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Abstract

This thesis consists of three contributions: an investigation of bootstrap methods for
small samples, an overview of reproducibility, and advances on the topic of test repro-
ducibility. These contributions are inspired by statistical practice in preclinical research.

Small samples are a common feature in preclinical research. In this thesis, an extensive
simulation study is carried out to explore whether bootstrap methods can perform well
with such samples. This study compares four bootstrap methods: nonparametric predic-
tive inference bootstrap, Banks bootstrap, Hutson bootstrap, and Efron bootstrap. The
thesis concludes that bootstrap methods can provide a useful estimation and prediction
inference for small samples. Some initial recommendations for practitioners are provided.

There are no standardised definitions for reproducibility. This work further contributes
to the existing literature by classifying reproducibility definitions from the literature into
five types, and providing an overview of reproducibility with a focus on issues related to
preclinical research, and on statistical reproducibility and its quantification.

This research explores the variability of statistical methods from the statistical re-
producibility perspective. It considers reproducibility as a predictive inference problem.
The nonparametric predictive inference (NPI) method, which is focused on the prediction
of future observations based on existing data, is applied. In this work, statistical repro-
ducibility is defined as the probability of the event that, if the test was repeated under
identical circumstances and with the same sample size, the same test outcome would be
reached. This thesis presents contributions to NPI reproducibility for the t-test and the
Wilcoxon-Mann Whitney test. As one of the prevailing patterns, a test statistic falling
close to the test threshold leads to low reproducibility. In a preclinical test scenario,

reproducibility of a final decision involving multiple pairwise comparisons is studied.
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Chapter 1

Introduction

1.1 Overview

This thesis presents three contributions: it explores the performance of bootstrap meth-
ods at making an estimation and prediction inference for small samples, it presents an
extensive overview of reproducibility, and it presents some advances on the topic of test re-
producibility. Small-sample bootstrap and statistical reproducibility are under-explored,
yet of considerable importance to scientific research; and they show potential application
in preclinical research.

The first research question explored in this thesis is whether a bootstrap method can
provide useful inference for small samples. In preclinical research, the sample sizes are
usually small. This is mainly due to cost and animal welfare requirements. The main
issue of small samples is that it is hard and sometimes impossible to determine the un-
derlying distribution of the data, and some statistical tests require an assumption of an
underlying distribution, e.g. the t-test requires that the distribution is approximately
Normal. Chapter 2 provides new insights into the performance when it comes to esti-
mating population characteristics, and making prediction inference for small sample sizes
for four bootstrap methods, NPI bootstrap (NPI-B), Banks bootstrap (Banks-B), Hutson
bootstrap (Hutson-B) and Efron bootstrap (Efron-B). It focuses on data simulated from
Normal, Lognormal, Exponential and Mixed-Normal distributions. This study confirms
that the NPI bootstrap method performs well at making prediction inference for small

sample sizes, but it also presents further findings regarding the smoothened bootstrap
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methods, Banks-B and Hutson-B, and their performance when it comes to the estimation
of population characteristics.

Bootstrap methods are often used for building confidence intervals, and for estimation
of the bias and standard error of a statistic [71]. Section 2.2 will present a summary
of the use of bootstrap methods in pharmaceutical research. One of the applications is
bootstrap hypothesis testing. Due to small sample sizes, there are many cases where
the Normality assumption is assumed incorrectly and thus the ¢-test is used incorrectly.
One can use a nonparametric counterpart, such as the Wilcoxon Mann-Whitney test.
However, nonparametric tests are less powerful than parametric ones. This problem can
be overcome by the use of a nonparametric bootstrap method, which does not require
the assumption of a particular underlying distribution. Therefore, bootstrap method
application in hypothesis testing for small samples is what will be explored in this research.

Reproducibility is a highly discussed topic in pharmaceutical settings and in other
research fields. A better understanding of the reproducibility of tests is crucial for pre-
clinical research, as a lack of reproducibility contributes to failure rates in drug discovery
and development processes, increasing costs, and decreasing efficiency. Chapter 3 presents
a literature review on the topic of reproducibility, summarising several important debates.
There is no standardised definition of reproducibility and related terms. Chapter 3 clas-
sifies the available definitions from the existing literature into five categories, which we
refer to as Type A to Type E. Furthermore, this chapter outlines reasons for low repro-
ducibility and suggests ways to improve the reproducibility presented in the literature on
reproducibility and it introduces some reproducibility issues related to preclinical research.
The main focus of this chapter is on statistical reproducibility. Various interpretations of
and debates in statistical reproducibility are discussed, as well as quantification methods
offered in the literature.

This work formulates reproducibility as a predictive inference problem. Statistical
reproducibility provides inference on the probability that the same test outcome would be
reached, if the test was repeated under identical conditions. The nonparametric predictive
inference (NPI) method is used to quantify statistical reproducibility.

NPI statistical reproducibility has been developed by Coolen, Maturi-Coolen, Bin-
Himd and Algifari [5,31,50,52,53]. The first application of NPI to study reproducibility
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was presented by BinHimd and Coolen [31,52], who explored NPT reproducibility for sim-
ple nonparametric tests — one-sample sign test, one-sample Wilcoxon signed rank test,
two-sample rank sum test and the Wilcoxon Mann-Whitney test (WMT) — and they
also developed NPI bootstrap [53], which will be introduced in Chapter 2. Algifari and
Coolen [5,49] developed NPT reproducibility for tests on population quantiles and for a
precedence test. Coolen, Marques and Coolen-Maturi [144, 145] studied reproducibility
for likelihood ratio tests.

NPI reproducibility has not yet been presented for the t-test, which is a common test
used in preclinical research. This thesis contributes to the literature by presenting NPI
reproducibility for the t-test and its application in a real-world scenario. P-values and
measures of effect size, such as Cohen’s d, play a role in decision making. Thus, as part of
the statistical reproducibility topic, this work explores whether there is any relationship
between reproducibility and p-values or effect sizes. Reproducibility of a final decision
reached through multiple pairwise comparison is also studied. This topic has not yet
been explored in the literature.

NPI reproducibility probability is traditionally expressed in lower and upper repro-
ducibility probabilities. However, it is challenging to analytically derive exact lower and
upper reproducibility probabilities for large sample sizes or for parametric tests. Thus,
this research focuses on the estimation of reproducibility probabilities. Two implemen-
tations of NPI are used to quantify statistical reproducibility: NPI bootstrap (NPI-B)
and sampling of orderings. The NPI-B method provides a point estimate of reproducibil-
ity probabilities while the sampling of orderings method provides estimates of lower and
upper reproducibility probability. The main focus is on reproducibility calculated via
NPI-B. Sampling of orderings is briefly considered in this thesis for both the WMT and
the t-test.

The rest of the chapter is organised as follows: Section 1.2 summarises background
information on preclinical research. Section 1.3 outlines two pairwise comparison tests, the
t-test and the WMT. Nonparametric Predictive Inference (NPI) is presented in Section 1.4
and NPI for reproducibility is introduced in Section 1.5. Sampling of orderings, a method
used to calculate estimates of lower and upper NPI reproducibility, is discussed in Section

1.6. Finally, the outline of this thesis is given in Section 1.7.



1.2 Background to preclinical research

Preclinical research encompasses all research that is done before a particular drug is
tested on humans. Preclinical research consists of in vivo studies, where initial studies
are carried out on rodents and later studies are carried out on animals more similar
to humans, such as pigs and dogs; and of in vitro studies, which are carried out on
cells, or organ-on-a-chip, such as bone marrow-on-a-chip. This research has been linked
to collaboration with AstraZeneca (AZ). The welfare of animals in animal testing is of
crucial importance and a culture of care is nurtured in preclinical research. For example,
measures are put in place in order to avoid compassion fatigue, i.e. when clinicians become
too hard-hearted. AZ is dedicated to the 3R principles [84]: Replacement, Reduction and
Refinement. Replacement means avoiding or replacing the use of animals, reduction means
minimising the number of animals used and refinement means minimising animal suffering
and improving welfare. This work will further elaborate on these principles in Section 3.5,
which addresses some issues regarding the reproducibility of studies that specifically relate
to preclinical research. Examples of treatment areas in preclinical research are oncology,
asthma and diabetes. There is a variety of different types of studies: for example, in an
efficacy study, the disease response to the drug (or different doses of the drug) is examined
in an animal model, whereas a toxicity study examines the safety profile of the drug, or
different doses of the drug.

In clinical trials, there are regulations that make sure that clinicians follow statis-
tician’s advice, which is not the case in preclinical studies. However, at AstraZeneca,
all scientists have to follow Good Statistical practice (GSP) [160]. GSP is built on 9
statistical principles: animal numbers, analysis, randomisation, experimental procedures,
design, blocking, monitoring, controls and blinding. Also, ARRIVE (Animal Research:
Reporting of In Vivo Experiments) guidelines [10] are followed. In experimental design,
sample sizes and the number of groups is decided based on power; simulations are made
based on historical data, effect size and variance, where both the worst-case and plausible
scenarios are simulated. There is discussion between biologists and statisticians about the
experimental design. Statisticians need to have good social skills, as well as good data
exploration skills. Statisticians advise biologists and carry out statistical health checks

(SHC), they also educate biologists.



The pharmaceutical industry has moved from standardisation to embracing variabil-
ity because of standardisation fallacy. One of the reasons is the translational failure,
i.e. failure at clinical level following a successful preclinical stage. This failure is partly
due to the fact that animals sometimes react differently to drugs than humans and preclin-
ical research starts with a healthy animal, inducing a medical condition, and subsequently
treating it, whereas human patients already have the disease at the treatment stage. This

topic is interlinked with reproducibility and will be further addressed in Section 3.5.4.

1.3 Pairwise comparison tests

This thesis explores reproducibility in relation to two pairwise comparison tests: the t-test
and the Wilcoxon Mann-Whitney test (WMT). These are the standard parametric and
nonparametric tests for testing a difference in central tendency. Both tests are commonly
used in preclinical research statistical analysis [93]. Their test assumptions are the same
except that the t-test assumes that the data is Normally distributed. Chapter 4 focuses
on reproducibility of the two-sample one-sided tests.

Let Xi,...,X,, beindependent and Normally distributed random variables with mean
T, sample standard deviation s, and sample size n,. Let Y1,...,Y, be independent and
Normally distributed random variables with mean ¥, sample standard deviation s, and
sample size n,. The t-test compares these two random samples. The ¢-test tests the null
hypothesis Hy: T = 3 against Hy: Hi: T > 7 (in the upper-sided t-test), Hy: T < 7 (in
the lower-sided t-test) or Hs: T # 7 (in the two-sided t-test).

The test statistic of the t-test, ¢, is a standardised value. H is rejected if £ > ¢, -2,
H, is rejected if —t < t,4m—2, and Hj is rejected if |t| > bntm—2,2. The calculation of the
t-statistic and the number of degrees of freedom (df) depends on whether equal variance
of samples is assumed or not. For the equal variance t-test, the t-statistic is calculated

using Equation (1.1).

T—7 ng —1)s2 + (n, —1)s?
t=—""Y _ where Sp = ( ) (n, = sy (1.1)
Ng + My — 2

and df = n, +n, — 2. The calculated s, is the pooled standard deviation.



The unequal variance t-test is called the Welch ¢-test and its t-statistic is calculated

via Equation (1.2).

(1.2)

Ny Ny

and the degrees of freedom are calculated via Satterthwaite’s correction displayed in

Equation (1.3).

2

(nw - 1)(”1/ - 1) Z_x
h = L

(e — D)@+ (n, — )& AT g

Ny Ty

df = andcp =1—¢ (1.3)

As a complementary to the t-test, Cohen’s d is an often used measure of the standard-
ised effect size for comparisons of two samples. Throughout this thesis, the term Cohen’s
d is used rather than the term standardised effect size to mimic the terminology used in

preclinical research. Cohen’s d is given by Equation (1.4) [43], where s is the average of

Sz+Sy

5 Here s is used

the two individual sample standard deviations, s, and s,, i.e. s =
instead of s, because two simulated samples in pairwise tests in Chapter 4 are always of
the same size, and the samples in the preclinical scenario in Chapter 4 are nearly of the

same size while their standard deviations are similar.

(1.4)

For the Wilcoxon Mann-Whitney test (WMT), there are N = n, + n, observations
of Xi,...,X,, and Yy,...,Y, , which are two independent and identically distributed
random samples. These samples are mutually independent and their distributions are
continuous. Xi, ..., X, is a sample from some distribution F' and Y3,...,Y, is a sample
from some distribution G. WMT tests the null hypothesis Hy: F(t) = G(t) for every t, i.e.
X and Y variables have the same probability distribution but the common distribution is
not specified, against the alternative hypothesis Hy: G(t) = F'(t — §) for every t. To test
whether the distribution F is shifted to the left of G, i.e. for positive d, the upper-sided
WMT is used, whereas to test whether the distribution F' is shifted to the right of G,
i.e. for negative 9, the lower-sided WMT is used. To test whether there is any shift, the
double-sided WMT is used.



Nonparametric WMT ranks the observations from the combined two samples of N =
ng +n, X-values and Y-values. The test statistic of the WMT is the sum of the ranks for
observations from the Y sample. Let S; denote the rank of Y1,...,S,, denote the rank

of Y,,,. These ranks are within the combined sample. WMT leads to the statistic Z

z7=%s; (1.5)
j=1

For the upper-tailed two-sample WMT, Hj is rejected if Z > Z,. For the lower-tailed
one-sided two-sample WMT, Hy is rejected if Z < ny(n, +n,+1) — Z,. Z, is the critical
value and it can be read from the tables, which can be found in [108].

For large samples of X and Y (i.e. with n, > 10 or n, > 10), large sample approx-
imation is used. This approximation is based on the suitably standardised asymptotic

Normality of Z [108]. Under the Hy, the mean and the variance of Z are:

_ ny(ne +ny +1)

Ey(Z) = 5 (1.6)
x x 1
vary(Z) = Ratty (e + 1y + 1) (1.7)
12
and the approximate Z is denoted by Z,.
7 — E(Z 7 — ny(na+ny+1)
7 _ 0(Z) _ 2 (1.8)

T {van(2))r (gt
For the upper-tailed one-sided test, Hj is rejected if Z, > z, and for the lower-tailed
one-sided test, Hj is rejected if Z, < —z,. For a = 0.05, 29,05 = 1.645. The large sample

approximation will be used in the analysis of datasets in Section 4.7.

1.4 Nonparametric predictive inference (NPI)

Nonparametric predictive inference (NPI) [48,51] has been applied in many areas, for
example, in finance [15], system reliability [54], operations research [47] and receiver
operating characteristic analysis [58]. NPI is based on Hill's assumption A, which is a

post-data assumption that gives conditional probabilities for a future observation [106].



Let Xq,...,X,, X1 be real-valued exchangeable random quantities. X,..., X, are
observed and the aim is to make inference based on future observations via Hill’s assump-
tion. The ordered observed values are x(;) < r@) < ... < () and let z() = —oo and
T(n41) = 00, or use known or assumed bounds for the support of the random quantities,
say Ty = L and x(,41) = R [47]. Then for the future observation X, .1, based on n

observations, the assumption A, is [47]:

1 :
P(Xn+1 € (Zﬁ(]_l),l’u))> = n——f—]_, for ] = 172, Lo, + 1. (19)

This means that X, is equally likely to be in any of the intervals created by the ordered
observed data. Note that under A, it is assumed that there are no ties. In the NPI
framework, ties can be dealt with by breaking them by a very small amount [56,57,146].
When relevant, jitter function in R is used in this research.

The NPI approach can also be used for multiple future observations via the consecutive
application of Hill’s assumption Ay, A1), - - - Amtm—1), Which together are denoted by
Ay [49]. An ordering O; represents the possible positions of the m > 1 future observations
relative to the n data observations. There are (”flm) possible orderings of m among
the n observations, and under A all these orderings are equally likely [49,88], as is
implied by Equation (1.10). Let S; denote the number of future observations in the

interval I; = (x(;_1),%(j)) given the specific ordering O;, where i = 1,...,("""™) and
j=1,...,n+1. Here s’ are non-negative integers and Z?;l 55 =m.

n+t1 -1
P(({S; = si}) = P(O;) = (”;m) Ci=1,..., (" J;m> (1.10)
j=1
Any specific ordering only specifies the number of future observations in each interval I;,
no assumptions are made about the exact location of the future observations within the
interval I;.

Uncertainty is traditionally expressed using lower and upper probabilities in the NPI
framework [13]. This is because the exact position of future points is not relevant within
this framework. What matters is that a future point belongs to an interval I; between
two consecutive observations x(;_1) and x(;). Lower probability of the event of interest

A is the maximum lower bound for the precise probability of the event A. In hypothesis

testing, the event A could be either the rejection or non-rejection of the null hypothesis.
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Informally, lower reproducibility probability reflects the evidence certainly in favour of
the event A [13]. In the NPI framework, lower probability takes into account only the
orderings of m future observations among the n current observations for which the event A
has to hold [49]. Upper probability is the minimum upper bound for the event A, reflecting
all evidence that could be possibly in favour of the event A. In the NPI framework, upper
probability takes into account all orderings for which the event A could hold [49].

A note on exchangeability

Hill’s assumption requires that random quantities are exchangeable. Exchangeability
does not imply a form of dependence, else one could not learn from the observations
about non-observed random quantities, but one cannot just add any form of dependence.
For example, one could not add a constraint, nor another known form of dependence.
Exchangeability also does not imply a form of independence. If random quantities X and
Y are independent, then any information we get (or assume) about X does not change our
knowledge or beliefs about Y. A, is employed in cases where there is little knowledge
about the random quantity of interest or when a choice has been made not to use this
information, thus independence is not a suitable assumption.

In the NPI framework, exchangeability implies - for real-valued quantities - that the
orderings are equally likely before observing the values. In a frequentist statistics setting,
Ay then fills in the values of n observations and hence leads to the n+r1 probability for
the future observation to be inside each interval between two consecutive observations.
Strictly speaking, if one would attempt a minimal formulation, X7, ..., X, (for n future
observations) would not need to be exchangeable, as only the Ay assumptions are needed.

Hence the exchangeability of the first n (which are being observed) would not be required.

Nevertheless, it makes sense to assume that all the random quantities are exchangeable.

1.5 NPI for reproducibility probability

Reproducibility and statistical reproducibility are widely discussed topics and their def-
initions are not clearly defined in the existing literature, as will be demonstrated in

Chapter 3. This thesis focuses on statistical reproducibility and it interprets it as a pre-
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diction problem. It narrows statistical reproducibility down to the variability of statistical
methods, which exists due to the variability of data, rather than further aspects of re-
producibility. This thesis adopts the following definition of statistical reproducibility: the
probability of the event that, if a test was repeated under identical circumstances and
with the same sample size, the same test outcome would be reached. The classical fre-
quentist approach is unsuitable for solving a predictive problem, thus NPI, as described
in Section 1.4, is employed. NPI is focused on future observations, making it a good
approach for inference on reproducibility.

In the setting of hypothesis tests, the test outcome means the rejection or non-rejection
of the Hy. Statistical reproducibility can be determined in the following manner: After
performing a hypothesis test on the original sample of size n, we determine whether or
not to reject the Hy based on the value of the test statistic. We then predict a future
sample of size n, where all orderings of the n future observations among the n actual
data observations are equally likely. Next, we determine whether Hj is certainly rejected,
possibly rejected, possibly not rejected, or certainly rejected for each ordering of the future
observations. For the lower reproducibility probability, we count all orderings for which
the conclusion is certainly the same as for the actual test for the lower reproducibility
probability. For the upper reproducibility probability, we include the ‘possibly” orderings
where the conclusion is the same as for the actual test.

The NPI reproducibility probability does not imply anything about getting the test
outcome ‘right’; for that, traditional aspects of hypothesis testing, such as the level of
significance, power and other related post-data metrics, are relevant. To calculate NPI
reproducibility, the full data set is required; different data with the same value of the test
statistics can lead to different reproducibility values. To provide high quality analysis,
other statistical methods including power, effect size (ES) and p-value could be used
together with statistical reproducibility. NPI reproducibility is another property that
allows decision makers to extend the decision-making capacity in making more robust
decisions. In pharmaceutical research, at each stage of the process one needs to decide
whether to continue to a further study or repeat the test. NPI reproducibility probability
is another metric to help the team of practitioners and statisticians make this decision.

As will be explained in Section 3.5, in preclinical research, the discussion of repro-
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ducibility is focused on adhering to good statistical practice and on embracing the in-
evitable variability caused by the use of animals. NPI reproducibility research is not
concerned with the issue of deviations stemming from the fact that animal testing is
never carried out under identical conditions, e.g. mice have slightly different properties
and new experiments are often carried out in different laboratories. This research is solely
and exclusively limited to the investigation of reproducibility of statistical tests, based on
the original test scenario data and the description of the data and the statistical analysis.
While much of the discussion on reproducibility in the literature is on whether an exper-
iment can actually be reproduced under similar circumstances, that is irrelevant for NPI

reproducibility because NPI reproducibility does not include an actual second experiment.

1.6 Sampling of orderings to estimate NPI-RP

NPI reproducibility is customarily expressed in lower and upper reproducibility prob-
abilities, RP and RP, because A(ny is not a sufficient assumption to calculate precise
probability of an event A, as discussed in Section 1.4. BinHimd [31] presented a method
for calculating RP and RP for the upper-tailed two-sample Wilcoxon Mann-Whitney
test (WMT) by considering all the orderings of m future observations among the n cur-
rent observations. This method will be further described in Section 4.5.1. However,
calculating precise RP and RP is computationally not feasible for larger sample sizes,
as shown in BinHimd’s thesis [31], but it is possible to estimate them. NPI bootstrap
(NPI-B), which will be introduced in Section 2.3.3, is one of the tools that can be used to
estimate reproducibility probability. However, NPI-B provides a point estimate of repro-
ducibility probability, it does not enable presentation of the results in terms of imprecise
reproducibility probabilities. This thesis explores a method that calculates estimates for
lower and upper reproducibility probabilities through sampling of orderings. Instead of
analytically deriving lower and upper reproducibility through considering all the possible
orderings, only a selected amount of orderings is sampled. Sampling of orderings for the
likelihood test was presented by Marques et al. [55,144,145].

Sampling of orderings reduces the computing time and enables the calculation of esti-

mates for imprecise reproducibility probabilities for larger number of original points. This
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method will be illustrated in Chapter 4: the sampling of orderings method is employed
to calculate the estimates for NPI-RP for the Wilcoxon Mann-Whitney test in Section
4.5 and then the heuristics for approximating NPI-RP lower and upper reproducibility
probability for the t-test are presented in Section 4.6.

1.7 Outline of the thesis

The rest of this thesis is organised as follows: Chapter 2 compares the performance of
different bootstrap methods for estimation and prediction inferences via a simulation
study. The focus is on making inferences for small samples. Both Normal and other
distributions are considered in this simulation study. Chapter 3 introduces the topic of
reproducibility. It addresses the issue that there are no standardised definitions for re-
producibility and it classifies the definitions from the literature into five types. Reasons
for bad reproducibility and suggestions for improvement offered in the literature are dis-
cussed. The chapter further provides insights into the discussions regarding statistical
reproducibility. An overview of metrics for quantification of reproducibility is presented
and, finally, the NPI method for quantification of reproducibility is placed in the context
of the wider literature. Chapter 4 explores reproducibility for pairwise tests. An algo-
rithm for calculating bootstrapped reproducibility for the pairwise t-test is presented and
explored in a simulation study; and an algorithm for calculating the reproducibility of the
final decision, when multiple pairwise comparisons are carried out, is introduced. Both
algorithms are applied to a real-life scenario from preclinical research. This part of the
chapter is based on a paper co-published by the author of this thesis in the Statistical
Methods in Medical Research journal [192]. Estimation of lower and upper reproducibil-
ity probabilities via the sampling of orderings is illustrated on the WMT and heuristics
for approximating NPI-RP lower and upper reproducibility probability for the t-test are
discussed. NPI reproducibility estimation via both the NPI-B method and the sampling
of orderings is further illustrated on the rate of growth data for not Normally distributed
datasets. The thesis concludes with a summary of the findings and with the formulation
of future research questions in Chapter 5. Calculations have been done using R versions

3.2.4 (Chapter 4) and 3.6.3 (Chapter 2). R code is provided in Appendix C.



Chapter 2

Bootstrap performance for small

samples

2.1 Introduction

Smaller samples are common in biomedical research [177]. These smaller samples are
limited in the ability to justify model assumptions underlying most classic statistical
techniques. Within the setting of biomedical research, there are often few historical studies
to guide the decision-maker on assumptions about the underlying distribution of the data.
Thus, there is an increased possibility of making decisions based on wrong assumptions.
For example, sometimes Normal distribution is assumed incorrectly with small sample
sizes. In such cases, the data might contain outliers, or the Normal distribution might
not fit the data well. Therefore, there is practical value in exploring bootstrap methods
for smaller samples.

In the literature, we have not encountered Efron-B as a commonly used method in
preclinical studies with small sample sizes. This could be because the most commonly used
bootstrap method for the quantification of uncertainty in the estimation of parameters,
Efron-B, is not considered to be a reliable method for very small sample sizes [42,201].
Efron-B has primarily been created for large samples, where it shows good performance in
estimation. The main argument supporting Efron-B, the asymptotic argument, is based
on the fact that the empirical distribution, from which a sample is taken in Efron-B,

converges to the real underlying population distribution if the number of data increases
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to infinity [27]. However, Efron-B does not perform well in the case of estimation for small
samples as it does not provide good coverage [18]. Efron [78] proposed bias-corrections to
his bootstrap method, bias-corrected and accelerated bootstrap (BC,) and approximate
bootstrap confidence (ABC) intervals, to improve the bootstrap coverage, but he admits
that “their coverage accuracy can still be erratic for small sample sizes” [78].

The purpose of this chapter is to compare four bootstrap methods: Efron bootstrap
(Efron-B), Banks bootstrap (Banks-B), NPI bootstrap (NPI-B) and Hutson bootstrap
(Hutson-B), when applied with small samples. This chapter provides new insights into
the performance in making estimation and prediction inferences for small sample sizes
for these four bootstrap methods. The investigation is done via a simulation study car-
ried out for data simulated from Normal, Lognormal, Exponential and Mixed-Normal
distributions. This chapter considers the estimation of various population characteristics:
mean, median, variance, first quartile (Q1), third quartile (Q3) and interquartile range
(IQR). The main research question is whether a bootstrap method can provide useful
information when used with small samples. Another aim of the study is to provide some
initial recommendations on the small-sample bootstrap for practitioners.

Banks-B is not a well-known bootstrap method, but it has potential to successfully
quantify the uncertainty in sample-based estimates of population characteristics for small
samples [18]. Hutson-B [111] has been introduced as a new quantile function estimation
method for generating bootstrap samples, rather than a bootstrap method. This thesis
views it, however, as a bootstrap method. NPI bootstrap has been developed for pre-
diction inference. Efron-B has been used in bootstrap hypothesis testing to calculate
approximate p-values when comparing means of two samples. Initial investigations have
been done for small sample sizes by Dwivedi et al. [73]. Section 2.6 extends this study to
include Banks-B and NPI-B.

This chapter begins by reviewing some of the uses of bootstrap methods in phar-
maceutical research in Section 2.2. These are mostly based on Efron bootstrap. This
section focuses on application of bootstrap methods in both preclinical and clinical re-
search. Most of the literature has focused on large samples and clinical studies rather
than preclinical studies with small samples. Section 2.3 introduces four bootstrap meth-

ods (Efron-B, Banks-B, NPI-B, Hutson-B) and percentile and BC, confidence intervals.
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Section 2.4 assesses the performance in the estimation of population characteristics for the
four bootstrap methods. This is followed by a comparison study of the bootstrap methods’
performance in prediction in Section 2.5. Section 2.6 explores bootstrap hypothesis test-
ing, including Banks-B and NPI-B in the investigation. Section 2.7 summarises findings

of this chapter and outlines suggestions for potential future research.

2.2 Bootstrap methods in pharmaceutical research

This section will introduce, rather than give a completely overview of, some of the practi-
cal uses of the bootstrap method. It focuses on the published literature utilising bootstrap
methods in pharmaceutical research. Most of these examples are from clinical research
and they focus on large sample sizes. These applications will be introduced first. We en-
countered only few studies focusing on small sample sizes and only one of them presented
a real life example from preclinical research. The possible explanation for bootstrap meth-
ods not being commonly used with small samples is that the most commonly known and
applied bootstrap method is Efron’s bootstrap, which has not shown good performance
for small samples, as discussed in Section 2.1. This overview serves as both a motivation
for the exploration carried out in this chapter, and as a list of possible areas that could
be explored with bootstrap methods for small samples. This chapter will show that the
bootstrap method has a potential use for small samples. Bootstrap applications for large,
medium and small samples are presented in Sections 2.2.1, 2.2.2 and 2.2.3, respectively.
There is no universally accepted definition of small, medium and large sample size and
it is outside the scope of this thesis to discuss what sample size is still small and what
is not. This thesis will focus on sample sizes n = 4,6,8,10 when assessing the boot-
strap method’s performance in estimation and on n = 4,6,8,10,20 when assessing the

bootstrap performance in prediction.

2.2.1 Applications for large samples

In practice, the Efron’s bootstrap method is often used to estimate bias and standard
error, or to construct confidence intervals [71]. An accurate estimate of the uncertainty

associated with parameter estimates is important to avoid misleading inferences. Walters
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and Campbell [204] explored Efron-B use in the estimation of standard errors and BC,
confidence intervals, which will be defined in Section 2.3.5, for parameters calculated
during the analysis of health-related quality of life outcomes (HRQoL). An example of
such parameter estimate, é, is the mean difference (intervention mean - control mean).
HRQoL data are often recorded on an ordinal scale and they typically have bounded,
discrete and skewed underlying distributions and the sample sizes are large. In four
studies, the bootstrap method was compared to the conventional statistical methods,
such as the linear regression. Conventional ordinary least squares estimates of standard
error and confidence interval for the group regression coefficient were compared with
their bootstrap counterparts. The sample sizes in these studies were large: they range
from 100-250. Walters and Campbell [204] concluded that the conventional statistical
methods and the bootstrap methods produced similar results, i.e. similar standard errors
and confidence intervals.

Efron-B has also been used in hypothesis testing [97]. Walters and Campbell [204]
explored the use of Efron-B for hypothesis testing, using algorithm from Efron and Tib-
shirani [78, p.224], when analysing the above mentioned four studies focused on HRQoL.
Walters and Campbell [204] concluded that the bootstrap method led to similar p-values
as the conventional statistical methods. The explanation for this conclusion could be
linked to the use of sufficiently large sample sizes. According to the central limit theorem,
sample means are approximately Normally distributed for large sample sizes. Thus, the
t-test is an appropriate test for large samples. Similarly, Efron-B is suitable for large
samples, as explained in Section 2.1.

Bootstrap methods have also been applied in power and sample size calculations
[164,170]. Traditional methods for power and sample size calculations require an estimate
of treatment effect and sample variance, and they are based on known distributions [164].
However, there are cases where traditional power calculation methods cannot be used, i.e.
when the Normal distribution cannot be reasonably assumed, or where the study decision
is based on co-primary outcome measurements [164]. Co-primary outcome measurements
were not defined in [164] but, in a different source, co-primary endpoints were defined as
“two or more trial endpoints, each measured among a group of patients and each equally

important in determining efficacy” [39], where the endpoint is a clinical variable reflecting
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the condition of a disease. Peng et al. [164] illustrated the application of the bootstrap
method in the power analysis and sample size estimation on two examples of clinical trial
designs, both focused on large samples. In the first example, in a study of a drug for the
Alzheimer’s disease, two co-primary outcome variables, one with categorical data and one
with data on a continuous scale, were compared between treatment and placebo group.
The focus was on sample sizes varying from 75 to 125. For each variable, p-value was
calculated: p; and p,. Hy was not rejected if p; > « or p; > «a for some given . The aim
of the study was to determine the sample size which would provide 80% dual outcome
power. Dual outcome power is “the probability of observing a significant drug versus
placebo comparison with respect to both primary efficacy variables” [164]. Data for each
outcome variable of each group were generated. For the continuous variable, random data
were generated, based on the given population mean and standard deviation. For the cat-
egorical variable, a probability distribution of a categorical variable was used to calculate
its cumulative distribution, and pseudo-random numbers were generated and mapped “to
categorical values by associating the quantile to that random number” [164]. In the sec-
ond example, bootstrap power analysis was carried out for the stratified Wilcoxon test for
sample sizes varying from 100 to 900. Power was calculated in two steps: First, a large
number of bootstrap sample data sets were generated from the original trial data set.
Secondly, the original statistical test was applied to each bootstrap data set generated
and power was estimated as the percentage of the times the null hypothesis was rejected

for these bootstrap samples [164].

2.2.2 Applications for medium samples

So far, the cited literature focused mostly on large samples. The focus of this section will
be on medium sample sizes. Barber and Thompson [20] compared conventional methods,
such as the t-test and the Wilcoxon Mann-Whitney test, and bootstrap hypothesis testing
for comparison of the arithmetic mean of costs in two treatment groups. The cost data
are from health economic evaluations, which guide health care policy decisions. The
data are often highly skewed [20]. Two examples were given, one of large sample size
(ny = 70 and ny = 74), and second of medium sample size (n; = 18 and ny = 14).

It could be argued that in the first example the sample size is medium, not large and



19

that in second example the sample size is small, not medium. Barber and Thompson
concluded that for the large sample size study, the t-test yielded similar results as the
bootstrap hypothesis test. For small to medium sample sizes, Barber and Thompson [20)]
recommended to report bootstrap analysis results, or to use these to check robustness of
parametric methods. The named advantage of using bootstrap methods was the avoidance
of having to make assumptions about the underlying distribution of the data. However,
Barber and Thompson [20] highlighted that bootstrap methods rely on the assumption
that the empirical distribution adequately represents the true distribution of the data.
Barber and Thompson [20] recommended using BC, or bootstrap-t confidence intervals
rather than percentile confidence intervals because coverage error for percentile confidence
intervals can be large if the distribution of 6 is not symmetrical around the observed
value [20]. The applicability of bootstrap-t confidence intervals for the estimation of
location statistics has also been suggested by Efron and Tibshirani [78].

The bootstrap method has been used in human immunophenotyping research. Holmes
and He [109] employed Hutson-B, which will be introduced in Section 2.3.4, and they re-
ferred to it as 2(n)-bootstrap. Clinical studies in this area usually have small and wide
datasets, 1 < n < 50 of human participants, and, for each participant, many param-
eters 1 < p < 1000 are estimated. The underlying distribution of the data cannot be
ascertained. Thus, the bootstrap method was chosen to estimate immune parameter.
2(n)-bootstrap presumes linearity for extrapolation but it does not assume any stronger
assumption [109]. Holmes and He [109] gave an example of medium size participants of
study, with n = 35 participants, related to seasonal dose of influenza vaccine. The study
was interested in age-related changes in immune features and simple linear regression was
applied. The sample order statistics of the regression residuals were used for the estima-
tion of the quantile function [109]. Resampling with B = 2500 bootstrap samples was
carried out from residuals and the stratified sampling study design was used. The goal
of the study was to calculate confidence intervals on parameter estimates, imposing min-
imum assumptions on the data, while obtaining accurate and not too narrow confidence
intervals in order to achieve minimal bias, low variance and interpretability [109]. Holmes
and He [109] concluded that confidence intervals based on Efron-B with percentile CI were

narrower than for 2(n)-bootstrap, Hutson-B, for approximately 68% of the 229 features.
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2(n)-bootstrap had better coverage probabilities compared to Efron-B with both per-
centile CI and bootstrap-t CI, and compared to smoothed kernel quantile estimator [186].
Holmes and He [109] credited the improvement of the coverage probabilities to the tail

extrapolation.

2.2.3 Applications for small samples

Tsukamoto et al. [200] used the bootstrap method in the diagnostics of neurodegener-
ative diseases. When evaluating images from positron emission tomography (PET) or
single-photon emission computed tomography (SPECT), it can be assumed that data dis-
tribution may be inappropriate and, thus, it is appropriate to choose a method which does
not require an assumption about the underlying distribution of the data. Tsukamoto et
al. [200] proposed the use of nonparametric bootstrap, Efron-B, or smoothed bootstrap,
a slightly adjusted Hutson-B, in the statistical evaluation of the decrease of regional cere-
bral blood flow (rCBF), a measure of local neuronal activity, in a SPECT image. The
two bootstrap methods were used to calculate a standardised distribution of the Z-score.
Z-scores were calculated for each pixel value at (k,[) coordinates of an image for both
the control and patient data set of sample size n. Pixels are the smallest components
in the digital image. The decrease of rCBF at the pixel was considered statistically sig-
nificant when a Z-score exceeded a threshold, Ty [200]. In the example given, control
data set of n = 95 images was studied. In the simulation, subsamples from the original
dataset of small to medium sample sizes, n = 5, 10, 15, 20, 30,40, were considered. For
each sample size, 20 datasets were subsampled. For each sample, B = 5000 bootstrap
samples were created. Tsukamoto et al. [200] concluded that both bootstrap methods
produced more consistent results than traditional methods for small samples, n = 5, 10,
and in cases where the control set was small, the smooth bootstrap method, Hutson-B,
was recommended.

Dwivedi et al. [73] performed an extensive simulation study to compare the nonpara-
metric bootstrap test with standard parametric, nonparametric, and permutation tests,
for comparisons of means of two independent samples, two dependent samples, and more
than two independent samples, for data of various sample sizes, n = 3,4,5,6,7,8,9, 10, 15,

from both Normal and skewed underlying distribution. As discussed in Section 2.1, min-
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imum or even no assumptions can be made about the underlying distribution of the data
with small samples, and Efron-B does not provide good coverage for small samples [18].
Dwivedi et al. [73] addressed the latter issue by drawing Efron-B samples from the com-
bined original sample. Note that Dwivedi et al. used the phrase pooled sample, the phrase
combined sample will be used in this chapter instead, as the term pooled is usually associ-
ated with variance. Hall and Wilson [97] also advised that resampling should reflect the
null hypothesis, as this increases the power of the bootstrap test. Let 6 be the estimate of
the data characteristics calculated from the original data sample and 6* be the estimate
calculated from the bootstrap sample. Hall and Wilson [97] explained that resampling
\é* — é\ is more meaningful than resampling \é* — 6. This is because if  is far from
the true value of 6, then the difference |é* — 6| will not appear large compared to the
nonparametric bootstrap distribution of |é* — 6| and the bootstrap test is less likely to
reject the null hypothesis even in cases when the alternative hypothesis is true. Moreover,
drawing bootstrap samples from uncombined original samples leads to less resampling
variability [73]. Dwivedi et al. [73] concluded that the pooled nonparametric bootstrap
t-test is preferable to other statistical methods for small sample size studies for the com-
parison of two means. This is especially the case when comparing two datasets with
unequal variances, unequal sample sizes, and with underlying distributions, which are not
Normal [73].

Apart from the simulation study, Dwivedi et al. [73] presented two examples from
clinical studies. The first example was a clinical study on epilepsy, which compared
the percent seizure reduction between an active arm with sample size n,.ve = 6 and a
control arm with sample size neontrol = 9, among subjects who had more than 18 seizures
per month, using unpaired Student’s ¢-test, Welch ¢-test, nonparametric bootstrap t-test,
Wilcoxon rank sum test, and asymptotic permutation ¢-test [73]. Wilcoxon rank sum
test did not reject Hy, whereas the other tests did. Moreover, for each treatment group
where Neontrol = 10 and n,eive = 7, the change in seizure frequency from baseline to post
intervention among subjects who had more than 14 seizures per month was compared
using paired tests. For the active group, all paired tests found there was reduction in
seizure frequency.

The second example was a clinical trial on motivational interviewing which sought to
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improve treatment engagement. Two groups, motivational intervention (MI) and standard
intervention (SI) were compared, using unpaired Student’s ¢-test, Welch t-test, nonpara-
metric bootstrap t-test, Wilcoxon rank sum test, and asymptotic permutation ¢-test. The
treatment retention and substance use at 28 days and 84 days after randomisation were
recorded for both groups. Data from each treatment group were randomly selected, with
different sample sizes. Variety of samples sizes were explored, e.g. nyy = 6,ngr = 3;
nyt = 20, ngr = 10; and nyp = 173, ng; = 177. The conclusion made was that for unequal
sample sizes and unequal variances, p-values obtained using the Welsch t-test and the
nonparametric bootstrap t-test were similar but different from p-values obtained through
other tests. Bootstrap hypothesis testing will be further explored in conjunction with
Banks-B and NPI-B in Section 2.6.

Lastly, this section briefly outlines an article that focused both on preclinical study
and small sample size. Mager and Goller [141] discussed the use of bootstrap methods
for data that does not follow the Normal distribution in safety assessment in preclinical
pharmacokinetics and in toxicokinetics. The sample sizes in safety assessment are usually
small. In such studies, concentrations are recorded at multiple time points and the statis-
tics of interest are the standard error of AUC|(¥ and the arithmetic mean of AUC|{X.
Here AUC represents the area under the concentration-time profile. For a specific dosage,
the concentration-time profile plots the exposure to drug versus time after the dosage.
Let tx be a time point. AUC]SK measures exposure to a drug from time point 0 to time
point t; it is the area underneath the curve between time point 0 and time point £,. Two
bootstrap methods, pseudoprofile-based bootstrap and the pooled data bootstrap, were
employed. Introduction of these two bootstrap methods is beyond the scope of this thesis.
Data from three different pharmacokinetic models were analysed. Sample sizes in these
models were small: n =4 or n = 5. The two bootstrap methods showed to be powerful
tools in the safety assessment in the cases where data were not Normally distributed or
when it was required to estimate additional secondary pharmacokinetic parameters and
their variability. The named advantage of using the bootstrap method, as opposed to the
standard method, was that the bootstrap method did not require assumptions about the
underlying distribution and both the secondary pharmacokinetic parameters and their

variability (such as standard deviations and standard errors) could be assessed [141].
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2.3 Bootstrap methods

Bootstrap [78] is one of the resampling methods available to a practitioner, together
with the jacknife method [185], the delta method [42], subsampling [42], permutation
tests [71,78], randomisation tests [59], the cross-validation method [78], and Monte Carlo
methods [59]. Resampling methods allow the computation of a variety of statistics from
limited data while making minimal distribution assumptions.

The advantages of the bootstrap method compared to other resampling methods are
that the conceptual understanding behind and implementation of the bootstrap method
is simple and straightforward, and there is a variety of bootstrap methods to choose from
which allows for flexibility. The variety of bootstrap methods can also be considered a dis-
advantage as it makes it harder for practitioners to choose a particular bootstrap method.
Other disadvantages are: the bootstrap method requires more computer time than other
resampling methods, such as the jacknife method, and the most commonly known boot-
strap method, Efron-B, does not show good performance for small samples compared to
jacknife which shows a better performance [76]. However, this chapter shows that even the
bootstrap method can provide useful inference with small samples. Moreover, bootstrap
methods do not require an assumption of a particular distribution.

Bootstrap methods can be divided based on how the population is approximated [71]
into nonparametric, semi-parametric [40] and parametric bootstrap. In nonparametric
bootstrap, no particular distribution is assumed, whereas in the parametric bootstrap [40)]
a distribution is assumed, the parameters of which are estimated and these estimates
are used to draw bootstrap samples. This thesis will focus on nonparametric bootstrap
methods. The consideration of parametric bootstrap is outside the scope of this chapter’s
simulation study because the focus is on small samples, for which it is usually not possible
to accurately determine the distribution.

The main focus of this chapter is on four bootstrap methods: the nonparametric
ordinary bootstrap, Efron-B [69, 74,75, 77, 78], which is a bootstrap method commonly
used for the quantification of uncertainty in the estimate, mainly for large sample sizes;
Banks-B [18], which is not a well-known bootstrap method but it has a potential to
perform well in the estimation of population characteristics for small sample sizes [18];

Hutson-B [111], a bootstrap method utilising semi-parametric quantile function estimator,
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which has been applied in practical applications for small samples (see Section 2.2); and
NPI-B [53], which has been developed for prediction rather then estimation, nevertheless,
it has been also used for estimation in [2].

Banks-B and Hutson-B are two different smoothed bootstrap methods. Smoothened
bootstrap methods provide more variability of the bootstrap sample than ordinary boot-
strap. Smoothened bootstrap methods overcome a problem of Efron-B for small samples:
Efron-B samples underestimate the true variability of the data as there are only a few
values to sample from [104].

Initial study into the performance in the estimation of population characteristics of
another bootstrap method, the smoothed bootstrap using Gaussian kernel (Kernel-B),
has been carried out. Kernel-B is not included in the main study because it involves
more issues, including the determination of the smoothing parameter, which would divert
the focus of the main investigation. The initial findings for Kernel-B are reported in
Appendix A.5.2.

One bootstrap method can be used to create different types of confidence intervals,
e.g. the percentile, basic, accelerated, studentised, or bias-corrected, accelerated (BC,)
bootstrap, the test-inversion bootstrap method and the Studentised test-inversion boot-
strap method. This chapter focuses on percentile confidence intervals because they are
simple to implement and they have been employed by Banks [18] in his simulation study.
This thesis also briefly considers BC, confidence intervals. Efron proposed using BC,
confidence intervals in order to improve the bootstrap coverage [78]. BC, confidence
intervals will be explored in relation to the estimation of population characteristics for
small samples. There are many available R packages in CRAN for bootstrap methods,
to name some, package bootstrap is based on Efron and Tibshirani [78], boot is based
on Davison and Hinkley [64] and bcaboot focuses on calculating bias corrected boot-

strap confidence intervals. Further overviews of the bootstrap method can be found

in [41,42,64,78,96, 137,142, 185).

2.3.1 Efron bootstrap

The Efron’s bootstrap method (Efron-B) has also been referred to as nonparametric boot-

strap [73]. In this method, the unknown underlying distribution F' is replaced with the
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empirical distribution F,, of the observed data xy, zs, ..., x, [78]. In the Efron-B method,
there are n data observations and the size of the bootstrap sample is m. Let N denote
the number of bootstrap samples. This bootstrap method is just sampling with replace-
ment: For each iteration of the bootstrap, m values are sampled with replacement from n
original values with equal probability to create one Efron-B sample y = (y1,92, ..., Ym)-
In total, N Efron-B samples are created and these bootstrap samples are used for the

chosen inference.

2.3.2 Banks bootstrap

Banks [18] used linear interpolation histospline smoothing between two consecutive or-
dered observations when he introduced the smoothed versions of two bootstrap methods:
Efron’s and Bayesian (Rubin’s) bootstrap. “Histospline is a smooth density estimate
based only on the information in a histogram” [31]. In his paper, Banks compared
those with the Bayesian bootstrap and Efron bootstrap. This thesis is interested in
the smoothed Efron’s bootstrap introduced by Banks, hereafter called Banks bootstrap
(Banks-B), after Banks who invented it. Banks-B shows promising initial findings about
its performance in quantifying the uncertainty in sample-based estimates of population
characteristics for small samples [18], as discussed in Section 2.1. In the existing liter-
ature, there is work on smoothed Rubin’s bootstrap [1,129, 148], which was the main
focus of Banks’ paper [18]. Banks-B has not received as much attention as a more known
smoothened bootstrap method, Kernel-B, which will be introduced in Appendix A.5.1.
Coolen and BinHimd [53] paid further attention to Banks’ version of smoothed Efron’s
bootstrap.

In the Banks-B method, there are n data observations and a bootstrap sample of size
m is generated. The mass 1/(n+ 1) is spread uniformly between two consecutive ordered
observations, X(;) and X 1), fori=1,...,n+ 1.

Banks and BinHimd set the left and right bounds of support for Banks-B, x() and
T(n+1), as the minimum and maximal values of the support of the finite distribution.
Banks [18] applied NPI-B to data that follow a Beta distribution, which is defined on
[0, 1]. BinHimd [31], who did further investigation into Banks-B, also assumed finite

support for Banks-B and in her comparison study of the bootstrap methods, she used a
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Uniform distribution on a finite interval. This thesis adopts the same approach to the
selection of the left and the right bounds of support for Banks-B as for NPI-B, which
will be introduced in Section 2.3.3, thus, Banks-B can be applied to data with underlying
distributions defined on both the infinite and finite intervals.

The Banks-B method is as follows [18]:

1. Create n + 1 intervals from ordered n observations;

2. Sample an interval with equal probability;

3. From that interval, sample a value uniformly;

4. In total sample m values, following Steps 2 and 3, to form a Banks-B sample;

5. Create in total N Banks-B samples.

2.3.3 NPI bootstrap

NPI-B is based on A(.), which was introduced in Section 1.4, and it is consistent with the
concept of all orderings of future observations being equally likely [53]. NPI-B differs from
Efron-B [78] and Banks-B [18], mainly as NPI-B was developed for prediction, while the
Efron-B and Banks-B methods are aimed at quantifying the uncertainty in the estimation
of population characteristics [31,53]. In NPI-B and Banks-B, the bootstrapped observa-
tions are not restricted to already observed values. The difference between Banks-B and
NPI-B is that, after sampling a value for NPI-B, this value is added to the data set before
another value is sampled. This way, the number of intervals, in the partition of the part
of the real-line, increases. For the first sampled value in Banks-B, the probability of it
being in each interval is n+r1, however, when another new value is added, this probability
changes. For example, Banks-B is less likely to have the second sampled value in the same
interval as the first sampled value and more likely to have it in a different interval. This is
not the case for NPI-B. Thus, NPI-B is exactly calibrated [134, p.541]. Ezactly calibrated
means that when we simulate a model on a computer, we achieve the same proportion of
events in the long run. In NPI-B, an event represents a particular combination of new

points. In the frequentist theory, exact calibration is a strong consistency property. It

always leads to results that are consistent with inferences based on empirical probabilities.
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In the NPI-B method, there are n data observations and interest is in m future ob-
servations. Let N denote the number of bootstrap samples. In the following algorithm,
sampling from the first interval, (z(),2n)), and the last interval, (x(), Z(m41)) Will be

explained later. The NPI-B method is as follows [31]:

1. Take n ordered observations () < x(2) < ... < (), assuming there are no ties;
2. These n observation create n + 1 intervals.

3. Randomly sample one of the n 4 1 intervals, each with equal probability;

4. From that interval, sample one future value, uniformly in a finite interval;

5. Add that value to the data: increasing n to n + 1, and order the values;

6. Repeat Steps 2-5, now with n 4+ 1 data, to get a further future value;

7. In total sample m values to form an NPI-B sample, y = (y1,¥2, - - -, Ym), following

Steps 2-6;
8. Create in total N NPI-B samples.

To apply NPI-B on the real-line, assumptions have to be made about the first interval,
(%(0), ¥(1)), and the last interval, (x(,), Z(n11)), as these are often not known. Finite or
infinite intervals can be selected [31]. In this thesis, five range selections are considered.
For the finite bootstrap procedure, where a bounded interval is defined, () and x(,1)
needs to be chosen. To do so, the left (L) and right (R) bounds of the support are
selected, and x(p) and x(,41) are set to x(y = L and z(,11) = R, respectively. In finite
bootstrap, a value is sampled uniformly from the first or the last interval. In this thesis,
three approaches are considered for the finite bootstrap and then infinite, bootstrap is
explored. Approach I and II are special cases of Approach III. This thesis uses the phrase
half-infinite (Approach V) for infinite bootstrap employed for datasets defined on [0, o).

I. L =xn)—max;(z4) —2G-1)) and R = () +max; (2 — T(—1)), where i = 2,3, ..., n;

II. L = 2y —c* IQR, R = x(,) + ¢ x IQR where ¢ x IQR is the interquartile range
(IQR) of the original dataset multiplied by a constant ¢ > 0;
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II. L =xq)—v, R=x4) +v where v > 0 is a constant;

IV. Infinite bootstrap: There are n+ 1 intervals created by n observations. For intervals
between z (1) and x(,), the same procedure is used as for finite intervals. To sample

from (—oo, x(1)) and (x(,), oco), Normal distribution tails fitted to the intervals

are assumed, with estimated mean p = % and estimated standard deviation
o= %, where @ denotes the cumulative of the standard Normal distribution
n+1

[31]. o is estimated using the properties of the Normal cumulative function: P(Y >

Ty) =1 - (F2") = A5 [31].

V. Half-infinite bootstrap: L = 0, a value from the last interval, (z(,),00), is sampled
by assuming tails of an Exponential distribution. To estimate the parameter of
Exponential distribution, A, the cumulative function P(Y < y) = 1 — e(=*%) is used.

Given that P(Y > x(,)) = -5, the parameter A = In(ntl) §s estimated [31].

TL+1 ’ I(n)

This thesis explores all five ways to define the range in this chapter and in Chapter 4.

2.3.4 Hutson bootstrap

Hutson [111] introduced a new quantile function estimation method for generating boot-
strap samples: the semi-parametric composite quantile function estimator, which com-
bines a parametric model with a standard linear interpolation quantile function estimator.
Quantile function specifies the value of a random variable, given the chosen probability,
in such a way that the probability of the variable is less than or equal to that value.
Although this method was not formulated by Hutson [111] as a bootstrap method, but
rather as a function for generating bootstrap samples, for simplicity, this thesis calls it
Hutson bootstrap (Hutson-B). Hutson [111] showed that Hutson-B improves the coverage
probabilities of the standard bootstrap percentile confidence intervals. Hutson-B allows
ties [111]. Two applications of Hutson-B in pharmaceutical research were introduced in
Section 2.2.

Let ) < w2y < ... < 2, be ordered observation from an i.i.d sample of size n
from a continuous distribution F' defined on the real line. Then Equation (2.2) presents

the semi-parametric composite quantile function estimator, as defined by Hutson [111].
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In what follows, [-] is the floor function, n’ = n + 1, € is defined in Equation (2.1) and

0<u<l.

e=n'u— |n'u (2.1)
(
z() + (2 = z(y) log((n + Du), if0<u<
Qr(v) = (1 = (i) + €X(menu41), i o <u < (2.2)

Tin) = (Tm) — Tn-1))) log((n + 1)(1 —u)), if 5 <u<l1

\

Q r(u) in Equation (2.2) represents the standard linear interpolation quantile function

estimator. Hutson-B, as defined in Equation (2.2), is used for distributions defined on

(—00,00), such as Normal and Mixed-Normal distribution. For distributions defined on

(0, 00), such as Lognormal and Exponential distributions, Equation (2.3) is used instead.

QT(U) depends on the data sample. In Figure 2.1, an illustration of plots of QT(U) is

provided for two simple data samples of sample size n = 8, a ~ N(0,1) and b ~ Exp(1),
where a=(-0.836, -0.820, -0.626, 0.184, 0.330, 0.487, 0.738, 1.595) and b=(0.140, 0.146,
0.436, 0.540, 0.755, 1.182, 1.230, 2.895).

Qr(u)

”

€T(1), if0<u§p%n
Qr(w) = (1 — ) (ni1yu) + €L ity 1,  if o <u< i (2.3)

L) = (@) — T(n-1)) log((n + 1)(1 —w)), if {f; Su <1

\

The following algorithm creates m Hutson bootstrap values from the n original values:

1. Take n ordered observations x(;) < x(2) < ... < x(,) from an i.i.d. sample of size n;

2. Generate a random sample of size m from the standard uniform distribution;

3. Apply the semi-parametric composite quantile function estimator QT(u) to the m

values generated in Step 2, forming an Hutson-B sample;

4. Create in total N Hutson-B samples.
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Q(u)

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

u u

(a) Sample a ~ N(0,1), n, =8 (b) Sample b ~ Exp(1), n, = 8

Figure 2.1: Plots of Q7 (u) for two simple data samples

Hutson [111] compared Hutson-B [111] to other two quantile function estimators: Hut-
son and Ernst’s [110] sample quantile function estimator and Harrel-Davis kernel quantile
function estimator (see Sheather and Marron [186]). The details regarding these quantile
functions are outside the scope of this thesis. For n = 10,25 he compared coverage prob-
ability at o = 0.05 for a variety of distributions (Normal, Logistic, Laplace, Cauchy, Ex-
ponential, half-Normal and Rayleigh) and for the estimation of various statistics (mean,
median, standard deviation, skewness, excess kurtosis, Q3 and upper decile). He con-
cluded that the performance of Hutson-B is superior to the other two quantile function
estimators, the biggest difference was apparent at n = 10. Hutson [111] acknowledged a
limitation of Hutson-B: that it is unable to fully capture the tail behaviour of heavy-tailed
distributions, such as of Cauchy distribution.

Hutson-B has been applied in hydrology, particularly in extrapolation of hydrological
extremes. Jagtap et al. [123] further developed on Hutson-B and compared it with non-
parametric and parametric bootstrap, focusing on coverage probability for small samples,
when estimating high hydro-meteorological quantiles and extreme events. Sample sizes
explored in the simulation study were n = 10,25,50,100. An example of precipitation
dataset with n = 25,27,37,37,84,117 was given.

Further work has been done by Hutson [112], who developed a sigmoidal quantile
function estimator and a hybrid quantile function estimator. The latter combines the

properties of the kernel quantile function with the sigmoidal quantile function estima-
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tor. Hutson [112] argued that the generalised sigmoidal quantile function “can estimate
quantiles beyond the range of the data, which is important for certain applications given
smaller sample sizes” [112]. The study of those variations of Hutson-B is outside the scope

of this thesis and a topic for future research.

2.3.5 Coverage and bootstrap confidence intervals

This chapter presents a study which assesses both the estimation and prediction perfor-
mances by focusing on coverage of confidence intervals. The term coverage refers to the
proportion of the times in the long run that a confidence interval contains the true value
of interest. Ideally, coverage should equal the confidence level. A (1 — 2a)100% confi-
dence interval (CI) is used when estimating an unknown parameter from a sample. The
(1 — 2a)100% confidence interval, (8, 00-9) can be written as Equation (2.4), where
(@) and 1~ are both functions of the data X, the confidence level is (1 — 2«) € [0, 1]
and it does not depend on 6. If 90% confidence intervals are formed for chosen population
parameter 6 for 100 samples, 90 of these confidence intervals are expected to include the

true value of 6.

PO < <179y =1—-2qa (2.4)

A confidence interval can be calculated for a chosen population characteristic of inter-
est, such as mean, median, variance, Q1, Q3, or IQR. This section will introduce percentile
confidence intervals and BC, confidence intervals, both of which will be employed in Sec-
tion 2.4. Percentile confidence intervals have also been called quantile confidence intervals
in the literature, however, this thesis will use the term percentile confidence intervals.

To calculate a confidence interval for a chosen population characteristic of interest, 6,
the following inputs are important: B independent bootstrap samples y*!, y*2, ..., y*2,
each of size m, and the bootstrap replication of 0 corresponding to each bootstrap sample
0%(b) = s(y*), for b € {1,2..., B}. Here s represents the formula calculating a particular
sample statistic. The 6*s are ordered in an ascending order. For BC, confidence intervals,
the knowledge is required about the estimate of # based on the observed data of the

original sample, § = s(z), and the original sample, © = (21, 2o, ..., 2,). For example, if 0



32

is the true population mean, § = s(x) = % > i x; is the sample mean, i.e. estimate of the
true population mean based on the original sample.

The 100(1 — 2«a) percentile confidence interval (é*(a), é*(l_a)) is computed by taking
the (Ba)™ and (B(1—a))™ value of the ordered *s. §*(® stands for the 100ath percentile
of B *s. For example, 90% percentile confidence interval, i.e. at o = 0.05, is the interval
(é*(so)’ é*(950)>‘

As stated in Section 2.1, Efron has improved the percentile confidence intervals, to ac-
count for and correct the bias and the skewness of the bootstrap parameter estimate. The
two improved versions of the Efron-B confidence intervals are the bias-corrected and accel-
erated bootstrap (BC,) and the approximate bootstrap confidence (ABC) intervals [69].
ABC analytically approximates the BC, interval endpoints [69] and it is less computa-
tionally demanding compared to BC,. Given ABC and BC, similarity, the performance
in estimation for small samples (n = 4,6,8,10) is studied only for BC, intervals. An
advantage of BC, confidence intervals over percentile confidence intervals named in the
literature is their high order of accuracy [31].

In order to calculate BC, confidence intervals, the bias-correction Z; and the acceler-
ation a need to be computed first. The bias-correction Zy, calculated via Equation (2.5),
is based on the é*(b)s and the original sample estimate, 8. Thus, 2, is influenced by the

choice of the bootstrap method.

5= ! <—#{é*(2 = é}> (2.5)

The acceleration a adjusts the skewness of the bootstrap distribution. The acceleration
a is based on the original sample, not the bootstrap samples, and it can be computed in
multiple ways. This thesis employs the method described by Efron and Tibshirani [78],
which utilises jackknife values of a statistic § = s(x). Let x(_; be the original sample

with the ith point x; deleted. Now é(_i) = s(x(—y) and é(.) is defined in Equation (2.6).

by =2 0a/n (2.6)
i=1
Then a is defined in Equation (2.7).

Yy (B — 0i)?

a= ~

6{301, 0y — 02} 2

(2.7)
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The (1—2a) BC, interval is (#*@1) §*©2)); oy and ay can be calculated via Equations
(2.8) and (2.9), respectively. R functions were written for implementation.

When calculating BC, intervals for Efron-B for small samples for the estimation of
quantiles and IQR for Normally distributed data (see Section 2.4.2) and for the estimation
of most statistics for Lognormally distributed data (see Section 2.4.3), a problem arose for
Efron-B. The problem was that in some cases, the output of 6*(@1) was NA. This happened
when a7 < 0.001. At oy = 0.001, (@) is the smallest bootstrap sample statistic, given
N = 1000, and below a; = 0.001, %@ is undefined. This problem most likely occurred
because Efron bootstrap samples only contain values from the original observations and
in cases where the sample size of the original sample is small, there are very few values to
sample from. The problem was fixed in the R code by setting a; = 0.001 if o; < 0.001.

Bootstrap-t confidence intervals have also been used in research [20]. In some sources,
they are also called the Student’s ¢t method [127] and the percentile method with a stu-

0" (b)—0

dentised pivot [18]. Bootstrap-t confidence intervals assume that 0] is approximately

J

t-distributed [127]. (1 — 2a)% bootstrap-t confidence intervals at a certain « level is
(é — t(l 1 'Se,0— tﬁf”)l ¢) [78]. Bootstrap-t confidence intervals are suitable for the estima-
tion of confidence intervals for location statistics, such as the sample mean [69]. However,
bootstrap-t confidence intervals can be unpredictable for small samples and in nonpara-
metric situations [69]. Despite this, Banks [18] explored bootstrap-t confidence intervals
in his simulation study of the performance of Banks-B for small samples. Further discus-
sion about the suitability of bootstrap-t confidence intervals is outside the scope of this
thesis and bootstrap-t confidence intervals are no