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Abstract

Classical optimization problems can be mapped to Ising models in order to be
solved by continuous-time quantum computing. It was recognised in [1-3], that
these problems are susceptible to a lack of precision in the fields and couplings
of the Ising model. In this thesis we introduce a scheme first described in
[4], which aims to suppress errors caused by lack of precision. This scheme
was inspired by quantum annealing correction (QAC), first introduced in [1],
where physical qubits in multiple copies of a Ising model are linked together.
However, we introduce several innovations thereby making our scheme distinct.
First, when determining the ground state of the problem, we require only one
copy to be correct, because the solution quality can be checked efficiently.
Second, using this “one correct copy” setting, we find the optimal strength of
links connecting the copies to be anti-ferromagnetic and close to the minimum
strength allowed by the precision. Here we find an improvement (on average)
above separate copies and copies connected ferromagnetically. Third, we find
that configurations of copies that contain frustration (e.g. a loop of three or
five copies), provide a further improvement in fraction correct. Numerically
testing our innovations on small instances of spin chains and spin glasses,
we find improved tolerance to lack of precision equating to around 3 bits
of precision improvement at p = 7. We develop a link selection protocol
which aims to determine in a computationally non-intensive fashion, whether
or not to connect corresponding qubits in different copies. Here, we obtain
mixed results, with improvement in fraction correct over separate copies only
for precisions p < 4. Finally, we apply our error suppression scheme when
computing with quantum walks. In this setting we find that the improvement
from using our technique is lost for all values of precision. We hypothesise this
is due to the way our error suppression scheme functions by allowing ‘access’

to excited states, available innately in quantum walks.




Acknowledgements

Firstly, I would like to thank my supervisor Viv Kendon, for all her support and
encouragement over the last few years. Your comments and analysis have been vital
to keeping me on track during the research process, and your encouragement and
ability to answer my questions before I've even asked them has definitely boosted
my morale at times. Thanks for the effort you have put in to meet me in person as

well as virtually despite us living at opposite ends of the country most of the time!

I have had the privilege to have Nick Chancellor as my co-supervisor. Thank
you for all your incredibly useful and often prescient comments, suggestions and
contributions to our research discussions. They definitely helped me along the way.

Also thanks for teaching me how to program my first quantum walk!

Thank you to Adam Callison, for not only providing many contributions to our
research discussions but also saving me from hours of computational strife by con-
tributing the code for both the branch and bound technique and quantum walk
dynamics that support an extensive amount of research in this thesis. Thanks for

answering my many questions and the time you put into editing the code.

Thanks also to Steph Foulds, for being my go to person for asking about any PhD
student admin type questions and for reading an early chapter draft of this thesis.
Thanks to Mia West and Tom O’Leary, who both provided disproportionately
strong early contributions to the research in this thesis despite the length of time

of their projects!

For the portion of my PhD spent in Durham, I would like to thank the members of
QLM for their friendly and welcoming atmosphere. Especially the people involved
in coffee breaks, fatmol, pubmol and fitmol, which I definitely took advantage of
while I had the chance! Specifically thanks to Clare for including me on some of her
many parkrun and running outings, and encouraging me to sign up for Edinburgh

marathon! Also thanks to the many people involved in the admin side of my PhD:

ii



Simon, Matt, Stuart, Kevin, plus others I'm sure - thanks for keeping the ball
rolling! T would also like to acknowledge the funding from a EPSRC funded DTG
studentship, project reference 2214392, and Durham university, without which, the

research in this thesis would not have been possible.

Outside of the university I would like to thank Durham City Harriers for giving
me a great running club to train and compete for and my housemates Diana and
Diego for always including me for the short time I was around and for feeding me

delicious Mexican food on multiple occasions!

Due certain events in the past few years this PhD has not always followed along
the traditional routes, and that has meant spending a lot more time in Newton

Abbot than I otherwise might have expected.

For the academic side of my life, I would like to thank the members of the Ex-
eter University quantum theory group, for accepting me as one of their own, and
including me in their theory meetings and extra-curricular activities! Outside of
the university, I would like to thank the Teignbridge trotters running club and
Mid-Devon cycling club for keeping me fit (and more importantly sane!), the folk
orchestra of Torbay for welcoming me to play violin, and Ben’s friends and the

gang at Malting’s taphouse for providing me with Friday night entertainment!

For related reasons, I need thank my fiancé Ben’s parents Anne and John for their
support and especially for allowing me to stay in their house for much longer than

anticipated during a national lock-down (announced the day after my arrival).

I also need to thank my family, Mum, Dad, Kerenza and Alex for all their en-
couragement and support over the years, even before this PhD started, funding
my interest in physics by buying me copious amounts of physics and maths related
books and even quantum computing T-shirts. Thank you for bearing with me all
these years as I tried to explain ever more niche concepts of physics to you in the
hope you’d understand - even if you did coin my research as ‘Betamax quantum

computing’ - I'm still in all your debt for helping me get there!

Finally, I couldn’t have completed this PhD without the support of my fiancé Ben,
who has been there all the way, suffering 7 hour commutes, my frustrations at code
and physics, having to share (an at times very warm) home office, and my constant
need to drag him outside for some form of exercise. Thanks for always being there

for me and for knowing exactly what will cheer me up.

iii



[Declaration|

|[List of Figures|

[List of Tables|

[Notation|

1 Introductionl

1.1 Classical computing|

1.2 Quantum computing]

|2 Continuous-time quantum computing|

2.1 Quantum Walksg|

RI1

Search problem using a quantum walk|

2.2 Adiabatic Quantum Computing

2.3 Quantum Annealing]

2.4 Chapter summary|

|3 Optimisation problems|

[3.1  Transverse field Ising Model]

13.2  Ising spin chains|

13.3  Sherrington-Kirkpatrick spin glasses|

3.4 Maximum independent set|

3.0 Chapter summary| . ... ... .......
4 _Error models|

[4.1 Types of Noise/error|

A1l

Bit flip and phase flip errors|

Contents

viii
ix
xii

xiii

iv



[4.1.2  Quantum decoherence| . . . . . . ... .. ... L. 23

[4.1.3 Qubitloss|. . . . ... ... 23

[4.1.4  Limited precision| . . . . . . . . . ... .. ... ... 23

4.2 Modelling limited precision| . . . .. ... ... ... ... ...... 24
4.2.1 Random error modell . . . . . . ... ... ... L. 25

[4.2.2  Deterministic mid-point error model| . . . . . . .. ... ... 26

4.2.3  Deterministic random error modell . . . . . ... .. .. ... 27

4.3 Effect of the error model on single copies|. . . . . . . ... ... ... 27
4.4 Chapter Summary| . . . . . . . . . . . . 29

[> Quantum error correction| 30
.1 Quantum error correction for gate based QC| . . . . ... ... ... 30
5.2 Quantum error correction for continuous QC| . . . . . ... ... .. 32
5.3 QAC|. . . . . e 32
[5.3.1  Summary of the mean field analysis of QAC|. . . . . . . . .. 34

[5.3.2  Disadvantages to QAC|. . . . . . . . . ..o 35

5.4 Our error suppression method|. . . . . . . . ... ... ... ... .. 36
[>.4.1  An MIS example which retains the original ground state| . . . 38

5.5 Chapter summary| . . . . . . . . . . . ... 40
6 Numerical Methodsl 41
6.1  Simulation of classical dynamics| . . . . .. ... ... ... ... .. 42
[6.1.1 Branch and bound technique] . . . . . .. .. ... ... ... 42

6.2 Simulation of quantum dynamics| . . . . . . ... ... 43
6.3 Problem instance generation|. . . . . . . .. ... ... 43
6.4  Fitting and error analysis| . . . . ... ... ... ... ... 44
6.5  Chapter summary| . . . . . .. ... . . 45

7 Link Strength Tests| 46
7.1 Optimal link strength| . . . . ... ... ... ... ... ....... 47
[(.1.1 Random error modell . . . . . . . .. .. ... ... ... ... 48

[7.1.2  Link strength tests using other error models/. . . . . . . . .. 50

[r.2 Individual instances| . . . .. ... . ... ... ... .. 52
[r.3 Theeffectofnofields . ... ... ... ... ... ... ... ... 54
7.4 On the mechanism of error suppression via anti-ferromagnetic links|. 56
[7.4.1  An example of the mechanism of error suppression| . . . . . . Y

7.5 Chapter summary| . . . . .. ... ... . o 60

I8  Error Suppression Results| 62
8.1 Two copies of spin glasses| . . . . . . . ... ... ... ... 64




[8.1.1 Deterministic random error modell . . . . . .. .. ... ... 64
RI12 Random errormodell . . . . .. ... ... 0oL 64

8.2 'Two copies of spin chaing| . . . . . ... ... ... ... ... .... 66
8.3 Three copies|. . . . . . . . . . . 68
[8.3.1 Spin glassesinachainf . . . . . ... ... ... L. 68
[8.3.2 Spin glassesinaloop| . ... ... ... ... ... ... ... 70
[8.3.3  Spin chainsinaloop|. .. ... ... ... .. ......... 71

8.4 Four copies| . . . . . . . . ... 72
[8.4.1  Spin glassesinaloop| . .. .. ... ... ... ... ... 72

8.5 Fivecopies| . . .. . . . .. 75
[8.5.1 Spin glassesinaloop| . .. .. ... ... ... ... 75

[8.6  Comparison of five and three copies| . . . ... ... ... ... ... 78
[8.7 Chapter summary| . . . . . .. .. .. ... . 79
|9 Precision Improvements| 82
9.1 Conditional fraction correct| . . . . . . . . . .. ... ... ... ... 83
9.2 Precision improvements| . . . . . . . ... ... L. 85
[9.2.1  Scaling of fraction correct withn| . . . . . .. ... ... ... 87

9.3 Quantifying improvements| . . . . . . . . .. ... oL 89
[9.3.1 Spinglasses| . . . . . ... o 89
[9.3.2 Spinglasses| . . . . ..o o 91
[9.3.3 Spinchains| . . . . ... oo 92

9.4 Chapter summary| . . . . . . . . . . . 93
(10 Link Selection Protocoll 95
(10.1 Threshold behaviour| . . . . . . . . ... ... 0oL 96
(10.1.1 Energy levels below and above threshold|. . . . . . . . . ... 98
(10.1.2 Inclusion of negative fields[. . . . . . . .. .. ... ... ... 102

[10.2 Fraction correct versus Jr for 2-qubit example with positive fields| . 106
(10.2.1 Two copies| . . . . . . . . . . e 106
(10.2.2 Three copies| . . . . . . . . . . . 107
[10.2.3  2-qubit example with one positive field, one negative field|. . 108

[10.3 Larger size Ising models| . . . . . . ... ... ... ... .. ..... 109
[10.4 The link selection protocol[. . . . . . . ... ... ... ... ... .. 111
(10.4.1 Link selection protocol . . . . . . . . ... ... ... 112

[10.5 Error suppression results with the protocol| . . . .. . ... ... .. 113
[10.5.1 Spin glasses| . . . . . . . . ... 113
[10.5.2 Spin chaing| . . . . . ... ... ... 116
[10.6 Chapter summary| . . . . . . . .. . ... . 116

vi



11 Quantum Walk Dynamics|

[11.1 Optimal ~|

[11.2 Average success probability versus precision| . . . . . . . ... . ...

[11.3 Differences in average success probability]

[11.4 Average success probability with the protocol| . . . . . . .. ... ..

[11.5 Average success probability for larger problem sizes|

[11.6 Chapter summary|

[Bibliography|

120
121
123
125
126
129
130
132

133
133
137

139

vii



Declaration

I confirm that no part of the material offered has previously been submitted by my-
self for a degree in this or any other university. Where material has been generated

through joint work, the contribution of others has been indicated.

Jemma Bennett

Publications

Parts of chapters [9 and [I1] contain graphs and analyses that were included in
the paper |4] Jemma Bennett, Adam Callison, Tom O’Leary, Mia West, Nicholas
Chancellor and Viv Kendon, Using copies to improve precision in continuous-time
quantum computing, (2022), https://arxiv.org/abs/2206.02545. Soon to be

published in Quantum Science and Technology.

The copyright of this thesis rests with the author. No quotation from it should be
published without the author’s prior written consent and information derived from

it should be acknowledged.

viii



List of Figures

[1.1  Artist’s impression of a dilution refrigerator of a quantum computer| . . 4
2.1  Diagram of 3-dimensional hypercubel . . . . . . . .. ... ... 9
[2.2  Plot of quantum walk on a hypercube, initial state |000)| . . . . . . . .. 10
2.3 Plot of quantum walk search on a hypercube] . . . . . . .. ... .. .. 11
2.4 Plot of AQC search on a hypercube| . . . . ... ... ... .. ..... 13
2.5  Energy levels of 3 and 5 qubit system undergoing AQC search|. . . . . . 14
[3.1  Artist’s impression of a Rubik’s cube in its minimum energy state] . . . 16
13.2  Diagram of 5-qubit Ising spin chainf. . . . . . . ... ... ... L. 18
[3.3  Diagram of 5-qubit SK'spinglass| . . . .. ... ... ... ........ 18
3.4 Diagram of 5-qubit MIS example| . . . . . . ... ..o o000 19
4.1 Diagram of number lines showing precision divisions| . . . . . . . . . .. 24

4.2 Plot comparing error models, single copies, fraction correct vs precision| 28

5.1 Diagram of our error suppression scheme|. . . . . . . ... ... ... .. 38

[7.1  Fraction correct vs Jr, random error model, 5 qubit, spin glass and spin |

[7.2  Fraction correct vs Jp, deterministic mid-point error model, 5 qubit, |

| spin glass and spin chain|. . . . . . . . . ... .o Lo 50

[7.3  Fraction correct vs Jr, deterministic random error model, 5 qubit, spin |

| glass and spin chain| . . . . . . . . ... ... 51

7.4 Fraction correct vs Jgp, p = 3, deterministic random error model, 4 |

| single instances, 3 copies of 5 qubit spin glasses.| . . . . ... ... ... 52

7.5  Fraction correct vs Jr, p = 3, random error model, 4 single instances, |

| 3 copies of 5 qubit spin glasses.| . . . . . . ... ... L. 53

[7.6  Fraction correct vs Jr, 2 and 3 copies, 5 qubit spin glasses, no fields| . . 55

ix



(7.7 Plot of energy vs ground states, single copy, 5 qubit spin glass, p =3|. . 58
[8.1  Fraction correct vs precision, deterministic random error model, 2 copies |
| vs single, 5-qubit, spin glasses| . . . . . . ... oo 63
8.2 Fraction correct vs precision, random error model, 2 copies vs single, |
| o-qubit, spin glasses| . . . .. ..o oo 65
[8.3  Fraction correct vs precision, deterministic random error model, 2 copies |
| vs single, 5-qubit, spin chaing| . . . . . . ... ... 0000 67
[8.4  Fraction correct vs precision, deterministic random error model, 3 copies |
| chain vs single, 5-qubit, spin glasses| . . . .. ... ... ... ... ... 69
[8.5  Fraction correct vs precision, deterministic random error model, 3 copies |
| loop vs single, 5-qubit, spin glasses| . . . . .. .. ... ... ... 70
[8.6  Fraction correct vs precision, deterministic random error model, 3 copies |
| loop vs single, 5-qubit, spin chaing| . . . . . . ... ... ... ... .. 72
[8.7  Fraction correct vs precision, deterministic random error model, 4 copies |
| loop vs single, 5-qubit, spin glasses| . . . . .. ... ... ... ... 73
[8.8  Fraction correct vs precision, deterministic random error model, 5 copies |
| loop vs single, 5-qubit, spin glasses| . . . . .. ... ... ... L. 76
[8.9  Difference in fraction correct vs precision, deterministic random error |
| model, 5 copies loop vs 3 copies loop, spin glasses|. . . . . . . ... ... 79
[8.10 Diagram: 5 copies of 5-qubit spin glasses arranged in “bowtie configur- |
Cafion™ . . . o o 79
9.1 Conditional fraction correct vs precision, 3 copies loop vs single, 5-qubit |
| spin chains| . . . . . . .. 83
9.2 Conditional fraction correct vs precision, 3 copies loop vs single, 5-qubit |
| spin glasses| . . . . ... 85
9.3 Conditional fraction correct vs precision, 3 copies loop vs single, 9-qubit |
| spin glasses| . . . . ... 86
9.4 Fraction correct vs precision, for 341 copies vs single, 5, 7, 8, 9-qubit |
| spin glasses| . . . . ... 87
9.5  Average energy gap vs number of qubits, spin glasses| . . . . . . . .. .. 88
9.6  Fraction correct at p = 3 vs n, for separate and 34 1cp copies for 9, 6, |
| 7,8, 9-qubit spin glasses| . . . ... ... ... 89
9.7 Fraction broken vs precision, 341 copies vs single, 5, 7, 8, 9-qubit spin |
| glasses, log y plot|. . . . . . . .. 90
[9.8  Precision improvement vs precision, 3+1 copies vs single, 5, 6, 7, 8, |
| 9-qubit spin glasses|. . . . . . .. ..o Lo 91
9.9  Precision improvement vs precision, 3+1 copies vs single, 5, 6, 7, 8, |
| 9-qubit spin chains| . . . . . ... ..o 92




[10.1 Diagram: 2 qubit Ising model with the fields and couplings labelled.| . . 96
[10.2 Diagram: 2 copies ot a 2 qubit Ising model connected with antiferro- |
| magnetic links, with fields and couplings labelled.|. . . . . . . . ... .. 96
[10.3 Diagram: Threshold of 2 qubit ground states when both fields are pos- |
| itive, or both fields are negative| . . . . . . . ... ..o 0. 98
[10.4 Diagram: Threshold of 2 qubit ground states when one field positive, |
| one field negative.| . . . . . . ... Lo o 99
[10.5 Energy levels and energy shifts of two 2 qubit examples, with two pos- |
| itive/negative fields.| . . . . . ... Lo oo 100
[10.6 Diagram: 2 copies of 2-qubit Ising models above and below threshold |
| (two positive fields) | . . . . .. ..o oL 102
[10.7 Energy levels and energy shitts of two 2 qubit examples with one neg- |
| ative, one positive field|. . . . . .. ... oo 0oL 103
[10.8 Diagram: two copies of 2-qubit Ising above and below threshold (one |
| positive, one negative fields) | . . . ... ... oL oo 105

[10.9 Fraction correct vs Jr: Above and below threshold 2 copies 2-qubit chain[l05

[10.10Fraction correct vs Jp: Above and below threshold 3 copies 2-qubit chainfl07

[10.11Fraction correct vs Jr: Below and above threshold 2 copies, one negat-

| ive, one positive field, 2-qubit chain| . . . . . ... 000000000 108
[10.122 and 3 copy H-qubit spin glass, protocol and no protocol fraction cor- |
| rect/broken vs precision |. . . . . ... o000 oo o Lo 114
[10.132 and 3 copy d-qubit spin glass protocol and no protocol fraction cor- |
| rect/broken vs precision |. . . . . ... oo oo o oL Lo 117
[11.1 Average success probability vs v, 4 single instances, 3 copy vs single, |
| 5-qubit spin glasses|. . . . . . ... Lo 122
[11.2 Average success probability vs precision, 10° instances, three copies vs |
| single, b-qubit spin glasses| . . . . . . . ... ... L. 124
[11.3 Difference in average succcess probability vs precision, three copies vs |
| single, b-qubit spin glasses| . . . . . . . ... ... 0oL 126
[11.4 Average success probability vs precision, for 3 copies with link protocol |
| vs single, b-qubit spin glasses| . . . . . . ... ... 127
[11.5 Normalised average success probability vs precision, single copies, 5, 6, |
| 7,8, 9-qubit spin glasses| . . . ... ... ... 129

xi



List of Tables

[5.1 Table comparing correct ground states of three connected and single |
| copies of a 5-qubit MIS problem| . . . . . .. ... ... 000 39
[7.1 Table showing configurations and energy penalties of two anti-ferromagneticallly
| connected Ising models|. . . . . .. ... ... o oL 56
[8.1 Table showing configurations ot four connected Ising model copies and |
| their energies with penalties| . . . . . . . . .. ... ..o L. 74
[8.2  Table showing configurations of five connected Ising model copies and |
| their energies with penalties| . . . . . . . . .. .. ... 77
[10.1 Table showing for 2-qubit Ising model, possible start states, end state |
| and transition inequalities| . . . . . . . .. ... o000 99
[10.2 Table showing for 3-qubit Ising model, possible start states, end state |
| and transition inequalities| . . . . . . . . ... ... oL oL 111
[10.3 Table showing for the n-qubit Ising chain, the number and neigbourly- |

ness of bit flips, transition inequality and diagram| . . . .. ... .. .. 111

xii



Notation

AQC Adiabatic Quantum computing

SK spin glasses Sherrington-Kirkpatrick spin glasses, an fully connected graph
of spins (qubits). Where the strength of the fields and couplings lie between -1

and +1. Only two spin couplings are considered (no higher order couplings).

Spin chains A 1D chain of qubits, where each qubit is only coupled to its nearest
neighbours, i.e. 0 to 1, 1 to 2, 2 to 3 and so on. The spin chains used in this

thesis do not have periodic boundary conditions.

Fraction correct The fraction of times we find the correct ground state across
many (10® or more) instances. For multiple copies, it adds to the fraction

correct if one or more of the copies have the correct ground state.

Random error model Error model where several random samples (repeats) of
each value is taken. As the errors here are not fixed, repeats can improve the

fraction correct. See section [4.2.1]

Deterministic mid-point error model Error model where the erred value is
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correct. See section [£.2.2]

Deterministic random error model Error model where the erred value is set
to be a random value in the interval in which the true value lies. The er-
ror here is fixed to this random value and therefore repeats do not improve

fraction correct. See section [4.2.3]
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CHAPTER ].

Introduction

1.1 Classical computing

The first classical computers evolved as ways of solving practical problems. The
Antikythera mechanism, estimated to have been built sometime between 200 [5]
and 60 [6] BC, is thought to be the oldest example [7] of an analogue mechanical
computer. It was used to predict the location of planets and timings of eclipses

decades in advance [8].

Mechanical analogue computers were again developed in between the 3rd and 13th
centuries, once again for astronomical purposes [9-11]. Around 1200 AD, an elab-
orate clock known as Al-Jazari’s castle clock was built. This clock did not only
keep time but also showed the zodiac, the path of the Sun and phases of the Moon.
Notably, it was also possible to re-program the length of day and night to account
for their changes throughout the year [12].

One of the most influential inventions in the history of computing was the Jacquard
loom. Patented by Joseph Jacquard in 1804, it was an improvement on previous
similar machines [13]. Its main innovation was the use of punched cards which

allowed different designs to be ‘programmed’ into the machine [14].

This punch card design for inputting ‘programs’ was seen by 19th century math-
ematician and inventor Charles Babbage and he planned to incorporate this design
into his proposed analytical engine, the successor to the difference engine [15]. The
programmability of this machine allowed Ada Lovelace to famously propose a ‘pro-
gram’ for calculating Bernoulli numbers that could have been run on the machine

[16]. However the analytical engine was ultimately never built.

The punch card design was re-used later, in the 1880s, when Herman Hollerith

developed a machine which used them for collecting and tabulating data [17]. This




1.1. Classical computing

technology was famously used in the 1890 US census. Hollerith founded a company
that went on to become part of IBM [18].

While coming up with his solution to the Enscheidungsproblem in his famous ‘On
computable numbers’ paper [19], Alan Turning came up with an abstract idea of
a mechanical machine which was capable of universal computing. This machine,
(later coined a ‘Turing machine’), consisted of a ‘head” which could read and write
a finite number of symbols, a current ‘state’ selected from a finite set of states,
and an infinite tape that passed through the machine. The infinite tape is divided
up into cells, each cell can hold a single symbol. The ‘head’ moves along the
tape reading one cell at a time. Then depending on this reading and the current
‘state’, the machine makes a decision on a symbol to write and then whether to
move left, right or stop the computation. As well as being capable of solving
the Enscheidungsproblem, Turing realised that this machine would be capable of
universal computation, that is to take in any set of instructions (if they could be
translated into the right format) and compute a response. This abstract machine

became the base for the theory of computation.

Computers up until this point were created for specific purposes, such as collecting
and processing data or performing certain mathematical functions and were never
fully programmable and therefore not considered Turing complete, that is, capable
of universal computation (aside from Babbage’s analytical engine if it had ever
been built). Indeed, the term ‘computer’ was mostly used at the time to refer to
women employed to carry out complex calculations such as ballistics during world
war IT [20]. It is estimated that, 75% of the work force involved in codebreaking at

Bletchley park were women [21].

The first Turing complete, programmable, electronic, general purpose digital com-
puter, is generally believed to be the Electronic Numerical integrator and computer
or ENIAC for short [22], which was announced to the public in 1946 [23]. Out of
around 200 women employed as human ‘computers’ for ballistics calculations, six
(Kay McNulty, Betty Jennings, Betty Snyder, Marlyn Meltzer, Fran Bilas and
Ruth Lichtermann) were chosen to program the new machine. Due to attitudes at
the time their contribution to the project was not well acknowledged and they did

not receive the same level of recognition as their male counterparts [20].

In 1959 Mohamed Atalla and Dawon Kahng of Bell labs developed the metal-
oxide-silicon field-effect transistor (MOSFET) [24, 25]. This was the first compact
transistor that could be miniaturised. This development enabled the development
of microprocessors which allowed computers to continually shrink as long as the
technology to create them was there [26, |27]. As the size of computers decreased,

so did the wires within them, making them faster.




1.2. Quantum computing

In the following years, computers continued to decrease in size, leading Gordon
Moore to conjecture in 1965 that the number of transistors on a chip would double
every year [28], though he then revised it to every two years in 1975. This became
known as Moore’s Law. So far Moore’s Law has held true, but as we near the length
scales of molecules, it is becoming clear that this progress will at some point reach
its limit. In 2012 a team from the university of New South Wales developed a single
atom transistor [29] and in 2022 IBM announced a 2nm chip, this is smaller than
the width of a single strand of human DNA [30]. There is not yet a consensus on
whether the limit has been reached. Gordon Moore never got to see the conclusion
to this discussion, he died on 24th March 2023, a few days before this thesis was
submitted [31].

There is another reason why reaching the length scales of molecules and beyond is
interesting. At this length scale particles start following the rules of quantum rather
than classical mechanics. This ultimately brings challenges for classical computing
as things no longer act as we expect them to. However, if we are able to harness
the quantum behaviour of these particles, we may be able to compute in a different

way by designing quantum computers [32].

1.2 Quantum computing

In the 1980s, a big question for classical computers, was whether they were able to
simulate classical physics. At first it didn’t look possible as the first classical gates
weren’t considered reversible. However, building on the work of Rolf Landauer [33],
Charles H. Bennett showed that a Turing machine could be made so that it was

both logically and thermodynamically reversible [34].

Paul Benioff then took this one step further and showed that it was possible in
principle to build a Turing machine that functioned using quantum mechanical
rules [35]. In a 1981 meeting Feynman addressed the question of whether it was
possible to simulate quantum physics on classical computer |36]. By repurposing
Bell’s inequality, he was able to show that this would not be possible [37]. Therefore,
in order to simulate quantum physics a new type of quantum machine would be

needed.

Beyond physics, it was still yet to be seen whether this new type of computer could
provide advantages above classical computing. The Deutsch-Jozsa algorithm, pub-
lished in 1992 and improved upon in 1998 [3§], was one of the first examples of an
algorithm that could run exponentially faster on a quantum computer [39]. Soon

more examples came along. The Bernstein-Vazirani algorithm which solved a re-
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Figure 1.1: Artist’s impression of the inside of dilution refrigerator for a quantum
computer. The superconducting quantum computer chip would be stuck to the
bottom where it’s coldest.

stricted version of the Deutsch-Jozsa algorithm was developed in 1993. Then in
1994, Shor developed an algorithm which would allow the prime factors of integers
to be found in polylogarithmic time [40]. This algorithm was famously capable of
breaking RSA encryption. In 1994, Simon developed an algorithm that could dis-
tinguish between a one-to-one or two-to-one function, with an exponential speed-up
compared to classical computers , and in 1996 Lov Grover devised an algorithm
for unstructured search that provided a O(\/N ) speed-up compared the classical
brute force approach .

Another crucial question was how these quantum machines could be implemen-
ted experimentally. The original contenders were techniques such as trapped ions
, super-conducting qubits , quantum dots and nuclear magnetic
resonance (NMR). Despite early successes, such as the first demonstration
of Shor’s algorithm on a quantum computer , NMR quantum computing has
fallen out of favour due to issues with scalability . Trapped ions, supercon-
ducting qubits and quantum dots continue to be active areas of research with a
multitude more techniques entering the game, such as neutral atoms in optical lat-
tices , linear optical set—ups, and diamond NV centers . Despite the
diversity of techniques, no single method of quantum computing has yet emerged

as dominant and they each face their own set of challenges. For example, to keep
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qubits in a coherent regime, superconducting qubits require the cooling of their
qubits to extremely low temperatures, by use of a dilution fridge (an artist’s im-
pression of which can be seen in figure [1.1)). For this reason, the image of the

dilution fridge has become synonymous with quantum computing for many people.

Initially quantum computation was thought of in a way that was analogous to
classical computing. Qubits were acted upon by logic gates which carried out
certain functions. Some quantum gates were equivalent to the gates seen in classical
computing, such as the NOT and CNOT (or X and control-X) gates. NOT gates
flip a qubit from 0 to 1 or vice versa, and CNOT gates flip from 0 to 1 or vice versa
depending on the value of another (the control) qubit. Other gates did not have
a classical equivalent, such as the phase flip (Z) gate, which changes the phase of
a qubit, or the Hadamard gate which introduces a superposition of states to the
qubit. However this was not the only way to compute using quantum computers and
soon several other ways of computing were developed, such as: measurement-based
quantum computing [57], analogue quantum computing [58] or continuous-time
quantum computing. In this thesis we chose to focus on continuous-time quantum
computing as it is the basis of our research. An equation free introduction to these

other types of quantum computation can be found in [59).

In this thesis, I will first describe the background theory necessary to understand
the functioning and results of our error suppression scheme. Then I will present our
scheme for error suppression in continuous-time quantum computing, which was
first described in [4]. Finally I will present numerical analysis into the functioning
of our scheme under classical and quantum dynamics, while speculating on the

theory behind its function. The content of the chapters is summarized below.

Chapter 2: In this chapter I introduce the theory behind continuous-time quantum
computing, describing in detail quantum walks, adiabatic quantum computing and

quantum annealing and the differences between each.

Chapter 3: In this chapter, I first describe the transverse field Ising model, the
model on which all optimization models seen in this thesis are mapped. I then
describe both Ising spin chains and Sherrington-Kirkpartrick spin glasses, two of
the models used in our research. Finally I describe the mapping of the optimisation

problem, maximum independent set.

Chapter 4: In this chapter, I first introduce some of the types of possible errors
that can occur on quantum computers. Then I present the error model used in
our research - limited precision. I then describe several possible implementations

of this error model and discuss why we chose the implementation we did.

Chapter 5: In this chapter, I first briefly discuss quantum error correction in
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gate-based quantum computers. Then I describe quantum error correction for
continuous-time quantum computers, detailing several of the methods. 1 then
describe quantum annealing correction, the technique which inspired our error
suppression scheme. Finally I introduce our error suppression scheme, with an

illustrative maximum independent set problem example.

Chapter 6: In this chapter I discuss the numerical methods and analysis carried

out in the research which makes up this thesis.

Chapter 7: In this chapter I present the numerical analysis into the optimal link
strength used to connect copies in our error suppression scheme. I present these
results from data collected using several different error models and discuss the
differences. I then present the results from a select choice of individual instances
and discuss the findings. After this, I present the results from running these tests
using Ising models with no fields and discuss the findings. Finally I hypothesise on

the mechanism of our error suppression scheme.

Chapter 8: In this chapter I present error suppression results when subjected to
two of our error models for both 5-qubit spin glass and spin chain Ising models, for

two, three, four and five copies in several configurations.

Chapter 9: In this chapter I present error suppression results in terms of precision

improvement for spin glasses and spin chains, of sizes 5 to 10 qubits.

Chapter 10: In this chapter I first describe the threshold behaviour present in our
results. I then discuss the theory behind this threshold for 2-qubit Ising models,
and extend this to larger models. Building on this theory, I develop a link selec-
tion protocol aimed at locally predicting whether corresponding qubits in separate
copies should be connected or not. I then present error suppression results on both
spin glasses and spin chains after the implementation of this protocol and discuss
the findings.

Chapter 11: In this chapter I first present results from analysis of optimal
when using our error suppression method. I then present results on average success
probability versus the strength of our error model. I then present and discuss the
differences in average success probability between different instances. I then present
average success results, when the link selection protocol has been implemented.
Finally I present results of the average success probability on larger problem sizes

and individual improvement cases.

Chapter 12: Finally in this chapter, I summarize and discuss the research that

has been presented in this thesis.




CHAPTER 2

Continuous-time quantum

computing

Continuous-time quantum computing, includes adiabatic quantum computing,

quantum annealing, and continuous-time quantum walks. Each of these techniques
compute using the evolution of a Hamiltonian. We start with a quantum system
in an initial state that is easily prepared, for example, the ground state of a simple
Hamiltonian Hy. The system is then driven over time into the ground state of a
Hamiltonian Hp that encodes the problem to be solved. The Hamiltonian ﬁc(t)

that carries out the computation can typically be written,
H.(t) = A(t)Ho + B(t)Hp, (2.1)

where A(t) and B(t) are the time-dependent control functions. These functions
differ depending on which type of continuous-time quantum computing you are

carrying out.

In section we introduce and describe quantum walks, including a description
of the solving the search problem in this format In section we introduce
and describe adiabatic quantum computing (AQC) and how it differs from quantum

walks. Finally, in section we briefly introduce quantum annealing.

2.1 Quantum Walks

A quantum walk is the quantum analogue of a classical random walk. There are
both continuous-time quantum walks and discrete-time quantum walks, but in this
thesis we focus on continuous-time quantum walks, as their behaviour with our

error suppression scheme are the subject of analysis in chapter [11]




2.1. Quantum Walks

Contiuous-time quantum walks were first considered in [60, [61], but only shown
to be capable of universal quantum computing in [62]. Continuous-time quantum
walks evolve the system from the ground state of a simple easily-prepared Hamilto-
nian under a time-independent Hamiltonian with the constant functions A(t) =~
and B(t) = 1, where « is a hopping rate between states. 7 is a key parameter for
quantum walks, as it determines the relative strengths of the driving and problem
Hamiltonians. Practically, when performing quantum walks it is important that
the success probability is not very sensitive to the exact value of v, because there
is no existing efficient way of finding the optimal v without solving the problem
itself.

An important concept for continuous-time quantum walks, is the graph on which
the ‘walk’ takes place. Three examples are: the complete graph, hypercube graph,
and d-dimensional periodic lattice [61]. It was found that both the complete graph
and hypercube graph achieved v/N speed-up for the continuous-time search al-
gorithm [60]. Whereas the d-dimensional periodic lattice achieved speed-up for
d > 4. Using the complete graph for quantum walks can provide algorithmic bene-
fits but they are hard to achieve in practice due to the high order X terms needed.
In this thesis we focus on quantum walks which take place on hypercubes. A hy-
percube is an n-dimensional cube, otherwise known as a square in 2-dimensions
or a cube in 3-dimensions. All possible states of a problem with n qubits can be
placed on the vertices of an n-dimensional hypercube. The states are placed such
that moving from one vertex to the next along an edge is equivalent to flipping
a single qubit. As the number of qubits in the problem increase with n, the di-
mension of the hypercube also increases with n. The number of vertices in the
hypercube (equivalent to the number of possible states) grows as 2. An example

of a 3-dimensional hypercube can be seen in figure [2.1

As we saw in the introduction of this chapter, in order to perform a continuous-time
quantum computation we must prepare the system into an initial state. An example

of a simple easily-prepared state is the ground state of the following Hamiltonian,
Ho = (nl, — > Xj), (2.2)
=0

where n is the number of qubits, I, is the identity of size n, and Z;L;OI Xj is
(once calculated) equivalent to the adjacency matrix of the hypercube on which
the quantum walk is taking place. This is the term which allows ‘the walk’ to pass

to adjacent vertices, thereby allowing it to propagate through the hypercube. X P
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Figure 2.1: Diagram of a 3-dimensional hypercube, where travelling from one vertex
to the next along an edge is equivalent to flipping a bit. The liquid in each of the
cups represents the probability of being in each of the states. This diagram shows
the initial equal superposition state (see equation where each cup is 1/8th full.

can be written out as,

(@]12) ®X;® (@Hg) , (2.3)

where ®£;(1) I is the tensor product from 0 to j — 1 of the 2 x 2 identity, and Xj
is the Pauli matrix X on qubit j.

In order to perform the quantum walk, equation [2.2]is then substituted into equa-
tion along with the expressions for A(t) and B(t). is then substituted into
the time-dependent Schrodinger equation h%f = Hp (where h = 1) along with
the initial state [1/(0)), and evaluated to find the state at time ¢,

[4(t)) = exp(—iHet) [(0)) - (2.4)

The evolution of a quantum walk of a 3-qubit system on a 3-dimensional hypercube,
with an initial state of |000) is shown in figure

2.1.1 Search problem using a quantum walk

The search problem using a quantum walk is equivalent to the gate based version
of Grover’s algorithm [60]. Here the initial state [¢)(0)) of the system is the equal
superposition of all states on the hypercube. The general form for this state on n

qubits is,

[9( \/271 Z 1) - (2.5)
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Figure 2.2: 3D plot showing the probability evolution over time of each of the
eight 3 qubit states on a hypercube during a quantum walk with initial state |000).

This state happens to be the ground state of the Hamiltonian Hy, so is a natural

state to start in.

One of the states on the hypercube is called the ‘marked state’ and given a lower

energy than the rest. This is defined in the Hamiltonian Hp,

H,=1—|m) (m|. (2.6)

A

H, is then substituted, along with A(t) and B(t) into the overall Hamiltonian
f[c(t), and is then evolved according to the Schrodinger equation. A(t) is equal to
~ and there is an optimal v at which the success probability of finding the correct
solution to I:Ip is maximised. For quantum search the optimal -y is narrowly defined
with a steep fall off [63], meaning it could be hard to extract optimal success rates
in experiment. However for other problems such as SK spin glasses, optimal ~ is
much broader with shallower fall off, meaning is easier to extract close to optimal
success rates. In [64] they discuss a way of calculating a suitable v by using a

heuristic.

Figure 2.3 shows the probability vs time for each of the possible states of 3-qubit
system undergoing a quantum walk on a 3-dimensional hypercube. The initial
state was the equal super-position of all possible states and the marked state was
|000). We see here that 1. the probability of the marked state oscillates over

10
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Figure 2.3: 3D plot showing the probability vs time of each of the eight possible
states of a 3-qubit system during a continuous quantum walk search. The initial
state was an equal superposition all eight possible states and the marked state was
|000).

time, and 2. the probabilities of the marked state maxima are well below 1. This
means that when computing using quantum walks, we need to make many repeats
over many times in order to generate a high probability of successfully finding the
correct ground state. As we know, the probabilities are oscillatory so to minimise
the chances of always measuring when the probability is abnormally small (or
large), we measure at several different times. If we repeat the measurement at
many uniformly random values of time ¢, we can calculate the average success

probability as,
1t

P(t, At
i )= At Jisae

dt;P(ty), (2.7)

where ¢ is the inital time, At is the change in time and P(t¢s) is the probability
at time ¢y which is integrated over the interval [t,t 4+ At]. The long time limit of
this equation is Py, = P(0,inf). This is a useful value as is can be calculated by

numerical diagonalization of the Hamiltonian. It is given by,

Pt = ZI B Ea () P Ea (1) (0)2 (2.8)

where E(()P) is the ground state, 1(0) is the initial state, and |E(7y)) is the eigenstate

11
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with eigenvalue E;(y) [64].

Unfortunately, the quantum search problem for quantum walks is not a realistic
problem, as in order to set up the problem, you already need to know the marked
state. This means it is useful as a toy problem for understanding how quantum
walks work, but has no further applications. Luckily, problems do exist that can
solved by quantum walks that do not have this problem. These tend to be op-
timization problems, which can be mapped to Ising models a type of model which
can be solved using quantum walks and other types of continuous-time quantum
computing techniques. Optimization problems and Ising models are introduced

and explained in chapter [3]

2.2 Adiabatic Quantum Computing

As with quantum walks, in adiabatic quantum computing (AQC), we start off with
an easily prepared initial state, for example the equal superposition state, i.e. the
ground state of the Hamiltonian seen in equation [2.2] We then choose our problem
Hamiltonian H, (e.g. equation , and substitute them both into H,(t)

Unlike with quantum walks, in AQC both A(¢) and B(t) vary slowly and smoothly
with time. A(t) = (1 — s) and varies from 1 to 0. B(t) = s and varies from 0 to 1.
s is a time-dependent function called the schedule that starts equal to 0 and ends
equal to 1 at a final time ¢;. According to the adiabatic theorem, if the system
starts in the ground state of Hy, if there is an energy gap g(s) > 0 and if s is varied
slowly enough, the system will remain in the ground state with high probability
and therefore finish fully in the ground state of ﬁp, thereby solving the problem
encoded into qu |65, 66]. Figure shows probability vs time, of each of the
possible states in a 3-qubit system, during an AQC quantum search, where |000)

is the marked state.

For the AQC quantum search shown in figure[2.4] the schedule s was varied linearly.
In figure 2.5 we have plotted the energy levels vs time of 3 (left) and 5 (right) qubit
systems, undergoing a quantum search using AQC. Comparing the energy levels of
the two, it can be seen that the gap g(s) between the ground state and the next
excited state is more narrow in the 5 qubit example than in the 3 qubit example.
Also, g(s) is smallest close to the point where the system goes from being mostly
in the ground state of the initial Hamiltonian Hy to mostly in the ground state of
the problem Hamiltonian ﬁp. As the number of qubits increases this narrowing

gap can mean that the time needed to vary the schedule slowly enough can become

12
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probability

Figure 2.4: Plot of success probabilty vs time of each of the possible states on the
hypercube, during an AQC quantum search, on 3 qubits. The initial state was the
equal superposition state of all the states on the hypercube and the marked state

was [000).

prohibitively long. (In fact in order for AQC to be possible a small probability of

error must be allowed.)

In addition, it was shown in [67] that a linear schedule s does not give give
a quantum speed-up. In order to achieve the quadratic speed up predicted by
Grover’s algorithm, s must be chosen so that it varies quickly at very early and
late times ¢, but slowly in between these times, to avoid ‘jumping up’ to the next

excited state (and therefore finding the wrong marked state |m)).

2.3 Quantum Annealing

Quantum annealing also evolves the system from Hy to Hp, with A(t) and B(t)
parametrized the same as for AQC. However, rather than relying on the condition
of adiabaticity, in quantum annealing the system is evolved much faster and other
effects such as cooling help to find the ground state [68, |69]. Terminology around
quantum annealing is not universally agreed upon, but generally it is considered

to encompass both cases where environmental dissipation plays a role in the com-

13
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Figure 2.5: The energy levels of a 3 qubit (left) and 5 qubit (right) system on a
hypercube undergoing adiabatic evolution to the problem Hamiltonian. In both
cases the states have been grouped by Hamming weight.

putation, and where closed system effects dominate but evolution is faster than

adiabatic (known as diabatic quantum annealing [70]).

The D-Wave machines are probably the most famous example of quantum an-
nealers. These machines act in the de-coherent regime as open quantum systems
subject to noise, which are attempting to evolve the Hamiltonian from its initial
state to the problem state. This noise means many excited states (not generally
the solutions we are looking for) are populated along the way, meaning the success
probability at the end of a quantum anneal is unlikely to be close to one. Therefore

repeats are used to boost the success probability of a computation.

Recently it was found that a coherent regime can be accessed by these machines in
order to simulate closed system dynamics, if the anneal is done on extremely short
time-scales [71]. The dissipation effects found in D-Wave machines can also have
some beneficial effects [72], and are a key part of the popular reverse annealing
technique [73]. Quantum annealing has found applications across a variety of sub-
jects, such as scheduling and job optimization [74-76], biology |77, 78], chemistry
[79, [80] and finance[81} 82|, plus many more. For a more comprehensive reviews of

these applications see [83] |84]

2.4 Chapter summary

In this chapter, we have introduced and described the the three forms of continuous-
time quantum computing, starting with quantum walks, with the example of
solving the search problem using this technique. Then we introduced and de-
scribed adiabatic quantum computing and its differences to quantum walks. Fi-

nally we briefly described quantum annealing. The three continuous-time tech-

14
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niques, quantum walks, AQC and quantum annealing, that we have described in
this section, can be thought of as extremal points in a space of hybrid methods that
can be interpolated between [63], to find methods suited to a particular problem

and hardware.
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CHAPTER 3

Optimisation problems

In continuous-time quantum computing we like to solve classical optimisation prob-
lems. These are problems where the goal is to find solutions which minimise (or
maximise) a certain function (called the cost function). We call the solution state
which minimises (or maximises) the cost function, the minimum energy state or
ground state. Pop culture examples of this type of problem are Rubik’s cubes and
sudoku puzzles, but they can also be found in less frivolous problems such as route
planning and finance. A Rubik’s cube is an optimisation problem because the end
goal is to try and maximise the number of cubies (the smaller cubes that make
up a Rubik’s cube) that have the same colour on each of the faces of the cube, so
that we end up with the six faces only having one colour of cubie (see figure .
Therefore a function parametrizing this problem (its cost function) would penalise
configurations of the Rubik’s cube which contain faces with more than one colour
of cubie. Likewise in sudoku, we are aiming to have only the numbers 1 to 9 once

in each of the 3 x 3 boxes, rows and columns, therefore its cost function would

Figure 3.1: Artist’s impression of a Rubik’s cube in its minimum energy state.

16
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penalise configurations of sudoku puzzle which violate these rules.

In section [3.1] we introduce the transverse field Ising model, the model to which
optimization models can be mapped so that they can be solved by continuous-time
quantum computers. In section we introduce Ising spin chains, a simple (trivi-
ally solvable) version of the Ising model which has been used in many simulations
described in this thesis. In section we introduce Sherrington-Kirkpatrick (SK)
spin glasses and their mapping to the transverse field Ising model. SK spin glasses
are a model whose ground state is both NP-hard to find and also ‘uniformly hard’
to find. It was used for the majority of simulations and numerical analysis in this
thesis. In section we describe maximum independent set (MIS), a simple ex-
ample of an optimization problem that can be mapped to the transverse field Ising
model. A 5-qubit example of this model is used to introduce and demonstrate our

error suppression scheme in this thesis. In section we summarize the chapter.

3.1 Transverse field Ising Model

Classical optimization problems can be efficiently encoded [85] into an n-qubit Ising

Hamiltonian H p of the form

n—1 n—1
Hp =Y hiZj+ > JjnZiZ, (3.1)
=0 j#k=0

where the fields with strengths h; act on the jth qubit and the couplings with

strengths Jj;, act between the qubits j and k. The Zj operators are tensor products

j—1 n
Zi=|QRL|eZe |QRL |, (3.2)
r=0 j+
which act non-trivially with a Pauli-Z operator Z on only the jth qubit. This
Ising Hamiltonian can be applied to the qubits on a quantum computer but the
strengths of the fields h; and couplings J;;, will be limited in range by the hardware
capabilities. To model this limitation, we used a range restricted to the interval
[-1,1] for both the h; and the Jj;, of the Ising models in the numerical simulations

in this thesis.

As explained in the previous section [2| we would find the ground state of this
transverse field Ising model using a continuous-time technique, thereby introducing
a transverse field Hamiltonian Hy, (which can be of the form we saw in [2.2) to the

System.

Another limitation of the transverse field Ising model, is specification errors, we

numerically modelled these by introducing a lack of precision in the h;’s and the

17
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Figure 3.2: Diagram of an 5-qubit Ising spin chain, without periodic boundaries.
Qubits are shown in purple. Couplings are shown in black.

Figure 3.3: Diagram of a 5-qubit Ising spin glass. Qubits are shown in purple.
Couplings are shown in black.

Jjr’s. We aimed to reduce their impact by the introduction of our error suppression
scheme. The models we used to apply our specification errors are described in
section [4, We ran numerical simulations on several different types of Ising model.

Each of these models are described below.

3.2 Ising spin chains

For our initial numerical simulations and later as a tool for comparison, we used
Ising spin chains. These are chains of qubits linked with couplings J;; # 0 when
k = j + 1, with a field h; applied to each qubit. The chains used in this thesis
project did not have periodic boundaries, see figure [3.2] This type of model is
similar to the multi-qubit variable mappings used on D-Wave machines for minor
embedding [86-88]. However, finding the ground state of these spin chains can be
solved efficiently classically, and they have been shown to exhibit counter-intuitive
statistical effects [89], so they are not suitable for gaining insight into the behaviour
of more general types of problem Hamiltonians. Nonetheless, they are important
for real hardware architectures (e.g., minor embedding), and their simplicity is

useful in illustrative diagrams.

3.3 Sherrington-Kirkpatrick spin glasses

The majority of numerical simulations in this thesis were based on a data set of
Sherrington-Kirkpatrick (SK) spin glass instances which were generated for re-

search reported in [64] and made available here [90]. Finding the ground state of
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Figure 3.4: Diagram of a 5-qubit MIS example. Qubits are shown in purple.
Couplings are shown in black.

SK spin glasses is NP-hard, and also ‘uniformly hard’, meaning almost all prob-
lem instances are hard at large sizes. Sherrington-Kirkpatrick spin glasses [91] are
defined by,
1 -l
Hgg = -5 > JikS;Sk, (3.3)
(j#k)=0

where S; are the classical spins (S; € {—1,1}) and the couplings J;, are drawn
independently from a normal (Gaussian) distibution with mean zero and standard
deviation . The qubits are all to all connected (unless one of the couplings happens
to equal zero), see ﬁgure Single-body field terms, Z?:_& h;S; are added to break
the spin inversion symmetry, where h; are the field strengths and are also drawn
independently from the same normal distribution as the couplings. In order to map
this to the quantum Ising model, the classical spin variables S; are simply mapped

to Pauli-Z operators and the problem Hamiltonian becomes,

~ 1 n—1 o n—1 ~
Hsi = —5 SN JiZiZe =Y hiZ;. (3.4)
J#k=0 3=0

3.4 Maximum independent set

As it is an example of an optimisation problem that can be solved by a continuous-
time quantum computer, we next looked at the maximum independent set (MIS)
problem. This is an NP-hard problem that is well-studied in computer science/graph
theory. Here, an independent set is a set of vertices in a graph G that are not ad-
jacent (i.e. not connected by an edge). The maximum independent set (MIS) is

the maximum possible size of this set for a given graph G.

To set up this problem we start with a graph G. This graph G has adjacency
matrix M, where each entry My, = 1 if vertices k,l are connected by an edge.
To maximise the number of sets, as many as possible adjacent vertices must be
of different sets. In order to study this problem on a continuous-time quantum

computer, we must encode this problem onto an Ising model. We may represent
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vertices of different sets by the opposing qubit values |0),|1). Using +JijZ¢Zj
terms this makes it energetically favourable for connected qubits to have opposing
spins (if Jj; is positive). So to map the MIS problem to the Ising model, we set
each coupling stength J;; = M},;. The Ising model will have the same structure as
the MIS graph G.

In order to ensure the number of independent sets is maximised we must ensure
highly connected vertices are of a different set to as many of their adjacent vertices
as possible. The +h;Z; terms in the Ising model, energetically favour |1) for each
qubit (if h; is positive). (This effect opposes that of the coupling terms.) In order
to maximise the chance that a highly connected qubit is in a different set to those

qubits adjacent to it, we set the fields as,
N-1
hi=—>_ Jij+k, (3.5)
j=0

where N is the number of vertices. This penalises highly connected qubits which
remain in |1). (Although the penalty strength is reduced by k. k is generally less
than 1.)

We can see that each additional vertex in an MIS problem will add another qubit
(and therefore coupling and field) to the Ising model. The energy scale of the
MIS problem will therefore increase. In any experimental hardware there will be
limitations to the strength at which fields/couplings can be set. In order to cope
with the increasing energy scale, the strengths of the fields and/or couplings will
have to be re-scaled down. This means that the energy levels between states will
become far closer as the problem size increases and small differences between the
theoretical and experimental precision are more likely to lead to errors in the ground
state of the Ising model. We use a 5 vertex problem (see figure as an example
to show the effect of our error suppression method in section

3.5 Chapter summary

In this chapter, we begin by introducing and describing the transverse field Ising
model, the model which optimization problems are mapped to in order to be solved
by continuous-time quantum computing. Then we introduced Ising spin chains,
the first (trivially solvable) model on which we carried out our error suppression
simulations. We next introduced Sherrington-Kirkpatrick (SK) spin glasses, on
which most of the error suppression simulations in this thesis were done. This
is a model which has ground states that are NP-hard and ‘uniformly hard’ to

solve. Finally, we introduced the maximum independent set (MIS) problem, a
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3.5. Chapter summary

simply described NP-hard to solve optimization problem which can be mapped to
a transverse Ising model. In section we use this model to introduce and

demonstrate our error suppression scheme.
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CHAPTER 4

Error models

In quantum computing there are various sources of error. In this thesis we focus
on errors which result from a lack of precision in the fields and couplings of the
Ising model. This type of error (if strong enough) causes a change in the ground

state, resulting in us getting the wrong answer to our optimisation problem.

In section [4.1] we first look at some of the types of error that can occur on quantum
computers, before introducing the limited precision errors that this thesis focuses
on. There are multiple ways of modelling precision errors. Section introduces
and describes several different methods, along with the advantages and disadvant-
ages of each. Each of the methods described were trialled at different points of this
research, before the introduction of the deterministic random error model, which
was used in simulations for the majority of this research. Finally section shows
a comparison of the effect of each of the error models on the measurement of frac-

tion correct of single disconnected copies of 5-qubit SK spin glasses versus precision

p.

4.1 Types of Noise/error

4.1.1 Bit flip and phase flip errors

In classical computing, bits are susceptible to bit flip errors. This is when a bit is
flipped to its opposite value e.g. from 0 to 1. To ensure the information stored on
this bit is protected, redundancy is created by simply copying the value of a single
bit onto multiple bits. This means that even if bit flip errors do occur, the true

value of the original bit can still be recovered by performing a majority vote.

Like classical bits, qubits are also susceptible to bit flip (X) errors. However unlike

classical bits, they are additionally susceptible to phase flip (Z) errors, which are
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4.1.2.  Quantum decoherence

a vulnerability of the extra information stored by the qubit’s superposition. Un-
fortunately, due to the no cloning theorem, we are prohibited for directly copying
qubits. Further, we cannot directly measure a qubit on which we think an error
has occurred as this would cause a collapse of its wave function, thereby losing any
information stored in its superposition. These issues were overcome for gate-based
quantum computing with the development of quantum error correction, which is
described in more detail in section [5.1}] For continuous-time, quantum error cor-
rection is less well-developed, though many approaches exist, which are described
in section

4.1.2 Quantum decoherence

In order to perform the quantum mechanical operations involved in quantum com-
puting, the quantum system must remain coherent. However when the system
comes into contact with the external environment (such as when a measurement
is performed) the system gradually loses its coherence. This is known as quantum
decoherence, which was first proposed by H. D. Zeh in [92]. For a review on the sub-
ject see [93]. For a description of the challenges decoherence provides in quantum
computing, and techniques which may be used to avoid these challenges see [94]
and [95].

4.1.3 Qubit loss

Qubit loss occurs when a qubit is lost from the system. This can be due to its
actual loss from the system, e.g. an ion escapes from the ion trap, or it might be

excited to a state which is outside the state space which is used for computations.

There are several platform specific techniques for remedying this situation. For
gate-based quantum computing [96-100], there are error correcting code based
techniques which can be used against these losses [101-104]. For example for lattice
based error correcting codes such as the surface code and color code, their lattices
may be redrawn in order to avoid using the nodes where a qubit has been lost
[105-107].

4.1.4 Limited precision

In any real hardware, there will be a limit to how precisely parameters can be set.
In continuous-time quantum computing where we map optimization problems to

Ising models, this can be seen as a limit to how precisely we may set the fields
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4.2. Modelling limited precision
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Figure 4.1: Two number lines showing the resolution available between -1 and 1,
from p = 2 bits (22 = 4 values) and p = 3 bits (23 = 8 values). The uncertainty of
each of the values is shown below the line in alternating red and blue delineations
of the divisions. Underneath the number line for p = 3 bits, the area between 0
and -0.5 is expanded to show the location of the midpoint m, and the upper and
lower limits: m,, =277,

h;j and couplings Jj;. The theoretical Ising model equation , introduced in
section allows h; and Jj; to be real numbers, but in practice we only have a
fixed number of possible values available. Thus, we cannot in general represent
the problem Hamiltonian exactly, the limited resolution of the hardware will be a
potential source of error, even before we carry out the computation. This issue was
first recognised in the AQC setting by Young et al. [1] and later in [2, 3].

In this thesis we choose to focus only on errors due to limited precision. This is a
simple and easy to understand model that is of practical importance. Additionally
a deeper understanding of one type of error is useful for designing error mitigation

strategies that can handle realistic situations with multiple sources of error.

4.2 Modelling limited precision

There are multiple ways of modelling limited precision. In this section we describe
a few possible modelling methods, each of which were used at some point in this

research. We also detail the advantages and disadvantages to each technique.
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4.2.1. Random error model

In our model of limited precision, we quantify the number of possible values in a
range [—1,1] (the resolution) by dividing this range into 2P + 1 values, where p
is the precision. The natural way to do this for periodic boundary conditions is
as shown in figure [{.I] The divisions shown below the line are labelled by their
midpoints m,, and zero is one of the midpoints. The endpoints of the division with
the midpoint of zero are 277, so are equal to £0.25 with p = 2 for the upper
diagram of figure and £0.125 with p = 3 for the lower diagram. The precision
p is thus the number of classical bits needed to represent the possible values in the

range [—1, 1].

The reason this is the natural setting for periodic boundary conditions is because in
situations where the measurements ‘wrap’ back on themselves (like a dial) we still
get a full division for each value represented. However for non-periodic boundary
conditions we are left with “half divisions” at either end of the scale, which are
harder to deal with.

In real hardware situations, we would not have periodic boundary conditions for the
fields and coupling strengths h; and Jj;. The natural way to divide a range with
non-periodic endpoints is to shift the divisions in figure so that the midpoints
are £27P  etc. However, this means there are two divisions that could represent
approximately zero, and for reasons which will become clear in chapter [7], we prefer
to have only have one division representing approximately zero. Hence, we use the
model in figure but with two “half divisions” at each end.

4.2.1 Random error model

The first error model for simulating a lack of precision is the random error model.
In this model we apply a random error to each of the fields and couplings in the
Ising model and then measure its ground state. We then repeat this process n
times, taking n error samples, where n is usually 10 unless otherwise specified. In
general, the ground state will only be incorrect for some of these error samples, so
the fraction correct we calculate is an average over the repeats and the instances.
Equivalently, we can look at the fraction correct per instance here as the probability
of the single copy being correct or incorrect. Looking at it this way, we can see that
as long as there is some probability that the ground state is correct, using extra
disconnected copies to do repeats can help to find the correct ground state. If we
assume completely uncorrelated errors, we can find the fraction correct for three

disconnected copies P(3) (the same as three repeats of a single copy) using,
P(3)=1-(1- P, (4.1)

where P(1) is the fraction correct for the single copy.
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4.2.2. Deterministic mid-point error model

When using hardware with limited precision, if we were given a parameter too
precise to set, we would have to instead approximate it by setting the parameter
to my, the midpoint of the division that its value lies within. This means that the
actual value obtained in the hardware could be anywhere between m,, £ 277, with
some probability distribution. More generally, if we set a value = such that m, —
277 <o <my+27P, we instead obtain y such that m, — 277 <y < m, +27P with
probability P(y|x). If P(y|x) is the uniform distribution on the interval m, £ 277,
the average error in z scales quadratically in z, as g, = 2P~ {(z — mp)2 + 272},
ranging from 1/2277 for x = my, to 277 for = at the endpoints of the division, with

the average over x being (g,), = 2/327P.

The advantage of using this random error model is that it closely follows the pro-
cess that would occur on real hardware. However, it is unlikely that the error
distribution P(y|x) would be uniform, so this would introduce small errors here.
Also using this model, we need to take several error samples at each parameter
value in order to approximate the error distribution and then average over it. This
makes numerical simulation more intensive and means we are able to analyse fewer

instances in total.

4.2.2 Deterministic mid-point error model

A way of reducing the intensity of numerical simulations is to use a deterministic
error model. Instead of averaging over many randomly chosen y for each x we
aim to set, we chose a single y for each x at precision p. This also means that
using repetitions will not increase the probability of a successful computation. If
the chosen y gives the wrong ground state the first time round, it will continue to
be wrong even if repeats are carried out. This allows us to separate the effects of

repeat runs from the effects of our error mitigation strategies.

A natural model is to set the chosen y to be the midpoint m,, of each division. We
call this model the deterministic mid-point error model. The error in the determ-
inistic mid-point model scales linearly, &, = |z — my|, ranging from zero at the
midpoint, to 277 at the endpoints, with the average over = being (g,,), = 1/227P.
This underestimates the error compared to the random error model, especially

when the exact x is close to mp, but gives a similar error rate overall at each

precision (see figure [4.2)).

The advantage of this error model compared to the random error model is that
it decreases the intensity of the numerical simulation for each instance, meaning
more instances can be analysed. However, especially when the precision p is low,

using the mid-point model means there is a high likelihood of terms within the
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4.2.8.  Deterministic random error model

Hamiltonian cancelling. This leads to a high level of degeneracy in the ground
state of the Ising model instance with error. This high level of degeneracy is
not realistic for experimental hardware, where for example in flux qubit quantum
annealers, the programmable coupling values are not evenly spaced [108]. The high
level of degeneracy also causes problems in numerical simulation, if the degenerate

ground states include the correct solution.

4.2.3 Deterministic random error model

In order to avoid the high levels of degeneracy found in the deterministic mid-point
error model, we instead developed the deterministic random error model and used
this in the majority of the analyses in this project. In the deterministic random
error model, we set the chosen y to be a random value ¥, in each division. Here
the error also scales linearly, e, = |r — y,|, ranging from zero when z = y, to
Yr — (my —27P) at the lower endpoint and (m,+27) —y, at the upper endpoint of
the division. The average over = becomes (,), = 2P~ (y, — m,,)? +1/227P. When
yr = m, this reduces to 1/227P, meaning that as long as y, is not less than or
equal to my, the average error in x will be larger than 1/227P. This suggests that
this error model will not underestimate the error as strongly as the deterministic

mid-point error model and therefore have a more similar error rate (see figure [4.2)).

The advantage of this error model is that we retain the reduction in numerical
simulation intensity gained from using the deterministic mid-point error model,
whilst lowering the chance of degeneracy in the ground state with limited precision.
Hence, we use the deterministic random error model, for most of the simulations in
this project. Real hardware is likely to have a non-uniform distribution for P(y|z),
so neither the deterministic random nor the deterministic mid-point error model is

preferred on realistic grounds.

4.3 Effect of the error model on single copies

We illustrate the difference between the error models described in this chapter
in figure by calculating the fraction of instances with correct ground states

(known as the fraction correct) when rounded to a given precision p.

The data plotted have been computed using 5 qubit SK spin glass instances from
instances from dataset [90]. Each of the 10* instances was subjected to each of
the error models, which generated an approximated Hamiltonian in each case. The

ground state of each approximated Hamiltonian was then compared to the ground
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4.3. Effect of the error model on single copies
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Figure 4.2: Fraction of instances with the correct ground state vs precision p for
10* instances of 5 qubit SK spin glasses. Precision was implemented first using the
random error model (blue), then the deterministic mid-point error model (red) and
finally using the deterministic random error model (green).

state of the exact Hamiltonian. The fraction of instances which retained the ground
state of the exact Hamiltonian (the ‘correct’ ground state) were measured, and
plotted in figure We called this fraction the fraction correct. This process
was repeated using all three of the error models: the random error model (blue),
the deterministic mid-point error model (red) and the deterministic random error
model (green) across each of the 10* instances, for each integer value of precision
from 1 <p < 10.

As predicted, the deterministic mid-point error model found the correct ground
state slightly more often than the random error model and the deterministic random
error model at low values of p. However, the differences between the deterministic
mid-point error model, deterministic random error model and random method are

small, and the qualitative behaviour is the same for all three models.

Figure also shows the typical size of the errors introduced by reducing the
precision. For the small sizes we study (up to 9 qubits, limited by computational

capabilities), to break more than 5% of the instances requires reducing the precision
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4.4. Chapter Summary

to around p < n where n is the number of qubits. This makes sense intuitively,
because n qubits can only represent 2™ different outcomes, meaning that the average
gap between adjacent energy eigenstates will be of order 27", and errors smaller

than this are unlikely to change the ground state.

4.4 Chapter Summary

In this chapter, we first briefly described some of the noise and error types that
occur in quantum computing as well as introducing limited precision errors, the
error type on which this thesis focuses. We then described three ways of modelling
limited precision: the random error model, the deterministic mid-point model and
the deterministic random error model. We explained how these models would be
implemented, analysed theoretically their error distribution and average error, and
finally described their advantages and disadvantages. Next, we measured fraction
correct versus precision in the range 1 < p < 10, for 10* instances of single copies of
5-qubit SK spin glasses, implementing precision with each of the three error models.
We found the results to be consistent with the theoretical error distributions of
each described in the previous section. Finally, we commented on the reduction in
fraction correct caused by the precision errors and discussed whether this reduction

was consistent with theory.
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CHAPTER 5

Quantum error correction

As we saw in the previous chapter, quantum computers are susceptible to errors. In
order to be able to perform computations on quantum computers and be confident
of our answers, we are going to need error correction. For gate-based quantum
computing a framework for how this could be done, has already been established,
with the development of fault-tolerant quantum error correction in [109}110] and its
scalability in [111}|112]. For other types of quantum computing such as continuous-
time quantum computing, error correction is not so well-developed, and it is subject
to several caveats [113-115]. Despite these challenges, a variety of schemes have
been established, which may be generally referred to as Hamiltonian error sup-
pression [70]. Our error suppression method is originally inspired by one of these
continuous-time error correction schemes known as quantum annealing correction
(QAC). However, our method has several key differences and innovations compared
to QAC, making it a distinct method.

In section we first briefly look at quantum error correction for gate based
quantum computing. Then in section [5.2] we look at quantum error correction and
its continuing development for continuous-time quantum computing. In section[5.3]
we focus on the QAC technique, describing its set-up and functioning. In section
we describe the set-up and functioning of our error suppression regime and in
section we summarize the chapter.

5.1 Quantum error correction for gate based QC

In order to get an idea of how we protect the information on a quantum computer,
it first makes sense to look at how information is protected on classical computers.
Information on a classical computer is stored as strings of bits. These bits are sus-

ceptible to bit flip errors, which is when a bit is accidentally flipped to its opposite
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5.1. Quantum error correction for gate based QC

value, e.g. from 0 to 1. If these bits are unprotected, this means the information
that this string of bits was encoding is now lost. To protect the information from
this type of error, redundancy is created by copying the value of one bit onto mul-
tiple bits. This means that if a bit flip occurs on one of these bits, the value of the
original bit can still be recovered by majority vote. By increasing the redundancy
we can protect a bit string from a larger number of bit flip errors. This type of
classical error correction is known as an error correction code (ECC) and was pi-
oneered by Hamming [116] in the early 1950s, while working at Bell labs. These

types of codes are still used today in areas such as data transmission and storage.

In quantum computing, instead of bits, we use qubits, these can be in |0), |1) or
a superposition of the two %(|0> + |1)). Similarly to bits, qubits can also suffer
from bit flip errors, however they are also susceptible to phase flip errors. Due to
the no cloning theorem, we can’t simply copy the value of one qubit on to one or
more extra qubits (as you would do in classical computing). Also, we can’t directly
measure the qubits we’d like to protect as by doing this the qubit must ‘decide’
whether it is in a |0), or |1) state and we thereby lose the information stored in its

superposition.

For gate based quantum computing, a framework for overcoming these obstacles
was established with the development of fault-tolerant quantum error correction
in [109, 110] and its scalability in [111, 112]. Instead of copying, redundancy
is created by entangling multiple qubits together. To detect errors, rather than
directly measuring the qubits on which the information is stored, ancilla qubits are
connected to these qubits in a particular way. Measuring these ancilla qubits tells
us about the parity between qubits. We call this the ‘error syndrome’. By looking
at this error syndrome, the qubit (or qubits) on which an error has occurred may

be found and then corrected.

Fault-tolerant error correction methods have also been adapted to measurement-
based quantum computing [117] using techniques such as lattice surgery [118].
Many refinements and improvements continue to be developed in the gate model
setting (for a review, see [119]). In particular, the large number of physical qubits
required per logical qubits is a large obstacle to the future development of fault-
tolerant gate-based quantum computers. Hence, much research is devoted to the

reduction of physical to logical qubit number.
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5.2.  Quantum error correction for continuous QC

5.2 Quantum error correction for continuous QC

Scalable fault-tolerant QEC for continuous-time quantum computing has yet to be
established and is subject to several caveats |[113-115], in particular, that two-local
commuting Hamiltonians are not sufficient for constructing ground subspace en-
codings [115]. Despite the challenges, a variety of schemes for error correction and
suppression in continuous-time quantum computing have been developed, gener-
ally referred to as Hamiltonian error suppression [70]. Most can be grouped into
categories: energy penalty Hamiltonians [120-123]; dynamical decoupling [124-
126[; subsystem codes [127-131]; continuous-in-time techniques |113}|132} |133]; via
qubit ensembles [134]; the Zeno effect [135]; and QAC [1, [136H145]. In addition to
these techniques for explicit error suppression and/or correction, quantum anneal-
ing may be carried out in some circumstances without error correction, as long as

sufficiently many repetitions are implemented [146-150].

53 QAC

Quantum annealing correction (QAC) is the error correction technique that in-
spired the error suppression scheme that is the subject of this thesis. QAC was
first introduced in [1,137] and is closely related to the energy penalty form of HES.
QAC focuses on the implementation of quadratic unconstrained binary optimiza-
tion (QUBO) problems on to generalised Ising model Hamiltonians on a graph.

The Hamiltonians are of the form,

Ho =Y hiZj+ Y. JiZiZ, (5.1)
S <j’k>€5

where € was the set of edges in the graph and v the set of vertices in the graph.

For the error model, like for our error suppression scheme, the Ising models are
subject to a lack of precision in the fields h; and couplings Jj;. Here, the lack of

precision is modelled as an additional error Hamiltonian of the form,

AH = Z GZ(;I)ZZZ] +Z€Z(~h)Zi. (52)

(i.j)ee i€v

In both QAC and our error suppression method, in order to protect the ‘correct’
ground state of the exact Ising model problem Hamiltonian, several copies are used
at the same time. The corresponding qubits in each of the copies are linked to each

other with a coupling strength Jp.
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5.3. QAC

The Hamiltonian at precision p for the system of C' Ising model copies, each with

a set of corresponding qubits connected according to a graph G can be written as

P J i Jk =
c=0 | j=0 Jj#k=0
n—1 ,
-3 3 gP 92, (5.3)
7=0c¢,c/eG

where ¢, € G means copies ¢ and ¢/, and corresponds to endpoints of an edge in
graph G.

In QAC, the C copies are connected together in chain or grid structures via strong
ferromagnetic links J }(;p ) > 0. The final term in the Hamiltonian makes it
energetically favourable for the qubits in each of the copies to align. It is therefore
energetically unfavourable for qubits that are linked together between copies to
have opposite spins. This scheme looks similar to the repetition codes used in

gate-based quantum computing or classical error correction.

For the origin exact Hamiltonian, all of the copies in the system will thus have
the correct ground state, i.e. the links between copies will not introduce any ex-
tra errors. Ferromagnetic links provide an energy barrier which suppresses bit-flip
errors. However, if a bit-flip error does occur in one or more copies, the ferromag-
netic links tend to propagate this error to all the other copies, and to neighbouring

qubits within copies, potentially making them all incorrect.

Similarly to the repetition codes in gate-based quantum computing, in QAC, after
the initial computation has taken place, there is a further decoding step, which aims
to detect and correct any error that may have occurred during the computation.
Correction of errors is most often carried out via majority vote |2} 136} 138-144],

but ‘coin tossing’ or energy minimization may also be used [137].

QAC may be split into three further subtly different types: penalty-QAC , simple-
QAC and nested-QAC. Penalty-QAC defines specific qubits as penalty qubits.
These qubits provide an energy penalty to those physical qubits that suffer an
bit flip error, thereby making it energetically unfavourable [2, [136-138 |140-142,
151].

The other two types of QAC do not define penalty qubits but instead define their
energy penalty through the connection of the physical qubits within the logical
qubit. Simple-QAC uses a chain or grid-like structure of two of more qubits to
create a logical qubit |1, [137]. Whereas nested-QAC uses a complete graph of
ferromagnetic links between physical qubits to define a logical qubit [2, 139, (143~
145] 151].
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5.8.1. Summary of the mean field analysis of QAC

Unlike penalty-QAC and simple-QAC, nested-QAC is capable of encoding arbitrary
Ising models and can suppress effective temperature in a scalable manner [151]. On
the other hand, penalty-QAC is the only type of QAC which improves the scaling of
time-to-solution for random Ising-models [138]. All three types of QAC have been
shown to improve performance across the four generations of DWave. [2,136(139,
141, [143) [145).

Anti-ferromagnetic chains were studied in [136] and found to be particularly chal-
lenging for QAC, due to the domination of domain wall errors in this type of
problem. Minor embedding employs chain like structures and hence reduces the

performance of QAC.

5.3.1 Summary of the mean field analysis of QAC

In [140] a mean field analysis was carried out in order to determine the free energy
of penalty-QAC. The analysis showed that, in the thermodynamic limit, depend-
ing on the strength of the penalty term, for simple Ising or p-spin ferro- or anti-
ferromagnetic problem Hamiltonians, penalty-QAC can either soften (when the
temperature T is greater than zero) or prevent (when T tends to zero) closing of
the minimum energy gap. For nested-QAC, further analysis in [143] [151], showed
this type of QAC can reduce the effective temperature by a factor of C?, where
C is the number of copies. Specifically they found A — \, 8 — BC2, T' — T'/C.
This is equivalent to increasing the effective energy scale, both of which mitigate
against thermal and other environment-induced errors. The steps of the mean field

analysis are outlined in the following section.

They start by defining the partition function of QAC, and separating the Ising

model and transverse field terms using the Trotter-Suzuki formular,
Z =exp(—pB(H* + H?) = limMﬁoo(e*%Hze*%Hz)M =limy o2y,  (5.4)

where H? is the transverse field Hamiltonian and H, is the Ising model Hamilto-

nian. They then write the partition function as,

Zn = Y ({oF (e i e i )M (67, (5.5)

{o*}
where 37y, is the sum over all possible 2(C+HN
and [{o°}) = ®£\;1 ®sz0 ’Ufk>- They then introduce M copies of the identity

operator closure relations, each labeled by the Trotter time a and introduce this

spin configurations in the z basis

into the partition function Zj;, so that they can write H* and H? as c-numbers,
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5.8.2. Disadvantages to QAC

H?*(a) and H*(«). Where,

K
H*(a) = = Y [N(Si())? +vHy (). (5.6)
k=1

They next introduce auxiliary Hubbard-Stratonovich fields my, and m},, in order
to rewrite the p-body (we only consider p = 2 in this thesis) interactions in terms

of one-body interactions, by successively using the elementary § function identities,

1

T or

f(a) = / F(mgad(mie — a)dmyg, 6(miq — a) / ei(mk“_“)mkadm;a,
(5.7)

and subbing them into Zy, with a = Si(«)?.

They then use the static approximation, which allows them to drop the a’s, i.e.
Mko — my and my, — mj, and make a change of variables to mj, = %mk and
then find another expression for Z;. They then take M — oo and go from the
classical system back to the quantum system. They then find the saddle points of
Z. They inserted the saddle point equations back into the expression for Z and
find the free energy F', by using that it is defined by,

1
F=—gytn(2). (5.8)

By taking the thermodynamic limit (N — o0) on the expression they find, they

read off the following scaling behaviour,
A=A B—=a®N® T —T/(aNY), (5.9)

where C' = aN?, where a,b > 0 are constants. These are the same expressions as
stated in the first paragraph of this section. The full derivations can be seen in the

supplementary material of [140] and the appendices of [142, |151].

As this derivation is based on the Ising model of QAC, rather than the decoding
mechanism, it can be argued that a similar derivation could be applied to our
method, as long as the anti-ferromagnetic links rather than ferromagnetic links

connecting copies are accounted for.

5.3.2 Disadvantages to QAC

One of the main disadvantages to QAC, is that it requires strong ferromagnetic
links between copies. This means that when scaling to larger problem sizes, con-
straints are put on the precisions of variables in the problem Hamiltonian due to

dynamic range limitations as was recognised in [144]. These scaling requirements
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5.4. Our error suppression method

were improved in a series of papers which developed the mean field analysis which
is described above [139] {140, 1421144, 151] and derived an effective temperature
reduction of T'/C for penalty-QAC and T/CP for nested-QAC [151]. However,
these results still rely on adjusting for the optimal ferromagnetic strength, which
is still not optimal for problems that use large amounts of the dynamic range of

the hardware.

5.4 QOur error suppression method

For our error suppression scheme, similarly to QAC, we focus on protecting the
original ‘correct’ ground state of an exact Ising model problem Hamiltonian which
has been subjected to a lack of precision in its fields h; and couplings Jj,. We
focus on three error models: the random error model, the determinisitic mid-point
model and the deterministic random error model. All three of these techniques
were introduced and described in section Since Ising Hamiltonians and the
problems encoded in them are classical (solutions are represented by computational
basis states), only bit-flip errors need to be considered to protect the problem
Hamiltonian. Phase errors may become important in the dynamics when the driver
Hamiltonian I:IO, which drives the quantum walk or adiabatic evolution (see section
2|), is used, but are not relevant to the error models in the setting we considered

during this research.

As was shown in figure [£:2] in section [£.3] across all the error models, for precision
p < n, the ground state changes from the original correct state to a different incor-
rect ground state in a significant fraction of the spin glass instances. This means
that, similarly to the error model used in QAC research [1}, 137], a computation
process that successfully finds the ground state does not necessarily always solve
the original problem. Using our error suppression scheme, we aim to find a way to
reduce the number of times we don’t solve the original problem. We aim to do this

by using several copies at the same time, like a repetition code.

When using the random error model, by repeating the computation, we improve
our chances of finding the original correct ground state. This is because sometimes
the erred h;’s and Jj;’s will be close enough to their original values as to prevent
an error in the ground state, whereas other times they will not be. However, in
the deterministic mid-point and deterministic random error models, the error is
deterministic. Repeating the computation will not change the value of the erred
h;’s and Jj,’s and how close they are to their original values. Therefore stand-
alone repeats of the computation will not help, unless there are degenerate ground

states that include the correct solution. This means that using the deterministic
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5.4. Our error suppression method

mid-point or deterministic random error model provides a tougher test for our error

correction methods: none of the improvement we see can be due to repetition alone.

Although originally inspired by QAC, we introduce several innovations in our er-
ror suppression scheme. First, instead of connecting copies with strong ferromag-
netic links Jl(;p) > 0, we instead connect copies with weak anti-ferromagnetic links
J}f) < 0. This changes the final term in the Hamiltonian so that it makes it
energetically favourable for connected corresponding qubits in different copies to be
anti-aligned. This means that, even for the exact Hamiltonian (no precision errors
on h;’s or Jj;’s) one or more of the connected copies is likely to have the incorrect
ground state. However, these qubits, if anti-aligned, still provide an energy barrier
which suppresses bit-flip errors. Also, if a bit-flip error occurs in a single copy, the
anti-ferromagnetic links in the linked copies can prevent the error occurring on all

copies, making it more likely a correct copy persists despite the bit-flip errors.

We note that a consequence of our first innovation is that it is no longer likely that
all connected copies in a system will have the original correct ground state even
when a precision error has not yet occurred. However, we also note that in the
setting where we are solving hard classical optimization problems, we only need one
of the copies to provide a correct answer. This is because it is efficient to compare
the quality of the candidate solutions, and select the best one (i.e. the one with
the lowest energy). Therefore unlike QAC we do not perform a decoding step after
computation. Post computation, we would compare candidate solutions and select
the best one, as this is an efficient process. This is the strategy employed in practical
implementations using multiple runs, regardless of any error correction techniques
used. This fundamentally changes the criteria for evaluating the performance of the
error correction strategies, and thus identifies different strategies that work well.
This is also why unlike QAC we do not describe our scheme as error correction

(there is no way of confirming we have the correct answer after each computation).

The work in this thesis investigates how and when it is effective to use anti-
ferromagnetic links between copies to reduce bit-flip errors, and estimates the level
of error reduction achieved. Due to computational limitations, we focus on C' = 2
and C' = 3, but also briefly look at C' = 4 and C' = 5. For C = 2, unless we are
allowing double links, there is just one way of connecting the two copies. Just one
Jl(g?) link connects each pair of qubits in the two copies, see the top left diagram
of figure For C = 3, we may either connect linearly (as for two copies), see
bottom left diagram of figure or in a loop (triangle) such that the first copy
connects to the last, see bottom right diagram of figure[5.1} For C =4 and C' =5,
the space of possible configurations rapidly increases. In both cases we consider

only the configuration where the copies are connected in a loop (square, pentagon
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5.4.1. An MIS example which retains the original ground state

Figure 5.1: Diagrams of two and three copies of a 5 qubit Ising chain (thin black
links) connected with anti-ferromagnetic links (red/pink links). Two copies in a
chain (left) and three copies in a loop (triangle) (right). The red links identify the
corresponding copy qubits on the left end of the chain; the pattern continues with
the pink links for the other four qubits.

respectively) in this work.

An important thing to note is that when copies are connected in a linear config-
uration, the corresponding copy qubits are able to simply anti-align, in order to
satisfy the anti-ferromagnetic links. This is also true for an even number of copies
in a loop. However for an odd number of copies in a loop (e.g. C' = 3), one of the
three links connecting the corresponding copy qubits must always be unsatisfied.
This thereby introduces frustration into the system, which can allow bit-flip errors
to be shared more evenly across the copies, potentially increasing the probability of
the presence of the original correct ground state. From our results in the following

chapters we find this frustration improves the suppression of errors further.

5.4.1 An MIS example which retains the original ground state

To illustrate the error suppressing effect of connecting copies with anti-ferromagnetic
links according to our scheme, we present table which shows the ground state
versus precision (from 1-4) of a 5-qubit maximum independent set problem, which is
first simulated as a single disconnected copy and then three anti-ferromagnetically
connected copies. This error suppressing MIS instance was first analysed and
brought to my attention by Tom O’Leary. We used the deterministic mid-point

error model in this example.
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5.4.1. An MIS example which retains the original ground state

p=>4
p i E 9 Q 5 # #
1 00000 0 00010, 11101, 00010 | O
2 10100 0 00111, 11000, 00111 | 2
3 00000 0 00111, 10000, 00111 | 2
4 00111 1 00111, 10000, 00111 | 2

Table 5.1: Table comparing the numbers of correct ground states, for a single copy
of a 5 qubit MIS Ising problem versus three connected copies, at precisions 1, 2,
3, and 4. For each ground state, correct qubits are shown in black and incorrect
qubits in red.

The graph of the MIS problem is shown in the top row, second column, in its single
copy form and in the top row fourth column, in its three connected copies form.
Couplings are represented by the black connections between the qubits and a qubit
in state one (zero) corresponds to a vertex which is (is not) in the independent set.
The single copy is shown in its p > 4 ground state and the three copies are shown
in their p = 2 ground state. The description of the MIS problem and its encoding

onto an Ising model can be found in section [3.4]

The ground states of the single disconnected copy for p = 1 to 4 are shown in the
second column of table Correctly valued qubits are coloured black, whereas
incorrectly valued qubits are coloured red. The number of correct copies present
at each value of p is indicated in the third column. Here, we see that the ground

state is incorrect for p = 4.

The fourth column of table shows the ground states of three copies which have
been connected with —J® strength anti-ferromagnetic links, where J®" is the
smallest possible non-zero value of Jr allowed at that precision (see chapter
for more explanation). The data is presented in the same way as for the single
copy, in the fourth and fifth columns. Here we see that except for p = 1, where
all copies have the incorrect ground state, for p > 1, two of the three connected
copies have the correct ground state. This shows that connecting the three copies
anti-ferromagnetically allows for a lowering of two bits of precision, whilst still
being able to find the correct ground state, for this example. This indicates an
improvement in the robustness of the ground state to a lack of precision by using

our scheme.

This example shows that our error suppression method works in principle. Even

with some incorrect copies, it is easy to check which of the three bit strings provides
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the best candidate solution to the MIS problem, by calculating (classically) the

energy with the exact Hamiltonian.

5.5 Chapter summary

In this chapter, we first described how the ideas from classical error correction were
re-applied in a quantum setting in the development of quantum error correction
(QEC) for gate-based quantum computers as well as its current challenges. In the
next section, we introduced the currently developed options for error correction
and suppression in continuous-time quantum computing. Next, we introduced and
described QAC. Then we briefly mentioned its disadvantages, which our error sup-
pression scheme aims to overcome. After this, we introduced our error suppression
scheme. We described its differences to QAC and how we expected our scheme to
be able to suppress precision errors. Finally we presented an example of an MIS
problem, which had an error in its ground state successfully suppressed by our

scheme.
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CHAPTER 6

Numerical Methods

All of the code for the simulations and numerical analysis in this thesis that was
written by me, was written in Python3 [152] from the anaconda distribution [153]
and conda virtual environments were utilised. The majority of the code was initially
written in the Pycharm IDE [154], however in the latter stages of research, code
was written and edited using the VS code IDE [155], which has very useful remote
explorer capabilities. Source control was done using Git [156], combined with a

remote repository of all code written by me on Github [157].

Much of the numerical analysis was done using the NumPy [158] and SciPy [159]
packages and much of the data was stored using the dataframes of the Pandas [160]
package. All graphs plotted for the research in this thesis were done so using the
Matplotlib |161] package. Numerical simulations were run on desktop workstations
and on HPC facilities based at Durham University, and at Oxford University via

the UK Quantum Technology Quantum Computing and Simulation Hub.

The research in this thesis focuses on the suppression of errors caused by a lack
of precision in the fields h; and couplings Jj; of an Ising model which has an op-
timization problem encoded onto it. These errors essentially change the ground
state of the Ising model leading to us finding the incorrect answer to our optimiz-
ation problem. The simulation of precision errors was a key part of the numerical
methods in this research. How these errors were simulated is described in section

12

In section we describe how we simulated classical dynamics. In section we
describe how we carry out the quantum dynamics described in section We next
look at problem instance generation in section Finally in section [6.4] we look
into how we did fitting in a key part of our research and how we carried out error

analysis across this research.
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6.1. Simulation of classical dynamics

6.1 Simulation of classical dynamics

The majority of simulations for the research carried out in this thesis, used classical
techniques to calculate the ground states of Hamiltonians. In the initial stages
of research, ground states were found using a brute force approach with code in
Python3 written by me. Here, where needed, numpy.linalg.eig() was used to
diagonalise the Hamiltonian matrix, finding the eigenvalues and eigenvectors. Then
the Python in-built min () function was used to find the ground states. When the
increasing size of Ising models made this approach too computationally intensive,
my initial code for generating a lack of precision on several copies of an Ising model
was integrated with code written by Adam Callison (first used in [64]) which used

a branch and bound technique to find the ground states.

The results of the branch code at low sizes were compared to the results from my
initial ground state finding code, in order to check the integration was successful
and both codes were functioning correctly. Subsequently the branch and bound
code was updated and improved by Adam Callison following my feedback in order

that the two codes functioned correctly together.

6.1.1 Branch and bound technique

The branch and bound technique was first proposed in [162], and actually consists
of a family of algorithms that find the solution to an optimization problem by using

the steps of ‘branching’ and ‘bounding’

A branch and bound algorithm starts by storing several partial solutions (called
subproblems) and complete possible solutions in a tree structure. Each partial
solution branch leads to a less and less partial solution until it gets to a complete
possible solution at the end of a branch. We first go fully down a single branch
in order to get a ball-park complete possible solution. We then explore down each
of the other branches in turn, in order to make a bound on the energy of the
complete possible solution at the end of the branch. If we get a bound which
is higher than the energy of the ball-park solution we already have then we can
stop exploring this current branch (as we're not going to get any better solutions)
and can move on to the next branch. This way we avoid having to look at all the
possible solutions along the way, and gain our speed-up. If we end up getting to the
complete possible solution at the end of any branch, this solution now becomes the
new ball-park solution and we move on to the next branch from here. Eventually

you will have looked at all of the tree (other than the bits you avoided by the
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6.2. Simulation of quantum dynamics

bounding) and therefore the current ball-park solution is the actual solution to

your optimization problem.

Several reviews of branch and bound techniques can be found in [163-166] . A
step-by-step description of the branch and bound technique, an updated version of
which (following collaboration between me and Adam) was used to compute the

ground states for the research in this thesis, can be found in [167].

6.2 Simulation of quantum dynamics

For the initial simulations of quantum walks and adiabatic quantum computing
seen in chapter [2] the code was written in Python3 by me. Here, functions such as:
numpy . kron () were used for the tensoring, such as when computing equation ,
scipy.linalg.expm() were used for exponentiating matrices such as when com-
puting exp(—iﬁct) in equation , and numpy .matmul () were used to multiply
matrices and vectors such as also in equation .

For the quantum walk dynamics in chapter the dynamics simulations were done
by integrating my code (for generating the Hamiltonians of instances and subecting
them to a lack of precision) with code written by Adam Callison (first used in [64])
using the quimb library [168] for simulation of quantum walks. Quimb was used
as a interface for the function scipy.integrate.complex_ode(), which adapts

times-steps using an 8th order Runge-Kutta method [167] [169].

6.3 Problem instance generation

In section [5.4.1] we demonstrate our error suppression scheme using a 5-qubit
maximum independent set (MIS) example. This MIS example was selected from
13 examples at n = 5 and its behaviour under our scheme was first analysed by Tom
O’Leary. These 13 example instances were generated randomly from code written

by Nicholas Chancellor. MIS problems are described in more detail in section [3.4]

Throughout this thesis (specifically in chapters |§|, we use a data set
of Ising spin chains and SK spin glasses.

The Ising spin chains dataset used in this thesis were generated by code written
by me for the purposes of the research included in this thesis. The dataset con-
sists of 10* instances of 2, 5, 6, 7, 8, and 9 qubit Ising spin chains (which are
described in section . Each instance is identified by a universally unique identi-
fier (UUID), which were generated by the function uuid.uuid4 () from the Python
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6.4. Fitting and error analysis

library uuid. Each instance consists of two numpy arrays containing the strengths
of the fields h; and strengths of the coupling strengths Jj; respectively. For the
fields array, the index of the array corresponds to the qubit number (vertex of
the graph) that it acts upon. For the coupling strengths array, the strengths are
ordered so that it corresponds to the counting of the combinations nC?2 (e.g. using
itertools.combinations(range(n), 2)) where n is the number of qubits in the
model. Each of the fields h; and coupling strengths Jj;, were randomly generated
from a uniform distribution between -1 and +1, unless otherwise stated, using the

function numpy.random.uniform().

The SK spin glasses dataset used in this thesis were first generated for use in [64]
and are stored at [90]. The dataset consists of 10* instances of 5 < n < 20 n-
qubit Sherrington-Kirkpatrick (SK) spin glasses (which are described in section
3.3). Each instance is identified by a unique ID (UID). Each instance is stored
as two numpy arrays containing the strengths of the fields h; and the coupling
strengths Jj;, respectively. The fields strengths are stored in a 1D length n array,
where the index of the array corresponds to the qubit (vertex) on which it acts.
The coupling strengths are stored in a 2D n x n array, where the index of the array
corresponds to the qubit (indices) that it is acting between. This looks like the
Laplacian matrix in graph theory. Each of the fields h; and coupling strengths J;;
were randomly generated from a normal distribution with mean 0 and standard

deviation 1, using the function numpy.random.normal ().

6.4 Fitting and error analysis

In chapter[11] we applied a fit of the form f(p) = Aexp(—bp) (where fraction correct
was equal to (1 — f(p))) to the single disconnected copies data, using the Python
function scipy.optimize.curve(). This fit was then used to estimate the value
of precision p needed for a single copy to achieve a certain value of fraction correct.
This estimated precision for the single copy was then subtracted from the value of
precision for three connected copies at the same value of fraction correct in order
to estimate the precision improvement gained by using the three connected copies.
The error in the estimated precision (and therefore precision improvement) was
calculated by estimating the errors in the fraction correct of the three copies and
the error in the A and b parameters of the fit, using a functional approach (method
described in [170]) and combining them in quadrature. Elsewhere, we estimated

errors in our average based on the number of repeats /number of samples we took.
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6.5 Chapter summary

In this chapter, we first described the software and tools which allowed us to carry
out this research. We then mentioned the simulation of precision errors, a key part
of this research, which is described in detail in section We then described how
the simulation of classical dynamics was carried out. First in simplistic cases and
then when scaling to larger sized Ising models by using branch and bound. After
this, we described how the quantum dynamics were carried out. First in simplistic
cases (e.g. in chapter [2)) using code written by me and then in more complex cases
(e.g. in chapter using code written by Adam Callison. Next we described
how we generated our MIS and spin chain instances and how we sourced our SK
spin glass instances, all of which we used to carry out our numerical simulations.
Finally we described how we used a fitting function in chapter in order to make
an estimate of the bits of precision improvement we gained through using our error
suppression technique and how we carried out our error analysis across the research

in this thesis.
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CHAPTER 7

Link Strength Tests

For QAC it was found in [1} [136-138] that, the optimal improvement comes when
using strong ferromagnetic links between the Ising model copies. These ferromag-
netic links connecting the qubits in different copies must be stronger than the
typical field and coupling strengths in the problem Hamiltonian, so that there is
a smaller chance of the connected copy qubits being accidentally flipped. Corres-
ponding qubits in connected copies need to be restrained from flipping as much as
possible, as in order to correctly recover the original state when using a majority

vote technique, over half of the copy qubits need to be in the same correct state.

However, using these strong ferromagnetic links between copies is not favourable
when scaling to larger sizes or more copies as, because the coupling strengths
between copies must always be larger than the coupling strengths within the cop-
ies, further constraints are put on the precision of the variables in the problem
Hamiltonian due to the dynamic range limitations of the hardware. These scaling
requirements were improved in subsequent work on QAC in [139, (140, (142144,
151], but the results still rely on optimising the ferromagnetic link strength, and
are therefore still sub-optimal for problem Hamiltonians that use the full dynamic

range of the hardware [143].

For our error suppression technique, we mandate neither the ferromagnetic coup-
lings or majority votes method. It therefore follows that the optimal link strength
between our copy qubits may be different. Hence, we set about determining the
optimal link strength between corresponding qubits in copies. In section we
start by measuring the fraction correct versus link strength Jp between two and
three connected copies of 10° instances of 5-qubit SK spin glasses and spin chains,
at precisions p = 3 and p = 4. The two copies were connected in a chain and the
three copies in a loop. We varied the strength of Jg from -1 to +1. In section
we applied (lack of) precision using the random error model. In section
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7.1.  Optimal link strength

we repeated the same measurement of fraction correct versus link strength Jp first
using the deterministic mid-point error model and then the deterministic random
error model. Noting that the improvement effect seen in figures and
is an average effect across 10° instances, we next looked at individual instances, to
see if and how this improvement carries over and if any patterns can be found. In
section [7.2], we measured the fraction correct versus link strength Jr between four
singular instances of three connected (in a loop) copies of 5-qubit SK spin glasses,
for precisions p = 3 and p = 4. We first applied precision using the deterministic
random error model. Then we repeated the measurement using the random er-
ror model with 103 error samples per value of Jr. We next investigated the role
of fields in the Ising problem models, and their effect on our error suppression
scheme. We did this by measuring the fraction correct versus Jg, when there were
no fields present, on two and three copies of 10? instances of 5-qubit spin glasses,
for precisions p = 3 and p = 4. The precision was applied using the deterministic
random error model. In section [7.4] based on our results in the previous sections,
we hypothesised on the mechanism of error suppression due connecting copies with
minimum strength anti-ferromagnetic links. We further discuss this hypothesis by
the description of an example in section Finally in section [7.5], we summarize

the chapter.

This chapters contributions are as follows. Adam Callison wrote the code for the
classical branch and bound method, which was used to calculate the ground states
which were used to calculate the fraction correct in the numerical analysis of this
chapter. Mia West carried out the original research which discovered the optimal
link strength and error suppression benefit available from connecting copies with
anti-ferromagnetic links. My contributions were: further analysis of the optimal
link strength under different error models, the discovery of no improvement for no
field strengths and the development of some of the theoretical understanding of

how our scheme works.

7.1 Optimal link strength

In order to find the optimal strength of couplings between corresponding qubits in
copies, we measured the fraction correct (using our “one correct copy” criteria see
section , at precisions p = 3 and p = 4, of 103 instances of two (in a chain)
and three (in a loop) connected copies, of 5-qubit SK spin glasses and spin chains,
whilst varying the strength of the links between copies Jr from -1 to +1. We

first implemented errors due to lack precision using the random error model, then
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7.1.1. Random error model

fraction correct

fraction correct
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Figure 7.1: Fraction correct against Jp for p = 3 (blue) and p = 4 (yellow) of
103 instances of 5-qubit problems for 2 copies (chain, top row) and 3 copies (loop,
bottom row) of spin glasses (left column) and spin chains (right column). Where
precision was applied using the random error model. Vertical dotted lines indicate

the mid-points of each of the allowed divisions at that precision for p = 3 (blue) and

p = 4 (yellow). Horizontal dotted lines indicate the fraction correct for Jg’) =0

J(P)

and the maximum fraction correct for any J’, in green for p = 3 and red for
p=4.

the deterministic mid-point error model and finally the deterministic random error

model.

7.1.1 Random error model

Figure|7.1} shows the fraction correct against link strength J;f) for precisions p = 3
(blue) and p = 4 (yellow), for two copies (chain, top row) and three copies (loop,
bottow row) of 10% instances of 5-qubit SK spin glasses (left column) and 5-qubit
spin chains (right column). Here the errors due to precision were implemented using
the random error model (with 10 error samples) (see. Each of the four graphs
shown show results from both precision p = 3 (blue) and p = 4 (yellow), with dotted

vertical lines (of the same colour) indicating the resolution values (see section |4.2))
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7.1.2.  Link strength tests using other error models

available at that precision. Horizontal dotted lines indicate the fraction correct for

Jl(f) =0, i.e., the baseline for any improvement, and the maximum fraction correct

over all J l(pp ) values, in green for p = 3 and red for p = 4. The results are similar

for both spin chains and SK spin glasses, showing the robustness of the effect.

We see that in all four cases, at both precisions (except from p = 3 for 2 and 3 copies
of 5-qubit spin chains), there is an maximum in the fraction correct (indicating
optimal improvement) when Jp is close to Jl(f) = —27Ptl je. at Jp = 0.25 for
p = 3 and at Jp = 0.125 for p = 4. For consistency, we refer to this value (equal
to the minimum allowed strength by the precision) as J#" regardless of the error
model used. Note that we also tested intermediate values of Jgj) , to check that
the value of J®2I" is robust to variation within a division. The choice of divisions
in figure [£.2] with only one representing approximately zero is now justified. The
other possible choice, with two divisions representing approximately zero, one with
ferromagnetic character, the other with anti-ferromagnetic character, would have

made it more difficult to extract the optimal value of JEi.

In all cases we see that the fraction correct remains relatively stable for all values
of Jp > 0 shown, before increasing in all cases at Jr = 0. This means that in
all cases tested here, leaving copies disconnected provides a better fraction correct
than connecting copies with ferromagnetic links. We note that this is a contrary
result to that of QAC, however it is important to remember that unlike QAC, we do
not use the majority voting method to find our fraction correct and should therefore
not expect the same conclusions. We also expect that at values of Jp >> 0 the

fraction correct will tend towards the value at Jp = 0.

For precision p = 3 and p = 4 for cases (a) and (c) and p = 4 for cases (b) and
(d), there is a further increase in fraction correct at Jf;“in. For p = 4 in all cases
the optimal fraction correct is around 0.94, increased from around 0.9. For p = 3,
case (a), shows and improvement from just below 0.8 to just above, case (c) shows
and improvement from just above 0.8 to around 0.84. For cases (a) and (b), which
are two copies (in a chain) of SK spin glasses and spin chains respectively, for both
precisions, there is a sharp decrease in fraction correct for values of Jp < Jme.
For cases (c) and (d), which are three copies (in a loop) of SK spin glasses and
spin chains respectively, for both precisions, there is a slight decrease in fraction
correct when Jp < J®M before it then stabilises. For case (c), the fraction correct
stabilises at value close to its value when Jr = 0. For case (d), the fraction correct

stabilises at a value close to its value when Jp > 0.
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fraction correct

fraction correct

Figure 7.2: As figure where precision was applied using the deterministic mid-
point error model.

7.1.2 Link strength tests using other error models

Due to limited computational resources, we were unable to continue to use the
random error model for Ising models with higher numbers of qubits. We therefore
developed the more computationally efficient deterministic mid-point error model
(see and deterministic random error model (see [£.2.2). In order to test
whether we obtained similar results, we repeated the fraction correct versus links

strength J 1(?p ) simulations twice using these two models.

Jl(pp) results, where preci-

Figure ﬁ shows the fraction correct versus link strength
sion was applied using the deterministic mid-point error model. We see that some
but not all of the qualitative features of figure [7.1] are retained. We see that in all
cases at both precisions, the fraction correct at Jp > 0 is stable and lower than
the fraction correct at Jp = 0. We still see that the fraction correct decreases
sharply when Jp < J® for both precisions when there are two copies for both
models. We also retain the improvement in fraction correct at J}nin for all cases for
p = 4. However, we no longer see improvement here for any of the cases at p = 3.

We also see that this model tends to overestimate the fraction correct, with the

50



7.1.2.  Link strength tests using other error models

fraction correct

fraction correct

Figure 7.3: As figure where precision was applied using the deterministic ran-
dom error model.

maximal values of fraction correct at around 1 for the SK spin glass cases and at
around 0.95 for the spin chain cases. However, this was not an unexpected result
as an overestimate in fraction correct when using this error model was predicted

theoretically in our error analysis (see 4.2.2)) and shown numerically to be the case
for a single copy in figure

J l(f ) simulation for the

We next repeated the fraction correct versus link strength
same 10% SK spin glasses and spin chains, this time applying the precision using
the deterministic random error model. The results can be seen in figure [7.3] These
results are even closer to those seen in figure[7.1] In all cases at both precisions, we
see the stability of fraction correct at Jp > 0 and the increase in fraction correct
at Jp = 0. Like figure there is an optimal value of the fraction correct at Jn
for all cases at precision p = 4 and there is also an optimal fraction correct for
the SK spin glasses at p = 3. Also the values of fraction correct at these maxima
are similar to those in the random error model simulations. (From around 0.9 to
0.94 at p = 4 in each case. From just below 0.8 to just above for two copies of SK
spin glasses and from around 0.8 to around 0.84 for 3 copies.) Due to the close

similarity to the results using the random error model but its relative computational
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Figure 7.4: Fraction correct against Jp for p = 3 (blue) and p = 4 (yellow)
for 4 single instances of 3 copies of 5 qubit spin glasses. Here the determin-
istic random error model was used. Vertical dotted lines indicate the mid-points
of each of the allowed divisions at that precision, for p = 3 (blue) and p = 4
(yellow). The four plotted instances (a), (b), (c), and (d) have the unique
i.d’s of: ‘aaavmaiqiolnplcovmzxjazkyvyayz’, ‘aacrpcjsbugeteaageltzcpnpovkem’,
‘aagtzdpchgtknrzilrnhpvxqtvqiql’, and ‘aakxejqunlcpghmnftnrckailrczyp’ respect-
ively. The ground states of each of the examples at true precision are [1 1 1 1 1],
00101],[00111],and [1 110 1], respectively.

efficiency, we chose to use the deterministic random error model for the majority

of our simulations.

7.2 Individual instances

The fraction correct results from figures are an average over 103 in-
stances of SK spin glasses and spin chains. To further understand the working of
our error suppression method, we measured the effect of our technique on singular
5-qubit SK spin glass instances. In figure we plot fraction correct against J l(f ),
where precision was applied using the deterministic random error model, for preci-

sions p = 3 (blue) and p = 4 (yellow) of four singular instances of three copies (con-
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Figure 7.5: Fraction correct against Jp for p = 3 (blue) and p = 4 (yellow) for
4 single instances of 3 copies of 5 qubit spin glasses. Here the random error
model was used with 1000 error samples per point. Vertical dotted lines indic-
ate the mid-points of each of the allowed divisions at that precision for p = 3
(blue) and p = 4 (yellow). The four plotted instances (a), (b), (c), and (d) have
the unique i.d’s of: ‘aaavmaiqiolnplcovmzxjazkyvyayz’, ‘aacrpcjsbugeteaageltzcpn-
povkem’, ‘aagtzdpchgtknrzilrnhpvxqtvqiql’, and ‘aakxejqunlcpghmnftnrckailrezyp’
respectively The true ground states remain the same as the as figure @

nected in a loop) of 5-qubit SK spin glasses. The unique i.d.’s of the four instances
are: ‘aakxejqunlcpghmnftnrckailrezyp’ (a), ‘aagtzdpchgtknrzilrnhpvxqtvaigl” (b),
‘aacrpcjsbugeteaageltzcpnpovkem’ (¢), and ‘aaavmaiqiolnplcovmzxjazkyvyayz’ (d).
The (correct) ground states of a single copy of each of the instances with true pre-
cisionare [11111],/00101],[00111],and [1110 1] respectively.

When using a deterministic error model, the ground state of a single instance can
only either be correct (same as the true precision ground state) or incorrect, so we
see in figure the fraction correct is either 0 or 1. We also see that the value
of fraction correct can flip from 0 to 1 or vice versa, for only a small change in
Jl(g?). The reason for these ‘flips’ is randomness introduced by the error model. As
Jﬁ?) is varied, although the true values of the fields and couplings in the SK spin

glass remain the same, their exact value is chosen randomly (within the resolution
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7.3. The effect of no fields

J(p)

p’ is varied. This means they change slightly as J (p)

division) each time o is varied.
When the SK spin glass model’s ground state is sensitive to these changes it can

cause the ‘flipping’ we see.

For this reason we study the effect of our error suppression scheme on singular
instances using the random error model. As we take multiple error samples (103
in this case), instead of getting a fraction correct of either 0 or 1 at each value of
J ), we instead calculate a probability between 0 and 1 of fraction correct. As the
fraction correct is now a probability calculated over many random samples, we no
longer see the ‘flipping’ and instead see the average trend in probability. This way

J(p)

we get an idea what Jp’ strength works on average for each instance.

Looking at figure[7.5] we see there is a different behaviour in fraction correct versus
Jl(f) for each of the four instances. For two of the instances ((b) and (d)), we can
see that connecting three copies anti-ferromagnetically (Jr < 0) in a loop, provides
a benefit in fraction correct. However we see for instance (a) connecting the copies
with anti-ferromagnetic links provides no benefit at all and for instance (c) we see
that connecting with this strength of link is actually disadvantageous. This means
that the benefit at Jp = J2® we see in figures is only an overall
average effect. Whilst connecting copies with Jp = J® helps improve fraction

correct for some instances, it also reduces fraction correct in others.

Whilst our technique of connecting copies is beneficial overall, it is clear that for
some instances it would be better to leave the copies disconnected. A method which
could predict whether (or not) corresponding qubits in different copies should be
connected or not, would clearly be advantageous to extract the maximum benefit.
This prediction method should preferably not be computationally expensive, and
should therefore rely on variables local to the qubit which you are deciding whether
to connect. Introduction and analysis of a protocol which attempts to achieve this

criteria can be seen in chapter [I0}

7.3 The effect of no fields

In order to gain further insight into the functioning of our error suppression scheme,
we next studied the effect of setting all the fields in the SK spin glass to zero. Figure
m shows the fraction correct vs J ), where precision was implemented using the
deterministic random error model, for same 102 instances of 5-qubit SK spin glasses,
with the fields set to zero, for three copies (loop; left column) and two copies (chain;
right column). We see that in contrast to the results in figures we no

. . . min
longer see any improvement in fraction correct at Jp = 1(; ). However we do see
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7.4. On the mechanism of error suppression via anti-ferromagnetic links

1.0

fraction correct

Figure 7.6: Fraction correct against Jr for p = 3 (blue) and p = 4 (yellow) for 103
instances of 5 qubit spin glasses with no fields applied to each qubit, for 2 copies
(chain; right) and 3 copies (loop; left). Vertical dotted lines indicate the mid-points
of each of the allowed divisions at that precision for p = 3 (blue) and p = 4 (yellow).
Horizontal dotted lines indicate the fraction correct for J g) ) = 0 and the maximum

(p)

fraction correct for any J5’, in green for p = 3 and red for p = 4.

a very small improvement at p = 3, for two and three copies, at around Jrp = 0.
This indicates that in this regime there is no advantage to connecting copies of SK

spin glasses at all, either anti-ferromagnetically or ferromagnetically.

We suggest the following reasoning for this result. In this ‘no fields’ setting there are
always two degenerate ground states, which are two ‘opposite’ states. For example,
if the ground state was 01, then 10 would also be the ground state. The lack of
advantage seen in connecting copies together can be understood qualitatively in the
following way: If the copies are connected ferromagnetically, then both copies ‘want’
to be in the same state so the probability of either of them being in the ‘correct’
state is simply the probability of the singular state being in the ‘correct’ state
at that precision minus the probability that the precision or the connecting links
causes the copies to become incorrect (hence the slightly higher fraction correct
at J l(pp ) = 0). Conversely, if the copies are connected anti-ferromagnetically, then
both copies ‘want’ to be in opposite states. Whilst this would normally force
one of the copies to be in the ‘incorrect’ state, in this setting the opposite state
is also the ground state, so here there is no change in probability of being in
the ‘correct’ state between the ferromagnetically connected copies and the anti-

ferromagnetically connected copies.
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7.4. On the mechanism of error suppression via anti-ferromagnetic links

Energy
penalty

0

(p)min
$350QETY:
0 1 1 1
. (p)min
3800 EY

States

(p)min
F

_5J1(U;{7)min

Table 7.1: Table showing the states of each possible spin flip configuration of two
anti-ferromagnetically connected Ising models (left column), with their associated
energy penalty (right column)

7.4 On the mechanism of error suppression via

anti-ferromagnetic links

We can use the insight gained from understanding why connecting SK spin glass
copies with no fields does not work, to gain further insight into why it does work
when fields are present. In the setting where the SK spin glass does have fields,
the ground state is no longer degenerate with its ‘opposite’ state, e.g. the system
‘prefers’ 01 over 10. If the copies are connected ferromagnetically, both copies ‘want’
to be in the same state. (This is the situation that minimises the energy penalty.)
This is ideal when the model has the correct ground state and the ferromagnetic
links even provide an energy barrier to incorrect states. However when there is
enough energy to surpass this barrier, it is likely that both states will become

incorrect.

If the copies are connected anti-ferromagnetically, it is less likely that the overall
ground state of the connected system will be two (or more) ‘correct’ ground states of
the singular model. This is because two of the same states connected together anti-

ferromagnetically will have an energy penalty of +n.J l(f )min, see row one of table
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7.4.1. An example of the mechanism of error suppression

If one of the anti-ferromagnetic links are satisfied i.e. one of the qubits in either copy
flips, this penalty reduces to +(n—2)Jg)min and then +(n—4)Jl(f)min and so on until
there are a greater number of satisfied anti-ferromagnetic links, than unsatisfied.
At this point the anti-ferromagnetic links instead give an energy benefit. For two

J g’ ), However, due

fully opposite states this energy benefit will be maximised at —n
to the bias caused by the fields on the singular model, the fully opposite state, is
unlikely to be the ground state of the singular model and therefore this state is also
unlikely to minimise the energy of the system. The ground state of the connected
system of copies is therefore likely to be a compromise between the lowest energy
states of the SK spin glass and satisfying the most anti-ferromagnetic links between

the copies. We next present an example which illustrates this reasoning.

7.4.1 An example of the mechanism of error suppression

Figure [7.7] shows the energy versus states of a singular 5 qubit spin glass with
unique i.d.: affxbxcwhjowsiigwvnavfuagfralzh at p = 3. The numerical states 0-
31 each represent a length 5 bit string each representing each of the 32 possible
5-qubit ground states, ordered in the following way 00000, 00001, 00010, 00011,
00100,..., 11111. The ground state of the single copy at p = 3 is highlighted in
green and the ground state of the single copy with true precision is highlighted
in orange. The two 5-qubit states that make up the ground state of the two ant-
iferromagnetically connected (with J®") copies are marked with red crosses. The
black arrows to dotted horizontal lines indicate energy benefits or penalties from the
anti-ferromagnetic links by connecting various states (explained in the proceeding

paragraphs).

For example for the instance with unique i.d.: affxbxcwhjowsiiqwvnavfuagfralzh,
in figure we see that state (7) 00111 (highlighted in green), is the ground state
for a single copy at p = 3. This is different to the ground state at true precision
which is (15) 01111 (highlighted in orange), indicating that the single copy of this
spin glass is ‘broken’ at p = 3. For two disconnected copies of this spin glass, the
ground state of one copy at p = 3 would be the ground state for both copies i.e.
simply two copies of (7): 00111 00111, two incorrect copies. However, by connecting
corresponding qubits in the two copies together with anti-ferromagnetic links, we
either introduce an energy penalty or benefit (depending on whether/how many of
these links are satisfied). This essentially either pushes the energy of one of the
connected states up (penalty) or down (benefit). (In figure we’ve represented
this potential change in energy, by labelling several of the key states with black
arrows (a) - (d).)
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7.4.1. An example of the mechanism of error suppression

Energy

states

Figure 7.7: Graph showing the Energy vs ground states, of a single copy of a 5 qubit
Ising spin glass with p = 3 with unique i.d.: affxbxcwhjowsiiqgwvnavfuagfralzh.
The states represent length 5 bit strings representing qubits, ordered as following:
00000, 00001, 00010, 00011, 00100,... The ground state of the single copy at p =3
is highlighted in green and the ground state of the single copy with true precision
is highlighted in orange. The two states that make up the ground state of the
two connected copies at p = 3 are marked with red crosses. Black arrows (a)-
d)) to dotted horizontal lines indicate energy benefits or penalties from the anti-
ferromagnetic links by connecting the ground state at p = 3 (green) with the state
on which the arrow is (as explained fully in the text).

The end effect of this pushing up and down of energy is that two copies of (7): 00111
00111 is no longer the ground state of the two connected copy system. The ground
state becomes (15) and (0): 01111 00000. We see that we have also recovered in
one of the two copies the ground state at true precision (a success for our scheme!).

We explain in more detail how this occurred below.

First we look at the situation if we simply connected two of the p = 3 ground states:
(7) 00111, with anti-ferromagnetic links of strength J I(;p Jmin - phi corresponds to
row 1 in table In this example p = 3, so J}p)min = 0.25 and as there are
5-qubits, the energy penalty is +1.25. This is represented by arrow (a). We can

see this is a large penalty which takes us above many low lying states, so this is
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7.4.1. An example of the mechanism of error suppression

not favourable for a ground state.

On the other hand, the situation which maximises the benefit from the anti-
ferromagnetic links, is to connect (7) 00111 with the completely opposite state
(24) 11000, to give: 00111 11000. This corresponds to the bottom row in table
and in this case the maximum energy benefit is -1.25. We represent this by arrow
(b) on figure However we can see in this case, (24) 11000 is a very high lying

state, so its large energy benefit is not enough to overtake the low lying states.

So next we focus on the low-lying states as these are the most likely to form part
of the two copy system ground state. Looking at the ground state at true precision
(15) 01111, we see that it is also low lying, very close to the energy of the ground
state at p = 3 (7) 00111. However if we anti-ferromagnetically connect (7) and
(15) to give 01111 00111, we only satisfy one anti-ferromagnetic link, meaning the
energy penalty corresponds to the second row in table [7.I] and in this case has an
energy penalty of +0.75. We represent this by arrow (c) on figure and can see

that this penalty still takes us above many low lying states.

Most of these low lying states occur between 0-6 and each start with two leading
zeros, meaning if connected with (7) 00111, we can at maximum only satisfy three
links. For example, if we connect with (0) 00000, giving 00111 00000, this corres-
ponds to the fourth row of table and in this case an energy benefit of -0.25.
However, we can also see that if we instead connect (0) 00000 with the ground
state at true precision (15) 01111, giving 01111 00000, we are able to satisfy one
more link. This corresponds to the fifth row of table [7.I] and in this case gives an
energy benefit of -0.75. We represent this by arrow (d) on figure We can see
that this larger energy penalty is bigger than the energy difference between (7) and
(15) allowing the state containing (0) and (15) to overtake the state containing (0)
and (7) to become the overall ground state of the two copy system. In this way we
have also recovered the ground state at true precision as one of the two connected

copies, meaning a success for our scheme!

Therefore the mechanism of our error suppression technique can be described as
follows: Due to the energy penalty introduced by the anti-ferromagnetic links, the
ground state of the two copy system will likely become one ‘correct’ state and one
‘incorrect’ state, that is low lying in energy and has at least one or more of the
connected spins flipped. Having only one ‘correct’ state is not an issue for our
method as we only require one or more of the states to be ‘correct’. When an
energy shift imparted by a precision error is enough that it causes the ‘correct’
single state to become ‘incorrect’, by the same mechanism the ground state of the
two copy system is more likely to contain one state that is the ground state at true

precision as long as said state is low lying in energy and has at least one or more
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7.5. Chapter summary

of the connected spins flipped.

It can be seen that the two copy system will not always contain the ‘correct’ ground
state. But that is not the claim of this scheme, we simply claim that the two copy

system contains the ‘correct’ ground state more often than two disconnected copies.

7.5 Chapter summary

In this chapter, we first looked at the fraction correct versus the strength of the
links connecting the corresponding qubits in two connected (in a chain) and three
connected (in a loop) copies of 5-qubit SK spin glasses and spin chains averaged
over 103 instances for precisions p = 3 and p = 4. We first applied precision using
the random error model, second the deterministic mid-point model and third the
deterministic random error model. We found in most cases tested, that there was
an optimum in fraction correct close to Jg’) = —27P+l eg mear Jp = 0.25 for
p = 3 and Jp = 0.125 for p = 4. To avoid ambiguity across error models we
refer to this value of Jp as J}I?in. This was an improvement above the value of
fraction correct at Jp = 0 or Jrp > 0, indicating there was a benefit to connecting
copies anti-ferromagnetically with this strength of link. We also found that for two
copies (in a chain) of both SK spin glasses and spin chains, when Jr < 0, as the
Jr decreased, the fraction correct rapidly decreased, to be well below the fraction
correct at Jp = 0 and Jp > 0. However, for three copies (in a loop) of both SK
spin glasses and spin chains, when Jr < 0, as Jr decreased, the fraction correct
decreased, however not as rapidly or as far as for two copies, and for both types of
model levelled out. This levelling out was at a similar value of fraction correct to
Jr = 0 for SK spin glasses, and for spin chains this levelling out was around the
value of fraction correct for Jg > 0. This behaviour was consistent across all three
error models tested here, despite variations in the fraction correct measurements

for each.

As the fraction correct results of the preceding section were an average across 103
instances, we next looked at the the fraction correct versus link strength Jp for
four example instances of three copies of 5-qubit SK spin glasses connected in a
loop for precisions p = 3 and p = 4. We first applied the precision using the
deterministic random error model. However, due to the binary nature of this error
model on single instances, the results were unclear. Therefore, we repeated the
measurement, applying precision using the random error model, with 10% error
samples at each value of Jgr. In each of the instances the behaviour for p = 3 was
similar to the behaviour for p = 4. We found that in two of the four instances there

was a benefit to connecting the three copies with anti-ferromagnetic links and this
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7.5. Chapter summary

improvement was not affected by the magnitude of Jr < 0. In one of the instances
there was no visible advantage or disadvantage from connecting the three copies
with anti-ferromagnetic or ferromagnetic links. In the other instance we found that
there was a disadvantage in fraction correct from connecting the three copies with
anti-ferromagnetic links. This indicated the difference in behaviours of fraction
correct across different instances. We hypothesised that a numerically efficient
technique for identifying whether or not a specific instance should be connected
anti-ferromagnetically or left disconnected, could enhance the error suppression

capabilities of our scheme further.

We next looked into the effect the fields h; present in the problem Ising Hamilto-
nian, had on our error suppression scheme. We measured the fraction correct versus
link strength Jp for 10% instances of two (connected in a chain) and three copies
(connected in a loop) of 5-qubit spin glasses which had no fields (fields set to zero)
for precisions p = 3 and p = 4. We applied precision using the deterministic ran-
dom error model. We found that for both the two and three copies of spin glasses,
the optimum in fraction correct when Jgr was close to J }nin, was no longer present.
We hypothesised that this may be down to the symmetry of the ground state (0 or
1 equivalent) when no fields were present. This may indicate that the efficacy of
our error suppression scheme is dependent on the asymmetry of the ground state

of the problem Ising model.

Using the insight gained from the preceding two sections, we next hypothesised
on the mechanism of our error suppression scheme. We hypothesised that the
mechanism of our error suppression scheme, was due to the balance of needing
to find the ground state of the problem Ising Hamiltonian and also needing to
minimise the energy penalty given by the anti-ferromagnetic links. This hypothesis
was backed up by the analysis of a single instance of a 5-qubit spin glass which
has lost its original correct ground state by lack of precision at p = 3. We looked
at the potential penalties given by the anti-ferromagnetic connection of a second
copy. In this example these energy penalties, meant that connecting this instance
anti-ferromagnetically to a second copy would recover the original correct ground
state on one of the connected copies. We use this example to suggest that this is
the mechanism for all error suppression by our technique, with the caveat that this
does not work for all instances, but it finds the correct ground state more often

than separate copies.
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CHAPTER 8

Error Suppression Results

In chapter [, we saw in figures that there is, on average, an improve-
ment in fraction correct gained by connecting copies of 5-qubit SK spin glasses
and spin chains with anti-ferromagnetic links, at precisions p = 3 and p = 4, with
optimal improvement when the strength of the links connecting the copies was at
or close to Jl(;p ) ~ JWIn (the minimum allowed value by the precision). In order
to see whether this improvement was consistent across a larger range of precisions
and copy configurations, we next measured the fraction correct versus precision of
two connected (in a chain), three connected (in a chain and loop), four (connected
in a loop) and five (connected in a loop) copies of 5-qubit SK spin glass and spin
chain Ising models, for precision in the range 1 < p < 10. We connected the copies

Jl(;p) ~ J®in For the two copies connected in a chain, we ran

with links of strength
simulations first with precision implemented using the deterministic error model
and then using the random error model for comparison. For all other copy config-
urations we implemented the precision using the deterministic random error model
only. Adam Callison wrote the code for the classical branch and bound method,
which calculated the ground states used to calculate the fraction correct in this

chapter.

In section we measured the fraction correct versus precision of two copies of
5-qubit SK spin glasses connected using our error suppression scheme compared
to two repeats of single disconnected copies. First in subsection we apply
precision using the deterministic random error model. Then in subsection
we apply precision using the random error model and compare and discuss the
differences between the results. In section we found the fraction correct versus
precision of two copies of 5-qubit Ising spin chains connected (in a chain) using
our error suppression scheme compared to two repeats of single disconnected cop-
ies. Here, the precision was applied using the deterministic random error model.

All simulations in the proceeding sections were done using the deterministic ran-
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8.1.1. Deterministic random error model

fraction correct

Figure 8.1: Fraction correct versus precision p for 10* instances of 5 qubit SK spin

glasses. Left bars show fraction correct for single copies (red). Right bars show

fraction correct for 2 copies connected in a chain with links Jl(mp) =J }min) split into

2 correct (green), 1 correct (yellow). Precision was applied using the deterministic
random error model.

dom error model. In section [8.3] we looked at the fraction correct versus precision
for three copies in two configurations (chain and loop) of 5-qubit SK spin glasses
and spin chains. We first looked at three copies of spin glasses connected anti-
ferromagnetically in a chain We then looked at three copies of spin glasses
connected anti-ferromagnetically in a loop [8:3:2} Finally, we looked at three copies
of spin chains connected in a loop B.3.:3] In section [8.4] we measured the fraction
correct versus precision of four copies of 5-qubit SK spin glasses connected with
anti-ferromagnetic links in a loop and discuss the results. In section we meas-
ured the fraction correct versus precision of five copies of 5-qubit SK spin glasses
connected with anti-ferromagnetic links in a loop and discuss the results. Finally,

in section we summarize the chapter.
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8.1. Two copies of spin glasses

8.1 Two copies of spin glasses

8.1.1 Deterministic random error model

We first looked at two copies of SK spin glasses connected in a chain with minimum
strength antiferromagnetic links. Precision was applied using the deterministic
random error model. Figure [8.1] shows the fraction correct versus precision p in
the range 1 < p < 10 for 10* instances of two copies of 5-qubit SK spin glasses.
The total height of the right hand composite bars (green and yellow) show the the
fraction correct of two copies connected together in a chain with anti-ferromagnetic

Jl(f) ~ Jmin_ The green portion of the bars is the fraction of

links with strength
instances where both copies were correct and the yellow portion of the bars is
the fraction where just one of the two copies was correct. Note that we consider
both these cases a success for our scheme and therefore they both add to the total
fraction correct. We compare these results to the fraction correct of two repeats
of a single disconnected copy of the same 10% instances of 5-qubit SK spin glasses
(this uses the same resources as two connected copies). These results are shown
by left hand bars (red) of figure We note that in the deterministic random
error model, the improvement gained from repeats is negligible. However, in each
case we calculated, we compare the fraction correct of the connected copies to the

fraction correct of the equivalent number of disconnected copies.

We can see from figure that at p = 1 and p = 2 there is no improvement
in fraction correct for the two anti-ferromagnetically connected copies. At both
these precisions it would be better to leave the two copies disconnected. However
for p > 3, we see an advantage in fraction correct for the two connected copies,
above the two disconnected copies, indicating an improvement gained from using
our scheme at these precisions. The error bars (black) at the top of each bar show
that the behaviour we see is much larger that statistical effects. These results
clearly show how the anti-ferromagnetic links frequently ‘break’ one of the two
connected copies, the bar for two correct connected copies is always lower, than
the bar for two disconnected single copies. However, it also shows that at p > 3,
the antiferromagnetic links are able to keep at least one of the two copies correct

more often, even when the single disconnected copy is broken by reduced precision.

8.1.2 Random error model

In the deterministic random error model, we apply a single fixed error value for

each field and coupling of each instance. Once the errors for an instance have
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fraction correct

Figure 8.2: Fraction correct versus precision p for 10* instances of 5 qubit SK spin

glasses. Left bars show fraction correct for single copies (red). Right bars show

fraction correct for 2 copies connected in a chain with links Jl(mp) =J }min) split into

2 correct (green), 1 correct (yellow). Here precision was applied using the random
error model.

been applied, the ground state we then measure cannot be changed. It will always
either be correct or incorrect, i.e. have a success probability of either 0 or 1. This
outcome will remain the same even if we repeat the measurement. This means that
doing repeats of single copies when using this error model has negligible impact
on the fraction correct. However this is not necessarily a true reflection of what
would happen in experiment. On the other hand, for the random error model, the
random error that is applied to each field and coupling in the Ising model instance,
will change for each each repeat (or error sample) you take. This means that the
success probability of each instance will likely be a value between 0 and 1. This
means that when using this error model, we can increase the likelihood of finding
the correct ground state and thereby improve the fraction correct by carrying out

repeats.

Figure shows the fraction correct versus precision p, of 10 instances of 5-
qubit SK spin glasses, where precision was this time applied using the random
error model. The height of the right hand composite bars (green and yellow) show
the fraction correct of two copies anti-ferromagnetically connected with minimum

strength links. In this figure, we note, the left hand bars are now also composite.
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The total height of these left hand bars (pink and red) show the fraction correct
of two repeats of a single copy of each of the 10* spin glass instances. The light
pink portion of the bar represents the fraction correct of a single repeat of a single
disconnected copy (very close to the height of the red bars in figure and the
red portion of the bar shows the improvement gained from the second repeat of the
single disconnected copy. Compared to disconnected copy fraction correct when
using the deterministic random error model, for precision implemented using the
random error model, in figure [8:2] we see that the disadvantage from connecting
the two copies of the SK spin glasses anti-ferromagnetically with minimum strength
links, at p = 1 and p = 2 is increased and extended to p = 3. However for p > 4 we
still see a moderate improvement from connecting the two copies with minimum
strength anti-ferromagnetic links. This indicates that the connected copies still
provide an additional effect beyond independent repetition, albeit less than in the

deterministic error situation.

As we assume completely uncorrelated errors when applying this error model, we
use equation [£.1]in section[4.2.1] to calculate the fraction correct for the two repeats
of single disconnected copies. However, in hardware it is likely that there would
be a mixture of both uncorrelated and correlated errors present, meaning the true
improvement from a repeat would be smaller than that seen in figure [8.2 The
best balance between repeats of single copies and connecting multiple copies thus
depends on the specific hardware implementation. We expect the effectiveness of
repeating single copy runs to reduce for larger sizes, because there is more chance
that while one random error is removed, another is introduced, but this was not

yet tested.

8.2 Two copies of spin chains

We next measured the effect on fraction correct of connecting two copies (in a
chain) of Ising spin chains, with minimum strength anti-ferromagnetic links. Here,
the precision was applied using the deterministic random error model. Figure|8.3|
shows the fraction correct against the precision p in the range 1 < p < 10, for
10* instances of 5-qubit Ising spin chains. Like the previous figures, the height
of the right hand composite bars (green and yellow) shows the fraction correct of
the two anti-ferromagnetically connected copies, whereas the height of the right
hand bar (red), shows the fraction correct of two repeats of a single disconnected
copy. Likewise, the green portion of the right hand bar shows the fraction of the
connected copies instances which both had the correct ground state, and the yellow

portion of the right hand bar shows the fraction of connected copies instances which
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fraction correct

Figure 8.3: Fraction correct versus precision p for 10* instances of 5 qubit spin

chains. Left bars show fraction correct for single copies (red). Right bars show

fraction correct for 2 copies connected in a chain with links J% = J&m) gplit

into 2 correct (green), 1 correct (yellow). Here precision was applied using the
deterministic random error model.

only had one of the two copies correct. The error bars (black) at the top of each

of the bars, again show that the effect is much larger than statistical effects.

We see in figure [8.3] that the disadvantage between the fraction correct of two
disconnected copies and two anti-ferromagnetic connected copies of 5-qubit spin
chains for p = 1 and p = 2, is much larger than the disadvantage we see for the
same configurations of 5-qubit SK spin glasses. We estimate that the disadvantage
between two disconnected and two connected 5-qubit spin chains at p = 1 and
p = 2 is around 10%. Whereas for two disconnected and two connected 5-qubit
spin glasses at p = 1 and p = 2, we estimate the disadvantage to be around 2 —5%.
However like SK spin glasses we saw an advantage from connecting the two copies
for p > 3 and at higher precision the difference in fraction correct between the two

types of Ising model becomes negligible.

These results clearly show that the Ising spin chains behave in a similar way to the
SK spin glasses, showing again that the anti-ferromagnetic links, tend to break one
of the copies whilst keeping one of the copies correct more often than disconnec-

ted copies. This indicates our error suppression method is effective at a range of
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precisions for at least more than one type of Ising model.

8.3 Three copies

In chapter [7] we saw that for both two and three anti-ferromagnetically connected
copies of SK spin glasses and spin chains, at precisions p = 3 and p = 4, there was
an optimal value of fraction correct, when the strength of the anti-ferromagnetic
links was equal or close to JFmin. However we saw that for two copies that, as
the strength of these anti-ferromagnetic links increased, the fraction correct falls
sharply. We hypothesise that this is due to the anti-ferromagnetic links favouring
the completely opposite state (less likely to be the correct ground state) more

strongly as their strength increases.

On the other hand, for three copies connected in a loop, as the strength of the anti-
ferromagnetic links increased, we saw a much smaller reduction in fraction correct
before it levelled off. We hypothesise that this is because, in order to maximise
the energy benefit from the anti-ferromagnetic links, unlike the two copies, the
three copies do not need to be in completely opposite states, as long as at least
one flip is maintained within each loop of three qubits. This means that more
combinations of states are likely to be part of the total ground state of the three
copies, and it is therefore more likely that one of these states will be the ‘correct’
ground state. Therefore, we wanted to measure the fraction correct against the
precision 1 < p < 10 for several configurations of three copies of Ising models. In
all proceeding data presented in this chapter the precision was applied using the

deterministic random error model.

8.3.1 Spin glasses in a chain

We measured the fraction correct against precision 1 < p < 10, for 10* instances of
three copies of 5-qubit SK spin glasses connected in a chain, and compared this to
three repeats of a single disconnected copy of the same instances. Figure shows
the results. The left hand bars (red) shows the fraction correct of three repeats
of single disconnected copies. The total height of the right hand composite bars
show the fraction correct of three anti-ferromagnetically connected copies. The
blue portion of the right hand bar is the fraction of instances that had all three
copies correct. The green portion is the fraction where two copies were correct and

the yellow portion is the fraction where just a single copy was correct.

We can see from figure that there was disadvantage in fraction correct for

connecting three copies in a chain at precisions p =1, p = 2 and p = 3 compared
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8.3.1. Spin glasses in a chain

fraction correct

Figure 8.4: Fraction correct versus precision p for 10* instances of 5 qubit SK spin
glasses. Left bars show fraction correct for 3 repeats of single disconnected copies

(red). Right bars show fraction correct for 3 copies connected in a chain with links

Jg)) = J}min) split into 3 copies correct (blue), 2 correct (green), and 1 correct

(yellow). Here precision was applied using the deterministic random error model.

to three disconnected single copies. However, for p > 4, there was a small advantage
to connecting the three copies in a chain. This configuration of three copies in a
chain therefore provides a similar but less strong effect as connecting just two copies
in a chain. (For 2 copies in a chain we saw an improvement in fraction correct at
p = 3.) We see that in the majority of the three connected (in a chain) copies
cases, there is either all three, or two copies correct. Only a very small fraction
cases have just one copy correct. We hypothesise that this is due to the following.
For three copies connected in a chain, to maximise the energy benefit of the anti-
ferromagnetic links, the central copy would have to be the opposite of the two
states it is connected to. To also maximise the energy benefit of the optimisation
problem, the two outer states would have the lower energy state compared to the
central state. If we assume normally these two states will be the ‘correct’ ground
state, we can see that there would normally be two correct states and one incorrect
state. On the other, hand if these two states are incorrect due to the lack of
precision, there is a small chance that the flipped central state will now be the only

state that has the ‘correct’ ground state, and this accounts for the section of yellow

bar in figure
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Figure 8.5: Fraction correct versus precision p for 10* instances of 5 qubit SK spin
glasses. Left bars show fraction correct for 3 repeats of single disconnected copies
(red). Right bars show fraction correct for 3 copies connected in a loop with links

J I(;p )= J I(Tmin) split into all 3 copies correct (dark blue), 2 correct (green), 1 correct
(yellow). The precision was applied using the deterministic random error model.

8.3.2 Spin glasses in a loop

After seeing that there was no improvement at low precisions and only a small
advantage at higher precisions from connecting three copies in a chain, we next
connected three copies of 5-qubit SK spin glasses in a loop. This introduces frus-
tration into the system, meaning that there would now be more configurations of
states that could maximise the energy benefit from the anti-ferromagnetic links i.e.
gain more access to low-lying states which potentially include the ‘correct’ ground

state.

In figure the left hand bars (red) show the fraction correct against precison p
of three repeats of a single disconnected copy of a 5-qubit SK spin glass averaged
over 10% instances, for precisions in the range 1 < p < 10. The total height of
the right hand composite bars (blue, green, yellow), shows the fraction correct of a
single repeat of three anti-ferromagnetically connected (in a loop, with link strength
Jg)) = I(,min)) 5-qubit SK spin glasses averaged over the same 10* instances, for
the same precision range. (Note: the improvement gained from repeats in the

deterministic random error model in negligible.) The composite bars (right) are
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broken down into the three possible cases: all three copies correct (blue, lowest),
two of three copies correct (green, middle) and one of three copies correct (yellow,
top). The error bars (black) at the top of each bar show that the effect is much

larger than statistical effects.

We can see that for precision 1 < p < 10, there is always an improvement (on
average) in fraction correct from connecting the three copies together in a loop
rather than leaving them disconnected. These results clearly show how the anti-
ferromagnetic links, tend to break one or more copies; the bar for all three connected
copies correct (blue) is always lower than the three repeats of single disconnected
copies fraction correct (red). Additionally this blue section of the bar is of a
similar height to the same section in figure indicating this is an effect also
present for three copies connected in a chain. Therefore this effect is likely due
to the anti-ferromagnetic links only, rather than the configuration of the three
copies. Conversely, compared to figure [8:4] the section of bar for two correct copies
(green) is slightly reduced, whereas the the section of bar for one copy correct
(yellow) is largely increased. This change results in the stronger improvement in
fraction correct we see by connecting the three copies in a loop rather than chain.
This shows that the frustration introduced by connecting the three copies in a loop
(instead of a chain) tends to keep at least one of the three connected copies correct,
even when the single disconnected copy is broken by reduced precision, and more

often than anti-ferromagnetic links alone are able to do so.

8.3.3 Spin chains in a loop

Still using the deterministic random error model, we next connected three copies
of 5-qubit Ising spin chains in a loop using minimum strength anti-ferromagnetic
links, in order to see how the introduction of frustration into the system affected

the fraction correct in this setting.

In figure the left hand bars (red) show the fraction correct of three repeats
of single disconnected copies of 5-qubit spin chains averaged over 10* instances
between precision 1 < p < 10. The total height of the right hand composite
bars (blue, green, yellow), shows the fraction correct of one repeat of three anti-

J}f’) _ gnin) ), of 5-qubit spin

ferromagnetically connected copies (in a loop,
chains, averaged over 10% instances. The composite bars (right) are broken down
into three possible cases: all three copies correct (blue, lowest), two of three copies
correct (green, middle) and one of three copies correct (yellow, top). The error bars
(black) at the top of each bar show that the effect is much larger than statistical

effects.
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Figure 8.6: As figure for 10* instances of 5-qubit Ising spin chains.

As with SK spin glasses, we see that for 1 < p < 10, there is always an improvement
in fraction correct for the three connected copies compared to the disconnected
copies. Therefore we can make similar conclusions for spin chains as we did for SK
spin glasses. Compared to SK spin glasses, for both disconnected copies and three
connected copies, for low values of precision 1 < p < 4, the fraction correct for
spin chains is larger. At higher precision this difference becomes negligible. These
results clearly show that the Ising spin chains behave in a similar way to the SK
spin glasses, i.e. the anti-ferromagnetic links cause one or more copies to break and
the frustration allows more low lying states to be accessed. This indicates that our
error suppression method is effective for a range of precisions for at least two types

of Ising model.

8.4 Four copies

8.4.1 Spin glasses in a loop

In order to see whether further improvement might be gained by increasing the
number of copies connected in a loop, we next measured the effect on fraction
correct of connecting four copies of 5-qubit SK spin glasses in a loop. Here precision

was again applied using the deterministic random error model. In figure 8.7 the left
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fraction correct

Figure 8.7: Fraction correct versus precision p for 10* instances of 5-qubit SK spin
glasses. Left bars show fraction correct for four repeats of single copies (red). Right

bars show fraction correct for three copies connected with links Jl(f) =J }mm) split
into all four correct (purple), three correct (dark blue), two correct (green), one
correct (yellow).

hand bars (red) show the fraction correct of four repeats of a single disconnected
copy of a 5-qubit spin glass, averaged over 10* instances, between the precisions
1 < p < 10. The total height of the right hand composite bars (purple, blue, green,
yellow), show the fraction correct of a single repeat of four copies of a 5-qubit
SK spin glass connected in a loop with anti-ferromagnetic links J 1(:1‘) ) = }min), for
the same precision range, averaged over the same 10* instances. The right hand
composite bar is broken down into the four possible cases which count as success for
our error suppression scheme: all four copies correct (purple, lowest), three copies
correct (blue), two copies correct (green) and one copy correct (yellow, highest).
The black error bars at the top of each of the bars show that this effect is much

larger than statistical effects.

We see in figure that similar to three copies in a chain and two copies in a
chain, we only see improvement in fraction correct here for precisions p > 5. The
disadvantage in connecting 4 copies in a loop here is stronger than for connecting
two or three copies in a chain and the advantage when p > 5 is smaller. We can
see in figure that the majority of the fraction correct of connecting four copies

together in a loop comes from having all four copies correct and from having two of
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Copies correct Energy
4 correct

By + 4n g

i3

3 correct

T

2 correct

By — dpg@min

1

1 correct

Er

Table 8.1: Table showing configurations of four copies with possible frustrated
(represented by crosses on the link) and unfrustrated links according to how many
copies are correct (left column) and the energy of each configuration and its energy
penalty /benefit (if present) according to the anti-ferromagnetic links. Here, each
qubit represents a single copy.

four copies correct. There are no visible contributions to the fraction correct from

cases with three copies correct or just a single copy correct.

We present the following argument for the proportions of contributions in figure
For simplicity, we think in terms of minimizing the energy penalty of the
anti-ferromagnetic links between copies, which means states have to be opposite
to each other. However, it is important to note that in the real simulations, it is
always a compromise between minimizing the energy penalty and minimizing the
optimisation problem. Therefore we are more likely to get intermediate states with
a few bits flipped compared to the original. Nevertheless, the minimizing energy
penalty argument is a useful way to try and understand what is occurring these

systems.

In table in the left hand column, we have drawn configurations of four cop-
ies (each copy is represented by a single qubit here), that have four, three, two
and one copy correct. In the right hand column we have written the energy of
each of the configurations, including the energy penalty/benefit given by the anti-
ferromagnetic links (if present). We have described the energy of four, three, two
and one copy correct (with the others incorrect) as Ey, F3, Es and Ej respectively.

This is an oversimplification as the incorrect states could vary in energy, but is
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useful for this explanation.

In terms of the energy penalty introduced by the anti-ferromagnetic links: this
penalty is maximised when all four copies have the same state. This can be seen in
the first row of table When all four copies have the ‘correct’ ground state, this
is represented by the purple section of the right hand bars in figure . On the
other hand, this penalty is minimized (acts as a maximum benefit) when there are
two and two alternating opposite states, see third row of table When two of
these same copies have the ‘correct’ ground state, this is represented by the green
section of the bar in figure . If we try and introduce a third correct copy to
the two correct copies, the energy penalty is increased by 4nJp (see second row
of table , so if the energy difference gained by having the third correct copy
is less than this energy penalty, then the three copy correct configuration is not
energetically viable. We face the same penalty in reverse if we try to reduce the
number of correct copies by one, to have just one correct copy. If the reduction
in energy between the one correct copy configuration and the two correct copies
configuration is not greater than 4nJg, then the one correct copy configuration is

also not energetically viable.

We further note that the frustration present in a loop of three copies is not present
in a loop of four. This may further explain, why we no longer see such a strong

benefit to connecting copies in a loop of four.

8.5 Five copies

8.5.1 Spin glasses in a loop

We hypothesised that the main reason for such a strong improvement in fraction
correct for three copies connected in a loop, compared to three copies connected in
a chain and four copies connected in a loop, was the presence of frustration in the
loop of three, which may allow more low lying states to be accessed and therefore
increase the chance of recovering the ‘correct’ ground state. In order to test our
theory that frustration is a key element of our error suppression scheme, we next
measured the effect on fraction correct of connecting five copies of 5-qubit SK spin
glasses in a loop. For five copies connected in a loop we recover the frustration
that was present in a loop of three but lost in a loop of four, so we might expect
that we recover a strong improvement in fraction correct if our frustration theory

holds. Here precision was applied using the deterministic random error model.

In figure the left hand bars (red) show the fraction correct of five repeats of a
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fraction correct

Figure 8.8: Fraction correct versus precision p for 10* instances of 5 qubit SK spin

glasses. Left bars show fraction correct for 5 repeats of single copies (red). Right

bars show fraction correct for 3 copies connected with links J }(?p ) = }min) split into

all 5 correct (light pink), 4 correct (purple), 3 correct (dark blue), 2 correct (green),
1 correct (yellow).

single disconnected copy of a 5-qubit SK spin glass, averaged over 10* instances,
between the precisions 1 < p < 10. The total height of the right hand composite
bars (pink, purple, blue, green, yellow), shows the fraction correct of a single repeat
of five copies of a 5-qubit SK spin glass connected in a loop with anti-ferromagnetic
links of strength J l(f ) = J}min), for the same precision range, averaged over the same
10% instances. The right hand composite bar is broken down into the five possible
cases which count as success for our error suppression scheme: all five copies correct
(pink, lowest), four copies correct (purple), three copies correct (blue), two copies
correct (green) and one copy correct (yellow, highest). The black error bars at
the top of each of the bars indicate that this effect is much larger than statistical

effects.

We see in figure that we again recover the improvement in fraction correct from
connecting the copies anti-ferromagnetically across all the precisions 1 < p < 10.
The height of the left and right hand bars in figure are similar in value to those
in figure[8.5|indicating a similar improvement is gained. In terms of the proportions
of number of correct copies contributing to the total fraction correct, we see here

that the fraction where all five copies are correct is similar in value to the fraction
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Copies correct Energy
5 correct

B + 5nJomin

o

4 correct

Ey+ nJ}(?)min

18

3 correct

E3 — 3pJPmin

>

2 correct

Ey — 3pJPmin

>

1 correct

Fi+ nJ%D)min

Table 8.2: Table showing configurations of five copies with possible frustrated
(represented by red crosses on the link) and unfrustrated links according to how
many copies are correct (left column) and the energy of each configuration and its
energy penalty /benefit (if present) according to the anti-ferromagnetic links. Here,
each qubit represents a single copy.

where all three are correct, for three copies are connected in a loop. We see that the
second largest contribution comes from the fraction where three of the five copies
are correct. The third largest contribution comes from when there is just a single
copy is correct, and there is a small contribution from when there are two copies

correct. There is no visible contribution from when four copies are correct.

We present the following argument for the proportions of the contributions in figure
B:8l For simplicity, we think again in terms of minimizing the energy penalty of

the anti-ferromagnetic links between copies.

In table [8:2] in the left hand column, we have drawn configurations of five copies
(each copy is represented by a single qubit), that have five, four, three, two, one copy
correct. In the right hand column we have written the energy of each of the con-
figurations, including the energy penalty/benefit given by the anti-ferromagnetic
links (if present). Despite the oversimplification (as with four copies), we have
described the energy of five, four, three, two, and one copy correct (with the others

incorrect) as Es, Ey, E3, Fo, E) respectively.
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8.6. Comparison of five and three copies

In terms of the energy penalty introduced by the anti-ferromagnetic links: this
penalty is maximised when all five copies have the same state. This configuration
can be seen in the first row of table When all five copies have the ‘correct’
ground state, this is the situation which is represented by the pink section of the
right hand bars in figure

On the other hand the energy penalty is minimized (with the energy benefit max-
imized) when there are three and two of the same state (and one of the three is
alternated with another state). This can be seen in row three and four of table
When three of five copies have the ‘correct’ ground state, this is the situation
represented by the blue section of the right hand bars in figure [B:8 If we try to
introduce a fourth correct copy to the three correct copy configuration, the energy
penalty is increased by 4nJp, so if the difference in energy by gaining one more
correct copy is less than 4n.Jg, the four copy correct situation is not energetically

viable. Hence we do not see a contribution from four copies correct in figure [8.8]

On the other hand if we try to reduce the number of correct states from three correct
to two correct, we do not receive an energy penalty from the anti-ferromagnetic
links, (but we do from the optimisation problem), so we should only see two correct
copies when the ‘incorrect’ state has a lower energy than the ‘correct’ state. This
situation is represented by the green section of the right hand bars in figure If
we try and reduce the number of correct states from two to one, we could also face
4dnJp penalty, if the four incorrect states were the same (i.e. completely flipped
compared to the correct state). However, for this number of incorrect copies it
is likely the copies will flips bits between each other, reducing the energy penalty
in this way. This is why we still see contribution from one copy correct which is
represented by the yellow section of the right hand bars in figure

8.6 Comparison of five and three copies

In order to see how the improvement from five connected copies in a loop compares
to the improvement from three connected copies in a loop of 5-qubit spin glasses,

we measured the difference in fraction correct between the two.

Figure 8.9 shows the difference in fraction correct versus precision between five
copies in a loop and three copies in a loop of 10* instances of 5-qubit spin glasses.
Here we see that that for precisions p = 1 to p = 4, the mean of the difference is
slightly above zero at around 0.0025 for p = 1 however this mean decreases closer
to zero as p increases. Across the precisions tested here [1,10], the error bars of

each data point overlap with zero, with maximum uncertainty of around +0.010.
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Figure 8.9: Difference in fraction correct versus precision p between 5 copies in a
loop and three copies in a loop of 10* instances of 5 qubit SK spin glasses.
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Figure 8.10: Diagram of a “bowtie” configuration of five copies of 5-qubit spin
glasses. For simplicity only one link between models is shown (in practice there
would be links between each corresponding qubit in each copy).

This indicates that the difference in fraction correct between five and three copies
connected in a loop is consistent with zero. Hence we see no improvement from
using five copies (though it would require more resources), however we also see no

numerical disadvantage from using five copies.

8.7 Chapter summary

In this chapter, we measured the fraction correct versus the precision p in the range
1 < p <10, for two, three, four and five copy configurations of 5-qubit SK spin

glasses and two and three copy configurations of 5-qubit spin chains. Copies were
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8.7. Chapter summary

connected by anti-ferromagnetic links of strength Jl(;p ) ~ Jmin and we compared

the fraction correct of the connected copies to the fraction correct of the equivalent

number of repeats of single disconnected copies. We have found the following.

For two SK spin glass copies connected in a chain, applying precision according to
the deterministic random error model, there was no advantage to connecting copies
below p = 3, but there was a small advantage in connecting at higher precision.
We hypothesised that this small advantage was due to the anti-ferromagnetic links
between the copies, forcing the second copy to become correct when a precision
error occurred on the first copy. When using the random error model, for two SK
spin glass copies connected in a chain, the advantage we saw for the deterministic
random error model was reduced. We saw no improvement in fraction correct from
the connected copies compared to the two repeats of single disconnected copies

below p = 4.

We next looked at the fraction correct versus precision, for two copies of spin
glasses connected in a chain, applying precision according to the deterministic
random error model. We saw similar results to the SK spin glasses. Compared
to the fraction correct of two repeats of single disconnected copies, we saw no
improvement below p = 3, for two copies connected anti-ferromagnetically in a
chain. In all proceeding simulations, precision was applied using the deterministic

random error model.

We next looked the fraction correct versus precision for three copies of SK spin
glasses, connected anti-ferromagnetically in a chain. Here we saw a reduction in
the improvement gained, compared to two copies of SK spin glasses connected in
a chain. There was no advantage in fraction correct of three copies connected
anti-ferromagnetically in a chain compared to three repeats of single disconnected

copies below p = 4.

Next, we measured the fraction correct versus precision for three copies of SK spin
glasses, connected anti-ferromagnetically in a loop. Here we saw an advantage in
fraction correct for the three copies connected (in a loop) over the three repeats
of single disconnected copies, across the range 1 < p < 10 of precision p. We
hypothesised that this large gain in improvement from three copies connected in
a loop compared to three copies connected in a chain was due to the inclusion of

frustration in the loop of three copies.

We next investigated whether the use of more copies could prove/disprove this
hypothesis. We next connected four copies in a loop and found that there was
no gain in fraction correct over four repeats of single disconnected copies for p <

5. For p > 5, we still saw a small improvement of four copies connected anti-
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ferromagnetically in a loop, compared to four repeats of single disconnected copies.

We note that there is no frustration present in a loop of four copies.

Next, we measured the fraction correct versus precision, of five copies connected
with anti-ferromagnetic links in a loop. This five copy loop now contained frustra-
tion and we recovered a similar level of improvement in fraction correct (over five
repeats of single disconnected copies) as three SK spin glass copies connected in
a loop did (for three repeats of single disconnected copies). This result indicated
frustration plays a key role in enhancing the fraction correct in our error suppres-
sion scheme. Finally we measured the difference in fraction correct versus precision
between five copies in a loop and three copies in a loop. We found this difference
to be consistent with zero, indicating no improvement from using five copies in a

loop over three.

In future, the effect on fraction correct of different frustration containing config-
urations of five copies (such as a “bow-tie configuration” see figure , or more
could be investigated. The improvement from these different configurations could
be compared to see if particular configurations or number of copies gain more

advantage than others.
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CHAPTER 9

Precision Improvements

In order to gain an insight into how our error suppression scheme affected indi-
vidual instances on average, we next measured the conditional fraction correct
against precision p for three anti-ferromagnetically connected (in a loop) copies of
5 and 9-qubit SK spin glasses and 5-qubit spin chains. In order to see if the im-
provement gained by our scheme continued for larger sizes of Ising model we then
measured the fraction correct against precision p of three anti-ferromagnetically
connected (in a loop) copies of 5, 6, 7, 8 and 9-qubit SK spin glasses and spin
chains. Using this result we attempted to quantify in terms of number of bits of
precision the improvement gained by connecting the three copies over three discon-
nected copies. For all simulations in this chapter the precision was implemented

by the deterministic random error model.

In section we look at the breakdown of conditional fraction correct versus
precision given the outcome of the single disconnected copy. We do this for 5 and
9-qubit SK spin glasses and 5-qubit spin chains. In section[9.2] we measure fraction
correct versus precision p, for three connected copies and three repeats of a single
disconnected copy using the deterministic random error model, for SK spin glasses
of size 5, 6, 7, 8, and 9-qubits. In section we calculate a quantitative estimate
in terms of bits of precision of the improvement gained from our scheme versus
precision, in the deterministic random error model, for both spin glasses and
spin chains In section [9.4] we summarize this chapter.

The contributions for this chapter were as follows. Nick Chancellor and Adam
Callison provided discussion on the explanation as to the levelling off of precision
improvement at higher values of precision. The branch and bound code used to
classically calculate ground states and solution states in this chapter was written
by Adam Callison.
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Figure 9.1: Fraction correct versus precision p for 10* instances of 5-qubit spin
chains. Left bars show fraction correct for a single copy (red). Right bars show
fraction correct broken down into cases where: both single copy and three copies are
correct (bottom, light blue); the single copy is incorrect but the three copies have
at least one correct (middle, light green); the three connected copies are incorrect
but the single copy is correct (top, dark red).

9.1 Conditional fraction correct

In section [8:3.2] and [8.3:3] we saw that three copies of 5-qubit SK spin glasses
and spin chains, connected anti-ferromagnetically with J 1(,-? ) = I(Jmin) in a loop
gained an improvement in fraction correct compared to three repeats of single
disconnected copies, for precisions 1 < p < 10, where precision was applied using
the deterministic random error model. We note that this improvement in fraction
correct was an average effect with some instances seeing a strong benefit from
being connected anti-ferromagnetically in a loop, but other instances seeing no
improvement or disadvantageous effects. Hence, another useful measure for us
would be, how often connecting the three copies, caused us to lose the correct
ground state i.e. the fraction of times all three copies had the incorrect ground
state, given the ground state of the single copy prior to connection was correct.
We calculated this conditional fraction correct using a different analysis on the
same data, as was collected for the plots in sections [8.3.2] and [8.3.3] The results

are shown in figures [0.1] and
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First we look at the results from spin chains. In figure the left hand bars (light
red) show the fraction correct of three repeats of single disconnected copies of 5-
qubit spin chains averaged over 10 instances between precision 1 < p < 10. These
bars (and the data they present) are exactly the same as the left hand bars in figure
and are provided as a comparison. The height of the right hand composite bars
(light blue, light green, dark red) show the conditional fraction correct of three
anti-ferromagnetically connected copies (in a loop, J ép ) = }(;min)) of 5-qubit spin
chains, averaged over 10* instances. The composite bars are broken down into the
three following cases: a) the single copy was correct and the three connected copies
had at least one correct copy correct (light blue, lowest), b) the single copy was
incorrect but the three connected copies had at least one copy correct correct (light
green, middle) and c) the single copy was correct but all three connected copies
were incorrect (dark red, top). We consider a) — acceptable, b) — good and c¢) —
bad, in terms of our suppression scheme. The error bars (black) at the top of each
of the bars show that the effect is much larger than statistical effects. The sum of
the light blue and light green bars is the same as the total height of the right hand
bars in figure [8.6] i.e. all the cases where the three copies give the correct result.
The sum of the dark red and light blue bars is the same as the height of the light
red left hand bars (in the same figure), i.e., all the cases where the single copy is

correct.

In figure we see that, in the vast majority of cases our error suppression scheme
has no effect on the outcome of finding the correct ground state (light blue section),
however crucially, for a small but significant number of instances, connecting the
three copies means that we are able to recover the correct ground state despite it
being lost for the single copy (light green section). We also see that there is only a
very small fraction of instances, where connecting the three copies causes the correct
ground state to be lost. Though the increase in fraction correct is small, we note
that by running a single (disconnected) copy as well as the 3 connected copies (on
a machine one third the size and therefore cheaper) and comparing the candidate
solutions to choose the best, allows us to include the dark red section of the right
hand bars into our total fraction correct. Therefore in the proceeding figures and
data, we now include the fraction of instances represented by the dark red section
(where the single disconnected copies were correct but the three connected copies

were incorrect) into our measurement of total fraction correct.

The equivalent figure for 5-qubit SK spin glasses is shown in figure Its results
are similar to the 5-qubit spin chain results (in figure [9.1)), indicating that the small
but significant number of instances where our error suppression scheme provides a

benefit are also crucial for spin glasses. As before, we see that for low precisions
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Figure 9.2: As figure for 10* instances of 5-qubit SK spin glasses.

1 < p < 4, the fraction correct for the SK spin glasses is lower than for the spin
chains. However, we also see at this low precision, that the fraction of instances
represented by the dark red section (where connecting three copies causes the
ground state to be lost) is smaller for SK spin glasses. For both spin glasses and
spin chains, at higher precisions p > 5 the size of the dark red section reduces so
that it becomes negligible.

The equivalent figure for 9-qubit SK spin glasses is shown in figure[9.3] It is similar
to the 5-qubit results in figure [0.2] indicating the improvement in fraction correct
gained from using our three connected copies technique still exists at this larger
size, but shows how larger system size problems are broken more easily by low

precision, as would be expected.

9.2 Precision improvements

We next wanted to get an estimate of the improvement gained from connecting
three copies anti-ferromagnetically in a loop, opposed to three repeats of a single
disconnected copy, in terms of bits of precision. We also wanted to see how this
improvement varied over different sizes of SK spin glasses. For this estimation we

used the fraction correct against precision p data collected using the deterministic
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Figure 9.3: As figure for 10* instances of 9-qubit Ising spin glasses.

error model for 5, 6, 7, 8 and 9-qubit SK spin glasses.

Figure shows the total fraction correct (the peaks of the bars in figures
and against precision p for three repeats of single disconnected copies (solid
lines) and three connected copies plus a separate single copy (dotted lines) for 10%
instances of SK spin glasses for n =5 (top left), 7 (top right), 8 (bottom left) and
9 (bottom right). Not shown, n = 6 is very similar. The limit we can compute
using reasonable computational resources is n = 9, for which three copies requires
27 qubits.

Looking at [9.4 we can see that for each of the four SK spin glass sizes, the improve-
ment gained from using the three connected copies (plus a separate single copy),
rather than an equivalent number of repeats of a single disconnected copy, is still
present. We also see that in each case, single copy fraction correct approaches one
around p = n + 1. The intuition for this is that there are only 2" different pos-
sible states for n-qubits, therefore when increasing precision, we eventually reach
a point where it will no longer improve the fraction correct of the ground state.
This is because on average the gap between the energy levels reduces as 27" as
the number of qubits n in the Ising model increases. When the errors in the fields
and couplings due to the precision become smaller than the average gap, they are

unlikely to cause the ground state to change.
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Figure 9.4: Fraction correct vs precision p for 10* instances of 5 (light green), 7
(dark green), 8 (brown) and 9 (red) qubit spin glasses with four repeats of a single
copy (solid) and three connected copies plus 1 separate single copy (dotted).

Figure shows the average energy gap size (blue points) calculated from the
single copy Hamiltonians over the 10? instances of SK spin glasses of sizes 5, 6, 7,
8, and 9 qubits. Error bars for each data point are plotted but too small to see.
A fit to this data of the form aexp(—bz) is plotted in red, where a = 1.09 £ 0.00
and b = 0.71 £ 0.01. As 27" = e ") we can see this fit closely agrees with
the exponential reduction in gap between energy levels as the number of qubits n

increases.

For the three connected copies (plus a separate single copy), the fraction correct
(dotted lines) tends to approach one sooner. In other words, the three connected
copies still find the correct solution at lower precision than for a single copy. This

is the effect we are looking for, to protect against lack of precision in the hardware.

9.2.1 Scaling of fraction correct with n

Having seen that the improvement gain from connecting three copies plus a separate

single copy still continues to exist for SK spin glasses up to 9 qubits, we next
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Figure 9.5: Average energy gap size (normalised) against the number of qubits in
a SK spin glass. Average gaps size data (blue) were calculated using the single
copy Hamiltonian of 10* instances at each spin glass size, 5 to 9. An exponential
fit to this data of the form aexp(—bx) is plotted in red, where a = 1.09 £+ 0.00 and
b=0.71+0.01.

wanted to see how this improvement scaled with n. We can see from figure (9.4
that the fraction correct of both disconnected and connected copies scales down
with increasing problem size. However, we wanted to see the extent of this scaling
and whether there was any scaling reduction in the size of the improvement as the

SK spin glasses increased in size.

Figure [9.6] shows the fraction correct at p = 3, versus n for four repeats of dis-
connected single copies (blue dots) and three connected plus one separate copies
(green dots) of 5, 6, 7, 8, and 9 qubit SK spin glasses. We can see that for both
the disconnected copies and the three connected plus one disconnected copies, the

fraction correct scales down with increasing problem size in a linear fashion.

For both datasets we have applied a linear fit of the form y = mx + ¢, which are
plotted in figure[0.6] The four repeats of single disconnected copies fit is a blue solid
line and the three connected plus one disconnected copies fit is a dotted green line.
The gradient value of the single disconnected copies fit is —0.047 £ 0.001 and its
intercept value is 0.994 +0.005. The gradient value of the three connected plus one
separate copy fit is —0.0045 £ 0.002 and its intercept value is 1.076 + 0.011. The
uncertainties of the both the gradients overlap indicating their similarity. This
indicates that despite the reduction in fraction correct in both the disconnected
copies and the three connected copies plus one separate copy as n increases, the gap
between the two configurations appears to remain constant. If this scaling continues

to larger sizes, it indicates that the improvement from our error suppression scheme
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0.80- te
0.751

0.704

fraction correct

Figure 9.6: Fraction correct at p = 3 vs problem size n, for four repeats of single
disconnected copies (blue dots) and three connected copies plus one separate copy
(green dots), for 5, 6, 7, 8, and 9 qubit SK spin glasses. A linear fit of the form
y = mx + c is also fitted to both datasets. The fit for single copies (blue dotted
line) has m = —0.047 + 0.001 and ¢ = 0.994 £+ 0.005. The fit for three connected
copies plus one separate copy (green solid line) has m = —0.045 £+ 0.002 and ¢ =
1.076 £ 0.011.

should continue to larger sizes.

9.3 Quantifying improvements

9.3.1 Spin glasses

The gap between the solid lines and dotted lines in figures[0.4and [9.7] at each of the
sizes indicates that the improvement gained by connecting three copies with anti-
ferromagnetic links in a loop is still present for each of these SK spin glass sizes.
Next we wanted to quantify this improvement in terms of the bits of precision
gained. We did this by looking at the fraction correct of three-connected-copies-
plus-a-single-disconnected-copy for the same 10% instances of SK spin glasses and
comparing it to the fraction correct of four repeats of a single disconnected copy.
Here we used the random deterministic error model, which meant there was negli-
gible difference in fraction correct between one repeat of a single disconnected copy

and four repeats of a single disconnected copy.
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Figure 9.7: Same data as figure but plotted as fraction broken = 1— fraction
correct on a log scale, with a linear fit to the single copy data (solid lines) excluding
the first two points (p = 1,2) from the fit.

We defined the precision improvement as the difference in bits of precision p
(the horizontal displacement) between the single-disconnected-copies and three-
connected-copies-plus-single-copy at the same value of fraction correct. In figure
this is the horizontal distance between the dotted and solid lines. However, as
the data points on the dotted line (three-connected-copies-plus-single-copy) do not
in general have corresponding data points on the solid line (single-disconnected-
copies) at the same fraction correct, we calculated precision improvement us-
ing the data points for three-connected-copies-plus-single-copy data and estimat-
ing the effective precision for the single-disconnected-copies using an exponential
fit to the single-disconnected-copies data. The exponential fit was of the form
f(p) = Aexp(—bp) where fraction correct = (1 — f(p)). All fits exclude the single-
disconnected-copies data points at p = 1 and p = 2, which exhibit non-exponential
effects due to the low precision. These fits are plotted in figure alongside
the single-disconnected-copies and three-connected-copies-plus-single-copy data on

a log fraction broken = (1 — fraction correct) vs precision p plot.
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9.3.2. Spin glasses

Precision Improvement

Figure 9.8: Precision improvement in bits versus precision, for 10* instances of 5
(light green) 6 (blue), 7 (dark green), 8 (brown) and 9 (red) qubit spin glasses.
Precision improvement was calculated between a linear fit to the 4 repeats of a
single copy data and the 3 connected copies plus 1 single copy data at the same
value fraction correct. Data below p = n is plotted as solid lines. Data above p =n
is plotted as dotted lines.

9.3.2 Spin glasses

The precision improvement vs p for 104 instances of 5, 6, 7, 8, and 9 qubit SK spin
glasses is plotted in figure The error in the variables A and b (arising from
the fit) and the error in fraction correct (from the three-connected-copies-plus-
single-copy data points), were combined via a functional approach [170] in order to
calculate the error in the single-copy precision. This is the error shown by the error
bars in figure [0.8] The precision improvement data for 5, 6, 7, 8 and 9 qubit SK
spin glasses is shown in light green, blue, dark green, brown and red respectively.
Due to the single copy fraction correct approaching one around p = n + 1, for the
reasons explained in section the precision improvement data p > n is plotted

as dotted lines whereas the data p < n is plotted in solid lines.

In figure it can be seen that, for each size of SK spin glass n = 5 to 9, between
precision p = 2 to around p = 7, as precision increases, the precision improvement
also increases, from less than 1 at p = 2 to around 3 at around p =7. At p=1

the precision improvement appears to be larger than at p = 2 in some cases, but
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Precision Improvement

Figure 9.9: As figure for 10% instances of 5-qubit Ising spin chains.

this is due to the exponential fit not matching the data at this very low precision.
Data points for p = 6 have larger error bars due to the small number of incorrect

single copy counts at high precision.

9.3.3 Spin chains

Using the same method, we also calculate the precision improvement, for 10* in-
stances of spin chains of sizes 5, 6, 7, 8, and 9 qubits. We also see that between
precision p = 2 to around p = 7, as precision increases, the precision improvement
also increases. We also see that the precision improvement starts off close to 1 at
p = 2, for the spin chains. Interestingly we see that for the spin chains the precision
improvement approaches 3, slightly sooner than for the spin glasses at p = 6. As
with the spin glasses the apparent higher precision improvement at p = 1 is due
to the exponential fit not matching the data at this precision. We also see larger
error bars for data points p = 6 due to the lower number of incorrect single copy

counts at this higher precision.

In both figures and we see a suggestion in the data of a levelling off in the
improvement, for higher p. This is expected for the finite resources of three copies.
As this analysis was done only for small problem sizes, we cannot reliably extract

trends for larger problem sizes. However, these results offer proof-of-concept that
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our error suppression method can provide several extra bits of precision by using

three anti-ferromagnetically linked copies compared to a single disconnected copy.

9.4 Chapter summary

In this chapter we first looked at the conditional fraction correct, i.e. the fraction
correct of the three connected copies given the outcome of the single disconnected
copies. This was split into three cases: 1) the fraction when both three connected
and single disconnected copies were correct, 2) the fraction when the three connec-
ted copies were correct but the single disconnected copies were incorrect and finally
3) when the three connected copies were incorrect but the single disconnected cop-
ies were correct. We found that for 5 and 9-qubit spin glasses and 5-qubit spin
chains, the majority of cases were unaffected by our error suppression scheme, but
a small significant proportion fell into case 2) where our error suppression scheme
was having a beneficial effect on them. For all models tested here, there was only
a very small proportion of case 3), meaning that there was only a small negative
effect from our error suppression scheme. We also noted that we could run a single
copy of each instance alongside our three connected copies in order to avoid this
small negative effect proportion. The small negative effect was larger at low pre-
cision for spin chains than SK spin glasses (5-qubits) but at higher precision this

proportion became negligible for both types of Ising model.

We next repeated the measurement of fraction correct versus precision for SK spin
glasses of larger sizes in order to see if the benefit gained from connecting three
copies anti-ferromagnetically in a loop was still present. We measured the fraction
correct of three anti-ferromagnetically connected copies plus a single disconnected
copy of 5, 6, 7, 8 and 9-qubit SK spin glasses versus precision and compared this
to the fraction correct of four repeats of a single disconnected copy at each size.
We found that the benefit gained from using our error suppression scheme was still
present for SK spin glasses of up to size 9-qubits. Due to computational cost spin
glasses with more qubits were not tested. We noted that at each size the fraction
correct reached one at about p = n 4+ 1. we hypothesised that this was due to the

reduction in average gap between the energy level by 27".

We next aimed to quantify the improvement gained by using our error suppression
scheme in terms of number of bits of precision gained between the fraction correct
of the four repeats of single disconnected copies and the fraction correct of the
three connected copies plus single disconnected copy. This could be calculated by
measuring the horizontal distance between the three-connected-copies-plus-single-

copy data points and a exponential fit to the single-disconnected-copy data. We
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9.4. Chapter summary

did this for both SK spin glasses and spin chains and got similar results. For SK
glasses the precision improvement reaches roughly 3 bits at p = 7 before showing
signs of levelling off. For spin chains the precision improvement was slightly higher,

reaching roughly 4 bits at p = 7 before showing signs of levelling off.
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CHAPTER ]. O

Link Selection Protocol

In chapter[7.2] we saw that connecting copies of SK spin glasses with anti-ferromagnetic
links was beneficial for some instances but not others. In this chapter, to evalu-
ate further why this might be the case, we analysed single and multiple copies of
2-qubit Ising models, like the one in figure gaining knowledge of their beha-
viour. Using this knowledge, we developed a link selection protocol which suggests
whether or not to connect qubits between copies. We then tested the effectiveness

of this protocol on 5-qubit SK spin glasses and spin chains.

In section we presented analysis of the location of the ground states of a
2-qubit Ising models with either: two positive or negative fields, or one positive
and one negative field. Looking at the strength of the fields A1 and ho versus the
coupling Ji2, we locate thresholds in Jis where ground states change from one
to another. In section we looked at the energy levels of specific 2-qubit
examples, designed to be above and below the predicted threshold. Alongside the
energy levels, we also looked at the predicted energy shifts, for each of the states
when connected anti-ferromagnetically to one copy of the model in its ground state.
We used these findings to hypothesise on whether this affects the effectiveness of
our scheme in figure and In section we measured fraction correct vs
Jr, for two and three copy examples, above and below the predicted Ji2 thresholds.
In section we present a link selection protocol that aims to predict whether
corresponding qubits in separate copies should be connected or left disconnected. In
section we tested the effectiveness of our link selection protocol, by measuring
the fraction correct vs precision for two and three copies of 5-qubit SK spin glasses

and spin chains. In section we summarize the chapter.
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10.1. Threshold behaviour

10.1 Threshold behaviour

In chapter we found that connecting copies anti-ferromagnetically provided
an improvement in fraction correct above separate copies for some Ising model
instances but not others. To try and understand why this was the case, we first look
at how the strength of the fields hi, hy versus the coupling Jy9 affects the ground
state of a 2-qubit Ising model, like the example in figure [10.1] The Hamiltonian

for this Ising model can be written,

ﬁ[ = h121 + hQZQ + J122122. (101)

For a single copy of this 2-qubit Ising model, there are four possible ground states
11, 00, 01, and 10. The ground state of this model is dependent on the interaction
of fields hy and hs and the coupling Jio between them.

When we connect a second copy of this Ising model with anti-ferromagnetic links,

the Hamiltonian becomes,

Hyy = h121,1 + hoZoy + J1221,1Z2,1

. R A o A (10.2)
+h1Z1p+ haoZoo + J12Z12222 + JpZ11Z12 + JrpZa122 2,

where Jrp < 0 and equal to the minimum value allowed by the precision. For this
system of two copies, there are 16 possible ground states. We can see that for
this two copy system, with the addition of the two Jr terms, the ground state of

this system is no longer just the solution to the 2-qubits Ising model, but is now

h, h,
J12

Figure 10.1: Single copy of a 2-qubit Ising model with fields hi, ho and coupling
J12 labelled.

Figure 10.2: Two copies connected with anti-ferromagnetic links labelled Jg of a
2-qubit Ising model with the fields hi, he and coupling Ji2 labelled.
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10.1. Threshold behaviour

a compromise between the ground state of the 2-qubit Ising model and the anti-
ferromagnetic links connecting the two copies, which want the states of the qubits

in different copies to oppose.

If we first focus on a single copy, we can see that by varying the strengths of the
fields and couplings in this 2-qubit model and analysing the effect on its ground
state, we can find regimes in which each of the four possible states become the

ground state.

We first consider the scenario where both fields h1, ho are either both in the range
[0,1] (positive) or [-1, 0] (negative). We allow Ji2 to vary in the range [—1,1]. We
find the following regime which can be seen in figure[10.3] It can be seen that if the
strength of Jis is small compared to the strength of the fields hj, ho, the ground
state will always be either 00 (when both fields are negative) or 11 (when both
fields are positive). We can also see that there is a threshold value in the coupling
strength Ji,. Below this value the ground state of the model remains in 00 or 11.
However, above this threshold value, the ground state becomes 10 (if both fields
are negative and hy < hg, or if both fields are positive and he < hy) or 01 (if both
fields are negative and hy < hy or if both fields are positive and hy < hg).

Next, we consider the scenario where one field h; is in the interval [0, 1] (positive,
hive) and the other field h; is in the interval [-1, 0] (negative, h.y.). We allow
the coupling strength Ji2 to vary in the interval [—1,1]. We find the following
regime which can be seen in figure In this scenario, it can be seen that if the
strength of Jis is small compared to the strength of the fields A1, ho, the ground
state will always be either 10 (when h; is positive) or 01 (when hg is positive).
We can also see that there is a threshold value for the in the coupling strength
Jin. Above this value, the ground state of the model remains 01 or 10. However,

below this threshold value the ground state becomes 00 (if |h-ye| > |hive|) or 11 (if
’h-ve’ < |h+ve‘)‘

We note that in both cases shown in figures [10.4] and [I0.3] the threshold value of
Ji2 indicates the point at which the coupling strength begins to dominate over the
field strengths in the Ising model. We saw in figure[7.0]in section [7.3] that connect-
ing 2 or 3 copies (anti-ferromagnetically or ferromagnetically) of 5-qubit Ising spin
glasses with no fields (field strengths set to zero) is never beneficial compared to
separate copies. Therefore we theorize, that this threshold value is a key value in
determining whether or not our scheme will be successful for a particular instance.
However, we see that as the number of qubits in the Ising model increases, determ-
ining this threshold value becomes more computationally intensive. An algorithm
or heuristic which could estimate this threshold value would be extremely valu-

able. This motivates the further investigation and establishment of a link selection
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Figure 10.3: This figure shows the ground state of the 2-qubit Ising model when
both fields are positive, or both fields are negative, and Jyo is allowed to vary in
the range [-1, +1]. We see at a positive value of Jjo there is a threshold value Jy,,
where the ground state changes from 00 or 11 to 10 or 01.

protocol which proceeds in the rest of this chapter.

In table we have written all the possible start states (if we start with Jio
close to zero) and end states, depending on the relative strengths of hy and hs.
Alongside each of these, we have written the inequality (i.e. the threshold value of
J12) that must be satisfied for each of the transitions to take place. Each of these
inequalities has been derived because for the start state to change to the end state,
the energy of the end state Fo,q must be less than the energy of the start state
FEgart. For example, for the state to change from 11 to 01, then Ey; < Fq1, this
gives,

+hy —ho — Jig < —h1 — ho + Jio. (10.3)

We see that the terms ho cancel, as the field on this qubit is unaffected by the bit
flip of the first. Hence we see the expression simplifies to Ji2 > h; which we see in
the first row of table [[0.1]

We see that in each of the cases in table the transition relies in each case on
Ji2 being larger in magnitude than just a single field hy or he. This means in the
two qubit Ising model the location of the threshold is easy to locate. However, we
might expect that as the problem size increases, due to the addition of more fields

and couplings the location of the threshold becomes harder to locate.

10.1.1 Energy levels below and above threshold

In order to establish how important this threshold value Jy, was, in the positive
fields only regime, we next predicted a value of Jy, and created two 2-qubit Ising
model examples: one which was below Jy, (both h; < Jy, and he < Jy,) and
another which was above Ji, (either hy > Jiy, or he > Jiy,). We then analysed
the energy levels of both these examples and looked at the shifts in the energy
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Figure 10.4: This figure shows the ground state of the 2-qubit Ising model when
one field is positive and one field is negative, and Ji2 is allowed to vary in the range
[-1, +1]. We see at a negative value of Jia there is a threshold value Jiy,, where the
ground state changes from 10 or 01 to 00 or 11.

Start state End state Inequality
11 01 Jiz > h
(h1, ha, +ve) 10 Jig2 > ho
00 01 Jig > |ha|
(h1, ha, -ve) 10 Jia > |h]
01 11 ([ha] < [h2l) | [J12] > |he|
(h1 -ve, ha +ve) | 00 (|h1] > |h2|) | |J12] > |h1]
10 11 (Jhe| < [hal) | [J12] > |Pa]
(h1 +ve, hg -ve) | 00 (|ha| > |h1]) | |J12] > |he]

Table 10.1: Table showing for the 2-qubit Ising model, the starting state and end
state, and the inequality (threshold) that must be satisfied for the transition to
take place. In the top half the fields must be both positive or negative. In the
bottom half one field is negative, the other positive.

levels that could be caused by connecting two of the same example together with
anti-ferromagnetic links. Then we hypothesised on the effect of a lack of precision

and how errors might propagate.

Our first 2-qubit example had fields of h; = 0.4 and hy = 0.7. We set the coupling
strength to Ji2 = 0.5. As both h; and hy were positive, according to figure [10.3]
we predicted the threshold value of Jyo to also be positive. As the threshold value
occurs when Jio > hy or Ji2 > hs, we expected the threshold value for this example
to be Jy, = 0.4. Therefore, our first 2-qubit example was above threshold. We first
plotted the energies of this example’s four possible states (00, 01, 10, 11) in figure
(left). Our second 2-qubit example had the same value fields of h; = 0.4 and
ho = 0.7, but we set the coupling strength to Ji2 = 0.3. Hence this example was
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Figure 10.5: Left figure shows the energy levels (blue dots) of a 2 qubit example
with a ground state of 01. Right figure shows the energy levels of a 2 qubit example
with a ground state of 11 (blue dots). In both figures, the ground state of the single
copy is highlighted in orange and the states that make the two connected copies
ground state are shown with green crosses. The fields and coupling of both Ising
models is shown in the top right corner of their respective plot. Arrows and dotted
lines ((a)-(d)) represent the potential energy penalty/benefit gained by connecting
the respective state with the ground state of the single copy.

below threshold. We plotted the energies of this example’s four possible states in
figure (right).

In the top right corner of both of the graphs, there is a diagram of the two qubit
Ising model it corresponds to. In both graphs, the blue dots represent the energy
of each of the possible states of the 2-qubit model, with the energy of the ground
state highlighted in orange. The two ground states which make up the total ground
state of two anti-ferromagnetically connected copies of each of the examples are
marked by green crosses. The black arrows (if present) and dotted lines represent
the energy shifts which would occur if that particular state was connected anti-
ferromagnetically (with J@™ = 0.25) to the ground state of the singular copy (01,
left graph or 11, right graph).

In the left hand graph, we can see that 01 is the ground state of the singular copy
(orange dot), whereas the ground state of the two copy system is 01 10 (green
crosses). Looking at each of the four possible states we can see that connecting
them each with 01 results in one of three situations: an energy shift up, no energy
shift or an energy shift down. If states 00 or 11 connect with 01, the total ground
state becomes 01 00 or 01 11 respectively. Neither of these states receive an energy
shift from their connection using anti-ferromagnetic links. This is because one link
is satisfied (0 to 1 or 1 to 0) whereas the other is frustrated (0 to 0 or 1 to 1), which
results in the two Jp terms in the Hamiltonian (see cancelling. On the other
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10.1.1. Energy levels below and above threshold

hand when we connect 01 to 01, we receive a positive energy shift as both links are
frustrated (0 to 0 and 1 to 1). This positive energy shift is likely to move this state
above others. In this case we see that this positive energy shift moves the state 01
01 above both 01 11 and 01 10. Finally, we can see that if we connect 01 to 10, we
receive a negative energy shift as both links are satisfied (0 to 1 and 1 to 0). This
negative energy shift is likely to move this state below others. We see in this case
that this negative energy shift moves the state 01 10, below both 01 11 and 01 01,
making it the ground state of the two copy system (as represented by the green

crosses on each of the participating states).

On the other hand, in the right hand graph we can see the ground state of the
single copy is 11 (orange dot), whereas the ground state of the two copy system is
11 01 (green crosses). Looking at the arrows and dotted lines drawn on figure
(right), we can see that the state that receives the negative energy shift is now 11
00. However, as the energy of 00 is so high, the negative energy shift is not large
enough for 11 00 to become the ground state. On the other hand, we see that 11
11 now receives a positive energy shift. This energy shift is large enough such that
the state 11 01 (which does not receive an energy shift) becomes the ground state

instead.

We see in these examples that when Jy3 is above threshold (left hand graph), the
ground state of the two copy system will be 01 10 whereas when Jq2 is below
threshold (right hand graph), the ground state will be 11 01. We hypothesise that
the difference in ground states above and below threshold seen here may be the

underlying cause of the difference in fraction correct behaviour between models.

This hypothesis may be reasoned in the following way. In most cases an error caused
by the lack of precision is likely to cause a bit flip which changes the original ground
state into the next lowest lying state. Continuing with our example from figure
if the ground state of the single copy 2-qubit model is 01, then an error due
to a lack of precision is likely to cause the ground state to change to 11. This is
shown in the top row (in green box) of the left hand diagram of figure If this
copy is connected to a second by minimum strength anti-ferromagnetic links the
ground state of the system before the precision error is likely to be 01 10. After the
precision error, the ground state of the system becomes 11 01. We see that despite
the precision error on the first copy causing its original ground state to be lost,
we find that due to the connection by anti-ferromagnetic links, the original ground
state is instead retained on the second copy. A success for our scheme! This is
described diagrammatically in the left hand diagram of figure

On the other hand, if the ground state of the single copy 2-qubit model is 11, then

an error due to a lack of precision is likely to cause the ground state to change
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Figure 10.6: Left hand diagram shows the ground state of a two copies of a 2-qubit
Ising model with two positive fields, that has Jy2 above the threshold, before a
precision error has occurred (left) and after a precision error has caused the left
qubit to flip (right). In this case the true precision single copy ground state is
retained. Right hand diagram shows the 2-qubit Ising model with the same two
positive fields, this time with Ji5 below the threshold, before a precision error has
occurred (left) and after a precision error has caused the left qubit to flip (right).
In this case the true precision single copy ground state is lost. In both cases ground
state of the single copy only (before and after the precision error) is shown within
the green boxes. The qubit on which the precision error (resulting in a bit flip) has
a occurred is indicated by yellow lightning. Under each two copy system a green
tick (red cross) indicates that the system has retained (lost) the true precision
single copy ground state.

to 01. This is shown in the top row (in green box) of the right hand diagram
of figure If this copy is connected to the a second by minimum strength
anti-ferromagnetic links, the ground state of the system before the precision error
is likely to be 11 01. After the precision error, the ground state of the system
becomes 01 10. Unfortunately we see in this case that for both the original copy
and second connected copy, the original ground state is lost. A failure for our
scheme! This is described diagrammatically in the right hand diagram of figure
110.06l

This means the success of our scheme depends strongly on the ground state of the
singular copy. In this scenario, we saw that the system with Ji2 above threshold
was able to recover the ground state, whereas the system with Jio below threshold
was not. This means that if we are able to predict the threshold of an Ising model,
we may be able to predict whether or not it is beneficial to connect copies anti-

ferromagnetically.

10.1.2 Inclusion of negative fields

We note that in the previous example, both fields in the 2-qubit Ising model were
positive. This meant that according to figure the threshold value of the

coupling strength would be positive. Now we look at a 2-qubit example where one
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Figure 10.7: Left figure shows the energy levels (blue dots) of a 2 qubit example
with a ground state of 01. Right figure shows the energy levels of a 2 qubit example
with a ground state of 11 (blue dots). In both figures, the ground state of the single
copy is highlighted in orange and the states that make the two connected copies
ground state are shown with green crosses. The fields and coupling of both Ising
models is shown in the top right corner of their respective plot. Arrows and dotted
lines ((a)-(d)) represent the potential energy penalty /benefit gained by connecting
the respective state with the ground state of the single copy.

of the fields is negative. In this situation our first 2-qubit example had fields of
hy = —0.4 and hs = 0.7. We set the coupling strength to be Jio = —0.5. As one
of the fields is negative, according to figure we expect the threshold value
of Jis to also be negative. As the threshold value occurs when either Jis < hy
or Jia < hg, we expect the threshold value to be Jy, = —0.4. Therefore, our
first 2-qubit example was below threshold. We first plotted the energies of this
example’s four possible states (00, 01, 10, 11) in figure [10.7] (left). Our second
2-qubit example had the same value fields of h; = —0.4 and hy = 0.7, but we set
the coupling strength to Ji2 = —0.3. Hence this example was above threshold. We
plotted the energies of this example’s four possible states in figure m (right).

We have put the diagram of the corresponding 2-qubit Ising model in the top left
hand corner of both graphs. In both graphs the blue dots represent the energy
of each of the possible states of the 2-qubit model, with the ground state of the
singular 2-qubit model highlighted in orange. The two ground states which make
up the total ground state of the two anti-ferromagnetically connected copies are
marked by green crosses. The black arrows (if present) and dotted lines represent
the energy shifts which would occur if that particular state was connected anti-
ferromagnetically (with JE® = 0.25) to the ground state of the singular copy (11
left graph, 01 right graph).

In the left hand graph of figure we see that 11 is the ground state of the
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10.1.2. Inclusion of negative fields

singular copy (orange dot), whereas the ground state of the two copy system is 11
00 (green crosses). If we look at all four of the possible states in figure we can
see that connecting 11 with any of them anti-ferromagnetically will cause one of
three options: a positive energy shift, a negative energy shift or no energy shift at
all. We can see that the states that receive no energy shift by connecting with 11
are 01 and 10. This is because in both these cases there is one satisfied Jr and one
frustrated Jr link. This means that the energy shift from these two links cancel
and we see no overall energy shift. On the other hand we see that connecting 11
with 11 receives a positive energy shift, whereas connecting 11 with 00 receives a
negative energy shift. We see in this example that the positive energy shift causes
11 11 to move above 11 01, however the negative energy shift for 11 00 causes it to

move below 11 01, making 11 00 the ground state of the two copy system.

In the right hand graph of figure we see that 01 is the ground state of the
singular copy (orange dot), whereas the ground state of the two copy system is 01
11 (green crosses). Connecting each of four of the possible energy states to the
singular ground state 01, causes a positive energy shift, a negative energy shift or
no energy shift. Connecting 01 with 11 or 00 recieves no energy shift, as positive
and negative couplings cancel. On the other hand, 01 01 receives a positive energy
shift, whereas 01 10 receives a negative energy shift. In this example, the positive
energy shift of 01 01 causes it to move above 01 11. However, the negative energy
shift of 01 10 is not enough to move it below any states as the energy of 10 is too

high. Therefore we see that the ground state of the two copy system is 01 11.

In this example, when Jyo is below threshold (left graph), the ground state of the
two copy system will be 11 00, whereas when Ji2 is above threshold (right hand
graph), the ground state of the two copy system will be 01 11. Like for the previous
examples, we hypothesise that the difference in fraction correct behaviour between
Ising model instances may be due to differences in the two copy ground state caused

by whether the coupling of an instance is above or below a threshold value.

The hypothesis reasoned in previous section again applies here for an ex-
planation of why this behaviour may be occurring. A diagrammatic explanation
of this behaviour may be seen in figure [10.8] However, we note that we must be
careful to treat the thresholds in the right manner, as in this case the rules have
been somewhat reversed. For two positive (and with the same reasoning two neg-
ative) fields we expect the threshold in the coupling strength Ji2 to be positive.
When the threshold is positive we expect to recover the correct ground state when
we are above threshold. For the case we are considering here, (one positive and
one negative field) we expect the threshold in Ji3 to be negative. When this is the

case, we expect to recover the correct ground state when the coupling strength Jio
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10.2.1. Two copies

Figure 10.8: Same as figure but with one positive and one negative field. Left
hand diagram has Jy2 above the threshold, before a precision error has occurred
(left) and after a precision error has caused the left qubit to flip (right). In this
case the true precision single copy ground state is lost. Right hand diagram has Jyo
below the threshold, before a precision error has occurred (left) and after a precision
error has caused the left qubit to flip (right). In this case the true precision single
copy ground state is retained.
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Figure 10.9: Left figure shows the fraction correct vs Jl(pp) of 2 copies connected in
a chain of a 2 qubit Ising spin chain example with fields h; = 0.4 and hy = 0.7 and
coupling strength Jj2 = 0.5, for p = 3 (blue) and p = 4 (yellow). The right figure
shows the same with hy = 0.4 and ho = 0.7 but the coupling strength is Ji5 = 0.3.
Vertical dotted lines indicate the mid-points of each of the allowed divisions at that
precision for p = 3 (blue) and p = 4 (yellow). Horizontal dotted lines indicate the
fraction correct for J 1(50 ) = 0 and the maximum fraction correct for any Jl(;p ), in
green for p = 3 and red for p = 4.

is below threshold.
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10.2 Fraction correct versus Jp for 2-qubit example

with positive fields

10.2.1 Two copies

In order to establish the validity of the hypothesis (at least for 2-qubit Ising models)
reasoned in section we next measured the fraction correct vs J l(ﬁv ) for two
2-qubit Ising chain examples with positive fields: one with Ji5 above threshold and
the other with Jy9 below threshold. First we looked at an instance where h; = 0.4
and hy = 0.7. Here we estimated the threshold to be at Ji, = 0.4. In the first
example we set the coupling above threshold at J12 = 0.5 and in the second example
we set the coupling below threshold at Jy2 = 0.3. We did this measurement for two
copies connected anti-ferromagnetically in a chain, and then three copies connected
anti-ferromagnetically in a loop. Like the data in figure as there was only one
instance on which this measurement was carried out, we used the random error
model, taking 10% error samples of the instance, to ensure a reliable value fraction

correct was found.

Figure m shows the fraction correct vs J I(f ) for two copies connected in a chain,
of a single 2-qubit Ising chain instance with fields h; = 0.4 and he = 0.7, for
precisions p = 3 (blue) and p = 4 (yellow), where the precision was applied using
the random error model with 103 error samples. The left graph shows the fraction
correct results from the 2-qubit Ising chain instance where the coupling strength
is above the threshold value at Ji2 = 0.5, whereas the right hand graph shows the
fraction correct results when the coupling strength is below the threshold value
at Jiz2 = 0.3. According to our hypothesis, as both of the fields are positive,
we expect the threshold Jin to be positive. We estimate the threshold to be at
Jin = 0.4. Therefore the Ising model with Ji3 = 0.5, i.e. the left hand graph,
is above threshold and we expect that it should gain more benefit from being

connected by antiferromagnetic links, than the Ising model with J15 = 0.3.

We see in figure that, for the Ising model above threshold (left hand graph),
at p = 4, the fraction correct is always ~ 1. This indicates that neither the
precision of the fields and couplings nor the strength of the links connecting the
copies break the ground state of the Ising model. Whereas at p = 3, at Jp = 0 (two
disconnected copies), the fraction correct is ~ 0.9. This is further reduced when
the two copies are connected with ferromagnetic links Jp > 0. However, when
the two copies are connected using anti-ferromagnetic links, the fraction correct
increases to ~ 1, indicating a benefit to connecting copies anti-ferromagnetically

here for this instance.
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Figure 10.10: As figure for 3 copies of a 2-qubit chain

On the other hand, for the Ising model below threshold (right hand graph), for both
p = 3 and p = 4, we see a distinct behaviour from that of the model above threshold.
For Jp > 0, the fraction correct is ~ 1, indicating that neither the precision nor
the strength of the links connecting the copies break the ground state of the Ising
model. However, when the two copies are connected with anti-ferromagnetic links
the fraction correct begins to decrease, first to ~ 0.88 at Jg ~ —0.5 and then further
to ~ 0.74 at Jp < —0.5. This indicates there is a negative effect on the fraction

correct for this instance by connecting the two copies using anti-ferromagnetic links.

Therefore, we only see a benefit to connecting copies with anti-ferromagnetic links
for the instance above threshold when p = 3. Conversely, we only see a negative
effect to connecting the copies with anti-ferromagnetic links for the instance below
threshold. These results are in agreement with the hypothesis that connecting
copies with anti-ferromagnetic links is more beneficial for instances with Jis above
threshold, than with Ji5 below threshold.

10.2.2 Three copies

To see whether the validity of our hypothesis extended to three connected copies, we

J}?) measurement for three copies connected in

next repeated the fraction correct vs
a loop of the same 2-qubit Ising chain instances, with fields hy = 0.4 and hy = 0.7,
and two strengths of coupling: Ji2 = 0.5 above (left hand graph) and Ji2 = 0.3
below (right hand graph) the threshold Ji,. Precision in the range [1, 10] was

applied using the random error model with 103 error samples.

In figure [10.10[ we see that for the Ising model above threshold (left hand graph),
at p = 4 the fraction correct is always ~ 1, indicating that neither the strength
of the links connecting the copies nor the precision break the ground state of the

Ising model. This is the same behaviour as the left hand graph in figure [10.9
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Figure 10.11: Left figure shows the fraction correct vs Jl(;p ) of 2 copies connected in

a chain of a 2 qubit Ising spin chain example, with fields hy = —0.4 and hy = 0.7
and coupling strength J13 = —0.5, for precisions p = 3 (blue) and p = 4 (yellow).
The right figure shows the same for fields hy = —0.4 and he = 0.7 and coupling
strength Jjo = —0.3 for the same precisions p. Vertical dotted lines indicate the
the same as figure [10.9]

Similarly again to figure [10.9] we also see that for p = 3, at Jp = 0, the fraction
correct is also ~ 0.9, and that connecting the three copies with ferromagnetic links
reduces the fraction correct. This is a slightly larger decrease than we saw for the
two connected copies. We also see that we retain the increase of fraction correct to

~ 1, when the three copies are connected anti-ferromagnetically Jr < 0.

On the other hand, for the Ising model below threshold (right hand graph), we
again see a distinct effect compared to the instance above threshold, for both p = 3
and p = 4. However this behaviour is different to that of two copies. In this case, we
see that the fraction correct is always ~ 1, indicating that neither the precision nor
the links connecting the copies are causing the ground state to break. These results
also in agreement with our hypothesis, as we see the only benefit from connecting

three copies anti-ferromagnetically, for the instance above threshold.

10.2.3 2-qubit example with one positive field, one negative field

J ép ), returning to two cop-

We next repeated the measurement of fraction correct vs
ies connected in a chain for a similar 2-qubit example instance, this time with one
positive and one negative field: hy = —0.4 and ho = 0.7, with coupling strengths:
Ji2 = —0.5 below (left hand graph) and Jj2 = —0.3 above (right hand graph) the
threshold Jin. As explained in section here we expect the threshold value to
be Ji, = —0.4. Precision p = 3 (blue), p = 4 (yellow) was again applied using the

random error model with 10% samples.
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In the left hand graph of figure we see, for p = 3, a benefit in fraction
correct for two copies connected with anti-ferromagnetic links and a negative effect
for two copies connected with ferromagnetic links. In contrast to the results in the
left hand graph of figure [I0.9] this behaviour is seen when the coupling strength
Jia = —0.5 is below (rather than above) threshold (and negative). In the right
hand graph of figure [I0.11] for both p = 3 and p = 4, we see a negative effect for
copies connected using anti-ferromagnetic links. Conversely again to figure [10.9]
this behaviour is seen when the coupling strength Jio = —0.3 is above threshold
(rather than below).

These results agree with our prediction, that we expect the threshold value of the
coupling strength Ji,, to be negative, when one field is negative and one field is
positive. They also agree with the prediction described in section [10.1.2] that
we expect connecting copies with anti-ferromagnetic links to provide more benefit
when the coupling strength Ji5 is below threshold when one field is positive and

the other is negative.

10.3 Larger size Ising models

So far in this section we have looked at the threshold behaviour of the 2-qubit
Ising model. These models are useful for proof of principle, but trivial to solve
and therefore not necessarily indicative of the behaviour of a larger sized model.
We next take a quick look at the threshold behaviour of a 3-qubit Ising spin chain
model, to see how it compares. We will then try and generalise the threshold

behaviour of the model up to larger sizes.

To avoid confusion, we first look at the 3-qubit Ising model, limiting the strength
of the fields and couplings to be in the range [0,1], i.e. positive only. This is
equivalent to just looking at the top row of table but the complexity of this
table will increase as the number of qubits in the model increase. Also, we can see
from the 2-qubit example, that the threshold behaviour of the model allowing for
negative fields and couplings was similar (if somehow ‘reflected’) to the behaviour
of the positive only case, so we could argue that if we derive the positive only case,

the cases including negative fields and couplings should follow.

We see in table the possible start state 111 (if the fields are positive and
the couplings are positive and small) and the possible end states given one or two
bit flips. Alongside each of these, we have written the inequalities that must be
satisfied for each of these transitions to take place. Each of these inequalities has

been derived the same way as for 2-qubits, by setting the energy of the end Fepnq
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10.3. Larger size Ising models

state as lower than the start state Fgtart. For example, for the state to change from
111 to 011, then Eyp11 < Fh11, this gives,

+hi1 — ho —hg — Jig + Jog < —hy — hg — hg + J12 + Jo3. (10.4)

We see the terms ho, hg and Jog cancel as the fields on the two other qubits are
not affected by the bit flip on the first, and the coupling not connected to the first
qubit also is unaffected. This leaves the inequality Ji2 > hy which you can see in
the first row of table 0.2

We can see in table that the inequalities of the first two rows are similar to
the first two rows of table [I0.1} however the inequality in the third row is different,
featuring two coupling strengths. The reason the inequalities of the first two rows
are similar to that of the 2-qubit Ising model, is because of their configuration.
Like the qubits in the 2-qubit model the qubits where the bit flip occurs in row
one and two, (h; and hs) they each only have one coupling link connected to them.
On the other hand, for the qubit that undergoes the bit flip in the third row (hs),
there are two links connected to it. This causes the additional coupling term in the
inequality of the third row. So we see that the inequality will depend on the field
that is acting on the qubit and the couplings that are linked to the qubit.

We also see in table rather than just one bit flip, we can get two bit flips.
For the three qubit model, these can be either neighbouring e.g. 001 and 100
or separated by one qubit e.g. 010. In the neighbouring cases, we see that we
only have dependence from one coupling as the coupling internal to the neighbours
cancelled. (We note that if there were four qubits or a link back to qubit one, there
would still be two couplings (they just have to be external to the neighbours). On
the other hand, for the separate case, we get dependence of two couplings and two
fields. We note that if there were four qubits or the extra one to three link, there
would be two couplings per field. This result here is similar to just combining row
one and row two (although we note that Ji3 and Jog can now work together to
overcome hi and hg), i.e. just having two single bit flips. We also note that in
the spin chain setting the maximum number of links per qubit is two, meaning we
would never get more than two couplings per qubit. Whereas for the spin glass

setting, we would get n — 1 couplings per qubit (where n is the problem size).

Having looked at the transition inequalities of 2 and 3-qubit Ising chain models, we
now try to generalise the transition inequalities to larger problem sizes. We first
note that if there is only one bit flip in a transition or the bit flips are spaced one
or more apart, we can treat the inequalities (almost) like separate models. That
means we only need to look at the field on the qubit and strength of the couplings
connected to the qubit to get a good idea of whether the inequality would be

110



10.4. The link selection protocol

Start state | End state Inequality
111 011 Ji2 > hy
110 Josz > hs
010 Jiz + Jaz > ho
111 001 Joz > hi + ha
100 Ji2 > ho + h3
010 Jia + Jag > hy + hs

Table 10.2: Table showing for the 3-qubit Ising spin chain model, the starting state
and possible end state, and the inequality (threshold) that must be satisfied for
the transition to take place. In this table we set the fields and couplings to only
be positive.

State Transition *—o ® e !
One x hi < Ji—1yi + iy

> One x S h < Jii—1yi + Jigiy1) — 00—

Two n.b.s hi +h; < J(i—l)i + Jj(j+1)

Three n.b.s | hi + hj + he < Ji—1)yi + Tt ——0—0¢

Table 10.3: Table showing for the n-qubit Ising spin chain model, the number
and neighbourly-ness (n.b.) of bit flips (x), the transition inequality (threshold)
that must be satisfied for the transition to take place and a diagram of the spin
chain (qubits in purple, links in black) indicating the location of the bit-flip/s and
affected links (in green). In this table we are in the setting where the fields and
couplings are only positive.

satisfied. This picture becomes more complicated when neighbouring bits flip as
only the couplings external to the neighbours are involved in the inequality. Table
10.3] gives an idea of how this might work in length n Ising spin chains. The picture

is yet more complicated if Ising spin glasses are used.

10.4 The link selection protocol

We hypothesise that we might expect the threshold in coupling strength that oc-
curs for 2-qubit models, may continue to occur for larger size Ising models. The
reasoning behind this is as follows. If we had an Ising model with of size n-qubits,

if each of the fields h; applied to the qubits was much stronger than the couplings
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Jij, if the model had a Hamiltonian of the following form,

n—1 n—1
H=> hzZi+ Y. JijZiZ;, (10.5)
i=0 i#j=0
and we forced the fields to be in the range [0, 1] (i.e. positive), then we would
expect the ground state of the model to be the all 1’s state. As we increase the
strength of the couplings connecting the qubits, at some point we reach a threshold
above which at least one of the qubits will flip from 1 to 0 and the ground state of
the model with change. For the two qubit model, when the strength of the coupling
J12 was above this threshold (for two positive fields or two negative fields), we were
more likely to recover the correct ground state when this state was subjected to
an error caused by a lack of precision. We therefore hypothesise, that for a larger
n-qubit Ising model, it becomes more likely that we recover the correct ground

state (once subjected to precision) if original ground state contained more 0’s.

If we make a large assumption and treat the n-qubit Ising model as multiple 2-qubit
Ising models connected together, we can predict whether each 2-qubit model is
above or below threshold, and therefore make a prediction on whether connecting
each 2-qubit model to its copy could be beneficial. Herein this assumption and

prediction lies the basis for the link selection protocol.

We note that once we allow negative fields to be applied to the qubits in an Ising
model, the possibility of negative thresholds occurs and the accompanying mirrored
threshold situation. However this rule can be consistently applied within a link

selection protocol.

We also note that the validity of splitting the n-qubit Ising model into multiple
2-qubit models is most legitimate for models with fewer connecting links, such as
a spin chain, rather than those with more connecting links such as spin glasses. So
we might expect that this link selection protocol would work more effectively for

spin chains than spin glasses.

The link selection protocol is as follows:

10.4.1 Link selection protocol

1. For each qubit ¢ in Ising model (h; is field on qubit 7):

2. Calculate sum of the coupling strengths J;; which are connected to qubit ¢ —
call this sum K.

112



10.5. Error suppression results with the protocol

3. Determine the sign/s compared to qubit 4 of the fields h; on the neighbouring
(connected) qubits. Same, opposite or both and go to the respective step a),
b) or ¢).

a) If the sign of all the neighbouring qubits are the same as qubit , use

step 4 only.

b) If the sign of all the neighbouring qubits are opposite to qubit i, use
step 5 only.

c) If the signs of the neighbouring qubits are some the same, some the

opposite, use both step 4 and 5.

4. If K > 0, if |K| > |h;| connect qubit i to its copy qubit with minimum

strength anti-ferromagnetic link. Else leave qubit ¢ disconnected.

5. If K < 0, if |K| > |h;| connect qubit ¢ to its copy qubit with minimum

strength anti-ferromagnetic link. Else leave qubit ¢ disconnected.

10.5 Error suppression results with the protocol

In order to measure the effectiveness of our link selection protocol described above,
we next used it to prescribe whether or not to connect two and three copies of 104
instances of 5-qubit SK spin glasses and spin chains, using minimum strength anti-
ferromagnetic links. We then subjected these instances to a lack of precision and
measured their fraction correct. We compared the results of the copies connected
using the protocol, to the results of the copies connected without using the pro-
tocol, and to the results of an equivalent number of repeats of single disconnected
copies. We note that all of the results shown here connect copies using minimum
strength anti-ferromagnetic links. The 5-qubit SK spin glass connected using the
protocol measurements were repeated using Jr = —1, however no improvement
above that seen from using minimum strength anti-ferromagnetic links was gained.
The precision was applied using the deterministic random error model. The SK
spin glass and spin chain instances were the same as those used in the previous
chapters. The ground state calculation, used in our calculation of fraction correct,

was again done using the branch and bound code written by Adam Callison.

10.5.1 Spin glasses

The top graph in figure [10.12] shows the fraction correct vs precision, for two and

three copies (in various configurations), of 10% instances of 5-qubit SK Ising spin
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Figure 10.12: Top figure shows the fraction correct vs precision of 10* instances
of 5-qubit spin glasses which have been subjected to precision by the deterministic
random error model and have been configured in the following ways: three repeats
of single disconnected copies (dark green, solid), two copies connected in a chain
not using the protocol (blue dashed, dotted), three copies connected in a loop not
using the protocol (light green, dotted), two copies connected in a chain using the
protocol (blue, dashed) and three copies connected in a loop using the protocol.
Bottom figure shows the shows log y plot of 1 — fraction correct = fraction broken
vs precision for the same data.
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glasses. The bottom graph shows the same data as in the top graph, presented
differently. Instead of fraction correct, we measured the fraction broken (1—fraction
correct) and plotted this on a log y plot, vs precision. Therefore we can see the
results more clearly when the fraction broken gets close to zero (same as fraction

correct getting closer to 1).

The blue dotted lines on the top (bottom) graphs indicate the fraction correct
(fraction broken) results from two copies connected in a chain where the protocol
was used in order to determine whether or not to connect each qubit in the Ising
model to its copy qubit. The light green dotted lines on the top (bottom) graph
show the fraction correct (fraction broken) for three copies connected in a loop,
where whether to connect or leave disconnected each qubit was also determined
by the protocol. The blue dashed lines on the top (bottom) graphs indicate the
fraction correct (fraction broken) results for two copies connected in a chain where
every qubit in the Ising model was connected to its copy qubit (i.e. the protocol
was not used). The light green dashed lines on the top (bottom) show the fraction
correct (fraction broken) for three copies connected in a loop also not using the
protocol. Finally, the dark green solid lines top (bottom) indicate the fraction
correct (fraction broken) results for three disconnected copies (the same as three
repeats of a single copy). Because we used the deterministic random error model,

these results are identical to the results from two and one disconnected copies.

In the top graph of figure [I0.12] for both two and three copies at p < 4, copies
connected using the protocol have a higher fraction correct than copies connected
not using the protocol and three disconnected copies. Still looking at the left hand
graph, for both two and three copies, at p > 4 we see little or no difference between
copies connected using the protocol and copies connected not using the protocol.
We continue to see some improvement for both two and three copies connected

using the protocol compared to three disconnected copies until p ~ 8.

In the bottom graph of figure[10.12] we see similarly for p < 4, two and three copies
connected using the protocol outperform the same number of copies connected
without the protocol and three disconnected copies. However we see in this graph
for p > 4 the performance of the two and three copies connected without the

protocol outperforms the copies connected using the protocol.

Comparing the results from two and three copies, we see that three copies connected
with the protocol outperforms two copies connected with the protocol for all p in
[1,10]. We also see that three copies connected without the protocol outperforms
two copies connected without the protocol for p in range [1,10]. However we see
that for p > 5 two copies connected without the protocol outperform three copies

connected using the protocol.
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10.5.2 Spin chains

We noted in section [I0.4] that we expected the protocol to perform better for spin
chains, due to their fewer couplings making the approximation to multiple two
qubit Ising models (made whilst developing the protocol) more valid. We therefore

now test the performance of the protocol on two and three copies of spin chains.

In the same way as the spin glasses, the top graph of figure [10.13]shows the fraction
correct vs precision, for 10* instances of 5-qubit spin chains. Further, the bottom
graph of the figure shows the fraction broken vs precision on a log y plot of the

same data as the top plot.

In the top graph of figure we see that two and three copies connected using
the protocol outperform copies connected without using the protocol for roughly
p < 5 (note that this is an improvement compared to the spin glasses). However,
in the bottom graph of figure we see that for p > 5 the two and three
copies connected without using the protocol outperform those connected using the

protocol.

Comparing the results from two and three copies, we see that the three copies
connected using the protocol outperform the two copies connected in the same way
for all p in [1, 10]. We also see that three copies connected without the protocol
outperforms two copies connected without the protocol. Like for the spin glasses,
we also see that for p > 5, the two copies connected without using the protocol

outperform three copies connected using the protocol.

In conclusion, we see only a limited benefit from using the link selection protocol to
connect copies and then only for p < 4 for spin glasses, and p < 5 for spin chains.
This indicates we do not yet have a full understanding of the threshold behaviour
in larger Ising models and more research is needed to understand whether a more
effective protocol could be developed. We note that using a higher strength of
our anti-ferromagnetic links when applying our protocol, also does not result in a
greater improvement in overall fraction correct. This indicates that the protocol

does not benefit every instance but may improve the benefits of some.

10.6 Chapter summary

In this chapter we first analysed 2-qubit spin chain Ising models, finding a threshold
between the states that depends on the relative strengths of its fields and coupling.
The location of the threshold can be explained in the following way. If both fields

are positive or negative, there is a positive threshold, whereas if one field is positive
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Figure 10.13: Top figure shows the fraction correct vs precision of 10* instances
of 5-qubit spin chains which have been subjected to precision by the deterministic
random error model and have been configured in the following ways: three repeats
of single disconnected copies (dark green, solid), two copies connected in chain not
using the protocol (blue, dashed), three copies connect in a loop not using the pro-
tocol (light green, dashed), two copies connected in a chain using the protocol (blue,
dotted) and three copies connected in a loop using the protocol (light green, dotted).
Bottom figure shows the shows log y plot of 1 — fraction correct = fraction broken
vs precision for the data.

117



10.6. Chapter summary

and the other negative, there is a negative threshold. In either case, the threshold
occurs when the magnitude (positive or negative) of the coupling becomes larger
than the magnitude of the smallest field.

We next hypothesised that the composition of the ground state of the 2-qubit
model and whether it was above or below this threshold might have an influence

on whether our error suppression method was effective or not.

We then analysed the energy levels of the 2-qubit model above and below threshold,
and the possible energy shifts available when connecting each of the states with
the original ground state. This showed which overall ground state (made up of two
single copy ground states) would be chosen depending on whether the model was
above or below the predicted threshold. We hypothesised that the composition
of the single copy ground states (which are contained in the two copy system),

influence whether or not our error suppression scheme is effective.

We next looked at the fraction correct vs Jp for four examples of 2-qubit Ising
models, with two copies (in a chain) and three copies (in a loop). In the first
two examples, for both two and three copies, we set the fields to be both positive.
For the first example we set the coupling strength Ji2 to be above the expected
threshold value Jy,. In the second example we set Jis to be below expected Jyp,.
For both two and three copies, in these first two examples we found that the
example with the coupling above the expected Ji, performed better when the
copies were connected with anti-ferromagnetic links than the example with the

coupling strength below the threshold.

In the next two examples, for both two and three copies, we set one field to be
positive and the other field to be negative. For the first of these two examples we
set the coupling strength Ji2 to be below the expected threshold value Ji,. In the
second example, we set Jia to be above the expected Ji,. For both two and three
copies, we found that the example with the coupling strength below the expected
Jin, performed better when the copies were connected with anti-ferromagnetic links,
than the example with .Ji2 above the threshold.

The above results agreed with our hypothesis that the effectiveness of our scheme
depends on the ground state of the model. Using our knowledge gained from our
fraction correct vs Jp measurements, we could now predict which 2-qubit models
would benefit from being connected by anti-ferromagnetic links and which would
prefer to be left disconnected. We then extended our hypotheses to 3-qubit Ising

chain models, and tried to generalise to an n-qubit Ising chain.

By following this knowledge about 2-qubit models and approximating larger Ising

models as multiple 2-qubit models, we developed a protocol which allowed us to
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prescribe whether or not a particular qubit within an n-qubit Ising model should

be connected to its corresponding copy qubit/s.

We next tested the effectiveness of this protocol on two and three copies of 5-
qubit SK spin glasses and Ising spin chains, by measuring the fraction correct vs
precision. We found for spin glasses that connecting two or three copies (in a chain
or loop respectively) increased the fraction correct compared to those connected
without the protocol for p < 4. However for p > 4 we found that the copies
connected using the protocol performed worse than those connected without using
the protocol. For spin chains, the precisions for which copies connected using
the protocol outperformed those connected without, increased to p < 5. However
beyond this, once again copies connected without using the protocol outperformed

those connected using it.

Therefore, in this chapter we have found evidence to suggest that the ground
state of the Ising model affects whether connecting it to its copies using anti-
ferromagnetic links is beneficial or not. However the development of an initial
protocol designed to suggest whether or not to connect certain qubits to their cop-
ies has lead to only very limited improvements in fraction correct at low precision
for 5-qubit Ising models. This indicates that for larger Ising models the mech-
anism which determines whether connecting copies with anti-ferromagnetic links
will be beneficial or not is more complicated. Therefore more research is required
to establish whether an effective link selection protocol for larger models could be

developed.
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Quantum Walk Dynamics

To calculate the fraction correct in the previous chapters, we considered the prob-
lem Hamiltonian only and found the ground state using a classical branch and
bound technique (see section . This provides good estimates for the success
rate when computing using adiabatic processes as these remain in the ground state
throughout the computation. As more dynamic continuous-time techniques (such
as quantum walks and quantum annealing) populate excited states during their
process, it is important for us to check that this does not introduce adverse effects
that negate the precision improvement gained through using our scheme. In this
section Adam Callison contributed the Python code which was used to simulate
the quantum walks. The optimal v values were calculated for [64] and can be found

in a data archive [90].

As its time-independent Hamiltonian is easier to simulate, we opted to first test
our scheme on quantum walks. As quantum walks tend to populate more excited
states than the approximately adiabatic dynamics found in quantum annealing, it
can also be seen as a harsher test of whether the populated states seen in these

techniques negate the improvement gained from our scheme.

In section we analyse whether the optimal hopping rates v (a key quantity for
quantum walks) which were determined for singular disconnected SK spin glasses
in [64], were strongly affected by our error suppression scheme. In section we
measure the average success probability vs precision for three copies of 5-qubit SK
spin glasses connected using our error suppression scheme and compared this to
the average success probability of three repeats of a single disconnected copy. In
section we assess and compare the differences in success probability between
instances where the average success probability for three copies connected using
our scheme was higher and the differences when the average success probability for

three copies connected using our scheme was lower. In section we measure
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the effect on average success probability of anti-ferromagnetically connected cop-
ies when connected according to the link selection protocol (described in section
. In section we establish the behaviour of normalised average success
probability as we increase the problem size n of the SK spin glasses from 5 to 9
qubits. Finally in section [11.6] and we summarize the chapter and describe

potential future research.

11.1 Optimal v

As explained in 2.1} a key parameter for quantum walks is the hopping rate =,
that determines the relative strengths of the driving and problem Hamiltonians.
For practical applications, the success probability must not be very sensitive to
the exact value of v, because there is in general no efficient way to determine the
optimal value without solving the problem itself. For SK spin glasses, [64] discusses
in detail how to estimate a suitable heuristic value of +. In order to check whether
our error suppression scheme had an effect on the optimal gamma of the problem
Hamiltonian, we measured the average success probability (as defined in equation

2.7) for t = 30 and At = 70, versus =y, for several comparative examples.

Figure shows the average succcess probability P(t, At) for t = 30 and At = 70
versus the hopping rate « of four 5-qubit SK spin glass instances, labelled a) — d).
Each of the four instances were chosen so that, at p = 3, (precision applied using
the deterministic random error model) when using the classical branch and bound
technique, their ground state was found to be incorrect when three disconnected
copies were used, but they had at least one copy with a correct ground state, when
three copies connected using our scheme were used. As was found by Callison et
al in [64], the SK spin glasses have a fairly broad range of suitable v values. A red
dotted vertical line indicates the optimal value of v for each instance, as determined
in [64].

The green curves on figure[I1.1]show the average success probability of three repeats
of a single disconnected 5-qubit SK spin glass, with true precision. For this case,
the probability of obtaining a correct solution from three repeats can be calculated
as follows, where P(y) is the probability of succeeding at least once in y runs. We
have P(3) = 1 — (1 — P(1))3, i.e., subtract the probability of failing all three runs
from one. This is the correct quantity to compare with three connected copies, as
it uses the same number of qubits in total, and can be run in the same time (by

just setting the anti-ferromagnetic links to zero).

The orange curves show the average success probability of the same disconnected
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Figure 11.1: Average success probability, P(t,At) for t = 30, At = 70 versus 7,
for four instances a) to d) of a 5-qubit spin glass for: no links (Jp = 0) and no
precision reduction (green); with Jp = 0 and precision set to p = 3 (orange); with
Jp >~ J2 and p = 3 (blue). The precision reduction used the deterministic ran-
dom error model. Each instance a) to d) has an incorrect ground state for a single
copy but is correct for at least one of three connected copies for p = 3. The optimal
value of 7 for the case with no links and no precision reduction, (peak of the green
line) is shown as a vertical red dotted line. For reproducibility, the instances a) to
d) were taken from data archive: [90], and have the unique I.D’s ‘acyenjvndejjyh-
befmkjefgzjtjqjt’, ‘aakxejqunlepghmnftnrckailrezyp’, ‘aclwrzmpznazfkjktzeswidxj-
prfth’, ‘acjdimxkqejkngndlykgxntdtxrgij’, respectively.

three copies of 5-qubit SK spin glass instances, subjected to a precision of p = 3.
In three of the four cases, the lack of precision causes a subtle difference in the
curve, however the location of 7yt is largely unaffected. However in case b), the
lack of precision causes a large change to the curve, with a large decrease in the

success probability at Yopt.

The blue curves show the average success probability of the same 5-qubit SK spin
glass instances, subjected to precision p = 3, however, this time the three copies

were connected with minimum strength anti-ferromagnetic links in a loop.

There are a few subtleties to correctly comparing the three-connected-copy per-
formance with three-repeats-of-single-copy performance in a quantum walk setting.
In 2.7 we defined the average success probability as the overlap of the quantum
state with the solution state, time averaged . Usually the solution state corres-

ponds to the ground state of the problem Hamiltonian and indeed this is the case
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11.2. Awerage success probability versus precision

for just a single copy. However, for three copies, due to the way we have defined
‘success’ (i.e. only one or more copies need to be correct), there are many differ-
ent states that are considered a solution and should therefore add to the success
probability. Not all of them are ground states. We define the success probability
to be the sum of the probabilities of obtaining any of these solution states (since
what we are interested in is correct solutions, not ground states) and then we time

averaged in the same way.

In two of the four examples (¢) and d)), the curves of the three copies connected
using our scheme remain relatively similar compared to those of both the true
precision and p = 3 curves. However in example a) the three connected copies result
in a reduction of success probability at yopt, whereas in example b) it results in an
increase. These four instance examples plotted in figure [I1.1] therefore illustrate the
range of behaviours, when measuring the success probability for a 5-qubit SK spin
glass using a quantum walk. In these examples, the probability of obtaining the
correct solution when using our three connected copies scheme is sometimes higher,
sometimes lower and sometimes similar that of a single copy, but in all cases, the

broad peak remains, and the optimal value of v would provide good performance.

This shows that the dynamics and heuristic parameter estimation are not signific-
antly impacted by introduction of a lack of precision or by the anti-ferromagnetic
links introduced by our scheme. Moreover, given that the success probability is in
any case not sensitive to the exact value of v, it is not necessary to use any error
mitigation techniques to increase the precision for the driver Hamiltonian settings,

when solving this type of problem.

11.2 Average success probability versus precision

In order to determine whether using our scheme still provided a benefit when
computing with quantum walks, we found the average long time success probability
, for precision in the range [1, 10], over 103 instances of three repeats of single
disconnected copies and three anti-ferromagnetically connected copies of 5-qubit

SK spin glasses, using quantum walks.

Figure shows the long time average success probabilities, P(t, At) for t = 30,
At = 70 of three repeats of single disconnected copies (left bars, orange) and three
anti-ferromagnetically connected copies (right bars, composite blue and purple)
of 103 instances of 5-qubit SK spin glasses [90], versus four values of precision,
p=3,5,7,10. The lower fraction of the composite right hand bars (blue) indicate

the fraction of instances where the average success probability is lower for the
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Figure 11.2: Average success probability (equation (2.7))), P (¢, At) for t = 30, At =
70 at yopt, averaged over 1000 5-qubit spin glass instances versus precision. Left bars
show the P (t, At) of three repeats of single disconnected copies subject to precision
(orange). Right bars show the same for three anti-ferromagnetically connected
connected copies subject to precision (composite blue and purple). P(t,At) for
three disconnected copies with perfect precision is shown by a horizontal dotted
green line, (with a constant average success probability of ~ 0.39) as a comparison
for the configurations subjected to precision.

three anti-ferromagnetically connected copies than the three disconnected copies,
whereas the upper fraction (purple) shows the reverse. The horizontal dotted green
line shows the average success probability of the three disconnected copies with true
precision (constant ~ 0.39). Note that this value (despite being less than one) is
the ‘best’” we can do when computing this way. Therefore this line indicates the
maximum success probability possible for the instances and serves as a benchmark

for comparison.

Interestingly we see in figure[I1.2]that despite the reduction in average success prob-
ability for the three repeats of single copies due to lack of precision, their average
success probability is still always higher than that of the three anti-ferromagnetically
connected copies. This is a completely opposite result compared to when we found
the solution states using the classical branch and bound technique. This indicates
that our error suppression scheme provides no benefit when finding the ground

state using quantum walks.
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Despite this, looking at the right hand composite bars of figure we see that,
at each precision there is a small fraction of instances where using our scheme does
provide an improvement in fraction correct. We also see this fraction increases
as precision increases, indicating that, at a higher value of precision, we may be
able to recover an improvement from using our scheme. The lower average success
probability found here does not necessarily nullify the effectiveness of our scheme
when using quantum walks (as there are still a proportion of instances for which
our scheme is beneficial), but indicates the interplay of excited states found in

quantum walks is important in the calculation of average success probability.

11.3 Differences in average success probability

We next looked at the difference in average success probability between three re-
peats of single disconnected copies and three copies connected using our scheme.
We split the difference into two cases. Case 1: when the average success probab-
ility was higher for the three copies connected using our scheme. Case 2: when
the average success probability was lower for the three copies connected using our

scheme.

Figure shows the difference in average success probability P(t, At) for ¢t =
30, At = 70 at 7,y on a log scale, between three repeats of single disconnected
copies and three copies connected anti-ferromagnetically using our scheme, versus
precisions p = 3,5,7,10. The orange points show the differences when the average
success probability is higher for the three anti-ferromagnetically connected copies,
whereas the blue points show the differences when the average success probability

is lower for the three anti-ferromagnetically connected copies.

We see in both cases that as the precision increases, the difference between the
average success probability decreases. We also see that at all precisions (apart
from p = 3) the difference, when the average success for three copies connected
using our scheme was higher (orange), was larger than the difference, when the
average success for three copies connected using our scheme was lower (blue). This
indicates that when our scheme ‘helps’ an instance, it ‘helps’ these instances by on
average more than it ‘hurts’ other instances by. However the fraction of instances
it ‘helps’ is far lower than the instances ‘hurts’. This means on average there is
no advantage (and some disadvantage) to using our scheme when computing with

quantum walks.
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Figure 11.3: Difference in average success probability, P(t, At) for t = 30, At = 70
at Yopt on a log scale, between three repeats of single disconnected copies and
three anti-ferromagnetically connected copies, averaged over 103 5-qubit spin glass
instances versus precision. The orange points (and line) show the difference in
average success probability when the average success probability is higher for three
anti-ferromagnetically connected copies than three disconnected copies and the blue
points (and line) show when the reverse is true. Error bars are plotted for both
cases.

11.4 Average success probability with the protocol

We next investigated the effect the average success probability P(t, At) of connect-
ing the three copies with anti-ferromagnetic links using the link selection protocol
developed in section We measured this on 10% instances of 5-qubit spin
glasses, for values of precision p = 3,5,7,10. Precision was applied using the de-

terministic random error model.

Figure shows the average success probability P(t,At) for t = 30, At = 70
of several configurations of three copies of 5-qubit spin glasses. Blue points (and
line) show P(t, At) for three copies connected anti-ferromagnetically without using
the link selection protocol. Red points (and line) show P(t, At) for three copies
connected with anti-ferromagnetic links using the link selection protocol. Orange
points (and line) show P(t, At) for three repeats of single disconnected copies. All

the preceding configurations were subjected to precision p = 3,5,7,10, applied
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Figure 11.4: Average success probability (equation ), P(t,At) for t = 30,
At = 70 at vop, averaged over 1000 5-qubit spin glass instances versus preci-
sion p. Orange points (and line) shows the P(t, At) for three repeats of single
disconnected copies, while subject to precision. Blue points (and line) show the

P(t, At), for three copies connected with anti-ferromagnetic links, while subject to
precision. Red points (and line) show the P(t, At) for three copies connected with
anti-ferromagnetic links, selected using the link selection protocol [I0.4.1] while sub-
ject to precision. For comparison, green points (and line) show the P(t, At), for
three repeats of single copies with true precision.

using the deterministic random error model. As a benchmark of the maximum
possible success rate, P(t, At) for three repeats of single disconnected copies with

true precision is plotted (green points and line). Error bars are shown in all cases.

We note that the P(¢, At) data for three copies connected without the protocol
subjected to precision (blue), three repeats of single disconnected copies subjec-
ted to precision (orange) and three repeats of single disconnected copies with true
precision (green) is the same as the data shown in figure (without the frac-
tioning of three connected copies). However, we felt it necessary to replot in order
to provide context for the behaviour of P(t,At) for three copies connected using

the link selection protocol.

In figure we see that the copies connected using the protocol outperform the
copies connected without using the protocol, at p =3, p =5 and p = 7 (although

the error bars do overlap at p = 7). This contrasts to figures [10.13| and [10.12] in

section[I0.5] where we found that the copies connected using the protocol performed

worse that the copies connected without for p > 5 for spin chains and for p > 4

127



11.5. Awerage success probability for larger problem sizes

for SK spin glasses. This indicates that using the protocol is more beneficial when

computing using quantum walks.

In figure[I1.4] we also see that the copies connected using the protocol never outper-
form three repeats of single disconnected copies for all values of p tested (although
the error bars overlap at both p = 7 and p = 10). This also contrasts with figures
[10.13] and [10.12] in section where we saw for spin chains that, three copies

connected with and without using the protocol and two copies connected with the

protocol out-perform three repeats of single disconnected copies for all p and two
copies connected without using the protocol out-perform three repeats of single
copies for p > 3. For SK spin glasses we saw the same, apart from two copies con-
nected without the protocol which outperforms three repeats of single copies for
p > 2. This result indicates that whilst using the link selection protocol to connect
copies when computing using quantum walks provides more of a benefit than it did
for computing by classical techniques, we still see that simply using three repeats
of single disconnected copies is still more effective for error suppression due to lack

of precision than either.

These results indicate that quantum walks have an inbuilt robustness to lack of
precision, that is more effective than our error suppression scheme. We hypothesise
this may be the case for the following reasons. Our error suppression scheme has
the net effect of allowing at least one other low lying state (most likely with one
or two bit flips compared to the original correct ground state) to be included in
the overall ground state. This means that if an error occurs on the original ground
state changing it to an incorrect but low-lying state, then it is likely that the one
of the copies it is connected to will be the original correct ground state. This
works well when using classical or adiabatic techniques to computed because we
have no other ways of accessing these low lying states. However, when computing
with quantum walks, we will already have some non-zero probability of being in
these low-lying exited states. If these low-lying states include the original correct
ground state then they will also add to the success probability. Therefore when we
are connecting copies using our error suppression scheme when computing using
quantum walks, we are not really adding anything that will make us more likely to
find the original correct ground state, but we are potentially adding a disadvantage

by breaking copies due to the anti-ferromagnetic links.
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Figure 11.5: Normalised average success probability P(t, At), for t = 30, At = 70,
versus precision p, for 10% instances of three repeats of single disconnected copies
of 5 (blue), 6 (orange), 7 (green), 8 (red) and 9 (purple) qubit SK spin glasses.
Normalisation was done by dividing each of the data points by the maximum
average success probability of three repeats of single copies with true precision.

11.5 Average success probability for larger problem

sizes

Next we wanted to see how the average success probability P (t, At) for three repeats
of single disconnected copies varied, for problem sizes larger than 5-qubits. Figure
shows the normalised average success probability P(t, At) for t = 30 and
At = 70 for 103 instances of three repeats of single disconnected copies of 5 (blue),
6 (orange), 7 (green) and 8 (purple) qubit SK spin glasses versus precision of

p =3,5,7,10 which was applied using the deterministic random error model.

Normalisation was done by taking the dataset of one problem size and dividing
the value of each of the data points by the maximum average success probability
of three repeats of a single disconnected copies at true precision. The value of
the maximum average success probability at each size were: 5 qubits: ~ 0.39, 6
qubits: ~ 0.29, 7 qubits: ~ 0.19, 8 qubits: ~ 0.13, 9 qubits: ~ 0.09. As can
be seen the maximum average success probability reduces with increasing problem
size (although the rate at which it decreases by also reduces). This is as expected
as with increasing problem size, there are more possible states for that the system

to be in and therefore more opportunities to be incorrect.
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In figure we see that there is little difference in normalised P(t, At) versus
precision p, between sizes, and all error bars overlap. All sizes start with a normal-
ised P(t, At) of around 0.96 at p = 3 which then increases to around 1.00 at p = 5.
As p increases further to p = 7 and p = 10 the normalised P(t, At) remains around
1.00, however the variance of the data around this value reduces. This means at
p = 3, when computing with quantum walks, we are only reducing the average
success probability due to a lack of precision by around 4%. This percentage also
doesn’t seem to vary with increasing problem size. This contrasts to what we found
when computing using the classical branch and bound technique (see figure|9.4) to
find the SK spin glass ground states. There we saw that when qubit number n = 5,
the fraction correct (equivalent to average success probability here) was reduced by
around 25% for three repeats of single disconnected copies. This grew to over 40%
when n = 9. This finding further indicates that quantum walks have an intrinsic
robustness to precision errors of this type, perhaps for the reasons hypothesised in

the previous section.

11.6 Chapter summary

In this chapter, we assessed whether our error suppression scheme affected the
optimal hopping rate v of quantum walks. In order to do this, we measured the
average success probability P(t,At) for t = 30 and At = 70 versus the hopping
rate vy, of four individual 5-qubit SK instances, all subjected to precision of p = 3
(applied using the deterministic random error model) in the following configura-
tions: three repeats of single disconnected copies and three copies connected anti-
ferromagnetically. We compared this to the P(t, At) versus « of three repeats of
single disconnected copies of each instance at true precision and their optimal value
of v, which was calculated in [64] and stored at [90]. We found that there was no
great difference in the optimal v for copies subjected to lack of precision and con-
nected using our scheme meaning that the optimal ~’s calculated in [64] and the
heuristic used to calculate them, could be continued to be used when using our

error suppression technique.

Next we looked at the average success probability P(t, At) vs precision p of 103
instances of 5-qubit SK spin glasses. We looked at the following configurations:
three repeats of single disconnected copies and three copies connected with anti-
ferromagnetic links according to our error suppression scheme. Both were subjec-
ted to precision using the deterministic random error model. For the three copies
connected using our error suppression scheme, we split the total average success

probability into the average success probability when the average success probabil-
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ity of three repeats of single copies was higher and the average success probability
when the average success probability of three repeats of single copies was lower
than the average success probability of the three anti-ferromagnetically connected
copies. As when computing with quantum walks the average success probability
is always below one, we also measured the average success probability of three
repeats of single disconnected copies not subjected to precision and used this as
the benchmark for the maximum achievable average success probability. We found
that for all values of precision tested (p = 3,5, 7, 10), three repeats of single copies
outperformed three copies connected using our error suppression scheme. This was
a completely opposite result to when the ground states were computed using the
classical branch and bound technique in section [§] indicating our error suppression
scheme was largely ineffective when computing with quantum walks. However we
did see that the fraction of average success probability of the three connected cop-
ies where the average success probability of the three repeats of single copies was
lower did increase with increasing p. Therefore there may be a potential benefit

from using our error suppression scheme when precision p is high enough.

We next looked at differences in success probability for the three copies connected
using our error suppression scheme, for two cases. Case 1: when the average suc-
cess probability was higher for three copies connected using our error suppression
scheme, than three repeats of single disconnected copies. Case 2: when average
success probability was lower for three copies connected using our error suppression
scheme, than three repeats of single disconnected copies. We found in both cases
the difference decreases with increasing precision p. We also found that other than
for p = 3, the difference for case 1 was always larger than for case 2. This indicated
that when our error suppression benefited a particular instance, the amount the
particular instance benefited was on average larger than the amount the instances

were disadvantaged by in case 2.

We next measured the effect on average success probability versus precision p
of introducing our link selection protocol when connecting the three copies anti-
ferromagnetically. We found that the copies connected with anti-ferromagnetic
links selected by our link selection protocol performed better than the copies con-
nected anti-ferromagnetically without using our protocol. However this improve-
ment, was not enough to outperform the three repeats of single disconnected copies.
This result further indicated the intrinsic robustness of quantum walks to the pre-

cision errors we had introduced and we hypothesised why this might be the case.

Finally, we measured the normalised average success probability versus precision
p, for three repeats of disconnected single copies for sizes 5, 6, 7, 8, and 9-qubit

SK spin glasses. We normalised the average success probability of each size, by
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dividing each of the results by the average success probability at true precision
for each size. We found that the average success probability for each size was
only reduced by ~ 4% at p = 3 before tending toward ~ 1 at p = 5,7,10. This
was a much smaller decrease in success probability than what was found when the
solution state was computing using the classical branch and bound technique. Also
the percentage by which the average success probability was reduced at p = 3 was
fairly constant for all n tested here, whereas for the solution states computed using
the classical technique, this reduced with increasing n. This further indicates the

intrinsic robustness of quantum walks to these type of precision errors.

11.7 Future work

Characterizing the effects of limited precision and anti-ferromagnetically linked
copies on the outcomes of quantum walk computation requires significant work to
unravel the contributions from excited states that also provide correct solutions.
The above work showing that quantum walks have an intrinsic robustness to pre-
cision errors which renders our error suppression scheme ineffective, has only been
carried out for using the deterministic random error model. Therefore further ana-
lysis using the deterministic mid-point error model and random error model would
be highly useful. Furthermore we saw in figure that our error suppression
scheme does provide a benefit for some fraction of instances (and this fraction
grows with increasing precision). Therefore it would be interesting to conduct a
further analysis into which instances are benefiting from our scheme and if these

instances share any similarities that could be exploited.
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CHAPTER ]. 2

Conclusion and Outlook

12.1 Conclusion

In this thesis I have introduced and provided numerical analysis for small n, of
a scheme that suppresses errors in the ground state of Ising models due to lack
of precision in its fields and couplings. This scheme was inspired by, but has
several key differences to QAC an error correction scheme first introduced in [1].
After introducing the necessary theory in chapters and [ in chapters
@ [I0] and I presented the numerical analysis and research of our error
suppression scheme. I provide a summary of each of the numerical analysis and

research chapters below.

Chapter Link Strength Tests. In this chapter, we first looked how the
fraction correct varied with the strength of the links Jp between copies, in order
to determine if there was a benefit to connecting copies and if so which was the
optimal value of Jp. We applied a lack of precision using first the random error
model, then the deterministic mid-point error model and finally the deterministic
random error model. For each model tested we simulated precisions of p = 3
(blue) and p = 4 (yellow). We measured both 5-qubit SK spin glasses and spin
chains, in two copies in a chain and three copies in a loop configurations. We found
that there was a benefit to connecting copies with close to minimum (allowed by
precision) strength anti-ferromagnetic links, Jl(f) ~ —27P*1 which we called J}}ﬁ“ .
We also found that for three connected (in a loop) copies, fraction correct remained
high, close to that of separate copies, as the magnitude of the anti-ferromagnetic
links increased, whereas for two connected (in a chain) copies, the fraction correct
rapidly decreased to well below that of separate copies. We hypothesised this was
due to differences in the way the three copies suppressed errors compared to the

two copies. We noted that the error suppression benefit we saw from connecting
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Jl(;p) = J®in | was an average effect over 10° instances of SK spin

copies with links
glasses and spin chains. We next looked at the fraction correct versus Jr for four
randomly selected singular instances. We applied precision using the random error
model with 102 error samples, so that fraction correct statistics could be built up in
this way. We found that for two of the instances, connecting the copies with anti-
ferromagnetic links provided a beneficial effect, for one of the instances no effect,
and for the other instance a negative effect. This showed that our scheme was
not helping every instance. We hypothesised that a non-computationally intensive
technique that could identify whether our scheme would help or not would allow
us to extract a stronger advantage. We next repeated the measurement of fraction
versus Jp across 10 instances of 5-qubit spin glasses with no fields. We found that
the benefit in fraction correct when Jl(f) ~ —27P*!l was completely lost in this
scenario for both two and three copies. We then hypothesised on the mechanism

of our error suppression scheme.

Chapter [8 Error Suppression Results. In this chapter we measured the frac-
tion correct vs precision p in the range [1,10], of multiple configurations of two,
three, four and five copy 5-qubit SK spin glasses and two and three copy 5-qubit
spin chains. All copies were connected with anti-ferromagnetic links of strength
Jmin - We first looked at two copies connected in a chain of 5-qubit SK spin glasses.
We applied precision first using the deterministic error model and then using the
random error model. We found an improvement in fraction correct over two separ-
ate copies above p = 3 and p = 4 respectively. We then repeated this measurement
for two connected copies of 5-qubit spin chains, using the same two error models to
apply precision. In both of these cases we saw an improvement in fraction correct
above p = 3. In all the following simulations in this chapter, only the deterministic
error model was used. We next looked at the fraction correct versus precision for
three copies of 5-qubit SK spin glasses connected anti-ferromagnetically in a chain.
Here we found an improvement in fraction correct above three separate copies for
values of precision greater than p = 4. We repeated this measurement for three
copies of 5-qubit SK spin glasses connected in a loop. Here we saw an improvement
in fraction correct across the whole range of precision [1,10]. After this we meas-
ured the fraction correct versus precision for four copies in a loop of 5-qubit SK
spin glasses. Here we only saw an improvement in fraction correct above four sep-
arate copies for precisions p > 5. Finally we measured the fraction correct versus
precision of five copies in a loop of 5-qubit spin glasses. Here we recovered the im-
provement in fraction correct over five separate copies for the whole precision range
[1,10]. Due to gaining the best performance improvement using loops of three and
five copies, we hypothesised that the frustration present in these configurations was

key to maximising the performance of our error suppression scheme.
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Chapter [9; Precision Improvements. In this chapter we aimed to find the
precision improvement in terms of bits of precision gained by connecting three cop-
ies of SK spin glasses and spin chains of size 5 to 9 qubits, with anti-ferromagnetic
links of strength J¥" in a loop. We first looked at the conditional fraction correct
versus precision of three copies in a loop of 5 and 9-qubit SK spin glasses and 5-
qubit spin chains. The conditional fraction correct was the fraction correct when:
1) the single copy was correct and the three copies were correct, 2) the single copy
was incorrect and the three copies where correct and 3) the single copy was correct
and the three copies were incorrect. Here we found that most of the instances
fell into category 1), only very few fell into category 3) and a small but import-
ant quantity fell into category 2), indicating the source of our improvement. By
running a single separate copy alongside our three connected copies we could also
include category 3) into our measure of total fraction correct. We next measured
the total fraction correct versus precision for sizes 5 to 9 qubits of three copies
(connected with anti-ferromagnetic links in a loop) plus one disconnected copy of
SK spin glasses and spin chains and compared this to the fraction correct of the
four repeats of separate copies. We found that the improvement in fraction correct
was retained across these sizes. We next quantified this improvement in fraction
correct by measuring the horizontal distance between the same value of fraction
correct for separate copies and three connected copies plus one disconnected copy
of the same size. For SK spin glasses we found that the improvement in precision
from three connected copies plus one disconnected copy was about 3 at p = 7 be-
fore showing signs of levelling off. For spin chains we found the improvement in
precision from three connected copies plus one disconnected copy was about 4 at

p =7, before also showing signs of levelling off.

Chapter Link Selection Protocol. In this chapter, based on an analysis
of 2-qubit Ising models, we developed a link selection protocol which aimed to
enhance the improvements from our error suppression scheme, by selecting which
corresponding qubits should be connected and which qubits should be left discon-
nected, in a computationally non-intensive way. We first analysed the location of a
threshold between a ferromagnetic and anti-ferromagnetic ground state in 2-qubit
Ising models, which depends on the strength of link connecting the two qubits.
We next analysed the energy levels of the 2-qubit model, above and below this
threshold and predicted that our error suppression scheme should perform better
on one side of this threshold. We next confirmed this prediction by measuring the
fraction correct versus Jr for two and three copies of 2-qubit models. By making
a large assumption and approximating an n-qubit Ising model as n 2-qubit Ising
models, we developed a link selection protocol, that decided whether or not cor-

responding qubits in separate copies should be connected or left disconnected, in a
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non-computationally intensive way. We tested the performance of this link selection
protocol on two (in a chain) and three (in a loop) copies of 5-qubit SK spin glasses
and spin chains. For SK spin glasses, we found two and three copies connected
using the link selection protocol gained an improvement over two and three copies
connected without the protocol for p < 4. For spin chains, we found two and three
copies connected using the link selection protocol gained an improvement over two
and three copies connected without the protocol for p < 5. This indicated our link
selection protocol was successful at low precision but not at high. This indicated

the need for more research in this area to gain a further improvement.

Chapter Quantum Walk Dynamics. In this chapter, we looked at the
effect of our error suppression scheme when computing using quantum walks. We
first looked at the effect of our scheme on the location of optimal ~. Looking at
four random individual 5-qubit SK spin glass instances, we found that in all four
cases the value of optimal v was not significantly impacted by our scheme. We
also found that in two of the cases, the success probability at optimal v was not
strongly impacted by our scheme. In one case the success probability was reduced
by our scheme and in the other case the success probability was improved by our
scheme. In order to determine whether we still saw an improvement on average
from using our scheme with quantum walks, we next measured the fraction correct
versus precision for three copies connected anti-ferromagnetically in a loop at p =
3,5,7,10. We found that there was no improvement from the three connected
copies over the three separate copies at any of the precisions tested. Despite the
lack of overall improvement, we saw that a small fraction of instances did gain an
improvement from our scheme and this fraction increased with precision. We also
saw that the difference in success probability between three separate copies and
three connected copies was larger for instances where an improvement was gained
with three connected copies for p = 5,7,10. Next, we tested the effect of using
the link selection protocol to connect three copies when computing using quantum
walks. We found that for all precisions tested, the three copies connected using
the link selection protocol outperformed those connected without using the link
selection protocol. Despite this improvement, the three copies connected using
the link selection protocol still did not outperform three separate copies at any
value of precision. We hypothesised that the lack of improvement may be due to
access to excited states. This is gained from using our scheme in a classical or
adiabatic setting but is already present when computing with quantum walks. We
then measured the normalised success probability versus precision for sizes 5- to
9-qubit SK spin glasses. We found that compared to models computed classically,
for quantum walks, the reduction in success probability due to lack of precision

was much lower and there was also little to no scaling with problem size. This
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indicated an innate robustness to lack of precision present when computing using

quantum walks.

12.2 Outlook

In chapter |8, we saw that configurations of copies that contained frustration (loops
of three and five copies) provided the strongest improvement in fraction correct
compared to separate copies. An interesting avenue of research, would be to ana-
lyse the performance of several different frustration containing configurations in
order to determine if there is an optimum configuration. Investigating the viabil-
ity of concatenating several frustrated loops, as a way of improving performance
further could also be interesting. Our work clearly indicates the importance of
providing frustration in a system when designing a continuous-time quantum com-

puter /annealer.

We have tested our scheme only on sizes of up to 9 qubits. If the improvement
gained by our scheme extends to higher numbers of qubits, it could provide a
way of scaling beyond precision limits in continuous-time quantum computing.
In order to determine if our technique was helpful on a useful size of quantum
computer, testing of larger size models would be required. On a classical computer
the maximum number of qubits that can be simulated is around 50 [171], though
for certain tasks more can be simulated [172, [173]. Another way of determining
helpfulness would be to show an advantage analytically. The authors in [140, (142,
143] ( described in section use a mean field approach to show that QAC
reduces the effective temperature. Potentially this technique could be applied to

our scheme, thereby showing favourable scaling.

An improvement could also be potentially shown experimentally if a suitable model
was possible to run on the hardware. On machines such as D-wave, minor embed-
ding used to map some models to the machine, is expected to have a negative effect
on our scheme, which could lead to inconclusive results. However, it could still be
tested if a sutable direct embedding onto the native graph could be found. Exper-
imental results from QAC [137) [139] indicate testing like this could be possible on

current D-Wave systems.

In chapter we saw that copies connected with link selection protocol we devised
from approximating an n-qubit Ising model as multiple 2-qubit Ising model only
outperformed copies connected without the protocol at low precision (for classically
computed ground states). This indicated the unsuitability of this approximation on

larger size Ising models. An interesting avenue of research would be to investigate
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a more rigorous link selection protocol, to see if a balance could be struck between

optimal performance and a non-computationally intensive protocol.

In chapter we found that when computing with quantum walks, the improve-
ment gained from connecting copies anti-ferromagnetically according to our scheme
was completely lost. We hypothesised this was due to the access to excited states
that is available when computing with quantum walks, indicating that they have an
innate robustness to this type of precision error. This contrasts to AQC, where we
expect performance like we found using the classical branch and bound technique,
due to AQC not having access to excited states. It would therefore be an inter-
esting avenue of research to look into the performance of our scheme in quantum
annealing or hybrid approaches (interpolation between quantum walks and AQC

first described in [63]) as a more mixed result might be expected.

Finally, another interesting avenue to explore, would be the application of our
scheme in a gate-based setting, particularly given the similarities between QAOA
and quantum annealing [174]. Whether our scheme could be extended beyond
classical optimization problems and classical repetition codes to fully universal
quantum error correcting codes, e.g., for quantum simulators, where quantum
Hamiltonians are evolved continuously in time, is also an interesting open question.
The weak anti-ferromagnetic links used in our scheme effectively rewards finding
good quality (low energy) solutions which differ by large Hamming distances (i.e.
maximising the number of bit-flips). This may have application beyond error mit-
igation in hybrid algorithms, or for problems where a diverse set of solutions are

desired.
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