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Geometry of generalised spaces of persistence diagrams

and optimal partial transport for metric pairs

Mauricio Che Moguel

Abstract

In this thesis, we study the geometry of two families of metric spaces that
can be defined over a metric pair. We first focus on generalised spaces of
persistence diagrams over metric pairs. We prove that the construction of
these metric spaces is functorial and preserves certain geometric properties
of the underlying space, namely completeness, separability, geodesicity, and
non-negative curvature in the sense of Alexandrov. We also study the continuity
of these constructions with respect to Gromov—Hausdorff convergence. We
then move on to spaces of Radon measures endowed with the optimal partial
transport metrics introduced by Figalli and Gigli. We adapt results from
Figalli and Gigli’s work to the class of proper metric pairs. Furthermore, we
prove that when endowed with the L2-optimal partial transport distance, the
resulting space of Radon measures is a non-negatively curved Alexandrov space,
whenever the underlying space has the same property. This result is new, even
in the Euclidean setting considered by Figalli and Gigli. Finally, in an appendix,
we study basic properties of Gromov—Hausdorff convergence for metric pairs.
We prove that this convergence is metrisable in the context of proper metric
pairs, and present versions of the classical embedding, completeness, and

precompactness theorems.

Supervisor: Fernando Galaz-Garcia
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CHAPTER ].

Introduction

Two of the most fundamental concepts in mathematics are those of metric and
measure. The interaction between these notions is at the heart of the theory of

optimal transport.

Originating in the work of Gaspard Monge, optimal transport formalises the idea of
comparing distribution of masses by taking into account the geometry of the space
(see [15, 54] for a historical summary). This level of abstraction is sufficiently robust
to allow for applications in different contexts. For instance, during the 80s and 90s,
Brenier [6, 7], Jordan, Kinderlehrer and Otto [35] established connections between
optimal transport and partial differential equations modelling physical phenomena

such as fluid mechanics and gas dynamics.

Another important application of optimal transport is related to the concept of
curvature. Namely, during the late 90s and early 2000s, due to the combined work
of Cordero-Erausquin, McCann, Schmuckenschléger, [21, 22], Otto, Villani [45], von
Renesse and Sturm [55], it was discovered that there is an equivalence between
the existence of lower Ricci curvature bounds on a Riemannian manifold and the
convexity of certain entropy functionals on the space of probability measures over
that manifold, endowed with a metric induced by an optimal transport problem.
This in turn led to the development of the theory of lower Ricci curvature bounds

on general metric measure spaces by Lott, Sturm and Villani [39, 50, 51].




1. Introduction

One more instance where optimal transport has found applications is in the fast-
growing field of Topological Data Analysis (TDA). Namely, optimal transport can be
used to define metrics between persistence diagrams. We now give a brief description

of this setting.

Consider collections of simplicial complexes {K;}tcr and maps {¢5': Ky — K;}s<t
such that (5! o /™% = ™! for any r < s < t, and 5° = idg,. Common simplicial
filtrations are given by Vietoris—Rips complexes associated to given point-clouds in
R™, or by looking at sublevel sets of sufficiently nice functions on a topological space
(see, for example, [25]). By looking at the homology groups of simplicial complexes
in such a filtration, we get a one-parameter family of modules { He(K})}tcr and
linear maps {L;f: Ho(Ks) — Ho(Kt)}s<t, which together define a persistent module.
Under very general assumptions, it is possible to describe such a persistent module
with a multiset of points in RZ = {(z,y) € R? : z < y}, which is what we call the

persistence diagram associated to the filtration (see [23] for details).

For statistical applications, it is useful to consider the set of all persistence diagrams
and endow it with a metric (see, for example, [41]). We can define a one-parameter
family of metrics between persistence diagrams, motivated by optimal transport, as

in the following definition.

Definition 1.0.1. Given two persistence diagrams o, 7, and some p € [1,00), the
LP-Wasserstein metric between o and 7 is

1/p
dy(o,7) = inf (Z |z — (b(x)\p) , (1.1)

¢: 0= \ieo
where ¢: 0/ — 7/ runs over all possible bijections between o’ ~ o and 7/ ~ 7, where
o' ~ o means that ¢’ and o only differ by points in A = {(z,y) € R? : x = y}. The
function d,, defines a metric on the set of equivalence classes of persistence diagrams
o satisfying

Z dist(z, A)P < oo,

rEoT

which defines the space of p-persistence diagrams, denoted by Dp(Rzz, A).

2



1. Introduction

The definition of d), is motivated by the fact that usually, in applications, points in a
persistence diagram that are close to A may be regarded as noise in the corresponding

filtration, whereas points far from A represent more relevant topological features.

The spaces Dp(RQZ, A) have been studied by several authors. We know, for instance,
that Dp(IR227 A) is complete, separable and geodesic for any choice of p € [1,00)
[41]. There are also explicit descriptions of geodesics in Dp(RQZ, A) [20]. Moreover,
Dy (]RQZ, A) is an Alexandrov space with non-negative curvature [53]. These proper-
ties have been used to address the existence of barycentres of probability measures
defined on D, (RQE, A), as well as to device algorithms converging to such barycentres
[41, 53]. Other approaches have been oriented towards the study of embeddings of
the space of persistence diagrams into vector spaces, with the hope of more compu-
tationally efficient methods [4, 11, 42, 56]. In this direction, it is also important to
understand the geometry of the space of persistence diagrams to get information

about such maps.

Coming back to optimal transport, an important restriction for the classical for-
mulation is that it is applicable only to measures with identical total mass, and
it is therefore interesting to explore ways to define optimal transport between
unbalanced measures. Different approaches have been proposed (see, for example,
[14, 19, 26, 27, 31, 38| and references therein), and very recently, Savaré and Sodini,
in [49], presented a general framework that includes previous approaches in the case

of finite Radon measures.

In [27], Figalli and Gigli introduced a generalisation of optimal transport to the set-
ting of positive Radon measures on bounded domains in Euclidean space, motivated
by finding solutions to evolution equations with Dirichlet boundary conditions, by
interpreting such equations as gradient flows of certain energy functionals defined on
spaces of positive Radon measures endowed with optimal partial transport metrics,
in the spirit of Jordan-Kinderlehrer-Otto scheme [35]. The idea behind optimal
partial transport on a bounded domain 2 C R” is that we can use the boundary

0f) as an infinite source of mass that we can freely use to compensate the difference
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in the total mass of the measures we are comparing, provided that we pay the extra

cost of transporting mass from and to it.

More recently, in [24], Divol and Lacombe extended this theory to unbounded
domains ©Q C R2?, obtaining spaces of Radon measures that we will denote by
M,(Q,00) (see Chapter 4 for precise definitions), and proved that the space of
persistence diagrams D,,(RZZ, A) can be isometrically embedded into the space of

measures Mp(R%, A).

Our contributions

In the first part of this thesis, which is based on the articles [17, 18], we study the
following generalisation of the spaces DP(RQZ, A). Consider a metric pair (X, A),
i.e. an ordered pair consisting of a metric space X and a closed, non-empty A C X.
Then we can define persistence diagrams in the metric pair (X, A) as finite or
countably infinite multisets of points in X, and define, for any p € [1,00), the LP-
Wasserstein metric between persistence diagrams in analogy to equation (1.1). This
defines a one-parameter family of metric spaces D, (X, A). We study properties of
D,(X, A) inherited from the underlying metric pair (X, A). The following theorem
generalises known results for the spaces Dp(]RQZ, A) and its proof follows similar ideas
to those in [20, 41, 52, 53]. Also note the overlap with [10], which is independent

from [17, 18] and came out after earlier versions of the latter articles.

Theorem A. Let (X, A) be a metric pair and p € [1,00). Then the following

conditions hold:

1. Dy(X,A) is complete whenever X is complete.
2. Dp(X, A) is separable whenever X is separable.

3. Dp(X, A) is geodesic whenever X is proper and geodesic.
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4. Do(X, A) is a non-negatively curved Alexandrov space whenever X is a proper

non-negatively curved Alexandrov space.

A particularly interesting consequence of Theorem A is that Do(X, A) inherits
the structure of Alexandrov space from the underlying space X, at least in the
non-negatively curved case. Alexandrov spaces are generalisations of Riemannian
manifolds with sectional curvature uniformly bounded from below. One of the
aspects in which this spaces are similar to Riemannian manifolds is that it is possible
to define the space of directions at any given point, which is a natural generalisation
of the set of unit tangent vectors at a given point in a Riemannian manifold. We
discuss the following result relating spaces of directions of the space Da(X, A) with

the spaces of directions of the underlying space X.

Theorem B. Let (X, A) be a metric pair such that X is a proper, non-negatively
curved Alezandrov space. Let 0,0’ € Do(X, A) and &,& € Geo(Dy(X, A)) be such
that & = &, = oa, & = o, & = o, and such that & = {& :x € o}} and
& ={{& : 2" € o'}} for some {€7}seo, {€ }weor C Geo(X). Then

da(0,04)d2(0’,04) cos £(€,¢&) = Z d(xz, A)d(¢(x), A) cos L(£*, £¢>(x))7

TET

for some bijection ¢: T — 7' between T C o and 7' C o', and such that £ = gg’(x)

forallx e .

It is also natural to consider Do (X, A), the set of persistence diagrams such that
Sup,c, dist(x, A) < oo, endowed with the bottleneck distance, i.e. the function
we obtain in equation (1.1) when we replace the LP-norm of {d(x,$(z))}res by
the corresponding L*°-norm. In general, Do (X, A) is not a metric space, but a
pseudometric space. This makes the proofs of some of its geometric properties more
technical, and we do not carry out those details in this thesis. Such discussion can be
found in [18]. However, we address the continuity of the maps (X, A) — D,(X, A),
for p € [1, 00], with respect to the Gromov-Hausdorff convergence. We obtain the

following result.
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Theorem C. Let {(X;, A;) bien be a sequence of metric pairs converging Gromov—
Hausdorff to a metric pair (X, A) (see Definition 3.7.1). Then the sequence
{(Doo(Xi, Ai),04,) }ien is pointed Gromov-Hausdorff convergent to (Doo(X, A),04).
On the other hand, for any p € [1,00) there are convergent sequences {(X;, Ai)}ien
such that the sequence {(Dp(X;, Ai),04,)tien is not convergent. In particular, when
restricted to proper metric pairs (i.e. (X, A) such that X is proper), D, is continuous

if and only if p = oco.

The notion of Gromov-Hausdorff convergence for metric pairs mentioned in Theorem
C was introduced in [17]. This concept, which is of interest by itself, is further
studied for the sake of completeness in Appendix A, based on [1]. The main result
in the Appendix is the metrisability of the Gromov-Hausdorff convergence of proper
metric pairs, which proves that the map (X, A) — (Dso(X,A),04) is not only
sequentially continuous, but continuous, when restricted to proper metric pairs.

More precisely, we prove the following.

Theorem D. There is a metric dgy in the class of proper metric pairs which

induces the corresponding Gromov—Hausdorff convergence.

In the second part of this thesis, which is based on the manuscript [16], we consider
a natural extension of the optimal partial transport problem introduced by Figalli
and Gigli in [27, Problem 1.1] to the setting of proper metric pairs. Namely, given
a proper metric pair (X, A), and a parameter p € [1,00), the space Mp(X, A) of

positive Radon measures p on X \ A satisfying

/ d(z, AP du(x) < oo
X\A
can be endowed with the metric

(1.2)

1/p
Wb, (u,v) = inf (/d z,y)P dy(x, )
p (1, V) e Adm () (z,y)" dvy(z,y)

where Adm(u, v) is the set of partial transport plans between p and v (see Section

4.2 for precise definitions).
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We adapt statements and proofs from [2, 24, 27] to obtain a self-contained exposition

about basic aspects of optimal partial transport for proper metric pairs.

Theorem E. Let (X, A) be a proper metric pair, and fix p € [1,00). Then for any
v € My(X,A) there exists an optimal partial transport plan, i.e. a minimiser in

Equation (1.2). Moreover, Wb, defines a metric on M,(X,A).

In the proof of Theorem E, we fix an oversight in the argument for [24, Proposition
3.2], following ideas from [2] (see the proofs of Theorem 4.2.7 and Theorem 4.2.10

for details).

We also prove a characterisation of optimal partial transport plans in terms of
cyclical monotonicity and the existence of Kantorovich potentials, in analogy to
the characterisation of classical optimal transport, adapting arguments from [2, 27]

(see Theorem 4.3.1).

Based on [2, 27], we obtain that the spaces M, (X, A) inherit properties of the
metric pair (X, A), namely completeness, separability, geodesicity, the non-branching
property, and non-negative curvature in the sense of Alexandrov (see Theorems
4.4.1,4.5.1,4.5.7, and 4.6.1 for details). We point out that item 4 in Theorem F
below is new, even in the Euclidean setting considered by Figalli and Gigli in [27],

although the argument is an adaptation of the proof of [2, Theorem 2.20].

Theorem F. Let (X, A) be a proper metric pair, and fix p € [1,00). Then the

following conditions hold:

1. M,(X,A) is complete and separable.
2. If X is geodesic, then M, (X, A) is geodesic.
3. If X is geodesic and non-branching, then M,(X, A) is non-branching.

4. If X is a non-negatively curved Alexandrov space, then Mo(X, A) is a non-

negatively curved Alexandrov space.
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We adapt [24, Proposition 3.5] to the setting of proper metric pairs, which yields
that the generalised spaces of persistence diagrams are isometrically embedded into
the spaces of optimal partial transport with the corresponding metrics (see Theorem

4.7.2 for details).

Theorem G. The space Dy(X, A) can be isometrically embedded into Mp(X, A)

for any metric pair (X, A) such that X is proper, and any p € [1,00).

Observe that item 3 in Theorem F combined with Theorem G implies that D, (X, A)
is non-branching for any p € (1,00), whenever X itself is non-branching. This
result is new in the general setting of proper metric pairs. Also observe that item 4

in Theorem F combined with Theorem G gives an alternative proof of item 4 in

Theorem A.

Finally, as another consequence of Theorem G, we get that M,(X, A) has infinite
Hausdorff, covering, asymptotic, Assouad and Assouad—Nagata dimensions for any
p € [1,00), whenever (X, A) is a proper metric pair satisfying the hypotheses of [17,
Proposition 7.3]. In particular, item 4 in Theorem F, applied to proper metric pairs
satisfying the hypotheses of [17, Proposition 7.3], yields a new, systematic way to
construct infinite-dimensional Alexandrov spaces, which is a class of spaces that is

not yet well-understood (see, for example, [43, 47, 57, 58]).




CHAPTER 2

Preliminaries

In this chapter we fix notation and terminology that we use in the rest of the thesis,
following [2, 12, 13, 54] as the main references. In section 2.1 we describe general
notions related to metric spaces. In section 2.2 we review Alexandrov spaces and
related notions. In section 2.3 we recall the definition and basic properties of the
Gromov—Hausdorff distance between metric spaces. Finally, in section 2.4 we deal

with notation and basic results about classical optimal transport.

2.1 Basics of metric spaces

Let us recall some basic definitions and fix notation related to metric spaces.

Definition 2.1.1. Let X be a set. A map d: X x X — [0,00] is an extended
pseudometric on X if it is symmetric, satisfies the triangle inequality and d(z,z) = 0
for any x € X. A pseudometric on X is an extended pseudometric d satisfying
d(z,y) < oo for any z,y € X. An extended metric on X is an extended pseudometric
d such that d(x,y) = 0 if only if z = y. A metric on X is an extended metric such
that d(x,y) < oo for any x,y € X. We call (X,d) an (extended, pseudo) metric
space if d is a (extended, pseudo) metric on X. Whenever d is clear from the context,

we simply write X instead of (X, d).

The open ball of radius 7 around x is the set Bd(z) = {y € X : d(z,y) < r}, whereas
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Ef () denotes the corresponding closed ball. Moreover, for any A C X, we denote
by B4(A) = {z € X : d(x, A) < r} the open neighbourhood of radius r around A,
whereas Ef(A) denotes the corresponding closed neighbourhood. Again, whenever d

is clear from the context, we drop the dependence on d from the symbols above.

We say that a metric space X is proper if the closed ball B, (p) is compact for any

r >0 and any p € X.

Definition 2.1.2. We denote by Met the category whose objects are metric spaces
and whose morphisms are Lipschitz maps. On the other hand, Metp,;, is the category
of metric pairs, i.e. ordered pairs (X, A) where X is a metric space and A C X
is closed and non-empty, and whose morphisms are relative Lipschitz maps, i.e.
Lipschitz maps f: X — Y such that f(A) C B, where (X, A), (Y, B) € Metp,j.
If we restrict our attention to metric pair (X, A) where A is a singleton, we talk
about pointed metric spaces and pointed Lipschitz maps. We denote the category
of pointed metric spaces by Met,. Similarly, we define the categories PMetp,;, and

PMet, of pseudometric pairs and of pointed pseudometric spaces, respectively.

Definition 2.1.3. Let X be a metric space. We denote by C([a,b], X) the space
of continuous curves £: [a,b] — X, endowed with the uniform metric. For any
t € [a,b], e:: C([a,b], X) — X is the evaluation map given by e;(§) = & = £(t). The

length of a continuous curve £ € C([a,b], X) is

n—1
L(y) = sup {Z d(y(t:), v(tm))} :
=0

where the supremum is taken over all finite partitions a =tog <t; <--- <t, =b of

the interval [a,b]. We say that X is a length space if
d(z,y) =inf {L(&) : £ € C([a,b], X), &a =z, &=y} (2.1)

Any continuous curve &: [a,b] — X with finite length can be re-parameterised with
constant speed (see [12, Proposition 2.5.9]). This means that, in that case, we can

assume that [a, b] = [0, 1] and that there is some v > 0 such that, for any s,t € [0, 1]

10



2.1. Basics of metric spaces

we have

L(E[s,q) = vls —t].

Definition 2.1.4. A constant speed geodesic, or simply a geodesic, is a continuous

curve ¢ € C([0,1], X) such that

d(&s. &) = d(&o,&1)]s —

for any s,t € [0,1]. We denote by Geo(X) the space of geodesics in X, endowed
with the uniform metric. We say that X is a geodesic space if for any x,y € X there

exists £ € Geo(X) such that §g = z and & = y.

It is known that if X is a complete, separable and geodesic space, then Geo(X),
endowed with the uniform metric, is complete and separable (see [2, Section 3.2]).
Moreover, if X is a proper space then Geo(X) is proper as well, by the Arzela-Ascoli

theorem.
Definition 2.1.5. We say that a geodesic space X is non-branching if for any

t € (0,1) the map (ep,et): Geo(X) — X x X is injective.

We conclude this section by briefly recalling the definition of the Hausdorff dimension

(see [12, Section 1.7] for further details).

Let X be a metric space and denote the diameter of a subset S C X by diam(S).

For any § >0, >0and A C X, let

1€EN 1€N

HO(A) = inf {Z(diam(&))‘s :AC U S; and diam(S;) < 5} .
If no such covering exists, then by convention H2(A) = oc.
Definition 2.1.6. The §-dimensional Hausdorff measure of A is given by
SOAY e Ti g0
HO(4) = ws -l HE(A),

where ws > 0 is a normalisation constant such that, if § is an integer n, the n-

dimensional Hausdorff measure of the unit cube in n-dimensional Euclidean space

11



2.2.  Alexandrov spaces

R"™ is 1. The Hausdorff dimension of X is the number

dimyy (X) = sup{d : H*(X) >0} =sup{d: H*(X) = o0}

=inf{d: H(X) =0} =inf{d: H(X) < o0 }.

2.2 Alexandrov spaces

Alexandrov spaces are synthetic generalisations of Riemannian manifolds with
sectional curvature bounded from below. This generalisation comes from the
classical Toponogov’s comparison theorem in Riemannian geometry (see [29, Section

6.4] and [40, Theorem 2.2]).

More precisely, the n-dimensional model space with constant sectional curvature k
is given by
S’Vl

K

if Kk >0,
Mi =4 R, ifk=0,
HY, if k<O,

where S} and H! are the sphere and the hyperbolic space with their canonical

metrics re-scaled by 1/+/|k|.

Definition 2.2.1. A geodesic triangle Apqr in X consists of three points p, ¢, € X
and three minimising geodesics [pq|, [gr], [rp] between those points. A comparison

triangle in M2 for Apqr is a geodesic triangle Aﬁpqr = Apgr in M2 such that

d(p,q) = d(p,q), d(q,7) = d(g,r), d(7,p) = d(r,p).

Definition 2.2.2. We say that X is an Alezandrov space with curvature bounded
below by K, and denote it by curv(X) > &, if X is complete, geodesic and satisfies

the following condition (see Figure 2.1):

(T,) For any geodesic triangle Apgr, any comparison triangle A,pgr in M2 and

any point € [gr], the corresponding point & € [¢7] such that d(q,Z) = d(q, )

12



2.2.  Alexandrov spaces

x
X M
Figure 2.1: Apgr is a comparison triangle for Apgr in M2. Condition (T,) means

that d(p,x) > d(p, ), for any = € [¢gr] and the corresponding point z € [¢r] such
that d(q,x) = d(q, ).

satisfies
d(p,z) > d(p, 7).
Condition (T,) is equivalent to the following:

(A,) For any p € X and any &1, €2 € Geo(X) such that & = €2 = p, the function
(s,t) — Z,{‘fslpfg is non-increasing in both s and ¢, where Zﬁgslpff denotes the

angle at p in the comparison triangle A,{fgpﬁ? .

Remark 2.2.3. Observe that condition (Ty) can be formulated as follows: for any

geodesic triangle p, ¢, € X, any geodesic £ € Geo(X ) with g = ¢ and & = r,

d(p,&)* = (1 —t)d(p,q)* + td(p,7)* — (1 — t)td(q,7)* (2.2)

holds for any ¢ € [0,1]. This is due to the right hand side of the inequality above

being the square of |p — §~t| in the comparison triangle Agpgr.

Remark 2.2.4. Condition (A,) implies that the angle between ¢!, ¢2 € Geo(X)
with & = fg, given by
T2y _ i T oel g2
£(€,67) = lim Li&opg
is well-defined. Geodesics that make an angle zero determine an equivalence class

called geodesic direction. The set of geodesic directions at a point p € X is denoted

13
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by E;. When equipped with the angle metric £, the set E; is a metric space. The
completion of (E;, A{) is called the space of directions of X at p, and is denoted by
Y, Note that in a closed Riemannian manifold the space of directions at any point
is isometric to the unit sphere in the tangent space to the manifold at the given

point.

2.3 Gromov—Hausdorff convergence

Let us also recall the definition of the Hausdorfl distance between subsets of a

metric space.

Definition 2.3.1. For subsets A and B of a metric space (X,d), the Hausdorff

distance of A and B is defined as
dfi(A,B) =inf{¢ >0: A C B.(B) and B C B.(A)}.
Here, we use the convention that the infimum of an empty set is oco.

Definition 2.3.2. Let (X, dx) and (Y, dy) be metric spaces. Then the Gromov—

Hausdorff distance between (X, dx) and (Y, dy) is defined as
don(X,Y) = inf {df (X, V) }
where d runs over all admissible metrics on X 1Y, i.e. metrics such that

dlxxx = dx,

dlyxy =dy.

The previous definition allows for spaces with infinite Gromov—Hausdorff distance.
However, when restricted to compact spaces, dgy defines a metric. When dealing
with non-compact spaces, though, it is customary to use the pointed Gromov—

Hausdorff convergence (see, for example, [12, Chapter 8] or [32]).

14
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Definition 2.3.3. A sequence {(Xj, a;)}ien C Met, is pointed Gromov-Hausdorff
convergent to (X, a) € Met, if there exist sequences {&;};cn and {R;};en of positive

numbers with &; \, 0, R; / 0o, and maps ¢;: Bg,(a;) — X satisfying the following:
L Jdx,(z,y) — dx(¢i(2), ¢i(y)| < &; for any z,y € Bp,(a;);
2. dif* (¢i(ai),a) < e
3. Br,(a) C Be,(¢i(Br,(a:)))-

We denote the pointed Gromov-Hausdorff convergence by

(X a;) 2 (X, a).

2.4 Optimal transport and measure theory

Let us now recall basic notions of optimal transport that we will need in Chapter 4.
Let X be a metric space, B(X) be the set of Borel measures on X, and P(X) be
the set of Borel probability measures on X, i.e. the set of measures p € B(X) such

that pu(X) = 1.

Definition 2.4.1. For any Borel measurable map T: X — Y between metric

spaces, the push-forward map Ty : P(X) — P(Y) is given by
Tyu(E) = (T~(E))
for any Borel set £ C Y.

Definition 2.4.2. The support of a Borel measure p, denoted by supp(u), is the
smallest closed set E C X such that u(X\ E) = 0. We also say that u is concentrated
on a Borel measurable set £ C X if u(X \ E) = 0. In particular, supp(u) can also

be defined as the smallest closed set where p is concentrated.

Let us recall the following Borel measurable selection principle (see, for example, [3,

Theorem 1]).
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2.4. Optimal transport and measure theory

Theorem 2.4.3. Let X and Y be complete and separable metric spaces, and E a
closed, o-compact (i.e. E can be covered with countably many compact sets) subset
of X xY. Ift': X x Y — X is the projection onto the first factor, then 7' (E) is a
Borel set in X and there exists a Borel measurable map ¢: 7' (E) — Y whose graph

is contained in E.

Definition 2.4.4. Given u,v € P(X), we say that v € P(X x X) is a transport
plan between p and v if W#'y = p and 7@7 = v, where 7', 72: X x X — X are

the coordinate maps. The set of transport plans between p and v is denoted by

Adm(p, v).

Definition 2.4.5. Fix p € [1,00) and p,v € P(X). The optimal transport problem

for p, v € P(X) with cost function c(z,y) = d(x,y)P is the following:
To minimise the total cost /d(m, y)? dvy(x,y) over v € Adm(u,v). (OT)

Any solution « for (OT) is an optimal plan between p and v. The set of optimal

plans between p and v is denoted by Opt(u, v).

Under very general assumptions on the space X, and the probability measures u
and v, problem (OT) can be solved (see, for example, [54, Theorem 4.1] for a more

general result).

Theorem 2.4.6. Let X be a complete and separable metric space, and p,v € P(X)

such that
/ d(z, z0)P d,u(x),/ d(y, zo)? dv(y) < oo (2.3)
b's X

for some (and therefore any) xo € X. Then Opt(u,v) # @. Moreover, in that case,

1/p
W,(u,v) = min (/da:, Pdy(x, )
p(psv) e Adm) (z,y)? dvy(z,y)

defines a metric on Pp(X), the set of measures in P(X) satisfying (2.3).

The following result, commonly known in the optimal transport jargon as the Gluing
Lemma, plays a role in the proof of Theorem 2.4.6 (see, for example, [54, p. 11] or

[2, Lemma 2.1] for details).
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2.4. Optimal transport and measure theory

Theorem 2.4.7. Let p', 1%, 1 € P(X), and consider v'? € Adm(u', ), and

7?3 € Adm(p?, ). Then there exists 123 € P(X x X x X) such that

7_‘_;/:2(,)/123) _ ,)/12,
7&;&3(7123) — ,)/23'

More generally, if Tt € P(XY), T? € P(X?), and F': X' — X, i = 1,2, are
measurable maps such that F#Fl = F;lﬁ, then there exists

A

I'e P({(z1,32) € X' x X% : Fl(21) = F?(22)})

such that W;/:f‘ =TI%i=1,2.

It is also possible to characterise optimal plans in terms of cyclical monotonicity

and Kantorovich potentials.

Definition 2.4.8. Let ¢: X x X — R be given by c¢(z,y) = d(z,y)? for a fixed
p € [1,00). We say that a set I' C X x X is c-cyclically monotone if, for any n € N,
any {(z;,v;)}i~; C I" and any permutation o of {1,...,n},

n n

> dlwi, i) Z (i, Yoiy )

=1 =1

holds. The c-transform of a function ¢: X — R U {—o0} is given by

¢°(y) = inf {d(z,y)" - é(2)}.

We say that a function ¢: X — R U {—o0} is c-concave if there exists a function

: X — RU{—o00} such that ¢(x) = ¥°(x).

The c-superdifferential of a c-concave function ¢ is the set
950 ={(z,y) € X x X : c(z,y) = ¢(z) + ¢°(y) }-

We have the following characterisation of optimal plans, which is a particular case

of [54, Theorem 5.10].

17



2.4. Optimal transport and measure theory

Theorem 2.4.9. Let X be a complete and separable metric space, p,v € Pp(X),

and v € Adm(p,v). Then the following conditions are equivalent:

1. v € Opt(p,v);
2. supp(7y) is c-cyclically monotone;

3. There is a c-concave function ¢ (known as a Kantorovich potential of v) with

max{0, ¢} € L' (n) and supp(y) C 95 ¢.

We will also need to deal with different kinds of convergence of measures.

Definition 2.4.10. A sequence {u},en of bounded Borel measures on X is weakly

convergent to p, and we write i, — p, if

/fdun%/fdu for any f € Cp(X),
X X

where Cp(X) is the set of continuous and bounded functions on X.

The following result is a particular case of the classical Prokhorov’s theorem (see

[37, Theorem 4.2]).

Theorem 2.4.11. Let F be a set of bounded Borel measures on a proper metric
space X. Then F is weakly relatively compact (i.e. every sequence in F has a weakly

convergent subsequence) if and only if the following conditions hold:

1. F has uniformly bounded total variation, i.e. sup{u(X): p € F} < oo,
2. F is tight, i.e. for any € > 0 there exist a compact set K C X such that
sup{u(X \K) :pe F} <e.
An even weaker notion of convergence is that of vague convergence of Radon

measures.

Definition 2.4.12. A Radon measure p on X is a Borel measure that is both finite

on compact sets (i.e. u(K) < oo for any compact set K C X) and inner reqular (i.e.
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2.4. Optimal transport and measure theory

for any Borel measurable set £ C X, u(FE) can be approximated from below by the
measures of compact sets K C E). We denote by M(X) the set of Radon measures
on X.

Remark 2.4.13. If X is a separable and locally compact metric space, any Borel
measure on X that is finite on compact sets is also inner regular (see, for example,
[28, Theorem 7.8]). Throughout Chapter 4, where we will focus on proper metric
spaces (which, in particular, are separable and locally compact), we will therefore
only need to verify finiteness on compact sets in order to prove that a Borel measure

is Radon.

Definition 2.4.14. A sequence {py,}nen of Radon measures on X is vaguely

convergent to p, and we write i, — pu, if

/ f duy, —>/ fdu forany feC.(X), (2.4)
X X

where C.(X) is the set of compactly supported continuous functions on X.

Lemmas 2.4.15 and 2.4.16 below are adaptations of known results about the vague
topology in the setting of separable, locally compact metric spaces (see [36, Section

15.7] for details). In particular, these results are applicable to proper metric spaces.

Lemma 2.4.15. Let X be a separable, locally compact metric space, and let

F C M(X). Then F is vaguely relatively compact if and only if
sup{y(K) :vy € F} <
for any compact K C X.

Lemma 2.4.16. Let X be a separable, locally compact metric space, and let

{Vn}tnen € M(X). Then the following are equivalent:

1. v >~ for some v € M(X).
2. For any bounded open U C X and any bounded closed F' C X,

A(U) < liminfy, (U)
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and

Y(F) > lim sup v, (F).

n—oo
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CHAPTER 3

Generalised spaces of persistence

diagrams

3.1 Introduction

In this chapter we study the geometry of spaces of generalised persistence diagrams,
based on the articles [17, 18]. These spaces provide a general construction over
metric pairs that includes the spaces DP(RQZ, A) as defined in the Introduction

(Definition 1.0.1). Related spaces have been studied independently in [9, 10].

In section 3.2 we define the generalised spaces of persistence diagrams D, (X, A)
and the LP-Wasserstein metrics on them; we also prove that the maps (X, A) —
Dy (X, A) are functorial. In section 3.3 we prove the existence of optimal bijections
between generalised persistence diagrams in the setting of proper metric spaces.
In sections 3.4, 3.5 and 3.6 we discuss completeness, separability, and geodesics
of the space Dy(X, A), as well as the structure of Alexandrov space of Dy(X, A),
proving Theorems A and B along the way. Finally, in section 3.7, we discuss
the continuity of the maps (X, A) — (Dp(X, A),04) with respect to the Gromov—

Hausdorff convergence, proving Theorem C.
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3.2. Spaces of persistence diagrams

3.2 Spaces of persistence diagrams

Let (X,d) be a metric space and fix p € [1,00). Let D(X) be the set of finite or
countably infinite multisets of points in X and let cjp: D(X) x D(X) — [0, 00] be
given by

@7 = int 3 d,g(a)) (31)

where ¢ ranges over all bijections between ¢,7 € 15(X ). Here, by convention, the
infimum of an empty set is infinite. Therefore, we have d,(,7) = oo whenever &

and 7 do not have the same cardinality.

Lemma 3.2.1. The function Jp is an extended pseudometric on ﬁ(X)

Proof. 1t is clear that Jp is non-negative and symmetric. The triangle inequality
may be proved as follows: if p,o,7 € ﬁ(X ) have the same cardinality and ¢: p — &

and 1: ¢ — T are bijections, then ¢ o ¢: p — T is also a bijection, therefore

1/p
dp(p,7) < | Do d(w, o cb(w))”)

xGE

IN

1/p
> (d(z, ¢(x)) + d((z), ¢ 0 ¢(ﬂf)))p)

xeﬁ

1/p 1/p
> dla, ¢(w))p) + (Z d(¢(x), o ¢>(fv))p)

er a:E;

1/p 1/p
= Zd(w,qﬁ(x))p) + (Zd(%wy))p) :

xeﬁ yeE

IN

Taking the infimum over bijections ¢ and ¥ we get the claim. If the cardinalities
of p,o,7 are not the same, the inequality is trivial, since both sides or just the

right-hand side would be infinite. O

Given two multisets ¢ and 7, we define their sum o + 7 to be their disjoint union.

We can make 25(X ) into a commutative monoid with monoid operation given by
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3.2. Spaces of persistence diagrams

taking sums of multisets, and with identity the empty multiset. It is easy to check
that Jp satisfies

dp(0,7) 2 dp(p+0,p+7) (3.2)

for all o,7,p € ZS(X) Indeed, any bijection ¢: ¢ — 7 can be extended into a
bijection ¢': & + p — 7 + p by defining ¢'(x) = ¢(x) whenever z € 5 and ¢'(z) =z
whenever z € p, and clearly

S dlw, 0@y = 3 dw ¢ @) > dy(G+ 57+ )

z€5 zE€T+p
From now on, let (X, A) € Metp,i,. Given 7,7 € ZS(X), we write o ~4 T if there
exist @, 3 € 15(14) such that 6 + & = 7+ 3. It is easy to verify that ~ 4 defines
an equivalence relation on 5(X ) such that, if a3 ~4 &y and Bl ~A Bg, then
Q1+ B ~4 Qg+ Po, i.e. ~4 s a congruence relation on ﬁ(X) (see, for example,
[33, p. 27] for further details on congruence relations). We denote by D(X, A) the
quotient set D(X)/~4. Given & € D(X), we write ¢ for the equivalence class of &
in D(X, A). Note that 7 ~4 7 if and only if 7| x\ 4 = T|x\4, that is, ¢ and 7 share
the same points with the same multiplicities outside A. The monoid operation on
ZS(X ) induces a monoid operation on D(X, A) by defining o + 7 as the congruence
class corresponding to o + 7. Moreover, we denote by o4 the equivalence class of

the empty multiset.

The function d, induces a function d,: D(X, A) x D(X, A) — [0, oc] defined by
dy(o,7) = inf dp(G+ a7+ f). (3.3)
a,B€D(A)

Note that d,, satisfies the inequality

dy(0,7) = dylp+ 7,p + 7) (3.4)
for all o, 7, p € D(X, A), analogous to (3.2).
Let Dp(X, A), is the set of all 0 € D(X, A) such that d,(0,04) < o0.

Lemma 3.2.2. If 5 € D(X) is a finite multiset, then o € Dy(X, A).
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3.2. Spaces of persistence diagrams

Proof. Let o € ZS(X ) be a multiset of cardinality k& < co. Since A C X is non-empty,
we can pick an element a € A, and consider the multiset k {{a}} = {{a,...,a}} €
D(A) of cardinality k. Since the finite multisets & and k {{a}} have the same

cardinality, it follows that dy(c,04) < dp(5, k {a}}) < co. O

Theorem 3.2.3. The function d, is an extended metric on D(X, A) and a metric

on Dp(X,A).

Proof. We show first that d), is an extended pseudometric on D(X, A). Indeed, it
is clear that, for all p € [1,00), the function d, is symmetric, non-negative, and
dy(o,0) =0 for all 0 € D(X, A). For the triangle inequality, let p,o,7 € D(X) and

e > 0. By the definition of d,, there exist &, B, ~, se ﬁ(A) such that

gp(ﬁ_‘_ &75 +B) S dp(pv U) +5a

dp(5 + :Ya T+ 5) < dp(O’, 7-) te.

Using the commutativity of 15(X ), the contractivity of cjp, and the triangle inequality
for ch, we get
dp(p,7) < dp(p+ & + 7,7+ B + )

dy(p+a+73,6+B8+3)+dpy(G+B+7,7+5+0)

IN

<dp(p+ a6+ B) +dp(G+7,7+0)
< dp(p,0) + dp(o,7) + 2e.

Our choice of € > 0 was arbitrary, implying that d,(p, 7) < dp(p,0) + dp(0o, 7), as

required. Hence, d,, is an extended pseudometric on D(X, A).

Moreover, by the triangle inequality, d,, is a pseudometric on D, (X, A). Indeed, if

0,7 € Dp(X,A), then d,(0,7) < dy(0,04) + dp(T,04) < 0.

Finally, we prove that dy,(o,7) = 0 if and only if o = 7. For this, let 7,7 € ﬁ(X)
be multisets such that o # 7. It then follows that there exists a point u € X \ 4
which appears in ¢ and 7 with different multiplicities (which includes the case when

it has multiplicity 0 in one of the diagrams and positive multiplicity in the other).
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3.2. Spaces of persistence diagrams

Without loss of generality, suppose that u appears with higher multiplicity in &.
Now let &1 = inf{d(u,v) : v € T,v # u}. Observe that e > 0 since, otherwise,
there would be a sequence of points in 7 converging to w in X, which in turn would
imply that d,(7,04) = 0o. Let €2 > 0 be such that d(u,a) > e for all a € A, which
exists since u € X \ A and X \ A is open in X. By setting ¢ = min{e;,e2} > 0,
it follows that for any &, 3 € ZS(A), if $: 6 +a — 7+ f is a bijection, then ¢
must map some copy of u € ¢ to a point v € T + E with d(u,v) > e, implying that
gp(ﬁ +a, T+ B) > £. By taking the infimum over all &, 3 € ﬁ(A), it follows that
dy(o,7) > € >0, as required. This shows that d), is an extended metric on D(X, A)

and a metric on D,(X, A). O

Definition 3.2.4. The LP-space of persistence diagrams on the metric pair (X, A)

is the set D, (X, A) endowed with the LP-Wasserstein metric d,.

From now on, and for the sake of simplicity, we will treat elements in D, (X, A) as
multisets, with the understanding that whenever we do so we are actually dealing
with representatives of such elements in ﬁ(X ). Thus, for instance, we can talk
about bijections ¢: o — 7 for 0,7 € D,(X, A), meaning there are representatives o

and 7 and a bijection quS: o —T.

Now we observe that, for any p € [1,00), D, defines a functor from the category

Metpai, to Met, (see Definition 2.1.1).

Indeed, for any relative map f: (X, A) — (Y, B) between metric pairs (i.e. f(A) C
B), we define a pointed map f.: D(X,A) — D(Y, B) as follows: for any given
o€ D(X,A), let

folo)={f(z):zeal}. (3.5)
Proposition 3.2.5. For any p € [1,00), the maps

(X7 A) = (Dp(Xv A)v UA)

(f+ (X, 4) = (Y, B) = (filp,(x.a): Dol X, A) = Dy (Y, B))
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3.2. Spaces of persistence diagrams

define a functor from the category Metp,i, of metric pairs equipped with relative
Lipschitz maps to the category Met, of pointed metric spaces with pointed Lipschitz

maps.

Proof. First, we need to prove that for any morphism f in Metp,;,, the map f,
restricts to a morphism in Met,. In other words, if f: (X, 4) — (Y, B) is a relative

map such that
dy (f(z), f(y)) < Cdx(z,y)

holds for all z,y € X, and for some constant C > 0, we have to prove that f,. given
by (3.5) restricts to a pointed Lipschitz map from D,(X, A) to D,(Y, B). Since
the fact that f, is a pointed map is clear, we will focus on proving that it maps

Dy(X, A) into D,(Y, B), and that it is Lipschitz.

Indeed, for any o € D,(X, A), we have

dp(fi(0),08)" = dy(f(x), B)Y <> dy(f(x), f(az))’ < CP Y dx(x,a.)”

TEoT rEo TEoT

for any choice {az }zes C A, due to f being a relative map. Since the choice {ay}reo
is arbitrary,

dp(fi(0),08)P < CP > dx(z, AP = CPdy(0,04) < 0.

xeoT

Therefore, the image of fi|p,(x, 4) is contained in Dy(Y, B).

Now consider two diagrams o, 7 € D, (X, A). Observe that, if ¢: 0 — 7 is a bijection,

then fi¢: fi(o) = fu(7) given by fiod(y) = f(¢p(x)), whenever y = f(zx) for some

x € o, is a bijection too. Therefore

dp(f(0), f(T)P < Y d(y, fed(y))?

yEfx(o)

= Y d(f (@), f($@)

rEoT

< CPY d(z, ¢(x))P.

reo

Since ¢: o — 7 is an arbitrary bijection, we get

dp(f+(0), +(7)) < Cdp(0, 7).
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3.2. Spaces of persistence diagrams

Thus, fi|p,(x,a4) is Lipschitz.

Finally, if f: (X, A) — (Y, B) and g: (Y, B) — (Z,C) are relative Lipschitz maps,

then, for any o € D,(X, A), we have

(o f(o) =H{go f(z):z o} = g.({f(2) : x € o}}) = gu © fu(0),

which means that (g o f)s« = g« o fi. Moreover, it is clear that id. ]Dp( x,4) is the

identity map, whenever id: (X, A) — (X, A) is the identity. O

Remark 3.2.6. Note that D, also defines a functor from the category of metric
pairs equipped with relative isometries or relative bi-Lipschitz maps. However,

Proposition 3.2.5 is more general.

Remark 3.2.7. Proposition 3.2.5 implies that, if (X, A) is a metric pair and
(g,x) — g -z is an action of a group G on (X, A) via relative bi-Lipschitz maps,

then we get an action of G on D,(X, A) given by

g-o={{ga:aco}}.

Observe that the Lipschitz constants of the bi-Lipschitz maps in the group action
is preserved by the functor D). Hence, if G acts by relative isometries on (X, A),
i.e. by isometries f: X — X such that f(A) C A, then the induced action on

(Dp(X,A),04) is by pointed isometries, i.e. isometries that fix o4.

Remark 3.2.8. We point out that D), in fact, defines a functor from Metp,;, to
CMon(Met,), the category of commutative pointed metric monoids (see [8]). This
means that, given a map f: (X,A) — (Y, B), the induced map f.: Dy(X,A) —
D, (Y, B) is a monoid morphism. Composing such functor with a forgetful functor,
one obtains the maps in (3.6). In this thesis we consider this last composition, since

we are mainly interested in the metric geometry of the spaces D,(X, A).

Remark 3.2.9. Consider now the quotient metric space X/A, namely, the quotient
space induced by the partition {{z} : x € X \ A} U{A} endowed with the metric
given by

d([a], [y]) = min{d(z,y),d(z, A) + d(y, A)}
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3.2. Spaces of persistence diagrams

for any =,y € X (cf. [44, Ch. 2, §22] and [12, Definition 3.1.12]). It follows from [10,
Remark 4.14 and Lemma 4.24] that D,(X, A) and D,(X/A, [A]) are isometrically

isomorphic. We have the following commutative diagram of functors:

D
Metpa, —— Met,

Ql lg (3.7)

D.
Met, ——— Met,

given by
(X’ A) — (Dp(Xv A)v UA)

! !

(X/A,[A]) —— (Dp(X/A, [A]), 0147)
Observe that the map D,(X, A) — D,(X/A, [A]) is a natural isomorphism. There-
fore, diagram (3.7) show that the functor D, factors through the quotient functor
Q: (X,A) — (X/A,[A]) and the functor (X/A, [A]) — Dp(X/A, [A]).

Note that we also have the following commutative diagram of functors:

Metpair —— Metpair
QJ L:v (3.8)
Met, ——— Met,
given by

(X, 4) ———— (D(X), D(4),dp)

! !

(X/A,[A]) —— (D(X/A, [A]), 0147, dp)
Here the categories Metp,;, and Met, consist of extended metric pairs and extended

pointed metric spaces, respectively.

Remark 3.2.10. By replacing the LP-norm of {d(z,¢(x))}, .5 in equation (3.1)
with the corresponding L>®-norm, we get the function dso: D(X) x D(X) — [0, o<
given by

doo(5,7) = inf sup{d(z,¢(z)):z € &}.
¢: o—T

This in turn induces a function do: D(X, A) x D(X, A) — [0, o0] which restricts to

a pseudometric on the set

Doo(X,A) = {0 € D(X,A) : ds(0,04) < 0}
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In this case, Dy, defines a functor from Metp,;, to PMet,, and we get a commutative

diagram of functors

Doo
Metp,i; —— PMet,

Qi lg (3.9)

Doo
Met, —=— PMet,

completely analogous to diagram (3.7).

We do not discuss in this thesis neither the details of these constructions, nor the
geometric properties of the resulting spaces Do (X, A), all of which be found in
[17, 18]. We do, however, prove that D, is a continuous map with respect to the
Gromov—Hausdorff convergence of metric pairs and pointed pseudometric spaces

(see Section 3.7).

3.3 Existence of optimal bijections

In this section, we prove the existence of optimal bijections between persistence
diagrams in D,(X, A) under the assumption that X is a proper metric space
(Theorem 3.3.3). In order to prove this, we need the following two lemmas, which
are generalisations of [20, Lemmas 17 and 18], and their proofs are essentially the
same with the only difference that, for a general metric pair (X, A) where X is
assumed to be proper, points in X always have a closest point in A but such a point

is not necessarily unique.

Lemma 3.3.1. Let (X, A) € Metp,i,. Let 0,7 € Dy(X, A) be diagrams, ¢p: 0 — T
be a sequence of bijections such thaty_ ., d(x, ¢r(z))’ — dy(o, T)P as k — co. Then

the following assertions hold:

1. Ifz €0,y €T\ A are such that limy_, ¢r(z) =y, then there exists kg € N

such that ¢r(x) =y for all k > k.

2. Ifreo\ A, ye A are such that limy_, ¢(z) =y, then d(z,y) = d(z, A).
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3.3. Ezistence of optimal bijections

Proof. 1. Since p € [1,00) and 7 € D,(X, A), there is some ¢ > 0 such that
B:(y)NT = {y}. Since ¢(x) € B:(y)N7 for sufficiently large k, the conclusion

follows.

2. Assuming d(z,y) > d(z, A), it follows that d(z, ¢r(z)) > d(x, A) + 2¢ and
d(¢r(z), A) < € for sufficiently large k, where ¢ = (d(x,y) — d(x, A))/3. This

contradicts the fact that > ., d(x, ¢i(x))P — dy(0, 7)P as k — oo. O

Lemma 3.3.2. Let (X, A) € Metp,, and assume X is a proper metric space.
Let 0,7 € Dy(X,A), and let ¢p: 0 — T be a sequence of bijections such that
Y oweo d(@, dp(x))P — dp(o,7)P as k — oco. Then there exists a subsequence {¢y, }

and a limiting bijection ¢, such that ¢, — ¢« pointwise as | — oo and

> d(z,¢.(2)) = dy(o, 7).

rEo

Proof. Since dp(o,7) < oo, for each point z € o\ A the sequence {¢y(z)}ren
consists of a bounded set of points in X and at most countably many copies of A.
In particular, thanks to Lemma 3.3.1 and the fact that X is proper, and using a
diagonal argument, we can assume that for each z € o\ A, the sequence {¢ () }ren
is eventually constant equal to some point y € 7\ A or it is convergent to some
point y € A such that d(x,y) = d(z, A). In any case, we can define ¢,: o\ A — 7

as

Px(2) = lim @y (z).

k—o0

By mapping enough points in A to all the points in 7 that were not matched with

points in o \ A, we get the required bijection ¢.: o — . O

Theorem 3.3.3. Let (X, A) € Metp,i, and assume X is a proper space. Then for
any 0,0’ € Dy(X, A) there exists an optimal bijection ¢: 0 — 7, i.e. dy(o, )P =

ZIGO’ d((L‘, (b(x))p
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3.4 Completeness and separability

In this section we prove that D, (X, A) preserves the completeness and separability
of metric spaces, for any p € [1,00), in the sense of items 1 and 2 in Theorem A.

More precisely, we prove the following stronger results.

Theorem 3.4.1. For any p € [1,00), the space Dp(X, A) is complete if and only if

X/A is complete.

Theorem 3.4.2. Let (X, A) € Metp,ir and p € [1,00). Then Dy(X, A) is separable
if and only if X/A is separable.

The proofs in this section follow closely the arguments in [41] about the classical

spaces of persistence diagrams Dp(Rzz, A).

Proof of Theorem 3.4.1. Let p € [1,00) and (X, A) be a metric pair. In view of
the isometry D,(X,A) = D,(X/A,[A]) for any p € [1,00) (see Remark 3.2.9),
Theorem 3.4.1 is equivalent to the statement that D,(X, {ap}) is complete if and

only if X is complete, where ag € X is any point.
The “only if” implication of Theorem 3.4.1 follows from Lemma 3.4.3 below.

Lemma 3.4.3. If Dy(X,{ao}) is complete, then so is X.

Proof. Let {z,}nen be a Cauchy sequence in X. Then {d(z,, ao)}nen is a Cauchy
sequence in R, therefore convergent. If d(z,,ap) — 0 as n — oo then z,, — ag.

Thus, we may assume that d(x,,ag) — d as n — oo for some § > 0.

Now, for each n € N, let 0, = {{z}} € Dp(X,{ao}). For each n,m € N, it is clear
that dy(op, 0m) < d(xn, Tm). Thus, {0y, }nen is a Cauchy sequence in Dy(X, {ao}),
therefore it converges to some o € Dy(X,{ap}). Now let € € (0,5/2]. Then there
exists N € N such that dy(op,0) < ¢ for n > N, which implies there exists a
bijection ¢, : 0, — o such that d(2/, ¢, (2')) < e < §/2 for every 2’ € o,. This

implies that o contains a unique point € X \ Bs/(ag) and that ¢, (v,) = z, and
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3.4. Completeness and separability

hence d(x,,x) < e, for every n > N. Therefore, the sequence {x, },en converges to

reX. O

For the “if” implication, suppose now that X is complete and let {o,},en be a
Cauchy sequence in D, (X, A); here we do not need the assumption A = {ag}, the

argument works for any non-empty closed set A C X.

For any o > 0, let uq: Dp(X, A) = Dp(X, A) be the map defined by
ug(o) ={{r €o:d(z,A) > a}}.

We call uy (o) the a-upper part of 0. We define in a similar way the a-lower part of

o, by letting [, : Dp(X, A) — Dy(X, A) be given by
lo(c)={{r €o:d(z,A) <a}l}.

Lemma 3.4.4. Let a > 0. Then there exist My € Z>¢ and 6, € (0, ), such that,

for all 6 € [0a, ) the equation |us(oy)| = My holds for sufficiently large n.

Proof. For 6§ € (0,), let

M? = limsup |us(oy)|

su
P n—oo

and

5 ..
My = lim inf |us (o)

Since {0y, }nen is a Cauchy sequence, {d,(0y,04)}nen is bounded, which implies

that M2, < oco. Also, if §; > &g, then |us, (0,)| < |us,(0,)| which means that

sup

0< M < MO

sup sup inf*

and 0 < M, < M2

Therefore, the limits Mg,p, = lims_q MS(Sup and M, s = limg_,, M.énf exist and,

1

moreover, there exists a d, such that Mg, = Mgup and Mi,s = Miflf whenever

0a < 0 < «, since Mgup and Mi‘;f are integers for any 0. Now suppose that
Ming < Mgyp. Fix 0 € (6, ) and let € = § — do > 0. Let {op, tren and {op, }ien
be two subsequences of {0y, }nen such that |us(oy, )| = Msup and |us, (on,)| = Mint.

Since {0y }nen is Cauchy, there exists N € N such that d,(oy,,0n,) < € for all
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k,l > N. By assumption, |us(on,)| > |us,(on,)|, which implies that, for any
bijection ¢: 0, — op,, there is a point € o,, such that d(z,A) > § and
d(¢(z), A) < do. This means that d(z, ¢(x)) > €, leading to dp(op,,on,) > €, which

is a contradiction. We then set M, = Mg,p = Miys. O

For any a > 0, let off = us, (o) and op o = 5, (00).

Lemma 3.4.5. The sequence {0 }nen C Dp(X, A) is Cauchy, for any o > 0.

Proof. Let 0, be as in Lemma 3.4.4 and let § € (dq,). Let € > 0 and let
g0 = min{e, (6 — d4)/2}. By Lemma 3.4.4, there is N € N such that, for all n > N,
there is no point x € o, with d(x, A) € [04,9), and since {0y, }nen is Cauchy, we
can further assume that d,(op,,0p) < ¢ for all m,n > N. Then there is a bijection

¢: oy — 0, such that

( > d(x,¢><:c>>p>” <ep<’le

TEOM

which implies that ¢(c%) = 0. Therefore,

P

a5 02 < | 3 dw, o) | <e<e. 0
TETH,

Lemma 3.4.6. For any o > 0 there exists 0 € D,(X, A), with |[0%| = M, and

Ua(0®) = 0%, such that dy(o5,0%) — 0 as n — oo. Moreover, if oy > ag, then

oY C o%2,

Proof. We know that the sequence {0 }nen is Cauchy, thanks to Lemma 3.4.5, and
|o&| = M, for sufficiently large n, thanks to Lemma 3.4.4. In particular, up to
passing to a subsequence, we can assume that z!,...,zM are the points in of

outside A and that there exist bijections ¢y : o} — o}, such that the sequences

. M, ] C o _— .
{z; nen, -« s {zn'* }nen, given by 2 = 2*, fori =1,..., M,, and Ty = or(x}),
are Cauchy. Since X is complete, these sequences converge to points &!,. .., M

respectively, which actually are away from A since d(z%,A) > a > 0 for i =

1,..., M, and n € N. Let 0® be the diagram given by the multiset {{i‘l, ..., &2Ma }}
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Hence, up to passing to a subsequence, dp(c®,0f) — 0 as n — oco. Nevertheless,

since {0 }nen is Cauchy, than the previous limit holds for the whole sequence.

Finally, if a1 > ag then o' C o052 for every n € N. The last part of the Lemma

follows from this observation and the argument above. O

Lemma 3.4.7. Let o* = U 0% Then o* € Dy(X,A) and dy(c*,0*) — 0 as

a>0
a— 0.

Proof. Let o > 0 and n € N be sufficiently large such that d,(c®, ofy) < 1. Then
dp(0,04) < dp(0%,07) + dp(oy,04) <1+ C

for some constant C' > 0, independent of «, since {0y, }nen is Cauchy, and therefore

bounded. This implies that d,(c*,04) <14 C, thus 0* € D, (X, A).

Finally, note that

dy(c®,0")P < dy(lo(c"),04)F = Z d(z, A)P
z€c*
d(z,A)<a
and the right hand side of this inequality vanishes as a — 0, since it is the tail of

an absolutely convergent series. O

Lemma 3.4.8. For each ¢ > 0, there exists an ag > 0 such that, for all n € N and

a € (0, ap], we have dp(ona,04) < € and, therefore, dy(ofy,on) < €.

Proof. Suppose there exists € > 0 such that, for all & > 0, there exists n € N
with dp(op,a,04) > €. In particular, we obtain a subsequence {0y, }ien such that
dp(ani,l/ivaA) > e

Let 0 € (0,e/4) and choose k € N such that dp(on,,on,) < 6, for all i > k.
Now, pick j > k such that dy(o,, 1/i,04) < 6 for all i > j. This implies that
dp(Tp; 1 /i Tny1/5) > 30 for i > j by an application of the triangle inequality. For
i > j let ¢;: 0, — oy, be a bijection such that >

also ZIGU%W d(z, ¢;(z))P < &P.

d(z, ¢i(x))P < 6P. Then

iEEUn,L'
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Since dy,; > 0, we can pick [ > j such that d;/; > 2/i for all i > [. If we now
take i > [ and x € 0y, 1/; such that ¢;(r) € O'leéj, we see that d(z, ¢;i(z)) > d(z, A)
by another application of the triangle inequality. Let (;ASZ Oni1fi = Ony1/j De a
bijection such that ¢;(x) = ¢;(z) if ¢;(x) € Opy1/j and bi(x) € Aif ¢i(z) € a,ll,/cj.

Then, for ¢ > [, we have

Soodm i) < Y. ddi(@)P+ Y d(z, AP + 6P < 267
TETy, 1/ TET, 1/i TETn; 1/
$i(@)€on, 1/ gi(w)eay)]

Therefore, dy(0y, 15 Ony,1/5) < 21/P§ < 3§ for i > I, which is a contradiction. [

By the triangle inequality,
dp(o”,0n) < dp(0”,0%) +dp(0®, 07) + dp(07;, 0n)
and the Theorem follows as a consequence of Lemmas 3.4.6, 3.4.7 and 3.4.8. O

Remark 3.4.9. Observe that if X is complete then X/A, endowed with the
quotient metric (see Remark 3.2.9), is complete as well. Indeed, if {[z,]|}nen is
a Cauchy sequence in X/A, then {d([z,],[A])}nen is a Cauchy sequence in R,
therefore it is convergent. If d([x,], [A]) — 0 as n — oo then [z,] — [A]. Otherwise,
d([zn],[A]) — 6 > 0 as n — oo, and for any ¢ € (0,0/2) there exists N such
that d([z,], [zm]) < e < /2 for all n,m > N, implying that [x,], [vm] & Bs/2([A]),
therefore and d(zp, xm) = d([zs], [tm]). In particular, {z, },en is a Cauchy sequence

in X, thus it converges, which implies {[x,]|}nen is convergent as well.

This observation, combined with Theorem 3.4.1, implies item 1 in Theorem A.

Proof of Theorem 3.4.2. Observe that the map X/A — D,(X/A,[A]) given by
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[x] — {{[x]}} is a bi-Lipschitz embedding. Indeed,

dp({{[2]}}, {l1}}) = min {d((a], [y]), (d([], [A])P + d([y], [ADP) "/}
< d([a], [y))
= min {d(z,y), d(z, 4) + d(y, A)}
<d(z,A)+d(y,A)

< C(d(x, AP +d(y, A)P)'/P
for some constant C' > 1, due to the equivalence of norms in R?. This clearly implies

dp({ =]}, {lyIh) < dllz], [y]) < Cdp({{[=]3}, HIv]3)-

Since any subset of a separable metric space is separable, and separability is preserved
by homeomorphisms, we conclude that the separability of D,(X, A) = D,(X/A, [A])

implies the separability of X/A.
Conversely, let S be a countable dense subset of X/A and define
S = {0 eDy(X/A,[A]):|o| < o0 and o C S}.
Let 0 € Dp(X/A,[A]). Then, for each ¢ > 0, we can find o > 0 such that

dp(la(0),004)) < €/2, which implies dy(0, ua(0)) < €/2. Since Slua(@)l is dense in

(X/A)a@)l we can find ¢’ € S such that dy(o’, ue(0)) < /2. Then,
0y(0,0") < dp(0,1a(0)) + (0 1a(0)) < &,

which implies that S is dense.

o0
Finally, note that S = U S, where S,, = {0 € S : |o| = m}. Each S, can be
m=0
embedded into S™, thus it is countable. Hence, S is countable. O
Remark 3.4.10. Observe that, whenever X is separable, the quotient space X/A
is separable too. Indeed, it is easy to see that if 7: X — X/A is the quotient map,
and S C X is countable and dense, then 7(S) C X/A is countable and dense as

well, since 7 is surjective and Lipschitz. In particular, Theorem 3.4.2 implies item 2

in Theorem A.
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3.5 Geodesics

In this section, we show that the functor D,, with p € [1,00), preserves the
geodesicity of metric spaces (Theorem 3.5.2), which proves item 3 in Theorem
A. We also characterise geodesics in the space Dp(X, A) as given by geodesic
interpolations (Theorem 3.5.4), adapting ideas from [20] to the context of general

metric pairs.

Definition 3.5.1. A geodesic interpolation in Dy(X, A) is a curve (o¢)e[o,1) in
Dp(X, A) such that there exist a bijection ¢: 09 — o1 and {"},c0, C Geo(X)
such that £* joins x with ¢(x), for each x € 09, and oy = {{&F : « € 0p}} for each

t €[0,1].

Theorem 3.5.2. Let (X, A) € Metp,i,. If X is a proper geodesic space, then

Dp(X, A) is a geodesic space.

Proof. Let 0,01 € Dp(X, A) be diagrams, ¢: 09 — 01 be an optimal bijection as
in Theorem 3.3.3 and let (0¢);c(0,1] be a geodesic interpolation induced by ¢. Then
(0t)ie(0,1) 1s a geodesic joining o and 1. Indeed, if for any s, € [0, 1] we consider
the bijection ¢': o5 — oy given by ¢ (£%) = £F, then

dp(0s,00)" < Z d(a', ¢ ()P

T'Eoy

=) A& &)

TrEoQ

=|s—tI" ) d(z, ¢(x))

TrEOoQ

= ’S — t’pdp(ao, Ul)p.
Therefore (0¢):c[0,1) is a geodesic from og to o71. O
Lemma 3.5.3. Let (01)icpo,1) € Geo(Dy(X, A)) be a geodesic, tg € [0,1], and
@it 01, — 04, 1 = 0,1, be optimal bijections. Then ¢ = ¢ o gbal: o9 — 01 1S an

optimal bijection, and, for any x € oy, x is a t-intermediate between ¢o(x) and

¢1(x), i-e. d(z, ¢o(x)) = td(¢o(x), o1(x)) and d(x, ¢1(x)) = (1 = t)d(¢o(z), d1(x)).
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Proof. By the triangle inequality both in X and in space of fP-summable sequences,

1/p
d(¢o(z), P1(x))? )
1/p
;@) +d(z, ¢1(w)))p>
1/p 1/p
> d(¢ x)”) + (Z d(%%(%))p)

xrEot

we have the following:

007 01
x

(e
(B
[z

m

ot

IN

m
Ry

g

IN

TEO:
»(00,0¢) + dyp(oy, 01)

= dy(00,01).

It follows that

1/p
d%J1:<Zdz¢ )

FASIo)

and

d(do(z), x) = td(do(z), p1(x)), d(z,d1(x)) = (1 =t)d(do(z), d1(x))
for all x € g4, which proves the claim. O

Theorem 3.5.4. Let (X, A) € Metp,;, and assume X is a proper geodesic space.

Then every geodesic in Dy(X, A) is a geodesic interpolation.

Proof. This argument closely follows the proofs of [20, Theorems 10 and 11]. We

repeat some of the constructions for the convenience of the reader.

Fix (0t)se)0,1] € Geo(Dp(X, A)). We first claim there exists a sequence of geodesic
interpolations {(07');c(0,1}nen such that o;/on = Ojjon, for each n € N and i €

{0,...,2"}.

Indeed, for every n € N and every i € {1,...,2" '}, consider optimal bijections

¢7:E,i: 0'(22‘_1)/211 — J(?i—lﬂ:l)/?”' By Lemma 353,

n = :’anl S (¢;’2n—1)71 0---0 (lﬂ,l o (¢Y_L,1)71

is an optimal bijection between oy and ¢;. Moreover, Lemma 3.5.3 implies that,

for each = € 0(9;_1)/9n, there is some geodesic joining qﬁ;l(x) with qﬁ;;l(x) which
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has x as its midpoint. This way, starting from any point x € oy and following the

bijections (bf ;,» we construct a geodesic " joining x with ¢, (z).

Now, thanks to Lemma 3.3.2, up to passing to a subsequence, we can assume that
{¢n }nen is pointwise convergent to some optimal bijection ¢: o9 — 1. Moreover,
we can extract a further subsequence {¢,, }ren such that, for fixed dyadic rationals
1/27 and I/27, the sequence of bijections 01795 = Op i induced by {dn, i}ren is
pointwise convergent as well. By Arzela—Ascoli theorem and a diagonal argument,
we may assume that for each = € o the sequence {{*"* } e is uniformly convergent
to some geodesic £* joining = with ¢(x). By continuity, it follows that (o¢).c(o,1 is

the geodesic interpolation induced by ¢ and the set of geodesics {£*}. ]

3.6 Non-negative curvature

In this section, we prove that the functor Dy preserves non-negative curvature in
the sense of Definition 2.2.2 (cf. [53, Theorem 2.5] and [20, Theorems 10 and 11]).
On the other hand, it is known that the functor D, does not preserve non-negative
curvature for p # 2 (see [52]). Also, D, does not preserve upper curvature bounds
in the sense of CAT spaces for any p (cf. [53, Proposition 2.4] and [52, Proposition
2.4]). Whether the functor Dy preserves strictly negative lower curvature bounds

remains an open question.

Theorem 3.6.1. Let (X, A) € Metpyi,. If X is a proper Alexandrov space with non-
negative curvature, then, Da(X, A) is also an Alexandrov space with non-negative

curvature.

Proof. Since X is an Alexandrov space, it is complete and geodesic. Thus, by
Theorem 3.4.1, the space Do(X, A) is complete, and, since X is assumed to be
proper, Theorems 3.5.2 imply that Dy(X, A) is geodesic. Now we must show that

Dy(X, A) has non-negative curvature.
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Let 0,00,01 € D2(X, A) be diagrams and (ot),¢c(0,1) € Geo(D2(X, A)) be a geodesic

from og to o1. We want to show the inequality
do(0,0¢)* > (1 — t)dy(0,00)? + tda(o,01)* — (1 — t)tda(0g, 01)?
for any t € [0, 1] (see Remark 2.2.3).

Fix t € [0,1] and let ¢;: 0y — 04, i = 0,1, and ¢: 0y — o, be optimal bijections,
and define ® = ¢ o gbal: 09 — 01. From the formula for the distance in Dy (X, A)

we observe that the following inequalities hold:

(o, at Z d(z, ¢(x
xEot

(0,00)? Z d(¢ )2
TET

(o, 01 Z d(¢
xrEot

Now, since curv(X) > 0, we have that

d(z,¢(x))* = (1 = t)d(¢(x), do(2))* + td(¢(x), d1(2))* — (1 — t)td(do (), ¢1(x))

for all x € gy. Therefore, thanks to Lemma 3.5.3,

O'O't Zd

xrEot

> Y (1= t)d(¢(x), do(x))?

rEot

+ td(¢(x), ¢1())* — (1 — t)td(o(x), ¢1 ()

> (1 — t)dQ(J, 00)2 + tdg(U, 01)2 — (1 — t)td2<00,0’1)2. O

Remark 3.6.2. We note that Dy(X, A) does not satisfy curv(X) > k for any
k > 0 in general. To see this, let (X, A) be a metric pair, where X is proper and
geodesic. For i € {1,2,3}, let z; € X \ A and let &: [0,1] — X be a constant
speed geodesic with &(0) € A and &;(1) = z; of minimal length, i.e. of length
d(x;, A) = minge g d(z;, a); such & exists since X is proper and A is closed. Suppose

that

d(&i(s),&())* > d(&(0), &(5))® + d(&;(0),&;(1))* whenever i # j. (3.10)
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For i =1,2,3, let 0; = {{z;}} € Da2(X, A). It follows from (3.10) that d(x;,z;)? >

d(x;, A)? + d(zj, A)* for i # j, and therefore da(0;,0;) = \/d(xi, A2 +d(xj, A)2.
It is then easy to see that the path 7; ;: [0,1] — D2(X, A), where
i (1) = {&(1 —1),&(0)}

is a constant speed geodesic in Dy(X, A) from o; to ;. But it is then easy to verify,

again using (3.10), that

da (04, i (1)) = \Jd(r, A)? + d(Ei(1 — 1), A)2 + d(&;(t), A2,

where k ¢ {i,j}. In particular, it follows that the geodesic triangle in Ds(X, A)
formed by geodesics 11,2, 72,3 and 73,1 is isometric to the geodesic triangle in R3

with vertices (d(x1,A),0,0), (0,d(z2, A),0) and (0,0, d(x3, A)).

The condition (3.10) is not hard to achieve: it can be achieved whenever X is a
connected Riemannian manifold of dimension > 2 and A # X, for instance. Indeed,
in that case, if |0A| > 3 then (3.10) is satisfied for any z1,z2,23 € X \ A with
d(z,a;) < €/6, where ay, a2, a3 € 0A are distinct elements and € = min{d(a;, a;) :
i # j}. On the other hand, if |0A| > 2 then |A| < 2 since X is connected
of dimension > 2, and so we may pick z1,z2,23 € X \ A in such a way that
d(xz1,a) = d(z2,a) = d(z3,a) = € < d(x;,b) for any i and any b € A\ {a}, where
a € Ais a fixed element. It then follows that & (0) = a for each i. Since dim X > 2,
we may do this in such a way that the angle between &; and &; at a is > 7/2 when
i # j; but then, as a consequence of the Rauch comparison theorem, (3.10) will be

satisfied whenever € > 0 is chosen small enough.

Remark 3.6.3. Let X be an Alexandrov space and let K C X be a convex subset,
i.e. such that any geodesic joining any two points in K remains inside K (cf. [12, p
90]). It is a direct consequence of the definition that K is also an Alexandrov space
with the same lower curvature bound as X. In particular, if (X, A) € Metp,;, with

curv(X) > 0, and K C X is a convex subset with A C K, then curv(Dy (K, A)) > 0.
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3.6.1. Spaces of directions

Remark 3.6.4. Observe that, finally, as a consequence of Theorems 3.4.1, 3.4.2,
3.5.2, 3.6.1, and Remarks 3.4.9 and 3.4.10, Theorem A follows.

3.6.1 Spaces of directions

In this section we prove some metric properties of the space of directions ¥, , at the
empty diagram o4 € Do(X, A) for (X, A) € Metp,;, with X a proper Alexandrov

space with non-negative curvature.

The following proposition shows that Dy (X, A) always has at least one extremal
point, i.e. a point such that the corresponding space of directions has diameter
at most m/2 (see [46] for more details about extremal points and extremal sets in

Alexandrov spaces).

Proposition 3.6.5. The empty diagram o4 is an extremal point in Do(X, A).
Proof. Consider 0,0’ € Dy(X, A). We can always consider a bijection ¢: 0 — o’
such that ¢(a) = A for every a € o different from A and ¢~!(a’) = A for every

a’ € ¢’ different from A, since both o and ¢’ are countable and contain countably

infinite copies of A. Thus, by definition of the distance function ds, we have

d2<07 0/)2 < Z d(av A)2 + Z d(aI7 A)2 - d?(aa UA)2 + Clg(O'/, UA)Q'

aco a’ o’
Therefore,
~ do(0,04)% + da(0’,04)? — da(0,0")?
A / — ) ) 9 > 0
08400049 2ds(0,04)da(c’,04) -
i.e. Looo 40’ < m/2. This immediately implies the result. O

Proposition 3.6.6. For any o € Dy(X, A), geodesics directions in ¥, corresponding

to diagrams with finitely many points are dense in 3.

Proof. Let 0,7 € D2(X, A) and (7¢)e[o,1] € Geo(D2(X, A)) be such that 7o = o and

71 = 7. By Theorem 3.5.4, we know that there exist an optimal bijection ¢: 0 — 7,
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3.6.1. Spaces of directions

and a set of geodesics {£*}.cr C Geo(X) such that £* joins x with ¢(x) for any

x € o, and such that 7 = {{&F : x € o}} for any t € [0, 1].

Now, let {(ai, b;) }ien € X x X be such that 0 = {{a; : i € N}} and 7 = {{b; : i € N}},
and such that ¢(a;) = b;. We can then define sequences of finite diagrams {oy, }nen

and {7, }nen given by

on={{a1,...;an}Y, 7n={b1,....00}}.
Let (Tt”)te[o,l] be the geodesic interpolation given by ¢|s,, : 05y — 7, and {£%}e0,, -
Moreover, observe that ¢|,, is an optimal bijection, since being otherwise would
contradict the optimality of ¢. It is then clear that

dQ(TtnaTt)z S Z d(x7§tx)2

z€a\on

=t Y dz,é(z))’

z€o\on
=2 (dg(a, 7')2 — dg(an,Tn)2> .

Thus, using the definition of angle between geodesics in an Alexandrov space (see

Remark 2.2.4) and the law of cosines, we get that

1> cosLr,oT

t2(do(Tn, 0)? + dao(1,0)?) — do (7], 71)?

= 1'

tgr(l) 2t2d2 (Tny O')dQ(T, 0)
o i Plda(10,0)? + da(7,0)? = da(0,7)? + da(0, 7)?)
— t—=0 2Tf2d2 (Tm U)dQ(Tv J)

- dQ(TTLa 0)2 + d2(0n7 Tn)2
 2dy(1y, 0)da(T,0)

and the last quotient converges to 1 as n — oo due to the continuity of do and the
fact that 7, — 7 and o0, — 0 as n — oo. Therefore, £7,07 converges to 0. This
proves that geodesic directions joining ¢ with finite diagrams are dense in the set
of all geodesic directions at o, and since Y, is the metric completion of the set of

geodesic directions at o, the result follows. ]

Moreover, we can express the angle between any two geodesic directions in ¥,

determined by finite diagrams, as the following result show.
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Lemma 3.6.7. Let 0 and o' be diagrams with finitely many points, and let £,£ €
Geo(D2(X, A)) be such that & = &) = oa, & = 0, and & = o', and such that & =
flgrvcof andg = {&" o/ € o'}} for some (€ uco, {6} C Geo(X).
Then

do(0,04)da(0",04) cos £(€,€') = d(z, A)d(¢(x), A) cos £(£”, 7)),

TET

for some bijection ¢: T — 7' between T C o and 7' C o', and such that £ = fg(x)

forallx €T.

Proof. For each t € (0,1], let ¢}: & — & be an optimal bijection. Then there exists
a bijection ¢ : 7, — 7/ for some 7, C o and 7/ C ¢’ such that ¢}(¢f) = ff)(x) for any
x € 7, and such that ¢, matches all the other points in § U ¢, to points in A in

their corresponding geodesic £* or 55”/. Moreover, by the optimality of ¢;, we have

d(gr &) < Pd(w, AP + Pd(gn(), 4)?
for all x € 7. Therefore, by the triangle inequality, for ¢ is sufficiently small,
&= got(x) for all z € 7.

Furthermore, since o and ¢’ are finite, there are only finitely many choices of 7,
7/ and ¢, which implies there exist some fixed 7 C o, 7/ C ¢/, and a bijection
¢: 7 — 7' such that, for some {t;}neny C (0,1] with ¢; — 0 as i — oo, all the

conditions above hold with 7, = 7, 7/, = 7’ and ¢, = ¢.

Since

xeo\T ' €a’\7! zET

da(6i:, €1,) = (Z d(z, A+ Y d(', 4) )+Zd(§,§t ),

it follows that

t2dy(0,04) +tida(0’,04)* — do(&,.€1,)?

= Y 2d(a, AP + Bd(o(x). A — d (6. 67), (3.11)

TET
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3.7.  Gromov-Hausdorff continuity

which implies that

t2d 2+ t2dy(0',04)% — da(&;, &1)?
dg(O’,O'A)dQ(O'/,O'A)COSK(f,f/): hrn i Q(UvaA) + i Q(UaUA) 2(£t17£t1)

i—00 Zt?

2d(x, A2 + Bd(0(x). A)? — d (7,6/7)

Rep o
=D d(z, A)d(6(x), A) cos £(¢7, 7))
" (3.12)
due to the finiteness of 7. The result follows. O

Using Lemma 3.6.7 and the density of geodesic directions in ¥, corresponding to

diagrams with finitely many points, we get Theorem B.

3.7 Gromov—Hausdorff continuity

In this section, we investigate the continuity of the functor D, with respect to the
Gromov—Hausdorff convergence of metric pairs and pointed metric spaces. We
first recall the notion of Gromov—Hausdorff convergence of metric pairs (X, A), as
introduced in [17] and studied in [1]. This is a natural extension of the definition of

Gromov—Hausdorff convergence for pointed metric spaces (Definition 2.3.3).

Definition 3.7.1. A sequence {(X;, 4;)}ien converges in the Gromov—Hausdorff
topology to a metric pair (X, A) if there exist sequences {¢;};en and {R;};en of
positive numbers with g; \, 0, R; / 0o, and maps ¢;: Bg,(A4;) — X satisfying the

following three conditions:

1. |dXi (a:,y) — dx(@(a:),qbz(y)! < ¢, for any r,y € ERL(AZ)v
2. diX(pi(Ai), A) < &5
3. Br,(A) C Be,(¢i(Br,(A:)))-

We will denote the Gromov—Hausdorff convergence of metric pairs by

(X, A7) 25 (X, A).
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3.7.  Gromov-Hausdorff continuity

We first observe that D,: Metp,, — Met, is not sequentially continuous for any

p € [1,00), as the following example shows.

Example 3.7.2. Let X; = [-1,1] C R and set 4, = X = A = {0}. Then
Dp(X,A) = {oa}. Observe that for p # oo, the space D,(X;, A;) is unbounded.
Indeed, if oy, is the diagram that contains a single point, 1/, with multiplicity n,

then dy(on, 00) = ¥/n/i — oo as n — .

Now, let 04, € Dy(X;, A;) be the empty diagram and suppose, for the sake of
contradiction, that there exist e;-approximations f;: Bg,(c4,) — Dy(X,A) for

some ¢; \, 0 and R; /" co. Then
|dp(0,04,) — dp(fi(0), fi(oa,)) < &

for all 0 € Bg,(c4,). However, we have d,(fi(c), f(0a,)) = dp(oa,04) = 0,

implying that
dp(O', UAi) <eg; (3.13)

forallo € Bg,(c4,). Ase; — 0and R; — oo as i — oo, inequality (3.13) contradicts

the fact that Dy(X;, A;) is unbounded for each i.

In order to prove the continuity of D, we first prove the sequential continuity of

the quotient functor Q: Metp,;, — Met,.

Proposition 3.7.3. The quotient functor Q: Metp,i, — Met,, given by (X, A) —
(X/A,[A]), is sequentially continuous with respect to the Gromov—-Hausdorff conver-

gence of metric pairs.

Proof. We will prove that, if there exist ; \, 0, R; / oo and e;-approximations
from By, (A;) to Bg,(A), then, they there exist (5¢;)-approximations from Bg, ([A;])
to Bg,([A]). For ease of notation, we will omit the subindices in the metric which

indicate the corresponding metric space.
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3.7.  Gromov-Hausdorff continuity

Let f; be an g;-approximation from Bpg, (4;) to Bg,(A) in the sense of Definition

3.7.1. Then, for any x € By, (A;), a; € A;, we have

(2, a;) — d(fi(2), fi(ai))| < &
which implies
|d(z, Ai) — d(fi(z), fi(4i))| < & (3.14)
Moreover, for any a; € A; and a € A, we have
|d(fi(2), fi(a;)) — d(fi(z), a)| < d(fi(ai), a)

and, since dg(fi(4;), A) < g;, this yields
|d(fi(2), fi(Ai)) — d(fi(x), A)| < &i. (3.15)
Combining inequalities (3.14) and (3.15), we get
|d(x, A;) — d(fi(x), A)| < 2e;.

Now, for each i, define f: Bg,([A;]) — X/A by

fl' T if [z Al s
£l = [filz)] if [z] # [AJ]
(Al if ] = [A].

We will prove that f is a (5¢;)-approximation from Bp,([4;]) to Bg,([A]). Indeed,

consider [z}, [y] € Bg,([A4i]) \ {[A:]}. Then z,y € Bg,(A;) and therefore

= [min{d(z,y), d(z, Ai) + d(y, A:) }

—min{d(fi(z), fi(y)), d(fi(z), A) + d(fi(y), A)}
< ld(z,y) = d(fi(z), i) + ld(z, A;) — d(fi(x), A)]

+ |d(y, Ai) — d(fi(y), A)|

< eg; 4+ 2¢; 4+ 2¢; = be;.

If [z] # [Ai] and [y] = [A;], then
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A similar inequality is obtained when [y] # [A;] and [x] = [A;]. When both [z] = [A;]

and [y] = [A;], we get

|d([2], [y]) — d(£,([]), £,([v])] = 0.

In any case, we see that the distortion of f is < 5e;, which is item (1) in Definition

3.7.1.

For item (2) in Definition 3.7.1, we simply observe that by definition of [f; they are

pointed maps, therefore

du (f;({TAil}), {[A]}) = d(£,([A]), [A]) = 0.

7

Finally, we see that for [y] € Bg,([A]) we have d(y, A) < R;, so given that f; is
an g;-approximation from Bp,(A;) to Bg,(A) there exists x € Bpg,(A;) such that
d(y, fi(z)) < &;. Therefore,

1

Thus [y] € B, (f.(Br,;(4;))). This gives item (3) in Definition 3.7.1. O

)

Recalling that D, maps Metp,;, into PMet,, we need the following notation. Namely,
given a pseudometric space X, we denote by X the metric space canonically obtained
by identifying points at zero distance (see, for example, [12, Chapter 1]). We also

denote sometimes by z the image of x € X under this identification.

The following proposition shows that pointed Gromov—Hausdorff convergence of
pseudometric spaces induces pointed Gromov-Hausdorff convergence of the corres-

ponding metric quotients.

Proposition 3.7.4. Let {(X;,x;)}ien, (X, ) be pointed pseudometric spaces and
let mi: X; = X, m: X — X be the canonical identifications. Then the following

assertions hold:

1 If (Xi @) 25 (X, 2), then (X, z) 2 (X, 2).
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3.7.  Gromov-Hausdorff continuity

2. If (Xwgz) % (X7£)7 then (X’Lvl‘l) % (X,l‘)

Proof. For each i, consider s;: X; — X; such that m;(s;(x)) = x for all x € X,
and s: X — X similarly. These maps exist due to the axiom of choice. Let f; be

gi-approximations from B, (x;) to Bg,(z). Define £ Bpg,(z;) > X as

fi(@) =7(fi(si(x)))

for any z € X;. Then [, is a (2¢;)-approximation from Bg,(z;)) to Br,(z). Indeed,

|d(z,y) —d(f,(x), [,(W)] = [d(si(x), si(y)) — d(fi(si(2)), fi(si(y)))] < .

7

Also

d(f(z;),z) = d(fi(si(z;)), )
< d(fi(si(z;)), fi(wi)) + d(fi(zi), )
<d(si(z;), ;) + & + d(fi(;), v)

S 251'.
Moreover, if d(x, 7(z)) < R; then d(s(z),z) < R;. Then there is some y € X; with
d(y,x;) < R; such that d(s(x), fi(y)) < e;. Therefore,
d(x, f,(y)) = d(s(x), fi(si(y)))
< d(s(x), fi(y)) + d(fi(y), fi(si(y)))

< e +d(y,si(y)) +ei

= 252'.
This proves item (1).

Conversely, given f. an g;-approximation from Bg,(z;) to Bg,(z), we can define
fi: ERi (ml) — X as
for any x € X;. Then f; is an g;-approximation from Bg,(z;) to Bg,(x). Indeed,

|d(z,y) = d(fi(x), fiy)| = |d(z, y) — d(f,(z), £,(¥)] < &
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Moreover
d(fi(wi), x) = d(f,(z;),z) < &.
Finally, if d(z,z) < R; then there exists y € X; such that d(y,z;) < R; and

d(z, f,(y)) < i, or equivalently, d(z, f;(y)) < ;. This proves item (2). O

Proposition 3.7.4 implies that, if we consider the following commutative diagram

Metp.ir Do, PMet,

o, I

Met,

where 7: PMet, — Met, is the canonical metric identification functor, then D, is

continuous if and only if m o Dy, is continuous.

Proposition 3.7.5. The functor (X, A) — (Doo(X, A),04) is sequentially continu-

ous with respect to the Gromov-Hausdorff convergence.

Proof. Let (X;, A;) AN (X,A), R; /o0, e; \,0, and f; be g;-approximations from
Bg,(A;) to Bg,(A). We can define a map (fi).«: Bg,(04,) = Doo(X, A) as

(fi)«(o) = {fi(z) 1z € o\ Ai}}.
We will prove that (f;). is a (3¢;)-approximation from Bg,(c4,) to Br,(c4).

Let 0,0’ € Doo(X;, A;). We now show that, for any bijection ¢: o — o’ there exists
a bijection ¢.: (f;)«(0) = (fi)«(c’) such that

z€o ye(fi)+ (o)
and, conversely, that for any bijection ¢.: (f;)«(c) — (fi)«(c’), there exists a

bijection ¢: 0 — ¢’ such that inequality (3.16) holds.

Indeed, let ¢: 0 — o’ be a bijection, and let + € o and 2’ € ¢’ be such that
d(z) = 2. We set ¢, (%) = 2/, where, given any z € X;, we set 2 = fi(z) if z ¢ A;,
and we set Z € A to be a point such that dx(fi(z),2) < e¢; if z € A;. In the latter

case, such a choice is possible by item (2) in Definition 3.7.1. In particular, in either
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case we have dx(f;(z),z) < ;. Up to changing representatives of (f;).«(c) and
(fi)«(0’) in Doo (X, A), this completely defines a bijection ¢.: (f;)«(o) = (fi)«(c'),

and we have

dx, (z,2) - dx (@, 2)

< |dx,(z,2") — dx (fi(x), fi(z"))]
+|dx (fi(x), fi(z") — dx (Z, fi(z"))|
+ |dx (@, fi(a") - dx(@.2')

< e +dx(fi(2),?) + dx (fi(2'), 7')

< 3g;

by item (1) in Definition 3.7.1 and the triangle inequality. Taking the supremum

over all z € o yields inequality (3.16).

Conversely, let 6: (fi)«(0) = (fi)«(c’) be a bijection, and let y € (fi)«(0) and
y' € (fi)+(c") be such that (y) = 3'. We define a bijection 6: o — ¢’ by setting
0(ij) = o/, where, given any z € X (viewed as an element in the multiset (f;)«(o) or
(fi)«(c")), we set 2 € X; to be such that f;(?) = z if z is defined as f;(x) for some
x € X;, and such that z € A; and dx(f;(2),z) < g; otherwise. In the latter case, we
must have z € A and hence such a choice is possible by item (2) in Definition 3.7.1.
Similarly as above, we can then show that ‘dxi(gj, gj’) —dx(y, y’)‘ < 3g;, and hence

(3.16) holds with ¢ = 0 and ¢, = 0.

Therefore, for any 0,0’ € Bg,(c4,), we have

|doo(0,0") = dos(fi(0), fi(0))] =

inf sup{d(z, #(z))} —inf sup {d(yae(y))}‘
¢ zCo o ye(fi)« (o)

< SEi.

On the other hand, by definition, we have that

doo(fi(04;),04) = doc(0a,04) =0 < 3¢;.

Finally, if ds(0,04) < R;, then d(y,A) < R; for any y € o, and since f; is an

g;~approximation from B, (A;) to Bg,(A), we know that there is some z, € Bp, (A;)
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such that d(y, fi(zy)) < €;. Hence, the diagram ¢ € D (X;, A;) given by

6={{z,:xeo}}
satisfies doo (0, (fi)«(6)) < &; < 3g; and doo(6,04,) < R;, so we conclude that
ER«; (UA) - P361’ (ERz(UAL))
Thus, (f;)« is a 3g;-approximation from By, (04,) to Bg,(c4). O
Remark 3.7.6. Note that we have only shown that D, is sequentially continuous.
To show continuity, we must prove that the Gromov—Hausdorff convergence in

Metp,ir is metrisable. This is done for proper metric spaces in Proposition A.1.29

of the Appendix, which yields the proof of Theorem C.

52



CHAPTER 4

Optimal partial transport for

metric pairs

4.1 Introduction

Optimal transport provides a geometric way to compare probability measures, or
more generally, up to re-scaling, measures with the same finite total mass. However,
in different contexts it is natural to consider measures with different total masses
and try to compare them (see, for example, [14, 19, 26, 27, 31, 38, 49] and references
therein). In [27], Figalli and Gigli introduced a version of the optimal transport
problem for non-negative Radon measures on bounded domains in R”, which we
refer to as optimal partial transport, motivated by finding solutions to evolution
equations with constant Dirichlet boundary conditions, in analogy to the Jordan-
Kinderlehrer-Otto scheme [35]. Recently, Divol and Lacombe [24] established a
connection between optimal partial transport and spaces of persistence diagrams. In
this chapter we study optimal partial transport in the setting of proper metric pairs,

and we carry over basic results from classical optimal transport to this setting.

In section 4.2 we define the spaces (M, (X, A), Wb,) of Radon measures on proper
metric pairs endowed with the LP-optimal partial transport metric, and prove

the existence of optimal partial transport plans, yielding Theorem E. In section
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4.3 we prove criteria for optimality of partial transport plans. In sections 4.4,
4.5, and 4.6 we prove that the map (X, A) — M,(X, A) preserves completeness,
separability, and geodesicity. Moreover, we prove that for p > 1 it also preserves the
non-branching property. For p = 2, we prove it preserves non-negative curvature in
the Alexandrov sense, yielding Theorem F. Finally, in section 4.7, we prove that
there is an isometric embedding of generalised spaces of persistence diagrams into

spaces of optimal partial transport, proving Theorem G.

4.2 Optimal partial transport for metric pairs

We consider metric pairs (X, A) as in Definition 2.1.2. Moreover, throughout this
chapter, we assume that X is proper, which in particular implies that it is complete,

separable, and locally compact.

Given a metric pair (X, A) and p € [1,0), we define
My(X, A) = {M € M(Q) : / d(z, A du(z) < oo},
Q

where 2 = X \ A, and M(Q) is the set of Radon measures on (2, as in Definition

2.4.12. For any p,v € My(X, A), we set the LP-optimal partial transport metric

1/p
Wh,(u,v) = inf (/ d(z,y)? dvy(z, ) 4.1
(1 1) eat o\, (z,y)? dy(z,y) (4.1)

where Adm(u, v) is the set of partial transport plans between p and v, i.e. the set

of v € B(Eq), where Eq = X x X \ A x A, such that

yYle =n, Tla =v, (4.2)

where 7!

,m2: X x X — X are the projections onto the first and second factor,
respectively. We prove in Theorem 4.2.10 that Wb, is a metric on M, (X, A).

Observe that this is an adaptation of [27, Problem 1.1] for metric spaces.

Remark 4.2.1. Observe that condition (4.2) implies that v € M(Egq). Indeed, for

any compact K C Egq it is easy to see that there are compact sets K', K’ C Q such
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4.2. Optimal partial transport for metric pairs

that K € K’ x X UX x K", therefore
YK) <y(K' x X)+9(X x K") = u(K") + v(K") < o0, (4.3)

since p,v € M(Q2). Moreover, since Eq is an open subset of the separable and
locally compact metric space X x X, it is separable and locally compact itself, and
the claim follows from Remark 2.4.13. Furthermore, (4.3) proves that Adm(u,v) is

a vaguely relatively compact subset of M(Eq), due to Lemma 2.4.15.

Remark 4.2.2. Given v € Adm(u,v), we define

Cly) = s d(x,y)? dvy(x,y)

and denote 'y}% = v|rxs, for any R, S C X such that R x S C Eq. In particular,
Y =16+ +74.

Remark 4.2.3. Regarding the terminology of partial transport plans, this comes
from the fact that, whenever 7 satisfies (4.2), the measure 78 can be regarded as
a classical transport plan (in the sense of Definition 2.4.4) between its marginals

o= 77#(78) and v = Wi(’}/g), which satisfy g < p and 7 < v and a(Q) =v(Q) =

v(2 x Q). Therefore fyg effectively transports part of u into part of v.

As a consequence of the Borel measurable selection principle (Theorem 2.4.3), we
obtain the following lemma, which will be useful in the sequel.

Lemma 4.2.4. Let (X, A) be a metric pair. Then there exists a Borel measurable

map proj4: X — A such that d(z,proj,(x)) = d(x, A) for all z € X.

Proof. Since A is closed and X is complete and separable, it follows that A is
complete and separable endowed with the restricted metric. Moreover, since X is

proper and d is continuous, the set
E={(z,y) € X x A:d(z,y) =d(z,A)}

is o-compact, closed, and 7!'(E) = X. Therefore, by Theorem 2.4.3, the claim
follows. O
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Remark 4.2.5. Observe that Wby, (u, v) is well-defined, non-negative, and finite.
Indeed, let p1, v € Mp(X, A). Then a straightforward computation shows that the

measure
7 = (id, proj 1) + (proj 4, id)yv
is in Adm(u,v), and it satisfies
0<C(y) = /Q d(z, A du(z) + /Q d(y, AP du(y) < .
Furthermore, the zero measure belongs to M,(X, A), and due to Lemma 4.2.4, for
any g € My(X,A) we have
WbP(u,0) = /Xd(a:,A)p du(x). (4.4)

Indeed, the partial transport plan v = (id, proj4)#p € Adm(p, 0) satisfies

C() = | dia,projs (@) dutx) = [ d(a, A du(a).
On the other hand, for any ¥ € Adm(u,0) we have that 7r72§ﬁ|9 = 0, which implies
that (X x Q) = 0. Therefore we have

c(H) = . d(z,y)? dy(x,y)

=/ d(x,y)P dy(z,y)
OxA
> /Q . A di(a.)

:/d(ac,A)p du(x).
Q

This proves equation (4.4).

The following lemma is a natural generalisation of the gluing lemma (Theorem
2.4.7), and the proof is an adaptation of that of [27, Lemma 2.1]. We include it for

the sake of completeness.

Lemma 4.2.6. Let pl, i, pi3 € M,(X, A), and consider v** € Adm(ut, p?), and
23 € Adm(u?, 1i®). Then there exists v'23 € B(X x X x X) such that

12123 12 12
’/T# Y =y 407,

23 123 _ 23 23
TEY T = o,
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where o'?, 023 € B(X x X) are supported on A(A x A).

Proof. From the hypothesis, we can see that

i = w3 2la = (D% + (DDle = 7E (1%

Analogously, u? = 71':}% (723)5 . Therefore, by applying Theorem 2.4.7, since pu? is a

Radon measure, we can find a measure 723 on X x Q x X such that

ﬂ-qléé2’7123 _ (712)9

)

23123 23\ X
Ty = (v*)a-

We define

712 = (w7, 1) ()

5% = (n, 7%, )4 ()i

12 ~12 ~12 ~2
v =712 4 512+ 5%,

012 = (7717 71_1)#(,723)2’

0% = (1%, 7)1 (v')-

We can check that these measures work. Indeed,

71_12 123 _ 7_{_12~123 12~12 125_23

el VT Ao+
_ (712)32( n W#Q(ﬂ_lj 7r1,7r2)#(723)2 T 71_31¢2(7r17 7T2,7T2)#(’}/12)é
= ()% + (@7 (P)R + (7L ()
= (V¥ + "+ (v
— 124 512,
Similarly with 77%?7123. O

The following result guarantees the existence of optimal partial transport plans in

the setting of proper metric spaces, generalising [27, p. 4] and [24, Proposition 3.2].
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Theorem 4.2.7. Let (X, A) be a metric pair and p € [1,00). Then, for any
p,v € My(X,A), the set

Opt(p,v) = {y € Adm(p,v) : C(v) = Whi(u,v)}
is non-empty. Moreover, the set Opt(u,v) is vaguely compact.
We will need the following technical lemma for the proof of Theorem 4.2.7, and

later on, for the proof of Theorem 4.2.10. The proof of this lemma follows ideas

from [2, Footnotes in Sections 2.1 and 2.2].

Lemma 4.2.8. Let p,v € My(X,A), € > 0, and let Opt (u,v) be the set of

v € Adm(p,v) such that
WbP(u,v) < C(y) < Whbh(p,v) +e. (4.5)

Then, for any compact C' C Q, the set {v& : v € Opt.(u,v)} is weakly relatively

compact.

Proof. Take pgp € X and 0 < r < R such that C C B,(po) C Bgr(po). By Hélder’s

inequality, for any v € Adm(u, v), we have

p
Lo )~ d() di(wy)
CX(X\BR(po))
<ACx XA\Brlo) ™ [ d@y) dy(ey), (46)
Cx(X\BRr(po))
whereas
p
Lo )~ d() di(wy)
CX(X\BR(po))

> (R —1)Py(C x (X \ Br(po)))’ (4.7)

since dist(B,(po), X \ Br(po)) > R — r. Combining (4.5), (4.6), and (4.7), we get

Whb(u,v) + ¢

(€ % (X\ Brlm))) < —(p 5

for any v € Opt.(p, ), which can be made arbitrarily small by fixing r and letting

R tend to infinity. This proves that {72 : v € Opt.(u,v)} is tight. Moreover, since
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Opt.(u,v) C Adm(u,v), each v5 has total mass u(C) < oo, therefore {7g& : v €
Opt,(u,v)} has uniformly bounded total variation. By Theorem 2.4.11, the claim
follows. O

As a consequence of the previous lemma, we obtain that the sets Opt,(u,v) are
closed with respect to the vague topology. The proof follows along the same lines of
those of [24, Proposition 3.2] and arguments in [27, p. 4]. Observe that the chain of
equations in (4.8) below is the same as one in the proof of [24, Proposition 3.2], but
we need Lemma 4.2.8 to justify it, even in the Euclidean setting. This is because,
even when f € C.(f2), the composition for!: Qx X — R is not of compact support

when X is not compact.

Corollary 4.2.9. Let p,v € Mpy(X,A), € >0, and let Opt.(u,v) be defined as in

Lemma 4.2.8. Then Opt.(p,v) is vaguely closed.

Proof. Let {yx}ren C Opt.(i,v) be such that 4, — ~ for some v € M(Eq). We
first observe that v € Adm(u,v). Indeed, if f € C.(Q2) then, by applying Lemma
4.2.8 with C' = supp(f), we can assume that, up to passing to a subsequence,

{(’yk);{lpp( f)}keN is weakly convergent to 'ys)flpp( ' Therefore,

/fdw;w:/ fortdy= lim fon! dfyk:/fd,u,, (4.8)
Q QxX k—oo JOx X Q

where the second equality follows from the fact that fo 7! € Cy(Q x X). This

implies that ﬂ#’y’g = u, and analogously we obtain 7@7\9 =v.

Now, we prove that v satisfies (4.5). Indeed, by Lemma 2.4.16 applied to the
sequence {d(-, )Py tren, which is vaguely convergent to d(-,-)Pv, and any bounded

open set U C Eq, we get
C(ylv) < liminf C((vk)|v) < Why(p,v) + .
k—o0
By the monotone convergence theorem,
C(y) < Why(p,v) + e,

and the claim follows. O
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Proof of Theorem 4.2.7. Let p,v € M,(X,A) and, for every k € N, let 7 €

Opty /5 (11, V), that is 9% € Adm(u,v) and
Wbh(p,v) < Cly) < Whh(u,v) + 1/k. (4.9)

Remark 4.2.1 yields that {7y }ren is a vaguely relatively compact subset of M(Eq).
Consequently, up to passing to a subsequence, we can assume that there exists
v € M(Eq) such that v, — 5. Corollary 4.2.9 implies that v € Opty s (p, v) for

any k € N, which means that
1
Wbk, v) < Cy) < Wh(p, v) +
for all k£ € N. Therefore, v € Opt(u,v).

Regarding the second part of the theorem, observe that if {vx}ren € Opt(u,v)
then, by the previous arguments, up to passing to a subsequence, 7, — = for
some 7 € M(Eq). The fact that v € Opt(u,v) also follows from the arguments
above. O

We now prove that Wb, is a metric and that it is vaguely lower semi-continuous.
This statement, and its proof, are adaptations of [27, Theorem 2.2] to the setting of

proper metric spaces.

Theorem 4.2.10. Let (X, A) be a metric pair and p € [1,00). Then the function
Wb, is a metric on M,(X,A). Moreover, Wby, is lower semi-continuous with

respect to the vague topology.

Proof. 1t is clear that Wb, is symmetric. Moreover, due to Theorem 4.2.7,
Wby, (i, v) = 0 if and only if C(y) = 0 for some v € Adm(pu,r), which is equi-

valent to

d(z,y)" dy(z,y) = 0.
Eq

However, this is the same as supp(y) C A(X x X), which in turn is equivalent
to W%é’}/ = Wiw. The latter implies that 4 = v. Conversely, if y = v then
v = (id,id) g € Adm(p, v) satisfies C'(y) = 0.
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For the triangle inequality, we need Lemma 4.2.6. Indeed, let u!, u2, u® € M,(X, A)
and choose y'? € Opt(u!, u?) and 723 € Opt(u?, 43) (which we can do thanks to
Theorem 4.2.7). By Lemma 4.2.6, there exists 712 € B(X x X x X) such that
7@?7123 — 4124 512
Wizs,ylzzs — B 4 g2

with supp(c'?), supp(c?®) C A(A x A). In particular, 7r71¢7123|g = p' and

Wifyu?’lg = 13, therefore 77#37123\59 € Adm(p!, ). This implies
Why (', 1) < C(r iy )17

— dO7T13’

LP(3129)

< do71'12—|—do71'23‘

Lp(y128)

< do7r12H )—i—Hdo7r23‘

Lp(,leB Lp(,yl23)
= ldll o212y + ldll Lo (201 02)
_ C(’}/m)l/p + 0(723)1/1)

= Why(u', 5?) + Why(u®, %)
To prove that Wb, is lower semi-continuous with respect to the vague topology, let

Lhn N pand v, Aoy If liminf, e Wby (fin, Vn) = 00, the result follows trivially.

Otherwise, up to passing to a subsequence, we can assume that
hnlgngbp(NmVn) = nlLH;OWbp(un, Vp,) < 00.

For each n € N, take 7, € Opt(pn, V). By similar arguments to those in the proofs
of Lemma 4.2.8 and Corollary 4.2.9, up to passing to another subsequence, we
can assume that 7, — v for some v € Adm(y,v). Lemma 2.4.16 applied to the
measures {d(+, )Py, }nen, which vaguely converge to d(-, )Py, and bounded open

sets U C Eq, yields

C(vlv) <liminf C(()lv) < lim Wby (ua, va),

and by the monotone convergence theorem, the claim follows. O

Remark 4.2.11. Observe that Theorems 4.2.7 and 4.2.10 yield Theorem E.

61



4.3. Crriteria for optimal partial transport plans

4.3 Criteria for optimal partial transport plans

We now move on to study a characterisation of optimal partial transport plans

analogous to Theorem 2.4.9. Let us define

c(z,y) = d(z,y)", (4.10)
c(z,y) = min{d(z,y)?,d(x, AP + d(y, AP}, (4.11)

and
S={(z,y) € X x X : &(z,y) = c(z,y)}. (4.12)

The following theorem and its proof are adaptations of [27, Proposition 2.3] for

proper metric spaces, included in the thesis for the sake of completeness.
Theorem 4.3.1. Let v € M(Eq) be a measure satisfying

d(z, AP + d(y, AP dy(z,y) < .
Eq

Then the following are equivalent:
1. v € Opt(ﬂ';%’y‘g,ﬂ'g#ﬁ/‘g).
2. v is concentrated on S and the set supp(y) U A x A is ¢-cyclically monotone.

3. there is a c-concave function ¢ such that both ¢ and ¢¢ are identically 0 on A

and supp(vy) C 05.¢.

Moreover, d(z,y) = d(z,A) for v4-a.e. (v,y) and d(z,y) = d(y, A) for v}-a.e.

(x,y), whenever v is optimal.

Proof. We start proving that (1) implies (2). We denote © = 71’;1#"}/, v = W;é’y,

=il and v = 7|q, and define

Y =Y Eqans + (7', proj 4 om') w7yl pors + (Proj 4 o7, 1) 4| o\ s-
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A straightforward computation shows that ¥ € Adm(u,v), and

CE = [ dwyy dray)+ [ da A7+ dly AY dy(ay) < C0)
EonS Eo\S

with strict inequality if and only if v(Fq \ S) > 0. Since v € Opt(u, v), we get that
C(¥) = C(v), which implies that y(Eq \ S) = 0, i.e. v is concentrated on S. In

particular,
) = [ elw.y) dyay).
Eq

where ¢ is given by (4.11). Now suppose that a measure n on X x X satisfies
w%m = @ and 7@77 = 7. Then we can define 77 in analogy to how we defined 7.

Clearly 7 € Adm(u,v), and

C) = [ elwy) dnfey).

In particular,

/ c(z,y) dy(z,y) = C(y) < C(7) :/ (w,y) dn(z,y)
XxX XxX

for any n with the same marginals as . In other words, v is an optimal plan
between [z and 7 with respect to the cost function ¢ in the usual sense. Theorem
2.4.9 implies that supp(7y) is ¢-cyclically monotone. Moreover, given {(z;,y;)}i—; C
supp(7) UA x A and o € ¥, we have

n

> @i yow) = > (i, Yo(iy) + > (T, Yo ()

=1 (z4,y:)€supp(y) (z3,y:)€supp(7)
(%o (3) Yo (i)) ESUPP(Y) (To(i) Yo (1)) EAX A\supp(7)
+ > (i, Yo (i) + > (i, Yo (i)
(z4,y:)€EAX A\supp(7) (z4,y:)EAX A\supp(7)
(%o (i) Yo (i)) EsupPP(Y) (To (i)Yo (i) ) EAX A\supp(7)

where the number of summands in the second and the third summations are the same,
whereas the fourth summation vanishes since ¢(z,y) = 0 for any (z,y) € A x A. Let
{7ty {ki}l_, and {I;}]_, be the sets of indices for the first, second and third sums,

respectively, and define a permutation ¢ of the indices {ji,...,Jjp,k1,...,kq} =

{i + (@) € supp(1)} by () = o(jr) for r = 1,...,p and &(ky) = o(l,) for
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s=1,...,q9. Then

n p q
> W wi Yori) = D AT Yo (i) T D ks Yo(ke) + E(T1 5 Yoris))
i=1 im1 i=1
p

|
AMQ

Il
—

5(33]'1'7 ya(ji)) + E(ka yo(ki)) + 5(1/0’(]61) ) xli) + E(xlm ya(li))

.
Il
—

7

e

I
-

M

-
I
A

2 5($]1 ) yo(jz)) + E(xk17 ya(li))

= Z E(.Z'z, yg(i))
(@1,y:)Esupp(y)

(wi,yi)€supp(v)
n

=i, y)

i=1

v

where in the second and last equalities we have used the fact that ¢(z,y) = 0 for
any (z,y) € A x A, whereas for the first and second inequalities we have used the
easily checked inequality ¢(x,y) + ¢(z,y) > ¢(x, z) that holds for any z, z € X and

y € A, and the fact that supp(y) is ¢-cyclically monotone. This shows (2).

Now, to prove that (2) implies (3), observe that, by Theorem 2.4.9, the ¢-cyclical
monotonicity of supp(y) U A x A implies that there exists a ¢-concave function, say

¢, such that supp(y) UA x A C 833;(1). In particular,

$(x) + ¢°(y) = z,y) = 0

for any (z,y) € Ax A, which implies that both ¢ and gbz are constant on A. Since the

c-concavity is invariant under addition of constants, we can assume that ¢ = ¢¢ =0

on A.

On the other hand, we can see that ¢ is c-concave. Indeed, one can prove that, for any
y € X, the map x — ¢(z,y) is c-concave. Indeed, if we define 1,: X — RU {—o0}
by

—00 if ze X\ (AU{y})

Yy(2) =10 ifz=uy

—d(y, AP if z € A,
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then it is clear that

it e(2.2) — vy () = min {d(a, ), int d(a, 2 + d(y, A} = ),

and since ¢ is ¢-concave, there exists a function ¢: X — R U {—oo} such that

6 = 1°, that is,

¢(z) = inf c(z,y) — P (y)

yex
- yig)f( Inf e(w,2) =1y (2) = ¥ (y)
:gigid%@—¢u@—w@)
= inf oz, 2) — Sg}}; Yy (2) + ¥ (y)

= inf c(z,2) — (=),

where 7(2) = sup,ecx ¥y (2) + ¥(y). Observe this is a well defined function X —

R U {—o0} since, if z € A then

sup ¢y (2) +(y) = sup —d(y, A)” +4(y) = — inf &(z,y) —d(y) = —¢(2) =0
yeX yeX Y€

and if z € A, then
—0 ify#z
Py(2) + () =
U(z) fy==z
which implies that sup,e x ¥y (2) + ¥ (y) = ¥(2).

Moreover, if (z,y) € Oigb NS then

¢°(y) = &z, ) — d(x) = c(x,y) — p(x)

whereas
¢°(y) < e’ y) — pla') < e, y) — d(a')

for any ' € X, which means that (;Sz(y) = ¢°(y), therefore (z,y) € 0%¢. In
particular, since v is concentrated on 8§¢ NS, we get that it is also concentrated

on 0% ¢, which implies that supp(y) C 0% .¢.
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On the other hand, if z € A then, since ¢ = (;SE =0on A, we get
o(z) + ¢Z($) =¢(z,x) =c(r,z) =0

which implies that (z,x) € &grqb NS, therefore (z,x) € 0 ¢. In particular,
¢°(x) = ¢(z) + ¢°(x) = c(z,2) =0

therefore ¢¢ = 0 on A. This proves (3).

Finally, to prove that (3) implies (1), consider ¢ a ¢ -concave function such that
supp(y) C 05¢ and ¢ = ¢¢ = 0 on A, and choose ¥ € Adm(yu,v). Then, since

Tr;#ﬂg = W#’T/‘Q, we get

drl :/ drl :/ d7r1~:/ drl7.
/X¢ T Q¢ 4+ ng 4+ qu #7

Analogously with ¢°. Then, we get

Ao,y dr(wy) = [ 6(a) + 6 () dyay)
Eq Eq
= [ ola) drjr(@) + [ o) drr(v)
= [ o) dnfi@) + [ o) drAw)
=/ o(z) + ¢°(y) dy(z,y)
< [ d(z,y)" dy(x,y)
Eq
where the last inequality is due to the inequality ¢(z) + ¢°(y) < ¢(z,y) that holds

for general (z,y) € X x X. This argument implies that v € Opt(u, v).

To prove the last part of the statement, we only need to observe that, whenever

v € Opt(u,v) for some p, v € M,(X, A), then by (2) we have
supp(74) C supp(7) N x ACSNAx A
and for any (x,y) € SNQ x A we have
d(z, AP <d(x,y)’ = min{d(z,y)?,d(z, A)P} < d(x, A)P
which implies d(z,y) = d(x, A) for any (z,y) € supp(74). Analogously with +%.

O]
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4.4 Completeness and separability

In this section we prove that M, (X, A) inherits the properties of completeness
and separability from the underlying space X. This statement and its proof are

adaptations of [27, Proposition 2.7] for proper metric spaces.

Theorem 4.4.1. The space Mp(X, A) is complete and separable.

Proof. For the separability of M, (X, A), if we choose a countable dense set S C X

and define,

F= {Zqid% rx;€5NQ, ¢€Q4, ICNIs ﬁnite},
el

it is easy to check that F' is countable and dense in M, (X, A).

To prove that M, (X, A) is complete, we consider a Cauchy sequence {p, fnen C
Mp(X, A). Since {Wby(fin, 0) }nen is a bounded sequence in R, say by some C' > 0,

then for any compact K C €2 we have

1 1 cr
() < 5 [ (o, AV dpa(e) = S W00, 0) < o

rp
where d(z, A) > r > 0 for any x € K. In particular

sup{pn(K) :n € N} < 00

for any compact K C €, which due to Lemma 2.4.15, implies that {p,}nen is
vaguely precompact. Therefore it has a subsequence {jin, }ren vaguely convergent

to some p. By the lower semi continuity of Wb,,, we get that
WhP(u,0) < likrgg}beZ(unk,O) < 00,
therefore p € M,(X, A). Moreover, for any n € N,
0< Wbp(:um :u) < lim inf ng(ﬂm /Lnk%
k—o0
which implies

nli_)rgOWbp(un,u) = lim lim inf Wb (pun, pin,,) = 0

n—00 k—oo
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where the last equation comes from the fact that {u,},en is Cauchy. Therefore

pn, — o in M, (X, A), which implies the completeness. O

Remark 4.4.2. Observe the notorious difference in the length of the proof of
Theorem 3.4.1 and that of Theorem 4.4.1. This is due to the fact that in Theorem
3.4.1 we do not only prove that a Cauchy sequence of persistence diagrams converges
to some measure (regarding persistence diagrams as Radon measures, as in Theorem
4.7.2 below), but that such limit measure is a persistence diagram itself. On the
other hand, Theorems 3.4.1 and 4.7.2 yield that D,(X, A) is a closed subset of

Mp(X, A) for any p € [1,00).

Remark 4.4.3. Theorem 4.4.1 implies item 1 in Theorem F.

4.5 Geodesics

We now prove that M,,(X, A) is a geodesic space whenever X has this property.

This is a generalisation of [27, Proposition 2.9] for proper metric spaces.

Theorem 4.5.1. Let (X, A) be a metric pair such that X is geodesic. Then
Mp(X, A) is geodesic as well. Furthermore, if (j1t)ieo,1) s a constant speed
geodesic in My,(X, A), then there exists a measure v € M((eq, e1) 1(Eq)) such that

(eo,e1)xy € Opt(uo, 1) and

pe = (er) w0

for any t € [0,1].

For the proof of Theorem 4.5.1 we follow ideas from the proofs of [2, Theorem 2.10]

and [27, Proposition 2.9].

First, we need the following technical lemma, which yields a measurable selection

principle for geodesics.
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4.5. Geodesics

Lemma 4.5.2. There is a Borel measurable map GeoSel: X x X — Geo(X) such
that

(60, 61) o GeoSel = idX><X .

Proof. Since X and Geo(X) are proper metric spaces, the set
E={(z,y,§) e X x X xGeo(X) : {p ==z, & =y, d(z,y) = L(§)}

is o-compact. Moreover, by the continuity of d, the lower semi-continuity of £, the
continuity of the evaluation maps eg, €1, and the fact that X is geodesic, it follows
that E is closed and 712(E) = X x X, where 712: X x X x Geo(X) — X x X is
the projection onto the first two factors. Therefore, by Theorem 2.4.3, the claim

follows. O

Remark 4.5.3. Observe that for any (z,y) € S, where S is given by (4.12), and
any t € (0,1) and & € Geo(X) such that (eg,e1)(&) = (z,y), we have & € . Indeed,
if this is not the case, then for some choice of (z,y) € S, t € (0,1) and £ € Geo

such that (eg,e1)(&) = (z,y), we have & € A. Therefore,

d(z, A)P +d(y, AP < d(z, &) +d(y, &) = (1L =) + t*)d(x,y)" < d(z,y)"
which contradicts the fact that (z,y) € S.
We also need the following lemma to prove the second part of Theorem 4.5.1.
Intuitively speaking, this lemma allows us to construct a sequence of measures on

Geo(X) that interpolate a given geodesic (uut)e(o,1] in Mp(X, A) at arbitrarily fine

dyadic rational parameters in [0, 1].

Lemma 4.5.4. Let (pt)ejo,1] be a geodesic in My(X, A). Then, for any m € N,
we can find v™ € B(Geo(X)) such that

(ej/2ma 6k/27fb)#’7m|Eg € Opt(Mj/mek/zm),

supp((€;/2m ek/zm)#’)’m\AxA) CA(AxA),

for any 5,k € {0,...,2™m}.
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4.5. Geodesics

Proof. For each m € N and each ¢ € {0,...,2™ — 1}, choose

Y™ € OPt(pijam, f(ist1)/2m)
and apply Lemma 4.2.6 iteratively to get 4™ € B(X2"*1) such that

iid1 . .
ﬂ_;,ZJr ,ym — ,yz,m + O_z,m’

where o™ is supported on A(A x A). Then, by letting G™: X"+ — C([0,1], X)

be the Borel measurable map given by
(2o, ..., xom) — GeoSel(zg, x1) * - - - x GeoSel(zgm, xom 1),
where * denotes concatenation of paths, we can define
Y =Gy

Now, for any j,k € {0,...,2™}, we have

k-1
Z d(ei/2ma 6’(i+1)/2m)
i=j
k-1
<Y (ld(esjom s ety jam) | Loym)
o1
= Z Wbp(ﬂi/zmﬂ(iﬂ)/zm)

i=j

[d(ej/am, e jom) |l p(ymy <

Lp(y™)

= Wbp(ﬂj/zm Mk/2m)

where the first inequality is given by the monotonicity of the integral; the second
one is the triangle inequality in LP(y™), and the last two lines are consequences of

the definition of 4™ and the fact that (u).e(o,1] is a geodesic. As a consequence, we

get that
(ej/2maek/2m)#7m’EQ € Opt(lﬁjmm,,uk/w)
and
k—1
d(&jjam, Ejam) = Y d(&ijam, E(iv1)/2m)
i=j
for y™-a.e. £ € C([0,1], X), and the claim follows. O

70



4.5. Geodesics

The next results are similar in spirit to Lemma 4.2.8 and Corollary 4.2.9, and they
will allow us to construct the limit measure we need for the second part of Theorem

4.5.1. To improve readability, let us define

OptGeo(y,v) = {7 € M((ep,e1) " (Eq)) : (o, e1)4v € Opt(u,v)}. (4.13)

Lemma 4.5.5. For any pu,v,p € My(X,A), any compact C C Q, and any t € [0,1],

the set

{7|e;1<0) :y € OptGeo(u,v), (er)pvlo = p} (4.14)

1s weakly relatively compact.

Proof. Let pop € X and R > r > 0 such that C' C B,(po) C Bgr(po). Then, an

argument analogous to the proof of Lemma 4.2.8 shows that

WHP (1o, p11)

v(e; (C)\ (€0, 1) (Br(po) x Br(pn))) < &) (4.15)

for any v € OptGeo(u, v). Observe that (eg,e1) " (Br(po) x Br(po)) is closed and,
being the set of geodesics with endpoints in Bgr(pp), is contained in Geo(Bar(X)),
which is compact due to Arzela—Ascoli theorem and the fact that X is proper. By
fixing > 0 and letting R tend to infinity, the right hand side of inequality (4.15)

can be made arbitrarily small, uniformly over -, which implies tightness.

On the other hand, each ~| 71 (C) has total mass p(C) < oo. Therefore we have

uniformly bounded total variation, and the claim follows from Theorem 2.4.11. [
Corollary 4.5.6. For any p,v,p € My(X,A) and any t € [0,1], the set

{7 :v € OptGeo(p,v), (et)pY|a = p} (4.16)

is vaguely closed in M((eg,e1) 1 (Eq)).

Proof. Let {v™}men C OptGeo(pu, ) be such that (e;)x#y™|q = p for all m € N,

and assume that 4™ = 4 for some v € M((eg, 1)1 (Eq)). Thanks to Lemma 4.5.5,
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4.5. Geodesics

for any compact C C {2, {7m|e;1(c)}m€N is weakly relatively compact, therefore

Y e 10y = Ylez1(c)- In particular, if f € Cc(€2) then
t t

[ faeosr =, foerdy
Q e; ~ (supp(f))

= lim foe dy™

m=00 Je, ! (supp(f))

~ lim f d(en) 4™

M=% Jsupp(f)

:/Qfdﬂu

which implies (e;)#7v|o = p. Analogously, (eg,e1)xy € Adm(u,v).
Now, we prove that v € OptGeo(u,v). Indeed, by Lemma 2.4.16 applied to the

sequence {d(eq, €1)P¥™}nen, which is vaguely convergent to d(eg, e1)Py, and any

bounded open set U C (eg,e1) (Eq), we get

C((eo, e1)7|v) < liminf C((eo, e1)y" ) < Why(u, v).

By the monotone convergence theorem, the claim follows. O

Proof of Theorem 4.5.1. Let u° p! € M, (X, A) and choose v € Opt(u°, u'). By
Lemma 4.5.2 there is a Borel measurable map GeoSel: X x X — Geo(X) such that
GeoSel(x,y) is a constant speed geodesic joining x and y. We define v € B(Geo(X))
by

v = GeoSely 7.

In particular, since v is concentrated on S by item 2 in Theorem 4.3.1, then ~ is
concentrated on (eq, e1)*(S), which implies that (e;)xv is concentrated on €, for
any t € (0,1), by Remark 4.5.3. Observe, however, that this is not necessarily the

case for t =0 and ¢t = 1. Let y; be given by

pe = (ed)# 7)o

We claim that the curve (j1);¢(0,1] is @ constant speed geodesic joining p® and pt in

M,y (X, A). Indeed, since (eq, e;) o GeoSel = id then

1’ = myylo = 7y (eo, 1) GeoSely v]o = (e0) #¥lo = 1o

72



4.5. Geodesics

and, analogously, u' = 1. Moreover, for any s,t € [0, 1],

W2 (p1t, 1) = Whh((er) wla, (€s) 4vl0)
< C((et, es) 4| Eg)

- d(ﬂi‘, y)p d(etv 65)#’)’($, y)
Eq

= [ d(GeoSel(z,y);, GeoSel(z,y)s)? dvy(z,y)
Eq

—jt=s" [ dla,y) dr(ay)
Eq
= [t — s["Wbp(po, 1)

This argument implies both that p, € M,(X, A) for any t € [0, 1], by the triangle

inequality, and that (ju)¢cpo,1] € Geo(Mp(X, A)).

Now, for the second part of the theorem, let (ut).e(0,1) be a geodesic in M, (X, A).
We want to construct v € M((eq, e1) " (Eq)) such that (eq,e1)xy € Opt(uo, 1)
and (e;)#v|q = p for all t € [0,1]. We will get such - as a limit of a sequence of

measures given by Lemma 4.5.4.

Indeed, for each m € N, let v € B(Geo(X)) be as in Lemma 4.5.4. In particular,
(eo,e1)#Y"|Eq € Opt(po, p1). Due to item 2 in Theorem 4.3.1, ¥™|(¢) e1)-1(Eq)
is concentrated on (eg,e1) (S N Egq). Additionally, Lemma 4.5.4 implies that
Y™ |(eo,e1)~1(AxA) 18 supported on constant geodesics. Therefore, without loss of

generality, we can assume that v = ’)’m‘(emel)fl( Eo)-

We now prove that {7™},.en is vaguely relatively compact in M((eq,e1) " (Eq)).
Indeed, if K C (eg,e1) (S N Eq) is a compact set, then e 5(K) C Q by Remark

4.5.3, and thanks to Lemma 4.5.4,
Y™K) <A™ ((er2) e1/2(K))) = (e12) 7™ (e1/2(K)) = paja(er2(K)).
Since py /7 is a Radon measure on (2, and ey /o (K) is compact, we get that
sup ¥ (K) < o0,

meN

which proves the claim, due to Remark 2.4.13 and Lemma 2.4.15, since (eq, e1) " (Eq)

is an open subset of a separable, locally compact metric space.
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Thus, we can assume, up to passing to a subsequence, that {7 },cn is vaguely
convergent to some v € M((ep,e1) 1 (Eq)). By Corollary 4.5.6, (ep,e1)py €

Opt(po, p11) and (e¢)gv|o = e for any dyadic rational ¢ € [0, 1].

Finally, for any other ¢ € [0, 1], let {tz}ren and {t'};en be two sequences of dyadic
rational numbers converging to t, with ¢, < ¢t < ¢! for any k,! € N, and observe that

(€ty, €)%Y B, € Adm(py, , (er)#Y|q). Therefore,

ng(ﬂtk, (et)#ﬂ)"ﬁ) < C((etk’ et)#7|EQ)
< C((etkvetl)#7|EQ)

= ng(ﬂtk y Kl ) :

By letting k,l — oo, we get that (e;)xv|o = p¢ as claimed. O

We now prove that M, (X, A) inherits the property of being non-branching, whenever
p > 1. This is analogous to the second half of [27, Proposition 2.9], and the proof

adapts ideas from [2, Proposition 2.16].

Theorem 4.5.7. Let (X, A) be a metric pair such that X is geodesic and non-
branching, and p € (1,00). Then My(X, A) is non branching as well. Furthermore,
if (1t )eejo,1) © Mp(X, A) is a constant speed geodesic, then for any t € (0,1) and

any v € Opt(po, i), ygz( is unique and it is induced by a map.

Proof. Let (pu)e0.1] € Geo(Mp(X, A)), ¢ € (0,1) and consider v* € Opt(po, 1)

and 72 € Opt(u, p1). By the proof of Lemma, 4.5.4, there is v € B(X?) such that
iy =~"+o' and 7Py=1"+0"

for some o', 02 € B(X?) supported on A(A x A), and such that 7771#37 € Opt(uo, p11)-

Moreover,

d(z,y) = td(z, 2), d(y,z) = (1 —t)d(z,2)

for y-a.e. (z,y, 2).
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Now consider (z,y,2), (¢',y,2") € supp(y). By Proposition 4.3.1, we know that
supp(ﬂif”y) is in the superdifferential of a c-concave function (where c is given by

(4.10)), which implies it is c-cyclically monotone. Therefore,
d(z,2)? +d(2', 2" < d(z,2")P +d(a’, 2)P
< (d(z,y) +d(y, )" + (d(2', y) + dly, 2))"
= (td(z, 2) + (1 = t)d(2, 2))" + (td(2, 2) + (1 = t)d(z, 2))"
<td(x,2)? + (1 —t)d(z2',2")P + td(2',2")P + (1 — t)d(z, 2)P
=d(z,2)P +d(2, 2P
where the last inequality is due to the convexity of t — tP for p > 1. Moreover, the

strong convexity of the same function, and the fact the all the inequalities above

are equations, imply that d(z, z) = d(2/,2") and
d(z,y) +d(y,2') = d(z,2").

In particular, x, y, 2’ lie in a geodesic. Since X is non-branching, we get that z = 2/,
and analogously we get that = /. In other words, the map 72: (x,y,2) — y is

injective in supp(7y). In particular, if T" is the inverse of 7T2‘supp('y)7 we get that

(7' o T,id)ype = (Y1) and  (id, 7% 0 T = (47)3 -

Therefore, (v1)$ and (vy2)& are induced by maps. Moreover, this also implies that

(v1)$ is unique, because otherwise we could construct v € Opt (g, p1) such that

1 . .
A= 3 ((771 o T,id) g + (7' o T, 1d)#ut) ,
which would not be induced by a map.

Finally, to prove that M, (X, A) is non-branching, consider to € (0,1) and geodesics

(1t)iefo]> (14)eefo,1) such that po = ph and py, = pf,. Let v,7" € M((eo, e1) (Eq))

be such that p; = (er)»v|q and py = (e¢)#Y'|q for all ¢ € [0,1]. Then we have

(607 €t0)#'y, (607 eto)#7/ € Opt(u(ﬁ Mto)
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4.6. Non-negative curvature

which, due to our previous arguments, implies

(0, e1y) 2y = (€0, €10) 1Y xx = (€0, et0) 27 |xxa = (€0, e1,) 27,

where we have used that supp((es,)x7y) C €2 for ¢y € (0,1), thanks to Remark 4.5.3.

Since X is non-branching, the map (eq, e;,): Geo(X) — X x X is injective, which

implies
v=7
therefore
i = (en)gvle = (en) gl = u,
and the proposition follows. ]

Remark 4.5.8. Theorems 4.5.1 and 4.5.7 imply items 3 and 4 in Theorem F

4.6 Non-negative curvature

In this section we prove that Ma(X, A) inherits the property of having non-negative
curvature in the sense of Alexandrov. This provides a new way to construct

Alexandrov spaces. The proof is an adaptation of that of [2, Theorem 2.20].

Theorem 4.6.1. Assume that (X, A) is a metric pair such that X is a non-
negatively curved Alexandrov space. Then Ma(X, A) is a non-negatively curved

Alezandrov space.

Proof. Since X is proper and geodesic, it follows that My(X, A) is complete and
geodesic, due to Theorems 4.4.1 and 4.5.1. Now, let (,Ut)te[o,l] be a constant speed
geodesic in Mo (X, A). Let also v € M3(X, A) be some measure. By Theorem 4.5.1,
we know there exists v € M((eq,e1) " (Eq)) such that (eg,e1)zy € Opt(uo, p1)
and (e;)xv|o = p for all t € [0,1]. Fix t € (0,1) and consider v € Opt(sus, v). By

observing that (e;)gvy = w = ﬂ#’ym and applying the gluing lemma (Theorem

76
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2.4.7), we get a measure a € B(Geo(X) x X) such that

Geo(X) =
Ty a=-"

Geo(X)

(e1 0 1950) X)Ly = o

It is therefore easy to check that

Geo(X) 7_(_X)

(EOOTF #a‘EQ +7§{} € Adm(”o»”%

Geo(X)

(erom ) palp, + 94 € Adm(u, v)

In particular,

W3, v) = [ d(r,2)? dn(r, )

= [ d(w,2)? dy( ) + / d(z, 2)? dy(x, 2)
Ox X AxQ

-/ A&, 2)? dal6,2) + [ dla,2)? do(,2)
Geo(X)xX AXQ

> / (1= 0)d(Eo, )% + td(E1, 2)% — (1 — t)td(&o, 1) dar(€, 2)
Geo(X)x X

+ d(z,2)* dy(z, z)
AXQ

>(1-1) ( s d(x,z)2 d(eg o WGeO(X),TFX)#a(JI, z) + AXQd(:E,z)2 dv(m,z))
Q

+t ( d(x,2)? d(eg o 79 78y, 2) + d(z, 2)? dy(z, z))
Eq

AxQ
(-t /EQ d(z, 2)? d((eo, e1) 0 79°X)) 4, 2)

> (1 - t)Wb%(:u’Oa I/) + th%(ML V) - (1 - t)th%(M()u /'Ll)a
which proves the claim. ]

Remark 4.6.2. Theorem 4.6.1 implies item 4 in Theorem F.

In analogy to Proposition 3.6.5, the following proposition shows that Ma(X, A)

always has an extremal point at the zero measure.

Proposition 4.6.3. The space of directions at the zero measure, Xo(Mao(X, A)),

has diameter no greater than /2.
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4.7. Embedding of Dp(X, A) into Mpy(X, A)

Proof. Let p,v € Ma(X, A). Then, we know that
Wha (1, 0)? + Why(v,0)? > Who(p, v)?

since the transport plan (id, proj 4)xu + (proj4,id)xv € Adm(pu, v) is suboptimal.
Therefore, if &1, & € Geo(My(X, A)) are geodesics with &;(0) = &(0) = 0, then

o Why(&1(s),0)2 + Why(€2(2),0)2 — Wha(&1(s), &a(t))?
cos £(&1,62) = Ty TWha (€1 (), 0)Wh (&1, 0) 20

which implies that £(&;, &) < 7/2. O

4.7 Embedding of D,(X, A) into M,(X, A)

In this final section, we generalise [24, Proposition 3.5], and prove that D, (X, A) is
isometrically embedded into M, (X, A), which proves Theorem G. Indeed, there is

a natural inclusion D,(X, A) — M, (X, A) given by

The proofs of the following results are adaptations of those of [24, Lemma 3.4 and

Proposition 3.5].

Proposition 4.7.1. Let p € My(X,A), r >0 and A, = {z € X : d(z,A) <r}.
Let " = plx\a,- Then Why(u", 1) — 0 when r — 0. Similarly, if o € Dp(X, A),

we have dp(c”,0) = 0 as r — 0.

Proof. Let v € Adm(u, ") be the partial transport plan given by

v = (id, id)gpulx\ 4, + (id, proj4)#p 4,

Therefore,

Whsp) < [ dla, A due).
By the monotone convergence theorem applied to p with the functions f,.(x) =
d(w, A)P - 1x\ 4, (), we conclude that Why(p, u") — 0 as r — 0. Similar arguments

show that d,(c,0") = 0 as r — 0. O
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Theorem 4.7.2. For 0,7 € D,(X,A), Wby(0o,7) = dp(o, 7).

Proof. First we consider the case when both o\ A and 7\ A have finite cardinality
(counting multiplicity), that is, o \ A = {{z1,...,2n}} and 7\ A = {y1,..., v }}

for some z;,y; €, i=1,...,m, j =1,...,n. Let us define
o ={{z1,...,2m,Proja(y1),...,proja(yn)},
T ={v1,-- - Yn,proja(x1),...,proj4(zm)}}-
Then, it is clear that
dy(o,7) = d(5,7) = min(P, C)us,

where P runs over all permutation matrices of size (m+mn) x (m+n), (-, -)gs denotes

the Hilbert—Schmidt inner product of square matrices, and
d(z;, y;)? if1<i<m, 1<j<n
d(zi,pa(zj—n))? f1<i<m, n<j<m+n

d(y;, pAWi—m))? fm<i<m+4n, 1<j<n

0 ifm<i<m+n n<ji<m+n
Similarly, it is clear that

ng(a, 7’) = mA/iln<M, C>HS (4.17)

where M runs over all matrices of size (m + n) x (m + n) such that M;; > 0 and

S My = 30T My = 1.

However, it is known that minimisers in equation (4.17) are permutation matrices

(see [5, 48]). This proves the finite case.

For arbitrary o,7 € Dy(X, A), consider > 0 and observe that both ¢" and 7"

contain finitely many points in €2. Then, due to Proposition 4.7.1, we get that

Wby (o, 7) = ;i_I}I%)Wbp(O'T, ™) = 7ln1_r)% dy(o", ") = dy(o, 7).
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APPENDIX A

Gromov—Hausdorff convergence of

metric pairs

In this appendix, we present the theory of the Gromov—Hausdorff convergence
for metric pairs, as introduced in [17] and developed in [1]. We show that this
convergence can be metrised (Proposition A.1.11 in the compact case; Proposition
A.1.15 in the case of proper length spaces; Proposition A.1.29 in the general case of
proper metric spaces). We also prove the embedding, completeness and compactness
theorems (Theorems A.2.1, A.2.5, and A.2.6), which are well-known results in the
classical theory of Gromov—Hausdorff convergence. For further applications of this

framework, we refer to [1]

For the convenience of the reader, we repeat the definition of the Gromov—Hausdorff
convergence for metric pairs, as introduced in [17] and studied in [1], and already

mentioned in this thesis in Definition 3.7.1.

Definition A.0.1. A sequence {(X;, A;)}ien converges in the Gromov—Hausdorff
topology to a metric pair (X, A) if there exist sequences {¢;};en and {R;};en of
positive numbers with ¢; \, 0, R; / 0o, and maps ¢;: Bg,(A4;) — X satisfying the

following three conditions:

L |dx,(z,y) — dx(¢i(x), ¢i(y)| < & for any z,y € Br, (4;);
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2. di¥ (¢i(Ai), A) < &3

We will denote the Gromov—Hausdorff convergence of metric pairs by

(X;, A;) < (X, 4).

A.1 DMetrisability

We now consider the metrisability of the convergence of metric pairs. In order to
do this, we consider three cases: compact spaces, proper length spaces, and general

proper spaces.

A.1.1 Compact case

Let us first consider the case where the metric spaces are compact.

Definition A.1.1. Let (Z,0) be a metric space, X,Y C Z subsets and A C X,
B C Y non-empty closed subsets. The Hausdorff distance between (X, A) and
(Y, B) is given by

d(sH((Xv A), (Y7 B)) = dlﬁ(X7Y) +dl(§|(AvB)

Definition A.1.2. The Gromov-Hausdorff distance between two compact metric

pairs (X, A) and (Y, B) is defined as
deH((X, A), (Y, B)) = inf{d},((X, A), (Y, B)) : 6 admissible on X LIY}.
One tipically studies the Gromov—Hausdorff distance from a quantitative point of

view through approximations. We now define the corresponding notion for metric

pairs.
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Definition A.1.3. Let X and Y be metric spaces and € > 0. A pair of maps
f: X =Y and g: Y — X (not necessarily continuous) is an e-(Gromov-Hausdorff)

approximation if for every x,x1,29 € X and y,y1,y2 € Y,

ldx (z1,22) — dy (f(71), f(22))] <e¢, dx(go f(z),z) <e,
dy (y1,92) — dx(9(v1),9(y2))| <&, dy(fog(y),y) <e.

The set of all such pairs is denoted by Appr.(X,Y). In the case of metric pairs,

one restricts to pair maps as follows: For metric pairs (X, A) and (Y, B), we let

du(f(A), B) <e,
Appr.((X, A), (Y, B)) = { (f,9) € Appr.(X,Y) :

du(g(B),A) <e
Remark A.1.4. In the literature, Gromov—Hausdorff approximations often are
not defined as pairs of maps but as one map f: X — Y where f has distortion less
than e, i.e. for all z1, 29 € X the map f satisfies |dy (f(x1), f(x2)) —dx(x1,22)| < €,
and B.(f(X)) =Y (compare with the maps ¢; in Definition 3.7.1). Observe that
(f,9) € Appr.(X,Y) already implies that f has these properties (for the same ¢). In
the following, we will see that Gromov—Hausdorff distance less than ¢ corresponds
to the existence of e-approximations (up to a factor). The next proposition shows

that (up to another factor) the definition of Gromov-Hausdorff approximations

used here can be replaced by the one described in this remark.

Proposition A.1.5. Let f: (X,dx) — (Y,dy) be a map between metric spaces
with distortion smaller than € > 0. Then there exists a map g: f(X) — X satisfying
(f,9) € Appr. (X, f(X)). Moreover, if Y = B.(f(X)) and dy(f(A),B) < e, then
there exists a map h: Y — X such that (f,h) € Apprs.((X, A), (Y, B)).

Proof. We define g choosing some g(y) € f~'(y) for y € f(X). We note that
fog=1d|;x). Foryi,yz € f(X),

ldx (9(y1), 9(y2)) — dy (y1,y2)| = [dx (9(y1), 9(y2)) — dy (f(g(y1)), f(9(y2)))| <&,

and for x € X,

dx(z,g0 f(z)) = ldx (2,90 f(x)) — dy (f(z), f(g o f(2)))] <e.
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These two inequalities are satisfied because f has distortion less than . The

remaining two inequalities are satisfied trivially. Thus, (f,g) € Appr.(X, f(X)).

IfY = B.(f(X)), we define

gly) if ye f(X),
h(y) =

g(y) if y¢& f(X)and ¢/ € f(X) is such that dy (y,y') < e.

We have that ho f = go f and then for all x € X,
dx(ho f(z),x) <e.

Now for y € Y, using fog = Id|;y or foh(y) = fog(y) =4 fory' € f(X)NB:(y)

as in the definition of h, we get

dy (foh(y),y) =dy(¥,y) <e.

Regarding the distortion of h for every y1,y2 € Y,

dx (h(y1), h(y2)) — dy (y1,92)| < |dx (h(y1), h(y2)) — dy (f(h(y1)), f(R(y2)))]
+ |dy (f(h(y1)), f(h(y2))) — dy (y1,y2)]
<e+dy(foh(yi),y1)+dy(foh(y2)y2)

< 3e.

Finally we can prove that dy(h(B), A) < 3¢ as follows: if b € B then we know there

is some a € A such that d(f(a),b) < € because dy(f(A), B) < ¢, therefore we get
d(h(b),a) < e+d(foh(b), f(a)) <e+d(foh(b),b)+d(f(a),b) <3e
since f has distortion less than €. On the other hand, if a € A then
d(a,ho f(a)) <e

as we have seen previously. Thus, we have h(B) C Bs.(A) and A C B.(h(B)) which

implies the claim. O

Proposition A.1.6. Let (X, A) and (Y, B) be metric pairs and € > 0. Then the

following assertions hold:
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1. If den((X, A), (Y, B)) <€, then Appry.((X, A), (Y, B)) # &.

2. If Appr.((X, A), (Y, B)) # &, then dgu((X, A), (Y, B)) < 4e.

Proof. To prove the first claim, we take a number 6 such that 0 < 6 < ¢ —
deu((X, A), (Y, B)). By the definition of infimum, we have an admissible metric 0
with

A% ((X, A), (Y, B)) < den((X, A),(Y,B)) + 0 < .

Then d},(X,Y) < € and d|(A, B) < ¢. These inequalities imply the following:

1. For every x € X, there exists y, € Y such that §(z,y,) < e.
2. For every a € A, there exists b, € B such that d(a, b,) < €.
3. For every y € Y, there exists x,, € X such that 6(y,z,) < e.

4. For every b € B, there exists a; € A such that §(b,ap) < €.

With these properties in hand, we define f: X — Y and ¢g: Y — X by setting

b, ifxeA,
flz) =

yr ifx e X N A,

ay ifye B,
9(y) =

z, fyeY \B.

By the definition of f, §(f(z),z) < € for every x € X. Thus,
|dy (f(2), f(2')) — dx(z,2")] < 6(f(2),z) +d(f(a'),2)) < 2e
for every x,2' € X. Analogously,

ldx(9(y),9(y")) — dy (y,9')| < 2,
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for every v,y € Y. Now,

dx(go f(x),x) =d(go f(x),z)
<o(go f(x), f(z)) +0(f(x),x)

< 2e¢,

because 0(g(y),y) < € by definition. Also, dy (f o g(y),y) < 2e.

Finally, we notice that f(A) C B C B:(B) and B C Bs.(f(A)) because for any
b € B we have dy (b, f(g(b))) < 2¢ due to the previous argument. Therefore,

du(f(A), B) < 2¢ and, in a similar way, we can prove that dy(g(B), A) < 2¢. Thus,

(f,9) € Apprac((X; A), (Y, B)).

In order to prove the second claim, we take (f,g) € Appr.((X, 4), (Y B)). We define
an admissible metric 6: (X | |Y) x (X[JY) — R by setting

dx(z,y) ifre X, yeX,

0(y,x) =0(z,y) = { dy (z,y) ifreY yey,

S+inf{dx(z,2') +dy(f(2'),y): 2’ € X} ifzxe X, yeV.

By definition, § is symmetric and positive definite. To prove the triangle inequality,

first we take x1,22 € X and y € Y. Then

8(x1,m2) + 8(x2,y) = dx (1, 22) + % +inf {dx (z2,2") + dy (f(z'),y) : 2’ € X}

= 4 inf {dx(z1,22) + dx(x2,2") + dy (f(z'),y) : 2’ € X}

[\)

> — +inf {dx(z1,2') + dy (f(2'),y) : 2’ € X}

2
= 5(331’ y)
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and
dx(z1,2") + dx (z2, 2"
5(5517 )+5(y7$2 —5—|—1nf X X( 2 ) Ix/,ﬂf//GX

+dy (f(2'),y) +dy (f(2"),y)
d T1,T +d _r//

> € + inf x(@ Y(f( ). ") D
+dX xg,
dx(z1,2") + (dx (o', x €

> e+ inf XA (dx(2',2") —€) e X
+dx (z2,x

> inf {dx(z1,22) : 2’2" € X}

= (z1, z2).
For x € X and y1,y2 € Y,

6, y1) + 8(ynyo) = 5 + inf {dx (@,2) +dy (f(a').yn) s @' € X} +dy (1, 2)

= g + inf {dX(l”,aj’) + dY(f(SU/),yl) + dY(?/LyQ) e X}

E—|—mf{dX (z,2") +dy (f(2'),y2) : 2’ € X}

[\]

= 5(.’E, y2)
and

d(x,y1) + 6(z,y2) = € + inf {dX(:c,x/) +dy (f(2"),11) : 2’ € X}
+inf {dx (z,2") + dy (f(z"),y2) : 2" € X}
dx(z,2") +dy (f(2'),y1)

= ¢+ inf 22" e X
+dx(z,2") + dy (f(2"), y2)

dx(z',2") 4+ d x'),
> ¢ +inf x( v (/@) ) cxl e X
+dy (f(2"),y2)
2 — e
> e +inf ) ) a2 e X
+dy (f y1) +dy (f(z"), y2)

> inf {dy (y1,v2) : @', 2" € X}

= 0(y1,y2).
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Using the metric §, we get, for z € X,

8(z, f(z)) = % +inf {dx(z,2") + dy (f(2'), f(z)) 1 2’ € X} = %

using 2’ = z. For y € Y, we have

3e

3(y,9(y)) < 6(y, fog(y) +6(fog(y),g(y) <e+ g ==

by the previous inequality and the definition of an e-approximation. We note that
these two inequalities are true when we take x € A and y € B, respectively. Since
du(f(A),B) < e and dy(g(B),A) < &, we obtain A C Bg/Q(f(A)) C Bga/Q(B) and
B C Bj_,(9(B)) C B}, 5(A). 1t is also true that X C BY,(f(X)) C B ,(Y) and
Y C Bg€/2(X). Putting all together, we obtain

don((X, 4), (v, B)) < dh (X, A), (¥, B) = dh(X,¥) + dh(A, B) < =+ 25 = 4,

O

Definition A.1.7. Two metric pairs (X, A) and (Y, B) are isometric if there exists

an isometry f: X — Y with f(4) = B.

Theorem A.1.8. On the space of isometry classes of compact metric pairs, dgy
defines a metric.

The proof of this theorem is the same as [34, Proposition 1.6] using Lemma A.1.6.

We can compare the usual Gromov—Hausdorff distance with its metric pair analogue

as follows.

Proposition A.1.9. Let (X, A) and (Y, B) be compact metric pairs. Then the

following assertions hold:

1. dGH<X7 Y) < dGH((X7 A)7 (Y7 B))

2. For any non-empty closed subset A C X and for any n € N, there exists

B, CY such that

den((X, A), (¥, B,) < 2den(X,Y) + 2.
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Proof. We get both statements from the definitions. For the first one, we take

closed subsets A C X and B C Y and we obtain

den(X,Y) = inf {d‘; (X,Y) : ¢ is an admissible metric on X UJ Y}
< inf {d‘SH(X, Y) + d%(A, B) : § is an admissible metric on X L Y}

= dau((X, A), (Y, B)).

Now, to prove the second assertion, we let r = dgy(X,Y). For any n € N, there
exists an admissible metric d§,, on X LY satisfying

1 1
dﬁln(X,Y) <den(X,Y) + ~ = i -

Thus, X C Eill /n(Y). Now, if we fix a non-empty closed subset A C X, then for

any a € A there exists b¢ € Y such that
a 1
dn(a,b2) <r+4 —.
n

If B, ={b% : a € A}, then
1
dor (A, By,) <7+ e

Thus
P (X, A), (Y, Bp)) = d>(X,Y) + d’ (A, By)
1 1
<r+-—+r+-—
n n
2
=2r+ —.
n
and

dGH((Xa A)a (Ya Bn)) S 2dGH(X7Y) + %

Corollary A.1.10. Let X and X;, i € N, be compact metric spaces.

1. If (X4, 4;) S, (X, A) for some A; C X; and A C X, then X; SHy X as well.

2. If X; S X and A C X, then there exist A; C X; such that (X;, A;) S,

(X,A).
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We now prove that the Gromov-Hausdorff convergence of compact metric pairs can

be metrised.

Proposition A.1.11. If (X, A) and {(Xi, A;) }ien are compact metric pairs, then

(X, 4;) (X, 4)

is equivalent to

lim den((X;, A7), (X, A)) = 0. (A1)

1—00

Proof. Let us assume that X is compact and (X;, 4;) SH, (X,A). Then we have
gi (0, R; /oo and fi: Bg,(A;) — X as in Definition 3.7.1. Since X is compact,
we know that X = Bpg,(A) for i € N sufficiently large. By the triangle inequality

and the conditions (1) and (2) in Definition 3.7.1, we get
| diam(Bpg, (A;)) — diam(Bg, (A))| < 3e;.

Thus, there exists C' > 0 such that diam(Bg, (4;)) < C for all 4 € N. This condition
implies that X; = Bg,(4;) for i € N sufficiently large; otherwise, we would have
that diam(X;) > R; for arbitrarily large i € N, which due to the fact that f; has
distortion less than e; implies diam(X) > R; — &;, and this is not possible if X is
compact. In particular, f;: X; — X satisfies the hypothesis of Proposition A.1.5 for
sufficiently large ¢ € N, which implies that Apprs. ((X;, 4;), (X, A)) # @. Thanks
to Proposition A.1.6 we get dgn((X;, 4;), (X, A)) — 0.

Conversely, by (A.1) and Proposition A.1.6, we have Appr,((X;, 4;), (X, A)) # @
for any € > 0 and sufficiently large ¢ € N. In particular, if we take R; = diam(X)+1,
any sequence ¢; \, 0 such that dgn((X, A;), (X, A)) <&;/2, and fi: Bg,(A;) = X
such that there exists g;: X — X; with (f;, g;) € Appr,, ((Xi, As), (X, A)), we get
that (X;, A;) 25 (X, A). 0

A.1.2 Proper length spaces

In general, the distance function dgy described above is not well-defined for non-

compact metric pairs. However, we can use the distance between metric pairs of
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the form (B,(A), A) to study the convergence of proper length metric pairs. The

following lemma is useful for this goal.

Lemma A.1.12. Let (X,0) be a proper length space, A C X a closed subspace and
r,s > 0. Then

By (Bs(A)) = Brys(A).

Proof. Let ¢ € B,(Bs(A)). There exists © € Bg(A) with §(z,q) < r. Then
(g, A) < (g, x) +0(z,A) <r—+s.

Thus, B, (Bs(A)) C Br4s(A).

Conversely, we take ¢ € B,4s(A). Because Bs(A) C B,(Bs(A)), we can assume
without loss of generality that ¢ € B,y5(A) \ Bs(A). We set | = 6(q, A) and we
note that s < < r + s. Since A is closed and X is proper, we can take a shortest

geodesic v from A to g, i.e. v: [0,]] — X with 4(0) € A and v(I) = q. We define
1.
€= §m1n{5,7‘+3—l} >0

and

t=s—¢ce(0,s)Cl0,1.

Then §(y(t),A) =t < sand §(y(t),q) =l —t=1—s+e<l—s+r+s—1L=r.
Therefore, v(t) € Bs(A) and g € By(v(t)), and finally, B,4s(A) C B,(Bs(A)). O

Lemma A.1.13. Let (X,0) be a proper length space, A, B C X be closed subsets,

and let r,s > 0. Then

di(B:(A), Bs(B)) < dyy(A, B) + |r — s|.

Proof. We start by defining e = dJ,(A, B) + |r — s| > 0. We have two cases.

If e = 0, then d{,(A, B) = 0 and 7 = 5. Then, for any ¢’ > 0 we have

B,(A) C Busr(B) = Bu(B,(B))
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and

By(B) C Beryr(A) = B (Br(4)),
so d(B,(A),B,(B)) = 0 as well.
If £ > 0, we apply Lemma A.1.12, and obtain
Br(A) C Bys a,8yr(B) C Bas.(a.B)4r—s+s(B) € Bers(B) C B(Bs(B))
and
Bs(B) C Bys a,)+s(A) € Bas (4, y1jr—s|4r(A) C Betr(A) C Be(Br(4)).

Therefore,

since dy(B,(A), B;(A) = 0. O

Corollary A.1.14. Let (X,9) be proper length spaces and A, B C X be closed

subsets. Then

1. dGH((Er(A)vA)v(Es(A)’A)) < |T - 5|, and

s/

2. dGH((Fr(A)vA)a( T’(B)7B)) < 2d(sH(A’ B)

Observe that Lemmas A.1.12 and A.1.13 and Corollary A.1.14 also hold if, instead

of assuming that X is proper, one asks that the subspaces A, B C X are compact.
Proposition A.1.15. If (X, A) and {(X;, A;) }ien are proper metric spaces then

lim dgn((By(Ai), A5), (Br(A), A)) =0 for all > 0. (A.2)

1—00
implies (X;, A;) GH, (X, A). If in addition {X;}ien and X are length spaces, then

the converse also holds.

Proof. 1f condition (A.2) holds, then, by [34, Lemma 2.8], there exists R; / oo

such that

sub{don((B, (47). Ay). (B, (), A)) 5 > i} < 7
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Therefore, taking ¢; = 2/R;, we have

den((Br,(Ai), A;), (Br,(A), A)) < %

which, due to Proposition A.1.6, implies that there exists some

(fi>9i) € Appr.,((Br,(4i), 4i), (Br,(4), A)).

Such choice of ¢;, R; and f; clearly satisfies Definition 3.7.1.

Let us now assume that X and {X;};en are proper length spaces and such that
(X, A;) SH, (X,A). Then we have ; \, 0, R; / oo and f;: Br,(4i) — X &-
approximations as in Definition 3.7.1. We can then define a metric §; on Br(4;) U

BRr(A) just as in the proof of Proposition A.1.6:

dXi(:U’ y)’ HS ER(Al)v Yy e ER(AZ)a
dX(JI,y), S ER(A)a Yy e ER(A)a

—+ inf {dx,(e,a) +dx(fi@!),y)}, @€ Br(4), y € Br(A),
2 x'€BRr(A:)

5i(y7$)a T € PR(A)7 Yy e ER(félz)

Clearly, §; is an admissible metric on Br(A;) U Br(A).

We can see that A; C Egigi/z(A) as follows: if z € A; then 6;(z, fi(x)) = €;/2, and

we also know there is some y € A such that 6;(fi(x),y) < &, so §;(x,y) < 3g;/2.

On the other hand, we can also check that A C Eg;./g(/li)i if y € A then there is
some x € A; such that d;(y, fi(x)) < &;. Therefore 6;(y,z) < €;/2 + 0;(fi(x),y) <
381'/2.

Now we can see that Br(A;) C Bj,/2(Br(A)): if d;(x, A;) < R then, using the
triangle inequality and the properties of f;, we can verify that d;(f;(x), A) < R+ 2¢;,
and since X is a length space, there is some y € Bg(A) such that §(fi(x),y) < 2e;,

SO

i(x,y) < 0i(x, fi(x)) + 0s(fi(x),y) < 5ei/2.
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Let us now prove that Br(A) C By, /2(Br(A;)). Therefore, for any y € Br(A)
there is some © € B, (4;) such that dx (y, fi(z)) < ;. Since dy(f(4i), A) < &; and

the distortion of f; is less than ¢;, we get that

|d(z, A;) — d(y, A)| < |d(x, A;) — d(f(x), f(A)| + 1d(f(z), f(A:)) —d(y, f(A))]
+ [d(y, f(Ai)) — d(y, A)]

S 361'.

Therefore, d(x, A;) < d(y, A) + 3e; < R+ 3¢;, which due to the fact that X; is a

length space implies that there is some 2’ € Br(A4;) such that §;(z,2’) < 3g;. Then

E; 96,‘
iy, x') < > +dx, (2, z) + dx (fi(z),y) < 5

We conclude then that di{ (A;, A) < 3¢;/2 dif (Br(A;), BR(A)) < 9¢;/2. Therefore,

den((Br(A1), A1), (Br(4), 4)) < =,

which proves that condition (A.2) holds. O

A.1.3 General case

The Gromov—Hausdorff distance between non-compact metric spaces is not well-
defined in general. However, it is possible to define the Gromov—Hausdorff distance
between non-compact pointed metric spaces (see [30] and cf. [12]), which is slightly
different from the corresponding definition in the compact case. This notion is
thoroughly studied in [32, 34]. We extend this definition to the setting of metric

pairs.

Definition A.1.16. Given ¢ > 0 and metric pairs (X, 4), (Y, B), an admissible

distance function 6 on X UY is (g; A, B)-admissible provided

diy(A,B) <&, B).(A)CBY(Y), Bj.(B)cCBIX).
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Definition A.1.17. Let (X, A) and (Y, B) be metric pairs. The Gromov-Hausdorff
distance between (X, A) and (Y, B) is

don((X, 4), (Y. B)) = min { 3. den((X. ), (v, B) }.

where
~ there exists a (e; A, B)-admissible
den((X,A),(Y,B)) =inf e >0:
distance § on X LY
Remark A.1.18. Observe that both definitions of Gromov—Hausdorff distance

between metric pair induce the same topology in the case of compact metric pairs.

Definition A.1.19. Let f: X — Y be a map between metric spaces, let ¢ > 0,
and A C X, and B C Y closed subsets. We say that f is an e-rough isometry from
(X, A) to (Y, B) if it satisfies dﬁy (f(A),B) < g, it has distortion less than £ and
Y C B (f(X)).

Lemma A.1.20. Let (X, A) and (Y, B) be metric pairs.

1. If dgu((X,A),(Y,B)) < ¢ < 1/2, then there exists a 2e-rough isometry
—d —d —d
f: Byje(A) = Y from (By).(A), A) to (Byj._».(B), B).

2. Conversely, let R > ¢ > 0 and suppose that there is an e-rough isometry

F1 BR(A) = Y from (BE(A), A) to (BY .(B),B). Then

den((X, A), (Y, B)) < max {35, = L 6} .

Proof. 1. We suppose that deu((X,A4),(Y,B)) < ¢ < 1/2 and we take § a
(¢, A, B)-admissible distance on X Y. We define f: Pilfa(A) — Y by setting
f(z) €Y with 6(z, f(z)) < e.

First, we prove that the distortion of f is less than 2¢. Let z,y € E(lifs(A).

Then

dy (f(x), f(y)) — dx(z,y)| < [6(f(2),2) + dx(z,y) + 6(y, f(y)) — dx(x,y)]
<4(f(x),x) +6(f(v),v)

< 2¢.
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Let y € §§/€,25(B). Since E(;/E(B) C B2(X), we take « such that §(z,y) < e.

Then
5(x, A) < 6(z,y) + dy (y, B) + d} (A, B)
< 2e + dy(y, B)
< 2+ 1 — 2¢
€
_1
€
Also,

dy (f(x),y) < o(z, f(2)) +0(z,y) <e+e=2e,

and, therefore,

BY)._5.(B) C B3 (£(By(A))).

.Let R > ¢ > 0 and let f: EC}%X(A) — Y be an e-rough isometry from

(PdRX(A),A) to (ECII%Y_‘E(B),B). We define

0: XUY xXUY - R

dx(z,y) ifre X, yeX,
§(z,y) = dy (x,y) ifreY yey,

inf {dX(:c,u)%—gg—de(y,v)} ifre X, yeY.
uEBéX (A),veY 2
dy (v,f(u))<e

We will show that ¢ is a (¢; A, B)-admissible distance on X UY, where
t = max {35, ﬁ} Note that for x € E%X(A) and y € Y, we have 0(z,y) <

3e/2 + dy (f(2),y)-

It is clear that § is symmetric and positive definite. The triangle inequality is
valid where the three points lie in X and or in Y. Now, we have several cases
to check. The first is where there is one point in X. Suppose that x € X
and y,z € Y. Let u € E;{zx (A) and v € Y with dy (v, f(u)) < e. Then, by
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definition,

0(x,2) <dx(z,u)+ 32—5 +dy (v, z)
3
< dX(I‘,’U,) + ?6 + dY(Uay) + dy(y,Z)

3

The preceding inequality implies, after taking the infimum over u € E?%X (A)
and v € Y such that dy(v, f(u)) < e, the triangle inequality d(z,z) <

d(z,y) + oy, 2).

Now suppose that z € X and z,y € Y. Let u € PC;—{X(A) and v € Y with

dy (v, f(u)) <e. Then

0(z,2) <dx(z,u)+ 323 + dy (v, x)
3
S dX(z,u) + ?8 + dY(vay) + dY(ya .f)

3
= dx(z,u) + 5 +dy (v,) +0(y,2).

Taking the infimum over u € E?%X(A) and v € Y such that dy (v, f(u)) < ¢,
we have d(z,z) < (z,y) + d(y, z).

Suppose that y € X and x,z € Y. Let u,p € E%X (A) and v,q € Y such that

dy (v, f(u)) < e and dy(q, f(p)) <e. Then

§(z,z) < dy(z,v) + dy (v, f(u)) + dy (f(u), f(p)) + dy (f(p), q) + dy(q, 2)
< dy(z,v) + dy (f(u), f(p)) +2¢ + dy(q,2)
< dy (z,v) + dx (u, p) + |dy (f (u), f(p)) — dx (u,p)| + 2¢ + dy (g, 2)
< dy (z,v) + dx(u,p) + 3¢ + dy (q, 2)

< (dx(pw) + 5 + (o)) + (de(up) + 5 +dv(e.2).)

Taking the infimum over u € E?%X(A) and v € Y such that dy (v, f(u)) < ¢,

we have d(x, z) < d(y,z) + d(y, 2).

The case where we have two points in X and therefore one point in Y is analogous.
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We see now that it is admissible. Let u € A and v € B, then d),(A, B) < 5¢/2 < t.
If v € lei/t<A) C P%(A), then 6(z, f(z)) < 3¢/2 < t. Thus,

B
t

(A) C BY(Y).
Let y € BY;(B) € By .(B). Since BE(B) C B (f(B™(A))), there exists
x € PdRX(A) such that dy (f(z),y) < e. Taking x = uw and y = v, we get §(z,y) <

3e/2 < t.

Thus, dGH((X, A), (Y, B)) <t. O

Since we have a distance function for metric pairs, we can talk about convergence

of sequences. We have the following characterisation.

Proposition A.1.21. Let {(X;, A;) }ien be a sequence of metric pairs. The following

are equivalent:

1. dGH((Xi7Ai)7 (X, A)) — 0.

2. For all R > 0, there exist R; > R, ¢; > 0 and maps f: Edei (4;) = X such
that R; — R, ¢; = 0, and f; are ;-rough isometries from (Eg:i(Ai), A,-) to
—d
(BR (4), 4).
3. For all R > ¢ > 0 there is an I € N such that for all i > I there are
maps fi: E;;Xi (A;) — X that are e-rough isometries from (Ejl%xi(Ai), Ai) to

(BR.(4),4).

Proof. From Lemma A.1.20, part (2), we have that assertion (3) implies assertion
(1)
We suppose that assertion (1) holds. Let R > 0. We take I € N such that

. 1 1
i = 2den((X;, 40, (X, 4) < min {5, o |
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for every i > I. For 1 <i < I, we define R; = R+ 1 and t; = 4R. For ¢ > I, we

define R; = R + t;, where t; = 2¢;. Then R; — R and t; — 0. Also, for i > I,

1
—>R4+1>R+2¢;,=R+t;=R;
€

and there are (g;; A;, A)-admissible distances §; on X; U Z.
For 1 < i < I, we define the constant maps f;: E}%(Ai) — X by fi(z) =a € A. For
i > 1, let fi(z) € A be any point with d;(z, fi(z)) < g; for x € A; and fi(x) € X\ A
be any point with J;(x, fi(x)) < t; with € P;l{:i (A;) ~ A. These points always
exist because

05

- -3 _
By, (Ai) € Byje, (4) € B2(X)

€i

and d‘,:i (A, A) < &.

The maps f; are clearly ¢;-rough isometries for 0 < i < I. We assume that ¢ > 1.

Since 6;(z, fi(z)) < ¢e; for all x € FdR):i (A;), we have

|dx (fi(2), fi(y)) — dx, (x,y)| < 6i(fi(x), 2) + 6i(fi(y),y) < 2ei = ti.

Since E(E(A) C E?/Ei (A) C BY(X;), if we take y € E% (A), there exists a point

x € X; such that §;(z,y) < ;. Then
dx,(z, Ai) < 8;(x,y) + dx(y, A) + dYi (A, A;) < R+ 2¢; = R;.
Therefore, x € Fﬁ(i (A;) and
dx(fi(z),y) < di(w, fi(x)) + bi(w,y) < 2e; = 2t;.
Finally, we suppose that assertion (2) holds and let R > ¢ > 0. We choose R; > R,
t; and f; as in assertion (2). Therefore, we have maps f: F;?j" (A;) — X whose

distortion is less than ¢; and d‘,ﬂx (fi(A;), A) < t;. We choose I € N such that, for

alli> I, t; < e/3.

We take ¢ > I. We have to see that f; is a e-rough isometry from (E;l%x" (4;),Ap)
to (ECIQX_E(A),A) and it is left to prove that Ecjl%x_a(A) C Bdx (f(EdRXi (A;))). Let

Y€ BIUZ%{E(A). Then

y € BIX(A) € BEX(Fi(BE (A).
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Hence, there exists x € Egi (A;) with dx (fi(z),y) < t;. Thus,

dx,(z, A;) < dx(fi(x), fi(A)) + t;
< dx(fi(z),y) +dx(y, A) + diX (A, fi(A) +t;
<3ti+(R—¢)

< R.

Therefore, y € B (f(BES (A:))). O
The following lemma provides another useful method for estimating the truncated

Gromov—Hausdorff distance between metric pairs.

Lemma A.1.22 (cf. Lemma 3.3 in [32]). Let (X, A), (Y, B) be metric pairs and

e > 0. Suppose there are {z1,...,xn} C X and {y1,...,yn} CY such that

By (A4)C U B:(),
i=1

B%(B) - OBE(yz)7
i=1

s

N
1C-

&

B

ANBe(x;) #2 V1 <i<k,

k

B C U BS(yZ)7
=1

BNB(y;)) #2V1<i<k, and

fOT' all i)j) |dX(x27$])_dY(yl7y])| <e.

Then deu((X, A),(Y,B)) < 3e.

Proof. We define an admissible metric on X 'Y by setting

5(1’7y) = 5(3/’33) = 1<iié1n {dX(xa xl) + dy(y7yl)} +e.

This is an actual metric and the proof is the same as in [32, Lemma 3.3]. Moreover,

if € A, then there is some ¢ € {1,...,k} such that € B.(x;). Then, for any
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y € BN B:(y;), we have
§(z,y) < dx(z,2;) +dy(y,y;) + € < 3,

which implies that A C BS.(B). Analogously, we have B C BS.(A), thus d3; (A, B) <
3e. Finally, E% (A) € BS.(Y) and E%(B) C B3.(X) can be easily verified by an

argument analogous to the proof of [32, Lemma 3.3]. O

We introduce the following definitions to understand several results from now on.

Definition A.1.23. Let X be a metric space. A subset S C X is e-separated if its
cardinality is greater than 1 and for all distinct x,y € S, we have dx(z,y) > . For

A C X and r > 0 we define inner and outer covering numbers via

there exist x1,...,xm € X
M(r,A) =min{ m € N:

such that A C By(z1)U--- U By(zp)

there exist a1,...,a, € A
N(r,A) =minsn € N:

such that A C By(a1) U---U By (ay,)

and packing and separation numbers via

there exist a1,...,a, € A
P(r,A) =max{p e N:

such that B,(aq),..., Br(an) are disjoint

there exists an r-separated set

{a1,...,as} C A

S(r,A) =max{seN:

The proof of the following lemma is analogous that of [32, Lemma 3.9].

Lemma A.1.24. Let (X, A) and (Y, B) be metric pairs with dgn((X, A), (Y, B)) <
€ < 1/2. Then for any (g; A, B)-admissible metric 6 on X UY and all R > 0 and

r>0:

R<1/e= M(r+2¢,Br(B)NY) < N(r,Br(A) N X) and

R+r< 1/€:> P(T+2€,§R_25(B)QY) < P(T,PR(A)QX)

We also get an analogous version of [32, Corollary 3.10].
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Corollary A.1.25. Let dgu((X;, A;), (X, A)) — 0. If each X; is a proper space

and X 1is complete, then X is proper too.

The proof of the previous corollary is the same as that of [32, Corollary 3.10] after
fixing some a € A and observing that whenever dgn((X;, 4;), (X, A)) <e < 1/2
then we can find §; a (e; A;, A)-admissible metric on X; LI X and a; € A; such that

di(ai,a) < e.

Corollary A.1.26. Let X be a proper metric space and Y be a complete metric
space such that dgy((X, A), (Y,B)) =0. Then Y is proper.

Proposition A.1.27. Let (X, A) and (Y, B) be metric pairs. Suppose that one

space is proper and the other is complete. Then
den((X, A), (Y, B)) =0

if and only if (X, A) and (Y, B) are isometric.

The proof of the preceding proposition is the same as that of [32, Proposition 3.12].
We only notice that the balls B,.(A) are separable since B,(A) is proper and is
the countable union of compact balls B(p). This fact allows us to construct the

isometry between (X, A) and (Y, B) along the lines of the construction in [32].

Corollary A.1.28. Let collection of all isometry classes of proper metric pairs

(X, A) endowed with dgy is a metric space.

Proof. 1t is clear that dgy is symmetric and non-negative, and satisfies the triangle

inequality. From Proposition A.1.27, dgy is positive definite. O

Proposition A.1.29. Let {(X;, A;)}ien and (X, A) proper metric pairs. Then

(X;, A;) S (X, 4)
s equivalent to

1— 00
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Proof. Let us assume that (X;, A;) GH, (X, A), that is, we have ¢; \, 0, R; /* 00
and maps f;: Br,(4;) — X as in Definition 3.7.1. If R > ¢ > 0, take i € N
sufficiently large such that R; > R > e > 3¢g;. It is clear that the restriction of f;
gives an g;-rough isometry from (Bg,(4;), 4;) to (Bg,(A), A). Now, this implies
that f; restricted to Br(A4;) still has distortion less than &; and dy(f;(4;), A) < &;.
Moreover, for any y € Br_.(A) C Bg,(A), we know there is some z € B, (4;)
such that dx(y, fi(z)) < &;, and by the triangle inequality and the fact that f; has

distortion less than ¢; and dﬁx (fi(A;), A) < &, we have
|dx, (x, Ai) — dx (fi(x), A)| < 24,
which in turn implies
dx,(z, A;) <dx(fi(x),A)+2¢; <dx(fi(x),y) +dx(y,A)+2¢; <3¢, + R—e < R.

Thus, Br_.(A) C B-(f;(Bgr(A))). This means that f; induces an e-rough isometry
from (Bgr(A;), A;) to (Br—:(A), A) for sufficiently large i € N. Using Proposition

A.1.21, we conclude that

den((Xi, 4i), (X, A)) — 0.

Conversely, if we assume that
dGH((Xi7 Az), (X, A)) —0

and we consider sequences €; \, 0 and R; oo with R; > ¢;, then we have g;-rough
isometries f; from (chi (A;), A;) to (Ecll{f_ai (A), A), by assertion (3) of Proposition

A.1.21. This is exactly Definition 3.7.1. O
A.2 Embedding, completeness and compactness
theorems

The embedding, completeness, and compactness theorems are fundamental results

in the classical theory of Gromov—Hausdorff convergence [12, 30]. This section is
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devoted to prove versions of these theorems for the class of metric pairs. These
results are the counterparts of the main results in [32]. The proofs are natural
generalisations of the arguments given in [32] but we include most of the details
for the sake of completeness. Moreover, we establish analogous results for a larger

class, namely, the class of metric tuples.

Theorem A.2.1. Let {(X;, A;)}ien be a sequence of proper metric pairs. Suppose

that

> den((Xi, As), (Xiv1, Ai1)) < oo
=1

Then there exist a non-complete locally complete metric space Y and a closed subset

W CcY\Y, where Y is the metric completion of Y, with the following properties:

1. For each i, the space X; naturally isometrically embeds into Y .

2. The space Y is proper.

3. (Xi, Ai) RSN (Z,W), where Z =Y \ Y.
Proof. We can construct the space Y and prove it is a non-complete and locally com-
plete metric space satisfying item 1 just as in the proof of the Embedding Theorem
in [32]. Moreover, we define ¢, R, and 4, in the same way as in the proof of the
Embedding Theorem in [32]. Namely, we choose &, > don((Xn, An), (Xn+1, Ant1))
such that >0 ; &, < co. We also set R,, = 1/e,, and choose 6§, a (ey; An, Ant1)-

admissible metric on X, L X;,41.

It is clear that any sequence {a;}ieny C Y such that a; € A; and d(a;, a;41) < €; for
sufficiently large i € N is a Cauchy sequence, therefore it converges to some a € Y.

We can then define
W = {lim a; € Y : {ai}ieN CY, a; € A; and d(ai,aiﬂ) < Ei} .
1—00

This set is non-empty, since each A; is non-empty and we can construct at least
one limit of a sequence as in the definition of W. It is also a closed subset of Y by

a standard diagonal argument.
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We will now prove that (X;, A;) AN (Z,W). The argument is very similar to the

one used in [32]. We give the details for the convenience of the reader.
Fix € € (0,1/2) and set R = 1/e. Take N € N such that > ° &, <e/4 forn > N.
Claim A.2.2. df(A,,W) <e forn > N.

If a € W then choose any sequence {a;};cny C Y such that a; € A;, d(a;, a;41) < &

and lim;_,o a; = a. In particular, if n > N then

i—1 00
€
d(an,a) llgélo d(ay,a;) < Zlggo kE:nd(ak,akH) < kE:nek < 1 <eg

Therefore W C B4(A,).

On the other hand, if a, € A, then we can inductively construct a sequence
{a;}32,, C Y such that a; € A; and d(ai,ai+1) < & for all ¢ > n, therefore this
sequence is convergent in Y, with some limit a € W and clearly d(a,,a) < . Thus

A, C B4W), which proves the claim.

Claim A.2.3. Bh(A,) N X, C BYZ) forn> N.

The following is a simple consequence of the definition of e,:
—0n —0n
Bg (An> nX,c BgZ (BR+2En (An-H) n Xn—i-l)a
—90n —0n
By (Ant1) N Xpi1 C Bgs (BR+25n (An) N Xy)
for any R € (0, Ry].

Given any z, € EdR(An) N X,, we can then construct a sequence {x;}5°  with
x; € X; and d(x;,i+1) < € just as in [32]. Such a sequence is Cauchy and

converges to some x € Z with d(x,,z) < e. This implies the claim.
Claim A.2.4. BL(W)NZ C BY(X,) forn> N.

By an analogous argument to the one in [32, Section 4.1.3], we can prove the

following Engulfing Conditions: for any 7' > 0 and N € N such that

o
T+2) ey <Ry
k=N
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for any n > N, we have

- B, . (X,) ifn>m>N,
Br(Ap) N X,, C k=m F

B, (X,) ifm>n>N.

knk

In particular, if T'= R + 2¢ and N € N is such that Y72 v e < £/4 then

1 7
T+2Z€k< +2 40 <o <R,
= 2 " 2

for any n > N. Therefore we have
—d
BR+25(Am) NXm C Bg/Q(Xn)

for any m,n > N. In particular, since E(}%JFE(AN) C P%HE(Am) for m > N, which

can be easily verified by the definition of NV, we get that
—d
Brie(An) N X C Bg/2(Xn)
for m,n > N, therefore

Bri(An)N |_| Xm C Bg/z(Xn)

m=N

for n > N. This implies

Bl (AN)NZ C B, .(An) D <|_| X )chX)

Now if we fix z € EdR(W) N Z then there is some w € W such that d(z,w) < R,
and since w € W then w = lim,,_, a,, for some sequence {ay} ey with a, € A,

and d(an,an+1) < €. In particular,

m—1

d(z,any) < d(z,w) + d(w,any) < R+ hm Zdak,ak+1)<R+Zsk<R+s
k=N

Therefore ER(W) NZ C B%. .(An)NZ C B4(X,) and the claim follows.

Combining claims 1, 2 and 3 we can conclude that (X;, A;) SH,

(Z,W). We prove
the properness of Y by applying the same argument as in the proof of the Embedding
Theorem in [32] after fixing some w € W and some sequence {a;};en such that

a; € Ay, d(a;,a;41) < g; and w = lim;_, o, ay,, and observing that (X;, a;) SH, (Z,w)

in the sense of [32]. O
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Theorem A.2.5. The metric dgy in the class of proper metric pairs is complete.

Proof. Let {(X;, A;)}ien be a Cauchy sequence of proper metric pairs an take a

subsequence {(Xj, , A;, ) }ken such that

Z dGH((Xikv Aik)’ (Xik+1 ) Aik+1)) < 0.
k=1

GH

Then Theorem A.2.1 implies that (Xj,,A;, ) — (Z, W) for some proper metric

7

pair (Z,W). O

Theorem A.2.6. For any collection X of (isometry classes of) proper metric pairs
that is uniformly bounded in the sense of pairs, i.e. if there exists some C > 0 such

that diam(A) < C for any (X, A) € X, the following assertions are equivalent:

1. X is precompact with respect to dgH.
2. There exists m: (0,00) — (0,00) such that for all e > 0,
P(e, Bye(A)) < m(e)
for all (X, A) € X.
3. There exists v: (0,00) — (0,00) such that for all e > 0,
N(e, B1/:(A)) < v(e)

for all (X, A) e X.

Proof. As in the preceding theorems in this section, the proof is analogous to the

one in the pointed case (see [32]). We give the details for convenience of the reader.

The implication (2) = (3) follows directly from the fact that
N(e,B1/:(A)) < P(¢/2,B1/:(A)) < P(e/2, By (A)) < 7(e/2),

so we can define v(e) = 7(e/2).
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On the other hand, if we assume (1) and X is precompact with respect to dgy and
uniformly bounded in the sense of pairs, then in particular X is totally bounded.
Therefore for a fixed € € (0,1) there is a minimal N € N (which only depends on ¢)
such that there exist (X, A1),...,(Xn, Ayx) € X that make up a (¢/5)-net for X.
We then define

m(e) = 11§nna§xN{P(5/2,§2/E(An) NXnt,

which is finite since each A,, is compact. We can verify that 7(e) satisfies item (2)

by applying Lemma A.1.24 and an analogous argument to the one used in [32].

Finally, we prove that (3) = (1). Let us assume there is some function v as in (3)
and fix ¢ > 0 and a sequence {(X,, A,)}neny C X. We will prove that there is a
subsequence {(X;, A;)}ien such that deu((X;, 4;), (Xk, Ax)) < 2¢ for all i,k € N

and the conclusion follows as in [32].

As in [32], we first get some N € NN (0,v(¢/2)] and a subsequence {(X;, A;)}ien of
{(Xnv An)}neN such that
N(5/2’§2/€(Ai)) =N

for all i € N. In particular, there exist distinct points {z;1,...,zin} C EQ/E(AZ-)
such that

N
§2/€(Ai) - U BE/Q(mij)
j=1

for all ¢ € N. Moreover, up to taking a subsequence and relabelling, we may assume

there is some 1 < k < N such that

k
Ai C U Bs/Z(xij)
j=1

and A; N Beja(wij) # @ for all 1 < j <k and for all 7 € N.

Now, by observing that
e 4
dx,(Tim, Tin) < diam(Ba:(A;)) < C + Z

foralli e Nand 1 < m <n < N (where C' > 0 comes from the fact that X is

uniformly bounded in the sense of pairs) we can apply the same argument as in [32,
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Lemma 3.3] to extract a subsequence {(X;, A;)}jen of {(Xi, Ai) }ien (therefore a

subsequence of {(X,, A,)}nen) such that, for all j,k € Nand all 1 <m <n <N,

’de (afjm7xjn) - ka (kayxkn)‘ < 5/2-

Applying Lemma A.1.22, we get that den((X;, 4;), (Xk, Ak)) < 2e. O
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