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“Near, far, wherever you are, I believe that the heart does go on...”

— Celine Dion



Case in Points: Developing a Patient-specific Model of
the Human Left Ventricle using the Material Point

Method
Nathan Daniel Gavin

Abstract

The heart is an extremely important organ in the human body and has been

studied using numerical models for many years, typically using Finite Element

Analysis to model the myocardium. However, heart simulations will normally

require large deformation mechanics which means that a finite element mesh

may encounter large mesh distortion and volumetric locking. An intensive

pre-processing stage is also required, using various software to segment the

medical imaging data and generate the mesh.

The Material Point Method (MPM) discretises a physical domain using

material points which deform through an unchanging background finite

element mesh. This work develops the “tools” used to produce a

patient-specific model of the Left Ventricle (LV) and analyse stress in the

myocardium without the need for user input after the segmentation stage.

B-spline boundary representations of the endocardial and epicardial surfaces

are created using the segmented MRI data of a patient. These surfaces have

two uses, to aid in the generation of the material point domain and to apply

non-conforming boundary conditions throughout the analysis. Myocardium is

often modelled as a rubber-like material, therefore, isotropic and anisotropic

hyperelastic models are implemented here. As large deformation, non-linear

analyses often encounter highly non-linear responses, the arc-length method

is adapted for the MPM to overcome this issue and aid in validation of the

material models. A study is performed using this new framework to investigate

the effects of patient geometry and material properties on the stress and

displacement fields of the LV model. Through this study, it was found that the

orientation of the muscle fibres has the most substantial effect on the results

of the analysis.

Supervisors: William M. Coombs, John C. Brigham and Charles E. Augarde
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Chapter 1

Introduction

The heart is an incredibly important organ which acts as the pump to drive

blood flow around the body. According to the British Heart Foundation [32],

Cardiovascular Disease (CVD) affects approximately 7.6 million people in the

UK, which is twice as many as those living with cancer and Alzheimer’s disease

combined. Around 27% of all deaths in the UK each year are due to CVD, this

equates to 480 deaths per day, or one every three minutes. It is estimated that CVD

costs the UK economy £25 billion each year through premature death and disability

with healthcare costs roughly around £10 billion per year. Looking globally, CVD

is by far the leading cause of death in the population, being responsible for 18

million deaths in 2019 (around one-third of all deaths that year) [68]. In 2021,

almost 1 million people died in the US due to CVD, with 600 000 deaths occurring

under the age of 85 [213].

There are two main categories of heart failure, diastolic and systolic [44], and

many studies have been undertaken into the causes, diagnosis and treatment of

heart failure [31, 120, 212, 264]. Diastolic heart failure is seen with concentric

hypertrophy, a thickening of the ventricular wall, which results in inadequate filling

of the chambers of the heart and a reduction in blood flow, whereas, systolic

heart failure sees eccentric hypertrophy, ventricular dilation, which means that

the pumping function of the heart is negatively affected [44, 108]. It has been
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1. Introduction

found that the stresses and strains in the heart tissue can be linked to multiple

physiological factors, such as: the pumping function; coronary blood flow; and

myocardium growth and remodelling rates [114, 149].

Computational modelling can be used to provide insights into the stresses and

strains that will be present in the heart tissue without the need for invasive surgery

which may put a patient at further risk. It also allows a cardiologist to investigate

where heart failure may occur based on the stress state in the tissue, and plan

strategies for future treatment. The first computational model of a Left Ventricle

(LV) was presented in 1979 by Arts et al. [8] as a set of thick walled cylinders

with varying fibre directions to mimic the fibrous structure of the LV tissue. Since

then, there has been a plethora of cardiac models, which will be discussed later

in this chapter. For a review of the history of the mathematical modelling of

cardiac mechanics, the reader is referred to [231]. Until now, the majority of

models of the heart have utilised Finite Element Analysis (FEA). While this is

a well established technique and will often produce exceptional results, there are

drawbacks to using FEA. The Finite Element Method (FEM) is susceptible to large

mesh distortion for problems involving large deformation mechanics [75, 257], which

is detrimental to the accuracy of the results and may cause numerical failure in the

analysis. On top of this, due to the intricate geometry of the heart, a fine mesh

will typically be required which is computationally expensive to produce, especially

in order to ensure that the mesh is of high quality. Added complexity comes

with patient-specific models where the geometry of the model comes from medical

imaging data. This process often requires multiple processing stages, including

segmentation, mesh generation, application of boundary conditions and the analysis

of the model (as seen in [255]). This is not only computationally expensive, but

often requires significant user interaction and a considerable amount of time.

The Material Point Method (MPM) is a semi-meshless method in which a problem

domain is discretised with particles (or Material Points, MPs) that are immersed

in a background finite element mesh. A brief introduction of the MPM is given
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later in this chapter and a full discussion of the MPM is given in Chapter 2. To

the author’s knowledge, this thesis presents the first use of the MPM to model the

human LV, with specific focus on the passive filling of the LV. By exploiting the

principles of MPM, an automated approach for the LV model generation can be

created which takes a segmented image stack as input and produces the LV model

which can be analysed with little to no user interaction. This will greatly reduce

the computational and time cost of the pre-processing stage of an analysis. The

background mesh used with the MPM is commonly formed of a regular distribution

of uniform elements as it is the MPs that represent the actual material being

modelled, meaning that the need for an extremely fine mesh (like those seen in

FEA models, such as [108]) is greatly reduced.

This chapter serves as a justification for the work of this thesis as to why it

is advantageous to model a patient’s LV using the MPM. Firstly, the anatomy

and function of the heart is presented, followed by a review of previous efforts of

modelling the heart with a particular focus on LV modelling. A brief overview of

the MPM is then given to provide context to the reader of the method. And finally,

the scope and outline of this thesis is given.

1.1 Anatomy

In order to create a model, some knowledge of the structure and working

mechanisms of the heart is needed. Therefore, this section presents the basic

anatomy of the human heart and its function.

The heart is a four chambered, hollow muscle which is roughly conical in shape,

approximately 12 cm long and 9 cm wide. It is positioned obliquely across the

midline of the chest wall between the lungs and the diaphragm [188]. It is

responsible for receiving and pumping blood from and to the cardiovascular system

through rhythmic contractions of the muscles. It weights around 250–350 g and will

pump approximately 200 million litres of blood with 3 billion contractions over an
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average lifetime. The two halves of the heart have distinct functions. The left side

of the heart is responsible for providing the blood flow to the circulatory system

(pumps oxygenated blood from the lungs around the body) and the right side is

responsible for blood flow to the pulmonary system (pumps deoxygenated blood

from the body to the lungs for re-oxygenation). The two sides of the heart are

separated by a muscular wall called the septal wall. Each side of the heart is

comprised of two chambers. The upper chamber is called the atrium and the lower

chamber is the ventricle. The atrium takes in blood at a relatively low pressure and

transmits it into the ventricle which contracts, pressurising the blood to produce

the flow to the lungs (right) or the rest of the body (left). The four chambers

of the heart are built from a fibrous fatty ring, named the annulus fibrosus, at

the atrioventricular junction which has three roles: it acts as a mechanical base

for the atria and ventricles; it contains the four apertures (containing the valves)

which control the blood flow to and from each chamber; and it provides electrical

insulation between the ventricles and the atria to ensure that the excitation of the

chambers occur at the appropriate time in the cardiac cycle. This work will refer

to this part of the heart as the basal plane. Figure 1.1 provides a diagram of the

heart, showing the four chambers and the blood flow through each chamber via

the black arrows. Due to the fact that the right side of the heart only pumps

blood to the nearby lungs, there is no need for a high pressure to be created to

drive this flow, meaning that the thickness of the free wall of the Right Ventricle

(RV) is relatively thin, on average around 0.5 cm thick. In comparison, the LV is

responsible for blood flow around the entire body, meaning that the blood must

be pressurised considerably more. To account for such a high pressure, the LV free

wall is three times thicker than that of the RV free wall [188]. The atrial walls are

thin in comparison to the ventricular walls due to the low pressure of the blood and

as it will quickly be transported into the ventricles. A full cardiac cycle consists of

two phases, diastole and systole. The diastole phase is where the cardiac muscle

relaxes and blood moves from the atria into the ventricles. The systole phase
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involves the rapid contraction of the cardiac muscle to pump the blood out of the

ventricle while the atria are refilled.

Figure 1.1: Structure of the heart and blood flow through the chambers of the
heart. Taken from Guyton and Hall [128].

The heart wall is made of up three layers: the inner layer is called the endocardium,

the outer layer is called the epicardium and the intermediate layer is the

myocardium. The endocardium, myocardium and epicardium are shown in Figure

1.2. The entire heart is suspended in a lubricant fluid within a fibrous sac called the

pericardium which acts as protection for the heart from damage and disease [87,

164] and as lubrication to reduce the friction between the heart and the surrounding

structures [164]. The pericardial sac and cavity is also shown in Figure 1.2. The

endocardium is made up of a thin layer of endothelial cells over connective tissue

and smooth muscle cells. The function of the endocardium is to line the chambers

of the heart and act as a barrier between the heart tissue and the blood [67].

The myocardium is the thickest layer of the heart wall which is primarily made

up of cardiac muscle cells (also called myocytes) and is responsible for the muscle

contractions which drive the blood flow [67]. The epicardial surface is made of

mesothelium, fat and connective tissue and acts as protection for the heart which
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also secretes the fluid that provides the lubrication within the pericardial cavity.

An explanation of the structure of the three surfaces has been given here for

completeness, however, it is common practice when modelling the heart to treat

the heart wall as if it is made of only the myocardium. To the author’s knowledge,

when a description of the heart tissue has been given, it is presented as a single

type of material from the endocardial surface to the epicardial surface (see [9, 109]

for examples), no mention of any special treatment for the endocardium or the

epicardium is given as the layered structure of the myocardium can be accounted

for in the constitutive model [232].

Figure 1.2: Layers of heart wall and surrounding pericardial sac. Taken from
Venkatesan [307].

Only passive filling (pressure applied over the endocardial surface to mimic the

blood pressure) of the LV to reach End-Diastole (ED) of the cardiac cycle is

considered in this work. The electromechanical functions for the active contraction

of the myocardium is not considered here and is therefore omitted from this review

of cardiac function. For further information on the anatomy of the heart and the

cardiovascular system, the reader is directed to the numerous resources which have

been produced such as [1, 107, 128, 129, 188].

6



1.2. Past modelling efforts

1.2 Past modelling efforts

The first computational mechanical model of the heart was created by Arts et

al. [8] in 1979. Since then, the number of cardiac models has greatly increased,

and they have been used to advance our understanding of the heart as well as

to aid cardiologists in the diagnosis and treatment of heart diseases [108, 109,

137, 171, 174, 181, 193, 221, 327, 328]. The initial models focussed on the LV,

which is subjected to the greatest pressures compared to the other three chambers

of the heart and will see greater stresses due to this. Computational models of

the LV have been used for many reasons, for example: to study the effect of

myocardial architecture [92, 112, 302]; to investigate myocardial viscoelasticity

[272]; to estimate the load free LV geometry [325]; as well as estimating the material

properties of the myocardium [105, 232, 325]. Arts and co-workers modelled the LV

as a thick walled cylinder, this approach was also used by Humphrey and Yin [155]

and Guccione et al. [122] to model the equatorial region of the LV. As for any model,

it is important to validate the results from a model either with an analytical solution

or experimental data. For ethical reasons, experimental data of human myocardium

is not widely available. However, is is more commonplace to obtain experimental

data from animals as it is more beneficial to test ex-vivo tissue in as fresh a state as

possible, giving availability of stress-strain data for non-human myocardium which

can be used to validate computational models. The LVs of many animals have been

modelled in the past such as dogs [10, 123, 304], rabbits [309], pigs [121, 232] and

sheep [291]. When generating the LV geometry (both human and non-human),

there are two methods that are typically used in the presented literature. The

first is an approximation of the shape of the LV using prolate spheroid coordinates

[62, 123, 146] or elliptical coordinates [21, 115, 135]. The second approach is to

generate patient-specific LV geometry using Magnetic Resonance Imaging (MRI)

data [9, 54, 86, 109, 220, 308, 322] or Computed Tomography (CT) scans [311,

332]. If the aim of the cardiac mechanical model is for diagnosis or treatment, this
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second approach would clearly be the preferred option as it will generate results

on a patient by patient basis.

Many extensions have been made to cardiac mechanical modelling of the LV over

the years, such as: including the interaction between the LV and RV across the

septum wall with a biventricular model [20, 21, 88, 116, 117, 157, 172, 176, 241,

242, 281]; modelling the atria [96, 108, 311]; as well as including electromechanics

to model the active contraction of the muscle tissue [78, 117, 156, 245, 253, 305].

The majority of models of the heart discussed so far have used FEA, and other

FEA-based methods have been used to model the heart such as isogeometric

analysis [299, 331] and the immersed boundary method [311].

This review has by no means exhausted the list of examples of heart models, and

multiple reviews of cardiac modelling have been produced in the past. The author

recommends the reader references [11, 193, 238, 299] for further reading on the

modelling of the heart.

1.3 The Material Point Method in brief

The MPM was developed by Sulsky and co-workers [287, 290] as an extension of

a particle method for history-dependent materials in which the problem domain

is discretised by MPs which are immersed into a (often unchanging) background

finite element mesh. For a given load step, relevant data such as mass, volume,

stiffness and force contributions are determined at the individual MPs, with these

MPs acting as the integration points throughout the analysis as they move through

the background mesh. This data is mapped onto the corresponding mesh nodes

where the force vector and stiffness matrix are assembled as in standard finite

element techniques, and the mesh displacements are computed and mapped back

onto the MPs, whose positions are updated, finally, the mesh is reset at the end

of the load step. For large deformation problems, the MPM has an advantage

over FEA as re-meshing may not be needed due to the fact that the mesh is
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reset at the end of every load step, reducing the effect of large mesh distortion.

Another advantage of the MPM is that it may lead to fewer pre-processing steps,

as a rigorous mesh generation step is not necessarily required. Once the problem

geometry has been obtained, the volume of this geometry is populated with MPs

that can be placed into a regular Cartesian mesh, negating the need for fine

mesh elements to represent intricate geometry. Even though the meshing process

can be inexpensive compared to FEA, because the MPs move through the mesh

during the analysis, the MPs are often in non-optimal integration positions (as

compared to a Gaussian integration scheme), therefore, a large number of MPs are

required, increasing the computational cost. Investigations have been made into the

convergence of the MPM. Charlton et al. [43] compared the rate of convergence of

the MPM (specifically the Generalised Interpolation MPM) to linear and quadratic

finite elements, with the convergence rate of the MPM lying between the two.

Coombs et al. [59] showed that, in order to obtain continued convergence with

mesh refinement, the minimum number of MPs required is proportional to the

reciprocal of the square of the size of the background mesh.

While the MPM has been used widely in geotechnics [197, 215, 317], fracture [111,

127, 226], collision modelling [208, 317, 343, 348], manufacturing [186, 196, 324] and

computer graphics [173, 283, 333], among other application areas, to the author’s

knowledge, the MPM has never been used to model cardiac mechanics. In fact,

very little work in the biomechanics field of research has used the MPM [344].

Examples of the use of the MPM to model biological materials include: estimation

of stress fields in the skull and brain of a woodpecker [199, 200]; modelling 3D

vascular scaffolds under tension [124]; penetration testing of soft tissue [159–161];

and models of the human head and skull [206, 295, 303].

A more in-depth discussion on the MPM is given in Chapter 2 which gives further

information on the background of the method, its applications and the formulation

of the method for small deformation and large deformation elasticity.
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1.4 Thesis scope and outline

The aim of this work is to develop the first mechanical model of a portion of

the human heart using the MPM. For simplicity, only the LV of the heart will

be considered as this is the chamber which is under the highest pressure and

will see the highest stresses. This choice aligns with how initial heart models

were developed, starting with the LV and expanding the model to include more

physiological features and extra geometric features over time. No active contraction

of the muscle fibres will be considered, and only the passive filling of the LV from

approximate End-Systole (ES) to ED will be modelled in this work. Furthermore,

this work focusses on the generation of the patient-specific LV geometry and the

modelling of the myocardial tissue as an anisotropic hyperelastic material. It is

acknowledged that the resulting model is not completely physiologically accurate,

but serves as a proof of concept for the MPM modelling of cardiac mechanics

and provides the first step for development in the future. The framework of the

modelling procedure was developed such that the model is patient-specific, that is,

a stack of segmented image slices are the input to the analysis so that the geometry

of the model is based on a particular patient. To utilise the power of the MPM, the

process of model setup is automated such that little user interaction is required in

the pre-processing stage of the analysis.

This thesis is separated into four main sections: Section 1 (Chapter 1) introduces

the thesis and provides the background of cardiac modelling; Section 2 (Chapters

2–5) focusses on the underlying theory required for this LV modelling; Section

3 (Chapters 6 and 7) puts these “tools” into practice to produce and analyse a

patient-specific LV model using the MPM; and Section 4 (Chapter 8) summarises

the work of this thesis and looks towards potential future advancements. For

brevity’s sake, reviews of the current literature are presented in each of the relevant

sections.
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• Chapter 1 (this chapter) has presented an initial introduction to the thesis,

discussing the need for heart modelling, the anatomy and function of the

heart, past efforts of modelling the heart with particular interest in the LV

and a brief justification of developing the first model of a LV using the MPM.

The second section presents the tools required to generate and analyse a model of

the LV using the MPM.

• Chapter 2 details the MPM, from the background of the method and its

current uses in published literature to the formulation of the MPM to analyse

a problem.

• Chapter 3 covers the generation of B-spline curves and surfaces to be used as

representations of non-conforming boundaries for 2D and 3D MPM analyses,

as well as the imposition of Neumann boundary conditions over the B-spline

boundaries.

• Chapter 4 presents the first implementation of the arc-length method

within the MPM formulation to handle large deformation problems with

snap-through responses which could not previously be modelled using the

load controlled MPM formulation.

• Chapter 5 considers hyperelastic material behaviour, focusing on a simple

isotropic model and an anisotropic model, with the latter being used to model

the LV myocardium.

Using these tools, a patient-specific model of the LV can be analysed using the

MPM. The third section is formed of two chapters:

• Chapter 6 details the procedure to setup the LV model in the most

automated fashion possible, by taking in the segmented image stack of

a patient and returning B-spline representations of the endocardial and
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epicardial surfaces, the discretised physical domain made up of MPs with

assigned fibre orientations and the background computational mesh;

• Chapter 7 presents the results of the first patient-specific LV model using the

MPM, examining the stress distribution and displacement field throughout

the LV, considering various factors including material properties and patient

geometry.

Finally, Chapter 8 presents the conclusions made across the developed work in

this thesis and provides recommendations on possible directions for future work on

this project.

1.5 Notation

Throughout this thesis, the majority of quantities are displayed in vector or matrix

notation which will be denoted as {·} and [·] respectively. Any deviation from this

standard convention will be highlighted in the text.

The numerical methods in this text were initially developed in MATLAB due to its

many advantages in ease of code development and debugging. Due to the memory

limitations of MATLAB, code development and analysis was moved to use the

Julia language [23], an open-source language designed for high performance and

ease of use. This work does not focus on code optimisation or parallelisation for

large problems, therefore, no specialised algorithms will be presented. The code

which has been developed for this work (both in MATLAB and Julia) has been

built based on the AMPLE framework [56].
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Chapter 2

The Material Point Method

The Material Point Method (MPM) was first developed by Sulsky et al. [287, 290] as

an extension of the FLuid Implicit Particle (FLIP) method [28, 29], which itself was

an extension of the Particle-In-Cell (PIC) method [93] used in fluid mechanics. In

the MPM, a physical domain is discretised by material points which are immersed

in a background mesh of finite elements.

A Material Point (MP) acts as an integration point and moves through the

background mesh which often remains unchanged throughout the analysis, however,

it can be easily replaced if required without disrupting the analysis. Each MP

individually stores relevant information such as mass, volume, stress and global

positions which is mapped onto the nodes of the background mesh where the

governing equations for force and stiffness are assembled and solved for unknown

nodal displacements etc, the updated values are then mapped back to the MP

positions where the MP information is updated, the mesh is reset and the next

analysis step begins. Having an unchanging background mesh avoids the issue of

large mesh distortion often seen in the Finite Element Method (FEM).

In numerical simulations, two primary schemes are used: explicit and implicit. The

explicit scheme calculates the state of the system at a future time based on the

current state, allowing direct computation without iterative methods, making it

simple to implement and computationally efficient for large models. However, it
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can become unstable with large time steps, necessitating smaller increments for

stability, which increases computational costs for long-duration simulations. Its

simplicity also facilitates easy parallelisation for improved efficiency. Conversely,

the implicit scheme calculates the state of the system using both the current and

future states, often requiring an iterative approach involving the inversion of a

system matrix. The advantage of the implicit approach is its unconditional stability,

enabling larger time steps suitable for long-duration or slow-dynamics problems,

though it is more computationally expensive due to the need to solve a system of

equations at each time step. The original work by Sulsky and co-workers [287, 290]

constructed the MPM with an explicit formulation which is a common formulation

in subsequent work [13–16, 34, 46, 47, 113, 139, 151, 163, 194, 195, 209–211, 273,

274, 289, 330, 336, 338, 352]. This is possibly due to the relative simplicity of the

explicit formulation compared to the implicit formulation. However, the implicit

formulation, first published by Guilkey and Weiss [125], is becoming more popular

with more work being performed using the implicit formulation [22, 24, 43, 56, 57,

59, 124, 203, 204, 225, 317, 320]. The reader is directed to [276] for a discussion on

the implicit and explicit formulations of the MPM. Due to the improved stability

of the scheme and the fact that dynamics are not considered, this work uses a

quasi-static implicit MPM formulation.

The MPM is a versatile tool and has been used to model various problems including

manufacturing [288, 324], geomechanics [51, 52, 197, 246, 339, 341, 351], fracture

[111, 126, 127, 201, 226], contact [53, 149, 189, 317, 343], impact [150, 190, 191, 208,

348] and granular flow [353]. As well as modelling physical processes, the MPM is a

key tool in the computer graphics community [48, 83, 132, 165, 173, 207, 270, 333],

with a recognisable example of the use of the MPM in computer graphics coming

from the Disney movie Frozen based on the work by Stomakhin and co-workers

[283, 284]. The list above demonstrates the use of the MPM in varying types of

situations, however, the MPM has rarely been used in the biomechanical modelling

field. The majority of work has been performed on modelling the head, for example,
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Tan et al. [295] used the MPM to model the interaction between the human skull,

the cerebrospinal fluid and the brain due to blast exposure; Liu and co-workers [199,

200] modelled the skull and brain of a woodpecker during pecking to investigate the

design of the woodpecker’s skull for the prevention of brain damage; Lu et al. [206]

modelled the human head during dynamic rotation and extension using the MPM;

Upadhyaya and co-workers [303] modelled the deformation of a human brain during

impact; and Fang et al. [95] modelled the complex trabecular bone in a porcine

skull. Other efforts to use the MPM in biomechanics have come from Guilkey

et al. [124] who used the MPM to model 3D multicellular constructs and Li and

co-workers [192] who modelled the interaction between a needle and skin during

the process of injecting biological tissue. Ionescu and co-workers used the MPM to

model myocardial tissue simulating soft tissue failure [160] and penetrating trauma

[159], both cases modelled the myocardium as a slab with rotated muscle fibres

through the thickness of the slab. Ionescu et al. [161] modelled the ballistic injury to

a porcine heart, generating the geometry of the left and right ventricles as a Finite

Element (FE) mesh and populating the mesh with MPs. The tissue was modelled

as a transversely isotropic hyperelastic material, however, no pressure was applied

to the tissue to simulate blood pressure, the simulation was only to demonstrate

the effect of the ballistic impact of a projectile. To the author’s knowledge, there

is nothing in the present literature which demonstrate the modelling of a heart

(human or otherwise) under typical in-vivo conditions using the MPM.

This chapter covers the basic formulation of the MPM, while everything has not

been covered here, there are a plethora of resources that have covered specific

MPM formulations. The author recommends reading the orignal MPM papers [287,

290] as well as the comprehensive MPM reviews [77, 276] and textbooks [99, 229,

349]. This work bases the formulation on A Material Point Learning Environment

(AMPLE) [56] which is a quasi-static implicit implementation of the MPM (this is

the predominant MPM framework used by the Non-Linear Solid Mechanics group

in Durham University).
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2.1 Formulation

The governing differential equations for purely mechanical loading are derived from

the strong form equations for the conservation of mass and linear momentum given

as
dρ
dt + ρ∇ · v = 0 (2.1)

ρ
dv
dt = ∇ · σ + fb (2.2)

respectively, where ρ is the mass density, v is the velocity, σ is the Cauchy stress

and fb is the body force (due to gravity, for example). The mass of a MP throughout

an analysis is independent of time, therefore, the mass in (2.1) is always conserved.

For a quasi-static approach, there is no dependence on time, therefore the time

derivative in (2.2) can be neglected such that the strong form becomes

∇ · σ + fb = 0. (2.3)

Dirichlet and Neumann boundary conditions are applied over the boundary of the

domain such that
u = ū on ∂Ωu

ft = f̄t on ∂Ωt

(2.4)

respectively, where ū are prescribed displacements and f̄t are prescribed tractions.

It is worth noting that the domain boundary is divided into to disjoint pieces such

that ∂Ω = ∂Ωu ∪ ∂Ωt, where ∂Ω is the entire boundary of the domain, ∂Ωu is

the section of the boundary subjected to Dirichlet boundary conditions and ∂Ωt

is the part of the boundary subjected to Neumann boundary conditions. It is also

essential that the two types of boundaries do not coincide, ∂Ωu ∩ ∂Ωt = ∅.

From the strong form in (2.3), test functions are introduced and by integrating over

the domain, the weak form of the updated Lagrangian formulation can be obtained

such that ∫
Ω

σ : ∇w dv −
∫

Ω
fb · w dv −

∫
∂Ωt

ft · w ds = 0 (2.5)
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assuming a field of virtual displacements, w, where Ω is the domain of the body

with boundary ∂Ω. Integration of the first two terms of (2.5) is performed over

the volume of the domain while the integration of the third term is performed

over the surface of the domain boundary. The weak form statement in (2.5)

is valid for both small deformation (infinitesimal strain) and large deformation

(finite strain) mechanics provided that (2.5) is expressed in terms of the deformed

configuration for the large deformation case. Infinitesimal strain linear elasticity

will be introduced where the reference and deformed configurations are assumed to

be the same. Small deformation MPM is unusual in the way that the configuration

is updated as the MPs move throughout the analysis but it is not a large

deformation formulation, it is in fact a incrementally linear strain formulation.

For both small and large deformation MPM, a prescribed load or displacement

may not be applied in a single step. Instead, the prescribed value is applied

incrementally over a series of “time steps”∗ where the prescribed value is scaled

based on the current progress through the analysis and the number of desired steps.

This work only involves load controlled problems (where a load is prescribed),

therefore, these time steps will be referred to as “load steps” from here.

The section begins with a review of the concept of basis functions which are used

to interpolate data from the MPs to the background mesh nodes and vice versa.

There are many different variations of basis functions that can be used, each with

their advantages and disadvantages, which will be discussed. Infinitesimal strain

linear elasticity will then be covered, giving the basic framework of a MPM analysis,

followed by large deformation elasticity.
∗As this work uses a quasi-static implicit MPM approach, the use of the term “time steps”

does not really have any physical meaning and is just following a typical naming convention. The
analysis can be thought of as stepping through pseudo-time.
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2.1.1 Basis functions

Interpolation within elements of the background mesh is performed through the use

of basis functions such that values at the MP positions are mapped to the nodes

of the mesh at the start of a load step and solution values at the mesh nodes are

mapped back onto the MP positions at the end of a load step.

A common choice for basis functions (and widely used in FEA) are the linear

Lagrange shape functions where each element in the background mesh has a set

of local coordinates, ξ. This work only considers quadrilateral elements in 2D and

hexahedral elements in 3D. Therefore, the values of ξ vary between -1 and 1 for

each dimension. The shape functions for a given point in the element can then

be calculated for each node, for example, for 1D, 2-noded line element, the shape

functions for nodes i = 1, 2 are

Sv = 1 ± ξ

2 . (2.6)

Figure 2.1 shows the 1D, 2-noded line element showing the local coordinate system

where ξ = −1 at node 1 and ξ = 1 at node 2. It is also worth noting that the

ξ = 0 is situated at the centre point of the element. Below the diagram of the

line element in Figure 2.1 is a plot of the nodal shape functions along the element

where the value of a nodal shape function at a node is equal to 1 and zero for every

other node. The sum of the nodal shape functions throughout the element is unity

at any point in the element.

For some MPMs, the 1D basis functions, Svp(X̃p), can be expressed as

Svp(X̃p) = 1
Vp

∫
Ωp

χpSv(X̃p) dx (2.7)

where Ωp is the domain of influence of the MP, χp is the characteristic function

which describes the domain of the MP, Vp is the volume associated with the MP

and Sv are the standard FE shape functions of the background mesh elements

based on the position of the MP at the start of the load step, X̃p. Subscripts (·)v
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node 1 node 2
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Figure 2.1: Shape functions for a 1D, 2-noded line element showing the global
and local coordinates (above) and the nodal shape function values throughout the
element (below).

and (·)p refer to values at the nodes of the background mesh and a given point

respectively. For multiple dimensions, the basis functions are calculated for each

direction, Si
vp, using (2.7) and the product of each value is taken such that

Svp({X̃p}) =
nD∏
i=1

Svp(X̃i
p). (2.8)

The gradient of the basis functions can be found for each direction as

∇X̃Svp(X̃p) = 1
Vp

∫
Ωp

χp∇X̃Sv(X̃p) dx (2.9)

with the global derivatives of the basis functions for one direction being the product

of the gradient in that direction and the basis functions in the other directions. For

a 2D problem, the derivative of the basis functions with respect to X̃ becomes

∂Svp(X̃p, Ỹp)
∂X̃

= ∇X̃Svp(X̃p)Svp(Ỹp). (2.10)

It is important that the basis functions should be smooth and continuous across

element boundaries as to mitigate errors. For example, standard MPM basis

functions take the standard FE shape functions which are continuous but not

smooth. The discontinuity in the derivatives of the shape functions cause significant

issues when MPs cross over the boundaries between elements of the background

mesh. This error is referred to as the “cell crossing instability”. It is also

important to satisfy the partition of unity (∑∀v Svp(X̃p) = 1) as well as ensuring
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non-negativity (Svp(X̃p) ≥ 0 ∀X̃p). The non-negativity is important to ensure

positive nodal masses and avoid the instabilities that may arise for negative nodal

masses.

This section comprises of a description of the most commonly used formulations

in MPM including the standard linear interpolation, generalised interpolation,

convected particle domain interpolation and the B-spline interpolation.

Standard linear interpolation

With the standard MPM, the basis functions are the standard shape functions of

the background FE mesh. Here, linear shape functions will be considered, but

higher order shape functions can also be used. It is possible to calculate the 1D

basis functions for standard MPM using (2.7) and taking the MP characteristic

function to be the Dirac delta function. If a uniform background mesh is used with

element boundaries aligned with the global coordinate system (typical practice with

MPM), the basis functions can be calculated directly from the global coordinates

of the MP. The 1D basis functions can be calculated as

Svp = 1 + X̃p − X̃v

h
−h < X̃p − X̃v ≤ 0

Svp = 1 − X̃p − X̃v

h
0 < X̃p − X̃v ≤ h

(2.11)

where h is the size of the background mesh element and X̃v is the position of the

node (or vertex) associated with the basis function at the start of the load step.

Figure 2.2 shows the standard 1D shape functions centred at zero, taking a value

of one at the centre and reducing linearly until a distance of h away.

The gradients of the basis functions with respect to the MP position are calculated

as
∇X̃Svp = 1

h
−h < X̃p − X̃v ≤ 0

∇X̃Svp = − 1
h

0 < X̃p − X̃v ≤ h

(2.12)

Due to the fact that the basis functions are C0 continuous, it is clear from

(2.12) that the gradients of the basis functions are discontinuous across element
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2.1.1. Basis functions

Svp

X̃p − X̃v0

1

−h h

Figure 2.2: 1D standard MPM basis functions for a single node based on the
position of the MP relative to the node.

boundaries which leads to the cell crossing instability. This has been well

documented, for instance see [16, 43, 279], and significant work has been performed

to mitigate this error, whether by modifying the properties of the MPs or changing

the underlying basis functions.

Generalised interpolation

Bardenhagen and Kober [16] presented a major advance in the MPM with the

Generalised Interpolation Material Point Method (GIMPM) which reduced the cell

crossing errors mentioned above by introducing an area (or volume) to each MP

which acts as a domain of influence in the background mesh. These MP domains

are rectangular in 2D and cuboidal in 3D and maintain their shape throughout the

analysis.

For the GIMPM formulation, a unity characteristic function of length 2lp, and

centred at X̃p, is taken with a value of one inside the MP domain and zero outside.

The convolution of the characteristic function with the standard FE basis functions
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2.1.1. Basis functions

gives

A: Svp = (h+ lp + X̃p − X̃v)2

4hlp
−h− lp < X̃p − X̃v ≤ −h+ lp

B: Svp = 1 + X̃p − X̃v

h
−h+ lp < X̃p − X̃v ≤ −lp

C: Svp = 1 −
(X̃p − X̃v)2 + l2p

2hlp
−lp < X̃p − X̃v ≤ lp

D: Svp = 1 − X̃p − X̃v

h
lp < X̃p − X̃v ≤ h− lp

E: Svp = (h+ lp − X̃p + X̃v)2

4hlp
h− lp < X̃p − X̃v ≤ h+ lp.

(2.13)

Figure 2.3 shows the 1D GIMPM basis functions over a series of elements (top)

and the convolution of the standard FE shape functions with the MP characteristic

function is depicted (bottom). Focusing on node 2, the regions A through E

depicted in Figure 2.3 correspond to the five conditions in (2.13). It is worth noting

that the calculation of the GIMPM basis functions in regions B and D are the same

as for standard MPM in (2.11), this is due to the fact that the characteristic hat

function lies fully within a single element of the background mesh. For regions A,

C and E, the standard MPM basis functions are augmented as there is an overlap

of the MP characteristic function over multiple elements.

The 1D gradients of the GIMPM basis functions with respect to the MP position

at the start of the load step are given as

∇X̃Svp = (h+ lp + X̃p − X̃v)
2hlp

−h− lp < X̃p − X̃v ≤ −h+ lp

∇X̃Svp = 1
h

−h+ lp < X̃p − X̃v ≤ −lp

∇X̃Svp = −(X̃p − X̃v)
hlp

−lp < X̃p − X̃v ≤ lp

∇X̃Svp = − 1
h

lp < X̃p − X̃v ≤ h− lp

∇X̃Svp = −(h+ lp − X̃p + X̃v)
2hlp

h− lp < X̃p − X̃v ≤ h+ lp.

(2.14)

As with the GIMPM basis functions, if the MP domain is contained within a single

element of the background mesh, the gradient of the basis function is the same as

the standard FE shape function derivative.
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A B C D E

X̃1 2 3 4

χp

X̃p

lp

lp

h

Figure 2.3: 1D GIMPM basis functions (top) and the convolution of the
GIMPM characteristic function with the standard FE shape functions (bottom).
Reproduced from Coombs et al. [57].

There are various GIMPM formulations depending on the treatment of the MP

domain at the end of each load step. One approach is the unchanged Generalised

Interpolation Material Point Method (uGIMPM) where the MP domain is kept

fixed throughout the analysis (lp = lp0). While this is a simple approach and will

keep the computational expense low, it is often the case that the MP domains

will overlap or separate. An alternative approach which mitigates this issue is the

contiguous particle Generalised Interpolation Material Point Method (cpGIMPM)

which updates the size of the MP domain at the end of each load step. While

the cpGIMPM fixes the issue of domain overlapping or separation, issues can still

occur in the case of material rotation.

Convected particle domain interpolation

Sadeghirad et al. [265] developed a new MPM formulation called Convected

Particle Domain Interpolation (CPDI) where MP domains are able to deform into

parallelograms in 2D. This gives more freedom compared to the GIMPM where
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2.1.1. Basis functions

the MP domains are strictly rectangles and cuboids and this formulation is also

referred to as CPDI1. CPDI improves on the GIMPM formulation by mitigating

issues that may occur. For example, the GIMPM domains are allowed to change

size but always maintain the same alignment (often aligned with the Cartesian

background grid). However, the CPDI domains can take a more general shape,

and are thus more suitable to handle problems involving material rotation and

shear deformation. On the other hand, with the CPDI1 formulation having the

restriction of parallelogram shaped domains, it is still possible that gaps or overlaps

between MP domains will occur, therefore, the CPDI method was extended further

in Sadeghirad et al. [266] to allow elements to deform into arbitrary quadrilaterals

(in 2D) by tracking each vertex of the domain separately and ensuring the MP

domains remain contiguous throughout an analysis. This method is referred to

as Second-order Convected Particle Domain Interpolation (CPDI2). Nguyen et

al. [228] introduced the use of triangular and tetrahedral domains as well as

arbitrary polygonal and polyhedral MP domains.

The CPDI method does not use the same method of calculating the basis functions

as the GIMPM. Where the GIMPM integrates the standard FE shape functions

over the MP domain, the CPDI method assumes a linear approximation between

the standard FE shape function values at each corner and calculates the basis

functions based on this.

Using the example of a 2D MP domain with four corners (α = 1, 2, 3, 4), the CPDI1

formulation approximate basis functions are calculated at each of these corners and

averaged such that

Sapp
v =

4∑
α=1

Sα({X̃p})Sv({X̃α
c }) (2.15)

where Sα({X̃p}) is the standard linear quadrilateral FE shape functions related

to the α-th corner of the MP domain and Sv({X̃α
c }) are the standard grid basis

functions at α-th corner of the MP domain. The basis functions are then calculated
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2.1.1. Basis functions

using the approximate basis functions as

Svp = 1
Vp

4∑
α=1

Sv({X̃α
c })

∫
Ωp

Sα({X̃p}) dX̃ (2.16)

with the gradients of the basis functions being calculated as

∇X̃Svp = 1
Vp

4∑
α=1

Sv({X̃α
c })

∫
Ωp

∇X̃Sα({X̃p}) dX̃. (2.17)

For a 2D MP domain using CPDI1 (thus having a parallelogram shape), the basis

functions can be computed as

Svp = 1
4(Sv({X̃1

c }) + Sv({X̃2
c }) + Sv({X̃3

c }) + Sv({X̃4
c })) (2.18)

with the gradient of the basis functions being dependent on the size of the MP

domain. In a similar manner to CPDI1 but to take into account the more general

quadrilaterial shape of the MP domain, the CPDI2 equivalent basis functions for a

2D MP domain can be obtained using (2.15) as the alternate grid basis functions

such that

Svp = 1
24Vp

{
(1 − a− b)Sv({X̃1

c }) + (1 − a+ b)Sv({X̃2
c })

+(1 + a+ b)Sv({X̃3
c }) + (1 + a− b)Sv({X̃4

c })
} (2.19)

where
a = (x4

c − x1
c)(y2

c − y3
c ) − (x2

c − x3
c)(y4

c − y1
c )

b = (x3
c − x4

c)(y1
c − y2

c ) − (x1
c − x2

c)(y3
c − y4

c )

with (xα
c , y

α
c ) are the global x and y coordinates of the α-th corner of the MP

domain. As with CPDI1, the gradient of the basis functions in (2.19) are dependent

on the size of MP domain.

It was shown by Sadeghirad et al. [265, 266], using numerical examples based on

the Method of Manufactured Solutions (MMS) manufactured solutions of Wallstedt

and Guilkey [316], that the CPDI formulation produces greater accuracy over the

GIMPM for both the uGIMPM and cpGIMPM formulations. Kamojjala et al. [170]

also showed that the CPDI formulations produces more accurate results compared

to the uGIMPM.
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2.1.1. Basis functions

The improved accuracy of the CPDI method does come with drawbacks. Due to

the fact that the MP domains are free to deform to any quadrilateral shape in 2D

CPDI2, it is possible that the MP domains will invert. Brannon [30] presented

in a blog post the potential for “holes” to form in the basis functions if the MP

domain extends over multiple grid elements. Wang et al. [320] found that the

CPDI2 method can become unstable for problems involving large distortion, shear

and rotation displayed using multiple numerical examples.

Figure 2.4 is a graphical comparison of the 1D calculation of the standard MPM,

GIMPM and CPDI basis functions for a single node for a MP with a domain

half-length of lp (for the case of GIMPM and CPDI method). The diagram shows

the key differences between the calculations of the basis functions for each method.

The standard MPM simply takes the value of the FE basis function based on the

position of the particle. The CPDI method takes the values of FE basis functions

at the corners of the MP domain, assumes a linear interpolation between the two

values and integrates using this approximation over the domain. Whereas the

GIMPM takes the values of the FE basis functions at the corners of the MP domain

and fully integrates the FE basis functions over the length of the domain.

X̃
lp

X̃p

standard
MPM GIMPM CPDI

1 2 3 4

Figure 2.4: Comparison between the 1D basis function calculation for the standard
MPM, GIMPM and CPDI formulations.
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B-spline interpolation

Cell crossing errors occur due to the discontinuities in the basis function derivatives

between elements, a way to overcome this is to use higher order basis functions.

Therefore, an alternative formulation for the MPM is the B-spline MPM, developed

by Steffen and co-workers [278–280], which replaces the piecewise-linear shape

functions with high order B-spline basis functions. Both quadratic (order 2)

or cubic (order 3) B-spline basis functions are used which means that the basis

functions are once or twice continuously differentiable respectively. The gradients

of the basis functions will now be continuous between elements, eliminating cell

crossing errors.

B-spline basis functions are calculated based on a knot vector, {Ξ} =

{ξ1, ξ2, . . . , ξn+p+1}, which is an ordered, non-decreasing set of knot values, ξi ≤

ξi+1, where n is the number of non-zero order p B-spline basis functions and p is

the order of the B-spline. The Cox-de-Boor formula [248] is used to recursively

calculate the B-spline basis functions, starting with the zeroth order basis function

(k = 0) in 1D such that

Ni,0(ξ) =


1 ξi ≤ ξ < ξi+1

0 otherwise
(2.20)

and for higher polynomial orders which are calculated as

Ni,k(ξ) = Ni,k−1(ξ) ξ − ξi

ξi+k − ξi
+Ni+1,k−1(ξ) ξi+k+1 − ξ

ξi+k+1 − ξi+1
(2.21)

with a fraction of 0
0 defined as zero. Elements of the mesh are defined as the

non-zero knot spans in {Ξ}; boundaries of the mesh are defined using open knots

where the first and last knot of {Ξ} is repeated p+ 1 times. The repetition of the

knots at the boundary enforces the value of the basis functions to be one at the

boundary node and zero elsewhere, ensuring the correct application of Dirichlet

boundary conditions.
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2.1.1. Basis functions

Figure 2.5 shows the 1D cubic B-spline basis functions for a uniform knot vector

{Ξ} = {0, 0, 0, 0, 1, 2, 3, 4, 5, 5, 5, 5}, which consists of 5 knot spans (therefore

represents 5 elements) and produces 8 basis functions. The smooth nature of

the basis functions which span multiple elements is clear. However, it is obvious

that there are too many basis functions for a mesh with 5 elements. As there are

only 6 nodes, only 6 basis functions are required for the MPM in order to use the

knot spans as elements in a Cartesian grid, but there are currently 8 B-spline basis

functions in this example. In order to ensure partition of unity, there should be

one basis function which peaks at each nodal position, which is the case for nodes

0, 2, 3 and 5 in Figure 2.5, however, nodes 1 and 4 have basis function curves

either side which do not peak at the node, as shown by dashed lines. It is possible

to “combine” these basis function curves either side of nodes 1 and 4 to obtain a

new one dimensional B-spline basis function for the node which has a peak at said

node.

0 1 2 3 4 50

0.2

0.4

0.6

0.8

1

ξ

N
i,

3

Figure 2.5: 1D cubic (k = 3) B-spline basis functions on a uniform knot vector
{Ξ} = {0, 0, 0, 0, 1, 2, 3, 4, 5, 5, 5, 5}.

Assuming a uniform grid spacing, it is possible to calculate the B-spline basis

function directly from the global position of a MP relative to the global position of

the node in question. However, there are multiple scenarios that must be handled
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2.1.1. Basis functions

based on the position of the node relative to the location of the boundary, X̃B.

Figure 2.6 shows the 1D B-spline MPM basis functions across 5 elements using the

desired 6 basis functions. The first case is shown with a blue line where the node

is located at the boundary (X̃v = X̃B) with the basis functions being calculated as

Svp = 1
6x

3 − x+ 1 0 ≤ |x| < 1

Svp = 1
6 (2 − x)3 1 ≤ |x| < 2

Svp = 0 otherwise

(2.22)

where x = X̃p−X̃v

h and h is the grid spacing. The second case is when the node

is one grid spacing away from the boundary to the right (X̃v = X̃B + h) and is

calculated as
Svp = −1

3x
3 − x2 + 2

3 −1 ≤ x < 0

Svp = 1
2x

3 − x2 + 2
3 0 ≤ x < 1

Svp = −1
6x

3 + x2 − 2x+ 4
3 1 ≤ x < 2

Svp = 0 otherwise

(2.23)

and is shown as the green line in Figure 2.6. The third case is where the node is

located at least two elements away from the boundary (|X̃v − X̃B| ≥ 2h), shown

as red lines, the basis functions are calculated as

Svp = 1
2x

3 − x2 + 2
3 0 ≤ |x| < 1

Svp = 1
6 (2 − x)3 1 ≤ |x| < 2

Svp = 0 otherwise.

(2.24)

The fourth case is the where the node is one element away from the boundary to

the left side (X̃v = X̃B − h), this is shown as the black line in Figure 2.6, with the

basis functions calculated as

Svp = 1
6x

3 + x2 + 2x+ 4
3 −2 ≤ x < −1

Svp = −1
2x

3 − x2 + 2
3 −1 ≤ x < 0

Svp = 1
3x

3 − x2 + 2
3 0 ≤ x < 1

Svp = 0 otherwise.

(2.25)
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Figure 2.6: 1D cubic, B-spline MPM basis functions for 5 elements.

The use of B-spline basis functions means that it is possible to define the entire

domain using a single knot vector, a concept that is akin to Isogeometric Analysis

[152]. It is also simple to extend the basis functions to multiple dimensions as the

product of the B-spline basis functions in each direction.

One downside to the standard B-spline MPM formulation is that it can only be used

for structured rectangular grids. Yamaguchi et al. [334] also highlighted the fact

that, due to the larger range of influence of the MP domain, small overlaps between

the MP domains and the background mesh elements can occur (also called the small

cut problem) where MPs have very small contributions to degrees of freedom of

the background mesh which may cause ill-conditioning of the system matrix. But,

being relatively new, the B-spline MPM formulation is a topic of ongoing research

[5, 104, 222, 297, 334]. Further extensions to the B-spline MPM formulation have

also been developed including truncated hierarchical B-splines (THB-splines) [110],

locally refined splines (LR-splines) [84] as well as using Powell-Sabin splines [250]

to allow the method to be used for triangular meshes [73].
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Domain updating

Some variations of the MPM involve defining a domain of each MP with a given

size which means that a method of updating the domain of the MP is required. For

a domain defined by half-length, lip, for each dimension (for i = 1, . . . , nD, where

nD is the number of dimensions), multiple options have been given to update the

size of the domain. One method is to uniformly scale the domain half-lengths based

on the volume change of the MP such that

lip = lip0 det([F ]) (2.26)

where lip0 is the original half-length of the MP domain and [F ] is the deformation

gradient. This method of domain updating fails for problems involving simple

stretch with artificial orthogonal contraction/expansions of the domains being

observed. It is possible to update the domain based on the normal components

of the deformation gradient where

lip = lip0 Fii (no implied sum over i) (2.27)

where Fii are the values of the leading diagonal of [F ]. Updating based on just

the deformation gradient values is unable to handle material rotation with the MP

domains seen to vanish after seeing rotation. Charlton et al. [43] proposed using

the material stretch tensor, [U ], to map the domain sizes such that

lip = lip0 Uii (no implied sum over i) (2.28)

where Uii are the values of the leading diagonal of [U ]. The material stretch

tensor is found through the decomposition of the deformation gradient such that

[F ] = [R][U ] where [R] is the rotational component of the deformation and the

material stretch tensor is calculated as

[U ] =
√

[F ]T [F ] (2.29)
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which can be thought of as the deformation gradient rotated back into its original

reference frame∗. While the use of the material stretch tensor fixes the issue

involving material rotation, it cannot correctly model simple shear and results

in volume changes when isochoric deformations take place.

A fourth option for updating the domain half-lengths is a corner update procedure

[59] inspired by CPDI2 where the positions of the corners of the domain are updated

based on the nodal displacements, however, in order to ensure the domain remains

rectangular (in 2D or cuboidal in 3D), the midpoints between the corners are

found and used for the new domain half-lengths. The positions of each corner of

the domain is updated using the basis functions associated with the background

mesh at the position of the corner such that

{xc} = {X̃c} +
∑
∀v

[Svp]{uv} (2.30)

where {X̃c} is the global coordinate of the corner at the start of the load step, [Svp]

is a matrix containing the basis functions of the corner of the domain and {uv}

is the background mesh nodal displacements. The midpoints of the edges formed

by the new corner positions are determined in order to calculate the new domain

lengths where

lipm = 1
2(max ({xm}i) − min ({xm}i)) (2.31)

where {xm}i are the coordinates of the updated domain edge midpoints. The

GIMPM domain half lengths are then calculated as

lip = lipm

det([F ])∏nD
j=1 l

j
p0∏nD

j=1 l
j
pm

 1
nD

(2.32)

which will scale the size of the GIMPM domain about the MP’s location and

ensures that the update is consistent with the change in volume at the MP. Figure

2.7 depicts the corner update procedure for a single GIMPM domain in 2D, the

volume updating from (2.32) is not shown, only the update based on the midpoints
∗The reference frame will be discussed later in this chapter when presenting the formulation

of large deformation elasticity.
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2.1.2. Other MPM formulations

of the deformed corners from (2.31). In Figure 2.7, the original domain is shown by

the grey-shaded region with corners shown with solid white circles and the outline

of the updated GIMPM domain is depicted with a black dashed line.

updated MP domain

original MP domain

∑
∀v

[Svp]{uv}

2lxp

2lyp

Figure 2.7: Corner update procedure (without volume update of (2.32)) for a single
GIMPM domain in 2D. Adapted from Coombs et al. [59].

2.1.2 Other MPM formulations

The formulations presented above are the most commonly used but are not the

only options that have been used in the past. Wallstedt and Guilkey developed

an extension for the MPM and GIMPM which uses a Weighted Least Squares

(WLS) framework [315]. This weighted least squares method displays significantly

improved accuracy over the standard MPM and GIMPM formulations. However,

there is a much greater complexity of the implementation compared to FEM or

MPM and GIMPM due to the requirement of least squares and marching cubes

routines. Zhang et al. proposed the Dual Domain Material Point (DDMP) method

[342] which uses linear basis functions with a modified gradient form such that

the gradients are continuous across element boundaries, reducing the cell crossing

errors. The area of influence of each MP is also increased such that neighbouring
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2.1.3. Small deformation linear elasticity

elements of the background grid are also influenced by a MP. The DDMP method

has been widely studied. Bürg et al. [33] expanded the DDMP method to use

second-order functions and Long et al. [202] used the DDMP method to model

ductile damage. Dhakal and Zhang [82] compared the performance of the standard

MPM, GIMPM and DDMP methods using a one-dimensional shock wave problem

and found that the DDMP method produced unsatisfactory results when using a

small number of MPs. The DDMP method did however converge to the solution

when the number of MPs was increased, however, a very large number of MPs was

needed to produce accurate results compared to the other MPM implementations.

2.1.3 Small deformation linear elasticity

Many solid materials experience only a small change in shape when forces are

applied to them [277], once the applied stress is removed, the material will return

to its “natural” shape (as long as the load applied is not too large that the

material begins to yield). In this case, materials are said to behave elastically

and assumptions such as small deformations and infinitesimal strains provide a

starting point for simple analyses. A linear relationship between the stress and

strain is assumed such that

{σ} = [De]{ε} (2.33)

where (in the 3D Cartesian frame (x, y, z)) {σ} is the Cauchy stress vector with

the form,

{σ} =
{
σxx σyy σzz σxy σyz σzx

}T

, (2.34)
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2.1.3. Small deformation linear elasticity

[De] is the elastic material stiffness matrix given as

[De] = E

(1 + ν)(1 − 2ν)



(1 − ν) ν ν 0 0 0

ν (1 − ν) ν 0 0 0

ν ν (1 − ν) 0 0 0

0 0 0 (1−2ν)
2 0 0

0 0 0 0 (1−2ν)
2 0

0 0 0 0 0 (1−2ν)
2


,

(2.35)

where E is the Young’s modulus and ν is the Poisson’s ratio, and {ε} is the strain

vector with the form

{ε} =



εxx

εyy

εzz

γxy

γyz

γzx



=



∂u
∂x

∂v
∂y

∂w
∂z

∂u
∂y + ∂v

∂x

∂v
∂z + ∂w

∂y

∂w
∂x + ∂u

∂z



(2.36)

where u, v and w are the components of the displacement vector, {u}, for

displacements in the x, y and z directions respectively.

Using any of the basis function choices discussed above, a basis function matrix,

[Svp], can be formed containing basis functions values associated with all nodes in

the mesh for each dimension. This matrix provides the mapping between the MPs

and the background mesh. Using basis functions, it is possible to calculate the

current global coordinates, {xp}, of any point within an element from the global

coordinates of the element nodes where

{xp} = [Svp]{xv} (2.37)

where {xv} are the global coordinates of the nodes of the element. Similarly, the

displacement of any point within an element, {up}, can be calculated from the

nodal displacements, {uv}, of said element as

{up} = [Svp]{uv}. (2.38)
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The strain-displacement matrix, [G], is a matrix containing the derivatives of the

basis functions with respect to the global coordinates, [∇xSvp], and is given by

[G] = [L][Svp] (2.39)

where [L] is the differential operator matrix with the form

[L] =


∂

∂x 0 0 ∂
∂y 0 ∂

∂z

0 ∂
∂y 0 ∂

∂x
∂
∂z 0

0 0 ∂
∂z 0 ∂

∂y
∂

∂x

 . (2.40)

Using the definition of the strain vector in (2.36), the strain at any point in an

element can be formulated by combining the definitions given in (2.38) and (2.39)

such that

{ε} = [L]{up} = [L][Svp]{uv} = [G]{uv} (2.41)

meaning that the strain-displacement matrix in (2.39) can be used to calculate the

strain based on the nodal displacements of the element.

From (2.5), it is possible to obtain a weak form of equilibrium in a local element-wise

sense which is given by
∫

Ω
[G]T [De][G] dv {uv} −

∫
Ω

[Svp]T {fb} dv −
∫

∂Ω
[Sv]T {ft} ds = 0 (2.42)

where [Sv] are the standard FE shape functions used to integrate the traction

forces over the boundary domain. Rather than integrating over the entire domain,

integration is performed on a local element-wise basis where the element stiffness

matrix, [KE ], is given as

[KE ] =
∫

E
[G]T [De] [G] dv. (2.43)

The element stiffness matrix can be approximated by replacing the integration over

the volume of the element with the summation over all MPs contained within the

element. A MP’s stiffness contribution is then given by

[Kp] = [Gp]T [De] [Gp]Vp (2.44)
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where Vp is the volume of the MP. In terms of computation, it is not essential to

loop over each element and subsequently loop over each MP contained within the

element, knowing which element each MP is situated is enough to assemble the

global stiffness matrix, [K], such that

[K] =A
∀p

[Kp] (2.45)

where A is the standard assembly operator performed over all MPs.

The internal force vector, {f int}, and external force vector, {fext}, can be formed in

a similar manner through the contribution of each MP. The external force vector

is made up of the point loads associated with each MP and the body forces, as

well as the traction forces applied over the boundary of the domain. There is no

association between the traction forces and the MPs, therefore, the traction force

is simply integrated over the boundary of the domain. The contribution of force

of a MP towards the external force vector is mapped from the position of the MP

to the nodes of the mesh through the calculated basis functions. Therefore, the

external force vector can then be assembled such that

{fext} =A
∀p

(

point loads︷ ︸︸ ︷
[Svp]T {fp} +

body forces︷ ︸︸ ︷
[Svp]T {fb}Vp)︸ ︷︷ ︸

MP forces

+
∫

∂Ω
[Sv]T {ft} ds︸ ︷︷ ︸

traction forces

(2.46)

where {fp} is the point force associated with the MP. The internal nodal force

vector can be determined as the integration of the stress in the domain such that

{f int} =
∫

Ω
[G]T {σp} dv (2.47)

where the integration over the domain can be approximated with the assembly over

all MPs, meaning that the internal force vector can be calculated using

{f int} =A
∀p

[Gp]T {σp}Vp︸ ︷︷ ︸
{f int

p }

. (2.48)

After assembling the global stiffness matrix and the internal and external force

vectors, it is possible to create the linear system

[K]{uv} = {fv} (2.49)
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where {fv} is the difference between the external force vector, {fext}, and the

internal force vector, {f int}. From (2.49), the unknown displacements of the

background mesh nodes can simply be found through

{uv} = [K]−1{fv}. (2.50)

In the case of linear elasticity, equilibrium between the internal and external forces

should be achieved after a single iteration over a load step. Once the unknown

nodal displacements have been calculated, the strain at each MP position can be

found using (2.41), and from these, the stresses for each MP can be determined

using (2.33).

As mentioned previously, the MPM discretises the domain with MPs which act as

the integration points for the numerical integration throughout the analysis. For

simplicity in the problem setup, ideally the MPs are initially distributed evenly

across each element of the background mesh with an equal distribution of MPs

within an element. Based on the distribution of the MPs, each MP has a volume,

Vp, which is the volume of the material domain it represents in the global frame,

which is used to compute the weighting of the MP in the numerical integration

procedure. For standard MPM implementations, it is assumed that the volume

acts at a single point represented by the MP. For other implementations of the

MPM each MP has a domain of influence which will deform with the material,

therefore, this domain can be updated which will alter the associated volume of

the MP. For example, for a 2D, 4-noded quad element containing 4 MPs (depicted

as white circles in Figure 2.8) which are evenly distributed through the element,

each MP will have a volume equal to one quarter of the total area of the element

as shown by the grey areas within the element.

A key feature of the MPM is that the MPs move throughout an analysis and the

mesh is reset at the end of each load step, this means that it is often the case

that an MP will move from one element to another, meaning that some process of

determining which element a MP is situated in is required, which can be expensive.
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2.1.3. Small deformation linear elasticity

Figure 2.8: A 2D, 4-noded element containing 4 MPs. The nodes of the element are
shown as black circles with each MP shown as white circles, the associated volume
of each MP is shown as the grey areas.

However, if the background mesh is assembled such that the elements form a

uniform grid which is aligned to the Cartesian coordinate axis (a common practice),

this becomes a problem that a simple algorithm can handle. In order to determine

the element which contains the MP, the global coordinates of the MP are compared

with the global coordinates of the nodes of each element in each direction. If the

structure of the background mesh is more complicated, other means of determining

the element which contains a MP are required which will increase the expense of

the analysis (see [81, 134, 252, 321]). If during a load step there are some elements

that do not contain any MPs, these elements are omitted from the calculations

during the load step.

The linear system in (2.49) is built for the background mesh, however, the physical

domain defined by the MPs does not populate the entire mesh meaning that some

elements of this mesh are not active in the analysis. This means that nodes

associated with these inactive elements have no corresponding values in [K] and

{fv}, therefore, the solution for displacement for the corresponding degrees of

freedom should be zero. In fact, it is simpler to identify the elements that are

active in the analysis, these are the elements that contain the physical domain

and are influenced by the MPs. By identifying these active elements, it is possible

to generate a list of active nodes and the corresponding degrees of freedom for
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the analysis, these will define the rows and columns of the linear system that will

be solved. Next, displacement boundary conditions must be taken into account

as these will restrict the degrees of freedom that are in the linear system. Once

the restricted degrees of freedom have been removed from the list, what remains

are the “free degrees of freedom”, these are the degrees of freedom with unknown

displacements which are found using (2.50).

At the end of each load step, the positions of the MPs are updated with the

displacement of each MP being calculated using (2.38). The new global coordinate

of a MP for the next load step, n + 1, is calculated by incrementing the global

coordinates for the current load step, n, by the displacement of the MP over the

load step such that

{xp}n+1 = {xp}n + [Svp]{uv}n︸ ︷︷ ︸
{up}n

. (2.51)

For standard MPM, the volume of each MP in the current configuration is

calculated using the deformation gradient and the initial MP volume, V 0
p , or by

using the MP volume in the previous configuration, V n
p , and the increment in the

deformation gradient such that

Vp = det([F ])V 0
p = det([∆F ])V n

p (2.52)

where [∆F ] is the increment in the deformation gradient between the previously

converged state and the current state. For other MPM formulations that include

MP domains, an updating procedure is applied using the techniques discussed in

Section 2.1.1.

Figure 2.9 shows the main steps of a MPM analysis, moving clockwise from top

left (which represents a single load step), the steps are:

1. MP data such as stress, volume, and stiffness is mapped onto the nodes of

the background mesh;

2. stiffness matrix and internal and external force vectors are assembled and the

nodal displacements are calculated;
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3. nodal displacements are mapped to the MP positions and MP stress, strain

and global position are updated and stored;

4. background mesh is reset;

5. next load step begins (if required).

MPs to nodes solve at nodes

update MPsreset mesh

Figure 2.9: Material Point Method numerical steps.

Algorithm 2.1 provides a more in-depth description of the procedure for an implicit

MPM analysis of a linear elastic problem over a single load step. For problems

involving linear elasticity, it is possible to run the analysis over a single load

step and produce accurate results and convergence towards an analytical solution

with mesh refinement can be observed. However, if the problem is run using the

procedure in Algorithm 2.1 over multiple load steps, mesh refinement will not result

in convergence due to the effect of finite deformations introduced to reflect changes
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in geometry at the end of each load step. The next section details the changes

needed to be made to work with problems involving finite deformations.

Algorithm 2.1: Linear elastic, implicit MPM process for a single load
step.

determine which element contains each MP;
determine list of active elements in analysis;
determine free degrees of freedom;
calculate external force vector, {fext} (2.46);
for p = 1 : nmp do

calculate strain-displacement matrix, [Gp] (2.39);
determine MP stiffness contribution, [Kp] (2.44);
determine MP internal force contribution, {f int

p } (2.48);
assemble global stiffness matrix, [K] (2.45);
calculate residual force vector, {fv} = {fext} − {f int};
solve for nodal displacements, {uv} (2.50);
for p = 1 : nmp do

calculate strain-displacement matrix, [Gp] (2.39);
calculate MP displacement, {up} (2.38);
update MP coordinates, {xp}n+1 (2.51);
calculate MP strain, {εp} (2.41);
calculate MP stress, {σp} (2.33);

2.1.4 Large deformation elasticity

In the case of finite deformation mechanics, as the geometry of the physical domain

changes through the analysis, the assumption of a linear relationship between the

infinitesimal strain and small deformations does not hold. A relationship between

the strain and displacements are required (as in the small deformation case), this

is achieved through the use of the deformation gradient, [F ]. The deformation

gradient provides the link between the reference and deformed configurations such

that

[F ] = ∂{x}
∂{X}

(2.53)

where {X} is the vector of original (reference) coordinates and {x} = φ({X})

are the coordinates in the updated (deformed) body where φ is the motion of the

material body. In an updated Lagrangian formulation, the deformation gradient
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for the current configuration can be obtained through [76]

[F ] = [∆F ] [Fn] (2.54)

where [Fn] is the deformation gradient for the previously converged state. The

increment in the deformation gradient is given by [43]

[∆F ] = [I] + ∂{∆u}
∂ ˜{X}

(2.55)

where [I] is the identity matrix, {∆u} is the displacement increment over the

current load step and ˜{X} is the vector of coordinates of the previously converged

state or at the start of the current step. Figure 2.10 shows the reference,

previous and deformed configurations of a physical domain in Euclidean space, each

configuration depicted as a grey-shaded body. The physical representation of the

deformation gradient from the reference configuration to the previously converged

configuration can be seen as well as the increment in the deformation gradient for

the shift from the previously converged state to the current deformed state. The

relative displacements and displacement increments are also shown.

X̄3

X̄1 X̄2

X3

X1 X2
Ω0

X̃3

X̃1 X̃2
Ωn

x3

x1 x2
Ω

{X} {x}

{u} {∆u}

[Fn] [∆F ]

reference configuration

previous configuration

deformed configuration

φ(Ω)

Figure 2.10: Reference, previous and deformed configurations. The physical
domain is depicted by the grey-shaded bodies.
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In this work the logarithmic strain and Kirchhoff stress measures are used. These

measures have been chosen so that the overall framework of the work is as general

as possible and can be easily adapted to various problem types. The AMPLE

framework uses these stress and strain measures therefore, the work presented

in this thesis will be compatible with the work done by the other members of

the research group. This work mainly focusses on elasticity but some problems

involving plasticity will be shown, and by adopting these measures throughout,

only the constitutive model needs to be changed.

From the deformation gradient, the left and right Cauchy-Green strain tensors are

calculated as

[B] = [F ][F ]T and [C] = [F ]T [F ] (2.56)

respectively. From the left Cauchy-Green strain, the logarithmic strain is calculated

as

{ε} = 1
2 ln [B]. (2.57)

The strain is then used to calculate the Kirchhoff stress as

{τ} = [De] {ε} (2.58)

where [De] is the same linear elastic isotropic material stiffness tensor used for

infinitesimal strain analysis and given in (2.35). The Cauchy stress is obtained

from the Kirchhoff stress using the relationship

{σ} = J−1{τ} (2.59)

where J = det([F ]) is the volume ratio between the deformed and reference

configurations.

The residual force vector now takes the form of the weak statement of equilibrium

in (2.42) and is given by

{fR} =
∫

Ω
[G]T {σ} dv −

∫
Ω

[Svp]T {fb} dv −
∫

∂Ω
[Sv]T {ft} ds (2.60)

where the integration is performed over the updated domain and all basis functions

and derivatives are calculated in terms of the nodal coordinates at the start of the
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load step, these values do not change over the load step. The aim is to minimise

the residual vector, {fR}, therefore, an iterative approach is required within a

load step as the link between the primary unknown (the nodal displacements)

and the stresses in the MPs are non-linear. A Newton-Raphson (N-R) iterative

approach is chosen in this work as it is well established in solid mechanics and

MPM formulations as well as being a stable iterative procedure for most cases.

Throughout the explanation of the N-R approach, k denotes the previous iteration

and k + 1 refers to the current iteration. The incremental displacements over a

load step, {∆u}, are obtained by iteratively updating the nodal displacements

until (2.60) is satisfied where the iterative displacement increment is given by

{δuk+1} = [Kk]−1{fR
k } (2.61)

with {fR
k } being the residual out-of-balance force vector at the k-th iteration

and [Kk] being the stiffness matrix calculated at the current displacement. The

displacement increment within a load step is calculated as the sum of the

incremental displacements calculated at each iteration such that

{∆uk+1} =
k+1∑
i=1

{δui}. (2.62)

The global stiffness matrix is the linearisation of the residual force vector which is

assembled from the stiffness contribution of each MP using (2.45), with the particle

stiffness matrix given by

[Kp] = [Gp]T [Ap][Gp]Vp (2.63)

where [Ap] is the consistent tangent of a MP and calculated as

[A] = 1
2J [De]T [LD] [BD] − [SD]. (2.64)

In (2.64), [LD] is the derivative of the tensor logarithm function evaluated at the

left Cauchy-Green strain, [BD] is a fourth-order tensor containing the values of the

left Cauchy-Green strain and [SD] is a fourth-order tensor containing values of the
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Cauchy stress and their Cartesian components are given by [43]

LD
ijkl = ∂ ln (Bij)

∂Bkl

BD
ijkl = δikBjl + δjkBil

SD
ijkl = δjkσil

(2.65)

respectively. The internal force vector is computed as in (2.48) using the current

stress state of the MP and the MP basis function derivatives and volume calculated

at the start of the load step.

The strain-displacement matrix, [G], is generated using values contained within the

derivatives of the basis functions with respect to the updated coordinates. Charlton

et al. [43] proposed a method of generating the basis function derivatives using the

chain rule and the definition in (2.53) where

[∇xSvp] = ∂ ([Svp])
∂{x}

= ∂ ([Svp])
∂ ˜{X}

∂ ˜{X}
∂{x}

[∆F ]−1. (2.66)

Figure 2.11 shows the iterative process for the N-R method. Starting at point A,

the previously converged state for applied external force, {fext
n }, and converged

displacement, {un}, the external force is incremented by {fR
0 } to {fext

n+1}. The

stiffness matrix is then calculated to obtain the first displacement increment, {δu1},

giving an overall displacement of {∆u1} and the internal forces are recalculated.

It is clear that the calculated displacement at point B∗ results in internal forces

that are too small with the point on the equilibrium path at point B, meaning

that the equilibrium in (2.60) is not satisfied in that {fR
1 } is greater than a

prescribed tolerance, tol, therefore, another iteration is required. For the next

iteration, starting at point B, the stiffness matrix is recalculated using the

updated displacement state and using the residual vector, the next displacement

increment, {δu2}, is calculated giving an overall displacement of {∆u2} and the

new out-of-balance forces, {fR
2 }, resulting in point C on the equilibrium path. The

N-R iterations are repeated until the residual out-of-balance force is calculated

to have a value less than the prescribed tolerance, {fR
k } < tol, meaning that a

converged state has been achieved for the prescribed external force.
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{un} {un+1}

{fext
n }

{fext
n+1}

{δu1} {δu2}

{∆u1}

{∆u2}

{fR
0 }

{fR
1 }

{fR
2 }

A

B∗

B

C∗

C

{u}

{f}

Figure 2.11: Newton-Raphson iterative method.

Algorithm 2.2 process for a simulation involving large deformation mechanics over

multiple load steps. There is a clear difference compared to Algorithm 2.1 with

the N-R loop where displacements and internal forces are incrementally calculated

until the out-of-balance errors are withing a predetermined tolerance. The residual

out-of-balance force vector is initialised at the start of each load step such that

the norm of the residual is greater than the prescribed tolerance in order to enter

the N-R iteration loop for the load step. The residual force vector is not used in

the zeroth iteration as no stiffness matrix has been created for this load step yet, a

suitable residual force vector is generated by the end of the zeroth iteration. Due to

the fact that no stiffness matrix is calculate by the start of the zeroth iteration, no

solution step is performed, the zeroth iteration simply generates the initial stiffness

and force configuration for the load step, the solution step begins to occur in the

first iteration.
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Algorithm 2.2: Implicit MPM process for large deformation problems.
for n = 1 : lstps do

determine which element contains each MP;
determine list of active elements in analysis;
determine free degrees of freedom;
calculate external force vector, {fext} (2.46);
initialise residual out-of-balance force, |{fR

0 }| > tol ⇒ ferr > tol;
while ferr > tol do

if k > 0 then
solve unknown nodal displacement increment, {δuk+1} (2.61);

else
zero nodal displacement increment, {δu0} = {0};

update the increment nodal displacements, {∆uk+1} (2.62);
for p = 1 : nmp do

calculate deformation gradient increment, [∆F ] (2.55);
update deformation gradient, [F ] (2.54);
calculate left Cauchy-Green strain, [Bp] (2.56);
calculate logarithmic strain, {εp} (2.57);
calculate Kirchhoff stress, {τp} (relevant const. model eg.
(2.58));
calculate Cauchy stress, {σp} (2.59);
calculate strain-displacement matrix, [Gp] (2.39);
calculate consistent tangent matrix, [Ap] (2.64);
calculate MP internal forces, {f int

p } (2.48);
determine MP stiffness contribution, [Kp] (2.63);

assemble internal force vector, {f int};
assemble global stiffness matrix, [K];
calculate residual out-of-balance forces, {fR

k+1} = {fext} − {f int};
calculate norm of residual force, ferr = |{fR

k+1}|;
for p = 1 : nmp do

update MP domain lengths, lip;
calculate MP displacement, {up} (2.38);
update MP coordinates, {xp}n+1 (2.51);

2.1.5 Overcoming volumetric locking

It has been well documented that when modelling nearly incompressible solids

overly stiff numerical solutions can be obtained. This is known as volumetric

locking and occurs due to low order elements being used and the fact that low

order interpolation polynomials are inadequate in representing volume preserving

displacement fields [75]. A common approach to overcoming volumetric locking
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is the F-bar approach developed by de Souza Neto and co-workers [74, 75] which

was developed for the FEM. The F-bar approach involves the decomposition of the

deformation gradient such that

[F ] = [Fdev] [Fvol], (2.67)

where [Fdev] and [Fvol] are the deviatoric and volumetric components of the

deformation gradient respectively defined as

[Fdev] = det([F ])−1/3 [F ] and [Fvol] = det([F ])1/3 [I]. (2.68)

It is worth noting that det([Fdev]) = (det([F ])−1/3)3 det([F ]) = 1 meaning that

the all of the volume change is contained within the volumetric component of the

deformation gradient as expected.

A deformation gradient, [F 0], is computed which results from the displacement at

the centroid of the element. The modified deformation gradient, [F̄ ], is calculated

as the composition of the deviatoric stress component of [F ] and the volumetric

component of [F 0] such that

[F̄ ] = [Fdev][F 0
vol] =

(
det([F 0])
det([F ])

)−1/3

[F ]. (2.69)

The modified deformation gradient is then used to compute the stiffness matrix

and internal force vector. Coombs et al. [57] implemented the F-bar approach in

the quasi-static MPM formulation. The F-bar is a solid choice for use in the MPM

as it:

• does not introduce any additional unknowns,

• is easily implemented,

• does not restrict the choice of constitutive model,

• does not require any tuning parameters,

• and does not require additional MPs to track volumetric behaviour.
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2.1.6 Ghost stabilisation

The issue of cell crossing instability has been discussed already in this chapter,

however, this is not the only problem that may occur within a MPM analysis.

As the boundary of the physical domain will not necessarily coincide with the

background mesh, there is a potential that small portions of the physical domain

will occupy elements of the background mesh, these partially filled elements are

susceptible to poorer integration than the elements that are completely filled by

the physical domain. This “small cut” problem may lead to poor conditioning

of the global system of equations and impact the stability of the MPM analysis.

This problem is not confined to the MPM; similar issues can also be seen in the

cut finite element method [37, 38, 282] where intersections are present between

an element and the problem domain. The ill-conditioning of the global system of

equations due to the presence of the partially filled elements can be quantified by

the condition number of the linear system. The condition number is a measure

of the the sensitivity of the solution to small perturbations in the input [80]. A

problem is called ill-conditioned if the condition number is infinite. The condition

number can be calculated as the the ratio of the largest and smallest eigenvalues of

the global system matrix. The smallest eigenvalue of the system matrix is related

to the smallest intersection between the physical domain and the background mesh.

In reality, this intersection can be extremely small (much smaller than the size of

the elements of the background mesh in fact) which means that there is no lower

bound for the smallest eigenvalue. This means that the condition number of the

system is unbounded from above (while bounded from below at zero) and this is

detrimental to the solution stage of the analysis.

In order to overcome this, Burman [36] introduced the ghost stabilisation technique

for a finite element framework. The ghost stabilisation involves penalising jumps

in the gradient of the solution field across elements cut by the boundary of the

physical domain [282]. This was done by introducing an extra term into the linear

50



2.1.6. Ghost stabilisation

system to improve the conditioning of the system matrix. Coombs [55] implemented

the ghost stabilisation method within the MPM where the “faces” of the elements

(or element edges in 2D) which are cut by the boundary of the physical domain

are determined and the ghost penalty is integrated over each of these faces. The

“boundary elements” are found by determining whether an element is populated

by MPs and checking whether each populated element is attached to (shares a face

with) any unpopulated elements. Once the boundary elements are determined, a

list of boundary faces is compiled by finding which faces are between two boundary

elements or a face of a boundary element which is also a face of a fully populated

element.

The integration of the ghost stabilisation term is performed over each of the

boundary faces, as each face is associated with two elements let (·)+ and (·)− denote

the “positive” and “negative” elements attached to the boundary face between the

two elements. The ordering convention of these positive and negative faces is

arbitrary but must be consistent throughout the mesh in all directions. A unit

normal vector, {n}, can be determined for the boundary face, Γ, in the direction

moving from the positive to the negative element for the face in question. For

the case of a background mesh made up of linear finite elements, the global ghost

stabilisation term is given as

[JG] =
h3

f

3

∫
Γ
([GG]T [n][n]T [GG]) dΓ where [GG] =

[
[G+

G]
(
−[G−

G]
)]

, (2.70)

where hf is the size of the element face∗. The [G+
G] and [G−

G] matrices contain

the derivatives of the finite element shape functions for the positive and negative

elements respectively. In a quasi-static analysis, the ghost stabilisation technique

can be thought of as a penalty approach that introduces an extra term into the

weak form of equilibrium (2.42). This can be expressed as an extra stiffness term

such that

[KG] = γG[JG] (2.71)
∗The determination of the value of hf is dependent of the number of dimensions of the analysis.

In 2D, hf is simply the length of the face, however, in 3D, the face is a 2D shape (a quadrilateral
in this work), therefore, hf is taken to be the maximum side length of the face.
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where [KG] is the ghost stabilisation stiffness and γG is the ghost stabilisation

penalty parameter. In order to integrate over each boundary face, Gauss-Legendre

quadrature is chosen due to its efficiency and convenience. This approximates [JG]

from (2.70) by integrating over each boundary face such that

[JG] ≈A
∀Γ

(
h3

f

3

ngp∑
i=1

([GG]Ti [n][n]T [GG]i)widet([J ]i)
)

(2.72)

where (·)i denotes the quantity based on the Gauss point position, ngp is the number

of Gauss points used to approximate the integral over the face, wi are the weights

of the Gauss points and det([J ]) is the determinant of the surface Jacobian (i.e.

the ratio between the global and local face sizes).

In a 2D analysis, the normal matrix and the shape function derivative matrix take

the form

[n]T =

nx 0 0 ny

0 ny nx 0

 and [G+
G] =



∂S+
1

∂x 0 · · · ∂S+
nen

∂x 0

0 ∂S+
1

∂y · · · 0 ∂S+
nen

∂y

0 ∂S+
1

∂x · · · 0 ∂S+
nen

∂x

∂S+
1

∂y 0 · · · ∂S+
nen

∂y 0


where nen is the number of nodes of the element. It is worth noting that [G−

G] has

the same format as [G+
G] with S+

i replaced by S−
i . In 3D, the normal matrix and

shape function derivative matrix take into account the extra dimension and are

given by

[n]T =


nx 0 0 ny 0 nz

0 ny 0 nx nz 0

0 0 nz 0 ny nx


and

[G+
G] =



∂S+
1

∂x 0 0 · · · ∂S+
nen

∂x 0 0

0 ∂S+
1

∂y 0 · · · 0 ∂S+
nen

∂y 0

0 0 ∂S+
1

∂z · · · 0 0 ∂S+
nen

∂z

∂S+
1

∂y
∂S+

1
∂x 0 · · · ∂S+

nen
∂y

∂S+
1

∂x 0

0 ∂S+
1

∂z
∂S+

1
∂y · · · 0 ∂S+

nen
∂z

∂S+
1

∂y

∂S+
1

∂z 0 ∂S+
1

∂x · · · ∂S+
nen

∂z 0 ∂S+
1

∂x


.
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2.1.6. Ghost stabilisation

Including this ghost stabilisation in a MPM analysis has been shown to greatly

improve the conditioning of the system which enhances the stability of the analysis.

It was shown that the use of ghost stabilisation allows problems with coarse meshes

and MP distributions to run to completion where there would not normally run

with a standard MPM scheme [55]. Another benefit of using the ghost stabilisation

is that the solution around the boundary of the physical domain is much smoother

in terms of the stress fields with spurious oscillations in stresses being less frequent.

Summary

This chapter has presented the background of the MPM, discussing the applications

of the MPM as well as the few times the MPM has been used in the field

of biomechanical modelling. Various choices of basis functions were presented

for the interpolation of the MP data to the background mesh, each with their

own advantages and disadvantages. The formulation for small deformation linear

elasticity with its implementation being a simple adaptation from the FEM using

the MPs as the integration points. The MPM framework for finite deformation

elasticity was also presented, detailing the use of the deformation gradient and the

choice of the logarithmic strain and Kirchhoff stress measures used in this work. A

Newton-Raphson iterative approach was chosen for the framework to calculate the

deformation over a load step and the iterative process was detailed. Algorithms

for the small strain and finite deformation frameworks were presented. Only linear

stress-strain relationships were presented in this chapter, however, one benefit of

the way that the framework has been designed, the algorithms do not need to be

altered for non-linear stress-strain relationships. All that needs to be included is

the desired function relating the stresses to a given strain and stiffness.

While this chapter aims to cover the main concepts of the MPM, it by no means

includes everything. For more information on the formulation of the MPM, the

reader is directed towards the original work of Sulsky and co-workers [287, 290]
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2.1.6. Ghost stabilisation

as well as the many papers [16, 43, 226, 283] and textbooks [99, 229, 349] that

cover the MPM. This chapter also does not include numerical examples as the

author believes including them in this text is unnecessary as benchmark examples

of the MPM have been produced in numerous instances of the past literature. If

the reader is interested in seeing numerical examples of the MPM, examples of

resources that the reader is directed to include [56, 77, 229, 276].

The next chapter focusses on the application of Neumann boundary conditions over

the non-conforming boundary of the MPM domain using B-splines.
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Chapter 3

B-spline MPM Boundary

Representation

Due to the fact that MPM uses discrete points to model the problem domain,

it is often the case that the boundary of the domain does not coincide with the

background mesh elements. This means that it is not straightforward to apply

boundary conditions directly to a domain whose boundary does not conform

with the background mesh and a more involved process is required. Due to

the non-conforming nature of the boundary of the domain with respect to the

elements of the background mesh, inaccuracies when prescribing displacements or

tractions over said boundary are often seen, therefore, a method of representing

(and tracking) domain boundaries is also required. One method of applying

boundary conditions is to use a moving mesh concept [169, 246] in which the

background mesh is moved with every load step to ensure that the problem domain

boundary always coincides with the mesh, therefore, the boundary conditions

can be applied directly to the nodes of the background mesh. However, as with

FEA, large deformation problems may encounter mesh distortion and remeshing

is required. The moving mesh concept can only be applied if the boundary does

not change shape, however, this may not be the case in the future. If a moving

mesh is used in the MPM, in general, the regular structure of the background
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3. B-spline MPM Boundary Representation

mesh will be lost [61]. The regular background mesh is a key advantage of the

MPM and losing this will result in more computational effort, especially in the MP

searching process. It is also possible to apply non-conforming boundary conditions

using Lagrange multipliers, the penalty method or Nitsche’s method (the reader

is directed towards Fernández-Méndez and Huerta [100] for more details on this).

Boundary points which track the deformation of the boundary have also been used

with weighting parameters to prescribe non-zero traction boundary conditions [45,

46, 131]. Mast and co-workers presented a dual-grid approach for the MPM [216]

to impose boundary conditions where an additional set of elements are used to

determine the essential boundaries with respect to the background mesh, however,

this approach was found to be sensitive to the location of the boundaries as well as

the size of the mesh [214]. Höllig and co-workers [140–142] introduced the use of

weighted extended B-splines (Web-splines) as a new form of interpolation function

which can be used to apply homogeneous Dirichlet boundary conditions without

the need for an additional mesh. The Implicit Boundary Method (IBM) [35, 61,

177, 178, 205, 350] uses a penalty approach to apply extra penalty stiffness around

the boundary of the physical domain to enforce Dirichlet boundary conditions. The

IBM was applied to the MPM framework to allow for roller boundary conditions on

inclined boundaries [61, 205], however, this is only feasible for straight boundaries

in its current state. The weighted finite cell method [345, 346] has also been

used to apply inhomogeneous Dirichlet boundary conditions without the need for

mesh generation. In terms of the application of Neumann boundary conditions,

Remmerswaal [258] proposed a boundary detection approach for the MPM based

on level sets, similar to concepts seen in the fluid mechanics community. Yamaguchi

et al. [334] used boundary points to represent and track the domain boundary

and Nitsche’s method to impose arbitrary boundary conditions. Liang et al. [198]

imposed Neumann boundary conditions by considering the stress field at the

boundary being caused by a virtual stress field positioned around the physical

domain.
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3. B-spline MPM Boundary Representation

Bing et al. [24] developed a procedure of using B-spline curves to generate a

representation of the boundary of a 2D domain for a MPM analysis. A series

of boundary points, with zero volume so that they do not participate in the

analysis, are positioned where the desired boundary of the domain should be and

are used as sampling points to generate the B-spline curve. As the MPs are

displaced through the background mesh, the boundary points are also displaced

based on the deformation of the background mesh, therefore, representing the

changing boundaries during an analysis. As a moving boundary can be represented

using B-splines, without altering the background mesh, it is possible to apply

homogeneous and inhomogeneous boundary conditions directly to the physical

domain with increased accuracy.

Bing [25] detailed the construction of B-spline curves, including local and global

interpolation of B-spline curves, which will be omitted here. This work expands on

that presented by Bing and co-workers [24, 25] by developing the B-spline boundary

representation for 3D problems in the MPM. Only cubic B-splines are presented

in this work as the handling of 3D data and inflection points becomes simpler

compared to using quadratic B-splines due to the fact that no special treatments

are required, especially for the case when points of inflection are present (see [248]

for more details).

When creating a B-spline curve or surface, it is often the case that a set of sampling

points are used to represent the boundary, a method of fitting the B-spline to

these sampling points is therefore required. There are a two methods of fitting a

B-spline curve/surface to the sampling points, interpolation or approximation [248].

Interpolation constructs the B-spline curve/surface such that it will lie exactly on

each sampling point, whereas with approximation, the B-spline curve/surface does

not necessarily have to lie precisely on each point, often with a maximum deviation

bound being prescribed. In this work, B-spline curves/surfaces are used to represent

the boundary of a MPM domain and are constructed based on a set of sampling

points positioned along the pseudo-boundary of the domain, therefore, it is required
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3.1. B-spline basis functions and their derivatives

that the B-spline curve/surface must lie exactly on these sampling points, so the

interpolation fitting method is used. There are also two types of fitting algorithms

that can be used, global or local. The global algorithm sets up a system of

equations or optimisation to be solved, only the control points are unknown in

this work which results in a simple linear system to be solved. The downside of a

global fitting scheme is the fact that any small perturbation in the data will affect

the whole system and can change the entire shape of the B-spline curve/surface.

The alternative is a local scheme which is more geometrically based where the

curve/surface is constructed segment-wise, using only a small proportion of the set

of sampling points. This means that a perturbation in the data will only affect

the curve/surface locally. Due to the segment-wise construction, local schemes also

are less computationally expensive than the global scheme. For these reasons, this

work utilises the local interpolation scheme to fit a B-spline curve/surface to a set

of sampling points.

3.1 B-spline basis functions and their derivatives

B-spline basis functions were mentioned in Section 2.1.1 in the context of the MPM

formulation. For completeness, this concept will be restated and expanded upon

to include more detail on how to generate the B-spline basis functions as well as

their derivatives.

The B-spline basis functions are formed from a knot vector {Ξ} = {ξ0, ξ1, . . . , ξm}

where (m + 1) is the total number of knots and ξ0, ξ1, . . . , ξm is a sequence of

non-decreasing real numbers such that ξi ∈ R and ξi ≤ ξi+1 for i = 0, 1, . . . ,m −

1. The type of knot vector that is used in this work is an open knot vector (or

non-periodic or clamped) in which the first and last knots have a multiplicity of

p+ 1, thus the knot vector takes the form

{Ξ} = {a, . . . , a,︸ ︷︷ ︸
p+1

ξp+1, . . . , ξm−p−1, b, . . . , b︸ ︷︷ ︸
p+1

}. (3.1)
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3.1. B-spline basis functions and their derivatives

There are a total of n = m − p − 1 non-zero basis functions which are calculated

recursively using the Cox-de-Boor formula [64, 69, 70] such that the i-th B-spline

basis function of p-degree is defined as:

• for p = 0

Ni,0(ξ) =


1 if ξi ≤ ξ < ξi+1

0 otherwise
(3.2)

• for p > 0

Ni,p(ξ) = ξ − ξi

ξi+p − ξi
Ni,p−1(ξ) + ξi+p+1 − ξ

ξi+p+1 − ξi+1
Ni+1,p−1(ξ). (3.3)

For the p = 0 case, (3.2) is a step function where Ni,0(ξ) is equal to zero everywhere

other than the half-open interval ξ ∈ [ξi, ξi+1), also called the knot span. For

p > 0, the basis function, Ni,p(ξ), is a linear combination of two (p − 1)-degree

basis functions. It is convention that a quotient of 0
0 in (3.3) is defined as zero.

Figure 3.1 shows the non-zero zeroth-degree B-spline basis functions for the open

knot vector {Ξ} = {0, 0, 0, 0, 1, 2, 3, 4, 4, 4, 4} using (3.2). Only four knot spans are

present in {Ξ} which produce non-zero basis functions. These basis functions are

used in the recursive formula of (3.3) to calculate the higher order basis functions

which are shown in Figure 3.2 up to the cubic B-spline basis functions (p = 3). It

is clear to see that the higher the degree of basis function that is used, the greater

the number of basis functions which are produced. While the example given here

uses an evenly distributed knot vector, it is entirely possible to use a non-uniformly

distributed set of knots in the vector, this is not used in this work as the boundary

points used to represent the boundary will initially be evenly distributed over the

boundary meaning that it is reasonable to use uniformly distributed knot vectors.

The k-th derivative of the B-spline basis functions with respect to ξ are given by

N
(k)
i,p (ξ) = p!

(p− k)!

k∑
j=0

ak,jNi+j,p−k(ξ) (3.4)
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1
N6,0(ξ)

ξ

Figure 3.1: The non-zero zeroth-degree B-spline basis functions for knot vector
{Ξ} = {0, 0, 0, 0, 1, 2, 3, 4, 4, 4, 4}.

given that
a0,0 = 1

ak,0 = ak−1,0
ξi+p−k+1 − ξi

ak,j = ak−1,j − ak−1,j−1
ξi+p+j−k+1 − ξi+j

j = 1, . . . , k − 1

ak,k = −ak−1,k−1
ξi+p+1 − ξi+k

.

From (3.4), the first derivative of the B-spline basis functions are therefore defined

as

N
(1)
i,p (ξ) = p

ξi+p − ξi
Ni,p−1(ξ) + p

ξi+p+1 − ξi+1
Ni+1,p−1(ξ). (3.5)

Using the example of the knot vector {Ξ} = {0, 0, 0, 0, 1, 2, 3, 4, 4, 4, 4}, the first

derivative of the cubic B-spline basis functions are shown in Figure 3.3.
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(a) linear (p = 1)
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(b) quadratic (p = 2)
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(c) cubic (p = 3)

Figure 3.2: The non-zero higher-degree B-spline basis functions for knot vector
{Ξ} = {0, 0, 0, 0, 1, 2, 3, 4, 4, 4, 4}.
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Figure 3.3: First derivative of the cubic B-spline basis functions for knot vector
{Ξ} = {0, 0, 0, 0, 1, 2, 3, 4, 4, 4, 4}.

3.2 B-spline Curves

A p-th degree B-spline curve is defined as [248]

{C(ξ)} =
nξ∑

i=0
Ni,p(ξ){Pi} (3.6)

where ξ is the local parametric coordinate along the curve corresponding to the

knot vector {Ξ}, nξ is the number of control points of the curve and {Pi} is the i-th

control point. The k-th derivative of a B-spline curve with respect to ξ is defined

as

{C(k)(ξ)} =
nξ∑

i=0
N

(k)
i,p {Pi} (3.7)

where N (k)
i,p is the k-th derivative of the B-spline basis functions as given in (3.4).

The tangent to the B-spline curve is the first derivative of the B-spline curve and

is given by

{C(1)(ξ)} =
nξ∑

i=0
N

(1)
i,p {Pi}. (3.8)
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3.2.1. Local interpolation

3.2.1 Local interpolation

Rather than explicitly stating the positions of the control points, it is often the case

that a set of sampling points are used which the B-spline curve will pass through. It

is from these sampling points that the control points are determined. Using a local

interpolation scheme, a polynomial Bézier curve can be generated between each pair

of sampling points along the path of the boundary, this produces a set of control

points and a knot vector which will preserve continuity over the entire curve. Given

a set of (nk + 1) sampling points, {Qk}, k = 0, 1, . . . , nk, to which a B-spline curve

is to be fitted, a series of curve segments, {Ci(ξ)}, can be created with endpoints

{Qi} and {Qi+1} for i = 0, 1, . . . , nk − 1. Let ξ† be the local parameter at the end

of {Ci(ξ)} and the start of {Ci+1(ξ)}, meaning that {Ci(ξ)} and {Ci+1(ξ)} meet at

ξ†. It is possible to achieve G1 continuity∗ by ensuring that the tangent direction

at the end of one curve segment coincides with the tangent direction at the start

of the next curve segment such that {C(1)
i (ξ)} = {C(1)

i+1(ξ)}, thus ensuring that the

curve is smooth along the connection between curve segments. It is worth noting

that, for a cubic B-spline, the number of control points, nξ, can be calculated from

the number of sampling points such that nξ = 2nk + 1.

In order to create the Bézier curve segments, inner control points are required (two

inner control points for cubic B-spline curves) and these control points lie of the

tangents of {Qk}. There are many methods that can be used to determine the

tangent vector at each sampling point, see [27] for a survey of these methods. It

is possible to categorise the methods into ones which are based on knot values at

sampling points and ones which are more geometric in nature and are based on the

global coordinates of the sampling points. The first option calculates the tangent,
∗Here G is for geometric, Gn continuity is a measure of the how curve or surface segments

meet depending on the characteristics of the curves/surfaces either side of the connection point.
Gn continuity means that the n-th derivatives of the vectors of the curve/surface segments at the
join are equal in direction. This is different to Cn continuity which states that the vectors must
have equal direction and magnitude. For example, G0 continuity means that the curves/surfaces
simply meet at the join point. Here, G1 continuity (or tangency continuity) means that the first
derivatives must have equal directions either side of the connection point.
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3.2.1. Local interpolation

{Dk}, as a linear interpolation of the chord length’s gradients such that

{Dk} = (1 − αk){dk} + αk{dk+1} (3.9)

where

{dk} = {qk}
∆ξk

given that ∆ξk = ξk − ξk−1

with {qk} being the vector between sampling points such that

{qk} = {Qk} − {Qk−1}. (3.10)

The coefficient αk in (3.9) is calculated using the Bessel method [69]

αk = ∆ξk

∆ξk + ∆ξk+1
, (3.11)

which is a three-point method, named after the fact that three sampling points

are used ({Qk−1}, {Qk} and {Qk+1}). Special treatments are needed when dealing

with the end sampling points where the end tangents are calculated as

{D0} = 2{d1} − {D1} and {Dnk
} = 2{dnk

} − {Dnk−1}. (3.12)

The alternate approach is to determine the tangents based on the geometry of the

sampling points where the tangent at each sampling point, {Tk} is calculated as

[27]

{Tk} = {Vk}
|{Vk}|

(3.13)

where

{Vk} = (1 − βk){qk} + βk{qk+1}. (3.14)

Equations (3.13) and (3.14) are simply geometric relations between a sampling

point and its neighbouring points, the vector calculated in (3.13) only provides a

measure of the direction of the tangent due to the fact that it is a unit vector. It

is clear from (3.14) that {Vk} is a linear interpolation between the two directional

vectors connecting the sample points to its adjacent sampling points. The value of

βk can be found using a five-point scheme [3, 247, 259] where

βk = |{qk−1} × {qk}|
|{qk−1} × {qk}| + |{qk+1} × {qk+2}|

k = 2, . . . , nk − 2 (3.15)

64
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and as with the three-point scheme, special treatments are required such that

{q0} = 2{q1} − {q2} {q−1} = 2{q0} − {q1}

{qnk+1} = 2{qnk
} − {qnk−1} {qnk+2} = 2{qnk+1} − {qnk

}

which are substituted into (3.15) when calculating the tangent vectors {T0}, {T1},

{Tnk−1} and {Tnk
}. If three sampling points are collinear, the five-point scheme

produces a tangent vector which is parallel to the line segment and generates a

straight line through the points automatically, this is not the case for the three-point

scheme. The additional benefit of the five-point scheme over the three-point scheme

is the fact that no assignment of knot values at each sampling point is required

at the start of the generation process. For these reasons, this work will utilise the

five-point scheme for the creation of the B-spline curves. Figure 3.4 depicts the

required components for the calculation of the tangent vector {Tk} at sampling

point {Qk}. The black circles represent the set of five sampling points needed to

calculate the tangent vector ({Qk−2}, {Qk−1}, {Qk}, {Qk+1}, {Qk+2}), the black

arrows are the vectors between each sampling points calculated using (3.10). The

vectors {qk−1}, {qk}, {qk+1} and {qk+2} are then used in (3.15) to determine the

interpolation value βk which is used in (3.14) to calculate {Vk}, which is shown as

the blue arrow in Figure 3.4. Finally, the red arrow is {Tk} which is calculated as

the unit vector of {Vk} via (3.13).

{Qk−2}

{Qk−1}

{Qk}

{Qk+1}

{Qk+2}

{qk−1}

{qk}
{qk+1}

{qk+2}

{Vk}{Tk}

Figure 3.4: Schematic of the calculation of sampling point tangent vector {Tk}
using the five-point scheme. Recreated from Piegl and Tiller [248].
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3.2.1. Local interpolation

For a single Bézier curve segment with endpoints {P0} and {P3} and corresponding

tangents {T0} and {T3}, the inner control points are calculated as

{P1} = {P0} + 1
3 ς{T0}

{P2} = {P3} − 1
3 ς{T3}

(3.16)

where the value of ς is determined based on the principal that the magnitudes of

the derivatives of the curve segment are equal at the start, middle and end point

such that

ς =
∣∣∣{C(1)(0)}

∣∣∣ =
∣∣∣∣{C(1)

(1
2

)}∣∣∣∣ =
∣∣∣{C(1)(1)}

∣∣∣ (3.17)

assuming the local parametric coordinate, ξ̄, varies between 0 and 1 along the

curve segment. By applying the de Casteljau algorithm [72] at ξ̄ = 1
2 and relations

between {P0} and {P3} (see [248] for more details), a quadratic expression in terms

of ς can be derived where

16ς2 = ς2|{T0}+{T3}|2−12ς({P3}−{P0})·({T0}+{T3})+36|{P3}−{P0}|2. (3.18)

Using the standard quadratic polynomial form of

aς2 + bς + c = 0, (3.19)

the quadratic formula can be used to solve for ς using the coefficients

a = 16 − |{T0} + {T3}|2

b = 12({P3} − {P0}) · ({T0} + {T3})

c = −36|{P3} − {P0}|2

(3.20)

which will give two real solutions, one positive and one negative. In order to ensure

that the control points are positioned between the two sampling points for the curve

segment, the positive solution is taken and used in (3.16) to calculate {P1} and

{P2}. For each Bézier curve segment, four points are obtained and denoted as

{Pk,0} = {Qk} , {Pk,1} , {Pk,2} , {Pk,3} = {Qk+1} (3.21)

which are arranged with the other Bézier curve segment points to create an overall

control polygon to generate a curve over the full set of sampling points and ensure a
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fit with C1 continuity. The control polygon is formed from the first sampling point,

{Q0}, the inner control points, {Pk,1} and {Pk,2}, for each Bézier curve segment,

k = 0, . . . , nk − 1, and the end sampling point, {Qnk
}, to produce

{Q0}, {P0,1}, {P0,2}, {P1,1}, {P1,2}, . . . , {Pnk−1,1}, {Pnk−1,2}, {Qnk
}. (3.22)

The next step is to create the knot vector, {Ξ}, by calculating the interior knot

values such that

ξ0 = 0 , ξk+1 = ξk + 3|{Pk,1} − {Pk,0}|, (3.23)

which populate the open knot vector

{Ξ} =
{

0, 0, 0, 0, ξ1
ξnk

,
ξ1
ξnk

,
ξ2
ξnk

,
ξ2
ξnk

, . . . ,
ξnk−1
ξnk

,
ξnk−1
ξnk

, 1, 1, 1, 1
}

. (3.24)

Algorithm 3.1 shows the procedure of creating a B-spline curve using local

interpolation using the five-point scheme when calculating the tangent vectors at

each sampling point. Initially, the tangent vectors are calculated for each sampling

point, then the inner control points are determined for each Bézier curve segment

between the sampling points. Once the inner control points are found, the list

of control points is formed which is used to determine the knot vector. The

global coordinates for points on the curve are then calculated for the range of

local parametric coordinates within the range of the knot vector values, where the

B-spline basis functions are calculated for each parametric coordinate.

Figure 3.5 shows the generation of a B-spline curve fitted to a set of sampling

points which are shown as red circles. At each sampling point, the tangent is

calculated using (3.13) and shown as blue dashed lines. The control point positions

are calculated based on the tangent vectors at each sampling point using (3.16) and

are shown by blue squares. Parametric coordinates are chosen at regular intervals

in the range [0, 1] in order to build the B-spline curve using (3.6), shown by the

black line.

It is also possible to produce closed B-spline curves by extending an open curve

(where the end points of the curve are not coincident, as in Figure 3.6a) with an
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3.2.1. Local interpolation

Algorithm 3.1: Pseudocode for the creation of a B-spline curve using
local interpolation with the five-point scheme.

for each sampling point {Qk} do
determine neighbouring points, {Qk−2}, {Qk−1}, {Qk+1}, {Qk+2};
calculate direction vectors, {qk−1}, {qk}, {qk+1}, {qk+2} (3.10);
calculate interpolation parameter, βk (3.15);
calculate tangent vector, {Vk} (3.14);
calculate normalised tangent vector, {Tk} (3.13);

for each Bézier curve segment {Ci(ξ)} do
solve quadratic equation in (3.18) for interpolation parameter α;
calculate inner control points, {P1}, {P2} (3.16);
form curve segment control point list (3.21);

form complete control point list, {Pi} (3.22);
compute interior knot values, ξk (3.23);
form knot vector, {Ξ} (3.24);
for ξ ∈ [0, 1] do

determine the knot span, ξ ∈ [ξi, ξi+1);
calculate B-spline basis functions, Ni,p(ξ) using (3.2) and (3.3);
calculate global coordinate on B-spline curve, {C(ξ)} (3.6);

Figure 3.5: Fitting a cubic B-spline curve to a set of sampling points (red
circles) showing calculated tangents at each sampling point (blue dashed lines),
the positions of the control points (blue squares) and the fitted curve (black line).

extra sampling point at the end point which is coincident with the first sampling

point of the curve. The gradients of the end points can be set to be equal in order to

ensure that the closed curve is C1 continuous across this connection point between

the two ends. An example of a closed curve is shown in Figure 3.6b where the

closing point (the start and end of the curve) is circled in green.
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3.2.2. Validation

(a) open curve (b) closed curve

Figure 3.6: Open and closed cubic B-spline curves (black lines) given a set of
sampling points (red circles) and the computed control points (blue squares). The
closing point of the closed curve is also circled in green.

3.2.2 Validation

In order to validate the fitting of a B-spline curve to a set of sampling points, a test

case is presented in the form of a smooth star shape as this is a closed shape which

is mathematically defined. The smooth star is given as a level set with equation

[2]

ϕ0 = (x2 + y2) −
(

1 + 0.2 sin
(

6 arctan
(
y

x

)))
. (3.25)

Given the relationship between Cartesian and polar coordinates

θ = arctan
(
y

x

)
, R =

√
x2 + y2, (3.26)

substituting into (3.25) and setting the value of ϕ0 to zero, the radius, R, at angle

θ is found to be

R =
√

1 − 0.2 sin (6θ). (3.27)

Points around the smooth star shape were generated at regular angular intervals,

shown as red circles inset in Figure 3.7, which were used as the sampling points to

fit a closed cubic B-spline curve. In order to validate the ability to fit a B-spline

curve to a given shape, the relative error between the position on the fitted curve

and the mathematical shape is calculated as

ϵic = ∥(xh
i , y

h
i ) − (xa

i , y
a
i )∥2

∥(xa
i , y

a
i )∥2

(3.28)
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3.2.2. Validation

where (xh
i , y

h
i ) are the coordinates on the B-spline curve and (xa

i , y
a
i ) are the

analytical coordinates where the analytical radius is calculated using (3.27) based

on the angular position of (xh
i , y

h
i ), from this the analytical coordinates are

calculated using the standard trigonometric identities, x = R cos θ and y = R sin θ.

Taking 104 equally spaced points along the generated B-spline curve∗, the overall

error was determined using the trapezium rule to numerically integrate over the

length of the B-spline curve. Figure 3.7 shows the total error along the generated

B-spline curve for a varying number of sampling points. A quadratic rate of

convergence can be seen as the number of sampling points is increased. This makes

sense as the B-spline curve is generated by positioning control points along the

tangents at each sampling point, these tangents are representative of the derivatives

along the B-spline curve at each of the corresponding sampling point positions.

Therefore, the rate of convergence should be one degree lower than the degree of

the B-spline curve, as a cubic B-spline is used, the rate of convergence would be

expected to be quadratic.
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er
ro

r,
ϵ c

x

y

Figure 3.7: B-spline curve fitting errors for increasing number of sampling points.
Inset: smooth star sampling points and fitted curve.

∗This number was chosen to be sufficiently large to accurately calculate the error as it is larger
than the number of sampling points used to generate the B-spline curve.
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3.3. B-spline Surfaces

3.3 B-spline Surfaces

The work performed by Bing and co-workers [24, 25] is extended here to the creation

of B-spline surfaces based on the procedures presented by Piegl and Tiller [248].

The initial steps in the creation of a B-spline surface is similar to the work presented

above for B-spline curves in order to obtain the tangents at each sampling points.

However, two parametric directions are now required, therefore, the tangents in

each directions are needed.

A B-spline surface is defined as [248]

{S(ξ, η)} =
nξ∑

i=0

nη∑
j=0

Ni,p(ξ)Nj,q(η){Pi,j} (3.29)

where ξ is the parametric coordinate corresponding to the knot vector {Ξ}, η is the

parametric coordinate corresponding to the knot vector {H}, p is the degree of the

B-spline surface in the ξ direction and q is the degree of the B-spline surface in the

η direction. The number of control points in the ξ direction is given by nξ while

nη is the number of control points in the η direction. Ni,p(ξ) is the p-th degree

B-spline basis function for the i-th control point at position ξ and Nj,q(η) is the

q-th degree B-spline basis function for the j-th control point at position η, both

calculated using (3.2) and (3.3).

A B-spline surface can be generated by constructing nk × nl Bézier patches,

{Bk,l(ξ, η)} for k = 0, 1, . . . , nk and l = 0, 1, . . . , nl, where each patch has corner

points {Qk,l}, {Qk+1,l}, {Qk,l+1} and {Qk+1,l+1}. There will also be C1,1 continuity

between each patch. A single patch, as shown in Figure 3.8, has 16 control points

(shown as blue squares) in total, 12 along the boundary of the patch and 4 internal

control points. As the B-spline surface will be locally 2D, for each corner point, the

tangents in ξ and η directions must be calculated. These tangents can be found

using the same method as for a B-spline curve by treating each direction separately

and using (3.13), (3.14) and (3.15). Assuming the sampling points are arranged
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3.3. B-spline Surfaces

in a grid, B-spline curves can be created along each row and column of sampling

points to generate these tangent vectors.

{Qk,l} {Qk+1,l}

{Qk,l+1} {Qk+1,l+1}

{T ξ
k,l}

{T η
k,l}

{T ξ
k+1,l}

{T η
k+1,l}

{T ξ
k,l+1}

{T η
k,l+1}

{T ξ
k+1,l+1}

{T η
k+1,l+1}

Figure 3.8: Single Bézier patch to generate B-spline surface based on sampling
points (black circles) with sampling points tangents (red arrows) and 16 control
points (blue squares) shown.

For each Bézier patch, the 16 control points must be calculated in order to create

the entire B-spline surface. The control points {P0,0}, {P3,0}, {P0,3} and {P3,3}

correspond to the four corner points of the patch, {Qk,l}, {Qk+1,l}, {Qk,l+1} and

{Qk+1,l+1} respectively. The 12 control points around the boundary of the patch

are given by

• bottom boundary:
{P1,0} = {P0,0} + ςl{T ξ

k,l}

{P2,0} = {P3,0} − ςl{T ξ
k+1,l}

(3.30)

• top boundary:
{P1,3} = {P0,3} + ςl+1{T ξ

k,l+1}

{P2,3} = {P3,3} − ςl+1{T ξ
k+1,l+1}

(3.31)
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3.3. B-spline Surfaces

• left boundary:
{P0,1} = {P0,0} + ςk{T η

k,l}

{P0,2} = {P0,3} − ςk{T ξ
k,l+1}

(3.32)

• right boundary:
{P3,1} = {P3,0} + ςk+1{T η

k+1,l}

{P3,2} = {P0,0} − ςk+1{T ξ
k+1,l+1}

(3.33)

where {T ξ
k,l} and {T η

k,l} denote the tangents in the ξ and η directions respectively

and the values of ςl and ςk are calculated as

ςl = rl(ξk+1 − ξk)
3 and ςk = sk(ηl+1 − ηl)

3 (3.34)

with rl being the chord length of the row of sampling points in the ξ direction and

sk being the chord length of the column of sampling points in the η direction.

The location of the four internal control points are calculated as

{P1,1} = ςs{Dξη
k,l} + {P0,1} + {P1,0} − {P0,0}

{P2,1} = −ςs{Dξη
k+1,l} + {P3,1} + {P3,0} − {P2,0}

{P1,2} = −ςs{Dξη
k,l+1} + {P1,3} + {P0,3} − {P0,2}

{P2,2} = ςs{Dξη
k+1,l+1} + {P2,3} + {P3,2} − {P3,3}

(3.35)

where the coefficient ςs is given by

ςs = ∆ξk+1 − ∆ηl+1
9 . (3.36)

It is possible to create B-spline curves along the rows and columns of the grid of

data points meaning that it is possible to calculate the tangent vectors at each

sampling point in the ξ and η directions. Also, from the B-spline curves along each

row and column, knot values in each direction can be directly assigned to each

sampling point position. Because of this, the three-point Bessel method [69] can

be used to determine {Dξη
k,l} such that

{Dξη
k,l} =

ςk{dξη
k,l} + ςl{dηξ

k,l}
ςk + ςl

(3.37)
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3.3. B-spline Surfaces

where ςk is calculated using (3.11) and ςl is the equivalent calculation for the η

direction such that

ςl = ∆ηl

∆ηl + ∆ηl+1
. (3.38)

Given that

{Dξ
k,l} = rl{T ξ

k,l} and {Dη
k,l} = sk{T η

k,l}, (3.39)

the final two undefined terms in (3.37) are given by

{dηξ
k,l} = (1 − ςk)

{Dη
k,l} − {Dη

k−1,l}
∆ξk

+ ςk
{Dη

k+1,l} − {Dη
k,l}

∆ξk+1

{dξη
k,l} = (1 − ςl)

{Dξ
k,l} − {Dξ

k,l−1}
∆ηl

+ ςl
{Dξ

k,l+1} − {Dξ
k,l}

∆ηl+1
.

(3.40)

Other than for the open edges of the surface (ie. around the border of the grid of

control points), all rows and columns of control points which contain the sampling

points are removed, leaving (2nk + 2) × (2nl + 2) control points in total. This

is the same as what is done in (3.22) and ensures the C1,1 continuity across the

boundaries between each Bézier patch which makes up the B-spline surface. Figure

3.9 shows an arrangement of sampling points (shown as red circles) in a grid and

the set of control points that have been computed (shown as blue squares). It is

clear to see the rows and columns from which the control points have been removed

to produce the B-spline surface control point net.

The first derivatives of a B-spline surface with respect to the ξ and η directions are

given by

{S(1,0)(ξ, η)} =
nξ−1∑
i=0

nη∑
j=0

Ni,p−1(ξ)Nj,q(η){P (1,0)
i,j }

{S(0,1)(ξ, η)} =
nξ∑

i=0

nη−1∑
j=0

Ni,p(ξ)Nj,q−1(η){P (0,1)
i,j }

(3.41)

respectively, where
{P (1,0)

i,j } = p
{Pi+1,j} − {Pi,j}
ξi+p+1 − ξi+1

{P (0,1)
i,j } = q

{Pi,j+1} − {Pi,j}
ηj+q+1 − ηj+1

.
(3.42)
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Figure 3.9: Grid of sampling points (red circles) and computed control point
arrangement (blue squares). The control points have been removed in the rows
and columns of the grid which contain the sampling points (except for the open
edges of the surface).

For completeness, the derivatives of a B-spline surface with respect to ξ and η are

given by

{S(k,l)(ξ, η)} =
nξ−k∑
i=0

nη−l∑
j=0

Ni,p−k(ξ)Nj,q−l(η){P (k,l)
i,j } (3.43)

where P (k,l)
i,j is defined as

{P (k,l)
i,j } = (q − l + 1)

{P (k,l−1)
i,j+1 } − {P (k,l−1)

i,j }
ηj+q+1 − ηj+l

(3.44)

Figure 3.10 shows two examples of generated B-spline surfaces with Figure 3.10a

showing an open surface with equation z = sin2 (x) +
√

cos (y). As the B-spline

surface is generated from a series of B-spline curves, it is possible to create a closed

surface, as shown in Figure 3.10b which depicts the surface of an extrusion of the

smooth star shape described by (3.25). The colour of each surface in Figure 3.10

is related to the z position on the surface.
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3.4. Handling unstructured data

(a) open B-spline surface
(z = sin2 (x) +

√
cos(y))

(b) closed B-spline surface
(Extruded smooth star from (3.25))

Figure 3.10: Fitting B-spline surfaces to open and closed sets of 3D sampling points.

3.4 Handling unstructured data

It has been shown how to generate B-spline curves and surfaces where sampling

points can be manually placed along the pseudo-boundary of a physical domain.

However, when producing models based on real world problems, the geometry is

often given by scanned data or from a set of unstructured data points. Due to

the digital nature of the scans, the data points which represent the boundary are

often artificially stepped based on the pixel resolution of the image. A method
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3.4.1. Foot point determination

of smoothing out the data to create a smooth boundary is required. In the case

of an unstructured set of data, there is no prescribed order to the points and it

is not clear how to connect the points in a way which can be used to generate

a B-spline boundary, the global coordinates of the data points are given with

no extra information on how each would connect to the neighbouring points. A

significant pre-processing effort would be required to structure the set of data points

to determine the correct “order” for the points such that the B-spline boundary

could be generated. This work uses a least squares fitting method to manipulate a

B-spline curve to suitably represent a set of data points such that the total distance

between the B-spline curve and the data points is minimised. The ordering of the

unstructured set of data points is also not required when using the least squares

fitting procedure. The control points of the B-spline boundary are manipulated in

order to minimise the overall distance between the data points and the B-spline

boundary, therefore, only the global coordinates of the data points are required.

This work only considers the least squares fitting of B-spline curves to a set of data

points as a B-spline surface can easily be created based on the B-spline curves that

have been fitted to rows or columns of data points.

In order to perform the least squares fitting procedure, the closest point on the

B-spline curve to a given data point (also known as the foot point) must be

determined.

3.4.1 Foot point determination

The foot point of a data point, {Xd}, is the point on a B-spline curve/surface

which is the closest, this typically means that the data point lies on the normal

to the foot point on the curve/surface. The general framework for finding the foot

point starts with a subdivision algorithm to obtain a good initial guess for the foot

point followed by an iterative point inversion stage in order to determine a more

accurate position. This section describes the process of accurately finding the foot

point on a B-spline curve for a given data point. As will be discussed in Chapter
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6 for the model generation, data points are generated for each slice in a segmented

image stack through the length of the Left Ventricle (LV). This means that B-spline

curves will be generated using the least squares fitting procedure for each slice of

the image stack, with each fitted B-spline curves being used to generate a B-spline

surface representation of the LV model. For this reason, an accurate calculation

of the foot point is only required for a B-spline curve. The exact foot point on a

B-spline surface is not required in any part of this work, only an estimate of the

foot point would be required in order to determine the position of a MP relative

to a B-spline surface, therefore, only the subdivision step is needed, which will be

briefly presented also.

B-spline curve

As mentioned above, the first step of finding the foot point of a data point on a

B-spline curve is to obtain a good initial guess, this is found using a subdivision

algorithm (which was initially developed for stress integration over B-spline yield

surfaces within computational plasticity, see [58]). Algorithm 3.2 shows the process

of obtaining an initial guess for the foot point of a data point on a B-spline curve.

The global positions of all knots in the knot vector are determined and the distance

to the data point is calculated. The knot with is situated closest to the data point

is selected and the subdivision routine is implemented. An interval of parametric

coordinates is calculated around the closest knot over a series of ns increments,

with smaller intervals each time, up to a set number of intervals. It was found that

a value of ns = 5 was found to be reasonable to find a good initial guess. Figure

3.11 shows a visual representation of the subdivision routine given in Algorithm

3.2.

Once an appropriate initial guess for ξck is found, a point inversion scheme [248]

is implemented to minimise the distance between the data point and the B-spline
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3.4.1. Foot point determination

Algorithm 3.2: B-spline curve foot point initial guess subdivision
procedure.

for ξi ∈ {Ξ} do
calculate global position on B-spline curve, {C(ξi)} (3.6);
calculate distance to data point;

select closest knot location, ξck;
for a = 1 : ns do

calculate knot interval, ξ ∈
[

ξck−1−ξck

2a , ξck , ξck + ξck+1−ξck

2a

]
;

calculate global position for each parametric coordinate, {C(ξ)} (3.6);
calculate distance to data point for each parametric coordinate;
select new ξck as point with the minimum distance to the data point;

ξ

2−1

2−2

ξck−1 ξck ξck+1

Figure 3.11: Subdivision algorithm to obtain a good initial guess for a foot point
of a data point on a B-spline curve.

curve where the residual is defined as

f(ξ) = {C(1)(ξ)} · ({C(ξ)} − {Xd}) (3.45)

where the distance between the data point and the B-spline curve is minimum

when f(ξ) = 0. Equation (3.45) takes into account both the distance between the

data point and the current guess of the foot point on the curve, |{C(ξ)} − {Xk}|,

as well as the angle between this vector and the tangent to the curve at the current

guess of the foot point. Using a Newton-Raphson iterative approach, an improved

estimate for the foot point can be found to update the local parametric coordinate

of the foot point on the B-spline curve such that

ξi+1 = ξi − f(ξi)
f ′(ξi)

= ξi − {C(1)(ξi)} · ({C(ξi} − {Xd})
{C(2)(ξi)} · ({C(ξi} − {Xd}) + |{C(1)(ξi)}|2

(3.46)

where ξ0 = ξck is the initial guess obtained from the subdivision algorithm. A

series of criteria are defined to check for convergence, firstly, checking whether the

data point lies on the B-spline curve

|{C(ξi)} − {Xd}| ≤ tol (3.47)
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3.4.1. Foot point determination

where the tolerance is typically set at 1 × 10−9. If the data point is found to lie

on the curve, the process is halted, as this is clearly the closest point to the curve.

However, if the data point is found not to lie on the curve, a check for a zero cosine

value is performed to determine whether the data point lies on the normal to curve

for the current foot point estimation. The zero cosine criteria is given by

|{C(1)(ξi)} · ({C(ξi)} − {Xd})|
|{C(1)(ξi)}||{C(ξi)} − {Xd}|

≤ tol. (3.48)

If (3.47) and (3.48) are not satisfied, an updated local parametric coordinate for

the foot point, ξi+1, is found using (3.46). After the new parametric coordinate is

calculated, a check is performed to ensure that the value lies within the range of

the B-spline curve’s parametric coordinates, ξi+1 ∈ [a, b]. This check is dependent

on whether the curve is open or closed:

• for an open curve:
if (ξi+1 < a) → ξi+1 = a

if (ξi+1 > b) → ξi+1 = b

• for an closed curve:

if (ξi+1 < a) → ξi+1 = b− (a− ξi+1)

if (ξi+1 > b) → ξi+1 = a+ (ξi+1 − b).

The Newton-Raphson iterative procedure is repeated until a value of ξi is found

which satisfies the convergence criteria or the number of iterations reaches a

prescribed maximum number, which is typically set as 10.

B-spline surface

A foot point on a B-spline surface can also by found for a data point by extending

the process for a B-spline curve. However, for this work, only an estimate of the

foot point on a B-spline surface is required to determine the position of a MP

relative to the B-spline surface. Therefore, a subdivision algorithm is suitable to

obtain a good approximation of the foot point. The steps of the algorithm can
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3.4.2. Least squares fitting

be followed as above with the inclusion of the second parametric coordinate, η,

where the initial closest knot is the global position based on the local parametric

coordinates (ξck, ηck) which is the minimum distance from the data point. The

knot intervals are then calculated as

ξ ∈
[
ξck−1 − ξck

2a
, ξck , ξck + ξck+1 − ξck

2a

]
η ∈

[
ηck−1 − ηck

2a
, ηck , ηck + ηck+1 − ηck

2a

]
giving nine points on the B-spline surface which are checked to find a new estimate

of the foot point. Figure 3.12 is a visual representation of the subdivision algorithm

to find an estimate of the foot point of a data point on a B-spline surface.

ξ

η

2−1

2−2

ξck−1 ξck+1

ηck−1

ηck+1

Figure 3.12: Subdivision algorithm to find an approximation of the foot point of a
data point on a B-spline surface. Reproduced from Coombs et al. [58].

3.4.2 Least squares fitting

When generating a boundary representation for a set of data points, it is often

the case that there is no structure to the set and just the global coordinates of

the data points are given. An expensive pre-processing step would be required to

order the data points to determine the path of the B-spline curve. Given that this

81



3.4.2. Least squares fitting

pre-processing is performed to order the set of data points, it is not ideal to just

use these data points as the sampling point to create B-spline curve as described in

Section 3.2 as the curve will be forced to pass through every data point, potentially

producing an unrealistic boundary, especially if the data is artificially stepped due

to pixelation due to the data points being taken from images. Therefore, a B-spline

curve can be made which roughly matches the shape∗ of the data points and a

least squares fitting procedure can be performed to acquire a reasonable curve to

represent the boundary. This section describes the process for the least squares

fitting of a B-spline curve to a set of data points drawing on information from

Section 3.2 for the B-spline curve definition and Section 3.4.1 for the foot point

calculations.

Given a set of data points, {Xd} with d = 0, 1, . . . , ndp, a B-spline curve can be

fitted using a least squares approximation by updating the global positions of the

control points of the B-spline curve. The least squares fitting is a minimisation

problem in which the least squares error is given by [26]

minimise f =
ndp∑
d=0

∥{Xd} − {C(ξd)}∥2
2 (3.49)

where {C(ξd)} is the foot point of the data point on the B-spline curve with the

local parametric coordinate ξd and ∥ · ∥2 is the L2-norm. Substituting (3.7) into

(3.49), the residual becomes

f =
ndp∑
d=0

∥{Xd} −
nls∑
i=0

Ni,p(ξd){Pi}∥2
2 (3.50)

where nls is the number of control points used in this least squares fitting procedure

to create the B-spline curve. Expanding (3.50) results in the expression

f =
ndp∑
d=0

[
{Xd} · {Xd} − 2

nls∑
i=0

Ni,p(ξd)({Xd} · {Pi})

+
(

nls∑
i=0

Ni,p(ξd){Pi}
)

·
(

nls∑
i=0

Ni,p(ξd){Pi}
)]

.
(3.51)

∗It is recognised by the author that a set of data points does not technically have any physical
shape, however, this work uses data points taken from objects for which there is a recognisable
shape.
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3.4.2. Least squares fitting

The minimum of the residual in (3.51) is found by setting the derivative of f with

respect to a control point, {Pl}, to be zero such that

∂f

∂{Pl}
=

ndp∑
d=0

[
−2Nl,p(ξd){Xd} + 2Nl,p(ξd)

(
nls∑
i=0

Ni,p(ξd){Pi}
)]

= 0. (3.52)

This can be simplified to

nls∑
i=0

(ndp∑
d=0

Nl,p(ξd)Ni,p(ξd)
)

{Pi} =
ndp∑
d=0

Nl,p(ξd){Xd} (3.53)

which, written in matrix form, becomes

[[N ls]T [N ls]]{P ls} = {rls} (3.54)

where

[N ls] =



N0,p(ξ0) N1,p(ξ0) · · · Nnls,p(ξ0)

N0,p(ξ1) N1,p(ξ1) · · · Nnls,p(ξ1)
...

... . . . ...

N0,p(ξndp
) N1,p(ξndp

) · · · Nnls,p(ξndp
)



{rls} =



∑
∀d
N0,p(ξd){Xd}∑

∀d
N1,p(ξd){Xd}

...∑
∀d
Nnls,p(ξd){Xd}


{P ls} =

{
{P0} {P1} . . . {Pnls

}
}T

.

The updated control point positions are determined by solving the linear system

{P ls} = [[N ls]T [N ls]]−1{rls}. (3.55)

This is performed over a single iteration even though the fitting is a non-linear

process due to the fact that a new B-spline curve is generated each time meaning

that a new set of foot points are calculated for each data point. This means that the

system matrix, [[N ls]T [N ls]], which comprises of the B-spline basis functions, will

change for each fitting step and generates the non-linearity in the problem. Through
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3.4.2. Least squares fitting

numerical experimentation of test problems in the development of this work, it was

found that after the first fitting step, there is no significant improvement in the

fitting of the B-spline curve and any further fitting steps result in unnecessary

computational expense.

In theory, there is no limit to the number of control points used to create the

B-spline curve, however, to allow for greater control in the model generation stage,

a maximum number of control points is determined such that the number of control

points must be at least half the number of data points. As the number of control

points is based on the number of sampling points (nξ = 2nk + 1), the number of

sampling points that can be used to create the initial B-spline curve (which is to be

fitted) should follow the rule ndp > 4nk + 2. However, it is not always necessary to

use the maximum value of nk for the fitting, an open B-spline curve can be created

using only two sampling points (nk = 2) while a closed B-spline curve requires a

minimum of three sampling points (nk = 3). For simplicity in implementation, a

minimum value of nk = 3 is used for both open and closed curves. This means that

a range for nk is present. Therefore, a new variable is introduced, ζ ∈ [0, 1], which

is the fitting strength which determines the value of nk using a linear interpolation

between the minimum and maximum allowed values of the number of least squares

fitting control points.

The least squares fitting error, ϵf , is calculated as the sum of the distances between

the data points and the corresponding foot points on the B-spline curve which is

then normalised by the number of data points (and enclosed area of the B-spline

curve if a closed curve is used). The fitting error is calculated as

ϵf =


1

ndp+1
∑
∀d

∥{Xd} − {C(ξd)}∥2
2 for an open curve

1
ndp+1

1
A

∑
∀d

∥{Xd} − {C(ξd)}∥2
2 for an closed curve

(3.56)

where A is the area enclosed by the closed B-spline curve.

In order to demonstrate the least squares fitting, two examples of a B-spline curve

fitting is shown, for an open and closed curve. For each example, six sets of data

84



3.4.2. Least squares fitting

points were generated using 25 to 210 data points, increasing by a factor of 2 each

time, to show the effect on the fitting error based on the number of data points.

For each data set, the least squares fitting is performed for 100 different values of

the fitting strength parameter, ζ, ranging from 0 to 1.

Firstly, for the open curve case, the set of data points is generated based on the

equation

y = 1.25 sin (2x) + 0.45 cos (6x)

for values of x ∈ [0, 1]. B-spline sampling points are positioned at the first and last

data point, the corresponding control points at the ends of the B-spline curve are

fixed during the fitting process to ensure the start and end of the fitted B-spline

curve coincides with the first and last data points. An example of a least squares

fitting is shown in Figure 3.13 with 26 data points (shown as red circles) where

an initial B-spline curve (blue line) from sampling points (blue crosses) linearly

distributed between the first and last data point. The B-spline curve is fitted to

the data points using a fitting strength of ζ = 1 and is shown by the black line in

Figure 3.13 and curve points are shown as black circles.

sparsity in control points

Figure 3.13: Open curve least squares fitting data points (red circles), initial
B-spline curve and sampling points (blue line and crosses) and fitted B-spline curve
(black line and circles) for 26 data points and a fitting strength of ζ = 1.

The least squares fitting errors from (3.56) is given in Figure 3.14 for the different
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3.4.2. Least squares fitting

sets of data points and fitting strengths. It is clear to see from Figure 3.14 that

as the fitting strength is increased, there is a general trend that the fitting error

decreases. There seems to be an exception when 28 data points are used for fitting

strengths greater than 0.9. This may be due to distribution of the data points and

the choice of distribution of the initial B-spline curve sampling points. A choice

was made to distribute the sampling points linearly between the start and end data

points, this was chosen such that the approach is robust and can be used for all

problems regardless of the distribution of the data points for an open curve. It

can be seen in Figure 3.13 that there is a portion of the data points that is only

covered by a small number of control points in the fitting, contained within the

shaded box (it is worth reiterating that the diagram in Figure 3.13 shows 26 data

points for clarity as using 28 data points becomes difficult to visualise clearly due

to the large number of data points). This is because this set of data points will all

have foot points all relatively close to each other meaning that only a few control

points will be manipulated to shift the curve towards that area. For lower values of

fitting strength, this effect is less prominent as there are a small number of control

points in general and the distribution of control points is more even across the

data points. At the higher fitting strengths, having the sparsity of control points

around this area will be detrimental to the fitting error, while the fitted curve

will match the data points very well elsewhere, the curve around this area will be

less free to be manipulated to match the data points. For lower number of data

points, plateaus in the fitting errors for increasing fitting strengths can be seen, this

is simply because of the discrete number of sampling points that can be used to

generate the B-spline curves. As discussed, the number of sampling points ranges

from 3 to a quarter of the number of data points, only integer values between these

values can be used meaning that the same number of sampling points may be used

for varying ζ. Another clear trend seen in Figure 3.14 is that as the number of data

points is increased, the fitting error decreases for all values of the fitting strength,

this is obvious as there is a greater amount of data that informs the least squares
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3.4.2. Least squares fitting

fitting system of equations. There will also be more degrees of freedom in the

system as more control points can be used to fit to the data producing a stronger

fit to the set of data points.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
10−11

10−9

10−7

10−5

10−3

fitting strength, ζ

er
ro

r,
ϵ f

ndp = 25 ndp = 26 ndp = 27

ndp = 28 ndp = 29 ndp = 210

Figure 3.14: Open curve least squares fitting errors for varying fitting strength, ζ,
and varying number of data points.

The least squares fitting of a closed B-spline curve to a set of data points is also

examined. The data points for this example are generated using the smooth star

shape given in (3.25) for the various number of data points. As with the open curve

case, a B-spline curve is fit to the data points for 100 different values of the fitting

strength parameter. For a closed curve case, rather than fixing the positions of the

first and last control points∗ with the corresponding data point, the continuity of

the curve is preserved by setting the position of these control points to the average

position of the control points either side of the join such that

{P0} = {Pnξ
} = 1

2
(
{P1} + {Pnξ−1}

)
.

Figure 3.15 shows the least squares fitting errors for the closed B-spline curve to

the smooth star shape data points for varying numbers of data points and varying
∗For the closed B-spline curve, the first and last control point will be coincident.
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3.4.2. Least squares fitting

fitting strengths. It is worth emphasising that the B-spline curve is not created

in the same way as the previous example which used the smooth star shape (in

Section 3.2.2), it is the data points used for the least squares fitting which are

positioned around the smooth star shape based on (3.25), the sampling points for

the initial B-spline curve are then seeded at equal angular intervals around the

average centre of the data points. The control points are then manipulated based

on the foot points on the B-spline curve to approximate the shape of the data

points. The smooth star shape is used due the fact it is mathematically defined

and the error between the fitted B-spline curve and the target shape can be easily

determined. Similar trends to the open curve case can be seen in the fitting errors

here. A general decrease in the fitting errors can be seen as the fitting strength is

increased, more control points are being used to fit the curve means more degrees

of freedom for the curve to be manipulated to fit to the data points. Compared

to the open curve case, there seems to be a smoother decrease in errors as ζ is

increased with much less fluctuation in the errors. This may be due to the example

that is being shown, using a more regular shape to generate the data points means

that the foot points of the data points will be more evenly distributed along the

B-spline curve so there will be more even fitting for each part of the curve. As well

as seeing the decrease in error with fitting strength, as the number of data points is

increased, the fitting error decreased. Initially the error decreases at an even rate

as the number of data points is increased, however, the cases of 29 and 210 seem to

converge to a similar error for higher fitting strengths. Again, this may be due to

the choice of using the smooth star shape to demonstrate the least squares fitting

and after a certain point, no further improvements in the fit can be made.

For a set of 50 data points, the fitted B-spline curves for 6 different values of ζ

are shown in Figure 3.16. For each value of ζ, the number of sampling points used

to generate the initial B-spline curve is also reported. It is clear from Figure 3.16

that as the fitting strength is increased, the fitted B-spline matches the data points

more closely. A very loose fit is achieved for ζ = 0 (Figure 3.16a) where none of the
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Figure 3.15: Closed curve least squares fitting errors for varying fitting strength,
ζ, and varying number of data points.

features of the smooth star are obtained and the curve remains relatively circular.

As the fitting strength is increased, more of the smooth star shape can be recognised

from the B-spline curve as the higher number of degrees of freedom allows the curve

to be manipulated by the data points. By using a fitting strength of 0.4 (Figure

3.16c), the B-spline curve has a relatively good fit to the data points but is not able

to fully fit to the high curvature of the smooth star. Using the maximum fitting

strength (Figure 3.16f) provides a B-spline curve that is almost indistinguishable

from the data points with a very close fit. Depending on the properties of the

desired boundary and the quality of the data points used, a decision on the value

of the fitting strength parameter can be made. For example, if the boundary of the

physical domain must match very closely to the data points, a higher value of ζ

would be required. However, if there is a lot of noise in the data points and a rough

estimate of the boundary is suitable, a lower value of ζ could be used, which also

reduces computational cost as the least squares fitting system will be smaller as a

smaller number of control points will be used to fit to the data points. The choice
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3.5. Imposing inhomogeneous Neumann boundary conditions

of ζ is problem dependent based on the importance of how accurate the B-spline

boundary should represent the set of data points, this will be explored further in

the context of setting up the LV model in Chapter 6.

(a) ζ = 0.00 (nk = 3) (b) ζ = 0.20 (nk = 4) (c) ζ = 0.40 (nk = 6)

(d) ζ = 0.60 (nk = 7) (e) ζ = 0.80 (nk = 9) (f) ζ = 1.00 (nk = 11)

Figure 3.16: Least squares fitting of a closed B-spline curve for 50 data points for
various fitting strengths.

3.5 Imposing inhomogeneous Neumann boundary

conditions

Now that the process of creating a B-spline curve and surface has been described, it

is possible to use these as a boundary of a physical domain in a MPM analysis. As

the boundary of the physical domain will often not coincide with the background

mesh, it is not possible to simply impose boundary conditions on the background

mesh, the B-spline MPM boundary representation overcomes this issue as boundary

conditions can be applied over the B-spline curve or surface. This work only

considers the imposition of Neumann boundary conditions, however, Dirichlet
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3.5. Imposing inhomogeneous Neumann boundary conditions

boundary conditions can also be applied to the B-spline boundary. See [24, 25]

for further details on the imposition of Dirichlet boundary conditions to B-spline

MPM boundaries.

In order to integrate a traction (or pressure) boundary condition over a B-spline,

a numerical integration scheme can be employed, Gauss quadrature is used in this

work, in which the integration takes place over local coordinates ranging from -1

to 1 in 1D for a B-spline curve and 2D for a B-spline surface.

For clarity in demonstration, the example of applying a traction boundary condition

over a B-spline curve is presented, the formulation for B-spline surfaces is also given

but not shown illustratively. Based on the work of Bing [24], the curve is split into

segments for each knot span of {Ξ} and Gauss points are used to integrate over each

segment. As the local parametric coordinates of the B-spline curve range between 0

and 1, multiple spaces are defined: the physical (global) space, the parametric space

and the integration space. The three spaces are shown in Figure 3.17. The physical

space (Figure 3.17a) contains the background mesh and the B-spline curve, {C(ξ)},

using the global coordinate system. The parametric space (Figure 3.17b) contains

the B-spline curve using the local B-spline parametric coordinate, ξ, defining the

points along the curve. The integration space (Figure 3.17b) is the space over a knot

span over which Gauss quadrature is performed using local parameter ξ̃ ∈ [−1, 1].

The way that the integration is performed in this work is different to the work of

Bing [24, 25] who determines the intersection points between the B-spline curve

and elements of the background mesh, with the integration taking place over each

segment of the curve between the intersection points. While this is a “simple”

process for a 2D analysis using a B-spline curve, it becomes much more difficult for

a 3D analysis using B-spline surfaces, hence the integration between knot spans in

this work to unify the integration approach for 2D and 3D analyses. A trade off

will be required in this work where more Gauss points should be used over each

segment of the B-spline boundary between the knot spans compared to number of

Gauss points used by Bing et al. in order to achieve a similar error. This is due to
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3.5. Imposing inhomogeneous Neumann boundary conditions

the discontinuous nature of the shape functions of the background mesh over the

integration length which do not coincide with the element boundaries.

x

y

{C(ξ)}

(a) physical (global) space

{C(ξi)}

{C(ξi+1)}

ξ

ξ̃ = −1 ξ̃ = 0 ξ̃ = 1

ξ0 ξi ξi+1 ξn ξ

Physical space

Parametric space

Integration space

(b) mapping between physical, parametric and
integration spaces

Figure 3.17: Spaces used in the integration over a B-spline curve. Reproduced from
[24].

The mapping from the integration space, ξ̃ ∈ [−1, 1], to the parametric space,

[ξi, ξi+1], is a linear transformation, by inspection

ξ = ξi + (ξ̃ + 1)(ξi+1 − ξi)
2 . (3.57)

For integration over B-spline surfaces, both the ξ and η directions are used

independently where the spaces seen in Figure 3.17b are equivalent for the η

direction. The mapping in the η direction is given by

η = ηj + (η̃ + 1)(ηj+1 − ηj)
2 (3.58)

where η̃ ∈ [−1, 1] is the integration space and [ηj , ηj+1] is the range of local

parametric coordinates of the B-spline surface in the η direction.

A traction is integrated over a boundary, ∂Ω, such that [17, 24, 77]

{ft} =
∫

∂Ω
[Sv]T {t} ds (3.59)

where {ft} is the resultant nodal force due to traction, [Sv] are the standard FE

shape functions and {t} is the prescribed traction. Using Gauss quadrature to

evaluate (3.59), the resultant nodal traction force vector becomes

{ft} =
ngp∑
i=1

[Sv]Ti {t}det([JB]i)wi (3.60)
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where ngp is the number of Gauss points used to approximate the integration over

the boundary, wi is the weight associated with the i-th Gauss point and [JB] is the

Jacobian matrix of the i-th Gauss point. The Jacobian matrix is the transformation

between the integration space and the physical space, as there is the intermediate

parametric space for the B-spline curve and surface, two mapping are required,

from the physical space to the parametric space and then from the parametric

space to the integration space. A B-spline curve is essentially a 1D line in 2D

space, therefore, the Jacobian is vector which is formed using the chain rule such

that

{JB} =
{d{C}

dξ̃

}
= {C(1)(ξ)} dξ

dξ̃
=


dx
dξ̃

dy

dξ̃

 (3.61)

where
dξ
dξ̃

= ξi+1 − ξi

2 . (3.62)

The same principle can be applied for B-spline surfaces, which are 2D surfaces in

a 3D space, producing the rectangular Jacobian matrix given by

[JB] =

d{S}
dξ̃

d{S}
dη̃

 =

{S(1,0)(ξ, η)} 0

0 {S(0,1)(ξ, η)}




dξ

dξ̃

dη
dη̃

 =

dx
dξ̃

dy

dξ̃
dz
dξ̃

dx
dη̃

dy
dη̃

dz
dη̃

 (3.63)

where
dη
dη̃ = ηj+1 − ηj

2 . (3.64)

In (3.60), the determinant of the Jacobian matrix is required, it is well known

that it is not possible to calculate the determinant of a non-square matrix in the

traditional way. As the Jacobian matrices in (3.61) and (3.63) are non-square,

an alternate approach is required. The determinant of the Jacobian vector for a

B-spline curve is simply the L2-norm of the vector

det({JB}) = ∥{JB}∥2. (3.65)

There is no concept to find the determinant of a rectangular matrix, however, one

can be approximated such that [306]

det([JB]) =
√
v2

x + v2
y + v2

z (3.66)
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where

vx = det


dz

dξ̃

dy

dξ̃

dz
dη̃

dy
dη̃


 , vy = det


dx

dξ̃
dz
dξ̃

dx
dη̃

dz
dη̃


 , vz = det


dy

dξ̃
dx
dξ̃

dy
dη̃

dx
dη̃


.

While the applied traction vector, {t}, can be applied in any direction, it is often

the case that a pressure is applied over a boundary. For a pressure boundary

condition, the traction vector is the vector normal to the boundary scaled by the

magnitude of the pressure imposed. It is straightforward to obtain the normal

vector when using a B-spline boundary representation as the first derivatives of

the B-spline curve/surface can be found anywhere on the curve/surface. And, as

the Gauss points are positioned on the B-spline curve/surface based on the local

parametric coordinates the first derivatives can be determined using (3.7) for a

B-spline curve (setting k = 1) and (3.43) for a B-spline surface (setting k = 1,

l = 0 for the derivative in the ξ direction and k = 0, l = 1 for the derivative in the

η direction, these first derivatives are given in (3.41)). The normal to the B-spline

curve is then the cross product between the derivative of the curve with the out of

plane vector such that

{C⊥(ξ)} = {C(1)(ξ)} × {0, 0, 1}T (3.67)

while the normal to the B-spline surface is the cross product between the two

derivative vectors

{S⊥(ξ, η)} = {S(1,0)(ξ, η)} × {S(0,1)(ξ, η)}. (3.68)

3.5.1 Validation of traction imposition

The application of a traction boundary condition to the physical domain using the

B-spline boundary representation in a MPM analysis is validated using a series of

problems. Each problem is run over a single load step using a small strain, linear

elastic material.
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2D Elastic cylinder under internal pressure

The first example is that of a 2D, plane strain analysis of a thick walled elastic

cylinder under internal pressure. Due to symmetry, only a quarter of the cylinder is

modelled, the problem and boundary conditions are depicted in Figure 3.18a where

the cylinder has an inner radius, Ri, of 1 m and an outer radius, Ro, of 5 m. The

material has a Young’s modulus of E = 1 MPa and a Poisson’s ratio of ν = 0.25.

Using the analytical solution [298], an internal pressure of 0.75 MPa is required to

double the inner radius of the cylinder, this is the pressure, P , applied over the

inner boundary of the cylinder over a single load step in this analysis. No pressure

is applied over the outer boundary. Roller boundary conditions are also applied

over the sides of the background mesh at x = 0 m and y = 0 m.

The problem domain is discretised by distributing MPs evenly in the circumferential

and radial directions between the inner and outer radius of the cylinder, the

distribution of 10 × 10 MPs can be seen as black crosses in Figure 3.18b on a mesh

of size h = 1 m. It is worth noting that this MPs distribution is for illustrative

purposes only as there is not enough MPs to adequately represent the physical

domain and produce reliable results. In fact, the physical domain is discretised by

512×512 MPs for all analyses in this example. It is also worth noting that the MPs

are positioned within the problem domain and not positioned at points along the

boundaries of the problem domain in the way this problem was presented by Bing

et al. [24]. Boundary sampling points are positioned along the desired inner and

outer boundaries of the physical domain at regular angular intervals, as depicted

by the red circles in Figure 3.18b. The number of boundary points over each

boundary is dependent on the size of the background mesh in order to ensure that

the integration over each boundary is sufficient and has captured all intersections

between the boundary and the elements of the background mesh. As regular

B-splines are used (as opposed to Non-Uniform Rational B-Splines (NURBS)),

the number of boundary sampling points must also be increased in order to achieve
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a good approximation of the circular boundary, regular B-splines are simply unable

to fully capture a true circular shape [248]. The pressure boundary condition is

applied using Gaussian quadrature over each B-spline curve segment between the

boundary points. For each curve segment, two Gauss points are used to integrate

the pressure over the boundary. Using two Gauss points for each curve segment

was determined to be a reasonable value as it positioned several integration points

within each element of the background mesh which contain the boundary while also

not significantly increasing the computational cost of the external force calculation.

x

y

Ri

Ro

P

(a) (b)

Figure 3.18: 2D thick walled cylinder: (a) problem geometry and (b) discretisation
(right).

The problem is run for multiple meshes with sizes h = 1 m, 2−1 m, 2−3 m and

2−4 m, all using a 512 × 512 standard interpolation MPs to discretise the physical

domain. Although the pressure boundary condition is only applied over the inner

boundary of the cylinder, the outer boundary is also represented with a separate

B-spline curve. Table 3.1 displays the number of boundary sampling points used

to generate the inner and outer B-spline boundary representations, where ni
bp and

no
bp are the number of boundary sampling points for the inner and outer boundary

respectively.

For each analysis, the deformed inner radius is determined by taking 1000 points
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Mesh size, h (m) ni
bp no

bp

1 7 27
2−1 12 52
2−2 22 103
2−3 42 205
2−4 83 409

Table 3.1: Number of boundary sampling points for the inner and outer boundaries
for the elastic cylinder problem for different background mesh sizes.

along the deformed inner boundary and calculating the radial position of each

point (the distance between the point on the boundary and the origin) and taking

the mean average of these points. The relative average inner radius error, ϵr, is

determined as

ϵr = |rh − ra|
ra

(3.69)

where rh is the average deformed inner radius and ra is the analytical deformed

inner radius [298].

Figure 3.19 shows the average relative inner radius error as the background mesh

is refined where a good convergence rate can be seen. Up to a mesh size of h = 2−3

m, there is a quadratic convergence rate which is similar to the results of Bing et

al. [24]. This may be due to the high curvature of the inner boundary which will

not be best captured at large mesh sizes with the linear basis functions. As the

mesh is refined, the section of the boundary contained within an element will have

much lower curvature so can be more accurately captured and the deformation

field across the boundary will be smoother. This effect can be seen in Figure 3.20

where the initial (solid black lines) and deformed (dashed black lines) boundaries

are shown for a coarse mesh (h = 1 m, Figure 3.20a) and a relatively finer mesh

(h = 2−2 m, Figure 3.20b). It can be seen in Figure 3.20a that the deformed

inner boundary is not realistic in terms of what would be expected for a cylinder

under internal pressure. In comparison, the deformed boundary when modelled

with a mesh size of 2−2 m in Figure 3.20b where the boundary seems to have

maintained its circular shape. The deformation of the outer boundary does not

seem to be affected by using a coarser mesh as the curvature of the boundary is
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much lower compared to the inner boundary. For a mesh size of h = 2−4 m, the

rate of convergence decreases, this may be because of the fact that the curvature of

the inner boundary is well captured using a mesh size of h = 2−3 m so refining the

mesh further will not significantly improve the results of the analysis any further.

The stagnation in the error as the mesh is refined may also be due to the fact

that the total number of MPs is kept constant for each mesh, which will limit the

accuracy of the integration of the physical material for finer meshes. The results

presented in this work differ from those presented by Bing et al. [24], this may be

due to the method of applying the Neumann boundary condition over the inner

boundary of the cylinder, with a secondary effect due to the differences in the

setup of the problem. Increasing the number of Gauss points used to integrate

over each curve segment may produce results closer to those of Bing et al. As

mentioned when discussing how the problem is set up, this work does not position

MPs over the boundary of the problem domain, instead the MPs are fully contained

within the problem domain. This will mean that the traction boundary will not be

applied directly to the positions of some MPs in the problem. The fact that the

traction is applied using numerical integration over the curve segments between

sampling points rather than segments of the curve contained within each element

of the background mesh may also cause the difference in error values, this will be

discussed further in the next numerical example.

3D Elastic cylinder under internal pressure

The second numerical example is an extension of the example above into 3D, a

cylinder with an inner radius, Ri, of 1 m and an outer radius, Ro, of 5 m and a

length, L = 1 m, the cross section of the problem is shown in Figure 3.18a. The

material has a Young’s modulus of E = 1 MPa and a Poisson’s ratio of ν = 0.25.

A pressure P = 0.75 MPa is applied over the inner boundary of the cylinder over

a single load step (the pressure required to double the inner radius as per the

analytical solution [298]). Roller boundary conditions are applied over the sides of
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Figure 3.19: Convergence plot of the average relative error of the calculated inner
radius of the 2D elastic cylinder analysis as the background mesh is refined.

(a) h = 1 m (b) h = 2−2 m

Figure 3.20: Initial (solid black line) and deformed (dashed black line) inner and
outer boundaries of the 2D elastic cylinder for different mesh sizes.

the background mesh at x = 0 m, y = 0 m, z = 0 m and z = 1 m.

The inner and outer boundaries of the cylinder are represented as two B-spline

surfaces. Weightless boundary points are applied over the boundary of the physical

domain to generate the B-spline surfaces, the ξ direction is taken to be the curved

aspect of the boundary (as seen in the xy-plane) and the η direction is taken to

be along the length of the cylinder (parallel to the z axis). Boundary points are
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positioned along the ξ direction for the inner and outer boundaries in the same

manner as the 2D case above with the number of boundary points in this direction

is given in Table 3.1 for each level of mesh refinement. A total of 2nz
el +1 boundary

points in the η direction are positioned at even intervals along the length of the

cylinder, where nz
el is the number of elements of the background mesh in the z

direction. Fewer boundary points are required in the η direction compared to the ξ

direction as this aspect of the boundary is essentially a straight line. Therefore, it

does not have the same issue in truly representing the boundary compared to the

circular aspect of the boundary, as per the discussion in the previous example. The

number of boundary points in the η direction are still increased at the same rate

as in the ξ direction as the mesh is refined to ensure that the integration patches

over the B-spline surface are made smaller with mesh refinement.

The problem is run for mesh sizes ranging from 1 m to 2−3 m with the size of the

elements reducing by a factor of 2 each time. However, the MP distribution used

for the 2D problem (displayed in Figure 3.18b) is not used, this is because it is not

practical to use so many MPs through the length of the cylinder. Instead, each

element of the background mesh is populated with evenly distributed standard

interpolation MPs and those which are not contained within the physical domain

of the cylinder are removed. The MPs which have a global position such that

Ri ≤
√
x2

p + y2
p ≤ Ro are kept, where (xp, yp, zp) is the global position of the MP.

The analysis for each mesh size is run using using an initial MP distribution of 23,

33, 43 and 53 MPs per element in the background mesh. Overall, the total number

of MPs used in the analyses ranges from 152 (h = 1 m and 23 MPs) to 1 206 520

(h = 2−3 m and 53 MPs) after the MPs outside of the cylinder domain have been

removed.

For each analysis, the relative average inner radius error, ϵr, is calculated using

(3.69) where the average deformed inner radius, rh, is determined as the average

radial position of 1000 points over the inner B-spline surface boundary using 100

points over the ξ direction and 10 points over the η direction. The analytical
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deformed inner radius, ra, is determined using the analytical solution [298]. Figure

3.21 shows the relative average inner radius error as the mesh is refined for various

initial MP distributions. There is predominantly a linear convergence rate as the

mesh is refined for all MP distributions, this is strongest when using an initial

MP distribution of 33 MPs per background mesh element. Interestingly, the other

three MP distributions sees an initial quadratic convergence rate (as seen in Figure

3.19 for the 2D case) which degrades to a linear rate at finer meshes. The relative

average inner radius error seems to plateau as the mesh is refined when using an

initial MP distribution of 23 MPs, this may be due to the fact that there are not

enough MPs positioned in the space around the boundary to accurately model the

deformation around the boundary. The MPM is also susceptible to larger errors

around the boundary of the domain, especially when the boundary conditions are

applied to the boundary of the physical domain, see Bing et al. [24] for evidence of

this.
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ro

r,
ϵ r
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33 MPs
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Figure 3.21: Convergence of the average relative error of the calculated inner radius
of the 3D elastic cylinder analysis as the background mesh is refined for various
initial MP distributions.
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Infinite plate with circular hole

The final example is that of a plane stress analysis of an infinite plate with a circular

hole under a far field stress in the x direction. The circular hole of the plate has

a radius, Ri, of 0.5 m and a far field stress of S = 10 MPa is applied in the x

direction. The material is modelled as an elastic material with a Young’s modulus

of E = 10 MPa and a Poisson’s ratio of ν = 0.25. Due to symmetry, one quarter of

the problem is modelled with the problem domain truncated and represented by a

B-spline boundary with roller boundary conditions applied directly to the sides of

the background mesh at x = 0 m and y = 0 m. Figure 3.22 shows a diagram of the

problem for a mesh size of h = 2−3 m. The boundary is defined using 11 sampling

points with the global coordinates{xp}T

{yp}T

 =

0.00 0.10 0.35 0.60 0.73 1.00 1.50 1.75 2.00 1.78 1.50

1.50 1.75 1.95 1.80 1.31 1.15 1.35 1.30 0.75 0.21 0.00

 m

which are used to generate the B-spline boundary. These sampling points are

shown as red circles in Figure 3.22 with the calculated control points shown as

blue squares. To generate the initial physical domain of the plate, the background

mesh is fully populated with each element containing 8 × 8 evenly spaced standard

interpolation MPs (the diagram in Figure 3.22 only shows a 2 × 2 distribution of

MPs per element for illustrative purposes). The MPs with a radial distance from

the origin of less than 0.5 m are removed as well as those MPs which are positioned

outside of the B-spline boundary.

A traction boundary condition is applied over the B-spline boundary based on the

analytical stress states at the positions of the integration points along the boundary.

The analytical stress solution in the Cartesian coordinate system is given by [298]

σxx = S − S

(
R2

i

r2

)(3
2 cos (2θ) + cos (4θ)

)
+ S

(
3R4

i

2r4

)
cos (4θ) (3.70a)

σyy = −S
(
R2

i

r2

)(1
2 cos (2θ) + cos (4θ)

)
− S

(
3R4

i

2r4

)
cos (4θ) (3.70b)
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Ri

θ

r

Boundary sampling points
Boundary control points

MPs

Figure 3.22: Infinite plate with circular hole problem diagram with boundary
sampling points (red circles) and control points (blue squares) shown.

σxy = −S
(
R2

i

r2

)(1
2 sin (2θ) + sin (4θ)

)
− S

(
3R4

i

2r4

)
sin (4θ) (3.70c)

where S is the far field applied stress, r is the radial distance from the origin

to the point in question and θ is the angular position of the point from the

positive x direction, as shown in Figure 3.22. Due to the method of integrating

the traction boundary condition in this work, simply using the 11 sampling points

as the boundary points is not feasible, therefore, the sampling points are used to

generate an initial B-spline boundary representation and 22
h boundary points are

evenly spaced across the B-spline curve. This is to ensure that there are enough

boundary points such that every element in the background mesh is accounted

for when applying the traction load. The traction boundary condition is applied

using Gaussian quadrature over each B-spline curve segment between the boundary

points, 3 Gauss points are used for each curve segment. The normal vector to the

B-spline boundary, {n}, is determined at the integration point from the derivative

of the curve (tangent vector) using (3.8) and (3.67) which is then used to calculate
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the traction force given by

{t} = [σ]{n} =

σxx σxy

σxy σyy


nx

ny

 (3.71)

with the stress values calculated based on (3.70). The analytical displacement of a

point in the plate is given by [298]

ux = SRi

8µ

(
r

Ri
(κ+ 1) cos (θ) + 2Ri

r
((1 + κ) cos (θ) + cos (3θ)) − 2R3

i

r3 cos (3θ)
)

(3.72a)

uy = SRi

8µ

(
r

Ri
(κ− 3) sin (θ) + 2Ri

r
((1 − κ) sin (θ) + sin (3θ)) − 2R3

i

r3 sin (3θ)
)

(3.72b)

where µ = E
2(1+ν) and κ = (3−ν)

(1+ν) for a plane stress analysis.

The problem is run for mesh sizes ranging from h = 2−1 m to 2−7 m, reducing

the size of the mesh by a factor of 2 each time. For each analysis, the relative

stress error, ϵσ, and displacement error, ϵu, are computed based on the stress and

displacements of each MP such that

ϵσij = 1
V0

∑
∀p

(
∥σp

ij − σa
ij∥V 0

p

∥σa
ij∥

)
and ϵui = 1

V0

∑
∀p

(
∥up

i − ua
i ∥V 0

p

∥ua
i ∥

)
(3.73)

where σp
ij and up

i are the calculated stresses and displacements at the MP position

respectively, σa
ij and ua

i are the analytical stresses and displacements at the MP

position respectively, V 0
p is the initial volume of the MP and V0 = ∑

∀p
V 0

p is the

initial volume of the physical domain. The ϵσij errors are computed for σxx, σyy

and σxy and the ϵui errors are computed for ux and uy. The calculated relative

stress and displacement errors are shown in Figure 3.23 where the stress errors are

shown with solid lines and the displacement errors are shown with dashed lines.

Looking at the errors in Figure 3.23, a linear convergence rate can be seen for all the

stress errors and a quadratic convergence rate is seen for the displacement errors as

the mesh is refined. This follows what was seen by Bing et al. [24], however, there

are many differences between the results in this work and those of Bing et al. Most
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notably is the fact that there is a difference in the ux and uy displacement errors

values in this work where Bing and co-workers saw that these errors are very similar

for each mesh size throughout the convergence study. Another difference is seen in

the stress errors, Bing and co-workers saw three distinct lines for each stress error,

in this work the σyy and σxy stresses are similar for each mesh size but still see

the linear convergence rate. The error lines in Figure 3.23 also appear to be more

erratic compared to Bing et al. All of these reasons may be due to the differences in

approach to solving the problem. As discussed in the previous numerical example,

there is a difference between this work and that of Bing et al. in the application of

the traction boundary conditions, which may impact the results. Bing et al. [24]

used Gaussian quadrature to integrate over each curve segment contained within an

element whereas this work performs the numerical integration over curve segments

between boundary points. In order to reduce any issues with this approach, this

work uses a large number of boundary points to ensure that the every element that

is cut by the B-spline curve boundary is affected by the imposition of the traction

boundary condition, that is the external force vector includes entries for the nodes

of all of these elements.
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Figure 3.23: Stress and displacement error convergence under mesh refinement for
the infinite plate with circular hole problem.
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Summary

This chapter presented the method of representing a non-conforming boundary of

the physical domain in the MPM, initially based on the work by Bing et al. [24] for

2D analyses and extended here into 3D. The principles of B-spline basis functions

and their derivatives have been presented and how to calculate these using the

recursive formula for higher degree B-splines. This was followed by a discussion on

B-spline curves and surfaces including how to generate a B-spline curve or surface

from a set of data points using a local interpolation scheme. It is not always the

case that the data points are positioned by the analyst, instead, the data points

may be an unstructured set of points. In this case a least squares fitting procedure

was chosen to generate a B-spline boundary representation. For this, the process of

determining the foot point of a data point on a B-spline curve/surface is presented

using a subdivision algorithm to determine an adequate initial guess before a point

inversion scheme is used to find the foot point. It is worth noting that only the

subdivision algorithm is used to determine the foot point on a B-spline surface due

to the complexity of the calculation to account for the multiple local dimensions

over the B-spline surface as well as the fact that the true foot point on the surface

will not be required at any point in this work, thus a sufficiently good estimate

is reasonable. The process of fitting a B-spline curve to a set of unstructured

data points using the least squares fitting procedure is presented where a fitting

strength parameter is introduced to set the number of control points of the B-spline

curve which affects how closely the fitted curve represents the data. Ultimately,

the B-spline boundary will be used to apply Neumann boundary conditions to the

physical domain in a MPM analysis, therefore, a means of integrating traction (or

pressure) forces over the B-spline boundary is given for 2D and 3D analyses and

validated using a small strain, linear elastic MPM code. Three validation cases were

shown where Neumann boundary conditions were applied over a B-spline boundary

representation of a physical domain with the resulting deformation and stress fields
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compared to analytical results. The analysis of a thick walled cylinder subjected to

an internal pressure was shown in 2D and 3D where the inner and outer boundaries

of the cylinder was represented using B-spline curves (in 2D) and surfaces (in 3D).

In both cases, the deformed inner radius was compared to the analytical solution

as the background mesh is refined where convergence in the numerical solution

to the analytical solution was seen. An irregular boundary was also modelled for

the case of an 2D infinite plate under a far field stress, the analytical stress state

was applied as a traction over a B-spline curve representation of the boundary.

Again, the numerical stress field and displacements of the MPs were compared to

the analytical solution and convergence was seen through mesh refinement.

Given that boundary conditions can now be applied directly to the non-conforming

boundaries in a MPM analysis, the next chapter covers the implementation of

the arc-length method in the MPM which is able to analyse problems involving

non-linear load-displacement responses. As the aim of this work is to model the LV

as a hyperelastic material, it is possible that a highly non-linear load-displacement

response may be seen or a restriction of the total displacement over a single load

may be required to improve the stability of the numerical simulation.
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Chapter 4

The Arc-Length Method

For a quasi-static, implicit, non-linear problem in the Finite Element Method

(FEM), a prescribed load (or displacement) is applied incrementally at the start

of each load step with a Newton-Raphson (N-R) iterative scheme often used to

determine the corresponding displacement (or load) such that the out-of-balance

forces are minimised over a load step. However, this procedure will only work if the

incremented load (or displacement) is strictly increasing throughout the analysis of

the problem in order to accurately trace the equilibrium path. Figure 4.1a shows an

increasing equilibrium path in which a single value of force corresponds to a single

value of displacement. It is possible to determine a solution on the equilibrium

path for each load step as the load (or displacement) is incremented. On the other

hand, it is not guaranteed that the equilibrium path will be strictly increasing,

problems involving large deformations [66] and/or non-linear material behaviour

[76] can see critical points along the equilibrium path where it is not possible to

increment a variable further and obtain a solution. A snap-through response is

shown in Figure 4.1b where an increase is displacement is seen for a decrease in

load. In this case, a single force value can correspond to multiple displacement

states, therefore, it is not possible to use a load controlled scheme to model a

snap-through problem after the critical point. As the snap-through equilibrium

path is still an increasing path in terms of displacements, these problems may

still be modelled using a displacement controlled scheme. It is worth noting that
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this changes the physical problem being modelled depending on the nature of

the imposed boundary conditions. A snap-back response displays a decrease in

displacement after a snap-through response, an example of which is shown in Figure

4.1c. It is not possible to use either a load controlled or displacement controlled

scheme to model a problem involving a snap-back response due to the multiple

displacement states for a given force as well as multiple load states for a given

displacement. There are two common options for the solution of these non-linear

responses, the first option uses a perturbation method [50, 175, 261, 296] while the

other uses a predictor-corrector method [6, 227, 314]. Refer to [260] for a discussion

on these two methods. Another path following method was proposed by Eriksson

and is named the generalised path following method [91]. This work focusses on

the second option, the predictor-corrector method, namely the arc-length method

[260, 262, 326], which is the most common path following technique.
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Figure 4.1: Equilibrium paths of (a) increasing response, (b) snap-through response
and (c) snap-back response.

The arc-length method was independently developed by Riks [260, 262] and

Wempner [326] in the 1970s and is one of the main techniques used in Finite

Element Analysis (FEA) to overcome the issues associated with the solving of

snap-through and snap-back equilibrium paths [218]. Crisfield [65] adapted the

method proposed by Riks such that the arc-length method is more suited for

use in the FEM when used with the modified Newton-Raphson method. Since

its conception, many variations of the arc-length method have been proposed

to solve complex equilibrium paths including (but not limited to): handling
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structural instabilities using the current stiffness parameter and identifying the

limit points [18], linearising the solution to solve over a hyperplane rather

than a hypersphere [254], decomposing the out-of-balance forces into parallel

and orthogonal components with respect to the applied external force [180],

combining the Crisfield and Ramm arc-length approaches using a geometrical

interpretation [94], augmenting the stiffness matrix (stiff arc-length method) [230]

and a displacement controlled arc-length method [251]. The essence of the

arc-length method comes from the constraint equation, or arc-length equation,

which is included in the non-linear equations of the problem and solved to give

an incremental load factor and corresponding incremental displacements. The

displacement solution is constrained by the arc-length equation and determined

based on this allowed displacement, this means that the issues which may arise in

traditional load/displacement controlled schemes due to snap-through or snap-back

responses are mitigated. The arc-length method has been used to solve a variety

of non-linear problems including buckling of cylindrical shells [166, 179, 233, 329],

structural analysis [256], modelling of crack propagation [101, 323] and failure of

brittle materials [4, 39].

While the arc-length method is well established in its use with the FEM, to

the author’s knowledge, no literature had published prior to the implementation

presented in [106] which presents the implementation of a Material Point-Based

Arc-Length Method (MP-BALM). The referenced paper [106] forms the basis

of this chapter which describes the first implementation of a MP-BALM, which

expands the applicability of the MPM to model load controlled problems

involving snap-through responses. The arc-length method in it current form

for FEA will be presented followed by an explanation of the adaptations

needed for the arc-length method to be successfully used with the MPM. The

MP-BALM will be demonstrated for various problems involving linear elastic, linear

elastic-perfectly plastic and linear elastic-plastic softening material behaviours

under large deformations. The arc-length method presented in this chapter is
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able to analyse problems involving both snap-through and snap-back responses,

however, the MPM is a continuum method for which there are no known physically

meaningful problems involving global snap-back responses. This means that only

problems involving snap-through responses will be shown in the chapter.

The main aim of this work is to develop a large deformation model of the left

ventricle with a non-linear hyperelastic constitutive model, this means that there

is the potential that a snap-through response can be encountered. The arc-length

method can also be used as a means of restricting the displacement of the domain

over a single load step in order to improve stability of an analysis. These are the

main reasons for the implementation of the MP-BALM in this work. This chapter

uses the MP-BALM to model large deformation problems with snap-through

behaviour, it will also be used in Chapter 5 to validate the hyperelastic, isotropic

Ogden material model for a problem which sees snap-through behaviour.

4.1 The arc-length method for FEA

An arc-length solver (or Riks solver) solves for both load and displacement based

on the converged state of the previous load step and a specified arc length. The

equilibrium path is formed of load factor-displacement pairs, (λ, {u}), where λ is

the load factor and {u} are the nodal displacements. The load factor acts as a

scalar multiplier of the external force vector applied to the problem domain such

that

{fext} = λ{fext
0 } (4.1)

where {fext
0 } is the initial applied external force vector and {fext} is the external

force vector corresponding to the current load factor. A key feature of the arc-length

method is that the distance from the current converged state to the next state along

the equilibrium path is limited by a specified arc length, ∆l. The most general form

of the arc-length constraint is the spherical arc-length constraint [76] which is given
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by

{∆u}T {∆u} + ∆λ2ψ2{fext
0 }T {fext

0 } = ∆l2 (4.2)

where {∆u} and ∆λ are the converged values of the change in nodal displacements

and the change in the load factor respectively for the current load step and ψ is

a prescribed scaling parameter which determines the involvement of the applied

external force in the satisfaction of the arc-length constraint. This work utilises

the more widely used version of the arc-length constrain by setting the scaling

parameter ψ to be zero, ensuring that only the Euclidean norm of the change in

nodal displacements is equal to the prescribed arc-length [76], this version is called

the cylindrical arc-length method. The cylindrical arc-length constraint is given by

{∆u}T {∆u} = ∆l2. (4.3)

Figure 4.2 shows the use of the cylindrical arc-length method to track through the

equilibrium path for a simple two degree of freedom system. Given a converged

state, (λn, {un}), when visualised in terms of two displacement components, {u1}

and {u2}, the constraint equation (4.3) creates a cylindrical zone around the

converged point. The equilibrium path will intersect the cylinder at two points,

A and B. These are the two points on the equilibrium path which satisfy

the arc-length constraint based on the change in nodal displacements from the

converged state. Using an appropriate selection method, either point A or point B

is chosen to be the next converged state and the process is repeated for the next

load step.

The arc-length method is often paired with a N-R iterative scheme to find a solution

such that the equilibrium of forces is achieved as well satisfying the arc-length

constraint. In each iteration of a load step, the load factor increment, δλ, is found

by substituting the incremental forms of displacement and load factor (which will

be introduced later in this section) into (4.3) and solving the resulting quadratic

equation [65]

α1δλ
2 + α2δλ+ α3 = 0 (4.4)
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{un}

∆l

λn

equilibrium path

{∆u}T {∆u} = ∆l2
arc-length constraint:

A

B

(λn, {un})

{u1}

{u2}

λ

Figure 4.2: The cylindrical arc-length method. Reproduced from de Souza Neto et
al. [76].

with the coefficients of the quadratic equation given by

α1 = {δū}T {δū}

α2 = 2{δū}T {{∆uk} + {δu∗}}

α3 = {{∆uk} + {δu∗}}T {{∆uk} + {δu∗}} − ∆l2

(4.5)

where subscript k denotes values from the previous N-R iteration and {∆uk} is the

change in nodal displacements calculated so far in the load step. The tangential

displacement, {δū}, and the N-R displacement∗, {δu∗}, are given by

{δū} = [K]−1{fext
0 } (4.6a)

{δu∗} = [K]−1{fR} (4.6b)
∗Naming convention taken from the literature, see Crisfield [65]. The N-R displacement is the

vector resulting from the elimination of the out-of-balance forces, while the tangential displacement
is the vector tangential to the N-R displacement on the load-displacement curve.
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4.1. The arc-length method for FEA

where {fR} is the residual force vector from (2.60).

As the form of (4.4) is a quadratic equation, there are two possible solutions for

δλ, one root will progress along the equilibrium path and the other root will track

back along the path. These two roots correspond to the two points of intersection

between the equilibrium path and the arc-length constraint and can be seen in

Figure 4.2 as points A and B. The selection of the appropriate root is required to

ensure that the analysis progresses in the desired direction. One option is to utilise

the “angle criteria” [76] which minimises the angle between the change in nodal

displacements so far in the load step and the newly calculated change in nodal

displacements. This is done by maximising the dot product of the two vectors in

question, the value of δλ is chosen such that

δλ(k+1) = arg
[
max

δλ̃

({
{∆uk} + {δu∗} + δλ̃{δū}

}T
{∆uk}

)]
. (4.7)

An alternative for the root selection was proposed by Hellweg and Crisfield [138]

which sought to overcome issues when using the angle criterion with problems

involving sharp snap-back responses. The two roots for δλ(k+1) are calculated

as standard, however, the total displacements, stresses and internal forces are

computed for each root and the root which produces the smallest residual is chosen.

Hellweg and Crisfield stated that this method is only required when modelling

material failure with sharp snap-back responses. However, this work does not

consider snap-back responses and thus no further consideration of this method is

taken, the choice of appropriate root of δλ(k+1) is found using (4.7). Complex roots

are a well documented occurrence when solving (4.4), this may happen when the

value of ∆l is too large and it is difficult to determine the intersection with the

load-displacement curve [40, 94]. Methods to overcome the issue of complex roots

have been proposed, see [71, 76, 180, 263, 271].

The incremental change in nodal displacements, {δu}, is then calculated as a

combination of the N-R displacement and the tangential displacement (which is
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4.1. The arc-length method for FEA

scaled by the load factor increment determined by (4.4) and (4.7)) such that

{δuk+1} = {δu∗} + δλ(k+1){δū}. (4.8)

At the start of the simulation, an initial arc length is required. It is possible to

simply prescribe this value, however, this is not easy for the user to determine a

reasonable initial arc length as it is dependent on the mesh size. Instead, the initial

arc length can be calculated as the Euclidean norm of the iterative increment of

the tangential displacement at the start of the problem, that is

∆l0 =
√

{δū}T {δū}, (4.9)

where the {δū} used is the initial tangential displacement based on the reference

load with a prescribed initial iterative load factor increment of 1 to produce an

initial arc length value. A choice can be made to set this initial arc length value from

(4.9) to be the maximum allowed arc length throughout the simulation, however,

this choice is not a requirement of the arc-length method. In principle, the arc

length can take any value but there may be cases where the arc length becomes too

large and causes issues in the analysis, so imposing an upper limit for this value

is often the best action. Depending on the number of N-R iterations needed in a

load step, the arc length in the following load step is adjusted accordingly. Given a

prescribed desired number of iterations, if the number of N-R iterations exceed this

value, the arc length is reduced for the following load step, reducing the distance

away from the current converged state to the next converged state. Conversely, if

the number of N-R iterations needed is below the desired value, the arc length is

able to increase (up to a user prescribed maximum value) for the subsequent load

step. The arc length for the following load step is calculated at the end of each

load step such that

∆ln = max
[
min

[(
kdes

kn

)αal

∆l0,∆l0
]
,
∆l0
γal

]
(4.10)

where kdes and kn are the desired and actual number of N-R iterations needed in

the load step respectively and αal and γal are positive scalars. In the literature,
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4.1. The arc-length method for FEA

αal is taken to be 1 [65] or 0.5 [180], however, Ramm [254] explains that when

αal = 1, oscillations in the number of N-R iterations needed in each load step can

be seen and therefore taking αal = 0.5 is a more stable approach. The value of

γal controls the minimum allowed arc length through the entire simulation such

that ∆ln is a value in the interval
[

∆l0
γal
,∆l0

]
, this ensures that if the required N-R

process continues to exceed the desired number of iterations, the arc length will

not continue to decrease so much that the tracing of the equilibrium path begins to

halt as the allowed displacement increment becomes very small. There is no theory

on the choice of value of γal, therefore γal = 4 is chosen here based on Pretti et

al. [251].

In the first iteration of each load step, there is clearly no information as to the

change in nodal displacements, {∆u0} = {0}. In this case, solving (4.4) produces

the solutions for the initial load factor increment of

δλ(1) = ± ∆l√
{δū}T {δū}

(4.11)

giving a magnitude of the initial increment. However, it is not possible to use

(4.7) to determine which solution to choose and a predictor is required. It is

important to choose the correct value of the predictor solution as one will progress

the simulation along the equilibrium path and the other will track back along the

path [66]. Multiple options of predictor solution criteria have been presented in the

literature to choose the correct sign for δλ(1) to progress along the path, including:

1. Stiffness determinant [19] - sign determined by the determinant of the current

stiffness matrix:

sign
(
δλ(1)

)
= sign(|[K]{u0}|) (4.12)

2. Incremental work [249] - sign determined by predictor work increment:

sign
(
δλ(1)

)
= sign

(
{δū}T {fext}

)
(4.13)
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3. Secant path [97, 98] - sign determined by deformation of the previous load

step, {∆un}:

sign
(
δλ(1)

)
= sign

(
{∆un}T {δū}

)
(4.14)

Option 1 is widely used and is easily implemented as the stiffness matrix will be

known, however, issues may arise if the stiffness matrix is close to singular [65] or in

the presence of bifurcations where the solution will oscillate around the bifurcation

point [76]. Option 2 is able to trace an equilibrium path through a bifurcation

point but is not able to effectively trace snap-back responses [76]. Both options 1

and 2 use information based on the current equilibrium state and nothing about

the history of the equilibrium path. Option 3 involves the use of {∆un} which

takes the deformation of the mesh in the previous load step into account when

determining the deformation of the current load step. The secant path predictor

is able to overcome the issues seen with the stiffness determinant and incremental

work predictor schemes. An alternative predictor solution was proposed by Kadapa

[166] where an extrapolation operator uses the solution from two previous converged

load steps to determine the change in nodal displacements and load factor increment

in the first iteration for each load step. These incremental values are calculated as

a linear combination of the respective nodal displacements and load factor of the

previous two load steps such that change in nodal displacements and load factor

increment in the predictor step are given by

{δu1}n+1 = αpr{∆un}

δλ
(1)
n+1 = αpr∆λn

 where αpr = ∆l0
∆ln

> 0. (4.15)

It is worth noting that this approach is not used in the first load step as there is

no change in nodal displacement or load factor at the start of the analysis and an

alternative prediction must be made, Kadapa found that a value of ∆λ(1)
0 which

produces a noticeable deformation is sufficient for this first predictor value. This is a

simpler and less expensive predictor solution which does not require any additional
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computation to determine the direction of the progression along the equilibrium

path in the predictor step. This work adopts the secant path predictor.

Figure 4.3 shows the process of the arc-length solver through the iterations of a

single load step. From the previously converged point, (λn, {un}), the predictor

iteration determines the initial load factor increment (with direction determined

by the secant path predictor) which is used to calculate an initial change in nodal

displacement in order to satisfy the arc-length constraint. In subsequent iterations,

the load factor increment is calculated using (4.4) and then the change in nodal

displacements are calculated using (4.8). These steps are repeated until the N-R

error is below an allowed tolerance to give the next converged point, (λn+1, {un+1}).

{un} {un+1}

λn

λn+1

{∆u}

∆λ

{δu1}

δλ(1)

{δu2}

δλ(2)

k = 1

k = 2

k = 3

∆l

{u}

λ

Figure 4.3: The arc-length method using the N-R iterative scheme over a single
load step.

This section has covered the form of the FEM-based arc-length method to solve
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problems involving snap-through or snap-back responses. However, some changes

must be made to the arc-length formulation in order for robust analysis when

using the arc-length method with the MPM. These changes will be covered in the

following section.

4.2 The arc-length method for the MPM

As discussed in Chapter 2, the MPM allows the Material Points (MPs) to move

through the background mesh, which means that it is possible that the MPs will

populate small portions of an element around the boundary of the physical domain.

This causes issues with elements that participate in the analysis having very small

stiffnesses, resulting in extremely large nodal displacements relative to the applied

external load. This means that if an arc-length solver is implemented into the MPM

in its FEM form, the large nodal displacements will account for the majority of

the allowed nodal displacements of the arc-length constraint, manifesting in very

small increments of the load factor and an inefficient tracing of the equilibrium

path. In order to overcome this issue, it is proposed that the arc-length constraint

is reformulated based on the change in MP displacements rather than the nodal

displacements. The change in MP displacement, {∆up}, is calculated by mapping

the change in nodal displacements to the location of the MP such that

{∆up} =
nv∑

v=1
Svp ({xp}) {∆u} = [Svp]{∆u} (4.16)

where nv is the number of nodes in the background mesh, Svp ({xp}) is the basis

function of node (or vertex) v based on the position of the MP and [Svp] is a 3×3nv

matrix containing the basis functions associated with the MP for all nodes in the

background mesh. As the [Svp] matrix can be seen as a measure of the influence

each node in the background mesh has on single MP, by summing all of the shape

functions associated with each node of the background mesh for each MP, the total

influence of each node on the physical domain can be estimated. The summation

of shape functions over each MP for each node (repeating for each dimension) can
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be used to form a diagonal matrix, [N̄ ], of size (nD ∗ nv) × (nD ∗ nv). For a 3D

analysis, this matrix takes the form

[N̄ ] =



∑
∀p
S1p 0 0 · · · 0 0 0

0 ∑
∀p
S1p 0 · · · 0 0 0

0 0 ∑
∀p
S1p · · · 0 0 0

...
...

... . . . ...
...

...

0 0 0 · · ·
∑
∀p
Snvp 0 0

0 0 0 · · · 0 ∑
∀p
Snvp 0

0 0 0 · · · 0 0 ∑
∀p
Snvp



. (4.17)

The values within [N̄ ] are scaled by the maximum diagonal value such that the

matrix contains values between 0 and 1. The values in [N̄ ] are representative of

the influence of the change in nodal displacements on the physical body, where

nodes surrounded by fully populated elements have a value equal or close to 1 and

the nodes associated with less physical material have a value of less than 1. Due

to the nature of the MPM, the displacements of the MPs have more of a physical

meaning compared to the displacements of the nodes of the mesh as it is the

MPs that represent the deformation of the physical domain in a MPM analysis.

Therefore, in a similar fashion to the MP displacement calculation in (4.16), a

vector of scaled nodal displacements, {∆us}, is calculated as

{∆us} = [N̄ ]{∆u}. (4.18)

The arc-length constraint in (4.3) can then be modified using the scaled nodal

displacements giving

{∆us}T {∆us} =
(
[N̄ ]{∆u}

)T (
[N̄ ]{∆u}

)
= {∆u}T

(
[N̄ ]T [N̄ ]

)
{∆u}

= {∆u}T [Ñ ]{∆u}

(4.19)

where [Ñ ] = [N̄ ]T [N̄ ] is a diagonal matrix with values between 0 and 1. The

result of the modification in (4.19) is that the nodes associated with partially filled
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elements will not take up as much of the allowed change in nodal displacements,

improving the performance of the arc-length solver in tracing the equilibrium

path with more uniform increments. This will be demonstrated with numerical

examples in Section 4.3. The values in [N̄ ] are scaled in order to ensure that

changing the number of MPs used in the analysis does not have a significant

effect on the progression of tracing along the equilibrium path. For example, if

no scaling is present, increasing the number of MPs will increase the values on the

diagonal of [N̄ ] thus increasing the left hand side of (4.19) and resulting in smaller

displacements per load step and a slower progression through the analysis. The

[N̄ ] matrix scales the nodal displacements in the arc-length condition based on a

node’s influence on the physical domain, however, as the values in the matrix are

rescaled such that they are between 0 and 1, [N̄ ] has no physical meaning in terms

of the problem. The reason for the use of [N̄ ] is to reduce the impact of the large

nodal displacements of the partially filled elements around the boundary of the

domain (as the corresponding values in [N̄ ] will be close to zero) while maintaining

the displacements of the nodes which have more influence on the physical domain.

The author made the decision that the values on the diagonal of the [N̄ ] matrix

are between 0 and 1 rather than ensuring that the norm of the matrix is equal to 1,

this decision was made such that the displacements of the nodes of fully populated

elements are minimally affected by the scaling matrix as the value in [N̄ ] which

corresponds to these nodes will be very close to 1. If the scaling of [N̄ ] is performed

such that the norm of the matrix is equal to 1, all values on the diagonal of the scaled

matrix will be smaller that 1 which will result in significantly slower progression

through the analysis as the material is unable to deform as much through each load

step. Refining the mesh will also have a detrimental effect with scaling [N̄ ] such

that the norm is equal to 1 as the matrix will increase in size meaning that the

values on the diagonal must decrease which will slow the progression even further.

By scaling the values such that they are between 0 and 1, this issue is mitigated.

The addition of the [Ñ ] matrix in (4.19) is incorporated throughout the MP-BALM
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formulation to calculate the load factor increment where the new coefficients of

(4.4) become

α1 = {δū}T [Ñ ]{δū}

α2 = {δū}T [Ñ ] {{∆uk} + {δu∗}}

α3 = {{∆uk} + {δu∗}}T [Ñ ] {{∆uk} + {δu∗}} − ∆l2.

(4.20)

The initial arc-length calculation in (4.9) also includes [Ñ ] such that

∆l0 =
√

{δū}T [Ñ ]{δū} (4.21)

as well as for the predictor solution where the initial load factor increment is

calculated as

δλ(1) = sign
(
{∆un}T [Ñ ]{δū}

) ∆l√
{δū}T [Ñ ]{δū}

. (4.22)

It is still important to include the scaling matrix in (4.22), as {δū} is calculated

from the assembled stiffness matrix for the MPs in the current state meaning that

the partially filled elements at the boundary of the MP domain may still see large

nodal displacements. The large nodal displacements may also be seen within {∆un}

as these are simply the calculated nodal displacements from the previous load step

where the large nodal displacements may have also occurred.

4.2.1 Nodal displacement reconstruction

This work uses the secant path predictor in (4.22) (the scaled form of (4.14)) for

the determination of the direction of the equilibrium path in the first iteration of

a load step where the converged nodal displacement of the previous load step is

required. However, since a key feature of the MPM is that the background mesh

is reset at the end of every load step, obtaining these nodal displacements is not

trivial. Using the nodal displacement vector at the end of the previous load step is

not feasible as the body has deformed and the MPs have changed position, meaning

that the domain is not influenced by the mesh nodes in the same way as in the
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previous load step. A method of reconstructing the nodal displacement field based

on the MP displacements of the previous load step and the updated MP positions

is therefore needed. This is done using a least squares weighted residual technique

based on the approach of [24]
∫

Ω
[Svp]T {[Svp] {∆un} − {∆ua

p}} dv = {0} (4.23)

where {∆ua
p} are the known MP displacements from the previous load step

and {∆un} are the unknown nodal displacements which are to be solved for.

Rearranging for the unknown nodal displacements, an expression can be obtained

such that

{∆un} =
[∫

Ω
[Svp]T [Svp] dv

]−1 {∫
Ω

[Svp]T {∆ua
p} dv

}
. (4.24)

It is worth noting that {∆un} is evaluated globally in order to minimise the residual

error across the whole domain meaning that the integrals in Equation (4.24) must

be assembled into a global matrix and vector respectively. This means that {∆un}

is calculated as

{∆un} =

A
∀p

(
[Svp]T [Svp]Vp

)−1A
∀p

(
[Svp]T {∆ua

p}Vp

) . (4.25)

As the nodal displacements of the previous load step are reconstructed based on

the MPs’ position in the current state, there may still be cases where large nodal

displacements are calculated for partially filled elements around the boundary of

the MP domain, therefore, the scaling matrix is needed in the predictor meaning

(4.22) should be used over (4.14) in order to mitigate issues involving large nodal

displacements.

Algorithm 4.1 shows the standard solution procedure for the MP-BALM. It is

worth pointing out that a zeroth load step is analysed to generate the initial

state of the domain and the arc-length solver is not used in this load step. The

nodal displacement reconstruction takes place at the start of each load step before

entering the N-R iteration loop. The arc-length solver itself requires multiple if
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statements in order to determine how to find the load factor increment and the

arc length needs to be updated at the end of each load step based on the iterative

performance of said load step. Some control is needed in terms of how many load

steps are allowed to be performed over the analysis, this is due to the fact that there

is no longer control on how many load steps it will take to apply the full prescribed

load. Therefore, it is wise to prescribe a maximum number of load steps, nmax,

which will halt the analysis once this number of load steps has been reached. This

algorithm is used to solve the numerical examples presented in Section 4.3.

4.3 Numerical examples

A series of numerical examples are now presented to demonstrate the capability

of the new, scaled approach to the arc-length solver within the MPM formulation.

The first example presented does not show a snap-through response, however, it

is included to show that the arc-length solver can be implemented into a MPM

code and produce correct results for simple problems with an analytical solution.

Further examples show the capabilities of the MP-BALM with problems which

encounter snap-through responses.

4.3.1 2D column under self weight

A simple benchmark test is utilised to demonstrate the the functionality of

the implemented arc-length solver within a MPM framework, namely the 1D

compression of an elastic column with an initial height of L0 = 50 m under self

weight. Although this example is a 1D problem in essence, a 2D plane strain

implementation is used. The column is modelled as a Hencky material with a

Young’s modulus of 10 kPa and a Poisson’s ratio of zero. The background mesh is

generated using square elements with roller boundary conditions applied over the

base and sides of the mesh. The column is discretised using 2×2 evenly distributed

generalised interpolation MPs in each populated element of the background mesh.
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4.3.1. 2D column under self weight

Algorithm 4.1: MP-BALM procedure.
for n = 0 : nmax do

initialise change in nodal displacement, {∆u(0)} = 0;
determine material point data in current state;
calculate scaling matrix, [N̄ ] (4.17);
determine list of active elements in analysis;
determine free degrees of freedom;
calculate external force vector, {fext

0 };
nodal displacement reconstruction, {∆un} (4.25);
initialise residual out-of-balance force, |{fR

0 }| > tol ⇒ ferr > tol;
start iteration counter, k = 0;
while ferr > tol do

if n > 0 then
if k > 0 then

if i = 1 and k = 1 then
calculate initial arc length (4.21);

calculate tangential displacement, {δū} (4.6a);
if k = 1 then

determine δλ(1) using predictor solution (4.22);
else

calculate Newton-Raphson displacement, {δu∗} (4.6b);
determine δλ(k+1) by solving quadratic equation (4.4)
with (4.20);

calculate incremental change in nodal displacement, {δuk+1}
(4.8);

else
zero incremental displacement in zeroth iteration, {δu0} = 0;

increment change in nodal displacements,
{∆uk+1} = {∆uk} + {δuk+1};
assemble global stiffness matrix, [K];
assemble internal force vector, {f int};
calculate residual out-of-balance forces, {fR

k+1} = {fext} − {f int};
calculate norm of residual force, ferr = |{fR

k+1}|;
update material point information;
update ∆l (4.10);

A diagram of the column compression problem is shown inset in Figure 4.4, the

background mesh and MP distribution are not shown but populate the full space of

the initial domain of the column. A target body load of 800 N m−2 (corresponding

to a gravitational acceleration of g = 10 m s−2 and a density of ρ0 = 80 kg m−3)

is applied. As the load at any point in the analysis is determined by the initial
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applied load and the load factor (as per (4.1)), an initial gravitational acceleration

is prescribed and the problem is run until the load at the end of a load step exceeds

the target body load. In an arc-length analysis, the body forces are increased by

increasing the value of the gravitational acceleration. Selecting a smaller initial

gravitational acceleration means that more load steps are required to reach the

target load.

To study convergence, the number of elements along the height of the column (y

direction) is varied between 22 and 213 (between 4 and 8192) while a single element

is used through the width of the column (x direction). As the background mesh

elements are square elements, this means that the width of the column will vary

based on the number of elements used along the height of the column. The MP

to background mesh element ratio is also maintained throughout. The problem is

run with the MP-BALM for three different initial body loads, 8 N m−2, 4 N m−2

and 2 N m−2 which results in the simulations running over 17, 33 and 67 load steps

respectively.

The analytical solution for the normal stress in the y direction at the end of the

analysis is

σa
yy(Y ) = ρ0gn(L0 − Y ) (4.26)

where Y is the original vertical position of the point in the body, L0 is the initial

height of the column and gn is the gravitational acceleration due to the load factor

at the end of the simulation. Figure 4.4 shows the numerical results for the column

under self weight using a mesh of 26 elements and an initial body load of 2 N m−2

where the calculated vertical stress is plotted against the original vertical position

of each MP. The solid line in Figure 4.4 is the analytical solution in (4.26).

The error between the numerical stress results and the analytical solution is

calculated as

ϵσ =
∑
∀p

∥σp
yy − σa

yy(Y )∥V 0
p

gnρ0L0V0
(4.27)
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Figure 4.4: 2D column compression under self weight. Plot: numerical results of
vertical stress against initial vertical position (squares) compared to the analytical
solution (solid line). Inset: diagram of column compression problem showing roller
boundary conditions applied over base and sides of domain.

where σp
yy is the vertical stress at each MP position, V 0

p is the initial volume

associated with the MP and V0 = ∑
∀p
V 0

p is the initial volume of the column.

As the arc-length method will not perfectly achieve the target body load and

the simulation will simply run until the body load first exceeds the target body

load, each run will have a different value for gn which needs to be taken into

account when calculating the errors. For the three initial body loads used, running

over 17, 33 and 67 load steps gives final gn values of 12.9 m s−2, 11.7 m s−2 and

10.2 m s−2 respectively, which correspond to body loads of 1032 N m−2, 936 N m−2

and 816 N m−2. Figure 4.5 shows the convergence of the solution as the mesh is

refined, with h being the size of the mesh elements and its inverse on the horizontal

axis and the error being shown on the vertical axis. It is clear that the rates of

convergence for the three MP-BALM simulations match the rate of convergence

when running the same problem with a linear solver. It is also clear to see that

the error value of the MP-BALM compared to the linear solver depends on the

total number of load steps required to reach the target body force. This is due to

the fact that the linear solver is run over 40 evenly spaced load steps whereas in
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4.3.2. Double notched plate under tension

the arc-length solver, the load increment is not evenly distributed throughout the

simulation. As the number of load steps used to run the simulation is increased, the

convergence behaviour of the MP-BALM tends towards that of the linear solver.

By looking at the final body loads, it is clear that the all MP-BALM analyses have

a final body load which is greater than that of the linear solver analysis, while the

error calculation for each analysis is adjusted according to the final gravitational

acceleration, the larger deformations seen by the MP-BALM analyses may also be

the reason that greater errors are seen.
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Figure 4.5: Convergence of the MP-BALM simulations of the column compression
problem for various initial body loads compared to a linear solver simulation run
over 40 load steps.

4.3.2 Double notched plate under tension

The next numerical example is the plane strain, elasto-plastic analysis of a deep

double-edge-notched plate under tensile load to demonstrate the ability of the

MP-BALM implementation to track a snap-through response. This problem was

initially presented by Nagtegaal et al. [224]. The specimen has a overall width, 2W ,

of 10 m and length, 2L, of 30 m. Two deep notches are made along the horizontal

midline of the plate creating a ligament with a width, 2B, of 2 m. The geometry of
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4.3.2. Double notched plate under tension

the plate is shown in Figure 4.6a, which also shows a pressure, P , applied along the

top and bottom edges of the plate. Due to the symmetry of the problem, only one

quarter of the geometry is modelled which is depicted as the grey area in Figure

4.6a. The computational setup of the problem is shown in Figure 4.6b with roller

boundary conditions applied along the side of the mesh (vertical line of symmetry)

where x = 0 m and the base of the mesh (horizontal line of symmetry) but only

the portion of the mesh which corresponds to where the ligament of the plate is

situated, y = 0 m and x ≤ 1 m. The physical domain is discretised using 2×2 evenly

spaced generalised interpolation MPs within each background mesh element. The

background mesh is extended in the vertical and horizontal directions to allow for

the deformation of the physical domain. The problem is analysed using an F-bar

implementation [57] in order to reduce the effect of volumetric locking. The plate

material is modelled as a Hencky material with a von Mises plastic model using a

Young’s modulus of E = 206.9 GPa, a Poisson’s ratio of ν = 0.29 and a uniaxial

yield stress of σy = 0.45 GPa. A B-spline boundary is generated along the top

edge of the physical domain by positioning weightless boundary points at regular

intervals over the top edge of the plate. The number of boundary points, nbp, is

determined by the mesh size such that nbp = 2
h + 1, where h is the size of the

mesh. An initial pressure of 50 MPa is applied over the top edge by integrating

the traction over the B-spline boundary and the simulation is run until a top edge

displacement of 0.2 m is achieved.

The simulation is run four times for multiple stages of mesh refinement, starting at

a mesh size of 2−1 m and down to a mesh size of 2−4 m, with the mesh size reducing

by a factor of 2 each time. In order to maintain the same approach presented by

de Souza Neto et al. [76], throughout each analysis, the reaction force of the nodes

which are situated along the ligament of the plate (i.e. where the roller boundary

conditions are applied along the bottom of the mesh) are calculated as the top edge

of the plate is displaced due to the applied pressure. Letting FR denote the total

reaction force of the restrained bottom edge, the net vertical stress through the
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4.3.2. Double notched plate under tension

2W = 10

L = 15

2B = 2

all units in m

P

P

(a)

P

(b)

Figure 4.6: Double notched plate: (a) problem geometry and (b) computational
mesh and MP distribution.

ligament is given by

σ̄ = FR

B
. (4.28)

The normalised load-displacement response for this problem is shown in Figure

4.7. The snap-through behaviour is clearly shown for all mesh sizes with varying

intensities, with only a slight snap-through response seen for the coarsest mesh.

Also shown in Figure 4.7 is the Prandtl limit load [224] which is the analytical

small strain limit load for this problem which is controlled by the stress at the

ligament in which σlim ≈ 2.97σy. It is not until the mesh is refined to a size of

2−3 m that the load does not exceed the theoretical small strain limit load. As the

mesh is refined, the effect of the large deformations of the necking of the ligament

is increased and the analysis begins to predict an understiff response with a greater

effect.
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4.3.2. Double notched plate under tension
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Figure 4.7: Double notched plate normalised load-displacement curves for various
mesh sizes.

Due to the geometry of the problem, a singularity is formed at the end of

the notch which is difficult to accurately model. As the mesh is refined, this

singularity is amplified and causes the issue of MPs separating from the base.

These points of separation can be seen in Figure 4.7 by the sudden change in the

load-displacement response for mesh sizes 2−3 m (point A) and 2−4 m (points B

and C). This is especially prominent for the mesh size of 2−4 m as the analysis

fails at a displacement of 0.15 m. Figure 4.8 shows the MP positions for the final

load step of each analysis as well as the vertical stress, σyy, at each MP. It is clear

from Figures 4.8a and 4.8b that the singularity does not have much of an effect

for the coarser meshes as there is a smooth change in the MPs’ vertical positions

moving away from the end of the ligament. In Figure 4.8c, the separation of the

MPs away from the base is clear as well as the separation between the MPs around

the singularity. Figure 4.8d shows the MP distribution for the end displacement of

0.15 m as this is the point where the analysis fails, it is clear that there is a large

stress concentration at the end of the ligament as well as the disordering of the

MPs around the singularity.

To demonstrate the need for the scaling matrix, [N̄ ], in the MP-BALM, the double
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4.3.2. Double notched plate under tension

(a) (b)

(c) (d)

Figure 4.8: MP positions and stress distribution around the notch singularity at
the end of the simulation for mesh sizes of (a) 2−1 m, (b) 2−2 m, (c) 2−3 m and
(d) 2−4 m.

notched plate problem is re run with a mesh size of 2−1 m and an initial pressure of

10 MPa over the top edge of the physical domain. The problem is run twice, once

using the traditional arc-length constraint in (4.3) where there is no scaling of the

nodal displacements and once with the new approach to the arc-length constraint

in (4.19), where the nodal displacements are scaled based on the influence of the

nodes of the background mesh on the physical domain through the use of the

[N̄ ] matrix. Figure 4.9 shows the normalised load-displacement curves for the

traditional (unscaled) and new (scaled) arc-length approaches for the first 100 load

steps of the analysis. It is clear that the traditional arc-length approach begins

to stall at a vertical displacement of approximately 0.02 m. After this point, the

progression along the equilibrium path slows such that the physical material of the

plate shows only slight deformation over each load step. This is due to the fact

that there are partially filled elements and large nodal displacements are calculated

for nodes that only have a weak influence on the MPs. Referring to (4.3), these

large nodal displacements mean that the load factor increment must be very small

132



4.3.2. Double notched plate under tension

in order to satisfy the arc-length constraint. On the other hand, by weighting

the calculated nodal displacements based on the strength of the node’s association

with the physical domain, using (4.19), the effect of these large nodal displacements

are mitigated. This allows the simulation to progress along the equilibrium path

much further and at a more even rate that the unscaled case. For this problem, no

ghost stabilisation is utilised in order to solely demonstrate the effect of the scaling

matrix with the new arc-length method.
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Figure 4.9: Normalised load-displacement responses over 100 load steps using the
traditional (unscaled) and new (scaled) arc-length approaches.

The double notched plate problem is run for the same problem setup as above

for varying mesh sizes and MP distributions. In order to improve the stability

of the analyses, ghost stabilisation is used with a stabilisation parameter of

γG = 2.069 MPa (5 orders of magnitude less that the Young’s modulus of the

material). As ghost stabilisation restricts the gradient of solution around the

boundary of the domain, the solution of the unknown nodal displacements is

improved and a reduction in the large nodal displacements is seen. This means that

the stalling seen in Figure 4.9 is less frequent. Figure 4.10 shows the normalised

top edge displacement of the double notched plate after 100 load steps to compare

the traditional and new arc-length approaches for varying mesh sizes and MP
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4.3.3. Shallow arch under point load

distributions. The results shown in Figure 4.10 does not represent a plot of accuracy

and is not representative of the convergence of the analyses to an exact solution.

By reporting the top edge displacement after 100 load steps, it is possible to see

the sensitivity of the arc-length approaches to the discretisation of the problem.

It is clear that the new (scaled) approach displays much less sensitivity to mesh

refinement and changes in MP distribution compared to the traditional (unscaled)

approach. Even when ghost stabilisation is applied which dampens the large nodal

displacements, the new arc-length approach results in a more efficient analysis

with further progression along the equilibrium path for all mesh sizes and MP

distributions compared to the traditional approach. It is not until a mesh size

of 2−4 m that the traditional and new arc-length approaches produce the same

displacement after 100 load steps. Using the new arc-length approach produces

more consistent results for the top edge displacement after 100 load steps when

varying the MP distribution meaning that it is reasonable to reduce the overall

number of MPs needed for the analysis compared to the traditional approach as

well as having the option to increase the mesh size to reduce the overall runtime is

desired.

4.3.3 Shallow arch under point load

The third numerical example is a 2D shallow arch with a plane strain assumption

subjected to a point load to demonstrate the ability of the MP-BALM to track

the equilibrium path of a snap-through behaviour for a problem involving large

deformations. This problem is akin to the Crisfield arch [66], which was also

presented by Hrinda [148]. The problem is adapted so that it can be modelled

by continuum elements. A schematic of the problem geometry and mesh setup

is given in Figure 4.11 in which the arch is formed with an inner length, Li, and

outer length, Lo, from the origin of 9.5 m and 10 m respectively. The height of

the inner arch wall, Hi, and outer arch wall, Ho, are set as 4.09 m and 4.45 m

respectively. The inner and outer radius of the curves formed by the arch are
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4.3.3. Shallow arch under point load
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Figure 4.10: Comparison of top edge displacement after 100 load steps using the
traditional (unscaled) and new (scaled) arc-length approaches for varying mesh
sizes and MP distributions. All analyses have a ghost stabilisation parameter of
γG = 2.069 MPa applied.

13.09 m and 13.45 m respectively. The mesh is generated such that the nodes of

the mesh align with the base of the arch in order to apply the fully fixed boundary

conditions to the nodes coincident with the base of the arch. The mesh is also

extended below the line of the base of the arch to allow for further displacement

past the initial height of the arch. The arch is modelled as a Hencky material with

a Young’s modulus of 100 kPa and a Poission’s ratio of 0.25. To generate the initial

physical domain of the arch, the background mesh is fully populated with each

element containing 4 × 4 evenly spaced generalised interpolation MPs. The MPs

which are not contained within the boundaries of the arch are discarded to leave

the desired physical domain, resulting in a total of 8226 MPs used to discretise the

domain of the arch. A background mesh of square elements with size h = 2−3 m

is used for this analysis. A ghost stabilisation parameter of γG = 1 Pa (6 orders

of magnitude less that the Young’s modulus of the material) is used to improve

the stability of the analysis. It is worth noting that the scale factor by which the

stabilisation parameter is reduced is different to that used in the previous example,

there is no set rule for what value to use [55], it is however more beneficial to use
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4.3.3. Shallow arch under point load

as small a value for γG as possible as to reduce the effect of this stabilisation on

the results of the analysis.

F

Li

Lo

Hi

Ho

Figure 4.11: Geometry and basic mesh schematic of shallow arch problem.

An initial point load of 100 N is applied at the centre of the inner edge of the

arch (indicated by the red arrow in Figure 4.11), this load is applied evenly

between the bottom-most MPs in the arch, one either side of the centreline.

The simulation is run until the MPs which have the load applied to them have

displacement by 8.2 m, taking a total of 139 load steps to complete. Figure 4.12

shows the load-displacement response at the MPs at which the load is applied. Four

stages of the analysis are highlighted along the equilibrium path, the unscaled MP

deformations at each stage are shown in Figure 4.13.
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Figure 4.12: Load-displacement response of the shallow arch under applied load.
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4.3.4. 2D elasto-plastic slope collapse

It is clear to see from Figure 4.12 that there is a clear snap-through response as the

arch is pulled down and through the base of the arch. A critical point is reached at

point (a) (at load step 19) where the centre of the arch has been pulled down and

bulging can be seen on the left and right sides of the arch. After the critical point,

the snap-through response can be observed as the material softens and deforms

through point (b) (at load step 48), the arch is then pulled past the base of the

arch until the next stationary point at point (c) (at load step 84). After point (c),

the material begins to stiffen again as the load required to further deform the arch

begins to increase until the centre of the arch has displaced through a distance of

8.2 m at point (d) (at load step 139).

(a) (b)

(c) (d)

Figure 4.13: Unscaled MP deformation for shallow arch problem at stages (a) load
step 19, (b) load step 48, (c) load step 84 and (d) load step 139 (see Figure 4.12
for position along equilibrium path).

4.3.4 2D elasto-plastic slope collapse

The final numerical example examines the deformation of a 45° elasto-plastic, plane

strain slope collapse due to gravitational loading. The geometry of the slope is

shown in Figure 4.14 where roller boundary conditions are applied over the left
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4.3.4. 2D elasto-plastic slope collapse

edge of the domain and the bottom of the domain is fully fixed. The domain of

the slope is generated by fully populating the background mesh (with a mesh size

of h = 2−2 m) with 4 × 4 evenly spaced generalised interpolation MPs per element

and removing the MPs which are not contained within the desired area, giving a

total of 16 040 MPs.

weakened region

x

y

A B C

D

10 m 5 m

5 m

Figure 4.14: Slope geometry and boundary conditions (note that background mesh
is for illustrative purposes only and does not represent the actual size of the mesh
used in the analysis).

The material is represented using a von Mises yield criterion with softening

behaviour with a Young’s modulus of E = 1 MPa, a Poisson’s ratio of ν = 0.33 and

an initial von Mises yield stress of σ0
y = 20 kPa. The yield function is defined as

f =
√

3J2 − σy(ε̄p) = 0, (4.29)

where σy(ε̄p) = σ0
y + Hp ε̄p is the current yield stress of the material, ε̄p =√

2
3tr([εp][εp]) is the magnitude of the accumulated plastic strains, Hp is the plastic

hardening (or softening) modulus, J2 is the second invariant of the deviatoric stress

J2 = 1
2tr([s][s]), where [s] = [τ ] − 1

3tr([τ ]) (4.30)

and [τ ] is the Kirchhoff stress. A strain softening modulus of Hp = −50 kPa∗ is

used and a minimum von Mises yield stress of 13.3 kPa is set (the initial yield stress

reduced by a factor of 1.5). A weaker region (x ∈ [14.5, 15] m) at the toe of the

slope is introduced, as shown by the red area in Figure 4.14, where the initial yield
∗A negative Hp value represents a softening behaviour.
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4.3.4. 2D elasto-plastic slope collapse

stress is reduced to σ0
y = 18 kPa. The material has a uniform initial density of

2400 kg m−3. It is worth noting that this problem is provided for the purpose of

demonstrating the MP-BALM and is not representative of any real-life slope due

to only using the J2 yield criterion as the basis of the material failure behaviour.

The problem is run with both load control and the MP-BALM schemes with

gravitational loading of g = 9.81 m s−2. For both cases, the deformation of four

positions on the slope are tracked through the analysis, the points A = (0, 5) m,

B = (5, 5) m, C = (10, 5) m and D = (12.5, 2.5) m are shown in Figure 4.14. Ghost

stabilisation is utilised for both cases with a ghost stabilisation parameter set to

γG = 1 Pa (6 orders of magnitude less than the Young’s modulus of the material).

The problem is analysed using an F-bar implementation in order to reduce the

effect of volumetric locking.

For the load controlled scheme, the gravitational load is applied over 160 equal load

steps and the problem is run until convergence over a load step is not achieved after

10 N-R iterations. This occurs after 79 load steps with no convergence seen in load

step 80. Figure 4.15 shows the displacement magnitude of positions A, B, C and D

as gravity is increasingly applied up to load step 79 and are shown as red crosses

in each plot.

The problem is also run with the MP-BALM with an initial gravitational

acceleration of g0 = 9.81
160 m s−2, which is equivalent to the initial gravitational

load for the load controlled case. The analysis is run until position C sees

a displacement magnitude of 0.5 m, a significant increase from the maximum

displacement magnitude seen in the load controlled case, which fails at a position

C displacement magnitude of approximately 0.19 m. The MP-BALM analysis took

a total of 477 load steps to achieve this target displacement magnitude. The

load-displacement curves of each position for the MP-BALM analysis are shown in

Figure 4.15 and are depicted as solid black lines in each plot.

In terms of local deformation, it is clear that positions A and B display local
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4.3.4. 2D elasto-plastic slope collapse
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Figure 4.15: Load-displacement responses at specified positions around edge of
slope domain throughout elasto-plastic collapse.

snap-back responses and positions C and D undergo snap-through responses.

The difference in the load-displacement response between the arc-length and load

controlled cases are stark and can be explained that at the point at which the

paths begin to diverge that the material points will continue to displace with

smaller increases in gravity than imposed by the load controlled case. Implicit

MPMs satisfy equilibrium using the state of the MPs at the end of the current

load step, where the stress carried by the MPs at their deformed positions are

in equilibrium with the externally applied load. Once this equilibrium point has

been found the points are then advected (displaced) through the mesh based on

the incremental nodal displacements associated with the current step. However,

once the MP positions are updated there is no guarantee that the stresses at the

MPs are still in equilibrium with the externally applied loads; this is the case
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4.3.4. 2D elasto-plastic slope collapse

for all MPMs, not just implicit MPMs or the implementation considered in this

chapter. This can be clearly seen by considering Equation (2.42) where the body

forces are transferred to the nodes using the basis functions whereas the stress in

the material is transferred using the derivatives of the basis functions. Once the

MPs have changed position within the element it is likely, apart from for trivial

cases, that there will be a non-zero residual at the start of the next step without

increasing the imposed load. This non-zero residual will lead to additional material

displacement in order to satisfy (2.42) without any increase in load. Increasing the

load will lead to a different equilibrium path, as seen in Figure 4.15. The use of the

MP-BALM ensures that the unbounded displacements seen by the load controlled

schemes are contained due to the fact that the displacements of the domain are

limited within each load step, this means that the simulation is stabilised around

the critical point where the unbounded displacements begin.

Figure 4.16 shows the deformed configurations of the slope collapse analysis using a

load controlled scheme (left column) and the MP-BALM (right column). For each

analysis the final shear stress (top) and yield stress (bottom) states are shown.

It is clear from Figure 4.16 that the MP-BALM results in far greater overall

displacement with a larger failure band being seen in the material and importantly

at a lower load compared to the load controlled case, identifying a more critical

failure mode for the slope.

Summary

This chapter has presented a new arc-length method of the MPM framework to

expand the physical problems and loading scenarios that the MPM can solve,

notably those involving snap-through responses. It has been shown that simply

implementing the arc-length method in the MPM as it is given in the FEM approach

is not suitable due to the presence of partially filled element around the boundary

of a physical domain, a common feature in a MPM simulation. These partially
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4.3.4. 2D elasto-plastic slope collapse

Load controlled MP-BALM

Figure 4.16: Final deformed configurations of the slope collapse problem for the
load controlled analysis (left column) and MP-BALM analysis (right column). For
each analysis, the shear stress (top row) and yield stress (bottom row) is shown.

filled elements will be poorly integrated, understiff and potentially experience

extremely large nodal displacements. While mapping the large nodal displacements

to the MP positions reduces their effect, they are prominent within the arc-length

constraint as these large nodal displacements account for the majority of the

allowed displacement based on the prescribed arc length. Therefore, the arc-length

constraint is reformulated such that it is based on the MP displacements, scaling

the nodal displacements based on the node’s influence on the physical domain. The

use of the secant path predictor solution requires the nodal displacements of the

previous load step, however, as the MPM involves resetting the background mesh at

the end of each load step and nodal displacement information is lost due to the fact

that the MPs have moved positions. The nodal displacements cannot simply be

carried over from the previous load step so an estimate of the nodal displacements

for the previous load step based on the current MP positions is needed. This nodal

displacement reconstruction is carried out at the start of each load step and uses

a least squares weighted residual technique.
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4.3.4. 2D elasto-plastic slope collapse

A simple benchmark test of a 2D column under self weight was given to show that

the MP-BALM is able to model standard problems that the MPM with a linear

solver has been proven to solve. More complex examples were shown to demonstrate

that the MP-BALM can model problems with more complex deformation and

model snap-through responses with problems of a double notched plate under

tension, the deflection of a shallow arch and collapse of a slope including material

softening. The double notched plate problem was analysed using the traditional

(unscaled) and new (scaled) arc-length approaches and it is clear that through

scaling the nodal displacement increments, a more robust and efficient analysis is

achieved. The final case demonstrated the ability of the method to control the

displacement response of a gravity-driven problem with unbounded deformation,

typically of geotechnical slope collapse, which is not possible with conventional load

controlled quasi-static methods.

In the next chapter, hyperelastic constitutive models are presented for both the

isotropic and anisotropic cases. The formulation of each model will be given and

numerical examples will be shown to validate each model.
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Chapter 5

Constitutive Modelling

The tissue of the Left Ventricle (LV) is often modelled as a hyperelastic material

[11, 109, 122, 123] (also called a Green elastic material) which is an elastic material

for which the stress-strain relationship is determined from a strain-energy function

[237]. It is well documented that the myocardium is not isotropic and should be

modelled as an anisotropic material [63, 79, 122, 185, 269] due to the fact that

the heart is made of tissue containing muscle fibres [335]. The actual structure

of the heart is still not fully understood [112], both in terms of the construction

of the heart tissue and the true level of anisotropy present in the myocardium.

Torrent-Guasp and co-workers [300, 301] proposed that the ventricular myocardium

is constructed from a band of myocardial fibres which are helically wound to form

the shape of the heart. Others suggest that the ventricular walls are comprised of

laminar sheets of muscle fibres, which is an approach often used in modelling [9,

145, 240]. Many examinations of ventricular tissues have been performed [183, 184,

267, 337] which concluded that ventricular myocardium is a complex structure with

approximately 70% of the volume made up of layers of myocytes (the main type

of muscle fibres) with the interconnections between the myocytes made of collagen

fibres. Another stream of literature proposed that there are no distinguishable

layers in the myocardium at all and that the ventricular tissue can simply be

modelled as a continuum [118, 187, 285]. This work uses the assumption that the

myocardium is composed of laminar sheets of muscle fibres that are distributed
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5.1. Isotropic Ogden model

through the thickness of the ventricular tissue based on the results of studies of

LeGrice and co-workers [183, 184] which experimentally determined this.

This chapter begins with the implementation of an isotropic hyperelastic model,

whilst this will not be used in the final simulations of the LV, it is used as

an exercise to develop the skills of implementing a relatively simple (compared

to the inclusion of anisotropic behaviour) non-linear constitutive model before

moving onto the relatively more complex anisotropic model. The isotropic model

is implemented in a Finite Element Analysis (FEA) code for initial validation

before being implemented into the MPM framework. A separate validation

test is performed for a large deformation problem with a snap-through response

requiring the MP-BALM presented in the previous chapter. The formulation of

an anisotropic constitutive model is then presented with the model being validated

using a MPM implementation against experimental data of ventricular tissue in

various simple shear problems.

5.1 Isotropic Ogden model

In 1972, Ogden proposed a method of modelling rubber-like solids using isotropic

elasticity through a strain-energy function based on the principal stretches of

the material, λ̄i (for i = 1, 2, 3) [236]. The general form of the Ogden model

strain-energy function is given by [76]

Ψ(λ̄1, λ̄2, λ̄3) =
N∑

r=1

µr

αr
(λ̄αr

1 + λ̄αr
2 + λ̄αr

3 − 3) (5.1)

where N is the total number of terms in the series and µr and αr are the

corresponding pairs of material parameters. The principal stretches can be

calculated from the left Cauchy-Green strain, [B], via the deformation gradient

(see (2.56)). The left Cauchy-Green strain matrix can undergo eigendecomposition
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such that

[B] = [t̄][b][t̄]−1 =
[
{t̄1} {t̄2} {t̄3}

]

b1 0 0

0 b2 0

0 0 b3


[
{t̄1} {t̄2} {t̄3}

]T

(5.2)

where bi are the eigenvalues and {t̄i} are the eigenvectors of [B] for i = 1, 2, 3. Here

we denote the elements of the eigenvector matrix as

[t̄] =


t1 t4 t7

t2 t5 t8

t3 t6 t9

 .

The principal stretches are calculated as the square root of the eigenvalues of the

left Cauchy-Green strain matrix such that

λ̄i =
√
bi. (5.3)

It is worth noting that the conventional shear modulus, µ, is related to the pairs

of material parameters, where [236]

2µ =
N∑

r=1
µrαr. (5.4)

The Ogden model has two special cases, the neo-Hookean model can be obtained

when N = 1, µ1 = 2C1 and α1 = 2, where C1 is a material constant representing

half the shear modulus. The Mooney-Rivlin model can be also be obtained when

N = 2, µ1 = 2C1, µ2 = −2C2, α1 = 2 and α2 = −2, where C1 and C2 are

empirically determined material constants representing contributions to the shear

modulus.

This work uses the regularised, compressible formulation of the Ogden model

due to the fact that myocardium is often considered a nearly incompressible

material but not fully incompressible [232]. Therefore, using the regularised

version of the Ogden model allows more freedom in the modelling process. The

inclusion of compressibility in the material model also avoids other issues relating
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5.1. Isotropic Ogden model

to ill-conditioning of the stiffness matrix [102], spurious stress fields [292] as well as

volumetric and shear locking [57, 76, 167, 168]. The strain-energy function of the

regularised Ogden model can be written using the principal isochoric stretches, λ̄∗
i ,

which are calculated from the isochoric form of the left Cauchy-Green strain such

that

λ̄∗
i = λ̄i

J
1
3

= λ̄i

(λ̄1λ̄2λ̄3) 1
3

(5.5)

where J is the volume ratio. The inclusion of the volume ratio in (5.5) means that

this formulation can represent a compressible material, therefore, the compressible

Ogden model can be described using the strain-energy function [76]

Ψ∗(λ̄∗
1, λ̄

∗
2, λ̄

∗
3, J) =

N∑
r=1

µr

αr

[
(λ̄∗

1)αr + (λ̄∗
2)αr + (λ̄∗

3)αr − 3
]

+ 1
2K(ln J)2 (5.6)

where K is the bulk modulus of the material. It will be seen in a numerical example

later in this section that a nearly incompressible material model can be achieved

by scaling up the value of the bulk modulus.

The principal Kirchhoff stresses, τi, are obtained based on the derivative of the

strain-energy function with respect to the principal stretches where [76]

τi = λ̄i
∂Ψ∗

∂λ̄i

= λ̄i
∂Ψ∗

∂λ̄∗
i

∂λ̄∗
i

∂λ̄i

. (5.7)

Using the chain rule with (5.7) for each principal stretch (and considering that J is

also a function of the principal stretches), the principal Kirchhoff stresses are given

as

τi =
N∑

r=1
µrJ

− αr
3

(
λ̄αr

i − 1
3
(
λ̄αr

1 + λ̄αr
2 + λ̄αr

3

))
+K ln J . (5.8)

Once the principal Kirchhoff stresses are calculated, it is necessary to map the

stresses such that the stresses align with the Cartesian axis∗. This is done through a

six component mapping matrix, [Q], using the eigenvectors of the left Cauchy-Green
∗If a Cartesian reference frame is used, which is the case in this work.
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strain such that [60]

[Q] =



(t1)2 (t2)2 (t3)2 t1t2 t2t3 t3t1

(t4)2 (t5)2 (t6)2 t4t5 t5t6 t6t4

(t7)2 (t8)2 (t9)2 t7t8 t8t9 t9t7

2t1t4 2t2t5 2t3t6 t1t5 + t4t2 t2t6 + t5t3 t3t4 + t6t1

2t4t7 2t5t8 2t6t9 t4t8 + t7t5 t5t9 + t8t6 t6t7 + t9t4

2t7t1 2t8t2 2t9t3 t7t2 + t1t8 t8t3 + t2t9 t9t1 + t3t7


. (5.9)

The Kirchhoff stress vector can be calculated as

{τ} = [Q]T
{
τ1 τ2 τ3 0 0 0

}T

(5.10)

which contains the Kirchhoff stresses in the coordinate frame used in the analysis.

As per (2.59), it is simple to compute the Cauchy stress vector once the mapping

in (5.10) is performed as the volume ratio, J , is also used in the calculation of the

Kirchhoff stress. It is worth noting that for an incompressible material, J = 1,

meaning that the Cauchy stress vector is equivalent to the Kirchhoff stress vector.

The consistent tangent matrix, [A], can be expressed in a similar fashion to that

seen in (2.64), however, the formulation in this case includes the derivative of the

Kirchhoff stresses with respect to the left Cauchy-Green strain, ∂[τ ]
∂[B] , such that

[A] = 1
J

∂[τ ]
∂[B] [BD] − [SD] (5.11)

where [BD] and [SD] take the same form as presented in (2.65). Based on the

strain-energy function and the fact that it is solely dependent on the principal

stretches, it is clear that Kirchhoff stress matrix is a function of the left

Cauchy-Green strain and in fact can be written as a function of the eigenvalues of

the left Cauchy-Green strain. This means that it is possible to generate ∂[τ ]
∂[B] from

the derivatives of the principal Kirchhoff stresses with respect to the eigenvalues of

the left Cauchy-Green strains

∂τi

∂bj
for i, j = 1, 2, 3.
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This derivative is calculated using the chain rule, taking advantage of the link

between the principal stretches and the left Cauchy-Green strain, such that

∂τi

∂bj
= ∂τi

∂λ̄j

∂λ̄j

∂bj

=
N∑

r=1

µrαrJ
− αr

3

6λ̄2
j

[1
3
(
λ̄αr

1 + λ̄αr
2 + λ̄αr

3

)
− λ̄αr

i − λ̄αr
j + 3λ̄αr

i δij

]
+ K

2λ̄2
j

(5.12)

which are used to assemble the derivative of the Kirchhoff stress with respect to

the left Cauchy-Green strain, following the procedure of Miehe [219]. It is not as

simple as assembling the derivative matrix directly from those calculated in (5.12),

consideration is needed for the eigenvalues of the left Cauchy-Green strain matrix.

If there are three unique eigenvalues of [B], the derivative matrix is given as

∂[τ ]
∂[B] =

3∑
i=1

3∑
j=1

∂τi

∂bj

(
{t̄i} ⊗ {t̄i} ⊗ {t̄j} ⊗ {t̄j}

)
+

3∑
i=1

3∑
j ̸=i

1
2
τi − τj

bi − bj

(
{t̄i} ⊗ {t̄j} ⊗

(
{t̄i} ⊗ {t̄j} + {t̄j} ⊗ {t̄i}

)) (5.13)

where ⊗ denotes the tensor product. In the case that there are two repeated

eigenvalues and a third, unique eigenvalue, the closed form solution from Chadwick

and Ogden [42] is utilised. The calculation to generate the derivative matrix is

the same as in (5.13), however, for the repeated eigenvalues, the τi−τj

bi−bj
becomes

∂
∂bj

(τi − τj). The final case is when [B] has three repeated eigenvalues, in this case,

the derivative matrix is give as [76]

∂[τ ]
∂[B] =

(
∂τ1
∂b1

− ∂τ1
∂b2

)
[Is] + ∂τ1

∂b2
[I] ⊗ [I] (5.14)

where [I] is the identity matrix and [Is] is the fourth order symmetric identity

tensor with components calculated as

(Is)ijkl = 1
2 (δikδjl + δilδjk) .

5.1.1 Numerical examples

It is appropriate to validate this isotropic Ogden model by comparing this work’s

implementation of the model to results presented in previously published literature.
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Before implementing the isotropic Ogden model in the MPM, the model was

implemented into a large deformation FEA code. This is the first numerical

example shown in this section. Once the model is validated with FEA, the Ogden

model is implemented in the MPM framework and subsequently validated.

Stretching of square perforated sheet

The Ogden model is first validated using a 3D, F-bar FEA code as this is a simple

means of ensuring that the implementation of the Ogden model is correct before

implementing the model in the MPM. This decision was made due to the fact that

most numerical examples of the Ogden model are presented with FEA results. The

problem used to validate the Ogden model with FEA is that of the stretching of

a perforated, square rubber sheet as presented by de Souza Neto et al. [76]. A

diagram of the problem is shown in Figure 5.1 where the plate has an overall side

length of 2L = 20 m and a thickness of T = 0.1 m. The circular hole is positioned

at the centre of the sheet and has a diameter of D = 6 m. Due to symmetry,

one eighth of the plate is modelled using a mesh of 8-noded linear hexahedral

elements, the computational mesh shown in red in Figure 5.1. The mesh shown

is for illustrative purposes, the actual mesh is finer. The initial mesh is made up

of a single element through the thickness of the plate and 10 elements along each

of the radial and circumferential directions. Numerical integration is performed

using Gauss quadrature with 2 × 2 × 2 Gauss points per element. Roller boundary

conditions are applied over the surfaces corresponding to the planes x = 0, y = 0

and z = 0 allowing movement of the domain in the direction tangent to the planes.

A prescribed displacement, U , is applied over the top surface (y = L) of the mesh

such that the top surface of the plate is displaced by 10 m in the y direction over 40

load steps with the top surface of the plate free to deform in the x and z directions.

The material of the plate is modelled using the isotropic, regularised Ogden model

with material parameters
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α1 = 2 α2 = −2

µ1 = 50 MPa µ2 = −14 MPa

which corresponds to the reduction of the Ogden model into the Mooney-Rivlin

model, as previously mentioned. Using (5.4), these material parameters equate to

a shear modulus of µ = 64 MPa. The presentation of this problem by de Souza

Neto et al. [76] uses the incompressible, plane stress Ogden model, however, this

work uses the compressible formulation of the Ogden model meaning that a bulk

modulus must be specified. Therefore, a estimate of the bulk modulus of rubber

was taken to be 1.5 GPa [12].

prescribed displacement, U

2L
=

20
m

D = 6 m

x

y

z

T = 0.1 m

Figure 5.1: Initial geometry and computational mesh of the perforated rubber
sheet. Reproduced from de Souza Neto et al. [76].

The end reaction load over the top surface of the plate is calculated by summing

the vertical reaction forces of the nodes over the top surface. Figure 5.2 shows the

end reaction force of the plate as the top surface is displaced, plotted with a black

line. This is also compared with the results of de Souza Neto et al. [76] (plotted

with a red line), which were validated compared to the numerical results of Parisch

[244] and Oden [235]. It is clear from Figure 5.2 that there is a large difference

between the results from this work and those presented by de Souza Neto et al. .

In order to determine the effect of the compressibility, the problem is run for

eight different values for the bulk modulus, starting at 1.5 GPa and increasing to
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Figure 5.2: Perforated rubber sheet: end reaction force against displacement
using the compressible Ogden model with a bulk modulus of 1.5 GPa (black line)
compared to incompressible results from de Souza Neto et al. [76] (red line).

192 GPa, where the bulk modulus is increased by a factor of 2 each time. The end

reaction force achieved at the end of each analysis for each bulk modulus value is

shown in Figure 5.3 as well as the end reaction load presented by de Souza Neto

et al. as the red line at the top of the plot at an end reaction force of 89.2 MN. As

the bulk modulus increases, the end reaction force increases until a bulk modulus

of 48 GPa. After this point, the end reaction force begins to plateau which implies

that a nearly incompressible model is achieved and increasing the bulk modulus

any further will not have much more of an impact on the compressibility of the

material (the Poisson’s ratio is already very near 0.5). This can be checked using

the formula

ν = 3K − 2µ
2(3K + µ) (5.15)

for various values of the bulk modulus and a shear modulus of µ = 64 MPa. Table

5.1 contains the Poisson’s ratios for the bulk modulus values used in Figure 5.3.

As the bulk modulus increases, the Poisson’s ratio tends towards a value of 0.5.

When smaller bulk modulii are increased, there is a relatively large increase in

Poisson’s ratio compared to when the larger bulk modulii are increased. After a
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bulk modulus of 48 GPa, there is only a small increase in the Poisson’s ratio when

the bulk modulus increases which confirms the results in Figure 5.3 as there is only

a small change in the end reaction force after this point.
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Figure 5.3: Calculated end reaction force at an end displacement of 10 m as the
bulk modulus of the rubber sheet is increased compared to the end reaction force
presented by de Souza Neto et al. [76] (red line).

Bulk modulus, K (GPa) Poisson’s ratio, ν
1.5 0.478966
3.0 0.489409
6.0 0.494686
12.0 0.497338
24.0 0.498668
48.0 0.499334
96.0 0.499667
192.0 0.499833

Table 5.1: Poisson’s ratios based on bulk modulus value using a shear modulus of
µ = 64 MPa.

The problem is run again with the same setup as before, now using a bulk

modulus of K = 192 GPa to model the rubber sheet as a nearly incompressible

material. Figure 5.4 shows the end reaction force against displacement for the

nearly incompressible case, shown as the blue, dashed line. For comparison, the

compressible case results (black line) and the de Souza Neto et al. results (red

line) are also shown. It is clear to see that the nearly incompressible case produces
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results closer to the de Souza neto et al. results compared to the compressible case,

however, there is still a discrepancy in the results. The difference in results between

this work and those seen by de Souza Neto et al. will be due to the different types

of meshes used, this work uses 100 8-noded hexahedral elements with de Souza

Neto et al. using 528 3-noded triangular elements. The combination of different

shaped elements and the difference in how fine the meshes are will also contribute

to the difference in final end reaction force. It is also worth noting that, for this

problem, a reduction in force will be seen with mesh refinement, which may close

the gap between the two results with enough mesh refinement.
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Figure 5.4: Perforated rubber sheet: end reaction force against displacement using
the compressible Ogden model with a bulk modulus of 1.5 GPa (black line) and a
bulk modulus of 192 GPa (dashed, blue line) compared to incompressible results
from de Souza Neto et al. [76] (red line).

A convergence study is performed by maintaining a single element through the

thickness of the plate and increasing the number of elements in the radial and

circumferential directions by a factor of 2 for each stage of mesh refinement. Figure

5.5 shows the end reaction force for a displacement of 10 m as the mesh is refined.

The problem is run with a bulk modulus of 1.5 GPa to ensure that no locking

occurs with the finer meshes caused by the near incompressibility. As expected,

the end reaction forces converges to a solution from above when a displacement is

154



5.1.1. Numerical examples

prescribed as the problem is becoming less stiff as the mesh is refined.
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Figure 5.5: Convergence of numerical end reaction force through mesh refinement
for various bulk modulus values.

For completeness, the perforated sheet problem is run using the isotropic,

compressible Ogden model and a compressible neo-Hookean model to compare

the results. The strain-energy function of the neo-Hookean material model is

Ψ(I1) = µ

2 (I1 − 3) (5.16)

where I1 is the first invariant of the left Cauchy-Green strain (the trace of [B]). The

problem geometry is the same as before but the material is modelled with different

material parameters. Both models are run with a bulk modulus ofK = 1.5 GPa and

a shear modulus of µ = 100 kPa. This corresponds to Ogden material parameters

of µ1 = 100 kPa and α1 = 2. The problem is run over 40 load steps as before and

the end reaction force as the top edge of the rubber sheet is displaced is shown in

Figure 5.6, the results of the Ogden model are plotted as a black line while the

results of the neo-Hookean model are shown as red circles. Both models produce

near-identical results, with the end reaction force calculated at each load step within

1 × 10−9 of each other.
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Figure 5.6: Comparison of numerical results using the isotropic Ogden model (black
line) with a neo-Hookean model (red circles) using equivalent material parameters.

2D cylinder under internal pressure

The next example is that of a 2D incompressible, hyperelastic cylinder under

internal pressure. The cylinder has an inner radius Ri = 1 m with the outer radius,

Ro, set such that the ratio Ri
Ro

= 0.85. The material parameters are defined as [136]

α1 = 1.3 α2 = 5.0 α3 = −2.0

µ∗
1 = 1.491 µ∗

2 = 0.003 µ∗
3 = −0.023

where µ∗
i = µi

µ and µ is the shear modulus of the material. The shear modulus

is chosen arbitrarily as 0.375 MPa, which is the equivalent shear modulus based

on a Young’s modulus of 1 MPa and a Poisson’s ratio of 0.3. It is worth noting

that due to the fact the cylinder is incompressible, it is assumed that J ≈ 1,

however, this is not strictly enforced, therefore, incompressibility is ensured through

a suitably large value for the bulk modulus. For this example, the bulk modulus is

set as K = 99.8 MPa. This value is two orders of magnitude higher than the bulk

modulus calculated using the relation between the bulk modulus, Young’s modulus
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and Poisson’s ratio

K = E

3(1 − 2ν) . (5.17)

Based on the results from Figure 5.3, it would seem that the scaling the bulk

modulus up by two orders of magnitude would ensure that a nearly incompressible

material behaviour is obtained. In fact, it was found to that this bulk modulus

is close to the upper limit that the bulk modulus can be, when the problem is

run using a bulk modulus of 100 MPa, the analysis fails. The author believes that

this is due to the large difference between the bulk modulus value and the other

material parameters, this was discovered in the initial implementation stage of the

Ogden model. As the ratio of the bulk modulus to the shear modulus is increased,

the level of near incompressibility also increases, meaning that the stiffness matrix

becomes further ill-conditioned, resulting in such instability in the analysis that it

fails.

Due to symmetry, one quarter of the cylinder cross section is modelled with a

plane strain assumption. A diagram of the problem is shown in Figure 5.7. The

background mesh is generated with an overall width and height of 3.5 m in order

to provide enough space for the domain to deform up to a final inner stretch of

3, in other words, until the deformed inner radius is three times the initial inner

radius. Each element in the background mesh is a square with size h = 0.05 m. In

order to generate the initial domain of the cylinder, the entire mesh is filled with

MPs where each element contains 8 × 8 evenly spaced generalised interpolation

MPs. It is important to ensure that there is a large number of MPs initially

populating the mesh to ensure sufficient coverage over the domain to allow for

good integration and avoid ill-conditioning of the stiffness matrix. The MPs which

do not lie within the boundaries of the cylinder are then removed, leaving the

desired physical domain made up of a total of 7722 MPs. This check is performed

at the centre of the MP domain, determining whether the centre of the domain is

within the boundaries of the cylinder meaning that some portions of the Generalised

Interpolation Material Point (GIMP) domains may exist outside of the cylinder
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boundary. Roller boundary conditions are applied over each edge of the background

mesh. The problem is run using the ghost stabilisation technique [55], which was

covered in Chapter 2, in order to reduce errors and improve the stability of the

simulation due to partially filled background elements. The ghost stabilisation

parameter is set to γG = 1 MPa.

x

y

Ri

Ro

P ri

Figure 5.7: 2D hyperelastic cylinder initial and deformed diagram.

An analytical solution of the internal pressure required to inflate an incompressible

hyperelastic cylinder is given as [136]

P =
∫ λ̄b

λ̄a

Ψ̂λ̄ dλ̄
(λ̄2λ̄z − 1)

(5.18)

where Ψ̂(λ̄, λ̄z) = Ψ(λ̄, λ̄z, (λ̄λ̄z)−1, 1) and Ψ̂λ̄ is the derivative of Ψ̂ with respect to

the stretch, λ̄, and the integration is performed between the radial stretch at the

inner radius, λ̄a, and the radial stretch at the outer radius, λ̄b. As the problem in

question is run using the plane strain assumption, there is zero stretch in the axial

(z) direction meaning λ̄z = 1 throughout the analysis. Given that the problem is

run until an inner stretch of 3 is achieved, the analytical solution shows that there

is a snap-through response. As mentioned in Chapter 4, this cannot be modelled

using the standard load controlled scheme, therefore, the MP-BALM is used to
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analyse this problem. An initial normalised pressure, P ∗ = P
µ , of 5×10−3 is applied

over the inner boundary of the cylinder using a B-spline boundary representation

[24]. To anticipate the length of the boundary near to the end of the analysis, 304

boundary points were used represent the inner boundary with 5 Gauss points used

to integrate the traction over each segment of the B-spline curve. These number are

very high, but this is to ensure that every element cut by the boundary is accounted

for in the integration at every step in the analysis. No pressure is applied over the

outer radius of the cylinder. The pressure applied over the inner boundary of the

cylinder evolves through the analysis as it is scaled based on the calculated load

factor in each load step.

Figure 5.8 shows the calculated inner stretch against applied internal pressure

(normalised with the shear modulus) for the analysis. There is a clear snap-through

behaviour displayed with the maximum in pressure seen at an inner stretch

of 1.9. Comparing the calculated load-displacement curve with the analytical

solution calculated using (5.18), the calculated load-displacement response using

the isotropic Ogden model (using the MP-BALM) matches the analytical solution

very closely throughout the simulation.

At large displacements, small fluctuations can be seen in the calculated

load-displacement curve, this may be due to the fact that the physical domain

does not have a defined boundary in the MPM with the use of the B-spline

boundary being used as an approximation for the boundary. This means that

the pressure will not be applied perfectly to the true boundary of the domain.

Also, at large deformations, the incompressible cylinder is stretched by a large

distance and the thickness of the cylinder is reduced, potentially meaning that a

small number background elements are active through the thickness of the cylinder

thus the integration over the physical domain is sub-optimal, especially over the

boundaries. Figure 5.9 shows the undeformed and deformed configurations of the

cylinder where it can be seen that at least two background elements span the

thickness of the cylinder in the undeformed configuration whereas only a single
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Figure 5.8: 2D hyperelastic cylinder inner stretch against normalised applied
internal pressure comparing calculated results (solid black line) and analytical
solution (red crosses).

element contains the full thickness of the cylinder in the deformed configuration

for this problem setup.

Figure 5.9: 2D hyperelastic cylinder under internal pressure in the undeformed
(blue) and deformed (red) configurations.
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5.2 Holzapfel-Ogden model

The implementation of the isotropic Ogden model was a good exercise on how to

implement a hyperelastic model in the MPM. However, as discussed at the start of

this chapter, the ventricular myocardium is in fact anisotropic due to the presence

of the muscle fibres and sheets. Therefore, an anisotropic model is required, of

which there are numerous. Some examples of the use of transversely isotropic

models include: Humphrey and Yin [155]; Humphrey et al. [153]; Guccione and

co-workers [122, 123]; Usyk et al. [305]; Quarteroni et al. [253]; Klepach et al. [174];

Costa et al. [62]; Taber [293] and Horgan and Saccomandi [147]. However, LeGrice

et al. determined that myocardium is not a transversely isotropic material [184],

therefore, an orthotropic material model would be more appropriate such as the

models proposed by Hunter et al. [156], Costa et al. [63] and Schmid et al. [268]

which is based on a Fung type model [103]. This work uses the structurally based

model proposed by Holzapfel and Ogden [145] (referred to as the Holzapfel-Ogden

(H-O) model) due to the fact that it takes into account the directions of the muscle

fibres and sheets (which will vary throughout the material) using invariants found

from the deformation gradient. This material model has been widely used to model

ventricular tissue, see [105, 115, 221, 241, 319, 332, 347] for a small number of

examples where the H-O model is used.

Throughout this section, f denotes terms associated with the fibre direction, s

denotes terms associated with the sheet direction and n denotes terms associated

with the normal direction to the fibre and sheet directions. This can be seen in

Figure 5.10 where a cube of myocardium is shown with the fibre, sheet and normal

direction aligned with the Cartesian axes. The muscle fibres are depicted as the

red lines on the top of block and the muscle sheets are shown as the grey and

white bands on the side of the block. For this example, it is assumed that the

fibre, sheet and normal directions do not change throughout the block. This cube

of myocardium will be used later in this section to validate the H-O model.
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{f0}

{s0}

{n0}

Figure 5.10: Diagram of myocardium block showing muscle fibres (red lines) and
muscle sheets (grey and white bands) with the fibre, sheet and normal directions
shown.

5.2.1 Invariants

Before the H-O is presented, it is necessary to cover the calculation of the required

invariants. As discussed in previous chapters, the deformation gradient, [F ], is

the description of the local kinematics of the material. The volume ratio, J =

det([F ]) > 0, is a measure of the change in volume of the material. The left

and right Cauchy-Green strain matrices, [B] and [C] respectively, are calculated

from the deformation gradient (see (2.56)). The principal invariants (or isotropic

invariants) of [C] (or [B]) are defined by

I1 = tr([C]) , I2 = 1
2
(
I2

1 − tr([C]2)
)

and I3 = det([C]) (5.19)

where I3 = J2 = 1 for incompressible materials. Given that the myocardium

has a muscle fibre and sheet direction, it is possible to define invariants based on

the anisotropy of the material. Defining the unit vectors of the fibre and sheet

directions as {f0} and {s0} respectively, the additional invariants are defined as

I4f = {f0}T ([C]{f0}) and I4s = {s0}T ([C]{s0}) (5.20)
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which are the transversely isotropic invariants. If the direction of {f0} or {s0}

is reversed, the invariants in (5.20) do not change. There is a coupling invariant

between the fibre and sheet invariants such that

I8fs = {f0}T ([C]{s0}) = {s0}T ([C]{f0}). (5.21)

It is worth noting that if the direction of either {f0} or {s0} is reversed, I8fs will

change sign, so it is not a true invariant. However, the formulation of the H-O

model uses I2
8fs which removes this issue.

There is also a direction normal to fibre and sheet directions with a unit vector

{n0}. Similar invariants to those in (5.20) and (5.21) can be formed but are unused

in this work so will not be covered.

5.2.2 Formulation

The strain-energy function of the H-O model is defined as [145]

Ψ(I1, I4f , I4s, I8fs) = a

2be
b(I1−3)︸ ︷︷ ︸

isotropic

+
∑

i=f,s

ai

2bi

(
ebi(I4i−1)2 − 1

)
︸ ︷︷ ︸

transversely isotropic

+ afs

2bfs

(
ebfsI2

8fs − 1
)

︸ ︷︷ ︸
orthotropic

(5.22)

in terms of eight non-negative material parameters a, b, af , bf , as, bs, afs and bfs

and the invariants I1, I4f , I4s and I8fs. The first term is the Fung-type portion used

to model the isotropic component of the material. The second set of terms (the

summation for the fibre and sheet terms) correspond to the transversely isotropic

behaviour due to the muscle fibres and sheets. The final term corresponds to the

orthotropic material behaviour due to the coupling between the muscle fibres and

sheets. Given that there is no contribution of the normal direction in (5.22), it is

assumed that the material behaves solely in an isotropic manner when considering

the normal direction.
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For a compressible material, the Kirchhoff stress can be obtained from the

strain-energy function such that

[τ ] = J [σ] = [F ]
∑

i

Ψi
∂Ii

∂[F ] for i = 1, 4f, 4s, 8fs (5.23)

where this section uses the notation

Ψi = ∂Ψ
∂Ii

for i = 1, 4f, 4s, 8fs (5.24)

throughout description of the formulation of the H-O model. The Kirchhoff stress

can be obtained for an incompressible material such that

[τ ] = J [σ] = [F ]
∑

i

Ψi
∂Ii

∂[F ] − p̄[I] for i = 1, 4f, 4s, 8fs (5.25)

where p̄ is a Lagrange multiplier used to enforce the incompressibility constraint.

There does not seem to be a general consensus in published literature on the

incompressibility of myocardium due to the presence of the vascular network in

the ventricular wall [115], which may result in between 5% and 10% volume change

during experimental testing. Based on the approach of Göktepe et al. [115], the

Kirchhoff stress is calculated using the decoupled volumetric-isochoric formulation

of finite elasticity. This begins by decomposing the deformation gradient into the

volumetric, [Fvol], and isochoric, [Fiso], parts such that

[F ] = [Fiso] [Fvol] where [Fvol] = J1/3[I] and [Fiso] = J−1/3[F ]. (5.26)

It is worth noting that this is a similar starting approach to the F-bar formulation

in Section 2.1.5, however, the notation has been altered here to distinguish between

the two applications. The isochoric components of the left and right Cauchy-Green

strains, [B̄] and [C̄] respectively, are calculated as

[B̄] = [Fiso][Fiso]T and [C̄] = [Fiso]T [Fiso]. (5.27)

The strain-energy function in (5.22) can be decomposed such that

Ψ = U(J) + Ψ̄(Ī1, Ī4f , Ī4s, Ī8fs) (5.28)
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where U(J) is the volumetric part and Ψ̄ is the isochoric part calculated using the

isochoric invariants such that

Ī1 = tr([C̄]) , Ī4f = {f0} · ([C̄]{f0})

Ī4s = {s0} · ([C̄]{s0}) , Ī8fs = {f0} · ([C̄]{s0}).
(5.29)

The isochoric part of the strain-energy function is then given by

Ψ̄(Ī1, Ī4f , Ī4s, Ī8fs) = a

2be
b(Ī1−3) +

∑
i=f,s

ai

2bi

(
ebi(Ī4i−1)2 − 1

)
+ afs

2bfs

(
ebfsĪ2

8fs − 1
)

.
(5.30)

For the volumetric component of the strain-energy function, this work uses [133,

275]

U(J) = 1
4K

(
J2 − 1 − 2 log (J)

)
. (5.31)

Using the decoupled strain-energy function, the decoupled Kirchhoff stress is found

using the Doyle-Ericksen formula [89]

[τ ] = [τvol] + [τiso] = Jp̂[I] + [τ̄ ] : P (5.32)

where p̂ = U ′(J), P = [Is] − 1
3([I] ⊗ [I]) is the isochoric projection tensor and [τ̄ ] is

given by
[τ̄ ] = 2Ψ̄1[B̄] + 2Ψ̄4f ({f̄} ⊗ {f̄}) + 2Ψ̄4s({s̄} ⊗ {s̄})

+ Ψ̄8fs({f̄} ⊗ {s̄} + {s̄} ⊗ {f̄})
(5.33)

where {f̄} = [Fiso]{f0}, {s̄} = [Fiso]{s0} and the scalar coefficients Ψ̄1, Ψ̄4f , Ψ̄4s

and Ψ̄8fs are calculated using (5.24) using the isochoric invariants given in (5.29).

Once the Kirchhoff stress is determined using (5.32), the Cauchy stress can then

simply be found using (2.59).

As with the isotropic model, a tangent representing the sensitivity of the stresses

with respect to the associated deformation is required, in this case, it is the spatial

tangent matrix, [As], which is computed by decoupling the volumetric and isochoric
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components (as with the Kirchhoff stress above) and takes the form [115]

[As] = [As
vol] + [As

iso] =J(p̂+ Jk̂)([I] ⊗ [I]) − 2Jp̂[Is]

+ P :
(

[Ās] + 2
3tr([τ̄ ][I])[Is]

)
: P

− 2
3 (P : ([τ̄ ] ⊗ [I]) + ([I] ⊗ [τ̄ ]) : P)

(5.34)

where k̂ = U ′′(J). For passive myocardium, [Ās] is based on the derivative of the

isochoric Kirchhoff stress and is given by

[Ās] =4Ψ̄′
1([B̄] ⊗ [B̄])

+ 4Ψ̄′
4f ({f̄} ⊗ {f̄} ⊗ {f̄} ⊗ {f̄}) + 4Ψ̄′

4s({s̄} ⊗ {s̄} ⊗ {s̄} ⊗ {s̄})

+ Ψ̄′
8fs({f̄} ⊗ {s̄} + {s̄} ⊗ {f̄}) ⊗ ({f̄} ⊗ {s̄} + {s̄} ⊗ {f̄})

(5.35)

with the scalar coefficients being the second derivatives of Ψ̄ with respect to the

isochoric invariants

Ψ̄′
1 = ∂Ψ̄1

∂Ī1
, Ψ̄′

4f = ∂Ψ̄4f

∂Ī4f

, Ψ̄′
4s = ∂Ψ̄4s

∂Ī4s
, Ψ̄′

8fs = ∂Ψ̄8fs

∂Ī8fs

. (5.36)

For the implementation of the H-O model in the MPM formulation, it is possible

to track the evolution of the orientation of the fibre, sheet and normal direction

vectors through the analysis based on the local deformation of each MP. This work

does not consider changing orientation, the initial fibre, sheet and normal directions

are stored at the start of the analysis and are assumed to be unchanged throughout.

5.2.3 Validation

In order to validate the H-O model, the behaviour of a unit cube block of

myocardium is analysed under applied simple shear. The block of myocardium

can be seen in Figure 5.11 under the six different ways the block can be sheared

due to the anisotropy of the myocardium. The muscle fibre direction, {f0}, is

depicted with the red lines on the block, the sheet direction, {s0}, is depicted as

the light grey and white bands on the block and the the normal direction, {n0},

is the unit vector orthogonal to the fibre and sheet directions. The mode of each
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shear is assigned a code (ij), for i, j ∈ {f,s,n}, based on the the shear in the ij

plane and the shear applied in the j direction. For example, (fs) refers to shear in

the fibre-sheet plane with the shear applied in the direction of the sheet axis.

{f0}

{s0}

{n0}

(fs)
{f0}

{s0}

{n0}

(sn)
{f0}

{s0}

{n0}

(fn)

{f0}

{s0}

{n0}

(sf)
{f0}

{s0}

{n0}

(ns)
{f0}

{s0}

{n0}

(nf)

Figure 5.11: The six possible modes of simple shear applied to a myocardium black
with respect to the muscle fibre axis {f0}, sheet axis {s0}, and normal axis {n0}.

Holzapfel and Ogden [145] validated the proposed model using the experimental

shear test results on a cube of porcine myocardium presented by Dokos et al. [85].

This data has also been used as a validation tool in many examples of published

literature including, but by no means limited to, [115, 223, 232, 234, 268, 319].

This work will also use these experimental shear test results to validate the

implementation of the H-O model. It is worth noting that due to the form

of the strain-energy function in (5.22) (and subsequent representations of the

strain-energy function in this section), there is no inclusion of the normal fibre

direction or any coupling with this direction and the fibre or sheet directions. This

means that the shear modes (ns) and (nf) are essentially the same, meaning that the

results for these shear modes will be equal. This is also the case in the experimental

data used to validate the problem.
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This work will use the three separate sets of material parameters presented by

Holzapfel and Ogden [145], Göktepe et al. [115] and Wang et al. [319] to validate

the model. Each of these sets of material parameters were presented as being fit

to the experimental data from Dokos et al. [85]. The material parameters given by

Holzapfel and Ogden (referred to from this point forwards at the H-O parameters)

are [145]

a = 0.059 kPa af = 18.472 kPa as = 2.481 kPa afs = 0.216 kPa

b = 8.023 bf = 16.026 bs = 11.120 bfs = 11.436.

Göktepe et al. also proposed a set of material parameter for passive myocardium

(which will be referred to as G-K parameters from this point forward) with the

values [115]

a = 0.496 kPa af = 15.193 kPa as = 3.283 kPa afs = 0.662 kPa

b = 7.209 bf = 20.417 bs = 11.176 bfs = 9.466.

The third set of material parameters used in the this work was presented by Wang

et al. (denoted as W-W for the remainder of this work) which take the values [319]

a = 0.2362 kPa af = 20.037 kPa as = 3.7245 kPa afs = 0.4108 kPa

b = 10.810 bf = 14.154 bs = 5.1645 bfs = 11.300.

For all sets of material parameters, the bulk modulus, K, is set seven orders of

magnitude greater than the value of the a parameter to enforce some level of near

incompressibility. This scaling of the bulk modulus is considerably higher than the

scale factors which were seen for the isotropic Ogden model, this may be due to

the simplicity of the problems seen in this validation case. The first validation will

simply calculate the shear stresses directly from the strain-energy function and no

solution of a linear system is requires, therefore, there is no need to consider the

conditioning of the system matrix. The second and third validation cases model

the myocardium cube using the MPM, however, the mesh will be very coarse with

enough MPs used to ensure a well conditioned stiffness matrix.
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The first validation case does not specifically model the myocardium block, instead,

the corresponding forms of the deformation gradient, [F ], for each shear case in

Figure 5.11 is generated (see [145] for each deformation gradient) and used directly

with the strain-energy function in (5.28) to calculate the Cauchy stress from (5.32).

A total of 100 deformation gradients were used, ranging from zero strain to a strain

of 0.5, for each shear mode. The calculated shear stresses against the applied

shear strain is shown in Figure 5.12 for each shear mode and each set of material

parameters. The H-O parameters are shown as a green line, the G-K parameters

are shown with the red line and the W-W parameters are shown with the blue line.

The experimental data from Dokos et al. [85] is also plotted as black circles for

each shear mode. Given the sparsity of experimental data points in Figure 5.12, it

is not simple to obtain a true error measure for each set of material parameters.

Instead, an error estimate is calculated for each data point such that

ϵiσ = |σh
i − σa

i |
|σa

i |
for i = 1, . . . , ndp (5.37)

where σh
i is the calculated shear stress for the given level of shear of the data point

and σa
i is the shear stress from the experimental data. The mean average error

(the error estimate is summed over all data points and normalised by the number

of data points) for each set of material parameters for each shear mode is given

in Table 5.2. The first observation that can be made from Figure 5.12 is that

the H-O material parameters do not provide any adequate fit for the (nf) and (ns)

shear modes, greatly underestimating the shear stresses at all values of shear strain.

In fact, the H-O parameters do not provide good fits for the majority of the shear

modes, it only seems that the (fs) and (fn) modes have a near fit to the experimental

data but still not as close as the other two sets of parameters. This point is backed

up by the fact that the average errors for the H-O parameters for all shear modes

are considerably greater than for the other two parameter sets for all shear modes.

The discrepancies in the shear stress values for the H-O parameters may stem

from the altered formulation of the strain-energy function with the decoupling of

the volumetric and isochoric components that is present in the work by Göktepe
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et al. and Wang et al. but not Holzapfel and Ogden. In fact, this discrepancy

was shown by Wang et al. [319] for the (fs) shear mode but no others, the same

discrepancy can be seen for the (fs) mode in this work in Figure 5.12. For this

reason, the H-O parameters will no longer be considered in the validation of the

H-O model, just the G-K and W-W parameters will be used. Considering the G-K

and W-W parameters, the fitting of the model to the experimental data is much

better with both producing similar curves for each shear mode. By eye, it appears

that the W-W parameters match the experimental data slightly better than the

G-K parameters but both produce reasonable results. However, it seems that across

the range of shear applied to the block, the G-K parameters demonstrate a lower

average error for all shear modes except the (sf) shear mode.

Shear mode H-O error G-K error W-W error
(fs) 2.99 × 10−1 1.51 × 10−1 1.60 × 10−1

(sf) 5.72 × 10−1 3.57 × 10−1 2.49 × 10−1

(fn) 3.00 × 10−1 1.91 × 10−1 2.23 × 10−1

(nf) 8.94 × 10−1 3.42 × 10−1 3.78 × 10−1

(sn) 6.84 × 10−1 3.45 × 10−1 3.81 × 10−1

(ns) 8.94 × 10−1 3.42 × 10−1 3.78 × 10−1

Table 5.2: Average errors between shear stresses and experimental data from Dokos
et al. [85] for H-O, G-K and W-W material parameters based on results in Figure
5.12.

The second validation case is to model the shear of the myocardium block using

the MPM. The physical domain of a 1 m×1 m×1 m myocardium block is immersed

in a 2 m × 2 m × 2 m background mesh with a mesh size of h = 0.5 m. The physical

domain is discretised using 5 × 5 × 5 evenly spaced generalised interpolation MPs

within each background mesh element, any MPs which are not contained within

the physical domain are removed. To reduce the effect of any volumetric locking,

the F-bar implementation of the MPM is used for the analysis. Also, the ghost

stabilisation technique is employed with a ghost stabilisation parameter six orders

below the value of the bulk modulus, the analyses run with the G-K parameters

have to a ghost stabilisation parameter of γG = 4.96 kPa, while the simulations

using the W-W parameters have a ghost stabilisation parameter of γG = 2.37 kPa.
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Figure 5.12: Shear stresses directly calculated from the strain-energy function
(5.28) for the H-O parameters (green lines), G-K parameters (red lines) and W-W
parameters (blue lines) compared to the experimental data from Dokos et al. [85]
(black circles).
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For each shear mode, a B-spline surface is generated over the corresponding plane

in which the shear will be applied. For example, for the (fs) shear mode, a B-spline

surface is constructed for x = 1, and y, z ∈ [0, 1].∗ Each B-spline surface is

generated using 3×3 boundary points with a traction applied in the corresponding

direction over 100 equal load steps. The applied traction varies based on the shear

modes, which makes logical sense due to the anisotropy of the material meaning

that it will be stronger or weaker based on the direction that it is deformed. These

tractions were determined empirically to provide the stress-strain plots which would

cover the range of the experimental data for each shear mode, the tractions are

presented in Table 5.3. Depending on the direction that the shear traction is

applied, the block is constrained in all other directions and at the base of the block

parallel to the plane in which the traction is applied, the block is free to move in

that direction the traction is applied at any other point in the block. Using the (fs)

example, the traction is applied in the y direction, therefore the fixed boundary

conditions are applied in the y and z directions throughout the background mesh

and fixed at x = 0.

Shear mode Applied traction (kPa)
(fs) 18.64
(sf) 6.68
(fn) 15.11
(nf) 2.26
(sn) 3.15
(ns) 2.26

Table 5.3: Applied tractions over the B-spline surface boundary for each shear
mode in the MPM analysis.

The shear stresses and strains calculated throughout each MPM analysis for each

shear mode for the G-K and W-W material parameters are shown in Figure

5.13. As with the case when the shear stresses were calculated directly from the

deformation gradient, both sets of material parameters display a very good fit with

the experimental data, especially for the (fs), (sf), (fn) and (sn) shear modes. The
∗This problem is set up such that the fibre direction, {f0}, the sheet direction, {s0}, and the

normal direction, {n0}, are aligned with the x, y and z axes respectively.
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same error estimates as in (5.37) is calculated for each set of material parameters

and shear modes, as before, the average errors are given in Table 5.4. It could be

said that the W-W material parameters produce stress-strain results that are closer

to the experimental data for all shear modes compared to the G-K parameters.

The W-W does seem to match the data for the (nf) and (ns) shear modes very well

considering that the normal direction does not feature in the strain-energy function.

That being said, the G-K parameters produce stress-strain results for these shear

modes with a lower average error value compared to the W-W parameters. This

may be due to the fact that the G-K parameters predict greater shear stresses at

low shear values (< 0.1) compared to the W-W parameters, giving shear stresses

closer to that of the experimental data. However, the W-W parameters do produce

shear behaviour much closer to the experimental data at the higher shears (> 0.3),

it is not clear at this point in the thesis which range of shears will have the most

effect on the LV model.

Shear mode G-K error W-W error
(fs) 1.48 × 10−1 1.24 × 10−1

(sf) 3.55 × 10−1 2.42 × 10−1

(fn) 1.34 × 10−1 1.43 × 10−1

(nf) 3.42 × 10−1 3.75 × 10−1

(sn) 3.43 × 10−1 3.72 × 10−1

(ns) 3.42 × 10−1 3.75 × 10−1

Table 5.4: Average errors between shear stresses and experimental data from Dokos
et al. [85] for G-K and W-W material parameters based on results in Figure 5.13.

The final validation case still involves the MPM analysis of the myocardium block,

however, rather than changing the boundary conditions of the block (ie. the surface

to which the traction is applied and the direction the traction is applied), the

analyses are run maintaining the B-spline boundary positioned at x = 1, and

y, z ∈ [0, 1] with the traction being applied in the x direction. Fixed boundary

conditions are in place for x = 0 and for all y and z. Each shear mode is then tested

by altering the fibre, sheet and normal directions to model the desired shear. Table

5.5 presents the alignments of the fibre, sheet and normal directions with the x, y
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Figure 5.13: Shear stresses and strains calculated using a MPM analysis applying
tractions over varying planes and directions for the G-K (red lines) and W-W (blue
lines) material parameters compared to the experimental data from Dokos et al. [85]
(black circles).

and z axes for each shear mode. Other than the change in boundary conditions and

material orientation, the problem set up is the same as above with the magnitude

of the tractions for each shear mode used given in Table 5.3.
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Shear mode x axis y axis z axis
(fs) {s0} {f0} {n0}
(sf) {f0} {s0} {n0}
(fn) {n0} {f0} {s0}
(nf) {f0} {n0} {s0}
(sn) {n0} {s0} {f0}
(ns) {s0} {s0} {f0}

Table 5.5: Orientation of fibre, sheet and normal directions aligned with the x, y
and z axes when modelling shear modes through rotation of the myocardium block.

Figure 5.14 shows the calculated shear stresses against shear strains for each of

the six shear modes. As expected, these results are identical to the ones shown

in Figure 5.13. The average errors of the shear stresses for each set of material

parameters for each shear mode compared to the experimental data is given in

Table 5.6. Like the curves in Figure 5.14, these error values are identical to those

in Table 5.4. This improves the confidence that the implementation of the H-O

model within the MPM framework is correct and that the G-K and W-W material

parameters seem to be a good fit for modelling passive myocardium.

Shear mode G-K error W-W error
(fs) 1.48 × 10−1 1.24 × 10−1

(sf) 3.55 × 10−1 2.42 × 10−1

(fn) 1.34 × 10−1 1.43 × 10−1

(nf) 3.42 × 10−1 3.75 × 10−1

(sn) 3.43 × 10−1 3.72 × 10−1

(ns) 3.42 × 10−1 3.75 × 10−1

Table 5.6: Average errors between shear stresses and experimental data from Dokos
et al. [85] for G-K and W-W material parameters based on results in Figure 5.14.

Summary

Due to the fact that myocardium is modelled as a hyperelastic material, this chapter

has presented two hyperelastic material models, the isotropic Ogden model and

the anisotropic H-O model. The isotropic model was used as an exercise in the

implementation of a non-linear material model in the MPM. The formulation was

presented and the model was validated with numerical examples. Firstly with
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Figure 5.14: Shear stresses and strains calculated using a MPM analysis
maintaining the position of the B-spline surface boundary and direction of the
applied tractions and swapping the directions of the fibre, sheet and normal unit
vectors. Comparing the G-K (red lines) and W-W (blue lines) material parameters
to the experimental data from Dokos et al. [85] (black circles).

the stretching of a perforated rubber sheet using a FEA analysis. This showed

the effect of the inclusion of compressibility of the material model and how it is
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possible to model a nearly incompressible material by increasing the value of the

bulk modulus to simulate the incompressibility of the material. The Ogden model

was then validated with the MPM through the example of a cylinder under internal

pressure. Due to the non-linear behaviour that this problem sees, the MP-BALM

from Chapter 4 was used. The numerical results from this analysis closely matched

the analytical results. Myocardium is not an isotropic material, therefore, the

H-O model was chosen as the anisotropic material model for this work. The

formulation of the H-O model was presented and the model was validated using

experimental data of the shearing of a myocardium block. Shear stress-strain results

were calculated directly from the strain-energy function as well as through MPM

analyses using multiple sets of material parameters. Two sets of parameters were

found to produce results which sufficiently match the experimental data, these

parameters will be used for the LV models that will be analysed.

Now that all of the “tools” required to analyse a LV model have been presented,

the next chapter covers the process of generating the initial MPM model of a left

ventricle from the medical imaging data.
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Chapter 6

Left Ventricular Modelling -

Model Creation

The previous chapters have presented all of the tools needed to generate and analyse

a model of a Left Ventricle (LV) using the Material Point Method (MPM):

• Chapter 2 - the MPM formulation used to analyse the model,

• Chapter 3 - B-spline boundary representations to handle non-conforming

boundaries,

• Chapter 4 - the arc-length solver implemented in the MPM formulation for

highly non-linear responses,

• and Chapter 5 - the anisotropic, hyperelastic H-O model to simulate the

material behaviour of the LV myocardium.

The overall aim of this work is to produce a patient-specific model of the LV. The

added aim is to generate the model in a manner which requires as little user input

as possible. There are three main components that need to be considered for the

LV model generation: the geometry, the orientation of the muscle fibre, sheet and

normal directions in the myocardium and the boundary conditions which can be

applied to the physical domain. The automation of the model generation is a key
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feature of this work, which is possible due to the non-conforming nature of the MPM

so that the physical domain can simply be immersed into a regular background

mesh. Thus, the intensive meshing process that is required for Finite Element

Analysis (FEA) is not needed for the MPM. Instead, a relatively simple method

of generating the LV geometry can be used to populate the physical domain with

MPs. This chapter begins with the generation of the geometry of the endocardial

(inner) and epicardial (outer) surfaces of the LV using B-spline surfaces, based

on the work in Chapter 3. The B-spline surfaces are not discarded after the

initial model generation, as they are then used as the boundary representations

of the endocardial and epicardial surfaces throughout the MPM analysis. The

physical domain between these two surfaces is then discretised with MPs through

the creation of a temporary mesh between the two surfaces used to position the MPs

in the domain. The orientation of the muscle fibres and sheets are determined for

each MP based on their position relative to the endocardial and epicardial surfaces.

The steps of creating the B-splines and determining the orientation of each MP can

be performed without any human input, which greatly improves the pre-processing

time for each model. Finally, this chapter presents the boundary conditions which

are applied to the physical domain throughout the analysis.

There are multiple ways to approximate the LV geometry. For example, several

studies have used a prolate spheroid approximation of the shape of the LV [123,

156, 157, 304]. Alternatively, the geometry can be extracted from medical images

using segmentation [54, 108, 109, 220, 232, 322]. This work employs the latter

method, therefore, fulfilling the aim of making a patient-specific model of the LV.

Magnetic Resonance Imaging (MRI) scans were utilised from a healthy ageing

study at the Newcastle Magnetic Resonance Centre (NMRC). The data set used

in this work has also been used in other medical studies, for example [41, 130,

143, 144, 162, 243]. The images were acquired using a 3.0 T Philips Intera Achieva

scanner (Philips, Best, The Netherlands) where 14 images were taken in the short

axis view through the longitudinal direction of the heart. Each image represents
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a slice thickness of 8 mm with a 0 mm skip between slices. Each image has a

resolution of 256 × 256 pixels with each pixel of the image representing an area of

1.367 19 mm × 1.367 19 mm. The images were taken over 25 phases of the cardiac

cycle, from End-Diastole (ED) of one cycle to ED of the next. Each stack of patient

medical images include a series of slices showing the cross section of the heart, as

shown in Figure 6.1 moving longitudinally (from head to toe) through the patient.

To aid in the reader’s understanding of what is shown in the image in Figure 6.1,

key anatomical features have been highlighted with red numbers. The part of the

anatomy for each number is given in Table 6.1.

1

2

3
4

5

6

7

Figure 6.1: Slice of MRI image stack with key positions labelled (see Table 6.1 for
labels).

Figure 6.1 label Anatomical feature
1 right ventricle
2 left ventricle
3 liver
4 stomach
5 chest wall
6 left lung
7 right lung

Table 6.1: Key anatomical identifiers labelled in Figure 6.1.
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6.1 Generation of left ventricular geometry

The first stage of generating the LV model is to create the geometry of the physical

domain (the volume of the myocardium tissue that surrounds the LV cavity). This

section demonstrates the process of generating a B-spline representation of the

endocardial surface of the LV, from segmentation to the generation of the physical

domain and the MP discretisation.

In this work, the step in the model setup which requires significant user effort is

the segmentation of the stack of medical images. The process of generating the LV

model geometry following segmentation has been designed to be fully automated.

The inputs for the model are the segmentation data, the fitting strength parameter

(see Section 3.4.2 for an explanation of the fitting strength parameter, ζ), the

desired number of MPs for the model and the material properties.

6.1.1 Segmentation

For the segmentation, the stack of medical images is loaded into ITK-Snap∗ [340]

to analyse each slice as seen in Figure 6.2a. This work focusses on the ED stage

of the cardiac cycle. Therefore, the stack of images were segmented where the LV

appears to be at its largest volume. The segmentation of the endocardial surface

for a single slice of the stack of medical images is shown in Figure 6.2b, where the

red patch is the segmented area.

Each image slice is an image made up of 256 × 256 pixels, therefore, for each

segmented slice, a mask is generated where each pixel of the slice image is assigned

a value based on the its position relative to the segmented area in Figure 6.2b.

If the pixel is outside of the red area, then the pixel is assigned a value of 0,

conversely, if the pixel is situated in the red area, it takes a value of 1. The mask

of the segmentation in Figure 6.2b is shown in Figure 6.3a where the black area
∗ITK-Snap is an open-source software which can be used to segment 3D and 4D medical

images.
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(a) (b)

Figure 6.2: Single slice of patient MRI scan (a) unsegmented slice (b) segmented
slice of the endocardial surface shown in red.

represents a 0 value and the white area has a value of 1 (the segmented area). The

outline of the mask is then determined (shown as the red points in Figure 6.3b)

to generate a set of data points for the slice. As the slices are taken through the

longitudinal direction of the heart, a z coordinate can be assigned based on the

index of the slice and the slice thickness of the imaging procedure (in this case it

is 8 mm per slice with 0 mm skip between slices). It is assumed that there is no

movement of the patient as the images were taken as no corrections will be made to

the global positions of the slice data points to account for any patient movement.

(a) (b)

Figure 6.3: Output of segmentation of a slice of the medical image stack (a) mask
of data (b) outline of mask shown in red.
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6.1.2 Least squares fitting

An unstructured set of data points is obtained from the outline of the segmentation

mask in Figure 6.3b. For the slice used in this example, the segmentation produces a

total of 105 data points, which are shown in Figure 6.4a. It is not appropriate to use

the data points from each slice of the medical image stack to directly generate the

B-spline surface representation of the endocardial surface. This is due to multiple

factors, the first issue is the pixelated nature of the data points. If a B-spline was

generated through the local interpolation method of B-spline curve generation, the

resulting curve would include the sharp corners from the pixels of the image, as

seen in Figure 6.4b. This is not representative of the shape of a human LV as

it does not appear to be a natural shape and some means of reducing the sharp

corners is required. Using the local interpolation method, the data points must be

ordered to determine the “path” of the B-spline through the set of points, which

requires extra computational effort. This task involves determining the angular

positions of each data point from the centre (the average x and y coordinate of the

data points) relative to the positive x direction. Issues in the ordering may arise

for more complex geometries where multiple points lie along the same angular

direction and user interference would be required to manually sort these points.

Another issue is faced when it comes to the generation of the B-spline surface.

The method of surface generation used in this work requires the same number of

sampling points along each row and column of the sampling point grid (see Figure

3.9). The number of data points generated from each segmented slice is dependent

on the size of the segmented area, the larger the segmented area, the more data

points are produced and vice versa. This means that a method of generating the

same number of B-spline surface sampling points is required. To do this, a B-spline

curve is created for each segmented slice using the least squares fitting procedure

described in Section 3.4.2 and a set of sampling points is produced from each

B-spline curve to generate the grid of sampling points around the LV surface.
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(a) (b)

Figure 6.4: Slice segmentation (a) data points (b) direct B-spline curve generated
through local interpolation.

As in Section 3.4.2, the fitting strength parameter, ζ, is used in this least squares

fitting procedure as a means to control the closeness of the B-spline curve fit to

the data points so that the presence of sharp corners in the curve is reduced. The

first step in the least squares fitting process is to generate an initial B-spline curve.

Sampling points are positioned at evenly spaced angular positions around the centre

of the data points (mean global x and y coordinates of the data points) with the

radial distance based on the radial positions of the data points around that angular

position. A B-spline curve is generated using a local interpolation scheme through

these sampling points. The number of sampling points, nk, is calculated based on

the number of data points and the value of ζ. The initial B-spline curves using

ζ ∈ [0.00, 0.20, 0.40, 0.60, 0.80, 1.00] are shown as blue, dashed lines in Figure 6.5.

The control points of the initial B-spline curve are then manipulated using the least

squares fitting using (3.55) to produce the fitted B-spline curve which are shown as

the black lines in Figure 6.5. It is clear that as the value of ζ increases, the fitted

B-spline curve begins to match the shape of the data points more closely. The fitted

curve when using ζ = 1 (Figure 6.5f) almost recreates the B-spline curve in Figure

6.4b as there are some sections of the curve that are straight lines (the bottom and

bottom left of the curve). This fitted curve does not have as many sharp corners
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as the curve in Figure 6.4b as the stepping of the pixels is slightly reduced but the

unnatural shape of the data points is still present. As discussed above, the aim

of this least squares fitting procedure is to remove the sharp corners and produce

a more natural shaped B-spline curve as an approximation of the cross section

of the LV. Examining the fitted curves in Figure 6.5, it appears that the curves

produced when ζ = 0.20 (Figure 6.5b), ζ = 0.40 (Figure 6.5c), ζ = 0.60 (Figure

6.5d), ζ = 0.80 (Figure 6.5e) and ζ = 1.00 (Figure 6.5f) all exhibit a straight line

segment at the bottom left of the data points. Referring to the slice in Figure 6.2,

this is a portion of the septum wall, however, a straight line will not typically be

seen in the heart so should be put down as an artefact due to the low resolution

of the medical imaging procedure. This signifies that the value of ζ should at least

be lower than 0.20 to smooth out this area and produce a more natural shape.

Therefore, to ensure the maximum amount of smoothing, a value of ζ = 0.00 is

used for the least squares fitting of the B-spline curves for all sets of data points.

This also means that the least squares fitting will use the same number of sampling

points for all sets of data points irrespective of the number of data points in the

set.

6.1.3 Surface generation

To generate the B-spline surface, a grid of sampling points is required, these are the

sampling points over each fitted B-spline curve for each segmented slice through

the longitudinal direction of the LV. Every slice must have the same number of

sampling points, therefore, 100 sampling points are positioned at regular angular

intervals around the fitted B-spline curve. The sampling points are shown as black

circles in Figure 6.6. Through numerical experimentation during the development

of the LV model, it was found that using a total of 100 sampling points to produce

the B-spline curve for each slice was suitable to represent the fitted B-spline curve.

For the medical image stack used in this section, the maximum number of data

points for a single slice is 127 with the fitted B-spline curve having a length of
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(a) ζ = 0.00 (nk = 3) (b) ζ = 0.20 (nk = 7)

(c) ζ = 0.40 (nk = 11) (d) ζ = 0.60 (nk = 16)

(e) ζ = 0.80 (nk = 20) (f) ζ = 1.00 (nk = 25)

Figure 6.5: Least squares fitting of a closed B-spline curve to slice data points (red
circles) for various fitting strengths. Both the initial B-spline curve (blue, dashed
line) and fitted B-spline curve (black line) are shown.
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193 mm, therefore, using 100 sampling points means that each curve segment of

the B-spline curve will have a length approximately equal to the resolution of

the image from the stack for the largest slice curve. Obviously, the slices with

shorter B-spline curves will have curve segments with lengths much smaller than

the image resolution, this is the reason that 100 sampling points was deemed the

most reasonable as increasing this number would increase the computational effort

whilst not significantly improving the quality of the B-spline curve for these smaller

slice curves.

Figure 6.6: B-spline curve generated using a fitting strength of ζ = 0 (black line)
and the even, angular distribution of 100 B-spline surface sampling points along
the B-spline curve (black circles) from the data points obtained from segmented
slice (red circles).

Having created the B-spline curves for all segmented slices, the curves are positioned

in 3D space as shown in Figure 6.7. The global coordinated of all of the fitted

B-spline curves are shifted such that the centre of the upper most slice is positioned

at the origin with the positive z direction along the longitudinal direction and the

x and y axes acting in the plane of the upper most slice. Given that the MRI

scanning procedure means that 8 mm of the LV is accounted for in each slice, it is
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likely that a lot of geometric information will be lost between slices, such as the

apex of the LV. In this work, the apex is not considered due to the high uncertainty

in its position.

x

y

z

Figure 6.7: Fitted B-spline curves for all segmented slices.

Once the B-spline curves are created for all segmented slices, the 100 sampling

points of each fitted B-spline curve are used to generate the grid of sampling points

for the B-spline surface. The B-spline surface representation of the endocardial

surface is then produced as shown in Figure 6.8a. The epicardial surface is

generated using the same procedure as described above, where the epicardial

surface is segmented with points around the outer surface of the LV and the

septum wall between the LV and the Right Ventricle (RV). The generated B-spline

representation of the epicardial surface is shown in Figure 6.8b.

This work only focusses on the stress in the free wall of the LV and the septum

wall between the LV and RV. The apex will not have a significant effect on the

stresses in these walls, so there is no need to include the apex within the model.

The fitted endocardial surface (red surface) and epicardial surface (blue surface)

used for the LV model are shown in Figure 6.9. The free wall and septum wall are

also labelled on the side view of the surfaces. It is not a trivial task to determine
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(a) (b)

Figure 6.8: Fitted B-spline representation of the LV (a) endocardial and (b)
epicardial surfaces.

the true position of the basal plane from the stack of medical images and the fitted

surfaces. Therefore, the basal plane is taken to be situated in the plane of the

upper most segmented slice of the endocardial surface. Any segmented slices of

the epicardial surface which have a z coordinate greater than the basal plane are

simply discarded. Generating the B-spline surfaces from solely the rings of the

segmented slices means that there are flat cuts across the top and bottom of the

model domain, which can be more easily aligned with the edges of the background

mesh for easier application of boundary conditions.

The resulting model for this work is similar to other studies which model the

equatorial region of the LV as a thick walled cylinder [54, 122, 154]. This work

simply expands the scope from looking at the equatorial region and instead looks

from the basal plane down to near the apex of the LV, assuming that it is essentially

a thick walled cylinder with an irregular cross section. Therefore, the MP domain

is created between the basal plane and the lowest segmented slice as this provides

the best approximation of the patient geometry based on the segmentation of the

MRI.
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front view
(into septum wall)

side view

se
pt

um
wa

ll free
wall

basal plane

Figure 6.9: Side and front views of the fitted B-spline representation of the LV
endocardial surface (red surface) and epicardial surface (blue surface) which are
used for the LV model. The top of the model is aligned with the upper most
segmented slice (basal plane) and the bottom of the model is aligned with the
lower most segmented slice.

6.1.4 Material Point generation

Two methods of discretising the physical domain with MPs have been used in

this work. The first method is the “flood-and-remove” method where the entire

background mesh is filled with MPs by populating each element with evenly

distributed MPs, the MPs which are not situated within the desired domain are

then removed. The second option is to generate a temporary volumetric mesh over

the desired domain which is populated with MPs. However, if the geometry of the

physical domain is complex, a substantial amount of work is required to produce the

mesh for this second approach. The first method has the advantage that a second

mesh generation step is not required, but, if a large number of MPs are used, a

considerable amount of computational time is required to determine whether each

MP is within the physical domain. It is possible to do this by determining the foot

point for each MP on the two surfaces and comparing the two directional vectors

to the foot points. If the dot product of the two vectors is negative, the two vectors

are pointing in opposite directions which would likely mean that the MP is between

the surfaces. Using B-splines to represent the endocardial and epicardial surfaces
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means that it is possible to distribute points over each surfaces which can be used to

generate a volumetric mesh between the two surfaces by connecting points on each

surface to achieve the second method for MP placement. This is the method used

in this work, as it is less computationally expensive than the flood-and-remove

method and provides more control on the number of MPs used in the physical

domain as a number of MPs can be prescribed. With the first method, only the

number of MPs per element of the background mesh is given and there is no direct

means of controlling how may MPs will be located within the physical domain.

This work requires the analyst to prescribe the total number of MPs which are

situated through the thickness of the LV wall, the number of elements of the mesh

through the thickness of the wall and a target number of MPs, ntar
mp, in order to

produce the MP mesh. These are used to determine the number of elements in the

circumferential and longitudinal directions of the LV. The total number of MPs is

calculated as

nmp = nc
el n

l
el n

r
el (ne

mp)3 (6.1)

where nc
el, nl

el and nr
el are the number of elements in the circumferential,

longitudinal and radial directions respectively and ne
mp is the number of MPs per

dimension in each element. Given the prescribed number of MPs through the

thickness of the LV wall and the number of elements through the radial direction,

the value of ne
mp can be easily found as the ratio of the number of MPs to the

number of elements. In order to determine nc
el and nl

el, the ratio between the

largest circumferential length of the epicardial surface and the longitudinal length

is determined and the product of the two values is calculated based on (6.1) such

that

nc
el n

l
el =

ntar
mp

nr
el (ne

mp)3 . (6.2)

The number of elements in the circumferential and longitudinal directions are

calculated in this fashion to ensure that the MP mesh is generated based on

the geometry of the endocardial and epicardial surfaces as well as to reduce the

possibility of highly distorted elements.

191



6.1.4. Material Point generation

Once the number of elements in the circumferential and longitudinal directions

are determined, local parametric coordinates, (ξ, η), are calculated for each surface

which correspond to the nodes of the MP mesh on the endocardial and epicardial

surfaces, Sendo(ξ, η) and Sepi(ξ, η) respectively. These local coordinates are a

distribution between 0 and 1 based on the number of elements in each direction

where ξ generates the points in the circumferential direction and η gives the points

in the longitudinal direction. For cases where multiple elements are used in the

radial direction, the intermediate points through the thickness are found using a

linear interpolation between the points on the endocardial and epicardial surfaces

with the same local parametric coordinates. An example of a generated MP mesh

is shown in Figure 6.10. For illustrative purposes, 2D views of the circumferential

elements (Figure 6.10a) and longitudinal elements (Figure 6.10b) are shown. For

each diagram, the endocardial surface is shown in red and the epicardial surface

is shown in blue with the MP mesh shown in black. Only one element is used

in the radial direction for clarity. For this example, 20 elements are used in the

circumferential direction (nc
el = 20) and 10 elements are used in the longitudinal

direction (nl
el = 10), which would suggest that the circumferential length is twice

that of the longitudinal length∗. The element distribution in the circumferential

direction seems to reflect the shape of the surfaces fairly well. Small areas are

present between the edges of the mesh and the epicardial surface (as seen in the

upper portion of Figure 6.10a), which will be reduced by increasing the value of nc
el

as well as using more elements through the thickness of the LV wall. In contrast,

there is more irregularity in the shape of the endocardial wall in the longitudinal

direction. It is clear from Figure 6.10b that 10 elements is not suitable to capture

the shape of the model geometry, meaning that more elements will be required in

this case. Care must be taken when choosing values for ntar
mp and nr

el to account for

this.
∗This is not actually the case for this patient geometry, the values used for nc

el and nl
el here

have been chosen for illustrative purposes. The values used for the actual models are presented in
Chapter 7.
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x

y

(a) circumferential

x

z

(b) longitudinal

Figure 6.10: 2D diagram of MP mesh (black lines) generated between endocardial
(red line) and epicardial (blue line) surface with 2 × 2 MPs (black circles) evenly
distributed in each element. For illustrative purposes, one element is used in the
radial direction.

Once the MP mesh is created, MPs are evenly distributed within each element, as

shown in Figure 6.10 where 2×2 MPs are distributed in each element. As this work

uses a 3D model, each element will contain ne
mp ×ne

mp ×ne
mp MPs per element. This

work uses generalised interpolation MPs, this means that the domain half lengths

for each MP are required. Unlike previous numerical examples which generated the

MPs in a regular mesh, this MP mesh is highly irregular meaning that the lip values

cannot be found by simply dividing the size of the element based on how many

MPs are contained within the element. Instead, the volume associated with each

MP is calculated which is then used to determine the domain half length. Firstly,

the Jacobian matrix is calculated such that

[J ] =
[
∂N

∂ξ

]
{xv} (6.3)

where
[

∂N
∂ξ

]
is a matrix containing the derivatives of the linear hexahedral element

shape functions of a MP with respect to the local coordinates of the MP∗ and {xv}

is the global coordinates of the nodes of the element. The initial volume associated
∗Here the local coordinates (ξ, η, ζ) are the local coordinates of the MP within the element

and should not be mistaken for the local parametric coordinate of the B-spline curve/surface.
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6.2. Orientation of muscle fibres

with the MP is then calculated as

V 0
p = det([J ])wp (6.4)

where wp is the weight associated with the MP. As the MPs are evenly distributed

within each element, the value of wp is simply 8 divided by the number of MPs in

the element. For simplicity, the MP domain is then assumed to be cubic in shape

meaning that the domain half lengths are computed such that

lip0 = 1
2

3
√
V 0

p . (6.5)

While the assumption of the initial MP domain being cubic may cause large overlaps

in the MP domains for the coarse meshes (such as the ones seen in Figure 6.10),

using finer meshes will mean that the shape of the elements will be more regular

and less overlaps between the MP domains will be seen.

As will be seen in Chapter 7, this work uses a target of 250 000 MPs for the initial

LV models with 16 MPs positioned through the transmural direction, which was

empirically determined through experimentation when generating the LV model.

6.2 Orientation of muscle fibres

As discussed in Chapter 5 (specifically Section 5.2), myocardium is an anisotropic

material, this work models the LV tissue as a series of laminar sheets distributed

through the thickness of the LV wall which contain muscle fibres. The direction of

these muscle fibres and sheets will vary through the radial (or transmural) direction.

A diagram of the local fibre and local sheet directions relative to the circumferential,

longitudinal and radial axes are shown in Figure 6.11. The local fibre direction is

considered as a rotation of the local circumferential axis about the local radial

axis and the local sheet direction is the rotation of the local radial axis about

the local circumferential axis. The rotation angles for the local fibre and local

sheet directions are denoted as θf and θs respectively. The local circumferential
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6.2. Orientation of muscle fibres

and radial axes will vary based on the position of the MP. It is assumed that the

longitudinal axis will always be aligned with the z axis.

To find the local radial axis, a directional vector between the MP and a centre point

is found. Due to the irregular shape of the endocardial and epicardial surfaces, it

is not suitable to simply draw a straight line from the centre of the top edge of

the model to the bottom edge of the model. Instead, centre points through the

longitudinal direction are found based on the average x, y and z coordinates of

the points for each circumferential ring of nodes on the endocardial and epicardial

surfaces which are used to create the MP mesh. The position on the centreline for

a MP is calculated as a linear interpolation between the centre points above and

below the MP position and based on the z coordinate of the MP. A directional

vector is calculated between this centre point and the MP, once normalised, this

vector is taken to be the basis vector for the local radial axis. As the three local axes

are orthogonal, the local circumferential axis is found through the cross product of

the local radial and longitudinal axes.

circ.

long.

local fibre

θf

(a)

rad.

long.

local sheet

θs

(b)

Figure 6.11: Negatively oriented (a) local fibre direction and (b) local sheet
direction relative to the circumferential, longitudinal and radial directions.

This work calculates the directions of the local muscle fibre, sheet and normal
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6.2. Orientation of muscle fibres

vectors through a series of two counterclockwise∗ rotations such that
[
{f0} {s0} {n0}

]
= [Rs][Rf ]

[
{uc} {ur} {ul}

]
(6.6)

where {f0}, {s0} and {n0} are the vectors of the local fibre, sheet and normal

directions respectively, {uc} = {uc, vc, wc}T , {ur} = {ur, vr, wr}T and {ul} are

the vectors of the local circumferential, radial and longitudinal axes respectively.

The rotation matrices, [Rf ] and [Rs], are used to rotate the local circumferential,

radial and longitudinal axes into the fibre, sheet and normal direction, the rotation

matrices are calculated as [217]

[Rf ] = cos (θf )[I] + sin (θf )[Wf ] + (1 − cos (θf )) ({ur} ⊗ {ur}) (6.7a)

[Rs] = cos (θs)[I] + sin (θs)[Ws] + (1 − cos (θs)) ({uc} ⊗ {uc}) (6.7b)

where ⊗ denoted the outer (tensor) product of the two vectors and

[Wf ] =


0 −wr vr

wr 0 −ur

−vr ur 0

 and [Ws] =


0 −wc vc

wc 0 −uc

−vc uc 0

 . (6.8)

The first rotation matrix, [Rf ], rotates the local circumferential, radial and

longitudinal axes about the local radial axis through an angle of θf . This is

followed by a further rotation of the rotated axes through an angle of θs about

the undeformed local circumferential axis.

The local fibre angle for a MP is calculated as a linear interpolation between the

fibre angle at the endocardial surface and the epicardial surface such that

θf = (1 − dr) θendo
f + dr θ

epi
f (6.9)

where θendo
f and θepi

f are the fibre angles at the endocardial and epicardial surfaces

respectively and dr is the transmural depth ratio, which is the distance between the

MP and the endocardial surface normalised between 0 and 1. The foot points of the
∗It is a simple procedure to apply a clockwise rotation by prescribing a negative angle through

which the rotation should occur.
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6.2. Orientation of muscle fibres

MP on the B-spline surfaces representing the endocardial and epicardial surfaces,

denoted as {Sendo
p } and {Sepi

p } respectively, are used to calculate the value of dr

such that

dr =
|{xp} − {Sendo

p }|
|{Sepi

p } − {Sendo
p }|

. (6.10)

The same procedure is performed to determine the sheet angle where

θs = (1 − dr) θendo
s + dr θ

epi
s (6.11)

given that θendo
s and θepi

s are the sheet angles at the endocardial and epicardial

surfaces respectively and dr is the same transmural depth ratio as calculated in

(6.10).

There is no consensus in the published literature on the true value of the fibre and

sheet angles in the myocardium. There have been multiple experimental studies,

including those by LeGrice and co-workers [184, 185] which propose that the fibre

angles have a transmural distribution starting at around -90° at the endocardial

surface and transitioning to between 30° and 60° at the epicardial surface. Other

experimental investigations have stated other ranges of fibre angle distributions, a

selection of which are presented in Table 6.2. It is clear that there is a large variation

in the experimental findings and there is no set value for these fibre angles which

should be used in the LV model for this work. As mentioned by Greenbaum et

al. [119], this variation may be due to taking samples of the LV tissue at different

positions around the LV wall which will have an effect on the results. This may be

due to the heart having a helical structure in terms of the muscle tissue [300] where

the fibre orientation sees variations not only in the transmural direction but the

longitudinal and circumferential directions also. When comparing the fibre angles

proposed by Streeter Jr. et al. [286] and Greenbaum et al. [119], both present

the same fibre angle at the endocardial and epicardial surfaces, however, there

is a disagreement on the direction of rotation with respect to the circumferential

direction. There are multiple examples of LV models which use this fibre angle

distribution, such as Genet et al. [109] and Doste et al. [88], both of which use a
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6.2. Orientation of muscle fibres

rule based approach to apply the fibre directions through the transmural direction

[183]. Other examples of LV modelling do not use these experimentally obtained

values such as: Göktepe et al. [115], which assumes the fibre angles vary between

-70° at the endocardial surface to 70° at the epicardial surface; Nikou et al. [232],

which takes a fibre angle of 83° at the endocardial surface and -37° at the epicardial

surface; and Holzapfel and Ogden [145], who mention that the fibre angles at the

endocardial surface is between 50° and 70° while the fibre angles at epicardial

surface is between -50° and -70°.

θendo
f θepi

f Source
-90° 30° to 60° [184, 185]
-90° 90° [285]
±60° ∓60° [119, 286]

80° ± 7° −40° ± 10° [182]
50° to 70° -50° to -70° [145, 319]

70° -70° [115]
83° -37° [220, 232, 291, 328]

Table 6.2: Selection of proposed endocardial and epicardial LV free wall fibre angles
in published literature.

There are a plethora of proposed fibre angle distributions in the published

literature, however, the distribution of the muscle sheet angles is a topic which is

less covered. To the author’s knowledge, the sheet angles are either oriented such

that they are normal to the endocardial and epicardial surfaces, as seen in [115],

or are based on the value of sheet angles presented by Hunter et al. [156] stating

that the sheet angle is 45° at the endocardial surface and -45° at the epicardial

surface. An example of the use of these sheet angles can be found in work by Wang

et al. [319] and Nikou and co-workers [232].

This work does not consider the helical structure of the myocardium, instead taking

values for the fibre and sheet angles at the endocardial and epicardial surfaces to

be constant over each surface. A linear variation of the fibre and sheet angles

is assumed between the two surfaces, in a similar fashion to [115, 232, 319] for

example.
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6.3. Background mesh generation

6.3 Background mesh generation

With the physical domain now discretised by MPs and with boundaries represented

by B-spline surfaces, the background mesh made up of finite elements is required.

This is a relatively simple process as the only requirement of this model is for the

background mesh to have a top and bottom edge (in the z direction) to coincide

with the upper and lower ring of the physical domain. The mesh is extended in

the x and y directions to allow space for the physical domain to deform. The mesh

is composed of linear finite elements (which are cubic in shape) with a mesh size

calculated based on the minimum distance between the B-spline representations of

the endocardial and epicardial surfaces, hmax
s . This is done to ensure that there

will be at least one element between the surfaces at the start of the simulation.

The mesh can be refined to increase the initial number of elements which contain

the physical domain during the simulation. It is worth noting that this method of

generating the background mesh means that there is a disconnect between the size

of the background mesh and the number of MPs used in the analysis as separate

meshes are used in each case. This means that the analyst must adjust the value of

ntar
mp accordingly when refining the mesh to ensure that there is a reasonable number

of MPs in the analysis compared to the number of elements in the background mesh

in order to obtain suitable numerical integration over the physical domain.

The overall length of the background mesh is simply the distance between the upper

edge and lower edge of the B-spline surfaces (where η = 0 and η = 1 respectively).

As the segmented slices used for the endocardial and epicardial surfaces have the

same z coordinate throughout, both surfaces will have the same z coordinate at the

upper and lower edge. Therefore, using either surface is suitable, this work uses the

epicardial surface as this is also used to determine the lengths of the background

mesh in the x and y directions. The length of the mesh in the z direction, Lz
0, is

calculated as

Lz
0 = max (|{Sepi

z }|) − min (|{Sepi
z }|) (6.12)
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6.3. Background mesh generation

where {Sepi
z } is a vector containing the global z coordinates of the points on the

epicardial B-spline surface. The length of the mesh in the x direction, Lx
0 , is found

by taking the maximum absolute value of the global x coordinate of points on the

epicardial surface such that

Lx
0 = max (|{Sepi

x }|) (6.13)

where {Sepi
x } is a vector containing the global x coordinates of the points on the

epicardial B-spline surface. This is the length of the mesh from the origin, which

will fully contain the physical domain in both the positive and negative x directions.

The same procedure is carried out to determine the length of the mesh in the y

direction. The number of elements used in each direction is calculated based on

the minimum distance between the endocardial and epicardial surfaces such that

ni
el = amesh

Li
0

hmax
s

for i = x, y, z (6.14)

where amesh is a mesh refinement factor. As the physical domain is positioned

such that the centre of the top ring of the endocardial surface is at the origin, the

mesh also has to be extended in the negative x and y directions with the same

length as in the positive directions to fully encapsulate the physical domain in

the background mesh. In order to allow space for the physical domain to deform,

the mesh is extended in the x and y directions (in both the positive and negative

directions). This is done by adding extra elements in these directions. This work

increases the length of the mesh by 40% to ensure that the physical domain will

never coincide with the outer most elements of the background mesh. There is

no limit to the number of elements that can be used to extend the mesh as they

will often never be involved in the analysis, only the elements which contain the

physical domain are used.

To illustrate how the background mesh is generated based on the geometry of

the endocardial and epicardial B-spline surface representations, a full 3D model

was generated. Figure 6.12 shows a 2D cross section of the physical domain

and background mesh through the x − z plane. The endocardial (red lines) and

200



6.4. Boundary conditions

epicardial (blue lines) surfaces are shown with the MP discretisation mesh created

using 2 elements through the thickness of the myocardium and 20 elements in the

longitudinal direction, each element in the MP mesh is populated with 2×2 evenly

distributed MPs which are shown as black circles. The minimum distance between

the endocardial and epicardial surfaces was found to be hmax
s = 4.4 mm. No mesh

refinement is used (amesh = 1), therefore, 4.4 mm is the size of the elements in

the background mesh. The length of the model in the longitudinal (z) direction is

Lz
0 = 80 mm which, using (6.14), means that 18 elements are used in z direction.

The maximum absolute distance in the x direction of the points of the epicardial

B-spline surface is Lx
0 = 44.4 mm, which corresponds to 10 elements in the x

direction. It is worth noting that these values are the length of the mesh and

number of elements from the origin in the positive x direction. The mesh also

extends in the negative x direction, as seen in Figure 6.12, to fully contain the

physical domain. For this illustrative example, the length of the mesh in the x

direction is increased by 20%, this is done by adding 2 extra elements in the x

direction. Therefore, 12 elements are now used in the x direction and the length

of the mesh in the x direction is Lx = 53.3 mm.

The boundary conditions which are applied to the background mesh are also shown

in Figure 6.12 and will be discussed in the following section along with the boundary

conditions applied to the physical domain.

6.4 Boundary conditions

It is important to apply sufficient boundary conditions to the LV model in order to

eliminate any rigid body motion during the analysis. The heart within the chest

is enclosed in the pericardial sac which will restrict any large deformation. The

basal section of the heart is constrained by the aorta and there will also be some

interaction between the LV and the RV. It is not feasible to consider all of these

factors and some approximations must be made for this model. As with the other
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x

z

Lx
0Lx

Lz
0

Figure 6.12: 2D illustration of LV model problem setup showing the endocardial
surface (red lines), epicardial surface (blue lines), MP discretisation (black circles),
background mesh (black lines) and Dirichlet boundary conditions directly applied
to the the boundaries of the background mesh.

aspects of the LV model, published literature of LV modelling does not present

any definitive method of applying boundary conditions. In order to compare the

application of boundary conditions to the LV domain, it is simpler to look at

the four key geometric features of the LV model: the basal plane (the top of the

model), the apex (the bottom of the model - which is not included in this work),

the endocardial surface and the epicardial surface.

The endocardial surface is the easiest to be considered as the majority of researchers

have prescribed a pressure boundary condition over this surface [20, 86, 105, 115,

122, 123, 181, 220, 232, 240, 242, 272, 318, 319, 327]. Figure 6.13 shows the

physiological LV pressure measured through the cardiac cycle. Two well defined

points in the cycle have been highlighted on the plot, ED is shown with the red circle

and End-Systole (ES) is shown with the blue circle. This work only considers ED

but both stages have been marked to demonstrate the large difference in pressures

experienced by the LV throughout the cardiac cycle. The data shown in Figure
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6.13 was reported by Göktepe et al. [115], stating that the End-Diastolic Pressure

(EDP) is approximately 4 mmHg. A review of previous medical studies shows that

there is a range of reported LV EDP. Waldman and co-workers have stated the

LV pressure is within the range 5 ± 2 mmHg [312] or 4.7 ± 1.5 mmHg [313], while

Villareal et al. gives the range of LV pressure to be 2.3 ± 1.5 mmHg [310]. For

simplicity, this work assumes that the LV EDP is 5 mmHg, which corresponds to a

pressure of approximately 0.67 kPa (which is close to the ED pressure of 0.63 kPa

used by Guccione et al. [123]). For completeness, applying a pressure over the

endocardial surface is not used in every LV model in published literature, Genet et

al. [109] did not only apply pressure but also a change in the LV chamber volume

to cause deformation of the model.
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Figure 6.13: Physiological LV pressure through cardiac cycle. For reference, the ED
stage is shown as a red circle and the ES stage is shown as a blue circle. Pressure
data taken from Göktepe et al. [115].

The basal plane is subjected to some form of boundary conditions in the majority of

models. In some cases, the entire basal plane is fully fixed in all directions [86, 109,

115, 294], whereas other models will simply fix the basal plane in the longitudinal

direction, allowing deformation in other directions [20, 21, 135, 240, 318]. An extra

constraint is sometimes imposed to suppress the circumferential displacement of

the epicardial surface at the base of the LV [105, 242, 318, 319]. Other models
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fully constrain the nodes of the epicardial edge of the base of the LV, allowing

the remaining nodes of the basal plane to move in the circumferential and radial

directions freely [181, 220, 309, 327]. Shen et al. [272] does not apply boundary

conditions across the entire basal plane, instead, the nodes at the base of the LV

between the midwall and epicardial surface are fully fixed and the remaining nodes

are free to move.

While the apex of the LV will not be considered in this work, the author did

investigate the boundary conditions applied to the apex in the published literature.

There seems to be two main approaches, either the apex is left free to displace in

any direction [86, 105, 241, 318, 319], or it is fixed in the longitudinal direction [20,

21, 242, 309].

Finally, there are multiple ways of applying boundary conditions to the epicardial

surface of the LV proposed in the published literature. For example, the epicardial

surface can be left free to deform in any direction [86, 272, 319]. It is often the case

that the epicardial surface is not mentioned in terms of the application of boundary

conditions [92, 220, 232], therefore, the author assumes that this means that the

epicardial surface is free to deform (the natural finite element boundary condition).

Guccione et al. [123] constrained the epicardial surface radially, which does not

seem to be a popular approach in the literature. Instead, a common approach is

to restrain the entire epicardial surface in the circumferential direction [240, 242,

318]. A more physiological approach is to apply a system of linear springs (ie. an

impedence-type boundary condition) acting normally to the faces of the elements

on the outer wall of the LV [20, 21, 115]. Such a spring constant is not able to be

physically measured, therefore, Bettendorff-Bakman and co-workers [20] performed

a parametric study to determine a suitable value for the spring constant. If the

value is too high, the myocardium will not deform. However, if the spring constant

is too low, unrealistic deformation of the myocardium will be seen. Hassabalah et

al. [135] constrained the LV model using a uniform elastic foundation in a similar

manner to Bettendorff-Bakman and co-workers.
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Another notable LV model was presented by Veress et al. [308], which generated

the LV geometry from the segmentation of medical imaging data, however, the full

image domain was used to produce a cuboidal 3D FE mesh which contained the LV

geometry as well as surrounding tissue (the part of the stack of the medical images

which was not segmented, ie. the black section in Figure 6.3a). The LV domain was

modelled with a transversely isotropic hyperelastic material while the surrounding

tissue was modelled as a soft, isotropic hyperelastic material. To suppress any rigid

body motion, every edge of the FE mesh was fully fixed.

This work fully fixes all nodes at the basal plane. This is done by simply fixing all

nodes at the top of the background mesh, as this surface of the mesh is coincident

with the basal plane. Given that this work’s LV model does not consider the apex,

it is not suitable to leave the bottom of the model free to deform, therefore, roller

boundary conditions are applied to the nodes at the bottom of the mesh. This is

akin to fixing the bottom of the model (and apex) longitudinally. These boundary

conditions are shown in Figure 6.12 for the 2D representation of the LV model.

Roller boundary conditions are also applied to the sides of mesh at x = −Lx,

x = Lx, y = −Ly and y = Ly, where Lx and Ly are the lengths of the extended

mesh in the x and y directions with the extra elements added (see Figure 6.12).

These roller boundary conditions on the sides of the mesh are to prevent any MPs

from deforming outside of the background mesh, although if the mesh is extended

enough, this should not happen. A uniform pressure is applied over the endocardial

surface through integration over the B-spline surface representation, as discussed in

Section 3.5. The epicardial surface is free to deform throughout the analysis. It is

worth noting that this work uses the ghost stabilisation to mitigate issues surround

the small cut problem around the boundary of the physical domain, this essentially

acts as a form of spring boundary condition on the gradient of the solution which

will pose some resistance to the deformation of the epicardial surface (as well as

the endocardial surface due to it being applied over all boundaries of the domain).
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Summary

This chapter has presented the steps taken to create a patient-specific LV

model using the MPM. Starting with segmented MRI data, B-spline surface

representations for the endocardial and epicardial surfaces are generated. These

surfaces are not only used for creating the model geometry, but are also used

to impose non-conforming boundary conditions. A mesh is created between the

two B-spline surfaces, which is populated with the MPs to discretise the physical

domain of the LV. The means of determining the local fibre and sheet directions

for each MP is defined based on the position on the MP relative to the endocardial

and epicardial surfaces. The background computational mesh is generated based

on the geometry of the endocardial and epicardial surfaces, with the mesh size

given by the minimum distance between these surfaces and the overall length of

the mesh calculated such that it fully contains the physical domain. This mesh

is also extended further to allow space for deformation. Finally, the boundary

conditions applied to the background mesh and the physical domain have been

discussed.

The next chapter presents a series of simulations of patient-specific LV models with

varying model parameters to analyse the effect of changing the material properties

and geometry.
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Chapter 7

Left Ventricular Modelling -

Model Analysis

The previous chapter explained the generation of a patient-specific model of the

Left Ventricle (LV) for a MPM analysis: starting with a stack of segmented image

slices; generating the geometry of the endocardial and epicardial surfaces using

B-spline representations; populating the physical domain (the space between the

two surfaces) with MPs; assigning fibre, sheet and normal directions to each MP

for the anisotropic material behaviour; generating the background computational

mesh; and a discussion on the choice of boundary conditions which can be applied to

the problem. This chapter presents a series of analyses examining the sensitivity the

LV mechanical response estimate due to multiple factors, namely: the parameters

used in the material model, the orientation of the myocardium fibres, the specified

bulk modulus of the material (which controls the level of incompressibility of the

material), the applied boundary conditions and geometry of the model based on

patient data. It is acknowledged that, due to the relative simplicity of this initial

model, the results presented in this chapter may not be physiologically accurate,

but solely used for comparison between various model setup parameters and to

demonstrate that the MPM is a viable option for LV analysis. Firstly, a baseline

model is shown which will be the basis for the parametric study. Each subsequent
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analysis for comparison will vary a single parameter in the LV model setup.

Every analysis is performed using the Material Point-Based Arc-Length Method

(MP-BALM) presented in Chapter 4 as this provides a more stable analysis

compared to using the standard load controlled scheme. It was found during the

development phase that with the standard load controlled scheme, large nodal

deformations can cause “MP inversion” which resulted in negative MP volumes

being calculated. This is mitigated by reducing the load increment over each load

step. However, a high number of load steps (>1000 load steps) are then required,

increasing the computational cost of each analysis. Given that the MP-BALM

restricts the total displacement of the MPs over each load step and automatically

controls the allowed displacement based on the convergence performance of the

previous load step, the MP inversion issue is less frequent and a larger initial load

increment is allowed. An initial pressure increment of P = 0.067 mmHg = 8.9 Pa

is applied over the endocardial surface of the LV, a factor of 75 times less than the

typical End-Diastole (ED) pressure of 5 mmHg. The performance of the analyses in

terms of number of load steps is not considered in this chapter, however, it is worth

noting that the MP-BALM analyses took a maximum of 522 load steps to achieve

the target applied pressure, demonstrating the improved computational cost of the

MP-BALM over the standard load controlled scheme, which would typically require

over 1000 load steps to complete. To improve the stability of all analyses, the ghost

stabilisation technique is applied with a ghost stabilisation parameter one order of

magnitude lower than the bulk modulus value. This is a relatively high value,

but it was found during the development of this work to be necessary for a stable

analysis. The F-bar technique is not implemented for any analysis shown in this

chapter.

For each comparison (in addition to the fibre stress and radial displacement fields

in the LV), two volume measures are examined. The first is the volume of the

LV chamber which is calculated as the volume enclosed by the B-spline surface

representation of the endocardial surface. The second volume measure is the volume
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of the physical domain which is calculated as the sum of each volume associated

with the MPs. If required, the normalised relative difference in volumes between

an analysis and the baseline model is calculated as

ϵV = |V model
i − V base

i |
|V base

i |
(7.1)

where V model
i is the volume for the modified model and V base

i is the volume of the

baseline model at a given pressure.

To aid in the comparison between simulations, the plots of the deformed LV models

showing the MP fibre stress and radial displacement fields are given at the end of

this chapter. Each set of results show cross sections of the model in the long axis

and short axis views. In the long axis view, the cross section through the y − z

plane is taken in order to show the septal wall and the free wall. For the short axis

view, a cross section in the x − y plane is taken halfway through the longitudinal

length of the model.

7.1 Baseline model

The geometry of the reference LV model is generated from the MRI stack of a

patient aged 50–59 taken from the healthy ageing study at the Newcastle Magnetic

Resonance Centre (NMRC). This patient will also be referred to as “Patient A” in

Section 7.6 when comparing patient geometry. The B-spline surface representations

of the endocardial and epicardial walls was created using the least squares fitting

procedure with a fitting strength parameter of ζ = 0 and 100 sampling points

positioned around each fitted B-spline curve for each slice of the image stack. A

target number of MPs was set at ntar
mp = 250 000, with 16 MPs positioned through

the thickness of the LV wall. The MP mesh was generated using nr
el = 4 and

ne
mp = 4, which gives nc

el = 47 and nl
el = 21 as the the number of elements in the

MP mesh in the circumferential and longitudinal directions respectively based on

(6.2). The physical domain was discretised using this MP mesh with a total of

252 672 generalised interpolation MPs.
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The B-spline representations of the endocardial and epicardial surfaces was used

when discretising the physical domain with MPs, however, a large number of

boundary points were used for these surfaces. For the sake of computational cost,

the number of boundary points used for the analysis is based on the number of

elements used for the MP mesh such that

nξ
bp = nc

el + 1 and nη
bp = nl

el + 1 (7.2)

where nξ
bp and nη

bp are the number of boundary points used in the local ξ and η

directions of the B-spline surface respectively. For the baseline model, nξ
bp = 48

and nξ
bp = 22 are the number of boundary points for the endocardial and epicardial

B-spline surface. Even though the epicardial surface is larger in terms of surface

area compared to the endocardial surface, the same number of boundary points are

used, as no computation is performed over the epicardial surface and the boundary

is used as a means of tracking this surface. The integration of the applied pressure

over the endocardial B-spline surface is performed using 3 × 3 Gauss points over

each patch of the surface. This number was selected during the development stage

of the model, as it was deemed large enough (given the number of boundary points

used) that every element which is cut by the B-spline boundary will be accounted

for in the integration.

The minimum distance between the endocardial and epicardial B-spline surface

representations, and therefore the maximum size of the background mesh elements,

is calculated as hmax
s = 4.86. The minimum length of the background mesh to

contain the physical domain is found, using (6.12) and (6.12), to be Lx
0 = 42.35 mm,

Ly
0 = 42.35 mm and Lz

0 = 80 mm. These lengths correspond to 9 elements in the x

and y directions and 17 elements in the z direction. To account for the deformation

of the model, the length of the mesh in the x and y directions is increased by 40%,

adding an extra 8 elements in the x and y directions. It is worth noting that, the

mesh lengths and number of elements for the x and y directions are doubled to

account for the fact that the origin of the mesh is located at the centre of the basal

plane. Cross sections of the geometry of the physical domain and the background
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7.1. Baseline model

mesh is shown in Figure 7.1 in the long axis and short axis views where the MPs

are shown in red.

y

z

(a)

x

y

(b)

Figure 7.1: Baseline model geometry and background mesh in (a) long axis and
(b) short axis views.

The baseline material parameters used for the Holzapfel-Ogden (H-O) material

model are taken to be those proposed by Wang et al. [319] (or W-W parameters),

which are given as

a = 0.2362 kPa af = 20.037 kPa as = 3.7245 kPa afs = 0.4108 kPa

b = 10.810 bf = 14.154 bs = 5.1645 bfs = 11.300.

As discussed in Section 5.2.3, there is little difference in the shear behaviour of a

myocardium block using the W-W parameters and those presented by Göktepe et

al. [115]. The W-W parameters have been chosen due to the closer fit for higher

shear values to the experimental data presented by Dokos et al. [85]. The bulk

modulus of the material is calculated using (5.17) based on a Young’s modulus of

E = 10 kPa [7, 90, 158] and a Poisson’s ratio of ν = 0.33∗, giving a baseline bulk

modulus of K = 9.8 kPa. It is worth noting that in Section 7.4, this value of bulk

modulus will be used as the reference bulk modulus, Kref , when comparing analyses

with different levels of incompressibility. Based on this value of bulk modulus, the

ghost stabilisation parameter is γG = 0.98 kPa.
∗This value is taken such that the material is compressible to study the effect of increasing

the bulk modulus in Section 7.4.
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The baseline case of fibre orientation is taken as a fibre angle of θendo
f = 70° at

the endocardial surface and θepi
f = −70° at the epicardial surface, which changes

linearly in the transmural direction. No rotation of the sheet direction is considered

for this case (θendo
s = θepi

s = 0°).

Figure 7.15 shows the fibre stress and radial displacement fields through cross

sections of the LV model at the end of the analysis at an applied pressure of

5 mmHg. Figures 7.15a and 7.15b show the fibre stress and radial displacement

for each MP in a cross section of the LV wall in the long axis view, where the left

section of the wall is the septal wall and the right section is the free wall. The

undeformed configuration of these wall segments are shown as black wireframe

meshes of the endocardial and epicardial surfaces (using the boundary points from

the B-spline surface representations). The variation in fibre stress through the

thickness of the LV wall can be clearly seen in Figure 7.15a, with a greater fibre

stress at the midwall region and a decrease in stress when moving towards the

endocardial or epicardial surfaces. As the pressure is applied, the domain displaces

radially outwards and a circumferential strain will be seen in the material. This

circumferential strain manifests stresses in the circumferential direction. Due to

the nature of the fibre orientation in this model, the maximum fibre stress will be

seen when the orientation of the muscle fibres are aligned with the circumferential

direction. For the fibre orientation used in this model, the maximum fibre stress

occurs at the midwall region. As the muscle fibres transition to the longitudinal

direction towards the endocardial and epicardial surfaces, lower fibre stresses will

be seen. Larger stresses are in the septal wall compared to the free wall, due to

it being thinner and having more deformation, as can be seen in Figure 7.15b.

Similar observations can be made from the short axis views in Figures 7.15c and

7.15d, which are at a position halfway through the longitudinal length of the model

(z = 40 mm). Similar to the long axis views, the underformed endocardial and

epicardial walls are shown with black wireframe meshes. In Figure 7.15c, the

larger fibre stresses at the midwall region can be seen as well as decrease in fibre
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7.2. Effect of material parameters

stress closer to the LV surfaces. Figure 7.15d shows the larger radial displacements

in the septal wall at the bottom left of the cross section compared to the free wall

at the upper right of the plot.

7.2 Effect of material parameters

Firstly, the effect of the material parameters on the results of the LV analysis

will be investigated. In Section 5.2.3, a comparison was made between the W-W

parameters used in the baseline model and the material parameters proposed by

Göktepe et al. [115] (or G-K parameters). It was found that the two sets of

parameters produce similar stress-strain results for a myocardium block under

pure shear. The validation test for the H-O model is not representative of the

deformation of a model of the LV. Therefore, the comparison of two models with

different material parameters will provide a greater understanding of the effect of

the material parameters on the stresses and displacements seen in the LV model.

The analysis of this LV model is generated in the same manner as for the

baseline case, however, the material parameters for the anisotropic H-O model

are prescribed as

a = 0.496 kPa af = 15.193 kPa as = 3.283 kPa afs = 0.662 kPa

b = 7.209 bf = 20.417 bs = 11.176 bfs = 9.466.

Figure 7.16 shows the cross section of the LV model in the long and short axis

views for the MP fibre stresses and radial displacements. Comparing these plots to

the baseline model in Figure 7.15, it is clear that the two analyses display similar

stress distributions and displacement distributions through the LV wall. The overall

deformation of the LV wall also appears alike for both sets of parameters. However,

the analysis with the G-K parameters displays a larger range of fibre stress values

in the long axis, with a larger maximum tensile stress seen. In Figure 7.16a, the

fibre stress through the LV wall can be seen, the distribution of the fibre stresses are
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7.2. Effect of material parameters

reasonably similar compared to the baseline model. The large tensile stress seen in

this LV model occurs at the endocardial surface of the basal plane at the septal wall.

This may be a numerical error from the MPM at non-conforming boundaries. The

short axis view of fibre stress, seen in Figure 7.16c, shows similar MP displacements

to the baseline model. The radial displacement fields shown in Figures 7.16b and

7.16d are almost identical, with a slight variation in the calculated maximum and

minimum radial displacements, which means that the material parameters have no

effect on the displacement field of the LV model.

The LV chamber volume (the volume contained within the B-spline surface

representation of the endocardial surface) is calculated throughout the analysis,

at intervals of 25 load steps, as the applied pressure is increased. Figure 7.2a

shows the calculated chamber volume for the two models: the W-W parameters

(baseline model) and the G-K parameters. It can be seen that the chamber volume

for both models is very similar throughout the analysis, with the G-K parameters

seeing a slightly larger chamber volume at higher pressures. The relative difference

between the volumes for the two models are quantified using (7.1) where, for a

given applied pressure, V model
i is the volume of the G-K parameter model and a

linear interpolation between data points is assumed. The calculated differences in

volume are shown in Figure 7.2b where there is less than a 1% difference between

the chamber volumes throughout the analysis.

Similarly, the volume of the physical domain is calculated as the sum of the volumes

associated with each MP and is shown in Figure 7.3a as the applied pressure is

increased through the analysis. As with the chamber volume, the two models

display similar domain volumes. This is supported by the relative difference in

domain volume shown in Figure 7.3b, where the volume of the G-K model is within

0.1% of the baseline model throughout.

Overall, it is expected that these two sets of material parameters produce

results which are alike as they have both demonstrated a close fit to Dokos et

al. experimental data [85] from myocardium testing. This has been confirmed
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Figure 7.2: Effect of material parameters: (a) LV chamber volume as pressure is
applied and (b) relative difference of volume for G-K model compared to baseline
model.
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Figure 7.3: Effect of material parameters: (a) LV MP domain volume as pressure
is applied and (b) relative difference of volume for G-K model compared to baseline
model.

through the validation case given in Section 5.2.3.

7.3 Effect of fibre orientation

Three fibre orientations are considered in this chapter and are given in Table 7.1.

Fibre Orientation A is the baseline case with a fibre angle distribution based on the

model presented by Göktepe et al. [115], Fibre Orientation B uses the fibre angle

distribution proposed by Streeter Jr. et al. [286] with the sheet angles proposed by

Hunter and co-workers [156] and Fibre Orientation C is the distribution of the fibre
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7.3. Effect of fibre orientation

and sheet directions used in the LV model presented by Nikou et al. [232]. Other

than the variation in fibre and sheet orientations, the LV models are generated in

the same manner as the baseline case.

Fibre Orientation θendo
f θepi

f θendo
s θepi

s

A 70° -70° 0° 0°
B 60° -60° 45° -45°
C 83° -37° 45° -45°

Table 7.1: MP fibre and sheet orientation distributions between the endocardial
and epicardial surfaces.

The MP fibre directions for each fibre orientation is shown in Figure 7.4 for a

section through the LV wall. The arrows are coloured based on their transmural

position (the position through the thickness of the LV wall), with red being at the

endocardial surface and blue at the epicardial surface. There are clear differences

between the three fibre orientations. Due to Fibre Orientation A not having any

sheet rotation, the fibre directions are all parallel to the circumferential direction,

whereas, when sheet rotation is introduced in Fibre Orientations B and C, this is

no longer the case. Orientations A and B are still aligned with the circumferential

directions in the midwall region, due to there being no fibre rotation in this part

of the LV wall as the fibre angles at the endocardial and epicardial wall are equal

and opposite. However, for Fibre Orientation C, the fibre rotation angles at the

two surfaces are not equal and opposite meaning that the midwall region no longer

sees the purely circumferential fibre directions.

Figure 7.17 shows the MP fibre stress and radial displacement of the LV model

using Fibre Orientation B. This model displays a similar fibre stress distribution to

the baseline model with the band of higher fibre stress in the midwall region which

reduces nearer the surfaces of the LV wall. The magnitudes of the MP stresses are

similar to the baseline case. Looking at the short axis view in Figure 7.17c, the

band of higher fibre stress in the midwall region is more prominent for this model,

with larger stresses seen in the septum wall portion of the cross section and a higher

maximum stress on the bottom right of the plot. The more substantial differences
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Fibre Orientation A

Fibre Orientation B

Fibre Orientation C

Figure 7.4: MP fibre direction through the LV wall for the three considered fibre
orientation cases (refer to Table 7.1 for rotation angles). The arrows are coloured
according to their transmural position, red arrows at the endocardial surface and
blue arrows at the epicardial surface.
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between the two models can be seen in the radial displacements, where a greater

maximum displacement is in the septum wall for both the long axis (Figure 7.17b)

and short axis (Figure 7.17d) views. The section of the free wall near the apex

region also sees much higher displacement compared to the baseline, as can be seen

in Figure 7.17b. This increase in radial displacement may be due to the rotation of

the sheet direction which is no longer oriented normal to the LV surfaces, meaning

that there is less resistance to the displacement of the wall due to the applied

pressure normal to the endocardial surface.

Figure 7.18 shows the results of the LV model using Fibre Orientation C. Initially,

it is clear to see that the fibre stress distribution is considerably different to the

baseline model. The larger fibre stresses are now seen closer to the epicardial

surface, as this is where the fibre directions will be aligned with the circumferential

direction, rather than halfway through the thickness of the wall. In Figure 7.18a,

the range (difference between the maximum and minimum) of fibre stresses are

reasonably similar to the baseline case. However, Figure 7.18c shows a lower

maximum tensile stress and a much larger maximum compressive stress (almost

an order of magnitude greater) at the endocardial surface. This may be due

to the large fibre rotation angle at the endocardial surface, where the fibres are

more aligned with the longitudinal direction. This compressive fibre stress is seen

across the endocardial section of the LV wall, something that is not seen in the

baseline model. As the fibre rotation angle at the epicardial surface is considerably

smaller than that at the endocardial surface, larger tensile stresses are seen from the

midwall region to the epicardial surface with significantly larger tensile stresses seen

at the septum and free wall regions of the LV. A similar radial displacement field as

for Fibre Orientation B is seen. However, the LV free wall sees an increased radial

displacement, possibly due to the fact that the fibres are more closely oriented

to the circumferential direction. Compared to the baseline model, Figure 7.18b

shows that the radial displacement of the free wall is more concentrated towards

the bottom of the model where the wall is thinner. The larger radial displacement
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7.3. Effect of fibre orientation

of the free wall is noticeable in Figure 7.18d when compared with Figure 7.15d.

Figure 7.5a shows the LV chamber volume as the applied pressure is increased

for the three LV models with varying fibre orientations. This confirms what was

seen in the radial displacement fields where Fibre Orientation B caused a larger

displacement of the LV wall compared to the baseline model and Fibre Orientation

C saw much greater displacement. The initial evolution of the chamber volume

appears to be similar for the three models, until around an applied pressure of

1.5 mmHg. The rate of increase in volume at higher applied pressure varies based

on the sheet orientation, Fibre Orientation A has a lower rate of volume increase

compared to Fibre Orientations B and C, which are more similar after an applied

pressure of 3.5 mmHg. This may be due to the fact that the sheet direction is not

aligned with the normal to the endocardial surface for Fibre Orientations B and C.

From Figure 7.5a, it is clear to see the differences in the LV chamber volume for

each model compared to the baseline as the applied pressure is increased. For

completeness, Figure 7.5b the relative differences in chamber volume for the Fibre

Orientation B model (solid red line) and the Fibre Orientation C model (dashed

blue line) compared to the baseline model. During the first half of the analysis

of Fibre Orientation B, the LV model had a chamber volume lower than the

baseline model. However, after an applied pressure of approximately 2.75 mmHg,

the chamber pressure for the Fibre Orientation B model showed a higher rate

of increase in chamber volume than the baseline model. Overall, the maximum

difference between the Fibre Orientation B model and the baseline model was

around 0.1%, occurring at the end of the analysis. The Fibre Orientation C model

had a LV chamber volume consistently larger than the baseline model throughout

the analysis. A maximum difference of 0.35% was seen between the two models

and occurred at the end of the analysis also.

The volume of the physical domain is shown in Figure 7.6a, but there are no

significant variations in the domain volume with respect to the fibre orientation

changes. The relative differences are shown in Figure 7.6b, where the difference
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Figure 7.5: Effect of fibre orientation: (a) LV chamber volume as pressure is applied
and (b) relative difference of volume for Fibre Orientation B (solid red line) and
Fibre Orientation C (dashed blue line) models compared to baseline model.

between the model using Fibre Orientation B and the baseline is shown as the red

line and between the model using Fibre Orientation C and the baseline is shown

as the blue line. Both cases have domain volumes within 1% of the baseline across

the analyses. This is unsurprising as this is controlled by the material behaviour

rather than the directions of the muscle fibre.
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Figure 7.6: Effect of fibre orientation: (a) LV MP domain volume as pressure is
applied and (b) relative difference of volume for Fibre Orientation B (solid red line)
and Fibre Orientation C (dashed blue line) models compared to baseline model.
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7.4. Effect of incompressibility

7.4 Effect of incompressibility

It was mentioned in Chapter 5 that myocardium is often modelled as a nearly

incompressible material. Therefore, in a similar manner to the validation of the

isotropic Ogden model in Section 5.1.1, the bulk modulus used in the LV model

is increased to simulate the near incompressibility of the myocardium. Recall, the

baseline model had a bulk modulus for a compressible material. Therefore, to

enforce near incompressibility for the LV model, the bulk modulus was increased

by a factor of 10 and 100. Table 7.2 shows the bulk modulii for the three LV

models compared in this section and the equivalent Poisson’s ratio for each bulk

modulus as a signifier for the level of near incompressibility of each model. It is

worth noting that, as the ghost stabilisation parameter, γG, for each LV model is

calculated based on the bulk modulus value. This means that the ghost stabilisation

parameter increases by a factor of 10 and 100 accordingly with the bulk modulus.

The values of the ghost stabilisation parameter for each model is given in Table

7.2.

K/Kref
Bulk modulus, K

(kPa) Poisson’s ratio, ν Ghost stabilisation
parameter, γG (Pa)

1 9.8 0.330 980
10 98 0.483 98
100 980 0.498 9.8

Table 7.2: Bulk modulii values, equivalent Poisson’s ratios and ghost stabilisation
parameters for the LV models.

Figure 7.19 shows the results of the LV model with a bulk modulus ten times

greater than Kref used in the baseline model. The MP fibre stress fields seen in

Figures 7.19a and 7.19c have a similar distribution to the baseline model, with a

band of higher tensile stresses seen in the midwall region and through the length

of the model. The tensile stresses in the myocardium are similar in magnitude

compared to the baseline, however, there are larger compressive stresses seen at

the epicardial surface, near the apex region of the free wall (bottom right of Figure

7.19a). As this is on the boundary of the physical domain, this may be the typical
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boundary errors seen the MPM. The same can be seen in Figure 7.19c, the stress

field in the short axis view closely matches the baseline model. However, there

is a region in the bottom right which sees a maximum compressive stress around

eight times greater than the maximum compressive stress of the baseline model.

Again, as this is at the boundary, this can be caused by the small cut problem. The

effect of the incompressibility is clearer comparing the undeformed and deformed

configurations in Figure 7.19b. It is obvious that the deformation of the physical

domain has greatly reduced in both the septal wall and free wall. The maximum

radial displacement for this model (seen in the septum wall) has reduced by 34%

in both the long axis and short axis views.

Figure 7.20 shows the MP fibre stresses and radial displacements for the LV analysis

using a bulk modulus which is 100 times greater than the baseline model. Firstly,

there is clear checkerboarding of the MP stresses throughout the physical domain,

meaning that volumetric locking is influencing the results. Due to the nature of

this parametric study, the F-bar technique [57, 74, 75] was not implemented for

any model. As discussed in Section 2.1.5, applying the F-bar technique would

overcome the issue of volumetric locking, but is not considered for this study.

Thus, an accurate response cannot be estimated for this level of incompressibility.

Comparing the radial displacement of the LV model to the baseline, the maximum

radial displacement is reduced by 46% in the long axis and 47% in the short axis,

with the physical domain not seeing and significant change in shape.

For both models which have an increased bulk modulus, the epicardial surface

experiences smaller radial deformation at the free wall of the LV compared to

the septum wall, this is seen by all of the LV models. However, looking at the

free wall epicardial surface, there is little difference between the undeformed and

deformed states. This is because of the increased stiffness of the material which is

made clearer when comparing the changes in LV chamber volume as the applied

pressure is increased. Figure 7.7 shows the LV chamber volume for the three LV

models through each of the analyses, where the baseline model is shown in black,
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7.4. Effect of incompressibility

the model with ten times the bulk modulus is shown in red and the LV model

which has a bulk modulus 100 times greater than the baseline is shown in blue.

When compared to the baseline model, the model which has a bulk modulus of

K = 10Kref shows a 6% decrease in chamber volume at the end of the analysis,

whereas using K = 100Kref gives a 8% reduction in the LV chamber volume. As

the level of incompressibility increases, the change in chamber volume decreases,

which confirms the observation that the radial displacement of the MPs in the

domain decrease as the bulk modulus increases.
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Figure 7.7: Effect of near incompressibility: LV chamber volume as pressure is
applied.

The effect of the incompressibility is more obvious when looking at the total volume

of the physical domain, as seen in Figure 7.8. It make logical sense that as the

level of incompressibility is increased, the change in the physical domain volume

decreases. This is evident when there is a significant change in volume for the

compressible baseline model, with the volume increasing by 6.4%. When the bulk

modulus is increased by a factor of 10, the volume only increases by 0.6%. When

the bulk modulus is increased by a factor of 100, the change in domain volume is

very small, seeing only a 0.05% increase, which implies that the material can be

considered as nearly incompressible. Based on the small deformations seen at the

epicardial surfaces of the models, it appears that the majority of the deformation is

seen at the endocardial surface and the incompressibility of the material provides
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significant resistance to the deformation due to the applied pressure over the

endocardial surface which reduces the change in LV chamber volume over the

analyses.
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Figure 7.8: Effect of near incompressibility: LV MP domain volume as pressure is
applied.

7.5 Effect of external stiffness

In Section 6.4, it was mentioned that Veress et al. [308] presented a LV model

from segmented medical imaging data where a transversely isotropic hyperelastic

material surrounded the domain of the LV wall. Similar to [308], an external

stiffness was applied over the outer boundary of the LV domain. This stiffness was

applied directly to the elements of the background mesh, assuming a linear elastic

material with a Young’s modulus of Eext = 0.3 kPa and a Poisson’s ratio of νext =

0.3, as per the material properties given in [308]. At the start of each load step,

the elements which contain the B-spline boundary representation of the epicardial

surface are determined using the same method as how the elements containing the

MPs are determined, and these are referred to as the external elements. Gaussian

quadrature is used with 2 × 2 × 2 Gauss points to integrate the external stiffness

over the external elements which is added to the global stiffness matrix used in

the arc-length solver. It is worth noting that ghost stabilisation is still applied to
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this model and will have restrict the gradient of the solution around the boundary

of the physical domain and is typically applied to the same nodes associated with

these external elements.

Figure 7.21 shows the results of the analysis of the LV model with an applied

external stiffness. Between this LV model and the baseline model, almost identical

MP fibre stress and radial displacement fields can be seen. The only exception

is the maximum compressive fibre stress in Figure 7.21c being slightly lower than

the baseline model. This may be due to the slightly higher stiffness around the

epicardial boundary suppressing errors due to the small cut problem. Figure 7.9a

shows the change in the LV chamber volume as the applied pressure is increased

through the analysis, and the two curves appear indistinguishable. The relative

difference between the the baseline model and the model with applied external

stiffness is shown in Figure 7.9b, where the chamber volume when external stiffness

is applied is within 0.1% of the baseline model throughout the analysis. Similarly,

the change in the volume of the physical domain and relative differences between

the models are shown in Figure 7.10. The physical domain volumes of the two

are even more similar than the chamber volumes, with the external stiffness model

within 0.01% of the baseline model. The fact that the two models produce such

similar results is not unexpected. The added external stiffness is small compared to

the stiffness of the material. The equivalent Young’s modulus of the myocardium

is 10 kPa which is 33 times larger than the applied external stiffness of 0.3 kPa.

This means that no considerable change in the global stiffness matrix will be seen

due to including the external stiffness.

7.6 Effect of patient geometry

The final part of this numerical study compares the results of LV models generated

from two different patients. The baseline model is generated from the medical

imaging data from Patient A, aged 50–59, and is compared to a second patient
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Figure 7.9: Effect of external stiffness: (a) LV chamber volume as pressure is applied
and (b) relative difference of volume when external stiffness is applied compared
to baseline model.
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Figure 7.10: Effect of external stiffness: (a) LV MP domain volume as pressure
is applied and (b) relative difference of volume when external stiffness is applied
compared to baseline model.

from the NMRC healthy ageing study aged 70–79, this is “Patient B”.

For Patient B, the LV model is generated in the same manner as the baseline model,

however, due to the different geometry of the LV, the MP and background mesh

parameters are different. The B-spline surface representations of the endocardial

and epicardial surfaces generated from the stack of segmented medical images of

Patient B are shown in Figure 7.11. Using the target of 250 000 MPs in total

with 16 MPs through the thickness of the wall, the MP mesh is generated using

nr
el = 4, nc

el = 52 and nl
el = 19 with 4 × 4 × 4 evenly distributed generalised

interpolation MPs per element of the MP mesh. This generates a physical domain
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of the LV which is discretised by a total of 252 928 MPs. For the endocardial

and epicardial walls, 53 points are used around the circumferential direction and

20 points are used in the longitudinal direction to generate the grid of boundary

points for the B-spline surface representations. For the integration of the pressure

over the endocardial surface, 3 × 3 Gauss points are used for each patch of the

B-spline surface representation. The minimum distance between the endocardial

and epicardial B-spline surfaces is calculated as hmax
s = 6.02 mm, which is the

maximum allowed size of the elements of the background mesh for this model. The

minimum length of the background mesh to contain the physical domain is 48 mm,

54 mm and 84 mm in the positive x, y and z directions respectively. It is clear

that the size of the LV of Patient B is larger than that of Patient A in length and

thickness. To generate a quarter of the background mesh (remembering that the

mesh is mirrored in the x and y directions to fully contain the physical domain), 8

elements are used in the x direction, 9 elements in the y direction and 14 elements

in the z direction. As with the baseline model, the length of the mesh in the x and

y directions is increased by 40%, so that 7 elements are added in the x direction

and 8 elements are added in the y direction.

(a) side view (b) front view (into septum wall)

Figure 7.11: Fitted B-spline surface representations of the endocardial surface (red)
and epicardial surfaces (blue) generated from the segmented stack of medical images
from Patient B.

Figure 7.12 shows cross sections of the geometry of the LV model generated from

the medical images of Patient B as well as the background mesh used in the
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analysis. Comparing this geometry with the geometry of Patient A in Figure

7.1, the differences in the geometry between the two patients are very clear. There

appears to be much more variation in the radial positions of the endocardial and

epicardial surfaces along the longitudinal direction of the model. In addition to

subject variation, there is also differences due to the segmentation of the medical

images. The patient may have moved slightly when the images were taken which

will cause a shift in the position of the heart for a single slice of the image stack.

As no corrections are made to align the segmented data, sudden shifts in the global

coordinates of the data points will affect the B-spline surface generation. This

can be seen near the basal region of the septal wall, where a large bulge in the

wall is present, and halfway down the free wall, where there is a notch in the

epicardial wall. Looking at the long axis view, the septum wall appears to have a

more vertical region near the apex compared to Patient A. Patient A displays a

smoother curvature of the free wall in the longitudinal direction, Patient B appears

to have a vertical section of the wall in the upper portion and transitions to a more

diagonal portion towards the apex.

y

z

(a)

x

y

(b)

Figure 7.12: Patient B model geometry and background mesh in (a) long axis and
(b) short axis views.

Figure 7.22 shows the results of the analysis of Patient B. The MP fibre stresses

in Figure 7.22a display a similar distribution to the baseline model, with the

larger stresses in the midwall region due to the fibres being aligned with the

228



7.6. Effect of patient geometry

circumferential direction. However, it appears that the free wall of Patient B

sees the higher maximum tensile fibre stresses than the septum wall, which is

the opposite of what is seen with Patient A. This may be due to the fact that

the free wall has a similar thickness to the septum wall, which means that the

free wall will deform more than for the baseline model, hence the larger tensile

stresses. In terms of the compressive fibres stresses, the free wall sees similar

stresses through the longitudinal direction. The septum wall of Patient B sees

larger compressive stresses around the basal region compared to the baseline model

due to the thickness of this region. The short axis view in Figure 7.22c shows a

25% reduction of maximum tensile fibre stress in the midwall region of the model

compared to the baseline, but a 70% increase in the maximum compressive stress.

This is due to the difference in the geometry between patients. The thinner wall of

Patient B means that there is a higher rate of change of fibre angles through the

thickness of the wall so that less MPs will have fibres approximately aligned with

the circumferential direction.

The radial displacement of the MPs in Figure 7.22b is considerably different to

the baseline model. The maximum and minimum values of the displacement are

similar but the MPs displace in a much different manner. Considering the septal

wall, where Patient A sees a consistent radial displacement of the MPs through

the longitudinal direction, Patient B displays little displacement in the basal

region with a gradual increase in displacement towards the apex region. A similar

observation can be made for the free wall, where there is a similar displacement

at the basal region for both patients but a higher displacement at the apex region

for Patient B. It appears that the notch in the free wall has a considerable effect

on the deformation of the LV model. Figure 7.22d shows the radial displacement

in the short axis halfway through the longitudinal length of the model. A similar

displacement field is seen in the septum wall for both patients, however, the free

wall of Patient B appears to displace by a similar magnitude to the septum wall,

which is not seen the baseline model. This may be due to the the thinner free wall
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of the model for Patient B.

Figure 7.13a shows the LV chamber volume through the analyses of each patient.

The model generated for Patient B is larger in the longitudinal direction due to

having an extra segmented slice of the image stack, which is responsible for the

larger volume seen by Patient B. Due to the different geometries of the patient LVs,

it is not suitable to simply compare the volumes of the two models. Therefore, it

is more beneficial to compare the rate of change of the chamber volume through

the analyses, as shown in Figure 7.13b. Both patient models show similar trends

in the rate of volume change, with an initial increase in the rate of change

followed by a gradual decline in the rate. Patient A sees a continually higher

rate of volume change through the analysis than Patient B which is consistent

with the observations of the two models, where Patient A displays greater radial

displacement of the LV walls compared to Patient B.
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Figure 7.13: Effect of patient geometry: (a) LV chamber volume and (b) rate of
change of chamber volume as pressure is applied.

Figure 7.14a shows the volume of the physical domain throughout the analysis of

both patient models. As with the chamber volume, it is more useful to compare the

rate of change of the domain volumes through the analyses rather than the actual

volumes. The rate of volume change against applied pressure for both patient

models is shown in Figure 7.14b. Both models demonstrate similar rates of change

in volume throughout the analysis. Patient A sees a slightly higher rate compared to
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Patient B, but this may be due to the fact that Patient A shows larger deformation

of the LV wall.
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Figure 7.14: Effect of patient geometry: (a) LV MP domain volume and (b) rate
of change of domain volume as pressure is applied.

Summary

This chapter presented a numerical study of the first patient-specific model of the

human LV using the MPM. The sensitivity of the LV model to a series of parametric

changes has been examined, comparing a baseline model to models with varying

material properties, fibre orientations, boundary conditions and patient geometries.

An overview of the eight models shown in this chapter is given in Table 7.3. Model

1 was taken as the baseline model and the altered parameter for each subsequent

model is highlighted in red for reference.

When comparing the material parameters used for the anisotropic H-O material

model, it was found that there is very difference in the results of two analyses. This

is due to the fact that both sets of material parameters were determined such that

the material behaviour matches experimental data. More considerable differences

were observed between models with varying fibre orientations. The distribution

of the muscle fibres through the thickness of the LV wall determines the position

of the maximum fibre stress in the transmural direction, which are typically seen
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Material
parameters

Fibre
orientation

Bulk
modulus

(kPa)

External
stiffness
(kPa)

Patient Section Figure

W-W A 9.8 0.0 A 7.1 7.15
G-K A 9.8 0.0 A 7.2 7.16
W-W B 9.8 0.0 A 7.3 7.17
W-W C 9.8 0.0 A 7.3 7.18
W-W A 98 0.0 A 7.4 7.19
W-W A 980 0.0 A 7.4 7.20
W-W A 9.8 0.3 A 7.5 7.21
W-W A 9.8 0.0 B 7.6 7.22

Table 7.3: Parameters of the LV models used in this numerical study. Altered
parameters are highlighted in red for each model.

when the muscle fibres are aligned with the circumferential direction. The volume

of the LV chamber was examined, the distribution of fibre orientation in the LV

wall appears to have an effect on this, whether it is due to the rotation of the

muscle sheet reducing the resistance to the deformation normal to the endocardial

surface or having a bias of the muscle fibres angle towards the endocardial surface.

This finding is significant due to the fact that it is often not highlighted in the

published literature. Many cardiac mechanical models use standard sets of fibre

and sheet angle distributions. However, as seen in this analysis, the orientation of

the fibres has a significant effect and should be taken into account when considering

a patient-specific model. The effect of modelling the myocardium as a nearly

incompressible material was also studied by increasing the bulk modulus of the

material. As the bulk modulus increased, the level of incompressibility of the

myocardium was measured based on the change of volume of the physical domain at

the end of each analysis. Increasing the bulk modulus saw a decrease in the change

in volume. Increasing the bulk modulus by a factor of 10 showed a considerable

reduction in maximum radial displacement of the LV wall. As no mitigation of

volumetric locking (an issue seen when modelling near incompressible materials)

was implemented, the results when the bulk modulus is increased by a factor of 100

display inaccuracy from volumetric locking. It was found that the inclusion of an

external stiffness boundary condition had little effect on the results of the model

232



7.6. Effect of patient geometry

due to the fact the external stiffness is relatively small compared to the stiffness of

the physical domain. Finally, the patient-specific nature of the LV model was tested

using a second patient. The two patients had significantly different LV geometries

and this had a great effect on the fibre stress and radial displacement distributions

in the myocardium. It was also seen that the LV model is sensitive to the quality

of the segmentation of the medical image stack. If there is a sudden change in

the cross section of the LV which is not accounted for in the surface generation

procedure, sharp features are incorporated into the LV model which may cause

stress concentrations in the myocardium.

The models presented in this chapter are the first models of the heart which have

been analysed using the MPM. In the next and final chapter of this thesis, a

summary of this work will be given where the advantages and limitations of this

model will be discussed.
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Figure 7.15: MP fibre stress (left) and radial displacement (right) throughout the LV wall for the baseline model in the long axis (top
row) and short axis (bottom row) views. The undeformed endocardial and epicardial surfaces are shown as black wireframe meshes for
reference.234
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Figure 7.16: MP fibre stress (left) and radial displacement (right) throughout the LV wall for a model with the G-K material parameters
in the long axis (top row) and short axis (bottom row) views. The undeformed endocardial and epicardial surfaces are shown as black
wireframe meshes for reference.235
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Figure 7.17: MP fibre stress (left) and radial displacement (right) throughout the LV wall for a model with Fibre Orientation B (see
Table 7.1) in the long axis (top row) and short axis (bottom row) views. The undeformed endocardial and epicardial surfaces are shown
as black wireframe meshes for reference.236
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Figure 7.18: MP fibre stress (left) and radial displacement (right) throughout the LV wall for a model with Fibre Orientation C (see
Table 7.1) in the long axis (top row) and short axis (bottom row) views. The undeformed endocardial and epicardial surfaces are shown
as black wireframe meshes for reference.237
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Figure 7.19: MP fibre stress (left) and radial displacement (right) throughout the LV wall for a model with a bulk modulus K = 10Kref

in the long axis (top row) and short axis (bottom row) views. The undeformed endocardial and epicardial surfaces are shown as black
wireframe meshes for reference.238
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Figure 7.20: MP fibre stress (left) and radial displacement (right) throughout the LV wall for a model with a bulk modulus K = 100Kref

in the long axis (top row) and short axis (bottom row) views. The undeformed endocardial and epicardial surfaces are shown as black
wireframe meshes for reference.239
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Figure 7.21: MP fibre stress (left) and radial displacement (right) throughout the LV wall for a model with an applied external stiffness
in the long axis (top row) and short axis (bottom row) views. The undeformed endocardial and epicardial surfaces are shown as black
wireframe meshes for reference.240



7.6.
Effect

ofpatient
geom

etry

y

z

(Pa)

(a)

y

z

(mm)

(b)

x

y

(Pa)

(c)

x

y

(mm)

(d)

Figure 7.22: MP fibre stress (left) and radial displacement (right) throughout the LV wall for a model generated using Patient B
geometry in the long axis (top row) and short axis (bottom row) views. The undeformed endocardial and epicardial surfaces are shown
as black wireframe meshes for reference.241



Chapter 8

Conclusions

8.1 Thesis summary

This thesis has presented the first mechanical model of the LV using the MPM,

an interesting use of this relatively new method in the well established field of

cardiac modelling. FEA has typically been the method of choice when modelling

the heart, however, some disadvantages of the FEM have been identified in the

cardiac modelling literature. While the MPM does not promise to mitigate all of the

issues related with the FEM, it does bring some advantages that can be exploited

to improve the modelling process. Given that physical domain of a problem does

not need to be accurately meshed for the MPM, as it is discretised using MPs,

the expensive pre-processing steps can be automated such that the analyst effort

is significantly reduced. After the segmentation of the medical images, this work

has developed a process of geometry and mesh generation, application of boundary

conditions and model analysis to be executed in a single step for the user, rather

than the manual approach that is commonplace with FEA models.

As this work is a new application of the MPM, many challenges were encountered

where the tools may exist for the MPM but not necessarily in a suitable state for

this task. Suitable modifications of these tools and the development of new tools

have been required, as shown in the previous chapters, and discussed below.
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Chapter 2 presented the background of the MPM with a summary of the published

literature on its current applications, showing the relatively little work performed in

the biomechanics field. The overview of the method was given for both small strain

linear elasticity and finite deformation elasticity, both of which have be utilised in

this work. A discussion on the various formulations of the MPM has been given,

starting with the standard interpolation MPM and the different basis functions

that may be used within the MPM, each coming with their own advantages

and disadvantages. This work predominantly used the Generalised Interpolation

Material Point Method (GIMPM) as it has been shown to mitigate the cell crossing

instability. Given the MP domain has some finite length, the process of updating

each MP domain at the end of a load step was also explained. When modelling

problems involving nearly incompressible materials, it is well documented that

volumetric locking will occur. Therefore, the F-bar approach for the MPM [57]

was given to mitigate this issue. Another known issue with the MPM is the small

cut problem due to the non-conforming boundaries of the physical domain with

respect to the elements of the background computational mesh, which results in

an ill-conditioned global system matrix. One method of reducing these errors and

improving the stability of the analysis is the ghost stabilisation technique [36, 55]

which was detailed and used throughout this work.

Chapter 3 describes the means of handling the non-conforming boundaries of the

physical domains in the MPM using B-spline boundary representations. Using

the work of Bing et al. [24], where B-spline curves were used to represent, track

and apply Dirichlet and Neumann boundary conditions to the physical domain for

2D analyses, this work extends into 3D using B-spline surfaces and focusing only

on Neumann boundary conditions. Starting with the definition of B-spline basis

functions, the generation of B-spline curves and surfaces using a local interpolation

scheme was presented. A set of data points is obtained from each segmented slice of

the medical image stack, however, there is a pixelated nature of these data points

based on the resolution of the medical images. A least squares fitting procedure
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was presented in order to create a smoothed representation of the slice data points

using B-spline curves. A fitting strength parameter was introduced to control

how close the generated B-spline curve is fitted to the set of data points. Bing

et al. [24] presented the process of imposing inhomogeneous Neumann boundary

conditions over a B-spline curve for 2D analyses. This work extended this into

the application of traction boundary conditions over B-spline surfaces to model 3D

problems. The integration over the B-spline boundary differs in this work from

that presented by Bing et al. in order to unify the approaches between 2D and 3D

analyses. Bing et al. determines the sections of the B-spline curve contained within

each element of the background mesh using a searching algorithm along the length

of the B-spline curve. While this is a relatively simple technique in 2D, it becomes

much more difficult for B-spline surfaces in 3D. Therefore, the B-spline boundaries

are handled in patches between boundary points where the integration will take

place. The imposition of tractions over B-spline boundary representations in 2D

and 3D has been validated for problems of a thick walled cylinder under pressure

(in 2D and 3D) and a 2D infinite plate under far field stress, with all three analyses

showing convergence with mesh refinement.

Previous to this work, there has been no published literature on the handling of

highly non-linear problems such as those which present snap-through or snap-back

responses in the MPM. Chapter 4 presents the first implementation of the

arc-length method within the MPM framework based on the work presented in

[106], which expanded the physical problems and the loading scenarios that the

MPM can solve. It was shown that it is not suitable to simply incorporate

the arc-length solver as used with the FEM due to the presence of large nodal

displacements of elements around the boundary of the physical domain, which

take up the allowed nodal displacement over a given load step. Using the same

principles as the standard arc-length method, a scaled approach was implemented

based on the influence a node of the background mesh has on the physical domain,

determined by the total of the MP shape functions associated with the node. This

244



8.1. Thesis summary

gave rise to the Material Point-Based Arc-Length Method (MP-BALM) which

overcomes the issue of the extremely large nodal displacements and allows more

efficient analyses. In the first iteration of a load step, a predictor solution is

required, this work uses the secant path predictor which bases the solution on

the nodal displacements of the previous load step. However, a key feature of the

MPM is that the MPs are advected and the background mesh is reset at the

end of each load step, therefore, the nodal information from the previous load

step is lost. This work reconstructs the nodal displacement field of the previous

load step based on the displacements of the MPs in their updated positions using

the least squares weighted residual technique. The ability of the MP-BALM to

model problems with snap-through responses was demonstrated using a series of

numerical examples. The effect of scaling the nodal displacements was examined

by observing the progression through an analysis compared with the traditional

arc-length approach. It was found that without the scaling, the analysis will “stall”

due to the large nodal displacements around the boundary of the physical domain

which restricts the total deformation of the model in a single load step. This

means that the MP-BALM displays more consistent deformation in each load step

and results in a more robust and less computationally expensive analysis. The

MP-BALM was also used to model a slope collapse under gravity. While not

relevant in the biomechanics field, this problem was included as a demonstration

case for the use of the arc-length method in the MPM. Due to the unbounded

deformation of the slope, it is not possible to model any deformation after initial

failure using the standard load controlled scheme. By restricting the displacement

seen in a single load step, it was possible to progress the simulation further and more

extreme failure in the slope was observed. This problem provides the reasoning

for using the MP-BALM for the LV models in Chapter 7 as it restricts the total

deformation in a load step and improves the stability of the analysis.

Chapter 5 presents two hyperelastic material models, the isotropic Ogden model

and the anisotropic, structurally based Holzapfel-Ogden (H-O) model. The
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implementation of the isotropic Ogden model was used as an exercise in the

application of a hyperelastic model into the MPM. Based on a strain-energy

function, the Kirchhoff stresses and the consistent tangent matrix were calculated

from the principal stresses. The isotropic model was validated for the stretching of a

perforated rubber sheet using the FEM. It was through this validation exercise that

the importance of the bulk modulus in controlling the level of near incompressibility

of the material was noted, where as the bulk modulus is increases, so too does the

level of incompressibility. The MP-BALM was then used to validate the Ogden

model with the MPM to model a 2D thick walled cylinder under internal pressure

which displays a snap-through response. The model was found to match the

analytical solution closely for very large deformation of the physical domain. For

the LV model, the formulation of the anisotropic H-O material model was detailed

using the invariants of the right Cauchy-Green strain and defined muscle fibre and

sheet directions. The H-O model was validated using experimental data of a cube

of myocardium under pure shear in various directions relative to the fibre, sheet

and normal directions. Using sets of material parameters taken from published

literature, the implemented model was compared to the experimental data where

a good fit to the data was shown for two sets of material parameters, which was

later used for the LV modelling.

The steps of generating the LV model are given in Chapter 6. Starting with a stack

of segmented medical images, B-spline curves are generated for each slice using the

least squares fitting procedure to the data points taken from the segmentation.

These B-spline curves are then used to create the geometry of the LV between the

basal region (at the uppermost slice) to above the apex of the LV (the lowermost

slice). This is essentially modelling the LV as a thick walled cylinder in a similar

manner to the early mechanical models of the LV in the 1970’s. The B-spline

surfaces used to represent the endocardial and epicardial surfaces serve multiple

purposes in this work. These B-spline representations are not only used to apply

boundary conditions and track the deformation of the two surfaces through the
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analysis, but are also used to discretise the physical domain with MPs. A temporary

volumetric mesh is generated between the two surfaces which is populated with

MPs, this mesh is then discarded. For each MP, fibre and sheet directions are

assigned based on the position of the MP relative to the endocardial and epicardial

surfaces following a rule based approach given prescribed rotation angles at the

two surfaces [88, 109, 121, 183, 319]. The background computational mesh is

generated to encapsulate the physical domain and allow space for the deformation

of the LV under internal pressure. The size of the elements of the mesh are

determined by the geometry of the LV model, with a maximum element size taken

to be the minimum distance between the B-spline surface representations of the

endocardial and epicardial surfaces. A discussion on the application of boundary

conditions to the LV model was also given. Based on the methods presented

in published literature, it was determined that the basal plane should be fixed

and roller boundary conditions should be applied at the near apex region, the

natural boundary condition applied to the epicardial surface and a physiological

end-diastolic pressure applied over the endocardial surface.

Chapter 7 presented a numerical study of the patient-specific LV model using the

MPM. Analyses were run with a series of changes made in the model generation

stage to investigate the sensitivity of the model to various factors. For each analysis,

the MP fibre stress and radial displacement was considered as well as the change

in LV chamber volume and the volume of the physical domain. It was found that

changing the set of material parameters for the H-O model made little difference

to all four measures. The calculated fibre stresses and radial displacements were

very similar and with a maximum of 1% difference in the volumes between the two

models. This was due to the fact that the material parameters had been chosen

such that the stress-strain response from the material model matched experimental

data from myocardium testing. This means that it was likely that these two

sets of material parameters would produce such similar results. More substantial

differences were seen when comparing models with different fibre orientations. It
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was seen that the distribution of the fibre direction through the thickness of the

LV wall determined the position of the maximum fibre stresses where the fibres

were aligned with the circumferential direction. It appears that the rotation of the

muscle sheets has an effect on the radial displacement of the myocardium due to the

reduction in stiffness compared to when the muscle sheet is aligned normal to the

LV walls. This effect was also seen when comparing the LV chamber volumes. The

bulk modulus of the material was varied to study the effect of incompressibility

on the results of the model based on discussions in published literature on the

incompressible nature of the myocardium. It was found that increasing the bulk

modulus (thus, the level of incompressibility) has little effect on the distribution of

the MP fibre stresses. However, the radial displacement of the model is significantly

reduced. Without using the F-bar technique, meaning there was no mitigation

of volumetric locking (a decision made such that all models are comparable),

increasing the bulk modulus by a considerable amount resulted in unreasonable

stress fields which presented no useful information. An external stiffness boundary

condition was applied but had little effect on the results due to the small stiffness

that this provided compared to the stiffness of the physical domain. Finally, as a

measure of the patient-specific nature of this work, a comparison between models

taken from two different patients was made. It was clear that the stress and

displacement fields are highly dependent on the patient geometry and the quality

of the segmentation of the medical images. When comparing the change in volumes

of the two models, it appeared that both deformed in similar manners.

8.2 Recommendations for future work

Based on the results of this work, a number of key areas for improvement and

development have presented themselves which could be addressed in future work.

As made clear when comparing the second patient model in Section 7.6, the results

of the LV model are sensitive to the geometry generated from the stack of segmented
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medical images. Many adjustments in the creation of the LV can be made to

improve the quality of the models. For example, the development of a method to

align the data points taken from each segmented slice to account for any patient

movement during the imaging procedure. This would require some statistical

modelling of the shape of the LV to determine how much realignment would

be required for each slice. Another suggestion would be to incorporate machine

learning algorithms to segment the medical images to fully automate the modelling

process. This was deemed a full project in own right, so was not considered for

this work, efforts to automate the subsequent processes were developed instead.

This initial model does not consider the apex of the LV, in a similar manner to

the first published FEA models of the LV. It makes sense that the development

of this MPM model of the LV should follow the same pathway. Firstly, through

the inclusion of the apex to determine the effect that this may have on the rest of

the structure. The author’s recommendation after this would be to introduce more

complexity into the model by including residual stresses. It is well documented

that, in a load-free state, there exists compressive circumferential stresses at the

endocardial surface and tensile circumferential stresses at the epicardial surface

[239]. For the example of an artery, it was determined that if residual stresses were

ignored, the tensile circumferential stress at the endocardial surface would be ten

times larger than the circumferential stress at the epicardial surface under normal

physiological conditions [49]. Hence, it is important to consider these residual

stresses in order to obtain physiological results. However, many mechanical models

of the LV do not consider the residual stresses due to the complexity in quantifying

and modelling these stresses in three dimensions [145]. Therefore, a suitable method

of applying the residual stresses is not clear from the published literature.

As well as increasing the complexity of the mechanical model of the LV, further

additions could be made to the model such as:

• including the right ventricle, which would require a third B-spline boundary
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representation and more consideration for the material properties around the

physical domain;

• including electromechanical effects such as the excitation of the muscle fibres

causing active contraction of the myocardium; and/or

• including the fluid-solid interaction between the blood within the chambers

of the heart and the variation in pressures.

Finally, during the conception of this project, the overall aim was to use this

model alongside the medical data of patients to perform an inverse analysis. This

would allow for estimation of the material properties of the heart based on the

geometry from medical images and pressure values from catheterisation of the

patient during the cardiac cycle. This would not be feasible with the model in

its current state. However, generating a fully automated model of the heart with

the MPM would mean that a clinician/analyst may simply input the medical data

into this developed framework and an estimate of the material properties of a

patient’s myocardium would be produced with little user input. This would act

as a useful tool in the medical community by freeing up a considerable amount of

time that clinicians would typically spend working on cardiac models.

8.3 Final thoughts

Overall, this work has built a foundation for cardiac mechanical modelling of the

human heart using the MPM framework. This initial model of the LV based on

a patient’s medical images has shown that the MPM can be used to improve the

efficiency of model generation when compared to the typical FEM models presented

in the current literature. And it is the hope of the author that the MPM can be

more widely used in the Biomechanical Engineering field in the future as it can be

a powerful tool for large deformation modelling.
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