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ABSTRACT

This thesis investigates the relationship between ductility and moment
redistribution in reinforced concrete beams. Parameters that reflect the relationship
between the two are identified from both an experimental and a theoretical point of
view, as well as in terms of the various provisions in national codes and standards.

The work described in this thesis is in two parts. Part One presents the
experimental investigation made on seventeen test specimens of two-span continuous
beams of various geometrical properties and ratios of reinforcement. The results were
analysed by both existing software and software developed by the author. The test
results and analyses for the seventeen beams are presented, with the reinforcement
strains being measured by strain gauging the reinforcement internally. The concrete
strains were measured using Demecs, and the deflections under the two point loads
were measured by dial gauges. The experimental results indicate that redistribution
may start even before development of any cracks on the surface of the beams. It was
also found that the relative stiffness influenced the manner and degree of moment
redistribution during all load stages.

Part Two presents the numerical model developed by the author which is based
on the second moment area theorem applied to a propped cantilever centrally loaded,
being the mirror image of the two-span continuous beams loaded in the middle of each
span. The model employed multi-linear moment curvature relationships along the
length of the beam, based on the reinforcement layout, to calculate forces, moments,
deflection, rotation, curvatures and redistribution of the modelled beam. The modelled
results were then compared with the experimental data along with other modelled
results from various codes and standards. As a consequence of the experimental and
modelling work, suggestions were made to vary the moment redistribution criteria
used in the British Standard for reinforced concrete design. Further experimental work
is proposed to materialise the work done into definite recommendations in design

practice.
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CONTINUOUS REINFORCED CONCRETE
BEAMS



CHAPTER ONE

1. INTRODUCTION

Studies on ductility and moment redistribution in reinforced concrete structures
have been made in both experimental and theoretical fields, albeit with some
shortcomings.  The experimental approach depended on limited experimental
techniques such that strains in reinforcement were not measured or investigated
accurately, whilst the theoretical approach depended on empirical studies and lacked
data. With the advent of the new European Concrete Code, interest increased in
moment redistribution. It was therefore proposed that additional research was needed
on this subject. The Science and Engineering Research Council (S.E.R.C), now the
Engineering and Physical Science Research Council; granted support to carry out
research into the subject of moment redistribution. The research carried out in this
study provided new directions for the evaluation of deformations and moment

redistribution in reinforced concrete continuous beams.

1.1 Objective

The objective of this research was to improve the development of a realistic
method for predicting redistribution and deformational properties of reinforced
concrete continuous beams, i.e. deflection, rotation, and curvature. This was to be

accomplished in three stages.

(a) Testing of two-span continuous beams. These were loaded at mid-span and various
reinforcement ratios and bar size diameters were used. Bars over the critical span
and support sections were strain gauged to obtain accurate and detailed
reinforcement strain distributions. Parameters investigated in the experimental

work were loads, moments, strains and deflections.

(b) Numerical modelling of the experimental results by applying the moment area
theorems to the curvature distribution of a propped cantilever having the same
properties as the experimental beams. To find the curvature distribution, true
stress strain relationships were used to formulate true moment curvature

relationships for each portion of the modelled beam. Using an incremental



technique that employed the principles of moment area theorems, complete

deformation profiles were formed.

(c) Comparison of modelled results with the experimental data. Major codes moment
curvature assumptions were also tested using the new model. Throughout this
research, experimental data acquired from the test beams were used to examine the

validity of the proposed model and its procedure.

1.2 Scope

This thesis deals with the experimental and analytical aspect of moment
redistribution of doubly reinforced rectangular cross-sections of two-span continuous

beams. It is limited to under-reinforced beams made of normal weight concrete.

This thesis is divided into two parts. The first part comprises Chapters One to
Five. Chapter One provides an introduction to moment redistribution and the factors
influencing it. Chapter Two deals with an historical survey of both experimental and
theoretical works carried out on the subject of moment redistribution since 1935 up to
the present day. Chapter Three describes the new experimental work carried out on
two-span continuous beams using the available testing technique of installing strain
gauges in the reinforcing bars. Chapter Four describes the software that the author
developed to process and analyse the data generated by the test beams. Chapter Five

presents, analyses and discusses the experimental results.

The second part of this thesis comprises Chapters Six to Nine and deals with the
numerical modelling procedure of a centrally loaded propped cantilever beam and its
applications. Chapter Six describes the theoretical background and the programming
technique of the numerical model, which is based on the principles of moment area
theorems. This model was used to calculate loads, moments and deformations (i.e.,
curvatures, rotations and deflections). Chapter Seven presents the moment curvature
relationship formulae according to the provisions in the following four reinforced

concrete standards:

1. The British Standards BS 8110, The Structural Use of Concrete (1985)
2. Building Code Requirements for Structural Concrete (ACI 318-95)



3. Eurocode 2: Design of concrete structures: Part 1. General rules for
buildings (1992)
4. Comité Euro-International Du Beton CEB-FIP Model Code (1990).

Furthermore, it presents the moment redistribution criteria used in the codes above

and also in others.

Chapter Eight compares the experimental results with the modelled codes’ moment
curvature relationships. The variables considered were moment redistribution, load
deflection, curvature distribution, plastic hinge lengths, rotations and neutral axis depth
ratios. In this chapter, it is shown that the neutral axis depth ratio versus redistribution
graphs suggest that the moment redistribution design criteria, particularly the BS 8110
code, should be altered. Chapter Eight also demonstrates the applicability and use of
the model as a parametric tool. Chapter Nine presents the conclusions and suggestions
for further research. Based on the experimental and modelled results, suggestions are

made to vary the redistribution curve in BS 8110.

1.3 Preface

The realistic determination of the response of reinforced concrete structures in
bending demands a knowledge of the inelastic flexural behaviour of reinforced
concrete sections.  This behaviour results from the non-linear stress strain
characteristics of both the concrete and the reinforcement. These non-linear stress-
strain relationships, and the development of cracks along a structure that occur due to

increasing load, causes the moment curvature relationship along a beam to vary.

1.3.1 Moment Curvature Relationship

Reinforced concrete sections exhibit a non-linear moment curvature
relationship. This best describes its behaviour since it accounts for the inelasticity of
the concrete and the reinforcement. A typical moment curvature relationship for a
reinforced concrete section up to failure is illustrated in Figure 1-1, for which the

theoretical relationship is stated in the following Equation 1-1:-

M=EclIgp Equation 1-1



M = The applied bending moment on the section.

Ec = Modulus of elasticity of the concrete.

I = The second moment of area of concrete section (including the
reinforcement).

@ = Curvature of the section.

Ecl = Flexural stiffness of the section.

The value of E¢ is derived from the stress strain relationship of the concrete in
compression. The value of (/) is the second moment of area of the beam section. This
value is conventionally calculated based on the condition of the beam cross section
being uncracked or fully cracked. Figure 1-2 shows a diagram of both uncracked and
cracked sections.

The effect of the reinforcement is taken into account by transforming steel
areas to equivalent concrete areas using the ratio of the reinforcement modulus of

elasticity to the concrete modulus. The ratio is represented in the following equation:

a= E, Equation 1-2
E,
Where:-

a = The modular ratio.

Es= The reinforcing steel modulus of elasticity.

The bending moment acting on a section is caused by an applied load on the
beam, (i.e., point load, uniformly distributed load, etc.). Calculating curvature at both
uncracked and cracked sections is possible from the strain profile across the depth of
the section as shown in Figure 1-3. Curvature of a section may conveniently be taken
as the algebraic sum of the tension and compression strains on both sides of the neutral

axis divided by the distance between them.

P & e —¢&'
=< = 3 =3 3 E uation 1-3
e Td-x 4 7
Where:-

&=  Concrete strain at the extreme compression face of the concrete.

&=  Tension steel strain.



& = Compression steel strain.

=  Effective depth of the cross section.

dy=  Distance between tension and compression reinforcement.

x=  Neutral axis depth of the section.
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Figure 1-1: Moment curvature relationship of a reinforced concrete section
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Figure 1-3: Strain distribution in a reinforced concrete section.




1.3.2 Flexural Stiffness

Flexural stiffness, (the slope the moment curvature relationship), is the product
of two independent variables: the modulus of elasticity of the concrete (E¢), and the
second moment of area (/) of the cross section including the reinforcement.

Calculations of the deformations of a member, (i.e. curvature, rotation, and
deflection) require knowledge of its flexural stiffness. In the early stages of loading,
when a reinforced concrete section is uncracked, the reinforcement has little effect and
the stiffness is approximately equal to that of a plain concrete member (Regan and Yu,

1973).

El=Eclg Equation 1-4
Where:-
Ig =  The second moment of area of the concrete cross-section about

its centroidal axis in the plane of bending neglecting the

reinforcement.
EI = Flexural stiffness of a section

The curvature of any section at this early stage increases in direct proportion to

the applied moment M.

As the load increases on the structure to a point beyond the tensile strength of
the concrete, it causes the concrete to crack. Therefore, it is no longer possible to
calculate the curvature based on the uncracked stiffness. The altemnative is to base
curvature calculation on the cracked stiffness which is the product of the cracked

section modulus (/¢) and the concrete modulus of elasticity (E¢).

M )
= Equation 1-5
" &1, !
Where:-

Ic = The cracked second moment of area including the reinforcement.



Flexural stiffhess is not uniform. In a real situation, for example in the beam
shown in Figure 1-4, cracks develop along the length of a beam as load is applied.
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Figure 1-4: Crack development in a reinforced concrete beam in bending

The strain in the tension reinforcement peaks where it crosses a crack, and
minimises away from the crack as load is shared with the surrounding concrete due to
the action of bond. As a result, the stiffness of the beam varies along its length. It is a
minimum at the crack positions, whilst between the cracks it increases due to the
contribution of the concrete in tension. This contribution of the tensile concrete to the
stiffness of a reinforced concrete member is called Tension Stiffening, (see Scott,
1985). The presence of this phenomenon makes the evaluation of the stiffness of a
reinforced concrete member more complicated. However, it may be accounted for by
using a non-linear moment curvature relationship for the beam’s section as discussed

next.

From Figure 1-1, it is seen that with the exception of a possible brief period
when the section is initially uncracked, the moment curvature relationship over the rest
of the load history is non-linear. Results from tests (see Bumett and Yu, 1964)

indicated that the moment curvature relationship varies from section to section along a



reinforced concrete member. Before the reinforcing steel yields, the (M-¢) relationship
is governed by the reinforcement and the concrete’s behaviour. When the reinforcing
steel reaches the yield point, the curvature then increases rapidly with little increase in
moment as shown in Figure 1-1. At this stage, a plastic moment develops, and a
plastic hinge is said to form at the yielded section. In a statically indeterminate beam,
the flexural stiffness (£./), is considerably reduced when the bending moment at that
section reaches levels of yield moment and beyond. This reduction in stiffness, albeit
almost at a constant moment between the yield point up to failure, allows the tension
reinforcement to undergo large plastic strains. The plastic strains result in rotations
limited by the overall ductility of the section, (ie. ductility of concrete and the
reinforcement). This consequently causes a reduction from the elastic moment at the
section i.e. hogging moment redistributes and increases the moment at the sagging
section as a consequence. To account for this redistribution in full, knowledge of the
moment curvature relationships of the sections of a reinforced concrete member and
their flexural stiffnesses is required. Several approaches have been presented to model
this non-linearity. Some approaches go beyond ultimate (maximum) and account for
the descending branch of the moment curvature relationship, such as the work carried
out by Rosenblueth and De Cossio (1964). They analysed a fixed-ended beam under
two symmetrical concentrated loads near its supports. Two trilinear M-¢ diagrams
identical up to their peak points, but having different descending branches (one steeper
than the other, and both having definite termination points) were assumed for all cross-
sections of the beam. Cranston (1965) analysed a pin-ended portal frame subject to
symmetrical two-point loading on the beam span, which he had tested earlier. Two
moment curvature relationships with falling branch were considered: one at the central
section of the beam, and the other in one column just below its intersection with the
beam. Bamard and Johnson (1964) analysed two simply supported steel concrete
composite beams subjected to symmetrical two-point loading. Non-linear moment-
curvature relationships, analytically obtained, were used in computations. One common
feature of the methods used by all the above researchers is that they are based,
explicitly or implicitly, on an integration of curvatures along the structural member,
associated with a non-linear moment curvature relationship. ~Another approach,

adopted by the American Concrete Institute Code, ACI 318-95, BS 8110, 1985, the



European Code EC2 1992 and the CEB-FIP Model Code 1990 respectively, was to
divide the moment curvature relationship into three linear sections, as shown in Figure
1-1. This thesis aims to show how the various codes and standard approaches to the

moment curvature relationship compare with the author’s own approach.

1.3.3 Ductility and Moment Redistribution

Reinforced concrete sections exhibit a non-linear behaviour with increasing
load or moment that causes cracks to develop, thus making stiffness variable and non-
linear along the beam. Indeterminate beams are designed to exhibit ductility under
ultimate (maximum) loads. Ductility is the ability of reinforced concrete elements to
deform, while maintaining their load carrying capacity. This ductility is a result of the
yielding of the reinforcement under tensile load. Deformation is referred to as plastic
and normally occurs over a short length of the beam (the plastic hinge length). The
formation of enough plastic hinges eventually leads to the collapse of the structural
element. This plastic hinge formation only occurs in flexural members. It is possible to
utilise this ductility of flexural members in design. This is done by analysing the
flexural member (a continuous beam) under the ultimate design loading, and then
redistributing the bending moments within the beam. The resulting moments must still
be in equilibrium with the design loading. Redistribution is made to reduce the
moments, and hence the area of reinforcement required at the section with the highest
moments. This is done by increasing the moments in the middle of the beam span, and
consequently increasing the area of reinforcement required in the mid-span. This

makes the structure easier to detail and construct.

Ductility ensures that the beam is capable of undergoing rotation after yielding
of the tension steel reinforcement and before crushing of the concrete in compression.
In Figure 1-1, the portion of the curve between points B and C corresponding to Py
and ¢y represents ductility, where @y and @y are the curvature at yield and ultimate

respectively. The principles of redistribution and ductility can be demonstrated by

means of the example, (see Nilson, 1978, and Kong and Evans, 1990) shown in Figure
1-5.

10



M om enxt R edistridution in S tatically
Indeterm inate B eam .

I 4 4
A c E
( a ) SRR ARAFECICACICEICRCRRRRARNY GSSRRASNMARRRREN S RRALORICEY —
—d
, ] L :
3 2 3 2
4 L [ > z

(a) Indeterm inate Beam

3

217

s —_

= pr1 16
37 Pl
(b) Elastic Bending M om ent 4

D tagram
M ,/2
I- 4
(e) I
M’ M
M

’ ’ P 1
(¢) Plastic Bending M om ent 4

D ftagram
Plastic H ingaes
(d)
Sim ple Support
(d) Collapse M echanism

E lastic B M

o | AN A
T ~~N——

(e) Elastic and R edistridbuted
Bending M oment D iagram

Figure 1-5: Moment redistribution and plastic hinge mechanism in a two-span

continuous beam

Figure 1-5a shows a two-span continuous beam with hinged supports at points
A, C and E. It carries a single concentrated load (P) at each mid-span. The beam has a
reinforcement stress strain relationship and moment curvature relationship as shown in

Figure 1-6 (an ideally elastic-plastic beam section).
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M,

Figure 1-6: Idealised stress-strain and moment curvature relationships

Suppose that the load on the beam is increased gradually until the elastic

3P1
bending moment at the middle support (Point C) reaches the value of (1_6J ; which

is just equal to the plastic moment capacity of the beam section (Mp called the plastic

moment of resistance). Thus this load becomes:
16 M,

3l
Where:-

Equation 1-6

M= Plastic moment of resistance.
P= Applied load at mid-span.
I= Length of the beam.

5P1
At this stage the moment under the load at each mid-span is (——32 ) , as shown in
Figure 1-5b. With the increasing load, the beam still behaves elastically everywhere
except at (point C), where moment reached its capacity and rotations are occurring. A
plastic hinge is said to have developed at the support (point C), because after the
moment at the section reaches My the beam behaves as though it is hinged there. At

12



this point the beam becomes statically determinate. The load can be increased further
until the moment under the load also becomes equal to M,, (assuming that the beam has
equal capacity in positive and negative bending), when the second hinge forms. The
structure then forms a mechanism as shown in Figure 1-5d and collapse occurs. The
moment diagram at the collapse load is shown in Figure 1-Sc. From the geometry of

Figure 1-Sc, the magnitude of the load and moment causing collapse is calculated:

M, PI
M, + _p _u Equation 1-7
2 4
From which:
Pl 6M

M, p =P = ] £ Equation 1-8
Where:-
P,= The ultimate load capacity of the beam at failure.

Had the beam remained elastic, the bending moment diagram at collapse would have

been that of Figure 1-5b. With Py substituted for P, and the (hypothetical) elastic

moment at C (Msup,elastic) Would have been:

3P 16 |
sup,elastic = Y R; = 5 M sup, elastic Equatlon
1-9
Where:-

Msupeiasic=  Elastic Support Bending Moment at the Middle at point C

Comparison of Equations 1-8 and 1-9 shows that an increase in P from

M M
533 l" to 67" (an increase of 12%) beyond that load which caused the formation

of the first plastic hinge, before the beam will actually collapse. Because of the
formation of plastic hinges, a redistribution of moments has occurred such that, at
failure, the ratio between positive and negative moments is equal to the ratio of
resisting moments provided in designing the beam, rather than the ratio of elastic

moments. It is possible to calculate the moment redistribution at C as the ratio of the
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elastic moment (Equation 1-9) to the plastic moment (Equation 1-8). The ratio of
the latter to the first becomes 0.889. This drop of the elastic moment by 11.1% is
called the percentage of redistribution.

There is a direct relation between the amount of redistribution achieved and the
amount of plastic rotation required at the critical sections of a beam to produce the
desired redistribution. In general, the greater the modification of the elastic moment
ratio, the greater the rotation capacity required to accomplish this change. If the beam
of Figure 1-5 had been designed with resisting moments consistent with the elastic
moment diagram of Figure 1-5b, no rotation would have been required at the two
critical sections, and the beam would have yielded at the same instant at the centre
support and at mid-span. On the other hand, if the resisting moment at the mid
support had been deliberately reduced (and correspondingly the mid-span increased),
then substantial plastic rotation at the support would have been required before the

mid-span sections reached their failure.

This example illustrates the difference between elastic and plastic analysis of
moments, and the necessity for plastic rotation capacity at the location of hinges, if the
failure load predicted by plastic analysis is to be achieved. Plastic analysis is widely
used for steel structures where rotation capacity is usually adequate because of the
larger amount of ductility of the steel as opposed to concrete. It has been partially
accepted for reinforced concrete structures because a more limited amount of rotation
can be achieved at the hinging sections, but there is the practical difficulty of predicting
the ductility that is available in a given case.

When the beam has ductility, it has the potential to continue resisting load
beyond the time of initial yield. Therefore, when a structural member has sufficient
ductility to achieve a mechanism, it is possible for designers to use redistribution to
achieve savings in materials and labour cost. Hence, reinforced concrete codes of
practice recognise this advantage by permitting a certain amount of moment
redistribution, albeit with limitations that insure equilibrium and strain compatibility
within the structure. One of the objectives of this thesis is to compare the redistribution
provisions of various codes. There are significant differences in the approaches used by

different codes and these will be discussed in detail in Chapter Seven.
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A reduction of the support moments in a continuous beam is an advantage,
particularly in buildings at internal columns, where the beam reinforcement, typically in
two directions, intersects the column reinforcement. Current British design practice in
BS 8110 permits bending moments at support sections in continuous beams to be
redistributed by up to 30 % of the elastic moment. The aim of such redistribution is to
distribute bending moments away from peak moment regions, such as beam-column
joints or supports of continuous members. By reducing beam moments, and thereby
the amount of tension reinforcement, better concrete placement and compaction
becomes possible. This reduces the congestion of the steel at the support regions and
makes design more economical, hence, reducing the total construction cost, and

simplifying reinforcement detailing.

The economic advantages of redistribution can be more understood through
the bending moment envelope, which is a plot of the worst case bending moment
resulting form the analyses of all possible loading arrangements. For example, Figures
1-7a to ¢ show the elastic and redistributed bending moment diagrams (according to
BS 8110 requirements) for a three-span continuous beam taking account of three
loading arrangements (cases). Case 1 for maximum hogging moment at B, Case 2 for
maximum sagging moment at span B and Case 3 is for maximum sagging moment at
spans AB and CD. The elastic moment envelope is shown in Figure 1-7d, is
constructed from the chain-dotted curves of the three loading cases. If the elastic
moment envelope is used to proportion the beam sections for the ultimate limit state,
peak moments of 1097 kNm would have to be catered for and this would result in
congestion of steel at section B and C. Conversely, the use of the redistributed
moments (solid lines in Figure 1-7d) leads to a more even distribution of
reinforcement throughout the beam and also to some overall saving in steel at both the

span and support sections respectively.
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In the next section, factors governing moment redistribution will be discussed.

1.3.4 Factors Governing Moment Redistribution

1.3.4.1 Reinforcement Ratio

For a given type of reinforcement and a given grade of concrete in an
indeterminate beam, the moment curvature relationship at any section is most affected
by the percentage of tension reinforcement. Textbooks identify three classes of
reinforced concrete sections: balanced, over-reinforced and under-reinforced. The
term balanced section refers to the situation where the beam is designed to fail
simultaneously in flexural compression of the concrete and yielding of the tensile
reinforcement. An over-reinforced section will fail in flexural compression of the
concrete with the reinforcement still elastic, i.e. a brittle failure. An under-reinforced
section will fail by the crushing of the concrete in the compression side after the
tension reinforcement has already yielded. This causes the cracks to open up so that
the depth of the beam available to resist flexural compression is reduced. An under-
reinforced section contains less steel than the balanced (ideally) reinforced section.
Therefore, the neutral axis depth is closer to the compressive face and the
reinforcement yields, but the section still fails when the top fibre in the concrete
reaches its limiting value. In a similar manner, an over-reinforced section contains
more steel than the balanced, therefore compression in the concrete will reach its

ultimate or failure strain while the tension steel is still elastic.

The effect of the amount of tensile reinforcement becomes more significant at
yield and after yield. In an under-reinforced section, the percentage of reinforcement
over the support relative to span sections becomes the main governing factor in the
degree of redistribution. The higher the reinforcement ratio over the support relative
to the span, the stiffer the beam becomes, and so the smaller the redistribution. On the
other hand, a lower steel ratio over the support relative to the span decreases the
stiffness, thus increasing redistribution. It is the relative reinforcement ratio that is

important, thus making the relative stiffness of a beam or a structure the governing

factor.
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1.3.4.2 Reinforcement Types

Different stress strain curves for the various types of reinforcement affect the
redistribution of moments in a number of ways. Eligehausen and Langer (1987),
Eligehausen and Fabritius (1991) and Eligehausen and Longfie (1992), reported that
the degree of redistribution is influenced by the amount of plastic strains that may be
developed in the tensile reinforcement. Steel is a material that can undergo large
deformation without fracture. The stress strain relationship is shown schematically in
Figure 1-8. As strain in the reinforcement increases, more rotation will occur, thus
increasing the amount of redistribution. The type of steel investigated in this research
was high yield ductility steel classified as (hot rolled deformed bars BS4449). The
specified yield stress of these bars falls between 425 and 460 MPa for small and large
bar diameters respectively. However BS4449 specifies yield stress at 460 MPa for all
bar diameters. An assumed yield point was computed at an off-set strain of 0.2

percent normally used for high ductility steel.

Schematic Stress Strain Curves for Different Types of
A Reinforcement

High
YieId%
Steel

\j

Figure 1-8: Stress-strain curves of two different types of steel
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1.3.4.3 Concrete Stress Strain Relationship in Compression

Concrete in compression is a strain-softening material. In other words, the
concrete stress-strain curve exhibits a distinct maximum stress after which stress
decreases with increasing strain. After tests on simply supported concrete beams
reported by Bamard (1964), it was found that the beams failed suddenly when the
strain at maximum stress was reached in a compression specimen. This eventually led
to the practice of limiting maximum concrete strain between 2000 and 3500
microstrain. However, earlier work by Baker (1949) suggested that with closely
spaced stirrups and helical binding reinforcement in a beam or a column, maximum
compressive strain in the concrete may be increased up to 10000 microstrain. Similar
conclusions were reached by several researchers such as Kent and Park (1971) Roy
and Sozen (1964) and Hognestad (1955). They proposed a general stress strain curve
for concrete consisting of a second degree parabola up to a maximum stress, and a
linear falling branch which depended on the quantity and degree of confining
reinforcement (shear stirrups). The descending portion of the concrete stress strain
curve has been excluded from the present analysis and similarly from the moment
curvature relationship presented earlier for two main reasons. Firstly, there seems to
be a considerable scatter in the descending portion even when agreement on the
ascending branch is reasonable. Secondly, there is the problem as to which value to
use on the descending portion in a functional relationship with moment-curvature
relationship (average, minimum or maximum values). Therefore, in this study
ascending stress strain relationship in subsequent analyses. Figure 1-9 illustrates a

typical stress strain diagram for a concrete specimen in compression. &cy is the

ultimate strain that corresponds to the maximum compressive stress .. The concrete
modulus of elasticity is given by the slope of the stress strain curve of the concrete and
its value decreases with increasing stress. The concrete modulus of elasticity is related
to the concrete compressive strength. The ultimate concrete compressive strain &,

may be used to calculate curvature at ultimate in the following equation:

@, = Ea Equation 1-10
xl‘
Where:
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Pu = Curvature at ultimate.
Eeu = Concrete ultimate compressive strain.
Xy = Neutral axis depth at ultimate.

Equation 1-10 shows that ¢, increases in proportion to increasing ultimate
strain of concrete &, thereby increasing the ductility of a section. This was confirmed

by tests carried out on reinforced concrete beams by Mattock (1964).
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Figure 1-9: Stress strain curve of concrete with falling branch

1.3.4.4 Rotation Capacity

When a section reaches its yield moment and its yield strain in the tensile
reinforcement, the reinforcement must undergo additional strain beyond yield with a
small increase in the applied moment before the structure collapses completely. This
additional plastic strain causes plastic rotation. Reinforced concrete sections have a
reasonable amount of rotation capacity which is mainly dependent on the net
reinforcement ratio (p-p) where p and p are tension and compression reinforcement
ratios respectively. If the net reinforcement ratio in a doubly reinforced concrete beam
is less than the balanced amount, then the rotation capacity of the beam and moment

redistribution increase. On the other hand, if the amount of the net reinforcement or
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tensile reinforcement in the case of a singly reinforced section exceeds the balanced

ratio, then the section is considered to be brittle and very little redistribution will take
place.

In the case of the propped cantilever shown in Figure 1-10, the numerical
value for rotation (slope of the beam) at any point along the beam is the summation (or
the integral) of curvature from the fixed end up to the point where rotation needs to be
evaluated. The deflection at the fixed support is zero and the value of rotation (slope
of the beam) at the fixed end is also zero. However, this does not mean that the
rotation capacity is zero, because as the bending moment increases, tensile strains in
the reinforcement will continue to peak beyond yield and concentrate near the critical
support and span sections under crack positions up to a certain length. This length is
called the plastic length (Jp), and is calculated from the geometry of the bending
moment diagram between yield and ultimate as shown in Figure 1-10a. This is
proportional to the movement of the point of contraflexure (point of zero moment)
between yield and ultimate. From the geometry in Figure 1-10a, the plastic hinge
length Ip can be calculated by the following equation:

l,, = Af{,,'jl-—M,,;,, l, Equation 1-11
Where:-
Ip = The plastic hinge length.
I = Distance between centre of the support to the centre of
the span.
My = The ultimate moment.
My = The yield moment.
My, span = Span moment when the support reaches ultimate
moment.

Rotation capacity is calculated by integrating curvature over plastic hinge
length Jp at ultimate (maximum load). Figure 1-10b shows a detailed schematic of the
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rotation capacity in terms of the curvature distribution diagram over the support area.
The plastic hinge length at yield is assumed to be the same at ultimate . The author
defined the rotation capacity as the total rotation at ultimate that occurs under the

plastic hinge length /,. The elastic and plastic rotations respectively are defined as

follows:-

Plastic rotation is the difference between total and elastic rotation referred, to as the

plastic rotation capacity.

Total rotation is the rotation under peak load which is equivalent to the term rotation

capacity.

Elastic rotation is equal to the integration of curvatures over the plastic hinge length
under yielding moment (moment under which the reinforcing steel in the tension

reaches its yield stress).

The plastic rotation is evaluated in terms of both yield and ultimate curvatures which

may be expressed mathematically as:-

0 =

P

(p.—9,)dx Equation 1-12

O oy ™

Where:-

6 = The plastic rotation capacity (plastic rotation under Ip
@y = The ultimate curvature

@y = The yield curvature

This definition of plastic rotation capacity is however, one of the many which have
been arrived at by various researchers relating the yield curvature at the yielding of the

tensile reinforcement to the ultimate condition of the concrete reaching its ultimate

strain &cy, (see Bumnett 1972).
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Figure 1-10: Propped cantilever yield and ultimate bending moment and

curvature distributions

1.3.4.5 Flexural Ductility of Reinforced Concrete Beams

Flexural ductility is the ability of a structure to sustain strains under pure
bending beyond the elastic range without a significant variation of the bending moment
capacity. This thesis is concerned with the ductility of the reinforced concrete sections

on the assumption that the properties of steel and concrete are known. Due to the
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nature of the experimental work carried out in this thesis, the investigation is limited to
pure bending on two span continuous beams centrally loaded at each span.

Ductility govemns the rotation capacity of the hinging zones (plastic length
region) and the redistribution of moment in a structure (Sozen, 1964). Ductility
protects structures against sudden overloads by permitting plastic rotation to take
place. It is therefore desirable that a structure has a reserve of ductility to withstand

overloading conditions, such as earthquakes or excessive continuous repeated loads.

Reinforced concrete beams, unless under-reinforced, behave in a brittle manner
when subjected to high bending moments. In order for a reinforced concrete structural
element to undergo large deformations and rotations at loads close to its failure strains,
limitations on the percentage of reinforcement and the neutral axis depth are necessary
to allow sufficient deformation beyond the yield of the reinforcement without the
failure of the beam. In continuous structures, redistribution of the bending moments
from a region of higher stress at the supports to the less stressed regions along the
span, depends upon the ductility and stiffness of the sections in the two regions. When
the structure reaches yield at the support, plastic rotations commence at the steady
increase of moment. This increase in rotation capability increases the ductility of the
structure. Having defined ductility in a qualitative manner, it is necessary to further
define it quantitatively. The conventional definition of ductility is in terms of the
ductility factor seen as the ratio of ultimate to yield curvatures, that is Pu/ Py, (see
Cohn and Ghosh 1973).

The yield curvature @y is defined as the curvature at which the tension steel

reaches its yield point stress. The stress-strain relationships used for steel in the

present investigation are characterised by an assumed yield point.

The ultimate curvature on the other hand, is defined as the curvature
corresponding to where concrete reaches its limiting strain at the extreme fibre (gcy).
Research carried out by Eligehausen and Langer (1987) suggested defining ultimate
curvature based on high limiting tensile reinforcement strains, to exploit the ductility of
a reinforced concrete section in order to achieve more redistribution by increasing the

rotation capacity of a section. The ductility of reinforced concrete sections in bending
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is primarily influenced by the tension and compression reinforcement, the strength of
the concrete in compression and the yield strength of the tensile reinforcement. These
factors directly affect the stiffness of a section, investigated in the context of this thesis.

In the next chapter, the historical background of the research carried out into moment
redistribution will be presented.
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CHAPTER TWO

2. HISTORICAL BACKGROUND

Moment redistribution in reinforced concrete members was first observed in 1920
when the results of tests on two beams fully fixed at the end were reported by the German
Reinforced Concrete Committee (see Mattock, 1955). The first extensive series of tests
demonstrating moment redistribution in reinforced concrete beam was carried out by
Kazinczy and reported by Yu and Hognestad (1958). Glanville and Thomas (1935)
conducted research on moment redistribution. Their tests were conducted on two-span
continuous beams loaded with concentrated loads in the middle of each span. Until that
time, there had not been any significant results that could relate redistribution to the
percentage of reinforcement used in the research. Further experimental work was needed
to enable engineers to predict the redistribution phenomenon and include it in design

criteria. A survey on the history of moment redistribution is presented next.
2.1 Baker (1949)

Early work on moment redistribution was carried out by Baker at Imperial
College, London and reported by Mattock (1959). Over twelve years of research, Baker
derived the following equation from theoretical considerations for predicting the plastic

rotation capacity over one side of a plastic hinge.

0, - (6 — €)1,

Equation 2-1
kd 7
Where:-
Ecu = Ultimate compressive strain of concrete.
ce = Compressive strain at the extreme edge of concrete when tension
reinforcing steel begins to yield.
k,d = Depth of neutral axis at ultimate stage.

Iy = Plastic hinge length.



Baker recommended £.,,= 0.0035 for unconfined concrete and the following equation for

concrete confined by closed stirrups.
Eoy = 0.0035 + 0.0002 (p")0-5 Equation 2-2

Where:-

p" = Volumetric ratio of a stirrup to concrete enclosed by two stirrups.

The concrete strain at the yield stage, &, equal to 0.002 was recommended for
both bound and unbound concrete. The neutral axis depth k,d can be determined by

considering equilibrium between tension and compression forces on the section.

The Research Committee Report of ICE (1964) suggested the following equation for the
plastic hinge length. /;, .

1

I, = R1R2R3(§) a Equation 2-3

Where:-
Rj; =0.7 for mild steel and 0.9 for cold worked steel.

R5 = 1.0 for members without axial load.

R3=0.6 for f;, = 41.4 N/mm2 and 0.9 for f,, = 13.8 N/mm?2

For a different value of f,;, , linear interpolation between the two values may be
used.

z = Distance from the critical section to the point of zero moment.

Baker (1949) also put forward a trial and error method for calculating the amount of

moment redistribution in continuous beams.
2.2 Lee (1953)

Lee (1953) tested a group of fixed ended reinforced concrete beams and assumed
that redistribution started after the commencement of first crack at the fixed end support.

He concluded that redistribution occurred due the variation in stiffness along the length of
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the beam, and that ultimate redistribution occurred when the mid span section
reinforcement had yielded.

2.3 Ernest (1957)

Emest (1957) investigated the amount of plastic rotation that could occur in beam-
column connections for both fast and slow loading. He concluded that the plastic rotation
increased with a decreasing percentage of reinforcement.

Further tests were carried out by Ernest to investigate the manner and extent of
moment redistribution in reinforced concrete beams. His results concluded that the
ultimate strength of a section was controlled by the redistribution within the beam. In the
analysis of two-span continuous beams centrally loaded at each mid span, Emest derived
equations for the plastic rotation at the central support and deflection at each mid-span of

the continuous beam.
2.4 Macchi (1965)

Macchi (1965) tested two 3-span continuous beams 400 mm wide by 150 mm
depth, one with a point load in the middle of the central span, and the other with four
equal loads on the central spans. Loads, rotations and cracks were measured. Test results
showed that redistribution on the two beams was 31% at ultimate load.

Macchi proposed a method of imposed rotations to analyse the beams. The method
involved considering inelastic rotations as rotations artificially imposed on critical sections
of a still elastic structure. Imposed rotations cause an equilibrated system of redistributed
moments; by superposition of the latter and elastic moments due to loads the real
distribution of moments is obtained. For full treatment of the method, see Macchi (1965),
in which he concluded that elastic distribution of moments was not suitable a basis for

design for reinforced concrete beams.
2.5 Mattock (1965)

Mattock (1965) conducted a series of tests on two-span continuous beams to
investigate the redistribution of bending moments in continuous reinforced concrete

beams. The first group consisted of four two-span continuous beams designed for the
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same working load but using various distributions of design bending moments. The
second group consisted of three continuous beams designed to simulate secondary beams
in reinforced concrete framed buildings. One beam was reinforced with mild steel and was
designed for the distribution of bending moment as predicted by an elastic analysis. The
other two were designed using 25% reduction of support section moments with the
appropriate increase in the mid span section.

Tests on the first group of beams showed that redistribution of moments started
well before the yield point stress was reached. It was observed that the actual
redistribution of bending moments at working load was about 27% of the assumed one in
design. This was because moment curvature relationship was non-linear at high loads. In
the second group of tests, observation revealed that redistribution was occurring at
working loads at the same percentage as in group 1.

Mattock concluded that redistribution of design bending moments of reinforced
concrete continuous beams did not affect the performance at the beam at service load or at
failure. He also concluded that cracking and deflection of beams with redistributed design
bending moments were not more severe than in those beams designed using elastic
analysis. Furthermore, the factor of safety in design of these beams was unaffected by
redistribution of design bending moment. His recommendation was to increase
redistribution in British Standards (1957) from 15% to 25% to achieve economy in design
and construction.

Mattock also investigated the rotational capacity of reinforced concrete beams.
Thirty-seven beams were tested involving studying parameters such as concrete strength,
depth, distance from point of maximum moment to point of zero moment and amount and
yield point of reinforcement. The objective of these tests was to obtain a better
understanding of the distribution of curvature around supports in continuous beams.

Mattock established a model for the plastic rotational capacity over one side of the plastic
hinge as:

0,= (g;" -9, Aﬂj") A Equation 2-4
y
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From test results on the inelastic rotations, he recommended the following empirical

equation for the plastic hinging length:

1 =2 1+(L14J£ |(1-q—’q—) 4 Equation 2-5
P2 d q, 162

Where:-
q= ﬁ Equation 2-6
fe
q = P ny Equation 2-7
fe
q= ﬁ;{fv Equation 2-8

Mattock suggested that &, to be calculated by the following equation:

d

£, = 0003 +—2—z Equation 2-9
Where:-
A = Tension steel reinforcement area.
A,  _Compression steel reinforcement area.
b = Width of the cross section.
Jo, = Tensile steel ratio = A/bd.
P = Compression steel ratio = As /bd.
fe = Concrete cylinder strength.
5 = Yield point stress for the tensile reinforcement.
q' = Compression reinforcement index .= p £/ f.
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q = Tension reinforcement index = p £,/ .

z = Distance from section of maximum moment to section of zero moment.

2.6 Cranston (1965)

Cranston (1965) analysed a pin-ended portal frame subjected to symmetrical two
point loading on the beam span. An experimental moment curvature relation was used
derived from moment rotation curves. The flexibility method was used to analyse the
frame. Cranston examined the falling branch of the moment curvature diagram. His

analytical model showed consistency with the experimental results at all loading stages.
2.7 Barnard and Johnson (1965)

Bamard and Johnson (1965) analysed two simply supported steel-concrete
composite beams subjected to symmetrical two point loads. They used analytical moment
curvature diagrams for their computations. As the beam was a determinate structure, they
employed the method of direct integration of curvatures to obtain deflections
corresponding to the ultimate loads. Their modelled results turned out to be much greater

than the experimental ones, and were attributed to an overestimation of curvatures in the

melastic regions.
2.8 Corley(1966)

Corley’s (1966) research was an extension of Mattock's study, with the inelastic
rotation model remaining the same. Rotations of forty simply supported beams were also
measured in the same manner. Moments and curvatures at yield and ultimate stages were
also determined. All beams were loaded with a concentrated load at the centre of the
span. Primary variables were size of specimen and concrete confinement by stirrups, in

addition to the variables in Mattock's tests. From the test results, Corley suggested the

following equations:

M,
6, =[¢,—¢y M"]l” Equation 2-10
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d .40
I = E[H_% (O_d_)] Equation 2-11

" 2
£, =0.003+0.02 5 + (Zofgj Equation 2-12
z .

2.9 Nawy et al (1968)

A joint experimental study carried out by Nawy et al (1968) was aimed at studying
the effect of spiral shear reinforcement on plastic hinge rotation in reinforced concrete
beams. The investigation aimed to increasing the rotational capacity of plastic hinges by
the use of spiral stirrups to permit a better redistribution of moments. Two series of tests
were conducted, the first investigated a plastic hinge in tension, the second investigated a
plastic hinge in compression. A total of twenty simple beams loaded with a concentrated
load at mid span were tested. Series one beams were subjected to pure bending while
series two were subjected to an additional axial load to bending. They concluded that
increasing spiral reinforcement would increase the rotational capacity in both tension and

compression plastic hinges and that such an increase in ductility could improve moment

redistribution.
2.10 Conner et al (1970)

Conner et al (1970) tested three precast concrete frames and observed that
additional strength was developed by moment redistribution and strain hardening of the
reinforcement. They stated that significant economy could be realised in construction of
frames if moment redistribution and strain hardening effects were considered in design. It
was reported that almost half of the total moment was redistributed at first yield, while
tests carried out by Mattock reported 25% redistribution.

2.11 Snowdon (1970)

Snowdon (1970) reported on results of tests on several hundred specimens of nine
different types made in an attempt to develop a simple method of test which could be used
to compare and classify the bond strength of the different types of deformed bar
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reinforcement used in the United Kingdom. He investigated the bond performance of high
tensile deformed bars and its influence on cracking and deflection. Nine methods were
used in the experimental work which he classified into two types: pull-out and transfer
types. Snowdon concluded that it was possible to classify high bond bars in terms of the
number of diameters of embedment necessary to develop and sustain the 0.2 percent proof
stress. The work carried out by Snowdon on the bond performance of different bar
diameters was one of the reasons which lead the author to choose the reinforcement
layout in the experimental set-up where the same area of tensile steel was used, but with
different number of bars and bar diameters in the test beams. This experimental procedure

is presented in the next chapter, Chapter Three.

2.12 Ghosh and Cohn (1973)

Ghosh and Cohn (1973) developed an analytical technique to predict the load
deformation characteristics of reinforced concrete sections in bending. The analysis
proposed was based on known configuration and geometry ,and stress-strain relationships
of concrete and steel. Moment curvature relationships were derived from the stress strain
relationships of the concrete and steel using a computer model. Rotation and deflection
were then calculated. The method was based on the concept of concentrated inelastic
rotation at discrete sections. The method developed was claimed by the author to predict
structural load deformation characteristics up to the point of collapse, in reasonable

agreement with experimental results.
2.13 Kemp (1981)

Kemp (1981) assessed the theoretical moment redistribution capacity of reinforced
concrete beams. He discussed the relevance of ductility on redistribution capacity and
compared the theoretical formulation with the British Code CP 110 and the European
Model Code MC 78. His main objective was to illustrate a quantitative procedure to
evaluate the flexural ductility of reinforced concrete sections based on the determination of
the moment curvature relationship up to the ultimate moment capacity of the section. In

his theoretical analysis, Kemp adopted an idealised flat top elasto-plastic moment
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curvature relationship. His model was constructed on the basis of a fixed ended beam
under uniform distributed load.

Kemp stated that his theoretical formulation relating redistribution to curvature
correlated very closely to criteria adopted in MC 78 and CP 110, but claimed that the
British code was more conservative in its redistribution criteria by not exploiting the full

ductility of reinforced concrete members.
2.14 Sakai et al (1984)

Sakai et al (1984) carried out joint research on the failure of two-span continuous
beams. The purpose of the study was to investigate the calculation of energy absorption
capacity of reinforced continuous beams in bending, which was derived from the load
deflection relations. Four kinds of continuous beams were tested with different cross
sectional properties and loaded symmetrically,. Demec gauge readings measured the
change in strain and curvature. They concluded that energy absorption capacity of

continuous beams may be expressed in terms of the total rotation of the plastic hinges.
2.15 Hsu (1983)

Hsu (1983) presented a method that accounted for the load deflection and moment
rotation curves for continuous under-reinforced concrete beams. The method of
calculation developed was based on the derivation of a moment curvature relationship for
singly and doubly reinforced sections based on the stress strain curve for the reinforcing

steel. The model included both the ascending and the descending branches of the moment

curvature relationship. The model developed by Hsu at the University of Tllinois, was used
to analyse the load deflection and load strain behaviour of 28 simply supported beams
tested to failure. He calculated the slope, rotations and deflection at the relevant sections

of the beams by using the following modified moment-area theorem:-
0= I ody 0 Equation 2-13

5= gy s Equation 2-14

34



Where:-

6 = Deflection of the beam at any point along the beam.
y = Distance over which the integration is desired.

Using the equations above with some minor modifications of the moment-area theorems,
Hsu derived equations for the deflection of continuous beams before cracking, at yielding

of the reinforcing steel and between yielding of the steel and ultimate.

2.16 Scott (1983)

Scott (1983) developed a ‘numerical model to calculate the moment curvature
relationship for reinforced concrete beams using averaged linear strain distribution and
linearised stress strain relationships for the reinforcement. The computer model analysed
rectangular beams with inputs of section geometry, reinforcement areas, linearised stress
strain data of the concrete and reinforcement and reinforcement strains. The model
calculated iteratively the moment curvature relation of the beam based on the stress strain
relationships of both the concrete and the reinforcement. The model outputted calculated
stresses and strains in the top and bottom reinforcement, neutral axis depth, moment,
curvature, flexural stiffness and forces on the cross section. The model developed by
Scott is flexible since it can solve stresses, strains, forces and neutral axis depth for any
rectangular section for a given moment, concrete or reinforcement strain or rotation.
This model was used by the author as an analysis tool for part of the modelling procedure
described and applied in this thesis.

2.17 Carriera and Chu (1986)

Carriera and Chu (1986) recommended a model for the moment curvature relationship for
reinforced concrete members based on the calculation of stresses of a reinforced concrete

section. They derived the following formula:

M ' h 2 EcE’ d' 2
. ,11.;2[ £ opm+f, (;d- -1) ,u,:| = |:p(l —k) + p'(k—7) :|Equation 215
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Where:-
d=  Depth of the compression reinforcement.
k= Neutral axis depth factor.

J¢'= Concrete compression strength.

A = A factor relating maximum compressive stress from flexure to axial
strength of cylinder test specimens, = 0.85
& =  Strain in extreme concrete fibre in compression (face of the concrete).

Hc, H Are constants numerically calculated based on integrals or sum of the ratios

of compressive and tensile strain respectively. For details of the calculations of all
factors involved, see Carriera and Chu (1986).
Curvature was calculated according to the following formula:

&g

[4

kd

Q= Equation 2-15a

The results for this formulation compared very closely with experimental data.
They developed a general method to compute the location of the neutral axis depth. Their
method consisted of the second degree equation above. The neutral axis depth factor %
was determined by calculating a distinct value of the neutral axis depth for every value of
the bending moment. The formulation they used included a non-linear concrete stress-
strain relationship in both ascending and descending branches of the curve. They
concluded that the effect of the concrete stress-strain relationship and the reinforcement
ratio on the movement of the neutral axis depth could be accurately determined using their
equations. They concluded that maximum moment at a section could occur even at elastic
strain levels in the reinforcement, even after crack propagation has occurred. They
endorsed a minimum level of reinforcement as recommended by the ACI 318-83 building

code.

2.18 Mo (1986)

Mo (1986) used a non-linear iterative method in which the moment curvature
relationships of the individual sections must be known. The actual section forces were

predicted throughout the loading history. The iterative method developed recognises the
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local failure. The work carried out by Mo included testing of three groups for frames of
which results of the moment curvature relationship obtained experimentally were

compared with analytical modelled results.
2.19 Krauthammer et al (1987)

Krauthammer et al (1987) presented an analytical/numerical method that can be
used for predicting the complete load deflection behaviour of rectangular reinforced
concrete beams under the combined action of bending, shear, and axial force. The
numerical procedure was based on a linear strain distribution and an accurate description
of stress strain relationships for steel, concrete and rational failure criteria. The beam
cross section was divided into layers parallel to the neutral axis. The stresses and forces
were determined for all layers of concrete and reinforcement based on material stress
strain models. The numerical model developed was based on the equilibrium of internal
tensile and compressive forces of the concrete and reinforcing steel. The procedure
iterated the position of the neutral axis depth until equilibrium was obtained and then
moments and curvatures were computed. This procedure was then repeated for
incremental values of strain. They claimed that the method seems to simulate accurately

experimental load deflection data for reinforced concrete beam and beam columns.

2.20 Eligehausen and Langer (1987)

Eligehausen and Langer (1987) developed an analytical model for the rotation
capacity of plastic hinges and moment redistribution. The model is based on moment
curvature, stress-strain and bond stress relationships all of which have been adopted from
various sources. The research investigated the influence of the stress strain relationship of
steel on the rotation capacity. Eligehausen concluded that the rotation capacity increases
as f./f, increases where f; is the rupture strength of reinforcement and f, is the yield
strength. It was found that the influence of bond stress is significant in the determination
of the rotational capacity of reinforced concrete beams. He reported that if it is assumed
no bond stress exists between cracks at the onset of their formation, then the relationship

between plastic rotation and size of bars infers higher rotational capacity. On the other
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hand, if bond between cracks is considered, then plastic rotation decreases, with this
influence only occurring with very low reinforced beams. Eligehausen and Langer
proposed the revision of the model code MC 78 to classify reinforcement into two types:
high rupture strength and low rupture strength steel based on test results. Conclusions
were drawn that the type of steel, depending on its stress strain relationship, has a
significant influence of the degree of moment redistribution. Therefore, they

recommended altering the possible degree of moment redistribution in MC 78 to :-

030>320.56~ 125% Equation 2-16

For continuous beams, braced frames reinforced with steel type 1. high ductility
steel.

015> > 056 l25§ Equation 2-17

For continuous beams, braced frames reinforced with steel type 2, normal ductility

steel.
Where:-
B = Percentage of moment redistribution.
Steel type 1 : f—“z 110 and ¢,26%
»
Steel type 2: L05< Ja <110 and 25%<¢e,<6%
y
Where:-

Js«=  Rupture strength of the reinforcement obtained in tests

&= Unit elongation measured in tests.
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Further work was also carried out by Eligehausen and Fabritius (1991), and
Eligehausen and Longfie (1992) on the analysis of redistribution and rotation capacity in
ordinary and precast reinforced concrete and compared experimental results with EC2

code requirements and CEB-FIP Model Code requirements.

2.21 Park and Ruitong (1988)

Park and Ruitong (1988) assessed the available ductility of doubly reinforced
concrete beam sections with a range of tension and compression steel ratios and various
strengths of steel and concrete. Ductility was assessed by determining curvature at first
yield and at ultimate. Park defined yield as the point where the tension steel reaches a yield
strain of f/E,. Park derived a set of 22 equations which related the ductility factor ¢./¢,
to ratio of tensile reinforcement computed for a range of combinations of concrete
compressive strengths £, , steel yield strengths /5, and ratios of compression steel ratios to

tension steel ratios p%p.

2.22 Scholz (1993)

Scholz (1993) examined the aspect of moment redistribution for regular
continuous beams. He suggested a new definition of moment redistribution for the
Canadian code rules CAN3-A23.3 M84, and suggested new design recommendations.
Scholz recommended the removal of the upper bound on redistribution and that ductility
limitation should be governed by deflection and cracking under service loads.

2.23 Riva and Cohn (1994)

Riva and Cohn (1994) derived an expression for plastic rotations based on a non-
linear analysis model. The effects of section shape, compression reinforcement and
bending moment distribution were considered. Rotation capacity was modelled for
rectangular, T and I sections with various points and distributed loading conditions of a
simply supported beam and cantilevers. They compared rotation capacity formulae with
their own recommendations. The research considered material parameters, (i.e. the stress
strain relationship of concrete and reinforcement), geometric parameters, (shape of the

section, ratio of tensile and compression reinforcement) and loading parameters (i.e. point
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load, distributed, cantilevered) and finally structural layout (normal or prestressed
concrete). They found that for lightly reinforced sections (steel failure) rotation capacity
increases, while for highly reinforced sections (concrete failure) plastic rotation capacity
decreases. Riva and Cohn’s work was based on earlier research in non-linear analysis of
concrete structures that resulted in the development of the analysis program STRUPL-IC,
(see Riva and Cohn, 1989).

Other work has been carried out on redistribution in the numerical and
experimental fields. However, those presented above have been selected by the author as

being the most relevant to the contents and objective of this thesis.

2.24 Summary and Comments

From the previous review of the work on moment redistribution of reinforced
concrete, it may be said that there is agreement in the following regarding redistribution:

1. Redistribution of moments due to inelastic action exists at any loading stage, even
under service loads. Therefore, it should be considered in the analysis and design of
concrete structures.

2. The inclusion of redistribution of moments requires knowledge of the moment
curvature relationship and rotational capacity of hinging regions, and maximum tensile
and compressive strain in the reinforcement and the concrete respectively. The results,
conclusions and opinions expressed in the historical survey emphasise the importance
of considering the following factors that affect redistribution:-

J Type of loading condition.

o Strength of concrete.

J Amount and type of tensile reinforcement.

. Moment curvature gradient

J Rotational capacity of the plastic hinges of members subjected to flexural loads.

The experimental program carried out in this research aimed to study one loading
condition, i.e., centrally loaded two-span continuous beams, one concrete grade but with
different amount tensile reinforcement. This therefore, resulted in a variety of moment

curvature gradients and rotational capacities which were investigated here.
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Finally, the author recognises that no survey can realistically include all the
literature available in English language publications. However, to date no publication has
been found by the author that has dealt with redistribution from the same perspective as
used in this thesis.

In the next chapter, the experimental work carried out in this research is presented.
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CHAPTER THREE

3. EXPERIMENTAL PROCEDURE

3.1 Preface

For some years, work at Durham University has been concemed with the
measurement of reinforcement strain distributions by installing electric resistance strain
gauges internally within the reinforcement (see Scott, 1989). When the author joined
the department, funds were available to investigate the manner and degree of
redistribution of internal moments in continuous reinforced concrete beams. With the
basic expertise established in installing electric strain gauges in reinforcement, and the
ability of the technique to provide detailed and reliable information proven, the possible
application to investigate moment redistribution was encouraging. Therefore, it was
decided to investigate moment redistribution employing this technique to its full
capacity. This chapter describes the background to the experimental work, the strain
gauging technique, the specimen details, the equipment and data processing tools and

software that were used in the experimental procedure.

3.2 Background

The test program was intended to study moment redistribution in continuous
reinforced concrete beams using the available testing technique of installing strain
gauges in reinforcing bars. On the analytical front, the aim was to develop analysis and
modelling software based on existing programs developed earlier at Durham
University. With this in mind, the author selected the reinforcement percentages,
layout, bar diameters and beam cross sectional areas. The choice was based on the

following factors:

1. Previous knowledge of the influence of bar diameters on the flexural behaviour of
reinforced concrete beams, (see Snowdon, 1970) and the possible effect it may have
on moment redistribution. The author used different bar diameters to investigate

their effect on redistribution.



2. The choice of specimen dimensions was intended to give a wide range of
reinforcement percentages and examine the relationship between moment

redistribution and ductility.

3. The availability of installing strain gauges in the reinforcement gave detailed
information on the strain levels that would be developed in the different sizes of

reinforcement. This enabled the author to relate redistribution to ductility.

These considerations were the reasons for the choice of specimen details.
However the actual direction of the research program was reassessed after early test
had been completed, and some adjustments were made. For instance, beams in series

D and E were added to the series of tests later after the completion of series C tests.

3.3 The Strain Gauging Technique

A number of procedures have been developed over the years for measuring
longitudinal reinforcement strains. One indirect approach is to interpolate values from
surface strain measurements made either with a Demec gauge or with surface mounted
strain gauges. This method is approximate, since it is difficult to perform the
interpolation with any real degree of confidence or accuracy. Demec gauges can yield
very useful data when used carefully, and for this reason they had been widely adopted
for a whole range of strain measuring applications. Demec readings give average
rather than local strain values. On the other hand, the use of electric resistance strain
gauges to measure reinforcement strain is attractive since the data they yield is both
more localised and more sensitive than Demec readings. A description of how each

strain gauged rod was manufactured now follows.

3.4 Rod Manufacture

Each strain gauged rod was formed by milling two reinforcing rods down to a
half round and then machining a longitudinal groove in each to accommodate the strain
gauges and their wiring. Figure 3-1 shows the process of rod manufacture. The strain
gauges were installed using cyanoacrylic adhesive and protected with polyurethane
vamish. Considerable care was needed in organising and successively bonding down
the lead wires as these were added, starting at each end and working towards the

middle. After installation of the gauges the two halves were glued together so that
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- outwardly they had the appearance of a normal reinforcing rod, but with the lead wires
coming out at the ends. The rod lengths were 2.6 and 1.5 m long and either 20, 16,

.12, 10, 8 or 6 mm diameter according to the specimen details, as will be presented

later.

I

Solid Rods

Rod Manufacturing and Strain Gauge Installation Procedure

Figure 3-1: Rod manufacturing and strain gauge bedding procedure

The beams were constructed with four reinforcement bars in the left hand half

strain gauged; two in the centre support (tension and compression sides) and two in

“ the span. The technique was designed to be completely waterproof to avoid any
| damage to the embedded strain gauges. This technique left the steel-concrete interface
~ completely undisturbed and a large number of gauges could be installed in quite a small
» duct (4 x 4 mm) for all bars down to 12 mm bar diameter, (3.2 x 3.2 mm) was for 10
“mm bars only, and (2.5 x 2.5 mm) for 8 and 6 mm bars. Detailed and reliable
: measurements of reinforcement strains were obtained with no disturbance of the
surrounding concrete since the gauges were sealed inside the rod. The duct wires were
_installed and tested to check the validity of the installation of the gauges before casting
" of the concrete. Occasionally some gauges failed during bar manufacture and at late
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stages in a test around cracks in the concrete. However, this was expected. Failure

rate was less than 3% when installed.

3.5 Beam Geometry

The test beams were chosen to be two-span continuous beams loaded centrally
near the middle of each span. They were divided into six series (A, B, C, D, E and W).
Each series contained three beams having the same ratios of tensile and compression
reinforcement but with only bar diameter over centre support changed in each series.
For instance, the beams in series D had the same amount of reinforcement in the
support area, however each of the support sections in the three beams were reinforced
with 12, 10, and 8 mm bars respectively. Four bars were strain gauged, two in the left
hand span and two over the centre support; one each in the top and bottom of the

beam at each of these locations.

The test beams were 5.2 metre long; each span was 2.6 metres. The cross
sections were 300 mm wide with overall depths of 400, 250 and 150 mm for series A,
B and (C, D, E and W) respectively. Specimen names were coded to identify type of
reinforcement, number of bars, size and series. For example, with specimen B3T16A,
B identified bar type reinforcement (W being used for wire); 3 was for the number of
bars in the tension side over the support region. (T16) was for bar type and diameter
(16 mm) and A was for series A. Beams were designed for 30% redistribution
according to BS 8110 with adequate shear reinforcement. Shear reinforcement
comprised twenty six 10 mm stirrups of high ductility steel for series A and B spaced
at 200 mm centres along the length of the beam. For the other beam series, shear
reinforcement was fifty one stirrups of 6 mm mild steel spaced at 100 mm centres
along the length of the beam. Figure 3-2 shows the left hand span beam longitudinal
reinforcement layout, the right hand span being symmetrical but handed. Beams in
Series W beams were reinforced with wire reinforcement (cold drawn, ribbed, high
yield steel), which was thought to be less ductile than the bar reinforcement used in
Series A,B,C, D and E.
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Figure 3-2: Longitudinal reinforcement layout for the test beams.

3.6 Reinforcement Layout and Percentages

The test beams were reinforced with 20, 16, 12, 10, 8 or 6 mm diameter rods.
Table 3-1 lists support and span reinforcement percentages overall cross section
dimensions. Figures 3-3 to 3-8 give detailed layouts of section reinforcement at the
support and span areas respectively. Besides the main test specimens listed in Table 3-
1, one trial specimen, similar to B3T16A but not gauged, was tested at the beginning
of the test program to check the reliability of the test equipment. The author would
like to point out that specimen B5T12C had faulty strain gauge wires and the load
measuring instrumentation failed during the test. Therefore, this specimen was
repeated and renamed as B5T12X. Furthermore, specimen B3T16B was repeated
(B3T16BL) since the author had extra funds and time to build one more specimen near

the end of the test program.
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SPECIMEN SUPPORT SPAN
Name A, el A | P d A, P A, P d
mmx mm | mn % - % mm ' % - % mm
B3T16A 300x400 | 588 | 0.54] 315 029 (362 |929 |[086 |315 0.29 | 360
B3T16B 300x 250 | 576 | 0.88] 312 0.48 | 217 | 943 146 | 314 0.47 | 215
B3T16BL 300x 250 | 604 | 0.93( 313 049 | 217 |927 1.44 | 321 0.50 | 215
B2T20B 300x250 | 625 | 0.97| 322 0.50 | 215 945 146 | 318 0.49 | 215
B5ST12B 300x 250 | 543 | 0.83{ 315 0.48 | 219 |934 145 | 314 049 | 215
B3T16C 300x 150 | 595 | 1.64| 316 0.87 | 121 941 272 | 314 091 | 119
B2T20C 300x 150 | 625 | 1.75] 311 087 (119 | 932 270 | 317 092 | 119
B5T12C 300x 150 | 547 | 1.48| 314 [ 0.85 | 123 931 2.70 | 339 098 | 119
BST12X 300x 150 | 547 | 1.48] 317 0.86 | 123 933 270 | 319 092 | 119
B2T12D 300x 150 | 201 | 0.54] 229 0.62 | 123 321 0.87 | 226 0.61 | 123
B3T10D 300x 150 | 228 | 0.61] 223 0.60 | 124 | 321 0.87 | 230 062 | 123
BSTS8D 300x 150 | 247 | 0.66] 229 0.61 | 125 228 0.62 | 230 062 | 123
B2TSE 300x 150 | 91 0.24| 94 0.25 | 125 150 0.40 | 149 0.40 | 125
B4TG6E 300x 150 | 108 | 0.29| 95 0.25 | 126 146 039 | 148 039 | 125
W2T12D 300x 150 | 216 | 0.59| 218 0.59 [ 123 320 0.87 | 218 059 | 123
WS5TS8D 300x 150 | 241 | 0.64] 225 0.60 | 125 320 0.87 | 218 0.59 | 123
W3T10D 300x 150 | 216 | 0.58] 227 0.61 | 124 | 325 0.88 | 215 0.58 | 123

A: = Area of Tensile Steel, As = Area of Compression Steel, b= Breadth, d = Effective Depth, 0 =100x A./bd

p =100 x A,/bd

Table 3-1: Test beam reinforcement percentages and dimensional details
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Figure 3-8: Series E test beam dimensions and reinforcement layout

3.7 Rod Gauging Layout

Bar strain gauging layout was influenced by bar diameter. All 20, 16, 12 and
10 mm bars contained 51 strain gauges, while 8 and 6 mm rods accommodated 30

strain gauges along the rods. Four gauged rods were used in each beam; two for the
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tension and two for the compression in support and span regions. Figure 3-9 to
Figure 3-12 show the strain gauge layout for both classes of bar diameters over the
support and span areas. Rods numbered 1 and 2 were the support tension and
compression rods respectively. Rods numbered 3 and 4 were the span compression
and tension rods respectively. The gauges were staggered between both halves of the
rod. The spacing decreased from 50 mm at the ends to 12.5 mm toward the centre.
Where high strains were expected at the centre support and at the left side loading
point, high elongation gauges were provided, having a strain capacity of 10-15%.

Before building the reinforcement cage, the rods were mounted in a test rig and
load cycled to check the installation and minimise hysterisis. The results from this
procedure were also used to calculate an average value of the cross-sectional area for

each gauged rod, as described later.

Support Rod Strain Gange Layout for
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i J. o] L

3¢ < 50 < 0 35

e
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Figure 3-9: Strain gauge layout for support rods: Bar diameters (20 to 10 mm)
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Figure 3-10: Strain gauge layout for span rods: Bar diameters (20 to 10 mm)
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Figure 3-11: Strain gauge layout for support rods: Bar diameters (8 and 6 mm)
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Figure 3-12: Strain gauge layout for span rods: Bar Diameters (8 and 6 mm)

3.8 Mix Design Details

Concrete for all the specimens had a maximum aggregate size of 10 mm, a
water to cement ratio of 0.6 and an aggregate to cement ratio of 5.5. Three cubes and
three cylinders (and with later specimens six cylinders) were cast with each specimen
to determine compressive and tensile strength of the concrete. The extra cylinders
were used to establish an experimental stress strain relationship for the concrete.
Specimens were left for 24 hours to cure under damp hessian. Table 3-2 lists
measured cube compression failure tests, cylinder tension tests and age of test

specimen in days at the time of testing.
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SPECIMEN Cube Cylinder Age of SPECIMEN Cube Cylinder Age of
Name strength Tensile Test Name strength Tensile Test
MPa Tests Days MPa Tests Days
MPa MPa
B3T16A 278 3.0 39 B2T12D 48.9 29 34
B3T16B 47.7 29 39 B3T10D 41.8 3.00 33
B3T16BL 59.9 3.02 28 B5TS8D 49.6 2.92 34
B2T20B 47.7 2.96 46 B2TSE 49.2 3.30 32
B5T12B 60.4 3.6 30 B4ATGE 52.0 3.20 32
B3T16C 44.5 2.88 35 W2T12D 58.0 2.81 33
B2T20C 478 2.55 38 W3T10D 59.2 3.12 34
BST12C 55.3 3.46 60 WS5TSD 60.8 312 32
BST12X 57.4 33 60 Average S1= 294 =
Grade 50 2.90

3.9 Demec Gauging

Table: 3-2 Cube and cylinder test results of the test beams

The average concrete surface strains were measured using a Demec gauge. It

was decided that a 200 mm gauge length would give sufficient details for the test

beams. Demec studs were glued to one face of each specimen for the purpose of

measuring average surface strains on the concrete, for comparison with electrical strain

gauge readings.Figure 3-13 shows a detailed layout of Demec gauges for all beam

series. Series A, B and C had 11 columns of Demecs while the beams in series D, E, W

had 19 columns. This alteration in the number of Demec columns was introduced to

get a more exact curvature distribution along the beams.
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Figure 3-13: Demec gauge layout for all the beam series

3.10 Deflection Measurement

A specially constructed apparatus used for deflection measurement was built to
fit on the test rig to carry the dial gauges. The dial gauges were placed under the
beams at the two point loads to measure the deflection there. Usually deflection
readings were taken at the same load stages as Demec readings. Deflection readings
ceased when either the gauge would not translate any further or when the beam
approached failure when it became unsafe to take any further readings. During the
final load stages near the failure load, the author attempted to take further deflection
readings using a steel ruler.

3.11 Testing

A test rig was purpose built to accommodate the test beams, as shown in the

picture in Error! Number cannot be represented in specified format.. Loads were
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applied using manually pumped hydraulic jacks, and load-cells were provided to
measure beam loads and support reactions. The two load cells for applied load
measurement at the centre of each span were connected to pre-set, pre-calibrated
digital meters which displayed the load value in kN and were also connected to the
data logger. Load cells measuring support reactions were directly connected to the
logger. The specimens were loaded incrementally with the increment size varying
depending on specimen size, reinforcement layout and the pattern of strains developed
in the gauged rods as the test progressed. Typically load increments were 5 kN, but
could be as fine as 0.5 kN.

Strain gauge and load cell readings were recorded at every load stage by a
computer controlled data logger. Messages were also recorded when cracks occurred.
Demec and dial gauge readings were also taken periodically at selected load stages.
Cracks were marked on the beam face as the test progressed. Testing normally
continued until it was not possible to increase the load any further. After testing and on
the same day, the cubes and cylinders were tested and results were recorded.

During handling, around 28 days after casting, strain gauge wires of Rod 1
over the support in specimen B5T12C were severed. Therefore, the rod was dug out
and another gauged rod was grouted in. Furthermore, in two exceptional cases beams
B5T12C and B5T8D, a pump failure halted testing at 12.5 kN in each case. Testing
was resumed later after repairing the faulty pump. Due to the grouting of another rod
and the unfortunate pump failure in BST12C, the author decided repeat B5T12C as
B5T12X . The combination of these two event on B5TI12C caused increased
redistribution which is discussed in section 5.2.2.3.
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3.12 Equipment and Data Processing Tools

3.12.1 Hardware

The data was collected through a 256 channel data logger that logged all the
strain gauges and load cells. It was linked to a PC using purpose written interfacing
software developed at Durham University see (Scott and Gill, 1984).

3.12.2 Software

3.12.2.1 LOGGER

LOGGER is a data collection program developed by Scott, (see Scott and Gill,
1984) especially for interfacing the data logger with a P. C. The program is very
flexible in controlling data output and storage from the logger. A typical logging
session normally starts with opening files on the hard disk. Data such as gauge factor,
gauge resistance, number of active arms, calibrating loads and voltage for the load cells
are entered interactively and later a double check can be conducted on all data entered.
Groups of data can be scanned and saved on the hard disk with full records of date and
time, and extra information may be entered interactively if needed. The software gives
a display on the screen of strain and load data both with engineering units and in volts.
Furthermore, it is possible to interrupt a logged session and reconnect again later
should this prove to be necessary. Once a session is complete, data files can be easily

transferred to other computer systems for further processing.
3.12.2.2 YMOD

An analytical program was developed by Scott (1985) for calculating actual
areas of the gauged rods using the strain gauge readings generated by the bedding-in
procedure. The bedding-in procedure involved load cycling each rod to around 500
microstrain about ten times to eliminate the effect of strain gauge hystersis. The first
function of the program was to present this data in a compact and readily
comprehensible form. Then, as part of the final part of the load cycling procedure,
each rod was incrementally loaded until a strain level of about 500 microstrain (a strain
level well within the elastic range of the stress-strain behaviour) and then unloaded
using the same load steps. A linear regression analysis was performed by the program

for both the loading and unloading curves using the average of all the strain gauge

58



readings for each load stage. The reason for this procedure was to calculate the
average strains of the two loading and unloading regression lines which were
proportional to the Young’s modulus of the steel being used. Young’s modulus was
predetermined as 200 kN/mm?® for both high ductility and wire reinforcement by tests
of solid specimens. Given Young’s modulus and the load/strain relationship for a
particular bar, the actual average cross-sectional area of the gauged rods was easily

calculated.

3.12.2.3 FASTLIST

FASTLIST was another program that was developed by Scott, (see Scott and
Gill, 1984) in conjunction with the above two programs. After data has been logged,
FASTLIST re-arranged the data into a compact form for subsequent output to the
screen or to a file for hard-copy print-out. Output was displayed in a matrix-like form
which listed load cell readings and strain gauge readings combined with extra
information, date, time and messages. From FASTLIST it was possible to construct a

load data file for later use in the analysis.

3.12.2.4 CONNECT

CONNECT was another data processing tool developed by Scott, (see Scott
and Gill, 1986) which gave hard copy and screen display data output and graphics.
Output consisted of strains, local and average bond stress and average strain. The
software was written in such a way that faulty strain gauge readings were omitted from
the output by giving them dummy values outside the range of acceptable ones.
Furthermore, the software gave graphical output of strain and bond distribution at any
desired loading stage through an interactive menu. This program was an important
tool in the analysis as it was later developed by the author to calculate curvatures,
redistribution, and neutral axis depth ratios. The development of CONNECT arose as
the need for additional detailed analysis and insight into the beams' behaviour was

identified. Full details of the development of CONNECT will come later.
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CHAPTER FOUR

4. DATA ANALYSIS SOFTWARE

4.1 Introduction

The experimental work presented in Chapter Three created a need for a data
processing system to record and analyse the Demec and strain gauge data. Previous
software like CONNECT was written by Scott (1984) to cope with strain gauge data
in any general layout. The author developed this program to analyse two-span
continuous beams. This program (CONPCY) as developed by the author was a major
piece of work in the analysis of the load and strain gauge data. The author also wrote
a program to deal with the Demec data that were produced from the test beams. Both
programs (CONPCY and NEWDEM) were written in the FORTRAN language and
compiled on both the UNIX and p.c. systems. A detailed description of these two

programs is presented next.

4.1.1 NEWDEM

After the Demec data were collected from each specimen (approximately 8000
readings in total were taken for all the specimens), the data were fed into NEWDEM
in their raw form. NEWDEM incorporated a linear regression (least squares) analysis
for each column of Demec data to obtain best fit strain values across the beam Demec
depths at every load stage. The best fit lines were calculated based on a minimum of
three data points. Whenever three points were not available for linear regression (due
to faulty Demec studs), two points were considered. In addition, the program
calculated at each Demec position the following:-

1. Strain values at each level corresponding to Demec positions including top

and bottom face strains.
2. Neutral axis depth and neutral axis depth ratio (% ).

3. From the load data, experimental and calculated bending moment and
percentage of redistribution over the spans and the support sections.
4. From both load data and Demec calculated strains, curvatures and stiffness

at each Demec position were calculated.



Two versions of the program could be used, one written to run on a p.c. and
one on the UNIX computers at the university. The advantage of the latter one was the
instant production of screen and hard-copy graphics. The graphical output of the data
was flexible as it was possible to produce strain distributions at each Demec section.
The PC version of NEWDEM was written and compiled to produce data compatible
with the Microsoft Excel spreadsheet to make possible the graphical comparison
between different specimens and for presentation graphics. A typical hardcopy output
from the regression line analysis program is shown in Figure 4-1.

The results from NEWDEM were used in subsequent analyses in conjunction
with results from the program CONPCY which is described next.
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Figure 4-1: Sample output from NEWDEM

Calculated strains along the beam wusing linear regression
DEMEC TEST DATA: SPECIMEN B3T16A: 21/5/91
400.00 mm

BEAM DEPTH

LOAD
60.00

35

(KN)

.000
.000
145,
255.
365.
400.

000
000
000
000

Position along the beam (mm)

1150.00 1350.00 1550.00 2200.00
Strains down the beam depth
(microstrain)
~-117.92 -128.79 -108.98 18.36
-95.18 -104 .85 -87.80 12.00
-23.73 -29.62 -21.27 -8.00
47.73 45.62 45.27 -28.00
115.18 120.85 111.80 -48.00
141.92 144.79 132.98 -54 .36

dhkkkhkhhhkhkhkhhhhhkhrdhhdbhrdhrhbhbhhkhkdhkhhdhhdhdkx

Calculated strains along the beam
regression

DEMEC TEST DATA: SPECIMEN B3T16A: 21/5/91

LOAD

60.00 (KN)

BEAM DEPTH

.000

35.
145.
255.
365.
400.

000
000
000
000
000

72.
60.
.49
.49
.47
-68.

21
~17
-56

using linear

= 400.00 mm

Position along the beam (mm)
2600.00 2800.00 3000.00 3650.00

Strains down the beam depth

(microstrain)

287 .27 196.40 55.39 -117.89
247.14 165.18 48.65 -97.26
121.05 67.06 27 .46 -32.42
-5.05 -31.06 6.27 32.42
-131.14 -129.18 -14.92 97.26
-171.27 -160.40 -21.66 117.89

khkkhkhkkhkhkkkhhkhkhkhhkhkhkdbhbhhhbdhhbhhhhkhkhkhkdhhkdhkkkih

Figure 4.1 (Sheet 1 of 2)

2400.00

87
47

87

3850.00

-123.
.80
.40
97.
.80
223.

-92

192

09

60

09



Calculated curvature from linear regression
DEMEC TEST DATA: SPECIMEN B3T16A: 21/5/91

Curvature (e-6/mm)

Distance (mm), €0.00, 100.00, 140.00, 200.00,
1150.00, -0.65, -1.35, -2.90, -4.62,
1350.00, -0.68, -2.24, -3.60, -5.74,
1550.00, -0.60, -1.42, -3.17, -5.32,
2200.00, 0.18, 0.19, 0.25, 0.26,
2400.00, 0.35, 0.67, 1.11, 7.33,
2600.00, 1.15, 4.65, 9.66, 15.09,
2800.00, 0.89, 0.55, 1.10, 1.40,
3000.00, 0.19, 0.27, 0.16, 0.44,
3650.00, -0.59, -1.49, -3.69, -8.82,
3850.00, -0.87, -2.80, -4.37, -6.55,
4050.00, -0.59, -1.44, -3.06, -4.90,

" Position 6 At position = 2600.00 mm along the beam"

"HSPAN = 324.00"
"HLAP = 325.00"
"HSUP 325.99"

llElasticll, " E)q, " y "Top n , |IB°tll , HCur-vlll IIEI " , llxll,

llmomll , Ilmomll , llstrain" , " Strainll , " 1e_ 6 " , " m\]'mmz " , Ilmmll ’

0.267E+05,0.228E+05, 287., -171., 1.15, 19864.6, 149.40,

0.447E+05,0.326E+05, 1492., -368., 4.65, 7007.2, 79.08,

0.630E+05,0.449E+05, 3299., -563., 9.66, 4650.2, 58.34,

0.900E+05,0.651E+05, 5323., -715., 15.09, 4310.0, 47.35,

0.108E+06,0.757E+05, 6902., -1010., 19.78, 3824.3, 51.08,

0.133E+06,0.933E+05, 7160., -752., 19.78, 4718.5, 38.02,

Listing of Load Data matching Demec loads

Load #

NSOk WwN

Loads
MATCH

1 0.0

5 60.3

9 99.9
15 140.1
22 199.5
26 239.3
33 300.7

0.0
58.0
97.7

138.7
198.4
238.4
289.4

0.0
60.0
100.0
140.0
200.0
240.0
300.0

Figure 4.1 (Sheet 2 of 2)

(kN) matching Demec loads

LHS load RHS load DEMEC load

"x/d“,

0.424,
0.225,
0.166,
0.135,
0.145,
0.108,

240.00, 300.00,
-5.83, -7.73,
-7.54, -9.55,
-6.54, -8.21,
0.22, 0.86,
10.59, 17.59,
19.78, 19.78,
6.24, 10.54,
0.95, 1.19,
-11.60, -15.74,
-7.94, -9.90,
-6.35, -8.11,
ngw
WBETA"
-14.861
-27.100
-28.757
-27.689
-29.953
-30.043
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4.1.2 CONPCY

CONPCY was a major piece of software developed by the author from
CONNECT, which was described earlier in Chapter 3. The author carried out this
development to enhance the level of analysis of the strain gauge data. The program
first read the rod strains, load and geometry of the beam and the rods. Then CONPCY
transformed the strain gauge data of separate rods to a beam configuration with rod
strains identified by top and bottom strains along the beam. For instance, each beam
had four rods laid out as shown in Figure 4-2. Rod 1 and rod 3 gave the top beam
strains. Rod 4 and Rod 2 gave the bottom beam strains. In the area where the rods
lapped, the arithmetic averages of the strains in each rod at both levels were
computed, noting that during the gauging and construction of the beams, considerable

care was taken to coincide the gauge positions in the lapped region.

' .
: ! ' Support |
Support Support

Gauged rods layout in test beams

Strain gauges inside gauged rods

iy  Demec gauge length

[, SO Mourell EOURIRO

200 mm

Figure 4-2: Strain gauge averaging technique and gauged rods layout

Once the beam strains had been defined, the program then calculated the

average strains from the strain gauges over a length of 200 mm which corresponded to
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measured strains from the Demec gages. The average strains were calculated

according to the following expression and as shown schematically in Figure 4-2.

> &Al

E00 = Equation 4-1
Z Al

Where:-

& = The strain gauge reading falling in the Demec gauge range

Al; = The gauge surrounding length

n = The number of strain gauge readings within the Demec range

&00 = The calculated average strain over the gauge length.

After the transformation to beam strains, further calculations were carried out

to calculate local' and average moments, curvatures, flexural stiffness, neutral axis

depth ratios and moment redistribution. In a similar manner to NEWDEM, the

following graphical as well as hard-copy output could be obtained:-

1.
2.
3.

Strain distribution along the beam (top and bottom).

Curvature distribution at any desired load stage.

Average strain distribution over Demec gauge length (200 mm) along the
beam.

Average curvature distribution over 200 mm gauge length matching Demec

positions.

. Average moment curvature relationship matching Demec positions

Neutral axis depth ratio versus redistribution diagrams over the support and
span sections.
Experimental moment or curvature versus percent of redistribution along

any section of the beam.

Later during the course of the research, the author further developed the

program to carry out calculation of measured average plastic hinge properties based on

experimental yield strain values of the respective rods. Calculation of average strains,

! Local strains refer to strains produced from a single strain gauge.
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curvatures, rotations and neutral axis depth over the plastic spread length were carried
out. The details of these calculations are presented in Chapter Five. CONPCY was
written and compiled for the PC user to produce output that was compatible with
Microsoft EXCEL spreadsheet, to enable the comparison between the different test
beams and to compare the results with the actual Demec data. The next chapter gives
details of the experimental results.

The output form CONPCY is extensively presented in Chapters Five and Eight.
All experimental strains, curvatures; moment redistribution and neutral axis depth and

~ calculated rotations from strain gauge data were outputed using CONPCY.
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CHAPTER FIVE

S. EXPERIMENTAL RESULTS AND ANALYSIS

5.1 Preface

This chapter presents the experimental results and analysis on the 17 two-span
continuous reinforced concrete beams described in Chapter Three. The results of the
laboratory work were analysed using software developed by the author as presented in
Chapter Four. The beams’ behaviour is described in terms of moments, strains,
curvatures, neutral axis depth, crack pattern, plastic hinge rotations and lengths. The
results presented here demonstrate the performance of the new software and the
experimental techniques used in assessing measured moment curvature relationships of
the tested beams. Moment redistribution is discussed here from an experimental point
of view. For convenience and clarity, the results, tables, figures and charts are

included at the end of the chapter.

5.2 Moment Redistribution and Load Data

The principal test data are summarised in Table 5-1. Loads, reactions,
moments and moment redistribution of the specimens at the support and the two span
sections are given for all the beams at maximum load. Maximum deflections listed in
Table 5-1 that developed under both spans were, in some cases, extrapolated from the
last two measured points, since dial gauges were not mounted throughout the testing
period. Moments over the support and in the spans were calculated from the measured
forces and support reactions taking into account error adjustment of reaction load

cells. Redistribution was calculated according to Equation 5.1

_ Measured Moment — Elastic Moment
B ElasticMoment

B x100% Equation 5-1

Where the Elastic Moment was calculated on the assumption of constant stiffness

along the beam.

Redistribution started from very early loading stages, even before cracks
appeared on the surface of the beams. The degree of redistribution was different in



each beam series. Furthermore, moment redistribution differed in beams reinforced
with different bar diameters over the support. Figures 5-1 to 6 show the experimental
redistribution of all specimens in each series respectively, plotted against experimental
bending moment at the centre support. With increasing load, redistribution increased
to a point where it reached a plateau level up to and before the beginning of yield of
the reinforcement over the centre support. After the reinforcement over the support
yielded, more redistribution of the support moment took place. When the maximum
moment over the support was reached the beam loads could still be increased, although
the support moment stayed constant because the moment capacity in the spans had not
been reached. Some redistribution values exceeded 35%. Redistribution behaviour of

each beam series is presented next.

5.2.1 Specimen B3T16A

Specimen B3T16A developed constant redistribution with increasing moments after
initial cracking. The left and right hand side spans' redistribution were very similar.
The experimental redistribution curve in Figure 5-1, shows that in some instances, the
moment at a higher load stage was lower than the previous one whereas the
redistribution value had increased. This was mainly due to the waiting period during
Demec reading that caused a relaxation of the bending moment. To overcome this
effect, the author took several readings of the load data before, during and after Demec
readings. Moment redistribution reached a maximum of 31.9% at the support and

16.2% and 20.3% for the left and right side spans respectively.

5.2.2 Series B

Throughout the load history, Series B developed higher redistribution (except
B3T16BL) for the beams with bar diameters of 16 mm and 20 mm than for specimen
B5T12B with 12 mm bars. See Figure 5-2. This was mainly due to increased crack
development in the beams with larger bar diameters. Furthermore, when examining the
redistribution trends for B3T16B and B2T20B, redistribution initially climbed and then
dropped slightly. The curve then developed a flat plateau of redistribution. This slight
decrease in redistribution may be attributed to the effect of tension stiffening. At

maximum load, redistribution in B2T20B (20 mm bars) was around 10% lower than
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the other specimens in the series. When observing the failure relative stiffness of the
test beam series listed in Table 5-2, it can be seen that the relative stiffness (i.e. ratio of
centre support stiffness to the left side span stiffness) of B2T20B at failure was higher
than all the specimens apart from B3T16BL. Hence moment redistribution for
B2T20B at maximum load was 10 % lower than the others except B3T16BL.

B3T16BL developed the highest value of relative stiffness at failure, therefore,
redistribution was the lowest in the series. The behaviour of B3T16BL is interesting.
Although the specimen was similar to B3T16B, the beam still developed different
redistribution from that of B3T16B. Possible explanations for this are presented next.

The areas of tension steel in B3T16B over the support and span were 576 and 943
mm’ respectively. This meant the ratio of support to the span areas of steel was 0.610.
B3T16BL areas of tension reinforcement over the span and support sections were 604
and 927 mm’ respectively. The ratio of support to span tension bars areas was 0.65,
indicating that B3T16BL is approximately 5% stiffer at the support than B3T16B.
Hence redistribution for B3T16BL was lower.

The average relative stiffness of B3T16BL listed in Table 5-2 was greater than that
of B3T16B. This may be the result of the difference in concrete strength of 59.9 and
47.7 MPa respectively (see Table 3-2). In consequence, redistribution throughout the
load history was lower in B3T16BL. Furthermore, it is noticeable that B3T16BL and
B5T12B on one hand, and B3T16B and B2T20B on the other, developed similar
redistribution curves for part of the load history. This could be attributed to the similar

crack patterns which developed in each pair respectively.

5.2.3 Series C

Beams in series C developed similar trends to series B. See Figure 5-3.
Before the support or the span cracked, the redistribution curves for three specimens
B3T16C, B2T20C and B5T12C showed high initial redistribution. This may be
attributed to the different degree of compaction of the concrete throughout the beam.
Furthermore, the beams could take slightly more load stages before one or more of the
supports were fully settled on the rig. Looking closely at the results of redistribution
of specimen B5T12X shown in Figure 5-3, it is seen that at around 6 kNm of applied
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moment (at 14.1 kN of applied load) over the support, redistribution in B5T12X was
nearly zero, despite the fact the beam was already cracked, where the concrete top
strain at the support and the concrete bottom strain at the span were 532 and 370
microstrain respectively. The stiffaess at the support and span at this load stage were
1960 and 1751.9 kNmm’ respectively. Therefore, the higher stiffness at the support
relative to the span caused the redistribution to be at this very low level. After this,
redistribution continued to climb with increasing moment, but at a lower level than the
other specimens in the series. This may be caused by the small bar diameter (12 mm)
used in B5T12X which caused fewer cracks to appear, than B3T16C (16 mm bars)
and B2T20C (20 mm bars). As a result, redistribution stayed low. Although B5T12X
was similarly reinforced as B5ST12C, the latter developed higher redistribution than
B5T12X. This was mainly due to rod 1 in the support area being replaced after casting
and curing. This repair of the specimen meant the new concrete was bonding with
already aged concrete. Therefore, at the time of testing, concrete in the support area
comprised two different concrete ages, with the possibility being that bond failure
occurred at the interface of the bar surface and the new and old concrete in the support
area. This was a likely cause of the increased redistribution. BS5TI12C also had
unexpected pump failure at 12.5 kN, after the beam had initially cracked, thereby
forcing the testing to be restarted later. When the test was resumed, the beam was
already cracked. The combination of the rod replacement and cracked beam may well
have contributed to the increased redistribution in BST12C when compared to the
repeat specimen B5T12X. None of the beams in this series reached full moment

capacities due to shear failure.

The relative stiffness of the test beams was investigated. Table 5-3 lists the
average and at failure relative stiffness and redistribution for the beams in series C. It
can be seen that at failure, specimens with high values of moment redistribution had
low values of relative stiffness. However, this was not the only factor affecting
redistribution. The development of plastic strains in the specimens contributed little to
the redistribution that took place, since only a few strain gauges developed plastic

strains in the support and span areas.
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5.2.4 Series (D, E, W)

In series D and W (Figures 5-4 and 5), redistribution was caused more
distinctly by the development of a few or even a single cracks near the support. From
Figures 5-4 and 5 the effect of the reinforcement yielding is clearly visible, with the
effect of the different bar diameters on redistribution being less significant. However,
it was noticed that specimens with 8 mm bars developed slightly less redistribution
over the support than the 12 and 10 mm bars. The beams in this series developed

plastic strains in the tension reinforcement over both the span and support sections.

Table 5-4 lists relative stiffness values and redistribution of series D, E and W
averaged over the full load history and at failure. The average of all load cases and
maximum redistribution were very similar, except BST8D and W5T8D which both
developed less redistribution than the rest of the beams. This may be attributed to
different crack patterns and the small bar diameter of these specimens, causing fewer
cracks than the rest and hence lower redistribution. There was no noticeable

difference between wire and bar specimens.

In Series E, specimen B2T8E, (Figure 5-6), developed high initial

redistribution which may have been caused by a combination of the following factors:
1. Low value of initial relative stiffness (0.078) for the first load stage.

2. The support section was pre-cracked before the commencement of testing due to
the very low percentage of reinforcement (0.39 and 0.25) in both the span and

support areas respectively

3. Possible different degrees of concrete compaction throughout the length of the
beam. It may be possible that concrete at the bottom of the beam developed higher
strength than the top. In other words, there was stronger concrete in the span and

so a stiffer span section. Higher redistribution developed as a result.

4. Unsettled support conditions at the early load stages. The beam required a few
load stages to be applied before it was fully settled on the rig.

In both B2T8E and B4T6E (seeTable 5-4) redistribution reached the high

value of 39% at maximum applied moment, and the tension reinforcement at both the
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span and support section exhibited gross yield. The author was not able to conclude
any particular trend for this beam series since only two specimens were tested.
Therefore, more testing would need to be done using these very low reinforcement

ratios to establish any conclusive trends.

5.3 Strain Gauge Data

Three techniques were developed by the author and used to assess strains,
curvatures, rotations of the test beams through the available data from strain gauges.

The strains were assessed according to the following three methods:-

1. Strain gauge strains were averaged over a 200 mm gauge length. This
method was used to compare strain gauge data with the Demec strains at
corresponding load stages and positions along the beam to check the validity
of the strain gauge results. The results of these calculations are covered in

section 5.4.

2. Strains in both tension and compression bars at the support and span areas,
where major cracks developed, were averaged. This involved taking the
mean of strains that developed at crack positions. Summary results are
presented in Tables 5-5 to 10, and will be discussed in the upcoming

subsections.

3. Averaged strains over plastic hinge lengths. This method was used by the
author in an attempt to calculate rotations and plastic hinge lengths from the
strain gauge data. The results of this method together with a full description

are presented in section 5.8.

Strains at failure using the three methods listed above gave different
indications. Methods 1 and 3 gave lower strain values since the averaging technique
included gauges under crack positions and those which were not (i.e. those which had
been restrained by the surrounding concrete). The second method alone considered
strains under cracks. Consequently, the strain values using method 2 were high. The
third method may have exaggerated the plastic hinge length because strains peaked at
every crack regardless of their position relative to the two critical sections (i.e. the

support and span sections).
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The strain gauge data produced detailed information regarding the strain
distribution along the beam, specifically in the span and support areas. In Figures 5-7
to 29, the main results for each specimen from the strain gauges at selected load stages
are plotted. In each figure three diagrams are presented. Diagram a) shows local top
steel strain distribution along the beam. Diagram b) shows local bottom steel strain
distribution. Diagram c¢) shows local curvature distribution calculated from the
reinforcement strains. Measured curvature was based on the assumption of linear
strain distribution over the section. Figures 5-8, 13, 18, 22, 25, 29 show local strain
distribution at maximum load for each test beam series respectively. These diagrams
show yield strain levels for the tensile reinforcement in the test beams. Large and
major cracks can be observed at positions of high strains in the tension bars, since

strain values rose rapidly at major crack positions. Observations and discussions on

each beam series are presented next.

5.3.1 Specimen B3T16A

Beam B3T16A developed a plateau of strain distribution across both support
and span areas respectively. Figure 5-7 shows small depressions of tensile strains
under both the span and support areas. This phenomenon was due to the action of
tension stiffening. Tensile strains at maximum load, under both span and support
sections were nearly of equal magnitudes. Table 5-5 lists average strains calculated
using methods 1 and 2 described in 5.3. Specimen B3T16A failed in shear without

developing any plastic strains at any point in the beam.

5.3.2 Series B

Once the support sections were cracked in series B, the specimens developed a
plateau of strain at early loading stages. Figures 5-9 to 12 demonstrate the
development of strain distributions at selected load stages of each beam in series B.
Figure 5-13 shows top and bottom strain distribution at maximum load. The yield

strain level of the tension reinforcement is shown for each bar diameter for both the

support and span bars.

At failure, specimen B2T20B and B5T12B did not develop any yield strains.
B3T16B (see Figure 5-9) began to yield, however post-yield strains were limited due
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to the common failure of all the specimens in this series by shear. Unlike the other
specimens in this series, B3T16BL developed large strains along most of the span as
indicated by tensile strain distribution shown in Figure 5-10b. This may be attributed
to bond failure initiated at major crack positions which consequently exposed the
reinforcement causing a rapid climb in tensile strains. It should be noted that both
specimens B3T16B and B3T16BL had some faulty strain gauges especially in the two
critical sections of the support and span. Nevertheless, strain distribution for both
specimens still produced an indication of where major crack formations had occurred.
In both specimens the final crack formation caused shear failure. It is also noticeable
that specimen B2T20B developed a similar strain level over both span and support
areas. This indicates that more cracks developed when 20 mm diameter bars were
used than when 12 or 16 mm were used. Figure 5-11 shows strain and curvature
distribution of selected load cases of B2T20B. This specimen did not develop any
yield strains in either the support or the span areas, but was similar in the development
of the strain plateau to B3T16B. The effect of tension stiffening can be observed

around strain depressions under the span and support areas.

Figure 5-12 shows strain and curvature distributions for BST12B. Maximum
average strains at failure in this specimen exceeded 3500 microstrain over the support
and 1500 microstrain over the span. Unlike strains in previous specimens, strains here
tended to concentrate in the support region. This is because the specimen was
reinforced with the smaller 12 mm bars, which meant smaller bar areas bearing higher
forces. Diagonal cracks appeared in the beam between the support and span areas as

well as major flexural crack development that caused the eventual shear failure.

Table 5-6 lists average strains over 200 mm gauge length and average strains
under crack positions at maximum (failure) load. Table 5-6 indicates the overall
average strains assessed under crack positions to be slightly higher than the average
strains over 200 mm gauge length. This is because the latter assessed strains under

both cracked and uncracked portions in the beam.

5.3.3 Series C

Series C strain and curvature distributions are shown in Figures 5-14 to 18. At

high loads, beams in this series developed strain plateaux similar to those in series B.
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B3T16C (Figure 5-14) developed plastic strains at the support. However, later cracks
developed shortly before failure approximately 100 mm away from the support due to
the progression of shear cracks in that region. Most of the span stayed within elastic
strains, only three strain gauges reached the yield strains of 3100 microstrain.

Table 5-7 lists average strains over 200 mm gauge length and the average of
strains under major cracks. B2T20C (Figure 5-15) developed higher plastic strains in
the span than in the support area. This may explain the low redistribution this
specimen achieved, shown in Figure 5-3. At this point, this meant the support was

stiffer than the span, therefore redistribution was lower than for other specimens.

As stated earlier, specimen B5T12C (see Figure 5-16) had a replacement tension bar
grouted in the support area and an unexpected pump failure. These circumstances
caused the specimen at the time of testing to fail earlier than expected. Therefore,
strain levels in this specimen were relatively lower than the other specimens in the

series, especially specimen B5T12X (Figure 5-17), the repeat specimen.

Strain distribution at maximum load for Series C, (Figure 5-18) suggests that the test
beams that developed plastic strains could form a plastic hinge with a mechanism, had

the beams failed in flexure rather than shear.

5.3.4 Series (D, E, W)

Series D, E and W were the only test beams that developed a desirabie flexural
failure. There were no noticeable differences in behaviour between high ductility bar
specimens and wire reinforced specimens. Figures 5-19 to 29 present the strain and
curvature distribution for all the specimens in these series. The strain and curvature
distributions show a concentration and peaking of strains near both the support and
span sections. Specimen B2T12D (Figure 5-19) developed similar levels of strains at
both support and span areas. At failure, B3T10D and B5T8D (Figures 5-20 and 21)
strains over the span were higher than those over the support. Table 5-8 lists average
strains at the support and span sections at failure calculated over 200 mm gauge length
and under crack positions for series D. It was observed that the strains assessed at

crack positions were around 1.4 times higher than strains measured over 200 mm
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gauge length. This was however expected, since this method averaged strains under

crack positions only.

In Series E, specimens B2TS8E and B4T6E had more than half of the strain
gauges going off at the high load stages due to very high strains exceeding gauge
capacity of 30000 microstrain. It was therefore difficult to assess the full strain
distribution of the test beams in this series. Figures 5-23 to 25 show both strain and
curvature distributions of both specimens. Specimen B2T8E was initially pre-cracked,
causing the rapid climb in strains at the support section. Specimen B4T6E (Figure 5-
24) developed higher strains over support than the span. Compression strains in this
beam series changed to positive tensile strains (i.e. neutral axis depth was in the cover)

mainly as a result of the very low reinforcement ratios used.

Table 5-9 shows Series E average measured tensile and compressive strains over 200

mm gauge length and average strains under crack positions in the support and span

areas respectively.

In series W, beams failed in flexure by the yielding of the reinforcement, and
developed higher strains at the support than the span. See Figures 5-26 to 29. Levels

of strains were comparable to those in series D. Table 5-10 lists strains of series W in

the same way.

5.4 Demec results

Using NEWDEM, written by the author and described in section 4.1.1, the
program performed linear regression (least squares) analysis to obtain strain and
curvature distributions across the depth of the beam section for each column of Demec
at every load stage. Linear regression for a column of Demec required a minimum of
three points, but in some cases in series C, D, E and W, where one point was missing
due to loss of a Demec stud, a straight line relationship through the remaining two
points was taken. Tables 5-11 to 26 show a comparison between actual Demec
readings across the depth of the beam and the linear regression analysis lines. Strains
at the top and the bottom of the section were extrapolated from the regression results.

Figures 5-30 to 45 show measured and calculated strain distributions for all specimens
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at span and support sections respectively. Each regression line provided the following
calculated values:

1. Top and bottom face strains.

2. Strains at the level of each line of Demec points.

3. Flexural stiffness.

4. Curvature.

5. Neutral axis depth ratio at each loading stage at each line of Demec points.

Measured strains correlated well with the regression lines at all loading stages.
The results of the analysis enabled a comparison to be obtained between Demec and
strain gauge curvatures. In most cases, the calculated curvatures from linear
regression compared well with average strain gauge curvature over 200 mm gauge
length. Figures 5-46 to 61 illustrate the curvature distribution along the beam for all
the specimens compared with the averaged strain gauge curvature distribution in all
three beams. Solid connected lines represent average strain gauge curvature over 200
mm gauge lengths, and point symbols represent calculated Demec curvature from
linear regression lines. Strain gauge data were compared with left side and support
Demecs. The right hand span did not have any embedded strain gauges, and so could
not be compared with the Demecs.

There was generally good agreement between values of curvatures at early load
stages. At later load stages when major cracks developed on the surface, Demec
readings started to diverge from values obtained from average strain gauge data.
Demec data ceased at a few load stages before failure and so Demec data terminated.
The basic assumption used for linear strain distribution across the section for both
Demec and strain gauge readings was justified. Figures 5-62 to 67 show support
calculated Demec and averaged moment curvature relationship from strain gauge data
over 200 mm gauge length for each beam series respectively. On the same diagrams
the uncracked and cracked moment curvature relationships for each beam series are
superimposed.

In specimen B3T16A (Figure 5-62), there was a marked difference between
strain gauge and Demec data. As soon as the section cracked, the moment curvature
relationship varied greatly. This could have been due to the development of large

cracks in the concrete that caused the surface strain readings to deviate. Specimen
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B3T16A failed in shear while the moment curvature relationship over the support area

was still elastic, i.e. tension steel did not yield.

In Series B, (Figure 5-63), there was generally good agreement between both
Demec and strain gauge data, except specimen B3T16BL. This was due to faulty
Demec gauge , and with no Demec readings being taken for comparison, as with the
other specimens.

Series C, D and W (Figures 5-64, 65 and 67) had good agreement between
strain gauge and Demec moment curvature relationship for most of the loading history.
The moment curvature relationships of the beam series from strain gauge data
exhibited stepped curve and curvature softening, (a drop in curvature at increasing or
constant moment) which normally occurred during the 15 minute Demec reading
periods.

Figure 5-66 shows Series E Demec and average strain gauge moment
curvature relationships. Specimen B2T8E Demec relationship exhibited a marked
difference from the strain gauge relationship. This is because the specimen was pre-
cracked at the support section before testing. The author was not able to get stable
strain gauge data on the moment curvature relationship of this beam after the
reinforcement yielded due to factors stated earlier in section 5.3.4. On the other hand,
specimen B4T6E had one strain gauge functioning steadily up to 22.1 kN load which
was included as the last point on the moment curvature diagram shown in Figure 5-66.

Results of the regression line analysis and the strain gauge data provided
analysis data of measured percentage redistribution and neutral axis depth ratio at both
the span and support sections. Figures 5-68 to 73 show plots of these two variables.
Each figure shows two diagrams for both span and support sections respectively.

1. In B3T16A (Figure 5-68), the neutral axis depth at the support section decreased at
the commencement of cracking. Later, redistribution increased slightly with
decreasing neutral axis depth. Before failure, redistribution stayed constant with
decreasing neutral axis depth. This was mainly due to crack developments over the
support cross section which caused tensile strain over the support to increase and
the neutral axis depth to decrease.

2. In Series B (Figure 5-69) the neutral axis depth versus redistribution over the

support was different in each specimen. This was mainly due to the different strain
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development in the reinforcement as presented earlier in section 5.3.2. The neutral
axis depth over the span section was constant, indicating that the increase of
bending moment over the span does not greatly influence the neutral axis depth.
Due to bond failure, specimen B3T16BL developed increasing neutral axis depth
ratio at higher loads over the support section.

. In Series C, (see Figure 5-70) B5T12C (12 mm bars) developed lower neutral axis
depth ratio than B3T16C and B2T20C throughout the loading history. This may
have been due to the grouting effect and pump failure which caused the beam at
both the support and span sections to develop increasing tensile strains at crack
positions in the reinforcing bars and the consequent reduction in the neutral axis
depth ratio. This result could imply that 12 mm diameter bars had more ductility
than 16 and 20 mm bars. However, this would not be conclusive since all the beams
in the series failed in shear before developing any flexural failure mode. Similar to
series B, the neutral axis depth ratio over the span in series C remained constant
with increasing redistribution throughout most of the loading history. This implies
that where moment at a section increases due to redistribution it does not affect the
development of the neutral axis depth. This may justify why most standards do not
put any limitation on neutral axis depth on span section when designing for
redistribution.

. Redistribution of specimens in Series D and W, (Figures 5-71 and 72) stayed
constant with decreasing neutral axis depth ratio between cracking and yield of the
tension bars. After yield of the support bars, redistribution increased drastically, but
with constant neutral axis depth ratio. In these series neutral axis depth ratio was
lower than beams of Series A, B and C. This was consistent with the level of
plastic strains that developed in the beams which caused the low value of the neutral
axis depth ratio. There was no noticeable significant difference between the
behaviour of the two Series D and W.

. In the early loading stages in Series E (Figure 5-73), redistribution appeared to be
very high at high values of neutral axis depth. This was due to the different initial
stiffness of the support and span sections discussed earlier and due to the supports
requiring few load stages before they were fully settled. After the beams settled on

the rig, moment redistribution was noticeably constant with decreasing neutral axis
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depth. There were very few strain gauge data available at high load stages to assess
the neutral axis depth ratio due to reasons presented earlier. Hence the data points
on Figure 5-73 do not show information of the full load history.

Table 5-27 shows experimental neutral axis depth values computed at failure
over both the support and span sections. Figure 5-74 shows an average view of the
measured amount of redistribution over the support that occurred in the beam series
with the measured neutral axis depth ratio. Series D, E, and W demonstrated more
ductile behaviour because of the low neutral axis depth that developed during the

loading history.
5.5 Load Deflection Relationship

Figures 5-75 to 79 show plots of the left side load versus deflection at mid-
span as measured by dial gages. At a few load stages before failure, the dial gages
reached their maximum travel and so deflection readings stopped. As far as was
possible, the author continued to take approximate ruler readings of deflections.
Therefore, to evaluate deflections at maximum load, extrapolated deflections from the
last two load stages (ruler or dial gage readings) were used. No dial gage readings
were done on specimen B3T16A. Figure 5-75 shows series B measured load-
deflection relationships. The three specimens in this series developed very similar
deflections. Series C (Figure 5-76) specimens developed similar deflection throughout
most of their load history, except specimen B2T20C which developed slightly higher
deflections than the rest of the beams at lower loads. This may have been due to the
increased crack development in this specimen. Figure 5-77 shows the load deflection
relationships for specimens in Series D. The curves, unlike the previous beams in
Series B and C, exhibited a well-defined break at the onset of cracking and the slope of
the curve decreased as cracking progressed. However, this did not occur in specimen
B2T12D. This may suggest that the beam may have developed cracks due to creep and
shrinkage before testing. For specimen B5ST8D, it was possible to obtain a reasonable

ruler reading at the maximum load shown in Figure 5-77.

Figure 5-78 shows Series E measured load deflection relationships which were
not extrapolated at maximum load stages, since it was virtually impossible to take any

readings once these beams began to yield. After yield of the reinforcement, failure of
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the beams was very rapid so that neither ruler readings nor any reasonable

extrapolations could be performed.

Series W (Figure 5-79) load deflection relationships were similar for all specimens.
The curves show well-defined similar breaking points at cracking for all the specimens.
This implies that the tensile strength concrete of these specimens compares well with
each other (see Table 3-2).

5.6 Crack Formation

Major crack formation was recorded at failure. As the load increased,
additional cracks formed on both sides of the beam. Crack spacing decreased with
increasing tensile reinforcement ratio. In specimen B3T16A (Figure 5-80), a large
diagonal crack formed between the left hand side load and the centre support which
caused the beam failure in shear. Only a few cracks in this specimen formed over the

support.

Cracks in Series B (Figure 5-81) were diagonal for most of the beams, except
in specimen B3T16BL where a long diagonal shear crack extended along the line of
the reinforcement over the span area thereby causing failure. This crack may have
been the result of bond failure at the interface of the concrete and the reinforcement
over the span, which may justify the high strains that developed in that specimen as

presented earlier in section 5.3.2.

The number of cracks in Series C (Figure 5-82) was greater than those in
Series B. Cracks were spaced at around 100 mm apart. All the beams in this series
developed diagonal cracks causing shear failure. Specimens that were reinforced with
large diameter bars such as T20 and T16 bars over span and support developed larger
number of cracks than BST12C and B5T12X. The inclined cracks in both (B5T12C
and B5T12X) specimens modified the manner in which the beams responded to the
applied load. According to MacGregor and reported by Hawkin et al (1964), inclined
cracks can be categorised into two types according to the condition of the beam before
the formation of the inclined crack. If the portion of the beam in which the inclined
crack formed was uncracked, the crack was called a shear crack. If the inclined crack

was initiated by flexural cracked the crack was called a flexure-shear crack. For beams
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with moderated reinforcement ratios like those in series B and C, flexure-shear cracks
predominated the crack pattern. Crack formation in B3T16A, series B and C generally

caused levelled plateaux of tensile strains before failure.

In Series D and W, (Figures 5-83 and 84) cracks were more concentrated near the
support and mid-span sections. As load approached failure with the reinforcement
already yielded, cracks near the two critical sections started to dominate, causing the

beams to develop plastic strain leading to flexural failure.

Series E (Figure 5-85) failed with only a small number of cracks appearing at
both support and span sections. Specimen B2T8E was pre-cracked during handling,
however this did not seem to affect the way cracks developed in the beam at failure.

In summary, it could be concluded that the number of cracks varied directly with the
ratio of tensile reinforcement. The heavier and larger the bar diameters used, the
greater the number of cracks formed. The resultant crack distribution of the test
beams presented may be summarised into two categories. The first category is crack
formation which was due to shear failure and the second is crack formation due to
flexural failure. Figures 5-86 and 87 show pictures of test beams failing in shear and

flexure respectively.

5.7 Mode of Failure

Although the tests were planned primarily to obtain information on moment
redistribution of continuous beams failing in bending, shear failure dominated specimen
B3T16A and the beams of Series B and C. Although specimens B3T16B, B3T16BL,
B3T16C, B2T20C and B5TI12X eventually failed because of shear cracks
development, high plastic strains in these specimens developed. This is may be due to
the failure of one span in shear thereby leading to the other span failing in bending.
However this bending failure lacked the plastic hinge mechanism required, hence shear
failure occurred. The factors influencing the behaviour and strength of concrete beams
failing in shear are numerous and complex. They include the proportions and shape of
the beam, the structural restraints and the interaction of the beam with other
components in the system, the amount and arrangement of tensile and compressive and

transverse reinforcement, and load distribution and history. The following paragraph
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discusses the possible reasons which may have influenced the shear failure which

occurred in specimens of Series A, B and C.

1. Table 5-28 shows a listing of ultimate predicted flexural and shear loads as well as
the failure load for both the left and right hand spans and failure modes. The
predicted flexural failure load were determined based on 30% redistributed moment
capacity at the support section using BSECT which is a section analysis program
that is described in Chapter Eight. The predicted shear capacity was calculated
according BS 8110 section 3.4.5.3 and 4. When the predicted shear failure load is
greater than the predicted flexural failure load, then the predicted failure mode
would be flexure; otherwise, if the predicted shear failure load is less than the
predicted flexural failure load, then this would give a predicted shear failure. It can
be seen from Table 5-28 that all the beams were predicted to fail in flexure and
that in all cases the actual failure loads exceeded the predicted flexure failure loads.
Furthermore, the shear failure is also dependent on the shear-span/effective depth
ratio a,/d, where a, is the distance between the point load and nearest support
reaction. Beams with high value of a,/d ratio usually fail in bending , i.e. a, /d > 6.
Values lower than 6 tend to fail in shear. B3T16A and Beams in Series B had this
ratio averaged at 3.3 and 5.5 for B3T16A and Series B respectively. This
indicates a possible reason for shear failure in this beam series. For beams in
Series C a,/d ratio was > 9.0. This ratio is relatively high, therefore, it may be
possible that diagonal cracks rapidly spread to the position of the point load
resulting in collapse by splitting the beam into two pieces. This mode of failure is

called diagonal tension failure.

2. The tension steel ratio affects shear strength because a low value reduces the dowel
shear capacity and lead to wider cracks. This in tum reduces the aggregate-

interlock capacity, thus causing shear failure. See (Rajagopolan and Ferguson,

1967)

3. Although the test beams were simply supported at both ends on sliders, it is still
possible that a small horizontal force caused by slider friction encouraged the
development of inclined cracking which is an essential prerequisite to shear failure.

See (Bresler and Macgregor, 1967). It is further reported by Bresler and
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Macgregor (1967), that for a,/d ratio between 3 and 6, inclined cracks develop in
the shear span as an extension of a flexural crack which progressively bends over

until the inclined crack is formed.

4. Clark and Thorgood (1985) reported test results for 64 reinforced concrete beams
in shear which were reinforced similarly to beams in Series C, but with smaller bar
diameters and an a,/d ratio of 4.0. They investigated the effects of different
concrete quality in the top regions compared with the bottom regions of the beams,
the accuracy of steel fixing and the concrete quality around reinforcing bars. They
concluded that the shear capacity of a beam was reduced by about 40% when the
main tension bars were positioned in the top of the section (as is the case over an
internal support) rather than in the bottom. It was suggested that the reduction in
shear capacity was due to the inferior bond characteristic of the top bars caused by
their proximity to a free surface. This could have contributed to the shear failures
that occurred in Series C. Further attention should be given to these points in any
future test programme.

In summary, beams can fail in combined bending and shear in at least five
different ways: anchorage failure, bearing failure, flexure failure and arch and rib
failure. These failure modes depend on the geometry and properties of the beams.
Therefore, it is difficult to generalise about the nature of shear failures. Clearly to
analyse the beams which failed in shear, a comprehensive consideration of such factors
would be needed, which is a major task which goes beyond the scope of this research.
Even when such factors are considered, definitive analysis and answers are not likely to

be accurate due to the small number of specimens tested and failed in shear.

Beams in Series D, W and E, with low reinforcement, failed by the yielding of one
or more of the bars. As load increased, the specimens developed plastic strains
whereby an increase in load caused failure at the support. However, the beams

continued to carry further load creating a plastic hinge failure.

5.8 Determination of Plastic Hinge Length and Measured Rotations

In an attempt to calculate plastic hinge length and total rotations of the test
beams, the author developed a technique for this purpose using the available strain
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gauge data. The techmique, schematically shown in Figure 5-88, involved finding
where the farthest and nearest strain gauge on both sides of the span and support area
had exceeded the yield strains of the tension bars. Once this was established, it was
possible to calculate maximum (corresponding to the farthest strain gauge) and
minimum (corresponding to the nearest strain gauge) plastic spread length on both
sides of the load and centre support. The difference between the left and right hand
side plastic spread length halved, constituted the plastic hinge length over one side of
the beam. After establishing the maximum and minimum plastic hinge length, average
tensile and compressive strains and neutral axis depth were calculated. Curvatures
were then integrated under the plastic hinge length at maximum load to give the total
rotation values at both the span and support sections. The average values of the
plastic hinge length, curvature, total rotation and neutral axis depth ratio were then
computed by averaging both maximum and minimum values. All these calculations
were done through further developments the author added to the program CONPCY

described earlier in Chapter Four.

Tables 5-29 and 30 show plastic hinge lengths average strains, curvatures, total
rotations, percentage redistribution and neutral axis depth ratios from strain gauge data
using the technique that was developed by the author. As stated earlier, only series D,
E and W failed by flexure. Therefore, the results presented in Tables 5-28 and 29 are
meaningful only for those beam series. The results of this technique were compared
with numerically modelled results described in the second part of the thesis in Chapter
Fight. The author proposes that more test data would be needed on beams failing in

flexure before establishing any trends or conclusions on the evaluation of measured

rotations.

5.9 Summary

This chapter has presented the following:

1. Principal load and redistribution results for each beam series.

2. Strain gauge data of the beams presented at selected load cases with special
emphasis on maximum strains developing at both critical support and span sections.
The strain distribution was further interpreted by the calculation of the curvature

distribution along the beam and the crack development throughout the beams.
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3. Demecs curvature distribution and moment curvature relationships were compared
with average strain gauge data over the Demec range.

4. Measured load deflection history was presented and discussed for each beam series.

5. Crack formation of beam and its development and the final crack distribution at the
failure of the beams was presented and discussed.

6. Mode of failure of each beam series was discussed with particular emphasis on the
shear behaviour developed in some of the test beams.

The method of measurement of strain using strain gauges embedded in the
reinforcing bars gave detailed distribution of longitudinal strains over the loading
history of the beam. The strain measurement technique used in the test beams (by
installing strain gauges inside the reinforcing bars) was further validated and supported
by Demec readings which compared well with strain gauge data in early loading stages.
The large quantity of data generated by the strain gauge technique was taken and
assumed to represent actual strains in the beams, thus deriving curvature and neutral
axis depth values. The graphs that were the output of the software developed by the
author (and presented in Chapter Four) demonstrated strain and curvature distribution
at selected load cases (matching Demec ones). The strain gauge data were used to
determine the ductility limit (x/d) and its relationship to measured redistribution.
Average strains were calculated by three methods to attain an accurate picture of the
actual strains that were developing in the area of the critical sections. The measured
plastic hinge lengths and rotations were presented. However, the author proposes
more experimental work to be done before generalisation on the development of
plastic rotations can be drawn.

The experimental results presented here form the basis for the new
development described in this thesis. This is mainly the comparison of the experimental
data with the analytical model developed by the author as the main tool for modelling

redistribution, deflection, curvatures and rotations which is presented in the second
part of this thesis.
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Average of All Load At Failure Load
Cases
Specimen | El(Support) p EI(Support) [
EI(Span) EI(Span)
B3T16B 0.75 -24.2 0.38 -37.2
B3T16BL 1.05 -16.1 1.81 -21.1
B2T20B 0.72 -24.7 0.80 -27.8
B5T12B 0.73 -14.8 0.41 -36.5

Table 5-2: Series B relative stiffness and moment redistribution values

Average of All Load At Failure Load
Cases
Specimen | EI(Support) B El(Support) B
EI(Span) Support EI(Span) Support
B3T16C 0.63 -21.9 0.40 -32.5
B2T20C 0.86 -15.2 1.31 =222
B5T12C 0.87 -21.4 0.53 -36.6
B5T12X 0.63 -10.6 0.32 -26.9

Table 5-3: Series C relative stiffness and moment redistribution values

Average of All Load At Failure Load
Cases
Specimen | E£I/(Support) B EI(Support) B
EX(Span) Support El(Span) Support
B2T12D 0.79 -17.1 1.09 -26.8
B3T10D 0.57 -16.9 0.85 2251
BSTSD 0.72 -14.6 0.94 -20.5
W2T12D 0.72 -17.5 0.76 2245
W3T10D 0.61 -17.4 0.36 -31.8
W5T8D 0.94 -9.0 0.51 -21.5
B2TSE 0.62 -46.763 0.51 -39.1
B4T6E 0.713 -19.588 0.36 -39.2

Table 5-4: Series D, E and W relative stiffness and moment redistribution values



Tensile and Compressive Strains At Failure

(microstrain)
Support

Strains Averaged Over 200 mm Averaged Under Crack Positions
Specimen Tension Compression Tension Compression
B3T16A 2503.00 -607.00 2842.00 -563.00

Span

Specimen Tension Compression Tension Compression
B3T16A 2327.00 -924.00 2480.50 -1009.50

Table 5-5: Specimen B3T16A average strains over 200 mm length and under
crack positions over the support and span sections at maximum load.

Tensile and Compressive Strains At Failure

(microstrain)
Support

Strains Averaged Over 200 mm Averaged Under Crack Positions
Specimen Tension Compression Tension Compression
B3T16B 7190.00 -- 3976.33 -205.33
B3T16BL 3777.00 -294.00 7694.00 188.00
B2T20B 2119.00 -137.00 2248.00 -175.00
B5T12B 3528.00 245.00 3470.00 360.75
Overall Avg. 4153.5 -62 4347.08 42.11

Span

Specimen Tension Compression Tension Compression
B3T16B 3435.00 -995.00 5733.00 -1123.00
B3T16BL 8169.00 -1380.00 10282.00 -1344.33
B2T20B 2277.00 -614.00 2253.75 -561.25
B5T12B 1498.00 -535.00 1613.00 -632.00
Overall Avg. 3844.75 -881 4970.44 -915.15

Table 5-6: Series B list of average strains over 200 mm length and under crack
positions over the support and span sections at maximum load.

Tensile and Compressive Strains At Failure

(microstrain)
Support

Strains Averaged Over 200 mm Averaged Under Crack Positions
Specimen Tension Compression Tension Compression
B3T16C 6861.00 -657.33 10831.00 -657.33
B2T20C 4819.00 -412.50 8821.00 -348.67
B5T12C 3424.03 442.1 4048.2 -223.7
B5T12X 8703.00 -21.0 11790.50 38.15
Overall Avg. 5951.76 -162.18 8872.67 -297.89

Span

Specimen Tension Compression Tension Compression
B3T16C 3176.00 -1447.00 4014.50 -1415.00
B2T20C 7422.00 -1797.00 16502.25 -1868.25
B5T12C 2014.00 -1426.00 2066.00 -1306.00
B5T12X 2661.00 -1056.00 2873.50 -1082.00
Overall Ave. 3818.25 -1431.5 6364.06 -1417.81

Table 5-7: Series C list of average strains over 200 mm length and under crack
positions over the support and span sections at maximum load.
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Tensile and Compressive Strains At Failure

(microstrain)
Support

Strains Averaged Over 200 mm Averaged Under Crack Positions
Specimen Tension Compression Tension Compression
B2T12D 17155.00 1769.00 27283.50 2464.50
B3T10D 19030.00 1698.00 25349.00 1552.50
BST8D 19647.00 686.00 25027.50 254.15
Overall Avg. 18610.5 1384.67 25886.67 1423.72

Span

Specimen Tension Compression Tension Compression
B2T12D 25294.00 26.50 29998.67 13.27
B3T10D 19790.00 247.00 33805.25 256.05
BSTSD 20953.00 428.00 31048.00 446.17
Overall Avg. 22012.33 233.83 31617.31 238.5

Table 5-8: Series D list of average strains over 200 mm length and under crack
positions over the support and span sections at maximum load.

Tensile and Compressive Strains At Failure

(microstrain)
Support

Strains Averaged Over 200 mm Averaged Under Crack Positions
Specimen Tension Compression Tension Compression
B2TSE i 1214.00 ¥k g
B4T6E 37609.00 2053.00 -k %
Overall Avg, 37609 1633 Xk x

Span

Specimen Tension Compression Tension Compression
B2TSE 10738.00 996.00 8521.00 656.00
B4T6E 10364.00 1217.00 14980.50 1192.00
Overall Avg. 10551 1106.5 11750.75 924

** No value could be obtained due to high strains exceeding strain gauge capacity

Table 5-9: Series E list of average strains over 200 mm length and under crack
positions over the support and span sections at maximum load

Tensile and Compressive Strains At Failure

(microstrain)
Support

Strains Averaged Over 200 mm Averaged Under Crack Positions
Specimen Tension Compression Tension Compression
W2T12D 11207.00 1215.00 20380.00 1284.00
W3T10D 20520.00 1263.00 33516.75 1519.00
WST8D 14496.00 284.00 14066.00 243.50
Overall Avg. 15407.67 920.67 22654.25 1015.5

Span

Specimen Tension Compression Tension Compression
W2T12D 10190.00 379.00 8948.00 242.00
W3T10D 10008.00 -187.00 19082.50 -217.60
WSTS8D 8977.00 394.00 19075.00 124.90
Overall Avg. 9725 195.33 15701.83 49.77

Table 5-10: Series W average strains over 200 mm length and under crack
positions over the support and span sections at maximum load.
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Strain Distribution st Top Sted Along the Bessn : B3ST16A
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Figure 5-7:Specimen B3T16A(a) Top steel strain distribution (b) Bottom steel strain
distribution (c) Curvature distribution
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Lecal Strain Distributien at Top Steel Along the Beam : B3T16B
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Figure 5-9:Specimen B3T16B (a) Local top steel strain distribution (b) Local bottom steel
strain distribution (c) Local Curvature distribution
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Lecal Strein Distribution at Top Sted Along the Beam : BIT16BL
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Figure 5-10:Specimen B3T16BL (a) Local top steel strain distribution (b) Local bottom
steel strain distribution (c) Local Curvature distribution
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Figure 5-11:Specimen B2T20B (a) Local top steel strain distribution (b) Local bottom
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Lecal Strain Distribution at Tep Sted Along the Beam : BST12B

5900
e15 D602 4903
Top T t 4y
x120.7 x140.3 ©160.2 5&1-;:::“. L
ower the Support é ;
f +179.6 :M
L]
P s
i wisE
Top Compresmion
8teel Straine
over the span
-5900
[} 500 1000 1500 2000 2500 3000
Distance along beam (mm)
(@
Local Strain Distribution at Bottom Sted Along the Beam : BST12B
2500

3500

Bottom Tensio

Shear Cracks

1l Bteel 6trains & i
2000 over the span \ Q@% :\tl::;ngoc:z;nnm
L positive strains
Bott.
0 ] B2 a X e ° Camprassion ]
- ° - Bteel BStraine .
g 4903 %1207 o ygmm X ”Wxx over tha Support
o ¥ .
E 100 1, 1003 01002 sog % A S
3 4% at N,
xx, R a .
g +179.6 xx AAa & “A +
L™
o
oot

0 500 1000 1500 2000 2500 3000 300
Distance slong beam (mm)
Locsl Strain Gauge Curvature Distribution siong the beam : BST12B
20 L]
* a3
oo
15— ¢15  o©s02 .93 vﬁ;‘f
104 %1207 %1403 01602 - S '% a
[Y .~ x
0179.6 o w & S B2
7 s P e kg
S . 2 ‘q‘h. n:‘!i
< ol D e o oo o,2588-
§ I — A L Ly — T + + 2
nunnun e "o
g - Aba ] b gpw
I, " e pm
°°:‘:\‘ ,
-10 1 o *
N
° *
-18 3
-20
a 500 1000 1500 2000 2500 3000 3500

Distance slong besm (mm)

©

Figure 5-12:Specimen B5T12B (a) Local top steel strain distribution (b) Local bottom steel
strain distribution (c) Local Curvature distribution
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Locsl Strain Distributien st Tep 5ted Along the Beam : B3T16C

17700
o
4
Top Tension
4295 x4l5 x624 Steel Straina
11800 +——— the Bupport
-2
o
g H
Qe
g +802 =997 01104 Top Compressicn °
H 5500 Steel Strains [ 1
+4— ovar the span -
g LN

0 500 1000 1500 2000 2500 3000 300
Distance slong beams (mm)
(@
Local Strain Distribution at Botiom Steel Along the Beam : B3T16C
200

Bottom Tensio o a295 x41.5 x&4

Steel Strains e Bottom

over the span Compressian

° Bteel Strains
e o over the Support

+802 -997 o01104

3100 OM p «

Strain (mircorstrain)

-3100
0 500 1000 1500 2000 2500 3000 3500
Distance dong beam (mm)
Local Strain Gauge Curvature Distribution along the besm : B3T16C
200
All Unite in KN ® '
1% | ————Plastic Strain
developing over
4298 x4LS x84 the support °
section —

100 4
2 s %
£ °- 3
ks 802 -9%7 01104 o
g e

o
g o , . iliL fiz
1 e om vy 1117 °
5583-\ - . 53°
s T
-50
o
°
-100
0 500 1000 1500 2000 250 3000 3500

Distance slong beam (mm)

©

Figure 5-14:Specimen B3T16C (a) Local top steel strain distribution (b) Local
bottom steel strain distribution (c) Local Curvature distribution
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Lecal Strain Distribution at Top Sted Aleng the Beam : B2T20C
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Figure 5-15:Specimen B2T20C (a) Local top steel strain distribution (b) Local

bottom steel strain distribution (c) Local Curvature distribution
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Lacal Strain Distribusion at Tep Sted Aleng the Beams : BST12C
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Figure 5-16:Specimen BST12C (a) Local top steel strain distribution (b) Local
bottom steel strain distribution (c) Local Curvature distribution
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Strain Distribution st Tep Sted Aleng the Beams : BST12X
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Figure 5-17:Specimen BST12X (a) Local top steel strain distribution (b) Local
bottom steel strain distribution (c) Local Curvature distribution
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Lacal Strain Distributien st Top Sted Aleag the Besm : B2T12D
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Figure 5-19:Specimen B2T12D (a) Local top steel strain distribution (b) Local bottom

steel strain distribution (c) Local Curvature distribution
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Lecal Strain Distribusion st Top Stedd Along the Beam : RST10D
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Figure 5-20:Specimen B3T10D (a) Local top steel strain distribution (b) Local bottom

steel strain distribution (c) Local Curvature distribution
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Lacal Strain Distribution st Tep Sterl Aleng the Beams : BSTSD
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Figure 5-21:Specimen BST8D(a) Local top steel strain distribution (b) Local bottom steel
strain distribution (c) Local Curvature distribution
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Figure 5-23:Specimen B2T8E (a) Local top steel strain distribution (b) Local bottom steel
strain distribution (c) Local Curvature distribution
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Figure 5-24:Specimen B4T6E (a) Local top steel strain distribution (b) Local

bottom steel strain distribution (¢) Local Curvature distribution
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Figure 5-26:Specimen W2T12D (a) Local top steel strain distribution (b) Local bottom
steel strain distribution (c) Local Curvature distribution
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Figure 5-27:Specimen W3T10D (a) Local top steel strain distribution (b) Local bottom

steel strain distribution (c) Local Curvature distribution
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Figure 5-28:Specimen W5TS8D (a) Local top steel strain distribution (b) Local bottom
steel strain distribution (c) Local Curvature distribution
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Figure 5-46: B3T16A Demec and average strain gauge curvatures
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Figure 5-48: B2T20B Demec and average strain gauge curvatures
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Figure 5-49: BST12B Demec and average strain gauge curvatures
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Figure 5-50: B3T16C Demec and average strain gauge curvatures
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Figure 5-52: B5T12C Demec and average strain gauge curvatures
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Figure 5-53: BST12X Demec and average strain gauge curvatures
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Figure 5-54: B2T12D Demec and average strain gauge curvatures
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Figure 5-55: B3T10D Demec and average strain gauge curvatures
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Figure 5-56: BST8D Demec and average strain gauge curvatures
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Figure 5-57: B2T8E Demec and average strain gauge curvatures
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Figure 5-58: B4T6E Demec and average strain gauge curvatures
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Figure 5-59: W2T12D Demec and average strain gauge curvatures
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Figure 5-60: W3T10D Demec and average strain gauge curvatures
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Figure 5-61: WST8D Demec and average strain gauge
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Measured Moment Curvature Relationship from average strain gauges and Demec : B3T16A (Suppert)
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Figure 5-62: Specimen B3T16A measured moment curvature relationship over
the support area from calculated Demec curvatures and averaged local strain
gauges over 200 mm gauge length
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Figure 5-63: : Series B measured moment curvature relationship over the
support area from calculated Demec curvatures and averaged local strain gauges
over 200 mm gauge length
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Measured Moment Curvature Relationship from average strain gauges and Demec : Series C (Support)
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Figure 5-64: Series C measured moment curvature relationship over the support
area from calculated Demec curvatures and averaged local strain gauges over
200 mm gauge length
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Figure 5-65: Series D measured moment curvature relationship over the support
area from calculated Demec curvatures and averaged local strain gauges over
200 mm gauge length
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Measured Moment Curvature Relationship from average strain gauges and Demec : Series E (Support)
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Figure 5-66: Series E measured moment curvature relationship over the support
area from calculated Demec curvatures and averaged local strain gauges over

200 mm gauge length
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Measured Load Deflection Relationship : Series B
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Figure 5-75: Series B experimental load deflection diagram over the gauged half (left
side of the test beams)

Measured Load Deflection Relationship : Series C
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Figure 5-76: Series C experimental load deflection diagram over the gauged half
(left side of the test beams)
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Measured Load Deflection Relationship : Series D
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Figure 5-77: Series D experimental load deflection diagram over the gauged half
(left side of the test beams)

Measured Load Deflection Relationship : Series E

/

]

20 . /

. e
.

10
/ -0 BAT6E

Load (KN)

0 2 4 6 8 10 12 14 16 18
Deflection (mm)

Figure 5-78: Series E experimental load deflection diagram over the gauged half (left
side of the test beams)
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Measured Load Deflection Relationship : Series W
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Figure 5-79: Series W experimental load deflection diagram over the gauged half

(left side of the test beams)
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FapseE

Figure 5-86: Picture of beam failing in shear
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Figure 5-87: Picture of beam failing in flexure
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PART I1

NUMERICAL MODELLING
AND
COMPARISON WITH EXPERIMENTAL RESULTS



CHAPTER SIX
6. BEAM MODELLING

6.1 Introduction

Besides testing the beams described in Chapter Three, one of the main
objectives of this research was the development of a numerical procedure to model
moments, redistribution, curvatures and deflections of the test beams. This chapter
describes the numerical model that was used as the main tool for modelling the
experimental results. The numerical model provided a complete history of
redistribution and other deformation parameters by applying the moment area theorems
to a propped cantilever beam loaded in the middle of the span. The non-linear
approach developed by the author was simple and versatile since it is flexible in
accommodating any moment curvature relationship.

The model has the following limitations:-

1. Only centrally loaded propped cantilever beams could be modelled.

2. It ignored dynamic response. This limitation was mandatory, since any
investigation to include dynamic response demanded further experimental
verification that was beyond the scope of this research program.

3. The analytical model was limited because it assumed that during bending, plane
sections would remain plane. This is particularly important in the vicinity of the
fixed support at maximum load.

Despite these limitations, the model was useful in the analysis and investigation
of moment redistribution. Furthermore, the model can be used as the basis for the

further development of a practical engineering tool.
6.2 Theory and Background

The second theorem of moment area states that deflection at point (A) relative
to the tangent at point (B) (see Figure 6-1) equals the sum of moments of the
curvature between (A) and (B) about point (A). It can be expressed mathematically as:

o= I:¢yaji Equation 6-1

Where:-
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1) = Deflection at point A

@ = —2/[—1 = Curvature along the beam at distance () from A
y = Moment arm or distance from the pinned end to the centre of

the sectioned curvature diagram
M = Moment at the section distance y from A
EI = Stiffness of the member at distance (y) from A

Two-span continuous beams were tested and loaded near the centre.
Symmetry permitted half of the beam to be represented as a propped cantilever under a
point load, as shown in the Figure 6-1. As shown earlier in Chapter One,
redistribution in a propped cantilever took place from the support section towards the
span. As the load increased on the beam, the point of zero bending moment moved
towards the fixed support. This movement caused the bending moment at some
sections in the area of zero bending moment to go from a hogging to a sagging

moment. This phenomenon is called unloading and is presented next.
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Figure 6-1: Propped cantilever equivalent beam
6.2.1 Unloading

In the case of a perfectly elastic beam, the moment curvature relationship
would be linear. Furthermore, the bending moment diagram would pass through the
same point of zero moment at any two consecutive load stages shown in Figure 6-2a.
In reality, the beam is not perfectly elastic and the moment curvature relationship is
non-linear. The zero bending moment point along the beam at any two consecutive
load stages would shift toward the support as shown in Figure 6-2b. This shift causes
some sections to unload and change from a hogging to a sagging bending moment.
There are very few data available on how unloading occurs. Figure 6-2b shows a
schematic diagram of three possible unloading paths near the point of contraflexure
(zero bending moment). Path 1 unloads through an approximate mirror image, path 2
unloads on the same loading curve and path 3 unloads linearly from a point on the
moment curvature diagram through the origin.
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The possibilities are numerous, therefore, assumptions and approximations on
the nature of unloading are needed. Since the effect of unloading on the overall
behaviour of the beam is small, then it is tempting to ignore this effect. However, the

author decided to examine the programming problem involved.
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Figure 6-2a: Bending moment diagram for perfectly elastic situation
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Figure 6-2b:. Bending moment diagram if the moment curvature relationship is
not perfectly elastic showing possible modes of beam sections unloading

6.3 Objectives

The main objective of the software was to produce a numerical model of a
propped cantilever for all values of loading from zero to collapse. The model would
calculate the moment, stiffness, curvature, rotation and deflection at any point along
the beam taking account of its non-linear stiffiess. Despite the small effect of
unloading on the overall behaviour of the beam, the author decided to include
unloading in the structure of the program. The model was initially intended for a
propped cantilever, however the model concept and procedure could be used to model

the behaviour of other beams.
6.4 Method of Analysis

To achieve the objectives stated in 6.2, the author used the FORTRAN
language to write the program of the model. The program contained 4500 lines of
code which, during the period of the research, were written for different compilers that
were available on the university computers. The author was forced to write the
software for an MTS (a multi user time sharing system), UNIX and p.c. systems due to
the change in computer systems used on the university site. This consequently
produced a variety of output programs written to suit the different compilers.
However, for this thesis, the author decided to use the p.c. option since readily
available application software could be used for the presentation graphics. Each run of
the model on a 100 MHz 486 PC took approximately ten minutes depending on the
number of load cases tested at each run of the program. The beam model constituted
the main tool of modelling in a chain of other software programs written by the author

and some developed earlier in the School of Engineering,
6.5 Beam Geometry

The model developed was formulated to accept variable non-linear moment
curvature relationships in a linearised form along a propped cantilever beam. The

propped cantilever was divided into blocks of lengths dy, dp, d3, d4,...d,. The
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purpose of dividing the beam into blocks was to facilitate and account for the inclusion
of a multi moment curvature relationship along the beam according to any beam
reinforcement layout as shown in Figure 6-3. Block boundaries were made to
coincide with the point load position. However, putting the boundaries at any point
along the beam was immaterial as was found later when the program was complete.

Each block contained nj, m, n3, ng,.ny, strips or elements of equal length

respectively, therefore, each block (ie. all strips in a block) had the same moment
curvature relationship. The purpose of dividing each block into strips was to control
the level of accuracy of the subsequent calculations, and the runtime for the program.
It was found that increasing the number of strips beyond 1000 would not affect the
level of precision and used unnecessary run time. To facilitate the increase or decrease
of the number of blocks or strips in each run of the analysis, moment curvature
relationships were inputted for each block with their sizes, number of strips in a block,
number of points, and load cases to be solved. The program calculated the following
necessary geometrical parameters before it started the iteration process:
1. Block number for each strip
2. Strip numbers
3. Length of each strip in each block
4. Moment arm from the propped end of the beam to the middle and edge of
each strip
5. Checked if boundaries of the beam coincided with the total length of the
beam. If they did not match, the user had the option of terminating the

program.
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Figure 6-3: Beam geometry with block and strip layout

6.6 Program Algorithm and Details

The aim of the program was to find the fixed moment at the support for each

load stage which satisfied the condition laid in Equation 6-1, namely zero deflection at

the simple end relative to the tangent at the fixed support. To achieve this, the bending

moment diagram for the support effect of a propped cantilever was superimposed onto

the bending moment for 3 simply supported beam as shown in Figure 6-4.
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Figure 6-4: Superimposed bending moment diagram of the propped cantilever
beam

The model assumed that since the value of the point load was known, the
simple bending moment in Figure 6-4 would also be known. The only unknown value
then, would be the support bending moment at the fixed end. The procedure used an
iterative technique employing the existing known moment curvature relationships of
the beam to find the value of the fixed end moment. This required the model to be
structured in a pyramidal manner. Arrays were built in three dimensions in the main
program, then reduced in subroutines to two dimensions, then to one dimension, and
finally to a single variable. The reason for this technique was to translate the input data
from the moment curvature relationships to each strip along the beam. This
methodology designed by the author made the programming more efficient and easier
to follow and debug. Figure 6-5 shows a detailed flowchart of the program. The
program algorithm started in the following order:-

1. All the input, working and output arrays were dimensioned and initialised.

2. The first load increment was started, assuming the beam was loading since

there was no previous loading history.
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3. The program read in a tolerance for the residual deflection at point A that
needed to be satisfied. The tolerance level was the value of deflection at
point A in Figure 6-1, which theoretically should be zero. The author chose
to use {1.00 x 10°mm} for this value. This tolerance level was not fixed; it
could be varied at the discretion of the user. To choose a higher value than
1x10° mm could affect the accuracy of the results. It was possible to
choose a very low value of tolerance, which meant greater accuracy down to
the value of 1x10"°mm.

4. In a separate subroutine, the program calculated the simple bending moment
at each strip.

5. The program then incremented the support bending moment; a tentative
value was assumed to be half that of the elastic one and each iterative step
toward the real value was incremented at half the step of the previous one.

6. The program then calculated deflection at the simple end relative to the fixed
one by summing moments of the curvature strips. If the summation
(residual deflection) were less than or equal to the tolerance, the calculation
would terminate. If not, the support moment would be incremented up or
down depending on the sign of the summation. If the summation were
greater than the tolerance, the support moment would be incremented down,
otherwise it would be incremented up, until a solution was found within the
specified tolerance.

7. Once the first load stage iteration was completed, the program would
proceed to calculate the final bending moment diagram, curvatures,
rotations, deflections at each strip along the beam. All these calculation
were carried out in separate subroutines. When the calculated bending
moment diagram had been established, redistribution was calculated at the
support and span sections respectively.

Since there was no previous load history, it was necessary to set the initial load
case as the first record of loading history of the beam. The process then started again,
but this time each strip during each loading stage and at each iteration was checked to
establish whether the strip or section had changed from hogging to sagging bending

moment. If unloading had occurred, then the fixed end moment was determined by
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assuming unloading to occur on the same loading curve of the moment curvature
relationship as shown in Figure 6-2b path 2. The author also investigated an assumed
linear unloading through the origin of the moment curvature relationships, (see Figure
6-2b, path 3). However, the inclusion of unloading in this manner did not contribute
any further accuracy to the modelled results. Therefore, unloading down the loading
curve (path 2 in Figure 6-2b) was used to calculate the bending moment diagram as it
took less time to run. After the iteration process was complete, all the calculated
variables were stored and outputted by employing a menu driven screen.

The interactive procedure of the model made it flexible enough to examine a
wide variety of moment curvature relationships. Calculations of deflections, rotations
and curvatures at any point along the beam were straightforward once a true bending
moment diagram had been established. The model was numerically stable while values
were within the region of the moment curvature relationship. If moments fell outside
this region, the program displayed an appropriate message stating the moment
curvature relationship was out of range. This validity check helped choose an

appropriate moment curvature relationship.
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6.7 Calculation of Moments, Reactions, Redistribution and Deflection

Redistribution was defined as:

_ Modelled Moment — Elastic Moment
p Elastic Moment

x 100% Equation 6-2

Redistribution was determined numerically by calculating the support and span
bending moments corresponding to the moment at a section after redistribution as
shown by the above equation (6.2). The moment at the section before redistribution
was taken as the elastic moment calculated according to the theory of elasticity.

Elastic bending moments at support and span were calculated according to the

following formulae:-
Pl
Msupelastic = 2—121(1 -0 ) Equation 6-3
Pl Pl
M pan,etastic = le(l A ) Equation 6-4
Where:-
I = Length of beam from propped end to load position.
/ = Total length of beam
P = Force at mid-span of the propped cantilever
Miup,etastic = Elastic Bending moment at support
Mpan,etastic = Elastic Bending moment at span.

After the establishment of the support and span moments, the elastic and
calculated (modelled) position of the point of contraflexure (point of zero moment),
was calculated for each load case by similar triangles from the bending moment
diagrams. Elastic and modelled deflection at mid-span under the concentrated load,
and shear force distribution were also determined. The following are the equations

used for the calculations:

198



M g ea (1= 1)

Xzero = +1, Equation 6-5
(M.ypal,cal + Mmp,cal)
Where:-
Mpan,cal = Calculated span bending moment from model
Msup,cal = Calculated support bending moment from model
Xzero = Distance from propped end to point of zero bending
moment

Deflection under the load was calculated based on the deflection of the nearest
strip to the position of the load, termed NMID. The value of deflection at each strip
according to the second theorem of moment area was the moment of the area under
the curvature diagram of all previous strips about the position of the strip from the
fixed support up to the middle of the strip.

Elastic Deflection was;

_ PIE(I-1) (1, +3])

Ocal,
U= 1) X(ET) e

Equation 6-6

Calculated reactions were:

Rhﬁ = Mpan,cal/ll Equation 6-7
Reigne = P- Ry Equation 6-8

Similarly elastic values for reactions and the elastic point of contraflexure were

calculated.

6.8 Example

The computer model described here was developed to accommodate any
number of moment curvature relationship along a propped cantilever beam. The beam
shown in Figure 6-3 was analysed using two linearised moment curvature relationship,

as plotted in Figure 6-6 one for each block. The total number of strips used was one
thousand (1000).
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Figure 6-6 : Example linearised moment curvature relationships

6.8.1 Example Input

The following were the example program input:-

. Beam length (2435 mm).

. No. of blocks, [NBLOCK = 2].

. No of strips [NSTRIP = 1000].

. Size of each block, [DEL (1) = 1685.00], [DEL (2) = 750.00 ].

. No. of points in each moment curvature relationship, (Curve 1: 14 points) and
(Curve 2: 20 points).

W A WO e

6. The moment curvature relationship for each block contained a negative and positive
part as shown in Figure 6-6 and listed in Figure 6-8. The extent to which each
relationship extended in the negative or positive side depended on whether the
relationship was over the support area (mainly positive) or the span area (mainly
negative). The relationship in Figure 6-6 shows that for the span area (block 1),

the moment curvature relationship extended mainly in the negative side since strips
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in that region were not expected to reload from negative to positive moments, while
the support area moment curvature relationship (block 2) extended more than
(block 1) in the negative side of the diagram since it was expected to unload from
the positive to the negative side of the bending moment diagram. The two moment
curvature relationships used here were produced for specimen B3T16B (using BS
8110 assumptions which is presented later in Chapter Seven).

7. No. of load cases (NLOAD = 25), and load cases to be solved for were
paramaterised to a maximum of 100 load cases. As much as possible, the author
examined load cases that related closely to the actual experimental load cases.

8. Accuracy level or level of tolerance for calculations (1 x 10 mm).
6.8.2 Example Calculations

The program first prepared the problem for solving by calculating prerequisite
parameters such as the moment arm to the middle and end of each strip position, strip
number and block number for each strip. For the initial load of 10,000 N, the program
first tried a support bending moment equal to half the elastic bending moment at that
load stage, ie. 2.261x10° Nmm. After 17 iterations trying values in that region, it
would achieve a residual deflection at the propped end less than or equal to (1.00 x
10° mm). This would give a bending moment at the support of 4.448 x10° Nmm and
redistribution of -1.636 % over the support. The support bending moment having been
established at the first load stage, the program would then proceed to calculate the
curvatures, rotations and deflections at the middle of each strip position. Once the first
load stage had been established, the program set the history record for the first load
stage and assumed that no unloading had occurred (HISTORY = FALSE.). In the
following load stage, a new value of support bending moment (EMSTRT) was selected
at half the elastic one. However, this time and at every load stage thereafter, the
program would check for unloading for each strip at each iteration. If a strip was
found to unload, the program would use the unloading path specified and would look
for a new (EMSTRT) value that would satisfy the tolerance level. Once this was
completed, and the new value for the support bending moment was found at the

second load stage, the curvatures, rotations and deflections at each strip would be

determined.
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Once the calculations were all completed, the program calculated the
percentage error in the residual deflection at the propped end. For instance, when the
20th load stage was taken, the percentage of error was (-0.2724422x10° %) at a
residual deflection of (-0 .838x107° mm). This load stage took 36 iterations.

Later development in the program calculated the plastic hinge length over the
support. This is presented in the analysis in Chapter Eight.

6.8.3 Example Qutput

The output structure of the program was very flexible and wide. Numerical
output of moment, curvature, rotation and deflection was possible at every load stage
giving the opportunity to examine results very closely. The program was menu driven,
it had the flexibility of directing all output to a file or to the screen. Once the program
started running it gave screen output of fixed end moments, elastic, modelled and
redistribution percentage at each load stage. Furthermore, it gave output of execution
time for each load case and displayed any event of unloading that occurred during each
load stage. Once the run was complete, it was possible to look at various options of
output. Modelled results output were suitable for use in conjunction with other
packages like EXCEL.

Figures 6-7a to 6-7d show the example moment redistribution, bending
moment, rotation and deflection diagrams. Figure 6-8 shows a summary output of

the example.
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Figure 6-7b: Example bending moment diagram
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Figure 6-.7: (a) Example moment redistribution(b) Example bending moment

diagram, (c)Example rotation diagram and (d) Example deflection diagram
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6.9 Summary

The purpose of the model was to find the true bending moment diagram of a
propped cantilever based on a multi moment curvature relationship applied across the
length of the beam. Once this had been established, it was possible to compute the
moment redistribution at the centre and at the mid-span, and the deformational
properties along the length of the beam (Curvatures, rotations and deflections). The
procedure consisted of dividing the beam into segments with different moment
curvature relationships derived from the reinforcement properties and layout. The
moment curvature relationship varied along the beam. An iterative numerical
integration procedure was then applied employing the second theorem of moment-area
to establish the bending moment diagram. Results of the calculations gave a full profile
of modelled bending moment, curvature, rotation and deflection distribution.
Furthermore, the model included on-screen and hard-copy graphics written for a UNIX
and p.c. system.

In the next chapter the author will present and describe the moment curvature

relationships and the redistribution criteria of the codes and standards used for the

application of the model.
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Figure 6-8: Example hardcopy input and output

FILE: SERIESB2.DAT

No. of blocks to the left, No of blocks, No. of strips, No. of load cases

1 2 1000
Length of span 1, length of span 2
1185.00 1250.00
No. of strips in a block, No. of points, length of each Block
500 14 1685.
Curvature , Moment
-20.333e-4 , -89.95el10
-20.333e-6 ’ -89.95e6
-18.24e-6 ’ -83.86e6
-16.082e-6 ’ -75.13e6
-15.302e-6 ’ -71.85e6
-11.997e-6 ’ -59.22e6
-9.471e-6 , -48.95e6
-7.821le-6 . -42.09e6
-4.246e-6 . -26.99%e6
-1.843e-6 , -16.09e6
-0.872e-6 . -9.06e6
0.0 . 0.0
0.872e-6 . S.06e6
1.843e-6 , 16.09e6
No. of strips in a block, No. of points, length of each Block
500 20 750.
Curvature , Moment
-100.e-6 ’ -150.e6
-10.447e-6 . -25.58e6
-6.630e-6 . -22.18e6
-3.244e-6 ’ ~17.94e6
-.817e-6 ’ -8.21e6
0.0 ¢ 0.0
0.852e-6 , 8.47e6
2.283e-6 ’ 16.53e6
4.000e-6 ’ 21.84e6
7.22e-6 ' 30.57e6
10.358e-6 ’ 38.65e6
11.557e-6 , 41 .69e6
13.975e-6 ’ 47.72e6
14.746e-6 , 50.30e6
18.093e-6 , 61.06e6
19.807e-6 , 63.24e6
22.819e-6 , 66.98e6
26 .687E-6 , 70.16e6
27.406E-6 B 70.22E6
.1E-3 B 200.E8
Tolerance level
l.e-6
Yield and ultimate moments
9.598600E+07 9.958000E+07 6.925000E+07 7.104000E+07
No. of load cases
25
Load case values
10000
100000
110000
120000
130000
140000
150000
160000
170000
300000

Figure 6-8 (Sheet 1 of 3)
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UMMARY RESULTS

Load case 23 250000.000

Simple
Support

Calc. BM -
Elastic BM -
Redistribution (%)

Calc. reactions
Elastic reactions

0.88368E+05
0.81912E+05

Calculated deflection (mm)
Elastic deflection/EI

Zero BM position (Calc.) from LH Support

Span

-0.10472E+09
-0.97066E+08
7.881

.7946029E+01
.3359977E+14

Fixed
Support

0.97324E+08
0.11304E+09
-13.90s6

0.16163E+06
0.16809E+06

at strip 353

1832.8654

Zero BM position (Elastic) from LH Support

Load case 24 270000.000
Simple
Support

Calc. BM -

Elastic BM -

Redistribution (%)

Calc. reactions
Elastic reactions

0.95319E+05
0.88465E+05

Span

-0.11295E+09
-0.10483E+09
7.748

1762.4692

Fixed
Support

0.10540E+09
0.12209E+089
-13.670

0.17468E+06
0.18154E+06

Calculated deflection (mm) .8392900E+01 at strip 353
Elastic deflection/EI .3628775E+14
Zero BM position (Cale.) from LH Support 1831.6253
Zero BM position (Elastic) from LH Support 1762.4692
Load case 25 3 300000.000
Simple Fixed
Support Span Support
Calc. BM - -0.12530E+09 0.11753E+09
Elastic BM - -0.11648E+09 0.13565E+09
Redistribution (%) 7.571 -13.358
Calc. reactions 0.10574E+06 0.19426E+06
Elastic reactions 0.98294E+05 0.20171E+06

Calculated deflection (mm)
Elastic deflection/EI

Zero BM position (Calc.) from LH Support
Zero BM position (Elastic) from LH Support

.8907714E+01
.4031972E+14

at strip 353

1829.9838

1762.4692

Figure 6-8 (Sheet 2 of 3)
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ITERATION DETAILS

Load # Sum(+) Sum(-) % Error Res. Def. Its.
1 0.3290530E+00 ~0.3290534E+00 -0.5620212E-04 0.3699E-06 17
2 0.6585666E+00 -0.6585661E+00 0.3572711E-04 0.4706E-06 24
3 0.1040822E+01 -0.1040822E+01 0.1359086E-04 0.2829E-06 34
4 0.1490297E+01 -0.1490297E+01 -0.3742699E-05 -0.1116E-06 33
5 0.2047500E+01 -0.2047500E+01 0.6197823E-05 0.2538E-06 27
6 0.2716179E+01 -0.2716178E+01 0.7734878E-05 0.4202E-06 30
7 0.3453152E+01 -0.3453151E+01 0.6340774E-05 0.4379E-06 33
8 0.4240906E+01 ~0.4240905E+01 0.6211827E-05 0.5269E-06 37
9 0.5066253E+01 -0.5066254E+01 -0.6891503E-05 -0.6983E-06 31
10 0.5917805E+01 -0.5917805E+01 -0.8616485E-06 -0.1020E-06 36
11 0.6791357E+01 -0.6791358E+01 -0.2662967E-05 -0.3617E-06 37
12 0.7683264E+01 -0.7683265E+01 -0.2502870E-05 -0.3846E-06 36
13 0.8583749E+01 -0.8583749E+01 0.9551547E-06 0.1640E-06 34
14 0.9486390E+01 -0.9486390E+01 0.8644303E-06 0.1640E-06 36
15 0.1039231E+02 -0.1039231E+02 -0.1494230E-06 -0.3106E-07 33
16 0.1131443E+02 -0.1131443E+02 0.3683613E-05 0.8336E-06 33
17 0.1228773E+02 -0.1228773E+02 0.4236256E-06 0.1041E-06 37
18 0.1331785E+02 -0.1331785E+02 0.1190163E-06 0.3170E-07 35
19 0.1436232E+02 -0.1436232E+02 0.6826870E-06 0.1961E-06 36
20 0.1537942E+02 -0.1537942E+02 -0.2724422E-05 -0.8380E-06 36
21 0.1638250E+02 -0.1638250E+02 -0.5503702E-06 -0.1803E-06 39
22 0.1736329E+02 -0.1736329E+02 0.8256810E-06 0.2867E-06 36
23 0.1981965E+02 -0.1981966E+02 -0.1511936E-05 -0.5993E-06 40
24 0.2114086E+02 -0.2114086E+02 0.1279834E-05 0.5411E-06 37
25 0.2278075E+02 -0.2278075E+02 -0.1135028E-05 -0.5171E-06 36

Figure 6-8 (Sheet 3 of 3)
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CHAPTER SEVEN

7. MOMENT CURVATURE RELATIONSHIPS ACCORDING TO CODES
OF PRACTICE

7.1 Introduction

Most present reinforced concrete standards recognise the non-linear behaviour

of concrete structures in section design by allowing limited moment redistribution. A
. e .X
common parameter governing moment redistribution used by many codes is —, the

neutral axis depth ratio, x being the neutral axis depth, and d the effective depth of a

section. The neutral axis depth may be expressed as a function of the curvature and

concrete compressive strain of a section, that is:

x=Se Equation 7-1
@
Where:-

& = Concrete compressive strain at the outermost fibre.

¢ = Curvature of the section.

The neutral axis depth ratio is used by many standards as a ductility indicator to
limit the amount of redistribution allowed. Any evaluation of the neutral axis depth
and redistribution requires knowledge of the moment curvature relationship of the
sections in a reinforced concrete structure. In this chapter, the moment curvature
relationship and moment redistribution requirements of three major European codes
and the American code are identified and presented.

The four standards stated below were chosen by the author for their influential
role in reinforced concrete design practice throughout Europe and the United states.
The author considered the moment curvature relationship provisions in the following
codes:

1. The British Standard BS 8110, The Structural Use of Concrete (1985)

2. ACI 318-95 Building Code Requirements for Structural Concrete.



3. Eurocode 2: Design of concrete structures: Part 1. General Rules and Rules
for Buildings (1992).

4. Comité Euro-International Du Beton CEB-FIP Model Code (1990).

The purpose was to investigate moment redistribution that resulted from the
codes moment curvature relationships when applied to the author’s propped cantilever
model described in Chapter Six. The modelled redistribution values resulting from
these moment curvature relationships were then compared with the standards’ own
moment redistribution criteria. This comparison is presented and discussed in Chapter
Eight. Before this, the four codes’ moment curvature relationships and redistribution
provisions will be presented next in this chapter.

In all the aforementioned codes, the moment curvature relationships can be
divided into three parts; the uncracked, cracked and yielded sections. sixth shows a
general schematic of a moment curvature relationship with the main stages considered
by the various codes. In each segment of the curve in Figure 7-1, each code has its

assumptions regarding material properties, stiffness and stress-strain relationship of the

concrete and the reinforcement.

L

Cracked
B . Yialded

1
A Uncracked

Figure 7-1: Schematic Moment Curvature Relationship

Moment curvature relationships generated by the codes’ provisions up to yield,
have for their upper and lower limits, the curves for the uncracked and cracked

sections respectively. fifth shows a sample of codes' moment curvature relationship
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falling between the cracked and the uncracked curves from zero loading up to yield.
The uncracked section analysis is relevant when an applied bending moment is small
enough for the maximum concrete tensile stress not to exceed the modulus of rupture
of the concrete. To evaluate the uncracked portion of the moment curvature
relationship shown in Figure 7-2, the following equation of the section modulus and

the associated neutral axis depth was used in this study. See Kong and Evans (1978):

3 2
I, = bh + bh(x - ﬁ) + aA,(x - d')2 + G'As(d - xz) Equation 7-2
12 2
2
L ad.d +add
x=_2 : Equation 7-3
(65 +ad, +ad)
M
= Equation 7-4
¢ E7 q

Sample Codes Moment-Curvature relationships up toyield

Figure 7-2: Shows sample moment curvature relationships for codes of practice

The cracked section modulus, neutral axis depth and curvature can be

calculated according to the following equations. See Kong and Evans (1978):-
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bx?

I, =—3—+ar./1,(d—x)2 +od,(x-d')’ Equation 7-5
X —a(p + p') +,|a? (p + p')2 + Za(p +£) Equation 7-6
d d

M

Equation 7-7

The parameters listed below were required by the author to formulate the

moment curvature relationship between zero moment and up to yield:

1. Compressive Strength of Concrete.

2. Tensile Strength of Concrete.

3. Steel and Concrete Modulus of Flasticity.

4. Calculation of Moments Curvatures and Stiffhess.

Each parameter is now considered in turn in the context of the provision of the

four codes listed above.

7.2 Compressive Strength of Concrete

In all the codes considered, except BS 8110 which uses cube crushing strength
fou, the cylinder compressive strength of concrete f, is used. The relationship which
was used to relate cylinder strength is as follows: (see Wang and Salmon, 1979)

f. = 0.80f., Equation 7-8.

Where:-

f. = Concrete Cylinder Compressive Strength.(MPa).

Jfeu = Concrete Cube Compressive Strength. (MPa).

The average value for the cube compression test for all specimens was 50 MPa (see
Table 3-1). The ACI 318, EC 2 and MC 90 codes relate cube to cylinder test
according to Equation 7-8. Therefore the concrete compressive strength used for all

the codes is 50 and 40 MPa for cube and cylinder compression strength respectively.
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7.3 Tensile Strength of Concrete

BS 8110 recognises that some concrete in tension is still active below the
neutral axis and can be incorporated into section analysis. For short term loading, the
concrete is assumed to carry a small tensile stress of 1.0 MPa at the level of the tension
steel.

In the ACT' code, the tensile strength of concrete is based on an estimated split
cylinder strength. Based on statistical data the ACI code expresses the modulus of
rupture of the concrete (concrete tensile strength) in terms of cylinder compressive

strength £, as accepted by ACI (9.5.2.3) in the following equation:-

[ =062 f! Equation 7-9

Where:-

J« = Concrete Tensile Strength (MPa)

The tensile strength of concrete is covered by EC 2 ¢l 3.1.2.3 and EC 2 cl
3.1.2.3(4). The relationship between the characteristic cylinder compressive strength
/. and the mean concrete tensile strength f;; is given in EC 2 ¢13.1.2.3 (4).

Jet = 0.30f1,%
Jot =fekoos = 0.70f, (lower characteristic strength).
Jfou =fuaroos = 1.3 f, (upper characteristic strength).

The author used the lower limit of the characteristic tensile strength since it
was closer to the actual measured values.

The Model Code (MC 90), section 2.1.3.3.1, in a similar manner to EC 2,
gives two equations for determining axial tensile strength f, which is determined
according to RILEM CPC 7. Without more accurate data for a particular concrete, the
lower and upper bound values of the characteristic tensile strength are used according

to the following codes’ equations 2.1-2 and 2.1-3:

/e )3 (MC Eq. 2-1-2) Equation 7-10

Ja= 1, ctk,min T ctko,min ( fo

! All ACI formulae used by the author are expressed in SI units
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2

ff c ) ’ (MC Eq. 2-1-3) Equation 7-11
cko

fct: fcrk,m;x = fctko,max(

Where:-
JSetkomin = 0.95 MPa.
Setkomax = 1.85 MPa.
fomo =10 Mpa.
Sfexmn = Lower bound tensile strength of the concrete.
Sfekmax = Upper bound tensile strength of the concrete.
The author used the lower bound tensile strength since it was more appropriate and

compared well the average experimental values listed in Table 3-2

7.4 Steel and Concrete Modulus of Elasticity

For all the four codes, the steel modulus used in the analysis was 200 GPa
based on the experimental stress strain curve of the reinforcement shown later in
Figure 7-6.

In BS 8110 the concrete modulus of elasticity is a function of the concrete
crushing strength. If an accurate calculation of deformation is required, BS 8110
recommends the determination of the modulus of elasticity based on actual cube

crushing tests. The BS 8110 mean values for E. is calculated from the following

expression:
E, =20+ fs“‘ Equation 7-12
Where:-

E, = Concrete Modulus of Elasticity.
The modulus of elasticity of concrete has been approximated in the ACI code
as the result of a statistical analysis of available data in the following empirical formula

presented here in SI units:
E, =473\f. Equation 7-13 (Eq. ACI(8.5.1))

The EC 2 modulus of elasticity used in the modelling of the moment curvature
relationship is stated in EC 2 cl 3.1.2.5.2. Typical values of E is given in EC 2 Table
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3.2, based on the concrete compressive strength classes in EC 2 ¢l 3.1.2.5.2 (3). The
values listed in EC 2 Table 3.2 are based on the following equation:

E,=95(f!+ 8.0):11 Equation 7-14

The Model Code proposes two values of the modulus of elasticity for normal
weight concrete that can be estimated from the specified characteristic strength. These
values can be found in the code’s Table 2.1.6. Where the actual compressive strength

of concrete at an age of 28 days is known FE, is determined from the following

(7 +9)

E =|——-— Equation 7-15
0.0022 x 1000

formula:-

7.5 Calculation of Moments, Curvatures and Stiffness

7.5.1 BS 8110 (1985)

Before cracking, BS 8110 prescribes the uncracked transformed section and
the associated neutral axis depth ratio for the calculation of curvature in the uncracked
state, which were presented earlier in Equations 7-2 to 7-4. After cracking, the
moment curvature relationship in BS 8110 is based on the partially cracked section.
Figure 7-3 shows the stress and strain profile of a partially cracked section. In the
tension zone and below the neutral axis, it assumes that concrete carries some tension.
Such assumptions have a direct impact on the evaluation of the neutral axis depth
which in varies with the magnitude of the applied moment. However, for practical
applications, a simplified assumption may be used where the neutral axis depth is
assumed to be the same for both partially cracked and fully cracked sections
respectively. See Kong and Evans (1987). Therefore, it is determined using Equation
7-6.

The small concrete tensile stress of 1.0 MPa causes a small moment due to the

concrete in tension that is:
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_b(h=x) 1,

M Equation 7-16
o 3(d -x) 7

Where:-

M = The moment caused by the concrete in tension.

The latter assumptions of stress strain distribution shown in Figure 7-3 gives the
following expression for the effective second moment of area to be used in the

calculation of curvature at the section. See Reynolds and Steedman (1988).

1, _ 1(£)3+a (1—£)2+(a—1) ’(i—ijz Equation 7-17
pd® |3\a) U4 P\a " a 1 )

It follows that when a moment M is applied to the partially cracked section, part of it is
resisted by the concrete tension (M, ). The net moment (AM,.) to be resisted by the

concrete compression and by the forces in the reinforcement is

Myt =M - M, Equation 7-18
M

Q= E:Ie: Equation 7-19

Where:-

I, = The effective Second moment of area

M = The applied bending moment on the section

My = Net applied Moment which the moment M., is subtracted

from the applied moment. (My,ps = M - Mcpy)
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Figure 7-3: Shows stress and strain profile of partially cracked section

7.5.2 ACI 318 (1995)

The American Concrete Institute Code allows for the uncracked portion of the
moment curvature relationship to be calculated based on the following equation.
Notice all constants have been redefined by the author in S.I. units to facilitate

comparison with the other codes being considered:-

Q= M Equation 7-20
E 1,
Where:-
Ig = (bh3/12) Gross second moment of area neglecting
reinforcement.

After cracking, the ACI code section 9.5.2.3 formula 9-7 uses the expression
below (Equation 7-21) to calculate the effective second moment of area, which
includes the effects of load level and degree of cracking developed by Branson. See
Wang and Salmon (1979):-

MY MY
I =( ]\;) I, +(l— A/;’) 1, Equation 7-21
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M, = Equation 7-22
Ve
E. =  4730)f!
Jot = 062, f
£ = 0.80f.
Yt = Distance from neutral axis to extreme fibre of concrete in

tension neglecting reinforcement i.e. (h/2).

The cracked second moment of area is calculated based on Equation 7-5, with
the only difference being that the ACI code prefers the rounding up of the modular
ratio (o) to the nearest integer. To compensate for the voids in the concrete in
compression 20-1 is used. Furthermore, the neutral axis depth can also be calculated
using the following polynomial formula derived from the force equilibrium of the cross

section:
bx? : , .
- +(2a-1)4,(x-d") = a4,(d - x) Equation 7-23

From the above equations it is possible to evaluate stiffness as it varies under
the applied load up to yield. Using the ACI 318 formulae, the moment curvature
relationship is calculated, with the curvature being:-

Equation 7-24

7.5.3 Eurocode 2 (1992)

EC 2 recommends two alternatives to determining the moment curvature
relationship, a refined and a simplified approach, EC 2 clauses A2.2 (3) and A2.2(1)
respectively. The code gives a generalised equation for calculating curvature, rotation

and strains or deflection. Equation EC 2 Equation A4.1 is shown below:
w=¢w,+(1-{w, Equation 7-25 (EC 2 Equation A4.1)

Where:-
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w] oy Are the parameter curvatures at the uncracked and cracked state
respectively
¢ 1is a distribution coefficient given by equation EC 2 A4.2

¢ Is zero for an uncracked section.
M 2
¢=1-45, (7") Equation 7-26 (EC 2 Equation A4.2)

o = The parameter which to be calculated at a particular applied load. In this
case, it is curvature.
1= Coeflicient taking into account the bond properties of the bar
1.0 for High bond bars and 0.5 for plain bars.
By = Coefficient taking account of load duration. 37 =1.0 for a

single short -term loading and 0.5 for sustained loads or cyclic
loading.

- fctlu

Y= (h = x) Equation 7-27

7.5.4 CEB-FIP Model Code (1990)
The CEB-FIP Model Code, like the EC 2 code, for the uncracked section, the

same principles apply. Curvatures are calculated based on the uncracked modulus.

After cracking, the following MC 90 equation 3.6-2a applies:-

M .
o=¢ - (%r - ¢1r)ﬂb( A/;') Equation 7-28 (MC eq. 3.6-2a)

For moments greater than the yield moments the following MC equation 3.6-2c

applies:
M M-M
o=@ — (¢2r - (olr)ﬁb( M”’) + ( T y) Equation 7-29 (MC eq. 3.6-2c)
piig
Where:-
M,- M)
Ky = Equation 7-30
(0.-0,)
My = (Eclgfct)
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@1, Plr = Uncracked curvatures corresponding to the action of M

and M, respectively.

@2, P2r = Cracked curvatures corresponding to M and M,

respectively.

The calculation of the cracked and uncracked state are established by using
correction coefficients x;; and kg , which can be found from graphs in the CEB
Manual on Cracking and Deformation (1985), or altematively can be calculated from
formulae stated in the manual. The author chose to calculate these factors through a
purpose written program.

Pp = Coeflicients representing the bond quality of the bars and the influence of
duration of application or repetition of loading. The values of these coefficients are 1.0
and 0.8 for B and B respectively. The two coefficient are combined to give the

value of B

7.6 Concrete Stress Strain Relationship

BS 8110 recommends the following formula:

o= 550080(——%" - 4—1%5_6J Equation 7-31
Where:-

f.u = Cube strength.

Ym = Concrete Partial Safety Factor taken as 1.0 for the concrete stress-strain
relationship.

o , € = Stress and strain respectively.

The ACI code allows the use of any stress strain relationship for the concrete in

compression as long as this relationship is compatible with compressive test results.

ACI 318 states in Article 10.2.6:

“Relationship between concrete compressive stress distribution and concrete
strain may be assumed to be rectangular, trapezoidal, parabolic or any other

shape that results in prediction of strength in substantial agreement with results

of compressive tests.”
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Many equations for the stress-strain curve of concrete under uniaxial
compression were proposed in the past. See Hognestad (1955) and Popovics (1970).
After consideration of the ACI code's recommendations and design textbooks that
have been reviewed, and based on ACI article 10.2.6, Hognestad equation was used in

the analysis. See Wang and Salmon (1979)

Hognestad’s equation for ACI 318-95 is:

2
o 2
o=/, ( :0 - (j—‘) ] Equation 7-32
Where:-
Ece = 0.0022
A = 0.85f, Equation 7-33

The EC 2 code stress strain relationship for concrete subjected to uniaxial
compression is stated in section 4.2.1.3.3 of the code. For short term loading, EC 2-
92 recommends the following formula in (EC 2 cl 4.2.1.3.3 (5) equation 4.2):-

(k’n —nz) '
(1+ (k" - 2)n) .

Equation 7-34

Where:-
no= &/
f. = Characteristic compressive strength of the concrete.
k'=110E, f“ Equation 7-35

EC 2 code allows the use of other stress strain diagrams (e.g. bi-linear), (refer to EC 2
4.2.1.3.3 clauses 8 to 10) provided they are equivalent to the above equation (7-34)

The CEB-FIP Model Code uses three stress strain curves for the concrete in
compression.

1. Section 2.1.4.4.1 using uniaxial compression.

2. Section 6.2.2.2 parabola rectangle diagram.
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3. Section 6.2.2.2 the uniform stress diagram..

The first consists of a complete profile of relationship approximated by
equation 2.1-18 in the Model Code and includes a descending portion. This stress
strain relationship is used for short term analysis. The ultimate strain varies according
to the concrete grade as specified by the codes table 2.1.7. For this analysis, the
author used the first option stated above in order to be consistent with the choices
made in the other codes of practice for a coherent comparison. The following stress

strain relationship of the concrete in compression was used:-
2
El—‘l gc ( 80 )
EC gu gcc

(2 5-2)

g =

(f1+8) for e| < |£ﬂim| (MC 2.1-18) Equation 7-36

Where:-
1
(7 +9))
E,=E, 7 Tangent modulus Equation MC 2.1-16 Equation 7-37
Where:-
Semo= 10 MPa

E,=215x10°

The value of (& ) is calculated using Model Code equation 2.1-19:

1
2 2
E . E
am__ 1(1E_a . 1) . l(l_a . 1) _1 Equation 7-38
~00022 2\2E, 4\2 E, 2
Where:-
Eclim = Limiting concrete compressive strain on the descending branch

of the concrete stress strain relationship.
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7.7 Application of Codes Equations for the Concrete in Compression

All the standards show idealised stress strain curves for the concrete in
compression. BS 8110, the CEB-FIP Model code and Eurocode 2 allow the use of
parabolic rectangular curves with a flat top simplification for the descending branch.
The concrete in compression stress strain equations presented in 7.6 were used to
calculate moments and curvatures at the ultimate state. third illustrates the various
concrete stress strain curves used. All codes recommend a flat top idealisation of the
stress-strain relationship at a certain concrete ultimate compression strain &.,. The
condition for determining the ultimate strain at the compressive edge of the concrete

(€ = 3500 microstrain ) is the same for all codes except the ACI which uses a value

of 3000 microstrain.

Codes Concrete stress strain curves : Concrete Grade 40cyl/50cube

50 .

45 R

K
40

- -
35 4 R4 o
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5 20 7 /»/ ——=- ACI318
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Figure 7-4: Codes Concrete Stress-Strain Relationship of Concrete in Compression

7.8 Application of the Stress Strain Relationship for the Reinforcement

All four standards allow bilinear idealisation of reinforcement stress strain
curves. Compression reinforcement stress strain relationships are not clearly specified
except in BS 8110 design curves, where curves for steel in compression are the same

as in tension. The author used measured stress strain relationships for all codes except
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Eurocode 2, where a flat top horizontal idealisation was used according to EC 2
clause [4.2.2.3.2. p(3)] and shown in Figure 7-5.

Neither the ACI or BS 8110 codes give any direct information on ductility
requirements for tension reinforcement yield strains. The yield strain were taken at
0.2% offset strain. Figure 7-6 shows the experimental stress strain curves used for the
reinforcement in the analysis and a schematic superimposed showing how the yield
point was determined. For the yield point of the high yield bars, it was calculated by
taking a parallel line at 0.2 percent strain for each bar stress-strain curve in Figure 7-5.
At the point of intersection of this line with the stress-strain curve, lines were projected
to both the stress and strain axes to determine the yield stress and strain for each
different bar diameter. sixth lists experimental yield stress and strain for all rod
diameters. Since the yield stress and strain are known, it is possible to calculate the
yield moments and curvatures. These calculations were made numerically using the

purpose written software presented later in Chapter Eight.

Rod type Rod Diameter (mm) Yield Strain Yield Stress
(microstrain)
(MPa)
High Yield Bar 6 2400 500
High Yield Bar 8 4600 540
High Yield Bar 10 & 12 5900 460
High Yield Bar 16 4100 613
High Yield Bar 20 3100 545
Wire 8 4600 464
Wire 10 4600 532
Wire 12 4600 504

Table 7-1: Yield strain for reinforcing bars used in the test beams
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Figure 7-6: Experimental stress strain curves of bars used in test beams

7.9 Summary and Comments

This chapter up to section 7-8 illustrates how the different codes of practice
(BS 8110, the ACI 318-95, EC 2-92 and CEB-FIP MC 90) treat material properties
and moment curvature relationships.

In summary, the methods for specifying the characteristic concrete compressive
strength are very similar in all the codes except BS 8110 which favours the use of cube
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test results. The other three codes ACIL, EC 2 and MC 90 relate the cylinder to cube
strengths at an approximate ratio (f. = 0.80 f.,). Both EC 2 and MC 90 use dual
notation of concrete strength which is useful to avoid the problems associated with the
conversion of cube to cylinder test results and vice versa.

As the tensile strength of concrete is quite small, it is mostly ignored in the
assessment of the moment curvature relationship as it does not appreciably affect
section ductility. See Cohn and Gosh (1973). There are considerable difficulties in the
measurement of concrete tensile strength, and it is normally measured indirectly. The
two main methods of indirect measurement are the cylinder splitting test and the
flexural modulus of rupture test.

Unlike the other codes, ( ACI 318, EC 2 and MC 90), BS 8110 deals with
concrete in tension by suggesting that a 1.0 MPa tensile stress be used rather than by
presenting a formula for direct calculation of stiffness. However, this method used by
the BS 8110 leads to some complexity in the ensuing calculations of the neutral axis
depth and the associated section modulus.

In the absence of accurate data, the two European codes EC 2 and MC 90
give similar upper and lower limits on the concrete tensile strength as a function of the
concrete compressive strength. This is advantageous especially with the limited
number of test specimens the author examined.

The ACI code gives an approximate but fixed equation for the concrete tensile
strength which may lead in some instances to overestimation of the concrete tensile
strength. All concrete tensile strength relations allowed by the ACI, EC 2 and MC 90
codes depend on the type and grading of the aggregate and the age of the concrete.

Both EC 2 and MC 90 use a variety of concrete moduli depending on the
purpose for which they are required (i.e. design or anmalysis). The provisions for
concrete moduli in EC 2 and MC 90 are flexible and based on concrete age, cement
content, concrete moisture and load history. BS 8110 gives typical values in Part 2
Section 7.2 based on concrete compressive strength. If an accurate calculation of
deflection is required, BS 8110 recommends the determination of the modulus of
elasticity of the actual concrete mix being used. The value of E, is important in
determining the serviceable ductility level available in a beam before yielding. The

results of using different £, values reflect heavily on redistribution at service loads,
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shown later in Chapter Eight. The reinforcement modulus of elasticity used in the
analysis is the same for each code.

For the yield condition the author used yield criteria based on the experimental
stress strain relationships of the reinforcement. The reason for this is that all codes
allow very similar idealisation of the stress strain relationship of the reinforcement. If
accurate calculations are desired, the codes allow the use of experimental stress strain
relationship for the reinforcement. Since the various codes base the steel stress-strain
curve on steel manufactured in the specific country in which the code is used, the
author decided that it was more suitable to use the experimental stress strain
relationships of the steel when determining the moment curvature relationships.

For the ultimate condition, a maximum concrete compressive strain of 3500
microstrain was used for all the codes apart from the ACI where 3000 microstrain is
recommended. The author would like to point out that the effect of reinforcement
ductility was not experimentally tested, however the numerical model which was
developed did examine ductility effects in the reinforcement, as presented later in
section 8.13.

The moment curvature relationships according to the codes were calculated
using purpose written programs. These are described in detail in section 8.2

Table 7-2 gives a summary of the code provisions used by the author to

calculate the moment curvature relationships.

228



6CC

*3)8)s eWN puk PRIA ‘SUNIEId I INIEAIMI PUE SYUIWO JJEMI[BI 0) Pasn uoisIA0xd sapo)) SISTY :7-L I[qEL

$40q SUI240fuiad 2Y] 40f 9-/ pup ¢-/ 24n3Y w1 syurod pjaik ayy oj Sutpuodsa.iiod sju10d Jo PaIDINIIDI P4V DANJDAIND PUD JUB WO DI L xexx

(1-€ 219 235) San|vA [pJudWIAXD 25D400D 2Yj UO PasDQ 4D SYBULLS 2AISS2LAUIOD 2]240UOD DY) 0] SHNIDA FY] vx

)
$£00°="3 $€00° = "2 $E00°="3 0£00" = "3 "W
B
9-4 2nS1] -/ 24y 9-£ 24n31y 9-£ 24n31y —
8dD00Z 2dD00T vdD00T DdD00T A
7y's . w 0 dysuoyvjay
g [s 1 u(z—9)+1 osTIy 4, ANEAP 4
=0t o ?%%WW& b\:|: =0 7o~ | J0055 =9 % [ 0 3-0
: L\wﬂw \ Anz ~ E\V 7 g/ z 212.40U0))
(x-4) _.. (x-1) _.. Pk (O
:Nt\. =N ..Nn.\ =N t\.mARIQvQ MNt.\.I 14 — o
7000
- 08+ Fl6="9 s °q
o.w+gu mm \ku wr +0C =" >N oosLy = =
m F £ 7 q Soosy="7
oy \
wwoys o WEYP . 2 o~ A
.MTL f="" “foL0 = 0Vf PN O'T Sreoo="4 =
[4
Lopul]AD) DI OF AapuilAD) DI 0% 4apuljAD) b O 4opuljD) DA 0% —
2qnD) DI 0S 2gn) DN 0§ 2gn) bW 05 2qn) BN 05 x ="
0661 AA0D TAAON
JI-930 7661 7 AA0D0UNA S861 0118 Sd S$661-81€ IOV STA0D

digsuon ey 2anjeAIn)) JUIMWOTA] Y [, SUIUTULIA( I0] SUOISIAOLJ SIPO)) JO J[qe [, Arewrming

229



7.10 Codes of Practice Moment Redistribution Criteria

Due to the non-linear behaviour of reinforced concrete structure and the
occurrence of moment redistribution as explained in Chapter One, some deviations
from the linear elastic design are permitted by all four structural codes being
considered. The common idea in all codes is that for each possible loading scheme the
elastic moments at a critical section may be modified by a selected amount provided

that this amount does not exceed specified permissible limits and equilibrium is
maintained through the structure.

7.10.1 British Code BS 8110 (1985)

Redistribution first appeared in the British Code of Practice CP 114 in 1957.
For the design of continuous beams it stated that:

".. the negative moment at the supports for any assumed arrangement of

loading may each be increased or decreased by not more than 15 % provided

that these modified negative moments are used for the calculation of the
corresponding moments in the spans."

Up to 1972, the criteria for redistribution did not change. During this period
extensive research was carried out on the ultimate limit state behaviour, which caused
the British code to alter its redistribution criteria to the present form given in BS 8110.
The present criteria in BS 8110 clause 3.2.2 lay down three conditions for
redistribution.

A. Equilibrium must be maintained between the applied loading and the internal

moments and shears at all times under all combinations of loading

B. At the point of maximum moment, the neutral axis depth must satisfy
3<0.6— S, where S is the percentage of moment redistribution at the

section.
C. The moment at any section after redistribution should be at least 70% of the
elastic moment envelope.
The British Code criteria imply that where elastic moments are reduced, the
beam must be sufficiently ductile to enable plastic hinges to develop and rotation to

take place. Increased ductility is ensured for a given strain in the concrete by reducing
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further the limiting value of x/d. Neutral axis depth ratio limitation is not required
where elastic moments are increased. According to BS 8110, in these regions, the
beam does not reach the ultimate limit state until the full design load is applied. Failure
of the beam is progressive, requiring rotation at the plastic hinges before collapse
occurs. It is not necessary therefore to place restrictions on the value of (x/d), where
moments have been increased. Where the full 30% redistribution is utilised, the effect
of condition B above, which states that the depth of neutral axis should not be greater
than (0.6-f) d, is to limit the depth of neutral axis to 0.3d.

zeroth shows that when redistribution is carried out, there will be regions
where the service load produces a hogging moment. However, theoretically no
hogging reinforcement would be required at the ultimate limit state (between a and b).
This situation is prevented by condition C above which states that the moment of

resistance at any section must be at least 70% of the moment derived from elastic

analysis.

Development of bending moments

!

mpm

Redistributed
Moment

Figure 7-7: Development of bending moment

Redistribution < 10% implies maximum x/d = 0.5; redistribution between 10%

and 30% implies maximum 3: 06— B,where 3 < 0.30.
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In a structure over four stories high, in which the structural frame provides the
lateral stability, the maximum reduction in moment allowed in BS 8110 is limited to
10%. The calculation of the neutral axis depth is not specifically identified, but it is a
complicated calculation dependent on the shape of the concrete stress-strain curve and
is commonly obtained from standard design charts. It is interesting to note that the
code does not place any limitation on redistribution in slabs that are analysed by the
yield line method. This could probably be accounted for by the small values of x/d that
generally exist in slabs. Furthermore, BS 8110 does not take into consideration the
type and distribution of reinforcing steel when checking for redistribution.
Additionally, the New Zealand Code of Practice NZ 3101 1982 adopts the same
redistribution criteria for continuous beams as BS 8110. Figure 7-8 demonstrates

graphically BS 8110 and NZ 3101 design criteria for redistribution.

Redistribution criteria of ordinary reinforced concrete in BS 8110 1985

x/d

02T

01+t BS 8110 sec 3.2.2

NZ 3101 sec 3.3.3.4

0 t —+ —+— 1
(] 5 10 15 20 25 30
% Redistribution

Figure 7-8: Redistribution Criteria in both BS 8110 and Nz-3101 Codes

7.10.2 American Code ACI Code 318-95

The concept of moment redistribution was first introduced into the ACI code in
1963 after considerable research into the limit state behaviour of reinforced concrete
continuous beams, (see Wang and Salmon, 1979). Thereafter, concrete design in the

American practice moved toward limit state design.
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The ductility of reinforced concrete is controlled by the ACI code in a simple

and direct manner. For a continuous beam, it specifies the maximum percentage of

moments at the supports that can be redistributed. This maximum percentage change

of moment is a function of the tension and compression steel ratios. ACI 318 clause

8.4 allows the moments at the supports of continuous beams, calculated by elastic

theory, to be increased or decreased by not more than:

20(1 - 'D_—IDJ % Equation 7-39
Py

pp is specified in the following equation:-

085, 0.003
Py = K Equation 7-40
C 3

0.003 +

s

Where:
k= 0.85 -0.008(f, - 30)

K is a function of the concrete grade only. See Cohn and Lounis(1991)

Redistribution criteria in the ACI code can be graphically illustrated as shown

in Figure 7-9 in terms of net reinforcement ratio as specified by the code. Figure 7-10

shows the neutral axis depth ratio and percentage redistribution. The author derived

the conversions in Figure 7-10 to neutral axis depth ratio (described shortly) to

facilitate the comparison of the ACI criteria with the other codes. The value of the

balanced neutral axis depth ratio (%—) associated with the (o) is:

0.003
% = — Equation 7-41
0.003 +-=
ES
Where:-
X3 = The neutral axis depth at the balanced condition.
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The value of the net reinforcement ratio when expressed in terms of the neutral axis

ratio becomes:

p—-p =— Equation 7-42

Having established the ratio between net reinforcement ratio and the neutral axis

depth, it is possible to convert Equation 7-38 in terms of neutral axis depth ratio as

follows:
X
20[1--4|% Equation 7-43
X
d
Redistribution Criteria for Ordinary Reinforced Concrete in tho ACI 318-95 Code

0.50

040 +

0.30

’

p=p
Py
020 T
0.10 +
Section 8.4
0.00

t ]
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% Redistribution

Figure 7-9: ACI 318-95 Redistribution criteria in terms of net reinforcement ratio
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Redistribution Criterla for Ordinary Reinforced Concrats In the AC! 318-85 Code
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Figure 7-10: ACI 318-95 Redistribution criteria in terms of neutral axis depth ratio

The two curves shown in Figure 7-10 suggest that the ACI code criteria are
dependent on the yield strength of reinforcing steel. Using a value of yield stress such
as 613 MPa, completely alters the design curve. However, the ACI code ignores this
difference and prefers to relate redistribution independently from steel yield strength.
Cobhn and Lounis (1991) reported that the neutral axis depth ratio in the ACI code is
independent of the steel yield strength. The author would like to point out that such a
conclusion may not be fully justified, and has proven, in the derivation above, that
moment redistribution in the ACI code is dependent on the steel yield strength of the
reinforcement. It is interesting to note that when the ACI code criteria are expressed in
these terms, there is no derivable realistic limitation on the neutral axis depth at 20
percent redistribution. Even when assuming that the minimum neutral axis depth ratio
is associated with the minimum reinforcement ratio of 7.379/f,, (equivalent to the
codes’ 200/f,), the values of (x/d) obtained are 0.0525 and 0 .0670 for 460 and 613
yield strength respectively. These values are not realistic when compared with other
codes. The author has shown that the affect of the neutral axis depth ratio and the yield
strength of the reinforcement is masked by the use net reinforcement ratio which the
ACI code prefers.

The limitations of moment redistribution are summarised as follows. They are

expressed in terms of net reinforcement ratio as the code prefers:
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1. Application is limited to continuous flexural members.

2. No more than 20 % of the negative moments for any given loading arrangement
may be adjusted.

3. Bending moments used in such an adjustment must be obtained by an elastic
analysis. Moments from use of coefficients or other approximate methods may not
be adjusted.

4. The net reinforcement (p - p) at the cross section where the moment is reduced
must not exceed one half of the balanced percentage ps, as defined by the ACI
formula 8-1.

The author questioned and searched for the basis on which the ACI (and other
codes) derived their criteria. The conclusion is that most of these criteria are rather

subjective and arbitrary, and no information is given in the code or elsewhere to justify

the criteria as they are in their present form.
7.10.3 Eurocode 2 1992

This code allows moments calculated by linear elastic analysis to be
redistributed provided that the resulting distribution of moments remains in equilibrium
with the applied loads. In continuous beams, in non sway frames and in elements
subjected to pure bending, rotation capacity of the critical section can be neglected

provided that conditions (a) and (b) given below are satisfied.

a. For concrete grades not greater than C35/45. L <056- L253
b. For concrete grades greater than C35/45: P <044 - 125—3
For high ductility steel: B<30%
For normal ductility steel: B<15%

EC 2 does not allow redistribution in sway frames. In elements defined above
where no redistribution has been carried out, the ductility factor x/d should not exceed
0.45 for concrete not greater that C35/45, and 0.35 for concrete grades C40/50.
Further, the code does not recommend redistribution to be carried out in circumstances
where the rotation capacity cannot be defined with confidence (for example in the
corners of prestressed frames). The code allows a maximum redistribution of 35% in

rigid supports in continuous spans provided there is full fixity at the faces of the rigid
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support. Error! Number cannot be represented in specified format. illustrates more

clearly the redistribution criteria in EC 2 by means of a design chart.

Eurocode 2 1992 Redistribation Criteria

045 ...
04T
0.35
03T

o 0.25 T

02T | "o EC2 Normal concrete

015 — EC2 High strength concrete

01T

Section2.6.3.4
005

0 5 10 15 20 25 30 35
% Redistribution

Figure 7-11 Eurocode 2 Moment Redistribution Criteria

7.10.4 CEB-FIP Model Code (1990)

The Model Code allows moments calculated by elastic analysis to be reduced in
continuous beams and frames to a maximum of 25 %. fourth list redistribution criteria
in the new Model Code 1990. The design criteria are further illustrated in Error!

Number cannot be represented in specified format..
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CEB-FIP Model Code 1990 Redistribution Criteria

0.15 C12-C35; S&A =~
" Steel

0.1 : ———C 40-C 60: S&A
. Steel

Secton5432 A C12-C60, S A&B

0 5 10 15 20 25
% Redistribution

Figure 7-12 CEB-FIP Model Code 90 Redistribution Criteria

Steel type Concrete grade for | Allowed Redistribution | Ductility Limit
Continuous Beams,
and Non-sway Frames

S &A* 0.56-1.25x/d

C12-C35** 0.0<B<25% x/d £0.45
S & A* 0.44-1.25x/d:

C40-C80** 0.0<B<25% x/d £0.35
B*S & A C12-C80** 0.25-1.25x/d:

Sway frames 0.<B<10% x/d £0.25

* Steel type A: post-tensioned steel, steel type B : pre-tensioned steel type S: high strength.
** Number associated with grade refer to characteristic strength of concrete.

Table 7-3: Redistribution Criteria in Model Code MC 90

In addition to concentrating on the four codes already discussed, the author
obtained details of some additional codes which are presented here to widen the

perspective on moment redistribution criteria.

7.10.5 Australian Code AS-3600-88

The Australian Code AS-3600 allows redistribution in continuous beams
provided that the following requirements are met:

a. Overall equilibrium is maintained in a structure.
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b. Where the neutral axis depth is less than or equal to 0.2 in a peak moment region,

the redistribution must not exceed 30%.

c. Where x/d > 0.2 in one or more peak moment regions, but does not exceed 0.4, the
redistribution must not exceed 75(0.4 - x/d)%.

d. Where x/d > 0.4 no redistribution shall be made.

The same criteria also apply in the design of continuous prestressed concrete members.

The Australian criteria can be expressed graphically in Error! Number cannot be

represented in specified format..

Australian code AS3600-88 Redistribution Criteria

01T

0.05 T Section 7.6.8

0 —t —+

+
0 s 10 15 20
% Redistribution

B 1
8

Figure 7-13: Australian Code AS 3600 Redistribution Criteria

7.10.6 Canadian Code CAN3-M84

The design criteria in the Canadian Code CAN3-M84, section A23.3 allows maximum
redistribution of 20 % according to the following formula:

f =30~ 502— < 20% Equation 7-44

Error! Number cannot be represented in specified format. illustrates this criteria

graphically.
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Canadian code CAN3 -M84 Redistribution Criteria

0 ——

0 10 20
% Redistribution

Figure 7-14: Canadian code redistribution criteria (CAN3-M84 Clause A23.3)

7.10.7 Russian Code of Practice

Unlike other codes, the design criteria in I1123-50, Russian Code do not allow a
linear increase of the permissible redistribution with x/d. The Russian code places the
highest restriction on the neutral axis depth ratio by limiting it to 0.3 regardless of the
amount of moment redistribution allowed. Maximum value for redistribution is limited
to 25%. The design criteria for redistribution is plotted in Error! Number cannot be

represented in specified format..
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Russian 1123-50 Redistribution Criteria
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Figure 7-15 Russian code redistribution criterion as stated in i123-50

7.11 Summary and Comments on Redistribution Criteria

The rather arbitrary moment redistribution criteria permitted by the major
standards for reinforced concrete beams have been presented. It is noted that
permitted redistribution varies from 20 % in the American code up to 35% in
Eurocode 2. At the same time the code provisions indicate that all but the Russian
code allow a linear increase of redistribution with decreasing value of x/d. The BS
8110 provisions allow a certain redistribution of the elastic moments at the critical
sections obtained from a linear analysis of the structure. The maximum permissible
redistribution is a function of the relative neutral axis depth ratio (x/d) at ultimate and
the type of concrete structure (pre-cast or ordinary reinforced) concrete. Moment
redistribution may be of arbitrary magnitude, and within the permissible limit, but
without an explicit check on the rotation capacity or plastic rotation of the structure.
It should be pointed out that all codes apart from Eurocode 2 and CEB-FIP Model
Code 90 codes have some differences when considering the major limits that influence
redistribution, namely the concrete grades and the type of steel. For example, in BS
8110 the permissible moment redistribution is independent of the concrete grade and
type of steel. On the other hand, in the CEB-FIP Model code there is a 12% reduction

in the permissible redistribution as the concrete grade increases from 35 to 40 MPa

241



which is a very small range. Similarly, the CAN M3-84 and AS 3600 codes criteria are
independent of the type of steel and concrete grade and differ in the degree of
maximum redistribution permitted against x/d.

Finally, the author sees the EC 2 code restrictions on redistribution as more
severe than all other codes and more complicated. Higher strength concrete has a
lower allowable redistribution than lower strength concrete. All grades of concrete in
EC 2 have a lower neutral axis limit than those given in BS 8110. The 70%
redistribution envelope for hogging bending moments is not found in EC 2 and the
other codes. The lower EC 2 limits on neutral axis depth at maximum redistribution is
a concept which the author supports as it agrees with the findings of this research
which are presented in Chapter Eight and Nine.

In summary, the intention of the redistribution rules are very similar in all the
codes, The aim is to ensure that equilibrium is maintained and that there is sufficient
ductility in the section. However, the codes use different procedures to achieve this.

All codes control the section ductility by limiting the neutral axis depth ratio.

In the next chapter, the moment curvature relationships calculated according to
four codes’ provisions presented here, will be applied using the author’s numerical
model described in Chapter Six to model redistribution and deformations in the test
beams presented in Chapter Five. These values are compared with the earlier

experimental results described in Chapter Five.
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CHAPTER EIGHT

8. APPLICATION OF THE NUMERICAL MODEL

8.1 Introduction

This chapter describes the application of the numerical model developed by the
author and presented earlier in Chapter Six. The need for the numerical model resulted
from the experimental work described in Chapters Three and Five of this thesis. One
of the objectives set by the author was to apply the numerical model to the current
codes of practice moment curvature relationships presented in Chapter Seven. The
reason for this was to model moment redistribution using these codes’ provisions and
to compare the results with the experimental work and the codes’ own limitations on
neutral axis depth ratio and redistribution. This required more purpose written
software to be developed. Therefore, the author wrote the program “CODACI” which
calculated the moment curvature relationships of the test beams using criteria from
ACI 318-95, BS 8110 1985, CEB-FIP Model Code 1990 and Eurocode 2 1992. A
chain of analysis took place using CODACI as a pre-processor for ARMUNY (the
numerical model program described in Chapter Six), and another program “BSECT”
developed earlier by Scott (1985). Details of this chain are presented in the next
section. The results of this were output of modelled moment curvature relationships,
moment redistribution, load deflection relationships, plastic hinge properties and
neutral axis depths. All these calculated parameters were compared with the
experimental results described in Chapter Five of the thesis.

8.2 Modelling Procedure and Software

To apply the model described in chapter Six, a knowledge of the moment
curvature relationship at every section along the propped cantilever was required.
Two types of moment curvature relationship were used. The first type was based on
the four aforementioned codes of practice. The second type was derived from the
experimental results. The first type was a straightforward application of the codes’
prescribed criteria processed and calculated using CODACI, which will be described
shortly. The second type required a manual evaluation of the moment curvature

relationship from average strain gauge data. The process involved vetting each



moment curvature relationship for the span and the support sections to avoid repetition
of any irregularities that might have occurred in testing. Although the experimental
relationships were averaged over 200 mm gauge lengths, the author took on the task
of validating the model’s capability to use any moment curvature relationship.
Interestingly, the results using the experimental averaged moment curvature

relationships were an accurate representation of the test beams’ behaviour.

To produce the moment curvature relationships according to the four codes,
the two programs CODACI and BSECT were used. After the moment curvature
relationships had been computed, they were used in the numerical model program
ARMUNY (described in detail in Chapter Six) to produce modelled results. The two

programs are presented next.

8.2.1 BSECT

The program (BSECT) was only used to analyse and calculate the yield and
ultimate moment and curvatures of the test beams. The moments and curvatures
calculated using BSECT were based on a numerical iterative technique, which is

described in some detail below.

The program BSECT was written for rectangular sections, dealing with both
the uncracked and cracked sections and included provision for the effects of
compression reinforcement. It assumed a linear strain distribution across the section
and allowed non-linear stress-strain relationships to be used for the concrete in
compression and the reinforcement in tension and compression. Concrete in tension
could be ignored completely, but if included, the stress-strain relationship was assumed
to be linear. In contrast, the codes moment curvature relationships in the uncracked
and cracked stages were based on exact formulas, hence the need to write CODACI.
To evaluate moments and curvatures at yield and ultimate, the following data were fed

into the program BSECT:

1. Section geometry and reinforcement areas.

2. Stress strain data for both concrete and reinforcement in tension and

compression.
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3. A list of required solution parameters. The program would solve the section

subject to any one of the following being specified at the section:-

a) Reinforcement tension strain

b) Bending moment

¢) Concrete compression strain

d) Concrete tension strain

e) Reinforcement compression strain
f) Rotation

g) Neutral axis depth

Any number of parameters could be specified in any order during a single run of the

program.
Program Qutput

BSECT first listed the stress-strain data and geometrical properties of the

section and then output the following data for each solution parameter:-

Stresses and Strain for the top face of concrete, reinforcement in compression,

reinforcement in tension and bottom face of concrete.

Neutral axis depth, lever arm, applied bending moment, curvature, flexural

stiffness, and forces in the concrete and reinforcement.

Program Details

The problem was reduced to that of finding a strain distribution across the

section which satisfied two conditions:

1. The forces acting on the section must be in equilibrium

F00+FSC

I

Fu+ Fo Equation 8-1
Where:-

F..= Forces in concrete in compression
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Fi.= Forces in reinforcement in compression
F«= Forces in tension reinforcement
F.= Forces in concrete in tension
2. The specified value of the solution parameter must be achieved.

A double iteration procedure was performed which satisfied the conditions above. For

detailed information on the iterative procedure, see Scott (1985).

8.2.2 CODACI

CODACI was written by the author to calculate the short-term moment
curvature relationship up to and before yield of the test beams series based on the
requirements of ACI 318-95, BS 8110-85, CEB-FIP Model Code 90 and Eurocode 2
1992. Data entry to the program was:

1. The respective test beams series’ geometric properties together with

concrete tensile and compressive strengths and modulus of elasticity.
2. Yield and ultimate moments calculated by BSECT.

From the input data, the program used the respective codes’ formulae to
calculate the moment curvature relationship at uncracked and cracked stages. Each
code formula was programmed in a separate subroutine. The program calculated
the negative and positive moment curvature relationships for the span and support
sections. The program output was suited to a format readable by ARMUNY
(numerical model program described in Chapter six). Output of CODACI was:

» Hardcopy and screen graphic output of the moment curvature relationship

according to each of the codes of practice for the span and support sections.

e Data inputs for ARMUNY.

8.3 Beams Moment Curvature Relationships

Moment curvature relationships for sections at the support and span of the test

beams were determined by averaging strains over 200 mm gauge length in both tension
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and compression reinforcement using the program CONPCY described earlier. Using
the various codes’ idealised concrete stress strain curves for concrete, and the actual
properties of material and loading conditions, the test beams’ moment curvature

relationships at the span and support sections were computed accordingly.

8.3.1 Calculation of Yield and Ultimate Moments and Curvatures

Applying the procedure presented in 8.2.1, moments and curvatures at yield
and ultimate were calculated for each test beam using stress strain curves that were
obtained experimentally for the reinforcement, and the concrete stress strain
relationships specified by the four codes. The experimental yield and ultimate
(maximum) moments and curvatures were taken from the measured averaged
relationships from the strain gauge data. The yield strains were taken from
experimental stress strain curves shown in Figure 7-5 at 2% proof stress listed in
Table 7-2. Tables 8-1 and 2 show a comparison of measured and calculated support
yield and ultimate moments. A comparison of measured and calculated curvatures at
yield and ultimate are shown in Tables 8-3 and 4. The span values shown in Tables 8-
1 to 4 were calculated based on the support reaching yield and ultimate.

The average ratios of measured to calculated yield and ultimate moments are
shown in Table 8-5. The average ratios of measured to calculated yield moments
ranged from 1.025 to 1.685 with a standard deviation between 0.135 to 0.867. For the
yield curvatures, the average ratios were between 1.000 to 1.025 with standard

deviations between 0.145 to 0.183.

Calculated curvatures at yield related well to the measured values for the
specimen of series C, D, E and W. At ultimate, curvatures were approximately 70% of
those calculated. The average ratio of measured to calculated at ultimate curvatures

varied from 0.412 to 0.634.

Ultimate and yield moments and curvatures from the four codes were not
sensitive to the shape of the concrete stress strain curves. This was noticeable since
the values of moments and curvatures using the various concrete curves were very
similar. However, ultimate curvatures were sensitive to the shape of the concrete

stress strain curves, as indicated in Table 8-4 which shows the varying curvatures
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calculated using each code. This could imply that the strength of the concrete would
affect the ductility of reinforced concrete sections. This implication is not wholly
conclusive, since the test data available were analysed and modelled on the basis of one

class of concrete strength only.

Figures 8-1 to 6 show a comparison of measured and calculated moment
curvature diagrams according to the four codes. Each figure contains five curves:
four for the codes plus the experimental curve calculated from averaged strains. The
codes’ curves are shown using points while the experimental curves are shown using

points on continuous lines.

With specimen B3T16A (see Figure 8-1), the measured and codes’ values
were in close agreement as far as the initial uncracked and cracked loading were
concerned. However, the computed curves deviated from the point of yield onwards.
This was mainly because B3T16A had failed in shear before developing any yield

strains at any point on the support and span sections.

Figure 8-2 shows the comparison between measured and computed values for
specimens in Series B. The measured moment curvature relationships were refined by
eliminating repetitive points to show a clear comparison between the computed and
measured values. The agreement was satisfactory for the uncracked and cracked
portions of the moment curvature relationship. Measured curvatures were lower than

those predicted by the codes’ moment curvature relationships. This was due to the

following:

1. The failure of the beams in shear preventing the development of deformations

comparable with those associated with flexural failures.

2. The measured curvatures were averaged from curvatures over 200 mm gauge
length.

Series C beams' moment curvature relationships shown in Figure 8-3,
demonstrate a close correlation of the moment curvature relationships for all
specimens with the computed ones. Series C beams developed shear failure, with
strains over the support exceeding yield values. Average measured tensile strains over

the support were 6861, 4819, and 8704 microstrain for B3T16C, B2T20C and
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B5T12X respectively. Flexural failure did not occur due to the combination of two

factors: the relatively large amount of tension steel and the redundancy of the beam.

Series D, E and W beams were lightly reinforced with 12,10, 8 and 6 mm bars
over the support as described in Chapter Three. All the beams of these series reflected
a certain amount of ductility as evidenced through the measured ductility factors listed
in Table 8-6. The development of plastic strains in the reinforcement allowed for the
formation of plastic hinge in the support section. Table 8-7 illustrates the level of
tensile strains developed over the support. In all specimens of this series, the span

reached yield and developed plastic strains before failure of the support.

8.4 Modelling Moment Redistribution

Comparison of measured redistribution with that calculated from the four
codes at yield and ultimate over both span and the support are listed in Tables 8-8 and
9. Figures 8-7 to 21 show the results of the test beams modelled and measured
redistribution curves. In each figure six curves are plotted, of which four are for the
various modelled codes. The curve labelled with the specimen’s name refers to the
experimental redistribution curve, whilst the curve labelled “analytical” is a modelled
curve using averaged experimental moment curvature relationships derived from
measured strains. Positive values of redistribution are for redistribution over the span,
while negative ones are for the support. The author used positive redistribution where
moments increased numerically, i.e. over the span area, while negative redistribution
was where moments decreased numerically, i.e. over the support. The curves on these
diagrams do not go beyond maximum load since no allowance was made in the model

for the descending part of the moment curvature diagram.

8.4.1 Experimental Redistribution

Experimental redistribution of all the test beams may be summarised in the

following stages:-

1. Redistribution before cracking. Although short-lived, this phenomenon

occurred because of the different initial stiffnesses at the support and the
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span areas. The support sections were approximately 50% less reinforced
than the span and so initial redistribution occurred. —However, this
redistribution is not significant. Furthermore, part of this redistribution was
caused by unsettled support conditions at the early load stages.

2. Redistribution after cracking. After cracking, the concrete between two
adjacent cracks was still capable of developing tensile forces, thereby
increasing the stiffness of the beam relative to that of the cracked section.
As a result, the level of redistribution during this stage decreased due to
this effect of tension stiffening. As the load increased on the beams, the
tension stiffening effect declined and redistribution was almost constant

with increasing moments over the support.

3. Redistribution at yield of the tension reinforcement and beyond. This
redistribution was more noticeable with the specimens of low reinforcement
ratios of series D, E and W. As the reinforcement yielded, the effect of
tension stiffening declined and more redistribution of the support moments
took place. When the support reached maximum moment, load on the
beams could still be increased slightly, although the support moment
remained constant as the moment capacity of the span had not reached

ultimate.

8.4.2 Modelled Redistribution

Moment redistribution from the codes recorded some initial redistribution
before cracking. The change in reinforcement layout along the beam introduced some
minimal redistribution due to the different mitial stiffnesses of the span and support
sections. This may be viewed as an indirect recognition by the codes’ of the effect of
variation in initial stiffnesses. Redistribution resulting from codes of practice moment
curvature relationships was similar, except the British Code BS 8110-85 whose initial
assumption was that the moment curvature followed that for a cracked section.
Furthermore, redistribution calculated using ACI 318-95 moment curvature
relationships, was generally less in the uncracked and cracked portions than the other
curves. This is because the ACI cracking moment was higher than the other codes,

due to its use of a high value of concrete tensile strength and concrete modulus of
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elasticity. (Equations 7-9 and 7-13 respectively). Moreover, throughout the load
history of the test beams, the codes predicted less redistribution than the experimental
redistribution. This may be due to overestimation of the flexural stiffnesses by the

codes.

8.4.3 Analytical Redistribution

The more representative redistribution behaviour was expressed through the
analytical curves derived from moment curvature relationships from measured load and
strain gauge data. The results showed interesting redistribution trends very similar to
the experimental ones. The analytical curves predicted the large redistribution values
observed at early load stages of the tests which occurred due to the greater initial
stiffnesses at the span than at the support areas. This was because the moment

curvatures used were based on actual measured strains.

8.5 Post Yield Redistribution

Tables 8-10 and 11 list average calculated and measured redistribution for each
beam series at the support and span sections at yield of the support. The listed
redistribution varied in each series due to the different degree of cracking over the
support and span. Specimen B3T16A never reached yield and failed in shear while
reinforcement strains were in the elastic range. Consequently, no value for

redistribution was obtained near yield.

Tables 8-12 and 13 list average redistribution for each beam series at ultimate
over the support and span sections respectively. The results presented indicate that the
amount of redistribution occurring after yield varied with the ratio of tensile
reinforcement. As the amount of tensile reinforcement at the support decreased,
redistribution due to the yield of the reinforcement increased. Table 8-14 shows the

average percentages of the total redistribution that occurred after yield for each beam

series.

8.6 Modelling Load Deflection

Deflections were measured under the point load near the middle of each span.

The left hand span load deflection plots for each specimens are shown in Figures 8-22
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to 36. Each graph contains six plots, four for the various codes, as well as measured

deflection and an analytical plot based on derived experimental moment curvature

relationships. The results indicated the following:

L.

Modelled results according to the codes gave deflections smaller than those
measured. The large discrepancies between the modelled and experimental
curves reflect the high flexural stiffness resulting from the moment curvature

relationships derived from the four codes.

Differences in deflection curves indicated that the moment curvature

relationship for the codes underestimated deflections of the beams at ultimate.

The modelled results based on moment curvature relationships derived from
experimental data gave a better prediction of the beams’ deflections throughout

the beams’ load history.

Both experimental and modelled curves showed a distinct break (change of

slope of the deflection curve) when cracking occurred.

The analytical plots indicated the validity of the numerical model in predicting

deflections using any moment curvature relationship.

The modelling procedure used gave a complete load deflection history of the

test beam up to maximum applied load. The resultant load deflection curves reflected

the sensitivity of these results to the change in the flexural stiffnesses of the moment

curvature relationships.

8.7 Modelling Curvature Distribution

Figures 8-37 to 44 show experimental and modelled curvature distributions

along the propped cantilever at failure. Modelled curvature diagrams were based

on moment curvature relationships derived from average strain gauge data. The

curvature distributions were modelled for the beams in series D, E and W which

failed in flexure. Curvature distributions compared well at maximum load in

specimens of series D, E and W. Series A, B and C curvature distribution could

not be modelled at failure since all beams in these series failed in shear.
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8.8 Evaluation of Plastic Hinge Length

The experimentally determined plastic hinge lengths exceeded wvalues
determined from the modelled bending moment diagrams. The reason for this
additional spread of plastic hinge length was that the longitudinal steel had reached
yield even at some distance beyond the zone where moments were at or above the
yield moment. This behaviour can be attributed to local bond failure at positions of

cracks and microcracking. (See Rosenblueth and Diaz De Cossio, 1964).

When modelling plastic hinge length, the author assumed the length to be zero
where yield first occurred. Thus, the first step for determining the plastic hinge length
was the determination of the bending moment distribution at yield and ultimate. The
plastic hinge length in the model was derived from the position of the point of
contraflexure ( point of zero bending moment) at ultimate, (see Figure 8-45). From

similar triangles of the bending moment diagram at yield and ultimate, the following

was derived (Equation 8-2):

(M,-M),
= Equation 8-2
P M,
Where:

M, = Ultimate bending moment at the support section
M, = Yield bending moment at the support section

/,= Distance from support to point of zero moment at ultimate.

I,= Plastic hinge length

Figure 8-45 shows a schematic distribution of bending moment at yield and
ultimate where the plastic hinge length was calculated. Measured and modelled plastic
hinge lengths for all the specimens using the four codes are listed in Table 8-15. The
modelled values based on moment curvature relationship derived from the strain gauge
data gave closer values to the experimental values, mainly due to the use of the more
representative moment curvature relationships. Averaged values of plastic hinge

lengths for each beam series are listed in Table 8-16. The experimental results
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suggests that the plastic hinge length is approximately equal to /./d for the beams of
series D, E, and W, which is agreeable with plastic hinge length prediction by Baker
and Amarkone (1962), where they related /, ranging from 0.4d to 2.4d depending on
material properties and loading conditions of the beam. Other expressions (see Naaman
et al(1986), Mattock(1983), Riva and Cohn (1994)) related the plastic hinge length to
the effective depth, but with extremely varied results based on similar experimental
tests on simply supported beams, with different loading conditions. This suggests that
the influence of testing procedure and experimental set-up on the plastic hinge length is
significant for the related formulations of the above to be considered generally valid.
Similarly, analytical expressions of the plastic hinge length developed by the above and
others, give different results in relating the plastic hinge length to the effective depth,
depending on the number of parameters considered. This only adds to the complexity
involved in developing a realistic expression for the plastic hinge length. However, the
author found that the following expressions by Baker (1964), Mattock (1964) and
Corley (1964) gave similar results:-

1
I, = RRR, (—2—) ‘d (Baker Equation) Equation 8-3
d z . .
/= EY +02/d (—d-) (Corley Equation) Equation 8-4
I = d 0.05z k Equati 1
=5 + 0.05z (Mattock Equation) Equation 8-5

The parameters in the above equation have been defined earlier. The results
using these equations for the plastic hinge length and the experimental values are listed
in Table 8-17. The values for the constant R;, R; and R; in Equation 8-3 were R; =
0.9 for high yield steel, R,= 1.0 and R; values were interpolated between 0.6 and 0.9
depending on the concrete compressive strength. The value of z was determined from
the experimental bending moment diagram of the test beams at maximum moment. It
can be seen that the experimental values are greater than those predicted by the above
formulae. This is mainly because of the development of cracks some distance away

from the support section causing tensile strains to increase beyond yield. To give a

254



reasonable approximation in relating plastic hinge length to the effective depth, and

based on the experimental results and values calculated by the expressions above, the

author suggests a value for the plastic hinge length equal to 0.8d.

8.9 Evaluation of Total Rotation

Total rotation was assumed to equal the sum of the curvatures over the plastic

hinge length at the ultimate (maximum) moment. The equation used to determine

rotation was:

6, = I p.dy Equation 8-6

Where:-

Pu = Curvature distribution at ultimate.

6 = Total rotation calculated between z; and z; (i.e. plastic hinge length)

z; , 22 = Length which defined the plastic hinge length i.e., the integral limits.
In this case the integral limits were the plastic hinge length. [, = (z;- z)

Irrespective of the shape of the curvature diagram, it was possible to calculate
the rotation at any point along the beam using the beam model. Calculated curvatures
were numerically integrated over the plastic length to give values of total rotation
(rotation capacity) over the support sections. Table 8-18 lists values of total rotation
calculated according to the various codes' moment curvature relationships. Analytical
values were obtained from modelling moment curvature relationships derived from
strain gauge data. Experimental total rotations were calculated using strain gauge data

as described in Section 5.8. Experimental values demonstrated large deviations from
calculated ones due to the following:
1. Plastic hinge lengths from the codes were lower than those derived from measured

data due to crack development and plastic strains forming further away from the

support section due to crack development some distance from the support.

2. The calculated values, using the four standards listed, varied in their prediction of

total rotation at ultimate due to the use of different stress strain assumptions for
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concrete and reinforcement. This consequently affected the slope of the moment
curvature diagram between yield and ultimate, and influenced the amount of

rotation. Averaged total rotations for each beam series are listed in Table 8-19.
The results presented in Table 8-19 indicate the following:

1. The assumption of a partially cracked section, as in BS 8110, increased the
rotation available in the beams.

2. Rotations were sensitive to the reinforcement stress-strain relationships.

The use of idealised flat-top stress-strain curves for the reinforcement as in
the case of the EC2, decreased the total rotations.
3. The use of a concrete stress strain curve with a lower modulus of elasticity

for the concrete as in the Model Code 90 calculations, increased the total

rotation.

8.10 Test Beams Ductility factors
Ductility factor is defined as the ratio of ultimate to yield curvatures (¢./@,) for
sections subjected predominantly to flexural moments under static loading (see Cohn

and Ghosh 1973). The yield curvature (@) was defined as the curvature at which the
tension steel reached its yield strain. There are three definitions for ultimate curvature

(¢.) of a section. The three definitions presented next are illustrated schematically in
Figure 8-46:

1. In the codes used here, the ultimate curvatures are at a limiting value of
concrete strain (corresponding to the onset of crushing) attained at the
extreme compression fibre &,= 3500, 3000, 3500, 3500 microstrain for the
BS 8110, ACI 318, EC2 and the Model Code MC 90 respectively,

corresponding to point (x;) on Figure 8-46

2. The experimental ultimate curvature is defined as the curvature

corresponding to the attainment of maximum moment, shown by point (x;)

on Figure 8-46.

3. A third definition of ultimate curvature (¢,) is when the beam reaches

curvature beyond that corresponding to maximum moment, i.e., curvature
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on the end of the descending part of the moment curvature relationship,
shown by point (x3 on Figure 8-46. This definition was beyond the scope

of the research, as the numerical model only modelled the ascending part of

the moment curvature relationship.

The codes’ conventional definition of failure at point (x;) underestimated the
ductility of a section, because limiting values of concrete strain at the extreme fibre had
either to be arbitrarily fixed or based on visual observations of the onset of crushing in
experiments. The definition of ultimate curvature corresponding to point x; accounted

for the ductility of a section to a fuller extent than the codes or the adopted

experimental curvatures at maximum moment. However, this definition was still

arbitrary since there was not a mathematically well-defined point on the descending
part of the moment curvature relationship. Therefore, the author based the definition
of the ultimate experimental curvature as where the section reached its maximum

moment, clearly defined as the maximum point in the moment curvature diagram.

Averaged measured and calculated (according to codes) ductility factors
(¢/@) are listed in Table 8-20. The experimental ductility of unity was assumed for
the beams that failed in shear, since no real ultimate flexural curvature was reached
(see Cohn and Ghosh, 1973). The codes’ calculations gave higher ductility values than
the measured ones. This was because the reinforcement stress strain relationship used

for the codes’ moment curvature modelling did not account for the influence of tension
stiffening at ultimate.

Figure 8-47 shows a comparison between measured and computed ductility
factors versus the neutral axis depth ratio. The ductility of lightly reinforced sections
with Jow neutral axis depth ratio was high, while more heavily reinforced beams
developed lower ductility, evidenced by the brittle failures that occurred in Series A, B
and C. This confirmed that ductility decreased with increasing neutral axis depth ratio.
High neutral axis depth ratios at failure were a characteristic of beams with high tensile
reinforcement ratio. Figure 8-48 shows the influence of ductility on the amount of
tensile reinforcement. Ductility decreased with increasing amount of tension

reinforcement. Little ductility developed in sections in some beams which had very
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high percentages. This is why, for example, the ACI code of practice imposes an

upper limit on the amount of tension reinforcement that should be used in design.

8.11 Relative Stiffness and Redistribution

The author defined relative stiffness as the ratio of stiffness (EI) of the support
to that of the span at any particular stage. Tables 8-21 and 22 show measured and
calculated stiffnesses at yield and ultimate over the support and span sections. Table
8-23 lists relative stiffness values when the support reached its yield and ultimate
conditions respectively. The beams’ relative stiffess directly affected the amount of
moment redistribution that took place in continuous beams. As the relative stiffness
approached unity, redistribution decreased. Figure 8-49 shows the relationship
between the support moment redistribution (shown positive for clarity) and relative

stiffness at yield and ultimate respectively.

8.12 Neutral Axis Depth and Redistribution

Neutral axis depth was defined as the point or level on the cross section where
the strain equalled zero. By inputting the modelled moments from ARMUNY for both
the support and span sections into BSECT, the program gave neutral axis depth values
at every corresponding moment. Therefore, full history of the neutral axis depth
development was available for comparison with the calculated redistribution over the
support. Table 8-24 shows neutral axis depth ratios calculated at ultimate over the
support using codes' moment curvature relationships compared with the experimental
values obtained from strain gauge data. Figures 8-50 to 55 show an historical
development of neutral axis depth ratio versus redistribution for each beam series over
the support area. Each figure contains two types of curves: the first type using
continuous lines represented the four codes’ computed values according to the codes'
stress strain curves, and the second type, using points of the experimental curves for

each specimen was calculated from average strains and Demecs.

The computed curves for the codes were segmented into three parts, uncracked
cracked and yielded. In the uncracked part very little redistribution occurred, with a
decrease in the neutral axis depth ratio. This portion was governed by the concrete

tensile strength. The codes' predictions of the uncracked portion were similar except
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for BS 8110 where a partially cracked section was assumed. Therefore, the sections
modelled according to BS 8110 had initial redistribution while the other three codes’
redistribution was nearly zero. In the cracked portion of the curves, the support
sections’ redistribution continued to increase, but at a constant neutral axis depth ratio.
At yield, redistribution increased with a drop in the neutral axis depth ratio. At failure
of the support, when it reached its ultimate moment, redistribution was at maximum

and the neutral axis depth ratio reached its minimum value.

The degree of moment redistribution showed different patterns of development
of neutral axis depth ratio depending on the percentage of tensile reinforcement used in
each beam series. The lower the percentage of tensile reinforcement the more
redistribution occurred, due to the yield of the reinforcement. With a higher
reinforcement ratio, redistribution mainly occurred as a result of cracking of the
concrete. The neutral axis depth ratio stayed constant once the section had cracked,
but when yield was reached, it decreased with an increased redistribution. The
modelled solutions shown illustrate that the value of neutral axis depth ratio between
cracking and ultimate fell between 0.43 and 0.05, and redistribution boundaries were
between zero and 40%. Figure 8-56 shows the codes’ redistribution criteria

superimposed on the modelled results.

The envelope boundaries of the codes’ redistribution criteria represent neutral
axis depth ratio versus redistribution at ultimate. The modelled curves show the full
historical moment redistribution and neutral axis depth ratio. = The author
superimposed the curves as they were of particular importance and interest, and gave a
picture of the codes’ redistribution criteria and the codes’ modelled results based on

their moment curvature relationships.

At the cracked portion (serviceable loads), the calculated neutral axis depth
ratio was below the codes’ limits. Figure 8-56 shows that the codes’ criteria under-
estimated the amount of redistribution that took place before the reinforcement
yielded. The modelled and the experimental results indicated that more redistribution
could occur while the structure is still in the serviceability range without the excessive
cracking that might cause failure. For instance, BS 8110 allows 30% redistribution
provided that the neutral axis depth ratio is not greater than 0.30. The modelled results
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shown in Figures 8-50 to 55, and the experimental results shown in Figure 8-57,
suggest that redistribution may exceed 30% at a neutral axis depth ratio below 0.25
experimentally, and below 0.2 analytically, even before reaching ultimate. Furthermore,
examining the results presented in Table 8-24, it can be seen that the average
experimental neutral axis depth ratios for specimens of series D, E and W (which failed
in flexure) is 0.259, while the analytical average (modelled results from the codes),
varies between 0.076 and 0.109. At the same time, the modelled and experimental
average strains in the tensile reinforcement of series D, E and W shown in Table 8-7,
indicate that the codes modelled strains are higher than the experimental strains.
Higher strains mean lower neutral axis depth ratios, suggesting some contradiction in
the codes, especially BS 8110, when such high strains may be required in the
reinforcement, while the neutral axis depth ratio is limited to 0.3 at maximum
redistribution (the low end of the design curve). Therefore, based on the experimental
and modelled results of strains, neutral axis depth ratios and redistribution, it maybe
possible to reduce the neutral axis depth ratio to 0.25 in the BS 8110 design curve.
This finding is in partial agreement with the design curves of both the EC 2 and MC 90
codes. The neutral axis depth at 30% redistribution in the EC 2 code is limited to
0.208 and 0.112 for normal and high strength concrete respectively, using high
ductility steel. The CEB-FIP Model Code MC 90 however, limits redistribution to a
maximum 25% at a neutral axis depth ratio of 0.248 and 0.152 for normal and high
strength concrete respectively. Therefore, this suggests that the results reached by the
author are more agreeable with the CEB-FIP MC 90 design curve than the EC 2 code.
This indicates that the EC 2 restrictions are much more severe and rather complicated
than those given in BS 8110. Higher strength concrete has a lower allowable
redistribution than the low strength concrete. All grades of concrete in EC 2 have a
lower neutral axis depth value than that given in BS 8110. The results the author
reached, however, cannot be conclusive as more experimentation would be needed

before finalising the results into firm recommendations.

8.13 The use of the Model as a Parametric Tool

This section will demonstrate that the numerical model developed by the author

can be used to model other beams’ behaviour, as well as laying down the foundations
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for further development of the model into a parametric analysis and design tool for

practicable values of moment redistribution of continuous beams.

The numerical model used in this research was based on multi-linearised
moment curvature relationships for a propped cantilever. The model gave results of
deformational properties (i.e. curvatures, deflections and rotations). A result of
particular interest was the rotation capacity (total rotation) at the support sections in
continuous beams. Other researchers (Eligehausen and Langer, 1978), through a
series of tests on simply supported beams under point loads, modelled rotation
capacity and related it to amount of tensile reinforcement. Eligehausen studied the
steel quality and suggested a modification to the CEB-FIP Model Code 1990 to
account for the different behaviour of such sections when brittle or ductile steel were
used. He assumed two criteria of failure: crushing of the concrete and rupture of the
reinforcement. The result of his work was the development of a curve that related the

percentage of reinforcement to rotation capacity of reinforced concrete beams.

The author used the numerical model developed to calculated the rotation
capacity of idealised beams using several reinforcement ratios. This semi-parametric
study has been conducted to assess the influence of the basic limits governing the
rotation capacity of reinforced concrete beams (that is, the percentage of tensile
reinforcement). Another reason was to illustrate the model’s capabilities as a tool to
investigate the different parameters which influence redistribution. Figure 8-58 shows
the stress strain curves for the concrete in compression and the reinforcement in both
tension and compression that were used to model the beams. The stress strain
relationship of the steel in tension given in Figure 8-58 shows the following

parameters that were assumed:

A = 1.09 g,= 30000 microstrain
I

-;_” =115 gu= 50000 microstrain
y

=121 g,5= 70000 microstrain

S
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§"— = The ratio of the reinforcement rupture stress (7 ) to yield stress (f;)
y
bus = The tension reinforcement rupture strain

Table 8-25 lists the material variables as well as the geometry of the idealised
beams. The range of reinforcement ratios used was p = 0.1% to 0.6% over the
support with a fixed span reinforcement ratio of 0.65%. Two failure criteria were
tested: concrete crushing at 3500 microstrain, and steel rupture at 30000, 50000 and
70000 microstrain. Beam geometry was based on Series D beams of 150 mm overall
height and 300 mm width, with an effective depth of 123 mm with no compression
reinforcement being used in the span and support sections of the idealised beams. It
was assumed that sufficient shear reinforcement was provided to prevent shear failure.
Steel modulus of elasticity of 200 GPa was assumed. Concrete strength of 40 MPa
and a parabolic rectangular stress strain curve in accordance with BS 8110 with a
maximum strain of 3500 microstrain was assumed. The modelling procedure required

356 input and output files to be used in the chain of programs, described earlier in this

chapter.

Tables 8-26 to 29 present the modelled neutral axis depth ratios, plastic hinge
lengths and total rotations (rotation capacity) calculated using the various failure

criteria for the range of reinforcement ratios specified.

Rotation capacity was determined as the total rotation that took place after the
yield of the steel. Yield strain was assumed at 5900 microstrain at 2% proof stress.
Figure 8-59 shows the rotation capacity (total rotations) for all the idealised beams
plotted against the percentage of tensile reinforcement. The graph contains eight plots
representing the intersections of the rotations caused by the rupture of the steel and the
concrete crushing. Any point to the left of a pointed curve signifies failure through the
rupture of the reinforcement. Any point to the right represents failure through
crushing of the concrete in compression. The experimental values of series D,W and E
were also plotted. The resulting total rotations (from the modelled idealised beams)

versus percentage of tensile reinforcement were compared with the curve developed by
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Eligehausen. There was generally an agreement between the shape of the Eligehausen
curve and the resultant curves of the idealised beams. However, values of plastic
rotations do not compare because of the different geometric, material and loading
properties and conditions used in the idealised beams. Whilst the author used a
propped cantilever loaded in the middle (one degree of redundancy), Eligehausen used
a simply supported beam loaded in the middle. Furthermore, the range of steel
percentages considered was lower than that used by Eligehausen: range of
reinforcement used by the author was 0.1 to 0.6 %, Eligehausen used 0.2 to 1.2%.
Rotations obtained by the author were therefore higher.

In Figure 8-59 the predicted and measured rotation capacities of the idealised
beams are plotted as a function of the percentage of reinforcement. The roof shaped
behaviour was captured in a similar way to the Eligehausen curve. The critical
reinforcement ratio using the author’s model differed from that developed by
Eligehausen for the above-stated reasons. For reinforcement percentages smaller than
a critical value (dependent on the stress strain relationship of the steel and concrete and
the beam cross section), a beam may fail due to rupture of the reinforcement, (that is,
the ductility of the reinforcement was fully utilised). For this failure mode, the rotation
capacity decreases with decreasing reinforcement ratio. For reinforcement ratios
larger than a critical value, a beam may fail due to crushing of the concrete. It is
important to note that the author’s curves showed several critical values (in contrast to
Eligehausen’s curve) of tensile reinforcement depending on the failure criteria used
which consequently gave the failure mode of the beam. Any point to the right hand
side of a peak was seen to represent the values at which concrete fails, while any point

to the left represented the steel reaching its failure strain.

Tables 8-30 and 31 show the modelled percentage of redistribution that

occurred in the idealised beams using the various failure criteria.

The amount of redistribution increased with decreasing reinforcement ratios over the

support. Figure 8-60 shows the relationship between the two variables.

The idealisation demonstrated the following:
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1. Material, geometric and loading conditions affect the degree of rotation capacity

that may occur in a structure or a beam, thus affecting the ductility of the beam.

2. Reinforcing steel strains control the amount of rotation capacity that a beam can
undergo, i.e., different strain capacities imply different ductility levels for various
kinds of steel.

3. The ratio of tensile reinforcement used in the idealised beams influenced the degree

of ductility and moment redistribution in reinforced continuous beams.
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8.14 Summary

A method of modelling has been described and presented using available and
newly developed software to process and model the data generated by the strain
gauges. Four codes’ moment curvature relationships were modelled and discussed
using different concrete and reinforcement stress-strain relationships. Moments and
curvatures were compared at yield and ultimate. Experimental and computed moment
curvature relationships were also compared. In the uncracked portion close agreement
with experimental results was evident. However, the codes’ computed curves began to
deviate pear the point of yield and beyond. Total rotations were calculated and
compared with available measured rotations. The experimental measured plastic hinge
lengths were higher than those predicted by the numerical model using the codes
moment curvature relationships, because cracks in beams developed some distance
away from the support section. Based on the experimental and numerical modelling
results of plastic hinges, it is suggested that a safe value of the plastic hinge length may
be taken to equal 0.8d. The use of idealised flat top stress-strain curve for the steel as
used in EC 2, decreased the total rotations of the beams. An historical development of
neutral axis depth ratios was calculated up to ultimate and compared with the modelled
percentages of redistribution. The modelled neutral axis depth ratio versus
redistribution indicated that the values of (x/d) were less than those expressed in the
redistribution design curves of the codes. This implied more redistribution could occur
at lower neutral axis depth ratios while the beam was still in serviceable loads. It was
found that the ratio of tensile reinforcement was proportional to the movement of
neutral axis depth, thus influencing the amount of redistribution that may occur at any
loading stage. Codes’ curves predicted redistribution less than the experimental in the
uncracked and cracked portions. More important was the occurrence of redistribution
before cracking, resulting from overlooking the initial relative stiffnesses of the beams,
whereas current practices are based on redistribution starting on the commencement of
yield. Post yield redistribution varied from as low as 11% to 28% experimentally and
4% to 64% analytically. The amount of redistribution due to yield increased with

decreasing tension reinforcement.
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Load deflections under the point load were modelled. The analysis showed that
the computed values were smaller than the experimental ones. This is perhaps a result
of over-estimation of the beams’ flexural stiffness by the codes. The analytical curves

derived from strain gauge data show closer correlation to the experimental curves.

Curvature distributions along the beam were modelled using moment curvature
relationships derived from strain gauge data. The use of derived moment curvature
relationship from experimental data gave very close approximation of the actual
curvature diagram along the beam. It was also found that ductility factors increased

with decreasing ratios of tension reinforcement and neutral axis depth ratios.

Finally, the author conducted a semi-parametric study to evaluate the effect of
tensile reinforcement on the rotation capacity of idealised beams with certain geometric
and material properties. The idealisation was compared with similar work carried out
by Eligehausen in Germany. The results of the study showed that the model developed
relating rotation to steel percentages was reasonable and comparable with the work
carried out by Eligehausen in capturing the ‘roof-topped’ curve with a critical value for
tensile reinforcement percentage. However, numerical values do not compare well due
to the different geometric and material properties used by the author. Furthermore, the
modelling of the idealised beams indicated that more than one critical value of tensile

reinforcement ratio could exist due to the use of different failure criteria of the

concrete and the reinforcement.

The author suggests more experimental work is required on the effect of other
variables influencing the rotation capacity (i.e. compression reinforcement, shear
reinforcement, concrete grade) by testing more under-reinforced sections under
various loading conditions. The model developed by the author could be used to
examine these variables. The author suggests altering the limit of the neutral axis
depth ratio by reducing the required neutral axis depth ratio from 0.3 to 0.25 at a
maximum of 30% redistribution in the BS 8110 moment redistribution criteria, this
being based on the curves presented earlier. Furthermore, the reduction of the neutral
axis depth ratio to 0.25 is in general agreement with the current CEB-FIP Model Code

90 and the EC 2 code moment redistribution criteria.
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The author based the conclusion and recommendations presented in the next
chapter on the experimental and modelling work undertaken combined with a

philosophy adopting practicality in design.
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f=
40Mpa
E¢=200
E.=30
Section
Dimensions

b=300
d=123 h=150

P @ support variable

| b
[ J @
]
1L
Support
b 4
Td
h
AL—\L—Q ® ®
Span

Span reinforcement fixed at 0.65% b= 300 ,d=123,
h =150

p@ Support (%)

0.4 0.5 0.6

0.1 0.2 0.3

Loading

Propped cantilever loaded at centre by a point load

73

I S —

[

_\‘—7////

| ,

Table 8-25: Idealise beam properties
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% p

Tensile Reinforcement ratio.

0.6

0.5

0.4

0.3 0.2

0.1

Yield and Failure Strains

Neutral Axis Depth Ratio

at Ultimate

(microstrain)
5900 (Yield condition) 0.164| 0.146 | 0.130 | 0.112 | 0.091 | 0.064
30000 0.106| 0.093 | 0.078 | 0.063 | 0.049 | 0.031
50000 0.070( 0.069 | 0.067 | 0.059 | 0.043 | 0.026
70000 0.053] 0.052 [ 0.051 | 0.050 | 0.041 | 0.023
3500 (Concrete failure) 0.112] 0.092 | 0.075 | 0.058 | 0.041 | 0.018

Table 8-26: Calculated Neutral Axis depth ratios for the idealised beams

Plastic Hinge Lengths (mm)
%r 3% 5% 7% Ecy =0.35%
0.6 54 89.09 114.21 4911
0.5 47.46 75.03 98.01 52.08
0.4 43.68 63.02 83.88 55.01
0.3 41.22 56.35 72.53 60.92
0.2 39.95 55.81 69.42 76.93
0.1 28.87 24.09 25.67 36.29

Table 8-27: List of all plastic hinge length of the idealised beams

Plastic Rotations X 10'6(radians)
%r 3% 5% 7% €cy =035%
0.6 5473 17224 30958 4709
0.5 5049 14466 26224 6600
0.4 4507 11234 21044 7954
0.3 4056 9402 17947 11423
0.2 4132 9646 16287 21418
0.1 566 1979 2879 12054

Table 8-28: Plastic rotation calculated based on the four failure criteria
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Total Rotations x 10 -6 (radians)
%r 3% 5% 7% Ecu =0.35%
0.6 8771 22232 37163 7779
0.5 7759 18509 31312 9600
0.4 6972 14650 25434 11010
0.3 6454 12592 21828 14824
0.2 6406 12620 19866 25323
0.1 3163 4726 5697 15368

Table 8-29: Total rotation calculated based on the basis four failure criteria

% Redistribution at Yield
%r 3% 5% 7% Ecu =0.35%
0.6 303 30.3 30.32 30.3
0.5 35.67 35.69 35.7 35.69
0.4 39.31 39.31 39.31 39.3]
0.3 433 433 433 433
0.2 4721 4721 4721 4721
0.1 51.89 51.89 51.89 51.89

Table 8-30: Percent redistribution at yield using the four failure criteria

% Redistribution at Ultimate
%r 3% 5% 7% Eey =0.35%
0.6 292 27.26 25.77 2932
0.5 37.8 37.31 36.18 38.22
0.4 44 38 45,88 45.56 4578
0.3 48 3 50.65 51.52 51.14
0.2 50.88 51.7 52.28 52.47
0.1 52.2 52.27 52.31 52.56

Table 8-31: Percent redistribution at ultimate using the four failure criteria
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CHAPTER NINE

9. CONCLUSIONS

Seventeen two-span continuous beams of reinforced concrete with various

ratios of reinforcements were tested to determine the manner and degree of

redistribution of moments throughout the load history of the beams. Although the

number of specimens was limited, the following conclusions from the experimental

results and the modelled ones may be drawn:-

9.1 Experimental Results

1.

Redistribution could have started from early load stages even before the
beam was cracked due to low initial relative stiffaess and unsettled support
conditions. However, this redistribution is not significant.

Beams with larger bar diameter developed higher redistribution as a result
of more crack development along the length of the beams

Tension stiffening caused a small decrease in moment redistribution
throughout the load history up to yield. After the tension bars yielded, this
effect gradually diminished.

The relative stiffness of the beams influenced the manner and degree of
moment redistribution that took place in the test beams. As the relative
stiffness decreased, redistribution increased.

Moment redistribution in beams with low reinforcement ratios (i.e. series D,
E and W), was mainly caused by the yielding of the tension bars over the
support area.

Shear failure in a specimen could occur while beam strains are still elastic as
did occur in specimen B3T16A.

The level of strains exceeding yield strain of the tension bars in the test
beams influenced the manner and degree of moment redistribution. As the
plastic strains along the tension bars increased, moment redistribution
increased.

The use of linear regression across section Demec strains gave a clear

representation of the strain distribution on the face of the concrete.



0.

10.

11.

12.

13.

14.

The investigation demonstrated the practicality of measuring strains using
strain gauges embedded in the reinforcement. Results compared well with
equivalent Demec gauge readings. Satisfactory agreement between Demec
and strain gauge data occurred as long as the section did not crack. After
cracking, the severity of cracking controlled the correlation between Demec
and strain gauge strains.

Neutral axis depth at the support section of the test beams decreased with
constant redistribution before the tension bars yielded. Once yielding
began, redistribution continued to increase rapidly with decreasing neutral
axis depth.

The effect of increased moment on the span section due to moment
redistribution did not influence the neutral axis depth as was the case in
series B and C.

Lower reinforced beams of series D, E and W showed lower values of
neutral axis depth than series B and C. This indicated that these specimens
of series D, E and W were more ductile.

Crack formation of the test beams could be classified into two types: shear
cracks and flexure cracks. Shear cracks were diagonal and characteristic of
specimen B3T16A, series B and C, while flexural cracks of series D, E and
W were straight and smaller in number than those of series B and C. The
development of cracks in many different manners (shear, flexural and bond
slip cracking or shrinkage cracks), always effected an increase in
redistribution.

If failure in shear or by bond slip can be avoided, the moment capacity can
be achieved in the beams in both support and span sections respectively.
Furthermore, the failure of one span in shear may cause the other span to
fail in bending, but because of the rapid development of shear cracks, this
bending failure lacks the mechanism required for the development of a full

plastic hinge as was the case in some of the specimens in Series B and C.
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9.2 Modelled Results

1.

The numerical model developed by the author demonstrated that the elastic
bending moment of a propped cantilever reinforced concrete beam, with
varying reinforcement layout, can partially be justified for the short lived
uncracked portion of the moment curvature relationship. Once cracking
occurs, the basic assumption of elastic moments can no longer be held to

represent the behaviour in the beam as moment redistribution takes place.

Representative moment curvature relationships may be derived from
average strain gauge data of the test beam which can be used to model the
beam behaviour, ie. moment redistribution development, curvature,

rotation and deflection distribution can be computed.

The numerical model developed here is capable of modelling redistribution
that takes place even before cracking, due to the varying initial stiffnesses

the beam may have.

The numerical model developed in this thesis uses multi-linear moment
curvature relationships for a propped cantilever. The advantage of this is
the flexibility in the analysis and design of continuous beams using any
number of moment curvature relationships along the beam based on
different reinforcement layout. The model can also be used to model the
behaviour of stepped beams. In fact, the program can model the behaviour
of any beam regardless of its material composition, (i.e. reinforced concrete
or fibre reinforced composite beams) as long as there are sufficient data to
formulate the needed moment curvature relationships describing the

behaviour of the various sections of the beam.

Employing the principles of the second moment area theorem, in which
linearised moment curvature relationships of the propped cantilever are
known, the actual beam forces can be predicted accurately throughout the
loading history. Moment redistribution can be predicted at cracking yield

and ultimate cases. Furthermore, the iterative technique used in the
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10.

11.

numerical model can also compute the curvature, rotation and deflection

profile at any point along the beam.

The manner of redistribution was the same for all the beams, but was made

of two parts:
e Redistribution due to cracking over the support

o Redistribution due to plastic strains developing in the tension

reinforcement.

Redistribution due to yield increased with decreasing percentage of

reinforcement.

The degree of moment redistribution developing in the beams using the
codes provisions, is governed by the codes flexural stiffnesses assumptions
of the sections at both the support and span areas. The higher the concrete
modulus of elasticity, the stiffer the beam, therefore redistribution
decreases. Similarly, the increase of the concrete tensile strength would

decrease redistribution.

The numerical model developed here demonstrates its capacity to model
small variations of the moment curvature relationship, such as tension
stiffening and its effect on redistribution by its ability to calculate

redistribution at any point in the load history of the beam.

The numerical model developed calculated the plastic hinge length from the
movement of the point of contraflexure (point of zero moment) of the
modelled bending moment diagram at yield and ultimate. The rotation
capacity (total rotation at ultimate) can be determined by integrating the

computed (modelled) curvature over the plastic hinge length.

Modelled plastic hinge lengths, and consequently rotation capacity are
directly proportional to the slope of the moment curvature diagram
between yield and ultimate. Both the experimental and modelled results of
the plastic hinge length indicate that it may very between 0.6d fo 1.1d. The
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12.

13.

14.

15.

author based on experimental results and works by others, suggests an

expression for the plastic hinge length may be taken to equal 0.84d.

The assessment of ductility of the reinforced concrete section may be
undertaken by evaluating the ratio of ultimate to yield curvatures from the
moment curvature relationship of the section. It was found from both the
experimental and modelled results, that as the percentage of tensile
reinforcement increased, the ductility factor decreased. Similarly, as the

tensile reinforcement ratio increased, the neutral axis depth increased, and

ductility decreased.

From the modelled results, it can be concluded that the relative stiffness of
the beam defined by the author as the ratio of support to span stiffness
affects the amount of redistribution that takes place in continuous beams.
As the relative stiffness approaches unity, redistribution decreases to its
minimum.

The numerical method presented in this thesis can be used for calculating
the complete load-deflection behaviour of the beams. The numerical
procedure is based on the specific description of the steel and concrete
stress strain relationships and definite failure criteria. The overall accuracy

of the results depends on the accuracy of the inputted moment curvature
relationship.

The results from the numerical model demonstrated that the codes moment
curvature relationships overlook the amount of redistribution that may
occur at serviceable loads, thus underestimating the ductility continuous
beams may possess by allowing an arbitrary redistribution of elastic
moments. The amount of redistribution permitted by the various codes
varies between 20 and 35%. This cannot be fully justified, and may lead to
an underestimation of reinforced concrete ductility due to the limiting
concrete ultimate strain to a certain arbitrary value, i.e. (3000 and 3500

microstrain for the ACI and the three other codes respectively).
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16.

17.

18.

19.

The computed values from the codes moment curvature relationship
indicated that the limitations on the neutral axis depth ratio are high, when
comparing design curves to computed values. The modelled result
suggests that it may be necessary to reduce the neutral axis depth in BS
8110, such that the neutral axis depth ratio should not be greater than 0.25
when designing for maximum redistribution of 30%. The reduction of the
neutral axis depth ratio requirement of BS 8110 (although restrictive it may
be) at maximum redistribution is in general agreement with the current
design practice in both the EC 2 and the CEB-FIP Model Code. The
suggested alteration is graphically shown in Figure 9-1.

Material, geometric and loading conditions affect the degree of rotation
capacity that may occur in the beams, thus affecting the ductility of the

beams.

Ultimate strain levels of the tensile reinforcement may be used as a failure

criterion to control the amount of rotation capacity that a beam can

undergo.

The modelled results of the idealised beams in section 8.13 suggest that
there is more than one critical value of the amount of tensile reinforcement
when plotted against the rotation capacity of a section. The reason for this
being that different failure criteria and different geometric and loading
conditions used in the modelling affect the movement of the point of the
critical reinforcement ratio of the section. The results suggest that for
reinforcement percentages smaller than a critical value, the section may fail
due to the rupture of the reinforcement. For this failure mode, the rotation
capacity decreases with decreasing reinforcement ratio. For reinforcement
ratios larger than a critical value, the beam may fail due to crushing of the
concrete. As the results indicated, a specific value for the critical
reinforcement ratio cannot be defined. The author sees this as a significant
result, since previous modelling done by Eligehausen and Langer (1987)
defined only one critical reinforcement ratio. This does not entirely agree

with the results obtained here.
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9.3 Recommendations for Further Work

Based on the experimental and the modelled results obtained using the numerical
model ARMUNY, and the graphs produced in Chapter Eight of percentage of

redistribution versus neutral axis depth ratio, the author suggests the following for
further work:

Experimental Work

The experimental investigation presented in this thesis in Part One was done on
limited reinforcement ratios and one class of concrete. The author suggests
that further experimental work should be done on percentages of reinforcement
between 0.2 up to 1.2 with 12, 10 and 8 mm bar diameters with varying ratios
of compression reinforcement and different concrete grades. The reason for
this, in the author’s view, is to investigate whether a critical value of
reinforcement as Eligehausen and Langer (1987) recommended actually exists.
The author further suggests the use of accurate electrolevels in conjunction

with strain gauge data to obtain satisfactory measured values of rotations.

Numerical Modelling

A.The model developed by the author is a flexible tool and can be used to model
propped cantilevers loaded by a point load at any position along the beam.
Therefore, it can be used as the basis for further modelling. The author
recommends the model can be further developed to model beams with many point
loads and uniformly distributed loads. Such developments will facilitate the use of
the model as a parametric tool to investigate and model a variety of beams with
different ratios of reinforcement. Furthermore, the author recommends that the two
main modelling programs BSECT and ARMUNY, the first being developed by

Scott and the latter by the author, can be merged to formulate a comprehensive
model.
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BS 8110 and the Proposed Design Criteria

Proposed
.3 Design
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Figure 9-1: Proposed alteration to the BS 8110 redistribution criteria
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