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Abstract: We consider the use of different electroweak input schemes in the
Standard Model Effective Field Theory (SMEFT). First, we provide a review of the
implementation of three commonly used input schemes in the literature, detailing
the definitions of counterterms and present analytic formulas. An analysis of these
three schemes follows, where we discuss general features and provide benchmark
numerical results for heavy boson decays in each of the schemes at next-to-leading
order (NLO) in the dimension-six SMEFT. Exploring the sensitivity to Wilson
coefficients and perturbative convergence of different schemes, we show that the
pattern of convergence is more complicated than in the Standard Model, yet the
large-m, limit provides a valid approximation to the largest corrections. Using a
benchmark process of the W boson decay to leptons, a set of universal corrections
are defined on the leading order results. Remaining NLO corrections thus become

of a similar size between schemes.

Secondly, we develop the necessary theoretical machinery to define two new input
schemes for the SMEFT. These involve the effective weak mixing angle as an input
parameter. Again, we provide definitions and formulas for the counterterms. We

analyse a set of precision observables to find an attractive feature of the two schemes



is that large correction from top loops appearing in other schemes are absorbed
into the definition of the weak mixing angle. Conversely, this same renormalisation
condition undesirably introduces numerous flavour specific couplings between the
Z boson and charged leptons, motivating a need for flavour assumptions for any
practical application. Once more, a large-m; analysis provides a good approximation,
in most instances, to the full NLO results, allowing for the largest scheme depend-
ent corrections to be understood. However, the non-trivial pattern of perturbative
convergence across all the schemes is remarked on, and examples of prefactors mul-
tiplying different Wilson coefficients in multiple schemes are given, highlighting the

influence and importance of the scheme choice in precision electroweak calculations.
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Chapter 1

The Standard Model

We start this thesis with the customary review of the Standard Model (SM). We

focus on salient features in order to provide context for what follows.

1.1 The Standard Model Lagrangian

The SM is our best description of the fundamental interactions of the universe. It
uses the language of a Quantum Field Theory (QFT), which combines the concepts

of Special Relativity and Quantum Mechanics into a single theory.

To delve into the details of the SM, unless otherwise stated, we use [1] as a reference,

potentially changing the notation slightly to suit our needs.

The SM is a Gauge Theory, a type of QFT which is invariant under transformations

of a gauge group. For the SM, this gauge group [2-7] is
SU(3). x SU(2), x U(1)y, (1.1.1)

where the subscripts ¢, L and ) correspond to colour, left and hypercharge respect-

ively.? The SM Lagrangian® is invariant under transformations belonging to the

2We shall drop the subscripts from here on.
*More precisely, a Lagrangian density. However, we refer to this as a Lagrangian throughout.
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gauge group. Despite the complexity of the SM, its Lagrangian can be written in a

succinct form, namely,

1 v
£SM:—1FH F/“,

+ (D) (D*H) - V(H)
+ iU YW

— Y,; U, HV; + h.c., (1.1.2)

where we have used Feynman slash notation such that ) = 7D, The covariant
derivative, D,,, in Eq. (1.1.2), which preserves invariance under transformations of

the SM gauge group, takes the form,
D, =0, —ig.VB, —ig,m"Wi —igt G}, (1.1.3)

where ¢,, g, and g, are couplings, IV, 7* and ¢ are generators and B,, W, and Gﬁ
are fields of the gauge groups U(1), SU(2) and SU(3) respectively. The group U(1)
is an Abelian , whereas SU(2) and SU(3) are non-Abelian therefore their generators

are non-commautative.

When describing the SM Lagrangian, we choose to separate it into three parts, where
each predominantly contains the information corresponding to certain collections of

particles.

1.1.1 Gauge

The first part of the SM Lagrangian we consider is the gauge Lagrangian, which
comprises terms given in line one of Eq. (1.1.2). The gauge Lagrangian is named
accordingly due to its construction purely from gauge fields. Moreover, the inform-
ation contained within describes the self interactions and dynamics of those gauge

fields. To better understand these interactions and dynamics we write this part of
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the SM Lagrangian as a sum of three terms, one for each gauge group,

1 1 1

1
Leage = =7 F"Fuy = =3B By, KJVWWMi—ZGmWGﬁ. (1.1.4)

Written as above, the gauge Lagrangian is built of field strength tensors. We can
express the field strength tensors as a combination of their corresponding gauge

fields and structure functions of the gauge groups,

B,, =08,B, —0,B,,
W, = 0,W —0,We+ g™ WiWS,

G, = 0,64 — 8,G8 + g, 1P GEGS (1.1.5)

where B, is the gauge field for U(1), W are the gauge fields for SU(2) and G, are
the gauge fields for SU(3). Furthermore, € and 4% are the structure constants
for the gauge groups SU(2) and SU(3) respectively. We see that for the Abelian
gauge field, B,,, the gauge part of the Lagrangian consists of only a dynamical term
whereas for the non-abelian gauge fields, W and G,‘j, we additionally produce self

interactions of the gauge fields, a feature of non-abelian gauge theories.

1.1.2 Higgs

The following part of the SM Lagrangian is the Higgs Lagrangian, given in line two
of Eq. (1.1.2),

Litgs = (DuH) (D"H) - V(). (1.1.6)

The Higgs field H takes the form of an SU(2) doublet of complex scalar fields with

hypercharge Y = 3 [8,9],

+
g |7 |2 Lt (1.1.7)

¢’ V2 G3 + @4

This part of the Lagrangian describes the interaction and dynamics of the Higgs

fields and, as we will shortly see, through the process of spontaneous symmetry
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breaking, it gives rise to the masses of the particles in the SM [8,9]. To see how this

occurs, we consider the Higgs potential,
V(H) = i*H'H + A (H'H), (1.1.8)

where we have A > 0 and p® < 0 such that the minimum of the Higgs potential
occurs for a non-zero value of the Higgs doublet. The minimum of the Higgs potential
occurs at the Vacuum Expectation Value (VEV), v, of the field,

2 2

<Hm>i%:_%. (1.1.9)

Eq. (1.1.9) defines an infinite continuum of degenerate minima which are invariant

under SU(2) rotations. We are free to choose that the minimum occurs at H,,
Hy= — , (1.1.10)

where the VEV has the value of 246 GeV, [10]. The process of VEV generation has
consequences for the gauge bosons of the theory. Consider the action of the following

linear combinations of generators on Hy,

QHy = (7*+ V) Hy =0,
KHy=(r*=Y) Hy #0,
' Hy #0),

T Hy #0 . (1.1.11)

The first generator is unbroken, whereas the subsequent three are broken. Thus, as
will be demonstrated soon, we will have one massless gauge boson, and three massive

gauge bosons in the theory whose mass is generated via the Higgs mechanism.

Goldstones theorem dictates that for each broken generator of a symmetry, there
is a resultant massless Goldstone boson in the spectrum [11,12]. These would be
Goldstone bosons are then said to be "eaten" by the gauge fields, and in doing so,

the gauge fields acquire a mass and the required longitudinal degree of freedom.
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The remianing unbroken generator () corresponds to the electric charge. The Higgs
field, and therefore the vacumm, is uncharged as demonstrated by the annihalation
of the vacuum by the generator. The generator QQ corresponds to a symmetry of the
vacuum, U(1)qep, which the guage group of the SM has been spontaneously broken

down to

SU(2), x U(1)y — U(1)qep- (1.1.12)

After choosing a VEV, we wish to determine the dynamics of the Higgs field around

it. For small fluctuations around the vacuum, we can write the Higgs doublet as

1 0

H=— )
V2 v+ h

(1.1.13)

whereby we have again used the fact that full Higgs Lagrangian is invariant under
SU(2) rotations and have "rotated" the doublet into this form. This procedure is
called choosing a gauge, and we have chosen what is known as the unitary gauge, the
basis in which the Goldstone components of the Higgs fields are set to zero. The field
h is the small fluctuation around the VEV and is what we take to be the physical

Higgs boson.

This form of the Higgs doublet as in Eq. (1.1.13), when substituting into the Lag-

rangian in Eq. (1.1.8), enables us to identify the Higgs mass as
mi = 2\°. (1.1.14)

Furthermore, to demonstrate the generation of the gauge boson masses, we can
expand the kinetic part of the Higgs Lagrangian in unitary gauge,

2

(D) (Dr1) > = [gg (W) + g3 (W2)" + (W - ng;ﬂ S (11.15)

The fields W,} and W,f are mass-diagonal, but Wg and B, are not. To diagonalise
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these, we perform the field rotations

Wi’ cosf, sind, Z

= ", (1.1.16)
B, —siné, cosb, "
where 6, is the weak mixing angle given by
tanf, = 2L, (1.1.17)
92
and
=D
Vi + 92
cos 0, = ——2 (1.1.18)

Vot + g3
We identify that 7, and A, are the physical degrees of freedom given by the Z boson

and photon respectively.

Additionally, experimentally we measure the charges of the W bosons to be +1. To

match this, we define

1
Wi = NG (W £ i) . (1.1.19)

Therefore, to identify the masses of the gauge bosons we express Eq. (1.1.15) in

terms of the physical fields,

(DJ])T (D"H) > [M&VWJW“— + ;M§ (ZH)2 - ;Mﬁ (AH)T : (1.1.20)
with
My =0,
My, = 92%

v
My, =\g? +g§§. (1.1.21)

As expected, we have one massless boson and three massive ones. Finally, for

completeness, using all notation set forth thus far, we express the covariant derivative
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in the EW sector as

D,=0

_Z'&(
V2
1

where we have defined, T;t =7 (7'; + 273) and e is the electric charge,

Wit + W) —i 92_ (7* —sin’0,Q) —ieA,Q, (1.1.22)

a cosf, "

e=J192 (1.1.23)

i+ g
1.1.3 Fermion

The final two lines of Eq. (1.1.2) are the last part of the SM Lagrangian. The fermion
part, as our name suggests, describes the dynamics and interactions of the fermions.
Line three is a kinetic term for massless fermions and line four, after the spontaneous
symmetry breaking, gives rise to the fermion masses through the Higgs mechanism.
In what is to follow, we split the fermions up into the leptons and quarks and discuss

each separately.

Leptons

The kinetic term for the leptons reads,
£lep,kin = ZZlLlD(SZJKJL + Zgz%lpé-”g%{, (1124)

where

0= { Vé? } L g ={ek}, (1.1.25)
er

and i = {1,2,3} represents the three flavour generations. The fields (% are an
SU(2) doublet whereas the fields £ are an SU(2) singlet. As the operator I is
the identity in leptonic flavour space, which we have made explicit in Eq. (1.1.24)

via the inclusion of the flavour space delta function ¢,;, ¢; and /r form a triplet

79

representation of a global symmetry group, U(3),, and U(3),, respectively.’

L

'This is an approximate symmetry as it is broken by the Yukawas.
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The final line of Eq. (1.1.2) is the Yukawa Lagrangian, and for the leptons we have

ﬁlep,Yuk = _Y;;ZZLHG% + h.c.

ei jU+N
= —Yieer 5

where in the second line we have chosen unitary gauge for the Higgs doublet. The

+he., (1.1.26)

matrix Y is the Yukawa matrix for leptons which does not need to be Hermitian

and may be complex.

In the form as written, the fields are expressed in what is labelled as the weak basis,
so called as it is the basis for weak interactions. However, we are not restricted to

this basis and have the freedom to redefine the lepton fields,

eL_>LeeL7 GR—)RGGR, (1127)

where L, and R, are unitary matrices. Therefore, we can choose a frame in which
we are diagonal in flavour space, labelled as the mass basis. In the mass basis, the

Yukawa Lagrangian takes the form

e-i U + h
Liep yuk = _MijeLeﬁW +h.c., (1.1.28)
where
M® = LIY°R, = diag (y Yo yT> . (1.1.29)

Hence, we have rotated the fields into mass eigenstates, giving justification for the

name of the basis. The masses of the leptons are read off as

2 (1.1.30)

m; =
zyz\/é

The presence of the Yukawa interaction breaks the global symmetry of the leptons,

U(3),, x U(3)y, — U(1), x U(1), x U(1),, (1.1.31)

L

to the symmetry group of lepton family number conservation, which is exact in

the SM. Therefore, the number of leptons of each species N., N, and N, are
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separately conserved in each interaction [13]. Consequently, total lepton number is

also conserved.

Quarks

The other fermionic fields in the SM are the quarks. Their kinetic terms are
Lovarkin = 105,35} + itlg D67l + idg P67 dy + h.c. (1.1.32)

where

qi:{ ur, }’ u%:{u%}, dﬁgz{’ﬁ}, (1.1.33)

di,
with ¢ = {1,2, 3} for the three generation of quarks. Here, ¢;, up and dp again form

triplet representations of the global symmetry groups U(3), , U(3),

qr’

and U(3)g,,.-

R

Analogous to leptons, this is an approximate symmetry as it is broken by the presence

of the Yukawa term for quarks,

Equarks,Yuk = —ijq%/ﬁuﬁ - ngiqZLHdzq + h.c.
:—i/i”ﬂiujv+h v+h

— —+
RV V2

where in the second line we have chosen the unitary gauge and

— Yid,d, h.c., (1.1.34)

H =io,H (1.1.35)

where o5 is the second Pauli matrix

0 —i
oy = . (1.1.36)
i 0

Again, we have the freedom to perform the field redefinitions,

ur —» LuuLa Ur — RuuRa

d; — Lyd,, dp— Rydg, (1.1.37)
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which take us from the weak basis for the quarks into the mass basis. In doing so,

the Yukawa terms for quarks in unitary gauge become,

- v+ h
(: — 7‘ 1“ 7,0
quarks,yuk — g

T 7 — Mdid 2t he (1.1.38)

\/_

where

M" = LLYURU = dlag (yua Yes yt) )

M* = LIY'R,; = diag (a4, ys, vs) - (1.1.39)
We can therefore read off the masses of the quarks as

v
m, = yqﬁ. (1.1.40)

The field redefinitions of Eq. (1.1.27) and Eq. (1.1.37) have some interesting con-

sequences for the kinetic terms of the Lagrangian for the fermions. In the weak basis,

the covariant derivative can be expanded such that part of the kinetic terms read,

e
£fer,kin ) ﬂsin@ <6L7HW V + VeL’Y W eL

+ﬂ27“W:diL + c?i;v“WuuiL>. (1.1.41)

After performing the redefinitions of Eq. (1.1.27) and Eq. (1.1.37) we have the
freedom to keep the leptonic current flavour diagonal by redefining v, which was
previously untouched. This freedom is not available for the quarks. Consequently,

in the mass basis, the terms in the equation above for quarks are written as

€ u —1 j u 7
L quarks kin 3\/M<[L ]gk[Ld]kj“LVMW:dJL [Ld] Kl L ]k;d YW, UL)

e

- V2siné,

where we have defined

(V AW + Vi}dgy“W;ug) , (1.1.42)

Vud Vus Vub
V=LL,=|v, v. V,|, (1.1.43)

Via Vis Vi
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which is known as the CKM matrix [14,15], named after Cabibbo, Kobayashi and,
Maskawa. In the SM, the CKM matrix is the only source of interactions between
fermions of different generations, so-called flavour violating interactions. The Wolfen-
stein parameterisation [16] can approximate the CKM matrix using a single para-

meter

22 (1.1.44)

where experimentally, it is found that A ~ 0.23 [10]. This parameterisation of the
CKM matrix gives us an approximate strength of the flavour violating interactions,
where we see that these interactions are significantly suppressed as compared to the

flavour conserving interactions.

1.1.4 Assumptions on the Lagrangian

In the previous sections, we have described the bulk of the SM, mentioning all
fields and couplings relevant for this thesis, with remaining aspects being discussed
in detail in reference texts [1,17,18]. Going forward, we need to understand how
calculations in the SM are performed, detailing specifics to navigate potential road
blocks along the way. As is apparent from the numerous particles and interactions
present in the SM, any calculations we pose will have significant complexity when, as
we wish to do, quantum corrections are discussed. Consequently, we therefore apply
a few simplifications and assumptions on the Lagrangian to reduce the computational
ordeal we have to undertake. These assumptions, although not at the cutting edge
of our ability in SM precision calculations, nonetheless are common practice for the

field of work considered in this thesis and more than suffice for this application.

The first assumption we make is taking the massless limit of all fermions except
the top quark. The quark masses we have set to zero range from the lightest being

the electron having a mass of 0.5 MeV, up to the bottom quark of mass 4.2 GeV.
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In comparison to the W boson of mass 80.4 GeV, which is approximately 20 times
heavier than that of the bottom quark, the light fermions masses are insignificant
and can be ignored. The main desirable consequence of this assumption affects the
loop integrals introduced in Section 1.2.1. We have reduced the number of massive

scales appearing inside the integrals, greatly simplifying them.

Secondly, we set the CKM matrix to the identity. From the Wolfenstein paramet-
erisation, Eq. (1.1.44), we can see that this simplification, although not perfect, is
a good approximation of the underlying physics as we only neglect terms sublead-
ing in the small parameter A\. The importance of this assumption is found again
when considering the loop corrections to a process. Removing the source of flavour
changing interactions results in a significantly reduced set of Feynman diagrams one
must consider when computing loop corrections. Hence, fewer loop integrals must

be computed.

1.2 Calculations in the Standard Model

It is at this point we wish to demonstrate how calculations in the SM are performed,
in particular, Next-to-Leading-Order (NLO) EW calculations, which contribute the
main calculational workload of this thesis. We will focus on the problem of loop
level calculations and the difficulties that emerge which we must overcome. We
will discover how Ultra Violet (UV) divergences arise, how they are regularised
and ultimately renormalised to return finite predictions once a sufficiently inclusive

observable is considered.

To highlight all the intricacies of an NLO calculation in the SM, there is no better
way than that of an example. An important process in the discussion of input
schemes is the decay of the Z boson to leptons. Specifically, here we choose to
consider the decay to the first generation of charged leptons, the electron, and its

anti-particle, the positron. To make our point in the most succinct way, we choose
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a slightly simplified version of the problem and only consider the Quantum Electro

Dynamics (QED) corrections to the process.

The first port of call is to use the Feynman rules, which can be derived from the
Lagrangian (with details found in [1] and a full list can be found in [19]), to write
down the matrix element for the process. Using the SM Feynman rules, the bare

amplitude, denoted by the subscript 0, thus reads

€o
AO (Z — 66) m (AL ()SL + AR OSR> s (121)
where we have defined
Mg
2 2 2
Swo=1—¢CrLo, Cwo= =, 1.2.2
0 0 0= 02, (1.2.2)

We have introduced the spinor structures

Sy = [ulp )V Po(p,)| €6(pz) . Sk = [ulp,~)7 Pro(p,+)] es(pz),  (1.2.3)

with P, = (1 —v;)/2 and P = (1 + 5)/2 being the left and right projection

operators. The expansion for the bare amplitude can be written as
(4,1)
AL/R,O :AL/RO+AL/RO . (124)

where the superscript (i, 7) of Al L R o labels the operator dimension, i, and the order
in the perturbative series, j. The Leading-Order (LO) terms are simple to write

down,

APD = 14252, ARy =252, (1.2.5)

At LO the amplitude is now complete, we could square it, perform the spin sum/av-
erage and integrate over the two body phase space to obtain a prediction for this
decay rate - see Appendix A.2. However, the NLO corrections to the amplitude,

A%/go, have features which we must discuss further.

'In the SM this is redundant as it is always four, but we introduce it with the foresight of what
is to come.
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Figure 1.1: Feynman diagram contributing to the decay of the Z
boson to electrons at one loop and with a QED correc-
tion.

1.2.1 Loop Diagrams

In many instances, an NLO calculation in the SM, or any QFT, will involve a loop
integral which is infinite. In our example of Z — ee, this is no different. Consider
the virtual QED correction to the process: the graph where a photon connects the

two outgoing electrons, as seen in Figure 1.1.

The calculation of this diagram involves the loop integral

/ (;lﬂl; A (<pe ]f))Q v (PLA(L‘LO) + PRA%,0)> M%; ’ (1.2.6)
P — P

where, as per our assumptions, we have set the electron mass to zero.

In four space-time dimensions, this integral is infinite. The integral infinite as we
integrate up as k — oo, which we call a UV divergence. This can easily be seen by a
counting exercise, giving the number of powers of loop momenta in the problem as
zero, which then when integrated to infinity diverges. Moreover, the integral diverges
as we integrate k — 0, labelled an Infra Red (IR) divergence [20]. This occurs as the
inegrand itself diverges in this limit. These divergences are dealt with separately to

achieve a finite result. UV divergences are cancelled in the renormalisation process,
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whereby counterterms are introduced which exactly match the divergences of the
amplitude. On the other hand, to NLO in perturbation theory, the IR divergences
of the virtual corrections are cancelled by considering an IR safe observable. An
IR safe observable is one in which we also include diagrams with an extra particle
such that if it goes soft or collinear to another particle, the result will look identical
to the desired process. In the case of Z — ee, the process including an additional
photon in the final state should also be considered. The Z — eey decay rate will also
have IR divergences which will exactly cancel with those appearing in the virtual
correction. This cancellation, or more generally the fact that the SM is IR finite
as a whole when a sufficiently inclusive observable is considered, is called the KLN

theorem [21,22].

In order to cancel both UV and IR divergences, we first need a method to math-
ematically define the divergences arising from the Feynman integrals, we need to
regularise them. One method of regularisation, but not the only, is that of dimen-
sional regularisation [23]. Dimensional regularisation involves moving the integral
away from four spacetime dimensions, where it is infinite, to d = 4 — 2¢ spacetime
dimensions, with € being a small positive parameter, where it is finite. This enables
a Laurent series around € = 0 to be taken. The resulting expansion contains poles
in € providing an explicit, analytic expression of the divergences upon recovering the

four dimensional space-time result.

An interesting consequence of moving away from four space-time dimensions is that
the mass dimension of the fields and couplings shift. However, to maintain integer
coupling mass dimensions, we can factor out some function of the parameter y, which

has mass dimension one, as
4-d
g—pzyg, (1.2.7)

where ¢ is an arbitrary coupling.

Returning to our example, after regularising the integral, UV and IR singularities

are made manifest as poles in € which enabling explicit cancellation through the
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renormalisation procedure or when considering an IR safe observable. We find the

diagram (figure 1.1) evaluates to

1 2 2 —u?
MR~ (o = 2 (o ig 2h
€uv  €IR  €R M7z

(A(L4,0)SL —|—A§§’O)SR) +..., (1.2.8)

where g is the renormalisation scale and the ellipsis represents finite terms. For
convenience, we have dropped the subscript 0 denoting that these are bare parameters.
Additionally, we have identified the source of the divergence, either UV or IR in
nature, with a subscript on the epsilon, even though strictly speaking in dimensional
regularisation eyy = g = €. To move forward in our calculation, we require a

method to remove these divergences.

1.2.2 UV Renormalisation

Renormalisation is the method we use to deal with UV divergences. This constitutes
redefining the bare parameters and fields in the Lagrangian. This allows the infinite
shifts, introduced by quantum corrections to relations between the Lagrangian para-
meters and the experimentally measured quantities, to be absorbed into additional
terms called counterterms. Therefore, the counterterms themselves are divergent;

the use of dimensional regularisation manifests the divergences as poles in e.

A full review of the renormalisation in the EW SM is given in [24], but briefly,
the renormalisation procedure follows the following format. We write the bare

Lagrangian parameters or fields in terms of the renormalised quantities as,
Xo=XZxy=X(1+6X), (1.2.9)

where Zx is a renormalisation constant, which we then expand in perturbation theory
to define the counterterm 6X. A renormalisation condition defines the exact form
of the counterterm with different conditions giving a differing finite structure but a

necessarily identical pole structure. Calculations using the renormalised Lagrangian
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then involve additional diagrams, with counterterm insertions, which cancel UV

divergences of the loop integrals.

We will demonstrate this procedure with a subset of the SM parameters and fields
relevant for our example of Z — ee and the additional calculations presented here-
inafter. We will focus on quantities which are renormalised on-shell, whereby the
renormalisation conditions are such that the pole of a propagator is at the physical
mass whilst also requiring that the resudue of a propagator is unity when evaluated
at this mass. Furthermore, it is required that higher order vertex corrections vanish
in the limit of zero momnetum transfer.  The set of quantities we renormalise
here are: the wavefunction of the W and Z bosons, and the fermions as well as the

W-bosons and Z-bosons masses and the QED coupling «.

As a side note, as the main focus of this thesis is renormalisation of different input
schemes in the Standard Model Effective Field Theory (SMEFT), it is important to
state at this point that these are not the only way to perform the renormalisation nor
the only parameters we can define renormalisation conditions for. For example, the
Minimal Subtraction (MS) renormalisation scheme defines the counterterms to be
solely the poles in €. Alternatively, modified Minimal Subtraction (MS) also includes
factors of vg and log 47 which are associated with the pole structure. Furthermore,
the on-shell scheme, which we discuss here, includes finite corrections in counterterms
from two point functions in their definition. Moreover, we could use the Fermi
constant G as our coupling parameter as opposed to a and thus a renormalisation

condition for this must be defined - see Section 4.2.

Nonetheless, to begin the determination of the on-shell counterterms we first relate

the bare parameters to the renormalised ones as,

eo = eZ, = e(1+ Ae™y
Miyo = MiyZ,2 = Mipy(1+2AM),
Mo = M5 Zy = ME(1+2AM5") |

i i | i 1 :
fro=1I1 iji = fr(1+ §AZ;(4 1))7
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7 i i 1 ,
fR,O = fR\/Z»fZ = fR(l + iAZﬁM 1))’

1
Wi = W*y/ Zy = W1+ 5AZg").

Zo\ (V722 VZza|[Z) (1438250 LAz (12.10)
Ay NATIRATIAY IAZGD 1Az A

For succinctness of expression and to reduce the number of equations, we have
changed the notation slightly from that of Section 1.1 and written a general fermion
as f. The renormalised one-particle irreducible two point functions in Feynman

gauge are then given by

‘ _ k.k, kK,
T (k) = gy, (K — M3) — i (g,w _ ) S () - iR 1)
u . , k.k,\ o Kok,
F;};(k) = _Zguu (kZ - Mz) —1 (guu - 22 ) ETb(k2) —1 22 ZLb(k2) )

T (p) = i6i; (p— ma) + i [pPLESE0) + pPeS(0%) + (mpiPy +myPr) S5 0% -
(1.2.11)

where a, b = A, Z and remembering M, = 0. The self energies ¥(k?) are in
general defined as in 1.2.12 where we have reproduced the figures from [25]. The self
energies are constructed from 1PI diagrams Elpl(k2)7 a 2-point tadpole counterterm

2,2, tadpole loop diagrams Y,4 and one point tadpole counterterms ¥, ;,

(k) = Sip(k”) + Sip + Sea + Zi - (1.2.12)

o -0 +5+ 11

Specifically, here in this thesis we use the Fleischer Jegerlehner (FJ) tadpole scheme
[26] where the tadpole counterterms 3, ; and 3, cancel exactly. What remains
is therefore just the contribution from the 1PI diagrams and the direct tadpole
loop diagrams. Invoking the renormalisation condition, for which an explicit

mathematical constraint can be found in [24], gives the gauge boson counterterms
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to be
1 2 (Mg 1 Y27 (M
An@) = Lo 21 (). Apg) = Lo 2 U2)
2 My 2 Mz
8ZZZ(I{?2) EAZ(O)
41 T 41 T
AZ(ZZ):—RGT s AZ(ZA):Q M2 R
k=M z
SZA( )2 INAA (12
AZEN = 2 ReLQZ), AZBY = —Re —Z g ) (1.2.13)
z ok k*=0
While the fermion wavefunction counterterms are given by
0
AZM = —ReSiH(mi,) = miim g Re [SF(07) + T007) + 22507 | o, -
0
AZﬁM V= —Rexf" (m7:) — m?zang Re [sz{R(pZ) + 350" + 22{55(192)} i
(1.2.14)

It is important to remember that although we have made the simplification of setting
the light fermion masses to zero, this limit must be made after taking the derivative
with respect to momentum in the fermion wavefunction counterterms. Finally, the
electric charge renormalisation is given by

1
A€(4’1) = _iAZAA — ?AZZA. (1215>

It should be made clear that the mass dimension and loop number of the two point
functions on the right-hand side of the above equations should match that of the
left-hand side, so in all the cases given here we have a mass dimension four and one
loop. This is important when it comes to renormalising the SMEFT, in the second

half of this thesis, where the mass dimension for counterterms needed is six.

Moving back to our example, calculation of the counterterms gives the following,

QED | 1 1 e’ (4,0) (40
M (— ) (ASS,+ ATV SR) + ... (1.2.16)

2
€IR €UV /) 32T Cy Sy,

where again the ellipsis represents finite terms. As expected, the UV divergences

cancel exactly with those in Eq. (1.2.8) ,

2 1 — 1
M%EPDS + M ~ (—2 - — <3+log ]\/’l[g>>



20 Chapter 1. The Standard Model

e3

(A0S, + AGVSR) + ... (1.2.17)

327T20w8w
The amplitude is now UV finite, however, IR divergences remain which we handle

next.

1.2.3 IR safety

From the UV renormalised matrix element, we are now in the position to calculate
the decay rate for Z — ee . However, naively following the procedure to calculate a
decay rate for a two body decay returns a result which is not IR safe,

rED :MZ"BZ(5—12(:2+8c4)(1—€2 2.1 5+410g“—2 +
77 96l 52 v v 7 \er  en M2 )

(1.2.18)
There remains IR divergences which we need to remove. IR divergences can be
classified into two categories, soft and collinear. Soft divergences occur when, at the
amplitude level, loop momenta of a massless particle tends to zero, as we have seen
in Eq. (1.2.8) or when a singular massless external particles’ energy tends to zero.
Collinear divergences occur when two massless particles occupy the same region in

phase space.

The KLN theorem [21,22] states that the SM is finite when an IR safe observable is
considered to a given expansion level in perturbation theory. An IR safe observable
is one in which all degenerate states are summed over.  For our example, this
involves the addition of the decay rate where we have included an additional photon
in the final state. As the photon becomes sufficiently soft or collinear, this is
indistinguishable from the desired process. The decay rate of this three body final

state contains IR singularities as expected,

M, e? ez [ 2 1 W’
roED  — 27 (5123 +8E)) — [+ — (5 +4log— | +...] .
Zveey 96#03,3%,1 ( ) 87 6%3 €IR & M%

(1.2.19)



1.2. Calculations in the Standard Model 21

The determination of this decay rate involves a three-body phase space integral, for
which details can be found in Appendix (A.2) along with those for the two-body
phase space. The aggregate of the two decay rates F%Elze and T3™P _is an IR safe

Z—eey

observable at NLO and is therefore finite to NLO in perturbation theory,

2
Mze

D _ D D
Ty =T + T35, = Ty (5—12¢5 +8cy) (1+...).  (1.2.20)

Additionally, the result is independent of the renormalisation scale u, a feature of the

on-shell renormalisation scheme as all inputs are defined from a physical observable.

1.2.4 Renormalisation Group

In our example above, we have chosen to present the on-shell renormalisation scheme.
However, this is by no means the only choice. As mentioned, one could use the MS
or MS scheme for the coupling to equally achieve a UV finite result. A different
renormalisation procedure will however render the UV finite matrix element differ-
ent. A key difference of the MS or MS scheme is an explicit dependence on the
renormalisation scale, p, which is accompanied by the coupling additionally being

dependent on the same scale.

Consider the renormalisation of the electric charge in the MS scheme in d = 4 — 2¢
dimensions. We relate the bare and renormalised couplings through an analogous

equation to Eq. (1.2.10)

eo = pe(p)Ze(p), (1.2.21)

where we have now an explicit and implicit dependence on . As the unrenormalised
Lagrangian has no reference to a renormalisation scale, it is necessarily independent
on . The same can also be said about any one of the parameters of the Lagrangian.
This property must be preserved when expressing the bare parameters in terms of

the renormalised ones. Therefore, we take a derivative of Eq. (1.2.21) with respect
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to u,
deyg de(p) dZ.(p)
0=p— = eue(p)Z, S o ‘ 1.2.22
i ep‘e(pu)Ze(p) + p o (1) + 1 e(p) 0 ( )
We can then rewrite the right-hand side to read
de(p) dZ. (1)
0=uZ ‘ 1.2.23
20 (e et el e (1223
or when rewriting in terms of a = %, the fine structure constant,
1 do(p) dZ.(p)
Z, = =0. 1.2.24
00 (52 + cale) + ale) e (1.2.22)
Again, we can rewrite this one last time to identify the QED beta function,
da(p)
= , 1.2.25
Tl = o) (12.25)

Eq.(1.2.25) and those similar are known as the Renormalisation-Group (RG) equa-
tions [27,28]. These can be solved perturbatively in the coupling,
Bla) = —2a(p) (Z <4> 5n(04)) : (1.2.26)
n=0 n
The LO solution to Eq.(1.2.26) is the LO QED beta function Sy(a). We can compute
this in a five flavour QED xQCD theory, where the top quark has been decoupled
[29],°

80

ol = —5 (M@ + No (N, ~ 1)@+ N@)) = (1.2.27)

where IV, is the number of colours and Ny and Q)f, with f = [, d, u, are the number

and charges of the leptons, down type quarks and up type quarks respectively.

Solving Eq.(1.2.25) to LO we have

a(f1o)
1— o) B log o

alp) =

"We multiply through by u for later convenience.
*We choose to use the five flavour theory here to match the calculations presented in Chapters
4 and 5.
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= a(i) (1 + 27, (10) log ’;) , (12.28)

where in the final line we have again expanded the denominator and written the

equation in terms of the electric charge anomalous dimension v,(1) = %’*0) X %0.

Eq. (1.2.28) can be used to perform scale changes of the couplings.

One can analogously play the same game with the QCD couplings or with the quark
masses to define the QCD beta function or the quark mass anomalous dimension.
In a five flavour QEDxQCD theory, this procedure is detailed in [29] along with the

additional details on the previous discussion.

A final remark is to mention that any observable should be invariant under a change
in scale at a certain order in perturbation theory. Any explicit ; dependence must
analytically cancel against the implicit y dependence of the running of the couplings

and masses, such as in Eq. (1.2.28).

Changes in the numerical value of predictions when the scale is varied occur first at
the succeeding order in perturbation theory, giving an avenue to make an estimate

on theoretical uncertainties.

These so-called scale uncertainties are typically estimated by varying the scale up
and down by a factor of two in order to determine the stability of a result under
changes in the unphysical renomalisation scale. The uncertainty is thus determined
by the variation of the prediction. Scale uncertainties give one advantage of an MS

renormalisation scheme over an on-shell one, where parameters do not run.






Chapter 2

The Standard Model Effective
Field Theory

In this chapter, we wish to introduce the concept of the Standard Model Effective
Field Theory (SMEFT). However, we first start with the general notion of an Effect-
ive Field Theory (EFT), using Fermi Theory as a simple example, and progressing
the ideas to define the SMEFT. We consider how working with the SMEFT changes
the interpretation parameters that also exist in the SM. We conclude in obtaining

the first step in relating the Lagrangian parameters to an input scheme.

2.1 Effective Field Theories

An EFT, in the context of particle physics, is a QFT which is only a valid approx-
imation up to a given energy scale. Defining an applicable EFT is dependent on
the underlying high energy process having a hierarchy of scales [30], a high "new
physics" scale, A, and the relatively smaller scale of the experimental process, F,

being considered. A general EFT Lagrangian will have the structural form [31-33]

Lepr =Y CPO (2.1.1)
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where C is the Wilson coefficient for operator @.  When constructing the EFT

Lagrangian, there is a systematic procedure to include corrections of higher powers

E
A

in  ~ £, which can be achieved in a top-down or bottom-up method. The precision
of predictions made in the EFT are determined by the small expansion parameter
0, otherwise called a power counting parameter. For the EFT to be an accurate
description of the physics at low orders in the expansion in ¢, it needs to be small,
i.e. we need the hierarchy of scales. Like any QFT, an EFT is accompanied by

a regularisation and renormalisation scheme, which are necessary to obtain finite

matrix elements and ultimately make predictions for physical processes.

Given the current limitations of the SM, it can be said that it is the first term of an
EFT expansion, valid up to some currently unknown, high energy scale. At energies
approaching this scale, the SM would no longer be an accurate description of physics,
and a new alternate theory with a different particle content and interactions would

be a more apt description.

2.1.1 Introduction to Effective Field Theories

First, in order to demonstrate some of the properties of EFTs, let us consider an
EFT where the UV theory, the theory containing the heavy dynamical degrees
of freedom, is known. Through the process of integrating-out the heavy degrees of
freedom [34,35], we obtain a new EFT, which approximates the UV theory in the low
energy limit. The mass scale of the heavy particle integrated-out of the theory gives
the energy scale, around which the EFT is no longer a valid approximation. This
process of obtaining the EFT from a known, high energy theory is colloquially called
the top-down approach. A simple toy example, illustrating how the integrating-out
process is applied, is given in [36] where a heavy scalar is integrated-out of a zero
dimensional theory, containing the heavy scalar and a light scalar, leaving only a
single light scalar in the EFT. Any notion of the heavy particle is lost, but its effects

are imprinted on additional operators included in the low energy theory.
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Here however, to understand some key features of EFTs, we use a more applicable
and probably the most famous example of an EFT, Fermi theory. Fermi theory is a
low energy theory of lepton interactions which was first proposed in the 1930s to
explain nuclear 5-decay [37]. Today, a more fundamental theory is known, the SM,

from which Fermi theory can be derived as an EFT.

Consider the process of Muon decay as described in the SM. This process is mediated
by the W boson, which couples to a charged lepton and corresponding neutrino via

the weak current,

jw = " Prl) (2.1.2)

where ¢ is a generic charged-lepton, v, is the corresponding neutrino and barred
quantities have their usual definitions. The Feynman gauge tree level amplitude for
this process in the SM is given by
2 v
A= (ji) (77 P (pﬁMW) ey P (2.1.3)
where % is the coupling of the W boson, of which we have two copies; the W
propagator connects two lepton currents. Now consider the situation in which there

is a low momentum transfer such that we have p << Myy,. In this low energy limit of

2
the problem, we can expand the W propagator in powers of AZ—Q,
w

2
1 1 P 7
—_ 1+ 4+ (2-) +...], 92.1.4
My Mav( v —
where the . .. represents higher order terms in the expansion. Substituting Eq. (2.1.4)

into our muon decay amplitude calculated in the SM, Eq. (2.1.3), and keeping only

the leading order term in the expansion of the propagator, we have,

2

92
2NME,

A=— [DM%PLM} X [ev' Py, , (2.1.5)

which is the low energy limit of the amplitude in the SM. However, this same low

energy approximation for the amplitude could have been obtained by considering
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the Effective Lagrangian,

A4Gp [ _
L= s {V#V#PLM} X [ev" Prv,) (2.1.6)

where, for the historical reason that Gy was experimentally measured before the

idea of electroweak theory, we have made the identification,

2
Cr_ 9 (2.1.7)

V2 o 8My,

The EFT Lagrangian in Eq. (2.1.6), is the Lagrangian for Fermi Theory. The W

boson has been integrated out of the SM as it is no longer a dynamical degree of
freedom in the EFT. The effects of the W boson are captured by the dimension-six

four fermion interaction and the associated effective coupling.

Although it is a simple example of an EFT, with only a single term in the Lagrangian,
we can explore some of the key aspects and characteristic features of EFTs by
studying it.

First, we note that the derivation required the fact that p < My, the mass of the W
boson is large compared to other scales in the problem, and so we have a hierarchy of
scales as required. Therefore, this implies that the EFT loses validity as we approach

this energy scale, £ ~ My, as a defining assumption of the EFT is broken.

2
The expansion parameter in this theory can be identified as § = ]\7/”[ > from Eq. (2.1.4).
w

In this example, we have only kept terms to zeroth order in the expansion parameter,

2
errors are therefore O ( ]\7; 3 ) as these are the largest terms we have truncated in
w

the series. The truncated terms have the approximate size, % ~ 107%, giving
rationalsation for the truncation of the expansion to first order. Nonetheless, to
reduce the errors, one could have kept higher order terms in the expansion parameter.
At the next order, dimension-eight terms are included, which involve the same fermion
bilinears as the dimension-six terms along with two powers of a derivative. Retention
of terms O(6%) implies the errors are now O(6%). This relation between the order of
terms kept, and the precision potentially obtained from a physical prediction, is a

general feature of an EFT. Expansion up to order 6" implies predictions will have
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- 1
an inherent error of order 6™,

The examples of EFTs given so far have been examples of top down EFTs, where
the high energy dynamics are known and have been integrated out. What remains
are effective operators and an effective coupling constant comprised from known
parameters of the UV theory. However, one can consider the same operator, with
no mention of the UV theory, and include an unknown effective coupling constant.

In the example of Fermi theory,
L=C [Du%PL,u} x [ev" Pry,] , (2.1.8)

is the form of this Lagrangian, with C being the effective coupling constant, more
generally known as a Wilson coefficient. As alluded previously, this was historically
the first theory for Muon decay, derived before any knowledge of the W boson, where
the Fermi constant G was used in place of the more modern terminology of Wilson

coefficients.!

Building the EFT by starting with a low energy theory and constructing higher
dimensional operators from fields in the low energy theory is known as the bottom-

up approach.

One can consider the SM as the first term in a low energy EFT. By keeping the
method of electroweak symmetry breaking linear and including higher dimensional
operators constructed purely from SM fields in a bottom-up approach, one will arrive

at the SMEFT. This theory is the topic of discussion for the remainder of this thesis.

2.2 The Standard Model Effective Field Theory

We now focus on the SMEFT [33,38-40] which, contrary to our initial presentation
of Fermi Theory, is an example of a bottom-up EFT. The SMEFT Lagrangian starts

from the SM Lagrangian Eq. (1.1.2) and is constructed by the inclusion of additional,

'As written, a factor of —2v/2 is also required.



30 Chapter 2. The Standard Model Effective Field Theory

higher dimensional operators. The introduced operators are built purely from SM
fields, so that no new degrees of freedom are introduced. These composite operators,
by construction, obey all the symmetries of the SM: the Poincaré symmetries and the
gauge symmetries of Eq. (1.1.1). Each operator is accompanied by a corresponding
Wilson coefficient, which, as previously mentioned, can be interpreted as an effective
coupling coefficient for the corresponding operator. The mass dimension of the
Lagrangian must be four. Consequently, Wilson coefficients associated with higher

dimensional operators have negative mass dimensions.

Much like Eq. (2.1.1) but specifying that the dimension-four terms are the SM, we
can write down a generic structural form of the SMEFT Lagrangian. Making no

claim on what the introduced operators are at this point,

Lenviprr = Lgv + Z Zci(d)oz(d)

d>4
¢
=Lsvw+ Y. A;_40 : (2.2.1)
d>4 1 NP

where the Ol(d) are the operators of dimension d and the Ci(d) are the corresponding
Wilson coefficients. The two sums indicate that we are including all possible mass
dimensions of operators greater than four and all possible operators of a given mass
dimension. In the second line, we have factored out the new physics scale, Ayp, from
the Wilson coefficients to define the dimensionless quantity C’i(d), making manifest

the negative mass dimensionality of the Wilson coefficients in the first line.

The most general SMEFT Lagrangian in Eq. (2.2.1) contains a sum over all operators
of mass dimension greater than four. However, as the scale of new physics is large,
typically Axyp ~ O (1 TeV) in analyses, the effects of operators of higher mass
dimensions become greatly diminished due to an ever-increasing number of inverse

powers of this large scale.

From here on in, we truncate the SMEFT Lagrangian to dimension-six in the op-
erator’s mass dimension. Consequently, the expressions given are only correct and

self-consistent up to dimension-six and should be interpreted accordingly. Written
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equations, which may implicitly contain a dimension-eight contribution, should be
understood such that the dimension-eight pieces are ignored as the relations are only

valid to linear order in the Wilson coefficients.

After truncating the SMEFT Lagrangian to dimension-six, we are left with only the

dimension-five and dimension-six operators to add to the SM

At dimension-five, after imposing the SM gauge symmetry constraints and ignoring
flavour indices, there is only a single operator to be included into the SMEFT
Lagrangian. This is the Weinberg operator [41], which after electroweak symmetry
breaking generates neutrino masses and mixing. However, due to this operator
playing no role in the Electroweak precision observables, we forgo to mention any

further physics implication of the operator and shall remove it from our Lagrangian.

Finally, we are just left with the dimension-six operators. In order to write down the
Lagrangian for the SMEFT we first need to identify all the operators. We require
a minimal basis of operators, where equations of motion, field redefinitions and
Fierz relations have been used to eliminate redundant operators such that no single

operator can be rewritten as a linear combination of the others.

A first attempt to derive a minimal basis was completed in [33] where a total of
80 operators were found if one ignores flavour indices. Later, in [40], it was shown
that only 59 of these were linearly independent to define what is now known as the
Warsaw basis.! A full list of these operators can be found in Appendix (A.1) where

the operators are categorised into eight distinct classes.

Using the Warsaw basis, we arrive at and can write down the SMEFT Lagrangian

used throughout this work as

Lsviprr = LY 4 O

= Loy + ZCZQZ' , (2.2.2)

where the terms in the second line are in the same order as those on the first. The

1 one includes flavour indices there are 2499 independent Wilson coefficients.
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sum now runs over all operators in the Warsaw basis. Identically to [40], we choose
to represent an operator in the Warsaw basis using a Q to distinguish from any other

basis.

2.2.1 Changes to SM Electroweak parameters

The introduction of the SMEFT operators has consequences for many of the bare
parameters as defined in the SM in Section 1.1. Additional operators disrupt the SM
relations between parameters. Moreover, fields are no longer canonically normalised

due to the presence of these operators.

Field redefinitions can reimpose canonical normalisation, yet in other fundamental
relations of the theory, the influence of the operators remains. The work of [42]
draws attention to most of these changes, whilst here, with the foresight of studying
the Electroweak input parameters, we give a review of the changes to the Higgs VEV

and doublet and gauge couplings.

Higgs VEV

We start with the Higgs VEV where in the SM, Section 1.1.2, the VEV takes the

form
V=1 —. (2.2.3)

The Class 2 operator Qp is an interaction between Higgs doublets only. As a result,

it provides an additional term in the Higgs potential, which now reads,

2

V(H) =\ (HTH - ”2) —cy (H'H), (2.2.4)

where the first term is the usual SM potential, which has been rearranged compared

to Eq. (1.1.8).1 Following the same procedure as for the SM, minimising the VEV

'A constant term, which does not change the position of the minimum has also been included.
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yields the following after expanding to first order in the Wilson coefficient,

2 2 2
by o VT U0 3Chv
(H'H) = - == <1+4 ) (2.2.5)

The quantity vy is the true’ VEV, which includes a contribution from the SMEFT

Wilson coefficient C.

Class 3 operators involve the quantity H "H and its derivatives. These contribute

additional kinetic terms to the Higgs field,

T *
Lttiges, kin = (DuH) (D'H) + Cyey (H'H) O (H'H) + Cyyp (H'D,H) (H'D,H)
1 V7
= SO R) — ECa(O,)(0h) + T Cp(@,)(0D). (2.2.6)
where in the second line we have chosen to expand the Higgs doublet in unitary
gauge. As has been made explicit in Eq. (2.2.6), the dynamic part of the Higgs

field is no longer canonically normalised using the SM form of the Higgs doublet,

Eq. (1.1.13). Performing the field redefinition,

02
we can reinstate this condition as required. The Higgs doublet is now written, in
unitary gauge, as

0
H(:):):i

. , (2.2.8)
\/5 h(l‘i"U%CHD — UZCHD> + vp

where the Higgs field is now normalised correctly. For completeness, we note that in
R, gauge, while the charged gauge bosons ¢* require no redefinitions from the SM,

the neutral Goldstone boson ¢ is redefined to be

2
¢ — ¢ (1 - U4TCHD> : (2.2.9)

Again for completeness, combining the kinetic terms with the Higgs potential, the
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Higgs mass is obtained to be

2
m2 = 22 <1 - 3“;51{ + 202 <CHD - CZ”)) . (2.2.10)

Gauge Couplings

Similar to the Higgs sector, definitions in the gauge sector are affected by the presence
of SMEFT operators. In the broken theory, Class 4 operators contribute to kinetic

terms of the gauge bosons,

1 1 1 1
Liauge, Kin = — WHLW" — W3 Wi — ~B,, B — ~G,GM
’ 2 4 4 4
]‘ v 1 a a v 1 v
+ iv%CHGG;‘VGA’“ + iv%CHWWWW & + QU%CHBB;WB#

1 .
+ §U%CHWBW[LBW ; (2.2.11)

while the class 3 operator C'p has a contribution to the mass terms,

1 1 2 1
EGauge, Mass :ZQSW:WB + gv% (92W3 - ngu> + EU%CHD (92W5 - ng/,L>

2

(2.2.12)

Again, the direct inclusion of the SMEFT operators into the SM Lagrangian has left
us with problems. The final term in Eq. (2.2.11) gives rise to kinetic mixing, while
the Lagrangian as a whole is again not canonically normalised. Similar to the Higgs
sector, field redefinitions are once again required to regain the desired properties of

the Lagrangian.

First, we redefine the gauge fields as,

BM = B#(l + U%CHB)7
Wg = Wﬁ(l + U%CHW)7

G =G (1 +viChq). (2.2.13)

Requiring that the products of gauge fields and corresponding couplings remain
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unchanged, we define the modified coupling constants

g1 = g1(L+v7Cyp),
G = go(1 + v7Cpw),

7s = 9s(1 + v7Cuc). (2.2.14)

These redefinitions fix the normalisation of the gluon field, however like in the SM,
we need a rotation into the mass basis for the electroweak sector. The mass basis

rotation, as first written in [43], is

w? 1 e cosf sinf) [ Z
ml = iy T @21s)
B, —%U%CHWB 1 —sinf cosf) \ A,
where
_ 2 2 2
sinf = —__ <1 + UT‘?Q‘%%CHWB> ;
Vi + G5 2 9192+ g1
. g Vi 192 — Gi
cosf = ——2— <1 - 2T_1_3_§CHWB) - (2.2.16)
Vi + G 9292+ 0

Writing the Lagrangian in the mass basis allows one to read off the boson masses in

terms of g;, g, and the two Wilson coefficients C'yp and Cyyy g,

M3 =0,
gzv%
My, =
w 1
> VI (o Lyra, 1,
Mz = 4 (91 + 92) * gUT (91 + 92) Cup + §UT9192CHWB- (2.2.17)

As is to be expected, the photon is massless because the U(1)gy gauge symmetry
is unbroken. In the limit that Ayp — 0o, the masses of the W and Z boson regain

the expected form as seen in Section 1.1.2.

From here, one could go further to write the covariant derivative in terms of the
barred quantities gy, Go, sin @ and cos . This would lead to the covariant derivative
having the same form as for the SM, where one can directly read off the couplings

as is done in [42].
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Here however, we opt to show a somewhat inverted relation allowing for the couplings
g1 and gy to be written in terms of masses and the Higgs VEV, vy, in addition to
Wilson coefficients. This is undertaken with the foreknowledge of requiring the
Lagrangian to be written in a standard and convenient form to conduct a study into

electroweak input schemes. These relations read,

_ 2Myy s, v
g =T ll — —5 (Cup +4cy5,Crws)| |
CpUT w
2.M
gy = — (2.2.18)
Ut
where
M
—\1-¢ = 2.2.19
Sw Cws Cu MZ ( )

The use of these equations, at the level of the electroweak Lagrangian, is an important

first step in Chapters 4 and 6.

2.2.2 Operator renormalisation

If we wish to calculate quantum corrections in the SMEFT, additional to the renor-
malisation procedure of Section 1.2.2 applied to the SMEFT, we need to renormalise
the local dimension-six operators. We achieve this by introducing counterterms for

the associated Wilson coefficients.

We follow the same tack as Section 1.2.2, where we relate the bare operators to the
renormalised ones through, what is in this case, a renormalisation constant matrix
Zy defined in an MS scheme. The matrix Z,, allows for operator mixing between

the bare and renormalised fields [44],

0 = [Zo(w)),; 0;(n). (2.2.20)

or, for later convenience, inverting and writing in terms of amputated Green’s
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functions of the operator,

(0:) = 25" (W] (0. (2.2.21)

ij
Taking a derivative of Eq. (2.2.20) with respect to the renormalisation scale p gives

B dOEO) B d[ZO(:U’)]ij
~dlogp dlogp

Y dlog

O;(1) + [Zo(p)]

(2.2.22)

where we have made use of the fact that the bare parameters have no dependence

on a renormalisation scale. Solving this equation yields,

dO;(n) 1 d[Zo(p)l,
i —_|z F0.(0) = —=~T0O. 2.2.23
leg/J |: :|’Lk‘ dlog u ](lu) PYZ] j(lu) Y ( )
where we use this as a definition of the anomalous dimension matrix ~,;. We

include the somewhat arbitrary transpose and negative sign at this point for later

simplification.

The operator renormalisation constants will provide a way to renormalise the EFT,
however, when considering bottom-up EFTs, as is the SMEFT, one usually likes
to think in terms of counter terms to Wilson coefficients. To this end, consider a

generic renormalised expectation value,

= [Zo(m),; C3(1){0)®
= Ci()(0) ™ + (1Ze(w)l;; — 03) Ci (1) {0
= Ci() (0 + ([0Zc(m)];;) C;()(0,)

= Ci(n){0y) - (2.2.24)

In the first equality we have introduced the renormalisation constant for the Wilson
coefficients [Z¢(p)];;- The second term in the third line is identified to be the

counterterms resulting in the finite prediction in line five.

To make the connection with the operator renormalisation constants we make use
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of Eq. (2.2.21) to find

[Ze()];; Co()(0:)* = Cm)(0;) = Cip) | 25" ()] (0,)©®

making it easy to identify that

Ze(w)y; = 20" ()] - (2.2.26)

J

This identification of renormalisation constants for operators and Wilson coefficients
allows us to write the RG equation in terms of the anomalous dimension matrix.

Starting from the Wilson coefficient equivalent of Eq. (2.2.23),

dC;(p) 1 d[ZC(M)]kj
dlog - [ZC Lk Wcj(ﬂ)
d|Zo" ()],
= —W [Zol: Cj(1)
d([25" ()], [Zo(w), 0 dlZo(w),,
- < dlog ) * [ZO ]jkw Cilw)
=7i;C5 (), (2:2.27)

where now the previous minus sign and transpose in the definition of v;; are justified.
This equation above describes the running of the Wilson coefficients as the scale at
which they are evaluated is changed. In the SMEFT, these runnings are known to
one loop [42,45,46] and thus, so is the anomalous dimension matrix. Furthermore,

computational tools [47,48] allow for quick implementation.

However, for a specific loop calculation in the SMEFT, we still require the analytic
form of the counterterms in order to make finite predictions. In the MS scheme, these
can be related to the running of the Wilson coefficients. Consider a renormalised

amplitude in the MS scheme,

(A) ~ {517 A, C +2log M) L [6Zc)i; + -] C () (00, (2.2.28)
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where the ... represents additional finite pieces of the amplitude. We clearly see

that we must have,

1

[6Zc)iy = —=A (2.2.29)

R

in order for the amplitude to be finite. Therefore, understanding the form of A;;
enables the determination of the counterterms. At one loop, the amplitude is

independent of the renormalisation scale, therefore we write

d(A) dC;(p)

=0=2A;,C; O; O;
dlog,u 1] J(M)( l>+ dlogﬂ/< Z>
= (2Aij + %’j) Cj(1)(0s), (2.2.30)
hence,
1
This identification leads simply on to the equality
1 1
[0Zc]i; = _EAij = 5 i (2.2.32)
or in terms of counterterms for individual Wilson coefficients,
50, = Lo 0 = LG (2.2.33)
i N 7 2edlogp o

The specific form of the counterterms for the Wilson coefficients are now known in
the MS scheme, and we have all we need to calculate quantum corrections in the
SMEFT. Interestingly, as a final remark, although we are concerned here with the
SMEFT, no part of the lead up to Eq. (2.2.33) relies on specific SMEFT framework,

and so it is valid for any EFT.






Chapter 3

Preliminary Information

In this chapter and the following chapters, we begin to focus on the main topic of
the thesis; a study into EW input schemes in the dimension-six SMEFT. In Chapter
4 we introduce three schemes which have common use in the SMEFT literature,
and we set our notation for what follows. Chapter 5 provides a study into these
commonly used input schemes, discussing the salient features and finishing with a
set of universal corrections associated with each scheme. In Chapter 6, we introduce
two new schemes for the SMEFT, which involve the effective mixing angle sin 6% as
an input and in Chapter 7, we again discuss the features of these new schemes but
mainly focus on comparison with the aforementioned schemes which are currently

in use.

In order to undertake such a task, we must first motivate why such a study is

necessary.

3.1 Motivation

The first step in motivating why a study into electroweak input schemes is necessary,
we must clarify what we understand an input scheme to be. We will discuss what
it means to choose an input scheme and what are the possible choices that one can

make. The link between the choice of input scheme and renormalisation will be



42 Chapter 3. Preliminary Information

made apparent, allowing the importance of the scheme choice to be highlighted and
alluding to how differences between schemes come to pass. Here we tell no specifics

about any one scheme, which is left for later chapters.

At the most basic level, an input scheme can loosely be defined as a set of physical,
experimentally measurable parameters one uses in a calculation, in order to obtain
a numerical prediction. They are the numbers we "input" into the machinery of the
theory in order to return predictions. These experimentally measurable parameters
can be anything from the theory. In the SM they can consist of, but are not limited
to, masses of particles and couplings between particles. If the SM were exact to LO
our definition of an input scheme would be complete here. However, this is not the
case in the SM or SMEFT, as we work in perturbation theory and relations between

potential input parameters at LO do not hold true to NLO and beyond.

Working in perturbation theory beyond LO requires renormalisation to obtain finite
predictions for amplitudes. Renormalisation introduces counterterms into the amp-
litude, cancelling the divergences appearing from the matrix elements of a process.
The counterterms introduced are those relating to the potential input parameters

appearing in the LO matrix elements.’

Although the divergences appearing in the appropriate combination of counterterms
must match for all possible scheme choices, as the divergences in the matrix elements
remain the same, there is in general no relation between finite pieces. Hence, dif-
ferent schemes will have differing perturbative behaviours as a result of the scheme

dependent corrections stemming from the counterterms.

An input scheme is therefore not merely the numbers one plugs into a calculation to
return a numerical prediction, but an intrinsic part of the renormalisation procedure

and a crucial step in any perturbative calculation.

To fully define an input scheme, one must list the full set of parameters one chooses

to replace the Lagrangian parameters with to obtain a numerical result. Further-

1Along with those associated with wave-function renormalisation and, in the SMEFT, Wilson
coefficients.
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more, if renormalisation is needed to produce finite prediction, specification of how

counterterms are defined and extracted should be given to leave no ambiguity.

For the simpler case of a purely Quantum Chromo Dynamics (QCD) process’, the
choice of input parameters, to re-express the Lagrangian variables in terms of, is
predetermined by the theory. The only available quantities are the strong coupling

and the quark masses, and therefore they must be used.

In EW physics, this is not the case due to an over complete basis of possible input
parameters. There are, however, a number of choices which are customary to use,
for example one should use the fermionic particle masses as an input?, identical to
a QCD process, and it is customary to use the MS definition of Wilson coefficients.
Despite this, not all parameters in the EW Lagrangian have an 'obvious’ choice. In
particular, the gauge couplings ¢g; and g, and the Higgs VEV in the Lagrangian
can be re-expressed in terms of a number of different experimentally measurable
quantities. Some of these have already been introduced in Section 2.2.1, where the

renormalisation conditions of Section 1.2.2 can be extended to dimension-six.

From here on in, when mentioning an input scheme, we refer to the EW input
scheme, i.e. the set of three parameters to replace the variables ¢g; and g, and the

Higgs VEV in the Lagrangian and the definitions of counterterms.

Clearly, an important consideration for SMEFT predictions and fits is the choice
of the EW input scheme. The investigation of NLO corrections in dimension-six
SMEFT has been the focus of numerous recent studies: QCD corrections have been
fully automated [49], NLO EW corrections and, in a few instances Next-to-Next-to-
Leading-Order (NNLO) QCD corrections, have been calculated on a case-by-case
basis for specific processes [29,50-99]. Therefore, it is more pressing than ever to

understand our choice of input scheme.

Ideally, the input parameters should be measured with very high accuracy such

that the effect on SMEFT fits is subdominant or even negligible. However, even

"With regard to defining input parameters.
2Assuming one has not set them to zero.
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beyond that, the choice of the input parameters influences perturbative convergence
as well as the pattern of Wilson coefficients appearing in LO and NLO predictions.’
Typical choices of the input parameters include the Fermi constant G, the mass
of the W and Z bosons, My, and My, as well as the electromagnetic coupling
constant «. Invariably, the NLO SMEFT calculations described above have been
performed in one of three different schemes, which use either {My,, M, G} (o,
scheme), { My, Mz, a} (a scheme), or {a, Mz, Gr} (LEP scheme) as inputs. Some
discussions of these input schemes can be found in [100,101]. However, there has been
no systematic study which elucidates general features of these EW input schemes
beyond LO in the SMEFT, much less a numerical exploration of benchmark results

at NLO in the different schemes. The work presented in this thesis fills this gap.

Furthermore, in the SM, several studies have proposed EW input schemes which use

the effective leptonic weak mixing angle sin 6% as an input parameter [102-107].

In spite of this recent and past interest in EW input schemes involving sin 6, a
discussion in the context of SMEFT has not yet appeared in the literature. Again,
the work of this thesis fills this gap by incorporating the {Gp,sin 6., My} (vzﬁ
scheme) and {a, sin 0, M 7} (vfff scheme) input schemes into the methodology in

detail.

3.2 Assumptions and Work Flow

3.2.1 Lagrangian Assumptions and Flavour Scenarios

In order to reduce the calculational complexity of our Lagrangian, a number of
beneficial assumptions must be made. The assumptions we make are common

practice in recent developments for EW physics in SMEFT.

We reiterate the assumptions previously mentioned in Section 1.1.4 and extend them

to the SMEFT. We work in the limit that all leptons and the light quarks are

'All will be seen in later chapters
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massless, that being all quarks except the top. Therefore, the only masses which

remain are those of the W, Z, and Higgs bosons, and that of the top quark.

Furthermore, we take the theory to be flavour diagonal. This has consequences on
the SM, whereby the CKM matrix is set to the identity. Additionally, this restriction
greatly reduces the number of Wilson coefficients, as two-fermion operators, cannot

have differing flavour generations and so take the form,
Cixi, i=1,2,3, (3.2.1)

where we have labelled an arbitrary two fermion operator C, and ¢ is the flavour
generation. It should be noted that for subscripts on Wilson coefficients, we are not
using Einstein summation notation, unlike in the rest of this thesis. Therefore, in
the above we have the operators Clxl, CQ:EQ, and C?% and not a sum of them. For
four-fermion operators, if the fermion representations are different a single flavour is

associated with each representation,

Cay, i,j=1,23, (3.2.2)

i1jj

whereas for identical fermion representations an additional structure is allowed,

Cox, i,j=123,

1jj

Caz, 1,j=1,2,3. (3.2.3)

ANK

Additionally, in an attempt to reduce the number of Wilson coefficients appearing
in the processes, we also consider the assumption of U(2)* x U(3)? flavour scenario.

In the SM, the U(3)° symmetry for the SM fermions
UBY =UB), xUB), xU3)y x U3)g x U(3),, (3.2.4)

is broken only by the Yukawa couplings [108,109]. The U(2)* x U(3)* scenario
extends this requirement to the SMEFT [110]. Since we consider all fermions except

the top quark to be massless, we thus only allow the breaking of the U (3)5 symmetry
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by the top Yukawa coupling Y; hence we have a
U2 x U3’ =U(2), x U(2), x U(3); x U(3)q x U(3)., (3.2.5)

flavour symmetry. In the scenario case, we therefore distinguish Wilson coefficients
involving the top quark from those involving first and second-generation up-type

quarks.

We change from the flavour-general scenario to U(2)* x U(3)® by making a set of
replacements on the Wilson coefficients, see e.g. [96]. For operators with two flavour

indices involving leptons or down-type quarks, we can suppress the flavour indices
Cr =G, for G, € Che, Chil, Cl, Cha. (3.2.6)

For the Wilson coefficients with two flavour indices involving up-type quark fields,
we explicitly distinguish top-quark couplings

: (1) (1) (3) (3)
For C,p and C,, only Wilson coefficients with third-family indices contribute in

the first place, so no replacement is necessary.

For four-fermion operators with two different fermion bilinears as well as C.., which
is simplified by a Fierz identity, there is a single coefficient contributing under the

U(2)* x U(3)® assumption when no up-type quarks are involved

Cii?‘j — G, for O, € G, Cle, Clg; Cea - (3.2.8)
For Wilson coefficients involving up-type quark fields we distinguish the third gener-

ation

Co —C, f ic1,2, ¢V 5l o® LB oL o,
ijj o s ‘9 s @ it33 "

Cg —Cyp for jel,2, Cqg — Cqp . (3.2.9)

jjii 3341

For Cj;, which involves two fermion currents of the same species and chirality, there
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are two U(3)° symmetric combinations, which we distinguish with a prime

Cy —Cy, Cu —Ch Cu—Cyu+Cy (3.2.10)

5] jJ1 1411

3.2.2 Work Flow

We have carried out the calculations of this thesis using an in-house FeynRules [111]
implementation of the SMEFT dimension-six Lagrangian and cross-checked our
results with SMEFTsim [112,113]. These model files were subsequently used with
FeynArts and FormCalc [114-116] which we employed for the automated calculation
of Feynman diagrams. The packages listed previously allowed the calculation of dia-
grams containing operators from classes 1-7 in the SMEFT. However, loop diagrams
involving a class-8 operator cannot currently be implemented by this procedure.
To calculate these, we used a 'by hand’ approach, making use of PackageX [117]
to extract analytic results for Feynman integrals. DsixTools [47] allowed for the
quick implementation of Wilson coefficient renormalisation and the reduction of
Wilson coefficient flavour indices. Finally, numerical results were obtained with

LoopTools [115].






Chapter 4

Schemes in the SMEFT Literature

In this chapter, we introduce three of the five EW input schemes that we are
considering in this thesis. The three schemes we introduce here are the «, «, and
LEP schemes, which have common use in the SMEFT literature. For reference, the
three input parameters that define each scheme are given in table 4.1 with the exact

definition of the parameters given in the relevant sections.

We present definitions and derivations of counterterms necessary to complete EW

NLO calculations in the SMEFT and print analytic results where appropriate.

However, in order to get into the specifics about the individual schemes, we neces-
sitate having a common starting point for each scheme to treat them in a unified
fashion. To achieve this we use the tree-level Lagrangian written in terms of vy,
My, and M. In practice, this is obtained by transforming to the gauge-boson
mass-basis using the field rotations defined in [42] and making the substitutions

given in Eq. (2.2.18) and repeated here,

QM Sy, 2
g1 = Wy UTQ (Cup +4cys5,Craws)| (4.0.1)
Cy U 4s;,
2M
gy = — 2 (4.0.2)
vr

which are valid up to linear order in the Wilson coefficients. The sine and cosine of
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scheme ‘ inputs
a, Gp, My, M
« a, My, My,
LEP | Gp, a, My

Table 4.1: Nomenclature for the EW input schemes considered in
this work.

the Weinberg angle are defined as,

M
2 Cw= FVZV (4.0.3)
The renormalised Lagrangian in a given scheme is then obtained by interpreting the
tree-level parameters and fields as bare ones, denoted with a subscript 0, and trading
them for renormalised quantities through the addition of counterterms appropriate

to that scheme much like Eq. (1.2.9) but extended to have counterterms of higher

mass dimension.

Common to all schemes here is the fact we use the FJ renormalisation scheme
[26] with definitions of the scheme and counterterms found in Section 3.1.6 of [24].
Additionally, in the same reference, alternative tadpole schemes are mentioned, but

we make no comment on their use other than to highlight that they exist.

4.1 The a Scheme

To start our discussion of the three schemes which appear in current SMEFT literat-
ure, let’s consider the a scheme. The « scheme uses the set of inputs {«, My, Mz},
where o = €?/(47) is the QED coupling constant defined in a given renormalisa-
tion scheme and My, and M, are the masses of the W and Z bosons which are

renormalised on-shell as described in Section 1.2.2.

For convenience, we introduce the derived parameter,

. 2MWsw

i (4.1.1)

Va
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The bare quantity vy is then related to renormalised parameters and counterterms

through

1 1
—— = 1 — 02 ApE0) —QAUSU’Q) — AyGto | (4.1.2)

2
UT,O Va «

The superscripts ¢ and j in the counterterms Av&i’j’a) label the operator dimension
and the number of loops (j = 0 for tree-level and j = 1 for one-loop) respectively,
while the superscript « refers to the fact that the expansion coefficients are multiplied
by explicit factors of v,. As is the case with many equations to follow, the dependence
on the perturbative expansion parameter, which in this case is 1/v2 ~ «, has been
made explicit.! The dependance on the expansion parameter has been factored out
from each term. Consequently, the AX may be dimenesionful but the combination

including the appropriate powers of the expansion parameter is dimensionless.

The expansion coefficients in Eq. (4.1.2) are determined by the counterterms for the
input parameters My, M, and the electric charge e. These are calculated from
two-point functions, as in [29]. In the o scheme, we relate the bare and renormalised
quantities up to NLO as,
1
Xo=X (1 + SAX®L) 4 AX(G’L‘")>
UO[

1
- X (1 + SAXEY p AX 6D Avﬁf"o)AX(""l)) , (4.1.3)

where X € {My, Mz, e} and X, are the corresponding bare parameters and in
the final line we split the (6, 1) piece into the scheme dependent and independent
parts. We have additionally suppressed the « superscript in the (4,1) term, as it is
independent of the expansion of the VEV. The quantities AM&?’M) and AM 26’1’0‘)
are calculated by extending the SM calculation of Section 1.2.2 to the SMEFT

(6,1,a)

by including a single dimension-six operator in the loop whereas Ae requires

IThere are a handful of exceptions to this in Av((f’l’a); all appear in tadpoles, with the exception

of the contribution from the Class-1 coefficient Cyy .



52 Chapter 4. Schemes in the SMEFT Literature

modification and is given by [29],

e 2 k>

1 2
(széz‘“’mw s cHDz%“”(m) -

+7 -
oo Mz \cy A€ 5w

(4.1.4)

We use the same notation for the expansion coefficients of the derived parameters

¢, and s, so that, for instance,

2
il.a Cw 1;7 ,Q i, e’
st = - (DM — AMS) (4.1.5)

At tree level the relation between vy and v, is given by [29]

Cuw

1 Cw

1
U%" Vo w 4811)
Interpreting this as a relation between the bare parameters, renormalising them as

in Eq. (4.1.3), and matching with Eq. (4.1.2) we find

AU&G’O’Q) _ 207“’ lCHWB + ALC:CHD‘| , (4.1.7)

AvPH) =2 (AMZH + AsPH) — Ael)

2 Cuw

_l_

[OHWB + CHD] AsHY (4.1.9)

2w léCHWB + CwacHD] .
S 45,

w
where the 6C; are counterterms for the Wilson coefficients in the MS scheme, which

are defined in Section 2.2.2 as

1 . 1 dC;
= , =—C, = ——" 4.1.1
Cio=C; +0C;, 0C; 26C’ dednpi’ ( 0)

where € is the dimensional regulator in d = 4 — 2¢ space-time dimensions. As

mentioned, explicit results for the dC; at one loop can be derived from [42,45,46].1

The counterterms AM,, AMy, and Awv, as described here form the basis to perform

any NLO calculation renormalised in the o scheme by replacing the bare parameters

"Practically, we use DsixTools [47] to extract them.
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with the appropriate relation of Eq. (4.1.6) or Eq. (4.1.3).

A small stipulation which we neglected so far is in the implementation of the «
scheme and the LEP scheme, to be introduced in Section 4.3, requires specifying the
renormalisation scheme for a. Previously, we have defined « in an on-shell method.
However, another possible choice is the MS definition @(y) in five-flavour QEDx QCD,
where EW scale contributions are included through decoupling constants [29] and

perturbative uncertainties can be estimated through scale variations.

In Chapter 5, when discussing these three schemes detailed in this chapter, we
indeed choose this MS definition to take advantage of the scale uncertainty estimates.
However, it should be noted that later, in Chapter 7, we change the scheme for « to
the on-shell definition to be more in line with what is conventionally used in order to

make just comparisons of results and potential EW fits with the current literature.

4.2 The a, Scheme

The second scheme we introduce in this section is the a,, scheme. The o, scheme
uses the set of inputs {Gp, My, Mz}, where G is the Fermi constant as measured

in muon decay.

In this scheme, the W-boson and Z-boson masses are again renormalised on-shell,
identically to the a scheme. However, the renormalisation of vy differs therefore we
will expand in explicit powers of v, as will be seen shortly, hence we have
1
My = My (1 + S AMEM AM§?’LM> , (4.2.1)
v
w
where the p in the subscript indicates the expansion by explicit powers of v, and
X € {Z,W}. An equivalent expansion to that of Eq. (4.1.3) can be performed to
obtain the counterterms in this scheme from previously calculated and soon to be

calculated results.

The renormalisation of G in this scheme is implemented by modifying the coun-



54 Chapter 4. Schemes in the SMEFT Literature

terterms for vy to read,

1 1 X 1 X
35 = 3 [1 — 'UiAUl(Lb’O’N) — ﬁAUfﬁ’LM) — AUL671’M)‘| . (422)
UT,O UH UM
where
_1 2M
v, = (\/iGF) P LW (4.2.3)

We have introduced the derived EW coupling «, in the final equality of the above
equation. Using the PDG value of G = 1.166 x 107> GeV~? [10] gives o, &~ 1/132.

The counterterms, Av,,, in Eq. (4.2.2) are defined by the renormalisation condition
_1

that the relation in Eq. (4.2.3), v, = <\/§GF> ?. holds to all orders in perturbation

theory. The Fermi constant G is a Wilson coefficient appearing in the effective

Lagrangian
Leg = Lqrp + Lqep + Ly (4.2.4)

where

4G _ _
L= _TQFQ“’ Q= {VM’VMPL'M} x ey Prve] (4.2.5)

The four-fermion operator (), mediates tree-level muon decay, and radiative cor-
rections are obtained through Lagrangian insertions of a five-flavour version of
QEDxQCD, where the top-quark is integrated out. We will work only to NLO
in the couplings, so QCD couplings will not appear, and we can drop the QCD

Lagrangian in what follows.

The dimension-six term of the effective Lagrangian should be familiar, as it is
identical to that of Eq. (2.1.6), the Lagrangian for Fermi Theory, and plays a vital
role in the definition of the «,, scheme.

The Fermi constant G is calculated by matching the SMEFT onto the effective
Lagrangian above, by integrating out the heavy electroweak bosons and the top
quark. In practice, this is done by ensuring that renormalised Green’s functions

match order by order in perturbation theory, to leading order in the EFT expansion
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parameter m,, /My, < 1. The matching can be performed with any convenient choice
of external states. We work with massless fermions, and set all external momenta to
zero. In that case, the loop corrections to the bare tree-level amplitude in the EFT
are scaleless and vanish, so the renormalised amplitude is just given by the tree-level
one plus UV counterterms. The main task is thus to evaluate the renormalised NLO

matrix element for the muon decay in SMEFT.

To write the matrix element for the process u — v,ev,, we first define the spinor

product

Sy = |y, )3 Pru(py)| % [@(pe)y” Pro(s,)] | (4.2.6)

where P, = (1 — 5)/2 and it is understood that the arguments of the Dirac spinors
u and v are evaluated at p, = 0. Furthermore, we define expansion coefficients of

the bare one-loop amplitude in terms of the bare parameter vy as

2 1
Abare = ——5— («41(;23 + vho A + 5 Abad + Al ) R T (4.2.7)
UT,0 Ur0

The ... in the above equations refer either to spinor structures with different chirality
structure, which we do not interfere with the tree-level SM result and can thus be
neglected, or matrix elements of evanescent operators. Evanescent operators, which
vanish in four dimensions as a result of their y-matrix structure, no longer vanish
in dimensional regularization where we work in d dimensions. The definition of the
evanescent operators depends on the definition of the 75 matrix in d dimensions [118].
We choose to define 75 in naive dimensional regularization, where it anti-commutes
with the other v matrices, {vs, 7,} = 0. For the muon decay only one evanescent
operator appears in the one-loop diagrams with a four-fermion interaction and a

boson connecting the two fermion bilinears. It is defined in the chiral basis as [119]

Ppy* 'y Pr, ® Pry, v, 7aPr = 4(4 — €) Pry* P, ® Pry,Pr + Erp, (4.2.8)

where Pp = (1 4 75)/2 and the ® indicates a direct product of v matrices (as in

Eq. (4.2.6) after removing the external spinors). The scheme choice for the evanescent
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operators impacts the finite pieces at one-loop when multiplied with 1/e terms. The

evanescent operator Fp itself can be removed by an appropriate counterterm.

The renormalised amplitude in the «,, scheme to one-loop order then takes the form

A= 2 (@0 2 q60m o L qanm | qeam) g
2 g v g

1 2
—S, +. (4.2.9)

o
In the second line of Eq. (4.2.9) we have indicated that after imposing the renormal-
isation conditions in the a,, scheme G does not receive any corrections at higher
orders. Expanding v}, in Eq. (4.2.7) using Eq. (4.2.2) and enforcing the above

equality determines the expansion coefficients Avfj’j’“) in Eq. (4.2.2). The tree-level

results are

A(4,0,,u) _ 1, (4210)
A(6707/J') — 0(3) + CHl C u - Avlgﬁ’o’#) . (4211)
11 29 1221
This implies that
Av,(f’o’“) = CSZ) + CS’Z) -Cqy . (4.2.12)
11 29 1221
At one loop, on the other hand, one finds that
1
Aw 4,1,u Abare + iAZ](c‘lvlvN) ’ (4213)
1 6,1, 1 4,1,
APt = A+ SAZ Y 4 Afpo) (QAZ} # 2 Ayt )
+ 605 +6C —5C 4 . (4.2.14)
11 22 1221

In the above, the §C are given in Eq. (4.1.10) and we have defined the combination

of on-shell wavefunction renormalisation factors for the external fermions
AZp = NZ+ NZ]" + AZ + A7y (4.2.15)

where the superscript L has been used to indicate left-handed fermions and the AZ;
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are expanded as usual

AZ; = —AZ b g AZ S (4.2.16)

vu

Much like the counterterms for the on-shell gauge boson masses, the counterterms
AZ}G’]"” ) can be calculated in the same manner as in Section 1.2.2 and extending
the two point functions to contain one dimension-six operator insertion. At one
loop, AZ; receives contributions from photon graphs, which vanish as the integrals
are scaleless, and heavy-particle graphs (Z and W exchanges), which give finite
contributions that must be taken into account. The explicit results for the one-loop

coefficients in Eq. (4.2.2) are relatively compact, and we list them here. In the SM,

one has
We ]\/[2 3M3
41, h W
167T2 AU’S L) _ 7 _ MW — 7 + N my —|— mAO(Mh> 2NCAO(mt2)
o 3Mi A(M2)+3A(M2)+3i[A(M2)—A(M2)}
M;% — MI%V o( My oMz 5120 oMy oMz
n 167T2Avu4ti(f 7 (4.2.17)

where the tadpole contribution in unitary gauge is

16m2 MEAOEI = QNI + AME — 3MPEAg(M?) + 8N, m? Ay(m?)

p,tad
— 12M7, Ag(M) — 6MZAy(M3), (4.2.18)
and
2 o (1 M2
In SMEFT we find
1 2 28 28 8
1672 Av(SH) — = [MV% “Cup — C}?} - chl + CHZ +8CY) 4+ 805 +8CY)
€ 3 3 33 I 29 33

l
1122 1221 22 1133 22%3)

+12 (0 u —C g )) + 6m? (cjm +og) - — o

C
— 6M%C i ] + 167T2AUL4’1M ( ZAU 6.0.0) 4 HD)
1221

2
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Cup
+M,§( Crp + 2 )+5MZCU

1221
3CHD

+ MSV( —Cyn — - 12 OHWB + 1OCHZ

—I—lOC’Hl-i-lO(C nw —Cu >>

1122 1221

C
+3m} (—;“’ + CH, +C8 +20y) - %) — %) )

22 33 1133 2233

GMVQVAO(Mh) AOQ(MW) <CHD _ cHD)
M, — Miy

2
+ 640 (M) (Cl(qll) +Chi + CJ(L?I) + CHl +2C y )
11 92

1122
11 22 11

1
c¥ 2+
ot +czu 1951

+ Ag(m3) <BCHD —6CY) —6C%) —120%) +6C%) +60%) )
11 22 33 1133 2233

+ 6 Ag(M2) ( O — O — ) 1 o

+ 1672 AvG L (4.2.20)

,utad ’

where the tadpole contribution in unitary gauge is

1602 MEA S — 4 39m M2 A O — 8ME (Cop — 2C 5w )

w,tad w,tad

— 8Miy Mz (Crp — Cuw) + 2M3 (4Cxp5 — Cup + 480w Crw )

U2
— MZAy(MF) <4CHD —4Cyp — 6M*%OH>

+ 12M Ao (M) (Cyp — 2CHw)

2
_ 12mtA0(mt) <ZC'HD + \/_U“ CuH>
m; 33

— MZA(M2) (12330@,3 —3CHp + 122.Cow + 120w8wC’HWB> .
(4.2.21)

Note that the expansion coefficients are only gauge invariant when tadpoles are
included — the split that we have given above is unique to unitary gauge. We have
checked that our results are consistent with those in [70], a previous result using a
simplified flavour structure for the SMEFT Wilson coefficients, and omitting tadpoles

such that the results are gauge dependent and limited to R, gauge - thus providing
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a strong check on both sets of results.

4.2.1 Relation to the o scheme

Now we have been introduced to two schemes, the o and «, schemes, a logical next

question to pose is how are the two related.

We can convert results in the «,, scheme to the a scheme using the perturbative

relation between v, and v,. A useful quantity for this purpose is
—=1+Ar. (4.2.22)
Two equivalent SMEFT expansions of this quantity are

Ar = 02 Ar®Y 4 %Ar“’l) + ArD

Vg

1
= viAr(&o) + —QAT(4’1) + Ar®D (4.2.23)

Uy
The expansion coefficients are the same whether expanded in v, or v,, so we use
superscripts for operator dimension and loop order only.! They are obtained by
equating the two expressions for vy given in Eq. (4.1.2) and Eq. (4.2.2) and per-

forming a SMEFT expansion, yielding the result

Ar®0 = Avfﬁozo) ,

AP0 — A (4.2.24)
6,1) 6,1 41, 6,0
Ar®D = Avfw ) 4+ QAUL “)Avfm )
where we have defined
ApEd) = Apfim) — Agfie) (4.2.25)

For two-body decays of heavy bosons, the SMEFT expansion coefficients in the o,

Tt is understood that any implicit v dependence in the (6, 1) term is expressed in terms of v,
in the first line or v, in the second.
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or a scheme take the form

1
T = [1 + O AR 4 S AR A(F“v“)]

Up

Sl ™ S|

« 1 « o
[1 Fo2APY S AR 1 AP ﬂ , (4.2.26)

(6
where F' does not depend on v, in the first line or v, in the second. The relation

between the expansion coefficients in the two schemes is

A(Fﬁ,o,a) _ A(Fﬁ,o,u) + Ar®O
Ag},l,a) _ A(F4,1,u) + AP

ADE) = AR L AFOD Lo AT ARG (4.2.27)

Conversions from the «a to the o, scheme work in a similar manner. As a simple
example, the expansion of counterterms X in Eq. (4.1.3) in the oy, scheme is obtained

by replacing o — p in that equation, with expansion coefficients related through
AXELE = AX@he) - AX O AXOL) _ ApBOAXEL) - (4908)

Here we can see explicitly that although both the o and the a,, scheme use on-shell
renormalisation for My, and M, the perturbative expansions of the counterterms
differ at one-loop in SMEFT, yet the SM counterterms are the same - motivating

the dropping of the index in Eq. (4.1.3).

4.3 The LEP Scheme

Finally, to conclude our introduction to the three common schemes in the literature,
we have the LEP scheme. At LEP and in SMEFT analyses, one often considers the
LEP scheme, where the on-shell W-boson mass is not used as an input, but is instead
expressed as a SMEFT expansion in terms of the three independent input parameters
{a, G, M;}. Renormalised amplitudes in this scheme could be obtained similarly to

previously, where one introduces counterterms for each of the input parameters. Here
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however, we take an alternative tack and deduce the counterterms of the W-boson
mass, a derived parameter in this scheme, from previously introduced relations. One
may then use this derived parameter counterterm to achieve renormalisation in the
LEP scheme alongside those for vy and M if one starts from our usual starting

point of a Lagrangian written in terms of vy, My, and M.

The SMEFT expansion of the on-shell W-boson mass in this scheme is most easily

obtained by re-arranging Eq. (4.2.22) and then expanding in Ar to find

A2 A2 A4
M2, = NI2, [1 _ Sw Ay - St ArQ] +0(ar) (4.3.1)
Cow Co
where
~ M?2 dran? e
MYy ==Z2 14+ J1-—"2], &="Y_1_-& ¢,=23—-1. (432
= % 2 > (4.3.2)

In the LEP scheme, the appropriate SMEFT expansion of Ar depends only on the
derived parameter Myy,. We therefore define expansion coefficients
~ 1 - ~
Ar = vaT(G’O) + fQAr(M) + Ar®D (4.3.3)
v
“w

where the “hat” on the expansion coefficients Ar%) means that the dependence on
the on-shell mass My, in the Ar(™ in Eq. (4.2.23) has been eliminated in favour

of MW through iterative use of Eq. (4.3.1). A short calculation yields the following

results:
Ar©60) = AT(G’O)’ .
My, =Ny, ’
Arloh = apD|
Myy=My
A2
ArOD = A — 2o [AFOO g, AP ArD gy, Ar©O] . (4.34)
o My =Nty
where the notation ‘ . means that My, is to be replaced by MW and we have
w =My

defined

0

Mwm . (4.3.5)

awE
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Notice that the term Ar® involves derivatives of Passarino-Veltmann functions,
which at one-loop level are simple to evaluate. As a simple example, the derivative

of the bubble function Ay(M;,) is given by

2

Oy Ag(M2,) = 2M2, log 1\% . (4.3.6)

w

We can now write the SMEFT expansion of My, in the LEP scheme as

~ N 1 ~ ~
My, = Ny |14+ 02RO 1 A0 At (4.3.7)
v
o
where
A (6,0,1) S A 60)
A 0,1 w A 6,0
w %oy
A2
A(vz‘l/,w) _ SAw AT,(4,1)7
202w
A (6,1,01) S A 61 Su 42\ A (60) A (4D
At =L APOD 2 4 ) ArOYARSY 4.3.8
W 289, 4é§w< Czw> (438)

The above expressions allows for the conversion of the SMEFT expansion of any
quantity from the «,, scheme to the LEP scheme by expressing the on-shell mass by
the "hatted" version. The conversion for a general function of the on-shell W-boson

mass takes the form

1

2
(%

X (Myy) [1 + o AR 4
o

Agzlvlnu') + Ag?vlvu)]

1 (4.3.9)
= X (My) [1 + viAg?’o’“) + ?Ag‘éalvu) i Ag?,w)] ’

I

where the expansion coefficients Ay (A x) are functions of My, (MW) They are

related through

Ao _ agom 1 Ao X
R " Ow X
A Z A L B0, AL | AGI ALY (4310

1[4 . .
e K AGLD | AGLWAGOW | 2GR A%Lu)) Oy X
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L ABOMALLg2 |

where X = X (My), in a slight abuse of notation we have defined

82

0% = M3 ,

(4.3.11)

and one is to set My, = MW on the right-hand side of the relations in Eq. (4.3.10).

Finally, to achieve our initial goal, we can relate the counterterm for My, in the
on-shell scheme to that in the LEP scheme, providing a framework of renormalisation
in the LEP scheme. Setting X = My, in Eq. (4.3.9), and recalling that the on-shell

definition of My, has no tree-level dimension-six contributions, we can write

1
My o = My, (1 + FAM%’L“) + AM&?’L“))

) | (4.3.12)
= MW (1 + UiAMéS’O’”) + TAM‘%LN) + AM‘SS,LM)) '
Up
The terms on the second line as determined from Eq. (4.3.10) read
AN = A, (4.3.13)
AM%,LN) :A%/,l,u) + AM‘E;,LM) 7 (43.14)
My, =My,
AN (6717M) - A (6717M) (6’1’M) A (6707M) (4717M)
AMy ™" =A™ + AMy " + Ay AMyy
(4.3.15)

£ AL 5 AN

My, =My, .

We emphasise, however, that the LEP scheme uses {«, Gr, Mz} as input paramet-
ers, so the result is ultimately a function of these parameters and the associated
counterterms {Ae, Avu, AM 7}, which can be obtained from expansion coefficients

in the o or o, scheme similarly to AMW

Nonetheless, the counterterms ANy, alongside those for Gy, given in Eq. (4.2.2),
and M after eliminating the on-shell My, for My using Eq. (4.3.1) will renormalise

an amplitude in the LEP scheme.






Chapter 5

Analysis of Schemes in the

Literature

In Chapter 4 we outlined implementation of three schemes: the «, a,, and LEP

wr
schemes. Derivations of counterterms were shown, which allows one to calculate any

process to NLO in the EW coupling in the SMEFT.

In this chapter, we provide a comparison of the schemes and give note to their
salient features. We are mainly interested in two features of the EW input schemes:
the number of Wilson coefficients they introduce into physical observables through
renormalisation, and perturbative convergence. One would assume it’s advantageous
for a small number of coefficients to appear, so that the finite parts of observables
are dominated by process-specific Wilson coefficients rather than those related to
the EW renormalisation scheme. Furthermore, one would like to avoid large cor-
rections between orders, so that perturbation theory is well-behaved and can safely
be truncated at a low order. We discuss these two issues in the following sections.
This is then followed by an analysis of the derived parameters and the heavy boson
decays, where we compare the three schemes. We finally suggest a set of universal

replacements to account for large perturbative corrections for each of these schemes.
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5.1 Numerical Values of Inputs

A numerical analysis of the different schemes requires specification of numerical
values for the inputs. A somewhat important, but overlooked aspect of these values
for the these three input schemes is the precision of these values extracted from
measurements. In SM high precision calculation, where observables are predicted
to many orders in perturbation theory, the uncertainties on the inputs may become
significant to a point where one may wish to consider this effect further. However, for
our purpose we have no such problem as uncertainties from truncation in perturbation
theory, estimated in this section by scale uncertainties, by far dominate at LO and
are in general larger at NLO. As a simple illustration, the value and uncertainty
(solely from the precision on the inputs) for the prediction of G in the a scheme is

given by
GREO = (1.157 £ 0.002) x 107° GeV (5.1.1)

where we have taken the uncertainties on the input parameter from [10] and included
the SM NLO correction to the LO result. This uncertainty is at the per-mille level
and provides a negligible change to the uncertainties on the quoted results given
later in this thesis for illustrative purposes. It is for that reason, the precision on
the inputs has been dropped from the uncertainties quoted from results here on in.

That being said

That all being said, Table 5.1 shows the numerical values of the inputs used in this
work, where we take the values as given in [10]. The quantity m,(M;) takes the

value shown only in the h — bb process, otherwise it is set to zero.

5.2 Number of Wilson coefficients

Probably the easiest comparison one can make between the schemes, and thus the one

which we start with, is to compare the number of different Wilson coefficients each
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M, [ 1251 Gev [ m, (M) | 3.0 Gev
my | 172.9 GeV || v, (M},) | 241.7 GeV
My | 8038 Gev || o 246.2 GoV
My | 91.19 GeV ) 0.1125

o

o
=

s

Table 5.1: Input parameters employed throughout this section.
Note that v, is a derived parameter.

scheme introduces through the renormalisation process. It is a simple matter to count
the number of Wilson coefficients appearing in the finite parts of counterterms for the
bare parameters My, My and vrq in the different input schemes. The results at
LO and NLO are listed in Table 5.2. Here and below we exclude Wilson coefficients
which contribute only through tadpoles and therefore drop out of observables. This
includes C'y and C%Ig’ in each of the three counterterms considered here. Note that
although all schemes use the on-shell renormalisation scheme for M, its dimension-
six counterterm still differs between the schemes. To see this explicitly, we note that
expansion coefficients in a;, and a schemes can be written in the form

Mgy = My (1 + L AMSD £ AMPY - Avgﬁvov%M;U) : (5.2.1)
where here and throughout the remainder of the chapter the choice of o € {u, a}
selects between the o and oy, schemes. An analogous equation holds for the coun-
terterms for My,. The coefficients AM ;4’” and AM éﬁ’l) are the same in the two
schemes, but differences in the dimension-six piece arise due to the renormalisation

of vy. In the LEP scheme, one must use ¢ = p and in addition apply Eq. (4.3.7) to

trade My for MW, which gives an additional scheme-dependent contribution.

The specific Wilson coefficients appearing in the various counterterms in the e scheme
are determined by the two-point functions shown in Figure 5.1. The counterterm
for the W-boson mass contains the following coefficients:

AMV(S’M) : {CWaCHDaOHD,CHWuCHWBacgl)vcl(;;aOuS‘éV}7 i=1,2,3. (522

Cyo and Cyyy contribute to the two left-most topologies in Figure 5.1, while C'yyy g
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H My, My vy H Total # unique WC

o LO 0 0 2 2
NLO || 12 29 29 29

o LO 0 0 3 3
B NLO || 13 30 12 33

LO 3 0 3 )
LEP NLO || 33 30 12 33

Table 5.2: Number of Wilson -coefficients introduced in the
dimension-six counterterms for the bare My,, M, and
vp at LO and NLO, as well as the number of unique
coefficients between them.

and Cyy contribute to topologies three and four, which involve vertices with at least
three gauge bosons. C'yp appears in all four purely bosonic diagrams. We see that 7
of the 12 coefficients appearing are due to flavour-specific W couplings to fermions,
arising from the right-most graph in Figure 5.1. Since in the SM the W boson
couples only to left-handed fermions, the SMEFT operators must also be left-handed
unless they contain a top-quark loop (in which case a chirality flip is associated
with a power of m;), which explains the relatively small number appearing. For the
Z-boson mass, on the other hand, both left and right-handed couplings are relevant
even for massless fermions, and operators containing the field-strength tensor for
the hypercharge field B,,, namely Cyp and C,, contribute as well. This leads to a

much larger number of coefficients compared to My,. The full set is:

AMéﬁ’l’a) : {Cw,Cun, Cup, Cuw, Cus, Caws, C%), 01837 CJ(%), C§;7 Cu31§7, Cup,

ii i ii 33
Chie, Cria, Cra}, i=1,2,3. (5.2.3)
The counterterm Av®H® requires also the counterterm Ae, as shown in Eq. (4.1.9).

Only those Wilson coefficients appearing in W, top-quark or Higgs loops contribute
to the finite parts of the counterterm for electric charge renormalisation (through
decoupling constants, as explained in [29]), which limits the result to the following

6 coefficients:

Ae®) s {Cyw, Cyw, Cri, Criw i Cuw, Cup ) (5.2.4)
33 33
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AR

| \
\ \ }
AN f\/\/\/\\‘@'\’/\/\/\,

Figure 5.1: Representative Feynman diagrams contributing to the
WW., ZZ, vZ, and v two-point functions in SMEFT.

All of these are already contained in AM éﬁ’l’a), so the set of coefficients contributing

to Av{®) is the same as in Eq. (5.2.3).

In the a,, scheme, one needs the counterterms Avfﬁ’j’“), which are calculated from
muon decay in Section 4.2. In SMEFT, two kinds of coefficients appear at NLO —
those that involve modified couplings of the external fermions, including four-fermion
operators of the kind shown in Figure 5.2, or those that contribute to the WW-boson
two-point function at vanishing external momentum. The latter condition eliminates
some operators compared to what is seen in AMyy, itself (in the case of massless
fermions or certain derivative couplings), while the former increases it mainly due
to four-fermion operators. The end result is that the following set appears:
A {Cyn, Cup, Caws, O, O, C0 . C oy C oy ,C g}, j=1,2.
ii g3 83 1221 1122 i

(5.2.5)
The counterterms for My, and M, are also modified compared to the a scheme,
as follows from Eq. (5.2.1); one finds that the o, scheme contains the four-fermion

coefficient C' ;; in addition to the a-scheme coefficients listed in Egs. (5.2.2, 5.2.3).
1221

Finally, in the LEP scheme the counterterm A]\%ﬁ’l’“ ) (see Eq. (4.3.15)) is a function
of those for e, Mz, and vy (renormalised in the av, scheme), and thus contains the full
set of 33 unique coefficients that also appear in the «,, scheme, while no additional

coefficients appear in the counterterms for M, or vy compared to the a,, scheme.

The conclusion of this counting exercise is that there is a large overlap between the
set of operators appearing in the NLO counterterms in the different schemes. The
main difference is that a handful of four-fermion operators related to muon decay

appear in the LEP and «,, schemes but not in the o scheme.
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Figure 5.2: Representative Feynman diagrams contributing to the
decay of the muon at one loop and involving four-
fermion operators.

Although the direct comparison of the number of Wilson coefficients introduced
by the specific counterterms in each scheme is instructive in understanding the
potential number of Wilson coefficients introduced in a given calculation, ultimately
the number of Wilson coefficients contributing to observables in the different schemes
is process dependent and is determined by the structure of the LO amplitude. For
instance, consider a process involving a vf¢ vertex, where ¢ is a charged lepton and
v is a photon. In the o scheme, the square of the bare vector-coupling vertex plus

SMEFT counterterms (other than from field strength renormalisation) reads

4M2 2 2A (4,1,0{)
el <1 + 2Ae(6’1’0‘)> . (5.2.6)

Vo Vo

In the «, scheme, on the other hand, the bare vertex plus associated counterterms

read
2 9 (4,1,0)
4Mvgsw { 2Ae i n NG _ 4A6(4,1,a)AT(6,0)}
v, v,
A2 2 . (5.2.7)
+ 72/ @ {1 — UZAT(G’O) — —ZAT(M) — ArGD 4 QAT(G’O)AT(4’1)} )
O Uy

The two results are equal to each other if Eq. (4.2.22) is used to relate v, to v,, but
when the numerical value of v, is used as an input the terms on the second line of
Eq. (5.2.7) contribute a large number of coefficients compared to what one has in
the a scheme. The same set of coefficients contributes to muon decay calculated in

the a scheme, or in the LEP scheme when My, appears in a tree-level vertex.
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5.3 Perturbative convergence

Next in our numerical analysis of these three commonly used input schemes we wish
to discuss the perturbative convergence of each scheme, or more bluntly put, the finite
corrections each scheme introduces to a given process. Generally speaking, one uses
renormalisation schemes that avoid sensitivity to large logarithms of light fermion
masses in fixed-order corrections, and also tadpole contributions to finite parts of
observables in cases where some parameters are renormalised in the MS scheme
and some in the on-shell scheme [29]. As long as those two issues are dealt with,
top-quark loops are the main source of enhanced NLO corrections in the finite
parts of counterterms. These can be especially important when associated with the

counterterm As,,, since they involve inverse powers of s2, ~ 0.25 through the relation

w
SM‘S“

where the factor of 2 is chosen to match that in Eq. (4.1.8).

In the SM, enhanced corrections from top-loop contributions to As,, related to the
renormalisation scheme are easy to trace. First, by analysing the one-loop Feynman
diagrams in the large-m, limit, one can show that in the a,, scheme

AgftH) = Auli = 28M (5.3.2)

my—00

The subscript "t" here and below refers to the large-m, limit of the given quantity,
i.e. the terms containing positive powers of m, in the limit m;, — oo. Second,
using Eqs. (4.1.8, 4.2.24), along with the fact that the SM contributions to Ae are

subleading in the large-m, limit, the a-scheme result is
Avl = —Arf™Y 1 2AMG (5.3.3)

where Ar is defined in Eq. (4.2.22) such that

ArD 2As,, 4’1’0‘ Ap(4 1)
Sn % B 3y, (5.3.4)

2
Vo Vo Sw Vo




72 Chapter 5. Analysis of Schemes in the Literature

and we have defined

A (4,1) 3 2
P = 2 T 19, (5.3.5)

2 = 2 2
vy, 1677 v,

The numerical values above use y = My, to evaluate the running parameter v, along
with the inputs in Table 5.1. Finally, using Egs. (5.3.2, 5.3.3), the counterterms for

vr in the large-m, limit in the two schemes can be written as

1

1
2 2
U0

1
_ - l1 + = (Arf*Y5,, — ZAMV(é’tl))] , (5.3.6)
v K

g

My —00 UU
where §,, is the Kronecker delta, and we have used that AM%’LO‘) = AMI%’L“ ) =

AMV({;D, see Eq. (5.2.1).

For the heavy boson decays considered in this work, the tree-level decay rates all scale
as 1/v}. Therefore, Eq. (5.3.6) produces a simple pattern for the NLO corrections in
the o and «ay, schemes. In the «, scheme, the tadpole and divergent contributions in
AMéé”tl) cancel against other such contributions in physical observables, producing
one-loop corrections proportional to Apgm) ~ 1% in the large-m, limit. In the «a

71)

scheme, the AMI%;) term is accompanied by a factor of AT,£4 , which produces

a correction of roughly —3.4% compared to the «, scheme. One indeed sees this

o
pattern in the NLO SM corrections to W decays and Z decays, shown in Tables 5.3
and 5.5. Input-scheme dependent NLO corrections to weak vertices are thus better

behaved in the «, scheme, and the numerical differences between the two schemes

. 1
are nearly process independent.

We now ask whether a simple relation between the dominant NLO corrections in the

a and «,, schemes also exists in SMEFT. To do this, we first define

M2 M2 o 1 o o
72 2y =—Z [1 + oKWY+ SR+ KT (5.3.7)
UT,O My —00 Vo o

where 2y is the squared wavefunction renormalisation factor of the W-boson field.

After replacing the bare quantities on the left-hand side by their renormalised coun-

'On the other hand, if the bare vertex contains a photon, then examining Eq. (5.2.7) shows
that the situation is reversed and +3.4% correction is associated with the a,, scheme.
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terparts, it is straightforward to determine the K7 in terms of AM‘S&{’U), Az‘%’g),
and Av "77) This yields KI(,I?’O’G) —Av (6 09) at tree level, and substituting in the

explicit results for the counterterms leads to the following one-loop expressions in

the « scheme:

K{(/é,l,a) = Ar{tD

?

N 1 - (600 2 1 3
Ky = — K"l % + ArftY [2CHD +——Cuws
t w ww
2v2(1 — 2¢2) M
209 + v2( —2¢) W(;uw], (5.3.8)
33 Cw mt 33

where

oo 25,
w 33

2\/_3 MW

Cw my

5
(C CuB + Bswcugrg/)] . (539)

In the a, scheme one has instead

Kyt =0,
1
KG9 _ —2K§§°’“)1 o + AptD ) [C}f} _ (j(i;; ] , (5.3.10)
j=12 L JJ 733
where
K‘(/g,o,u) — 4 > [CJ%) _ 0(2 ] , (5.3.11)
j=12 L Jj 7733

One sees that the SMEFT expansion of Ky, is tadpole free, finite, and independent
of the renormalisation scale up to NLO. This is not an accident — it gives the flavour-
independent part of the large-m, limit of W decay into fermions. Furthermore,

rearranging the above expressions yields the following result for the vy counterterms:*

Al = KM+ 2AaM)

o 6,0,0
AUC(I&O7 ) = _KI(/V : )

"We omit here Wilson coefficient counterterms 0C;, which contribute only divergent parts and
thus do not play a role in the discussion of perturbative convergence.
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Aot = — K0+ PAMPIT 4 2AMGV K + A0 (5.3.12)

o,t

The SM part of Eq. (5.3.12) is identical to Eq. (5.3.6). The dimension-six parts are
the generalisation to SMEFT. In each case, the counterterm for vy is split into two
distinct parts: a physical piece that is a finite, gauge and scale-independent quantity
(the Ky ), plus remaining terms which contain tadpoles and divergent parts that
cancel against other such terms in physical observables. While at one-loop in the SM

(4,1)

it was simple to identify the physical factor Ar in the a scheme by studying the

(41,2) alone, in SMEFT it is helpful to choose an observable process

counterterm v,
in order to split the counterterm into the two distinct parts. While the choice of W
decay is not unique, it leads directly to the SM results obtained from studying vy

alone.

We can now use our expressions for the counterterms for vy in Eq. (5.3.12) to check
whether, as in the SM, a simple pattern emerges for input-scheme dependent SMEFT
corrections to weak vertices. As an example, consider the following expression, which

gives a flavour-independent correction to Z-boson decays into fermions:

M 1
_ l1+ 2]{3 600)+ k(4,1,0)+k(26,170) 7

Zzg—5 — —3

my—>00 Vo

M2 C
o (1-.4,%2)

UTO Ve

(5.3.13)

where 2z is the wavefunction renormalisation factor squared of the Z-boson field.!
The expression on the right-hand side is finite, tadpole free, and scale-independent

up to NLO. Writing the counterterms for vy using Eq. (5.3.12), one has

R s O
k(Z4,1,0) _ K(471,U + k’ 41) (5314)

k(Zﬁ,17J) — K(G,l,a +2k 41 K 600’ +k’ 61)

Here we have split each term in the perturbative expansion further into scheme de-

1Compalred to Eq. (5.3.7) an additional factor of Cgp arises for Z-boson decays. This arises
from the relations between the W/Z-mass and the Lagrangian parameters in SMEFT and can be
seen by considering the flavour independent part of Eq. (5.25) in addition to Eq. (5.27) in [42].
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pendent and independent parts (the latter being denoted without the o superscript).
Both the scheme dependent and independent parts are separately scale independent

and tadpole free. The results for the scheme-independent pieces are

C
k(ﬁ,o) _ HD
Z 2 ’
RS = 2 (AMEY — AMGY) = Ap, (53.15)
k(ﬁ’o) 2

kY =280 — *L—m B

33 2 my

where
HE9) _ [CHD 20 QCHU] | (5.3.16)
33 33

Inverse powers of s,, appear only in the a scheme and are absorbed into the factors

KI(Ai/’j’a), so the scheme-independent coefficients k:(Z” ) have an expansion in Ap§4’1).

In the SM, it is evident that the scheme-dependent corrections k;(Z“’” follow the
pattern discussed after Eq. (5.3.6). In SMEFT, scheme-dependent corrections appear
in the combination K‘(,S’LU) + 2k?71)K‘§S’O’J) in the last line of Eq. (5.3.14). Moreover,
the K{(,S’l’a) pieces are explicitly p-dependent, and one normally chooses the scale
in a process-dependent way. For these reasons, the numerical pattern of scheme-
dependent NLO corrections to weak vertices in SMEFT in the a and «,, schemes is

not nearly as regular as in the SM; this is best seen by comparing results for a range

of processes, which we leave to Section 5.5.

We have focussed the above discussion on the a and «,, schemes. Corrections in
the LEP scheme are derived from those in the «, scheme by using Eq. (4.3.7) to
eliminate My, in favour of MW. The result simplifies considerably in the large-m;,
limit. To derive it, we first note that the large-m, limit of the expansion coefficients
of Ar defined in Eq. (4.2.24) can be written in terms of the Ky, from Eq. (5.3.7)

according to

ArD = G _ pin) (5.3.17)
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We can convert these into expansion coefficients of Ar, using Eq. (4.3.4). The SM
and tree level SMEFT pieces just involve evaluating the expression at My, = MW.

The only non-trivial SMEFT piece is the NLO coefficient, for which we find

) 1
ArfD = ArSY 4 — | Sy — APGO Kéﬁ’”"”] K4

Cow | Sw

(5.3.18)

My =My,
Inserting these results into Eq. (4.3.7) gives the following large-m; corrections to the

W-boson mass in the LEP scheme within the SM

Cu

. 1 &2
At = 5 ApitY (5.3.19)
C2w
while the SMEFT result is
A (6,0,10) Su (6,0,) (6,0,c0)
A" = 7 n (KW’ = Ky ’a) (5.3.20)
Cow
2
A6 Sw (6,1,)  7-(6,1,)
AVV,t - 202w (KW KW )
2 2 2 2
Sw « Cw S’LU 20’11}811) (0%
26211) Sw 2 Cow M. Jve
w=Mw

As an example, let us use this to write the factor of My, in Eq. (5.3.7) in terms of
M&V Denoting the resulting LEP-scheme expansion coefficients as K &,J o ), one has
the NLO SM result

N 1 -

R =2 5A0" ~1.5%. (5.3.21)

v
o

The tree-level SMEFT result is

. 1
KO = — (e K™ — LK) 2 1AKR™ — 04K (5.3.22)

Cow

while the NLO contribution is

A 1 @ z ¢ it
KI(,?,’I’“) _ b (cqul(;’LH) . Si;Kt(/S’L )) + CTK‘(;,L ){ <1 _ GuS ) Cup

Cow Cow Cow
4 2 2 2
43 <1 - C“’S“’> Crrwp — 252 (1 - Sw) K&?’O’“)} (5.3.23)
Cw Cow Cow ~
My =Ny

For other processes, the numerical factors multiplying the AW terms are dictated
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by the dependence of the bare vertex on My, and are therefore rather process

dependent, a point illustrated in Section 5.5.1.

5.4 Derived Parameters

Having an initial understanding on the perturbative behaviour of each scheme we next
move onto some concrete examples of the simplest observables for any scheme which
are “derived parameters”, where an input parameter in one scheme is calculated as
a SMEFT expansion in another. For the schemes considered here there are three
such quantities: « in the «, scheme, G in the o scheme, or My, in the LEP scheme.
All of these are functions of the expansion coefficients (and their derivatives, in the
case of the LEP scheme) of Ar defined in Eq. (4.2.22). In this section we briefly
examine the latter two cases, and also define the procedure for estimating higher-
order corrections in the SMEFT expansion through scale variations used throughout

the remainder of the chapter.

The SMEFT expansion for G in the a scheme is obtained from Eq. (4.2.22) and

yields

1 1
Gro = 14+ 02 Ar®0 4 S A 1 ApGD ] 5.4.1
F, ﬁvi [ 2 ( )

The tree-level result (LO) evaluates to

«

LO

G
TR 1,034 4 02 |3.859C s + 1.801Cp +1.034 3 %) —1.034C 4 |,
Gr j=t2 i 1221

(5.4.2)
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and the sum of tree-level and one-loop corrections (NLO) is

GNLO
Be —0.992 + 02 [3.733C s + 1.756Cyp +1.064 S C%) —1.039C 4
Gr j=T2 i 1221

q

— 0.167C, + 0.142CY) — 0.083C%) 4 0.062C, 5 + 0.020C.yy
33 33 33 33 33

+0.018C ; —0.016 Y. C) +0.010Cy — 0.006 > <0Hu + O}E’Q)

1122 j=1,2  3jj22 j=1,2 13 Jj

+0.004 3 C§2+0.003<C§§2+ S Cuet Y Cha— Y CSQ)
j 33

j=1,2 JJ i=1,2,3 “ i=1,2,3 % j=1,2 jj

Y

4 0.002 (CHB + Cyw + Cppy — C) )
33

(5.4.3)

where in both cases we have used u = My, so that v, = v,(My) and C; = C;(My)
in the above equations. In the SM, the LO prediction for G differs by 3.4% from
the measured value while at NLO the difference is —0.8%. Evidently, the large-m,
limit contribution in Eq. (5.3.4) accounts for the bulk of the NLO correction. The
LO SMEFT result contains 5 Wilson coefficients which alter the result, while the

NLO one contains the full set of 33 Wilson coefficients identified in Table 5.2.

SMEFT expansions of physical quantities such as G, contain a residual dependence
on the renormalisation scale u due to the truncation of the full series at a fixed order
in perturbation theory. In the SM this is due to the running of «, while in SMEFT
the Wilson coeflicients C; also run. It is often useful to use the stability of the results
under variations of the scale 1 about a default value as an estimate of uncalculated,
higher-order corrections in the perturbative expansion. The Wilson coefficients are
unknown numerical quantities that we wish to extract from data, so in order to
implement their running we must calculate their value at arbitrary scales p given
their value at a default scale choice ,udef. For our purposes, it is sufficient to use the

fixed-order solution to the RG equation in this calculation, which reads

Ci) = Cy(i™) + In (M“) (), (5.4.4)

where C; was defined in Eq. (4.1.10). For the running of a we can also use the
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fixed-order solution to the RG equation discussed in detail in Section 5.2 of [29] and

is given as

alp) = a(My) <1 + 27, (M) In J\Z) , (5.4.5)

where v, (Mz) = % X %. This equation is identical to that of Eq. (1.2.28) but
where we have set the initial value of the scale to the Z-boson mass. Throughout the
section, we estimate uncertainties from scale variations by using the afore mentioned
equations to evaluate observables for the three scale choices p € {u®, 2ut, 4 /21,
Central values are given for u = p®, and upper and lower uncertainties are determ-

ined by values of the observables at the other two choices."

Let us apply this method to the calculation of My, in the LEP scheme, which is
obtained by evaluating Eq. (4.3.7). Compared to G, the W-mass is sensitive to
a different combination of Ar as well as its derivatives with respect to My,. The
LO result with = M, as the default value and scale uncertainties estimated as

described above yields
MyP =79.82018 GeV + My 2 | — 0.79550035C w s — 0.36020 056 Crp

—0.220730% 3 ) + 0.22t8;88§012u2 o+ 0.00073.385C) + o.oootg;gggc%
33

j=1,2 7Ji
+0.000* 0018 Cup + 0.0000813C,w + 0.0000508 3= %) + ... ], (5.4.6)
33 33 ji=1,2 jj33
J=4
where the ... indicate contributions where the difference between the upper and

lower values obtained from scale variation is less that 1% of MW when the numerical

choice C; = 'U;Q is made. At NLO we find
MpFO =80.4715:00 GeV + My vl | — 0.80750008Cryw s — 0.38150.000CHp  (5.4.7)

—0.228798%0 3" CF) +0.2237590C 4+ 0.03255009C,
j=1.2 jj 1221 33

'At NLO a large number of C; must be evaluated; we have employed DsixTools [47,120] for
this purpose.
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— 0.028 0000 ) + 0.01670.005C ) + 0.012t8;8880%§ T+,
33 33

where in this case the ... refer to contributions where both the central values
and the difference in upper and lower scale uncertainties are both less than 1% in
magnitude. For both the SM and SMEFT, the scale uncertainties are significantly
larger at LO than at NLO. While the NLO corrections in SMEFT all lie within the
scale uncertainties of the LO calculation, the same is not true of the SM, where
scale variations in the SM at LO do not capture the behaviour of the higher-order

corrections.

We can understand the qualitative features of these results by studying them in the
large-m, limit. Using Eqgs. (5.3.19, 5.3.20) for the NLO corrections in this limit, the

numerical result at the scale p = M is
MysP =80.361000 GeV + Myv2| — 0.79910 006 Crrws — 0.37350000Crp  (5.4.8)

—0.226599% 3= ) +0.2225580C 5+ 0.0357590C
j=12 JJ 1221 33

q
33 33

— 0.0354 0000 + 0.014 0008 + 0.012t8;8880%§ o,
This is clearly a good approximation to Eq. (5.4.7), where as in that equation we
have not included contributions of less than 1%. The SM result is scale invariant in

this limit, because the top quark is decoupled from the QED coupling a(u).

The NLO result for My, in SMEFT generalises the previous result [81] to include
the full flavour structure, and resums logarithms of light fermion masses related to
the running of «; a more detailed comparison is given Appendix A.3. The current
state-of-the-art in the SM [121] includes complete two-loop corrections as well as a
partial set of even higher-order corrections. Adjusted to our numerical inputs, the

result derived from the parametrisation in Eq. (6) of that paper, which we refer to

as NNLO, reads

MM =80.36 GeV | (5.4.9)
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which is outside the uncertainties in the NLO result Eq. (5.4.7). In order to gain
insight into the structure of higher-order corrections, we have studied the split of
the NNLO result into pure EW, and mixed EW-QCD components, which was given
in [121] for the unphysical value M;, = 100 GeV. When adjusting our own inputs to
that unphysical value, we find that the pure NNLO EW contributions are within our
NLO uncertainty estimate, so that the discrepancy is due to mixed EW-QCD effects
first appearing at NNLO and unrelated to the running of a. The large-m; limit of
these EW-QCD corrections can be obtained by making the following replacement in
Eq. (5.3.19) [122]:

o 2
Ap£471) Ap£471) 1— ?g <2€2 + ]_) , (5410)
where

G =

2
(e
— 5.4.11
2 ) ( )

is the Riemann Zeta Function evaluated at 2. Including this correction changes
the central value in Eq. (5.4.7) to 80.41 GeV, which agrees with the NNLO result
to better than the per-mille level. Further improvements can be made through

resummations of the type discussed in Section 5.6.

5.5 Heavy Boson Decays

While the previous sections elucidating some general features of the different input
schemes, the aim of this section is to study in detail three benchmark observables to
NLO in the SMEFT expansion in each scheme: W decay into leptons, Z decay into
charged leptons, and Higgs decay into bottom quarks. For the numerical analysis

we focus on W — 7v and Z — 77.

We write the expansion coefficients of the decay rates to NLO in SMEFT for boson
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X € {W, Z,h} to fermion pair f,f, as

S _ 1s(4,0) s(4,1) s(6,0) s(6,1)
Uxpn =Txhn T Uxhn T Uxnn T Uxns, (5.5.1)

where the superscript s(i,7) refers to dimension-i, j-loop contributions in input
scheme s € {a,a,, LEP}. To study convergence, it is convenient to work instead

with expansion coefficients of the decay rate normalised to the LO SM result, namely

)

s(i.g) _ Z XA
AXflfQ o 115(4710)2 : (552)
X f1fe

Throughout the section numerical values for the decay rates are evaluated using the
default value ,udef' = Mecay, WHhere Myecay is the mass of the decaying particle, and
scale uncertainties are obtained by varying the scale up and down by a factor of 2

about the default value, as in Section 5.4.

Obviously, results for three decays in three renormalisation schemes and involving a
large number of SMEFT Wilson coefficients contain a plethora of information. We

have organised it as follows:

« Figures 5.4, 5.5 and 5.6 show Eq. (5.5.2) for the NLO SM corrections as well
as corrections appearing at LO and NLO in SMEFT when the choice C; =
1 TeV~? is made. They also show the large-m, limits of the NLO corrections
in cases where top-loops contribute, and group the coefficients such that those
appearing solely due to the choice of renormalisation scheme appear on the

far right.

o In Tables 5.3, 5.4 and 5.5 we show the size of the NLO corrections to the SM
and SMEFT coefficients which appear at tree-level in the different schemes,

for the default scale choices.

o In Appendix A.4, we give results for the numerically most important contribu-
tions to the decay rates at LO and NLO in the SMEFT expansion, including

uncertainties as estimated from scale variations.
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Figure 5.3: Representative virtual corrections for W decay into
leptons at NLO.

The following subsections serve to explain and highlight the most noteworthy patterns

emerging from these results.

5.5.1 W — fv decays

The tree-level decay rate for W — 7v decays, written in terms of vy, takes the form

My M,
R S (1420 TC“”) . (5.5.3)

Renormalisation-scheme dependence thus enters the result through the counterterms

for My, and vp.

The NLO decay rate is calculated by evaluating virtual corrections such as those
shown in Figure 5.3, and then adding together with UV counterterms and real
emission diagrams with an extra photon in the final state to get a finite result. The
size of NLO SM corrections in the different schemes is easily understood using the
large-m, analysis in Section 5.3. In that limit, the NLO corrections in the «,, scheme
vanish, while those in « scheme are roughly —3.4%, a pattern which agrees well with
the full results in Table 5.3. The SM LEP scheme corrections in the large-m; limit

are

My My 36 A My My (1+0.02) (5.5.4)
~ 127 vi ' ’ o

so that the NLO correction is again very close to the result in the table. Note that
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in Eq. (5.5.4) we have consistently expressed all powers of the W mass in terms of
MW, whether they come from the 2-body phase space or directly from the amplitude,
which accounts the factor of 3/2 compared to Eq. (5.3.21). Absolute values of the
decay rates at LO and NLO are given in Appendix A.4.1. In that notation, one finds

the following ratios in the SM at NLO

FO( FLEP
A = 0.992, A = 1.003. (5.5.5)
FW,NLO W,NLO

The first ratio agrees quite well with the estimate Gg}xo /G using Eq. (5.4.3), while
the second is consistent with the estimate (Mjy-©)* /M, using Eq. (5.4.7). Once the
NLO corrections are included the results between the schemes show (better than)

percent-level agreement.

In Figure 5.4 the corrections in SMEFT are shown. The absolute size of the SMEFT
corrections is determined by the choice C; = TeV~2. For that choice, SMEFT
contributions are suppressed by v2 x TeV ™2 &~ 6%, and are anywhere between 10%
to below per-mille level of the SM tree-level result depending on the coefficient.
The NLO SMEFT results contain a large number of Wilson coefficients. We have
organised the coefficients in Figure 5.4 such that those appearing only due to the
renormalisation of vy or My, up to NLO are separated out onto the right part of
the figure, while those appearing also in the bare matrix elements or wavefunction

renormalisation factors and thus common to all schemes are on the left. In the a,

(6,1,p)

scheme the coefficients Avu

appearing in Eq. (5.2.5) have a large overlap with
those appearing in W-boson couplings, and as a result only four-fermion coefficients
as well as those that modify Z couplings to leptons, Cg,l)’ with j = 1, 2, are particular
to that scheme. In the o scheme, on the other hand, tilje renormalisation of vy brings
in sensitivity to coefficients related to the renormalisation of M, and e, which are
listed in Eqgs. (5.2.3) and (5.2.4). The LEP scheme is sensitive to the full set of
coefficients contained in Ar, through the renormalisation of My, and therefore

contains the overlap of the coefficients in the other two schemes. Taken as a whole,

the number of Wilson coefficients contributing at NLO for the central scale choice
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is 39 in the LEP scheme, 35 in the o scheme and 25 in the o, scheme.

As in the SM, the numerically dominant NLO SMEFT corrections are related to
top-quark loops. In the av and «, schemes, the scheme-dependent corrections in the
large-m, limit are nearly all contained in the factors Ky, given in Eqs. (5.3.8, 5.3.10).
For the default input choices, the SMEFT contributions evaluate to
VKO 4 K — vﬁl 3 ( — O (1+0.0193) + 0.0193C"}) ) +Cy (1+ 0.0)] ,
i i i3 1221

VR KGO 4 g(Ghe) — 2 ll.MC’HD (1 —0.0275) + 3.73C w5 (1 — 0.0354)

+0.206 (ng - CHu> — 0.0674CY) — 0.0727Cyp — 0.0334(7”4 . (5.5.6)
33 33 33 33 33

For coefficients appearing at LO, the NLO corrections are the second term in the
parentheses, facilitating a comparison with Table 5.3. Results also for coefficients
first appearing at NLO can be found in Eq. (A.4.3) and Eq. (A.4.5). We see the
large-m, limit corrections are a good approximation to the full ones. Interestingly, for
the coefficients appearing at LO, there is no large hierarchy between the size of NLO
corrections in the o scheme compared to the «,, scheme, even though the analytic
result for KI(AG/I’Q) contains 4 (3) inverse powers of s,, in the case of Cyp (Cywp). In
fact, the largest corrections are from Cg; and 0}3131’“ which appear only due to the
scale-dependent logarithmic terms fromgi},q. (5.3.9). This illustrates the important
point that, unlike the SM, the NLO corrections are strongly scale dependent in

SMEFT.

The SMEFT corrections in the LEP scheme can be derived from results in the «,
scheme using Eq. (4.3.7) to write My, in terms of Myy. The expansion coefficients
arising after converting the factor of M, in the large-m, limit, IA(‘(,S’j’“ ), were given
in Egs. (5.3.22, 5.3.23). In order to calculate the decay rate one must also write the
factor of My, arising from 2-body phase space in terms of MW. We have checked

that after doing so the large-m, limit corrections to the coefficients appearing in K W

are a good numerical approximation to the full ones.

In addition to the corrections related to the flavour-independent corrections, there
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W—rv| SM Cuyp  Cuws Cy Cu  CY

Jj 1221 33
a —42% —-17% -3.0% — — 2.2%
a, | —03% — —  25% —02% 2.2%

LEP 2.0% 8.1% 32% 51% 2.5% 4.6%

Table 5.3: NLO corrections to prefactors of LO Wilson coefficients
in the three schemes. Negative corrections indicate a
reduction in the magnitude of the numerical coefficient
of a given Wilson coefficient. The flavour index j refers
togel,2.

are also contributions from the coefficient C}}”} , which specifically modifies the TvW
33

coupling. The large-m, limit correction to AI;VEf 61 dque to this coefficient is given
by
w A
—2Ap M) (1 +21In 2) (14 3A5™) . (5.5.7)
33 my ’

The corresponding results in the o and «,, schemes are obtained from the above
by setting A%,i“ ) %o zero. Numerically, one finds that the NLO corrections to

CSI) are about 4% in the LEP scheme, and 2% in the a and «,, schemes, in rough

33
agreement with Table 5.3. Compared to the other schemes, the NLO corrections to
the coefficients appearing at tree-level in the LEP scheme show a rather irregular

pattern due to the complicated dependence on the Weinberg angle.

While the size of the NLO corrections studied above is rather scale dependent, the
sum of the LO and NLO contributions is independent of the scale (up to uncalculated
NNLO terms in the SMEFT expansion) and is thus much less sensitive. To study
this effect in detail, in Appendix A.4.1 we give numerical results in the three schemes
including scale variations at LO and NLO. It is seen that in SMEFT, the dominant
NLO corrections are typically within the uncertainties of the LO calculation as
estimated through scale variations, and that the scale uncertainties in the NLO

results are substantially smaller than in the LO ones.
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h — bb SM  Cyp Cup Can  Chws Cl(f?l) C u
33 jj 1221
NLO QCD 20.3% 20.3% 20.3% 20.3% 20.3% - -
o NLO EW 5.2%  21% -11.0%  42%  -6.7% - -
NLO correction | 15.1% 22.4% 9.3% 24.5% 13.6% - -
NLO QCD 20.3% 20.3% 20.3% 20.3% - 20.3% 20.3%
a, NLO EW 08%  21% 2.0% 1.9% - 0.9% -0.8%
NLO correction | 19.5% 22.4% 22.3% 22.2% - 21.2% 19.5%
NLO QCD 20.3% 20.3% 20.3% 20.3% - 20.3%  20.3%
LEP NLO EW 0.7%  21% 1.6% 1.9% - 0.7%  -0.9%
NLO correction | 19.5% 22.3% 21.9% 22.2% - 21.0% 19.3%

Table 5.4: NLO corrections to prefactors of LO Wilson coefficients
in the three schemes, split into QCD and EW corrections.
The flavour index j refers to j € 1, 2.

5.5.2 h — bb decays

The tree-level decay rate for h — bb decay is given by

3m2 M, 1 v
PO 60y _ 2R 1y 4 02 (90, — Z Ol — V22O . 5.5.8
wb T L hh 8702 TUr HO = 9~ HD \/_mb et ( )

The decay h — bb has two important differences with respect to the decays W —
v and Z — 00 (to be discussed in Section 5.5.3). First, we retain the b-quark
mass and, second, the strong coupling «,(u) plays a role in the results already at
NLO. The Higgs mass M, is evaluated on-shell, but the NLO corrections do not
involve its counterterm since it appears through phase space rather than through the
amplitude. Therefore, the input-scheme dependence to NLO arises mainly through

1
the counterterm for vy.

The decay h — bb receives both QCD and EW corrections at NLO. The two effects
are additive and to study the EW input scheme dependence of the results it is useful
to quote the QCD and EW corrections separately, as in Table 5.4. To this order,
the QCD corrections are scheme independent. In the o scheme the EW corrections

are rather large and depend heavily on the Wilson coefficient considered, ranging

"Results in the a,, and LEP scheme differ because one must eliminate My, in favour of My in
the NLO SM correction, but this is a small effect numerically.
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from -11% to 4% and thus inducing significant shifts to QCD alone, while in the a,

and LEP schemes the corrections are smaller are more uniform.

We can understand the qualitative features of the NLO EW corrections using the

large-m, limit. To this end, we use Eq. (5.3.12) to write the NLO decay rate in this

limit as
s 3mth 6,0 6,0,0 1 4,1 410
I, = [1 + o (K + KgO7) + . — (K" + Kgt?)
my—00 o
+ K%Y AK,SG’“’)] : (5.5.9)

where K }(Lﬁ’o) is the SMEFT contribution in Eq. (5.5.8), and the scheme-dependent
part of the NLO SMEFT correction is

o o g 1 g
AKOL) — f810) | o) (6o, >+I:;KV¢L Cap (5.5.10)
b

Large-m, limit results in the « scheme have been given previously in [29], while
those in the o, scheme can be extracted from [58]. We make use of those results in
what follows, thus employing the “vanishing gauge coupling limit", which in this case
amounts to taking the limit My, < M, in addition to m; — oco. This is implemented
to achieve simple results that are representative of the full calculation. The LEP

and a, scheme results are identical in this limit.

In the SM, the scheme-independent NLO correction in the large-m, limit is given by

I an 1 41) 7(N,—3)
v—2K< ):3—2Ap( <1+3 ~ 0.003. (5.5.11)

It follows from the discussion in Section 5.3 that the large-m; limit corrections

in the «, scheme are tiny, while those in the o scheme are well approximated by

m
K ~ —3.4%. Clearly, this mimics the features of the exact NLO EW corrections

given in Table 5.4.

In SMEFT, the scheme-independent' NLO correction in the large-m, limit is given

'In fact there is mild dependence on the scheme through the numerical value for v, .
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by
K(G’l) MW 3
B Cyp (<14 6L,) + 2V2~ (=7 + 6L,) Cypy + 4 (1 + 6L,) O
K& my 33 33
h
3 v
2 Yo (14 10L,) Capy + . .. 5.5.12
+2\/§mb< +10Ly) Carr + ..., ( )

where L, = In (;f / m?) and we have set N, = 3. The ... refer to Wilson coefficients
which contain no overlap with those appearing in the scheme-dependent pieces in
Eq. (5.5.10). In the « scheme the numerical value of the NLO corrections at p = M,
is

1 a
~ (K + AR = { — Cyp(1.649.7) + (0.0 — 17)Crwp

— (3.7 +6.8)C%) + (0.0 — 8.8)(Cryu — Cig)) + (0.0 — 3.1)Clup + (—4.6 + 0.42) Cuy
33 33 33 33 33

2
_ V2, (1.8 +1.7) CdH} x 1072+ ..., (5.5.13)
my 33
where the ... refer to coefficients not appearing in AKI(,S’LQ), and the order of the

numbers inside the parentheses multiplying the Wilson coefficients on the right-hand
side of the above equation matches the order of the two terms on the left-hand side.
In most cases the scheme-dependent parts contained in AK 537““) dominate over the
scheme-independent ones. For coefficients not appearing already at NLO, one can
verify that the results above are close to the exact NLO results in Eq. (A.4.12).
Combined with the LO result in Eq. (A.4.11), one infers NLO EW corrections of
—9% for Cyp, —5% for Cywp in the o scheme. In the o, scheme, one has
;%AK}g&w) _ {0.60121121 + ];2 l - 0.90%2 + 0.3052%31 } x 1072, (5.5.14)
Contributions from Cpyy g are completely absent in the a,, scheme, while the NLO
EW correction to Cyp from the above result and Eq. (A.4.13) is 3% in the large-m;
limit. This explains the pattern of results seen for these coefficients in Table 5.4. It
makes clear that in this case factors of K 1(,?,‘7 ) work much the same in SMEFT as in

the SM, producing sizeable NLO EW corrections compared to the «,, scheme.

The full set of NLO corrections in the different schemes is shown in Figure 5.5. In
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the numerical results in Appendix A.4.2 we follow [29] and leave in symbolic form
enhancement factors of my,/v, which disappear when U(2)? x U(3)? is assumed. We
have not done this in the figure, which explains, for instance, the very large contri-
bution from C%Ig. In contrast to the case of W decay, in some cases there are large
differences between the large-m, limit and full corrections; this occurs when a Wilson
coefficient receives both EW and QCD corrections, the latter invariably being the
larger effect. From the perspective of EW input-scheme dependent corrections, the
most important feature of the figure is the number of Wilson coefficients appearing.
In particular, there are far more in the o scheme, 42 in total, than in the «, or LEP
schemes, both of which receive contributions from the same 29 Wilson coefficients.
The main reason is that the renormalisation of vy in the o scheme involves the large
set of flavour-specific couplings to fermions identified given in Eq. (5.2.3), while in

the o, and LEP schemes M, does not enter the tree-level amplitude and many of

I

these coefficients are therefore absent.

5.5.3 Z — €€ decays

The tree-level decay rate for Z — 77 decay, written in terms of vy, takes the form

My [ [ M3 :
PO T80 = 23122 (1= Ty, )| (640 + vig®0)
247 | | 2 2

+2M2 [cQw <CHZ + 0(3)> ~ 25,0 ] } , (5.5.15)
33

where

g§4 0 —1 - 483, + 831 ,

g =92 (1 — 43%0) (ci,C’HD + QCwaCHWB> ) (5.5.16)

The term inside the square brackets in the first line of Eq. (5.5.15) is independent of
the fermion species into which the Z decays and was considered in Eq. (5.3.13). The
function g, depends on the charge and weak isospin of the 7 lepton, and the terms on

second line are specific to Z77 couplings in SMEFT. The LO decay rate depends on
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the full set of parameters My, M,, vy, and so scheme-dependent corrections involve

the full set of coefficients identified in Section 5.2.

The NLO decay rates in the three schemes are shown in Figure 5.6. In the a scheme
the set of coefficients appearing in the renormalisation of vy is the same as that
for renormalising M, and My, so it does not introduce any unique coefficients at
NLO. In the LEP and «,, schemes, on the other hand, the renormalisation of vy
introduces a set of 4-fermion coefficients shown on the right-hand side of the figure
that would not otherwise appear in the decay rate. In this case the number of
coefficients appearing at NLO is quite large: 63 in the o scheme, and 67 in the o,
and LEP schemes.

In order to understand the dominant corrections we study the large-m, limit. Let
us first consider the corrections to the SMEFT coefficients specific to Z77 couplings,
given in the second line of Eq. (5.5.15). In order to evaluate them in the three

schemes, Wwe cal use

2
AMSY = AMY = —AptDm B 4 (5.5.17)

my
where the ... signify tadpole contributions which cancel against those in the bare

matrix elements. Along with the LEP scheme result

A2
Asthln = —QZA#” ~ =070 ~ —0.4AsHH) (5.5.18)

it is then easy to show that in the large-m, limit we can replace the tree-level

expressions involving Cr. by

33
2 2 2 2 1 Ci; ,u2 (4,1) 2 2
MzswCHe — MstCHe 1 + 5 |3 — 21In —3 Apt ~ ZSwCHe (1 + 006) s
33 33 vy, [ Sw my 33
1 A2 2
M282Cre — M232Ce (1 + = l— Cw 9y “2] Api‘“)) ~ M282Cx, (14 0.01)
33 33 vy, Cow my 33

(5.5.19)

where the first result is for the o, (or a scheme after © — o) and the second line is

for the LEP scheme. The results are a good approximation to the exact ones shown
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in Table 5.5. The fairly large difference between the LEP and «a, scheme makes

o
clear that the corrections can be quite sensitive to the exact dependence on e.g. s,
in the tree-level results. We have checked that the corrections to the remaining

coefficients appearing in the second line of Eq. (5.5.15) are also well-approximated

by the large-m; limit.

The NLO corrections related to the first line of Eq. (5.5.15) are more complicated.
To study them, we first note that the large-m; limit corrections to the function g,

can be written in the o and a, schemes as
1 - s
g, = g0 + 0390 + 2 gt + g 4 (KO gD — Kt gl0) - (5.5.20)

The scheme-independent function g£4’1) is obtained by replacing s,, — s,,(1 + As,,)

and isolating the SM corrections; it thus reads

gD = —4c2 (1 — 452 ApY (5.5.21)

61 is obtained in the same way, except for in that case one must also

The function g,
include corrections from Z — v mixing to get a finite and tadpole-free result. The

explicit result is

1 T C M,
956,1) _ (6 0) 111 L 954,1) (_ HWB | 20}(% 2v/2 WCuW)
my 2C, S

o 33 My
— 12¢5, ApIHY (¢2Crp + 2¢05,Crws) (5.5.22)
where
28, M, )
97('670) = _497(-471) [C HD + CHWB + QCHq - 2CHu \/_28 W (CwCuB + SU;CuW> 1 .
Cw 33 Cp Ty 3 3 33
(5.5.23)

We can now obtain the NLO corrections to the first line of Eq. (5.5.15) in the large-m;

limit in the o scheme through the replacement

M% V7 M% (6,0,a) (4,1,0) 6,1,a
2<1—T (08 +vrgl®™) =~ { g0+l KE + K L KP)

U 2 Vo

(5.5.24)
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where the coefficients K, are obtained by expanding out Egs. (5.3.13) and (5.5.20).

The SM result in the a scheme is then given by

1 o 1 o
g£4 ,0) ?K(Zzu, ) g(4 ,0) + = (954 O)K(4,1, ) 4 g7(_4’0)]€(4 1) 1 9(4 1))

CM

~ g0 (1 —0.034 + 0.009 — 0.006) (5.5.25)

where the order of numerical terms on the second line matches the first, and g(4 )

0.51. In the «), scheme Ky (Lw) 0, and in the LEP scheme one replaces g(4 D

s g(41)

o ~ —O.40g$’ ). This accounts for the SM corrections in the a and a,

schemes given in Table 5.5, which as in Higgs and W decay follows the pattern

identified in Section 5.3.

Turning to SMEFT, the LO corrections in the o scheme are contained in

K(Zﬁ,O,a) _ 7(_4,0)[({(/[6/,0,&) . g7(_4,0) C’I;D + g7(_6,0)
g A 800 g 250, 5 4+ (0.17Cyp + 0.18C )

where the order of the terms on the second line matches that in the first. In the o,
scheme one replaces @ — p in the above equation; in that case it is clear that the
tree-level contributions from C'yp and Cyyy g are quite small, since K. 1(46/0’“ ) contains

neither of these coefficients. At NLO in SMEFT, we can write
K9t = 6D 4 AgEL) (5.5.27)

where the first term is independent of the scheme. In terms of component objects,

one finds

AR = g0 E10) L 940 807N | pgfhn) cf600)

T

Kgt = gt Okg Y 4 g 4 gO0RGY 4 gUOREY. (5.5.28)

One can use explicit expressions for the component functions given above to evaluate

these numerically. As an example, let us consider the contributions from Cyy 5 and
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Cyp in the a, scheme. These are contained solely in the scheme-independent factor,

which at the scale p = My

1
?K?’” = —0.049Cy p — 0.042C g + - . . (5.5.29)
m
where the ... refer to contributions from other C;, which are less than 1% in the

units above. Comparing with the second line of Eq. (5.5.26), this implies NLO
corrections of 60% for Cyp and —20% for Cyy g, which are indeed close to the huge
corrections in the exact results in Table 5.5. In the a scheme these coefficients also
contribute through the scheme dependent piece. The numerical result is

1
SAKPYY = —0.027Cyp — 0.064C 5 (5.5.30)

[e%

+ g0 10.17CY) — 0.17Ch, — 0.067CY) — 0.061C, 5 — 0.023C,w
33 33 33 % %

Even though the contributions on the first line contain up to four (three) inverse
powers of s,, in the case of Cyp (Crw ), there is no clear hierarchy compared to the
scheme-independent pieces in Eq. (5.5.29). Combining them with the LO numbers
in Eq. (5.5.26), we account for the pattern seen in Table 5.5. Clearly, this pattern
is quite complicated and is not driven by the scheme-dependent factors Ky, as in
the SM. On the other hand, the coefficients on the second line only appear through
Kéﬁ’l’“), and as seen from the exact results in Eq. (A.4.18) we see that this factor

indeed absorbs the dominant corrections from them, much like K éé’l’a) in the SM.

The LEP scheme results can be obtained from those in the «, scheme by employing
Eq. (4.3.10). In the large-m; limit the only non-trivial conversions are on the
functions ¢,, which contain My, dependence already at tree level. For instance,

calling the LEP-scheme functions g,, we have the LO SMEFT result

2 2
CowSw | 1 1
§CHD+

G0 = 41— 4s7) Crws — K™ . (5.5:31)

Cow wOw

and the LEP-scheme version of Eq. (5.5.26) becomes

C
(4,0) HD+§(6,0)

£-(6,0,) __ ~(4,0) 7-(6,0, N
K(Z =g O)KI(/V ) _ gt : (
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Z =TT SM Cup Crawnp Cgl?f ng) Ogl) CJ(L?I) C u

33 33 ji 1221
« —4.0% -10.6% —-54% 77% 03% —-05% — —
ay, <01% TaA% -272% 7.6% 01% —-04% 29% 0.6%

LEP 1.0% 7.8% 174%  2.0% 4.7% 42% 6.9% 4.5%

Table 5.5: NLO corrections to prefactors of LO Wilson coefficients
in the three schemes. Negative corrections indicate a
reduction in the magnitude of the numerical coefficient
of a given Wilson coefficient, while < 0.1% indicates
changes below 0.1%, both positive and negative. The
flavour index j refers to j € 1, 2.

j=t2 i 1221

~ —0.29Cp — 0.21C w5 — 0.59 ( S o8 —Cy ) . (5.5.32)

Compared to the a,, scheme, the LO result for the coefficient Cp, is significantly
larger, and those from the operators contained in KéS’O*“ ) are slightly smaller, which
roughly explains the pattern for those coefficients seen in LEP scheme results

Table 5.5. The result for Cyy g is slightly increased, but remains small and for

that reason still receives a substantial NLO correction.

We have derived the complete large-m, limit results and verified that they provide a
good approximation to the full one, but the explicit expression for the function §£6’1’“)
is somewhat lengthy and we do not reproduce it here. In Section A.4.3 we show
detailed LLO and NLO results including uncertainties estimated from scale variations.
It is clear that in cases where the NLO corrections are large, namely for certain
operators in the a, and the LEP schemes, the uncertainties are underestimated,
while in the a-scheme the uncertainty estimates are more reliable. This example
highlights very clearly that the issue of NLO corrections in SMEFT is considerably
more scheme and process-dependent than in the SM. The general rule that NLO

corrections to weak decays are smaller in the LEP and «,, schemes than in the a

scheme familiar from the SM does not transfer over to SMEFT.
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5.6 Universal corrections in SMEFT

A recurring theme of the previous sections was that EW corrections are dominated
by top loops. While the numerical patterns in EW input-scheme dependent top-
loop corrections in the SM are quite regular, those in SMEFT are more process
and Wilson-coefficient dependent. The purpose of this section is to show that the
dominant scheme-dependent EW corrections in SMEFT can nonetheless be taken
into account by a certain set of simple substitutions in the LO results, similarly to

the well-studied case of the SM.

Let us begin the discussion with the SM, where an important feature is that weak
vertices in the o scheme receive corrections proportional to Arfm), related to the
renormalisation of vp. It is simple to resum such corrections to all orders in per-
turbation theory. Using the large-m, limit result in Eq. (5.3.3), and keeping for the
moment only the Art(4’1) terms (i.e. terms enhanced in the limit ¢, /s2, >> 1, in which

case the AMyy, piece is subleading), we have

—_

Q

sz@w\ = s:dw\ =

1 1 1 1 2
[1 + 2A7“t(4’1)] o [1 + g A o (ArY) ]
UT,O v, U,

This resums the Ar,§4’1) terms to all orders. Adding back the subleading terms away

from the double limit my, ¢, / s2 > 1 by matching with the one-loop result yields

11 1
- _ (4,1,a) (4,1)
2 l1 = (A0S + Arg )1 . (5.6.2)

Expressing the counterterm for v as an expansion in 7, rather than v, will obviously
lead to a quicker convergence between orders. For example, the SM prediction to

NLO for the derived quantity G in such a “a scheme" is

Fa f l (Ar‘“ Art(“v”)]. (5.6.3)

Numerically, including uncertainties from scale variation using the procedure de-
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scribed in Section 5.4,

Gro Gra
o = LO00IGa,  —Er = 0.994755% (5.6.4)

where G’Iﬁ% refers to the first term in Eq. (5.6.3). This shows considerably improved
convergence compared to the fixed-order o scheme expression in Eq. (5.4.1), and

scale variations in the LO result give a good estimate of the NLO corrections.

To the best of our knowledge, a resummation of the type described above was first
derived in [123], at the level of the W-boson mass in the LEP scheme (and also
including subleading two-loop terms in the limit s,, — 0). In that case, similar

reasoning using Eq. (4.2.22) as a starting point leads to the resummed LO prediction

— 2 2
(MVLVO>2 =Mzl o Amav, . (5.6.5)
2 M3 (1= Har)

The NLO result within the resummation formalism, modified to avoid double count-

ing, is
NTO 1 15 1w (4,1 (4,1) (4,1)
My = My, 1—§A — AT AP = ArttY — Aro (5.6.6)
Cow UH

Evaluating numerically and including uncertainties from scale variation leads to
MEO — 80.33t03ev,  MNEO — 80.44700 eV (5.6.7)

which again shows improved perturbative convergence compared to the fixed-order

results in Egs. (5.4.6, 5.4.7).

Resummations are especially useful for derived parameters, which are known to
a high level of experimental and perturbative accuracy. However, when viewed
as a subset of corrections to EW vertices contributing to scattering amplitudes
or decay rates in a specific input scheme, the corrections beyond NLO contained
in the resummed formulas are typically negligible compared to process-dependent

experimental and perturbative uncertainties. For instance, the central values of the
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LO resummed results in Eqgs. (5.6.4, 5.6.7) can be split up as

Gy
B8 — 1,034 — 0.035 + 0.001 = 1.000,
Gr
MLO — (79.82 + 0.54 — 0.03) GeV = 80.33 GeV (5.6.8)

where in both cases the sequence of three numbers after the first equality are the
fixed-order LO, the fixed-order NLO correction, and the beyond NLO corrections,
respectively. Clearly, the NLO expansions of the resummed formulas approximate
the full results at sub percent-level precision, so a fixed-order implementation suffices

for practical applications.

Universal NLO corrections to weak vertices implied by resummation can be obtained
through a procedure of substitutions on LO results. The remaining, non-universal
NLO corrections need to be calculated on a case-by-case basis, but these are typically
small compared to the ones already included at LO through the aforementioned
substitutions. While such procedures for universal corrections are well known in
the SM (see for instance [124]), we give here a first implementation within SMEFT.

Step-by-step, it works as follows

(1) Write the LO amplitude in terms of vy, My, and My = My, /c,,.

(2) Make EW-input scheme dependent replacements on the LO amplitudes. In

the a or o, scheme, these read

1 1 o K(47170') Y
Z 2 1+ 2K + =W K|
T o ;

1
52— 5o <1 — —QArgM) + AU((,G’O’”)Ar,§4’1) — 2C§2Ar§4’1)> ,

Ve 33
1

A = <1 — 7Ap§4’1) + AU((,G’O’U)Ap?’l) — ZCS’;A/)§4’1)> , (5.6.9)
Vo 33

where as usual o € {«, u} and the Ky, are given in Egs. (5.3.8, 5.3.10).

In the LEP scheme, make the above replacements with ¢ = p in the LO

amplitude. Subsequently, eliminate My in favour of My using Eq. (4.3.7),
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in both the replacements and everywhere else in the LO observable (so that

factors of My, related to phase space are also taken into account).

(3) Expand the resulting expressions to NLO in a fixed-order SMEFT expansion

before evaluating numerically.

We shall refer to results obtained from the above procedure as “LOg” accurate.

In the SM, the substitutions in Eq. (5.6.9) are sufficient to capture NLO corrections
proportional to Ar,§4’1). Beyond that, writing M, = My, /c,, before performing the
shifts ensures that the large-m, limits of both W and Z decay are reproduced. In
SMEFT, the substitution for v; is motivated by Eq. (5.3.12), which splits the coun-
terterm for vy into a “physical’, u-independent order-by-order in perturbation theory
and tadpole free part, Ky, and an “unphysical” part, which is tadpole dependent
and divergent. The physical part captures the most singular large-m; corrections as
Sy — 0in SMEFT, as well as pu-dependent logarithms. The substitutions for s, also
capture such pieces of its counterterm, including a piece proportional to C}?g which
is easily shown to be proportional to the NLO SM result. Finally, in bothggMEFT
and the SM, the shift for ¢, is chosen to maintain s2, + ¢2, = 1. While Eq. (5.6.9)
is not unique, other reasonable choices would differ only by terms proportional to

Ap§4’1) rather than Art(4’1) and thus agree with the above to roughly the percent

level.!

In Table 5.6, we compare various perturbative approximations to heavy-boson decay
rates in the SM within the o and LEP schemes, in each case normalised to the NLO
result in the «, scheme at the default scale choice. The LO and NLO results refer to
fixed-order perturbation theory, NLO, refers to the large-m, limit of NLO, and LOg
refers to the sum of LO and NLO corrections obtained through the above procedure.
For the case of W and Z decay in the a scheme, the convergence between LOg and

NLO is greatly improved compared to pure fixed order, and varying the scale in the

'Substitutions for SMEFT vertices involving photons need to be considered on a case-by-case
basis. For instance, a QED-type vertex in the o and LEP schemes is proportional to e and spurious
corrections would be generated through the substitution procedure outlined above.
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W — 1v J =TT h —s bb
«Q LEP Q LEP « LEP

NLO [[0.99270051 1.0030060 [0.99270:951 1.00270060 [0.99170:951 1.00070060
NLO, || 1.001 15007 1.00310-002 | 1.002F5:007 1.00315:003 | 1.013 15007 1.01115:001
LO |[1.03610 008 0.98370002 | 1.0341 0608 0.99370901 [ 1.0451 0607 1.008™ 0901

LOg || 1.00175:007 1.00315:002 | 1.00275:007 1.00315-002 | 1.01015:097 1.00815-001

Table 5.6: SM results in the o and LEP schemes. For each process,
the results are normalised to the SM NLO results in the
«,, scheme.

LOy results gives a good estimate for the residual corrections contained in the full
NLO result. Also in Higgs decay LO is a marked improvement over LO, although in
that case the results in all schemes are subject to a roughly -1% scheme-independent
correction which is unrelated to the large-m, limit and not captured through scale

variations.

We next turn to SMEFT, focusing on cases where LOy results involve corrections
proportional to Art(4’1) . In Table 5.7 we show heavy-boson decay rates in SMEFT in
the a scheme, listing the prefactors of Wilson coefficients appearing in Kég’l’a). In
this case, the NLO, (but not LOg) results use the large-m; limit of Eq. (5.4.4) for
scale variations of the Wilson coefficients. We see that also in SMEFT, the LOg
description improves perturbative convergence compared to pure fixed order, taking
into account especially the dominant scheme-dependent corrections. This works
best for W decay, where the central values of LOj reproduce the NLO, results by
construction, and perturbative uncertainties are reduced compared to LO while still
showing a good overlap with the NLO results. In Higgs decay, Wilson coefficients
that receive significant scheme-independent corrections as shown Eq. (5.5.12), such
as C“3V§/’ display the biggest deviations from the NLO, and NLO results at LOg
accuracy, although scale variations generally give a good indication of the size of
the missing pieces. The case of Z decay is similar, although in contrast to Higgs

and W decay the form of the LO amplitude in Eq. (5.5.15) implies that the shifts
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of s, in Eq. (5.6.9) also play a role. This latter effect is even more important in
Z decay in the o, scheme; as shown in Table 5.8, LOk accuracy largely takes into
account the very large corrections to Cyp and Cryyp (as well as the more moderate
but still significant corrections to Cg[;) seen in Table 5.5. The LOg results for Higgs
and W decay in the «, scheme, and for all decays in the LEP scheme, show similar

levels of improvement as the cases discussed above — detailed tables can be found in

Appendix A.5.
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Cup
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Cuws

0.0001990%

—0.0679:9%%

3
oy
33

0.00010153
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(1)
Chrg
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—0.07315:907

CuB
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0.00015:029
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0.002
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0.002
1.12975-00%

0.005
3.482710 692
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3.56070 0%

0.025
—0.11675050

0.030
—0.10575:050

0.033
—0.07975058

0.028
—0.0887 5058

0.000
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0.006
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—0.04275-008
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LOk

Z =TT
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0.004
1~134f0.021

Cup

3.73310 138

3.53610 031

Cuwn
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—0.06819120
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Cirg
33
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33

0.094
0.0005:001

0.036
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0.002
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+0.007
—0.019Z5 900

LO
LOk

157310109

0.000
142675 073

4.08870 111

3.87079:930

0.00055-008

—0.061%5505

0.0005155

—0.173+9:950

0.00055173

0.17375:0%9

0.0005:0%3

—0.061%5:565

0.00015:051

—0.023%5:565

Table 5.7: The numerical prefactors of the Wilson coefficients in the

a scheme appearing in Ky,

(6,1,

) for various perturbative

approximations. The tree-level decay rate as well as v2
have been factored out and the results have been evalu-
ated at the scale of the process. We show the results for
W decay (top), h decay (center) and Z decay (bottom).
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3
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l
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3
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Table 5.8: The numerical prefactors of the Z decay SMEFT Wilson
coefficients in the «,, scheme appearing leading to dom-
inant corrections at various perturbative approximations.
The tree-level decay rate as well as vi have been factored
out and the results have been evaluated at the scale of
the process.
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Figure 5.4: LO and NLO corrections A?,V@T]V), as defined in Eq. (5.5.2),
for the decay W — 7v in the three schemes. Note that
“NLO" in the legends only refers to the NLO corrections
and that we write superscripts in the Wilson coefficient
names as Cgg = CS’;- The flavour indices 7 and j run
over values j € 1,2, and 7 € 1,2, 3. Operators which ap-
pear only through counterterms in a particular scheme
are shown on the right. The dashed lines indicate the
large-m, limit of the NLO corrections. For operators
appearing at LO the orange triangles indicate if the sign
of the NLO correction is the same as (triangle pointing
up) or different from (triangle pointing down) the sign
of the LO contribution.
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Figure 5.5: As in Figure 5.4, but for the decay h — bb.
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Chapter 6

Introduction to the vgﬁ Schemes in

the SMEFT

In the previous sections, we mainly concerned ourselves with a review of three
current EW input schemes that are used in the SMEFT. However, these three
choices of input schemes are by no means the only choice, as a plethora of potential

measurements are available to define an input scheme around.

In the SM, several studies have proposed EW input schemes which use the effective
leptonic weak mixing angle sin Qfﬁ as an input parameter [102-107]. The effective
leptonic weak mixing angle has been measured with per-mille level precision at
LEP [125], the Tevatron [126] and the LHC [127-130]. However, its numerical preci-
sion is (more than an order of magnitude) below that of other commonly used input
values such as the mass of the W boson. This lack of precision potentially facilitated
its exclusion from common use in the literature. However, future experiments, such
as the P2 experiment at MESA [131], as well as the Mgller [132] and SoLID [133,134]
experiments at Jefferson Laboratory, will test this quantity with similar precision
at lower energy scales. With potential improvements in precision of the measured
value on the horizon, the arguments for using the weak mixing angle as an input in

electroweak calculations is ever strengthening.

The aim of the next chapters introduce the {Gp,sin 0, Mz} and {a,sin 0, Mz}
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input schemes which we collectively call the v schemes or individually the vzﬁ and
vgﬁ scheme respectively. We will provide a method of renormalisation in the one

loop dimension-six SMEFT for the first time for these new input schemes.

6.1 Introduction to sin Hﬁﬁ.

In order to implement the v schemes in a unified notation, we again write the
tree-level Lagrangian in terms of {vp, My, Mz} using Eq. (2.2.18). The renormal-
ised Lagrangian is again obtained by interpreting the tree-level quantities as bare
ones which are replaced by renormalised parameters plus counterterms in a partic-
ular scheme. For the inputs common to the two schemes, we relate the bare and

renormalised parameters according to

My = My (1+AMy)

Sw,0 = 71— C%U,O = sin 953 (1 + Aseff) = Seff (1 -+ Aseff) R (611)

where here, like previously, we indicate bare parameters with a subscript 0, and
Cwo = Mwo/Mzo. The quantities AMy and As.g appearing on the right-hand side
of the above equations are counterterms, which are calculated in a SMEFT expansion

in loops and operator dimension, including tadpoles in the FJ tadpole scheme [26].

It will often be convenient to work with the quantity

M&f’f ECeﬁMz, Ceff — \/1 —ngf. (612)

The relation between M and the bare mass can be derived using Eq. (6.1.1).

Writing
My = M (1 + AMﬁéf) , (6.1.3)
one finds

2
1
AMeﬁ = AMZ — Z;g lASeﬁ —+ AMZASeH+ ﬁ (ASeH)Z] + ... y (614)
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where the ... indicates terms not needed to NLO in the dimension-6 SMEFT ex-

pansion.

In addition to the counterterms for s.g and M, we also need those for vy. In the

eff

Up

scheme, one uses

—_

1

2
UT,O v

7 (1= Avf), (6.1.5)
m

while in the v scheme one has instead

1 1
— = — (1= AT | 6.1.6
7, = (L a) .16
where we have defined
-3 f QM5 Sep
v, = (\/§GF) , VS = Ve = ———. (6.1.7)
Aoy

In the following two sections, we discuss renormalisation in the UEH schemes to NLO

in SMEFT.

6.2 The vfff Scheme

We start by giving results for the SMEFT expansion of the counterterms needed
for renormalisation in the UZH scheme, structuring the discussion in such a way that

most results in the v scheme can be obtained by a simple set of substitutions.

We begin with the determination of the counterterm As.g. To this end, consider
the amplitude for Z — ¢ decay, where ¢ = (' € {e, u,7}. We can write the bare
amplitude to NLO in SMEFT in the form

Ao(Z — 00) = Ny [ALoSp + ARoSk| + -, (6.2.1)
where we have introduced the spinor structures

Sy = [a(p- )V Pro(pg)] €p2) . S = [ulp- )V Pro(pg)| €(pz),  (6.2.2)
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with P, = (1—;)/2 and P = (1+15)/2. The ellipsis in Eq. (6.2.1) refers to spinor
structures appearing beyond LO in the SMEFT expansion, which do not interfere

with those above in the limit of vanishing lepton masses, and the overall factor N

is defined by

2
A — Mo ( VT ) (1+dgep) » (6.2.3)

UTO 4

where dqpp refers to QED corrections.

We can write the SMEFT expansion of the bare amplitudes as

4,0
AL/RO ‘A(L/R)O +o TO-AL/RO + 7AL/RO + AL/RO ’ (6.2.4)

7

where the superscript (7, j) labels the operator dimension ¢ contribution to the j-loop
diagram, and we have pulled out explicit factors of vy o such that the coefficients A9
do not depend on vT70.1 The notation makes clear that the dimension-6 amplitudes

depend on the lepton species ¢ while those in the SM do not.

The tree-level SM amplitudes read
AP = 14282 0= a0, ARY =252, (6.2.5)
while in SMEFT
AL = GO0 4 g0 (6.2.6)
where the explicit results for decay into lepton species ¢* are

(6,0) _ 2
G = _Cw,OCHD - 2Cw,05w,OCHWB )

f )
91" = =Clyl = Ciyl,

gi"" = ~Cue. (6.2.7)

' An implicit dependence on vy in the (6,1) coefficients occurs through the Class-1 coefficient
Cy.
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Consider now the definition of the effective weak mixing angle

0 (a2
sin 083— ——Re ( 7 C;R(MZZ) 5 ) )
2 Gr(Mz) — Gr(Mz)

(6.2.8)

where the G’ZL’ r are experimentally measured form factors at ¢> = M7 [125-130]. The
counterterm As.g in Eq. (6.1.1) is determined to all orders in the SMEFT expansion

through the renormalisation condition
sin? Og = s2¢ - (6.2.9)

To implement this renormalisation condition order by order in SMEFT, we first
substitute the G%(G%) in eq. (6.2.8) with the coefficients of Sy (Sg) in Eq. (6.2.1),
and replace the bare quantities with renormalised ones plus associated counterterms.
We write the SMEFT expansions of As.g and Ave in the v, T scheme as

Aseg = vy, As 04 A “ 1) + Asggl’“) ,
u

Avet = 2 Aget60) 4 —ZAUZH(4’1) + AT, (6.2.10)
v
nw

The superscripts (6,0) and (4, 1) have the same meaning as in Eq. (6.2.4), while
the coefficient Asfjgl”‘ ) contains an extra superscript p to indicate that vy has been

renormalised as in Eq. (6.1.5). Isolating the dependence on szﬁ allows us to write

AsE = AsED — AsUD AGT60 1 A 60 AT (6.2.11)

e [S)

where the coeflicient Asé?gl) does not depend on the renormalisation scheme for vp.

The construction of renormalised Z — (¢ decay amplitudes also requires the on-
shell wavefunction renormalisation factors of the external Z-boson and lepton fields.
For the lepton fields, we can write the SMEFT expansion of the wavefunction

renormalisation factors as

1
lriro = [1 + 52 AZL/Ro + §AZL/R o] (/R

UT0

1
- [1+21}2AZE;1,’%1 +§( e — Av <6°AZL“>)] lpr. (6212)
i
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In the first line all terms are expressed in terms of the bare parameters vy, s, 0,
while in the second renormalised parameters are used. The notation is such that
04,1) _ £(4,1)
AZL/R = AZL/B,O ,

Sw, 07" Seff

B
AZ) = AsGV s 3. AZL“) +AZ : (6.2.13)

Sw,077 Seff
where the derivative in the SMEFT counterterm arises from replacing the implicit
dependence on s, in the SM counterterm AZﬁ%’i 2) with the right-hand side of
Eq. (6.2.10) and performing a SMEFT expansion. We emphasise that the AZf/R
do not include QED corrections, which are instead contained in the factor dqrp in
Eq. (6.2.3). Wavefunction renormalisation graphs related to the Z-boson two-point
function can be absorbed into the factor N in Eq. (6.2.1). Since N, drops out of
the ratio in Eq. (6.2.8) we do not discuss these two terms further. On the other
hand, contributions from the Z~v two-point function, where v denotes the photon,

are included in the definition of A% /R0

Performing a tree-level SMEFT expansion on Eq. (6.2.8) using the above equations

yields

Asé?f’o)z yEs [G(ﬁo 1252 ge( 0)+cgeﬂcgf§6’0)}

Seff
L T» 2 (0@ 4 oW
= 32 {CeHCHD + 2CeffseﬁCHWB + ZSeﬁ‘ (C CHl> + CQQHCH?} s (6214)
eff i1 [

while the one-loop result in the SM is

1
Aslf = =2 Re [A(‘“ ;ZGHAIQ‘& + oot (AZ3 ") AZﬁ(“))} . (6.2.15)
eff

The part of the one-loop SMEFT result which is independent of the renormalisation

scheme for vy is

AS(61 ———R {A(Gl _|_AL0)AZ£(41 ;2eff (A +A60AZ 41)
S

eff

1
¥ ea (AZLSD — AZISV) } MR
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2Cef‘fsef'f
9 1
+ AsS [ sargy, A5 stV QS%A%) - AZf%(‘*’l)] , (6.2.16)

where we have defined
Coop = 1 — 257 . (6.2.17)

A couple of comments are in order concerning the form of this counterterm. First,
the quantity As"é?f’ is obtained from As'® ff through the replacement C; — C;, where
C, = dC, /dIn p; the term involving this quantity arises from MS renormalisation of
the Wilson coefficients in d = 4 — 2e dimensions, and the C; were calculated at one
loop in [42,45,46]." Second, the final two lines are related to using Eq. (6.2.10) in

the lower-order amplitudes and then performing the SMEFT expansion.

To evaluate the full NLO SMEFT result Asg;f’l’”) in Eq. (6.2.11) requires also the
counterterm Avfff. This counterterm, including tadpoles and without flavour as-
sumptions, was determined at NLO in SMEFT in the «, scheme and given in Section

4.2. Their relation with the present work is

Av OO = AP0 = Ol + Oyl = C
11 22 1221

?

AUZH(4,1) — A'U/(;l’l)

My — M
0
Aveﬁ 61 — Asego)seﬁ Av eﬁ L 4 AU (6.1) , (6.2.18)
8Seff MW—>M€‘£f

where to obtain the above results we have implicitly reexpressed the on-shell s,, in

terms of S.g.

It will be useful later on to have an expression for the large-m, limit of the loop
corrections to the counterterm As.4. As a reminder, the large-m, limit of a given
quantity means the approximation where only terms proportional to positive powers

of the top-quark mass m; in the limit m, — oo are kept. In the SM, top-quark loops

"The C’Z typically depend on a large number of Wilson coefficients, so again we mention the
convenient electronic implementation in DsixTools [47,120]. As they are one-loop corrections they
2 o
thus scale as 1/v;, and so the counterterm is independent of v,,.
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contribute to Asgflf’l) in Eq. (6.2.15) only through the Z~-mixing contribution to the
bare amplitudes AL R0 It is easy to show, however, that this two-point function

vanishes in the large-m; limit, so
Asigy =0, (6.2.19)

where here and below the subscript ¢ refers to the large-m, limit of a given quantity.
In SMEFT, there are three contributions in the large-m, limit, which arise from Z~

mixing, top-loop corrections from four-fermion operators, and a scheme-dependent

(41

correction proportional to Av,, ;. The result can be written in the form

As = AsZ1OY 4 AP 4 A Aui I (6.2.20)
where the ... refers to divergent and tadpole contributions, which drop out of

physical observables. An explicit calculation yields

AZI6D) _ ﬂceH%
fft 3Seff my

2
C €
Asgﬂ(f’l) = Apt [C(?q) — C'(llq) +C o + 72226 (C.Cfu —Clge ﬂ In <,u2> ;

ii33 ii33 w33 2seg \ 33 331 my

2
szﬁ@,n _ —Ap£4’1) [1 +21n <'M2>] : (6.2.21)

my
where, as above, we omitted divergent and tadpole contributions, and quoted the

results in units of

21 - (6.2.22)

6.3 The v" Scheme

The v scheme differs from the vt

» scheme through the renormalisation of vy,

which is performed as in Eq. (6.1.6). The SMEFT expansion coefficients of that
counterterm, as well as those of As.g in this scheme, are defined as in Eq. (6.2.10)

after the replacement p — a.

In order to calculate the expansion coefficients of Av", we will need those for M,

33 5



6.3. The vST Scheme 115

and electric charge renormalisation. We define these in the v scheme as

My = My (1 + —AMZ“ + AMEY Avgﬁ(ﬁ’O)AMé""l)) :

Ueff

1
o =e (1 + - Ae 4 A Avgﬁ(6’0)Ae(4’1)> : (6.3.1)

Vet
where the coefficients with superscript (6,1) are calculated as in Eq. (4.1.3) from
two point functions whilst replacing the implicit dependence on s,, o in the SM coun-
terterm as in Eq. (6.2.13). It will also be useful to work with expansion coefficients
of the derived counterterm AMgI. We define these coefficients as
My = Mg |1+ o2 AM; 0 ;AM;’E(‘“’ +AM O (6.3.2)
off

Performing a SMEFT expansion on Eq. (6.1.4) leads to

2
AMeff (6,0) _ ? ngfaf,O) 7
Ceft
2
eff(4,1) (4,1)  Seff 4,1
AMETED — AMY CQﬂAsgﬁ )
€

AMGEOL) = AMeFOD — AMEEY A OO AMTOO At - (6.3.3)
where

2
AMeffﬁl AM 61) ;ff A 61) + AS AM 41) + 2 AS(60 A g%fl) . (634)
Ceff Coft

With this notation at hand, we can present a compact result for the expansion

coefficients of AvS™. They read

ApeT6.0) _ A 6.0) _ 202eff 2ot \ (60

eff

41) —|—A Ae(4,1)> :

eff 4,1) (
eff 6,1) ( eff (6,1) + A 6 1) Ae(ﬁ’l)) . AUZH(G,O)szfEM,l)
2

+ [CHWB + Coft CHD‘| AS(4 2
CeffSeff 256
2

+ 5 [—staAM Y + 2pAsY ] Ad OO
Seff

e 1 - e -
B [CHWB 4 Leff CHD] . (6.3.5)
Soff € 4s
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In the above, we have the tree-level a-scheme result

A0 = g%l [CHWB } el CHD] ; (6.3.6)
Seft 43eff

which leads to the following tree-level results in the v scheme:

. 1 1 Coeft | (6,0 Coeft  £(6,0
AvSEO — oy, — Cuwp — 226 QL( "t 2729}2( ') (6.3.7)
2 Coff Seff Coff 2395

One should note that unlike in Chapter 5, the QED coupling e from here on is given
by the more conventional on-shell definition [10] as opposed to the MS definition of
Chapters 4 and 5. This is done with the foresight of potential comparison with other
results in the literature at the order of decay rate calculations and fits of Wilson
coefficients. Even when discussing the a and LEP schemes from now on, we refer to

their counterparts with this on-shell definition of the QED coupling.

It is simple to convert between these two schemes using the perturbative relation

a\Mz cfz ’
a(p) = a(My) [14— (M)Z]\; Q7 <§+ln]\/j[%>]

T
a(My) (100 20 2
= a(My) l1 + (W 2) (27 +g ]\%ﬂ , (6.3.8)

where )y is the charge of the fermion and N/ =3 (N/ =1) for quarks (leptons).

6.3.1 Relation to the vzﬁ scheme

In Section 4.2.1 we outlined a method to convert between the o and a, scheme or

. .. T T
vice versa. Here we follow a similar structure to relate the vy, and v, schemes.

We again start with the useful quantity

2

T =14+ ArT (6.3.9)
Up

4

The SMEFT expansion coefficients are the same whether v, or veg is used.

1
Areff _ UeszATeH(&O) + UTAreH(471) + Areff(&l)
eff
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1

_ UiAreﬁ(G,O) + 72Arreff(4,1) + Areff(ﬁ,l) . (6310)
(%
o

The expansion coefficients are calculated similarly to those for My,. The results are

ATeH(G’O) _ szff(ﬁ,()) o AUZH(G,O) :

Areff(4,1) — Aveff(4,1) . Avgﬂ(ll,l)

n
AL = Agef6:D) A6 19 Aol ApeH(60) (6.3.11)

We do not write it, but relations between terms in a perturbative expansion of a
decay rate between the two schemes are given by an equivalent relation to that of
Eq. (4.2.27) where the logical replacement of the appropriate terms for those relevant

for these two schemes has taken place.

In lieu of giving full analytic expressions as to not print long expressions, we write

the results in the large-m; limit in the form
ArgT0) = [et@d) et (6.3.12)

Results for the Kfff can be read off from Section 5.3 as they are identical to the K,

given there, while the results for K™ are new. The one-loop result in the SM is
KD = _Apts, (6.3.13)

The SMEFT answer takes the form

Kgff(6,0) _ _Aveff(ﬁ,O) :

g

1, 2
K6 —§U§K§i(6’0) In LQ + kG (6.3.14)
my

One has, for the non-logarithmic pieces
eff 4,1 3 3
oo - 5 [og ]
j=12L 17 3333

JEM6.1) o peff(4,1) (Ksz(ﬁ,o) + CS;) : (6.3.15)
33
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whereas the dependence on the renormalisation scale p is governed by

Keff(ﬁ 0 _ —4Ap§4’1) Z [CSZ) _c® ] ’

1] lq
j=12L JJ 7533

o 1 Coe . Cooff .
K 60 — *CHD & —Crws tt 5 2 2 <9§2’0) + QQH gggo)) . (6.3.16)
Ceff Seff eff 2Seff

All components needed to evaluate the latter result were given in Eq. (6.3.26).
Although not exercised here, the previous form of the results alludes to a potential
set of universal corrections to be defined synonymous with those in Section 5.6 but

for the schemes in consideration here.

6.3.2 Relation to the a and a, schemes

Finally, to tie all schemes considered in this thesis together, the determination of
relations between one of the v schemes and one of the three previous schemes is
necessary. Doing so allows predictions in any one scheme to be related to another

through a series of replacements, potentially in multiple steps.

We follow the same course as relating the o, and LEP schemes and obtain shifts

I

of the W-boson mass which then relates the schemes using an on-shell (My,) and

effective (M) W-boson mass.

We write the SMEFT expansion of My, in the v&% scheme, where o € {a, u}, as’

g

€ ]' € € (o
My, = MgE (1 + 2 ASHO0) S AT | ASTE L )> . (6.3.17)
v

Identically to deriving the expansion of MW, a simple way to derive Al is to use

the bare mass My, as an intermediary
My = Mif (1+ AM) = My (1+ AMy) . (6.3.18)

After expressing the expansion coefficients of the on-shell counterterm AMy, in

1remembering that when ¢ = o we have the notation that v, = ’UZH = Vo
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terms of M following the notation of Eq. (6.2.13), one finds

AhGLo) Af,g(ﬁ’l) - AGVE(‘“)AUSH(&O) + ASHE0) (Aveﬁ @D _oApiEY ) . (6.3.19)
with

ASTOD — ApfefOD A prOD | ASEO A D) (6.3.20)

In contrast to the counterterms themselves, the quantities A%g are finite and tadpole
free. As is now customary at this point, we study the large-m, corrections to this

quantity in the two schemes. To do so, we first note that

Asly) = D™ =0,
A = 2AMIY = 2aM Y

a,t

AvgiD = 2aMED. (6.3.21)

w,t

It follows that the SM result is

eff 4, 1 ,
Ay =AM — AMy) = S AptY. (6.3.22)

Moreover, the result in SMEFT can be written in the form
AH6A) _ ) SO (o605, A T00) (6

where 0, is the Kronecker delta. An explicit calculation shows that

eff(6,1 eff(4,1 3 \/_ (6,0) A eff (6,0 1%
A =245 [c}sgg o Cugy —A ] — AR %E, (6.3.24)

where the logarithmic dependence is governed by

A eff (6, Seff .4 Coeff . 0(6,
AW,(t6 0~ _ZCHD’t CHWBt + ﬂ (6 0 + 2 ffg (6.0) (6.3.25)

QCeﬁ‘ 2 g 4Cgﬁ‘ Rt
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with

CHDt = 8Ap(4 2 CHD + QOHq — QCHU] s
33

M 5
CHWBt = 4AP(4 & CHWB - \/5 mZ (CeffCuB + Bseﬁcuglg/>] )

(6 4, 06,
gL(t —4Ap( 1) gL(60) _C(llq) +C(?q) +Clu] 7

L 1133 1133 33ii
.0(6 41) [ e6,0
drg” =AD" \gg" )+ Cen — Cs%ij : (6.3.26)

where the gf;(/Gl’g ) are defined in Eq. (6.2.7).

The re-expression of the on-shell My, in an «a or «, scheme expression using

n
Eq. (6.3.17) with ¢ € {a,u} and expanding in SMEFT produces the result in
the v or UZH scheme, respectively. The expansion in SMEFT is equivalent to that
of Eq. (4.3.9), after one replace the "hatted" quantities with the corresponding "eff"

quantities.



Chapter 7

Numerical Analysis of the fv(e,ff

schemes

With results of the previous chapters in hand, we now have the framework available
to calculate electroweak processes to one loop in the SMEFT in five different input
schemes.? In this chapter, we provide discussion of the attributes of the v and
Uzﬁ schemes. However, as opposed to the approach of Chapter 5 whereby a detailed
breakdown of the schemes in question was undertaken, we focus more on comparison

with the three commonly used schemes previously mentioned in this thesis, discussing

all important attributes.

7.1 Numerical Values of Inputs

We begin this section on numerical analysis identically to the last, with the specific-
ation of the numerical values used for the inputs. For the analysis of the v and vf‘ff
schemes we employ the use of the numerical values given in table 7.1. Comments
about the precision of the values made in Section 5.1 are applicable again here.

Values for the inputs of the «, a,, and LEP schemes used in this section for com-

W

2Poten‘cially7 one could argue eight different schemes if one counts double for each scheme
involving the input « due to the choice of renormalising on-shell or in MS.
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m; | 172.9 GeV v, 246.2 GeV
My | 80.38 GeV e 246.5 GeV
My | 91.19 GeV || (sinf5%)* | 0.23166

my | 125.1 GeV || a(My) | 1/128.946

Table 7.1: Input parameters employed throughout this section.
Note that v is a derived parameter.

parison, can also be taken from table 7.1. These are identical to those specified in
table 5.1 except the QED coupling as we use an on-shell definition here. A numerical
value of the derived parameter v, can be obtained by using its definition given in
Eq. (4.1.1) and substituting in the numerical values. Again, numerical values are

taken from [10].

One comment we make here is that the choice of a value for sin g is somewhat
problematic, especially in the SMEFT. Experimentally, sin? 6% is typically averaged
over measurements involving electrons and muons. In SMEFT, using an average
leads to some difficulties because it would require a combination of first and second-
generation Wilson coefficients entering the counterterms, depending on the ratio of
electron and muon data entering the combination. To avoid this issue, we use the
most precise available measurement of sin 8% from the couplings to electrons only,

namely the ATLAS measurement with one central and one forward electron [128].

7.2 Number of Wilson coefificients

The discussion of the number of Wilson coefficients appearing in each of the coun-
terterms in the UZH and UZH schemes follows mainly the same path as that of Section
5.2. The quantities Ae, AM, and Av, were discussed in detail there, and so we do
not repeat it here. That being said, a slight comment is needed as a few additional
counterterms may be present. The expansion of each of the counterterms in the vS"
will have an explicit dependence on v, and so there will be a direct contribution

T . .
from Av;'. As we have done many times before, we can write the counterterm for a
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Figure 7.1: Representative Feynman diagrams contributing to the
decay of a Z boson via a four fermion operator.

quantity X as
Xo=X <1+ AX41’“)+AX61“>
Uu

1
=X (1 + SAXEY L AXED _Ape GO)AX(4’1)> : (7.2.1)

Yp
in the v, ' scheme, and analogously for the v°T scheme. Therefore, Wilson coefficients

eff (6,0)

appearing in the quantities Avy, will additionally appear, if not already so, in

the set of Wilson coefficients for each counterterm.

The counterterm As.g defined in a particular scheme, is a new quantity unique to
these two schemes. Defined through Z decay, it contains numerous Wilson coefficient
previously unseen in counterterms, the majority of which arise from four fermion
operator insertions, such as in Figure 7.1. Overall, the following 62 coefficients

appear

(6,1,p)
Aseg " :{Cup, CupCrw, Cuws, Cw, Cugtév, CuB, Crd, CHu,

33 i I

Cies Ciats Cit Clg g Ci City it C

7 i ii 1142 1142

Ci ,Cip,Cy,Cy ,Clq,C(zq;

114¢ 4111 4111 1l 1144 1144

Cae}, i=1,23, (7.2.2)

where one should take care as some Wilson coefficients appear twice (e.g. C' j ) for
1111

compactness.

The large number of Wilson coefficients in this counterterm has a noticeable impact
on the numbers appearing for any observable. To this end, we find it instructive here
to look at the derived parameters (by proxy through looking at the finite quantities
Ar, Art, ANy, and AMF.

Table 7.2 shows the number of Wilson coefficients entering the important quantities
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Ar Art Aw ASE
gen U2 xU®B)* || gen U2’ xUEB)’ | gen U2’ xUB)’ || gen U(2)* x U(3)*
LO [ 5 4 7 6 5 4 5 5
NLO || 33 21 64 34 33 21 63 34

Table 7.2: Number of Wilson coefficients appearing in the derived
parameters of each scheme under general flavour assump-
tions and U(2)?x U(3)®. The LO row represents the (6,0)
piece of the corresponding quantity, whereas NLO rep-
resents the (6,1) piece.
Ar, Arf, AMW and AMST. These quantities, through the use of the relevant

equations to be outlined in Section 7.3.1, are the key ingredient to the simplest of

the predictions in each scheme, the derived parameters.

It is seen that the quantities AMW and Ar contain exactly the same number of
Wilson coefficients, which is not surprising as they can be easily related to each
other, as shown in Section 4.3. Both quantities are functions of the counterterms
AMy,, AMy, Ae and Av,, hence, will contain the combined set of all coefficient

appearing in those counterterms.

More noticeably however is the large number of coefficients appearing in the "eff"
quantities as compared to their equivalent counterparts for both the general flavour
and U(2)* x U(3)* assumptions. As mentioned, these are mainly due to additional
four fermion operators arising from Z decay introduced through the counterterm to
Ser- As we would ideally keep the number of scheme dependant Wilson coefficients

. . . i il
to a minimum, this is much an undesirable property of the vy, and vy schemes.

The pattern of predictions in the vS" schemes containing more Wilson coefficients
continues to the more involved calculation of the heavy gauge boson decays. Table 7.3
shows the counting for such process at LO and NLO for a general flavour assumption
and U(2)* x U(3)>.

For the general flavour assumption, there are no surprises in what is seen, there are
many additional Wilson coefficients appearing in the Uﬁﬂ and v schemes at NLO,
with the exception being for the decay Z — ee where we have an overlap between

the four fermion operators of the matrix element and those in As.g.
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Cyyry Uzrr (Dgee) Total # unique WC

gen U2’ xUB)’ || gen U@2)’xUB)’ | gen U((2)?xU(3)°
« LO [ 8 6 9 (6) 4 10 6
Yn NLO || 69 34 93 (63) 33 93 34
« LO || 6 5 7 (4) 4 8 5
Y NLO || 68 34 92 (63) 34 92 34
., Lo 4 1 8 (7) 6 8 6
“ NLO || 25 14 67 (64) 34 67 34
., Lo 3 3 5 (5) 5 5 5
NLO || 35 22 63 (63) 34 63 34
Lgp LO [ 6 4 8 (7) 6 8 6
NLO || 39 22 67 (64) 34 67 34

Table 7.3: Number of Wilson coefficients appearing in heavy bo-
son decay rates under general flavour assumptions and
U(2)* x U(3)*. Note that assuming U(2)* x U(3)® the
number of operators appearing in ', and 'y, is the
same and hence only one value is given.

Under the U(2)* x U(3)* assumption as described in Section 3.2.1, a lot of flavour
structure is removed. Consequently, the four fermion operators appearing in the
Z — ee and Z — 771 processes are now identical. An overlap between the Wilson
coefficients in counterterms of s.4 and the matrix element for the decays to any
charged lepton is observed, giving an identical count. For W decay additional
Wilson coefficients remain in the vf;ﬁ and v schemes in contrast to the other three,
although fewer than for the general flavour case, as Wilson coefficients involving

right-handed particles are still introduced through the counterterms to s.g-.

In a full analysis of electroweak precision observables including gauge-boson decays
to quarks and Z decay to neutrinos, the total number of Wilson coefficients that can
appear is further increased through contributions from four-quark operators. For the
U(2)* x U(3)* assumption, the total number of operators appearing grows from 34
in the leptonic Z and W decays considered here to 56 in the full set of electroweak

precision observables [96].
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scheme | inputs
'UZH GFa sin Qﬁﬁ, MZ
vl o, sin 0, M,
ay Gr, My, My
«@ «, MW7 MZ
LEP GF, Q, MZ
Table 7.4: Nomenclature for the EW input schemes considered in
this work.
M, o G5 sin® Gﬁ’s
M$_1 E_l Gli_l sin29§;_1
g LO —0.56% | 0.21% - -
Ys NLO | 0.05% | 0.23% - -
g LO —0.56% - —0.21% -
Yo' NLO | 0.04% - —0.23% -

N LO - —2.44% - -3.72%
" NLO - 0.51% = 0.34%
N LO — - 2.50% -3.72%

NLO - - —0.67% 0.45%
LO —0.51% - - —0.30%
LEP NLO | 0.09% - - —0.32%

Table 7.5: SM results for derived parameters in scheme s relative
to the experimental values in table 7.1.

7.3 Numerical Analysis

In this section, we present a brief numerical analysis of the v< schemes, covering

derived input parameters in Section 7.3.1 before turning to heavy EW boson decays

in Section 7.3.2. Like the numerical analysis of Chapter 5, we study the perturbative

convergence associated with these schemes. Moreover, here we make qualitative and

quantitative comparisons of the v schemes with the widely used «, a,,, and LEP

schemes. As a reminder, we put all inputs of the five schemes in table 7.4

7.3.1 Derived parameters

In each of the five input schemes in table 7.4, two parameters in the set { My, o, G, sin 6.g}

are derived parameters which can be calculated in a SMEFT expansion. For instance,
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in the v schemes, the on-shell W-boson mass My, is given by

€ 1 € € g
My = Mii! (1 +AF) = M3 (1 + 2 A0 AT | AT )> . (7.3.1)
(Y

(e

where AT is a finite shift. Similarly, the v, and veg are related according to

11 1 1
= [1+4rT] = l1 + 2 AreTE0) 1 T A Areﬂ(a’l)] . (7.3.2)
v, (O Vot Veft

eff

The form above allows to determine G in the voT scheme, whereas « in the v,

scheme is easily obtained after inverting the equation. We have derived the SMEFT
expansions for A and Arf, including explicit results in the large-m,; limit, in
Section 6.3.2 and 6.3.1 respectively. Results for sin 6's in the a, a,, and LEP schemes
are obtained by evaluating Eq. (6.2.8), while results for all other derived parameters

have been given in Section 5.4."

The derived parameters are useful for two reasons. First, from a practical perspective,
they are the simplest examples of EW precision observables and therefore play an
important role in global analyses of data. Second, they are the key ingredients for

converting results and understanding differences between EW input schemes. For

eff

example, if one calculates a quantity in the o, scheme, one can convert it to the v},

scheme by substituting My, with Eq. (7.3.1) with ¢ = p and performing a SMEFT
expansion. In the SM, if the derived value of My, in the ’UZH agrees well with the

measured value at a given order, then results for other observables in the a, and

"

eff
o

true in SMEFT, but in that case the derived value of My, depend on the Wilson

v, scheme will show similar level of numerical agreement. This should also be
coefficients, whose values are not precisely known and are left symbolic. Differences
in observables between schemes show up in non-trivial patterns of Wilson coefficients
and the level of agreement between schemes is less obvious. In the remainder of this
section we examine derived parameters in the SM across all schemes, and use the

prediction of My, in the v&" schemes to illustrate some of their important features.

'We have converted factors of a(p) used previously to the on-shell definition a(My) using
Eq. (6.3.8).
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SM. In table 7.5 we show LO and NLO results for derived parameters in the SM,
where NLO is defined as LO plus the NLO correction. In all cases, the NLO and
measured values agree to roughly half a percent or better. In the v schemes, the
deviation between the derived parameters and the experimental values is already
below the per-mille level at LO, while the o and «, schemes involve percent-level
NLO corrections to sin 6%, a or Gp. Such corrections originate mainly from large-m,
corrections to the counterterm for s, in those schemes; for instance, in the a,, scheme

the one-loop SM result is

o2 Ap(4,1)
5121;,0:312” 1+<w> t2 +... %312”[1—1—3.3%—{—...], (7.3.3)
Suw vy,
where the ... refers to terms which are subleading in the large-m, limit, and ¢, =

My, /My. The same result holds in the o scheme after the replacement v, —

2Myy S,/ VAT

A noticeable feature of the v schemes is that the NLO corrections to G or a are
extremely small. These corrections are related to Ar®™™* in Eq. (7.3.2), and an
estimate from the top-loop contribution in Eq. (6.3.12) gives —Ap,§4’1)/v§ ~ —1%.
To understand why this estimate breaks down, we split the one-loop SM correction

into component parts according to

L\ e, L ey, 1, efia a(My) 100
EAT (41)21}2&}( )+U§Arren(141)+ 2
= (—0.9348 + 0.0049 + 0.9143) % = —0.0156% , (7.3.4)

where the ordering of the numerical terms on the second line matches those of the
analytic expressions above. We note an accidental cancellation between the large-m,
limit result and that related to the running of « in the on-shell scheme'; the latter
correction can be eliminated by converting to the MS definition as in Eq. (6.3.8).

By contrast, the NLO corrections to My, in the v scheme do not depend on the

'A similar cancellation occurs in the NLO correction to sin’ 955 in the LEP scheme, whose
large-m, correction is obtained from Eq. (7.3.3) by the replacement ci, /si, — —Cou /c,zu and is
roughly —1.5% numerically.
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Figure 7.2: SMEFT corrections to the W boson mass in the v},

(top) and v (bottom) schemes, with As,, determined
from Z — ee decay, so that ¢ = 1. The Wilson coeffi-
cients are evaluated at C; = 1/v2. The flavour indices i
and 7 run over values j € 1,2, and ¢ € 1,2, 3.

counterterm for . The top-loop contribution in Eq. (6.3.22) is a good estimate for

the NLO correction, as seen in the result

Ueff ]_ 1
M = M |1+ (50000 + ALY
UU

=79.93GeV [1 + 0.00468 + 0.00137] = 80.42 GeV, (7.3.5)

where the order of numerical contributions in the second line matches that on the

first and we set v, = v, to obtain the numerical value.

SMEFT. Results for derived parameters in SMEFT depend on a number of Wilson
coefficients and are thus quite lengthy. For brevity, we focus the discussion on My,

. T . .
in the v schemes, leaving a comparison of observables across schemes to the heavy-
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Crws Crp Clie %)

11 11
LO o | —0.275700%  —0.25070%7  —0.1757395 —0.151F9:55%
o 1 —0.20075:000  —0.26970:0%%  —0.180709%%  —0.16179:9%

NLO *

o —0.27675500  —0.26675:002  —0.185T5:000  —0.15975:500

NLO v | —0.28070:003  —0.26170:003  —0.17870:000  —0.15870:001
t

o | —0.27270:00%  —0.26170008  —0.183700%0  —0.158700%1

C%} Cryy Cé}?; c%
LO o2 | —0.151709%:  0.00075:03¢  0.00050058  0.00070091
NLO vt | 015670000 0.0237000  —0.01970:000  0.01270009
o | —0.16070000  0.023T0:000  —0.0197995  0.012+3:9%9
NLO, vt | —0.15470000  0.02470000  —0.02475.000  0.00970009
o | —0.15870000  0.024T5:508  —0.024709%  0.00979:9%9

Table 7.6: The numerical prefactors of the Wilson coefficients in the
vzﬁ and v schemes contributing to Ay for the LO, NLO
and NLO, (large-m, limit) perturbative approximations.
The SM tree-level approximation along with vi has been
factored out. The results have been evaluated at py =
M, and varied up and down by a factor of 2 to give the
uncertainties. Only Wilson coefficients whose numerical
prefactor is greater than 1% at NLO have been included.
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boson decay rates presented in Section 7.3.2.

We show in figure 7.2 the LO and NLO SMEFT corrections to My, in the vt
schemes. The numerical contribution from each Wilson coefficient at the scale
1t = My is obtained by making the choice C;(My) = 1/v2, and the results are given

. . T . . . .
in units of My ; in other words, we are quoting results for the expansion coefficients

of Ay, as defined in Eq. (7.3.1).

It is clear from figure 7.2 that many of the NLO SMEFT corrections to My, are
numerically small when all Wilson coefficients are set to a common value. In table 7.6,
we give numerical results at LO and NLO (defined as the sum of LO plus the NLO
correction) for those SMEFT operators whose NLO contribution is larger than
1% for the default choice C;(M;) = 1/v2. All of these coefficients receive NLO
corrections from top loops, and to show their significance we give results where
only the large-m; limit of these corrections is used (NLO; in the table). In each
case, we include scale uncertainties obtained by evaluating the prediction for the
three scale choices p € [My, 2M 5, M /2], using Eq. (5.4.4) to express the results in
terms of C;(My). In most cases there is a good convergence between LO and NLO
when scale uncertainties are included. The large-m, limit results are generally an
improvement for central values, but come with small scale uncertainties which do

not always overlap with the complete NLO result.

7.3.2 Heavy boson decays at NLO

To analyse W — 7v and Z — 77 decays we define SMEFT expansion coefficients

for the decay X — f; f, in input scheme s as
_ 1s(4,0) 5(6,0) s(4,1) s(6,1)
DX = fufe) =Tk, + Uxpp + Dxps + Dxpigy (7.3.6)
Moreover, we write LO and NLO results as

— 1s(4,0) 5(6,0)
Fg(flf%Lo - FXf1f2 Xfifa>

s _ s s(4,1 5(6,1
C%hpnto = Dippero + U7 g + TX7 4 - (7.3.7)
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Do/ Ty, — 1| T20/Tgi — 1
«  LO —1.30% ~0.70%
YV NLO 0.16% 0.12%
«  LO ~151% ~0.91%
Va NLO —0.06% —0.11%
. LO 0.37% ~0.08%
o NLO 0.03% —0.07%
. LO 2.87% 2.41%
NLO —0.66% —0.74%
LO “117% ~0.66%
LEP Lo 0.31% 0.16%

Table 7.7:  Deviations of the SM predictions for Z — ¢/ and
W — {lv decay rates in scheme s from the experi-

mental measurements of '), = 83.98 MeV and 'y}, =
926.4 MeV [10].

The LO results for s € {vg, v} are given by

Meff Meff 2 .
Wrvto = 7o { ( W) + (M52 [205’2 + 34510 — Av:;ff(“)} } :
33

127 Vg

s My (M vy (4,0) 2 06,00 £(6,0) off(6,0)\ (4,0)
ZrrLO = 572 2 1—50HD g+ Mz (2(QR — 9L )_AUU ’ )9’

247 | v?

2 (507~ o1°7) a5 (67 - ) | 73

where ¢ = (" is the charged lepton species used in the definition of As.z and

g =1 — 45% + 85y (7.3.9)

As a reminder, the LO results in the other three schemes are given in Chapter 5.
To derive the result for W decay we have written 1//-mass dependence arising both
through two-body phase-space and in the matrix element squared in terms of M.
Note that in Z decay the flavour-independent coupling G'*? given in Eq. 6.2.7
has dropped out of the decay rate due to a cancellation against Asgff’o). Further
simplifications occur only if £ = 7 or a flavour symmetry such as U(2)* x U(3)? is

imposed, in which case the contribution in the final line vanishes.

The LO and NLO results for W and Z decay in the SM are shown in table 7.7,

where we have normalised the results to the experimentally measured values. The
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Cup Cruwn Crre Cry (J%
o LO |—0.5007053% 0.00070500 —1.8437501% 0.00075:022  0.00070-509
NLO|—0.52779505  0.00473500 —1.905%5:0%  0.048%5:99  0.02273:999
i LO | 0.000%0000 2.37070081 —1.84370020 0.00070003  0.00070:002
NLO|—0.00179500 2.43979-500  —1.90375:09%  0.00575:0%  0.00279:599
. LO |—0.16970511 0.35579512 —1.76475:915 0.00075:018  0.00073:901
NLO|—0.28975507 0.25810003 —1.8977 0008 0.018T0016  0.00610 005
. LO | 1.573701%8  4.088751% —1.764709%5 0.00073152  0.00070:958
NLO| 1.408%5:0%  3.869705%% —1.898%5:005 —0.1427353% —0.0730960
LEP LO |—0.60070550 —0.47470:918 —1.83715:018 0.00015:082  0.00073901
NLO|—0.63155508 —0.47575:000 —1.89970:505 0.057709%  0.02510 90

Table 7.8: Selected SMEFT contributions to the Z — 77 decay
rate including scale variation in the five schemes.

NLO corrections in the SM bring results from all five schemes into close numerical
agreement. These corrections are at the 1.5% level for W decay in the v&" and LEP
schemes, where My, is not an input and hence factors of 3A‘;I(/4’1) /v2 arise compared
to the «, scheme. Corrections of around —3% arise in the o scheme, which are
mainly due to the top-loop corrections to s, shown in Eq. (7.3.3) and in Chapter
5. As explained in Section 7.3.1, the close agreement between decay rates at NLO

different schemes is a direct consequence of the predictions of the derived parameters

matching the experimental inputs as seen in table 7.5.

However, the situation in SMEFT is different. The relations between input para-
meters in different schemes depend on the unknown Wilson coefficients. Therefore,
in general, although the numerical prefactor multiplying a particular Wilson coeffi-
cient stemming from the matrix element is consistent across schemes, the somewhat
arbitrary relations between schemes can result in the numerical prefactor of a given
Wilson coefficient being very different across schemes. This point is seen in table 7.8,
where the LO and NLO contributions for an illustrative sample of Wilson coefficients

are shown for the decay Z — 77, using ¢* = e to determine the As g counterterm in
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the v schemes. The results include perturbative uncertainties obtained by varying
the default scale choice pger = Mz up and down by a factor of two. We note the

following features:

e The contributions from the coefficients C;p and Cyy g have rather different
prefactors in each scheme, and convergence between LLO and NLO also differs
markedly from case to case — especially in the a,, scheme the NLO corrections

are large and well outside the LO scale uncertainties.

e By contrast, at LO the coefficient nge appears only in the Z — 77 matrix
element. The dominant NLO corrections arise from SM counterterms on this
LO vertex, and tend to push the NLO results in different schemes to similar
values. The NLO corrections in the o and «,, schemes are outside the LO scale

uncertainties.

e The coefficients C'y,, and C’J(L?; first appear at NLO for fixed p. The contribution
33 33

of the former is well estimated by LO scale uncertainties through the running

of Cyp (driven by the top-loop contribution shown in Eq. (6.3.26)), while

that of the latter is unrelated to RG running and requires a genuine NLO

calculation.

Regarding the first two points, NLO corrections in the v schemes tend to be
milder than in the o or o, schemes because in the latter case As,, gets scale-
independent corrections of the type shown in Eq. (7.3.3). In that case including
universal corrections from the large-m, limit using the procedure outlined in Section

: 1
5.6 can improve convergence between orders.

We conclude by stating that the specific pattern of contributions described above is
specific to Z decay, but the important point that the size of SMEFT contributions

related to a particular Wilson coefficient is highly scheme specific in general.

'A similar procedure could be followed for the vf}ﬁ schemes using eq. (6.3.12) as a starting point.
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Conclusions

Throughout this thesis, we have devoted our efforts into understanding the qualit-
ative and quantitative features of numerous different choices of Electroweak (EW)
input schemes in the Standard Model Effective Field Theory (SMEFT). We have
provided definitions and expressions for counterterms in each of the schemes, which
for schemes involving the weak mixing angle is a first implementation in the SMEFT.
Furthermore, we used the derived parameters and the decays of the heavy gauge
bosons in each scheme, making use of large-m, analysis, to illucidate the salient

features of each of the schemes.

In Chapters 1 and 2 we gave an introduction to the relevant background information
for this thesis. The former concerned the Standard Model (SM), mainly focusing on
the form of the Lagrangian and one-loop renormalisation, while the latter introduced
Effective Field Theories (EFTs) and most importantly, the SMEFT, discussing the
main changes to SM parameters. This culminated in the relation expressing the
Lagrangian parameters g;, and g, in terms of the bare parameters vy, My, and
My giving a unified starting point for our discussions on input schemes. In Chapter
3 we gave preliminary information useful to motivate and understand the ideas

presented in the subsequent chapters.

Chapter 4 began our review of the EW input schemes and introduced the «, «,

and LEP schemes, the most common choices in the literature. Counterterms for all
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input parameters in the schemes were defined and expressions were given. However,
we found it instructive to define the quantities v, in the a scheme and MW in the
LEP scheme and derive their associated counterterms, thus giving replacements for
our unified starting Lagrangian. We presented how analytic predictions for derived
parameters in each scheme can be obtained. Furthermore, it was shown that the
analytic expressions for the derived parameters were precisely the relations which
relate the schemes, allowing any analytic results in the literature in one scheme to

be converted into another.

In Chapter 5 we provided analysis of the three schemes of Chapter 4. We started with
counting the number of unique Wilson coefficients which appear in each counterterms.
However, this counting is not everything, as the specific form of the calculation
can lead to cancellations, drastically reducing the number of Wilson coefficients
appearing. We showed that the source of the largest corrections can be associated to
top loops in the finite parts of the counterterms. If then coupled with inverse powers
of s2, ~ 0.25 the effects are accentuated. These largest corrections were shown to be
well approximated by the large-m, limit for the schemes as defined. In the SM, by
writing the counterterms for vy in a unified way in the large-m; limit, it was manifest
that corrections associated with the VEV in the a;, or LEP scheme go approximately
as Ap§4’1) ~ 1%, whereas those in the « scheme go with Art = —?Apgm) ~ 3.4%.
In SMEFT, the dominant corrections related to the renormalisation of vy still arise
from top loops, but these involve p-dependent logarithmic corrections related to
the running of Wilson coefficients, in addition to more complicated dependence
on the Weinberg angle than in the SM. Consequently, the numerical results across
Wilson coefficients and processes are not nearly as regular. Nonetheless, we used
the decay of the W boson to leptons as a benchmark process to define the finite,
gauge, and scale independent K factors, KI(,f,’j ) The K factors allowed us to write
further processes as a combination of scheme dependent parts involving Ky, which
accounted for the large correction of the counterterms, and scheme independent parts.

This identification of scheme dependent corrections enabled the creation of a set of
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universal replacement rules, allowing for the largest scheme dependent correction
to be introduced into the Leading-Order (LO) result. The consequences of such
replacements were to bring all the three schemes into closer alignment with each
other, with the remaining Next-to-Leading-Order (NLO) corrections, for a Wilson

coefficient, all being of a similar, smaller size.

Chapter 6 saw the introduction of two new schemes, those involving the effective

' schemes. We extended the

weak mixing angle as an input, the v°T and the v,

already established implementation of these schemes in the SM to the SMEFT,
giving expressions of necessary counterterms in a compact notation. The notation
conveyed that the large-m,; counterterms to the weak mixing angle was proportional
to Ap§4’1), a notable feature of these schemes. The connection between the two
schemes was made, and analytic conversion factors were derived and presented. To
finish, and to make the connection with the initially presented schemes, expressions
for the W mass predictions in the v schemes were given, relating these schemes
to either the a or o, schemes thus allowing analytic results in the literature to be

expressed in terms of any one of five schemes with minimal effort.

Chapter 7 again started with a counting exercise; counterterms for the weak mixing
angle involved numerous Wilson coefficients, most of which previously uninvolved in
EW counterterms. By considering the definition of the weak mixing angle, this is of
little surprise, as all Wilson coefficients involved in Z decay to leptons are present,
which involves many four-fermion operators. A numerical analysis of the schemes
showed that, in general, corrections in the SM in the v schemes are smaller, a
fact already established. Moreover, for certain predictions in the v scheme, these
corrections can be even smaller than a large-m,; analysis would suggest due to an
accidental cancellation between corrections to the VEV and the on-shell running of a.
For processes in the SMEFT, it was seen that, somewhat surprisingly on first sight,
the prefactors to Wilson coefficients of the predictions in different schemes don’t
necessarily align as higher orders in perturbation theory are calculated. Scheme

dependent corrections can drive these prefactors to independent values, which can
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result in large differences with a non-trivial pattern of perturbative convergence

across all the schemes.

We end this thesis by asking whether there is a preferred input scheme for SMEFT
calculations. After including universal corrections, the perturbative convergence in
the different schemes presented here is expected to be similar. With the schemes on
equal footing and conversions amongst them unchallenging, there is little reason to
prefer one over the other, a fact we can exploit. Differences in theoretical predictions
in the SMEFT between different input schemes arise from unknown uncalculated
higher order corrections in perturbation theory, much like in the SM. If we wish to
concern ourselves with constraining the Wilson coefficients, the non-trivial pattern of
perturbative convergence across all the schemes has the capacity to be advantageous.
Fits of the Wilson coefficients performed in different schemes may provide a valuable
consistency check, alongside potential improvement in the constraints of some Wilson
coefficients. No input scheme is perfect, each has beneficial properties over the
others. Including multiple input schemes into our arsenal of tools to constrain
Wilson coefficients, facilitated by the work presented here, has the potential to be
highly fruitful.
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Appendix A. Appendix

1:Xx3 2: HS 3:H*D?
Qc | fAPCaralerasr Qu | (H'H)®  Quo (H'H)O(H'H)
Qg | FABCGA GG Qup (HTDMH)* (HTD,H)
Qw EIJlequI;]pW;{(u
Qs GIJKWJVW;Jpru
4:X?H? 5:¢2H3 + h.c.
Quc | H'H GG Qe | (HTH)(Ipe, H)
Qus | H'HGA,GA Qurr | (HTH)(Gyu, H)
Quw | HTHW], wimw Qan | (HTH)(gpd, H)
Qi | HIHWL W
Qup | H'HB,,B"
Q.5 | H'HB,,B"
Quwp | H'oe! HW/L, B
Quip | Hio!HWL, B
6:2XH +h.c. 7:2H?D
Qow | (poe ) HWY, Q' (H'i'D  H)(1,71,)
Qs | (,o"e,)HB,, @) (HY'DLH) (,0'441,)
Qua | (@om TAu,) H GA, Qe (H'i' D, H) ()
Quw | (@0 ur)ot HWL, Q| (YD )@ )
Qus | (qo" u.)H By, QY (H Tiﬁ,ﬂH N @po ")
Quc | (@o" TAd, ) H GA, QHu (H'i'D  H) (")
Qaw | (@o™d,)ol HWI, Qra (H'i'D H)(d"d,)
Qip | (qo"d.)H B, QHud + hec. | i(H'D,H)(uyy*d,)
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8:(LL)(LL) 8: (RR)(RR)

Qu | )0 Qe | (Euen)(E"er)

W @) @) Quu | (e (@ u)

DV (@' e) @ 0" a) Qu (dyy,d, ) (dy"dy)

Q| Gd)@7"e) Qe | (Evuen) (@ )

Qi | o' l)(@"0'a) Qua | (Evuen)(diydy)
Qul | () (dydy)
Qi | (@, T ) (A T dy)

(LL)(RR)

Qe (yule) (€7 e1)

Quu (vl ) (@ )

Qua ([ %lr)(dﬂudt)

Qe (@14 ) (€57 er)

W (@) (@ w)
@ | @ T a) (@ T )

Qud | (@me)(do"dy)

Qi | @ T ) (dA"Tdy)
8:(LR)(RL) +h.c 8: (LR)(LR) + h.c.
Quag | (Be)(daay) Qoo | (@u)en(@dy)

Qi <W“ Den(@Tdy)
Quew | (Be)ejp(@u)
Qlequ (p v T)Eﬂi}( o™ uy)
Table A.1: The 59 independent baryon number -conserving

dimension-six operators built from Standard Model

fields, in the notation of [45].

The subscripts p,r, s, t

. g, I . .
are flavour indices, and o' are Pauli matrices.
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A.2 Phase Space Integrals

Here we outline the steps needed to perform the phase space integrals necessary
to compute the decays of the Heavy bosons to fermions at LO and NLO. These
are the 2-body phase space integrals where the final state is just massless fermions
and the 3-body phase space integrals where we additionally have an emission of a
massless gauge boson. We shall present the result for a massive Z boson of four
momentum P, and mass M, decaying to two massless electrons (and a massless
gauge boson). Results for other decays are easily obtained by substitutions. We will
work in dimensional regularisation where we have d = 4 — 2e space-time dimensions.

Our calculations start from the differential cross-section given by,
Loy
do = flM‘ d®,_,,, (A.2.1)

where F' is a flux factor and d®,_,,, is the differential Lorentz invariant phase space

for an n particle final state,

n dd ;
d®, ., (Pzip1,pa) =[] [@:)d

=1

n)0* )| e 0" (Y- P2) (422

=1

where we have
0t (p} —mi) = d(p} —mi)O(E;), (A.2.3)

which ensures final state particles are on-shell with positive energy. For a particle
decay, we have F' = 2FE,,, where Ej is the energy of the decaying particle, which in
our case is M;. We can integrate out the delta functions which ensures the final

states are on shell,

n dd—l —; n
Ay, (Pzip1, .y bn) = H lp(]] (27T)d & (sz — Pz) . (A.2.4)
' i=1

i=1 (27T)d71 2p;
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A.2.1 Two-body phase space

The decay rate of the Z boson to electrons can be written as

1 d1p, 41y
/( : 2 (2m)" 6% (p1 + Py — Pz) IMzee|*. (A.2.5)

F ee =
e aMy ) 2m) T 2pd (2m) T 2
In the center of mass frame,

Py = (Mgz,0), pi=(01,p1), p2=(0573)- (A.2.6)

We can write the d-dimension delta functon as a product of a (d-1)-dimensional

spacial delta function and a temporal delta function
0 (pr +p2 = Pz) =6 (0 + 9 — Mz) 6" (B + 5 — 0) . (A.2.7)

Hence, performing the integral over p, imposes py = —pj,

1 dd—l—»‘ .
FZ%‘% - / (27_(_ — n 25 (2|p1|2 - MZ) |MZee|2 (A28>

2My, )d 24’]31’

P2—=—p1
We choose to write the final (d-1)-dimensional integral in spherical coordinates

Ay = || dIpy [ (A.2.9)

where

dQy_y = sin’ (¢d 1)Sm (¢d 2).--sin(¢1)dgy...ddg 1, (A.2.10)

and we have defined the range of ¢; to be [0, 27| and all other angles ranges to be
[0, 7]. For the decays we consider in this thesis, the two body matrix elements are

angle independent. Therefore, we can use

/de_l - F27T i (A.2.11)

when integrating over all angles such that

3—d
™

Sy / Al 716 (271 = M) [ My
2/M,T (45 ( )

Ty = (A.2.12)

— —

P2——P1
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Performing the integral over p; using

d(x — zq)
0(f(x)) = —_—, A213
( ( )) :zo;ots f (3?0) ( )
gives us
23*2d7r357dM§*5
1—‘Z—>ee - — |MZ€6’|2

r ()

1 2
= — . A2.14
87‘(’ |MZ6€’ ( )

In the second line we are free to take the limit d — 4 as the result contains no poles

in epsilon.

A.2.2 Three-body phase space

Now we move on to the process with a three body final state, where, in our example,
we include a photon into the final state additional to the two electrons. To tackle this
problem, we separate the three body phase space into two two-body phase spaces

through the use of

dQ?
d®y_3 (PZ;plap%p'y) = 72# d®y_,y (PZS Q>p'y) d®;_ (QSPuPz) ) (A-2-15)
we can write
1
ere,y - mlg}, <A216)

where we have defined the integral

I; = /d<b1—>3 (PZ;plap%p'y> |MZe€’Y|2

%dq)IHZ (PZ; QJ%) d®_,5 (Q; p1,p2) |MZee’y|2' (A.2.17)

The first step is to solve the integral

Insy = [ d®1 (@1, p2) [Mzeer | (A.2.18)
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which we have named phase space 1. This integral can be solved in any frame, and
so we choose to use the rest frame of (), parameterising the momenta of the particles

as

Q= (Q",0),

Py = (Ez,0,..,0,[pzl)

pr= ([Pl 0, ..., [Py sin 6, [py| cos 0)
pa = (|P2], 0, ..., [Pa] sin 0, —|pa| cos 0)

py = (Ip71,0,...,0,[p3]) - (A.2.19)

In general, for a three body decay, there will be some angular dependence between
outgoing particles, so when performing the angular integrals, we keep dependence

on a single angle through
T w
/ g = —— / désin~3(¢) (A.2.20)
P (452) o

yielding

Ips) = / d¢31n ‘MZee’Y‘ : (A.2.21)

Next, we move on to the second phase space integral

Ipgy = /d(I)1—>2 (PZ§ Q7p'y) Ipg:

dd—l o dd*l —
Q p'y (2'/T)d 5d (PZ — Q — p’Y) IPSl . (A222)

T 2em2Q" 2m) T 20

As Ipg; is written in terms of Lorentz invariant quantities, and an angle which we
integrate over, changing frames is trivial, hence we evaluate phase space two in the
rest frame of the Z boson. This introduces no new difficulties. First we integrate
over dd_lﬁ/, perform a change to spherical coordinates and integrate over all the

sphere as the angular dependence is already in phase space one. Doing so we find

25_3d7T2_dM§_d y dd ) ) d—3 [T us )
oo = =g =gy (@) (M2 - Q) /0 dpsin®™® o[ Myee | (A.2.23)
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Finally, interpreting the quantity Q* as the energy imparted to the electron pair, we
see that, for the case of massless electrons, we integrate Q? from zero upto Mz. The

end result is the phase space integral evaluates as

13 _ 24_3d7T1_dM§_d
T(d—2)

[ @)= (13 - @) [T dosint ol My P

(A.2.24)

A.3 Comparison with previous literature

Electroweak precision observables at NLO in SMEFT have been calculated previously
in [81,135]. In this section we compare the LEP-scheme results for My, and the
Z — 00 decay rate with results given in that work." In order to do so, we must take

into account some differences in calculational set-ups.

First, in contrast to the present work, those works use aO'S'(O) as an input, so that
large logarithms of lepton masses and hadronic contributions appear in fixed order.
We can convert our results to that renormalisation scheme by eliminating o(My)

through use of Eq. (6.3.8) and

Q08 (M,) = a®(0) a®5(0)(1 + Aa) (A.3.1)
277 1= Aa ’ .
where
Aa = Aay + Aa’) = 0.03142 + 0.02764 . (A.3.2)

Expanding observables to linear order in a®%(0) and A« then yields SM predictions
as given in [81,135]. After making this conversion and using a common set of input
parameters also for heavy-particle masses, we can exactly reproduce the SM values

for the W mass at LO and NLO:

MiP =80.939 GeV,  Mp*© =80.548 GeV . (A.3.3)

'The decay rate for the W boson has not been compared since a leptonic partial branching
fraction is not provided in the previous literature.
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The SMEFT results for the W-boson mass also agree, when the same set of flavour

assumptions is made.

For the Z — ({ decay rate, we agree with an analytic result in the «, scheme
provided to us by the authors of [81,135] (after using the flavour assumptions of
those papers). This forms the basis for LEP-scheme results. In our case these
are obtained by using Eqgs. (4.3.7) and (4.3.9) to express the result in terms of My,
while [81,135] re-organise the SM part of the loop expansion in a way that is specified
in [96]. Taking into account these differences, as well as the renormalisation of «

discussed above, we find numerical agreement with [81,135].

A.4 Numerical results for the decay rates

Here we present numerical results for the decay rates considered in Section 5.5 in

the three schemes. We use the notation

s __ 1s(4,0 5(6,0
[io = TX57, + TX7,
s _ s s(4,1 5(6,1
Iyxvo = T'xro + Féfl}Q + F;§f1}2 , (A.4.1)

where the quantities appearing on the right-hand side are defined in Eq. (5.5.1). Scale
uncertainties are obtained as explained in Section 5.4. For brevity, we show only
those coefficients which have an absolute numerical prefactor or absolute difference
between the upper and lower scale uncertainties of greater than 1% of the LO SM
result after factoring out the appropriate v2; results omitted for this reason are

indicated by ... in the equations that follow.

A4.1 W — 71v decay

For W decay in the a-scheme we find

o =234.615 MeV + 2Ijie) {3.733f8;}§§CHWB + 2.000t8;8§30%) + 1742791200,
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+0.0002515CHy + 0.0002515C, + 0.0005 88 C)yp + 0.00025535C
33

+0.000*0046C) 4+ 0.000* 0008 <CHB +Chw +Cw+ Y CH+ Y o9 )
3333 i=1,2,3 m j=1,2 3333
+ 0.00070:007C oy + 0.00070:002 > CHU o } :

(A.4.2)
7j=1,2

o 224684 MoV + o240 {3620 48w + 200318580

+1.713109% ¢, — 0.195i8;8880% +0.17240098C) — 0.07970.085C)

33 33
—~ 0072258550 — 0.03455555C" ) — 0.032158G Cpy — 0.01125550Cy

—0.000 0.000
3333

+0.0008856C . + 0.0005608C )+ 0.00025G50C 3%

—0.000
3333 3333

0000780 ¢ } | (A43)
3333
For the a,-scheme we obtain

Tyino = 2272700 MeV + uirﬁv(ifj{2.ooof8;8§{0%) —1.00055012 3° OHl
7=1,2
+1.000°0005C 1 +0.00079044CS) +0.0008038 S ) +0.0001001C 4
1221 3333 j=T2 jj33 22

+0.00050007 3= ) +}

j=1,2 33jj

(A.4.4)

[inro =226.5700 MeV + vQF%S){Q'M@gISB?C}?? —1.025909% 3 ¢

—0.000
j=1,2 JJ
+ 0998700000 4 —0.0337906C %) +0.019790%0 S )
1221 3333 j=12 jj33
—0.01570500C o +0. 01010 500Cywe + - - - } . (A.4.5)

And finally for the LEP scheme, we find

TWto =222.7711 MeV + o2l ™ 0){ — 2,379 015 Cw s + 2.000f8;8}30§;}

—1.6561003 > O + 16561 0001C 4 — 1.078T00BCyp + 0.00070115CY,
j=1,2 JJ 1221 33

+0.000* 0105 Cry + 0.000* 0012 +0.00070053 3= %) +0.00070:040C,
33 3333 j=1,2 3j33
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+0.000%5; 8§§Cuw +0.00015015C N 0.000%0:007 > C(?; + ... } ,

j=1,2 33jj

(A.4.6)

TiAio =227.2700 MeV + o2y 0){ — 245540008 C 5 + 2.091935 )
33
— 17425000 S° o) + LOOTHERRC y — 116525567 Clhup + 0116255 Clyy
j=12 Ji

- 0.103t8;8§30(” —0.03310008C) 4 0.046 7000 C ) + o.o44t8;88§0%§
3333 33

—0.02410008C 5+ 0.0191 3000 Cuy +0.03275505 S° ¢
1122 33 =12 jj33

+0.00023063C. . + 0.000i8;8530(q§ + o.oooig;g??oééég .. } . (AAT)

A.4.2 h — bb decay

To evaluate scale uncertainties for h — bb we also require the running of m,(x) and
a, (). As with the running of a(u), we again use a one-loop fixed-order solution to

the RG equations for m;(u) and a,(u) which are given by

) = my(M) [1 § (M) In (XZ) ] , (A48)

asw):as(Mh)[l— M) 5 in (Mﬂ (A49)

where
3 11 4
W) = =5 |anCr+am@f] . A= Ca— STemy,  (A410)
with
4 1
OF:§7 CA:?), TF:§7 and nf:5

In the « scheme we find

s =2300°835 MoV + T3 | — LAL 322 Coy 4 3733838 e
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0.078 Vo 0.067 Va

+ 2000881y + 1.24226831Cp + 0.000Z8575 = g + 0.00025557 *Cay
b 3333
+0.0005, 8%25‘205@ + 00005 602 Cirga +0.000535Crug + 0.000i8:3%20%g
3333
+0.0000155C ) + 0.00075; 1230% + 0.000t8;ﬂ§CHq + o.oootg;ggicug
33 33
+ o.oootg;gggc%g +0.000*0927 o + 0.000t8;8§$0%§1 +0.00000130®)
3333
+0.0005001 Crrg + 0.0000000C Y, +0.00010008 = C%5) + 0.00070 008y
33 3333 =12 jj
+0.00070:006C 5 + 0.000%0002 > C%u +... } , (A.4.11)
j=1,2
o . Uy Vq
T nLo =2.64775038 MeV + 02Ty 0){ — 176119 gggﬁcﬂf —0.060%: Ségﬁcdw
+4.239 095 Cry s + 3.0947 804 Cpe + 0,031 593 . o) |
My 3333
Vo
+ 244800 Clyyy + 1.358T 0 015 C y p + 0.0091 5 008 —2—Clc
gsmy, 33
+0.00643808 7 C) | — 0.00475003 Cryga — 01167 034C
b 3333 33
— 007978 053C k. + 0.058T 085 — 0.040i8;88§0uw 0.0315 005 Coupr
33 33 33 33
- 0.030i8;8?§c%§ +0.028 000 C s + 0.0247 0000 C — 0.01475060C )
3333
1
— 0.011* 0B Cyp — 0.01070097C), + 0.00079078 —Cug
33 3333 gs 33
+0.00073:990%) 4+ 0.0007 018C uu. +0.0000 oCl +0.000+59% )
3333 3333 3333
T } . (A.4.12)

Here and in other numerical results for h — bb, we have left enhancement factors

such as v,/m; symbolic, with the exception of Cyp. Scale variations of the LO

33

SMEFT results fail to include the NLO results of the operators first appearing

at LO in all schemes, where only one operator is within 20 region. However, for

operators first appearing at NLO the NLO result is typically included in the LO

scale-variation band. More reliable uncertainty estimates can be made by varying

the renormalisation scales of the b-quark mass and Wilson coefficients independently

as in [29].
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In the «,, scheme one finds

a «a, (4, v

T 1o = 2217032 MeV + o2 0){ — AT Coyr + 2.0003 88 i

b
+1.00050105C 5 — 1.00056058 Y- €} — 0.50028.831 Crp
1221 = s
j=1,2 JJ
v v v
+0.0007 097 )+ o.oooigjggéicdg 1 0.0001001 Tk o)

quqd
My 3333 my My 3333

v
+ o.oootg;ggiﬁ“c%%d +0.00019397Cye + o.oootg;gggo%g +0.00070 12 C)
b 33

+ o.oootg:ggicugvgv +0.00013934C L + o.oootg;gggc%gf +0.0000058 > )
j=1,2 jj33

+0.0007003C%), + o.oootgjgﬂcl i+ 0.00075:905C Y, + o.oootg;gggcgg + } ,

3333 3333
(A.4.13)
ay, _ +0.043 21 (40) ) +0.068 Y _ +0.009 Y
thb,NLO = 2.650_0'129 MeV -+ quhbb 1.728_0'029 CdH 0'057—0.018 CdW
my 33 my 33
v
+3.0041 088 e + 2447008 Clrey 4+ 0.03070 038 - 0L
My 3333
—1.21279%80 S @) 4 1.195i8;8é8012”2 = 0.612+99200,,

j=1,2 JJ

v v v
+0.00970008 ——Cug + 0.006 70007 O | — 0.004F007 - Crya
gsmp 33 My 3333 my 33

~ 0.046 5803 Cyyr — 0.031XGEEC}, — 003025880 C,yy
33

+ 0.028150% Clyy + 0.024F3900Cy — 0.022t8;88§011”2 - 0.01370000C,
3333

— 0.011t8;8%20%§ +0.01050901Crp — 0.01053 901 Crw s
1
+0.00350050 S0 €% 400001003~ Cug + 0000150900 %) + }
j=12 jj33 s 33 3333

(A.4.14)
In the LEP scheme one finds
v
Tiiio =2.21770331 MeV + virkfb”‘“’){ - 1.414t8;83§#0%§ +2.0007939%°C
b
+ LO00X516:C g — 10001555 3 ) — 0.50050030Crp
j=1,2 JJ

(% (% (%
+ 000025871 Clupg + 0.000 G085 oy + 0.00055 51 -0,y

uqd
b 3333 my b 3333
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U
+ o.oootg;gggﬁ“c%%d +0.000703 Cryer + o.oootg;ggic%g

+0.00025113C17, + 0.000 5531 Cpy + 00002565 Cnny
33

+0.00070028 Cugr + 000070028 5= ¢ 4 0.000759120%),
33 j=1,2 jj33 3333

+0.00050011C 1 + o.oootg;gggog; +0.00070 008 Crra + } (A.4.15)
1122 3333 33

v
Ihinio =2:650735) MeV + o 0){ ~ LT281085 ¥ Cay — 00361858 ¥ Cay

+3.094T0 598 C e + 24477003, C ey + o.o3ot8;83§#cquqd
b 3333

— 1.2105005 S° o) + 1.193t8;825801512 - 0.60913929C, p
j=1,2 JJ

U
+0.009+0:008 i Cag +0. 006:-0:005 Vi (®) und — 0.003¥0:001 - Crya
my My 3333 my 33

—~ 004525853 Clyy — 0.031553C] 7y — 0.08028556C,
33

+ 0.028730% Cyyr + 0.02413990C — 0.022i8;88§011”2 - 0.013*0000C),
3333
~0.011%9 3%20%5 +0.00350000 3= €% +0.011 000 O
j=1,2 jj33

+ o.oooig;gggc%g; + 0.000i8;8?8c§§)g3 + } . (A.4.16)

A.4.3 Z — 17 decay

We present results for Z-boson decay in the three different schemes, using u = M,

as the central scale. In the a-scheme we find

%10 =86.751 0000 MeV + 213" {4.088i8&330HWB + 2.190i8;8§20%
+ 2.190i8;8§§c§§ - 1‘764i8;82{0§1§ +1.573 50400 Crp + 0.000013CY)
33
+0.00050163C 1 + 0.00028 073C5 + 0.00015 084 Cuw + 0.00055.560C )
33 33 33 3333
+0.0000057C 1, + 0.0007 0080 CY) +0.00070015C ge + 0.0007 016 C cu
3333 3333 3333 3333
+ 0.000i8;88§< S OO+ 3 8+ Oy + CHB> +0.00039%

j=1,2 3335 =123 @



A.4. Numerical results for the decay rates

153

+ 0.00070:007C oy + 0.00070:008 > CZI;L + ... } , (A.4.17)
j=1,2
% NLO = 83.251008 MeV + 02030 {3.867i8;8?§CHWB + 2.196i8;8820%’
+ 2.179t8;88?0%> — 1.899t8;88§0,§,3e + 1.406 15091 Crrp — o.143t8;8350§3u
+0.117H08C ) — 0.0747 0081 C) — 0,065 3001 Cup — 005410001 C)
33 33 33 3333
—0.05126800C gy -+ 0.04320003C" ) + 0.04125808C e — 0.035G505C ge
3333 3333 3333
— 0.016 0 005Cw — 001170005y, — 0.01076.000 S° ¢ + 0.000f8j88?03§g3
33 j=1,2 33jj
+0.000139900 4 0.0007998c M) 1 0.000199%20E) 4 } . (A.4.18)
3333 3333 3333
In the a,-scheme we obtain
TY10 =83.917000 MeV + 2% {2.190t8;8§$0§}2 +2.190758108) — L7645 508C
33 33
— 10001001 = o) + LOOOZGG0IC yt +0.355 8015 C s — 01696311 Crpy
j=1,2 JJ
+0.000* 635 +0.000585C 1, +0.0007365C) +0.000*§3HC o
3333 3333 3333 3333
+0.00070053C eu. + 0.00075058 D+ 0.000* 015 Cr, + 0.0000017C )
j=1.2 jj33 33 33
+0.000°001C 1 +0.000790% 3= % 4 0.00070908C, 5
1122 j=12 33jj 33
+ 0.000t8;88§0%%v + ... } , (A.4.19)
IY\ro =83.9270.00 MeV + o210 {2.193f8;88§0§32 + 2.181i8;88?0§§ ~ 189750505 '
— 1.029%0000 S° o) + 1.006t8;88801 u - 0.289100%2C b + 0.258F 0005 C s
j=12 Ji
—0.05355001C"%) — 0.04925800C 1y +0.0422500C") + 0.04025808C e,
3333 3333 3333
— 0.03473908C e — 0.020*0015C ) + 0.018 0018 Cr — 0.01753000C 4
33 33 1122
+0.01550000 S>> )+ } : (A.4.20)
j=1,2 jj33
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and in the LEP-scheme we find

TLER = 83301941 MeV + v2I5or 40 {2.121t8;8§§0<1) +2.1217551208)
33

IwLEH’

A.5

— 1.86350000Cre + 11731005 C 0 — 117358808 S C5) — 05870038 Crp
33 1221 ST 4
— 0.410% 0048 C w5 + 0.0001005 O + 0.000t8;8280% +0.0009:928C)
33 3333
+0.00053923C 1, + 0.000%93949C ge 4+ 0.00015%IC®) 1 0.00073%IC eu
3333 3333 33%3 3333
+0.00050030 S0 %) +0.000700C 4 +0.00015505 S )
j=1,2 ]J33 1122 j=1,2 33jj

+ o.oootg;ggic%g + o.oooigjgggcug + } , (A.4.21)

0 =84.127983 MeV + o2y r(+0) {2 21970 885“;0,{1 +2.2100 88%0(3)

— L901EG606Cye — 125450063 Y- O + 1.22750008C 11 — 0.63350003C
33 . i 1221
j=1,2 JJ

— 0.4817999C i + 0.055t8;8‘f§0gu 0.05278.065C7) — 0.05140509C)
3 3333
— 0.048%4003C 1y, + 0.04223000C eu + 0.0417% 00300 —0.03670000C ge
3333 3333 3333
+0.025 00080 — 0.02070003C 1 +0.017H0003 S0 )+ }
33 1122 j=1,2  j33

(A.4.22)

Numerical results using universal corrections

in SMEFT

For completeness, we present here numerical results for the prefactors of the Wilson

coefficients at different perturbative orders for W, h and Z decay which have not

been shown in Section 5.6 yet. Table A.2 shows the results for W and h decay in the

a scheme. For the LEP scheme, Table A.3 shows the results for W, and Z decay,

respectively. The h decay results for the LEP scheme have been omitted since they

only have very small (numerical) differences with respect to the numbers in the

a,, scheme, which are presented in Table A.2.
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wom| | ey | oy, nowl ol Ch ] Gy
NLO || —1.02575:935 |0.0195:55% | 0.99873:559 NLO || ~1.009*5:500 [0-0035:500 [ 0992600
NLO, ||—1.01975:99% [0.01973:9¢{ 1.000*5:992 NLO, {|—1.0095501 |0.003X5:563 | 1.006 0002
LO | —1.000%8:9120.000+5:926 | 100045954 LO ||—1.00025:013|0.00025:036 | 1.0005: 505
LOk ||-1.01950016{0.01956:608 | 1.0002556:  LOk [ ~1.00326513|0.00325067 | 1.00026:603

Table A.2: The numerical prefactors of the Wilson coefficients in the

o (6
«,, scheme appearing in K7y
approximations.

Loy

) for various perturbative
The tree-level decay rate as well as

vz have been factored out and the results have been

evaluated at the scale of the process.

results for W decay (left) and Higgs decay (right).

We show the

For results in the a scheme and Z decay in the a,, scheme, we refer to Tables 5.7

and 5.8 in Section 5.6.
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W — v CHD CHWB CS) CHu CS) CuB CuW
39 33 35 33 33
NLO ||—1.16570:0:2 | —2.45570:59810.04673:5%8 | 0.11673:59% |—0.10370:929[0.044 75952 |0.01975-0%9
NLO, ||—1.143%5:05 [—2.43470:52510.0401 5903 | 0.12475:052 | —0.12470:525 1004570 502 10.02315-059
LO ||—1.07870 0% | —2.3791 0105 10.0000 002 | 0.00070109 | 0.00015:114 [0.00015:030 0.0007 0057
LOg ||—1.14370 038 | —2.43410:035 1004070002 | 0.12470:092 | —0.12470 057 10.04570 909 [0.023 15005
c® c® C oy c®
BN q 1221 o
7i33 33
NLO ||—1.74270 000 0.03270005 [1.69770007 | 2.09170:001
NLO, ||—1.7257050%] 0.032F5:0% 11.69370053 | 2.07970 000
LO ||—1.17375:05%8 | 0.00070 930 11.65670 501 | 2.00079615
0.011 0.001 0.001 0.020
LOgx ||—1.725%0 000 | 0.03270 005 11.6937 0001 | 2.0407 0050
Z 1T C C c® C c'h C C
HD HWB H Hu H uB uW
o 33 35 33 33
NLO ||—0.63370 905 |—0.48170:0950.025 70 000 | 0.055700%% |—0.05270 954 [0.00715-055 10.005 10005
NLO,; ||—0.6317055%(—0.49375:03510.02275:992 | 0.05670:0%% [—0.0567505310.00675-095 |0.006 75995
LO  ||—0.58710 050 |—0.41010 615 10.0000 001 | 0.00070550 | 0.0001 5001 0.00015007 0.0001 0000
LOg ||—0.6197051%1-0.49615:02510.02279-09 | 0.02770:051 | —0.02770:53210.01070-955 [0.00475-953
o) o C oy Che o4 o)
B 4 1221 33 ’33%1 13131
23 7733
0.000 0.003 0.002 0.005 0.003 0.002
NLO ||—1.25470000] 0.017 0007 11.22770 000 |—1.9017 0000 | 2.21970:005 2.2107 0001
0.025 0.006 0.027 0.024 0.016 0.017
NLO, |[—1.244%5:037] 0.01755:000 [1.22750 057 | —1.88210075 | 2.1971 0050 (2.1971 0020
LO || —1.174%0:00% | 0.00010 030 |1.17450:051 [—1.86310 000 | 2.12170 052 {2.12170013
0.037 0.00 0.030 0.069 0.037 0.013
LOg ||—1.244700571 0.01770001 [1.22770 050 | —1.8551 0009 | 2166715050 2.1667 0015

Table A.3: The numerical prefactors of the Wilson coefficients in the
LEP scheme appearing in Ky, (6:.14) and Al 6’1’“ for various
perturbative approximations. The tree—level decay rate
as well as vi have been factored out and the results have
been evaluated at the scale of the process. We show the
results for W decay (top) and Z decay (bottom).
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