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Abstract: This thesis studies the algebro-geometric aspects of supersymmetric
abelian gauge theories in three dimensions. The supersymmetric vacua are demon-
strated to exhibit a window phenomenon in Chern-Simons levels, which is analog-
ous to the window phenomenon in quantum K-theory with level structures. This
correspondence between three-dimensional gauge theories and quantum K-theory
is investigated from the perspectives of semi-classical vacua, twisted chiral rings,
and twisted indices. In particular, the twisted index admits an algebro-geometric
interpretation as the supersymmetric index of an effective quantum mechanics. Via
supersymmetric localisation, the contributions from both topological and vortex
saddle points are shown to agree with the Jeffrey-Kirwan contour integral formula.
The algebro-geometric construction of Chern-Simons contributions to the twisted
index from determinant line bundles provides a natural connection with quantum

K-theory.
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The scientist does not study nature because it is useful; he studies it
because he delights in it, and he delights in it because it is beautiful.
If nature were not beautiful, it would not be worth knowing, and if

nature were not worth knowing, life would not be worth living.

— from Science and Method by Henri Poincaré
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Chapter 1

Introduction

1.1 Background

In the broadest terms, the study of physics is the ultimate endeavour to make sense
of the world we observe around us. From our observations, we build mathematical
models that describe and predict all kinds of natural phenomena, ranging from
Newton’s apples to human psychology. However, we usually refer to physics
by those more “fundamental” models. What is fundamental is a subjective and
evolving concept. For a theoretical physicist, this most likely means the theories
describing the most fundamental forces and particles, by which we mean they
cannot be further reduced to simpler constituents. The best fundamental theories

we currently have are
¢ the standard model describing the electroweak and the strong forces,

¢ and the theory of general relativity describing gravitation.
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These two theories are not fully compatible nor complete!. The research in theoret-

ical physics usually focuses on some specific issues concerning these two theories.

In particular, the strong force described by quantum chromodynamics in the
standard model is not yet fully understood. The main obstacle is that, unlike in
quantum electrodynamics, the perturbative approach widely used for scattering
experiments does not work in this regime where the interactions are strong. One
of the basic assumptions for the Feynman diagrams is that the interaction is weak.
There have been enormous efforts going into understanding the strong force. For
example, string theory was originally invented as a theory of the strong force,
which has evolved into a much more ambitious framework with deep insights in
both physics and mathematics. Lattice gauge theory is another well-established

probe into quantum chromodynamics utilising Monte Carlo simulations.

A different approach to deal with the non-perturbative nature of the standard
model is obviously to understand non-perturbatively the underlying framework,
quantum field theory. It is easier said than done. The standard model is far too messy
to deal with directly. So we adopt our best weapon, idealised toy models. This is
ubiquitous across branches of science, where we tend to first study the simplist
model that admits certain behaviours of interests. Our aim is to understand the
general framework of quantum field theories by studying interesting toy models.
Therefore we are free to impose further symmetries and adjust model parameters,
as long as the phenomena of interest are manifest. We sincerely hope that our

spherical cows would taste the same as the normally shaped ones.

An important technique is to implement supersymmetry, which is a proposed

1]t is debatable if there can ever be a complete theory of physics. My view is that there would
always be physics beyond our current understanding.
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symmetry between the force carriers, bosons and the matter constituents, fermions.
There was a time when we were hopeful that supersymmetry is a genuine symmetry
of nature. Unfortunately, the recent results from the Large Hadron Collider have
ruled out the most plausible supersymmetric extensions to the standard model.
However, supersymmetry remains as a powerful tool to probe the structure of
quantum field theories. For instance, many infra-red dualities ubiquitous in
quantum field theories are first discovered in supersymmetric theories. The Seiberg-
Witten thoery [SW94], i.e., supersymmetric quantum chromodynamics retains
the signature phenomenon of confinement from non-supersymmetric quantum
chromodynamics, while offering exactly computable observables. It also provides
insight into topology via connections to Donaldson invariants [Don96]. This is far

from an isolated example contributing to mathematics.

In addition to the motivation of better understanding the non-perturbative aspects
of quantum field theories, the research in supersymmetry has been proven to
deliver striking insights into many areas of pure mathematics, including algebraic
geometry, topology, non-commutative algebras, and representation theory. In
particular, the study two-dimensional supersymmetric theories has revolution-
ary contributions to symplectic and algebraic geometry via the development of

homological mirror symmetry, Gromov-Witten theory, and quantum cohomology.

The research documented in this thesis specifically studies supersymmetric quantum
tield theories in three spacetime dimensions, where we are slightly distorted from
the reality by tuning down the number of dimensions from four to three. The
focus is on gauge theories, which are a type of quantum field theory invariant
under local gauge symmetries. They are of significant interests in both physics
and mathematics. A three-dimensional gauge theory permits Chern-Simons terms

which is used to describe the fractional Hall effect in condensed matter physics.
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Equipped with supersymmetry, it can be considered as a lift to three dimensions
of two-dimensional supersymmetric gauge theories, which are closely related to
quantum cohomology and mirror symmetry. Therefore it is expected to produce
analogous mathematical results. In particular, there exists three-dimensional mir-
ror symmetry and quantum K-theory, which can be considered as a lift respectively
from homological mirror symmetry and quantum cohomology. More import-
antly, these three-dimensional analogues admit mathematically distinct properties.
Therefore the study of three-dimensional gauge theories are expected to lead to new
mathematics. Indeed the focus of this thesis is on those mathematical structures

arising from three-dimensional supersymmetric gauge theories.

1.2 Setup

The primary class of theories considered in this thesis consists of N = 2 supersym-
metric Chern-Simons abelian gauge theories with chiral matter contents, on some

three-dimensional base manifolds.

¢ The gauge symmetry is taken to be U(1). A discussion of higher rank groups
U(1)¥ is left to Chapter 8.

* The matter contents are N > 0 chiral superfields {®; [ j = 1,..., N} charged

under the gauge group with charges Q; # 0.
* The chiral multiplet @; has R-charge ;.

¢ The theories contain various Chern-Simons terms mixing the gauge, flavour,

and the R-symmetry.

* There exists a real Fayet-Iliopoulos parameter ( associated to the topological

symmetry U(T);.
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1.3 Results

There are two main strands of original research conducted in this thesis, which are

closely intertwined.

* The first strand is on the geometry of the twisted indices of these super-
symmetric gauge theories on S' x £, where the circle S’ is the compactified
temporal dimension and the space is taken to be an arbitrary Riemann surface

Y as shown below. This collaborative work has been published in [BFKX22].

X M

ST x

We obtain an algebro-geometric interpretation of the twisted indices via
the technique of supersymmetric localisation [BFKX22], which is one of the
most powerful tool offered by supersymmetry. It allows us to compute the
path integrals exactly by “localising” the contributions to spaces of finite
dimensions. Supersymmetry enables us to introduce exact deformations and
scaling limits that lead to different mathematical models of the same partition
function. The topological twist is performed using the unbroken R-symmetry,

which preserved an N = (0,2) quantum mechanics on the circle S'.

In general, using different classes of localisation schemes, the twisted index
localises to different types of integrals [Will7]. In Coulomb branch local-
isation scheme, the path integral localises onto configurations where the
vectormultiplet scalar is non-zero and the gauge group is broken into a max-
imum torus [KWY10, HHL11b, HHL11a]. This formulates the twisted index
as Jeffrey-Kirwan contour integrals [BZ15, BZ17, CK16]. In Higgs branch
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localisation, the path integral localises onto configurations solving vortex
equations. This interprets the twisted index as integrals of characteristic

classes over the moduli spaces of vortices [FHY14, BP14].

We develop a Higgs branch localisation scheme, which leads to novel topolo-
gical saddle points, in addition to the vortex configurations. The topological
vacua are controlled by the Chern-Simons levels. Their existence is essential
to preserve the index during wall-crossing. This is achieved by consider-
ing a different scaling limit in the path integral, with an exact deformation
to the lagrangian depending on a one-dimensional Fayet-Iliopoulos para-
meter [BFK22]. It allows us to unambiguously interpret the twisted index
as the Witten index of the quantum mechanics on S', in each individual
magnetic sector labelled by m, schematically given by [BFK22, BFK19]
1= 3 g | A chiva),
mez

where M, denotes the moduli space parametrising saddle points of the
localised path integral with magnetic flux m € Z, and V,, represents a
complex of vector bundles arising from the massive fluctuations of chiral
multiplets and Chern-Simons terms. For vortex saddles, the moduli space

consists of symmetric products of the curve
My = Z sym® L
i

for each possible non-vanishing chiral multiplet ®;, where sym%:X are the
loci of vortices. For topological saddles, the moduli space is roughly a Picard

variety parametrising holomorphic line bundles on X
M ~ Pic™(Z) ~ T29.

With a careful analysis of the index bundle and Chern-Simons terms, the
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characteristic classes are computed using the Grothendiek-Riemann-Roch
theorem. This approach reproduces the results obtained using the Jeffrey-
Kirwan residue prescription under the conventional scheme of Coulomb

branch localisation.

* Thesecond strand of research concerns the connection between these quantum

tield theories and quantum K-theory, to be published in [BX22].

Quantum K-theory [Giv00, GL03, Lee04, Giv15] is a K-theoretical extension
to quantum cohomology. It is also referred to as quasi-map K-theory [ZZ20]
in the mathematical literature. Generally speaking, it studies the intersection
theory of complex vector bundles over the spaces of holomorphic curves in
Kdhler manifolds. Many directions of quantum K-theory are under active
research. For example, recent works [BMO10, MO12, MO15] have developed
deep connections to geometric representation theory and quantum integrable
systems. Furthermore, a striking correspondence between three-dimensional
gauge theories and quantum K-theory [JM20, JM19, JMNT20, UY20] has also

been under active research.

Quantum K-theory has an additional parameter called the “level” [RZ18,
RWZ20], compared to quantum cohomology. We propose that this level
can be interpreted as the Chern-Simons level in the class of supersymmetric
gauge theories we have been studying. While this correspondence has been
studied before in ad hoc fashions, we aim to give a formal interpretation via
our geometric construction of twisted indices. The Higgs branch localisation
developed in the previous strand of research leads to novel topological saddle
points, in addition to the vortex saddle points. These topological saddle points
exist when the effective Chern-Simons level in the asymptotic regions is non-

zero. This correspondence between these two distinct phenomena in physics
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and mathematics can be demonstrated directly from the semi-classical vacua,
the Bethe ansatz equations, and the twisted indices. Thus this phenomenon
is a new physical interpretation to the window phenomenon in quantum
K-theory [JMNT20], which also opens up the study on how to define quantum

K-theory outside the window by taking into account the topological saddles.

1.4 OQOutline

The bulk of this thesis is organised by the topology of the spacetime base manifold

of the quantum field theories.

e The case of flat manifold R? is discussed in Chapter 2. We review the
semi-classical vacuum equations and the type of their solutions, roughly
following [AHI"97, IS13]. The non-generic types of vacua, i.e., the Higgs
branch and the topological branch vacua are studied in details. Then the
window phenomenon for Chern-Simons levels is introduces, which is the
observation that the topological vacua can only co-exist with the Higgs vacua
for the Chern-Simons level in a certain critical window. We propose this
as the physical interpretation of the critical window in quantum K-theory
with level structures. This discussion is based on the work to be published

in [BX22].

e We investigate the corresponding theories on S x R? in Chapter 3, where
the circle S of radius f is the compactified temporal dimension and the
space is taken to be the plane R?. In this chapter we study the theory by
viewing it as a lift from the A-twist of the two-dimensional N = (2,2) gauge

theory on R%. The behaviour of the Bethe ansatz equations are studied in
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the different limits of the radius 3. The solutions are shown to reproduce
the behaviour of supersymmetric vacua in flat spacetime in the large radius
limit. In the small radius limit, the solutions corresponding to the Higgs
vacua in flat spacetime are shown to be captured by a two-dimensional gauge
theory, while the topological vacua are de-coupled into a collection of disjoint
two-dimensional theories. The Bethe equations define the quantum K-theory
ring, which reduces to the twisted chiral ring in the small radius limit if and
only if the Chern-Simons level lies in a critical window. This chapter is based

on [BX22].

 The more general case of a topological twist on S' x £ is studied in Chapter 4,
where the space is taken to be a generic Riemann surface X of genus g. A
topological twist [Wit98, NS15] is performed to preserve supersymmetry on
curved spaces, resulting in a N = (0, 2) quantum mechanics on S'. Instead of
viewing the theory as a lift from two-dimensional theories in Chapter 3, we
study it from the perspective of this quantum mechanics. We schematically
construct an algebro-geometric interpretation of the twisted index as the
supersymmetric index of a quantum mechanics on S', which reproduces the
Jeffrey-Kirwan contour integral formula. The full constructions are docu-
mented in Chapter 5 and Chapter 6. It also offers a geometric explanation of
the window phenomenon via the construction in Chapter 7 of Chern-Simons
contributions as determinant line bundles of auxiliary chiral multiplets. This

chapter is based on the research from [BFKX22, BX22].

¢ The full algebro-geometric construction of the twisted index for vortex saddles

is discussed in Chapter 5. This chapter is based on [BFKX22].

¢ The full algebro-geometric construction of the twisted index for topological

saddles is discussed in Chapter 6. This chapter is based on [BFKX22].
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¢ Chapter 7 gives an algebro-geometric construction for the Chern-Simons
contributions in twisted indices. The Chern-Simons contributions are con-
structed from the determinant line bundles of auxiliary chiral multiplets as a
result of integrating out. This is analogous to the level structure in quantum

K-theory. This chapter is based on [BX22].

* A brief exploration of higher rank abelian theories is conducted in Chapter 8.
Instead of trying to give a complete treatment, we only aim to set up the
notations and discuss some expectations. These more general theories admit
three-dimensional mirror symmetry. We investigate with some examples by

computing their twisted indices. This chapter is based on [BX22].

* The computational technique of multi-variate Jeffrey-Kirwan contour integ-
rals is proposed in Appendix A via a transformation formula. The validity
is substantiated by correctly reproducing the twisted indices of a mirror pair
of N = 4 abelian linear quiver gauge theories. This appendix is based on my

unpublished work.

* Some foundational background materials for this thesis are reviewed in
Appendix B and Appendix C, including gauge theories, bundles on Riemann

surfaces, and abelian vortex equations.



Chapter 2

Supersymmetric Vacua

The first half of this chapter reviews some general aspects of N = 2 supersymmetric
gauge theories in flat space R?, closely following [AHI"97, IS13]. In particular we
discuss the classification of supersymmetric vacua of abelian Chern-Simons gauge
theories in the presence of real masses and Fayet-Iliopoulos parameters. There
exist two types of generic vacua: the Higgs branch and the topological branch. The
discussion sets up the notation for this thesis, and provides a basis for discussing

theories on more sophisticated manifolds in later chapters.

In later sections of this chapter, we introduce the window phenomenon for the
Chern-Simons levels, where a specific window of Chern-Simons levels ensures the
absence of topological vacua in a given chamber for the Fayet-Iliopoulos parameters.
This observation suggests that it may be identified with the window phenomenon
in the quantum K-theory of the Higgs branch with level structures [BX22]. This
preliminary identification is also evidenced from the perspective of twisted chiral
rings in Chapter 3, and finally justified with an algebro-geometric interpretation

of twisted indices in Chapter 4 and Chapter 7.



2.1. Supersymmetric Quantum Field Theory 12

Two examples are provided in the end to illustrate the vacuum structure and the

window phenomenon .

2.1 Supersymmetric Quantum Field Theory

2.1.1 Supersymmetry Algebra

Assuming a lorentzian signature 1, = diag(—1,+1, +1) for the metric, the N = 2
supersymmetry in three dimensions contains four supercharges [IS13], satisfying

the following anti-commutation relations

{Qu,Qpl =0, {Q«Qp} =0, (2.1.1a)

{Qu, Qp} = 2vh Py +2ieapZ. (2.1.1b)

The complex supercharges Q and Q are labelled by the spinor indices «, B € {1,2}.

The gamma matrices {y" | u = 0, 1, 2} satisfying

YL ()" =n8,P + e (y,) P (2.1.2)
can be chosen as
y! -1
Y2l =10d1, (2.1.3)
v o3

where o denotes the Pauli matrices. The symmetric term y*P, contains the mo-
mentum P, while the anti-symmetric term €Z is from the real central charge Z.
This algebra can be obtained by dimension reduction from the N = 1 supersym-
metry [WB92] in four dimensions, where the central charge Z comes from the

reduced P; momentum.
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In the superspace formulation, the supercharges are represented by differential

operators Q, and Q, acting on a superfield O according to
5.0 =1[eQ —€Q, 0] = (eQ —€Q)0. (2.1.4)

The superspace derivatives D, and D, are defined to be anti-commuting with the
differential operators Q. and Q4. In the superspace coordinates (x, 6, 9), they can

be explicitly written as

Q, = Wa“ — iyt 0%, (2.1.5a)

Qy = —%“ +10Py} Oy, (2.1.5b)
and

D, = Waa +iy,870,, (2.1.6a)

D, = —% —10Pyh 0y - (2.1.6b)

A general superfield F(x, 0, 0) is a function of the superspace, which can be expan-

ded in powers of 0 and 0 as

F(x,6,0) = f(x) + 0 $(x) + 0 X(x)
+ 00 m(x) + 00 (x) + 0y*Ov,(x)
+ 000 A(x) + 000 (x)

+0000D(x) . (2.1.7)

Superfields form linear representations of the supersymmetry algebra, which are
in general reducible. We may impose covariant constraints to eliminate some extra

component fields.

The field contents of N = 2 gauge theories involve the following representations of
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the supersymmetry algebra:

¢ A chiral superfield O satisfies
D@ =0, (2.1.8)

usually serving as matter contents. This constraint can be easily solved in

terms of y* = x* + i0y"0 and 0 satisfying
Doy* =Dy0 =0. (2.1.9)

In components, the chiral superfield ® = ($, ), F) can be written as

®(x,0,0) = d(y) + V20 (y) + 00 F(y)

= b(x) +10y"0 0, P(x) + %eeéé %2 (x)
i

+v20P(x) — 7

000, (x)y" 0 + 00 F(x). (2.1.10)

* Similarly an anti-chiral superfield @ satisfies
D,®=0. (2.1.11)

Its components can be obtained by directly taking the conjugation of a chiral

superfield.

* A vector superfield V obeys
V=V, (2.1.12)

In the Wess-Zumino gauge [WB92], the vector multiplet V = (o, A, A, A, D)

can be written as

V=000~ 0y A, + 100X 000 ) + 20000D. (2.1.13)
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* A linear superfield X obeys
e*PD,Dp L =e*PD,DpL =0. (2.1.14)

For example, the gauge field strength is in the real linear multiplet

i

r= 2e“ﬁﬁxDﬁ, \%
=04+ 0O0A+0A
+ %ey”é FPe. v, +100D
+ %ééew duA — %eeéyuaj
+ L osda ot (2.1.15)

N

In general, a conserved global current ] satisfying DD ] = DDJ = 0 can be
viewed as a component of linear multiplets. The gauge field strength (2.1.15)
contains such a component J* = e*YPF,,, which generates the global U(1);

symmetry.

2.1.2 Supersymmetric Lagrangian

The general Wess-Zumino lagrangian involving chiral and anti-chiral superfields
O, D is

Jd“ K (D, D) + (J d?owW(@) +h.c.> , (2.1.16)
where K(®,®) is a general kinetic term, W(®) is the superpotential, and h.c.
denotes the hermitian conjugate. Note that the mass dimension of @ in three
dimensions is 1, hence the classically marginal interaction term is ®*. The theory
with superpotential W = @3 flows to an interacting fixed point in the infra-red.
In comparison, the Wess-Zumino theories in four dimensions always flow to

non-interacting gaussian fixed points.
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For an abelian gauge theory in three dimensions, the gauge vector superfield V
in (2.1.13) contains an additional real scalar o valued in the adjoint representation
of the gauge group, coming from the vector potential of the four-dimensional
theory in the reduced direction. The kinetic term of the gauge vector field V can

be written as
1
G

where W, is the chiral field strength constructed via

sze W2 +h.c., (2.1.17)

W, = ——(DD)D, V. (2.1.18)

The lowest component of the chiral field W, is a gaugino. Alternatively, the gauge
kinetic term can be written as

——Jd“e y? (2.1.19)

in terms of a linear superfield ~ = —%e“ﬁﬁcx Dg Vin (2.1.15), whose lowest com-
ponent is the vector multiplet scalar 0. The linear superfield X is invariant under
the gauge transformation

Vi V+i(A—AT). (2.1.20)

In three dimensions, the vector can be dualised into a scalar, turning the linear

multiplet into a chiral multiplet.

Each U(1) factor in the gauge group has a Fayet-Iliopoulos term in the form of

[
—ZﬂJd oV, (2.1.21)

where ( is the Fayet-Iliopoulos parameter.

There can be a supersymmetric Chern-Simons term of the general form

_%[ Jd4e TV (2.1.22)
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at Chern-Simons level k. Gauge invariance restricts [AHI*97] the Chern-Simons
level to be integers, k € Z. However, this term breaks parity at the classical level,
which is often referred to as the parity anomaly. The parity anomaly gives an
analogue of the 't Hooft anomaly matching conditions. In four dimensions, the 't
Hooft anomalies associated with gauging global symmetries must match between
the ultra-violet and infra-red theories. In three dimensions, the parity anomaly
matching gives a weaker Z, condition where whether the gauged global symmetry

has a parity anomaly must match between the microscopic and low energy theories.

The matter contents are chiral superfields @; in (2.1.10) giving a lagrangian
ZJd“e DleV;. (2.1.23)
j

It contains a potential for the squarks of the form
> lodsl?, (2.1.24)
J

which contributes to the real mass for the matter fields.

The total lagarangian of the U(1), gauge theory with N chiral superfields ®; of

gauge charges Q; and real masses m; is

L= Jd“e (cD]TeQiV“mieeq)j L L iv) . (2.1.25)

e2 4m 2n
2.1.3 Supersymmetric Index

In supersymmetric quantum mechanics, there is a natural “invariant”
persy q

Tr(—1)" := Trge(—1)FePH (2.1.26)
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called the supersymmetric index [Wit82] or Witten index. The base space is taken
to be a circle of radius 8, and H = {Q, Q} is the hamiltonian operator. Crucially,
the supersymmetric index is invariant under supersymmetric deformations to the
lagrangian. The Hilbert space J{ is graded by the Fermion number operator F. If
the spectrum is gapped, it only receives contributions from the supersymmetric
vacua. In fact, it counts the difference of the numbers of bosonic and fermionic
ground states. Geometrically the supersymmetric index is [HKK™"03] the Euler

characteristic of the Q-complex.

¢ For a sigma model of a quantum mechanics with a riemannian target manifold
M, it is identified with the Euler characteristic of M,
Tr(—1)" = ) (=1)"dimH(Q) = x(M) (2.1.27)
f

via de Rham cohomology.

¢ For a sigma model to a Khiler target manifold M endowed with a holo-
morphic vector bundle E, it is identified [BFK22] with the holomorphic Euler
characteristic

Tr(—1)" =x(M,K'* Q@ E) = J A(TM) ch(E) (2.1.28)
M

via Dolbeault cohomology.

It plays a central role in studying the geometry of supersymmetric quantum
tield theories. For a three-dimensional theory, the supersymmetric index can be
computed by splitting the base manifold into the product S x T2 of a temporal
circle and a spatial torus, and reducing to a quantum mechanics on S'. This
torus index gives us the number of supersymmetric vacua [IS13] weighted by their
multiplicities. In addition to being invariant under Q-exact deformations, the index

is also invariant under deformations to the mass and Fayet-Iliopoulos paraters.
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2.2 Abelian Gauge Theory

Consider an N = 2 supersymmetric U(1), Chern-Simons gauge theory at level k !
with N > 0 chiral multiplets {®@;}]*; of gauge charges Q; # 0 and integer R-charge
1; € Z. The complex superpotential is set to vanish W = 0 so that we can maximise

the global symmetry.

There is a real Fayet-Iliopoulos parameter ( associated to the global topological
symmetry T, = U(1), which could be enhanced to a non-abelian symmetry in the

infra-red.

There is a global flavour symmetry with maximal torus

N

= [ @uy/um, (2.2.1)

j=1
where U(1); rotates @; with charge 41 and the quotient is by the gauge group.
Correspondingly, we introduce real mass parameters {m;}}'; associated to a flavour
symmetry T for each of the chiral multiplets. A linear combination of these mass

parameters can be absorbed by shifting the real vector multiplet scalar o,

o~ o0+d0,
C— (—kbdo, (2.2.2)
m; — my — Q;00.
This transformation leaves invariant the combination ( + ko and the total effective

mass

M;(0o) := Qj0 + m; (2.2.3)

'We focus on supersymmetric Chern-Simons theories of rank 1, leaving a discussion of higher
rank theories to Appendix 8.
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of each chiral multiplet. There are therefore only (N — 1) independent real mass
parameters associated to the flavour symmetry T = U(1)N~". This may form a

maximal torus of a non-abelian flavour symmetry, e.g., PSU(N) if Q; = 1.

It is convenient to fix the independent mass parameters {m/}Y,_, by writing
N
mi= > q%ma (2.2.4)
a’=2
in terms of the integer flavour charge matrix q®';. The flavour charge matrix is

defined up to shifts q%'; — q¢'; + f*'Q;, which may be absorbed by 60 = f*'m.

We can also combine the gauge and flavour charges into a single extended charge
matrix Q';, where the top rows i = a = 1,...,K encode the gauge charges and
the other rows i = a’ = K+ 1,..., N are the flavour charges. The extended charge
matrix is particularly useful when generalising to theories of higher rank gauge
groups in Chapter 8. In the case of U(1) theories where K = 1, the matrix elements

are

Q]j = Qj )
Q% :=q% for a’'=2,...,N. (2.2.5)

We also introduce various mixed supersymmetric Chern-Simons terms between the
gauge symmetry, the flavour symmetry, and the R-symmetry. We focus here on the
dynamical Chern-Simons terms involving the gauge symmetry. In addition to the
pure gauge Chern-Simons term at level k, there are also the mixed gauge-flavour
terms at levels {k,/}Y,_, and the mixed gauge-R term at level kg. In the presence
of real masses, both the parameters k and k. play a role in the determination of
supersymmetric vacua below and in Chapter 3. The parameter kg also becomes

important in Chapter 4, due to the presence of an R-symmetry background.
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2.2.1 Semi-Classical Vacua

We now consider the supersymmetric vacua on R? as a function of the real masses

m; and the Fayet-Iliopoulos parameter C.

Integrating out chiral multiplets in the presence of generic real masses generates
additional contributions to the Chern-Simons term [Red84a, Red84b, AGW84] from
one-loop diagrams. The geometric interpretation of this mechanism is discussed

in Section 7. The resulting mixed effective Chern-Simons levels k*f are given by

N
k(o) = k + % Z Q)-2 sign(M; (o)), (2.2.6a)
j=1
N
k(o) = ko + 5 > QjQursign(M;(0), (2.2.6b)
j=1
LN
< (0) = ke + 5 > Qjlry — 1)sign(M;(0)) . (2.2.6¢)

These are piecewise constant functions of the vector multiplet scalar o that jumps
discontinuously at points o = —m;/Q; where the effective mass M;(o) = 0. They

are required to be integer-valued to cancel potential parity anomalies, i.e.,

N
1 2
K+ 5 ]; Q; €z, (2.2.7a)
.l N
Ka' 5 ; Q;Qu; €z, (2.2.7b)

N
KR+§ZQj(r5—1) €Z. (2.2.7¢)
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We define the asymptotic Chern-Simons levels by

N

kT = k(0 = +oo) =k £ %); 1Q;1Qj5, (2.2.8a)
+ eff 1 =

Ky = Ko/ (0 — £00) = Kq/ £ 7 )Z1 1Qj1qars (2.2.8b)
1N

K% = k(0 = +o0) = KRisz]|Qj|(1“j—U) (2.2.8¢)

which control the gauge charge, the flavour charge and the R-charge of Bogo-
mol'nyi-Prasad-Sommerfield monopole operators of topological charges +1 re-

spectively.

Hence after integrating out auxiliary fields from the lagrangian (2.1.25), the semi-
classical scalar potential is obtained as [DT00, IS13]
N 2N

u=e (Z Q5|¢j|2—F(o)> + Y Mj(0)dsl2, (2.29)
j=1 j=1

where ¢; is the chiral multiplet scalar. The effective parameter F(o) can be written

as

F(o) = *(0) + k*f(0)o
N ;N
=(+ko+ Z KaMar + 7 ); Q;IM;, (2.2.10)

a’'=2

where the effective Fayet-Iliopoulos parameter is

N
o) =C+ ) k(o)ma. (2.2.11)
=2

It captures the combined effects of the effective Chern-Simons terms generated
by integrating out chiral multiplets. The effective parameter F(o) is a continuous
piecewise linear-function of o whose slope jumps discontinuously at the points

o = —m;/Q;. Both {*f and «*ff are piece-wise constant functions, which respectively
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determine the intercept and slope of F(o). This qualitative difference enables us
to tune ¢ by hand as a background parameter, while k is regarded as a dynamical

parameter.

It is sometimes more convenient to introduce mixed Chern-Simons levels
{KJ’,KR]' |] = 1,,N}

for each chiral multiplet satisfying k; + $Q; € Z, from which we can recover

N
kK= QjKj, (2.2.12a)
j=1
N
Ka' =Y QuarjKj, (2.2.12b)
j=1
N
KRa’ = Z Qa/j KRj - (2212C)
j=1

It allows us to write the effective Chern-Simons levels k*f and «f in (2.2.6) simply
as

K57(0) = kj + %Qj sign(M; (o)) (2.2.13)

with an anomaly cancellation condition
1
Kj + ZQ]‘ S/ (2.2.14)
In this notation, the effective parameter F(o) becomes
F(o) = (o) + (0o
N 1N
:C+ K0'+j_Z1ijj+zj;Qj|Mj|, (2215)
where the effective Fayet-Iliopoulos parameter is

N
o) =+ ) «fo)ma. (2.2.16)
j=1
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The semi-classical supersymmetric vacua are constant solutions to the following

set of vortex equations

N
> Qjles2 =F(o), (2.2.17a)

j=1
M;(0)d; =0, (2.2.17b)

where (2.2.17a) is the D-term equation.

2.2.2 C(Classification of Vacua

The solutions to these equations display an intricate dependence on the Fayet-Iliopoulos
parameters ¢ and mass parameters m;. The type of solutions fall into the following

trichotomy.

Higgs Branch

Higgs branch vacua are solutions where at least one chiral multiplet from {cl))-}}\'zl
is non-zero and the gauge symmetry is broken to a discrete subgroup. The vector
multiplet scalar o is completely fixed by the D-term equations M; (o) = 0 for all

non-vanishing chiral multiplets ¢j.

A Higgs branch solution where n chiral multiplets are non-vanishing may only
appear on a real co-dimension (n — 1) hyperplane in the space RN~ of real mass
parameters. Suppose the non-vanishing chiral multiplets are {¢;, |« =1,...,n},

then the locus of the hyperplane is

my, /Qi, = =myq,/Qx, . (2.2.18)
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The non-zero expectation values must further satisfy

n

> Qi b, * =F(o), (2.2.19)

x=1

forming an (n — 1)-dimensional complex toric variety of Higgs branch solutions.

If the charges of the chiral multiplets receiving expectation values obey

ng(Qi1>-">Qin) > ]a

there is an unbroken discrete gauge symmetry. Then this branch of the moduli

space should be regarded as a toric stack.

When all the mass parameters vanish, m; = 0, for a given choice of the Fayet-Iliopoulos
parameter ¢ # 0, there is a maximal complex N-dimensional Higgs branch at o = 0.
We typically denote this N-dimensional toric stack by X. It can be understood
explicitly as a weighted projective stack

CP(Q,...,Qn) if >0
X = . (2.2.20)

CP(—Q1y...,—Qn)  if (<0
When ¢ > 0 it is empty if Q; < 0 for all j = 1,...,N. Similarly when ¢ < 0itis
empty if Q; > 0 forall j = 1,...,N. This is the space whose quantum K-theory

with level structure we wish to study using supersymmetric gauge theory.

When turning on a non-vanishing mass parameter m;, the remaining Higgs branch
moduli space can be regarded as the fixed points of the action of the one-parameter
subgroup of T; generated by the mass parameters m; on X. In the extreme case of
generic mass parameters, there are N isolated Higgs branch vacua{h; |i=1,...,N}
where ¢; # 0, which are the fixed points of the T; action on X. Each isolated Higgs

vacuum h; is fixed at oy = —m;/Q; by the D-term equation, and the remaining
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vortex equation
Qildil* = F(oy) (2.2.21)

demands

sign Q; = signF(oy). (2.2.22)

If |Qi| > 1, there is an unbroken Zq,; C U(1) gauge symmetry in the vacuum h;.
If the mass parameters remain small compared to ¢, the N isolated vacua can be
identified with the fixed loci as the classifying space h; := BZ g, C X of the T¢

action on X.

The contribution to the torus supersymmetric index from this isolated vacuum is
Tr(—1)" = Q2, (2.2.23)

which can be understood physically as coming from the |Q;| Wilson lines screened
by the chiral multiplet ®; wrapping around each of the two non-trivial cycles of

the torus TZ.

Topological Branch

Topological branch are solutions where the U(1) gauge symmetry is unbroken,

¢; =0 forallj =1,...,N. The vector multiplet scalar

Ceff

B Kef‘f

o= (2.2.24)

is a fixed solution to F(o) = 0. For generic mass parameters, this can only occur if
kf £ 0 and
sign (¢ = + sign k" (2.2.25)

for +0 < 0.
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It is a low-energy effective U(1) .« theory without matter. The contribution to the
torus index is

Tr(—1)" = |k°ff, (2.2.26)

where the Wilson lines are screened by the Bogomolnyi-Prasad-Sommerfield
monopoles [Man82] of gauge charge k. However, those Wilson lines wrapping
on the two different non-trivial cycles of T? become correlated by quantum effects,

thus no longer contribute independently to the index.

In the absence of mass parameters, the effective Chern-Simons level reduces to the
asymptotic levels

Kt if o0>0
o) = . (2.2.27)

K~ if o<0

The potential solutions become

G

— (2.2.28)

o =

in the regions +0 > 0. The existence of a topological vacuum with 0 > 0 therefore
requires both k* # 0 and F{/x* > 0. If the topological vacuum exists, then the

infra-red theory is U(1),+, contributing |[«*| to the supersymmetric index.

Turning on mass parameters, the analysis of potential topological vacua is more
intricate, which depends on the chamber in the parameter space for the vector
multiplet scalar o separated by the walls 0 = —m;/Q);. These walls collapse to the

origin when the masses are turned off.
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Coulomb Branch

Coulomb branch vacua refers to the non-isolated solutions of the vector multiplet
scalars o, where F(0) = k*#(0) = 0 when all chiral multiplet scalars ¢; vanish. It
is a continuous parameter space of solutions where the gauge symmetry U(1) is

unbroken. This requires special tuning on the Fayet-Iliopoulos parameter C.

In the absence of mass parameters, there is non-compact Coulomb branch para-
metrised by -0 > 0 whenever k* = 0 at the Fayet-Iliopoulos parameter { = 0.
Generally in the presence of mass parameters, there exists a Coulomb branch
whenever there is a chamber for the vector multiplet scalar o where k(o) = 0 and
F(0) has zero slope. Tuning the Fayet-Iliopoulos parameter such that ¢ = 0 then
ensures that F(o) = 0 for all values of the vector multiplet scalar in this chamber.
In this case, the Coulomb branch may be compact or non-compact depending on

the chamber.

The focus in this thesis is on the vacua occurring with generic parameters where

the Coulomb branch does not appear.

2.3 Window Phenomenon

Now consider the collection of supersymmetric gauge theories {7} with fixed
charges {Q;}jL, and varying supersymmetric Chern-Simons level . Let us first set
the mass parameters to zero, and fix the sign of Fayet-Iliopoulos parameter ¢ such

that the associated N-dimensional Higgs branch X exists.
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We are interested in the set of supersymmetric Chern-Simons levels where there
are no additional topological vacua. We define this set as the critical window for

the supersymmetric Chern-Simons levels.

Definition 2.3.1. The critical window in k consists of those theories T that do not

admit topological vacua in addition to the Higgs branch X.

This window depends on the choice of chamber for the Fayet-Iliopoulos parameter
( since it affects the existence of Higgs vacua. In the U(1) case, the chambers are

simply the two rays determined by sign C.

Loosely speaking, inside the critical window the gauge theory flows to a sigma
model on X, and supersymmetric observables capture the geometry of X. In
particular, if X is a toric Deligne-Mumford stack, this will involve an unbroken

discrete gauge symmetry.

Now we define the critical Chern-Simons level k(o) to be the bare Chern-Simons

levels such that the effective Chern-Simons level in (2.2.6) vanish, i.e.,
. 1
0= k(o) + 5 > Q;Q;signM;(o0). (2.3.1)
j=1

The critical level k(o) depends on the sign of the effective masses M; (o), thus

has a piece-wise dependence on o.

When the real masses are set to vanish, the critical Chern-Simons level reduces to

— 1y N IQ5Q;,  ife>0
crit(o.) — 2 j=1 ) . (232)

+3 Z]N:] 1Q;1Qj, ifo<0

Given the geometric regime ¢ > 0 for the Higgs branch to exist, the condition (2.2.25)
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for the existence of topological vacua becomes

k<—3351Q1Q;, ifo>0

. (2.3.3)
K>+%Z;\':1|Qj|Qj> ifo<0
It is convenient to define an asymptotic critical level
1N
RN = kT (0 = —00) =5 3 1Qj1Q;- (2.34)
j=1

o If g™t > 0, then the critical window where Higgs branch exists without

topological branch is simply the finite interval
[_ k-crit) kcrit}
in the space of Chern-Simons parameters.

e If R < 0, then the critical window is infinite containing two rays

[—OO, Rcrit] U [_kcrit, OO} .

Inside the critical window the theory flows to a sigma model to X = CP(Q;,..., Qn).
A similar analysis applies for ¢ < 0 giving asigmamodel to X = CP(—Qq,...,—Qn)

within a critical window complementary to the ¢ > 0 case.

Quantum K-theory of toric varieties with level structures [RZ18, RWZ20] also
exhibits a window phenomenon where it is well-defined only if the level is within
a critical window. We conjecture that this is the same as the critical window
of Chern-Simons level in three-dimensional supersymmetric gauge theory. This
identification is investigated throughout this thesis from the perspectives of semi-

classical vacua, twisted chiral rings, and twisted indices. Via this identification,
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the interpretation is that quantum K-theory is well behaved inside the window of
levels where the supersymmetric vacua consist of only Higgs branch described
by toric varieties. The addition of topological vacua outside the window is not
taken into account in the current literature in quantum K-theory, making the theory

ill-defined.

In addition to the massless case, we are also interested in the case where real masses
are turned on. It enables us to determine if topological vacua can co-exist with an
individual disjoint component in the Higgs vacua. In this case, the space of o is
divided into chambers by the hyperplanes at M;(o) = 0. Each chamber admits a
different critical level. Away from these critical levels, there may exist topological
vacua in addition to Higgs vacua. Although each individual chamber requires
separate analysis to determine what values of « allow for the co-existence of Higgs
and topological vacua. We are primarily interested in turning on generic mass
parameters that are small compared to C so the isolated Higgs vacua {hy,..., hn}
can still be identified with the fixed loci on X. We have observed that for U(1)
theories these chamber-specific critical levels still fall into the same critical window
of Chern-Simons levels as in the massless case. This is illustrated in Section 2.4.2

with an explicit example.

The window phenomenon is already manifest by carefully studying the vacuum

equations (2.2.17). Let us look at some examples in details to illustrate it.

2.4 Examples

For a set of generic parameters {(, m;}, we would like to understand what values

of Chern-Simons levels k allow for the existence of topological vacua, given the
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existence of Higgs vacua.

2.4.1 U(1), with One Chiral Field

Consider one chiral multiplet ® of charge Q > 0. We can set the mass parameter
m = 0 by shifting the vector multiplet scalar 60 = m/Q, so there is no flavour

symmetry. There is however a potential one-form symmetry of the form Zg.q(x,q)-

The effective Chern-Simons level is given by

2 K—{—%i, ifo>0

k(o) =k + Q— sigho = , (24.1)
2 2 .
K — % , ifo<0

and the effective parameter is

2
F(o) =+ ko + 7’0’|. (2.4.2)

There are therefore two chambers for the vector multiplet scalar with critical levels

4 —%2 , ifo>0
K = : (2.4.3)
+%2 ; ifo<0
The semi-classical vacua are solutions to
Ql¢I> =F(o),  odp=0. (2.4.4)

We consider here the geometric regime ¢ > 0 where a Higgs vacuum exists.

First, there is the isolated Higgs branch solution with |¢|* = {/Q with an unbroken
gauge symmetry Zq. The associated Zq orbifold leads to a Higgs vacua multipli-
city [IS13] of Q2. Therefore the Higgs branch contributes Q? to the supersymmetric

index. Formally this solution should be regarded as the stack X = [pt/Zq].
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In comparison, the topological branch contributes according to the effective Chern-
Simons level. The existence of a topological vacuum depends on the Chern-Simons

level in the following way:

o Ifk< —%2, there is a topological vacuum with

s=———C o (2.4.5)

This corresponds to a low-energy U(1) , 2 gauge theory without matter.
K+=2
It contributes the topological multiplicity [k + Q*/2| to the supersymmetric

index.

* Ifk> 9;, there is a topological vacuum with

<0. (2.4.6)

Similarly this corresponds to a U(1) 2 gauge theory with no matter, and
K=~

contributes [k — Q*/2[ to the supersymmetric index.

o If —%2 <k < %Z there are no topological vacua.

The critical window is therefore —%2 <K < %2 Combining contributions from
both the Higgs and the topological vacua, the supersymmetric index is Q? inside
the critical window and |k| + %2 outside,

2
Q?, if |kl <&
Te(—1)" = 2 (2.4.7)

2 . 2.
kl+%, i kl>%

This can also be seen directly by plotting the limit of F(o), i.e.,

1 (x+3)o, ifo>0
F(o) > ko + §|0‘| = , (2.4.8)

K—5)o, ifo<0
(x=2)

N[—=
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Figure 2.1. Lower Limit of F(o) for U(1) Gauge Theory with One Chiral Multiplet
F(o)

where ¢ > 0 is assumed to ensure the existence of the Higgs branch. The plots for
different k are shown in Figure 2.1 assuming Q = 1. The effective parameter F(o) is
obtained by a constant shift upwards from the corresponding lower limit. A Higgs

vacuum exists at 0 = 0 when F(o = 0) > 0. A topological vacuum appears at each

isolated zeros of F(o). It is obvious that shifting the limits of k = —%, % does not
produce any isolated zeros, while the shifts of k = —32,3 do. When |k| = ] there

are no topological vacua, but instead a non-compact Coulomb branch opens up in

the limit ¢ — 0.

2.4.2 U(1), with Two Chiral Fields

We focus here on the case of two chiral multiplets with Q; = Q, = 1. Let us set

the flavour charges to q; = 0 and q, = 1. The full extended charge matrix is then

. 11
Qi = . (2.4.9)
01

Without loss of generality, one of the real masses is set to m; = 0 by shifting

the vector multiplet scalar by 0 = m;, and the other real mass is assumed to be
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m, = —m < 0. The other case can be analysed analogously, which has no structural
difference. For convenience, we set the bare gauge-flavour Chern-Simons level to

K2 = —7, which contributes Jm in the scalar potential.

In the three chambers of o, the effective Chern-Simons level is then

K =k + % sign o + % sign(oc —m)
K+1, ifo>m
=19 K, if0<o<m, (2.4.10)
\ k—1, ifo<0
giving critical levels
-1, ifo>m
SEREREN if0<o<m- (2.4.11)

+1, ifo<0

The vacuum equations (2.2.17) read as

1 1 1
[b11% + [b2l* = F(o) = ¢+ 7 M+ KO+ Z|G| + 2'0_ m/, (2.4.12a)
op; =0, (2.4.12b)
(0—m)p, =0. (2.4.12¢)
Higgs Branch

A Higgs branch can exist for ¢ # 0 at 0 =0, or ¢, # 0 at 0 = m according to the

D-term equation (2.2.17a). The vacuum can then be found as the solutions to the
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vortex equation
[p1P=C+m  or g2l =+ (k+1)m, (2.4.13)
which forms a solution space S’ provided the conditions

hi:  O>-m, (2.4.14a)

h;,: C>—(k+1)m. (2.4.14b)

Each of the Higgs vacua {h, h,} contribute 1 to the supersymmetric index. The
two disjoint Higgs vacua merge into a moduli space CP' when the mass parameter

m — 0.

Topological Branch

A topological branch can be found by solving for isolated solutions to
1 1 1
Flo)=C+ -m+«ko+ =|o|+ z|lc—m|=0. (2.4.15)
2 2 2
The solution depends on sign o and sign(o — m):

¢ In the chamber o > m, we have

¢
= — 2.4.16
© K+ 1 ( )
Requiring o > m gives

(< —(k4+1)m, if Kk > —1
(2.4.17)

(> —(k+1)m, if kK < —1

¢ In the chamber 0 < 0 < m, we have

oo o™ (2.4.18)




2.4. Examples 37
Requiring 0 < 0 < m gives
—(k+1)m< < —m, if k>0
(2.4.19)
—m<{<—(k+1)m, ifk <0
¢ In the chamber o < 0, we have
(+m
= 4.
o=t (2.4.20)
Requiring o < 0 gives
¢>—m, if k> 1
(2.4.21)
(< —m, ifk <1

Supersymmetric Index

The total contributions to the supersymmetric index can be obtained by carefully

examining the conditions where a topological vacuum can co-exist with either of

the Higgs vacua {h;, h,}.

¢ In the chamber o > m, combining the condition (2.4.17) for a topological

vacuum to exist with the Higgs existence condition (2.4.14) leads to constraints

on the parameters. For a topological vacuum to co-exist with the Higgs

vacuum h;, the constraints are

—m< (< —(k+1)m,
h]i

_(K+1)m< C)

if k > —1

if k < —1

(2.4.22a)

For a topological vacuum to co-exist with the Higgs vacuum h,, the con-
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straints read

—(k+1T)m< < —(k+1)m, if Kk > —1
h, . (2.4.22b)

(k+T1m <, ifk < —1

When k > —1, the combined h; constraint —1 < k < 0 gives no valid value of
k satisfying the anomaly cancellation condition (2.2.7a), and the combined h,
constraint is clearly always false. So there is no topological vacuum in addition
to either of the Higgs vacua h; and h, for k > —1. But a topological vacuum
can always co-exist with both of the Higgs vacua for k < —1. Therefore the
total contribution to supersymmetric index is respectively 2 for k > —1, and

Ik +1+2=—k+1fork <—1.

¢ In the chamber 0 < 0 < m, combining (2.4.19) with the Higgs existence
condition (2.4.14) leads to the following constraints. For a topological vacuum
to co-exist with the Higgs vacuum h,, the constraints are

—m< (< —m, if k>0
hy : . (2.4.23a)

—m< (< —(k+1)m, ifk <0
For a topological vacuum to co-exist with the Higgs vacuum h,, the con-

straints read

—(k+1)m< < —m, ifk >0
h, : . (2.4.23b)

—(k+1)m< < —(k+1)m, ifk <0

There is a topological vacuum accompanying a single Higgs vacuum h; if
k < 0, and a topological vacuum accompanying h, if k > 0. So there can
always exist a topological vacuum in addition to either one of the Higgs vacua
in this chamber. The contribution to the supersymmetric index is then || 4 1

as the effective level (2.4.10) is just « in this chamber.
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¢ In the chamber o < 0, combining (2.4.21) with the Higgs existence condition
(2.4.14) leads to the following constraints. For a topological vacuum to co-exist
with the Higgs vacuum h;, the constraints are

—m< ¢, ifk>1
hy: . (2.4.24a)

—_m< (< —m, ifk <1
For a topological vacuum to co-exist with the Higgs vacuum h,, the con-

straints read

—m < (C, if K> 1
h, . (2.4.24b)

—(k+1)m< < —m, if k<1

So there is no topological vacuum for k < 1but exists a topological vacuum for
k > 1,1in addition to either of the Higgs vacua. Hence the total contribution
to supersymmetric index is respectively 2 for k < 1, and [k = 1[4+ 2 =k + 1

fork > 1.

In summary the supersymmetric index is

o2, if |k <1
Tr(—1)" = . (2.4.25)

K[+ 1, if |kl >1

When all three chambers are considered for the whole theory, there is a topological
vacuum in addition to both of the Higgs vacua, if and only if the Chern-Simons

levels are not in the critical window, i.e.,

k &{-1,0,1}. (2.4.26)

This can be understood more intuitively by inspecting the plots of F(o) as shown in
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Figure 2.2. Plot of F(0) at ¢ = 0 for U(1) Gauge Theory with Two Chiral Multiplet
F(o)

Figure 2.2. Consider the case k = —1 for example, the vacuum solutions depends

the value of C as follows:

* When ( > 0, the plot is shifted upwards such that it has no intersection with
the o-axis. Both Higgs vacua at 0 = 0 and 0 = m exist since F(c) > 0 at these

points. But there is no topological vacuum.

* When —m < ¢ < 0, the plot is shifted downwards which has a single
intersection with the o-axis. There exist a single Higgs vacuum at o = 0, and

a single topological vacuum at the intersection point o = ¢ + m.

* When ¢ < —m, the plot is shifted downwards such that it intersects the o-axis
at 0 < 0. There exist only a single topological vacuum at the intersection
point ¢ = $ + 2, with a multiplicity of two. The multiplicity becomes clear

in Section 3.3.2.
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At the non-generic value ¢ = 0, the horizontal part overlaps with the o-axis. A

Coulomb branch at o > m opens up, in addition to a signle Higgs vacuum at o = 0.

2.4.3 U(1), with N Chiral Fields

Now consider U(1), with N chiral multiplets of charge Q; = 1. There is a flavour
symmetry PSU(N) with maximal torus Ty = U(1)N~'. One linear combination of
the associated mass parameters {m; }}“:1 can be removed by the shift (2.2.2). The

semi-classical vacua are solutions to
Y b2 =F0),  (o+m)d; =0, (2.4.27a)
j

where

] N
F(o) =C+Ko+§;|a+mj|. (2.4.27b)

Here we have omitted the mixed gauge-flavour Chern-Simons levels ko from (2.2.10).
They do not play a role in the analysis below, assuming they are chosen appropri-
ately so no parity anomalies appear. The existence of a Higgs vacuum with ¢; # 0

requires F(—m;) > 0 while topological vacua are solutions to F(o) = 0.

Here we set the mass parameters to zero. Therefore the effective parameter reduces
to
N
F(o) =+ ko + ?|0‘|, (2.4.28)

which is a piece-wise linear function whose slop jumps discontinuously from k — 5
to k + 5 at 0 = 0. There are therefore two chambers ¢ < 0 and ¢ > 0 for the vector

multiplet scalar.

Let us first consider the geometric regime { > 0. There isa Higgsbranch X = CPN !

at 0 = 0 with Kéhler parameter ¢ > 0, which contributes x(CPN"1) = N to the
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supersymmetric index. The existence of topological and Coulomb vacua depends

on the Chern-Simons level:

o If K < —%, there is a topological vacuum with

4

o=—
N
K+_

>0. (2.4.29)

Integrating out the massive chiral multiplet leaves a U(1),, y gauge theory

and contributes |k + 3| to the supersymmetric index.

o If -5 < «k < & there are no topological vacua. At the critical levels k = +%,

a non-compact Coulomb branch Fo > 0 opens up as ¢ — 0.

o If k > T, there is a topological vacuum with

o <0. (2.4.30)

Integrating out the massive chiral multiplet leaves a U(1),_y gauge theory

K

and contributes |k — %I to the supersymmetric index.

The critical window in this regime is therefore —% <k K % The supersymmetric

index is N inside the critical window, and || + % outside.

In the opposite regime ¢ < 0, the Higgs branch is empty and topological vacua

exist for any level k. The existence of topological vacua depends on the level as

follows:
o If k < —1, there is a single topological vacuum with o = —Kf% <0,
contributing |k| + 5 to the supersymmetric index. At k = —%, a Coulomb

branch o > 0 opensup as ¢ — 0.

o If -5 < «x < &, there are topological vacua both at 0 = ——5¢ < 0 and
2

0=— Kf ¥ > 0, contributing N to the supersymmetric index.
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o If k > I, there is a single topological vacuum with 0 = — Kfﬁ > 0, contribut-
2
ing || = I to the supersymmetric index. At k = ', a Coulomb branch o < 0

opensup as ( — 0.

Although there is no critical window in this regime, the contributions to the

supersymmetric index agree with the computation at ¢ > 0.



Chapter 3

Twisted Chiral Ring

In this chapter we consider the supersymmetric ground states on S' x R?, with

finite radius B of the circle S' in the presence of generic mass parameters.

When the chiral multiplets are all integrated out, the remaining vector multiplet
scalar o becomes the lowest component of a two-dimensional twisted chiral mul-
tiplet in the A-twist of the N = (2,2) theory on R?. The two-dimensional twisted
superpotential can be determined exactly since it is one-loop exact. The super-
symmetric vacua of the effective theory are solutions to the ring relations of the
so-called twisted chiral ring, which are identified with states of quantum integrable

systems via the Bethe gauge correspondence [NS09, NS15].

We explore the window phenomenon from this perspective, and the examine the

large radius limit § — oo, and the small radius limit 3 — 0.

¢ In the large radius limit we reproduce to the results from the flat space

R? discussed in Chapter 2 as expected. The solutions to the Bethe ansatz
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equation are in one-to-one correspondence with the supersymmetric vacua
in flat space, where the Higgs and topological solutions admit qualitatively

distinct behaviours.

¢ In the small radius limit the theory is reduced to two-dimensional theor-
ies. Since we are interested in the three-dimensional generalisation of the
two-dimensional correspondence between sigma models and quantum co-
homology, we expect this dimension reduction to produce new insights on
the window phenomenon. In particular, the Higgs vacua are fully captured
by a two-dimensional gauge theory, while the topological vacua become
fully de-coupled theories in two dimensions. In analogy, the quantum K-
theory of a toric variety in three dimensions can only be interpreted as the
lift from quantum cohomology in two dimensions, if the level is within the
critical window. This is consistent with the window phenomenon in gauge
theories where the three-dimensional theory is only fully captured by the
two-dimensional theory, if the Chern-Simons level is within the critical win-
dow. The obstruction to the lifting is from the de-coupled two-dimensional
theories corresponding to the topological vacua, which is not accounted for

in the quantum K-theory of the Higgs vacua.

3.1 Bethe Ansatz Equation

Consider a general three-dimensional N = 2 supersymmetric U (1), theory with
chiral multiplets {®;} of charges {Q;} introduced in Chapter 2, and put it on the base
manifold S! x R2. The Fayet-Iliopoulos parameter and the real mass parameters

are naturally complexified by Wilson lines associated with the global symmetries
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around the S' component. The corresponding fugacities can then be written as

q = e 2mR(CHAD (3.1.1a)

y; = e~ 2mBlmTiAY (3.1.1b)

where A; and A are the constant background connections for the topological and

flavour symmetry respectively. Similarly the gauge fugacity is
x = e 2TBloHIA) (3.1.2)

for the gauge connection along S'. The independent flavour fugacities {y./}Y._,

can be defined such that
N
b/
b/=2

according to the definition (2.2.4) of the independent mass parameters.

After integrating out the chiral multiplets, the supersymmetric vacua of the two-

dimensional effective theory are determined by the Bethe ansatz equation [NS09,

OWY
exp (1%> =1, (3.1.4)

NW10]

computed from the effective twisted superpotential W(c), which is one-loop exact.

It can be interpreted as the ring relation for the twisted chiral ring. From the
perspective of the three-dimensional theory, the twisted chiral operators arise from
Bogomol'nyi-Prasad-Sommerfield line operators wrapping the S component of
the base manifold. In particular, a supersymmetric Wilson loop of charge q is
represented by the monomial x9. The Bethe ansatz equation then describes the
ring structure inherited from the operator product expansion of the parallel line
operators. The limit 3 — O therefore reproduces the twisted chiral ring of the

two-dimensional theory obtained by compactification on S'. These line operators



3.2. Window Phenomenon 47

are local operators from the perspective of the two-dimensional theory on R?,
which can be interpreted as elements of the twisted chiral ring. Hence the ring

relation may be interpreted as Ward identities for the line operators.

Then for the effective two-dimensional N = (2, 2) theory, the Bethe ansatz equation

can be explicitly expressed in the following two equivalent forms

Qi
H (1 —inHy2?>

{ilQi>0}
Qi
=( N*qx (Hya/> H ( —X Q‘Hyc“) , (3.1.5a)
{ilQi<0}
Qi
()
{i1Qi>0}
A\~ Q
=(—1)N+q (Hya > I (1—inHyg?> : (3.1.5b)
{ilQi<0} a’

where N :=} 0,50y Qi are the number of positively or negatively charged chiral
multiplets if |Q:| = 1, and «*, k&, are the asymptotic Chern-Simons levels (2.2.8)
acting as the gauge and flavour charges of the Bogomol'nyi-Prasad-Sommerfield
monopole operators of topological charge +1. The two expressions correspond
to arranging the formula such that left hand side is a polynomial in x and x™'
respectively, when the the monopole operators at 0 — F-co are positively charged,
i.e., kT > 0. The anomaly cancellation conditions (2.2.7) are crucial for these to be

polynomial equations.

3.2 Window Phenomenon

The number of solutions to the Bethe ansatz equation depends on k4 as it alters

the degree of the equations. Consider the first equation (3.1.5a). The degree of x
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on the left hand side is }_;;,5,~¢) Q?, while the degree on the right hand side is
K" 4+ 3 (ij0,<0; Qf- The sign of the difference
2 2 -
KT+ Z Qi — Z Qi =«
{ilQi<0} {i1Qi>0}
determines which side of the equation dominates. Consider the case k™ > 0, i.e.,

K > —% ZiN:1 |Q1/Qi. We expect the number of solutions to be

Z{ilQi>0} Qf if k- <Oand«k™ >0

L KT+ Z{iIQi<0} Q: if xk~>0andk"™ >0
.

. 1 N 1 N

g0 QF i =32 Qs k<32 IQuIQ
1 N . 1 N

\ K+32 Q7 if k>35> i ,1Q:Q

To count the number of solutions in the case k* < 0, we need to rearrange the
equation by moving the factor x** to the left hand side. The same reasoning

produces a complementary expression

k4 % 211 Q? if k< —% 211 1QilQ1
Y (1Qu=0y Q1 if 35 IQuQu < k< —3 X 1QiQ

Combining both gives the final formua for the number of solutions to the Bethe

ansatz equation (3.1.4) as

)
Y=oy Q7 if [k <R

= Zaigea Qi kI <=k (3.2.1)

N . e
K[ +3> 72, QF if [k > [R

where the asymptotic critical level

| | 1o
~crit ,__ crit _ — . .
gt .— k(5 - —00) 3 ;_1 1Q1lQ; (3.2.2)
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is defined as the critical Chern-Simons level (2.3.1) at © — —oo, which roughly
measures the difference between the number of positively charged chiral multiplets
and the the number of negatively charged chiral multiplets. Note that only one
of the first two lines can apply at a time, depending on the sign of k. The same

expression emerges by considering the other equation (3.1.5b).

The window phenomenon can be seen here since the number of solutions has a

qualitative change when the Chern-Simons level k goes from inside the interval
|:_’ Rcrit|’ }r(critH ,

suggesting the existence of different types of vacua.

3.3 Large Radius Limit

In the limit 3 — oo, we expect the solutions to the Bethe ansatz equation reproduce
the semi-classical vacua discussed in Chapter 2. In a given chamber for the Fayet-
Iliopoulos parameter, as 3 — oo the solutions of the Bethe ansatz equation may
tend towards Higgs branch vacua at fixed 0 = —m;/Q);, or topological vacua at
o = —Cf/k°f. We refer to these as Higgs and topological solutions. We expect

these two types solutions to behave like 0 ~ m and o ~  respectively.

3.3.1 U(1), with One Chiral Field

Let us again consider U(1), with one chiral multiplet of charge Q > 0. The twisted

chiral ring relations are equivalently

2
o

(1—x%)Q =qgx (3.3.1)
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The number of solutions depends on the relative degree of the polynomials on the
left and right and therefore on the Chern-Simons level k. The asymptotic critical
level is gt = %QZ > 0. Therefore the first and third lines in (3.2.1) apply. The

result is then

Q2 if <
#— (3.3.2)
|| + %2 if k| > %Z

in agreement with the supersymmetric index computed in Section 2.4.1.

In order to compare with the supersymmetric ground states on R?, we set g = e P*¢
and x = e P°. We then expand solutions for ¢ in the limit B — oo with { > 0, in
order to directly compare to the analysis in Section 2.4.1. Now let us assume Q =1
for simplicity and compare with the plots in Figure 2.1.
Consider the classic case k = —3. The solution to the Bethe ansatz equation
1 —x = q is simply

x=1-q,

giving 0 = 0 at the limit  — oo, which matches to the single Higgs solution in the

{ > 0 chamber.

In the case k = —3, the equation 1 — x = qx~' has two solutions
1++/1—4q
X+ = f .

In the limit 3 — oo, the two solutions correspond to

which are the Higgs solution and the topological solution respectively.
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3.3.2 U(1), with Two Chiral Fields

Consider the same example of two chiral multiplets discussed in Section 2.4.2 with

the extended charge matrix

. 11
Qi = . (3.3.3)
01

Denote the mixed gauge-flavour Chern-Simons level as k1,.

The Bethe ansatz equation is then
(1=x)(1 —xya) = qx*Ty52 "2, (3.34)
The asymptotic critical level is grit — 1 > 0. Therefore the number of solutions is

2 if |k <1
# = . (3.3.5)

||+ 1 if |kl >1

To match the solutions with the choice of real masses in Section 2.4.2, we set
k12 = —5. For simplicity, we also drop the subscript on y, without causing

ambiguities, giving the Bethe ansatz equation
(1—x)(1 —xy) = qx~"'. (3.3.6)

It is instructive to explore its solutions.

Consider the simple case with k = —1. The two solutions are

1
_ _ 2
x—zy<1+yi\/1+4qy 2y+y). (3.3.7)
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By re-writing the fugacities in terms of the parameters again via

x=e P, (3.3.8a)
y=-e Pm2—gbfm (3.3.8b)
q=-¢e P, (3.3.8¢c)

we can explore the flat space limits by sending the radius 3 — co. The correspond-

ing two solutions in terms of o in this limit are

0 and m, if (>0
0=<0 and (+m, if —m<{<0- (3.3.9)
4% and S+, if (< —m

This is in perfect agreement with the results from studying the vacuum equations
in Section 2.4.2. This case corresponds to the k = —1 plot of F(o) at ¢ = 0 in

Figure 2.2.

¢ When ¢ > 0, the plot is shifted upwards such that it has no intersection with
the o-axis. Both Higgs vacua at 0 = 0 and 0 = m exist since F(o) > 0 at these

points. But there is no topological vacuum.

* When —m < (¢ < 0, the plot has a single intersection with the o-axis. There
exist a single Higgs vacuum at o = 0, and a single topological vacuum at the

intersection point 0 = ¢ + m.

* When ¢ < —m, the plot is shifted downwards such that it intersects the o-axis
at 0 < 0. There exist only a single topological vacuum at the intersection

oint 0 = ¢ + ™ with a multiplicity of two.
p 2T 2 plicity

There also exists a non-compact Coulomb branch solution at the non-generic value

¢ = 0 of the Fayet-Iliopoulos parameter, which exhibits more subtle behaviour



3.4. Small Radius Limit 53

from this perspective and requires further analysis.

The Higgs and topological solutions are qualitatively different. The locations of
the Higgs solutions only depend the masses, while the topological solutions have
dependence on the Fayet-Iliopoulos parameter ¢. This distinction allows us to
distinguish the two types of solutions without referencing to the original three-
dimensional theories. In particular, all the topological solutions are separated if

we turn { — oo.

3.4 Small Radius Limit

We also consider the small radius limit  — 0, as investigated in [ARW17], where
it reduces to two-dimensional theories. In comparison with the large radius limit

analysed in Section 3.3, our general expectation is the following:

* The Higgs solutions at 3 — oo lie in the regime o < 1 in the limit 3 — 0,

since the Higgs vacua appear at finite values o.

* On the other hand, topological solutions at 3 — oo lay outside the region
Bo < 1in the limit 3 — 0, because o can be shifted to arbitarily large values

in the topological vacua.

Within the geometric regime for the Fayet-Iliopoulos parameter ¢ where Higgs
vacua always exist, the Chern-Simons level determines the existence of topological

vacua.

¢ Consequently, if the Chern-Simons level « lies within the critical window, the

small radius limit can be fully captured by a corresponding two-dimensional
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N = (2,2) gauge theory in the regime 3o < 1. This property is independent
of the specific values of the Chern-Simons level provided it remains in the

critical window.

e However, if k lies outside the window, there exist additional solutions outside
theregime fo < 1. In this case the small radius limit cannot be fully captured
by a two-dimensional N = (2, 2) gauge theory. The additional solutions are

de-coupled two-dimensional theories which we do not fully understand.

For a U(1) gauge theory with N chiral multiplets of charges Q; > 0 and masses m;
in three dimensions. The twisted superpotential W is
. i
W(o; mi, Qi) = Z Wid(Qicr—ir my) +27T[3C(T—|—7‘[[5K0‘<0‘ + E) +2nBRgeo, (3.4.1)
i=1

where W34 is the contribution of a single three-dimensional chiral multiplet

1 7T
3d _ . —27nBo 2
Wi (o) = ﬂle(e Boy 4 >Bo, (3.4.2)
and
N 1N
Ror = D_ (Ka' 32 Qan) ma (343)
a’'=2 j=1

is the contribution from the mixed gauge-flavour Chern-Simons terms. The Bethe
ansatz equation is given by

N N IsN o,
[0 —x@y) @ = g™ T yge 250 % (3.44)

i=1 a’=2
up to an overall sign. Its number of solutions is

>N, Q? if [k <3y, Q?
# = . (3.4.5)

1 <N . 1y N
K[+1 5N, Q2 if |kl >3 ,Q%
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Consider taking the limit § — 0, while fixing the combination
. N _
t=2npC+mi (k + ?> + 23Rk, (3.4.6)

which acts as the effective Fayet-Iliopoulos parameter for the two-dimensional
theory. As discussed in Section 3.3, it controls the spacing between the Higgs
solutions and the topological solutions. The t — oo helps us to distinguish the

topological solutions from the Higgs solutions.

¢ In the regime o < 1, after renormalisation the effective twisted superpoten-
tial tends to

N
W= ) WA(Qio+my) +to, (3.4.7)

i=1

where W24 is the contribution of a single two-dimensional chiral multiplet
W2(0) = o(logo—1). (3.4.8)

This resultsina U(1) gauge theory with N chiral multiplets in two dimensions.
The Bethe ansatz equation for the two-dimensional theory is

N

[[(Qic+m)% =e. (3.4.9)

i=1
which has I, Q; solutions for generic parameters since it is a polynomial
of degree ' ; Q;.

However this only captures the real solutions but o is a complexified by the
Wilson lines. For each chiral multiplet @, the periodicity is Qio ~ Q;0 + 2ri.
Hence each real solution of ¢ in two dimensional corresponds to Q; solutions
of x = e in three dimensions. Physically, the Q% dependence in the number
of vacua in three dimensions comes from the |Q| topological Wilson lines

wrapping on the two non-trivial cycles of the spatial torus T>. When it is
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reduced to two dimensions, one of the cycles is contracted. The theory is

decomposed [RSV20] into |Q| distinct topological sectors.

When the decomposition is taken into account, the effective two-dimensional
theory really captures Y1, Q2 solutions, which corresponds to all of the
Higgs vacua. But this regime 3o < 1 does not fully capture all the solutions
from the three-dimensional theory when k > 1 5 N, Q?, where topological

solutions appear.

* OQutside the region o < 1, we would like to find finite solutions in terms of
L := 2nBo. The effective twisted superpotential becomes

1 N ] N
— i —Qix - N 2
W o (;le(e )+2(K+ 2)2 +tZ> +0(1),  (34.10)

which looks like a U(1) theory of N massless chiral multiplets. The Bethe
ansatz equation becomes

N
[0 —XxQ) =etx"2, (3.4.11)

i=1

where X = e I,

The distinct solutions decouple [ARW17] into separate
theories as the values of the twisted superpotential in different vacua differ

. . 1
by a diverging factor 3.
Naively, the number of solutions to this two-dimensional Bethe ansatz equa-
tion is either Y I, Q? or (|K| +1y N, Qf) just as in the original three-

dimensional equation (3.4.4).

However, some of the solutions reside in the other regime X ~ o0 < 1,
which need to be discarded to avoid double counting. The new solutions
can be separated by considering t — co. In particular, these are the Y"1 | Q2
solutions “close” to X = 1, which resides in the other regime o < 1 and

needs to be discarded. Hence there are only ||— 1 S N, QZsolutions residing
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outside of the regime o < 1, which correspond to the topological vacua

This can be demonstrated explicitly with examples.

3.4.1 U(1), with One Chiral Field

Consider again one chiral multiplet with Q = 1. The twisted superpotential W is

W(o) = W(o) +27t(5CG+7tBKG(0+ l) .

(3.4.12)
8
The Bethe ansatz equation reads
T—x=qx*""?, (3.4.13)
with the number of solutions given by
1 if |kl <3
# = (3.4.14)
K+ i k> 2
Consider taking the limit § — 0, while fixing the combination
. 1
t= 27t[3C+m(k+ Z) .
¢ In the regime 3o < 1, the effective twisted superpotential tends to
W — Wi(0) + to, (3.4.15)
giving an effective Bethe equation
1=ce¢'o (3.4.16)

with one solution at o = e~ *. This captures the single Higgs vacuum of the
three-dimensional theory.
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This can be explicitly seen by comparing to the large radius limit in Sec-

tion 3.3.1, where 0 = e~ * corresponds to the Higgs solution.

* QOutside of the regime o < 1, we define ¥ := 2ntf30 being finite. The twisted

superpotential becomes

W — 271—B(Liz(ez)+%(l<+%)£2+tz> +0(1), (3.4.17)

giving the Bethe ansatz equation

1 —X=e tX<H/2 (3.4.18)

where X = e Z.

At k = —1, there is a single solution X = 1 — e~ * matching with the large
radius solution x = 1 — q from the Higgs vacuum. When taking the limit
t — oo, it tends to X = 1, corresponding to X = 0. Therefore it is not a new

solution.

Atk = —32, there are two solutions X4 = 1 (1 £ +/T —4e~t) matching with the
large radius solutions x+ = 3 (1 + /T —4q) from the Higgs and topological
vacuum respectively. In the t — oo limit, the solutions tend to X, = 1 and
X_ =0, corresponding to £, = 0 and Z_ = oco. Therefore the only new

solution in this regime is

X_ =2 (1-Vi—ae)

corresponding to the topological vacuum.



Chapter 4

Twisted Index

Consider the same class of theories on the product manifold S' x £, where the flat R?
in Chapter 3 is replaced with a closed Riemann surface of genus g. These theories
fall into the general class introduced in [CKW17]. To preserve supersymmetry on a
curved space, a topological twist is performed by mixing the U(1) Lorentz rotation
on the plane with the unbroken R-symmetry. This is lift from the topological
A-twist [Wit98] in two dimensions. The metric tensor on the plane becomes exact,
and therefore closed observables are independent of the metric. This enables us to
put a sub-sector of the theory onto arbitary curved space L. We are interested in

the twisted indices discussed in [NS15, BZ15, CK16, BZ17].

The topological twist preserves an N = (0,2) quantum mechanics on S' with a
pair of of supercharges Q and Q. We would like to give an algebro-geometric inter-
pretation of the twisted index via quantum mechanics. This approach is different
from the perspective of the topological A-model. We are reducing the theory to a
quantum mechanics on the temporal circle, rather than a two-dimensional theory

on the spatial component.
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This chapter is based on my research conducted in [BFKX22, BX22], with the

following outline.

* Section 4.2 sets up the notation, and constructs two different forms of the
twisted index from the perspectives of quantum mechanics and the two-

dimensional A-model respectively.

* We review the contour integral formula [BFK22] in Section 4.3 which we wish

to reproduce from the geometric construction.

* A schematic construction for the algebro-geometric interpretation is given in
Section 4.4. The detailed computations for the vortex and topological saddles
are respectively left to Chapter 5 and Chapter 6. The full construction of

Chern-Simons contributions are discussed in Chapter 7.

¢ The window phenomenon and the connection to quantum K-theory are then

discussed in Section 4.5 in the context of twisted indices.

¢ Finally two simple examples are provided in Section 4.6.

4.1 Topological Twist

In the absence of central charges, the three-dimensional N = 2 supersymmetry

introduced in Section 2.1.1 reduces to

{Qom (_26} = Zyiﬁpp = ch|3 . (411)

We implement a topological twist equivalent to the topological A-twist on X. The

Lorentz group on the plane is mixed with an unbroken U(1)g C SU(2)g symmetry.
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The twist assigns a new spin

L'=L+ %R (4.1.2)

to a field of charge L under rotations on the plane. It preserves the supercharges

that commute with the new Lorentz group, resulting a supersymmetry algebra

{Q,Q} =Py (4.1.3)

where P, generates translations on S'.

After the twisted is performed, it is more convenient to adopt the twisted field

notation [CK16, CCP15, BFK22].

The vector multiplet is denoted as
V= (G)AH)A)X>A1)/_\T)D)> (414)

where o is the real scalar, A, is the gauge connection, D is the auxiliary field, and

M A, A, A are gauginos. The abelian Yang-Mills lagrangian is

1 1 : 1 1
LYM :ZF()]FOT + E(_21F1T)Z + ZDZ + §|DH o

—AADoA — iA; DA + 2iA;D1A — 2iA D3, (4.1.5)

2
|

which is exact with respect to Q and Q in (4.1.3). The Chern-Simons term is given
by
K | ve 2i 5 ~
Lcs = 1 |€ A0 A, — gAuAVAp —2Do + 21N 4 2iAi A |, (4.1.6)

which is not exact.

The twisted chiral multiplet is denoted as
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Its lagrangian is given by

Lo =¢!(—D3 —4D D + o? +1iD — 2iF;;)d — FIF
~ B(Do + ) — 2in1(Do — )
+ 2ip Dy — 2iAD5P
— AP + ipTAP
—2ipTAm + 2iAA ¢, (4.1.8)

which is exact under Q and Q.

In addition, a background vector multiplet V; for a maximal torus of a flavour
symmetry T C G¢ contains a real scalar component m; valued in the Cartan sub-
algebra of the flavour group, and a background connection A¢. For example we can
turn on a real mass of the background vector multiplet for the U(1); topological
symmetry, which is the Fayet-Iliopoulos parameter . Then the Fayet-Iliopoulos
term is

ig

=——D. 4.1.
Lr=—3 419)

4.2 Supersymmetric Index

In the operator formalism, the twisted index counts the supersymmetric ground
states J annihilated by the supercharges Q and Q. The space K of supersymmetric

ground states forms a representation of the global symmetry T, x T where T, is
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topological and T is flavour. The fugacities can be defined via

q = e 2mB(CHIAY (4.2.1a)
y; = e 2B(MyHiAY (4.2.1b)
x = e 2mBloFiA) (4.2.1¢)

the same way as in Chapter 3.

The twisted index is then in the form
N
1=Te(-1)"q' [ vl (4.2.2)
i=1

where ] is the Cartan generator of the topological symmetry T, = U(1);, and J; is
the generator of U(1); in T;. The trace is performed over the Hilbert space J{ which
is assumed to be locally finitely graded so that the coefficient of a monomial in g

and y; is a finite integer.

From the perspective of the A-twist in two dimensions, the twisted index for gauge

group G = U(1) can be computed via the Bethe formula [BZ17, NS15]

J= Z Z(x;m)

X=Xi

H(x)9 ", (4.2.3)

m=0

over solutions x; of the Bethe ansatz equation (3.1.4), where Z(x; m) denotes the
classical and one-loop contribution in supersymmetric localisation and

_ d%logZ

=—2 424
0log xom ( )

is the hessian determinant independent of the flux m. The twisted index is a
meromorphic function of the fugacities q and yi;. When g = 1, it reduces to the

torus index discussed in Section 2.1.3.

Note thatin this notation, the Bethe ansatz equation (3.1.4) can be expressed in terms
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of the classical and one-loop determinant Z instead of the twisted superpotential

w,

0logZ\
exp <1 o ) =1. (4.2.5)

For a general U(1) gauge theory of the type considered in Chapter 2, the classical
and one-loop determinant takes the following form

N N
z :quKm<H Uﬁ‘f’m> xeom (H yE?b’(g‘”) x

b/=2 b'=2

N N avn N\ (QUim)+(ri=1)(g—1)
XQ /2 Hb’:zyb/ 2 i
H Q1A N Qb’i . ( L )
] — X i Hb’:zyb’

Here the notation of extended charge matrices (2.2.5) has been used, where Q' :=

i=1

Qi are the gauge charges and {QP;}Y_, are the flavour charges. The independent

flavour fugacities {yp/}}y._, are defined such that

N
b’/
yi=[Jud (4.2.7)

b'=2
The corresponding hessian is given by

N 1 N Qv
1 XQ 1 r_ ’ '
Hx) =x+) (Q')%| 5+ ]Hb —Nzyb o |- (4.2.8)
i=1 T—xQ i [Tp_syp

It is convenient to use the mixed Chern-Simons levels (2.2.12)
{Kj,KRj |] = 1,,N}

for each chiral multiplet satisfying k; + 1 Q; € Z. It enables us to write the classical

and one-loop determinant exclusively in terms of the flavour fugacities y; for each
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chiral multiplet as

N N
2 g (T o (T )
j=1 j=1

N 1 x Qi
H(x) =k + Z(Ql)z (— + ¢> . (4.2.10)

In the case of g = 1, the classical and one-loop determinant is trivial,

Z(x;m) =1.

m=0
Hence the twisted index (4.2.3) indeed returns the number of solutions of the Bethe
ansatz equation, in agreement with the expected torus supersymmetric index

discussed in Chapter 2.

4.3 Contour Integral Formula

The contour integral formula of the twisted index can be derived using the Cou-
lomb branch supersymmetric localisation. In this section, we briefly review the
derivation of the contour integral formula [BFK22], which is based on a modifica-
tion to the localisation scheme in [BZ15, CK16, BZ17]. Schematically, the modified

Coulomb localisation scheme considers the lagrangian

1/1 1
L= ) (;LYM + Lr) + ?ch + Les + Ly (4.3.1)
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with the exact deformation
Lr:==(Q+Q)(A+A) = —itDyg, (4.3.2)

where

Dyg =D —2F;; (4.3.3)

is an auxiliary field in the one-dimensional vector multiplet. The modification is
to introduce this one-dimensional Fayet-Iliopoulos parameter T to ensure a mean-
ingful result for each individual flux m € Z. This feature is necessary if we want
to unambiguously interpret the coefficient of q™ as counting the supersymmetric

ground states with U(1), charge m, as in the hamiltonian definition (4.2.2).

In the limit t* — 0 and e? finite, the path integral localises to solutions of the

following equations

«Fa+iD =0, (4.3.4a)
d0ad; =0, (4.3.4b)

dao =0, (4.3.4¢)

Fo1 =Fo1 =0, (4.3.4d)

(mi + Qio)d: =0. (4.3.4e)

After integrating out the fermionic zero modes, the localised path integral leads to
the contour integral formula [BZ17]
1 d
1=y —% X H9z(x;m). (4.3.5)

i
mez 7T JK X

The contour is explicitly given by the Jefrrey-Kirwan residues

iﬁ By KRes(@m) Y, (43.6)

2mi Jix x
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with

JK—ROes(Q,n)d" — ©(Qn) sign(Q), (437)

x= x
where 11 # 0 is an auxiliary real parameter, and Q. denotes the Jeffrey-Kirwan

charge of the pole at x..

¢ For the interior poles at xQiy; =1 coming from the chiral multiplets ®;, their

Jeffrey-Kirwan charges are taken to be the corresponding gauge charges Q;.

¢ For the boundary poles at x = 0 and x = oo associated with the monopole

operators, the Jeffrey-Kirwan charges are taken to be

—k 7 if kT#£0
Q. = , (4.3.8)
(m - T’ otherwise
)
+K™ if k= #0
Q = , (4.3.8b)
m—1 otherwise

where the one-dimensional Fayet-Iliopoulous parameter 7 is re-scaled as

. e?vol(X)

The contribution from each magnetic flux m € Z is separately independent of the

auxiliary parameter 1 provided v/ # m. However, the twisted index might jump

across the wall T/ = m according to

Jt'=m+e)—I(t'=m—¢)

d
=q" | 8.+,0 Res + 8,0 Res ?X H(x)9Z(x;m). (4.3.10)

where € — 0*. Therefore we require v’ ¢ Z, which ensures that the Jeffrey-Kirwan
charges are always non-vanishing and the contribution to the twisted index from

each flux m € Z is well-defined.
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Finally, the contour prescription used in [BZ15, CK16, BZ17]is recovered by sending
T — 4oo withn > 0 or T — —oo with 1 < 0. That this is independent of the
auxiliary parameter 1 is equivalent to the statement that sum of (4.3.10) over m € Z

is proportional to a formal delta function at q = 1.

In general, a pole from a chiral multiplet in the localisation formula corresponds to a
solution of the Bethe ansatz equation (4.2.5). However, each individual residue does
not reproduce the corresponding summand in the Bethe formula (4.2.3). This can
be understood as the results of taking different limits in the “de-compactification”
procedure. The Bethe ansatz equation evaluates at the limit  — 0, while the
localisation formula was derived by taking 3 — oo. Nevertheless, both formulae

agree only after summing up all the contributions from each chiral multiplets.

4.4 Geometric Interpretation

The definition (4.2.2) of the twisted index can be interpreted as the supersym-
metric index (2.1.26) of the supersymemtric quantum mechanics obtained by the
twist. The supersymmetric index is identified with the holomorphic Euler char-
acteristic (2.1.28). Therefore the geometric interpretation of the twisted index is

expected to be in the following form [BFKX22]

1= 3 " [ Ata) chva),

where m labels the magnetic sectors, 9,,, denotes the moduli space parametrising
the saddle points of the localised path integral, and V,, is roughly a complex of
vector bundles encoding the massive fluctuations of the chiral multiplets and the

Chern-Simons terms.
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For such an interpretation to be meaningful, it is necessary for the contribution
to the twisted index from each individual flux m € Z to be unambiguous. This
necessitates the introduction of the one-dimensional Fayet-Iliopoulos parameter
Tin (4.3.2). The wall-crossing phenomena in T are then reflected in jumps in the

structure of the moduli spaces 9., and the complexes V..

This general expectation was verified in previous work [BFK19, BFK22] for a class
of theories with N = 4 supersymmetry, where for generic v’ # m the moduli spaces
M., exclusively parametrise vortex-like configurations on £ where the gauge group
is either completely broken or broken to a discrete subgroup. Here we extend the
geometric interpretation to theories with topological saddle points, where there
is an unbroken continuous gauge symmetry and the moduli spaces 91, must be

described as quotient stacks.

There is an important distinction between saddle points where the unbroken gauge
symmetry is the whole G = U(1) or a discrete subgroup. The latter involves a
relatively mild extension of [BFK22] to deal with moduli spaces with orbifold
singularities. We only focus on theories without orbifold singularities with the
constraint |Q;| = 1. We therefore consider theories with topological saddle points
where G = U(1) is fully unbroken with all matter fields set to vanish. The moduli
space M,, has a component that is roughly the Picard variety Pic™(X) = T29

parametrising degree m holomorphic line bundles on .

4.4.1 Higgs Branch Localisation

For the class of theories of our interest, this geometric interpretation can be realised
using the Higgs branch localisation scheme [BFKX22] such that both topological

and vortex saddle points appear. It is similar to the Higgs branch localisation
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schemes implemented for two-dimensional N = (2, 2) theories in [BC15, DGLFL13,
CCP15], and for three-dimensional N = 2 theories in [FHY14, BP14]. In this

localisation scheme we take the lagrangian (4.3.1) with an additional exact term

Lr=—>(Q+Q) (A +A)u(d), (44.0)

where p(d) = Z;\; Qjld;|* is the moment map for the gauge action. After setting

g = t, the resulting lagrangian

1/1
L= t—z (gﬁYM + ,C(D + LT + LH) + LCS + LFI (442)

is taken to the limit t* — 0 while e? is kept finite. The supersymmetric saddle

points are then solutions to the following set of generalised vortex equations,

1 - 22 K(o)

Z*FA+;Q]-M>]-I —tlomo —~ —1=0, (4.4.3a)
0adi =0, (4.4.3b)
dao =0, (4.4.3¢)

(Mmi + Qi0)pi =0 (4.4.3d)
forall i = 1,...,N, where Fx is the curvature of the gauge connection A, and

* is the Hodge star operator on L. In these equations, ¢; should be understood
as a section of K;/ ? ® LQi, where Ky is the canonical bundle on £ and L is the

holomorphic gauge bundle on X.

Note that the dependence on the three-dimensional Fayet-Iliopoulos parameter
¢ has dropped out but the equations depend critically on the one-dimensional
Fayet-Iliopoulos parameter t. The term proportional to the effective Chern-Simons
level k* is kept to capture potential saddle points where |o] — co with oy := t*c

finite.
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The solutions to equations (4.4.3) fall into topologically distinct sectors labelled by
the flux

1
== F 7. 444
mim 5| Fac 449

A constraint on the existence of saddle points with a given flux m is found by

integrating the D-term equation (4.4.3a) over the Riemann surface X to give

e2vollE) 5w\ _ ¥ > i
ﬁW—GKM—;@Mw, (4.4.5)
where T’ is rescaled according to (4.3.9), and

2

ps1° = 26—7[ L b5 A\ * b5 (4.4.6)

is a positive definite inner product on sections of Ky ® LY.

4.4.2 Classification of Saddles

Assuming the one-dimensional Fayet-Iliopoulos parameter is generic, i.e., T/ # m,
there are two classes of solutions in each magnetic flux sector m € Z. They are
analogous to the Higgs vacua and topological vacua for generic mass parameters

in flat spacetime, which are discussed in Section 2.2.2.

* Vortex saddles are solutions where o remains finite in the limit t> — 0 and
the term proportional the effective Chern-Simon level k* in equation (4.4.3a)
can be ignored. The saddle equations (4.4.3) then reduces to the abelian

vortex equations
N
LI~ 2 — dadi =0 =0 447
o A+ZQj|¢j’ =T, 0adi=0, (mi+Qio)p;=0. (4.4.7)
j=1

For generic real mass parameters m;, the space of solutions decomposes

as a disjoint union of components where a single ¢; is non-vanishing and
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0 = —m;/Q;. From the constraint (4.4.5), a component of the moduli space

where ¢; is non-vanishing exists if and only if
sign(t’ —m) = sign(Q;) . (4.4.8)

 Topological saddles are solutions where |o] — oo in the limit t> — 0, such

that the combination o, := t?0 remains finite and has a unique non-vanishing

solution. This requires ¢; = O forall j = 1,..., N and therefore the constraint
(4.4.5) becomes
e?vol(Z
T —m= —T()O'o kT, (4.4.9)

If a solution exists, then it is in the form

T =

Op ~ —
kt

(4.4.10)

ignoring the positive multiplicative factor. When ¢ — +o0, a solution at

00 ~ —— oo, (4.4.11a)
K
exists if and only if k™ # 0 and sign(t’ — m) = —signk™. Similarly when
0 — —00, a solution at
oo ~ —+ — ¢ . (4.4.11b)

exists if and only if k= # 0 and sign(t’ — m) = sign k™.

In summary, a unique solution with +0, > 0 exists, if k* # 0 and
sign(t’ —m) = sign(Q4), (4.4.12)

where Q. are the Jeffrey-Kirwan charges (4.3.8) at the boundary poles, acting
as the gauge charges of the monopole operators. In analogy to the condi-
tion (4.4.8) on vortex saddles, this is consistent with the interpretation of

attributing the topological vacua to monopole operators.
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In addition, if k* = 0 then a non-compact Coulomb branch parametrised by
+0o > 0 appears at T/ = m, which is responsible for the wall-crossing phenomena
in equation (4.3.10). These three classes are analogous to the trichotomy of flat

space supersymmetric vacua [IS13] discussed in Section 2.2.2.

If we align the auxiliary parameter 1 in the Jeffrey-Kirwan residue (4.3.7) as
sign(t’ —m) = sign(n), (4.4.13)

then the components of the moduli space of saddles with flux m are in one-to-one
correspondence with the poles selected by the contour prescription in Section 4.3.
There is a component of the vortex moduli space with ¢; # 0 when the pole at
xQiy; = 1 is selected. Similarly, there is a topological saddle point with 04 > 0

whenever the residue at x*' — 0 is selected.

4.4.3 Geometric Integral Formula

The moduli space M of saddle points of the path integral splits into disjoint unions
of topologically distinct components

M= | Mn

mezZ

labelled by the flux m. When all the mass parameters {m; = 0}}\’:1 are set to vanish,
the twisted index localises to the following schematic form
5 g | A chien), (4,14
mezZ
where M, parametrises both the vortex and topological saddles, and £, encodes

the Chern-Simons terms.
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As we turn on non-vanishing mass parameters {m; # 0} ;, the remaining moduli
space 9, is the fixed points of the of the flavour T; action on 9t,,. Based on the
structure of supersymmetric quantum mechanics, the supersymmetric localisation

leads to the following expression [BFK22, BFKX22] for the twisted index

_ m| A Ch(®tx'€m>°‘)
j_éq JA(W"‘) ch (A°€,)

Al€m)
E] ch ((? LWX) : (4.4.15)

where the index bundle €., is formally a perfect complex of sheaves encoding the

=3 qn| Ay

mez

massive fluctuations of the chiral multiplets, and £, » are holomorphicline bundles
arising from various Chern-Simons terms. This is analogous to the supersymmetric

index (2.1.28). The notation A denotes the normalised exterior algebra [MO15]

AV = (detV) 2@ AV

= (detV) 2 (-1 ATV,

i>0
The integral should be understood equivariantly with respect to the flavour sym-
metry T¢ in (2.2.1), leading to the dependence on the real mass parameters. The
Dirac genus A(9M,,) comes from the tangent directions of the T; action on My,
while the Chern character ch (/A\.Sm) from the index bundle €., appears as the

contributions of the normal directions of the T; action on Mi.,,.

The integrand consists of some characteristic classes, namely the Dirac genus A(F),
the Euler class e(JF), and the total Chern character ch(F) of some fibre bundle
F 5 M. In terms of the Chern roots «; defined by the diagonalised curvature A of

the bundle E

iF )
A= g’1 (;_71> g = diag(otr, ..., an), (4.4.16)
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the relevant characteristic classes can be computed [Nak03] as

N
ch(F) =) e, (4.4.17a)
j=1
N
e =]]w, (4.4.17b)
j=1
N
A OL'

In addition, the first Chern class and the Todd class

N
Z (4.4.17d)
:
[li—=

4.4.17
9 T—e™ ( ©

—.

are needed for later computations.

It is expected to reproduce the contour integral formula (4.3.5) of twisted indices
with the appropriate geometric objects. The contributions from the moduli spaces
and the gauge bundles are explicitly constructed in Chapter 5 and Chapter 6, while
the mechanism of generating the Chern-Simons contributions is further discussed

in Chapter 7.

44.4 Schematic Construction

Before diving into the details in Chapter 5 and Chapter 6, let us give a brief
schematic for the specific geometric construction. Consider a single component
M., of the moduli space. For vortex saddles, each component moduli space 9.,
is a symmetric product of the curve X from the non-vanishing chiral multiplet.
For topological saddles, M, are Picard stacks. The massive fluctuations of chiral

multiplets @; generate an index bundle €5 , which is a perfect complex of sheaves
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as the derived push-forward

& =Rm, (LY @ K'/?), (4.4.18)

where £, X are respectively the universal line bundle and the canonical bundle
on the product space M, x L, and Q;, 1j are the gauge and the R-charge of ©;.
The class ch(&$) = ch(EJQ) — ch(S]] ) makes sense in equivariant K-theory and the
complex behaves like a vector bundle of rank d; — g 4 1 for the purpose of such

computations.

* For vortex saddles, the full construction can be found in Chapter 5. The

moduli space is a symmetric product
M =Sym*L =1, , (4.4.19)

coming from the single non-vanishing chiral multiplet ®;. Following compu-

tations in Section 5.2.1, the tangent direction contributes a class

*"1/2 di—g—|—1 .I .I -n
A . ne 2 L e
e (R |

The index bundle contributions are discussed in 5.2.2. An application of the

Grothendiek-Riemann-Roch theorem (5.2.23) gives
J 2
ch(&3) = e" [(dj —2g+ 1)+ ) e 9“6] :
a=1
for the massive fluctuations of remaining vanishing chiral multiplets {®;};.;.

Therefore the Chern roots can be read off as

(Qm»---anan—szeh--->Qm—szeg)-
—_—

djfngr]

It can be completed to Ti-equivariant forms by adding the real mass (m; — Q;m;)
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as the equivariant parameter, promoting to a T-equivariant Chern character
ch(&$) =z;e¥"((dj — g+ 1) —Q70),

where z; := y;/y;~’. The contribution of these fluctuations to the twisted
index can be evaluated as

AE) (e=Qing;)/2\ 49! L1 e Qmy
e(&) B ]1;! (1 — e*Qj"zj xp Qj 0 2 * 1— e*Qij :

After integrating over the symmetric product X4, this gives the contribution

to the twisted index from the vortex saddle with ¢ # 0.

¢ For the topological saddles, the full construction can be found in Chapter 6.

The moduli stack smt,‘ip can be decomposed into
Mu? = Pic™(Z) x [pt/C*], (4.4.20)

if we choose a base point on ~. Then the characteristic classes in the in-
tegral (4.4.15) can be understood as C*-equivariant classes on the moduli
space

My, = Pic™ ~ T29.,
The integral splits into two parts:

— An integral of the equivariant classes over the moduli space M,,,

1 gan
2m | x

where x is the Chern character of the trivial C*-equivariant holomorphic

- A contour integral

vector bundles with weight +1.

For the contribution from the tangent directions, we have A(Mm) = 1 because

the tangent bundle is flat. Following computations in Section 6.2.2, the Chern
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character of the index bundle can be computed via the Grothendieck-Riemann-
Roch theorem [B]JG71] as
J 2
ch(€}) =(dj—2g+1)+ ) e VO,
a=1

from which the Chern roots manifest as

(0,..,0,—Q761,...,—Q70) .
The degree of the complex is denoted as d; := deg(€;). Completing to an
C*-equivariant form [Lib07] adds the real mass Q;o +m; of the fluctuation of
®; to all the Chern roots, leading to an overall multiplicative factor of xQiy;
on the Chern character. The factor generated from the chiral multiplet ®;

in (4.4.15) can be evaluated to be

V1Y (T
A(E')'.) _ 1 XQiyj ( )ze XQ’/Zy;/Z (Qym)+(r;—1)(g—1)
e(€}) =eXpi{5T T_xQy, Qj 1%,

After integrating over the Picard variety Pic™ (L), this gives the contribution

to the twisted index from the topological saddle.

Lastly the line bundles £ in (4.4.15) can be interpreted as the determinant line
bundles obtained by integrating out additional auxiliary chiral multiplets. This is
consistent with the physical phenomenon that integrating out heavy fermions in
three-dimensional theories induces effective Chern-Simons terms as a low-energy
effect [Red84a, Red84b, AGW84]. It is these determinant line bundles that give the

level structure in the corresponding quantum K-theory.
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4.5 Window Phenomenon

Schematically, the quantum K-theory of a toric stack X concerns with integrals in

the form of the holomorphic Euler characteristic
5 " [ A chitn), 45.1)

where 9., is the moduli space of stable quasi-maps of degree m from the curve X

into X, and £, is some determinant line bundles giving arise to the level structure.

In three-dimensional gauge theory, the twisted index localises to an integral (4.4.14)
of the same form over the full moduli space M, of saddle points when all mass
parameters are vanishing. The connection between these saddles and quantum

K-theory is the following.

e For vortex saddles, the moduli space M,, parametrises generalised vor-
tices [BDG 18], which are identified algebraically via the Hitchin-Kobayashi
correspondence [JT80, GP93, ACGP03] as stable quasi-maps into the Higgs
branch X. The D-term equation (4.4.3a) serves as the stability condition. The
loci of quasi-maps contain a finite number of “unstable” points at which the

vortices are located.

If no topological saddles exist, the moduli space M., coincides with the
moduli space M., of vortices, and the twisted index corresponds to integrals
of the quantum K-theory of X, which has been well studied in the literature as

a lift from quantum cohomology. Specifically the twisted index is the trivial

correlator (1)s in K-theoretic languages [Giv15, J]M20, JM19, JMNT20, UY20].

The Chern-Simons contribution £, is constructed from determinant line

bundles (7.3.1) of auxiliary chiral multiplets, which are analogous to the level
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structure in quantum K-theory [RZ18]. This gives a natural ground for our
conjecture that the Chern-Simons level in gauge theories is equivalent to the

quantum K-theory level.

The window phenomenon refers to the fact that quantum K-theory is ill-

defined outside the critical window where topological saddles do appear.

* For topological saddles, the moduli space M., of saddles parametrises a
more general type of maps into a quotient stack, where the stability condi-
tion (4.4.3a) does not apply. The loci of the maps contain an infinite number
of “unstable” points. The precise mathematical description for topological
saddles is currently missing in the literature of quantum K-theory. As topo-
logical saddles have not been taken into account in quantum K-theory, we
expect this is the key missing ingredient to properly define quantum K-theory

outside the critical window.

The window phenomenon is also manifest from the contour integral formula (4.3.5)
of twisted indices. The Chern-Simons level determines the power of the exponential
parameter x appearing in the contour integral, which are responsible for the
boundary poles at x = 0 and x = co. These boundary poles are contributions
from the topological saddle points. Therefore, the Chern-Simons level controls the

existence of topological vacua.

Consider the g = 1 case where the twisted index is expected to reproduce the

sueprsymmetric index. The power of x is simply

N
<K + % > Qf) m (4.5.2)
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as the hessian factor drops out. The pole at x = 0 only appears if

] N
K< =5 > Qf, (4.5.3)
j=1

which coincides with the critical Chern-Simons levels from (3.2.2) and (2.3.1), up

to a sign. The same story holds for the pole at x = co.

In summary, we have demonstrated that the window phenemenon of Chern-Simons
levels in three-dimensional gauge theories coincide with the window phenomenon
in quantum K-theory. The observations from the semi-classical vacua and twisted
chiral rings are both strong evidence for this connection. Finally the construction
in Chapter 7 of Chern-Simons contributions to the twisted indices gives a natural
interpretation from a geometric point of view. We expect the topological vacua
are the key ingredients to define quantum K-theory properly at levels outside of
the critical window. Furthermore, three-dimensional mirror symmetry should

provide insights into quantum K-theories of dual spaces.

4.6 Examples

We consider a U(1) Chern-Simons theory at level k & % + Z>o with one chiral
multiplet @ of R-charge r = 1 and charge Q = +1. The flavour symmetry T;
is trivial and there are no real mass parameters. The effective Chern-Simons

level (2.2.6a) is

k(o) =k +% sign(o) 4.6.1)

and so the asymptotic level (2.2.8a) is

kKT =kt % (4.6.2)
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The cases k = % and « > ] are quite different. The former has a neutral monopole
operator and is mirror to a free chiral multiplet. This difference is reflected in
the structure of the saddle points in our computation of the twisted index and
therefore we treat the two cases separately. We also restrict attention to the twisted

index with g > 0.

4.6.1 U(1). with One Chiral Field

N

First consider k = % In this case k(o) = %(1 + sign(o)), and therefore k* =1
and k= = 0. There is a neutral monopole operator and the theory is mirror to
a free chiral multiplet, together with specific background mixed Chern-Simons

couplings.

The contour integral (4.3.5) for the twisted index is

B (—q)™ [ dx x™

where we have shifted ¢ —+ —q. In the presence of a one-dimensional Fayet-
Iliopoulos parameter T, the contour is a Jeffrey-Kirwan residue prescription with

charges
Qi=-1, Qi=1, Q_=m—1". (4.6.4)

Note that the charge Q_ associated to the residue at x = co now depends on the
one-dimensional Fayet-Iliopoulos parameter T according to equation (4.3.8) since

kK~ =0.

For g > 0 the residue at x = oo vanishes. So there is no wall-crossing phenomena.

The twisted index is given by computing the residue at x = 1 withn > 0, or
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equivalently minus the residue at x = 0 withn < 0, giving the result
J=(-1)9q""9(1—q)9 . (4.6.5)

While the twisted index is non-zero only for fluxes 1 — g < m < 0, there are in

fact [BFK19] supersymmetric ground states for allm > 1 —g.

We now reproduce this result by evaluating the contributions from vortex and
topological saddle points. The existence of vortex and topological saddle points is

constrained by equation (4.4.5), which becomes

e?vol(X)

1 ooki(0) = [[]°, (4.6.6)

(T —m) +

together with the equation o = 0. The existence of solutions depends on the sign

of T/ —m.

¢ Whent'—m > 0, there are vortex saddle points with oy = 0. The moduli space
of vortex solutions with flux m is the symmetric product 9, = 4 where
d = m+ g — 1. Following the computations in Chapter 5, the contribution to

the twisted index is

A ey ne ™ \" 1 e "
LdA(Tzd) ch(£'/2) _Ld (1 _e_n) exp{@(] ot _e_nﬂ

1 dx x™
= — — 4.6.7
2mi L_1 x (1T—x)m+9 (467)
* When v/ —m < 0, there are topological saddle points with
47t ,
é=0, Go——m(’f —m)>0 (468)

The moduli space of topological solutions with flux m is the Picard variety

My = Pic™X. Following the computations in Chapter 6, the contribution to
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the twisted index is

A 12y L % X " 1
sz AlTZa) ch{L ™) = 2mi Jx_o x JPicmZ T—x P T—x °

1J dx _ x (4.6.9)

T 2mi )y x (1—x)mt9’

where the residue at x = 0 is taken since oy > 0.

A Coulomb branch of solutions with oy < 0 opens at " —m = 0 so there is the
potential for wall-crossing. However, the vanishing of the residue at x = co means
that the twisted index is independent of t. This reproduces the Jeffrey-Kirwan
residue prescription with charges (4.6.4) and sign(n) = sign(t’ — m). The result is

independent of 1 for each flux m by construction.

4.6.2 U(1), with One Chiral Field

Now consider one chiral multiplet with k > J such that k* = k + 3 > 0. There
are no gauge neutral monopole operators and the structure of the twisted index

differs considerably.

The contour integral (4.3.5) for the twisted index is now

_ (—q)mﬁ’ dx e (X727 T14+x)\°
=2 o b i) o) o @61
mez
where the contour is a Jeffrey-Kirwan residue prescription with charges
1 1
Q+:—K—§<O, Qi =1, Q,:K—§>O. (4.6.11)

The index is now manifestly independent of T and there is no wall-crossing. We
therefore enumerate the residues at x = 1 and x = co withn > 0, or equivalently

minus the residues at x = 0 withn < 0.
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In this case it is illuminating to spell out the contributions from individual residues.

For example, with g = 2 and k = 2 we find
gy = % 4, (4.6.12a)
31:%—3—q—2q2—5q3—14q4_ ..:‘—4q;qm, (4.6.12b)
Joo:—1+q+2q2+5q3+14q4+...:1_4q;q\/m. (4.6.12¢)

Notice that the contributions J; and J,, are not rational function of q and so
cannot individually reproduce a reasonable index. In fact they do not count honest
supersymmetric ground states but only perturbative ground states. These are
subject to instanton corrections that remove pairs of perturbative ground states

corresponding to cancelations in the sum J; + J,, = —Jo.

We can reproduce these contributions from an analysis of vortex and topological

saddle points. The saddle points are again constrained by

e?vol(X)

1 ooki(0) =[], (4.6.13)

(" —m) +
and depend on the sign of T/ —m.

¢ When v/ —m > 0, there are both vortex saddle points and topological saddle
points with oy < 0. The contributions from these saddle points reproduce

the residues at x = 1 and x = oo respectively.

* When v/ — m < 0, there are topological saddle points with oy > 0, whose

contribution reproduces the residue at x = 0.

There is no Coulomb branch at T’ — m = 0 and the twisted index is independent

of 1. This reproduces precisely the Jeffrey-Kirwan residue prescription with
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charges (4.6.11) and sign(n) = sign(t’ —m). The result is independent of n) for each

flux m by construction.



Chapter 5

Vortex Saddles

This chapter contains the full algebro-geometric construction of the twisted index
for vortex saddle points, which is introduced in Chapter 4. The schematics can
be found in Section 4.4. We first analyse the structure of the moduli space of the
vortex saddles. Then the individual contributions from the tangent directions, the
normal directions, and the Chern-Simons terms are constructed. Finally the total
contribution to the twisted index is evaluated, which is in agreement with the

contour integral formula.

5.1 Moduli Space

The moduli space of vortex saddle points consists of solutions to

N

1

2 * Fa + E Qjlds* =,
=1 (5.1.1)

oad; =0, (m;+Q;0)d; =0,
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for all chiral multiplets j € {1, ..., N}, modulo gauge transformations. The moduli
space is a disjoint union of topologically distinct components 9., labelled by the
magnetic flux m € Z. The entire moduli space is realised as an infinite-dimensional
Kéahler quotient. Under our assumption |Q;| = 1 each component 9, is a finite-
dimensional smooth Kdhler manifold. Unless stated otherwise, we have kept Q;
explicit throughout to better understand each contributions. In particular, the
dependence on Q7 would have been easily lost during long computations if it is

set to Qf = 1 beforehand.

For generic mass parameters m;, the moduli space further decomposes as a disjoint

union of components
M = ® M i (5.1.2)

where a single chiral multiplet ¢; is non-vanishing and 0 = —m;/Q;. Each

component parametrises solutions to the abelian vortex equations
1 5 -
o2 *Fa+ Qildil =71, 0adi=0, (5.1.3)

where ¢; transforms as a section of K;/ *® L on £. A small modification of the
standard analysis applies and each component is either a symmetric product of
the curve X or empty,

Y4 if T>m
Qi=+1: Mu,i = (5.1.4)

0 if T"<m

0 if T'>m
Qi =—1: Mm i = (515)
24 if T/<m

where

di = Qim + T’i(g — ]) (516)
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is the degree of Ky/* ® LRt and £4 := Sym“Z with the understanding that this
is empty for d < 0. The symmetric product L4, parametrises the positions of
the vortices. The assumption |Q;| = 1 is important to get a symmetric product,
otherwise the moduli space has orbifold singularities where a discrete gauge

subgroup is unbroken.

Note that if the auxiliary parameter 1 is aligned with t/ —m, i.e,,
sign(t’ —m) = sign(n),

then the component M., ; of the moduli space is non-empty whenever the Jeffrey-
Kirwan residue prescription selects the pole at x?iy; = 1 from the chiral multiplet
®;. The task in the remainder of this chapter is to reproduce the residue at this

pole from supersymmetric localisation.

It is useful to use an algebraic description of moduli spaces of abelian vortices in

terms of holomorphic pairs. Let us assume sign(t’ — m) = sign(Q;) so that the

vortex moduli space M, ; is non-empty. Then the Hitchin-Kobayashi correspond-

ence [JT80, GP93, ACGP03] says that there is an algebraic description parametrising

pairs (L, ¢;) where L is a holomorphic line bundle of degree m and ¢; is a non-zero
v /2

section of Ky/* @ LRi. The symmetric product 4, in equation (5.1.5) parametrises

the zeros of the section ¢;.

For simplicity and to avoid a profusion of signs at intermediate steps in the
calculation, we assume

Qi = +1 (5.1.7)

for the non-vanishing chiral multiplet @;, along with t/ > m. A similar computation

applies to Q; = —1 and the final result is presented in a uniform way for both cases.
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5.2 Contributions to Index

The contribution to the twisted index from a component M,, ; of the vortex moduli

space is
Tt = J?\(Mm,i)% ch (@ La> (5.2.1)

where € is a perfect complex of sheaves encoding the massive fluctuations of
the remaining chiral multiplets ®;_; of vanishing expectation values around the
vortex configurations, and £, are holomorphic line bundles arising from the mixed
Chern-Simons terms. Note that we have omitted the labels m, i from the bundles &

and £ for brevity.

This integral should be understood equivariantly with respect to the flavour sym-
metry T; with parameters y;. It can be evaluated using intersection theory on sym-
metric products, and converted into a contour integral following [Mac62, Arb85].

This extends a computation performed in [BFK22] to a wider class of theories.

5.2.1 Tangent Direction

We first consider the contribution from the directions tangent to M, ;, which is the

symmetric product £4, when 1/ > m and otherwise empty.

Let us briefly summarise some notations for the intersection theory on a symmetric

product. There are standard generators

(ayla €H'(Z4,Z)~H'(Z,Z) Vaell,...,q}, (5.2.2a)

n € H*(X4q,Z) ~ H*(Z,2Z) (5.2.2b)
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arising from cohomology classes [Mac62, Arb85] on Z. We then define the Dol-

beault cohomology classes
0a:=CaACa €HY(Z4,2)~HV(Z,7), (5.2.3)
and for convenience their sum

0:=) 0a. (5.2.4)

The Chern character of the tangent bundle [Mac62] is given by

ch(TZy,)=(g—1)+1[(di —2g+1) —06]e"

g
=(g—1)+(di—2g+1)e"+ ) en e, (5.2.5)

a=1

from which the curvature of the symmetric product Z4, can be read off as

As, = diag [% (Mm—Qf61),...,(n— Qfeg),g,‘;ﬁg} : (5.2.6)
From here we can evaluate the ﬁ-genus
A & x & x
A(Zq,) :E MTM = TH e’“"/zﬁ
—e2o(Za) d(xy) (5.2.7)

as follows.

The factor involving the first Chern class is simply

d; — 1 0
e*%Cl (Zdi) = exp (_++n + Q%E)

— (e )49 exp GQ%@) . (5.2.8)
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The Todd class factor can be split into

d; di—2g+1 49 2
_ O n n—Qiba
td(Zq,) = | | p——— (1 — e_n> | | ]_Q—TQ%GCL’ (5.2.9)

n=1 a=1

where the g-fold product can be manipulated as

ﬁ[ n— izea _ 2 L izea

Lo — L= qze,)
:H n_Q%ea
11 (1—em)—emQibq
~ T2 00 (- e 620 )
1l T—em ]—emn ¢

_ (] _nen)g Cf[exp {Qfea<—% - - :1“)] (5.2.10)

by repeatedly utilising the nilpotency 82 = 0 for any a = 1,..., g. Hence the Todd

class can be written as

dingr‘I g -I efn
td(Zq,) = (1 _ne_n) Hexp {Qf%(—ﬁ +3 —e—“)]
a=1

di—g+1 _
B n 2 1 e "
= (1 — eﬂ) exp [Qie <_1_] + = eﬂ)] . (5.2.11)
Combining (5.2.8) and (5.2.11) gives the desired form of the ﬁ-genus as
—n/2 di—g+1 .I .I -1
oA ne e
A(Zq) = (1 — eﬂ> exp [Qfe (E - + . eﬂ)} . (5.2.12)

5.2.2 Index Bundle

We now consider the index bundle &;.;, encoding fluctuations of each of the

remaining massive chiral multiplets @;_.; around configurations in M,, ;. These
g p j# g ,
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are coming from the normal directions of the flavour T action on the full moduli

space M.y

At a point (L, ;) on the moduli space M, i, each chiral multiplet ®;_.; generates
one-dimensional N = (0, 2) chiral multiplet and Fermi multiplet fluctuations. Due

to the supersymmetry they are valued in the following cohomologies.

¢ Chiral multiplet fluctuations are valued in

EO = HO (z, 19 @ K;/Z) . (5.2.13a)

¢ Fermi multiplet fluctuations are valued in

El=H' (z, LY ® K}/ ) . (5.2.13b)

The line bundle L is the gauge bundle with the gauge charge Q; inherited from the
three-dimensional chiral multiplet ®;. The canonical bundle K5y comes from the
topological twist mixing in the R-symmetry. When we move around in the moduli
space M, i, the dimensions of these vector spaces may jump. But the difference of

their dimensions is constant by the Riemann-Roch theorem

dim £ —dim £] = 1 (L9 0 k") 1! (19 0 k)
=dj—g+1

=Qm+ (g—1)(r; — 1), (5.2.14)
where d; is the degree of the line bundle

d; = deg(LQj ® K;/2>

= Qjdeg(L) + %deg(Kz)

= Qjm + %(29 —2). (5.2.15)
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We can therefore formally regard the difference of these vector spaces as the fibre of
a holomorphic vector bundle on the moduli space M, ; of rank d; — g + 1. At least
this defines a reasonable K-theory class for use in the computation of the twisted

index.

The above schematics needs to be defined more precisely for computations, which
requires the universal construction. The massive fluctuations should be described
by a complex of sheaves. We recall the construction of the universal bundle on a

symmetric product. We consider the pair of projection maps

4. XX
/ N . (5.2.16)
Za, )3

There is a unique universal line bundle £ on L4, x L with the property that its

dq

restriction to a point g = (L, ¢1) on the symmetric product Z4, is the holomorphic
linebundleLon %, ie., £ ‘ 0= L. We also define X := p*Kj to be the pull-back of the
canonical bundle on the curve. With this in hand, the fluctuations of ®@; transform

in a perfect complex of sheaves on L4, defined by the derived push-forward

& =Rm, (LY @ K/?). (5.2.17)

The stalks of €5 over a point (L, 1) on the symmetric product are the vector spaces

ES.

We can extract the Chern roots of & following standard computations [Arb85].
Here we abuse the notations and identify the cohomology classes 1 and 6 with

their pull-back by 7. The first Chern class of £ is then

(L) =mm; +v+n, (5.2.18)
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where n; is the pull-back of the class of a point on Z, and vy is the pull-back of the

class of the diagonal X ® X satisfying
‘Yz =—2,0,
v} =n.y =0.

The class y does not play a role in what follows.

Following a small modification to the standard computation [Arb85], the Chern

character ch(£ Q) reads

ch(LY) =@l =) (Qi)“(mn;ferrn)”
n=0 :

2

=1+ Qymn: + Qv + Qm + —>-(—2n:0)

2
=1+ Qymn: + Q;v + Qn — Q.0

where 0 denotes the pull-back of the class in H"1(Z£,., Z).

To compute ch (JC "/ ) , we want to know the first Chern class of the canonical bundle

Ks on Z. By inverting the definition

deg(Kz) =29 -2 = L c(k), (5.2.20)

the first Chern class ¢; (Ks ) can be written as

a1(Kg) = (29 - 2)ws, (5.2.21)
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where wy is the volume form on Z. Then the Chern character of the pull-back is

ch(X"/?) = e2cr(p*(Ks))

T

_ o3 (2g-2)ms

=T4+7(g—1)n;:. (5.2.22)

The Chern character ch(€) is related to ch(£LQ ® K"/?) via the Grothendiek-

Riemann-Roch theorem [B]JG"71, Arb85]
ch(R*t,F) td(Y) = 7. (ch(F) td (X)), (5.2.23)

where the appropriate identifications are

F=LB K", (5.2.24a)
X=IxZ4, (5.2.24b)
Y=1g4. (5.2.24c)

The proper morphism 7rin (5.2.23) is identified with the projection7t: I x X4, — Zg,

in (5.2.16). The application of the Grothendiek-Riemann-Roch theorem thus gives

ch(&)td(Z4,) = . [ch(£Y @ K"/?) td(Z x Lq,)]

=7, [ch(£Y) ch(X"/?) td(£)] td(Zq,) (5.2.25)
where td(Z4,) cancels on both sides, and

td(£) =1+ %q (£)=1—(g— 1. (5.2.26)
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Therefore the Chern character ch(€?) is computed as follows

Ch(8j') = T, [Ch(LQi) ch(fKr’/Z)U —(g—1)n;)
=, [e¥" (14 (g — 1)(r; — 1)n: — Qmn; + Qjy — Qfn:6)]
e (Qm+ (g —1)(r; —1) — Q79)

e ((dj—g+1)—QJ0)

g
= eQn {(dj 294D+ Y e‘Qfe“e} : (5.2.27)

a=1
The push-forward 7, effectively acts as an integration, picking out the coefficients

of n;.

Combining the result of ch(€7) in (5.2.27) and

dim(€3) = d; — g + 1

from (5.2.14), the curvature of the complex ¢ can therefore be effectively written

as

Ags = diag (Qpm, ..., Qm, QM — Q761,...,Qn — Qf8y) - (5.2.28)
e

d;—2g+1

It is easy to check that this expression is consistent with the above computations.

We need to take into account the equivariancy as well. On vortex saddle points
parametrised by the moduli space M., ; = Lq,, the real vectormultiplet scalar is

fixed to 0 = —m,, where the real mass of the @; fluctuations is
This promotes to a Ti-equivariant Chern character

ch(&$) =z;e¥"((dj — g+ 1) — Q76), (5.2.30)
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where we have identified
Yyp=e ™ (5.2.31)
up to ascaling forall L =1,..., N, and defined
zi ' =Y;/y; . (5.2.32)

Effectively all the Chern roots (5.2.28) gain an addition term (m; — Q;m;) from the

equivariancy, becoming

(Qn+mj —Qjmy,..., Qjn+my — Qjmy,
dj—2g+1

QM — Q761 +m; — Qymy,...,Qm — Q764 +m; — Qjm;)

(5.2.33)

These equivariant Chern roots have a similar structure to those in (5.2.6), so the
contribution /:((;,j)) to the twisted index from an individual chiral multiplet @; can
]

be evaluated in a similar way via
AR
(5.2.34)

(8.) dj—g+1 1
- H 2sin ): H 1—e %n

>

j
(&) h(«2) ~ L1

j
The numerator and the denominator can be evaluated separately. The numerator

exponentiates the first Chern class as

j—g+1

| | e /2
n=1

a
e_%CT(SJ'.)):
] 1,
=exp| 5(dj —g+1)(=Qm—m; + Qymi) + Q50

ligq.— 1
— (e g ) H AT o (foe) : (5.2.35)



99

5.2. Contributions to Index

The denominator reads
d)'—g+] _] d,»—29+1 _] g _l
T[[] T—eon 1[[1 1 — e Qng; 11 1 — e Qmz;exp(Q76.4)
N T—e Qnz; | 231 — e Qinz;(1+Q704)

n=1

dj—g+]
1 11
. e_anZ' 26
Qjn jra

- n=I1 1= e_Qij a=1 1— T—o
e Z,]'
d;—g+1 9 N,
(T g,
1 — € Q]T]Zj e 1 — e Q)T]Zj )
1 d;j—g+1 e_anZj ,
B (1 — eQij) eXp(TQij je> ) (5.2.36)

where 02 = 0 has been used repeatedly. Finally multiplying them together gives

the full expression
A 1 d~—g+1
A(ED) e*Qi“/zz]./z ) " e Qing.
_ 20( =+ -—— 9 2.37
- (o) eslon(tie)] e

for the contribution from a single chiral multiplet ®

In total, the fluctuations from all the massive chiral multiplets {®;};.; are encoded

in the product
E=Q¢5- (5.2.38)
i#t
Therefore the final result for their contributions to the index is
Ae) _ (e Qnz;)'/2\ 979" " e~ Qg
e(&) [l (1 — e Qg P\ QO3 T eamg, )|+ 2

j#AL
5.2.3 Chern-Simons Term

The supersymmetric Chern-Simons terms generate holomorphic line bundles on

the moduli space M., i = X4, according to the general mechanism in [CT08]. A
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careful translation into the algebraic framework of this paper leads to the conclusion
that the Chern-Simons levels k, k47, Kg, and kg4’ generate holomorphic line bundles

N
QR Lo = (L@ Lg") R) (Lot @ L) (5.2.40)

o4 a’'=2
Here a full construction of these bundles are not required since we only need the

their first Chern classes for our computations. We come back to their construction

later in Chapter 7.

The pure gauge and R-symmetry bundles (£* ® £g*) have

(L) =0—mn, (5.2.41)

o (Lr) = —(g—Thn. (5.2.42)
The contribution to the integrand of equation (5.2.1) is therefore
ch(L* ® LgF) = ex(@mmlemrrlo=Tin, (5.2.43)

This result passes a consistency check. It is compatible with the contribution (5.2.39)
from massive fluctuations of chiral multiplets and the fact that integrating out a
massive chiral multiplet of charge Q; and R-charge r; with real mass m; — oo

shifts

K— K+ —- (5.2.44)

Kp — K +£ 2 (1; —1). (5.2.45)

The mixed symmetry bundles (L5, @ £*¢') have Chern characters

ch(Lis') =yie'™, (5.2.46a)

a/

Ch(L;IZa//) — yKRa/(gi]) . (5.2.46b)

a/
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Here we have mostly relied on consistency arguments. In Chapter 7, we show
that these line bundles can be precisely built from the determinant line bundles of

auxiliary chiral multiplets.

5.3 Evaluation of Supersymmetric Index

Collecting the contribution (5.2.12) from the tangent directions to the moduli space,
the fluctuations (5.2.39) of massive chiral multiplets, and the supersymmetric
Chern-Simons terms (5.2.43), the contribution (5.2.1) to the twisted index from the

component M,, ; of the vortex moduli space is

—n/2 di*ng] .I .I -n
Tmi = J ek(0—mn) ,—kr(g—T)n (;‘i e‘“) exp [6 (E ——+ 1 i —n)] X
Ty n €

N —Q; 1 dj—g+1 e
(e=Qng;)'/2\ ¥ L/ e,
g<1_eqmzj P | Q03+ T q,, (5.3.1)

if T > m, and vanishes otherwise.

The final step is to convert the integration over the symmetric product into a contour

integral using the Don Zagier formula [Tha92],

JZ A(n)eGB(ﬂ) :jg B dTLL A(u) (1 t;iB(u)]g ) (532)

The integral in equation (5.3.1) has precisely this form with

-n/2 di—g+1 —Qm,.\/2 dj—g+1
_ o—kmn —kg(g—T)n 1€ i (e”™ ZJ)
Aln) = e—kmme—kx (]_e_n> 1;[{ R . (533)
)F1

_ T e " Na e Qing;
B(T])—k—l-(z—ﬁ'F]_en)‘f‘ZQj (Z‘FW), (534)
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and therefore we find

Cu di—g+1 N _ 0. 1 dj—g+1
J. = due kmuekrlg=Tu( € - H L QJu—Zj) 1 X
m,1 L0 ‘I — e u ‘] _ e—quZ),

kat’
- N 02 _o. g
T(1te™ Q2 (1+e Qg
k+ = Nj(lT+e ©7z
di—g+1 ) 1 dy—gt1
=j€ dX e elgon) (92 0 ﬁ (xQy;) 17
x=y;' X 1 —xy; L 1—xQuy;
9
171+ xy; N Q? 14+ xQy,
k 2 : _] —] O N
[JFZ(]—Xyi)JFJ; 2 \1—xQuy; /| (5.3.5)

where the substitution e™ = xy; has been made in the second line. Note that we
have assumed Q; = +1 from (5.1.7) for our computations. A similar calculation

can be performed in the case Q; = —1.

The final result, under the assumption that |Q;| = 1 is that the contribution to the

twisted index from vortex saddle points parametrised by M, ; is

dx
_jg _ka+kR(gf1) %
x=y

N ) 1 dj—g+1 N ) 9

(xQuy;)' /217 2] xy;

—_— k s 5.3.6
HL—iny)- +;Q] 3t Ty, (5.3.6)

if sign(t’ — m) = sign(Qi), and zero otherwise. This exactly reproduces the

contribution to the twisted index from the pole at x?iy; = 1 when the auxiliary

parameter 1 is chosen such that sign(n) = sign(t’ —m).



Chapter 6

Topological Saddles

This chapter contains the full algebro-geometric construction of the twisted index
for topological saddle points, which is introduced in Chapter 4. The schematics can
be found in Section 4.4. We first analyse the structure of the moduli space of the
topological saddles. Then the individual contributions from the tangent directions,
the normal directions, and the Chern-Simons terms are constructed. Finally the
total contribution to the twisted index is evaluated, which is in agreement with the

contour integral formula.

6.1 Moduli Space

Topological saddle points are configurations where ¢; =0 forallj =1,...,N and

there is a unique finite expectation value for o, := t?o that solves the equation

e vol(Z
T —m= —T()GOKi (6.1.1)
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in the region +0, > 0. Topological saddle points exist provided k* # 0 and
sign(t’ —m) = sign(Q4 ). If we choose the auxiliary parameter such that sign(n) =
sign(t’ — m), there are topological saddle points with +0, > 0 whenever the
Jeffrey-Kirwan residue prescription selects the poles at x*' — 0. The task in this

chapter is to reproduce the residues at these poles.

The only massless bosonic fluctuations around a topological saddle are those of
the gauge connection A. Topological saddle points with flux m € Z are therefore

parametrised by connections A on a principle U(1) bundle satisfying

27
vol(X)

«Fa = m, (6.1.2)

modulo gauge transformationson . As for vortex saddle points, the contribution to
the twisted index is expected to be the supersymmetric index of a supersymmetric
quantum mechanics whose target is the moduli space of solutions to these equations.
However, gauge transformations act trivially on Fo and oy, so the U(1) gauge

symmetry is unbroken and the quantum mechanics is gauged.

To describe the supersymmetric quantum mechanics concretely, we use the al-
gebraic description of solutions to (6.1.2) as holomorphic line bundle L of degree
c1(L) = m. We then expect a supersymmetric sigma model to the Picard variety
Pic™ (%), parametrised by the complex structure d, which transforms as a chiral

multiplet under N = (0, 2) supersymmetry.

However, any holomorphic line bundle has a C* worth of automorphisms, corres-
ponding to unbroken complexified gauge transformations. It is therefore more
appropriate to describe the supersymmetric quantum mechanics as a sigma model
to the Picard stack,

M = Pic™ (). (6.1.3)
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We can make this more concrete at the cost of introducing an auxiliary base point
p € L. Decomposing complex gauge transformations into those trivial at p and

constant gauge transformations, we have

Mm = My x [pt/C], (6.1.4)
where the moduli space is a Picard variety isomorphic to the complex torus

M, =Pic™(Z) = T%9. (6.1.5)

In this way, the supersymmetric quantum mechanics is a hybrid of a non-linear

sigma model with target space T?9 and a U(1) gauge theory.

The supersymmetric quantum mechanics is not, however, a product due to the
massive fluctuations of the chiral multiplets ®;. They transform in a perfect complex
on 9, generated by fluctuations annihilated by d4. Choosing an auxiliary base
point as above, this becomes a C*-equivariant complex on M,,. So the fluctuations
roughly transform as sections of a holomorphic vector bundle on the target space
T?9 of the sigma model and are also charged under the unbroken U(1) gauge

symmetry.

6.2 Contributions to Index

The contributions to the twisted index from topological saddle points can be

expressed in the same form as vortex saddle points (6.2.1), given by

J?\(smm) /z((;) ch (® Lo(> , 6.2.1)

where € is a perfect complex arising from fluctuations of the massive chiral mul-

tiplets {D; }}“:1 ,and £ o are holomorphic line bundles arising from the mixed Chern-
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Simons terms. We have again omitted the topological label m on the bundles € and
L  for brevity. Note that however they are not labelled by a chiral index i, unlike

the vortex case.

To make this more precise, we choose an auxiliary base point on £ and decompose
the moduli stack M, = M, x [pt/C*]. The characteristic classes in equation (6.2.1)
are then to be understood as C*-equivariant classes on M,,. The integral over the

moduli stack decomposes into two parts:

* A regular integral over the moduli space M, = Pic™(Z). This is the usual

contribution from an N = (0, 2) supersymmetric non-linear sigma model.

ANy
Zﬁiex,

where x is the Chern character of the trivial C*-equivariant holomorphic

* A contour integral

vector bundle with weight 4-1. This is the contribution due to the unbroken

U(1) gauge symmetry.

The purpose of the contour integral over € is of course to project onto gauge
invariant contributions. This is not meaningful as it stands because the integrals
of C*-equivariant classes in equation (6.2.1) over the moduli space M,, produce
rational functions of x. It is therefore necessary to specify whether the integrand
should be expanded inside or outside the unit circle, which correspond to the

residues at x = 0 or x = oo respectively.

Our prescription is guided by physical intuition. First, note that the path integral

2B (o+iA

construction identifies x = e~ ) where o is the real vectormultiplet scalar

and A is a constant gauge connection around the circle. Topological saddle points
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with 0 > 0 are therefore associated with the region x — 0, while those with oy < 0

are associated with x — oco. The natural expectation for the contour C is therefore

1 dx

0o >0: ﬁ JX_O 7 y (622&)
1 dx

00<0: R JX_OO ? . (622b)

This gains further support from the hamiltonian interpretation of the twisted index
as counting supersymmetric ground states. The supersymmetric ground states
depend on the sign of the real mass of fluctuations, which is dominated by o as
lo| = oo. For example, the ground state wavefunctions of a one-dimensional chiral

multiplet of charge +1 are

c>0: ¢"e " n>o0, (6.2.3a)

c<0: ¢ ey, n>0 (6.2.3b)

with contributions to the index

0>0: T4+x+x>+--- = : (6.2.4a)

0<0: —x'—x?+4...= . (6.2.4b)

So projecting onto uncharged states at the level of the index is equivalent to

1 dx 1
D — — =1 2.
0>0 ZniJXO x 1—x ’ (62.52)
1 dx 1
o — = 2.
o <0 MJX_OO = =0, (6.2.5b)

which select the coefficient of x° in the expansions around x = 0 and x = oo
respectively. The general prescription (6.2.2) is basically a broad generalisation of

this observation.

In summary, we have two contributions from potential topological vacua with
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0o > 0 and 0y < 0 are given by the following integrals

R dx [ Al€) .

o _z_mL_o? JA(M‘“)e(e) ch(L"® Le'), (6:26)
O A A ek g e

oo = 5~ L_OO - JA(Mm)e(E) ch(L* @ LK&)Y, (6.2.7)

where we interpret €, £, and L as C*-equivariant objects on the moduli space
My = T29. In the next section we evaluate these explicitly and show that they
reproduce the appropriate contributions to the twisted index according to the

contour prescription (4.3.6).

6.2.1 Tangent Direction

Let us first summarise some notation for intersection theory on the Picard variety

My = T29. The Dolbeault cohomology ring is generated by classes

(o €H"(T?9,Z2) Vaeil,...,q}, (6.2.8a)
(o €HOY(T?9,Z) Vae{l,...,q}. (6.2.8b)
We define
0o :=C0aANCa €HVI(T?9,7), (6.2.9)
and
g
0:=) 04 (6.2.10)
a=1
with normalisation
09
J — =1. (6.2.11)
T29 !

The tangent bundle is flat, and therefore the contribution from the tangent directions

is simply

AM,) =1.

(6.2.12)
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6.2.2 Index Bundle

We now consider the index bundle &; encoding the massive fluctuations of each of
the chiral multiplets ®; around configurations in M,,. These are coming from the

normal directions of the flavour T; action on the full moduli space M.

At a point on the moduli space corresponding to a holomorphic line bundle L, each

chiral multiplet generates chiral and Fermi multiplet fluctuations solving

6Ad)j = O, 6/\1’])' = O, (6213)
where ¢; and n; transform as zero-form and one-form sections of L9 ® Ky

respectively. The fluctuations of @; around this point therefore generate the

following vector spaces.

¢ Chiral multiplet fluctuations are valued in

EQ = HO (z, 19 K;/Z) . (6.2.14)

¢ Fermi multiplet fluctuations are valued in

Eli=H' (z, 19 & K;/Z) . (6.2.15)

The line bundle L is the gauge bundle with the gauge charge Q; inherited from the
three-dimensional chiral multiplet ®;. The canonical bundle K5y comes from the
topological twist mixing in the R-symmetry. As L varies in Pic™ (X) the dimensions

of these vector spaces may jump. But by the Riemann-Roch theorem the difference
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is a constant equal to

dimE§ — dimE] =h°(L9 @ K;"*) —h' (LY @ K}/?)

=Qm+ (g—1)(r; —1), (6.2.16)
where d; is the degree of the line bundle

dj = deg(LQj ® K;h)

= Qjdeg(L) + %deg(Kz)
b

=Qm+ 5

(2g—2). (6.2.17)

This means the difference behave like the fibre of a holomorphic vector bundle on

Pic™(X) for the purpose of K-theoretic computations involved in the twisted index.

More precisely we need to describe the massive fluctuations as a complex of sheaves.
It is again useful to consider the universal construction. This is canonical for the
moduli stack 9,,,. But for concreteness we pick a base point b € X and pass to the

moduli space M, = Pic™(X). There is a corresponding diagram

Pic™(Z) x £

/ \ (6.2.18)

Pic™(X) )X

A universal line bundle £ is defined such that on restriction to a point q € Pic™(X)
corresponding to a holomorphic line bundle Lon %, i.e., £ |q ~ L. The universal
line bundle is not unique due to the C* automorphisms. There is the possibility
to transform £ — £ ® 7*N. However, this can be fixed by demanding £ is trivial
on restriction to the base point b € Z. Note that there is a unique universal line
bundle on the moduli stack 91, x £ without such a choice. We also define the

pull-back of the canonical bundle X = p*Ks.
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The massive fluctuations of the chiral multiplet ®; generate a perfect complex £

of sheaves defined by the derived push-forward

& =R, (LY @ K"?). (6.2.19)

The stalks of &atl e Pic™(X) are the vector spaces E? considered above. The class
ch(Sj') = ch(Eg’) — ch(S;) makes sense in equivariant K-theory and the complex

behaves like a vector bundle of rank d; — g+ 1 for the purpose of such computations.

To compute the contribution to the twisted index, we begin by computing the Chern
character of £;. This is a small modification of a standard argument presented
in [Arb85]. In what follows, we again abuse notation and identify the class 6 with
its pull-back via 7. Similarly 1; denotes the class of a point on X and its pull-back

via p. The following computations are similar to those in Section 5.2.2.

First, the Chern class of the universal line bundle is

(L) =mn:+v, (6.2.20)
where the class 7y satisfies
‘Yz =—2n;0,
y? =n:y =0.

The class y does not play a role in what follows.

We therefore find

Ch(LQi) — eQic1(£)

Q?
= T4 Qumn: + Qiy + 711/2

=1+ Qimn; + Qiy — Qin.0. (6.2.21)
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Similarly, using

from (5.2.21), we find

_ emilg—Tms
=1+4+7(g—1)n:. (6.2.22)

Combining these results
ch(£LY @ K"?) =1+ djns + Qyy — Q6. (6.2.23)

Using the Grothendiek-Riemann-Roch theorem (5.2.23), we can now compute the

Chern character of 8]-' as

ch(é?)

)

. [ch(£Y ® K"/?) td(Pic™Z x X)]

m [ch(£% @ X™2)(1— (g —1)n;)]

m[14 (dj — g+ 1)n: + Qvy — Qin;0]
=(dj—g+1)—Qj0

g
=(dj—2g+ 1)+ ) e O, (6.2.24)

a=1
where in the final line we have expressed the result in such a way that the Chern

roots are manifest.
Combining the result of ch(€}) in (6.2.24) and
dim(€y) =d; —g+1

from (6.2.16), the curvature of the complex £f can therefore be effectively written
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as

Ags = diag (0,-.-,0,—Q761,...,—Q78) . (6.2.25)

dj—2g+1
We need to take into account the C*-equivariancy. On topological saddle points
parametrised by the moduli space M,, = Pic™(X), the real mass of the ®; fluctu-

ations is

m; + QjO' . (6226)

This promotes to a C*-equivariant Chern character

9
ch(&;) = xVy; [(dj —2g9+1)+ Z leeﬂ} , (6.2.27)

a=1

where we have identified

x=e 7, (6.2.28a)

yj=e ™ (6.2.28b)

up to a scaling. Effectively all the Chern roots (6.2.25) gain an addition term

(m; + Q;0) from the equivariancy, becoming

(m; + Qjo,...,m; + Qjo,

~
djfngr]

- Q]—ZG] +m; + Qjo,..., _szeg +my + Qj(T) . (6.2.29)

The contribution to the twisted index is now given by the equivariant A—genus of
the complex €. This is straightforward to compute from the equivariant Chern

roots (6.2.29) by a now familiar set of manipulations.
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K(E]’) dj—g+1 1 dj—g+1 eian/z
e(&) H 2sinh(%n/2) H T e o (6.2.30)

—

The numerator and the denominator can be evaluated separately. The numerator

exponentiates the first Chern class as

dj—g+1
e_%m(gi‘)) — H e_““/z
n=1
= exp Z(d) —dg + 1)(—mj — Q)'O') + EQ) 0

leq.— 1
— (Xijj)z(dl g+1) exp(zQJze) . (6231)
The denominator reads
dj79+1 ] djfngr‘I 1 g _l
E T—exn H 1 —xQvy; E 1 —xQy;exp(Q764)
e ) !
Ih T—xQy; | 211 —xQiy;(1+ Q764)
dj—g+1 g
1 1
- H —xQu. H N
gl 1—x JUJ) a=11— 1—X]Qyj;j ]-29(1
1 dj—g+1 Qjqy.
(i) )
1 —xRiy; e 1 —xRiy;
1 dj—g+1 XQ"U)’ 5
_ —— ) (O 2.32
(]_Xij]) exp(1_Xij] ]9), (6.2.32)

where 82 = 0 has been used repeatedly. Finally multiplying them together gives

the full expression
“ 0. 1/ dj*g+1
A(ES) X Ql/zyj/ , (1 xQiy;
e(e3) (1 Xy eXP{Qie(szTijj)} (6.2.33)

for the contribution from a single chiral multiplet @;.

In total, the fluctuations from all the massive chiral multiplets {® j}]\':1 are encoded



6.2. Contributions to Index 115

in the product
N
E=es. (6.2.34)
j=1

Therefore the final result for their contributions to the index is

N Qi/2,,1/2 dj—g+1 Q;
X Y; e XY;j
Ol -+ —1]. 2.
H<1_XQ%> exp[QJG(Z—F]_ijyj (62.35)

j=1

/\

6.2.3 Chern-Simons Term

The supersymmetric Chern-Simons again induce holomorphic line bundles over
the moduli space M, = T?9. In the algebraic framework the Chern-Simons levels
K, Kq/, Kr, and Krq’ induce holomorphic line bundles

N

®L (L@ L5 Q) (Lo ® LJEy). (6.2.36)

a’'=2
Here a full construction of these bundles are not required since we only need the
their first Chern classes for our computations. We come back to their construction

later in Chapter 7.

The pure gauge and R-symmetry bundles (£* ® £g*) have

c(L)=0, (6.2.37a)

¢ (Lr) =0, (6.2.37b)

and transform equivariantly with weights m and (g — 1) respectively. The equivari-

ant Chern characters are therefore

ch(£¥) = (x™e?)* = x me~?, (6.2.38a)

ch(LR}) = x*=l9=1) (6.2.38Db)
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This is compatible with the contribution (6.2.35) from fluctuations of @; and the
fact that integrating out a massive chiral multiplet of charge Q; and R-charge R;

shifts the supersymmetric Chern-Simons levels as in equation (5.2.45).

The mixed symmetry bundles (£5, ® £5%¢") have Chern characters

ch(Li¢) =yse'™, (6.2.39a)

a/

ch(LkRe) = yfre (971 (6.2.39b)

a/

Here we have mostly relied on consistency arguments. In Chapter 7, we show
that these line bundles can be precisely built from the determinant line bundles of

auxiliary chiral multiplets.

6.3 Evaluation of Supersymmetric Index

Combining all these contributions, the contribution to the integrand from the

integration over the moduli space M, = Pic™(X) = T29 is

N (Xij.)]/z dj_g+1 _] XQJy
km k0, kr(g—1) ) - ) Ze
JPic"‘(Z)X © H<1 —XQjUj) exp((z " 1 _XQ”J)')Q] )
1/, d;—g+1 N
Qy:) "\ 1 xQiy;
—xkmHkrlg=T) BTyy) J exp| k+ -2<—+—] ) 0
H 1—xQy; Pic™ (X) F J; 9 2 1—=xVy;

N (ijy )1/2 dj_9+] N 1 Xij 9
_ kmtkg(g—1) X7Y5) K 2(_ 4 2 9 )|, 3.1
X H<1_ijyj> +ZQ’ (2+1—iny5>] 630

j=1
Note that the integral [ 5 effectively picks out the coefficients of the volume form

%. The contributions from topological saddle points therefore exactly reproduce
the potential residues at x = 0 and x = oo in the Jeffrey-Kirwan residue prescription

with n aligned with T/ —m.



Chapter 7

Chern-Simons Term from

Determinant Line Bundle

It is a general phenomenon for three-dimensional theories that when heavy fermi-
ons are integrated out, they induce an effective Chern-Simons term as an low-energy

effect [Red84a, Red84b, AGW84].

¢ In this chapter we first develops the physical intuition of this mechanics from

the abelian Higgs model in Section 7.1.

* Then we propose an algebro-geometric construction of the Chern-Simons
contributions to the twisted index from determinant line bundles of auxiliary

chiral multiplets in Section 7.2.

¢ Finally we give the full construction of the Chern-Simons contributions for
both vortex saddles and topological saddles in Section 7.3, completing the

discussion from Chapter 4.
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7.1 Abelian Higgs Model

It can be understood at the level of lagrangian of vortices [CT08] in the abelian
Higgs model

1 o
L= Zgab(x)xaxb.

When considering a bosonic lagrangian without Chern-Simons interactions, adding
suitable fermion content and integrating out its zero modes produces an effective
Chern-Simons term

Lo = kA (X)XO. (7.1.1)

This has been shown explicitly for a U(N) Yang-Mills Chern-Simons theory coupled
to a real adjoint scalar o and scalars {q;};-"; in the fundamental representation of the
gauge group [CTO08]. The Chern-Simons term in the lagrangian can be reproduced
by integrating out chiral multiplets {®;}}Y ; in the anti-fundamental representation
of the U(N) gauge group. The resulting effective Chern-Simons lagrangian from a

single chiral multiplet @ is given by
Leff = —% sign(m) Tr(w, )X, (7.1.2)

in the limit the mass m — oo. The trace Tr(w,) is over the the connection w on
the index bundle, which is the bundle over the vortex moduli space defined by the

space of zero mode solutions of the Dirac equation
(i — (c+m))¥ =0,

where ¥ is a Dirac fermion in the chiral multiplet ®.

This formula (7.1.2) is obtained by integrating out these zero modes. The dynamics

of these zero modes is described in terms of the grassmannian coordiantes &of
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the fibre of the index bundle by the kinetic term
E(iDy —m)&L, (7.1.3)
where the covariant derivative is defined by
D& =0 & +i(wg ) X2EM. (7.1.4)

Integrating out the fermion & in the path integral leads to the normalised determ-

inant

iD, — 0 — W 0.X —
det( 2= M) _ gop( —9r —tWalet M) (7.1.5)
10y —m —0r:—Mm

where T = it is the compact euclidean time with periodicity T € [0, f3).

The solution x of eigenvalue A to the equation
(—0; —1wg 0. X —m)x = Ax (7.1.6)

is given by

x = e (MHNTY (), (7.1.7)

where V(1) is the time-ordered product

V(1) =Texp <—1J dt’ waaT/xa) . (7.1.8)
0

Denoting the eigenvalues of V() as e** and imposing the periodicity condition

x(0) =x(B) gives
vy + 2min
AlzT—m, nez. (7.1.9)
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Now the determinant is obtained as
det (M)
10 —m
~TII1 rin/g 4 vi/p —m
i 2min/p —m
_H 1 vy \ sinh(Bm/2 — vi/2)
N . fm sinh(Pm/2)

— exp <—% sign(m) Z v1> (7.1.10)
1

as 3 — oo. This contribution to the path integral corresponds exactly to the
effective lagrangian (7.1.2). The zero modes have induced an effective magnetic
tield ¥ = d A, where A = Tr(w) is the Chern-Simons one-form. If we integrate out

N = 2k chiral multiplets, then the Chern-Simons term (7.1.1) is recovered.

In general, we would like to identify Chern-Simons terms as effects of some

“determinant” of the bundles encoding the chiral multiplets.

7.2 Determinant Line Bundle

In quantum K-theory, the level structure is defined by determinant line bundles [RZ18].
Let x be a Deligne-Mumford stack. The determinant line bundle for a locally free,

finitely generated O, module E is defined as
det(E) := ARk(B)E (7.2.1)
Similarly the determinant line bundle at level k is defined to be

Dy (E) := (detE)*. (7.2.2)
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Let €* be a complex of coherent sheaves on x, which has a bounded complex of

locally free, finitely generated O, modules E*® and a quasi-isomorphism
E* — E°. (7.2.3)
Then the determinant of £° is defined as

det(£*) := (X det(E™M) 1", (7.2.4)

To define the level structure in a quantum K-theory, let 9t be the algebraic stack of

pre-stable nodal curves, and Bung be the relative moduli stack
Bung LA m

of principal G-bundles on the fibres of the universal curve € — 9t. Given a finite-
dimensional representation R of G, the level-k determinant line bundle over the

e-stable quasi-map space Q is defined as
D* = (det(Rm. (£ xg R))) X, (7.2.5)

where £ — C is the universal principal bundle given by the pull-back of the
universal principal G-bundle P — Cpun. Here Coyun N Bung is the universal
curve as the pull-back of ¢ along ¢, and € = Q is the universal curve on the

quasi-map space.

7.3 Chern Simons Term

Consider an additional auxiliary chiral multiplet ®;. It can be interpreted to

generate Chern-Simons terms via its determinant line bundle. The determinant
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line bundle of 8].' is

det(€3) = det(€) — &]) = A%9+1(e0 —¢g]). (7.3.1)

Note that the first Chern class of this line bundle is the same as the one of 8]-',

cy (det(E;)) =y (/\di_gH 8;) =Cy (8;) . (7.3.2)

7.3.1 Vortex Saddles

For vortex saddles, the first Chern class is

c1(det(€})) = Qm(d; —g+1) — Q78 (7.3.3)

from the Chern roots (5.2.28). Since it is a line bundle, the Chern character of the

determinant bundle at level k is given by
ch(Dy(€3)) = exper((det€$)*)] = e kQn(di—g+1) kQje (7.3.4)
Completing to equivariant forms (5.2.33) gives

Ch(Dk(Ej.)) — ekQj0,o—k(dj—g+1)(Qin—Qjmi+m;)

—kQ?m kQ;m
Y Yy X

e kQj(rj—1)(g—1 )nykaj(Ti—l)(9—1)yk(ri—1 Jg=1) (7.3.5)

i j

— eijzee—ijzmn

With the Don Zagier formula (5.3.2) and the appropriate substitution from (5.3.5),

the 1 factors can be effectively re-written via e™" — xy;, producing

ch(Dy(£])) = ekQ7OxkQfmy QM kQ;(ry=1g=T)y = 1o=1), (7.3.6)
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Note that it already reproduces the relevant factors

XKm(ﬁy;jm)x (g—1) <H9KR; g— 1)
j=1

from the one-loop determinant (4.2.9), if we identify the charges of this auxiliary

chiral multiplet ®; with the Chern-Simons terms as follows

kQ7 = K, (7.3.7a)

KQj — Kj (7.3.7b)

kQj(r; — 1) = kg, (7.3.7¢)
k(T —1) = Kgj . (7.3.7d)

After integration over the moduli space, the 0 factor ekQi0 contributes to the

Chern-Simons level in the hessian (4.2.10).

It is clear that introducing multiple auxiliary chiral multiplets of various charges

is sufficient to generate arbitrary Chern-Simons levels in the above factors.

7.3.2 Topological Saddles

In case of topological saddles, the first Chern class is a straightforward evaluation

c1(det(€5)) = Q70 (7.3.8)

from the Chern roots (6.2.25). Since it is a line bundle, the Chern character of the

determinant bundle at level k is given by

ch(Dy(€5)) = exp[cr ((det &) 7)] = ekQjo (7.3.9)
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Completing to equivariant forms (6.2.29) gives

ch(Dk(&3)) = ekQ70 o —k(dj—g+1)(Qjo+m;)

_ ekaeXijZmy?Qjmkuj(r,-J)(9—1)y;<ﬁi—‘)(9—” , (7.3.10)

which is the same expression (7.3.6) for the vortex case.

It already reproduces the relevant factors

N N

K<™ (Hijm> x<r(g=T) (Hy!ﬂzj(g1 ])
j j

j=1 j=1
from the one-loop determinant (4.2.9), if we identify the charges of this auxiliary
chiral multiplet @; with the Chern-Simons terms according to (7.3.7). After integ-
kQ7e

ration over the moduli space, the 0 factor e contributes to the Chern-Simons

level in the hessian (4.2.10).

Thus we conclude that the Chern-Simons contributions can be obtained by integ-

rating out additional auxiliary chiral multiplets.



Chapter 8

Higher Rank Abelian Theory

In this chapter we briefly discuss a generalisation of the N = 2 supersymmetric
U(1) gauge theories discussed in Chapter 2 to a higher rank abelian group U(1)¥.
It is expected to inherit most of the structures from the rank one case. However,
there is a potential mixing between topological and vortex vacua, which leads to

more intricate window phenomenon and geometric interpretation.

Instead of trying to give a complete treatment, we aim to set up the notations and

explore heuristically, following the general outline set up in the previous chapters.

Furthermore, these more general theories admit mirror symmetry, which we

investigate with some examples in Section 8.5.
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8.1 Semi-Classical Vacua

Consider N = 2 supersymmetric U(1)* gauge theories, with N chiral multiplets
{®@;}L, for N > K. The j-th chiral field ®@; is assigned with gauge charge {Q®;}_;
in the a-th U(1) group, and R-charge r;. Again, we set the complex superpotential
to vanish, W = 0.
We introduce various mixed Chern-Simons terms at the following levels:

* Kqp denote gauge levels,

* Kqp’ denote gauge-flavour levels,

* Kgrq denote gauge-R levels,

® krq denote flavour-R levels.

The chiral multiplet index has been splitinto i = (a, a’), where a’ € {K+1,...,N}
labels the (N — K) independent flavour fugacities. The gauge and flavour levels can
be combined into a symmetric matrix ki; and a vector kg;. Cancellation of parity

anomalies requires
1 o -
Kij + z Z Qle] K €z, (8.1.1a)
k=1
m
<R+ > Qi =1 €Z. (8.1.1b)
k=1

To have non-singular moduli spaces of vacua, the entries Q' ; of the extended N x N

charge matrix are required to be have unit modulus,

QY =1. (8.1.2)
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The real mass m; are introduced for the global flavour symmetry G¢. There are
also three-dimensional Fayet-Iliopoulos parameters , associated with the global
topological symmetry T, = ®4_; U(1)y. The global symmetry T, x G for generic

Fayet-Iliopoulos parameters (, and masses m; contains a maximal torus

N
T = (@ umj>/u(1)‘<. (8.1.3)
j=1

Since K linear combinations of the U(1); generators are gauged, K linear combin-

ations of (4 and m; can be absorbed into shifts of the vector multiplet scalar o,

following
Oq— 0q+00g, (8.1.4a)
Ca = Ca - Z Kabécb ) (814b)
b
my o m;— Y Q%80,. (8.1.4¢)

After integrating out auxiliary fields, the classical scalar potential is obtained [DT00]

as

K N K 2 N
U=y ei< Q%1 — > Kavop — ca> +Y M(o)lhsl*,  (8.15)
a=1 j=1 b=1 j=1

where ¢; and o, are the scalars in the chiral multiplet and vector multiplet

respectively, and ( is the three-dimensional Fayet-Iliopoulos parameter.

The effective mass of ¢; is given by

K
M;(0) = ) Q%oa+m;. (8.1.6)

a=1

The dynamically generated Chern-Simons terms give corrections to the mixed

gauge-gauge, gauge-flavour, gauge-R, and flavour-R mixed Chern-Simons levels
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respectively as

N

Kef{) = Kab + = > Z Q4qjQvj sign M; (o), (8.1.7a)
j=1

K‘;f{,, = Kab’ + > Z Qqj Qv sign M; (o), (8.1.7b)
1 .

K?{{) = Krp + 7 ); Quj(r; — 1) sign M; (o), (8.1.7¢)
1N

K?{{,, = Krp’ + 7 Z Qurj(r; — 1) sign M;(0). (8.1.7d)

We define the asymptotic Chern-Simons levels as

N
o = KL (0 = £00) = Ky £ 3 ) |QuylQey (8.1.82)
j=1
N
Kav = Kapr(0a = £00) = Kaps £ 5 Z 1Qa;1Qur5 (8.1.8b)
K:Iga = KRa(Ga — :EOO) - KRa 2 Z ’Qa]’ ) (818C)

The effect of the dynamical generation of gauge-flavour Chern-Simons terms can
be interpreted as the renormalisation of Fayet-Iliopoulos parameter. The resulting

effective Fayet-Iliopoulos parameter is

=+ Z K My, (8.1.9)

=K+1
where m: are the independent mass parameters satisfying

N

mi= ) Q%mau. (8.1.10)

a’=K+1

The combined effects of the dynamical generation of gauge-gauge and gauge-
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flavour Chern-Simons terms are captured by the effective parameter

K
Z bOb + Ca + Z ab,mb/

b=1 =K+1
N
= (o + KabOb + Kab/Mp/ + = ajl M ( 8.1.11
Z bVb b,ZK+1 b b ZZ ]| ( )

Hence the semi-classical scalar potential is obtained as
K

N 2 N
U=) e (Z Q%151 — ch)) + 3 ME(0)ldsl. (8.1.12)
j=1 j=1

a=1

As discussed in Chapter 4, the theory can be twisted onto a target space £, x S',
where L, is a Riemann surface of genus g, and S' is a circle of radius 3. The twisted
is performed using the unbroken R-symmetry, which preserves an N = (0,2)

quantum mechanics on S' with a pair of supercharges Q and Q.

Exponentiating F, (o) gives a factor of the form

da H Xgar H VIR (8.1.13)

=K+1
where the fugacities are defined as
Qo :=e Pla (8.1.14a)
Xp i=e PO, (8.1.14b)
Ypr = e P, (8.1.14¢)

This results in factors involving the mixed Chern-Simons terms in the one-loop
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determinant
K K
— H qfc‘:a (H Xgabma> < H ybab’ma>] %
a=1 =K+1

N
<HXKRb g—1) ) < H y;»,zb/(gn) x
b/'=K+1

(28 Qe yme)+(ri—1)(g—1)

N Q /2 Q /2

[Ty 1_[ -
H b= 1 b K+1 Qb/ , (8.1.15)
i=1 ]_Hb 1X Hb/ K+1 Yo’

for the twisted theory on S' x L.

The semi-classical vacua of the scalar potential (8.1.12) are the solutions to to the

following set of vortex equations

N
> Qujles =Falo)  Va, (8.1.16a)
j=1

M;(0)d; =0 vj, (8.1.16b)

where (8.1.16a) is the D-term equation.

Analogous to the U(1) vacua discussed in Section 2.2.2, the vacuum solutions can

be classified into the following classes:

¢ Higgs branch vacua occur when at least K chiral multiplet scalars {¢p; | i € I}
are non-vanishing. Their effective masses M; (o) must vanish due to (8.1.16a),
fixing the values of all vector multiplet scalars 0. The right hand side of the

vortex equation (8.1.16a) is now fixed

Z Qa1|¢ |2 — Ca + Z +Kab0b + 35 Z Qa]|M (8117)

iel )QI
for given gauge charges Q ,; and real masses m;. For generic mass parameters

m;, there are exactly K non-vanishing chiral multiplet scalars.
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* Topological branch vacua are discrete solutions of the scalars o, to
K
Fa(o) =+ > i (0)op =0
b=1

at low energies where all chiral multiplet scalars ¢; = 0. This can only occur

if k*f (o) # 0 for generic mass parameters m;.

¢ Coulomb branch refers to the non-isolated solutions of the vector multiplet
scalars 0, where F,(0) = «*f (0) = 0 when all chiral multiplet scalars ¢;

vanish.

* A mixing of Higgs and Coulomb branches can occur when the number [I| of
vanishing chiral multiplet scalars is 0 < |I| < K, where the vacuum consists
of both non-isolated values of the chiral multiplet scalars ¢; and the vector

multiplet scalars o,.

The vacuum structure is considerably more intricate compared to the the U(1)
case discussed in Section 2.2.2. The mixed types are of particular difficulty for

analogous analysis.

8.2 Window Phenomenon

There also exists the window phenomenon on the space of Chern-Simons levels,
where a Higgs branch can exist alone within a certain region but must accompany

a topological branch outside the region.

Similar to (2.3.1), the critical Chern-Simons levels k¥ are defined to be the bare
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Chern-Simons levels such that the effective Chern-Simons levels in (8.1.7a) vanish,

Ong{f—F]

N

N
Y QajQu;sign M;(0), (8.2.1)
j=1

where sign M; (o) depends on all 0, from each U(1) component. The space of o
is divided into chambers by M;(0) = 0. Each chamber admits a different set of
critical levels. Away from these critical levels, there may exist topological vacua
in addition to Higgs vacua. There may not exist a finite window for any choice of

Fayet-Iliopoulos parameters

8.3 Bethe Ansatz Equations

The Bethe ansatz equations for U(1)¥ theories are given by

exp <ia;og Z) =1 Va. (8.3.1)

For the theories of our interests, substituting in the classical and one-loop determ-

inant (8.1.15) gives

K Qv N Qb’A j
I (1—be T W2 )

{i1Qe; >0}

=(—1)Nqa<HX§Zb>< yff‘“) X
b b’

Ko N o —Q%
1 (1— xg o Yo J‘) (8.3.2)

{jlQe, <0} b=1 b/=K+1

for each a = 1,..., K. The constant exponent N+ is defined as

N* = Z Qaj )

(71Q¢; 20}
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which roughly counts the number of positively or negatively charged chiral mul-
tiplets. The splitting of the index set into positive and negative charges is to make
the equations close to polynomials of x,. Equivalently, the Bethe ansatz equations

can also be written as

a .

K N , j
] Q _ij
H - Xp Yy
{jlQ®;>0} b=1 b/=K+1
a - K .,
e q(H) (T
b b’

11 ( be H Ty ) : (8.3.3)

{jIQaj<O} b=1 =K+1
8.4 Twisted Index

Consider the twisted index on S' x X, where X is a closed orientable Riemann
surface of genus g. In the operator formalism, the twisted index counts the
supersymmetric ground states H annihilated by the supercharges Q and Q. The
space J{ of supersymmetric ground states forms a representation of the global

symmetry T; x G¢. The twisted index is then in the form

J =Tr(— H qle Hg (8.4.1)

where ], is the Cartan generator of the a-th U(1) factor in the topological symmetry
T, and J; is the generator of U(1); in G¢. The Hilbert space H{ is assumed to be

locally finitely graded.

This definition (8.4.1) of the twisted index can be interpreted as the supersymmetric

index of the supersymmetric quantum mechanics obtained by the twist. The
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geometric construction can be expected to be in the following form [BFKX22]

7=y q" J?\(*.mm) ch(&m), (8.4.2)

where m labels the magnetic sectors, 9t,,, denotes the moduli space parametrising
the saddle points of the localised path integral, and &, is a perfect complex of

sheaves encoding the massive fluctuations of the chiral multiplets.

It can be shown [BFKX22] that with appropriate localisation schemes, this geometric
construction reproduces the Jeffrey-Kirwan contour integral formula of twisted

indices [BZ15]:

1\ [ dx dxx
j = Py T e g oo e ; oo e 4.
mlme (2711) iK X ~ det(Hap)?Z(x1,...,xk; M1y ...,mg), (8.4.3)

where Z is the classical and one-loop determinant (8.1.15) and the hessian factors

are
0%log Z

ab = dlogx,0my,

(8.4.4)

8.4.1 Geometric Interpretation

Generalising the work [BFKX22] on the U(1) case, the moduli space of saddles
splits into disjoint unions of topologically distinct components 9t,,, where for a
U(1)¥ theory

m=(my,...,mg)
labels the distinct magnetic sectors. For vortex saddles, each component moduli

space M., is K copies of symmetric products of the curve X from the K non-vanishing

chiral multiplets. For topological saddles, 9., are Picard stacks.
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The contribution to the twisted index can then be written in the form

>

1= q?“q?z---qEKJﬁ\(ﬂﬁm) e(f:)) ch(®La>, (8.4.5)

mezk
where £, are holomorphic line bundles arising from Chern-Simons terms. We have
shown that they can be interpreted as the determinant line bundles of additional
auxiliary chiral multiplets. This is consistent with the physical phenomenon that
integrating out heavy fermions in three-dimensional theories induces effective
Chern-Simons terms as a low-energy effect [Red84a, Red84b, AGW84]. It is these
determinant line bundles that give the level structure in the corresponding quantum

K-theory.

8.5 Mirror Symmetry

In this section we explore two examples U(1)* gauge theories and their mirror pairs,
under the three-dimensional mirror symmetry [DT00]. Their twisted indices are
verified to agree under the mirror, with the appropriate choices of Chern-Simons

levels.

8.5.1 U(1)? with Three Chiral Fields

Consider a U(1)? gauge theory with three chiral multiplets. Let the gauge charge
matrix Q¢ be
1-10

Q. = . (8.5.1)
01 —1



8.5. Mirror Symmetry 136

Without loss of generality, the real masses are set to

my = —m, (8.5.2a)
m, =0, (8.5.2b)
msz =—m (8.5.2¢)

with the associated flavour charges (1, 0, 1) for a single independent mass parameter

—m. The extended charge matrix is then

1-10
Q=01 -1, (8.5.3)
10 1

where the top two rows are the gauge charges, and the third row is the flavour

charges.

The effective masses of ¢; are then

M; =07 —m, (8.5.4a)
Mz =—071+0, y (854b)
M3 = —0—m. (854C)

The effective gauge Chern-Simons levels (8.1.7a) and effective gauge-flavour Chern-

Simons levels (8.1.7b) are respectively given by

K17 + L sien M; + 1 sien M, K12 — + sien M,
ol 2PEnT T 2% (555)
Ko — %sign M, Koo + %Sign M, + % sign M3
and
kS = ky3 4+ 1 sign M,
o= | 2%8 . (85.6)
(S

— 1
K93 = K23 — 5 sign M3
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The semi-classical vacuum equations (8.1.16) become
b1 — |2l = Fi(0), (8.5.7a)
|b2l? — [b3l* = Fa(0), (8.5.7b)
(G] —m)d)1 :0, (857C)
(=01 +02)d2 =0, (8.5.7d)
(o2 —m)dp3 =0, (8.5.7¢)
where the effective parameters (8.1.11) are given by
1 1
Fi(0) = ¢1 + k1107 + K1202 — Kjzm + §|01 —m|— §| — 071 + 02, (8.5.8a)
1 1
F2(0) = (2 + k21071 + K2202 — Ka3m + §| — 01+ 02 — z’ —o,—m|. (8.5.8b)
The one-loop determinant (8.1.15) for this theory is
y :(q?‘u q?z) (XTHIM+Kz1mzxg1zm1+l<zzmzy;13m1+K23mz) %
<Xl1<kl(9*1)X;R2(9*1)y3'<123(9*1)> %
” +(r=1)(g—T1)
X1/ my 1 <] .
1— X1
1 1 — +m Jr(T’ 71)( 71)
X, /ZXZ/Z my 2 2 9
1— x?lxz
—1/2 1/2 7m2+(r371)(971)
X2 Ys (8.5.9)
1—%, U3
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Higgs Branch

The Higgs branch is obtained at 0y = 0, = m such that the effective masses all

vanish. Hence the vacuum is the solutions to the remaining D-term equations

b112 = [b2l* = & + (ki1 + K12 — Ky3)m, (8.5.10a)

[b2l* — [b3l* = G + (K21 + K22 — Ka3) M. (8.5.10b)

Via symplectic quotient, the full moduli space M at m = 0 can be constructed as

wy (G Ny H(G)
U2 :

(8.5.11)

where the corresponding moment maps p; and p, for the two U(1) components

of the gauge group U(1)? action are

wi = b1 ? — ol = G,y (8.5.12a)

ko = lbal* — s> = ¢ (8.5.12b)

The moment map for the flavour symmetry is

ws = lb1l* + dsl? . (8.5.12¢)

They generate flows on the C? space of the chiral multiplets via the Poisson bracket

ai(bj = {Mu (bj}w = w<Xpi) ch]-) y (8513)
where w is the standard symplectic form

w =1i(dd1 Addy +ddr Add, + ddps Adds), (8.5.14)
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and the hamiltonian vector fields X are in the form

> /9H 0 OH 0
e Z(@d‘ni 0bi 3 a&ai) ' (8519

i=1

The induced maps are the gauge and flavour actions

e*H (¢1>¢2>¢3) = (eioc(bhe_i“d)lydh) ) (851661)
eﬁuz . (¢1>¢2>¢3) — (¢l>eiﬁ¢2)e_iﬁq)3)> (8516b)
et (1, d2y d3) > (e b1, b2, eV d3). (8.5.16¢)
The flavour symmetry is degenerate at ¢; = ¢3 = 0, which corresponds to the

point p3 = 0.

We can express the coordinates ¢; in terms of the moment maps as

1

b1 = 5 (ks + G + Ca), (8.5.17a)
1

bal? = 53 = G+ Q) (8.5.17b)
1

b3l = E(H3 — G — (). (8.5.17¢)

This requires the flavour moment map to be

uz > max{(¢y + C2), (—C1 + C2), (=G — G2} (8.5.18)

When the Fayet-Iliopoulos parameters (;, (; lie in the Kédhler cone [DT00] of the

moduli space MH it can be constructed as a toric variety

C3 —Fa

MH= = 18
GxT '’

(8.5.19)

where F4 is a subset of C3. It depends on the data encoded in the toric fan A which

is constructed from linear relations among the gauge charges. The group G is the
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complexified gauge actions

CT : (¢1)¢2>¢3) = (}\1(1)1)7\1_1(1)2)‘1)3)) (8520a)

Cy: (b1, b2, b3) = (1, A2d2, A d3). (8.5.20b)

The gauge charge vectors have a single linear relation

1 —1 0
+ + =0 (8.5.21)
0 1 —1

between them, giving three one-dimensional vectors in Z
\)-l :\)2 :\)3 = 1 y (8.5.22)

which is the gauge charges of its dual theory under mirror symmetry. This can be
found easily by regarding the gauge charges as two vectors {(1,—1,0), (0, 1,—T1)}in
73, and computing their orthogonal vector to be (1,1, 1). The vectors {v;} generate
a one-dimensional cone belonging to the fan A. The set F4 is found by associating
¢; with v;, and taking all the loci ¢; = --- = ¢; = 0 whenever {v;, ..., Vv;} do not

span a cone in the fan A. In this case the set is empty
Fa=0. (8.5.23)
The generating vectors {vy,v,,v3} induce a map { : C* — C given by

P (D1, P2, P3) = P1d2d3, (8.5.24)

whose kernel ker 1\ is the complexified gauge symmetry
G =keryp = (C*)2. (8.5.25)

The group I is discrete given by

7
= =7, (8.5.26)
span,{vi, vy, vs}
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which gives rise to a Z, orbifold singularity. The moduli space is then

H C?
= 8.5.27
M (C*)Z X Zz ( )
Coulomb Branch
The Coulomb branch is the non-isolated solutions to
Fi(0) =F2(0) =0 (8.5.28)

when all chiral multiplets vanish, which requires the effective Chern-Simons

levels (8.5.5) to vanish.

The hypersurfaces
Dj := {(01,02) € R* | Mj(07,0,) =0}  for j=1,2,3 (8.5.29)

split the space of o7 and o, into seven chambers. Away from the hypersurface
M; = 0, the chiral multiplet ¢; must vanish in the vacua according to (8.1.16b).
The critical Chern-Simons levels (8.2.1) for the effective levels to vanish depend
on the chamber on the 0,-0, “toric” diagram, as shown in Figure 8.1 assuming

m > 0.

¢ In the finite triangular chamber C; bounded by

signM; =—1 = 07 <m, (8.5.30a)
signM, =—-1 = o0,<o07, (8.5.30b)

signM3; =—1 = 0, >-m, (8.5.30¢)
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Figure 8.1. Critical Chern-Simons Levels on Toric Diagram

M; =0
—1—3 M, =0
_% 0 2=

M3 =0
) () I
the critical Chern-Simons levels are
R O
KSE = . (8.5.31a)

¢ In the infinite chamber C, below C;, the critical Chern-Simons levels are

o

1
K= ° (8.5.31b)
10
2
¢ In the infinite chamber Cj3, the critical Chern-Simons levels are
crit O %
KGp = . (8.5.31¢)
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In the infinite chamber Cg4, the critical Chern-Simons levels are

‘ | J—
Kt — 1. (8.5.31d)
10
2
¢ In the infinite chamber Cs, the critical Chern-Simons levels are
4 -1 -1
KCrit — 1. (8.5.31e)
1
2
¢ In the infinite chamber Cg, the critical Chern-Simons levels are
4 0o —1
Kt — 1. (8.5.31)
1
-1 1
¢ In the infinite chamber C-, the critical Chern-Simons levels are
4 0o -1
kSt — 1. (8.5.31g)
10
2

A Coulomb branch vacua may open up when the effective Chern-Simons levels are
vanishing. For example, in the chamber C; this requires the bare Chern-Simons
levels to be set to the critical levels (8.5.31a). In addition the Fayet-Iliopoulos
parameters (, can be chosen appropriately such that (¢ vanishes as well. Then
there is a Coulomb branch with a toric moduli space CP?. We refer to this theory

at the critical levels (8.5.31a) as [DTO00] the theory A.

In other words, the theory A admits a Coulomb branch
MG = CP? (8.5.32)

if and only if the vector multiplet scalars oy and o, are restricted to the triangular

polytope V bounded by the hypersurfaces {D;};_; in Figure 8.1. The projective
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toric variety CP? can be interpreted [LV98, HKK*03] as a T? fibration over the
y p

polytope V. It is isomorphic to the Higgs branch of its mirror symmetric theory.

The Coulomb branches in other chambers can be accessed by shifting the bare

Chern-Simons levels accordingly.

Mirror Symmetry

Given a U(1)¥ theory with N chiral multiplets of charges Q, there exists a U(1)N ¥
theory under mirror symmetry [Bat94] with N chiral multiplets of charges Q
satisfying

N
Z QaiQui =0 (8.5.33)
i=1

foralla =1,...,Kand b = K+1,..., N. With this choice of labels for Q, the bottom
(N —K) rows are the gauge charges while the top K rows are flavour charges in the
mirror theory. Under mirror symmetry, the moduli spaces of Coulomb branch and
Higgs branch are exchanged. To directly compare with Q of the original theory, we

swap the rows of the charge matrix Q to put the gauge charges on top as {Qui}X_;.

Now let us consider the mirror theory B to the theory A with charges (8.5.3), mass
parameters (8.5.2), and bare Chern-Simons levels (8.5.31a). It is a supersymmetric

quantum electrodynamics with charges

11 1
Q=[1-10 |, (8.5.34)
01 -1
where the first row is the gauge charges. Without loss of generality, we can set the

one of the masses to vanish m, = 0.
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The effective masses of the chiral multiplets ¢; are then

M1 =0+ My y (85358)
M, =&, (8.5.35Db)
Mz =&+ 1m;3. (8.5.35¢)

The effective gauge Chern-Simons levels (8.1.7a) and effective gauge-flavour Chern-

Simons levels (8.1.7b) are respectively given by

1 - 1 ~ 1 -
SHESITES 5 sign My + 3 sign M, + 5 sign M (8.5.36)
and
R =&, + 1signM; — 1sign M
S R A A (8.5.37)
RS = &q3 + % sign M, — %sign M3
The semi-classical vacuum equations (8.1.16) become
|b11% + |2l + |d3l* = F(5), (8.5.38a)
(6+1M1)dr =0, (8.5.38b)
5d, =0, (8.5.38¢)
(6 +1M2)ds =0, (8.5.38d)

where the effective parameter (8.1.11) is given by

- 1 1 1
F(6) = (4 k116 — Kyzms + §|5+ my| + §|6| + §|6+ ms|. (8.5.39)
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The one-loop determinant (8.1.15) for this theory is

Z :q (il?nﬁl_g;]zﬁlgg]?,ﬁl) <)~(I~<R][g—])g;kz(g_1)ggk3(g_1)> %

m+(F1—1)(g—1)
7(1/2912/2 ! y
1— %1
e —1/2 12\ W (F2—=1)(g—T)
XVZUz 2932 %
1-%5,'9;
gy Wt (F3—1)(g—T)
X'y, 8.5.40
- 3

With masses all vanishing, a Higgs branch opens up at & = 0 with the vortex
equation

[$112 + b2l + [bsl* = C (8.5.41)
This gives a moduli space

MY = CP? (8.5.42)

for the Higgs branch after quotienting out the U(1) gauge transformations, provided

¢ > 0. This is the same space as the Coulomb branch M of theory A.

In terms of symplectic geometry, the moment maps are

=101 + 12 + Idsl* =, (8.5.43a)
o = 611> — 1d2f*, (8.5.43b)
fis = hal* — 1Psl*. (8.5.43¢)

The corresponding flows are

e“M (P, b2y P3) = (%P1, P2, e 3), (8.5.44a)

eﬁﬂz : ((T)l>(|)2)&)3) = (616531)6_16&)2)&3)) (8544b)

eYﬂs : ((T)hd)za (b3) = ((T)heiy(bb e_iY(T)3) . (8544C)

1§
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The moduli space can be realised as a symplectic quotient
My = iy (Q)/u(1), (8.5.45)

where U(1) is the gauge action (8.5.44a). The flavour flows become degenerate at

ePiz. G, =¢, =0, (8.5.46a)
e¥®: b, =d3 =0, (8.5.46b)
edmiti2) . § =3 =0, (8.5.46¢)
giving the respective degeneration loci on the space of i, and fi3 as
(0) —1): flo =0,f3 <0, (8547a)
(1,0): f2<0,f3=0, (8.5.47b)
(—1, 1) D =—f3 < 0. (8547C)

The generating vectors {(0,—1), (1,0), (=1, 1)} are shown in Figure 8.2.

Figure 8.2. Toric Fan and Polytope of CPP?

D
(—=1,-1) D,
V2
V1 (1,0)
V3
D; (0,—1)

When ( > 0, the moduli space M} is toric. These degeneration loci correspond to
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the one-dimensional cones in the toric fan A. The moduli space can be constructed

from the fan A as
C3 —Fx
GxT

H _
B =

(8.5.48)

The one-dimensional cones in the toric fan A are generated by three vectors
{V1,¥2,V3} which are identified with the charge vectors of the theory A via the

relation (8.5.33) between mirror charges,

v, = (1,0), (8.5.49a)
V3 = (0,—T1). (8.5.49¢)

Each pair of the vectors generate a two-dimensional cone in A. But there is no
three-dimensional cone generated by all three of {V1,V,,V3}. Hence the subset F3
is given by

Fa={d1=d2=0d3=0}. (8.5.50)
The generating vectors {¥,V,,¥3} induce a map { : C> — C? given by

II) : (d)h(T)Z)&)S) = (&)1&)51»&)2&);1)’ (8551)
the kernel ker { of which is the complexified gauge symmetry
G =ker\p =C*. (8.5.52)
acting via
G:  (d1,d2,03) = (A1, Ad2, Ad3) . (8.5.53)
The group T is discrete given by
ZZ

= =1. 8.5.54
Spanz{v1 y V2, VS} ( )
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The moduli space is then

MY = ~ CP?. (8.5.55)

This toric space is projective and therefore can also be encoded as a polytope.
The polytope V is the region bounded by hypersurfaces {D1, D,, D3} orthogonal
to the generating vectors, as shown in Figure 8.2. They may be obtained as the

appropriate bounds on the flavour moment maps fi; and fi, given by

i, < ¢, (8.5.56a)
i, —fis+20>0, (8.5.56b)
fis+C>0. (8.5.56¢)

On the hypersurfaces (D, D5, D3}, some of the chiral multiplets are forces to vanish

according to

Di: $.=0¢3=0, (8.5.57a)
Dy: $1=¢3=0, (8.5.57b)
D3 (T)] = (T)z =0 (8557C)

The hypersurfaces{D1, D1, D3} canbe identified with the hypersurfaces{D1, D2, D3}
in (8.5.29) for the mirror theory with appropriate parameter maps. Then the poly-
tope V is identified with the region C; where the Coulomb branch of theory A is

isomorphic

MG =Ml =cCp?. (8.5.58)
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Bethe Ansatz Equations

Taking the one-loop determinant (8.5.9) for the theory A, the exponent

dlogZ
iBy = 8.5.59
i om. (8.5.59)

of the Bethe ansatz equations are

iBy =log q1 + ky1logx1 + ky2logx, + ky3logys  +

1/2 —1/2_1/2
X X X
10g<1 _1 ; > — IOg (ﬁ) y (85603)
1

iBy =log q2 + k21 logx1 + k22 logx, 4+ ky3logys  +

—1/2 1/2 —1/2_1/2
log (f‘—fﬁ) ~log (?—Pﬁ) -
— X7 X2 — X3 Y3

(8.5.60b)

The Bethe ansatz equations e'®« =1 are

1/ —1/5 1/ —1
1= elB1 — q1x,’<”x§‘2y§‘3< X1 > <X1 X12 ) , (8.5.61a)

1 — x4 1 — Xy X2
—1/3 1/> —1/2.1/2 -1
. X X X y
1= ele — K12, K22, K23 1 2 2 3 . 8561b
g2X7 "X5,"Y;3 (1 —xf1xz 1 —X?yg ( )

Rearranging and relabelling y3; — y gives

—Kk11—1 —K1z+‘/z(1 1

qi =X, X, —x1)(1—x7 %) Ty e, (8.5.62a)

_ K1 H+/2 —kan—1
g2 = X4 X2 (

T—x"%) (1 —x; ly) Ty stz (8.5.62Db)
We can send x; — x]_1, Xy x2_1, and y — y“ to examine solutions at infinity.

The effect is flipping the signs on Chern-Simons levels, up to an overall factor of

(—1)X. The results for this case K = 2 are

qi = X1.<1]71X;21+1/z(1 —x1)(1 —x]_1xz)_]y'<‘3, (8.5.63a)
qr = xR T (1 —x Txg) (1 — x5 Ty) Tyt /2 (8.5.63Db)
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which are equivalent to (8.5.62). Substituting in the critical Chern-Simons levels

from (8.5.31a) produces
qr = (1T—x1)(1—x7"x2) 'y, (8.5.64a)
g2 = (1—x;"%) (1 —x5 'y) Ty*st'/2, (8.5.64Db)

To eliminate factors of y, we can set the mixed gauge-flavour Chern-Simons levels

to be critical at k13 = 0 and k,3 = —%, ie.,
1 -1 0
Kij = —% 1 —% (8.5.65)
0 —1 1.
Then the Bethe ansatz equations become
qgr=1—x1)(1—x;"x2)7 ", (8.5.66a)
g = (1 —xf1xz)(1 —x?y)’1 . (8.5.66Db)
Twisted Index
For the theory A, the hessian factors
0% logZ 0iB4
= %62 _ & (8.5.67)
Ologx,0m, 0dlogx,
are computed to be
—1
Hy=Kyp 4+ 14+ — 2 (8.5.68)
T—x1  1—x7'x2
—1 —1
Hy = Kop 4 14 —1 22 X2 Y (8.5.68b)

T—x7'x2 1T—-x'y’
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The contour integral formula for the twisted index is then

1 \?[ dx;dx
1=y Z(-) j% X2 HIHZ(x1, x5 m, ) (8.5.69)

K X1 X2

where the integral is evaluated with the Jeffrey-Kirwan prescription.

Consider the case g = 0 where the hessian factor can be ignored. Take the gauge
Chern-Simons levels to be the critical levels in (8.5.31a). Set R-charges to r; = 0 to
compare with the mirror theory of R-charges ¥; = 1. The one-loop determinant

(8.5.9) becomes

7 :(q']nl q?z) (X‘]‘“*%mZX;%ml*mZy;wml+K23mz) (X?KRlX;KRznglG) «
1/> my+1 —1/2 1/2 —my+my+1 —1/2 /5 —my+1
X X X X
| x LR T
1T —x 1 —x7 %2 T—%5'ys3

The contour integral is then

2
J= Z q\1111q?zygmm+(K23*’/2)mz+‘/szR3 (L)

2mi
mi,my

dX] dXZ M — _ _
% X2m1 my KR1X2 mi+2my—KRg2 %
JK X1 X2

1 my+1 1 —my+my+1 1 —my+1
- . (8571
() (1—2—7> (‘ﬂ%) 71

The Jeffrey-Kirwan charges (Q1, Q2 ) for the three denominator factors are respect-

ively
Q=" =(1,0),
QU™ = (-1,1),
Q=¥ = (0,-1),

which are responsible for the the interior poles at (1, 1), (1,y3), and (ys,y3). Taking
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n = (1,1) selects only the residue at (x1,x2) = (1,1).

However, for N = 2 theory there are potentially additional residues from the
topological vacua at (0, 0), (0,y3), (0,00), (1,0), (1,y3), (1,00), (00,0), (00,y3), and
(00, 00). The Jeffrey-Kirwan charges for the x, factor can be assigned analogously

to the U(1) theory [BFKX22] as follows

xa=0 — _§ ok (04 5 00), (8.5.72a)
)l;u:oo — Sab Ksza(o.a — —OO) . (8572b)

The resulting normalised charge vectors for this U(1)? theory Are

Q=" =(-1,0),
Q=% =(1,0),
Q=0 =(0,-1),
Q=% =(0,1).

Taking into account both interior and boundary poles, 1 = (1, 1) selects residues

at (1,1), (1, 00), and (o0, 00).

The residues can be computed following the procedure in Appendix A. The Jeffrey-
Kirwan charge vectors are ordered anti-clockwise. For simplicity, these mixed
Chern-Simons levels kg7 and kg, are set to zero, which only shifts the residues at
boundaries into different magnetic sectors. The index is then
1/2—Kg3
- (8.5.73)
1 — y 3

which is simply the zeroth sector contribution from the pole at (1, 1).
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In the mirror theory B, the classical and one-loop determinant (8.5.40) at r; = 1is

V4 :qﬁi%ﬁnﬁlg?zmg;]sﬁl (g;kk1g;|~<l€2g;'~<k3) %
721/213;/2 i i1/2g£]/2g;/2 m 7~(1/29371/2 ™
(8.5.74)
To compare with the mirror, set the gauge-flavour Chern-Simons levels to be critical
at k11 = —3, k12 = —1, and &3 = —1. For simplicity, set gy = 0. The index at

g =0and r; = 11is then
~+~ —KR2.~—KR3
_GY2 Y5 (8.5.75)

With the mirror map § — 1/y3, it becomes

~—KR2.~—KR3
Yo Yz

=y (8.5.76)
which matches (8.5.73) by setting
1
Kr3 = 7
Kr2 =0,
Rrz =0

8.5.2 U(1) with Two Chiral Fields

Now consider simpler U(1) mirror theories with two chiral multiplets. Take the

theory A with charge matrix

QY = , (8.5.77)
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masses m; = m,; = —m < 0, and gauge Chern-Simons level k;; = 1 critical at
—m < 0 < m. The Coulomb branch opens at 0 < —m for ¢ = 0. The mirror theory

B has charge matrix

. 11
]. , (8.5.78)

01

masses m; = M, = —m < 0, and gauge Chern-Simons level &;; = —1 critical at

& > m. The Higgs branch opens at & = m

The one-loop determinants are respectively

mom, Kijpm Km(g—l) Kr2(g—1)

A =q"x Yo Y2 X
1 m+(r1—1)(g—1) 11 m+(r2—1)(g—1)
X2 X 2Y;
— 8.5.79
(1—x> <1—x]y2> » )
and
7B :qnﬁ%—mgglzﬁl%km(g—l)~KR2(9*1) X
_1 o\ R D=1 o g 1\ W g=T)
2 2
( X ) ( Y2 ) . (8.5.80)
1—% 1— Y2
For simplicity, kg1 = Kg1 = 0 is taken, which only shifts the boundary residues

into different magnetic sectors. Taking n = 1 for both theories selects the poles at
x=1,x=00,X=1,and X = 951. The twisted indices at g = 0 are then computed
y 1/24KkR2

IR =— . (8.5.81)

and

1/24+R12+KR2
B _qy

Ti:1 =

T (8.5.82)
1/24+R12+RR2
Q-1 B (8.5.83)
1—yqifne
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B
Ti:1

where I _; is mapped under d — y and {j — q in the last line. They agree with

each other when kg, = 7, K12 = —3, and kg, = 0.



Appendix A

Mutivariate Jeffrey-Kirwan Integral

In this Chapter we develop the computational techniques for multivariate Jeffrey-

Kirwan residues.
¢ The basics of multivariate residues is reviewed in Section A.1.

* We then propose a procedure to compute the multivariate Jeffrey-Kirwan

residues in Section A.2.

* The conjecture is verified for twisted indices of abelian quiver gauge theories

in Section A.3.

A.1 Multivariate Residue

Consider a meromorphic n-form

~ h(z)dz; AL A dz,
YT TR ) AalD
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where h(z) : C* — C and f(z) = (fi(z),...,fn(z)) : C* — C™ are holomophic

functions.

Definition A.1.1. A pole of the meromorphic n-form w is [LR18] a point p € C™

where f has an isolated zero, i.e.,
f(p) =0, (A.1.2)

and

1O NU=p, (A.1.3)

for a sufficiently small neighbourhood U of p.

Definition A.1.2. The residue at a pole p is defined as an integral over a product

of n circles, i.e., an n-torus,

Res,, (w) := ] jEh(z)dlz]A.../\dzn
I

(2mi)n f1(2).. . fulz) (A-14)

where I'c := {z € C™" | [fi(z)| = €i} is the pre-image of an n-torus under f, and the

integration cycle is oriented such that

d(argfi;) A...Ad(argf,) > 0. (A.1.5)

It can be generalised to the case where there are different number of denominator
factors f(z) = (f1(z),...,fm(z)) than the number n of variables. For m < n, the
relevant construction is called a residual form. For m > n, the denominator
factors need to be grouped into exactly n partitions. The residue also depends the
partitioning, in addition to the pole. Hence, unlike univariate residues, a generic

multivariate residue is not solely determined by the pole.
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When the jacobian determinant at a pole p

of;
Jp) :== (%ﬁt(azj)

isnon-vanishing, the residue is said to be non-degenerate. Non-degenerate residues

(A.1.6)

z=p

can be directly evaluated by a coordinate transformation [AHCCK10] u = f(z) as

Res,, (w) = ! jﬁ_|<_h(f_1(u))du1/\.../\dun h(p)

i) W@ Je) A

However, this formula immediately breaks down for higher order poles as they

are degenerate.
To evaluate a generic residue, we need to utilise the transformation law [GH7S,
p.657-658], which is general property of residues.

Theorem A.1.1 (Transformation Law). Let I = (f;(z),..., fn(z)) be the ideal gener-

ated by a finite set of holomorphic functions f; such that the solution to

fi(z) =...=fn(z) =0
is a finite set of points {p,...,q}, i.e,, zero-dimensional. Suppose the zero-
dimensional ideal ] = (gi(z),...,9gn(2)) is a subspace ] C I. Then ] is related

to I by a holomorphic matrix A such that
gi(z) = Z aijfj(z) . (A.1.8)
j

Then the residue at p satisfies

Res, (h(z) dz; /... /\dzn) ~ Res, (det(A)(z)h(z) dz; A...ANdz,

f1(z)...fu(2) g1(z)...gn(2) ) - (A19)

The transformation formula (A.1.9) can simplify the computation of a multivariate

residue to the product of univariate residues, by choosing all of gi,..., gn to be
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univariate. A set of these univariate polynomials can be obtained from the Grébner

bases of {f1(z),..., fn(z)} with different lexicographic monomial orders.

A univariate polynomial gi(z;) in z; is taken to be the first element of the Grobner
basis generated with the order zi1 ¢ > ziy» > -+ > zn > z7 > -+ > zi. By
computing all cyclic permutations of this ordering, we obtain a set of n univariate

polynomials {g1(z1),...,gn(zn)}

The transformation matrix A can be obtained using the algorithm implemented
in [Lic14]. Shownin Algorithm A.1is the Mathematica code for two ideal generators
in two variables. The matrix A is assembled row by row by taking the first row of
tT with the corresponding lexicographic ordering. An improved version of this

method is used by the function MultivariateResidue [LR18].

Algorithm A.1. Mathematica Code for Computing Transformation Matrix

moduleGroebnerBasis[polys_, vars_, cvars_, opts___] := Module|
{newpols, rels, len = Length[cvars], gb, j, k, ruls},
rels = Flatten[Table[cvars[[]j]]~cvars[[k]], {j, len}, {k, j, len}]];
newpols = Join[polys, rels];
gb = GroebnerBasis[newpols, Join[cvars, vars], opts];
rul = Map[(# :> {}) &, rels];
gb = Flatten[gb /. rul];

Collect[gb, cvars]

]

fF = {f[1], f[2]} (» set of ideal generators «)

vars = {x_2, x_1}; (= lexicographic ordering of variables =)

(» encode positions of ideal generators in a matrix )
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coords = Array[ee, 3];

fmat = {{fF[[1]], 1, O}, {fF[[2]], O, 1}};

newfF = fmat . coords;

mgb moduleGroebnerBasis [newfF, vars, coords];

mgb = Select[mgb, Coefficient[#1, coords[[1]]]
gG = (Coefficient[#1, coords[[1]]] &) /@ mgb

sS First /@ PolynomialReduce[fF, gG, vars];

(» check with built -in groebner basis x)

gb = GroebnerBasis[fF, vars];

gb === ¢G

rul = {ee[1] -> 1, ee[2] -> -fF[[1]], ee[3] —>
Map[Expand[# /. rul] &, mgb] (» want zeroes

Expand[sS . gG - fF] (» want zeroes )

tT = Outer[D, mgb, Rest[coords]]

Expand[gG - tT . fF] (» want zeroes )

=1= 0 &];

(» groebner basis )

-fF[[2]]};
*)

A.2 Jeffrey-Kirwan Prescription

Consider the n-form
h(z)dz; A...ANdz,

= A21
fi1(z)...fm(z) ( )
where m > n, and f; are linear functions in z,,...,z,. Following [FLM19], the
Jeffrey-Kirwan residue of w is defined as
1 h
JK-Res, (w) = () (A2.2)

TP rer Tlge i
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where F is a set of exactly n factors responsible for the pole at p. Given a fixed
charge vector n, the Jeffrey-Kirwan prescription dictates to only take the sum of
residues at those poles such that the charge vectors of the responsible factors form
a convex cone containing 1. Moreover, the final result is independent of the choice

of .

However, this formula is only valid if all denominator factors are linear functions.
Hence it is desirable to build a dictionary to evaluate Jeffrey-Kirwan residues in
terms of multivariate residues. The idea is that the Jeffrey-Kirwan prescription

determines the partitioning of denominator factors.

Conjecture A.2.1. The following procedure is conjectured to compute the Jeffrey-

Kirwan residue at a given contributing pole p.

1. Determine the denominator factors fy,..., f,, responsible for this pole.

2. Split the denominator factors into n partitions such that each responsible

factor is placed in a separate partition.

3. Compute the multivariate residue of the resulting n-form using the trans-

formation law (A.1.9).

The result of the computation gives the individual Jeffrey-Kirwan residue up to a

sign, which is determined by the ordering of the denominator factors.

For two-forms, we can order the charge vectors of the denominator factors by their
polar angles. This gives the correct combination of residues as in the Jeffrey-Kirwan
prescription. However, for higher formes, it is yet to know how to order the charge

vectors correctly.
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A.3 Examples

Consider the abelian A; linear quiver gauge theory with N = 4 in three dimensions,

as shown in Fig A.1. At genus g = 0, the B-twisted index Z;A:ZS,B is expected to be

identical to the A-twisted index ZZ%EO]?E] of the quantum electrodynamics of three

hypermultiplets in the mirror, and vice versa.

Figure A.1. A, Linear Quiver Diagram

X2
a - @

X1 Yz
Y1 X2

Y1 Y2

A.3.1 B-Twist of Abelian Linear Quiver

First consider the mirror of the A, linear quiver, which is the supersymmetric

quantum electrodynamics with three hypermultiplets. The contour integral for-

mula for the A-twisted index is [CK16, (6.35)]
A ===t )Ty g™ x

. m . m . t m
G G () wo
2mi Ji x \y1 —xt Yy —xt ysz —xt

Taking n = 1 selects the residues at y;/t, y,/t, and ys/t, which sum to [CK16,

(6.40)]

SQED[3] t1(1—t7°)
= . A3.2
ZLo=0. (1—=t2) (1 —qt3)(1 —q t3) (8.3.2)

After the change of variables t — t~!, and qr yi;, the A-twisted index reads

t+t3 +t°
2221501?/[\3]:_ (t+t +)yiyz (A3.3)

(tyr —y2)(tPy2 —y1)
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We would like to compute the B-twisted index ZEJA:%’B of the quiver from Jeffrey-

Kirwan prescription and verify if it is identical to this expression.

The contour integral formula of the index Zg\jé)B is
[A2]
ZQ:ZO,B
1 dx; dx,
:(t_t—1)2 Z q11111q12ﬂz i zjg
el (2mi)? Jx x1 x2
<X1 —U1t) o (Xz — yzt) m (X1 — th> e "
y1—X1t yz—th X2 —x1t
X1yt X2yt XXt

(x1 —y1t) (Y1 — x1t) (x2 — y2t) (Y2 — x2t) (x2 — x1t) (x7 — x2t) (A.3.4)

The only contributing sector is expected to be the zeroth sector my = 0, m, =0,

which has the integrand

t(] — t2)2y1y2X]X2 dX] dXz
(x1 —yr1t)(yr —xat)(x2 — yat) (Y2 — x2t) (x2 — x1t) (%1 — x2t)

Wo,0 = (A.3.5)
The six denominator factors have charge vectors (Q1, Q,) listed below

(_]>O)) (]»O)) (05_])» (0)1)> (])_])) (_])]) . (A36)

Note that its Jeffrey-Kirwan residue can still be computed using (A.2.2).

Given the charge vector 1 = (1,1), the Jeffrey-Kirwan prescription picks the

following three poles

(Y1/t,y2/1), (1t y1 /1), (y2/t%,y2/1),

whose charge vectors form cones containing 1.

Consider first the pole at (y;/t,y2/t) for the procedure in Conjecture A.2.1. The

responsible denominator factors are (y; — x;t) and (y, — x,t). We then split all
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denominator factors into two partitions {f;, f,}, each containing one responsible

factor, say

{f1, f2} ={(y1 —x1t), (y2 —x2t) (x1 —y1t) (x2 — ya2t) (x2 — x1t) (%1 — x21)}.

Following the transformation law A.1.1, first we compute the Grébner bases of f;
and f,. Taking the order x, > x; gives a basis whose first entry only depends on
x1, while taking the order x; > x, gives another basis whose first entry depends
only on x,. These two entries are then taken to be the new denominator factors g;

and g, given by

g1 =—Vy; +x1t
g2 :(—1 —|—t2)y] X
[—y% + (] + tz)yﬂ(z — tzxﬂ X

|:1:j2X2 + tzl_JzXz — t(y% + X%)} .
The transformation matrix A taking (i, f2) to (g1, g2) is found to be

-1 0
A= , (A.3.7)

a2y —tz

where

azq :[UZXZ + t2y2X2 - t(y% + X%)} X
[~ (=1+8)y7) x
(=1 + )y (—txg +x2 +t7x2) X

t(—x1%2 — txixz + t(x] +x3))]
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satisfying

f2 92

The determinant det(A) = t?, giving a transformed integrand

, det(A)t(1 —tZ)ZIJ]sz]Xz dxidx; dxdx;
Wo o =
9192
t3 (=14 t2
_ (=1+ 2)92""‘2 d"‘dz"Z . (A38)
(Y1 —tx1) (Y1 —x2) (Y1 — t2x2) (y2x2 + t2yox2 — t(ys +x3))

Now its residue can be evaluated as the product of two univariate residues.

Hence, the multivariate residue at (y;/t,y,/t) with respect to this partitioning

{f1, f2} is computed to be

ty1y2
Res(yy/ty2/0(@o,0) = G S TS (A.3.9)

Note that the result flips signs if we exchange f; and f, in the partitioning. To
get the correct combination of Jeffrey-Kirwan residues, we order the denominator

factors such that their corresponding charge vectors are in anti-clockwise order.

Similarly, the residues at (y1t,y1/t*) and (y,/t%,y2/t) are

R (woy0) = — Furv; A3.10
€S(yit,y1/t2) Wo,0) = (y7 — ty2)(ys — t3y2) (A.3.10)

and

R = Pyryz A311
@iy2/122/0)(W0,0) = (tyr —y2)(t3ys —y2) (4311

The sum of the three residues is

#SQED[3) _ (t+t3 +t°)y1y2
9=0A T (By; —y2) (Y2 —y1)’

(A.3.12)
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which reproduces the expected result in (A.3.3) up to an overall minus sign. This
minus sign could also have been obtained if we picked clockwise ordering for the

charge vectors instead of the anti-clockwise ordering.

It can also be verified that the sectors of m; # 0 or m, # 0 have residues summing

to zero from these three poles.

Although the computation is done for the particular choice of n = (1, 1), it can
be shown that the result does not depend on this choice, as long as 1 is not
chosen to align with any of the charges (Qi,Q2) in (A.3.6). This can be expli-
citly seen by plotting the charges on the Q;-Q, plane, and observe that any
choice of 11 is contained within three convex cones, each giving one of the factors

in (A.3.9), (A.3.10), and (A.3.11).

A.3.2 A-Twist of Abelian Linear Quiver

For the mirror theory, the contour integral formula [CK16, (6.44)] for the B-twisted

index of quantum electrodynamics with three hypermultiplets is

1 dx
2 = o g &

— 21 Jix x
x—yrt\ " [ x—yat\ " x—yst\ "
L) G %)

Xy1t Xyzt Xyg,t

X =10y —xt) (x —u2t)(ys —xt) (x —ust) (s )~ 31
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Setting 1 = 1 picks the residues at y;/t, y»/t, and yz/t, which sum to

ZSQEDI3] _ t'yly,
9=0,8 (1—t2)(y1 —y2)(t?y1 —y2)(t*y1 —y3)
N t'y1y3
(1 —=t2)(y1 —y2) (t*y2 —y1) (t?y2 — ys3)
B t* Y1y,
(1=t (Y1 —y2) (t*y2 —y1) (t?ys —y1)
- Y1y . (A314)

(1 —t2)(yr —y2) (t*y1 —y2) (t?y3z —y2)
Tomap to parameterst’ = t=' q1 = Y1/Y2, 92 = yY2/y3 in the mirror, we implement

the following change of variables

st (A.3.15a)
Y1 — 41923, (A.3.15b)
Y2 = (2Y3, (A.3.15¢)

which results in

SQED(3]
Zg:O,B

_q1qz[(1 +qz)t6+q$qz(1 +ql)t6+Q1(t6+q%t6—q2(t2—|—2t4—|—2t8_|_t‘o))}
(g1 =) (q192 — t2)(—q2 + ) (=1 + q1t2) (=1 + q2t2) (—T1 + q1q2t2))
q1q2(1 + q1)t?
(g1 —t2)(1 — q1t?)
Qg3 [+t + 10+ (2t +15) —qi (1 + %))
t2(qr —t2)(1 — g1 t?)
QI3[+ttt g2t 10 — (g + g (1 +t12)]
t1(q1 —t2)(1 — q1t?)
Qa2+ttt gt ) — (g qT + D) (1 +t19)]
te(qr —t2)(1 — qit?)

+0(a3), (A3.16)

where the last expression is the expansion in ;. In this case all sectors are expected

to contribute. So the computation becomes more complicated.
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The contour integral formula for A-twisted index of A, quiver is
1 1 dx; dx,
ZZoa ==t ) qiay %
=Yy 2\ 2
I ol (2mi)? Jix x1 %2
o t mg . t mo . t mp—mp
(u) (u) (u) . (A317)
Yy —xit Yo — xot X2 —x1t

Setting the charge vector n = (1, 1) again picks up the interior poles at

(Y1/t,y2/1), (Y1t y1/t%), (y2/t%,92/1) .

However, the boundary poles involving 1/x; and 1/x; still need to be considered.

In this case, we follow [BFKX22, (2.17)] to assign both 1/x; and 1/x, with the charge

(—o0, —00). Because there is no Chern-Simons terms in N = 4 theory. It turns out

that in this case, none of the boundary poles are selected by the Jeffrey-Kirwan

prescription, as they always have a charge vector in the exact opposite direction

of n.

To compare with (A.3.16), the contour integral formula for the B-twisted index is

evaluated for m; =0,1,2,3,4.

* The sector of m, = 0 does not have non-vanishing residues at the selected

poles.

e The m, = 1 sector has contributions at (y;/t,y,/t) and (y./t2,y,/t) for

m; > 1. The series of residues evaluated for each m, at individual poles do

not resemble the expansion of rational functions. However, their sum gives

@120 +gi)t?
(g1 —t2)(1—qit?)’

which is identical to the g, term in the expansion in (A.3.16).

e The m, = 2 sector has contributions at (y;/t,y;/t) and (y,/t?,y,/t) sum-
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ming to
q793(1 + %)
(g1 —t2)(1 — qit?)
for m; > 2, and contributions at (y1/t,y>/t) and (y1/t,y1/t?) summing to

qiq3(1 +t2 +t4)
tZ

for m; = 1. The sum of these two factors is

@+t + g 4+ t0) — g (1 t8)
t2(qr —t2)(1 — q1t?) ’

which is identical to the g3 term in the expansion in (A.3.16).

e The m; = 3 sector has contributions at (y;/t,y;/t) and (y,/t?,y,/t) sum-

ming to
@30+ +tH) (1 + (1 —q)t? +t9)
t2(qr —t2)(1 — q1t?)

for my > 3, and contributions at (y1/t,y2/t) and (y;/t,y;/t?) summing to

Qa1 +t2+...+t%) N Q23 (1 +t2)2(1 + 1)
t4 t4

for my = 1,2. The total sum is

Pt At g Rt L ) = (g + gD ()]
t*(qr —t2)(1 — q1t?) )

which is identical to the g3 term in the expansion in (A.3.16).

e The m, = 4 sector has contributions at (y;/t,y./t) and (y,/t?,y>/t) sum-
ming to
qiq5(1+t2)2(1 — g1t +tH (1 +t4)
tH(qr —t2)(1 — qi1t?)
for m; > 4, and contributions at (y1/t,y2/t) and (y1/t,y1/t?) summing to

qi1qs(1+t2+...+t'%)  g3qi(1 +t2)?2(1 +t* +18)
6 + 6
G+ +tHY (1 +t2+...+t8)
t6

_|_
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for my = 1,2,3. The total sum is

@[t At gt 1) — (ar 4 af 4 af) (14t
to(qr — t2)(1 — qit2) ’

which is identical to the g3 term in the expansion in (A.3.16).



Appendix B

Physical Background

This chapters reviews some of the foundations in physics for this thesis.

* Section B.1 briefly reviews classical gauge theories following [DEF 99, Nak03].

* Section B.2 is a review of abelian N = 2 gauge theories in three dimensions,

following [AHI*97].

B.1 Gauge Theories

This section briefly reviews classical gauge theories following [DEF*99, Nak03].

A gauge theory [Nak03] is a field theory where the gauge field is the connection
on a principal bundle P — M, where M is the spacetime manifold of dimension n.

The structure group G of P is called the gauge group.

The connection on P is a G-invariant distribution [DEF"99] on P which projects

isomorphically onto the tangent space TM. It can be encoded in a g-valued
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one-form A € Q'(g), written as
A=A, dx" (B.1.1)
in components. It induces a covariant derivative operator D defined by
D:=d+A (B.1.2)

on any associated bundles.

The local curvature two-form F € Q?(g)
Fi=dA+[ANA] = %Fwdx*L A dxY (B.1.3)
is called the field strength, where the components read
Fiv =0,Ay — 0, A+ AL AL (B.1.4)
It satisfies the Bianchi identity

DF=dF+[A,F =0. (B.1.5)

The lagrangian is
] 1 nv n
L= —5 Trg(FA*F) = ~2 Try(F . F*Y)d™x. (B.1.6)
The variation with respect to A yields the equation of motion

D«F =D, F* =0. (B.1.7)

For example, electromagnetism is described by an abelian gauge theory on a
manifold M of dimension n = 4. The gauge group is unitary G = U(1), and the

principal bundle P is trivial. The gauge group elements are complex numbers
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z of modulus |z| = 1 on the unit circle. The elements of the corresponding Lie

algebra g = u(1) = v/—1R are then the imaginary phases as the tangent space

to the circle. The connection one-form is the gauge potential A = A dx" where

A, are imaginary numbers. The field strength is then simply F = dA where the

components are

Fuy = 0,Ay — 04A,.

The electric field E and magnetic field B can be identified as

Ei = _iFiO )

Bi = —%eiijjk .
The Bianchi identity reads

0, Fyp + 0pFy + 0vFp =0,

which reduces to two of the Maxwell’s equations

0B
E+—=0
V x +’c)t s
V-B=0.

The Maxwell lagrangian is

1 v
£ =—FunF d*x =

N —

(E? —B?)d*x.

(B.1.8a)

(B.1.8b)

(B.1.9a)

(B.1.9b)

(B.1.10)

The equation of motion 9,,F*¥ = 0 reduces to the other two Maxwell’s equations

V.E=0,

VxB—a—Ezo.
ot

(B.1.11a)

(B.1.11b)
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B.2 Supersymmetric Gauge Theories

This section is a review of abelian N' = 2 gauge theories in three dimensions,

following [AHI*97].

Consider a three-dimensional N = 2 supersymmetric quantum electrodynam-
ics [AHI"97] with N > 0 flavours, i.e., chiral multiplets {®;, (T)]-}}\l:f1 of charges +1.
This theory flows to an interacting fixed point in the infra-red. In comparison, the

four-dimensional theories are always infra-red free.

The classical moduli space of vacua contain Coulomb and Higgs branches.

e The Higgs branch has (2N¢ — 1) dimensions. It can be parametrised by
gauge invariant operators M;; = ®;®;, subject to the constraint Mi;M . =

MmjMin.

¢ The Coulomb branch is one-dimensional. It is parametrised by o + iy, where
o is the vector multiplet scalar in (2.1.13), and v is the dual photon defined
by F.v = €.v,0°y. Itis cylindrical with radius proportional to the coupling
gin (2.1.17). The scalar y € S' is rotated around S' by the “magnetic” global

U(1); symmetry, with a period of g2.

The Higgs and Coulomb branches intersect at o = 0.

Despite that there is no instanton corrections in abelian theories, the quantum
perturbative effects still change the topology of the moduli space. The Coulomb
branch can be consistently parametrised by the vacuum expectation value of the
chiral superfield V = exp((o +1iy)/ gz) for large 0. As the metric for y receives
quantum corrections, the topology of the moduli changes in perturbation theory.

Because the Higgs branch is invariant under the U(1); symmetry, and intersects



B.2. Supersymmetric Gauge Theories 176

with the Coulomb branch at ¢ = 0, the radius of the circle S' where 7y lives
must vanish at 0 = 0. Therefore the moduli space looks like an intersection of
three cones near the origin, where the Coulomb branch splits into two distinct
regions parametrised by Vi ~ exp(+(0+1y)/g?). So the quantum Coulomb
branch involves two unconstrained chiral superfields V.. The Higgs branch is still

parametrised by M; since it does not receive corrections.

The dynamics is constrained by the global symmetries. The charges are listed in
Table B.1. The U(1)g charges of the chiral multiplets are chosen to be zero so their

fermions have charge —1.

U(T)r [ U(T)y | U(T)a | SU(Ng) | SU(Ng)
@ | 0 0 1 N 1
®; 0 0 1 1 N;
M| O 0 2 N¢ N¢
Vi N¢ +1 —Ng 1 1

Table B.1. Charges of Global Symmetries

For N¢ =1, all three cones parametrised by {M, V_, V_} have one complex dimen-
sion. At the origin there is a renormalisation fixed point. The same fixed point
can be reached by the theory described by the fields {M, V., V_} with a superpo-
tential W = —MV, V_, giving the same moduli space. In general for N¢ > 1, the

corresponding theory has
W = —N¢(det(M)V, V_)"/™ .

This is analogous to the superpotential corresponding to four-dimensional N = 1

quantum chromodynamics [Sei9%4] when N¢ > N. + 1.



Appendix C

Mathematical Background

This chapters reviews some of the mathematical foundations for this thesis.

* Section C.1 briefly reviews line bundles and vector bundles on Riemann

surface, following [HSW99].

* Section C.2 reviews the abelian vortex equation and the Hitchin-Kobayashi

correspondence.

C.1 Bundles on Riemann Surfaces

This section is a review of line bundles and vector bundles on Riemann surfaces,

following [HSW99].
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C.1.1 Riemann Surfaces

Definition C.1.1. A Riemann surface is a one-dimensional complex manifold with
an atlas of coordinate charts {¢ : Uy — C} such that a transition map ¢g o ¢! is

an invertible holomorphic function ¢ (Us, N Ug) = ¢p(Us N Up) for all o and .

The most basic example is the sphere S? with the two standard stereographic charts

bo: Uy — C, (Clla)

¢1:U; = C, (C.1.1b)

where Uy = S2\{N}and U; = S2\{S}. Its transition map z'(z) = ¢p10d, ' (z) =z~
is holomorphic from C* to C*. The point p where z = ¢ (p) = oo can be understood
as the north pole {N}. The two-sphere with this complex structure is known the

Riemann sphere and the complex projective line, denoted by CP' or P'.

The torus T? can be defined as C*/Z where the integer n acts by z — A"z with

IAl # 1. The coordinate patches can be taken as the overlapping annuli in C*.

Definition C.1.2. A holomorphic map f: M — N of Riemann surfaces M and N is
a continuous map, such that for each chart ¢ : Uy — C on M and Po: Uy — C

on N the representative ¢ o f o (I)g1 is holomorphic.

For example, a holomorphic map from the Riemann sphere CP' to itself is defined
by a rational function from C to C. Consider a rational function g(z) = ¢pofo q;o—‘ (z)
of the coordinate z = o (p). A point po = ¢y ' (zo) where g(z5) = oo is mapped
to the north pole under f, which no longer belongs to Uy. The representative

drofody(z0) = ﬁ = 0 is therefore holomorphic.
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C.1.2 Line Bundles

Definition C.1.3. A holomorphic line bundle L over a Riemann surface M is a
two-dimensional complex manifold L with a holomoprhic projection7t: L — M

such that

e for each point p € M, the fibre F, = ' (p) ~ C at p is a one-dimensional

vector space;

¢ each point p € M has a neighbourhood U and a homeomorphism 1y, called

the local trivialisation such that the diagram
T —> UuxcC
\ l (C.1.2)
is commutative;

e the transition map gyy = Py oy’ is of the form

(p,w) = (p, flp)w), (C.1.3)

where f : UNV — C* is a non-vanishing holomorphic function, which

uniquely determines the transition map gvu.

For a point p € M, we can construct a line bundle L, by using the coordinate z on
the neighbourhood U, centred at p as the transition map to the patch U; = M\ {p}.

Explicitly the transition map is

901:U1 XC—>U()XC,

(p,w) = (p,z(p)w). (C.14)
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The line bundle L,, is holomorphic since go:1(p) = z(p) is holomorphic and non-

vanishing on the intersection Uy N U;.

Definition C.1.4. A holomorphic section of a line bundle L over M is a holomorphic

map s : M — Lsuch that mo s =idwm.

In a local trivialisation {(U;, 1)}, the section is defined by a holomorphic function

s; on U; via

inSIui%uiXC,

p = (p,si(p)) . (C.15)

On the overlap U; N U; the holomorphic functions s;, s; are then related by the

transition function s; = gjis; since

(Wjow; ) o(hios): Ui - U xC —U;xC,

p = (p,silp)) = (P, g5i(p)silp)) . (C.1.6)

A section s is therefore uniquely determined by a collection {s;} of local functions
patched together by the transition functions {g;;}. Given two holomorphic sections
sand t of L — M, they can be used to construct a global meromorphic function on

M via

St _ 948 _ S

5 (C.1.7)
o gyl 4

The space of all sections of L — M form a vector space H°(M, L).

The line bundle L,, has a canonical section s,, where the local functions are simply

zon Up and T on U,. It has as a single simple zero at p.

The canonical bundle K — M is the cotangent bundle T*M of holomorphic one-

forms. On a chart U, with coordinate z, the neighbourhood 1 (Uy) ~ Uy x Cis
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trivial, and we choose a section dz(p) over U, as the natural basis for each fibre F,.

This frame [NakO3] over U, gives a natural map F, — C given by
w(p) =fdz(p)— f € C. (C.1.8)

The local trivialisation of the section w is

Yoow:pr (p,f(p)), (C.1.9)

where the one-form coordinate f is regarded as a local function. Given two
charts (Uy, ¢«) and (Ug, ) on the base M and their coordinates z and z'(z) =
$p o b ' (z), a one-form on the overlap can be written as w = f, dz = fg dz’. The

local trivialisations are then given by the one-form coordinates via

p = (p,fulp)) € Uy x C, (C.1.10a)

p s (p,fa(p)) € Ug x C, (C.1.10b)

where the fibre coordinates are related by f, = f B% by the transition function

— dz’

Jap = dz *

The O(n) bundle on CP' is defined by choosing the transition function to be
go1 = z™ on the overlap Uy N U; ~ C* of the standard patches Uy and U;. A

holomorphic section s is then given by local functions sy and s; on C related by
so(z) =z"sq1(2') (C.1.11)

on the intersection C*. The local functions are given by polynomials of degree less

than or equal to n. The dimension of all sections is then
h(CP',0(n)) =n+1 (C.1.12)

Definition C.1.5. For a compact Riemann surface M, its genus g is defined to be
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the dimension of H°(M, K).

For example, the canonical bundle K on CP' has sections given by fy(z)dz and
f1(z’)dz’ where fo and fy are holomorphic functions on C. The transition function

is given by go1 = ‘é—zll = —z” piecing together the local functions via
folz) = —2*f1(z71). (C.1.13)

However, expanding f, and f; shows that both must vanish. Therefore there
are no non-zero global sections of the canonical bundle. The genus of CP' is

g = H°(CP',K) = 0 as expected.

On the torus T?> = C*/Z, a one-form is given by % as it is invariant under the

d(Az)
Az

integer action, i.e., = df. It defines a non-vanishing section of the canonical
bundle K — T2, which means that K is isomorphic to the trivial bundle T? x C.
Sections of the trivial bundle are holomorphic functions which are constants on a

compact manifold. Therefore the genus of T? is g = H°(T?,K) = 1.

In terms of local objects, line bundles are given by transition functions g;; on U;N;,

and their sections are given by functions f; on U;. They are examples of sheaves.

Sheaves

To classify line bundles, we need to introduce sheaf theory.

Definition C.1.6. A sheaf § on a topological space X associates to each open set
U C X an abelian group $(U), and to subset U C V a restriction map ryy : 8(V) —
8(U) such that

° fOIUCVCW,TWUZTVuOrWV;
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o if ruunv)(0) = Tvunv)(T) for some o € §(U) and T € §(V), then there exists

p € (U U V) such that r(yuvyul(p) = o0 and ruuvivip) =T

e if ruuvyu(o) = 0and ruuv)v(o) = 0 for some o € §(LU V), then o = 0.

Some familiar Examples of sheaves are

e trivial sections, i.e., locally constant functions on U,

holomorphic functions O(U) on U,

sections O(L)(U) of a holomorphic line bundle L over U,
* non-vanhisng holomorphic functions O*(U) on U .

Definition C.1.7. The p-th cohomology group of a sheaf § on M relative to an open

cover {Uy} of M is the quotient group

kerd : CP — CPH]

HP(M, 8):= imé6:Cr-1 — Cp”’

(C.1.14)

where the chain group CP is the alternating elements in 8P given by the sections
on p intersections, i.e.,
P = P S(Uyn--Nl,), (C.1.15)
XoF e FXp
and the coboundary operator & is a homomorphism of abelian groups C? — CP*!
by

(5F) s = (1) Foxgiienectpen ST (C.1.16)

X *p+1
1

For a holomorphic line bundle L — M and the sheaf S of holomorphc functions,

the zero-th cohomology is

H°(M, L) :=H°(M, £) =ker§, (C.1.17)



C.1. Bundles on Riemann Surfaces 184

which is the space of global holomorphic sections of L. The reason is that the
boundary of a zero chain f € C° is (5f)«p = fo — f, which vanishes if and only if

the local sections f piece together to give a global section.

The isomorphism classes of holomorphic line bundles are given by elements of the
sheaf cohomology group H' (M, O*). This is because the transition functions gug
lie in C! for the sheaf O* of non-vanishing holomorphic functions, and they are in

the kernel of 6 since

(89)apy = 9up9py Iy =1id . (C.1.18)

Theorem C.1.1 (Serre Duality). If L is a line bundle on a compact Riemann surface
M, then
H'(M,L) ~ H°(M,K @ L*)*, (C.1.19)

where * denotes the dual vector space.

Theorem C.1.2. Given a short exact sequence
0—-8—=-T—-U—0 (C.1.20)
of sheaves on M, then there is a long exact sequence of cohomology groups

0 — HO(M, 8) — HO(M,T) — HO(M,U) 2% H'(M,8) — - -
&

..« > HP(M,8) - HP(M,T) — HP(M,U) =& HPT'(M,8) — ---,  (C.1.21)

where {04} are the coboundary operators.

Consider the coboundary operator §, : H°(M,U) — H'(M,8). The elements
{uy € HO(M, W)} satisfy us — up = 0. There exist elements {t, € C°(7T)} such that
to > Uq. Then {(t, —tg) € C'(T)} are mapped to {u, —ug = 0}. By exactness of

the short exact sequence, there exists a unique sop € C'(8) such that sop — to—tg.
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It satisfies §s = 0 and hence s € H'(M, 8). The coboundary operator is defined by

dou :=s.

For example, given a line bundle L — M and the line bundle L, associated with a

point p € M, there is a short exact sequence
0— O(LL,") =% O(L) = Op(L) — 0, (C.1.22)

where s, is the canonical section of L, vanishing only at p. If a section s € O(L)
vanishes at p with multiplicity m, then the section ss;' € O(LL, ") vanishes at p
with multiplicity (m — 1). The sheaf O, (L)(U) is the sections of L over U N {p}. Its
space of global sections is given by w~'(p) = C, which is one-dimensional. This

gives rise to a long exact sequence
0 — HO(M,LL,") — HO(M,L) — C > H'(M,LL,") — - (C.1.23)

When the map § is non-zero, the map H°(M, L) — C must be zero. By exactness

there is an isomorphism
HO(M, LL ") ~ H°(M, L) (C.1.24)

via multiplication by the section s,,. Therefore if 6 # 0, then all global sections of L

must vanish at p.

Consider the short exact sequence of sheaves
05205051, (C.1.25)

where O is holomorphic functions, and O* is non-vanishing holomorphic functions.



C.1. Bundles on Riemann Surfaces 186

This gives rise to a long exact sequence

0+Z—-C—C"—-H'(M,Z) - H'(M,0) - H' (M, %)

— H*(M,Z) - H*(M,0) — - - - . (C.1.26)

The leading part of the sequence is due to the fact that holomorphic functions
on compact Riemann surfaces are constants. By exactness, H' (M, Z) injects into
H'(M, O) since exponentiation is surjective onto C*. As H?(M, O) must vanish and

H2(M, Z) ~ Z, the sequence reduces to

H' (M, O)

0 v, z)

S H' (M0 27 0. (C.1.27)
Definition C.1.8. The degree of a line bundle L is
degL = c;(L) := &([L]), (C.1.28)

which is also called the first Chern class. The degree of the L, bundle is normalised

todegl, = 1.

The degree of product bundles satisfy degL; ® L, = degL; 4 degL,. This implies
that if a section s € H°(M, L) vanishes at points {p;}I* ; then
degl = Z mi,
i=1
where {m;}]* ; are the multiplicities of the zeros. This can be seen from the fact
that the bundle LL,; ™ - L, is trivial as it has a global non-vanishing section
ss,™ - -s,"". The trivial bundle has degree zero. As a corollary, if degL < 0,

P1

then L has no non-trivial holomorphic sections.

The dimension h'(M,0) = g since H'(M, 0) ~ H°(M, K)* by Serre duality of
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Theorem C.1.1. Consider the short exact sequence,
05C—=0% 0K —o0, (C.1.29)
where d is the derivative operator. It gives a long exact sequence

0+ C—C—HM,OK) —H'M,C)—H'M,O)

— H'(M, O(K)) = H*(M,C) — 0. (C.1.30)

The map H'(M,0(K)) — H?*(M,C) is an isomorphism since H' (M, O(K)) =~
H(M, 0)* ~ C and H?*(M,C) ~ C. Hence the map H'(M,0) — H'(M, O(K))
must be zero. Because h°(M, O(K)) = h'(M, O) are g-dimensional, we have by
exactness the dimension h!'(M,C) = 2g. Then H'(M,Z) = Z?9 as there is no

torsion in H'. Therefore the exact sequence (C.1.27) becomes

9
o%% - H'(M,0") = Z = 0. (C.1.31)

The group H' (M, 0*) is called the Picard group of M. The space ; is topologically

a 2g-dimensional torus.

Line bundles are classified with sheaf theory, which is essentially linear. Each line
bundle has an integer invariant, its degree. The space J¢ of classes of line bundles
of degree d is a complex torus. They are isomorphic to the jacobian of the Riemann

surface.

C.1.3 Vector Bundles

Definition C.1.9. A vector bundle of rank m on a Riemann surface M is a complex

manifold E with a holomorphic projection 7 : E — M such that
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e for each point p € M, the fibre 7' (p) at p is an m-dimensional vector space;

¢ each point p € M has a neighbourhood U and a homeomorphism 1y called

the local trivialisation such that the diagram

T —> Uuxcm
\ l (C.1.32)
is commutative;

* the transition map gyy = Py 0Py, is of the form

(p,w) — (p,gp)w), (C.1.33)

where g : UNV — GL(m, C) is a holomorphic map, which uniquely determ-

ines the transition map gvu.

Since the transition functions are matrices and non-commutative in general, sheaf

theory cannot be used to classify vector bundles in the same way as for line bundles.
Definition C.1.10. The degree of a vector bundle E of rank m is
degE = ¢ (E) :=deg(detE), (C.1.34)

where det E := /A™T is the determinant line bundle.

Their sheaf cohomolgies can be related by the Riemann-Roch theorem.

Theorem C.1.3 (Riemann-Roch). If E is a vector bundle on a compact Riemann

surface of genus g, then

h(M,E) —h'(M,E) = degE + (1 — g) rank E. (C.1.35)



C.2. Abelian Vortex Equations 189

C.2 Abelian Vortex Equations

This section briefly reviews the abelian vortex equations, and their moduli space
of solutions. The analytic description can be translated to an algebraic description

by the Hitchin-Kobayashi correspondence [JT80, GP93, ACGP03, MS04].

Consider a holomorphic line bundle L of degree d with a hermitian metric on a
Riemann surface X. Let A and ¢ be a smooth connection and a smooth section re-
spectively. The space §q4 of pairs (A, ¢) is an infinite-dimensional Kdhler manifold.

It inherits from the metric on ¥ and the hermitian metric on L a flat metric

1

_ 1 2
9= L (6_26A A xOA + (0| ) dr. (C.2.1)

The abelian vortex equations are

1
i Fa+pP> —1t=0, (C.2.2a)

oAb =0, (C.2.2b)

where F4 is the curvature and 0 4 is the holomorphic structure inherited from da

and the complex structure on X. The moduli space of vortices is the quotient
md = ‘ﬂd/G y (C23)

where 94 C §q is the space of solutions (A, $), and G : £ — U(1) is the gauge

group.

The moduli space M4 can be interpreted as an infinite-dimensional Kahler quotient.

The second constraint (C.2.2b) defines a Kdhler submanifold ¢4 C §4 where the
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gauge group G acts with a moment map

1
2 *Fat ) (C.2.4)

with p(¢) = |p|*. Therefore the vortex moduli space can be written as a Kéhler
quotient

My =Cq/G. (C.2.5)

By the Hitchin-Kobayashi correspondence, the moduli space 94 can be paramet-
rised by pairs (L, ¢), where L is a holomorphic line bundle of degree d and ¢ is a
non-vanishing holomorphic section of L. There exists a map My — Sym? (L) to
the symmetric product parametrising degree d divisors on X, which is given by
simply taking the divisor

D=pi+-+pa (C.2.6)

of zeroes of . The points {p1, ..., pa} are the centres of the vortices. The hermitian

line bundle can be recovered by the map

j:Sym?(Z) = Pic*(L) ~ Jx
(D} — 0x(D), (C.2.7)
from which the connection A can be defined uniquely. Therefore the moduli space

M4 can be described as

Ma ~ Sym?(L). (C.2.8)
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