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Generalized Symmetries in the Strong Coupling Limit
Samson YL Chan

Abstract

This thesis examines applications of generalized symmetries to strongly coupled
Yang-Mills theories in four dimensions. We begin by providing a brief overview
of recent developments in generalized symmetries, namely higher-form sym-
metries, non-invertible symmetries, higher-group symmetries, and generalized
't Hooft anomalies. We then proceed to study several examples of their ap-
plications in understanding the infrared (IR) behaviour of Yang-Mills theories
as they become strongly coupled. Firstly, we study a family of 2-index chiral
gauge theories, which exhibit generalized anomalies arising from the presence
of fractionally charged backgrounds, known as 't Hooft fluxes (or twists). We
leverage the 't Hooft anomalies to constrain their IR phases. In some cases,
the generalized anomalies allow us to eliminate the possibility of composite
fermions, which was not previously possible with ordinary t Hooft anomalies.
After studying higher-form symmetries, we then proceed to analyze the non-
invertible symmetry in Yang-Mills theories arising from 't Hooft twists, and we
provide an explicit method to construct such symmetries in the Hamiltonian
formalism. Finally, we turn to axion physics and argue that a three-form gauge
theory is a good effective field theory description for axion-Yang-Mills in the
IR, incorporating both higher-form symmetries and higher-group symmetries.

Supervisors: Mohamed Anber
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CHAPTER ].

Introduction

Since the advent of quantum field theory, our best explanations of particle inter-
actions can be formulated using gauge theories. Yet many questions still remain
unanswered, especially in the case of Yang-Mills theory, where the gauge group
is non-abelian. One of the biggest mysteries is confinement - despite observing
quarks combining to form hadrons, we are still missing an analytic explanation of
how quantum chromodynamics (QCD) predicts confinement.

One reason why studying Yang-Mills theory is so difficult is the lack of analytic
methods to study the theory at relevant energies. Famously, the Yang-Mills action
is given by:
1 14
Sywla] = 53 / da tr fe, fo (1.1)

where g is the Yang-Mills coupling constant, and fg, = duay, — dyaj, + ilay,a,]
is the non-abelian field strength, given in terms of the gauge field aj;. The path
integral in Lorentzian signature is given by

7 = / Dag,e"Sv o] (1.2)

If the coupling ¢ is small, the path integral is well-approximated by the stationary
phase approximation, given by the minimum of the action. In this case we can study
fluctuations about the classical equations of motion, which gives us a good foothold
to understand the physics. These are perturbative approaches to understanding
gauge theories. But when the coupling is large, also known as strong coupling, the
weight of field configurations away from the minimum become significant. In this
regime we can no longer use perturbative methods to understand the physics - we
must find other methods to understand the physical behaviour of these systems.

One might hope that the coupling constant of Yang-Mills theory is a small constant,
and we are able to extract many physical predictions by studying the perturbative
aspects of quantum field theory. Unfortunately, developments in the twentieth
century on the renormalization group flow of quantum field theories tells us that
life is not so simple. The value of the coupling constant depends on the energy




1.1. Outline of Thesis

scale we are considering. In particular, the Yang-Mills coupling is governed by the

beta function:
dg

Hau

where p is the energy scale and [y is a negative constant depending on group

= fog’, (1.3)

theoretic factors of the gauge group. From this equation we can deduce that the
theory is asymptotically free - the coupling is large at low energies and small at
high energies.

The upshot is that we can no longer apply perturbative techniques to understand
non-abelian gauge theories at longer length scales. We must therefore turn to other
methods to try and probe for infra-red (IR) phenomena. One handle we have on the
low energy behaviour of gauge theories is the theory’s global symmetries and their
anomalies. The presence of symmetry in quantum field theory can therefore give
us new insight into the IR behaviour of theories. New symmetries could perhaps
lead to new insights. In the past decade, there has been rapid developments in
the study of symmetries in quantum field theory, falling under the umbrella of
generalized symmetries [4]. This has led to new insights to the IR behaviour of
non-abelian gauge theories. This thesis will focus on applications of generalized
symmetries to study strongly coupled gauge theories.

1.1 Outline of Thesis

Chapter two will be an introduction to generalized symmetries. We begin by in-
troducing anomalies and deriving the ABJ anomaly via the Fujikawa method. We
also discuss 't Hooft anomaly matching. We then turn to higher-form symmet-
ries and discuss how to explicitly construct 1-form symmetry backgrounds on the
four-torus. We will also introduce non-invertible symmetries and higher-group
symmetries, providing examples that will be relevant for the later chapters.

Chapter three, four and five are based on my publications [1], [2], and [3] respect-
ively. The thesis will be arranged as follows:

In chapter three, we will investigate a family of 4-dimensional SU(N) chiral gauge
theories and investigate their faithful global symmetries and dynamics. Despite
their prevalence, chiral gauge theories are still poorly understood, partly due to
our inability to simulate them on the lattice thanks to the Nielsen-Ninomiya the-
orem [5, 6]. We will study a finite set of theories with fermions in the 2-index
symmetric and anti-symmetric representations, with no fundamentals, and they do
not admit a large-N limit. We employ a combination of perturbative and nonper-
turbative methods, enabling us to constrain their infrared (IR) phases. Specifically,
we leverage the 't Hooft anomalies associated with continuous and discrete groups
to eliminate a few scenarios. In some cases, the 1-form anomalies arising from turn-
ing on 't Hooft fluxes allow us to rule out the possibility of fermion composites. In




1.1. Outline of Thesis

other cases, the interplay between the continuous and discrete anomalies leads to
multiple higher-order condensates, which inevitably form to match the anomalies.
Further, we pinpoint the most probable symmetry-breaking patterns by search-
ing for condensates that match the full set of anomalies resulting in the smallest
number of IR degrees of freedom. Higher-loop S-function analysis suggests that a
few theories may flow to a conformal fixed point. We hope that by studying this
family of theories we can uncover general lessons to better understand quantum
field theories.

In chapter four, we will turn to non-invertible symmetries. Non-invertible symmet-
ries have cropped up in the past few years, and it is desirable to study their implic-
ations for non-abelian gauge theories. We devise a general method for obtaining
0-form noninvertible discrete chiral symmetries in 4-dimensional SU(N)/Z, and
SU(N) x U(1)/Z, gauge theories with matter in arbitrary representations, where
Zy, is a subgroup of the electric 1-form center symmetry. Our approach involves
placing the theory on a three-torus and utilizing the Hamiltonian formalism to con-
struct noninvertible operators by introducing twists compatible with the gauging of
Zy. These theories exhibit electric 1-form and magnetic 1-form global symmetries,
and their generators play a crucial role in constructing the corresponding Hilbert
space. The noninvertible operators are demonstrated to project onto specific Hil-
bert space sectors characterized by particular magnetic fluxes. Furthermore, when
subjected to twists by the electric 1-form global symmetry, these surviving sectors
reveal an anomaly between the noninvertible and the 1-form symmetries. We argue
that an anomaly implies that certain sectors, characterized by the eigenvalues of
the electric symmetry generators, exhibit multi-fold degeneracies. When we couple
these theories to axions, infrared axionic noninvertible operators inherit the ultra-
violet structure of the theory, including the projective nature of the operators and
their anomalies. We discuss various examples of vector and chiral gauge theories

that showcase the versatility of our approach.

The axion is a popular candidate for dark matter [7], and is also an appealing solu-
tion to the Strong CP problem. Simultaneously, with the introduction of higher-
form symmetries, we can also describe axion physics in terms of higher-form gauge
theories. In chapter five, we study the proposition that axion-Yang-Mills systems
are characterized by a 3-form gauge theory in the deep infrared regime. This
hypothesis is rigorously examined by initially developing a systematic framework
for analyzing 3-form gauge theory coupled to an axion, specifically focusing on
its global properties. The theory consists of a BF term deformed by marginal
and irrelevant operators and describes a network of vacua separated by domain
walls converging at the junction of an axion string. It encompasses 0- and 3-form
spontaneously broken global symmetries. Utilizing this framework, in conjunction
with effective field theory techniques and ’t Hooft anomaly-matching conditions,
we argue that the 3-form gauge theory faithfully captures the infrared physics of
the axion-Yang-Mills system. The ultraviolet theory is an SU(N) Yang-Mills the-
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ory endowed with a massless Dirac fermion coupled to a complex scalar and is
characterized by chiral and genuine Zg) 1-form center symmetries, with a mixed
anomaly between them. It features two scales: the vev of the complex scalar, v, and
the strong-coupling scale, A, with A < v. Below v, the fermion decouples and a
U (1)(2) 2-form winding symmetry emerge, while the 1-form symmetry is enhanced
to ZS\}). As we flow below A, matching the mixed anomaly necessitates introdu-
cing a dynamical 3-form gauge field of U(1)®), which appears as the incarnation
of a long-range tail of the color field. The infrared theory possesses spontaneously
broken chiral and emergent 3-form global symmetries. It passes several checks,
among which: it displays the expected restructuring in the hadronic sector upon
transition between the vacua, and it is consistent under the gauging of the genuine
Z%) C Zg\l,) symmetry.

1.2 Notation

A brief word on the notation used throughout this thesis: When discussing differ-
ential forms, the subscript denotes the degree. For example, j; denotes that j is a
1-form. A gauge field is written in lower case letters, e.g. a1, is a dynamical gauge
field. A gauge field written in capital letters, e.g. Bs, is a background gauge field.
We will also use ~ above groups and operators to denote non-invertible symmetries,
for example U denotes an invertible symmetry, and U represents a non-invertible
symmetry.




CHAPTER 2

Introduction to anomalies and
generalized symmetries

In rudimentary quantum field theory in 341 spacetime dimensions, we learn that
global continuous abelian symmetries in quantum field theory come with a Noether
current j; and Noether charge @ = [ da* j°. For a local field v transforming under
this symmetry ¢ + oA, where « is an infinitesimal parameter, the transformation
is generated by the charge:

Arp = i[Q, ). (2.1)
The Noether current satisfies the Ward identity:

Oug* (@)(y) = 6%z — y) A (x), (2.2)

where the above expression is understood to hold inside correlation functions |6,
8].

We can reframe a continuous, global symmetry in terms of topological operators.
Consider the operator (using differential form notation) defined on the closed 3-
dimensional sub-manifold M3 [4, 9, 10]:

Un(Ms) = ¢ Jaa ™31 (2.3)

The operator is labelled by the transformation parameter «. For example, if we
have a U(1) symmetry, we have o € [0,27). This operator is topological - under
deformations of the manifold M3 — Mj:
. i o [ dej
V(M) UI (M) = & Prtama 9 o Sa 290 (2.4)
where M) = M3z — M4 and we obtain the last equality via the Ward identity. If

we have a local operator ¢(z) charged under the symmetry with charge ¢, when
deforming U, (M3) past the point x we obtain a phase:

Ua(M3)d(z) = €'1¢(2)Ua(Ms). (2.5)

5



2.1. Higher-Form Symmetries

For grouplike symmetries, the operators also obey a fusion rule when we deform
the support of one symmetry operator onto another. For example, for an abelian
symmetry the topological operators obey:

o Ua(Ms)Us(ME) = Uni s (Ms). (2.6)

Before moving to generalized symmetries, we note that we can describe symn-
metries in terms of topological operators without needing to refer to a conserved
current. One advantage of describing symmetries this way is that they allow us to
describe discrete symmetries, which do not have a conserved current, on an equal
footing as continuous symmetries.

There are several ways to generalize this construction. We could change the di-
mensions of the topological operators, letting them act on operators of higher
dimensions. These are known as higher form symmetries. We could also modify
the fusion rules satisfied by the operators. Instead of a group like structure, where
every transformation has a corresponding inverse, we could consider operators that
do not have inverses - these are labelled as noninvertible symmetries. There could
also be non-trivial interactions between symmetries of different dimensions - the
structure of the symmetry generalizes to a higher group. In the rest of this chapter
we will introduce these new symmetries and highlight possible implications they
have for IR physics.

Much has been said about generalized symmetries; see |4, 9, [10, |11}, {12} [13] for
reviews on the topic. We will not attempt to cover as much as possible - instead we
will focus on the aspects that will allow us to understand the subsequent chapters.

2.1 Higher-Form Symmetries

A higher-form symmetry is a symmetry acting on higher-dimensional operators.
A symmetry acting on a p-form operator in d + 1 spacetime dimensions can be
described by topological operators defined on submanifolds of co-dimension d — p.
For example, symmetry operators in 3+1 dimensions acting on O-form, or local,
operators has co-dimension three, as described previously.

We could also consider symmetries acting on line operators, which are topological
operators with co-dimension p+1 - under a topological deformation My_, — M&,p

UP (Map) = UP (M), (27)
Here we use the superscript (p) to denote that U®)(My_,) is p-form symmetry
operator. For simplicity all symmetries discussed in this section are assumed to
be invertible - for every symmetry operator U®) (Mg—p) there is a corresponding
operator U~1(P)(M,_,) such that

li UP(My_ UM, ) =1, 2.8
M,d_plglMH (Ma—p) (Ma—p) (2.8)
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where 1 denotes the identity operator.

In the presence of a p-form operator (’)(p)(Zp) charged under this symmetry, when
deforming Mg, past ¥, to ./\/l;l_p, the operator picks up a phase:

U0 (Map)OP(E,) = P OW) (£,)UP (My). (2.9)

For operators with dimension less than p, we can deform the symmetry past the
operator without any intersection. In general, p-form symmetries can only act
on operators of dimension greater than or equal to p [9]. We also observe that
two topological operators with co-dimension greater than one can be topologically
deformed past each other without crossing. The symmetry group for a higher-form
symmetry must therefore be abelian. They satisfy the fusion rule

: (p) _
i UP (M3)US" (M) = Uayp(Ms), (2.10)

where «, 8 are transformation parameters for an abelian symmetry.

Continuous higher-form symmetries are also equipped with conserved currents. A
continuous p-form symmetry has a p + 1-form current j,11, which satisfies the
conservation law

d* jpr1 =0. (2.11)

We can construct the corresponding symmetry operators in a similar manner to
0-form symmetries. We can integrate the hodge dual of the current over a co-
dimension p + 1 manifold:

U (My_,) = ¢ (2.12)

Let us consider some concrete examples of higher-form symmetries - the following
examples are all in 341 spacetime dimensions:

In pure Maxwell theory, the Lagrangian is

1
L:Maxwell = _@fQ A *f27 (213)

where fy is the 2-form U(1) field strength and e is the Maxwell coupling. The
equation of motion is

dx fa =0. (2.14)
The field strength also satisfies the Bianchi identity
dfs = 0. (2.15)

*fo and fo satisfy current conservation equations - we can interpret them as con-
served currents, with the corresponding symmetry operators

U (My) = ¢ Jaa ™2, (2.16)
UL, (M) = ¢ I, (2.17)
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where «, 5 € [0,27). These are U (1)9) electric and U (1)%) magnetic symmetries,

acting on Wilson lines and 't Hooft lines respectively. Given a Wilson line W, [C]
, which we can interpret as a probe particle of infinite mass with electric charge ¢,
the electric 1-form symmetry operator élci (M3) defined on a manifold My acts
on the Wilson line via:

ULQ(M2)W,[C] = etk MW, 01U (My), (2.18)

Ne' e,a

where Link(Mag, C) is the linking number of My and C, and My, is a manifold with

no non-trivial linking with the curve C. U (1)%) acts similarly on 't Hooft lines.

If we couple the theory to an electrically charged particle ¢ with charge k, a Wilson
line with charge k can terminate on ¢ as a gauge-invariant configuration. The action
of the symmetry operator must be invariant under any topological deformation, so
the action of the 1-form symmetry Uc(yl) on the Wilson line must be trivial (see

figure .

UM, )

W, [C]

Figure 2.1: The action of the symmetry operator acting on the line must be the
same as the action of the symmetry operator acting on the trivial line as it must
be invariant under topological deformations.

In particular, the phase obtained by the Wilson line under the action of the 1-form
symmetry Ue(loz must be trivial:

ik — 1, (2.19)

This restricts o € %Z. We see that in the presence of electrically charged matter,

the electric 1-form symmetry breaks from U(l)gl) to ZS).




2.1.1. 1-form symmetry and Confinement

Pure Yang-Mills theory with gauge group SU(N) has a Z

5\1,) electric symmetry.

Given a Wilson line characterized by the irreducible representation R of SU(N),
Wr[C] = tr g P2 Jo (2.20)

the Zg\lf) symmetry operator U 151:)1 (M3) acts on Wg[C] via

U (M2)Wr[C] = e RrmmbinkMe Oy Cluil (M), (2:21)
where ng is the n-ality of the representation R, given by the number of boxes in
the Young tableau representation of R.

If the SU(N) gauge theory is coupled to matter ¢ transforming in the representa-
tion R’, Wilson lines in the appropriate representation can end on v). Similar to the
case of U(1) gauge theory, the action of the 1-form symmetry U, ,gl) on the Wilson
line attached to ¥ must be trivial as we can topologically deform the operator past
the Wilson line without crossing. In other words, the phase obtained by the Wilson
line must be trivial:

e2rinmrk/N =, (2.22)
This restricts k to be a multiple of N/ ged(N, ng/). Therefore the 1-form symmetry
is broken to Zét)d( Nigr)®

2.1.1 1-form symmetry and Confinement

Given a symmetry, we would like to apply the Landau prescription to classify
phases of a gauge theory. In gauge theories, the order parameter for confinement
is the large loop limit of the Wilson loop expectation value limo_,oo < W[C] >
If the Wilson loop obeys area law, i.e.

lim < W[C] >~ e #AIC] (2.23)

C—oo

for some constant pu, the theory confines. Otherwise the theory deconfines. If the
theory has a one-form electric symmetry, the charged operator would be the Wilson
line. The perimeter law, in other words deconfinement, indicates spontaneously
broken one-form symmetry.

For example, pure Maxwell theory is understood to be in the Coulomb phase. Static
electric probe charges with separation R obey the Coulomb law, with potential
Vr) ~ %. The theory is therefore deconfining, as it is energetically favourable to
increase the separation of the charges. To reframe this in the language of 1-form
symmetries, consider the rectangular Wilson loop for two static charges evolving
in time. It has expectation value:

L]

<W[C] >~ e VBT = - (2.24)

*The notation C' — oo denotes taking the perimeter of the loop to infinity.




2.1.2. Coupling Gauge Backgrounds for Higher-Form Symmetries

As we take R, T — oo, < W[C] > tends to a non-zero constant, so the 1-form
U (1)9) symmetry is spontaneously broken. As the spontaneously broken symmetry
is continuous, the IR spectrum has a Goldstone mode: the photon [4].

2.1.2 Coupling Gauge Backgrounds for Higher-Form Symmetries

As mentioned in the introduction, one way global symmetries can help determine
the IR spectrum of a theory is requiring any 't Hooft anomalies to be matched.
We will discuss this in a later section. First we must introduce background gauge
fields for higher-form symmetries. For a continuous p-form symmetry (which must
have symmetry group U(1) - recall that higher-form symmetries must be abelian),
we can introduce a U(1)-valued p + 1-form gauge field By with field strength
Fy,y9 = dBy41 by coupling it to the p + 1-form current in the action:

*Jp+1 VAN Bp+1. (225)
This term is invariant under a background gauge transformation
Bp+1 — Bp+1 + dAp, (226)

as the current is conserved. We can gauge the p-form symmetry by summing over
all such gauge configurations in the path integral. In chapter 5, we will consider
an example of a 3-form U(1) gauge theory.

Turning on a background gauge field is less straightforward for a discrete p-form

)
theory [14} |15, 16, [17]. In order to implement discrete background gauge trans-

symmetry. Let us focus on the case of the Zg\lf 1-form symmetry in SU(N) gauge

formations, we will first promote the SU(N) gauge theory to a U(N) gauge theory.
We can do this by adding a 1-form U(1) background gauge field B; to the SU(N)
gauge field af:

1
af = af + =B 2.27
with field strength
fs = da$§ + a§ A as. (2.28)

We now have an extra background gauge transformation - the field strength is
not invariant under a U(1) 1-form valued-transformation By — B; + NA;. It
transforms as f§ — f§ + dA;. To remedy this, we introduce an extra U(1) 2-form
background gauge field By which is constrained by the relation dBy = N Bo, killing
the extra degree of freedom. Then the combination f§ — Bs is invariant under
U(1) background gauge transformations. We thus obtain an SU(N) gauge theory
coupled to Zg\l,) background gauge fields:

Ssuy/zy = /tr (f§ = B2) Ax(fs — B2) +0Q, (2.29)

10



2.1.5. Zg\}) 1-form background on T*: 't Hooft Fluzes

(1)

where Bj is the gauge field for the Z’ symmetry, and we included the theta term

with the topological charge @, given by
1 re rc 1 rc rc N
Q= @/tl"(fz — Bo) AN(f3 — B2) = @/tfﬁ A [ +@/32/\B2- (2.30)

The relation dBy = N Bs tells us that the Zg\}) background gauge field is flat:

dBy =0, (2.31)
When integrating over a closed manifold M, we also have the quantisation con-
dition )
s
By e —Z. 2.32
Ma N ( )

It follows that the topological charge of SU(N)/Zy background are also fractional,
ie. Qe QW”Z. Coupling a Zg\l,) gauge background leads to the interpretation that we
are coupling to a gauge background with fractional topological charge. Gauging the
Zs\l,) symmetry amounts to summing over these fractionally charged backgrounds
in the path integral.

2.1.3 ZY) 1-form background on T*: ’t Hooft Fluxes

In the absence of matter, in order to define an SU(NN) gauge background on a
manifold My divided into patches U;, the transition functions g;; on the intersection
U; N U; must satisfy the cocycle condition

9ij9ikgki = 1. (2.33)

A gauge background for SU(N)/Zy must satisfy relaxed cocycle conditions
995k 9ki = e%k, k € 7. (2.34)
In other words, in order to construct 1-form symmetry backgrounds we must con-

struct gauge backgrounds that satisfy the relaxed cocycle conditions.

We are able to construct these backgrounds explicitly on the 4-torus T*. For
simplicity, suppose all cycles on the torus have length L. One cycle of the torus, x;,
can be covered by one coordinate patch [0, L], and the transition function at z; = L
is equivalent to defining a boundary condition. When the boundary condition is
twisted, i.e. the transition function is valued in Zy, we obtain background gauge
configurations for 1-form symmetries, known as ’t Hooft fluzes |18} 19, |20].

In general, the SU(N) gauge fields a;, are taken to obey the boundary conditions

ay (v + Lyé,) =Quoay(z) = Q“(:r)af,(:):)Q;l(x) — iQH(m)alejl(:):) ,  (2.35)

upon traversing T* in each direction. The transition functions Q, are N x N
unitary matrices in the defining representation of SU(N), and é, are unit vectors

11



2.1.3. Zg\}) 1-form background on T*: 't Hooft Fluzes

in the z, direction. The subscript x4 in €2, means that the function €2, does not
depend on the coordinate x,. Then, the compatibility of (2.35)) at the corners of
the z, — x, plane of T* gives the cocycle condition

2Ty
Qu(z+e,L,) Q(x) =7 Q(x+é,L,) Qu(x). (2.36)
2T
The exponent e’ N , with anti-symmetric integers n,, = —n,,, is the Zy center

of SU(N). The freedom to twist by elements of the center stems from the fact that
both the transition function and its inverse appear in . This is also equivalent
to the fact that the Wilson lines in pure SU (V) gauge theory are charged under the
electric Zg\p 1-form center symmetry. The fundamental (defining representation)
Wilson lines wind around the 4 cycles and are given by

ifzu:Lu ac
W, =trg [Pe 7===0 Q| , (2.37)

where [0 denotes the defining representation of SU(N) and the insertion of the
transition function €2, ensures the gauge invariance of the lines.

It will be useful for the rest of this thesis to have an explicit construction of 't
Hooft fluxes. Consider a particular gauge configuration

27rm2
L2

27rm1
C C Cc
aj = 72 H. - v.xo, as =0, as =

H.  v.xy, aj =0, (2.38)

where my1,my € Zy, v, is a weight of the fundamental representation || of SU(N),
and He = (Hy,...,Hy_1) are the generators of its Cartan subalgebra. Note that
the gauge fields as written are not single-valued on the torus. However af(x2 = L)
and af(xze = 0) are related by gauge transformations 2, ﬂ

2mm;y

af(zg = L) = af(x2 =0)+ H; v, = QJ{(m)(ai(azg = 0)+1:01)Q(x1), (2.39)

where we use the transition functions

2mimy

O(z1) = e L Hevers, (2.40)

Q1 (1) is not periodic in z1. At z; = L, the gauge transformation transforms aslﬂ
(L) = 2rimitereq, (0) = e2MMT O (0), (2.41)

where we use the normalization ve 4o - Ve, = 04 — % The transition function at
. Comimi: e . . .
x1 = L is given by e 2™~ Similarly the transition function at 23 = L is also

given by e~2mmiN | Tt is clear that they satisfy the relaxed cocycle conditions m

*Also referred to as the defining representation in this thesis.

TWe use the notation Q,, instead of g;; for gauge transformations on the torus T*.

1See Appendix for further details and explicit computations for the gauge group SU(2) and
SU(3).
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2.2. Introduction to Anomalies

The field strength of the ’t Hooft flux is:

2mmy 2mme
flc2 - _fZCl - _THC * Ve, f§4 = _fig = _7Hc - Ve, (2.42)
The topological charge is therefore given by:
1 ¢ < e 1
Q:@/Wtrf A fC=mimg 1_N . (2.43)

We see that the 't Hooft flux does indeed have fractional topological charge.

In chapter three we will study 't Hooft anomalies in the presence of generalized 't
Hooft fluxes, arising from the presence of a discrete quotient in the global symmetry
group. In chapter four we will study a non-invertible symmetry in SU(N)/Zy
gauge theory by implementing 't Hooft twists in the Hamiltonian formalism.

2.2 Introduction to Anomalies

An anomaly occurs when a symmetry of the classical action fails to be a symmetry
in the quantum theory. We say such a symmetry is anomalous. How does an
anomaly arise in quantum field theory? When quantizing the classical action we
place it inside the path integral:

7 = / Dy 3V, (2.44)
Under a classical symmetry 1) — 1)/, the path integral transforms as:

Z = / Dy S / Dy SV = / Dy’ S, (2.45)

So the obstruction for the transformation to be a symmetry in the quantum theory
must arise from the measure of our matter fields. In fact, as we will see later, for
a transformation ¢/ = @ty ()t ¢ @ where ¢ is the symmetry generator with
parameter €(z), the anomaly arises as a phase in the path integral:

Dy = Dipet [ 've@) Aala) (2.46)

where A, () is the anomaly. Let us compute the anomaly explicitly for the chiral
symmetry of the Dirac fermion coupled to a U(1) gauge theory, known as the ABJ
(Adler-Bell-Jackiw) anomaly. We will follow the derivation in [21].

2.2.1 The ABJ anomaly

An anomaly arises from the matter measure. To define the matter measure, we
need to first define the Lagrangian for our matter fields. For the Dirac fermion v,
ie.

Lumater [, 9, Dy, D] =0 (D +m) v, (247)

13



2.2.1. The ABJ anomaly

Let 9, be a basis of eigenfunctions of the operator P +m, i.e.

We can expand any field ¢ in this basis of eigenfunctions:
Y= cathn. (2.49)
n
The matter measure is then defined as:

Dy =[] en- (2.50)

We want to see how the matter measure transforms under the chiral symmetry.
Under a general local transformation

¥ — = U(), (2.51)

the Dirac conjugate transforms as:
¥ =in® = (U@) ir® = 9T (0 (@)1in®) =0T (@) =v.  (252)

We can write the local transformation as

I@) = [dyU i), (253)
) = [ 'yl ). (254)
where the operators U and U are given by:
Uz, y) = (@|U|y) = U(2)5W (@ - y), (2.55)
U(x,y) = (x|Uly) = T(2)s" (@ —y). (2.56)

Dirac fermions anticommute, so the fermion measure transforms as:

DY = (DetU) ' Dy,  Di = (Detﬁ)_lD@, (2.57)

— DYDY — DYDY = (Detu Det H)_l DYDY (2.58)

For a symmetry transformation to be non-anomalous, we require DetUDetlf =
|DetU| = 1, or in other words we require the transformation to be unitary.

The chiral transformation acts on the fermion as [t

U(LL’) — eie(x)t%’ [t7fyﬂ] — 07 (259)

*We pick the convention 5 = iyoy17y273
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2.2.2. The Fujikawa Method

where ¢ is the generator for the U (1) symmetry. Note that the requirement [¢,v#] =
0 tells us that the transformation is a symmetry of the matter Lagrangian. Under
a chiral transformation, the Dirac conjugate matrix U transforms as:

U(z) = ir°UT (2)in? = inle @1550 = ¢ie(@)ts — [/ (g), (2.60)
where we used (3, (75)")i7? = i7" Y, (—75)". Therefore U = U and:
Det U DetUf = ¢2J d'wtr Gie@)tns) A" 1 g (2.61)

where the trace is taken over Dirac indices. So a chiral transformation leads to a
non-trivial transformation of the fermion measure.

2.2.2 The Fujikawa Method

Given that the fermion measure transforms non-trivially under a chiral transform-
ation, we can write

—\ —1 .
(DetU DetZl) = (Dettd) 2 = ¢ ] daclalle), (2.62)

where A(z) = —2A%*r (t73) is the anomaly. However we need to be careful, as the
Dirac trace of 5 is zero, and taking the limit of A — oo gives

A(z) = —2(0 X 00). (2.63)

To obtained a well-defined expression for the anomaly, we will have to regularize
it. What follows is a calculation for the abelian anomaly from the transformation
of the path integral, known as the Fujikawa method.

Let us introduce a cutoff function, g, satisfying the properties g(0) = 1, g(c0) =
0,s9'(s) =0 at s = 0,00 ("l The regulated exponent is:

N 2
oo iTr (g ((?) ) 6(.73)t’}/5)
N 2

= i/d4mtr (x|g ((é?) ) €(Z)tys |x)

AN 2
=i [ d'aew) [ d'palp) (olrg ((f) ) s |2)
ip-T i 2 e_ip.x
= i/d4;p e(x)/d4p(e2w)2trg ((f) ) tys5 (2n)2’

*An example of such a cutoff function would be g(s) = e

Tr logUd

—s
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2.2.2. The Fujikawa Method

ip-x

(6%)2. To proceed, it is helpful to compute:

where we used (x|p) =

. 1 1
(i) = —4*+"D,D, = — (2 {7} + B [7‘27”]) D,D,

1 1
= *527]“VD/LDV — " D,D, Y = 5 v, 7"]
)
— —D'uDz/ + 57“”fﬂy)

where f is the U(1) field strength. We therefore have:

L, (<w>) R ((Du — ip) (D" — ip) + ;‘wm) 260

A A2

We thus have:

d'p —(Dy — ip) (D" —ip") + 59Mf

T 1 Iz 2 v

reg Z/ d “(“””)/ 2t < AZ s
‘g

) d —(D, —iAq,)(DH* — iAg" —l—ivuyfl,
:z/d4$e(x)/(2ﬂ_)4A4trg< (Dy ) A2 ) 2 " tvs

, d* 2iq-D D? i
=1 / d'ze(z) / LMt g ((f + + 7“”]%) £y,

Tr log

(2m)* A2 A2 T 2A2

where to go from the first line to the second line we substituted p* = Ag¢". We wish
to take the limit A — oo, so we Taylor expand about ¢?. Taking the Dirac trace
of gamma matrices, we discover that only quadratic or higher powers of 21\%7/‘” fuw
are non-vanishing, as we have the gamma matrix identity

trytt ARy £ 0 iff n > 4. (2.65)

On the other hand, only the quadratic term is non-vanishing when we take the
limit A — oo as there is a factor of A? in the integrand. Therefore as we take
A — 00, we extract only the quadratic term and obtain:

e [ 2k e ()

Tr logU

: 2
(39S ) 035 = — St (27770
= —%(fuvfpat)tr (i v, A7) 75>

1 .
= —Z(fwfpat)llle“l’pg

= *Z'Elwpgfuufpatv
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2.2.8. The Anomalous Ward Identity

where we used tr y#~YyPy%y5 = 4ietP?. We also have:

dql,,g_z’/41”2 . .
/ 27)4 29 (q ) - (2@4 d 59 (QE> by Wick rotation

= 16 — /quqEvol (S’g) " (q%)

- m /dQE ar 9" (QE) as vol (5’3) = 272

:162/d“ ug’(u) u=qp

/)

~ 3n2 ( ug'(w)] j/ g d“)

_

- 3272’

where in the first line we Wick rotated to Euclidean coordinates in order to use
spherical coordinates in R*, and we computed the final integral using the properties
sg'(s) =0 at s = 0,00, and g(0) = 1, g(co0) = 0. Combining both expressions, we
obtain:

1
=i / 0 () 35 P71 () o ()1 (2.67)

Comparing with out previous expressions,
zfd4xe )A(z) _ (Detu)—Q _ 6—2Tr 1ogu' (2.68)
The ABJ, or axial, anomaly is therefore given by:

Alz) = —

162 "7 f(x) fpo (). (2.69)

If the fermion transforms with charge ¢ under the chiral symmetry, the anomaly
obtains the coefficient q.

The Fujikawa method readily generalizes to non-abelian gauge theories, and we
omit the derivation for brevity. For Ny Dirac fermions transforming in the repres-
entation R under SU(N) gauge transformation, the ABJ anomaly is given by a
similar expression:

N TR vVpo (& &

Ale) = =g 77t £, () fi, (o)1, (2.70)
where now the trace is taken over Lie algebra indices. In differential form notation,
we have

N¢T,
A= LTINS (2.71)

2.2.3 The Anomalous Ward Identity

Classically, Noether’s theorem tells us that a global symmetry gives rise to a con-
served Noether current j*, i.e. J,j" = 0 if the equations of motion are satisfied.
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2.2.4. ’t Hooft Anomalies

If the symmetry is non-anomalous, we would also have Ward identities, where the
current conservation equation is understood to hold inside correlation functions:

(9,5") = 0. (2.72)

In the presence of an anomaly, the Ward identity does not hold and the non-
conservation of the current is given by the anomaly itself. The global axial sym-
metry of the massless fermion gives rise to a Noether current

7 = "5y, (2.73)

which is conserved on the classical level. But the presence of the abelian anomaly
means that the Ward identities are no longer trivially true. Let us try to compute

(0udh):
/praeismatter[wzayfx] = /lepaleismatter[wlva,vA]

_ / DyDet | @@ giSmasieslh 9, A+ [ 004 (2)e(2)d 'z

~ / DYDpeiSmarie (1 +i / 'z e(z) (Ax) + j;;(x))) .
So instead of the usual Ward identity, we have:
Iy () = —A(x), (2.74)

where the correlation function is understood to be taken with a fixed background
gauge field.

2.2.4 ’t Hooft Anomalies

From our previous discussion, we can interpret anomalies as arising from trans-
formations in the presence of gauge backgrounds. Given a non-anomalous global
symmetry Ggiobal, it is possible that coupling backgrounds for Ggiohal can give rise
to new anomalies. This is known as a ’t Hooft anomaly. The presence of a 't Hooft
anomaly can give us some information about the IR phase of the theory via 't Hooft
anomaly matching.

't Hooft’s original argument is as follows. Suppose we have a theory equipped
with a global symmetry Ggioha in the UV, which would have a gauge anomaly if
we attempt to gauge it. This is known as a ’t Hooft anomaly. If we attempt to
gauge the global symmetry, the theory will be inconsistent due to the anomaly.
To remedy this we can introduce "spectator" massless Weyl fermions that couple
only to the gauge field of Gglopal such that net 't Hooft anomaly vanishes. We
can choose to have the confining scale of the Ggiopal gauge field to be smaller than
every other energy scale of the original theory such that the original IR spectrum
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2.3. Non-Invertible Symmetries

will not be affected by introducing the Gyohar gauge field. Since anomalies are
invariant under renormalization group (RG) flow, the net Ggiohal anomaly in the
IR remains zero, but the spectator fermions still contribute a non-vanishing 't Hooft
anomaly. Therefore the spectrum of the original theory must contain states that
cancel the anomaly arising from the spectator fermions. For example, Ggiobal could
be spontaneously broken leading to massless Goldstone bosons. Or the theory could
confine, preserving Gglobal and containing massless composite fermions in the IR.
In essence, a theory with a ’t Hooft anomaly cannot be trivially gapped in the IR.

In our discussion of higher-form symmetries, we have constructed 't Hooft fluxes
for 1-form symmetries on the 4-torus. As there are new gauge backgrounds thanks
to the presence of higher-form symmetries, we might obtain new anomalies. As
an example, consider an SU(N) gauge theory with a single Dirac fermion v trans-
forming in the representation R of the gauge group. Thanks to the ABJ anomaly,
the path integral transforms by a phase under an axial U(1)4 rotation:

20— 2Wlexw (32 [ f5015) (2.75)

For the path integral to remain invariant, the axial U(1)4 symmetry is broken to
ZioTy , where T is the Dynkin index of the representation R, normalized such that
in the fundamental representation, tr 7%7T% = 1. As explained in the discussion
around equation in the presence of the fermion 1 the 1-form symmetry is
Zp,p = gcd(N,ng). When we gauge this 1-form symmetry, the theory permits
gauge backgrounds with topological charge @ € %Z. Since the ABJ anomaly
depends on the quantization of the topological charge of gauge configurations,
there is a mixed anomaly between the chiral symmetry and the 1-form symmetry.
In chapter four we will leverage this mixed anomaly to define a non-invertible
symmetry.

2.3 Non-Invertible Symmetries

It is possible that given a symmetry U (Mg—p), there is no symmetry operator
U~1®P)(M,_,) which satisfies

UP (Mg )) U P (M) = 1. (2.76)

We say that U®) (Mg—p) is a non-invertible symmetry.

A relevant example for our this thesis is the non-invertible U(1) 4 axial symmetry
in QED [22, 23| [24]. For concreteness, consider QED with a single Dirac fermion
in Euclidean spacetime. The ABJ anomaly in this case is given by:

_ 2
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2.3. Non-Invertible Symmetries

Thanks to the anomaly, the naive symmetry operator for the axial symmetry

Ua(M3) = exp (z’a/ *jA> (2.78)
Ms
is not topological as the current is not conserved. However we can define the new
current 1
JA=ja— —aAda, (2.79)
472

which is conserved thanks to the ABJ anomaly. One might therefore be tempted
to write the topological operator

2
exp (ia/ *jA — s a N da) . (2.80)
Ms 8T

For manifolds with non-trivial Hs(Ms3,Z), this operator is not invariant under
large gauge transformations for arbitrary « € [0, ) [f|as the Chern-Simons current,
a A da, is improperly quantized. On a spin manifold, one would require the level
of the Chern-Simons current to be an integer, i.e. « € 27Z. There would be no
non-trivial symmetries as a consequence.

i

N
The non-gauge invariant term is

If we take a = we would nonetheless obtain an interesting symmetry operator.

1
- A da. 2.81
AN S “ “ ( )

There is a gauge invariant version of this term - it is the action for the fractional
quantum hall state in 2+1D with filling fraction % 125} 22, 23} 110]

/ Ny ndb+ b A da, (2.82)
Ms A 2m

where b is an auxiliary dynamical U(1) gauge field living on M3. We could try
to integrate out b to obtain the term but the field b = —a/N would be an
improperly quantized U(1) gauge field. Using this action we can write down a
gauge-invariant, topological operator:

- v N 1
"y = [|D ] —*J — — . 2.
Up=z (M3) /[ b] exp (Z/Mg v XJat 47rb/\db+ 271'b/\da) (2.83)

In general we can define a symmetry operator for any o = pm/N, ged(p, N) = 1:
Uo_vz (M3) = [[Db ' T int N pady+ Sbad 2.84
wmtp(Mo) = [[Dbexp (in [ Twja+ fbndbe pbnda). (284

This operator acts on local operators via a chiral rotation - the fermion ¥(x) located
inside a contractible M3 picks up a phase when we deform the symmetry operator
to a point:

Ug—rzr (M3)¥(2) = U (). (2.85)

*In this normalization a € [0,7) as a = 7 acts as the fermion number transformation, ¥ —
(—1)¥, which is redundant with the U(1) gauge symmetry.
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2.4. Higher Group Symmetries

To see its non-invertible nature, we can look at its action on 't Hooft lines. When
acting on a 't Hooft line, the 't Hooft line becomes attached to a topological surface
operator exp (% | F ) stretching from the 't Hooft line to the symmetry operator.
We can also consider the condition arising from integrating out b on the manifold
Ms, b= —a/N. bis only a properly quantized U(1) gauge field if a has flux N. In
other words, 0a:% (M3) projects out all gauge configurations in the path integral
except for those with topological charge NZ.

In chapter four, we will study an analogous non-invertible symmetry in non-abelian
gauge theories. We will see that the chiral symmetry in SU(N) gauge theory
becomes non-invertible after gauging a 7Z, subgroup of the Zy center, and has
a similar effect of projecting out certain 't Hooft flux backgrounds in the path
integral. We will investigate the associated anomalies for this symmetry and argue
that the ground state spectrum have multi-fold degeneracies.

2.4 Higher Group Symmetries

Consider a theory with a p-form and g-form symmetry, p > ¢, coupled to back-
ground gauge fields with A, 1 and A, respectively. If the background field Ap1
transforms non-trivially under a background gauge transformation for the g-form
symmetry, we say the theory has a p + 1-group symmetry.

The higher group structure of an emergent symmetry contains information about
the order in which the associated symmetries emerge along RG flows [26] 27, [10].
Suppose a p-form symmetry emerges at the energy scale E,, and the g-form sym-
metry emerges at the scale Fj;. In the scenario where the symmetries combine to
form a p + 1-group symmetry (p > q), if we couple Ay41, Ap41 must be present
in order for the theory to remain invariant under background g¢-form symmetry
transformations. Therefore the energy scales of emergence obey the inequality

E, > E,. (2.86)

In chapter five, we will leverage higher group symmetries in Axion Yang-Mills sys-
tems to study the IR behaviour of the theory. One of the higher-group symmetries
we discuss was first introduced in [27]. Consider an axion a coupled to an SU(N)
gauge theory, with Lagrangian

U2 1 C C K C C
L= ?da A *da — @tr 15 Nxfs — watr f5s N fs (2.87)

for some integer K determined by the UV completion of the theory. The two
symmetries involved in a 3-group structure is the 1-form ZS\}) symmetry and the

2-form winding symmetry has the three-form current

j3 = *da. (2.88)
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2.4. Higher Group Symmetries

The charged object of the 2-form symmetry is the axion string, which we assume
to transform with charge 1.

If we simultaneously couple the background field for the winding symmetry, C'3, and
the background field for the ZS\}) form symmetry, BéN) , the Lagrangian becomes:

v? 1 c N c N
L= Eda/\*da — 2792131' (f2 — Bé )) /\*(fQ — Bé ))

K c N c N 1
— goaatr (5 — B A (f5 — B — 5-da A Cs. (2:89)

The axion couples to the background fields in the following manner:

1 1 KN _(n)
— = — ——B B . 2.

The field strength G4 combines both background fields. It is invariant under a Zg\l,)

background gauge transformation, BéN) — BéN) —I—d)\gN), only if C5 also transforms

as:
KN KN
Cs — C3 + Z—AYV) A BN TAN) AdAM (2.91)
™ 7I8

We see that the U(1)) and Zg\lf) symmetries combine to form a 3-group structure.
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CHAPTER 3

2 Index chiral gauge theories

3.1 Introduction

We begin by studying the generalized symmetries and anomalies in chiral gauge
theories. Chiral gauge theories form the fundamental framework of the Standard
Model (SM) of particle physics. Within the SM, the electroweak sector undergoes
Higgsing at weak coupling, allowing us to apply perturbative techniques. However,
without a Higgs field, gauge theories generally flow towards a strongly-coupled
regime, rendering their study considerably more challenging. A non-comprehensive
list of some of the recent papers that studied chiral gauge theories is 28| |29} |30,
31, 132, 33} 134, 35, 136, [37].

This chapter focuses on a class of SU(INV) chiral gauge theories that accommodate
fermions in the 2-index symmetric and anti-symmetric representations. These the-
ories, referred to as 2-index chiral gauge theories, can be characterized by the pair
(N, k), where N represents the color and k serves as a common divisor of N + 4
and N — 4. Moreover, k is directly associated with the number of flavors in the
2-index symmetric and anti-symmetric representations. What makes these theories
particularly intriguing is the absence of a requirement to introduce fundamental
fermions to cancel the gauge anomaly. Additionally, they are non-renormalizable
for N > 44. This class encompasses a collection of 14 distinct theories, occupying
a distinct region within asymptotically-free chiral gauge theories. Consequently, a
systematic approach to studying this class is justified. It is divided into two sub-
classes: bosonic and fermion theories. The latter can accommodate gauge-invariant
massless fermions. In comparison, the gauge-invariant operators in bosonic theories
cannot have a spinor index, as the fermion number is gauged.

This study was first initiated in [35], utilizing 't Hooft anomalies to constrain
the infrared dynamics of two theories. Namely, these are (N = 8,k = 4) and
(N = 8,k = 2) theories. One important development was the identification of the
faithful global symmetry acting on fermions. This led to turning on the most gen-
eral discrete fluxes, the color-flavor-U(1) (CFU) fluxes compatible with the theory
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3.1. Introduction

and, thus, utilize the full power of 't Hooft anomaly matching conditions. These
anomalies are dubbed CFU anomalies. A theory with ’t Hooft anomalies cannot
be trivially gapped; the infrared (IR) spectrum must contain massless particles or
multi-vacua. In the case (N = 8,k = 4), it was found that the condensation of two
operators can saturate the anomalies.

Continuing the explorations within this comprehensive framework, our investiga-
tion exhausts all the 14 theories and introduces a few novel aspects.

1. We incorporate anomalies stemming from discrete symmetries, thereby im-
posing additional constraints on the infrared spectra. In the context of the
2-index chiral gauge theories we are examining, in addition to continuous non-
abelian flavor symmetries, an axial U(1)4 symmetry comes into play. When
a bosonic operator condenses, it generally breaks the U(1) 4 symmetry down
to a discrete subgroup, which typically is anomalous. Consequently, we face
the challenge of identifying a set of condensates that not only matches the
anomalies associated with non-abelian symmetries but also avoids the pres-
ence of any anomalous unbroken discrete subgroups. For example, the two
candidate condensates we previously considered in the case (N = 8,k = 4),
[35], fail to match the anomaly of an unbroken discrete group. We revise
the situation in light of the new understanding and propose that the set of
anomalies can be matched by other condensates.

Interestingly, in a few cases, matching the full set of anomalies, particularly
anomalies of discrete symmetries, can be achieved only via the condensation
of multiple higher-order operators. Given the strong dynamics, such forma-
tion is not a surprise. However, anomalies explain the kinematical reasons
why such condensates have to form. [f]

2. Another significant aspect of this analysis lies in our pursuit of the minimal
scenario that satisfies the entire set of anomalies and yields the smallest
number of massless particles in the infrared spectrum. Such a scenario holds
particular appeal as it minimizes the free energy associated with the theory.

3. We adhered to a systematic algorithm during our quest to identify composite
massless fermions capable of satisfying the anomalies within the fermionic
class. Regrettably, we were unable to find such composites. Notably, in the
case of (N = 6,k = 2), we demonstrate that these composites cannot solely
match the CFU anomaly. Consequently, we are left with two plausible ex-
planations: either these composites do not exist altogether, or the formation
of condensates alongside the composites is necessary to match the anomaly.
However, the latter scenario is rather contrived in that it requires the form-
ation of special condensates (that do not alter the anomalies matched by

*The CFU anomalies also allow us to eliminate the possibility of anomalous gapped sectors.
We discuss this possibility briefly in section @
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3.2. Theory: symmetry structure and anomalies

the composites) in addition to the composite fermions, prompting us to lean
toward the likelihood that composites cannot form in this case.

4. To complete our study, we also examined the possibility that a theory flows
to a conformal fixed point in the IR. Generally speaking, a theory can form a
strongly-coupled IR fixed point, which is beyond the scope of any perturbative
analysis. Such a fixed point automatically satisfies the full set of anomalies,
albeit it remains an open question how this can be seen. Nevertheless, by
scrutinizing the higher-order S-function, we successfully identified several in-
stances where the analysis of the S-function offers indications suggestive of a
perturbative nature inherent to a fixed point.

This chapter is organized as follows. In Section [3.2] we review the global symmet-
ries and anomalies of the 2-index chiral theories. This includes the anomalies of
continuous symmetries, the CFU anomalies, as well as anomalies of discrete sym-
metries. In Section we revise the matching of the CFU anomalies in the IR
and introduce the novelty of matching the discrete subgroups of the axial U(1)4
that can be left unbroken by a condensate. Sections and are devoted to
applying these ideas to both the fermionic and bosonic field theories, respectively.
We summarize our findings in Section [3.6] and in particular, the reader is referred
to Table which, for all theories, it gives the global symmetries, the proposed
IR condensates that yield the smallest number of Goldstones, and the fate of the
symmetries in the IR.

3.2 Theory: symmetry structure and anomalies

We consider SU(N) gauge theory with n, flavors of left-handed Weyl fermions
1 transforming in the 2-index symmetric representation along with n, flavors of
left-handed Weyl fermions x transforming in the complex conjugate 2-index anti-
symmetric representation:

L= —Q;Qtr[fc A *f€] — ipat Db — ixa" D,x (3.1)
where D, = 0, —iay, is the covariant derivative, a® is the color gauge field, and f*
is its field strength. In this work, we use the lower-case letters, a¢ and f¢ = da®,
to denote the dynamical (color) 1-form gauge field and its field strength, while we
use upper-case letters, A and F = dA, for background fields. To keep track of
the color indices, we choose ¥ (4,q,) to carry two down indices, while X(4,a,..ax_s]
carries N — 2 down indices. A round (square) bracket indicates symmetrizing
(anti-symmetrizing) over the indices. The cubic anomaly coefficients of the 2-index
symmetric and the conjugate of the 2-index anti-symmetric representations are
Ay = N +4, A, = —(N — 4), respectively. Cancellation of the gauge anomaly
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3.2.1. Symmetries

N|5| 6 8 |10 12 |16 | 20 | 28 | 36 | 44
kE|1]1,2]124] 2 |48 4 48| 8] 8|8

Table 3.1: A list of the 2-index chiral gauge theories.

demands that n, and n, are fixed as

N —14 N+4
nsz, nX:T, (32)

where k is a common divisor of N —4 and N +4. The theory is asymptotically free
provided that 11N — Q(NTQ_S) > 0. This leaves us with the finite set of theories in
Table These theories do not possess a large-IN limit, as they become infrared-
free for N > 44. Also, except for N = 5,6, 10, the other allowed colors are multiples
of 4. These are bosonic theories because all their gauge invariant operators cannot
carry a spinor index. In other words, the (—1)% fermion number in bosonic theories
is gauged, and thus, they cannot have gauge-singlet fermionic operators.

One important aspect of this work is to systematically analyze these theories,
paying particular attention to the faithful global symmetries, and exhausting the
class of generalized 't Hooft anomalies that enable us to constrain the infrared
phases.

3.2.1 Symmetries

The theory enjoys two global flavor groups SU (ny,) = SU((N—4)/k) and SU (n,) =
SU((N +4)/k) acting on ¢ and Y, respectively. In addition, the theory is endowed
with two U(1) global classical symmetries, U(1); x U(1)2. Their action on 1 and
X is chosen as

ULy : ¢ — ey, x — iy,
Ul)y: ¢ — ey, x — ei’32x. (3.3)

The two transformations U(1); and U(1)2 come naturally with two parameters.
Here, however, we introduce the 4 parameters aj9 and (12 to account for the
fermions charges, in addition to the transformation parameters. The gauge sector
instantons break most of the classical U(1) symmetries. The effective action in the
instanton background acquires the terms

: w ST LN ]
AS =i (npai1Ty + nyS1Ty) /M4 Ao* 82
. us T[N [

upon performing simultaneous transformations of U(1); x U(1)2, where

Ty=N+2, Ty=N-2 (3.5)
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3.2.1. Symmetries

are the Dynkin indices of the representations. Here, f€ is the 2-form field strength
of the color group, while \** and A\“2 are the gauge parameters of U(1); and
U(2)s, respectively, i.e., A¥1.2 — A¥L2 4 d\"1.2. We can find a combination of
the parameters a; and §; that kills the first term in AS, leaving behind a genuine
symmetry. We call this symmetry the axial U(1)4. It acts on ¢ and x with
transformation parameter «:

U)a: @ — M0,y — Moy, (3.6)

and we have defined the U(1)4 charges of ¢ and x as

== = — 3.7
qy r ax r ( )
where 7 = ged(n, Ty, nyTy), and

NX = nXTX N Nw = TL¢T¢ . (38)

Yet, we can find values of ap and S5 that leave the discrete subgroup Z, Ny +py Ny C
U(1)2 invariant in the color background, where p,, and p, are arbitrary integers.
In Appendix B, we show that most of the Z n,+p, N, elements belong to U(1)4
and that only a subgroup Z;, C Zy,,N,+p, N, Which is py and py-independent, can
potentially act as a genuine symmetry on the fermions. Also, we can always choose
Z, to act solely on x:

Zo:  (,x) — (w,é#x) . 0=0,1,2,...,r—1. (3.9)

Yet, one must check that Z, or a subgroup of it cannot be absorbed in the centers
of the color or flavor groups, which leaves a proper subgroup of Z, as the genuine
discrete symmetry. This will be checked on a case-by-case basis. In the following,
we will use ng C Z, to denote the genuine discrete chiral symmetry. For com-
pleteness, we remind the reader that the fermion number symmetry Z" = (—1)F

operates on ¢ and x as (¢, x) — — (1, x).

Finally, we also note that when N is even, the theory is endowed with a Zgl) 1-form

center symmetry acting on the fundamental Wilson loops. In summary, the good
global symmetry of the theory is

Gitobal ~ SU () x SU(ny) x U(1)a x ZiX x 2L o (3.10)

where the tilde indicates that this is the correct group modulo a discrete group
needed to fix the faithful global symmetry. Thus, the faithful global symmetry is
a quotient group.

To determine the correct quotient group, we follow [20, 35]. Here, we keep our
treatment short as the details can be found in [35]. We put the theory on a general
compact 4-D spin manifold M?*, define a principal bundle of the continuous part of
the global symmetry Ggiobal On M?*, and take the transition functions of Glglobal to
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3.2.1. Symmetries

act on fibers by left multiplication. Spinors are sections of the bundle, and we use
the notations 1; and y; for their values on a local patch U; C M*. We denote the
transition functions of the color SU(N), (non-abelian) flavor, and U(1)4 group as
g, f, and u, respectively, along with the proper superscript to distinguish those of
Y and x. On the overlap U; N U; we have

Vi = (g%, fu)ij vy, xi = (9% X uX)ix - (3.11)

The fermions are well defined on M* provided they satisfy the cocycle condition (a
necessary consistency condition) on the triple overlap U; N U; N Uy. Now, we turn
on background gauge fields for centers of the gauge, flavor, and U(1)4 groups and
determine the most general combination compatible with the cocycle condition [
which reads

(g¢,f¢,u¢)ij ° (g¢7f¢’u¢>jk ° (gw’fw’u¢)ki = (20,275 2)
with  z.zpz, =1 (3.12)

where 2’s refer to the center elements: z. € Zy/gca(nN,2)s 2f € Zny, and z, € U(1) 4.

n,/, )
The condition z.zfz, = 1 is required for the equivalence relation

(2es 2f5 2u) ~ (1,1,1) (3.13)

which is needed to obtain the correct compatibility condition. Similar expressions
hold for the cocycle condition of x. The following two equations give the consistency
(compatibility) conditions

1/} . eiQﬂQTm ei27r1\f)f4 67i27r37(N+4]2(TN72>

' —~— T ———— ——— — ———

Zec Zafy Zu
X e~ i2m R e_i%% g2 SR (3.14)
~—~——T———
Ze 2y Zu

Here, m € Zy/gca(N,2)> P € Zny, D' € L, and s is a U(1) 4 parameter. The factor of
2 that appears in z. accounts for the N-ality of ¢ and x, and the negative sign that
appears in the z. factor in the second line accounts for the fact that x transforms in
the complex conjugate of the 2-index anti-symmetric representation. We also take
Y to transform in the fundamental representation of SU(n,) and x to transform
in the anti-fundamental representation of SU(n, ). Following [35], we shall dub the
discrete color-flavor-U (1) 4 fluxes as the CFU fluxes. The full set of solutions of
(3.14) determines the quotient group in (3.10). These solutions will be found on a
case-by-case basis. In general, we divide (3.10)) by Zy/gcd(n,2) X Z(N—a)/k X L(N+4) /k
or a subgroup of it.

Once a non-trivial solution of (3.14]) is found, we can calculate the topological
charges associated with the center fluxes, which are fractional charges in general.

*See [38,139, (17} |40] for applications of the anomalies resulting from turning on these fluxes.
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3.2.1. Symmetries

Let M* admit two independent 2-cycles and let two integers, e.g., m; and mao,
account for the number of quanta piercing through them. For example, we can
take M* = T?, a 4-torus with a period length L, and turn on the gauge fields that
are compatible with the cocycle condition:

ai = THC'VC, a5 =0, a§:7HC-VC, ay =0,

AV = %Hw-%, Ay =0, A?z%Hd,-uw, Ay =0,

A = T v ay=00 =m0, ay=0,

A} = %, Ay =0, Ag’:%, A7 =0. (3.15)
ag, Aﬁ, AX, and Ajj are the background gauge fields of the center of the color,

SU (ny) flavor, SU(n, ), flavor, and U(1) 4, respectively. The bold-face letters H =
(Hy, ..., Hy_1) are the Cartan generators of SU(N) group, while v = (v1, ...,un_1)
is a weight in the defining representation of the group. Notice that the integers
mi.2,P1,2, p’LQ, 51,2 are the same integers that solve the consistency conditions .
Given the set of the background fields , one immediately obtains the topolo-
gical charges defined as

e ARG
¢ I 872 ’ v T4 872 ’
[ tr[FXAFX] [ FUpAFR
QX - /]T4 87T2 I Qu - /IF4 871'2 (316)

and f¢, F¥X% are the field strengths of the corresponding background. Substituting

(3.15)) into (3.16]), we obtain

_ o Tama _ 4. bipk
QC - kC N 3 Qw — w N — 4 5
Pipak
Qx = k- Nl-i4’ Qu = (s1 — k1)(s2 — k2), (3.17)

and k¢, ky, ky,k1,k2 € Z are arbitrary integers that are always allowed. These
fluxes will support fermion zero modes, and the Dirac indices give their number:

I¢ = ’I’L¢T¢QC + dim¢Q¢ + dimwani@u ,

Z, = n,\Q.+dim,Q, + dimxnxquu , (3.18)
and dim,, = w, dim, = N(]\fol) are the dimensions of the representations.

Dirac indices count the number of the Weyl zero modes in the background of center
fluxes. The integrality of the indices can work as a check on the consistency of the
fluxes on M?*.

One may also turn on the CFU fluxes on nonspin M*. A nonspin manifold does not
admit fermions in the sense that there is an obstruction in lifting the SO(4) rotation
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group bundle to a Spin(4) bundle on M*. A diagnosis of a non-spin manifold is
that the Dirac index of a Weyl fermion, 7 = 196% Jypa ttR A R, where R is the
curvature 2-form, is non-integer. An example of a nonspin manifold is CP?, which
has ﬁ Jep ttRAR = —% . To put a Weyl fermion on CP?, we need to excite a
U(1) flux F through its 2-cycle CP' € CP? and demand that [op F' € 7(2Z + 1),
which implies # Jepr FANF € %. Now, one can easily check the integrality of the
Dirac index 5= Jep2 ttR A R + gy [ep2 F A F € Z, and thus, the fermions are
well-defined on CP? in the presence of such U(1) fluxes. Here, although one cannot
define a Spin(4) bundle on pure CP?, in the sense that the corresponding cocycle
condition fails on a triple overlap, nonetheless, we can define the Spin,(4) structure
Spin(4) x U(1)/Z2 in the presence of the U(1) background.

This idea can be generalized in the presence of the CFU fluxes; see [41] for details.
One just needs to replace the consistency conditions (3.14]) with

Vo eiZTr%" eiQﬂNLiL e—iQwsW
S S N —
Ze 2y Zu
X omi2n R iy gams SRR g (3.19)
—_———
Zc Zx Zu
The minus sign on the right-hand side compensates for the minus sign arising from
parallel transporting the spinor fields around appropriate closed paths in CP?; see
the detailed discussion in [41]. Given that a solution, m € Zy/gea(v,2)s P € Zn,s
p € Zn, and s, to (3.19) can be found, the topological charges corresponding to

the CFU fluxes and gravity are given by (see [41])
Qe Zm;(l—%) 7 QwZ%O‘ﬁ) ;
Qx :§<1*NL+4)’ Qu=35", Qy=—5 (3.20)
The Dirac-indices of 1 and y are
I5 = nyTuQe+ dimyQy + dimyny (3Qu + Q) -
I8 = DQe + dimy Qy + dimyny (¢2Qu + Q) | (3.21)

which are always integers. Except for (N = 6,k = 2) and (N = 10,k = 2) in Table
m, we can always find solutions to (3.19)), and thus, we can put these theories on
CP2.

3.2.2 Anomalies

The theory has a set of 't Hooft anomalies that can help constrain the possible IR
phases. In the following, we list the 't Hooft anomalies we shall encounter in our
study.
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(I) [SU(ny)]* and [SU(n,)]* anomalies

These are perturbative (triangle) anomalies and their inflow from 5-D to 4-D is
captured via 5-D Chern-Simons theories:

[S’U(nw)}?’ : exp [idimw /M5 W5(Aw)] ,
SUMYP :  exp [idimx /M5w5(AX)}, (3.22)

where A% and AX are the SU(ny) and SU(n,) 1-form background gauge fields,
extended from 4-D to 5-D, and ws(A) is the 5-D Chern-Simons form defined via
the descent equation:

1
dLU5(A) = mtrDFg y (323)

and F is the 2-form field strength of A. We review how to obtain the anomaly
from the anomaly descent mechanism in appendix [C]

(IT) U(1)4- and Z{X-gravitational anomalies

These anomalies are captured via the 5-D anomaly inflow actions:

p1(M)
U(1)algrav] :  exp |i(gynydimy + gyn,dim,) AY N 51 ,
M5
d ) : - dx » PLM®)
ZyX|grav] exp [z (nydim,) " AXNA o . (3.24)

The 1-form gauge fields A" and A% are the backgrounds of U(1)4 and ng, re-
spectively. p; (M%) = —#R A R is the first Pontryagin number and R is the
curvature 2-form. On a spin manifold, we have [, pi1(M?*) € 48Z, and thus,
there are 2 zero modes per Weyl fermion in a gravitational background. Under
U(1)a and ng transformations we have A" — A" 4 d\" with § d\" = 27Z and
AN 5 AX 4 dNIX ] with § X = %, and the anomaly inflow actions produce

the 4-D anomalies.

The result is “perturbative” as it can be seen from a triangle diagram with
two vertices that couple the fermions to a gravitational background via the energy-
momentum tensor, while the third vertex couples the fermions to an external U (1) 4
or ng sources.

(IIT) CFU anomalies

These anomalies were identified in [20]; however, see [42, 43] for earlier encounters.
They are anomalies of U(1)4 and ng symmetries in the background of the CFU
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fluxes that are supported on a general spin manifold. As was shown in [35], 5-D
anomaly inflow actions can also capture them. However, we find it more convenient
to express such anomalies in terms of the non-trivial phases that are acquired by
the partition function Z under the action of U(1)4 and ng symmetries in the
background of the CFU fluxes:

U(I)A[CFU] D 2 — eiQWO‘(qwl—w‘FQXIX)Z’
ZXCFU] : 2 — PR, (3.25)

and the Dirac indices Z,, and Z, are given in . The contribution from the color
topological charge Q). drops out in the computation of the U(1)4[CFU] anomaly,
as can be easily checked, since U(1)4 is a good symmetry in the background of the
color flux. This is not the case with ZgX[CFU] anomaly, where ). contributes to
the anomaly. As we shall discuss, this observation has important consequences for
anomaly matching in the IR.

It is also important to notice that the perturbative anomalies U(1)4[SU(ny))?,
U(1)a[SU (ny))?, ZgX[SU(nX)P, and [U(1)4]? are a subset of the CFU anomalies,
obtained by turning off the center fluxes and keeping only the integer topological
charges in . Again, one can express them using anomaly inflow actions as

2 -. i Lt {Fw A Fﬂ
UWASU () : exp figynydimy [ A3 —
T w  tr[FX A FX]
U(l)A[SU(nX)]Q : exp _qunxdlmx ” AY A W}
d s o AT [FX A FX]
ZpX[SU(nX)] : exp _mxdunx /M5 A A — e
i FU A Fu
3. . (3 . 3 . “
[U(l)A] : exp -Z (qunwdlmw + qxnxdlmx) o A" A 2471_2:| (326)

In addition, for N even, the CFU anomalies encompass the U(1)4 0-form/ Z[Ql]
1-form as well as the Z4X 0-form/ Z[Ql] 1-form mixed anomalies. These can be easily
found by turning off the flavor and the U(1)4 fluxes. In practice, one uses ,
, and 1} after setting p1 o = p’172 = s12 = 0 and m; = mg = N/2. This
choice enforces the consistency conditions and gives @y = @, = @, = 0 and
Qe=14.

One may also use the CFU fluxes on CP? to calculate the U (1) 4 [CFU] and Z, [CFU]
anomalies, which sometimes are more restrictive than the corresponding anomalies
on a spin manifold. We use the Dirac indices on CP?, as given by (3.21)), to find

. 2 2
2T {qwzgp +qXI;€]P }

U(1)4[CFUgpz © Z —se z,

Pt
ZX[CFUlpe © 2 —> el 7% 2. (3.27)
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From here on, we shall write all anomalies in terms of their phases to reduce clutter.
For example, instead of (3.25)), we write:

U(1)a[CFU] : quZy + Ly, ZIX[CFU]:Z,. (3.28)

(IV) Anomalies of discrete groups

Here, we consider anomalies of a discrete symmetry Z,,, where n is a general positive
integer. An example of the discrete symmetry is the ng chiral symmetry or a
discrete subgroup of U(1)4 left unbroken in the IR. The proper way to detect
anomalies of discrete symmetries is to use the Dai-Freed prescription [44, 45]. The
idea stems from the fact that a chiral massless fermion defined on M?* can be
realized as the chiral zero mode residing on the boundary M?* of a 5-dimensional
manifold M?® that is endowed with massive fermions, with Z, turned on in the
5-dimensional manifold. One can also consider a different 5-dimensional manifold
M’ with the same boundary M?. If the partition functions defined on M?® and
M’ have the same phase, then the theory on M* is uniquely defined and anomaly-
free; otherwise, it is anomalous. Applying the Dai-Freed prescription to study the
IR phases of strongly-coupled theories is innovative. However, see [46} |39] for
previous applicationd]

If M* is a spin manifold, the geometrical obstruction of uniquely extending a 4-D
theory to a 5-D bulk can be inferred by computing the bordism group Qgpin(BZn),
where BZ,, is the classifying space of Z If Qgpin(BZn) is non-trivial, the theory
might have a nonperturbative anomaly. To find the anomaly, one computes the
n-invariant, a resolvent of the spectral asymmetry of the Dirac operator, on specific
closed 5-dimensional spin manifolds that can detect the anomaly. For example, one
puts the theory on Lens spaces to gauge Z,, and discover whether the theory exhibits
a nonperturbative anomaly. For n even, n = 2m, one can take M? to be nonspin by
employing the twisted symmetry group SpinZ?=(4) = (Spin(4) X Zgn)/Zy instead
of Spin(4). Here, one needs to compute the n-invariant that detects the bordism

Spin%2m
group 2z .

The computations of the relevant n-invariants were carried out in [49)] (see also [50]
for an alternative perspective). For a theory of a left-handed Weyl fermion with a
charge s under Z,, defined on a spin manifold, the anomaly is given by the pair of
phases:

{(n2 + 3n + 2)s> mod 6n , 2s mod n} . (3.29)

*Also, see [47] [48] for applications of Dai-Freed anomalies in particle physics.

TA classifying space of symmetry G is an infinite dimensional space with the property that
any principal G-bundle on a manifold M is the pullback via some map f : M — BG. Then, the
set of topologically distinct principal G-bundles over M is equivalent to the set of the homotopy
classes of maps from M to BG.
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3.2.2. Anomalies

This pair can be thought of as contributions from [Z,]* and mixed Z, [grav] an-
omalies. Indeed, the second entry in is precisely the anomaly we computed
in the second line of . The first entry can be obtained from pure [U(1)]* an-
omaly by restricting U(1) to a Z,, discrete group; this is the Ibanez-Ross anomaly
we comment on below. Also, a Weyl fermion defined on a twisted background and
carrying a charge s under Zsg,, has an anomaly given by the pairff|

{((2m2 +m+1)s3 — (m+ 3)8) mod 48m, (ms?’ + s) mod Qm} . (3.30)

The charge s is assumed to be odd such that the fermion transforms under the Zo
subgroup of Zs,,. Generally, the anomaly is more restrictive than .
We shall use both and to constrain our theories. It is important
to note that Zo symmetry is anomaly-free, as can be easily seen from and
(3.30). This observation will play an essential role in the IR anomaly matching by
condensates, as many of them break the global symmetries to Zs, as we discuss
below.

We also comment on the Ibanez-Ross anomaly-matching conditions [51]. These
are obtained from [U(1)]® and U(1)[grav] anomalies by restricting U(1) to a Z,
subgroup. The Ibanez-Ross anomaly-cancellation conditions read:

r'n3

s =pn+ g 5= p'n+r'"n, (3.31)

where o/, v, p" 7" € Z, p' € 3Z if n € 3Z, and r',r" = 0 if n is odd. It can be
shown that (3.31)) and (3.29)) are equivalent [49]. Hence, in what follows, we use

either (3.29)) or (3.30) to calculate discrete anomalies.

Finally, we also may have a discrete anomaly of the form Z,,[Z,]?. Such an anomaly
can descend from U (1) 4[CFU] anomaly after a given condensate breaks U(1) 4 down
to a discrete subgroup. Let s and s’ be the charges of a left-handed Weyl fermion
under Z,, and Z,,, respectively. Then, the anomaly cancelation condition, which
follows from the Ibanez-Ross conditions, is given by [52]
p//

s%s' = p’ ged(m, n) + gan , (3.32)
where p/,p” € Z and p” can be non-vanishing only if n and m are even. Notice
that this anomaly is trivial when Z,, = Zo.

in%2m
*More generally, the bordism group Qgpm S Za X Zp, where a,b, and the associated

anomalies are given by Egs. (2.11)- (2.13) in [39]. In the present work, Eq. (3.30) suffices to
tackle the theories at hand.
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8.8.  Anomaly matching and the IR phase

3.3 Anomaly matching and the IR phase

3.3.1 IR anomaly matching

't Hooft anomalies preclude a trivially gapped IR phase: a theory with 't Hooft
anomaly must have gapless excitations, degenerate vacua, or symmetry-preserving
topological quantum field theory (TQFT). In this work, we will assume that the
gauge group does not break spontaneously under its strong dynamics. The breaking
of a gauge group is under control in the presence of scalars at weak coupling, an
ingredient absent from our theory from the get-gd? This leaves us with three
possible IR scenarios.

(I) Conformal fixed point

In the first scenario, the theory flows to a conformal field theory (CFT). When the
CFT is weakly coupled, the renormalization group flow from the UV to the IR is
very slow. The UV matter content (fermions) can be considered the IR gapless
excitations, and the anomalies are automatically matched. Anomaly matching by
strongly interacting CFT is still an open problem; we have nothing to say here.
The existence of a well-controlled Banks-Zaks fixed point implies a strictly weakly
coupled CFT. However, such a reliable fixed point can only be obtained in the
large- N limit. The 3-loop S-function reads

3 5 7
B(Q) = _BO (4&)2 - ﬁl (4‘(;)4 - BQ (4g7r)6 . (333)
If B > 0 and B; < 0, the theory flows to an IR fixed point, gf = —(4”6#,

up to corrections from Ps. In the large-N limit and close to the boundary of
the asymptotic-freedom region, the contribution from the third term is suppressed
compared to the second term, and thus, this term and higher-order terms can be
safely neglected. Our theories, however, do not admit large-N analysis. Yet, as
we shall discuss, in a few cases, the numerical value of the third term is extremely
small compared to the first two terms, so one can conclude that such a weakly-
coupled CFT exists. In Appendix D] we work out the fixed points using the 2
and 3-loop B-functions. We consider values of % < 0.1, using both the 2-loop
and 3-loop calculations, small enough to conclude that the theory has an IR fixed
point. Also, the perturbative nature of the S-function calculations will be trusted
when the third term in is small compared to the first two terms. More
stringent coupling constant values at the fixed point could also be assumed. This,
however, will only mean doing more work to find out the fate of the IR phases of
such theories.

*Tumbling, [53], is a mechanism by which the breakdown of a gauge group occurs without the
aid of fundamental scalar fields. We do not discuss tumbling in this work.
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3.83.1. IR anomaly matching

(IT) Composite massless fermions

In the second scenario, the theory becomes strongly coupled; it confines (for N
even), preserves the global symmetries, and flows to a phase of composite massless
fermions. This can happen in the non-bosonic theories N = 5,6,10. We sketch
how one can systematically search for such composites. Let F; be a gauge-invariant
fermionic operator (a composite that transforms as a left-handed Weyl fermion
under the Lorentz group) built of ¢ and x:

Fi=ix, (3.34)

where r;, p; € {0} UZ™, and we suppressed the color and spinor indices to reduce
notational clutter. Insertion of gluon fields can be used whenever fermi statistics
cause F; to vanish. Using the convention that ¢ and x carry 2 and N — 2 indices,
respectively, and demanding that F; be a gauge invariant fermion yields the two
conditions:

2k + (N = 2)p; € NZV,  wi+pi € 227 —1). (3.35)
The U(1) 4 charge of F; is

—IﬁiNX + pin
T

aF = (3.36)

Generally, the composites F; transform in higher representations of SU(n,) and
SU(ny), making the process of matching anomalies containing flavor groups a
daunting task. Thus, it is more convenient to start with matching [U(1)4]%,
U(1) a[grav], and nonperturbative ng anomalies. For generality, we assume there
are N; copies of composites F;. Then, matching these anomalies gives the condi-
tions

ZMq% = qind,dimw + qinxdimx
i

Z-Niqﬂ = gynydimy + g nydim,,

)

2 ZM = 2n,dim, (mod p)
(P* +3p+2) > _N; = (p* + 3p + 2)ndim, (mod 6p) (3.37)

The number of the IR fermionic species N' = 3", N; is bounded from above by the

a-theorem:

w
4

7
2(N? = 1) +- (nydimy + nydim, ) >
—_——— 4
IR degrees of freedom

(3.38)

gluons

UV degrees of freedom
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3.83.1. IR anomaly matching

In principle, one could systematically search for copies of composites {N1, N2, ...}
that satisfy (3.37). However, this would require finding the partitions of A (all
integers that their sums give A), a number that grows exponentially with VN.
The composites that satisfy must also match the rest of the anomalies that
involve the flavor groups. In all non-bosonic theories, N = 5,6, 10, we could not
find a set of composites that matched the full set of anomalies using the systematic
approach sketched above. Simply, the algorithm takes an extremely long time,
which makes such a systematic search impractical.

In fact, we can utilize the ZZX [CFU] anomaly to show that in some cases, such
candidates, if they exist, cannot solely match this anomaly. This approach was
used in [20] in the case of vector-like theories, and we repeat it here for chiral
theories. To this end, we assume that there exists a set of gauge-invariant composite
fermions that match [SU(ny)]3, [SU(ny)]?, [U(1)a]?, ZIX[U (1) 4)%, ZIX[SU (ny))?,
ZIX[SU (ny )], U(1)a[grav], and ZIX[grav] anomalies. Then, we turn the CFU
fluxes on M* and perform a ng rotation. We denote the UV coeflicients that
multiply @, @y, and @, in by DYV = ny Ty, DSV = dim,, and
DUV = qinxdimx. Under a discrete chiral rotation, the UV partition function
transforms as

i22 (DYVQe+DYVQy+DIVQu)

ZU\/ — e P ZU\/, (339)
while the IR partition function transforms agf
2n (IR IR

Zip — &7 (DX QD) Z (3.40)

where D;R,DLR € Z are group-theoretical coefficients that are chosen to match
ZX[U (1) a]* and ZIX[SU (ny)]* anomalies. Since the UV-IR anomaly matching is
mod p, we must hav

DNV =pte, DYV -DF=pty, DV -D=pl,, (3.41)

for some 4., € Z. Thus, the ratio between the UV and IR partition functions
reads

ZUV _i2m(0eQet by Qu+uQu) : (3.42)
ZIR

and the matching of the ZZX[CFU] anomaly requires

gch + ngx + quu €Z ) (3-43)

for all allowed topological charges. Suppose no integers /., , exist that satisfy
this condition for a given allowed fractional topological charges. In that case, the
composites cannot solely match the ZgX[CFU] anomaly.

*Q. does not contribute to the IR phase since the composites are color singlets.
TZZX is a good symmetry in the color background, and thus we must have DPV = ple.
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3.83.1. IR anomaly matching

A minimal way out would be breaking ng — Zg<p via condensate formation
provided that the anomaly Z,[CFU] vanishes. Usually, a condensate would or-
dinarily break SU(ny), SU(ny), and U(1)4. Thus, one must postulate that all
gauge-invariant condensates charged under these symmetries have zero vacuum ex-
pectation values. Otherwise, the condensation of such operators would oversaturate
these anomalies, which are assumed to be matched by composites. In addition, one
needs to build a neutral operator under the continuous symmetries, charged under
ng, and has a non-zero vacuum expectation value. If it exists, such an operator
would have a scaling dimension larger than the vanishing lower-order condensates.
Although this scenario cannot be ruled out, we find it contrived in the examples of

the 2-index chiral theories we discuss here.

This leaves us with the possibility that if condition is violated, the ZX[CFU]
anomaly can be matched by a symmetry-preserving topological quantum field the-
ory (TQFT). In [54, 55|, it was shown that the matching of ZIX-gravitational
anomalies by a unitary and symmetry-preserving TQFT is obstructed on a spin
manifold. This obstruction can also be shown to hold in the case of ng [CFU]

anomaly [35].

We conclude that if condition (3.43|) is violated, the theory probably cannot flow
to a phase with massless composites.

(IIT) Spontaneous symmetry-breaking

In this scenario, the theory becomes strongly coupled; it confines (for N even) and
breaks its global symmetries spontaneously. We say that the theory flows to a
spontaneous symmetry-breaking (SSB) phase. An important aspect of this work
involves identifying the minimal set of condensates that break global symmetries
while matching the anomalies. These condensates break G® down to H C G®, with
the requirement that H remains anomaly-free. Without satisfying this condition,
the symmetry breaking alone would not sufficiently match the UV anomaly. It is
possible for composite fermions to match a non-vanishing anomaly in H, but it is
crucial that these fermions do not undermine the matching of the G® anomalies
achieved by the condensates. Our focus did not involve searching for composites
that could match the anomalous unbroken subgroups.

Generally, H can be expressed as H = H® X Zg, X Zg,, where H€ represents the
continuous part of H, Z,, “collectively" denotes the unbroken discrete subgroups of
SU(ny)xSU(ny) xU(1)a, and Zg, represents the unbroken subgroup of ng. If the
condensates leave a discrete subgroup unbroken, we must examine its anomalies.
In addition, if the theory possesses a 1-form/0-form mixed anomaly, there can be
fractionalization classes, and hence, an ambiguity in calculating the cubic discrete
anomalies [56]. One must ensure the condensates do not leave any discrete anom-
aly in any fractionalization class. In a few examples, we observe that lower-order
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3.83.1. IR anomaly matching

condensates (such as the 2-fermion condensates) lead to anomalous unbroken dis-
crete subgroups. Consequently, the formation of other (higher-order) condensates
becomes necessary to break the symmetries into non-anomalous subgroups.

In strongly-coupled theories, it is generally believed that higher-order bosonic op-
erators undergo condensation. In this work, through anomaly matching conditions,
we provide kinematical reasons behind this condensation.

Now we turn our attention to the matching of CFU anomalies. Given the bet-
ter understanding of the nature of the unbroken discrete subgroups of U(1)4 and
their anomalies, here, we provide a more in-depth discussion of the CFU anomalies
than the earlier work [35]. As mentioned above, we encounter two types of such
anomalies: U(1)4[CFU] and Z{X[CFU] anomalies. In all the examples we have
examined, we consistently observe the trivialization of ZgX[CFU] by the condens-
ates, which break the U(1)4 symmetry. On the other hand, the matching of the
U(1)4[CFU] anomaly through condensates is a more intricate process that required
closer examination.

As emphasized earlier, the color topological charge does not play a role in this
particular anomaly. Consequently, we can view it as an anomaly of U(1)4 in the
presence of the flavor center and U (1) 4 fluxes. In the examples we have studied, the
condensates break the flavor center, rendering this anomaly irrelevant. In simpler
terms, the full breaking of the flavor center automatically matches the U (1) 4[CFU]
anomaly. This can be understood through the following principle: if a triangle
(anomaly) diagram involves three abelian symmetries, namely G1, G, and G3 (in
this case, G through G5 are the abelian discrete groups corresponding to turning
on the CFU fluxes), the complete breaking of at least one of these symmetry groups
will resolve the anomaly.

To extract more valuable insights from this anomaly, we can focus our attention
solely on the color-U(1)4 fluxes by deactivating the flavor background. In doing
so, the U(1) 4[CU] anomaly becomes a mixed anomaly of U(1)4 in the presence of
fractional U(1)4 flux (keeping in mind that the U(1)4 flux still needs to combine
with the color flux to satisfy the cocycle conditions. Yet, the color topological
charge remains uninvolved in the anomaly). Superficially, one might consider this
to be equivalent to the [U(1)4]® anomaly. However, this is not the case since the
latter anomaly only encompasses integer fluxes of U(1) 4, whereas the U(1)4[CU]
anomaly incorporates the minimal flux of U(1)4. Consequently, the latter is more
restrictive in nature compared to the [U(1)4]® anomaly. Let the discrete flux of
U(1)a be a Zj, flux, and let a particular condensate break U(1)4 to Z,, 2O Zy.
Then the U(1)[CU] anomaly can be thought of as a Z;,[Z,]? anomaly, which can
be checked via . If Zy, C Zy, and the anomaly [Z,,]? vanishes, the breaking
of U(1)a to Zy,, automatically matches the U(1)[CU] anomaly as the symmetry
corresponding to the discrete flux of U(1)4 is broken.

Next, we discuss the condensates that cause the symmetries to break. A gauge-
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3.83.2. Minimizing the IR degrees of freedom

invariant condensate is a bosonic operator
C =, (3.44)
and «,, and «, satisfy the conditions
20 + (N —2)ay, € NZV,  ay +a, €2Z7. (3.45)

One needs as many condensates as necessary to break G® to an anomaly-free sub-
group. Distinct condensates will break GG® down to H; C G%, Hy C G&, etc. If the
subgroups {Hj, Hy,..} do not share common generators, G¢ will break to unity.
Finding the breaking patterns of a group G® because of the condensation of single
or many operators transforming in the defining or higher-dimensional represent-
ations of G® is, in general, a complicated problem. Only a few cases have been
discussed in the literature; see, e.g., [57, 58, [59} |60, 61] and references therein. The
question then is, how many condensates does the theory develop in the IR? There
is no known answer to this question. However, there must be at least as many
condensates as needed to match all anomalies.

3.3.2 Minimizing the IR degrees of freedom

Beyond ’t Hooft anomalies, are there additional sources of information that can
be harnessed to make conjectures about the infrared (IR) phase of a strongly
coupled theory? In [62, |63, |64], a constraint on the structure of strongly coupled
asymptotically-free field theories was proposed. The constraint is an inequality
favoring an IR phase with fewer degrees of freedom (DOF). It was also proposed
to use the free energy to characterize DOF. The effective degrees of freedom A of
free np massless real scalars and free n; massless Weyl fermions are given in terms
of the free energy density F' as (T is an infinitesmal temperature)

AE%:nB—FZnJv. (3.46)
First, we may use to favor between a phase of composite fermions or a
phase with spontaneous symmetry breaking (SSB). As we pointed out above, we
could not find composite fermions that matched the anomalies. Yet, one may be
tempted to use to predict whether the theory flows to an IR CFT. In a
weakly-coupled CFT, the IR DOF are the same UV DOF. On the other hand,
the DOF in a spontaneously broken phase, assuming the global symmetry SU(Ny)
entirely breaks, are N]% -1 Goldstone Let us define AA as the difference between
the DOF in the two scenarios. Then, we have

Ad=nd4n2—2- ] 2AN?—1) +1 (nydimy +nydimy) . (347)
Goldstones gluons DOF

*Notice that a theory that fully breaks its global symmetries will match its 't Hooft anomalies
in the IR. We assume that enough condensates form to obey the matching conditions.
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According to the conjecture, a theory with AA > 0 disfavors an SSB phase. It
can be easily checked that all the theories in Table yield AA < 0, favoring
a phase with broken symmetries. This is to be expected since ny,,n, ~ N and
dimy, dim, ~ N2. Thus, while the SSB phase has ~ N? DOF, a phase with
CFT has ~ N3 DOF. Then, one may naively conclude that all theories in Table
[B-1] will break their symmetries and flow to a Goldstone phase. This conclusion,
however, totally ignores the dynamics of the theory on the way from UV to IR.
A theory must enter a strongly-coupled regime to form condensates and break its
continuous symmetries, i.e., breaking the symmetries has to happen dynamically
since no elementary scalars exist. As we argued above, some of our theories have
robust IR fixed points at weak coupling, indicating that it is most unlikely they can
form condensates. Consequently, in the subsequent analysis, we avoid employing
the aforementioned hypothesis to favor between an SSB or CFT phase. Instead,
we use the S-function analysis to check whether a theory flows to an IR CFT[]

However, assuming the existence of multiple sets of condensates, each capable of
accounting for all observed anomalies via SSB, we can employ the aforementioned
line of reasoning to make a prediction. Presumably, the set of condensates that
causes the flavor group to break into the largest subgroup will be preferred due to
its associated reduction in the number of infrared degrees of freedom.

The following sections are devoted to systematically applying the above ideas to
the concrete theories in Table 3.1 We start our discussion by working out all
the details. As we progress through the list of theories, we build on the previous

experience and shorten our discussion.

3.4 Fermionic theories

This section systematically studies theories that admit fermionic operators in their
spectrum. These are (N = 5,k = 1), (N = 6,k = 2), (N = 6,k = 1), and
(N =10,k = 2). Our analysis indicates that the first two theories form condensates
and break their global symmetries, while the last two flow to a CFT.

3.4.1 [SU(5), k=1

This theory admits a single Weyl fermion ¢ and n, = 9 flavors of x Weyl fermions.
In addition, we have r = ged(ny Ty, nyTy) = ged(7,27) = 1, indicating that the
theory does not possess a discrete chiral symmetry. The solutions to the cocycle

*This method was used in [39] to predict the IR phase of a theory with a single adjoint and
Ny fundamental flavors of Weyl fermions. It was found that the AA calculations are consistent
with the prediction of perturbative S-function. The fact that this analysis does not hold for the
2-index chiral theories is attributed to the large number of degrees of freedom of a CFT, which
always exceeds the number of degrees of freedom of an SSB phase.
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3.4.1. |SU(5), k=1

conditions (3.14)) give Zs x Zg as the discrete division group. Thus, the faithful
global symmetry is

SU(Q)X x U(1)4

obal — y 4
Ggl bal Zs % Zg (3 8)
and the U(1)4 charges of ¢ and y are

qQp =27, q=T7. (3.49)

Since both ¢y and ¢, are odd, (-DH)F = Zg fermion-number symmetry, which acts
on (¥, x) as (¢,x) — —(¢, x), is a subgroup of U(1) 4.

The topological charges of the CFU fluxes are given by:

42 /2

8
Q. = TmGZS’ Qy = — p P €Ty, Qu=55€Lys, (3.50)

and (m,p’,s) are chosen to satisfy (3.14). The theory admits a set of anomalies
listed in Table (from here on, we give the phase of the corresponding anomaly).

Anomaly Equation Value

[U(1) 4] Ko = ani dim ¢ + nxqi dim x | —264375

U(1)a [SU( )X}Q Gy dim x 70

[SU(9)y K dim x 10

U(1)a[grav] 2(nyqy dim ) + nyq, dim x) 450

U(1)4[CFU] Gy dim x Qy + K3 Qu 500,52 — 2643755°

Table 3.2: Anomalies of SU(5),k = 1.

Notice that, as pointed out above, the U(1)4[CFU] anomaly does not depend on
the color topological charge. We can also put the theory on CP? by employing
fluxes in the centers of SU(5) and SU(9), accompanied by a U(1) 4 flux, as can be

easily checked from (3.19).

The 2-loop and 3-loop [B-function analysis show that the theory has an IR fixed
point at somewhat large coupling-constant: % ~ 0.64 and % ~ (.34, respectively.
Therefore, such a fixed point is not robust. We conclude that either the theory
forms composite fermions or flows to an SSB phase.

Matching by composites

We used the systematic approach discussed in Section [3.3] to search for a set of
composite fermions. We found a pair of operators

=ox®, Fa=9x?, (3.51)
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3.4.1. |SU(5), k=1

with A7 = 36 and Ny = 9 copies that matched the [U(1)4]* and U(1)[grav]
anomalies. Yet, this pair failed to match the U(1) 4 [SU(9)y]? anomaly. The upper
bound on the number of the IR fermion species is N' ~ 132. The large number of
partitions of A/ is O(107), which hindered the abilities of our search algorithm. We
failed to find a set of composites that matches the full set of anomalies.

Matching by condensates

We now turn to the formation of condensates. The lowest-order condensate is
i __ _a1a2a3a4a [ 2,1
Cl = ¢ma2a304 5€a1azw(a11a2)x[a3a4a5]’ (3.52)

where ay, .., a5 are color, oy, oy are spinor, and 7 is a SU(9), flavor indices. This
condensate vanishes identically owing to the symmetrizing over a;,as. Yet, one

can evade this problem by inserting gauge-covariant gluonic fields ( ﬁy)gf ot

% 5i __ _aiasaszasas c \ag _pv, )01 Q2,1
Cy »Cl=¢€ €ajaz (f;w)agg w(al%)x[awm] . (3-53)

This trick will always be followed whenever the statistics of indices cause some
operator to vanish. C! transforms in the defining representation of SU(9),, and
thus, it breaks it down to SU(8). However, the condensation of Ci leaves a U(1)
generator of SU(9) x U(1) 4 unbroken. To see that, we go to a basis where Ci o &; 9.
In this basis, the unbroken SU(8) group acts on the 8 x 8 upper block matrices of
the original 9 x 9 unitary matrices of SU(9). Now, it is easy to see that the SU(9)

Cartan generator Hg = diag(1,1,...,—8) combines with the U(1)4 generator to
leave the vacuum d; ¢ invariant:
e e Q... 0 0 0
e2m(=208) =1 (3.54)
0 .. e?r(=8) 1 1

where « and  are the Cartan and U(1)4 phases, respectively. The direction
2o = =50 is the unbroken U(1) direction. The unbroken SU(8) has a non-
vanishing cubic anomaly. In addition, the unbroken U(1) symmetry inherits the
U(1)a[grav] anomaly, signaling that such breaking is incomplete or inconsistent
with the anomaly-matching conditions.

Another condensate is (we suppress color and spinor indices to reduce clutter)
e = iy, (3.55)

which transforms in the 2-index symmetric representation of the flavor groug® The
general form of the “Higgs" potential of the condensate is

1 5 3 1. 1 ; i
V(C) = _5,%; Doy + Wc; Deyiin)? + ZAQ(CQ(M)CE’“CQ(M)CS )y, (3.56)

*We also insert gluons if the statistics cause the condensate to vanish.
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8.4.1. |SUB) k=1

for some real parameters 2 > 0, A\, and Ag. In the case Ay > 0, the condensate has
a non-zero vacuum expectation value and we can pick the form of the condensate
to be Ca ox Iy [57]. This breaks SU(9) to the anomaly-free subgroup SO(9).

Is there a combination of SU(9), x U(1)4 that breaks to a remaining U(1) sym-
metry? As U(1)4 is abelian, we need to consider the subgroup generated by the
Cartan subalgebra of SU(9). The “unnormalized" generators of the Cartan subal-
gebra of SU(9) are:

m
[Hm]ij = Z 5Zk‘6jk - m5i’m+1(5]‘7m+1 , M= 1, 2, ceey 8. (3.57)
k=1

A general SU(9) element generated by the Cartan subalgebra has the form
exp(2micy, Hpy,), m = 1,2,..,8 and a,, € [0,1). A combined SU(9) x U(1)4 trans-
formation acts on C¥ via:

C;(ij) _ 2mi(—40p) (e%mmHm)““ (e%mmHm)ﬂ Cothty - (3.58)
and should leave the vacuum expectation value invariant. Thus, we need
(2mi(~405) (627riamHm)ik (ezmamHm)ﬂ o= Iy (3.59)

It can be easily checked that there are no nontrivial solutions to the above equation,
indicating that no U(1) direction is left unbroken.

Under the action of U(1)4, the condensate transforms as Céij ) = 2 lixd) —
Cé(m = ¢12m(=408) 23 (i\d)  where 3 € [0,1) is the U(1) 4 parameter. So it appears
that the condensate is invariant under a discrete Z4o subgroup of U(1) 4. But recall
that the global symmetry group includes a division by the Zs center of the color
group. Zs is not a subgroup of SU(9), therefore it can only quotient U(1)4, so
the parameter S is in fact a U(1)a/Zs parameter and 3 € [0,1/5). Therefore the
condensate only exhibits an unbroken Zg symmetry.

The discrete symmetry Zg has non-perturbative anomalies, as can easily be checked
usin . . (i5) . . .

g (3.29) and (3.30)), meaning that the condensation of C5“’ is insufficient to
match the full set of anomalies. Notice that since both ¢ and x have odd charges
under U(1) 4, any unbroken discrete subgroup of U(1) 4 necessarily contains (—1)F,
and thus, we can use the twisted group Spin”?m to detect the nonperturbative
anomaly as given from (3.30). Moreover, since the theory does not possess a 1-
form symmetry, there is no ambiguity in calculating the discrete-symmetry anomaly

[56].

In searching for a condensate that does not leave behind a non-anomalous U (1) or
discrete subgroup, we consider the most general bosonic operator:

C=9Y™x™, 2ay+3ay €5ZT,ay +ay €2Z7. (3.60)

44



3.4.1. |SU(5), k=1

This condensate carries a charge of —27a,; + 7a, under U(1)4, and thus, breaks
U(1)a down to Z(_27a, +7ay)/5- We used both (3.29) and to check the non-
perturbative anomalies of Z(_s7, w+Tay)/5 and found that both untwisted and twis-
ted backgrounds yield the same results. The lowest-dimensional condensate that
breaks U(1) 4 to a non-anomalous subgroup has o, = 1 and a,, = 11. In this case,
Zq is the anomaly-free subgroup.

The condensate
Cs = vy (3.61)

transforms in a higher representation of SU(9)y. One can contract 9 out of the 11
flavor indices of C3 with the Levi-Civita tensor, leaving 2 free indices. Then, we can
rearrange the free indices (possibly with insertions of gluons in case the statistics
cause the condensate to vanish) such that Cs transforms in the 2-index symmetric
representation of SU(9):

e57 =X (3.62)
(i5) breaks SU9)xxU(1)

The condensing of Cy 72X 4 down to the anomaly-free subgroup
SO(Q) X ZIO-

Alternatively, one can search for a companion condensate to Céij ) that breaks U(1)a
to a discrete subgroup Z,, such that ged(q, 8) = 2. This ensures that the formation
of these two condensates breaks U(1)4 down to the anomaly-free subgroup Z%,
which is the fermion number. The companion condensate with the lowest dimension
is C4 = x'°, which, superficially, breaks U(1)4 down to Z, = Zi4. This, however,
is an immature conclusion. One can contract 9 flavor indices of C4 with a Levi-
Civita tensor leaving one free index. Then, C4 transforms in the fundamental
representation of SU(9), and according to the discussion preceding , it breaks
it down to SU(8) xU(1). Because of the unbroken U(1) generator, the condensation
k % down to a subgroup that contains the
anomalous Zg. More than this is needed to match the full set of anomalies.

of Cy along with C4 brea

We might continue searching for suitable condensates that break G® to an anomaly-
free subgroup. However, the lesson from the above discussion is that it is generically
a complex exercise.

Since SO(9) is the largest anomaly-free subgroup of SU(9), the condensation of
C:gij ) leads to the smallest number of the IR Goldstones, and hence, we predict
that the theory will flow to a phase with the global symmetry broken down to
the anomaly-free SO(9) x Z1p. This is the minimal scenario. However, because of
strong dynamics, nothing forbids the theory from forming all kinds of condensates,
breaking G& down to the anomaly-free Z4 fermion number symmetry.

In an equally alternative scenario, SU(9) could be broken down to the anomaly-free
Sp(8) by a condensate transforming in the 2-index anti-symmetric representation.
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3.4.2. |SU(6), k=2

However, since the dimensions of Sp(8) and SO(9) are identical, anomalies and the
argument of the number of Godstones cannot distinguish between the two possible
symmetry-breaking scenarios. In general, a condensate transforming in the 2-index
symmetric representation of SU(2N + 1) breaks this group down to SO(2N + 1),
while a condensate in the 2-index anti-symmetric representation breaks it down to
Sp(2N). Both SO(2N + 1) and Sp(2N) have dimension N (2N +1).
Interestingly, the operator C?(fj ) hasa scaling dimension of at least 15 (it could have a
higher dimension if gluon fields are needed to avoid the vanishing of the condensate
because of fermi-statistics). That such condensate with a large-scaling dimension
must condense in the IR to match the complete set of anomalies is remarkable.
Generally, it is natural to expect that a strongly coupled theory forms higher-order
condensates. In this example, however, this formation is not a question about the
dynamics; rather, it is a necessary condition for the theory to obey the kinematical
constraints imposed by anomalies.

Does our proposed condensate Céij ) match the U (1) 4[CFU] anomaly? The answer
is affirmative. Céij ) breaks SU (9), flavor group down to SO(9). The latter does not
have a center symmetry, while the former group has a Zg center. Thus, we conclude
that the condensate breaks Zg maximally, matching the U(1)4[CFU] anomaly.
Next, we may turn off the flavor background, restricting ourselves to the color
center and U(1)4 (CU) fluxes. In this case, we have (m,p',s) = (1,0,1), and
keeping in mind that the CU anomaly does not depend on the color topological
charge, we find that this is an anomaly of the axial current in the background of
a Zs flux. The condensation of Cs breaks U(1)4 to Zig. Thus, the U(1)4[CU]
anomaly becomes the Zio[Zs)? anomaly discussed around Eq. . However,
from the last line in Table the anomaly coefficient becomes, % = —10575,
which is 0 modulo 5. Therefore, in this case, the anomaly becomes trivial, and the
U(1)4[CU] anomaly is automatically matched.

3.4.2 |[SU(6), k=2

This theory has a single ¢ Weyl fermion along with 5 flavors of x fermions. Thus,
the continuous global symmetry is SU(5), x U(1) 4. The charges of ¢ and x under
U(1)4 are

Q@ =-5, q=2. (3.63)

Owing to the fact r = ged(ny Ty, nyTy) = ged(8,20) = 4, the theory is also endowed
with a ZZX chiral symmetry, which is taken to act on y with a unit charge. It can
be checked that this is a genuine symmetry since neither Z4 nor a subgroup of it
can be absorbed in rotations in the centers of SU(6) x SU(5)y. To show that, we

27
4

try to absorb the elements e’ ‘. 0=1,2,3, in the centers of SU(6) x SU(5)y:

Zy: Y —> ezm'%mw =, x— e*Q”iQTme*Q’Ti%X = 627”%)(. (3.64)
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3.4.2. |SU(6), k=2

No values of m and p’ satisfy these equations for ¢ = 1,2, 3, and therefore, fox is a
genuine symmetry. An identical procedure is employed in the rest of the theories
to ascertain the genuity of discrete chiral symmetries.

To determine the faithful global symmetry, we must find the quotient group by
solving the consistency conditions (3.14)).
divide by. Putting everything together and remembering that the theory possesses

This gives Zs x Zs as the group we

a 2[21] 1-form center symmetry, we write the faithful global group:

SU(5)X X U(l)A
Zg X Z5

Gilobal = x 72X %z . (3.65)

The Z& fermion number symmetry is contained in the generators of the product
group U(1)4 X ZZX (notice that the U(1)4 charges of ¢ and x are odd and even,

respectively)
2y CUMa:d — =, x— X,
Z5 c ¥ i — oy, x — —x. (3.66)
The topological charges of the CFU fluxes are given by:
Qc:56mZ,meZg, 0 =" ez, Quosseus, (3.67)

and (m, p’, s) are chosen to satisfy (3.14]). The anomalies of the theory are listed in
Table It is worth noting that both ZZX [grav] and ijx [CFU] anomalies give at

Anomaly Equation Value
[U(1)4]? Foys = Mgy, dim e + ny gy dim x [ —2025
U AT | gy dimx 30
[SU(5),]° dim x 15
ZZX [U(1) 4] Fop2 = Nyqs dim 300 mod 4
ZZX [SU(5)y )2 dim x 15mod 4

( )algrav] 2(nyqy dim 1 + nyqy dim x) 90

ZX[grav] 2n, dim x 150 mod 8
[Z4x)3 2250 mod 24
U(1)4[CFU] ¢y dim x Qy + K3 Qu 24p"? — 202552
ZZX[CFU] ny T Qc + dim x Qy + £,,2Qu2 | Bm? + 12p™ + 3005

Table 3.3: Anomalies of SU(6),k = 2.

most a Zy phase. Also, this theory cannot be put on CP?, as there are no solutions
to the conditions ([3.19).

We first comment on the possibility that the theory flows to a Banks-Zaks fixed
2

point in the IR. The 2-loop beta function of this theory gives * ~ 8.5 > 1. This

value of the coupling constant is too large for perturbation theory to hold. At

2
3-loops, we obtain 2= ~ 0.73. Also, this coupling-constant value is large, so we

4
cannot conclude that our theory flows to a conformal fixed point in the IR. In the

following, we examine the possibilities of fermion composites and SSB.
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3.4.2. |SU(6), k=2

Matching by composites

Here, we follow the argument in Section [3.3]to show that composite fermions cannot
solely match all the UV anomalies. The UV ZZX[CFU] anomaly of this theory is
(unlike the U(1)4[CFU] anomaly, it is important to notice that the color flux
contributes to the ZX[CFU] anomaly)

50
Ny Ty Qe + dim x Qy + K22 Qy2 = §m2 +12p"? + 30052 . (3.68)

In the IR, a set of gauge invariant composite fermions would generate the corres-
ponding ZPX[CFU] anomaly:

DRQy + DR Qy (3.69)

for integers D;R and DIR. The integers D;R and DI} are group-theoretical coef-
ficients that are assumed to be found by matching all anomalies of continuous
symmetries. In the presence of a CFU background flux, the ratio between the UV
and IR partition functions after undergoing a ZZX transformation is given by:
ZUV
ZIR
where d,, = 12 — D;R € Z and d,, = 300 — DI} € Z. If there exists a particular

solution (m,p’, s) of the consistency conditions (3.14) such that no integers d,, d,
exists such that

_ o2 (B (12- DI (300- D)) _ (it dus?) | (370)

?mQ + dyp® + dys® € 47, (3.71)

then we conclude that composite fermions cannot match the ZZX[CFU] anomaly.

Consider (m,p, s) = (1,0,2/3). This is a solution to the consistency conditions and
therefore corresponds to a CFU flux. In the presence of this CFU background, the

LHS of (3.71)) becomes
@—i-d 4 150+ 4d,
3 "9 9

However, 150 + 4d,, = 2 mod 4 for any d, € Z. Therefore we can conclude that

(3.72)

for this theory, composite fermions cannot solely match the ZZX[CFU] anomaly in
the IR.

Matching by a condensate

Without composites, the anomalies are matched by spontaneous symmetry break-
ing via condensates. First, the 2-fermion condensate cannot match the anomalies,
as it breaks SU(5)y x U(1) 4 down to the anomalous subgroup SU(4) x U(1). Next,
consider the operator

G NCNOY (3.73)
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3.4.5. |SU(6), k=1

where i,j are SU(5), flavor indices, and in particular, this condensate is in the
two-index symmetric irrep of SU(5)y. Thus, the condensation of this operator
breaks SU(5) to the anomaly-free subgroup SO(5).

Under the action of U(1) 4, the condensate transforms as C¥ = P2\ liNd) — ' =
e27(68)4p2\(ixJ) where B € [0,1) is the U(1)4 parameter. So it appears that the
condensate is invariant under a discrete Zg subgroup of U(1) 4. But recall that the
global symmetry group includes a division by the Z3 center of the color group. Zs
is not a subgroup of SU(5), therefore it can only quotient U(1) 4, so the parameter
B is in fact a U(1) 4/Zs parameter and (3 € [0,1/3). Therefore the condensate only
exhibits an unbroken Zy symmetry, which has no global anomaly, and the U(1)4
breaks to a non-anomalous subgroup.

The condensate also breaks fox down to Zo, leading to 2 vacua connected via
a domain wall. Recalling that the ng[grav] anomaly is only a Zo phase, the
unbroken subgroup Zs C ZZX is anomaly free (remember that Zs is also free from
nonperturbative anomalies). In addition, the ZZIX[CFU] anomaly is valued in Zs,
meaning that the same condensate saturates it. The breaking of fox down to Zo
will also automatically match the [ZZX]?’ anomaly, since Zs is anomaly free.

Let us examine the fate of the U(1)4[CFU] anomaly. First, when we turn on the
flavor center flux, the breaking of SU(5) into SO(5) matches the anomaly, as the
breaking causes the center of SU(5) to break. Next, we solely turn on the color
and U(1)4 fluxes. In this case, s € Zs, and the breaking of U(1)4 down to Zs
implies that we are after Zs[Z3]? anomaly. The anomaly coefficient can be read
from Table and according to , the anomaly is automatically matched
since ged(3,2) = 1.

d
We conclude that the global symmetry G# breaks down to SO(5) x (ZQCU(l)AZ): (Z2CZy)

The first Zs symmetry acts only on v, while the second Zy acts only on . Then,
from (3.66|), we see that the combination of these symmetries acts like the fermion
number, which is left intact in the IR. The extra modding by Zs is employed to

avoid overcounting.

Since SO(5) is the largest anomaly-free subgroup of SU(5), this breaking pattern
minimizes the number of Goldstones and is the most favorable scenario.

3.4.3 |SU(6), k=1

This theory has 2 flavors of 1) and 10 flavors of y, and thus, the flavor symmetry
is SU(2)y x SU(10)y. The U(1)4 charges are

Qy=—5, q=2. (3.74)

Because r = ged(ny Ty, nyTy) = ged(40,16) = 8, we may be tempted to conclude
the theory has a Zg chiral symmetry. However, one can show that a Zo subgroup
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3.4.4. |SU(10),k =2

of the Zyo center of SU(10), can be used to identify elements of Zg:
X o= 2mils amil _ 6271*1'%7 (3.75)

for 1,1’ =1,2,...,7. For example, setting p’ = —5 identifies / = 1 and £ = 5, etc. In
addition, the solutions to the consistency conditions yield the division group
Zs X 7o X Zs. Thus, the faithful global symmetry is

SU(2)y x SU(10),, x U(1) 4

GE =
ZgXZQXZg)

x 75X x 78V (3.76)

The S-function indicates that the theory flows to an IR fixed point. At 2 loops, the
coupling constant at the fixed point is % ~ 0.094. At 3loops, we obtain % ~ 0.075.
Both values are much smaller than our threshold value of 0.1, and the 2- and 3-loop
analysis is only 10% apart. Also, the 3-loop to the 2-loop ratio in is =~ 0.2.
Thus, the fixed point is reliable. As we pointed out above, the lowest-order bosonic
operator in this theory, F),, 0" x1, necessitates the introduction of a color field to
prevent its vanishing due to statistics. This is a dimension-5 operator, and due to
the smallness of the coupling constant, we do not expect this operator to condense.
Not to mention that this operator by itself is not enough to match the full set of
anomalies, and higher-order condensates must also form to match them. We, thus,
conclude that the most probable scenario is that the theory flows to a CFT.

3.4.4 |SU(10),k = 2|

The theory admits 3 flavors of ¥ and 7 flavors of x. The charges of the fermions
under U(1)4 are

gy =—14, ¢, =9. (3.77)

We also have r = ged(Ny, Ny) = 4, so that the theory is endowed with a ZZX chiral
symmetry, which cannot be absorbed in a combination of the centers of the color
or flavor groups. After solving the consistency equations, we obtain the faithful
global symmetry group

SU(3)y x SU(T)y x U(1)4

7% 5 78V | .
Ze % Zs X T X Zyg* x Ls (3.78)

Gglobal =

The theory develops a Bank-Zaks fixed point. The 2 and 3-loop values of the

2
*

coupling constant at the fixed point are 4952 ~ 0.059 and 4‘; 7 =~ 0.046, respectively.
Also, the 3-loop to the 2-loop ratio in (3.33)) is &~ 0.2. Thus, like SU(6), k = 1, this

theory is expected to flow to a CFT.

3.5 Bosonic theories

All gauge-invariant operators in this class of theories are bosonic. In the following,
we provide a systematic study of this class.
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3.5.1. Conformal theories

Theory Ny | Ny ng r (qy, Gy) 2-loop | 3-loop i;gf
SU(16),k=4| 3 5 2 Zg X 73 X L (—35,27) 0.09 0.064 | 0.62
SUR0),k=4| 4 | 6 | 2 | ZioxZsxZ3 | (—27,22) | 0017 | 0.015 | 0.11
SU(28),k=8 | 3 | 4 | 1 | ZyxZ3xZq | (—52,45) | 0.086 | 0.051 | 1.12
SU36), k=8| 4 | 5 | 1 | ZisxZaxZs | (—85,76) | 0.019 | 0.016 | 0.25
SU@A4), k=8| 5 | 6 | 1 | Zu x Zs x Z | (—126,115) | 0.0002 | 0.0002 | 0.003

Table 3.4: A list of conformal bosonic theories.

3.5.1 Conformal theories

We start by listing theories that flow to a conformal fixed point. These theories
are displayed in Table In each case, the global symmetry is given by

SU SU U(1
G = SU) x SUM) x UM | gax , 50) (3.79)
T P
We also display the coupling constant 4952 at the 2- and 3-loop fixed points. The

smallness of the coupling constant and its consistency between the 2- and 3-loop
calculations is an indicator of the robustness of the fixed point. To quantify this

robustness, we may truncate the S-function to the second term in (3.33]) and find

the fixed point is given by a, = —42%. The existence of such a fixed point implies

that the first and second terms possess comparable magnitudes. Consequently, the

ratio between the third and second (or first) term Z‘;gi represents the error incurred

by neglecting the third term. A low ratio indicates the perturbative nature of the
fixed point.

The two theories (N = 20,k = 4) and (N = 44, k = 8) have the most reliable fixed

points. While the theory (N = 28,k = 8) has ngf = 1.12, and its fixed point is

under question.

3.5.2 Confining theories

3.5.2.1 |SU(8), k=4

This theory was studied in [35]. Here, we revisit it in light of the discrete anomalies
not discussed in [35]. The theory admits n, = 1 and n, = 3 flavors of fermions.
The fermion charges under U(1) 4 are

@w=-9, g =5. (3.80)

Also, the theory admits a ng discrete chiral symmetry. Solving the consistency
conditions (3.14)) yield the faithful global symmetry

SU(?))X X U(I)A

GE =
Z4XZ3

x 7 % 7Y | (3.81)
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3.5.2.1. |SU(8),k=4

Anomaly Equation Value
[SU(3)]° dim, 28

U(1)4 [SUG)J? | aydim, 140
5% [SU(3)y J* | dimy 28
ZX U (1) 4) Koz = g2dimyn, 2100

Ul )A[grav] 2(gydimy, + gy dim,n, ) 192
[U(1)4)? Kys = gadimyn, + ¢jdimy -15744
de [grav] 2dim, n, 168 (trivial)

U(1)4[CFU] ¢y dim x Qy + K3 Qu 280p — 1574482, p' € Zs3 , s € Z9

ZIX[CFU] Ny T Qe + dim x Qy + K12 Qu 27;" + 5% 1 210052, m € Z,

Table 3.5: Anomalies of SU(8),k = 4.

The theory admits many anomalies in Table In addition, the theory admits
a ZgX[CFU] anomaly, which yields a phase of m upon turning on a flux with, e.g.,
(m,p',s) = (1,0, %), i.e., thisis a Zy C U(1)4 flux. We also find that there is an
anomaly of ng on a nonspin manifold, as the partition function acquires a phase
of m by turning on a pure Zél) flux on CP?.

In [35], it was argued that all the anomalies could be matched by condensing two
operators:

=X’y € = Eniain XXX (3.82)
Let us review the anomaly matching using these two operators and comment on
why they cannot match the discrete anomalies.

Both operators Ci and C} transform in the defining representation of SU(3) and
break it down to the anomaly-free SU(2) (it has no Witten anomalies because the
dimensions of the representations are even). Yet, the condensation of Ci or C}
leaves behind an unbroken SU(3) generator. We take Ci o ;1 and C3 o &;1 and
parametrize the SU(3) matrix that corresponds to the unbroken Cartan generator
of SU(3) as diag (€7 ¢~i2m ¢=i2m) " Then, under SU(3)y x U(1)4 x ZIX, the

operators transform as

Ci ez47ro¢—z871',3—|—zn7rci ’ z407r,3+7,47racé ,

Ci—e (3.83)
where [ corresponds to the U(1)4 transformation, whereas n = 1 corresponds to
the ng transformation. Taking o = —2%, B = ﬁ, and n = 1 leaves Ci and C}
x U(1)a x Z3X. This

superficially hints at an unbroken Zs4 symmetry. However, owing to the modding

invariant under the combined transformations of SU(3)y

by Z4 in , the genuine unbroken subgroup is Zg. This unbroken symmetry
can be written as Zg = Zg X Z3, where Zs is a genuine subgroup of U(1) 4. This can
be seen by setting n = 0, then we find that Ci and C4 are left invariant by taking
a = —% and 8 = i. Remembering the modding by Z4 in , we conclude

that there is a Zg unbroken subgroup of U(1)4.

52




3.5.2.2. |SU(8), k=2

It is straightforward to calculate the Z3 anomaly using to find that it is
non-vanishing, meaning that the condensation of Ci and Cj is not enough to match
the complete set of anomalies. The way out is to consider the condensation of the
operator

ST = g2y | (3.84)

which transforms in the 2-index symmetric representation of SU(3), and breaks
it down to SO(3). U(1)_4 is broken to Zsg, after taking into account the modding
by Z4 in (3.81). The ZgX[CFU] anomaly is automatically matched as U(1)4 is
broken down to Zs (remember, however, that this Zs is the fermion number since
both fermions carry odd charges under U(1) 4, and the fermion number is gauged).
Recalling that we had to turn on a Zy C U(1)4 flux in the first place to see this
anomaly (a 7 phase), the breaking of U(1)4 to a smaller subgroup than Z,4 (in this
case Zg C Z4) trivializes the anomaly. Thus, at this level, one does not need to
break ng. This differs from the findings in [35], where it was argued that the CFU
anomaly is not trivial. Here, we arrive at a different IR condensate by scrutinizing
the discrete subgroups of U(1) 4.

What about matching the anomaly of ZSX on CP?? Since this anomaly is valued
in Zo, it can be matched by a TQFT on a nonspin manifold, as was argued in
[54]. Yet, another scenario is to form the condensate C, which breaks ng to unity
(remember that the Zél) 1-form symmetry is unbroken assuming confinement).
Thus, the condensation of both Ci and Céij ) match all anomalies and break the
global group down to SO(3), resulting in 2 vacua (because of the breaking of ng)
connected via domain walls.

3.5.2.2 |SU(R), k=2

This case was also considered briefly in [35]. The theory admits 2 flavors of
fermions and 6 flavors of x fermions. The U(1)4 charges of the fermions are

@w=-9, q=5. (3.85)

Since ged(Ny, Ny) = 4, one may naively conclude that the discrete symmetry is
Zy. Yet, two elements of Z4 are identified with elements in Zo C Zg, where Zg is
the center of SU(6),. This leaves us with ng as the genuine discrete group, which
we take to act solely on x. The faithful global symmetry is

_ SU(2)y x SU(6)y x U(1)4

Ge
Z4 X ZG

x 75 x 78V (3.86)

The UV theory has the ‘t Hooft anomalies in Table E The ZgX[CFU] anomaly
does not provide new information. However, there is a non-trivial ZgX[CFU]CPz
anomaly (a m phase) in the background of a CFU configuration with all fluxes
turned on, e.g., (m,p,p/,s) = (1,1,1,-5/12).
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3.5.2.3. |SU(12),k =4

Anomaly Equation Value
[SU(6),]3 dim,, 28

( ) algrav] 2(qydimy + g dimyn, ) | 384

[grav] dimyny 336 (trivial)

( )A[SU(6)]> | gydimy 140

U(1)a[SU(2)y]? | qpdimy —324
[U(1)a]? g}dimy + gidimyn, | —31488
ZX[SU(6), )2 | dim, 28 (trivial)
ZIX[U(1) 4)2 qidim¢n¢ + gidimyn, | 4200 (trivial)

Table 3.6: Anomalies of SU(8),k = 2.

The condensation of the operator
=X (3.87)
break SU(2),xSU(6), down to SU(2)xSU(4). The unbroken SU (4) is anomalous.

Another operator is
Cg;lz‘z} _ w2X[i1Xi2] ’ (3.88)

which is neutral under SU(2),, x ng but transforms in the 2-index anti-symmetric
representation of SU(6) and breaks it down to the anomaly-free Sp(6)f] In addi-
tion, the condensation of Cgliﬂ breaks U(1)4 to the anomaly-free Zs, after taking
into account the modding by Z4 in . What about the ZgX[CFU]CPQ anomaly?
Remember that one needs to turn on a configuration with U(1) 4 fux in Zj2. Since
U(1) 4 breaks down to Zs, the anomaly trivilizes. Recall that this Zs is the fermion
number since both fermions have odd charges under U(1) 4, and that the fermion
number is gauged. Thus, the condensation of C[ 2] Jeaves behind the unbroken

%:51’(6) ng subgroup and matches all anomahe

3.5.2.3 |SU(12),k = 4|

The number of flavors in this case is ny = 2 and n, = 4, and the U(1)4 charges
are:

gy =—10, ¢ =1. (3.89)

Since ged(ny Ty, nyTy) = ged(40,28) = 4, one may conclude that the theory is
endowed with a Z,4 chiral symmetry that acts on x. However, this Z, is the center

* Alternatively, one could propose the formation of a condensate transforming in the 2-index
symmetric representation of SU(6). This condensate, however, would break SU(6) down to SO(6),
resulting in a larger number of Goldstones.

TThe symplectic group Sp(2N) has a Zs center symmetry, see, e.g., |[65]. This is why we
needed to mod by Z; that is common between Sp(6) and SU(2).
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3.5.2.3. |SU(12),k =4

of the SU(4)y flavor symmetry. Therefore, the theory does not possess a discrete
chiral symmetry. Solving the consistency conditions (3.14)), we find that the faithful
global symmetry group is:

SU(2)¢ X SU(4)X X U(l)A
Zg X ZQ X ZQ

Gglobal = X Zgl) . (390)
This theory is endowed with the anomalies in Table The theory does not

possess a Witten anomaly of SU(2), since dimy = 66 is an even number.

Anomaly Equation Value
[U(1)a]? ydimyny + qinwdim¢ -65448
U(1)alSU(2)y)? | gpdimy -780
1)a[SU(4)y)? | gy dim, 462
SU(4) dim,, 66
)algrav] Kys = @ydimyny + gypnydimy, 576
)A[CFU]| qp dimy Qy + gy dimy Qy + £,3Q,, | 390p* + E2p? — 6544852, p,p’ € Zy

Table 3.7: Anomalies of SU(12),k = 4.

The 2-loop and the 3-loop S-functions predict fixed points at % = 0.514 and 0.202,
respectively. Both values are large for the fixed points to be robust.

In searching for candidates that break the symmetries spontaneously, let us study
the bilinear condensate:

. ail3 .
’L' — al...ai12 C o ql a2,1
Cj=e ( “V)GQ g ealo‘ﬂph (ara13)X[as..a12) *

j=1,2,i=1,2,3,4, (3.91)

where, as usual, a1, as, .. are color indices, a1, ao are spinor indices, while 7 and ¢ are
respectively SU(2)y and SU(4), indices. The transformation of C} is noteworthy
as it occurs in the fundamental representation of SU(2)1 and the anti-fundamental
representation of SU(4)x. Consequently, upon condensation, it has the potential
to break down SU(2)y x SU(4)y to SU(2)y x SU(2).
pattern can be explained as follows [57].

This symmetry-breaking

To create an invariant potential for the 4 x 2 matrix C;-, we define the 4 x 4 matrix
Pl = Z?:l C;-C]i-/ . By considering the effective potential as a trace over quadratic
and quartic terms of &%, we might initially assume that we can transform to a basis
where "% becomes a non-degenerate diagonal matrix. However, this assumption
leads to a contradiction because the 4 x 1 column vectors in &% are dependent due
to the construction of ®*¥ from a 4 x 2 matrix. In other words, ®% possesses two
zero eigenvalues. Hence, we conclude that we can only transform to a basis that
diagonalizes SU(2)y x (SU(2) € SU(4)x). This results in the diagonal (vector-
like) matrix SU(2)y, while SU(4—2) = SU(2) C SU(4)x remains unbroken. Both
SU(2)y and SU(2) € SU(4)x are subgroups devoid of anomalies. The potential
anomaly, namely the Witten anomaly, does not afflict any of these subgroups.
The UV particle content ensures that the number of fermions transforming under
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3.5.2.4. |SU(12),k =8

SU(2)y and SU(2) C SU(4)y is dimtyp = 78 and dimy = 66, respectively, both
of which are even numbers. Therefore, none of these groups can exhibit Witten
anomalies.

Moreover, due to the Zz modding in (3.90)), the axial symmetry U(1) 4 /Z3 identifies
a transformation phase o with a+ %’r The charge of the condensate C; under U(1) 4
is —3, leading to the breaking of U(1)4 to unity. Hence, we conclude that the 2-

fermion condensate C]i- successfully saturates all the anomalies and breaks the global
SU(2)y x(SU(2)cSU(4)x)
L2

symmetry down to , where we mod by the Zs common center

of both groups.

3.5.2.4 |SU(12),k =8|

The number of flavors in this case is ny = 1 and n, = 2 and the U(1)4 charges
are:

qp=—10, qy=T. (3.92)

Given that r = ged(ny Ty, nyTy) = ged(14,20) = 2, we may conclude that the
theory has a Z, discrete chiral symmetry. Yet, one can absorb this Zs in the
center of SU(2),, leaving behind no genuine discrete symmetry. After solving the
consistency conditions, we find that the faithful global symmetry group is:

_ SU@)y x U(1)a

AR .
ek (3.93)

Ge

The theory possesses the anomalies in Table The potential Witten anomaly of

Anomaly Equation Value

[U(1)a]? Kus = qydimyn, + gjdim,, | —32724

U(1)a[SU(2)y)? | gydim, 462

U(1)a[grav] gydimyn, + qydimy, 288

U(1) 4[CFU] ¢y dimy, Qy + K3 Qu 231p"% — 3272452, o/ € Zo

Table 3.8: Anomalies of SU(12),k = 8.

SU(2)y is absent because dim, = 66 is an even number.

The 2-loop and 3-loop S-functions do not predict fixed points, and the theory needs
to break its symmetries spontaneously by forming condensates. The operator

Ci =, (3.94)

where the index i is the SU(2),, flavor, breaks the global symmetry down to U(1).
To see that, let us fix the vacuum to be [1 O]T. Then, if a U(1) generator is left
unbroken by the vacuum, one should find a nontrivial solution to

. 1 0 Cibralae | 1| |1
exp[ﬂwﬁ[o _1He s [0]_[01. (3.95)
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3.5.2.5. | SU(20),k =8

It is easy to check that the solution § = 3« satisfies the above equation, which
is the unbroken U(1) direction. The unbroken U(1) symmetry inherits the UV
mixed U(1)4[grav] anomaly, and thus, condensing C} is not enough to match the
anomalies.

Another operator that can condense is
Co = €X' X7, (3.96)

with possible insertions of gluon fields. The operator Cs is singlet under SU(2),
but it has a charge —6 under U(1)4. Because of the modding by Zsz in (3.93),
the condensation of Cy breaks U(1) 4 down to Zs, an anomaly-free subgroup. We
conclude that the condensation of Csy is enough to match the anomalies, a scenario
with the minimum number of Goldstones.

3.5.2.5 | SU(20),k =8|

The number of flavors is n, = 2 and n, = 3, while the U(1) 4 charges are:
qp=—27, qy=22. (3.97)

Since r = ged(nyTy,n,Ty) = (36,66) = 2, we might conclude that the theory
possesse a Zo chiral symmetry. However, this symmetry can be rotated way in
the following way. First, according to our choice, the would-be chiral symmetry
acts only on x. Thus, (¢, x) — (¥, —x) under this Zy. Next, we apply a trans-
formation by (—1)%, which sends (1, —x) — (=, x). Finally, we apply another
transformation by the center of SU(2)y, which sends (—t,x) — (,x). This
shows that the theory does not possess a discrete chiral symmetry. Finding the
solutions to the consistency conditions, the faithful global symmetry group is:

SU(2)y x SUE) x U(a )
obal = Ly . .
Gglbl Z5><ZQXZ3 X 9 (398)
The anomalies of this theory are given in Table
Anomaly Equation Value
[U(1) 4] Ky = gdimyny + ¢ dimy, —2197500
U(1)a[SU2)y]? | gynydimy, —5670
U(1)a[SU3),J* | gynydim, 4180
[SU(3),]? dim, 190
U(1)a [grav] 2(q,dimyn, + gydimy,) 2400
U(1) 4[CFU] gy dimy, Qy + gy dimy Qy + £,3Qy | —2835p% + 3380p'2 — 219750052

Table 3.9: Anomalies of SU(20),k = 8.

Since SU(2)y is an anomaly-free group, it does not need to break. The scenario
that gives the lowest number of Goldstones amounts to breaking SU(3)x x U(1)4
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to an anomaly-free subgroup. This can be achieved by condensing

clid) — ¢2X(in) ’

(3.99)

which is singlet under SU(2), and transforms in the 2-index symmetric repres-

entation of SU(3) breaking it to SO(3).

As before, this condensate also breaks

U(1) 4 to the anomaly-free subgroup Zs. Thus, the IR unbroken 0-form symmetry

is

SU(2)’LZJ><(ZQCU(1)A) % 30(3)

Zo

3.6 Summary

Theory Global Symmetries Condensate(s) | IR Symmetries

SUG) k=1 | ST xxx?) SO(9) x (Zao C U(1)4)
SU(6),k =1 SU(2)¢£3iIJZ(212)i<5xU(1)A « ZZX - CFT

SUB), k=2 | TP < 2 P2y x?) SO(5) x LU x(Eacty')
SU(10), k =2 | TEREFE TR X | — CFT

SU(8), k = 2 SU(2)y XZS'4IJX(§iXxU(1)A y ng NENOW) %:Sp(ﬁ) b ng

SU®). k=4 | Fgsgie x 29" o x| S0(3)

SU(12), k=4 | ZHO 7 T Yix’ SU(@)y x(SURICSU )
SUQ12),k =8 SU(%‘%(I)A 02X X SU(2)X><(ZZ;CU(1)A)

SU(16), k = 4 | T s z9x | — CFT

SU(20), k = 8 | T2 Bl 2 (i) SURx ZaCUMA) o 50(3)
SU(20),k = 4 | LSO oz | CFT

SU(28),k =8 SU<3>wa7i% SLX)ZUG)A B CFT

SU(36),k =8 | S/ ST o CET

SU(44),k = 8 | 2O x50 XU o CPT

Table 3.10: A summary of the 2-index chiral theories, their global symmetries, and
their IR realizations. Theories with N even also enjoy a Zgl) 1-form symmetry
acting on the Wilson lines. This symmetry is assumed to be unbroken in theories

that confine.

In this chapter, we exhaustively scrutinized the 2-index chiral gauge theories. By
studying the 2-loop and 3-loop S-functions, we could pinpoint a few theories that
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3.6. Summary

may flow to an IR CFT. Theories that do not admit a fixed point break its global
symmetries. We considered scenarios that give the minimal number of IR Gold-
stones, as this lowers the free energy of the theory. We paid particular attention
to the anomaly-matching conditions and ensured that the condensates match any
discrete subgroup of U(1)4. Our theories, their global symmetries, the proposed
IR phase condensates, and the unbroken IR symmetries are shown in Table [3.10]
The first 4 theories are fermionic, while the rest are bosonic.

This investigation included a closer examination of the CFU anomalies one of the
authors studied in the previous work [35], giving a better interpretation of this class
of anomalies in the light of the discrete-anomaly matching conditions. The general
finding is that matching the full set of anomalies and, in particular, the anomalies
of the discrete subgroups of the axial U(1)4 symmetry necessitates the formation
of multiple higher-order condensates. One expects such higher-order condensates
to form in strongly-coupled theories. Here, their formation is explained via the
constraints of the anomaly-matching conditions. We also employed a systematic
approach to search for massless composite fermions that could match the anomalies
in the case of fermionic theories. We were not able to find such composites. In
one case, we used the CFU anomaly to show that a set of composites cannot solely
match this anomaly, hinting at a deeper reason why the composites could not be
found.

This chapter provides a systematic approach that can be applied to study other
classes of strongly-coupled phenomena, including different chiral gauge theories.
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CHAPTER 4

Noninvertible symmetries and
anomalies from gauging 1-form
electric centers

4.1 Introduction

In the previous chapter, we studied anomalies arising from generalized gauge back-
grounds and their restrictions on the IR physics. The presence of fractionalized
backgrounds, however, has further implications. In particular they imply the pres-
ence of non-invertible symmetries. Over the last couple of years, symmetries have
expanded their domain to encompass operators that defy the conventional notion of
inversion. These are known as noninvertible symmetries. While noninvertible sym-
metries initially found their roots and applications in the realm of 2-dimensional
QFT, see, e.g., |66, 67], their significance in the context of 4-dimensional QFT
sparked a deluge of research endeavors in this area (a non-comprehensive list is
168, 169, |70, (71}, |72, 73, |74, |22, [23], 75, 76, 77, (78, (79}, |24} 80, |81, |82, 83}, |84 85| 186,
87, 188, 89}, 190, 91, (92, |93}, 94, 95]. Also, see [96, [L1] for reviews.)

It is well known that quantum electrodynamics has a classical U(1),, axial symmetry
that breaks down because of the Adler-Bell-Jackiw (ABJ) anomaly. However, it
was realized in [22, [23] that the axial symmetry does not completely disappear.
Instead, it resurfaces as a noninvertible symmetry for each fractional element of
the classical U(1)y. This profound reinterpretation of symmetries prompted a com-
pelling quest to unearth analogous structures in QFT. [97] established a technique
for unveiling noninvertible 0-form symmetries within SU(N) x U(1) gauge theor-
ies in the presence of matter in representation R. This approach employed the
Hamiltonian formalism, where the theory was put on a three-dimensional torus
T3, subjecting it to Zy magnetic twists along all three spatial directions. Taking
the matter to be a single Dirac fermion, this theory is endowed with invertible
Z;‘ ocd(Tr dr) 0-form chiral symmetry, where Tz and dg are the Dynkin index and
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4.1.  Introduction

dimension of R, respectively. Yet, it was shown that the theory also possesses a
noninvertible Z;‘TR O-form chiral symmetry. Such symmetry acts on the Hilbert
space projectively by selecting special sectors characterized by certain magnetic
numbers. New noninvertible symmetries were also revealed in |98] in theories with
mixed anomalies between Zél) 1-form and O-form discrete chiral symmetries.

The topological essence of symmetries, encompassing the noninvertible variants,
underscores their sensitivity to the global structure of the gauge group. Con-
sequently, the inquiry arises: how do we identify these noninvertible symmetries
within a general gauge group, characterized as either SU(N)/Z, or SU(N) x
U(1)/Z, where Z, is a subgroup of the center symmetry? In this chapter, we
answer this question by devising a general method that applies to any theory with
a direct multiplication of abelian and semi-simple nonabelian gauge groups quo-
tiented by a discrete center, whether the theory is vector-like or chiral. This is
achieved by putting the theory on T? and turning on magnetic fluxes in a refined
subgroup of Zy, depending on the matter content as well as the global structure
of the gauge group.

In the context of SU(N) gauge theory, the introduction of matter characterized
by an N-ality n has the effect of breaking the Zx center of the group down to a
subgroup Z,, where g is the greatest common divisor (ged) of N and n. Our focus
is on understanding the noninvertible 0-form symmetries present in the SU(N)/Z,
gauge theories, where Z, is a subgroup of the remaining center Z,. These the-
ories exhibit both electric Z((Il/; and magnetic Zj(gl) 1-form global symmetrie To
identify the noninvertible symmetries, we initiate the process starting from SU(N)
theory endowed with a single Dirac fermion in representation R, which possesses
an invertible ZQ‘TR chiral symmetry. We then subject this theory to electric and
magnetic twists characterized by elements of Z,. If the theory exhibits a mixed

)

Zy, effectively reveals the chiral symmetry as noninvertible. The construction of

anomaly between its chiral and electric Zél 1-form symmetries, the act of gauging
a gauge-invariant operator corresponding to the noninvertible symmetry Zé‘TR in-
volves several steps. First, we create a topological operator by integrating the
anomalous current conservation law over T2. The resulting operator is not in-
variant under Z, gauge transformations. Yet, we can restore gauge invariance by
summing over all possible Z, gauge-transformed operators. This process results
in a noninvertible chiral symmetry operator that projects onto specific sectors in
the Hilbert space, each characterized by certain 't Hooft lines charged under the
magnetic Zél) 1-form symmetry. Z%(TR can exhibit further anomalies when subjec-

ted to twists by the electric Zél/; 1-form symmetry, implying that states within the
Hilbert space of the SU(N)/Z, gauge theory will display multiple degeneracies.

We employ a similar approach to identify noninvertible symmetries in SU(N) x

*There are p distinct theories (SU(N)/Zy),,, where n = 0,1,..,p — 1 are the discrete 6-like
parameters [99]. These theories differ by the set of compatible line operators (Wilson, 't Hooft,
and dyonic operator). Here, we restrict our analysis to n = 0.
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4.1.  Introduction

U(1)/Z, gauge theories, where Z, is a subgroup of the electric ZE\I,) 1-form center

symmetry. Unlike in SU(N) theories, the introduction of matter does not reduce
the Zx center. This is due to the presence of an abelian U(1) sector, which ensures
that all matter representations adhere to the cocycle condition. In addition to
the 1-form electric center symmetry, this theory is also endowed with a magnetic
UT(,} )(1) 1-form symmetry. SU(N) gauge theory with matter exhibits an anom-
aly between its chiral and U(1) baryon-number symmetries. Gauging the latter
transforms the theory into an SU(N) x U(1) gauge theory and reveals the chiral
symmetry 2§TR as noninvertible. Placing the theory on T? enables us to construct
the corresponding noninvertible chiral operator by summing over large U(1) gauge
transformations with distinct winding numbers. Furthermore, since the theory
exhibits a 1-form electric center symmetry, we can decorate the noninvertible op-
erator with Zy magnetic twists. If we choose to further gauge a Zj(gl) subgroup
of the electric Zg\lf) symmetry, thereby resulting in the SU(N) x U(1)/Z, theory,
we must ensure that the noninvertible operator remains invariant under Z, gauge
transformation. This is accomplished by summing over all Z, gauge-transformed
chiral operators. Once again, we discover that the resultant operator projects onto
specific sectors within the Hilbert space, distinguished by the presence of 't Hooft
lines charged under UT(,%)(l). The noninvertible symmetry also exhibits a mixed
anomaly with the remaining electric Zg\lf}p global symmetry. The anomaly implies
that certain sectors of the theory, designated by certain ZE&}I) electric fluxes, exhibit
multi-fold degeneracy.

Placing the theory on T? offers a distinct advantage: it presents a systematic
approach for computing the t Hooft anomalies inherent to a given theory. Sim-
ultaneously, it provides a means to construct the Hilbert space explicitly. In this
chapter, we put a significant emphasis on this Hilbert space construction, shedding
light on the intricate relationship between Wilson lines, 't Hooft lines, and the non-
invertible operator. Specifically, through several illustrative examples, we showcase
how the noninvertible chiral operator, within the framework of the Hilbert space
and Hamiltonian formalism, acts to annihilate the minimal 't Hooft lines.

We also introduce couplings of gauge theories to axions. The underlying renormal-
ization group invariance of the noninvertible symmetries, along with their associ-
ated anomalies, guarantees that the infrared (IR) axion physics faithfully inherits
all the characteristics of the theory at the ultraviolet (UV) level. We substanti-
ate this by explicitly constructing noninvertible chiral operators, commencing from
the IR anomalous axion current conservation law. In our exploration, we offer con-
crete illustrations of various UV theories and their corresponding IR axion physics

manifestations.

This chapter is organized as follows. In Section we provide a concise overview
of the essential elements required for the development of noninvertible symmet-
ries. This section encompasses the introduction of our notation, a review of the
path-integral formalism on the 4-torus (T*), 't Hooft twists, and the Hamiltonian

62



4.2. Preliminaries

formalism on T3. Moving on to Section we proceed to construct noninvertible
symmetries within the context of SU(N)/Z, theories while also identifying their
associated anomalies. This section concludes with the presentation of specific ex-
amples of noninvertible symmetries in both vector and chiral gauge theories. In
Section[d.4] we replicate the same analysis, this time focusing on SU(N) xU(1) /Zy.
Two examples are discussed, including the Standard Model (SM), and we demon-
strate that the SM lacks noninvertible symmetries within its non-gravitational sec-
tor. Finally, this chapter culminates in Section where we explore the coupling
of gauge theories to axions. We show that noninvertible symmetry operators can
also be constructed using the axion anomalous current.

4.2 Preliminaries

In this section, we review the path integral and the Hamiltonian formalisms of gauge
theories put on a compact manifold with possible 't Hooft twists, both in space
and time directions. Additionally, we examine the global symmetries and anomalies
in both formalisms, providing an exploration of these key aspects. We base our
formalism and notation on 18|, 100, 19, [97], and set the stage for constructing the
noninvertible operators we carry out in the subsequent sections. While some results
in this section are new, many are a mere review of previous results. Moreover,
some details are avoided, referring the reader to the literature for an in-depth
discussion. Yet, the information encapsulated here is necessary to make this chapter
self-contained.

4.2.1 Twisting in the Path integral
Pure SU(N) theory

We will consider SU(N) pure Yang-Mills (YM) theory on T4, where T* is a 4-
torus with periods of length L,, p = 1,2, 3,4, with 't Hooft twists labelled by n,,
(see section [2.1.3). It will be useful to break n,, into spatial (magnetic) m; and
temporal (electric) k; twists:

ki =mnia, ng = ejpmy, (4.1)

and 7,7 = 1,2,3 or z,y,z. We also use bold-face letters, e.g., k = (k1, k2, k3), to
denote 3-dimensional vectors. When applied to the gauge fields on T*, the twists
induce a background with fractional topological charge [18]:

1 | _k-m
Q= 8?/1114 tr[fC A f] = _wéuvaﬁnuvnaﬁ"'z_ T""Z’ (4.2)

where f¢ is the field strength of a®. Notice that the twists (m, k) € (ZMod N)°.
Adding multiples of N to m or k leaves the cocycle condition intact. However, this
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4.2.1. Tuwisting in the Path integral

has the effect of changing the topological charges by integers. Hence, from here
on, we shall take the twists m;, k; € Z, not Mod N. The partition function of the
SU(N) gauge theory with given twists (m, k) is

Zlm, Klsyon = X [ [Dag] e S, (43)
VEZ
Here, Sy s is the YM action, and the subscript (m, k) indicates that the path
integral is to be performed with a given set of twisted boundary conditions. Sum-
mation over the integer-valued topological sectors, v € 7Z, is necessary so that the
theory satisfies locality (cluster decomposition).

SU(N) theory with matter

Next, we add matter fields in a representation R under SU (V). The matter repres-
entation has N-ality n. Then, the full Zy center breaks down to Z,, ¢ = ged(N, n),
i.e., the Wilson lines are charged under Zgl) 1-from center symmetry|!| Putting the
matter, which, from now on, will be assumed to be fermions, on T* modifies the
cocycle conditions. Let ¢ be a left-handed Weyl fermion transforming under R of
SU(N). Then, the fermion obeys the boundary conditions

Pz + euLy) = R(Qu(x))Y(x) . (4.4)

The matrix R(£2,(z)) is built from €2, transforming in the defining representation
of SU(N), with suitable symmetrization or anti-symmetrization over n indices (the
N-ality of the representation) according to the specific representation R. Thus,
schematically (ignoring symmetrization over indices)

R(Q) ~ Qo (4.5)

——
n

R(€2,) must satisfy the cocycle condition
R(Qu( + 6,L,)) R((2)) = R(Q (@ + E4L,)) R(Qu(), (4.6)

which, via Eq. (2.36]), reveals that the allowed values of the twists m and k are
N 2N

E, T’ ceen
fractional topological charge

Twisting by the center subgroup Z, induces a background field with

m -k N
inN + 7, m,ke;Z, (4.7)
*We can also preserve locality if we sum over topological sectors that are fixed multiples of
some integer k, i.e. v € kZ, see |101, 102| for details. In the rest of this chapter we will take v € Z
for simplicity.
"For example, SU(2M) gauge theory with matter in the 2-index (anti)symmetric representa-

tion has a Zg) center symmetry that acts on Wilson lines.
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4.2.1. Tuwisting in the Path integral

and the partition function in the presence of matter reads

_ _ _i(km .,
Z[m> k]SU(N)-‘rmatter = Z /{ {DGZ} [D matter]}(m,k)e Sy 1= Smatter ( Nt )97
VEZL
N
mi, ki € —7Z, 1=1,2,3. (4.8)
q

In the presence of matter, the theory is endowed with classical nonabelian and
abelian flavor symmetries. The U(1) baryon-number symmetry survives the quantum
corrections. In contrast, the chiral part of the abelian symmetry, denoted by U(1)y,
will generally break down to a discrete symmetry because of the Adler—Bell-Jackiw
(ABJ) anomaly of U(1),, in the background of color instantons (which have integer
topological charges). To fix ideas, we consider a single flavor of a Dirac fermion
with classical U(1) baryon number and U (1), chiral symmetries. We take the U(1)
baryon charge of the Dirac fermion to be +1. The ABJ anomaly breaks U(1)y
down to invertible Z%‘TR chiral symmetry, where Tz is the Dynkin index of the
representation. Generalizing the theory to include many flavors is straightforward,
and we shall work out examples of this sort later in the chapter. In the presence
of the twists (m, k), there can be an anomaly of Z%‘TR in the background of Zgl).
The anomaly is a non-trivial phase acquired by Z[m, k|sy(n)4+matter 85 We apply a
transformation by an element of Zay,:

gk
Z[mv k]SU(N)—i—matter‘ki,mieNZ/q — 67,27r€ N Z[ma k}SU(N)-l—matterv (49)

and £ = 0,1,2,..,Tr — 1 are the elements of Z§TR. For the smallest twists m; =
kj = % in the j-th direction, we obtain [103]

i2m e L
62 T q2Z[

Z[m7 k]SU(N)+matter|m3:k3:% m, k]SU(N)+matter . (410)

Bearing in mind that N/q € Z, we can generally absorb the integral part of N/g¢?
by adding an integer topological charge, which cannot change the anomaly. Never-
theless, we will retain the phase as indicated in Eq. . The phase is nontrivial,
and hence there is an anomaly, if and only if EqﬂQ ¢ 7. In the next section, we show
how to obtain the same anomaly using the Hamiltonian formalism.

We can do more regarding turning on fractional fluxes in SU(N) with matter.
Instead of limiting ourselves to Z, twists, we can twist with the full Zy center
symmetry or any subgroup of it provided we also turn on backgrounds of U(1)
baryon number symmetry [20, 103|. Let w, denote the U(1) transition functions
such that for the U(1) gauge field a,, we have a,(z +€é,) = w, 0 ay(z) = ay(z) —
iw;laywu. Then, 2, and w,, obey the cocycle conditions:

2Ty
Qu(z+e,L,) Q(x) =8 O (x+e,L,) Qu(z),
2mnn gy

wulx+é,Ly) wy(x)=e"" N wy(x+é,L,) w(z), (4.11)

65



4.2.1. Tuwisting in the Path integral

where the N-ality of the matter representation is incorporated in the abelian trans-
ition functions. The topological charges of both the nonabelian center and abelian
backgrounds read]

-k
Qsu () ZmTJrZ, Qu = (;erA) : (;kJrB) ., mk,A BeZ>.
(4.12)

Here, A, B are arbitrary integral magnetic and electric quantum numbers that we
can always turn on since they leave the cocycle condition intact.

SU(N) x U(1) theory with matter

We may also choose to make U(1) dynamical, which entails summing over small
and large gauge transformations of U(1), with the latter implementing integer
winding. This results in SU(N) x U(1) gauge theory with a Dirac fermion in

representation R, with N-ality N and baryon-charge +1. In this case, the U(1)

X
2ged(Tr,dr)’

and dgr is the dimension of R. The easiest way to see that is by recalling the

instantons reduce Z%(TR down to the genuine (invertible) symmetry Z

partition function under a U(1), transformation acquires a phase:

t C C
T4 872 T4 872

where f is the field strength of the U(1) field. Recalling that for the dynamical
SU(N) and U(1) fields we have [4 % € Z, |14 J;% € Z, we conclude that
only Z%‘gc A(Tr,dr) survises the chiral transformation. The theory admits Wilson

(4.13)

lines:

W, suvy = tro | Pe “mu=0 Q| , Weoay=e =0 Twy, (4.14)
which are charged under an electric Zg\l,) 1-form center symmetry. In addition, the
theory is endowed with a magnetic Uy(n1 ) (1) 1-form symmetry because of the absence
of magnetic monopoles. For the sake of completeness, we also give the partition
function of SU(N) x U(1) theory with matter in the background of given (m, k)
fluxes:

Z[m, k] sy (nyxU(1)+matter

=2 /{[Daz] [Da,,] [D matter] } ,, yye~ °¥ M~ U@ ~Smatter
v,y (1) €L

miki €7, i=1,2,3 (4.15)

*Here, we use the construction described in along with abelian field strengths fio =

%(%mg + A3) and f3q = %(%kg + B3) in the 1-2 and 3-4 planes, and similar expressions in
the rest of the planes. Substituting into Q. = pd %, we obtain the fractional U(1) topological
charge.
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4.2.2. Tuwisting in the Hamiltonian formalism

and in addition to the SU(INV) integer topological charges v, we included a sum
over integer topological charges vy (1) of the U (1) sector.

4.2.2 Twisting in the Hamiltonian formalism

Pure SU(N) theory

Let us repeat the above discussion using the Hamiltonian formalism, starting with
pure SU(N) YM theory (we use a hat to distinguish an operator in this section.)
To this end, we put the gauge theory on a spatial 3-torus T? and apply the magnetic
m twists along the 3-spatial directions. The transition functions in the defining
representation along the spatial directions, denoted by I';, can be chosen to be
constant N x N matrices obeying the cocycle condition

427r€ijkmk

Pi F]‘ = N Fj Fz . (416)

Then, one can construct the states of the physical Hilbert space using the temporal
gauge condition af = 0. The states can be written using the “position" eigenstates
of the gauge fields af, j = 1,2,3 (or i = z,y, 2) as follows:

[V)m = |af, a5, a5)m , @5lay,as, a5)m = ajlay, a3, ag)m, (4.17)

and the subscript m emphasizes that the Hilbert space is constructed in the back-
ground of the magnetic twists. In writing Eq. , we have put many details
under the rug, and the reader is referred to |18}, 100} [19] for details. For example,
notice that the gauge fields A; need to respect the twisted boundary conditions
, i.e., they transform according to as we traverse any spatial direction
on T3, The theory admits 3 fundamental Wilson lines wrapping the three cycles of
T3; these are given by by restricting p to the spatial directions. The Wilson
lines are charged under the ZE\I,) 1-form symmetry generated by three symmetry
generators Tj, the Gukov-Witten operators, supported on co-dimension 2 surfaces.
Thus, we have

A A 227 A N
Tjo = BZWWJ'TJ' s (4.18)

and there are W;j distinct Wilson lines with N distinct N-alities e; = 0,1,.., N —1.
The center-symmetry generators 7} are hard to construct explicitly. However, their
explicit form is not important to us. What is important is that they commute with
the YM Hamiltonian H, and thus, H and T} can be simultaneously diagonalized.
The physical states of the theory [1))phy m are designated by the eigenvalues of ;.
It can be shown that the action of T} on |9) phy ,m 1S given by

Nj |'¢>phy,m ) (419)

where e;,m; € Zy and the  term ensures that TN [¢)) pny m = €™ 1)) phy m, and

@ W}>phy,m = ei%ej_ie

hence, TiN works as a large gauge transformation. The combination e; — %mj is

67



4.2.2. Tuwisting in the Hamiltonian formalism

the Zy electric flux in the j-th direction. This is justified as follows. Consider the
state W-W}phy m, obtained from W>phy m by the action of Wj. Using Eqgs. (4.18
, we find T W, i) phy m = €' e+ 1)-i0 Ry, i[4) phy m- Therefore, acting with
W] on the state [1))phy m increases e; by one unit in the j-th direction. Since Wj
inserts an electric flux tube winding in the j-th direction, the interpretation of e;
as electric flux follows. Notice also that because T] and H can be simultaneously
diagonalized, we may label the states by the energy and the electric flux:

)by m = |E, €)m, €€ L. (4.20)

It is worth spending some time to explain our notation in Eq. , as we shall
use this notation extensively in this chapter. The physical state is labeled by the
eigenvalues of a set of commuting operators, here the energy and the electric flux.
The SU(N) theory does not admit a 1-form magnetic symmetry, and thus, we
cannot label the states by magnetic fluxes. Yet, we can turn on a background
magnetic flux m, indicated as a subscript; all physical quantities are calculated in
this magnetic background. Also, we use the letter m to denote the set of magnetic
fluxes we can consistently turn on. Here, we have m € Z3.

How can we make sense of the fractional topological charge on T3? We
consider the product of T% and the time interval [0, L4] and consider the boundary
conditions a§(t = Ls) = Clk] o af(t = 0), where C[k| is an “improper gauge"
transformation implementing a twist k € Z3 on the gauge fields by an element of
the centerf} In the presence of the magnetic twists m, it can be shown that an
application of C[k] results in the topological charge (Pontryagin square) [18} 100,
19):

QICIk) = | K(Coa?) - K(a) = Ilﬂg /T tr [Cdc-1]3 = mT"’ +7Z, (4.21)

where K (a°) is the topological current density operator
K(a%) = ghstr {&C A fe—Lac Aac A &C}, or in terms of the components: K*(a®) =

1 vAo [ sc,m ~C, N 1 rmpqrc,mAGPAC
et (al; or\aS —gf Paasmay ag’q>.

1672

SU(N) theory with matter

Adding fermions of N-ality n changes the center from Zy to Z,;, ¢ = gcd(N,n),
and the twists (m, k) are now in (NZ/q)6. Otherwise, all the steps used to put the
theory on T2 and construct the Hilbert space carry over. In particular, T; now are

(1)

the generators of the Zy ’ 1-form symmetry, and their action on the physical states

in the Hilbert space is given bylﬂ (now we turn off the # angle as we can rotate it

*In fact, C should be designated by both k and the integral instanton number v; see [1§].
However, v does not play a role in this section.

1t is conceivable to introduce an additional label to signify the distinct symmetries generated
by different operators T For instance, we could designate TN j as the generator of Z ) and
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4.2.2. Tuwisting in the Hamiltonian formalism

away via a chiral transformation acting on the fermion)

A

2m
Tj’w>phy m = ea W}>phy M (4-22)

and the theory has e; = 0,1,2,..,¢ — 1 electric flux sectors in each direction
7 =1,2,3. The operators Tj act on the spatial Wilson lines in the defining repres-
entation of SU(N) as T]W] = ei%r ijj, and there are ¢ distinct Wilson lines Wjej .
The physical states |¢)phy m are simultaneous eigenstates of the Hamiltonian and
Tj since both operators commute. Thus, we can write the physical states in the
magnetic flux background m € (NZ/q)* as

|w>phy,m = |Ea EN/q>my €= (61, €2, 63) € Z27 (4'23)

and Nej/q is the amount of electric flux carried by the state in direction j. We
may also say that e; is the number of electric fluxes in units of N/q. For matter
with N-ality n = 0, e.g., in the adjoint representation, ¢ = N and we recover what
we have said about pure SU(N) gauge theory.

The partition function (4.8) can be written in the Hamiltonian formalism as a trace
over states in Hilbert space:

Z[mv k]SU(N)—i—matter = trm {6_L4H(T$)kx (Ty)ky (Tz)kz}
7;2Tre»k:

= Y T (B eN/qle M B, eN/g)kd.24)
66{0717"7(1_1}3

where the subscript m in the trace means that we are considering the states in the

background of the magnetic flux m € (NZ/q)*. We also used Eqs. (4.22) ,
the fact that the states are eigenstates of both the energy and the 1-form center

operators.

To detect the anomaly between ZgTR and Zgl) in the Hamiltonian formalism, we
first define the operator that implements the discrete chiral symmetry. To this end,
we recall that under a chiral U(1)4 rotation, the presence of the ABJ anomaly
indicates non-conservation of the corresponding symmetry rotation:

il = 2TR0, K" (a°) . (4.25)
Yet, we can define a conserved current:
JE =4 - 2Tr KM, (4.26)

and correspondingly a conserved charge:

A

Qs= [ J?. (4.27)
T3

Tq,j as the generator of Zfll). Nonetheless, this approach may lead to increased complexity in
our expressions, and we opt not to pursue it. Instead, we will explicitly specify the symmetry in
question when discussing these distinct operators.
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4.2.2. Tuwisting in the Hamiltonian formalism

Therefore, it is natural to define the operator

. 27l A 2wl N 50 A
Ot = o0 |i57-Qs] =exp |17 [ (% - 2Tek@)] (429
ff)r £ =0,1,..,Tr — 1, which implements the action of the Z%‘TR chiral symmetry.
Uzyr,, 1s invariant under both small and large SU(N) gauge transformations (with
integer winding). To find the mixed anomaly between Z§TR and Zgl), we compute
the commutation between Tj, which implements the action of the electric center
symmetry in the j-th direction, and UZQTR:

Uz, T, (4.29)

2T L4 j

remembering that the theory is in the background of a magnetic twist m; € %

in the j-th directio First, T] commutes with the current ;4 since the latter is

a color singlet operator. However, KO fails to commute with Tj; the commutation

between the two operators is found by recalling that the action of Tj is implemented

on the gauge fields a5 as a5 = C [kj] o aj. Thus, we find, after making use of (4.21),
Tj exp {i27r€ /11‘3 KO(&C)} Tj_l

= exp {me 31%0 (C[kj] 0 a%) — f(“(aC)} exp [me / i KO(aC)]
T T

= exp {i%rfmjkj]
N m]',kjE(NZ)

q

, €XPp [mﬁ /T i f{o(a‘?)} : (4.30)

2
noting the restriction m;, k; € (NTZ) due to the presence of matter; otherwise,

we would not satisfy the cocycle condition. Collecting everything and using the
minimal twists m; = k; = % we conclude

i2me L A

150z 15 =" 2 Uy, (4.31)

which is exactly the mixed anomaly between the Z;(TR chiral and the Z((ll) 1-form
center symmetries found in from the path integral formalism. The anomaly
along with the commutation relations (remember that both Zgl) and Z%‘TR are good
symmetries of the theory, and hence, the corresponding operators commute with

the Hamiltonian)
[PLTJ] =0, [IfL UZQTR] =0, (4.32)

furnishes a finite-dimensional space with a minimum dimension of ¢%/gcd(¢?, N).
This means that sectors in Hilbert space exhibit a ¢?/gcd(¢?, N)-fold degeneracy.

*Similar to the Footnote EI, we could use a label that denotes the specific magnetic flux back-

ground when we are dealing with the operator UZzTRlA This background can be taken in sets

such as ¥Z or ¥Z  among others. However, adopting this approach may introduce unnecessary

complexity to our notation. As a result, we have chosen to adopt a more transparent approach:
we will explicitly mention the magnetic flux background whenever we discuss this operator.
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4.2.2. Tuwisting in the Hamiltonian formalism

SU(N) x U(1) theory with matter

Next, we discuss the Hamiltonian quantization of SU(N) x U(1) gauge theory with
matter fields on T? in the background of twists. In this case, we may twist with the
full Zy center symmetry provided we also turn on a background of U(1). Thus,
we replace the cocycle conditions with

.27"€ijkmk
Fi Fj = ¢ N Fj Fz s
2mne s pmy,
wilx+éLj)wj(z) = e % wj(z + &L;) wi(x), (4.33)

and we included the N-ality of the matter representation n in the cocycle condi-
tion of the abelian field. This guarantees that the combined transition functions
satisfy the correct cocycle conditions in the presence of matter. Here, we can
allow background center fluxes with (m,k) € Z5 for all matter representations,
thanks to the U(1) gauge group. We also introduce the operators T for SU(N)
and fj for U(1), j = 1,2,3. The combinations ijj are the generators of the elec-
tric Z%) 1-form global symmetry and act on the spatial Wilson lines in 1' as:
@Wjﬁ(](]\[) = ei%erﬁU(N)Tj and Ejo,U(l) = e_i%r j,U(l))fj- The action of L?j is
implemented on the gauge fields, as usual, by improper gauge transformations of
aj as a; = c[k;] o aj, and amounts to applying nk; (Mod N) electric twists (notice
the appearance of the N-ality). Unlike Tj, the explicit form of fj is simple:
R —2mn xjk;

i =eN@ 0 \(z) = N (4.34)
J

Since ZS\I,) is a good global symmetry, we can choose the states in Hilbert space to

be eigenstates of the Zg\lf) generators ijj:

2me,;

a a 27
T]'tj’q/»phy m =€ N |¢>phy R (435)

where e; = 0,1,..., N — 1. Notice that the states are constructed in the “fractional’
background magnetic flux m € Z? (remember that in principle m; € Z Mod N,
and thus, it implements the fractional magnetic twist. However, we can always
add multiples of N to m; without affecting the cocycle conditions, and hence, we
drop the Mod N restriction.) In addition, the theory has a magnetic U (1),(71,,) 1-
form global symmetry, which can be used to characterize the physical states by
an “integer" value of the magnetic flux. Therefore, a state in the physical Hilbert
space can be labeled as

|w>phy,m = |E7 €, N>’Ina ec Zg ) (436)

and N = (N, Ny, N,) € Z3 (not Mod N)) label the integral magnetic fluxes of the
U(1) gauge group. The partition function (4.15) can be written as a trace over
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4.2.2. Tuwisting in the Hamiltonian formalism

states in Hilbert space in (m, k) backgrounds as follows:

Z[m7 k]SU(N)XU(l)eratter = trm, [67L4H(Txfx)kz( Ayfy)ky (Tzfz)kz}

-2me-k

- 3 N (B e, Nle HH|E e, N, .
ec{0,1,..,N—1}3 Nez3

(4.37)

We also build the operator that corresponds to the chiral transformation. This
construction was detailed in [97], and we do not repeat it here. Instead, we only
give a synopsis of the derivation, which is needed in this study. The anomaly
equation of the chiral current is

~ ~ 2d
Opjy — 2TRO KM (a°) — 877;6#”08“&”8%” =0. (4.38)

Then, the chiral symmetry operator in the background of the m; magnetic flux is
given by

A 27l A
Uzyr,, £ = €XP [Z2TR Qs} ) (4.39)
where the conserved charge Q5 is given by

A A e AR ijkr o 4
Q5 = /]1“3 d3x |:]2 — QTRKO(CL ) — 287771'326 J’“aiajak}

d Lyd Lz de Lz
R n Yy ~ x ~
_— N — —_— = —_— =
+47r( .+ an) /Ly /dzaz(x 0,vy, Z)+/Lz /dzaz(x,y 0,z)
0 0 0 0
+> (@—y—z—oa). (4.40)
cyclic

The last term comes from carefully treating the boundary term implied from the
transition functions w;(x), since, unlike I';, they depend explicitly on z;, see [97]
for details. In addition to the background flux n;, which introduces the fractional
winding number, we also allow integer magnetic winding /N;. Under a transforma-
tion with #;, the integral of the abelian Chern-Simons term K°(a) = €7%a,9;a;, in
the background of the integral M; and fractional m; magnetic fluxes transforms as

(recall (4.34)
£ exp [z/T f(ﬂ(a)] 51 = exp [Z/T Rcod) —i/T3 Ko(a)} exp [Z/T f(ﬂ(a)]
- (Nj + 71]\[7”) <”Nk7> exp {z /w f{o(a)} L (4.41)

The reader will notice that we switched from the letter m, which we use to signify
the set of fractional fluxes we can activate, e.g., here we have m € Z3, to the letter
n, which is the actual number of fractional magnetic fluxes we turn on. We shall
use the same labeling throughout the chapter.
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In the next sections, we use these constructions to argue that SU(N)/Z,, Z, C Z,
as well as SU(N)xU(1)/Zy, Z, C Zy enjoy a noninvertible 0-form chiral symmetry,
with a possible mixed anomaly with the 1-form center symmetry.

4.3 SU(N)/Z,, Z, C Z, theories, noninvertible
symmetries, and their anomalies

In this section, we direct our attention to YM theories featuring matter fields resid-
ing in a particular representation R and characterized by an N-ality n. Building
upon the discussion in the preceding section, it is established that SU(N) gauge
theories, when coupled to matter, exhibit an electric Zgl) 1-form center symmetry
(recall ¢ = ged(N,n)). A notable maneuver within this framework involves the
gauging of Zél) or a subgroup of it, leading to SU(N)/Z, theory, Z, C Z4, whose
partition function is obtained by summing over integer and fractional topological
charge sectors. Thus, gauge transformations with fractional winding numbers are
part of the gauge structure, and well-defined operators should be invariant un-
der such gauge transformations. Here, we would like to emphasize that there are
p distinct theories: (SU(N)/Zp),, n = 0,1,...,p, which differ by the admissible
genuine (electric, magnetic, or dyonic) line operators. In this chapter, we limit
our treatment to (SU(N)/Zy), _,, and whenever we mention SU(N)/Z,, we par-
ticularly mean (SU(N)/Zy),. What happens to the invertible Z%‘TR discrete chiral
symmetry of this theory? As we shall discuss, this symmetry can stay invertible
or become noninvertible, depending on whether it exhibits a mixed anomaly with
Zél) symmetry in the original SU () theory.

4.3.1 SU(N)/Z,

We start by discussing noninvertible 0-form chiral symmetries in SU(N)/Z, the-
ories, i.e., theories obtained by gauging the full electric Zgl) 1-form center sym-
metry. Such theories do not possess global electric 1-form symmetry; hence, there
are no genuine Wilson lines. This can be understood as follows. We start with
pure SU(N) gauge theory, which has an electric Zg\l,) 1-form symmetry and admits
the full spectrum of Wilson lines, i.e., it admits Wilson lines with all N-alities
n=20,1,2,..,N — 1. Gauging a Z, subgroup of Zy, we obtain SU(N)/Z, gauge
theory. Now, the spectrum of allowed Wilson lines must be invariant under Z,,
forcing us to remove those lines with N-alities that are not multiples of ¢q. The
remaining lines in pure SU(N)/Z, theory are charged under an electric Zg\}}q 1-
form symmetry; these are W;]ej , with e; =0,1,..,N/q¢—1 and W; is Wilson line in
the defining representation of SU(N). Finally, introducing matter with N-ality ¢
means that those remaining lines can end on the matter and must also be removed
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4.8.1. SU(N)/Z,

from the spectrum. This deprives SU(N)/Z, gauge theory with matter from all
genuine Wilson lines.

Despite that SU(N)/Z, theory with matter does not possess an electric 1-form
symmetry, it is endowed with a magnetic Z;n(l) 1-form global symmetry. This can
be understood, again, starting from the pure SU(N)/Z, theory. As we discussed

above, the pure theory has an electric Zg\l&q 1-form symmetry. The magnetic dual

of SU(N)/Zy is SU(N)/Zn/q, which admits a magnetic Zzn(l) 1-form symmetry.
The pure SU(N)/Z, theory has ¢ distinct magnetic fluxes ('t Hooft lines) in its
spectrum. Let 7; be the 't Hooft line winding around direction j in the defining
representation of SU(N), i.e., it has N-ality 1. Then, the pure SU(N)/Z, theory
possesses the following set of 't Hooft lines 7;an/q’ n; =0,1,..,g—1for j =1,2,3,
which are mutually local with the set of Wilson lines ngej ,e;=0,1,..,N/q—
Introducing electric matter removes all Wilson lines (as stated above) but does
not alter the magnetic symmetry. Thus, we conclude that SU(N)/Z, theory with
matter possesses a magnetic Zgn(l)
Hooft lines 7}an/(1, nj=0,1,..,q—1for j=1,2,3.

1-form global symmetry acting on a set of 't

We can label the states in the physical Hilbert space of SU(N)/Z, theory with
matter by both energy and magnetic fluxes since the Hamiltonian commutes with

(1)

the generators of the magnetic Z,""’ 1-form symmetr

[V)pny = |E,nN/q), m = (ng,ny,n;) € (Zq)3. (4.42)

The partition function of these theories involves summing over sectors with frac-
tional topological charges NZ/q? (use Eq.(4.7) and set k; = m; = N/q), which can
be written in the path-integral formalism as (we set the vacuum angle § = 0) H

ZSU(N)/Zq+matter —_ Z /{ [Daﬂ D [matter]}(mvk)e—SYM—Smatter ,
veZ,(m,k)e(NZ/q)°
(4.43)

or in the Hamiltonian formalism as

ZSU(N)/Zq—i-matter =tr [e_L4H} = Z phy<w‘e_L4H‘w>phy : (444)

physical states

Our main task is to build a gauge invariant operator that implements the Z;(TR
chiral transformation in SU(N)/Z4 theory with matter. To this end, we use the
Hamiltonian formalism of Section dropping the hats from all operators to
reduce clutter. We also use x, y, z to label the three spatial directions. For ¢ € Z%‘TR,
the chiral symmetry operator is given by:

;L 0 _ 0(,c
Usar,, 0 = 770 Jus U4 -2TRK0) (4.45)

*This can be easily seen since 7;”J N/ and W;e" satisfy the Dirac quantization condition.
TRecall that the allowed magnetic twists in the SU(N) theory with matter are m € (NZ/q)®.
#We can write this in a Lorentz invariant manner by using nuy instead of (m, k), see
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4.8.1. SU(N)/Z,

This operator is invariant under large gauge transformations with integer winding
numbers. We will now gauge the Zgl) one-form symmetry. In SU(N)/Z, gauge
theory with matter, we sum over arbitrary Z, twists with fractional topological
charges NZ/q®>. We consider the operator UZQTR,E in the presence of magnetic
fluxes m € (NZ/q)® (these are the magnetic fluxes that label the physical states
in Eq. ) Let T, be the generator of an electric Z, center twist along the
x direction (i.e., a Z, gauge transformation), and we take it to have the minimal
twist of N/q. It acts on Uz,,, ¢ via (recall the discussion around Eq. )

—2mil """”N

ToUsyr, (T = €2 C9Ug,, ¢+ = ? ULy ty Mo €L (4.46)

ng counts the magnetic fluxes inserted in the y-z plane in units of N/q. Identical
relations to - hold in the y and z directions. As we saw in the previous
section, if ¢&% Z ¢ 7, there is a mixed 't Hooft anomaly between the electric Z( )
1-form center and the discrete chiral symmetries of SU(N) theory with matter.
Eq. |D implies that the operator UZQTR,Z is not gauge invariant under a Z,
1)

and reconstruct a gauge-invariant operator, denoted by UZQTR7 by summing over

gauge transformation as we attempt to gauge Z((I . We can remedy this problem

all Z4 gauge transformations generated by T3, T, and T%:

Uarge = Y (L)' (TP (To)P Uzyyy (To) P (L) P (T2) 7P

px’Py,PZGZ
=211 (ppne+pyny+panz) _ —2mitipn
= UZ2TR,€ Z e 42 y Ty = UZQTR,Z Z e )
Pz,Py,P=EL pEZ?
nfo nyEN nzﬁN
Ve Y0 (M 1) 6 (M) Yo (i)
I€Z lyEZ l,€Z

(4.47)

In the first line, we included a sum over arbitrary powers of T}, T}, T, to enforce
the gauge invariance. Then, we used Eq. in going from the first to the
second line and the Poisson resummation formula in going from the second to
the third line. Even though UZQT ¢ is gauge invariant, it has no inverse; it is, in
general, a noninvertible operator that implements the action of Z2T , and we use
a tilde to denote the noninvertible nature of symmetries and their operators. The
noninvertibility stems from the fact that UZ2TR works as a projector: the insertion
of this operator in the path integral of SU(IN)/Z, theory with matter projects onto
specific topological charge sectors of SU(N)/Zy, depending on ¢. This can be seen
from the second line in , which is a sum over Fourier modes that projects in
and out sectors, depending on their topological charge, upon acting on them. One
can see the projective nature of UZQTR ¢ by inserting it into the partition function
(4.44):

<UZQTR ,£> = Z phy <1/}|6_L4HUZQTR ,Z

physical states

¢>phy ) (4-48)
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4.8.1. SU(N)/Z,

and then using the physical states defined in Eq. 1) We find that UZzTR,ﬂ
annihilates sectors with "f]# ¢ 7, etc. We remind that ”;—QN is the topological
charge (see Eq. (4.7)), which we can write as

N N N 1
fol Tt = (4.49)
q g q N
——
mg ke

and, as we mentioned earlier and emphasize now, n, is the number of magnetic
fluxes in units of N/g. The same applies to the magnetic sectors in the y and z
directions. We conclude that ﬁZ2TR ¢ selects sectors in Hilbert space with certain
magnetic fluxes.

We can make the following observations about UZ2TR £

1. If ¢ € ¢qZ, ﬁZQTR7g is invertible since in this case n“:]i';m € Z for all values of

X

Ng, Ny, N € Z. The invertible subgroup of Z%‘TR is Zr /g

2. If ged(¢N/q,q) = 1, then we must have nz,ny,n, € ¢Z. In other words,
UZQTR,K projects onto untwisted flux sectors. Ir~1 particular, in the sector
given by ng,ny,n. € qZ, the symmetry operator UZQTR ¢ act invertibly for all
elements of the chiral symmetry £ =1,2,..,Tg.

3. If ged(¢N/q,q) = a # 1 and ¢ < g, then let ¢ = aq’, and we must have
Nayz € L. ﬁZQTR .« projects onto background fluxes with topological charge
Q €Z/q, ie. sectors that have Z, twists.

4. The noninvertibility of 0Z2TR .« can be seen by multiplying the operator by

its “potential inverse" Uz, ¢ to find

- — —omiNpn
UZ2TR R UZ2TR L Z € a
peEZ3

C. (4.50)

C is known as the condensation operator, which can be thought of as a sum
over topological surface operators exp[—i $po s B®)] = exp[—i2nZ/q] wrap-
ping the three 2-cycles of T3, and B®) is the 2-form field of the Zgl) 1-form
symmetry.

We use the fact that SU(IN)/Z, theory possesses a magnetic ZT(D 1-form global
symmetry to make one more observation. Let 7; be 't Hooft line of N-ality 1 in
direction j. Then, the minimal 't Hooft line in SU(N)/Z, theory is 7}N/q, i.e., it has
N-ality N/q. The minimal line acts on a physical state by increasing its magnetic
flux by one in units of N/¢7} Now, let us take a theory with gcd(N/q,q) = 1 so

*Similar to the discussion we had after Eq. (4.19)), we can also consider the generators of the
magnetic 1-form symmetry and argue that 7;N/ ? inserts a magnetic flux N/q, as measured by the

action of the magnetic 1-form symmetry on the state 7;N/q|¢>phy.
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4.8.2. SU(N)/Z,

that f]ZQTR =1 acts projectively on certain states. Then, |E, (n, = 4Ny = ¢, n: =
q)N/q) is one of the physical states that survive under the action of Uz,,, ¢—1. We

have ’7}N/q|E, (¢,9,9)N/q) = |E, (¢ + 1,q,q)N/q). Thus, we immediately see from
Eq. (4.47) that

Usyr, 4=1 TN E, (0,6, 0)N/@) = Uzyy 4=1|E, (¢ + 1,4,9)N/g)) =0.  (4.51)
We write this result as
UZ2TR,5=17}N/q =0, j=xzy,z2. (4.52)

In other words, the operator ﬁZQTR =1 annihilates the minimal 't Hooft lines in

this theory. It also annihilates all 't Hooft lines 7}nj N/ 4 n; # 0 Mod ¢. This is an

alternative way to see the projective nature of this operator.

4.3.2 SU(N)/Z,

Next, we discuss SU(N)/Z, theory with matter with N-ality n, and Z, C Z; =
Zgea(N,n)- The partition function of this theory is given by the path integral in
Eq. (4.43), now restricting the sum over the electric and magnetic twists (m, k) €
(NZ/p)®. The theory possess an electric 7z 1-form global symmetry. As before,

a/p
T, is taken to be the generator of the electric Z,(ll) symmetry. Then, the electric
Zg})p 1-form global symmetry is generated by 77 (as well as T} and T7). The theory

has ¢/p distinct Wilson lines Wjejp , with e; = 0,1,2,..,¢/p — 1. These lines are
invariant under Z,, as they should be since Z, is gauged. The minimal admissible
Wilson line WJP carries one electric flux in units of pN/q. In the limiting case p = ¢,
the line W™ coincides with the matter content and must be removed from the
spectrum of line operators. Therefore, in this case, the theory does not possess a
1-form electric symmetry, as discussed in the previous section.

(1)
Hooft line with N-ality 1, then the minimal admissible 't Hooft line in the theory

In addition, the theory has a magnetic Z,"’ 1-form symmetry. If T; is the 't

is 7;N/ P which carries one magnetic flux in units of N/p. There are p distinct 't

Hooft lines in the theory 7}an/p, n; = 0,1,..,p — 1, which are mutually local with
Wilson lines Wjejp . The Hamiltonian, Wilson lines generators, and the 't Hooft
lines generators of this theory can be simultaneously diagonalized. Therefore, the
energies and eigenvalues of the set of Wilson and 't Hooft operators can be used to
label the physical states of Hilbert space:

’w>phy = ’Eu epN/q,nN/p) , €t (Zq/p)3 NS (Zp)3- (4'53)
Next, we need to build a gauge invariant chiral symmetry operator. Our starting
point, as usual, is the operator

Usyry, £ = (Friaty Jra (T3 —2TR K (@) (4.54)
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4.8.2. SU(N)/Z,

taken in the presence of the fractional magnetic fluxes m € (NZ/p)®, which label
the Hilbert space in Eq. . The operator T;}/ P generates the electric Z,(gl) 1-
form symmetry, which is gauged. In other words, T;?/ P implements the twists k €
(NZ/p)*. Tn analogy with SU(N)/Z, theories, we need to build gauge invariants
of the chiral symmetry operator using the building block T; x/ P UZQT72 i SUP T,
compute this block, we use the discussion around Eq. - ), taking the minimal
twist N/p generated by / VP to obtain

27rz€ R N

TP Upy fTy P =€ 0" Ugyp 4, M2 €1, (4.55)

and n, counts the magnetic fluxes in units of N/p. If ¢X ¢ Z, there is a mixed
p

anomaly between Z;‘TR and the electric Zz(,l) symmetries in SU(N) theory with
matter, and we expect the chiral symmetry becomes noninvertible upon gauging
Zg). The corresponding gauge invariant operator of the Z%‘TR symmetry is then
given by the summations

UZQTRIZ > (T,,)%P=/P(T,)) /P (T, ) P=/P Uy, RJ(Tx)—qpx/p(Ty)—qpy/p(Tz)—qu/p

Pz Py Pz €L
_ UZ ' Z e—Qﬂ'i%(pxnx"prny"sznz)
2T »
Pz:pyvpzez
ngcﬂN nyEN nzﬁN
Ve X0 (1) (M 1) X6 .
l.€Z ly€Z 1.€Z

(4.56)

This noninvertible operator generalizes (4.47)) to any Z, C Z,, and it projects onto
sectors with finer topological charges than the sectors admissible by (4.47). This
means there exist sectors where UZzTR,é act invertibly for all £ = 1,2,.., T if and
only if

€z, (4.57)

with similar conditions in the y and z directions. As special cases, we may first set
p = q to readily cover 1' Also, setting p = 1, the operator UZQT ¢ becomes
invertible, as can be easily seen from the second line in . Notice that UZQT Y
does not act on Wilson lines in this theory, as the noninvertlble operator is built
from (Tj)qu/ P and its inverse; thus, one can push a Wilson line through UZzTR Y
without being affected®] We can write this observation as

Uy WP =W Uz 0y €j=0,1,2,,¢/p =1, j=uzy,2. (458

*Although we do not give the explicit form of Tj, it can be thought of as an exponential of
an integral of the chromoelectric field over a 2-dimensional submanifold; see [104]. A Wilson line
would acquire a phase as we push it past Tf/p (we use [a](z, 1), Eb(y,t)] = i6,16(x—y)dap, where
a, b are the color indices, along with the Baker-Campbell-Hausdorff formula). It also acquires the

negative of the same phase as it is pushed past T;W P

hence, the result in Eq. (4.58).

. Therefore, the phases cancel out, and
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4.8.2. SU(N)/Z,

This is very different from the action of UZzTR .+ on 't Hooft lines, as we discussed
before.

The procedure employed to construct the noninvertible operator ﬁZzTR,Z contains
an additional layer of underlying physics. It is essential to keep in mind that this
operator is constructed in SU(N)/Z, theory, where its creation involved a sum
over magnetic m € (NZ/p)® and electric k € (NZ/p)® twists. These twists do not
encompass the entire range of permissible twists that can be applied. Recall that
the theory encompasses a global Zgl/L symmetry, which affords us the opportunity

to introduce the electric twists k € (pNZ/ q)3. Moreover, we can turn on magnetic
twists m € (pNZ/ q)3, compatible with the cocycle conditio This broader scope
of twists provides a richer set of possibilities within the theory. We recall that T7? is
the generator of Z;I/L symmetry that implements the twists k, € pNZ/q. Then, one
can write the partition function of SU(N)/Z, theory in these background twists

as
ZS5U(N)/Zp+matter [T, k] = e (oNz/q)? [€_L4HT§priypTzkzp]

—q ﬂ-I’kJ —
= X T oy (le ) il e v f-59)
eE(Zq/p)3

pkjej
4 |t))pny; see the discussion

and we used Eq. (4.53) along with Ifjp|1j})phy = T
around Eqgs. (4.62} 4.63) below.

Next, consider the commutation relation between T? and [NJZQTR ¢, the latter oper-

ator is being in the background of the magnetic twist m € (pNZ/ q)3. Using the
discussion and procedure around Eq. (4.30]), we obtain

V0, T0 — ¢ g 4
x ZQTR Ltz =e a Z2TR N ( 60)
. . ~ —27Tiﬁnzpz—2N
The failure of the commutation between 7% and Uz,,,_, by the phase e @ |
R?

assuming Enxp:—QN ¢ 7Z , signals a mixed anomaly between the noninvertible Z;‘TR

chiral symmetry and the electric Z((Il/)p

1-form global symmetry. This anomaly means
that certain sectors in Hilbert space exhibit degeneracy. Let us analyze this situ-
ation more closely. We assume there exists a sector with n,n,,n. that satisfies
Eq. , and thus, in this sector, the symmetry operator UZ2TR . acts invertibly
for all elements £ = 1,2,..,Tz. Now, UZ2TR74, being a global symmetry operator,

commutes with the Hamiltonian:
Uz, - H] = 0. (4.61)
Likewise, since Zél/;o is a global symmetry, its generators T]I-J commute with the
Hamiltonian:
[T]’-’, H]=0. (4.62)

*Recall that twists in NZ/q are compatible with the cocycle conditions. Therefore, twists
in pNZ/q are a subset of the allowed twists. Notice that the twists m € (pNZ/q)* provide
background magnetic fluxes and do not label the physical states in Hilbert space, Eq. (4.53).
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4.3.3. FExamples

This commutation relation, along with Eq. (4.22)), implies that TJP acts on physical
states in Hilbert space as (the label I = (l;,[y,l,) emphasizes that such states
satisfy condition 1} such that ﬁZQTR ¢ acts invertibly on such states. Also, we
suppressed the detailed dependence on the different quantum numbers to reduce
clutter)

L 27
TP\ e;)=¢" ¢ 9B e;), (4.63)

and that the states are labeled by their energies as Well asej = 1,2,...,q/p distinct

labels; these are the eigenvalues (fluxes) of the Z symmetry operator. The al-
-, along with the mixed
anomaly represented as Eq. -, under the assumptlon of a nontrivial phase, fur-

gebra defined by the commutation relations Eqgs.

nishes a finite-dimensional space with a minimum dimension of ¢%/gcd(n.p*N, ¢?)
(we take n, = n, = n.). The Hilbert space of physical states, which are labeled
by q/p distinct fluxes, sit in ¢?/ged(n.p? N, ¢?) orbits, and a rotation by UZZTR =1
links a state with a flux e; to a state with a flux €;gcq(n;p2N,2)/(qp) @S

0ZQTR ,5=1‘E7 €j>l = |E7 ej + ng(lepzN, q2)/(qp)>l . (4‘64)

Using the commutation relation (4.61]), one immediately sees that the states |E, e;);
and |E, e;j + ged(njp?N, ¢?)/(qp)); have the same energ

In the following subsections, we apply our formalism to examples of theories with
fermions in specific representations.

4.3.3 Examples

4.3.3.1 SU(4n+2)/Zy and SU(4n)/Zs with a Dirac fermion in the
2-index anti-symmetric representation

The SU(4n+2)/Zy gauge theory with a 2-index anti-symmetric Dirac fermion (V-
ality 2) has a Z§,, chiral symmetry. The SU(4n + 2) theory possesses an electric
Zél) one-form symmetry. In [98], the authors argued that upon gauging Zél), the
odd rotations of Z$, become non-invertible. We can show this is the case on T3

using our construction. Setting N = 4n + 2 in (4.47)), we obtain

Ut = Uzgrt 3 6 ("; —1 ) 36 ("9 ) 3 5(”2 - ) . (4.65)

Iz €Z lyeZ l.€Z

For ¢ odd, UZsmg projects onto untwisted gauge sectors and becomes non-invertible.

*It is helpful to give a numerical example. Take N = 1000, ¢ = 500, and p = 20. Such
numbers are contrived and do not necessarily correspond to any realistic theory. Condition
is satisfied if we take n, = 2. Then, the phase in the anomaly Eq. is e727/5, implying

a b5-fold degeneracy. The theory has an electric Z( ) 1-form symmetry, and thus, 25 distinct flux
states. These states set in 5 different orbits such that the states labeled with e1, eg, e11, €16, €21
have the same energy, and the states ez,e7,...,e22, have the same energy, etc.
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4.3.3.2. SU(6)/Zs with a Dirac fermion in the 3-index anti-symmetric representation

The SU(4n)/Zs theory with a 2-index anti-symmetric Dirac fermion has a Z§, ,
chiral symmetry. The cocycle conditions, say in the z-direction, must satisfy (see

Eq. (4.6))

2nyz

™ =1, (4.66)

Therefore we must have n,. € 2nZ. There is no mixed anomaly between Zg‘n_ 4

and the electric Zgl) symmetries in the SU(4n) theory since the anomaly phase
nzﬂ € nZ is trivial. Thus, the full chiral symmetry Z%, _, is invertible. This is also

in agreement with [98].

4.3.3.2 SU(6)/Z3 with a Dirac fermion in the 3-index anti-symmetric
representation

This theory has a Z§ chiral symmetry. What is special about this theory is that its
bilinear fermion operator vanishes identically because of Fermi statistics. Moreover,
the SU(6) theory exhibits a mixed anomaly between its electric Zgl) 1-form center
and chiral symmetries [105, [106]. Assuming confinement, then the chiral symmetry
must be broken in the infrared. Yet, this breaking has to be accomplished via
higher-order condensate. Using , we find that the operator corresponding to

a chiral transformation in SU(6)/Zs theory is

. 2n,0 2n,0 2n, 0
UZG,e:UZG,eZ<S< 3 —lx) Za( 5 _zy) 25( ; —lz> . (4.67)

= 1,E€7 1.€Z

Hence, for ¢ € {1,2,4,5}, the operator Uzg,z projects onto untwisted gauge sectors,
and the chiral symmetry operator becomes noninvertible.

4.3.3.3 2-index SU(6) chiral gauge theory

Our next example is a chiral gauge theory. This is SU(6) YM theory with a
single left-handed Weyl fermion % in the 2-index symmetric representation and
5 flavors of left-handed Weyl fermions x in the complex conjugate 2-index anti-
symmetric representation. The fermion budget ensures the theory is free from gauge
anomalies. The theory encompasses continuous global symmetry SU(5)y x U(1)a,
where SU(5), acts on x. The charges of 1) and x under U(1) 4 are g, = =5, ¢, = 2.
The theory is also endowed with a Zj chiral symmetry, which is taken to act on
x with a unit charge. It can be checked that this is a genuine symmetry since
neither Z4 nor a subgroup of it can be absorbed in rotations in the centers of
SU(6) x SU(5)y. It turns out, see [1] for details (also see [35]), that we must
divide the global symmetry by Zs X Zs5 to remove redundancies. Putting everything
together and remembering that the theory possesses an electric Zgl) 1-form center
symmetry (since all fermions have N-ality n = 2), we write the faithful global
group as:

SU(B)y xU(1)4

GE =
Z3XZ5

x ZX x 78 . (4.68)
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4.4. SUN)xUQ)/Z,, Z, C Zn theories, noninvertible symmetries, and their
anomalies

)

This theory has an anomaly between its Zg center symmetry and Z} chiral sym-
metry. To see the anomaly, we recall that we can turn on the magnetic and electric
twists (m, k) € (3Z)%. This gives the topological charge Q € Z/2. Thus, under a
chiral transformation, the partition function acquires a phase
2m¢N,T.

Zim, k] — exp {2”4’”@] Zim, k] = exp[i270/2] Z[m. k],  (4.69)
where N, = 5 is the number of the x flavors and T = 4 is the Dynkin index of x.
Therefore, we expect that Z) becomes noninvertible in the SU(6)/Zs chiral theory.
Using (4.47]), the noninvertible operator corresponding to a chiral transformation

in SU(6)/Zs theory is

. Nzl nyf n ¢
gt = Uy 36 (2 —zm) N (; - y) 5 5( : —zz> @)

=y 1,EZ =/

Hence, for ¢ € {1, 3}, the operator 0247g projects onto untwisted gauge sectors, and
the chiral symmetry operator becomes noninvertible.

4.4 SU(N)xUQ)/Zy, Z, C Zy theories, noninvertible
symmetries, and their anomalies

In this section, we also gauge the U(1) baryon number symmetry. Thus, we are
discussing SU(N) x U(1) gauge theory with a Dirac fermion in a representation
R, N-ality n, and U(1) charge +1. This theory, as we discussed in Section is
endowed with an invertible Z;‘gc d(Tr,dr) chiral symmetry as well as an electric ZS\I,)
center symmetry acting on its Wilson lines; see Eqs. . However, in [97], it was
shown that SU(N) x U(1) theories also have noninvertible Z%CTR chiral symmetry.
In the following, we first review the construction of the noninvertible Z;(TR operator
in SU(N) x U(1) theories, and next, we discuss this operator in SU(N) x U(1)/Zy,,

Ly, C Zp, theories.

4.4.1 SU(N)x U(1)

Our starting point is the SU(N) x U(1) theory and its Z§TR operator Uz, ¢ =

- 27l
j2ml
e 2Tk @s

, where @5 is the conserved chiral charge defined in Eq. (4.40) in the

background of the fractional n, , . and integer N, , . magnetic fluxes in the z,y, 2
directions. We remind that we can turn on fractional fluxes in Z irrespective of the
N-ality of the matter content since we use U(1) transition functions to impose the
cocycle condition; see Eq. . No nontrivial electric twists are applied at this
stage, i.e., we take k € (NZ)3, since our nonabelian gauge group is SU(N) rather
than SU(N)/Zp. The operator Uz,  is invariant under SU(N). To see that,
we apply a large SU(N) gauge transformation, recalling Eq. and setting
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4.4.1. SU(N) x U(1)

k € (NZ)3, which immediately gives the change in the nonabelian winding number
by @ € Z. In addition, Uz, ¢ must be invariant under U(1) gauge symmetry. The
photon gauge field a; transforms under U(1) gauge symmetry as a;(z + é,Ly) =
a; — Ok€(z), and £(z) is a periodic gauge function: &(z + éxLy) = &(x) + 27p,
p € Z. Applying a large U(1) gauge transformation to @5, we find (see [97] for the
derivation)

72mé<pzT (Nernnz)eryTR(Nernny)+pzT (Nz+"17\l,z

)> . (4.71)

UZZTR L UZ2TR €€

where p, , . are arbitrary integers corresponding to the U(1) gauge transforma-
tion. Eq. 1) shows that the operator Uzor, £ fails to be gauge invariant under
U(1) gauge symmetry. To remedy this problem, we follow the procedure of the
previous section and define a new operator UZzTR,E by summing over all gauge-
transformations of UZ2TR VE

—2 Z( ld—R NZ.—‘,— + Ny +""y +p, N+7l"z )
Uzyry, 0 Z e T\ i W) ey % )+p TR( )

Uz, 0
DDy ,PzEL
dR
Uz ,z25< <N+ >—l> S ] @
= Tr N ly€Z l.€Z

The operator f]ZzTR . implements the chiral transformation of the now-noninvertible
ngR symmetry, as it acts projectively by selecting certain nonvanishing sectors in
Hilbert space labeled by the integers [, ., such that for £ = 1 we must have

dr

NNy
ly = N, 7, 4.
TR ( + N > € (4.73)

with identical expressions for [, and [,. Condition ensures that all the
symmetry elements £ = 1,2, .., Tk act invertibly on the same admissible sector. To
explicitly see the projective nature of UZ2TR . on states in Hilbert space, we use
the partition function of the SU(NN) x U(1) theory given by Eq. (we set the
electric flux background k=0 and, as usual, we use n to label a specific fractional
magnetic flux background: n = (ng,n,,n.)) to compute <UZQTR7€>

Uyr ) = >, nlE,e,Nle MU, |E e, N)y. (4.74)
e€Z3;, NezZ?

We immediately see from the Kronecker deltas in Eq. (4.72) that only those sectors
with IV satisfying Eq. (4.73)) are selected.

Turning off the fractional magnetic flux background (i.e., setting n = 0), the op-
erator UZzTR ¢ becomes invertible for ¢ € TrZ/gcd(Tr,dr). We recognize that

*Recall from our earlier analysis that the theory is endowed with electric Zg\i) and magnetic

Ufnl ) (1) symmetries, and the states of the theory are labeled by the eigenstates of these symmetries,
e and IV, respectively.
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4.4.2. SU(N)xU(1)/Zy, Z, C Ly

X
2gcd(Tr,dr

setting n = 0, the operator UZ2TR’g:1 annihilates all Hilbert space sectors charac-

we have just recovered the invertible Z ) subgroup of Z;CTR. Furthermore,
terized with integral magnetic fluxes N ¢ TrZ3/gcd(Tr,dr). This noninvertible
nature of the chiral operator should have been anticipated. When we start with
the SU(N) theory with matter, we find an 't Hooft anomaly between its invert-
ible Z%‘TR chiral symmetry and U(1) baryon symmetry. This anomaly is valued in
Lty Jged(Tr,dr)- Upon gauging U(1), this anomaly becomes of the ABJ type, and
the chiral symmetry becomes noninvertible. Now, If we take the Euclidean version
of our theory in the infinite volume limit and apply a 7/2 rotation to U'ZQTR 4=1,
the operator becomes a defect. Alternatively, we may also use the half-gauging
procedure to construct this defect, which was done in [97]. Inserting this defect at
some position will generally create a domain wall (since it enforces a chiral trans-
formation) dressed with a TQFT that accounts for the noninvertible nature of the
defect. It will be interesting to analyze what happens to the domain walls when
we turn on an external magnetic field with flux N ¢ TrZ3/gcd(Tr, dR).

SU(N) x U(1) gauge theory has an electric Zg\l,) 1-form global center symmetry,
and the immediate exercise would be checking whether there is a mixed anomaly
between the center and the noninvertible chiral symmetries. To this end, we turn on
both electric and magnetic twist (m, k) € Z5, giving rise to nonabelian fractional
topological charge Qsp(n) € Z/N as well as abelian topological charge Q,, = (%)2;

see Eq. (4.12). Using Eqs. (4.21] |4.41)), setting k = (1,0,0), we find

7 — ~ —2771’6("—“5—&‘1771 N+ 2o )
Txtl’UZHR,é(Txtz) b= UZQnge N NTR( ~)

= Uy ge 2757 (4.75)

and we used Condition to go from the first to the second line. If the phase
is nontrivial, then there is a mixed anomaly between the electric Zg\p 1-form center
and the O-form noninvertible Zé‘TR symmetries, leading to spectral degeneracy of
states (those that already selected by the operz}tor UZ2TR ¢). The algebra defined
by the commutation relations [H,Tjt;] = [H, Uz, ¢ = 0 along with the mixed
anomaly , under the assumption of a nontrivial phase, furnishes a finite-
dimensional space with dimension N/gcd(N,n, — nl,) (we take n, = n, = n.).
The Hilbert space of physical states, which are labeled by NV different electric fluxes
e, sit in N/ged(N, n, —nl,) orbits, and a rotation by ﬁZQTR =1 links a state with a
flux e; to a state with a flux e; + gcd(N, n; — nlj), i.e., they have the same energy.

4.4.2 SU(N) x U(1)/Zy, Z, C Ly

Next, we study the noninvertible operators in SU(N) x U(1)/Z, gauge theory,
where Z, is a subgroup of the Zy center symmetry. This theory has an electric

*Notice that these electric twists k € Z* are e that label the physical states in Hilbert space:
|E,e, N)n . In principle, k; should be in Z Mod N, but, as usual, we drop the modding as this
does not affect the cocycle conditions.
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4.4.2. SU(N)xU(1)/Zy, Z, C Ly

Zg\l,}p 1-form global symmetry acting on the p-th power of the spatial components
of the abelian and nonabelian Wilson lines defined in Eq. (4.14):

weib

7, SU(N) 7W'ejp €j = 1727 "7N/p7 j - 1;273- (476)

5U1)7

These Wilson lines are invariant under Zj,, as they should be, as this symmetry is
gauged. Notice that the allowed abelian probe charges ¢ need to satisfy ¢ = z,
where 2z, = e;p is the N-ality of the nonabelian line. Thus, we can represent
the lines in Eq. by the pair (z.,q = z¢). The theory also possesses a
magnetic Uﬁnl)(l) 1-form symmetry acting on ’t Hooft lines. Let z,, = 0,1,..,p—1,
and g be the N-ality of the nonabelian 't Hooft line and the abelian magnetic
charge, respectively. Then, the pairs (z.,q = z.) and (2, g) must satisfy the Dirac
quantization condition e?27(=a9t%e2m/P) — 1 or 2,2, — pqg € pZ, which gives a
constraint on the magnetic charges: g = 27’" +7Z, i.e., the abelian magnetic charges
can be fractional |[107]. Another way of putting it is that the presence of the
Abelian Wilson lines Wﬁjg(l) demand that the Abelian 't Hooft lines are 7;NI} ?17)1] /P7
n; € Zyp, Nj € Z, such that the electric and magnetic lines are mutually local.
The physical states in Hilbert space are taken to be eigenstates of the commuting
set of the Hamiltonian, the generators of electric symmetry, and the generators of
magnetic symmetry:

V)phy.m = |E,pe,n/p+ N)m, e =01,..,N/p—1, N;eZ n;=0,1,..,p—1,
j=1,2,3, (4.77)

and m € Z3 is the fractional magnetic flux background (or background magnetic
twist). Remember that, in principle, m € (ZMod N)3; however, we drop the
modding by N since this cannot affect the cocycle condition. Notice that we can
always activate a Zy magnetic twist since, as emphasized several times, we use a
combination of nonabelian and abelian transition functions. Also, in the special
case p = N, we should remove the subscript m since, in this case, the Hilbert space
is spanned by eigenstates of the full magnetic Zy fluxes, i.e., n; =0,1,..., N — 1.

The operator UZQTR ¢ defined in Eq. 1' is invariant under both SU(N) and U(1)
gauge transformations. However, because we are now gauging Z,, the operator
must also be invariant under Z, gauge transformations. Let us recall that T}t; is

the generator of the electric Z%) symmetry, and therefore, (Tjtj)N/ P generates the

Z, symmetry, which must be gauged. The action of (Tjtj)N/ P on UZzTR ¢ can be
read from the first line in Eq. (4.75) by applying the operation N/p times:

_2wié(%—%%(Nz+%)>

(Tit )P Ugry 0 (Tity) NP = Ugyy, g (4.78)

This relation shows that for a general £, i]Z2TR ¢ fails to be gauge invariant under a
Z,, gauge transformatiorﬂ Being acquainted with the remedy of this problem, we

. . 2mitn R (Np+ 152 ) . i,
In the special case p = 1, the phase becomes e R , and using Condition (4.73]),
the phase trivializes. This shows that this operator is gauge invariant in SU(N) x U(1) theory, as
expected.
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4.4.2. SU(N)xU(1)/Zy, Z, C Ly

use (Tjtj)N/ P ﬁZQTR ’ (Tjtj)_N/ P as a building block of a gauge invariant operator
by summing over gauge transformations of the block. The noninvertible operator
is then given by

Usyr,, 0 (4.79)

Npg Npy Npz _Npz _Npy _Npe
= Z(Txtx) v (Tyty) » (Titz) @ UZQTR,Z(TxtI) v (Tyty) v (Tetz) @

pEZ3
,27ri2("717%;—72(Nz+%)>+(:v~>y)+(z%z)
= UZ2TRa€ Z € R
PPy Pz €L
In In dr NNy
=Uzy 0 .6 <f‘f -k (Nx + ) —zz) S D] (480
= p p Tr N 1,7 l.€Z

The operator 0ZQTR ¢ acts invertibly on sectors in Hilbert space that, for £ = 1,
satisy the condition

T d T
lm:n_nR<N:€+7m)€Z, (4.81)

with identical expressions in the y and z directions. The operator UZQTR7‘€7 as
introduced in Eq. , within the context of SU(N) x U(1)/Z, gauge theory, is
a generalization of the operator defined in Eq. for the conventional SU(N) x
U(1) theory. Furthermore, Condition represents a broader generalization of
Condition . In the specific scenario where p = N holds, corresponding to
the SU(N) x U(1)/Zy theory, Condition precisely mirrors the criterion for
the absence of a mixed anomaly between the electric Zg\l,) 1-form global symmetry
and the noninvertible chiral symmetry inherent to the SU(N) x U(1) theory. This

correspondence is clear from the first line of Eq. (4.75)).

The SU(N) x U(1)/Z, theory exhibits an electric Zg\lf}p one-form global symmetry,
which is generated by the operators (7;t;)?. When introducing a background for
this symmetry, we uncover a mixed anomaly between the noninvertible chiral sym-

metry and the Zg\l,}p symmetry. Sandwiching UZzTR,€7 defined in Eq. (4.80f), between

(Tyty)P and (Tyt,)"P and using Eqs. (4.21] , we find

. d
it (B 5 1R (Mot 257 )

(Twta)? UZQTR W(Toty) ™ = UZ2TR L€
~ . 2
Ugyy,, 2™ (4.82)

where we used [, defined in Eq. (4.81]) in going from the first to the second line.
2

When the phase e~ 2mlaly g nontrivial, it signifies the presence of a degeneracy
within the spectrum. Notice that the anomaly phase coincides with the phase in
Eq. if we set ¢ = N in the latter. This should not surprise us since, in
this section, we employ the full Zy center symmetry, thanks to gauging U(1). The
anomaly in is valued in Zpy/gcq(np21,) (We take ng, = n, = n.) indicating
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a N/gcd(N,p?l,)-fold degeneracy. The Hilbert space of physical states, which
are labeled by N/p distinct electric fluxes, sit in N/ged(N,p?l;) orbits, and a
rotation by UZ2TR +—1 maps a state with an electric flux pe; to a state with a flux
p(ej + ged(N, p2l;)/p), i.e., they have the same energy.

4.4.3 Examples
4.4.3.1 SU(4k+2) x U(1)/Z, with 2-index antisymmetric fermions

SU(4k +2) x U(1) theory with a single 2-index anti-symmetric Dirac fermion was
considered in [97]. Here, we study this theory when we gauge a Z, C Zy subgroup
of the center. Numerical scans reveal that condition is always satisfied for
specific values of n, and N,. Also, the anomaly is trivial unless both p and
[ are odd; then, the anomaly is valued in Zo. The Hilbert space is spanned by the
physical states

W})phy,m = |E,pe,n/p + N>m
ej=0,1,..,(4dk+2)/p—-1, N;e€Z, n;=0,1,.,p—1, j=1,2,3

and the anomaly means that the states live in two orbits such that |E,pe,n/p +
N)m, |E,p(e+ged(N,p*1)/p),n/p+ N)m, |E,p(e+2gcd(N, p°l) /p), n/p+ N)m,
etc. have the same energy (we take n, = n, =n;).

4.4.3.2 The Standard Model

The methods presented in this chapter provide a systematic means to find nonin-
vertible symmetries in any given gauge theory. As an important application, we
employ our approach to search for noninvertible symmetries in the nongravitational
sector of the Standard Model (SM). SM is based on su(3) x su(2) x u(1) Lie al-
gebra. Yet, the faithful gauge group, i.e., the global structure of the group, is to be
uncovered. The matter content and charges under the gauge and global symmet-
ries are displayed in Table and all fermions are taken to be left-handed Weyls.
The anomalies associated with the U(1)p and U(1); symmetries are given by:
UL)p x [SU@? = U1, x [SU@)? = 1, UQL)p x [SUG)J2 = U(1), x [SU(3)]2 =
0,U(1)px[U(1)])? =U(1)x[U(1)]?> = —18. Thus, we see that U(1) g_z, symmetry
is anomaly-free symmetry (we neglect gravity in this context). Under a U(1)p4f
rotation, the path integral picks up an ABJ phase

exp (i - Ny(2co(F) — 36¢2(f))) , (4.83)

where Ny is the number of families, ca(F') is the second Chern class for SU(2) and

ca(f) is the second Chern class for U(1). The ABJ anomaly breaks the U(1)p4r
B+L _
ged(2,36) Ny
in the ABJ anomaly.

down to a Z ZQB]\}FfL symmetry. Notice that SU(3) does not play a role
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field | SU(3) SU(12) UQ)|UM)p UQ1)g
qr O O 1 3

I 1 O -3 0 1

én 1 1 6 0 —1
iR O 1 -4 | -3 0

dp O0 1 2 —3 0

h 1 O 3 0 0

Table 4.1: Matter content and charges of SM: g7, and [, are the quark and lepton
doublets, ér, g, dg are the electron and up and down quarks singlets, while h is
the Higgs doublet. Notice that we take the hyper U(1) charges to be integers, while
the matter content has the standard charges under the baryon number U(1)p and
lepton number U (1) symmetries.

(

The matter content is consistent with the existence of an electric Zﬁl) 1-form global
symmetry [107} [108]. The cocycle conditions satisfied by SM on T* with a gauged
Zél) are given by [108]:

o)
(2" = L)), (2" = 0) = 275 Qg (2 = L") Q3 (" = 0),
)
Q(Q)u(xy = LV>Q(2)I/(xM = 0) = eng%Q(Q)u(xu = LM)Q(Q)u(xV = 0) ) (484)
@@

. n
—2mi(—E%+ L~ v

3 2 )W(l)y(l'u = LM)W(l)M(fB == O) .

Q)

wyu(r” = L )way, (2" =0) =e
Qiy, i = 2,3, and w(y) are the transition functions of the gauge bundles, n,(f,), are
the 't Hooft twists, and the superscript/subscript (i) = (3),(2),(1) denote the
condition for the SU(3),SU(2),U(1) gauge groups respectively. The electric Zél)

symmetry is generated by a combinations of the SU(3) center, Tj(g), the SU(2)

center, Tj(2), and the U(1) center t;, such that the full Zél) symmetry generator is
given by Tj(3)Tj(2)tj, Jj=x,,2.

The anomalous U(1)p4 current conservation law is given by

36N

52 GNVA(,.@“a”aAa“ =0, (4.85)

8ujg+L - 2NfauK§U(2) (a%) +

where K gU(Q) is the SU(2) topological current. The corresponding unbroken ZfﬁfL

symmetry operator on T? is given by:

(4.86)

27/
2Ny ’

UZQNf,é = exp |f Qs
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where the conserved charge @5 is given by (here we turn on a Zg magnetic twist)

= d3
Qs /T3 T 52

. 36N, ..
J%—i—L — 2Nng‘U(2) (ac) + fe”kaiajak}

18N v a7 Faw 'f
x
—747rf(Nz+6nz) /fy/dzaz(xzo7y’z)+/f/dzaz(x7y:07z)
o Yo 0o "0
+Z(x—>y—>z—>x). (4.87)
cyclic

Under a U(1) gauge transformation, Uz, . transforms as

184N "
fo (N;C—Q—Tx)) +(z—y)+(z—2)

—i27
UZsz £ UZQNf L€ ( = UZsz L (4-88)

Therefore, Uz, . is U(1) gauge invariant, as required. Further, we examine Uz, .

after gauging the electric Zél) 1-form center by sandwiching UZsz .+ between its
generators (this is a generalization of Eq. (4.75))):

N 23
R R

-1
TOTDt,Uz,, (ng?’)Tf)tx) — ¢ T T, Uy,
frongU(2)(ac) from €7k a;0;ay,
UZ2Nf ‘- (4.89)

We used Eq. , setting k, = my; = 1, to find the first exponent. The second
exponent is found by applying Eq. and using n = 1, N = 6. Here, ng(f), n§;°’),
and N, are the SU(2) and SU(3) fractional twists and U(1) integral magnetic
flux, respectively. This analysis shows that SM does not possess noninvertible

symmetries in its nongravitational sectors. Our findings are consistent with [93].

4.5 Coupling gauge theories to axions and
noninvertible symmetries

In this section, we introduce axions into the game, taking T* to be larger than any
scale in the theory. To be specific, we take SU(N)/Z, or SU(N) x U(1)/Z, gauge
theories of the previous sections and follow the setup of [17] by adding a complex
scalar ® that is neutral under the gauge groups but couples to the fermions. Thus,
we add the following terms to the Lagrangian:

LD 10,0% + V(@) + y®iip + hc., (4.90)

where ), ¢ are two left-handed Weyl fermions in representations R and its complex
conjugate R, respectively, and y is a Yukawa coupling. The potential of the complex
field is V(@) = A(|®|> — v?)2, where X is O(1) dimensionless parameter. We take
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4.5. Coupling gauge theories to axions and noninvertible symmetries

the scalar field v.e.v. v > A, where A the strong scale of the gauge sector. We
shall pretend that we did not know about the noninvertible symmetries or how to
construct them, and let us see if we can reproduce them in the IR.

Let us first consider the SU(N) gauge theory before gauging U (1) and the electric
Zé,l) symmetry. Under Zy;,, and U(1) baryon number, the different fields transform
as

- —27

t’1:4 §2T ~ j2r -
L, @ ®—€eTR®, ¢ — e RY,) — e TRY,
Ul) : & —d,p — e, — e %), ae0,27). (4.91)

If we write ® as ® = pe’®, where a is the axion [ then a transforms under Z;‘TR as

2
—a— — 4.92
a a T ( )

and notice that the axion is inert under the Z£ fermion number subgroup of Z%‘TR

Next, we consider SU(N)/Z, or SU(N) x U(1)/Z, gauge theories with axions.
Flowing to an energy scale below v, the radial degree of freedom p freezes in, i.e.,
we set p = v, and the fermions acquire a mass ~ yv and decouple. What remains
is the light degree of freedom, the axion a. However, the axion should reproduce
all the UV anomalies. Thus, we can write the following IR effective Lagrangian of

a:
2 2 tr(fC A f€) i
L, =v*(0ya)” + TRaT + dra et (4.93)
Variation of £, w.r.t a produces the anomalous current conservation law:
D — TrO K" (a®) — IR O a9 a’ =0 4.94
1l(a) — RO (a)—@fuw\o aoa =4, (4.94)

where jéﬁl ) = v?0"a. This is exactly the anomalous current conservation law we
had previously, now written down for the axion current. Therefore, everything we
said in the previous sections applies here. In particular, we can define an operator
of the Zy;, symmetry as:

27f

-0 0/ c
i /Ts(g(a) — TRE(a9) + .| | (4.95)

where the dots denote the contribution from the U(1) gauge field (see Eq. (4.40)).
We used a calligraphic letter for the operator to emphasize that it is constructed
in the IR. Yet, all the anomalies and failure of invariance under gauge symmetries
that lead to the noninvertibility of the UV operators apply here as well. Thus,
similar to what we did before, we can construct the noninvertible operator Z;{Z2TR 0

*a without any indices represents the axion, while a,, with an index represents the U(1) gauge
field. Apologies for the confusing notation.
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4.5. Coupling gauge theories to axions and noninvertible symmetries

which implements the noninvertible symmetry Z%‘TR in the IR. Such operators shall
project onto magnetic sectors and also exhibit mixed anomalies with the global 1-
form electric center symmetry, exactly as we discussed previously.

It was pointed out in [109] that SU(N)/Z, theories with axions have noninvertible
symmetries. However, our construction shows that such a conclusion is not gen-
eral and depends on the UV completion. Consider two theories SU(4k)/Zs and
SU(4k + 2)/Zo with a Dirac fermion in the 2-index antisymmetric representation
and coupled to a complex scalar field ¢ as above. As we flow to the IR, we can
construct the operators corresponding to the chiral symmetries. We discussed in
Section that SU(4k)/Zz theory does not exhibit an anomaly between its
chiral symmetry and the 1-form symmetry of the corresponding SU(4k) theory,
and hence, the chiral symmetry operator is invertible. Therefore, an axion domain
wall (DW), implemented by the action of Z:[ng, . .¢> Will not be dressed with TQFT
degrees of freedom. On the contrary, SU(4k + 2)/Z2 exhibits an anomaly between
its chiral symmetry and the 1-form center of the corresponding SU (4k + 2) theory,
and thus, the minimal chiral symmetry operator Z:{Z% =1 is noninvertible. The

axion DW implemented by Z;{Z% +=1 must be dressed with a fractional quantum
Hall TQFT.

We may also consider axions in SU(N)x U(1)/Z, theory of Section[d.4 Everything
we said there is transcendent to the IR axion domain walls. In particular, for
p = 1, the operator Z;{ZQTR +—1 annihilates the Hilbert space sectors characterized
by vanishing fractional n = 0 and integral magnetic fluxes N ¢ TrZ?/gcd(Tr, dRr).
It will be interesting to examine what happens to the axion domain walls of this
theory as we place them in such an external magnetic field.
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CHAPTER 5

Global aspects of 3-form gauge
theory: implications for
axion-Yang-Mills systems

5.1 Introduction

As we have seen in the last chapter, axion theories come with interesting generalized
symmetries. They are an elegant solution to the Strong CP problem and a popular
dark matter candidate. It would be desirable to further understand axions and
their properties. The natural question to ask is: what can generalized symmetries
tell us about axions? In this chapter, we will study the relationship between axions
and higher-form gauge theories, in particular a three-form gauge theory.

Three-form gauge theory is a fascinating topic that attracted attention since Liischer’s
seminal work [110]. There, it was argued that the non-trivial topology of the 4-D
Yang-Mills theory shows up in the infrared as an abelian long-range 3-form gauge
field c3. It does not correspond to a physical massless particle, i.e., a propagating
degree of freedom. Nevertheless, it contributes to the theory’s vacuum energy, i.e.,
cosmological constant. In this formulation, the CP-violating § term can be written
as

0 dC3, (5.1)
My

where c3 is given in terms of the nonabelian Chern-Simons current density: cs =
tr E (a$)? + a§ A daﬂ /(872), a$ is the color field, and My is the 4-D manifold. The
correlator of the derivatives of two Chern-Simons current densities is the topological
susceptibility x of Yang-Mills theory, which develops a pole as the momentum
vanishes, the Kogut-Susskind pole [111], corresponding to a pole of the c3 correlator.
This is also known as the Veneziano ghost [112] because the pole appears with
the opposite sign compared to those of conventional particles, and it provides an
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5.1. Introduction

alternative means (to Yang-Mills instantons) to solve the axial U(1) problem. One
can write down an effective action that reproduces these findings [113]:

1
Sim = 7/ \ch|2+9/ des, (5.2)
2X J My My

where a kinetic-energy term of cs is added to give the correct long-range interaction
form of the c3 correlator. The effective action (5.2)) yields the vacuum energy [114]:

Eo(0) = gmink 0 +21k)?, keZ. (5.3)

This multi-branch function is periodic in # and develops cusps at 8 = ,3m, ...,
a result derived by Witten in the large-N limit [115]. While this renowned result
lends support to the validity of , it is important to emphasize that the effective
description is strictly derived in the large-N limit. See [114] for a review and
[116, |117} (118} 119, 120, [121] for further works on 3-form gauge theory, including
supersymmetric versions.

When massless quarks are introduced, the 8 term can be rotated away, and the the-
ory restores its CP invariance, thus solving the strong CP problem. A similar effect
can be achieved by introducing an axion a through the Peccei-Quinn mechanism
[122]. This approach employs an anomalous global U(1) symmetry along with a
complex scalar field whose phase corresponds to the axion. The complex scalar
undergoes spontaneous symmetry breaking at a scale v, which is much higher than
the strong-coupling scale A. Below A, Yang-Mills instantons generate an effect-
ive potential for a 4+ 6, which is minimized at a point in the field space restoring
the CP symmetry. The same conclusion can be reached using the 3-form gauge
theory, as demonstrated by Dvali in [123] 124]. In this framework, c3 undergoes
Higgsing when it absorbs the axion, resulting in c3 becoming a short-range field.
This mechanism can be elegantly seen in the Kalb-Ramond frame, where the axion
is dualized to a 2-form gauge theory. This process effectively eliminates the second
term in and restores the CP invariance.

Since c3 does not carry a physical degree of freedom, it is reasonable to question
whether the 3-form gauge theory is essential for formulating Yang-Mills theory in
the deep IR (without or with axions) or if it is merely a redundant description lack-
ing true physical significance. This study offers a new perspective on the validity
of the 3-form gauge theory beyond the large-V limit. Under certain conditions, we
argue that the 3-form gauge theory is a faithful IR effective description in axion-
Yang-Mills systems. This is achieved by examining the global symmetries of such
systems as well as certain types of 't Hooft anomaly-matching conditions.

Our understanding of symmetries has undergone a conceptual paradigm shift over
the past decade [4]; see |10] for a review and [125| |27, |81} |126] |127] for examples of
works that discussed the 3-form symmetries from a modern perspective. In the con-
temporary paradigm, a p-form global symmetry in 4-D acts on a p-dimensional ob-
ject and is generated by operators (symmetry defects) living on (3 — p)-dimensional
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topological manifolds. Gauging a global symmetry is performed by introducing a
background field of the symmetry and including an arbitrary sum over inequival-
ent classes of this background in the path integral. Moreover, it has been realized
recently that the concept of symmetry can be extended to include operations that
lack inversions; see, e.g., [128| 23, [22, 83|, 76, [97] and the reviews [11}, 96]. Our
primary goal is to conduct a systematic study of the 3-form gauge theory and ap-
ply it to Yang-Mills theory coupled to matter fields and axions, with a focus on
its global aspects. By utilizing newly developed mathematical tools, we can thor-
oughly examine the 3-form effective field theory of axion-Yang-Mills systems. This
effective description successfully passes several consistency checks.

This chapter is divided into two main parts. The first part discusses the symmetry
aspects of a general low-energy 3-form gauge theory coupled to axion, including
the multi-field case. Starting from a low-energy Lagrangian exhibiting a U(1)(?)
2-form along with U (1)(0) 0-form global symmetries, we construct a 3-form gauge
theory by gauging the former symmetry. The resulting theory is a topological
quantum field theory (TQFT) of the BF type, modified by marginal and irrelevant
operators, and describes a set of ¢ domain walls (g is a free parameter) separating
q distinct vacua and forming a junction at the locus of an axion string. Generally,
the gauge theory exhibits Zgo) 0-form and Z((Ig) 3-form global symmetries, with a
mixed anomaly between them valued in Z,. This anomaly is matched by breaking
the two participating symmetries, leading to ¢ distinct vacua separated by domain
walls. Furthermore, we point out that the theory encompasses a gauged U (1)(*1)
(—1)-form symmetry, which undergoes spontaneous breaking (Higgsing), signifying
that the vacuum energy has no contribution coming from c3. We also construct the
symmetry defects associated with these symmetries in two dual frames: the axion
and the Kalb-Ramond frames. We demonstrate the action of such symmetries
within an example of a domain-wall system. When the discrete 3-form global
symmetry or a subgroup thereof, Z/;g) - Z((]S), is gauged, we are left with only ¢/p
distinct vacua.

In the second part of this chapter, we apply this formalism to SU(N) Yang-Mills
theory endowed with a single massless Dirac fermion in a representation R coupled

to a neutral complex scalar field. In the UV, this theory exhibits both a Zgj(%) 0-form

chiral and Zg) 1-form center symmetries, with a possible mixed anomaly between
the two symmetries. Here, T» is the Dynkin index of R and m = ged(N, n), where
n is the N-ality of R. When matched below the strong-coupling scale, this non-
vanishing mixed anomaly necessitates introducing a dynamical c3. We summarize
the idea here, with details provided in the main body of the chapter.

Let v and A be the complex scalar vev and the Yang-Mills strong-coupling scales,

respectively, and we take A < v. To see the Z%CY(%) — ZS}) mixed anomaly, we

turn on a 2-form background field of Z%). This is achieved, as in [14, |15} |16, |17],
by first introducing a pair of 1-form and 2-form U(1) gauge fields (Bf, BS) along
with the constraint mB§ = dB{. The field strength of the 1-form field satisfies
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the quantization condition [,, dBf € 2rZ. Then the constraint implies that B§
has a vanishing field strength dB§ = 0, while its holonomy is fractional [, BS €
%. To couple the background field to fermions, in the second step, we enlarge
SU(N) to U(N) and embed the zy background field into the U(1)()) 1-form
symmetry of U(N) gauge theory. However, we must ensure that the enlargement
from SU(N) to U(N) does not introduce new degrees of freedom, which can be
done by postulating that the theory is invariant under an auxiliary 1-form gauge
symmetry that acts simultaneously on the U(N) and (Bf, BS) fields. As we flow
to energy scales A <« E < v, the magnitude of the complex scalar field freezes at
v, while the winding of its phase (the axion) leads to the emergence of a U(1)(
2-form symmetry that couples to the axion strings. Below A, the strong dynamics
set in, leading to the confinement of the color field. Here, one is faced with a puzzle:
the confinement of the color field means that one should no longer incorporate the
nonabelian field in the calculations. If true, the low-energy theory is no longer
invariant under the postulated auxiliary 1-form gauge symmetry, indicating that
something is missing. The way out is to introduce the dynamical 3-form gauge
field ¢3 of U (1)(2). The latter transforms non-trivially under the auxiliary gauge
symmetry, ensuring the full low-energy effective field theory (in the background of
the Z% flux) is invariant under this auxiliary symmetry. Moreover, the IR theory
reproduces the mixed anomaly, which is an important check on the analysis since
anomalies are all-scale phenomena. In this regard, c3 can be thought of as the long-
range tail of the nonabelian dynamics. Even though it does not carry a physical
degree of freedom, its presence is essential for the consistency of the theory deep
in the IR.

Below the scale, v, the fermions become massive, with a mass of order v, and
decouple, leading to the enhancement of Zﬁ}) to Zg\l,) 1-form symmetry. The groups
U (1)(2) and ZE\I,) constitute a higher-group structure, where the former is the parent
and the latter is the daughter symmetries. One may gauge the parent without
gauging the daughter, but not conversely. As we flow below A, we may freely
gauge U (1)(2) and introduce the dynamical c3 without worrying about Zg\l,). The
latter stays an enhanced symmetry below A.

One of our main results is the IR effective field theory at energy scale E < A given

by Eq. (5.114]), which we display here for convenience:

2 T N
£E<<A = %da /\‘kda + %ﬂ_a <d03 — EBS A\ Bg) + A4IC <

des — 2L B§ A BS
A% ’

(5.4)

where K is the kinetic energy term of cs3, and the background of Z%) is activated.

This theory exhibits Z’Efgi X Zgiz global symmetries. Dynamically, the IR theory
(0)

forms axion domain walls, separating T’z distinct minima and breaking Ly, and

Zgi maximally. The enhanced Zg\l,) symmetry is explicitly broken by higher-order
)

operators down to the genuine Zg,ll symmetry, which remains intact.
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The field strength of the 3-form gauge field satisfies the quantization condition
/ M, de3 = 2mm, where m is an integer equivalent to the topological charge of the
Yang-Mills instantons. The full partition function of the IR theory (at energy scale
E < A) includes a sum over all integers m. We may integrate out c3, and using
the Poisson resummation formula, we obtain the Euclidean partition function:

4

Zla] ~ Y e [ 'kN/ BC/\BC]e / % g wda + (Tra + 27k)*
a| ~ X —1— X — —aa a — a T .
P p ar I, 2 2| €XPp My 2 gn2 VU R

(5.5)

This partition function reproduces the chiral-center anomaly upon shifting a —
a+ %TZ It also displays an infinite number of vacua, with the true vacuum energy
given by

V(a) ~ Aminy, (Tra + 27k)? . (5.6)

The potential V (a) has Tr minima at 27¢/Tg, £ =0,1,...,Tr — 1, as well as cusps
at a = (20 + 1) /TR, reflecting two facts. First, the cusps indicate that additional
degrees of freedom, not accounted for by V(a), are sandwiched between the true
minima of the theory. These are the hadronic walls, which are very thin compared
to the thickness of the axion domain walls |129| [130]. Second, a restructuring in
the hadronic sector occurs as one goes between one minimum and the other. These
results are consistent with the large-N limit .

There exists a higher group structure between Z%i and the enhanced ZE\I,) sym-

(1)

metries. However, this structure trivialises for the genuine Z,(i) C Zjy’ symmetry.

This means we can gauge Zq(}l) without worrying about Zgiz Gauging the former

gives SU(N)/Z,, theory. This theory still exhibits a spontaneously broken IR Zgiz
symmetry due to the formation of domain walls. However, the chiral symmetry
Zgi becomes noninvertible. This results in dressing the domain walls with an IR
TQFT. This intricate structure works as a consistency check on the adequacy of

using the 3-form gauge theory to describe the axion-Yang-Mills systems’ IR physics.

This chapter is organized as follows. In Section [5.2] we set the stage by considering
the field theory of a compact scalar, which possesses two global symmetries: shift
and winding symmetries. The theory encounters a mixed 't Hooft anomaly, and
thus, the shift symmetry breaks into a discrete group upon gauging the winding
symmetry. Next, we couple the gauge field of the winding symmetry, the 3-form
gauge field, to the compact scalar and analyze the resulting theory in great detail:
we identify the global symmetries, their mixed anomalies, and the noninvertible
symmetries within this theory. Section [5.3] is devoted to studying the compact
scalar in the dual frame, the Kalb-Ramond gauge theory, while Section [5.4] gener-
alizes these findings to two or more 3-form gauge fields. In Section [5.5] we use the
machinery built in the previous sections to examine our proposal that the deep IR
regime of the axion-Yang-Mills systems is described by a 3-form gauge theory and
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apply various checks to this proposal. Finally, we conclude in Section with a
brief discussion.

5.2 The Axion theory

We consider the 4-D theory of a 27-periodic scalar field a, the axion, i.e., we identify
a(P) = a(P) + 27Z at the spacetime point P. The basic Lagrangian is

’U2
L= Eda A *da (5.7)

where v is a constant of mass dimension 1. When coupling the axion to a Yang-
Mills theory via the Peccei-Quinn mechanism, v is the axion’s symmetry-breaking
scale. The Lagrangian has a global U(l)(o) 0-form shift symmetry acting on
the axion as a — a+ «, where « is a constant. The corresponding Noether’s 1-form

current is
j1 = v*da, (5.8)

which is conserved thanks to the equation of motion:
dx 7\ = v2dxda = 0. (5.9)

The topological symmetry generator (symmetry defect) enacting this transforma-
tion is defined on a closed co-dimension-1 manifold Msj:

1o vZxda
UO (Ms) = ¢ Jag *2 (5.10)

The superscript emphasizes that the operator implements the action of a 0-form
symmetry. We can take U(go) (M3) to surround the local operator

V(M =P) =P, (5.11)

and then topologically deforming U(go) (M3) past V to find
U (Ms)V (M) = €V (My). (5.12)
The axion theory is also endowed with a U(l)(z) 2-form global symmetry with a

corresponding 3-form current
jg = *da, (5.13)

which is conserved because of the Bianchi identity:
dxjs=d*a=0. (5.14)

We can also define the symmetry defect of the U(l)(2) 2-form symmetry by integ-
rating the Hodge-dual of j3 on a co-dimension-3 manifold M; as:

UP (M) =e” S, (5.15)
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This symmetry defect acts on the 2-dimensional axion-string worldsheet My [27].
Let V(M3) be the axion-string Wilson surface, which has no local descriptio in
terms of the axion field a. Deforming the symmetry defect U /(32)(./\/11) past V(Ma)
transforms the latter by a phase:

Ué2) (Ml)V<M2) _ eiﬁLink(M1,M2)V(M2) ’ (5.16)

where Link(M, M3) is the linking number between the two manifolds.

There is a mixed 't Hooft anomaly between U (1)(®) and U(1)(?) symmetries. To see
it, we examine the commutation relation between the symmetry defects Uéo) (M3)
and U /572) (M1). One way to perform the calculations is by foliating My into con-
stant time slices and orienting both M3 and M to be time-like surfaces:

z,t)

iav? d3xdpa i d;adxz?
UL (Ma(t)) = ¢ Do 000y @ ag, (1)) = S 2 5y

where ¢ € {1,2,3}. Then, using the equal-time commutation relation [a(x, t), I, (y,t)] =
i5(3)(a: — 1), where I, = v20pa, and employing the Baker-Campbell-Hausdorff for-
mula, we find

U (Ms(t) U (M (1) = e @OUD (My(£)) UL (Ms(2)) - (5.18)

The phase manifests the mixed anomaly: one cannot move the symmetry defects
freely without encountering non-trivial phases. The anomaly implies that gauging
one symmetry breaks the other into, at most, a discrete subgroup. |f|

5.2.1 Gauging the U(1)? 2-form symmetry: 3-form gauge theory
and domain walls

Now, we gauge the U(1)(?) symmetry, meaning that we introduce the 3-form gauge
field c3 of the 2-form symmetry and perform the path integral over c3. We couple
c3 to its current j3 by adding the BF term

q . q

— xj3Aecg=—daA 5.20

o I3 T oA ne ( )
to the Lagrangian (5.7). We introduced the positive integer ¢ € N as a free para-

meter of the theory, and its physical significance will be apparent below. The gauge
« . . zf v2xda .
It is, however, possible to define an operator e Y>3 on an open surface Y3, with the
string positioned at ¥ = 9%3, the boundary of ¥3. This approach mirrors the implicit definition
of 't Hooft lines in earlier formulations. A direct definition of the Wilson surface operator as an
integral over a closed 2-dimensional surface will be given in Section[5.3| using the dual Kalb-Ramd
field.
tThe anomaly inflow action is given by

i
inflow — 5 A B 1
Sinfi Qﬂ/xdl/\og (5.19)

where X is a five-dimensional manifold with the physical spacetime as the boundary, and A1, Cs
are the background gauge fields for the U(1)(®) and U(1)® symmetries respectively [27].
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field cg transforms as c3 — c3 + dAg under the U (1)(2) gauge transformation, and
via integration by parts, we see that the new term is invariant under this
transformation. The field strength of c3 is f4 = dcs, and it satisfies the quantization
condition:

fa € 277 (5.21)
My

on a closed My. The consistency of the theory under U (1)(2) large gauge trans-
formations implies that d\s satisfies the condition

dAy € 277 (5.22)
Ms
In addition, since c3 is a dynamical field”], we can include a kinetic energy term K
for c3. The total Lagrangian isﬂ

2
L= %da A *da — %da Acs+ A (ig’) , (5.23)
and we introduced the new scale A. More on K will be discussed momentarily.
The presence of the c3 field reduces the U(1)(®) symmetry to a ZSIO) c Uum©
symmetry; the Lagrangian is only invariant under the shift a — a + 27/q.
This demonstrates the earlier assertion that the mixed anomaly between the U (1))
and U(l)(o) symmetries leads to the latter being broken into a discrete subgroup
when the former is gaugedﬂ The current conservation law of the 0-form
symmetry is modified to:

v2d* da — ial03 =0. (5.24)
2m

The corresponding Z((IO) symmetry defect is topological only when we include this
combination of fields - ([5.10)) is modified to

2 N
vekda 2WC3)

UO (Ms) = ¢ Jas (5.25)

Using the quantization condition on dAs, i.e., f/vl3 dXo € 217, we readily see that
U(SP) (Ms3) is gauge-invariant under a U(1)(®) gauge transformation if and only if
a = 2mwl/q,f € 7Z. This seconds the above assertion that introducing the term
reduces the U(1)(%) symmetry down to a Zf}” subgroup.

Next, we focus on KC, the kinetic energy term of the 3-form gauge field. In the
following, it will be helpful to write and analyze the Lagrangian (5.23)) in index

*The 3-form gauge field has mass dimension 3.

"In a manifold with boundary, we also need to consider a boundary term so that the variation
of the kinetic term at the boundary vanishes; see, e.g., [120| and references therein. We do not
run into this subtlety in this analysis.

As we shall see, this mixed anomaly is the IR incarnation of the axial-color ABJ anomaly in
an axion-Yang-Mills UV complete theory.
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notationf

2
v q 1l ,,

L= Eaua 8”(1 — %g i pa(ﬁﬂa) Cypa' + A4’C, (526)

where e#/®# is the Levi-Civita tensor and the Greek indices run over 0, 1,2,3. The

canonical (quadratic) form of the kinetic energy term is:

1

Kean = =575/

Wb f e (5.27)

where fi08 = OuCuag — 0vCuag + OaCuvs — 03Cuva- Since fqp is totally anti-
symmetric in the 4 indices, we can always write it as

f,u,l/oc,B = 7€uuaﬂf(x) ) (528)
for some scalar function f(z). Therfore, Kcan takes the simple formlﬂ
f* (=)

2A8 7
The mathematical statement ([5.28]) is equivalent to saying that the free 3-form field
c3 does not carry propagating degrees of freedom. To see that, use the canonical

kinetic term of ¢3, ignore the axion in (5.26]), and vary the Lagrangian with respect
to cuva to find

’Ccan =

(5.29)

Oufred =0, (5.30)

which admits the general solution f,,a8 = —€uwapf, Where f, in this case, is a
constant. The constant field strength of a 3-form gauge field carries no propagating
degrees of freedom, much like free electrodynamics in 2-D. In the absence of a, the
4-form field f; is a cosmological constant, which is easily seen by substituting

fuvag = —€uapf into the Lagrangiarﬂ

From the perspective of effective field theory, the kinetic energy term can take a
more generalized form, with IC represented as a polynomial in f:

2 4
K(Af4> :0%4—%4—0’%4—..., (5.31)

where 6 and ¢ are some real parameters.The first term is topological, and since
Jva fo = g, d*zf € 277, the theory is invariant under the shift § — 6 + 2,

*Translating from the d-forms to the index notation, it helps to remember that we are working

in Minkowski space, with metric 7,, = diag(+1,—1,—1,—1), such that +x = —1 for even forms
and *x = +1 for odd forms.
TWe used ewa@e"”aﬁ = —4!. We can also express f in terms of f,.ap as f = %e””aﬁfwag.

tHowever, a subtle issue arises because the cosmological constant obtained in this manner does
not align with the correct value derived by varying with respect to the metric tensor [121].
This discrepancy can be resolved by including boundary terms in . Nonetheless, to obtain
the correct form of the energy-momentum tensor and, consequently, the cosmological constant, we
will rely on the variation of the action with respect to the metric tensor, disregarding boundary
terms.
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and thus, 6 is 2r-periodic. This term breaks the CP invariance unless § = {0, 7}.

However, 6 can be rotated away by combining 9% with the second term in @,
after integrating by parts and shifting ga — ga — 0. Other possible higher-order
kinetic energy terms may involve higher derivatives of f4. Yet, these terms may be
plagued with ghosts [121], and thus, we ignore such terms in our construction.

By rescaling the fields a and f as a — av and f — Af, we observe that the Lag-
rangian manifests as a BF theory deformed by marginal terms (the canonical
kinetic terms of a and f) and by irrelevant operators (the higher-order terms of
f). The full quantum theory guarantees that the system has ¢ degenerate ground
states To see that, we may want to find an effective axion potential Veg(a) by in-
tegrating out f4 and imposing the constraint . To streamline the analysis, we
proceed by disregarding the axion kinetic energy term in , which is a good
approximation assuming A < v. Then, the Euclidean partition function reads:

Zla] = / Des] 6 (27rm _ /M4 f4> et (5.32)

meZ

and
_ 4 . 4 . g
Sp = //\/14A K <2f4/A ) +z—27ra/\f4. (5.33)

We can further simplify our analysis by recalling that f; does not carry propagating
degrees of freedom and can be expressed by Eq. . We take My to be a closed
manifold, and therefore, we have [y, fi = [dVm,f(x) = foVm,, where fy is the
zero mode of f(x) and V), is the 4-volume of My, and we assume A*Vjy, > 1.
Focusing only on the zero modes of f and a, we find

m>0

Zla] ~ [Z ANV, K(2mim) cos(mqao)] x higher modes of a, (5.34)

where ag is the zero mode of a. The higher modes of a are suppressed by inverse
powers of A%V, and can be neglected deep in the IR. The effective potential is
defined via Veg(a) = _V/\_/ti log Z[a], and thus, Veg(ag) ~ A*F(qag), where F is a
periodic function with period 27/q. We conclude that integrating out fy yields a
periodic potential for the axion that respects the Z,(]O) shift symmetry, as it should
be. Minimizing Veg(ag) yields ¢-degenerate ground states connected via domian

walls.

An alternative way to perform the path integral in (5.32) is to use the Poisson
resummation formula »° ., 0 (27rm — Im, f4) = > kez® * o, I, Taking K in
the canonical form Kean = f7/(2A2), focusing on the zero modes, and performing
the Gaussian integral, we obtain
A4VM4 i 9
Zla) ~ 3 e T (5.35)
keZ
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(0)

which, again, is a periodic function that respects the Z;’ shift symmetry. The
result ([5.35)) is remarkable. This partition function displays an infinite number of

vacua, most of which are false. The true vacuum energy is given by
V(a) ~ Aminy, (ga + 27k)? . (5.36)

This potential has ¢ distinct minima, with cusps at a = 7/q, 37/q, etc. These cusps
appear only upon including the infinite sum over m in and performing the
Poisson resummation formula. In other words, the cusps are a feature of the full
quantum theory. This observation will have far-reaching consequences in axion-
Yang-Mills systems.

Let us return to the Lagrangian (5.26|) and study its classical aspects. Varying it
with respect to ¢, , assuming the general form of K, yields the equation of motion
of the 3-form field:

q 4 i
—oua=—-A"0,K 5.37

or 4 (A4> ’ (5.37)
where the prime denotes the derivative with respect to the argument of K. Equation
(5.37)) is pivotal to our subsequent analysis. Integrating once, we obtain

La—ag) = A <1{4> : (5.38)

for some integration constant dag. Assuming K’ is invertible, we can rearrange the
equation of f:

— A4 n—1 ( q ~ ) ) )
F= 24 (o ) (5.39)
From (5.26)), the equation of motion for the axion a is
q
v20,0ta — %f =0. (5.40)

Here, f acts as the derivative of a classical effective potential for the axion field: in
the presence of a classical effective potential for the axion, the equation of motion

is v20,0 a + 78‘/“15?(‘1) = 0. This means we can set 5-f = 78%1 eft( ), and using
(F39). we conclude
aLcl—eff(a) 4 n—1 ( q ~ )
— - _ — . A1
Oa f 271' AR 2mr A4 (@0 —a) (5-41)

Then, one can integrate to obtain an expression of Vg eg(a). Unlike the
effective potential obtained from the full partition function, the classical effective
potential does not need to yield ¢ degenerate ground states. The form of the
classical effective potential depends on the kinetic energy term for c3. To elucidate
this point, we consider two examples of the resulting V1 g(a): the quadratic and
the cosine potentials. The corresponding kinetic energy functions are [123]:

A4

unadratiC(a) = 7(@— 60)2 <~ Iccan (f) = ﬁ (5.42)
cl-eff 2 A4 2A8 7
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and

(@) = AL~ cos(n(a—ag)) <=

f’) B ( qf )2 qf . ( qf )
ICcos <A4 = 1 + 1 27’[’TLA4 + 27T7’LA4 arcsin 27TnA4 . (543)

The integration constant in IC is chosen such that IC ( T = O) =0.

The kinetic energy term ([5.43) is designed to produce V{%(a), and when n €
gN, it exhibits multiple-of-¢ minima. These minima are located at values of a
Cli"ﬂ(a) = 0, and from Eq.(5.41) we see that f vanishes there; the 3-

form gauge ﬁeld cs is gapped at these minima. Expanding Keog (%) to the leading

satisfying

order in f about one of the minima results, up to a proportionality constant, in
the canonical kinetic energy term (5.42)). This, however, does not imply that the
canonical kinetic energy term fails to produce ¢-degenerate ground states. As
previously discussed, regardless of the form of IC, the full partition function of
the Lagrangian , incorporating the quantization condition , will always
lead to g¢-fold degeneracy in the deep IR regime. Nonetheless, Kcos (%) proves
invaluable as it facilitates connections with textbook examples of axion domain
walls. One can think of it as a UV completion of the canonical kinetic energy.

Domain walls. In the following, we proceed to discuss the classical domain wall
solutions in the U (1)(2) gauge theory. We shall use the effective cosine potential in
to carry out our analysis. However, this section’s conclusions also hold for
arbitrary potential, i.e., for arbitrary forms of .

The cosine potential yields n vacua ay = Q%E, where £ =0,1,,...,n—1. There are n
domain walls separating the adjacent vacua with a kink-like profile given by (here,
we may set ap = 0):

2nf 4

“nt t nmez
a(z) = - + —arc an (e )

, —00<z<o00, (5.44)

and mg = A—2 is related to the axion mass (the actual mass of the axion is obtained
after using the canonical kinetic term, which yields the mass "A ). We assumed the
walls are space-filling in the x and y directions with a profile along the z-direction,
taking My = R* for simplicity. We also assumed that the walls are separated by
distances much larger than their width ~ m_!. In the following, the statement
2 — £00 means that |z| > m_ ! but still away from the adjacent walls. We observe
that the reality of the kinetic energy term IC, see , implies the inequality
|f| < 2mnA*/q. The value of K attains its minimum value, K = 1, at f = 0, while
it is maximized at |f| = 27nA*/q. In addition, the first equality in yields:

2 2
flz) = T A% sin (na(z)) = “T A4 sin [4arctan (e"™*)] . (5.45)
q q
The theory has a Z((JO) 0-form symmetry that acts as a — a + %’r. The invariance
of the cosine potential under the O-form symmetry demands that

geN, (5.46)
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and thus n > ¢. Later, we shall discuss that a stack of n domain walls intersects at
the locus of an axion string carrying a charge g under c3. It is more energetically
favorable for the charge-q string to support only n = ¢ domain walls. Nevertheless,
we maintain the generality of n and ¢ in our subsequent discussion']

In the following, the derivatives of K will prove useful for our study:
2
K" = q . (547)

(2mnA%)24/1 — (%%\4)2

r_
~ 2mnAd

arcsin <qf)
2mnA )’

Also, two important limiting behaviours of f(z) are worth noticing:

4 2
f(z—=0) = ™ ZAt,
q
f(z = £o0) = 87;nA46”m“|zsign(z) . (5.48)

At the wall core, z = 0, we find that f attains its mimimum value f(0) = 0, where
K is also minimized, while in the vacum z — +oo0, we similarly have f(d+o0) =0,
where again K is minimized. However, there exists a distance inside the wall, |z, |,
at which |f(zm)| = Q”T”A‘l, i.e., it is maximized:

1
Malzm] = © log tan <g> . (5.49)

At |zp,|, the kinetic energy K is also maximized. Thus, |f(z)| monotonically in-
creases from the core of the domain wall until it reaches z,,, after which it starts
decreasing exponentially; see Figure The exponential decay observed in f(z)
is a defining trait of a gapped system. In this scenario, the 4-form field f4 eats the
axion, resulting in its acquisition of mass. This is also evident from

/ Ji=0, (5.50)
R4

a result consistent with the quantization condition . In contrast, in a gapless
system, |f(z)| would remain at the constant value of Q’TT”A‘l from =4z, to infinity.
Below, we shall show that 5 (a(o0) —a(—00)) = ¢/n is the domain wall charge
under a Zég) 3-form global symmetry. Thus, the stack of n domain walls carries a

total charge of ¢ under the 3-form symmetry.

5.2.2 The 3- and (—1)-form symmetries, and their anomalies

In this section, we show that the pure U(1)(?) gauge theory possesses a U(1)®)
3-form global symmetry, which undergoes a breakdown into a qu symmetry in

*For example, we could have a kinetic energy term I that corresponds to a more general form

of the effective potential Vererr(a) =Y., ., Ap, (1 — cos(mga)).
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Figure 5.1: The profiles of f (solid line) and K.os (dashed line) as functions of the
coordinate z (not to scale). We take ¢ = n =2 and set A = 1.

the presence of charge-¢ matter. In addition, the theory is endowed with a gauged
(—1)-form symmetry that can be used to diagnose the existence of a cosmological
constant. We further demonstrate that there is a mixed ’t Hooft anomaly between
Zgg) and Zgo) symmetries. Gauging the former gives rise to a U(1)(?)/Z, gauge
theory.

3-form global symmetry. To begin, we rewrite Eq. (5.37), the equation of
motion of c3, in vacuum, i.e., setting the left-hand-side to 0, as

f v
K" <A2 Al =0, (5.51)
which implies either K" = 0 or 0, f***# = 0. The first equation holds only when K
is extremized, and thus, we concentrate solely on the latter equation that can be
rewritten in the d-form language as

dxdes =0, (5.52)

This takes the form of the conservation law of the Hodge dual of a 4-form current:

. . *ng *f4
d*j4 - 07 *]4 = A4 - F ) (553)

implying that gauging the U(1)? 2-form symmetry in vacuum gives rise to an
emergent U(1)® 3-form global symmetry. The 3-form symmetry couples to 3-
surfaces M3, such that the Wilson surface operator is given by

V(Ms3) = eiprs “. pel. (5.54)

The value p = 1 gives the fundamental Wilson surface, while values of p > 1 are
higher representations. The conserved charge of this symmetry Q) is given by
integrating xj4 over a 0O-dimensional manifold, or in other words, it is the local
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operator xj4(P) = «f4(P)/A* at the spacetime point P. Using xf; = %e’“’aﬂfumg
along with f,,08 = —€uapf and e“”o‘ﬁelwag = —4!, we find
f(P)

QB = xj,(P) = AT (5.55)

and, thus, the generator of the symmetry (symmetry defect) is

UP (M = P) = 191 = ¢1I/A" (5.56)

where v € [0,27). The Symmetry defect measures the amount of flux carried by a
Wilson surface. Upon pushing UW (./\/lo) past V(M3), we obtain the algebra:

U£3) (Mo)V (Ms) = ez‘vaink(Mo,Mg)V(M3) . (5.57)

Let us repeat the analysis in the presence of matter. We shall use two approaches.
First, we will investigate the 3-form symmetry in the vicinity of the wall but far
enough from its core. Next, we shall redo the analysis, this time without making
any approximations or assumptions about the nature of the wall. We start with the
approximate method, analyzing the situation near the domain walls of the cosine
potential we studied above. We assume that we are far from the domain wall core,
i.e., we are considering distances |z| > z,,, where z,, is given by , which is the
distance at which f and K are maximized. At z,,, K" is ill-defined, invalidating
our analysis; this is why we need to perform the calculations far from the core.
Keeping this constraint in mind, we start by rewriting Eq. in the d-form
language as:

A" (f)d * des = —%da. (5.58)

Far from the core, we can safely set f = 0, as f(z) decays exponentially fast at
distances z > z,. We havd ] K"(f = 0) = ¢*/(47*n?A®). Using this information,
we can rearrange ([5.58)) as a conservation law:

. @) _ _ ¢ q
dxja=0, QY= *]4(P) - (27m)2A2 *f4( ) 27_‘_0’(73)
- T ipy+ L) (5.59)
(27mn)2A2 21 ' ‘

The symmetry defect is

3) k) iv( q2f(§)4+%)
UG (Mg = P) = 1% = ¢\ @A or (5.60)
*Consider if we had employed the quadratic potential, as represented by Eq. . In such a
scenario, we would obtain " = ¢?/A8. The disparity of (27n)? between these two cases becomes
evident when we recognize that the function f reaches its zero precisely at the local minimum
of I in the case of the cosine potential, where we may approximate IC by a quadratic function

K21+

(27rn)2A8
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Since a(P) and a(P) + 2r are identified, U§3)(Mo = P) is meaningful only when
v € 2nZ/qZ = 27Zq. The charged object under the global symmetry is still the 3-
dimensional Wilson surface V/(Ms3) given by . Now, the algebra of Ué(g) (M),
¢ € Zq, and V(M3) is given by:

UP (Mo)V (M) = ¢ HMoM gy (5.61)

As we emphasized above, expression is valid only far from the domain wall
core, i.e., is consistent with setting f = 0. However, inspired by the pre-
ceding analysis, we can repeat the treatment without making any approximations
or assumptions about the nature of the walls. Our central equation, as usual, is

(5.37)), which we will write as a conservation lawf{*}

auQ(3) =0, Q(3) (P) = %a('P) + A <fj(\7z)) , (5.62)

with corresponding symmetry defect

j2me (9 1(£(P)
U (M) = 5 G (52)) g 19 4. (5.63)
This is the generator of a Zgg) symmetry for a generic form of the kinetic energy
KC. Tt is easy to check that (5.62]) reproduces the approximate expression (5.60)) of
the cosine potential near f = 0. The charge Q) (P) is a constant of motion unless
one encounters a domain wall: crossing an elementary wall changes Q) by

AQ® = L (a(oc) — a(-s0)) = 1 (5.64)

units. In other words, AQ® is the domain wall charge under the Zg?’) global

symmetry. Interestingly, when n = ¢, the most natural scenario, AQ®) coincides
with the concept of topological charge in the theory of solitons. As we shall discuss
in Section 5.3 the domain walls intersect in a line; this is the locus of a string.
From the flux conservation, this string carries a charge ¢, evenly distributed among
the n intersecting domain walls. We conclude that there are n dynamical walls

attached to a string, carrying a total charge Q) = ¢ under Zg?’).

The 3-form symmetry Z((f) acts on ¢ distinct Wilson surfaces V(M3) = e

ip fM3 c3
p=1,2,..,q. When p # 0 Mod ¢, the flux carried by these Wilson surfaces cannot
be absorbed by the dynamical domain walls since the latter always comes in a stack

of a total charge q.

It remains to discuss the fate of the 3-form global symmetry. We start with the
U(l)(3) symmetry in the absence of matter, i.e., taking v — oo. In this case, as
we discussed before, the equation of motion of the 3-form gauge field c3 yields a

*In the cosine potential example, the derivative of Q(3) is ill-defined at the core. Nevertheless,
Q® is well-defined everywhere.
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constant solution: f, a8 = —€uapf, Where f is a constant. Two walls experience a
constant force, meaning that the U(1)®) is unbroken and the Wilson surface V (M3)
exhibits the “area" law (V(M3)) = 0. Introducing the axion field and the coupling
—sLda A cs breaks U(1)® down to Zég) and endows the theory with a Zgo) 0-form
global symmetry. Now, the 4-form field f; is gapped, and the Wilson surfaces
exhibit the “perimeter" law (V(Ms)) # 0, meaning that Zgg) is spontaneously

broken. Moreover, if the theory forms domain walls, Z((IO) also breaks spontaneously.

The (—1)-form symmetry, its gauging, and the cosmological constant. In
addition, the theory possess a U(1)(~1) (=1)-form symmetry. The Bianchi identity
d?c3 = 0 can be written as the conservation law of the Hodge-dual of a “magnetic"
current xj;* = dcs = fs4. The corresponding symmetry defect is

Ugfl) (My) = e Sy 11 , noting that /M fa€2nZ. (5.65)

4
The operator Ug_l) (My) does not act on any physical objects directly. How-
ever, the two-point correlator (cs3(x)ec3(0)) can be used to determine whether the
(—1)-form symmetry is preserved or spontaneously broken. A massless pole in the

correlator signifies symmetry breaking; if absent, the symmetry remains unbroken
[131].

In the absence of axions, the (—1)-form symmetry functions as a global symmetry.
The gauge field c3 is massless, leading to a pole in its two-point correlator, which
indicates that the (—1)-form symmetry is spontaneously broken. In this context,
c3 can be viewed as the Nambu-Goldstone field associated with this breaking.

When we couple c¢3 to the axion through the term sLa A f4, the axion can be inter-
preted as the background gauge field for the (—1)-form symmetry. By introducing
a kinetic term for a, we effectively sum over this background gauge field in the path
integral, meaning we are gauging the (—1)-form symmetry. As previously discussed,
this leads to the axion acquiring mass, which can be understood as a absorbing
the would-be Goldstone field ¢35 and becoming massive. Consequently, the gauged
(—1)-form symmetry is spontaneously broken, and the correlator (c3(z)c3(0)) no
longer exhibits a massless pole.

From our discussion, we find that the (—1)-form symmetry is intricately linked
to the presence/absence of a cosmological constant sourced by c3. The energy-
momentum tensor of ¢g can be derived directly from by varying with respect
to the metric tensoif't

T = A {IC <Af4> — %K’ (Aﬂ)} , (5.66)

which takes the form of a cosmological constant. Without axions, the global (—1)-
form symmetry is spontaneously broken and f = constant, meaning that the va-
cuum energy gets a contribution from the long-range field ¢3. Coupling to axions,

*Remember that we use the boundary condition IC(f = 0) = 0.
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the (—1)-form symmetry is gauged and Higgsed. Now, the system is gapped, i.e.,
f = 0 (this is true far from the domain wall core); thus, the vacuum energy does
not receive contribution from c3, and we have 7}, = 0.

The mixed 't Hooft anomaly between Zgg) and Zgo) symmetries. An im-

portant question is whether there is a mixed anomaly between the two global

symmetries Zg?’) and Z((JO). To answer this question, we examine the commutation

relation between Ué?’) (M) and Uz(,O ) (M3) given by 1) and l) respectively.
The calculations can be performed, as before, by foliating M, into constant time
slices and orienting M3 to be a time-like surface:

U (Ms(t) = ¢ (5.67)

Then, using the equal-time commutation relation [a(z,t), I, (y,t)] = id®) (x — y),

where I, = v?0ya — %C“ ';jijk, we obtain
ool
U (M) (Mo(t)) = ¢ 0 UL (Mo(0) U (Ms(t)). (5.68)

Thus, a Zg-valued mixed anomaly exists between the two symmetries. The anomaly
implies one or both symmetries are broken. Our previous discussion reveals that
both symmetries are broken in a theory that forms domain walls in the IR.

We further explore the consequences of the mixed anomaly (5.68]), now working in
a Hamiltonian formalism. Let H be the Hamiltonian of the U(l)(2) gauge theory

under study. Since the theory has a 2513) 3-form global symmetry, its generators

commute with the Hamiltonian: [H , Uéﬂ = 0, and we can take the physical states
in Hilbert space to be simultaneous eigenstates of these two operators. Thus, we

have
|17Z]>Phy = |E(e),e> ) €= Oa 17 - q — 1. (569)

Here, E(e) labels the energy and e labels the “flux" of the state (under the 3-form
symmetry) such that

H|B(e),¢) = B(e)|E(e)e), U|E(e)e) =7 [E(e)e).  (5.70)
Notice that the state’s energy E(e) can also depend on the value of the flux carried
by the state.

To show that e labels the flux carried by the state |E(e),e), let us insert a Wilson

surface V(M3) = elpr3 “ in the state |E(e), ) and then measure the new flux;
the measurement is performed by acting with Uzil on the new state. Since this
Wison surface carries a flux p, we expect inserting it increases the state flux by p
unit. To confirm this, we perform the operation

;2m(e+p)

UV (M3)|E(e),e) = '™ 0 V(Ms)|E(e),e), (5.71)
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where we used ([5.61)) and ([5.70]). The relation (5.71)) shows that the state
V(M3)|E(e),e) carries a flux e + p, and thus, indeed, e in (5.69) labels the flux

carried by a state as anticipated.

Next, we act with both sides of the anomaly on the state |E(e),e) to find
that Ug(,(21|E(e), e) is an eigenstate of Ue(i)l with eigenvalue e — 1. Since Z((IO) is a
symmetry of the theory, we have [H, Ué(,o)] = 0, and thus, the state Ué(,O:)1|E(e), e)
has the same energy as |E(e),e). Repeating the statement ¢ times, we conclude
that there are ¢ degenerate eigenstates of the same energy, labeled by the ¢ different
values of e, as in . This g-fold degeneracy is a direct consequence of the mixed
anomaly , which is true for both the ground and excited states of the system.
In the thermodynamic limit, i.e., as we take the manifold My to be very large, we
become interested mainly in the ground states, which stay ¢-fold degenerate.

Gauging Z((f). Next, we consider the U(1)® /Z, gauge theory resulting from

gauging a subgroup Z](gg) C Zg3). Gauging the discrete symmetry Z](g3) means in-

troducing a background gauge field of the symmetry and including a sum over
arbitrary insertions of this background in the path integral. We can introduce

the Z]E,?’) background Fj into the path integral by replacing every fy in 1) by

f1 — fa+ Fy, where Fy can be expressed as pF, = dF3 and dFj satisfies the quant-
ization condition [ M, AF3 € 2rZ. In turn, this implies the quantization of Fy in
units of 1/p, i.e., [y, F1 € %’TZ, such that dF4=0.

Now consider the second term in 1) in the presence of the fo’) background.
Its Euclidean form is igta A (fa + Fy). Since, [y, Fi € %Z, only the shift a —

a+ %Tp, ie., Z((I%, survives as a genuine discrete symmetry. Actually, gauging ZI(,?’)

renders the symmetry operator of ZSIO) a projective operator. To see this, consider

the commutation relation between the Z((ZO) symmetry defect UZ(O) (M3) and the

generator of the Zé,g) symmetry [U1(3) (/\/lo)} v in the original U(1)(®) gauge theory.

From (5.68) we have

—q/p

[U1(3) (Mo)} Uz(o) (Ms3) [U1(3) (Moﬂq/p - eiQT#Ue(O) (Ms). (5.72)

This relation shows that UZ(O) (M3) fails to be a gauge-invariant operator in the

U@y Z,, gauge theory. To remedy the problem, we sum over an arbitrary number
of gauge transformations under the operator [Ul(?’) (Mo)}q/p by defining the new

ULy Zy, gauge-invariant symmetry defect:

} —rq/p }Tfl/p

U Mz) = 3 [0 (M)

reZ

0" (Ms) [U?) (Mo)

Z-27r£r
= UOM3) Y e

rez
= U (M3)dreps - (5.73)
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Thus, UZ(O) (M3) is a projective operator. Recalling £ = 0,1, .., ¢, we conclude that
(0)

the subgroup Zq Ip

survives as a genuine symmetry.

70)

a/p global symmetry with symmetry

The U(1)?)/ Zy, gauge theory has a remaining
defect given by
iM( q

1( £(P)
[UE’(MO)}”:e it (GRaPHAK (5F) 10 a/p. (5.74)

3)
The Zq/p

eimp st c3

symmetry acts on the U (1)) /Z,, gauge-invariant Wilson surfaces V (M3) =

, m € Zgp. The action of Zg% takes us between the ¢/p vacua of the
theory.

Let us discuss the consequences of gauging Zé?’) in the Hamiltonian formalism.

When Uéo) (M3) acts on the state |E(e),e), with e = 0,1, ..,¢q — 1, it annihilates it
unless £ is a multiple of p:

UL (M3)|E(e), e) = beepnUL” (M) E(e), ¢), (5.75)

i.e., only ¢/p states are not annihilated by L{Z(O)(Mg) . When we fully gauge Z((Is),

ie., in U(1)?/ Zgq gauge theory, we have neither genuine 0-form nor 3-form global
symmetries.

What has just happened, especially concerning a generic kinetic energy term K,
that leads to the formation of dynamical domain walls? We analyze the situation
by considering the cosine potential (5.43)), setting n = ¢ for simplicity. We shall

also gauge the full fo’) symmetry. In this case, what we are operationally doing

is that we are declaring the equivalence between all the ¢ vacua: a = a + 27”6,
¢=1,2,..,q. Therefore, it is more meaningful to define ¢ = ga and replace Vyg(a) =
A* (1 — cos(qa)) with Veg(p) = A*(1 —cosy). The latter potential supports a
single domain wall interpolating between ¢ = 0 and ¢ = 27w. However, such a wall
is unstable quantum mechanically as it decays by instanton effects. We end up

with a theory with a unique vacuum, supporting only strings but no domain walls.

5.3 The dual description: the Kalb-Ramond frame

While the axion framework provided valuable insights into the global symmetries
within our system, the notion of strings remained implicit. To address this, we
transition to the Kalb-Ramond frame [132], where the presence and properties of
strings become more evident and accessible.

To dualize the axion Lagrangian (5.7]) to a theory of a 2-form Kalb-Ramond field,
we add to the Lagrangian (5.7) an extra term [123]:

v? 1 9
L= ?da A xda — %bg Nda. (5.76)

Here, b is a Lagrange multiplier used to impose the Bianchi identity[f} integrating

*The form of the extra term implies that b2 has mass dimension 2.

111
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out by gives d?a = 0. We can also integrate out a via its equation of motion:
2mv? x da = dbs . (5.77)

Substituting back into ([5.76)) gives the dual Kalb-Ramond theory:

1
wal = ——5—5db dby . .
Ldual S(2m)? 2 A\ *dby (5.78)

The Kalb-Ramond field by couples to the 2-dimensional axion-string worldsheet
M. Thus, the Wilson-like operator of an axion-string is:

V(Ms) = e daa (5.79)

Unlike V(M3), the operator V' (Mj), which in the original theory was given by
€', has no local description in terms of by. Therefore, in the Kalb-Ramond frame,
V(Ms) and V(M) behave respectively like Wilson and 't Hooft operators in
electrodynamics. This picture is reversed in the axion frame.

In the dual description, the O-form and 2-form global symmetry currents are:

1
j1 = — % dbs, j3 = 2mv3dbs . (5.80)
2

These currents satisfy the conservation laws:
dxj1 =0, dxj3=0, (5.81)

which are the results of the Bianchi identity d?b, = 0 and the equation of motion
dx dby = 0, respectively. The corresponding U(1)(® and U(1)® symmetry defects
are given by

2mv2xdby

UOMg) = ¢S 77 @ () = ¢ an (5.52)

With this dual formulation, we can see the action of U (1)(2) global symmetry- it
shifts bs by a constant 2-form As:

by = b2+ As. (5.83)
This transforms the axion string by a U(1) phase:

Ué2)(M2)V<M2) _ ei,BLink(M1,M2)V(M2) ‘ (5.84)

5.3.1 Gauging the U(1)® 2-form symmetry

Here, we derive the Lagrangian of the dual Kalb-Ramond gauge theory, which
results by gauging the U(1)?) symmetry. Our starting point is the Lagrangian
(5.23)) after adding the term —by Ad?a/(27) to enforce the Bianchi identity d?a = 0:

2

_ v _ ¢ = L Ad2a AL dcs)
E—Qda/\*da 27rda/\63 2ﬂ_b2/\da+AlC<A4 . (5.85)
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The equation of motion of a is:
1 q
dxda — —d*by — —~dcz = :
* aa o 2 o C3 0, (5 86)
and integrating once we find

1
*da = m (db2 + ch) . (587)

Substituting ([5.87)) into (5.85]), we obtain the dual Lagrangian

Laual = 2(27:)%2(611;2 + qc3) A *(dby + ge3) + AK <C/lfj> : (5.88)
In this formulation, the U(1)?) symmetry is gauged by introducing the 3-form
gauge field cs, which couples minimally to the Kalb-Ramond field b3. The minimal
coupling dbs + gcs means that by carries a charge g under c3. This is also manifest
in the fact that the dual Lagrangian is invariant under the U(l)(Q) local gauge
transformation c3 — c3+dAs, b — ba —gAo. We may think of b as the Stuckelberg
field of c3; as c3 eats up the by field, it aquires a mass ~ ATZ In the limit v — oo,
the Kalb-Ramond field decouples, leaving us with a pure U(1) gauge theory.

The effect of gauging the U(1)®) symmetry is that the spectrum of extended op-
erator changes. The Wlison surface operator is no longer gauge-invariant
under the 2-form gauge symmetry. In the Kalb-Ramond frame, a gauge-invariant
operator is

ei fM3 dba+qcs _ ei fM2:8M3 b2eiq fM3 €3 : (5.89)

which can be interpreted as a string attached to a stack of domain walls with a
cumulative charge of ¢ (the charge under the cs field). An elementary axion that
winds around this configuration cannot detect a nontrivial phase. This can be
envisaged by computing the commutator

{em ¢t Jg Prtaca| _ g (5.90)
where we used (5.87) along with [a(x, ), I, (y,t)] = i6®) (2 —y) and 11, = v2dpa —
icijkﬁlj
2 3!

We end this section by discussing the global symmetries in the Kalb-Ramond frame.
First, the generator of the Z((JO) 0-form symmetry is given by Uo(éo) (M3) in 1}
This generator, however, must be invariant under a U(1)(?) gauge transformation

by — by —qAa. Using st dAg € 277, we find a = 27”2, £=1,2,..q, as expected for

the Z((JO) symmetry. Second, we also have a Zg?’) 3-form global symmetry. However,
the generator of this symmetry has no local description in the Kalb-Ramond frame.
It is crucial to highlight that transitioning between the axion and Kalb-Ramond
frames does not eliminate global symmetries. Rather, certain symmetries may not
be manifest in a local description.
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5.4. Multi 3-form gauge theory

5.4 Multi 3-form gauge theory

Consider an axion a coupled to 2 distinct 3-form gauge fields c¢3 and ¢é3. The
Lagrangian reads
) ~
v s 92 _ d [ Sa ap [ Ja
C—E|da\ —2ﬂ_da/\03—2ﬂ_daA63+A/C(A4>+A/C<A4> , (5.91)
where f4 = des and fy = dés are the field strengths of ¢3 and &3, respectively, and
we assumed that the scale A is the same for all the 3-form fields. Notice that we did
not include a kinetic-mixing term to avoid complications. The 3-form gauge fields
c3 and & are invariant under U(1)®) x U (1)) gauge transformations ¢z — ¢34+ dXo
and & — &3 + d)\g, where Sats AA2, fag, d\s € 277, while the field strengths satisfy
the quantization conditions

/M4 fa, /M4 fi€2nZ. (5.92)

The equations of motion of a, c3, and ¢ read

v2d x da — (;;rdC3 + ;J;deg) ~0, 2%(9”@ = —AY9,K (/{4) :
%aua = A%,k (Aﬂ) : (5.93)
Trading f and f for a classical axion effective potential yields
ngf(a) = —% (fhf + QQf) : (5.94)

This relationship asserts that the combination of fields ¢ f + (12]E vanishes at the
extrema of Vi eg(a). This implies that this particular combination of the 3-form
fields is gapped at the theory’s vacua. Conversely, the independent combination
¢2f — quf remains ungapped [123].

The system (5.91) enjoys a multitude of global symmetries. First, the theory is
invariant under a Zgo) symmetry that acts on a as a — a + 27” and ¢ = ged(q1, g2)-

The generator of Zgo) is

;21 2, dq— 31313283
UZ(O)(M?,) _ ez . fMa (U *da o7 ) , =12 ...q, (5,95)

which acts on the local operator ¢(P).

In addition, the system exhibits two independent 3-form global symmetries. To find
them, we use two methods. We start with the first method, which was not discussed
previously but works as an alternative view on the global 3-form symmetry. In this
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method, we shift c¢3 and é3 by two independent closed but not exact 3-forms Ag
and Ag:
c3—>c3+ A3, ¢é3— 3+ Ag, (5.96)

under which the action gets shifted by

S S+ B danhs+ 2 [ dandks=S+aqkatgks,  (5.97)
2 Jmy 2 Jmy
where we defined [, As = «a, [, A3 = 3, and we recalled that S, da =27k, k €
Z since a is a compact scalar. Under the A3 and Aj shifts, the path integral picks
up a phase:
Z — elakatiaks 7z (5.98)

It is easily seen that there are two combinations of o and g that lead to two
independent 3-form global symmetries that leave the action invariant: a U(1)®)
symmetry is obtained by setting ¢ia = —gof8 and a Z((Jg) symmetry is obtained
upon taking a,f € %’rZ, where ¢ = ged(qi,g2). These are linearly independent
transformations, so there are no redundancies, and the faithful 3-form symmetry
group is

7t x U(1)® . (5.99)

Another way to obtain the same result is by combining the equations of motion of
c3 and €3 in the form of two independent conservation laws. Using (5.93)) we find

(2o e (§) e (f)) < o

Ay (—q2A4IC’ <[{>+q1A4I€’ (/{)) = 0, (5.100)

from which we define the two symmetry defects:

0 g = (e ()

09 (o) = 2 (e (R w (£)) (5.101)

3)

While the phase as is an arbitrary U(1) phase, implying that Ua?; is the symmetry

defec of a U (1)(3) 3-form global symmetry, the single-valuedness of Uo(i) as a ~

a + 27 implies that a; = %, reducing the second symmetry group from U (1)(3)

down to Z((Jg), in accordance with our earlier finding.

The theory also possesses two distinct U(1)(=1) (—1)-form symmetries associated
with the Bianchi’s identities: d?c3 = d?@ = 0. As we mentioned above, only the
field combination gic3 + ¢oé3 is gapped while the other combination —gacs + ¢1é3
remains gappless. This implies that only one of the two (—1)-form symmetries
is gauged and spontaneously broken (Higgsed), resulting in the axion acquiring a
mass. The other (—1)-form symmetry is a global symmetry, which also exhibits
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spontaneous breaking, resulting in a massless 3-form gauge field that sources a
cosmological constant in the deep IR.

This treatment is easily generalized to any K distinct 3-form fields to find that the
full faithful symmetry group is
K—1

2 <z x T[] uv(1)®® (5.102)
=1

where g = ged(q, - . ., qK)-

5.5 UV completion: axion-Yang-Mills theory

In this section, we argue that the 3-form gauge theory in either the axion or the
Kalb-Ramond frame emerges in the IR from a UV-complete axion-Yang-Mills sys-
tem’] This conclusion is reached by using effective field theory methods empowered
by new 't Hooft anomaly matching conditions. We put the IR effective field theory
under scrutiny by testing its adequacy under various checks.

To this end, consider an SU(N) gauge theory endowed with a massless Dirac
fermion in a representation R under SU(N). In addition, consider a complex
scalar @ that is inert under SU(NN) but otherwise couples to the Dirac fermion.
The Lagrangian of the system reads [17]:

L= —2;2‘51" (f5 N*fS) + zZ&“D“@ZJ + J&”Dm

+ [d®|* — V(®) + y®Prp + hec. (5.103)

f5 = daf — ia§ A af is the field strength of the SU(N) color field af. v and
¥ are two left-handed Weyl fermions in representations R and R under S U(N),
respectively, constituting together a single Dirac fermion. The covariant derivative
is D, = 0y —iay, and y is the Yukawa coupling. The potential of the complex
scalar field is V(®) = A (|]®|* — v?/2), where X is O(1) parameter. We take v > A,
where A is the strong scale of the gauge sector. The Lagrangian is invariant
under two classical O-form symmetries U (l)g) x U (1)&0), the baryon-number and
axial symmetries. The ABJ anomaly in the color background breaks U (1)&0) down
to qu(%), and we find that the full good global symmetry of the SU(N) axion-YM
theory is [20, 41]

0) ., 7x(0)
M « 71 (5.104)

Gglobal —
ZN/m X Zg m

*The reader might object referring to the system we study in this section as UV complete
since we use a scalar field that exhibits a Landau pole. Here, by a UV-complete, we just mean a
model that couples the axion to Yang-Mills theory and gives the desired symmetries and natural
hierarchy of scales.
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The 1-form global symmetry Zﬁﬁ)

acts on Wilson’s lines of af, where m = ged(N,n)
and n is the N-ality of the representation R, i.e., the boxes in the Young tableaux
modulo N. The baryon-number U(l)g) and the chiral Z;‘gﬁ symmetries act on the

local fields as

vnY o gy, doe ), &,
; 2ml ~ j2rt _jAnt
2y . TRy, PR, e RE,  (5.105)

and ¢ = 1,2,..,2Tg and T is the Dynkin index of R (in our normalization, Th = 1,
where [J is the fundamental representation). The modding by Zy/, X 75 in
is important to remove redundancies. Here, ZI is the (—1)f fermion number
subgroup of the Lorentz groupf] The complex scalar field can be written as ® =
|®|e?®, where a is the axion. At energy scales < v, we can set |®| = v/v/2, and
thus, one may only work with the axion as the lightest degree of freedom.

5.5.1 The mixed 't Hooft anomaly and IR Lagrangian

Energy scale £ > v

Among the anomalies of the axion-YM theory, the mixed anomaly between the Z%)
1-form center and Zg‘:(rsz chiral symmetries is essential in connection with the 3-form
gauge theory. To see the link, we first review this anomaly from the UV point of
view |14} |15, (17, [103]. We shall be general and examine the anomaly between a
subgroup of the full center Z,(%) and chiral symmetries. We shall also work in the

Euclidean space.

To this end, we turn on a background of ZI(,I) C Z%). This can be implemented by
introducing the pair of U(1) fields (Bf, BS) and the constraint pB§ = dB{. Demand-
ing the quantization condition [ M, AB7 € 27Z implies the fractional quantization
of BS flux: [y, BS € %. We couple Bf to fermions as follows. First, we enlarge
the gauge group from SU(N) to U(N); we introduce the af gauge field of U(N)
such that af = af + % with field strength f§ = daf+af Naf. This, in turn, implies
the relation tr(f5) = NBS. Enlarging the group form SU(N) to U(N) introduces
an extra degree of freedom, which can be eliminated by postulating the invariance
of the theory under the action of an additional U (1)(1) 1-form gauge symmetry:
a¢ — a — XS, This implies that f¢, B, and BS transform as f§ — f§ — dA§,
BY — BY — pA{, and BS — BS — d\{, such that the condition dB{ = pB§ remains
invariant.

The mixed anomaly between the Z;S;l) center and Zég)z) chiral symmetries is envis-

aged by examining the partition function in the background of the U(N) and Zz(;l)

*Notice that the gauge group that faithfully acts on the fermions is SU(N)/Zy,. Thus, the
fermions are charged under Zy,,, subgroup of the center of SU(N) gauge group. When N/m is
even, the fermion number is a subgroup of Zy/m,, i.e., the fermion number is gauged. In this case,
all gauge-invariant operators are bosons.
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fluxes. In such backgrounds, the topological charge is determined by replacing f5
with the combination f2c — B$ in the expression for the topological charge. Import-
antly, this expression remains invariant under gauge transformations by A{. Thus,
the topological charge is

Q° = 871-‘-2//\/14 trg [( A2C — Bg) A (fQC — BS)}

1 PN N
= — tro [fos AN fs| — — BS N B3 5.106

{72 //\/l4 O [ 2 2} {72 Ma 2 25 ( )
and is fractional. Recalling that [ M, tro { ff A ff} € 8727, the partition function
transforms by the phase —8% S, BS N BS = —ﬁ Jam, dBT N dBY € JZ—QZ. This
is the mixed anomaly between the Zz(gl) 1-form center and ZgOT)R discrete chiral
symmetries. The anomaly is nontrivial, provided that p? is not a divisor of N. It
is important to highlight the group-theoretical result

Lo jged(mm’y € L s (5.107)

where we have expressed N = mm/. This result can be verified numerically; we
shall use it in our analysis below.

Energy scale A < F < v

At energy scale A € E < v, the magnitude of & freezes and we may set ¢ =
%eia. Also, the fermions acquire a mass ~ yv and decouple. Then, the effective
Lagrangian is:
1 C C ”[)2 C
LracEcy = —Q—QQtr(f2 /\*fz)—i-?da/\*da—i—TRaq , (5.108)

where ¢¢ the topological charge density: Q¢ = [ M, 45 and Q° is given by the
expression (5.106). Thus, we have

¢ = # [trg (f; A fg) — NBSA Bg} . (5.109)

In particular, one can easily see that the Euclidean version of (5.108)) reproduces

- 27T N
—1 5= .
the anomaly e ~ »* under the transformation a — a + %—;

In the absence of the center background, the Lagrangian ([5.108]) is invariant under
the global symmetry groupf]

Gelobal _ Zggi % (Z%)QU(l)@)) . (5110)

The 2-form symmetry U(1)() is an emergent winding-number symmetry that acts

on axion strings, while ZS\I,) is an enhanced 1-form symmetry (remember that the

UV genuine 1-form symmetry is Z,(Q)) resulting from the decoupling of fermions.

*In fact, U(l)(2) is only approximate global symmetry. See our discussion after Eq. (5.117]).
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Notice that there can be a higher group structure between Zg\l,) and U (1)(2) sym-
metries, and we used the symbol X to denote this structure. To see it, we activate a
background for Zg\%) by introducing the pair (B%N), BéN)) such that NV BéN) = ngN)

and demanding || M, ngN) € 2nZ. This, in turn, implies the flux of BéN) is frac-

tional: [, BéN) € 22Z_ The pair of fields (B§N), BéN)) transforms under a U(1)™®)
gauge transformation as B%N) — B§N) +N )\gN) and BéN) — BéN) + d)\gN), which
leaves the relation N BéN) = ngN) invariant. We also introduce C3, the back-
ground gauge field of the global U(1)®) symmetry.

Inspection of ([5.108) [5.109) reveals that the backgrounds of Zg\lf) and U (1)(2) couple
to the axion via the term [95]

Lo %aca, (5.111)

where G4 is the field strength of the combined backgrounds. It is given by

Gy =dCs —

ijlggm A BN (5.112)
/I

(G4 is invariant under a gauge transformation by /\gN) provided that Cs transforms
as
Tr N Tr N
Cs — Cs + dXy + Rﬁ AM A BV ZT A A g (5.113)

The interplay among Cj, BéN), and )\gN) indicates a higher-group structure, where

ZE\I,) represents the daughter symmetry and U (1)(2) the parent symmetry. Notably,
the former cannot exist independently of the latter [26], imposing constraints on the
emergent (enhanced) symmetry scales: EZ(” S EU(I)@) This condition aligns well

with effective field theory expectations: EZ<1 Vw, E 0 =yv, and A < y? < 1;
N
see [27] for details.

In a higher-group structure, one cannot gauge the daughter symmetry without
gauging the parent. But the reverse is possible. This observation shall play an
important role below. Notice that the higher-group symmetry becomes split (trivi-
alized) if one can write G4 as a total derivative [95]. For example, there is no
higher-group structure between the genuine Z( ) symmetry of the UV theory and
U(1)®). To see that, we replace BéN) (N) in Eq. 2) by B§ABS§, where we use
the pair (Bf, BS) (which satisfies the constramt m32 = dBY) to activate the back-
ground of Z%). Thus, Zgﬁ dBf A dBf. Since Zy, jged(mm’) S L1y

(remember that N = mm’), we can write Tgév = m”, m"” € N, and hence,

Gy =dCsy =d (Cg — %B{ A dBf), trivializing the higher-group. This observa-
tion is important for our subsequent analysis.

Energy scale £ < A

Next, we flow to the deep IR at energy scale < A, where we assume the theory
confines, and hence, the color gauge field is gapped. We must write down an
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5.5.1. The mized 't Hooft anomaly and IR Lagrangian

effective Lagrangian that captures the UV center-chiral anomaly. This can be
achieved by (i) gauging the U(1)®) symmetry and introducing the dynamical 3-
form gauge field ¢3 and (ii) replacing trg (fzc A fzc) /4w in Egs. (5.108 |5.109) by
ng:

2 T N
Lp«n = %da/\*da—i— IRA <d03 _ B§/\B§) LAk

des — LB A BS
2 4 ’

A4
(5.114)

and we added a kinetic energy term for cs. The field strength of c3 satisfies the
quantization condition [ M, des € 27Z, which is simply the infrared manifestation
of the quantization of topological charges in Yang-Mills theory. The reader will
notice that the coupling between a and dcs has an extra factor of T’z compared to
the coupling in Eq. . This is because c3 in Eq. is a dynamical rather
than a background field, and as the dynamical field absorbs the axion, it should
describe the formation of TR domain walls. As we shall discuss later, at an energy
scale below A, the theory has enhanced Zg\l,) 1-form symmetry. As noted above, we
are allowed to gauge U (1)(2) without gauging the daughter symmetry Zg\l,). This
is important; otherwise, we would have changed the theory’s global structure and

run into trouble since ZS\}) is not a genuine symmetry of the theory.

The Lagrangian must pass several checks. First, it must be invariant under
the Zg%? chiral symmetry in the absence of the center background, which is evid-
ent from the transformation a — a + 72“77; along with the condition [y, dcs € 27Z.
Second, the Lagrangian must be invariant under the same auxiliary U (1)(1) gauge
transformation, by A{, of the UV theory. This is the case provided that c3 trans-
forms as

/ /
c5 — ez +dho + LB A AN + PP ae A dng (5.115)

27 47
and we wrote N = pp/. Also, the Lagrangian (5.114) must reproduce the mixed
Z;‘;Q—Zg) anomaly of the UV theory. This can be easily verified by observing that

-2 N

the partition function acquires the phase e ' »* when a is shifted by a — a + :%‘TT;
in the presence of the center background. In the absence of a center background,

the Lagrangian (5.114)) exactly matches ([5.23)) in Section and everything we

said there applies here.

Another check on the validity of (5.114)) is to integrate out c3 along the lines of our
discussion that led from Eq. (5.32)) to Eq. (5.35). Thus, we sum over arbitrary
values of the integers [ M, Ja € 2rZ and use the Poisson resummation formula

> mez 0 (27Tm - fM4 f4> = D kez e_ik fM4 f4. We also use the change of variables

A

fa= fa— %Bg A B§. Specifying to the canonical kinetic term Kcan, performing
the Gaussian integral over f4, and focusing only on the zero modes, we obtain the
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5.5.1. The mized 't Hooft anomaly and IR Lagrangian

Euclidean partition function

4

—iEN [ peaBg 2 VMg 2
Zla] ~ 3 & Sy BN~ (T2t (5.116)
keZ
. . . . . i [, BSABS —i2zN
This effective partition function picks up the anomaly e ™ /M4 =e 7

upon shifting a — a+ %—77; It also displays the expected structure of the Yang-Mills
theory: it has an infinite number of vacua, with the true vacuum energy density
given by
A 9

V(a) = g2 ik (Tra + 27k)" . (5.117)
The potential V' (a) has T’r minima with cusps at a = 7/T, 37/Tr, etc.. The cusps
indicate that the potential V'(a) is missing degrees of freedom at these locations.
These are the hadronic walls sandwiched between the axion domain walls. An axion
wall has width ~ v/A?, while a hadronic wall is much thinner with width ~ A~!.
Including the infinite sum over all the integers [ M, Ja € 2rm, m € Z was crucial to
see these cusps. As emphasized above, the integer m is the IR manifestation of the
Yang-Mills instantons’ topological charge. Below A, the theory is strongly coupled,
and the vacuum receives contributions from all the topological charge sectors.

Let us examine the theory’s behavior at energy scales A <« E < v, such as at
a corresponding temperature. In this case, it suffices to include the contribution
from minimal charges [ M, Ja =m = £1 in the partition function. Translating this
into the language of Yang-Mills instantons, the dilute instanton-gas approximation
is reliable at this temperature because it serves as an infrared cut-off on the in-
stanton’s scale modulus [133]. Thus, summing over the smallest instantons, which
possess topological charges of +1, is adequate. Limiting the sum over m to the
lowest charge sector means that one can no longer perform the Poisson resumma-
tion that leads to , and thus, one can no longer make sense of or the
cusps. This is consistent with the expectation that the hadronic walls melt away
at a temperature ~ A. Nevertheless, at temperatures in the range A < T < v,
the classical theory still possesses T vacua with axion domain walls in-
terpolating between them. Notice that in this energy range, c3 does not strongly
fluctuate (sincefy,, f1 = #1), and we can consider the U (1)® 3-form gauge field c3
as a background rather than a dynamical field. Thus, one may still regard U (1)(2)
as an approximate global symmetry. Eventually, the axion domain walls melt at
temperature 7' 2 v.

As noted in [110, (114} |123] and discussed in the Introduction, it was recognized
that the IR behavior of both pure YM theory in the large-IV limit and the axion-
YM theory can be effectively described using the 3-form gauge field c3. Here,
incorporating cs in our discussion has been essential for aligning with the infrared
constraints of the 't Hooft anomaly. Our method provides a systematic approach
to argue for a consistent infrared effective field theory of the axion-YM system.
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5.5.2. SU(N)/Z, and noninvertible chiral symmetry

At energy scales below A, the theory acquires the global symmetry
lobal 0) 1) =, (3
Geebal = 70 x ({323 . (5.118)

In general, a higher-group structure may exist between Zg\l,) and Z%i, which be-
comes apparent when both symmetries’ backgrounds are activated. The back-
ground of Zs\l,) was discussed earlier, while that of Zgi can be activated by in-
troducing the pair (F3, Fy), satisfying the constraint dF3 = T Fy, along with the
quantization condition [,.,dF3 € 2rZ [102]. The axion coupled to these back-

grounds is represented by

TrN
Lo (TRdC:g +dFy -~ BN A BgN)) . (5.119)
27 47

Maintaining invariance under a gauge transformation by )\gN) requires F3 to trans-

form as
TrN Tr N
Fy — Fy+dhg + g—dxﬁm ABM 4 %dw A dAM (5.120)
m T

The interplay among F3, BéN), and )\EN) indicates a higher-group symmetry Zg\l,) >~<Zg§2

However, this higher-group structure becomes trivial if dF3 — i\; :]FV% ngN) A ngN)

can be expressed as a total derivative. This holds particularly true for the ZSL)

symmetry, as demonstrated above in a similar case involving U (1)) and Zg). Un-
derstanding this aspect is pivotal when gauging the genuine center, as this operation

should be executed without gauging Zgi

In the IR, the symmetries Zggi and Zgi undergo spontaneous breaking. The en-
hanced symmetry Z%) remains unbroken until length scales ~ yv/A2, at which
point it also undergoes explicit breaking due to the heavy fermions that pop up
from vacuum as we take the Wilson lines to be larger than ~ yv/A%. This leaves

Z%) as the sole surviving unbroken symmetry.

5.5.2 SU(N)/Z, and noninvertible chiral symmetry

Let us investigate whether our construction yields the desired results when we
gauge the genuine center or any of its subgroups, aligning with the well-established
findings in the literature [128 |98, [2]. We shall see that the answer is affirmative,
lending support to the picture that the deep IR regime of the system is genuinely
described by the 3-form gauge theory.

We consider the same axion-YM theory with matter, but now let us gauge a sub-
group of the center Z,(gl) C Z%), i.e., we consider SU(N)/Z,, axion-YM theory with
matte This theory is constructed by promoting (Bf, BS) to dynamical fields

*In principle, there are p distinct theories: (SU(N)/Zp)k, k = 0,1,..,p — 1 differing by the
admissible genuine (electric, magnetic, or dyonic) line operators [99]. In this chapter, we limit
our treatment to (SU(N)/Zp)k=o. The Hilbert space and the noninvertible chiral symmetry in
(SU(N)/Zyp)r=0 theory were considered in [2].
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5.6. Discussion

(b§,05) and performing the sum over the fractional instantons in the path integral.
Let us define the new 3-form gauge field és:

. N

C3 = C3 — Wbi VAN dbi s (5121)
keeping in mind the quantization condition [ M, des € 2wZ. The Lagrangian of this
theory at energy scale £ < A reads

2 T dé
Lioel(b,05)] = *da Ada+ 2 a ndey + A'K (A‘/’j) , (5.122)

and the partition function is

7= / (Des)[Dale’ Jms Er<al®i)] (5.123)
(5535)

In the Kalb-Ramond frame, we replace ¢ — Tr and c3 — ¢é3 in (5.88). It is
)

important to repeat what we stated above: we can gauge the genuine 7% center

symmetry or a subgroup thereof without spoiling Z%l since the pair does not

(1)
N

constitute a higher-group. On the contrary, gauging the enhanced Z},’ is disastrous:

it entails that we also gauge Zgi, which destroys the domain walls.

The chiral symmetry defect is given by (5.25)) after replacing c¢3 with é3 and sum-
ming over (b, 5):

27l 2 . __N _pe c
UZ(O)(Mg) N Z GZTR fM3v *da wag (Cs 4ﬂp2b1/\db1> . 0=1,2,..Tr. (5'124)
(bS,65)

The new defect U, e(o) (M3) defines a noninvertible chiral symmetry Zggi. To simplify

the form of U Z(O) (M3), we write N as N = pp’ and assume that p’ = 1 Mod p. Then,
N

4dmp?

We may rewrite it in terms of an auxiliary 1-form gauge field ¢ that lives on Mas:

b Adb§ ~ ﬁbf Adbf, i.e., this is an improperly quantized quantum Hall term.

- 274

- 27l 2 . . P 1 c
0O (Mg) ~ 3 T g o=t gy e / (DinJe” " Jan, (Frorrdontsponndti)y ) og)
(b5.55)

The last term is the minimal abelian TQFT AP discussed in [134]. When / is a
multiple of p, the TQFT is trivialized, giving us an invertible symmetry.

5.6 Discussion

In this chapter, we critically evaluated the hypothesis that the 3-form gauge theory
offers more than an alternative framework for the deep IR regime of axion-Yang-
Mills systems. We commenced by rigorously investigating the 3-form gauge theory
coupled to axions, as encapsulated by the Lagrangian . Our analysis revealed
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5.6. Discussion

that this theory represents a network of domain walls terminating on an axion
string, with particular emphasis placed on its global structure. A dual formulation,
the Kalb-Ramond Lagrangian , was also considered, which describes the same
physical phenomenon. Notably, while some symmetry defects are explicit in one
formulation, others are evident in the alternative frame. Crucially, in the absence of
gravitational effect{" both formulations are equivalent, possessing identical global
symmetries.

Subsequently, we examined the SU(N) Yang-Mills theory with a Dirac fermion
coupled to an SU (N )-neutral complex scalar, highlighting the necessity of an emer-
gent 3-form gauge field for IR matching of the theory’s mixed center-chiral anomaly.
Consider varying the complex scalar vev such that we go to the limit v < A. In
this case, the strong dynamics set in well before the axions are amenable to the
weak-coupling treatment. In this opposite limit, the theory still forms domain walls
leading to Tz distinct vacua, and thus, we do not expect a bulk phase transition
to take place as we vary v below or above A. We may not rigorously justify the
introduction of the 3-form gauge field in this scenario. However, by continuity, we
expect that the 3-form gauge theory remains a valid description in the deep IR.
This reasoning, combined with the large-IN limit analysis discussed in the intro-
duction, supports the notion that the vacuum of Yang-Mills theory should likely
be described by a 3-form gauge theory.

Incorporating gravity offers further insights into the significance of the 3-form de-
scription, as the cosmological constant in this context can be interpreted as arising
from a gauge principle. Theoretically, one can distinguish between a pure cos-
mological constant and a 3-form gauge theory, as the latter yields a non-vanishing
contribution to the trace anomaly proportional to the Gauss-Bonnet invariant 117,
135]. Irrespective of this subtle effect, Brown and Teitelboim realized that the ac-
tion taken as a starting point with no reference to its UV completion leads to
the quantum creation of closed membranes localized on the boundary of My [136),
137]. As the membranes are produced, the vacuum energy density associated with
c3 decreases, reducing the effective value of the cosmological constant. This idea,
when refined, may lead to a solution to the cosmological constant problem [138
139]. Also, connections between the QCD vacuum and the cosmological constant
problem were discussed in [140} |141].

As discussed in this chapter, introducing the 3-form gauge field c3 was necessary
to match the chiral-center anomaly in an axion-Yang-Mills system. Eventually,
c3 eats the axion, becoming a short-range field, and the cosmological constant
vanishes. Yet, one can think of an alternative scenario with an axion, two distinct
Yang-Mills fields, and a chiral-center anomaly. In this case, two 3-form gauge
fields are anticipated. One combination of these fields eats the axion, while an
orthogonal combination remains gapless. The latter can source a cosmological
constant. Intriguingly, in this scenario, the infrared cosmological constant can be

*Inclusion of gravity may differentiate between the axion and Kalb-Ramond frames, see [117].
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5.6. Discussion

considered a by-product of the 't Hooft anomaly-matching condition. However,
in such a scenario, global symmetries should only be considered approximate since
exact global symmetries are forbidden in quantum gravity, see, e.g., [142, 143, |144].

The method presented in this chapter can be extended in various ways. One imme-
diate application is to address the problem of multi-flavor quarks by incorporating
the 3-form gauge theory description in the chiral Lagrangian. Another venue is
applying our formalism to the Standard Model (SM) and its variants, potentially
through coupling with axions. It is well-established that the SM exhibits a Zgl)
1-form symmetry, and the true gauge group might be modded by Zg or a subgroup
thereof (see, e.g., [107, (108, |145] 146, (147} 148, [149]). Exploring whether and how
a 3-form gauge theory may emerge deep in the IR of the SM and its extensions and
whether the modded discrete group could play a significant role in this formalism
will be an exciting avenue of research. Additionally, linking the emergent 3-form to
the observed cosmological constant presents another intriguing possibility. These
investigations are worthy of future exploration.
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APPENDIX A

't Hooft Fluxes for SU(2) and
SU(3)

For the gauge group SU (N ), the weights of the defining representation v, 4 (labelled

by the superscript A =1,..., N are normalized such that
1
Ve, A Ve,B = 0AB — N (A1)

We can express the generators of the Cartan subalgebra in terms of the weights of
the defining representation:

HE yp = 0aB(ve,a)" (A.2)

a

where ¢ = 1,..., N — 1 indicates the a-th component of (v, 4)*. We can write

H. as a vector of matrices. Then a given element of the Zy center of SU(N) is
generated by
627Tim1Hc-Vc — 672m'm1%1N (AS)

For SU(2), the normalized Cartan generator is given by

L 0
H, = (VO? _1) (A.4)

with weights v, 1 = %, Ve = % is indeed satisfied by either choice of weight.

For SU(3), the normalized Cartan generators are given by

1 1
Hi=|0 -7 0 Hy=|0 == 0 (A.5)
2
0 0 0 0 0 —%

The weights of the defining representation are:

1 1
1 — L 0

Vel = (\{5) Ve = ( I/§> Ves = ( 9 ) (A6)
V6 V6

A quick calculation shows that all three weights satisfy

=)
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APPENDIX B

Obtaining the discrete chiral
symmetry

In this appendix, we show that there is a discrete symmetry Z,, where r =
ged(Ny, Ny ), that acts on x. To this end, we conisder the groups LN,y py+Nypy,
and U(1)4 we discussed in the text. Under U(1)4 X ZN,p,+Nypy, ¢ transforms as

. 2mip [ S
f— €2maq1/,a€ ¥ Nypy+Nxpx Y, (B.l)
where | € ZN,p,+N,p,, @ 15 a charge factor, and o € [0,1). This transformation

leaves 1 invariant if

l ]{71 p¢l
aqyo +ppy—" —=k1 €L — a=— — .
v Y Nypy + Nypy aqy  agy(Nypy + Nypy)

(B.2)

Note that k; can be freely chosen. Then, x transforms under U(1)a X Zn,p,+N,py
as:

. . k Pd;l 1
) 2Py e 2mi (aqx (—1 - ) +px )
Y eZmaare Ny py+Nxpx Y=e aqy  aqy (NyPy T NxPx) NPy +Nxpx X

(axp o 1 (- ax (axg o 1 Nx Ny
= e%l(qwkﬁ%%”xpx (px p""lw))x = eQM(qwkﬁ(’Vw%*NX”X)qw( Pxm e »X
)

i X, — L
_ m(m %)x, (B.3)

where r = ged(Ny, Ny ) and we used gy = —% and ¢, = % We can rewrite
[ = mi+mar, where my = 0,1,...,r—1 and mo € Z. Bezout’s theorem also tells us
that since r = gcd(N¢, NX), there are integers k1, ko such that maor = k1 Ny +ka2 N,

Applying this to the transformation of y gives us:

i (%kl 7 #) o (%kl _ "Ll:‘;'mg'r) omi ( 77L1]<\t7n27' 7%]{1)
X — e P P X = e P P X = € X X X

2 L QMM i L omik i L
=e Mxe M x =€ Mxe™y =¢ Nxy. (B.4)

Since m; = 0,1,...,7 — 1, there are only r distinct transformations generated
by U(1)a X ZN,p,+Nypy, and the symmetry group that acts on x is Z,. For our
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B. Obtaining the discrete chiral symmetry

purposes, we will assume that under Z,, x transforms with charge 1 (in principle,
we could fix any charge). Finally, one needs to check whether this Z, is a genuine
symmetry in the sense that it cannot be absorbed in the center of color or flavor
groups. This will be done on a case-by-case basis.
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APPENDIX C

Anomaly Descent

It turns out that all the information from anomalies is captured by a five dimen-
sional inflow action. To see this, first note that we can interpret the anomaly as a
gauge variation in the effective action:

¢Wm:/&m%m%@ (C.1)

We can also write this as

5 __
AJ@z—(QW%@)aWM] (C.2)

Since the anomaly can be expressed as a derivative, its form is constrained (similar
to how V - Vf = 0 for a scalar function f). This constraint is known as the
Wess-Zumino consistency condition.

One way to derive the Wess-Zumino condition is by considering the BRST trans-
formations on the effective action. Recall that the BRST operator, s, anti-commutes
with gauge fields and acts on the gauge field A, via

sA, = D,w (C.3)

where w® is a ghost field, i.e. a gauge transformation with the ghost field as a
parameter. It follows that the field strength transforms as

sF = [F,w] (C.4)
s acts on the ghost field via

sw® = —~Cogywiw? (C.5)
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C. Anomaly Descent

Then when acting on the effective action,

/d4 w(@) MS( )W[A]
—/d4xw ( #M(S( )> WA
= / d*z w® (2)G W A] )
—/d%w ()
= Alw, A]

where we introduced a dependence on A to remind ourselves that the anomaly
depends on the gauge field. In general the above derivation holds for any functional
F of the gauge fields:

_ / 4z w® (2)Ga F[A] (C.6)

Since s* = 0, we have
0= sAw, A] = / 4z s(w™ (@) A ()
= [t (0" @) Aa() Aale) — 0 () (540 (2))
= [ e (=5 Capu’ @) () Aao)
2) [ aye’ 0)Ga(wAuta)
= [dwaty (50 @ W) (Caprd Do - ) A (2)

+ Ga(y)A(z) = Gal2)As(v))

where we used the last line via anti-commutation of the ghost fields. This is the
Wess-Zumino consistency condition:

sA[w, A] = 0 (C.7)

Therefore the anomaly A[w, A] is a BRST-closed functional of ghost number one.
If the anomaly is BRST-closed but not exact, we say the anomaly is relevant - it
cannot be cancelled out by a local counterterm. If the anomaly is BRST-exact,
then it is irrelevant [21].

It turns out that the Wess-Zumino condition is sufficient in determining the full
form of the anomaly up to an overall constant. We include a calculation in section
In other words, solutions to the Wess-Zumino condition give us the anomaly.
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C.0.1. Computing the anomaly from the Wess-Zumino condition

There is a way to generate solutions to the Wess-Zumino condition via a process
known as anomaly descent. The 6-dimensional characteristic polynomial is given
by

Py = tr F® = dws (C.8)

It can be expressed as the derivative of the five-dimensional Chern-Simons action:

ws(A) = tr (iA/\dA/\dA+ gA3 AdA — ?;AE’) (C.9)

The characteristic polynomial is gauge invariant, so the gauge variation of the
Chern-Simons form satisfies:

= 5P3 = 5(dW5) = d(5W5> (C.IO)

We see that dws is locally exact - we can express it as the derivative of a 4-form on

local coordinate patches:
(50)5 = dQ4 (C.ll)

where Q4 = Q4(v, A) is linear in the gauge parameter. Let us assume that the
manifold is compact, so Q)4 is defined globally. We can also choose the topology
such that every closed form is exact [21].

Recall that the BRST transformation is a gauge transformation with the ghost field
w as a parameter - therefore we have

sws = dQa(w, A) (C.12)
Using the property s? = 0 and ds = —sd
0 = s(sws) = s(dQ4) = —d(sQ4) (C.13)

Therefore sQ)4 = dgs is exact. As the manifold is compact, we have

S/M Q4= /M dg3 =0 (C.14)

So we see that [,, Q4 satisfies the Wess-Zumino condition. Note that the anomaly
is defined up to BRST-exact terms - this corresponds to the fact that the anomaly
is defined up to adding local counterterms to the action [21].

C.0.1 Computing the anomaly from the Wess-Zumino condition

We can compute the full expression of the anomaly using the Wess-Zumino consist-
ency condition. For ease of calculation, let us redefine the fields in our calculation
to absorb the factors of i:

A=—iA, F=—iF=dA+A?> D=d+A v=—iw (C.15)
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C.0.1. Computing the anomaly from the Wess-Zumino condition

Here we used the shorthand A2 = A A A. Using Afw, A] = ﬁ JtrrwdAdA +
O(A3), the anomaly can be written as:
Alw,A] = —— / trrudAdA + O(A?) (C.16)
2472

Since the ghost fields w® anticommute amongst themselves, and so do the dx*, we
will make the choice that dx* anticommute with the ghost fields as well:

vdzt = —dxtv (C.17)
Then the BRST transformation of the one-form A is given by:
sA = sA,dzt = (Ov + [A,,v])dat = —dv — Av —vA = —dv — {A,v} (C.18)
The rescaled field strength and ghost field transform as:
sF = [F,v] SV = —vv (C.19)

where we used the shorthand vv = [v, v] for two ghost fields.

As the anomaly comes from a variation of the effective action, it must be of the
form [tro(...). The ghost field v and gauge field A both have scaling dimension 1,
so the term trvdAdA has scaling dimension 5. The BRST operator increases the
scaling dimension by 1, so str vdAdA has scaling dimension 6. In order to satisfy
the consistency condition sA[v, A] = 0, trvdAdA has to be cancelled by terms
higher order in the gauge field with scaling dimension 5. We also know that the
anomaly is proportional to the anti-symmetric tensor e#P? so we can express these
terms as 4-forms. Therefore up to adding a BRST exact form, the most general
form of the anomaly is:

7

Alv, A] = 2472

/ trv(dAdA + by A%dA + by AdAA + bsdAA? + cA*)  (C.20)
Requiring the anomaly to be BRST closed, sAJv, A] = 0, will fix the coefficients in
the anomaly.

Before computing the sA[v, A], it will be helpful to first compute:

sA = —dv—{A,v} (C.21)

sA% = (sA)A — A(sA)
= (—dv—{A,v})A — A(—dv — {A,v})
= —AvA —vA? + A% + AvA — dvA + Adv
= [A, dv] + [A?, 0]
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C.0.1. Computing the anomaly from the Wess-Zumino condition

sA? = (sAY)A + A%(sA)
= ([A,dv] + [A% 0] A + A%(—dv — {A,v})
= AdvA — dvA? — A%vA —vA3 — A%dv — A3y — A%A
= —dvA? + AdvA — A%dv — {A% 0}

sAt = (sA%)A — A3(sA)
= (~dvA? + AdvA — A%dv — {A% v})A — A%(~dv — {A,v})
= —dvA3 + AdvA? — A%dvA — A3vA —vA? + A3dv 4+ A'v + A3vA
= —dvA3 + AdvA% — A%dvA + A3dv + [A%, 0]

s(dA) = s(F — A?) = sF — sA?
= [F,v] — ([A, dv] + [A%,v])
= [dA,v] — [A, dv]

Now let us compute the consistency condition sA[v, A] = 0. First let us consider:

stroA? = tr (sv)A? — tro(sA?)
= —tro’ At —tro[At v] + ...
= —trov?A? — troAty + tro?At 4
= tro?At 4+ ...

where the ... are the terms containing both v and dv, and we the last term has a
positive sign because

4, 4 H1 K6
trvA*v = tr vy, (A%) popspaps Wpgda! ... dx

= 11 VU0 (AY) o prapss A0 - . dh® by cyclicity of trace
5 4

= (=)t Vg vy (A7) popigpuaps At dat't . dah®

= —trov?A?

There can be no other term o trv?A* in s.A[v, A] since every other term involves
at least one derivative. Therefore we have ¢ = 0.

Computing the other terms in s.A[v, A] yields:

stroA?dA = tr ((sv)A%dA — v(sA%)dA — vA%s(dA))
= tr (—v?A%dA — o([A, dv] + [A?,0])dA — vA?([dA, 0] - [A, dv]))
= tr (—v?A%dA — vAdvdA + vdvAdA — vA2vdA + v2A2dA

— vA%dAv + vA*vdA + vAPdv — vA%dvA)
= tr (v2A2dAv — vA%dvA + vA3dv) + tr (vdvAdA — vAdvdA)
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C.0.1. Computing the anomaly from the Wess-Zumino condition

strvAdAA = tr (—U2AdAA —v(sA)dAA +vA(sdA)A + vAdA(sA))
= v’ AdAA —v(—dv — {A,v})dAA
+ vA([dA,v] — [A,dv])A + vAdA(—dv — {A,v})
= —v?AdAA + vdvdAA + vAvdAA + v AdAA
+ vAdAvA — vAVdAA — vA%dvA + vAdvA®
— vAdAdv — vAdAAv — vAdAvA
= tr (V2AdAA — vA2dvA 4+ vAdvA?) + tr (vdvAA + vAdAdv)

strodAA? = tr (—v?AdAA? - v(sdA)A? — vdA(sA?))
= tr (—v?dAA? — o([A, dv] + [A% 0]) A% — vdA([A, dv] + [A%,0)))
= tr (—v?’dAA? — vdAvA? + v?dAA® + vAdvA? — vdvA3
— vdAAdv + vdAdvA — vdAA%v + vdAvA?)
= tr (v’VdAA? 4+ vAdvA? — vdvA3) + tr (vdAdvA — vdAAdv)

Here we divided the terms into those containing only one derivative and those con-
taining two derivatives. strvdAdA can only give terms involving two derivatives,
the terms with one derivative must cancel each other or add up to an exact form.

If we set
b= bl = —bQ = b3 (0.22)

then combining the three terms in the anomaly gives:
str (vdA3) = str (VAZdA — vAdAA + vdAA?)
= tr (12 A%2dAv — vAZdvA + vA3dv) + tr (vdvAdA — vAdvdA)
—tr (VPAdAA — vA%dvA + vAdvA?) + tr (vdvdA A + vAdAdv)

+ tr (V2 dAA? + vAdvA? — vdvA3) + tr (vVdAdvA — vdAAdv)
= dtr v*A® + tr (—vdvdA? — dvvdA? — vAdvdA)

= dtrv? A% + tr (~2dvdvA? + dvAdvA + 2d(vdvA?) — d(vAdvA))
The exact forms integrate to zero, and we also have
trdvAdvA = —tr dvAdvA =0 (C.23)

since dvAis an anti-commuting 2-form. So the consistency condition becomes:

sAlv, A] = / (str vdAdA — 2btr dvdvAQ) (C.24)

i
2472
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C.0.1. Computing the anomaly from the Wess-Zumino condition

Finally we can compute strvdAdA to determine b:

strodAdA = tr (—v?dAdA — v(sdA)dA — vdA(sdA))
= tr (—v?dAdA — v([dA, 0] — [A, dv])dA — vdA([dA, 0] - [A, dv])
= tr (—v?dAdA — vdAvdA + v?dAdA + vAdvdA — vdvAdA

— vdAdAv + vdAvdA + vdAAdv — vdAdvA)
= tr (V2 dAdA + dvvdA A — vdvAdA + vAdvdA — vdAdvA)

= tr (d(v’dAA) + vdvdAA — vdvAdA + d(vAdvA) — dvAdvA)
=tr (vdvdA2 +df(.. )>
= tr (dvdvA? — d(vdvA?) + d(...))
where to go from the fifth line to the sixth line we used the fact that tr dvAdvA = 0.
Inserting this expression back into the consistency condition, we have:
i

0= S.A['U,A] = m

/tr (dvdvA2 - de’l}dUAQ) (C.25)

Therefore the full form of the anomaly is

_ ¢ 1,8\ _ ¢ Ls
A[U,A]—247r2/trv<dAdA+2dA ) = 247r2/trvd<AdA+2A> (C.27)

Replacing the ghost field w with the transformation parameter € and in terms of
the original gauge field A, the anomaly is given by:

_ b3
Ale, 4] = —5— / tred (AdA A ) (C.28)
Aale) = = 51570, (450,43 - L AZIA, Ao ) DI, (C.29)
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APPENDIX D

The 3-loop [-function and the IR
fixed points

The 3-loop # function is given by (see [150, 151} |152])

g3 95 7
Blg) == Ptz = Brigma ~ P
11 1
Bo chz(G) -> gTRnR ;
R
34 nR
,81 :ECQ { 717302 TR + QCZ(R)T’R} R (D.l)
2857 o nRTR C2(R) = 20503(G)Co(R) = 1415C3(G)
P2 =35 ¢ Z Tt 36 BT
S anRTRTR/ [4402(73) N 15802((;)} _
A 18 54

Here, G denotes the adjoint representation, and ng is the number of the Weyl
flavors in representation R. Also, C2(R) is the quadratic Casimir operator of
representation R, defined as

19,49 = Oy(R)1x . (D.2)

We reserve C(G) for the quadratic Casimir of the adjoint representation. T is
the Dynkin index of R, which is defined by

tr [thtl | = Tro™ . (D.3)
From Egs. (D.2) and (D.3)), we easily obtain the useful relation
Trdimg = C3(R)dimy , (D.4)

where dimg is the dimension of R.
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D. The 3-loop B-function and the IR fized points

In particular, we have C5(G) = 2N, dimg = N2 —1, Ty, = N + 2, dimy, = N(]\;“)’
Cy () = %7 T, = N — 2, dim, = w7 Co(x) = w Then,
the values of 5y to By are

fo= g [N - (V)]

3 k
8 = 2 (—48 + T6N? 4+ 17kN® — 8N*)
b 3kN ’ (D.5)
b= s [2857k2N5 + N(—8448 + 12448N? — 2584 N* + 145N°)

— 2(864 + 3948N?2 — 8945N* + 988N6)} .

Assuming that Sy > 0 and 8 < 0, the theory develops an IR fixed point to 2-loops.
The value of the coupling constant at the fixed point is
g2  4mBo 27N (16 + 11kN — 2N?)

o, = 25

47 By 48 —T6N2 — 17TkN3 + 8N4~

(D.6)

To assess the stability of this fixed point, we can examine the roots of the S-function
when the 3-loop term is taken into account.
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