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Abstract

We explore three questions at the intersection of physics and artificial intelligence

(AI): Can we use techniques in AI to solve physics-based initial value problems?

Using this framework, can we solve Sturm–Liouville problems such as the general

Legendre equation and the time-independent Schrödinger equation? And can we

use AI to predict thermodynamic parameters of a Bose-condensed cloud of atoms to

solve a current bottleneck in quantum fluids research?

Solving initial value problems using AI has yet to be implemented in the strictest

sense. Many approaches in the literature require sparse data from the solution of the

initial value problem in order to interpolate between these data points. We present

the neural initial value problem—a framework which can approximate solutions to

a range of dynamical systems without a priori knowledge of the solution. We first

consider the most minimally conceivable neural network to solve an initial value

problem describing free particle dynamics. We then extend this framework to solve a

range of non-linear, coupled, and chaotic problems including the classical pendulum

and the Hénon–Heiles system. We introduce probabilistic activation functions—it is

our observation that these are required to find solutions of initial value problems.

We also introduce coupled neural networks to solve systems of differential equations.

These frameworks further allow us to solve eigenvalue problems such as the time-

independent Schrödinger equation in a harmonic trap or the Legendre equation.

Numerical schemes for finite-temperature Bose gases require knowledge of the

chemical potential and temperature, which are imprecisely and destructively de-

termined in experiments. We demonstrate a proof-of principle AI that can predict

these parameters given only a two-dimensional atomic density profile. The model

produces accurate predictions for harmonically trapped condensates and can also

produce accurate predictions on toroidally trapped condensates despite never being

trained on such a trap. Themodel can also predict the values of these parameters dur-

ing the thermalisation procedure. Since predictions happen in fractions of a second,

this model could be used for real-time analysis of these parameters in experiments.
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Neural initial value problem
Part III, Chapter 4

Approximating solutions of initial value 
problems in classical mechanics with machine 

learning techniques.

Neural Sturm–Liouville problem
Part III, Chapter 5

Approximating eigenvectors and eigenvalues 
of Sturm–Liouville problems with machine 

learning techniques.

Machine learning thermodynamical
parameters of quantum fluids

Part III, Chapter 6

Predicting the chemical potential and 
temperature of a Bose gas using AI.
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Data availability

All code and their documentation is available on GitHub:

• Neural initial value problem solver: the Python and PyTorch code to reproduce

our results in part III, chapter 4. Examples are given and interacted with via

the command line.

URL: https://github.com/0jg/neural-ivp.

• Neural eigenvalue problems: the Python and PyTorch code to reproduce our

results in part III, chapter 5.

URL: https://github.com/0jg/neural-eigenvalue.

• Stochastic Gross-Pitaevskii equation in Rust: the Rust code that we used to

generate training data for part III, chapter 6. It supports both harmonic and

toroidal traps, and is mostly interacted with via the command line.

URL: https://github.com/0jg/sgpe-rs. Also available as a Rust crate

at https://crates.io/crates/sgpe.

• Chemical potential and temperature prediction model: the Python and PyTorch

code to reproduce our results in part III, chapter 6.

URL: https://github.com/0jg/mu-t-predictor.

This work is licensed under CC BY-SA 4.0. To view a copy of this license, visit

http://creativecommons.org/licenses/by-sa/4.0/.
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Part I

Overview
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1

ARTIFICIAL

INTELLIGENCE IN

PHYSICS

A
rtificial intelligence (AI) is the ability of a computer to mimic hu-

man intelligence, encompassing logical reasoning, natural language

processing, and learning capabilities. The latter concerns the field of

machine learning: can a computer learn the intricate patterns and structures in

data, beyond what a human could learn? The growth of AI and machine learn-

ing applications has been made possible by an increase in GPU performance and

availability, allowing bigger models to be trained. Machines learn through a class

of algorithms known as deep learning—an interplay of matrix algebra, multivari-

ate calculus and statistics. We introduce these mathematics of deep learning in

§§ 2.2–2.8. The relationship between AI, machine learning, and deep learning is

shown in Figure 1.1.
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ARTIFICIAL 
INTELLIGENCE

MACHINE 
LEARNING

DEEP
LEARNING

Figure 1.1: Machine learning is a subset of AI. Deep learning covers a general class

of algorithms for machine learning tasks. [Figure adapted from various

authors.]

1.1 Intersection of physics and artificial intelligence

The increasing complexity of the simulation of physical problems and the growing

demand for accurate simulations has always motivated the development of new

computational methods; the intersection of physics and AI represents a growing

and significant field of interest in the scientific community.

AI can be augmented with physical constraints, equations, data, or other physical

principles (such as the Rayleigh–Ritz variational method or Hamilton’s principle).1

In part III, chapter 4, we learn representations of the solutions of initial value

problemsusingmachine learning, guided byHamilton’s principle. In part III, chapter

5, we learn eigenfunctions and eigenvalues of Sturm–Liouville problems such as the

1In the literature, using machine learning to solve differential equations is sometimes referred to as

a ‘physics-informed neural network’ (as introduced in, e.g., [RPK19]). Using physics priors in

any AI or machine learning context—not just to solve differential equations—is referred to as

‘physics-informed machine learning’. Some implementations of AI in physics fall outside of the

usual definition of machine learning. Because of these inconsistencies in this terminology, we

avoid their usage in this thesis, and instead prefer to describe the entire field as physics-informed

AI and describe specific implementations (such as solving differential equations with machine

learning) explicitly.
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general Legendre equation and the time-independent Schrödinger equation. In part

III, chapter 6, we use AI to predict the chemical potential and temperature of a Bose

gas by using data from simulations.

Machines can learn from existing data from experiments or simulations to make

predictions or decisions—this is supervised learning. Machines can also learn with-

out data so long as the problem is constrained sufficiently well—this is unsupervised

learning. Predictions from machine learning models are compared to the actual out-

comes using a cost metric (also called a loss or objective function), which measures

the accuracy of the predictions. An optimisation algorithm adjusts the parameteri-

sation of the model to minimise this cost metric, iteratively improving the model’s

performance—this is referred to as training. Once trained, the model is often evalu-

ated using separate data to ensure it can generalise well to new, unseen data. Once

tested, the model is ready for rapid inference, enabling it to quickly make (hopefully)

accurate predictions or decisions based on new input data. When learning solutions

to differential equations (in chapters 4 and 5), we do not seek generalisation capabil-

ities of our models; we instead verify that the solutions are physically acceptable by

evaluating, for example, the numerical action.

Physics priors can be incorporated into AI in several ways:

• Model architecture: The underlying architecture of theAI can be designed to

respect physical laws. For instance, Ling, Kurzawski, and Templeton [LKT16]

developed a deep neural network to predict turbulent fluid flows, incorporating

an auxiliary network to ensure invariance to Galilean transformations, which

are expected in classical fluid dynamics. In part III, chapter 4, we use coupled

models to solve systems of differential equations. When solving the time-

independent Schrödinger equation in part III, chapter 5, we simultaneously

obtain the eigenstates and eigenenergies in a dual optimisation scheme.

• Cost function: Physical principles can be embedded in the cost function,

guiding the optimisation process to produce physically meaningful results. We

discuss this further in § 1.2.
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• Training data: Physical data may be present in the training set, sourced from

experimental results or simulations [GDY19; Cra+20]. Training data can also

be augmented [LeC+95b] using transformations like translations, scalings, or

rotations to reflect the known symmetries of the system, thereby avoiding the

need to generate new data.

1.2 Machine learning representations of initial value and

Sturm–Liouville problems

Machine learning representations of initial value problems are found by introduc-

ing physics priors in the cost function and in principle by feeding the model with

some (possibly sparse) training data. The cost function may consist of a weighted

combination of: i) the differential equation (or other equations which constrain the

solution, such as whether the solution should be divergence free [WY23], or any

othermathematical description of the data [RPK19]), ii) the initial conditions (where

appropriate), iii) the boundary conditions (where appropriate), and iv) sparse data

sampled from throughout the problem domain (the training data). Other problem-

specific conditions may also be included in the cost function. Xu, et al. [Xu+20],

solve Fokker–Planck equations by additionally constraining the normalisation of

the solutions (which are probability distributions) in the cost function. The training

data (previously observed or simulated solutions of the differential equation) may

be sparse, as this approach effectively interpolates between data points by enforcing

the constraint given by the differential equation.

Our experiments and the research of Vapnik [Vap95; Vap82] emphasise the im-

portance of choosing the simplest cost function possible to avoid overfitting neural

networks or to avoid failure of training altogether. One may know the differential

equation, initial conditions, Hamiltonian [GDY19], and Lagrangian [Cra+20], but

one should not, in general, include all of these terms in the cost function.

We introduce a framework to solve initial value problems in the strictest sense, that

is without any constraintswhich are not neededmathematically. This is an important

6



1.2 Machine learning representations of initial value and Sturm–Liouville problems

divergence from the literature: we do not include any extraneous regularisation terms

as is common in typical physics-informed neural networks [LLF98; Kar+21; HJE18;

SS18; Lu+21; Xu+20]. We call this the neural initial value problem. The neural

initial value problem is an implementation of Hamilton’s principle through machine

learning methods; for all dynamical problems we consider, the only constraints are

the underlying differential equation(s) and the associated initial conditions. There

is no training data. Our discussion starts with the most minimally conceivable

neural network to describe free particle dynamics—this allows us to set notation

and introduce our neural network representation of initial value problems. We

consider linear approximations of a particle in a gravitational field and in a harmonic

oscillator. We briefly discuss observed deviations from the theoretical results of the

harmonic oscillator. Guided by the need to increase the representational capacity of

our neural networks, we introduce deep learning techniques to find solutions of the

classical pendulum. We introduce coupled neural networks—alongside associated

optimisation routines—using the Hénon–Heiles system [HH64] (akin to three-body

dynamics [BGM98]) as an example. We finally make comments relating themachine

learning trajectories back to Hamilton’s principle—our solutions are eventually

consistent with the principle of stationary action, despite some peculiarities in how

the action evolves during training.

Figure 1.2 shows a black box model for the neural initial value problem. A neural

network is akin to a function machine: by solving an optimisation problem, we learn

the mapping between input data and output data in a way that minimises the cost

function. The inner workings of the neural network are often regarded as a black

box that is seldom opened (even by machine learning practitioners). A secondary

objective of this thesis is to elucidate how machines learn and to open the black box.

We extend the neural initial value problem to consider Sturm–Liouville problems

which additionally require the optimisation of an eigenvalue. We introduce the

neural Sturm–Liouville problem to find the eigenstates and eigenenergies of the

time-independent Schrödinger equation. By allowing for the free optimisation of the

7
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eigenenergy as a parameter in our machine learning model, alongside optimisation

of the eigenstates using the neural initial value problem framework, we are able

to quickly and reliably find physically acceptable states of a particle in a quantum

harmonic oscillator. The implementation successfully obeys the quantisation of

energy in the harmonic oscillator trap. We also use the neural Sturm–Liouville

problem to find the associated Legendre polynomials and, in turn, the spherical

harmonics.

Input: discretised 
temporal domain

Black box: learn the cost function 
minimising mapping between the input 

and the output

Output: solution to the 
di6ferential equation

Figure 1.2: A machine learning model to learn the solution of an initial value prob-

lem. [“Вжух” cat taken from [Mem17].]

1.3 Machine learning in quantum fluids

Machine learning has been applied in the field of quantum fluids for two overarching

purposes: reinforcement learning2 has been used to learn to control experimental

procedures [Wig+16; Tra+18; Nak+19; Bar+20; Dav+20; Ven+22; Mil+23], and

convolutional neural networks (introduced in § 2.7) for classification-type prob-

2Reinforcement learning is like teaching a dog a new trick—the machine learning model acts as

an ‘agent’ (the dog), and learns how to interact with its environment (e.g., how to sit) in order to

maximise some reward (e.g., to earn a treat). Outside of quantum fluids, reinforcement learning

has been used to train computers to play games [Mni+13; Sil+16] and to train robots to complete

real-world tasks [Ope+19; Ha+20], for example. We do not use reinforcement learning techniques

in this thesis; for further reading, see Reinforcement Learning: An Introduction by Sutton and

Barto [SB18].
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lems [Nes+20; Guo+21; Met+21; Kee+23]. Machine learning techniques enable

researchers to automate manual tasks and uncover new physics more efficiently. Let

us briefly outline the key results of these classification-type problems.

Ness, et al. introduce a novel method to simplify the pipeline of absorption

imaging in experiments with ultracold atoms. The method reduces noise levels in

the captured images by inputting a single exposure to the machine learning model

to generate a reference frame, leading to a more accurate extraction of physical

observables.

Guo, et al. introduce a machine learning model which can identify the presence

and, if appropriate, the location of dark solitons. Human-labelled atomic density

profiles produced in an experiment are passed through a convolutional neural net-

work during the training procedure. Testing the trained model to determine whether

a soliton was present or not gave an accuracy of around 87%. If solitons are predicted,

a least-squares fit is performed to determine their location (so this is not predicted

by the model, but is instead performed in the post-processing of the test data).

Metz, et al. describe a machine learning model used to identify the locations

of vortices in atomic density samples. Using the density or density and phase

information, one can accurately detect the locations of vortices (or anti-vortices if

phase information is available). This machine learning model is already being used

to automate an otherwise laborious, manual task in work by Kim, et al., [Kim+22]

and Rabga, et al., [Rab+23].

Keepfer, et al. introduce a machine learning approach for the 3D reconstruction of

superfluid vortex filaments, which is critical in understanding quantum turbulence.

This work achieves accurate topological reconstructions from two-dimensional inte-

grated density profiles using convolutional neural networks trained on simulated

atomic density images of a Bose–Einstein condensate. This study may enable pre-

cise analysis and validation of theoretical predictions in the turbulent dynamics of

superfluid vortices.
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Input: 2D (possibly 
column-integrated) 

atomic density pro9:les

Black box: learn the cost function 
minimising mapping between the input 

and the output

Output: prediction of 
the chemical potential 
and temperature

Figure 1.3: A machine learning model to predict the chemical potential and temper-

ature of a Bose gas with a thermal component. [“Вжух” cat taken from

[Mem17].]

A current bottleneck in our field’s interplay of computational and experimental

physics is the identification of the chemical potential and temperature of a Bose

gas, necessary for all numerical schemes describing finite temperature gases. Ex-

perimentalists rarely need accurate knowledge of these parameters, and they are

cumbersome to determine: there is no single formula for the chemical potential (it

must be calculated for all geometries of the gas) and measuring the temperature

requires experimentalists to destroy their gas during a time-of-flight expansion. We

introduce a convolutional neural network which can accurately predict the chem-

ical potential and temperature of thermalised or near-thermalised Bose gases in

harmonic and toroidal geometries, given only a two-dimensional atomic density

profile (which may be column-integrated). Our model predicts these parameters

within fractions of a second, and could be used to give real-time predictions of these

parameters in experimental setups. Figure 1.3 shows a black box neural network for

our machine learning model.
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Introductions
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2

MACHINE LEARNING

P
hysicists are well-trained to understand the mathematics of deep learning

algorithms, for they are nothing more than an interplay of linear algebra,

multivariate calculus, and elementary statistics. For most machine learn-

ing practitioners, only knowledge of basic programming (e.g., in Python, Julia or

Swift) is required—all of the algorithms to develop a machine learning model are

available as high-level abstractions in libraries such as PyTorch [Pas+19], Tensorflow

[Mar+15] (Python libraries), Flux [Inn18] (a Julia library) and Core ML [App24] (a

Swift library).

This thesis is guided by the application of machine learning to solve initial value,

boundary value, and Sturm–Liouville problems in classical and quantum physics,

and to predict thermodynamical parameters of Bose gases. In the early stages of our

research into solving initial value problems with machine learning, we discovered

many deviations between theoretically sound hypotheses and the results obtained

through our modelling. This motivated the development of a consistent nomencla-

ture to aid our understanding of machine learning algorithms, particularly as they

apply to solving initial value problems in their strictest sense. In this chapter, we

elucidate how machines learn and uncover the black box using our nomenclature.

There are two presentations of neural networks in this thesis, both starting from

modelling linear relationships. In this chapter, we present a treatment of a simple

neural network from its initialisation to a trained model ready for deployment. We

additionally introduce the following new contributions to the field: probabilistic ac-

tivation functions in § 2.2.5, the coupled neural network in § 2.6, and new activation

13
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functions for complex-valued neural networks in § 2.8. We derive these results from

first principles by starting with linear regression, a staple of the physicist’s toolkit.

In part III, chapter 4, we motivate the need for machine learning and deep learning

through several examples from classical mechanics.

2.1 Linear regression as a neural network

Output
Layer 1, index j

D
at

a 
flo

w

Input
Layer 0, index k

Figure 2.1: A network graph (the ‘neural network’) illustrates a linear regression

model, serving as a geometric interpretation of a hyperplane in feature

space. The circles, or neurons, represent either the inputs 𝑦0𝑘 ∈ ℝ or the

output 𝑦11 ∈ ℝ. Data flows from bottom to top.

Linear regression can be described using notation and terminology from graph the-

ory. Figure 2.1 shows a graph with two layers: an input layer (layer ℓ = 0) represents

the 𝑛 independent variables 𝑦ℓ=0𝑘 (in machine learning, the independent variables

are also known as features) and an output layer (layer ℓ = 1) which represents the

dependent variable 𝑦ℓ=1𝑗=1 . Every independent variable is represented by a node in

the input layer of the network graph. The dependent variable is also represented by

a node in the output layer of the network graph. The linear relationship between

the dependent and independent variables are visualised as a hyperplane in the 𝑛-

dimensional feature space.1 Some features are more important than others, so we

weight each feature. We denote each weight by 𝑤ℓ
𝑗𝑘, which is the weight from a

neuron 𝑘 in layer ℓ − 1 to a neuron 𝑗 in layer ℓ; this notation adds a directionality

to the graph, where data flows from layer ℓ − 1 to layer ℓ. Figure 2.3 demonstrates

this notation for a deep neural network, which we will introduce in § 2.2. In order

to translate the hyperplane up and down, we apply a bias, 𝑏ℓ=1𝑗=1 , to the neuron in

1A hyperplane is essentially an 𝑛 − 1 dimensional subspace, generalising the concept of a line in

2D and a plane in 3D to an 𝑛-dimensional setting.
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2.1 Linear regression as a neural network

the output layer. In machine learning, this graph is referred to as a neural network.

A neural network is a weighted, directed graph composed of nodes connected by

edges, where each node is referred to as a neuron. The neuron in the output layer

computes the dependent variable

𝑦11 = 𝑤1
11𝑦01 + 𝑤1

12𝑦02 +⋯+𝑤1
1𝑛𝑦0𝑛 + 𝑏11 =

𝑛
∑
𝑘=1

𝑤1
1𝑘𝑦

0
𝑘 + 𝑏11, (2.1)

where {𝑤1
1𝑘} constitutes a set of 𝑛 weights that also serve as the normal vector

to the hyperplane, and 𝑏11 is a bias (or offset) that translates the hyperplane along

this normal vector. In a neural network, these weights and (possibly many) biases,

collectively denoted as 𝜃𝜃𝜃, are referred to as the network parameters.

To quantify the efficacy of the prediction in equation (2.1) we compute the half-

square error for each observation, 𝑖, passed through our regression. Since this metric

is valid not just for the linear regression, we will drop all indices and denote ̂𝑦𝑖 as the

predicted value of the 𝑖th observation and 𝑦𝑖 as its expected value. The half-square

error is

𝒸𝑖(𝜃𝜃𝜃) =
1
2( ̂𝑦𝑖 − 𝑦𝑖)2. (2.2)

Assuming 𝑁 total observations, we generalise this to an average measure over all

observations using the mean square error,

𝒞(𝜃𝜃𝜃) = 1
𝑁

𝑁
∑
𝑖=1

𝒸𝑖(𝜃𝜃𝜃) =
1
𝑁

𝑁
∑
𝑖=1

1
2( ̂𝑦𝑖 − 𝑦𝑖)2. (2.3)

The mean square error is an example of a cost function—a comparative metric

between the expected solution and the predicted solution by the neural network.2

The optimisation task is then to find the hyperplane, defined by parameters 𝜃𝜃𝜃, that

minimises the cost function 𝒞.

2In the literature, the cost function may also be referred to as a loss or objective function. The loss

function may also use the notation ℒ, which we have decided not to use to avoid confusion with

a discussion of Hamilton’s principle in part III, chapter 4. We will always use the notation 𝒞 and

we will always talk about a cost function.
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2.2 Building a deep neural network

2.2.1 Nomenclature

Input
Layer 0

Output
Layer L

Hidden layer
Layer l, index j

Hidden layer
Layer l – 1, index k

D
at

a 
flo

w

Figure 2.2: A fully connected and feedforward deep neural network is shown. In-

formation flows from bottom to top. Every connection between every

neuron is associated with a weight. Every neuron (except the input layer)

has an associated bias, shifting its value up and down. The weights be-

tween every layer are a matrix, and the biases for every neuron in a layer

are a vector. The input and output layers in this figure show only one

neuron, but in general there could be many, representing for example

pixels of an image or data points.

Real-world data is often non-linear, such as those in image recognition and classi-

fication, natural language processing, and in many physical phenomena. There is

a need to increase the representational capacity of the neural network to describe

non-linear phenomena, which a linear regression would obviously be unable to

model. This is achieved by adding intermediate layers between the input and the

output, and by applying a non-linear function, 𝒜(𝑥), to each non-input neuron.3

In machine learning, the non-linear functions are called activation functions. With

this improved representational capacity, our models can now learn to identify and

represent complex patterns and relationships within the data. This is deep learning;

Figure 2.2 shows a deep neural network.

3Taking successive linear layers is equivalent to just one linear operation—everything collapses into

a linear model such that no non-linear problem can be learnt.
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w31
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Layer 5

Layer 4
D

at
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Figure 2.3: Two layers of a fully connected and feedforward neural network. Data

flows from bottom to top. A connection between the first neuron of the

fourth layer and the third neuron of the fifth layer is highlighted (purple,

thick line). This connection has a weight 𝑤ℓ
𝑗𝑘 = 𝑤5

31. In layer ℓ, weights
are directed to 𝑗 from 𝑘.

Assume that the deep neural network has 𝐿 layers (where the input layer is ℓ = 0).

For an arbitrary layer ℓ in the network, let 𝑛ℓ be the number of neurons in that layer,

and 𝑛ℓ−1 be the number of neurons in the (ℓ − 1)th layer. The number of neurons

in a given layer is referred to as the width of that layer. The number of layers in a

neural network is the depth of the network (hence, deep learning).

A fully connected neural network is a network where all 𝑛ℓ−1 neurons in layer

ℓ − 1 are input into all 𝑛ℓ neurons in layer ℓ (this is analogous to a sequence of

complete bipartite graphs). A feedforward neural network is a network where data

moves only in one direction without any loops or recurrent connections (this is

analogous to a directed acyclic graph). Unless otherwise stated, all networks that

we consider in this thesis are fully connected and feedforward.

Let the 𝑘th neuron from the (ℓ − 1)th layer have an output value of 𝑦ℓ−1𝑘 and let

the 𝑗th neuron from the ℓth layer have an output value of 𝑦ℓ𝑗 . Let 𝑤
ℓ
𝑗𝑘 be the weight

from the 𝑘th neuron in the (ℓ − 1)th layer to the 𝑗th neuron in the ℓth layer. The

order of the 𝑘 and 𝑗 indices may not appear to be a natural choice; such ordering is

important for clarity in the discussion of optimisation algorithms in § 2.5. Figure

2.3 shows the notation for a weight between two layers of a neural network.
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2.2.2 Output of a neuron

Using this notation, the output, 𝑦ℓ𝑗 , of the 𝑗th neuron in the ℓth layer is

𝑧ℓ𝑗 =
𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 + 𝑏ℓ𝑗 , (2.4a)

𝑦ℓ𝑗 = 𝒜(𝑧ℓ𝑗 ), (2.4b)

where equation (2.4a) is akin to a linear regression and equation (2.4b) is referred to

as the activation or output of a neuron in the deep neural network.

2.2.3 Hidden layers

The layers in between the input and the output are called hidden layers. The hidden

layers are used to learn a mapping between the input and the output. Unlike the

input and output layers, which have clear meanings related to the data and the task,

the activations of hidden neurons don’t necessarily correspond to easily interpretable

concepts. Hidden layers often involve high-dimensional spaces and complex non-

linear transformations—there is no clear semantic meaning of the hidden layers.

The number of hidden layers and the number of neurons in each layer are two

examples of hyperparameters—parameters which describe the network architecture.

There is no way to know a priori what the values of such hyperparameters should

be, and these should be fine-tuned during the training of machine learning models.

2.2.4 Activation functions

Activation functions are introduced between layers in order to obey the universal ap-

proximation theorem [HSW89; Pin99; Les+93]—a statement that a possibly infinitely

wide neural network trained for possibly infinite time can represent any continuous

function so long as non-linear activation functions are used.4 Examples of activation

functions in the real domain are 𝒜(𝑥) = tanh(𝑥), the sigmoid, 𝒜(𝑥) = (1 + e−𝑥)−1,
4The universal approximation theorems do not tell us how to find the optimal weights and biases,

only that they exist.
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and𝒜(𝑥) = ReLU(𝑥) = max(0, 𝑥) [Fuk69]. The hyperbolic tangent is just a rescaled

sigmoid function, tanh(𝑥) = 2𝜎(2𝑥) − 1.

In general, it is not obvious a priori which activation function to choose for ma-

chine learning modelling. An activation function suitable for one problem is not

necessarily suitable for a different problem, as a consequence of the No Free Lunch

theorem [WM97].

As a historical note, it was once accepted that activation functions should be

bounded (e.g., akin to a sigmoid or hyperbolic tangent function)—we stress that this

is no longer a requirement. Bounded functions often run into issues with saturation

near their asymptotes. Optimisation algorithms in machine learning rely on taking

the gradient of a cost function with respect to the network parameters in order

to descend through the cost landscape. These gradients become approximately

zero in large regions of the parameter space, and learning becomes difficult (the

optimisation algorithms may get stuck far from the global minimum).

2.2.5 Probabilistic activation functions

Model averaging

Neural networks exhibit run-to-run variation—different initialisation of the network

parameters and stochastic descent through the (possibly vast) parameter space

mean that each neural network will return a different output compared to another

instance of a neural network with the same architecture, cost function, inputs and

hyperparameters. Itmay be the case that some runs fail to learn themapping between

the input and output, whilst others learn a more accurate mapping. It has been

noted extensively [Bre96; Die00; HS90; KV94; OM99] that performing an average

(either an arithmetic or geometric mean) of many neural networks produces a more

accurate model than any individual neural network.

Model averaging may be heuristically achieved using an algorithm called dropout,

which we will describe now.

19



Machine learning

Dropout

Consider the output of the 𝑗th neuron in the ℓth layer, given in equations (2.4a)

and (2.4b). Dropout, introduced by Srivastava et al. [Sri+14], is an algorithm which

removes neurons with probability 𝑝 and preserves neurons with probability 1 − 𝑝 at

the start of each epoch (which is a Bernoulli trial). With dropout, the architecture in

equations (2.4a) and (2.4b) become

𝑟ℓ−1𝑘 ∼ Bernoulli(𝑝), (2.5a)

̃𝑦ℓ−1𝑘 = 𝑟ℓ−1𝑘 ⋅ 𝑦ℓ−1𝑘 , (2.5b)

𝑧ℓ𝑗 =
𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘 ̃𝑦ℓ−1𝑘 + 𝑏ℓ𝑗 , (2.5c)

𝑦ℓ𝑗 = 𝒜(𝑧ℓ𝑗 ). (2.5d)

Figure 2.4 shows a feedforward neural network with and without dropout. These

configurations are called subnetworks since they are a subset of the larger network.

Neurons in any layer except the output layer can be involved in the dropout

algorithm. For smaller networks, it may be the case that there are no connections

between the input and output layer, but this is vanishingly unlikely to be the case

for most neural networks (including those in this thesis).

Dropout prevents overfitting (the prevention of overfitting is referred to as regu-

larisation), and also approximately averages the output of many neural networks.

Dropout is performed at the start of each epoch. It is possible to perform a type

of dropout at activation time via a class of activation functions which we call prob-

abilistic activation functions, extending work by Hendrycks and Gimpel [HG23].

Probabilistic activation functions are in general not a replacement for the dropout

algorithm but rather offer comparable results. For learning smooth functions such

as solutions to differential equations, probabilistic activation functions are required.

For classification problems, dropout is sufficient (and uses less compute time).
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2.2 Building a deep neural network

(a) (b)

Figure 2.4: (a) A fully connected, feedforward neural network without dropped

neurons and (b) the same neural network with dropped neurons (dark

grey) and the remaining connections. The neurons which are dropped

are stochastically chosen at each epoch.

Dropout and model averaging with probabilistic activation

functions

We define the probabilistic activation function

𝒜(𝑥) = 𝑥𝜙(𝑥) = 𝑥∫
𝑥

−∞
d𝑥′ 𝑝(𝑥′), (2.6)

where 𝑝(𝑥) is a probability distribution supported on the domain 𝑥 ∈ (−∞,∞) and

the integral defines its cumulative distribution function 𝜙(𝑥).5

Although not smooth or differentiable, it is insightful to consider the Dirac delta

distribution, 𝑝(𝑥) = 𝛿(𝑥). The associated cumulative distribution function is the

Heaviside step function,

𝜙(𝑥) = ∫
𝑥

−∞
d𝑥′ 𝛿(𝑥′) = Θ(𝑥), (2.7)

5Probability distributionswith support only on the domain𝑥 ∈ (0,∞) are not conducive to learning,
possibly due to the lack of symmetry. It is our empirical observation that some distributions

which are not perfectly symmetric about the origin — such as that used in Mish (see Eq. (2.14c))

— are still conducive to learning.

21



Machine learning

which leads to the standard (and also non-differentiable) ReLU activation function

ReLU(𝑥) = 𝑥Θ(𝑥) = max(0, 𝑥). (2.8)

The effect is therefore comparable to a form of dropout; if 𝑥 is viewed as a random

variable, then neurons are either preserved or dropped, with probability 0.5.

More generally, the cumulative distribution function 𝜙(𝑥) for a continuous, differ-

entiable distribution function 𝑝(𝑥) will interpolate smoothly between being close

to 0 over much of the initial part of its range, and close to 1 over the latter part of

its range. Note also that if 𝜙(𝑥) is the probability for the outcome of a Bernoulli

trial to be = 1, it is also the expectation value for the Bernoulli trial. Hence, a

probabilistic activation function 𝒜(𝑥) = 𝑥𝜙(𝑥) scales all neuron outputs by the

expectation value of a Bernoulli trial, effectively providing something resembling a

smooth implementation of dropout and a form of model averaging.

In this way one can derive the Gaussian error linear unit (GELU) activation

function [HG23]

𝑝(𝑥) = 1
𝜌√2𝜋

exp(−12
𝑥2

𝜌2 ), (2.9a)

𝜙(𝑥) = ∫
𝑥

−∞
d𝑥′ 1

𝜌√2𝜋
exp(−12

𝑥′2

𝜌2 ) =
1
2[1 + erf ( 𝑥

𝜌√2
)] (2.9b)

𝒜(𝑥) = GELU(𝑥) = 𝑥 ⋅ 12[1 + erf ( 𝑥
𝜌√2

)]. (2.9c)

An activation functionwe have found in this work to be very useful we call SechLU:

𝑝(𝑥) = 1
2𝜌sech

2(𝑥𝜌) (2.10a)

𝜙(𝑥) = ∫
𝑥

−∞
d𝑥′ 12𝜌sech

2(𝑥
′

𝜌 ) =
1

1 + exp(−2𝑥/𝜌)
(2.10b)

𝒜(𝑥) = SechLU(𝑥) = 𝑥
1 + exp(−2𝑥/𝜌)

. (2.10c)
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2.2 Building a deep neural network

Since 𝜌 is an adjustable parameter, we can look at the limiting behaviour of SechLU

as 𝜌 → 0. The limit approaches 0 from ±∞—it is double-sided. The two limits are

lim
𝜌→0−

SechLU(𝑥) = lim
𝜌→0−

𝑥
1 + exp(−2𝑥/𝜌)

= 0∀𝑥 < 0, (2.11a)

lim
𝜌→0+

SechLU(𝑥) = lim
𝜌→0+

𝑥
1 + exp(−2𝑥/𝜌)

= 𝑥∀𝑥 > 0, (2.11b)

which is exactly equivalent to the rectifying linear unit activation function 𝒜(𝑥) =

ReLU(𝑥) = max(0, 𝑥).

Starting with a Cauchy (Lorentzian) distribution, we can similarly obtain an

activation function we call CauchyLU:

𝑝(𝑥) = 1
𝜋𝜌(1 +

𝑥2

𝜌2 )
−1

, (2.12a)

𝜙(𝑥) = ∫
𝑥

−∞
d𝑥′ 1

𝜋𝜌(1 +
𝑥′2

𝜌2 )
−1

= 1
𝜋 arctan(𝑥𝜌) +

1
2 (2.12b)

𝒜(𝑥) = CauchyLU(𝑥) = 𝑥
2[1 +

2
𝜋 arctan(𝑥𝜌)]. (2.12c)

Noting it is not everywhere differentiable, we can obtain an activation function

which we call LaplaceLU:

𝑝(𝑥) = 1
2𝜌exp(−

|𝑥|
𝜌 ) (2.13a)

𝜙(𝑥) = ∫
𝑥

−∞
d𝑥′ 12𝜌exp(−

|𝑥′|
𝜌 ) =

⎧

⎨
⎩

1
2
exp(𝑥

𝜌
) if 𝑥 < 0

1 − 1
2
exp(−𝑥

𝜌
) if 𝑥 ≥ 0

= 1
2 +

1
2 sgn(𝑥)[1 − exp(−

|𝑥|
𝜌 )] (2.13b)

𝒜(𝑥) = LaplaceLU(𝑥) = 𝑥
2{1 + sgn(𝑥)[1 − exp(−

|𝑥|
𝜌 )]}. (2.13c)
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Finally, the Mish activation function, introduced by Misra in 2019 [Mis20], can

also be derived from a (somewhat unusual) probability distribution.

𝑝(𝑥) = 1
𝜌 sech

2(ln||1 + e𝑥/𝜌||)
e𝑥/𝜌

1 + e𝑥/𝜌
, (2.14a)

𝜙(𝑥) = ∫
𝑥

−∞
d𝑥′ 1𝜌sech

2[ln||1 + e𝑥
′/𝜌||]

e𝑥
′/𝜌

1 + e𝑥′/𝜌
= tanh[ln||1 + e𝑥/𝜌||], (2.14b)

𝒜(𝑥) = Mish(𝑥) = 𝑥 tanh(ln||1 + e𝑥/𝜌||) . (2.14c)

The probability distributions, cumulative distributions, activation functions and

their derivatives are shown in Figure 2.5.

In all cases, the width parameter 𝜌may be learnt as an additional hyperparameter

by following the same initialisation and optimisation routines as for the weights

and biases. We observe faster and more reliable convergence to appropriate physical

solutions if we treat 𝜌 as a free parameter.
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Figure 2.5: A selection of probabilistic activation functions: the ReLU (equation

(2.8)), GELU (equation (2.9c)), SechLU (equation (2.10c)), CauchyLU

(equation (2.12c)), LaplaceLU (equation (2.13c)) and Mish (equation

(2.14c)). All figures use either the variance or scaling parameter 𝜌 = 1
(even if this is not the most optimal value). The first column is the

probability distribution 𝑝(𝑥). The second column is the cumulative dis-

tribution 𝜙(𝑥) = ∫𝑥
−∞ d𝑥′𝑝(𝑥′). The third column is the probabilistic

activation function 𝒜(𝑥) = 𝑥𝜙(𝑥). The fourth column is the derivative

of the activation function 𝒜′(𝑥). The functions, with the exception of

ReLU, are plotted on common axes to see clearly the relative magnitude

and curvature of the functions.
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2.3 Initialising a neural network

Before any training or learning takes place, the weights and the biases in the neural

network are initialised. This is not a ‘best guess’ at the solution. The parameter

initialisation should not be too large (to avoid diverging values of the gradients)

nor too small (to avoid slow training). A standard initialisation algorithm is Xavier

initialisation [GB10], which defines a distribution fromwhich the weights and biases

are drawn from.

Initialisation with constant parameters

This is what not to do.

Consider an arbitrary feedforward, fully connected neural network. Let us assume

that the network parameters are all initialised to some constant parameter, 𝜀. If

𝜀 = 0, and we have an activation function where 𝒜0 = 0 (e.g., ReLU or tanh), then

𝑦ℓ𝑗 = 𝒜(𝑧ℓ𝑗 ) = 𝒜(
𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 + 𝑏ℓ𝑗 ) = 𝒜(

𝑛ℓ−1
∑
𝑘=1

0 ⋅ 𝑦ℓ−1𝑘 + 0) = 𝒜0 = 0, (2.15)

i.e., all neuron outputs will always be zero.

In § 2.5, we will introduce the optimisation procedures in a neural network—the

central idea is to determine the quantities

𝜕𝒞
𝜕𝑤ℓ

𝑗𝑘
and

𝜕𝒞
𝜕𝑏ℓ𝑗

, (2.16)

which is, broadly speaking, the magnitude of howmuch we should descend through

the parameter space to reach a global minimum. The calculation of equation (2.16)

is by the chain rule. For the weights,

𝜕𝒞
𝜕𝑤ℓ

𝑗𝑘
= 𝜕𝒞
𝜕𝑦ℓ𝑗

𝜕𝑦ℓ𝑗
𝜕𝑧ℓ𝑗

𝜕𝑧ℓ𝑗
𝜕𝑤ℓ

𝑗𝑘
, (2.17)
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2.3 Initialising a neural network

where the biases follow similarly. Without making comments about the other terms

in the chain rule, we can immediately note from equation (2.15) that under the

assumption that the weights and biases are initialised to the same value,

𝜕𝑧ℓ𝑗
𝜕𝑤ℓ

𝑗𝑘
= 0, (2.18)

since all neuron outputs are zero—this informs the optimisation algorithm that no

step should be taken through the parameter space! If we had an activation function

where 𝒜0 ≠ 0 (e.g., sigmoid or GELU), then the weight updates would all have the

same non-zero magnitude, so every parameter carries the same importance in the

network (which is not true in general—some parameters are more important than

others). In either case, no learning can take place. Indeed, by corollary, if 𝜀 was any

constant parameter, then no learning would take place (either because the required

change in the weight or bias would be the same or zero for every parameter in the

network).

Neural networks do not learn from highly symmetric initialisation schemes. We

must break the symmetry in the initialisation procedure, and we can do this by

sampling from an underlying probability distribution such as a uniform (rectangular)

distribution, 𝑈(−𝜀, 𝜀), or a normal distribution,𝒩(0, 𝜀2). The values of 𝜀must be

chosen carefully depending on the number of neurons in a layer and the activation

function used in that layer of the network.

Generalised Xavier Initialisation

In their original derivation, Glorot and Bengio [GB10] derive an initialisation scheme

assuming that hyperbolic tangent functions are used throughout the network. In this

section, we derive a generalised approach for any differentiable activation function.

Let us ignore any bias terms to simplify the mathematics without loss of generality;

the biases are, in any case, drawn from the same distribution as the weights. Assume

that the weights distribution has zero mean and variance 𝜎2. Assume further that
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the inputs 𝑦ℓ−1𝑘 are distributed with zero mean and variance 𝜌2 (where, in general,

𝜎2 ≠ 𝜌2).

If the parameters are not initialised with zero mean, then there will be undesirable

and erratic zig-zagging through the parameter space during optimisation—it may

cause overshooting of theminima. If the parameters are not initialised with constant

variance, i.e., Var(𝑦ℓ−1𝑘 ) ≉ Var(𝑦ℓ𝑗 ), then the values of the outputs of a layer will

decrease exponentially (vanish) or increase exponentially (explode) as youmove from

bottom to top through the network. The presence of either exploding or vanishing

gradients means that the network will be difficult or impossible to train.

Early on in the training, values of 𝑧ℓ𝑗 are small [GB10]. Assuming differentiability,

many activation functions (such as sigmoid, tanh, and the probabilistic activation

functions introduced in § 2.2.5) behave linearly to first order by their Maclaurin

expansion,

𝑦ℓ𝑗 = 𝒜(𝑧ℓ𝑗 ) ≈ 𝒜(0) + 𝒜′(0)𝑧ℓ𝑗 . (2.19)

where 𝒜(0) ≡ 𝒜0 and 𝒜′(0) ≡ 𝒜′
0.

The mean of the inputs is, under the approximation in equation (2.19),

𝔼(𝑦ℓ𝑗 ) = 𝔼[𝒜(
𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 )]

≈ 𝔼[𝒜0 +𝒜′
0

𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 ].

(2.20)

Since the expectation operator is linear, it can be moved into the summation

𝔼(𝑦ℓ𝑗 ) ≈ 𝒜0 +𝒜′
0

𝑛ℓ−1
∑
𝑘=1

𝔼[𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 ]. (2.21)
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Assuming that 𝑤ℓ
𝑗𝑘 and 𝑦

ℓ−1
𝑘 are independent random variables, one can note that

the expected value of a product of independent random variables is the product of

the expectation values of those variables

𝔼(𝑦ℓ𝑗 ) ≈ 𝒜0 +𝒜′
0

𝑛ℓ−1
∑
𝑘=1

𝔼[𝑤ℓ
𝑗𝑘]𝔼[𝑦

ℓ−1
𝑘 ]. (2.22)

Since we originally assumed that the distribution from which the weights are drawn

and the distribution of the neuron inputs have zero mean, we immediately note that,

∀𝑦ℓ𝑗 ,

𝔼(𝑦ℓ𝑗 ) ≈ 𝒜0. (2.23)

The variance is

Var[𝑦ℓ𝑗 ] = 𝔼[(𝑦ℓ𝑗 )2] − (𝔼[𝑦ℓ𝑗 ])
2

(2.24)

≈ 𝔼[(𝒜0 +𝒜′
0

𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 )

2

] − 𝒜2
0 (2.25)

= 𝔼[𝒜2
0 + 2𝒜0𝒜′

0

𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 + (𝒜′

0

𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 )

2

] − 𝒜2
0 (2.26)

= 𝔼[𝒜2
0 + 2𝒜0𝒜′

0

𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 + (𝒜′

0)
2(

𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 )

2

] − 𝒜2
0 (2.27)

= 𝒜2
0 + 2𝒜0𝒜′

0

𝑛ℓ−1
∑
𝑘=1

𝔼[𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 ] + 𝔼[(𝒜′

0)2(
𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 )

2

] − 𝒜2
0, (2.28)

where in the last line we can again use the assumption that the mean of the neu-

ron outputs is zero and that the weights and the outputs are independent. Since
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(∑𝑖 𝑎𝑖)
2 = ∑𝑖 𝑎

2
𝑖 + 2∑𝑖<𝑗 𝑎𝑖𝑎𝑗, care should be taken with the square of the summa-

tion. It follows that

Var[𝑦ℓ𝑗 ] = 𝒜2
0 + (𝒜′

0)2𝔼[
𝑛ℓ−1
∑
𝑘=1

(𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 )2] (2.29)

+ 2(𝒜′
0)2

𝑛ℓ−1
∑
𝑘=1
𝑘≠𝑘′

𝔼[𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 𝑤ℓ

𝑗𝑘′𝑦
ℓ−1
𝑘′ ] − 𝒜2

0 (2.30)

= 𝒜2
0 + (𝒜′

0)2
𝑛ℓ−1
∑
𝑘=1

𝔼[(𝑤ℓ
𝑗𝑘)2]𝔼[(𝑦

ℓ−1
𝑘 )2] (2.31)

+ 2(𝒜′
0)2

𝑛ℓ−1
∑
𝑘=1
𝑘≠𝑘′

𝔼[𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 𝑤ℓ

𝑗𝑘′𝑦
ℓ−1
𝑘′ ] − 𝒜2

0. (2.32)

Due to the aforementioned independence and zero mean assumptions, the cross-

summation term is zero. The variance therefore simplifies further

Var[𝑦ℓ𝑗 ] = 𝒜2
0 + (𝒜′

0)2𝑛ℓ−1𝜎2𝜌2 −𝒜2
0 (2.33)

= (𝒜′
0)2𝑛ℓ−1𝜎2𝜌2. (2.34)

Note that the variance must be the same from layer to layer, i.e., (𝒜′
0)
2𝑛ℓ−1𝜎2 = 1

and, additionally, (𝒜′
0)
2𝑛ℓ𝜎2 = 1 (noting that, in general, 𝑛ℓ−1 ≠ 𝑛ℓ). Both of these

conditions are satisfied by considering the average of 𝑛ℓ−1 and 𝑛ℓ,

1
2[(𝒜

′
0)
2𝑛ℓ−1 + (𝒜′

0)
2𝑛ℓ]𝜎2 = 1 ⟹ 𝜎2 = 2

(𝒜′
0)
2(𝑛ℓ−1 + 𝑛ℓ)

. (2.35)

Generalised Xavier initialisation uses a uniform (rectangular) distribution over the

interval [−𝑎, 𝑎]. We wish to find a formula for the uniform distribution in terms of

the number of neurons in each layer. In order to find the variance of this distribution,

one can use the moment generating functions of the uniform distribution to find

the square of the mean values

[𝔼(𝑥)]2 = [ 12𝑎 ∫
𝑎

−𝑎
𝑥 d𝑥]

2

= 0, (2.36)
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and the mean of the squared values

𝔼(𝑥2) = 1
2𝑎 ∫

𝑎

−𝑎
𝑥2 d𝑥 = 𝑎3

3 . (2.37)

The variance of the uniform distribution is

𝜎2 = 𝔼(𝑥2) − [𝔼(𝑥)]2 = 𝑎3
3 . (2.38)

Equating equation (2.35) with equation (2.38) gives the values of the support of the

distribution in terms of the number of neurons in each layer

𝑤ℓ
𝑗𝑘 ∼ 𝑈(−

√
6

(𝒜′
0)
2(𝑛ℓ−1 + 𝑛ℓ)

, +
√

6
(𝒜′

0)
2(𝑛ℓ−1 + 𝑛ℓ)

). (2.39)

For tanh(𝑥), the scaling factor 𝒜′
0 = 1. For any probabilistic activation function, the

scaling factor 𝒜′
0 = 𝜙(0). If the underlying probability distribution is symmetric,

then 𝒜′
0 = 1/2.

Note that the initialisation we employ for linear layers (where equation (2.39)

would be undefined since 𝒜′
0 = 0) is the Kaiming scheme, where one samples from

an unscaled uniform distribution [He+15]:

𝑤ℓ
𝑗𝑘 ∼ 𝑈(−

√
1
𝑛ℓ
,
√

1
𝑛ℓ
). (2.40)

The benefits of choosing either a Gaussian (normal) distribution or a uniform

distribution have yet to be studied extensively. The scaling and range of the distribu-

tions are, however, important for the outcome of the optimisation procedure and for

the model’s ability to generalise [GBC16].
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Figure 2.6: Left: the mean square error (MSE) and mean absolute error (MAE) for

various values of the error. Right: the Huber loss (top) and the Smooth

L1 Loss (bottom) for various values of 𝛿. For the Huber loss, the values of
𝛿 are decreasing from top to bottom. For the Smooth L1 Loss, the values

of 𝛿 are increasing from top to bottom due to the division by 𝛿.

2.4 Cost functions

Cost functions are a metric used to evaluate the performance of a machine learning

model against some criteria, such as how well it classifies data that is input to it. We

have already met the mean square error when discussing linear regression in § 2.1.

The mean square error is smooth and differentiable everywhere, which makes it

ideal for the gradient-based nature of the learning algorithms. Its quadratic nature

penalises large errors more than smaller ones but can also cause the model to focus

too extensively on outliers during training. In order to treat outliers more effectively,

one may wish to treat them the same as any other data point. The mean absolute

error measures the average of the absolute errors

𝒞MAE(𝜃𝜃𝜃) =
1
𝑛

𝑛
∑
𝑖=1

|𝑦𝑖𝜃𝜃𝜃 − 𝑦𝑖|. (2.41)

The mean absolute error is not differentiable at zero.
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A combination of the mean square error and mean absolute error—known as

the Huber loss [Hub64]—is sometimes used to treat outliers more effectively like

a mean absolute error and penalise large errors like a mean-square error. It also

removes the differentiability at zero issues. The Huber loss is defined as

𝒞Huber(𝜃𝜃𝜃) =
⎧

⎨
⎩

1
2
(𝑦𝑖𝜃𝜃𝜃 − 𝑦𝑖)2 for |𝑦𝑖𝜃𝜃𝜃 − 𝑦𝑖| ≤ 𝛿,

𝛿|𝑦𝑖𝜃𝜃𝜃 − 𝑦𝑖| − 1
2
𝛿2 otherwise,

(2.42)

where 𝛿 is an adjustable hyperparameter.

One can also define the smooth L1 loss6 as

𝒞SmoothL1(𝜃𝜃𝜃) =
1
𝛿𝒞Huber(𝜃

𝜃𝜃). (2.43)

When 𝛿 → 0, 𝒞SmoothL1(𝜃𝜃𝜃) → 𝒞MAE(𝜃𝜃𝜃), whereas 𝒞Huber(𝜃𝜃𝜃) → 0. When 𝛿 → ∞,

𝒞SmoothL1(𝜃𝜃𝜃) → 0, whereas 𝒞Huber(𝜃𝜃𝜃) → 𝒞MSE(𝜃𝜃𝜃).

The mean square error, mean absolute error, and Huber loss are shown in Figure

2.6. The smooth L1 loss has also been demonstrated in some machine learning

models to prevent exploding gradients [Gir15].

A cost function may also be a sum of many terms (depending on your prior

knowledge of the problem), although we stress through our own experiments and

through earlier research of Vapnik [Vap95; Vap82], the principle of parsimony

should guide cost function design, avoiding unnecessary complexity that may lead

to overfitting or hinder training.

2.5 Learning from a deep neural network

The machine learning problem is to find the set of weights and biases which provide

a cost function minimising mapping between whatever data is input and the desired

output. The state of the art optimisation algorithm (which we also use throughout

6We have not made this unimportant distinction in notation: the ‘L1’ loss is sometimes referred to

as the mean absolute error, and the ‘L2’ loss is sometimes referred to as the mean square error.
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this thesis) is the adaptive moment estimation or Adam optimisation algorithm

[KB17], which we will derive now. The Adam algorithm is the descendant of other

optimisation algorithms that have emerged over the last few decades. We will follow

Adam’s lineage, starting with gradient descent, before arriving at the equations for

its implementation.

Equation (2.4b) states that the output of the neural network is explicitly dependent

upon the weights, biases and values of neurons in the previous layer (the weighted,

shifted sum of these are passed through a non-linearity such as the probabilistic

activations discussed in § 2.2.5).

2.5.1 Gradient descent

Gradient descent—usually attributed to Cauchy—is a prototypical algorithm for

adjusting all the weights and biases in the neural network (i.e., to train our neural

network). Gradient descent is rarely used in practice due to its slower convergence

compared to modern algorithms, but most common learning algorithms are derived

from it, so we shall provide a derivation of it here.

All cost functions are parameterised their weights and biases, 𝜃𝜃𝜃. Let us again

assume there are no biases in the network and focus on the adjustments required

for the weights. For an 𝐿-layer neural network,

𝒞(𝜃𝜃𝜃) ≡ 𝒞(𝑤1
11,⋯ ,𝑤ℓ

𝑛ℓ𝑛ℓ−1,⋯ ,𝑤𝐿
𝑛𝐿𝑛𝐿−1). (2.44)

We wish to adjust the weights by some amount Δ𝑤ℓ
𝑗𝑘 (and, in general, the biases

by some amount Δ𝑏ℓ𝑗 ), where the adjustment is assumed to be small (to avoid over-

shooting the global minima). All adjustments are described by the vector Δ𝜃𝜃𝜃. Taylor

expanding the cost function to first-order about Δ𝜃𝜃𝜃,

𝒞(𝜃𝜃𝜃 + Δ𝜃𝜃𝜃) ≈ 𝒞 + (Δ𝜃𝜃𝜃) ⋅ ∇𝜃𝜃𝜃𝒞(𝜃𝜃𝜃), (2.45)
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where

∇𝜃𝜃𝜃𝒞(𝜃𝜃𝜃) = (𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑤1
11
,⋯ , 𝜕𝒞(𝜃𝜃𝜃)

𝜕𝑤ℓ
𝑛ℓ𝑛ℓ−1

,⋯ , 𝜕𝒞(𝜃𝜃𝜃)
𝜕𝑤𝐿

𝑛𝐿𝑛𝐿−1
). (2.46)

For 𝒞 → 0, we require that, in general, 𝒞(𝜃𝜃𝜃 + Δ𝜃𝜃𝜃) < 𝒞(𝜃𝜃𝜃), and that the adjustments

point in the opposite direction to the gradient, i.e.,

Δ𝜃𝜃𝜃 = −𝜂∇𝜃𝜃𝜃𝒞(𝜃𝜃𝜃), (2.47)

where 𝜂 > 0 is (so far) a fixed global hyperparameter (a parameter which describes

a neural network) known as the step size or learning rate. One, therefore, has the

epoch-to-epoch update formula for the weights,

Δ𝑤ℓ
𝑗𝑘 = −𝜂𝜕𝒞(𝜃

𝜃𝜃)
𝜕𝑤ℓ

𝑗𝑘
, (2.48)

and, by corollary, for the biases,

Δ𝑏ℓ𝑗 = −𝜂𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑏ℓ𝑗
. (2.49)

Equation (2.48) and equation (2.49) describe the gradient descent throughout the

parameter space. For simple cost functions, the weight and bias update formulae

can be analytically determined; the update formulae are otherwise determined by

automatic differentiation.

Dimensional interpretation of neural network parameters

In a neural network, each parameter—be it a weight 𝑤, a bias 𝑏, or any other param-

eter 𝜆—can be interpreted as contributing a new dimension to the cost landscape

which we have denoted as 𝒞(𝜃𝜃𝜃). The vector 𝜃𝜃𝜃 is the space in which optimisation

occurs (the parameter space).
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For a network with 𝑁 parameters, we can envision an (𝑁 + 1)-dimensional space:

𝑁 dimensions for the parameters, and one for the cost value. Each point in this space

represents a unique configuration of the network, with the corresponding cost value.

The gradient∇𝜃𝜃𝜃𝒞(𝜃𝜃𝜃) in equation (2.46) is then a vector in this (highly non-convex)

𝑁-dimensional parameter space. Gradient descent may then be understood as navi-

gating this high-dimensional landscape, seeking the global minimum by iteratively

moving towards lower-cost regions.

Gradient descent with momentum

Gradient descent will take a long time to traverse flat regions of the parameter space

where parts of the gradient of the cost function are approximately zero. Whilst

gradient descent will deterministically reach the global minimum, convergence is

slow. To accelerate the descent through regions of approximately zero gradient,

one can add a momentum term7 to equation (2.48) and equation (2.49), which is

dependent upon the weight change in the previous epoch. We define a velocity 𝑣ℓ𝑗𝑘
in addition to our parameter update between the (ℰ − 1)th epoch to the ℰth epoch,

𝑣ℓ𝑗𝑘 = 𝛽𝑣ℓ𝑗𝑘 + 𝜂𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑤ℓ
𝑗𝑘
,

Δ𝑤ℓ
𝑗𝑘 = −𝑣ℓ𝑗𝑘, (2.50)

where 𝛽 ∈ [0, 1] is an adjustable momentum hyperparameter [Sut+13; Ben12] and

Δ𝑤ℓ
𝑗𝑘 = 0 at epoch 0 (since no changes are made until epoch 1).

Stochastic gradient descent and batching

Let us assume thatwe have some training datasetwhich contains𝑁 training examples

(e.g., one training example may be one atomic density profile of a Bose–Einstein

7Akin to giving a ball a push down a hill, momentum in gradient descent acts to give the change in

weights and biases a ‘push’ through the cost landscape.
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condensate with two labels: a chemical potential and temperature). The number of

training examples may be arbitrarily large.

In our previous discussion of gradient descent in section § 2.5.1, we did not

comment about the size of the dataset. Let us extend equations (2.48) and (2.49)

to include the size of the dataset. By taking an average over the entire dataset, the

change in a given weight is

Δ𝑤ℓ
𝑗𝑘 = − 1

𝑁

𝑁
∑
𝑖=1

𝜂𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑤ℓ
𝑗𝑘
, (2.51)

and the change in a bias is

Δ𝑏ℓ𝑗 = − 1
𝑁

𝑁
∑
𝑖=1

𝜂𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑏ℓ𝑗
. (2.52)

This produces a single, smooth, deterministic path towards the minimum of the cost

function, provided the initial parameters are the same. It is also a computationally

terrible idea for large datasets! Every time we wish to take one step closer to the

global minimum, we need to re-evaluate the whole training dataset again. This

algorithm is referred to as batch gradient descent, and we shall swiftly ignore it.

In reality, we do something slightly different. Let us define one epoch as one

forward pass and one backward pass (i.e., a complete pass) through all 𝑁 training

examples. Let us also define a batch size 𝛽 as a subset of the 𝑁 training examples

(typical values range from 16–256). Let us finally define the number of iterations

as the number of complete passes through the 𝛽 batches. Therefore, it takes 𝑁/𝛽

iterations to complete one epoch. This algorithm is referred to asmini-batch gradient

descent. The change in a given weight is

Δ𝑤ℓ
𝑗𝑘 = −1𝛽

𝛽
∑
𝑖=1

𝜂𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑤ℓ
𝑗𝑘
, (2.53)
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and the change in a bias is

Δ𝑏ℓ𝑗 = −1𝛽

𝛽
∑
𝑖=1

𝜂𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑏ℓ𝑗
, (2.54)

It is computationally easier to explore subsets of the overall training data. Conver-

gence in parameter space can occur faster in wall-clock time with smaller batches

due to the more frequent updates, although the path to convergence may be nois-

ier compared to using the full batch. Machine learning libraries also use efficient

vectorisation techniques to calculate equations (2.53) and (2.54).

If 𝛽 = 𝑁, we recover batch gradient descent. If 𝛽 = 1, we discover stochastic gradi-

ent descent. A smaller batch size generally improves the generalisation capabilities of

the neural network [Kes+17; ML18] but increases the computation required. There

are diminishing returns in adding more training examples into each batch, although

some studies argue that one can obtain better generalisability of models trained on

larger batches [HHS18; Goy+18; Smi+18].

Batching is used in most modern optimisation algorithms, which we will explore

in §§ 2.5.2–2.5.3.

Stochastic gradient descent and stochastic dynamics

Stochastic gradient descent can be interpreted as a form of stochastic dynamics (see

appendix B). One can interpret the rate of change of the parameters (weights and

biases) 𝜃𝜃𝜃 as a continuous-time gradient flow (i.e., a steepest descent curve)

d𝜃𝜃𝜃
d𝑡 = −∇𝜃𝜃𝜃𝒞(𝜃𝜃𝜃). (2.55)

Approximating the continuous change using an Euler integration scheme (see ap-

pendix C.1), one can approximate the next state of the parameters based on the

current state of the parameters and the rate of change at the current state, scaled by
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a small time step, Δ𝑡. In the context of gradient descent, the learning rate, 𝜂, acts as

the timestep, leading to the update rule

Δ𝜃𝜃𝜃 = −𝜂∇𝜃𝜃𝜃𝒞(𝜃𝜃𝜃), (2.56)

which then leads to the usual weight and bias update equations (2.48) and (2.49).

Equation (2.56) may be interpreted as the deterministic component of a stochastic

differential equation presented in, for example, the Langevin formation in equa-

tion (B.4). This ‘guides’ the overall dynamics of the optimisation. The stochastic

component, arising from mini-batch optimisation, introduces noise to the updates,

similar to the thermal fluctuations in the Langevin formulation; the noise may help

to escape local minima.

2.5.2 Adaptive gradient methods (AdaGrad and RMSProp)

Classical momentum use a fixed learning rate for every parameter. However, the cost

function may be highly sensitive to specific directions in the parameter space and

insensitive to others. A class of learning algorithms (AdaGrad [DHS11], RMSProp

[Hin18] and Adam [KB17]) instead introduce adjustable hyperparameters 𝜂ℓ𝑗𝑘 for

every parameter in the neural network to adjust the rate of descent across the

parameter space.

AdaGrad adapts the learning rates for each parameter by scaling them by a rolling

history of previous gradients 𝑟ℓ𝑗𝑘,

𝑟ℓ𝑗𝑘 = 𝑟ℓ𝑗𝑘 + [𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑤ℓ
𝑗𝑘
]
∗

[𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑤ℓ
𝑗𝑘
], (2.57a)

𝜂ℓ𝑗𝑘 = 𝜂 1

𝛿 +√𝑟ℓ𝑗𝑘
, (2.57b)

Δ𝑤ℓ
𝑗𝑘 = −𝜂ℓ𝑗𝑘[

𝜕𝒞(𝜃𝜃𝜃)
𝜕𝑤ℓ

𝑗𝑘
], (2.57c)
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where ∗ denotes the complex conjugate in the case of complex-valued neural net-

works, 𝜂 is the global learning rate, and 𝛿 ∼ 10−8 is a small parameter for numerical

stability. The initial values of 𝑟ℓ𝑗𝑘 are all zero.

AdaGrad sometimes decreases individual parameter learning rates too quickly

since gradients are accumulated from the beginning of the training. RMSProp

introduces a decay rate for the accumulated gradients, reducing the dependence on

earlier gradients and prioritising the more recent history of the descent through the

parameter space (e.g., when RMSProp finds a highly convex part of the parameter

space, it will very rapidly converge on the minimum, whereas AdaGrad may never

make it into such a region of the parameter space). Let 𝜌1 ∈ [0, 1) be a decay

parameter. The RMSProp algorithm is

𝑟ℓ𝑗𝑘 = 𝜌1𝑟ℓ𝑗𝑘 + (1 − 𝜌1)[
𝜕𝒞(𝜃𝜃𝜃)
𝜕𝑤ℓ

𝑗𝑘
]
∗

[𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑤ℓ
𝑗𝑘
], (2.58a)

𝜂ℓ𝑗𝑘 = 𝜂 1

𝛿 +√𝑟ℓ𝑗𝑘
, (2.58b)

Δ𝑤ℓ
𝑗𝑘 = −𝜂ℓ𝑗𝑘[

𝜕𝒞(𝜃𝜃𝜃)
𝜕𝑤ℓ

𝑗𝑘
]. (2.58c)

2.5.3 Adaptive moment estimation (Adam)

Adaptive moment estimation (Adam) is an extension of RMSProp. In addition to

the accumulation of the square of the gradients (or square of the modulus of the
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gradients), Adam also computes an accumulation of the gradients, decayed by some

parameter 𝜌2. Thus,

𝑟ℓ𝑗𝑘 = 𝜌1𝑟ℓ𝑗𝑘 + (1 − 𝜌1)[
𝜕𝒞(𝜃𝜃𝜃)
𝜕𝑤ℓ

𝑗𝑘
]
∗

[𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑤ℓ
𝑗𝑘
], (2.59a)

𝑠ℓ𝑗𝑘 = 𝜌2𝑠ℓ𝑗𝑘 + (1 − 𝜌2)[
𝜕𝒞(𝜃𝜃𝜃)
𝜕𝑤ℓ

𝑗𝑘
], (2.59b)

Δ𝑤ℓ
𝑗𝑘 = −𝜂

𝑠ℓ𝑗𝑘

𝛿 +√𝑟ℓ𝑗𝑘
, (2.59c)

where 𝑟ℓ𝑗𝑘 and 𝑠
ℓ
𝑗𝑘 are both initialised to be zero at epoch 0. Since the accumulated

gradient and square of the gradients are initially zero, there is a tendency for training

to be biased towards zero values, which is undesirable. Adam introduces correction

terms to 𝑟ℓ𝑗𝑘 and 𝑠
ℓ
𝑗𝑘 to avoid such bias,

𝑟ℓ𝑗𝑘 = 𝜌1𝑟ℓ𝑗𝑘 + (1 − 𝜌1)[
𝜕𝒞(𝜃𝜃𝜃)
𝜕𝑤ℓ

𝑗𝑘
]
∗

[𝜕𝒞(𝜃
𝜃𝜃)

𝜕𝑤ℓ
𝑗𝑘
], (2.60a)

𝑠ℓ𝑗𝑘 = 𝜌2𝑠ℓ𝑗𝑘 + (1 − 𝜌2)[
𝜕𝒞(𝜃𝜃𝜃)
𝜕𝑤ℓ

𝑗𝑘
], (2.60b)

̂𝑟ℓ𝑗𝑘 =
𝑟ℓ𝑗𝑘

1 − 𝜌ℰ1
(2.60c)

̂𝑠ℓ𝑗𝑘 =
𝑠ℓ𝑗𝑘

1 − 𝜌ℰ2
(2.60d)

Δ𝑤ℓ
𝑗𝑘 = −𝜂

̂𝑠ℓ𝑗𝑘

𝛿 +√ ̂𝑟ℓ𝑗𝑘
, (2.60e)

where equations (2.60c) and (2.60d) are the corrected accumulated gradients and

𝜌ℰ𝑖 is the decay parameter raised to power of the current epoch number, ℰ. As with

gradient descent, the biases are updated in a similar way. This completes the Adam

optimisation algorithm. It is the current state of the art optimisation algorithm in

the machine learning literature.
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Loshchilov and Hutter [LH19] propose AdamW, which adds a weight decay term

toΔ𝑤ℓ
𝑗𝑘, and they note that this improves the generalisation capabilities of Adam. For

ourwork, we did not notice any significant improvement in learning or generalisation

capabilities possible because our datasets are small. We therefore only work with

Adam for marginally improved computational time.

2.5.4 Backwards propagation of errors with scalar-valued

neurons

In all learning algorithms—from gradient descent to Adam—we need knowledge of

the quantities
𝜕𝒞
𝜕𝑤ℓ

𝑗𝑘
and

𝜕𝒞
𝜕𝑏ℓ𝑗

, (2.61)

which we refer to as the sensitivity of the cost function with respect to a given weight

or bias in the network. Whenwe have completed a forward pass through the network,

we have a number of outputs which need evaluating against our already defined

cost function. The output layer neuron(s) are dependent upon all neurons which

come before it. Since a neural network is a composition of many functions through

the network, we note that—from the definitions of the pre-activation in equation

(2.4a) and the post-activation in equation (2.4b)—the quantities in equation (2.61)

can be determined from the chain rule and simplified,

𝜕𝒞
𝜕𝑤ℓ

𝑗𝑘
= 𝜕𝒞
𝜕𝑧ℓ𝑗

𝜕𝑧ℓ𝑗
𝜕𝑤ℓ

𝑗𝑘
= 𝜕𝒞
𝜕𝑧ℓ𝑗

⋅ 𝑦ℓ−1𝑘 , (2.62)

and
𝜕𝒞
𝜕𝑏ℓ𝑗

= 𝜕𝒞
𝜕𝑧ℓ𝑗

𝜕𝑧ℓ𝑗
𝜕𝑏ℓ𝑗

= 𝜕𝒞
𝜕𝑧ℓ𝑗

. (2.63)

We now seek an equation for 𝜕𝒞/𝜕𝑧ℓ𝑗 . This quantity compares a neuron’s pre-

activation against the cost function and is used to make adjustments to the weights

and biases in the network. We will continue with the convention that neurons with

index 𝑘 feed into neurons with index 𝑗.
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We can express the sensitivity in the output layer, 𝐿, by looking at how small or

large the rate of change of the cost function is with respect to the weighted input 𝑧𝐿𝑗
(we could, in principle, look at the rate of change with respect to the full output of the

neuron, but this involves an extra computational step for the activation function—the

weighted input contains all the information we need). Thus,

𝜕𝒞
𝜕𝑧𝐿𝑗

= 𝜕𝒞
𝜕𝑦𝐿𝑗

𝜕𝑦𝐿𝑗
𝜕𝑧𝐿𝑗

= 𝜕𝒞
𝜕𝑦𝐿𝑗

𝒜′(𝑧𝐿𝑗 ). (2.64)

If equation (2.64) is small, then the neuron is nearly optimal.

We then work top to bottom through the neural network (hence, backpropagation)

in order to determine the optimality of each neuron. For the next layer, 𝐿 − 1, the

sensitivity of the cost function with respect to the neuron pre-activations is

𝜕𝒞
𝜕𝑧𝐿−1𝑘

=
𝑛𝐿
∑
𝑗=1

𝜕𝒞
𝜕𝑧𝐿𝑗

𝜕𝑧𝐿𝑗
𝜕𝑧𝐿−1𝑘

, (2.65)

where

𝑧𝐿𝑗 =
𝑛𝐿−1
∑
𝑘=1

𝑤𝐿
𝑗𝑘𝒜(𝑧

𝐿−1
𝑘 ) + 𝑏𝐿𝑗 . (2.66)

Using equation (2.66) in equation (2.65) gives the sensitivity of the cost function

with respect to a neuron’s pre-activation in the penultimate layer

𝜕𝒞
𝜕𝑧𝐿−1𝑘

=
𝑛𝐿
∑
𝑗=1

𝜕𝒞
𝜕𝑧𝐿𝑗

𝑤𝐿
𝑗𝑘𝒜′(𝑧𝐿−1𝑘 ). (2.67)

Then, in any arbitrary layer ℓ−1, ℓ = {1,⋯ , 𝐿−2}, the sensitivity of the cost function

with respect to any arbitrary neuron in that layer is

𝜕𝒞
𝜕𝑧ℓ−1𝑘

=
𝑛ℓ
∑
𝑗=1

𝜕𝒞
𝜕𝑧ℓ𝑗

𝑤ℓ
𝑗𝑘𝒜′(𝑧ℓ−1𝑘 ). (2.68)

It is now apparent that to perform the parameter updates in equation (2.63) and

equation (2.62), one must compute a possibly very lengthy chain rule. It may be
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the computational physicist’s desire to turn to finite-difference methods. However,

we stress that not only would this be computationally inefficient, it would also

introduce truncation errors which are undesirable and avoidable. The machine

learning practitioners’ choice of differentiation algorithm is automatic differentiation

and is explored in literature such as Baydin, et al. [Bay+17] (a machine learning-

oriented review) andGriewank andWalther [GW08] (a classic textbook on automatic

differentiation methods).

Automatic differentiation ismore closely related to symbolic differentiation, except

a numerical value is returned in the former, and a symbolic expression is returned in

the latter. This has an immediate advantage: we are not storing unnecessarily large

expressions in computer memory—we only return the numerical values which is ex-

actly what we care about when updating our network parameters. Modern machine

learning libraries such as PyTorch and Tensorflow have automatic differentiation

libraries, and it is easy to implement all of the equations of optimisation in just a

few lines of code.

2.6 Coupled neural networks

We introduce the coupled neural network, a novel framework developed for this

thesis to model two or more systems or learning tasks which are interdependent by

design. This interdependence arises in scenarios like modelling physical systems

with coupled differential equations, where the state of one variable directly influences

the other. This framework could be extended to other scenarios where multiple

learning tasks or systems exhibit interdependence, such asmulti-agent reinforcement

learning or modelling complex biological processes. Figure 2.7 demonstrates a

coupled neural network, where two separate neural networks share the same input

but propagate separate weights and biases throughout the training.8 The evaluation

8Coupled neural networks are different to so-called Siamese neural networks, which share weights

and biases across two separate neural networks. In a coupled neural network, the parameters

are unique for each model, and therefore each coordinate, but are intrinsically linked in the loss

function.
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Shared input: (e.g., discretised temporal domain)

Evaluate cost function for network 1 Evaluate cost function for network 2

Cost functions for net 1 and net 2 are coupled by 
their output and independently tend to zero.

Figure 2.7: A coupled neural network is shown. It propagates independent param-

eters for each model (given a shared input) and couples only in the

evaluation of the cost functions. In principle, 𝑛 neural networks may be

coupled together with a shared input.

of the cost functions is dependent upon the output of the other neural network. In

this thesis, we use coupled neural networks to model initial value problems with

coupled generalised coordinates with a common time domain, and the coupling is

introduced only in the evaluation of an appropriate cost function (which we will

discuss further in part III, chapter 4).

We also introduced a coupled optimiser scheme, which ensures that the gradients

aren’t reset before other coordinates are updated. During backpropagation, the

computational graph (which includes the values of the gradients) is preserved in

computer memory for all models except the final model; the final model is an

arbitrary choice. We backpropagate the final coordinate’s cost function and discard its

computational graph—the computation of the cost via backpropagation is complete,

and no further gradients need to be stored (so computer memory is then freed). The

coupled optimiser scheme involves simultaneous optimisers for each coordinate.

In principle, the coupled optimiser could include as many optimisers as computer
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memory allows. We refer the reader to our code [Gri24c] for further implementation

details.

2.7 Convolutional neural networks

2.7.1 Why use a convolutional neural network?

Suppose we want to use an𝑁×𝑁 pixel image as the input to our neural network. We

are assuming that the dimensionality of the hidden representation is the same and

that every pixel in the input image maps to a pixel in the hidden representation, the

number of weights required for this single layer-to-layer computation is (𝑁2)2 = 𝑁4.

For an image of the order of megapixels, this is of the order of one trillion (1012)

parameters—as of August 2024, no machine learning model is described by so many

parameters.9 The answer to this computational nightmare lies in the convolutional

neural network.

Convolutional neural networks (ConvNet or CNNs) are designed to detect features

in data—typically images or data in matrices—as they pass through the network.

Introduced by LeCun, et al. [LeC+89; LeC+95a] and influenced by earlier work

by Fukushima [Fuk80], CNNs have become a cornerstone in computer vision and

other fields dealing with spatial data or other data which is prohibitively large to use

using fully connected neural networks.10

2.7.2 Components of a convolutional neural network

Convolutional neural networks consist of two components: an image processing

pipeline and a prediction/classification pipeline. The first pipeline introduces several

techniques to reduce the dimensionality of whatever is input into the network. This

9It will be interesting to see how quickly trillion-parameter models appear after the publication of

this thesis!
10Whilst similar in spirit, the work by Fukushima does not use backpropagation to train neural

networks (because it did not exist at that time). LeCun and co-authors were the first group to

apply backpropagation to adjust the network parameters automatically. The first implementations

of convolutional neural networks on the GPU date from around 2006–2012 [CPS06; UB09; SKP10;

Cir+11; KSH12].
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is not just for computational convenience. This reduction in dimensionality serves

multiple purposes:

• Feature extraction: By applying weights matrices (also known as kernels or

features, and we will interchangeably use all three terms in this thesis as

appropriate) across the input, the network learns to detect important features

such as edges, textures, and more complex patterns. This process abstracts the

raw input data into more meaningful representations for the machine learning

model to use in the prediction/classification pipeline.

• Translation invariance and local spatial coherence: Through operations like

pooling, the network becomes less sensitive to the exact position of features,

making it more robust to variations in input data. Pooling summarises small

regions (either by taking the maximum or average value in that region) where

it is likely that data will be highly correlated in that region.

• Computational efficiency: By reducing the data dimensions, CNNs can process

large inputs (like high-resolution images) with far fewer parameters than fully

connected networks, making them more computationally tractable.

• Overfitting reduction: The reduced number of parameters and the shared

weights across the input space help to prevent overfitting, especially when

dealing with high-dimensional data like images.

Figure 2.8 shows a schematic of a convolutional neural network alongside a

fully connected neural network to predict whether an input image is a cat or a

dog. The first pipeline takes the image, performs a set of operations known as a

convolution with a set of filters which extract out several features from the input

(e.g., the whiskers of a cat or its pointy ears), and pools these features to reduce the

dimensions of the image further, for the reasons outlined above. The second pipeline

transforms the rich spatial data into data suitable for prediction or classification (to

answer questions such as: What is the probability that the image is a cat? Howmany

whiskers does the cat have?)
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Input
An image is input and 
every pixel is assigned 
a numerical value 
(e.g., from 0 to 1).

Convolution
A convolution is 
applied to extract out 
key features (e.g., 
edges).

Pooling
Maximum or average 
pooling is applied to 
further prioritise key 
features and reduce 
the dimensionality of 
the image.

Flatten and reshape
All pixels in the image are 
flattened into a single vector. 
The data is then reshaped 
through successive layers 
before a prediction is made.

Cat = 0.95

Dog = 0.05

Image processing and 
feature extraction pipeline Prediction pipeline

Figure 2.8: An image of a cat is input to a neural network. After a convolutional

layer and a pooling layer, the image is flattened and the value of every

pixel (from 0 to 1 depending upon how bright the pixel is) is input into

the first layer of a feedforward and fully connected neural network. After

successive fully connected layers, the network should have sufficient

capacity (provided it has been trained) to predict whether the image is of

a cat or a dog. [Image ‘Charlie’ reproduced with permission from Paul

Flannigan Photography [Fla20].]

2.7.3 Definitions of the convolution and cross-correlation

operations

Convolution operation

Let𝑥,𝑤 ∈ ℝ𝑛 → ℝ be two functionswhich are Lebesgue integrable. The convolution

of 𝑥 and 𝑤 produces a third function

𝑦(𝑡) = (𝑥 ∗ 𝑤)(𝑡) = ∫
+∞

−∞
d𝑡 𝑥(𝜏) ⋅ 𝑤(𝑡 − 𝜏) (2.69)

for some 𝑡 ∈ ℝ𝑛. The function 𝑥 is the input, 𝑤 is the kernel and 𝑦 ∶ ℝ𝑛 → ℝ is the

feature map (output). If 𝑥 and 𝑤 were discrete functions, i.e., 𝑥,𝑤 ∈ ℤ𝑛 → ℝ, then

𝑦(𝑡) = (𝑥 ∗ 𝑤)(𝑡) =
+∞
∑

𝜏=−∞
𝑥(𝜏) ⋅ 𝑤(𝑡 − 𝜏). (2.70)
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The parameter τ translates 
the kernel/window/filter, w, 
throughout the domain of τ.

The function, x, remains 
static as w is passed over it.

The convolution of the two 
functions is obtained by 

determining the overlap of x 
and w as x is translated over τ.

Convolution 
operator

Equals
sign

Figure 2.9: A kernel (or window or filter), 𝑤(𝑡 − 𝜏), passes over the domain, 𝑡, by a
translation of the adjustable parameter 𝜏. As the kernel moves through

the domain, it also passes over the function 𝑥(𝑡). The overlap of 𝑥(𝑡)
and 𝑤(𝑡 − 𝜏) is determined through their (for example) Frobenius inner

product. The overlap produces a new function, 𝑦(𝑡). Fun fact! Successive

applications of the rectangular function 𝑤(𝑡) over the output functions
of this convolution result in a normal distribution by the central limit

theorem.

The variable 𝜏 represents all the shifts of the kernel function across the input

function. As 𝜏 varies, the kernel function slides across the entire range of the input

function. This sliding action is key to convolution: it allows one to ‘see’ how the

kernel function 𝑤 interacts with the input function 𝑥 at every point, which is what

produces the output function 𝑦(𝑡). In a physical sense, if one thinks of 𝑥 as a signal

and 𝑤 as a filter, then 𝑦(𝑡) tells you how much of the signal passes through the filter

at every point in time. It may be the case that specific values in the summation are

zero, especially when the kernel acts outside of the domain 𝜏.

Figure 2.9 shows the continuous convolution operation over a function, 𝑥(𝑡), and

a kernel, 𝑤(𝑡).

Equation (2.70) is extended to matrices by introducing another index, 𝜎,

Y(𝑠, 𝑡) = (X ∗ W)(𝑠, 𝑡) =
+∞
∑

𝜍=−∞

+∞
∑

𝜏=−∞
X(𝜎, 𝜏) ⋅ W(𝑠 − 𝜎, 𝑡 − 𝜏), (2.71)

where we use the parentheses (𝑠, 𝑡) to denote the matrix element at position 𝑠 and 𝑡.
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Convolutions are commutative,

𝑢 ∗ 𝑣 = 𝑣 ∗ 𝑢, (2.72)

associative,

(𝑢 ∗ 𝑣) ∗ 𝑤 = 𝑢 ∗ (𝑣 ∗ 𝑤), (2.73)

and linear,

(𝑎𝑥 + 𝑏𝑥′) ∗ 𝑤 = 𝑎𝑥 ∗ 𝑤 + 𝑏𝑥′ ∗ 𝑤

𝑥 ∗ (𝑎𝑤 + 𝑏𝑤′) = 𝑎𝑥 ∗ 𝑤 + 𝑏𝑥 ∗ 𝑤′.
(2.74)

Because convolutions are linear, wewill also require (non-linear) activation functions

when introducing these operations to our neural network (the argument is the

same as before: a sequence of linear transformations is the same as just one linear

transformation).

Cross-correlation operation

Closely related to the convolution operation is the cross-correlation function

𝑦(𝑡) = (𝑥 ⋆ 𝑤)(𝑡) =
+∞
∑

𝜏=−∞
𝑥(𝑡 + 𝜏)𝑤(𝜏), (2.75)

which is effectively a clockwise rotation of the kernel by 180 degrees. Note the

sign change in the argument of 𝑤, compared with equation (2.70), and the change

of operation from ∗ to ⋆. Equation (2.75) is extended to matrices by introducing

another index, 𝜎,

Y(𝑠, 𝑡) = (X ⋆ W)(𝑠, 𝑡) =
+∞
∑

𝜍=−∞

+∞
∑

𝜏=−∞
X(𝑠 + 𝜎, 𝑡 + 𝜏) ⋅ W(𝜎, 𝜏). (2.76)

Appendix D demonstrates that the cross-correlation operation may be interpreted

as a Frobenius inner product of a sub-matrix of X and the kernel, W.
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For historical and conventional reasons, it is actually the cross-correlation that is

calculated in the leading machine learning libraries such as PyTorch [PyT24] and

Tensorflow [Ten24]—‘convolutional’ neural networks are a technical misnomer, but

during training, convolutions and cross-correlations should converge on the same

result.

Since most of the data we are interested are two-dimensional matrices, it is equa-

tion (2.76) that we will focus on in this section and in part III, chapter 6 of this

thesis.

2.7.4 Image processing and feature extraction pipeline

Features, filters and their initialisation

We need to initialise a weights matrix (filter) for every feature that we wish to extract

in a given layer. The number of features to be extracted in a given layer is not known

a priori andmust be adjusted post-training as appropriate. Let the𝑁weightsmatrices

in layer ℓ be Wℓ
𝑖 , where 𝑖 ∈ {1,⋯ ,𝑁}. Let an element of the weights matrices be

Wℓ
𝑖 (𝑠, 𝑡).

The elements of the weights matrix in a convolutional neural network are ini-

tialised from the uniform distribution [PyT24]

Wℓ
𝑖 (𝑠, 𝑡) ∼ 𝑈(−

√
1

𝐹ℓ−1𝑘2𝑊
,
√

1
𝐹ℓ−1𝑘2𝑊

), (2.77)

where 𝐹ℓ−1 are the number of features in the previous layer, ℓ − 1, and 𝑘𝑊 is the

width of the weights matrix.11 Biases are also drawn from this distribution.

The weights matrices filter out important features such as edges or curvature in

data which is passed through them. The goal is still to find the appropriate weights

and biases which describe the mapping between the input data and the output data.

11The number of features to be learnt is associated with a ‘channel’. For the input layer, if you have a

colour image, then you send red, green and blue colour channels through the neural network.

These three channels may also be thought of as features. If the input is just a greyscale image,

then this is a single channel or feature. We do a similar thing for the features extracted at any

other layer of the CNN.
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To preserve the input dimensions after the convolution or cross-correlation op-

eration, we apply a padding of zeros around the input image or feature map. For a

weights matrix (kernel) of size 𝑘𝑊 × 𝑘𝑊, where 𝑘𝑊 is odd, we add 𝜅 zeros to each

side of the input, where

𝜅 =
𝑘𝑊 − 1

2 . (2.78)

This padding ensures that the convolution operation can be applied to every pixel

of the original input without reducing the spatial dimensions of the output at this

stage.12

Step 1: determine the cross-correlation of each feature with the

weights matrices

The cross-correlations of the 𝑖 features input to a layer, Yℓ−1
𝑖 , with the weights

matrices, Wℓ
𝑖 , are

Zℓ𝑖 (𝑠, 𝑡) = (Yℓ−1
𝑖 ⋆ Wℓ

𝑖 )(𝑠, 𝑡) =
𝜅
∑
𝜍=−𝜅

𝜅
∑
𝜏=−𝜅

Yℓ−1
𝑖 (𝑠 + 𝜎, 𝑡 + 𝜏) ⋅ Wℓ

𝑖 (𝜎, 𝜏) (2.79)

Figure 2.10 demonstrates the cross-correlation of four weights matrices to produce

four feature maps from the cat classification problem described previously.

Step 2: pool the resultant features

Pooling reduces the spatial dimensions of input data and, along with sparse connec-

tions and weight sharing, further reduces the number of parameters in the neural

network. It is computationally expensive and redundant to explore every pixel of

an image, since neighbouring pixels are extremely likely to be similar. Pooling op-

erations summarise data in small regions into a single value using a kernel of size

𝑘𝑃 × 𝑘𝑃.13 Average pooling (AvgPool) computes the average value in that region,

giving a general representation of that region, whereas maximum pooling (MaxPool)

12Kernels almost always have odd dimensions because we centre the kernel on a given pixel. Asym-

metric kernels are highly unusual.
13The size of the pooling kernel, 𝑘2𝑃 need not be the same as the size of the weights matrices, 𝑘2𝑊.
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The input image is greyscale, so 
there are F0 = 1 features in the 
first (l = 0) layer.

The input image is greyscale, so 
there are F0 = 1 features in the 
first (l = 0) layer.

Four feature maps are output, 
since we specified four weights 
matrices.

Cross-correlation 
operator

Figure 2.10: An image of a cat is input to a neural network. We determine the cross-

correlation of the input image with four weights matrices (filters) to

produce four features.
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Take the average or maximum 
pixel value where the kernel ■ 
currently is.

Translate the kernel ■ to the 
right with a stride length of S. 
Take the average or maximum 
pixel value.

Translate the kernel ■ to the 
right with a stride length of S. 
Take the average or maximum 
pixel value.

Move the kernel ■ to the start 
of the next row. Take the 
average or maximum pixel 
value.

Fill a new matrix with the average or maximum values.

Figure 2.11: Average or maximum pooling using a kernel of size 𝑘𝑃 × 𝑘𝑃 = 2 × 2
and stride length Σ = 2 on a 4 × 4 grid. The output is a square matrix

with reduced width and height ⌊(𝑁 − 𝑘𝑃)/Σ⌋ + 1 = ⌊(4 − 2)/2⌋ + 1 = 2.

retains the maximum value, emphasising the most prominent feature. More aggres-

sive pooling and reduction of the input dimensions can be performed by increasing

the stride, Σ, which is the number of pixels the kernel should be translated by in all

dimensions. The width or height of the output of a pooling operation is given by

⌊
𝑁 − 𝑘𝑃
Σ ⌋ + 1. (2.80)

Maximum pooling is given by

Pℓ(𝑠, 𝑡) = max
0≤𝜍<𝑘𝑃,0≤𝜏<𝑘𝑃

Zℓ(Σ𝑠 + 𝜎, Σ𝑡 + 𝜏). (2.81)

Average pooling is given by

Pℓ(𝑠, 𝑡) = 1
𝑘2𝑃

𝑘𝑃−1
∑
𝜍=0

𝑘𝑃−1
∑
𝜏=0

Zℓ(Σ𝑠 + 𝜎, Σ𝑡 + 𝜏). (2.82)
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Figure 2.11 demonstrates either average or maximum pooling.

Pooling necessarily introduces translation invariance in the detection of features

(for example, when detecting a human face, the machine learning model does not

care where the eyes are in relation to the nose).14

Suppose one is looking for the presence of a vortex in an atomic density profile—if

the vortex shifts a little between observations, maximum pooling would still detect

the vortex because it looks for the strongest signal within each patch, not the precise

location.15

Step 3: apply a bias and then an activation function

After determining the cross-correlations of the layer input with the set of weights

matrices, and before applying the activation functionwe apply a bias 𝑏ℓ𝑖 element-wise

Pℓ(𝑠, 𝑡) → Pℓ(𝑠, 𝑡) + 𝑏ℓ𝑖 𝟙𝑝×𝑝, (2.83)

where, assuming that P ∈ ℝ𝑝×𝑝, 𝟙𝑝×𝑝 is a matrix of ones of size 𝑝 × 𝑝.

After every convolutional operation, a non-linearity must be applied to ensure

non-linearmappingsmay be learnt (which is essentially always the case for scenarios

when a convolutional network is required).16 The output of a convolutional layer is

then

Yℓ(𝑠, 𝑡) = 𝒜(Pℓ(𝑠, 𝑡)). (2.84)

14Hinton, et al. [HKW11], suggest an alternate (so-called capsule) architecture where pooling is not

used; instead, the position, orientation and scale of an object are deemed to be more important

than spatial invariance [SFH17]. Translation invariance means that if the input image is shifted

slightly, the output of the pooling layer doesn’t change much. Pooling also exploits local spatial

coherence—nearby pixels or data points are expected to be similar.
15The work by Metz, et al. [Met+21, op. cit.], detects vortex positions in atomic density samples.

Whilst they do not comment on the role of maximum pooling in their network, translation

invariance is, indeed, being introduced by the presence of these operations.
16Some literature suggests that the pooling operation should be applied after the non-linearity

[Bro19], but we note that if the non-linearity is monotonically increasing (e.g., a ReLU activation

for 𝑥 > 0), then the pooling operation and non-linearity are commutative. In any case, we argue

that the ordering of operations is largely unimportant since most of the compute time is taken

performing the convolution operation, rather than the application of a non-linearity (indeed, we

observe no noticeable improvement in training time by swapping the order of operations in our

experiments in part III, chapter 6).
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We therefore have the convolutional neural network analogue17 of the layer out-

puts:

Yℓ(𝑠, 𝑡) = 𝒜(Pℓ(𝑠, 𝑡)) where (2.86a)

Pℓ(𝑠, 𝑡) = Pooling[(Yℓ−1★Wℓ)(𝑠, 𝑡)]. (2.86b)

2.7.5 Prediction and classification pipeline

After the application of successive convolutional and pooling layers, and the extrac-

tion of appropriate features, classification of the input data can begin. Machines

do not care about the structure of the input data; to a computer, a 𝑛 × 𝑛 matrix

is equivalent to a one-dimensional vector of size 𝑛2, so long as they contain the

same values. We are therefore at liberty to flatten the result of the convolutional

section of our neural network from a matrix into a vector. Elements of this vector

are then passed through a feedforward and fully connected neural network, exactly

as previously presented in chapter 2.

After flattening the output of the convolutional layers into a vector, we pass this

through a series of fully connected layers. For the ℓ-th layer in this fully connected

section, the output of the 𝑗-th neuron is given by equations (2.4a–2.4b).

If the output layer, 𝐿, is a set of probabilities, we typically use a softmax activation

to get probabilities for each class,

𝑦𝐿𝑗 = 𝑒𝑧
𝐿
𝑗

∑𝑛𝐿
𝑖=1 𝑒

𝑧𝐿𝑖
, (2.87)

17In one dimension, it is clear to see the equivalency between a fully connected neural network in

equations (2.4a–2.4b).

𝑦ℓ𝑗 = 𝒜(𝑧ℓ𝑗 ) where (2.85a)

𝑧ℓ𝑗 =
𝑛ℓ−1

∑
𝑘=1

𝑦ℓ−1𝑘 ⋆𝑤ℓ
𝑗𝑘 + 𝑏ℓ𝑗 , (2.85b)

where we have omitted pooling.
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where 𝑛𝐿 is the number of neurons in the output layer (typically equal to the number

of classes).

If the output layer is something else (e.g., the number of vortices in a Bose–Einstein

condensate, or its temperature, etc.), then an activation function is typically not used

in the final layer.

This fully connected section of the network learns to map the high-level features

extracted by the convolutional layers to the final class probabilities, classifications,

or any other desired outcome of the model.

An appropriate cost function (e.g., the mean square error of the expected output

with the neural network’s output) is defined and then the entire network, including

both the convolutional and fully connected parts, is trained end-to-end using an

appropriate learning algorithm (see § 2.5) with scalar-valued backpropagation (see

§ 2.5.4), allowing it to learn both the feature extraction and classification tasks

simultaneously.

2.7.6 Computational considerations

In machine learning libraries, data is stored in multi-dimensional arrays. Features

are stacked together, occupying separate channels within this multi-dimensional

array. This means that each layer represents a multi-dimensional array of size

𝐹ℓ × 𝑁 × 𝑁, where 𝐹ℓ are the number of features in that layer.

Furthermore, we typically use batching (see § 2.5.1) in convolutional neural net-

works, whereby 𝛽 samples are randomly selected, without replacement, and are

passed through the CNN together, sharing the same weights matrices. Smaller batch

sizes (e.g., around 16 or 32 inputs per batch) generally lead to better generalisation

[Kes+17] by introducing more stochasticity in the optimisation algorithms. This

helps the model escape shallow local minima and find more robust solutions that

generalise better to unseen data. We add the batches of images as another dimension

to the multi-dimensional array, such that each layer is 𝛽 × 𝐹ℓ × 𝑁 × 𝑁.
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In the machine learning literature, multidimensional arrays are referred to as ‘ten-

sors’. These are not tensors in the literal mathematical sense (they do not transform

like a tensor), nor can they be interpreted as elements of tensor products.

2.8 Complex-valued neural networks

Almost all of our analysis thus far has focussed on assuming that the neuron inputs

and weights are real-valued. One may have noticed that we briefly alluded to the

existence of complex-valued neural networks when we discussed AdaGrad and other

optimisation algorithms. Awave of excitement can be seen on a physicist’s face when

they realise that they can represent certain physical phenomena (such as waves,

potential flow in two dimensions, many aspects of quantum mechanics, and if they

are of the experimental or engineering persuasion—AC circuits) using complex

numbers. A natural question to ask is what, if anything, lies at the intersection of

neural networks and complex analysis?

This section requires knowledge of basic complex analysis, which is covered in

appendix (V).

2.8.1 Fully connected complex-valued neural network

The activation of a neuron in a fully connected neural network is

𝑧ℓ𝑗 =
𝑛ℓ−1
∑
𝑘=1

𝑤ℓ
𝑗𝑘𝑦

ℓ−1
𝑘 (2.88a)

𝑦ℓ𝑗 = 𝒜(𝑧ℓ𝑗 ), (2.88b)

where 𝑧ℓ𝑗 , 𝑦
ℓ
𝑗 ∈ ℂ are the pre- and post-activation neuron values and 𝑤ℓ

𝑗𝑘 ∈ ℂ are

weights. For now, we will omit the bias, 𝑏ℓ𝑗 , which is typically taken to only have a

real component.
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2.8.2 Activation functions in the complex domain

Early machine learning literature suggested the use of bounded, monotonic acti-

vation functions such as the sigmoid or hyperbolic tangent. Liouville’s theorem

in complex analysis says that every bounded and entire function must be constant

[ST18]. As a consequence of Liouville’s theorem, activation functions in the complex

domain must be non-holomorphic. Non-holomorphic functions are introduced

at least by i) using complex-valued parameters in the cost function and ii) using

non-holomorphic activation functions [Hir13]. Complex-valued activation functions

may treat the real and imaginary parts of the neuron inputs separately,

𝒜(𝑧) = 𝒜(ℜ𝑧) + 𝑖𝒜(ℑ𝑧), (2.89)

where 𝒜 may be a hyperbolic tangent, ReLU, or any other appropriate activation

function on the real domain. Complex-valued activation functions may otherwise

treat the phase and amplitude of the neuron inputs separately,

𝒜(𝑧) = 𝑓(|𝑧|) earg𝑧, (2.90)

where 𝑓 ∶ ℝ → ℝ.

We can also derive complex-valued probabilistic activations (following the dis-

cussion in § 2.2.5). A complex random variable 𝑍 = 𝑋 + 𝑖𝑌 is described by a pair

of real random variables 𝑋 and 𝑌. The complex random variable is described by a

joint distribution of its real and imaginary parts, 𝑝(𝑧) = 𝑝(𝑥, 𝑦). The cumulative

probability distribution, 𝜙(𝑧) = 𝜙(𝑥, 𝑦), is defined via this joint distribution. Any

complex-valued probabilistic activation function is defined as

𝒜(𝑧) = 𝑧𝜙(𝑧) = 𝑧∫
𝑥

−∞
∫

𝑦

−∞
𝑝𝑋,𝑌(𝑢, 𝑣) d𝑢d𝑣, (2.91)

where we have introduced subscripts on 𝑝𝑋,𝑌(𝑢, 𝑣) for clarity; we have introduced

the dummy variables 𝑢 and 𝑣.
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We provide a derivation of the modReLU activation function (an amplitude-

phase function) and derive a new activation function which we call cGELU (a

real-imaginary function).

ModReLU

Consider the complex-valued Dirac delta distribution [HS98]

𝛿(𝑧) = 𝛿(𝑥, 𝑦) = 𝛿(𝑥 + 𝑖𝑦) = 𝛿(𝑥)𝛿(𝑦). (2.92)

The cumulative distribution for the 2-dimensional Dirac delta distribution is the

product of two Heaviside functions

𝜙(𝑧) = ∫
𝑥

−∞
∫

𝑦

−∞
𝛿(𝑢)𝛿(𝑣) d𝑢d𝑣 = Θ(𝑥)Θ(𝑦). (2.93)

The complex-valued probabilistic activation function is thus

𝒜(𝑧) = 𝑧𝜙(𝑧) = 𝑧Θ(𝑥)Θ(𝑦) ≡ max(0, |𝑧|)earg𝑧. (2.94)

Whilst not derived in this way in the literature, this is referred to as an unbiased

(𝑏 = 0) modReLU function [ASB15] (Arjovsky, et al., simply state modReLU based

on intuition—it is not a function which has been derived). A trainable bias term is

commonly added; the bias acts as a threshold for the activation of the neuron. This

activation function is considered to be the complex analogue of the ReLU activation

function,

modReLU(𝑧) = max(0, |𝑧| − 𝑏)earg𝑧. (2.95)

Figure 2.12 shows the unbiased modReLU function. Notably, it is magnitude- and

phase-preserving only in the quadrant ℜ𝑧 > 0, ℑ𝑧 > 0, analogous to ReLU in the

real domain.
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Figure 2.12: The magnitude (left) and phase (right) of a complex number 𝑧 passed
through the activation function modReLU(𝑧) is shown. modReLU is

magnitude- and phase-preserving only in the upper right quadrant of

the complex plane.

cGELU

We now introduce cGELU, an activation function which is phase-preserving every-

where in the complex plane. Consider again the complex random variable𝑍 = 𝑋+𝑖𝑌,

where 𝑋 and 𝑌 are jointly normal, real-valued, random variables representing the

real and imaginary parts of 𝑍, respectively. We will further assume that 𝑋 and 𝑌 are

independent and identically distributed real-valued normal random variables with

zero mean and variance 𝜎2 = 1/2 [Lap17], i.e.,

𝑍 ∼ 𝒞𝒩(0, 1) ⟺ ℜ(𝑍) ∼ 𝒩(0, 12) and ℑ(𝑍) ∼ 𝒩(0, 12), (2.96)

where 𝒞𝒩(0, 1) is a standard complex normal distribution. Since we assumed that

𝑋 and 𝑌 are independent, their joint probability density function is the product of

their individual probability density functions

𝑝𝑋,𝑌(𝑥, 𝑦) = 𝑝𝑋(𝑥)𝑝𝑌(𝑦) =
1
√𝜋

exp(−𝑥2) × 1
√𝜋

exp(−𝑦2) = 1
𝜋 exp(−𝑥2 − 𝑦2).

(2.97)
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The cumulative distribution function is

𝜙𝑍(𝑥, 𝑦) = ∫
𝑦

−∞
∫

𝑥

−∞

1
𝜋 exp(−𝑢2 − 𝑣2) d𝑢d𝑣. (2.98)

Since 𝑋 and 𝑌 are independent, we can separate the double integral into the product

of two single integrals

𝜙𝑍(𝑥, 𝑦) = (∫
𝑥

−∞

1
√𝜋

exp(−𝑢2) d𝑢) × (∫
𝑦

−∞

1
√𝜋

exp(−𝑣2) d𝑣). (2.99)

Each of these single integrals represents the cumulative distribution function of a

standard real normal distribution with zero mean and variance 1/2, which can be

expressed as

𝜙𝑍(𝑥, 𝑦) =
1
2[1 + erf( 𝑥

√2
)] × 1

2[1 + erf(
𝑦
√2

)]. (2.100)

The cGELU activation function is then defined as the product of the input 𝑧 and

the cumulative distribution function of the standard complex normal distribution

evaluated at the real and imaginary parts of 𝑧:

cGELU(𝑧) = 𝑧𝜙𝑍(𝑥, 𝑦) = (𝑥 + 𝑖𝑦) ⋅ 12[1 + erf( 𝑥
√2

)] ⋅ 12[1 + erf(
𝑦
√2

)]. (2.101)

This definition preserves the phase information of the input, as it multiplies the

complex input 𝑧 by a real-valued factor 𝐹𝑍(𝑥, 𝑦).

Figure 2.13 shows the cGELU function. In contrast to modReLU, it is phase-

preserving everywhere andmagnitude-preserving in and just outside of the quadrant

ℜ𝑧 > 0, ℑ𝑧 > 0.

2.8.3 Optimisation in the complex domain

Recall the role of the cost function in the real domain, as discussed in § 2.5, as a

metric used to find the optimal parameterisation (of weights and biases) of a neural

network. In a complex-valued neural network, the network parameters are complex-
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Figure 2.13: The magnitude (left) and phase (right) of a complex number 𝑧 passed
through the activation function cGELU(𝑧) is shown. cGELU is

magnitude-preserving only in the upper right quadrant of the com-

plex plane but phase-preserving everywhere.

valued weights and real-valued biases. The complex domain lacks the concept of

ordering, which is necessary for any gradient-based optimisation routines. The cost

function must continue to map to the real domain, 𝒞 ∶ ℂ → ℝ. Using the Wirtinger

calculus in appendix A.2, it is a trivial task to describe the update procedure for the

complex-valued parameters to give a real-valued loss function.

First, we split the complex-valued weights, 𝑤ℓ
𝑗𝑘, into its real and imaginary parts,

ℜ𝑤ℓ
𝑗𝑘 and ℑ𝑤

ℓ
𝑗𝑘, respectively. We will apply a gradient descent to the real and imag-

inary parts using a step size 𝜂/2. The update to the real and imaginary parts are

Δℜ𝑤ℓ
𝑗𝑘 = −

𝜂
2

𝜕𝐶
𝜕ℜ𝑤ℓ

𝑗𝑘
(2.102a)

Δℑ𝑤ℓ
𝑗𝑘 = −

𝜂
2

𝜕𝐶
𝜕ℑ𝑤ℓ

𝑗𝑘
. (2.102b)
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Combining the real and imaginary parts into a single, complex update procedure

gives

Δ𝑤ℓ
𝑗𝑘 = −

𝜂
2

𝜕𝐶
𝜕ℜ𝑤ℓ

𝑗𝑘
− 𝑖

𝜂
2

𝜕𝐶
𝜕ℑ𝑤ℓ

𝑗𝑘
(2.103)

= −
𝜂
2(

𝜕𝐶
𝜕ℜ𝑤ℓ

𝑗𝑘
+ 𝑖 𝜕𝐶

𝜕ℑ𝑤ℓ
𝑗𝑘
) (2.104)

Δ𝑤ℓ
𝑗𝑘 = −𝜂 𝜕𝒞

𝜕(𝑤ℓ
𝑗𝑘)∗

, (2.105)

where in the last line we have used equation (A.12). This states that the update

procedure for complex weights only considers the conjugate of the weights in the

update procedure.

2.9 Training, validating and testing models

2.9.1 Training, validation, and testing datasets

In most supervised learning tasks, the training and evaluation of the machine learn-

ingmodel takes place over three distinct datasets: the training, validation, and testing

datasets. The training dataset is used to learn the underlying patterns and structures

in the data—it is used to build the model. The validation dataset is used to test the

model’s performance throughout the training and is used to inform decisions about,

for example, when to stop training (to avoid overfitting). The validation dataset

is also used to select the best model. The test dataset then provides an unbiased

evaluation of the chosen model’s performance; the test data is never seen by the

model during training, and so may be regarded as a ‘real world’ demonstration of

the model.

In most cases, data is randomised and split into 80% training, 10% validation,

and 10% testing. Some literature suggests performing a stratified sample to avoid

clustering similar data together in a particular dataset, which a truly random sample

might do.
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2.9.2 Stochasticity in machine learning

Machine learning models are inherently random. Randomness may be a result of

human input to the model. How was the training data obtained, and how was it

subsampled if there was too much data? As previously discussed, randomness is a

part of the initialisation of the machine learning model. Randomness may also be

introduced by the order in which machine learning models observe data from the

training dataset, as discussed in § 2.5.1; and the way in whichwe split our dataset into

training, validation, and testing datasets, as discussed in § 2.9.1. Machine learning

models exhibit run-to-run variation, give different outcomes (e.g., classifications,

solutions to differential equations) when used, and have different performance

characteristics (see § 2.9.3). All of these differences are, however, within a range.

We therefore say that machine learning models are stochastic.

2.9.3 When is a model ‘good’?

Co
st

Epochs

Training

Validation

(a)

Co
st

Epochs

Training

Validation

(b)

Figure 2.14: This schematic shows trajectories that the cost function may take as

training and validation progresses. (a) shows ‘good’ training and valida-

tion behaviour—both metrics are decreasing. (b) shows ‘bad’ training

and validation behaviour—it demonstrates overfitting since the valida-

tion metric is diverging significantly from the training metric.
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There are many strategies to determine whether a machine learning model is

appropriately learning the underlying structures and patterns in data. Corrective

strategies also exist to fix issues that may arise when training a model.

Figure 2.14 demonstrates two scenarios which are typically seen in classification

problems. When building a model, the training and validation cost metrics are

obtained throughout the training procedure. If both metrics are almost always

decreasing, then the modelling is behaving as expected and is not overfitting to the

training data. If the validation cost metric diverges significantly from the training

cost metric, then this can be interpreted as overfitting. The fixes for overfitting are

generally simple to implement: i) early stopping can be used to terminate training at

the point where overfitting begins, ii) more data can be collected and input through

the network, and iii) simpler models with fewer model parameters to reduce the

network capacity.

The stochastic nature of optimisation algorithms can give rise to spikes in the

cost functions—this is completely normal and does not mean that the network is

overfitting.

2.10 Summary

We have presented an overview of the mathematics of machine learning for the

physicist. By developing a consistent nomenclature in this chapter, we have explored

the fully connected and feedforward neural network—foundational to all modelling

in this thesis. We motivated the need for probabilistic activation functions and devel-

oped the coupled neural network, both of which will be essential in our discussion of

neural initial value and eigenvalue problems. We discussed the convolutional neural

network, necessary in all image recognition and classification tasks. We finally

discussed complex-valued neural networks, which our work briefly explored, and

applied our probabilistic activation function framework to functions in the complex

domain.

Pseudocode for a minimal example of neural network is listed in algorithm 1.
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Algorithm 1Minimal Neural Network Example

1: Load data and labels

2: Split datasets into train, validation, and test sets

3: Choose model architecture (e.g., convolutional, coupled neural network)

4: Initialise network parameters (weights and biases)

5: Define hyperparameters (learning rate, epochs, batch size)

6: Select optimisation algorithm (e.g., Adam)

7: for epoch = 1 to num_epochs do

8: for each batch in training_data do

9: Forward pass: compute predictions

10: Calculate loss

11: Backward pass: compute gradients

12: Update weights and biases using chosen optimiser

13: end for

14: Evaluate model performance on validation set

15: end for

16: Test model on held-out test set

In part III, chapters 4 and 5, we will use the fully connected and feedforward

neural network to solve initial value and eigenvalue problems. In part III, chapter

6, we will use convolutional neural networks to build a predictive model for the

thermodynamical parameters of a Bose gas with a thermal component.
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3

BOSE–EINSTEIN

CONDENSATION

A
rising from statistical mechanics, Bose–Einstein condensation describes

the condensation of amacroscopic collection of particles into the lowest-

energy ground state. Bose–Einstein condensation is an interplay be-

tween the temperature and density of particles. Whilst experimentally demonstrated

only in low-temperature (and low-density) regimes, theories of Bose–Einstein con-

densation in the interior of neutron stars—a high-temperature and high-density

regime—have emerged recently [HBG00; CH12; SCB14; Cha+22; Ind+24].

The first experimental realisation of a Bose–Einstein condensate in a vapour of

rubidium-87 atoms was reported in 1995 by Anderson, et al. [And+95] around 70

years after their theoretical prediction by Satyendra Bose and Albert Einstein. Later

in 1995, the second realisation of a Bose–Einstein condensatewas reported in sodium-

23 by Davis, et al. [Dav+95]. Indeed, Bose–Einstein condensation is observed in

a wide range of atomic samples from the alkali, alkali earth and lanthanide series

[Bra+95; Mod+01; Ste+09; Lu+11; Aik+12]. The standard isotopes used in weakly

interacting atomic experiments include sodium-23 and rubidium-87, which have

repulsive atomic interactions at low temperatures.

In this chapter, we will introduce two descriptions of the dynamics of a Bose

gas: one in the absence of a thermal component, and one in the presence of a

thermal component. The former can be described using the so-calledGross–Pitaevskii
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equation (introduced in § 3.3) and the latter can be described using the stochastic

Gross–Pitaevskii equation (introduced in § 3.4). A secondary aim of this chapter is

to describe the full numerical implementation of the stochastic Gross–Pitaevskii

equation—alongside open source code written in the Rust programming language—

to assist researchers who may be using this methodology for the first time. We will

describe some important computational considerations which lie at the intersection

of physics and numerics. This chapter is a foundation for generating the training

data for our thermodynamical parameter prediction model in chapter 6.

3.1 Why study Bose–Einstein condensation?

The Bose–Einstein condensate provides a suitable framework for novel technologies

such as rotational sensors, interferometers, and atom analogues of electronic com-

ponents, amongst other applications. Given an ultracold gas of atoms (the gas must

be cooled to temperatures of the order of nanokelvins in order to access a quantum-

degenerate regime [Ket02]), an appropriate trapping potential, and mechanisms to

control atomic flow, one can theoretically and experimentally realise many such

technologies. The study of guided, coherent atom-matter wave applications is called

atomtronics [Ami+21].

One notable application of the Bose–Einstein condensate is in the development of

ultra-sensitive rotational sensors [Ryu+13; Wri+13; MOS15; RSB20]. By exploiting

the response of a Bose–Einstein condensate to rotational forces, recent experiments

have demonstrated prototype gyroscopes and accelerometers which could be used

for high-precision measurements. These devices have significant implications for

navigation, geophysics, and fundamental physics research [Ami+21, op. cit.].

Bose–Einstein condensates may also be used for atom-based interferometers

[CSP09]. Atom interferometers perform precise measurements of gravitational

fields, fundamental constants, and other physical quantities [Dim+07], making

them ideal for high-precision measurements [Ber+13].
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Whilst the field of atomtronics now encompasses all applications of guided atom-

matter waves, the term’s origin lies in atom-based analogues of electronic compo-

nents [Mic+04; Pep+09; Sea+07].

The diverse applications of Bose–Einstein condensates are realised by an interplay

of theoretical and experimental physics. To faithfully reproduce experimental con-

ditions numerically, we require accurate knowledge of the chemical potential and

temperature of the system [DMB01; RBB12]. The chemical potential determines the

equilibrium distribution of atoms in the condensate and the thermal cloud, while

the temperature governs the extent of thermal fluctuations.

3.2 Thermodynamical picture

We will first approach the theoretical description of Bose–Einstein condensation as

it arises in thermodynamics and statistical mechanics. We will then consider a field

theoretical approach to derive the equations which govern condensate dynamics.

Let us first consider the grand canonical ensemble—an idealistic construction

used to explore the statistics of a system in thermodynamical equilibrium with a

reservoir. The probability of realising a configuration of 𝑁 particles in a distinct

microstate with energy 𝐸 is

𝑃(𝐸) = e𝛽(Ω+𝜇𝑁−𝐸), (3.1)

where𝛽 = 1/𝑘𝐵𝑇 is the thermodynamical beta, 𝑘𝐵 is the Boltzmann constant, and𝑇 is

the absolute temperature. The quantity𝜇 is the chemical potential and is heuristically

the energy required to add or remove atoms from the system (the chemical potential

is equivalently the mean particle number for a given scattering length). The grand

potential, Ω, describes all the relevant thermodynamical parameters for our system

Ω = 𝐸 − 𝑇𝑆 − 𝜇𝑁, (3.2)
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where 𝑆 is the entropy of the system.

For a non-interacting system of 𝑁 particles, the system Hamiltonian 𝐻̂ is the sum

of the independent particle Hamiltonians {𝐻̂𝑖}where each independent Hamiltonian

obeys the time-independent Schrödinger equation 𝐻̂𝑖𝜓𝑖(x) = 𝜀𝑖𝜓𝑖(x), where 𝜀𝑖 is the

particle eigenenergy and 𝜓𝑖(x) is an eigenvector. For a system with a large amount

of atoms, solving the Schrödinger equation for each atom is an intractable task! One

can introduce the partition function 𝑍 to describe the ensemble of particles. The

partition function also obeys

Ω = −1𝛽 ln𝑍 (3.3)

where

𝑍 =
∞
∏
𝑗=0

𝑧𝑗 =
∞
∏
𝑗=0

∞
∑
𝑛𝑗=0

e𝛽𝑛𝑗(𝜇−𝜀𝑗)

⏟⎵⎵⎵⏟⎵⎵⎵⏟
≡𝑧𝑗

. (3.4)

Noting that 𝑧𝑗 is a geometric series over the states 𝑛𝑗, and that e𝛽(𝜇−𝜀𝑗) < 1, one

can write

𝑧𝑗 =
1

1 − e𝛽(𝜇−𝜀𝑗)
. (3.5)

Using equation (3.3), one can show that the grand potential is

Ω = 1
𝛽

𝑁−1
∑
𝑖=0

ln(1 − e𝛽(𝜇−𝜀𝑖)), (3.6)

where the product of logarithms has been simplified, and the summations have been

re-indexed to 𝑁 atoms.

From equation (3.2), it is clear that each thermodynamical quantity can be rep-

resented in terms of derivatives of Ω. It is particularly interesting to look at each

state’s average number of particles. Taking derivatives of (3.2), one can show that

𝑁 = −𝜕Ω𝜕𝜇 =
𝑁−1
∑
𝑖=0

1
e𝛽(𝜀𝑖−𝜇) − 1

. (3.7)
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Noting that this is just the summation over each state, one obtains the average state

occupation number

̄𝑛𝑖 =
1

e𝛽(𝜀𝑖−𝜇) − 1
. (3.8)

Equation (3.8) is the Bose–Einstein statistical distribution. We shall hereafter refer to

the Bose–Einstein distribution as 𝑛BE.

The typical thermodynamical picture of a Bose–Einstein condensate system is

to consider a reservoir, hereafter referred to as a ‘thermal cloud,’ at temperature

𝑇 and with a potential energy to add or remove atoms from the thermal cloud—

the chemical potential, 𝜇. Between the thermal cloud and the system, there is a

continuous exchange of energy and atoms (where the total energy and the total

atom number are conserved quantities between the thermal cloud and the system).

The total atom number in equation (3.7) is a summation of the contributions from

the condensate (mode 𝑖 = 0) with atom number 𝑁0 and the thermal cloud (non-

condensate) (modes 𝑖 > 0) with atom number 𝑁𝑇. One therefore has

𝑁 = 𝑁0 + 𝑁𝑇 = 𝑁0 + ∑
𝑖>0

̄𝑛𝑖(𝜇, 𝑇)
⏟⎵⎵⏟⎵⎵⏟

≡𝑁𝑇

. (3.9)

The saturation of the particle number in the thermal cloud implies the existence of

the Bose–Einstein condensate—a macroscopic phenomenon of bosons occupying

the same single-particle state.

The average state occupation is a function of the chemical potential and tempera-

ture, two thermodynamical parameters important for modelling the dynamics of

finite-temperature Bose gases. We will explore their calculation further in chapter 6.

One can define the critical temperature 𝑇𝐶 of the Bose gas as the maximum

temperature permitting Bose–Einstein condensation. For 𝑁 atoms of mass𝑚 in a

volume 𝒱, the critical temperature is given by [PS16]

𝑇C =
ℎ2

2𝜋𝑚𝑘B
( 𝑁
𝜁(3/2)𝒱

)
2
3
, (3.10)
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Figure 3.1: A schematic showing the effects of modelling a gas at temperatures

𝑇 ≫ 𝑇𝑐 in (a), 𝑇 > 𝑇𝑐 in (b) and 𝑇 ∼ 𝑇𝑐 in (c). Figure 3.1 (c) shows the

onset of Bose–Einstein condensation—the formation of a single matter

wave (light grey). [Figure adapted from various authors.]

where ℎ is the Planck constant, 𝑘𝐵 is the Boltzmann constant and 𝜁 is the Riemann

zeta function, evaluating at 𝜁(3/2) ≈ 2.612. The 𝜁(3/2) factor comes from integrating

the Bose–Einstein distribution 𝑛BE over all energies.

Far above 𝑇𝐶, the behaviour of the gas obeys classical particle mechanics—there

are no quantum effects as the inter-particle spacing 𝑑 is sufficiently large. As the gas

cools (but remains above 𝑇𝐶), the inter-particle distance is almost of the same order

as the particle’s de Broglie wavelength 𝜆. As 𝑇 ∼ 𝑇𝐶, 𝑑 ∼ 𝜆 which marks the onset

of Bose–Einstein condensation. Figure 3.1 shows these three regimes.

Several theoretical schemes exist to describe the dynamics of Bose–Einstein con-

densates at various temperature regimes. There is not in principle a ‘best’ theoretical

approach; indicative guidelines help us to choose a theory. We refer the reader to the

Ph.D. tutorial on finite-temperature models of Bose gases by Proukakis and Jackson

[PJ08] for a detailed discussion of common theoretical schemes and their validity.
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3.3 Dynamics of Bose gases at zero temperature

A theoretical treatment of a dilute Bose gas may start with the Hamiltonian

𝐻̂ =∫ dxΨ̂†(𝑡, x) ̂ℎ0(x)Ψ̂(𝑡, x)

+ 1
2∬ dxdx′Ψ̂†(𝑡, x)Ψ̂†(x′, 𝑡)𝑈(x − x′)Ψ̂(x′, 𝑡)Ψ̂(𝑡, x),

where

̂ℎ0 = −ℏ
2∇2

2𝑚 + 𝑉ext.(𝑡, x) (3.11)

is a single-particle operator in a (possibly time-dependent) external trapping potential

𝑉ext.,𝑈(x − x′) is a two-body interatomic potential, and the factor of 1/2 in the second

integral avoids double-counting particles. The Bose field operators

Ψ̂(𝑡, x) =
∞
∑
𝑘=1

̂𝑎𝑘(𝑡)𝜙𝑘(𝑡, x) (3.12)

and

Ψ̂†(𝑡, x) =
∞
∑
𝑘=1

̂𝑎†𝑘(𝑡)𝜙
∗
𝑘(𝑡, x) (3.13)

obey the commutation relations

[Ψ̂(𝑡, x), Ψ̂†(𝑡, x′)] = 𝛿(x − x′) (3.14)

[Ψ̂(𝑡, x), Ψ̂(𝑡, x′)] = [Ψ̂†(𝑡, x), Ψ̂(𝑡, x′)] = 0, (3.15)

and the creation and annihilation operators obey the commutation relations

[ ̂𝑎𝜇, ̂𝑎†𝜈] = 𝛿𝜇𝜈 (3.16)

[ ̂𝑎𝜇, ̂𝑎𝜈] = [ ̂𝑎†𝜇, ̂𝑎†𝜈] = 0. (3.17)

We will now make some comments on the term 𝑈(x − x′). Despite the short-

range interactions of alkali atoms being very strong, it is possible to consider an
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ultracold gas of these atoms as weakly interacting [Bur96]. At very low temperatures,

the de Broglie wavelength 𝜆 of the particles is much larger than the range of the

interatomic potential; within good approximation, one can consider the interatomic

interactions as two-body (contact) interactions characterised by the 𝑠-wave scattering

length. The interactions are elastic, point-like and local, which can be described by

a pseudopotential characterised by a Dirac delta function

𝑈(x − x′) → 𝑈PS = 𝑔𝛿(x − x), (3.18)

where 𝑔 is a parameter controlling the strength of interactions. The interaction

strength is directly proportional to the 𝑠-wave scattering length

𝑔 =
4𝜋ℏ2𝑎𝑠
𝑚 . (3.19)

Using the pseudopotential in equation (3.18) in the original definition of the Hamil-

tonian in equation (3.3), one has

𝐻̂ = ∫ dxΨ̂†(𝑡, x) ̂ℎ0(x)Ψ̂(𝑡, x) +
𝑔
2 ∫ dxΨ̂†(𝑡, x)Ψ̂†(𝑡, x)Ψ̂(𝑡, x)Ψ̂(𝑡, x).

The field operators evolve according to the Heisenberg equation of motion.1 For a

general operator ̂𝐴𝐻, the equation of motion is

𝑖ℏ𝜕
̂𝐴𝐻

𝜕𝑡 = [ ̂𝐴𝐻(𝑡), 𝐻̂]. (3.20)

1In contrast to the Schrödinger picture, operators in the Heisenberg picture have time dependence,

and state vectors are time-independent.

76



3.3 Dynamics of Bose gases at zero temperature

By expanding the commutator according to the Heisenberg equation of motion, one

has

[Ψ̂(𝑡, x),𝐻̂] =

=Ψ̂(𝑡, x)(∫ dx′Ψ̂†(𝑡, x′) ̂ℎ0(x′)Ψ̂(𝑡, x′))

− (∫ dx′Ψ̂†(𝑡, x′) ̂ℎ0(x′)Ψ̂(𝑡, x′))Ψ̂(𝑡, x)

+
𝑔
2[Ψ̂(𝑡, x)(∫ dx′Ψ̂†(𝑡, x′)Ψ̂†(𝑡, x′)Ψ̂(𝑡, x′)Ψ̂(𝑡, x′))

− (∫ dx′Ψ̂†(𝑡, x′)Ψ̂†(𝑡, x′)Ψ̂(𝑡, x′)Ψ̂(𝑡, x′))Ψ̂(𝑡, x)]

=∫ dx′Ψ̂(𝑡, x)Ψ̂†(𝑡, x′) ̂ℎ0(x′)Ψ̂(𝑡, x′)

−∫ dx′Ψ̂†(𝑡, x′)Ψ̂(𝑡, x) ̂ℎ0(x′)Ψ̂(𝑡, x′)

+
𝑔
2[∫ dx′Ψ̂(𝑡, x)Ψ̂†(𝑡, x′)Ψ̂†(𝑡, x′)Ψ̂(𝑡, x′)Ψ̂(𝑡, x′)

−∫ dx′Ψ̂†(𝑡, x′)Ψ̂†(𝑡, x′)Ψ̂(𝑡, x)Ψ̂(𝑡, x′)Ψ̂(𝑡, x′)]

=∫ dx′[Ψ̂(𝑡, x), Ψ̂†(𝑡, x′)] ̂ℎ0(x′)Ψ̂(𝑡, x′)

+
𝑔
2 ∫ dx′[Ψ̂(𝑡, x), Ψ̂†(𝑡, x′)Ψ̂†(𝑡, x′)]Ψ̂(𝑡, x′)Ψ̂(𝑡, x′).

(3.21)

Using the commutator relations in equation (3.15), one can determine the equation

of motion for the Bose field, Ψ̂, as

𝑖ℏ𝜕Ψ̂(𝑡, x)𝜕𝑡 = ̂ℎ0Ψ̂(𝑡, x) + 𝑔Ψ̂†(𝑡, x)Ψ̂(𝑡, x)Ψ̂(𝑡, x). (3.22)

One can proceed further by decomposing the field operator Ψ̂(𝑡, x) into two con-

tributions: a field operator for the condensate atoms Φ̂(𝑡, x) and a field operator for

the non-condensate atoms ̂𝛿(𝑡, x) [Fet72]

Ψ̂(𝑡, x) = Φ̂(𝑡, x) + ̂𝛿(𝑡, x). (3.23)
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The non-condensed atoms may be thermally excited atoms, quantum fluctuations,

or a mixture of the two. In the limit of a large number of condensed atoms, one can

reduce the ensemble average of the Bose field operators to a classical field

⟨Ψ̂(𝑡, x)⟩ = Φ(𝑡, x). (3.24)

Therefore,

Ψ̂(𝑡, x) = Φ(𝑡, x) + ̂𝛿(𝑡, x), (3.25)

which states that the Bose field operator is a function describing the mean of the

quantum field and an operator describing the fluctuations about the mean. Inserting

the field decomposition in equation (3.23) into the Heisenberg equation of motion

(3.22) and taking the expected value of the field gives a non-linear Schrödinger

equation describing the condensate and its (thermal or quantum) fluctuations

𝑖ℏ𝜕⟨Ψ̂(𝑡, x)⟩𝜕𝑡 = 𝑖ℏ𝜕Φ(𝑡, x)𝜕𝑡
=𝐻̂0(𝑡, x)Φ(𝑡, x) + 𝑔|Φ(𝑡, x)|2Φ(𝑡, x) + 2𝑔⟨ ̂𝛿†(𝑡, x) ̂𝛿(𝑡, x)⟩Φ(𝑡, x)

+ 𝑔⟨ ̂𝛿(𝑡, x) ̂𝛿(𝑡, x)⟩Φ∗(𝑡, x) + 𝑔⟨ ̂𝛿†(𝑡, x) ̂𝛿(𝑡, x) ̂𝛿(𝑡, x)⟩.

(3.26)

When there are no fluctuations, i.e., ̂𝛿 = 0, equation (3.26) reduces to the Gross–

Pitaevskii equation

𝑖ℏ𝜕Φ(𝑡, x)𝜕𝑡 = [− ℏ2
2𝑚∇2 + 𝑉(𝑡, x) + 𝑔|Φ(𝑡, x)|2]

⏟⎵⎵⎵⎵⎵⎵⎵⎵⎵⏟⎵⎵⎵⎵⎵⎵⎵⎵⎵⏟
≡𝐻̂GP

Φ(𝑡, x). (3.27)

The Gross–Pitaevskii equation is valid when the condensate is

• in the limit of large atom number

• weakly interacting and

• sufficiently cold (i.e., at or near zero temperature, typically valid when 𝑇 ≲

𝑇𝐶/2).
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3.3 Dynamics of Bose gases at zero temperature

Time-independent solutions of theGross–Pitaevskii equation are permitted, which

satisfy

Φ(𝑡, x) = 𝜙(x)exp(−
𝑖𝜇𝑡
ℏ ). (3.28)

Inserting equation (3.28) into equation (3.27) leads to the time-independent Gross–

Pitaevskii equation

𝜇𝜙(x) = − ℏ2
2𝑚∇2𝜙(x) + 𝑉(x)𝜙(x) + 𝑔|𝜙(x)|2𝜙(x), (3.29)

which is an eigenvalue equation where 𝜙(x) are the stationary eigenstates of the

system and 𝜇, the chemical potential, is the eigenvalue.

In a homogenous condensate, the stationary solution is uniform and equation

(3.29) reduces to

𝜇𝜙(x) = 𝑔|𝜙(x)|2𝜙(x), (3.30)

with solutions

𝜙(x) ≡ 𝜙0 =√
𝜇
𝑔 , (3.31)

Equation (3.31) is a helpful expression to check numerical implementations of the

Gross–Pitaevskii equation and the (soon to be introduced) stochastic methodology—

the quantity 𝑛0 = |𝜙0|2 gives an estimate of the peak atom density.

3.3.1 Trapping potentials

Figure 3.2 shows two common examples of trapping potential: the harmonic and

toroidal trap.

Harmonic trap

The simplest confinement of atomic gases is in a harmonic trap

𝑉(𝑥, 𝑦, 𝑧) = 1
2𝑚(𝜔

2
𝑥 + 𝜔2𝑦 + 𝜔2𝑧)𝜌(𝑥, 𝑦, 𝑧)2, (3.32)

79



Bose–Einstein condensation

−50 0 50
−50

0

50
y[
�m
]

Ha
rm

on
ic

−50 0 50
−50

0

50

−50 0 50
x [�m]

−50

0

50

y[
�m
]

To
rus

−50 0 50
x [�m]

−50

0

50

0

250

500

750

1000

1250

1500

1750

|Φ
(x
,y
)|2
[�
m
−
2 ]

−�

0

�

ar
gΦ
(x
,y
)

0

250

500

750

1000

1250

1500

|Φ
(x
,y
)|2
[�
m
−
2 ]

−�

0

�

ar
gΦ
(x
,y
)

Density Phase

Figure 3.2: A harmonically trapped condensate (top) and a toroidally trapped con-

densate (bottom) at finite-temperature. The density (left) and phase

(right) information are also shown. The phase is masked to remove the

background density fluctuations. Regions of local phase coherence are

visible in both condensates, with phase windings associated with vortices

visible in both.

where 𝜌2 = 𝑥2 + 𝑦2 + 𝑧2 and 𝜔𝑥, 𝜔𝑦 and 𝜔𝑧 are the frequencies of the trap in their

respective dimensions. The harmonic trap has characteristic length scales

ℓ𝑥 =√
ℏ

𝑚𝜔𝑥
, ℓ𝑦 =

√
ℏ

𝑚𝜔𝑦
and ℓ𝑧 =√

ℏ
𝑚𝜔𝑧

, (3.33)

which are referred to as the harmonic oscillator lengths.
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3.3 Dynamics of Bose gases at zero temperature

Toroidal trap

The toroidal trap is

𝑉(𝑥, 𝑦, 𝑧) = 𝑉0{1 − exp[− 1
𝜎2 (𝜌(𝑥, 𝑦, 𝑧) − 𝑅)2]}, (3.34)

where 𝑉0 is the depth of the trap, 𝜌 is the radial distance from the centre of the torus,

and 𝜎 and 𝑅 are the minor and major radii of the torus.

3.3.2 Hydrodynamical interpretation

The wave function may be written in its polar form (known in quantum hydrody-

namics as the Madelung transform)

Φ(𝑡, x) = |Φ(𝑡, x)|e𝑖𝜃(𝑡,x) = √𝑛(𝑡, x)e𝑖𝜃(𝑡,x), (3.35)

where 𝑛(𝑡, x) is the atomic number density and 𝜃(𝑡, x) is the phase of the condensate.

The phase is related to the velocity distribution

v(𝑡, x) = ℏ
𝑚∇𝜃(𝑡, x). (3.36)

This implies that in this quantum-degenerate regime, the condensate velocity is

irrotational

∇ × v = 000. (3.37)

Consider an arbitrary closed path x ∶ [𝑎, 𝑏] → 𝐶 through a toroidal geometry.

Integrating the velocity in equation (3.36) over 𝐶 gives the circulation

Γ = ∮
𝐶
v(𝑡, x) ⋅ dℓℓℓ. (3.38)
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Since the path is closed and the wave function is single-valued—but can vary by

some phase factor—it is noted that the circulation is quantised

Γ = ℏ
𝑚 ∮

𝐶
∇𝜃 ⋅ dℓℓℓ = ℏ

𝑚2𝜋𝑞, 𝑞 ∈ ℤ±. (3.39)

For a geometry where x(𝑎) = x(𝑏), Γ = 0 and the geometry is referred to as simply

connected. Geometries where Γ ≠ 0 are referred to as multiply connected. Only a

multiply connected geometry may accept non-zero quantisation of circulation—

since we have introduced a phase singularity, and only a multiply connected ge-

ometry may permit the density vanishing at this singularity. Multiply connected

geometries may be realised by the trapping potential (e.g., rings or lattices of rings)

or through topological defects such as vortices.

Consider a general form of Stokes’ theorem,

∇ × v = 2𝜋
𝑞ℏ
𝑚 𝛿(x − x′) ̂e𝑧, (3.40)

where x′ is the position of a phase singularity. Equation (3.40) tells us that when a

condensate rotates, it necessarily introduces phase singularities, which have been

demonstrated experimentally [Mat+99; Mad+00; Abo+01]. Such systems are de-

scribed as metastable; the energy cost is too high for a vortex to move from a torus’s

centre (density-depleted) region through the high-density atomic cloud. Vortices

are otherwise unstable, and leave the condensate by moving towards low density

regions.

3.3.3 Condensates of reduced dimensionality

In the present work, we mostly work with two-dimensional condensates (at zero

or finite-temperature); we assume that there is sufficiently tight confinement in
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3.3 Dynamics of Bose gases at zero temperature

one of the dimensions such that all dynamics are approximately suppressed in that

dimension. Assuming tight confinement in the 𝑧-dimension requires that

ℏ𝜔𝑧 ≫ (𝜇, 𝑘𝐵𝑇) and (3.41)

ℏ𝜔𝑥, ℏ𝜔𝑦 ≪ ℏ𝜔𝑧. (3.42)

The non-dynamical contribution to the wave function from the 𝑧-dimension is the

ground state harmonic oscillator 𝜙(𝑧) = (𝜋ℓ𝑧)−1/4e−𝑧
2/2ℓ2𝑧; the complete field is

Φ(𝑡, 𝑥, 𝑦, 𝑧) = Φ2D(𝑡, 𝑥, 𝑦)𝜙(𝑧). (3.43)

The effective two-dimensional interaction strengths and chemical potentials are

𝑔2D =
𝑔

√2𝜋ℓ𝑧
and (3.44)

𝜇2D = 𝜇 − ℏ𝜔𝑧
2 . (3.45)

We refer to the resulting condensate as being quasi-2D (i.e., the dynamics of the

condensate are only in two dimensions, and the other dimension remains in the

ground state for all time).

Similar arguments may be made for considering quasi-1D condensates. By consid-

ering dynamics only in the 𝑧-dimension and locking the 𝑥- and 𝑦-dimensions into

their respective harmonic oscillator ground states, one can show that the effective

interaction strength and chemical potentials are

𝑔1D =
𝑔

2𝜋ℓ𝑥ℓ𝑦
and (3.46)

𝜇1D = 𝜇 −
ℏ𝜔𝑥
2 −

ℏ𝜔𝑦
2 . (3.47)
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3.4 Dynamics of Bose gases at finite-temperature

The Gross–Pitaevskii equation is successful at describing the dynamics of Bose–

Einstein condensates at zero or near-zero temperatures (in regimeswhere the temper-

ature of the thermal bath is approximately less than half of the critical temperature

in equation (3.10)). In these temperature regimes we only need to consider the mean

field (Gross–Pitaevskii equation).

Studying the dynamics of Bose gases at finite-temperatures is more numerically

and theoretically involved. A Bose gas at finite-temperatures (where the usual

Gross–Pitaevskii methodology is not appropriate) features a condensate component

coupled statically or dynamically to a non-condensate component (below the critical

temperature). The condensate and non-condensate components form a thermody-

namical system with a constant exchange of atoms between the components. The

nature of the interaction between the condensate and non-condensate modes is a

fluctuation-dissipation theorem, a standard concept from statistical physics.

3.4.1 Brief comparison of theories

As the study of finite-temperature and non-equilibrium quantum gases has devel-

oped, many descriptions of their dynamics have emerged, often from very different

theoretical approaches.

The Zaremba–Nikuni–Griffin (or ZNG) theory [ZNG99] provides a self-consistent

treatment of the condensate and non-condensate modes in finite-temperature Bose

gases. This approach dynamically couples a dissipative Gross–Pitaevskii equation,

which describes the condensate mode, with a quantum Boltzmann equation, which

describes the thermal bath. The self-consistency arises from the mutual influence

between these components: the condensate’s mean-field affects the thermal cloud’s

evolution, while the thermal cloud impacts the condensate through both mean-field

effects and collisional processes. This coupled system of equations ensures that the

dynamics of both components evolve in a mutually consistent manner.
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3.4 Dynamics of Bose gases at finite-temperature

The stochastic Gross–Pitaevskii equation is similar in principle to—and may be

regarded as a generalisation of—the ZNG theory insofar that there is a coupling

between the lower-lying modes (i.e., the condensate and all modes affected by its

presence) and higher-lying modes. The key difference is that the evolution of these

modes is now stochastic—thermal fluctuations are incorporated explicitly by a noise

term (this may therefore be considered to be a dissipative Gross–Pitaevskii equation

with additive noise). There are two theoretical formulations of this, developed

independently by Stoof, Duine and Bijlsma [Sto97; Sto99; SB01; DS01] and Gardiner,

Zoller and co-workers [GZ00; GZ97; GZ98; GAF02; GD03]. The former approaches

the problem from quantum field theory whereas the latter approaches it from a

quantum optics perspective. Nevertheless, the theories are effectively equivalent. In

this thesis, we will focus exclusively on the methodology developed by Stoof, Duine

and Bijlsma.

In the stochastic Gross–Pitaevskiimethodologies, the thermal bathmay be coupled

statically or dynamically (via a quantum Boltzmann equation) to the lower-energy

and condensate modes. In contrast, the ZNG theory requires dynamical coupling of

the two components (again via a quantum Boltzmann equation). Throughout this

thesis, we will consider only the stochastic Gross–Pitaevskii equation with a static

thermal cloud.

The stochastic Gross–Pitaevskii equation obeys stochastic dynamics, which we

discuss in appendix B. A partially Bose-condensed gas obeys a fluctuation-dissipation

theorem. The fluctuation-dissipation theorem ensures no growth or evaporation of

the condensate or the thermal cloud—the system relaxes to its correct equilibrium

state. We will observe that the mathematics described in appendix B has similarities

with the theoretical description of a finite-temperature Bose gas, which we will

introduce now.
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3.4.2 Stochastic Gross–Pitaevskii equation

Using the Keldysh non-equilibrium formalism [Kel64], Stoof derived a Fokker–

Planck equation [Sto99] which can be reduced to a Langevin equation [SB01]

𝑖ℏ𝜕Φ(𝑡, x)𝜕𝑡 =[ − ℏ2
2𝑚∇2 + 𝑉(𝑡, x) − 𝜇 − 𝑖𝑅(𝑡, x) + 𝑔|Φ(𝑡, x)|2]Φ(𝑡, x) + 𝜂(𝑡, x),

(3.48)

where Φ(𝑡, x) is the classical field describing the condensate and all modes affected

by its presence. Compared to the Gross–Pitaevskii equation (3.27), this equation

has two notable additions. The term 𝑖𝑅(𝑡, x) describes the gain or loss of atoms due

to collisions which transfer atoms between the condensate and thermal cloud—it

is associated with dissipative effects. The term 𝜂(𝑡, x) is a dynamical noise term

associated with the condensate fluctuations.

cutε

(a)

cutε

(b)

cutε

(c)

Figure 3.3: A schematic showing the stochastic model of the condensate growth.

In (a), all atoms are purely thermal—there is no condensate. Non-

condensate atoms may collide, however, and be scattered into the lower-

lying modes, as shown in (b). Eventually, as more atoms are scattered

and condense, the Bose–Einstein condensate forms as shown in (c).

In analogy to equation (B.7), the noise term is also assumed to obey the white

noise approximation and has correlation functions

⟨𝜂∗(𝑡, x)𝜂(𝑡, x)⟩ = 𝑖(ℏ
2

2 )Σ
𝐾(𝑡, x)𝛿(x − x′)𝛿(𝑡 − 𝑡′), (3.49)
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3.4 Dynamics of Bose gases at finite-temperature

where Σ𝐾(𝑡, x) is the Keldysh self-energy which arises from the scattering of atoms

into or out of the thermal cloud. The Keldysh self-energy—a concept from quantum

field theory—is the energy a particle has due to interactions between itself and the

system [FW03]. The magnitude of the fluctuations is set by ℏΣ𝐾(𝑡, x).

The fluctuation-dissipation theorem is described by

𝑖𝑅(𝑡, x) = −12ℏΣ
𝐾(𝑡, x)[ 1

1 + 2𝑛BE(𝐻̂GP)
], (3.50)

where 𝑛BE is the Bose–Einstein distribution.

Considering the first-order Taylor expansion of the Bose–Einstein distribution

describing the thermal cloud, and in the limit of a large number of bosons, one

finds that the distribution is actually—in excellent approximation—a Rayleigh-Jeans

distribution [SB01]
1

1 + 2𝑛BE(𝐻̂GP)
≈
𝛽(𝐻̂GP − 𝜇)

2 . (3.51)

The fluctuation-dissipation theorem is therefore

𝑖𝑅(𝑡, x) ≈ −
𝛽
4ℏΣ

𝐾(𝑡, x)(𝐻̂GP − 𝜇). (3.52)

It may be noted that the damping parameter 𝛾 from the original description of

Langevin equations is

𝛾 = 𝑖
𝛽ℏΣ𝐾(𝑡, x)

4 . (3.53)

For near-equilibrium harmonically trapped condensates,

𝛾 ≈ few ×
4𝑚𝑎𝑠𝑘𝐵𝑇
𝜋ℏ3 ≪ 1, (3.54)

where the pre-factor of a few is of order unity. The spatial dependence in 𝛾 is

typically ignored. Moreover, whilst technically only derived for harmonically trapped

condensates, the relation matches experimentally-observed growth of condensates

for most uniform traps. The damping parametermay be treated as a fitting parameter
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tomimic experimental growth [Wei+08]. The approximation in equation (3.54) leads

to the stochastic Gross–Pitaevskii equation

𝑖ℏ𝜕Φ(𝑡, x)𝜕𝑡 = (1 − 𝑖𝛾)[− ℏ2
2𝑚∇2 + 𝑉(𝑡, x) + 𝑔|Φ(𝑡, x)|2 − 𝜇]Φ(𝑡, x) + 𝜂(𝑡, x), (3.55)

with Gaussian noise ensemble correlations

⟨𝜂∗(𝑡, x)𝜂(𝑡, x)⟩ = 2𝛾ℏ𝑘𝐵𝑇𝛿(x − x′)𝛿(𝑡 − 𝑡′). (3.56)

3.4.3 Time of flight measurement of the temperature

The chemical potential, 𝜇, and temperature, 𝑇, are inputs to the stochastic Gross–

Pitaevskii equation. Experimentalists typically only worry about ballpark values for

these values (if they are interested at all). Sometimes the temperature is measured

usingmore sophisticated fitting techniques, such as during a time of flight procedure.

In an experiment, any optical or magnetic traps are switched off, and the conden-

sate is allowed to fall in free space. Assume that the atomic cloud obeys a Gaussian

density distribution. By measuring first the 1/𝑒2 width of the trapped atomic cloud,

𝜎0, then measuring the 1/𝑒2 width of the falling cloud, 𝜎, at some time 𝑡, one can find

a linear correlation between 𝜎2 and 𝑡2 which allows one to obtain the temperature,

𝜎2 = 𝜎20 +
𝑘𝐵𝑇
𝑚 𝑡2. (3.57)

This is fundamentally still an approximation. Performing time of flight measure-

ments also destroys the sample. Measuring temperature experimentally is difficult,

and measuring the chemical potential is even harder (there is no single equation to

determine it, as it changes for every geometry).
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3.4 Dynamics of Bose gases at finite-temperature

3.4.4 Condensate growth and equilibrium solutions

The equilibrium properties of finite-temperature Bose gases are mostly insensitive to

the dynamical means of reaching equilibrium, and the choice of theory (including

whether or not to include a projector) should not be a major concern when finding

equilibrium states [PDG13]. After equilibrium, subsequent dynamics may have

greater sensitivity to the chosen method.

Figures 3.4–3.5 show the evolution of the density and phase, respectively, of a

harmonically trapped, quasi-2D condensate evolved according to the stochastic

Gross–Pitaevskii equation. Figures 3.6–3.7 show the evolution of the density and

phase, respectively, of a toroidally trapped, quasi-2D condensate evolved according

to the stochastic Gross–Pitaevskii equation. For details on the numerical schemes

to implement the stochastic Gross–Pitaevskii equation—like in these figures—see

§ 3.5. One can observe the emergence of topological defects, such as vortices in

the density and phase profiles. Over time, the condensate develops local phase

coherence as vortices annihilate or leave the condensate by minimising the system’s

angular momentum.

3.4.5 Role of the projection operator

In order for the approximation in equation (3.51) to hold (and, in turn, for the

stochastic Gross–Pitaevskii equation to be valid), one requires that the highest-

energy coherent mode is macroscopically occupied, i.e., that 𝑛BE ∼ 1. We will

define 𝜀cut as the energy of this highest coherent mode. Using the definition of the

Bose–Einstein distribution in equation (3.8), it follows that

𝜀cut ≈ 𝑘𝐵𝑇 ln 2 + 𝜇. (3.58)

All coherent modes below this cut-off energy, i.e., C = {𝑛 ∶ 𝜀𝑛 ≤ 𝜀cut} are associated

with the classical field Φ. All incoherent modes above this cut-off energy, i.e., I =

{𝑛 ∶ 𝜀𝑛 ≥ 𝜀cut} are associated with the thermal bath; constant equilibrium between
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t ≈ 0ms

80 �m

t ≈ 200ms

0 500 1000
|Φ(x,y)| [�m−2]

Figure 3.4: The growth of a harmonically trapped quasi-2D condensate from thermal

noise to thermal equilibrium. The condensate has a chemical potential

𝜇 = 30 nK and temperature 𝑇 = 30 nK. The atomic densities share a

common scale (earlier simulations are difficult to see since the atomic

density is relatively low). These snapshots of the atomic density profile

are not uniformly sampled—they are chosen to show importantmoments

of the growth of the condensate.
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−� 0 �
argΦ(x, y)

Figure 3.5: The evolution of the phase of a harmonically trapped quasi-2D conden-

sate from thermal noise to thermal equilibrium. These phases correspond

to the selected density profiles in Figure 3.4. The condensate has a chem-

ical potential 𝜇 = 30 nK and temperature 𝑇 = 30 nK. Areas of local

phase coherence begin to emerge as the condensate thermalises. Vortices

can be observed in the phase profiles; there are areas of density depletion

(the small white points in the interior of the condensate).
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t ≈ 0ms
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Figure 3.6: The growth of a toroidally trapped quasi-2D condensate from thermal

noise to thermal equilibrium. The condensate has a chemical potential

𝜇 = 30 nK and temperature 𝑇 = 30 nK. The atomic densities share a

common scale (earlier simulations are difficult to see since the atomic

density is relatively low). These snapshots of the atomic density profile

are not uniformly sampled—they are chosen to show importantmoments

of the growth of the condensate.
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−� 0 �
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Figure 3.7: The evolution of the phase of a toroidally trapped quasi-2D condensate

from thermal noise to thermal equilibrium. These phases correspond to

the selected density profiles in Figure 3.4. The condensate has a chemical

potential 𝜇 = 30 nK and temperature 𝑇 = 30 nK. Areas of local phase
coherence begin to emerge as the condensate thermalises. Vortices can

be observed in the phase profiles; there are areas of density depletion

(the small white points in the interior of the condensate).

93



Bose–Einstein condensation

the coherent and incoherent modes is assumed. To enforce this energy cut-off, a

projection operator ̂𝒫 is introduced such that

̂𝒫{Φ(𝑡, x)} = ∑
𝑛∈C

𝜁∗𝑛(x)∫ dx′𝜁∗𝑛(x′)Φ(𝑡, x′), (3.59)

where 𝜁𝑛(x) is the 𝑛-th single particle eigenstate of the classical field Φ.

Energy-cut off from numerical discretisation

Section 3.5 introduces a complete treatment of the numerical solution of the stochas-

tic Gross–Pitaevskii equation. There is a critical implementation detail about the

high-energy modes which exists at the intersection of the physics presented here

and the numerical methods introduced in appendix C.

We discretise our spatial domains into grids of length 𝐿𝑥, 𝐿𝑦 and 𝐿𝑧 (there is also

a discretisation of the temporal domain, which is unimportant for this discussion).

Assuming that there are 𝑁𝑥, 𝑁𝑦 and 𝑁𝑧 gridpoints in each dimension, it follows that

Δ𝑥 =
𝑁𝑥
𝐿𝑥
, Δ𝑦 =

𝑁𝑦
𝐿𝑦

and Δ𝑧 = 𝑁𝑧
𝐿𝑧
. (3.60)

Spatial discretisation inherently introduces a limit on the highest wave vector and

associated energy that our simulations can represent, and a limit to the smallest

wavelength that can be represented on the grid. In the 𝑥-dimension, for example,

𝜆min = 2Δ𝑥, (3.61)

which is associated with the maximum wave vector that can be represented on the

grid

𝑘max =
2𝜋
𝜆min

= 2𝜋
2Δ𝑥 = 𝜋

Δ𝑥 (3.62)

⟹ Δ𝑥 ≤ 𝜋
𝑘max

. (3.63)
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Equation (3.63) naturally leads to a maximum momentum 𝑝max = ℏ𝑘max that the

grid can represent. We refer to this as an implicit projection. Without careful

choice of spatial discretisation, high-frequency components will be indistinguishable

from lower-frequency components—this is aliasing. Physically, the introduction of

aliasing to simulations of the stochastic methodologies leads to unphysical collisions

between non-momentum conserving modes. Arguments by Blakie, et al. [Bla+08]

suggest that for the full numerical implementation of the cubic nonlinearity, one

requires a grid sizing twice as stringent as the requirement in equation (3.63), i.e.,

that

Δ𝑥 ≤ 𝜋
2𝑘max

. (3.64)

As noted before, the means of reaching equilibriummay be unimportant. An explicit

projection of high-energy modes may only be necessary for studying subsequent

dynamics after thermal equilibrium has been reached; implicit projection using grid

methods may be sufficient for reaching thermal equilibrium (which this thesis only

concerns).

Numerical implementation of the projector

The cut-off energy in equation (3.58) maps to a circle (2D) or sphere (3D) of radius

ℏ𝑘cut = √2𝑚𝜀cut (3.65)

in momentum space. In Fourier space, modes with momentum less than this cut-off

are retained by the projection operator (via a simple zero-or-one map).

3.5 Numerical implementation of theoretical schemes

An exciting moment has arrived! We will now discuss the foundations of the numer-

ical implementation of the Gross–Pitaevskii equation and its stochastic counterpart.
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cutε

maxε
Eliminated states

Incoherent region

Coherent region

Constant exchange of atoms 
and energy between thermal 
bath and lower-energy modes

Figure 3.8: A schematic showing three regions in a harmonic trap: the coherent, low-

energy/condensate modes; the incoherent, high-energy modes (which

are cut out of simulations implicitly through a numerical scheme or

explicitly through a projector); and those eliminated states which are

beyond the 𝑠-wave approximation (which ultimately amounts to ensuring

that the choice of the interaction pseudopotential remains valid).

When simulating the stochastic Gross–Pitaevskii equation, we used the Rust

programming language [MK14]. Developers love Rust—it has been themost admired

language on the Stack Overflow annual developer survey for eight consecutive years

(as of 2023) [Sta24].2 Rust is a fast and reliable language withmany desirable features

of a modern programming language: concurrency, memory safety, a dedicated

package manager, excellent error messaging, and zero-cost abstractions. Our code is

available freely [Gri24d].

3.5.1 Finding the ground state of a zero-temperature Bose gas

We first wish to find the dynamics of a zero- or near-zero temperature Bose–Einstein

condensate, which obeys the Gross–Pitaevskii equation (3.27). The procedure is to

obtain the ground state solution and evolve this over time with the Gross–Pitaevskii

equation.

2This is in contrast to MATLAB, which is the least admired language. Less than 20% of developers

who used MATLAB want to use it again in 2024, whereas 80% of developers who used Rust want

to use it again in 2024.

96



3.5 Numerical implementation of theoretical schemes

A typical method to find the ground state is the imaginary timemethod. It is a

computationally efficient method, but it is not always guaranteed to converge to

the ground state. Consider the expansion of the field Φ(𝑡, x) into a finite, complete,

and orthonormal basis {𝜉𝑛(x)} weighted by time-dependent coefficients {𝑎𝑛(𝑡)} and

associated time-dependent energies {𝐸𝑛(𝑡)}

Φ(𝑡, x) =
∞
∑
𝑛=0

𝑎𝑛(𝑡)𝜉𝑛(x)exp(−
𝑖𝐸𝑛𝑡
ℏ ). (3.66)

The imaginary time method uses the Wick transform 𝑡 → −𝑖𝜏, so the field becomes

Φ(−𝑖𝜏, x) =
∞
∑
𝑛=0

𝑎𝑛(−𝑖𝜏)𝜉𝑛(x)exp(−
𝐸𝑛𝜏
ℏ ), (3.67)

where the energies are monotonically increasing as 𝑛 increases. Let 𝐸0 be the

system’s ground state (lowest) energy. Since 𝐸0 < 𝐸𝑛∀𝑛 > 0, the basis states decay

more rapidly as they become more energetic than the ground state. After sufficient

simulation time, the solution is approximately the ground state solution, and the

subsequent dynamics can then be modelled using the Gross–Pitaevskii equation.

3.5.2 Dimensionless form of the stochastic Gross–Pitaevskii

equation

In order to avoid issues when computing very small terms (such as ℏ2), we work in

a system of units where all quantities are dimensionless. In particular, we introduce

the following scaling quantities:

length ℓ𝑥 =√
ℏ

𝑚𝜔𝑥
, (3.68)

time 𝜏 = 1
𝜔𝑥

and (3.69)

temperature (energies) 𝑇 = 𝑘𝐵
ℏ𝜔𝑥

. (3.70)
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The scaling quantities in equations (3.68–3.70) lead to the dimensionless quantities

in table 3.1.

Quantity Scaled Variable

Condensate field Φ̃(𝑡, x) = ℓ3/2𝑥 Φ(𝑡, x)

Temperature ̃𝑇 = 𝑘𝐵
ℏ𝜔𝑥

𝑇

Position ̃x = x

ℓ𝑥

Time ̃𝑡 = 𝑡
𝜏

Laplacian ∇̃2 = ∇2ℓ2𝑥

Chemical potential 𝜇̃ =
𝜇
ℏ𝜔𝑥

Interaction strength ̃𝑔 =
𝑔

ℏ𝜔𝑥ℓ3𝑥

Table 3.1: Dimensionless quantities (denoted by a tilde) scaled by equations

(3.68–3.70).

The scaled variables lead to the dimensionless form of the stochastic Gross–

Pitaevskii equation (where we will henceforth omit the tildes)

𝑖𝜕Φ(𝑡, x)𝜕𝑡 = (1 − 𝑖𝛾)[−12∇
2 + 𝑉(𝑡, x) + 𝑔|Φ(𝑡, x)|2 − 𝜇]Φ(𝑡, x) + 𝜂(𝑡, x), (3.71)

with Gaussian noise ensemble correlations

⟨𝜂∗(𝑡, x)𝜂(𝑡, x)⟩ = 2𝛾𝑇𝛿(x − x′)𝛿(𝑡 − 𝑡′). (3.72)
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3.5 Numerical implementation of theoretical schemes

3.5.3 Implementing numerical noise

We have formulated the stochastic Gross–Pitaevskii equation (3.55) as a Langevin

equation, allowing us to use the framework of stochastic dynamics as introduced in

appendix B. In complete analogy with equation (B.5), one may solve the stochastic

Gross–Pitaevskii equation as a first-order (in time), inhomogeneous differential

equation with the integrating factor

𝑀(𝑡) = e
𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡 ≡ e

𝑖
ℏ
(1−𝑖𝛾)(𝐻̂GP−𝜇)𝑡, (3.73)

where we have defined the constant Γ ≡ (1 − 𝑖𝛾). Dividing the stochastic Gross–

Pitaevskii equation (3.55) by 𝑖ℏ, rearranging to isolate the inhomogeneity on the

right-hand side, and applying the integrating factor in equation (3.73) gives

𝑀(𝑡)𝜕Φ(𝑡, x)𝜕𝑡 + 𝑀(𝑡) 𝑖ℏΓ(𝐻̂GP − 𝜇)Φ(𝑡, x) = −𝑀(𝑡) 𝑖ℏ𝜂(𝑡, x) (3.74a)

⟹ e
𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡[𝜕Φ(𝑡, x)𝜕𝑡 + 𝑖

ℏΓ(𝐻̂GP − 𝜇)Φ(𝑡, x)] = −e
𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡 𝑖

ℏ𝜂(𝑡, x)

(3.74b)

⟹ 𝜕
𝜕𝑡[e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡Φ(𝑡, x)] = −e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡 𝑖

ℏ𝜂(𝑡, x).

(3.74c)

Let us describe the evolution of the condensate wave function from 𝑡 to 𝑡 + Δ𝑡.

Integration over these limits gives

∫
𝑡+Δ𝑡

𝑡
d𝜏 𝜕

𝜕𝜏[e
𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝜏Φ(𝜏, x)] = − 𝑖

ℏ ∫
𝑡+Δ𝑡

𝑡
d𝜏 e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝜏𝜂(𝜏, x). (3.75)

The left-hand side evaluates to give

∫
𝑡+Δ𝑡

𝑡
d𝜏 𝜕

𝜕𝜏[e
𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝜏Φ(𝜏, x)] = e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)(𝑡+Δ𝑡)Φ(𝑡 + Δ𝑡, x) − e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡Φ(𝑡, x)

(3.76)
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Taking out the common factor of e
𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡 and dividing both sides of equation

(3.75) by this common factor gives

e
𝑖
ℏ
Γ(𝐻̂GP−𝜇)Δ𝑡Φ(𝑡 + Δ𝑡, x) − Φ(𝑡, x) = − 𝑖

ℏ𝜉(𝑡, x), (3.77)

where we have introduced a new noisy field

𝜉(𝑡, x) = e
𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡∫

𝑡+Δ𝑡

𝑡
d𝜏 e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝜏𝜂(𝜏, x) (3.78)

with its associated correlation function, which we will determine later. Therefore,

given the condensate wave function at some time 𝑡, the wave function at the next

time step 𝑡 + Δ𝑡 is given by

Φ(𝑡 + Δ𝑡, x) = e
− 𝑖
ℏ
Γ(𝐻̂GP−𝜇)Δ𝑡[Φ(𝑡, x) − 𝑖

ℏ𝜉(𝑡, x)]. (3.79)

Let us move from the continuous variable 𝑡 to discrete time steps 𝑡𝑚 = 𝑚Δ𝑡 and

𝑡𝑛 = 𝑡𝑚+Δ𝑡 = Δ𝑡(𝑚+1). We are only interested in a first-order approximation for the

behaviour of the noise over one time step given by the interval [𝑡𝑚, 𝑡𝑛]. Assuming that

the time step is small compared to all other dynamical time scales, the non-linearity

in 𝐻̂GP may be treated as a constant potential energy within this interval. Similarly,

any time-dependence in the potential energy 𝑉(𝑡, x) becomes insignificant if it varies

slowly over this interval. Given this, all operators in 𝐻̂GP are all approximately equal

and commutative.

Let us construct the correlation function ⟨𝜉∗𝑚(x)𝜉𝑛(x)⟩, where we have removed

the dependency upon the continuous temporal variable and labelled each 𝜉 with its

respective time step. Using equation (3.78), the correlation function is

⟨𝜉∗𝑚(x)𝜉𝑛(x′)⟩ = ⟨(e−
𝑖
ℏ
Γ∗(𝐻̂GP−𝜇)𝑡𝑚 ∫

𝑡𝑚+Δ𝑡

𝑡𝑚
d𝜏′ e−

𝑖
ℏ
Γ∗(𝐻̂GP−𝜇)𝜏′𝜂∗(𝜏′, x))

× (e
𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡𝑛 ∫

𝑡𝑛+Δ𝑡

𝑡𝑛
d𝜏 e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝜏𝜂(𝜏, x′))⟩.

(3.80)
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Wewill assume that the noise is uncorrelated at different times using the same white

noise assumptions as for 𝜂. We are therefore interested only in the autocorrelation

function when𝑚 = 𝑛 (otherwise, the expectation value will be zero). It follows that

⟨𝜉∗𝑚(x)𝜉𝑚(x′)⟩ = e
− 𝑖
ℏ
Γ∗(𝐻̂GP−𝜇)𝑡𝑚e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡𝑛×

×∫
𝑡𝑚+Δ𝑡

𝑡𝑚
d𝜏′∫

𝑡𝑛+Δ𝑡

𝑡𝑛
d𝜏 e−

𝑖
ℏ
Γ∗(𝐻̂GP−𝜇)𝜏′e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝜏⟨𝜂∗𝑚(x)𝜂𝑚(x′)⟩.

(3.81)

Using the original definition of the noise 𝜂 in equation (3.56), one has

⟨𝜉∗𝑚(x)𝜉𝑚(x′)⟩ = 2𝛾𝑘𝐵𝑇e
− 𝑖
ℏ
Γ∗(𝐻̂GP−𝜇)𝑡𝑚e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝑡𝑚×

×∫
𝑡𝑚+Δ𝑡

𝑡𝑚
d𝜏′∫

𝑡𝑚+Δ𝑡

𝑡𝑚
d𝜏 e−

𝑖
ℏ
Γ∗(𝐻̂GP−𝜇)𝜏′e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)𝜏𝛿(x − x′)𝛿(𝜏 − 𝜏′).

(3.82)

The Dirac delta function 𝛿(𝜏−𝜏′) collapses the integral into a single temporal integral

⟨𝜉∗𝑚(x)𝜉𝑚(x′)⟩ = 2𝛾𝑘𝐵𝑇∫
𝑡𝑚+Δ𝑡

𝑡𝑚
d𝜏 e−

𝑖
ℏ
Γ∗(𝐻̂GP−𝜇)(𝜏−𝑡𝑚)e

𝑖
ℏ
Γ(𝐻̂GP−𝜇)(𝜏−𝑡𝑚)𝛿(x − x′),

(3.83)

where we have additionally combined all the exponential terms. Within the time

interval Δ𝑡, we note that e𝑋̂e𝑌̂ ≈ e𝑋̂+𝑌̂ (which is true only to first-order). Using the

definition of Γ = (1−𝑖𝛾) and then simplifying the exponential terms in the integrand,

one can show that their product is approximately equal to unity. Thus,

⟨𝜉∗𝑚(x)𝜉𝑚(x′)⟩ ≈ 2𝛾𝑘𝐵𝑇∫
𝑡𝑚+Δ𝑡

𝑡𝑚
d𝜏 𝛿(x − x′)

= 2𝛾𝑘𝐵𝑇𝛿(x − x′)∫
𝑡𝑚+Δ𝑡

𝑡𝑚
d𝜏

= 2𝛾𝑘𝐵𝑇𝛿(x − x′)Δ𝑡.

(3.84)

In a discrete, three-dimensional grid, the Dirac delta function

𝛿(x − x′) ≡ 𝛿(𝑥 − 𝑥′)𝛿(𝑦 − 𝑦′)𝛿(𝑧 − 𝑧′) → 1
Δ𝑥Δ𝑦Δ𝑧, (3.85)
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where Δ𝑥, Δ𝑦 and Δ𝑧 are the spatial step-sizes. Thus, to a first approximation, the

noise has correlation functions

⟨𝜉∗𝑚(x)𝜉𝑚(x′)⟩ ≈ 2𝛾𝑘𝐵𝑇
Δ𝑡

Δ𝑥Δ𝑦Δ𝑧. (3.86)

The magnitude of the discretised noise is the square root of this correlation function,

i.e.,

𝜎 =
√
2𝛾𝑘𝐵𝑇

Δ𝑡
Δ𝑥Δ𝑦Δ𝑧. (3.87)

We model the noise as a Wiener process, which is a continuous-time stochastic

process that represents the integral of a Gaussian white noise process (discussed in

appendix B).

The initial condition is complex, so we additionally sample an intermediate vari-

able

Θ(𝑡, x) = e2𝑖𝜋𝜃, 𝜃 ∼ Uniform(0, 1), (3.88)

which is associated with the phase of the noise. The complex noise is, therefore, the

product

𝜂(𝑡, x) = 𝜎𝑊(𝑡, x) × Θ(𝑡, x), (3.89)

which is sampled at every time step as the condensate grows (and beyond). In the

SGPE or SPGPE, the complex noise seeds the initial condition Φ(𝑡 = 0, x) = 𝜂(𝑡 =

0, x). The noise is dynamical, and it is updated at every time step, i.e., 𝜂(𝑡𝑚, x) ≠

𝜂(𝑡𝑚 + Δ𝑡, x).

Algorithm 2 demonstrates the numerical implementation of the noise processes.

Figure 3.9 shows the average density and phase profiles for a harmonically and

toroidally trapped Bose–Einstein condensate at a temperature 𝑇 = 80nK using an

ensemble of 100 different noise realisations. Topological defects such as vortices are

smoothed out in the averaging process. Observable quantities such as the average

atom number can be extracted from these averages.
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3.5 Numerical implementation of theoretical schemes

Algorithm 2 Generate two-dimensional (complex-valued) noise for the stochastic

Gross–Pitaevskii equation

1: procedure GenerateWienerNoise(𝑁𝑥, 𝑁𝑦)
2: for 𝑖 ← 1 to 𝑁𝑥 do
3: for 𝑗 ← 1 to 𝑁𝑦 do
4: 𝑊𝑖𝑗 ← SampleFromStandardNormal()
5: end for

6: end for

7: return𝑊
8: end procedure

9: procedure GeneratePhaseNoise(𝑁𝑥, 𝑁𝑦)
10: for 𝑖 ← 1 to 𝑁𝑥 do
11: for 𝑗 ← 1 to 𝑁𝑦 do
12: 𝜃𝑖𝑗 ← SampleFromUniform(0, 1)
13: end for

14: end for

15: return 𝜃
16: end procedure

17: procedure CalculateNoise(𝜎,𝑊, 𝜃)
18: for 𝑖 ← 1 to 𝑁𝑥 do
19: for 𝑗 ← 1 to 𝑁𝑦 do
20: 𝜂𝑖𝑗 ← 𝜎𝑊𝑖𝑗 exp(2𝜋𝑖𝜃𝑖𝑗)
21: end for

22: end for

23: return 𝜂
24: end procedure

25: procedureMain

26: 𝑁𝑥, 𝑁𝑦 ← GridDimensions

27: 𝜎 ← NoiseMagnitude

28: 𝑊 ← GenerateWienerNoise(𝑁𝑥, 𝑁𝑦)
29: 𝜃 ← GeneratePhaseNoise(𝑁𝑥, 𝑁𝑦)
30: 𝜂 ← CalculateNoise(𝜎,𝑊, 𝜃)
31: return 𝜂
32: end procedure
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Figure 3.9: A harmonically trapped condensate (top) and a toroidally trapped con-

densate (bottom) at finite-temperatures. The chemical potential was 24

nK and the temperature was 80 nK. The density and phase profiles are

an ensemble average over 100 different realisations of the noise.

We discuss numerical integration and differentiation in appendix C. We use the

fourth-order Runge–Kutta method to evolve the SGPE in time. When probing the

evolution of long dynamical routines, it is usually advantageous to use an adaptive

step-size routine to speed up the numerical integration.3 The noise is added after

every step in the aforementioned integration routines Φ𝑛+1 = ⋯+ 𝜂𝑛+1.

3It must be noted that adaptive step-size algorithms are typically not used for stochastic differential

equations. However, as the SGPE and SPGPE are approximated as a Langevin equation with

weak, additive stochastic noise, it is acceptable in this instance [MT04].

104



3.6 Summary

3.6 Summary

In this chapter, we have explored the implementation of zero temperature and

finite-temperature schemes describing Bose–Einstein condensation. We explored

the typical thermodynamical picture of a Bose gas, noting the importance of the

chemical potential and temperature as parameters which define the equilibrium

state of a thermal bath and lower-energy modes describing the condensate (and

those modes affected by its presence).

We explored typical trapping potentials seen in experiments, the mathematics

to restrict condensate dynamics to one or two dimensions, and the reason why

topological defects such as vortices appear in the condensates used in this thesis.

Using a common finite-temperature scheme—the stochastic Gross–Pitaevskii

equation—we noted that there is a ‘feeding’ or dissipation of atoms from a thermal

bath into (and out of) lower energy and condensate modes, governed by stochastic

dynamics. We then reviewed methods for the numerical implementation of the

stochastic Gross–Pitaevskii equation, including important considerations such as its

dimensionless form, how to ensure the magnitude and dynamics of the noisy field

are appropriately described numerically, and the effect of projecting high-energy

modes out of the system.

This chapter allows one to implement finite-temperature schemes numerically,

noting the importance of the chemical potential and temperature in the stochastic

Gross–Pitaevskii equation. This chapter provides the framework to study chapter 6

of this thesis: Machine Learning Thermodynamical Parameters of Bose Gases.
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Part III

Applications
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4

NEURAL INITIAL VALUE

PROBLEM

I
nitial value problems—a system of ordinary differential equations and

corresponding initial conditions—can be used to describe many physical

phenomena including those arise in classical mechanics. We have developed

a novel approach to solve physics-based initial value problems using unsupervised

machine learning. We propose a deep learning framework that models the dynamics

of a variety of mechanical systems through neural networks. Our framework is

flexible, allowing us to solve non-linear, coupled, and chaotic dynamical systems.

We demonstrate the effectiveness of our approach on systems including a free parti-

cle, a particle in a gravitational field, a classical pendulum, and the Hénon–Heiles

system (a system of harmonic oscillators with a non-linear perturbation, used in

celestial mechanics). Our results show that deep neural networks can successfully

109



Neural initial value problem

approximate solutions to these problems, producing trajectories which conserve

physical properties such as energy and those with stationary action. We note that

probabilistic functions (see § 2.2.5) are required to learn any solutions of initial value

problems in their strictest sense. We use coupled neural networks to learn solutions

of coupled systems.

4.1 Statement of the physical problem

Consider a mechanical system characterised by 𝑚 generalised coordinates 𝑞𝑖(𝑡),

𝑖 ∈ {1,⋯ ,𝑚}, and described by the Lagrangian, 𝐿. Hamilton’s principle states that

the motion of a system between two times, 𝑡1 and 𝑡2, is such that the action, 𝑆, is

stationary. The action is defined as the integral of the Lagrangian over time

𝑆 = ∫
𝑡2

𝑡1
d𝑡 𝐿(𝑞1, 𝑞2, ..., 𝑞𝑚, ̇𝑞1, ̇𝑞2, ..., ̇𝑞𝑚, 𝑡). (4.1)

For the action to be stationary, its variation, 𝛿𝑆, must vanish for small variations in

the path, 𝑞𝑖(𝑡), i.e., 𝛿𝑆 = 0. The variation of the action is

𝛿𝑆 = ∫
𝑡2

𝑡1
d𝑡 𝛿𝐿(𝑞1, 𝑞2, ..., 𝑞𝑚, ̇𝑞1, ̇𝑞2, ..., ̇𝑞𝑚, 𝑡) = ∫

𝑡2

𝑡1
d𝑡

𝑚
∑
𝑖=1
( 𝜕𝐿𝜕𝑞𝑖

𝛿𝑞𝑖 +
𝜕𝐿
𝜕 ̇𝑞𝑖

𝛿 ̇𝑞𝑖). (4.2)

Integrating the second term by parts

∫
𝑡2

𝑡1
d𝑡 𝜕𝐿𝜕 ̇𝑞𝑖

𝛿 ̇𝑞𝑖 = [ 𝜕𝐿𝜕 ̇𝑞𝑖
𝛿𝑞𝑖]

𝑡2

𝑡1
−∫

𝑡2

𝑡1
d𝑡 𝑑𝑑𝑡(

𝜕𝐿
𝜕 ̇𝑞𝑖

)𝛿𝑞𝑖. (4.3)

Since the variation of the path vanishes at the endpoints (𝛿𝑞𝑖(𝑡1) = 𝛿𝑞𝑖(𝑡2) = 0),

the first term on the right-hand side is zero. Therefore, the variation of the action

becomes

𝛿𝑆 = ∫
𝑡2

𝑡1
d𝑡

𝑚
∑
𝑖=1
( 𝜕𝐿𝜕𝑞𝑖

− 𝑑
𝑑𝑡(

𝜕𝐿
𝜕 ̇𝑞𝑖

))𝛿𝑞𝑖. (4.4)
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4.1 Statement of the physical problem

For 𝛿𝑆 to be zero for arbitrary variations 𝛿𝑞𝑖, the integrand must vanish. Since

the variations 𝛿𝑞𝑖 are independent, the term multiplying each 𝛿𝑞𝑖 must vanish

individually. This gives us a set of 𝑚 equations

𝜕𝐿
𝜕𝑞𝑖

− 𝑑
𝑑𝑡(

𝜕𝐿
𝜕 ̇𝑞𝑖

) = 0, 𝑖 = 1, 2, ..., 𝑚. (4.5)

These are the Euler-Lagrange equations.

We chose to consider only Lagrangians of the form 𝐿 = 𝑇 − 𝑉, where

𝑇 = 1
2

𝑚
∑
𝑖=1

𝜇𝑖 ̇𝑞𝑖(𝑡)2 (4.6)

is the kinetic energy and 𝑉 ≡ 𝑉(𝑞1(𝑡), 𝑞2(𝑡),⋯ , 𝑞𝑚(𝑡)) is a potential energy. We

consider only potential energies that are explicit functions of the generalised co-

ordinates, which excludes time-dependent potentials and the Lorentz force. The

Euler–Lagrange equations lead to equations of motion of the form

𝜇𝑖 ̈𝑞𝑖(𝑡) − 𝐹𝑖(𝑞1(𝑡), 𝑞2(𝑡),⋯ , 𝑞𝑚(𝑡)) = 0, (4.7)

where 𝜇𝑖 are generalised coefficients—these may be associated with a mass or mo-

ment of inertia, depending upon the dynamical system—and 𝑞𝑖 are the generalised

coordinates—which may be associated with positions or angles or other suitable

coordinates that uniquely define the configuration of the system. Their dimensions

will depend on the nature of each coordinate (e.g., an angle coordinate will be di-

mensionless, whereas a length coordinate will have dimensions of length). We can

associate

𝐹𝑖(𝑞1(𝑡), 𝑞2(𝑡),⋯ , 𝑞𝑚(𝑡)) = −
𝜕𝑉(𝑞1(𝑡), 𝑞2(𝑡),⋯ , 𝑞𝑚(𝑡))

𝜕𝑞𝑖(𝑡)
, (4.8)
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with a generalised force. In order to eliminate the explicit dependence upon 𝜇𝑖,

let the rescaled generalised force (which may have units of acceleration or angular

acceleration, as appropriate) be 𝑓𝑖 = 𝐹𝑖/𝜇𝑖. This leads to the equations of motion

̈𝑞𝑖(𝑡) − 𝑓𝑖(𝑞1(𝑡), 𝑞2(𝑡),⋯ , 𝑞𝑚(𝑡)) = 0, (4.9)

where we choose to cast the equations of motion in such a way that they equal zero.

This simplifies the subsequent development of the machine learning problem in

§ 4.2.

The domain of the problem is 𝑡 ∈ [0, 𝑇] (the time origin is set to zero without

loss of generality). The problem is subject to 2𝑚 initial conditions, where each

generalised coordinate is associated with an initial position 𝑠𝑖,0 and velocity 𝑣𝑖,0.

4.2 Statement of the machine learning problem

We will denote the neural network’s representation of the solution by q𝑖(t) =

(𝑞𝑖,0, 𝑞𝑖,1,⋯ , 𝑞𝑖,𝑛,⋯ , 𝑞𝑖,𝑁𝑇). Each element of the neural representation, 𝑞𝑖,𝑛, is as-

sociated with the continuous solution at a particular time 𝑡𝑛 = 𝑛Δ𝑡, i.e., 𝑞𝑖,𝑛 ≈

𝑞𝑖(𝑛Δ𝑡), where Δ𝑡 = 𝑇/𝑁𝑇 is the time step. We are seeking discretised vector rep-

resentations {q𝑖(t)} of the continuous functions {𝑞𝑖(𝑡)} over the temporal domain

t = (0, 𝑡1,⋯ , 𝑡𝑛,⋯ , 𝑡𝑁𝑇).

The machine learning problem is to find an optimised neural network representa-

tion which approximates the solution of the initial value problem by minimising an

appropriate cost metric. Our cost metric will be a dimensionless function (to not

be dependent upon any particular system of units). We will associate all timescales

with a characteristic time 𝜏 and all length scales with a characteristic length 𝜆𝑖. This

implies a dimensionless generalised position coordinate ̃𝑞𝑖 = 𝑞𝑖/𝜆𝑖 and a dimen-

sionless rescaled generalised force ̃𝑓𝑖 = 𝑓𝑖𝜏2/𝜆𝑖. Furthermore, the dimensionless

parameters 𝛼𝑖, 𝛽𝑖 and 𝛾𝑖 may be introduced to adjust the relative weighting of each
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4.2 Statement of the machine learning problem

term in the cost function. Dropping all tildes, the dimensionless cost function we

wish to minimise is

𝒞 =
𝑚
∑
𝑖=1

1
𝜆2𝑖
[𝛼𝑖𝜏4‖q̈𝑖(t) − f𝑖[q1(t),q2(t),⋯ ,q𝑚(t)]‖

2+

+ 𝛽𝑖𝜏2[ ̇𝑞𝑖,0 − 𝑣𝑖,0]
2 + 𝛾𝑖[𝑞𝑖,0 − 𝑠𝑖,0]

2],
(4.10)

where𝒞 produces, in general, a positive, real and scalar output. We define, in general,

the notation

‖g(t)‖2 ≡ Δ𝑡
𝜏

𝑁𝑇

∑
𝑛=0

𝑔(𝑡𝑛)2 =
𝑇
𝜏𝑁𝑇

𝑁𝑇

∑
𝑛=0

𝑔(𝑡𝑛)2, (4.11)

such that

lim
Δ𝑡→0

‖g(t)‖2 = 1
𝜏 ∫

𝑇

0
d𝑡 𝑔(𝑡)2. (4.12)

Scaling the generalised coordinates, 𝑞𝑖, and time, 𝑡, to be expressed in terms of

𝜆𝑖 and 𝜏, respectively, ensures a dimensionless form; this corresponds to setting

𝜆𝑖 = 𝜏 = 1, which we do in every example in this chapter. Furthermore, we always

set 𝛼𝑖 = 𝛽𝑖 = 𝛾𝑖 = 1. Under these assumptions, the cost function takes the form

𝒞 =
𝑚
∑
𝑖=1

{‖q̈𝑖(t) − f𝑖[q1(t),q2(t),⋯ ,q𝑚(t)]‖
2 + [ ̇𝑞𝑖,0 − 𝑣𝑖,0]

2 + [𝑞𝑖,0 − 𝑠𝑖,0]
2}

(4.13)

This equation states that residual of the differential equation should equal zero

and constrains ̇𝑞𝑖(0) and 𝑞𝑖(0) to not deviate significantly from the initial velocity,

𝑣𝑖,0, and the initial position, 𝑠𝑖,0. The cost function, in principle, fully specifies the

initial value problem, and when the differential equation and initial conditions are

satisfied, the neural network solution should tend towards the expected solution of

the initial value problem.
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4.3 Linear neural network representation of initial value

problems

4.3.1 Linear neural network for a free particle

Statement of the equation of motion and cost function

Consider a system with the free particle Lagrangian

𝐿 = 1
2𝜇 ̇𝑞(𝑡)2. (4.14)

Solving the Euler–Lagrange equations leads to the equation of motion

̈𝑞(𝑡) = 0, (4.15)

subject to the initial position 𝑠0 and initial velocity 𝑣0. Equation (4.15) has solutions

𝑞(𝑡) = 𝑣0𝑡 + 𝑠0.

For this dynamical system, we seek neural solutions

q(t) = 𝑤t + 𝑏1, (4.16)

where 1 ∈ ℝ𝑁𝑇 is a vector of ones.

Figure 4.1 represents the discretised solution in equation (4.16) as a neural network.

In this chapter, and in contrast to previous discussions in part II, chapter 2, neurons

are always vectors—this choice means that there are fewer weights and biases to

learn and that a direct equivalency of equation (4.16) with linear regression may be

observed. Every neuron-neuron connection is still associated with a weight, and

every neuron (in all layers except the input) is still associated with a bias. The free

particle system is described entirely by the simplest conceivable neural network: it

contains no hidden layers or activation functions. We define the zeroth layer neuron

value as t and the output layer neuron as q(t). The identification of 𝑣0 with the
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Output: discretised 
solution

Once w and b are 
optimised, q(t) is the 
solution of the IVP.

D
at

a 
flo

w

Input: discretised 
temporal domain

Calculate q(t) using 
current values of (w,b).
Calculate q(t) using 
current values of (w,b).

Update (w,b) using 
gradient descent.

Calculate the cost function C, check 
convergence to 0. Stop if converged.

Start of new (or first) epoch.

Figure 4.1: A neural network to solve the differential equation (4.15), as represented

by equation (4.16) is shown. The network contains two neurons: i) an

input neuron, which represents the discretised temporal domain, and

ii) an output neuron, which represents the discretised solution to the

initial value problem. The network consists of two parameters: a weight

between the input and output vector and a bias associatedwith the output

parameter.

weight 𝑤 and 𝑠0 with the bias is trivial, i.e., 𝑞(0) = 𝑏, and ̇𝑞(𝑡) = ̇𝑞(0) = 𝑤. We can,

therefore, describe the cost function as a function of the weight and bias,

𝒞(𝑤, 𝑏) = ‖𝑓(𝑤t − 𝑏1)‖2 + (𝑤 − 𝑣0)2 + (𝑏 − 𝑠0)2

= 𝑇
𝑁𝑇

𝑁𝑇

∑
𝑛=0

𝑓(𝑤𝑡𝑛 + 𝑏)2 + (𝑤 − 𝑣0)2 + (𝑏 − 𝑠0)2.
(4.17)

Given that ̈𝑞 = 0 ⟹ 𝑓(⋅) = 0, the cost function reduces to

𝒞(𝑤, 𝑏) = (𝑤 − 𝑣0)2 + (𝑏 − 𝑠0)2, (4.18)

which is minimised by 𝑤 = 𝑣0 and 𝑏 = 𝑠0.
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Initialisation

All parameters in any machine learning model are initialised randomly. This initial-

isation has no physical interpretation; it is part of the computational methodology,

as explored in § 2.3. In this example, the weight and bias for the neural network are

sampled from the uniform distribution

𝑤, 𝑏 ∼ 𝑈 (−1, 1). (4.19)

The range of initial values of the weight and bias and their convergence to the

expected parameters, 𝑣𝑖,0 and 𝑠𝑖,0, for 250 iterations of the training procedure is

shown in Figure 4.2.
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Figure 4.2: Free particle: The convergence of the weight and bias for an initial value

problem describing a free particle with 𝑠0 = 2.0 and 𝑣0 = 0.5 is shown
for 250 instances of the initialisation procedure. The weight and bias are

initialised randomly according to equation (4.19) and tend towards their

expected values after sufficient iterations of an optimisation algorithm

have passed. After around 2,500 epochs, the training may be stopped as

an approximate solution has been obtained. The shaded region indicates

the maximum and minimum value of both parameters at a given epoch,

and the line indicates the average value of the parameters throughout

(which is an arithmetic mean for the underlying uniform distribution).
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4.3 Linear neural network representation of initial value problems

Learning the optimal parameters using gradient descent

Optimisation of a two parameter model can be achieved by gradient descent (usually

attributed to Cauchy). Let the model parameters be denoted by the tuple (𝑤, 𝑏).

We wish to adjust the weight and bias by some Δ𝑤 and Δ𝑏, respectively, where the

adjustment is assumed to be small to avoid overshooting the global minima. Let the

adjustments be described by the tuple (Δ𝑤, Δ𝑏). Ensuring a descent in the direction

of the negative gradient, the result of the first order expansion of the cost function

about (Δ𝑤, Δ𝑏) is

(Δ𝑤, Δ𝑏) = −𝜂( 𝜕𝒞(𝑤, 𝑏)𝜕𝑤
|||𝑤ℰ

, 𝜕𝒞(𝑤, 𝑏)𝜕𝑏
|||𝑏ℰ
) (4.20)

where 𝜂 > 0 is a fixed global hyperparameter (a parameter which describes a neural

network) known as the step size or learning rate and 𝑤ℰ and 𝑏ℰ denote the value

of the weight and bias at epoch ℰ. Equation (4.20) is the epoch-to-epoch update

formula for the weight and the bias. From the original definition of the cost function

in equation (4.18),

𝜕𝐶(𝑤, 𝑏)
𝜕𝑤 = 2(𝑤 − 𝑣0) and

𝜕𝐶(𝑤, 𝑏)
𝜕𝑏 = 2(𝑏 − 𝑠0). (4.21)

Equation (4.20) describes the gradient descent throughout the parameter space. One

set of parameter updates is associated with one epoch (one complete forward and

backwards pass through the neural network). After a sufficient number of epochs

have been completed, the weight and bias should tend toward the dimensionless

initial velocity and initial position, respectively. Figure 4.3 shows the gradient descent

of the weight and biases throughout the parameter space, updating according to

equation (4.20).

Figure 4.4 demonstrates the neural solution given by equation (4.16) for the learnt

parameters 𝑤 and 𝑏. Given that the values of 𝑠0 and 𝑣0 obtained by the neural
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Figure 4.3: The gradient descent/update procedure for the weights and biases to-

wards the target parameters 𝑣0 and 𝑠0 are shown, according to equation
(4.20). The contours represent the values of the cost function in equation

(4.18).
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Figure 4.4: Free particle: The expected solution, the neural solution, and the differ-

ence (residual) of the two are shown.
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4.3 Linear neural network representation of initial value problems

network are approximations, the solution they describe will always diverge from the

expected solution after sufficient time, as shown by the residual plot.

4.3.2 Linear neural network as a linear approximant for a

particle in a gravitational field

This framework additionally serves as a linear approximant for functions which

exhibit non-linear solutions. Consider a particle in a uniform gravitational field

given by the dimensionless equation of motion

̈𝑞(𝑡) + 1 = 0, (4.22)

which—in the linear neural network framework—continues to have solutions of

the form in equation (4.16). The cost function is again a function of the weight and

bias, with a non-zero forcing term

𝒞(𝑤, 𝑏) = 𝑇
𝑁𝑇

𝑁𝑇

∑
𝑛=0

12 + (𝑤 − 𝑣0)2 + (𝑏 − 𝑠0)2

= 𝑇
𝑁𝑇

(𝑁𝑇 + 1) + (𝑤 − 𝑣0)2 + (𝑏 − 𝑠0)2

≈ 𝑇 + (𝑤 − 𝑣0)2 + (𝑏 − 𝑠0)2

(4.23)

as 𝑁𝑇 →∞. The cost function is again minimised by 𝑤 and 𝑏 but increases without

bound as 𝑇 → ∞. Figure 4.5 demonstrates the linear neural network’s ability to

perform as a linear approximant for non-linear solutions.

4.3.3 Linear neural network as a linear approximant for a

harmonic oscillator

Consider now the harmonic oscillator given by the equation of motion

̈𝑞(𝑡) + 𝑞(𝑡) = 0. (4.24)
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Figure 4.5: (a) The linear approximant to equation (4.16) for a particle in a gravi-

tational field obtained by machine learning is shown alongside the ex-

pected particle trajectory. Since we are trying to fit a linear function to a

quadratic function, the residuals show an underlying quadratic pattern as

time evolves. (b) The average convergence of the bias and weight for 250

iterations of the training algorithm is again shown. The shaded region

indicates the maximum and minimum value of both parameters at a

given epoch, and the line indicates the average value of the parameters

throughout (which is an arithmetic mean for the underlying uniform

distribution).
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Figure 4.6: Theoretical values of the weight (equation (4.28)) and bias (equation

(4.29)) describing the linear approximant of the harmonic oscillator are

shown. The weight and bias are expected to tend towards zero as the

time, 𝑇, increases, regardless of the true values of the initial conditions.

Letting 𝑓(𝑡) = −𝑞(𝑡) = −𝑤𝑡 − 𝑏, the cost function is

𝒞(𝑤, 𝑏) = 𝑇
𝑁𝑇

𝑁𝑇

∑
𝑛=0

[𝑤(𝑡𝑛) + 𝑏]2 + (𝑤 − 𝑣0)2 + (𝑏 − 𝑠0)2

≈ ∫
𝑇

0
d𝑡 {(𝑤𝑡 + 𝑏)2} + (𝑤 − 𝑣0)2 + (𝑏 − 𝑠0)2

= 𝑤2

3 (𝑇 − 𝑡0)2 + 𝑤𝑏(𝑇 − 𝑡0)2 + 𝑏2(𝑇 − 𝑡0)+

+ (𝑤 − 𝑣0)2 + (𝑏 − 𝑠0)2,

(4.25)

which is minimised by

𝜕𝒞
𝜕𝑤 = 2

3𝑤(𝑇 − 𝑡0)3 + 𝑏(𝑇 − 𝑡0)2 + 2(𝑤 − 𝑣0) = 0, (4.26)

and
𝜕𝒞
𝜕𝑏 = 𝑤(𝑇 − 𝑡0)2 + 2𝑏(𝑇 − 𝑡0) + 2(𝑏 − 𝑠0) = 0. (4.27)

Solving equations (4.26) and (4.27) simultaneously gives the weight and bias in
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terms of the initial conditions 𝑣0 and 𝑠0 only,

𝑤 =
−6𝑇2𝑠0 + 12𝑇𝑣0 + 12𝑣0
𝑇4 + 12𝑇 + 4𝑇3 + 12 , (4.28)

and

𝑏 =
4𝑇3𝑠0 − 6𝑇2𝑣0 + 12𝑠0
𝑇4 + 12𝑇 + 4𝑇3 + 12 . (4.29)

It follows that, as 𝑇 → 0, 𝑏 = 𝑠0 and 𝑤 = 𝑣0. Furthermore, as 𝑇 → ∞, 𝑏 → 0

and 𝑤 → 0. That is to say, when probing long dynamical regimes as 𝑇 grows larger,

the linear approximant suggests that the learnt weight and bias should always tend

towards zero regardless of the true values of the initial conditions. We did not observe

this, and we did not explore this further. This may suggest the need for increasing

the representational capacity of the neural network.

Figure 4.6 shows the values of the learnt conditions as functions of 𝑇 for (𝑠0, 𝑣0) =

(0.5, 1.0).

Learning linear solutions or linear approximations to solutions is both compu-

tationally inexpensive and easy to follow mathematically. The cost function in

equation (4.18) is entirely analogous to linear regression in two dimensions (since

̈𝑞(𝑡) = 0, we are only finding two optimal parameters).

4.4 Deep neural network representation of the classical

pendulum

4.4.1 Statement of the equation of motion and cost function

Consider a one-dimensional pendulum with kinetic energy

𝑇( ̇𝜑(𝑡)) = 1
2𝜇ℓ

2 ̇𝜑(𝑡)2, (4.30)

where 𝜇 is the mass of the pendulum bob, ℓ is the length of the pendulum, and ̇𝜑(𝑡)

is the angular velocity of the pendulum, associated with the angle coordinate 𝜑(𝑡).
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4.4 Deep neural network representation of the classical pendulum

The potential energy is 𝑉(𝜑(𝑡)) = 𝜇𝑔ℓ[1 − cos𝜑(𝑡)], where 𝑔 is the acceleration due

to gravity. The Lagrangian is therefore

𝐿(𝜑(𝑡)) = 1
2𝜇ℓ

2 ̇𝜑(𝑡)2 − 𝜇𝑔ℓ[1 − cos𝜑(𝑡)]. (4.31)

Introducing the characteristic time 𝜏 = √ℓ/𝑔, and solving the Euler–Lagrange

equation, the dimensionless equation of motion is ̈𝜑(𝑡) + sin𝜑(𝑡) = 0, subject to the

pendulum’s initial angular velocity 𝑣0 and initial angle 𝑠0.

The cost function for this problem is

𝒞 = ‖ ̈𝜑̈𝜑̈𝜑(t) − sin(𝜑𝜑𝜑(t))‖2 + ( ̇𝜑0 − 𝑣0)2 + (𝜑0 − 𝑠0)2, (4.32)

where ̇𝜑0 and𝜑0 are the neural network’s current values of the initial angular velocity

and initial position. The cost function is minimised by an appropriate set of weights

and biases, which we will determine soon.

4.4.2 Towards deep learning

Unlike the linear neural network, there is no direct physical interpretation of the

weights and biases other than in the small region where the solution behaves linearly.

For initial value problems where their solutions exhibit non-linear behaviour, we

observe that neural networks require of the order of 104 or 105 weights and biases to

approximate their solution. Wewill use a similar architecture to Figure 4.1 where the

input neuron represents the discretised temporal domain, t, and the output neuron

represents the discretised solution, 𝜑𝜑𝜑(t). To increase the representational capacity of

the neural network, we construct a multi-layer, multi-neuron network as shown in

Figure 4.7. Every neuron-neuron connection is associated with a weight parameter

and every neuron is associated with a bias parameter. Section 2.2 provides further

details of the output of a scalar-valued neuron.

The layers between the input and output layers are called hidden layers. Comput-

ing successive hidden linear layers would be equivalent to just one linear operation—
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Layer l

Layer l – 1

Layer 0

Layer L

Figure 4.7: A fully connected and feedforward deep neural network is shown. A

weights matrix is shown between the ℓth and (ℓ − 1)th layer, assuming

that both layers contain 𝑛 neurons. Every connection between every

neuron is associated with a weight. A bias vector is shown on the ℓth
layer—every neuron is associated with a scalar bias. The number of

layers and neurons in each layer are hyperparameters which may need

to be modified for different dynamical systems.

everything collapses into a linear model so that no non-linear problem can be learnt.

To avoid this, we apply a non-linear function 𝒜 to every neuron; this is referred to

as an activation function, and we exploit the probabilistic interpretation of certain

activation functions (see § 2.2.5) to introduce heuristically a form of model aver-

aging (see § 2.2.5) to our solutions. For every neural network describing an initial

value problem that we explore in this section, probabilistic activation functions are a

fundamental component of the machine learning architecture—non-probabilistic

activation functions are not conducive to learning in this context.

We assume that there are 𝑛 neurons in each hidden layer (in general, this need not

be the case), where each neuron has an index 𝑗 ∈ {1, 𝑛}. We further assume that the
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4.4 Deep neural network representation of the classical pendulum

network has a total of 𝐿 layers (excluding the input layer, which may be considered

the ℓ = 0th layer). Then, the value of a hidden neuron in the first layer is

h1𝑘 = 𝒜(z1𝑘),

where z1𝑘 = 𝑤1
𝑘1t + 𝑏1𝑘1,

(4.33)

and 1 ∈ ℝ𝑁𝑇 is a vector of ones. In the subsequent layer(s), ℓ ∈ {2,⋯ , 𝐿 − 1}, we

similarly have

hℓ𝑗 = 𝒜(zℓ𝑗 ),

where zℓ𝑗 =
𝑛
∑
𝑘=1

𝑤ℓ
𝑗𝑘h

ℓ−1
𝑘 + 𝑏ℓ𝑗 1.

(4.34)

The final (output) layer, ℓ = 𝐿, of the neural network contains a single neuron with

value

𝜑𝜑𝜑(t) = 𝒜(z𝐿1 ),

where z𝐿1 =
𝑛
∑
𝑘=1

𝑤𝐿
1𝑗h

𝐿−1
𝑗 + 𝑏𝐿11.

(4.35)

We find that 𝐿 = 3 layer neural networks appear to be sufficient to learn the solutions

to initial value problems, including the classical pendulum. Figure 4.8 shows the

complete neural network representation of the classical pendulum in a three-layer ar-

chitecture (with two hidden layers and one output layer), alongside Eqs. (4.33–4.35).

4.4.3 Initialisation

We initialise theweights and biases in the hidden layers from the uniformdistribution

𝑤ℓ
𝑗𝑘, 𝑏

ℓ
𝑗 ∼ 𝑈(−√

3
𝑛,+√

3
𝑛). (4.36)

See § 2.3 for more details.
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Figure 4.8: The neural network in Figure 4.7 is annotated to show which layers

compute Eqs. (4.33–4.35). It demonstrates that the neural network is

essentially a composition of many functions. A discretised temporal

domain t with 𝑁𝑇 time steps is input to the network. The discretised

solution 𝜑𝜑𝜑(t) is output. Information flows from bottom to top. Every

neuron is associated with a tensor of dimensions [1, 𝑁𝑇, 1]. Every hidden
layer is a tensor of shape [1, 𝑁𝑇, 𝑛].

4.4.4 Learning the optimal parameters using adaptive moment

estimation

We wish to learn the cost function minimising mapping between the input layer

and the output layer. Gradient descent will eventually reach a global minimum

deterministically, although it may take a very long time to traverse flat regions of the

parameter space where parts of the gradient of the cost function are approximately

zero. Instead, in all examples in this section, we use the adaptive moment estimation

(Adam) algorithm, whichwe derive in § 2.5.3. The gradients of theweights and biases
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4.4 Deep neural network representation of the classical pendulum

are determined by an algorithm called backpropagation. The standard equations

of backpropagation for scalar-valued neurons are presented in § 2.5.4. We will now

derive the equations of backpropagation for vector-valued neurons.

4.4.5 Backwards propagation of errors with vector-valued

neurons

Forward propagation computes an estimate of the vector 𝜑𝜑𝜑(t) based on the existing

weights and biases. The cost function, 𝒞, is then calculated for that particular

estimate. We want to determine the sensitivity of the cost function with respect to

the weights and biases throughout the entire network. The sensitivities of the cost

function are given by

𝜕𝒞
𝜕𝑤ℓ

𝑗𝑘
= ∇zℓ𝑗

𝒞 ⋅ ∇𝑤ℓ
𝑗𝑘
zℓ𝑗 (4.37a)

𝜕𝒞
𝜕𝑏ℓ𝑗

= ∇zℓ𝑗
𝒞 ⋅ ∇𝑏ℓ𝑗

zℓ𝑗 = ∇zℓ𝑗
𝒞 ⋅ 1 = ∇zℓ𝑗

𝒞. (4.37b)

whichwe obtain by the chain rule. Weuse ⋅ to denote the scalar product for notational

simplicity. Using the definition of the output of a neuron in the first hidden layer in

Eq. (4.33) and in an arbitrary layer, ℓ, in Eq. (4.34), we can see that the sensitivity of

the cost function with respect to the network weights is

𝜕𝒞
𝜕𝑤ℓ

𝑗𝑘
=
⎧

⎨
⎩

∇zℓ𝑗
𝒞 ⋅ hℓ𝑗 , if ℓ ≥ 2,

∇zℓ𝑗
𝒞 ⋅ t, if ℓ = 1.

(4.38)

We seek an equation for∇zℓ𝑗
𝒞, which is calculated backwards through the network

for computational efficiency [GW08]. This is the sensitivity of the cost function with

respect to the weighted input to the neuron. In the final layer, this sensitivity is given

by

∇z𝐿1
𝒞 = ∇𝜑𝜑𝜑𝒞∇z𝐿1

𝜑𝜑𝜑 . (4.39)
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The sensitivity is, in a linear algebra sense, a Jacobian matrix (of the partial deriva-

tives of the elements of 𝜑𝜑𝜑 with respect to the elements of z𝐿1 ) multiplied by a row

vector (of the partial derivatives of 𝒞 with respect to each element of the solution

vector 𝜑𝜑𝜑). Since the activation function is applied element-wise, the Jacobian ∇z𝐿1
𝜑𝜑𝜑

is diagonal, so the sensitivity reduces to an element-wise multiplication, as indicated

by the Hadamard product,⊙. It therefore follows that

∇z𝐿1
𝒞 = ∇𝜑𝜑𝜑𝒞 ⊙ (∇z𝐿1

⊙𝜑𝜑𝜑), (4.40)

where the substitution 𝜑𝜑𝜑 = 𝒜(z𝐿1 ) can then be made—this directly introduces the

derivative of the activation function into the backpropagation algorithm.

We then work top to bottom through the neural network (hence, backpropagation)

to determine the optimality of each neuron. Let us consider two arbitrary layers in

the network, ℓ and ℓ − 1, with neuron indices 𝑗 and 𝑘, respectively. This preserves

the previously defined ordering of indices on, e.g., the weights 𝑤ℓ
𝑗𝑘. For the layer

ℓ − 1, the sensitivity of the cost function with respect to the 𝑘th neuron can be

written in terms of all of the sensitivities in the layer after it (this neuron influences

all neurons in the subsequent layers ℓ, ℓ + 1, and so on, in a fully connected neural

network). The sensitivity of the output of a neuron in layer (ℓ − 1) is therefore also

determined by the chain rule

∇zℓ−1𝑘
𝒞 =

𝑛ℓ
∑
𝑗=1

∇zℓ𝑗
𝒞∇zℓ−1𝑘

zℓ𝑗 , (4.41)

where each term in the summation is a Jacobian matrix (the matrix of partial deriva-

tives of pre-activations from one layer to the next) multiplied by a vector (the sen-

sitivity in the cost function with respect to a change in the pre-activations in the

subsequent layers).
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Let the Jacobian matrix J𝑗𝑘 = ∇zℓ−1𝑘
zℓ𝑗 with elements

J𝑗𝑘𝑚𝑛 =
𝜕(𝑧ℓ𝑗 )𝑚
𝜕(𝑧ℓ−1𝑘 )𝑛

. (4.42)

By the definition of the pre-activation in Eq. (4.34), it follows that each element J𝑗𝑘𝑚𝑛

is

J𝑗𝑘𝑚𝑛 =
𝑛ℓ
∑
𝑘′=1

𝑤ℓ
𝑗𝑘′
𝜕(𝒜((𝑧ℓ−1𝑘′ )𝑚))
𝜕((𝑧ℓ−1𝑘 )𝑛)

, (4.43)

which can only be nonzero if 𝑘′ = 𝑘 and 𝑚 = 𝑛, such that the function being

differentiated is a function of the variable it is being differentiated with respect to.

Therefore, the matrices J𝑗𝑘 are again diagonal, with

J𝑗𝑘𝑛𝑛 = 𝑤ℓ
𝑗𝑘
𝜕(𝒜((𝑧ℓ−1𝑘 )𝑛))
𝜕((𝑧ℓ−1𝑘 )𝑛)

(4.44)

and J𝑗𝑘𝑚≠𝑛 = 0. Substituting Eq. (4.43) into equation Eq. (4.41) gives the error in the

(ℓ − 1)th layer in terms of the errors in the ℓth layer,

∇zℓ−1𝑘
𝒞 =

𝑛ℓ
∑
𝑗=1

𝑤ℓ
𝑗𝑘∇zℓ𝑗

𝒞 ⊙ (∇zℓ−1𝑘
⊙𝒜(zℓ−1𝑘 )). (4.45)

It immediately follows that between the output and the penultimate layer,

∇zℓ𝑗
𝒞 = 𝑤𝐿

1𝑗∇z𝐿1
𝒞 ⊙ (∇zℓ𝑗

⊙𝒜(zℓ𝑗 )). (4.46)

4.4.6 Results and discussion

The exact solution for the pendulum dynamics, for arbitrary initial angle and angular

velocity, may be written in terms of Jacobi elliptic functions, but the standardmethod

of solution is via numerical integration schemes. There is a numerical instability

when 𝜑(0) = 𝜋 and ̇𝜑(0) = 0; the pendulum should remain at 𝜑(𝑡) = 𝜋 for all time,
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Figure 4.9: The phase portrait for four open and four closed trajectories is shown.

Small artefacts can be observed (for example, on the closed trajectorywith

the highest initial angle) since the error in the neural solution increases

as time increases. Note that the unstable trajectory at 𝜑(0) = 𝜋 and

̇𝜑(0) = 0 does not appear on the phase space portrait — it only exists at a

single point.

but machine precision means that the pendulum will always fall, as the pendulum

is never at exactly 𝜑(0) = 𝜋.

We sample both open and closed trajectories of the classical pendulum. The closed

trajectories have initial positions from 𝑠0 = 𝜋/8 to 𝑠0 = 3𝜋/4— equally spaced and

chosen to cover a broad range of dynamical behaviour — and zero velocity, 𝑣0 = 0.

The open trajectories have initial positions 𝑠0 = ±𝜋 and velocities 𝑣0 = ±𝜋/2 or

𝑣0 = ±𝜋 (the open and positive trajectories have negative initial angle and positive

initial angular velocity, and the open and negative trajectories have positive initial

angle and negative initial angular velocity). All trajectories are shown in Figure 4.9.

Figure 4.10 shows the various cost metrics for each trajectory. The machine learning

modelling estimates the solution of the initial value problem for a given set of weights

and biases, and determines themean square error of the trajectory across the problem
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Neural initial value problem

domain. In order to plot a quantity with physical dimensions, we take the square

root of this estimate; we define the quantity√‖q̈𝑖(t) − f𝑖(q1(t),q2(t),⋯ ,q𝑚(t))‖
2
to

be the root-mean-square of the differential equation (RMS of the ODE). Remarkably,

we note that the machine learning modelling successfully captured the numerical

instability at 𝜋 radians, although this took around ten times more epochs than other

trajectories.

4.5 Coupled neural network for the Hénon–Heiles system

4.5.1 Statement of the equation of motion and cost function

The Hénon–Heiles system [HH64] describes the non-linear motion of a star around

its galactic centre. The motion can be viewed as a pair of harmonic oscillators with

a perturbation (associated with a galactic potential) which couples the oscillators

together. The motion is chaotic and non-dissipative. This system can, again, be

described in terms of a Lagrangian of the form 𝐿 = 𝑇 − 𝑉, where the kinetic energy

is

𝑇( ̇𝑥(𝑡), ̇𝑦(𝑡)) = 1
2𝑚[ ̇𝑥2(𝑡) + ̇𝑦2(𝑡)], (4.47)

and the potential is

𝑉(𝑥(𝑡), 𝑦(𝑡)) = 1
2𝑚𝜔

2[𝑥2(𝑡) + 𝑦2(𝑡)] + 𝑘[𝑥2(𝑡)𝑦(𝑡) −
𝑦3(𝑡)
3 ]. (4.48)

Ensuring a dimensionless system of equations by setting 𝑚 = 𝜔 = 𝑘 = 1, and by

solving the Euler–Lagrange equations, we obtain the system of coupled equations of

motion for each coordinate

̈𝑥(𝑡) + 𝑥(𝑡) − 2𝑥(𝑡)𝑦(𝑡) = 0,

̈𝑦(𝑡) + 𝑦(𝑡) + 𝑦2(𝑡) − 𝑥2(𝑡) = 0.
(4.49)

The system is time-independent, and so the total energy 𝐸 = 𝑇 + 𝑉 is a conserved

quantity.
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Figure 4.11: Equipotential curves for the Hénon–Heiles potential in equation (4.48)

are shown for a range of energies. An equilateral triangle with points at

(−√3/2, −1/2), (0, 1) and (+√3/2, −1/2) forms the equipotential curve

for 𝐸 = 1/6, the energy below which all trajectories are bounded. Open

trajectories are obtained when the energy of the particle exceeds 𝐸 =
1/6.

The equations of motion and initial conditions lead to the cost function

𝒞 = ‖ ̈x(t) + x(t) − 2x(t)y(t)‖2

+ ‖ ̈y(t) + y(t) + y2(t) − x2(t)‖2

+ (𝑥0 − 𝑠𝑥,0)2 + (𝑦0 − 𝑠𝑦,0)2

+ ( ̇𝑥0 − 𝑣𝑥,0)2 + ( ̇𝑦0 − 𝑣𝑦,0)2.

(4.50)
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Neural initial value problem

4.5.2 Coupled neural networks

We have two dynamical degrees of freedom, which we handle by employing two

neural networks — one for each coordinate — with separate parameterisations that

we simultaneously optimise. The cost function is shared between the two networks,

although note that there are two separate backwards propagations of errors needed

to update the parameters of each network. The gradients computed during both

backward passes are based on the cost function in Eq. (4.50), which includes terms for

both coordinates. Because these coordinates are coupled in the equations of motion,

the gradient of the cost function with respect to one set of parameters will naturally

include contributions from both coordinates. The presence of coupling in the cost

function means that we must ensure that the updates to the parameters for one

network reflect the influence of the other network. The first backward propagation

computes the gradients in the network representing 𝑥; the gradient information

is retained after the errors associated with the first coordinate are computed. The

second backward propagation computes the gradients in the network representing

𝑦; all gradient information is then discarded since all backwards passes through all

coordinates are complete.

Once we calculate the gradients, the optimiser takes a step to update the param-

eters in the direction that minimises the cost function. The process of zeroing (or

resetting) the gradients, calculating new gradients, and then stepping the optimiser

is repeated many times in a training loop until the networks converge to a solution

that minimises the cost function. In principle, the coupled optimiser could include

as many optimisers as computer memory allows. We refer the reader to our code

[Gri24c] for further implementation details.

Figure 4.12 shows a schematic for the coupled neural network for the Hénon–

Heiles system.
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4.5 Coupled neural network for the Hénon–Heiles system

The discretised temporal domain, t, is 
shared between the networks.

Evaluate cost function for network 1, 
representing x.

Evaluate cost function for network 2, 
representing y.

Coupling is introduced in the cost function

Figure 4.12: A coupled neural network for the Hénon–Heiles system. It propagates

independent parameters for each generalised coordinate (given a com-

mon temporal domain) and couples only in the evaluation of the cost

functions.

4.5.3 Results and discussion

Wewill only consider confined (closed) trajectories. Hénon and Heiles give an upper

limit for the energy to produce a confined trajectory as 𝐸 = 1/6. This trajectory is

entirely chaotic. We also study the confined trajectory with energy 𝐸 = 1/12, which

is quasi-periodic. We choose always to set the initial position of the first coordinate

such that 𝑠𝑥,0 = 0. For the chaotic trajectory, where 𝐸 = 1/6, we set the initial

velocity for the 𝑥-coordinate to 𝑣𝑥,0 = 0.10, and the initial position and velocity for

the 𝑦-coordinate to 𝑠𝑦,0 = 0.57 and 𝑣𝑦,0 = 0.057. For the quasi-periodic trajectory,
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Neural initial value problem

where 𝐸 = 1/12, we set the velocity for the 𝑥-coordinate to 𝑣𝑥,0 = 0.05, and the

initial position and velocity for the 𝑦-coordinate to 𝑠𝑦,0 = 0.40 and 𝑣𝑦,0 = 0.041.1

Figures 4.13a and 4.13b show these two Hénon–Heiles trajectories. We used the

SechLU activation function, given in Eq. (2.10c). GELU, given in Eq. (2.9c), was not

conducive to learning and all trajectories failed to obtain correct dynamics; we are

unsure why this is the case, but it is our empirical observation that SechLU is the

most reliable of the probabilistic activation functions that we have tested. Figures

4.14 and 4.15 show the individual cost metrics for a Hénon–Heiles system with

energies 𝐸 = 1/6 and 𝐸 = 1/12, respectively.

The neural solutions successfully minimise the action, 𝑆, as training progresses

(we stress that the action is not an explicit term in the cost function, although it

generates the dynamical equations through Hamilton’s principle). We approximate

the action at every epoch using 𝑆 ≈ Δ𝑡∑𝑁𝑇
𝑘=0 𝐿(𝑥𝑘, ̇𝑥𝑘, 𝑦𝑘, ̇𝑦𝑘). We note that the

action of the machine learning trajectories does not necessarily increase or decrease

monotonically with epoch. We note that one might expect that forming a cost

function around the action only and then minimising it would be sufficient, as

an almost literal realisation of Hamilton’s principle of stationary action (the fact

that the action must be extremised rather than strictly minimised notwithstanding).

We have not found this to be the case, neither in conjunction with a trajectory’s

initial values, nor with coordinate values at the path’s two endpoints. The Euler–

Lagrange equations, i.e., the dynamical consequence of Hamilton’s principle, in

conjunction with the initial conditions, appear to be necessary, which also have the

useful property of the minimising value of the cost function always being equal to

zero. We note that when the root mean square of the differential equation remains

constant over many epochs, it corresponds to unchanging values of the action. This

1The initial velocity of the first coordinate is constrained by 𝑥̇(0) = √2𝐸 − 𝑣2𝑦,0 − 𝑠2𝑦,0 + 2𝑠3𝑦,0/3,
where we have set either 𝐸 = 1/6 or 𝐸 = 1/12. Given these constraints, the initial position and

initial velocity for the second coordinate can be arbitrarily chosen, providing that 𝑥̇(0) remains

real-valued. To ensure an appropriate choice of the initial conditions for the second coordinate,

we find 𝑦(0) by using root finding algorithms on the constraint 𝑉 < 𝐸, and setting the result as
10% of this value. We find ̇𝑦(0) by evaluating 𝑇 < 𝐸 − 𝑉, and setting the result as 10% of this

value.
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4.5 Coupled neural network for the Hénon–Heiles system

is due to the equivalence of the principle of stationary action and the underlying

equations of motion.

The trajectories obtained by the Runge–Kutta integration routines may not give

the ‘true’ value of the action (especially in systems with chaotic dynamics). However,

since multiple methods are approaching similar values of the action, this value could

be interpreted as the most stationary.

We finally note that a finer temporal discretisation appears to improve the learning

capabilities of the neural network, especially with the chaotic trajectory, without an

increase in network parameters (since the neurons are vector-valued). The stability of

probing chaotic dynamics using numerical integration schemes such as the Runge–

Kutta methods can be improved (up to a point) by using a finer temporal resolution,

which is what we observe in our neural solutions.
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Figure 4.13: Two Hénon–Heiles trajectories obtained by machine learning with dif-

ferent energies: (a) corresponds to 𝐸 = 1/6 (the chaotic trajectory) and
(b) corresponds to 𝐸 = 1/12 (the quasi-periodic trajectory). We show

comparative metrics for the same trajectories obtained by Runge–Kutta

methods in Figure 4.14 and Figure 4.15. Top: the time evolution of the

individual coordinates. Bottom: phase profiles, showing (𝑥, 𝑦) pairs as
parametric functions of 𝑡.
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|ẋ0−vx,0|

0k
50k

100k
Epochs

10 −
3

10 −
2

RMS of ODE, y(t)

0k
50k

100k
Epochs

10 −
6

10 −
3

|y0− sy,0|

0k
50k

100k
Epochs

10 −
6

10 −
3
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4.6 Neural representation of a complex-valued initial value problem

4.6 Neural representation of a complex-valued initial value

problem

Consider a complex-valued function

𝛼(𝑡) = 𝑢(𝑡) + 𝑖𝑣(𝑡), (4.51)

where 𝑢(𝑡), 𝑣(𝑡) ∈ ℝ → ℝ. Consider further the first-order, complex ordinary

differential equation

𝛼̇(𝑡) = 𝑓(𝑡, 𝛼(𝑡)), (4.52)

subject to the initial condition 𝛼(0) = 𝑎 + 𝑖𝑏 ∈ ℂ (thus completely specifying an

initial value problem), where 𝑓 is a complex-valued function of the form

𝑓(𝑡, 𝛼(𝑡)) = 𝑝(𝑡, 𝑢, 𝑣) + 𝑖𝑞(𝑡, 𝑢, 𝑣), (4.53)

andwhere𝑝(𝑡, 𝑢, 𝑣), 𝑞(𝑡, 𝑢, 𝑣) ∈ ℝ → ℝ. Substitution of equation (4.51) and equation

(4.53) into the differential equation (4.52) gives

̇𝑢(𝑡) + 𝑖 ̇𝑣(𝑡) = 𝑝(𝑡, 𝑢, 𝑣) + 𝑖𝑞(𝑡, 𝑢, 𝑣). (4.54)

By equating the real and imaginary parts of equation (4.54), one obtains a system of

first-order, real coupled differential equations

̇𝑢(𝑡) = 𝑝(𝑡, 𝑢, 𝑣) (4.55a)

̇𝑣(𝑡) = 𝑞(𝑡, 𝑢, 𝑣), (4.55b)

subject to the initial conditions 𝑢(0) = 𝑎 and 𝑣(0) = 𝑏, respectively. Equation (4.55a),

equation (4.55b) and these initial conditions serve as a framework for the solution

of first-order, ordinary differential equations. This system of differential equations

can be solved using coupled neural networks.
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4.7 Summary

We have presented the neural initial value problem: a machine learning framework

which approximates the solutions to a range of physics-based initial value problems

in the absence of training data (i.e., an unsupervised learning approach). We have

formulated a general cost function that captures the dynamics of a wide range of

mechanical systems. Through extensive experimentation, we demonstrated that

our approach can successfully model systems with non-linear, coupled, and chaotic

behaviours. For the free particle and particle in a gravitational field, our linear neural

network provided accurate solutions and served as a linear approximant for prob-

lems with non-linear solutions. In the case of the pendulum (for arbitrary angles,

i.e., outside the small angle approximation), the deep neural network framework

proved effective in capturing non-linear dynamics. For the Hénon–Heiles system,

our coupled neural network was successful in capturing the dynamics of the two

coordinates, including in chaotic regimes. We have also introduced and evaluated

several machine learning techniques to enhance our framework: probabilistic acti-

vation functions, which appear to be necessary to learn the solutions of initial value

problems (they may be interpreted as a general class of model averaging functions),

and the coupled optimisation routines allow for the simultaneous optimisation of

many neural networks representing individual generalised coordinates.

Whilst not a direct replacement for standard numerical integration routines such

as the Runge–Kutta methods (which, in our benchmarking, can solve the Hénon–

Heiles system in a few seconds of wall-clock time; this is compared to the machine

learning modelling which can take around one hour of wall-clock time), we have

demonstrated that neural initial value problems are a complementary approach

which may be used to verify the validity of other numerical methods, for example

in highly chaotic regimes. Whilst not presented in the current work, we have also

found that coupled neural networks — alongside the neural initial value problem

framework — can solve complex-valued initial value problems by treating the un-

derlying differential equations as a system of ordinary differential equations for the
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real and imaginary parts (i.e., considering the complex domain to be an ordered pair

of real numbers). The methods presented in this chapter could be augmented with

the presence of training data (see a general discussion of combining observed data,

differential equations, and machine learning in, for example, [Cuo+22]), where the

probabilistic activation functions could provide greater accuracy and/or generalisa-

tion capabilities for a broader range of dynamical systems.
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5

NEURAL

STURM–LIOUVILLE

PROBLEM

S
turm–Liouville problems are ubiquitous in many areas of physics. The

time-independent Schrödinger equation𝐻𝜙(𝑥) = 𝐸𝜙(𝑥), the Laplace equa-

tion ∇2𝜙(𝑥) = 0 (and the related Helmholtz equation ∇2𝜙(𝑥) = −𝑘2𝜙(𝑥)),

Bessel’s equation, and the (generalised) Legendre equation may all be written as

a Sturm–Liouville problem. They are all are eigenvalue problems with a unique

correspondence between a particular eigenfunction and eigenvalue (i.e., in principle

there are no degenerate solutions). We introduce a machine learning method which

reliably and accurately finds eigenfunctions and eigenvalues of a broad range of

Sturm–Liouville problems through a dual optimisation scheme. An initial guess of
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the eigenvalue is input into a machine learning algorithm. The nearest acceptable

eigenvalue and its associated eigenfunction are simultaneously found using the

neural initial value problem framework. We observe that eigenvectors are found

first, followed by the corresponding eigenvalues. Unlike other numerical methods,

the eigenvalues can be found from above or below. We use the neural Sturm–

Liouville problem framework to solve the (generalised) Legendre equation (and then

finding the spherical harmonics with post-processing) and the time-independent

Schrödinger equation (in both a harmonic and anharmonic trap)—this framework

is a fast and reliable replacement of traditional numerical schemes (such as the

shooting method in appendix C) to solve such problems.

5.1 Statement of the physical problem

We consider the Sturm–Liouville problem

ℒ[𝜙(𝑥)] = 𝜆𝑤(𝑥)𝜙(𝑥), (5.1)

where ℒ is a linear operator, 𝜙(𝑥) is an eigenfunction, 𝜆 is its associated eigenvalue,

and𝑤(𝑥) ∶ ℝ → ℝ is a weight function. The domain is typically 𝑥 ∈ [𝑎, 𝑏], or where

appropriate, 𝑥 ∈ (−∞,∞). The operator ℒ takes the form

ℒ = − d

d𝑥[𝑝(𝑥)
d

d𝑥] + 𝑞(𝑥), (5.2)

where 𝑝(𝑥), 𝑝′(𝑥), and 𝑞(𝑥) are continuous real-valued functions on [𝑎, 𝑏]. This

leads to the standard Sturm–Liouville equation:

− d

d𝑥[𝑝(𝑥)
d𝜙
d𝑥] + 𝑞(𝑥)𝜙 = 𝜆𝑤(𝑥)𝜙. (5.3)

We focus on problems with Dirichlet boundary conditions: 𝜙(𝑎) = 𝛼 and 𝜙(𝑏) = 𝛽.

The Sturm–Liouville problem has several key properties:
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5.2 Statement of the machine learning problem

• it possesses infinitely many eigenvalues, each corresponding uniquely to an

eigenfunction;

• the eigenvalues are positive and form an increasing sequence: 𝜆0 < 𝜆1 <

𝜆2 < ⋯ < 𝜆𝑛 < ⋯ → ∞ (there always exists a smallest (possibly non-zero)

eigenvalue 𝜆0);

• the eigenfunction 𝜙𝑘(𝑥) has exactly 𝑘 zeros in the interval [𝑎, 𝑏] and

• the eigenfunctions form an orthonormal basis with respect to the weight

function 𝑤(𝑥), satisfying

⟨𝜙𝑖|𝜙𝑗⟩ = ∫
𝑏

𝑎
d𝑥𝜙𝑖(𝑥)𝜙𝑗(𝑥)𝑤(𝑥) = 𝛿𝑖𝑗, (5.4)

where 𝛿𝑖𝑗 is the Kronecker delta.

All second-order linear homogeneous ordinary differential equations can be trans-

formed into a Sturm–Liouville equation using an appropriate integrating factor. The

time-independent Schrödinger equation, and equations describing phenomena mod-

elled by the Laplace, Helmholtz, Bessel, or Legendre equations, may all be written

in Sturm–Liouville form.

5.2 Statement of the machine learning problem

5.2.1 Numerical considerations and cost function

We will denote the neural network’s representation of the solution by 𝜙𝜙𝜙(x) =

(𝜙0, 𝜙1,⋯ , 𝜙𝑛,⋯ , 𝜙𝑁𝑥). Each element of the neural representation, 𝜙𝑛, is associ-

ated with the continuous solution at a particular spatial position 𝑥𝑛 = 𝑛Δ𝑥, i.e.,

𝜙𝑛 ≈ 𝜙(𝑛Δ𝑥), where Δ𝑥 = (𝑏 − 𝑎)/𝑁𝑥 is the step size. We are seeking discretised

vector representations {𝜙𝜙𝜙(x)} of the continuous functions {𝜙𝑖(𝑥)} over the spatial

domain x = (𝑥0, 𝑥1,⋯ , 𝑥𝑛,⋯ , 𝑥𝑁𝑥).
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Ab initio parameter 
(e.g., an eigenvalue)

Ab initio parameters appear in the cost 
function and are updated by backpropagation

Figure 5.1: The neural network representation of a neural Sturm–Liouville problem.

Compare with Figure 4.7: an eigenvalue, 𝜆, is introduced as a global

parameter which is not part of the usual structure of the neural network;

it appears only in the cost function and is updated using e.g., Adam.

In contrast to the neural initial value problem, we believe that it is in general a

requirement that the normalisation condition is satisfied throughout learning to

avoid ambiguity in the magnitude of eigenfunctions and to regularise the training

process. We introduce the normalisation constraint explicitly in the cost function.

The discretised inner product used in the orthonormality condition in equation (5.4)

is

⟨𝜙𝑖|𝜙𝑗⟩ =
𝑁𝑥

∑
𝑘=0

𝜙𝑖(𝑥𝑘)𝜙𝑗(𝑥𝑘)𝑤(𝑥𝑘)Δ𝑥 ≈ 𝛿𝑖𝑗. (5.5)

The cost function for the 𝑛th eigenstate is therefore

𝒞 = ‖ℒ[𝜙𝜙𝜙(x)] − 𝜆w(x)𝜙𝜙𝜙(x)‖2 + [Δ𝑥
𝑁𝑥

∑
𝑖=0

𝜙2𝑖𝑤(𝑥𝑖) − 1]
2

+ (𝜙0 − 𝛼)2 + (𝜙𝑁𝑥 − 𝛽)2.

(5.6)

The eigenvalue, 𝜆, is a global parameter in the neural network, distinct from

weights and biases. It appears explicitly in the cost function but not in the network’s
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5.2 Statement of the machine learning problem

main structure, as shown in Figure 5.1. As a global parameter, 𝜆 is not associated

with any specific layer or neuron, leaving equations (4.33–4.35) unchanged.

The eigenvalue which is to be learnt adds an extra dimension to the cost landscape

(see § 2.5.1 for the dimensional interpretation of neural network parameters). We

initialise the eigenvalue, just as we dowithweights and biases, but insteadwe provide

a best guess at its value (unlike with the initialisation of the weights and biases

which have no physical interpretation). Its value is updated through optimisation

algorithms like gradient descent:

𝜆ℰ+1 = 𝜆ℰ − 𝜂Δ𝜆ℰ, (5.7)

where 𝜆ℰ is 𝜆’s value at epoch ℰ. For all examples in this chapter, we use Adam (see

a discussion in § 2.5.3) to optimise 𝜆 along with other parameters.

5.2.2 Constraining orthogonality with curriculum learning

It is possible—although strictly not a requirement of the neural Sturm–Liouville

problem—to constrain eigenstates to be orthogonal. This requires a form of curricu-

lum learning [Ben12].1 We accumulate previously learnt eigenfunctions in memory,

determine theweighted overlap ⟨𝜙𝑖|𝜙𝑗⟩ for distinct eigenstates 𝑖 ≠ 𝑗, and add this over-

lap to the cost function as an additional regularisation term. We start by learning the

lowest eigenstate first, although in principle this is not a requirement. Curriculum

learning also allows us to use the learnt weights and biases for the first eigenstate as

a foundation for the second eigenstate, and so on. This approach would be beneficial

for learning many eigenstates at a time.

Figure 5.2 shows a schematic of curriculum learning within the neural Sturm–

Liouville problem.

1“Humans and animals learn much better when the examples are not randomly presented but

organized in a meaningful order which illustrates gradually more concepts, and gradually more

complex ones. [Curriculum learning formalises] such training strategies in the context of machine

learning [...].” – Bengio, et al., [Ben12, op cit.]
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Curriculum learning: the optimised weights and biases for the nth 
eigenstate are used as the initial state for the n + 1 eigenstate.

Eigenstate n Eigenstate n + 1

Figure 5.2: A schematic for curriculum learning with shared weights and biases.

The weights (in between layers, in colour: purple) and biases (associated

with each neuron, in colour: pink) from the optimised 𝑛th eigenstate

form the initial state for the 𝑛 + 1th eigenstate. Orthogonality between

each state is also satisfied in the cost function.

We introduce the full orthonormality constraint—in turn introducing curriculum

learning for the eigenfunctions—explicitly in the cost function. The cost function

for the 𝑛th eigenstate is

𝒞 = ‖ℒ[𝜙𝜙𝜙(x)] − 𝜆w(x)𝜙𝜙𝜙(x)‖2 +
𝑛
∑
𝑘=0

[Δ𝑥
𝑁𝑥

∑
𝑖=0

𝜙𝑗𝑖𝜙
𝑛
𝑖 𝑤(𝑥𝑖) − 𝛿𝑗𝑛]

2

+ (𝜙0 − 𝛼)2 + (𝜙𝑁𝑥 − 𝛽)2,

(5.8)

where, in the second term, the superscript refers to a particular eigenstate and the

subscript refers to the spatial index of that eigenstate. We again assume that the cost

function is dimensionless.

5.3 Solving the Legendre equation and generating the

spherical harmonics

5.3.1 Statement of the problem and cost function

The Legendre equation and its solutions are ubiquitous in physics: in quantum

mechanics, they play a crucial role in the solutions of the Schrödinger equation
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5.3 Solving the Legendre equation and generating the spherical harmonics

for systems with spherical symmetry, such as the hydrogen atom. The angular

part of the wave function is expressed in terms of spherical harmonics, which are

constructed using associated Legendre polynomials. These functions describe the

angular dependence of the electron’s probability distribution. Furthermore, the

quantisation of angular momentum in quantum mechanics is intimately connected

with the properties of spherical harmonics, providing discrete eigenvalues for the

angular momentum operators. This quantisation is fundamental to understanding

atomic and molecular spectra, electron orbitals, and the selection rules for quantum

transitions. The solutions are analytically known, and we use the Legendre equation

as a test problem for our framework.

The general Legendre equation is written in Sturm–Liouville form as

d

d𝑥[(1 − 𝑥2) d
d𝑥𝑃

𝑚
ℓ (𝑥)] + [ℓ(ℓ + 1) − 𝑚2

1 − 𝑥2 ]𝑃
𝑚
ℓ (𝑥) = 0, (5.9)

where the eigenfunctions are 𝑃𝑚ℓ (𝑥). We choose ℓ(ℓ + 1) as the eigenvalue which

ensures that the weighting function 𝑤(𝑥) in the definition of the Sturm–Liouville

theory is unity.2 The eigenfunctions are called the associated Legendre polynomials.

The domain of the problem is𝑥 ∈ [−1, 1]. We choose a boundary condition𝑃0ℓ (1) = 1

to standardise all eigenfunctions.3 The eigenfunctions obey the completeness and

orthogonality properties of the Sturm–Liouville theory, i.e.,

∫
1

−1
d𝑥𝑃𝑚𝑘 (𝑥)𝑃𝑚ℓ (𝑥) = 2(ℓ + 𝑚)!

(2ℓ + 1)(ℓ − 𝑚)!
𝛿𝑘ℓ, (5.10)

where 𝛿𝑘ℓ is the Kronecker delta. Ensuring single-valuedness and avoiding issues

with infinities in physical problems, ℓ is restricted to non-negative integer values

and𝑚 is allowed only the 2ℓ + 1 values −ℓ,−(ℓ + 1),⋯ ,−1, 0, +1,⋯ , ℓ − 1, ℓ.

2If 𝑚2 is chosen as the eigenvalue, then the weighting function is𝑤(𝑥) = (1 − 𝑥2)−1.
3We prefer to use the term ‘standardisation’ rather than ‘normalisation’ to constrain the norm of

the eigenfunctions, since the norm is not equal to unity.
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In order to avoid issues with infinities in equation (5.9) with the division of 1−𝑥2,

we shall introduce the change of variable 𝑃𝑚ℓ (𝑥) = (1−𝑥2)𝑚/2𝑄𝑚
ℓ (𝑥). This leads to a

form of the general Legendre equation which is compatible with numerical studies,

(1−𝑥)2 d
2

d𝑥2𝑄
𝑚
ℓ (𝑥)−2(𝑚+1)𝑥 d

d𝑥𝑄
𝑚
ℓ (𝑥)+ [ℓ(ℓ+1)−𝑚(𝑚+1)]𝑄𝑚

ℓ (𝑥) = 0. (5.11)

The cost function we wish to minimise is

𝒞 = ‖
‖‖(𝟙 − x)2 d

2

dx2
Q𝑚
ℓ (x) − 2(𝑚 + 1)x d

dx
Q𝑚
ℓ (x) + [ℓ(ℓ + 1) − 𝑚(𝑚 + 1)]Q𝑚

ℓ (x)
‖
‖‖

2

+ [Δ𝑥
𝑁𝑥

∑
𝑖=0

‖(𝑄𝑚
ℓ )𝑖‖2 −

2(ℓ + 𝑚)!
(2ℓ + 1)(ℓ − 𝑚)]

2

+ [(𝑄𝑚
ℓ )0 − 𝑠0]

2 + [(𝑄𝑚
ℓ )𝑁𝑥 − 𝑠𝑁𝑥]

2,

(5.12)

where 𝑠𝑁𝑥 = 1 if 𝑚 = 0 and 𝑠𝑁𝑥 = 0 if 𝑚 ≠ 0 and [(𝑄𝑚
ℓ )0 − 𝑠0]

2
is only necessary if

𝑚 ≠ 0, where 𝑠0 = 0. The four terms respectively minimise the differential equation,

a normalisation condition, the leftmost boundary condition (for 𝑚 ≠ 0) and the

rightmost boundary condition (for all𝑚).

Given knowledge of the Legendre polynomials, one can find another set of or-

thogonal functions known as the spherical harmonics, 𝑌𝑚
ℓ (𝜃, 𝜑), which are the eigen-

functions of angular momentum,

ℓℓℓ2𝑌𝑚
ℓ (𝜃, 𝜑) = 𝜆𝑌𝑚

ℓ (𝜃, 𝜑), (5.13)

where the operator ℓℓℓ2 represents the square of the total angular momentum, while

its components ℓ𝑥, ℓ𝑦, and ℓ𝑧 correspond to angular momentum along the respective

axes. We note that the components of angular momentum do not commute with

each other, i.e., [ℓ𝑥, ℓ𝑦] = 𝑖ℏℓ𝑧, [ℓ𝑦, ℓ𝑧] = 𝑖ℏℓ𝑥, [ℓ𝑧, ℓ𝑥] = 𝑖ℏℓ𝑦, but the square

of the angular momentum operator does compute with each component, [ℓℓℓ2, ℓ𝑥] =

[ℓℓℓ2, ℓ𝑦] = [ℓℓℓ2, ℓ𝑧] = 0. This allows us to find simultaneous eigenfunctions of ℓℓℓ2 and
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Figure 5.3: The first six Legendre polynomials, 𝑃𝑚ℓ , with 𝑚 = 0, produced by the

neural Sturm–Liouville problem. Wewill not use all of these polynomials

in our calculations of the spherical harmonics.

one component, conventionally chosen as ℓ𝑧. These eigenfunctions are the spherical

harmonics where

ℓℓℓ2𝑌𝑚
ℓ = ℓ(ℓ + 1)ℏ2𝑌𝑚

ℓ , (5.14)

and

ℓ𝑧𝑌𝑚
ℓ = 𝑚ℏ𝑌𝑚

ℓ . (5.15)

The spherical harmonics may be defined in terms of the associated Legendre

functions

𝑌𝑚
ℓ (𝜃, 𝜑) = 𝑃𝑚ℓ (cos 𝜃)e𝑖𝑚𝜑. (5.16)

5.3.2 Results and discussion

We want to visualise the spherical harmonics up to and including order𝑚 = 3. We

achieve this by post-processing the associated Legendre functions which are obtained

by the neural Sturm–Liouville problem. We first find the Legendre polynomials of

153



Neural Sturm–Liouville problem

order𝑚 = 0. We can either use the neural Sturm–Liouville problem again for the

remaining orders, or recognise that the higher-order functions may be determined

more efficiently providing we have the𝑚 = 0 polynomials:

𝑃𝑚ℓ (𝑥) = (−1)𝑚(1 − 𝑥2)𝑚/2 d
𝑚

d𝑥𝑚𝑃
0
ℓ (𝑥), (5.17)

where we include the Condon–Shortley phase factor (−1)𝑚 and compute the deriva-

tives using a numerical method such as autodifferentiation.

Figure 5.3 shows the first six Legendre polynomials of order𝑚 = 0 produced by

machine learning methods. To ascertain the error of the eigenstates from the neural

Sturm–Liouville problem, we determine the overlap between thesemachine learning

solutions and the analytic Legendre polynomials, ⟨ML|analytic⟩. We determine the

overlap using Simpson’s integration rule (so any value of the overlap is only as good

as the error in Simpon’s rule). Figure 5.4 shows the numerical overlap for𝑚 = 0.
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Figure 5.4: The overlap ⟨ML|analytic⟩ of the eigenstates of the Legendre equation
produced by machine learning and the analytic results. The colour map

assumes a logarithmic scale.
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Figure 5.5 shows the individual eigenstates 𝑛 = 0 to 𝑛 = 5 alongside the estimated

eigenvalue, 𝜆, and the root-mean-square of the ODE. The eigenvalues may increase,

decrease, or both, during the training. The eigenvalues may overshoot their expected

value during the training, possibly associated with a hallucination of a different

solution to the Legendre equation.

Figure 5.6 shows the magnitude |𝑌𝑚
ℓ (𝑥)|2 of the spherical harmonics. Figure 5.7

shows the real part of the spherical harmonics. Figure 5.8 shows the imaginary

part of the spherical harmonics—note that 𝑚 = 0 harmonics have no imaginary

component.

The spherical harmonics 𝑌𝑚
𝑙 (𝜃, 𝜑) are determined by

𝑌𝑚
𝑙 (𝜃, 𝜑) = (−1)𝑚𝑁𝑚

𝑙 𝑃
|𝑚|
𝑙 (cos 𝜃)𝑒𝑖𝑚𝜑 (5.18)

where 𝑁𝑚
𝑙 is the normalisation factor given by

𝑁𝑚
𝑙 =

√
(2𝑙 + 1)
4𝜋

(𝑙 − |𝑚|)!
(𝑙 + |𝑚|)!

, (5.19)

which is known a priori from Sturm–Liouville theory. For computational efficiency

and to handle the case of negative𝑚 values, we implement this as follows:

𝑌𝑚
𝑙 (𝜃, 𝜑) =

⎧
⎪

⎨
⎪
⎩

𝑁𝑚
𝑙 𝑃

𝑚
𝑙 (cos 𝜃)(cos(𝑚𝜑) + 𝑖 sin(𝑚𝜑)) if 𝑚 > 0

𝑁 |𝑚|
𝑙 𝑃|𝑚|

𝑙 (cos 𝜃) if 𝑚 = 0

𝑁 |𝑚|
𝑙 𝑃|𝑚|

𝑙 (cos 𝜃)(sin(|𝑚|𝜑) − 𝑖 cos(|𝑚|𝜑)) if 𝑚 < 0

(5.20)

This formulation ensures that the spherical harmonics satisfy the conventional

condition 𝑌−𝑚
𝑙 = (−1)𝑚(𝑌𝑚

𝑙 )∗, where ∗ denotes complex conjugation.
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Figure 5.5: Legendre polynomials and training metrics for 𝑙 = 0 to 𝑙 = 5. Left

column: Neural network approximations of 𝑃0ℓ (𝑥). Middle column: Evo-

lution of eigenvalues 𝜆 during training. We label the maximum (where

appropriate), minimum and expected values of the eigenvalues. Right

column: the root-mean-square of the ODE as a function of the number

of epochs on a logarithmic scale
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5.4 Solving the time-independent Schrödinger equation

5.4.1 Harmonic trap

Consider the time-independent Schrödinger equation in one dimension in a har-

monic trap

− ℏ2
2𝑚

d2𝜙𝑛(𝑥)
d𝑥2 + 1

2𝑚𝜔
2𝑥2𝜙𝑛(𝑥) = 𝐸𝑛𝜙𝑛(𝑥), (5.21)

where 𝑛 ≥ 0 is the quantum number, 𝑚 is the mass of the particle in the trap, 𝜔

is the angular frequency of the trap and 𝐸𝑛 is the energy eigenvalue. To ensure a

dimensionless form, we scale the position, 𝑥, by the harmonic oscillator length to

obtain the dimensionless position

𝜉 = √
𝑚𝜔
ℏ 𝑥. (5.22)

We now associate 𝜙𝑛(𝜉) as the dimensionless eigenstates of the quantum harmonic

oscillator. We scale the corresponding eigenenergies by the characteristic energy ℏ𝜔

to obtain the dimensionless energy

𝜀𝑛 =
𝐸𝑛
ℏ𝜔. (5.23)

Equations (5.22) and (5.23) lead to, after some rearrangement, the dimensionless

time-independent Schrödinger equation

d2𝜙𝑛(𝜉)
d𝜉2

= (12𝜉
2 − 𝜀𝑛) 𝜙𝑛(𝜉). (5.24)

We are seeking normalisable eigenstates, 𝜙𝑛(𝜉), and their corresponding energies,

𝜀𝑛, subject to the boundary conditions

𝜙𝑛(𝜉 → −∞) = 𝜙𝑛(𝜉 → +∞) = 0. (5.25)
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5.4 Solving the time-independent Schrödinger equation

This problem has well-known normalised solutions (obtained through either

ladder algebra or asymptotic methods)

𝜙𝑛(𝜉) =
1

√2𝑛𝑛!√𝜋
e−𝜉

2/2𝐻𝑛(𝜉), (5.26)

where 𝐻𝑛(𝜉) are the physicist’s Hermite polynomials—a set of orthogonal polyno-

mials defined by the formula

𝐻𝑛(𝜉) = (−1)𝑛e𝜉2 d
𝑛

d𝜉𝑛
(e−𝜉2). (5.27)

The corresponding dimensionless energy eigenvalues 𝜀𝑛 are given by 𝜀𝑛 = 𝑛 + 1
2
.

The cost function we wish to minimise is

𝒞 = ‖
‖‖
1
2
d

dx
𝜙𝜙𝜙(x) + (𝑉 − 𝐸)𝜙𝜙𝜙(x)‖‖‖

2
+ (Δ𝑥

𝑁𝑥

∑
𝑖=0

‖𝜙𝑖‖2 − 1)
2

+ (𝜙0 − 𝑠0)
2 + (𝜙𝑁𝑥 − 𝑠𝑁𝑥)

2,

(5.28)

where in all cases 𝑠0 = 𝑠𝑁𝑥 = 0 to satisfy the boundary conditions in equation (5.25).

The four terms respectively minimise the differential equation, a normalisation

condition, the leftmost boundary condition and the rightmost boundary condition.

5.4.2 Anharmonic trap

We now consider a time-independent perturbation that introduces anharmonicity

to the potential. Working again in a dimensionless unit system, the perturbation to

the Hamiltonian is

𝐻′ = 𝛼𝜉4, (5.29)

where 𝛼 is a small, dimensionless parameter characterising the strength of the

anharmonicity. We will now determine through perturbation theory the shifted

energies as a consequence of this perturbation—this does not appear in the neural

Sturm–Liouville problem and is used only to check the validity of our solutions. We
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consider the first-order correction to the dimensionless energy which is given by the

expectation value of the perturbation in the unperturbed eigenstates

Δ𝜀(1)𝑛 = ⟨𝜙𝑛|𝐻′|𝜙𝑛⟩ = 𝛼⟨𝜙𝑛|𝜉4|𝜙𝑛⟩, (5.30)

where 𝜙𝑛(𝜉) are the normalised eigenstates of the unperturbed harmonic oscillator

as given in equation (5.26).

The matrix element we need to evaluate is

⟨𝜙𝑛|𝜉4|𝜙𝑛⟩ = ∫
∞

−∞
𝜙∗𝑛(𝜉)𝜉4𝜙𝑛(𝜉)d𝜉. (5.31)

which is a standard Gaussian integral. The matrix element for all 𝑛 is

⟨𝜙𝑛|𝜉4|𝜙𝑛⟩ =
6𝑛2 + 6𝑛 + 3

4 . (5.32)

The first-order correction to the dimensionless energy is thus

Δ𝜀(1)𝑛 = 𝛼6𝑛
2 + 6𝑛 + 3

4 . (5.33)

The total dimensionless energy up to first order in perturbation theory is therefore

𝜀𝑛 ≈ 𝜀(0)𝑛 + Δ𝜀(1)𝑛 (5.34)

= 𝑛 + 1
2 +

3𝛼
4 (2𝑛

2 + 2𝑛 + 1). (5.35)

The anharmonic perturbation causes an upward shift in the energy levels, with the

shift becoming more pronounced for higher energy states. While this first-order

correction provides a good approximation for small 𝛼 and low 𝑛, for higher 𝑛 or larger

𝛼, higher-order corrections to the energies may be required for accurate results.
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Figure 5.9: The overlap ⟨ML|analytic⟩ of the eigenstates of the quantum harmonic

oscillator produced by machine learning and the analytic results. The

colour map assumes a logarithmic scale.

5.4.3 Results and discussion

To ascertain the error of the eigenstates from the neural Sturm–Liouville problem,

we determine the overlap between these machine learning solutions and the analytic

eigenstates of the quantum harmonic oscillator ⟨ML|analytic⟩. We again determine

the overlap using Simpson’s integration rule. Figure 5.9 shows the numerical overlap

for the first eight eigenstates.

Figure 5.10 demonstrates the cost metrics for the eigenstates in a harmonic poten-

tial. The neural Sturm–Liouville problem is able to reliably produce the eigenstates

sampled. The initial eigenergies were either taken as values above, equal to, or below

the expected eigenenergy. We again observe the exploration of unphysical energies

during training, which we interpret (akin to § 4.7) as a hallucination of the neural

Sturm–Liouville problem.
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Figure 5.10: Eigenstates with quantum numbers 𝑛 = 0 to 𝑛 = 7. Left column:

neural network approximations of each eigenstate. Middle column:

evolution of eigenenergies 𝜀 during training. We label the maximum

(where appropriate), minimum and expected values of the eigenvalues.

Right column: the root-mean-square of the ODE as a function of the

number of epochs on a logarithmic scale.164
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We observe that the discretisation of the spatial grid has a role in the reliability of

the neural Sturm–Liouville problem—finer grids more reliably and accurately find

eigenstates and their corresponding eigenvalues compared to coarse grids.

Figure 5.11 shows the evolution of the eigenstates and eigenvalues during training.

We observe that the eigenstates explore all lower-energy eigenstates and that the

eigenstate, rather than the eigenvalue, is the first to be optimised.

Figure 5.12 compares the results of the harmonic and anharmonic oscillators. The

perturbation in the anharmonic oscillator causes anupwards shift in the energy levels.

The percentage difference between the energies produced by the neural Sturm–

Liouville problem and the analytical results from first- and second-order perturbation

theory range from 0.03% to 0.68%. The neural Sturm–Liouville approach is consistent

with what we would expect from a perturbative approach.
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Figure 5.11: The evolution of the 𝑛 = 3 eigenstate (solid purple line) and eigenen-
ergy (black circle) during training. The grey dashed line indicates the

expected eigenenergy, 𝜀 = 7/2, of that state.
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5.5 Summary

We have presented the neural Sturm–Liouville problem, a novel machine learning

method which finds the eigenfunctions and eigenvalues of Sturm–Liouville prob-

lems. Demonstrated on the general Legendre equation and the time-independent

Schrödinger equation in a harmonic and anharmonic trap, the neural Sturm–Liouville

problem is a reliable and quick method to find solutions to a variety of eigenvalue

problems which are commonplace in physics. In the examples we have looked

at, the neural Sturm–Liouville problem appears to respect the discrete spectra of

eigenvalues of these problems.

In our benchmarks, the neural Sturm–Liouville problem takes around 45–60

seconds of wall-clock time, compared to around a second of wall-clock time for

traditional eigenvalue problem solvers such as the shooting method. This represents

around an order of magnitude difference in wall-clock time.

The neural Sturm–Liouville problem represents an important milestone in our

studies of machine learning techniques as they apply to physics-based problems.

We have so far demonstrated the ability for machine learning methods to solve a

variety of ordinary differential equations, and the extension of the neural initial

value problem to eigenvalue problems is a natural one. The neural Sturm–Liouville

problem’s ability to rapidly produce accurate solutions to such problems positions it

as a valuable addition to the physicist’s computational toolkit.
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6

MACHINE LEARNING

THERMODYNAMICAL

PARAMETERS OF

QUANTUM FLUIDS

B
ose gases at thermal equilibrium are characterised by their chemical

potential and temperature. Measuring the temperature and average num-

ber of atoms (equivalent to measuring the chemical potential) in either a

time-of-flight or in situ imaged experimental density profile is often imprecise and

destructive. We introduce a proof-of-principle machine learning model which can

predict—within fractions of a second—the chemical potential and temperature of
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a single-shot density profile of a Bose gas with a thermal component. Whilst only

trained on spherically harmonic trapping potentials, we note that—remarkably—the

model can predict the chemical potential and temperature of toroidally trapped con-

densates with reasonable accuracy (around ± a few nanokelvins). The model can

also predict these parameters throughout thermalisation after a relatively brief evo-

lution. A machine learning model trained on more geometries, and over a broader

range of temperatures and chemical potentials could in principle generate real-time

predictions of these parameters (and others including the average atom number and

the scattering length) in experiments.

6.1 Description of the model

6.1.1 Training data

We simulate 3,000 Bose-condensed clouds of rubidium-87 atoms with a scatter-

ing length 𝑎𝑠 = 5.29nm and atomic mass 1.44 × 10−25 kg using the stochastic

Gross–Pitaevskii equation (see § 3.4 for a description of the physics and numerical

implementation). We use a harmonic trap with transverse frequencies 𝜔𝑥 = 𝜔𝑦 =

2𝜋×25Hz and perpendicular frequency𝜔𝑧 = 100𝜔𝑥. We add some slight anisotropy

to the transverse dimensions of the trap of the order of ± fewHz to mimic a possibly

imperfect trap or imaging in experiments. We sample the chemical potential from

the distribution 𝜇 ∼ Uniform(20, 80) nK and the temperatures from the distribution

𝑇 ∼ Uniform(1, 200) nK rather than from a regularly sized grid.1 These ranges

encompass both deeply degenerate and near-critical regimes. Other parameters are

available in our open source code [Gri24b].

Since we are interested only in producing equilibrium thermal states of the con-

densate rather than studying the time-dependent process of its formation, the precise

value of the dimensionless coupling parameter 𝛾 is not critical for our purposes. The

1This adds another source of stochasticity to themachine learningmodel (see § 2.9.2 for a discussion

on the importance of stochasticity in machine learning). We observed that the uniform sampling

technique improved the predictive capabilities of the network—the predicted values of 𝜇 and 𝑇
had an overall lower absolute error beyond what might be expected from run-to-run variation.
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6.1 Description of the model

role of 𝛾 in our simulations is therefore only to scale the condensation time. We

therefore choose a spatially constant rate 𝛾 = 0.01.

We simulate the dynamics of the condensate up to the point when thermal equi-

librium is achieved. We determine this by calculating the relative change of the

condensate number from the second time step onwards,

Δ =
|Φ(𝑡𝑛, x)|2 − |Φ(𝑡𝑛−1, x)|2

|Φ(𝑡𝑛−1, x)|2
. (6.1)

If Δ < 10−4 for five consecutive time steps (an arbitrary choice, but one which we

have observed to be robust in determining equilibrium states), it is assumed that the

condensate number is—on average—constant, and that the system has thermalised.

We label the thermalisation time as 𝑡therm.
We split the atomic densities into three subsets (according to the best practices

outlined in § 2.9): 80% of the samples are used to train the neural network (the

training dataset), 10% of the samples are used to validate the neural network at every

epoch (the validation dataset), and the remaining 10% of the samples are used to

test the predictive abilities of the final machine learning model (the testing dataset).

The machine learning model is never exposed to the validation or test datasets.

6.1.2 Architecture

We use a convolutional neural network with an image processing and feature ex-

traction pipeline and then a prediction pipeline. See § 2.7 for a general overview.

The specific network we use is shown in Figure 6.1. The model converts rich spatial

information in the feature extraction pipeline into a tuple of values which we can as-

sociate with the chemical potential and temperature of the sample in the prediction

pipeline.

Let each atomic density be 𝜌(𝑥, 𝑦) = |Φ(𝑡therm., 𝑥, 𝑦)|2 ∈ ℝ𝑁×𝑁, where 𝑁 = 256.

The feature extraction pipeline consists of three convolutional layers, which produce

a set of 12, 24, and 48 feature maps, Ξℓ𝑖 , where ℓ is the layer index and 𝑖 is the feature
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6.1 Description of the model

index (running from 1 to 12, 24, or 48). Once trained, the feature maps should

identify the fingerprints of the chemical potential and temperature in each atomic

density sample.

The cost function determines the square error of the predicted and true values of

the chemical potential and temperature

𝒞 = (𝜇predicted𝑖 − 𝜇true𝑖 )2 + (𝑇predicted
𝑖 − 𝑇true

𝑖 )2. (6.2)

6.1.3 Forward pass

Feature extraction pipeline

The input atomic density is an image 𝜌 ∈ ℝ𝑁×𝑁. An example is shown in Figure

6.2 a). The image is processed through three convolutional layers, each followed by

ReLU activation and maximum pooling. Figure 6.2 demonstrates intermediate steps

to calculate a single feature from the first convolutional layer.

In Layer 1, we extract 12 features. The weights are initialised as W1
𝑖 (𝑠, 𝑡) ∼

𝑈(−1/√9, 1/√9), using equation (2.77), with size 𝑘𝑊 × 𝑘𝑊 = 3 × 3. In the fea-

ture extraction pipeline, all weights matrices will be of this size. We perform cross-

correlation as follows:

𝜁1𝑖 (𝑠1, 𝑡1) = (𝜌 ⋆ W1
𝑖 )(𝑠1, 𝑡1)

=
1
∑
𝜍=−1

1
∑
𝜏=−1

𝜌(𝑠1 + 𝜎, 𝑡1 + 𝜏) W1
𝑖 (𝜎, 𝜏),

(6.3)

where 𝑠1, 𝑡1 ∈ {1, 2,⋯ , 256}. The cross-correlation of our example atomic density

with the final (learnt) weights matrices is shown in Figure 6.2 b). Figure 6.4 shows

the output of the cross-correlation of a given atomic density with 12 weightsmatrices.

We then apply the ReLU activation function with bias:

𝜉1𝑖 (𝑠1, 𝑡1) = ReLU(𝜁1𝑖 (𝑠1, 𝑡1) + 𝑏1𝑖 1𝑁×𝑁), (6.4)

173



Machine learning thermodynamical parameters of quantum fluids

a)

0

1000

2000

3000

4000

�
[�m

−
2 ]

b)

−2000

0

2000

�1
[�m

−
2 ]

c)

0

1000

2000

3000

�1
[�m

−
2 ]

d)

0

1000

2000

3000

Ξ1
[�m

−
2 ]

Figure 6.2: a) The atomic density, 𝜌, is input. b) The cross-correlation of the atomic

density with theweightsmatrices are determined. c) The ReLU activation

function and a bias are applied. d) Maximum pooling is performed and

the dimensions of the image are halved. This is the output of the first

convolutional layer. The right-most figure shows a zoomed-in section as

we construct the first layer feature maps (i.e., the output of this layer).

174



6.1 Description of the model

where 1𝑁×𝑁 is a matrix of ones of size 𝑁 × 𝑁. The activation function and bias

applied to the output of the cross-correlation is shown in Figure 6.2 c). Figure 6.5

shows the result after applying ReLU activation.

Finally, we apply maximum pooling to obtain the first layer feature maps:

Ξ1𝑖 (𝑠2, 𝑡2) = max
0≤𝜍<2
0≤𝜏<2

𝜉1𝑖 (2𝑠2 − 1 + 𝜎, 2𝑡2 − 1 + 𝜏), (6.5)

where 𝑠2, 𝑡2 ∈ {1, 2,⋯ , 128}, since the spatial dimensions are halved. These Ξ1𝑖
become the feature maps that feed into the next layer. The maximally pooled output

is shown in Figure 6.2 d). Figure 6.6 shows the feature maps from the first layer.

In Layer 2, we extract 24 features. The weights are initialised as W2
𝑖 (𝑠, 𝑡) ∼

𝑈(−1/√108, 1/√108), using equation (2.77). We perform cross-correlation:

𝜁2𝑖 (𝑠2, 𝑡2) = (Ξ1𝑖 ⋆ W2
𝑖 )(𝑠2, 𝑡2)

=
1
∑
𝜍=−1

1
∑
𝜏=−1

Ξ1𝑖 (𝑠2 + 𝜎, 𝑡2 + 𝜏) W2
𝑖 (𝜎, 𝜏).

(6.6)

The output of this cross-correlation is shown in Figure 6.7.

We then apply the ReLU activation function with bias:

𝜉2𝑖 (𝑠2, 𝑡2) = ReLU(𝜁2𝑖 (𝑠2, 𝑡2) + 𝑏2𝑖 1𝑁/2×𝑁/2). (6.7)

Figure 6.8 shows the result after applying ReLU activation.

Finally, we apply maximum pooling to obtain the second layer feature maps:

Ξ2𝑖 (𝑠3, 𝑡3) = max
0≤𝜍<2
0≤𝜏<2

𝜉2𝑖 (2𝑠3 − 1 + 𝜎, 2𝑡3 − 1 + 𝜏), (6.8)

where 𝑠3, 𝑡3 ∈ {1, 2,⋯ , 64}, since the spatial dimensions are halved again. These Ξ2𝑖
become the feature maps that feed into the next layer. Figure 6.9 shows these feature

maps.
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In Layer 3, we extract the final 48 features which feed into the prediction pipeline.

The weights are initialised as W3
𝑖 (𝑠, 𝑡) ∼ 𝑈(−1/√216, 1/√216), using equation (2.77).

We perform cross-correlation:

𝜁3𝑖 (𝑠3, 𝑡3) = (Ξ2𝑖 ⋆ W3
𝑖 )(𝑠3, 𝑡3)

=
1
∑
𝜍=−1

1
∑
𝜏=−1

Ξ2𝑖 (𝑠3 + 𝜎, 𝑡3 + 𝜏) W3
𝑖 (𝜎, 𝜏).

(6.9)

The output of this cross-correlation is shown in Figure 6.10.

We then apply the ReLU activation function with bias:

𝜉3𝑖 (𝑠3, 𝑡3) = ReLU(𝜁3𝑖 (𝑠3, 𝑡3) + 𝑏3𝑖 1𝑁/4×𝑁/4). (6.10)

Figure 6.11 shows the result after applying ReLU activation.

Finally, we apply maximum pooling to obtain the third layer feature maps:

Ξ3𝑖 (𝑠4, 𝑡4) = max
0≤𝜍<2
0≤𝜏<2

𝜉3𝑖 (2𝑠4 − 1 + 𝜎, 2𝑡4 − 1 + 𝜏), (6.11)

where 𝑠4, 𝑡4 ∈ {1, 2,⋯ , 32}, since the spatial dimensions are halved again. These Ξ3𝑖
become the final feature maps that feed into the prediction pipeline. Figure 6.12

shows these feature maps.

Prediction pipeline

The prediction pipeline is a fully connected, feedforward neural network, consisting

of three layers, as shown in Figure 6.3. The output of the feature extraction pipeline

consists of 48 features Ξ3𝑖 , which are 32 × 32 square matrices, i.e., Ξ3𝑖 ∈ ℝ𝑁/8×𝑁/8,

where 𝑖 ∈ {1,… , 48}. Taking the average values over the rows and columns of the

48 features Ξ3𝑖 produces 48 reduced feature representations 𝑦4𝑖 . These are the input

values for the first layer of the prediction pipeline, and the fourth layer overall.
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Input: we take the average value 
of each of the 48 feature maps 

from the final convolutional layer 
and use this as the value of a 

neuron in the first layer of the 
fully connected layer.

Neurons in layer:

Layer ID: 4 5
k j

6
48 512 2

Layer index:

Figure 6.3: The prediction pipeline architecture. Three fully connected, feedforward

layers convert the spatial information from the feature extraction pipeline

to a tuple of two values associated with the chemical potential and tem-

perature. The weights between two layers and the biases associated with

the neurons in a layer are highlighted.

In Layer 5, there are 512 neurons with ReLU activation. The pre-activation values

are determined from the 𝑦4𝑘 through

𝑧5𝑗 =
48
∑
𝑘=1

𝑤5
𝑗𝑘𝑦

4
𝑘 + 𝑏5𝑗 , 𝑗 ∈ {1,… , 512}. (6.12)

We then apply the activation function to produce

𝑦5𝑗 = ReLU(𝑧5𝑗 ) = max(0, 𝑧5𝑗 ). (6.13)
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These values feed into Layer 6 (the final layer), through

𝑦6𝑗 =
512
∑
𝑘=1

𝑤6
𝑗𝑘𝑦

5
𝑘 + 𝑏6𝑗 , 𝑗 ∈ {1, 2}, (6.14)

which gives predictions for the chemical potential 𝜇 = 𝑦61 and temperature 𝑇 = 𝑦62 ,

in nanokelvin.

We initialise the weights and biases using the Kaiming scheme (equation (2.40)),

as 𝑤5
𝑗𝑘, 𝑏

5
𝑗 ∼ 𝑈(−1/√512, 1/√512) and 𝑤6

𝑗𝑘, 𝑏
6
𝑗 ∼ 𝑈(−1/√2, 1/√2).

Training

We use the Adam optimiser (see § 2.5.3) with scalar-valued backpropagation (see

§ 2.5.4) to update the weights and biases by minimising the cost function in equation

(6.2). Backpropagation will give us the new weights and biases to use in the next

epoch. Once the cost function in equation (6.2) is sufficiently minimised, we save

the weights and biases—this is our model.

When using the model after it has been trained, we re-specify the architecture of

the neural network (the number of layers, the type of layers, and howmany neurons

are in each layer) and load the learnt weights and biases into that network. We

can then pass new data through our model and obtain predictions of the chemical

potential and temperature within fractions of a second.
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6.2 Results and discussion

6.2.1 Interpretation of the feature maps

As we progress through the convolutional layers, increasingly abstract feature maps

are being learnt. These features may include local variations in the density, patterns

or edges corresponding to the trapping potential, recognisable structures such as

vortices (see § 3.3.2) or other structures in the atomic cloud. The features may be

local or global; the convolutional layers are trying to identify the fingerprints of the

chemical potential and temperature in the spatial structure of our input samples.

We observe that the first set of feature maps learn high-density features which

may be associated with the chemical potential (since the chemical potential is related

to the average atom number). The second set of feature maps learn lower-density

features, possibly associated with the edges of the condensates.

The third set of feature maps learn low-density features, which may be associated

with thermal fluctuations at this scale (Figure 3.4 demonstrates that the thermal

noise is a very low density feature compared to the bulk condensate). The role of

temperature in the atomic density is only introduced in the thermal noise, given

by the correlation function in equation (3.56); accurate prediction of the tempera-

ture using our model is dependent upon being able to effectively capture thermal

fluctuations which the convolutional network is attempting to observe in this final

convolutional layer.

This hierarchical feature extraction is essential for accurately predicting both the

chemical potential and temperature. While these features have the same physical

dimensions as the atomic density, they are not directly interpretable as physical

quantities due to the applied non-linearities.

After the third convolutional layer, we apply an aggressive global pooling across

the 48 feature maps. We then expand the model’s representational capacity from

48 to 512 neurons in the first fully connected layer—this layer facilitates complex,

non-linear combinations of the pooled features, which is essential for mapping the
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subtle details of the density profiles to the desired thermodynamic parameters. We

found this layer and the high number of neurons in this layer to be necessary for

improving the model’s predictive and generalisation capabilities—fewer neurons

in this layer was not as conducive to learning (and sufficiently few meant that the

network could not predict the values of 𝜇 and 𝑇 within any acceptable error) and

more neurons did not appreciably improve the model’s predictive capabilities.

Recognising the distinct roles that the chemical potential and temperature have in

our feature maps, we design a series of experiments ascertain how our model could

be used in a range of experimentally relevant protocols. In particular, we ask: 1) Does

the predictive capability of the model depend on the equilibrium distribution, e.g.,

couldwe predict the chemical potential and temperature during the thermalisation of

a condensate? 2) If the model does not have a strong dependence on the equilibrium

distribution, could we use the model on toroidally trapped condensates? 3) Can our

model predict the chemical potential and temperature of an ensemble average of

equilibrium states?

Let us answer these questions following a brief discussion of the accuracy of the

model, which we turn to now.

6.2.2 Model accuracy

In practice, we do not expose the neural network to each atomic density individually

because it is computationally inefficient to do so (see our discussions in § 2.5.1

and § 2.7.6). Instead, we send through small batches of atomic densities of size

𝛽 = 16, 32, 64 or 128 such that our input is a multidimensional array of size 𝜌 ∈

ℝ𝛽×1×𝑁×𝑁 and subsequent layers are of size 𝜌 ∈ ℝ𝛽×𝐹ℓ×𝑁×𝑁 (depending on the

number of features 𝐹ℓ in that layer). We select 𝛽 atomic densities randomly and

without replacement and feed these through the neural network. We repeat this

process until all atomic densities in the sample have been exposed to the neural

network. This means that the output of the machine learning model is a vector of 𝛽

values of 𝜇 and a separate vector of 𝛽 values of 𝑇.
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Figure 6.13: The training and validation losses for batch sizes 16, 32, 64, and 128

from a model extracting 12, 24 and 48 features in the first, second, and

third convolutional layers. A smaller batch size results in models with

a lower overall training and validation loss.

The weight matrices in our neural network are shared across all items in the

batch—we apply the same weight matrix to each of the 𝛽 inputs in the batch. This

significantly reduces the number of parameters in our network compared to having

separate weights for each input, enhancing the model’s capacity to generalise and

mitigating overfitting. Furthermore, this approach allows for efficient parallel com-

putation on GPUs, as the same operations are applied simultaneously to all elements

in the batch.

We consider 12 models which extract a different number of features per model

and use either 16, 32, 64, or 128 batch sizes. One set of models extracts 6, 12, and

then 24 features in the first, second, and third convolutional layers. Another set

extracts 12, 24, and then 48 features in the first, second, and third convolutional

layers. A final set extracts 16, 32, and then 64 features in the first, second, and third

convolutional layers. We train each model for 100 epochs, although early-stopping

at around 60 epochs was a posteriori possible in all models.

Figure 6.13 shows the training and validation losses for the models which extract

12, 24 and 48 features in the convolutional layers over a range of batch sizes. There
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is no divergence in the validation loss away from the training loss, so the model

does not show overfitting from this metric (see our discussion in § 2.9.3). There was

no appreciable difference in the training or validation losses for all models (with

fewer or more features)—they all approached final losses of the order of 10−1. It is,

however, insufficient to ascertain the accuracy of the model based on these metrics

alone.

Figure 6.14 demonstrates the predictive capabilities of the machine learning

models which extract 12, 24 and 48 features in the convolutional layers for batch

sizes 𝛽 = {16, 32, 64, 128}. The standard deviation of the absolute errors decreases

as the batch size decreases—the model is more accurately predicting the chemical

potential and temperature for the smallest batch size. Smaller batch sizes generally

lead to better generalisation [Kes+17] by introducing more stochasticity in the

optimisation algorithms. This helps the model escape shallow local minima and find

more robust solutions that generalise better to unseen data. We define the accuracy

within 5% to be the number of samples whose predictions are within 5% of the true

values.

Reducing the number of features extracted in the convolutional layers to 6, 12

and 24 has no appreciable impact on predicting the chemical potential (the accuracy

within 5% remains between 0.98 and 1.00), but has significant impact on predicting

the temperature (the accuracy within 5% lowers to at worst 0.73 and at best 0.92).

Increasing the number of features extracted in the convolutional layers to 16, 32, and

64 has no impact on predicting the chemical potential nor the temperature (when the

accuracy within 5% is determined to two significant figures). The best model—that

which is most computationally efficient and accurate—is the one which extracts 12,

24 and 48 features and uses a batch size of 16. All analysis going forward will use

this model.
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Figure 6.14: The histograms and corresponding normal distributions demonstrate

the absolute error in the model’s prediction of the chemical potential

(column 1) and temperature (column 2) to the true values input to

our SGPE simulations. The plots share a common 𝑥-axis for easier
comparison. These plots correspond to the models which extract 12, 24

and 48 features.
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6.2.3 Prediction capability during thermalisation
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Figure 6.15: The evolution of the prediction of the chemical potential and tempera-

ture over the thermalisation procedure on dual axes. The square data

points are the absolute errors in the chemical potential. The circular

data points are the absolute errors in the temperature. Inset: evolution

of a harmonically trapped condensate. The temperature of the same is

22 nK. The chemical potential of the sample is also 22 nK. The absolute

errors in the temperature and chemical potential plateau after 80 units

of rescaled time.

In our simulations, we do not implement a quench protocol of the chemical

potential or the temperature; the thermal bath is consistently parameterised by a

constant chemical potential, 𝜇, and temperature, 𝑇. Furthermore, the machine

learning model is only trained on thermalised Bose gases. Despite this, the model

displays excellent accuracy once the system has evolved for a few time steps beyond

its initially noisy state, even before the state has fully thermalised. After sufficient
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evolution, the model is able to predict the chemical potential and temperature to

within a few nanokelvin. Figure 6.15 shows the predictive capabilities of the model

during thermalisation.

The model’s ability to predict parameters during thermalisation, despite training

only on equilibrium states, suggests it has learned features that are indicative of the

system’s thermodynamic state even out of equilibrium. This unexpected capability

requires further investigation into what physical information the network is extract-

ing. This is a useful observation which may allow experimentalists to ascertain

whether thermal equilibrium has been reached.

6.2.4 Prediction from toroidally trapped condensates

Toroidally trapped condensates permit metastable persistent currents (quantised

flow of Bose–Einstein condensates in a multiply connected geometry (see § 3.3.2))

[Ryu+07] and provide an appropriate geometry for experimental protocols such as

weak links [Ram+11; Wri+13] which are used in several atomtronic devices such as

rotational sensors.

Without being trained on toroidally trapped condensates, the machine learning

model is able to predict the chemical potential and temperature to within the same

accuracy as the harmonically trapped condensate. This suggests a degree of general-

isability which may arise from the convolutional layer picking up on local and global

features. We speculate whether the machine learning model has understood that

density depletions due to vortices have no significant impact on the temperature or

chemical potential of the condensate. Since the toroidal condensate features a large

density depletion at the centre of the torus, the machine learning model may have

recognised that this is an unimportant feature to predict the chemical potential and

temperature. The results suggest that the model has understood the role of thermal

fluctuations in predicting the temperature.
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Figure 6.16: Top: density plots of a toroidally trapped condensate during thermalisa-

tion. Bottom: evolution of the prediction of the chemical potential and

temperature of a toroidally trapped condensate over the thermalisation

procedure. The square (pink) data points are the absolute errors in the

chemical potential. The circular (orange) data points are the absolute

errors in the temperature. The triangular (purple) data points are the

atom number. The temperature of the same is 22 nK. The chemical

potential of the sample is also 22 nK. The depth of the trap is 60 nK.

The minor and major radii are, respectively, 20 µmand 40 µm.

We trap atoms using two-dimensional toroidal potential

𝑉(𝑥, 𝑦) = 𝑉0{1 − exp[− 1
𝜎2 (𝜌(𝑥, 𝑦) − 𝑅)2]}, (6.15)

where the trap depth 𝑉0 = 60nK, minor radius 𝜎 = 20 µm and major radius 𝑅 =

40 µm. We choose 𝑉0 such that 𝑉0/𝜇 > 1.
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6.2.5 Prediction from an ensemble average
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Figure 6.17: A comparison of the predictive capabilities of a network trained with

maximum pooling and a network trained with average pooling. Both

maximum pooling and average pooling are appropriate for learning and

predicting the chemical potential of Bose gases, but only maximum

pooling is appropriate for learning and predicting their temperature.

An ensemble average (an average over several noise trajectories) of thermalised

states is required to measure any quantum mechanical observable as a function of

time, such as the atomic density (by an appropriate correlation function). Akin to

experiments, however, numerical runs obtained from a single noise realisation hold

important physical information. Indeed, one may interpret a single numerical run of

the stochastic Gross–Pitaevskii equation as an independent experimental realisation
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[DS01; Wei+08; Coc+10; PDG13]. Averaging over many trajectories washes out the

temperature-dependent background fluctuations, and we observe that ensemble

averages passed through our machine learning model can only be used to obtain the

chemical potential and not the temperature of the sample.

This observation may also be understood in terms of using average pooling rather

than maximum pooling in the convolutional layers. As discussed in § 2.7, average

pooling gives a general representation of smaller regions in the image whereas maxi-

mum pooling emphasises the most prominent features in those regions. Figure 6.17

demonstrates that the machine learning model is unable to predict the temperature

of an atomic sample if average pooling is used with such a pooling scheme—it is

almost certain that the thermal noise has been washed out. This aligns with our

empirical observation that the temperature of an ensemble of trajectories cannot be

predicted.

6.3 Experimental considerations

To establish an effective pixel size in a typical experiment, we consider the imaging

system of Wilson, et al. [Wil+15], which—like our model—considers in situ imaging

of condensates to obtain position distributions. Wilson, et al. use a Point Grey Firefly

MVCMOS camera with pixels of size 6.0 µm×6.0 µmwith amagnification of around

19.7, which leads to an effective pixel size of 6.0 µm/19.7 = 0.31 µm per pixel. We

align our model’s resolution to this effective pixel size. For a spherically harmonic

condensate of diameter 80 µm, we need to use a grid size of 256 × 256 in order to

achieve an effective pixel size of about 0.31 µm.

Whilst our model’s resolution is well-suited for experimental data analysis, real

BEC images often include additional complexities such as imaging artefacts and

focus variations. To enhance our model’s robustness for experimental use, we might

consider augmenting our training data to mimic experimental variations in conden-

sates by, for example, applying an appropriate image filter to mimic imperfections

in absorption imaging.

197



Machine learning thermodynamical parameters of quantum fluids

Our model is only trained on in situ imaged position distributions. It should

in principle be possible to train a model on an expanding time-of-flight velocity

distribution, but we do not consider this in this thesis.

6.4 Summary

We have introduced a proof-of-principle machine learning model which can accu-

rately, non-destructively and rapidly predict the chemical potential and temperature

of a Bose-condensed cloud of atoms. We use convolutional neural networks—the

foundation of most image recognition models—to take an atomic density profile

and predict important thermodynamic parameters.

We have demonstrated that our model can accurately predict the chemical po-

tential and temperature for systems which it has not previously been trained on,

including during thermalisation and toroidally trapped condensates.

This work joins recent applications of machine learning in the quantum fluids

literature, such as the identification of topological defects like vortices [Met+21]

and solitons [Guo+21], and the reconstruction of vortex filaments [Kee+23].
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7

CONCLUSIONS

7.1 Context of this work in the machine learning literature

The first research question we posed was: “can we use techniques in AI to solve

physics-based initial value problems?” Exploring several dynamical systems which

arise in classical mechanics (including those which exhibit highly non-linear or

chaotic dynamics), we introduced the neural initial value problem.

We observed that only certain activation functions—belonging to a class which

we refer to as probabilistic activation functions—are conducive to learning. Since

probabilistic activation functions heuristically implement a type of dropout, we

argued that these activation functions implement a form of model averaging, and it

was our empirical observation that probabilistic activation functions are an important

architectural choice to approximate the solutions of initial value problems.

We also introduced coupled neural network and optimisation schemes. Motivated

by the need to solve systems of coupled differential equations with the Hénon–Heiles

system, we developed a framework which combines the optimisation schemes of two

or more models with a common cost function. Since complex-valued initial value

problems can be written as a system of real-valued ordinary differential equations,

the coupled optimisation scheme can also be used to solve problems in the complex

domain (we have demonstrated this for simple complex-valued ordinary differential

equations, but have chosen to omit this from the thesis).

Using our framework for probabilistic activation functions, we provide (to the best

of our knowledge) the first derivation of the existing ModReLU activation function
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in the complex domain. We also derive the cGELU activation function, which, also

to the best of our knowledge, has yet to appear in the complex-valued machine

learning literature. Whilst direct complex optimisation appears to be problematic,

we note that our approach of solving a system of real-valued differential equations

still obtains reliable results (although perhaps not as quickly solving one differential

equation might be). We leave the discussion of complex-valued optimisation in this

thesis to assist future work.

We extended the neural initial value problem to solve Sturm–Liouville problems

which also arise in physics. By using a dual optimisation scheme for the eigenstates

and the eigenvalues, we demonstrated a new numerical method for the solution

of problems such as the time-independent Schrödinger equation in a harmonic

trap and the general Legendre equation (which leads naturally to the spherical

harmonics). We envisage the neural Sturm–Liouville problem as being more than a

complementary technique—it can optimise the eigenvalue from above or below the

physically expected values, it appears to appreciate the discrete spectra of eigenvalues

for the problems we have studied, and it finds solutions (eigenstates and eigenvalues)

to the problems we have studied in around a minute of wall-clock time.

As a result of our work in this field, we have developed a consistent nomenclature

for common algorithms in machine learning. We hope that this will bring some

order to complexity.

7.1.1 Future directions of study

Our work on the solution of initial value problems with machine learning could be

extended in several directions. The representation of solutions of complex-valued

initial value problems as neural networks is unexplored in the literature.

Can we reliably obtain solutions to complex-valued field equations (such as the

Gross–Pitaevskii equation) using machine learning methods, and do such methods

provide extrema of the corresponding action (as was observed with the classical

Hénon–Heiles system)? By decomposing the Gross–Pitaevskii equation into, for
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example, a Hermite–Gauss basis,1 and using the methodology presented in § 4.6

to represent a complex ordinary differential equation as a system of real ordinary

differential equations, one could train multiple neural networks for each mode of

the Gross–Pitaevskii field and combine to obtain its solution. It is expected that there

will be significant computational demands for such a project: efficient parallelisation

of the training of each mode may need to be explored and there may be significant

memory requirements to hold possibly thousands of neural networks corresponding

to the real and imaginary part of each mode in the field.

Future work may also be directed towards understanding the non-monotonicity of

the action in the optimisation procedure: for example whether the neural network

settles temporarily on a different, solution (which one might consider to be an ODE

equivalent of ‘hallucination’ phenomena observed in AI solutions more generally)

obeying Hamilton’s principle, possibly one which satisfies the contemporaneous

approximation for the initial conditions. Another question of principle is whether a

strict actionminimisation procedure (choosing two endpoints and then trying to find

the minimal action between the points) can be implemented using the framework

in this chapter.

Current direct implementations of complex-valued neural networks (that is to say,

complex-valued optimisation with complex-valued weights and biases) appear not

to be conducive to learning. PyTorch and Tensorflow offer complex-valued neural

networks as beta software, and is prone to bugs, errors, and many functions which

are not yet implemented.2 It may be the case that there are further issues with the

implementation of complex optimisation algorithms in PyTorch and Tensorflow,

leading to the significant observed divergence between our modelling and the ex-

pected results. It could be that there is a theoretical issue in the field of complex

1To the best of our knowledge, it is an unsolved problem to find the appropriate eigenstates to

represent the Gross–Pitaevskii equation with its non-linearity. However, the decomposition of the

Gross–Pitaevskii field into a basis of linear solutions to the Schrödinger equation in an external

harmonic trap is used extensively in the literature [DC03; TCN09].
2Indeed, the Adam optimisation algorithm was only updated with complex number support in

2021.

203



Conclusions

optimisation which has not yet been addressed in the literature. We have made

our complex-valued neural initial value problem code available freely for others to

explore [Gri24a].

The neural Sturm–Liouville problem provides excellent approximations to the

anharmonic oscillator eigenstates and eigenenergies which are consistent with a

first- or second-order perturbative approach. Amore thorough analysis of the neural

Sturm–Liouville problemwith higher-order perturbative approaches may be a useful

avenue to explore to ascertain the accuracy of this method for perturbed systems.

Whether this approach is only suitable for weakly perturbed systems or could be

used for more strongly perturbed systems also needs addressing.

Theneural Sturm–Liouvillemethod could be extended tomodel diatomicmolecules

using a Morse potential, or radial solutions of the Schrödinger equation using a type

of Bessel equation.

7.2 Context of this work in the quantum fluids literature

Our proof-of-principle machine learning approach to predicting thermodynamic

parameters of Bose–Einstein condensates represents an advancement in the field of

quantum fluids. Traditionally, determining the chemical potential and temperature

of a condensate has been a challenging and often destructive process, requiring

techniques like time-of-flight expansion. Our model offers a non-destructive, rapid

alternative that could streamline experimental procedures and data analysis. Our

model could accelerate research in areas such as non-equilibrium dynamics, phase

transitions, and quantum turbulence in Bose–Einstein condensates. This tech-

nique could enable real-time monitoring of condensate thermodynamics during

evaporative cooling or quench dynamics, allowing for precise control and study of

non-equilibrium phenomena.
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7.2.1 Future directions of study

Implementing Bayesian neural networks could provide confidence intervals for the

predictions, providing the user of the model with a measure of the prediction’s pre-

cision in order to make informed decisions in experimental or numerical protocols.

Themodel could be trained on simulationswith a quench protocol for the chemical

potential and temperature, since the stochasticGross–Pitaevskii equation is a suitable

theory for describing the dynamics of condensates at and slightly above the phase

transition. It should in principle be possible to build a model which can predict

these parameters during an experimental quench, particularly since the model was

successful in predicting the chemical potential and temperature out of equilibrium

(despite not being trained to do so).

The model was trained only on in situ position distributions. We do not antici-

pate there being issues in training a model using expanding time-of-flight velocity

distributions, typically seen in experiments.

Our machine learning model’s potential extends beyond predicting chemical

potential and temperature. The model could be adapted to output additional param-

eters such as average atom number and scattering length. This capability becomes

particularly relevant when considering real-world experimental scenarios, where

imaging techniques introduce imperfections and noise into the data. We propose

convolving the atomic density profiles with appropriate filters that mimic the effects

of experimental imaging systems. This process would introduce realistic noise and

blurring, allowing our model to learn from data more closely resembling experimen-

tal outputs. Consequently, the model could be trained to predict the atom number

in real time even in the presence of imaging artefacts, a capability of significant

practical value in experimental settings.

Apart fromextending themodel to new experimental scenarios, more fundamental

research is needed to understand why the model can accurately predict the chemical

potential and temperature out of equilibrium and for toroidally trapped condensates,

despite never being trained to do so.
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A

COMPLEX ANALYSIS

FUNDAMENTALS

Complex analysis is a rich subject—this appendix will not cover the many (often

surprising) theorems and applications of the subject. Instead, we refer the reader

to the excellent book by Stewart and Tall [ST18]. This appendix is the minimal

information needed to follow § 2.8.

A.1 Complex differentiation

Consider a complex function 𝑓 defined on an open set 𝑆 ⊂ ℂ. The function, 𝑓, is

differentiable at a point 𝑧0 ∈ 𝑆 with a derivative 𝑓′(𝑧0) ∈ ℂ if

𝑓′(𝑧0) = lim
𝑧→𝑧0

𝑓(𝑧) − 𝑓(𝑧0)
𝑧 − 𝑧0

. (A.1)

If 𝑓 is differentiable at every point of 𝑆 then it is said to be differentiable or holomor-

phic. If 𝑓 is differentiable at 𝑧0, then 𝑓 is continuous at 𝑧0.

Consider a complex function 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦), where 𝑧 = 𝑥 + 𝑖𝑦 and

𝑢, 𝑣 ∈ ℝ2 → ℝ are functions of 𝑥 ∈ ℝ and 𝑦 ∈ ℝ. The derivative of 𝑓 at 𝑧, according

to equation (A.1), must be consistent regardless of the direction of approach. Hence,

𝑓′(𝑧) = lim
ℎ→0

𝑓(𝑧 + ℎ) − 𝑓(𝑧)
ℎ = lim

ℎ→0

𝑓(𝑧 + 𝑖ℎ) − 𝑓(𝑧)
𝑖ℎ , (A.2)
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where ℎ ∈ ℝ. Approaching along the real axis,

𝑓′(𝑧) = lim
ℎ→0

𝑓(𝑧 + ℎ) − 𝑓(𝑧)
ℎ

= lim
ℎ→0

𝑢(𝑥 + ℎ, 𝑦) − 𝑢(𝑥, 𝑦) + 𝑖(𝑣(𝑥 + ℎ, 𝑦) − 𝑣(𝑥, 𝑦))
ℎ .

(A.3)

Taking the limit as ℎ → 0,

𝑓′(𝑧) = 𝜕𝑢
𝜕𝑥 + 𝑖𝜕𝑣𝜕𝑥. (A.4)

Approaching along the imaginary axis,

𝑓′(𝑧) = lim
ℎ→0

𝑓(𝑧 + 𝑖ℎ) − 𝑓(𝑧)
𝑖ℎ

= lim
ℎ→0

𝑓(𝑥 + 𝑖(𝑦 + ℎ)) − 𝑓(𝑥 + 𝑖𝑦)
𝑖ℎ .

(A.5)

Taking the limit as ℎ → 0,

𝑓′(𝑧) = 𝜕𝑣
𝜕𝑦 − 𝑖𝜕𝑢𝜕𝑦 . (A.6)

Equating equation (A.4) and equation (A.6), we obtain

𝜕𝑢
𝜕𝑥 + 𝑖𝜕𝑣𝜕𝑥 = −𝑖𝜕𝑢𝜕𝑦 +

𝜕𝑣
𝜕𝑦 (A.7)

By equating the real and imaginary parts, we arrive at the Cauchy–Riemann equa-

tions

𝜕𝑢
𝜕𝑥 = 𝜕𝑣

𝜕𝑦 (A.8)

𝜕𝑣
𝜕𝑥 = −𝜕𝑢𝜕𝑦 (A.9)

These equations must be satisfied for a function 𝑓(𝑧) to be differentiable at 𝑧 in the

complex plane, implying that 𝑓(𝑧) is holomorphic at that point. A complex function

is entire if it is holomorphic on the whole complex plane. Most elementary functions

such as the trigonometric functions, the exponential function and all polynomial

functions are holomorphic.
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A.2 Wirtinger calculus

Consider again the complex function 𝑓(𝑧) ∶ ℂ → ℂ, where the complex number

𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ, and where 𝑥, 𝑦 ∈ ℝ. It is possible to express 𝑥 and 𝑦 in terms of 𝑧

and its complex conjugate, 𝑧∗,

𝑥 = 1
2(𝑧 + 𝑧∗) (A.10a)

𝑦 = 1
2𝑖(𝑧 − 𝑧∗). (A.10b)

By the chain rule,

𝜕𝑓
𝜕𝑧 =

𝜕𝑓
𝜕𝑥

𝜕𝑥
𝜕𝑧 +

𝜕𝑓
𝜕𝑦

𝜕𝑦
𝜕𝑧 (A.11a)

=
𝜕𝑓
𝜕𝑥 ⋅

1
2 +

𝜕𝑓
𝜕𝑦 ⋅ (−

𝑖
2) (A.11b)

= 1
2(
𝜕𝑓
𝜕𝑥 − 𝑖

𝜕𝑓
𝜕𝑦). (A.11c)

By corollary,
𝜕𝑓
𝜕𝑧∗ =

1
2(
𝜕𝑓
𝜕𝑥 + 𝑖

𝜕𝑓
𝜕𝑦). (A.12)

If equation (A.12) is zero and
𝜕𝑓
𝜕𝑧

= d𝑓
d𝑧
= 𝑓′(𝑧), then the function 𝑓 is holomorphic

and obeys the Cauchy–Riemann equations.1

1This is an alternate justification as to why complex-differentiable functions contain no terms in 𝑧∗.

211





B

STOCHASTIC DYNAMICS

Consider a classical particle of mass𝑚 immersed in a fluid. By Newton’s second law,

F = 𝑚dv

d𝑡 = −𝜆v, (B.1)

where 𝜆 is a damping coefficient (via Stokes’ law) associated with a viscous force.

Assuming that the mass of the particle is sufficiently small such that thermal fluctu-

ations in the fluid become important, one can use the equipartition theorem, which

relates temperature to the average energies in the system,

1
2𝑚⟨v⟩ =

1
2𝑘𝐵𝑇, (B.2)

where the average thermal velocity is

𝑣𝑡 =√
𝑘𝐵𝑇
𝑚 . (B.3)

To capture the thermal velocity in equation (B.1), an additive, random force𝑚𝜂𝜂𝜂(𝑡)

is introduced, which describes the collisions between the particle and the molecules

of the fluid

𝑚dv

d𝑡 = −𝜆v +𝑚𝜂𝜂𝜂(𝑡). (B.4)

Equation (B.4) is referred to as a Langevin equation [Ris12].
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Stochastic dynamics

Equation (B.4) can be solved as a first-order homogenous differential equation

using the integrating factor e∫ d𝑡 𝛾

v(𝑡) = v(0)e−𝛾𝑡 +∫
𝑡

0
d𝜏 e−𝛾(𝑡−𝜏)𝜂𝜂𝜂(𝜏). (B.5)

In order to gain anything useful from this solution, we must average over many

realisations of the noise 𝜂(𝑡). Since the random force arises due to the chaotic motion

of molecules in the liquid and their collision with the particle, it is assumed that

these forces are uncorrelated at different times. The random forces are also assumed

to be drawn from a Gaussian distribution. These two conditions form the white noise

assumption, and it states that

⟨𝜂𝜂𝜂(𝑡)⟩ = 000 and (B.6)

⟨𝜂𝜇(𝑡)𝜂𝜈(𝑡′)⟩ = 𝜎𝛿𝜇𝜈𝛿(𝑡 − 𝑡′), (B.7)

where 𝜎 is the strength of the noise, 𝛿𝜇𝜈 is a Kronecker delta over the spatial (Carte-

sian) coordinates 𝜇 and 𝜈 and 𝛿(𝑡 − 𝑡′) is a Dirac delta function. The values of the

strength 𝜎 are physically constrained by the equipartition theorem; it can be shown

that 𝜎 = 2𝑘𝐵𝑇𝜆. This is an example of a fluctuation-dissipation theorem (the strength

of the noise term is proportional to the strength of the dissipations).
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C

NUMERICAL

INTEGRATION AND

DIFFERENTIATION

Runge–Kuttamethods are the first tool of choice in a computational physicist’s toolkit

to numerically integrate a differential equation—they are generally fast (although

not always the fastest method), especially when the right-hand side of the differential

equation is quickly and efficiently computed.

One must rearrange the differential equation such that the temporal derivative is

on the left-hand side and all other terms are on the right-hand side, encapsulated in

some arbitrary function 𝑓(𝑡, Φ(𝑡, x)); in principle, this function could be dependent

upon derivatives of Φ(𝑡, x). That is to say, we will only consider differential equations

of the form
𝜕Φ(𝑡, x)
𝜕𝑡 = 𝑓(𝑡, Φ(𝑡, x)). (C.1)

C.1 Euler method

The Euler method is

Φ𝑛+1 = Φ𝑛 + Δ𝑡𝑓(𝑡𝑛, Φ𝑛), (C.2)

which advances our solution from 𝑡𝑛 to 𝑡𝑛+1 ≡ 𝑡𝑛+Δ𝑡. The error in the Euler method

is 𝒪(Δ𝑡2).

215



Numerical integration and differentiation

C.2 Runge–Kutta second-order method

One can use an intermediate (trial) step to the midpoint of the interval [𝑡𝑛, 𝑡𝑛+1]

through the routine

𝑘1 = 𝑓(𝑡𝑛, Φ𝑛)

𝑘2 = 𝑓(𝑡𝑛 +
1
2Δ𝑡, Φ𝑛 +

1
2𝑘1)

Φ𝑛+1 = Φ𝑛 + Δ𝑡𝑘2 + 𝒪(Δ𝑡3),

(C.3)

which is a second-order method since the symmetrisation about the interval’s mid-

point cancels out the error proportional to Δ𝑡. Equations (C.3) are called the second-

order Runge–Kutta method.

C.3 Runge–Kutta fourth-order method

The most common Runge–Kutta method involves evaluating four intermediate steps

(compared to the two intermediate steps of the second-order method). Hereafter

referred to as the Runge–Kutta fourth-order method, one computes

𝑘1 = 𝑓(𝑡𝑛, Φ𝑛)

𝑘2 = 𝑓(𝑡𝑛 +
1
2Δ𝑡, Φ𝑛 +

1
2𝑘1)

𝑘3 = 𝑓(𝑡𝑛 +
1
2Δ𝑡, Φ𝑛 +

1
2𝑘2)

𝑘4 = 𝑓(𝑡𝑛 + Δ𝑡, Φ𝑛 + 𝑘3)

Φ𝑛+1 = Φ𝑛 +
Δ𝑡
6 (𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4) + 𝒪(Δ𝑡5).

(C.4)

C.4 Adaptive Runge–Kutta–Fehlberg fourth-fifth method

Adaptive step-sizemethods do not require a user-specified time stepΔ𝑡. The adaptive

Runge–Kutta–Fehlberg fourth-fifth method (RKF45) computes a local truncation

error between every integration step, checking whether this error is within some

user-defined tolerance. The algorithm continuously checks convergence during

216



C.4 Adaptive Runge–Kutta–Fehlberg fourth-fifth method

integration, decreases the step size for regions with lots of spatial variation, and

increases the step size for regions without lots of spatial variation. The algorithm

adapts to the system’s evolution, unlike fixed-step algorithms which do not. For

the same reason, simulations with time-dependent parameters and equations also

benefit from adaptive step-size algorithms.

The ARKF45 method is briefly presented here, following the discussion by Press

[Pre+92]. For notational clarity later in this description, the time step is denoted as

ℎ.

The ARKF45 method describes a fifth-order method {Φ} with six function evalua-

tions {𝑓𝑖} and another combination of the same functions describing a fourth-order

method {Φ∗}. When combined, the fourth-fifth algorithm describes a numerical

integration of {Φ} with some local truncation error Δ. The fifth-order method is

Φ𝑛+1 = Φ𝑛 +
6
∑
𝑖=1

𝑐𝑖𝑘𝑖 + 𝒪(ℎ6) (C.5)

where {𝑐𝑖} are coefficients determined by Cash and Karp [CK90] and {𝑘𝑖} are the local

increment functions in the standard Runge–Kutta algorithm. The local increment

functions are defined as

𝑘1 = ℎ𝑓(𝑡𝑛, Φ𝑛)

𝑘2 = ℎ𝑓(𝑡𝑛 + 𝑎2ℎ,Φ𝑛 + 𝑏21𝑘1)

⋯

𝑘6 = ℎ𝑓(𝑡𝑛 + 𝑎6ℎ,Φ𝑛 + 𝑏61𝑘1 +⋯+ 𝑏65𝑘5)

(C.6)

where {𝑎𝑖} and {𝑏𝑖𝑗} are further sets of Cash-Karp coefficients and ℎ is the integration

step size. The fourth-order method is

Φ∗
𝑛+1 = Φ∗

𝑛 +
6
∑
𝑖=1

𝑐∗𝑖 𝑘𝑖 + 𝒪(ℎ5). (C.7)
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Numerical integration and differentiation

The local truncation error is thus

Δ ≡ Φ𝑛+1 − 𝜙∗𝑛+1 =
6
∑
𝑖=1
(𝑐𝑖 − 𝑐∗𝑖 )𝑘𝑖. (C.8)

Consider the step from ℎ0 to ℎ1 with associated local truncation errors Δ0 and Δ1.

Since Δ ∝ ℎ5, the step ℎ0 must obey

ℎ0 = ℎ1
|||
Δ0
Δ1
|||
1/5
. (C.9)

Hidden in this mathematical ambiguity lies the summit of the mountainous climb

through numerical integrators. If the truncation error Δ1 > Δ0, where Δ0 is the user-

defined tolerance, the ARKF45 algorithm will compute how much to decrease the

step-size based on the pre-defined tolerance (usually ∼ 10−6) and retry the current

integration step. Conversely, if Δ1 < Δ0, the ARKF45 algorithm will compute how

much it can safely increase the step size based on the tolerance for the next integration

step.

Despite the additional computation, the performance gains in using adaptive

step-sizes for some problems are hundred- or thousand-fold [Pre+92].

C.5 Numerical evaluation of derivatives

The definition of the derivative of a one-dimensional, time-independent wave func-

tion is
d𝜙(𝑥)
d𝑥 = lim

ℎ→0

𝜙(𝑥 + ℎ) − 𝜙(𝑥)
ℎ , (C.10)

where ℎ is an infinitesimal, positive or negative quantity. The right-hand side is,

therefore, an approximation to the derivative of 𝜙, which increases in accuracy as

ℎ → 0. The error of the approximation can be obtained by the Taylor expansion of 𝜙

𝜙(𝑥 + ℎ) ≈ 𝜙(𝑥) + ℎ
d𝜙(𝑥)
d𝑥 + ℎ2

d2𝜙(𝑥)
d𝑥2 . (C.11)
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C.5 Numerical evaluation of derivatives

Rearranging equation (C.11) gives

𝜙(𝑥 + ℎ) − 𝜙(𝑥)
ℎ −

d𝜙(𝑥)
d𝑥 ≈ ℎ

d2𝜙(𝑥)
d𝑥2 , (C.12)

i.e., the error in the quotient of the definition of the derivative is proportional to ℎ.

If ℎ = Δ𝑥 > 0, where Δ𝑥 is some finite (and not infinitesimal) quantity, then

d𝜙(𝑥)
d𝑥 ≈

𝜙(𝑥 + Δ𝑥) − 𝜙(𝑥)
Δ𝑥 , (C.13)

which is the forward difference of the derivative. If ℎ = Δ𝑥 < 0, then

d𝜙(𝑥)
d𝑥 ≈

𝜙(𝑥) − 𝜙(𝑥 − Δ𝑥)
Δ𝑥 , (C.14)

which is the backward difference of the derivative. Subtracting the forward difference

from the backward difference gives the centred difference approximation of the

derivative
d𝜙(𝑥)
d𝑥 ≈

𝜙(𝑥 + Δ𝑥) − 𝜙(𝑥 − Δ𝑥)
2Δ𝑥 , (C.15)

which has an error 𝒪(Δ𝑥2). Using higher-order terms in the Taylor expansion in

equation (C.11) gives higher-order difference formulae. The choice of which order

method to use is not a priori obvious; we find second-order methods to be sufficient

throughout all of our computational work.

Second-order derivatives can be approximated similarly. We will use the approxi-

mation
d2𝜙(𝑥)
d𝑥2 ≈

𝜙(𝑥 + Δ𝑥) − 2𝜙(𝑥) + 𝜙(𝑥 − Δ𝑥)
Δ𝑥2 , (C.16)
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Numerical integration and differentiation

which has an error 𝒪(Δ𝑥2). For multivariate wave functions, the definition of the

Laplacian implies that

∇2𝜙(𝑥, 𝑦) =
𝜕2𝜙(𝑥, 𝑦)
𝜕𝑥2 +

𝜕2𝜙(𝑥, 𝑦)
𝜕𝑦2

≈
𝜙(𝑥 + Δ𝑥, 𝑦) − 2𝜙(𝑥, 𝑦) + 𝜙(𝑥 − Δ𝑥, 𝑦)

Δ𝑥2

+
𝜙(𝑥, 𝑦 + Δ𝑦) − 2𝜙(𝑥, 𝑦) + 𝜙(𝑥, 𝑦 − Δ𝑦)

Δ𝑦2 .

(C.17)

The implementation of equations (C.16) and (C.17) in Rust are available in our

open-source code [Gri24c].

C.6 Solving Sturm–Liouville equations numerically: the

shooting method

We first re-write the Sturm–Liouville equation as a system of first-order ordinary

differential equations for compatibility with the numerical integration routines in

appendix C

𝑑𝜙
𝑑𝑥 = 𝑦, (C.18)

𝑑𝑦
𝑑𝑥 =

𝑞(𝑥) − 𝜆𝑤(𝑥)
𝑝(𝑥)

𝜙 −
𝑝′(𝑥)
𝑝(𝑥)

𝑦. (C.19)

One of the boundary conditions is used as an initial condition for the system of

differential equations. The other boundary condition becomes the target condition.

The eigenvalue 𝜆 is iteratively updated based on the shooting method. Akin to firing

a cannon at a target, the shooting method iteratively corrects a shooting parameter

(e.g., an initial velocity, or more generally the eigenvalue 𝜆) based on how far away

the solution is from the target (the other boundary condition).
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D

CROSS CORRELATION AS

A FROBENIUS INNER

PRODUCT

We show that the cross-correlation operation, as defined in equation (2.76), can be

elegantly interpreted as a trace operation and therefore a Frobenius inner product.

We can reframe the cross-correlation as a series of matrix multiplications and sum-

mations where, for each position (𝑠, 𝑡), we effectively compute the sum of element-

wise products between a sub-matrix of X and the weights matrix/kernel W.

Recall that for two matrices A and B of compatible dimensions, the trace of the

matrix product AB

tr(AB) = ∑
𝑖,𝑗

A𝑖𝑗B𝑗𝑖. (D.1)

Let us define X𝑠,𝑡 as the sub-matrix of X centred at position (𝑠, 𝑡) with the same

dimensions as W. We can then express the cross-correlation at position (𝑠, 𝑡) as

(X ⋆ W)(𝑠, 𝑡) = tr(X𝑠,𝑡W𝑇) (D.2)

The Frobenius inner product is

⟨A,B⟩𝐹 = tr(AB𝑇) = ∑
𝑖,𝑗

A𝑖𝑗B𝑖𝑗, (D.3)
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which leads to the definition of the cross-correlation operation in terms of perhaps

simpler linear algebraic operations

(X ⋆ W)(𝑠, 𝑡) = ⟨X𝑠,𝑡,W⟩𝐹. (D.4)
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Cauchy linear unit (CauchyLU), 23

complex-valued, 59

cGELU, 61

modReLU, 60

Gaussian error linear unit (GELU), 22

hyperbolic secant linear unit (SechLU),

22

hyperbolic tangent, 19

Laplace linear unit (LaplaceLU), 23

Mish, 24

probabilistic, 21, 124

Rectifying error linear unit (ReLU), 22,

23

ReLU, 19

sigmoid, 19

softmax, 57

aliasing, 95

atomtronics, 70

automatic differentiation, 44

backpropagation, 46

scalar-valued neurons, 42

vector-valued neurons, 127

batch size, 37

bias, 15

Bose–Einstein condensation, 69

applications

interferometers, 70

rotational sensors, 70

experimental realisation, 69

finite temperature theory, 84

dimensionless form, 98

numerical implementation

noise, 102

projector, 95

thermodynamics, 71

Bose–Einstein distribution, 73

critical temperature, 73

total atom number, 73

zero temperature theory, 75

Bose field operators, 75

creation and annihilation operators,

75

Gross–Pitaevskii equation, 78

Hamiltonian, 75

interaction pseudopotential, 76

capsule networks, 55

chemical potential, 71, 105

circulation, 82

classical pendulum, 122

computational graph, 46

condensate growth, 89

condensates of reduced dimensionality

quasi-1D, 83

quasi-2D, 83

convolution, 48

cost function, 15, 45

cost functions, 32

Huber loss, 33

mean absolute error, 32
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mean square error, 32

neural initial value problem, 113

neural Sturm–Liouville problem, 148

neural Sturm–Liouville problem

(orthogonality), 150

Smooth L1 loss, 33

cross-correlation, 50

curriculum learning, 149

damping parameter, 88

datasets

testing, 64

training, 64

validation, 64

deep learning, 16, 123

directed graph, 15

dropout, 20

early stopping, 66

energy cut-off, 94

ensemble averaging, 102

epoch, 37

equilibrium solutions, 89

error

half-square, 15

mean square, 15

feature map, 48

feature space, 15

filter, 52

fluctuation-dissipation theorem, 84

Fokker–Planck equation, 86

free particle, 114

gradients

exploding, 28

vanishing, 28

grand canonical ensemble, 72

grand potential, 72

gravitational field, 119

Gross–Pitaevskii equation

stochastic, 86

zero temperature

time dependent, 78

time independent, 79

ground state, 97

Hamilton’s principle of least action, 111

numerical action, 136

harmonic oscillator

classical, 119

quantum, 160

quantum (anharmonic), 161

hydrodynamical interpretation, 81

hyperparameter, 35

hyperparameters, 18

hyperplane, 15

Hénon–Heiles system, 132

imaginary time method, 97

implicit projection, 95

initialisation, 26, 52, 65

Generalised Xavier, 27

Kaiming, 31

Xavier, 26

Keldysh formalism, 86

Keldysh self-energy, 87

kernel, 48

Langevin equation, 86, 213

layers

depth, 17

hidden, 18
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input layer, 15

output layer, 15

width, 17

learning algorithms, 33

AdaGrad, 39

AdamW, 42

Adaptive moment estimation (Adam),

40, 126

gradient descent

complex-valued, 64

momentum, 36

real-valued, 34

RMSProp, 39

stochastic gradient descent, 37

Legendre equation, 150

Legendre polynomials, 150

linear regression, 14

machine learning models

testing, 64

training, 64

validating, 64

Madelung transform, 81

mean square error, see error, mean square

model averaging, 19

model evaluation, 66

multiply connected geometry, 82

network parameters, 15

neural initial value problem, 109

complex, 141

neural network, 14

neural networks

complex-valued, 58, 141

convolutional, 46

coupled, 44, 134

Siamese, 45

neural Sturm–Liouville problem, 145

neurons, 15

vector-valued, 114

No Free Lunch theorem, 19

non-linearity, 56

numerical discretisation, 95

numerical implementation, 105

numerical integration

Euler method, 215

Runge–Kutta fourth-fifth method

(adaptive), 216

Runge–Kutta fourth-order method, 216

Runge–Kutta second-order method, 216

optimisation

complex-valued, 62

general principle, 15

optimiser

coupled, 46

overfitting, 20, 33, 64

padding, 52

parameter space, 35

partition function, 72

phase coherence, 89

pooling, 52

average, 54

maximum, 54

projection operator, 94

quantum Boltzmann equation, 84

Rayleigh-Jeans distribution, 88

regularisation, 20

Runge–Kutta method, 215

Rust programming language, 96
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simply connected geometry, 82

spherical harmonics, 152

stochastic dynamics, 39, 105, 213

stochastic process, 102

stratified sampling, 64

stride, 54

Sturm–Liouville problem, 146

temperature, 71, 105

measurement, 88

time of flight measurement, 88

time-independent Schrödinger equation, 160

topological defects, 89, 102

translation invariance, 55

trapping potentials

harmonic, 80

toroidal, 81

universal approximation theorem, 19

vortices, 82

weights, 15

white noise, 87

Wick transform, 97

Wiener process, 102

Wirtinger calculus, 63

Zaremba–Nikuni–Griffin theory, 84
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