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Abstract

This thesis focuses on the study of accelerating solutions within the context
of Einstein-AdS gravity in 2+1 dimensions, exploring both classical and holo-
graphic perspectives. These solutions exhibit a diverse range of phases that
bear similarities to the C-metric in 3+1 dimensions while displaying certain
peculiarities and novelties.

We start by describing the different classes of geometries that can be obtained
from analysing the three-dimensional C-metric. After including a domain wall
that acts as the external force driving the acceleration, we construct accelerat-
ing point particles and accelerating Bañados–Teitelboim–Zanelli (BTZ) black
holes exhibiting distinct accelerated phases depending on the energy density of
the domain wall. Furthermore, we present a novel accelerating black hole that
is not continuously connected with the BTZ black hole. A detailed description
of the spacetimes and their embedding into AdS3 is presented.

From there, we investigate the boundary description of such geometries with
particular emphasis on the accelerating BTZ black holes. We find that the
Fefferman–Graham prescription developed for accelerating black holes in four–
dimensions leads to a holographic stress tensor that depends on the conformal
freedom of the boundary metric. While this behaviour is natural, computing
holographic quantities requires choosing a particular conformal representative.
As an alternative, we propose that using an Arnowitt–Deser–Misner (ADM)
“radial” decomposition offers a more suitable identification of the boundary
data. Our findings reveal that the dual conformal field theory lies in a curved
background being characterised by the stress tensor of a perfect fluid.

The Euclidean action is also obtained ensuring a well-posed variational prin-
ciple. This requires including contributions from the internal boundaries gen-
erated when including a domain wall to the spacetime. We show that these
boundary terms can be expressed in terms of the Nambu–Goto action of the
domain wall which is added on top of the standard renormalised Einstein–
Hilbert action for AdS3.

Finally, we compute the entanglement entropy by using the fact that the
solution can be mapped to Rindler-AdS where the Ryu–Takayanagi surface
is easily identifiable. As the acceleration increases the accessible region of the
conformal boundary decreases and therefore the entanglement entropy also
decreases. This is interpreted as a process in which the dual theory loses
information due to the acceleration.

Supervisors: Aristomenis Donos and Ruth Gregory
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Chapter 1
Introduction

Black holes are one of the most fascinating and, at the same time, “obscure” objects
in nature. Predicted by Einstein’s theory of general relativity, black holes are
regions in the spacetime where matter has collapsed under its own gravitational
attraction into an incredibly dense point which is surrounded by an event horizon.
Beyond this horizon, our intuition about laws of nature breakdown into nothing.
The study of black holes has forced us to expand our comprehension of gravity,
leading to incredible developments in our understanding of the universe.

One of the most significant breakthroughs in black hole physics was the discovery
of thermodynamic properties of black holes initiated by Bekenstein in 1973 [5] by
noting a relation between the area of the event horizon and entropy. Building upon
Bekenstein’s insights – Bardeen, Carter, and Hawking – extended the understand-
ing of black hole thermodynamics by formulating a set of laws analogous to the
laws of classical thermodynamics [6]. These laws, known as the black hole mechan-
ical laws, provided intriguing parallels between the behaviour of black holes and
the laws that govern thermal objects. Despite being purely classical observations,
these laws hinted at a deeper connection between black holes and thermodynamics.

However, in a seminal work in 1974 [7], Stephen Hawking proved that in fact, black
holes can be viewed as thermodynamical systems. Considering asymptotically flat
space and using semiclassical techniques, Hawking studied quantum effects near
a black hole horizon showing that virtual particle-antiparticle pairs are produced
in the vicinity of it. Once these pairs are created, one can fall into the black
hole while the other one escapes seen in the form of radiation. As the black hole
radiates, its energy decreases and the horizon shrinks, a process in which eventually
the black hole fully evaporates. The existence of this radiation, today known as
Hawking radiation, implies that the black hole has a temperature, given by the
inverse of its mass, and therefore the black hole thermodynamics laws are not
simply analogues but rather physically correct [8]. This groundbreaking discovery
revealed the quantum nature of black holes opening a new era in the quest for a

1



1. Introduction

consistent theory of quantum gravity [9, 10].

In that regard, string theory provided a framework in which, for the first time, all
laws of nature can be derived from the same source. In the context of black hole
thermodynamics, string theory offers a microscopic description of the underlying
degrees of freedom responsible for the entropy of black holes [11]. According to the
holographic principle [12, 13], the information within a black hole is fully encoded
on its event horizon. This remarkable property suggests that the behaviour of a
black hole can be fully described by a lower-dimensional field theory.

This idea finds a concrete manifestation by means of the AdS/CFT correspondence,
also known as the gauge/gravity duality [14, 15] establishing an equivalence between
certain gravitational theories in Anti-de Sitter (AdS) spacetime and conformal field
theories (CFTs) living at their boundary. The AdS/CFT correspondence provides
a powerful tool to study strongly coupled systems, such as black holes, by mapping
them to weakly coupled field theories.

In this context, three-dimensional gravity plays an important role as a testing
ground for understanding the broader AdS/CFT correspondence and its implica-
tions for quantum gravity. Compared to higher-dimensional gravity, it is much
simpler and completely solvable [16]. The lack of propagating degrees of freedom
[17–19] hinted some triviality in the theory but regained attention after Bañados,
Teitelboim and Zanelli found that the theory admits “black hole” solutions in the
presence of negative cosmological constant [20]. The idea was later refined by
the same authors in collaboration with Henneaux [21] showing that these space-
times arise as isometric identifications of AdS space. The “physical” singularity
is then replaced by a conical singularity introduced by the orbifold procedure and
acts only locally in the spacetime. The absence of a physical singularity in the
Bañados–Teitelboim–Zanelli (BTZ) black hole does not imply the lack of physical
interest: these still possess an event horizon exhibiting thermodynamical features
as higher-dimensional black holes [22, 23].

This thesis is devoted to accelerating spacetimes in 2+1 dimensions. It involves
describing the three-dimensional C-metric from a classical and holographic per-
spective. Classically, we investigate various classes of solutions derived from the
three-dimensional C-metric. These solutions exhibit distinct phases depending on
the interplay between their physical parameters, and in particular, their “acceler-
ation”. By exploring holographic properties, we aim to deepen our understanding
of acceleration and its effect in the dual quantum field theory.

The content is organised as follows:

Chapter 2 provides a comprehensive overview of some of the concepts utilised
throughout this thesis. We begin by introducing the notion of asymptotically AdS
spaces to delve into the distinctive properties of three dimensions. We study the

2



1. Introduction

BTZ black hole in detail; from its construction by orbifolding the spacetime to
its thermodynamic properties. Briefly, we state the correspondence between the
gravity partition function and the generating functional of a quantum field theory
defined at the boundary of the spacetime which allows to obtain correlators by
means of a classical on-shell gravitational action. The holographic renormalisation
method and holographic stress tensor are also presented in detail, with a particular
emphasis on their application in the 2+1-dimensional bulk setting.

In Chapter 3, we present the four-dimensional C-metric and analyse its properties
in detail. We explore the meaning of “acceleration” within this context, further
implications and we demonstrate that, in a particular approximation, the spacetime
can be seen as an off-centre perspective of AdS4. Furthermore, we review the recent
efforts and developments in understanding the thermodynamic aspects of these
black holes along with their holographic characteristics.

Then, in Chapter 4, we turn our attention to the three-dimensional C-metric and
the different classes of accelerating solutions obtained from the analysis of the met-
ric functions. We introduce a domain wall into the spacetime by cutting and gluing
along a hypersurface with non-trivial tension. From there, we construct single-wall
or single-strut solutions that produce either accelerating particles or accelerating
black holes. Each of these solutions is meticulously analysed, highlighting their
novel features and elucidating the differences which set them apart from their
higher-dimensional analogues.

We describe the boundary of the 2+1 C-metric in Chapter 5. Building upon tech-
niques introduced for four-dimensional accelerating black holes, we obtain the holo-
graphic data associated with both, accelerating black holes and particles. Our
analysis reveals that when evaluating the renormalised action on-shell, a new di-
vergence appears due to the presence of the domain wall. To address this issue,
we introduce boundary terms associated to the internal boundaries of the space.
These are reexpressed as the Nambu-Goto action of the wall effectively regulat-
ing the divergence. Furthermore, we compute the entanglement entropy, shedding
light on the effect of the acceleration in the boundary field theory which plays a
significant role in the subleading behaviour.

Finally, Chapter 6 serves as a comprehensive summary of our findings, engaging
some discussion and providing possible future directions for research.

3



Chapter 2
Asymptotically AdS spaces, black

holes in 2+1 dimensions and
gauge/gravity duality

For the last 25 years, Maldacena’s conjecture [14] has been a central pillar in the
quest to understand the mysteries of quantum gravity and black holes. It has
proven to be a handy tool in connecting seemingly disparate fields, facilitating the
translation of problems in quantum gravity to well-understood concepts in field
theory.

Moreover, the insights gained from the AdS/CFT correspondence have extended
beyond gravitational settings. The correspondence has found applications in con-
densed matter physics, hydrodynamics, nuclear physics, and even in quantum in-
formation theory, demonstrating its versatility and broad impact, see for example
some remarkable results [24–40] and reference therein.

In this chapter, we will introduce some of the basic concepts of the duality which
are of relevance for the analysis done in this thesis.

We begin by describing asymptotically AdS spaces to then move to the particular
case of three dimensions. We will see that a black hole solution can be constructed
via reparametrisation of AdS3 or as a quotient space. Exploring the asymptotic
symmetries of AdS3 spaces, we make an explicit connection between gravity and
conformal symmetry: the asymptotic symmetry algebra generated by the global
charges corresponds to a direct sum of two copies of a Virasoro algebra. This
works as a perfect preamble for the AdS/CFT correspondence introduced in a brief
manner. As final ingredients, we review the prescription for dealing with infrared
divergences which allow computing finite correlation functions and boundary stress
tensor.

4



2.1. Asymptotically Anti-de Sitter spaces

2.1 Asymptotically Anti-de Sitter spaces

General relativity in d + 1 dimensions is essentially described by the Einstein–
Hilbert action ∗

IEH = 1
16πG

∫
M

√
−g (R− 2Λ) , (2.1)

where Λ is the cosmological constant. Without the presence of matter, an arbitrary
variation of the action with respect to the metric gµν produces the Einstein field
equations

Rµν − 1
2Rgµν + Λgµν = 0. (2.2)

Although solving these equations can be extremely convoluted, the simplest way
of finding a solution is to look at their trace

R = 2d+ 1
d− 1Λ , (2.3)

suggesting that, locally, the equation is satisfied for a space of constant curvature.
In fact, the solution can be expressed in terms of the Riemann tensor as

Rµναβ = 2Λ
d(d− 1) (gνβgµα − gναgµβ) , (2.4)

which describes a maximally symmetric spacetime. These spacetimes are charac-
terised by possessing the maximum number of isometries. The simplest example
is to consider Λ = 0, corresponding to Minkowski space. In d + 1 dimensions, the
Poincaré group contains d+ 1 translational isometries and (d+ 1)d/2 rotations in-
cluding boosts. This implies that there are (d+1)(d+2)/2 total isometries meaning
that Minkowski space has (d+1)(d+2)/2 linearly independent Killing vectors. For
Lorentzian manifolds, apart from flat space, there are two spaces that satisfy this
condition. The positive curvature case (Λ > 0) corresponds to de Sitter (dS) space
while negative curvature (Λ < 0) defines anti-de Sitter (AdS) space. We focus on
the latter as it is of a central role in the next chapters.

The d+1-dimensional AdS space can be seen as the following Lobachesvki-like em-
bedding in d+2-dimensional Minkowski space with signature (−,+, · · · ,+,−) and
isometry group O(d, 2) with the following line element and constraint, respectively,

ds2 = − (dX0)2 +
d∑
i=1

(dXi)2 − (dXd+1)2,

−(X0)2 +
d∑
i=1

(Xi)2 − (Xd+1)2 = −ℓ2 . (2.5)

where ℓ is the characteristic radius of curvature of AdS. It is important to note
that in this form is evident that the isometry group of AdSd+1 is O(d, 2), which

∗We will work with the mostly positive signature for Lorentzian metrics, i.e., (− + + + · · · ).
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2.1. Asymptotically Anti-de Sitter spaces

have indeed (d+ 1)(d+ 2)/2 generators as we anticipated for maximally symmetric
spaces.

The metric of AdS can be written in different coordinate systems which may serve
distinct purposes. An useful example is the Poincaré patch defined a parametrisa-
tion of the hyperboloid (2.5) using the coordinates t ∈ Rd+2, xi = (x1, · · · , xd−1) ∈
Rd+2 and r ∈ R+,

X0 = ℓ2

2r

(
1 + r2

ℓ4
(x2 − t2 + ℓ2)

)
,

Xi = r
xi

ℓ
,

Xd = ℓ2

2r

(
1 + r2

ℓ4
(x2 − t2 − ℓ2)

)
,

Xd+1 = rt

ℓ
, (2.6)

with i = 1, . . . , d − 1 and x2 = ηijx
ixj where ηij = diag[−1,+1, · · · ,+1]. Note

that restricting r to be positive only allows access to one-half of the spacetime.
Substituting (2.6) into (2.5) leads to the induced metric

ds2 = ℓ2

r2dr
2 + r2

ℓ2
ηijdx

idxj . (2.7)

A straightforward computation reveals that the Ricci scalar of this solution is R =
−d(d+1)

ℓ2 . Compared with (2.3), it is evident then that the cosmological constant is
defined in terms of the AdS radius as

Λ = −d(d− 1)
2ℓ2 . (2.8)

In these coordinates, AdS space can be seen as flat space but with an extra di-
mension that also serves as a warping factor of the flat directions. This warped
factor is in fact induced by the gravitational potential, i.e., the intrinsic pressure of
the spacetime. There is a degenerate Killing horizon when r → 0 is known as the
Poincaré horizon. This is only a coordinate singularity as can be observed from
the Kretschmann scalar

K = RµναβR
µναβ = 24

ℓ2
, (2.9)

showing that the spacetime is devoid of curvature singularities. Nevertheless, note
that a quadratic pole exists when r → ∞. This divergence in (2.7) is a defining
feature of asymptotically AdS spaces [41–43]. As we do not have access to the
“physical” boundary – in the same sense of a compact space – notice that it is
possible to achieve finiteness at r → ∞ by considering the defining function Ω =
ℓ2ω(t,xi)

r2 such that the boundary of the spacetime is then realised as

g(0) = lim
r→∞

Ω2g = ω
(
−dt2 + (dxi)2

)
. (2.10)
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2.1. Asymptotically Anti-de Sitter spaces

The last expression implies that the boundary – which from now on we refer to
as conformal boundary – of asymptotically anti-de Sitter spaces is not unique: it
is defined by an equivalence class of metrics related by conformal transformations.
We refer to ω as the conformal representative as distinct choices render to different
boundary metrics. The existence of this particular conformal structure will be
crucial when treating the divergences of gravitational actions in AdS.

It is convenient to introduce the inverse of the radial coordinate z = ℓ2/r. Evi-
dently, the conformal boundary r → ∞ corresponds now to z = 0 whereas r → 0
is now replaced by z → ∞. Then, AdS space in Poincaré coordinates is cast as

ds2 = ℓ2

z2

(
dz2 + ηijdx

idxj
)
. (2.11)

Another useful parametrisation of AdS is

X0 = ℓ cos(τ) cosh(ρ)

Xd+1 = −ℓ sin(τ) cosh(ρ)

Xi = ℓ sinh(ρ)Ωi , (2.12)

where Ωi with i = 1, . . . , d is the unit Sd−1, τ ∈ [0, 2π[ and ρ ∈ R+. This chart is
usually referred to as global coordinates of AdS since it contains all the accessible
regions of the hyperboloid 2.5. The metric in these coordinates is then

ds2 = ℓ2
(
− cosh2(ρ)dτ2 + dρ2 + sinh2(ρ)dΩ2

d−1
)
. (2.13)

Let us pause a bit to analyse some manifest features of this metric. First, it is
straightforward that there is a global timelike Killing vector ∂τ . The coordinate
τ is usually known as global time. The second important observation comes from
the isometries of 2.13. Note that SO(2) generates translations in τ , while SO(d)
generates rotations over the rest of the coordinates. This implies that only the
maximal compact subgroup of SO(2, d) is manifest, namely, SO(2) × SO(d). The
third observation comes from the boundary. In fact, the properties discussed above
for the Poincaré observer are not clear here at first sight. Instead, we can introduce
the compact coordinate θ ∈ [0, π2 ] by using tan(θ) = sinh(ρ). This leads to the
Einstein static universe

ds2 = ℓ2

cos2(θ)
(
−dτ2 + dθ2 + sin2(θ)dΩ2

d−1
)
. (2.14)

The choice of θ to be compact limits an observer to only have access to one half of
R × Sd. In this way, the conformal boundary is located at θ = π/2. Additionally,
note that the timelike coordinate τ is compact. This implies that global AdS
has closed timelike curves that can be avoided in the universal cover obtained by
unwrapping the time coordinate, i.e., taking τ → t ∈ R.
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2.2. Einstein-AdS gravity in 2+1 dimensions and BTZ black hole

Finally, it is important to introduce the Euclidean version of AdSd+1. Let us
consider a Wick rotation of the X0 coordinate in 2.5. The isometry group is now
SO(d+ 1, 1). In global coordinates, Euclidean AdS is described by

ds2 = ℓ2
(
cosh2(ρ)dτ2

E + dρ2 + sinh2(ρ)dΩ2
d−1
)
, (2.15)

where we have introduced the Euclidean time τE ≡ iτ . In Poincaré coordinates

ds2 = ℓ2

z2

(
dz2 + δijdx

idxj
)
. (2.16)

2.2 Einstein-AdS gravity in 2+1 dimensions and BTZ
black hole

General Relativity in 2 + 1 dimensions with Λ = −1/ℓ2 can be understood as a
Chern-Simons (CS) theory whose gauge connection is identified with the gauge field
of the SO(2, 2) group [44, 45] (see Appendix A). It is known that the theory is in
fact topological [16]. A simple way of observing this is by counting the propagating
degrees of freedom of the theory in d+1 dimensions: the metric tensor has (d+1)(d+
2)/2 components from which d+1 of them can be removed by using diffeomorphism
invariance. Additionally, there are d + 1 components in the Lagrangian that are
Lagrange multipliers. Then, the bulk degrees of freedom are

dof = (d + 1)(d + 2)
2 − (d + 1) − (d + 1). (2.17)

For 2 + 1 dimensions, we get that the last expression vanishes. In fact, the Weyl
tensor also cancels identically in 2+1 dimensions. This means that all solutions
of the theory are, locally, nothing else than AdS3 space being characterised by a
constant Riemann tensor

Rµναβ = − 1
ℓ2

(gνβgµα − gναgµβ) . (2.18)

In global coordinates, vacuum AdS space is given as

ds2 = −
(

1 + r2

ℓ2

)
dt2 +

(
1 + r2

ℓ2

)−1

dr2 + r2dϕ , (2.19)

where we are employing the universal cover time coordinate t ∈ R and we have
introduced r = ℓ sinh(ρ). Although the theory is topological, it is possible to find
“excitations” by choosing different reparametrisations of the spacetime. Let us
consider the case of a conical deficit induced by a parameter κ ∈ [1, 0]. Using the
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2.2. Einstein-AdS gravity in 2+1 dimensions and BTZ black hole

following coordinates

X0 = ir

κ
cos(κϕ) ,

X1 =

√
r2

κ2 + ℓ2 sin(κt/ℓ) ,

X2 = r

κ
sin(κϕ) ,

X3 = i

√
r2

κ2 + ℓ2 cos(κt/ℓ) . (2.20)

renders the hyperbolic metric into

ds2 = −
(
κ2 + r2

ℓ2

)
dt2 +

(
κ2 + r2

ℓ2

)−1

dr2 + r2dϕ . (2.21)

Note that in principle ϕ ∈ [0, 2π[. We can rescale the coordinates with the parame-
ter κ as t′ = tκ, r′ = r/κ and ϕ′ = ϕκ such that we bring back the metric to global
coordinates

ds2 = −
(

1 + r′2

ℓ2

)
dt′2 +

(
1 + r′2

ℓ2

)−1

dr′2 + r2dϕ′ . (2.22)

Note that range of t and r has not changed, however, there is now a deficit angle
as ϕ ∈ [0, 2πκ]. The size of this deficit is

δ = 2π(1 − κ) , (2.23)

and can be visualised as cutting out a slice of the angular coordinate from the
spacetime. If we identify the edges of the piece that has been removed from the
boundary, the spacetime becomes a cone. It is important to notice that, locally,
the spacetime is still AdS3, and therefore the Ricci scalar remains constant. Nev-
ertheless, close to the deficit, one can check that the Ricci scalar behaves as a
delta function localised at the tip of the cone producing a naked singularity. This
particular type of singularity is usually referred to as conical singularity. In fact,
conical singularities can be thought of as “point particles” [18] with mass

m = δ

8πG = 1 − κ

4G . (2.24)

Additionally, we can explore the case where k → i
√
M . The metric in this case

takes the form of the static Bañados–Teitelboim–Zanelli (BTZ) black hole [20, 21]

ds2 = −
(

−M + r2

ℓ2

)
dt2 +

(
−M + r2

ℓ2

)−1

dr2 + r2dϕ . (2.25)

This black hole is not a “black hole” in the strict sense of general relativity. It
possesses a Killing horizon at rh =

√
Mℓ but the singularity behind the event

9



2.2. Einstein-AdS gravity in 2+1 dimensions and BTZ black hole

horizon has been replaced by a conical defect at the origin. As we mentioned
previously for the particle, the mass of the black hole produces no gravitational
effect and therefore the Ricci scalar is the same everywhere. The massless limit
M → 0 brings the metric into the Poincaré patch or massless BTZ. In fact, to
obtain global AdS, we need to go to M = −1. This is understood as the mass gap
of AdS3 as it is separated from the massless limit of the BTZ.

It is also possible to unwrap the S1 in the transverse section mapping ϕ to a non-
compact coordinate ξ ∈ R giving the “planar” BTZ space.

The rotating version of the BTZ black hole, now parametrised by M and J , is
described by the line element

ds2 = −N⊥dt2 + 1
f(r)2dr

2 + r2(Nϕdt+ dϕ)2, (2.26)

where N⊥ and Nϕ are the lapse and shift functions respectively

N⊥ = f(r)2 = −M + r2

ℓ2
+ J2

4r2 , Nϕ = −4GJ
r2 . (2.27)

It is straightforward to see that the metric (2.26) has two Killing vectors, ξt and ξϕ.
The parameters M and J can be identified as the conserved quantities associated
with the corresponding temporal and angular isometries. There are two coordinate
singularities when f(r±) = 0,

r2
± = 4GMℓ2

1 ±
[
1 −

(
J

Mℓ

)2]1/2
 . (2.28)

There is an event horizon located at r+ and an inner Cauchy horizon (when J ̸= 0)
at r−. The mass and angular momentum can be expressed in terms of the horizons∗

as
M =

r2
+ + r2

−
8Gℓ2 , J = r+r−

4Gℓ . (2.29)

When J = Mℓ, the horizons coincide r+ = r− defining the so-called extremal BTZ.
The angular momentum is bounded by cosmic censorship

J ≤ Mℓ . (2.30)

For J sufficiently large (or M < 0), the event horizon disappears and there is a
naked singularity at r = 0.

Additionally, the BTZ black hole exhibits interesting non-trivial thermodynamics.
The Hawking temperature is

TBTZ =
(r2

+ − r2
−)

2πℓ2r+
, (2.31)

∗See [46, 47] for a detailed discussion of the thermodynamics of asymptotically AdS space in
2 + 1 dimensions.
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2.2.1. Euclidean BTZ

and its entropy
SBTZ = A

4G (2.32)

with A = 2πr+ the area of the horizon. The stability of the solution is given by
the sign of its heat capacity

CV = T
∂S

∂T

∣∣∣∣
V

. (2.33)

A thermodynamic system with negative heat capacity CV < 0 is said to be un-
stable. In the case of a Schwarszchild black hole, the heat capacity is negative
indicating that, due to the Hawking radiation, the black hole can lose mass until
fully evaporates. Nevertheless, this is different for the BTZ as CV > 0. One can
interpret this stability as the black hole being inside a box. When its radiation
reaches the boundary, this acts as a well reflecting the radiation into the black hole
all over again leaving the system in thermal equilibrium. The first law of black
hole thermodynamics is satisfied. We can see by varying the mass (2.29) and using
(2.31) and (2.32),

dM = TBTZdSBTZ + ΩdJ, (2.34)

with Ω = r−/r+ℓ as the angular velocity of the black hole horizon. When the ex-
tended phase space is considered [48], the cosmological constant becomes a canon-
ical variable [42] giving rise to a pressure term in (2.34). The presence of the
pressure in black hole thermodynamics allows for the study of various interesting
phenomena, such as phase transitions and critical behavior, analogous to those
seen in ordinary thermodynamics [49, 50]. From the point of view of AdS/CFT
correspondence, including this term can have profound consequences. The cosmo-
logical constant in the bulk gravity theory is related to the central charge of the
dual CFT. Therefore, changing the value of Λ can lead to a different CFT with
distinct central charge.

2.2.1 Euclidean BTZ

An interesting exercise is to consider the Euclidean version of the BTZ black hole
which allows us to see its geometry as a quotient space in a straightforward manner
[22]. We can Wick rotate the time coordinate t → iτE, where now τE is the
Euclidean time, to obtain the Euclidean BTZ black hole

ds2 =
(

−M + r2

ℓ2

)
dτ2

E +
(

−M + r2

ℓ2

)−1

dr2 + r2dϕ . (2.35)
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2.2.2. Brown-Henneaux conformal symmetry

Let us introduce the following coordinates

x =
(

1 − Mℓ2

r2

)1/2

cos
(√

MτE
ℓ

)
e

√
Mϕ ,

y =
(

1 − Mℓ2

r2

)1/2

sin
(√

MτE
ℓ

)
e

√
Mϕ ,

z =
√
Mℓ

r
e

√
Mϕ, z > 0 , (2.36)

which renders the metric to

ds2 = ℓ2

z2 (dx2 + dy2 + dz2) . (2.37)

The above line element describes the upper half-space of the hyperboloid H3. The
periodicity of the coordinate ϕ demands the following isometric identifications

(x, y, z) ∼
(
e2π

√
Mx, e2π

√
My, e2π

√
Mz
)
. (2.38)

Therefore, the Euclidean BTZ black hole can be understood as the quotient of the
hyperbolic space H3 by the isometries written above.

2.2.2 Brown-Henneaux conformal symmetry

Even before gauge/gravity correspondence, there was evidence suggesting the pos-
sible connection between gravity in AdS spaces with conformal field theories in
one spatial dimension lower. A remarkable result obtained by Brown and Hen-
neaux in 1986 [51] hinted a deeper connection between the asymptotic region of
the spacetime and conformal symmetry. In fact, we mentioned that gravity in
2+1 dimensions has no propagating degrees of freedom. As we will see, AdS3 has
boundary degrees of freedom that are related by an underlying boundary theory.

Let us review this observation by considering light-cone coordinates x± ≡ t ± ϕ.
The derivative in this coordinates ∂± = 1

2(∂t±∂ϕ). Let us consider a radial foliation
of the spacetime

ds2 = ℓ2

r2dr
2 + hij(r, xk)dxidxj , (2.39)

where hij is the induced metric at the boundary (r → ∞). Expanding the induced
metric in power series until leading order hij = r2g(0)ij + O(1). We defined asymp-
totically AdS spaces to be described by a line element of the form (2.39) and whose
boundary metric is expressed as

g(0)ijdx
idxj = −dx+dx−, (2.40)

where g(0) corresponds to the “conformal” boundary metric as defined in (2.10).
The most general solution of Einstein’s equations with negative cosmological con-
stant that satisfies the Brown-Henneaux boundary conditions (2.39) and (2.40) was

12



2.2.2. Brown-Henneaux conformal symmetry

found in [52]

ds2 = ℓ2

r2dr
2 −

(
rdx+ − ℓ2

r
L−(x−)dx−

)(
rdx− − ℓ2

r
L+(x+)dx+

)
. (2.41)

Here L−(x−) and L+(x+) are arbitrary functions of x− and x+. In fact, two
different physical configurations have different values for L and L̄. We can see
that Poincaré space (2.7) is recovered when L− = L+ = −1/4. The massless BTZ
corresponds to L− = L+ = 0. For constant values of L− = L0 and L+ = L̄0, a
massive spinning state is characterised by

M = L0 + L̄0
4G , J = ℓ

L− L̄0
4G . (2.42)

In fact, Cangemi and collaborators [53] proved that the ADM invariants (2.42)
correspond to gauge invariant quantities of the SO(2,2) group giving a beautiful
geometric interpretation for the mass and angular momentum of the BTZ black
hole.
The asymptotic symmetries are produced by the Killing vectors ξµ that preserve
the Brown-Henneaux boundary conditions, i.e., the metric (2.41).

For a set of gauge parameters λ and λ̄, we can construct the global Noether charges
associated with the asymptotic symmetries as

Qλ = − ℓ

8πG

2π∫
0

ℓλ√
2
L−dϕ, Qλ̄ = − ℓ

8πG

2π∫
0

ℓλ̄√
2
L+dϕ, (2.43)

that fulfill the Poisson brackets∗ δλ1Qλ2 = {Qλ2 , Qλ1}. We can Fourier expand L+

and L− where each mode is given as

L(−)
m = ℓ

8πG

2π∫
0

eimx
−
L−(x−)dϕ, L(+)

m = ℓ

8πG

2π∫
0

eimx
+
L+(x+)dϕ. (2.44)

Knowing that the components of the stress tensor transform as

δ+L+ = V ∂+L+ + 2L+∂+V+ − 1
2∂

3
+V+ ,

δ+L− = 0 , (2.45)

we can compute the Poisson brackets by evaluating the modes explicitly

i{L(+)
m , L(+)

n } = iℓ

8πG

2π∫
0

dϕeimx
+
(
einx

+
∂+L+ + 2L+∂+e

inx+ − 1
2∂

3
+e

inx+
)

= ℓ(m− n)
8πG

 2π∫
0

dϕei(m+n)x+
L+

+ c

12m
3δm+n,0

= (m− n)L(+)
m+n + c

12m
3δm+n,0 . (2.46)

∗We define the Poisson brackets as {Fξ, Gη} = LηFξ where Lη is the Lie derivative in the
direction η.
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2.3. AdS/CFT in a nutshell

Analogously, we compute

i{L(−)
m , L(−)

n } = (m− n)L(−)
m+n + c̄

12m
3δm+n,0,

i{L(+)
m , L(−)

n } = 0. (2.47)

We identify c = c̄ = 3ℓ/2G as the Brown-Henneaux central charge. This last
expression (2.47) defines a centrally extended Witt algebra known also as Virasoro
algebra. The Virasoro modes L(±)

m define the components of the stress tensor of
a two–dimensional CFT as can be seen from [54, 55] hinting an intrinsic relation
between AdS3 space and a two-dimensional CFT. In fact, the presence of a non-
trivial central extension in even-dimensional CFTs diagnoses a conformal symmetry
breaking at the quantum level giving rise to the Weyl anomaly. The result by Brown
and Henneaux is quite remarkable considering that is based on purely classical
considerations. Although the bulk theory is trivial – in the sense of local degrees
of freedom – the asymptotic symmetries suggest that the boundary has similar
dynamics to the one of a conformal field theory. As we will see later, the Brown-
Hennaux central charge can be also obtained through the AdS/CFT duality.

2.3 AdS/CFT in a nutshell

The holographic principle [12, 13] states that the information of gravity theory is
fully contained in a lower dimensional quantum theory without gravity. Maldacena
in 1997 [14] came out with a concrete example of this idea by considering branes
in Type IIB string theory. In the low energy limit, he observed that there is a
correspondence between the supergravity solution on AdS5 × S5 and a quantum
field theory, N = 4 super Yang–Mills (YM) with gauge group SU(N) in four-
dimensions in the large N limit [56]. This “correspondence” implies that the two
theories – string theory in AdS and the CFT – provide equivalent descriptions
of the same underlying physics. In fact, the defining free parameters of the field
theory, the coupling constant gYM and the rank of the group N , are mapped to the
parameters of the string theory, the string length ℓs =

√
α′ and coupling gs, in the

following way

g2
YM = 2πgs , 2g2

YMN = ℓ4

α′2 . (2.48)

In principle, the conjecture relates both theories at all levels. From the point of
view of the energy, it is clear from (2.48) that the duality relates the strong regime
on one side with a weak regime on the other side. For large N limit – or ’t Hooft
limit – we are left only with one free parameter at each side, the ’t Hooft parameter
λ = g2

YMN and the ratio of the AdS curvature and string length ℓ/
√
α′. As we

approach the large ’t Hooft limit λ → ∞ on the field theory side, the string length√
α′ becomes very small compared to the AdS radius ℓ such that

√
α′/ℓ → 0. In
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2.3.1. Holographic renomalisation

this limit, string theory becomes purely classical gravity, or in order words, type
IIB string theory is reduced to type IIB supergravity. Alternatively, one could look
at the perturbative limit of Yang–Mills theory (λ small) which would correspond
to the non-perturbative regime of string theory. This leads to the notion of a
strong/weak duality as the weakly coupled string theory is mapped to a strongly
coupled field theory and vice versa.

A concrete map between two theories requires a well-defined dictionary in which
one could identify quantities from one side with quantities on the other side. In this
regard, Gubser, Klebanov and Polyakov [57] followed by Witten [15] provided a very
clear manner in which the correspondence is realised. The prescription dispenses
a one-to-one relation between operators on the CFT and fields propagating in
the gravity theory by relating the generating functions of both theories. A field φ

propagating in the bulk of AdS takes a value φ(0) near the boundary. This boundary
field now sources an operator O in the dual theory. In Euclidean signature, the
generating functional W [φ(0)] of connected graphs, defined as

W [φ(0)] = − log(Z[φ(0)]) , (2.49)

with Z[φ(0)] the quantum partition function

Z[φ(0)] =
〈

exp
(∫

ddxφ(0)(x)O(x)
)〉

CFT
, (2.50)

is mapped to the supergravity action by means of

W [φ(0)] = −Isugra
[
φ → φ(0)

]
. (2.51)

This, usually referred to as the weak conjecture or saddle-point approximation, re-
lates the generating functional of the d-dimensional field theory to the classical
gravitational action on d+ 1-dimensional AdS space, upon the boundary condition
that φ → φ(0). It provides a precise identification between the information con-
tained in both sides of the duality allowing us to obtain correlation functions of
gauge invariant operators O in terms of functional variations of the classical gravity
action

⟨O(x1) · · · O(xn)⟩ = −
δnIsugra(φ(0))

δφ(0)(x1) · · · δφ(0)(xn)

∣∣∣∣
φ(0)=0

. (2.52)

2.3.1 Holographic renomalisation

Despite Witten’s prescription for extracting correlation functions is straightfor-
ward, in practice, the process can be quite involved due to infrared divergences in
the gravity sector. These divergences, associated with the boundary behaviour of
fields in AdS, require to implement a renormalisation scheme to obtain finite holo-
graphic data. Luckily, there is a consistent and systematic procedure for dealing

15



2.3.1. Holographic renomalisation

with them. The method, first introduced by Henningson and Skenderis [58] and
then formalised and extended in [59–61], utilises the conformal structure of AdS to
make a covariant derivation of the series of counterterm that needs to be included
in the gravity action in order to cancel the divergences. We will illustrate the
procedure for the metric field as it is of major relevance for the upcoming chapters.

Let us start with the Einstein–Hilbert action in d + 1 dimensions supplemented
with the Gibbons–Hawking–York boundary term [62, 63],

Idirichlet = 1
16πG

∫
M

d3x
√

−g (R− 2Λ) + 1
8πG

∫
∂M

d2x
√

−hK (2.53)

ensuring a well-posed variational principle under Dirichlet boundary conditions.
Let us also consider that any asymptotically AdS space can be written as

ds2 = ℓ2

z2

(
dz2 + hij(z, x)dxidxj

)
, (2.54)

where hij is the induced metric at z = const hypersurface ∗. Remember that
in principle, at the boundary z = 0, the metric has a double pole. This can
be bypassed by considering the conformal representative g(0) as defined in (2.10).
In fact, the Fefferman–Graham [64] theorem states that it is always possible to
find a coordinate transformation for a conformally compact Einstein manifold that
renders its metric into (2.54) with an expansion near the boundary of the form

hij(z, x) = g(0)ij(x) + zg(1)ij(x) + z2g(2)ij(x) + · · · . (2.55)

Note that each coefficient g(n)ij(x) is independent of the radial direction z. For sim-
plicity, we omit the coordinate dependence from now on. The holographic recon-
struction prescription [59] uses Einstein’s equations to determine all the functions
g(n)ij order by order in z, in terms of g(0)ij whereas g(0)ij is in principle arbitrary,
defined up the conformal representative ω (2.10). This implies that given a bulk
metric, there is a family of conformally equivalent boundary metrics [g(0)ij ] that
reconstruct the same bulk information. When pure gravity is considered, it is pos-
sible to show that all coefficients with odd powers of z do not contribute up to
order d. For even-dimensional boundary, i.e., d = 2n there is an extra logarithmic
contribution at order zd,

hij(z, x) = g(0)ij + z2g(2)ij + · · · + zd(g(d)ij(x) + h̃(d)ij log(z2)) + · · · . (2.56)

The term h(d)ij that accompanies the logarithm contains information about the
conformal anomaly, as we will see later. The last term of the expansion, g(d)ij

cannot be determined except for its trace and covariant derivative. The holographic
renormalisation method consists in evaluating the gravity action (2.53) using the

∗This is the same radial foliation employed by Brown and Henneaux (2.39) but we have
replaced r → z as it encapsulates a more general “radial” direction.
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Fefferman–Graham metric (2.54) with the expansion near the boundary explicitly.
Thus, the action takes the form

I = 1
16πG

∫
dd+1x

√
g(0)

(
ϵ−da(0) + ϵ−d+2a(2) + · · · − log ϵ2a(d)

)
+ Ifinite , (2.57)

where we introduced the infrared cutoff z = ϵ. The term Ifinite contains the finite
contributions to the action. The problem is reduced to determining the coefficients
a(n) in terms of the leading order of the Fefferman–Graham expansion g(0)ij , its
covariant derivatives, which can be expressed in terms of the intrinsic curvature of
the conformal boundary Rij , and further contractions. For instance, the first few
coefficients are

a(0) = 2(d− 1)
ℓ

,

a(2) = ℓ

2(d− 1)R,

a(4) = ℓ3

2(d− 2)2

(
RijRij − 1

d− 1R2
)
. (2.58)

Putting together all the coefficients, we construct the counterterm action that
should be added on top of the on-shell action (2.57) to cancel the bulk divergences.
Thus, the renormalised action reads

Iren[g(0)] = lim
ϵ→0

1
16πG

[
I −

∫
dd+1x

√
g(0)

(
ϵ−da(0) + ϵ−d+2a(2) + · · · +

)]
, (2.59)

where remove the regulator ϵ by approaching the conformal boundary. The result-
ing action contains only the finite pieces of the on-shell action (2.57). It is possible
to write the counterterms as a surface term by expressing them in terms of the
boundary metric hij . In three-dimensional gravity, the only divergent coefficient is
a(0), and therefore the renormalised action is

I2+1 = Idirichlet − 1
8πℓ

∫
∂M

d2x
√

−h. (2.60)

In 3+1 dimensions, we need to include up to a(2) for which the action takes the
form

I3+1 = Idirichlet − 1
8πG

∫
∂M

d2x
√

−h
[2
ℓ

+ ℓ

2R
]
. (2.61)

2.3.2 Quasilocal energy and holographic stress tensor

Quasilocal energy provides a way to characterise the energy within a finite region by
considering the energy-momentum flow across the boundary of that region. In this
regard, Brown and York [65] gave a definition of quasilocal energy by constructing
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2.3.3. Holographic Weyl Anomaly for AdS3

a gravitational stress tensor as functional variations of the Dirichlet action (2.53)
with respect to the boundary metric hij , namely

Tij [h] = − 2√
−h

δIdirichlet
δhij

. (2.62)

However, this definition of energy for asymptotically AdS spacetimes suffers from
the same bulk divergences described in 2.3.1. Instead, Balasubramanian and Kraus
[55] realised that one can replace the Dirichlet action for the renormalised action
(2.59) and consider variations with respect to the conformal boundary metric g(0)ij ,

⟨Tij⟩ = − 2√−g(0)

δIren

δgij(0)
= lim

ϵ→0

( 1
ϵd−2Tij [h]

)
. (2.63)

For Einstein-AdS gravity in 3+1 dimensions, evaluating the renormalised action
(2.61), we get the holographic stress tensor

⟨Tij⟩2+1 = lim
z→0

−1
z

1
8πG

(
Kij −Khij − 2

ℓ
hij − ℓGij

)
(2.64)

with Gij being the Einstein tensor of the boundary metric hij . In the case of 2+1
dimensions, the evaluation of (2.60) yields

⟨Tij⟩2+1 = lim
z→0

−1
8πG

(
Kij −Khij − 1

ℓ
hij

)
, (2.65)

which can be also expressed in terms of the Fefferman–Graham coefficients g(0) and
g(2) as

⟨Tij(g(0))⟩2+1 = −1
8πG

(
g(2)ij − g(0)ijTr

[
g−1

(0)g(2)
])
. (2.66)

The energy density of the spacetime ρE is contained in the tt−component of the
energy-momentum tensor. From the holographic point of view, the Balasubramanian–
Kraus stress tensor contains information about the energy of the dual field theory.
Moreover, from Witten’s prescription, the energy-momentum tensor (2.63) is inter-
preted as the boundary operator generated by the fluctuations of the bulk metric.
It is, in this way, sourced by the boundary metric g(0) and therefore corresponds to
a one-point function in the CFT. The holographic Ward identities associated with
diffeomorphism invariance guarantee that the boundary stress tensor is conserved

∇i⟨Tij [g(0)]⟩ = 0 , (2.67)

where ∇i is the covariant derivative constructed with the CFT background metric
g(0)ij .

2.3.3 Holographic Weyl Anomaly for AdS3

In a classical field theory invariant under conformal transformations, the trace of
the energy-momentum tensor vanishes

⟨T ii ⟩ = 0 . (2.68)
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2.3.3. Holographic Weyl Anomaly for AdS3

At the quantum level, this is not always true. In CFTs with non-vanishing central
charge, the stress tensor is not a primary operator and therefore transforms under
conformal transformations. Moreover, instead of being traceless, its trace is pro-
portional to the conformal anomaly which accounts for the breaking of conformal
symmetry at the quantum level. This is the case of even-dimensional CFTs as the
one observed in Section 2.2.2. Henningson and Skenderis [58] computed the Weyl
anomaly by studying how the renormalised action transforms under Weyl rescal-
ing. Alternatively, one can use the already defined Balasubramanian–Kraus stress
tensor [55] evaluated on-shell to diagnose the conformal anomaly. We will use this
last approach to show the explicit computation for 2+1 dimensional gravity.

Let us consider an asymptotically AdS3 space written in Gauss-normal coordinates,

ds2 = N(r)2dr2 + hij(r, xk)dxidxj , (2.69)

where N is the radial lapse function. Comparing with (2.39), we identify N = ℓ/r.
The extrinsic curvature Kij = 1

2Lnhij is

Kij = − 1
2N ∂rhij = − r

2ℓ∂rhij . (2.70)

Evaluating the trace of the stress tensor (2.65) in these coordinates, we get

⟨T ii ⟩ = lim
r→∞

− 1
8πG

(
− r

2ℓh
ij∂rhij + 2

ℓ

)
, (2.71)

which we can actually expand using the Fefferman-Graham coefficients (2.56).
Therefore, we get

⟨T ii [g(0)]⟩ = lim
r→∞

− 1
8πGℓr2 Tr

[
g−1

(0)g(2)
]

= − ℓ

16πGR[g(0)] , (2.72)

where we have already identified the Ricci scalar of the boundary metric g(0)ij when
taking the limit r → ∞, viz.

R[g(0)] = lim
r→∞

2
ℓ2r2 Tr

[
g−1

(0)g(2)
]
. (2.73)

In a two-dimensional conformal field theory that has Weyl anomaly, the trace of
the stress tensor is

⟨T ii ⟩ = A = − c

24πR , (2.74)

where R is the Ricci scalar of the background metric. After comparing both expres-
sions (2.72) and (2.74), we identify the Brown–Henneaux central charge c = 3ℓ/3G.

19



Chapter 3
Accelerating Black Holes in

3+1–dimensions

An accelerating black hole is described by what is usually known as the C–metric.
Originally found by Levi-Civita [66] and subsequently by Weyl [67], the C–metric
was first analysed in detail by Kinnersley and Walker [68], and Bonnor [69]. The
authors interpreted the solution as a pair of black holes uniformly accelerating in
opposite directions. The force responsible for the acceleration is due to the presence
of one or two antipodal conical deficits in the transverse section. One can think of
these defects as coming from a string that extends from infinity and pushes both
black holes in opposite directions. This was later extended to Einstein–Maxwell
theory in four dimensions by Plebanski and Demianski [70] to include mass, angu-
lar momentum, acceleration, NUT parameter, electric and magnetic charges and
the cosmological constant Λ. Since then, the C–metric has been extensively stud-
ied [71–77] and extended to diverse scenarios such as Einstein–Maxwell–Dilaton
gravity [78], braneworld models [79], quantum black holes [80–82] and supergravity
[83]. More recently supersymmetric extensions were constructed in D = 4 gauged
supergravity [84–86]. These solutions can be uplifted using a Sasaki-Einstein man-
ifold SE7 to supergravity in D = 11 resulting in a smooth geometry with properly
quantised fluxes.

For negative cosmological constant Λ < 0, the C-metric exhibit a “slowly accel-
erating” phase [87] in which there is neither an acceleration horizon nor a second
black hole. This is interpreted as a black hole in equilibrium suspended at a fixed
distance from the centre of AdS – a locally accelerating frame. The drastic simpli-
fication which occurs in this phase has led to significant advances understanding
the role of acceleration.

Throughout this chapter, we are going to focus in the classical description of a
sub-class of the C-metric parametrised by only two quantities, its mass m and
acceleration A. Starting from the most general form of the Plebánski–Demiański

20



3.1. C–metric in four-dimensions

metric within its full parameter space, we will study the physical properties of the
four-dimensional accelerating black hole in different coordinate patches. This would
allow to explore different aspects of the structure of the spacetime. In specific,
addressing the question of what it means for these black holes to be “accelerating”.

3.1 C–metric in four-dimensions

As aforementioned, the most general analytic solution to Einstein–Maxwell the-
ory with negative cosmological constant Λ = −3/ℓ2 is given by the Plebánski-
Demiański metric

ds2 = 1
A2(x− y)2

[
− P (y)

1 + (aAxy)2

(
dτ + aAx2dσ

)2
+ 1 + (aAxy)2

P (y) dy2

+ 1 + (aAxy)2

Q(x) dx2 + Q(x)
1 + (aAxy)2

(
dσ − aAy2dτ

)2
]
, (3.1)

with

P (y) =
( 1
A2ℓ2

− κ

)
+ 2n
A
y + εy2 + 2mAy3 +A2(κa2 + e2 + g2)y4,

Q(x) = κ− 2n
A
x− εx2 − 2mAx3 +

(
a2

ℓ2
−A2(κa2 + e2 + g2)

)
x4, (3.2)

and gauge field

A = − ey

1 + (aAxy)2

(
dτ + aAx2dσ

)
+ Aτdτ + Aσdσ

+ gx

1 + (aAxy)2

(
dσ − aAy2dτ

)
. (3.3)

It is important to notice that the equations of motion are satisfied for any value of
Aτ and Aσ. We also see that there are seven physical quantities namely the mass
m, angular momentum a, acceleration A, NUT parameter n, electric and magnetic
charge e, g respectively and AdS radius ℓ. There is also two extra parameters κ
and ε that correspond to gauge freedoms. We will take the gauge parameters to
be κ = ε = 1. The NUT parameter n is induced by the presence of Misner strings
[88–90] at x = ±1. Setting n = 0 removes the Misner strings leading the rotating
charged C-metric [76]. In order to isolate the effect of the acceleration we will turn
off these parameters leaving just m, A and ℓ leading to

ds2 = 1
A2(x− y)2

(
−P (y)dτ2 + 1

P (y)dy
2 + 1

Q(x)dx
2 +Q(x)dσ2

)
(3.4)

where

P (y) =
( 1
ℓ2A2 − 1

)
+ y2 − 2mAy3,

Q(x) = 1 − x2 − 2mAx3. (3.5)
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3.1. C–metric in four-dimensions

A simple inspection shows that the boundary of the spacetime is located at x = y.
There are also curvature singularities at y = ±∞ and x = ±∞ which can be seen
from the Kretschmann scalar

K = RµναβR
µναβ = 24

ℓ4
+ 48A6m2(x− y)6 + · · · . (3.6)

Although this coordinate system is not physically intuitive, gives interesting infor-
mation about the structure of the spacetime and more specifically, the range of
the variables in which the Lorentzian signature is preserved. This is provided for
Q(x) ≥ 0 that imposes 2mA ≤ 1 which can be seen as a bound for the acceleration.
It also restricts the range of the coordinate x between x1 < x < x2. In general,
Q(x) has three roots for which at least one is real. For 0 < mA < 1/3

√
3, there

are 3 real roots x0 < x1 < 0 < x2. The location of the boundary x ̸= y allow
us to restrict the coordinate y to lie in the range −∞ < y < x or x < y < ∞.
If we choose −∞ < y < x, there is a black hole horizon at yh = −1/2mA and a
second degenerate horizon y = 0 with zero Hawking temperature. The coordinate
σ can be chosen to be compact and since Q(x) vanishes at x1 and x2, there might
be conical singularities. As we will see later, these points correspond to antipodal
defects induced by the tension of a cosmic string and they cannot be regularised
both at the same time by a choice of parameters.

To make this issue evident and get a better understanding of the black hole struc-
ture is convenient to perform the following metric functions factorisation introduced
by Hong and Teo in [91], viz.

P (y) = 1
A2ℓ2

+ (y2 − 1)(1 − 2mAy), Q(x) = (1 − x2)(1 + 2mAx). (3.7)

Note that includes an extra linear term in y. This does not alter the dynamics as
it corresponds to a purely kinematic term. We then introduce the Boyer-Lindquist
coordinates (t, r, θ, ϕ) by taking

y = − 1
Ar

, x = cos θ, σ = ϕ

K
. (3.8)

where we have introduced a new parameter K such that range of the new angular
coordinate ϕ is ϕ ∈ [0, 2π]. The time coordinate can be rescaled as τ → At/α

leading to

ds2 = 1
Ω2

[
−f(r)dt

2

α2 + 1
f(r)dr

2 + r2
(
dθ2

g(θ) + g(θ) sin2 θ
dϕ2

K2

)]
, (3.9)

where

Ω = 1 +Ar cos θ,

f(r) = (1 −A2r2)
(

1 − 2m
r

)
+ r2

ℓ2
,

g(θ) = 1 + 2mA cos θ. (3.10)
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3.1.0.1. Acceleration and conical deficits

In principle, the radial coordinate ranges from 0 ≤ r ≤ ∞. There is a coordinate
singularity at r = 0, and the conformal boundary is located at r = −1/A cos θ
meaning that the only point where the radial coordinate reaches the infinity is
at θ = π/2. For θ < π/2, the conformal boundary is located beyond the radial
infinity suggesting that these coordinates do not capture the conformal structure
correctly. There is a smooth limit for when A → 0 where the solution becomes
Schwarzschild AdS and the flat space limit is obtained for ℓ → ∞ recovering [92].
As was noted in the canonical coordinates, the horizons are given by the roots of
f(r) = 0 that in this case depends on the interplay between m, A and ℓ. The largest
root corresponds to the black hole horizon rh and there is an additional accelerating
horizon due to A. For Aℓ < 1, there is only one Killing horizon at rh ∼ 2m. We
will refer to this limit as the slowly accelerating phase. This phase will allow us to
study the thermodynamic properties of the solution with the standard methods as
the black hole is in thermal equilibrium.

Next, we turn our attention to the massless limit of the solution. The purpose of
this exercise is to examine the physical implications of the parameter A and its
relation with K.

3.1.0.1 Acceleration and conical deficits

We can use the slow accelerating phase to reveal the effect of A in the spacetime. In
fact, the effect of the acceleration can be observed more clearly when the massless
limit is under consideration. If we take the m → 0 limit in (3.9), we get AdS4 in
Rindler coordinates,

ds2 = 1
Ω2

−
(

1 −A2r2 + r2

ℓ2

)
dt2

α2 + 1(
1 −A2r2 + r2

ℓ2

)dr2 + r2
(
dθ2 + sin2 θ

dϕ2

K2

) .
(3.11)

Setting K = 1, we can apply a simple coordinate transformation

1 + R2

ℓ2
= 1 + (1 −A2ℓ2)r2/ℓ2

(1 −A2ℓ2)Ω2 , R sin Θ = r sin θ
Ω , (3.12)

which leads to global AdS spacetime

ds2 = −
(

1 + R2

ℓ2

)
dT 2 + 1(

1 + R2

ℓ2

)dR2 +R2
(
dΘ2 + sin Θdϕ2

)
, (3.13)

where T = αt with α =
√

1 −A2ℓ2 is the rescaled time. This normalisation is
chosen to be the time of an asymptotic observer. We can see that R = r and
T = t when the acceleration vanishes. Otherwise, the acceleration counterbalance
the effect of the cosmological constant in the new radial and temporal directions
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3.1.0.1. Acceleration and conical deficits

Figure 3.1: The slow accelerating black hole mapped to AdS space with A = 0.5ℓ.
Lines of constant angle θ are shown in solid blue lines. Lines of constant radius r
are shown in solid black lines. The r → ∞ surface is shown in dotted black line.

giving a deformed perspective of the AdS space as seen from Figure 3.1. In this
frame, a particle located at r = r0 follows a worldline with four-velocity

uµ =
(

αΩ√
f(r)

, 0, 0, 0
)µ ∣∣∣

r=r0
(3.14)

and therefore, the four-acceleration defined as aµ = uν∇νu
µ at r = r0 has a

magnitude |a| = A [73]. This reassures that the interpretation of the parameter A
as the acceleration is correct.

Let us now examine the parameter K. This parameter is associated with a conical
deficit along the polar direction. A straightforward revision of the regularity of
the axes of symmetry of the C-metric line element reveals the existence of conical
singularities measured by the conicity

δ = 2π
(

1 − 1
K

)
= 8πµ , (3.15)

that can be thought of as produced by the presence of a cosmic string with tension
µ. In the literature, the introduction of a cosmic string through the polar axis of
a Schwarzschild black hole to produce a conical deficit was first demonstrated by
Aryal, Ford, and Vilenkin [93]. However, for accelerating solutions, it is important
to note that the conicity at each pole can be different. This is due to an imbalance
in the cosmic string tension, which results in a net force on the black hole along
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3.2. Thermodynamics with Conical Deficit and Acceleration

the ϕ axis. Close to the poles in (3.9), the tension (or conicity) is

µ± = δ±
8π = 1

4

(
1 − g(θ±)

K

)
= 1

4

(
1 − 1 ± 2mA

K

)
, (3.16)

where θ+ = 0 denotes the North pole and θ− = π South pole. An angular excess is
also possible being sourced by a negative tension string or strut. In four–dimension,
we will only be considering angular deficits. Mathematically, the angular section of
the metric is still topologically S2 but with the cosmic string deforming the poles
producing what is usually known as a Spindle [84]. From (3.16), we can see that
for A ̸= 0 it is not possible to make both poles regular at the same time. In fact,
it is possible to remove –at most– one of them by properly selecting the period
of the azimuthal coordinate and therefore translating the whole conicity to one of
the poles, usually an angle deficit at the north one. From the point of view of
the cosmic string, this is translated as removing half of the string [94]. We choose
K = 1 + 2mA that regularises the North pole and leaves the South pole subject to
a tension

µS = mA

K
. (3.17)

If we identify M = m/K to be the “physical” mass of the black hole, we can see
that µ = MA which satisfies Newton’s law. Together with the slow acceleration
condition, the force produced by the cosmic string in the South pole cancels out
with the intrinsic force of AdS space leaving the black hole suspended off-centre as
in (3.13).

3.2 Thermodynamics with Conical Deficit and
Acceleration

As we anticipated, the slow accelerating black hole in 3+1-dimensions has a unique
horizon at r = rh with temperature

T = f ′(rh)
4πα =

1 + 3 r
2
h
ℓ2 −A2r2

h

(
2 + r2

h
ℓ2 −A2r2

h

)
4παrh(1 −A2r2

h)
. (3.18)

Requiring the Euclidean time to be periodic, τE ∈ [0, β], with β = T−1, the tem-
perature acquires a contribution from α. The entropy of the black hole is nothing
else than the Bekenstein–Hawking entropy, viz.

SBH = A

4 = πr2
h

(1 −A2r2
h)K

. (3.19)

Apart from these two quantities, it is important to identify the total energy of the
black hole. In this regard, there are several ways for obtaining black hole mass.
Among those, the most popular methods are the ADM formalism [95], quasilocal
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3.2. Thermodynamics with Conical Deficit and Acceleration

energy [65] and Noether–Wald formula [96] ∗. Although these definitions are quite
simple, in practice the applicability of the formulas depends on the asymptotics
of the black hole under consideration. In particular, the metric (3.9) has a non-
standard asymptotic structure which makes the computation of the energy through
these methods more involved. An alternative definition was given by Ashtekar,
Magnon and Das (AMD) [41, 98]. The AMD formula is constructed in such a
way that we remove the divergence appearing at the boundary by considering an
unphysical metric ḡµν = Ω̄2gµν . Then, it is possible to construct a conserved current
proportional to the Weyl tensor of the conformally transformed metric, W̄ ν

αµβ. The
conserved charge is obtained by the integration of the current as

Q(ξ) = ℓ

8π lim
Ω̄→0

∮
ℓ2

Ω̄
nαnβW̄ ν

αµβξνdΣµ, (3.20)

where nµ = ∂µΩ̄ and ξµ is the corresponding Killing vector. It has been shown that
this formula can be obtained through the traditional Noether-Wald procedure [99,
100] upon a proper renormalisation of the gravity action. We take Ω̄ = ℓΩr−1 and
the surface element tangent to the horizon

dSµ = δtµ
ℓ2(d cos θ)dϕ

αK
. (3.21)

For a timelike Killing vector ξt = ∂t, we obtain [101]

M = Q(∂t) = α
m

K
, (3.22)

where α is the time rescaling constant. One can replace the timelike Killing vector
ξt → ξt

α corresponding to the Killing vector of an asymptotic observer leading to
M = m

K as proposed in the previous section by looking at the tension of the cosmic
string. Once again, we recover Schwarzschild black hole by taking A → 0 and
K = 1. The limitation of the AMD formula is the dimensionality of the spacetime.
For dimensions lower than four, the Weyl tensor is identically zero making this
method inapplicable. Instead, one could make use of the Barnich–Brandt formalism
[102] which is usually employed to extract the energy of three–dimensional black
holes, Noether-Wald method or standard holographic techniques which seem to be
more suitable options to face the problem upon a well-posed action principle [55,
90, 103, 104].

With the aforementioned considerations in mind, it is natural to consider verifying
the first law of thermodynamics. To this end, let us assume that the metric function
f = f(rh,m, ℓ, A) where rh denotes the black hole horizon defined by f(rh) = 0.
We want to examine small changes δrh in the black hole horizon which translates
into

f(rh + δrh) = f ′(rh)δrh + ∂f

∂m
δm+ ∂f

∂ℓ
δℓ+ ∂f

∂A
δA = 0 . (3.23)

∗See [97] for a more detailed comparison between different definitions of energy in asymptoti-
cally AdS spaces
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3.3. Holographic Stress Tensor

In principle, a black hole should be described, thermodynamically, by its entropy
SBH, temperature T , and total energy M . Additionally, when incorporating the
cosmological constant as a thermodynamic variable [50], new quantities come into
play. Specifically, we introduce the pressure P , given by

P = − Λ
8π = 3

8πℓ2 , (3.24)

and its conjugate variable, the thermodynamic volume [48],

V = 4πr3
h

3K . (3.25)

It should be noted that the quantities SBH = SBH(rh,K,A) andM = M(m,K,A, ℓ)
can potentially depend on the conical deficit K. Furthermore, we allow for varia-
tions in the tension µ± (as expressed in (3.16)). This implies that variations with
respect to µ can be translated into variations of A, K and m, and vice versa. Then,
replacing the variations of each quantity and turning variations of K and A into
µ, we arrive at the extended form of the first law [105–107]

δM = TδSBH + V δP − λ+δµ+ − λ−δµ− (3.26)

where λ± is the conjugate variable to the tensions referred to as the thermodynamic
length

λ± = rh
1 ±Ar

, (3.27)

associated with the string attached at each pole. The black hole also follows the
standard Smarr relation

M = 2TSBH − 2PV . (3.28)

3.3 Holographic Stress Tensor

As we have seen, these black holes seem to follow slightly different thermodynamic
relations, being the tension of the cosmic string, an important factor to consider.
Another interesting way of examining the properties of the spacetime is to consider
the holographic data. The standard recipe when treating with asymptotically AdS
spacetimes is to consider a Fefferman–Graham near the boundary by identifying
the holographic coordinate that defines the (conformal) boundary of the spacetime
as shown in 2.3.1.

However, the asymptotic structure of the C-metric (3.9) possesses a challenge in
this regard as the conformal boundary is not given by a constant value of the
radial coordinate and as we saw previously the conformal boundary is located at a
surface r = −1

A cos θ which implies that r → ∞ is just a single point of the boundary.
Intuitively, one could make a coordinate transformation such that we introduce
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3.3.1. Fefferman-Graham Gauge and Holographic Mass

a coordinate z which leaves the boundary at z = 0. This coordinate should be
related to both r and θ and it should be perpendicular to the boundary. This
has been explored in [85, 108] by rewriting the metric (3.1) into ADM coordinates
allowing to identify of the boundary metric in a straightforward manner but with
a non-diagonal line element.

Alternatively, one could try to force the accelerating black hole into the Fefferman-
Graham gauge. Using an asymptotic expansion for both the radial and angular
coordinates in terms of the Fefferman–Graham coordinates, the authors [101] iden-
tified the boundary metric up to a conformal representative ω. In four–dimensions,
this is not a problem due to the conformal invariance of the renormalised action
[59, 109, 110] meaning that the observables at the boundary are also independent
of the conformal representative. In three dimensions, the story is slightly different.
We will come back to this discussion later.

Below, we will review each of the methods to construct the boundary metric and
holographic stress tensor.

3.3.1 Fefferman-Graham Gauge and Holographic Mass

Following [111], the metric (3.9) can be cast into Fefferman–Graham coordinates

ds2 = ℓ2

z2dz
2 + ℓ2

z2

(
g(0)ij + z2g(2)ij + z4g(4)ij + · · ·

)
dxidxj , (3.29)

by introducing a new coordinate system which puts the conformal boundary r =
−1/A cos θ at z = 0. The appropriate transformation near the boundary

y = − 1
Ar = ξ +

∞∑
m=1

Fm(ξ)zm

x = cos θ = ξ +
∞∑
m=1

Gm(ξ)zm, (3.30)

where Fm(ξ) andGm(ξ) are unknown functions that can be determined by requiring
the metric (3.9) to behave as (3.29). Note that this transformation is allowed only
for the slow accelerating phase. Then, one can solve Einstein’s equations order by
order in the expansion requiring gzz ≡ ℓ2/z2 and enforcing the lack of crossed terms
gzξ at each order. The procedure allows to determine the unknown functions except
F1 which remains arbitrary defining a family of conformally equivalent boundary
metrics g(0). For simplicity, we chose

F1(ξ) = −(1 −A2ℓ2X)3/2

Aω(ξ)α , (3.31)

where ω now carries the conformal freedom of the boundary metric and X =
(1 − ξ2)(1 + 2mAξ). At order O(z−2) we find

G1(ξ) = −Aℓ2F1(ξ)X
1 −A2ℓ2X

, (3.32)
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3.3.1. Fefferman-Graham Gauge and Holographic Mass

which is enough to determine (up to the conformal representative) the boundary
metric g(0),

ds2
(0) = ω2(ξ)

[
−dτ2 + α2ℓ2dξ2

X(1 −A2ℓ2X)2 + Xα2ℓ2dϕ2

K2(1 −A2ℓ2X)

]
. (3.33)

In four-dimensions, the Fefferman-Graham expansion terminates at order O(z2)
for which it is enough to construct the asymptotic expansion up to m = 4. With
this, it is possible to evaluate the boundary stress tensor (2.64)

⟨Tij⟩ = −X ′′′(ξ)(1 −A2ℓ2X)3/2

96πAα3ω3 diag
[
(−(2 − 3A2ℓ2X), 1, (1 − 3A2ℓ2X)

]
. (3.34)

The stress tensor is traceless as expected and covariantly conserved with respect
to the boundary metric g(0). We identify the energy density of the boundary CFT
as the ττ -component, viz.

ρE = m

8πℓ2α3ω3 (1 −A2ℓ2X)3/2(2 − 3A2ℓ2X) , (3.35)

which can be integrated to obtain the holographic mass

M =
∫
dξdϕ

√
−g(0)ρE = αm

K
. (3.36)

This result is consistent with the total mass found using AMD formula (3.22) [101,
111]. Although ρE depends on the conformal representative of the boundary metric
ω, which has an order of O(ω−3)), the contribution of the metric determinant g(0)

is of order O(ω6). Consequently, the integrand of (3.35) is independent of ω.
Notably, this is radically different to the three-dimensional case, where the energy
of the two–dimensional CFT remains indeterminate unless a specific value of ω is
chosen.

Additionally, the dual stress tensor can be written in the fluid/gravity language
[112] as

⟨Tij⟩ = ∆(x)
(3

2uiuj + 1
2g(0)ij

)
+ ξ(Cijkuk + Cjiku

k) , (3.37)

where Cijk = ∇[kRj]i − 1
4ga[j∇k]R is the Cotton tensor of the boundary, ξ = ℓ2

8π
√

3
is an universal coefficient, u is the four-velocity

u =
√

3 − 2A2ℓ2X

3ω(1 −A2ℓ2X)∂τ − AX√
3ωα

√
1 −A2ℓ2X∂ξ, (3.38)

and
∆(x) = m

√
(1 −A2ℓ2X)5

4πℓ2ω3α3 , (3.39)

represents a non-hydrodynamic correction arising from the fact that the boundary
is non-conformally flat [101]. In fact, for ω =

√
1 −A2ℓ2X/α, the boundary metric

(3.33) is turned into the one analysed in [108]. In this case, the dual CFT lies in
a black hole background. Nevertheless, it remains unclear a proper hydrodynamic
description of the boundary theory in which the associated transport coefficients
can be identified.
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3.3.2 ADM-like coordinates

An alternative to using the Fefferman-Graham gauge is to consider ADM coordi-
nates to foliate the spacetime and identify the boundary metric. That is, we want
the bulk metric to behave as

ds2 = N2dz2 + hij(z, xi)(dxi +N idz)(dxj +N jdz) , (3.40)

where N is the Lapse function, N i the shift vector, and the induced metric hij in
the z = const hypersurface. In this approach, we have replaced the time evolution
of the usual ADM formalism for a radial coordinate in agreement with the standard
holographic techniques [113]. To cast the accelerating black hole into this frame,
we take the following coordinate transformation

− 1
Ar

= cos θ + z . (3.41)

The coordinate z is the new “radial direction” and the boundary defined by the met-
ric hij is located at z = 0. The boundary is now coordinatised with xi = (t, θ, ϕ).
It is now straightforward to identify the lapse function N , N i and boundary metric
hij by writing (3.9) in this frame and comparing to (5.18) leading to

N2 = Ω−2(f(z +A cos θ)2 +A2g sin2 θ)−1 , (3.42)

N i = − Ag sin θ
f(z +A cos θ)2 +A2g sin2 θ

δiθ , (3.43)

hij = diag
(

− f

Ω2 ,
f(z +A cos θ)2 +A2g sin2 θ

Ω2fg(z +A cos θ)4 ,
g sin2 θ

Ω2(z +A cos θ)2

)
. (3.44)

Note that now f = f(z, θ) and Ω = Az. We also defined the outward-pointing
normal vector to the hypersurface z = const as

n = 1
N

(N i∂i − ∂z) , (3.45)

and the extrinsic curvature of the boundary hij as

Kij = 1
2Lngij = − 1

2N (∂z − ∇iNj − ∇jNi) , (3.46)

with ∇i the covariant derivative respect to hij . Let us introduce an infrared cutoff
at z = δ where δ ≥ 0. In this way, we can compute regular holographic quantities
close but not at the conformal boundary, and then we can take the limit δ → 0 as
the standard dictionary prescribes. The conformal boundary metric is given as

ds2
(0) = g(0)ijdx

idxj = lim
δ→0

δ2hijdx
idxj

= − A2f cos2 θ

α
dt2 + f + g tan2 θ

fg
dθ2 + g sin2 θdϕ2 . (3.47)
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We compute the holographic stress tensor as done in the previous section, leading
to

⟨Tij⟩ = ℓm

8πGΣ(θ)diag
[(

−2 + 3ℓ2A2 sin2 θ(−1 + 2mA cos θ)
α

)
, 1,

(
−1 − 3ℓ2A2 sin2 θ(−1 + 2mA cos θ)

) ]
, (3.48)

where we have introduce Σ(θ) = 1 + 2Am cos θ for simplicity. Once again, the
integration of the tt- component leads the holographic mass obtained in (3.35)
[85].

Although, the form of the stress tensor using the FG gauge or ADM differs, both
lead to the same energy of the dual theory. In principle, to compare both stress
tensors we would need to identify the particular ω in which the metric (3.33)
becomes (3.47). For 3+1 dimensions, this is not necessarily a disadvantage for the
FG gauge as we saw that the mass does not depend on ω.

3.4 Euclidean Action

In thermodynamics, an important quantity is the Gibbs free energy of a system,
given by

F = E − TS , (3.49)

where E is the total energy, T temperature, and S the entropy. The free energy
plays a crucial role in determining the thermodynamics and stability of the grav-
itational configuration. The free energy can be related to the partition function
through the following expression

logZ(β) = −βF , (3.50)

with β = 1/T the Euclidean period. In the Euclidean quantum gravity picture,
the partition function is obtained by evaluating the classical gravitational action
I[g, φ] and summing over all smooth geometries g,

Z(β) =
∫

D[g] exp−IE[g] , (3.51)

which in the saddle-point approximation becomes

− logZ(β) ≃ IE[g] . (3.52)

In this way, we can relate the Euclidean action IE with the free energy through the
quantum statistical relation

IE = −βF . (3.53)
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In order to obtain the free energy of the accelerating black hole, it is necessary to
evaluate the euclidean renormalised action (2.61) on-shell. For this, we proceed as
follows: First, we perform a Wick rotation t → −iτE and IE = −iI3+1 with the
Euclidean period identified as the inverse of the temperature β = T−1 (3.18).Then
we evaluate the Einstein–Hilbert term using the bulk metric (3.9) and the Gibbons–
Hawking term and counterterm using the boundary metric (3.47) as done in [85].
This ensures that the action is well-defined and finite. Finally, we integrate over
the correct range of coordinates for z, θ and ϕ, leading to

IE = β

2αGK

[
m(1 − 2A2ℓ2) − r3

h

ℓ2(1 −A2r2
h)2

]
. (3.54)

After identifying the correct physical parameters of the black hole, we recover the
quantum statistical relation as expected [85, 101]

IE = −SBH + βM = βF . (3.55)

This demonstrates that the accelerating black hole follows the standard thermody-
namic relation between the Euclidean action, free energy, and entropy, indicating
its consistency within the thermodynamic framework.

The behaviour of the free energy indicates that there is no Hawking–Page phase
transition [101]. However, it remains an open question whether other types of
phase transitions may occur in this context. Further investigations are needed
to explore the possibility of different phase transitions and to understand the full
thermodynamic landscape of accelerating black holes. It is essential to emphasise
that the normalisation of the timelike Killing vector is crucial for properly defining
the thermodynamics of accelerating black holes, similar to the case of rotating black
holes [113]. This normalisation plays a fundamental role in determining the correct
thermodynamic quantities and properties of the black hole. Failure to properly
normalise the Killing vector could lead to incorrect thermodynamic interpretations
and results.
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Chapter 4
Accelerating Black Holes in

2+1–dimensions

Overview

Despite the simplicity of lower-dimensional gravity, it still exhibits many of the in-
teresting features shared by its higher-dimensional sibling, including the admission
of black holes [20, 21]. However, from the perspective of the path integral, the
lack of dynamics renders the theory radically simpler [16]. In fact, for asymptot-
ically AdS solutions (without defect singularities) the path integral may be eval-
uated explicitly [114]. By constructing three-dimensional solutions analogous to
the C-metric, one may be able to apply similar technology to gain insight into the
nature of acceleration. For this, we will consider a generic ansatz that resembles
the C-metric in four–dimensions. After analysing the coordinate range in which
the Lorentzian signature is preserved, one can construct three different classes of
geometries which we interpret physically by studying their physical properties.

We find that these classes describe either accelerating conical deficits or point
particles [115], or solutions analogous to the C-metric describing a BTZ black
hole [20] with a codimension-one defect emerging from its horizon. This defect
is under compression so is commonly referred to as a “strut” as it possesses a
negative energy density. We show that not only can a more physical solution be
constructed, describing a BTZ black hole accelerated by a positive tension wall, but
the solution with a strut exhibits a richer phase structure than previously noticed in
the literature, possessing a “rapid phase” in which an accelerating horizon forms.
This phase transition is directly analogous to the formation of an acceleration
horizon in the four-dimensional theory. We also construct a solution analogous
to the C-metric describing a black hole that is not continuously connected to the
BTZ black hole living only in a specific region of the parameter space. We briefly
comment on Class III solutions which have not been analysed in detail yet.
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4.1 Constructing a three-dimensional C-metric

As we saw in the previous chapter, the C-metric is usually described by the
Plebanski–Demianski metric (3.4) in the canonical coordinates t, y, x, ϕ. A nat-
ural ansatz in three-dimensions is to consider a truncation of the PD metric with
the following form

ds2 = 1
Ω̄2

[
− P̄ (y)dτ2 + dy2

P̄ (y)
+ dx2

Q̄(x)

]
, (4.1)

where the conformal factor
Ω̄ = Ā(x− y) . (4.2)

Here, Ā is a parameter with dimensions of inverse length and the conformal bound-
ary is located at x = y. The metric polynomials are easily found from the trace of
Einstein’s field equations with negative cosmological constant Λ = −ℓ−2[70], which
yields two quadratic polynomials P (y) and Q(x) of the corresponding coordinates
of which, in principle, all polynomial coefficients are arbitrary constants

Q̄(x) = c+ bx+ ax2 , P̄ (y) = 1
Ā2ℓ2

− Q̄(y) . (4.3)

The coefficients a, b and c are real numbers as long as the Lorenzian signature of
the metric is retained. Nonetheless, there are gauge redundancies that enable us
to remove two out of the three parameters.
First, note that the metric is invariant under translation

x → x+ s , y → y + s . (4.4)

which permits setting b = 0. The line element is also invariant under dilatation,
viz.

x → sx, y → sy, τ → sτ. (4.5)

for which the metric functions (4.3) transforms as

P̄ (y) = 1
Ā2ℓ2

− a− cs2y2,

Q̄(x) = c+ as2x2, (4.6)

that gives the freedom to set |a| = |c|. By absorbing the parameter s into a and c,
the polynomials can be expressed in terms of just one coefficient c as

P̄ (y) = 1
A2ℓ2

− c(1 ∓ y2),

Q̄(x) = c(1 ∓ x2). (4.7)

There is an additional gauge freedom that allows to eliminate the remaining co-
efficient up to a sign. Consider the rescaling of the constant A → sA and the
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coordinate τ → sτ . The last transformation does not modify x and y, and leads to

P̄ (y) = 1
A2ℓ2

− s2c(1 ∓ y2),

Q̄(x) = s2c(1 ∓ x2), (4.8)

where c can be set to be ±1. This discussion can be summarised by stating that
the parameter space consists of 3 possible classes of geometry∗ distinguished by the
sign of c and that of the discriminant ∆Q̄ = b2 − 4ac. The three distinct class and
their coordinate range can be seen in table 4.1.

Class Sgn ∆Q̄ Sgn c
I + +
II + −
III − +

Table 4.1: Three classes of solutions and their defining characteristics.

There is also a symmetry under parity

x → −x , y → −y , (4.9)

that allows us to take x > y. Finally, a simple redefinition A =
√

|c|Ā swaps all
of the dependence on c into the timelike component of the metric which, since the
geometry is static, we are free to absorb by a rescaling τ → τ/|c|. This leads us
to a set of canonical gauges in which all dependencies on a, b, and c have been
eliminated, leaving only one remaining free parameter, A. The metric takes the
form

ds2 = 1
Ω2

[
− P (y)dτ2 + dy2

P (y) + dx2

Q(x)
]
, (4.10)

with the conformal factor given by

Ω = A(x− y) (4.11)

and the metric functions in table 4.2. Also given in table 4.2 are the maximal
ranges of x for which Q(x) is positive, thus yielding a Lorentzian metric.

Class Q(x) P (y) Maximal range of x
I 1 − x2 1

A2ℓ2 + (y2 − 1) |x| < 1
II x2 − 1 1

A2ℓ2 + (1 − y2) x > 1 or x < −1
III 1 + x2 1

A2ℓ2 − (1 + y2) R

Table 4.2: The metric functions in canonical gauge, together with the largest avail-
able range of x.

∗In fact, there is a fourth possible class, with both c < 0 and ∆Q̄ < 0, for which no range of
x gives a Lorentzian signature. We disregard this case.
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It is worth pausing for a bit and analyse the family of solutions found here. First,
Class I solutions are very reminiscent of the 4D Rindler metric (3.11) when iden-
tifying x = cos θ. This gives rise a polar system of coordinates with an origin
if y → −∞. We will see later that this corresponds to a spacetime describing
accelerating particles in AdS3 showing similar behaviour as the C-metric in four–
dimensions with slow and rapid accelerating phases, but with the peculiarity that
also admits an accelerating black hole for a very specific parameter space. On the
other hand, Classes II and III look somewhat different, as y is now bounded, and
x is non-compact. Class II contains accelerating black holes solutions that can be
considered as one-parameter extension of the BTZ black hole, while Class III is
reminiscent of braneworld scenarios.

We can also subdivide these classes further by their causal or horizon structure,
directly related to the value of Aℓ. Just as with the 4D C-metric, Class I solutions
fall into three possible categories: those which satisfy A2ℓ2 < 1 lack event horizons,
those with A2ℓ2 > 1 possess two distinct event horizons and solutions with Aℓ = 1
possess a single event horizon at y = 0. We label these subclasses as slow, rapid,
and saturated respectively. Solutions of Class II have a persistent horizon structure
over all values of A and ℓ. However, they may be instead categorised by the choice
to take x to live in a particular connected component, with either x < −1 or x > 1.
We label these as left and right subclasses of II respectively. Metrics of Class III
attain P positive only if A2ℓ2 < 1. There are then two event horizons, with the
valid range of y between them.

Apart from the categorisation of the solutions, an important issue seems to be
the fact that none of these solutions appear to have a mass parameter. A simple
explanation for this is that gravity in three–dimensions lack propagating degrees of
freedom as seen in Chapter 2. As in the BTZ black hole, the “energy” is generated
by some sort of identification of three-dimensional AdS space: either one creates
a conical deficit in the spacetime, from which we can interpret the deficit as a
point mass, or one orbifolds the spacetime with some discrete group, producing
the BTZ black hole. As gravity does not work as an attractive force, the local
spacetime is always anti-de Sitter space, thus all these three classes are simply
different patches of AdS coordinatised in different ways. We derive the coordinate
transformations in Appendix C, but for now, note that all of these metrics with
x taking its maximal range are just patches of AdS, and do not have the same
interpretation of an accelerating black hole as in four–dimensions.

In order to have the interpretation of a point mass or black hole, we must perform
the relevant identifications on the geometry. In each case, this involves cutting the
spacetime along a curve of x = const, and identifying with another equivalent x =
const curve. Because of the off-centre coordinates, this will turn out to introduce a
domain wall into the geometry – a codimension-1 defect that provides the necessary
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force for acceleration.

4.2 Introducing a domain wall

In four–dimensions, black holes can be accelerated by inserting a cosmic string along
their polar axis as we saw in 3.1.0.1. The cosmic string will produce a conical deficit
or excess depending on the sign of its tension [93] that is proportional to the force
that drives the acceleration. Due to the dimensionality, in three–dimensions, we
are allowed to introduce a codimension-1 object with some nontrivial tension that
will play the same role as the cosmic string in the standard four–dimensional accel-
erating black hole. In particular, we will be interested in single-wall configurations.

Given the classes of solutions described by the line element (4.10) and their respec-
tive coordinate range, we need to find a coordinate patch where we could insert
the domain wall by cutting and gluing along a hypersurface. Let us note that (for
classes I and II) as |x| → 1, the metric is regular and the surface |x| = 1 has vanish-
ing extrinsic curvature. Thus, it is natural to think of x as an angular variable and
to identify two mirror images of our geometry across |x| = 1. If we then cut each
geometry across another constant x−surface, x = x0, this will introduce a domain
wall into the system, with a tension, µ, given by the Israel equations [116].

A constant x−surface, x = x0, which has an induced metric

ds2
dw = γabdx

adxb = 1
Ω2

(
−P (y)dτ2 + dy2

P (y)

)
, (4.12)

where a, b = (τ, y) are the coordinates on the domain wall. We glue two copies of the
coordinate patch (4.10) mirroring along x = ±1. The wall is sourced by a localised
energy-momentum tensor and we can integrate over the thin wall configuration
using Israel equations,

8πG
∫ +

−
Tab = [Kab − γabK]

∣∣+
− = 8πGµγab, (4.13)

where Kab is the extrinsic curvature of the hypersurface at x = x+ given by the
covariant derivative of the inward-pointing normal to x = x0,

n = ±Ω−1Q− 1
2dx , (4.14)

where the plus sign is taken if x > x0 in the interior (i.e. if x ∈ [x0, 1] for class I,
x > x0 for class II), and vice versa∗. The extrinsic curvature Kab = ∇anb is then
easily computed as

Kab = ∓A
√
Qγab . (4.15)

∗The same principle applies for class III solutions, however, there is now no surface of zero
extrinsic curvature, thus we have the choice of having a single cut at x = x0, or a second cut at
some other value of x. This is precisely analogous to the Randall-Sundrum models 2 and 1 [117,
118] respectively.
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Leading to a domain wall defect with tension

µ = ± A

4π

√
Q(x) . (4.16)

This now demonstrates explicitly that taking a mirror image copy of our spacetime
and gluing across |x| = 1 leads to a continuous and smooth geometry, whereas
gluing across x = x0 leads to a defect with positive tension if x < x0, or negative
tension if x > x0 lies within our spacetime. For convenience, and to easily distin-
guish between positive and negative tension defects, we call the positive tension
defect a domain wall, and the negative tension one a strut. When restricting the
range of the x coordinate, it may be that the new range of parameters “avoids”
one or more of the event horizons that would have been present, or changes the
number of horizons that meet the conformal boundary, had the full range of x
been considered. As a consequence, (with t timelike) there are eight qualitatively
distinct single-wall and seven qualitatively distinct single-strut solutions one can
construct through various choices of x0. We detail the full set of distinct physical
solutions in Appendix B. In the following sections, we will focus on describing the
different spacetimes configurations that can be constructed by introducing a single
wall. We distinguish two different families: particle-like solutions (Class I pushed
or pulled by a wall) and accelerating black holes (Class IIleft, IIright and IC). We
also comment on Class III, for which a single wall configuration is not possible.

4.3 Accelerating Particles

In three-dimensional gravity, a point particle is represented by a conical deficit,
i.e., a δ-function in the Ricci curvature. This means we have to have an “origin”
in order to cut out the deficit. A quick look at the metric (4.10) shows that the
length of an angular arc, represented by x, becomes zero if y → −∞ (recall y < x).
Table 4.2 then shows that only Class I solutions are able to satisfy this requirement
while keeping P ≥ 0.

To construct the accelerating conical defect, we first glue two copies of the Class
I geometry (4.10) along x = ±1, so that we can identify an angular coordinate
via x = ± cos θ. We then introduce a conical deficit by choosing an x+ ∈ (−1, 1)
and restricting the range of x to ±x ∈ (x+, 1]. The x = ±1 axis of the newly
formed spacetime is regular, but the origin at y → −∞ has an angular deficit of
2[π− arccos(±x+)], with the x = x+ axis marking the position of a wall of tension
µ = ±A

√
Q(x+)/4π.

Next, we will focus our attention towards the positive tension scenario (x ∈ (x+, 1]),
describing an accelerating particle that is being pulled by a domain wall. Towards
the end of this section, we briefly touch upon the negative tension strut, which is
calculated using a similar procedure.
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x = 1 = x′x = x+ x′ = x+x = −1 x′ = −1
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′
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y →∞
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Figure 4.1: The two patches of Class I spacetime used to construct a slowly accel-
erating conical defect. Left: Point particle pulled by a domain wall. Right: Point
particle pushed by a strut-wall.

4.3.1 Class I: A particle pulled by a domain wall

To take advantage of our intuitive understanding of four-dimensional space, it can
be beneficial to express Class I in a more natural form. We introduce dimensionful
coordinates r = −(Ay)−1 and t = αA−1τ , and identify x with an angular coordinate
via x = cos(ϕ/K). The parameter K ≡ π/ arccos(x+) now encodes the range of
the x coordinate, fixing the range of ϕ to be (−π, π). Thus, the metric is

ds2 = 1
[1 +Ar cos (ϕ/K)]2

[
−f(r)dt

2

α2 + dr2

f(r) + r2dϕ
2

K2

]
, (4.17)

f(r) = 1 + (1 −A2ℓ2)r
2

ℓ2
. (4.18)

Note that we have introduced the dimensionless parameter α just as in the four–
dimensional case. Later, we will identify the value of this parameter by mapping
the solution to global coordinates similarly as done in 3.1.0.1. In this form, it is
natural to recover global AdS space by taking A → 0. We are also able to identify
slow (Aℓ < 1), saturated (Aℓ = 1), and rapid (Aℓ > 1) acceleration readily. For
Aℓ < 1, no horizons are present, and we will see that the accelerating particle is
a conical deficit suspended at fixed distance from the centre of AdS, analogous to
the four–dimensional slowly accelerating black hole. As A gets larger (A ≥ 1),
a Killing horizon forms at r = ℓ/

√
A2ℓ2 − 1 which we refer to as an acceleration

horizon. Provided the acceleration is not too large (see below) this horizon is
non-compact and masks part of the conformal boundary. The domain wall extends
between the particle and the boundary. However, for large acceleration, the domain
wall extends from the particle to the horizon, and after identification, the horizon
‘wraps around’ to mask the entire conformal boundary and the spatial sections
become compact. The polar-style coordinate system is helpful in interpreting the
accelerating particle spacetimes as the conical deficit sits at r = 0 and is easily
visualised. Irrespective of acceleration, this is achieved by having K > 1 in the
metric (4.18). The angular deficit, which one may be inclined to refer to as the
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“particle mass” [17], is
mc = 1

4G

(
1 − 1

K

)
, (4.19)

while the tension in the domain wall is

µ = A

4π sin
(
π

K

)
. (4.20)

When K = 1, both the conical deficit (4.19) and domain wall tension (4.20) vanish,
and the geometry becomes global AdS3 written in an accelerated frame. We have
monotonically increasing particle mass as K increases, whereas the domain wall
tension first increases, reaching a maximum of A/4π at K = 2, then decreases
further with increasing K. As K → ∞, the “particle mass” asymptotes 1/4, and
the domain wall tension tends to zero. In this case, we have excised all of the
spacetime, and one can view this as there being nothing to accelerate! As A → 0,
the ‘mass’ of the particle is unaffected and the tension of the domain wall goes to
zero.

In the rapid or saturated phases, it is the magnitude of the particle mass relative
to the acceleration that determines the horizon structure. For 4πµℓ < 1 (or x+ <

−yh), the acceleration horizon is non-compact and the domain wall reaches the
boundary. For strongly accelerating particles Aℓ sin(π/K) > 1, the acceleration
horizon compactifies and we have a de Sitter-like state.

To identify that the conical defect is accelerating, we can do the same computation
as in 3.1.0.1 to obtain the four-acceleration of a point particle along the worldline
traced by the origin. The origin r = 0 of the coordinates (4.18) has normalised
four-velocity

u = αΩ√
f

∣∣∣∣∣
r→0

∂t . (4.21)

The associated four-acceleration is then given by a covariant derivative,

a = ∇uu , (4.22)

which has magnitude
|a| =

√
− (∇uu)2 = A . (4.23)

We see that the acceleration parameter gives the locally experienced acceleration
of the particle as in the four-dimensional case.

One can also identify the particle’s acceleration by considering the temperature of
the horizon in the rapid phase. In this phase, demanding regularity of the Euclidean
section indicates a horizon temperature of

T = A

2πα

√
1 − 1

A2ℓ2
. (4.24)
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4.3.1. Class I: A particle pulled by a domain wall

For accelerations which are large compared to the AdS scale, A ≫ ℓ−1, the particle
is close to the acceleration horizon and provides effects which dominate the effect of
the background curvature. In this regime, the geometry is approximately flat, and
one should expect α ∼ 1. The horizon is then seen to be Rindler, with temperature
T = (2π)−1A. Similar to what occurs in de Sitter space, there is an associated
Gibbons–Hawking entropy [119] which is a quarter of the area of the accelerating
horizon

SParticle = Area
4 = −4ℓ arctanh

[
(−Aℓ+

√
A2ℓ2 − 1 tan

(
π

2K

)]
. (4.25)

An important step into identifying the correct physical quantities is to normalise
the generator of time translations ∂t to that of an observer located at the boundary
[120]. That is, we wish to choose α in (4.18) such that t is the same time coordinate
as when the geometry is written in global gauge

ds2 = −
(

1 + R2

ℓ2

)
dt2Global + dR2(

1 + R2

ℓ2

) +R2dϑ2 . (4.26)

Note that the function f has the same form as the comparable function in the C-
metric in four dimensions, in the limit of vanishing mass parameter [121]. Hence,
the transformation between local and global coordinates is already known to be(

1 + R2

ℓ2

)
= f(r)
α2Ω(r, ϕ)2 , R sinϑ = r sin (ϕ/K)

Ω(r, ϕ) . (4.27)

This holds only if the temporal rescaling is

α =
√

1 −A2ℓ2 . (4.28)

This mapping to the global gauge allows for an intuitive picture of the spacetime
to be constructed. By compactifying onto the Poincaré disk, we attain Figure 4.2
for the slowly accelerating conical deficit, which is plotted at some fixed time t.
The details of the compactification are given in Appendix C. One must use two
(x, y) patches to cover both the eastern and western semicircles, as in Figure 4.1.
Note that, since t aligns with the global time coordinate, one may stack an infinite
number of identical diagrams to visualise the complete space. We find a conical
deficit “pulled” closer to the boundary than the origin of global coordinates by the
removal of a distorted wedge.

In fact, although defining the total mass in the rapidly accelerating case is difficult,
we can already determine the appropriate Killing vector one should use once a
reliable definition becomes available. Consider the portion of AdS3 described by
the metric

ds2 = −
(

−1 + R2

ℓ2

)
dt2Rindler + dR2(

−1 + R2

ℓ2

) +R2dϑ2 , (4.29)
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4.3.1. Class I: A particle pulled by a domain wall

x
′  1  x

x  x+x
′  x+

Figure 4.2: The slowly accelerating conical deficit with A = 0.9ℓ, pulled by a
wall, mapped onto the Poincaré disk. The deficit is shown as a black point and
accelerates southwards. A “wedge” is removed from the global space, with its edges
x = x+ and x′ = x+ (long-dashed black) identified to attain a domain wall. Several
lines of constant x are shown in blue, with lines of constant y in dashed orange.

with r > −1 and ϑ ∈ R. This geometry possesses a non-compact bifurcate Killing
horizon at r = −1, generated by ∂t, and we will refer to it as either the planar
BTZ geometry or Rindler wedge. Close to the conformal boundary at large r,
t is the usual timelike coordinate of the Poincaré patch. This time coordinate
provides the zero-mass state for AdS3 [55]. As such, the appropriate normalisation
of t for the rapidly accelerating particle is given by choosing α such that the time
coordinate of the solution (4.18) matches that of the Rindler wedge (4.29). This
choice of Killing vector closely mirrors the choice made in [122], where — for four-
dimensional accelerating black holes without cosmological constant — the generator
of the Rindler horizon was shown to provide a mass satisfying a first law. The
transformation between the rapid Class I and planar BTZ geometries are given by(

−1 + R2

ℓ2

)
= f(r)
α2Ω(r, ϕ)2 , R sinhϑ = r sin (ϕ/K)

Ω(r, ϕ) , (4.30)

where we must take
α =

√
A2ℓ2 − 1 . (4.31)

Much like the slowly accelerating case, the transformation between local coordi-
nates and the Rindler wedge may be used to understand the rapidly accelerating
conical deficit as a subset of AdS3. For light conical deficits (mc ∼ 0), this space
is the planar BTZ geometry with a wedge removed. This is shown in Figure 4.3.
We must plot two (x, y) patches in order to cover the Rindler wedge. Details of
the mapping onto the global space are given in Appendix C. A key feature is that
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4.3.1. Class I: A particle pulled by a domain wall

Figure 4.3: The Class Irapid,A solution embedded within global AdS3. The deficit’s
worldline is shown in solid black. Several surfaces of constant t are plotted. The
event horizons are demonstrated by the surfaces at early and late t. The bifurcation
surface is shown as a green line. A “wedge” is removed, with its edges x = x+ and
x′ = x+ identified. These edges are shown in long-dashed black within each time-
slice, and in dashed red at the boundary. The boundary of the classically accessible
subset of the global boundary is shown in red. Lines of constant x are shown in
blue, with lines of constant y in dashed orange. To guide the eye, the axis of the
cylinder is also shown in black.

the Rindler time coordinate and the global time do not align. In Figure 4.3, global
time runs vertically, aligned with the axis of the cylinder. The conical defect on the
other hand is seen to accelerate in from the conformal boundary at early times t,
then move back out towards the boundary as t → ∞. Both of these events happen
in finite global time, resulting in the particle experiencing an acceleration horizon.
It is already known that the planar BTZ geometry describes an acceleration horizon
for test particles [21]; our solution describes a particular physical object undergoing
acceleration, with the force of acceleration provided by a physical domain wall.

For heavy conical deficits (mc large enough that x+ > −yh), the “wedge” removed
is so large that includes all of the conformal boundary. This is shown in Figure
4.4. In this phase, the bifurcation surface is compactified to become a circle and
the horizon structure is similar to that of de Sitter space.
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4.3.2. Class I: A particle pushed by a strut

Figure 4.4: The Class Irapid,B solution embedded within global AdS3. The deficit’s
worldline is shown in solid black. Several surfaces of constant t are plotted. The
event horizons are demonstrated by the surfaces at early and late t. The bifurcation
surface is shown as a green line. The surfaces x = x+ and x′ = x+ identified. Lines
of constant t within these surfaces are shown in long-dashed black. None of the
conformal boundary is included in the solution. Lines of constant x are shown in
blue, with lines of constant y in dashed orange. To guide the eye, the axis of the
cylinder is also shown in black.

4.3.2 Class I: A particle pushed by a strut

We now briefly comment on the counterpart solution of a particle being pushed
by a strut. In fact, the asymptotically flat version of this construction (which is
achieved by taking the ℓ → ∞ limit) has been studied by Anber [115]. This solution
shares many features in common with the solution of section 4.3.1 so we will discuss
it in less detail.

As before, we use the polar representation of the geometry, which is almost in
the form of (4.18), but instead set x = − cos(ϕ/K) with the parameter K =
π/ arccos (−x+) The metric then takes the form

ds2 = 1
[1 −Ar cos (ϕ/K)]2

[
−f(r)dt

2

α2 + dr2

f(r) + r2dϕ
2

K2

]
, (4.32)

f(r) = 1 + (1 −A2ℓ2)r
2

ℓ2
. (4.33)

By similar arguments to those of section 4.3.1, we find that one should take α =√
|1 −A2ℓ2|. The local acceleration of the particle is again |a| = A, and the particle
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4.3.2. Class I: A particle pushed by a strut

x
′  1  x

x  x+x
′  x+

Figure 4.5: The slowly accelerating conical deficit with A = 0.9ℓ, pushed by a
strut, mapped onto the Poincaré disk. The deficit is shown as a black point and
accellerates southwards. A “wedge” is removed from the global space, with its
edges x = x+ and x′ = x+ (long-dashed black) identified to attain a wall. Several
lines of constant x are shown in blue, with lines of constant y in dashed orange.

mass and wall tension are, respectively,

mc = 1
4

(
1 − 1

K

)
(4.34)

and
µ = − A

4π sin
(
π

K

)
. (4.35)

By mapping the solution to a portion of global space, we obtain Figure 4.5 for the
slowly accelerating deficit. The details of the mapping are given in Appendix C.
The interpretation of this figure is similar to that for the particle accelerated by a
wall, (cf. Figure 4.2 and the discussion given in section 4.3.1).

In the rapid and saturated phases, much like with the particle accelerated by a
wall, changing the magnitude of the conical deficit can induce a phase transition in
the global structure of the spacetime. For light conical deficits, the gluing surface
x = x+ connects the conical deficit’s worldline to a horizon (in the patch covered
by (4.33). One can also view this as removing a “wedge” which includes part of the
acceleration horizon from the Rindler wedge. This situation arises for the Irapid,B

and Isaturated,D single-strut solutions and the former is shown in Figure 4.6.

On the other hand, for heavier conical deficits, the identified surfaces connect the
deficit’s worldline to the conformal boundary. This situation arises for the Irapid,A

and Isaturated,C single-strut solutions. The portion of space then removed from the
Rindler geometry is then so large that it includes the entirety of the horizon, and
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4.4. Accelerating Black Holes

Figure 4.6: The rapidly accelerating light conical deficit with A > ℓ−1, pushed by a
strut, embedded within global AdS3. The deficit’s worldline is shown in solid black.
Several surfaces of constant t are plotted. The event horizon is demonstrated by
the surfaces at early and late t. The bifurcation surface is shown as a green line.
A “wedge” is removed, with its faces x = x+ and x′ = x+ identified. These faces
are indicated by long-dashed black curves within each time-slice, and in dashed red
at the boundary. The boundary of the classically accessible subset of the global
boundary is shown in solid red. Lines of constant x are shown in blue, with lines
of constant y in dashed orange. To guide the eye, the axis of the cylinder is also
shown in black.

we are left with a small segment of spacetime extending from the particle to the
boundary as shown in Figure 4.7.

4.4 Accelerating Black Holes

Black holes in three–dimensional gravity are quite different to their four–dimensional
counterpart. The biggest difference is that they appear as topological identifica-
tions in the spacetime and their “mass” is in fact, sourced by a conical deficit. To
obtain them, first, one transforms to a Rindler wedge (or planar BTZ) patch of
AdS, then identifies along constant x-lines. In the absence of acceleration (taking
the limit A → 0 of (4.10) with judicious coordinate rescalings) these x =const.
lines have vanishing extrinsic curvature. Once we have finite A however, the way
in which the coordinates slice the Rindler wedge is skewed (see Figures 4.9 & 4.10),
so that even though the patch of AdS is the same as for planar BTZ, the new
constant x surfaces now have non-vanishing extrinsic curvature. While we have
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4.4. Accelerating Black Holes

Figure 4.7: The rapidly accelerating heavy conical deficit with A > ℓ−1, pushed
by a strut, embedded within global AdS3. The deficit’s worldline is shown in solid
black. Several surfaces of constant t are plotted. The surfaces x = x+ and x′ = x+
are identified. Edges of x = x+ are shown in long-dashed black within each time-
slice. x+ is taken positive enough that the entirety of the boundary is removed from
the space before identification. The boundary of the classically accessible subset of
the global boundary is shown in red. Lines of constant x are shown in blue, with
lines of constant y in dashed orange. To guide the eye, the axis of the cylinder is
also shown in black.

long been aware that AdS can be sliced in many ways, this new phenomenon has
not been noticed in the literature to our knowledge.

This procedure is natural in Class II which describes accelerating black holes that
can be considered as a one parameter extension of the BTZ black hole [20, 21].
This means that by taking the parameter A → 0, we recover the standard form of
the static three-dimensional black hole.

There are two possible scenarios for Class II, depending on the sign of x. As seen
in 4.2, we can either have x > 1 or x < 1. When x > 1 (Class IIright), the domain
wall has negative tension and by gluing along x = 1, induces a conical deficit
K = π/ arcosh (x+). On the other hand, when x < −1 (Class IIleft), the domain
wall has positive tension and by gluing along x = −1, we get a conical deficit
K = π/ arcosh (−x+). These two cases are referred as accelerating BTZ pushed
by a strut (negative tension) and pulled by a wall (positive tension). Next, we will
describe both solutions and their properties.

Nevertheless, these are not the only black hole solutions that we can construct.
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4.4.1. Class IIright: A BTZ black hole pushed by a strut

x′ = 1 = x

xx′

x
=
yx ′

=
y

x = x+x′ = x+

yh

−yh

x′ = 1 = x

xx′

x
=
yx ′

=
y

x = x+x′ = x+

yh

−yh

Figure 4.8: Left: IIright,slow. The two patches of type II spacetime – with x > 1
– and the identifications used to construct a black hole accelerated by a pushing
strut when x+ < yh. Right: IIright,rapid. The two patches of type II spacetime –
with x > 1 – and the identifications used to construct a black hole accelerated by
a pushing strut when x+ > yh.

Hidden within Class I, there is an accelerating black hole – which we refer to as
Class IC – that does not have the BTZ black hole as a non-accelerating limit. In fact,
this solution exists within a particular range of parameters where the acceleration
and mass are bounded.

We will expand on this discussion later.

4.4.1 Class IIright: A BTZ black hole pushed by a strut

Let us choose some value x+ > 1 and define a patch with x ∈ [1, x+). We glue
two copies of this patch, mirroring along both x = 1 and x = x+. The identifi-
cations are shown in Figure 4.8. The x = 1 axis of the newly formed spacetime
is regular, while x = x+ marks the position of a domain wall of negative tension
µ = −A(4π)−1√Q(x+). The resulting spacetime describes the exterior of a black
hole with horizon located at −yh = −

√
1 +A−2ℓ−2. If x+ is larger than yh, there

is also a “droplet” horizon [108] present at y = yh for x > yh. The slow accel-
erating phase was first described by Astorino in [123] while the rapid phase is a
novel feature. The existence of such a phase strengthens the analogy with the
four-dimensional accelerating black hole.

To cast the metric in more intuitive coordinates, take x = cosh (ψ/K) where K =
π/ arcosh(x+). Defining dimensionful coordinates ρ = −(Ay)−1 and t = αA−1τ ,
the metric becomes

ds2 = 1(
1 +Aρ cosh

(
ψ
K

))2

(
−f(ρ)dt

2

α2 + dρ2

f(ρ) + ρ2dψ
2

K2

)
,

f(r) = −1 + (1 +A2ℓ2)ρ2/ℓ2 ,

(4.36)
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4.4.1. Class IIright: A BTZ black hole pushed by a strut

where again we leave room for the possibility that t should be scaled by some
dimensionless quantity α. The parameter K has been chosen such that the range
of ψ is (−π, π). We require both K > 0 and π/K < arcosh(yh). This patch does
not cover the entire region between the black hole horizon and the boundary (and
the acceleration horizon). The region immediately exterior to the black hole has
r > 0. Proceeding from the black hole along a line of constant ψ in the direction
of increasing r, one encounters a coordinate singularity as r → ∞, which is a
geometrically uninteresting locus. One must take a second patch with r < 0 to
cover the region bounded by the conformal boundary (for small ψ) and possibly
also the acceleration horizon (for large ψ). This is exactly analogous to the slowly
accelerating black hole in 4D. The conformal boundary is then approached as r →
− [A cosh (ψ/K)]−1. There is a regular semi-axis at ψ = 0, while along ψ = ±π
lies a domain wall of (negative) tension

µ = − A

4π sinh
(
π

K

)
. (4.37)

These Class IIright solutions form a one parameter extension of the well-known
family of static BTZ black holes. To highlight the relationship, take the metric
(4.36) and make the parameter redefinitions K = m−1 and A = mA. Also, make
the coordinate rescalings r = mρ and t̃ = m−1t. The metric becomes

ds2 = 1
Ω(r, ψ)2

[
−F (r)dt̃

2

α2 + dr2

F (r) + r2dψ2
]
,

F (r) = −m2(1 − A2r2) + r2

ℓ2
,

Ω(r, ψ) = 1 + Ar cosh(mψ) .

(4.38)

We require that both m > 0 and the slow acceleration condition, which is now
m sinh (mπ) < (Aℓ)−1, hold. A chart with r > 0 covers the region immediately
exterior to the black hole horizon, which lies at rh = mℓ(1+m2A2ℓ2)−1/2. A second
chart with r < 0 covers the region bordered by the conformal boundary, which lies
at r → − [A cosh(mψ)]−1. Considering now the Euclidean version of the solution,
the black hole has Hawking temperature and entropy given by

T = |f ′(rh)|
4πα = m

√
1 +m2A2ℓ2

2πℓα , (4.39)

S = ℓ

G
arctanh

[(√
1 +m2A2ℓ2 −mAℓ

)
tanh

(
mπ

2

)]
,

where once again, the entropy has been obtained as a quarter of the area of the
black hole horizon.

To understand the solution, we can again perform a mapping to global AdS3, the
details of which are given in Appendix C. A solution in the slow phase x+ < yh

is shown in Figure 4.9, while one in the rapid phase x+ > yh is shown in Figure
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4.4.1. Class IIright: A BTZ black hole pushed by a strut

Figure 4.9: The Class IIright, slow black hole. Several surfaces of constant t are
shown. The lines x = x+ < yh are shown in dashed black, and are identified with
their partner within the same time slice, wrapping the bifurcation surface (shown
as a horizontal red line) into a circle. The early and late time-slices demonstrate the
event horizon. Lines of constant y are shown in dashed orange. Lines of constant
x are shown in blue. The classically accessible region of the boundary is delimited
in red.

4.10. In the slow phase, there is a single bifurcate Killing horizon generated by ∂t.
Upon making the appropriate identification, the bifurcation surface of this horizon
acquires the topology of a circle. All of the lines of constant x (and t) connect
the bifurcation surface of this horizon to the conformal boundary (consider the
blue lines in Figure 4.9). This construction mirrors that of the usual, static BTZ
black hole (cf. Figure C.1). Of course, when constructing the Class IIright,slow

black hole, surfaces of constant x are glued resulting in a strut. In the usual BTZ
construction the surfaces to identify are specifically chosen by quotienting (the
universal covering space of) AdS3 by the group of integers to maintain regularity.
In the rapid phase, ∂t generates two disjoint bifurcate horizons. There exist lines
of constant x > yh (and t) which connect the black hole bifurcation surface to
a second, disjoint bifurcation surface with topology R. While the slow phase is
qualitatively similar to the traditional, static BTZ solution, albeit with induced
tension in the identified surface, the rapid phase hitherto absent from the literature
is qualitively distinct.

As done for Class I solutions, we wish to identify the value of α such that the
generator of time translations is that of an asymptotic observer. For that, let us
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4.4.1. Class IIright: A BTZ black hole pushed by a strut

Figure 4.10: The Class IIright,rapid black hole. Several surfaces of constant t are
shown. The lines x = x+ < yh are shown in dashed black, and are identified with
their partner within the same time slice. The early and late time-slices show the
event horizons. The black hole event horizon has a compact bifurcation surface
with topology S1, shown in red, while the green line denotes the “acceleration
horizon” or droplet’s bifurcation line with topology R. Lines of constant y are
shown in dashed orange. Lines of constant x are shown in blue. The classically
accessible region of the boundary is delimited in red.

focus on the case where the parameter A is small enough that

π/K < arcosh
(√

1 +A−2ℓ−2
)
. (4.40)

Before proceeding with the calculation, a comment is warranted on the choice
of Killing vector from which to calculate the conserved charge. To identify α,
one might try to again posit that ∂t is the appropriate Killing vector with which
to calculate the mass when it coincides with the time coordinate of the Rindler
wedge. In fact, a slight modification of this procedure is required: one should scale
the time coordinate by a factor of m in order to reproduce the zero-mass of AdS3

as the black hole horizon size is taken to zero [20]. The mapping between the Class
II geometry and the Rindler geometry is(

−1 + R2

ℓ2

)
= F (r)
m2α2Ω(r, ψ)2 , R sinhϑ = r sinh (mψ)

mΩ(r, ψ) , (4.41)

where we must also scale the time coordinate

t̃ = tRindler
m

(4.42)
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4.4.2. Class IIleft: A BTZ black hole pulled by a wall

and set
α =

√
1 +m2A2ℓ2 . (4.43)

Note that, as m is taken to zero, the metric (4.38) becomes

ds2 = 1
(1 + Ar)2

(
−r2

ℓ2
dt̃2 + ℓ2

r2dr
2 + r2dψ2

)
. (4.44)

The transformation
R = r

1 + Ar
(4.45)

reveals the parameter A to then be a gauge artifact; the geometry is nothing else
than Poincaré AdS3:

ds2 = ℓ2

R2dR
2 + R2

ℓ2

(
−dt̃2 + ℓ2dψ2

)
. (4.46)

This conclusion is solidified by noticing that the tension

µ = −mA
4π sinh (mπ) (4.47)

inducing the domain wall also vanishes in this limit. Poincaré AdS3 sets the zero-
point energy of three-dimensional gravity holographically [55]. As such, it is natural
that the mass of the Class II solutions should be calculated with respect to t̃, using
equation (4.42). We will comeback to this point later.

4.4.2 Class IIleft: A BTZ black hole pulled by a wall

It is also possible to construct another one parameter extension to the family of
static BTZ black holes, where the defect emerging from the horizon has a positive
energy density. As such, this solution is arguably more physical than the solution
of section 4.4.1.

Starting from a patch of Class II spacetime (4.10) with x < −1, as presented
in table 4.2, choose some value x+ ∈ (−yh,−1), where yh =

√
1 +A−2ℓ−2, and

define a patch with x ∈ (x+,−1]. Glue two copies of this patch, mirroring along
both x = x+ and x = −1. The identifications are shown in Figure 4.11. The
x = −1 axis of the newly formed spacetime is regular. Along x = x+, one finds a
domain wall of positive tension µ = A(4π)−1√Q(x+). In contrast to the soluton
with a strut, here there is always one—and only one—compact horizon present at
y = −yh, regardless of the values of A and x+. As |x+| → yh, instead of the system
forming a non-compact horizon. the black hole horizon merges with the conformal
boundary,

To cast the metric in more familiar coordinates, take x = − cosh(ψ/K), where K =
π/ arcosh(−x+). Defining dimensionful coordinates ρ = −(Ay)−1 and t = αA−1τ ,
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4.4.2. Class IIleft: A BTZ black hole pulled by a wall

x = −1 = x′x = x+ x′ = x+

−yh

x
=
y

x ′
=
y ′

(x, y) patch (x′, y′) patch

Figure 4.11: The two patches of type II spacetime used to construct a black hole
with a pulling wall.

the metric becomes

ds2 = 1
[1 −Aρ cosh (ψ/K)]2

[
−f(ρ)dt

2

α2 + dρ2

f(ρ) + ρ2dψ
2

K2

]
,

f(ρ) = −1 + (1 +A2ℓ2)ρ2/ℓ2 .

(4.48)

Yet again, we anticipate a rescaling of t by α. The range of ψ is (−π, π). This
(ρ, ψ) patch covers both (x, y) coordinate patches; it covers the entire region region
between the black hole horizon and the conformal boundary (the region shaded
purple in Figure 4.11). The coordinate ρ is everywhere positive in this domain. As
long as the acceleration parameter A is sufficiently small, it is possible to set the
magnitude of x+ as large as one wishes. We thus have two conditions on K for this
solution: K > 0 and π/K < arcosh(yh).

The semiaxis ψ = 0 is regular, while the domain wall, which now lies along ψ = ±π,
has tension

µ = A

4π sinh
(
π

K

)
. (4.49)

Much like the solutions with a strut considered in Section 4.4.1, the solutions we
have constructed in this section comprise a one parameter extension to the family
of static BTZ black holes. One may demonstrate this in a similar way. Take the
metric (4.48) and again make the parameter redefinitions K = m−1 and A = mA.
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4.4.3. Class IC: A (non) BTZ black hole pulled by a wall

Also, make the coordinate rescalings r = mρ and t̃ = m−1t. The metric becomes

ds2 = 1
Ω(r, ψ)2

[
−F (r)dt̃

2

α2 + dr2

F (r) + r2dψ2
]
,

F (r) = −m2(1 − A2r2) + r2

ℓ2
,

Ω(r, ψ) = 1 − Ar cosh(mψ) .

(4.50)

We now have the conditions 0 ≤ m sinh (mπ) < (Aℓ)−1. Note that, much as for the
solution with a strut, the point m = 0 in parameter space was inaccessible using the
parameterisation (4.48). The black hole horizon lies at rh = mℓ(1 + m2A2ℓ2)−1/2

with temperature and entropy as given in (4.39). The tension in the domain wall
is an increasing function of m:

µ = mA
4π sinh (mπ) . (4.51)

It is interesting to note that the bounds on m translate into bounds on the induced
defect stress

0 ≤ µ <
1

4πℓ . (4.52)

To understand the geometry, we map onto a subset of global AdS3 and plot the ge-
ometry by compactifying the spatial section. This process is described in Appendix
C, with the result being Figure 4.12. One finds a spacetime qualitatively similar to
the BTZ black hole (cf. Figure C.1), but with non-zero tensile force present in the
identification surface. The bifurcate Killing horizon generated by ∂t has a compact
bifurcation surface, with the topology of a circle.

The biggest difference with respect to Class IIright is that this solution never forms
an acceleration horizon. This means that we are free of constraints over K to
compute thermodynamic quantities. The transformations as written in (4.41) hold
in the present case (though of course one must use the appropriate Ω), leading to
the same value of t̃ and α (4.43) .

4.4.3 Class IC: A (non) BTZ black hole pulled by a wall

We now return to the Class I solutions to explore a novel BTZ accelerating black
hole that has only a limited allowed parameter range and is disconnected from the
non-accelerating BTZ black hole.

Consider a Class I geometry in the rapid (or saturated) phase, so that A2ℓ2 ≥ 1.
For positive y, there is a Killing horizon at yh =

√
1 −A−2ℓ−2. Now choose x+ ∈

(yh, 1), so that the y coordinate lies in the range (yh, x) for x ∈ (x+, 1). As usual,
we glue two copies of this chart along both x = x+ and x = 1. Diagrammatically,
we are joining two copies of the upper right corner most heavily shaded region
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4.4.3. Class IC: A (non) BTZ black hole pulled by a wall

Figure 4.12: The Class IIleft black hole. Several surfaces of constant t are shown;
those of large positive and negative t outline the event horizon. The surface x = x+
– shown in dashed black – is identified with its partner within each time-slice. The
bifurcation surface of the Killing horizon is shown in green and has topology S1.
Lines of constant x and y are shown in solid blue and dashed orange respectively.
The classically accessible region of the conformal boundary is delimited in red.

in Figure B.1(Left) where the relevant value of x+ is denoted by C. There is no
tension along the gluing surface x = 1 as usual, and along x = x+, there is a
domain wall with positive tension

µ = A

4π

√
1 − x2

+ . (4.53)

This positive tension domain wall extends out from the (now) compact horizon to
the conformal boundary at y = x.

As before, we transform to the more intuitive coordinate system

τ = At

α
, y = 1

Aρ
, x = cos (ϕ/K) , (4.54)

where K = π/ arccos (x+). Since for these solutions x+ ∈ (yh, 1) and yh ≥ 0, we
have that K > π/ arccos (yh) > 2. K can only approach its minimal value of 2 as
the solution becomes close to saturated. The metric takes the form

ds2 = 1[
Aρ cos

(
ϕ
K

)
− 1

]2
(

−f(ρ)dt
2

α2 + dρ2

f(ρ) + ρ2dϕ
2

K2

)
,

f(ρ) = 1 − (A2ℓ2 − 1)ρ2/ℓ2 .

(4.55)
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4.4.3. Class IC: A (non) BTZ black hole pulled by a wall

The range of ϕ is (−π, π), covering both (x, y) patches. The horizon lies at ρh =
(Ayh)−1, with the conformal boundary ρconf. = (A cos(ϕ/K))−1 satisfying 0 <

ρconf. < ρ < ρh. With this parameterisation, the domain wall lies on the line
ϕ = ±π and has tension

µ = A

4π sin
(
π

K

)
. (4.56)

The tension is bounded above by

µmax = A

4π , (4.57)

which is only approachable for saturated or (nearly saturated) solutions with values
of K very close to 2. It is monotonically decreasing with K and bounded below by
zero.

An alternative parameterisation of the solution is available via the substitutions

m = 1
K
, A = A

m
; t̃ = t

m
, r = mρ . (4.58)

The metric becomes

ds2 = 1
Ω(r, ϕ)2

(
−F (r)dt̃

2

α2 + dr2

F (r) + r2dϕ2
)
,

F (r) = −m2(A2r2 − 1) + r2

ℓ2
,

Ω(r, ϕ) = Ar cos (mϕ) − 1 .

(4.59)

The bounds on K translate into bounds on m:

0 < m <
1
π

arccos (yh) < 1
2 . (4.60)

Since m is bounded above by one half, no geometries of this type are possible with
Aℓ < 2. Thus, this corner of solution space, while representing an accelerating
BTZ black hole, is not connected to the canonical BTZ solution as A → 0 is not
allowed for these solutions. In fact, after the reparameterization, yh now depends
on m. This makes the second inequality in (4.60) slightly tricky; it is more easily
expressed as a bound on Aℓ:

1
m

≤ Aℓ < 1
m sin (mπ) . (4.61)

This effective upper bound on m combines with the lower bound provided by the
rapid acceleration condition to form an allowed range of m values for a given Aℓ,
shown in Figure 4.13.

The conformal boundary lies at rconf. = (A cos(mϕ))−1 ≥ A−1. The minimal value
of A−1 is achieved only at a single point: the point on the boundary for which
ϕ = 0. For a rapid (mAℓ > 1) solution, the horizon lies at

rh = mℓ√
m2A2ℓ2 − 1

(4.62)
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Figure 4.13: The parameter space of the Irapid,C solution (shaded purple).

and satisfies rh > A−1. As the solution becomes saturated (mAℓ = 1), the horizon
moves out to infinity and these coordinates become less useful.

By regularity of the Euclidean section, the horizon temperature is

T = |f ′(rh)|
4πα = 1

2πℓα
√
m2A2ℓ2 − 1 . (4.63)

It is interesting to note that either of the possible normalisations ∂t and ∂t̃ yield a
temperature independent of the acceleration parameter A. At the saturation point
mAℓ = 1, where the solution is massless, the system approaches absolute zero.

One might be concerned that r is decreasing as one nears the conformal boundary.
The length of a closed ring of constant r is

∫ π

−π

r

Ar cos (mϕ) − 1dϕ = r

m
√

A2r2 − 1
arctanh

√Ar + 1
Ar − 1 tan

(
mπ

2

) . (4.64)

This function is monotonically decreasing with r, as shown in Figure 4.15. A ring
close to the horizon is smaller than a ring close to the boundary; the system is
behaving in an intuitive fashion, despite the unintuitive metric. Calculating the
minimal value of (4.64), we obtain the horizon entropy

SIC = ℓ arctanh
[
mAℓ (1 + yh) tan

(
mπ

2

)]
. (4.65)

The entropy is monotonically increasing in m, with the massless solution M =
mAℓ → 0 attaining the minimal entropy

SM=0 = ℓ arctanh
[
tan

(
π

2Aℓ

)]
. (4.66)

The entropy is plotted against m, for various values of Aℓ, in Figure 4.14. In
the figure, the entropy of the massless solution is marked by a shape. The en-
tropy is monotonically increasing with the mass and diverges as m approaches its
supremum.

To better understand the solution, we can map it to a subset of global AdS3 and plot
it by compactifying the spatial section. This process is described in Appendix C,
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4.4.3. Class IC: A (non) BTZ black hole pulled by a wall

●●

■■

◆◆
▲▲

▼▼
0.1 0.2 0.3 0.4 0.5

m

0.5

1.0

1.5

2.0

2.5

3.0

S·Gℓ-1

Figure 4.14: The entropy ℓ−1S of the Irapid,C solution at various values of Aℓ:
Aℓ = 2.5 (solid red), Aℓ = 3.0 (dotted blue), Aℓ = 5.0 (dashed orange), Aℓ = 10
(dot-dashed green), Aℓ = 40 (long-dashed purple). A solid grey vertical line denotes
an asymptote where the divergence Aℓ = (m sin(mπ))−1 is met. A dashed grey
line dentotes the value of m for a massless solution; the entropy at this point is
marked with a shape.
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Figure 4.15: The “circumference” of loops of constant r. ℓ is set to unity with
A = 10. Three values of m (6−1, 8−1, and 9−1) are shown (in solid red, dotted
blue, and dashed orange respectively). The value at the horizon radius r = rh is
marked by a shape.

with the result being Figure 4.16. One finds a result qualitatively similar to the BTZ
black hole, (see Figure C.1), but with non-zero stress present in the identification
surface. This is the key to understanding the Irapid,C and Isaturated,E,y > 0 solutions.
The static BTZ black hole is constructed by taking the AdS3 Rindler wedge (4.29)
and identifying complete orbits of the Killing vector generating rotations, (see
Appendix C.0.2 for a short review). The Class IC black hole is constructed similarly,
though one is identifying instead surfaces of constant x.

The explicit mapping of the Class IC geometry to the planar BTZ geometry (4.29)
is given by (

−1 + R2

ℓ2

)
= F (r)
m2α2Ω(r, ϕ)2 , R sinhϑ = r sin (mϕ)

mΩ(r, ϕ) , (4.67)

where the time coordinates are related by

t̃ = tRindler
m

. (4.68)
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4.5. Class III solutions

Figure 4.16: The Class Irapid,C solution, as a portion of global AdS3. Several
surfaces of constant t are shown. The horizon is shown by the surfaces at early
and late times, with the bifuration surface shown in green. The lines x = x+ and
x′ = x+ within each time-slice (shown in long-dashed black) are identified, which
imbues the birfurcation surface with the topology of a circle. Lines of constant x
are shown in blue, with lines of constant y shown in dashed orange. The classically
accessible subset of the global boundary is delimited in red. To guide the eye, the
locus of the cylinder is shown in solid black.

The above transformation necessitates

α =
√
m2A2ℓ2 − 1 . (4.69)

There are then two obvious candidates, ∂t and ∂t̃, for the Killing vector from which
to compute physical quantities such as the mass and temperature. It is not clear
which, if either, of these is the correct choice, as the solution is not smoothly
connected to any familiar ones.

4.5 Class III solutions

As stated in section 4.1, if A2ℓ2 ≥ 1 then P is everywhere non-positive. We thus
restrict to the case where A2ℓ2 < 1. There are then two disconnected, non-compact
horizons in the spacetime at y = ±yh, where yh ≡

√
A−2ℓ−2 − 1. Solutions of Class

III have no roots for Q(x) and so the acceptable range of x is x > y > −yh. The
(x, y) parameter space is shown in Figure 4.17. Since there are no roots of Q at
which to form a regular semi-axis, it is not possible to form a single-wall solution
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Figure 4.17: Coordinate ranges for the Class III solution.

Figure 4.18: The Class III solution. Several surfaces of constant τ are shown, with
those at very early and very late times outlining the two disjoint bifurcate Killing
horizons. The red bifurcation surface is y = −yh, while the green bifurcation
surface is y = +yh. The black dot denotes the point x → ∞. Lines of constant
finite x are shown in solid blue, with lines of constant y shown in dashed orange.

with the interpretation of x as an angular coordinate. While it is possible to form
a black hole solution with two domain walls, we do not do so here.

Although it is not possible to make a single-wall solution with a periodic x coor-
dinate, One could — if one desired — cut the patch denoted in Figure 4.18 along
some line x = x+ which connects the y = −yh horizon to either the conformal
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4.5. Class III solutions

boundary (for x+ < yh) or the y = −yh horizon (for x+ > yh). Identifying two
copies for the remaining space along the cut still gives a solution, although x is
not periodic. Four such solutions are possible, depending on a choice of signs for
x+ − yh and x − x+. This solution is a stark departure from the ones we have
considered in previous sections. In particular, the resulting space is some subset
of two copies of the anti-de Sitter covering space, AdS3 × AdS3; the solution is
no-longer guaranteed to be embeddable within a single copy of AdS3. This is a
“braneworld solution”, with the brane at x = x+ dividing the two copies of global
space. We will not comment on the detailed properties of these solutions here, but
it is worth acknowledging as a curiosity.
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Chapter 5
Holography of Accelerating Black

Holes in 2+1-dimensions

At the classical level, accelerating black hole solutions are well-understood, but the
asymptotic structure of these solutions presents a notable challenge in determining
the physical quantities that characterise them. In recent years, there have been
significant efforts to elucidate the thermodynamic behaviour of accelerating black
hole [85, 101, 105, 106, 111, 122, 124]. One key approach that has proven par-
ticularly fruitful involves integrating the effects of acceleration and tension of the
cosmic string, which serves as a key ingredient in achieving full cohomogeneity in
the first law.

Another interesting challenge, but probably less explored so far, is the effect of
acceleration from the holographic point of view. The holographic dual of an ac-
celerating black hole is not yet fully understood and remains an active area of
research. Some of the holographic properties have been reviewed in Section 3.3
where we saw that the dual theory may correspond to a strongly correlated system
living in a black hole background [101, 108].

A huge step towards a formal holographic description has been done through the
discovery of supersymmetric accelerating black holes and their embedding into
supergravity/M–theory [84, 85, 125–127] providing a promising avenue for studying
these solutions by means of AdS/CFT correspondence. Moreover, this approach
also seems to suggest the existence of higher–dimensional accelerating solutions
which have not been explored yet.

An alternative approach would be to consider a simpler toy model. In this regard,
three–dimensional gravity seems to be the perfect candidate to test the boundary
properties of accelerating black holes as properties of two–dimensional field theories
are well understood.

Through this chapter, we will explore some boundary and thermodynamic aspects
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5.1. Holographic stress tensor via FG

of the different classes of geometries associated with the three-dimensional C-metric
with particular emphasis on accelerating BTZ black holes. As done for the four-
dimensional case, we consider accelerating black holes in the slow accelerating
phase where the second accelerating horizon is not present. This simplification
puts the black hole in thermal equilibrium for which the standard holographic and
thermodynamic techniques are still valid. At the same time, solutions where an
accelerating horizon can be present, such as Class IIright, impose extra constraints
on the parameter space.

In order to describe the boundary of the spacetime, we have two options: either
the Fefferman-Graham gauge or ADM coordinates. We sketch both procedures
as done in Section 3.3 noting that the ADM frame provides a better framework
to have a complete description of the boundary. Moving forward, we compute
the Euclidean action and show that the standard renormalised action for AdS3

contains an additional divergence originating from the domain wall extending from
the black hole to the boundary. We add the Nambu–Goto action to account for
the domain wall and ensure that the new Euclidean action satisfies the correct
quantum statistical relation.

Furthermore, we compute the associated entanglement entropy by utilising the
relationship between these solutions and Rindler–AdS, finding that the total en-
tanglement decreases with the acceleration. We finish by commenting on the first
law of thermodynamics for these black holes.

5.1 Holographic stress tensor via FG

Following the recipe shown in Section 3.3.1 one expands the metric in the Fefferman-
Graham frame

ds2 = ℓ2

z2dz
2 + ℓ2

z2
(
g(0)ij + · · · + zd(g(d)ij + h(d)ij log(z)) + · · ·

)
dxidxj , (5.1)

that in three-dimensions terminates exactly at order z2 [55, 58, 59] . We do not
consider the logarithmic contribution explicitly. The holographic stress tensor ⟨T ⟩
is completely determined by g(0) and g(2):

⟨T ⟩ = − ℓ

8π
(
g(2) − g(0) Tr[g−1

(0)g(2)]
)
. (5.2)

Therefore, the problem reduces to finding g(0) and g(2). We transform the metric
(4.10) to Fefferman-Graham gauge near the boundary using

y = ξ +
∞∑
m=1

Fm(ξ)
(
z

ℓ

)m
, x = ξ +

∞∑
m=1

Gm(ξ)
(
z

ℓ

)m
. (5.3)

In fact, it is straightforward to determine each of the functions F and G by solv-
ing Einstein’s equations order by order. To determine G1 we expand the resulting
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5.1. Holographic stress tensor via FG

metric to order z−2, and impose the lack of a cross term gzξ = 0. We then expand
to order z−1, then z−2, and so on, sequentially fixing the Fm’s and Gm’s to acquire
Fefferman-Graham form. In this process, F1 remains unfixed, appearing as a con-
formal factor in the boundary metric g(0) as in the four-dimensional case. Also, the
metric expansion explicitly terminates at O(z2): once one gauge fixes gzz = ℓ2z−2

and gzξ = 0 at order m = 7, the other metric components at the same order vanish
identically. This property persists at orders m > 7; one is always able to add terms
to the coordinate expansions (5.3) such that the g(n) with i ≥ 5 are identically zero
to arbitrary order. As we are primarily interested in describing the accelerating
BTZ black holes, we will particularise the procedure for Class II solutions although
applying the procedure to Class I is trivial. Moreover, we restrict the case where
the solutions only possess a compact horizon. In the case of the accelerating BTZ
pushed by a strut, the parameter A must be small enough to satisfy

π/K < arcosh
(√

1 +A−2ℓ−2
)
. (5.4)

Let us introduce a redefinition of the conformal factor in terms of a new (non-zero)
function ω,

F1(ξ) = Υ3/2

Aℓω(ξ) , (5.5)

where we have also introduced a dimensionless function

Υ = 1 −A2ℓ2(ξ2 − 1) , (5.6)

The boundary metric is then

ds2
(0) = ω(ξ)2

[
−dt2

α2 + ℓ2dξ2

(ξ2 − 1) Υ2

]
. (5.7)

Note that g(0) has the correct dimensions of length squared. The leading correc-
tion in the Fefferman-Graham expansion g(2) is dimensionless and contains higher
derivatives of ω. Raising and lowering indices with g(0), the non-zero components
of the stress tensor are

16πGℓω(ξ)4⟨T ττ ⟩ =
[
m2
(

3
(
ξ2 − 1

)
ω′(ξ)2Υ2 + 2ω(ξ)Υ

(
−
(
ξ2 − 1

)
ω′′(ξ)Υ+

ξω′(ξ)
(
3A2m2

(
ξ2 − 1

)
ℓ2 − 1

))
− ω(ξ)2

(
A2m2ℓ2 + 1

))]
,

(5.8)

and

16πGℓω(ξ)4⟨T ξξ ⟩ = m2
(
ω(ξ)2

(
A2m2ℓ2 + 1

)
−
(
ξ2 − 1

)
ω′(ξ)2Υ2

)
. (5.9)

where we have used A = mA. As expected for a two-dimensional boundary theory
[51, 58], tracing this stress tensor reproduces the usual Weyl anomaly

⟨Tr[g−1
(0)T ]⟩ = cVirasoro

24π R(g(0)) , (5.10)
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5.2. Holographic stress tensor via ADM decomposition

where R(g(0)) is the Ricci scalar of the boundary metric g(0)

R(g(0)) = 2m2Υ
ℓ2ω(ξ)4

[
ω(ξ)

((
ξ2 − 1

)
ω′′(ξ)Υ−

ξω′(ξ)
(
3A2m2

(
ξ2 − 1

)
ℓ2 − 1

))
−
(
ξ2 − 1

)
ω′(ξ)2Υ

]
, (5.11)

The central charge is calculated to be cVirasoro = 3ℓ/2, suggesting the existence
of a local Virasoro asymptotic symmetry group. The stress tensor is covariantly
conserved: ∇µT

µ
ν = 0. Additionally, it is worth noting that the stress tensor can

be expressed in the form of a perfect fluid

⟨Tij⟩ = (p(ξ) + ρ)uiuj + p(ξ)g(0)ij , (5.12)

on a curved background g(0) with timelike velocity ui given by

ui = ω(ξ)δti . (5.13)

pressure

p = (1 +m2A2ℓ2)ω2 + (ξ2 − 1)Υ2ω′2

16πGℓα2ω4 , (5.14)

and energy density

ρ = − m

16παG
√
ξ2 − 1Υω(ξ)2

(
2Υω(ξ)

(
− ξω′(ξ)

(
3A2m2

(
ξ2 − 1

)
ℓ2 − 1

)
+

(
ξ2 − 1

)
Υω′′(ξ)

)
+ ω(ξ)2

(
A2m2ℓ2 + 1

)
− 3

(
ξ2 − 1

)
Υ2ω′(ξ)2

)
(5.15)

Although we have been able to construct the boundary stress tensor, integrating
the tt−component to obtain the holographic mass is not a simple task. In fact,
contrary to the four-dimensional case, the integrand of the holographic mass (3.35)
depends on the conformal representative ω. Choosing a particular ω is analogous
to choosing the ground state of the boundary CFT. In [1], ω was chosen in such
a way that the boundary metric renders to a cylinder that is nothing else than
using Brown–Henneaux boundary conditions for AdS3. Despite the fact that the
conformal freedom permits one to make that decision, the CFT described by ω = 1
might not correspond to the dual of the accelerating black hole. We will come back
to this discussion later as we present the computation using the ADM formulation.

5.2 Holographic stress tensor via ADM decomposition

Again, we follow the prescription given in [85, 108] and define

z̃ = x− y, (5.16)
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5.2. Holographic stress tensor via ADM decomposition

that leaves the boundary at z̃ = 0. The canonical metric (4.10) renders

ds2 = 1
Ω2

[
− Pdτ2 + (dx2 + dz̃2 − 2dxdz̃)

P
+ dx2

Q

]
,

Ω = Az̃ . (5.17)

From here, we can cast the metric in an ADM-like form near the boundary where
the spacetime coordinates are xµ = (z, τ, x) and induced coordinates on the hyper-
surfaces are xi = (τ, x), viz.

ds2 = N2dz̃2 + hij(dxi +N idz̃)(dxj +N jdz̃)

=
[
N2 + hxx (Nx)2

]
dz̃2 + 2Nxdxdz̃ + hijdx

idxj , (5.18)

with hij the induced metric, N lapse function and N i shift vector. We read the
form of these quantities by comparing (5.17) and (5.18),

N2 = Ω−2(P +Q)−1 , (5.19)

N i = Q

P +Q
δix , (5.20)

hij = diag
(

− P

Ω2 ,
Q+ P

Ω2PQ

)
. (5.21)

We can see that this metric is singular as we approach to the conformal boundary.
Instead, we are going to introduce a small regulator δ ≥ 0 such that near the
boundary z̃ = δ. The boundary metric is then defined by

ds2
bdy = lim

δ→0
δ2hij |z̃=δdx

idxj = g(0)ijdx
idxj

= 1
A2

−P 0
0 P+Q

PQ

 . (5.22)

So far, we have not specified the particular class under consideration. In fact, this
method allows to obtain the boundary metric for any of the values of P and Q

in (4.1) in a compact form and free of the conformal ambiguity. Let us remind
the definition of the outward-pointing unit vector normal to the hypersurfaces of
constant z is given by

n = 1
N

(
N i∂i − ∂z̃

)
, (5.23)

and the extrinsic curvature

Kij = −1
2Lngij = 1

2N (∂z̃ − ∇iNj − ∇jNi) , (5.24)

with ∇i the covariant derivative respect to hij , with trace K = hijKij . With all
these ingredients we can easily evaluate the quasilocal stress tensor à la Balasubramanian–
Kraus for any of the three-dimensional solutions.
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5.2. Holographic stress tensor via ADM decomposition

Figure 5.1: Accelerated horizon radius as a function of the azimuthal coordinate
ψ, for different values of the parameter A that characterises the acceleration of the
black hole. The solid purple line corresponds to the case A = 0, where the horizon
remains constant and never touches the conformal boundary. The green dashed
curve corresponds to the critical value A = (ℓm sinhmπ)−1, where the horizon
touches the conformal boundary exactly at the endpoints ψ = ±π. The blue
dot-dashed curve corresponds to A = 3(ℓm sinhmπ)−1, which is below the critical
bound and the red dots indicate the points where the horizon touches the conformal
boundary. The orange dotted curve corresponds to A = (2ℓm sinhmπ)−1, which is
an acceptable value where the horizon remains smooth throughout.

We can particularise the calculation to the case of the accelerating BTZ pushed by
a strut to obtain explicitly the holographic stress tensor. It is convenient to use
the polar coordinates r, ψ in which the metric takes the form (4.38). We also use

1
r

≡ z − A cosh(mψ) . (5.25)

It is important to note that in this coordinate system, the horizon is described by
a function zh = zh(z, ψ) . The accelerated horizon is plotted in Figure 5.1, and
considering both horizons the considered region can be seen in Figure 5.2. The
slow acceleration condition

mAℓ sinh(mπ) < 1 , (5.26)

ensures that the horizon does not touch the conformal boundary zcb.

Then, the boundary metric can be written as

ds2
(0) = g(0)ijdx

idxj = lim
δ→0

δ2hijdx
idxj

= G(ξ)
(
−dτ̃2 + dξ2

)
, (5.27)
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5.2. Holographic stress tensor via ADM decomposition

Figure 5.2: Domain of the z coordinate in terms of the coordinate ψ in the presence
of the two horizons. The upper thick curve corresponds to the black hole horizon
and the bottom one corresponds to the accelerating horizon touching the conformal
boundary at the two dark dots. The shaded region corresponds to the region where
spacetime is defined.

where

τ = αℓτ̃ , ξ = arctanh (α tanh(mψ))
mα

, (5.28)

and the conformal factor

G(ξ) = 2α2

2 + α2 (1 + cosh(2mξα)) . (5.29)

is fully determined in terms of the auxiliary coordinate ξ. Evaluating the holo-
graphic stress tensor gives

⟨T ττ ⟩ = − m2ℓ

32πG
(
2 +m2A2ℓ2 − 3m2A2ℓ2 cosh(2mψ)

)
,

⟨T ϕϕ⟩ = m2ℓ

32πG
(
2 +m2A2ℓ2 +m2A2ℓ2 cosh(2mψ)

)
, (5.30)

which is, indeed, covariantly conserved with respect to the boundary metric g(0),
viz, ∇(0)

i T ij = 0 . We can check that it reproduces the trace anomaly as expected

⟨T ii⟩ = c

24πR[g(0)] , (5.31)

where c = 3ℓ/2G matches the Brown–Henneaux central charge [51], and R[g(0)] =
2m4A2ℓ2 cosh(2mψ) is the curvature of the boundary metric. Once again, we can
express the stress tensor in the form of a perfect fluid (5.12) on a curved background
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5.2.1. Holographic energy

g(0) with timelike velocity ui given by

ui = 1√−g(0)tt

(
∂

∂t

)i
, uiujg

ij
(0) = −1 , (5.32)

where the energy density ρ and pressure p(x) are defined as

ρ = m2ℓ

32πG
[
2 +m2A2ℓ2 − 3m2A2ℓ2 cosh(2mψ)

]
,

p(x) = m2ℓ

32πG
{

2 +m2A2ℓ2 [1 + cosh(2mψ)]
}
. (5.33)

Moreover, we observe that the energy density ρ generates the energy flow of the
fluid since uiT ij = −ρuj .

It is worth pausing to analyse these results and compare them with their four-
dimensional counterpart. The fluid interpretation is relatively similar in the sense
that the CFT is still lying on a curve background given by g(0) (5.27). When A → 0,
the background becomes flat and the stress tensor has constant components. In 3+1
dimensions, the stress tensor cannot be expressed in the form of a perfect fluid,
and corrections associated with the acceleration parameter cause the boundary
metric to be non-conformally flat, leading to non-trivial stress tensor components
[101, 111]. That is not the case in 2+1 dimensions. As there is no shear nor
viscosity in 1+1 dimensional fluids [128, 129], the accelerating black hole describes
a perfect fluid with non-constant pressure. This can be seen as a “dissipative” effect
due to the acceleration as the A → 0 limit gives a constant pressure as seen for
the BTZ black hole. The second important point is the conformal representative.
In the previous section we saw that using Fefferman-Graham expansion, all the
boundary data is determined up to a conformal factor. In the ADM formulation,
this is not the case as we are able to obtain the boundary metric with a specific
conformal representative (5.29). As we can see, this conformal factor is crucial in
order to obtain the correct behaviour of the dual CFT. The fact that this CFT
lies on a curved background is due to the acceleration as can be seen from the
zero acceleration limit of (5.27). In that regime, G(ξ) becomes a constant, and
therefore the background of the CFT is flat. This indicates that starting from the
Fefferman–Graham gauge, we are only allowed to choose ω in which the background
metric remains curved to capture the effect of the acceleration.

5.2.1 Holographic energy

Class I: For this class of solutions, it is convenient to preserve the canonical
coordinates x, y as the physical interpretation is simpler and does not require extra
physical parameters. We use the above method to obtain the boundary metric,
evaluate the stress tensor and then integrate it to obtain the mass.
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5.2.1. Holographic energy

The components of the holographic stress tensor

⟨T ττ ⟩ = Aℓ+A3(−2 + 3x2)ℓ3

16πG , (5.34)

⟨T xx⟩ = Aℓ

16πG
(
−1 +A2ℓ2x2

)
,

The holographic energy is obtained by integrating the ττ -component leading to

MI =
∫ 1

−1
dx
√

−g(0)⟨T ττ ⟩

= A2ℓ2 − 2
16αG , (5.35)

whose zero-accelerating limit gives

lim
A→0

MI = − 1
8G , (5.36)

which corresponds to the vacuum energy of AdS3 space [55]. Note that Aℓ < 1 for
slow acceleration. This means that the energy for accelerating particles is always
in the negative spectrum − 1

8G < MI < 0 as expected from the structure of AdS3

space.

Class II: We can make use of the computations done in Section 5.2, and integrate
the ττ -component of the stress tensor (5.30), leading to

MII =
∫ π

−π
dϕ
√

−g(0)⟨T ττ ⟩

= − m2 [3m2A2ℓ2 sinh(2mπ) − 2π(2 +m2A2ℓ2)
]

32πGα . (5.37)

We can check again the zero-accelerating limit

lim
A→0

MII = m2

8G , (5.38)

that leads to the BTZ mass normalised such that the pure vacuum energy corre-
sponds to m2 → −1 as for Class I . The behaviour of the mass can be seen in
Figure5.3 and Figure 5.4.

Class IC: Again, the results presented in Section 5.2 are fully applicable to Class
I, i.e., the holographic stress tensor can be obtained in a closed form, it is covariantly
conserved respect to the CFT metric and can be written as the one of a perfect
fluid (5.12). After integration, we get the holographic mass for the Class IC black
hole

MIC = m2 [4π − 2πm2A2ℓ2 + 3mA2ℓ2 sin(2πm)
]

32πGα , (5.39)

which does not have a well-defined zero-acceleration limit (α becomes purely imag-
inary). This is expected as this solution is not connected to the BTZ black hole,
A → 0 is not in the range of parameters allowed 4.60.
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Figure 5.3: Holographic mass of the accelerated BTZ pushed by a strut as a function
of Aℓ with m = 0, 0.8, 1, 1.2 for the dot-dashed purple, dotted orange, dashed green,
and solid blue curves, respectively.
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Figure 5.4: Holographic mass of the accelerated BTZ pushed by a strut as a function
of m2 with Aℓ = 0, 1, 2, 3 for the dot-dashed purple, dotted orange, dashed green,
and solid blue curves, respectively.

5.3 Euclidean Action: Counterterms and domain wall.

Holographic quantities are known to suffer from UV divergences, which are mapped
to IR divergences appearing in the gravitational sector of theories on asymptot-
ically anti-de Sitter spaces. Consequently, defining observables requires having a
well-defined renormalised action. This has been achieved consistently in [55, 58, 59,
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Σ− Σ+

M

yA

yh

∂M
∂M

Figure 5.5: Regions of Class II spacetime with no accelerating horizon. The upper
diagonal denotes the conformal boundary ∂M, and the lateral lines are the two
internal boundaries Σ− and Σ+ that are identified in order to obtain a compact
horizon. The resulting spacetime corresponds to the accelerated BTZ solution with
a domain wall extending from the black hole horizon to the conformal boundary.

79] by adding counterterms that depend only on intrinsic quantities of the boundary
as we saw in Chapter 2. For AdS3 gravity, the renormalised Euclidean action con-
sists of the Einstein–Hilbert action supplemented with the Gibbons–Hawking–York
term, which ensures a well-posed variational principle. Moreover, a counterterm is
included to regulate the IR divergences of the bulk, viz.

Iren = 1
16πG

∫
M

d3x
√
g (R− 2Λ) + 1

8πG

∫
∂M

d2x
√
h

(
K − 1

ℓ

)
, (5.40)

where Λ = −ℓ−2 is the cosmological constant, AM corresponds to the bulk ge-
ometry restricted to some short IR regulator δ while ∂M is its boundary which is
endowed with a metric hij evaluated at z = δ . The regulator is used to regulate
the IR divergences of the bulk. At the end of the computation, the limit δ → 0 is
taken, which recovers the original manifold with a finite on-shell action. We are
interested in evaluating (5.40) for the accelerating BTZ black hole. For simplicity,
we focus again on the case pushed by a strut and use the boundary metric derived
using ADM decomposition (5.19). Naively, if we evaluate the Euclidean version of
(5.40), we find an extra divergence of order O(δ−1). This contribution indicates
that the counterterm proposed in Section 2.3.1 may not be sufficient to regularise
three-dimensional accelerating black holes as expected initially. In fact, we need
to be more careful with the geometric construction that we have done in Chap-
ter 4. The slow accelerating BTZ black hole contains different regions illustrated
in Figure 5.5 that must be considered in order to have a well-defined variational
principle. This includes taking into account the internal boundaries Σ− and Σ+

located at x = −x+ and x = x+ respectively. At each of these lines of constant
x, we need to insert a Gibbons–Hawking–York term such that the variation with
respect to the induce metric γ leads to the Israel equations (4.13). We denote these
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contributions as

Iinternal = − 1
8πG

∫
Σ+

d2x
√
γK+ +

∫
Σ−

d2x
√
γK−

 = − 1
8πG

∫
Σ

d2x
√
γ [K]

∣∣+
− ,

(5.41)
where we have made use of Z2 symmetry identifying the dynamics between Σ− and
Σ+ into a single surface Σ, denoting [K]

∣∣+
− as the jump of the extrinsic curvature

along the domain wall. From the trace of (4.13), we see that these two terms
combine into a single piece

Iinternal = − 1
8πG

∫
Σ

d2y
√
γ [K]

∣∣+
− =

∫
Σ
d2y

√
γ µ = Idw , (5.42)

where µ is the tension of the domain wall (4.16) and Idw denotes the Nambu–Goto
action of the domain wall [130]. Thus, the total action reads

I = Iren + Idw , (5.43)

Performing a Wick rotation in the time coordinate t = iτ with τ a compact co-
ordinate with period β = 1/T where T is the temperature of the black hole, we
evaluate these terms on-shell having in mind that, when integrating z at the con-
formal boundary, z → δ. Finally, the limit δ → 0 is taken recovering the original
manifold with a finite on-shell action. The on-shell Euclidean action contributions
are

−Iren = βM − S − βAm sinh(πm)
4παG

( 1
rh

− 1
δ

)
, (5.44)

from the Einstein–Hilbert action and Balasubramanian–Kraus counterterm, whereas
the domain wall gives

−Idw = βAm sinh(πm)
4παG

( 1
rh

− 1
δ

)
, (5.45)

such that the total Euclidean action (5.43) yields the standard quantum statistical
relation

IE = −Iren − Idw = βM − S , (5.46)

where M is the black hole energy found in (5.37), β and S are the inverse of the
temperature and the entropy found in (4.39), respectively. Note that if one consid-
ers only the Balasubramanian-Kraus counterterm on top of the Einstein–Hilbert
and GHY terms, the resulting Euclidean action is divergent and the horizon con-
tribution does not gives the black hole entropy (4.39). As the domain wall extends
from the interior (black hole horizon) to the conformal boundary contributing with
a divergent term exactly as the one coming from the AdS3 renormalised action but
with an opposite sign, making the on-shell action well-defined and reproducing on-
shell the quantum statistical relation between the gravitational Euclidean action
and the Gibbs thermodynamic free energy.
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5.4. Entanglement entropy

5.4 Entanglement entropy

A powerful tool to obtain valuable information of the dual field theory is the holo-
graphic entanglement entropy [29, 131]. It measures the degree of correlation be-
tween two subsystems on the CFT using the nature of the spacetime. The cele-
brated Ryu—Takayanagi (RT) formula states that the holographic entanglement
entropy can be obtained by minimising the area of a co-dimension two spatial∗

hypersurface Γ (referred as the RT surface) whose boundary is anchored at the
AdS conformal boundary, namely

SE = AΓ
4G . (5.47)

The RT surface divides the boundary into two subsystems A and Ac and (5.47)
indicates the number of states on A whose measures are consistent with the ones of
Ac . In general, the Euler–Lagrange problem is not easy to solve, and the profile of
the RT surface is usually not obtained analytically as the existence of conservation
laws is not guaranteed. An interesting observation made by Johnson [132] is that
in global AdS coordinates, the complexity of the problem reduces significantly. In
Chapter 4, we saw that, locally, it is possible to map the solutions to Rindler-AdS
which allows to treat the problem in a simplified manner. Let us first consider
a slice bounded by a line of latitude ϕ0 and treat ϕ as time in the minimisation
problem. To obtain the RT surface for the accelerating BTZ, we use the coordinate
transformation given in Section 4.41, which allows to find the extremal surface for
the Rindler observer. The minimal surface is then parametrised by

Re(ϑ) = ℓ

(
1 − cosh2 ϑ

cosh2 ϑ0

)− 1
2

, (5.48)

where ϑ0 satisfies that the radial coordinates go to infinity at the endpoints. This
is mapped to the boundary condition r(ψ0) = −(A cosh(mψ0))−1 , such that the
surface is anchored to the conformal boundary. Now we can map the surface to the
coordinates used in Section 4.4.1; for the sake of notation we define B ≡ cosh(mψ0)
and ψ0 = m−1ϑ0 , resulting in

re(ψ) =
mℓ

(
αAmℓ cosh(mϕ) + B

√
B2 − α2 sinh2(mψ) − 1

)
α
(
−B2 + A2m2ℓ2 cosh2(mψ) + sinh2(mψ) + 1

) , (5.49)

whose expansion for small acceleration

re(ψ) = mℓ√
1 − cosh2(mψ)

cosh2(mψ0)

− m2Aℓ cosh(mψ)
cosh2(mψ0) − cosh2(mψ)

+ O(A2) . (5.50)

∗See [30] for the covariant generalisation.
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5.5. First law for accelerating black holes in 2+1 dimensions

Replacing the parametrisation into the area functional, one obtains the value of
the minimal area that is proportional to the holographic entanglement entropy.
Despite the simplicity of the last expression, obtaining the area is quite involved. It
is divergent at ϕ = ϕ0 , and therefore, a short distance cutoff ϵ must be introduced.
Then, following [29], we consider the integration from ϵ to ϕ0 − ϵ and expanding
again for small acceleration, we get that the entanglement entropy (5.47) becomes

SE = c

3 log
[
β

πϵ
sinh

(
πL

β

)]
− 2ℓ2A

(2πℓ
βϵ

sinh
(
πL

β

)) 1
2

tanh
(
πL

2β

)
− A2ℓ4π

βϵ
sinh

(
πL

β

)
+ . . . , (5.51)

where we used L ≡ 4ℓψ0 which relates the expression with the size of the entan-
gling region. Note that, as the temperature is independent of the acceleration when
mapping to Rindler spacetime, the leading order corresponds to the usual result
for the pure BTZ black hole [29]. However, the next to leading order gives sublead-
ing divergences which decrease the amount of entanglement with the acceleration
growth. In fact, from the perspective of the black hole solution, as the acceleration
– or in other words, the conical deficit – increases, the size of the boundary accessi-
ble for an asymptotic observer decreases. This can be interpreted as an indication
of some information loss in the dual theory due to the acceleration.

5.5 First law for accelerating black holes in 2+1
dimensions

Although so far we have been able to obtain similar results between accelerating
black holes in 2+1 and 3+1 dimensions, the thermodynamic relations in the three-
dimensional case are still inconclusive. In particular, obtaining the first law is not
an easy task. Let us, again, consider the accelerating BTZ black hole pushed by a
strut. The thermodynamic quantities are

T = m
√

1 +m2A2ℓ2

2πℓα ,

S = ℓ

G
arctanh

[(√
1 +m2A2ℓ2 −mAℓ

)
tanh

(
mπ

2

)]
M = − m2 [3m2A2ℓ2 sinh(2mπ) − 2π(2 +m2A2ℓ2)

]
32πGα . (5.52)

In its purest form, the first law of black hole thermodynamics states

δM = TδS , (5.53)

which is evidently not satisfied by the above quantities (5.52). One could then
consider generalisations of the first law including pressure terms or new chemical
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5.5. First law for accelerating black holes in 2+1 dimensions

potentials [50, 105, 106, 124] that could possibly combine into a consistent thermo-
dynamic relation. Interestingly, satisfying the first law in this setup requires more
than including new thermodynamic contributions. Recall that the energy has been
computed from the boundary metric (5.27) defined for a particular conformal rep-
resentative G(ξ). In principle, the choice of the representative is arbitrary and
should not affect the temperature T or entropy S which are defined with respect
to the black hole horizon. However, the energy depends explicitly on the choice
of the conformal representative [133] as seen from the computation in Fefferman–
Graham coordinates. The same happens with the on-shell Euclidean action which
from the quantum statistical relation, we can see that a variation with respect to
an arbitrary conformal representative ω gives

δωI = βδωM . (5.54)

The left-hand side is in fact the conformal anomaly [58]

δωI = −
∫
∂M

d2x
√
g(0)Aδω (5.55)

whereas the right-hand side

δωM =
∫
dx
√

−g(0) (−2⟨T ττ ⟩δω + δω⟨T ττ ⟩) , (5.56)

with δω⟨T ττ ⟩ containing derivatives of ω associated to the Schwarzian derivative.
This implies that the variations of the mass will always be present for a theory
with conformal anomaly. In fact, Papadimitriou and Skenderis proposed that the
modified first law must include, at the right-hand side, variations of the energy
with respect to the conformal representative, namely

δM = TδωI + TδS = δωM + TδS . (5.57)

Identifying how this relation is realised in the case of the accelerating BTZ black
hole remains an open question. We hope to address this problem in the future.
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Chapter 6
Conclusions

In this thesis, our aim was to describe accelerating solutions in 2+1 dimensions
resembling properties of the four-dimensional C-metric.

We started by introducing some key elements and necessary concepts used in this
thesis to quickly move to the description of the C-metric in 3+1 dimensions in
Chapter 3. We analysed the different coordinate systems and their physical prop-
erties. In the massless limit, we saw that the interpretation of the acceleration
parameter becomes evident: the black hole is pulled towards the boundary of AdS
as the acceleration increases. This effect is in fact driven by a cosmic string that
is inserted along the polar axis of the black hole generating antipodal defects. At
both ends, the black hole experiences a different tension, being this imbalance the
responsible for the acceleration. One is always allowed to choose the parameters
in such a way that the cosmic string only deforms one of the poles of the black
hole. We also reviewed some of the holographic and thermodynamic properties of
the solution. In particular, we focused in two ways in which we can obtain the
boundary data: Fefferman-Graham gauge and ADM foliation. We compared these
two schemes showing that they produce similar results in 3+1 dimensions.

Moving forward, in Chapter 4 we studied the C-metric in 2+1 dimensions and
the three classes of solutions obtained after removing all gauge freedom from the
metric functions. To mimic the effect of the cosmic string in three-dimensions, we
introduced a codimension one defect – a domain wall – by cutting and gluing the
spacetime along a x = const surface. Using Israel junction conditions we found
the tension of the domain wall which gives rise to the “acceleration”. With the
allowed range of coordinates in mind for each class, we proceed to analyse them
distinguishing between particle-like solutions coming from Class I, and accelerating
BTZ black holes coming from Class II. Additionally in Class I, we find a novel black
hole that is not continuously connected with the BTZ black hole which we refer to
as “Class IC”.

We described two particle-like solutions either pulled by the domain wall or pushed
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by a strut. These exhibit similar slow accelerating phase as the accelerating black
hole in 3+1 dimensions. Nevertheless, there are novel phases which are not shared
with their four-dimensional cousin. A clear example is to look at the Class Irapid, A

which describes a rapidly accelerating particle pulled by the wall. For light conical
deficit, the structure is analogous to the small four-dimensional accelerating black
hole. As the mass increases a phase transition occurs to Class Irapid, B. In this limit
the solution is compact and the only accessible region of the conformal boundary
is at the two points in the far future and past of the Rindler worldline. A similar
compactification occurs for rapidly accelerating particles pulled by a strut solutions
although in this case the accessible region of the conformal boundary is still two-
dimensional. The interpretation of these novel phases is still not clear.

Accelerating BTZ black holes are obtained from Class II. Once again, depending
on the sign of the tension, we have two subfamilies exhibiting different phases.
We refer to the accelerating BTZ pushed by a strut (domain wall with negative
energy density) as Class IIright and accelerating BTZ pulled by a wall (domain wall
with positive energy density) as Class IIleft, both being one parameter extensions
of the BTZ black hole. We showed how these solutions may be constructed from
identifications of the Rindler wedge of AdS3, just as the BTZ black hole [20, 21].
Identifying on a surface of constant tension induces the domain wall and therefore,
the “acceleration”. Instead, choosing an identification surface with zero tension
produces the static BTZ solution. Apart from the presence of a wall-like defect,
the Class IIleft solution is qualitatively similar to the usual BTZ black hole without
a domain wall. It does not form a second horizon for any value of the acceleration
parameter. However, this is not true for the Class IIright solution. Here, both
“rapid” and “slow” phases exist. The rapid phase attained for large acceleration
parameter is qualitatively distinct from the usual BTZ black hole, possessing a
non-compact horizon reminiscent of the acceleration horizon which can be present
in the four-dimensional AdS C-metric geometry. In some sense the solution is a
hybrid between the BTZ black hole and the four-dimensional AdS C-metric.

However, one should be careful not to carry this analogy too far. While the conical
deficit solutions of Section 4.3 may uncontroversially be called accelerating objects,
the Class II BTZ black holes are more subtle. For the particle in three dimensions,
as with the black hole in four dimensions, we can take the mass of the particle /
black hole to zero at fixed A, and obtain a Rindler spacetime – either a Rindler
wedge for rapid acceleration, or a slow acceleration Rindler coordinatisation of
global AdS3. For these Class II solutions however, taking m → 0 at fixed A is not
a meaningful limit – we cannot remove the black hole without removing the entire
spacetime. For either of the Class II black holes, shrinking the horizon size to zero
requires m → 0, which in turn requires K → ∞ or x+ → 1, i.e., removing the
spacetime. Physically, there is then no object which to “accelerate”. Mathemat-
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ically, in 2 + 1 dimensions, Einstein gravity corresponds to a topological theory.
While the four-dimensional solution is a “true” black hole, the three dimensional
black hole is constructed by imposing identifications on the acceleration horizon of
a fictitious observer [21]. There is then no meaningful sense hitherto established in
which one may talk of the acceleration of this extended object. For the Class IIright

black hole in its rapid phase, the temperature of the non-compact “acceleration”
horizon also suggests that the black hole is inertial. By regularity of the Euclidean
section, the temperature, with the correct normalisation of Killing vector (4.43), is
found to be T = m(2πℓ)−1, which is independent of A. If the parameter A did in
some way parametrise an acceleration of the black hole, the Unruh effect would be
violated.

In Chapter 5, we discussed the boundary structure of the 2+1 C-metric. Since
the conformal boundary is defined by a surface Ω = 0, determining the boundary
metric becomes a non-trivial task. To address this, we followed the same paths
as for the four-dimensional accelerating black hole. We saw that it is possible to
write the spacetime in the Fefferman-Graham gauge allowing us to compute the
boundary data in the “traditional” manner. The boundary metric is determined
up to a conformal representative which in three-dimensions prevents us to obtain
the holographic mass explicitly. Due to the conformal anomaly, we are required
to choose a representative to have a well-defined variational principle which breaks
part of bulk diffeomorphism [113].

It is possible to obtain a particular representative by posing the boundary using
an alternative gauge. Building in the work of Hubeny et al [108] and Cassani
et al [85], we consider an alternative coordinate system which incorporates a new
“holographic coordinate”, z, that is normal to the boundary. In this framework, the
metric can be expressed in terms of a radial ADM foliation, revealing crossed terms
that are typically suppressed when writing the C-metric in the FG fashion [101,
111]. In fact, as noticed in [108], beyond the leading order in z, the ADM gauge
differs from the FG one. Moreover, the first order of the expansion fully determines
the variational principle as the conformal representative is fixed and therefore, the
structure of the boundary stress tensor. We make the explicit computation for the
case of the accelerating black hole pushed by a strut. Additionally, we formulated
the holographic stress tensor using the fluid/gravity correspondence, wherein the
dual CFT is interpreted as a perfect fluid with non-constant pressure on a curved
background. This is in contrast to the four-dimensional case, which incorporates
shears and corrections arising from the non-conformal flatness of the boundary
metric.

Extending these results, we obtained the holographic mass for each class by inte-
grating the energy density of the stress tensor. The zero acceleration limit leads
to either the Casimir energy of global AdS3 in the case of particle-like solutions or
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the BTZ mass for the accelerating BTZ black holes.

Next, we computed the renormalised action by employing the standard countert-
erm prescription in AdS/CFT, as developed in [58, 59, 80]. We observed that the
standard renormalised AdS3 action contains an extra divergence. This is in fact an
indication that the variational principle is not satisfied. Instead, it is necessary to
include Gibbons–Hawking–York for each internal boundary produced when cutting
the spacetime. After identifying the dynamics of each internal boundary, we re-
expressed the boundary terms into a single contribution which corresponds to the
Nambu–Goto action of the domain wall. Therefore, the total on-shell Euclidean
action, including both the standard renormalised AdS3 action and Nambu–Goto
term, gives the correct quantum statistical relation. Geometrically, the domain wall
extends from the black hole horizon to the boundary of the spacetime generating
a divergence exactly at z = 0. Not only that, it provides an extra contribution at
the black hole horizon which combined with the bulk action gives the black hole
entropy. In a similar spirit to [134–136], the higher-codimension defect induces
extra contributions into the partition function modifying the thermodynamics of
the system under consideration.

We close this chapter by obtaining the holographic entanglement entropy of the
system. Noting the relation between accelerating BTZ black holes and Rindler-AdS
patch, we obtain the Ryu–Takayanagui surface in a simple manner and compute the
holographic entanglement entropy on the dual CFT. We found that the well-known
logarithmic divergence of the entanglement entropy in a conformal field theory holds
in this context. However, we also discovered new subleading divergences that are
proportional to the acceleration and possess a negative sign. In Chapter 4, we
saw that the boundary of the spacetime is altered by the tension of the domain
wall. A simple example is to consider the accelerating particle pulled by a domain
wall shown in Figure 4.2 where it is clear that the access to the boundary depends
on the size of the conical deficit. In fact, the behaviour of the entanglement is
consistent with this interplay between acceleration and boundary for all classes
of solutions: as the acceleration increases, a bigger portion of the AdS boundary
is cut out and therefore, there is some information that is lost in the dual field
theory as suggested by (5.51). This procedure is specific to three dimensions, as
only massless four-dimensional accelerating solutions can be mapped to the Rindler
patch highlighting that three dimensions offer a unique yet comprehensive setting
for exploring holographic two-dimensional CFTs in the presence of acceleration.

In the future, an obvious step in understanding the three-dimensional C-metric is
to establish a consistent thermodynamic description of the system. This entails
studying the first law, Smarr relation, isoperimetric inequality [137] and the whole
machinery of black hole thermodynamics. Given that we have obtained the quan-
tum statistical relation, it seems very plausible to have a full Euclidean thermody-
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namic prescription for accelerating black holes in 2+1 dimensions as it has been
done for the four–dimensional counterpart in [101]. Additionally, it would be in-
triguing to investigate the role of acceleration in the dual theory using the extended
first law developed in [106, 122]. This modified first law incorporates new chemical
potentials that are conjugate to the cosmic string tension, potentially providing
insights into the physical properties of these additional terms. Furthermore, recent
work [138–140] has shown that the extended first law of black hole thermodynam-
ics introduces a new chemical potential responsible for the change in the central
charge of the dual CFT. However, the analysis in [140] assumes a conformally flat
background, which is not satisfied by the four-dimensional C-metric. Thus, further
investigations in this direction are necessary to explore the implications of the mod-
ified first law in the context of accelerating black holes and non-conformally flat
backgrounds. Realising these topological solutions as truncations of supergravity
solutions is also an open problem.

Another interesting direction that would shed light on the role of acceleration from
the dual CFT perspective is to explore the hydrodynamic behaviour of the holo-
graphic stress tensor for four-dimensional accelerating black holes. While the stress
tensor has been expressed within the framework of fluid/gravity correspondence
[101], it remains unclear whether it possesses a valid hydrodynamic description
that allows for the identification of associated transport coefficients. It would be
interesting to see whether the acceleration plays a significant role in determining
the transport coefficients and if they can be utilised to describe more realistic field
theories. Additionally, an expansion regarding the fluid velocity and acceleration
of the dual fluid stress tensor is still an open question. The three-dimensional case
studied in this paper serves as a good starting point, as the solution is relatively
simple yet rich enough to generate a stress tensor that exhibits non-constant pres-
sure. This enriches the opportunities for studying more realistic systems through
the scope of fluid/gravity correspondence.
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Appendix A
Chern-Simons formulation of

three-dimensional AdS gravity

Three-dimensional gravity can be formulated as a Chern-Simons gauge theory. To
do so, we will consider the fundamental fields in the first-order formalism. We
introduce the vielbein ea = eaµdx

µ † defined by

gµν(x) = eaµ(x)ηabebν(x). (A.1)

On the other hand, the spin connection is given as

ωa = 1
2ϵ

abcωµbcdx
µ. (A.2)

The Lie group SO(2, 2) is isomorphic to two copies of SL(2,R), i.e., SO(2, 2) ≃
SL(2,R)⊕SL(2,R). We introduce two gauge connections for each copy of SL(2,R),
namely

Aa = ωa + 1
ℓ
ea, Āa = ωa − 1

ℓ
ea. (A.3)

We also introduce the CS action for an arbitrary field A of a Lie group G,

SCS = k

4π

∫
M

⟨A ∧ dA+ 2
3A ∧A ∧A⟩ (A.4)

where ⟨⟩ stands for trace defined on the Lie group and k is the Chern-Simons level.
It can be shown that the Einstein-Hilbert action (2.1) can be written as a sum of
CS terms for each gauge field (A.3),

SEH = SCS(A) + SCS(Ā), (A.5)

where the CS coupling k is identified to be proportional to the Newton’s constant
k = ℓ/4G. The field equations shows that the connections A(±) are in fact flat, i.e.,

F = dA+A ∧A = 0, F̄ = dĀ+ Ā ∧ Ā = 0. (A.6)
†a, b = 0, 1, 2 are indices in the tangent space.
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A. Chern-Simons formulation of three-dimensional AdS gravity

which is consistent with the constant curvature condition 2.4. The CS formula-
tion of gravity in 2+1 dimensions has several advantages due to its manifest gauge
invariance∗ as this seems to play a crucial role in the understanding of physically
renormalisable theories. Also, the possibility of including supersymmetry has been
explored [141, 142].

∗CS action (A.4) is invariant under a gauge transformation A → A + dλ up to a boundary
term.
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Appendix B
Classification of Solutions

Figure B.1 shows all of the possible distinct single-wall solutions constructable from
Class I geometries. Figure B.1a shows the rapidly accelerating subclass Irapid, with
three possible single-wall solutions: A denotes a choice of x+ ∈ (−1,−yh) with
y < 0, for which there are no horizons. B denotes a choice of x+ ∈ (−yh, 1) with
y < 0, for which there is a single horizon. C denotes a choice of x+ ∈ (−yh, 1)
with y > 0. There are three similar solutions for Isaturated, shown in figure B.1b. D
denotes a solution with x+ < 0 and E one with x+ > 0. Having chosen x+ > 0, one
may then construct single-wall solutions with either y > 0 or y < 0. Figure B.3a
shows the unique single-wall solution which can be derived from Class II. Table
B.4 gives a representation of all the possible single-wall solutions with t > 0.

Similarly, figures B.2 and B.3b show all of the possible qualitatively distinct single-
strut solutions constructable from Class I and II geometries respectively. The
letters A, B, C, and D in figures B.2a and B.2b denote choices of x+ that determine
whether the constructed solution has (for B and D), or does not have (for A and
C), a horizon. Table B.5 gives a representation of all the possible single-strut
solutions with t > 0.
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B. Classification of Solutions
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Figure B.1: Coordinate ranges for single-wall solutions constructed from metrics
of Class I (with t timelike). Left: three qualitatively distinct solutions are shown
for class Irapid, Centre: three for class Isaturated, and Right: one for class Islow.
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Figure B.2: Coordinate ranges for single-strut solutions constructed from metrics
of Class I (with t timelike). Left: two qualitatively distinct solutions are shown for
class Irapid, Centre: two for class Isaturated, and Right: one for class Islow.
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Figure B.3: Coordinate ranges for single-defect solutions constructed from metrics
of Class II. Left: A wall solution for class IIleft, and RIght: two qualitatively distinct
strut solutions for class IIright.

85



B. Classification of Solutions
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Figure B.4: Classification of distinct single-wall solutions with t timelike. Each leaf
node represents a qualitatively-distinct solution.
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Figure B.5: Classification of distinct single-strut solutions with t timelike. Each
leaf node represents a qualitatively-distinct solution.
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Appendix C
Embedding coordinates to Global

AdS3

In this appendix, we collate mappings from the three-dimensional C-metric ge-
ometries to subsets of global AdS3. These mappings were used to create the 3D
embedding diagrams in the main text.

C.0.1 Global AdS3

First, we define global AdS3 by its embedding as a hyperboloid in R2,2. The
embedding is

X0 = ℓ

√
1 + R2

ℓ2
sin
(
T

ℓ

)
, X1 = R sin Θ ,

X3 = ℓ

√
1 + R2

ℓ2
cos

(
T

ℓ

)
, X2 = R cos Θ .

(C.1)

The hyperboloid is
3∑
i=0

ηiiX
2
i = −ℓ2 , (C.2)

with induced metric
3∑
i=0

ηiidX
2
i = −

(
1 + R2

ℓ2

)
dT 2 + dR2(

1 + R2

ℓ2

) +R2dΘ2 . (C.3)

Note in the above two sums that η has the signature (− + +−). The coordinates
lie in the ranges R ∈ (0,∞), Θ ∈ (−π, π), and T can be taken in the full range of
R, with a primary domain of T ∈ [−πℓ/2, 3πℓ/2] (chosen for later convenience).

Conversely, the global coordinates are defined from the embedding coordinates by

TG = arctan
(
X0
X3

)
, RG =

√
X2

1 +X2
2 ,

XG = X1 , YG = X2 .

(C.4)
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C.0.2. The Rindler wedge and the static BTZ black hole

We may then compactify the spatial two-section to attain the Poincaré disk:

X̂ = XG

ℓ+
√
ℓ2 +X2

G + Y 2
G

, Ŷ = YG

ℓ+
√
ℓ2 +X2

G + Y 2
G

. (C.5)

The global space then appears as a cylinder in (TG, X̂, Ŷ ) coordinates. This cylinder
is defined by |TG| < π/2, X̂2 + Ŷ 2 < 1. Note that this covers only half of the
embedding hyperboloid, as for T ∈ [−πℓ/2, πℓ/2] we have X3 > 0.

Given some metric ds2
3, by finding a set of embedding coordinates Xi such that

3∑
i=0

ηiiX
2
i = −ℓ2 , (C.6)

and
3∑
i=0

ηiidX
2
i = ds2

3 , (C.7)

one may plot the geometry as a subset of the global cylinder by applying the
transformations (C.4) and (C.5).

C.0.2 The Rindler wedge and the static BTZ black hole

For the non-rotating BTZ geometry,

ds2
3 = −

(
−m2 + r2

ℓ2

)
dt2 + dr2(

−m2 + r2

ℓ2

) + r2dϕ2 , (C.8)

the embedding is well known [21]:

X0 = B(r) sinh
(
rht

ℓ2

)
, X1 = A(r) sinh

(
rhϕ

ℓ

)
,

X3 = A(r) cosh
(
rhϕ

ℓ

)
, X2 = B(r) cosh

(
rht

ℓ2

)
,

(C.9)

where

A(r) = ℓ
r

rh
, B(r) = ℓ

√(
r

rh

)2
− 1 , (C.10)

with
rh = mℓ . (C.11)

If ϕ is taken to be non-compact, then we have a portion of AdS3 bounded by a
bifurcate acceleration horizon and the conformal boundary [21]. This geometry is
the planar BTZ geometry or Rindler wedge. In this case m is a gauge parameter
which may be set to unity by a rescaling of both r and ϕ. Alternatively, one
may identify ϕ → ϕ + 2π to attain the static BTZ black hole [20]. We plot both
geometries as subsets of global AdS3 using the technique described above in figure
C.1.
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C.0.3. Class I solutions

Figure C.1: The planar and compact (static) BTZ black holes. Lines of constant
ϕ are shown in blue, with lines of constant r in dashed orange. Several surfaces
of constant time t are shown. The classically accessible subset of the boundary is
bounded in red. To guide the eye, the locus of the cylinder is shown in solid black.
(a): ϕ ∈ R, giving the planar BTZ geometry or “Rindler wedge”. The bifurcation
surface (green) has topology R. (b): ϕ identified with period 2π, giving the BTZ
black hole. Lines of constant t and ϕ = ±π are plotted in long-dashed black, pairs
of which are identified across the same time-slice. The bifurcation surface (green)
has topology S1.

C.0.3 Class I solutions

The Class I geometry is given by

ds2
3 = 1

Ω2

[
−Pdτ2 + dy2

P
+ dx2

Q

]
, (C.12)

where
Q = 1 − x2 , Ω = A(x− y) . (C.13)

In the slowly accelerating phase, A2ℓ2 < 1 and the lapse function is given by

P = y2 + S2 , S =
√

1
A2ℓ2

− 1 . (C.14)

The embedding is then

X0 =
√
P

SΩ sinSτ , X1 =
√
Q

Ω ,

X3 =
√
P

SΩ cosSτ , X2 = Aℓ

Ω

(
Sx+ y

S

)
.

(C.15)
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C.0.4. Class II solutions

In the rapid phase, A2ℓ2 > 1, so the lapse function now has roots:

P = y2 − y2
h , yh =

√
1 − 1

A2ℓ2
. (C.16)

We thus require the alternative embedding

X0 =
√
P

yhΩ sinh yhτ , X1 =
√
Q

Ω ,

X3 = Aℓ

Ω

∣∣∣∣yhx− y

yh

∣∣∣∣ , X2 =
√
P

yhΩ cosh yhτ .
(C.17)

C.0.4 Class II solutions

The Class II geometry is given by

ds2
3 = 1

Ω2

[
−Pdτ2 + dy2

P
+ dx2

Q

]
, (C.18)

with metric functions

P = −y2 + y2
h , Q = x2 − 1 , Ω = A(x− y) , (C.19)

where
yh =

√
1 + 1

A2ℓ2
. (C.20)

The embedding in the region where P is positive is then

X0 =
√
P

yhΩ sinh yhτ , X1 =
√
Q

Ω ,

X3 = Aℓ

Ω

(
yhx− y

yh

)
, X2 =

√
P

yhΩ cosh yhτ .
(C.21)

C.0.5 Class III solutions

For the Class III solution of section 4.5, the line element is

ds2
3 = 1

Ω2

[
−Pdτ2 + dy2

P
+ dx2

Q

]
. (C.22)

The metric functions are

P = −y2 + y2
h , Q = 1 + x2 , Ω = A(x− y) , (C.23)

where
yh =

√
1

A2ℓ2
− 1 . (C.24)

The embedding for |y| < yh is then

X0 =
√
P

yhΩ sinh yhτ , X1 = Aℓ

Ω

(
yhx+ y

yh

)
,

X3 =
√
Q

Ω , X2 =
√
P

yhΩ cosh yhτ .
(C.25)
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