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Abstract

This thesis discusses new approaches to string theory, aiming to open
novel perspectives to connect string models with low energy phenomena. We
approach this problem from two complementary perspectives. Firstly, we
take a formal approach, seeking to uncover universal properties inherent in
all closed string theories. Secondly, we head towards a more computational
direction, leveraging the power of quantum computing to develop innova-
tive techniques. These techniques serve as powerful tools for exploring and
identifying viable string theory vacua, significantly enhancing our search ca-
pabilities in this complex domain.

In particular, in the first part we conduct a general, model-independent
analysis of the running of gauge couplings within closed string theories. In
doing so, we develop a new framework which is completely general and can

be in principle used to compute one-loop corrections to all physical quantities



in a given string model.

The second part of this study is dedicated to pioneering the development
of novel search methodologies, marking the groundbreaking integration of
quantum computing as a powerful and previously unexploited resource in
our quest to explore the landscape of string vacua. We investigate its effi-
ciency and effectiveness in the model discovery process. Through a thorough
comparison with traditional methods such as simulated annealing, random
scans, and genetic algorithms, we highlight the potential advantages offered
by quantum annealers, which promised to be roughly fifty times faster than
random scans and genetic algorithm and approximately four times faster
than simulated annealing.

In this context, we also propose an enhanced version of a class of meta-
heuristic algorithms called Genetic Algorithms (GAs). This enhanced version
integrates GAs with quantum annealing techniques, promising a significant
boost in performance and problem-solving capabilities. We have employed
both genetic and genetic quantum annealing algorithms as tools to search for
particular string models which go under the name of heterotic line bundle
models. We shall discuss in which extent this new tool promises to outper-

form search scans based on classical GAs.
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Chapter 1

Introduction

String theory is commonly considered as the ultimate framework for “UV
completion” of theories that effectively explain experimental observations at
lower energy levels. These include theories like the Standard Model and its
various extensions. The Standard Model of particle physics is perhaps the
greatest success of modern physics, consistently describing three of the four
known fundamental forces with a remarkable precision. However, gravita-
tional interactions fails to be incorporated in such a theory, leading to infini-
ties which cannot be reabsorbed using renormalisation, in contrast with one
can normally do with all the other known forces. On the other hand, string
theory itself provides a quantum description of gravity, i.e., the graviton and
all its interactions are built-in components of any string model.

In order to be considered a viable candidate for a unified theory, string

theory must inherently incorporate the Standard Model as a fundamental



component within its framework, particularly in a low-energy limit. For
decades, a considerable amount of effort of the scientific community has
been directed towards the attempt to recover the Standard Model as a low
energy description of string theory. However, establishing a direct connec-
tion between string theory and observable phenomena at lower energy scales
is still an unsolved problem. The reason is twofold: firstly, the lack of any
experimental sign which deviates from the predictions dictated by the Stan-
dard Model; secondly, the enormous number of SM-like candidate models
generated by string theory practically prevents any possibility to perform a
comprehensive scan. Depending on the set-up, the various estimates of the
number of available models in the parameter space vary from the original
10°% estimate in type IIB flux compactifications [8,9] to significantly larger
numbers, for example 1027399 F_theory flux compactifications on a single el-
liptically fibered four-fold [10]. In fact the number of Standard Model (SM)-
like compactifications could itself be as large as 10™ [11]. This number
is nevertheless minute in comparison to the size of the entire string land-
scape. Random sampling is guaranteed to fail at identifying such standard-
like models from string theory, as is systematic searching which given the
scales involved is simply beyond any present computational capabilities.
Apart from the practical obstacles primarily stemming from the con-
straints of current technology, it is crucial to acknowledge that any approach
aiming to yield phenomenological predictions within the realm of string the-

ory cannot circumvent the intricate details associated with the specific model



under investigation. This encompasses factors such as the geometric proper-
ties of the compactification, the existence of supersymmetry, the presence of
fluxes, the precise nature of the underlying string model, etc. Low energy
predictions, such as Higgs mass or gauge coupling corrections often involve
one-loop string computations and usually results in very complicated math-
ematical expressions whereby universal properties are hidden by the details
of the model.

Limited computational resources combined with model-dependent ap-
proaches make extremely difficult to recover the Standard Model as a low
energy approximation of some string model. The purpose of this thesis is to
develop new techniques in both directions: from one side we shall present
a new model-independent framework to extract universal features of certain
classes of string models; from the other more computational-oriented side
we shall employ, for the first time, quantum annealers as promising powerful
tools to search for SM-like string vacua.

Let us now give an overview on the novel approaches we shall introduce in
the first part. Traditionally, one attempts to extract low-energy phenomeno-
logical predictions from string theory by focusing on the effects associated
with only the lightest of the string modes for two fundamental reasons: the
string scale is normally considered to be unreachably remote; the particle
spectrum of the string is generally quantised in units of this scale.

Unfortunately, this approach towards string phenomenology robs us of

the full power of string theory to provide new insights into low-energy phe-



nomena. String theory, as a theory of extended objects, does not merely
produce light states — it also gives rise to infinite towers of massive states
which are also an intrinsic part of the string spectrum. Indeed, the “stringi-
ness” of string theory — i.e., the fundamental features of string theory that
transcend our field-theoretic expectations and therefore have the power to
suggest new solutions to old puzzles — lies within these states. By disregard-
ing these states and their accumulated contributions to low-energy physics,
we are severing the link between the UV-complete theory and its low-energy
phenomenology. This reduces us to working within an effective field theory
(EFT) whose relevant operators are very hard to explain.

For this reason, it may be argued that a proper approach to understand-
ing many of the low-energy phenomenological implications of string theory
is one in which these infinite towers of states are retained and their effects
are incorporated in a natural way throughout our calculations. Indeed, the
effects of such states are likely to be the most relevant for fundamental phe-
nomenological questions — such as hierarchy problems — which focus on
the difficulties of maintaining a peaceful coexistence of both light and heavy
scales within a quantum-mechanical universe.

One clue as to the power of these infinite towers of states is that string
theories generally have finiteness properties that transcend what can be ex-
pected in field theory. One normally attributes these finiteness properties to
the extended nature of the string — a feature lacking in theories based on

point particles — but this extended nature of the string is precisely what gives



rise to these infinite towers of states. For perturbative closed strings (which
will be our main focus), worldsheet modular invariance is the exact funda-
mental symmetry which governs these states and their interactions. Thus,
modular invariance holds the key to much of the stringiness of string theory
and the finiteness (or softened divergences) associated with its low-energy
phenomenological predictions. However, modular invariance also leads to
much more, including a unique and surprising form of UV/IR mixing that
can severely distort the validity of effective field theories, even at low energies
where one might have assumed EFT-based approaches to hold.

For this reason, it is important to develop fully modular-invariant meth-
ods of extracting low-energy phenomenological predictions from string theory.
The first part of this thesis is devoted to the developing of such a framework
in the perspective to extract universal properties of string theories which may
be used as additional constraints in performing computer-based search scan
for SM-like string vacua.

This latter aspect forms the core of the second part, where our primary
emphasis lies in developing innovative computational methodologies and em-
ploying them within the realm of string theory. In particular, we shall discuss
an implementation of adiabatic computing known as Quantum Annealing
(QA), we shall bench-mark the methods on several problems in pure number
theory and finally we shall apply them to string theory set-ups.

Quantum annealing is a cutting-edge computational technique which uses

the principles of quantum mechanics to solve complex optimisation problems.



Born out of the broader field of quantum computing, quantum annealing of-
fers a unique approach to tackling problems that involve finding the optimal
configuration among a vast number of possibilities. This technique holds
the promise of revolutionising the various state-of-the art methods by signifi-
cantly speeding up the solution of optimisation challenges that are currently
computationally expensive or infeasible for classical computers. String the-
ory is therefore one of the most natural set-ups in which quantum annealing
could lead to a major progress. Indeed, there is continued interest in the
problem of model selection in string theory which, due to the vast number
of models available, presents a fascinating “big-data” challenge.

At its core, quantum annealing is based on quantum superposition and
quantum entanglement — two fundamental properties of quantum systems.
These properties enable quantum annealers to explore multiple solutions si-
multaneously and efficiently navigate through complex solution landscapes.
While traditional computers process information using bits as either 0 or 1,
quantum annealers use qubits, which can exist in a superposition of states,
enabling them to explore a broader range of potential solutions in parallel.

The concept of annealing in quantum annealing draws inspiration from
the annealing process in metallurgy, where a material is gradually cooled to
reach a state of minimum energy. Similarly, in the quantum realm, annealing
involves guiding a quantum system from a highly entangled state to a low-
energy state that corresponds to a valid solution of the optimisation problem.

By controlling the parameters of the quantum system, such as the strength



of interactions between qubits, one can manipulate the annealing process to
find the optimal solution with higher probability.

However, due to technology limitations, current available quantum an-
nealers cannot directly embed problems which contain trilinear or higher
order couplings. Indeed, only quadratic Ising model Hamiltonians can be
encoded in such machines. To encode higher order problem one has to find
a procedure to reduce the original problem to an Ising model, preserving the
degeneracy and the position of the minima. Using a multi-layer automatised
reduction, we shall demonstrate how quantum annealers can be utilised to
solve higher order Diophantine equations despite current hardware limita-
tions. Although we are unable to prove the advantage of using quantum
annealer against other classical techniques, the methods we have developed
give valuable insights on the future applicability of quantum annealers to
solve this kind of problems.

Diophantine equations are ubiquitous in physics, from anomaly cancella-
tion conditions in particle physics to consistency conditions in strings theory.
Being undecidable problems, they are notoriously hard to solve. Sometimes
they can be significantly simplified using for example Grobner basis methods,
but typically such a problem is computationally hard.

This is certainly the case for the typical anomaly cancellation problem,
which entails the solving of a coupled set of cubic equations with an inde-
pendent rational variable appearing for every charge of every particle. In a

system whose size is comparable to that of say the Standard Model of parti-



cle physics, an exhaustive scan becomes infeasible even when the domain of
allowed charges is restricted. Indeed determining precisely which complexity
class a problem falls into is itself an important question.

For such problems, scaleable Ising hardware solvers, which form the basis
of both simulated and quantum annealers, could have huge impact, par-
ticularly as NP problems can be formulated as Ising problems with only
polynomial overhead.

Anomaly cancellation and related physics problems do not constitute the
sole physics applications of the technique we will present in this thesis. In-
deed, we shall also discuss how to use annealers to search for a particular
class of string theory vacua. This breaks new ground by for the first time
implementing string models directly on a quantum annealer, using the an-
nealer to search for string theories with SM-like properties. Indeed, quantum
annealing has to date been utilised in other settings, notably for solving net-
work problems, but its application in high energy theory has up to now been
somewhat limited.

Besides their direct use in string theory, we shall discuss how these ma-
chines can be employed to enhance meta-heuristic algorithms. Our focus will
be on a hybrid technique which combines genetic algorithms (GAs) and quan-
tum annealing. Genetic algorithms are a class of optimisation algorithms
inspired by the principles of biological evolution and natural selection. They
are used to find approximate solutions to complex problems, especially in

cases where the search space is vast and traditional optimisation methods



are less effective.

Although they represent a valuable computational resource for many
problems, their effectiveness could be considerably reduced for larger search
spaces, which is typical in string contexts. This constitutes the main rea-
son why we have investigated on the possibility to enhance such algorithms
using quantum annealers. We shall call this hybrid approach GQAA (Ge-
netic Quantum Annealing Algorithm), which demonstrates to be superior to
vanilla GA. We shall test the methods on various grounds, from pure number
theory to heterotic line bundle models in string theory.

To recap, this thesis is structured as follows. After a review on the basic
formulation of string theory in chapter 2, we shall introduce in chapter 3 a
completely new model-independent framework for closed string theory. We
shall see how these methods can be employed to compute one-loop physical
quantities, with a closer focus on the running of gauge couplings at one-loop.
Having developed a set of new formal tools, we then move on to new compu-
tational approaches with the aim to use them in string contexts. Chapter 4
illustrates one of these new methods which employs quantum annealers. We
shall bench-mark it with a certain classes of problems in number theory
which are also common in physics. We shall also introduce GQA and show
how it performs in comparison with normal GA. We shall again road-test
the method solving various number theory problems. Finally, in chapter 5
we will apply these techniques in string theory, directly constructing SO(10)

heterotic model on quantum annealers and using GQAA to search for SM-



like line bundle heterotic models. We then conclude summarising our results

in chapter 6.
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Chapter 2

String Theory: Basics Aspects

2.1 Action and symmetries

To study string theory, our starting point is the action in the path-integral
formulation of field theory. In this formulation, the basic entities are fields
representing point-particles, which can assume any value at any given point
in spacetime. The transition amplitude between different points in space (or
momentum space) is determined by integrating over all possible paths. Each
path or worldline is assigned a weight based on its corresponding action.
In the case of string theory, the fundamental entities are one-dimensional
strings that sweep across a two-dimensional surface known as a worldsheet.
As a result, the path integral comes from an action that depends on two
variables. In bosonic string theory, the fields in the theory correspond to the

spacetime coordinates. However, in superstring theory, we also introduce
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2.1. Action and symmetries

fermionic coordinates for each dimension of spacetime.

To put it simply, for a free point-particle, the physical path taken between
two points in spacetime is the world line of minimum length connecting those
points. In analogy with that, the path of a free one-dimensional object will
be the surface of minimum area that the object sweeps during its propaga-
tion. Thus, the action is a functional of this area and the true trajectory is
described by the functions that extremise this action.

Let X* be the coordinates of the surface spanned by the string in the D-
dimensional Minkowsky space-time, with y =0, ..., D — 1 and metric n** =
diag(—1,1,...,1) . This surface is parametrised by two variables: ¢ and T,
the so-called world-sheet parameters. By convention o € [0, | parametrises
the points along the string, whereas 7 € (—o0, +00) denotes its proper time.
In this form the action is called the Nambu-Goto action and corresponds to

the following expression

SNG = — 1 //dO’dT\/—det(aaXﬂaﬁXynw/)a (21>

oy

where ' is a constant with [o/] = M~2. It can be shown that this action is

classically equivalent to the following linear action [12-15]

Sp = /dQU\/ﬁgaﬁﬁaXuﬁgX”nuy (2.2)

iy

where g5 is the metric on the world-sheet, and ¢ = —detg,3. The action

(2.2) is called the Polyakov—Brink-Di Vecchia—Howe action. This form of the

12



2.1. Action and symmetries

action manifests all its symmetries, which are
e Global Poincaré in the D-dimensional target space;

e Reparameterisation of the surface spanned by the string, namely two-

dimensional diffeomorphism on the worldsheet coordinates: (o,7) —

(o', 1);

e Local Weyl rescaling of the worldsheet metric: gog — (0, 7)gas, Where

(2 is an arbitrary function of ¢ and 7.

We can use the last two properties to fix the metric on the world-sheet g,z

to be flat, that is g,3 = diag(—1,1). The action then simplifies to

1

Ve

S = / 00, X" X, (2.3)
The analysis conducted thus far has been confined to examining the theory
exclusively at a classical level. Indeed, we could now proceed one step further
quantising this theory and analysing its property from a purely quantum
point of view. However, it turns out that bosonic string theory is not a
phenomenological useful theory as it contains a few critical issues which are
ultimately the reasons why it cannot be used to describe the real world.
Thus, we defer the discussion about quantisation until we shall treat the
fermionic string. As far as bosonic string theory is concerned, we shall just

highlight its main attributes:

13



2.1. Action and symmetries

e The consistency of the theory imposes that D = 26, i.e., 25 4+ 1 space-

time dimensions;

e The mass spectrum contains only space-time bosons, which is the rea-

son why the theory is called bosonic;

e The mass spectrum includes the graviton, gauge fields, but also tachyons

(superluminal particles of negative squared mass) .

As already mentioned, this theory is not phenomenologically appealing for
two main reasons: the presence of tachyons is a signal of vacuum instability
and therefore inconsistency of the theory; from the spacetime point of view,
the matter content of the theory involves only bosons which is clearly in
contrast with what we observe in the real world.

To construct a much more interesting string theory we introduce fermionic
degrees of freedom ¥* (o, 7) on the world-sheet along with the familiar bosonic
coordinates X*(o,7) such that the system enjoys supersymmetry in two di-
mensions. It is worth stressing that the two-dimensional fields " (o, 7) are
fermions on the world-sheet but they transform as vectors under the D-
dimensional space-time Poincaré group, behaving as space-time bosons. The

action is now

1

Y

S = / Po{0.X"0°X,, — ip"p*Outly } (2.4)

where « = 0,1, 4 =0,..., D — 1 and p® are two dimensional Dirac matrices,

14



2.1. Action and symmetries

which obey the usual anticommutation relation: {p® p°} = —2n** with
n*® = diag(—1,1). We adopted the following basis for the Dirac gamma

matrices

P . : pl = : (2.5)

We also set ¢ = T p® = 7p°, where v is a real Majorana spinor.

The action (2.4) is the gauge-fixed version of a more generical action which
involves additional fields that promote the global supersymmetry to its local
version. The two-dimensional supergravity involves now a two-dimensional
world-sheet metric (as in the case of the bosonic string) and its fermionic
super-partner, namely the gravitino. It turns out that these fields are not
dynamical in two dimensions. Therefore, taking advantage of the large sym-
metry of the supergravity Lagrangian (local supersymmetry, diffeomorphisms
on the world-sheet, Weyl and super-Weyl transformation) we can gauge away
these non-dynamical degrees of freedom leaving with the action in Eq. (2.4).
The inclusion of these symmetries within the complete Lagrangian yields
several implications that are not immediately evident in Eq. (2.4). These
implications assume paramount significance upon quantisation, as they en-
sure the appropriate probabilistic interpretation of the theory. We postpone
this discussion and for now we just observe that the gauge fixed action in

Eq. (2.4) is still invariant under the following global supersymmetry trans-
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2.2. Quantisation

formations

OXHF = eyt
(2.6)

ot = —ip*0, X" e,
where € is a constant (i.e., independent of ¢ and 7) infinitesimal Majorana
spinor.

To this symmetry is associated the following super-current
Jo = P pads X", (2.7)

with the property that p®J, = 0, which is a consequence of the super-

conformal symmetry of the supergravity Lagrangian.

2.2 Quantisation

To initiate the quantisation of the theory described by the action in Eq. (2.4),
we impose the canonical commutation and anti-commutation relations for
both the bosonic and fermionic fields. These relations define the fundamental
rules for quantising a system with dynamical variables and their conjugate

momenta. Therefore we proceed by imposing

[X'u(@ T)v P)V((U,’ T)] = iﬂ“”fS(U - 0/) )
(2.8)

{w“(U,T),PJ(U’,T)} = in"d(oc — o),

16



2.2. Quantisation

where Py = ﬁX “and P = 47fa, Y p® are the conjugate momenta to XV
and ¢, respectively. To proceed with the quantisation process, we must first
derive the equations of motion for all the fields involved. To achieve this, we

introduce a set of convenient coordinates on the world-sheet, known as the

light-cone coordinates. These coordinates are defined as

ot = 71+0, (2.9)

and lead to the following expression of the action

1
2ma!

S:

[ o {20. 500X, + itwho b+ 00,0} (210)

where we have defined
Yt
Pt = , (2.11)
Wk
with ¢4 Majorana-Weyl spinors of opposite chirality. It is straightforward

to deduce the equations of motion, which read

8,0_X" = 0, (2.12)
Oyt = 0, (2.13)
ot = 0, (2.14)

17



2.2. Quantisation

with the following boundary conditions

o, x x| =0,
o=0
(4604 =9 00-)| = 0. (2.15)

The solutions to the equations can be expressed as Fourier series

XH(o,m) = Xg(o") + X[(o7)

X% at . At
= zH +Oé,p%0'+ _'_Oé/p/zo,f +i EZ {_nefma + _nefanJr}’
n#0 n n
PioT) = V2o ) e
v

Pom) = V2o ) e (2.16)

The bosonic coordinate is written as a sum of two contributions which depend
on o (left movers) and o~ (right movers), respectively. At this stage, the
frequencies n and v remain still undetermined, their values will be fixed upon
enforcing the boundary conditions. Furthermore, it is worth noting that o,
ak ¢, and ¢, are currently classical numbers (c-numbers). However, during
the quantisation process, we will identify them as creation and annihilation

operators.
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2.2. Quantisation

2.2.1 Closed string

Closed strings arise from the following boundary conditions

X o+m 1) = X¥o,7), (2.17)

%Zii(ﬂ 7T) = 'QD:MI:(T’ O) or ¢i(77 7T) = _¢i(7—7 0) (2'18)

It should be noted that nothing in Eqgs. (2.15) prevents to impose anti-
periodic conditions instead of periodic ones. Indeed, Eqgs. (2.15) are satisfied
in both cases leading to two different types of strings, or rather two sec-
tors: the Ramond and Neveu-Schwarz sectors, respectively. Imposing the

conditions in Egs. (2.17), (2.18) the solutions in Eq. (2.16) become

o att oM :
XH(o,7) = 2t +2a'p'T + 14 o) Z {—”6_2”“’ + —"6_2mo+} ;
neZ,n#0 n

W(ot) = Va3 che (2.19)

vEZ+P

and analogous for 1_. For the Ramond sector ® = 0, ¢/ = d! whereas for

the Neveu-Schwarz sector ® = 1/2 and ¢/ = bt.
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2.2.2 Open string

Open strings arise from the following boundary conditions

.

80X“|0:0 =0 or (3TX“‘U:O =0,

Xt =0 or 0.XV =0,

O=T O=T

(2.20)
’Il)i(T, O) = wﬁ (7-7 0) )

Yh(r,m) = Y (r,m) or Yh(r,m) = =t (r,7).

Focusing exclusively on bosonic coordinates, we note that four combina-
tions of boundary conditions are possible. We shall refer to the conditions
on the left and on the right as Neumann and Dirichlet conditions, respec-
tively. Consequently, combing the two sectors, we have a total of four com-
binations: Neumann-Neumann (NN), Dirichlet-Dirichlet (DD), Neumann-
Dirichlet (ND) and Dirichlet-Neumann (DN). These combinations corre-
spond to the conditions at ¢ = 0 and o = 7, respectively.

In a similar fashion, Ramond and Neveu-Schwarz sectors appear also
along the fermionic coordinates: the third line corresponds to the former,
whereas the second one to the latter. We now impose Neumann-Neumann
boundary conditions on all the bosonic coordinates, which results to the

following expression

K )
Xto,1) = o'+ 2a'p'T +iV20/ g In g-inr cos(no). (2.21)
n
n#0
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2.2. Quantisation

On the other hand, imposing Dirichlet-Dirichlet (DD) conditions leads to

X*(o,1) = M+ 2d'pto + i\/Q_O/Z %ﬁ e sin(no) . (2.22)
n#0

The crucial distinction between imposing NN and DD conditions lies in the
behavior of the zero mode, which depends on the parameter 7 in the NN
case and o in the DD case. When we impose DD conditions along a specific
coordinate, let us call it X”, the momentum of the center of mass of the string
will have no contribution along the v direction. Consequently, if D = 10 as
we shall set later, the endpoints of the string are constrained to reside in a
9-dimensional space, unable to move freely along the X* coordinate. These 9-
dimensional entities are commonly known as D,-branes, where p corresponds
to the number of dimensions the branes span. In this particular case, we
have a Dg-brane. On the other hand, if we impose NN conditions on all
coordinates, the string retains the freedom to move throughout the entire

10-dimensional space-time, effectively representing a Dg-brane.
Applying both boundary conditions in Eq. (2.20) to the fermionic mode

expansion leads to

PioT) = V2ol Y die (2.23)

vEZ+D

and analogous for ¢_. ® = 0,1/2 corresponds to Ramond and Neveu-

Schwarz sectors, respectively. We shall also denote c# as d! or b% depending
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2.2. Quantisation

on the sector, Ramond and Neveu-Schwarz, respectively.

After deriving the mode expansion for both open and closed strings in
their respective sectors, our next step is to impose the canonical commutation
relations as given in Eq. (2.8). For convenience we shall focus on closed strings
only in the rest of this section, the quantisation procedure for open strings
is completely analogous. By applying Neumann-Neumann conditions to all

the coordinates we get the following relations

[O‘ﬁ’a;] = [dﬁ’da] - n(;n—i—mnlwa

{dy.dy}y = {dy.dy} = Spegn™

P’ q P’ q
) = () = S, (2.24)

where the tilde distinguishes the left from the right sector in the closed string
case and m,n € Z \ {0}, p,q € Z, r;s € Z + 1/2. Tt should be noted that
these relations are the same as the ones between creation and annihilation
operators for the bosonic and fermionic harmonic oscillators. Indeed, we can
identify o), and &), with m < 0 and m > 0 as creation and annihilation
operators respectively. Upon imposing reality conditions for X* and the
Majorana-Weyl spinors ¢*, we arrive at fundamental relations: (a#)t = o*,
(b4)" = v, and (d4)T = d",. As a consequence of these relations, states
like 2 |0), d°]0), and a? |0) (where n < 0) have negative norms. This issue

raises concerns in both the open and closed string sectors, leading to apparent

inconsistencies at the quantum level. The presence of states with negative
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2.2. Quantisation

norms undermines the fundamental probabilistic interpretation that is crucial
for any viable quantum theory. This apparent contradiction is solved by
considering the full set of symmetries of the action in Eq. (2.4). We note
that this gauge fixed action has an additional symmetry, it is invariant under
the following reparametrisation: o — 6*(0*). Introducing the target-space

coordinates

Xt = —(X°+XxP, (2.25)

vt = = @£ ePT), (2.26)

we can use this symmetry to set

(2.27)

which in turn set «;f, b and d to zero (and similar for the right sector).
Being two symmetries of the theory, translational symmetry and supersym-
metry have their own conserved currents: the stress-energy tensor 7,5 and
the super-current written in Eq. (2.7), respectively. Following the discussion

in Ref. [12] we arrive at the following constraints

(2.28)
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In the light-cone coordinates this translates into

Typ = =20, X100, X~ + 0, X0, X + 5(—2¢104% + 4,014 4) = 0,
Jy = =0, Xy =0 X YT + 0, X%y, = 0,

(2.29)

where i = 1,..., D — 2. By substituting Eq. (2.27) into Eq. (2.29), we can

-

—, and d) in terms of

express the remaining longitudinal oscillators (a.,,
the remaining transverse oscillators. Consequently, the transverse oscillators
become the only independent degrees of freedom to construct the Fock space.
This approach ensures that no states with negative norms will appear in the
spectrum, resulting in a perfectly consistent ghost-free theory. The first line

in Eq. (2.29) leads directly to the mass-shell condition for the string, which

reads

M? = Z(Nx + Ny + Nx + Ny + A+ A),

(2.30)
Nx+Ny—Nx—Ny+A—-A = 0,
where we have defined the number operators
+m . .
Nx = Zoﬂ_na;,
n=1
Ny = Z d,d, for the Ramond sector,
v=1
N, = Z b b for the Neveu-Schwarz sector, (2.31)

s=1/2

and where the sum over i is understood. The A and A contributions in
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Eq. (2.30) are the zero-point energies, corresponding to the sum of the bosonic
and fermionic zero-point energies. They appear as a consequence of the nor-
mal ordering of the number operators and are regularised using the Riemann

zeta function. Each fermionic coordinate contributes with —ﬁ in the NS

1

sector and with i in the R sector, whereas each boson contributes with —5.

As a result, for each set of modes the total energy shift in D dimensions is
—7=(D — 2) in the NS sector, but vanishes in the R sector.

The second line of Eq. (2.30) introduces the so-called level-matching con-
dition. It states that not all states created by a random combination of
bosonic and fermionic creation operators acting on the vacuum are physi-
cal states. Only those states that fulfill this condition are considered genuine
states of the theory, contributing to meaningful physical quantities. However,
we shall see that even unphysical states — referred to as non-level-matched
states — play a crucial role in the theory. Despite being unphysical, they
have noteworthy implications, particularly in determining certain physical
quantities at the one-loop level.

Let us now move on to the analysis of the low-energy spectrum of the
closed string. Without going into much details we briefly discuss the content
of the mass spectrum. In the NS-NS sector the vacuum is tachyonic and the
other massive excitations are space-time bosons; the right(left)-vacuum in the
R-R sector carries spinorial representations of the SO(8), which we denote as
8¢ and 8, (two irreducible representations of opposite chirality). Therefore,

the R-R vacuum for the closed string is composed by the following massless
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2.3. One-loop vacuum amplitude and UV /IR mixing

states: |s, §), |s, ¢), |c, §) and |c, é), corresponding to all possible combinations
of the representations. Being objects with two spinorial indices, these states
are space-time bosons. Finally, NS-R (or R-NS) sectors introduce the crucial
difference between bosonic and superstring theory: these sectors introduce
target-space fermions in the theory, which were missing in the bosonic theory.
In a manner similar to the bosonic string, preserving Lorentz invariance
requires us to enforce the vanishing mass of transverse vectors in the string’s

spectrum. This condition sets the spacetime dimension to D = 10.

2.3 One-loop vacuum amplitude and UV /IR
mixing

Let us now proceed comparing quantum field theory and string theory, focus-
ing on the structure of their one-loop amplitudes. In quantum field theory,
the one-loop vacuum amplitude is a function of the masses of the finite num-
ber of fields of a given model, fully determined by the free spectrum that does
not embody important structural information. On the other hand, strings
describe infinitely many modes, a sort of quantum field theory with infinite
fields. Computing the vacuum amplitude in string theory becomes is crucial
for obtaining significant insights into both the massive and massless excita-
tions of the string. This amplitude provides valuable information about the
entire spectrum of the string’s excitations. In quantum field theory, the one-

loop vacuum amplitude is depicted using a circle Feynman diagram. How-
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2.3. One-loop vacuum amplitude and UV /IR mixing

ever, for closed strings, this diagram takes on a distinct shape, forming torus
due to the string’s one-dimensional nature. Describing the propagation of a
string, this torus is characterised by a complex variable called the Teichmiiller
parameter, or modulus of the torus, defined as 7 and can be effectively rep-
resented by a periodic lattice in the complex plane, where the fundamental
cell is identified by the modulus 7 = 71 + i7, as depicted in Fig. 2.1. This
representation establishes a one-to-one correspondence between the points
inside the cell and the points on the surface of the torus. The parallel seg-
ments that enclose the fundamental cell are matched pairwise, reflecting the

torus’s topological properties. One may now wonder whether two arbitrary

C

1

Figure 2.1: A torus represented as a fundamental cell in violet in the complex
plane. The points in the cell are in one-to-one correspondence with the points

of the surface of the torus.

choices of 7 always correspond to two different tori. Indeed, one can eas-
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2.3. One-loop vacuum amplitude and UV /IR mixing

ily prove that two 7’s related by a PSL(2,Z) = SL(2,7Z)/Zs transformation
identify the same torus. This sort of redundancy buried in the theory is an
unequivocal sign of the emerging of a fundamental symmetry of all closed
string theories. This symmetry is commonly referred as modular invariance
and corresponds to invariance under PSL(2,7Z) transformations, which acts

on 7 according to

ar +b
cT +d

T — with  ad—bc = 1, a,bc,deZ. (2.32)

One may now wonder which is the precise sub-region of the complex 7-plane
that comprises exclusively inequivalent tori, which, in analogy with usual
quantum field theory, has to be naturally identified with the integration
domain. In other words, we are interested in identifying the 7 values that
are not connected by any PSL(2,Z) transformation. An essential property of
this group, which will be relevant in our subsequent analysis, lies in the fact
that all its elements can be expressed as words containing two generators, T’

and S, which are defined as

(1 1) (0 —1)
T = , S = , (2.33)
0 1 1 0

and therefore every group element can be written as
g €PSL(2,Z) & g=8S™"T" ... S (2.34)
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Figure 2.2: The complex 7-plane modded by 7" and S modular transforma-
tions. Each labelled region contains exclusively inequivalent tori, 7.e., the
7’s inside the region are not related by any PSL(2,7Z) transformation. The
shaded region denoted by F is called fundamental domain and is the most
common choice to express 1-loop integrals. All the other regions are labelled
with the set of transformations (written in terms of 7" and S generators) one
has to apply to F to retrieve the specific region and are perfectly well-defined

alternative choices to F.

where nq,...,ny are integers. The action of the two generators on 7 can be
expressed as follows

1
T . g (2.35)
T

Fig. 2.2 illustrates the complex 7-plane, partitioned by 7" and S transfor-

mations. FEach distinct region in the figure consists solely of inequivalent

29



2.3. One-loop vacuum amplitude and UV /IR mixing

tori, represented by different values of 7 that are not related through any
PSL(2,Z) transformation. Therefore, to prevent over-counting, we need to
select one of these regions as the domain of integration. The commonly
preferred choice is the shaded area, often denoted as F, which stands for
fundamental domain. Inside the regions depicted in Fig. 2.2, the labels indi-
cate the sequence of transformations needed to map the fundamental domain
F onto the corresponding area. As we shall see, each of these regions rep-
resents a valid alternative choice to the fundamental domain F, offering a
distinct but well-defined approach to integrate over inequivalent tori.

Modular invariance has profound consequences on the distribution of
strings states and will ultimately lead to an equivalence between the UV
and IR, often referred as UV/IR mixing. In general, one-loop closed-string
amplitudes are typically expressed in terms of modular-invariant integrands
F(7) which are integrated over the fundamental domain F. If such an am-
plitude has a certain behaviour (even divergent) when 7 — oo, it would be
natural to interpret it as an IR limit involving low-energy physics. Indeed,
we shall see that all the contributions from the heavy string states within
the integrand are naturally suppressed as 7 — o0.

However, such an interpretation would be inconsistent within a modular-
invariant theory. In any modular-invariant theory with a modular-invariant

integrand F(7), we can always rewrite our amplitude through the identity

/;dj_; Fr) = /fdQ_; Fly-7) = /ﬁdz—; F(7) (2.36)
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2.3. One-loop vacuum amplitude and UV /IR mixing

which holds for any v € PSL(2,Z). From the above equation we see that
choosing F as our region of integration is mathematically equivalent to choos-
ing any of its images - F under any modular transformation . One of these
equivalent choices is F/ = S - F where S is defined as in Eq. (2.35) and de-
picted in Fig. 2.2 as the “S” region, right below the fundamental domain F.
This region includes the 75 — 0 region but no longer includes the 75 — oo
region. Indeed, via the identity in Eq. (2.36) we see that whatever behaviour
the integrand has for large values of 75, the same behaviour is mapped onto
the 75 — 0 within the “S” region. However, there is no suppression of the
contributions from the heavy string states within the integrand as 7 — 0.
Instead, the behaviour of the integrand as 7, — 0 depends on how the heavy
string states accumulate in the limit and would therefore naturally be inter-
preted as a UV effect. Thus, by trading F for the “S” region we see that
we can always mathematically recast what would naively appear to be an IR
divergence as 7 — oo into what would naively appear to be a UV divergence
as 5 — 0.

It is possible, and also very common, that the amplitude in question di-
verges. As we have seen, if we choose the fundamental domain F as defined
in Fig. 2.2 then this divergence will manifest itself as an IR divergence. How-
ever, if we choose “S” as our fundamental domain, this same divergence of the
amplitude will manifest itself as a UV divergence. Both interpretations are
equally valid because the divergence of a one-loop modular-invariant string

amplitude is neither intrinsically UV nor intrinsically IR. Indeed, such a di-
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2.3. One-loop vacuum amplitude and UV /IR mixing

vergence is a property of the amplitude itself and is not intrinsically tied to
any particular value of 7. Such a divergence is then merely represented as a
UV or IR divergence depending on our choice of a region of integration. UV
and IR are therefore folded upon each other. It is ultimately in this way that
our modular-invariant string theory loses its ability to distinguish between
UV and IR physics.

Let us not move on to the main ingredients of the following discussion.
The one-loop vacuum amplitude of a closed oriented! string corresponds to

a torus amplitude (which we shall denote by 7) and can be written as

d*t k Nx+Ny+A =Nx+Ny+A
T = —Qthr{q"wqx”’}
f

mn Y *

where a,,, is the net (bosonic minus fermionic) number of string states with
right- and left-moving worldsheet energies (m,n) in the string spectrum,
k =1—D/2 and D is the number of uncompactified dimensions, ¢ is defined

as ¢ = e*™ (q is its complex conjugate), and

1 1
;:{_§<ﬁ§§,|¢|z1} (2.38)

!The term “oriented” refers to the surface spanned by the string in the spacetime during
its propagation which is an orientable surface. Non-oriented strings may also appear in

other string theories but they are not the object of this study.
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2.3. One-loop vacuum amplitude and UV /IR mixing

is the fundamental domain. To recast the expression in the second form
is sufficient to write explicitly the trace as a sum over the entire tower of
discrete string states and define m = Ny + ]%, +Aand n= Ny + Ny + A
the right- and left-moving worldsheet energies of the string excitation. Thus,
each term in the m,n sum corresponds to a string state, which is counted
with its degeneracy a,,, and with a plus or minus sign depending whether
the state is bosonic or fermionic, respectively. Using Eq. (2.30) and rewriting
q in terms of 7y and 75, we can easily see that massive states are exponentially

2 . . .
™M= Tn a similar fashion, one can show that the

suppressed for large 75 as e~
opposite is valid when 7 — 0, i.e., massless states are retained and massive
ones are suppressed, according to the analysis above.

Computing the trace in Eq. (2.37) by combining all possible sectors —
NS-NS, R-R, NS-R, and R-NS — would lead to a partition function that lacks
modular invariance, and the spectrum would not be supersymmetric from a
space-time perspective. Such a lack of modular invariance renders the theory
inconsistent as we have developed it thus far. Thus, we must find a suitable
way to combine the NS and R sectors between left and right movers. To
accomplish this, we divide the NS and R sectors into two parts. Within the
NS sector, we differentiate states with an odd number of fermionic oscilla-
tors (fermions from the world-sheet perspective) from those with an even
number of oscillators (bosons from the world-sheet viewpoint). Whereas,

in the Ramond sector, we distinguish the states based on their chirality.

This separation will allow us to effectively combine the sectors and achieve

33



2.3. One-loop vacuum amplitude and UV /IR mixing

a modular-invariant and consistent theory. To keep track of chirality and

world-sheet bosons and fermions, we introduce the following projectors

14+ (—1)Fns 1+ (—1)"
(ST (1)

(2.39)

where Fys = ), . b' b is the world-sheet fermion number and Fg is de-

fined as Fr = ZW d' d¢, with T';; the 10-dimensional analogue of the 4-

v

O....-~3, where 7' are the Dirac matrices (four dimen-

dimensional v° = i~y
sional representation of the Clifford Algebra). Plus and minus signs refers to
bosons and fermions respectively. We shall refer to NS bosons and fermions
as NS, and NS_ | respectively. Similarly we call R, and R_ the two Ramond
sub-sectors with opposite chirality. The next crucial question that arises is
how we can combine the sectors NS+ and R+ (both in the left and right
movers) to construct a modular-invariant partition function. However before
addressing this question, let us start by computing the traces in Eq. (2.37)
for the various sectors utilising the projectors in Eq. (2.39). It is worth noting
that the trace in Eq. (2.37) factorises into two distinct parts — one for the
left movers and one for the right movers — each carrying its own projector.
For the sake of clarity and simplicity, we will now concentrate solely on the
left sector. The calculations for the right sector is analogous. Moreover, it is
crucial to consider an important property, namely, the commutation of the

%

¢} with the fermionic ones (b’ and d’). Consequently,

bosonic oscillators («

the trace can be further decomposed into two distinct parts: one pertaining
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to the bosonic oscillators and the other to the fermionic oscillators. However,
it is noteworthy that the projectors defined in Eq. (2.39) operate exclusively
on the fermionic component, effectively reducing to identity operators for the
bosonic oscillators. Therefore, our focus remains on applying the projectors
solely to the fermionic part of the trace. Let us now focus on the NS sector.

We have

tr{—l - (_zl)FNS qNX“VwQ} = tr{qNX*%} tr{—1 £ D™ oo

(2.40)

where we have not specified the number of uncompactified dimensions. Later

on we shall set D = 10 (no compactification). A straightforward computation

tr{qNX 242} - (%)D_Q, (2.41)

where the Dedekind eta function is defined as

gives

+
8

n(r) = ¢ [[(1-q"). (2.42)

3
Il
—_

Similarly one can compute the traces involving world-sheet fermions. Bring-

ing all the pieces together we get

) . )
o (2.43)
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The computation in the right sector repeats identically with 7 replaced by
7. In the Ramond sector the vacuum is degenerate, this has been taken into
account introducing a factor of 16 by hand. Applying similar steps as in the

previous computation we find

Fgr 4 4
16tr{1i1“11(—1) qNX_DQﬁW_%Q} _ 81 1(62£0|r)191£olr)>’
2 (1) 2\ n'(r) — ni(r)
=R,
(2.44)

where we have defined the Jacobi theta function as follows

+oo
01(z|r) = 2sin(rz)qs [J(1—")(1 — q"e¥™)(1 — q"e ™),
n=1
1 i . .
Or(2|7) = 2cos(mz)gs [J(1 = ¢")(L + ¢"e*™) (1 + q"e "),
n=1
+m . .
Q3(Z|T) _ H(l _ qn)(l +qn—1/2€227rz>(1 +q”_1/26_2m),
n=1
+m . .
04(2|T) _ H(l _ qn)(l _ qn—1/26217rz)(1 _ qn—l/Ze—Zwrz) )
n=1

(2.45)

In order to build a consistent modular invariant theory it is useful to introduce
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the SO(2n) characters as follows

05 (z|) + 05 (z|7)
= 2.4
Oay(2|T) 2 () ; (2.46)
_ 03(z|m) — 05 (2l7)
Von(2|T) = 277 () (2.47)
_ O3(zlm) +i7"07 (27
Son(z|T) = 27 () , (2.48)
_ 03(z[r) —i7"07 (2]7)
Con(z|T) = 27 : (2.49)
It is also useful to define x as
Os
Vs
X = : (2.50)
Ss
Cs

where z = 0 is understood. Within the ten-dimensional superstring, the
relevant group is SO(8), which allows us to set n = 4 for our analysis. As a

result, several significant identifications follow
Og = NS;, Vg=NS_, Sg = R;, Cg=R_, (2.51)

and Og = 1\/I\é+ and similar for the right sectors. With these tools at hand,
our aim is to combine the various sectors in Eq. (2.51) in such a way that the

resulting torus amplitude is modular invariant. The problem can be therefore
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rephrased in terms of finding a matrix N,z such that

4

A>T _
T = /—6 > XaNapxs (2.52)
F T2

a,f=1

is modular invariant. The solutions correspond to four different types of

closed string theories. Setting Tiype = XoNasX s, they are

Tia = (Vs — SS)<VS - 68) )
Tis = (Vs — Ss)(vs - gs) )
Toa = |Oza’2 + ‘V8‘2 + SsCs + CsSs ,

Tos = |Og]® + |Vs]? + [Ss|* + |Cs|*.

This procedure is called GSO (Gliozzi, Sherk, Olive) projection, a consistent
way to project the spectrum to obtain modular invariant partition func-
tions [16]. Type 0A and 0B [17-19] are pathological theories: they contain
tachyons (due to the presence of |Og|?) and no space-time fermions due to
the absence of NS-R and R-NS terms. They also lack space-time supersym-
metry. Type ITA has N = (1, 1) supersymmetry, whereas IIB has N = (2,0)
supersymmetry in D = 10. Type IIB theory is also chiral and exhibits an
extra symmetry; specifically, it remains invariant under the exchange of left
and right sectors.

Having discussed the basic construction and quantisation of closed string

theories, we now move on to a comprehensive examination of 1-loop inte-
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grals, with a primary emphasis on gauge couplings. However, it is important
to acknowledge that our analysis so far overlooked significant string con-
structions that have played a crucial role in developing and comprehend-
ing SM-like string theories. These constructions are known as heterotic
strings [20], which are combinations of the left-moving sector of the 26-
dimensional bosonic string with the right-moving sector of the 10-dimensional
superstring. However, the details on how these theories are constructed are
not of much importance for the scope of the following chapter, which de-
velops a model-independent framework to compute 1-loop amplitude in all
closed string theories, revealing universal properties and interesting insights

on the structure of the theory beyond tree-level.
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Chapter 3

Running of Gauge Couplings in

String Theory

The traditional approach in string phenomenology focuses on extracting low-
energy predictions from string theory by considering only the effects associ-
ated with the lightest string modes. However, this approach overlooks a
significant aspect of string theory: the existence of infinite towers of massive
states that are integral to the string spectrum. Disregarding these states and
their contributions to low-energy physics severs the link between the UV-
complete theory and its low-energy phenomenology, limiting the analysis to
an effective field theory (EFT) approach. To understand the low-energy im-
plications of string theory better, it may be more appropriate to retain these
infinite towers of states and incorporate their effects naturally in calculations.

These effects are likely to be most relevant for fundamental phenomenolog-
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ical questions, such as the hierarchy problem, which focuses on reconciling
light and heavy scales in a quantum-mechanical universe.

The finiteness properties of string theories, which transcend field theory
expectations, are attributed to the extended nature of the string and the
resulting infinite towers of states. Perturbative closed strings are governed
by worldsheet modular invariance, a fundamental symmetry that governs
these states and their interactions, which leads to unique UV/IR mixing
effects that can significantly impact the validity of EFT-based approaches
even at low energies.

To develop a more comprehensive understanding of low-energy phenomeno-
logical predictions from string theory, it is crucial to utilise fully modular-
invariant methods that consider the full towers of string states and their
preservation of the underlying modular symmetry. This approach may of-
fer new insights into long-standing phenomenological puzzles and alternative
ways to address hierarchy problems.

In Ref. [21], a framework was developed for performing calculations of the
Higgs mass in a fully modular-invariant way. As discussed there, this frame-
work is completely general and can be applied to any string model (vacuum
state). Moreover, although the focus within Ref. [21] centered around cal-
culations of the Higgs mass, this framework can be applied to numerous
quantities of phenomenological interest, including the running of the gauge
couplings. Explicitly performing such a calculation is thus the primary goal

of this chapter. The analysis which follows focuses on calculating the running

41



3.1. Towards a modular invariant expression for gauge couplings at 1-loop

of one-loop gauge couplings within closed string theories. While this topic
has been explored before, the formalism we shall apply is model-independent
and fully respects modular invariance, encompassing all the unique aspects

of string theory.

3.1 Towards a modular invariant expression
for gauge couplings at 1-loop

Let us now establish the groundwork for our analysis by introducing the
notations and conventions we will be using. From now on we suppose that
our closed string theory is compactified on an arbitrary 6-dimensional space,
leaving four uncompactified flat dimensions (D = 4), i.e., we imagine that
the string target space can be written as a tensor product of a 4-dimensional

Minkowski space-time and a 6-dimensional arbitrary compact space as follows
M = M3 KRS (3.1)

The primary objective of the following analysis is to study the behaviour
of the one-loop contribution to the gauge coupling g associated with any
spacetime gauge group G in closed string theories. Gauge coupling correc-
tions have been extensively studied in the past, since Kaplunosky’s seminal
paper in Ref. [22], and have played a central role in many subsequent studies

(see for example Refs. [23-26]). To derive the 1-loop integral expression for
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gauge couplings corrections in closed strings, we shall pursue a slightly dif-
ferent route, starting from the analogous expression in quantum field theory
and perform a so-called modular completion to obtain the corresponding ex-
pression in string theory. To achieve this, we will normalise these couplings

such that the corresponding gauge-kinetic terms take the following form

r— L p© pew

2
492; 1% ) (3 )

and we shall isolate the one-loop contributions to g by evaluating these
couplings gg to one-loop order and then separating out the tree-level contri-

butions. In general, these quantities are related through

1672 1672
o = |+ A (3.3)
9c Rone(;loop 946G iree

where Ag denotes the one-loop contribution to 1672/g%. Indeed, in string
theory we know that g¢|iee ~ €% where (¢) denotes the VEV of the dilaton
¢. Our goal in this section is thus to study the properties of Ag.

In field theory, we know that Ag receives contributions from all of the
states in our theory which transform in non-trivial representations R of G.
Indeed, for each such state in the theory, the corresponding one-loop contri-

bution to Ag is given by b - trg(Q%), where

e ()% is the sum of the squares of the charges in the Cartan subalgebra

of G;
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

e the trace tallies the values of Q% over all the states within the represen-
tation R (following the convention that each CPT-conjugate particle/anti-

particle pair of states is counted only once); and

e the numerical coefficient b encapsulates the Lorentz helicity properties
of the state, with b = {1/3,2/3,—11/3} for Lorentz scalars, spinors,

and vectors respectively.

Indeed, we note that these b-coefficients are nothing but b = —4(—1)F(S5? —
1/12) where S = {0,1/2,1} is the Lorentz spin of the corresponding state
and where F'is the spacetime fermion number.

Given these observations, it is straightforward to generate an analogous
expression in string theory. Of course, in string theory, our traces count all
states in the theory independently and thus tally each member of a CPT-
conjugate particle/anti-particle pair separately. With this effective doubling
of the conventions for our traces, our field-theoretic b-coefficients are effec-
tively rescaled to become b = {1/6,1/3,—11/6} for Lorentz scalars, spinors,
and vectors respectively, or equivalently b = —2(—1)¥(S? — 1/12). At this
stage, then, our QFT-motivated expression for Ag in string theory can be

expected to take the form
A = —2<(52 ~1/12) Qg> (3.4)

where we have define the standard four-dimensional one-loop string ampli-
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

tude for any operator insertion A as
A = | 'Y (D A", (3.5)

where A,,, are the eigenvalues of the operator A when acting on each (m,n)
string state multiplied by the degeneracy of that state, i.e., we have buried
the state degeneracy a,,, into the eigenvalue A,,,.

We note from Eq. (3.5) that these brackets already include the factor of
(—1)% as well as the double sum > . Which effects the sum over gauge-group
representations R and the traces over Q% within each R.

We see that this quantity is written in terms of the product of two in-
sertions, Q% and S? — 1/12, and thus resembles as closely as possible the
field-theory result, only expressed in terms of a full one-loop string ampli-
tude. Note that if our theory is spacetime-supersymmetric, then we are free
to drop the factor of —1/12, since the contributions from this term will be
proportional to Tr (—1)% for each representation of the gauge group and thus
vanish. We shall nevertheless keep this factor for generality.

As already mentioned, our next step is to perform a modular completion
of the expression in Eq. (3.4). This will generally require the introduction of
additional terms which may be interpreted as coming from extra intrinsically
stringy effects such as gravitational backreactions. In particular, the ultimate
goal of these extra terms is to restore in Eq. (3.4) the required modular

invariance symmetry of the 1-loop string amplitude. In such situations, the
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

tight constraints of modular invariance render these modular completions
fairly unique. Thus, after this step, one has obtained a general, fully modular-
invariant, string-theoretic expression for gauge coupling corrections at 1-loop.
Clearly, there are two separate insertions in play: Q% and S?—1/12. We shall
discuss each of these in turn, since neither insertion preserves the modular
invariance of the full string amplitude.

Let us first discuss the modular completion of Q%. In general, it was
shown in Ref. [21] that the product of any two charge bilinears can be modular

completed by substituting

/ ! 1
QuQy — QuQ, — yp— dopr - (3.6)
Ty

Therefore, we find the modular completion of Q% is given by

§

477

Q@ - Qb 57)
where § = ), cgf). Indeed, with this result, we see that £ is ultimately
related to the affine level kg at which the gauge group G is realised.

We now turn to the modular completion of the helicity factor S? — 1/12
in Eq. (3.4). In general, a given string theory gives rise to infinite towers of
states with higher and higher spins. However, in the heterotic string, these
states can ultimately be organised in terms of the CFT sector from which
they arise, where the CFT in question is that associated with the transverse

right-moving Lorentz group SO(D—2). In the heterotic string, there are only
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

three such sectors: the identity (or scalar) sector, the spinor sector, and the
vector sector. The ground states of these sectors have spins S = {0,1/2,1}
respectively. Loosely speaking, every other string state can be viewed as a
member of one of these sectors in the sense that it can be realised through
tensor products of this vacuum state (or one of its CFT descendants) with
additional vector representations arising from excitations of the left-moving
coordinate bosons. In this way, states with arbitrarily high spins can be
generated.

Disregarding the contributions from the purely internal degrees of freedom
and the two transverse spacetime-coordinate bosons, the contribution to the
total partition function from the states in each of these three sectors takes

the form ©/7, where 7 is the Dedekind eta-function and where © is given by

scalar: © = 1(03+6y4) ,

N[

spinor: © = :0,,

vector: © = 1(05—0,), (3.8)

where 6; are the three Jacobi theta-functions and are defined in Eq. (2.45).

Indeed, in each of these cases we find that
O ~ 1+, (3.9)

thereby already suggesting a relationship between S and a modular deriva-
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

tive.

Given this, we now seek to understand how to incorporate the helicity
factor S? —1/12 in a fully modular-invariant way into the sum over string
states. A direct string calculation [22] tells us that the proper procedure
to generate the helicity part is to modify the total partition function of the

string theory in question, replacing

— % (g) . (3.10)

This is the result of a full string calculation, and thus this replacement does

3| O

not disturb the modular invariance of the total partition function. In partic-
ular, the 7-derivative d/d7T is modular-covariant when acting on a modular-
covariant function of modular weight k& = 0 such as ©/7. Thus, no further
modular completion is required after this replacement is implemented. Or,
to phrase this another way, the simple insertion S% —1/12 has been “modular
completed” by instead implementing the replacement in Eq. (3.10).

The issue that remains for us, however, is to express the replacement in
Eq. (3.10) as an insertion into the numerator of the partition-function trace.
We wish to do this in order to eventually express our results in terms of

(weighted) traces over our original string spectrum. To accomplish this, we
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

observe that

9(B) _ 10 o1
or\n) [or orn
106 —o
= 557 ~Brs]
1[0 T = | =
= %{%_{—EEQ(T)]@ (3.11)

where in passing to the final line we have utilised the identity

1 0
Eg(T) = ﬁEIOgUWL(T) (312)

where Ey(7) is the normalised weight-two holomorphic Eisenstein function

By(r) = 1-24) a(n)e™™™
n=1

= 1—24¢q — 72¢* — 964> — 168¢" — ... (3.13)

with o(n) =Y djn @- We can shall find it convenient to simplify this notation

slightly by writing E5(7) = Y ", xng" where

, n=>0
Xn = (3.14)
—240(n), n>0.

We thus see that the replacement in Eq. (3.10) is tantamount to the in-

sertion of the modular-covariant derivative D= into that portion of the total
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

partition-function trace corresponding to the spacetime Lorentz group, where

0 m

In this sense D, is the operator that represents S* — 1/12 in string theory.
As evident from this discussion, the operator d/d7 acting purely on ©
represents the spin S2. Indeed, we can identify the spin S as the “helicity
charge” @5 of the state relative to the spacetime Lorentz symmetry, where
the subscript H can be identified as that right-moving lattice direction ¢
i

whose trace yields ©. We can therefore identify @Z = £0/07, allowing us to

o

express our modular completion in the form

2 1 —2 1

Qy—— — Qy— EEQ(?) . (3.16)

At first glance, it might have seemed from Eq. (3.6) that the modular
completion of @fq would simply be @fq — @Z — 1/(4771y), just as occurred
for the gauge charges. However, the critical difference here is that we are not
seeking the modular completion of Q%; we are seeking the modular comple-
tion of Q% — 1/12. Tt is the presence of the extra term —1/12 which induces
the subtlety and ultimately requires the Eisenstein function in Eq. (3.15). Al-
though it might have seemed that the extra shift —1/12 is only a pure number
and thus should be completely harmless, this neglects the fact that we must
preserve modular invariance. While the insertion of S? raises the modular

weight of the corresponding portion of the partition function by two, the
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

insertion of a pure number such as —1/12 does not affect the modular weight
at all. We thus cannot subtract 1/12 directly from S* or Q% in a modular-
invariant theory; rather, the —1/12 must first be “modular completed” into a
modular function (or in this case, a quasi-modular function) of weight two.
As it turns out, a theorem in modular-function theory asserts that there is
only one (quasi-)modular function of weight & = 2: this is the Eisenstein
function Ey(7). It is thus natural and expected that the modular completion
in Eq. (3.16) would involve the Eisenstein function. Indeed, in this sense we
may regard Es/12 as the properly normalised modular completion of 1/12,
with Ey/12 =1/12 + O(q).

As noted above, the Eisenstein series Fs (unlike the Eisenstein series Eoy
for k > 1) is not a strict modular function. Instead, Es is only quasi-modular,

transforming under modular transformations as

ar +b 9 6.
Ey (CT n d) = (et +d)*Ey(1) — %’LC(CT +d) . (3.17)

It is the latter “anomaly” term in this result which spoils the true modular
covariance for F5. However, this is precisely what is needed because the
derivative 0/07 in Eq. (3.15) also fails to be modular invariant in exactly the
opposite way. Thus, it is precisely the combination in Eq. (3.15) that yields
a fully modular-invariant result.

Given these results, we see that our modular-completed expression for
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

Ag now takes the form

Ag = —2 <T§ (@fq - 11—2F2) (Qg - 4§T2>> . (3.18)

Note that the extra factor of 74 that has been inserted into Eq. (3.18) is

another element of our modular completion. This reflects the fact that the
insertions of the helicity and gauge factors — although preserving modular
invariance — also together raise the modular weight of the resulting integrand
in Eq. (3.5) by two units (from k = —1 to k = +1) for any four-dimensional
string theory. Modular invariance then dictates that such an increase in the
modular weight of the integrand be accompanied by a corresponding increase
in the number of leading 75 prefactors.

At this stage, it may be worthwhile to compare with the classic results of
Kaplunovsky in Ref. [22]. First, we emphasise that we are simply calculat-
ing the one-loop contributions to the gauge coupling. In particular, despite
the algebraic resemblance of Eq. (3.3) to a renormalisation-group equation
(RGE) for a running gauge coupling, at this stage we have not introduced
any notion of running or scale. Second, this conceptual difference notwith-
standing, there is a further critical difference in that the contributions from
the massless states were explicitly removed within the calculation of the Ag-
term in Ref. [22]. This was done because a separate field-theoretic logarithmic
running (assumed to be contributed from the massless states) was explicitly

introduced into the renormalisation-group version of Eq. (3.3) in Ref. [22].
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3.1. Towards a modular invariant expression for gauge couplings at 1-loop

This rendered A in Ref. [22] a mere tally of the contributions from only the
massive modes. Thus, in this sense, the version of Ag in Ref. [22] became a
mere threshold correction, one which is devoid of its own running.

By contrast, Ag will always represent the full one-loop contribution to the
gauge coupling, with the contributions from both massless and massive states
included together in a unified way. Indeed, it is only in such a manner that
we can ever hope to preserve modular invariance throughout our calculations.
Moreover, once we proceed to introduce a scale dependence into our eventual
results and consider how these quantities run, we shall even find that the
contributions from the massless string states are not strictly logarithmic, but
instead take a more complex form which is dictated by modular invariance
and which only reduces to a logarithmic running in a certain EFT-like limit.

Given our expression in Eq. (3.18), we see that our total operator insertion

for the gauge couplings is given by

X = —272 (@Z - %E) (QZG— 4572) . (3.19)

Expanding & in leading powers of 75 then yields

X = 72X1+T22X2 (320)
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3.2. Divergences and regulator function

where we now identify

X, = i(@?{_E)

o 12
— F
X, = -2 (QH - 1—22> Q> . (3.21)

This division of the total insertion into two separate terms X; and X, is based
on their leading powers of 7, and will be important when we discuss how our
expressions diverge and what kinds of running these quantities ultimately
experience. However, we stress that neither (75X;) nor (r3Xs) is modular

invariant by itself.

3.2 Divergences and regulator function

Our next step is to study the potential divergence structure of Ag. For
example, any level-matched massless state which carries a non-zero X, charge
will induce a divergence in Ag unless this state is balanced against another
similar state of opposite statistics. Indeed, in a rough sense to be clarified
shortly, the divergence in Ag will be proportional to A%t:ro X,. Likewise, we
see that this divergence is at most logarithmic.

The fact that Ag formally diverges means that we must introduce a reg-
ulator. It might seem natural to proceed by simply subtracting the contri-
butions from the massless states (or more precisely the Xo-charged massless

states) from Ag. This is reminiscent of what was done in Ref. [22], but intro-
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3.2. Divergences and regulator function

ducing this sort of artificial distinction between massless and massive states
necessarily breaks the modular invariance of Ag.

Instead, following what was done in Ref. [21] for the Higgs mass, we
shall regulate our theory by deforming the one-loop amplitude introducing a

regulator function G(a;, 73) into the integrand:
AG — EG = <T2X1+T22X2>§ = <(7—2X1+7—22X.2) §> . (322)

The issue at hand is thus to choose a suitable §(ai,7') regulator function,
with a; denoting the internal regulator parameters. We then must demand
that this function exhibit certain properties in order to ensure that we have a
sensible regulator. In particular, for such a regulator, we demand that there
exist a combination or function f(a;) of regulator parameters such that taking
f(a;) — 0 effectively removes the regulator while taking any non-zero value of
f(a;) allows the regulator to suppress the unwanted divergences but otherwise
leave the theory intact as far as possible. Given that all such divergences
must come from those portions of the integration region in which 7 — 7y,
(where Teusp are the so-called “cusp” points Teusp = 100 OF Tensp = P/q, Where
p,q € Z), we thus have three requirements for suitable modular-invariant

regulator functions G(a;, 7):

e For all f(a;) > 0, we require that G(a;, 7) — 0 sufficiently rapidly as
T — Teusp- 1his enables our regulator to suppress divergences and yield

a finite one-loop string amplitude.
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3.2. Divergences and regulator function

e For all f(a;) > 0, we also require that G (a;, 7) ~ 1 when 7 is sufficiently
far away from the cusp points. This ensures that our regulator, while
suppressing divergences near the cusp points, leaves the remainder of

the theory intact as much as possible.

e As f(a;) — 0, we require that é(ai,T) — 1 for all 7. This ensures the
existence of a limit in which our regulator is effectively removed and

our original theory is obtained.

e Once introduced an energy scale
W= fla)M;, (3.23)
we require scale-duality invariance, which is amount to impose

G(p/pe7) = G/ p7), (3.24)

where we have rewritten the parameters a; in terms of p using Eq. (3.23)

and where i, is some arbitrary mass scale.

The first three points do not require further explanation, as they are standard
requirements for any well-defined regulator, as in usual quantum field theory.
However, the last one stem directly from the “stringiness” of the theory and
precisely from UV/IR mixing, which is in turn a consequence of modular
invariance, as already discussed previously. In particular, modular invariance

tells us that any physical quantities which depends on 7 must be invariant
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3.2. Divergences and regulator function

under 7 — —1/7. Along 7 = 0 axis, this becomes an invariance under
pw — pu?/u, where p, is an arbitrary self-dual mass scale. Of course, the
choice of the dual point is a matter of convention, and for convenience we
now choose our normalisation for g such that p, = M,. We thus see that
while the particular choice of self-dual scale p* is a matter of convention,
the existence of a scale-inversion duality symmetry of the form u — p?/p is
inevitable, emerging directly from the underlying modular invariance of the
theory.

A function satisfying all of these properties was given in Ref. [21], adapt-
ing prior results in Ref. [24], and we shall use this function here as well. This
function Q\p(a, 7) has two free regulator parameters a; = {p,a} with p € R*

and p # 1, and is given by

~ _ 1 p 50
gp(a, 7') = T pa2 Ea % |:Zcirc(paa 7-) - Zcirc<a7 T) (325)
where
Zenela,7) = /7 Y ghetlart/aglhattial/e (3.26)

kteZ
Note that Zg..(a, ) represents the sum over the Kaluza-Klein (KK) and
winding modes that would be associated with a bosonic worldsheet field

compactified on a circle of radius (Mga) ™!

, with k£ and ¢ respectively indexing
the KK and winding modes, while the leading factor of /75 is inserted into
Eq. (3.26) in order to ensure that Zg.. is modular invariant. We stress

that for our purposes Zg. is merely an ingredient in the definition of our
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3.3. Generic picture of running gauge couplings in string theory

regulator and does not correspond to any actual physical compactification of
our theory. It turns out that gAp(a, 7) — 1 as a — 0, indicating that taking

a — 0 removes the regulator. Indeed, for this function we have

fla;) = pa* . (3.27)

It then turns out that all of the bulleted requirements above are satisfied, in
addition to the requirement that gAp(a, 7) exhibit an invariance under f(a;) —
1/ f(a;), or equivalently under a — (pa)~'. Indeed, we will eventually identify
our spacetime running scale p according to Eq. (3.23) with f(a;) given in

Eq. (3.27).

3.3 Generic picture of running gauge couplings
in string theory

Let us move on to the main task of the chapter: to evaluate the following

amplitude

ﬁG = <(7'2X1 +7'22X2) §>

= ([(RAY + A®) + (nBY + B E5|G),  (3.28)
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3.3. Generic picture of running gauge couplings in string theory

where the X, are given in Eq. (3.21) and A®¥), B® are defined as follows

& 2 —2
AW = o Qu A® =2 QHQ%} )
1
pv__ &  po_lg 5
247’ 6 Yo (3:29)

and where the regulator function gAp(a, T) is given in Eq. (3.25).
As explained in Appendix A, the form of the regulator allows us to split
the computation in two steps. Thus, we firstly compute the reduced ampli-

tude defined as
P(a) = (X4 + 73X5) Zeire(,7)) (3.30)

and get the full amplitude using

~ a? p 0

Balpa) = Lot P P B3

Following the results and the prescriptions in Appendix A we obtain

P(a) = Str {% (@Z—%) [fl(a)+f2(a)}}

M=0

[/ 1 — 1
o] s [ (@ ) 0]
+ s % Q% h(M, a)] ~ sty {%ﬁ;(m,aﬂ
~ s [2@3@% f(0M.0)] + Sirg F Q?;f5<ML,a>] L (332

M>0 L Mp>0 |6
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3.3. Generic picture of running gauge couplings in string theory

where the functions f;, with ¢ = 1,...,5 are defined in Eq. (A.5) along with
the ‘Str’ notations, defined in Egs. (A.6), (A.9). We insert the supertrace

definitions definitions also here for convenience. The standard supertrace is

defined as
frd 1 _ F; . —yo/MZ?
StrA = lim ttz .( 1)F Ae (3.33)
whereas
StrpX = ) x,StrX (3.34)
r=0
where
1 n=2~0
—240(n) n>0,
and where
r —1: —ma/ M? T
StrWXx = lelino Z Aprp Xp_ype "ML (3.36)
p

with o/ M? = 4p and where the p-sum is a sum on the states in the theory.
By examining the definitions of supertraces, we observe that these quan-
tities represent statistical-weighted traces over the string states. Specifically,
the supertrace without the subscript E contains contributions solely from
physical (level-matched) states. On the other hand, Strg originates from
the E, insertion and includes contributions from unphysical states as well.
We shall refer to this interplay between physical and unphysical states as
entwinement, induced by the modular completion of the helicity operator

needed for calculating gauge coupling corrections. This introduces a “de-
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3.3. Generic picture of running gauge couplings in string theory

formed” notion of physicality for the string states, allowing states which
are not level-matched to nevertheless act as physical states which contribute
to the physical supertraces describing the values of physical string ampli-
tudes. Entwinement thereby widens the class of states which can ultimately
contribute to the supertraces when calculating amplitudes in closed string
theories.

Finally, to write Eq. (3.32) we have also used the following identity

Strg1l = Strgl — Strg1l = —Str1 = Str 1, (3.37)
Mp>0 M7 =0 M=0 M>0

where the first equality comes for two reasons: because our original theory
is presumed tachyon-free and because right-moving worldsheet energies in
string theory are never smaller than —1, even for the bosonic string. This
implies M? > 0. The second equality comes from Eq. (A.15) and from the
fundamental result

Strpl = 0, (3.38)

which is a generalisation of the following identity [27]:
Strl1 = 0, (3.39)

valid in any closed-string theory which is free of physical (on-shell) tachyons,
regardless of spacetime supersymmetry. In particular, just as Str 1 vanishes

when evaluated along the principal diagonal for any self-consistent tachyon-
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3.3. Generic picture of running gauge couplings in string theory

free closed string theory, it can be shown [7] that StrM1 = 0 as well —
i.e., that this supertrace also necessarily vanishes along each of the shifted
diagonals. This result is ultimately the result of an off-shell misaligned su-
persymmetry that exists within the off-shell structure of any tachyon-free

string theory [7,28]. We thus find the general result

Str1 = 0 forallr = Strpl = 0. (3.40)

Finally, last equality comes straightforwardly from the fundamental result in
Eq. (3.39).

Additional manipulations can further simplify the expression in Eq. (3.32)
and render it more compact while also simultaneously elucidating its alge-
braic structure. This rewriting will also be useful for understanding certain
properties of the resulting running of the gauge couplings. In particular, we
note that the f>(a) term on the first line of Eq. (3.32) can be joined with the
third line of this equation in order to remove the M > 0 restriction on the
latter. The removal of this restriction then further allows us to eliminate the
—1/12 term as a result of the identity Str1 = 0. Likewise, the f;(a) term on
the first line can be combined with the second expression in the third line and
with the first expression in the fourth line in order to remove their M > 0

and My, > 0 restrictions as well; indeed, these latter observations follow as a
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3.3. Generic picture of running gauge couplings in string theory

result of the fact that K;(z) ~ 27! as z — 0, whereupon we see that

- M rM = a m2a
li — | K| — ) = - = — 3.41
M50 — (TM) ! (a./\/l) i r? 6 (341)
or equivalently
lim fi(M,a) = fi(a) . (3.42)
M—0

Interpreting the quantity in Eq. (3.42) as f4(0, a), we thus find that Eq. (3.32)

simplifies to

Pla) = —Str {2 (@i] - 1—12) Q% f3<a>] + St {% @ f2<a>]
+ Str {;@2 fa(M, a)} — Strg {i f4(ML,a)}
s 24w

— J\%{;ro [2@2@%]{5(]\4,@)] + Strg |:é QQGf5(ML,a)] .

My, >0

(3.43)

At first glance it might seem that the first term in the first line of Eq. (3.43)
could be rewritten in an analogous manner as the M — 0 limit of the terms
in the final two lines. This would require that f3(a) somehow emerge as
the M — 0 limit of f5(M,a). However, this is ultimately not the case: we

instead find that

fs(M,a) ~ fs3(a)+ M, + glogg <67 M

M . 44
7 T QMS) asM — 0 (3.44)

While the extra a-independent constant M,/M would ultimately prove ir-
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3.3. Generic picture of running gauge couplings in string theory

relevant under the operation in Eq. (A.3), the logarithmic divergence in
Eq. (3.44) spoils the uniform convergence of the Bessel-function sum.

There is also a third way of rewriting these expressions which can be useful
for understanding the ramifications of the entwinement in these theories.

From Egs. (A.9), (A.12), and (A.10) we can write

StrpX = StrX + Y x,Su"X . (3.45)

r=1

However, as we discussed below Eq. (A.12), we must have p —r > A where
A is the right-moving vacuum energy within the type of string theory under
study. We thus find that p > A+, which implies that we cannot have r > 1
unless p > A+ 1. This last constraint is evident in Fig. A.1 for the heterotic

case in which A = —1/2. Given
oMy =4(p—7r), oM;=4p, (3.46)
this last constraint corresponds to o/ M7 > 4(A +1). We can thus write
Strg X = MS<tA12E X + MSLZJ\%E X (3.47)

where My denotes the entwinement scale

My = 2VAF 1M, (3.48)
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3.3. Generic picture of running gauge couplings in string theory

at which the entwinement first appears. For heterotic strings we have Mg =
V2M;,. Note that Eq. (3.47) is a general result, valid for all strings. Despite
the M < Mg upper limit on the first of the sums in Eq. (3.47), this sum can
nevertheless involve a large number of states; this is especially true for cases
in which compactification radii are far from the string scale.

Using Eq. (3.47), we can finally rewrite Eq. (3.43) in the form

Plo) = —sir [2(@5 - 35) @ )] + st ST i)
o8 | (@ 5) Aot + s [ @ nona)
- stp [% f4<ML,a>} - s [2 (@2 - %) Q2 f5(M, aﬂ
- gy, @ nona] v sue |CQkf0na)

(3.49)

Although this expression has more individual terms than its two predecessors,
it explicitly shows that the entwinement is wholly restricted to string states
with M; > Mpg. Indeed, all terms that receive contributions from states
with masses M < Mpg depend not on @fq but rather on the explicit un-
entwined combination @Z — 1/12. This statement includes the contribution
on the second line of Eq. (3.49) once we realise that the 1/12 term that would
otherwise appear there has vanished as a result of the identity Str1 = 0.
Egs. (3.32), (3.43), and (3.49) represent fully modular-invariant evalua-

tions of the reduced string amplitude P(a) defined in Eq. (3.30), expressed
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purely in terms of supertraces over our string states. Given that these super-
traces are to be evaluated over the states within the spectrum of whatever the
string model happens to be, these results are completely general and model-
agnostic, applicable to any four-dimensional string model — with or without
spacetime supersymmetry — so long as the model lacks physical tachyons.
Although the modular invariance of P(a) in each of these expressions is not
manifest, it is hidden in supertrace identities that relate the various terms in
these expressions to each other.

Using these expressions in conjunction with Eq. (A.3) we can then triv-
ially evaluate our full desired amplitude ﬁg(ﬂ). Indeed, following the proce-
dure outlined in Appendix A, we see from Eq. (A.3) that we can easily turn
P(a) into ﬁg(,u) by replacing f; with ®;, which are defined in Eq. (A.18).
We can also introduce an energy scale as u? = pa®?M? with p = 2 chosen as
a benchmark value.

These ¢;-functions are extremely important and have direct physical in-
terpretations. While the specific charges that enter into the X; expressions
tell us which specific quantity is under study (such as the Higgs mass ver-
sus the gauge coupling), and while the particular numerical values of these
charges tell us about the particular string model under study, the ¢; functions
are essentially universal and tell us how these phenomenological quantities
run as functions of the scale p in the corresponding EFT. As we have seen,
these running functions are universal for all quantities (such as the one-loop

Higgs mass or gauge couplings) which have at most a logarithmic diver-
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gence in string theory prior to regularisation. More specifically, substituting
P(a) = A(p) and fi(a) — ¢;(y) within our previous expression for P(a) in
Eq. (3.32), we find that

e ¢1(p) is the contribution to Ag(x) per unit (A® + B®) charge from

each massless physical state;

e ¢o(p) is the additional contribution to Ag(x) per unit (A® + BM)

charge from each physical state, regardless of mass;

e ¢3(u) is the additional contribution to ﬁg(,u) per unit (A® 4 B®)

charge from each massless physical state;

e ¢4(M, ) is the additional contribution to 3@(#) per unit A® charge
for each physical state of non-zero mass M, while ¢,(Mp,p) is x,*
times the additional contribution to Ag () per unit B® charge for
each physical or unphysical string (m,n) state with left-moving mass

M, for which n — m = r with r > 0; and

e ¢s(M, ) is the additional contribution to Ag () per unit A® charge
for each physical state of non-zero mass M, while ¢5(Mp, pn) is x; !
times the additional contribution to Ag(p) per unit B® charge for
each physical or unphysical string (m,n) state with left-moving mass

M7 for which n — m = r with » > 0.

Here the A® and B® charges are given in Eq. (3.29), and the above results

are quoted for bosonic states; fermionic states of course contribute with op-
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posite signs. Once again, we stress that these results are completely general
for all phenomenological quantities which diverge at most logarithmically
when unregulated; it is only when we substitute the particular forms of A®)
and B in Eq. (3.29) that we limit our attention to Ag() of the gauge
couplings. Indeed, in the case of the Higgs mass in Ref. [21], no entwinement
occurs and B = B® = 0.

As we have seen, the results quoted above for P(a) in Egs. (3.32), (3.43),
and (3.49) come directly from the results in Egs. (A.4), (A.16). This in turn
is taken directly from Eq. (A15) of Ref. [21]. Although the derivation given in
Ref. [21] is sufficient for the Higgs mass, it makes the implicit assumption that
supertraces of the general form Str X, f(M)] are all vanishing as a result
of the explicit factor of 7 within the supertrace. At this stage, the potential
presence of a supertrace with a 7, factor inside might appear unfamiliar to the
reader. Indeed, this potential extra piece comes from an additional step in
evaluating integrals of the form in Eq. (A.1), which entails the application of
the so-called Rankin-Selberg (RS) technique (see Refs. [29-31] for details).
For the purpose of this computation, we shall not dwell on these details.
Indeed, it is sufficient to bear in mind that the RS procedure involves the
computation of the 7, — 0 limit of the supertrace above, where 77y plays the
role of the regulating parameter y in Eq. (A.6). In particular, the potential

missing term can be written as follows

Str[rXof(M)] = lm > an, A, e M (3.50)
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where a,,, is the net (bosonic minus fermionic) number of string states at
mass level n. Otherwise, such terms would also have appeared in Eq. (A.4).
At first glance, the absence of such terms from all calculations might appear
to be justified, given that our supertraces are defined in Eq. (A.6) in terms of
a limiting procedure that involves taking the 7, — 0 limit. Indeed, in most
circumstances (including those considered in Ref. [21], where the Higgs mass
was calculated), the extra factor of 5 inside the supertrace would drive the
overall supertrace to vanish, as assumed. However, as discussed earlier, it
is possible (especially near the borders of moduli space) that our spectrum
of string states can become extremely dense. In such cases, the accumu-
lated “pile-up” of states can cause quantities such as Str Xy f (M) to diverge,
thereby allowing supertraces such as Str [, Xy f (M )] to have non-zero values.

In the present calculation of gauge couplings, we would like to maintain
complete generality and allow our results to remain valid even as we ap-
proach the boundaries of moduli space. For this reason, we must amend our
results for P(a) quoted above. However, it turns out that this is relatively

straightforward and amounts to introducing only one additional contribution

J\§t>r0 TQXQ [fz(a)] (351)

within Eq. (A.4) with ¢ = 2. This extra term will then propagate into
Egs. (3.32), (3.43), and (3.49). In fact, given that the “pile-up” phenomenon

that gives rise to this term involves the infinite towers of massive states, we
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note that ]\%t_% 75Xs [f2(a)] = 0. The contribution in Eq. (3.51) can thus be
equivalently written as

Str 75 Xo[f2(a)] , (3.52)

with no restriction on the masses of the states in the supertrace.

At this stage, we are able to extract a considerable amount of information
about the running of ﬁg(,u). For example, let us consider the behavior of
36‘(#) in the deep-IR limit, i.e., as p — 0. As u — 0, we find that ¢;(u),
¢4(p), and ¢5(p) all vanish; in the latter two cases this happens because the
Bessel functions K5(z) in Eq. (A.18) all vanish exponentially as z — oc.
Thus, only ¢o(p) and ¢3(p) survive in the deep-IR limit. Of course, ¢3(u)
actually diverges in this limit. This divergence is not a surprise, however,
since the deep-IR limit corresponds to the limit @ — 0 in which our regulator
is removed. Thus this divergence corresponds to the logarithmic divergence of
our original unrequlated quantity. As anticipated in Sect. 3.2, and as apparent
from each of our above expressions for P(a), this divergence is proportional

to

@, R@Y — _ =2 1\
Str (A® +BO®) = 2 St (QH 12) Q7 . (3.53)

However, in theories for which this quantity vanishes, we find that only ¢, (u)

survives, with lim, ,o ¢2(p) = 7/3. In such cases we find from Egs. (3.32)
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and (3.52) that

lim ﬁg(,u) — T (X1 + 7X5)

pn—0 3
— 2 — 1
= gStr Q- ?ﬂ (Str nQ Q% — —128t1"E 7'2@%:) -

(3.54)

The fact that 3@(#) asymptotes to a constant as u — 0 is not particularly
surprising, given the assumed vanishing of the quantity in Eq. (3.53). How-
ever, what is surprising is that the asymptotic value in Eq. (3.54) receives
contributions not only from the light or massless string states, but from the
entire tower of string states, all the way up into the UV. Indeed, all of the
string states contribute to the unrestricted supertraces in Eq. (3.54). This
is an example of the UV/IR mixing inherent in a modular-invariant theory
such as string theory.

Let us now consider the behavior of ﬁg(u) as we proceed upwards in en-
ergy scale p away from the deep-IR limit. Let us first focus on energy scales
for which p < M. In this regime, we find that ¢; and ¢4 continue to remain
vanishingly small. However, whether ¢5 remains small as well for a particular
state of mass M depends on the value of z ~ M/u — i.e., on whether the
state whose contribution we are assessing is heavier or lighter than p. In this
connection it is important to realise that our supertraces receive contribu-
tions from the entire string spectrum. This necessarily includes states with

masses M 2 M, but may also include potentially light states with non-zero
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masses far below M,. The existence of such light states depends on our string
construction and on the specific string model in question. Thus, even though
we are considering situations in which pu < M, there need not be any fixed
hierarchical relationship between 1 and M.

In Fig. 3.1, we have plotted ¢5(M, p) as a function of /M. Recalling
that this is the contribution to ﬁg(u) per unit A® charge from a given
physical bosonic string state of mass M, certain aspects of this behavior are
easy to understand. For example, when pu < M the state is much heavier
than the relevant energy scale p and is effectively “integrated out” of our
theory. Thus all running stops, and ¢5(M, ) becomes flat. Mathematically,

this occurs because

KUP() ~ [ el as 2 00 (3.55)

Thus all running is exponentially suppressed as z ~ M/u — oo, leaving
behind only an exponential tail. By contrast, for energy scales pu > M,
our state is still dynamical. We then see from Fig. 3.1 that the effective
contribution to the running from this state is effectively logarithmic. Indeed,

as z — 0, we find that [32]

K§D(z) ~ —Llog =+ L [log (2m) — 1] .

K (2) ~ 1 (3.56)
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log,o(u/M)
Figure 3.1: The function ¢5(M, ) in Eq. (A.18) and the corresponding
contribution to the beta function fa in Eq. (3.62), plotted as functions of
log,(pt/M) [green and blue, respectively|. Note that ¢5(M, ) is the Bessel-
function contribution to ﬁg(u) per unit A® charge from a given physical
bosonic string state of non-zero mass M. When u < M, the state is ef-
fectively integrated out of the theory, whereupon the running contribution
¢5(M, 1) asymptotes to a constant. However, at larger energy scales > M,
the state is fully dynamical and produces a running which is effectively loga-
rithmic. Finally, within the intermediate y ~ M region, the Bessel-function
expression for ¢5(M, i) in Eq. A.18) provides a smooth connection between

these two asymptotic behaviors and even gives rise to a transient “hump”

in the value of ﬁg(u), or equivalently a “dip” in the value of the running

coupling g ().
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where 7 is the Euler-Mascheroni constant. For p > M, this leads to an

asymptotic logarithmic running for ¢5(M, u) of the form

¢5(M,p) ~ —2log {% e_(”“)%] : (3.57)

Finally, between these two extremes, we see that ¢5(M, p) interpolates smoothly
and even gives rise to a transient “hump” in ﬁg(u), or equivalently a “dip”
in g¢. This behavior results from the specific combination of Bessel functions
within ¢5(M, p). Of course, the statistics factor (—1)* within the supertrace
flips the sign of this contribution for degrees of freedom which are fermionic.

Likewise, for any fixed scale p, adjusting the mass M upwards or down-
wards simply corresponds to shifting this curve rigidly to the right or left,
respectively. In this way one can imagine summing over all such contributions
to the running (while also weighting each contribution by the appropriate net
numbers of states at each mass level) as one takes the supertrace over the
entire string string spectrum. Of course, for any energy scale u, the contri-
butions from states with M > p are exponentially suppressed, as discussed
above. Thus, at any energy scale p, the only states which contribute mean-
ingfully to 3@([1,) are those with M < pu.

Thus, combining these Bessel-function contributions with those from Eq. (3.54)

and keeping only those (leading) terms which dominate when M < p < M,
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we see that we can approximate the exact result in Eq. (3.49) as

AG(M) ~ E Str (Xl —+ TQXQ) -+ 2]%21‘0 (A(2) —+ ]B(Q)) lOg (

2\/§eMs>
3

L

— 92 Str (A(2) + ]]3(2)) log [%e(vﬂ)ﬁ]

0<M<p M
(3.58)
or equivalently
~ —9 2 —2 1
Ag(lu) ~ gStYQH — ? (StrTQQHQZG—EStI'ETQQ2G>
—9 1 2 2\/§€M5
g () (29)
ocm<p\ H12) ¥¢ V2 M|’
(3.59)

Given these results, our gauge couplings g (1) can exhibit a variety of run-
ning behaviors. These will ultimately depend on the spectrum of states
associated with the string model under study. Of course, the final terms in
Egs. (3.58) and (3.59) do not exhibit any running until we reach p ~ Miightest,
where Miightest is the mass of the lightest massive string state carrying a non-
zero (A® + B®) charge. Therefore, if we first restrict our attention to
energy scales [t S Migntest, the only running that arises is due to the mass-

less (A 4+ B®)-charged states. These are the contributions that appear on
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the first and second lines of Egs. (3.58) and (3.59), respectively.

This running can be expressed in a manner which is more traditional for
describing the running of gauge couplings in string theory, namely in terms
of an RGE that relates the couplings gg (1) to their values at the string scale
M; (see, e.g., Refs. [33-36]). From Eq. (3.3), we obtain the general running

equation for the total gauge couplings gg(u):

1672 1672
92(1) Givee

= Aa(p) (3.60)

where from Eq. (3.59) can write

Ag(/j,) = AG(M3> — 2521‘0 (A(Q) + ]B(Z)) log (]Z, )

Ac(M,) + Ba(0) log ( XZ ) : (3.61)

Here the quantity Sa(0) may be regarded as the p = 0 value of the general

beta function B (u) for Ag(p), which in turn is defined as

0A 3272
aal) = Gt = 2 (3.62)

where (,(4) = 0ge/0log i is the usual beta function for the gauge coupling

gg. Indeed, we see from Eq. (3.61) that Sa(0) is precisely —2 times the
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quantity given in Eq. (3.53), i.e.,
_ @, R@Y — 72 _ LY e
Ba(0) 2 Str (A® +B®) = 4 Str <QH 12) Q7 . (3.63)

Likewise, using an asterisk ‘x’ to indicate the couplings that would have

arisen in our theory if Sa(0) had vanished, we can write
Ag(Mg) = AL0)+ & (3.64)

where 32}(0) is given in Eq. (3.54) and where [within our regulator scheme

defined by our regulator function g}(u) with p = 2] we have
k= —Ba(0) [1 +log (2\/5)] . (3.65)

Thus, putting the pieces together, we have the RGE

1672 1672
() Gieee

— Re(M.) + Ba(0) log( A;‘) (3.66)

where Ag(MS) is given in Eq. (3.64).

Thus far, Eq. (3.66) captures the effects of the massless (A + B®)-
charged string states. However, as  increases still further, additional (A® +
B®)-charged string states enter the EFT and contribute their own individual
logarithmic contributions. Of course, if these additional states have masses

M > Miightest, the logarithmic nature of the running shown in Fig. 3.1 from
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the state with mass Mjgntest Will survive intact until p ~ M. However, if
the spectrum of states is relatively dense beyond Miigntest, the logarithmic
contributions from each of these states must be added together, leading to a
far richer behavior.

One interesting possibility arises in cases of string theories with large
compactification radii R > M. In such cases, our theory will have Kaluza-
Klein (KK) modes with masses m,, ~ n/R that appear well below M. Thus,
as 1 increases towards My, increasingly many KK states enter the EFT. Al-
though each KK state contributes the same logarithmic running, our natural
field-theoretic expectation is that the full supertrace over the string spec-
trum will begin to experience an accumulated effective power-law growth,
with ﬁg(,u) ~ p® where ¢ is the number of spacetime dimensions whose in-
verse compactification radii R~! lie below p. Indeed, this is precisely the
field-theoretic behavior discussed in Refs. [37,38], which can algebraically be
interpreted as resulting from a beta function Sa(p) which itself is growing
polynomially with p. However, as we shall shortly see, in a string context
we also have a scale-duality symmetry under p — M?2/p. This means that
even at energy scales y < M, the winding modes associated with such com-
pactifications can also contribute. Remarkably, these have the generic effect
of cancelling this power-law running (and even the original logarithmic run-
ning), thereby producing a situation in which there can be no running at
all. We will refer to the region in which such running terminates as a “fixed-

point region”. This non-renormalisation phenomenon, surprising as it is, is
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actually quite general and will be discussed in detail in Ref. [6].

Thus far our results are valid for energy scales below the string scale.
However, as mentioned above, it turns out that we also have information
about what happens in the opposite region, namely that with p© > M,:
we simply enter a “dual” infrared region in which this same behavior again
emerges, but in reverse. This is a direct consequence of the modular invari-
ance which we have been careful to maintain throughout our calculations.
Indeed, modular invariance ensures that the running is symmetric under the

scale-inversion duality transformation

M
wo— —=. (3.67)

As a result, when plotted as a function of log(u/Mjy), the behavior of 3@(#)
for p < M; is reflected symmetrically through the self-dual point p, = M,
to yield the reverse behavior for p > M.

As discussed in Ref. [21], the origins of this scale-duality symmetry are
easily understood. To see this, we note that in general the contribution
of a string states of mass M to the one-loop partition function experiences

_ ! 2 .
ma'M*m2  Thus, for any particu-

a Boltzmann-like suppression factor ~ e
lar benchmark value 7, = ¢, we can separate our string spectrum into two
groups: “heavy” states whose Boltzmann suppressions at 7, = t are signif-

icant according to some convention, and whose contributions therefore do

not require regularisation, and “light” states whose Boltzmann suppressions
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are not significant, and whose contributions therefore require regularisation.
On this basis, with an eye towards interpreting these results in terms of an
EFT with a running scale i, we are directly led to identify p? inversely with
t. However, modular invariance tells us that any physical quantities which
depend on 7 must be invariant under 7 — —1/7. Upon integration over 71,
this invariance is reflected by an invariance under ¢ — 1/t, or equivalently
under g — p2/p where p, is an arbitrary self-dual mass scale.

Of course, the choice of normalisation for p in relation to t is purely a
matter of convention, since the former is a dimensionful spacetime quantity
while the latter is a dimensionless worldsheet quantity. In keeping with the
traditional string-theoretic conventions relating worldsheet and spacetime
physics, we take this conversion factor to be given by o/. This then tells us
that p, = M.

Although this scale-duality symmetry follows directly from modular in-
variance, its implications are profound. Ultimately, the existence of such a
symmetry implies the existence of a fundamental limit on the extent to which
an EFT perspective can possibly remain valid in string theory. For exam-
ple, it is well known that string theory is rife with duality symmetries which
defy EFT notions: an immediate example of this is T-duality, under which
the physics associated with a closed string propagating on a spacetime with
a compactified dimension of radius R is indistinguishable from the physics
associated with a closed string propagating on a spacetime with a compact-

ified dimension of radius R = o//R. This is true as an exact symmetry
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not only for the string spectrum but also for all interactions. Thus such
strings cannot distinguish between large and small compactification geome-
tries, thereby preventing us from establishing a Wilsonian EFT-like ordering
of length scales from large to small, or equivalently from IR to UV. Phrased
somewhat differently, the existence of a T-duality symmetry tells us that
there is a fundamental limit to which we may consider a spacetime compact-
ification radius to be “small”. However, what we are seeing now is that a
somewhat different phenomenon — namely the scale-duality symmetry un-
der p — M?/p which is guaranteed by modular invariance — implies a
fundamental limit on the extent to which our EFT can exhibit UV behav-
ior. Indeed, pushing i beyond M, only serves to reintroduce the original IR
behavior of our theory —a behavior which we may now associate with the
dual energy scale ' = M?/p associated with a “dual” EFT. In this sense,
the energy scales near M, exhibit the “most possible UV” behavior that can
be realised.

At first glance, it may be tempting to associate this scale-duality symme-
try with T-duality, since both tend to place limits on UV behavior and have
similar algebraic forms. We stress, however, that T-duality is a spacetime
symmetry, and as such comes with certain assumptions about the spacetime
geometry. By contrast, modular invariance is a fundamental worldsheet sym-
metry which is required for the self-consistency of the theory itself. As such,
modular invariance and T-duality are unrelated. Indeed, T-duality relates

two a priori different string theories to each other, one with a large com-
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pactification volume and the other with a small compactification volume,
and maps a given state with KK and winding numbers (m,n) in the first
theory to the equally massive (n,m) state in the other. By contrast, modu-
lar invariance is a symmetry that operates within a single string theory and
involves Poisson resummations across the entire string spectrum simultane-
ously. As such, no two string states in the theory are directly related to each
other under modular transformations. Indeed, only through such non-trivial
resummations involving the entire string spectrum — including the oscillator
states as well — could we ever hope to obtain features such as misaligned
supersymmetry and supertrace constraints (such as Str1 = 0) that simulta-
neously balance all of our string states at all energy scales against each other
within a single string theory, even without supersymmetry.

Taken together, all of these observations lead to a running for AG(M) as
sketched in Fig. 3.2. In the deep IR, the coupling approaches an asymp-
totic value which receives contributions from all of the states in the string
spectrum which carry non-trivial helicity A ~ @fq charges. This assumes
that our theory contains no net massless states charged under A® + B® ~
(@3 — 1/12)Q2% where Q2 is the sum of the squares of the charges in the
Cartan subalgebra of G; otherwise Ag(y) diverges in the IR limit. Mov-
ing towards higher values of u, we see that a non-trivial scale-dependence
does not emerge until p ~ Mightest, Where Mijgniest collectively represents the
masses of the lightest massive states which are charged under A® + B®).

The non-monotonic “dip” in g (or “hump” in Ag) that is observed in this
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16m% /g%

v e EFT string-scale dual EFT dual
d?;p dip" region region fixed-pc%nt region region "dip" region dduaIIR
(the most UV possible) P

Figure 3.2: The one-loop running of the inverse gauge coupling AG =
1672 /g% for any gauge group G, as calculated from first principles in a fully
modular-invariant string framework. The tree-level contribution is sketched

in red, and the total one-loop coupling is sketched in green.

region is a transient effect which smoothly connects the asymptotic deep-IR
region pt < Miightest to an EFT-like region Mightest S 1t << M. Beyond the
dip region, the theory then enters an EFT-like region in which the gauge
coupling experiences a logarithmic running. As u — Mj, it is possible that
we might cross the energy threshold R~! associated with large compactifi-
cation radii. In such cases, this logarithmic running can be modified by the
appearance of Kaluza-Klein and winding states which might appear at mass

scales significantly below M, and which might tend to cancel this logarithmic
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running, leading to the existence of a higher-dimensional fixed-point regime,
as shown. The subtleties involved in this behavior will be discussed further
in Ref. [6]. However, as a general principle, modular invariance requires that
the running of KG exhibit an invariance under p — M?2/pu. Thus, as p in-
creases beyond Mg, the theory inevitably begins to re-enter an IR-like regime
which we may associate with a “dual” EFT, followed by a dual dip region
and then a dual deep-IR region. The background colors of this sketch indi-
cate the transition from the deep IR (red) to the UV (blue) and then back
to IR (red). As such, there is a maximum degree to which our theory can
approach the UV: once the energy scale y passes the self-dual point p ~ Mj,
further increases in p only push us towards increasingly IR behavior. The
quantity « is defined in Eq. (3.64).

We conclude this chapter with three comments. First, we observe that
the running of the gauge coupling is essentially the same as the running of
the Higgs mass in Ref. [21] — indeed for u < Mg the only differences are the
coefficients of the different running terms. These coefficients change because
they tally the appropriate charges of our states across the string spectrum,
and the charges that are appropriate or relevant change when we switch our
attention from the Higgs mass to the gauge couplings.

Our second comment concerns the running of the gauge couplings them-
selves. Within our calculations we have implicitly assumed that these cou-
plings remain perturbative throughout the running shown in Fig. 3.2; oth-

erwise our one-loop calculation is no longer applicable and higher-loop (and
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even non-perturbative) calculations would be needed. Depending on the rela-
tive signs and magnitudes of the various supertraces involved, these couplings
could be in danger of becoming non-perturbative either as y — Mg (which
represents one extremum of the gauge-function plotted in Fig. 3.2) or within
the “dip” region.

Most importantly, however, there is a deep and fundamental difference
between the running of the gauge couplings AG and the running of the Higgs
mass in Ref. [21]. As we see directly from Eqs. (3.32), (3.43), and (3.49), the
gauge-coupling calculation now includes contributions from off-shell string
states for which M; # Mpg. This is a strange but not entirely unexpected
feature: states which are not physical in the underlying string theory, and
which therefore can only contribute in string loop diagrams, also contribute
to the running of the gauge couplings in the corresponding low-energy EFT.
This feature did not appear in the running of the Higgs mass in Ref. [21].
However, as we have seen, this feature ultimately stems from the fact that
the contributions to the Higgs mass are proportional not to the square of
the helicity charge @fq, but rather to this quantity minus 1/12. In field the-
ory, this extra —1/12 is not problematic. However, in string theory it has
deep repercussions because a pure number such as —1/12 cannot be sub-
tracted from a squared-charge operator such as @Z because a pure number
has modular weight £ = 0 while the squared-charge operator has modular
weight £ = 2. Modular invariance thus requires that the —1/12 term be

“completed” to the weight-two modular function E5/12, and this in turn has
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3.3. Generic picture of running gauge couplings in string theory

reverberations throughout the string spectrum, shifting left-moving string
masses My, relative to right-moving string masses Mg.

That said, these states do not contribute to the low-energy running in
a standard way. Normally, we would expect a string state to contribute in
the low-energy theory according to its mass M? = (M? + M%)/2. Indeed,
this quantity in some sense tells us how much worldsheet energy has been
“invested” in creating that state as an excitation in the underlying worldsheet
theory. However, what we are now learning from Egs. (3.32), (3.43), and
(3.49) is that although a given entwined string state may have a string-
theoretic mass given by M, it contributes to the low-energy EFT precisely
as if it had a mass simply given by M. In other words, the combined string-
theoretic mass M is irrelevant; what matters — and what we may therefore
consider to be the effective FF'T mass in such theories, at least as far as
the gauge couplings are concerned — is determined by M alone. This, of
course, is the effect of the shift in left-moving masses relative to right-moving
masses induced by Es.

We also observe that the entwined resonances all have left-moving masses
that exceed the string scale: M; > Mg = V2M,. Thus, one might be
tempted to argue that these states have no effects at energy scales below M.
However, this would not be correct. Thanks to scale-inversion duality, any
state that affects the running of quantities above the string scale will also
affect the running of these quantities below the string scale. This is not a

new phenomenon unique to the entwined states. After all, we have already
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seen that the behavior of our amplitudes in the deep IR is in part determined
by the extremely heavy string states in the deep UV. In a similar way, the
entwined states also have effects below the string scale and thereby also have

an indirect role in affecting the low-energy EFT below the string scale.
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Chapter 4

Quantum Annealing: From

Basics to a New Quantum

Metaheuristic Algorithm

4.1 Basic principles

Having introduced a framework in which universal properties of closed string
theory naturally emerge and physical quantities are easily expressed as su-
pertraces, let us now change perspective introducing novel computational
techniques which we shall apply to string theory in the next chapter. This
change of perspective is justified from the necessity to tackle the problem
from different points of view: a more formal one which allows one to extract

universal features of closed string theories; a second more computational one
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4.1. Basic principles

where we develop new techniques to search for SM-like vacua.

These methods revolve around a particular implementation of adiabatic
computing known as Quantum Annealing (QA). Quantum annealing is a
fascinating computational technique that uses the principles of quantum me-
chanics to solve complex optimisation problems. It operates on the funda-
mental concept of quantum tunneling and the quantum adiabatic theorem
to explore the vast solution space of a problem and find the optimal con-
figuration or solution. Thus, string theory with its vast number of possible
models represents one of the most natural set-ups to apply these techniques,
as already discussed in chapter 1.

The quantum annealing device we shall utilise is developed by the D-Wave
Systems, which employ specialised hardware designed to create and maintain
the required quantum states. These devices use superconducting qubits and
powerful magnetic fields to create controlled quantum environments where
the annealing process takes place. In particular we shall perform our anal-
ysis on the Advantage system4.1 architecture [39]: this annealer contains
5627 qubits, connected in a Pegasus structure, but only has a total of 40279
couplings between them.

However, it is important to note that while quantum annealing has shown
promise for certain optimisation problems, it is not a universal quantum com-
puting approach like gate-based quantum computers. Indeed, gate-based
quantum computers are versatile and capable of performing a wide range

of computations, while quantum annealers are specialised devices tailored
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for optimisation problems. In particular, quantum annealers can only solve
problems which can be mapped into the minimisation of an Ising Hamilto-
nian. The full Hamiltonian in quantum annealing comprises an admixture
of this Ising problem-Hamiltonian and a trivial Hamiltonian for which the
ground state is known. The original idea behind quantum annealing (and
quantum adiabatic algorithms more generally) is to begin in the ground state
of the trivial system and adiabatically replace the trivial Hamiltonian with
the problem Hamiltonian, while remaining in the ground state throughout.
Provided we can remain in the ground state the final configuration will yield
a solution to the problem. More modern approaches have extended this idea,

Schedule (Ghz)

40

30
— B

20
A

10

0.0 02 04 06 0.8 1.0

Figure 4.1: Anneal schedule parameters. A and B are the coefficients scal-
ing the transverse field and classical Ising contributions respectively. These
coefficients are functions of the parameter s € [0, 1] which in turn depends

on the physical time ¢.
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for example using reverse annealing, which consists in initialising the qubits
into a specific classical states rather than in a superposition of states as in a
usual forward anneal run. However the basic principle of arranging an inter-
play between a problem Hamiltonian and a trivial Hamiltonian is universal.

In particular, the Hamiltonian takes the form of a generalised Ising model:

H = B(s) (Z Jijoio; + thf) + A(S)Zaf, (4.1)

where 7,7 label the qubits, o7 are the z—spin Pauli matrices, and o} are
the transverse field components, while the couplings h; and J;; between the
qubits are set and kept constant. The parameter s(¢) (with ¢ being time)
is a user-defined control-parameter that can be adjusted, while A(s) and
B(s) describe the consequent change in the quantum characteristics of the
annealer. As shown in Fig. 4.1, smaller s € [0, 1] means larger transverse
field parameter A compared to B, which induces more “hopping” of ¢ spins,
which overall means a system that is more characteristically “quantum”.
The main difference between forward and reverse annealing lies in the
different anneal schedule, i.e., in how the function s(¢) is defined. In the
case of forward annealing, s increases linearly with time, with s(0) = 0
and s(tf) = 1 (eventually with a pause in between), where ¢; is the total
annealing time. The network of qubits starts in a global superposition over
all possible classical states and, as s — 1, the system localises into a single

classical state once a measurement of o7 on all sites has been performed.
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In this case, a typical anneal schedule is depicted in Fig. 4.2. By contrast,
reverse annealing allows one to initialise the qubits into a specific classical
state, begin the evolution at s = 1, anneal along a path towards s = 0, and
then return back up to s = 1. Fig. 4.3 shows a typical reverse annealing

process.

—_——--
0.8

0.6

0.4

Figure 4.2: Typical forward anneal schedule with a 5us ramp rate from s = 0

to s = 0.5 and from s = 0.5 to s = 1 with a pause at s = 0.5 for 25us.

To perform the task of finding a global optimisation, the first objective is
to encode the problem to be solved into the “classical” Ising model Hamil-
tonian represented by the B-terms, such that the energetic minimum would
correspond to the desired solution. One then adjusts s to alter the relative
sizes of the parameters A, B to perform a so-called anneal, in the hope that

the systems ends up in the global minimum.
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1.0

0.8

0.6

0 5 10 15 20 25 30

t(ps)
Figure 4.3: Typical reverse annealing protocol with a 5us equivalent ramp
rate from s = 1 to s = 0.5, followed by a pause at s = 0.5 for 25us, and then

a ramp back to s = 1.

4.2 Solving Diophantine equations with quan-
tum annealers

In the following sections we shall focus on a particular class of mathemati-
cal equations known as Diophantine equations, which typically consist of a
polynomial equation in two or more unknowns with integer coefficients, such
that the only solutions of interest are the integer ones. As well as being of
intrinsic interest in number theory, Diophantine problems play an important
role in fundamental physics. In Ref. [1] we developed methods for solving
the kinds of Diophantine problems that frequently occur in physics, where

for example they appear in anomaly cancellation conditions as systems of cu-
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bic equations. They also appear in string model-building (which will be our
main focus in chapter 5), in consistency conditions in string theory, in prob-
lems relevant for computing the effective potential in string theory and for
finding vacua with small cosmological constant, as well as in powerful non-
perturbative methods that are used in field theory, such as 't Hooft anomaly
matching [40], and a multitude of other applications.

Specialising to the present case, we are interested in solving a set of
polynomial Diophantine equations f4(t;) = 0, where t; € Z are the would-be
integer solutions to the problem of interest. These integers will be encoded on

the annealer in a binary format, namely we will use the following encoding:
ti = Tio+2ma 4+ +27 s 48 (4.2)
We use 7 to denote the binary variables corresponding to a given spin,
1
Tik = 5(1 + 05k, (4.3)

with o7, € {—1,1} classical c-numbers corresponding to measurement of
the corresponding spin operator, 7, € {0,1}, and where we allow classical
integer shifts, s; € Z. These shifts can for example be negative to allow the
domain to include negative integers or they can be adjusted iteratively to
explore the search space, as we shall see in the following.

We would like to use such an encoding to solve the Diophantine equations,

and this can in principle be done by finding the minimum of a loss-function
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Hamiltonian,

Hy = S (faltilon)? . (4.4)

A

We shall see in the following that in some particular Diophantine problem
one may wish to add several constraints. Such conditions can be included
with a constraint Hamiltonian, Ho. Thus we begin with an idealised (i.e.,

non-quadratic) system,
H(oy) = Hp(ti(oe)) + He(ti(or)) - (4.5)

Note that solutions to the Diophantine equations all have Hp = 0, so that
constraints imposed by H¢ would independently select the preferred solution.
However the converse is generally not true: that is one should avoid over-
weighting the constraints Hg such that competing minima appear that have
lower Ho but Hp # 0. Of course in many cases the desired solutions are
very rare, so it is often much more efficient (or more precisely not an NP-
hard problem) to simply apply any desired constraints by post-processing

the solutions.

4.2.1 Reduction

Constructing suitably efficient encodings for these sorts of problems requires
significant advancement. Firstly as we shall review we are interested in the
kinds of set-ups found in quantum annealers, in which problems are encoded

in the Hamiltonian of a quadratic Ising model, which must then be minimised
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to solve the problem. Thus the crux of the matter in encoding a non-trivial
system of cubic- and higher-order Diophantine equations is to implement a
reduction procedure that can represent the complete system as a single loss-
function represented by a spin-Hamiltonian that is at most quadratic. Of
course Diophantine problems, in particular factorisation, have been consid-
ered on Ising model annealers before [41-46], along with quadratic systems of
polynomial equations [47,48]. However, both these problems can be mapped
into the optimisation of an order four Hamiltonian which can in turn be re-
duced to a quadratic Ising model suitable for a quantum annealer, with only
two layers of reduction. By contrast, here we shall consider problems of order
much higher than two. To accomplish this, we use a procedure to automate
the reduction of an arbitrary order Hamiltonian to a quadratic one. This
procedure, which iterates that first appearing in Ref. [49] and then more re-
cently in Refs. [42,50-52], is completely problem-independent and therefore
potentially applicable to any set of Diophantine equations. It can perform
the many layers of reduction required to reach a quadratic spin-Hamiltonian
representation of the high order problems we will be considering.

For this task we shall use the reduction method described in the Appendix
of Ref. [52]. This method works by introducing auxilliary spins! to represent
pairs of spins in the original Hamiltonian of Eq. (4.5), and is one of the many

methods in the comprehensive survey of Ref. [50]. (We should remark that

'We think it is more accurate to use ‘auxilliary’ to refer to both abstract spins and

later to qubits, rather than the quantum computing term, ‘ancillary’.
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there exist “qubit-saving” reduction methods that do not require auxilliary
spins, but these are more task specific and currently appear to be restricted
to reduction of terms in the Hamiltonian with products of 3 or 4 spins [42].)

The method works as follows. We begin with the raw polynomial H (00)
written as a function of binary variables using Eq. (5.1). Suppose H has terms
involving products of two binary variables 7 and 75. Now consider adding
to the polynomial H a quadratic term that involves the binary variables

together with a new auxiliary variable 75, which is of the form

Q(Tlg;Tl,TQ) = A(Tng — 27’12(7’1 + 7'2) + 37’12) . (46)

Inspection shows that a sufficiently large and positive overall coupling A
enforces 719 = T173. Importantly the minimum at this point has ) = 0.
Therefore we may replace the product 77, with 75 wherever it appears
within H , and the new Hamiltonian is guaranteed to have the same set of
minima as the original H. Therefore the process can be iterated until one
arrives at the desired problem-Hamiltonian which is quadratic in spins, and

which is schematically of the form

HD+HC — H(Tl,’]'g,...,7‘12,7’13,...,7’12734,7'12,56...)
+ZQ<Tij§TiaTj) + Z Q(Tijom Tijs Tkm) + - -
i>] 1<j,k<m

(4.7)
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with the constraints imposed by the () terms ensuring that this quadratic
Hamiltonian has the same minima as the original order-2d polynomial.
We can check that the reduction works correctly with the example order-3

Hamiltonian
H = 010903 = 8TToTy — 4TiTo — 4T3 — 4To73 + 27 + 279 + 273, (4.8)

where we drop the constant —1 in translating to the binary variables. This
Hamiltonian has 4 minima at 070903 = —1 (which corresponds in binary
language to any one of the 7, being zero, or all of them), as opposed to the
seven solutions to 7773 = 0. As described above we can reduce the trilinear
term by trading 77 for an auxiliary binary 715 and adding the Hamiltonian

Q(712; 71, 72). The quadratic problem-Hamiltonian is then
H = Q(le;Tl,Tg) + 87'127'3 — 47'12 — 47'17'3 — 47'27'3 + 27'1 + 27'2 + 27’3 . (49)

It is easy to verify that provided A > 2 the original 4 degenerate solutions
hold in the new combined Hamiltonian as required.

With the increasing complexity of the raw Hamiltonian H and a limited
number of physical qubits at our disposal, we of course aim to find a reduc-
tion procedure that minimises the number of auxiliary variables. Therefore,
the central question is how can we choose the smallest set of spin pairs that
correctly collapses all the higher order terms to quadratics? In the case of

cubic to quadratic, finding a spin-optimised procedure is equivalent to the set
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cover problem which can in turn be cast as 0-1 ILP [53]. Both set cover and
0-1 ILP are well known to be NP-complete by analogy with vertex cover [54].
Therefore, generalising this to arbitrary order Hamiltonians would recast our
spin-optimised problem into a task which is at least equivalent to solving k—2
NP-complete problems, where k is the order of the Hamiltonian and therefore
k — 2 are the required layers of reduction. For this reason, we shall use a dif-
ferent approach based on a simple greedy algorithm which works as follows:
at each reduction stage it finds the pair of binary variables 7;7; that appears
most often in the Hamiltonian; wherever the pair appears, we replace 7;7;
with the auxilliary logical spin 7;;, and add the penalty term in Eq. (4.6).
The quadratised Hamiltonian is constructed by repeating these three steps
iteratively. In the language of set covering, this is equivalent to the greedy
heuristic algorithm first proposed in Ref. [55]. In Figs. 4.4, 4.5, 4.6 we have
collected three plots which show how the average number of required auxil-
liary variables grows as we increase the number of cubic interactions, the rate
of this growth in the linear central region and the time required to perform
the reduction as a function of the number of cubic couplings. These results
are very similar to those obtained in Ref. [53] where the optimal reduction
is found by solving exactly the equivalent 0-1 ILP. Two important remarks
are in order. First, as we can see in Fig. 4.4, both methods saturate approx-
imately when the Hamiltonian contains all possible cubic interactions with
n qubits, namely when N3 couplings = (g) Second, we see that in either case

the number of auxilliary spins increases linearly with the square root of the
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Figure 4.4: Plot of the average number of auxilliary spins required to quadra-
tise the Hamiltonian, versus the square root of the number of cubic interac-
tions for different numbers of total spins n. We note that these curves exhibit

a linear behavior in the central region.

number of cubic interactions and the growth rate is given by the square root
of the total number of spins, as shown in Fig. 4.5. Nevertheless, as we can see
in Fig 4.4, in some regions our procedure uses a number of auxiliaries that
is larger than the value at saturation, especially in the n = 12 and n = 13
cases. This is of course due to the fact that we are not seeking an exact solu-
tion of the spin-optimised reduction problem. Indeed, a local optimal choice

of our reduction algorithm does not necessarily lead to a global minimum
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Figure 4.5: Slope of the linear region of the curves in Fig. 4.4 for various

values of the total number of spins Nyuui;. Fitting these data, we see that

the slope is a linear function of /Nyuit-

in terms of the number of auxilliary spins. More precisely, in the language
of the equivalent set covering problem, it has been shown in Ref. [55] that
this greedy algorithm returns to an approximate solution which cannot be
bigger than H(n) times the minimum one, where H(n) is the n-th harmonic
number and n the size of the set to be covered (namely in our case the set
of all higher order couplings). However, in the problems treated below, the
greedy algorithm we adopt returns quadratised Hamiltonians with at most

~ 300 logical spins, far below the limit imposed by for example the number
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Figure 4.6: Plot of the time required to quadratise the Hamiltonian as a

function of the number of cubic couplings. We clearly see the time increasing

linearly with the size of the problem.

of available qubits in the currently accessible quantum annealers, making
it unnecessary to solve the problem exactly. Finally, we should remark that
this procedure is straightforwardly generalisable to Hamiltonians of arbitrary
order, requiring a number of steps which grows roughly linearly with the size
of the problem, as we can see in Fig. 4.6 and also in Ref. [55]. As expected,
this is in contrast with the exact method discussed in Ref. [53] which shows
an exponentially increasing amount of time with the increasing complexity of

the Hamiltonian. Reduced Hamiltonians can be represented using connected
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Figure 4.7: Representation of H = (2% + 22 — 149)? as a quadratised Ising
model. Nodes, corresponding to spins, can be arranged in a circle, and they
are quadratically coupled by the links. (Diagrams for non-quadratised models
would contain junctions in the couplings). Weaker couplings are represented
in light grey, gradually getting darker for higher coupling strengths. Linear
couplings are coloured from dark blue (large negative terms) to dark red

(large positive terms).

graphs in which nodes correspond to spins and links to couplings. As an ex-

ample, Fig. 4.7 is a representation of the quadratised Hamiltonian associated
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to the first Diophantine equation 2% + y* = 149, which has solution (7, 10).

4.2.2 Taxicab Numbers

As warm-up problems, let us move on to a complicated class of Diophantine
problems which consists in finding the so-called Taxicab numbers, namely
those numbers that can be expressed in more than one way as sums of equal
powers. The most famous example is the number of Hardy and Ramanujan’s
eponymous taxi, Ta(2) = 1729. This is the smallest of the following list of
numbers, all of which are expressible as the sum of two cubes in two different

ways:

1720 = 13412 = 94103,
4104 = 9°4+15° = 16° + 2%,
20683 = 243 +19% = 103 + 273,
32832 = 32° +4% = 18% + 307,

(4.10)

We shall use the notation (k,m,n), to refer to such numbers, where k is
the power, while m and n are the number of terms on each side. Thus
Ta(2) = 1729 is defined to be the smallest (3,2, 2) number, while Fermat’s
theorem is the statement that (k,1,2) numbers only exist for k& = 2. Here

we will develop annealing methods to determine the above list of (3,2,2)
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numbers (where we consider all numbers in the list to be of interest not just
the smallest). We also test our methods on several variations, namely (4, 3, 3),
(3,1,5), (3,1,7), (3,6,6), (3,7,7), (3,8,8). Examples of most of these are
known, and can be found in Refs. [56-60], although some were discovered
only with the advent of high performance computing and appeared relatively
recently. However some, such as (3,7,7) and (3, 8,8) numbers, do not seem
to have been known before. (Indeed as we shall see the latter represent
solutions in a search space of size ~ 10%1.)

As one would expect, the higher the number of variables involved in the
problem, the higher will be the average number of interactions per qubit. This
often means that when the connectivity of the problem exceeds the native
connections supported by the D-Wave Quantum Processor Unit (QPU), a
single binary variable in the quadratic optimisation problem needs to be
represented by two (or more) qubits (called a ‘chain’) instead of one. This
procedure, known as embedding is carried out by an embedding algorithm,
and should be carefully monitored as it can lead to so-called broken-chains
that have two or more physical qubits in the same chain taking different
values. This ultimately limits the size of problems that can be solved on
quantum annealers, while performing classical annealing on the same Ising
Hamiltonian turns out to be successful. This is exactly the case of Taxicab
numbers: classical simulated annealing turns out to be superior currently for
these problems, so we will use that annealing method in this and the next

section.
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In general, finding Taxicab numbers is not a trivial task and for higher
Taxicabs, such as Ta(7), Ta(8) etc., only an upper bound is known [61].
Indeed (using the (k,m,n) notation for these numbers), it is interesting to
note that no (5,2,2) numbers have been found, despite searches up to 102
(see Ref. [56]).

Let us show explicitly how we use the reduction technique of Subsec-
tion 4.2.1 to construct an Ising Model Hamiltonian whose ground states are
precisely the Taxicab numbers we want to find. As a first example we focus

on Ta(2), i.e., we want to find four non-negative integer numbers such that

a+b = E+d, a#{cd}. (4.11)

We again use binary encoding (see Eq. (4.2)) with § = 5, s; = 1 (numbers
from 1 to 32) and ¢; € {a,b,c,d}. To impose the equality between the two

sums of cubes we define the following Hamiltonian

Hp = (a®+ b~ —d*)?. (4.12)

However, this is not the end of the story as must also encode the constraint
a # {c,d} to avoid all the trivial minima of the above Hamiltonian, which
occur when a = ¢ and b = d or vice versa. In other words we want to
construct the He Hamiltonian such that it has its global minimum when
a # ¢ and a # d. It is more straightforward to write such a constraint

Hamiltonian directly in terms of binary variables 7;, where i € {a,b,c,d}
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and £k =0,...,0 — 1. It is easy to see that the Hamiltonian

He = Hs(a,c) + Hs(a, d)

-1 B-1
= [[(0 = Gar—7e)®) + ] (1= (G —7a0)?) (4.13)

achieves this. Explicitly, one finds that

0, when a # c and a # d,
1, whena = cand a #d,
He = (4.14)

1, when a = d and a # ¢,

2, whena = ¢ = d.

The Hamiltonian we shall use is then the sum

H = Hp+ He . (4.15)

Written is terms of 7’s, this Hamiltonian is a polynomial of order 25 for
B > 3. Again, setting § = 5 and using the technique described in Sec. 4.2.1

we can reduce it to a quadratic Hamiltonian by adding 98 auxilliary spins.
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Figure 4.8: Representation of the Ising Hamiltonian corresponding to the

Ta(2) problem.

In Fig. 4.8 we represent the reduced Hamiltonian for § = 4. We see that
stronger couplings are rare among the interactions, which mostly form a very
complex network of weaker couplings in the background. Classical annealing
on the reduced Hamiltonian yields all the solutions written in Eq. (4.10),
namely all the Taxicab numbers with a,b,c,d < 32.

Let us now push this further and attempt to solve more complicated

generalisation of the Taxicab problem, (k,m,n) where

(k,m,n) = af + .. +af, = b} + ... + b, (4.16)
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where {ay,...,an} # {b1,...,b,}. Beginning with (4, 3, 3) numbers,
(4,3,3) = a* + 0" + ' = d* + ' + 1, (4.17)
we define the following Hamiltonians
Hp = (a"+b* 4+ —d* — e — f4)?, (4.18)
and

He = Hé(aad)+H5(a’ 6)—|—H5(CL, f)’ (419)

to impose the equality in Eq. (4.17) and also to force a # d, e, f. The order
of the complete Hamiltonian, which is the sum of Eq. 4.19 and Eq. 4.18, is
20 for § > 4. Again, it can be reduced to a quadratic one by adding 66
auxilliary variables in the case with § = 4 and 154 in the case with § = 5.
Several anneal runs (each with 10000 reads) with 8 = 4,5 yield the following

results
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(4,3,3) |a | b|lc|d|e]|f
2673 3166 |7]2]4
16562 91 10116 | 5
28593 2 (13121916 |12

35378 (1314 |9 |11 12| 1
43218 (11|13 2 (14| 7 | 7
24977 | 4 | 8 |15 9 | 14| 10
195122 (21| 5 | 2 |9 | 13]20
324818 |14 | 9 (23121 2 |19
619337 |28 | 8 | 5 | 7 |26 |20
847602 | 1 [25 (2629|1910
1071713 |12 |32 | 7 | 28 | 26 | 3
1178898 |29 | 11 |26 | 1 |32 ] 19
1328498 29 | 9 |28 123 |32 3

Table 4.1: List of (4, 3,3) numbers found using 5 = 3,4,5 and 10000 reads

per anneal run.

To comment on the efficacy of the method: the search space is of order
326 ~ 10?, and yet these solutions are found after order 10° reads.
For the remainder of this section we consider the (3, n, m) numbers, where

n,m € NT. For this purpose we define the following Hamiltonian

n m 2
H = (Z@”—Zbi) : (4.20)
=1 i=1

where in this case we do not add any constraint Hamiltonian to enforce
{a;} # {b;} when n = m, because here it is sufficient to simply check at the
end of each anneal run if the minimum is trivial or not.

Tables 4.2-4.3 list some of the solutions found for n = 1 and m = 5,7 with
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4.2. Solving Diophantine equations with quantum annealers

£ =5,6. Cases withn =m = N, with N = 6,7, 8 are listed in Tables 4.4-4.6.

. The reduction

(3,1,5) ay b1 bg bg b4 b5
729 911 3]4]5]|8
1728 |12 3 |10 4 | 8 | 5
68921 |41 | 3 | 17|21 |28 | 32
125000 | 50 | 2 | 8 |24 |36 | 40
185193 | 57 | 16 | 17 | 30 | 40 | 44
216000 | 60 | 11 | 16 | 25 | 45 | 47
262144 {64 | 9 | 18 | 31 | 44 | 52
Table 4.2: A list of (3,1,5) numbers found using § = 5,6
needs 120 and 216 auxilliary spins respectively.
(3,1,7) ay bl b2 b3 b4 b5 b6 b7
2744 (14| 2 | 3|5 | 7189 |10
13824 |24 3 | 5| 8|9 [13]15]19
32768 |32 1 | 6 | 15|16 |17 |20 |23
148877 |53 | 3 |21 {24 |28(29 |32 36
205379 |59 | 5 |12 | 13 | 18 | 23 | 43 | 47
238328 | 62 | 17 [ 20 | 22 | 31 | 32 | 38 | 46

Table 4.3: A list of (3,1,7) numbers found using § = 5,6. The reduction

needs 160 and 288 auxilliary spins respectively.
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4.2. Solving Diophantine equations with quantum annealers
(3, 6, 6) a; | Az | A3z | Q4 | Gy | Qg bl b2 bg b4 b5 b6
5012 214 |5 | 7112|1436 |89 (1113
7975 1|7 8101415 3 |4 |9 |11]|12]16
8309 1157 |10|14]16| 4 | 6|9 |12 13|15
41873 | 3 | 8 |11 (14|26 (27| 1 | 6 | 1319|2228
48438 | 9 |13 | 1712022 (28| 1 | 4 | 15|18 23|30
51318 | 1 |10 |15 |17 21|32 3 | 5|9 |16]28 |29
52359 | 5| 6 | 7 | 11126 |32| 3 |14 [15]20 |24 |29
78730 | 2 | 3 [23(26|28 |30 |11 (1416|2031 32
86400 | 3 | 9 |21 (24|31 32| 4 |5 |26]|27|28]|30

Table 4.4: (3,6,6) solutions with 5 = 4,5. The reduction needs 120 and 240

auxilliary spins respectively.

(3, 7, 7) ay (g | as | a4 | A5 | Gg | A7 b1 b2 bg b4 b5 b6 b7
39256 | 3| 8 | 9 |14 17|22 27| 2|5 1116|1921 |26
45063 | 3 | 5 | 7T (1314119322 |9 | 10|15 |18 |23 |28
46411 | 7 | 9 |14 |17 |18 |23 |27 | 3 | 5 | 8 |10 |11 |22 |32
52094 | 1 | 6 |13 |17 22|23 |28 |3 | 7 |14]16| 18|21 |31
63224 | 7|9 [ 121812024 32| 2| 3 |13]14 19|29 |30
73276 | 6 | 12|14 1512412930 | 9 | 17|18 |20 |23 |27 |28
7687 | 219 | 17121124 28304 |5 |15|16 26|27 |32

Table 4.5: (3,7,7) solutions with 5 = 5. The reduction needs 280 auxilliary

spins.
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4.3. A physics-related problem: solving anomaly cancellation conditions

(3, 8, 8) ay | ay | Az | A4 | Q5 | Qg | a7 | ag b1 bg b3 b4 b5 b6 b7 bg
50139 | 1 | 3|6 |10(12]20(23|30 2| 5|9 13|17 |19|25 |27
73206 | 1 | 3| 4 |17[20(25|26|30|5| 8|9 |10]19]21 |28 |32
78202 | 3 | 4 |17 181924 27|30 |1 | 2|9 |16|20]|22]|28 |32
85418 | 2 | 3 | 9 |16 1823|3132 |6 |10| 1415|2426 |27 |30

Table 4.6: (3,8, 8) solutions with § = 5. The reduction needs 320 auxilliary
spins. Note that even the smallest (3,8, 8) number represents a solution in a

search space of size 3216 ~ 10%,

Note that all the above solutions are non-trivial (3,n,m) numbers, in
that they are not sums of smaller solutions. Indeed, it may happen that a
(3,n,m) number is actually the sum of (3,p,q) and (3,k,l) numbers with
p+k = nand g+ = m. In order to avoid such trivial solutions, we have

simply removed them by hand at the end of each anneal run.

4.3 A physics-related problem: solving anomaly
cancellation conditions

Having road-tested our reduction methods on Taxicab numbers, we now move
on to an application of these methods in physics, solving the anomaly can-
cellation conditions in the Standard Model extended by an extra U(1) gauge
symmetry. This is one of the simplest and most studied extensions of the
Standard Model (see Ref. [62] for a review of Z’ physics), and it has been
the target of numerous experimental searches [63].

The generalities of anomaly cancellation for such systems have been dis-
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4.3. A physics-related problem: solving anomaly cancellation conditions

cussed in Refs. [64-77].

In this part we will for concreteness specialise to the models studied
in Ref. [76]. Here, the main assumption is that the chiral fermions ap-
pear in the usual 3 families of quarks and leptons, together with 3 right-
handed neutrinos. The charges under the additional U(1) are labelled by
{Qi, U;, Dy, Ly, E;, N;}, respectively, with ¢ € {1,2,3} indicating the gener-
ation number. Under this assumption the anomaly cancellation condition

yields the following set of Diophantine equations for the charges:

3

> (6Q: +3U; +3D; + 2L + E; + N;) = 0, (4.21)
=1

3
> (BQi+Li) =0, (4.22)
=1

3
Z 2Q;+Ui+D;) = 0, (4.23)
=1

3
S (Qi 48U +2D; + 3L, + 6E,) = 0, (4.24)
=1

3
ST(QF 202+ D~ L2+ E?) = 0, (4.25)
=1

3
> (6QF +3UF +3D} + 2L + E} + N}) = 0. (4.26)

=1

A general solution to the above equations has already been found analytically
in Ref. [76]. However, we shall demonstrate here that these problems can be
also tackled using Ising model annealing (in practice here we use simulated

annealing, but ultimately quantum annealers will be practicable).
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4.3. A physics-related problem: solving anomaly cancellation conditions

As for the Taxicab problem, we begin constructing the Hamiltonian by
simply squaring and summing the left hand side of all the above equations.
We encode all the variables involved as in Eq. (4.2) with ¢; € {Q;, U;, D;, L;,
E;, N;} and take s; = —1 for all the charges. We set § = 2, thus looking for
solutions with entries from —1 to 2. Note that although the number of bits
we use to represent each variable is relatively low, the number of possible
configurations of these 3 x 6 = 18 charges with possible values in [—1, 2] is
already quite high: 4'® ~ 10%°. It is worth mentioning that in this particular
case a comprehensive scan can be completed with far fewer attempts due to
generation permutation symmetry in the equations. Indeed, it is easy to see
that the anomaly equations are invariant under arbitrary permutations of
{Ay, Ay, A3}, where A € {Q,U,D,L,E, N}, giving an (S3)° permutational
symmetry that could be exploited if we were looking for solutions by exhaus-
tive scanning over all the different configurations.

Of course our goal here is to avoid using such tricks, but to instead find
solutions using annealing on the reduced Ising Hamiltonian. For g = 2 the
reduction requires only 18 auxiliaries. We have performed several anneal runs
with 10000 reads obtaining an average of 60 distinct solutions per anneal run.

In the following table we present a sample of three of them.
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4.3. A physics-related problem: solving anomaly cancellation conditions

Q1| Q2| Qs | Ui |Upy |Us | Dy | Dy | D3| Ly | Ly | Ly | Ey | By | E3 | Ny | Na | N3
1 0 ]-1/|-1 0 -1 0 -110 1 (-110 1 1] -1
-1 1 0 0O |-1|1]-1 1 0 |-110 0 1 |-1 0 | -1
1 1-1]0]-1 0 0-1]1 0]-1]-1/1 0] -1 0 1

Table 4.7: A sample of three solutions found using § = 2 and 10000 reads

in each anneal run.

One might expect higher values of £ to lead to new solutions with bigger
entries, along with those previously found. However, for this specific problem,
classical annealing turns out to be unfruitful for g > 2. To explain why it
is useful to inspect how the energy gap A between the ground state and the
first excited state scales as a function of the size of the problem. It can be

shown (see Ref. [48]) that

mo

A~o(E) 4.27
(2) (127)

where o and p are the number of additions and multiplications respectively
in the Hamiltonian written in terms of binary variables, m is the number
of equations we want to solve and n is the effective precision, which is the
difference between the largest and smallest nonzero absolute values repre-
sentable among all the variables in the system. Increasing § makes all these
parameter bigger, including n and pu, causing an exponential shrinkage of the
energy gap between the ground states and the first excited states, which in
turn considerably affects the algorithm’s performance.

To improve our results and find solutions with bigger entries we use a
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4.3. A physics-related problem: solving anomaly cancellation conditions

technique we called “solution-mining”. This method allows one to explore
larger regions of parameter space (i.e., larger integers) without increasing /3,
yielding in turn solutions with larger values. The method operates iteratively,
by at each run constructing a brand new Hamiltonian from the previously
found solutions. At say the k-th iteration, we minimise the Hamiltonian
looking for solutions of the form

g o0k (4.28)

7 i, i,

where £ = 0,..., N (with N being the total number of anneal runs), and

where sF is a classical shift that centres the new search, which is determined
from a solution found in the (k — 1)-th run: if we designate the previous

solution #¥~!, then the {s*} are chosen such that

e T I g

thoe [t -2, 1) (4.29)

based on a random choice.

This procedure finds new solutions by performing a kind of “random tun-
nelling” from previously found solutions (hence the name “solution-mining”).
It generally operates well when there are many variables in the system and

many different equations, because in such systems the solutions can be rel-
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4.3. A physics-related problem: solving anomaly cancellation conditions

atively close in each dimension of the search space (even though the total
Hamming distance could be very large due to the large number of dimen-
sions). For the two specific example problems we are discussing here, it is
not a useful enhancement for finding Taxicab numbers because there one
is seeking the smallest numbers, and (as we shall see) the solutions to the
Diophantine system are very widely spaced. However for solving anomaly
equations the method is a significant improvement. In such systems, new
solutions to the anomaly equations tend to appear with consistent frequency
when the allowed charge size is increased, and it is the sheer number of
anomaly equations and charges that makes the problem difficult.

It should be noted that there is no additional cost for solution-mining
because even though a brand new Hamiltonian must be constructed at each
stage, the embedding graph remains the same if the values of 5 do not change.
This means we construct an entirely new Hamiltonian H , but do not need
to perform a new reduction of the solution. On a quantum annealer we
perform reverse annealing in order to collect the solution and construct the
new Hamiltonian at each stage, which then simply has to be translated into
new couplings via the updated {s¥} values.

Applying solution-mining with 30 anneal runs yields to 153 solutions with
entries between —13 and 13. Note that a complete scan on all possible such

configurations, even exploiting the (S3)® permutational symmetry, would in-

13x241

. )6 ~ 10%° trials, which is infeasible with conventional computing

volve (

methods. It should be noted that we do not make use of the permutational
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4.4. GQAA: Genetic Quantum Annealing Algorithm

symmetry and the Ising machine is in principle succeeding within a search
space of 26 ~ 3 x 10%°, although it is not yet clear how exhaustive the
method of small 8 plus solution mining can eventually be.

In Table 4.8 we present a sample of ten of the solutions found.

Q1| Qe | Q3| U |Uy |Us | Dy | Dy | D3| Ly | Ly | Ly | By | Ey | B3| Ny | Ny | N3
-110 1 |-1]0 |1 1|10 10]-1]0]|-1|1 1 0 -1
0O|(-2|21]1]-1]2]|-2]0 oo 1170 7]-1|-1)0 1 1
3 |-1]-2]-1]-2|3]|-4] 2 210|-3/3|2|-2]0 2 | -3]1
3 1-2|-1]1]-3|3]|-4]3 Of(-1{0]|1]-1,01]0O0 3131
-1 1 0[-2|-1|4]-5]| 4 Of(-2(-1]3]0 |2 |-3|]1/|-2]|2
i1/-1r,00}-2(5|6|4|-1|-1]0]1]0]|-1]-2]01]-2]|5
1 oo f-1,-2|6|-7]4|-2]-3,0[0]2]1|-4]0 0 7
2 -1 |-1]12|-3|4)|-6| 2 11000 |-3]1]|-1|-3]-2]38
201222112212 |6]|-1]1|-3|-1]-5]-10]-21]29
1 /3]0 |1 |5 [2]-2|1]-3]|2 31-5|-3|-41|-13| 0 |13

Table 4.8: A sample of ten solutions found using the solution-mining method.

The first of these solutions is equivalent to one found previously in Ta-
ble 4.7. This is because in the first anneal run the algorithm looks for solu-
tions centered around zero, i.e., with entries between [—1,2]. Then it starts
exploring the neighborhood of the solution found in the previous anneal run,

gradually finding solutions with larger entries.

4.4 GQAA: Genetic Quantum Annealing Al-
gorithm

Having used quantum annealers to directly address physics-related prob-

lems, we now turn to a slightly different use of these machines, i.e., as a
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4.4. GQAA: Genetic Quantum Annealing Algorithm

tool to enhance meta-heuristic search algorithms, in particular evolutionary
algorithms. As already outlined, from this perspective string theory repre-
sents a sort of “big-data” challenge, where meta-heuristic algorithms are the
most promising approaches to scan over string models. Improving on these
techniques using quantum annealer may therefore be crucial in developing
effective strategies to search for string vacua.

The general idea of combining quantum computing and evolutionary al-
gorithms is a relatively old one in the framework of traditional gate quan-
tum computers, but the success that is claimed in this arena is on a fairly
restricted set of problems (see [78-81] for reviews). The situation with quan-
tum annealers is even less well developed [81-85]. However both GAs and
quantum annealers have each individually been having increasing impact in
similar domains, especially recently in the context of particle physics and
string theory (see for example [86-102] and [103-105] respectively). This
still strongly suggests that there is benefit to be gained by combining them.

Before going into the details of this novel combined approach, let us

summarise how genetic algorithms work.

4.4.1 Introduction to genetic algorithms

Genetic Algorithms (GAs) are a type of optimisation algorithm inspired by
the process of natural evolution. They are used to find solutions to complex
problems by mimicking the principles of natural selection, crossover, and

mutation. GAs are particularly useful for solving problems that involve a
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large search space, such typical problems in string theory. The algorithm

goes through several steps, which we summarise as follows:

e [nitialisation: a population of potential solutions, often represented as
strings of genes or alleles, is randomly generated. These series of genes
constitutes the genotype of each individual, which yields its particular
properties, the so-called phenotype, which is essentially the list of pa-
rameters that define the problem of interest. Each genotype represents

a potential solution to the problem at hand.

e Fwaluation: each potential solution in the population is evaluated based
on a predefined fitness function that quantifies how well a solution
solves the problem. The fitness function guides the algorithm by as-
signing higher values to better solutions. Fig. 4.9 illustrates a single
individual with its own genotype, needed to compute the phenotype

and ultimately the fitness.

e Selection: solutions with higher fitness values have a greater chance
of being selected for the next generation. This simulates the principle
of natural selection, where fitter individuals have a better chance of
passing on their genes to the next generation. In particular, selection
can proceed after having ranked the individuals according to their fit-
ness. In Fig. 4.10 we refer to this part of the algorithm, in which the
fitnesses of the phenotypes are compared with the problem of interest,

as the environment. Individuals are then selected for breeding with a
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Genotype
e 7}

Figure 4.9: An individual member of the population in a classical GA, where
here the genotype contains N discrete alleles (for pedagogical purposes we
represent the genotype with 0 = =1 spin values, which are translated to

binary digits 7 in the obvious way, 7 = (1 + 0)/2).

probability that increases with the ranking. A convenient choice is for
the dependence to be linear, such that the probability p; of the kth

individual being selected for breeding is

2 P—k
P = Grarp (1+P_1(a—1)> : (4.30)

where P is the population size and where o > 1 is a constant meta-
parameter that can be thought of as the ‘learning rate’ of the GA. In
particular, the probability p; for the fittest individual to be selected
is a multiple « of the probability pp for the least fit. Typically, « is

chosen in the range 2 < a0 < 5.
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e (Crossover: selected solutions are paired up, and their genetic infor-
mation is combined through a process called crossover. This involves
exchanging segments of genetic material between the parents to create

new offspring with a mix of their traits.

e Mutation: a small random change (mutation) is applied to the genetic
information of offspring. This introduces diversity into the population,
preventing the algorithm from converging prematurely to a sub-optimal
solution. A typical value for the mutation rate is a few percent, but

the optimum rate tends to be problem specific.

e Replacement. the new offspring, along with some of the parents, re-
place the old population. This forms the next generation of potential

solutions.

e Termination: Asindicated in Fig. 4.10, this process is then repeated for
multiple generations, typically a few hundred. The algorithm iterates
through the selection, crossover, mutation, and replacement steps for
a certain number of generations until a stopping criterion is met (e.g.,
a satisfactory solution is found). Over successive generations, the pop-
ulation evolves towards better solutions as the algorithm exploits the
information gained from previous generations and explores new areas

of the solution space.

Genetic algorithms can be applied to a wide range of optimisation prob-

lems, in principle without any limitation on the nature of the problem. How-
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Figure 4.10: The classical GA is a directed graph with two loops. The initial
population of genotypes (on the right) give phenotypes which are in turn used
to calculate the fitnesses of the P individuals in the ‘environment’ which are
then collected as a ranked population of parent genotypes (on the left). The
fitness ranking of an individual determines the probability of it being selected
to take part in a breeding pair. P/2 breeding pairs are formed in this manner,
and then cross-over and mutation yield an entirely new generation, and the

process is repeated.

ever, GAs might require tuning of various parameters, such as population
size, mutation rate, and selection methods, to achieve optimal performance

for a specific problem. It is worth mentioning that the procedure described
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above can be thought of as the “vanilla” version of a GA, and many vari-
ations have been suggested (for a review of some of the improvements that
can be made see Ref. [99]). However all implementations of GAs have in
common these three elements. One crucial aspect to remember for the later
GQAA discussion is that mutation is not just an improvement to the con-
vergence, but is absolutely integral to the entire process because without it
the system stagnates, as can be appreciated by optimising the mutation rate

as in Ref. [90] and below.

4.4.2 Genetic Quantum Annealing

How might one incorporate some of the advantages of quantum annealers
into a genetic algorithm? As is clear from the discussion in chapter 4, from
a quantum computing perspective the difficult part of the GA to encode
would be the problem itself and the fitness function, namely the environment.
Therefore our hybrid algorithm rests on continuing to treat the environment
classically.

The foundation of the approach is to redefine precisely what constitutes
an ‘individual’: our definition is shown in Fig. 4.11. In effect it adds another
layer to the classical individual of Fig. 4.9. Unlike the classical GA, the
alleles in the genotype of an individual are continuous, and are comprised of
a set of N of the linear couplings h, appearing in the spin Hamiltonian in
Eq. (4.1), rather than a set of N discrete alleles. The crucial feature that

the quantum annealer introduces is the ability to convert this continuous
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. Genotype € RY
1

% % Anneal

------------- -1 | Quantum-genotype € Z%

Figure 4.11: Representation of an individual member of the population in the
GQAA, showing the relation between the genotype, quantum-genotype and
phenotype. An individual corresponds to a chain of N entries in the Ising
model on the annealer. The genotype is defined classically in RY and cor-
responds to the real biasing linear couplings for the individual, with orange
nodes biasing positively (i.e. they have negative h values) and blue biasing
negatively. A quantum-genotype lives in Z5 and is the corresponding dis-
crete set of eigenvalues that is read from the annealer, which is influenced
by the genotype, but also by couplings to the neighbouring members of the
population. The quantum-genotype takes fluctuating values, with fitter in-
dividuals having larger modulus |h| and hence enforcing their biasing more
strongly, resulting in a form of ‘weighted mutation’. The phenotype is de-

rived from the discrete quantum-genotype classically in the usual way.
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genotype into a discrete genotype in a probabilistic way by performing a
quantum read of the corresponding spin eigenvalues. The latter discrete
genotype we shall refer to as a quantum-genotype, due to its ability to take
discrete but fluctuating values. Note that it is the quantum-genotype which
will determine the phenotype and hence the fitness of the individual. This is
the main ingredient provided by the quantum annealer, and we argue that
this separation of the genotype from its physical manifestation quantises the
crucial biological feature that has to be incorporated into classical GAs with
an artificial mutation stage, namely the fact that the genetic code for an
individual does not absolutely determine its phenotype.

For later reference it is also of course possible to define the discrete geno-
type that the h, couplings would like to enforce in the spins, which we refer

to as the classical-genotype, which is simply

of = —sign(hy) . (4.31)

Importantly, in the limit of zero quadratic couplings Jg,, on the annealer, and
perfectly adiabatic annealing, the quantum-genotype is equal to the classical-
genotype.

With this definition of an individual to hand, there is then a great deal
of freedom in how one can configure them into a population on the annealer,
and it is possible to go far beyond the classic framework in Fig. 4.10. The

configuration that we adopt for the population is shown in Fig. 4.12.
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203 S
bbb &

Figure 4.12: The arrangement of the population and the influence of fitness

assignments before being selected for breeding. The genotype is stronger for
the fitter individuals. Thus the quantum-genotype of the weaker individuals
is influenced more by the couplings to the rest of the population (which
are implemented vertically by allele). The Figure shows the naive universal
nearest-neighbour ferromagnetic configuration, in which the individuals with
strong genotypes will more consistently enforce their corresponding quantum-
genotypes, and will also impose them on neighbouring weaker members of

the population, giving a form of ‘directed mutation’.
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There are two features that greatly enhance the classical GA. The first is
that, being continuous, the genotype values do not need to have a universal
weighting across the population, but they can be weighted by the fitness
of the parent that gave rise to them. This weighting, which is shown in
Fig. 4.12 as a stronger shading of the genotype nodes in the more highly
ranked individuals, we will refer to as nepotism. For this study we will adapt

a linear weighting for the couplings as follows:

—1
|| = ozp<;';_1é+1>, 0=0,.,P—1, (4.32)

where o, is another constant meta-parameter of the algorithm such that the
bias of the fittest individual (I = P —1) is o X cy,. The second feature is that
corresponding alleles across individuals in the population can be coupled in
the Ising model (with (anti)ferromagnetic (positive)negative Jy,, couplings
in Eq. (4.1)). In other words, in contrast to a classical GA, the quadratic
couplings in the quantum annealer allow the individuals to ‘see’ the rest
of the population. This allows highly ranked individuals to influence the
quantum-genotypes of other members of the population, a feature we refer
to as quantum-polyandry. To avoid clutter Fig. 4.12 shows nearest-neighbour
attractive (ferromagnetic) polyandry, but an important possibility to be dis-
cussed later is more connected quantum-polyandry, in which for example
more members of a population can see the fittest individuals.

The framework for the entire algorithm is shown in Fig. 4.13. Like the
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classical GA it is a two-loop directed graph, with the genetic material cir-
culating in the top loop, while the feedback from the environment circulates
in the bottom loop. The procedure begins as in the classical GA by ran-
domly initialising the discrete quantum-genotypes in the population. The
phenotypes and hence fitnesses for all the individuals are calculated, and the
quantum-genotypes ranked accordingly. The biasing h, terms in Eq. (4.1)
on the quantum annealer are then filled with couplings of the opposite signs,
and with moduli that grow according to these fitnesses, with the expectation
that fitter individuals will be able to enforce their corresponding quantum-
genotype more strongly. In addition polyandric Jy,, couplings are filled on
the annealer (and kept fixed throughout) and then selection and breeding can
be carried out in exactly the same manner as in the classical GA. However for
the GQAA this entails swapping the continuous coupling parameters in the
rows of the h, and Jy,, matrices to form a new set of Ising model couplings.
Finally this new Ising model is fed into the annealer to read off new sets of
quantum-genotypes for the next generation. Note that if an individual is to
breed several times then it may be preferable (and costs little) to avoid using
the same set of quantum-genotypes twice, but to collect a pool of multiple
reads of the quantum-genotypes.

One notable aspect of this configuration is that in nepotism the fitness
weighting follows clusters of ‘beneficial alleles’ that may have conferred good
fitness in the previous generation. From the viewpoint of Holland’s original

(and still somewhat controversial) schema theorem [106] (see Ref. [99] for
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Genotypes  Quantum-
838333 genotypes

Selection Cross-over Annealing
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A

Figure 4.13: Like the classical GA in Fig. 4.10, the generic diagram for the
GQAA has two loops. An initial population of discrete quantum-genotypes
(on the right) is used to calculate the fitnesses of the P individuals in the
‘environment’. These are in turn used to form a fitness-ranked population
of parent genotypes (on the left) whose continuous allele values are weighted
by the fitness. As in the classical GA the fitness ranking of an individual
determines the probability of it being selected to take part in a breeding
pair. P/2 breeding pairs are formed in this manner, and then cross-over
(keeping the weightings attached to the alleles) yields a new intermediate set
of continuous genotypes. Completing the loops, quantum annealing yields a

new set of quantum-genotypes and the process repeats.
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a summary of its various critiques), this can be thought of as a means of
weighting powerful schema by the fitness of the individual from which they
came.

Meanwhile, as should be now be clear, it is the generation of the quantum-
genotype by annealing which is playing the role that mutation played in the
classical GA. However in the configuration we are advocating here, both
nepotism and quantum-polyandry work to direct the mutation towards con-

figurations that confer fitness.

4.4.3 More on Quantum Polyandry

The configuration of the polyandric couplings can take many forms, and the
universal nearest-neighbour ferromagnetic couplings shown in Fig. 4.12 are in
fact not the optimal choice. Indeed this configuration leads to very rapid con-
vergence and stagnation: in other words the fittest members of the population
completely dominate the evolution very early. There are two modifications
that can be made. One is to change the values of the couplings such that
they can be either antiferromagnetic, or strengthened. In this work we will
consider three values, namely ferromagnetic and antiferromagnetic couplings
that are degenerate in modulus, and stronger ferromagnetic couplings. We
shall denote the proportion of antiferromagnetic and enhanced couplings as
p and p' respectively. Additionally, we will use the symbol x to represent the
strength of these latter couplings.

The second important modification is to allow more general topologies
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among the polyandric Jy,, couplings. Although this modification comes at
the cost of additional qubits (as it requires higher order couplings than those
available in the quadratic Ising model, which have to be implemented using
chain-locking), the advantage is that it allows more individuals of a popula-
tion to be influenced by the fittest ones.

The motivation for these alternative configurations becomes clear when
one considers also the possibility of antiferromagnetic couplings. One can
imagine for example a stagnant situation where the fittest individuals are
close to a solution modulo some minor flaw in the genotype. A set of anti-
ferromagnetic couplings among the fittest subpopulation encourages some of
its members to sacrifice their preferred quantum-genotype and explore minor
modification. In this sense it is the GQAA equivalent of a crowding penalty.
As such we expect the optimum proportion of antiferromagnetic couplings
to be subdominant.

Fig. 4.14 is a example of such a non-trivial polyandric topology, which
is in fact the configuration we use in this analysis. Differently from the
topology shown in Fig. 4.12, in Fig. 4.14 the genes of the fittest individual
are now attracting some of the genotypes of the weaker ones (thicker lines),
instead of being coupled only to the second fittest creature as in Fig 4.12.
The genes of the fittest individual are now attracting some of the genotypes
of the weaker ones (thicker lines), instead of being coupled only to the second
fittest creature as in Fig 4.12. Clearly there are a huge number of possible

configurations, so we do not claim that this is the optimal one: it does
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]
|

Figure 4.14: The polyandric ‘islands’ topology used for the analysis in this

work. To illustrate we show a toy example with a population of 7 individuals
with only 4 alleles each (going horizontally). Vertical nearest-neighbor cou-
plings are included as in Fig. 4.12. Wavy lines refer to repulsive couplings,
straight lines to attractive ones. In this case 10 out of 24 couplings are re-
pulsive, thus p ~ 0.42. In addition polyandric couplings from the fittest
individuals (at the bottom) link to the same alleles on weaker, randomly
chosen, individuals. In this example we choose the total number of such cou-
plings to be p/ = 0.25 of the total number of alleles in the population. These
enhanced couplings are indicated by thicker lines. The actual values of these

parameters chosen for this study are shown in Table 5.2.

however perform better than the trivial nearest-neighbour topology.
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4.4.4 Practicalities: moving away from the classical
GA limit

Let now turn to an overview of the practical implementation. First an im-
portant remark regarding the efficiency of the implementation is that the
topology of the couplings in the Ising model remain constant throughout the
GQAA, and only the values of the couplings are changed. This is crucial
because, as already mentioned, finding a new embedding for the Ising model
is done through an embedding algorithm which is itself computationally in-
tensive. Thus all updates on the annealer are done by simply adjusting the
classical h and J couplings.

Next it is evident that the topologies in Fig. 4.10 and Fig. 4.13 are the
same, and indeed there is a limit in which the GQAA becomes isomorphic
to the classical GA. This limit is when nepotism and polyandry are turned
off, by setting all the polyandric Jy, couplings to zero and by dialing up
s and making the fitness weighting universal, so that every individual just
experiences the same level of mutation due to the quantum annealing stage.
Thus the two parameters of polyandric coupling and fitness scaling are unique
to the GQAA, while the parameter s plays the role of the overall mutation
rate. The fact that we can go parametrically to the classical GA allows direct
comparison between the two approaches.

Thus our approach will be to use the h and J couplings to move away

from the classical GA limit, and this entails the use of a reverse anneal. The
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initialisation of the reverse anneal is done with spins corresponding to the
classical-genotype in Eq. (4.31). In the limit where the anneal parameter
s(t) is kept close to unity throughout the anneal, the spins do not change
from their initialized values. By then turning on the quantum fluctuations
but keeping the J couplings set to zero, we can introduce a mild mutation
rate in the spins, and the algorithm is effectively operating as a classical GA.
Then dialing down s and turning on J for the various topologies allows one
to move away from the classical GA.

Some additional technical points: The annealer typically has an auto_scale
parameter that automatically adjusts the h and J couplings to fill the phys-
ical range allowed on the annealer. This should be turned off to prevent the
h couplings being automatically scaled to large values, which would result in
the spins being locked to their initialized state.

In addition we implement elitism by replacing the least fit quantum-
genotype with the best fit previous classical-genotype. We utilise the Pegasus
annealer and find that a reverse anneal with s(t) going to roughly 0.7, and a
schedule with ramp-up and ramp-down times of 10us and total anneal times
of 120us, can reproduce a mutation rate in the fittest individuals that is
similar to that of the classical GA (which as we shall see is optimised at a
few percent for the problems we shall consider). However it should be noted
that the mutation rate in the fitter individuals is less than that in the rest of
the population precisely because their larger couplings impose their classical-

genotypes more forcefully. It is also worth noting that the mutation rate is
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very sensitive to the minimum s(¢) value.
To complete the description of the practicalities, we collate all of the vari-
ables and parameters that need to be considered, and the values we preferred

for this study, in Table 5.2.

‘ Parameter ‘ Description ‘ Value ‘
Topology Polyandric Jg,, couplings ‘Islands’: Fig. 4.14
a Learning rate, Eq. (4.30) 3
a, Nepotism, Eq. (4.32) 0.05
p Proportion of antiferromagnetic 0.5
0 Proportion of enhanced couplings 0.064 — 0.06
K Strength of enhanced couplings — o X oy
Sq Minimum anneal parameter 0.74,0.72 | 0.72,0.75,0.75
Jij Coupling strength +0.07 | £0.08

Table 4.9: Parameters, and the values used for this study. The two sets of
values for p and p’ correspond to the Diophantine problem on the left and
function optimization on the right. The values of s, on the left were used
for the two consecutive A = 1 and A = 20 values used in Subsection 4.4.5,
and on the right for the three Taxicab numbers (3,6,6), (3,7,7) and (3,8,8) in
Subsection 4.4.6.

4.4.5 Results for optimising a 2D function

We now turn to the implementation of specific problems, and results. We
should stress from the start that the goal of the exercise with the simple
problems we shall look at is not to show that the GQAA can find results

more quickly in real time: indeed the problems we will consider are so simple
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that a classical GA can work exceedingly fast. By contrast the goal is to
show that the GQAA can find solutions by making far fewer ‘calls to the
problem’. Minimising the number of times one has to evaluate the fitness of
an individual is often the crucial efficiency factor in a GA when the problem
to be solved is computationally intensive. Indeed, as mentioned in the intro-
duction, the advantage of a GA is that it can operate on very complicated
systems and this often means the majority of the effort is spent performing
the computations required to find the fitnesses. It is precisely this advantage
that the GQAA aims to enhance. In this sense the problems we will con-
sider here should be considered as test problems. Thus the crucial parameter
throughout will be the call-count, namely the number of individuals that
have to be evaluated in total before a solution is found. We are also (in the
spirit of optimisation of the mutation rate of the classical GA in Ref. [90])
looking for evidence that there is a preferred configuration of the nepotism
and the polyandric couplings.

The first problem we shall consider is finding the global maximum of a
complicated function. We will compare the GA and GQAA when perfoming

the task of maximising the function

(z(1—2) + y(1-y))

N | —

Ux(z,y) =

+ 12cos(Azy) sin(2x + y) , (4.33)

in the region (—4, 4) x (—4, 4) with various values of A (increasing A introduces
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more local maxima making the function harder). For the fitness function we
will just use the function itself.

We start with the easier case with A = 1. According to Mathematica the
function has a global maximum at (Zpax, Ymax) ~ (0.68708,0.170864) with
Ut (Zmax; Ymax) = 6.13506. In order to compare the GA and the GQAA we
use a fractional binary representation with 2 bits for the integer part and 10

for the fractional one and P = 70, and define (xg, ¥so1) to be a solution if

Uy (Teol, Ysot) > 6.13503. (4.34)

In order to make the best use of the GA, we optimise the mutation rate
following Ref. [90], as shown in Fig. 4.15. In Fig. 4.16a we plot the number
of calls required to find the maximum of U; with the desired precision for
both the GA and the GQAA. Fig. 4.16b shows the same information for
the function with A = 20. In that case the maximum is in (Zmax, Ymax) =
(0.488397,0.642488) with Uso(Zmax, Ymax) =~ 6.23257. The lower bound that
defines the solution is 6.23.

It is clear that the advantage of the GQAA is significant. Moreover
it is crucial to bear in mind that the simplicity of the problem somewhat
constrains the possibility for the GQAA to give dramatic improvement. This
is because a problem for which the search space is somewhat limited, and
which can for example be treated by gradient descent, is already unlikely to

yield great advantage for the GA over conventional search techniques.
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Figure 4.15: Number of calls required to find a solution for different mutation
rates for the classical GA. For this specific problem the best mutation rate

is around 5%.
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Figure 4.16: Number of calls required to find a solution with the demanded
precision for finding the global maximum of the function in Eq. (4.33). For
A = 11in Fig. 4.16a the average number of calls is: 2240 for GQAA and 2690
for GA (representing ~ 18% of improvement). Root-mean-square deviation
(RMSD): 940.8 for GQAA and 1140.2 for GA. For the more complicated case
with A = 20 in Fig 4.16b the average number of calls is: 2186 for GQAA and
2883 for GA (representing ~ 24% of improvement). RMSD: 1331.6 for GQAA
and 1620.2 for GA. In this second case, GA does not find any solution within
the first 7000 calls in 17.3% of the cases. For GQAA this percentage reduces
to 7.8%. In both cases the data are collected running 350 times for both
GA and GQAA. The GQAA parameters are listed in Table 5.2. Performing
the Kolmogorov-Smirnov test for both sets of data we conclude that the
difference in the GA and GQAA distributions is statistically significant with

a level of confidence of 99.9%.
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4.4.6 Results for Diophantine problems

The second problem we shall consider is somewhat harder, namely the so-
lution of simple Diophantine problems, of the kind that were discussed in
Subsec. 4.2.2 also in the context of quantum annealers (but using direct
Ising encoding of the problems). We shall adopt the same notation as be-
fore. Analogously to the previous part, here we will test our methods on the
computationally intensive (3,6,6), (3,7,7), (3,8,8) numbers.

In order to treat the problem on a GA or GQAA for the (3, n, m) numbers,

where n, m € N* we use the following fitness function:

n m 2
f=- (Z a; - Zb?> + constraints, (4.35)
i=1 i=1

where the constraints refer to an additional Kronecker-delta penalty if any
of the a; are equal to any of the b;.

Optimising the mutation rate for the GA, as for the previous problem, we
begin by displaying some specific examples of solution-finding for the (3,6,6)
and (3,8,8) problems. Parameterising the integers with the obvious 5 digit
binary encoding, we find the examples shown in Table 4.10. It is clear from
these examples that the GQAA consistently outperforms the classical GA in
finding solutions.

As the solutions to these problems are harder to find, we performed a
systematic comparison by studying the progress of the maximum fitness in

the population throughout the evolution. Figure 4.17 compares the progress
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| Call-count | Gen’s | P | Solution |
91650 1833 50 (1,3,3,9,13,11 | 12,8,4,6,4,12 )
61320 876 70 (12,29,31,4,5,6 | 9,28,23,18,25,2 )

9270 309 30 | (27,15,27,18,10,27 | 30,16,12,31,12,17 )
21390 713 30 (2,2,21,27,15,15 | 30,8,3,14,11,16 )
25680 856 30 (7,3,31,16,24,20 | 28,18,1,8,28,18 )
11610 387 30 | (15,26,15,15,15,22 | 19,10,2,21,27,17)
(a) GA: (3,6,6)

‘ Call-count ‘ Gen’s ‘ P ‘ Solution ‘
2130 71 40 (13,9,8,6,8,8 | 10,2,10,11,2,11 )
2680 67 40 (25,9,5,10,3,9 | 7,15,21,12,11,13 )
8520 284 30 | (18,15,29,27,23,13 | 16,26,11, 30,26,4 )
2220 74 30 (1,23,29,18,9,13 | 24,28,10,3,20,8 )
3060 102 30 (21,29,19,3,11,3 | 26,13,14,9,22,20 )
1170 39 30 (24,26,25,3,7,11 | 22,20,20,28,5,1 )

(b) GA: (3,6,6)

‘ Call-count ‘ Gen’s ‘ P ‘ Solution ‘
25160 629 | 40 | (22,6,2,2,19,24,4,24 | 21,13,13,5,5,12,3,31 )
8280 207 40 | (26,6,3,13,10,19,18,26 | 17,7,5,29,16,25,4,12 )
21440 536 | 40 | (2,20,23,22,15,2,22,1 | 4,3,10,29,11,5,7,26 )
24640 616 40 | ( 16,16,8,21,24,31,9,21 | 30,14,19,19,29,15,7,1)
30280 757 40 | ( 21,10,15,14,19,24,22,26 | 17,2,20,7,4,6,31,28 )
26800 670 | 40 | ( 13,21,14,17,19,27,14,15 | 12,9,26,8,2,22,28,7 )

(c) GA: (3.8,8)

‘ Call-count ‘ Gen’s ‘ P ‘ Solution ‘
6300 170 | 40 | (25,13,21,3,25,1,25,21 | 11,24,20,30, 14, 14,22, 11 )
4440 111 40 (17,29,21,14,1,19,17,1 | 26,30,7,3,11,24,12,8 )
3630 92 | 40 | (24,28,8,25,20,12,6,10 | 16,23,4,26,19,16,23,18 )
5280 132 40 (20,30,3,18,14,12,12,30 | 25,5,2,21,19,26,29 )
2720 68 40 (7,28,6,4,6,28,15,29 | 19,26,21,10,9,18,25,25 )
3760 94 40 (17,9,16,23,4,21,17,14 | 10,5,26,7,27,3,5,2 )

(d) GA: (3,8,8)
Table 4.10: Hands-on with the GQAA versus the classical GA for finding
(3,6,6) and (3,8,8) Taxicab numbers for integers up to 32. Thus the search
space is in principle 2¢° ~ 10'® for the (3,6,6) problem, and 2% ~ 10%* for
the (3,8,8) problem. However the fact that the GA works with a rather small
population indicates that the number of solutions in the search space is large.
Nevertheless the efficiency of the GQAA is still consistently up to an order

of magnitude better in terms of the call-count.
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for the (3,n,n) problems, where the maximum fitness has been averaged over
50 trials with =5 and P = 30, with the other GQAA parameters as given
in Table. 5.2. As we can see from the figure, for the (3,6,6) problem, after
100 generation the fittest creature has, on average, fitness -759.1 in the GA
case and -312.4 in the GQAA one. For the (3,7,7) case in Fig. 4.17b the
fittest creature has, on average, fitness -1445.2 in the GA case and -108.3 in
the GQAA one, while in for the (3,8,8) case in Fig. 4.17c the fittest creature
has, on average, fitness -4383.3 in the GA case and -655.44 in the GQAA
one. Again the performance appears to be roughly an order of magnitude
better in terms of the maximum fitness for the GQAA versus the GA. It is
notable that the GQAA appears to behave somewhat differently in order to
achieve increasing fitness.

It evolves via a series of notably more dramatic jumps in improvement
than the GA — for a particular choice of parameters the jumps in fitness in
the GQAA persist (it is not a statistical artefact), whereas the GA appears

to progress more smoothly but more slowly overall.
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Figure 4.17: Averaged fitness of the fittest creature for both GA and GQAA

throughout the first 100 generations for (3,n,n) Taxicab problems.
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Chapter 5

Quantum Annealing as a Tool

in String Theory

5.1 String models and quantum annealers

Let us now move on to the direct applications of the tools we have devel-
oped in the previous chapter to string theory, which represents a natural
framework for quantum annealing applications. The first half of this chapter
is based on Ref. [5], where we investigated on how one can efficiently use
these machines to search among SO(10) models (see Ref. [107] for a review
on these models). This is a direct application of the methods described in
Sec. 4.2. The second half of the chapter is based on the results in Ref. [4],
where GQAA — extensively described in Sec. 4.4 — has been applied in the

context of heterotic line bundle models.
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It is worth mentioning that both these applications are completely novel
and represent the first time that a quantum annealer has been used in a

string theory set-up.

5.2 Encoding SO(10) string models

The general approach we use is a combined technique which embeds the
string consistency conditions (a.k.a. the GSO conditions) themselves on the
annealer, but which performs certain additional phenomenological checks
(such as for example selecting only models with three generations) during
a second step. In such an arrangement the quantum annealer is essentially
providing a consistency filtering of models, which may then be classically
tested against other constraints. We shall see that this approach significantly
enhances the overall efficiency of the algorithm. It can successfully be used
to search parameter spaces orders of magnitude more quickly than either a
blind scan or more traditional classical heuristic methods such as genetic
algorithms. The consistency conditions for these models amount to a set of
generalized GSO (GGSO) projections determined by phases. The essential
ingredients are described in Appendix B, to which we will continue to refer.
The important aspect of these consistency conditions for the present study is
that they can be written as a set of single qubit binary equations fa(7;) = 0,
where 7; € {0, 1} map directly to the GGSO phases of 0 or 7 which determine

the particular string model. The binary 7 variables can in turn be mapped
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to annealer spins as

T = %(1+JZ~). (5.1)

Thus these are arguably the string models that can most readily be encoded
in an Ising spin model. As we are solving equations of purely single digit
binaries we will use the names of the variables themselves to stand for the
binary qubit value.

To get a broad idea of the form of the GGSO constraints, they partially
consist of six (three for spinorial and three for vectorial representations) sys-
tems of four linear equations each, which can be synthesised in the following
expression:

AU = V! mod 2, withl=1,23andi=s,v, (5.2)

)

where each choice of (i, I) corresponds to a linear system of four equations
(specifically i = s,v refers to spinorial/vectorial representations and I =
1,2, 3 refers to the three orbifold planes, respectively. See Appendix B for
more details). The GGSO coefficients appear as components of the Y,/ vectors
(defined in Eqgs. (B.12), (B.19)) and also as entries in the A? matrices defined
in Egs. B.7, B.8, B.9. Being related to phases, these coefficients take values
of 0 and 1. Finally, U/ is a vector of four elements which denote solutions of
the (i, I) system, also with entries in {0, 1}. We shall refer to the set of the

I

solutions of the system as Z!: it can contain at most 2* = 16 solutions due

to the binary nature of the components of the U} vectors.
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Once Eq. (5.2) is satisfied, i.e., once we have a consistent GGSO projec-
tion, we will as described in the introduction further demand that a viable
model must have 3 generations by imposing the following constraint (in which

i = s) classically [108]:

3

Ne =Y > XD =3, (5.3)

I=1 p,q,r,s€ElL

where X;(,Qs = exp <i7rx1(,{1)rs> and X,(,{}s are defined in Egs. (B.13), (B.14)
and (B.15), for I = 1,2, 3, respectively. We shall also require two additional
properties: existence of at least one SM Higgs doublet and existence of a top
Yukawa coupling. The first requirement corresponds to having at least one
solution coming from one of the {(v,I), I = 1,2,3} systems. The second
requirement will be guaranteed by a particular choice of U2 as we shall see
in the following.

Having given an overview of the fundamental ingredients and phenomeno-
logical requirements that we will impose, let us now describe our method in
detail. To encode the GGSO constraints we adopt a technique that is sig-
nificantly different from those that have been used to analyse this specific
class of models before, e.g. in Refs. [107-111]. Indeed the U/ parameters are
typically scanned over along with the other variables corresponding to the
GGSO phases. Here by contrast we first fix the values of U! and U! on the
three orbifold planes which allows us to then search for suitable values of the

GGSO coefficients. That is, following the discussion in Appendix B, we can
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first without loss of generality set

0
0

Ul=0?=0U%= : (5.4)
0
0

Note that we fix U2 to zero, which guarantees the existence of a top Yukawa
coupling as we shall see. However we are still free to fix the residual param-
eters in U}. For this study it is convenient to compare the different methods

by studying the models with

0 1 1
1 0 1
Ug - ) Uz} = ) Ug = (5 5)
0 0 1
0 0 1

Of course in a full treatment one would scan through the 22 ~ 4000 possible
choices of U3, U}, U?. Having fixed these parameters, the remainder of
the GGSO constraints may be solved by quantum annealing. That is we

are required to encode and solve the following equations on the quantum
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annealer: )
A3U3 = Y3
AlUl — Yl
g mod 2, (5.6)
A2U2 — Y2
\Xfé)rs =0

where all the quantities involved can be expressed in terms of the GGSO
coefficients following the definitions in Appendix B. Comparing Eqs. (5.6)
with Eq. (5.2), one may wonder why spinorial projectors appear only on
the third plane along with the corresponding chirality constraint. A simi-
lar question applies to the vectorial projectors, which are only present on
the first and second plane. Indeed, it is straightforward to show that the
choice in Eq. (5.4) (see Appendix B for details) trivialises the corresponding
constraints on the first and second planes for spinorials as well as those on
the third plane for vectorials. In a similar fashion, the chirality constraints
on the first and second planes are satisfied by the conventions adopted in
Eq. (B.34).

The first three lines in Eq. (5.6) correspond to four linear equations,
yielding a total of 13 equations with 27 unknown GGSO coefficients. Thus,
we take the corresponding problem Hamiltonian to be effectively a “loss-
function” for this set of equations, which is to say that we take it to be the

sum of the squares of the 13 equations with additional integer parameters
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Ki—1 .13 to absorb the modulo 2 operation,

4 4
H = Z (Ag)jU«ij o Y;Sz o 2Ki)2 + Z(A}jUz},j - Y;l@ - 2K4+i)2
i=1 i=1
- 2
+ ) (AU =V —2Ks)” + (XG0, — 2K1s) (5.7)
i=1

where the sum over j in each square is to be understood. The auxiliary
variables K;—; 13 are encoded using binary representations and take values
in [—3,4], while A and Y are binary variables in {0, 1}, which are straight-
forwardly encoded in annealer spins via Eq. (5.1). This means that even for
this restricted choice of U] the parameter space is 2% ~ 108,

Once models have been acquired from this quantum annealing stage, they
as mentioned need to be post-filtered classically to satisfy our additional
phenomenological requirements. As discussed these conditions include the
imposition of three generations, and the requirement of at least one Higgs
doublet. However as explained in Appendix B the third constraint, namely
the existence of a top Yukawa coupling, is already ensured by our choice of U3
and by Egs. (B.32) and (B.33) and is therefore already encoded in Eq. (5.7).
Thus, from on now on we need focus only on the first two conditions.

Let us start by analysing the 3 generations constraint. As already men-
tioned, the chirality on the first and on the second planes is set to one thanks
to the conventions adopted in Eq. (B.34). Therefore, the only chirality that

needs to be checked is that on the third plane, which translates into the
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following equation (also without loss of generality):

Soox®, = 3 dmens =1 (5.8)

pq,7,5€E3 p,q;,s€EE3

As the reader may have already noticed, to ensure the desired number of
generations we must sum over all the spinorial solutions on the third plane.
However, it may happen that the proposed solution U? in Eq. (5.5) is not
unique. In other words, since we are not imposing any constraint on the
number of solutions, nothing prevents the system representing the spinorial
projectors on the third plane from having solutions in addition to that already
designated in Eq. (5.5). Indeed, the Hamiltonian in Eq. (5.7) does not contain
a term that enforces the uniqueness of that solution: it simply guarantees
that U2 is a solution. Therefore, in order to ensure the fulfillment of the
generations constraint, we post-process all the candidate models proposed
by the annealer and discard those that have additional solutions besides the
one that we have already assigned. Similar arguments hold for the number
of vectorials, however in this case the constraints are less severe as we only
require there to be at least one Higgs doublet, that is we require at least one

solution coming from one of the planes.
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5.2.1 Results and performance comparison with other

search methods

As in the previous analysis, we use the D-Wave’s Advantage _system4.1. To
assess the different methods we first note that a comprehensive scan of this
system is possible, and this was performed for comparison: this took about
48 hours on a DELL PowerEdge R630 workstation with 32 GB of memory
which resulted in a total number of 1024 models, i.e., the search space of the
set of models we have described contains one viable SM-like model in 10°.
The second method we considered was simulated annealing optimised with
a linear [-schedule. We also for comparison implemented the same system
in a genetic algorithm (see Sec. 4.4 for more details on genetic algorithms).
The genetic algorithm (GA) was implemented with a fitness function defined
linearly by the ranking, and optimised to find the best values for the mutation
rate and for the learning rate (i.e., the number of times breeding occurs for
the fittest individual compared to the least fit): these were found to be 3%
and 4, respectively.

To compare these four methods, we examined the rate at which each finds
acceptable models in terms of machine-time. Apart from quantum annealing,
all the other algorithms were run on standard computers. The results are
collected in Fig. 5.1 where we plot number of found SM-like theories against
machine-time. The definition of machine-time on quantum annealers is com-

plicated by the fact that currently they are shared resources, and need to

154



5.2. Encoding SO(10) string models

handle the influx of traffic and requests from multiple users simultaneously.
This can lead to bottlenecks, resulting in longer wait times of a few seconds
for accessing the machine or retrieving spin values after an anneal run. Since
these are external factors (and even depend on the traffic on the machine) we
have excluded them from our definition of quantum annealing machine-time.
Indeed, these factors are the main obstruction preventing the reproduction of
the saturation plot in Fig. 5.1. Hence the dashed quantum annealer lines are
built upon the simulated annealing data by extrapolating comparative early
performance. Specifically, the grey dashed line represents a projection of the
quantum annealer performance, including the time required to perform the
classical checks.

As we can see from Fig. 5.1, both quantum and simulated annealing
are far more efficient than random scans and genetic algorithms (red and
green solid lines, respectively). Modulo the above caveats, in this case we
estimate that the quantum annealing method is 1.3 times faster even than
simulated annealing. The orange dashed line is an estimate of a hypothetical
pure quantum annealing implementation, in which we assume that all of the
additional classical checks are instead also encoded on the annealer (using
methods that we discuss below), with no additional classical post-processing
being required. This would result in a 4.125 times better performance than
simulated annealing. The number of independent GGSO coefficients is 28,
yielding to a search space of 22 ~ 10® possible models. The superiority of

the methods using annealers is clearly evident in this case, surpassing the
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Figure 5.1: Comparison of the machine-time efficiency of various techniques
for finding viable models. The methods analysed are: random scans, genetic
algorithms, simulated annealing and quantum annealing. For the first three
methods “machine-time” is equivalent to CPU-time. In the latter case it

implies time on the annealer.

other techniques. The total number of models found using simulated anneal-
ing is 894 in approximately 6000s vs 153 and 61 models found using a genetic
algorithm and a random scan, respectively. For the quantum annealer each

anneal run had 2000 reads and used auxiliary variables K; € [—3,4]. The
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dashed lines both indicate quantum annealing and are projections based on
the simulated annealing data. In these two cases the machine-time does not
take into account the dead-time required due to bottlenecks in exchanging
information with the annealer (which incurs a delay of order a second, and
which could be removed if a portion of the machine were dedicated to the
search). The machine time is computed based on the anneal schedule time
only, which is fixed to 160 us. The grey line takes also into account the time
required to do all the classical checks on the models found by the annealer.
The orange line is an estimation of the performance of a quantum annealer
supposing that all the classical checks are also encoded in the annealer Hamil-
tonian.

Overall then, in this study annealing methods appear to surpass other
techniques in terms of performance, efficacy. They outshine alternative ap-
proaches and show superior outcomes. Quantitatively, the initial model dis-
covery rate (i.e., within the first 1000s) is one model in 0.66 seconds for
simulated annealing, compared to one models in 33 seconds for the genetic
algorithm and one in 100 seconds for the random scan. Using quantum an-
nealing, the rate increases to one model in 0.50 seconds when model checks
are performed classically (the grey line in Fig. 5.1) and to one model in 0.16
seconds for a hypothetical purely quantum annealing implementation (or-
ange dashed line). However one caveat we should add for completeness is
that the search in this study may be somewhat disadvantageous for the GA

as the number of SM-like models in the search space is relatively dense: as
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discussed in Ref. [90] a GA becomes more effective when the search is very
difficult, say one model in 10° or more. The future challenge then is to com-
pare quantum annealers and GAs when they are both confronted by much

harder problems such as those discussed in Refs. [4,99].

5.2.2 Towards pure QA model building

In Fig. 5.1 we included a line for hypothetical purely quantum annealing in
which no classical post-processing would need to be done. In this section we
briefly consider how such a complete implementation might be achieved. This
discussion will illustrate the potential and also the complexity of performing
pure quantum computing analyses.

The first hurdle for a complete quantum implementation of the models
under discussion is the fact that the only spin Hamiltonians that can currently
be considered are quadratic Ising models, as already explained in the previous
sections. Let us suppose for this discussion that this will remain the case for
the foreseeable future. For example if we do not fix the values of U2, U},
U? in advance but allow all the U parameters to be set by the quantum
annealing (in which case we are searching the larger space of size 10'%) we
are then obliged to encode the squares of Eqgs. (5.5) in the Hamiltonian, which
would be quartic in the spins. However, applying the reduction procedure
described in Subsec. 4.2.1 we can easily quadratise the Hamiltonian with the

price of adding auxilliary spins. Thus, in principle, all the remaining degrees

of freedom may be put on to the annealer with the GGSO constraints being
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entirely enforced by the Hamiltonian, at the expense of using an additional
ancillary qubit for every term in the Hamiltonian that requires reducing.

There remains the problem of incorporating phenomenological counting
constraints. That is, suppose that the annealer with this larger system has
found a solution to Eqs. (5.6) having thereby determined a set of U’s and
A’s. We are required to include something in the Hamiltonian which will
now implement the three generations check in Eq. (5.3) which previously we
did classically. This requires the introduction of “counting” qubits and it
can be achieved as follows.

We are required to impose Eq. (5.3) which boils down to imposing #(x =

even) = 3 + #(x = odd), or in other words

YooY CXws—1) = -3, (5.9)

I=1 pq,r,scEl

where ¥ = x mod(2). Note that the quantity on the left is actually just
given by the sum of the o qubits corresponding to the binary x variable. This
is sufficient to ensure that even if we have cancelling positive and negative
chiralities the net number of generations is 3.

In these equations the x4 are functions of the p, ¢, r, s as in Eqgs. (B.13),
(B.14), (B.15), so they are also polynomial objects in spins. However each x

can be mapped to a single ancillary binary qubit ¥ by adding the terms
H D (x+2K, —YX)? (5.10)
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for every x, where here X is another ancillary binary qubit and K, is as
before a binary encoded integer, K, € Z. Thus ¥ = x is enforced at the
minimum. Of course given that the x,qs in Egs. (B.13),(B.14),(B.15) are
not linear in spins, Eq. (5.10) will also require reduction. Finally to impose
the three generation constraint in Eq. (5.9) we then add to the quadratic

Hamiltonian the term

2

H > i > (s — 1) +3 (5.11)

I=1 p,q,r,scEl

which is quadratic and therefore requires no further reduction.

In principle therefore all the consistency conditions may be straightfor-
wardly implemented on the annealer in this fashion. Currently the limiting
factor is the size of the architecture and the relatively large number of an-
cillary qubits that would be generated by this method. Therefore one might
also contemplate an alternative approach which is to implement annealing
on a quantum gate computer. In such an approach the Hamiltonian is “Trot-
terized” in order to evolve the system in small time-steps on a universal gate
quantum computer [112]. Thus in principle spin Hamiltonians of high order
are allowed and no reduction would be required in order to implement all the
consistency conditions. Currently no such system of large enough physical
size is available to encode the system under discussion, and unfortunately
one cannot simulate more than approximately 30 qubits. However this ap-

proach would be a promising avenue to explore once universal gate machines
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of sufficient size become available.

5.3 GQAA on heterotic line bundle models

Having used quantum annealers to directly build and search for SM-like
string models, we turn now to another application of quantum annealing
in the string context. In particular we shall discuss how Genetic Quantum
Annealing can be employed as a tool to search for viable string models.

One of the most promising route which could conduct to a SM-like model
from string theory is the Eg x Fjg heterotic string compactified on smooth
Calabi-Yau threefolds with holomorphic vector bundles. In this context, the
geometrical data describing the 6-dimensional compactification space consists
of a Calabi-Yau threefold X and a holomorphic bundle V' on X, needed to
break the Fg x Eg gauge symmetry to the Standard Model gauge group or
to one of its grand unification embeddings. The set of topologically distinct
pairs (X, V) that can serve as compactification data is virtually unbounded,
however, there are strong hints that physically viable models can only be
found within a finite, though extremely large, subset [113,114].

In the following we shall apply both GA and GQAA to a class of com-
pactifications where V' is a sum of line bundles. In this case, two of the major
technical difficulties, checking slope-stability of the bundle and checking the
low-energy spectrum, become manageable. Stability checks are relatively

straightforward due to the split nature of the bundle, while computations of

161



5.3. GQAA on heterotic line bundle models

the spectrum are made virtually instantaneous by the aforementioned dis-
covery of line bundle cohomology formulae [115,116]. As a result, deciding
the physical viability of a heterotic line bundle sum model at the level of
the particle spectrum (three families of quarks and leptons, the presence of
a Higgs field and the absence of any exotic matter charged under the Stan-
dard Model gauge group) can be accomplished within a fraction of a second,
something that has never been possible before. By comparison, traditional
constructions in the literature have taken several years of laborious work to

achieve a comparable level of analysis.

5.3.1 Preliminaries on heterotic line bundle models

Let us now briefly discuss more concretely the details of the string models
we shall treat. Throughout the following, V' will be a rank-5 line bundle sum
V = @®>_, L, over a Calabi-Yau threefold X, so that the resulting model has
SU(5) x S(U(1)°) symmetry. The notation L, = Ox(k,) indicates a line
bundle with first Chern class ¢;(L,) = k’J;, where k! are the components
of the integer vectors k, € Z" and (Ji,...,Jn) is a suitably chosen basis of
H?*(X,7Z), with dimension h = h"'(X). The five integer vectors (ky,...,ks)
uniquely specify the line bundle sum V. The manifold X will be assumed to
admit a free action of a non-trivial discrete group I', such that the quotient
manifold X/I" has a non-trivial fundamental group (in fact, isomorphic to
I'). Given such a group action, there are, in general, several ways to break

SU(5) to the SM group using an appropriate discrete Wilson line on X/T".
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Fixing X, the aim will be to identify the line bundle sums V' that satisfy the

following constraints:

5

(C1) Ey embedding ¢;(V) =3k, =0.
In order to guarantee that the structure group of V is S(U(1))® and
not smaller, no proper subsets of line bundles in V' are allowed to have

a vanishing first Chern class.

(C2) Anomaly cancellation

(V) = ——dwka < c:(TX)

Vi = 1,...,h, where d;;;, denote the triple intersection numbers and
c2(T X)) the second Chern class of the tangent bundle of X, relative to

the basis (J1, ..., Jn).

(C3) Supersymmetry/poly-stability There exists a non-trivial common

solution # to the vanishing slopes
(L) = dijrkitit” ~0fora=1,...,5

such that J = t'J; is in the interior of the Kahler cone, which in our
examples corresponds to #* > 0. Solving the slope-zero equations is
computationally expensive and this check is replaced by the weaker
condition that each of the five matrices M, = (d;;xk}) has at least one

positive and one negative entry. Moreover, the same should hold for
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every linear combination v*M,. In practice, considering all the vectors

v® with integer entries between —2 and 2 provides a strong enough

check.

(C4) Spectrum: cohomology dimensions must satisfy
10-multiplets: h'(X,V) = 3|T|
no 10-multiplets: h'(X,V) =0
5-multiplets: h' (X, A2V) = 3|T| + ny, np >0
Higgs: h%(X, A2V) = ny,
Here |I'| is the order of the discrete group I' and nj, represents the
number of Higgs doublet pairs. In the absence of a cohomology formula,

(C4) can be replaced by the weaker constraint (C4').
(C4’) Chiral spectrum x(X,V) = x(X,A?V) = 3|T|

(C5) Equivariance Require that V' descends to a bundle on X/I'. For sym-
metries acting trivially on the basis (Ji, ..., J,) we require that the Eu-
ler characteristic of every (maximal) partial sum @,,L,, in V' consisting
of line bundles with identical first Chern classes, is divisible by |I'|. For
symmetries with a non-trivial action on the basis (Ji,...,J,), V must
admit a partition into partial sums that are invariant under the induced
action of I' on (Jy,...,J,) and, moreover, the Euler characteristic of

each partial sum must be divisible by |T'|.

The GA scans discussed below have been carried out on four different Calabi-

Yau threefolds realised as complete intersections in products of projective
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spaces. Using the standard notation for configuration matrices, with super-
script indices on X indicating the Hodge numbers (h'!(X), h1?(X)) and a
subscript index indicating the position in the CICY list [117], these four

manifolds are generic members of the following deformation families:

T Pl 1 1
P
PLI1 1
1
(4,68) P 2 (545) _
Xosee e » Xogyr =P 11
L Pt 1 1
Pt 2
- Pl 1 1
- . 11100 0 0 0 0
pro 1 1 F (5.12)
p2[0 1 1 0 0 0 1 0
PO 1 1
) PL{O 0O 1 0 0 1 0 0
6,30 P11 1.0 7,27
Xé302): ) ,X4(071):]P’1 0000200 0
P'l1 1 0
pi PLlo 0 0 1 1 0 0 0
1 0 1
pt P2l1 000 0 1 0 1
10 1 p3
- - 000 1 1 0 1 1

All four embeddings are favourable, in the sense that a basis (Ji,...J;) of
H?(X,7Z) can be obtained by pulling back to X the Kéhler classes of the h
projective factors. Line bundle cohomology formulae on the manifolds X7ggo
and X7447, used to implement the constraints (C4) in the GA searches, are
presented in Appendix B in Ref. [4]. For the manifolds X392 and Xyg7; coho-
mology formulae are not yet available and we have used the weaker spectrum
constraint (C4’). The first three manifolds admit symmetries of orders 2 and
4 which leave the basis (J1, ... J;,) invariant, while X,o7, admits a free action

by ZZ which maps (‘]17 J2> J37 J4> J57 J67 J7> = (*]1) J67 J37 J47 J57 J27 J?)
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5.3.2 The Genetic Algorithm and Quantum Annealing

Fixing the manifold X, a sum of five line bundles V' is specified by 4h integers
(k;fz)fl::llf , where the condition (C1) is used to fix the fifth line bundle in
terms of the first four. There are no a priori bounds on these 4h integers.
However, our previous experience from systematic scans [11,113] indicates
that only a relatively small range is relevant, as bundles involving larger
integers either violate the anomaly cancellation condition or fail to match the
required Euler characteristic. We choose this range as k! € {—2"+1,...,2"},
so that every integer can be encoded by n + 1 bits without redundancy, and
a complete model is described by a bit list of length Npis = 4h(n + 1). In
practice, we take n = 3 for the first three manifolds and n = 2 for the
manifold X4g71.

The classic GA algorithm begins by forming a random population of Ny,
individuals, with details on the fitness functions f presented in Appendix A
in Ref. [5]. The population is then evolved via the three main evolutionary
ingredients: selection, breeding and mutation. We use a selection method
based on fitness-ranking, which means that individuals are selected for breed-
ing with a probability that increases linearly with their ranking, such that
the probability for the fittest individual to be selected is a multiple « of the
probability for the least fit one. Typically, « is chosen in the range 2 < o < 5.
The breeding of the N,,,/2 pairs that are selected in this manner is imple-
mented by cutting and splicing each pair at a number of matching random

points. We implemented a single point cross-over, in which a cut is made at

166



5.3. GQAA on heterotic line bundle models

a single random point and the ‘tails’ swapped. As an additional feature, our
implementation includes elitism, which means that the fittest individual in
every generation is copied to the next generation without modification.

The genetic quantum annealing algorithm (GQAA) described in Ref. [2]
makes a further step by realising the genotype of individuals in a quantum
mechanical way, that is, as quantum reads on a system of spins on a quantum
annealer. This approach uses quantum annealing to enhance the GA but

maintaining the same topology for the algorithm. We shall discuss results

with GA and GQAA in order.

5.3.3 Results with GA

We have implemented the classic genetic algorithm and the line bundle envi-
ronment (performing the binary encoding and the computation of the fitness
function) in C, and the code is available here [118,119]. We performed 7
different searches, as summarised in Table 5.1. Each search was divided into
a large number of genetic episodes, with every episode containing 300 gener-
ations of 300 individuals each. The mutation rate was set to 0.5%, and the

selection probability factor to o = 3.

The manifolds X78627 X7447 and X5302

Systematic and comprehensive scans on these manifolds have been previously

carried out in Ref. [113]. On the manifold X530, a search using reinforcement
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Table 5.1: Summary of results for the 7 GA searches. The table compares
the number of models found here (GA) with numbers found in previous
comprehensive searches (Scan) for manifolds with h < 7, both as actual
numbers and as percentages. For the first three manifolds these numbers refer
to the models that pass a sufficient criterion for poly-stability, performed after
the GA search. The last column indicates the fraction of the environment

explored in the GA search.

H Manifold h |T| ‘ Range‘ GA  Scan | Found Explored H

7862 4 2 | [7.8] | 5 5 | 100% 1010
7862 4 4 | [78] | 30 31 | 97% 10710
7447 5 2 | 78] | 38 38 | 100% 10 “
7447 5 4 | [78 | 139 154 | 90% 1074
5302 6 2 | [7.8] | 403 442 | 93% 10
5302 6 4 | [7.8] | 722 897 | 80% 1071
4071 7 2 | [34] | 11,937 N/A| N/JA 10

learning was carried out in Ref. [97]. Our purpose here is to gauge the GA
performance as a heuristic method of search. The results are surprising. For
the manifold X;gs with h''(X) = 4, the environment contains ~10 line
bundle sums'. All Zy-models and 97% of the Z,-models were found after
visiting a fraction of 1071% of this environment. For the manifold X747 with

hM(X) = 5, the size of the environment is ~10**. All Zy-models and 90% of

!The comprehensive scan of Ref. [113] on environments of this size was only possible
due to the split nature of the bundle, which implied that vast regions of the solution space
could be discarded by imposing constraints on individual line bundles, pairs of line bundles

etc. The present GA search does not make use of such simplifications.
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the Zs-models were found after visiting an even smaller fraction of 10714 of
the environment. Most impressively, for the manifold X530, with h'1(X) = 6
the environment contains ~10?° bundles and after visiting only a tiny fraction
of 1071 of it, 93% of the Zy-models and 80% of the Zj-models were found.

In Fig. 5.2 we present the saturation curve for the number of inequivalent
Z4-models found in the GA search on X,4u7; as a function of the number
of states visited. Similar saturation curves were also obtained in the other
cases. An important common feature of these saturation curves, relevant
for evaluating the performance of the GA, is that the initial rate of finding
new viable models is of order 1 (inequivalent) models per 100 episodes. This
implies that, although the size of the environment increases by several orders
of magnitude with every additional Kahler parameter, while the number of
viable models is expected to increase only by an order of magnitude, the
initial rate at which GA identifies these is independent of the number of
Kahler parameters.

The computational time required for a genetic episode is O(10)s on a
standard desktop and displays a linear increment with the number of Kéahler
parameters (~23s for Xjs3po, compared to ~17.5s for X747 and ~12s for
X7s62). This means that each of the searches mentioned above finished within

a few hours on a cluster of 100 CPUs.

169



5.3. GQAA on heterotic line bundle models

250; T T T T —— ‘ ‘i
200} 5
150} 5
100} 5

50 .

O, . . . I . . . I . . . I . . . I . . . I . .|
0 20000 40000 60000 80000 100000

Figure 5.2: Saturation plot for the GA search on X747 with |I'| = 4 and
h*'(X747) = 5. The horizontal axis represents the number of genetic
episodes, in each episode a number of 90,000 states being visited. The verti-
cal axis corresponds to the number of inequivalent models found in the search
satisfying the necessary criterion (C3) for poly-stability. The computational

time for a genetic episode is O(10) seconds on a standard machine.
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Figure 5.3: Saturation plot for the GA search on X471 with |I'| = 2 and
' (X471) = 7. The horizontal axis represents the number of genetic
episodes, each episode containing a number of 90,000 visited states. The
vertical axis corresponds to the number of inequivalent models found in the
search, satisfying the necessary criterion (C3) for poly-stability. The compu-

tational time for a genetic episode is O(1) minute on a standard machine.
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The manifold X571

The manifold X4p7; pushes the search for realistic string models of particle
physics into a new realm of larger Picard numbers, with much more involved
bundle equivariance checks.

The saturation curve for the number of inequivalent models found on
X071 as a function of the number of states visited is shown in Fig. 5.3. The
plot indicates that after 500,000 genetic episodes saturation has not been
reached. However, by doubling the computational time a good degree of
saturation would likely be achieved.

Due to the more involved equivariance checks, the computational time
required for a single genetic episode was slightly longer than for the previous

manifolds and averaged at around 1 minute.

5.3.4 Results with GQAA

Let us now compare the potential performance of the GQAA on X747 and
X5302, with the results obtained using the classical GA. For quantum anneal-
ing, we used again D-Wave’s Advantage _system4.1 and Pegasus structure. As
such machines are still in development it is not possible at the time of writing
to reproduce analogous plots to the saturation plots in Figures 5.2 and 5.3
for GQAA. (Indeed, considering only the available space on the annealer, a
GQAA reproduction of Fig. 5.2 with the same population and the same range

for the integers k! would already require 24000 qubits, which is far beyond
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the available number of qubits on the D-Wave’s Advantage_system4.1.)

Given these practical constraints, comparing the GQAA with the GA then
requires careful consideration. For example one might consider resorting to
smaller problems, such as a saturation plot on Xygse with k% € [—2, 1] using
a smaller population. However such a problem is then already somewhat
trivial for both algorithms to solve since there are a high number of perfect
models in the search space. In other words the classical GA already finds a
solution in every other genetic episode (by comparison with the saturation
plot of the 7447 model in Fig. 5.2 where it finds a perfect model roughly
once in every 100 genetic episodes), so there is little room for the GQAA
to show advantage over the classical GA (although we should add that both
algorithms are still orders of magnitude better than a random search).

Therefore to ensure that we are analysing a problem that is hard for the
traditional GA, we can instead compare the early improvement in the best
fitnesses for the much more difficult cases, and with higher k. We show
this in Figures 5.4 and 5.5, which compare the fitness evolution for the two
algorithms on X747 and Xs300, respectively. After optimising all the GA
parameters and choosing a suitable set of GQAA parameters (which can be
found in Table 5.2), we determined the fitness of the fittest individual for the
first 100 generations for both GA and GQAA, averaged over 20 runs.

By this measure we can indeed see evidence that the GQAA has advantage
over the classical GA. We note that the GQAA best fitness grows faster

throughout the generations than that of the classical GA. Indeed, after 100
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generations, the GQAA best fitness is, on average, ~ 52% better than GA in
the first case and ~ 26% in the second case, respectively. We also note a much
smoother behaviour of the fitness improvement in the GQAA. For example,
the stall in fitness improvement for the classical GA on the X7447 manifold is
reproducible and remains after many more runs have been performed. Thus,
it appears that, depending on the manifold in question, the GA can encounter

blocks in the fitness improvement that the GQAA is able to circumvent.

‘ Parameter ‘ Description ‘ Value ‘
Topology Polyandric Jg,, couplings ‘Islands’
Q@ Selection probability factor 4.0 — 1.16
oy Nepotism 0.05 — 0.6
0 Proportion of antiferromagnetic 0.5
g Proportion of enhanced couplings 6.4%
K Strength of enhanced couplings —a X,
54 Minimum anneal parameter 0.75 — 0.2
Jij Coupling strength +0.08| £ 0.15

Table 5.2: GQAA parameters and related values. For definitions, see Sec. 4.4.
Two entries in the “Value” column refer to X7447 and Xs399, respectively. A

single entry refers to both manifolds.

This partly explains why the improvement on the classical GA in the
first case (Fig. 5.4) is twice that in the second case (Fig. 5.5): 52% and
26%, respectively. However, we should also note in this respect that besides
being intrinsically dependent on the characteristics of the problem (manifold
structure, range of the variables, etc.), the efficacy of the GQAA depends

strongly on the choice of GQAA parameters in Table 5.2. Thus while for the
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Figure 5.4: Fitness of the fittest individual for both GA and GQAA for the
first 100 generations on X747 with |I'| = 4. The optimal value of the GA
mutation rate is 0.5% and the range for the integers k' is chosen to be [—4, 3].
Npop was set to 50 for both GA and GQAA. The fitness was averaged over
20 runs. All the other parameters related to the GQAA part are specified in

Table 5.2.

GA it is possible to optimise meta-parameters such as mutation rate, this
becomes too time-consuming an operation for the GQAA due among other
things to the much larger number of meta-parameters (the values of all the
couplings for example). Thus we consider Figures 5.4 and 5.5 to be evidence

of advantage even before a full optimisation has been performed. From these
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Figure 5.5: Fitness of the fittest individual for both GA and GQAA for the
first 100 generations on Xs302 with |T'| = 2. The optimal value of the GA
mutation rate is 1% and the line bundle integers are chosen in the range
ki € [=7,8]. Nyop was set to 35 for both GA and GQAA. The fitness was
averaged over 20 runs. All the other parameters related to the GQAA part

are specified in Table 5.2.

results, it seems reasonable to believe that once the technological limitations
have been overcome, a GQAA saturation plot on the manifold X747 would
require roughly half of the genetic episodes required by the classical GA
(Fig. 5.2) to reach saturation or possibly even less once a full optimisation

becomes possible.
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5.3. GQAA on heterotic line bundle models

Finally it is worth mentioning a salient fact which is that one might
suppose that the quantum annealing step could be replaced with classical
simulated annealing, but this does not appear to offer similar improvement.
Surprisingly, in all our studies there seemed to be a significant difference in
behaviour such that quantum annealing appears to be crucial to the tech-

nique.
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Chapter 6

Conclusions

In the first part of this thesis we have developed a general framework for
analysing the running of gauge couplings within closed string theories. Unlike
previous discussions in the literature, our calculation fully incorporates the
underlying modular invariance of the string and includes the contributions
from the infinite towers of string states which are ultimately responsible
for many of the properties for which string theory is famous, including its
enhanced degree of finiteness and UV/IR mixing.

In general, this formalism — which builds upon the Rankin-Selberg tech-
nique [29,30] but which also includes additional critical features such as an
identification between worldsheet parameters and an effective spacetime en-
ergy scale y — gives rise to an “on-shell” EFT description in which the final
results are expressed in terms of supertraces over the physical string states,

and in which these quantities exhibit an EFT-like “running” as a function
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of the scale u. We found that results have a particular modular structure
which causes them to depend on supertraces over off-shell string states as
well. Indeed, as explained in chapter 3, the entwinement induced by the
modular completion of the helicity operator needed for calculating the gauge
couplings has “deformed” the notion of physicality for the string states, al-
lowing states which are not level-matched to nevertheless act as physical
states which contribute to the physical supertraces describing the values of
physical string amplitudes. We have also seen that although our results yield
the expected logarithmic running of the gauge couplings within certain en-
ergy scales, they also yield a number of intrinsically stringy behaviors that
transcend what might be expected within an effective field theory approach.

With this framework at hand we moved on to the second part of this work
in which we have developed techniques aiming to improve our current com-
putational capabilities in solving problem related to the string landscape. In
particular, we have employed quantum annealing to construct string models,
focusing on their efficiency and effectiveness in the model discovery process.
By comparing quantum annealing with other established methods such as
simulated annealing, random scans, and genetic algorithms, we have gained
valuable insights into the possible advantages of using quantum annealers for
this purpose.

We should add that annealers are possibly most advantageous when the
search space consists of relatively dense regions of SM-like models (in this

study one model in 10°), a situation in which for example genetic algorithms
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do not usually lead to significant improvement with respect to alternative
methods such as random scans. By contrast, genetic algorithms are known
to excel in scenarios with more challenging searches, where the exploration of
extremely large solution spaces is required. Therefore, it would be interesting
in future investigations to compare these methods in more difficult problem
domains in order to provide a comprehensive assessment of their respective
strengths and weaknesses.

Furthermore, a novel hybrid approach which combines quantum annealing
and genetic algorithms has been developed. We have presented the GQAA to
implement genetic algorithms on quantum annealers, which takes advantage
of the quantum properties of the annealers to significantly improve perfor-
mance over a classical GA.

There are two novel aspects of the GQAA with respect to the classi-
cal GA. The first is that the genotype of each individual is encoded as a
continuous set of annealer couplings and not as a discrete set. This then
yields via the annealer the discrete ‘quantum-genotypes’ from which the in-
dividuals are actually to be built. Thus there are several ways in which the
genotype couplings can be chosen to influence their offspring. For example
the fitness of previous generations can be encoded in the couplings so as to
enforce good schema in the next generation (adopting Holland’s viewpoint)
— so-called nepotism. In a classical GA such enhancement can only come at
the expense of large portions of the population carrying the same schema.

The second novel feature that is incorporated into the GQAA is so-called
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polyandry. That is the Ising couplings on the quantum annealer can be
turned on (with various topologies and couplings) so that the entire pop-
ulation can be influenced by the fittest individuals. In the bench-marking
examples we found that the GQAA performed up to roughly an order of
magnitude better, in terms of the number of individuals that had to be con-
structed before a solution of some simple test problems was found. Moving
on to the string theory context, the analysis becomes more involved. We
have applied this method to search for SM-like heterotic line bundle models,
which represents one of the most viable way to connect string theory to par-
ticle physics. The results give valuable insights on how this technique could
probably overcome classical genetic algorithms in the near future. Although
we are not able to provide a full comparison of the two techniques, we have
gained valuable insights on the possibility that GQAA will be more effective
than classical GA as a search tool for viable heterotic line bundle models.
The main obstacles which prevent to fully compare the two techniques are
due to technical obstructions, mostly related to delays in exchanging infor-
mation with the actual quantum annealer. Being shared resources, annealers
have to handle the traffic generated by multiple requests coming from differ-
ent users. As a consequence, delays in reading off the values of the spins at
the end of each anneal run occur very frequently. However, comparing the
best fitness evolution throughout the first 100 generations reveals how the
GQAA has a remarkable advantage over classical GA. In both manifolds we

have analysed, we note that the GQAA best fitness grows faster throughout

181



generations compared to classical GA. It is worth noting that this improve-
ment was found with rather generic choices of the GQAA parameters, and
a full optimisation of the method was not carried out in this study (due to
time constraints on the annealer). It would be naturally very interesting to
perform a full study to determine the optimum set-up for performance.

As a final remark, it would be certainly worthwhile to deepen the devel-
opment of the framework we have illustrated in chapter 3 until the point in
which one can use it to extract universal constraints which ultimately serve
as effective filters in the realm of these new search methods developed in the
second part. This will certainly open a new rich and florid avenue for further

studies.
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Appendix A

Evaluation of Regularised

Amplitudes

In the following appendix we shall evaluate integrals of the following form

Ii(p,a) = (7§ X, G,(,a))

/ d_T 5 ! (=1)" (X)) mn T"¢" é\p(T, a), (A1)

where the operator X, is defined as X, = A+ E,B with A, B some insertions.
The regulator @,(7', a) is defined as in Eq. (3.25). To evaluate the integral
above we shall use the results in Appendix A of Ref. [21] and generalise them
for insertions that depend on the normalised weight-two anti-holomorphic
Eisenstein function E,, as in this case and in the case of gauge couplings.

To start, we first observe that the form of the regulator function Q\p(a, T)
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in Eq. (3.25) allows us to reduce the calculation of I, to a calculation of the

“reduced” amplitude

P(a) = <T§ Xy Zcirc(a,7)> = Pa(a) + Pg(a)

= (1 A Zala,)) + (A BEs Zaelar))  (A2)

where Zc(a, 7) is the circle-compactification function in Eq. (3.26). Indeed,
once we have evaluated P(a), it follows from Eq. (3.25) that we can then
easily evaluate I, through the relation

a? p 0

hlpaa) = ot o [P - Pla)] (A3)

Following the unfolding procedure described in detail in Ref. [21], it is straight-
forward to compute the first term in the second line of Eq. (A.2). Limiting
the cases to £ = 1,2 (which are the values of our interests) one arrives at the

following expressions of P(a) in term of supertraces

=1 Pp(a) = Str Alfi(a) + fo(a)] + Str Alfo(a) + fo(M,a)] ,

(= 2: Pp(a) = J\%t:rOA[fg(a)] + ]\%t;OA[fg,(M, a)l . (A.4)
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where

poe = 23 (20) k (B5) s = 23 k()

Here M = M, /(27) is the reduced string scale and K, (z) denotes the mod-
ified Bessel function of the second kind. Most importantly, our supertrace
‘Str’ notation indicates a statistics-weighted trace over the spectrum of only
physical string states [27]:

StrA = lim Y (—1)F A;ev ™ (A.6)

y—0 )
states 1

with the index ¢ labelling the different physical states in the spectrum.
Thus we see from Eq. (A.4) that the first term in the second line of
Eq. (A.2) can ultimately be expressed in terms of combinations of supertraces
of the form Str [Af(M)] with functions f(M). We further note that the
functions f; through f3 are wholly independent of any aspect of the spectrum
of the string theory under study, and thus these functions can be taken
outside their respective supertraces. By contrast, the functions f; and f5
depend not only on the regulator parameter a but also on the mass M of the

contributing state. Such functions are thus intrinsically part of the supertrace
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and cannot be factored out.

The E; dependent term in the second line of Eq. (A.2) requires a similar
treatment, with the only difference coming from an extra 7 dependence in
the Eisenstein function. As we shall see, this require additional care in per-
forming the 7, integral. Using similar notations and procedures of Ref. [21]

define the 77 integral as

1/2 o
gx,B(T2) = / dry 75 Z(—l)F Es B 77" (A7)

1/2

m,n

Using the Fourier expansion of Es in Eq. (3.13) we compute

gx,,B(T2) =
1/2 | -
/ dnry! Z By, €27 mmem 2t (1 924y " o (k)7
—1/2 k=1

— o 2
— TQZ 1 2 ]Bmme wo' o M
m
. 24/ dTl E § B, €2i7771(nfmfk)ef27r72(m+n+k)
1/2

m,n k=1

- —mo! o M? —mo! o M?
=7 1{2]&%6 M 243 o(k) Y (—1) Bugn e %}
m k=1 n

(A.8)

where we have defined M? = %n, the spacetime mass of the left excitation of
the string. Analogously the spacetime mass of the right excitation is defined

as M3 = %m such that the total spacetime mass, given in the first line of
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Eq. (2.30), is M? = (M} + M}) = 2/d/(m + n), where m and n can be
expressed in terms of number operators (see below Eq. (2.37)).

The primary distinction from the previous computation, which lacks the
Es, insertion, lies in the second term in the last line of Eq. (A.8). This
term accounts for the contribution exclusively from non-level-matched states,
weighted by their individual spacetime left mass. The evident left-right asym-
metry in the above expression is a consequence of the purely anti-holomorphic
insertion of E,, leading to a shift solely in the left sector. We refer to this
phenomenon as entwinement, which is further discussed in the main text.
The computation now follows a similar pattern as described in Ref. [21],
with the sole distinction being the inclusion of an extra term that accounts
for the contribution of unphysical states. To this purpose we define a shifted

supertrace, which we shall call F-entwined supertrace Strg, as follows

Strg X = Z X Str X (A.9)
r=0
where
1 n=>0
—240(n) n>0,

and having slightly simplified the notation by writing E»(7) = > 7 Xng™

Finally, in Eq. (A.9) we have also defined an analogous shifted supertrace as

187



the sum over the states that lie along the 7" shifted diagonal:

StrX = TIQiLno Z Ap—rp Xp—rp ¢ MiT2 (A.11)

p
where o/ M? = 4p and where the p-sum, as always, is over all of the states
in the spectrum of the string model under consideration. As usual, ap_,»,
is the net (bosonic minus fermionic) number of string states with right- and
left-moving worldsheet energies (p — r,n) in the string spectrum. Note that
for r = 0, level-matching implies that My, = Mr = M. We thus find that

the r = 0 shifted supertrace is nothing but our ordinary supertrace:
Str=9X = StrX . (A.12)

As illustrated in Fig. A.1, the shifted supertraces with » > 0 may thus be
considered to be the generalisations of the ordinary supertrace to off-shell
states — 1i.e., states that lie along non-principal diagonals. As noted above,
the p-sums along non-principal diagonals typically begin with non-zero val-
ues of p, so that p — r continues to exceed the right-moving vacuum energy
A of the string model under consideration (with A = —1/2 for the heterotic
string). However, this restriction merely characterizes the existing states in
the theory. No states are excluded by these observations, and indeed these
sums continue to tally all of the (off-shell) states that exist in the theory.

As such, this entwined supertrace Strgz X not only tallies both the physi-
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Figure A.1: String states arranged as a matrix according to their right-
moving (vertical) and left-moving (horizontal) worldsheet energies (m,n) =
(p—r,p), respectively. The states with r = 0 lie along the principal diagonal,
while the states with » = 1,2, ... lie along successive shifted diagonals. The
requirement r > 0 selects only those string states along or above the principal
diagonal, and the 7 — 7+ 1 invariance of the partition function ensures that
only those “squares” shaded in green with m —n € Z can be populated.
The pink square is necessarily empty in any tachyon-free theory, and the row
shaded in orange is excluded for heterotic strings because such strings have
right-moving worldsheet energies > —1/2. In drawing this figure we have
assumed that states populate only integer or half-integer mass levels, but
in general the spectrum of states can be far denser and may even approach
a continuum in (m,n) [or equivalently in p| for exceedingly large or small

compactification radii.
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cal and the unphysical string states, but also organizes the latter naturally
according to how non-level-matched they are. In this way the E-entwined
supertraces elegantly capture the string-theoretic nature of our full string
spectrum, where the E, function determines the y, coefficients and thereby
determines the precise nature of the entwinement (motivating us to refer to
this as an Ey-entwinement, or E-entwinement for short).

With this tools at hand, it is not difficult to generalise the previous results
for non-entwined amplitudes to the case in which the insertion takes the form
B - E, with B # 0. Indeed, tracing through the derivations explained in

Ref. [21], we find that in such cases we can simply replace
Str [B f(M)] s Strp [113 f(ML)} , (A.13)

within Eq. (A.3). This illustrates the power of the entwined-supertrace for-
malism we have developed. Moreover, when restricting to massive states
[i.e., states whose contributions to g(72) have an exponential m»-dependent

suppression|, we have

Str [B f(M)] — Strp [JB f(ML)}, (A.14)

M>0 M, >0

The critical point here is that the restriction to massive states for X becomes
a restriction to states with positive left-moving mass M, for the F-entwined
supertrace. This makes sense since the exponential suppression within g(7s)

for the entwined supertrace depends on M? rather than M?. By contrast,
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when restricting to massless states [i.e., states that contribute to g(72) with-
out exponential suppression|, the f(M) function becomes a constant which
can be pulled outside the trace. We can then push this one step further and
write

Str B — Strp B = Str B . (A.15)
M=0 My =0 M=0

The top line is of course analogous to what occurs in Eq. (A.14), but the
additional step — the passage to the second line — follows from the fact
that states with My = 0 have p = 0, but for heterotic strings this in turn
implies that we can only have » = 0 (in the definition of Strg in Eq. (A.9)),
since any greater value of r would result in a right-moving worldsheet energy
less than —1/2.

As before, we limit the cases to ¢ = 1,2 and apply the prescriptions in

Eqgs. (A.13),(A.14),(A.15). We thus arrive at

¢ = 1: Pg(a) = A%t:ro]B[fl(a)—i—fg(a)] + Strg B[fs(a) + fo(Mp,a)] ,

My, >0

(= 2: Pg(a) = ]\%t:rO]B[fg(a)] + Strg B[fs(Mp,a)] , (A.16)

My, >0

for the amplitude with the E, insertion in Eq. (A.2).

Thus far we have computed the two reduced amplitudes in Eq. (A.2).
The last step to get the full amplitude in Eq. (A.1) is given in Eq. (A.3).
Using the results in Egs. (A.4), (A.16) in conjunction with Eq. (A.3) we can

then trivially evaluate our full desired amplitude I, for the running of the

191



gauge couplings. Indeed, we see from Eq. (A.3) that we can turn P(a) into
I, simply by replacing each term within P(a) according to the schematic
substitution Str[X f;(a)] — Str[X¢;(u)] where the operators X (can be either
A or B) are unchanged and where the new functions ¢; () for each f;(a) are

given by

1 p 50
00) = [z 7o e [Fa) = fila) (A17)
where we first evaluate the right side of Eq. (A.17) as a function of p and
a, and then identify p? = pa?M? with p = 2 chosen as a benchmark value.

Indeed, given the f;-functions in Eq. (A.5), we find

_ Tt/ M
b1(p) = 314,200
T 1
Pa(p) = 314 2/02
2 2v/2e M,
P3(p) = T4 200 log (T)
1 1/ M\?
Pa(M, ) = W;(ﬂ) [Kéo’l)(z)JrKéo’l)(Z)]
2
¢s(M, ) = 15 g2/ [’ng)(z) —QIC(()O’I)(Z)}

(A.18)

where z = 2v/27 M /; and where we have defined the Bessel-function combi-
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nations [21]

KP)(z) = Z (rz)" [K,,(rz/p) —ppK,,(rz)] : (A.19)

r=1

Note that ¢y (u) 4+ ¢2(p) = 7/3.
This completes the list of tools we need to evaluate the integrals of the
form in Eq. (A.2) for [ = 1,2. This procedure is easily generalisable for

higher values of /.
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Appendix B

Construction of SO(10) models

In this appendix we focus on heterotic string models defined in the free

fermionic formulation using the basis b = {4, ..., 12}, where [107]

16 1,06 1,6, 1,06 —1,.6 1,5 1,23 1.4 75,...8
Blzﬂz{w“,x Y , W Y y W 7w 1 7¢ 7¢ }7

/82+i:ei:{yiwi;gi7@i}7i:17"'76u (B1>

B =2 = {€512’3’4} )
Pra = 22 = {&5’6’7’8} )

and a set of phases c[gﬂ = =+1, c[g] =+1,2 > j=1,...,6. The basis vectors
J

B; describe the parallel transportation properties of the fermionic coordinates
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along the world-sheet torus while the phases link to generalised GSO projec-
tions (GGSO). Following the standard notation, included fermions are peri-
odic, while all rest are anti-periodic. For c[f] = c[zﬂ =—1,2=1,...,6,a=
1,2 and generic choice of the remaining GGSO phases, the above basis de-

scribes a A/ = 1 supersymmetric model possessing SO(10)xU(1)3x.SO(8)?

gauge symmetry. SO(10) spinorials arise from the sectors
Slgg,:s+bf+13,f-b?, I=1,2,3, (B.2)
where

P! =(0,0,p}, ¢}, 7}, 8L,

CRAN]

P2 = (p2,4:,0,0,72,52),

’7787<8

P} = (p,q,r2,52,0,0),

87 <8

E: (61762763764765766)' (B?))

Here, b = b' 4+ 0>+ o with o = 1+ S+ 30 e, + 3.7, z,. Similarly, SO(10)

vectorials come from the sectors

Vé{:S—i—bI—i—x—i—é{-E, 1=1,23, (B.4)
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where

Py =(0,0,p;,qt 78, 8L,

Ps2 = (pz2;7q1217070 ry 52)7

Yy Tvr v
P} = (0}, 4375, 5,0,0). (B.5)
Since the basis vector have trivial overlaps, i.e., e; N S%l =0,i = 1,2,

eim312331 =0,i=3,4, e,-ﬂS%sl =0,i=5,6 and ,zaﬂS}I;S1 =0,a=1,2 1=

1,2, 3 the spinorial projectors can be recast in the form
AU =Yl 1=1,23, (B.6)

where

(erles) (erled) (erles) (erles)

Al (e2les) (e2les) (e2les) (ezleq) 7 (B.7)
(z1les) (21]ed) (21les) (z1]es)
(z2]e3) (zalea) (zales)  (22]eq)
(esler) (esle2) (esles) (esles)

A2 (ealer) (eale2) (eales) (eales) 7 (B.8)
(z1le1) (21]e2) (z1les) (z1]es)
(22e1) (22lea) (22]€e5) (z2les)
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no |
(
(

where we have employed the following notation

a .
— oim(alB)
C =€ .
{ﬁ }

Moreover
1
Ps Ps
1 2
q q
1_ s 2 _ s 3
Us - 1 ’ Us _ 9 ’ Us
TS TS
1 2
S s%
and

(
yi= (
(
(

(B.9)

(B.10)

(B.11)

(B.12)
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For the surviving spinorials we calculate chiralities using the formulae [108],

BXjihs = exp (iwx£§3~3>, with

Xpars = @0 + (1 =7)(es|br) + (1 = s)(es|br) + plealbz) + ealbe) +r(es|ba)
+ s(eg|b2) +p(1 —7)(esles) + p(1 — s)(esles) + q(1 — 7)(edles)
+ (1 — s)(eales) + ( + s)(esleq) (B.13)
Xpars = @0 + (1= 7)(es|b2) + (1 = s)(es|b2) +pler|br) + alealbr) +r(es|br)
+ s(eglbr) +p(1 —7)(erles) + q(1 —7)(eales) +p(1 — s)(e1]es)
+ q(1 — s)(ealeg) + (r + s)(es|es) (B.14)
Xpors = @0 + (1= p)(ea[br) + (1 = q)(ealbr) + (1 = r)(es]bs) + (1 — 5)(ea|b2)
+ (1 =r)(I =p)lefes) + (1 = 7)(1 = g)(ezles) + (1 — 5)(1 — p)(exes)
+ (1= s)(1 = g)(e2leq) + (1 =) [(es]es) + (esles)]
+ (1 =) [(eales) + (eales)] + (1 —7) [(es]z1) + (es]22)]

+ (1 = 5) [(e4]21) + (ea|22)] + (e5|b1) + (es|b1) + (21]b1) + (22]01),
(B.15)

where we can set ag = 0 as it depends on conventions

im0 = _ch(y*)c m c Lﬂ c {bﬂ c {zj : (B.16)
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Similarly, vectorial projectors can be recast in the form

AUl =Yl 1=1,23, (B.17)
where
Py P P}
1 2 3
Gy s 4,
Ul = , U2 = , U2 = : (B.18)
Ty Ty Ty
Sy s s
and

)
) . (B.19)
)
)
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with b% = b; + 2. The GGSO associated coefficients in Y2, Y,/ i =1,2,3 can

s ) v

be reduced as follows

(eilbs) = (eilb1) + (e3]b2) + (eilz) (B.20)
(2alb3) = (2alb1) + (2alb2) + (2al2) (B.21)
(e;|br + x) = (ei]br) + (ei|x) , I =1,2 (B.22)
(zalbr + ) = (2albr) + (2a|z) , I = 1,2 (B.23)
(€ilbs + ) = (es[b1) + (eilba) (B.24)
(zalbs + ) = (24]|b1) + (2alb2) , (B.25)
with

(eilz) = Z(ei’ffj) + (eilz1) + (eilz2) , (B.26)
(zalz) =1+ Z(za|ej) + (21]22) - (B.27)

Moreover,
(eiles) = (ejles) , (€if2a) = (2al€s) (B.28)
(21]22) = (22|21) , (eslbx) = (bile:) . (B.29)

For a given set of spin structure coefficients ¢ [g] the solutions U, Ul I =
J

1,2,3 0f (B.6), (B.17) determine the number of surviving spinorials/vectorials.
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Without loss of generality, we can assume that one spinorial comes from the
S + by sector, that is we have a solution with p! = ¢! = r! = s! = 0. This

amounts to setting

(e1]b1) = (e2[b1) = (21|b1) = (22]b1) =0 (B.30)

as dictated by the relevant equation of (B.6), i.e A'U}! = Y!. Furthermore,
we can also assume that the second spinorial arises from S + bs, i.e. that

p?=¢q?>=r?=s?=0is a solution of A?U? = Y2, which then implies

(63|b2) = (€4|b2) == (21|b2> == (22|b2) =0. (B31>

The existence of a coupling of the form 16 x 16 x 10 at the trilinear effective

superpotential (top mass Yukawa coupling) requires at least one vectorial

coming from S+ by + by + z, that is Eq. (B.17) has a solution with p = ¢ =
3

r3 = s3 =0 [120]. Consequently, we also set

(es]br) = (es]b2) , (es|br) = (eqlba) , (B.32)

(21]b1) = (21]b2) , (22]b1) = (22|b2) . (B.33)

Finally additional constraints come from adjusting spinorial chiralities, in
order to satisfy the chirality constraints on the first and second plane —

i.e. to solve the equivalent of Eq. (5.8) for Egs. (B.13) and (B.14). These
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conditions are

(es|br) = (es|b1) , (es]b2) = (es|ba) - (B.34)
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