to a representation U,, of SU(2), which can be

identified with the vector space of homogeneous degree-n polynomials
f(Z) = fapo- 20 + o + fpq- 2028 + 0+ fon- 25 (0.168)
in two complex variables z; and z2, on which matrices A € SU(2) act via
(Ua(A))(2) == f(A7-2). (0.169)
In particular, this representation is unitary w.r.t. the inner product

(£, £1) = | d@ f*(2)- f(2), (0.170)

12| =1

%5 Here, we denote by €;;1 the totally antisymmetric Levi-Civita tensor defined by €., = 1 and used
the Einstein summation convention according to which repeated indices are being summed over.
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where d€) denotes the Lebesgue measure on the unit sphere in C2. Furthermore,
the centre Z(SU(2)) = {£la} = Zy of SU(2) acts via

Un(£ls) = (£1)", (0.171)

which shows that U,, induces a representation of SU(2)/Zs = SO(3) if and
only if n is even. This is an example of a non-simply connected Lie group
(m1(SO(3)) = Zy) whose representations are not in one-to-one correspondence

with representations of its Lie algebra so(3) = su(2).

Equations (0.155) —(0.158) show that (under favourable circumstances) the Hilbert
space associated to a spatial hypersurface X C M furnishes a unitary representation
U of a global symmetry group G in a quantum field theory. Its interplay with the

time evolution of physical states along bordisms X Moy s given by

(G1U) o Uy 10) = [ Dp- Sl w[g1s ly]

F(M):
ply=¢

_ /D@.eiSM[ﬂ 0[5x] (0.172)
F(M):

gr@ly=¢

= (| Ugo U(M)|T)

where we used the substitution of variables @ := ¢~ >¢ and assumed that the latter
leaves both the measure Dy and the action functional Sys[¢] invariant. Since (0.172)

holds for any |¥) € Hx and ¢ € Fy, we obtain the operator equation
[u(M),0,] =0, (0.173)

which means that the unitary action of G on physical states ‘commutes’ with the
time evolution of the latter along any spacetime bordism M. More generally, we can
repeat the computation (0.172) for a generic path integral insertion F' : F(M) — C

and obtain the operator equation
UM;F) o U, = U, o U(M;FI), (0.174)

where F'Y9 is the functional defined by (F9)[p] := Flg> ¢] for ¢ € F(M). This
shows that the unitary action of G commutes with decorated time evolution up to
transforming possible path integral insertions. In particular, if the bordism & M, &

is closed (so that U is the trivial representation on Hy = C), equation (0.174) implies
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that correlation functions are invariant under arbitrary group transformations of their

operator insertions, i.e.
g

F P
@) - (&)

M M
for all ¢ € G. Physically, this puts strong restrictions on the possible forms of
56

correlation functions and leads to so-called selection rules’® on physical observables.

In the Schrodinger picture, we consider the Hilbert space H = Hx associated to a
fixed spatial hypersurface X C M together with infinitesimal time evolution described

by the Hamiltonian operator H on H. The commutation relation (0.173) then becomes
[H,U,] =0 (0.176)

for all ¢ € GG, which is the infinitesimal version of the statement that the unitary
action of G on H commutes with time evolution. In particular, if |¥) € H is an
eigenstate of H with eigenvalue E € R, so is ﬁg |W) for all g € G. Consequently, the
decomposition of the Hilbert space H = @,, H,, into eigenspaces of the Hamiltonian

induces a decomposition of U = &p,, U,, into unitary subrepresentations

Up: G — Aut(H,) , (0.177)

5T of the symmetry group G.

which organise states of fixed energy into ‘multiplets
For instance, if U, is an irreducible representation of G of dimension greater than
one, the associated energy eigenspace is necessarily degenerate. If this happens for
n = 0 (corresponding to the space Hg of states with lowest energy), we say that the
symmetry is spontaneously broken. Physically, this again captures the idea that while
the laws that govern the evolution of states may be invariant under a certain symmetry
group, a given ground state (or vacuum) need not be. The generalised commutation

relation (0.174) in the Schrédinger picture becomes

A

UgoFol} = 9F, (0.178)

where 9F := F(0™) and F denotes the Hilbert space operator induced by a path
integral insertion F' as in (0.113). This means that the transformation of an operator
F under the symmetry group G can be computed by conjugating F with the unitary

operators Ug associated to group elements g € G.

56 Broadly speaking, we use the term selection rule to refer to any mechanism that necessitates
certain correlation functions (or more generally overlaps) to vanish.

57 We often use the term multiplet to refer to irreducible representations (‘irreps’) of a given symmetry
group G. A one-dimensional irrep is also called a singlet.
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Examples of symmetries in quantum systems that lead to degeneracies of states or

selection rules on correlation functions include the following:

e HYDROGEN ATOM: Consider the quantum mechanics of a probe particle of mass
m confined to the potential V() = —a/r on R3\{0} with a € Rsq. As before,
the Hamiltonian is given by the Hermitian operator

»’

o= -

1
o : (0.179)

| Q

where #; = r;- and p; = —i0; denote the position and momentum operators,
respectively. As in the classical case, there are two sets of conserved quantities,

which are now implemented by operators on the Hilbert space. These are

1. the angular momentum operator: L; = [7%’>< ]3’]1,

i = g Px L—Lxpli — 74

Y
S~

2. the Runge-Lenz operator™®:

One can check that [ﬁ , ﬁl] = [ﬁ ,A;] =0 for i = z,y, 2 as required for symmetry
transformations. Furthermore, one can check that L and A (where we dropped

the ~ for better readability) obey the commutation relations

[Li, Lj] = ieijn Ly ,

[Li, A]] = igz’jk Ak s (0.180)
21
[Ai,Aj] = _Egijk Lk oH s

together with L-A=A-L=0o. Lastly, we have that

—

2 -
A? = o? + EHo(L2+1). (0.181)

Since both the angular momentum and the Runge-Lenz operators commute with
the Hamiltonian, we can without loss of generality restrict attention to their

actions on some fixed energy eigenspace with corresponding eigenvalue F € R.

We will further restrict to the case of bound states with £ < 0 in what follows.

Upon replacing H by E in (0.180) and rescaling

— m -
B =,/—-A 0.182
oA (0.182)

one then obtains the commutation relations

[Li,Lj] = igijk Lk y [Li,Bj] = igijk Bk y [Bi,Bj] = iEz’jk Lk y (0183)

58 Here, we (anti)symmetrised the classical expression (0.61) for the Runge-Lenz vector in order to
turn A into a Hermitian operator.
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which can be simplified further by introducing

S:=—-(L+B) and S = —-(L-0B). (0.184)

N | .
DO | .

These then satisfy the disentangled commutation relations

(S, Sj] = €ijk Sk,

Si,85] = eijr Sk (0.185)
[SMS],] =0,

which, by comparing with (0.164), correspond to a direct sum of two copies of the
Lie algebra su(2). As discussed before, irreducible representations of the latter
are labelled by non-negative integers n € N and denoted by p,, : su(2) — End(V},).
The irreducible representations of the direct sum su(2) @ su(2) are then given by
tensor product representations® of the form p, ® p,,, [49]. However, in our case,

the integers n and m are not unrelated due to the fact that
52 = §"? (0.186)

(as one can check from the definition (0.184) together with L - B = B - L = 0),
which, using the fact that the representation p, obeys

pn(S?) = — g : (;‘ + 1) Sidy, (0.187)

implies n = m. Upon rewriting (0.181) in terms of S and E as

2
15? = % +1 (0.188)

and plugging (0.187) into (0.188), we then see that the possible negative energy

eigenvalues are of the form

ma2

EFE=E, = ——. 0.189

" 2(n +1)2 ( )

This reproduces the spectrum of bound states in the hydrogen atom from (0.134).
Furthermore, we see that the associated eigenspace degeneracies are given by
dim(p, ® p,) = (n + 1)2. Note that we again arrived at this result using
symmetry considerations. The above derivation of the hydrogen spectrum using

the Runge-Lenz operator is originally due to Pauli [50].

%9 Given representations p : g — End(V) and p’ : ¢ — End(V") of Lie algebras g and ¢, their tensor
product is the representation p ® p’ of g® g’ defined by (p® p')(e +€) := p(e) ®idy +idy ® p'(e”)
foralle € gand e’ €g'.
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o CONFORMAL FIELD THEORY: Consider a two-dimensional theory whose spacetime
is given by the Riemann sphere C* = C U {oo}. Further assume that the theory
has an internal symmetry group given by SL(2,C)/Zsy, where

SL(2,C) = {A = (Z 2) € My(C) | ad — be = 1} (0.190)
acts on points z € C® via so-called Mdbius transformations®
az+b
A = 0.191
- cz+d ( )

with the convention that A>oo =a/c and A>(—d/c) = co. In particular, the

above transformations include

o translations by choosing A = (}%) with b € C, which sends z — z + b,
o dilations by choosing A = (8 9 ) with @ € C*, which sends z — a® - z,
1

o inversions by choosing A = (9 '), which sends z — —2.

From equation (0.175), we know that correlation functions of any operator F in

the theory need to be invariant w.r.t. the above symmetry, i.e.
! A
(F) L (P4 (0.192)

where F'4 denotes the action of a symmetry transformation A = (¢4) € SL(2,C)
on the operator F'. For instance, we can consider so-called primary operators,

which are local operators F' supported on points z € C* with the property that

F(Ab2)

(FH(z) = CETIE

(0.193)
for some k € Z (called the weight of F'). The condition (0.192) then allows us
to constrain the functional form of correlation functions with one or multiple

primary operator insertions. For example:

— Let f(z) := (F(z)) be the one-point function of a primary operator of
weight k. Translational invariance then implies that f(z +b) = f(z) for all
b € C, so that f(z) = ¢ for some constant ¢ € C. Furthermore, invariance
under dilations implies that a?*-¢ = ¢ for all @ € C*, so that ¢ = 0 unless
k = 0. Thus, we see that one-point functions of primary operators are

necessarily of the form (F(2)) = i - c.

59 The importance of Mébius transformations stems from the fact that they preserve angles between
vectors in the two dimensional plane. Concretely, if we identify (z,y)” € R? with z = z + iy € C,
then the standard Euclidean metric on R? can be written as dz® + dy? = dzdz*. Applying a
Moébius transformation (0.191) to the latter then shifts dzdz* — Q(2)? - dzdz*, where Q(z) is the
real-valued function Q(z) = |cz + d|~2. This is why we speak of a conformal field theory.
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— Let g(z,2") := (F(2)F'(2")) be the two-point function of primary operators
F and F’ with weights k and k', respectively, evaluated at distinct points
z,z' € C®. Translational invariance then implies that g(z+0b, 2’+b) = g(z, 2/)
for all b € C, so that g(z,2") = g(z — 2/). Furthermore, invariance under
dilations implies %) g(a2 . (z — 2')) = g(z — 2') for all a € C*, so that

c

gz —4) = CE s (0.194)

for some constant ¢ € C. Lastly, invariance under inversions yields

1 1 c c
. . _ 0.195)
% (2K 1 INEtK — NktR (
S (L= (z=2)

which can only hold true if k = k’. Thus, we see that two-point functions

of primary operators are necessarily of the form

Ok - C

(FEFE) = 50

(0.196)
Similarly, one can use the invariance of correlation functions under the trans-
formations (0.193) to compute higher-point functions of any number of primary
operators. This is an instance of a theory whose symmetry is powerful enough

to determine the functional form of a large class of correlation functions.

To summarise, we have seen from the above discussion that symmetries in quantum

theory are useful for (at least) the following two reasons:

1. They organise the spectrum of energy eigenspaces of the Hamiltonian into
irreducible representations of global symmetry groups, leading to possible degen-

eracies of ground and excited states.

2. They constrain the possible forms of correlation functions of arbitrary operator

insertions, leading to selection rules on physical observables.

It would be desirable to combine both of the above into a single unified perspective. For
this purpose, we ask the following natural question: Given the unitary representation
U of a global symmetry group G on the Hilbert space H associated to some spatial
hypersurface X C M, does there exist a path integral insertion Uy, for each g € G

whose induced Hilbert space operator is Ug? In other words, we require
= U, = li X;; 1
Ug Uy iy U(Xs;Uy) (0.197)

for all g € G, where X5 = X x(—6,0) as before and U(X;;Uy) denotes the decorated

time evolution operator along X as defined in (0.91).
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In the case of a continuous Lie group symmetry G, the existence of the path integral
insertions U, can be inferred from a quantum version of Noether’s trick. Concretely,
consider an infinitesimal symmetry transformation parameterised by an element ¢ of
the Lie algbra g of G. Now promote € to an arbitrary Lie algebra valued function on
spacetime M, which we take to be a bordism X M.y between spatial hypersurfaces
X and Y. Let F : F(M) — C be an arbitrary path integral insertion on M. If we
abbreviate by U(F') := U(M; F) the decorated time evolution along M, then

@ UF)Y) = [DF-@(3ly] - Flg] - 9 0[]
- / Dy - (e b ply] - Fle o] - SV pepp]y]

/Dw Uery®) [oly] - (EIF)[p] - Sl =08 (T oy W) 0] x]

= (Uiesy(®) [U[F - 7] | Upee (1))

(0.198)
for all states |¥) € Hx and |®) € Hy, where we used the substitution of variables
@ =: e ° > and assumed that this leaves the measure invariant, i.e. Do = Dp. Now
let us denote by p := DU the representation of the Lie algebra g that is induced by
the representation U of G, which is such that

Ue)|0) = |¥) + p|¥) + O(e?) . (0.199)
Furthermore, we write the transformed path integral insertion F' as
)P = F + 6.F + O(?). (0.200)

Plugging this into the last line of equation (0.198) and expanding to first order in e
then yields the identity

i (®|UF - 6.5)|T)
= (P=(@)UE)[T) + (@|UGL)|T) + (@|UF)|p=(T)) .

(0.201)

Now, since ¢ parameterises an infinitesimal symmetry transformation, we have that

the first order variation of the action functional is given by®!

5.8 — /M (de A+j) (0.202)

1 For simplicity, we assume G to be an honest symmetry (as opposed to a quasi-symmetry), so that
there are no boundary terms appearing in the variation of the action when € is constant. This is a
special case of the more general transformation behaviour discussed around equation (0.52).

51



52

INTRODUCTION

where j € Q'(M, g") is the g¥-valued Noether current as before. Using integration by
parts in combination with Stokes’ theorem (as well as the fact that M = X LY, we

can rewrite the variation in (0.202) as
55 = Q) = Qu(X) = [ (e.dxi) . (0.203)

where we denoted by Q.(X) := [, (&, %) the Noether charges defined on codimension-
one hypersurfaces ¥ C M as before. Plugging this into (0.201) yields

<‘P|U[iQs(Y)’F]|‘I’>—Z/<‘I>|U[€d*1 FJ|w) = (@[U[F-iQ(X)]|¥)

= (P(®)[UEF) ) + (RUF) W) + (O|UF)|p(V)) .
(0.204)
Since this equation holds for any Lie algebra valued function e, we can make progress

by varying the support of € in spacetime M:

o If we choose ¢ to be constant along X and zero everywhere else (and we also

assume F' =1 for simplicity), equation (0.204) reduces to
(O UMiQ-(X)]|W) = (@UO)|pu(W)) . (0.205)

where we restored the notational dependence of U on spacetime M. In particular,

by choosing M = X; and taking the limit § — 0, we obtain
- hm <<I>|L{[X5,ZQ8 )P = (@ p(T)) . (0.206)
Exponentiating this and using the fact that the states |®) and |¥) were arbitrary

then yields the operator identity

A

: A C Oh Y 5o
(31% U[X5;5e ] Uee) - (0.207)

Similar results follow from choosing € to be constant on Y and zero elsewhere.

e If we assume € to be non-zero only in the interior of M and away from the

boundary, equation (0.204) yields the operator identity
UG.F) = —z‘/ U((e, dxj)-F) (0.208)
M

also known as the Ward-Takahashi identity [51, 52]. Physically, this is a quantum
version of Noether’s theorem as it implies U ((d*j)m - F) = 0 as long as the
insertion point m € M is away from the support of the operator F. More
generally, the insertion of (g, dxj) forces any other path integral insertion F' to

transform infinitesimally wherever the supports of € and F' coincide.
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By comparing (0.208) with (0.197), it becomes clear that the path integral insertions
Uy(X) = exp(—iQ:(%)) (0.209)

defined on codimension-one submanifolds ¥ C M and indexed by group elements

g = € € G with ¢ € g have the desired property of inducing the unitary representation

Ug on the Hilbert space upon being placed along a given spatial hypersurface X C M.

Moreover, they have the following important features (where we take all equalities to

hold as insertions into a given time evolution operator):

1. They are compatible with orientation reversal in the sense that®?

Uy(S) = Uyn)(D), (0.210)

Nl

) = —Q.(X) and (e°)~! = e7¢ for € € g. Pictorially,

.‘m - U/(.(Fl) . (0.211)

where we used that Q. (

2. If G is abelian, they ‘fuse’ according to the group law of GG in the sense that

lim  Uyg(S) - Un(X) = Upn(Y) | (0.212)
DIEE DN

where we used that e - " = e for commuting €,n € g. Pictorially,

OE, - @h. (0.213)
IS 3

3. They are ‘topological’ in the sense that
Uy(2) = Uy(X) (0.214)

as long as ¥ can be continuously deformed into ¥’ without crossing the support
of any other operator insertions F. This follows from the fact that upon choosing
Q) C M such that 092 = X UY', we have

Ug(X) - Uy(2) ™ = exp (iQe(X) — iQ(X))

= exp(—z‘/ﬁ(e,d*j)) =1,

%2 Furthermore, we have that complex conjugation acts via Uy (£) = Ug(E) in line with the general
conjugation law (0.101) we impose on extended operators.

(0.215)
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where we made use of Stokes’ theorem and the fact that, according to the Ward

identity, we have d x j = 0 away from the support of the operator F'. Pictorially,

’F\I g( - U(/ (0.216)

% >

4. They ‘act on’ other operator insertions F' via linking. Concretely, let S C M

denote the support of F' and let Ng be a tubular neighbourhood of S with
boundary 0Ng =: ¥. Placing (). on X then yields

—iQ:(X) - F = —z’/ (e,dxj)y-F = §.F (0.217)
Ns
via Stokes’ theorem and the Ward identity (0.208), which exponentiates to
Uy(X) - F = 9F (0.218)

with g = €. Pictorially, this means that ‘surrounding’ F' with U, is equivalent

to inserting the transformed operator 9F, i.e.

Uq@ %@ = +gF , (0.219)

Note that this applies both to local and extended operators.

The above construction of the path integral insertions U, and their properties relied
on the symmetry group G being a continuous Lie group (and moreover abelian).
However, we can construct the U, abstractly for any type of symmetry group G using
the properties 1.—4. above together with the defining property (0.197). That is, given
a decorated time evolution operator U(M; F'), we simply define the insertion of U,
to be the result of topologically moving its support towards the boundary of M and

acting on any obstructing operator insertions F' with g along the way. Pictorially,

a3 = u((Jor )0,

Uy (0.220)

= dfou((Jori)

The properties 1.—4. then ensure that this construction is well-defined (i.e. independent
of the way we choose to move one or multiple insertions U, towards the boundary).

All in all, the above discussion motivates the following:
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Proposition: A quantum theory has a global symmetry group G if and only if there
exists a collection of operators U, indexed by group elements g € G and supported on

codimension-one submanifolds ¥ C M such that
1. they are compatible with orientation reversal, i.e. Uy(X) = Uy-1)(2),
2. they fuse according to the group law of G, i.e. limy,_, 5y Uy(X)-Up(¥') = Ugp (X)),

3. they are topological, i.e. Uy(X) = Uy(X') if ¥ can be continuously deformed into

Y without crossing other operator insertions.

Any such collection then acts on other operator insertions F' and the Hilbert spaces

associated to spatial hypersurfaces X C M via

where we again assume all equalities to hold as insertions into a given time evolution

operator. We will often refer to the U, as (symmetry) defects in what follows.

The above characterisation of global symmetries in quantum theories in terms of

topological defects has the following advantages:

o It is applicable to both discrete and continuous symmetry groups G that can be

abelian as well as non-abelian.

e It makes no reference to the path integral but is defined entirely in terms of

decorated time evolution operators and correlation functions.

o It allows for straightforward generalisations, leading to the notion of so-called

generalised (global) symmetries.

0.1.3 Generalised Symmetries

The description of global symmetries in quantum theories in terms of topological
codimension-one defects labelled by group elements g € G can readily be generalised

in two orthogonal directions:

1. We can increase the codimension of symmetry defects, leading to the notion of
higher form symmetries. Concretely, we say that a theory has a p-form symmetry
(where 0 < p < d—1) if there exists a collection of codimension-(p+1) topological
defects that fuse according to the group law of some group G. When p = 0, this

reduces to the notion of ‘ordinary’ global symmetries discussed before.

2. We can replace the group G by a more general index set C equipped with a well-
defined fusion rule C x C — C, dropping the assumption that every symmetry

defect has an inverse. This leads to the notion of non-invertible symmetries.
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In the seminal work [13], the authors unified both of the above directions by introducing

the following notion of generalised global symmetries:

Definition: A generalised global symmetry of a quantum theory is a collection C of

topological defects of codimension between 1 and d.

As before, we implicitly understand adjectives such as ‘topological’ to refer to properties
of the defects in C that hold upon inserting them into time evolution operators or

correlation functions. Two comments are in order:

e As in the case of non-topological operators, we can organise the elements of C
according to the (co)dimension of their support. Concretely, for 0 <p <d —1,
we define the space of p-form symmetry defects by

Cp = {U]codim(U)=p+1}. (0.222)

Given two O-form defects A, B € Cy, we denote by Hom¢ (A, B) C C; the space
of 1-form defects that can sit at the interface between A and B (which are
also called 1-morphisms between A and B). Similarly, given two 1-morphisms
w,v € Home(A, B), we denote by 2Home (i, v) C Cy the space of so-called 2-
morphisms © that can sit at the junction between p and v (cf. Figure 16). By

iterating this procedure we obtain the space
p-Home(.,.) C C, (0.223)

of p-morphisms between two given (p — 1)-morphisms for p=1,...,d — 1 (where
‘0O-morphisms’ are simply elements of Cy, which are also called objects of C). Unlike
in the case of general operators, the above morphism spaces carry additional
structure due to the fact that its element are topological. Concretely, given two
p-morphisms p and p, we can always bring their supports arbitrarily close to
each other to obtain a new p-morphsim o p, which we call the composition of u

and p. Pictorially, this may be represented as

1% e Voo - B I/loo— - B

— | —
Alp A sap P (0.224)

Mathematically, the fact that we can compose morphisms means that the collec-

tion C = Z;é C, forms a (higher) category (more precisely, a (d — 1)-category®?).

53 Broadly speaking, an n-category for n € N is an algebraic structure consisting of a set of objects, a
set of morphisms between objects, a set of 2-morphisms between morphisms, and so on and so
forth up to n, together with various ways to compose these j-morphisms in a reasonable manner.
We refer the reader to [53] for a gentle introduction to n-categories. We note that a 0-category is
simply a set, while a 1-category is a category of objects and morphisms in the usual sense.
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As before, we assume that the top-morphism spaces (d—1)-Hom(.,.) form com-
plex vector spaces, which turns C into a linear category. Furthermore, since we
can bring the supports of two objects A, B € Cy arbitrarily close to each other, C
is equipped with an additional monoidal structure ® : C x C — C that captures

the fusion of topological defects:

A‘- C A®C«i\v\\ N
: B®D
-  Qide .
@B ED NG dp®v (0.225)

All in all, we see that we should expect generalised symmetries in a d-dimensional
quantum theory to form (some version of) a linear monoidal (d — 1)-category C,
which we will call the symmetry category in what follows. Understanding the

precise nature of C in simple cases is one of the aims of this thesis.

As in the case of ordinary global symmetries, generalised symmetries can act on
other (non-topological) operators via linking. In order to distinguish topological
defects from non-topological operators, we will henceforth use a colour-code
and depict the former using chromatic colours and the latter using black or
gray-scales. A p-form symmetry defect can then link operators of dimension p

and above (which is why it is called a p-form defect in the first place), e.g.

A@ /t(b B

However, it is in general not sufficient to only consider the linking action of

(0.226)

=N

symmetry defects on genuine operators. For instance, consider ‘pushing’ a 0-form

defect A through a local operator O as depicted here in d = 2:

@ @ ‘0 X:=
A* o = A%JA = %ﬂA (0.227)

The resulting configuration consists of the linked operator O, which is connected
to the symmetry defect A via a small tube formed by A and its orientation
reversal AY. If A is invertible (i.e. A = U, for some group element g), we know
from (0.210) that A" is given by U -1y, so that the fusion of A and A" yields the
trivial defect Uy ® Uy-1y = 1. For generic A, however, we have that X = A® AY
is distinct from 1, so that the resulting transformed operator 4©® becomes a
so-called twisted sector operator for the non-trivial defect X. This shows that
the inclusion of twisted sectors is crucial in order to fully capture the action
of generalised symmetries. Understanding the precise nature of this action in

simple cases is another aim of this thesis.

o7
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Examples of (invertible and non-invertible) generalised symmetries that will be used

throughout this thesis include the following:

o MAXWELL THEORY: Consider a pure U(1) gauge theory and let F' € Q?(M,u(1))
denote the global 2-form on M that is induced by the field strength of the gauge
field. The equations of motion and the Bianchi identity then imply that

dxF =0 and dFF = 0. (0.228)

As a result, the exponentiated quantities
Ua(Eg—2) = exp (a/*F) and  V3(¥2) = exp (6/ F) (0.229)
by b

defined on submanifolds ¥4 5,3 C M and labelled by «, 5 € R/Z, respectively,

yield two classes of topological defects with fusion rules
Uow @ Uy = Upyw and Vg X Vg/ = Vg+5/ . (0.230)

We call the generalised symmetries generated by U, and V3 the electric 1-form
and magnetic (d — 3)-form symmetry, respectively. The operators that are
charged under these symmetries are given by Wilson lines and 't Hooft operators.
Concretely, linking a Wilson line W, with a symmetry defect U, and an 't Hooft
operator Ty, with V3 (where n,m € Z) yields the multiplicative phases

Vach  — Vidh 0.231

W, W . Ty T, . (02

From this it is easy to see that the inclusion of additional matter fields typically
leads to a breaking of higher-form symmetries. For instance, suppose that the
theory contains an additional complex scalar ¢ of charge k € Z, so that the
Wilson line Wy, can end on a local insertion of ¢. As a result, any linking of Wy

with a topological symmetry defect U, can be undone by ‘sliding’ U, off W, i.e.

U <|>W” lW”

“T, = o (0.232)
U(lto ’
2miak

so that according to (0.231) we must have e =1, or equivalently o = i/k for
i=0,...,k — 1. This is an example of a more general principle: A line operator
that can end on a twisted sector local operator cannot be charged under any
1-form symmetries. In the present case, we see that the inclusion of ¢ breaks the

electric 1-form symmetry R/7Z down to the discrete subgroup Z.
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e (GAUGE THEORY: Given a compact connected Lie group G, the theory of gauge
fields A living on a principal G-bundle 7 : P — M possesses analogues of the
electric and magnetic symmetries discussed in the previous example (the following
discussion is taken from [54]). In order to describe them, consider a closed loop
v :SY — M based at m := (1) € M. Parallel transport along 7 yields a map
I1,(A) : P,, = P, which upon fixing a particular p € P,, can be identified
with a group element g, € G such that I, (A)(p) = p<gp. Choosing a different
p' € Py, shifts gy = h™'-g,-h, where h € G is such that p = p<h. As a
result, we obtain a well-defined map Z, for every 7 that sends the gauge field
A to the conjugacy class [gp] of g, in G. One can check that this map is both

gauge-invariant and independent of the choice of basepoint m of the loop ~.

Now consider a fixed codimension-two submanifold ¥ C M. Given =

a conjugacy class [g] € Cl(G) in G, we can construct an associated gl Q/D
[OAN

operator U, with support in ¥ by defining its insertion into the /

path integral to mean that we only integrate over those (equivalence ~Figure 24

classes of) gauge fields A on bundles over the modified spacetime M\¥ with
=s1(4) = o), (0233)

where Sé C M denotes an infinitesimal 1-sphere that links 3 as illustrated in
Figure 24. We call the operator Uy, as defined above a Gukov- Witten operator
in what follows [55, 56]. In general, it is not topological. However, we can
derive a necessary condition for Uj, to be topological as follows: Consider
linking a Wilson line Wy, labelled by a linear G-space V with an infinitesimal
Gukov-Witten operator Up,j. The result is given by the multiplicative phase

U MJD = (0.234)
Wy, Wy
which generalises the left hand side of (0.231) to the non-abelian case. Since the
Wilson line Wy associated to the adjoint representation Ad : G — Aut(g) can
always end on the field strength of the gauge field®*, it cannot be charged under
any topological 1-form defect. In particular, using (0.234) we see that U}, can
only be topological if
Trg(Ad(g)) = dim(g) , (0.235)

64 More concretely, let F € Q%(P,g) be the field strength of the gauge field and let s : U — P
be a local section of P over U C M. Upon choosing two vector fields X, Y € X(M), we can
define a local section Fxy : U — Py of the vector bundle associated to the adjoint representation
Ad : G — Aut(g) by setting Fx,y(m) := [s(m), 8" (F)m(Xm, Ym)] for m € U. The transformation
law (0.48) for F' under changes of the local section s then implies that Fx,y induces a canonical
global section of Py, which means that the Wilson line Wj is able to end as claimed.
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which is equivalent to Ad(g) = idg. Thus, we see that the topological Gukov-

Witten operators are necessarily labelled by elements of
ker(Ad) = Z(G) . (0.236)

It is known that in a pure gauge theory this condition is also sufficient, so that
the topological Gukov-Witten operators form an electric 1-form symmetry given
by centre of G [54]. If the theory contains additional matter fields in the form of
sections ¢ € I'(Py) associated to a linear G-space V', then the endability of the
Wilson line Wy, on ¢ implies that the electric 1-form symmetry is broken down

to the subgroup of those z € Z(G) that act trivially on V.

In addition to the electric 1-form symmetry, gauge theories also possess a magnetic
(d — 3)-form symmetry, which for a simple gauge group G can be shown to be
given by the Pontryagin dual 71 (G)Y of the fundamental group of G. Its action
on 't Hooft lines T5, labelled by linear LG-spaces V (where “G denotes the
Langlands dual of G as before) can be described using the fact that

(@) = z(t@) (0.237)

which allows us to write down the magnetic analogue of equation (0.234) as

Vi b - (0.238)

|7, Ty
for € m1(G)V. In particular, this is compatible with electromagnetic duality in
spacetime dimension d = 4, which exchanges Wilson and 't Hooft lines as well as

the electric and magnetic 1-form symmetries acting on them.

FINITE GAUGE THEORY: Consider a theory 7 with an ordinary P,
global symmetry described by some finite group GG. From this, <>

we can construct a new theory 7 /G by ‘gauging’ the symmetry QC E“;) P
G. If G were continuous, this would mean that we introduce OM
a principal G-bundle P over spacetime and path integrate over m
all (equivalence classes) of gauge fields A € Q'(P,g) thereon. Figure 25

However, for finite GG, the situation simplifies drastically due to the fact that
its Lie algebra vanishes (g = 0), so that there are no non-trivial gauge fields.
As a result, we can gauge G simply by summing over G-bundles P, which can
be characterised in the following manner: As before, the total space P comes
equipped with a projection 7 : P — M such that G acts freely and transitively
on each fibre P, := 7n~!(m) for m € M as illustrated in Figure 25. The principal

bundle can be trivialised over contractible open neighbourhoods U C M via local
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sections s : U — P, which induce isomorphisms U x G = Py via (m, g) — s(m)<g.

Now consider an open cover |J; U; = M of spacetime by contractible U; C M
together with local sections s; : U; — P. We denote by g;; : U; N U; — G the

so-called transition functions defined by
si(m) =: s;(m) < g;;(m) (0.239)
for m € U; NU;, which satisfy the cocycle condition

gij(m) - gjk(m) = gix(m) (0.240)

for all m € U; N U;j N Uyg. Since G is finite and the g;; are continuous, the latter
must necessarily be constant, so that we can label the bundle P by a collection
of group elements g;; assigned to double intersections U; N U; and subject to
the condition g;; - gjr = gix. We can represent this pictorially by collapsing the
intersections U; N U; down to codimension-one submanifolds labelled by group
elements, which join up at triple intersections U; N U; N Uy, in a way such that

the product of ‘incoming’ group elements equals the product of ‘outgoing’ ones:

9k

(0.241)

Physically, the above corresponds to inserting a ‘network’ of topological symmetry
defects (also called a background) into spacetime, which specifies the bundle P
up to equivalence. Summing over all principal bundles P is then equivalent to

summing over all possible network configurations (or backgrounds).

In general, the gauged theory 7 /G possesses a canonical class of line operators
that form the analogue of Wilson lines in a continuous gauge theory. To see this,
consider a closed loop 7y : S* — M based at m := (1) € M. In the presence of
a non-trivial background, this loop will generically pierce through a number of

codimension-one symmetry defects that form part of the corresponding network:

(0.242)

Let g1,...,9n € G denote the group elements in the order that we pierce through

the associated symmetry defects if we follow the oriented curve v along starting
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at m. Given a linear G-space V', we then define the corresponding Wilson loop

to be the path integral insertion

Wi (7) = Tev(gr- o ga) - (0.243)

One can check that this is independent of the choice of basepoint m of the loop.
Importantly, in contrast to the case of a continuous gauge group, the line operator
Wy is now topological and hence defines a generalised (d — 2)-form symmetry
labelled by linear G-spaces V. Using (0.243), their fusion can be computed to be

given by the tensor product
Wy @ Wyr = Wygyr (0244)

of G-spaces®, which shows that for non-abelian G the corresponding symmetry
is non-invertible®®. This provides a simple example of non-invertible symmetries
that can be constructed via the discrete gauging of finite invertible symmetries®’.
It was shown in [5, 6] that for d > 2, the gauged theory 7 /G contains additional
higher-dimensional topological defects that are labelled by so-called higher G-

spaces, which can be non-invertible even for abelian G (see also [57-59]).

0.2 Overview

Generalised global symmetries significantly extend the traditional notion of symmetries
in quantum field theory. While the latter can be described using the theory of groups
and their representations, the mathematical structures underpinning generalised
symmetries and their action on physical observables are less obvious. The aim of this

thesis is to provide answers to the following questions:

1. What is the precise mathematical structure that describes generalised symmetries

and their properties in arbitrary quantum field theories?

2. How do generalised symmetries act on and thereby organise the spectrum of

other physical observables and operators?

Throughout this thesis, we will restrict ourselves to the case of finite bosonic symmetries,
which allow us to perform explicit calculations and computations. We note that while

the motivation for our work is physical, most of its results are mathematical in nature.

55 Given two linear G-spaces V and V', their tensor product is defined to be the linear G-space V@V’
with associated G-action g (v ®@v') = (g>v) ® (g>v’).

56 This is due to the fact that any finite non-abelian group G has at least one irreducible representation
of dimension greater than one.

57 Non-invertible symmetries of this type are usually called non-intrinsic, since they can be obtained
from invertible symmetries via ‘topological manipulations’ such as discrete gauging. On the other
hand, non-invertible symmetries which are not of this type are called intrinsic.
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0.2.1 Setup

As alluded to in the Motivation 0.1, we expect general global symmetries to be
described by (some version of) a higher monoidal category. If the symmetries under
consideration are finite and bosonic, it is believed that the appropriate mathematical
structure is given by a (higher) fusion category C (also called the symmetry category
in what follows) [60]. Without going into technical details, we list some of the most

important features of this structure together with their physical significance below:

e Objects & morphisms: As a higher category, C contains both objects and
morphisms of various degrees, which organise the spectrum of topological defects
in C according to their (co)dimension. Concretely, for each p = 0, ...,d—1, there is
a space C, that contains all topological defects of codimension p+1. The elements
of Cy are called the objects of C (and we often simply write A € C to denote that
A is an object of C). Given two objects A, B € C, we denote by Hom¢ (A, B) C Cy
the space of morphisms between A and B, which capture the topological defects
at the interface between A and B. Similarly, given u, v € Hom¢ (A, B), we denote
by 2Hom¢(u, v) C Co the space of 2-morphisms between p and v, which capture

the topological defects © at the junction between p and v as illustrated below:

nes (0.245)

By iterating this procedure, we arrive at the space®® p-Hom,(.,.) of p-morphisms
for p=1,...d — 1. Given u € Cp, we denote by id, € (p+1)-End(u) the identity
(p + 1)-morphism on p, which corresponds to the trivial interface between p
and itself. Moreover, we assume that the space (d—1)-Hom,(.,.) of so-called
top-morphisms describing topological local defects forms a complex vector space
so that compositions of top-morphisms are linear. All in all, the above means

that C is a linear (d — 1)-category.

o Finite semisimplicity: Given two objects A, B € C, we can define their direct
sum A @ B to be the symmetry defect whose correlation functions are given by

the sum of the correlation functions of A and B, i.e.

<«DA®B> - <«DA> " <*DB> | (0.246)

We assume that any symmetry defect A € C can be decomposed into a finite
direct sum of simple (or indecomposable) objects S with (d—l)—Endc(iddS_Q) = C,

58 More precisely, p-Hom (., .) is a (d—1—p)-category whose objects are p-morphisms in C, morphisms
are (p + 1)-morphisms in C, etc.
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where id% = idiq..., dg denotes the identity p-morphism on S. Furthermore, we
assume that there is only a finite number of simple objects S (up to a suitable
notion of equivalence). Similarly, we assume that every p-morphism can be
decomposed into a finite number of simple p-morphisms for p=1,...,d — 2. We
define scalar multiples of symmetry defects via the insertion of a multiple of their

identity top-morphism into correlation functions, e.g.

<«D/\-A> - <«\;:/\;{I.‘)‘> . (0.247)

for A € C. All in all, the above means that C is finite semisimple.

Monoidality: We assume that C comes equipped with a monoidal structure
® : C x C — C that captures the fusion of topological defects induced by placing

the latter parallel to each other and making their supports coincide:

0505 Waes 0215

We denote by 1 € C the monoidal unit w.r.t ®, which corresponds to the trivial

codimension-one symmetry defect. We further assume that 1 is simple%’.

Rigidity: We assume that every object A € C has a dual, which is an object

AV € C that corresponds to the orientation reversal of A, i.e.

Q.- O,

Similarly, we assume that every p-morphism has an adjoint for p =1,...,d—2. In
addition, we assume that C is equipped with suitable duality data, which allows

us to ‘bend’ topological defects as illustrated below:

AY 0.250
B @ v

All in all, the above means that C is a so-called rigid category.

Unitarity: We assume that C is equipped with an involution™ 1 : C — ¢d=1)-op

that acts trivially on objects and p-morphisms for p = 1, ..., d — 2 and antilinearly

69 Physically, this means that there is a unique topological local operator (up to scalar multiplication).
Equivalently, the vacuum sector of the theory is indecomposable, i.e. does not split into multiple
superselection sectors. Relaxing this assumption leads to the notion of a multifusion category.

" For p=1,...,d — 1, we denote by CP°P the category that has the same objects and g-morphisms as
C for ¢ =1,...,p— 1 but p-morphisms given by p-Hom ¢p-op) (11, v) = p-Hom¢ (v, p) for p,v € Cp—1.
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on top-morphisms. Physically, this captures the behaviour of symmetry defects

under spacetime reflections, i.e.

A | (0.251)

Demanding that t be compatible with the monoidal and rigid structure on C

then turns the latter into a unitary category.

While ideas from category theory have played a role in quantum theory since the
axiomatisation of topological quantum field theories (TQFTs) through Atiyah [61] (see
also [62, 63] for the introduction of higher categories for the description of extended
TQFTs), recent years have demonstrated the utility of higher categorical structures
(and in particular higher fusion categories) for the description of symmetries in generic
non-topological theories. While the mathematical literature on fusion (d — 1)-categories
is well-developed for d = 2 (see e.g. [64, 65] for standard references) and an active
area of research for d = 3 (see e.g. [66—68]), a rigorous treatment for d > 2 is more

elusive. For this reason, we will only consider the case d < 3 in detail in this thesis.

0.2.2 Summary

As described in the Motivation 0.1, generalised global symmetries can act on local and
extended operators by linking them inside correlation functions. Concretely, given a
symmetry category C and an (n—1)-dimensional operator F' (where n = 1,...,d—1), we
can act on the latter with C by placing p-form symmetry defects A, , ... on codimension-
(p+1) submanifolds that locally look like R*P~! x S swhere the second factor
denotes a sphere that links the n-dimensional support of F'. In particular, this is
only sensible if p < n. Moreover, since we assume F' to be a twisted sector operator
in general, the p-form defects surrounding F' will intersect the (n—1)-dimensional
symmetry defects X, p, ... attached to F along (n—p—1)-dimensional loci @, ¢, ©....
This is illustrated for d = 3 and n = 1,2 below:

}v

p Fi/‘L \ (0.252)

Note that for a general symmetry category C, the linking action of symmetry defects
may change the twisted sectors of local and extended operators. This is one of the
hallmarks of non-invertible symmetries — they map untwisted operators to twisted

sector operators and vice versa.
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We can systematise the above discussion by introducing for each n =1,...,d — 1 two
types of n-categories that capture (n—1)-dimensional extended operators and their

possible linkings with symmetry defects in C, respectively:

1. n-vector spaces: We can organise the extended operators of fixed — ¢ —«

dimension n—1 by introducing an (n—1)-category whose Figure 26

— objects are (n—1)-dimensional operators (that are generically non-topological

and that can be twisted or untwisted),

— ¢-morphisms are (n—q— 1)-dimensional topological interfaces between

(¢—1)-morphisms for ¢ = 1,...,n — 1 (see Figure 26).

For n = 1, this simply yields a vector space, representing the fact that local
operators carry a linear structure. By analogy, we will call the (n—1)-category
formed by (n—1)-dimensional operators an n-vector space in what follows. We

denote the n-category formed by all n-vector spaces’’ by nVect.

2. Tube n-category: We can organise the possible geometric configurations of
symmetry defects in C with which we can link (n—1)-dimensional twisted sector

operators by introducing an n-category whose

— objects are genuine n-dimensional topological symmetry defects” in C that

label twisted sectors of (n—1)-dimensional operators,

— g-morphisms are to (d—q)-dimensional defects in C placed on R"~7 x §4—n

together with (n—g¢)-dim. intersection data for ¢ = 1,...,n (cf. (0.252)).

We will denote this n-category by n-TC and call it the tube n-category associated

to C in what follows.

We can use the above constructions to describe the action of symmetry defects
in C on local and extended twisted sector operators. Concretely, we claim that the
transformation behaviour of the latter is captured by a suitable notion of representation

of the tube category [1, 2]:

Claim: In a d-dimensional quantum field theory with symmetry category C, twisted
sector operators of dimension (n—1) transform in so-called n-representations of the

tube n-category associated to C, by which we mean n-functors
F: n-TC — nVect (0.253)

from n-TC into the n-category of n-vector spaces (where n =1,...,d — 1).

"' Concretely, nVect is the n-category whose objects are n-vector spaces, morphisms are functors
between the corresponding (n—1)-categories, 2-morphisms are natural transformations, etc.

"2 More precisely, objects are objects of the loop space Qdﬂ“l(C) of C, where for p=1,...,d — 1 we
define QF(C) := p-End - (id%™") to be the space of p-endomorphisms of the identity (p—1)-morphism
of the monoidal unit 1 € C.
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In essence, this generalises the idea that (local) operators in a quantum field theory
transform in irreducible representations of ordinary global symmetry groups. The
tentative answer to the motivating questions posed at the beginning of this section

may hence be written schematically as

ordinary generalised
symmetries group G symmetry category C
¢ representations representations
operators
P of G of TC

In this thesis, we will discuss and justify the above in detail in spacetime dimensions

d=1,2,3. Concretely, the main body of the text is organised as follows:

e In Chapter 1, we review finite global symmetries in one-dimensional quantum
systems (a.k.a. quantum mechanics). We discuss finite-dimensional C*-algebras,
which generalise the notion of unitary group-like symmetries and which serve as

a prototype for non-invertible symmetries in higher dimensions.

e In Chapter 2, we review the construction of the tube category, which captures
the action of a fusion category symmetry C on twisted sector local operators in
two dimensions. We describe how its irreducible representations can be classified
using the so-called sandwich construction (or Symmetry TFT) for categorical
symmetries. Apart from anomalous group-like symmetries, we provide new
examples that include generic Tambara-Yamagami symmetries as well as non-

invertible symmetries of Fibonacci and Yang-Lee type.

e In Chapter 3, we construct the tube 1- and 2-categories associated to a fusion 2-
category symmetry C in three dimensions, which capture the action of C on twisted
sector local and line operators, respectively. We classify their irreducible 1- and 2-
representations using a higher-dimensional analogue of the sandwich construction
and provide explicit examples that include anomalous 2-group symmetries as
well as non-invertible 1-form symmetries. Our construction represents a new
approach to studying the action of generalised symmetries on local and extended

operators in three dimensions in a systematic manner.
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In this chapter, we review the theory of C*-algebras that describe generalised global
symmetries in one-dimensional quantum systems (also known as quantum mechanics).
We discuss the notion of x-representations of C*-algebras and provide examples that

include anomalous group symmetries and topological deformations thereof.

1.1 C*-Algebras

Given a quantum mechanical theory 7, we are interested in computing correlation

functions of observables O that are inserted into one-dimensional spacetime,

<o- Q. O L> _

<¢|e—i(t—t2)ﬁ 0o e—ilte=tVH o & ¢ e—itlﬁw}> _

(1.1)

Here, ¢, € H are states in the Hilbert space of the theory, H denotes the Hamiltonian,
and the O; = O(t;) denote different insertions of the observable O, whose associated
Hilbert space operator is O :H — H. In the context of symmetries, we are interested

in the subspace A of those operators on H that commute with the Hamiltonian,
A={a:H—=H|[a,H =0}, (1.2)

or equivalently those insertions into correlation functions that are topological (as
long as no other operator insertions are crossed). We identify A with the space of
generalised symmetry defects in 7. Using the structure of linear operators on a Hilbert

space, we then expect A to have the following properties:

1. Linearity: Given a,b € A and A € C, their linear combination A -a+b € A is

given by the linear combination of the respective correlation functions, i.e.

(Z) = () + () (13)

This gives A the structure of a (complex) vector space.
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2. Multiplication: Given a,b € A, their product a - b € A is obtained by colliding

the corresponding topological symmetry defects inside correlation functions, i.e.

(=) = (&) (14)

This needs to be compatible with the linear structure on A, which turns the
latter into an associative algebra. There exists a unit 1 € A that corresponds to

the identity operator on the Hilbert space.

3. Involution: Given a € A, its adjoint a* € A is obtained by complex conjugating

(and thereby reflecting) correlation functions with a inserted, i.e.

() = (&) (1.5

This equips A with an antilinear algebra involution that corresponds to taking
adjoints of linear operators on the Hilbert space. In particular, the operator

norm' |.|| on A is such that ||a*-al| = ||a|® for all a € A.

Physically, the fact that A forms an algebra means that generic symmetry defects a € A

1 1

are non-invertible, i.e. do not possess an inverse a ' € A such that a-a ™' =a71-a = 1.

Mathematically, we can capture the algebraic structure on A as follows:

Definition: A complex unital associative algebra A is called a *-algebra if it is

equipped with an antilinear map * : A — A that satisfies
(@) = a and (a-b)" = b"-a” (1.7)

for all a,b € A. We denote by A* C A the subset of all invertible elements of A, i.e.

those a € A for which there exists an a~! € A such that a- a1 1

=a " -a =1, where
1 € A denotes the monoidal unit of A. We say that an element a € A* is unitary
if a* = a='. We say that a € A is self-adjoint if a* = a. A *-algebra A is called a
C*-algebra if it is equipped with a norm |.|| : A — R that turns A into a Banach
algebra’ and that satisfies

* 2
la*-all = lall (1.8)

! Given a (bounded) linear map f : H — H’' between Hilbert spaces, its operator norm is defined by
I = sup{ [LF@)I'/ ¢l | ¥ € H\{0}} . (1.6)
2 An algebra A is called a Banach algebra if it is equipped with a norm ||.|| : A — R such that
(@) MIx-all = Al flal , (ii) lla+oll < [lall+ ol , (iii) [la-bll < [lall - [|?]

for all a,b € A and A € C and A is complete w.r.t. the norm-induced metric d(a,b) := |la — b||.
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for all a € A. We note that being C* is a property of a *-algebra and not extra data.

Indeed, if A is a C*-algebra, then the associated norm satisfying (1.8) is uniquely

determined by the spectral radius formula [69]
lall* = sup { |\ |a*a—A-1¢ A} . (1.9)

An algebra homomorphism f : A — A’ between two (C-)x-algebras is said to be a
x-homomorphism if f(a*) = f(a)* for all a € A. Two (C-)*-algebras are said to be

isomorphic (A = A’) if there exists an invertible *-homomorphism between them.

Since for the purposes of this thesis we are only interested in finite symmetries, we
will restrict attention to finite-dimensional (C-)x-algebras in what follows. In this case,

there is a simple criterion that allows us to check whether a given *-algebra is C* [70]:

Proposition: Let A be a finite-dimensional *-algebra. Then, A is C* if and only if

the following two equivalent conditions are satisfied:
1. For all a € A, the equation a*a = 0 implies a = 0.

2. There exists a faithful state on A, i.e. a linear functional I" : A — C obeying
I'(a*a) > 0 for all a € A with equality if and only if a = 0.

As a simple example, consider the algebra My (C) of complex square matrices of size
k € N. This is a x-algebra if we define the *-structure to be the usual conjugate
transpose operation. It is furthermore C* since the trace Tr : My(C) — C is a
positive linear functional on My (C). In fact, this example essentially exhausts all
finite-dimensional C*-algebras, as stated by the Artin- Wedderburn theorem [71, 72]:

Theorem: Let A be a finite-dimensional C*-algebra. Then, there exist non-negative

integers n, k; € N (with ¢ = 1,...,n) such that
A= P M, (C). (1.10)

In general, this isomorphism is non-canonical. We say that A is simple if n = 1 (and

more generally semisimple for n > 1).

1.2 C*-Representations

Given a C*-algebra A of symmetry defects, we would like to understand how it acts
on the Hilbert space H of states of a quantum mechanical theory. Mathematically,

this is done by introducing an appropriate notion of representations for C*-algebras:
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Definition: A x-representation of a C*-algebra A is a *-homomorphism®
U: A— End(H) (1.11)

from A into the C*-algebra of (bounded) endomorphisms of a Hilbert space H (with
k-structure given by the adjoint of linear operators). We define the dimension of U
to be the dimension dim(U) := dim(#H) of the underlying Hilbert space. Given two
x-representations U and U’, an intertwiner between them is a linear map f : H — H’
such that U'(a) o f = foU(a) for all a € A. We say that U and U’ are equivalent
if there exists an invertible intertwiner between them. They are said to be unitarily
equivalent if there exists a unitary intertwiner between them. We denote the category

of x-representations of .4 and intertwiners between them by Rep*(.A) in what follows.

As in the case of group-like symmetries, we say that a *-representation is irreducible
if the only A-invariant (closed) subspaces of ‘H are {0} and H. We can characterise

the irreducible #-representations using (a version of) Schur’s lemma:

Lemma: Let U be a *-representation of a C*-algebra A on a Hilbert space H. Then,
U is irreducible if and only if all its intertwiners are of the form A -idy for some A € C.
In particular, this implies that two given irreducible *-representations U and U’ are

either unitarily equivalent or have no non-trivial intertwiners between them.

Given two #-representations U and U’ of A on Hilbert space H and H', respectively,
we can define their direct sum to be the x-representation U @ U’ of A that acts on the
Hilbert space H @ H' via

UeU)(a) () +¢) = Ula)-¥ + Ula)-¢/ (1.12)

for ¢ € H, ¢ € H and a € A. Conversely, we can decompose a given *-representation
U:A— End(H) of A into direct sums of subrepresentations as follows: Let V C H

be a closed A-invariant subspace of H and denote by
Vi = {peH|(4¢) =0 forall €V} (1.13)

its orthogonal complement. For a given ¢ € YV, we then have that

(Ula) ¢, ¢) = (¢,U(a”)-¢) = 0 (1.14)

3 In particular, we require that the unit 1 € A is mapped to U(1) = ids;, which is equivalent to
requiring that U is non-degenerate in the sense that U(a)-£ = 0 for all a € A implies £ = 0.
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for all ¢ € V, which shows that U(a)-¢ € V* for all a € A. As a result, V! forms

another A-invariant subspace of H and the *-representation U decomposes as
U=Uly®Uly.. (1.15)

By iterating the above, we can sequentially decompose U into smaller and smaller
orthogonal subrepresentations. In particular, if H is finite-dimensional, this procedure

necessarily terminates after a finite number of steps, which yields the following:

Proposition: Every finite-dimensional *-representation of a C*-algebra A is fully

reducible, i.e. unitarily equivalent to a finite direct sum of irreducible representations.

For example, up to equivalence, the matrix algebra My(C) (where k € N) has a
single irreducible *-representation given by the Hilbert space C* together with the
canonical matrix multiplication action. Similarly, semisimple matrix algebras of the
form A = @;'_ | My, (C) have n irreducible *-representations, in which the action of

algebra elements (a1, ..., a,) € A on vectors ¢ € CF is given by

D01, @) 1 1= a1 (1.16)

Since the above exhausts all finite-dimensional C*-algebras by virtue of the Artin-
Wedderburn theorem, we see that every finite-dimensional C*-algebra A has a finite
number of irreducible x-representations U;. More concretely, upon choosing an iso-

morphism ¢ : A — @;_; My, (C), we set U; := pr; o ¢. Furthermore, we define
ei = o 1((0,...,11,,...,0)) € A (1.17)
for ¢ = 1,...,n, which yields a distinguished basis of the centre
Z(A) == {z€A|z-a=a-zforalac A} (1.18)

that is independent of the choice of isomorphism ¢ and that consists of so-called

minimal central idempotents obeying
ei-ej = 0jj- €, e = e, Zeizl. (1.19)
Moreover, their images under the irreducible x-representations U; of A are given by
Ui(ej) = d;-id, (1.20)

which yields the following useful relation between irreducible *-representations and

minimal central idempotents in A:
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Lemma: In a finite-dimensional C*-algebra, there is a 1:1-correspondence between

equivalence classes of irreducible *-representations and minimal central idempotents.

Pictorially, we can represent the central elements z € Z(A) as those topological

operators that can be detached from the one-dimensional line and pushed into an

adjacent two-dimensional ‘bulk’ (and hence have to commute with all other a € A):
/) ( W/ (0] \

e = & . (1.21)

In particular, placing a minimal central idempotent e; into the bulk will project onto

those operators that act on the Hilbert space via the *-representation U;.

1.3 Examples

As discussed in the Motivation 0.1, finite global symmetry groups G act on the Hilbert
space H of a quantum system via unitary representations. More generally, since the
physical states are identified with rays in H, we can consider so-called projective

representations of G, which correspond to group homomorphisms

U: G — Aut(P(H)) (1.22)

from G into the automorphisms of the projective Hilbert space P(H) = (H\{0})/C*.
More concretely, we say that an invertible map U : P(H) — P(H) is an automorphism
of P(H) if it preserves the so-called ray product

 jelw]
T = gl (1.23)

between arbitrary states [¢],[¢] € P(H) in the sense that U([¢])-U([¢]) = [¢]-[¢].
It is a famous result due to Wigner that any such map is induced by (anti-)unitary

operators on the Hilbert space H [73]:

Theorem: Let U : P(H) — P(#H) be an automorphism of the projective Hilbert
space P(H). Then, there exists a unitary (or antiunitary®) operator U : H — H such
that U([¢)]) = [U(¥)] for all [¢)] € P(H). Furthermore, if U’ : H — H is another such

operator, then U’ = ¢ - U for some phase ¢’* € U(1).

In the following, we will restrict attention to wnitary symmetries only. Given a

projective representation U : G — Aut(P(H)), we may then choose for each group

4 An invertible antilinear map f : H — H is called antiunitary if (f(¢)|f(1)) = (¥, ¢) = (¢|)* for
all vectors ¢, € H.
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element g € G a unitary operator U, : H — H such that U,([¢)]) = [U,(1)] for all
[¢] € P(H). The composition law U, o Uj, = Uy.;, then implies that

Ug o U, = (g, h) - Ug.h (1.24)

for some phase p(g, h) € U(1), which, in order to be compatible with associativity of
composition of linear maps, needs to obey the 2-cocycle condition

(du)(g, h k) = plh k) - plg, hk) Ly (1.25)

p(gh, k) - u(g, h)

for all g, h,k € G. The space of functions u : G*? — U(1) obeying (1.25) is called the
space of 2-cocycles on G with coefficients in U(1) and denoted by Z2?(G,U(1)). Given
another choice of lifts ﬁ; obeying Uy([¢)]) = [Uéw)], we have that ﬁ; =v(g) - U, for
some collection of phases v(g) € U(1), which shift the projective 2-cocycle by

po= p-dv (1.26)

with (dv)(g,h) :=v(g)-v(h)/v(gh). Thus, we see that we can characterise projective
representations of G by equivalence classes of 2-cocycles p, where p and ' are
considered equivalent if they are related by equation (1.26). The space of all such
equivalence classes forms an abelian group, which is called the second group cohomology
of G with coefficients in U(1) and denoted by H?(G,U(1)). From a physical point of
view, elements of this group are often referred to as ("t Hooft) anomalies, since they
capture the possible (controlled) violations of the group law in the action of G on the

Hilbert space of the theory.

In the following, we will use the term wunitary p-projective representation of G to refer
to a collection of unitary operators Ug on a Hilbert space H that obey the composition
rule (1.24) for some fixed 2-cocycle u € Z?(G,U(1)). In order to simplify notation, we
will henceforth drop the ~ and write U(g) instead of Ug. Without loss of generality,

we will always assume U(1) = idy and that u is normalised® in the sense that

n(g,1) = p(l,g) = 1. (1.27)

A convenient way to construct unitary projective representations of G with a given

2-cocycle p is using the method of induction. Concretely, given a subgroup H C G

® Concretely, given an arbitrary (unnormalised) 2-cocycle p € Z2(G, U(1)), we can set v(g) := u(1, g)*
and define ' := p - dv. Then, p is normalised in the sense of (1.27) and [u] = [¢'] in H?*(G,U(1)).

(0]



76

ONE DIMENSION

and a (u|m)-projective representation V' of H on a Hilbert space V, we can construct

a p-projective representation U of G on H := C[G/H] ® V as follows: Let
G/H = {rmH,..,rH}. (1.28)

denote the space of left H-cosets in G with fixed representatives r; € GG. Using this,

we can define for each i = 1,...,n and g € G a little group element
9i = Ti_l'g "Tg—ing € H7 (129)

where we set rg; H := g-r;H. Upon writing the Hilbert space H as a direct sum
n
H = Py, (1.30)

i=1

the action of group elements g € G on H via U may then be decomposed into blocks
U(g)|i : 7V — rgs;V defined by

Ug)li = vgsilg) - V(ggoi) , (1.31)

where we defined the multiplicative phases

M(gv rg*11>i)
vi(g) = ————=. 1.32
As a result of the 2-cocycle condition (1.25) obeyed by u, these satisfy
V!]*lbi(h) ’ Vl(g) _ :U’(ga h) (1 33)
vi(gh) M(gi7hg—1l>i) 7

which ensures that U is p-projective. Furthermore, one can check that U is unitary if
and only if V is. We call U as constructed above the induction of V from H to G°
and denote it by U = Ind% (V). The induction Ind{ (1) of the trivial representation of

the trivial subgroup is called the reqular p-projective representation of G.

In the context of the previous subsections, we can recast the above discussion in terms
of C*-algebras as follows: Given a finite group G and a 2-cocycle p € Z%(G,U(1)), we
can define the p-twisted group algebra C*[G] to be the |G|-dimensional algebra with

basis {e4}4e and multiplication law

eqg-en = (g, h)-egn . (1.34)

6 One can check that Ind$ (V') depends on the choice of representatives r; only up to equivalence.
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Equivalently, we can define C#[G] to be the algebra of functions f : G — C that

multiply according to the twisted convolution

(f=f")(9) Z p(h, k). f(h)- f(k) . (1.35)

hkg

The equivalence between the above two descriptions can be established by mapping a

function f : G — C to the linear combination
1
ef = @ . Z flg)-eq - (1.36)
g

We can define a *-structure on C*[G] by setting

€y = eg_l = 19,97 eg (1.37)
for all g € G. Since the linear extension of I'(ey) := d,1 defines a faithful state’

I': C*[G] — C w.r.t. this x-structure, we see that C#[G] is in fact a C*-algebra. It
is easy to convince oneself that its x-representations are in 1:1-correspondence with
unitary p-projective representations of G®. In particular, the number of irreducible

x-representations of CH[G] for a given p € Z%(G,U(1)) can be shown to be [74]

wu(g
el ‘ > }71“( ). (1.38)

In the special case where [u] = 1 € H%(G,U(1)), this reduces to the number |Cl(G)|

of conjugacy classes in the group G.

In general, we know from the previous subsection that the irreducible x-representations
U; are in 1:1-correspondence with minimal central idempotents in C#[G]. We can
make this correspondence explicit by introducing for each ¢ = 1,...,n the character

xi = Tr(U;(.)) associated to U;, which has the following properties [75]:

(i) Complex conjugation: xi(9) = u*(g,971) - xi(g71).
A : p(h, 9)
ii) Twisted class function: y;(g-h) = -xi(h-g).
(i) (00) = 200 xi(heg)
(ili) Generalised orthogonality: 1 (g, h)-xi(9) -xj(g-h) = &j- xith)
a2 e X)X LA

1
(iv) Generalised regularity: <h zZ: di-xi(g) = 0g1-

" Concretely, we have that I'(e} -ey) Z If(9)?/|G>>0forall f:G — C.
8 We often denote the category of unitary u-projective representations by Rep”(G) := Rep*(C*[G]).

7
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Here, we defined x;(g) := xi(eg) and denoted by d; := dim(U;) the dimension of U;.

Using the above, one can check that the algebra elements
€ = G ZXz’ (9)-eq (1.39)
g

are central in C#[G] and satisfy the relations (1.19). Thus, we obtain a direct relation
between the minimal central idempotents e; and the (characters of the) irreducible

«-representations U; of CH[G] as expected.

It is worth noting that two given group algebras can be isomorphic even though the

underlying groups are not. For instance, if Z4 = (z) and Za X Zo = (u,v), then

144 1—3
5 Ut

v (1.40)

induces a unitary algebra isomorphism between C[Z4] and C[Zg X Zg]. In fact, we
have that the group algebras of any two finite abelian groups of the same order are
unitarily isomorphic as a consequence of the Artin-Wedderburn theorem. In particular,
they share the same irreducible *-representations. More generally, we say that two
C*-algebras A and A’ are Morita equivalent (A ~ A’) if their associated categories of
x-representations are additively equivalent (i.e. Rep*(A) = Rep*(A’)). For example,
we have that M (C) ~ C for any positive integer k € N.

Starting from twisted group algebras, we can obtain new examples of C*-algebras
by performing ‘topological deformations’ such as the discrete gauging of certain
(sub)symmetries. Concretely, given a quantum mechanical theory 7 whose symme-
tries are given by CH[G], we can try to gauge the symmetry group G by summing
over ‘networks’ of symmetry defects g € G inserted into one-dimensional spacetime.
Pictorially, we have that correlation functions of arbitrary operator insertions O7, Oo

in the gauged theory 7' = T /G are given by

(@), = (2@uu) oy

where we defined the ‘generator defect’
eq = <h Z v(g) - eq (1.42)

for some (yet to be determined) phases v(g) € U(1). In order for (1.41) to be well-
defined (i.e. invariant under possible duplicate insertions of the generator eq), we
then require that (eg)? L eq, which is equivalent to the condition

ulg.h) = = (dv*)(g.h) . (1.43)
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Thus, we see that in order to be able to gauge the entire symmetry group G, we
need its associated 't Hooft anomaly to be trivial, [u] = 1 € H?(G,U(1)). In other
words, we can view a non-trivial 't Hooft anomaly as an obstruction to gauging the
global symmetry group G. For a given u € Z(G,U(1)), we may hence only be able
to gauge a subgroup H C G on which the anomaly trivialises as pu|g = dv* for some
v:H — U(1). As before, the resulting gauged theory 7’ = T/, H is then obtained by

inserting the generator defect
ey = - Z v(h) - ep, (1.44)

into correlation functions. In particular, the Hilbert space of 7" is given by H' = e¥;-H,
whereas the C*-algebra of symmetry defects is A" = e%,-A- €Y, with A = CH[G]. More

concretely, we can identify A’ with the function algebra

u(g,h)-v(h)- f(g)

I~ . f(g-h)
A= {f'G_”C ‘ f(h-g) = v(h)-pu(h,g)- f(9)

for all g € G, hEH} , (1.45)

whose algebra product is given by the convolution (1.35) and whose *-structure is

(F)9) = u(g.97") - flg™H)". (1.46)

For instance, if both u and v are trivial, we have that A" = C[H\G/H] is simply
given by the double coset ring of H in G. If H is furthermore normal in G, we obtain
the group algebra A’ = C[G/H], which captures the ‘leftover’ symmetry defects in G
after gauging H. If H = G, we obtain the trivial symmetry algebra A’ = C.
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In this chapter, we consider generalised symmetries in two spacetime dimensions that
are described by a fusion category C. We review the construction of the tube category
associated to C, which captures the action of C on twisted sector local operators.
We describe how its irreducible representations can be classified using the sandwich
construction for categorical symmetries. We provide new examples that include generic
Tambara-Yamagami symmetries as well as non-invertible symmetries of Fibonacci
and Yang-Lee type. The discussion is based on work performed in collaboration with

Mathew Bullimore and Andrea Grigoletto [1, 2] as well as the single-author work [4].

2.1 Preliminaries

In this section, we provide some brief mathematical background on the theory of fusion
categories, which describe finite bosonic generalised symmetries in two spacetime di-
mensions (for a more comprehensive review we refer the reader to [64, 65]). Concretely,
given a fusion category C, its objects and morphisms correspond to topological line

defects and their local junctions on a two-dimensional plane, i.e.

0 B

A—B 2 (2.1)
A

Moreover, C comes equipped with a variety of additional structures that capture the

topological nature of symmetry defects, the most salient of which we summarise below:

o Finite semisimplicity: We assume that C is enriched over Vect, meaning that
the morphism space Hom¢ (A, B) is a finite-dimensional complex vector space
for every pair of objects A, B € C such that the composition of morphisms is
linear. Furthermore, we assume that every object A € C can be written as a

direct sum of finitely many simple objects S; € C with Hom¢(S;, S;) = 6;5 C, i.e.
n
A= P(s)en (2.2)
i=1

where A; = dim(Hom¢(A4, S;)) € N. We denote by my(C) the set of isomorphism

classes of simple objects in C, which we assume to be finite. In the following, we
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will use @g to denote finite direct sums over a fixed set of representatives S of
elements in 7p(C). We can multiply objects in C with finite-dimensional vector

spaces via the (left) multiplication functor!
©: Vect KC = C, VKA —» ANV (2.3)

Similarly, one defines the right multiplication CXXVect — C, which for compactness
we also denote by ®. Using this, we can rewrite the decomposition (2.2) of any

object A € C into simples as

A = B Home(S,A)© S . (2.4)
S

Dagger structure: We assume that C is compatible with reflection positivity in
the sense that it allows us to ‘reflect’ symmetry defects about fixed hyperplanes
so that reflection symmetric configurations are positive in an appropriate sense.

Mathematically, this is implemented by assuming that C is a f-category:

Definition: A linear category C is called a f-category if it is equipped with
a linear functor®® f : C — (C°P)* acting as the identity on objects so that
(f°P)* ot = Ide. A morphism ¢ : A — B in C is said to be unitary if ¢! o = idy
and ¢ o pf =idp. A linear functor F : C — C’ between two f-categories is called
a T-functor if ' o F = (F°P)* o . Given a natural transformation n : F = G
between two f-functors, we define n' : G = F to be the natural transformation
with components (n7) 4 := (n4) for all A € C. In this way, the category [C,C’]f

of {-functors between C and C’ naturally becomes a f-category itself.

Pictorially, the action of 7 can be represented as a reflection of morphisms in C

about a fixed horizontal hyperplane, i.e.
B i A
¥ @ (2.5)
A B .

Positivity is the statement that there exists a faithful state I' : End¢(A) — C on
the endomorphism algebra of every object A € C, which turns End¢(A) into a
C*-algebra for all A € C.

! Given two finite abelian categories C and D, we denote by C XD their Deligne tensor product [76].

2 Given a category C, we denote by C°P its opposite category, which has the same objects as C but
reversed morphisms, i.e. Homcor)(A, B) = Home (B, A). Given a functor F' : C — D, we denote
by F°P :C° — D°P its opposite functor defined in the obvious way.

3 Given a linear category C, we denote by C* its complex conjugate category, which has the same
objects as C but complex conjugated morphism spaces, i.e. Hom¢+)(A, B) = Hom¢(A, B)*. Given
a linear functor F': C — D, we denote by F* : C* — D* its complex conjugate.
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e Monoidal structure: We assume that C encodes the fusion of symmetry defects
given by the parallel collision of topological lines in C. Mathematically, this is

achieved by endowing C with a monoidal structure in the following sense:

Definition: An additive linear category” C is called monoidal if it is equipped

with an additive linear functor
®: CXC — C, (2.6)
a distinguished object 1 € C (called the unit) and three natural isomorphisms

a: R0 (@XKId) = ®o(IdK®),
A (1eld) = Id, (2.7)
p: Id®1) = Id

(called the associator, left and right unitor, respectively) that satisfy the pentagon
and triangle relations [77]. An additive linear functor F' : C — C’ between two
monoidal categories is called a monoidal functor if it is equipped with a natural
isomorphism v : ® o (F K F') = F o ® that satisfies suitable coherence relations

and it preserves the monoidal unit, i.e. F(1) =1’

Pictorially, we represent the monoidal product of objects A, B € C to be the result

of bringing the corresponding topological lines together in a parallel fashion:

*A *B - *A@B. (2:8)

The associator then mediates between the two possible ways of bringing three

parallel topological lines A, B, C € C together:

Ane e o

For simplicity, we will often omit associators as well as the left and right unitors
from graphical representations of symmetry defects in what follows. We depict
the monoidal unit 1 € C by the invisible / transparent line and we assume that it
corresponds to a simple object in C, i.e. End¢(1) = C. In particular, this means
that the only genuine topological local operators are given by scalar multiples of

the identity morphism on 1.

4 Broadly speaking, a category is additive if its morphism spaces are abelian groups such that
compositions are bilinear and we can furthermore form direct sums of objects. In particular, there
exists a zero object that functions as the neutral element w.r.t. taking direct sums. A functor
between additive categories is called additive if it preserves direct sums and restricts to group
homomorphisms on morphism spaces.
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As C is also a f-category, we require the monoidal structure to be compatible
with the dagger structure in the sense that ® : C X C — C is a {-functor and
the associator o and left and right unitors A and p are all unitary. If such a
f-structure exists, it is unique up to (unitary monoidal) equivalence [78]. In this

case, we say that C is a unitary fusion category.

Dual structure: We assume that C is equipped with a dual structure that
allows us to ‘bend’ topological line defects in the following sense: For each A € C
there exists a dual object AV € C (corresponding to the orientation reversal of A)

together with evaluation and coevaluation morphisms

evg A UAV
2.10

AY {‘\ A coevy (2.10)
that satisfy suitable zig-zag relations [77]. The assignment A — A then extends

to a functor V : C — C that acts on morphisms via

ev
B gAY
@ > ¥ (2.11)
A BY o’
coevy
This functor is compatible with the monoidal structure ® on C in the sense that

it is op-monoidal with tensorator given by

cV

B
VA,B <A®B)v o VA (A®B)\/
BY AV ity . (2.12)

COEVAR B

A pivotal structure on C is a choice of natural isomorphism ¢ : V2 = Ide. We
say that the latter is spherical if its associated left and right traces agree on all

endomorphisms ¢ € End¢(4), i.e.

evy evyv
!
trp(p) = w@fl = AQ@ = trp(p) | (2.13)
(f()e\r"A\/ (’,()HVA

where we omitted &4 from the graphical presentation. In this case, we define
dim(A) := try r(ida) € C to be the quantum dimension of an object A € C. We

say that the dual structure is unitary if it is compatible with the dagger structure
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on C in the sense that V : C — C is a f-functor and the associated tensorator

(2.12) is unitary. In this case, the unitary isomorphisms

A (‘\':4\/ A
fAi = N} 2.14
(AY)Y (AY)Y o\'j 21

define a canonical pivotal structure on C. Furthermore, there exists a unique
(up to suitable equivalence) unitary dual structure on C such that the above
canonical pivotal structure is spherical [79]. We will henceforth assume C to be

equipped with the unique unitary dual structure.

2.2 Tube Category

Given a fusion category C, we can associate to it the so-called tube category, which
captures the possible linking configurations of twisted sector local operators in two
dimensions with symmetry defects in C. Concretely, following [80], we define the tube

category TC associated to C to be the additive linear category whose

e objects are given by objects X € C, i.e.

*X | (2.15)

o morphisms between objects X,Y € C form the quotient vector space

Hompe(X,Y) = P Homc(A®X,Y®A)/~ (2.16)
AecC

(where the sum runs over all objects A € C) of local intersection morphisms

Y

@ (2.17)
A/ X

in C subjected to the equivalence relation that is generated by

oo~ ) (2.18)
11X
Physically, the equivalence relation (2.18) means that we should think of the symmetry

defect A as being placed on a 1-sphere by identifying its two ends. Mathematically, it

renders the morphism spaces in (2.16) finite-dimensional. Concretely, let A € C be an
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arbitrary object and consider a decomposition A = €, S; of A into simple objects S;

(possibly with multiplicities). Let us denote by
S — A and m: A — S; (2.19)

the associated inclusion and projection morphisms, respectively. Upon inserting the

completeness relation id4 = >, 2; o m; into (2.17), we then obtain that

(2.20)
If we denote the equivalence class of (2.17) under the relation (2.18) by
A
(X4 € Homre(X,Y), (2.21)

we can rewrite equation (2.20) schematically as the morphism identity

R SR S . g (2.22)

In particular, this shows that, as a vector space, Homr¢(X,Y) is isomorphic to

Homrpe(X,Y) = @ Home(S®X,Y®S), (2.23)
[S]€mo(C)

where the sum is over a set of fixed representatives S of elements [S] in the set m(C) of
isomorphism classes of simple objects in C. Since the latter is finite by assumption, we
see that Hom¢ (X, Y) is finite-dimensional as claimed. The composition of morphisms

in the tube category is induced by the vertical stacking

(2.24)

which we denote schematically by

A®B

Z4Yy o (2R — (20X (2.25)

Furthermore, the tube category possesses a natural {-structure [81] that is induced by

Y : X
/%é/ = @ (2.26)
A/TX Al Y
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(where we left the labelling of evaluation and coevaluation morphisms implicit) and

which we denote schematically by

FERt = @y (2.27)

A
Since ' (<i+75>) := 041 defines a faithful state on the endomorphism algebra of
each simple object S € C, we see that End ¢ (S) is a C*-algebra for all S. In particular,

we obtain a C*-structure on the so-called tube algebra

Tube(C) := Endrye (69[5]@0 © S) (2.28)

originally introduced by Ocneanu [82], which provides an alternative description of

linking configurations of twisted sector local operators in two dimensions.

2.3 Tube Representations

Given a two-dimensional quantum field theory with fusion category symmetry C, it
was proposed in [83] that twisted sector local operators transform in ‘representations’

of the tube category associated to C. By this we mean additive linear functors
F: TC — Vect (2.29)

from TC into the category of vector spaces, which we will simply call tube representa-

tions in what follows. Concretely, any such tube representation F assigns

 to each object X € C a vector space Hx := F(X) that describes twisted sector
local operators O sitting at the end of the topological line defect X, i.e.

fX (2.30)
o

A
 to each morphism <L+TX> € Homte(X,Y) a linear map

f((g%) P Hx — Hy (2.31)

that describes how operators O in the X-twisted sector get mapped to operators

in the Y-twisted sector upon being linked with the symmetry defect A, i.e.

(2.32)
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Given two tube representations, an intertwiner between them is a natural trans-
formation between the corresponding functors. We denote the category of all tube

representations and intertwiners between them by
Rep(TC) := [TC, Vect] . (2.33)

For a given tube representation J, we can use the operator-state map to endow
the twisted sectors Hx with an inner product structure’, which we assume to be

compatible with the action of the tube category in the sense that

T

FED) £ F() (234

A
for all <Lf—YX> € Homre(X,Y) (where the f on the right hand side denotes the adjoint

of linear maps). Mathematically, this means that we assume F to lift to a f-functor®
F:TC 5 Hilb, (2.35)

which we will call a tube f-representation in what follows. We denote the category of

all tube f-representations and intertwiners between them by
Rep! (TC) := [TC,Hilb]' . (2.36)

Clearly, every tube f-representation reduces to an ordinary tube representation upon

forgetting the underlying Hilbert space structure.

A useful way to classify the irreducible tube ({-)representations of a fusion category C is
given by the so-called sandwich construction. In this picture, we view a two-dimensional
theory 7 with generalised symmetry C as being attached to a three-dimensional ‘bulk’,
which hosts topological defects that ‘commute’ with all other symmetry defects in C.

This leads to a categorified notion of the centre:

Definition: Given a fusion category C, its Drinfeld centre is the category Z(C) whose

objects are given by pairs z = (U, 7y,—) consisting of
1. an object U € C in the fusion category C,

2. a half-braiding for U, i.e. a natural isomorphism 7y : U ® — = — ® U whose
components 74 : U ® A — A ® U satisty suitable coherence relations [77].

5 Concretely, consider a 1-sphere S! of radius € > 0 centred around a local operator
O € Hx in the X-twisted sector. Using the operator-state map, this induces a state X
|O)_ in the Hilbert space associated to the (punctured) S!. Given another X-twisted
sector local operator O, we then define its inner product with O to be (O]|O’)_, which
is independent of ¢ if we assume time evolution along the radial direction to be unitary. o

5 Here, we denote by Hilb the category whose objects are finite-dimensional complex Hilbert spaces
and morphisms are linear maps between them.
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Pictorially, we represent the component morphisms 7 4 as ‘crossings’ that tell us how

the object U can be moved across any other topological defect A € C:

v/ a (337)

The Drinfeld centre is itself a unitary fusion category with monoidal product given by
2@7 = (UU,ty_oTp_) . (2.38)

It is furthermore braided, since (3, ,» = Ty @ 2 ® 2/ — 2’ @ z defines the components

of a natural braiding isomorphism 3 satisfying the hezagon relations [77].

The utility of the Drinfeld centre stems from the fact that we can associate to each
object z = (U,7y.—) € Z(C) a tube representation F, € Rep(TC) as follows [1, 80]:

o To an object X € C, the functor F, assigns the vector space Hy := Hom¢(U, X)

of local junction morphisms

X
v (2.39)
U
We will denote the elements of Hx by |M> in what follows. If X is simple,

Hx is a Hilbert space whose inner product is defined by
wovl = (v,w)-idy . (2.40)

If X is not simple, we obtain a Hilbert space structure in ‘Hx by decomposing
X into its simple components.

A
e To a morphism <L+TX> € Hom¢(X,Y), the functor F, assigns the linear map

from Hyx to Hy that sends a local junction v € Hom¢ (U, X) to

(2.41)

(where we left the labelling of evaluation and coevaluation morphisms implicit).

Schematically, we write this as

A
yAx\ | xvU Y XN\ U
F(4E) X = 1250 (2.42)
As a special case of the above, we can consider the tube representation 1 := F3

associated to the monoidal unit 1 = (1,id_) € Z(C), which we will call the trivial
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tube representation in what follows. The latter acts on the untwisted sector H1 = C

via the multiplicative factors

A
1(AH2) = te(e). (2.43)
It is known that the assignment z — F, extends to an equivalence
Z(C) = Rep(TC) (2.44)

of linear categories [80, 84, 85]. Omne can check that the functor F, associated to
an object z = (U,7y—) is a f-functor if and only if the components 7y 4 of the
half-braiding are unitary for all A € C. If we define the collection of such objects to

form the so-called unitary Drinfeld centre Z7(C), this yields an equivalence
z1(C) = Repf(TC) (2.45)

of linear f-categories. In particular, the simple objects of ZT(C) correspond to the irre-
ducible f-representations of TC. This may be seen as a two-dimensional analogue of the
fact that the irreducible *-representations of a C*-algebra A are in 1:1-correspondence
with its minimal central idempotents, which from a canonical basis of the centre
Z(A) of A. Lastly, using the fact that every braiding on a unitary fusion category
is automatically unitary [86], one can show that ZT(C) = Z(C), which, using (2.44)
and (2.45), implies that every tube representation of a given fusion category C is
equivalent to a f-representation. This may be seen as an analogue of the fact that

every finite-dimensional representation of a finite group is equivalent to a unitary one.

We can visualise the above construction by viewing the two-dimensional theory 7
with generalised symmetry C as an interval compactification (a.k.a. a sandwich) of
a three-dimensional topological theory in the bulk called the Symmetry Topological
Field Theory (or Symmetry TFT for short) [87-89]. In the present case, this is the
Turaev-Viro TQFT based on C (whose category of line defects is indeed given by the
Drinfeld centre of C) [90-93]. The latter is equipped with two boundary conditions:

1. A canonical topological boundary condition By on the left that supports the
symmetry C and that is independent of the theory 7 under consideration. In
particular, the bulk-to-boundary map is given by the forgetful functor Z(C) — C
that sends z = (U, 7y—) — U.

2. A physical boundary condition B on the right that depends on the underlying

theory 7 and that is non-topological in general.

The spectrum of twisted sector local operators O that transform in a given tube

representation JF, associated to some z € Z(C) may then be viewed as the spectrum
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of topological junctions v between twisted sector lines X € C on the left and the bulk

line z stretched between the two boundaries of the Symmetry TFT:

A AT s sy

. o e
A xi X A
{ : o A 1 :
1 1 1 1 1 N
I i 1 i I O
B e
: e i P j o 5
i L i e i L

. .

e L
v | .
T B B

Here, Op denotes a fixed (and generically non-topological) local operator that termi-
nates z on right boundary. The linking action of the tube category on the operators

O may then be computed using (2.41).

We can offer yet another perspective on the above discussion that uses the notion
of the tube algebra Tube(C) associated to C as defined in (2.28). The latter has the
property that it is ‘Morita equivalent’ to the tube category in the sense that

Rep*(Tube(C)) = Rep'(TC), (2.47)

which means that there is a 1:1-correspondence between *-representations of the tube
algebra and f-representations of the tube category [80]. One way to see this is by
linking twisted sector local operators attached to simple lines S € C with symmetry
defects U € C that can be pushed into the three-dimensional bulk (and hence form
part of the defining data of an object z = (U, 7y,—) € Z(C) in the Drinfeld centre).

We denote the corresponding tube algebra element by

S5y = (215 (2.48)

in what follows. As a consequence of the hexagon relations obeyed by the half-braiding

Ty,—, this then has the property that

1A

1A ¥4 12 Qr
D) o (55 = (F5) o (542) (2.49)
1A
for all <S—fTS> € Tube(C). Furthermore, its algebra involution is given by’

<iT_S>* = (858, (2.50)

" To see this, one again uses that any braiding on a unitary fusion category is automatically unitary,
which implies that the components 7,4 of the half-braiding associated to z are all unitary [86].
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where 2V denotes the dual of z in Z(C). Using the sandwich picture (2.46), it is

then easy to see that the linking action of <iT—S> on twisted sector local operators O

transforming in a tube representation F,, associated to some 2’ € Z(C) is given by

1 - ! M
o 15 4 4
~§5 AR5 A gt
[ t S T T | f }5 |
1 1 1 1 O 1 1
e I O S AT
9/ N 2 SO (2.51)
1 J 1 P Ry S Tr— ) ] J
| e ! TR e ! o
b e : :
L L L L
12 [ ——— & 12
T B Br T

where d, := dim(z) and we defined the multiplicative factor®

o sl
o

By letting z and 2’ run over a fixed set of representatives of isomorphism classes of

simple objects in Z(C), this yields a square matrix
S : m(Z2(C)) x m(Z2(C)) — C (2.53)

called the S-matriz of Z(C), which has the following properties [65]:
1. It is symmetric, i.e. S, = S,s.
2. It satisfies S,v,r = S7,.

3. It is invertible.

In addition, S obeys the so-called (normalised) Verlinde formula
Sew Syw = Y NZy - Sew s (2.54)

where ), denotes a sum over fixed representatives of elements in 7y(Z(C)) and we

defined the (normalised) fusion coefficients

z dZ .
Nz, = 0, . dlm(HomZ(c) (x®y, z)) . (2.55)
The latter allow us to write the product of the tube algebra elements <iT—S> as
T Y dz -d 2 g Z
(S 0 (515 = 3= Na - (1) (256)

z

8 Here, we make use of the natural braiding 8 on the Drinfeld center Z(C) to make sense of the
crossings that appear in (2.52).
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Together with the Verlinde formula, this implies that the linear combinations

€§ = Z dt,/ '(S_l)zz’ : <iT/_S> (2'57)

z/

define a collection of orthogonal self-adjoint idempotents in Tube(C) that are indexed
by [S] € mo(C) and [z] € mp(Z(C)) [83], i.e. we have that

eSoed = 8,69 .65 and (e2) = €. (2.58)

z z z

Using this, we can construct the minimal central idempotents in Tube(C) via
e; =Y €, (2.59)
S

where ¢ denotes a sum over a fixed set of representatives of elements in m(C). In
particular, we see that the minimal central idempotents are labelled by simple objects
z € Z(C), which, together with (2.47), re-establishes the equivalence (2.45) via their

1:1-correspondence with irreducible #-representations of Tube(C).

2.4 Examples

We conclude this section by providing concrete examples of fusion category symmetries
and their associated tube categories / algebras. We discuss anomalous group sym-
metries as well as new examples that include generic Tambara-Yamagami symmetries

and non-invertible symmetries of Fibonacci and Yang-Lee type.

2.4.1 Group Symmetry

We begin by considering invertible symmetries described by some finite group G. In
this case, the simple objects of the fusion category C correspond to group elements

g € G that fuse according to the group law of G and whose associator is given by

&(g, h’ k) ' idghk‘

(g-h)-k g-(h-k) (2.60)

for some multiplicative phases (g, h,k) € U(1). In analogy to the one-dimensional
case, we call the collection of the latter an t Hooft anomaly, since they describe the

(controlled) violation of associativity in the fusion of symmetry defects:

K\ = a(g,h,k‘)-/%. (2.61)

g hk g h k
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In order to be compatible with the two possible ways to fuse four symmetry defects in

different orders, these phases need to satisfy

Oé(h,, k7£) i a(Q? hkag) ’ Ck(g, h’u k) *

(de)(g, b, k, £) algh, k,£) - alg, h, k€)

1, (2.62)

which shows that « defines a 3-cocycle a € Z3(G,U(1)). The corresponding symmetry
category is then given by the fusion category C = Hilbg¢; of finite-dimensional G-graded
Hilbert spaces’ with associativity twisted by a. The duals and dimensions of simple

1

objects are given by gV = ¢! and dim(g) = 1, respectively. This symmetry category

is unitary for all G and «a.

The tube algebra associated to C = Hilb% is the |G|>-dimensional algebra with basis
g
vectors ng—f—x> (where g,z € G and 9z := gzg~!) and algebra multiplication

hgh

92 9 hy h g
) o () = ony myla)(g:h) - () (2.63)
where we defined the multiplicative phase

Oé(g, ha‘/E) ’ a(ghx’g7 h)

T(a)(g,h) = a(g, "z, h)

(2.64)

called the transgression of the 't Hooft anomaly a (we will henceforth drop the no-
tational dependence of 7 on « in order to improve readability). As a result of the

cocycle condition (2.62) obeyed by «, it satisfies

Tz (h, k) - 72(g, hk)
Tm(gha k) : 7_(kz) (97 h)

(d7)z(g, h k) =1, (2.65)

which ensures that the algebra multiplication in (2.63) is associative. Using (2.26),

the x-structure on the tube algebra can be computed to be [4]

9z 9 z\* z g;;

D" = palg) - (), (2.66)
where we defined the multiplicative phase
) (2.67)

As a consequence of (2.65), it satisfies (g7 !) = P9y (g) as well as du = 7 /7, where

we defined the dual transgression 2-cocycle

7/::1:(97 h) = T(*ghx)(hiagil) . (268)

¥ In particular, the simple objects of Hilb& are given by the one-dimensional Hilbert spaces C, with
G-grading (Cy)n = 64,,C for g,h € G.
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This ensures that the x-structure (2.66) is involutory and compatible with the algebra
multiplication (2.63). All in all, the above allows us to identify the tube algebra
associated to C with the so-called twisted Drinfeld double of G [94-96], i.e.

Tube(Hilbg) = DYG) . (2.69)

If o = 1, the latter may be viewed as the groupoid algebra'’ C[G//G] associated to

the conjugation action of G on itself.

In order to classify the irreducible tube representations of C = Hilbg (or equivalently
the irreducible representations of D%(G)), we note that, as a consequence of the
delta-function appearing in (2.63), any such F will decompose into subrepresentations
supported on twisted sectors H, labelled by elements y € [z] in the conjugacy class of
some fixed x € G. If we furthermore restrict to linking with symmetry defects g € G

that lie in the centraliser G, :={g € G |9z = x} of x in G, then the linear maps

plo) = F((=42) (2.71)
define a projective representation of GG, on the Hilbert space V := H, with projective
2-cocycle 7,(a) € Z2(G,,U(1)). Conversely, given a pair (x, p) consisting of

1. a representative x € G of a conjugacy class [z] € C1(G),
2. an irreducible 7, («a)-projective representation p of Gy,

we can construct an associated tube representation F, ,y via induction [74]: To this
end, fix for each element y € [z] in the conjugacy class of x a representative r, € G

such that ("v)y = 2 (with 7, := 1). Using these, we can define
Gy = T(oy) -g-ry_l € Gy (2.72)

for all g € G and y € [z]. If we denote by V the Hilbert space underlying the projective

representation p of G, then F(, ,) acts on the twisted sectors

vV ify e 7]
Hy = (2.73)
0 otherwise

0 Given a finite groupoid G (i.e. a category with a finite number of objects = and all morphisms
g : x — y invertible), we define the associated groupoid algebra to be the linear span

ClG] := @ C[Homg(z, y)] (2.70)

z,yE€G

with algebra multiplication given by composition whenever defined and zero otherwise. We are
often interested in the case where G = X//G is the so-called action groupoid associated to the
action > : G X X — X of some finite group G on some finite set X. Here, the objects of X//G are
given by points z € X with morphism spaces given by Homx/q(z,y) :={g € G|g>z =y}.
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via the non-trivial induced tube actions

9, 9
Faop) (D) = ry(9) - ply) , (2.74)
where we defined the multiplicative phases

Ty (r(gy)a g)

Ky(g) = 2.75
A ) 27
As a consequence of (2.65), they satisfy
Hy(h) ' H(hy) (g) _ Ty(ga h) (276)
ty(gh) Te (s hy)

which ensures that F, , respects the algebra multiplication (2.63). It is straightfor-
ward to check that F(, ;) is a x-representation of D%(G) if and only if p is a unitary
projective representation of G,. Hence, we see that x-representations of the tube
algebra form the natural generalisation of unitary representations of group-like sym-
metries. Furthermore, since every finite-dimensional representation of a finite group is
equivalent to a unitary one, this shows that all irreducible representations of D*G)

are x-representations as expected.

All in all, we conclude that the category of x-representations of the twisted Drinfeld

double D*(G) admits a direct sum decomposition

Rep"(PYG)) = HH Rep™@(G.) . (2.77)
[z] € CI(G)

In particular, using (2.45), this reproduces the known classification of simple objects

in the Drinfeld centre of C = Hilbg in terms of pairs (z, p) as above [97].

2.4.1.1 Example: G = Zso

As a simple example, let us consider G = Zg =: (x) with 't Hooft anomaly « given by

the non-trivial generator of H3(Zy, U(1)) = Zo with normalised representative
alr,z,z) = —1. (2.78)
In this case, the *-structure on the tube algebra is given by

5" = (-1)- 9, (2.79)

which admits the following four irreducible tube representations:
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« There are two one-dimensional tube representations Fi© acting on the twisted

sector H1 = C via the non-trivial tube actions
FE(EHD) = 1. (2.80)

 There are two one-dimensional tube representations F= acting on the twisted

sector ‘H, = C via the non-trivial tube actions
FE(E4) = +i. (2.81)

2.4.1.2 Example: G = Dg
As another example, let us consider a non-anomalous dihedral group symmetry of
order eight, which can be presented as

Dg = <7",8]7"4282:1, 31"3:7“_1>. (2.82)

As described above, its irreducible tube representations can be labelled by pairs (z, p)
consisting of a representative x of a conjugacy class [z] € Cl(Dg) together with an
irreducible representation p of its centraliser (Dg),. Concretely, the five conjugacy

classes of Dg together with their centralisers are given by

s = {s,r%s},

rs] = {TS,T3S},

[1] = {1}, (D)1 = Ds,

%] = {r*}, (Ds),2 = Ds,

[r] = {r,r’}, (Ds)y = (r) = Za, (2.83)
[ (Ds) ?

[ (Ds)

(
DS s - <
D8 rs — <

As there are five irreducible representations of Dg, there is a total of 22 irreducible

tube representations, which can be described as follows:

e For z = 1 and r?, the centralisers (Dg); and (Dg),2 are equal to the full symmetry
group Dg, which has five irreducible representations (four one-dimensional and

one two-dimensional one) given by

i 0
1 -1 1 -1
r (0 _Z_> (2.84)
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For x € {1,7%} and p € {1, u,v,uv,m}, the associated tube representation Flap)

then acts on the twisted sector H, = Cdim(p) via the non-trivial tube actions

Fla.p) (<x—$—x>) = p(9) (2.85)

for all group elements g € Dg.

For x = r, the centraliser (Dg), = (r) = Z4 has four irreducible representations
given by its characters p € (Dg), =: (7) (where (7,7) := ). The corresponding
irreducible tube representations act on the twisted sectors H, = H,s = C via

the following non-trivial tube actions:

For z = s, the centraliser (Dg)s = (r?,s) & Zy x Zso has four irreducible repre-
sentations p € (Dg)Y =: (r2,3) (where (r2,72) = (3,s) = —1). The correspond-
ing irreducible tube representations act on the twisted sectors Hs = H,2, = C

via the following non-trivial tube actions:

]:(s,l) f(s’ﬁ) .;E(s’g) F 5.5

() () (Y ()
() 6 () (7 e
() () (2 (2
00 () (o) @)

2 rs) = Zy x 7y has four irreducible

representations given by p € (Dg)Y, =: (72,75) (where (r2,72) = (73,rs) = —1).
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The corresponding irreducible tube representations act on the twisted sectors

Hrs = H,s, = C via the following non-trivial tube actions:

Fos)  Fosm Fosiy  Tus i)
e () () () ()
G 0 LY LY () e
SIERERT T
w0 () G 6

2.4.2 Tambara-Yamagami Symmetry

As a another example, let us consider a symmetry category C = TY%” of Tambara-

Yamagami type [98], which is specified by the following pieces of data:

1. A finite abelian group A,
2. a non-degenerate symmetric bicharacter x : A x A — U(1),

3. a square-root s of 1/|A|.

The simple objects of C comprise the group elements a € A that fuse according to the

group law of A as well as an additional non-invertible defect m that fuses according to

a®@m=ma=m, m®m:@a.
acd (2.89)

The non-trivial components of the associator are given by

(a®m)®b x(a,b) - idpm, a®(m®b)
_

- D -Dr (2.90)

be A be A

(mOMEM @y (e iy O™

-Pm - Ppm

ac€A be A

The dual objects are given by a = a~! and m" = m with dimensions dim(a) = 1 and

dim(m) = y/|A|. This symmetry category is unitary for all A, x and s.
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The tube algebra associated to C = TY® was computed in [4] and is given by the
2|A]-(|A] + 1)-dimensional algebra that is spanned by the basis vectors

a m

o R n e T o o B o S0 (2.91)

(where a,z,y € A), whose algebra multiplication is given by

a b abx

=5 = 9,

mimy — y*(a,b) - (mPm),

m o
mimy o mlmy _ mmy o mfmy (g ab) - (mm)

S
|

) = gy xeb) - 30 X (abo) - ().

Using (2.26), the *-structure can be computed to be

a’) (293)

* m

= S'ZX*(avb)‘<ﬂh)m>'
b

The associativity of the algebra multiplication as well as its compatibility with the

x-structure can be checked to hold as a consequence of the character identity

1
W‘ Z x(a,b) = dp1 . (2.94)
a€A

As described in [2, 4], there is a total of §|A|-(|A| +7) irreducible tube representations
of C = TY%?®, which can be grouped into the following three categories:

« There are 2-|A| one-dimensional tube representations F2 labelled by group
elements x € A and a choice of square-root A of x*(z,x) € U(1), which act on

the twisted sector H, = C via the non-trivial tube actions

FA(E12) = x(on).

o (2.95)
FA(edm)) = <A,
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o There are 2-|A| one-dimensional representations .7-;A labelled by antiderivatives'!
p of x and a choice of square-root A of s- 3 .p*(c) € U(1), which act on the

twisted sector H,, = C via the non-trivial tube actions

FA(Em) = o)

- (2.96)
FA(Em) = s A plah).

o There are §|A|-(|A| — 1) two-dimensional representations F, , labelled by distinct

elements z,y € A, which act on the twisted sectors H, = H, = C via

Fey(24) = (X(“o’y) 8)7
() = (8 ‘o x)) | (2.97)
Fe(F2) = 3 (v(g,y) 8) |

(=)

®» | =

(01
00/
Using (2.45), the above gives a list of simple objects in the Drinfeld centre of C = TY*

which reproduces the known classification found in [99].

2.4.2.1 Example: Ising Symmetry

As a simple example, let us consider the case A = Zg =: (x), which admits a single
non-degenerate bicharacter given by x(z,x) = —1. Hence, there are exactly two
corresponding Tambara-Yamagami categories, which are distinguished by the choice
of s = +1/v2. For s > 0, one obtains the so-called Ising category, which describes the
topological defects in the two-dimensional critical Ising CF'T, where = corresponds to
the invertible spin-flip symmetry and m is non-invertible Kramers-Wannier duality
defect [100, 101]. In particular, there are ten conformal primaries (twisted and
untwisted), which organise themselves into the nine irreducible tube representations
of the Ising category (for a concrete description of the different primaries in the Ising

CFT including their conformal weights we refer the reader to [100]):

' An antiderivative of x is a map p: A — U(1) such that (dp)(a,d) := p(a) - p(b) - p*(ab) = x(a,b)
for all a,b € A. Since x is symmetric, such a p always exists and the set of all antiderivatives forms
a torsor over AY = Hom(A, U(1)). This shows that there are |AY| = | A| antiderivatives of .
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+ There are four one-dimensional tube representations Fi- and F;* that act on the

twisted sectors H; = C and H, = C via the non-trivial tube actions

FE(EHD) =1, FE(EH) = -1,

(2.98)
FE(HD) = =v2, F(E) = £vai

o There are four one-dimensional tube representations F;- and £ that act on the

twisted sector H,,, = C via the non-trivial tube actions

() =4, 7o () = i,
6i7r/8

]:Tf«ﬁfnlﬁ» =5 ﬁ$(<ﬁfnf—n>> = E 5 (2.99)

o—37i/8

FE(Ehe) = 5 () = =55

o There is one two-dimensional tube representation /7, that acts on the twisted

sectors Hi1 = H, = C via the non-trivial tube actions
171y _ [—-10 M1 0 0
) = (30). A = ().

(2.100)
A - (01). Al - (50)-

Note that any genuine local operator that is charged under the Zs symmetry generated
by x necessarily forms part of a two-dimensional multiplet that maps genuine to

x-twisted operators under the action of the non-invertible defect m (and vice versa).

2.4.2.2 Example: Rep(Dg)

As another example, let us consider a Tambara-Yamagami category based on the

abelian group A = Zy x Zy =: (u,v) with bicharacter y given by

x(u,u) = x(v,v) =1, x(u,v) = =1, (2.101)

and square-root s = +1/2. It was shown in [98] that this is equivalent to the category
Rep(Dg) of finite-dimensional representations of the dihedral group of order eight (see
(2.82)), where u and v generate the four one-dimensional irreducible representations
and m is the single two-dimensional irreducible representation of Dg as in (2.84). As
before, the irreducible tube representations associated to C = Rep(Dg) may then be

grouped into three different categories:
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« There are eight one-dimensional tube representations F labelled by group

elements x € A that act on the twisted sector H, = C via the tube actions

e I
1 1 1 1
. 1 1 ~1 —1
< > 1 —1 1 —1
1 -1 -1 1
a a a a
@Fay | +2 +2 +2 +2

where the index a runs over 1,u,v and uv (in that order).

(2.102)

e There are eight one-dimensional tube representations ]-;,i labelled by the an-

tiderivatives p : A — U(1) of x, which are given by

P1 P2 pP3 P4

U -1 1 1 -1
) 1 -1 1 -1
uv 1 1 -1 -1

These act on the twisted sector H,, = C via the tube actions

+ + + +
For Foo Fos Fos
1] (1] [ 1] [ 1
o -1 1 1 -1
( ) 1 1 1 -1
1 1 1 -1

L Jda L Jda L da L
(1] (1] (1] [ 1
1] -1 1] 1 1|1 =1

(mmy | o +- 4o £

a 2| 1 21 21 1 2|1
1 1 1 -1

L Ja L Ja L da L

where the index a runs over 1,u,v and uv (in that order).

(2.103)

(2.104)
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o There are six two-dimensional tube representations F,, labelled by distinct

group elements x,y € A that act on the twisted sectors H, = H, = C via

a a m m

Fay = =) =5

[1,1,-1,-1], ©

f
1u 0 0

[1,1,-1,-1], ©
0 0

[ )
[ )
| (1319
( )
[ )

flfu

)

[17717 1771](1 0
0 0

[1,-1,-1,1], ©

Jru,uv 0 0

£ [1,-1,-1,1], 0 0 0 0 0
’ 0 0 0 [1,-1,1,—1], -2 0

where the index a runs over 1,u,v and uv (in that order).

The fact that the number of irreducible tube representations (twenty-two) for Rep(Ds)
is the same as for Hilbp, (see subsection 2.4.1.2) is not a coincidence. Rather, it

follows from the ‘gauge-invariance’ of the Drinfeld centre, i.e.
Z(Hilbg) = Z(Rep(GQ)) (2.106)

for any finite group G, which is an instance of a more general result'? due to Schauen-

burg [102]. More concretely, we can motivate the equivalence (2.106) as follows:

12 Concretely, the result obtained in [102] can be described as follows: Given a theory 7 with fusion
category symmetry C, we can try to ‘gauge’ a subsymmetry of C by choosing an algebra object
A € C and placing it on a fine enough defect network inside correlation functions of 7. The
symmetries of the resulting theory 7’ = T /A are then described by the category C' = 4Ca of
A-bimodules in C [103]. In particular, it was shown in [102] that there exists a natural equivalence

Z(C) = Z(aCa) (2.107)

between the corresponding Drinfeld centres. Physically, this may be understood from the fact
that the process of discrete gauging in reversible, so that the (twisted sector) operator content of
T’ must be a (non-trivial) rearrangement of the operator content of 7. In particular, any tube
representation of C must give rise to a tube representation of C’ and vice versa, which, using (2.44),
yields the equivalence (2.107). In the case where C = Hilbg for some finite group G, choosing
A = C|G] yields C" = Rep(G), which, plugged into (2.107), yields the equivalence (2.106). More
generally, one may consider anomalous group symmetries G and gauge non-anomalous subgroups
H C @, which leads to the notion of so-called group-theoretical fusion categories [64, 104].
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Suppose that we are given an object z € Z(Hilbg). By definition, this means that z

corresponds to a pair z = (U, T) consisting of
1. a finite-dimensional G-graded Hilbert space U = @, c o U,

2. a collection 7 of unitary linear maps 7, : U ® C; — C, ® U labelled by group
elements g € G such that

(Cyg@ ) 0 (T3 @Ch) = Ty - (2.108)

From this, we would like to construct a corresponding object 2’ € Z(Rep(G)), which

is again given by a pair 2/ = (R, ¢) consisting of
1. a unitary representation R of G,

2. a collection ¢ of unitary intertwiners pg: R® S — S ® R labelled by (arbitrary)

representations S of G such that
(S@pr) o (ps®T) = pser - (2.109)

To do this, we note that upon decomposing U into its graded components U, and
identifying C, ® U, = Uy, we can view the linear maps 7, as unitary automorphisms

of U that shift the grading according to

Tyt Up = Uy , (2.110)

where 29 = ¢!

xg. In particular, setting Ry := 7,1 yields a collection of unitary
automorphisms, which as a consequence of (2.108) define a unitary representation R
of G on U. Given another representation S of G on a Hilbert space V', we can define

an associated linear map g : U@V — V @ U via

uURV Z Sz (v) @ uy (2.111)
zeG

which can be checked to yield a unitary intertwiner between the tensor product
representations R ® S and S ® R. Furthermore, one can check that the collection
¢ = {ps}s of intertwiners satisfies condition (2.108). If we set 2z’ := (R, ), then

the mapping z — 2’ establishes the desired equivalence (2.106) between the Drinfeld
centres of Hilbg and Rep(G).

We can apply the above construction to our case of interest, G = Dg, in order to

obtain an explicit relation between the irreducible tube representations of Hilbp, and
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Rep(Dg). Concretely, using the same notation as in subsections 2.4.1.2 and 2.4.2.2,

we arrive at the following 1:1-correspondence:

Hilbp, | Rep(Ds) Fozwy | Fu Fs,1) Flu

Fr2,0) Fo ‘7:(8,;2) ]-“p;r
VARY Fi Foruwy | Fan F(s9) Foun
F(1u) T Fozm) | Fo f(s 5-72) T

) : (2.112)

Fiw) Fo Fer) Fip Firs,1) FLuv
Fauy | Fb Fory | T Fosry | T
F1,m) 'FpJg Fri2) Fuuv (rs,73) Fu
Fory | 5 Fogy | Tos Fos ey | Ton

2.4.3 Fibonacci Symmetry

As a last example, we consider a symmetry category C with only two simple objects

denoted by 1 and 7, whose fusion rules are given by
TR®T = 1@T. (2.113)
The solution to the pentagon equation for the associator in this case takes the form
idiy 0

(T®T)®T (o A-idT> TR(TRT) (2.114)
2 2
=1 % =ler%,

where the self-inverse (2x2)-matrix A is given by [105]

A= (_‘a‘; 19) . (2.115)

2

Here, a € R is one of the two solutions of the quadratic equation a* = a + 1 given by

ay = %(HEJE) (2.116)

and A € C* is a gauge parameter that describes a family of equivalent fusion categories
for fixed a. Up to equivalence, there are hence only two distinct fusion categories
with fusion rules (2.113), which correspond to choosing a = a— and a = a4 and which

are called the Fibonacci (Fib') and the Yang-Lee category (Fib™), respectively. The
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reason for this (perhaps confusing) notation is that the dimension of the non-invertible

self-dual object 7 in each case is given by

1 as >0 for Fib™
dim(r) = — - = . (2.117)
a a_ <0 for Fib™

Furthermore, since the matrix A is unitary if and only if
IA? = ! (2.118)
a’ ‘

we see that only Fib™ admits the structure of a unitary fusion category.

The tube algebra associated to Fib™ was computed in [4] and is given by the seven-

dimensional algebra that is spanned by the basis vectors

<1%1>’ <1;1:1>’ <T;1:1>’ <1;1:7'>’

7'17' ’TTT ’TTT (2‘119)
=5, O
whose algebra multiplication is given by

1¥1 O<1¥1 :<1%1>+<1%1>’

T_;_l O<1_;_1 :a.(_;_l%

L o () = () e (),

T_i_T O<T_;_1 - _q- T_¥_1>7

T_{__f o<HT—1 :a2.<T_¥_1>’

1_;_1 o<1_;_f :a.<1_;_f>,

. . ) B} (2.120)

K

= —a- {49,

= a (),

= —a® () + o (1),

= —a? () + (D) + o (D).

= Do D = @ D) - D
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Here, we implicitly understand that a = a_ for Fib™ and a = a for Fib~ as before.
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Using (2.26), the #-structure'® can be computed to be

T

)=
= -2,

T * T 1

V= —a- (T, (2.121)

7-1> - _q-

T

=) = D) e ()

EE:

~‘
*
T~ T~
3
=
3
~
|
S
T~
3
i
3
~

(
(
(
(
(

where again a = a_ for Fib™ and a = a, for Fib~. The associativity of the algebra
multiplication as well as its compatibility with the x-structure can be checked to hold

as a consequence of the identity a® = a + 1.

Both for Fib™ and Fib™, there is a total of four irreducible tube representations, which

can be described as follows (here, we again take a = a+ for Fib®):

o There is a one-dimensional tube representation J; that acts on the twisted sector

H1 =2 C via the non-trivial tube action

T 1
Fi (<+1 1>) = . (2.122)
This is a *-representation for both Fib*.

o There are two one-dimensional tube representations FF that act on the twisted

sector H, = C via the non-trivial tube actions

B (D) = o

_ (2.123)
(D)

Il
=
/N
—
|
@‘ﬁ
N——

where x4 are the two solutions of 22 + = + a? = 0 given by

1 / 3

The latter are related by z_ = (x4)* and x; - x_ = a®. We have that F* are

s-representations for both Fib™.

3 Although Fib~ is not unitary, (2.121) still defines an antilinear involution on its tube algebra.
However, in contrast to Tube(Fib™), the latter is not a C*-algebra.
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o There is one two-dimensional representation Fi , that acts on the twisted sectors

H1 =2 H, = C via the non-trivial tube actions

(57)

(8 £2> , (2.125)

Il
> =
7N
o o
—
o |
.
Q
N—————

Here, A € C* is a gauge parameter that describes equivalent tube representations.

One can check that these are *-representations if and only if

1
A2 = — = 2.126
IA| L ( )

which admits a solution only for Fib™ (where a = a_ so that —1/a_ = ay > 0).

As a result, we see that the non-unitary Yang-Lee category Fib™ admits a tube

representation which is not a *-representation.
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In this chapter, we consider generalised symmetries in three spacetime dimensions
that are described by a fusion 2-category C. We construct the associated tube 1- and
2-categories, which capture the action of C on twisted sector local and line operators,
respectively. We classify their irreducible 1- and 2-representations using a higher-
dimensional analogue of the sandwich construction and we provide explicit examples
that include anomalous 2-group symmetries as well as non-invertible 1-form symmetries.
The discussion is based on work performed in collaboration with Mathew Bullimore

and Andrea Grigoletto [1, 2] as well as the single-author works [3, 4].

3.1 Preliminaries

In this section, we provide some brief mathematical background on the theory of fusion
2-categories, which describe finite bosonic generalised symmetries in three spacetime
dimensions (for a more comprehensive account we refer the reader to [66]). Concretely,
given a fusion 2-category C, its objects, 1- and 2-morphisms correspond to topological

surface defects, their line interfaces and local junctions, respectively, i.e.

&
=

) (3.1)

B .
Moreover, C comes equipped with a variety of additional structures that capture the

topological nature of symmetry defects, the most salient of which we summarise below:

o Finite semisimplicity: We assume that C is enriched over Vect, meaning
that the 2-morphism spaces 2Hom¢(p, 1) are finite-dimensional complex vector
space for all 1-morphisms ¢ and 1, such that the (vertical and horizontal)
composition of 2-morphisms is linear. In particular, this means that for any
objects A, B € C, the l-morphism space Hom¢ (A, B) is a linear 1-category,
which we assume to be finite-semisimple. As a result, we can decompose any
1-morphism ¢ : A — B into a finite direct sum of simple morphisms ¢;, which are

such that 2Hom¢ (03, 05) = 0;; C. Furthermore, we assume that every 1-morphism
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¢ : A — B has an adjoint, which is a 1-morphism ¢ : B — A (viewed as the

orientation reversal of ¢) together with unit and counit 2-morphisms

» ~
oxBAD

(3.2)

A PLANY B

satisfying suitable zig-zag relations, such that $ = ¢ [66]. Using this, we can

define the left and right traces of a 2-endomorphism © € 2End¢(y) by

trp(0) = \B>¢A, trp(®©) = s@(A) . (3.3)

where we left the labelling of unit and counit 2-morphisms implicit (also note
that trz,(©) € End¢(A) while trg(©) € End¢(B), which means that for generic

A and B the left and right traces of 2-morphisms are not comparable).

As for 1-morphisms, we assume that we can decompose any object in C into a

direct sum of a finite number of simple objects S; € C, i.e.
A = HH(s)®4 (3.4)
i=1

where each S; is such that idg, € End¢(S) is simple (or equivalently such that
2End¢(idg,) = C) and A; = dim(2Hom¢(id4,ids,)) € N. However, unlike in
the case of semisimple 1-categories, the 1-morphism space between two non-
isomorphic simple objects S; and S; need not be trivial. Rather, we say that S;
and S; are in the same component if there exists a non-zero 1-morphism between
them. The set of components my(C) is given by the set of simple objects in C
modulo the equivalence relation of being in the same component'. Alternatively,
we can describe m(C) as the set of simple objects in C modulo the notion of
‘condensation’ [106, 107]: Given two objects A and B, a condensation from A

onto B (denoted by A = B) consists of 1- and 2-morphisms

idp
ol s
and such that t{ }7? =

i(l/;
AYPE B B .

Ei(l/; B

! This is indeed an equivalence relation due to the fact that every object has an identity 1-morphism,
the composition of two non-zero 1-morphisms between simple objects is non-zero [66], and every
1-morphism has an adjoint by assumption.
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Given a condensation A = B, the 1-morphism ¢ := 1 o 7w defines a so-called

condensation monad in End¢(A), meaning that it is equipped with 2-morphisms

te |4 "4

that satisfy 2 o A = id.. Physically, we may then view the surface defect B as a

‘condensate’ obtained by placing the monad € on a defect network on A, i.e.

—

_ VD
| B ~CEla (37)

We say that C is condensation complete if every condensation monad € on an

object A is induced by a condensation A = B in the above manner”. Physically,
this means that all surface defects B that we can construct by ‘gauging’ a

condensation monad ¢ on a surface A as in (3.7) are already included in C.

e Dagger structure: We assume that C is compatible with reflection positivity

in the sense that there exists a dagger structure
T: Hom¢(A, B) — (Hom¢(A, B)P)* (3.8)

on the morphism category between any objects A, B € C, which allows us to

reflect local topological junctions in C about a fixed hyperplane, i.e.

(3.9)

B .

Positivity is the statement that there exists a faithful state I' : 2End¢(¢) — C
on the 2-endomorphism algebra of each 1-morphism ¢ : A — B, which turns
2End¢(¢) into a C*-algebra for all ¢. We assume that the higher coherence
data associated to C as a 2-category (such as 2-associators and unitors for the
composition of 1-morphisms) is unitary w.r.t. the above dagger structure. Fur-
thermore, we assume that the latter is compatible with adjoints in C in the sense
that the functor A : Hom¢ (A, B) — Home(B, A) that maps ¢ — @ is a {-functor

2 Given any 2-category C, one may construct its so-called Karoubi envelope, which is the universal
category Kar(C) that contains C as well as all possible condensates (and is hence condensation
complete) [106]. As a result, we can often omit condensations from our discussion in what follows,
since they can be added trivially using the Karoubi envelope.
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with unitary coherence data. This turns C into a so-called {-2-category in the
sense of [108, 109]. A 2-functor F : C — C’ between two {-2-categories is called a
T-2-functor if it restricts to a f-functor Hom¢ (A, B) — Home/ (F'(A), F(B)) on

the morphism categories between any objects A, B € C.

e Monoidal structure: We assume that C encodes the fusion of symmetry
defects that corresponds to the parallel collision of topological surfaces and their
interfaces. Mathematically, this can be achieved by endowing C with a monoidal

structure in the sense of [110] (see also [111] for a review):

Definition: A monoidal structure on C consists of an additive linear 2-functor
®: CXC — C, (3.10)
a distinguished object 1 € C (called the unit) and three natural isomorphisms

a: ®o(®@XNId) = ®o(ldX®),
At (1®Id) = Id, (3.11)
p: Id®1l) = Id

(called the associator, left and right unitor, respectively), whose coherence re-

lations are controlled by modifications

(A®B)®(C®D)
(‘Allv')’k('./v)/ \“;LU.C'D
(A®B)®C)®D A®(B®(C®D))

(141_/;('?\71)\ /?1% aB.C.D

(A®(B®(C)) @D —— A®((BeC)®D)
YA BC,D

YA B1
A®(B®1) ——— (A9B)®1

A K/N ‘/w«: (3.12)
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(called the pentagonator and 2-unitors, respectively). In addition, there exist

so-called tensocompositor 2-isomorphisms

/

: : i /A/®B/ L4
N
A®B A®B A®B Ao B" (3.13)
idge B (;/o;)x((‘/ow)

which, together with the above, satisfy suitable coherence relations [110]. An
additive linear 2-functor F': C — C’ between two monoidal 2-categories is called
a monoidal 2-functor if it preserves the monoidal unit and is equipped with a

natural isomorphism v : ® o (F X F) = F o ® and a modification

I/A'B%T/ F(A)@F(B)@F(C) \‘i‘x’”b’.("
F(A®B)®F(C) F(A)®F(BRC) (3.14)

VAB.(\‘ 4/’/41)(

F(A®B®C)

(where we omitted associators) that satisfies suitable coherence relations [110].

Pictorially, we represent the monoidal product as the result of bringing the

corresponding topological symmetry defects together in a parallel fashion:

A% C A8C T
@B D - ’0®QQ\§® _ (3.15)

We will often omit any higher coherence data pertinent to associators, unitors,

and pentagonators from graphical representations of symmetry defects in what
follows. We depict the monoidal unit 1 € C by the invisible / transparent surface
defect and we assume that it is a simple object in C, i.e. 2End¢(id1) = C. We
require the monoidal structure to be compatible with the dagger structure in the
sense that ® : CKC — C is a {-2-functor and all higher coherence data pertinent
to associators, unitors, pentagonars, and tensocompositors is unitary. In this

case, we call C unitary fusion 2-category.

Dual structure: We assume that every object A € C has a dual AV € C (viewed
as the orientation reversal of A) together with evaluation and coevaluation

1-morphisms as well as cusp and casp 2-morphisms

COCV4

i : coev ‘ ev4q
A\/ i____ 4 A\/ 1
\/

(3.16)
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that satisfy suitable swallowtail relations [66]. The map A — A" then extends
to an op-monoidal 2-functor V : C — C that acts on 1- and 2-morphisms via

AV

() »
A‘ o |p , (3.17)

B\/ @\B

(‘()(‘,\'4

A pivotal structure on C is a natural isomorphism ¢ : V2 = Id¢ together with
a modification Z4 : (£4)Y = €4v satisfying suitable coherence relations. A
pivotal structure is called spherical if the associated front and back traces of

2-endomorphisms © € End¢(id4) agree, i.e.

Trp(O) = 4<;A L A{}4 — Tip®) . (318)

where we omitted 4 from the graphical notation. In this case, we define the
dimension of an object A € C by dim(A) := Trg, p(id%). Similarly, we define
the dimension of a 1-morphism ¢ by® dim(y) := Trp/p(trr/r(idy)). We assume
the dual structure to be compatible with the dagger structure on C in the sense
that V : C — C is a T-2-functor with unitary higher coherence data and that the

pivotal structure has unitary 2-morphism components.

3.2 1-Twisted Sectors

In this section, we discuss the action of the fusion 2-category symmetry C on 1-twisted
sectors, i.e. local operators attached to topological line defects. We construct the
corresponding tube category and show how its irreducible representations can be
classified using a higher-dimensional analogue of the sandwich construction. We
provide explicit examples that include anomalous 2-groups symmetries as well as

non-invertible 1-form symmetries.

3.2.1 Tube Category

The tube category associated to a fusion 2-category C captures the possible linking
configurations of twisted sector local operators in three dimensions with symmetry
defects in C. Concretely, following [2], we define the tube category TC associated to C

to be the additive linear category whose

3 Here, we use the fact that the front trace obeys Trr(trr.(©)) = Trr(trr(0)) for any 2-endomorphism
© [66]. A similar relation holds for the back trace.
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» objects are given by genuine lines u in the loop space QC := End¢(1) of C, i.e.

*H | (3.19)
e morphisms between objects u, v € QC form the quotient vector space

Homre(p,v) = @ 2HomC(A®,u,1/®A)/~ (3.20)
Aec

(where the sum runs over all objects A € C) of local intersection 2-morphisms

AZ? (3.21)

i

in C subjected to the equivalence relation that is generated by

(3.22)

where we left the labelling of unit and counit 2-morphisms implicit.

Physically, the equivalence relation (3.22) means that we should think of the symmetry
defect A as being wrapped on a 2-sphere. Mathematically, it renders the morphism
spaces in (3.20) finite-dimensional. Concretely, let A € C be an arbitrary object and
consider a decomposition A = H;S; of A into a finite number of simple objects S;

(possibly with multiplicities). Let us denote by
(7 SZ — A and T . A — SZ (3.23)

the associated inclusion and projection 1-morphisms obeying @, ¢; o m; = id4 with

associated inclusion and projection 2-morphisms
I om = idy and P:idy = 10m; (3.24)

satisfying the completeness relation id% = > ; 1i o P;. Upon inserting the latter into
(3.21), we then obtain the relation
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where we defined the modified inclusion and projection 2-morphisms P

1T

NN - (3.20)

N 1T

If we denote the equivalence class of (3.21) under the relation (3.22) by

@éﬁ € Homre(p,v) (3.27)

we can rewrite equation (3.25) schematically as the morphism identity

([) Z <_ O(T>OP (328)

We can decompose the above even further using the notion of condensation. Concretely,

given a condensation S —=» S’ between simple objects S and S’, we have that

. Pl /T_i
s <\> = 5 (Z@j ~ gy ”@/7 (3.29)
/ iy !

As a result, we see that we can reduce the sum in (3.28) to a sum over a fixed set of

representatives S of simple objects modulo condensation. In particular

Homre(p,v) = @ [2Home(S®@pu,v®S)/~], (3.30)
[S]€emo(C)

which shows that the morphism spaces in TC are finite-dimensional as claimed. The

composition of morphisms in TC is induced by the vertical stacking

i A
A i\; s S (3.31)

= AT
dp LD Y
which we denote schematically by
ag A |14 v B O'A®B
(7)o KB = CED (3.32)

Furthermore, the tube category possesses a natural f-structure that is induced by

v M
A,<!7 L 4 <:\\”\T\,\«\7 (3.33)
Ly VA
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(where we left the labelling of evaluation and coevaluation 1- and cusp and casp
2-morphisms implicit) and that we denote schematically by

v Bt Ay

s = <f‘—|j-:17> (3.34)

(]
each simple line o € QC, we see that Endr¢ (o) is a C*-algebra for all 0. In particular,

A
Since I’ (<1|joﬁ>> :=04,1-P defines a faithful state on the endomorphism algebra of

we obtain a C*-structure on the tube algebra

Tube(C) := Endre (EBMEM © (7) (3.35)

(where we denoted 71 (C) := m(2C)), which provides an alternative description of

linking configurations of twisted sector local operators in three dimensions [2].

3.2.2 Tube Representations

Given a three-dimensional quantum field theory with fusion 2-category symmetry C,
it was proposed in [2] that twisted sector local operators transform in representations

of the tube category associated to C, which are additive linear functors
F: TC — Vect (3.36)

from TC into the category of vector spaces and which we will again call tube represen-

tations in what follows. Concretely, any such tube representation F assigns

« to each object p € QC a vector space H,, := F(u) that describes twisted sector
local operators O sitting at the end of the topological line defect p, i.e.

f’ ' (3.37)
o,

A
s to each morphism (*[5#) € Homre(u, ) a linear map
LA
F(EED) : Ha = Ho (3.38)

that describes how operators O in the p-twisted sector get mapped to operators

in the v-twisted sector upon being linked with the symmetry defect A, i.e.

(3.39)
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We denote the category of tube representations and intertwiners between them by
Rep(TC) := [TC, Vect] . (3.40)

For a given tube representation JF, we can again use the operator-state map to endow
the twisted sectors H, with an inner product structure’, which we assume to be

compatible with the action of the tube category in the sense that
A A

A
for all (“[+£) € Homrc(u,v) (where the f on the right hand side denotes the adjoint

of linear maps). Mathematically, this means that we assume F to lift to a f-functor
F: TC 1 Hilb, (3.42)

which we will call a tube f-representation in what follows. We denote the category of

all tube f-representations and intertwiners between them by
Rep! (TC) := [TC,Hilb]' . (3.43)

Clearly, every tube f-representation reduces to an ordinary tube representation upon

forgetting the underlying Hilbert space structure.

As in two dimensions, a useful way to classify the irreducible tube (f-)representations
of a fusion 2-category C is given by the sandwich construction. In this picture, we
view a three-dimensional theory T with generalised symmetry C as being attached
to a four-dimensional ‘bulk’, which hosts topological defects that ‘commute’ with all

other symmetry defects in C and hence form the centre of C:

Definition: Given a fusion 2-category C, its Drinfeld centre is the 2-category Z(C)

whose objects are given by triples z = (U, 7y,—, Ay,—,.) consisting of
1. an object U € C in the fusion 2-category C,
2. a half-braiding for U, i.e. a 2-natural isomorphism 7y _ : U ® — = —® U,

3. an invertible modification Ay — . : (- ®@ 7p,.) o (Ty- ® ) = Ty_g. with compo-
nent 2-isomorphisms Ay ap : (A® Ty R) o (Ty,a ® B) = Ty.agp that satisfy

suitable coherence relations [112].

4 Concretely, consider a 2-sphere S? of radius € > 0 centred around a local operator
O € H, in the u-twisted sector. Using the operator-state map, this induces a state H
|O). in the Hilbert space associated to the (punctured) S?. Given another u-twisted
sector local operator (', we then define its inner product with O to be (O]|O’)_, which
is independent of ¢ if we assume time evolution along the radial direction to be unitary.
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Pictorially, we represent the components 77,4 and Ay 4 g as ‘crossings’ that tell us

how the object U can be moved across any other topological defects A, B € C:

(3.44)

Similarly to the two-dimensional case, the Drinfeld centre inherits the structure of a

fusion 2-category that is equipped with a canonical braiding.

For the purpose of describing 1-twisted sector operators using the sandwich construc-
tion, we are interested in the genuine topological lines in the four-dimensional bulk,
which form the loop space QZ(C) that can be described as follows [112]:

Proposition: The objects in the loop space QZ(C) of the Drinfeld centre can be
described by pairs p = (w, T, ) consisting of

,—

1. an object w € C in loop space Q2C,

2. a half-braiding for w, i.e. a collection of 2-isomorphisms T;, 4 W ® A = AQw
indexed by objects A € C that satisfy suitable coherence relations [112].

Pictorially, we again represent the components 7;, 4 as crossings that tell us how the

line defect w can be moved across any other topological defect A € C:

£ /

We can use the above to associate to each object p = (w, T, —) € Q2Z(C) in the loop
space of the Drinfeld centre a tube representation 7, € Rep(TC) as follows [2]:

« To an object u € QC, the functor F, assigns the vector space H,, := 2Hom¢(w, i)

L
(‘j | (3.46)

of local junction 2-morphisms

We will denote the elements of H,, by |£+%) in what follows. If p is simple, H,,

is a Hilbert space whose inner product is defined by
wovl = (v,w)-id, . (3.47)

If 11 is not simple, we obtain a Hilbert space structure on H,, by decomposing

into its simple components.
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A
+ To a morphism (*[£) € Homrc(u,v), the functor F, assigns the linear map
from H,, to H, that sends a local junction v € 2Hom¢(w, pt) to

tz/

Tu A7
v = ALY (3.48)

I

(where we left the labelling of evaluation and coevaluation 1- and unit and counit

W

2-morphisms implicit). Schematically, we write this as
A

e (3.49)

As a special case of the above, we can consider the tube representation 1 := Fq,

associated to the identity 1-morphism id; = (idy,id?) of the monoidal unit 1 € Z(C),

HEDEEE

which we will call the trivial tube representation in what follows. The latter acts on

the untwisted sector Hiq, = C via the multiplicative factors

id id
1 1|jb y) = . (3.50)
It was proposed in [2] that the assignment p — F, extends to an equivalence
QZ(C) = Rep(TC) (3.51)

of linear categories. One can check that the functor F, associated to p = (w, T, —) is
a f-functor if and only if the components T;, 4 of the half-braiding are unitary for all
A € C. If we define the collection of such p to form the unitary loop space QZT(C) of

the Drinfeld centre, this yields an equivalence
QZ1(C) = Rep!(TC) (3.52)

of linear f-categories. In particular, the simple objects of QZ T(C) correspond to the
irreducible f-representations of TC. If furthermore QZ%(C) = QZ(C), then every tube

representation of C is equivalent to a f-representation.

We can again visualise the above construction by viewing the three-dimensional theory
T with generalised symmetry C as an interval compactification of a four-dimensional
Symmetry TFT, which in this case can be identified with the Douglas-Reutter TQFT
based on C (whose 2-category of surface and line defects is given by Z(C)) [66]. The

latter is again equipped with two boundary conditions:
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1. A canonical topological boundary condition By on the left that supports the
symmetry C and that is independent of the theory 7 under consideration. In
particular, the bulk-to-boundary map is given by the forgetful functor Z(C) — C
that sends objects z = (U, 7y, —, Ay—,.) = U and lines p = (w, T, —) — w.

2. A physical boundary condition B on the right that depends on the underlying

theory 7 and that is non-topological in general.

The spectrum of twisted sector local operators O that transform in a given tube
representation J, associated to some p € QZ(C) may then be viewed as the spectrum
of topological junctions v between twisted line defects p € Q2C on the left and the
bulk line p stretched between the two boundaries of the Symmetry TFT:

> D Pt |
L0 ! L
. - A
At Ll . :
( }“ | e G
i i 1 i i Oq
DR e
: O E i () j P ! E (3.53)
i 52 T S — [ R——
i - s i -
i i e i
v S g

Here, Oy denotes a fixed (and generically non-topological) local operator that termi-
nates p on right boundary. The linking action of the tube category on the operators

O may then be computed using (3.48).

We can offer yet another perspective on the above discussion that uses the notion of
the tube algebra Tube(C) associated to C as defined in (3.35), whose *-representations

are in 1:1-correspondence with f-representations of the tube category [2], i.e.
Rep*(Tube(C)) = Rep'(TC) . (3.54)

One way to see this is by linking twisted sector local operators attached to simple lines
o € QC with symmetry defects U € C that can be pushed into the four-dimensional
bulk (and hence form part of the defining data of an object z = (U, 7y, Ay,—,.) € Z(C)
in the Drinfeld centre). We denote the corresponding tube algebra element by

U

@) = (9 (3.55)

in what follows. As a consequence of the coherence relations obeyed by the half-braiding

Ty,—, this then has the property that

(EE) o (H1D = E09) o D (3.56)
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A
for all (*[#) € Tube(C). Furthermore, its algebra involution is given by”

z PN

09" = 9, (3.57)

where z¥ denotes the dual of z in Z(C). Using the sandwich picture (3.53), it is
z
then easy to see that the linking action of <1|j£> on twisted sector local operators O

transforming in a tube representation F, associated to some p € QZ(C) is given by

4 et G (40

91 I L W% 1.5 } |

=0/ = P I Tt 1 T R (3.58)
| -~ | A e : P

T B  Br T

where d, := dim(z) and we defined the multiplicative factor®

z p
1
S.p = - (3.59)
dz’dp R .

One can show that S., depends on z and p only up to condensation and isomorphism,

respectively, so that we obtain a well-defined pairing [113, 114]
S m(2(C)) x m(Z2(C)) — C (3.60)

called the generalised S-matriz of Z(C). The latter has the following properties:
1. Tt is a square-matrix.
2. It satisfies S,v, = &7,
3. It is invertible.

In addition, S obeys the (generalised) Verlinde formula
Sap Syp = > Nz, Szp (3.61)
z

where the (generically non-integer) coefficients N;, € C capture the algebra products

oo ey — ¥ 0N s, (3.62)

® More precisely, equation (3.57) holds as long as z = (U, Tu,—, Ay,—,.) lies in the unitary Drinfeld
centre Z7(C), meaning that the top components associated to the half-braiding 7y,— and the
modification Ay, . are all unitary. We assume that Z7(C) = Z(C) in what follows.

6 Here, we make use of the natural braiding on the Drinfeld centre Z(C).
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Here, >, denotes a sum over fixed representatives of elements in mo(Z(C)). Together

with the Verlinde formula, this implies that the linear combinations
z
g =2 7 (S (5[ (3.63)
z

define a collection of orthogonal self-adjoint idempotents in Tube(C) that are indexed
by [o] € m1(C) and [p] € m1(Z(C)) [4], i.e. we have that

ey o egf = Opp! 577 ey and (e2)" = eJ. (3.64)

Using this, we can construct the minimal central idempotents in Tube(C) via
o =Y €, (3.65)
o

where ), denotes a sum over a fixed set of representatives of elements in 71(C). In
particular, we see that the minimal central idempotents are labelled by simple objects
p € QZ(C), which, together with (3.54), re-establishes the equivalence (3.52) via their

1:1-correspondence with irreducible #-representations of Tube(C).

3.2.3 Examples

We conclude this section with two examples of fusion 2-category symmetries and
their associated tube categories / algebras. We discuss anomalous group and 2-group

symmetries as well as generic non-invertible 1-form symmetries.

3.2.3.1 Group Symmetry

We begin by considering an invertible symmetry described by some finite group G with
't Hooft anomaly specified by a (normalised) 4-cocycle 7 € Z4(G,U(1)). Physically,
this means that we have simple surface defects labelled by group elements g € G that

fuse according to the group law of G with pentagonator given by

(3.66)

In analogy to two dimensions, we denote the corresponding symmetry 2-category
by’ C = 2HilbY,. The associated tube algebra is simply given by the group algebra

Tube(2Hilby,) = C[G], whose *-representations are unitary representations of G.

" We emphasise that this is simply a notation for now. We will discuss the notion of 2-vector and
2-Hilbert spaces in more detail in section 3.3.1.
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We now aim to rederive this result using generalised S-matrices. As shown in [112],

the Drinfeld centre of C has connected components

mo(Z(2Hilbs;)) = ClI(G) (3.67)
given by conjugacy classes [g] in G and the loop space given by

QZ(2Hilbyy) = Rep(G) , (3.68)

so that m1(Z(2Hilbf;)) = Irr(Rep(G)) is the set of isomorphism classes of irreducible
representations p of G. The generalised S-matrix in this case is simply given by the

(normalised) character table of G, i.e. corresponds to the canonical pairing

T
S: CI@) x Lr(Rep(@)) — C. (lgl.lo]) = m. (3.69)
In particular, S is a square-matrix due to the fact that the number of conjugacy

classes in G equals the number of irreducible representations, i.e.
|ICI(G)| = |Irr(Rep)(G)| =: n. (3.70)

In order to simplify notation, we fix for each ¢ € {1,...,n} a representative g; € G of the
corresponding conjugacy class [g;] € Cl(G) as well as a representative p; € Rep(G) of
the corresponding isomorphism class [p;] € Irr(Rep(G)) of irreducible representations
of G. Furthermore, we denote by G; := Gy, the centraliser of g; and by x; := Tr(p;(.))
the character associated to the irreducible representation p; (whose dimension we

denote by d; := dim(p;)). Using this, the S-matrix can be written as the (n xn)-matrix

X (9:)
Sij = Sile) = g - (3.71)

Using the character orthogonality relations

n 1 .
2 1gy )Xl = 5y (3.72)
k=1 Ik
1 &,
Gi > xilg) - xilg) = 85 (3.73)
k=1

one can check that the S-matrix has the following properties:
1. It is invertible with inverse given by (S71);; = éﬁ X5 (95)-

2. It obeys Siv; = (Si)*, where i¥ € {1,...,n} is such that [gv)] = [(g:)7'].
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3. It satisfies the Verlinde formula
n
Sie - Sje = Z Ni’; - Ske (3.74)
k=1
where the coeflicients Nikj € C are given by

1 LA | .
NE = == > x090)  xp(9) - Xp(9n) - (3.75)
’Gk" p:1 dp

By plugging (3.71) into (3.63) and (3.65), we may then compute the minimal central
idempotents in the tube algebra to be
dim(p) .
e, = G ) Z Xi(9) - eq s (3.76)

gelG

which reproduces the well-known formula for minimal central idempotents in the

group algebra C[G] labelled by irreducible representations p of G [115].

3.2.8.2 2-Group Symmetry

As another example, let us consider a finite 2-group symmetry [116-137], by which we

mean a quadruple G = (G, A,>, a) consisting of the following pieces of data:
1. a finite O-form symmetry group G,
2. a finite abelian 1-form symmetry group A,
3. a group action® > : G — Aut(A),
4. a Postnikov class representative a € Z3(G, A).

We will often write G = A[1] x, G for a 2-group specified by the above data. Physically,
the above means that, in addition to surface defects labelled by group elements g € G,
we also have line defects labelled by a € A which interact with the former via the
group action > and the Postnikov class a:

ga a(.g htk>

g-h

g a-b
pjz{) A \‘\
q h a b a

Furthermore, we assume that G and A have a mixed 't Hooft anomaly in the form

(3.77)

g h k

of a twisted 2-cocycle A € Z2(G, AV) on G with values in the Pontryagin dual group

8 We will often abbreviate the action of a group element g € G on a € A by g a =: %a.
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AY = Hom(A,U(1)) (equipped with the dual G-action), which captures the result of
moving a 1-form defect a € A across the junction of two 0-form defects g, h € G [120]:

—fr - = (3.78)
g h g h
We denote the corresponding symmetry 2-category by C = 2Hilbé in what follows.

The tube algebra associated to C is the |G|-|A]-dimensional algebra with basis vectors

leé_% (where g € G, a € A) that multiply according to

g n P hy, Gh
EED o BEY) = dum - e(V)(g,h) - D) (3.79)
where we defined the multiplicative phase
é‘a()\) (97 h) = <)‘(ga h)a gha> . (380)

As a result of the cocycle condition obeyed by A, it satisfies

(de)a(g, ho k) = Eng(Zngag) ’(fo})l) = 1 (3.81)

(where we dropped the notational dependence of € on A to improve readability), which
ensures that the algebra multiplication in (3.79) is associative. Using (3.33), the
«-structure on the tube algebra can be computed to be [4]

-1

90 & avx 9
EHTYT = paly) - &9, (3.82)
where we defined the multiplicative phase
pa(g) = ealg™"9) - (3.83)
As a consequence of (3.81), it satisfies
pa(9™!) = paoy(g) and  dp = E/e, (3.84)
where we defined the dual 2-cocycle
Ealg:h) = elgngy (B 970 (3.85)

This ensures that the *-structure (3.82) is involutory and compatible with the algebra
multiplication. If A = 1, the above algebra reduces to the groupoid algebra C[A//G]

associated to the group action of G on A.
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In order to classify the irreducible tube representations of C = 2Hilbé, we note that,
as a consequence of the delta-function appearing in (3.79), any such F will decompose
into subrepresentations supported on twisted sectors Hj labelled by elements b € [a] in
the G-orbit of some fixed a € A. If we furthermore restrict to linking with symmetry
defects g € G that lie in the stabiliser G, := {g € G | 9%a = a} of a, then

pla) = F((39) (3.86)

defines a projective representation of GG, on the Hilbert space V := H, with projective
2-cocycle £,(\) € Z%(G,,U(1)). Conversely, given a pair (a, p) consisting of
1. a representative a € A of a G-orbits [a] € A/G,

2. an irreducible g4 (\)-projective representation p of Gy,

we can construct an associated tube representation J(, ;) via induction [4]: To this
end, fix for each b € [a] in the G-orbit [a] C A a representative 1, € G such that

(")h = a (with 7, := 1). Using these, we can define
gp = TEp) - g 7“1,_1 € G, (3.87)

for all g € G and b € [a]. If we denote by V the Hilbert space underlying the projective

representation p of G, then F, ;) acts on the twisted sectors

VY ifb € [a]
Hy = (3.88)
0 otherwise

via the non-trivial induced tube action
o 9
Flap) (QEE—%) = kp(g) - p(gn) (3.89)
where we defined the multiplicative phases

€b(T(9b)79)

K = 3.90
b(9) 2o (00 70) (3.90)
As a consequence of (3.81), they satisfy
kp(h) - Kenpy (9) _ ep(g, h) (3.91)
Kb (gh) €al(gerpy, )’ '

which ensures that F, ,) respects the algebra multiplication (3.79). One can check
that F(,,) is a *-representation of the tube algebra if and only if p is a unitary

projective representation of G,.
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All in all, we conclude that the category of x-representations of the tube algebra of

C= 2Hilbé admits a direct sum decomposition

Rep” (Tube(2Hilby)) = HH Rep=M(G,) . (3.92)
laje A/G

In particular, using (3.52), this yields a classification of simple objects in the loop

space QZ(2Hilbg) of the Drinfeld centre in terms of pairs (a, p) as above.

We now aim to rederive this result using generalised S-matrices. To do this, we exploit
the fact that the Drinfeld centre is gauge-invariant, i.e. Z(C) = Z(C’) if C’ is obtained
by gauging a discrete subsymmetry of C [138]. In particular, if C = 2Hilbg, we can
gauge the 1-form symmetry A to obtain a pure O-form symmetry G that is given by

the group extension [5, 6, 5759, 139]

)

= AV %, G, (3.93)
which as a set is AV x G with group multiplication defined by

(1, 9) - (v, h) = (- Xg,h), g-h). (3.94)

This symmetry then has an 't Hooft anomaly that is parameterised by the 4-cocycle
(.,a) € Z4G,U(1)) defined by

(., 0) [(11,9), (v 1), (0, k), (0,0)] = (9", a(g, b, k)) . (3.95)

As a result, we can use the discussion from the previous subsection to access the

Drinfeld centre Z (2Hilbé) =z (2Hilb<x’a>). Concretely, its connected components
G
and loop space can be described as follows:

e The connected components of Z (2Hilbé) are in one-to-one correspondence with

the conjugacy classes of G = AV x,G. To describe the latter, we note that

B9 (x,z) = (9 (/") - 72(9), I) (3.96)
for any (u, g), (x,x) € G, where we defined the transgression of A by

r(Vg) = ;((g”;)) | (3.97)

As a consequence of the twisted 2-cocycle condition obeyed by A, it satisfies

()] - 100(9) Mg, h)
7:(gh) ") \(g, h)

(3.98)
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where we dropped the notational dependence of 7 on A for better readability.

Upon defining A, := {a € A|*¥a = a} and using the canonical identification

A\/

{p/ou| peAvy = ()7 (3.99)

this shows that we can label the connected components of Z (2Hilbg) by equiva-
lence classes of pairs (z, x) consisting of a group element x € G and a character
X € (Az)Y, where two such pairs (z,x) and (z/,x’) are considered equivalent if

there exists a g € G such that
=9, X = Ix 7). (3.100)

We will denote the equivalence class of (x,x) by [z, x] in what follows.

The loop space of Z (2Hilbé) corresponds to the set of isomorphism classes of
irreducible representations of G = AVx,G. 1t is a standard result that the latter

can be labelled by pairs (a, p) consisting of

1. a group element a € A, viewed as a character on A,

2. an irreducible representation p of the stabiliser G, of a with projective
2-cocycle (A, a) € Z2(G,,U(1)).

The corresponding irreducible representation p of G is given by the induction
p = Indg(awp), (3.101)

where we set G, := AY x,Gy. Two such pairs (a, p) and (d/, /) are considered
equivalent if p and p’ are equivalent as representations of G. More concretely,

(a,p) and (d’, p’) are equivalent if there exists a ¢ € G such that
a = Ya, P (04,%) @ %, (3.102)

where we defined the multiplicative factor

A(h, g)
= . 1
7N0) = 50 (3103
As a result of the twisted 2-cocycle condition for A, it obeys
Mog(k)] - og(h) A(h, k)
g S = ’ 104
og(hF) IA(ho, k9) (3109

which ensures that (3.102) defines an equivalence relation. We will denote the

equivalence class of (a, p) by [a, p] in what follows.
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In terms of the above data, the S-matrix associated to Z (2Hilbé) is the square matrix

that is indexed by equivalence classes [z, x| and [a, p] with entries

(3.105)

for induced representations

Trp(2) = — > Trag,(92) (3.106)

as well as the character orthogonality relation

‘;’.Z p) - ) = dbe (3.107)

neAv

we can then compute that the S-matrix can be expressed as

1
= —_— . . g . g
S[cs,x},[a,p} dim(p) ; |G‘ gEeG: :<Tx(g)a (l> Trp( ZE) X(a ) . (3'108)
gCEGGa

From this, we find the minimal central idempotents in Tube(2Hilbg) to be [4]

dim % N " x "
Clap) = |G(|§) -3 (), @) - Teh(9x) - () (3.109)
a z,g€G:
9zg€EGa

In particular, we see that they are labelled by pairs (a, p) as before, which reproduces

the decomposition (3.92) of the category of tube representations.

3.2.83.8 Braiding Lines

As a last example, we consider a theory that only has a 1-form symmetry described by
some (unitary) braided fusion (1-)category B. Objects b,b’ € B of the latter correspond

to topological line defects that fuse and braid in three-dimensional spacetime:

/

bb
A X (3.110)

b o b v

In particular, the fusion of line defects need not be invertible. The corresponding

symmetry 2-category is given by Karoubi completion C = ¥B := Kar(BB) of the
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delooping” of B [140]. Physically, this means that the surface defects in C are all
obtained by condensing suitable line defects in B on the trivial surface. In particular,
this means that C is connected'’, i.e. m(C) = 1. Consequently, using (3.30), the only
non-trivial information contained in the tube category TC is which of its objects are
zero objects (i.e. have an endomorphism space isomorphic to the zero vector space).

To answer this, we note that for any b, b’ € B we have

pels  — } ~ }ob’ = * (3.111)
4b b b b ,

where ~ denotes the equivalence relation defined in (3.22) and
bV

1
— : 3.112
Soif dyy-dy Q (3.112)

denotes the (normalised) S-matrix associated to B with dj := dim(b). In particular,
(Spry — 1) -idy ~ 0, (3.113)

which implies id, ~ 0 unless Sp;y = 1 for all ' € B. Thus, we see that the non-zero

objects in the tube category are precisely those that form the Miger centre
Z3(B) == {beB|Syy =1 forall ¥ € B} (3.114)

of B. Since Z5(B) is a finite semisimple category, the Yoneda embedding'! gives a

canonical equivalence [141]
Z9(B) = [Z2(B),Vect] = Rep(TC), (3.116)

which shows that the irreducible tube representations of C = ¥(B) are labelled by
simple objects in the Miiger centre of B. Using (3.51), this reproduces the known
characterisation of the loop space of Z(3(B)) [140]. Physically, this means that in
order for a topological line defect b € B to be able to end on a local operator, it has

to braid trivially with all other line defects.

9 Given a monoidal 1-category B, its delooping is the 2-category BB which has a single object
with endomorphism category given by Endgg(x) = B. One can show that if B is a braided fusion
1-category, then X8 := Kar(BB) is a fusion 2-category [66].

10 n fact, any connected fusion 2-category C is of the form C = X(B), where B = Endc(1) [66].
1 Given a linear category D, the Yoneda embedding is the functor #: D — [D, Vect] that maps

DeD ~ Homp(—,D). (3.115)

It is a well known corollary of the Yoneda Lemma that # is fully faithful. If D is finite semisimple,
then # is an equivalence [141].

133



134

THREE DIMENSIONS

3.3 2-Twisted Sectors

In this section, we discuss the action of the fusion 2-category symmetry C on 2-twisted
sectors, i.e. line operators attached to topological surface defects. We construct the
corresponding tube 2-category and describe how its irreducible 2-representations can
be classified using a higher-dimensional analogue of the sandwich construction. We

discuss anomalous 2-group symmetries as an example.

3.3.1 2-Vector Spaces

Given that local operators in a quantum field theory generically form a vector space
(or a Hilbert space via the operator-state map), it is natural to ask what type of
mathematical structure describes collections of extended line operators L. In general,

we expect the latter to form (at least) a category £, whose
e objects are distinct line operators L in the theory,

o morphisms between objects L and K are topological local operators K L
————

v that can sit at the junction between the corresponding line Figure 27

operators as illustrated in Figure 27.

The composition of morphisms in £ is given by the collision of topological junctions

inside correlation functions, i.e.
K oLuvM K M
<—<——<——<—> = <—<——<—> ) (3.117)

We assume that Hom,(L, K) (being a space of local operators) is a complex vector
space for all L and K such that the composition operation (3.117) is bilinear. This
turns L into a linear category. Furthermore, we will assume that £ is additive in the
sense that we can form direct sums of line operators L and K, which corresponds to

adding their respective correlation functions:

o) - () () o

Lastly, for the purposes of this thesis, we will also assume that £ is finite semisimple.
Concretely, this means that we can decompose any line operator in £ into a direct sum
of finitely many simple lines L;, which are such that Homg(L;, L;) = 6;; C. In analogy
to the case of local operators, we will call such £ a (finite-dimensional) 2-vector space,
which leads to the following definition [142]:

Definition: The 2-category 2Vect of 2-vector spaces comprises finite semisimple linear

1-categories, additive linear functors and natural transformations between them.
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We can obtain a more concrete description of the 2-category 2Vect by noting that,
up to equivalence, every £ € 2Vect is completely determined by its number n € N of
simple objects L; (and is hence equivalent to Vect®). Any additive linear functor

F : L — L' between 2-vector spaces may then written as
n/
F(L;) = @ VoL (3.119)
i=1

for some collection of vector spaces V;; € Vect, which can be identified with the
morphism spaces V;; = Homg (L}, F(L;)). Similarly, we can describe any natural
transformation n : F' = F between two additive linear functors F,F : £ — L/ by a

collection of linear maps ¢;; : Vi; — YN/ij that determine the component morphisms

n/
nL, = @ e ©L; . (3.120)
i=1

As a result, we can think of the 2-category of finite-dimensional 2-vector spaces as
capturing ‘matrices of vector spaces’, which leads to the following model of 2Vect due
to Kapranov and Voevodsky [143, 144]:

Proposition: The 2-category 2Vect of finite-dimensional 2-vector spaces can be
modelled by the 2-category Mat(Vect) whose

e objects are non-negative integers n € N,

o l-morphisms between objects m and n are given by (n X m)-matrices V with
vector space entries V;; € Vect, with composition given by matrix multiplication

using tensor products and direct sums of vector spaces,

o 2-morphisms between 1-morphisms V' and W are given by (n x m)-matrices ¢
whose entries are linear maps ¢;; : V;; — W;; between the vector space entries
of V and W. The vertical composition of 2-morphisms f and g is given by
entry-wise composition of linear maps. Their horizontal composition is given by

matrix multiplication using tensor products and direct sums of linear maps.

The above shows that we can view 2Vect as a ‘coefficient system’ for arbitrary fusion

2-categories C in the sense that there exists a ‘multiplication 2-functor’
L: 2Vect XKC — C (3.121)

that acts on objects and 1-morphisms via

nKA — A"

Hi;Vij 0~ (3'122)
——

(m%n)® (A5 B) — (4% B™).
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Given a category L of line operators, we often assume the latter to be compatible with
reflection positivity in the sense that for each topological junction v € Hom, (L, K)
there exists an adjoint vI € Homy (K, L) that captures the reflection of v associated

to complex conjugating correlation functions, i.e.
KoL\ L K
<—<——<—> = <—<——<—> _ (3.123)

Using the operator-state map, we can further endow the vector spaces Homg (L, K)
with an inner product structure (.|.), which we assume to be compatible with adjoints
in an appropriate sense. This leads to the notion of a 2-Hilbert space [145, 146] (for a

more recent discussion of higher Hilbert spaces we refer the reader to [147]):

Definition: A 2-Hilbert space is an abelian {-category L enriched over Hilb such that

for all morphisms u, v, w in £ we have
(uov|w) = (w|u ow) = (u|wouv’ (3.124)

whenever both sides of the equation are defined. We denote by 2Hilb the 2-category
of all 2-Hilbert spaces, additive linear j-functors and natural transformations between
them. This is itself a f-category upon defining the adjoint of a natural transformation
n: F = F between f-functors F, F : £ — £ via (nT) := (np)! for all L € L.

The above definition implies that every 2-Hilbert space is in fact semisimple [145],
so that we can decompose any L € L into a finite direct sum of simple lines L;
with Homg(L;, Lj) = 6;; Cy,, where Cy with A > 0 denotes C as a x-algebra with
inner product given by (a,b) = A-a*-b. In particular, if we restrict attention to
finite-dimensional 2-Hilbert spaces, we see that any such £ can be characterised by its
number n € N of simple objects together with a vector X € RZ,, whose entries we refer
to as the Fuler terms associated to L. Since the latter only ever appear as overall
multiplicative factors (and in particular do not interact with symmetry defects), we
will henceforth omit them from our discussion entirely. This then allows us to model
)

the 2-category of finite-dimensional 2-Hilbert spaces by ‘matrices of Hilbert spaces
that form the 2-category Mat(Hilb).

3.3.2 Tube 2-Category

The tube 2-category associated to a fusion 2-category C captures the possible linking
configurations of twisted sector line operators in three dimensions with symmetry
defects in C. Concretely, following [2], we define the tube 2-category 2-TC associated

to C to be the additive linear 2-category whose
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e objects are given by objects X € C, i.e.

E (3.125)
X

)

e morphisms between objects X,Y € C are given by objects of the 1-category

HH Home(A® X,Y ® A) (3.126)
AecC

(where the sum runs over all objects A € C) of intersection interfaces

(3.127)

e 2-morphisms between 1-morphisms ¢ : AQX - Y®@®Aand¢y: BX - Y®B

form the quotient vector space

2Homs re(,%) = @ 2Home(yo g, 4 07) / ~ (3.128)
v:A—B

(where the sum runs over all v € Hom¢ (A, B)) of intersection 2-morphisms

T2, 4
S (3.129)

(3.130)

Physically, the equivalence relation (3.130) means that we should think of the symmetry
defects A and B as being placed on a cylinder, on which the 1-morphism ~ is wrapped
around the compact S'-direction. Mathematically, it renders the 2-morphism spaces
in (3.128) finite-dimensional. Concretely, let v : A — B be an arbitrary 1-morphism
in C and consider a decomposition v = P, 0; of 7y into a finite number of simples o;

(possibly with multiplicities). Let us denote by

Li: o, =y and P:v = o (3.131)
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the associated inclusion and projection 2-morphisms obeying the completeness relation
> Ii o P; = id,. Upon inserting the latter into (3.129), we then obtain that

(3.132)

which shows that, as a vector space, the 2-morphism space (3.128) decomposes as
2Homo e (@, 1) = @ 2Home¢ (o o, poo) (3.133)
a

where o runs over a set of fixed representatives of isomorphism classes of simple objects
in Hom¢ (A, B). Since the latter is finite semisimple by assumption, we see that the
2-morphism space (3.133) is finite-dimensional as claimed. The (vertical) composition

of 2-morphisms is induced by

(3.134)

(3.135)

where we left the labelling of unit and conunit 2-morphisms implicit. This turns 2-TC

into a f-2-category in the sense of section 3.1.

We can obtain similar constraints on 1-morphisms in the tube 2-category by noting

that, given 1-morphisms v: A - Band n: B® X — Y ® A in C, the 2-morphisms

(3.136)
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(where we omitted any unit and counit 2-morphisms) obey

(3.137)

(3.138)

In particular, upon decomposing a generic object A € C into its simple components

A = H; S (possibly with multiplicities) and denoting by
1 - Sz — A and T : A — Sz (3139)

the associated inclusion and projection 1-morphisms obeying @, 2; o m; = id 4, we have

(3.140)
If we denote 1-morphisms of the form (3.127) in the tube 2-category by
YAX
<4%> S HOmg_Tc(X, Y) , (3.141)

A Si
then we can write (3.140) schematically as (L%)S =~ @, (.-F—=). The composition

of 1-morphisms (and horizontal composition of 2-morphisms) is given by

(3.142)

. . z4y vEx,  z X
which we denote schematically by (<1=) o (==) = <‘%>
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3.3.3 Tube 2-Representations

Given a three-dimensional quantum field theory with fusion 2-category symmetry C,
it was proposed in [2] that twisted sector line operators transform in 2-representations

of the tube 2-category associated to C, which are additive linear 2-functors
F: 2-TC — 2Vect (3.143)

from 2-TC into the 2-category of 2-vector spaces and which we call tube 2-representations

in what follows. Concretely, any such tube 2-representation F assigns

o to each object X € C a 2-vector space Lx := F(X), which describes the category

of line operators L that can sit at the end of the surface defect X, i.e.

L
(3.144)

L
A
e to each 1-morphism <£%X> € Homs 7¢(X,Y) a functor
A
]:<<£%X>) : Lx — Ly (3.145)

that describes how lines and junctions in £x get mapped to lines and junctions

in Ly upon being wrapped with the symmetry defect A, i.e.

Y
4 “ (3.146)

: vAx ,vBx :
o to each 2-morphism © € 2Homy 1¢ ((a%), <‘%>) a natural transformation

F(O): f(<£?§£>) = f(<«‘i€¥‘ﬁ>), (3.147)

whose components capture the topological junction operators that result from
shrinking the line defect 7 : A — B associated to © (cf. (3.129)) to a point, i.e.

(3.148)
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An intertwiner between tube 2-representations F and F’ is a 2-natural transformation

n: F = F' between the corresponding 2-functors. Concretely, any such 7 assigns

e to each object X € C an additive linear functor
nx s Lx — L, (3.149)

which, using (3.119), can be identified with a collection Hx of vector spaces
(Hx)i; that describe (possibly non-topological) local operators O sitting at the

junction between the simple lines L} of £y and L; of Ly, i.e.

X
(3.150)

L .
Y
L7 )
A
e to each 1-morphism <£%X> € Homs 1¢(X,Y) a natural transformation
A

(AKX : f’((%» onx = Ny o F(@%"%) (3.151)

that can be interpreted as follows: Using (3.119), we can identify the functor
A

F ((ﬁ%X» with a collection V' of vector spaces V;; that capture topological local

operators v sitting at the junction between simple lines K; in Ly and simple

lines L; in Lx wrapped by the symmetry defect A, i.e.

A ‘ (3.152)

K;
Using (3.120), we can then identify (3.151) with a collection of linear maps
D, Vie® Hx)ay — B, Hy)n ® Vi (3.153)

that describe how the local operators O are transformed upon being hit with

the topological junction operators v, i.e.
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We denote the 2-category of tube 2-representations and intertwiners between them by
2Rep(2-TC) := [2-TC,2Vect] . (3.155)

As in the case of local operators, we can classify the irreducible tube 2-representations

using an analogue of the sandwich construction, which yields an equivalence
2Rep(2-TC) = Z(C), (3.156)

where Z(C) denotes the Drinfeld centre of C as defined in section 3.2.2. Concretely,
given an object z € Z(C) consisting of data z = (U, 7y —, Ay,—,.) (cf. (3.44)), we can

construct an associated tube 2-representation F, as follows [2]:

o To an object X € C, the 2-functor F, assigns the 2-vector space (a.k.a. finite

semisimple linear category) Lx := Hom¢ (U, X) of line interfaces

X
(3.157)

U

A
e To a 1-morphism <.§%)ﬁ> € Homs e (X,Y), the 2-functor F, assigns the functor
from Lx to Ly that sends interfaces A, { € Home (U, X) and their junctions to

where we left the labelling of evaluation and coevaluation 1-morphisms implicit.

: vAx vBx :
e To a 2-morphism © € 2Homs 1¢ ((a%}, <4%>), the 2-functor F, assigns the
A B
natural transformation between F, ((ﬁlyﬁ)) and F, ((%_ILX)) whose components
are induced by the line defect v : A — B associated to © (cf. (3.129)) via

~~—
B()\

(3.159)




2-TWISTED SECTORS

We can again visualise the above construction pictorially by viewing a three-dimensional
theory 7 with generalised symmetry C as an interval compactification of the associated
four-dimensional Symmetry TF'T with topological and physical boundary conditions B¢
and B, respectively. The spectrum of twisted sector line operators L that transform
in a given tube 2-representation F, associated to some z € Z(C) may then be viewed
as the spectrum of line interfaces A between surface defects X € C on the left and the

bulk surface z stretched between the two boundaries of the Symmetry TFT:

N ———

(3.160)

= e —mm

T

Here, L( denotes a fixed (and generically non-topological) line operator that terminates
z on right boundary. The linking action of the tube 2-category on the operators L

can then be computed using (3.159).

As before, we can use the operator-state map to endow spaces of local operators with
an inner product structure, which we assume to be compatible with a given tube

2-representation F in the sense that the latter lifts to a 7-2-functor
F: 2.TC 15 2Hilb (3.161)

called a tube T-2-representation in what follows. We denote the category of all tube

T-2-representations and intertwiners between them by
2Rep'(2-TC) := [2-TC, 2Hilb]" . (3.162)
The sandwich construction then yields an equivalence [4]
2Rep' (2-TC) = Z1(C), (3.163)
where ZT(C) denotes the unitary Drinfeld center of C as before.

A Note on Condensations

When discussing the action of the fusion 2-category C on twisted sector local operators
in section 3.2, we observed that we could restrict ourselves to considering topological
surface defects up to condensations (cf. equation (3.30)), since the latter become
trivial when being placed on a 2-sphere. It is natural to ask to what extent this holds

true when considering the action of surface defects in C on line operators. To this end,
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let A € C be a surface defect and € a condensation monad on A, i.e. an endomorphism

e € End¢(A) together with multiplication and comultiplication 2-morphisms

. 1A 01 s
and such that E{ } el = 1€ (3.164)
£ - | A A .
< 1A

Given a tube 2-representation F : 2-TC — 2Vect, we then have that

E = f(<if%4>) (3.165)

is a condensation monad on the 2-vector space L4 := F(A) with associated multipli-
cation and comultiplication F(€) and F(A), respectively. Since the 2-category 2Vect
of 2-vector spaces is condensation complete, there exists a (unique up to equivalence)
condensation £4 = Lp, whose associated condensation monad is given by E [66]. In
particular, the 2-vector space Lp can be identified with the image of the surface defect
B that is obtained by condensing € on A (cf. equation (3.7)). Physically, this means
that the category of twisted sector lines that F associates to the condensation defect

B is determined by the image of the surface defect A and its condensation monads.

Similarly, we can try to understand the wrapping action of condensation defects using

the condensation monad e. Concretely, consider the 1-morphism

(3.166)

in the tube 2-category and assume that the intersection interface ¢ is an e-bimodule,

meaning that it is equipped with left and right action 2-morphisms

€

\\i t\‘ (3.167)

© oe,

that satisfy the compatibility conditions

i i \1\ i kt\ 10
( ¢ ’ © € p €

©

&)

3

O
N— 0
o —A\
o

©
©

AS)
Q)
)
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Physically, this means that ¢ descends to a well-defined intersection interface @ for
the condensation defect B obtained from A via (3.7). Moreover, (3.168) together with
(3.164) implies that the 2-endomorphism

(3.169)

A
of ]-"((ﬁ%X» : Lx — Ly is an idempotent, i.e. e = e. Since the morphism category
Hom(Lx, Ly) is idempotent complete in 2Vect, the idempotent e splits, meaning that
there exists a (unique up to isomorphism) D € Hom(Lx, Ly ) together with inclusion

and projection 2-morphisms

I:D = F(FY)  and P F(EEY) = D (3.170)

such that P oI =idp and I o P = e. In particular, we can identify D with the image
B

of the 1-morphism <£|#> under F. Physically, this means that the wrapping action

of the condensation defect B on twisted sector line operators is again determined by

the wrapping action of A and its condensation monads.

3.3.4 Example

As an example, let us consider the case C = 2Hilbg of a finite 2-group symmetry
G = A[l] 1o G with a pure 't Hooft anomaly for the O-form component G that is
specified by a (normalised) 4-cocycle m € Z4(G,U(1)) (cf. (3.66)). The associated

tube 2-category can be described as follows [2]:
o Its objects are given by group elements = € G.

e The 1-morphisms between x,y € G are non-zero if and only if y = 9z for some

g
g € GG, in which case they are given by (gi%% (where a € A) with composition

gh, 9h gh, gh

h, h
) o B = G (3.171)

Here, we denoted by 7(«) the transgression of the Postnikov class representative
a € Z3(G, A) of the 2-group, which is defined by

Oé(g, ha l‘) : a(gh:l:aga h)

Tz (a)(g, h) alg, "z, h)

(3.172)

As a consequence of the (twisted) cocycle condition obeyed by «, it satisfies

_ Ime(h, k)] (g, hk) " Pa(g, b, k)
(d7)z(a)(g,h, k) = o Gh ) (@ k) alg k) (3.173)
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e The vector space of 2-morphisms between two 1-morphisms is given by

g h B g
2Hom((i#>,§i%x>) = S0 Clee A|UDe/c = b/a] . (3.174)

The vertical composition of 2-morphisms is given by multiplication in A. The

horizontal composition of 2-morphisms
h, 9 h, 9
c € 2Hom (zi[”ﬁ> ,?i[bﬂ»
by By By

is given by ¢+ d = c¢-9d. The f-structure acts on 2-morphisms via the (antilinear

extension of the) group inversion ¢+ ¢~

(3.175)

e The 2-associator for the composition of 1-morphisms is given by
Tz(ﬂ-)(gv hv k) ’ Oé(g, hv k) :

(2o (Lpy] o (s = (zhe)o [(LpY) o (2]

(3.176)

k

where we defined  := *z and x := "y and denoted by 7() the transgression of

the 't Hooft anomaly 7 given by

7T(g7 h‘: ku x) : ﬂ-(g7hkx7 h? k)

T yhok) == .
7a(m)(g: . F) m(g, h, Kz, k) - w(9hkx, g, h, k)

(3.177)

As a consequence of the cocycle condition obeyed by , it satisfies

Ta(h, k1) - 7o (g, hk, 1) - T4 (g, o k)
dr)z(g, h, k1) = =1, 3.178
( T) (g ) Tw(ghakvl)Tm(gvh7kl) ( )

which, together with (3.173), ensures that the 2-associator in (3.176) satisfies

the analogue of the pentagon relation.

In order to classify the irreducible tube 2-representations of C = 2HilbZ, it is useful
to ‘skeletonise’ its associated tube 2-category by identifying isomorphic objects and

1-morphisms. Concretely, this can be done via the following two steps:
1. Given group elements z, g € GG, we note that the 1-morphisms

g,

9z 4z z 2 T
(== ) and <4%v(u)(gﬂg)”> (3.179)

admit invertible 2-morphisms

g~ g g, 9 1
L () o ) =

—1

_ 9. 9 9 g 9, Lg
9): FES o e &

(3.180)
a(g,9
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which establish an isomorphism x = 9 as objects in the tube 2-category. Since
two objects z and y are connected if and only if they are conjugates of one
another, this shows that the isomorphism classes of objects in the tube 2-category

are disconnected and labelled by conjugacy classes [z] € C1(G).

2. For a given conjugacy class with fixed representative z € G, its 1-endomorphisms
are given by <z=|iﬁ> Wherf g lies in tlr}lle centraliser G, C G of x. From (3.174), two
such endomorphisms (%) and (=) are connected (and in fact isomorphic) if
and only if g = h and b = a - d for some d that lies in the subgroup

A* = {%c/c|ce A} C A. (3.181)

The isomorphism classes of 1-endomorphisms of  can hence be labelled by pairs

([a],g) with [a] € A/A" and g € G, which compose according to

([al.g) o ([b].h) = ([a-7b-7s(a)(g, )], g-P) - (3.182)

We identify the above as the group law of the group extension of G, by A/A*

with extension 2-cocycle given by

[T(a)] € Z%(Gy, [A)AT)) . (3.183)

To summarise, the skeleton of the tube 2-category associated to C = 2Hilbg; decom-
poses into disconnected components labelled by conjugacy classes [z] € CI(G) with
representatives x € G, whose endomorphism categories are given by'? Hilb 7+ (™) [Ga]-

Here, G, denotes the finite 2-group whose
o O-form component is given by the group extension [A/A*] (., ()] G,
e 1-form component is A, acted upon by the O-form component via (¢19)¢q := 9q,

e Postnikov class representative is given by

a((lal, 9), (], h), ([c]. k) = (g, h,k) . (3.184)

12 Qiven any finite 2-group G = A[1] ¥ G and a 3-cocycle w € Z3(G,U(1)) on its O-form component,
we denote by Hilb“[G] the monoidal {-category whose
o objects are G-graded Hilbert spaces (i.e. direct sums of the one-dimensional Hilbert spaces Cg4
with G-grading (Cg4), = 4,1 C for g,h € G),
o morphism spaces are Hom(Cy, Cp,) = d4,, C[A] with composition given by multiplication in A

and t-structure given by (the antilinear extension of) a +— a™*,

o monoidal structure is given by Cq ® C,, = Cyp, on objects and a ® b = a - 7b on morphisms
a € End(Cy) and b € End(Cp,), with associator given by w(g, h, k) - a(g, h, k) € End(Cgpi).

Intuitively, we regard Hilb*[G] as a categorification of the notion of the twisted group algebra
CH[G] associated to a finite group G with 2-cocycle u € Z2(G,U(1)).
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Similarly, any tube 2-representation F will decompose into sub-2-representations
supported on conjugacy classes in G. Upon fixing a particular [z] € C1(G) together
with a representative z € G and denoting K := F(x) € 2Vect, the remaining data

associated to F then reduces to the data of a monoidal functor
R: Hilb™™[G,] — End(K), (3.185)
which we will call a 7,(7)-projective 2-representation of G, on the 2-vector space K in
what follows'?. Conversely, given a pair (z, R) consisting of
1. a representative z € G of a conjugacy class [z] € Cl(G),
2. an irreducible 7, (7)-projective 2-representation R of G,

we can construct an associated tube 2-representation F(, r) via induction: To this
end, we fix for each y € [z] in the conjugacy class of x a representative r, € G such
that ")y = z (with 7, := 1). Using these, we define

gy = Ty 9T, € Gq (3.186)

for g € G and y € [z]. If we denote by K the 2-vector space underlying R, then the
2-functor F, g : 2-TC — 2Vect (where C = 2Hilbg;) can be described as follows:

o To objects y € G, the 2-functor F{, g) assigns the twisted sectors

= Fly) e K ifye[z]
y = Fly) = . (3.187)
0 otherwise

9, 9
+ To a lI-morphism (%), the 2-functor F(, ) assigns

)
Fary (D) = R(["va-ry(a)(9)], 9y) , (3.188)
where we defined the multiplicative factor

7y(@)(r(9y), 9)

(@) (gs7) € A. (3.189)

Ky (a)(g)

o To a 2-morphism ¢ € Hom(fié‘% ) (gi%"%), the 2-functor F, g) assigns

Fla,r)(c) = R("@vec) . (3.190)

13 Given a finite 2-group G and a 3-cocycle w € Z*(G, U(1)) on its O-form component, an w-projective
2-representation of G on a 2-vector space £ € 2Vect is a monoidal functor R : Hilb*[G] — End(L).
We denote the 2-category of w-projective 2-representations of G by 2Rep®(G).
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e The compositor 2-isomorphism

Fom] e fzis -
Fom ((89) © Fum ((Z02) = Fom (LY o (2p2)

(3.191)

that controls the composition of 1-morphisms (where we set y := "z) is given by

Fam] ey (o) 3=

3.192
P=(m)(9,h) - R(ex(@) (9. 1) - B ([0 0.y )] 0) ([ O00emati] 1) o

where we defined the multiplicative factors

Tz(ﬂ') (g(hz)7 T(hz), h)
T2 (T) (P(anz), 95 1) - T2 (T) (G2 Pzs 72)

o.(m)(g,h) = e U(1), (3.193)

Oé(g(hz), T’(hz), h)
w(a)(g,h) = € A. 3.194
( )( ) O‘(T(th)agah) ) O‘(g(hz)ahzarz) ( )

As a consequence of the cocycle conditions obeyed by 7(7) and «, they satisfy

¢z(h k) - ¢-(g, hk) ng(ﬂ')(g(hkz), h(kz)v k;Z)

— , 3.195

929, F) < Gpum (9.1 () (g ) (3.195)

g<hz)(pz(ha k) : 902(97 hk) _ a(g(hkz)’ h(’“z)’ kz) (3 196)
0=(gh, k) - @z (g,h) "W a(g hk) ‘

which ensures that the compositor (3.192) obeys suitable tetrahedron relations.

All in all, we conclude that the 2-category of tube 2-representations of C = 2Hilbg

admits a direct sum decomposition [2]

2Rep(2-TC) = HJ 2Rep™™(G,) . (3.197)
[z] € Cl(@)

Using (3.156), this yields a description of the Drinfeld centre of C, which reproduces
the known classification of simple objects in terms of pairs (x, R) as above in cases
where the 1-form symmetry group A is trivial [112]. One can check that F, g is a
tube f-2-representation if and only if the projective 2-representation R is a monoidal
f-functor into the endomorphism category of a 2-Hilbert space K (in which case we
refer to R as a unitary 2-representation). We will discuss and classify the (irreducible)

unitary 2-representations of finite 2-groups in the following section.
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3.4 Unitary 2-Representations

We have seen in the previous section that the wrapping action of an (anomalous)
2-group symmetry G on twisted sector line operators is completely determined by the
(projective) 2-representation theory of G [1, 148]. In this section, we describe the latter
in more detail and provide a classification of the irreducible unitary 2-representations
and their intertwiners together with a physical interpretation of the associated data'®.
The discussion is based on [1, 3].

3.4.1 Background

Given a finite 2-group G = A[1] x4 G, we defined a projective 2-representation of G
with 3-cocycle w € Z3(G,U(1)) to be a monoidal functor

R: Hilb¥[G] — End(L) (3.198)

from the ‘twisted 2-group algebra’ Hilb“[G] into the endomorphism category of a fixed
2-vector space £ € 2Vect. When the projective 3-cocycle w is trivial, this is equivalent

to the data of a monoidal functor
R: G — End(L), (3.199)

where by abuse of notation we used G to denote the monoidal category whose
e objects are given by group elements g € G,

« morphism spaces are given by Homg(g, h) = 64, A with composition given by

group multiplication in A,

o monoidal structure is given by ¢ ® h = ¢g - h on objects and a ® b = a - 9b on mor-
phisms a € Endg(g) and b € Endg(h) with associator (g, h, k) € Endg(ghk).

Even more abstractly, we can view R as a 2-functor
R: BG — 2Vect (3.200)

from the delooping of G into the 2-category of 2-vector spaces such that R(x) = L
(where * denotes the single object of BG). The 2-category of 2-representations of G is
then defined to be the 2-category

2Rep(G) := [BG,2Vect] (3.201)

14 We note that the notion of unitary 2-representations of finite groups on 2-Hilbert spaces was
already studied extensively in e.g. [149, 150]. A classification of 2-representations of finite 2-groups
in the math literature can be found e.g. in [149, 151-153].
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of all such 2-functors, their 2-natural transformations and modifications. Similarly,

the 2-category of unitary 2-representations of G is the 2-category of {-2-functors
2Rep'(G) = [BG,2Hilb]" (3.202)

where the f-structure on BG acts as the inversion a — a~ ! of 1-form elements a € A

(which turns BG into a f-2-category). Clearly, there exists a forgetful 2-functor

2Rep'(G) — 2Rep(Q) . (3.203)

3.4.2 Classification

In order to classify the unitary 2-representations of a finite 2-group G = A[1] x,, G,
it is convenient to model the target 2-category 2Hilb by the 2-category Mat(Hilb) of
matrices of Hilbert spaces. The data associated to a -2-functor R : BG — Mat(Hilb)

can then be described as follows:

o To the single object * € BG, the 2-functor R associates a non-negative integer

n € N, which we call n the dimension of the 2-representation R in what follows.

o To the O-form elements g € G, the 2-functor R assigns invertible (nxn)-matrices

R(g) of Hilbert spaces, which up to equivalence need to be of the form

R(g)ij = i, - C (3.204)

for some permutation action o : G — S,, of G on the finite set [n] := {1,...,n}.

We will abbreviate the action of g € G on i € [n] by g>i := 0,4(i) in what follows.

o To 1-form elements a € Endg(g), the 2-functor R assigns (n xn)-matrices
R(a): R(g) = R(g) (3.205)

of unitary linear maps between the Hilbert space entries of R(g). As a consequence
of (3.204), these then have to be of the form

R(a)ij = 5i,gl>j . Xi(a) (3206)

for some multiplicative phases x;(a) € U(1) (viewed as a collection of characters
X € (AY)™ in the Pontryagin dual group A" := Hom(A, U(1)) of A), which need
to be compatible with the group action of G on A in the sense that

Xgwi(a) = xi(a?) (3.207)

forall g€ G,a € Aand i€ [n].
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o For each pair of O-form elements g, h € GG, there exists a unitary 2-isomorphism
Rypn: R(g)o R(h) = R(g-h), (3.208)

which needs to be compatible with the composition of three group elements

g,h,k € G in the sense that the diagram

E(g) o R(h) o R(k)

Rgﬁ*R(k)/ \Rg *th

R(g-h)o R(k) R(g)o R(h
(3.209)
Rg,%k\ /R
R(a(g, h, k)
R((g-h)k) LD )

commutes. Similarly to above, the 2-isomorphisms R, can then be identified

with invertible (n xn)-matrices of unitary linear maps that are of the form

(Rgn)ij = Oighej - ci(g,h) (3.210)

for some multiplicative phases ¢;(g,h) € U(1), which due to (3.209) obey

Cg—lbi(hv k) ) Ci(Q? hk)
Ci(.qh? k) : Ci(gv h)

= xi(alg, h,k)) . (3.211)

The collection of phases ¢;(g,h) € U(1) then defines a twisted group 2-cochain
c € C3(G,U(1)") that obeys dyc = (X, ), where the abelian group U(1)"

acted upon by G via the permutation action o.

To summarise, we can label the unitary 2-representation R of G = A[l] x4, G by
quadruples R = (n, 0, X, ¢) consisting of

1. a non-negative integer n € N, called the dimension of the 2-representation,

2. a permutation action o : G — S, of G on [n] := {1, ...,n},

3. a collection of n characters x € (AY)" satisfying xgvi(a) = x;(a?),

4. a twisted 2-cochain ¢ € C2(G, U(1)") satisfying dyc = (x, ).
This reproduces the known classification of (ordinary) 2-representations of G on
Kapranov-Voevodsky 2-vector spaces [151-153]. In particular, we see that every
(ordinary) 2-representation of G is equivalent to a unitary one. The dual of a unitary

2-representation R = (n,0,,c) is given by RV := (n, 0, x*, ¢*). The trivial 2-repre-
sentation 1 of G is given by 1 = (1,1,1,1,1).
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3.4.2.1 Irreducibles

A unitary 2-representation R = (n, 0, x, ¢) is irreducible if the associated permutation
action o : G — 5, is transitive. In this case, we can use the orbit-stabiliser theorem

to relate the G-orbit [n] = {1,...,n} to the stabiliser subgroup
H := Stab,(1) = {heG|o,(1)=1} C G (3.212)
of a fixed element 1 € [n]. The remaining data associated to R then gives rise to a

one-dimensional unitary 2-representation of H := A[1] x(4,) H as follows:

o Setting X := y; yields a character A\ € AV that is H-invariant in the sense that
A("a) = A(a) for all h € H and a € A.

e Setting u := c;|y yields a 2-cochain u € C?(H,U(1)) obeying du = (), a|g).

Conversely, given a subgroup H C G and a one-dimensional unitary 2-representation
(A, u) of H, we can construct an associated irreducible unitary 2-representation R of
G = A[l] x4 G via induction:

R = Ind§,(\u) . (3.213)
To this end, consider a set of fixed representatives r; € G of left H-cosets in G, i.e.
G/H = {mH,..rH}, (3.214)

so that 7 := 1 and n = |G : H|. Using this, we can construct the data (n,o,x,c)
associated to the 2-representation R as follows:
e By multiplying left H-cosets with group element g € G from the left, we obtain
a permutation action o : G — 5, via

g- TZ'H = ng(i)H. (3.215)

This allows us to define for each g € G and i € [n] a little group element

gi =1 g gy € H. (3.216)

(2

o Given the H-invariant character A\ € AV, we obtain a collection y € (AY)" of

characters x;(a) := A(a") that satisfy xgi(a) = xi(a9).

o Given the 2-cochain u € C?(H,U (1)) obeying du = (), a|y), we obtain a twisted
2-cochain ¢ € C2(G,U(1)") obeying d,c = {x, @) by setting

ci(g.h) = (N di(a)(g,h)) - w(gishg-153) (3.217)
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where we defined the multiplicative factor

a(ry ™ g.h) < algis hg—1oi T 10;)
¢i(a)(g,h) = ( DY T ey (3.218)
(gz, To=1pp h)

To summarise, we can label the irreducible unitary 2-representations R of G = A[1]x,G

by triples R = (H, A\, u) consisting of
1. a subgroup H C G,
2. a H-invariant character A € AV,
3. a 2-cochain u € C?(H,U(1)) satisfying du = (), a|g).

This reproduces the known classification of ordinary irreducible 2-representations of G
[151-153] (see also [5, 6, 57-59] for a physical interpretation of the latter as Wilson
surfaces in three-dimensional discrete gauge theories). The dual of R = (H, A\, u) is
given by RV = (H, \*,u*). The trivial 2-representation of G is 1 = (G, 1,1).

3.4.2.2 Intertwiners

An intertwiner between two given unitary 2-representations R = (n,o,x,c) and
R = (n';0’, X/, ) is a 2-natural transformation 7 : R = R’ between the corresponding

t-2-functors. The associated data can be described as follows:

o To the single object x € BG, n assigns a morphism 7, between R(x) = n and
R'(x) = n/, which is an (n’ xn)-matrix V of Hilbert spaces Vj;.

e To the 1-form elements g € G, i assigns unitary 2-morphisms
ng: R(g)oV = Vo R(g) (3.219)

which need to be compatible with the composition of two O-form elements g, h € G

in the sense that the diagram

R'(g)oV o R(h)
R'(g)»mnp, 1g * R(h)
R'(g)oR'(h)oV Vo R(g (3.220)
Rq BV JV * R

Ngh
commutes. Upon identifying 7, with an (n’xn)-matrix of unitary linear maps

(Mg)ij =1 ©(9) 0’ _)00), (3.221)

g9
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with v(g)ij : Vij = Vyu(i5), condition (3.220) becomes equivalent to

C;h > (97 h’)

(g h)ij 3.222
Cahj (g, h) (- 1)y ( )

©(Dhoy) © eh)iy =

where we denoted by g > (i,7) := (0y(i),04(j)) the product action ¢’ x o of G
on [n'] x [n]. Furthermore, in order for n to be compatible with the action of the

1-form symmetry group A, the diagram

R'(g)oV L Vo R(g)
R'(a)*V ﬂ ﬂ V % R(a) (3.223)

/ "lg
R(g)oV == VoR(g)

has to commute for all a € Endg(g), leading to the condition

Xgoi(@) - 2(9)i; = Xgvj(@) - ©(g)ij - (3.224)

In particular, setting g = 1 reveals that V;; = 0 unless x} = x; € AY.

To summarise, intertwiners 7 between two unitary 2-representations R = (n, o, X, ¢)

and R' = (n/,;0’, X', ') can be labelled by tuples n = (V, ) consisting of
1. an (n'xn)-matrix of Hilbert spaces V;; with V;; = 0 unless x} = x;,

2. a collection of unitary linear maps ¢(g)i; : Vij =V,

gn(i,j) such that

Clgh > (gv h)

Canoi(9:h) g - h)ij - (3.225)

©(Phs@j) © e(h)ij =

The identity intertwiner idgr : R = R of a unitary 2-representation R is specified by
the data id, = (1,,1d), where (1,,);; = d;; - C. The dual and adjoint of an intertwiner
n = (V,¢) : R = R’ can be described as follows:

o The dual of 1 is defined to be the intertwiner ¥ : (R')Y = RY that has associated
data n¥ = (VV,¢") with (VV);; = Vj; and

(©")(9)ij = ¢(9)ji - (3.226)

e The adjoint of n is defined to be the intertwiner 77 : R = R that has associated

data 7j = (TA/, @) with (V)i = (V};)¥ and

2(9)i; = (el9);:H", (3.227)

where T denotes the transpose of linear maps between vector spaces.
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Simples

In order to classify the simple intertwiners between two irreducible unitary 2-represen-

tations R = (n,0,x,c) and R' = (n’,0’, X/, ) of G, we express the latter as inductions
R = Ind§,(\u,p) and R = Ind§,(N,u,p) (3.228)

of the one-dimensional unitary 2-representations (A, u) and (X, u') of the sub-2-groups

H) = A[1] 1, HY) C G given by
H = Stab,(1), A= xilm, u = clg, (3.229)

and similarly for the '-ed variables. We then consider a fixed orbit of the product
G-action ¢’ x o on [n'] x [n] with fixed representative (ig,jo) € [n'] X [n]. As the
G-action o on [n] is transitive, we may without loss of generality assume that jo = 1.
Similarly, since ¢’ is transitive on [n/], we can fix € G such that x> 1 = ip'°. Then,

the stabiliser of the orbit representative (ig,1) € [n'] X [n] is given by

Stab,/x,(i9,1) = Stab,(1) N Stab, (i)

(3.230)
= Stab, (1) N *(Staby,/ (1)) = HN"H'.

Now let n = (V,¢) be an intertwiner between R and R’. Using the above, we can

reduce the data associated to n to the following:

» By defining W := V(;, 1), we obtain a finite-dimensional Hilbert space that

vanishes unless X/ , = X1. Since x1 = A and
Xio(a) = Xopi(a) = xi(a®) = N(a") = ("N)(a) (3.231)

for all a € A, this means that W = 0 unless A = *\.

o By defining for each h € H N*H’ the unitary linear map

! (z, hT
W(h) = CC;J((:”M)) oMoy T W W (3.232)

we obtain a unitary representation ¥ of H N*H’ on W with projective 2-cocycle

JJUI

— (Aml) € Z2HNHU®D), (3.233)

15 For fixed 4o, the group element x € G is unique up to multiplication by elements b’ € Stab, (1) = H’
from the right. Moreover, multiplying = by elements h € Stab,(1) = H from the left changes the
representative (ig,1) — (h > i0,1) of the fixed G-orbit in [n'] X [n]. The element z € G hence
defines a double coset [z] € H\G/H'.



UNITARY 2-REPRESENTATIONS

where we defined the multiplicative factor

a(h, x, k")

ko) o € A (3.234)

vz(@)(h, k) = -

Conversely, given z € G such that A = ) together with a unitary representation
Y of HN*H' on a Hilbert space W with projective 2-cocycle (3.233), we obtain an

intertwiner 77 = (V, ) between R and R’ via induction: To this end, let {ry,...,m,}

/

and {r,...,77,} be fixed representatives of left H and H' cosets in G, i.e.

G/H = {rH,..rH}, (3.235)

G/H = {riH,..,r,,H},

such that r =] = 1 and 7} = x. This allows us to define little group elements

-1
gi = 1. q-Ti-1p; € H
’ ! 7 (3.236)

!/

gi = () gorlgy € H

for each g € G and all i € [n/] and j € [n]. We then define the double index set

I, = {(i,j) € [n']x[n] | rj_lrg € HzH'} C [n'] x [n] (3.237)

and fix for each (i, j) € I, representatives t;; € H and t{; € H' such that

ritr = tiem ()7 (3.238)

with #;,1 =t} ; = 1. Using this, we can construct for each g € G little group elements
9i =ty 9gvi -t

(3.239)

= m[(tlgb(ij))_l 'glgm‘ : t;j] € HN®H',
where (i, j) € I;. The intertwiner n = (V, ¢) is then constructed as follows:

o We define an (n’ xn)-matrix V' with Hilbert space entries

W if (i,5) € I
Vij = el (3.240)
0  otherwise

e For (i,j) € I, and g € G, we construct a unitary map ¢(g)i; : Vij — Vgpij) by

. mu)(g) pigla)g) o
s = e O g @) v G0
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where we defined the multiplicative phases
-1
U(Qij>tij )
-1
u(tgb(ij)’ 9g>5)
_ ul(gg” (t{ij)_l)
u,((tlgp(ij))_17 glgbi)

vij(u)(g) =
(3.242)

as well as the multiplicative factors

g o <t9>1(w)’ gij,g) (gw’twl’ j 1)
pij(a)(g) = a(tg_;(ij)yggwﬂ“}l) € A,

3 ()L ) ) - ag @)L D) )}
e o((th )~ o (1)) <4

} _ a(. 93 (riti;) ")
wﬂc,z](a)<g) T a(x, (rlgbit/gb(ij))_17g) . Oé(gijvxv (rét;j)_l) -

(3.243)
The collection of linear maps (3.241) then obeys

Clgh >7 (ga h)

(g h)ii 3.244
Cghbj(g,h) 90( )] ( )

©(Dnog) © eh)iy =

where ¢ € C2(G,U(1)") and ¢ € C%/(G,U(1)") are as in (3.217).
To summarise, we can label the simple intertwiners between two irreducible unitary
2-representations R = (H, \,u) and R’ = (H', N, «’) by tuples n = (z,1) consisting of
1. a representative x € G of a double coset [x] € H\G/H' such that A = *),
2. an irreducible unitary representation ¢ of H N*H’ with projective 2-cocycle

J?u/

Y sl)) € ZAHNHLU(). (3.245)

The identity intertwiner idg : R = R of R = (H,\,u) is given by idg = (1,1p),
where 15 denotes the trivial representation of H. The dual and adjoint of a simple

intertwiner 7 = (x,%) : R = R’ can be described as follows:

e The dual of 7 is the intertwiner ¥ : (R)Y = R specified by 7V = (z71,¢"),
where 10" is the representation of H' N H* on W defined by

(k)
(N, i (@) (K))

with kg (a)(k) := By-1,(a)(k) € A and B(a) as in (3.253) below.

W")(k) = (3.246)
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« The adjoint of i is the intertwiner 7j : R’ = R specified by 7 = (271, 12), where
12 is the representation of H' N H* on WV defined by

D(k) = N ra(@)(R)) - [$(R) ] (3.247)

Here, T denotes the transpose of linear maps between vector spaces.

Composition

Given two intertwiners 77 : R = R’ and 0 : R' = R” between unitary 2-representations

R, R’ and R”, we can compose them to obtain an intertwiner n’ on : R = R’.

Concretely, if n and 7’ are specified by data n = (V, ) and ' = (V’,¢') as before,

their composition has associated data
(V,¢)o (Vi) = (V' @V, ¢ ), (3.248)

where defined the matrix of Hilbert spaces and collection of linear maps

:\

V'eV)y = Vie @ Vi (3.249)
k=1

(@ @9)9)i; = B @i ® (9 - (3.250)
k=1

Now suppose that R, R" and R” are all irreducible, so that we can label them by data
R = (H, \,u) and similarly for R’ and R”. We furthermore assume that 7 and n’ are

simple intertwiners, so that we can label them by n = (z,v) and 1’ = (2/, ') as before.

Then, their composition is the (not necessarily simple) intertwiner labelled by'°
(z,9) o (¢, ¢) =

/ wha' g1t * ( I) xh, )/
& (x'h"”"’lnngZH'gm’H" pEmGE h‘”D’

. /
(h] € Ho\ H' ) <'H" Bah,x

(3.251)

where Ind denotes the induction functor for (projective) representations of subgroups

and we made use of the 1-cochains

/ h
e () (k) Z(&’Z)) c UQ), (3.252)
L O‘(k’$7y) ) 04(55,9, ka:y)
Bey(a)(k) = TN €A. (3.253)

16 For better readability, we temporarily changed the order in which we denote the composition of
intertwiners, so that (x,%) o (z,%’) denotes the composition of n: R = R and ' : R’ = R".
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The above composition rule simplifies if we restrict attention to endotwiners of an
irreducible unitary 2-representation R = (H, A\,u) with H <G normal. In this case,
simple endotwiners n = (x,v) and ' = (2/,v’) are labelled by group elements
[x], [2'] € G/H together with irreducible unitary (projective) representations ¢ and

' of H, which compose according to

) = (g PO
(z,9) o (a,¢") = < , <A,Bm,$/(a)>>' (3.254)

Equivalences

Having established the notion of intertwiners for unitary 2-representations, we can
discuss equivalences between them. Concretely, R = (n,0, x,¢) and R’ = (n',0’, X/, )
are considered equivalent if there exist an invertible intertwiner 7 : R = R’ between
them. If the latter is specified by data nn = (V, ¢) as before, then invertibility of n can

be reduced to the following conditions:

o As V is an invertible (n’xn)-matrix of Hilbert spaces, we must have n = n/ with
V being of the form V;; = §; -(;) - C for some permutation 7 € S,,. Furthermore,

since V;; = 0 unless x; = x;, we must have x" = "x, where ("x); = xr—1(;)-

o As ¢ provides unitary isomorphisms ¢(g);; : Vij — Vaé (i),04(;) for each g € G, we

[
g =

are one-dimensional, the above linear maps need to be of the form

must have o/, = 700, 077! for all g € G. Furthermore, since the entries of V

©(9)ij = ir(5) “Vgpi(9) (3.255)

for some multiplicative phases ¥;(g) € U(1). Plugging this into the composition
rule (3.225) then yields the condition
Pg-15i(h) - Ji(9) ci(g, h)

(d9)i(g,h) = XD = ) (3.256)

which implies that [¢//7¢] =1 € H2/(G,U(1)").

In summary, two given unitary 2-representations R = (n, o, x,¢) and R’ = (n,;0’, x/, )
are equivalent if and only if they have the same dimension n = n/ and there exists a

permutation 7 € S, such that
o =To, X ="x, [d/Te]=1. (3.257)

Now suppose that both R and R’ are irreducible, so that we can label them by data
R = (H,\u) and R = (H',\N,u') as before. By repeating the same reasoning as
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above, one can show that R and R’ are equivalent if and only if there exists a group
element € G such that
H =°H , N =72\,

{zf; . <A,%(a))} ~1. (3.258)

3.4.2.3 Fxample

As a simple example, consider the finite 2-groups G = Z4[1] X4+ Zo, where the 0-form
component Zs =: (z) acts on the 1-form component Z, =: (a) via *a = a~! and the
+ indicates the choice of Postnikov class [a+] € H?(Za,Z4) = Zy given by
a_(z,x,x) = a.

ap(z,z,x) =1 or (3.259)

The irreducible 2-representations in each case are labelled by triples (H,u, \) as before

and can be described as follows:

e If G = G, there is no non-trivial choice of 2-cocycle u since H?(Zo,U(1)) = 1.

Up to equivalence, there are hence five irreducible 2-representations labelled by

(3.260)

where a denotes the character on the 1-form component defined by (a, a) = i.

o If G = G_, the condition du = (A, a_|g) admits no solution when H = Zy and

A =a2. As a result, the corresponding 2-representation 1_ no longer exists.

Pictorially, we represent the irreducible 2-representations of G+ together with their

categories of intertwiners by

Rep(Zg)  Rep(Zo)

o
Vect / / \:\2\"’(\(‘-’(

(3.261)
OIS
Vecty, Vect Vectz,

where the red colouring indicates the absence of the 2-representation 1_ and its

intertwiners in the case of G_.
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3.4.3 Applications

Having defined and classified unitary 2-representations of finite 2-groups, we can
give the associated data a physical interpretation as follows: Consider a quantum
field theory with finite 2-group symmetry G = A[1] x,, G (i.e. the theory contains
topological surface and line defects labelled by O-form and 1-form group elements
g € G and a € A, respectively, cf. equation (3.77)). As before, the O-form defects

g € G can act on line operators L in the theory via wrapping, i.e.

9

<EL> - <—<—9L>. (3.262)

Upon fixing a finite set of line operators L; (where i = 1,...,n) that is closed under
the wrapping action of G, we can write 9L; = L, (; for some permutation action
o:G — S,. If we furthermore assume the line operators L; to be simple (meaning
that the only topological local operators they host are scalar multiples of the identity),

there exist one-dimensional spaces of topological local operators

Lyp; ——te]— L, (3.263)

at the intersection of a simple line operator L; with a symmetry defect g € G. The

composition of the junction vectors v;(g) is then of the form

vhei(g) © vi(h) = cgnoi(g; h) - vi(gh) (3.264)

for some multiplicative phases ¢;(g,h) € U(1), which capture the fusion of 0-form

defects g, h € G that intersect the line operators L; inside correlation functions:

g h g-h
<*|—3L3*Li> = Cghl>i(g’h)'<"l_E|+Li> (3.265)

As a result, we can view the collection of the phases ¢;(g, h) as an 't Hooft anomaly
for the 0-form symmetry G on the line operators L; [1, 148]. In addition, we can link

any line operator L; with a 1-form defect a € A to produce a phase
a

(1) = wiw(—n) (3.266)

All in all, we see that the data associated to the action of the 2-group symmetry

G on (simple) line operators forms a quadruple (n,o,x,c) that labels a unitary 2-
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representation R of G. This shows that, in analogy to the fact that local operators
transform in unitary representations of symmetry groups, line operators transform
in unitary 2-representations of symmetry 2-groups [1, 3, 148]. In the case where the
permutation action o is transitive, we can restrict attention to O-form defects that lie
in the stabiliser subgroup H of a fixed line operator L1, which reproduces the data
of an irreducible 2-unitary 2-representation. Physically, H then corresponds to the

‘unbroken’ subgroup of GG on the line operator L.

In addition to the above, one may also consider non-genuine local operators O that

sit at the end of the line operators L;, i.e.'”

Li, O (3.267)
Using the operator-state map, the space of all such operators O then forms a Hilbert
space V;. Since any 1-form defect a € A can be unlinked from L; if the latter ends
on a local operator O, we see that V; can be non-zero if and only if x;(a) = 1 for all
a € A. In this case, intersecting the line operator L; with a symmetry defect g € G

induces a linear map ¢;(g) : V; = Vi via

g
- g
<L'_.H_HL, O> = <—<—-L - O> (3.268)
g1 1 g )

which as a consequence of (3.265) needs to obey the composition rule

enpi(g) © wi(h) = cgnpilg, h) - @ilg-h) . (3.269)

Mathematically, we see that the collection of Hilbert spaces V; and linear maps ;
forms the data of an intertwiner n = (V, ¢) between the trivial 2-representation 1 and
R = (n,0,x,¢,s). Upon restricting to the case where the latter is irreducible, this
then implies that local operators at the end of a fixed line operator Lq transform in

unitary projective representations of the associated unbroken subgroup H.

3.4.3.1 Example: Outer Automorphisms

Consider a pure gauge theory with simply connected gauge group G. This theory has

tlS

a split'® 2-group symmetry given by the outer automorphism 2-group

G = Z(G)[1] x Out(G) . (3.270)

17 More generally, one could consider local junction operators that sit inbetween two non-trivial line
operators. We will restrict attention to the above case for simplicity.
18 We say that a 2-group G is split if its associated Postnikov class is trivial.
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Concretely, this is the 2-group whose

o 0-form component is the group Out(G) = Aut(G)/Inn(G) of outer automorphisms
of G, which consists of automorphisms f : G — G modulo precomposition with

inner isomorphisms of the form 9(.) : G — G for some g € G,

o 1-form component is the centre Z(G) of G, i.e. consists of group element z € G

that commute with all other elements of G,
« action of the 0- on the 1-form component is given by [f] >z = f(z).

A natural class of line operators in the theory is given by Wilson lines W), labelled
by irreducible representations p of the gauge group G. In particular, they carry an

action of the outer automorphism 2-group G that can be described as follows:

o The wrapping action of 0-form defects [f] € Out(G) is given by
[f] > WP = pof~—1, (3271)
where p o f~! is the irreducible representation of G obtained by precomposing p

with the inverse of a representative f of [f].

o The linking action of 1-form defects z € Z(G) is given by
2> W, = xp(2)-W,, (3.272)
where x,(.) = Tr[p(.)]/dim(p) denotes the (normalised) character associated to
the irreducible representation p.

Below we list a selection of simple examples:

o If G=SU(N) with N > 2, we have Out(G) = Zs =: (s) and Z(G) = Zn =: (z).
If we denote by A*(N) the k-th antisymmetric power of the fundamental represen-

tation, then the wrapping action of s on the corresponding Wilson lines is
S DWAk(N) = WAN—k(N) . (3273)

The associated central characters are given by

2nik

Xy (2) = e v (3.274)

o For G = Spin(2N) with N > 4, we have Out(G) = Zg =: (s), which exchanges
the spinor and conjugate spinor representations S* of Spin(2/N). The associated

central characters depend on whether N is even or odd:
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o If N is even, we have Z(G) = Za x Zs =: (21, 22) and the central characters

associated to the two spinor representations are

z1) =1 —(z1) = -1
Xs+(21) g XS (21) . (3.275)

Xs+(22) = —1 Xs-(22) =1
o If N is odd, we have Z(G) = Z4 =: (z) and the central characters associated
to the two spinor representations are
Xs+(2) =i and  xg-(2) = —i. (3.276)
o If G = Spin(8), the group of outer automorphisms enhances to

Out(G) = S3 = Zs xZy =: (r,s), (3.277)

which permutes the two spinor and the vector representation as follows:

v»—< (3.278)

The associated central characters of Z(G) = Zy X Zy =: (21, 29) are given by

z = 1 —\Z = —1 zZ = —1
Xs+(21) ’ Xs-(21) nd xv(z1) (3.279)

Xs+(22) = —1 Xs-(z2) =1 xv(z2) = —1

3.4.3.2 U(1) Gauge Theory

Consider a G = U(1) gauge theory with two complex scalars ¢; and ¢y of charge
q = 2. If we neglect magnetic and charge conjugation symmetries, this theory has a

split 2-group symmetry that can be described as follows [120]:

o Its 0-form component is the continuous flavour symmetry SO(3) = SU(2)/Zz that
rotates ¢1 and ¢o, where the Zo quotient mods out the diagonal transformation

¢; — —¢; that can be reabsorbed by a gauge transformation.

o Its 1-form component is the Zg subgroup of the center Z(G) = U(1) capturing

the Gukov-Witten defects that are unbroken in the presence of the scalars ¢;.

o Its Postnikov class is given by Bock(ws) € H3(SO(3),Zs), where we denoted by
wo € H%(SO(3),Z3) the extension class associated to

1 = Zy < SU2) - SO(3) — 1 (3.280)
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and Bock : H*(—,Zo) — H*T!(—,Zs) is the Bockstein map associated to

1 — Zy < Zy — Zy — 1. (3.281)

Since this 2-group is partly continuous, it falls out of the realm of our current framework.
However, one may restrict attention to finite subgroups such as Dy 48 0(3), whose

associated Postnikov class
a = 1" (Bock(wz)) = Bock(s*(w2)) (3.282)

corresponds to the non-trivial generator of H3(Dy, Zs) = Zs. Since wrapping a Wilson
line W,, (n € Z) with a O-form defect in Dy leaves the former invariant, we see that

the action of the 2-group G = Za[1] x4 D4 on W, is specified by the following data:

o A character y, = x" € ZY, where x denotes the generator of Zy. This captures
the linking action of the topological Gukov-Witten defects generating the Zo
1-form symmetry, which is trivial for even n since the associated Wilson line W,

can end on the charged matter fields ¢;.

e A 2-cochain ¢, € C?(D4,U(1)) such that dc, = (xn,a). This captures the
consecutive intersection of the Wilson line W,, with two 0-form defects in Dy. In
particular, non-closedness of ¢, for n odd reflects the fact that the associated
Wilson line cannot end on any local operators and necessarily carries an 't Hooft

anomaly for the O-form symmetry Dj.



DISCUSSION

In this thesis, we developed systematic tools to describe the action of generalised global
symmetries on local and extended operators in a quantum field theory. We generalised
the construction of the tube category from two to three spacetime dimensions and
provided concrete examples of both invertible and non-invertible symmetries. Below,

we list a selection of open questions and possible future research directions.

4.1 Open Questions

While the construction of higher tube categories presented in this thesis marks a first
step towards fully capturing the action of generalised global symmetries on physical
observables, it leaves open several related questions of both physical and mathematical

nature. We mention the following three examples:

e Tensor Products: When considering the action of the tube category on twisted
sector operators, we placed the latter on a single isolated spacetime locus (e.g.
a point for local operators or a curve for line operators). In general, however,
correlation functions will include several operator insertions placed at distinct
spacetime loci. In analogy to the group-like case, we then expect the collection
of these insertions to transform in an appropriate notion of “tensor product
representations” of the tube category. While the latter can be defined explicitly in
two dimensions using the so-called Day convolution product [154] (see also [155]),
it would be desirable to generalise the construction to higher dimensions and
to study the associated implications on both collections of (extended) operators

and the structure of the tube category itself.

« Extended Unitarity: Throughout this thesis, we realised the principle of
unitarity for generalised global symmetries by assuming that the associated
symmetry categories are equipped with an appropriate f-structure, which imple-
ments spacetime reflections on the top-level of morphisms. In general, however,
it was pointed out in [156] that an (oo, n)-category with all adjoints admits a
whole variety of possible higher f-structures that are parameterised by different
choices of subgroup & C Aut(AdjCat ., ,)) = PL(n). In [3], we considered the

case n = 2 and & = (Zy)? for finite 2-group symmetries, while the f-structures
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considered in this thesis correspond to choosing & = Zs. It would be desirable
to investigate the physical meaning of more general types of f-structures and to

study the associated induced structures on the tube category.

Physical Applications: Given the abstract construction of higher tube cat-
egories and their representations, it would be desirable to apply the tools and
techniques developed in this thesis to derive new dynamical implications of
generalised symmetries in concrete physical examples. For instance, recent ad-
vances include the development of a categorical Landau paradigm that classifies
gapped phases of matter via their generalised symmetries [157-160] as well as
the construction of quantum lattice models that realise a given (higher) fusion

category as their symmetry [161-163].

4.2 Outlook

Throughout this thesis, we considered generalised global symmetries in spacetime
dimension d < 3 that were of finite bosonic type. In general, however, quantum field
theories in any number of dimensions will typically exhibit symmetries that are both
bosonic and fermionic as well as discrete and continuous. It is hence natural to try
to extend the categorical description of generalised symmetries in three orthogonal

directions as illustrated below:

Dimension
d—4 1
d=3 + =
&
d=2 + BRI
NS
bosonic —+—+——> "Topology

fermionic
Statistics

While finite fermionic symmetries are believed to be captured by (higher) superfusion
categories (see e.g. [164—166]), a rigorous mathematical treatment of continuous non-
invertible symmetries seems more elusive. We expect that addressing these challenges
will lead to novel insights and further progress in our physical and mathematical

understanding of generalised symmetries.
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