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Abstract

This thesis presents the two astrophysics applications we develop on the code plat-

form ExaHyPE2, along with the technical advancement we achieved during their

implementation.

Our first application focuses on simulating the spherical accretion of collisional

gas, considering both the standard and a specific extension of Dvali-Gabadadze-

Porrati (DGP) gravity. The spherical accretion scenario has significant importance

in cosmology since it captures several crucial aspects of structure formation. While

it has been widely studied in standard gravity, we discover a self-similar solution

under modified gravity for the first time in this scenario. The application successfully

reproduces the theoretical prediction and the self-similarity is observed under both

standard and modified gravity in our simulations. This good agreement confirms

the reliability of our application in modelling astrophysical processes in the spherical

collapse scenario.

Our second application is a complete numerical relativity code designed for astro-

physics scenarios in black hole spacetimes. Numerical relativity is a widely utilized

approach in simulating astrophysics systems in the strong field regions of gravity and

is also used in extracting gravitational wave signals from them. In this thesis, we
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report the theoretical background, detailed code implementations and simulation

tests of our code. The results demonstrate that our code can effectively perform

simulations in the black hole spacetime, and exhibit stable evolutions in the dy-

namics systems, including the rotating binary black hole mergers. Furthermore, we

can properly extract the gravitational wave signal from the domain in our tests.

However, we have also observed some instability affecting the long-term evolution

in our simulations, which has become the focus of our ongoing investigation.

In addition to reporting our astrophysics applications, we introduce the power-

ful partial derivative equations (PDEs) solving engine ExaHyPE2 in this thesis.

This engine offers a relatively flexible code structure, allowing users to implement

simulations according to their specific needs. In this regard, this thesis describes

the kernel computational solvers, the refinement transition strategy, the radiative

boundary condition and the particle module, which are all new features developed

during the implementation of our astrophysics code. These advancements enhance

the overall capability of ExaHyPE2 to address various problems across different

branches of science and engineering in the future.

Supervisors:

Prof. Baojiu Li (The Institute for Computational Cosmology, Durham University)

Prof. Tobias Weinzierl (Department of Computer Science, Durham University)
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CHAPTER 1

Introduction

1.1 Numerical Simulation in Astrophysics

Over the past three decades, the field of astrophysics has witnessed significant ad-

vancements in research based on numerical simulations. With the aid of increasingly

powerful computer clusters, scientists can now model and explore a wide range of

astrophysics phenomena in a computation domain, from the dynamics of black holes

to the formation of galaxies and stars and the evolution of the universe itself. Those

phenomena are quite complex and often coupled with extreme conditions, such as

high temperature, large velocity and strong gravity, making them challenging to

study solely through direct observation or theoretical analysis. Fortunately, numeri-

cal simulation now offers a third approach to investigating those phenomena, giving

valuable insights into the underlying physics.

Numerical simulation gains its importance for bridging the gap between obser-

vations and theories in astrophysics. On the one hand, theorists can implement

different theoretical models and hypotheses in simulations, especially for those as-

trophysics phenomena that have limited observational data or occur infrequently.

By comparing the theoretical predictions, the simulation results and observation
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data, theorists can examine their models directly and gain insights into their be-

haviours. On the other hand, observers can utilize simulation results to estimate

the physical quantities associated with observed data, which sometimes are difficult

or even impossible to obtain through analytical calculations alone. Moreover, when

new theories do not produce directly observable predictions through analytical cal-

culations, predictions by numerical simulations can also guide future observations

and experiments.

There is a vast body of literature work that contributes to the development of the

field of numerical simulations in astrophysics. Due to the very broad scope of this

field Bodenheimer et al., 2006, e.g., it is challenging to review them in this thesis.

Therefore, here we will focus on the two representative scenarios in astrophysics

that we develop applications for: the spherical accretion of gas, and the evolution of

black hole systems. The former is a useful tool to understand how gas evolves in a

spherical system that mimics typical galaxy-forming regions and hence can provide

useful insight into the physics of galaxy formation. The latter is indispensable in

the study of black holes and the gravitational waves emitted by them.

There have been a significant number of open-source numerical simulation codes

for various astrophysics phenomena in the community which have yielded impor-

tant results in the studies of those scenarios. However, there is still an ongoing

need for the development of new codes that offer higher efficiency and accuracy

for more complicated astrophysics processes. By incorporating state-of-the-art algo-

rithms and improved parallelization techniques, new codes can offer the possibility to

perform simulations on more realistic scenarios and address previously inaccessible

regimes. In line with this goal, this thesis reports the brand-new code applications

we developed on the new platform ExaHyPE2, for the two specific astrophysics

scenarios mentioned above, they are described in the next two subsections in detail.

1.1.1 Spherical Accretion in Modified Gravity

Spherical collapse (accretion) is a widely studied phenomenon in cosmology. It de-

scribes the evolution of a spherically symmetric overdense region (see Figure 1.1):

how it decouples from the Hubble flow, turns around, and finally collapses into a
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Figure 1.1: The illustration of the spherical collapse. An overdense region with a
density of ρi+ δiρi is present in the uniform background with the density of ρi. The
gas particles, which follow the expanding Hubble flow initially, will decelerate, turns
around and finally collapses back to the overdense region due the gravity.

singularity or some virialised matter distribution. Despite its simplicity, this sce-

nario is of great importance, as it can describe several crucial aspects of structure

formation of different matter components in our Universe (e.g., collisionless dark

matter and collisional baryonic gas), thus providing valuable insights into the real

and more complicated cosmological process of galaxy formation. Some cosmological

hydrodynamical simulation codes also adopt this scenario as a test of their reliabil-

ity and accuracy(e.g., ramses, Teyssier, 2002), because in certain cases analytical

solutions can be found, as I will review later on.

The study of spherical collapse has a long history, with some of the early works

including Gunn and Gott (1972), Fillmore and Goldreich (1984), Ryden and Gunn

(1987), and Subramanian, Cen, and Ostriker (2000). Among them, Bertschinger,

1985 revealed an elegant self-similarity in the solution for a matter-dominated,

Einstein-de Sitter (EdS), universe, for both collisionless and collisional matter. Us-

ing the turnaround radius, rta(t), in the EdS model, the various quantities in the

system of evolution equations can be rescaled, such that all the dependencies on the

spherical radius r and time t are reduced into the dependence on a single variable

λ≡r/rta(t). This gives a unique set of solutions of physical quantities, expressed
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in terms of λ, which can be used to obtain the status of the evolution at arbitrary

(r, t). Spherical collapse is one of the few scenarios where a detailed semi-analytical

solution is known in cosmology.

In the past decades, a lot of effort has been made to incorporate more physical

processes into the spherical collapse model. Based on the original radial collapse of

matter, there are studies that look into the effects of angular momentum (Ryden,

1988; Sikivie, Tkachev, and Wang, 1997; Le Delliou and Henriksen, 2003), dynamical

friction (Antonuccio-Delogu and Colafrancesco, 1994; Popolo, 2009) and shears (Del

Popolo, Pace, and Lima, 2013; Pace, Batista, and Del Popolo, 2014). On the

thermodynamics side, several research also studies the cooling and heating process

during the collapse (Abadi, Bower, and Navarro, 2000; Uchida and Yoshida, 2004;

McCarthy et al., 2007) for a more realistic thermal history of the gas.

Nowadays, studies of cosmological structure formation have entered a highly

advanced stage, with more complicated physical processes added into increasingly

sophisticated hydrodynamical simulations (e,g, Schaye et al., 2015; McCarthy et al.,

2017; Springel et al., 2018), which can realistically reproduce the observed properties

of galaxies clusters; see, e.g., Borgani and Kravtsov (2011), for a review. Compara-

tively, therefore, the role of spherical collapse as a stand-alone simulation experiment

has declined. However, this scenario can still serve as a useful benchmark test to

assess the accuracy and reliability of new simulation codes. This partially explains

why the original spherical collapse model with self-similarity still attracts attention

(e.g., Halle, Colombi, and Peirani, 2019; Alard, 2020). It is also worth noting that

the self-similarity can still hold under some other circumstances, if the physics added

(e.g., the cooling function) follows certain assumptions (Sikivie, Tkachev, and Wang,

1997; Uchida and Yoshida, 2004).

The application we report in this thesis concerns spherical collapse in modified

gravity (MG) models, which are an alternative solution to avoid several problems

of the current concordance ΛCDM cosmological model. The ΛCDM model suggests

that the majority of energy density in the Universe contributed by cold dark matter

(CDM), a species of non-baryonic and non-relativistic particles, and dark energy, an

energy component with exotic properties (e.g., negative pressure), in the form of a
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positive cosmological constant Λ (Amendola and Tsujikawa, 2010), which is needed

to explain the accelerated Hubble expansion. However, the hypothetical Λ suffers

from long-standing theoretical problems (Weinberg, 1989). Modified gravity models

have therefore been proposed as an attempt to overcome those issues by extending

the standard General Relativity (GR) rather than assuming extra unknown matter

or energy components (e.g., Sotiriou and Faraoni, 2010; Linder, 2010). In recent

years, there has been growing interest in MG models, because constraining them

using various astrophysical and cosmological observations offers a powerful way to

test our theory of gravity.

In this context, there are already various studies which look into the spheri-

cal collapse scenarios in different modified gravity models (e.g., Martino, Stabenau,

and Sheth, 2009; Schmidt, Hu, and Lima, 2010; Li and Efstathiou, 2012; Lom-

briser, Koyama, and Li, 2014; Barreira et al., 2014; Lopes et al., 2018; Contigiani,

Vardanyan, and Silvestri, 2019). However, these studies generally focus on models

that no longer uphold the property of self-similarity. This is not surprising, be-

cause even within GR there are strict conditions which must be satisfied to have

self-similar solutions. For example, the EdS model loses its self-similarity property

once a cosmological constant is added.

In our application, we investigate the spherical collapse scenario for collisional

gas in both the Einstein-de Sitter universe and a slightly modified version of the

Dvali-Gabadadze-Porrati (DGP, Dvali, Gabadadze, and Porrati, 2000) braneworld

model. The latter is a class of MG models that has attracted much attention in the

last two decades, featuring an enhanced strength of the total gravitational force and

the Vainshtein screening mechanism (Vainshtein, 1972), which suppresses deviations

from GR near massive objects to give the model a chance of passing the stringent

Solar System and lab constraints. Despite its complexity, we find that the self-

similarity property can still be achieved in this model under certain conditions that

are not unnatural. Our self-similar solutions in this model will provide insights into

how these mechanisms of modified gravity may affect structure formation in similar,

but more realistic, models where self-similarity no longer happens.
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1.1.2 “The Old Holy Grail”: Binary Black Holes Merger

in Numerical Relativity

The second astrophysics application we implement in ExaHyPE2 is a numerical

relativity code designed for simulations in black hole spacetimes. It is also specifi-

cally geared towards studying the process of the binary black hole merger and its

gravitational wave signal.

Numerical relativity is essential in simulating black hole mergers, as the con-

sidered objects are located in the strong-field regime of gravity, where approximate

methods such as the Newtonian method are hard to work and analytical solutions

can not be found. Those facts make numerical simulation the only viable approach

to studying this scenario. By recasting the Einstein field equation properly, nu-

merical relativity solves the physics system by treating it as a Cauchy initial value

problem, which one can solve via standard numerical integral schemes. Currently,

there are two leading approaches to cast the Einstein equations, resulting in two

different formulations of the evolving system.

The first evolving system is the generalised-harmonic formalism (Lindblom et

al., 2006; Szilágyi et al., 2007), which adopts a full four-dimensional form of the

field equations with a harmonic coordinate. The principle parts of the systems in

this formulation are wave equations with very clear mathematical properties, and

the damping terms can be used to control the constraint violations (Alic et al.,

2012). However, the generalised-harmonic formalism can not deal with singular-

ities. Therefore excision must be implemented to remove them when using this

formalism in black hole simulations (Boyle et al., 2007). The other main formalism

is based on the 3+1 foliation of spacetime, which splits time and space explicitly

and rewrites the field equations accordingly. The first attempt of this approach was

the Arnowitt-Deser-Misner (ADM) formulation developed in the 1960s (Arnowitt,

Deser, and Misner, 2008). However, it was shown to be only weakly hyperbolic

with the usual gauge choices and therefore is not stable in numerical simulations.

At the end of the last century, a new, strong-hyperbolic, formulation derived from

the ADM equations was published, which is known as BSSNOK, named after the
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six researchers who contributed to its proposal (Baumgarte and Shapiro, 1998a;

Shibata and Nakamura, 1995a; Nakamura, Oohara, and Kojima, 1987). This is a

breakthrough that led to the ability to have long-term stable evolutions of black

hole systems. One of the advantages of the 3+1 foliation approach is that it can

adapt puncture methods (Brandt and Brügmann, 1997) to deal with singularities

without excision, which we will describe in detail in Section 4.1.2. It makes the

implementation of these numerical simulation codes much easier when considering

spacetimes with singularities.

Besides the BSSNOK, several other strongly-hyperbolic formulations have been

proposed in the last twenty years, including the constrained formulation of Bonazzola

et al., 2004, and the so-called Z4 family. The original formulation of Z4 was proposed

by Bona et al., 2003a, which was further developed into formulations of CCZ4 (Alic

et al., 2012) and Z4c (Hilditch et al., 2013). One of the most significant differences of

the Z4 formulation from BSSNOK, which is also its advantage is that it introduces

an auxiliary four-dimensional vector Z to propagate the constraint violations off the

simulation domain, thus further enhancing the stability. Damping terms are also

introduced in the Z4 formulation, inspired by the generalised harmonic formulation.

Studies of binary black hole mergers in numerical relativity have a long history

and the first investigation with numerical consideration can be traced back to the

1980s (Smarr, 1977). Since then, many researchers devoted years of work to this

”holy grail” problem, aiming to simulate this scenario on computers. However, it

was not until the beginning of this century did accurate and long-term simulation of

inspiraling binary black holes became possible (Pretorius, 2005, with an illustration

of its result shown in figure 1.2). This significant advancement in the field was the

result of several breakthroughs during that period, both in techniques and in the

understanding of its physics. On the one hand, better formulations of the evolving

system in numerical relativity were developed, as we mentioned above, enhancing

the accuracy and stability. Strategies on singularities avoidance also got improved

both in the black hole excision (Yo, Baumgarte, and Shapiro, 2002; Alcubierre et

al., 2005) and puncture approach (Brügmann et al., 2008). On the other hand,

more advanced numerical algorithms and better parallelization techniques allow sci-
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Figure 1.2: The illustration of the simulation result of Pretorius, 2005 for a binary
black hole merger. The black regions are the domains excised to avoid singularities.
The lapse function α, which represents the lapse speed of local proper time, is plotted
as colour maps at six different timestamps. The merging black holes are equal-mass
and nonspinning. The figure is cited from Baumgarte and Shapiro, 2010.

entists to implement those complex evolving systems properly in the actual code,

with the support of better and faster supercomputer clusters. As a result of these

breakthroughs, many successful simulations on the binary black hole merger were

reported afterwards (e.g., Scheel et al., 2006; Campanelli, Lousto, and Zlochower,

2006; Baker et al., 2006).

Nowadays, there are a number of open-source numerical relativity codes avail-

able in the community, e.g., Einsteintoolkit (Löffler et al., 2012), GRChombo

(Clough et al., 2015), SpEC1, and they can be used to perform high-quality simu-

lations of merging binary black holes and provide guidance to future codes. There

has been further development in the field of simulating binary black hole mergers in

recent years: some investigations considered the effect of spins of the black holes on

the dynamics of the systems and their gravitational wave emission (Rezzolla et al.,

2008; Lousto, Healy, and Nakano, 2016), and some studies focused on simulating

binary systems with eccentricity (Mroué et al., 2010; Gayathri et al., 2022). The

1https://www.black-holes.org/code/SpEC.html

8

https://www.black-holes.org/code/SpEC.html


properties of the remnants from the black hole mergers have also been a popular

topic in the field (Lousto and Zlochower, 2014; Healy and Lousto, 2017).

Though it has been solved successfully, the simulation of ”standard” binary black

hole mergers still has its importance as it provides a highly comprehensive bench-

mark of any numerical code aiming to solve Einstein equations in black hole space-

times. Achieving stable rotating binary black holes requires proper implementation

in nearly every element of a numerical relativity code, from the initial condition and

gauge configuration to the evolution equations and computation grid setup. The

module of gravitational wave extraction also gets examined in this benchmark to

ensure its simulated signals are consistent with existing data.

In our application, we have implemented a new numerical relativity code for

vacuum spacetime. By incorporating the puncture methods into it, the application

also has the capability of simulating black hole systems. Compared to the exist-

ing codes, our application is based on the new technical realisation of ExaHyPE2,

aiming to provide better performance in large-scale numerical relativity simulations.

It is an interesting topic how new code algorithms impact the efficiency and accu-

racy of simulations, and the exploration becomes more crucial when dealing with

non-standard black hole spacetimes like when there is modified gravity or the pres-

ence of other matter components, as their effect on the behaviour of simulations

remains unknown. The evolving system we adopt is a recast version of CCZ4, which

transforms the equations into a pure first-order hyperbolic formulation. This for-

mulation is first proposed in Dumbser et al., 2018, serving as the foundation for our

application. Our application has successfully conducted several numerical tests and

produces preliminary results in simulating merging binary black holes, however, we

are continuously working on its development to address some issues with the ex-

isting long-term instabilities. We have plans to enhance our application by adding

matter components, which will allow us to perform simulations on other compact

objects in the Universe, such as neutron stars. Additionally, we aim to implement

more general gravity theories in our future application and investigate their effects

in the context of binary black hole systems. It is worth noting that similar research

on certain modified gravity theories has already appeared in recent literature (e.g.,
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Witek et al., 2019; Okounkova et al., 2023).

1.2 ExaHyPE2: a Powerful PDE Solving Code

Base

The applications we report in this thesis are based on the publicly-available code

engine ExaHyPE2, which is the second generation of the ExaHyPE (An Exascale

Hyperbolic PDE Engine, Reinarz et al., 2020). We name the code base “engine” as it

follows the idea of separating the physics implementation and the fundamental code

realisation (e.g. data structure, grid management, parallel computation), similar

to a video game engine. Game developers utilise the game engine to create games

according to their design, likewise, scientists can utilise the code engine to create

applications according to their physics scenarios. Ideally, Research should be able to

create new simulations by only specifying a “few” ingredients such as the fluxes and

the code then runs out of the box. While this code design is elegant, it turns out to

be quite hard to achieve as implementing state-of-the-art simulations always involves

technical development as well. It is nearly inevitable to work on the technical

realisations when deploying new simulations, like the ones in our applications. We

therefore will cover the technical development during the implementation of our

applications in Chapter 2.

In general, ExaHyPE2 is designed to simulate systems of first-order hyperbolic

partial differential equations (PDEs) and relies on the Peano 4 (Weinzierl, 2019)

framework for its fundamental mesh structures. The external dependencies, such as

the parallelization libraries, are provided by the code segment of Technical Archi-

tecture and it is located as the bottom-most layer of our software. The layout of

the whole code structure is given in figure 1.3. The core of our software is built in

C++, but many tools in the repository are written in Python for readability and

flexibility.

ExaHyPE2 implements a blockstructured adaptive mesh refinement (AMR)

(Dubey et al., 2016) code on a spacetrees structure, which splits up the computa-

tional domain along the Peano space-filling curve (SFC) into subdomains (Li et al.,
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Figure 1.3: The illustration of the layout of the whole software under the name of
Peano 4. Peano 4 is a framework for handling data structure in a dynamically
adaptive Cartesian mesh in its fourth generation. ExaHyPE2 is a compute kernel
specifically geared to solve PDEs on the meshes based on Peano 4. This thesis
will only focus on the applications on the ExaHyPE2 kernel. Our code utilizes
Python interfaces to generate glue codes and prepare templates for user functions.
The interface is also responsible for linking other codes if needed. See Section 2.1
for more details on the structure of the Python interfaces. The code also receives
external technical dependency support via the block of the Technical Architecture,
which is located at the bottom-most layer of our software.
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2022; Weinzierl, 2019) (see figure 1.4). All patches, which are the minimal elements

during mesh refinement, are ordered along the SFC. We cut this sequence of patches

into segments such that each rank gets exactly one segment hosting roughly the same

number of patches. As the Peano SFC is continuous, the set of patches per rank

forms a connected subdomain of the computational domain which does not overlap

with any subdomain handled on another rank. Per rank, we apply the SFC splitting

once more such that each thread per rank obtains its own subdomain: The patches

within the computational domain are first distributed among the ranks and each

rank then distributes its patches once more among the threads. This approach gives

us a two-level non-overlapping MPI+OpenMP parallelization (Bungartz, Mehl, and

Weinzierl, 2006; Schulz et al., 2021). The updates of individual patches per thread

are mapped as a task formalism (Li et al., 2022) and we assume that the tasks can

compensate for any geometric ill-balancing on the MPI level. We, therefore, do not

dynamically rebalance throughout the computation.

The patches along the MPI boundaries are updated prior to other tasks such that

the data transfer required for the communication of adjacent patches can overlap

with further computations within each rank (Charrier, Hazelwood, and Weinzierl,

2020).

As the data structure and related technical code are handled by Peano 4 and

ExaHyPE2, users are allowed to focus on the implementation of physics when

building applications. This includes the implementation of the PDEs (the evolution

systems), the initial and boundary conditions, eigenvalue estimations, grid configu-

ration, as well as refinement control if an adaptive mesh is required. Users are also

given the freedom to choose the computation solver in the built-in ones or define

their own solver for their PDEs. Additionally, ExaHyPE2 offers interfaces where

users can inject their own code segments into the source, allowing manipulations of

the behaviours in different stages of the simulation. Those features give ExaHyPE2

the flexibility and versatility to address problems in different branches of sciences

and engineering.
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Figure 1.4: A illustration of the parallelization setup in ExaHyPE2. A two-
dimensional cut through the computational mesh of a simulation as an example.
The colours represent subdomains handled by different threads of different ranks.
As the illustration is a cut-through, the space-filling curve structure is not visible
directly.
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1.3 Outline of this Thesis

In this thesis, we present the two astrophysics applications we developed on Ex-

aHyPE2 engine, along with the technical advancement we achieved during the

implementation of them. Both applications are now capable of producing promising

early results for their corresponding astrophysics scenarios. However, we have also

observed issues that affect the long-term stability of the simulations, and they will

be discussed in the following chapters.

The rest of the content of this thesis is organized as follows: Chapter 2 presents

the technical developments involved in implementing our applications. This in-

cludes the computation solvers, boundary conditions, refinement transition strat-

egy and tracer support in ExaHyPE2. In Chapter 3, we describe our application

of ExaHyPE2 designed for a spherical collapse scenario, covering the theoretical

consideration, code implementation and results of simulations. We then move to

introduce our second application for numerical relativity in chapter 4. This chapter

provides the theoretical background of numerical relativity, details of the application

structure and implementation, and reports the early simulation results of this appli-

cation. Discussions are presented in both application chapters addressing existing

issues and potential solutions. Finally, we summarise this thesis and give an outlook

and future plan for further developing these two applications in Chapter 5.

Because the two applications are very different in scope, the notation and con-

ventions we used may vary from chapter to chapter. To ensure consistency, we will

provide the necessary notation and conventions at the beginning of each chapter

if they are needed. The chapters in this thesis are written in a way that they are

highly individual, allowing them to be read independently. However, we will refer to

the corresponding section of the technical chapter or application chapters through-

out the content, to establish a better link between the technical developments and

incorporation of physics.
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CHAPTER 2

Technical development on ExaHyPE2

In this chapter, we present the technical development of the ExaHyPE2 for our

physics applications. We note that the fundamental framework of Peano 4 and the

realization of parallel computation are outside the scope of this thesis, thus we will

not cover the details of these aspects in this chapter. Readers who are interested

in these topics are referred to the literature mentioned in the Introduction for more

information.

This chapter begins with an introductory Section 2.1, which gives a general

description of how applications are built in ExaHyPE2. It is mainly a review of the

current structure of ExaHyPE2. Following that, we present the kernel computation

solvers developed for our applications in section 2.2, focusing on their theoretical

designs and considerations. The treatment of boundary condition is discussed in

section 2.3, while the strategy of refinement transition of our code is covered in

2.4. Lastly, we give a detailed description of the tracer module in ExaHyPE2, in

Section 2.5. Most of the work in the previous four sections is new and completed

during the study of this PhD project. We provide an overview of those features and

how they are linked to the physics scenarios of the applications in Figure 2.1.

In this chapter, we will use lower indices with Latin letters (i, j, k, ...) to denote
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Figure 2.1: The overview of the application structure in ExaHyPE2, showing how
the physics scenarios are translated into the simulation code: a physics scenario can
be seen as a Cauchy initial value problem with a PDE system, an initial condition
and a boundary condition. They are deployed on a computational grid following
certain spatial discretisation schemes and are handled by different code modules.
Our code also supports adaptive mesh refinement and has the particle tracers feature
which is utilised as the data probes. We will cover those code segments in the
following sections.
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the spatial vectors and follow the standard Einstein convention of summing over

repeated indices. The array containing evolving variables is denoted as Q⃗, where

⃗ highlights that this is a data (rather than space) vector, e.g., in our numerical

relativity application, there are 58 evolving quantities, resulting in a Q⃗ vector with

a dimensionality of 58.

2.1 Building Applications in ExaHyPE2: A Gen-

eral Introduction

We give a brief introduction to how applications on ExaHyPE2 are constructed

in this section. We first explain the spatial discretisation and define the numerical

solvers, and then present how the code is built via a Python interface + template

structure, under the design idea of separating the mesh traversal and the actual

computation function carrying physics.

2.1.1 Spatial Discretisation and Solvers

ExaHyPE2 implements the computation grid with a block structure. The whole

domain is embedded in a single cube and refined into three equal parts along each

coordinate axis. This yields 33 = 27 smaller cubes. We continue recursively, i.e.,

decide for each cube whether to refine it into 27 subcubes again, according to the

refinement control function that will be introduced in Section 2.1.3. The process

yields an adaptive refined Cartesian grid. Starting from this initial adaptive grid,

dynamic adaptivity can be realised by the refinement and destruction of the grid

cubes between time steps. We are currently not using the dynamic feature. The

technical methods used to evolve the system on an adaptive grid are explained in

detail in Section 2.4.

Every cube in the grid hosts a Cartesian mesh, which we name a patch. The

patch carries the actual evolving solution and is the minimal unit of refinement.

i.e. no refinement would be performed within a single patch. Every patch consists

of p × p × p mesh elements and each element holds a piecewise constant solution
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of the evolving system, i.e., defines one ”finite volume”. Every patch thus consists

of p3 volumes. The volume is the minimal unit of the computational domain and

represents the finest level of discretization. Extra layers of volume are also attached

at the boundary of the domain for the implementation of the boundary condition,

and we call those extra layers halos. See Section 2.3 for more details.

To solve the system, we need to employ numerical schemes to update the solu-

tion on those patches. To be more precise, the numerical schemes should give the

solution of the following PDE, which is assumed to take the first-order hyperbolic

formulation:

∂tQ⃗+∇iFi(Q⃗) +Bi(Q⃗)∇iQ⃗ = S(Q⃗), with Q⃗ : R3+1 7→ RN . (2.1)

where Q⃗ represents the array of n evolving variables. Fi(Q⃗), Bi(Q⃗) and S(Q⃗) are the

flux, non-conservative product (NCP) and source term respectively. The numerical

scheme provides how the solution in every volume is updated over time, thus playing

a significant role in our application.

We call those numerical schemes kernel computation solvers. ExaHyPE2 cur-

rently supports a large variety of solvers, including different numerical methods, such

as Finite Volume (FV), Finite Differences (FD), and Discontinuous Galerkin (DG),

all equipped with the options of adaptive timestep and Runge-Kutta integration.

The specific solvers employed in our applications are introduced in section 2.2.

2.1.2 Python Interface

The ExaHyPE2 engine provides a Python interface where users can specify the pa-

rameters, the PDE structure, and the code module they would like to employ during

the simulation. The Python interface then creates templates1 in C++ where the

actual PDE and other needed functions are implemented. It also prepares and gen-

erates all necessary glue code segments and makefiles in C++ using the Jinja2 tem-

plate library, then compiles the final executable file. The following list describes the

1We use the word template to refer to the empty function that users can fill later as described
in Section 2.1.3. It is not related to the built-in template type in C++.
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elements that are usually involved in building a typical application of ExaHyPE2:

• Parameter Specification: The parameters used in the application building and

simulation are defined in the first part. Users can specify them in the Python

interface in a hard-coded way, but one can also overwrite them through the

command line argument for flexibility in code tuning. The building parameter

will be used in the other parts of the code through the Python interface, such

as the choice of the kernel solver and the volume size. The running parameters,

on the other hand, are provided for the actual simulations, e.g., the mass of

the black holes. They will be injected into the actual C++ code later through

the template.

• Kernel Solver Deployment : As described above, a numerical solver is needed

for the applications to update the solution. We select the kernel computation

solver and configure it according to our needs in the Python interface. There

are also several more advanced solvers under active development within the

ExaHyPE2 framework, such as local time-stepping based on resolution or

eigenvalues of the evolution systems, and the arbitrary-high-order-method-

using-derivatives (ADER) DG method.

• Kernel Solver Setup: In the process of configuring the solver in the Python

interface, users are required to declare the number of evolving quantities for

the solver, as well as the PDE terms that they want to include in the evolution

equations. This information is utilised by the Python interface to generate the

template for PDE implementation accordingly. Moreover, the solver receives

the parameters for grid construction, including the domain size, the resolution

parameter and the strategy for refinement transitions (see section 2.4.2). They

will cooperate with the AMR support of ExaHyPE2 to generate the compu-

tational grid for the simulation. The CFL ratio and the KO coefficients of the

FD solver (see the section of solver below for explanations of those parameters)

also get specified in the solver.

• Code Extension implementation: ExaHyPE2 provides the routines to inject

user-defined dependency and code segments into different stages of the simula-
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tion. It is also possible for users to add auxiliary variables 2 in the code. Those

auxiliary variables do not enter the evolution system, i.e., they do not require

evolving equations and do not evolve in time. Instead, they can be assigned

in the user-defined code which provides more output information from the

simulations. The combined usage of the user-defined code and the auxiliary

variables is our main approach to implementing modules for postprocessing

in our code, e.g., the mass integration for the spherical accretion application

(section 3.2.2) and the various modules of the numerical relativity application

(section 4.2.3).

• Tracer Configuration: The particle support of ExaHyPE2 offers a valuable

feature as the data probe in the simulation. There are two ways to utilise

particles: static or moving. Each serves a distinct purpose. Static particles

measure the local values of evolving quantities over time and are ideal for

temporal plotting. Moving particles can be configured to follow the evolving

field, essentially acting as trackers. The users need to specify the behaviours of

the particles here, i.e. how the particles are initialised, how they update over

time and how the associated data is outputted. The particle probe feature is

discussed in detail in section 2.5.

• Template Fill : After the initial run of the Python interface, ExaHyPE2 will

generate the templates based on the need of users. The templates contain

empty functions of the user-specified PDE terms, the eigenvalue calculation,

the initial and boundary conditions as well as the refinement control. Users are

responsible for filling these templates according to the physics scenarios they

aim to simulate. We give a further description of those templates in section

2.1.3.

• Link external files and Compilation: We specify the link to external code files

in the final part of the application building. The external code files include

the scripts where the user-defined functions are declared and defined (the ones

2Please notice the auxiliary variables here are different from the physics auxiliary variables we
introduced in chapter 4 to derive our evolving system.
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used in Code Extension above), and also the external library utilised by the

application. For instance, the TwoPuncture library from Einsteintoolkit

is employed in our numerical relativity code to generate initial conditions for

black hole spacetime. Once all configurations and code files are in place, the

Python interface of ExaHyPE2 generates the makefile. It then compiles the

executable file, which we can run on a local machine, or submit to the clusters

for large-scale simulation.

The list above only covered the basic elements of an ExaHyPE2 application, there

are also some more advanced modules and features under testing aiming to improve

the capability and flexibility of the engine. For example, it is possible to couple

two solvers on the computational domain in ExaHyPE2, where the solvers evolve

separately over time but also impose constraints on each other. One can use this

routine to take advantage of both while avoiding their individual disadvantages,

which is a potential solution to the instability issues we report in our numerical

relativity application (see Section 4.3 and 4.4).

2.1.3 Application Construction through Templates

In principle, we can specify everything in the Python interface of ExaHyPE2 and

there is no need to touch the real C++ file. However, it will make the Python script

extremely long for some complicated applications and lose readability. Therefore, we

provide users with C++ templates where one can declare and define the important

code segments separately. We cover those segments below.

PDE Implementation

According to the simulated physics system, some of the terms in equation 2.1 may

be absent. Users are allowed to specify the terms they need in their equation and the

generated template will only ask for implementation of those terms. For instance,

our spherical accretion application (see section 3.2.2) does not contain the non-

conservative term, thus we only need to implement the flux and source term in the

template.
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The actual implementation of those terms is achieved by completing the corre-

sponding functions in the template:

Flux(Q⃗, xi, δx, t, dt, normal) 7→ Fi, (2.2)

NCP(Q⃗, δQ⃗, xi, δx, t, dt, normal) 7→ BiδQ⃗, (2.3)

Source(Q⃗, xi, δx, t, dt, ) 7→ S. (2.4)

Here xi and δx are the local coordinates and volume size respectively; the latter is

treated differently in various solvers, and we will discuss this in section 2.2 below.

t and dt are the current time and timestep size. In most cases, the PDE terms are

not dependent on the time information, and we provide these two entries here only

for generalisation. Normal is the direction of the volume face3.

Eigenvalues Estimation

Some numerical schemes in ExaHyPE2 ask users to provide an estimating rou-

tine for the eigenvalues λ of the characteristic matrices of their evolving system.

These eigenvalues represent the wave-propagating speed of the quantities, and the

code utilises the maximal one from all volumes and all variables to determine the

timestep size if an adaptive timestep solver is employed. Certain solvers (e.g. the

Rusanov finite volume solver) also require the eigenvalues in the damping term. The

estimation function in the template is

maxEigenvalue(Q⃗, xi, δx, t, dt, normal) 7→ λmax, (2.5)

where λmax represents the maximal eigenvalue of the system. Note that here we use

the word ”estimation” rather than ”calculation” because the eigenvalues of many

evolving systems can be quite difficult, if not impossible, to calculate precisely. On

the other hand, only an upper bound of the eigenvalue is needed when limiting

the timestep (as shown in equation 2.17), thus users are allowed to estimate the

3Notice we always have volumes on our computational grid, however, it does not necessarily
mean we are using a finite volume method. See section 2.2 below
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eigenvalue roughly. However, a more precise eigenvalue can help optimize the time

step size and reduce the unnecessary damping in some solvers. So we always suggest

providing eigenvalues as accurately as possible.

Refinement Control

The basic parameters for resolution are already configured in the Python interface,

which contains the maximal and minimal volume sizes. The ExaHyPE2 will try to

refine the domain everywhere to be below the maximal volume size, which leads to

a regular grid. The domain can be refined further to the intrinsic resolution limit of

the minimal volume size, but the code will not do this unless the refinement control

function is in place. In this function, the user can ask the code to continue refining

according to certain criteria, and the implementation is provided in the template as:

refinementCriterion(Q⃗, xi, δx, t) 7→ RefinementCommand, (2.6)

The RefinementCommand are a set of special flag variables in ExaHyPE2 which

inform the code to keep the current resolution or further refine. Users can ask the

grid to further refine to a certain level, or to the limit of the minimal volume size

in this function to get the specific AMR pattern they want for their simulation.

ExaHyPE2 also provides the RefinementCommand of coarse, which plays an im-

portant role in grid destruction for dynamic AMR. As our applications only use

static AMR for now, this command is not used.

Initial Condition

The function of the initial condition is provided in the templates as

initialCondition(xi, δx, gridIsConstructred) 7→ Q⃗ini, (2.7)

where Q⃗ini represents the initial array of the evolving variables. The flag gridIs-

Constructred is there for the purpose of optimization, as the function of the initial

condition is called twice in ExaHyPE2. The first call occurs before the AMR

construct, and its result is used as a reference for the refinement control function
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(2.6). After the grid is constructed, The initial condition is called for the second

time, in this instance, the output array represents the actual initial condition that

enters the evolution later. Therefore, the quality of the result of the first call does

not need to be too good. By reducing its quality, one can improve the speed of

the initial condition-assignment stage of the simulation. This is especially valuable

when the initial condition assignment involves expensive calculations, such as the

TwoPuncture library we are using in our numerical relativity application.

Boundary Condition

Another important condition that requires implementation in the code is the bound-

ary condition. ExaHyPE2 provides the built-in periodic boundary condition, which

can be switched on directly in the Python interface. No input from users is needed in

this case. For other boundary conditions, users need to complete the corresponding

function in the templates:

boundaryCondtions(Q⃗in, xi, δx, t, normal) 7→ Q⃗out, (2.8)

where Q⃗in and Q⃗out represent the variable arrays inside and outside the domain, and

normal is the direction of the considered domain boundary. We are going to explain

how the boundary condition is implemented in section 2.3.

Function Overriding

Those functions above form the essential part of the templates. Furthermore, Ex-

aHyPE2 also allows users to override other functions in the C++ template, e.g.,

startTimeStep and finishTimeStep. These two functions are called at the beginning

and the end of each timestep respectively, to initialise/close the current time step.

This overriding feature provides users more flexibility to customize their applications

according to their specific simulation requirements.

One example of this feature is in our spherical accretion application. We over-

ride the finishTimeStep function to reduce the mass array from every single thread

accumulated to derive the global mass array for the source term (for details of this
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mass integration scheme, see section 3.2.2).

Another example of customization in ExaHyPE2 is overriding the solver class

initializer in our numerical relativity application. In this case, the solving function

from the TwoPuncture module is injected into the solver initializer. The initial

condition function thus only contains the interpolation part of the puncture con-

struction. By implementing this approach, we avoid solving the constraint equa-

tions repeatedly in the function, which reduces the computation burden of initial

condition assignment significantly.

2.2 The Kernel Computation Solver

This section is dedicated to introducing the kernel computation solvers we utilised

in our applications. As we mentioned above, the computation solvers are the fun-

damental components of the application and are responsible for providing solution

update schemes for evolution. ExaHyPE2 provides various computation solvers

employing different numerical algorithms. Here we only cover the two specific solvers

that are implemented in our applications reported in this thesis.

2.2.1 The Rusanov Finite Volume Solver

The finite volume solver in ExaHyPE2 starts with the spatial and temporal dis-

cretization of the PDE system (2.1). We write the original PDE into the weak

formulation for one timestep as:

∫
Ω×[t,t+δt]

∂tQ⃗χdxidt = −
∫
Ω×[t,t+δt]

(
∇iFi(Q⃗) +Bi(Q⃗)∇iQ⃗

)
dxidt (2.9)

+

∫
Ω×[t,t+δt]

S(Q⃗)dxidt,

where dxi runs over the simulation domain Ω, [t, t+ δt] denotes the time interval of

a step and χ(xi, t) is a test function. Equation (2.9) needs to hold for arbitrary χ

to fulfil equation (2.1).

The Rusanov solver (LeVeque, 2002) we adopt in our code assumes that the

solution remains constant within every timestep and every volume v, and sets all test
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functions as the characteristic function of one finite volume, i.e., they are χv(xi, t) =

1 within v and vanish anywhere else. The integration of Equation (2.9) over time

gives us

1

δt

∫
v

[
Q⃗(t+ δt)− Q⃗(t)

]
dxi (2.10)

= −
∫
v

[
∇iFi(Q⃗) +Bi(Q⃗)∇iQ⃗

]
dxi +

∫
v

S(Q⃗)dxi

= −
∫
v

∇i

[
Fi(Q⃗) + Q⃗Bi(Q⃗)

]
dxi +

∫
v

Q⃗∇iBi(Q⃗)dxi +

∫
v

S(Q⃗)dxi.

In the second equality, the relation Bi(Q⃗)∇iQ⃗ = ∇i[Q⃗Bi(Q⃗)] − Q⃗∇iBi(Q⃗) is used

to separate the non-conservative term into a conservative part and the remainder.

We then apply the divergence theorem:

1

δt

∫
v

[
Q⃗(t+ δt)− Q⃗(t)

]
dxi (2.11)

= −
∮
∂v

[
Fi(Q⃗) + Q⃗Bi(Q⃗)

]
dSi +

∫
v

Q⃗∇iBi(Q⃗)dxi +

∫
v

S(Q⃗)dxi,

where dSi is the (oriented) area element of the surface of the volume v, ∂v. Here

the closed-surface integration is decomposed into the summation of multiple faces

that have constant normal vectors respectively. At the same time, we assume the

solution vector Q⃗ to be piece-wise constant inside v, therefore we can move the Q⃗

out of the integral in the second term above:

∫
v

Q⃗∇iBi(Q⃗)dxi = Q⃗

∫
v

∇iBi(Q⃗)dxi = Q⃗

∮
Bi(Q⃗)dSi. (2.12)

and we can also apply the following replacement:

∫
v

⃝dxi → ⃝Vv,

∮
∂v

⃝idSi →
∑
∂v

⃝iniS∂v, (2.13)

where Vv is the volume of v; S∂v, ni are the area and unit normal vector of one face

of ∂v, respectively; and ⃝ (⃝i) denotes a generic scalar (space vector) function.

This leads to the final explicit Euler time stepping scheme we implemented in the
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code:

Q⃗(t+ δt) = Q⃗(t) + δtS(Q⃗) +
∑
∂v

Flux±(Q⃗)
∣∣∣
∂v
, (2.14)

The indices on the flux terms indicate the relative position of the face and the

considered volume. As our grid utilises a cubic (or square, on a two-dimensional

grid) volume, there are three (two) pairs of Flux±, where − means the face is on the

left of the volume while + means the face is on the right of the volume. Assuming

the variable arrays of the left, considered and right volumes are Q⃗−, Q⃗, and Q⃗+

respectively (see figure 2.2), we shall have

Flux−d =
δt

δx

[
1

2

(
Fd(Q⃗) + Fd(Q⃗

−)
)
− 1

2

(
Q⃗− Q⃗−

)
Bd

(
1

2

(
Q⃗+ Q⃗−

))
(2.15)

− ηmax
(
λmax(Q⃗), λmax(Q⃗

−)
)(

Q⃗− Q⃗−
)]

,

Flux+d =
δt

δx

[
1

2

(
Fd(Q⃗

+) + Fd(Q⃗)
)
− 1

2

(
Q⃗+ − Q⃗

)
Bd

(
1

2

(
Q⃗+ + Q⃗

))
(2.16)

+ ηmax
(
λmax(Q⃗

+), λmax(Q⃗)
)(

Q⃗+ − Q⃗
)]

,

where the lower index d represents the normal direction and takes the value of

{1, 2, 3} ({1, 2} in 2D). The contribution of flux term Fd on the faces is approximated

by taking the averages of the flux in the two adjacent volumes, in which we have

assumed the flux term is linear on Q⃗. On the other hand, the contribution from the

non-conservative product term uses the average of the variable array itself as it is

not linear most of the time. The result then is corrected (limited) with a term of

numerical diffusion (LeVeque, 2002), which is proportional to the largest eigenvalue

λmax of the characteristic matrix. η is a problem-specific constant and has a default

value of 0.5.

To achieve a stable evolution, the timestep of our finite volume solver δt is subject

to the Courant–Friedrichs–Lewy (CFL) condition with

δt < C
|δv|
λmax

, (2.17)
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Figure 2.2: The stencil in one dimensional of the two solvers we describe in this
section. They shared the same grid structure fundamentally (volumes). Left panel :
The stencil of the Rusanov finite volume solver, where the flux from the left and
right of the considered volume are labelled accordingly. The variable array in the
volume is assumed to be piece-wise constant. Right panel : The five-point stencil for
the fourth-order finite difference solver. The volume center is used as the grid point
as marked.

where C < 1 is a user-specified safety parameter that may vary in different simula-

tions. Our scheme employs a global time-stepping scheme and thus uses the smallest

global volume length |δx|. It remains invariant over time as we fix the finest resolu-

tion in our simulations. The maximum eigenvalue λmax, however, changes over time

and thus has to be recalculated after each step. Our timestep size would then adapt

accordingly.

We employ this Rusanov Finite Volume solver in our spherical collapse applica-

tion, and it yields quite satisfying outcomes in reconstructing self-similar behaviours

of this scenario, both in standard and modified gravity. Furthermore, it also shows a

good property in capturing and resolving shocks in the computational domain. For

more details on the performance of this solver in real physics simulations, we direct

the readers to section 3.3 in the application chapter.

2.2.2 The 4th Order Finite Difference Solver

As we mentioned above, we can construct the finite difference scheme inExaHyPE2,

while having the basic structure of volumes. By assuming the solution to be piece-

wise constant in the volume, the variable array of a volume is identical to the array

located at the center of this volume. This insight allows us to construct a grid of

discrete points, where the centers of every volume are treated as points and carry

the array of evolving variables. In the remainder of this subsection, we will use

the word grid points rather than volume centres to be consistent with the scheme
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design.

To approximate the derivatives in fourth-order accuracy, we utilise a five-point

stencil in one dimension as shown in figure 2.2:

∂Q (x)

∂x

∣∣∣∣
x0

=
1

12δx

[
8
(
Q+ −Q−)− (Q++ −Q−−)]+O

(
δx4
)
. (2.18)

Where x0 is the considered grid point, the + and − upper indices of quantities

indicate the relative position of the indexed quantities with the current grid point,

and the number of signs specifies the distance, e.g., Q++ := Q(x0 + 2δx), Q− :=

Q(x0−δx). We have omitted the vector sign of the evolving variablesQ for simplicity.

This stencil achieves fourth-order accuracy which can be seen from the following

Taylor expansions:

Q+ = Q (x0 + δx) (2.19)

= Q (x0) +
∂Q

∂x
(x0) δx+

1

2

∂2Q

∂x2
(x0) δx

2 +
1

6

∂3Q

∂x3
(x0) δx

3 +O
(
δx4
)
,

Q− = Q (x0 − δx) (2.20)

= Q (x0)−
∂Q

∂x
(x0) δx+

1

2

∂2Q

∂x2
(x0) δx

2 − 1

6

∂3Q

∂x3
(x0) δx

3 +O
(
δx4
)
,

Q++ = Q (x0 + 2δx) (2.21)

= Q (x0) + 2
∂Q

∂x
(x0) δx+ 2

∂2Q

∂x2
(x0) δx

2 +
4

3

∂3Q

∂x3
(x0) δx

3 +O
(
δx4
)
,

Q−− = Q (x0 − 2δx) (2.22)

= Q (x0)− 2
∂Q

∂x
(x0) δx+ 2

∂2Q

∂x2
(x0) δx

2 − 4

3

∂3Q

∂x3
(x0) δx

3 +O
(
δx4
)
,

The stencil eliminates the δx0, δx2 and δx3 terms so that only terms linear in δx

remain. Notice that we can apply this formulation to any spatial-dependent function,

therefore the divergence of the flux is given as:

∂F

∂x

∣∣∣∣
x0

=
1

12δx

[
8
(
F+ − F−)− (F++ − F−−)]+O

(
δx4
)
. (2.23)

Equipped with the relations (2.18) and (2.23), we can derive the time stepping
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scheme of this fourth-order finite difference (FD4) solver

Q⃗(t+ δt) = Q⃗(t) + δtS(Q⃗)−
∑
i

δt

12δxi

[
8
(
F i+
i − F i−

i

)
−
(
F i++
i − F i−−

i

)]
(2.24)

−
∑
i

Bi
δt

12δxi

[
8
(
Qi+ −Qi−)− (Qi++ −Qi−−)] ,

where we have used the forward finite differences for the time derivatives ∂tQ⃗ =(
Q⃗(t+ δt)− Q⃗(t)

)
/δt for a timestep size of δt. The index i goes from 1 to 3 and

indicates the direction of the neighbouring points we are looking into. The five-point

stencil of (2.18) is the central difference and it is our preferred choice in most cases.

However, some terms may need a lopsided stencil to capture specific features or

behaviours, especially those that may lead to asymmetric patterns in the system,

e.g. the advection terms of the CCZ4 system (Radia et al., 2022) in numerical

relativity, which appears in our application as well. The left and right lopsided

stencils with also the fourth-order accuracy are

∂Q (x)

∂x

∣∣∣∣
x0

=
1

12δx

[
−Q−−− + 6Q−− − 18Q− + 10Q+ 3Q+

]
+O

(
δx4
)
, (2.25)

∂Q (x)

∂x

∣∣∣∣
x0

=
1

12δx

[
−3Q− − 10Q+ 18Q+ − 6Q++ +Q+++

]
+O

(
δx4
)
, (2.26)

which we shall switch to accordingly when needed.

The timestep size of the FD4 solver is also subject to the CFL condition (2.17)

above. In practice, we find that a smaller safe parameter C is usually needed for

the FD4 solver, compared to the case of the finite volume solver, to achieve a stable

evolution of the system.

Another essential piece of the FD4 solver is numerical dissipation. The numerical

errors that appear in the finite difference scheme usually have a wavelength of the

grid size δx, and such spurious high-frequency modes have a faster growth rate

compared to the actual PDE solution, which is low-frequency. As a result, the

accumulation and amplification of these numerical errors are very likely to disrupt

the evolution and lead to a code crash. This is why we need the numerical dissipation

just like the one introduced in the FV solver above. The dissipation term in the
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FD4 solver is introduced as a low-pass filter that helps suppress the high-frequency

modes in the solution, while only introducing high-order errors in the actual solution.

This guarantees the dissipation terms approach zero when the continuous limit δx

is taken. In our solver, we choose the standard Kreiss-Oliger (KO) dissipation at

order N = 3, which has a form in one dimension as(Kreiss and Oliger, 1973):

KO(3) =
ϵ

64δx

(
Q−−− − 6Q−− + 15Q− − 20Q+ 15Q+ − 6Q++ +Q+++

)
, (2.27)

where ϵ is a user-defined parameter to control the strength of the numerical dissi-

pation. By checking the Taylor expansion of every term above, one can see that

KO(3) =
ϵ

64

∂6Q

∂x6
δx5 +O

(
δx6
)
. (2.28)

Therefore the new numerical error introduced by this KO term is one order higher

than that of the solver itself. The final numerical dissipation term is the sum over

all directions of (2.27).

We develop this fourth-order finite difference solver for our numerical relativity

application since the tests show that the finite volume solver is too dissipated for

black hole spacetimes. It shows a good capability to resolve the puncture structure of

the black holes and gives a rather stable evolution of the dynamic black hole systems.

However, it has been noted that there are instabilities presented in simulations of

static single black holes using this FD4 solver. This is currently being investigated.

For the report of the performance and discussions of existing issues, we refer readers

to sections 4.3 and 4.4 in the application chapter accordingly.

Before we close this section, it should be pointed out that the FV and FD

solvers we describe here both have the capability to integrate using the high-order

Runge-Kutta scheme, which can provide enhanced temporal accuracy in simulations.

However, in our applications, we have chosen to utilise the Euler integration scheme

as the Runge-Kutta scheme does not improve the accuracy significantly. At the

same time, the Euler scheme also avoids the high computational overhead caused

by the Runge-Kutta scheme.
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Figure 2.3: An illustration of the boundary layout used in our simulations with
ExaHyPE2, when we use the Finite Volume kernel. Outside the boundary of the
simulation domain, denoted by the thin black line, a layer of ghost volumes (blue

squares) are set up, and the interested quantities in the ghost volumes, Q⃗out, is de-
termined by the values of these quantities, as well as their derivatives, in the volumes
immediately inside the boundary (dark red squares), Q⃗in. The figure is cited from
the document of code repository https://gitlab.lrz.de/hpcsoftware/Peano.

2.3 Boundary Condition Implementation

The ideal “boundary condition” is a domain with an infinite size as in the real Uni-

verse. Clearly, it is not possible in numerical simulations with finite computation

resources. Therefore, we need to specify the behaviour of our solution at the do-

main boundary, i.e., how to perform the time stepping (2.14) or (2.24) when the

neighbours on the certain side are out of the boundary.

ExaHyPE2 utilises the halos of ghost volumes of the domain to do this job.

Those halos are artificial layers of volumes that can be considered as an extension

of the actual physical domain. The number of halo layers depends on the solvers we

employ. When the volumes at the edge of the physical domain perform their time

stepping, they use the values in those ghost volumes as the neighbouring values.

Those ghost volumes do not evolve themselves but instead receive their values from

the boundary condition function, which we introduced in Section 2.1.3.

Figure 2.3 illustrates the layout of volumes at the boundary for the finite volume

solver. As the time-stepping scheme of the FD solver 2.14 only requires its direct

neighbour, only a single halo layer of ghost volumes is needed (blue squares in
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the figure). The boundary function (2.8) specifies how the values in those blue

squares, Q⃗out, depend on their direct neighbours (dark red squares), Q⃗in. While

(2.8) only provides the entries for the variable array Q⃗in itself, it is also possible to

add the dependence from the derivatives of quantities in those dark red volumes.

This is achieved by utilising the code extension feature we introduced in section

2.1: we calculate the derivatives of the evolving quantities and attach them within

the variable array Q⃗ as auxiliary variables. Consequently, the array Q⃗in that the

boundary condition receives would contain the information of derivatives. This

approach plays an important role in implementing the hybrid boundary condition

in the spherical collapse application (see section 3.2.3).

On the other hand, the boundary layout for the FD4 solver of ExaHyPE2 is

slightly more complicated as the time-stepping (2.24) and dissipation term (2.27)

of it asks for neighbours two/three points (volumes) away. Therefore we need three

halo layers of ghost volumes (see figure 2.4) for the FD4 solver. To assign the

boundary condition for multiple layers, we adopt the 1 → 1 scheme to specify the

values in the ghost volumes layer by layer. i.e., we first assign the values Q3,j,k use

Q2,j,k by treating them as Qout and Qin in boundary condition function, then assign

the values Q4,j,k use Q3,j,k, assign the values Q4,j,k use Q3,j,k. All three layers are now

filled. Intuitively speaking, the boundary condition of the FD4 solver is achieved by

applying the boundary condition of the FV solver three times.

2.3.1 Simple Boundary Conditions

According to the formulation of the boundary condition function (2.8), it is straight-

forward to implement the Dirichlet-type conditions:

Q⃗out = f(xi, δx, t, normal), (2.29)

and the Neumann-type conditions

Q⃗out − Q⃗in

δxnormal

= f(xi, δx, t) → Q⃗out = Q⃗in + δxnormalf(xi, δx, t), (2.30)
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in ExaHyPE2. We can further combine these two types of conditions to get the

Robin(Fourier)-type boundary conditions, which can also be seen as the mix of the

two boundary conditions above:

C0Q⃗out + C1
Q⃗out − Q⃗in

δxnormal

= f(xi, δx, t)

→

Q⃗out =

(
C0 +

C1

δxnormal

)−1(
f(xi, δx, t) +

C1

δxnormal

Q⃗in

)
. (2.31)

We have used xnormal to represent the volume length (grid size) in the normal di-

rection specified in the boundary condition. C0 and C1 are the parameters that are

specified according to the boundary condition needed. As we introduced in section

2.1.3, ExaHyPE2 also provides the newly-developed built-in periodic boundary

condition. It is very useful in wave propagation tests, such as the gauge wave test

of our numerical relativity application (see section 4.3.1).

The boundary condition function can also receive information about the deriva-

tives of the Q⃗in using the feature of auxiliary variables as described above. In this

case, the derivative of the quantities is actually evaluated by accessing an extra

layer into the physics domain, i.e., the orange squares in the column right next to

the dark red ones in figure 2.3. The derivatives are calculated as the second-order

finite difference scheme:

∂normalQ⃗dark red =
Q⃗right − Q⃗left

2δxnormal

, (2.32)

where {left, right} ∈ {blue, orange} depending on the orientation of the considered

boundary.

Those simple boundary conditions are generally sufficient for various applications

in ExaHyPE2, however, they behave badly in scenarios inhabiting outgoing waves,

such as the case of rotating binary black holes. We, therefore, need more advanced

boundary conditions for those physics processes.

34



2.3.2 Sommerfeld Radiation Condition

The default boundary condition of ExaHyPE2 application is the homogeneous

Newmann condition which asks the derivatives at the boundary to vanish:

Qout −Qin

δxnormal

= 0 → Qout = Qin, (2.33)

In our numerical relativity application, this naive outflow boundary condition turns

out to be insufficient for black hole scenarios because it resolves the solution inac-

curately, thus leading to a wave-like reflection.

To improve this, we now consider the Sommerfeld (radiative) boundary condi-

tion. It is one kind of absorbing boundary condition and it enforces that the wave at

the boundary only travels out of the domain. Its basic formulation can be written

as

∂tQ+ c∂normalQ = 0

∣∣∣∣
∂Ω

. (2.34)

Here c is the wave speed, i.e., the eigenvalue of the characteristic matrix of the

evolution system. We can apply this boundary condition directly if our wave is

travelling perpendicular to the boundary, but that is not true in our case as we

have a spherical symmetric system in a cubic domain. If we are far enough from

the centre region, we should expect the solution in the form of u(r − ct)/r for a

spherical symmetry setup, where r is the radius from the system origin. It leads to

the Sommerfeld boundary condition as

∂tQ+ c∂rQ+ cQ/r = 0

∣∣∣∣
∂Ω

. (2.35)

Now we need to project the radical derivative to its Cartesian component. As we

have a spherically symmetric function, the following relation,

∂iQ =
∂r

∂xi
∂rQ =

xi
r
∂rQ, (2.36)
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can be used to give

∂tQ+ c
r

xi
∂iQ = −c

r
(Q−Qini)

∣∣∣∣
∂Ω

, i ∈ {1, 2, 3} (2.37)

Here Qini is the value of evolving quantities at the boundary in the initial condition,

as it serves as a ”background” and thus does not enter the wave-like equation.

We can also use another formulation from the inverse relation of (2.36):

∂rQ =
∑
i

∂xi
∂r

∂iQ =
∑
i

xi
r
∂iQ (2.38)

It gives another version of the Sommerfeld boundary condition:

∂tQ+ c
∑
i

xi
r
∂iQ = −c

r
(Q−Qini)

∣∣∣∣
∂Ω

(2.39)

The sum-up notation is added here deliberately to distinguish from the first approach

where double i on the left is not a sum-up in (2.37).

In the continuous limit, these two versions should give the same results. In

numerical simulations, however, they are different and both have advantages and

disadvantages. The first version (2.37) is much easier to implement but leads to

potential numerical error in systems where the exact spherical symmetry is lost

(like the case of the binary black hole spacetime), as the relation 2.36 does not hold

strictly anymore. The second version (2.39), on the other hand, behaves better in

these situations, but it requires derivatives parallel to the boundary. This makes

the boundary condition more complicated and is also troublesome when we hit the

edge of the boundary where we lose access to the volume on one side. Currently,

the first version of the Sommerfeld boundary condition is employed in the code.

We then explain the implementation of the Sommerfeld boundary condition in

code practice, with three halo layers of ghost volumes. Without loss of generality,

we assume the considered boundary is located in the positive x position. Figure 2.4

illustrates the boundary layout in this case, where the light red squares on the left

are the volumes inside the domain while the light blue ones on the right are the

ghost volumes that we need to assign in the boundary condition. The six layers are
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Figure 2.4: (One dimension is omitted) Illustration of the entries we need for im-
plementing the Sommerfeld condition for three halo layer setup. The boundary on
the positive x is shown here, thus the right half (light blue squares) is outside the
domain. We need to fill the outside layers of the boundary (Qn+1

3,j,k, Q
n+1
4,j,k, Q

n+1
5,j,k) from

values inside the domain (light red squares, Qn+1
0,j,k, Q

n+1
1,j,k, Q

n+1
2,j,k), and the information

from previous timestep (Qn
{0−5},j,k). See the text content for more details.
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labelled from 0 to 5 from left to right as their lower indices in the x position.

As we describe above, we can implement the boundary condition in a 1 → 1

manner, first considering the volumes at layers 2 and 3. The Sommerfeld boundary

condition (2.37) gives

1

δt

(
Qn+1

3 −Qn
3

)
+ c

r

xiδxi
(Qn

3 −Qn
2 ) = −c

r
(Qn

3 −Qini) . (2.40)

The indices for the y and z directions are omitted as they are all the same in this

case. The upper indices n and n + 1 represent the previous and current timestep:

One important feature of the Sommerfeld boundary condition is that it requires in-

formation from the previous timestep to evaluate the time derivatives. The variables

from the previous timestep are not available in boundary condition function (2.8)

by default, and access to them once again utilises the feature of code extension we

introduced in section 2.1.

Using the expression (2.40), we can derive the values of variables in layer 3 and

then we apply the same manipulation for layer 3 to layer 4, layer 4 to layer 5 to

fill all three halo layers. Notice the r, c and xi in the expression need to change

according to the considered layers.

We can “upgrade” the expression above to enhance the accuracy of the Sommer-

feld condition by taking the averages of two layers for the quantities, following the

idea of Alcubierre, 2008:

1

δt

[(
Qn+1

3 −Qn
3

)
+
(
Qn+1

2 −Qn
2

)]
+ c

r

xiδxi

[(
Qn+1

3 −Qn+1
2

)
+ (Qn

3 −Qn
2 )
]

(2.41)

= −c
r
[(Qn

3 +Qn
2 )− 2Qini] .

This equation also gives Qn+1
3 .

For the second Sommerfeld BC approach, we replace the second term in (2.40)

above with:

c

r

[
x

δx

(
Qn

3,j,k −Qn
2,j,k

)
+

y

2δy

(
Qn

3,j+1,k −Qn
3,j−1,k

)
+

z

2δz

(
Qn

3,j,k+1 −Qn
3,j,k−1

)]
(2.42)

Similarly, it can be upgraded to a more accurate version by averaging with the
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corresponding difference at timestep n+1. As we know everything at the boundary

at the timestep n, it is straightforward to implement. Just notice we need to change

the corresponding central difference to the lopsided difference when we hit the edge

of the boundary. This approach is not implemented in the current code.

The Sommerfeld boundary condition implemented as described above shows a

significant numerical improvement compared to the homogeneous Neumann condi-

tion, especially in the simulations of black hole spacetimes. It provides a much more

stable boundary behaviour and suppresses the reflection which ruins the central

solution. However, it can not eliminate the boundary effect completely, and we ob-

serve that long-term simulations are still suffering from errors propagating inward

from the boundary. As the Sommerfeld condition performs optimally in systems

with spherical symmetry, one potential solution to address this issue is to increase

the domain size. We are actively looking for a resolution for the boundary effect in

ongoing research.

2.4 Patch Communication and Adaptive Mesh Re-

finement

In this section, we present how we achieve solution updates on the adaptive mesh

in ExaHyPE2 via the halo-like structures called “face”. The face structures are

introduced as the bridge among patches as they may be handled by different threads

in a parallel computation setup.

2.4.1 Patch Communication through Face Structures

In parallel computers, the patch is the minimal domain unit distributed among

cores, thus cores may have no access to the neighbours for those volumes located

at the edges of patches, as these neighbours belong to the patch processed by other

cores when we use a non-overlapping domain decomposition. As the communication

among different threads is rather expensive, we thus introduce the halo of the patches

to achieve an overlapping domain decomposition. The halo can be considered as the
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Figure 2.5: The illustration of patches and faces structure on the computation do-
main in ExaHyPE2. A two-dimensional patch with 5 × 5 mesh elements (vol-
umes) and a halo of one layer is given. On the right panel, we show the struc-
ture of this patch during the time-stepping: the patch (grey squares) has a halo
(coloured squares) that is used to update the volumes at its edges. The values
in the halos are from the face structures (coloured squares) we showed on the
left. The face structures do not enter the actual evolution and are only respon-
sible for bridging different patches. The faces are the exact copies of the corre-
sponding part of adjacent patches, e.g., the halves that are close to this patch are
the copies of those boundary volumes of it(dark grey squares). See the text con-
tent for more details. The figure is cited from the document of code repository
https://gitlab.lrz.de/hpcsoftware/Peano.

local boundary condition: the volumes on the edges of the patches utilised the

information in the halo layers to perform time stepping. Clearly, as mentioned

above, the number of the halo layers of the patches also depends on the solver we

employ.

The right part of Figure 2.5 gives an example of the patch and halo structures.

We assume a two-dimensional patch with 5 × 5 volumes and a halo of one layer in

this instance. During the evolution, the core performs the timestepping within the

patch (grey squares) and utilises the halo (coloured squares) to update the volumes

on the edge of the patch. As we are now inside the simulation domain, the halos do

not need a user function to assign like what is needed for the boundary conditions;

instead, they are determined by the boundary volumes of neighbouring patches. This

is achieved by introducing the above-mentioned “face” structure in our code, which
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is responsible for performing communication among patches. Every face structure

holds 2k × p volumes, assuming the halo layer has a thickness of k and the patch

size p. So in our example above, each face has 2 × 5 volumes and is shown as the

coloured squares on the left in the figure. The values of the volumes in the face

structures are the exact copies of the boundary part of the adjacent patches. For

instance, the two red columns on the left represent a face that bridges the patch

shown in the figure and its left neighbour patch. Those volumes marked in dark red

are copies of the boundary part of the current patch (leftmost column in dark grey),

while the volumes in light red are copies of the volumes in the rightmost column

of the neighbour patch. The case with multiple halo layers is similar and we just

need to copy more columns from both patches to the face. Intuitively speaking,

the patches make up a non-overlapping domain decomposition of the computational

domain, while the faces introduce an overlap among them.

The copy from patches to faces takes place after every timestep and we assign

the halo layers of every patch utilising the face at the beginning of the next timestep.

That is how the halo layer of patches receives information from their neighbours. No

direct data communication would happen among patches in ExaHyPE2 and faces

take all the responsibility for that and themselves do not enter the actual evolution.

Clearly, those patches that happen to be located at the boundary of the physical

domain have no neighbours for their halos, and they thus need to be assigned using

the boundary function we describe above in section 2.3.

2.4.2 Trilinear Interpolation in the Tensor Product Formal-

ism

The copy back from the face structure to the halo layers of patches is relatively

straightforward in a regular grid as it is a direct one-to-one map, such as from the

five light red squares on the left of the figure 2.5 to the five light red squares on the

right. However, special attention needs to be paid when dealing with the boundary

of the refinement transition.

We use the word refinement transition to indicate the resolution change between

patches. As we mentioned above, the adaptive mesh in ExaHyPE2 is constructed
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by refining patches recursively in three partitions and creating new patches accord-

ingly. There is no refinement occurring within the patches as the patches are the

minimal unit in this process. As a result, there are some faces whose neighbouring

patches have different resolutions. We do not allow refinement transition of multiple

levels in the code, therefore the difference in patch length can only be a factor of

three. As all patches in the domain have the same number of volumes, we shall have

δxcoarse = 3δxfine as well.

The patches on the two sides of the boundary of the refinement transition both

have face structures on their own resolution level, whose halves close to themselves

can be copied from their own edges as usual. However, the out halves can not

be copied straightforwardly this time, as their neighbours now hold volumes in a

different resolution. That is the reason why we implement the so-called refinement

transition strategy in the code. In the following content, we shall call the calculation

scheme determining fine volumes from the coarse volumes as Interpolation, while

calling the one to determine coarse volumes from fine volumes as Restriction.

We illustrate an example of the refinement transition setup between two face

structures on the AMR boundary in figure 2.6, with a patch size of p and a halo

of 3 layers. The two face structures, therefore, both have 6 × p × p volumes in

total. The faces of the coarse patch and fine patch are plotted on the two sides of

the figure, with one dimension omitted. The layers are labelled from c0 to c5 and

f0 to f5 for clarity, and it does not represent the actual enumeration in the code

implementation.

For the interpolation scheme, our job is to compute the outer half (light blue part)

of the fine patch face, i.e., layers f0, f1 and f2, using the information of the volumes

in the whole face of the coarse patch. Mathematically speaking, we are looking for

a scheme mapping 6p2 variables to 3 × (3p)2 variables. We can, in principle, do

the mapping directly and create a matrix of size 27p2 × 6p2. However, most of the

elements of this matrix would be zero, especially for low-order schemes due to their

block-type nature. It thus leads to a waste of memory and computational resources.

Therefore, we adopt the so-called tensor product approach to perform the mapping.

The idea here is to decompose the high-dimensional map into the product of the
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Figure 2.6: The illustration of the face structures on the coarse and fine side of a
refinement transition boundary. The mapping between them determines the strategy
of the refinement transition in the application. For the interpolation, we need to
derive the outer half of the fine face (the light red squares on the right) using the
information of the coarse face. On the other hand, we need to compute the outer
half of the coarse face (the light blue squares on the left) utilising the fine face for
a restriction scheme. The layers of the faces are labelled from c0 to c5 and f0 to f5
respectively, it is not the enumeration we employed in the actual code.
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one-dimensional maps. Assuming the volumes in the coarse and fine faces are Qc
i,j,k

and Qf
i,j,k, the interpolation map can be written as

Qf
i,j,k = P x

ilP
y
jmP

z
knQ

c
l,m,n, (2.43)

where P x, P y, and P z are the matrices responsible for the corresponding one-

dimensional map. As we shall have a symmetry for the two dimensions parallel

to the face normal, the two matrices for mappings along them are identical. In the

following content, we label the matrix for the mappings parallel to the face normal

as P ∥ and the one for the map along the face normal as P⊥.

In the current code, we implement two sets of matrices P ∥ and P⊥ with different

orders in accuracy. Matrix P ∥ should have a size of 3p × p, as it maps p coarse

volumes to 3p fine volumes; on the other hand, matrix P⊥ has a size of 3× 6, as it

maps 6 coarse layers to 3 fine layers (remember only the outer half of the fine face

needs the interpolation). The first set of matrices P ∥ and P⊥ is for the piecewise

constant interpolation:

P
∥
const =



1 0 0 0 0 ...

1 0 0 0 0 ...

1 0 0 0 0 ...

0 1 0 0 0 ...

0 1 0 0 0 ...

0 1 0 0 0 ...

....


, P⊥

const =


0 0 1 0 0 0

0 0 1 0 0 0

0 0 1 0 0 0

 . (2.44)

That means we use the value in the coarse volume (layer) if the targeted fine volume

(layer) is within it. It is the most straightforward interpolation one may have.
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The second set of interpolation matrices is for the linear interpolation:

P
∥
linear =



4/3 −1/3 0 0 0 ...

1 0 0 0 0 ...

2/3 1/3 0 0 0 ...

1/3 2/3 0 0 0 ...

0 1 0 0 0 ...

0 2/3 1/3 0 0 ...

....


, P⊥

linear =


0 1/3 2/3 0 0 0

0 0 1 0 0 0

0 0 2/3 1/3 0 0

 .

(2.45)

In this scheme, we apply a simple linear interpolation to compute the value in the

fine volumes according to the relative positions of the closest two coarse volumes.

The extrapolation is used for those volumes at the edge of the considered fine face.

There is no such requirement in the P⊥ as all three layers of the fine face are inside

the coarse face.

The restriction, which is the reverse procedure of the interpolation, involves a

mapping from the whole fine face to the outer half of the coarse face (light blue part),

i.e., the layers c3, c4 and c5. Again, we adopt the tensor product for the restriction

scheme, which decomposes the matrix of size 3p2 × 54p2 into three one-dimensional

matrices. The tensor product formulation of restriction read as

Qc
i,j,k = Rx

ilR
y
jmR

z
knQ

f
l,m,n, (2.46)

where we label the restriction matrix as R. Similarly, we define the matrix R∥ for

the mappings parallel to the face normal and matrix R⊥ for the mappings along the

face normal.

In the code practices, we incorporate two versions of matrix R∥: one for the

injection (constant) scheme and the other for the average scheme. However, only

one version of R⊥ is implemented in the code as the corresponding scheme of zero-

order accuracy yields significant numerical errors.

45



The matrix R∥ for the injection scheme is

R
∥
injection =



0 1 0 0 0 0 0 0 0 0 0 ...

0 0 0 0 1 0 0 0 0 0 0 ...

0 0 0 0 0 0 0 1 0 0 0 ...

0 0 0 0 0 0 0 0 0 0 1 ...

...


(2.47)

In this scheme, we utilise the value in the central volume per three fine volumes for

the coarse volume, as this central volume has the same central coordinate (in this

parallel direction) as the restricted coarse volume. The matrix R∥ for the average

scheme is

R∥
average =



1/3 1/3 1/3 0 0 0 0 0 0 0 0 ...

0 0 0 1/3 1/3 1/3 0 0 0 0 0 ...

0 0 0 0 0 0 1/3 1/3 1/3 0 0 ...

0 0 0 0 0 0 0 0 0 1/3 1/3 ...

...


(2.48)

The average of the three corresponding fine volumes is used to assign the coarse

volume and provide improved accuracy.

The version of matrix R⊥ implemented in the code is

R⊥ =


0 0 0 1/3 1/3 1/3

0 0 0 0 −2 3

0 0 0 0 −5 6

 . (2.49)

This matrix uses a combination of average and extrapolation for the map along the

face normal. Notice the enumeration depends on the face orientation rather than

relative position. So the right half of the matrix instead of the left half represents

the inner part of the fine face (layers f3, f4 and f5).

The tensor product scheme we have described provides a quite convenient ap-

proach to implement refinement transition in low order accuracy. By enlarging the
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stencil, we can further increase the interpolation order, with a cost of computa-

tional overhead. In our current simulation test, low-order interpolation and average

restriction have already demonstrated rather smooth refinement transitions at the

AMR boundaries. However, some issues of inaccuracy and fluctuations still exist,

especially when we apply a linear scheme to scenarios with spherical symmetry. A

higher-order refinement transition scheme may help to solve those challenges. We

refer readers to the corresponding section in the application chapters for discussions

on them.

Besides an extension of the current tensor product scheme, another method for

achieving a high-order refinement transition is to use the big three-dimensional ma-

trix idea above, which maps the volumes between coarse and fine faces in three

dimensions directly. It has the unique advantage of having access to the diago-

nal neighbours of considered volume. Compared to the cross-shape stencil of the

tensor product scheme, the three-dimensional matrix employs a cubic stencil, thus

reducing the size of the stencil significantly to reach the same order of accuracy

as the tensor product. One possible scheme utilising the big matrix idea is the al-

gorithm introduced by McCorquodale and Colella, 2011. which assumes a Taylor

expansion around the considered volume. Rather than calculating the derivatives

as coefficients directly, it takes the coordinates and values in the neighbour volumes

and employs a constrained linear least-squares problem to fit the coefficients of ex-

pansions. The values in the targeted find/coarse volumes are then computed by

substituting the coordinates into the Taylor expansion. The implementation of this

scheme in ExaHyPE2 is currently in progress.

2.5 Particle Tracers as Data Probes

The last feature we introduced in this technical chapter is the tracer module. It is

based on the particle support of ExaHyPE2 (Weinzierl et al., 2016). Originally,

the particles have been introduced to support Particle-in-Cell codes. Nowadays,

we use the particle feature as the baseline for the smoothed-particle hydrodynamics

(SPH) code, where the particles themselves constitute the evolving subjects, and the
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Figure 2.7: An example of a set of initialized tracers in ExaHyPE2. The tracers are
illustrated as those white spheres in the domain. The set of tracers in this example
is used to perform spherical integrals in our numerical relativity application, see
section 4.1.5.

actual physical quantities are approximated based on the properties and interactions

of individual particles.

In our present projects, however, we employ the particles for a different purpose,

namely data probing or object tracking. Unlike in the SPH approach, the particles

are not evolving subjects anymore, instead, they are associated with the grid struc-

ture we described above and record the evolving variables during the timestepping.

Those particles allow users to examine the evolutions at certain points in more de-

tail, and provide trajectory information on important objects in the domain. That

is where the name “tracer” comes from, as they trace and track important features

throughout the simulations.

To incorporate the tracers into the application, one needs to declare particles

in the code and specify their behaviours. This procedure can be divided into three

segments:

• Initialization. The first step to employing tracers is to initialize them, where
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the particles are added into and associated with the simulation grid. Users

are asked to provide the number and initial coordinates of the tracers they

would like to implement in the domain. Currently, ExaHyPE2 offers two

approaches for initializing the coordinates of tracers: users can set the co-

ordinates explicitly by writing them down in the Python script, or they can

provide a coordinate file that the interface reads and assigns the coordinates

accordingly. The latter approach is particularly efficient when injecting a large

number of tracers into the domain. Users also need to specify what evolving

variables the tracers need to plot. By default, the tracer would plot the whole

evolving system which may lead to a waste of storage space. An example

of initialized tracers is illustrated in figure 2.7. In this instance, we are im-

plementing a group of tracers for sample points derived from the concept of

spherical t-design (see section 4.1.5), these tracers are utilised to calculate the

spherical integral in our numerical relativity application. A total of 948 tracers

are deployed in the domain for this setup.

• Data Projection. As we mentioned, the particles do not enter the evolution and

only record the values of quantities at their locations. One, therefore, needs

to decide how the values in the volumes are projected to the tracers. Similar

to what we do in Section 2.4.2, one choice is to project piece-wise constantly,

which directly assigns the tracer with the value of the volume that the tracer

is located. Another choice is to interpolate linearly utilising the values in the

closest 8 (4 in two-dimensional setup) volumes, which is our default projection

scheme in the current code. Another important feature users need to specify

in this segment is the movement of the tracers. When projecting evolving

quantities to the tracers, one can declare three certain quantities which are

used by code as the velocity field vi of the tracers themselves. If the velocity

field is declared, the positions of the tracers are updated throughout the time

evolving using an explicit Euler solver

xt+δt
i = xti + δtvti , (2.50)

49



where xti is the position of the considered tracer at time t. That allows tracers

to follow the vector field or flows in the simulation and the black hole tracker

module in our numerical relativity application is based on this feature. We

can, of course, leave the tracers at their initial places by not declaring the

velocity field. In this case, those tracers are utilised as static data probes

recording evolution at their positions.

• Data dumping. The last segment controls the data output of the tracers. By

default, the tracers dump the information they record every timestep as ar-

rays. The arrays appear as row entities in the final output file of the CSV

format. For large-scale simulations, the tracer output can be massive and

hard to process and visualized during analysis. Therefore, ExaHyPE2 of-

fers various thresholds to control the dumping of the tracers: users can ask

tracers to only dump at a fixed code time interval, or only dump when their

recording variables or tracking positions show a substantial change. Users can

also specify the output precision and set the maximal size limit for individual

CSV files according to their needs. When the maximal size limit is reached,

the code immediately writes the file into the disk and clears all the recorded

arrays from previous timesteps in the memory. This approach helps to reduce

the memory footprint of the tracer module significantly.

The tracer module is a rather flexible feature and is used in our applications exten-

sively. However, we shall point out that the results we will report in the following

application chapters do not heavily rely on this module. The primary focus of those

chapters is the overall analysis and discussion of the simulation results, therefore

will be mainly based on the global snapshots. Nevertheless, there are still some

results that do make use of the tracer module, such as the black hole trackers, in

our application. We refer readers to the corresponding section for more details on

this.
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CHAPTER 3

Application: Spherical Gas Accretion under the DGP Gravity

In this chapter, we present the application that we have implemented onExaHyPE2

for simulating the spherical accretion scenario of gas. The physics background of the

application is covered in section 3.1, including an introduction to the modified DGP

model we use in the code and how self-similarities are achieved in both standard

and modified gravity. The solution in the standard gravity is a review of the result

of Bertschinger, 1985 and the theoretical derivation for the modified gravity is com-

pleted by Baojiu Li. We then describe the code implementation of our application,

in section 3.2, focusing on the specialised treatment designed for the spherical col-

lapse scenario and how they contribute to accomplishing a stable and well-behaved

evolution. The test results are illustrated in section 3.3 and a discussion of the the-

oretical consideration and existing issues is given in section 3.4. The work in these

three sections is completed by the author.

The content in the chapter is mainly based on the published paper: Han Zhang

et al. “Spherical accretion of collisional gas in modified gravity I: self-similar solu-

tions and a new cosmological hydrodynamical code”. Monthly Notices of the Royal

Astronomical Society 515.2 (2022), pp. 2464–2482.
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3.1 Theoretical Background

We present the physics behind the spherical collapse scenario we investigated and

implemented in the code in this section. We first introduce the general DGP grav-

ity. To achieve self-similarity, we need to apply slight modifications to the original

formulation. The test model we derive from it accordingly is discussed. We also give

a brief review of the self-similar solution in an Einstein-de Sitter universe discovered

by Bertschinger, 1985 and derive the self-similar solution for the modified version

of the DGP model following a similar approach. We then compare the behaviour of

the solutions in this model, for several different parameter choices, with that of the

EdS model. This analysis reveals some interesting features of the solutions, which

will be discussed in the corresponding section.

Throughout this paper, we assume that the background cosmology is that of

the Einstein-de Sitter (EdS) universe, i.e., a flat matter-dominated background(for

simplicity we assume that this still holds even in the DGP models). It used to be the

standard cosmological model before the ΛCDM model and replaced it in the face of

growing evidence that the cosmic expansion rate has been accelerating at late times,

and it still serves as a good approximation for the real Universe between redshifts

≃ 300 and ≃ 2. The EdS universe assumes a zero cosmological constant and flat

spatial curvature, and the equation of state of its non-relativistic matter content is

P (ρ) = 0. With these parameters, the evolution of the scale factor of the universe,

a, can be derived analytically from the Friedmann equation as a(t) = Ct2/3, where

t is the cosmic time, C ≡ t
−2/3
0 is a constant and t0 is the cosmic time today (when

a = 1). This is an important assumption we will use to derive the self-similar

solution later. No specific unit system is used in this application, and we discuss

the conversion between code units and physics units in section 3.2.1.

3.1.1 The DGP model

The Dvali-Gabadadze-Porrati (DGP) braneworld model is a modified gravity model

in spacetime with an extra, fifth, dimension. The base assumption of this model

is that the universe is a four-dimensional “brane” embedded in a five-dimensional
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spacetime, which is called a “bulk”.

This model provides an explanation as to why gravity is much weaker than other

fundamental forces: all matter components are assumed to be confined on the brane,

while gravitons could propagate through, or leak into, the extra spatial dimension.

The spacetime action of the DGP model is given by

S =

∫
brane

d4x
√
−g R

16πG
+

∫
bulk

d5x
√

−g(5) R(5)

16πG(5)
, (3.1)

where R is the Ricci scalar, g is the determinant of the metric tensor, G is Newton’s

constant, and the superscript (5) means the corresponding quantities live in the

five-dimensional bulk. Others without it are normal four-dimensional quantities.

The modified Einstein equation for the DGP models can be derived from the vari-

ation of the gravitational action equation (3.1), which further leads to the following

modified Friedmann equation that governs the cosmic expansion history H(a):

H(a)

H0

=
√

Ωm0a−3 + ΩDE(a) + Ωrc ±
√

Ωrc, (3.2)

where H0 = H(a = 1) is the Hubble constant today (when the scale factor is a = 1),

Ωm0 is the present-day density parameter of matter (we have neglected the presence

of radiation and massive neutrinos here since they are not relevant for the interest

of this work), ΩDE(a) represents the density parameter of a possible additional dark

energy species at time a, and Ωrc ≡ c2/(4H2
0r

2
c ). Here, rc is the so-called crossover

scale, which is a new free model parameter that indicates the scale above which the

gravity begins to deviate from the standard Einsteinian:

rc ≡
1

2

G(5)

G
. (3.3)

It is easy to see that, equation (3.2) goes back to the usual form of the Friedmann

equation when H0rc → ∞.

The ± in equation (3.2) shows that this model has two branches of solutions.

There is a “self-accelerating” branch (sDGP, the “+” branch) that can realise an

accelerated Hubble expansion at late times without the need of a cosmological con-
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stant or dark energy, i.e., ΩDE(a) = 0. However, this branch has several unsolved

theoretical issues (Koyama, 2007). Additionally, its predicted cosmological history

is significantly different from that of ΛCDM and the observation also disfavours this

model (e.g., Song, Sawicki, and Hu, 2007).

The other branch, the so-called normal branch of DGP (nDGP) gravity, where

equation (3.2) takes the “−” sign, can not provide an accelerated Hubble expansion

by itself, and thus some additional dark energy component is needed (ΩDE ̸= 0) to

explain the observation. This model has attracted much attention in recent years

as it serves as a useful testbed of the Vainshtein screening mechanism (e.g., Brax,

2013), despite its unappealing property of being still in need for additional dark

energy. We will describe Vainshtein screening in more detail below.

The (modified) Poisson equation of DGP gravity and corresponding equations

of the scalar field has been derived by Koyama and Silva (2007):

∇2Φ = 4πGa2δρm +
1

2
∇2φ , (3.4)

and

∇2φ+
r2c

3β a2c2
[
(∇2φ)2 − (∇i∇jφ)

2
]
=

8π Ga2

3β
δρm, (3.5)

where Φ and φ are the gravitational potential and the scalar field of the model,

respectively. They are also known as the brane-bending mode, which represents

the position of the brane in the fifth dimension. ∇ is the spatial gradient (wrt to

comoving coordinates), c is the speed of light and δρm = ρm − ρ̄m is the matter

density perturbation (throughout this paper an overbar denotes the background

value of a quantity). β is a time-dependent function:

β(a) ≡ 1± 2H rc

(
1 +

Ḣ

3H2

)
, (3.6)

for the two branches, which for the normal branch can be simplified as

β(a) = 1 +
Ωm0a

−3 + 2Ωrc

2
√
Ωrc(Ωm0a−3 + Ωrc)

. (3.7)
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While we are interested in the DGP model, our main focus in this paper will be

the effect of a fifth force that is mediated by the scalar field φ, denoted by the second

term on the right-hand side of equation (3.4). To gain flexibility and to ensure self-

similarity of the resulting model behaviour, we take the liberty to keep the main

features of equation (3.5) but allow deviations from the exact behaviour of the sDGP

or nDGP models. More explicitly, we will promote rc to a time-dependent function,

and also allow β to differ from equation (3.6). We remark that such variations

from the original DGP model are not uncommon in other modified gravity models

involving the Vainshtein mechanism, notably the cubic Galileon (Nicolis, Rattazzi,

and Trincherini, 2009; Deffayet, Esposito-Farese, and Vikman, 2009) and the Proca

(Heisenberg, 2014) theories. Our modification leads to losses of certain properties

of the original DGP model, such as being an interesting alternative to Λ to explain

the cosmic acceleration. Yet, the latter is not the focus on this work. In the

context below, we call our modified DGP model the Self Similar Test (SST) model

to indicate that this is a test case involving a modified gravity mechanism and self-

similar property. This case is designed as a toy model achieving self-similarity in an

enhanced and screening gravity and is used for code experiments of ExaHyPE2.

3.1.2 The Self-Similarity in Spherical Collapse

In this subsection, we describe the self-similar collapse of collisional and non-radiative

gas in some models. We first review the classic result from Bertschinger (1985),

which applies to standard gravity in EdS universe. Then we proceed to show that

self-similarity can also be achieved in the SST model with Vainshtein screening.

These can be used as a test case to verify our numerical implementation with Ex-

aHyPE2 for both the standard and modified gravity scenarios, though our imple-

mentation of modified gravity is not restricted to the SST model where self-similarity

holds.
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Einstein-de Sitter universe

Consider a uniform spherical overdensity region in the matter-dominated universe

background. Its initial condition can be written as

ρ =
1

6πGt2i

 1 + δi, r < Ri

1, r > Ri,

(3.8)

ti < t0 is the initial cosmic time for this scenario to begin, δi = δρ/ρ̄ ≪ 1 the

density contrast at ti, where ρ̄ = ρ̄(t) and δρ are respectively the mean matter

density at time t and the density perturbation, and Ri is the initial radius of the

spherical overdensity region. At the beginning, the Hubble flow is approximately

unperturbed as δi ≪ 1. Thus, we have vi = Hiri and Hi = 2/(3ti). As the universe

expands, the matter inside Ri starts to decelerate and decouple from the Hubble flow

because of the slightly higher density. At some point it stops expanding completely

(so-called “turnaround”) and turns into a collapse. The turnaround for the mass

shell at Ri initially happens at a cosmic time and max radius (Bertschinger, 1985)

tita =
3π

4
δ
−3/2
i ti, rita = Riδ

−1
i , (3.9)

where the subscript ita stands for “initial turnaround”. Matter inside the initial

overdensity region starts to collapse first and all matter there infalls at the same

time. No shell crossing happens. The matter initially in more distant shells (i.e., at

initial radii ri > Ri) will start to collapse in progressively later times. The radius

at which they turn around can be calculated using the Lagrangian picture. For the

mass element initially located at ri, its evolution obeys the Newton’s gravity law:

d2r

dt2
= −Gm

r2
. (3.10)

Herem accounts all mass interior to the shell we are considering. As no shell crossing

happens during the evolution, it can be written as

m = m (ri) =
4

3
πρir

3
i

(
1 + δi

R3
i

r3i

)
≡ 4

3
πρir

3
i (1 + ∆), (3.11)
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where ρi = 1/(6πGt2i ) is the background density at ti for an Einstein-de Sitter

universe. It also defines ∆ ≡ δiR
3
i /r

3
i . The equation (3.10) then can be recast using

the following dimensionless time and radius variables, τ ≡ t/ti and y ≡ r/ri, as

d2y

dτ 2
= −2

9
(1 + ∆)

1

y2
. (3.12)

Integrating this equation twice and using the assumption ∆ ≪ 1, the solution

can be expressed implicitly as (Bertschinger, 1985)

τ =
3

4
(θ − sin θ)∆−3/2 ≡ d∆−3/2, (3.13)

with

y∆ = sin2 θ

2
≡ η, (3.14)

where we have defined the variables d and η for later use. As turnaround happens

when y reaches its maximum, this yields to θta = π (where a subscript ta means

“turnaround”). From equation (3.13) this corresponds to a time τ = (3π/4)∆−3/2

and yta = rta/ri = ∆−1. Combining these two expressions with the relationship

between δi, ∆ and Ri given in equation (3.11), it is straightforward to derive the

following expression of the turnaround radius:

rta(t) =

(
3π

4
ti

)−8/9

δ
1/3
i Rit

8/9, for t ≥ tita. (3.15)

Now we switch to the fluid picture. The motion of a collisional gas in this system

is governed by the gravity-driven Euler equations:

dρ

dt
≡

[
∂

∂t
+ v

∂

∂r

]
ρ = −ρ 1

r2
∂

∂r

(
r2v
)
, (3.16)

dv

dt
= −1

ρ

∂p

∂r
− Gm

r2
, (3.17)

d

dt

(
pρ−γ

)
= 0, (3.18)

∂m

∂r
= 4πr2ρ, (3.19)

where ρ = ρ(r, t), v = v(r, t) and p = p(r, t) are the density, velocity and pressure
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of the fluid at radius r and time t. m ≡ m(< r) represents the total mass within a

given radius r, and γ the adiabatic index. We now use equation (3.15) and define

the new radial coordinate:

λ ≡ r

rta
, (3.20)

as well as the dimensionless quantities V,D, P and M :

v(r, t) =
rta
t
V (λ), (3.21)

ρ(r, t) = ρHD(λ), (3.22)

p(r, t) = ρH

(rta
t

)2
P (λ), (3.23)

m(r, t) =
4π

3
ρHr

3
taM(λ), (3.24)

where ρH = ρH(t) is the critical density at time t, which is equal to the mean matter

density ρ̄m(t) in the EdS model. These allow us to cast equations (3.16) - (3.19) as

the following new dimensionless fluid equations (Bertschinger, 1985):

(
V − 8

9
λ

)
D′ +DV ′ + 2

D

λ
V − 2D = 0, (3.25)(

V − 8

9
λ

)
V ′ − 1

9
V = −P

′

D
− 2

9

M

λ2
, (3.26)(

V − 8

9
λ

)(
P ′

P
− γ

D′

D

)
=

20

9
− 2γ, (3.27)

M ′ = 3λ2D, (3.28)

where a prime means the derivative wrt λ. Those equations only have one variable

λ and thus could be solved directly given proper boundary conditions (see Section

3.1.3 below). No further time or length scales are involved, which means that the

solutions to the system would remain identical throughout the evolution if expressed

in terms of the λ coordinate. This is where self-similarity comes from. Obviously, if

any new terms added in equations (3.16) - (3.19) depend on other scales besides λ,

the solution to that new system will deviate from this self-similar solution.
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SST model

In the spherically symmetric system, the scalar field equation (3.5) gets simplified

significantly (see, e.g., Li, Zhao, and Koyama, 2013):

2r2c
3βc2

1

r2
∂

∂r

[
r

(
∂φ

∂r

)2
]
+

1

r2

[
r2
∂φ

∂r

]
=

8πG

3β
δρm. (3.29)

This equation does not contain scale factor a as we use physics radius here. We then

define

m̂(r) ≡ 4π

∫ r

0

δρm(r
′)r′2dr′, (3.30)

where we have used m̂ to distinguish from m(r) introduced in equation (3.10), since

m̂ does not account for the background matter density. equation (3.29) then can be

integrated once to give:

2r2c
3βc2

1

r

(
∂φ

∂r

)2

+
∂φ

∂r
=

2

3β

Gm̂(r)

r2
≡ 2

3β
gN(r), (3.31)

solving which gives the radial gradient of the scalar field directly as

∂φ

∂r
=

[
2
2r2c
3βc2

1

r

]−1
[
−1 +

√
1 + 4

2r2c
3βc2

1

r

2

3β
gN

]
, (3.32)

where we have dropped the other branch of solution that is unphysical. The equation

could be simplified further by defining the “Vainshtein radius” rV as follows:

r3V =
16r2c
9β2c2

Gm̂ (rta) . (3.33)

Note that here we have used m̂ within rta(t) to define the Vainshtein radius, which

differs from the usual definition that only accounts for the mass within the tophat

radius — this is for convenience because in this way we end up with a generic

expression that does not depend on the particular size of any tophat. Now the

gradient of the scalar field reads as:

∂φ

∂r
=

4

3β

r3

r3V

m̂ (rta)

m̂(r, t)

[√
1 +

r3V
r3
m̂(r, t)

m̂ (rta)
− 1

]
gN(r). (3.34)
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Note that ∂φ/∂r determines the strength of the fifth force, and one can easily see

the following limiting behaviour:

∂φ

∂r
≃ 2

3β
gN(r), r ≫ rV ,

∂φ

∂r
≪ 2

3β
gN(r), r ≪ rV . (3.35)

If the scale of studied problem is significantly smaller than the Vainshtein radius rV ,

the gradient of the scalar field is also much smaller than that of the Newtonian po-

tential, such that the fifth force is negligible compared with the standard Newtonian

force. This is the idea behind the Vainshtein screening.

Our next step is to try to recast the expression of the fifth force in the self-similar

form (which, needless to say, is not always possible) similar to what we get above for

the Einstein-de Sitter universe. This means that we hope that the ratio between the

fifth force and standard Newtonian gravity, i.e., the coefficient in front of equation

(3.34), depends on time t and radius r only through the combination rta(t). We

again define λ ≡ r/rta; note that this rta is the same as in equation (3.15))— this is

mainly for convenience, but it does mean the rta in this expression is no longer the

true turnaround radius in the SST model. The mass can then be rewritten, using

the definition of M(λ) given in equation (3.24), as

m̂(r, t) =
4π

3
ρHr

3
ta

[
M(λ)− λ3

]
≡ 4π

3
ρHr

3
taM̂(λ). (3.36)

As mentioned above, we have removed the contribution from the background mass

as the fifth force only depends on density perturbations. The Vainshtein radius now

reads as

r3V =
16r2c
9β2c2

2

9

r3ta
t2
M̂(1), (3.37)

so that
r3V
r3

=
16r2c
9β2c2

2

9t2
M̂(1)

λ3
, (3.38)

and
m̂(r, t)

m̂ (rta)
=
M̂(λ)

M̂(1)
. (3.39)
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These mean that
r3V
r3
m̂(r, t)

m̂ (rta)
=

16r2c
9β2c2

2

9t2
M̂(λ)

λ3
. (3.40)

To achieve self-similarity, we need to ensure that equation (3.40) only depends on λ.

The t dependence of r2c/β
2t2 needs to be cancelled out. However, β also appears in

equation (3.34) in the overall factor 4/(3β), and thus should be constant over time

to avoid reintroducing an explicit t dependency. This then leads to rc ∝ t ∝ a3/2,

with the second proportionality true in an Einstein-de Sitter universe.

Denoting rc(t) = rc0(t/t0), where t0 is the cosmic time today and rc0 is the value

of rc at t0, and defining the dimensionless constant

ζ ≡ rc0
ct0

=
rc0 × (t/t0)

ct
=
rc(t)

ct
=

3H(t)rc(t)

2c
=

3H0rc0
2c

, (3.41)

we get
r3V
r3
m̂(r, t)

m̂ (rta)
=

32ζ2

81β2

M̂(λ)

λ3
. (3.42)

Therefore, the solution can be written as

∂φ

∂r
=

27β

8ζ2
λ3

M̂(λ)

√1 +
32ζ2

81β2

M̂(λ)

λ3
− 1

 gN(r). (3.43)

This expression shows that the fifth-force-to-Newtonian-gravity ratio can be written

in a form that only depends on λ, which satisfies the requirement of self-similarity.

It is straightforward to show that the coefficient of gN in the above equation is

always smaller than 2/(3β), which means that the Vainshtein screening always works

(though not necessarily always strong).

Let us briefly comment that, according to its definition in equation (3.41), ζ is

the ratio between the crossover radius rc(t) and ct. The latter can be considered as

some characterisation of the size of the Einstein-de Sitter universe (actually it is 3ct).

Therefore, the fact that this ratio is a constant in time implies that the Vainsthein

screening mechanism is always effective on scales that correspond to a fixed fraction

of the size of the universe, and therefore it should not be surprising that the self-

similar properties of the EdS model have been preserved for this particular choice of
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rc(t). Since rc characterises the length scale beyond which gravity is modified in the

SST model, we expect that for any physically interesting scenario we need to have

ζ ∼ O(1). The choice of ζ = 2/3, for example, corresponds to H0rc0/c = 1, which

leads to a similar Vainshtein screening efficiency to that for a typical parameter

choice in studies of the nDGP model for the same value of β.

The actual strength of the fifth force is 1
2
∂φ
∂r
, which means that the final expression

for the fifth-force-to-Newtonian-gravity ratio is given by

ξ(λ) ≡ 27β

16ζ2
λ3

M̂(λ)

√1 +
32ζ2

81β2

M̂(λ)

λ3
− 1

 . (3.44)

Turning to the derivation of the self-similar equations in the SST model, i.e., the

counterparts of equations (3.25) - (3.28), it is evident that only equation (3.26) needs

to be modified. It is the only place where the law of gravity enters the calculation.

However, instead of simply multiplying the −2
9
M
λ2 by 1 + ξ(λ), the correct final

version of equation (3.26) is slightly more complicated. This is because ξ(λ) is the

ratio between the fifth force and gN, which itself does not receive any contribution

from the background matter density, c.f., equation (3.31). On the other hand, the

term −2
9
M
λ2 contains contributions from the background matter. Taking this into

account leads to the following SST version of equation (3.26):

(
V − 8

9
λ

)
V ′ − 1

9
V = −P

′

D
− 2

9

M

λ2
− 2

9

M̂

λ2
ξ(λ), (3.45)

or equivalently

(
V − 8

9
λ

)
V ′ − 1

9
V = −P

′

D
− 2

9

M

λ2
[1 + ξ(λ)] +

2

9
λξ(λ). (3.46)

A similar modification also appears in the SST counterpart of equation (3.10),

which now reads

ÿ = −2

9
(1 + ∆)

1

y2
[1 + ξ (y, τ)] +

2

9

y

τ 2
ξ(y, τ), (3.47)

where ξ has been defined in equation (3.44), but is now expressed in terms of the
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dimensionless radius and time, y and τ . More explicitly:

ξ =
27β

16ζ2
y3

(1 + ∆)τ 2 − y3

[√
1 +

32ζ2

81β2

(
1 + ∆

y3
τ 2 − 1

)
− 1

]
. (3.48)

This equation is needed for the exact solution of our equations in the next section.

Before concluding this subsection, let us note that one limit of the SST model

arises from ζ → 0, in which equation (3.43) approaches

∂φ

∂r
→ 2

3β
gN(r), (3.49)

and so the fifth-force-to-Newtonian-gravity ratio approximately becomes 1/(3β),

which is the linear-regime (i.e., no screening) solution. This corresponds to a time-

and scale-independent enhancement of Newton’s constant by a factor of 1/(3β) since

we are assuming β to be a constant here.

3.1.3 Theoretical Solution of Self-Similar behaviour

Our next step is to find the exact solution to our self-similar equations equations

(3.16) - (3.19): the profile of D(λ), V (λ), P (λ) and M(λ).

At the beginning stage, the spherical collapse can be described by a pressureless

infall. Outside the radius of the tophat, the inner spherical shells infall at a greater

speed than the outer shells, meaning that there is no shell-crossing or squeezing.

However, when the infall speed of a given shell increases to a point where it exceeds

the sound speed cs of the fluid, the shell impacts upon the fluid element inside

it before there is enough time for the latter to adjust. A discontinuity of fluid

properties, such as velocity, pressure and density, then starts to arise there, which is

known as a shock. The shock location is our primary quantity of interest when we

validate the outcome of our simulation. We assume the shock happens at radius rs or

λs ≡ rs/rta (the subscript s means shock), where we can apply the Rankine–Hugoniot

jumping conditions, written in dimensionless forms:

D2V2 = D1V1 + (D2 −D1)Vs, (3.50)
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D2V
2
2 + P2 = D1V

2
1 + P1 + (D2V2 −D1V1)Vs, (3.51)

D2V2

(
γ

γ − 1

P2

D2

+
1

2
V 2
2

)
−D1V1

(
γ

γ − 1

P1

D1

+
1

2
V 2
1

)
= Vs

[
D2

(
1

γ − 1

P2

D2

+
1

2
V 2
2

)
−D1

(
1

γ − 1

P1

D1

+
1

2
V 2
1

)]
.

(3.52)

Here, a subscript 1 or 2 is used to denote the preshock and postshock values of

a quantity, respectively, and Vs is the dimensionless speed of the shock position

itself. Physically, the three jumping conditions represent the continuity of mass,

momentum and energy across the shock.

One can analytically calculate the preshock solutions in terms of λs using equa-

tion (3.12) and its solutions, equations (3.13) - (3.14) for ∆ ≪ 1:

D1 =
d2sη

−3
s

1 + 3χs

, (3.53)

P1 = 0, (3.54)

V1 = λs
sin θs (θs − sin θs)

(1− cos θs)
2 , (3.55)

M1 = λ3sd
2
sη

−3
s . (3.56)

where θs = θ (τs), ηs ≡ sin2 θs
2
≡ ys∆, ds ≡ 3

4
(θs − sin θs) are the values of η and d

at θs, and, χs ≡ 1− 3
2
Vs

λs
. Combining equations (3.50) - (3.56), we get the boundary

condition for the other side (post side) of the shock:

D2 =
γ + 1

γ − 1
D1, (3.57)

V2 =
8

9
λs +

γ − 1

γ + 1

(
V1 −

8

9
λs

)
, (3.58)

P2 =
2

γ + 1
D1

(
V1 −

8

9
λs

)2

, (3.59)

M2 = M1. (3.60)

The entire postshock solution can then be obtained by numerically integrating equa-

tions (3.25) - (3.28) inwards from λ = λs, using these boundary conditions. However,

since λs is not known a priori, this is a trial and error process where the value of

λs is updated iteratively until when the corresponding solutions meet the following
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Figure 3.1: Self-similar solution for gravity in Einstein-de Sitter universe and SST
models with different ζ choices. Rescaled D(λ), P (λ), V (λ), M(λ) are plotted.
The value of ζ indicates the strength of the Vainshtein screening. It gets more
efficient when ζ gets bigger. The case ζ = 0 means there is no screening, i.e., The
modification of SST are equivalent to a constant enhancement of gravity all the
time. All curves here are obtained by using ∆ = 0.001.

physical boundary conditions in the centre of the system:

V (λ = 0) =M(λ = 0) = 0. (3.61)

This is how Bertschinger, 1985 got his self-similar solution and we plot our repro-

duced result here in Figure 3.1.

While the use of the θ variable to write the solution to equation (3.12) in the

implicit forms of equations (3.13) - (3.14) is convenient, this is impossible for the SST

model where the corresponding spherical collapse equation takes a more complicated

form. However, the introduction of θ in the EdS model is largely a matter of choice

for convenience, and the same physics can be produced using τ as well. Because
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this is what we shall use for the SST model, we decide to also use τ instead of θ

to obtain the numerical self-similar solutions for the EdS model. This means that

we need to express the preshock solutions to D,P, V and M at τs. For the velocity,

using its definition

v =
dr

dt
=
ri
ti
ẏ =

r

t

τ

y(τ)
ẏ = λ

rta
t

τ

y(τ)
ẏ(τ),

we obtain

V1(λs) = λs
τs

y (τs)
ẏs, (3.62)

where an overdot denotes the derivative wrt τ , and ẏs = ẏ (τs). For M , using

M =
m

4
3
ρHr3ta

=
ρi
ρH

(
ri
rta

)3

(1 + ∆),

we have

M1(λs) =

(
3π

4

)8/3
1 + ∆

∆
τ−2/3
s . (3.63)

For D, using

3λ2D(λ) =
dM/dτ

dλ/dτ
=

−2
3

(
3π
4

)8/3 1+∆
∆
τ−5/3(

3π
4

)8/9
∆−1/3τ−8/9

(
ẏ − 8

9
y(τ)
τ

) ,
we have

D1(λs) = −2

9
τs

1 + ∆

y2s

(
ẏs − 8

9
ys
τs

) . (3.64)

For P , we have P1 = 0 again.

The following steps are the same as before. We can use the Rankine–Hugoniot

jumping conditions to obtain D2, P2, V2 andM2, and numerically integrate the equa-

tions again to find the postshock solutions. This time we need to vary τs for our

trial-and-error process after ∆ is specified. ys and ẏs can be calculated numerically

from τ by using equation (3.10) for the EdS model and equation (3.47) for the SST

model. For EdS, we have explicitly checked that using the τ -based approach to set

up the boundary conditions for the postshock solutions gives the identical answer

as using equations (3.53) - (3.56), as expected.
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We summarise our result for self-similar solutions in SST gravity within Figure

3.1. The black curves in the figure are the self-similar solutions to D,P, V and

M for the EdS model, which we find to be in excellent agreement with literature

results (e.g., Bertschinger, 1985). The coloured curves show the results for several

variants of the SST model described in Section 3.1.2, with the case ζ = 0 (red)

corresponding to a constant enhancement of G by 1/(3β). The cases with ζ = 1,

5 and 10 represent progressively more efficient Vainshtein screening, which explains

why they are in between the EdS and ζ = 0 cases. In particular, we see that at

ζ = 10 the screening is already very efficient so that the brown curves are very close

to EdS. The qualitative trend also agrees with what one should expect for a model

with enhanced gravity: the infall becomes faster such that the preshock solution

of V becomes more negative and the shock happens at a larger radius; the density

D and pressure P are also higher due to the stronger structure formation, and the

latter explains why the enclosed mass M within a given radius is larger.

The SST results in Figure 3.1 are obtained with the parameter ∆ = 0.001. The

∆ dependence of the solution, which we have explicitly checked, can already be seen

at the equation level, cf. equations (3.62) -(3.64), and also in Fig. 3.2, where we

show the two sets of self-similar solutions for two models, EdS (dashed lines) and

SST with β = 1.0, ζ = 1 (solid lines). Different colours indicate the value of ∆ for

each curve, as shown by the legends. We can see that the SST model has a very

strong ∆ dependence. A similar dependence is also present in the EdS case, but is

much weaker there — indeed, it is known that in EdS there is approximately no ∆

dependence in the limit ∆ ≪ 1 (Bertschinger, 1985). This ∆ dependence comes from

our choice of using the turnaround radius rta(τ), given in equation (3.15), to define

the dimensionless coordinate λ, where rta itself depends on ∆. For the EdS model,

rescaling r using this turnaround radius helps to cancel out the ∆ dependence from

equation (3.12), because this rta is calculated from the same dynamical equation and

has the physical meaning of where the shell starts to collapse. But such a cancellation

should not be expected to happen when we use the same equation (3.15) to define

λ for the SST (and generally other gravity) models, since it does not represent the

true turnaround radius anymore.
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Figure 3.2: Two sets of the self-similar solutions are presented here, with the dashed
lines for standard gravity in EdS and solid lines for SST model of β = 1.0, ζ = 1.
Different choices of ∆ are indicated by colours. The ∆ dependence in EdS case is
negligible as the solutions assume the limit ∆ ≪ 1 (Bertschinger, 1985). On the
other hand, the results for SST model shows a clear dependence on ∆, which we
explain in the text.
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Figure 3.3: The new self-similar solutions of SST models with the same ζ choices as
in previous figures, after the ’re-rescaling’. Those curves now have little dependence
on ∆, and behave closely to the EdS cases.
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Using the same rta to define λ in all models above certainly has its advantages.

One of these is that equation (3.15) is an analytical function with a power-law

dependence on τ , which is convenient when deriving the dimensionless equations

governing the self-similar evolution. It also allows these equations to take a similar

form between the SST and EdS models. For example, equations (3.25) - 3.28) remain

almost the same for the SST model, with only some slight changes of equation (3.26)

to equation (3.46). In addition, Figure 3.1 clearly shows the effect of modified

gravity law on the collapse of collisional gas and on the formation of shock: this

also benefits from the fact that we have used the same ‘turnaround’ radius, rta(τ),

to define the rescaled quantities in all models, so that the differences in the rescaled

quantities reflect the differences in the same quantities pre-rescaling. Nevertheless,

for theoretical interest, we also want to see the results when we actually define λ

using the true turnaround radius of each model. Because there are no analytical

expressions for rta for the SST model, this has to be done in a “post-processing”

way: after getting the profile V (λ) by following the above steps, we can obtain the

real turnaround radius in the preshock V (λ) solution, by looking for the value of λ′ta

where V (λ′ta) crosses 0; we then get the correct turnaround radius as:

r′ta =

(
λ′ta
λta

)
rta ≡ αrta, (3.65)

and use r′ta to rescale our solutions for the other quantities, which is equivalent to

performing the following ‘re-rescaling’:

λ → α−1λ,

D → D,

P → α−2P,

V → α−1V,

M → α−3M. (3.66)

The new result is summarised in Figure 3.3. While we only show the results obtained

by using ∆ = 0.001 here, we find that using ∆ = 0.01, 0.1, 0.2 give very similar
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results. One notable property is that the new rescaled profiles are very close to that

in Einstein-de Sitter universe, i.e., the SST model behaves similarly to standard

gravity if expressed in terms of the λ coordinate which is defined using the true

turnaround radius of the model. As the real physical evolutions of these models are

very different, this similarity is quite interesting, since it suggests that self-similarity

works (at least to a good approximation) in more general models than just EdS.

As we shall see below, this “re-rescaling” idea using the true turnaround radius

can also be applied to the numerical simulation result from ExaHyPE 2, and help

to check its reliability in handling this scenario.
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3.2 Code Implementation

We present how we configure the spherical collapse scenario on the ExaHyPE2 in

this section. We will not cover the general technical details of building applications

here as they have been covered in chapter 2. This section focuses on the code designs

and implementation specialised for this application.

Compared to our Numerical Relativity application that will be introduced in

chapter 4, the spherical collapse application is rather simple, but still require special

treatments to achieve a stable and well-behaved simulation. Several techniques we

reported in chapter 2 are designed and implemented driven by the development of

this application. We are currently using the Rusanov Finite Volume solver (Section

2.2.1) with AMR support of ExaHyPE2. The resolution transition (interpolation

and restriction) utilizes the tensor product scheme discussed in Section 2.4.2 with an

accuracy of linear. The volume mass counting and the spherical mass interpolation

are implemented using the Code Extension feature introduced in Section 2.1. This

application also supports the particle tracer module (section 2.5) of ExaHyPE2,

but our results reported in section 3.3 do not rely on this.

In the content below, we first discuss the code unit system adopted in our spher-

ical collapse application. We then outline the simulation setups that we used to

produce the reported results. Following that, we dedicate a separate section focus-

ing on the implementation of initial and boundary conditions.

3.2.1 Code unit

To solve the system of equations numerically, it is usually convenient to recast them

by using dimensionless quantities. In the ExaHyPE2 implementation, we adopt

the so-called supercomoving coordinates, which are used in other simulation codes

such as ramses (Teyssier, 2002).

The original formulation of this coordinate system could be found in Martel and

Shapiro, 1998. Its idea is to apply the following rescaling of the variables:

dt̃ ≡ H0
dt

a2
,
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x̃ ≡ 1

a

x

L
,

ρ̃ ≡ a3
ρ(x, t)

Ωm0ρc
=

ρ(x, t)

ρ̄m(t)
,

p̃ ≡ a5
p

Ωm0ρcH2
0L

2
,

ũ = a
u

H0L
. (3.67)

Here ρc, ρ̄m(t) are respectively the critical density today and mean density of matter

at time t; L is the comoving size of unit code length; dt, x and u denote, respectively,

the (physical) time interval, physical coordinate and peculiar velocity. We use the

quantities with a tilde in our code, we therefore call them code units in the following

context.

The supercomoving coordinate system factors out most of the effect from the

Hubble expansion, and thus allows us to implement the original fluid equations

(3.16)-(3.19) in a static space with just minor changes. For the special case γ = 5/3,

the only change of the fluid equations is a re-calibration of the gravity term in

equation (3.17), which now needs to be derived from the following code-unit Poisson

equation:

∇̃2Φ̃ =
3

2
Ωm0a(ρ̃− 1), (3.68)

where Φ̃ is the Newtonian potential in code unit

Φ̃ =
a2Φ

L2H2
0

. (3.69)

Solving equation (3.68) under spherical symmetry gives us the following solution of

the Newtonian gravitational force g̃ ≡ −dΦ̃/dr̃ (again, in code unit):

g̃ = −3

2
Ωm0a

1

r̃2

∫ r̃

0

[
ρ̃(r̃′)− 1

]
r̃′2dr̃′ ≡ −3

2
Ωm0a

1

r̃2
δM̃(< r̃)

4π
, (3.70)

where we have defined δM̃(< r̃) to be the total “mass perturbation” within radius

r̃, i.e., the difference between the total mass therein and the mass in the same region

were the density there equal to ρ̄m. For other fluid equations, we only need to replace

physical quantities with code quantities directly. For cases γ ̸= 5/3, extra terms are
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needed for supercomoving coordinates (although they are straightforward to derive),

which we do not cover here.

The generalisation to calculate the modified gravitational force in the SST model

is straightforward: we multiply the fifth-force-to-Newtonian-gravity ratio ξ given in

equation (3.48) to equation (3.70) directly to obtain the fifth force in the SST model.

Most terms in equation (3.48) are constants or time-dependent functions, and the

only term that needs to be rewritten in the code unit is

1 + ∆

y3
τ 2 − 1 =

4π
3
ρir

3
i (1 + ∆)

4π
3
ρir3

τ 2 − 1 =
m(ri, ti)
4π
3
ρir3

τ 2 − 1, (3.71)

where we recall that ri is the initial radius of the fluid element located at r at time

t, and m (ri, ti) is the total mass enclosed within ri at the initial time ti. As no

shell crossing happens during the evolution, the mass within the radius of this fluid

element remains the same, which means:

1 + ∆

y3
τ 2 − 1 =

m(< r, t)
4π
3
ρir3

τ 2 − 1, (3.72)

where m(< r, t) denotes the total mass enclosed in radius r at time t > ti. In

our code implementation, the mass is calculated by counting volumes (see Section

3.2.2 below), and thus m(< r, t) =
∑

rk≤r ρk(t)ℓ
3
k, where the subscript k labels the

volumes, ℓk is the cubic size of volumes k, and ρk(t) is the density (all in physical

units). Notice that we have:

ρk(t)

ρi
τ 2 =

ρ̃kρH(t)

ρiτ−2
=
ρ̃kρH(t)

ρH(t)
= ρ̃k (3.73)

in the Einstein-de Sitter universe. Putting equation (3.73) back to equation (3.72),

we get

1 + ∆

y3
τ 2 − 1 =

∑
rk<r ρ̃kℓ

3
k

4π
3
r3

− 1 =

∑
rk<r(ρ̃k − 1)ℓ3k

4π
3
r3

=
δM̃(< r̃)

4π
3
r̃3

, (3.74)

where in the second equality we have used 4π
3
r3 =

∑
rk≤r ℓ

3
k, while in the final

equality we have replaced ℓk and r with their code-unit expressions, ℓ̃k and r̃, which
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Figure 3.4: Left Panel: The adaptive Cartesian grid used in our simulations, with
patches and volumes that we describe in chapter 2 therein. The patches with p = 3
(i.e., every patch contains 33 volumes) are separated from each other in the visualisa-
tion with gaps for clarity. Three levels of the grid are shown here. Only one-quarter
of x-y plane taken from a slice of the simulation box perpendicular to the z-axis is
plotted. The diagonal lines are visualisation artefacts as we use cubic finite volumes.
The refinement transitions are conservative, i.e., they are slightly larger than the
resolution transitions imposed by the refinement strategy. Right Panel: The density
field (in code unit) on the same slice for a snapshot during a simulation. Some
fluctuations of the density field could be seen out of the central peak, as we discuss
them in Section 3.2.3.

does not change the ratio ℓ3k/r
3, and used δM̃(< r̃) ≡

∑
r̃k<r̃ (ρ̃k − 1) ℓ̃3k. Equation

(3.74) is the final code expression that we use in our simulation.

3.2.2 Simulation setups

In the simulations, we implemented the original conservation form of the (gravity-

driven) Euler equations in the code unit:

∂ρ̃

∂t̃
+∇ · j̃ = 0, (3.75)

∂j̃

∂t̃
+∇ ·

(
1

ρ̃
j̃ ⊗ j̃ + p̃I

)
= f̃ , (3.76)

∂Ẽ

∂t̃
+∇ ·

(
1

ρ̃
j̃(Ẽ + p̃)

)
=

1

ρ̃
j̃ · f̃ , (3.77)
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where ρ̃, j̃, Ẽ, p̃ represent the density of mass, momentum, energy and pressure

in code unit respectively, f̃ = ρ̃g̃ is the force density with g̃ the gravitational

acceleration, which is proportional to δM̃(< r̃)/r̃2. We consequently obtain Q⃗ =

(ρ̃, j̃, Ẽ) in equation (2.1).

All simulations we presented in this paper use the same grid setup on a cubic

box [−1.5, 1.5]3. The maximum refinement level within the tree formalism is 3, cor-

responding to a resolution of 2433 patches on the finest level. Every patch contains

27 volumes again (p = 3). We coarsen this mesh once at a distance of 0.5 (in code

units) away from the origin and coarsen it once more at 0.7. Figure 3.4 illustrates

the AMR refinement pattern we used for the simulation. The exact refinement pat-

tern is chosen such that it covers the refinement radii. The safety parameter (CFL

ratio) we use in equation (2.17) is C = 0.3.

Mass Integration

Most of the terms in equations (3.75) - (3.77) can be implemented in ExaHyPE2

directly as part of the Rusanov scheme on Cartesian meshes we describe above

because they are all localised variables, i.e. follow up the updated pattern of any

Finite Volume scheme. However, the gravitational force

|f̃ | = ρ̃|g̃| = 3

2
Ωmρ̃a

δM̃(< r̃)

4πr̃2
(1 + ξ), (3.78)

is not localised as we will need the total perturbed mass within radius r̃. To get

δM̃(< r̃), we construct a mass array {δm̃i}0≤i≤imax which stores the total perturbed

mass values within radii {r̃i}0≤i≤imax . Here r̃max = r̃i=imax is chosen to be the radius

of the largest sphere in the simulation box: half of the domain length. The values of

δm̃i are calculated by accumulating the mass in all volumes that are within r̃i per

time step (in a parallel computing setup, every thread accumulates their own δm̃i,

and we reduce them in the finishing stage of timestep to derive the global one):

δm̃i(< r̃i, t) =
∑
r̃k≤r̃i

[ρ̃k(t)− 1] ℓ̃3k, (3.79)
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where ℓ̃k is the size of the accumulating volume. The plain summation is consistent

with our choice of piece-wise constant Finite Volumes. During the subsequent time

step, we apply the following interpolation rule per volume according to its radius r̃

for the required perturbed mass:

δM̃(< r̃) =


δm̃0r̃

3/r̃30, r̃ ≤ r̃0

δm̃i

(
r̃i+1−r̃
r̃i+1−r̃i

)
+ δm̃i+1

(
r̃−r̃i

r̃i+1−r̃i

)
, r̃i < r ≤ r̃i+1

δm̃max +
4π
3
ρ̃(r̃max) (r̃

3 − r̃3max) . r̃ > r̃max

(3.80)

The perturbed masses for volumes outside r̃max are approximated by assuming that

the density there is equal to that at r̃max. During our simulations, the densities

in those volumes depart little from unity and thus contributes little to the total

perturbed mass. This approximation is therefore acceptable. More accurate schemes

could be used in future simulations, such as using a scheme of density interpolation

that can extend to the furthest corner of the simulation box. Within r̃max, on

the other hand, the accuracy of this interpolation rule depends on the size and

arrangement of the sample array {δm̃i}. In our simulations, we use a sample array

size of 200, and keep our sample radii {r̃i} invariant over time.

3.2.3 Initial and Boundary Condition

The simulations shown in this chapter start at scale factor ai = 0.001, and end

around a ≈ 0.3. The simulation domain is initially filled with collisional cold gas of

γ = 5/3 in critical density (which is unity in code units). Our overdense seed, the

spherical tophat, is placed at the origin and is set to have a radius R̃i = 0.05 and

total perturbed mass δM̃i = 0.15.

Initial Condition

The treatment of the initial conditions of the pressure, density and velocity is subtle.

Although we should expect a pressureless infall for most regions in the simulation

box at the beginning, we can not set a zero initial pressure numerically. Likewise,

although it seems to be quite natural to set a zero initial velocity profile within
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our comoving coordinate system, we can not do this in our implementation, either.

Both of these would lead to negative pressure in the first time step. This is because

in this step the energy equation 3.77, does not update the local energy given the

zero momentum (i.e., both the flux and the source terms are zero in this equation).

On the other hand, the momentum itself is updated normally according to equation

(3.76) as its source term (the force density) is nonzero. Since we calculate the

pressure using:

p̃ = (γ − 1)

(
Ẽ − 1

2
j̃2/ρ̃

)
, (3.81)

the fact that j̃ is updated (mostly increased in magnitude) while Ẽ is not during

the first step can cause an accidental and unphysical drop of pressure at the end

of this timestep, and frequently (for zero initial pressure, it is always) the pressure

turns to be negative where gravity is strong, i.e., near the centre. This issue would

be worse if we put a point mass as the overdense seed at the centre, like the one

in ramses (Teyssier, 2002) because it leads to an extremely large magnitude of the

gravity force in the adjacent volumes of the point mass.

To address this negative pressure issue, our solution is three-fold. Firstly, we

stick to using a tophat overdensity rather than a point mass as our seed, though

it harms the solution partially (see the section for results below). A tophat initial

profile smooths the gravity field and reduces the magnitude of potential negative

pressure. Secondly, we set a very small but non-zero value for the pressure initially:

it makes the system more robust to the pressure drop in the first time step, and can

quickly converge to the correct pressureless solution outside the shock later in the

simulation. Finally, we introduce a pre-set initial velocity profile. We assume our

momentum field has evolved a small period of (physical) time before the simulation

begins, according to the initial gravity field:

j̃i = ∆tg̃i, (3.82)

such that the energy can get updated as well. These adaptions successfully solve the

initial negative pressure issue without the explicit construction of consistent initial

conditions which does not yield unphysical solutions. The freedom of adjusting
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our initial conditions without harming the final self-similarity is expected given the

convergence of the solution (Alard, 2020), and we have explicitly checked that it is

true for our simulation by tuning our initial pressure.

Boundary Conditions and Geometric Setup

Our setup to simulate spherical collapses requires free inflow boundary conditions.

Because we expect Q⃗ to be almost stationary in comoving coordinates (or approach-

ing the Hubble flow physically) as we move away from the centre of the computa-

tional domain, homogeneous Neumann boundary conditions can yield the free inflow

as long as the computational domain is sufficiently large. However, such a large do-

main is computationally inefficient or even unfeasible, and it is also not clear whether

‘large’ is well-defined in an evolving system: the shock propagates outwards towards

the border over time, thus making it a challenge to use homogeneous Neumann

boundary conditions throughout the entire evolution. We, therefore, use the follow-

ing hybrid scheme:

Q⃗out =

Q⃗in, ρ̃in < 1 (3.83)

Q⃗in + ℓ̃in n · lim
x→∂Ω

∇(1)Q⃗(x), otherwise, (3.84)

where Q⃗in and Q⃗out denote, respectively, the solution vectors in the volumes on the

inner and outer sides of the boundary (see Fig. 2.3). As we introduce above in

section 2.3, The boundary conditions in ExaHyPE2 for finite volume solver are

implemented by specifying how the quantities in ghost volumes out of the bound-

ary Q⃗out are calculated from ones in their direct neighbours within the domain Q⃗in.

In most times, we use the extrapolating boundary condition (3.84), where the su-

perscript (1) means we use the first-order approximation of the gradient ∇Q⃗ at x

approaching the domain boundary ∂Ω, multiplied by the distance between the two

volumes, ℓ̃in.

The different behaviours of these two types of boundary conditions are illustrated

in Fig. 3.5. The linearly extrapolated boundary condition is more accurate than the

homogeneous Neumann one specified by equation (3.83), but it underestimates the

momentum inflow from beyond the boundary. As a result, the code-unit density at
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Figure 3.5: The different ways to set up the boundary conditions in the velocity
field at the boundary of the simulation domain, indicated by the vertical dashed
line. In both panels, the blue curve illustrates a physical velocity profile along the
x direction, which has a nonzero gradient at the boundary. Left panel: the homoge-
neous Neumann boundary condition specified by equation (3.83), where the velocity
field outside the boundary (i.e., to the right of the vertical line) is assumed to be a
constant equal to the velocity value just inside the boundary (the red dashed line).
In this case, the inflow from beyond the boundary is overestimated and thus harms
the quality of the boundary. Right panel: The first-order extrapolated boundary
condition corresponding to equation (3.84), as indicated by the green dashed line.
Its prediction of inflow is more accurate than the Neumann case but is underesti-
mated. We combine these two boundary conditions in our simulations depending
on the local density at the boundary.

the boundary, ρ̃in, will drop to under unity later in the evolution: this is unphysical

because the density everywhere in this collapse scenario should be above the critical

density. Whenever this happens, we switch to the homogeneous Neumann boundary

condition (3.83). The latter usually overestimates the inflow, and thus can provide

some ‘compensation’. After the density ρ̃in increases back to above unity, we continue

using the extrapolating boundary condition again.

The Finite Volume scheme uses normal boundary conditions where the normal

is axis-aligned. However, our solution is spherical-symmetric. The boundary con-

dition’s normal alignment thus is erroneous. Even with equation (3.83) - (3.84),

we have to ensure that the domain remains sufficiently large compared to the area

of interest, such that this misalignment becomes negligible. Our box size is chosen

based on this consideration. Though the shock only reaches a radius of around 0.5

code units in the final stage of the simulation, we set the radius of the box to be

as large as 1.5 units to suppress any boundary pollution. We do not enlarge our

box any further as it consumes too much computing resources in regions of little
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interest. Despite the large computational domain, the finite domain size still limits

the maximum simulation time up to which our results are not distorted significantly

by the tangential boundary errors, as the solution’s steep gradient moves towards

the domain boundary.

Similar arguments hold along resolution transitions. As we interpolate linearly

along the resolution boundary, our solutions do not follow exact spherical symmetry:

the mesh and its resolution transitions should be spherical, and we should interpolate

linearly along a spherical transition. Yet, our grid is Cartesian. This “misalignment”

results in fluctuations or finger patterns (Fig. 3.4, right panel). Our code has two

ingredients to mitigate the resulting error: on the one hand, we use 2:1 balancing

(Sundar, Sampath, and Biros, 2008), since a more aggressive resolution change

would amplify any error. On the other hand, we ensure that the “first” (finest

to second finest) resolution transition is sufficiently far away from the region of

interest, i.e. the shock. In return, this implies that the maximum runtime yielding

physically admissible results is bounded further, as long as we disable adaptive

mesh refinement—a technique which is intrinsically limited, as the area of interest

expands and thus eventually yields a regular grid with excessive memory footprint.

This numerical error becomes apparent once the shock approaches the resolution

transition boundary. In our simulation, we extend the first transition boundary to

about 0.6 code units. This is slightly larger than the final 0.5 code units which the

shock reaches within code time 60 (corresponds to a ≈ 0.3). At that time, the shock

approaches the transition boundary and thus the numerical error starts to pollute

the solutions. As we will see in the result section below, the simulation already

reaches the numerical convergence before a ≈ 0.02, so the current setup provides

sufficient time for us to test the code in the stable evolution stage.

3.3 Simulation Tests

In this section, we report the simulation results of spherical collapse scenarios in

different gravity models using our application. To make comparison to the theo-

retical predictions we got in Section 3.1, we will also show results that are rescaled
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Figure 3.6: The rescaled density, velocity and pressure profiles for the spherical
collapse in an Einstein-de Sitter universe, plotted against the radius from the centre
in code units. Five snapshots of the system at a ≈ 0.022, 0.031, 0.047, 0.076, 0.145
are shown in different colours as indicated by the legends. An outward-propagating
shock is clearly visible in all three panels. The curves are sampled over the positive
direction of the x axis, but we have checked that for all the simulations we report
in this section the solution only has a very weak dependence on the direction along
which we extract it from the simulation domain, see Appendix A.

following equations (3.21) - (3.24), after we restored the quantities in the physical

unit using equation (3.67).

3.3.1 Einstein-de Sitter universe

We first show the simulation results in the Einstein-de Sitter universe. Since gravity

is standard, we can use equation (3.15) as the scaling radius. The rescaled profiles of

physics quantities are plotted over the radius coordinates in the code unit (superco-

moving coordinates), in Fig. 3.6. We illustrate five snapshots of the system (at scale

factor a ≈ 0.022, 0.031, 0.047, 0.076, 0.145) from the late part of the simulation

when the corresponding ∆ is relatively small. The system remains in stable evolu-

tion before the numerical issues we reported in the last section pollute the solution.

A clear outward-propagating shock can be seen in the figure.

The same profiles of quantities are plotted again, but now against the rescaled

radial coordinates λ, in Fig. 3.7. The theoretical self-similar lines from Section 3.1

are shown as black dashed lines for comparison. We can see a clear self-similarity

here, as the rescaled simulated quantities have converged during the time period
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considered, when the scale factor a increases by a factor of seven. The coloured

vertical lines in the figures are the positions of the tophat edge at the time of the

corresponding snapshots, within which the density and pressure solutions deviate

from the self-similar solution and flatten: this is expected as the gas within the

tophat does not experience the full gravity from the mass perturbation anymore.

The radius of this edge is shrinking in the rescaled plots over time because the

turnaround radius that is used to define λ increases as time evolves.

The rescaled solutions agree with the theoretical predictions quite well, especially

for the preshock solutions of the density and velocity. Yet, there are some deviations

from the self-similar solution, notably a shift of the shock position. Because of this,

the infall velocity of the gas just outside the shock is lower than the theoretical

prediction. This is a common numerical artefact caused by volumes with finite

widths, which cannot exactly resolve the infinitesimally thin shock. We have checked

that the agreement with the self-similar prediction improves as we use finer volumes.

A detailed convergence study is beyond the scope here.

Another factor that may have contributed to the difference between theory and

simulation is that the theoretical solution here is obtained under the assumption

of ∆ ≪ 1, and this is not well satisfied in the simulations. The different shells

of gas have different initial radii ri and corresponding values of ∆, with the outer

shells having larger ri and therefore smaller ∆, and vice versa. The outer shells also

collapse to the shock at a later time. We note that the outer shells that collapse to

the shock at later stages of the simulations usually have ∆ ≈ 0.1, and the inner shells

have even larger ∆. The difference between these values of ∆ ≪ 1 might affect the

accuracy of the simulation results. This claim is supported by the time convergence

of the profiles in Figure 3.7 toward the self-similar solutions. However, it is not clear

to what extent letting the simulation run for longer, so that shells with ever larger

ri will fall to the shock, helps here, since some of the inaccuracy of the simulation

results is due to numerical dissipation. Additionally, as we explained in Section

3.2.3, the maximum runtime yielding physically admissible results is bounded, and

simulations after a longer time will begin to depart from the self-similar solution

generally.
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Figure 3.7: The rescaled density, velocity and pressure profiles from the same simula-
tion of the Einstein-de Sitter model, plotted against the rescaled radial coordinate,
λ. The self-similar theoretical prediction (Bertschinger, 1985) is shown as black
dashed lines. The vertical dashed lines with colours indicate the locations of the
tophat edge at the same five times as shown in Fig. 3.6, and the numerical solutions
depart from the self-similar prediction within it. This location is moving inwards as
the rescaling radius rta increases over time. Convergence over time to the theoretical
solution can be observed in the plots.

We next study the effect of the hybrid boundary condition scheme introduced in

Section 3.2.3. Figure 3.8 gives the tail part of the density profiles of three simulations

which are identical except for the implementations of the boundary conditions. The

three panels correspond to the three types of boundary conditions mentioned above,

respectively homogeneous Neumann (outflow), pure linear extrapolation and the

hybrid scheme. A clear abnormal uprising of density near the boundary can be seen

in the homogeneous case (the first panel), as it overestimates the inflow from beyond

the boundary. This effect would “propagate” inwards and eventually pollute the

solution, making it unstable. On the other hand, the density drops to under unity

(or the critical density in physical units) when we use the extrapolated boundary

condition (the second panel), leading to a negative density later in the simulation.

By using the hybrid scheme (the third panel), we manage to keep a relatively stable

and smooth density evolution near the boundary throughout the simulation.
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Figure 3.8: The tail parts of the rescaled density profiles from three EdS simulations
which implement different boundary conditions but are otherwise identical. The
three panels, from left to right, show the results from using homogeneous Neumann
(outflow), pure extrapolated and hybrid boundary conditions, respectively. Only in
the hybrid case does the profile near the boundary remain stable and consistent with
the theoretical prediction (the dashed line). The other two cases either overestimates
or underestimates the density near the boundary, leading to an eventual crash of
the simulation when the error near the boundary propagates into the central region
of the simulation domain (see the purple and red solid lines in the left two panels).

3.3.2 The SST model

In this subsection, we report the simulation results of the SST model introduced in

Sections 3.1.1 and 3.1.2, with β = 1.0 and various values of the screening parameter

ζ. For a clear comparison with the standard gravity, we first rescale our modified

gravity results using the same turnaround radius formulation equation (3.15), fol-

lowing what we did first in Section 3.1.3. As the rescaling radius is identical in

the different gravity models, the differences after the rescaling also represent the

difference in the real evolution, thus showing the effects of modified gravity and the

screening mechanism.

The results at a ≈ 0.076 for models with β = 1.0 and ζ = 0, 1, 5, 10, 50, 100

are summarised in Figure 3.9. Those results agree with what one should expect

for an enhanced gravity force and presence of screening: for the non-screening case

(ζ = 0), in which gravity is constantly enhanced in time and space, a stronger shock

is observed and it also happens at a larger radius than in EdS. In the other cases, as

the screening becomes stronger and stronger (i.e., increasing ζ), the results approach

that of standard gravity in an EdS universe.

One may have noticed that we require a bigger ζ to achieve a similar screening
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Figure 3.9: The rescaled quantities curves in the SST model introduced in Sections
3.1.1 and 3.1.2, with β = 1.0 and ζ = 0, 1, 5, 10, 50, 100, at the time step when
a ≈ 0.076. The profiles in an EdS universe are also illustrated here for a comparison
(blue solid lines). The case of ζ = 0 corresponds to a model with a constant (in
space and time) enhancement of Newton’s constant, while ζ > 0 introduces the
Vainshtein screening effect which grows with ζ. It is therefore as expected that the
case with a constant enhancement of gravity (ζ = 0) deviates most from the EdS
result, and results of other cases lie in between.

effect, compared to Figure 3.1. This is mainly due to the fact that the parameter

∆, which characterises the mean initial overdensity density within some given initial

radius ri, takes different values at the different initial radii covered by a real simula-

tion, while the theoretical profiles are obtained assuming a fixed ∆, e.g., ∆ = 0.001.

To get rid of the ∆ dependence in our results, we use the idea of rescaling using

the true turnaround radius as described in Section 3.1.3. The difference is that this

time we do not need a “re-rescaling”: after we restore the profile quantities in phys-

ical units, we find the real turnaround radius directly by its physical meaning, i.e.,

we locate the radius where the physical velocity crosses zero. This method can be

applied to all models including the EdS, which we have checked explicitly to give

the same result as in the subsection above. After we located this real turnaround

radius for simulations with SST model, we use this value for our rescaling. The

result of the same simulations and same timestamp in this new rescaling scheme

then are plotted as the solid lines in Fig. 3.10, and their theoretical predictions (as

shown in Fig. 3.3) are overplotted as the dashed lines with the same colour scheme.

In the figure titles, we have used primes to indicate the quantities calculated using

the numerically determined turnaround radius, r′ta.
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Figure 3.10: The profiles of the same quantities as shown in Fig. 3.9 (solid lines) for
the SST model with different parameters (see legends), now rescaled using the real
turnaround radius r′ta as described in Section 3.1.3. The quantities with a prime
are calculated using this new rescaling radius. We also plot the theoretical self-
similar predictions described in Section 3.1.3 for each case, as dashed lines with the
corresponding colours.

Just like the theoretical results we got in 3.1.3, the new rescaled solutions are

close to that in EdS universe. They are broadly in line with the theoretical predic-

tions as well. The shock in SST model happens at a slightly smaller radius, and the

velocity in the gas shell just outside the shock has a bigger magnitude. This result

is possibly caused by the fact that the gravitational force is stronger in the SST

model, so that the collapse is also stronger and faster. The qualitative trend is also

as expected, as the curves for the models with screening are between the ones of

EdS and a constant enhancement of Newton’s constant (ζ = 0). Given that the real

physical evolutions of these models in the simulation are quite different (cf. Fig. 3.9),

these results demonstrate the reliability of ExaHyPE2 engine to carry out both

standard and modified gravity simulations, and support the idea that self-similarity

can be found (at least as a very good approximation) in more general gravity models

beyond EdS as well.

3.4 Discussion

In this chapter, we have derived self-similar solutions, for the first time, for some

special cases of the DGP class of models. We should point out that the existence of

87



self-similar solutions in spherical collapse scenarios is nontrivial: for example, while

the EdS model admits a self-similar solution, this is lost if the model includes a

cosmological constant. This is even more true for modified gravity models, in which

the law of gravity may be modified in complicated time- and spatial-dependent ways.

Indeed, we have tried to search for self-similar solutions in several classes of modified

gravity theories that feature certain screening mechanisms. Chameleon-type models

(Khoury and Weltman, 2004a; Khoury and Weltman, 2004b) do not admit self-

similar solutions, because the fifth force there is not only scale dependent but also

environment dependent. We have not found self-similar solutions for K-mouflage-

type models (Babichev, Deffayet, and Ziour, 2009; Brax, Burrage, and Davis, 2013)

either: in this model, the fifth force is given by

F = βK
dφ

dr
, (3.85)

where βK is a parameter describing the coupling strength of the scalar field φ with

the matter, which is usually taken as a constant or function of time. The radial

gradient dφ/dr can be schematically obtained by solving

K

(
dφ

dr

)
∝ βK

m(< r)

r2
∝ βK

rta
t2
M(λ)

λ2
, (3.86)

where K(·) is a nonlinear function, and rta is again the EdS expression of the

turnaround radius, equation (3.15). For the fifth force to also respect self-similarity,

it should be possible to express it as

F = F(λ)
rta
t2
, (3.87)

where F is a function of λ only. This is satisfied if K(·) is a linear function and βK

is a constant, but this simply corresponds to a model with a constant enhancement

of Newton’s constant, identical to the SST variant with ζ = 0 considered above.

For general K(·), one has to require βK to depend on both rta (and through which

also depend on the initial radius ri and overdensity ∆) and t to satisfy the above

condition. Even for the SST model we considered above, demanding a self-similar
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solution places some constraints on certain details, in particular the requirement

that rc becomes a time-dependent function which grows at the same rate as the

horizon size of the EdS universe. The existence of self-similar solutions in specific

models offers us a way to test our numerical code for models other than EdS.

The self-similar solutions we obtained for the SST model behave as one would

expect for an enhanced gravity with the Vainshtein screening mechanism at work.

For example, we see that the shock happens at a larger radius in the SST variant

with ζ = 0, and the infall velocity is larger outside the shock, compared with EdS,

as a result of a stronger gravitational collapse. For the other SST variants where

ζ > 0, the results generally lie between EdS and ζ = 0, indicating a suppressed fifth

force and the suppression effect is larger for bigger ζ. It is notable that, despite the

substantial differences in the evolutions and solutions of the different gravity models

considered, after the (more ‘proper’) rescaling using the true turnaround radius of

individual models, the solutions in the different SST variants are all very close to

that in the EdS model with standard gravity (though their agreement is not perfect).

We also notice that, after this proper rescaling, the self-similar solutions in the SST

models depend very weakly on ∆, as also happens in EdS. Apparently, we should

test these observations for other types of gravity models too. if they hold there as

well, this is an interesting indication that the properly rescaled solutions in different

gravity models are close to each other, which in turn implies that self-similarity

should hold approximately, even though not exactly, in generic models. We leave a

more detailed exploration of this possibility to future work.

Behind our new physical insights is a new implementation of cosmological hydro-

dynamical simulations of the spherical collapse scenario for different gravity models,

based on ExaHyPE2. We find that the numerical simulations of the same EdS and

SST models as introduced above yield good agreements with the theoretical predic-

tions we derived. This thus not only supports our findings on the self-similarity in

the considered models, but also serves as a validation of the reliability and correct-

ness of our ExaHyPE2 application.

By comparing our theoretical predictions to the simulation results, we find that,

although to a large degree the code is capable of handling the collapse scenarios in
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different gravity models, there are still some inaccuracies in the current simulation

results, in particular at and around the shock. The observed shift and weakening of

the shock are likely caused by numerical dissipation, which may be suppressed by

increasing the spatial and temporal resolutions. There are several possible ways of

doing this. First, we are currently using a simple Finite Volume formalism which

employs a generic Riemann solver. This scheme can be further extended to higher-

order formalisms, e.g., the fourth-order Finite Difference method introduced in sec-

tion 2.2.2, in combination with Runge-Kutta scheme. Those schemes are in principle

compatible with our scenarios, straightforward to implement, and could work prop-

erly to enhance the resolutions, but it remains an open question if these methods

are well-suited to capture the steep gradients near the shock. We could also directly

increase the resolution of our simulations, but this comes at an additional runtime

cost. For the temporal side, we need to check if local time stepping or subcycling

helps to reduce the vulnerability of the current explicit time stepping scheme to

numerical dissipation. It may also help to use more accurate Riemann solvers, as

the current Rusanov solver only ‘reacts’ to the biggest eigenvalue of the system,

cf. equation (2.15)-(2.16), so that it does not preserve the characteristics of all five

evolving quantities well if they propagate with different wave speeds.
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CHAPTER 4

Application: Numerical Relativity of Black Holes

In this chapter, we give a thorough description of our numerical relativity applica-

tion on ExaHyPE2. The application aims at simulating black hole spacetimes. We

assume readers are familiar with the concepts and notations in General Relativity

and will not reintroduce them in this chapter. The theoretical foundation of numeri-

cal relativity is presented as a review in section 4.1, mainly following the Baumgarte

and Shapiro, 2010 and Shibata, 2015, but also incorporating other related literature

which we will cite explicitly. We start from the 3+1 foliation of spacetime and then

cover other aspects necessary for the evolution of evolving black holes. After that,

we outline the structure of our code in section 4.2 and explain various modules we

have implemented in the application. We illustrate the results of the simulation tests

in section 4.3 and discuss the existing issues in our code in section 4.4. Finally, in

section 4.5, we provide a brief overview of the findings around numerical evolution

under the general scalar-tensor theory of gravity. The work in section 4.2-4.5 are all

completed by the author in this PhD project.

Throughout the chapter, we adopt the (−,+,+,+) metric signature and follow

the standard Einstein convention of summing over repeated indices. We are going

to use the Latin letters a, b, ... for spacetime indices which run from 0 to 3, following
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the abstract index notation. The tensor components are labelled by Greek letters

µ, ν, .... For the indices running from 1 to 3, we use the middle part of the Latin

letters i, j, k, ... as usual. Finally, we will use the geometrized unit system in our

content where both the gravitational constant and the speed of light are set to unity,

c = G = 1.

4.1 Theoretical Background

We introduce the basics of numerical relativity and details of preparing initial con-

ditions for black holes in this section. General Relativity treats space and time

on equal footing and the Einstein equation describes the interaction between them

and matter content, which is elegant, but not suitable for numerical simulation.

We need to translate the system into a Cauchy initial value problem, and that is

where the “3+1” decomposition comes in and we need to take the hyperbolicity of

the equation, which indicates the stability of the system, into consideration. There

are several re-formulations of the Einstein equation that are able to yield a stable

evolution of black holes, and we pick the CCZ4 (Alic et al., 2012, Conformal and

covariant Z4 system) formulation in our application. It integrates the advantages of

the generalised-harmonic formalism and the BSSNOK formalism. therefore yields

better stability and accuracy. We also describe how we treat the singularity of black

holes in this section. The moving puncture method is applied here to “warp” the

singularity so that no physical singularity is resolved in both the initial condition

and evolution. Given we are evolving a relativity system, we need to evolve the

coordinate system as well, because the coordinates carry the freedom of foliation of

the spacetime. It is known as the gauge freedom of general relativity. Coordinate

evolution is controlled via the gauge condition. The final part of this section is about

the calculation and extraction of gravitation wave signals under the assumption that

the observer is far afield.
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4.1.1 3+1 Spacetime Foliation in Numerical Relativity

We start our journey into numerical relativity with the Einstein field equation:

Rab −
1

2
gabR = 8πTab (4.1)

The cosmological constant term is omitted here because the length scale relevant to

the problem considered is stellar-level, where its effect is negligible. We only consider

the standard four-dimensional spacetime in this thesis, though higher-dimensional

spacetimes are also of great interest. In four-dimensional spacetime, The index

therefore runs over 0 to 3. To convert it into an initial value problem for simulation,

we need to decompose the spacetime back to ”space” and ”time” again.

We define a global scalar field t(xa) on the manifold as our first step. Using this

field, we can naturally split the whole spacetime into a collection of hyperspaces∑
t which satisfy t|∑

t
= constant. The unit normal vector on the hypersurfaces is

defined as

na := −αgab∇bt, (4.2)

where α := +
√
−1/gab∇at∇bt, thus n

ana = −1. We pick the negative sign conven-

tion here to make na future pointing (na∇at > 0). The spatial metric on hypersur-

face
∑

t is given as

γab = gab + nanb. (4.3)

One can immediately see γabn
b = 0, this spatial metric can help project quanti-

ties into their spatial counterpart, as no temporal components would left after the

contraction with it, e.g. nbγabTa ≡ 0.

The next step is to define the time axis along which we integrate. Mathematically

speaking, we are looking for a timelike vector field ta that satisfies ta∇at = 1. It

guarantees that all ta on one hypersurface will point onto the same next hypersurface.

Most importantly, the time axis is not necessarily normal to the hypersurface
∑

t,

and its normal part may also differ from the unit normal vector nµ by a scalar

factor. Therefore, we could define two important quantities related to gauge choice
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by projecting the time vector into the normal part and parallel (spatial) part:

α = −tana, βa := tbγab . (4.4)

These so-called lapse function α and shift vector fields βi play significant roles in

numerical relativity as they contain the four degrees of freedom of coordinates dur-

ing the evolution. Their relations with the time axis are illustrated in Figure 4.1.

Good gauge choices help to enhance stability, improve numerical performance and

also avoid singularities. Roughly speaking, the lapse function measures how much

proper time passes between two adjacent hypersurfaces and the shift vector describes

how the corresponding points are moved from their “original” positions, where they

should be if the time axis has a zero shift component. We will go back to the gauge

quantities with more details in section 4.1.4 below.

Figure 4.1: The illustration of lapse function and shift vector. Given two neigh-
bouring hypersurfaces labelled as Σt and Σt +∆t, the four-dimensional time vector
OB can be decomposed into OA and AB, which respectively give the proper time
α passed for a normal observer at O in the coordinate time ∆t, and the coordinate
shift between the two hypersurfaces. i.e. points B and O have the same spatial co-
ordinates while the spatial coordinate of A is different by −βi. The figure is adapted
from Shibata, 2015.

We now have the time axis along which we can do integration, the next step is

to construct quantities representing spatial structure. The 3-dimensional covariant

derivative on the hypersurfaces is defined as

Daf := γba∇bf, DaT
b
c := γdaγ

b
eγ

f
c∇dT

e
f , (4.5)
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where f and T are general scalar fields and tensors, respectively. This definition

guarantees this derivative is compatible with the spatial metric, i.e., Daγbc = 0. The

Leibniz rule only holds for this derivative operator when both vb and wb are purely

spatial

Da

(
vbwb

)
= vbDawb + wbDav

b, ∀{va, wb|nav
a = nbwb = 0}. (4.6)

The Christoffel symbol and Riemann tensor associated with the spatial covariant

derivative have the same formulations as their 4-dimensional counterpart

Γa
bc =

1

2
γad (∂cγdb + ∂bγdc − ∂dγbc) , (4.7)

Rd
abc = ∂bΓ

d
ac − ∂aΓ

d
bc + Γe

acΓ
d
eb − Γe

bcΓ
d
ea. (4.8)

We then define the extrinsic curvature as the spatial projection of the covariant

derivative of the normal vector:

Kab := −γcaγdb∇(cnd) = −γcaγdb∇cnd = −Dcnd, (4.9)

where A(aBb) :=
1
2
(AaBb + AbBa) is the symmetrisation parentheses. It has an im-

portant physical meaning of how space curvature varies from one hypersurface to

the next. It describes how adjacent normal vectors differ from each other (see figure

4.2). The extrinsic curvature is different from the Riemann curvature given above

(4.8), which is an intrinsic curvature that only describes the curvature inside the hy-

persurface. If the Riemann curvature is non-zero, a parallel-transported vector may

not be parallel to itself anymore after completing a closed loop on the hypersurface,

the simplest example being the two-dimensional sphere. The extrinsic and intrinsic

curvatures are not necessarily both non-zero (or zero): An infinite-long cylinder sur-

face is an example that has zero intrinsic curvature but non-zero extrinsic curvature.

Any parallel-transported vector following a closed loop will be parallel to itself in

the end, but the adjacent normal vectors on it differ from each other.

The extrinsic curvature has another good property of being proportional to the
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Figure 4.2: The extrinsic curvature is a spatial quantity associated with hypersur-
faces, measuring how neighbouring normal vectors differ δna ∝ −Kab. It thus shows
how a hypersurface distorts and warps through spacetime. The figure is adapted
from Baumgarte and Shapiro, 2010.

Lie derivative of the spatial metric, along the normal vector field na:

Kab = −1

2
Lnγab. (4.10)

The trace of the extrinsic curvature is called mean curvature and is linked to the

determinant of the spatial metric

K = gabKab = γabKab = −1

2
γabLnγab = − 1

2γ
Lnγ = − 1

γ1/2
Lnγ

1/2, (4.11)

where γ := det γab. As
√
γd3x is a volume element of the hypersurface, the mean

curvature then measures the fractional change of the three-dimensional volume along

the normal direction na. One can also see here why we choose a negative sign in

the definition of Kab (4.9): a positive mean curvature leads to a contraction of

hypersurface volume in this case, which agrees with the common sign convention of

curvature.

Starting from the definition of the Lie derivatives one can calculate the so-called

Ricci’s equation:

LnKab = ndncγqaγ
r
b
(4)Rdrcq −

1

α
DaDbα−Kc

bKac. (4.12)

It gives the Lie derivative of the extrinsic curvature along na. The (4) before the

Riemann tensor indicates that it is a 4-dimensional quantity. Equations (4.10) and
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(4.12) are similar to the dynamic equations of position and velocity in classical

mechanics: the evolution of the position (spatial metric) are determined by velocity

(extrinsic curvature), while the evolution of the velocity are determined by position

(spatial metric, and the gauge). We then transform to the Lie derivative along the

time vector ta from na to get the proper “time derivatives” of the evolution system,

Ltγab = −2αKab + Lβγab, (4.13)

LtKab = −DaDbα + α (Rab − 2KacK
c
b +KKab)− 8πα

(
Sab −

1

2
γab(S − ρ)

)
+ LβKab,

(4.14)

where Lt = αLn + Lβ. The new quantities that appear in the equation (4.14) are

the source terms decomposed from the original energy-momentum tensor Tab in the

field equation (4.1): ρ := nanbT
ab is the total energy density measured by a normal

observer na; Sab := γcaγ
d
bTcd is spatial stress and S := Sa

a is its trace. There is another

source term associated with the momentum density measured by a normal observer:

Sa := −γbancTbc.

The tensor equations (4.13) and (4.14), which are component equations of the

field equation in essence, give us the prototype of the evolution system. They

describe how the space structure evolves among hypersurfaces. On the other hand,

the other component equations can be seen as constraints. They have to be satisfied

on any hypersurfaces during the evolution, and we utilise them to constrain the

initial condition, i.e., how the space structure should be initially. Those constraints

are derived from two different projections of the Riemann tensor:

γpaγ
q
bγ

r
cγ

s
d
(4)Rpqrs = Rabcd +KacKbd −KadKcb, (4.15)

γpaγ
q
bγ

r
cn

s(4)Rpqrs = DbKac −DaKbc, (4.16)

which are so-called Gauss–Codazzi equation and Codazzi–Mainardi equation. We

can further simply them by contract twice and once respectively and use the source
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notation we defined above

Hamiltonian Constraint R +K2 −KabK
ab = 16πρ, (4.17)

Momentum Constraint DbK
b
a −DaK = 8πSa. (4.18)

These are important physical constraints we will use frequently later.

As we have already defined the vector field ta and interpreted it as the time

axis, it is natural to construct a coordinate system where ta is the time basic vector,

ta = ea(0) = (1, 0, 0, 0). This construction simplifies the system enormously as the Lie

derivative along the time vector now reduces to the partial derivative with respect

to the t coordinate axis, i.e., Lt = ∂t. We then construct the remaining three

basic vectors, ea(i), inside a hypersurface which satisfy nae
a
(i) = 0 and Lte

a
(i) = 0.

The former makes sure the basic vectors are purely spatial while the latter expands

the basic vectors among hypersurfaces. We can immediately find the component

expression of na from equation (4.4) and nae
a
(i) = 0:

na = (−α, 0, 0, 0). (4.19)

We also have

naβ
a = 0 → βa = (0, βi). (4.20)

The components of the spacetime and spatial metrics can be derived by their defi-

nitions and properties in a similar approach:

gab =

 −α−2 α−2βi

α−2βj γij − α−2βiβj

 , gab =

 −α2 + βlβ
l βi

βj γij

 . (4.21)

γab =

 0 0

0 γij

 , γab =

 βlβ
l βi

βj γij

 . (4.22)

We can see all information of spacetime now can be found in the two gauge quantities

α, βi, and the “spatial part of spatial metric”, γij, under this decomposition. The

98



spacetime line element now is written as

ds2 = −α2dt2 + γij
(
dxi + βidt

) (
dxj + βjdt

)
(4.23)

One may already notice that all the quantities that appear in the evolution

and constraint equations are purely spatial quantities. As any contravariant spatial

tensor satisfies naT
abc... = nbT

abc... = ... = 0, their zeroth components are all zeros.

So it is obvious that all information of a contra variant spatial tensor is encoded

in its spatial part. It also holds for covariant tensors as the lower metric operator

gab only contains gauges and spatial components of the spatial metric. As a result,

if a tensor equation only contains spatial tensors, we can simplify the equation by

replacing the spacetime indices with spatial indices directly. It finally leads us to

the basic ADM(Arnowitt-Deser-Misner) formulation (Arnowitt, Deser, and Misner,

2008) of numerical relativity, which includes two constraints

R +K2 −KijK
ij = 16πρ, (4.24)

∇j

(
Kij − γijK

)
= 8πSi, (4.25)

two evolution equations of γij and Kij:

∂tγij = −2αKij + ∂iβj + ∂jβi, (4.26)

∂tKij = −∇i∇jα + α
(
Rij − 2KikK

k
j +KKij

)
− 8πα

(
Sij −

1

2
γij(S − ρ)

)
+ βk∂kKij +Kik∂jβ

k +Kkj∂iβ
k,

(4.27)

and two evolution equation of the determinant γ and trace K:

∂tK = −∇2α + α
(
KijK

ij + 4π(ρ+ S)
)
+ βi∂iK, (4.28)

∂t ln γ
1/2 = −αK + ∂iβ

i. (4.29)

In the equations above we use the more common symbol with a Latin subscript i:

∇i to represent the spatial part of the covariant derivative on the hypersurface (Da,

which is compatible with γab), and its compatible metric is also the spatial metric

99



γij. We will still use Da to represent the four-dimensional formulation of the spatial

derivative, to distinguish it from ∇a. The latter is the covariant derivative of the

spacetime metric gab.

The ADM formulation is already complete and can be integrated over time, but

it is weak hyperbolic and thus not suitable for stable numerical implementation.

Therefore, improved stable formulations based on the ADM system are needed in

research. In section 4.1.3, we will present one important approach to deriving strong

hyperbolic formulation through the integration of constraints within systems. Ad-

ditionally, we will introduce in detail the FOCCZ4 (First-order CCZ4) formulation

that we use in our application.

4.1.2 Puncture initial condition

We now have the basic evolution system for numerical simulations, and the next

step is to find the initial condition of given physical scenarios. The construction of

initial condition is not a trivial thing, as it describes the spatial structure of the

initial hypersurface t = 0 and we need to solve the full constraint equations (4.24)

and (4.25), besides specifying the normal physical parameters (e.g., the masses and

velocities of objects).

There are different approaches to solving the constraints on the initial hyper-

surface according to the astrophysics scenarios at hand, and here we only cover the

Bowen–York method which is based on the conformal transverse-traceless (CTT)

decomposition (Bowen and York, 1980). This method is popular in black hole sim-

ulations and is naturally compatible with the puncture approach. The latter is

designed to achieve singularity avoidance in black hole spacetimes without a need

for domain excision.

Our treatment starts with the conformal decomposition of the spatial metric as

γ̄ij := ψ−4γij, γ̄
ij = ψ4γij. (4.30)

Here the conformal factor ψ is chosen to be ψ = det(γij)
1/12 to guarantee the unity

of the determinant of the conformal metric γ̄ij: γ̄ = det(γ̄ij) = 1. One can derive
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the conformal Christoffel symbol from the definition above:

Γ̄i
jk = Γi

jk − 2
(
δij∇̄k lnψ + δik∇̄j lnψ − γ̄jkγ̄

il∇̄l lnψ
)
. (4.31)

where ∇̄i is the covariant derivative compatible with the conformal metric γ̄ij. The

contraction of the conformal Christoffel symbol will be used in section 4.1.4 to

motivate the shift gauge condition we adopt.

We then define the traceless part of the extrinsic curvature Aij := Kij−1/3γijK,

where K = γijKij is the trace of Kij. The conformal decomposition of it uses a

different scaling:

Āij := ψ10Aij, Āij = ψ2Aij. (4.32)

This scaling makes the divergence of Aij and Āij consistent: ∇iA
ij vanishes if and

only if ∇̄iA
ij vanishes. We then put those definitions back into the Hamiltonian and

momentum constraints to get their conformal versions

8∇̄2ψ − ψR̄− 2

3
ψ5K2 + ψ−7ĀijĀ

ij = −16πψ5ρ, (4.33)

∇̄jĀ
ij − 2

3
ψ6γ̄ij∇̄jK = 8πψ10Si. (4.34)

where R̄ are the Ricci scalar associated with conformal metric γ̄ij. Its formulation

can be calculated from its definition and relation (4.31). Āij is a symmetric and

traceless tensor, and can be further decomposed into a divergence-less part and a

symmetric, traceless gradient of a vector (potential):

Āij = Āij
TT + Āij

L , (4.35)

such that

∇̄jĀ
ij
TT = 0, Āij

L = ∇̄iW j + ∇̄jW i − 2

3
γ̄ij∇̄kW

k := (L̄W )ij, (4.36)

where W i is a vector potential. Then the divergence of the Āij turns into

∇̄jA
ij = ∇̄jA

ij
L = ∇̄j(L̄W )ij = ∇̄2W i +

1

3
∇̄i
(
∇̄jW

j
)
+ R̄i

jW
j :=

(
∆̄LW

)i
. (4.37)

101



The geometry property (∇a∇bvc −∇b∇avc = Rd
cabvd) of the Riemann tensor is used

in the third equality of the equation above. L̄ and ∆̄L are vector gradient and vector

Laplacian respectively. With the new notation, the momentum constraint becomes

(
∆̄LW

)i − 2

3
ψ6γ̄ij∇̄jK = 8πψ10Si. (4.38)

If we utilise our freedom of choosing the coordinates and shape of the initial hy-

persurface in spacetime by assuming maximal slicing K = 0 and conformal flatness

γ̄ij = ηij, the equation can be simplified to a form that can be solved analytically in

the vacuum:

∂j∂jW
i +

1

3
∂i∂jW

j = 0. (4.39)

Further assuming that the divergence-less part Āij
TT vanishes, the equation above

gives a solution in black hole spacetime:

Āij
P =

3

2r2
(
P inj + P jni −

(
ηij − ninj

)
nkPk

)
, (4.40)

Āij
S =

6

r3
n(iϵj)klSknl, (4.41)

where P and S represents two components of momentum. This set of solutions

is often called Bowen-York solutions. Here P k and Sk represent the linear and

angular momentum (spin) of black holes, r is the coordinate distance from the

black holes so for a black hole located at the origin it gives r =
√
x2 + y2 + z2 and

ni = xi/r. For those not located there the corresponding quantities are replaced by

ni = xi − Ci/r, r = ∥xi − Ci∥, Ci being the location of the black hole. One may

notice the momentum constraint now becomes linear (regarding the W i, thus also

on Āij), so we can construct Āij for multiple black holes by superposition directly:

Āij = Āij
C1P1

+ Āij
C1S1

+ Āij
C2P2

+ Āij
C2S2

+ ... (4.42)

This is the essence of the Bowen-York approach: it solves the momentum constraints

analytically and leaves us only the Hamiltonian constraint that needs to be solved

numerically, which also gets simplified under the assumptions of maximal slicing

102



and conformal flatness. It is now written as:

∇̄2ψ = −1

8
ψ−7ĀijĀ

ij. (4.43)

The right-hand side can be calculated analytically, but it diverges at the centres of

the black holes (singularities). This is actually expected because we are solving for

the black holes. As we mentioned before, there are multiple approaches to avoid

singularities, including excision: remove the region close to black holes and find

a proper internal condition on that boundary, the rest of the spacetime is rather

smooth and yields a stable evolution. However, the puncture method (Brandt and

Brügmann, 1997) allows us to evolve the whole spacetime and evades the difficulty

in the imposition of internal boundaries. This method is, therefore, much easier to

implement in practice.

The key idea of the puncture method is to absorb the singularities in analytical

terms and leave the smooth part of the constraint for a numerical solution. In this

treatment, the conformal metric is assumed to have the form of

ψ = ψBH + u, ψBH := 1 +
N∑
i=1

mi

2ri
, (4.44)

where ψBH represent the analytical part and u is the residual required numerical

treatment. mi is the so-called puncture mass or bare mass. It is linked to the ADM

mass Mi by

Mi = mi

(
1 + ui +

∑
i ̸=j

mj

2dij

)
(4.45)

in non-spinning cases. Here Mi is the ADM mass of the ith black hole and ui is the

value of the u field at its location. dij is the coordinate distance between the ith and

jth black holes. In the case of a spinning black hole, the mass is modified according

to the Christodoulou formula (Christodoulou, 1970)

M2
i,spin =M2

i +
S2
i

4M2
i

. (4.46)
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Putting the expression (4.44) back into the Hamiltonian constraint, we get

∇̄2u = −β(α(1 + u) + 1)−7, β ≡ 1

8
α7ĀijĀ

ij (4.47)

This equation is C∞ anywhere in R3 and C2 at the puncture (Brügmann et al.,

2008), therefore can be solved by standard numerical treatment.

The current initial condition code in our code is a ported version of the TwoP-

unctures module from the numerical library Einsteintoolkit (Löffler et al., 2012),

following the numerical methods introduced in Ansorg, Brügmann, and Tichy, 2004.

Several coordinate transformations are implemented to transform the unbounded

R3 into a bounded domain, and then the standard 3-dimensional spectral method

is used for a high-accuracy and quick-convergence solution.

Notice that we are using different definitions of physics quantities, mainly the

conformal scaling, in the initial condition construction and evolution equations (see

section 4.1.3). This does not affect the consistency of the code as the two processes

are separate in coding practice and are bonded via the ADM quantities γij and

Kij. We recover the spatial metric and extrinsic curvature before the first time step,

and the calculation of other variables that are needed in the evolution system also

happens at that time. We will describe the workflow of our code in more detail in

section 4.2.

The last piece in the initial condition is the value of gauge quantities α and βi.

Their evolution equations will be covered in section 4.1.4. In black hole simulations,

the initial shift βi is commonly set to be zero, while the choice for the initial lapse is

kind of arbitrary and needs empirical insights. Currently, we adopt the formulation

of initial lapse used in tests of Dumbser et al., 2018 as

α =
1

2

(
1− 1

2
(m−/r−)− 1

2
(m+/r+)

1 + 1
2
(m−/r−) +

1
2
(m+/r+)

+ 1

)
, (4.48)

where r+ and r− are coordinate distances of the required point from the two black

holes. This is one choice in the optional initial lapse profiles available in the TwoP-

unctures module.

Before we close this section, let us briefly comment on why the puncture method
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can help in simulating a spacetime with singularity without excision. One important

property of punctured spacetimes is that the spacetime geometry actually becomes

flat again when we approach any punctures in space (Brill and Lindquist, 1963).

Therefore, the singularity at the punctures can be seen as an asymptotically flat

end of the “other” universe, and it is a coordinate singularity rather than a physical

singularity. This property is preserved through the evolution under a proper gauge

(i.e., the “1+log” condition, see section 4.1.4), as long as the singularities do not hit

any grid point themselves. This is a significant advantage of the so-called ”moving

puncture” method, and this method is proven to be extremely successful in simulat-

ing black holes with long-term stability (Brügmann et al., 2008). To further support

this, Hannam et al., 2007 examined the puncture method in detail and found that

the original 1/r singularity of a single static black hole is replaced by a flatter 1/
√
r

singularity after the evolution of a short time. The r → 0 singularity approaches a

certain areal radius which is within the horizon rs = 2M , rather than another flat

end of spacetime. As it is still a coordinate singularity, The physical singularity is

again not included in the numerical domain and, thus automatically avoided.

4.1.3 Hyperbolic evolving formulations and FOCCZ4

In section 4.1.1, we already derive the ADM evolution equations (4.26) - (4.27)

based on the quantities γij and Kij. Analysis has shown that this formulation

is only weak hyperbolic and the numerical errors arising in the evolution are very

likely to accumulate and finally crash the simulation. Codes in the ADM formulation

only yield unstable evolution even in some quite simple scenarios (Baumgarte and

Shapiro, 1998b).

Several strategies have been proposed in the literature to tackle this instability.

One direction focuses on the hyperbolicity enhancement of the evolution system by

introducing auxiliary variables from the constraints (4.24) and (4.25). The Con-

straints enter the system in a similar manner to the Lagrangian multiplier and those

new degrees of freedom affect the characteristic matrices of the system, hence the

hyperbolicity (Baumgarte and Shapiro, 2010).

The highly successful BSSNOK formulation in numerical relativity is based on
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this idea. It involves the momentum constraint in its system by treating the con-

tracted Christofell symbol Γ̄i as an independent variable. Γ̄i, which is sometimes

also called conformal connection function, is actually the contraction of the par-

tial derivative of the contravariant conformal metric γ̄ij. Therefore, the evolution

of this quantity is completely determined by γij in the original ADM formulation.

The BSSNOK formulation recasts the evolution equation of Γ̄i using the momen-

tum constraint, making this quantity a new degree of freedom which represents the

deviation of the system from the momentum constraint.

The Z4 formulation follows a similar approach but is more first-principle-based.

It introduces an auxiliary vector field Za, whose components represent the four

degrees of freedom from the Hamiltonian and momentum constraints. This vector

field is added to the Lagrangian density of spacetime as

L = gab [Rab + 2∇aZb] . (4.49)

This new vector field can be seen as a measurement of the (numerical) deviation of

the system from the Einstein equations. Following the usual variational approach,

this Lagrangian leads to the following new field equations, with damping terms of

small coefficients κ1 and κ2:

Rab−
1

2
gabR+∇aZb+∇bZa−gab∇cZc−κ1[naZb+nbZa+κ2gabncZ

c] = 8πTab, (4.50)

or with trace reversed:

Rab +∇aZb +∇bZa − κ1[naZb + nbZa.− (1 + κ2) gabncZ
c] = 8π

(
Tab −

1

2
gabT

)
.

(4.51)

These four-dimensional equations can be written in the 3+1 foliation approach we

discussed in Section 4.1.1, giving (Bona et al., 2003b):

(∂t − Lβ) γij = −2αKij, (4.52)
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(∂t − Lβ)Kij = −∇i∇jα + α[Rij +∇iZj +∇jZi − 2K l
iKlj + (K − 2Θ)Kij

− κ1 (1 + κ2)Θγij]− 8πα

[
Sij −

1

2
(S − ρ)γij

]
,

(4.53)

(∂t − Lβ)Θ =
α

2

[
R + 2∇jZ

j + (K − 2Θ)K −KijKij − 2
Zj∇jα

α

− 2κ1 (2 + κ2)Θ− 16πρ
]
,

(4.54)

(∂t − Lβ)Zi = α

[
∇j

(
Kj

i − δjiK
)
+ ∂iΘ− 2Kj

iZj −Θ
∇jα

α
− κ1Zi − 8πSi

]
.(4.55)

where Θ ≡ −naZ
a = αZ0 and Zi is the spatial part of γabZ

b. The detailed derivation

of the above equations can be found in Appendix B.1.1.

We now move forward to the CCZ4, i.e., conformal and covariant Z4 formulation.

Similar to the treatment in section 4.1.2, we apply a conformal decomposition on

γij and write the metric in terms of a conformal factor ϕ and a conformal metric

γ̃ij, such that

γ̃ij = ϕ2γij, ϕ = [det(γij)]
−1/6. (4.56)

The second equation guarantees that γ̃ij has a unit determinant. We also decompose

the extrinsic curvature into its trace part K = Kijγ
ij and traceless part Aij, but

this time the conformal counterpart of Aij is defined using the same scaling as for

the metric for consistency:

Ãij = ϕ2Aij = ϕ2(Kij −
1

3
Kγij). (4.57)

Similarly to the BSSNOK formulation, we need to treat the contracted Christoffel

symbol as an independent variable. But instead of using it directly, we evolve a

slightly modified version of it in the CCZ4 formulation, involving the Z field:

Γ̂i ≡ Γ̃i + 2γ̃ijZj, Γ̃
i ≡ γ̃jkΓ̃i

jk = γ̃ij γ̃kl∂lγ̃jk = −∂j γ̃ij. (4.58)

The expression of Γ̃i is simplified, similar to what we see in the gauge section.

Now the degrees of freedom of Zi, which are from the momentum constraint, are

succeeded by Γ̂i. Inserting those definitions back into equations (4.52)-(4.55), the

107



full equations of the CCZ4 evolution system are given as (Alic et al., 2012):

∂tγ̃ij = −2αÃTF
ij + 2γ̃k(i∂j)β

k − 2

3
γ̃ij∂kβ

k + βk∂kγ̃ij, (4.59)

∂tÃij = ϕ2 [−∇i∇jα + α (Rij +∇iZj +∇jZi − 8πSij)]
TF + αÃij(K − 2Θ)

− 2αÃilÃ
l
j + 2Ãk(i∂j)β

k − 2

3
Ãij∂kβ

k + βk∂kÃij,
(4.60)

∂tϕ =
1

3
αϕK − 1

3
ϕ∂kβ

k + βk∂kϕ, (4.61)

∂tK = −∇i∇iα + α
(
R + 2∇iZ

i +K2 − 2ΘK
)
+ βj∂jK

− 3ακ1 (1 + κ2)Θ + 4πα(S − 3ρ),
(4.62)

∂tΘ =
1

2
α

(
R + 2∇iZ

i − ÃijÃ
ij +

2

3
K2 − 2ΘK

)
− Zi∂iα + βk∂kΘ

− ακ1 (2 + κ2)Θ− 8παρ,

(4.63)

∂tΓ̂
i = 2α

(
Γ̃i
jkÃ

jk − 3Ãij ∂jϕ

ϕ
− 2

3
γ̃ij∂jK

)
+ 2γ̃ki

(
α∂kΘ−Θ∂kα− 2

3
αKZk

)
− 2Ãij∂jα + γ̃kl∂k∂lβ

i +
1

3
γ̃ik∂k∂lβ

l +
2

3
Γ̃i∂kβ

k − Γ̃k∂kβ
i

+ 2κ3

(
2

3
γ̃ijZj∂kβ

k − γ̃jkZj∂kβ
i

)
+ βk∂kΓ̂

i

− 2ακ1γ̃
ijZj − 16παγ̃ijSj.

(4.64)

∂tα = −2α(K − 2Θ) + βk∂kα, (4.65)

∂tβ
i = fbi + βk∂kβ

i, (4.66)

∂tb
i = ∂tΓ̂

i − βk∂kΓ̂
i + βk∂kb

i − ηbi. (4.67)

The TF index in equations (4.59) and (4.60) means the trace-free part of the quan-

tities, i.e., RTF
ij = Rij − 1

3
γijγ

klRkl. A new parameter κ3 is introduced above in

equation (4.64). In most cases, κ3 is set to be 1 for a covariance system, while it

has to be changed to a smaller value (e.g., 1/2) to achieve a stable evolution in a

black-hole system. In the above equations, we also include the gauge conditions

(4.65)-(4.67). They are slightly different from the original 1+log slicing (4.103) and

the Gamma driver gauge (4.108), by replacing K and Γ̃i with K − 2Θ and Γ̂i to

include the effect of the vector Za during evolution. The detailed derivation of the

above equations can be found in Appendix B.1.2.
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The original CCZ4 formulation is based on the equations above, and we call

this evolution system second order because it requires variables and their first and

second spatial derivatives. We can further introduce a set of auxiliary variables to

recast the system into a first-order formulation Dumbser et al., 2018, which we call

FOCCZ4 below. This first-order formulation is more suitable to the PDE template of

ExaHyPEand allows us to tune its hyperbolicity in more detail. The new auxiliary

variables are given as:

Ai := ∂iα, Bi
k := ∂kβ

i, Dkij :=
1

2
∂kγ̃ij, Pi := ∂iϕ. (4.68)

Defined as the derivative of quantities, these variables satisfy the natural second-

order constraints as

∂kAi−∂iAk = 0, ∂kB
i
l−∂lBi

k = 0, ∂kDlij−∂lDkij = 0, ∂kPi−∂iPk = 0. (4.69)

Because Ãij is traceless γ
ijÃij = 0 and γ̃ = det(γ̃ij) = 1, we also have

∂k

(
γ̃ijÃij

)
= ∂kγ̃

ijÃij + γ̃ij∂kÃij = 0, γ̃ijDkij = 0. (4.70)

The formulation of the FOCCZ4 evolution system is thus given as the following nine

equations for primary variables:

∂tγ̃ij = βk2Dkij + γ̃kiB
k
j + γ̃kjB

k
i −

2

3
γ̃ijB

k
k − 2α

(
Ãij −

1

3
γ̃ij tr Ã

)
− τ−1(γ̃ − 1)γ̃ij,

(4.71)

∂tα = βkAk − α2g(α) (K −K0 − 2cΘ) , (4.72)

∂tβ
i = βkBi

k + fbi, (4.73)

∂tϕ = βkPk +
1

3
ϕ
(
αK −Bl

l

)
, (4.74)

∂tÃij − βk∂kÃij − ϕ2 [−∇i∇jα + α (Rij +∇iZj +∇jZi)]
TF

= ÃkiB
k
j + ÃkjB

k
i −

2

3
ÃijB

k
k + αÃij(K − 2Θc)− 2αÃilγ̃

lmÃmj

− τ−1γ̃ij tr Ã,

(4.75)
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∂tK − βk∂kK +∇i∇iα− α
(
R + 2∇iZ

i
)

= αK(K − 2Θc)− 3ακ1 (1 + κ2)Θ,
(4.76)

∂tΘ− βk∂kΘ− 1

2
αe2

(
R + 2∇iZ

i
)

=
1

2
αe2

(
2

3
K2 − ÃijÃ

ij

)
− αΘKc− ZiAi − ακ1 (2 + κ2)Θ,

(4.77)

∂tΓ̂
i − βk∂kΓ̂

i − 2αγ̃ki∂kΘ− γ̃kl∂(kB
i
l) − s

1

3
γ̃ik∂(kB

l
l) − 2αγ̃ikγ̃nm∂kÃnm

+
4

3
αγ̃ij∂jK =

2

3
Γ̃iBk

k − Γ̃kBi
k + 2α

(
Γ̃i
jkÃ

jk − 3ÃijPj

ϕ

)
− 2αγ̃ki

(
Θ
Ak

α
+

2

3
KZk

)
− 2ÃijAj − 4αγ̃ikDnm

k Ãnm

+ 2κ3

(
2

3
γ̃ijZjB

k
k − γ̃jkZjB

i
k

)
− 2ακ1γ̃

ijZj,

(4.78)

∂tb
i − βk∂kb

i = ∂tΓ̂
i − βk∂kΓ̂

i − ηbi, (4.79)

and four equations for the auxiliary variables:

∂tAk − βl∂lAk + α2g(α) (∂kK − ∂kK0 − 2c∂kΘ) + αg(α)γ̃nm∂kÃnm

= Bl
kAl −

[
2αg(α) + α2g′(α)

]
(K −K0 − 2cΘ)Ak + 2αg(α)D nm

k Ãnm,

(4.80)

∂tB
i
k − βl∂lB

i
k − f∂kb

i + α2µ
γ̃ij

ϕ
(∂kPj − ∂jPk)− α2µγ̃ij γ̃nl (∂kDljn − ∂lDkjn)

= Bl
kB

i
l ,

(4.81)

∂tDkij − βl∂lDkij + s

(
−1

2
γ̃mi∂(kB

m
j) −

1

2
γ̃mj∂(kB

m
i) +

1

3
γ̃ij∂(kB

m
m)

)
+ α∂kÃij

= α
1

3
γ̃ij γ̃

nm∂kÃnm +Bl
kDlij +Bl

jDkli +Bl
iDklj −

2

3
Bl

lDkij

− α
2

3
γ̃ijD

nm
k Ãnm − Ak

(
Ãij −

1

3
γ̃ij tr Ã

)
,

(4.82)

∂tPk − βl∂lPk −
1

3
ϕ
(
α∂kK − ∂(kB

l
l)

)
− 1

3
αϕγ̃nm∂kÃnm

= Bl
kPl +

1

3

(
αK −Bl

l

)
Pk +

1

3
ϕKAk −

2

3
αϕD nm

k Ãnm.
(4.83)
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Most of the symbols already appear in the context above and are self-explaining.

tr Ã = γijÃij is the trace of the conformal traceless extrinsic curvature. There are

several red terms added to the evolution systems, using the constraints (4.70) above

for a more symmetric characteristic matrix. The g(α) function is the one defined

in the slicing condition in section 4.1.4, and the ”1+log” slicing is recovered when

g(α) = 2/α. Several new parameters are also introduced for numerical optimisation:

• τ represents the relaxation time to enforce CCZ4 constraints (det γ̃ij = 1 and

tr Ãij = 0);

• e is the cleaning speed for Hamiltonian constraint, following the idea of Dedner

et al., 2002;

• µ > 0 in equation (4.81) determines the effect of the terms from the constraints;

• c controls the contribution from some algebraic source terms in Z4 systems.

Its default value is 1 when the original CCZ4 is used (Alic et al., 2012).

The standard hyperbolic Gamma driver shift gauge is given above but for some

physical scenarios, we also provide the option of the static(zero) shift condition.

The evolution equations above are not completed as we abbreviate some key

quantities for readability. The whole system is closed with the evolving quantities

using the following list of relations:

∂kγ̃
ij = −2γ̃inγ̃mjDknm := −2Dij

k , (4.84)

Γ̃k
ij = γ̃kl (Dijl +Djil −Dlij) , (4.85)

∂kΓ̃
m
ij = −2Dml

k (Dijl +Djil −Dlij) + γ̃ml
(
∂(kDi)jl + ∂(kDj)il − ∂(kDl)ij

)
,

(4.86)

Γk
ij = Γ̃k

ij −
1

ϕ
γ̃kl (γ̃jlPi + γ̃ilPj − γ̃ijPl) , (4.87)

∂kΓ
m
ij =− 2Dml

k (Dijl +Djil −Dlij) + γ̃ml
[
∂(kDi)jl + ∂(kDj)il − ∂(kDl)ij

]
+

2

ϕ
Dml

k (γ̃jlPi + γ̃ilPj − γ̃ijPl)−
2

ϕ
γ̃ml (DkjlPi +DkilPj −DkijPl)

− 1

ϕ
γ̃ml

[
γ̃jl∂(kPi) + γ̃il∂(kPj) − γ̃ij∂(kPl)

]
+

1

ϕ2
γ̃ml (γ̃jlPiPk + γ̃ilPjPk − γ̃ijPkPl) ,

(4.88)
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Rm
ikj = ∂kΓ

m
ij − ∂jΓ

m
ik + Γl

ijΓ
m
lk − Γl

ikΓ
m
lj , Rij = Rm

imj, (4.89)

∇i∇jα = ∂(iAj) − Γk
ijAk, (4.90)

∂kΓ̃
i = −2Djl

k Γ̃
i
jl + γ̃jl∂kΓ̃

i
jl, (4.91)

Zi =
1

2
γ̃ij

(
Γ̂j − Γ̃j

)
, Zi =

1

2
ϕ2
(
Γ̂i − Γ̃i

)
, (4.92)

∇iZj = Dijl

(
Γ̂l − Γ̃l

)
+

1

2
γ̃jl

(
∂iΓ̂

l − ∂iΓ̃
l
)
− Γl

ijZl, (4.93)

R + 2∇kZ
k = ϕ2γ̃ij (Rij +∇iZj +∇jZi) . (4.94)

Notice the second-order constraints (4.69) are used to “symmetrise” the spatial

derivatives of the auxiliary variables in some equations and relations. In code prac-

tice, we also use a simplified expression for the modified Ricci tensor Rij + 2∇(iZj)

from Radia et al., 2022:

Rij+2∇(iZj) =

− 1

2
γ̃kl∂k∂lγ̃ij + γ̃k(i∂j)Γ̂

k +
1

2
Γ̂k∂kγ̃ij + γ̃lm

(
Γ̃k
liΓ̃jkm + Γ̃k

ljΓ̃ikm + Γ̃k
imΓ̃klj

)
+

1

ϕ

(
∇̃i∇̃jϕ+ γ̃ij γ̃

kl∇̃k∇̃lϕ
)
− 2

ϕ2
γ̃ij γ̃

kl∂kϕ∂lϕ

+
2

ϕ3
Zk (γ̃ik∂jϕ+ γ̃jk∂iϕ− γ̃ij∂kϕ) ,

(4.95)

with ∇̃i∇̃kϕ = ∂i∂kϕ − Γ̃k
ij∂kϕ the second conformal covariant derivative of ϕ and

Γ̃kij := γ̃klΓ̃
l
ij the newly-defined lowered Christoffel symbol.

The final evolution system of FOCCZ4 contains 58 independent variables as

{
γ̃ij, α, β

i, ϕ, Ãij, K,Θ, Γ̂
i, bi, Ak, B

i
k, Dkij, Pk

}
. (4.96)

The complete list of evolving components is given in Appendix C. An example of

the characteristic matrix of the system is given in figure 4.3. The terms that appear

in the pure recast of CCZ4 are plotted as blue dots while the extra terms added

utilising constraints (4.69) and (4.70) are plotted as red dots. One can see clearly

how the improved FOCCZ4 formulation helps enhance the symmetry of the matrices.

The approximately symmetric characteristic matrix leads to strong hyperbolicity of
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Figure 4.3: The sparsity pattern of the characteristic matrix of FOCCZ4 system,
with the terms from the pure recast of CCZ4 plotted as blue dots and the extra terms
added utilising constraints (4.69) and (4.70) plotted as red dots. The Gamma driver
and 1+log gauge conditions are used and the normal vector for the characteristic
matrix is n = (1, 1, 1)/

√
3. The pattern shows an approximate symmetry with the

help of the extra terms, hence giving the evolving system a strong hyperbolicity.
The figure is cited from Dumbser et al., 2018.

the FOCCZ4 system as all its eigenvalues are real and the eigenvectors are linearly

independent. We also compute the eigenvalues of the matrix for wave speed which is

used in some numerical kernels. For a more thorough analysis of this hyperbolicity

and eigen-property of the FOCCZ4 system, see Dumbser et al., 2018.
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4.1.4 Gauge condition

As we mentioned in Section 4.1.1, the gauge condition describes how our hyper-

surfaces (as well as the coordinate system on it) alter through spacetime. We can

control this by specifying evolution equations of the gauge quantities lapse α and

shift βi. These gauge quantities carry four degrees of coordinate freedom, i.e., the

choice of different gauge systems has no impact on the actual physical process;

rather, it simply represents how the spacetime is decomposed.

Finding a proper gauge condition for various astrophysics processes is not trivial

and requires physical insights and numerical experiments. One significant property

of a well-behaved gauge condition is the ability to prevent (both coordinate and

physical) singularities from arising. Singularities in numerical simulations can be

disastrous and will lead to the infinity of one or more variables and eventually crash

of code.

With a proper treatment in the initial condition (see section 4.1.2), the pre-

existing singularities in the simulation can be avoided. However, if we do not handle

the gauge condition correctly, new singularities may appear during the evolution

due to the attractive nature of gravitational sources. One may see this point more

clearly by considering the simplest and most straightforward gauge condition:

α = 1, βi = 0. (4.97)

This is called geodesic gauge. In this gauge, all coordinates are static for observers

travelling along the normal direction. because there is no shift, and their coordinates

time coincides with the proper time as the lapse is unity. Therefore, the coordinate

lines actually follow free-falling geodesics, which is where the name of this gauge

condition comes from. This gauge soon forms a singularity as long as there are

gravitational sources presented. It is not surprising intuitively, as geodesics, thus

the coordinate lines, tend to focus through positively curved spacetime. Equations

(4.28) and (4.29) become

∂tK = KijK
ij + 4π(ρ+ 3P ) ≥ 0, (4.98)
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∂t ln γ
1/2 = −K, (4.99)

under this gauge. The first equation shows that the trace of the extrinsic curvature

is self-enhanced under the geodesic gauge, and the second equation tells us that

the coordinate volume elements approach zero given a positive trace of extrinsic

curvature. It is highly unlikely to achieve a stable evolution in any meaningful

scenario with this gauge condition.

Various gauge conditions have been discovered for different astrophysical pro-

cesses. Here we only describe the most widely-used one in black hole simulations:

the 1 + log time slicing for α and the Gamma driver spatial gauge for βi. We adopt

these gauge conditions in our black hole simulation application.

The evolution equation of α gains its name as a “time-slicing condition” because

this field describes the time lapse speed through the hypersurfaces. Lower values of α

indicate a slower passage of proper time, while higher values indicate a faster passage

of proper time. A naive choice one may consider to avoid singularities is to make

the proper time in high-curvature regions tick slower, i.e., split more hypersurfaces

as the observer gets closer to the singularity. It indicates a gauge condition that

takes the form of Ltα = −FK, where F is a coefficient that may depend on other

quantities. This kind of gauge condition can be derived by defining the so-called

harmonic coordinates (Smarr and York, 1978):

(4)Γa := gbc (4)Γa
bc = − 1

|g|1/2
∂b(|g|1/2gab) = 0. (4.100)

This is a vector equation, so it fixes the four gauge freedoms completely. Usually, we

only apply the time components of this equation, which is also named as harmonic

slicing in this case. Putting the metric formulation (4.21) back to the equation

above, we get our explicit expression of time slicing:

(∂t − βi∂i)α = −α2K, (4.101)

which is in the form Ltα = −FK that we have guessed above. This gauge condition

gives a much more stable evolution in many numerical experiments while remaining
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in a rather simple formulation compared to the geodesic condition (e.g., Shibata and

Nakamura, 1995b). To further generalise the condition, we can add an extra factor

on the right of the expression above (Bona et al., 1995):

(∂t − βi∂i)α = −α2f(α)K, (4.102)

where f(α) is a positive scalar function and only depends on the lapse. One im-

portant limiting form is f(α) → ∞ when this harmonic slicing gauge condition

approximates the maximal slicing condition. The maximal slicing condition asks for

a vanished trace of extrinsic curvature all the time, which gives better behaviour

with the price of solving elliptic equations during evolution. The infinite factor f

guarantees any region on the hypersurface with a non-zero K does not evolve along

the proper time.

Clearly, we cannot apply an evolution equation that contains infinite factors in

our numerical experiments. Instead, we can try a formulation that approximates

the behaviour. A good choice is to set f(α) = 2/α, which gives

(∂t − βi∂i)α = −2αK. (4.103)

Using equation (4.29) and assuming a zero shift, one can integrate to get

α = 1 + ln γ. (4.104)

We have chosen the boundary condition as α|γ=1 = 1 above. This is why this gauge

condition is widely called 1+log slicing. This gauge condition has proven to have

a quite good property in singularity avoidance, and it has been very successful in

simulating black hole spacetime with the puncture method that we mentioned in

section 4.1.2. Its good property can be seen intuitively from the observation that a

small spatial volume element gives a small α and further results in a larger f(α). So,

it behaves in a positive feedback style and is more like maximal slicing than harmonic

slicing in the region with high extrinsic curvature (Baumgarte and Shapiro, 2010).

The shift gauge that we are going to apply is based on an analogous definition of
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harmonic coordinates but in three dimensions and using the conformal Christoffel

symbol defined in section 4.1.2:

Γ̄i := γ̄jkΓ̄i
jk = −∂j γ̄jk. (4.105)

The second equality uses the fact that γ̄ = det(γ̄ij) = 1. One can require the

time derivative of this connection function Γ̄i to vanish to get the Gamma freezing

spatial gauge, which finally results in an elliptic equation similar to the one from

maximal slicing (Alcubierre and Brügmann, 2001). The Gamma freezing condition is

quite well-behaved but expensive numerically; therefore, many applications choose

to approximate its behaviour with the so-called Gamma driver gauge condition

(Alcubierre and Brügmann, 2001; Duez et al., 2003):

∂tβ
i = f(∂tΓ̄

i + ηΓ̄i). (4.106)

To enhance the hyperbolicity, one can further construct the spatial gauge condition

as (Alcubierre et al., 2003a)

(∂t − βj∂j)β
i = fbi, (4.107)

(∂t − βj∂j)b
i = (∂t − βj∂j)Γ̄

i − ηbi. (4.108)

This set of equations of βi and new support field bi are called hyperbolic Gamma-

driver to distinguish it from the original parabolic one. f and η are parameters

that may vary from problem to problem, and their choices are somewhat empirical.

Our simulations typically use f = 0.75 and η = 1, which is consistent with previous

studies of similar evolution systems in the literature (Alic et al., 2012; Dumbser

et al., 2018).

The hyperbolic gamma driver spatial gauge (4.108), combined with the 1+log

time slicing (4.103), are widely used in evolving puncture black hole spacetimes, and

they show the ability to give long-term stable and well-behaved evolution (Campan-

elli et al., 2006). We adopt these gauge conditions in the following content of this

chapter unless specifically stated otherwise.
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4.1.5 Gravitational wave extraction

The sections above cover aspects of simulating black hole spacetimes as a Cauchy

initial value problem. Therefore we now have, in principle, all the theoretical tools

we need to build our application. However, one may already notice that we make

many assumptions and choices mainly based on numerical considerations: we utilise

our freedom to choose the structure of the spacetime foliation, the shape of the

initial hypersurface, and the coordinate allocation on the spacetime slices, etc...

Most of them are there for stability enhancement and singularity avoidance. It is

reasonable to do so, as different choices of slicing and coordinates just affect how we

cut through spacetime, the actual physical process remains unaffected. As long as

the interested domain in spacetime is fully covered by the simulation, we can adjust

how hypersurfaces are integrated as needed.

Though this freedom is quite useful from a numerical perspective, it requires

us to be more careful in taking full advantage of the simulations. As we men-

tioned in the Introduction, any meaningful astrophysics simulations should be able

to reproduce observations and make predictions for the targeting physical process,

and this is usually achieved by outputting quantities that are also available in the

real observations. These observable quantities should be independent of coordinates

and calculated in the frame of an infinite observer (Earth). Different observable

quantities can be selected for various astrophysics scenarios. In the case of black

holes, particularly rotating binary black holes, the gravitational wave is the most

important one.

There are several ways to extract gravitational waves from a black hole space-

time, and here we focus on the widely-used Newman-Penrose approach (Newman

and Penrose, 2004) that we will follow in our code. The extraction of this method is

achieved by calculating the so-called Newman-Penrose scalars ψ0, ψ1, . . . , ψ4 on a dis-

tant sphere from the source (black holes). Those quantities are naturally coordinate-

independent as they are scalar fields. The Newman-Penrose scalars represent the

10 independent components of the (4-dimensional) Weyl tensor and are from the

contraction of the Weyl tensor and a null tetrad (four null vectors that form a com-

plete basis). We can properly choose our null tetrad such that the scalars ψ1 and ψ3
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vanish, while ψ0 and ψ4 measure the ingoing and outgoing gravitational radiation.

ψ2, on the other hand, gives the longitudinal part of the gravitational waves. We

are mainly working on the ψ4 scalar in our content for obvious reasons.

The choice of a proper null tetrad is not unique, and the notation for those

vectors also varies in the literature. Here we follow the formulation in Baumgarte

and Shapiro, 2010 in which it is defined as defined as:

la =
1√
2

(
eat̂ + ear̂

)
, (4.109)

ka =
1√
2

(
eat̂ − ear̂

)
, (4.110)

ma =
1√
2

(
ea
θ̂
+ iea

ϕ̂

)
, (4.111)

m̄a =
1√
2

(
ea
θ̂
− iea

ϕ̂

)
, (4.112)

where ea
t̂
, ear̂ , e

a
θ̂
, ea

ϕ̂
are unit vectors in each direction under the 4 dimensional metric

gab. The tetrad is constructed such that the only non-vanishing inner products

between them are:

−laka = mam̄a = 1. (4.113)

Now we use this tetrad to contract the Weyl vector for ψ4 (the sign convention is

also not universal, different signs are used in the literature):

ψ4 =
(4) Cabcdk

am̄bkcm̄d. (4.114)

The upper index (4) indicates it is a 4-dimensional quantity. The Weyl tensor is

defined as

(4)Cabcd =
(4)Rabcd −

1

2

(
gac

(4)Rbd − gad
(4)Rbc − gbc

(4)Rad + gbd
(4)Rac

)
+

1

6
(gacgbd − gadgbc)

(4)R.
(4.115)
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Combining eq. (4.109)-(4.112), (4.114) and (4.115) we get

ψ4 = −1

4

(
(4)Rt̂θ̂t̂θ̂ − 2i(4)Rt̂θ̂t̂ϕ̂ − 2(4)Rt̂θ̂r̂θ̂ + 2i(4)Rt̂ϕ̂r̂θ̂ −

(4)Rt̂ϕ̂t̂ϕ̂

+ (4)Rr̂θ̂r̂θ̂ + 2i(4)Rt̂θ̂r̂ϕ̂ + 2(4)Rt̂ϕ̂r̂ϕ̂ − 2i(4)Rr̂ϕ̂r̂θ̂ −
(4)Rr̂ϕ̂r̂ϕ̂

)
.

(4.116)

Now consider the large radius approximation. When we are far away from the

source, the perturbation gab ≈ ηab+hab, hab ≪ 1 can be applied. It gives a linearized

Riemann tensor:

(4)Rabcd =
1

2
(∂a∂dhbc + ∂b∂chad − ∂b∂dhac − ∂a∂chbd) . (4.117)

We further assume the transverse-traceless gauge in a spherical coordinate (Auger

and Plagnol, 2017) and a static observer, i.e., its 4-velocity does not have formspatial

component, γabu
b = 0. In this frame, the perturbed part (wave part) of an outgoing

gravitational wave can be written as:

hTT
ab =


0 0 0 0

0 0 0 0

0 0 h+ h×

0 0 h× −h+

 . (4.118)

The only non-zero components of hab are hθ̂θ̂ = −hϕ̂ϕ̂ and hθ̂ϕ̂ = hϕ̂θ̂. We also know

an outgoing wave at a large distance satisfies hab(t, r, θ, ϕ) = hab(t − r, θ, ϕ), thus

∂rhab = −∂thab. Using these relations and eq. (4.116), the Newman-Penrose scalar

ψ4 can be expressed as

ψ4 = −∂2t h+ + ∂2t h×. (4.119)

Here we can see the real and the imaginary parts of ψ4 are measurements of the two

modes of an outgoing gravitational wave respectively. We can further decompose

ψ4 into a superposition of modes with the base s = −2 spin-weighted spherical

harmonics −2Ylm:

ψ4(t, r, θ, ϕ) =
∞∑
l=2

l∑
m=−l

ψlm
4 (t, r)−2Ylm(θ, ϕ), (4.120)
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where the coefficients (the mode strength) are found by the inner product

ψlm
4 =

∫ 2π

0

∫ π

0
−2Y

∗
lmψ4 sin θdθdϕ. (4.121)

For a binary black hole merger, the dominating mode is l = 2,m = 2, and its

corresponding base function is

−2Y22 =

√
5

64π
(1 + cos θ)2e2iϕ. (4.122)

In code practice, we can calculate ψ4 directly from its definition (4.116) (e.g.,

Baker, Campanelli, and Lousto, 2001), nevertheless, a further simplification can

help reduce the computational burden. We first introduce the so-called electric and

magnetic parts of the Weyl tensor:

Eab := ncnd (4)Ccadb, (4.123)

Bab := ncnd (4)C∗
cadb, (4.124)

where C∗
cadb is the dual Weyl tensor and defined as

(4)C∗
cadb :=

1

2
ϵefdbCcaef , (4.125)

where ϵabcd is the four-dimensional volume form. It can be proved that the electric

and magnetic parts are both symmetric, traceless and spacelike, so they each carry

5 independent components of the original Weyl tensor. With these two new tensors,

the scalar ψ4 reduces to (Alcubierre, 2008):

ψ4 = (Eij − iBij)m̄
im̄j. (4.126)

The sum in the expression above is 3-dimensional because all quantities are spatial,

thus all information is included in their spatial part again. Using Gauss–Codazzi

(4.15) and Codazzi–Mainardi (4.16) equations, the electric and magnetic parts of
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the Weyl tensor read as

Eij =
(
Rij −Km

iKjm +Kij(K −Θ) +D(iZj) − 4πSij

)TF
, (4.127)

Bij =
1

2

(
ϵmniD

mK n
j + ϵmnjD

mK n
i

)TF
, (4.128)

where TF is the trace-free index which has the same definition as in section 4.1.3.

As we are considering the vacuum solution, the source term in equation (4.127) is

zero.

We then construct the null tetrad in our foliation of hypersurfaces. The unit vec-

tors in three spatial directions are derived from a Gram-Schmidt orthonormalization

of the following vectors (Brügmann et al., 2008):

vi = [−y, x, 0], (4.129)

ui = [x, y, z], (4.130)

wi = γijϵjklv
kul. (4.131)

which become

vi → vi/
√
Lvv, (4.132)

ui → (ui − viLvu)/
√
Luu, (4.133)

wi → (wi − viLvw − uiLuw)/
√
Lww, (4.134)

where L represents the inner product of corresponding vectors, i.e., Lvu := γijv
iuj.

The unit vector for the time dimension can be written as ea
t̂
= [α−1,−α−1βi] in the

standard 3+1 language, thus, the tetrad we use are:

la =
1√
2
[α−1,−α−1βi + ui], (4.135)

ka =
1√
2
[α−1,−α−1βi − ui], (4.136)

ma =
1√
2
[0, wi + ivi], (4.137)

m̄a =
1√
2
[0, wi − ivi]. (4.138)
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We only need m̄i when calculating ψ4. Notice all ϵ that appear above are volume

form, i.e., the Levi-Civita tensors and related to the normal Levi-Civita symbols εijk

with:

ϵijk =
√

| det γij|εijk, ϵijk =
sgn (det γij)√

| det γij|
εijk =

1√
| det γij|

εijk. (4.139)

In the wave extraction zone, the spatial metric is close to the flat one, thus its

determinant should be positive. In our application, we calculate the Eij, Bij and m̄
i

from equations (4.127), (4.128) and (4.138), then put them back in equation (4.126)

to get the real and imaginary parts of the ψ4.

The last step of the extraction is the spherical integration. The numerical meth-

ods for this are widely studied in the literature (e.g., Trefethen, 2012; Press et al.,

2007). As our particle tracers can be placed at arbitrary positions in the simulation

domain, we adopt the spherical t-design scheme (Brauchart and Grabner, 2015) for

our integration. This method requires the values of the integrated function on a set

of N sample points on the targeted sphere. The coordinates of the sample points

are pre-calculated and can be looked up in the tables. It is shown that the average

of those sample values is also the average of the integrated function itself, i.e.,

∫ 2π

0

∫ π

0

f(x) sin θdθdϕ =
4π

N

N−1∑
0

f(xi), ∀f(xi) ∈ Πt. (4.140)

Here Πt represents the space spanned by polynomials to the degree of t. This method

works best when the function of interest has a degree of freedom under t. N needs

to be increased if we want higher accuracy by raising t. In our code, we choose the

set of sample points of t = 43 with N = 948 which is given in the datasets from

Womersley, 2015.
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4.2 Code Implementation

In this section, we will present a description of the code implementation of our

numerical relativity application. We will not present the technical details of building

applications here as they have been covered in chapter 2. This section focuses on

the code segments and modules we use in the application and how we combine them

together in the code practices. When applicable, we will refer to the relevant sections

in chapter 2 for the mentioned modules in the following content.

A diagram showing the structure of our application is given in figure 4.4, arranged

according to the workflow of a complete simulation. The white blocks on the left

indicate the different stages of the code execution and the texts left to them describe

processes occurring in each phase. The purple blocks on the right of the diagram

show the different code modules involved in the respective stages of the simulation.

We will go through them in the content below and introduce them one by one in

the same order as they appear in the diagram.

4.2.1 Initial condition Stage

This stage is where we choose our physical process in the simulation. All scenarios

of our application are vacuum solutions currently, so we only need to specify the

initial spacetime structure, including the initial hypersurface layout and the gauge

conditions. The running parameters are also sent to the code when the corresponding

scenario is picked. We will discuss the parameter choices in the result section 4.3.

• Direct Assignment. The rather simple physical scenarios, including the (di-

agonal) gauge wave and the linear wave, can be specified by directly assigning

the initial values of the evolving variables. A detailed description of those

setups is given in Appendix C. For the gauge condition, the harmonic slicing,

which set f(a) = 1 in equation 4.72, and the static zero shift are adopted in

those setups.

• TwoPuncture Library. As we introduced in section 4.1.2, the initial con-

dition of puncture black hole spacetime requires a numerical solution of the

Hamiltonian constraints. Therefore, a direct approach is not practical. We
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Figure 4.4: The illustration of the code structure organised in the workflow. The
white blocks on the left and the texts next to them describe different stages during
a simulation, while the purple blocks on the right show the code modules we utilise
in each respective stage. We go through those segments following the order here in
the main content.

ported the TwoPuncture module from the numerical libraryEinsteintoolkit.

This external library receives physical parameters of the black hole systems

like the mass, linear and angular momentum of the black holes, the distance

between black holes, etc... It then solves the Hamiltonian constraints numeri-

cally and provides the spacetime quantities γij, Kij and α that we need. We

still need to specify our gauge conditions while using this library, and we choose

the widely-used combination of 1+log slicing and Gamma driver shift gauge

in our black hole simulations.

• Binding Calculation. This code segment is only used in simulations of black

hole spacetimes, where we receive initial conditions from the TwoPuncture

library. This external module only gives the basic ADM quantities, and some

extra calculation is needed to convert them into the evolving quantities in our

FOCCZ4 system. We first calculate the conformal metric γ̃ij, two parts of the
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extrinsic curvature Ãij and K, also the conformal metric ϕ. Then we use the

fourth-order finite difference to compute the first derivative of those quantities,

which are used to assign values to the auxiliary variables (4.68).

4.2.2 Evolution: Solution update

The actual temporal integral happens at this stage. A chosen computational kernel is

applied to the solution every timestep and the treatment of the boundary condition

and the resolution transition also happens here. There are also some on-the-fly

extension modules that do their work at this stage.

• Computation Kernel. The computation kernel refers to the numerical

scheme we choose to apply to our evolution system. Different computation

kernels handle the PDE system we specify in section 2.1.3 differently, and we

tested several numerical kernels for our numerical relativity application. Cur-

rently, we are using the FD4-RK1-AdaptiveTimeStep kernel, which refers to

the scheme of fourth-order finite difference, first-order Runge-Kutta (Euler)

and adaptive timestep size based on the maximal wave speed (eigenvalues).

The details of this solver are explained in section 2.2.2. We use the lopsided

finite difference stencil for the advection terms, following the idea of Radia

et al., 2022. The finite volume solver in section 2.2.1 turns out to be too dis-

sipating and not suitable in black hole simulations, and we also find that a

higher Runge-Kutta order does not help much in improving simulation quality

in our tests.

• AMR Transition. This code segment is responsible for resolution transition,

i.e., the interpolation and the restriction of the data at those boundaries. Due

to the nature of our FD4 kernel, we need to fill a halo of three layers of ghost

volumes, and it is currently achieved by the tensor product scheme described

in section 2.4.2 with an accuracy of linear order. We are also developing other

methods for AMR transition which provide higher-order accuracy for future

simulations.

• Boundary Condition. Similar to the AMR transition, we need to fill three
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halo layers of ghost volumes on the boundary of our simulation domain. For

the simple wave scenarios, the straightforward periodic boundary condition is

applied. On the other hand, we provide two boundary conditions for the black

hole simulations. The first is the homogeneous Newmann condition which

eliminates the derivatives of every quantity – this condition is rather simple

in implementation but yields a quite unstable boundary. Thus we provide the

Sommerfeld-type boundary condition described in section 2.3.2 and it shows

improved performance in both single and binary black hole scenarios.

• Puncture Tracker. This module is developed to track the black holes during

the evolution of binary black holes. During every timestep, we first linearly

interpolate the corresponding quantities from the nearest eight volumes to

compute the shift vector on each puncture position, then a simple explicit

Euler solver is implemented to integrate the shift vector in the other direction

dxi

dt
= −βi → xit+δt = xit − δt · βi

t . (4.141)

The new positions of the punctures are updated accordingly. This extension is

not optimised within the framework of ExaHyPE2 and will soon be replaced

by the data probe we present below.

• Data Probe. The module utilised the particle support of ExaHyPE2. We

present this feature in section 2.5. By freezing particle tracers in the domain,

we can use them to probe the solution at certain positions, which is very helpful

in temporal plotting. We also utilise those static probes to do the spherical

integral in 4.1.5, combining with the ψ4 calculation module below. When we

set the initial positions to coincide with the punctures and ask them to follow

the negative shift vector, those particle tracers behave like the puncture tracker

we described above. As the particle module of ExaHyPE2 is more advanced

in code development, we plan to switch to this feature for black hole tracing

after further tests in the future.
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4.2.3 Evolution: TimeStep PostProcessing

After the solution update, there are still several things that need to be done within

the scope of a single timestep. Algebraic constraints are enforced explicitly, aiming

to clear the accumulating numerical errors, and extra quantities are calculated in

this stage. Those quantities are attached to the evolving solutions and provide more

output information from the simulations.

• CCZ4 constraint enforcement. This segment is designed to apply the

algebraic constraints of the FOCCZ4 system. Those constraints also appear

in the original CCZ4 formulation so we do not specify the First Order in its

name. The enforced constraints include the tracelessness of the Ãij, the unity

of the det(γ̃ij) and equation (4.70). This enforcement is applied after the

solution is updated in a timestep and the corresponding evolving variables are

over-written to satisfy the constraints. The traceless property is re-achieved

by removing the trace from every component of the tensor, and the unity of

determinant is re-achieved by rescaling every component.

• ψ4 Calculation. The most important extra quantities are clearly the real and

imaginary parts of ψ4 that represent the gravitational wave signal. We use

second-order finite difference to compute the derivatives of evolving variables

and then calculate ψ4 following the methods in section 4.1.5. The temporal be-

haviour of this quantity at specific locations in the domain can be extracted by

the data probes above, while its mode components from the spherical integral

can also be calculated using corresponding probes.

• Physics Constraints Output. This module is implemented similarly to the

ψ4 Calculation, but we output the Hamiltonian and momentum constraints

instead this time. They are important physical quantities used to monitor the

correctness and accuracy of a numerical relativity simulation. The calculation

of those extra quantities is separated from the computational kernel and thus

has a rather big freedom of variables outputted. We can examine the interme-

diate quantities, such as the Ricci tensor Rij or conformal connection function

Γ̃i, to help us debug during the code tests.
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4.2.4 Visualization

The visualization of the output is the last step of the workflow. Fewer notable

processes occur during this stage, but it plays an essential role in presenting the

results visually for analysis. The raw data outputted by ExaHyPE2 is in its specific

patch format, and every rank plots its output file to reduce the communication cost.

After a straightforward merge-convert process, the output can be transformed into

the standard VTU format, which is compatible with various visualization tools. The

data from the particle probe, on the other hand, is provided in CSV form, allowing

for processing via standard data visualization. In the result section 4.3 below we

will present test results based on these two types of outputs.

• Data Filter. This code segment is designed to provide more control on the

output snapshots. Given the scale of the simulations we conduct and the

number of evolving variables, the resulting output files can be quite large,

thus causing difficulty in loading and manipulating in the visualization tools.

Therefore we incorporated a data filter into our code. This filter enables us to

selectively extract slices and clips from the domain, allowing us to focus only

on the outputs of interest. This feature is very helpful especially when our

simulating phenomenon has some intrinsic symmetry, e.g., the single black

hole scenario. In principle, we only need to plot one-eighth of the whole

domain for a simulation of the black hole at the origin. The left seven eighth

of the domain can be derived according to the spherical symmetry. In code

practice, we usually output the slices over the x-y plane where the single black

hole sits and the binary black holes rotate and this approach significantly

reduces the size of the output files by a factor of ten. We can also specify

what variables are included in our output snapshot. As more than half of the

evolving quantities are auxiliary variables and have some symmetries, there

is no need to visualise all of them. We pick different outputted variables

during the code development for analysis, and the most important quantities

we always monitor closely include the conformal factor ϕ, the first entry of

conformal metric γ̃11 and the time component of the Z4 vector, Θ.
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4.3 Simulation Tests

In this section, we report the simulation results of our application on various phys-

ical scenarios. We begin with a standard gauge wave simulation and then proceed

to examine the code performance in the black hole spacetime, covering the single

Schwarzschild black hole, the head-on colliding binary black holes and the rotating

binary black hole merger.

4.3.1 Gauge Wave

The gauge wave scenario is one of the standard test cases for numerical relativity

codes (Alcubierre et al., 2003b), where a flat Minkowski spacetime is considered.

No actual physical phenomenon occurs in the system, however, we now slice our

spacetime dynamically by performing a time-dependent coordinate transformation:

t̂ = t− A

2kπ
cos[kπ(x− t)], (4.142)

x̂ = x+
A

2kπ
cos[kπ(x− t)], (4.143)

ŷ = y, (4.144)

ẑ = z. (4.145)

which converts the original Minkowski metric ds2 = −dt̂2 + dx̂2 + dŷ2 + dẑ2 into the

new formulation as

ds2 = −H(x, t)dt2+H(x, t)dx2+dy2+dz2, H(x, t) = 1−A sin[kπ(x− t)]. (4.146)

It represents a gauge wave propagating along the x-axis with an amplitude of A. As

we know the complete four-dimensional metric here, the related quantities can be

read straightforwardly:

α =
√
H, βi = 0, ϕ = H−1/6, (4.147)
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and

Kxx = −∂tH
2α

= −kπA
2

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}1/2
, Kij,others = 0, (4.148)

K = γijKij =
Kxx

H
= −kπA

2

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}3/2
. (4.149)

In Appendix C.2, we provide a detailed description of how this scenario is im-

plemented as an initial condition in our evolution system. The static zero shift

βi = ∂tβ
i = 0 and the harmonic slicing f(α) = 1 are adopted as the gauge condi-

tions for this scenario.

The simulation test we report in this subsection utilizes a computational domain

Ω = [−0.5, 0.5]3 on a regular grid with a periodic boundary condition. The periodic

boundary condition is also a newly-added feature in ExaHyPE2. We divide the

domain into 162 volumes per dimension, thus leading to a volume size of 0.006173.

No AMR is enabled for this test. We set A = 0.1, k = 2 for the physical parameter.

For the running parameters, we follow previous literature, setting κ1 = 0.1, κ2 =

0, κ3 = 0.5 and e = c = τ = 1.0. We use µ = 0.2 for a smaller effect from the

constraints as reported in Dumbser et al., 2018. As for the solver-specific parameters,

the coefficient of the KO dissipation ϵ is set to be 8.0 and a CFL ratio C = 0.1 is

adopted to be conservative. The parameters f and η are not related as the shift

vector does not evolve in the gauge wave scenario.

The simulation runs to a code time of 10. The snapshots of γ̃11 at four cor-

responding timestamps (T = 3.25, 5.5, 7.75, 10.0) are given in figure 4.5. The

snapshot is an x-y plane slice of the simulation box perpendicular to the z-axis, with

the colour map of the corresponding quantity. We also provide the profiles of γ̃11

(in black) and Ã11 (in red) along the x-axis at these four timestamps in figure 4.6,

with their theoretical values plotted as well for comparisons.

The overall agreement of the evolution of the system with the theoretical predic-

tion is good and the wave shows a constant and correct propagation speed. However,

one may notice that there are deviations accumulating in the simulating patterns

from the theoretical prediction over time. This can be seen more clearly in the

temporal plots 4.7, which are generated utilising the static tracer module of Ex-
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T=3.25
 T=5.5


T=7.75
 T=10.0


Figure 4.5: The snapshots of γ̃11 at four different timestamps (T =
3.25, 5.5, 7.75, 10.0) in the gauge wave test. The snapshot shows the x-y plane
slice of the computational domain at z = 0. A gauge wave with a velocity of one
code unit travels in the right direction and re-enters the domain on the left due to
the periodic boundary condition. The initial amplitude of this wave is around 0.06
as given in equation (C.2.18).
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Figure 4.6: The profiles of γ̃11 and Ã11 at four different timestamps (T =
3.25, 5.5, 7.75, 10.0) in the gauge wave test. The profiles are extracted along
the x-axis of the simulation domain. In each subfigure, the curves obtained in the
simulation are plotted as dash lines in black and red respectively, while the analyti-
cal solutions of their counterpart are given in solid lines with the same colours. The
exact formulation of the analytical solution can be found in the appendix, equations
(C.2.18) and (C.2.21). The simulation result shows a general agreement with the
theoretical prediction. However, a growing mismatch between them can be observed
in the plots at later times.
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aHyPE2. In the upper panel of the figure, we illustrate the evolution of the γ̃11 (in

black) and α (in red) at two different locations [x, y, z] = [−0.1, 0, 0], [0.1, 0, 0] re-

spectively and compare with their theoretical profiles. Clearly, the amplitude of the

propagating wave undergoes an unexpected growth over time, which should indicate

the numerical error is accumulating in the evolution system.

This is further proved in the lower panel of figure 4.7, where deviations from

the Hamiltonian constraint H (in blue) and the first component of the momentum

constraint M1 (in orange) are plotted against the code time at the corresponding

tracer location [−0.1, 0, 0]. Both constraints are increasingly violated over time. The

Z4 scheme, which is designed to propagate the constraint violation off the domain,

seems not to work very well in our test. However, it is noted that our further

tests have shown a numerical convergence in the gauge wave scenario, i.e., when we

increase the resolution of the simulations, the constraint violation develops slower

than it does in these low-resolution tests.

One possible theoretical explanation of the growing amplitude is that we are

using periodic boundary conditions, where all quantities, thus also the numerical

errors, will re-enter the system after they propagate off the domain. The magnitude

of the KO dissipation and other damping components in the evolution system may

also play a role here. Section 4.4 below will have more discussions on the long-term

instabilities of our application.

4.3.2 Single Schwarzschild black hole

We now examine the performance of our application in simulating puncture black

hole systems. In our first test, a single Schwarzschild black hole is considered.

The black hole is placed at the origin of the three-dimensional domain, with an

ADM mass M = 1 and zero spin S = 0. The domain in this test has a size of

[−9M, 9M ]3 and three levels of AMR based on the radial distance from the central

origin, which refines the domain at radius r = 7M and again at r = 3M . As we

adopt a three-partition strategy for refinement, the volume lengths of each level

are [0.333M, 0.111M, 0.037M ]. The Sommerfeld condition we introduced in section

2.3.2 is used to suppress the reflection effect from the boundary. To avoid resolving
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Figure 4.7: The temporal profiles of the quantities utilizing the tracer feature. Up-
per panel : The temporal profiles of γ̃11 (in black) and α (in red), at the positions
[−0.1, 0, 0], [0.1, 0, 0] respectively, are plotted in dashed lines. Their theoretical coun-
terparts, which are given in equations (C.2.18) and (C.2.25), are illustrated in solid
lines with the same colours. The two quantities show a constant phase difference due
to their locations. A growing deviation of the simulation result from the theoretical
profiles can be noticed. Lower panel : The temporal profiles of violations of the
Hamiltonian constraint H and the first component of the momentum constraint M1

at the location [−0.1, 0, 0] are plotted in blue and orange lines respectively. While
showing a fluctuation over time, the increasing amplitudes of both deviations indi-
cate the numerical error is accumulating throughout evolution.
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numerical infinity at the puncture location, no volume center coincides with the

origin.

We construct the initial condition for this test utilizing the ported version of the

TwoPuncture module from Einsteintoolkit library in our code and choose the

average initial lapse:

α =
1

2

(
1− 1

2
(M/r)

1 + 1
2
(M/r)

+ 1

)
. (4.150)

Note that this is not the only possibility for the initial lapse, and other initial profiles

are used in other numerical codes, e.g., GRChombo, as well. However, we do not

see a significant difference when using different shapes of initial lapse in our single

black hole test. The initial shift vector is set to be zero initially. The extrinsic

curvature Kij also vanishes in the initial condition: its trace is zero as we assume

the maximal slicingK = 0, and its residual is zero as no linear or angular momentum

is presented in this system (see equations 4.40-4.41). Furthermore, we also assume

conformal flatness in the initial condition, thus γ̃ij = 1. Besides the lapse field α, the

only non-trivial quantity in the initial condition of this single Schwarzschild black

hole is the conformal factor ϕ, which can be solved analytically from equation (4.43)

as its right-hand size now vanishes. The solution of it is

ϕ ≡ ψ−2 =

(
1 +

M

2r

)−2

. (4.151)

We use the same setup and running parameters in the single black hole test as

we did in the gauge wave simulation: κ1 = 0.1, κ2 = 0, κ3 = 0.5, e = c = τ = 1.0

as well as µ = 0.2, for a similar evolving system as the original CCZ4 system. The

fully functional gamma driver condition is employed for the evolution of the shift

vector βi in the black hole system, and we set the parameters as f = 0.75 and η = 1

in (4.73) and (4.79). The KO coefficient and the CFL ratio remain at 8 and 0.1,

respectively.

The simulation runs until a code time of 46 when an instability terminates

the code. The snapshots of the conformal factor ϕ at four timestamps (T =

10, 20, 30, 40) are given in figure 4.8, which again shows the slices cut along

the x-y plane. One can observe a cross pattern showing up around the puncture in
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the late time of evolution. We also illustrate the profiles of four important quantities

(ϕ, α, K and γ̃11) along the x-axis in figure 4.9.

According to the simulation result, our application initially demonstrates a stable

evolution of the black hole. However, instability appears after dozens of code times

and continues to amplify. In the final stage of the test run, the solution deviates

from the puncture shape significantly, eventually resulting in a crash. To show the

issue more clearly, we plot the profile of Θ, which is the time component of the

Z4 vector, along the x-axis through the evolution in figure 4.10. Only half of the

central regime is illustrated as the profile is symmetric and we are mainly interested

in its behaviour around the puncture. Profiles from six timestamps are plotted in

total. While some initial damping is noticed (blue to orange curve), there is no clear

propagation of the errors through the evolution, and the fluctuation of Θ (thus the

constraint violations) remains nearly static in space.

We also investigate the source of those numerical errors in the central region.

One possible explanation is that the derivatives of the auxiliary variables introduce

a relatively large error during the evolution and make a significant impact, given that

the primary quantities themselves are small around the punctures. For example, a

primary quantity with a magnitude of 0.05 (a typical value for conformal factor)

would have a derivative around unity under a volume size of 0.04, thus even a 1%

numerical error arose in derivative evolution would have a comparable magnitude to

the primary quantity itself. Therefore, we are reassessing our first-order formulation

and examining if it has intrinsic issues that make a second-order re-formulation

necessary. We again refer readers to the discussion section 4.4 below for details

on this accumulating instability issues of our application when resolving the static

system.

Another observation of this single black hole test is the persistent boundary ef-

fect. It is evident in figure 4.9 that an abnormal fluctuation appears on the two

ends of the profiles, and some quantities (α, γ̃11) are affected more severely than

others. While the Sommerfeld boundary condition has already suppressed bound-

ary reflections compared to the homogeneous Neumann condition, it still does not

completely resolve the issue in this case in our tests. The main reason is that the
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T=10
 T=20


T=30
 T=40


Figure 4.8: The snapshots of the conformal factor ϕ in the single Schwarzschild
black hole test, at four different timestamps (T = 10, 20, 30, 40). The snapshot is
given as the x-y plane slices through the computational domain where z = 0. The
puncture representing the black hole is located at the origin, the center of the slices.
The initial evolution of the system is relatively stable while instability appears at
later times, and one can see clearly a cross pattern arises around the puncture in
the last snapshot.
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Figure 4.9: The profiles of four quantities (ϕ, α, K and γ̃11) along the x-axis are
illustrated at four timestamps (T = 10, 20, 30, 40). As the instability appears, ϕ
and α show a discontinuity of the gradient, which later develops into bumps on the
two sides of the punctures. K and γ̃11 also show fluctuations in the central region
at later times. Moreover, Those profiles exhibit fluctuations at the two ends, which
arise from the compromised boundary condition we implemented. See the text for
more details.
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Figure 4.10: The profiles of Θ along the positive x-axis are given at six different
timestamps (T = 7, 14, 21, 28, 35, 42) through the evolution, illustrating the
behaviour of the time component of the Z vector. While some initial damping can
be observed (blue to orange line), the magnitude of Θ increases over time, and no
clear propagation of the error away from the puncture is evident in the evolution of
the system. That may explain the accumulating numerical errors in our tests.
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simulation box we use is too small and its boundary does not satisfy the assumptions

of the Sommerfeld condition (spherical symmetry and wave-like solution), leading

to a compromised performance. Although enlarging the simulation domain can po-

tentially help to avoid this issue, we choose to continue with our current domain size

as our primary focus is on solving the instability in the central region. Therefore,

using a bigger domain would be an unnecessary waste of computational resources

for now, but this will be considered in future.

4.3.3 Binary Black Hole Head-on Collision

In the following tests, we consider dynamic systems that contain binary black holes.

The first scenario is the head-on collision of two black holes, which shows some

essential features of the binary black hole system.

The two black holes are both set to have an ADM mass of M+ = M− = 0.50

and zero spin, S+ = S− = 0. The black holes are static initially, with a distance

of d = 4M between them. Without loss of generality, we locate them on the x-axis

at the coordinates [2M, 0, 0] and [−2M, 0, 0]. The domain of this test is similar to

the one we used for the single black hole simulation, having a size of [−9M, 9M ]3

and three layers of AMR based on radial distances from the origin. The domain

gets refined at radii r = 7M and r = 3M which gives volume length at each level

as [0.333M, 0.111M, 0.037M ]. The Sommerfeld boundary condition is applied and

no volume centre coincides with the exact puncture location, as we did in the single

black hole simulation to avoid numerical infinities.

The TwoPuncture module is again utilized to generate the initial condition for

this scenario. Unlike the single black hole setup, the evolution system in this case

does not have an analytical solution. As interactions between multiple sources of

gravity are presented, the bare mass is different from the ADM mass as shown in

equation (4.45), and this setup gives a bare mass of m+ = m− ≈ 0.47214. While the

numerical solution of the Hamiltonian constraints is handled by the external library,

the initial lapse function still needs to be specified. We again use the average scheme
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of the lapse:

α =
1

2

(
1− 1

2
(m−/r−)− 1

2
(m+/r+)

1 + 1
2
(m−/r−) +

1
2
(m+/r+)

+ 1

)
, (4.152)

where r+ and r− are the distances from the considered volume to the two punctures

respectively. The initial shift is zero. We keep the running parameters of the evo-

lution system consistent with the single black hole case, thus κ1 = 0.1, κ2 = 0, κ3 =

0.5, e = c = τ = 1.0 and µ = 0.2. The gamma driver condition is still employed

with the parameters as f = 0.75 and η = 1. The KO coefficient and the CFL ratio

are also left unchanged.

The simulation terminates at a code time of 35 where similar numerical errors to

what we reported in the single black hole case ruin it. However, the collision of the

binary black holes is correctly resolved, and the snapshots of the conformal factor ϕ

through the dynamic process are shown in figure 4.11. We plot the snapshots for four

timestamps (T = 6, 12, 18, 24) and show the x-y plane with the three-dimensional

warped wireframes, where the punctures are illustrated as depressions. To further

show the dynamic feature of the system, we illustrate the gauge quantities, the

lapse α as the colour map and the shift βi as the vector field in figure 4.12. Notice

the reversed direction of the shift vector at the puncture location represents the

moving direction of the punctures. In figure 4.13, we also provide the profiles of

four important quantities (ϕ, α, Θ and γ̃11) along the x-axis at the corresponding

timestamps.

Compared with the instability arising in simulating static black hole systems,

this head-on collision test yields a stable evolution of the acceleration, approaching

and collision of the black holes. The constraint violations, which are represented

by the Z vector, also do not exhibit unexpected growth throughout the dynamic

process. It may be noticed that the magnitudes of Θ in this head-on collision test

are actually larger than the ones observed in the single black hole simulation (see

figure 4.10). However, the peaks of Θ always coincide with the punctures and also

travel with them through the domain, and so the numerical errors associated with

the constraint violations do not accumulate at specific locations. Therefore, the

evolution is relatively stable, showing the Z4 scheme is working in this scenario.

This is further supported by the fact that the head-on collision test crashes dozens
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T=6.0
 T=12.0


T=18.0
 T=24.0


Figure 4.11: The snapshots of the conformal factor ϕ are plotted at four different
timestamps (T = 6, 12, 18, 24) throughout the evolution. The x-y plane is il-
lustrated in the figure as the three-dimensional warped wireframes, in which the
punctures are represented by depressions. The process of puncture merge can be
observed clearly in the figure.
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T=6.0
 T=12.0


T=18.0
 T=24.0


Figure 4.12: The snapshots of the gauge quantities, lapse α and shift βi, are il-
lustrated as the colour map and the vector field respectively, at four timestamps
(T = 6, 12, 18, 24) throughout the evolution. The reversed direction of the shift
vector at the puncture location indicates the moving direction of the puncture. For
the head-on collision setup, the shift vector first starts from each puncture and then
points outwards, opposite to the collision direction.
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Figure 4.13: The profiles of four important quantities (ϕ, α, Θ and γ̃11) are plotted
along the x-axis at four timestamps (T = 6, 12, 18, 24) during the simulation. It
clearly shows that the fluctuations in the component of the conformal metric and
the constraint violations both coincide with the puncture locations and also travel
with them throughout the evolution. The numerical errors thus get propagated and
do not accumulate at certain locations.
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of code times after the merge, where the simulation essentially reverts back to the

single black hole scenario. Numerical errors then start to build up again and ruin

the simulations. This test demonstrates that our application has the capability to

perform simulations in dynamical binary black hole spacetimes, where the numerical

errors are correctly propagated and cleaned up. We further explore this capability

in the next test case.

4.3.4 Rotating Binary Black hole merger

In the final test cases, we consider the classical equal-mass rotating black hole merger

to further examine the performance of our numerical relativity application, as well

as our gravitational wave extraction code.

To construct the correct initial condition that allows for quasi-circular orbits,

we utilize one set of the computed parameters from Tichy and Brügmann, 2004.

In this setup, the binary black holes both have a bare (puncture) mass of m+ =

m− = 0.46477 and zero spin, S+ = S− = 0. The initial distance between them is

d = 4M . The black holes are located at the coordinates [2M, 0, 0] and [−2M, 0, 0]

respectively, and rotate on the x-y plane, with the initial linear momentum P i
± =

[0,±0.19243M, 0]. This setup corresponds to an ADM mass of M = 0.5 for each

black hole and a total ADM mass of the system Mtot = 0.98074. We adopt a larger

domain with a size of [−12M, 12M ]3 for our rotating binary black hole test with three

levels of AMR. The domain gets refined at radius r = 9M and again at r = 5M .

The resolution of the simulation is set to be consistent with the head-on collision

test, which gives the volume lengths at each level [0.333M, 0.111M, 0.037M ]. The

Sommerfeld boundary condition is imposed and the grid is examined such that

no volume center coincides with the puncture position as we did for other black

hole simulations. The calculator of the Newman-Penrose scalars ψ4 as described in

section 4.1.5 is also enabled to output ψ4 in the domain.

We still use the TwoPuncture module to generate the exact initial condition and

choose the average initial lapse

α =
1

2

(
1− 1

2
(m−/r−)− 1

2
(m+/r+)

1 + 1
2
(m−/r−) +

1
2
(m+/r+)

+ 1

)
, (4.153)
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with vanished initial shift. The running parameters remain the same as the ones in

the head-on collision test, as follows: κ1 = 0.1, κ2 = 0, κ3 = 0.5, e = c = τ = 1.0

and µ = 0.2. The gamma driver gauge condition uses the parameters f = 0.75 and

η = 1. No modifications are made to the KO coefficient (8) and the CFL ratio (0.1),

either.

The binary black holes complete two circular orbits before they merge at a code

time of around 65. The simulation terminates at a code time of 67 when instability

again crashes the evolution. The rotation and merging processes in the simulations

are relatively stable. We plot the snapshots of the conformal factor ϕ and the real

part of the ψ4 quantities over the x-y plane in figure 4.14, at four different times-

tamps (T = 15, 30, 45, 60), plotted as three-dimensional wireframes and surfaces,

respectively. We point out that the pattern of the ψ4 quantity in the near field does

not offer much useful information about the gravitational wave signal, as the wave

extraction utilizing ψ4 is only valid in the assumption of far-field. Nevertheless, an

examination of its symmetrical behaviour can still be used to check whether our

extraction is correctly implemented. We also present the gauge quantities α and

βi in figure 4.15 at these corresponding timestamps. These figures clearly show the

rotating and merging evolution of the binary black holes.

We can also plot the trajectories of the punctures utilizing the moving tracers

support of ExaHyPE2 as we introduced in section 2.5, and the result is illustrated

in figure 4.16. The black holes finish one and a half circles before they start to merge

at the center. The tracers are also used to measure the temporal behaviour of the

ψ4 quantity and figure 4.17 demonstrates the measures of ψ4 at the location of four

tracers (x, y, z) = (0, 0,−8M), (0, 0, 8M), (8M, 8M, 0), (−8M,−8M, 0) throughout

the evolution. The first two tracers are placed on the axis of symmetry, and the

latter two are on the plane of the rotating black holes. No clear wave pattern can be

observed, while the symmetry indicates that our wave extraction code is correctly

implemented. Though we have all the code techniques required to calculate the

mode quantities from the ψ4 by spherical integral, we have not yet examined this

feature due to the limitations in both code time and domain size.

Our application successfully performs this rotating binary black hole simulation
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T=15


T=30


T=45


T=60


Figure 4.14: The snapshots of the conformal factor ϕ and the real part of
the Newman-Penrose scalar ψ4 are presented at four different timestamps (T =
15, 30, 45, 60), in three-dimensional warped wireframes and surfaces respectively.
The rotation and merging of the black holes can be observed clearly. The pattern
of ψ4 in the near field does not provide much information about the gravitational
wave, as the extraction is achieved utilizing a far-field approximation. However, its
symmetrical shape serves as a useful indicator, confirming that our extraction was
correctly implemented (also see figure 4.17 below).
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T=15
 T=30


T=45
 T=60


Figure 4.15: The snapshots of the gauge quantities, lapse α and shift vector βi, are
illustrated as the colour map and the vector field respectively, at four timestamps
(T = 15, 30, 45, 60) throughout the evolution of the rotating binary black holes. As
the punctures are rotating, the shift vector exhibits a spiral pattern and its reversed
direction at the puncture location indicates the velocity direction of the puncture.
The spiral pattern in the late stage also suggests that the remnant of the merged
black holes carries spin.
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Figure 4.16: The trajectories of the two punctures in the binary black hole merger
test. The two black holes ± are initially located at [x, y, z] = [2M, 0, 0], [−2M, 0, 0]
respectively, and their trajectories from the beginning to the crash of the code are
plotting in the figure with orange and blue line. The black holes finish one and a
half circles before they start to merge at the center. The initial distortion may come
from a jump between different MPI regions, and we are still investigating this issue.
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Figure 4.17: The temporal plot of the Newman-Penrose scalars ψ4, at the location
that is “relatively” far from the central gravity sources. Four tracers are placed
at (x, y, z) = (0, 0,−8M), (0, 0, 8M), (8M, 8M, 0), (−8M,−8M, 0) and the real and
imaginary parts of calculated ψ4 are given in subplots with blue and orange line
respectively. Given the symmetry of the system, the two tracers on the axis of the
symmetry have opposite real parts and identical imaginary parts, while the two on
the rotation plane have both the same real and imaginary parts. No clear wave is
observed as the limitation both in simulation time and domain size. The significant
increase in the magnitudes shown after code time 40 is mainly due to the boundary
effect, which pollutes the outskirts of the simulation domain. A much larger domain
and longer simulation time is needed for a practical wave extraction in the future.
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in general and has produced some preliminary results. The process of rotating and

merging is accurately resolved in the simulation, and the locations of the punctures

are correctly tracked by the (inverse) shift vector and our tracers. Once again, the

evolution is quite stable, and an examination of the Θ field shows that the constraint

violation is also travelling through the domain, thus avoiding the accumulation of

numerical errors at specific locations as in the single black hole case. While the simu-

lation before the merger is relatively successful, instability reappears in the evolution

after the merge when the resulting black hole is roughly static. Consequently, nu-

merical errors quickly build up and prevent us from resolving the ring-down stage

of the evolution.

In summary, this result section shows the capability of our code in simulating

various scenarios of the vacuum and black hole spacetimes. The tests, especially

the binary black hole ones, give a stable evolution, particularly in dynamic systems

where the numerical errors get propagated. They demonstrate that correct physics

is implemented in the code, and the numerical FOCCZ4 scheme works. However,

we observe instability in the long-term evolution of static systems and it leads to

corrupted solutions and code crashes in our simulations. Therefore, resolving this

issue is our primary focus in the current code development. We will delve further

into this topic in the following discussion section.

4.4 Discussion

In this chapter, we have covered the theoretical background, code implementation

and simulation tests of our numerical relativity application. As shown in the previous

section, our code successfully conducts various simulations in vacuum and black hole

spacetimes and provides stable evolution for a certain period of time. However, we

have encountered instability issues in simulations of static systems, resulting in

magnitude amplification (gauge wave) and the unexpected behaviour (single black

hole) of quantities. The same issue also appears in our dynamic binary black hole

system, which crashes our simulation after the black holes reach a nearly static state.

We are thus unable to perform extended simulations for post-merge evolutions and
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remnants of the binary black hole systems.

Therefore, future code developments will focus on this instability issue. We

have devoted significant effort to addressing this instability issue, and while a final

solution is not yet reached, we have gained some ideas of the potential causes of

the issue and possible ways to avoid them. The investigation of the parameter

space in our tests indicates that the running parameters have little effect on this

instability. While different choices of running parameters do influence the exact

evolution patterns, the unexpected growth of the constraint violation is still observed

in the domain during these tests. This instability suggests a more intrinsic issue

in our code, which may arise from two aspects: our evolution formulation or our

technical scheme.

The first potential cause of the instability in the evolving formulation is the ap-

proach we used in calculating derivatives. As we mentioned in the single black hole

test, the instability shows its strongest effect around the puncture, where some of

the primary quantities, such as α and ϕ, have a quite small value that is close to

zero. On the other hand, the corresponding auxiliary variables (Ai and Pi) of them

are relatively large due to the sharp shape of the puncture. Therefore, numerical

errors arising from calculating the derivative of those auxiliary variables would have

a strong impact on the primary variables themselves. To further examine this pos-

sibility, we adopt a variable replacement in some simulation as a test: instead of

evolving the conformal factor ϕ in our system, we evolve its power function χ := ϕn,

where n is an arbitrary integer that is larger than one1. A similar replacement is

applied to its auxiliary variable as well: P χ
i := ∂iχ = nϕn−1∂iϕ. This replacement

helps to suppress the issue we explain above by making the puncture well “shal-

lower”, thus reducing the magnitude of the auxiliary variables as well as the errors

in their derivatives computations. The other quantities also need to be modified

1This operation is equivalent to rescale our conformal decomposition, and χ is our new conformal
factor now. However, we will continue to treat ϕ as the conformal factor in the following content
for the consistency of descriptions.
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Figure 4.18: The comparison of the profiles of the conformal factor ϕ and lapse α
along the x-axis in the single black hole scenario, at the same timestamp (T = 40).
The profiles from the test with evolving ϕ(n = 1) are plotted in black solid and
dashed lines, while the ones from the χ = ϕ2(n = 2) case are given in red solid
and dashed lines. It is clear that a higher power of ϕ in the evolution system
suppresses the instability. However, we notice that a similar trend of bump has
already developed for red lines as well, and the simulation in this n = 2 case also
crashes after some time, though later than the n = 1 case.

accordingly, e.g., the modified Ricci tensor Rij +2∇(iZj) now have a formulation as

Rij + 2∇(iZj) =

− 1

2
γ̃kl∂k∂lγ̃ij + γ̃k(i∂j)Γ̂

k +
1

2
Γ̂k∂kγ̃ij + γ̃lm

(
Γ̃k
liΓ̃jkm + Γ̃k

ljΓ̃ikm + Γ̃k
imΓ̃klj

)
+

1

n
χ−1

(
∇̃i∇̃jχ+ γ̃ij γ̃

kl∇̃k∇̃lχ
)
+

1

ϕ2

2

n
χ−1Zk (γ̃ik∂jχ+ γ̃jk∂iχ− γ̃ij∂kχ)

− 1

n2
χ−2

[
(n− 1)∂iχ∂jχ+ (n+ 1)γ̃ij γ̃

kl∂kχ∂lχ
]
. (4.154)

It goes back to equation (4.95) when n = 1.

A comparison of the profiles of α and ϕ along the x-axis in the single black

hole scenario with n = 1 and n = 2 is given in figure 4.18, at the same timestamp

(T = 40). All other parameters are kept identical. It can be seen clearly that a

higher power of ϕ helps to suppress the instability, not only in the conformal factor

itself but also in the lapse field. However, the replacement does not address the issue

completely, as a similar trend of bump appears in the profiles of the n = 2 case as

well. It is further proved as the simulation with n = 2 runs longer than the n = 1

case but still crashes at a code time of 50.5.
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We thus consider the possibility that our first-order formulation may suffer from

an intrinsic issue of the so-called “two-step” scheme, where second-order derivatives

are computed as the derivatives of the first derivatives. As we are using the finite

difference scheme, this approach actually yields a different, and often larger, stencil

compared to directly calculating the second derivatives. This scheme has the po-

tential to introduce extra numerical errors, and the large stencil may also affect the

behaviour of solutions around discontinuities in the domain, such as punctures. As

a potential solution to the instability issue, we are actively developing and exploring

the implementation of the second-order formulation of the CCZ4 system in our code.

We hope to report the influence of this approach in future work.

Another possible source of the instability can be the implemented computation

solver. We are currently using a fourth-order finite difference solver with the Euler

time integration scheme, which may not be sufficient enough to resolve the com-

plex numerical relativity system. The generated numerical error exceeds the limit

that the dissipation scheme can handle and results in the amplifying magnitude we

observe in the gauge wave test. On the other hand, numerical solvers with high

order are likely to become unstable when resolving shock and discontinuity. There-

fore a low-order solver may need to be added to the systems involving punctures.

The low-order solver only works on the small regions around punctures and couples

with the main high-order solver, which is responsible for solving PDE in the rest of

the domain. This solver-coupling idea is utilized in the preliminary work of imple-

menting the FOCCZ4 system on ExaHyPE1 (Dumbser et al., 2018). The authors

implemented a high-order Ader-DG solver for most of the domain but employed a

finite volume solver close to the puncture as a limiter. Our application may benefit

from the same idea. As we introduced in chapter 2, new advanced solvers and the

code framework for solver coupling are currently being worked on and we shall soon

be able to examine them in our numerical relativity code.

Besides considering the source of the numerical errors, we also need to re-examine

the Z4 scheme in our formulation. Currently, the scheme for propagating constraint

violations appears to function well in the dynamic system in our application, which

helps to yield stable evolutions there even with the persistent numerical errors. How-
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ever, we observe no clear propagation when resolving the static system, especially

in the single black hole system. Understanding its behaviour in both static and

dynamic systems requires further investigation, and we plan to look into it more

closely in subsequent research.
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4.5 One Step Further: Evolution System in Scalar

Field Theory

All the theories, formulations and results we presented above are based on standard

General Relativity. One natural topic from there is whether we can extend our

simulation to more general gravity theories. As we are still in the development stage

for the code of standard gravity, we have not tested this possibility of extension at

the code level yet. However, we have looked into the theory and formulation of a

scalar-tensor field suitable for numerical evolution. We give a description of them

in this section for completeness.

The formulation of an extended Einstein Hilbert action with a scalar field that

self-interacts and couples to curvature is given as (Uzan, 2011):

S=
∫

d4x
16πG∗

√
−g
[
F (φ)(4)R− gabZ(φ)∂aφ∂bφ− 2U(φ) + 2gab∇aZb

]
+ Smatter [ψ; gab] .

(4.155)

We have again added the Z vector above and φ is the scalar field. F (φ), Z(φ), U(φ)

are three functions that only depend on the scalar field and determine how it couples

with other elements in the spacetime. To be more precise, F (φ) describes the

coupling of the scalar field to curvature, Z(φ) describes possible non-standard kinetic

energy of the field, and U(φ) describes the scalar field’s self-interacting potential

Smatter [ψ; gab] is the action for the matter in the universe and we will focus on the

vacuum solution and so will not include it in the following content. The variation

of the action above gives the new extended field equations for metric and the scalar

field:

F (φ)[(4)Rab −
1

2
gab

(4)R] +∇aZb +∇bZa − gab∇cZc − κ1[naZb + nbZa + κ2gabncZ
c] =

8πTab + Z(φ)[∇aφ∇bφ− 1

2
gab∇cφ∇cφ] +∇a∇bF (φ)− gab∇c∇cF (φ)− gabU(φ),

(4.156)

2Z(φ)∇a∇aφ = −dF
dφ

(4)R− dZ

dφ
(∂aφ)

2 + 2
dU

dφ
. (4.157)
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The trace-reversed field equation is

F (φ)(4)Rab +∇aZb +∇bZa − κ1[naZb + nbZa − (1 + κ2)gabncZ
c] =

8π(Tab −
1

2
gabT ) + Z(φ)∇aφ∇bφ+∇a∇bF (φ) +

1

2
gab∇c∇cF (φ) + gabU(φ).

(4.158)

The Hamiltonian and momentum constraints in this formulation can be derived

using a similar approach to the derivation of (4.17) and (4.18), and they give

F (φ)[R +K2 −KabK
ab] = 16πc+ Z(φ)[2K2

φ +∇aφ∇aφ]

+ 2nanb∇a∇bF (φ) + 2∇a∇aF (φ) + 2U(φ)

+ 2κ1[2Θ + κ2Θ]− 2nanb∇aZb − 2nanb∇bZa − 2∇cZc,

(4.159)

F (φ)(DbK
b
c −DcK) = 8πSc + Z(φ)Kφγ

a
c∇aφ− naγbc∇a∇bF (φ)

+ γacn
b∇aZb + γacn

b∇bZa + κ1γ
a
cZa.

(4.160)

In the equation above we defined the extrinsic curvature counterpart of the scalar

field:

Kφ = −Lnφ = −na∇aφ (4.161)

The following 3-dimensional evolution equations for a Z4 system can be derived from

the field equations

1

α
(∂t − Lβ)γij = Lnγij = −2Kij, (4.162)

1

α
(∂t − Lβ)φ = Lnφ = −Kφ, (4.163)
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1

α
(∂t − Lβ)Kij = LnKij =

− 1

α
∇i∇jα− 2K l

iKjl +Rij +KKij −
1

F (φ)
8π

(
Sij −

1

2
(S − ρ)γij

)
+

1

F (φ)
[∇iZj +∇jZi − 2ΘKij − κ1(1 + κ2)Θγij − U(φ)γij]

− F ′′(φ) + Z(φ)

F (φ)
∇iφ∇jφ− F ′(φ)

F (φ)
(∇i∇jφ−KφKij)

− 1

2
γij

[
F ′′(φ)

F (φ)
(∇kφ∇kφ−K2

φ) +
F ′(φ)

F (φ)
(∇k∇kφ+∇k lnα∇kφ−KKφ)

]
− 1

2
γij
F ′(φ)

F (φ)
LnKφ,

(4.164)

1

α
(∂t − Lβ)Kφ = LnKφ =

[
2Z(φ) + 3

F ′(φ)2

F (φ)

]−1

{
F ′(φ)[R +K2 −KijK

ij] +

[
Z ′(φ) + 3

F ′(φ)F ′′(φ)

F (φ)

]
K2

φ −
[
2Z(φ) + 5

F ′(φ)2

F (φ)

]
∇i∇iφ

−
[
Z ′(φ) + 2

F ′(φ)Z(φ)

F (φ)
+ 5

F ′(φ)F ′′(φ)

F (φ)

]
∇iφ∇iφ−

[
2Z(φ) + 3

F ′(φ)2

F (φ)

]
∇i lnα∇iφ

+

[
2Z(φ) + 5

F ′(φ)2

F (φ)

]
KKφ + 2

F ′(φ)

F (φ)

[
4π(S − 3ρ)− 3κ1(1 + κ2)Θ + 2∇iZ

i − 2ΘK

]
+ 2U ′(φ)− 6

F ′(φ)

F (φ)
U(φ)

}
,

(4.165)

1

α
(∂t − Lβ)Θ =

1

2
F (φ)[R +K2 −KijK

ij] +∇iZ
i −ΘK − Zi∇i lnα− κ1(2 + κ2)Θ− 8πρ

− 1

2
Z(φ)K2

φ −
[
1

2
Z(φ) + F ′′(φ)

]
∇iφ∇iφ− F ′(φ)∇i∇iφ+ F ′(φ)KKφ − U(φ),

(4.166)

1

α
(∂t − Lβ)Zi = F (φ)(∇jK

j
i −∇iK)− 8πSi − κ1Zi +∇iΘ− 2Kj

iZj −Θ∇i lnα

− [Z(φ) + F ′′(φ)]Kφ∇iφ− F ′(φ)∇iKφ + F ′(φ)Kj
i∇jφ.

(4.167)

The detailed derivation can be found in Appendix B.2.1. Two extra evolution equa-

tions of φ and Kφ enter the system. Most notation follows those in section 4.1.3, and

(double) prime indicates (second) derivatives with respect to φ: F ′(φ) = dF (φ)/dφ,

F ′′(φ) = d2F (φ)/dφ2. One notable observation is that now the evolution of extrin-
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sic curvature is coupled with the evolution of Kφ as the red term we marked in

equation (4.164).

We then continue to develop this formulation by applying conformal decompo-

sition and adding auxiliary variables as described in section 4.1.3. A new auxiliary

variable that represents the derivative of scalar field φ is also needed:

Πi := Diφ = ∂iφ. (4.168)

The detailed derivation (see Appendix B.2.2) finally leads us to the FOCCZ4 system

evolving with a scalar field, containing 11 equations of primary variables:

∂tγ̃ij = 2βkDkij + γ̃kiB
k
j + γ̃kjB

k
i −

2

3
γ̃ijB

k
k − 2α(Ãij −

1

3
γ̃ijtrÃ)

− τ−1(γ̃ − 1)γ̃ij,

(4.169)

∂tϕ = βkPk +
1

3
ϕ
(
αK −Bl

l

)
, (4.170)

∂tφ = βkΠk − αKφ, (4.171)

∂tα = βkAk − α2f(α) (K −K0 − 2cΘ) , (4.172)

∂tβ
i = βkBi

k + fbi, (4.173)

∂tb
i − βk∂kb

i = ∂tΓ̂
i − βk∂kΓ̂

i − ηbi, (4.174)

∂tÃij − βk∂kÃij − ϕ2

[
−DiDjα + αRij +

α

F (φ)
(DiZj +DjZi − F ′(φ)DiDjφ)

]TF

= ÃkiB
k
j + ÃkjB

k
i −

2

3
ÃijB

k
k − 2αÃilÃ

l
j + αÃij

[
K − 2Θ

F (φ)

]
− ϕ2α

F ′′(φ) + Z(φ)

F (φ)
[ΠiΠj]

TF +
F ′(φ)

F (φ)
αKφÃij − τ−1γ̃ijtrÃ,

(4.175)

∂tK − βi∂iK +DiDiα− α

[
R +

2

F (φ)
DiZi −

5F ′(φ)

2F (φ)
DiDiφ

]
= αK

(
K − 2Θ

F (φ)

)
− 3

F (φ)
ακ1(1 + κ2)Θ− 3

F (φ)
αU(φ)− 5F ′′(φ) + 2Z(φ)

2F (φ)
αΠiΠi

+
5F ′(φ)

2F (φ)
αKKφ +

3F ′′(φ)

2F (φ)
αK2

φ − 3F ′(φ)

2F (φ)
AiΠi −

3F ′(φ)

2F (φ)
αLnKφ,

(4.176)
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∂tΘ− βk∂kΘ− α

2

[
F (φ)R + 2DiZ

i − F ′(φ)DiDiφ

]
=
α

2
F (φ)

[
2

3
K2 − ÃijÃij

]
− αΘK − ZiAi − ακ1(2 + κ2)Θ

−1

2
Z(φ)αK2

φ −
[
1

2
Z(φ) + F ′′(φ)

]
αΠiΠi + αF ′(φ)KKφ − αU(φ),

(4.177)

∂tΓ̂
i − βk∂kΓ̂

i +
4

3
αγ̃ij∂jK − 2αγ̃ki∂kΘ− γ̃kl∂(kB

i
l) −

1

3
γ̃ik∂(kB

l
l) + 2αF ′(φ)γ̃ijDjKφ

=
2

3
Γ̃iBk

k − Γ̃kBi
k + 2αF (φ)

(
Γ̃i
jkÃ

jk − 3ÃijPj

ϕ

)
− 2αγ̃ki

(
Θ
Ak

α
+

2

3
KZk

)
− 2αÃijAj + 2κ3

(
2

3
γ̃ijZjB

k
k − γ̃jkZjB

i
k

)
− 2ακ1γ̃

ijZj

+ 2γ̃ij
[
− α[Z(φ) + F ′′(φ)]KφΠj + αF ′(φ)Ãk

jΠk +
1

3
αF ′(φ)KΠj

]
,

(4.178)

∂tKφ − βi∂iKφ − α

[
2Z(φ) + 3

F ′(φ)2

F (φ)

]−1
{
F ′(φ)R−

[
2Z(φ) + 5

F ′(φ)2

F (φ)

]
DiD

iφ+ 4
F ′(φ)

F (φ)
DiZ

i

}

= α

[
2Z(φ) + 3

F ′(φ)2

F (φ)

]−1
{
F ′(φ)[

2

3
K2 − ÃijÃ

ij] +

[
Z ′(φ) + 3

F ′(φ)F ′′(φ)

F (φ)

]
K2

φ

−
[
Z ′(φ) + 2

F ′(φ)Z(φ)

F (φ)
+ 5

F ′(φ)F ′′(φ)

F (φ)

]
ΠiΠ

i −
[
2Z(φ) + 3

F ′(φ)2

F (φ)

]
Ai

α
Πi

+

[
2Z(φ) + 5

F ′(φ)2

F (φ)

]
KKφ − 2

F ′(φ)

F (φ)

[
3κ1(1 + κ2)Θ + 2ΘK

]
+ 2U ′(φ)− 6

F ′(φ)

F (φ)
U(φ)

}
(4.179)

and five equations for the auxiliary variables

∂tAk − βl∂lAk + α2g(α) (∂kK − ∂kK0 − 2c∂kΘ)+

= Bl
kAl −

[
2αg(α) + α2g′(α)

]
(K −K0 − 2cΘ)Ak,

(4.180)

∂tB
i
k − βl∂lB

i
k − f∂kb

i = Bl
kB

i
l , (4.181)

∂tDkij − βl∂lDkij + s

(
−1

2
γ̃mi∂(kB

m
j) −

1

2
γ̃mj∂(kB

m
i) +

1

3
γ̃ij∂(kB

m
m)

)
+ α∂kÃij

= Bl
kDlij +Bl

jDkli +Bl
iDklj −

2

3
Bl

lDkij − Ak

(
Ãij −

1

3
γ̃ij tr Ã

)
,

(4.182)

∂tPk − βl∂lPk −
1

3
ϕ
(
α∂kK − ∂(kB

l
l)

)
= Bl

kPl +
1

3

(
αK −Bl

l

)
Pk +

1

3
ϕKAk,

(4.183)

∂tΠi − βk∂kΠi + α∂iKφ = −AiKφ +Bk
i Πk. (4.184)
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In the equations above we use blue colour for the new terms arising from the scalar

field, except in the equation of Kφ which is completely new. Additionally, we use

red colour to indicate terms added to enforce the algebraic constraints (det(γ̃ij) = 1

and trÃij = 0).

The hyperbolicity of the system needs to be re-examined due to the existence

of the scalar field and that is why we remove those extra terms in red colour in

equation (4.71)-(4.83). Those terms are added solely for symmetry enhancement,

and they may take completely different forms in the scalar field theory. Therefore

it makes little sense to keep them in the evolving system for now. The construction

of the initial condition is not covered here for a similar reason. The constraints we

need to solve for the initial condition can be derived from (4.159) and (4.160) in a

straightforward way, but the Bowen–York approach we introduced in section 4.1.2 is

currently only applicable to the standard gravity. it is very likely that the momentum

constraint does not admit an analytical solution anymore and a numerical solution

of the momentum would be necessary. Also, the puncture method may lose its

good properties given the different shapes of the Hamiltonian constraint, and the

gauge condition requires a reassessment as well. There are still many challenges

in simulating black holes under scalar field gravity. We plan to explore this topic

deeper in the future, once our application is fully functional within the scope of the

standard gravity.
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CHAPTER 5

Summary and Outlook

5.1 Summary

In this thesis, we present the two astrophysical applications implemented on the

platform ExaHyPE2.

• In our spherical collapse application, we have studied the spherical accretion of

collisional gas in both an Einstein de-Sitter universe and SST gravity model.

Notably, we have successfully derived self-similar solutions for some special

cases within the latter class of models. This is the first time such solutions are

found and reported as far as our knowledge goes. The simulation output also

yields good agreements with the theoretical prediction we found. This thus

not only verifies the existence of self-similarity in the considered models but

also proves the reliability and correctness of our application.

• In our numerical relativity application, we have looked into various simulation

cases, including the gauge wave, the single Schwarzschild black hole and the

head-on collision of binary black holes. Additionally, we performed a binary

black hole merger and reported its preliminary results, as well as its prediction
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of the gravitational wave. With the code development we covered in the cor-

responding chapter, our application has already shown the capability to carry

out simulations of vacuum and black hole spacetimes. However, certain issues

affecting the long-term stability of static systems still exist, and efforts to fully

resolve these issues are ongoing.

In addition to reporting our astrophysical application, we also presented the

technical development of the ExaHyPE2 engine itself during the implementation

of these applications. We improved the old finite volume solver and wrote a new

solver based on the fourth-order finite difference scheme. We also incorporated new

Sommerfeld-type boundary conditions and a refinement transition strategy compat-

ible with the multiple-layer halo. These enhancements successfully suppressed the

numerical fluctuations and reflections at the domain boundary and the AMR bound-

ary. Furthermore, we also deployed and tested the tracer module in ExaHyPE2,

which provides us with better flexibility on the data output of our simulations. Those

technical advancements are compatible with other applications based on the engine,

and enhance the overall capability of ExaHyPE2 to address future problems in a

wide range of scientific and engineering domains.

5.2 Outlook

We are still actively developing our applications, aiming to solve the existing issues

and improve their efficiency. Furthermore, we plan to incorporate more realistic and

complex astrophysical scenarios in our applications as well.

• In the spherical collapse application, we now have a working hydrodynamical

simulation code, where new models of gravity can be straightforwardly im-

plemented. A natural next step based on that is to run simulations for more

realistic modified gravity models that do not have self-similar solutions, in-

cluding the original DGP model, the K-mouflage model and the chameleon

model. For the latter, we may need to either add a multigrid solver for the

scalar field or adopt some approximate solutions such as the thin-shell solu-

tion. In a future project, we will compare the collapse of collisional gas in
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these different models in detail. If the above speculation, namely the spherical

solutions rescaled by the true turnaround radii of models are approximately

the same in different cosmological models, turns out to be correct, then the

differences in the physical solutions of these models can be largely ascribed to

the differences in their turnaround radii, which might offer a simple way to

model the modified gravity effects. In addition, we plan to add more physical

processes, such as radiative cooling (e.g., Abadi, Bower, and Navarro, 2000),

in the code, to understand how they interfere with the effects of a modified

law of gravity. Altogether, these will hopefully offer us new insights into the

behaviour of gas, and hence the galaxy formation process, in modified gravity

models.

• In the numerical relativity application, addressing the instability issues that

affect long-term performances is still our primary focus for now. Once this

issue is successfully resolved, we shall achieve a stable and properly running

code for black hole simulations in standard gravity and be able to extract

gravitational wave signals from those systems. Our following plan is to include

modified gravity theories in these systems. While this thesis has reported some

of the preliminary explorations of the scalar-tensor theory of gravity (section

4.5), there is still substantial work that needs to be done for a numerical

relativity code that can perform simulations of binary black hole mergers in

this framework. For instance, the hyperbolicity of the evolution system and

the choices of the gauge condition need to be reassessed; the current approach

to constructing the initial conditions using the puncture method may no longer

be valid and the alternative technique such as black hole excision may need to

be implemented in future simulations. These considerations in physics require

further development of our numerical scheme and code. Moreover, we also have

plans to incorporate the matter components in our application, expanding our

simulation scenarios to include other compact objects in the universe, such as

neutron stars, and the accretion around them. By further combining these

advancements with the implementation of modified gravity, our application

will have the capability to examine gravity theories in the strong-field regimes
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and provide prediction and insights into future gravitational wave detection

projects involving compact objects.

Besides the advancements of the astrophysical applications, we also have plans to

further enhance the technical capacity of ExaHyPE2 engine. There are several new

features that are in active development. For example, ExaHyPE2 will soon provide

more advanced computation solvers, such as local time-stepping based on resolution

or eigenvalues, and the arbitrary-high-order-method-using-derivatives (ADER) DG

method. These solvers will provide higher accuracy and efficiency in future simu-

lations. The solver coupling framework in ExaHyPE2 is also under test, which

will enable users to implement multiple solvers simultaneously in their simulations.

The different solvers can help correct the evolutions of each other, resulting in bet-

ter simulation quality. Additionally, users will also have the ability to manipulate

the data transfer between patches more closely during timesteps, which provides a

potential approach to implement higher order PDE formulation on ExaHyPE2.
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APPENDIX A

Spherical Symmetry of the Simulated Solution in the Spherical

Collapse Application

In this appendix, we show that the simulation results from our Spherical Collapse

application are highly close to exact spherical symmetry during the stable evolu-

tion phase. In Figure A.1, we plot the rescaled profiles of the same three physical

quantities discussed in Section 3.3, sampled along six different directions (shown

in different colours) from the same simulation. The sampling directions are all on

the x-y plane from a slice of the simulation box perpendicular to the z-axis. The

coordinates shown in the legend are the starting and ending points of the sampling

axis, while the black dashed line is the theoretical self-similar prediction plotted for

comparison.

These profiles all agree with each other nearly perfectly except in the small

region immediately inside the shock in the velocity profile (middle) panel, where the

curves in different directions deviate from each other slightly and the profile in the

diagonal direction (brown line, (0, 0)–(1.5, 1.5)) shows the most similar shape to the

theoretical pattern (though the simulation result has a different amplitude due the

reason explained in the main text). In particular, we note that the shock position

is in good agreement along the different directions.
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Figure A.1: The rescaled profiles of physical quantities in six different directions
(as given in the legend) from the same simulation. It shows that the profiles of
all considered quantities only have a very weak dependence on the direction along
which we sample the solutions. See the text for more details.
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APPENDIX B

Detailed Derivation of CCZ4 Evolving Formulation in

Numerical Relativity

In this appendix, we provide a thorough derivation of the evolving equation we

introduced in sections 4.1.3 and 4.5. The notation we used here is consistent with

the ones in chapter 4.

B.1 The Standard Gravity

We show how we derive the evolving system (4.71) - (4.83) from the original field

equation (4.50) in this section. The derivation of the ADM formulation (4.24) -

(4.29) is not included here. However, it can be found in any standard Numerical

Relativity textbook (e.g., Baumgarte and Shapiro, 2010). We will also use the

following Hamilton and Momentum constraints of the Z4 system, which can be

derived using a similar approach to the derivation of (4.17) and (4.18):

R +K2 −KabK
ab = 2npnr[(4)Rpr −

1

2
g(4)pr R]

= 16πρ+ 2κ1[2Θ + κ2Θ]− 2nanb∇aZb − 2nanb∇bZa − 2∇cZc,

(B.1.1)
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DbK
b
c −DcK = −γpcnr[(4)Rpr −

1

2
g(4)pr R]

= 8πSc + κ1γ
a
cZa + γacn

b∇aZb + γacn
b∇bZa.

(B.1.2)

B.1.1 From Field Equation to Z4

Our first step is to get the Z4 system (4.52) - (4.55). The evolving equation of γij

(4.52) is the same as it is in the ADM formulation (4.26), thus no work is needed.

We then check the evolving equation of Kij. We start the derivation from its Lie

derivative over n:

LnKab = ndncγqaγ
r
b
(4)Rdrcq −

1

α
DaDbα−Kc

bKac

= − 1

α
DaDbα−Kc

bKac + γcdγqaγ
r(4)
b Rdrcq − γqaγ

r(4)
b Rrq

= − 1

α
DaDbα−Kc

bKac +Rab +KKab −KacK
c
b

− γqaγ
r
b [8π(Trq −

1

2
grqT )−∇rZq −∇qZr + κ1(nrZq + nqZr − (1 + κ2)grqncZ

c)]

= − 1

α
DaDbα +Rab +KKab − 2KacK

c
b − 8π(Sab −

1

2
(S − ρ)γab)

+ 2γcaγ
d
b∇(cZd) − κ1(κ2 + 1)γabΘ.

(B.1.3)

We have

2γcaγ
d
b∇(cZd) = 2γcaγ

d
b∇cZd

= γebγ
c
aγ

d
e∇cZd + γeaγ

c
eγ

d
b∇cZd

= [γebγ
c
a∇c(γ

d
eZd)− γebγ

c
aZd∇cγ

d
e ] + (a↔ b)

= γebγ
c
a∇c(γ

d
eZd)− γebγ

c
aZdn

d∇cne −((((((((
γebγ

c
aZdne∇nd + (a↔ b)

= γebγ
c
a∇c(γ

d
eZd)−ΘKab + (a↔ b).

(B.1.4)

Its corresponding spatial expression is ∇iZj +∇jZi − 2ΘKij, then simply use Lt =

αLn + Lβ we get the equation (4.53).
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We use a similar approach for the evolving equation of Θ:

LnΘ = na∇aΘ

= na∇a(−nbZb)

= −nanb∇aZb − naZb∇an
b

= nanb∇bZa +∇cZc +
1

2
[R−KabK

ab +K2 − 16πρ− 2κ1(2 + κ2)Θ]− naZb∇an
b

= nanb∇bZa − naZb∇an
b + [γabγcaγ

d
b∇c(γ

e
dZe)− ncne∇cZe − neZe∇an

a]

+
1

2
[R−KabK

ab +K2 − 16πρ− 2κ1(2 + κ2)Θ]

=
1

2
[R + 2γabγcaγ

d
b∇c(γ

e
dZe) +K2 −KabK

ab − 2κ1(2 + κ2)Θ− 16πρ]

− neZe∇an
a − naZb∇an

b

=
1

2
[R + 2γabγcaγ

d
b∇c(γ

e
dZe) +K2 −KabK

ab − 2κ1(2 + κ2)Θ− 16πρ]

− neZe∇an
a − naZaK +((((((((

nanbZ
bnc∇cna −ΘK − γabZ

b(Da lnα)

=
1

2
[R + 2γabγcaγ

d
b∇c(γ

e
dZe) + (K − 2Θ)K −KabK

ab − 2γabZ
b∇aα/α− 2κ1(2 + κ2)Θ− 16πρ]

(((((((((((((
−neZe∇an

a + naZa∇en
e +((((((((

naZan
cne∇enc,

(B.1.5)

Then we get the equation (4.54). The 4th equal sign uses the Hamiltonian constraint

(B.1.1). The 5th equal sign uses the relation:

γabγcaγ
d
b∇c(γ

e
dZe) = γab[γcaγ

e
b∇cZe + γcaγ

d
bZen

e∇cnd +((((((((
γcaγ

d
bZend∇cn

e]

= γab[∇aZb + nenb∇aZe + ncna∇cZb + ncnenanb∇cZe

+ neZe∇anb + neZen
cna∇cnb +((((((((

neZen
dnb∇and +((((((((((

neZen
cnan

dnb∇cnd]

= ∇aZ
a + ncne∇cZe + neZe∇an

a.

(B.1.6)

The 7th equal sign use relation:

−ΘK − γabZ
bDa lnα = −ΘK − γabZ

bnc∇cna

= naZaK − Zan
c∇cn

a − nanbZ
bnc∇cna,

(B.1.7)

where we use another relation nb∇bna = Da lnα.

The evolving equation of Zi is the spatial part of its counterpart for Za = γbaZb,
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which is derived as:

Ln(γ
b
aZb) = nc∇c(γ

b
aZb) + γbcZb∇an

c

= ncZb∇cγ
b
a + ncγba∇cZb + Zb∇an

b

= ncZb∇cγ
b
a + Zb∇an

b +DbK
b
a −DaK − 8πSa − κ1γ

c
aZc − γcan

b∇cZb

= DbK
b
a −DaK − 8πSa − κ1γ

c
aZc

+ [ncZbn
b∇cna + Zb∇an

b − nb∇aZb − ncnbna∇cZb + ncZbna∇cn
b].

(B.1.8)

The 3rd equal sign uses the Momentum constraint (B.1.2). On the other hand, we

have

γba∇bΘ− 2Kb
aγ

c
bZc+n

bZbn
c∇cna

= −γba∇b(n
cZc) + 2(∇an

b + nan
d∇dn

b)γcbZc + nbZbn
c∇cna

= −nc∇aZc − Zc∇an
c − nbna∇b(n

cZc)

+ 2Zb∇an
b + 2Zbnan

d∇dn
b + nbZbn

c∇cna

= [ncZbn
b∇cna + Zb∇an

b − nb∇aZb

+ ncZbna∇cn
b − nbncna∇bZc].

(B.1.9)

This is equal to the second line of the last step of (B.1.8).

Ln(γ
b
aZb) = DbK

b
a −DaK − 8πSa − κ1γ

c
aZc

+ γba∇bΘ− 2Kb
aγ

c
bZc + nbZbn

c∇cna.
(B.1.10)

We also have

γba∇bΘ → ∂iΘ, nbZbn
c∇cna → −ΘDa lnα → −Θ∇iα/α, (B.1.11)

when moving to the spatial part of the equation. It finally leads us to the equation

(4.55).

188



B.1.2 From Z4 to FOCCZ4

Our next step is to derive the CCZ4 system (4.59) - (4.64) based on the conformal

decomposition (4.56), (4.57) and the new evolving variable Γ̂i (4.58). Following

that, We introduce the auxiliary variables (4.68) in our system to get the FOCCZ4

equations utilised in our application.

We start by checking the evolving equation of conformal factor ϕ. Notice

∂tγ = γγij∂tγij

= γγij(−2αKij +Diβj +Djβi + βkDkγij)

= −2αKγ + 2γDiβ
i + βkDkγ,

(B.1.12)

and γ = ϕ−6, we immediately get

∂tϕ =
1

3
αKϕ− 1

3
ϕ∂kβ

k + βk∂kϕ, (B.1.13)

which is equation (4.61).

The evolving equation of K is given as

(∂t − Lβ)K = (∂t − Lβ)[γ
ijKij]

= Kij(∂t − Lβ)(γ
ij) + γij(∂t − Lβ)Kij.

(B.1.14)

By inserting the equation of γij, which is the lifted case of (4.52), and Kij, we can

derive the equation (4.62).

Similarly, we have

(∂t − Lβ)γ̃ij = (∂t − Lβ)(ϕ
2γij)

= ϕ2(∂t − Lβ)γij + 2γijϕ(∂t − Lβ)ϕ
(B.1.15)

for γ̃ij, use equation (4.52) and (4.61) we get equation (4.59).

The evolution equation of Θ in the CCZ4 system (4.63) is nearly the same as

it is in the Z4 system (4.54), the only term that gets changed is the expression of
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contraction of Kij:

KijKij = (ϕ−2Ãij +
1

3
Kγij)(ϕ

2Ãij +
1

3
Kγij) = ÃijÃij +

1

3
K2. (B.1.16)

For evolution of Ãij, we have

(∂t − Lβ)Ãij = (∂t − Lβ)ϕ
2(Kij −

1

3
Kγij)

= 2ϕ(Kij −
1

3
Kγij)(∂t − Lβ)ϕ+ ϕ2(∂t − Lβ)Kij

− 1

3
ϕ2γij(∂t − Lβ)K − 1

3
ϕ2K(∂t − Lβ)γij.

(B.1.17)

Use equations (4.61), (4.53), (4.62) and (4.52) and performing a series of intricate

calculations, we arrive at (4.60).

For evolution of Γ̂i, we have

∂tΓ̂
i = ∂t(−∂j γ̃ij + 2γ̃ijZj)

= −∂j∂tγ̃ij + 2Zj∂tγ̃
ij + 2γ̃ij∂tZj.

(B.1.18)

Again the usage of equations (4.59) and (4.55) gives us the equation (4.64). Most of

the terms are just merged and recast in the new notation, but there are two terms

that get rewritten and simplified:

−2α∂jÃ
ij + 2αγ̃ij∇lÃ

l
j ≡ 2α(Γ̃i

jkÃ
jk − 3Ãij ∂jϕ

ϕ
). (B.1.19)

We prove this simplification as follows: first, one may notice that

−2α∂jÃ
ij + 2αγ̃ij∇lÃ

l
j = −2α∂jÃ

ij + 2αγ̃ij(∂lÃ
l
j + Γl

mlÃ
m
j − Γl

jmÃ
m
l )

= −2αÃjkγ̃mk∂j γ̃
im + 2αγ̃ij(Γl

mlÃ
m
j − Γl

jmÃ
m
l ).

(B.1.20)

On the other hand, we have

2αΓ̃i
jkÃ

jk = αÃjkγ̃im(∂j γ̃mk + ∂kγ̃mj − ∂mγ̃jk)

= −2αÃjkγ̃mk∂j γ̃
im − αÃjkγ̃im∂mγ̃jk.

(B.1.21)
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Thus we get

−2α∂jÃ
ij + 2αγ̃ij∇lÃ

l
j = 2αΓ̃i

jkÃ
jk + αÃjkγ̃im∂mγ̃jk + 2αγ̃ij(Γl

mlÃ
m
j − Γl

jmÃ
m
l )

= 2αΓ̃i
jkÃ

jk + αÃjkγ̃im∂mγ̃jk + 2αÃmi(Γ̃l
ml − 3

∂mϕ

ϕ
)

− 2αÃm
l γ̃

ij(Γ̃l
jm − δlj

∂mϕ

ϕ
− δlm

∂jϕ

ϕ
+ γ̃jmγ̃

ln∂nϕ

ϕ
)

= 2αΓ̃i
jkÃ

jk + αÃjkγ̃im∂mγ̃jk + 2αÃmi(Γ̃l
ml − 3

∂mϕ

ϕ
)

− 2αÃm
l (γ̃

ijΓ̃l
jm

������������

−γ̃il∂mϕ
ϕ

+ δimγ̃
ln∂nϕ

ϕ
)

= 2α(Γ̃i
jkÃ

jk − 3Ãij ∂jϕ

ϕ
)

+ αÃjkγ̃im∂mγ̃jk + 2αÃmiΓ̃l
ml − 2αÃm

l γ̃
ijΓ̃l

jm.

(B.1.22)

the second equality uses the relation (it slightly deviates from the one we introduced

in section 4.1.2 as the definition of conformal factor is different):

Γi
jk = Γ̃i

jk − δij
∂kϕ

ϕ
− δik

∂jϕ

ϕ
+ γ̃jkγ̃

il∂lϕ

ϕ
. (B.1.23)

A further examination shows that

αÃjkγ̃im∂mγ̃jk + 2αÃmiΓ̃l
ml − 2αÃm

l γ̃
ijΓ̃l

jm

=αÃjkγ̃im∂mγ̃jk + α[Ãmiγ̃lk(����∂mγ̃kl +((((((((
∂lγ̃km − ∂kγ̃ml)− Ãmkγ̃ij(∂j γ̃km +((((((((

∂mγ̃kj − ∂kγ̃jm)]

=αÃjkγ̃im∂mγ̃jk − αÃmkγ̃ij∂j γ̃km

=0.

(B.1.24)

Therefore the equation (B.1.22) is identical to the simplification we show in equation

(B.1.19).

Introducing the auxiliary variables into the evolving equations of primary vari-

ables (4.71) - (4.79) is straightforward, we simply replace the spatial derivatives of

α, βi, γ̃ij and ϕ with the corresponding variables in (4.68). The evolving equations

of the auxiliary variables themselves are derived using the commutativity of the

191



derivatives:

∂tAk = ∂t∂iα = ∂i(∂tα). (B.1.25)

We then put the equation (4.72) into it and get (4.80). The equations (4.81) - (4.83)

can be calculated in a similar approach.

The relations (4.84) - (4.94) we used in our FOCCZ4 system can be derived from

their definition straightforwardly, the only relation in a little tricky is (4.84):

∂kγ̃
ij = δim∂kγ̃

mj

= γ̃inγ̃nm∂kγ̃
mj

= −γ̃inγ̃mj∂kγ̃nm

= −2γ̃inγ̃mjDknm

:= −2Dij
k ,

(B.1.26)

where we use

γ̃nm∂kγ̃
mj + γ̃mj∂kγ̃nm = ∂k(γ̃nmγ̃

mj) = ∂kδ
j
n = 0. (B.1.27)

B.2 The Scalar Field Theory

We then give the derivation of the evolving system (4.174) - (4.184) under the

scalar field gravity, starting from the equations (4.156) - (4.157). Throughout the

calculation, the two constraints (4.159) - (4.160) presented in the content will also

be utilised.

B.2.1 From Field Equation”s” to Z4

Again, we first derive the Z4 formulation (4.162) - (4.167) for the scalar field gravity.

We first notice that the equation for γij (4.162) is identical to the one in the

standard gravity and the equation for φ (4.163) is from the definition (4.161), so no

derivation is needed for these two equations.
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The evolving equation of Kab is again from its Lie derivative along n:

LnKab = − 1

α
DaDbα− 2Kc

aKbc +Rab +KKab − γcaγ
d
b
(4)Rcd

= − 1

α
DaDbα− 2Kc

aKbc +Rab +KKab

− F−1(φ)γcaγ
d
b

[
8π(Tcd −

1

2
gcdT ) + Z(φ)∇cφ∇dφ+∇c∇dF (φ)

+
1

2
gcd∇e∇eF (φ) + gcdU(φ)−∇cZd −∇dZc

+ κ1 [ncZd + ndZc − (1 + κ2)gcdneZ
e]

]
= − 1

α
DaDbα− 2Kc

aKbc +Rab +KKab − F−1(φ)8π

(
Sab −

1

2
(S − ρ)γab

)
+ F−1(φ)(γebγ

c
a∇c(γ

d
eZd) + γeaγ

c
b∇c(γ

d
eZd))− F−1(φ)2ΘKab

− F−1(φ)κ1(1 + κ2)γabΘ− γabF
−1(φ)U(φ)

− F−1(φ)γcaγ
d
b

[
Z(φ)∇cφ∇dφ+∇c∇dF (φ) +

1

2
gcd∇e∇eF (φ)

]
(B.2.28)

The first three lines could be translated into spatial expressions easily. We then

check the final line:

−F−1(φ)γcaγ
d
b

[
Z(φ)∇cφ∇dφ+∇c∇dF (φ) +

1

2
gcd∇c∇cF (φ)

]
= −F

′′(φ) + Z(φ)

F (φ)
(γca∇cφ)(γ

d
b∇dφ)

− F−1(φ)γcaγ
d
b

[
F ′(φ)∇c∇dφ+

1

2
gcd(F

′′(φ)∇eφ∇eφ+ F ′(φ)∇e∇eφ)

]
= −F

′′(φ) + Z(φ)

F (φ)
(γca∇cφ)(γ

d
b∇vφ)− F−1(φ)F ′(φ)[γcaγ

d
b∇c(γ

e
d∇eφ)−KφKab]

− F−1(φ)
1

2
γab

[
F ′′(φ)(γef (γce∇cφ)(γ

d
f∇dφ)−K2

φ)

+ F ′(φ)(γefγceγ
d
f∇c(γ

g
d∇gφ) + α−1(Deα)(Deφ)−KKφ + LnKφ)

]
(B.2.29)

One can see the evolution of Kab is coupled with Kφ now. The first equality uses

relation:

∇a∇bF (φ) = F ′′∇aφ∇bφ+ F ′∇a∇bφ. (B.2.30)

193



The second equality uses relations:

γbeγ
c
d∇c(γ

a
b∇aφ) = γaeγ

c
d∇c∇aφ+ γbeγ

c
d∇aφ(∇cγ

a
b )

= γaeγ
c
d∇c∇aφ+ na∇aφγ

b
eγ

c
d∇cnb

= γaeγ
c
d∇c∇aφ+KφKed

⇓

γcaγ
d
b∇c∇dφ = γcaγ

d
b∇c(γ

e
d∇eφ)−KφKab,

(B.2.31)

γab(γca∇cφ)(γ
d
b∇dφ) = gab∇aφ∇bφ+ gab(nan

c∇cφ)(nbn
d∇dφ)

+ gab(nan
c∇cφ)(∇bφ) + gab∇aφ(nbn

d∇dφ)

= gab∇aφ∇bφ+K2
φ

⇓

∇cφ∇cφ = γab(γca∇cφ)(γ
d
b∇dφ)−K2

φ,

(B.2.32)

γabγcaγ
d
b∇c(γ

e
d∇eφ) = γcd∇c(γ

e
d∇eφ)

= gcd∇c(γ
e
d∇eφ) + ncnd∇c(γ

e
d∇eφ)

= γce∇c∇eφ+ gcd(∇eφ)(∇cγ
e
d) + ncnd∇c(γ

e
d∇eφ)

= gce∇c∇eφ+ ncne∇c∇eφ+ γcd(∇eφ)∇c(n
end)

= gce∇c∇eφ+ nc∇c(n
e∇eφ)− nc(∇cn

e)(∇eφ) + ne∇eφγ
cd∇cnd

= gce∇c∇eφ− LnKφ − α−1(Deα)(Deφ) +KKφ

⇓

∇c∇cφ = γefγceγ
d
f∇c(γ

g
d∇gφ) + α−1(Deα)(Deφ)−KKφ + LnKφ.

(B.2.33)

The term LnKφ is highlighted in red to track its appearance. The spatial counterpart

of (B.2.28) gives equation (4.164).

We then check the evolving equation of Kφ. Notice that the LnKφ appears on

the right-hand side of relation (B.2.33), whose left-hand side also appears in the
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field equation (4.157). Thus we use the field equation as our starting point:

2Z(φ)∇a∇aφ = −F ′(φ)[γprγqs(4)Rpqrs − 2npnr(4)Rpr]− Z ′(φ)∇aφ∇aφ+ 2U ′(φ)

= −F ′(φ)[R +K2 −KabK
ab]− Z ′(φ)∇aφ∇aφ+ 2U ′(φ)

+ 2
F ′(φ)

F (φ)
nanb

[
−∇aZb −∇bZa + κ1[naZb + nbZa − (1 + κ2)gabnaZ

a]

+ 8π(Tab −
1

2
gabT ) + Z(φ)∇aφ∇bφ+∇a∇bF (φ) +

1

2
gab∇a∇aF (φ) + gabU(φ)

]
= −F ′(φ)[R +K2 −KabK

ab]− Z ′(φ)∇aφ∇aφ+ 2U ′(φ)

+ 2
F ′(φ)

F (φ)

[
2LnΘ+ 2γabZbDa lnα + κ1(1− κ2)Θ + 4π(a+ S)

+ Z(φ)K2
φ − U(φ) + F ′′(φ)K2

φ − F ′(φ)LnKφ − F ′(φ)γab∇bφDa lnα

]
− F ′(φ)

F (φ)
[F ′′(φ)∇aφ∇aφ+ F ′(φ)∇a∇aφ].

(B.2.34)

For the first equality we use

(4)R = γprγqs(4)Rpqrs − 2npnr(4)Rpr. (B.2.35)

For the second equality we use

γprγqs(4)Rpqrs = R +K2 −KabK
ab, (B.2.36)

and the trace reversed field equation (4.158). For the third equality we use

nanb(∇aZb +∇bZa) = 2nanb∇aZb

= 2[na∇a(n
bZb)− Zbn

a∇an
b]

= −2(LnΘ+ γabZbDa lnα),

(B.2.37)

and

nanb∇a∇bF (φ) = nanb[F ′′(φ)∇aφ∇bφ+ F ′(φ)∇a∇bφ]

= F ′′(φ)K2
φ + F ′(φ)[na∇a(n

b∇bφ)− (na∇an
b)∇bφ]

= F ′′(φ)K2
φ − F ′(φ)LnKφ − F ′(φ)γab∇bφDa lnα.

(B.2.38)
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Therefore, we write the field equation (4.157) as

[
2Z(φ)+

F ′(φ)2

F (φ)

]
∇a∇aφ+ 2

F ′(φ)2

F (φ)
LnKφ

= −F ′(φ)[R +K2 −KabK
ab] + 2U ′(φ)

+ 2
F ′(φ)

F (φ)

[
2γabZbDa lnα + κ1(1− κ2)Θ + 4π(ρ+ S) + Z(φ)K2

φ − U(φ)

+ F ′′(φ)K2
φ − F ′(φ)γab∇bφDa lnα

]
−
[
Z ′(φ) +

F ′(φ)F ′′(φ)

F (φ)

]
∇aφ∇aφ+ 4

F ′(φ)

F (φ)
LnΘ,

(B.2.39)

then use relations (B.2.32) and (B.2.33) to get:

[
2Z(φ)+

F ′(φ)2

F (φ)

]
[DcDcφ+ (Dc lnα)(Dcφ)−KKφ + LnKφ] + 2

F ′(φ)2

F (φ)
LnKφ

= −F ′(φ)[R +K2 −KabK
ab] + 2U ′(φ)

+ 2
F ′(φ)

F (φ)

[
2ẐaDa lnα + κ1(1− κ2)Θ + 4π(ρ+ S) + Z(φ)K2

φ − U(φ)

+ F ′′(φ)K2
φ − F ′(φ)DaφDa lnα

]
−
[
Z ′(φ) +

F ′(φ)F ′′(φ)

F (φ)

]
(DcφDcφ−K2

φ) + 4
F ′(φ)

F (φ)
LnΘ.

(B.2.40)

We have rewritten some quantities using the notation of spatial covariant derivatives

Da and then define Ẑa = γbaZb as the spatial projection of Za vector. The relation
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above finally gives us:

[
2Z(φ) + 3

F ′(φ)2

F (φ)

]
LnKφ

= −F ′(φ)[R +K2 −KabK
ab]−

[
Z ′(φ) +

F ′(φ)F ′′(φ)

F (φ)

]
(DcφDcφ−K2

φ)

−
[
2Z(φ) +

F ′(φ)2

F (φ)

]
[DcDcφ+ (Dc lnα)(Dcφ)−KKφ] + 2U ′(φ)

+ 2
F ′(φ)

F (φ)

[
2ẐaDa lnα + κ1(1− κ2)Θ + 4π(ρ+ S) + Z(φ)K2

φ − U(φ)

+ F ′′(φ)K2
φ − F ′(φ)DaφDa lnα

]
+ 4

F ′(φ)

F (φ)
LnΘ

= −F ′(φ)[R +K2 −KabK
ab] +

[
Z ′(φ) + 3

F ′(φ)F ′′(φ)

F (φ)
+ 2

F ′(φ)Z(φ)

F (φ)

]
K2

φ

−
[
2Z(φ) +

F ′(φ)2

F (φ)

]
DaD

aφ−
[
Z ′(φ) +

F ′(φ)F ′′(φ)

F (φ)

]
DaφD

aφ

−
[
2Z(φ) + 3

F ′(φ)2

F (φ)

]
Da lnαD

aφ+

[
2Z(φ) +

F ′(φ)2

F (φ)

]
KKφ + 2U ′(φ)− 2

F ′(φ)

F (φ)
U(φ)

+ 2
F ′(φ)

F (φ)

[
2ẐaDa lnα + κ1(1− κ2)Θ + 4π(ρ+ S)

]
+ 4

F ′(φ)

F (φ)
LnΘ.

(B.2.41)

It contains the Lie derivative of Θ which will be given below. Once we put that

back into this equation, it yields the final expression (4.165).

We follow a similar approach as we did in standard gravity for the evolving

equation of Θ:

LnΘ = na∇aΘ

= na∇a(−nbZb)

= −nanb∇aZb − naZb∇an
b

= nanb∇bZa +∇cZc +
1

2
F (φ)[R−KabK

ab +K2]− 8πρ− κ1(2 + κ2)Θ− naZb∇an
b

− 1

2
Z(φ)[2K2

φ +∇aφ∇aφ]− nanb∇a∇bF (φ)−∇a∇aF (φ)− U(φ)

=
1

2
F (φ)[R +K2 −KabK

ab] +DaẐ
a −ΘK − ẐaDa lnα− κ1(2 + κ2)Θ− 8πρ

− Z(φ)K2
φ − U(φ)− 1

2
Z(φ)∇aφ∇aφ− F ′′(φ)∇aφ∇aφ− F ′(φ)∇a∇aφ− nanb∇a∇bF (φ)

=
1

2
F (φ)[R +K2 −KabK

ab] +DaẐ
a −ΘK − ẐaDa lnα− κ1(2 + κ2)Θ− 8πρ

− 1

2
Z(φ)K2

φ −
[
1

2
Z(φ) + F ′′(φ)

]
DaφDaφ− F ′(φ)DaD

aφ+ F ′(φ)KKφ − U(φ).

(B.2.42)
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The 4th equality uses Hamiltonian constraint (4.159). We then find that the part of

the evolution of Za is nearly the same as one in (B.1.5). So we simply use its result

in 5th equality. In the 6th equality we use relation (B.2.33), (B.2.32) and (B.2.38).

Replacing all spacetime indices with spatial indices, we get equation (4.166).

Similarly, we calculate the evolving equation of Ẑa as

LnẐa = nc∇c(γ
b
aZb) + γbcZb∇an

c

= ncZb∇cγ
b
a + ncγba∇cZb + Zb∇an

b

= ncZb∇cγ
b
a + Zb∇an

b + F (φ)(DbK
b
a −DaK)− 8πSa − κ1γ

c
aZc − γcan

b∇cZb

− Z(φ)Kφγ
b
a∇bφ+ nbγca∇b∇cF (φ)

= F (φ)(DbK
b
a −DaK)− 8πSa − κ1Ẑa +DaΘ− 2Kb

aẐb −ΘDa lnα

− [Z(φ) + F ′′(φ)]KφDaφ− F ′(φ)DaKφ + F ′(φ)Kb
aDbφ

(B.2.43)

Again we reuse the relation (B.1.9) in the 4th equality. We also use

nbγca∇b∇cF (φ) = nbγca[F
′′(φ)∇bφ∇cφ+ F ′(φ)∇b∇cφ]

= −F ′′(φ)KφDaφ+ F ′(φ)[γca∇c(n
b∇bφ)−∇bφ(γ

c
a∇cn

b)]

= −F ′′(φ)KφDaφ− F ′(φ)DaKφ − F ′(φ)∇bφ(γ
c
ag

bd∇cnd)

= −F ′′(φ)KφDaφ− F ′(φ)DaKφ − F ′(φ)∇bφ(γ
c
aγ

bd∇cnd)

= −F ′′(φ)KφDaφ− F ′(φ)DaKφ + F ′(φ)DbφK
b
a.

(B.2.44)

By replacing Ẑa → Zi we get the expression (4.167).

B.2.2 From Z4 to FOCCZ4

We now apply the conformal decomposition to our new evolving system under scalar

field gravity. For now, The scalar field is assumed not subject to decomposition, but

it may change in future investigations.

Compared to the results we get for the standard gravity, Two evolving equations

remain the same, namely the ones of γ̃ij and ϕ. The equation of φ is still from the
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definition of Kφ:

∂tφ = −αKφ + βk∂kφ. (B.2.45)

For evolving equations of Θ, we again only need to change the expression of

contraction of Kij using relation (B.1.16). This evolving equation now read as

∂tΘ =
α

2
F (φ)

[
R +

2

3
K2 − ÃijÃ

ij

]
+ αDiZ

i − αΘK − ZiDiα− ακ1(2 + κ2)Θ

− 8παρ− 1

2
Z(φ)αK2

φ −
[
1

2
Z(φ) + F ′′(φ)

]
αDiφDiφ− αF ′(φ)DiD

iφ

+ αF ′(φ)KKφ − αU(φ) + βk∂kΘ.

(B.2.46)

As the Kφ also remains untouched from the decomposition, we only need to replace

Kij with Ãij in that content as well. It now gives

∂tKφ = βi∂iKφ + α

[
2Z(φ) + 3

F ′(φ)2

F (φ)

]−1

{
F ′(φ)[R +

2

3
K2 − ÃijÃ

ij] +

[
Z ′(φ) + 3

F ′(φ)F ′′(φ)

F (φ)

]
K2

φ −
[
2Z(φ) + 5

F ′(φ)2

F (φ)

]
DiD

iφ

−
[
Z ′(φ) + 2

F ′(φ)Z(φ)

F (φ)
+ 5

F ′(φ)F ′′(φ)

F (φ)

]
DiφD

iφ−
[
2Z(φ) + 3

F ′(φ)2

F (φ)

]
Di lnαD

iφ

+

[
2Z(φ) + 5

F ′(φ)2

F (φ)

]
KKφ + 2

F ′(φ)

F (φ)

[
4π(S − 3ρ)− 3κ1(1 + κ2)Θ + 2DiZ

i − 2ΘK

]
+ 2U ′(φ)− 6

F ′(φ)

F (φ)
U(φ)

}
.

(B.2.47)

For evolving equation of K, we follow the same route we took in section B.1.2:

(∂t − Lβ)K = (∂t − Lβ)[γ
ijKij]

= Kij(∂t − Lβ)γ
ij + γij(∂t − Lβ)Kij.

(B.2.48)
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Put equations (4.162) and (4.164) into it to get

∂tK = −DiDiα + α

[
R +

2

F (φ)
DiZi +K2 − 2

F (φ)
ΘK

]
+ βi∂iK − 3

F (φ)
ακ1(1 + κ2)Θ

− 3

F (φ)
αU(φ)− 5F ′′(φ) + 2Z(φ)

2F (φ)
αDiφDiφ− 5F ′(φ)

2F (φ)
αDiDiφ+

5F ′(φ)

2F (φ)
αKKφ

+
3F ′′(φ)

2F (φ)
αK2

φ − 3F ′(φ)

2F (φ)
DiαDiφ− 3F ′(φ)

2F (φ)
αLnKφ +

4π

F (φ)
α(S − 3ρ),

(B.2.49)

where we have used

Kij (∂t − Lβ) γ
ij = −Kij (∂t − Lβ) γij, (B.2.50)

which is because

Kij∂tγ
ij = Kmnγimγjn∂tγ

ij

= Kmn
[
∂t
(
γimγjnγ

ij
)
− γjnγ

ij∂t (γim)− γimγ
ij∂t (γjn)

]
= Kmn∂tγmn −Kim∂tγim −Kjn∂tγjn

= −Kij∂tγij,

(B.2.51)

and

KijLβγ
ij = Kij

[
βk∂kγ

ij − γik∂kβ
j − γjk∂kβ

i
]

= −Kijβk∂kγij −Kmnγimγjnγ
ik∂kβ

j −Kmnγimγjnγ
jk∂kβ

i

= −Kij
[
βk∂kγij + γik∂jβ

k + γjk∂iβ
k
]

= −KijLβγij.

(B.2.52)

In the second equality of (B.2.52) we have used Kijβ
k∂kγ

ij = −Kijβk∂kγij, which

can be derived in the same way as Eq. (B.2.51), and in the third equality we have

changed indices.
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The evolving equation of Ãij have a expression of

(∂t − Lβ)Ãij = (∂t − Lβ)ϕ
2(Kij −

1

3
Kγij)

= 2ϕ(Kij −
1

3
Kγij)(∂t − Lβ)ϕ+ ϕ2(∂t − Lβ)Kij

− 1

3
ϕ2γij(∂t − Lβ)K − 1

3
ϕ2K(∂t − Lβ)γij,

(B.2.53)

Now use equations (4.61), (4.164), (B.2.49) and (4.162) and perform some intricate

calculation, we get

∂tÃij = ϕ2

[
−DiDjα + αRij +

α

F (φ)
(DiZj +DjZi − 8πSij)

]TF

− 2

3
Ãij∂kβ

k − 2αÃilÃ
l
j

+ αÃij

[
K − 2Θ

F (φ)

]
+ 2Ãk(i∂j)β

k + βk∂kÃij

− αϕ2

[
F ′′(φ) + Z(φ)

F (φ)
DiφDjφ+

F ′(φ)

F (φ)
DiDjφ

]TF

+ α
F ′(φ)

F (φ)
KφÃij,

(B.2.54)

where the TF index again means the trace is removed. In the above we have also

use

Ãl
iÃjl = γ̃klÃikÃjl

= ϕ4γ̃kl
(
Kik −

1

3
Kγik

)(
Kjl −

1

3
Kγjl

)
= ϕ2γkl

(
Kik −

1

3
Kγik

)(
Kjl −

1

3
Kγjl

)
= ϕ2K l

iKjl −
2

3
ϕ2KKij +

1

9
ϕ2K2γij

= ϕ2K l
iKjl −

1

3
ϕ2KKij +

1

3
ϕ2KÃij.

(B.2.55)

The final equation we need to check is the one for ˆGamma
i
, which now write as

∂tΓ̂
i = ∂t(−∂j γ̃ij + 2γ̃ijZj)

= −∂j∂tγ̃ij + 2Zj∂tγ̃
ij + 2γ̃ij∂tZj.

(B.2.56)

We then put the expression (4.162) and (4.167) into it. Notice the first and second

term of the expression remain unchanged compared to its counterpart in standard
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gravity, and in the standard gravity part of the third term (derivatives of Zi), the

only quantities that are affected by the scalar field are

DjK
j
i −DiK → F (φ)(DjK

j
i −DiK), (B.2.57)

in the derivation, it would become

−4

3
F (φ)αγ̃ij∂jK + 2F (φ)αγ̃ij∇lÃ

l
j. (B.2.58)

The second term above now replaces the second term in (B.1.19). Thus the first

three terms in evolving equation of Γ̂i is modified as:

2α

(
Γ̃i
jkÃ

jk−3Ãij ∂jϕ

ϕ
− 2

3
γ̃ij∂jK

)
→

2α[F (φ)− 1]∂jÃ
ij + 2αF (φ)

(
Γ̃i
jkÃ

jk − 3Ãij ∂jϕ

ϕ
− 2

3
γ̃ij∂jK

)
.

(B.2.59)

The extra terms due to φ are

2γ̃ijα

[
− [Z(φ) + F ′′(φ)]KφDjφ− F ′(φ)DjKφ + F ′(φ)Kk

jDkφ

]
=

2γ̃ij
[
− α[Z(φ) + F ′′(φ)]KφDjφ− αF ′(φ)DjKφ + αF ′(φ)Ãk

jDkφ+
1

3
αF ′(φ)KDjφ

]
(B.2.60)

We have used the relation

Ãk
j = ϕ−2γkl[ϕ2(Klj −

1

3
Kγlj)] = Kk

j − 1

3
Kγkj → Kk

j = Ãk
j +

1

3
Kδkj . (B.2.61)
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The final equation is given as

∂tΓ̂
i = 2α[F (φ)− 1]∂jÃ

ij + 2αF (φ)

(
Γ̃i
jkÃ

jk − 3Ãij ∂jϕ

ϕ
− 2

3
γ̃ij∂jK

)
+ 2γ̃ki

(
α∂kΘ−Θ∂kα− 2

3
αKZk

)
− 2Ãij∂jα + γ̃kl∂k∂lβ

i +
1

3
γ̃ik∂k∂lβ

l +
2

3
Γ̃i∂kβ

k

− Γ̃k∂kβ
i + 2κ3

(
2

3
γ̃ijZj∂kβ

k − γ̃jkZj∂kβ
i

)
+ βk∂kΓ̂

i − 2ακ1γ̃
ijZj − 16παγ̃ijSj

+ 2γ̃ij
[
− α[Z(φ) + F ′′(φ)]KφDjφ− αF ′(φ)DjKφ + αF ′(φ)Ãk

jDkφ+
1

3
αF ′(φ)KDjφ

]
.

(B.2.62)

The introduction of auxiliary variables (4.68) and (4.168) in the evolving equa-

tions for the scalar field gravity is completely the same as we did for standard gravity

in section B.1.2, e.g., for the new auxiliary variable Πi, we have

∂tΠi = ∂t∂iφ =∂i∂tφ = ∂i(−αKφ + βk∂kφ),

⇓

∂tΠi − βk∂kΠi+α∂iKφ = −αAiKφ +Bk
i Πk.

(B.2.63)

We do not cover the rest equations in detail here. Please refer to the (4.174) - (4.184)

for the final evolving system of FOCCZ4 under the scalar field gravity.
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APPENDIX C

Detailed Setup of the simple wave test

In the appendix, we explain how we construct the initial condition of the simple

wave scenarios in our numerical relativity application. For more comprehensive

information on these scenarios and their usage in testing numerical relativity code,

one can refer to the publication (e.g., Alcubierre et al., 2003b).

For clarity, we provide the full list of evolving variables of our FOCCZ4 system

here as a reference:

[0]γ̃xx, [1]γ̃xy, [2]γ̃xz, [3]γ̃yy, [4]γ̃yz, [5]γ̃zz,

[6]Ãxx, [7]Ãxy, [8]Ãxz, [9]Ãyy, [10]Ãyz, [11]Ãzz,

[12]Θ, [13]Γ̂x, [14]Γ̂y, [15]Γ̂z,

[16]α, [17]βx, [18]βy, [19]βz, [20]bx, [21]by, [22]bz,

[23]Ax, [24]Ay, [25]Az,

[26]Bx
x , [27]B

y
x, [28]B

z
x, [29]B

x
y , [30]B

y
y , [31]B

z
y , [32]B

x
z , [33]B

y
z , [34]B

z
z ,

[35]Dxxx, [36]Dxxy, [37]Dxxz, [38]Dxyy, [39]Dxyz, [40]Dxzz,

[41]Dyxx, [42]Dyxy, [43]Dyxz, [44]Dyyy, [45]Dyyz, [46]Dyzz,

[47]Dzxx, [48]Dzxy, [49]Dzxz, [50]Dzyy, [51]Dzyz, [52]Dzzz,
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[53]K, [54]ϕ, [55]Px, [56]Py, [57]Pz.

C.1 Linear wave test

This test examined the behaviour of a linear (gravitational) wave propagating through

the domain. The magnitude of the wave needs to be relatively small, which allows

the propagation to remain within the linear regime. The linearly helps to simplify

the system significantly. The spacetime metric of this scenario is given as

ds2 = −dt2 + dx2 + (1 +H)dy2 + (1−H)dz2, H(x, t) = ε sin[kπ(x− t)], (C.1.1)

where ε→ 0 to make sure the wave stay linearized. From this, we get

α = 1, βi = 0, ϕ = 1. (C.1.2)

Kyy = −∂tH
2α

= −1

2
∂tH, Kzz = −∂tH

2α
=

1

2
∂tH, Kij,others = 0. (C.1.3)

K = γijKij = −1

2
(1−H)∂tH +

1

2
(1 +H)∂tH = 0. (C.1.4)

We then assign the evolving variables accordingly:

Q[0] = γ̃xx = 1, (C.1.5)

Q[3] = γ̃yy = 1 + ε sin[kπ(x− t)], (C.1.6)

Q[5] = γ̃zz = 1− ε sin[kπ(x− t)], (C.1.7)

Q[9] = Ãyy = (Kyy −
1

3
γyyK) = Kyy =

1

2
εkπ cos[kπ(x− t)], (C.1.8)

Q[11] = Ãzz = (Kzz −
1

3
γyyK) = Kzz = −1

2
εkπ cos[kπ(x− t)], (C.1.9)

Q[16] = α = 0, (C.1.10)

Q[38] = Dxyy =
1

2
∂xγ̃yy =

1

2
εkπ cos[kπ(x− t)], (C.1.11)

Q[40] = Dxzz =
1

2
∂xγ̃zz = −1

2
εkπ cos[kπ(x− t)], (C.1.12)

Q[54] = ϕ = 0. (C.1.13)
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Other quantities that do not mention above are all 0. In code practices, we usually

set the wave magnitude to be under 10−4. Please notice the t variables are kept in

the formulation only for consistency and We set t = 0 when we assign the initial

conditions in the code. Those expressions are not used in the stage of evolution.

The same principle also applies to the gauge wave scenario below.

C.2 Gauge wave test

The gauge wave scenario derives its name as being a time-dependent coordinate

transformation applied to the flat Minkowski spacetime. No physics phenomenon

occurs here, but as we dynamically slice the spacetime, the system becomes time-

dependent which is quite suitable for testing numerical relativity code.

C.2.1 1D Gauge Wave Setup

The spacetime metric of the 1D gauge wave setup is

ds2 = −H(x, t)dt2+H(x, t)dx2+dy2+dz2, H(x, t) = 1−A sin[kπ(x−t)]. (C.2.14)

from the metric we get

α =
√
H, βi = 0, ϕ = H−1/6, (C.2.15)

and

Kxx = −∂tH
2α

= −kπA
2

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}1/2
, Kij,others = 0, (C.2.16)

K = γijKij =
Kxx

H
= −kπA

2

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}3/2
. (C.2.17)

We then give the full list of initial quantities of the system accordingly:

Q[0] = γ̃xx = ϕ2H = {1− A sin[kπ(x− t)]}2/3, (C.2.18)

Q[3] = γ̃yy = ϕ2 = {1− A sin[kπ(x− t)]}−1/3, (C.2.19)
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Q[5] = γ̃zz = ϕ2 = {1− A sin[kπ(x− t)]}−1/3, (C.2.20)

Q[6] = Ãxx = ϕ2(Kxx −
1

3
γxxK) = −kπA

3

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}5/6
, (C.2.21)

Q[9] = Ãyy = ϕ2(0− 1

3
γyyK) =

kπA

6

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}11/6
, (C.2.22)

Q[11] = Ãzz = ϕ2(0− 1

3
γzzK) =

kπA

6

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}11/6
, (C.2.23)

Q[13] = Γ̂x = Γ̃x = −∂j γ̃jx =
2

3
H−5/3∂xH = −2kπA

3

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}5/3
,

(C.2.24)

Q[16] = α =
√
H =

√
1− A sin[kπ(x− t)], (C.2.25)

Q[23] = Ax = ∂xα =
∂xH

2
√
H

= −kπA
2

cos[kπ(x− t)]√
1− A sin[kπ(x− t)]

, (C.2.26)

Q[35] = Dxxx =
1

2
∂x(ϕ

2H) =
1

3
H−1/3∂xH = −kπA

3

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}1/3
,

(C.2.27)

Q[38] = Dxyy =
1

2
∂xϕ

2 = −1

6
H−4/3∂xH =

kπA

6

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}4/3
, (C.2.28)

Q[40] = Dxzz =
1

2
∂xϕ

2 = −1

6
H−4/3∂xH =

kπA

6

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}4/3
, (C.2.29)

Q[53] = K = −kπA
2

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}3/2
, (C.2.30)

Q[54] = ϕ =
√

1− A sin[kπ(x− t)]
−1/6

, (C.2.31)

Q[55] = ∂xϕ = −1

6
H−7/6∂xH =

kπA

6

cos[kπ(x− t)]

{1− A sin[kπ(x− t)]}7/6
. (C.2.32)

Again, other quantities that are not mentioned above are all 0. The common choice

of wave magnitude for the gauge wave is 0.1 in our tests.

C.2.2 2D (diagonal) Gauge Wave Setup

The metric of a (2D) gauge wave can be calculated from a coordinate transformation

of its 1D counterpart:

dt′ = dt, dx′ =
1√
2
(x− y), dy′ =

1√
2
(x+ y), dz′ = dz. (C.2.33)
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Below we will continue to use quantities without prime for convenience. Assume

now our H function takes a form of

H(x, y, t) = 1 + 2B sin[kπ(x− y − t)]. (C.2.34)

Two things get changed here compared to the 1D case: the perturbing term is now

positive, and the wave velocity is reduced (i.e., no
√
2 before t) for simplicity. We

then calculate the new line element for the spacetime:

ds2 = [1 +B sin[kπ(x− y − t)]] dx2 + [1 +B sin[kπ(x− y − t)]] dy2

− 2B sin[kπ(x− y − t)]dxdy −Hdt2 + dz2.
(C.2.35)

For clarity, we write down its space metric and inverse one:

γij =


1 +B sinΩ −B sinΩ 0

−B sinΩ 1 +B sinΩ 0

0 0 1

 , γij =


1
H
(1 +B sinΩ) 1

H
B sinΩ 0

1
H
B sinΩ 1

H
(1 +B sinΩ) 0

0 0 1


(C.2.36)

and the conformal metric and its inverse:

γ̃ij = H−1/3


1 +B sinΩ −B sinΩ 0

−B sinΩ 1 +B sinΩ 0

0 0 1

 , (C.2.37)

γ̃ij = H1/3


1
H
(1 +B sinΩ) 1

H
B sinΩ 0

1
H
B sinΩ 1

H
(1 +B sinΩ) 0

0 0 1

 . (C.2.38)

We have defined Ω ≡ kπ(x − y − t) for simplicity. From the line element, we can

still read

α =
√
H, βi = 0, ϕ = H−1/6, (C.2.39)
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and (use ∂tγij = −2αKij):

Kij =


kπB
2
√
H
cosΩ − kπB

2
√
H
cosΩ 0

− kπB
2
√
H
cosΩ kπB

2
√
H
cosΩ 0

0 0 0

 , K = γijKij =
kπB

H3/2
cosΩ. (C.2.40)

The full initial condition is thus given as:

Q[0] = γ̃xx = H−1/3(1 +B sinΩ), (C.2.41)

Q[1] = γ̃xy = −H−1/3B sinΩ, (C.2.42)

Q[3] = γ̃yy = H−1/3(1 +B sinΩ), (C.2.43)

Q[5] = γ̃zz = H−1/3, (C.2.44)

Q[6] = Ãxx = ϕ2(Kxx −
1

3
γxxK) =

kπB

2H5/6
cosΩ

[
1− 2

3H
(1 +B sinΩ)

]
, (C.2.45)

Q[7] = Ãxy = ϕ2(Kxy −
1

3
γxyK) =

kπB

2H5/6
cosΩ

[
2

3H
B sinΩ− 1

]
, (C.2.46)

Q[9] = Ãyy = Ãxx, (C.2.47)

Q[11] = Ãzz = ϕ2(0− 1

3
γzzK) =

kπB

3H11/6
cosΩ, (C.2.48)

Q[13] = Γ̂x = Γ̃x = −∂j γ̃jx = −∂xγ̃xx − ∂yγ̃
xy (C.2.49)

=
kπB

3H5/3
[(1− 2B sinΩ) + (3 + 2B sinΩ)] cosΩ =

4kπB

3H5/3
cosΩ, (C.2.50)

Q[14] = Γ̂y = Γ̃y = −∂j γ̃jy = −∂xγ̃xy − ∂yγ̃
yy = −4kπB

3H5/3
cosΩ, (C.2.51)

Q[16] = α =
√
H, (C.2.52)

Q[23] = Ax = ∂xα =
∂xH

2
√
H

=
kπB√
H

cosΩ, (C.2.53)

Q[24] = Ay = ∂yα =
∂yH

2
√
H

= −kπB√
H

cosΩ, (C.2.54)

Q[35] = Dxxx =
1

2
∂xγ̃xx =

kπB

6H4/3
cosΩ(1 + 4B sinΩ), (C.2.55)

Q[36] = Dxxy =
1

2
∂xγ̃xy = − kπB

6H4/3
cosΩ(3 + 4B sinΩ), (C.2.56)

Q[38] = Dxyy =
1

2
∂xγ̃yy = Dxxx, (C.2.57)

Q[40] = Dxzz =
1

2
∂xγ̃zz = − kπB

3H4/3
cosΩ, (C.2.58)

Q[41] = Dyxx =
1

2
∂yγ̃xx = − kπB

6H4/3
cosΩ(1 + 4B sinΩ), (C.2.59)

209



Q[42] = Dyxy =
1

2
∂yγ̃xy =

kπB

6H4/3
cosΩ(3 + 4B sinΩ), (C.2.60)

Q[44] = Dyyy =
1

2
∂yγ̃yy = Dyxx, (C.2.61)

Q[46] = Dyzz =
1

2
∂yγ̃zz =

kπB

3H4/3
cosΩ, (C.2.62)

Q[53] = K =
kπB

H3/2
cosΩ, (C.2.63)

Q[54] = ϕ = H−1/6, (C.2.64)

Q[55] = Px = ∂xϕ = −1

6
H−7/6∂xH = − kπB

3H7/6
cosΩ, (C.2.65)

Q[56] = Py = ∂yϕ = −1

6
H−7/6∂yH =

kπB

3H7/6
cosΩ. (C.2.66)

Again, other quantities that are not mentioned above are all 0.
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