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Chapter 1

Introduction

Mostow [I4] studied a group of complex hyperbolic isometries generated by three com-
plex reflections. He assumed that each pair of them has the classical braiding relation,
meaning they braid with length 3. Since the odd braiding relations imply that the re-
flections share the same order, the group was forced to have the restriction that all three
reflections are of the same order. The group’s fundamental domain was then constructed
based on Dirichlet’s fundamental domain. The paper mainly focused on arithmeticity.

There is a series of papers on complex hyperbolic isometry groups generated by three
complex reflections afterwards: Livné [13] in 1980, then Deligne and Mostow [4],[5] in
1986-1993. Following Picard, Deligne and Mostow viewed the groups as monodromy
groups of hypergeometric functions in several variables. They still focused on arith-
meticity and did not consider fundamental domains.

Around 1988, Thurston [26] introduced an alternative way to view the groups through
cone metrics on the sphere, although this was not published until later. This method
has been used in many fundamental domain constructions afterwards.

After that, in 2005, Deraux-Falbel-Paupert [7] built some of the Deligne-Mostow
groups’ fundamental domains for the first time. Following suit, Parker ([I7], [15]) used
Thurston’s construction to build fundamental domains for the Livné groups[13]. Then,
there is a work of Boadi-Parker[3] that used Thurston’s method to build fundamental
domains for the Deligne-Mostow groups not considered by Deraux-Falbel-Paupert.

Some time afterwards, the results we will use to compare our groups with were pub-
lished by Pasquinelli. She used Thurston’s method to build fundamental domains for
all the Deligne-Mostow groups. This was done in two papers, the first for the case of
three-fold symmetry [21] and the second for the rest (two-fold symmetry) [22].

There tend to be restrictions on the braiding orders when constructing fundamental
domains. Parker-Paupert [20] considered which possible braiding orders were allowed for
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groups generated by three complex reflections of the same order to generate proper fun-
damental domains. Then, Deraux-Parker-Paupert [8] experimentally worked out which
of the Parker-Paupert groups were lattices using Dirichlet domains. (For more on Dirich-
let domains, see Deraux [6], which can be compared to simpler fundamental domains in

[10].)

Deraux-Parker-Paupert ([9],[10]) verified the experimental results in [8] by giving
an algorithm to build fundamental domains for all the Deraux-Parker-Paupert groups
(called DPP groups from now on) as well as the Deligne-Mostow groups (which are dif-
ferent from Pasquinelli’s domains we will use as references). Lastly, Parker [I§] showed
that all the DPP and Deligne-Mostow groups, except some of the Eo groups, were mon-
odromy groups of higher hypergeometric functions.

Our aim is to consider a group with more freedom, namely, a group generated by
three complex reflections that braid with lengths (2,4,4), called a (2,4,4) group. With
even braidings, there can be a variety of different generators’ orders. We show that
such groups in SU(2,1) (provided that they are non-elementary) also contain a fourth
(conjugacy class of) complex reflections, giving rise to further (2, 4,4) groups after chang-
ing generators. This means that there are isomorphisms between (2,4,4) groups with
complex reflections of different orders. We show that the (2,4, 4) groups can be identi-
fied with the groups generated by Pasquinelli ([2I]), and thus, are commensurable with
Deligne-Mostow groups.

After we have the group structures, we consider a subgroup of the form (r,4,4;4)
(Citing [I0], a group of the form (a,b,c;d) is a group generated by complex reflections
R1, Ry, R3 where Ry and R3 braid with length a, R3 and R braid with length b, R, and
R braid with length ¢, By and Ry 1R2R3 braid with length d.) for the sake of geometric
construction as we want to apply the algorithm in Deraux-Parker-Paupert [10] on this
group to construct its fundamental domain.

We begin by building combinatorial fundamental domains for all the groups and
partly geometrically realising these. There are difficulties from embedding results here
so we will assume the embeddedness for now. Then, we can rely on the Poincare poly-
hedron theorem to get a presentation and find the orbifold Euler characteristic. Since
Pasquinelli ([21],[22]) has technically summed up the lattices and their corresponding
Euler characteristics in her works already, we compare ours to hers. The agreeing Euler
characteristics suggest that the embeddedness assumption is valid. Consequently, we
gain fundamental domains that are much simpler than Pasquinelli’s yet yield the same
result.

By comparing presentations, we can show that our groups are commensurable to
Deligne-Mostow groups or DPP Eo groups. Recall the automorphisms used in sym-
metrizing our generators’ orders mentioned earlier. This shows that all Eo groups are
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commensurable to Deligne-Mostow groups. Hence, we can show all the Eo groups are
monodromy groups of higher hypergeometric functions as well as hypergeometric func-
tions in several variables.

In this chapter, we give the introduction and necessary definitions. We start with
complex hyperbolic reflections and their relations with braiding relations. Then, we
state the Poincaré Polyhedron Theorem.

In chapter 2, we construct an arbitrary group generated by 3 complex reflections and
defined by the braiding relations between the generators. In this case, we let it be a
(2,4,4)-group. We then show that two of the generators, along with another reflection
in the group are interchangable when we ignore their orders. After that, we identify the
group’s presentation with Pasquinelli’s groups ([21],[22]), which has also been identified
with Deligne-Mostow groups.

Then, in chapter 3, we consider a (r,4,4;4)- group, which we later show to be a sub-
group of the (2,4,4)-group we created earlier.

In chapter 4, we use the group to construct a fundamental domain using the DPP
algorithm. Then, we check all the necessary conditions for it to satisfy the Poincaré
Polyhedron Theorem. We check the Euler characteristics of the polyhedron constructed
and compare them with Deligne-Mostow’s from [21I] to convince that the embeddedness
is indeed satisfied. After that, we give the table of all possible values for the orders of
the group’s generators along with the lattices associated to them from [21], concluding
our work.

1.1 Reflections on Complex hyperbolic spaces

The space C3 is the 3-dimensional complex vector space. We equip it with a Hermitian
form of signature (2, 1), resulting in a space called C*!. This divides the space into three
subspaces:

Vo={2€C?: (2,2) =0}.
Vo={2€C3:(z,2) <0}.
Vi={2€C?: (z,2) >0}.

The complex hyperbolic space H% we are interested in is then the image of V_ under
the canonical projection

21 21/ 23

z20 | —= | 22 / z23

23 1
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equipped with the Bergman metric, given by the distance function p defined by

o (57 = ey

A complex reflection is an isometry of complex hyperbolic space with a two di-
mensional eigenspace and a one dimensional eigenspace. When the two dimensional
eigenspace contains negative vectors, it corresponds to a complex line in complex hyper-
bolic space, called the mirror, which is fixed pointwise by the transformation. (On the
other hand, if the one dimensional eigenspace contains negative vectors, it corresponds
to a unique fixed point in complex hyperbolic space.)

Consider a vector subspace U in C>! with (complex) dimension 2. Let U~ be the
vector subspace orthogonal to U with respect to the Hermitian form. That is, if ¢ € U~
then (z,¢) = 0 for all z € U. Now suppose that U N V_ contains at least one non-trivial
vector and hence an open subset of U. The projection of U N V_ to H% is a complex
geodesic C. Any non-trivial vector in U is a polar vector to C.

A bisector is the locus of points in H(QC equidistant from two points. Suppose that
p1 and po are points of H% and suppose that Py and p, are vectors in C%! whose images
under the canonical projection are p; and po respectively. We now show how to construct
the bisector %B(p1,p2) equidistant from p; and py. [I1I] Consider the vector subspace of
C?! spanned by Py and Py By construction this is (complex) two-dimensional. Its image
is a complex geodesic containing p; and pe, called the complex spine of #(p1, p2) and
is denoted X. As indicated above, this is a copy of the Poincaré disc. Let o be the
Poincaré geodesic in the complex spine ¥ equidistant from p; and ps. This is called the
real spine of #(p1,p2). Consider a point s € 0. Let Cy be the complex line through s
orthogonal to . This complex line is contained in the bisector Z(p1,p2) and is called a
complex slice of the bisector. The bisector % (p1,p2) is the union of all its slices; that
is:

B(p1,p2) = U Cs.
se€o
Moreover, the bisector & is foliated by totally geodesic subspaces in a second way. It
is not hard to show that a Lagrangian plane R containing o is also contained in £.
Moreover, £ is the union of all Lagrangian planes containing o.

To illustrate this definition, we give a simple example in the unit ball model B? =
{(21,22) € C? : |21]? + |22*> < 1}. Suppose that 0 < y < 1 and that p; = (iy,0),
p2 = (—iy,0) in C2. Then ¥ is the complex line with z5 = 0 and the real spine o is

o={(50€C?: -1<s<1}.
For a fixed s € (—1,1) the slice C; is given by

Cs={(s,2) €C?: |2)* < 1—5°}.
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For a given 6 € [0,27) the meridian Ry is given by
Ry = {(z,ye?) € C? : 22 +¢* < 1}.

Pratoussevitch [23] gives a more explicit definition for complex reflections starting
from a more common type of reflections, namely reflections of order 2. In this case, a
complex reflection in a complex geodesic C' is an isometry in PU(2, 1) of order 2 with C'
as its set of fixed points. It is given by

(z:0
(c,e)”

2 —z+2

where ¢ is a polar vector of C.

In a more general definition, a complex p-reflection, for a unit complex number g,
is an element of PU(2,1) with a complex geodesic C' as the fixed point set that rotates
around this complex geodesic by the angle arg(u). It can be written as

(z,¢)
(c,c)

where c is a polar vector of C'. Note that a usual complex reflection mentioned earlier is
a p-reflection where p = —1.

zrz+(p—1) c

With this, we write our reflections with angle 2?” in complex hyperbolic spaces in the
form

R(§)=§+<e%fl iz’cic
¢ c
2mi c*Hz
=§+<6k -1 c
(c,c)
2mi c*Hz
:g+<ek —1)c¢
(¢, )

where (-,-) is the Hermitian form of signature (2,1) associated to a Hermitian matrix
H and c is a vector polar to the mirror of the reflection. Consider R as the projective

matrix I + (e — l)gig. Then,
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So, ¢ is an eigenvector of R corresponding to the eigenvalue e * . Moreover,

et (F -1) C<CC}CI> (Z_ iijc>

Thus, the vector z — %g c is an eigenvector of R corresponding to the eigenvalue 1. Since

z is arbitrary, the eigenspace is of dimension 2 and the eigenvalue 1 is repeated. Hence,

the reflections with angle %’T always have eigenvalues e%, 1,1.

We want to construct the reflections R1, Re, R3 of order q, p, m associated to the polar
vectors ny = (1 0 O)T,n2 = (O 1 O)T , Ny = (0 0 1)T, respectively. We also want
the space to be C*!, the complex vector space of dimension 3 with the Hermitian form
of signature (2,1). We firstly assume the form of the Hermitian matrix H associated
with the Hermitian form as

a —ip T
H=1 ip b —io
—iT 10 c

where a, b, c are real whilst p, 7,0 € C. In the case of R;, we have

— qg —
Ri=1+ (6 1)’1’L1 <n1,n1>
27
— qg —
I+ (e 1)ny ) (1 0 0)H
2mi 1 .
=I+(ea —1) <n1,n1)n1 (a —ip iT)
i a —ip T
— T+ —1-[0 0 0
“\o 0 o
2mi 2mi ; 2mi -
ed —1 (ea —1)=2 (e7 —1)&
=1+ 0 0 0
0 0 0
2mi 2mi 2mi .
ed —ifes —1)2 dles —1)T
= 0 1 0
0 0 1

27i

The matrix has determinant e ¢« . Since we want to work on the projective model and
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it will be more convenient to work with matrices with determinant 1, we let

47 4ri _ 2w 4 _ 27

ed  —i(e3a —e 3a)L j(ess —e 30)I
_2mi
Ri=1 0 e 3 0
_2mi
0 0 e 3q
S TNE se (95 sin(T))E
e —ie (228751((]))5 ie3a(2isin(7)) 7
=1 0 e 34 0
_2mi
O 0 e 3q

Thus, it would be convenient to let a be 2sin(%) and R; would become

Ami i i
e 34 es1p —esaT
_ 27
Ri=1 0 e 3 0

2mi

0 0 e 34

In the same way, let b = 2sin(Z) and ¢ = 2sin(Z). Also, let u = 63‘1 v = €% and
) p m
w=eim. Then,
ut up —uT

R1:0‘20,

0 a?
0
—v,o vt o ,
0 o?
0 0
w2 0
wr —ws  w?
whilst
2sin (g) —ip 1T
H = 2sin ( ) —1i0
P
—Z'T 0 2sin (%)

Lemma 1.1.1. The signature of H is (2, 1) if and only if det (H) is negative.

Proof. Since H is Hermitian, its eigenvalues are all real. Their summation is equal to

the trace of H:
28111( >—|—2$1n< )—i—QSm(W)
q p m

and their product is the determinant of H:

8 sin (W) sin <7T> sin (1) —ipro+ipra—2|o|? sin (W> —2|7|*sin < ) —2|p|? sin ( W)
q p m q D m
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If the signature is indeed (2,1), then the determinant is a product of two positive and
one negative parameters, thus negative.

Since tr (H) is obviously positive, the eigenvalues cannot be all negative and hence,
det(H) being negative implies that the signature is (2, 1). O

So, we now assume det(H ) negative. This means that

Im(pro) < ‘UPSiH <7T> + ’TPSIH ( > + ’P‘ZSIH ( 7r> —4sin (W> sin (ﬂ) sin (1> .
q p m q P m

We can compute the traces of the transformations we are going to work with. The
transformations that are words of length 3 or higher can be calculated using Theorem 7
from [23].

tr (R1Rs) = uv[2 cos <7; - Z) — 1o + @272, (1.1)

tr (ReR3) = vw(2 cos (; :;) — |o|?] + v*@?, (1.2)

tr (R1R3) = uw[2 cos (Z ;;) — 7] + w*w?, (1.3)

tr (RleleRg) = uv[2 cos g - 7;) — |loT — @3p|?] + @202, (1.4)
tr (R1RoR3) = wow[u*v3w?® + w?v3w® + @®v3w?® — @|o? — 03|72 — @®|p|® + pro].
(1.5)

Apart from the generators’ orders, we will also define our groups based on the braid-
ing relations between the generators. For an integer n, we say that two transformations
A and B braid with length n if

(AB)} = (BA)?

when n is even, or

(AB)"z A= (BA)"T B
when n is odd. We say that br(A, B) = n in such a case.

For integers a,b,c, a (a,b,c)-group is a group generated by 3 complex reflections
A, B, C with braiding relations br(B, C) = a,br(A,C) = b and br(A4, B) = c.

Lemma 1.1.2. Let A, B be reflections with angles 6, ¢, respectively. Then, A has 2-
dimensional e~ 5 eigenspace and B has 2-dimensional e 3 eigenspace. Their eigenspaces

;0+0

intersect and AB has the eigenvalue e™* "3 associated to the common eigenspace.
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Proof. As matrices acting on C>!, both A and B have eigenspaces that are two di-

. . . ) ;2 .. .
mensional with eigenvalues e™*3 and e™'s. Therefore, any non-trivial vector in the

. . . . ;0 . _i¢
intersection of these two eigenspaces is both an e™*3 eigenvector for A and an e™'3

. e _j0te .
eigenvector for B. Hence it is an e7* 3 eigenvector for AB. O

Since there are 2-dimensional eigenspaces according to the eigenvalue %? of R and
92 of Ry. We have an eigenvalue @292 for R Ry with 1-dimensional eigenspace.

Suppose that the mirrors M; and Ms of R and Ry are ultraparallel. Then there is
a complex line Co orthogonal to My and Ms. By construction, R; and Rs send C1s to
itself and they act on (s as rotations of angles 27” and 27” with fixed points M7 N C1a

and My N 1o respectively. Furthermore, Assume that 2 cos (% — %) —|p|? = —2cos (2”)

a
for some integer a. Then, the set of eigenvalues @272, —uvef%, —uve’s" satisfies both
the trace and determinant of Ry Ro. We see that R; Rs acts on C2 as a rotation of angle
%’T. Hence (R1, Ro) acts on C12 as a (p, ¢, §) triangle group. When a is even, we see that
(Rle)% fixes each point of C1s, but may itself rotate in the orthogonal direction. Since
(Rle)% acts trivially on Cqo it must commute with both R; and Ry, and so it is in
the centre of (R, R). Hence, (R, R2) acts on HZ as a central extension of a triangle
group, with centre generated by (R;R2)*?. Thus, R; and Ry braid with length a.

Theorem 1.1.3. Knapp’s theorem, see [12, pp.296 — 297] Let A and B be normalized
elliptic matrices with distinct fixed points. The group generated by A and B is discrete
if and only if the traces of AB, A and B satisfy one of the seven conditions:

(I) |tr(AB)| < 2 and AB has extreme negative trace,

(I) |tr(AB)| > 2,
A
r(A) = 0,tr(B) = 2cos(m — Z) and tr(AB) = 2cos(m + 2F) with n > 3 and odd

)

(II1) tr(A) = tr(B) and tr(AB) = 2cos(m + 2%) with n > 3 and odd,
)t

(or the same thing with A and B interchanged),

(v

(V) tr(A) =2cos(r — %), tr(B) = 2cos(r — Z) and tr(AB) = 2 cos(m + 3Z) with n > 7
and not divisible by 3 (or the same thing with A and B interchanged),

(VI) tr(A) = tr(B) = 2cos(m — I) and tr(AB) = 2 cos(m + 1Z) with n > 7 and odd,

n

(VII) tr(A) = 2cos(m — %), tr(B) = 2cos(r — Z) and tr(AB) = 2cos(m + 2£) (or the
same thing with A and B interchanged).

In the case that a is odd, according to Knapp’s theorem, it either falls into the case
(III) and p = ¢, or the case (VII) and ¢ =3,p="7,a = T.
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In the case that p = ¢, we have (Rle)%1 R in the centre, so the braid length is
still a.

This means that, if the braiding relation between R; and Ry is br(R;, R2) = a, then

2
2 cos (W — W) — |p|* = —2cos <W> . (1.6)
qa P a

In the same way, the braiding relations br(Rg, R3) = b, br(Ry, R3) = ¢, br(Ry, RgleRg) =
d hold if we have
2
2 cos <; - ;;) — |o|* = —2cos (;) , (1.7)

2 cos (Z - ;) — |72 = —2cos (2:> : (1.8)
)

T m m
2cos | ——— ) — 0‘7'—7I)3ﬁ2:—2008( , 1.9
(q p> | | d (19)

[\

respectively.

Lemma 1.1.4. If A and B are complex reflections satisfying an odd order braid relation,
they are conjugate and share the same angle.

Proof. Let A and B braid with length 2k + 1, then
(AB)* A = B(AB)"

and so,
(AB)* A(AB)™" = B,

that is, they are conjugate. ]

Since we want our reflections to have different angles, the braiding relations between
them should be even.

In a special case when ¢ = p = m, which also means u = v = w, we can relate to [10]

by substituting v’ = u? = v? = w? and p’' = up, 7’ = v7,0' = wo. Then,

ue p —uT
R = 0 o 0 ,
0 0 u
T 0 0
Ry = — 15/ w2 o ,
0 0
a 0 0
R3=10 ' 01,
/ 1=/ 12
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and the traces become

tr(Rif) =l (2= |o'f) +
tr (RoRs) = ' (2 — |0')%) + @,
tr(RiRs) = (2 - |T|) a?,
tr (B Ralts) = ’(2 o)+
tr(RaFoRs) =3 = | r? e,

analogous to the calculation in [I0]. In terms of braiding relations, if br, (R, Rs), mean-
ing br(R1, R2) = n, and they share the same angle simplified as above, then

tr (R Ry) = —2u' cos (2 > + a2 (1.10)
n

The Proposition 3.1 from [18] gives us a way to identify a set of complex reflections and
its conjugates. We restate it in our terms:

Proposition 1.1.5. Let R;, R, R3 and R!, R}, R; be two sets of complex reflections

with angles %’T, 27”, 27”, respectively. Let p,o,7 and p/,0’,7" be as defined above. The
triples Ri, R2, R3 and R}, R}, R are conjugate in PGL(3,C) if and only if one of the

following is true:

1. If por # 0 and p,q, m > 3, then

o'l = lpl. 0’| = |o], |7'] = |7, arg(p'o’r") = arg(p'o"7).
2. If por #0 and p = 2,q = 2,m = 2, then
0| = lpl, o’ = |ol,|7'| = |7|,arg(p'o"7') = arg(p'o'T).

3. if por =0, then
o'l = lpl; 0’| = o], 7| = I7].

1.2 Poincaré Polyhedron Theorem

A polyhedron E consists of facets of lower dimensions. We call the facets with codimen-
sion one, two, three and four as sides, ridges, edges and vertices, respectively and refer
to the sets of facets as F;(E) where i is the facet’s codimension.

Our aim is to ultimately construct fundamental polyhedra along with side pairing
maps satisfying the Poincaré Polyhedron Theorem. There are many versions of state-
ment for Poincaré polyhedron theorem. For the sake of consistent notation, we refer to
the one stated in [9].

Next, we define side pairing maps. A side pairing for F is a map ¢ : Fi(F) —
Isom(HP ), whereas the map P = 9 (s) is called a side pairing map associated with the
side s € F1(FE), satisfying these conditions:
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1. The side pairing map P = 1(s) associated with s maps s onto another side s~ €
Fy(E) whilst preserving the cell structure. Moreover, ¥(s~) = P~

2. For P =1(s), P"Y(E)NE = s and P~Y(E°) N E° = ().
3. There is an open neighbourhood of each point in s° that is contained in EUP~(E).

If, moreover, there is a finite group T < Isom(H?C) of cell preserving automorphisms on
E, we can add the side pairing maps to form a new group I' < Isom(H(zc). In our case,
it is enough to assume that T can be presented in terms of its generators and their rela-
tions. We put our facets into orbits under the action of T. We say that the side pairing
1) is compatible with Y if 1)(Ss) = S1(s)S~! for every side s € Fy(E) and every S € T.

Now that we have side pairing, we continue to define ridge cycles and cycle relations,
which are essential for the theorem. Consider a ridge r; € Fy(E). It lies on exactly two
sides. We call them s; and si, so 71 = s5 M s1. Since P = ¥ (s1) maps s to another
side s preserving the cell structure, it sends the ridge 71 to another ridge 7 in s7 . The
ridge ro also lies in exactly two sides, say, s; and sp. Then, the map P = 1)(s2) maps s
to a side s, and the ridge ro to a ridge r3 in s, . By continuing this, we get a sequence
of ridges 71,79,... and a sequence of sides s1, s, ... along with the side pairing maps.
The relation between them is that r; = s; N's;_; and P; = ¢(s;).

Since the number of ridges is finite, there exists a ridge r,, with m > 1 where 7,11
is in the same Y-orbit as r1. In the case that ry is in the same orbit as r{, we let m be
0. With this, we claim that there is a unique S € T such that Sr,, 11 = r1. To see this,
suppose that Sr,, 411 = r1 = S'ryy1 with S # S’ Then, S~15" is not the identity, but it
fixes rp,4+1 pointwise along with the sides containing it, which is impossible.

A ridge cycle of 7 is the sequence (r1,72,...,7,). We also define the cycle trans-
formation 7' = T(r1) of 1 as the map S o Py 0 Py,_10---0 Pyo Py, which is a map
fixing 71 (but might not act as an identity on r1). If T has finite order I, we call T* = id,
or simply T', cycle relation associated to 7.

Lemma 1.2.1. For ¢ > 1, r; = Sty

Proof. We are going to prove this using induction. Since 1 is compatible with Y, we
have P; = 9(s1) = ¢¥(Ssmy1) = SPny1S~!. We assume that if P, = SP,,,xS~! and
Tk = Srm+k, then

Thy1 = Prrg
= SPm+kS_1S7“m+k
= SPytkTm+k
= STmtk+1;
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and
Py =19(re+1)
= (STmth+1)
= SP(rmiri1)S
= SPp1S L
Hence, the induction is fulfilled and we have r; = Sry,4. ]

Note that, if we consider a ridge cycle of another ridge r,, in the ridge cycle of r1, we
end up with the ridge cycle (7, 7ni1s- - "m, S~ 11, S7iro, ..., S r, 1) instead. This
ridge cycle of r,, is just a shift of the ridge cycle of 71 and the cycle transformation 7'(r,)
is

So(StP,_18)0(81P,_38)0---0(8 1P S)oP,0P,_10---0P,

=P, 10PF, 20...S0P,0---0F,,
a cyclic permutation of T'. If we switch the sides we picked at the first step, that is s;
and s, then we end up with a ridge cycle with reversed order. Moreover, any action of
T on the ridge r; will result in the same action on the ridge cycle as well and the cycle
transformation becomes the conjugate of the original transformation 7" by that action.

This just means that a single ridge in a ridge cycle is enough to determine the whole
ridge cycle and to represent it.

We define €(p1) to be
C(r1) ={Pio---o P T :0<i<m—1,0<j<1—1}.

If ¢ is equal to 0, then that means there are no P; terms and the same goes for when
m = 0.

Lemma 1.2.2. For any element C' € €(ry), the ridge 7 is contained in every image
C~YE) of E.

Proof. Since T is So P, 0---0 Py,
T E)=P oo P 'S (E)=P o--- 0 P (E).

By construction, we have that r; = s; N's;_; for ¢ > 1. Since P; = 9(s;) and Pi__l1 =
¥(s;_ ), the side pairing condition says that s, = P, {(E)N E and s; | = P,_1(E) N E.
Thus, r; € P, Y(E) N P—1(E) N E.

For ¢ > 2, we have r; = P,_j0---0 Pi(r1). So,

ry = Pl_l O -n- OPiill(Ti)
CPlo--oP Y (PTYE)NP_1(E)NE)

C(P oo BTYE)N (P oo BLY(E) N (P o0 PY(E)).
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This means that 7 is contained in P; ' o---o P4 (E) for i > 2. Thus, it is in T~ (E)
as well. Hence,
r1 & ﬂ CHE)
Cel(ry)

as we need. O

We say that E and I satisfy the cycle condition at r; if this intersection is precisely

r1 and all these copies of |J C7!(E) tessellate around r. That is:
Cel(ry)

L.m= N CYE).
Cel(ry)

2. If C1, Cy € €(r1) with Cy # Cy then C;H(E°) N Cy H(E°) = 0.

3. For any element in 71, there exists an open neighbourhood of its that is contained
in | CYB).
Cel(ry)

Another thing to consider is the existence of cusps on the polyhedron. In such cases,
it is necessary to consider its completeness when quotiented by the side pairing maps.
If there are cusps on F, assume a consistent system of horoballs where each one is
centred at a cusp and covers all the cusps. We can assume further that the horoballs
are pairwise disjoint by choosing smaller ones. To show that such a system exists for a
polyhedron, we can show that every cycle transformation that fixes a cusp is not lox-
odromic since, in that case, the horoballs based at the cusp are all preserved by the
transformation.

We now state the complex hyperbolic Poincaré polyhedron theorem as used in
[9](More on [14] and [19]).

Theorem 1.2.3. Suppose E is a smoothly embedded finite-sided polyhedron in H%,
together with a side pairing ¢ : F1(E) — Isom(H2). Let T < Isom(HZ) be a group of
automorphisms of E. Let I' be the group generated by T and the side-pairing maps.
Suppose the cycle condition is satisfied for each ridge in Fy(F), and that there is a
consistent system of horoballs at the cusps of E (if it has any). Then the images of E
under the cosets of Y in I tessellate H%. That is

1. U A(E) = H2.
Aerl

2. If Ac T — Y, then E° N A(E°) = (.

Moreover, I' is discrete and a fundamental domain for its action on H(% is obtained by
intersecting £/ with a fundamental domain for Y.

Finally, one obtains a presentation for I' in terms of the generators given by the
side pairing maps together with a generating set for T; the relations are given by the
reflection relations, the cycle relations and the relations in a presentation for T.



Chapter 2

(2,4,4) and Deligne-Mostow
groups

2.1 (2,4,4) groups

We explore groups of each type based on the braiding relations between the generators.
Lemma|l.1.4/shows that odd braidings result in conjugate pairs of transformations, so we
focus on the even braiding. The simplest ones are (2, 4,4)-groups, i.e. groups generated
by three complex reflections A, B, C' with rotation angles %’T, 27”, 27’7, respectively, and
braiding relations br(A, B) = br(A,C) = 4,br(B,C) = 2. We assume A, B,C to have
determinant 1 and write n4,np,nc as polar vectors to the mirrors of A, B, C, respec-
tively. Furthermore, assume that all three of them do not share a common eigenvector.

Let A, B,C be in the same form as Ry, Re, R3 from earlier for the sake of defining
their parameters. That is

Ami i i _
€ 3a e3ap —e€3aT
—27i
A= 0 € 3a 0 ’

—27i

0 0 € 3a

—2mi

e 3b 0 0
i _ 4ami s
B = —e3bp e3b e3bo s
—2mi
0 0 e3
—2mi
e 3c 0 0
—27
C = 0 € 3e 0
juxs U 4mi
€3cT —e3cOo € 3c

According to the equation the commutativity between B and C' mean that the
parameter linking the two (p in the equation [1.6)) has to be zero. The third case in the
Proposition [I.1.5] says that the moduli of parameters p, o, 7 determine the group up to

16
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conjugacy.

Lemma 2.1.1. The transformation (AB)? is a complex reflection whose order b’ satisfies
% + % + % = % for some integer ky.

Proof. The 4-braiding of A and B implies that (AB)? commutes with both of them.
The polar to mirror eigenvectors of theirs then generate a two-dimensional eigenspace
for (AB)?. Therefore, (AB)? is also a complex reflection.

Referring to the trace of AB is e~ % ~ 3 . Since one of its eigenvalues is e — B %,
the fact that it is also unimodular implies that its other eigenvalues are ieE+3§ and

—iesaT 5. Thus, the eigenvalues of (AB)? are e~ %% and (repeated) ™" 3a T35, If
b is its order, then

=2 (2.1)
for some integer ky. O
Symmetrically, the order of (AC)?, ¢, satisfies
1

1 1 k.
== (2.2)

2ac c

for some integer k..

Lemma 2. 1 2. T he transformation D = (BACA)™! is a complex reflection of order d
where 1 5 —|— = b + 2 + d

Proof. We know that B has eigenvalues e Sb , associated to eigenvector npg, and another
—27e

eigenvalue e =" while C has eigenvalues e En , associated to eigenvector nc, and e 3¢ .
Since B and C commute nc has to be an elgenvector of B and thus, associates with the

—27
eigenvalue e =3, while ng is the eigenvector associated to the eigenvalue e 5 of O

The transformation BACA can be written as BO~1(CACA). Since A braids with
length 4 with C, (CA)? commutes with C' and, by the same argument as above, n¢
is also one of its eigenvectors and thus n¢ is a common eigenvector for B, C~!, CACA

. . . —2mi —4mi . M m
associated with eigenvalues e 30 ,e 3¢ , e 3a 7%

, respectively. Thus, n¢ is an eigen-
27r+ 27\'1 27r1 271

vector of BAC A associated to eigenvalue e

We can also write BACA as (BABA)(A™'B~1A)(A~1CA). Again, we have that np
is an eigenvector of BABA and, since A commutes with BABA, so is A™'npg (with the

same eigenvalue as well). Thus, A~!'np is the common eigenvector for BABA, A~'B~1A,

211'1 27rz —47mi —27i . . e . .
T+ %a T3 e 3 e se , respectively. This means it is an eigen-

+ 27\'1 _ 271'1 _ 271'7.'

A~'C A with eigenvalues e
vector of BAC' A with eigenvalue €™
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Since nc and A~ 'np share the same eigenvalue, in the case that they are linearly inde-
pendent, we have ourselves a two-dimensional eigenspace and we have a one-dimensional
eigenspace with eigenvalue

—4mi | 4wi | 4mi
e 3a T30 T,

Hence, D = (BACA)~! is a complex reflection.

Suppose otherwise that they are linearly dependent. We consider the reflection
(AB)2. Tt commutes with both A and B, and thus, with A='BA. This means that
their polar to mirror eigenvectors n(4p)z, A~'np are orthogonal. Since ng and A~ 'np
are linearly dependent, nc is also orthogonal to nap)2. Hence, nyp)2 is a common
eigenvector for A, B and C, a contradiction. O

We can see that, because

(AD*(A™'D ™12 = (C7'A1B™H)}(A7'BACA)?
= (C'AT'BTICcTATI BT (AT BACBACA)
=Cc A 'p el (AT BTt AT B)ACBACA
—Cc A7 Bl (BAT! BT AT ACBACA
=Cc'A7'B7'c™'BAT'B"'CBACA
=C A B 'BCT'ATICcB ' BACA
=CctA7lc AT lcAcA
= [,

the reflections A and D braid with length 4. Similarly to how we assume the order o’
and ¢ for (AB)? and (AC)?, respectively, the order d’ of (AD)? satisfies

1 1 1 kg

44 2.3

s e taT @ (2:3)
for some integer k;. Another relation we have is

CD=CACc A 1Bt
=A"lcta" B!
=A"lc A B 1C
= DC.

That is br(C, D) = 2. This gives us the presentation

4abck

IPPPE <A,B,C,D : (AB)% — (AC) a5 % — (AD)=etatrae = [,

A% — Bb — (¢ — Daberme-samas — BACAD = I, >
bry(A, B), bry(A,C), bry(A, D), bra(B,C),bre(C, D)
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Another noteworthy transformation here is C™'AC. It has the same order a as A. See
that

br(C~1AC, B) = br(A,CBC™)
= br(4, B)
= 4’

and

br(C~LAC, C) = br(4, C)
— 4.

We want to show that, by construction, the orders b, ¢, d of B, C, D are actually symmet-
ric in the sense that there are groups of B, C, D’s conjugates, in different orders, whose
braiding relations and the relation BACAD = I (when replaced by the conjugates in
their respective sequential orders) still hold. Namely, groups that are almost homomor-
phic to I'y 4 4 but with permuted generators’ orders, except for a.

To do that, it is enough to show that there are such groups whose generators’ orders
are (a,d,c,b) and (a,b,d,c). Let F’27474 be the presentation similar to I'y 4 4 without the
order relations, that is

/ _ BACAD =1,
244 = <A’B’C’D "bry(4, B), bry(4,C), bra(B,C) )

As the relations bry(A, D) and bry(C, D) are inferred only by the braiding relations,
they are true in the presentation, thus

BACAD =1,
’2,474 = <A,B,C’,D :bry(A, B), bry(A,C), bry(A, D),>.
bI‘Q(B,C), bI‘Q(C,D)

Define the maps ¢pg : F’27474 — (A, D,C,A"1C~1A"1BACA),
bed : T9 44 — (4, C~'A"'BAC,D,C) so that

Pra(A) = A, bca(A) = A,
oa(B) = D, bea(B) = C-1ABAC,
dva(C) = C, ¢ea(C) = D,
dpa(D) = AT'CTTATTBACA, ¢ea(D) =C

Lemma 2.1.3. The map ¢pq : F’27474 — (A,D,C,A"1C~1A"1BACA) is an isomor-
phism.
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Proof. Since A and C stay the same in both presentations, we have br(A4,C) = 4. We
also assume br(A, D) = 4 and br(C, D) = 2 in both directions of the proof. Then,
br(C, A7'CT'A"'BACA) = br(ACACA™'C~'A~! B)
= br(C, B).

Thus, br(C, A='C~'A"'BACA) = 2 if and only if br(B, C) = 2. Next,

br(A, A7'CT*AT'BACA) = br(ACAAAIC™'A™ B)
= br(ACAC™'A™! B)
=br(C~*AC, B)
=br(A,CBC™)
= br(4, B).

As the rest of the relations follow from these relations, the map is an isomorphism. [
Lemma 2.1.4. The map ¢oq: 544 — (4, C~'A"'BAC, D,C) is an isomorphism.

Proof. To show that the presentations are equivalent, we identify the relations in each
one. We already have bry(A, D). Next, consider
br(A,C~'AT'BAC) = br(CAC™!, A7 BA)
= br(ACAC™'A™! B)
= br(C~1AC, B)
=4.

We also get

(CT'A'BAC)'D(C'AT'BAC)D™ = C'AT'BT'ACDC' AT ' BACD ™!
= (CtA' B HA(CDC YA Y(BAC)D™!
= (AD)ADA YD 'AHD™!
= ADADA 'D'A7'D™!
=1

Thus, br(C~*A~'BAC, D) = 2. Lastly, similar to BACAD = I, we have
((C7'AC)™'B(C™'AC)) ADAC = C™'A7'CB(C "ACA)DAC
=Cc'A7lCcB(ACAC Y DAC
= Cc'A7'C(BACA)(CT'D)AC
=c A 'cp~Y(bchHAC
=TI

Hence, the two presentations are equivalent. ]
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Since the 3 presentations are presentations of the same group, albeit with different
generators, the transformations ¢pq and ¢.q are automorphisms on F/2,4,4‘

The group I'z 4 4 is just the group F’2’474 equipped with the generators’ orders. The
orders of generators (A, B, C, D) are (a, b, ¢, d), while (4, D,C, A=*C~1A"1BACA)’s are
(a,d,c,b) and (A,C~'A='BAC, D,C)’s are (a, b, d, c). The rest of the orders follow from
the previously assumed conditions. Thus, the parameters b, ¢ and d are symmetric when
the groups’ generators are complex reflections without a common fixed point.

2.2 Deligne-Mostow groups

We will try to identify our groups with Deligne-Mostow groups, so we give some defini-
tions on the terms used.

Definition 2.2.1. An N-tuple of real numbers u = (u1, 2, ..., pun) with 0 < p, < 1
forn=1,2,..., N is called a ball N-tuple if

Definition 2.2.2. A ball N-tuple p = (1, pa, - - ., o) is said to satisfy the XINT condi-
tion if there is a subset S of {1,2,..., N} such that for each pair of m,n € {1,2,..., N}
with py, + pn < 1, either

11— phn — o = ;m% where (i, n € Z, or

2. m,nESand%—um:%—pn:ﬁwhereummeZ.

In [26], Thurston represented the lattices in terms of cone angles instead. This is
done by considering a sphere with N cone singularities with angles 0 < 6; < 27 for
1 =1,2,..., N, satisfying the discrete Gauss-Bonnet formula, i.e. the summation of the
curvatures 27 — 6; at the cone point is 4. The moduli space of cone metrics according
to these angles with area 1 has a complex hyperbolic structure of dimension N — 3.
Thurston got the condition for the cone points to lead to a lattice, which is equivalent
to the XINT condition when 60,, = 27 (1 — uy).

In [21], Pasquinelli gave the lattices based on the cone angles 61,602, 03,04,65. We
will follow suit and refer to those lattices as references. Since they satisfy the discrete
Gauss-Bonnet formula, the last term can be determined by the other four, and they can
instead be represented by just 4 parameters. She let «, 3,0, ¢ be

03 04 0y 0O

0 05
= — = — 9:— _— = = — _— —
o= P=7 s Ty Moty T
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Then, a cone metric corresponding to these angles is denoted by (a, 3,0, ¢) and the
sphere has the 5 cone singularities of angles

(2(1 + ¢ — a), 20,28, 2(7 + 0 — B),2(m — 0 — ¢)).

In terms of the ball 5-tuples, p; is 1 — 29—;. The maps (called moves) are also defined to
move around these parameters:

1 0 0
Ri= [0 enme o),
0 0 1
sin asin e (=9 sin(a — ¢) sinfe'™  —sin(a — ¢) sin e’
R, = | sin(B — 0)singe’®  sin¢sin Be!P=9  —sin(B — ) sinpe? |,
sin(f + ¢)sinae’  sin(f + ¢) sin Be'® A
sin ovsin Bt (@) sin(a — ¢) sin #e’®  —sin(a — ¢) sin fei®
J = sin o sin ge (@ t0+29) %em — sin asin get@t0) |
sin(f + ¢) sin ae’(®t29)  sin(f + ¢) sin ae'™ A
1 0 0
Bi=|0 ¢ o],
0 0 1
e 0 0
A= 0 10
0 01

where A = sin fsin ¢ — sin(f + ¢) sin Be’®.

2.2.1 2-fold symmetry case

Pasquinelli is also interested in the case of 2-fold symmetry, namely when two of the
cone points have the same cone angles. Since the cone angles are arbitrary, any pair of
the angles would do. For convenience’s sake, we assume « = 3, so that the cone angles
are

2(m+ ¢ — ), 20,20, 2(m + 60 — ), 2(m — 0 — )).

Also, let Ry = R,R, R, " and the parameters p*,p/, k, k', 1,1, d* be

= o,

z =a—-0—-¢, F=m—a-0,
-5, w=n+0+¢—2a, 7'('

s
l
s
v
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So,
S
-1l
;:pi+;—;, (2.6)
;:;_;_;7 (2.7)
Ab=pr =7 (2.8)

The cone angles in terms of p*,p/, k, k', 1,I',d* are then

9 T + T m + 2T n 2 9 T n T T 9 T T
’S P ’Tr 777{- 77 o . T b ﬂ-_i_i )
2 k p/ p/ p/ 2 p* p/ p* k

and the ball 5-tuple is

1 1 n 11 11 11 1 N 1 1 n 1

2 k p/’2 p/’2 p/’2 p* p/’p* k !
For this to satisfy the XINT condition, we want a subset S of {1,2,3,4,5} with g, = pn
for all m,n € S. Since we already have two equal parameters, ps and w3, we let

S = {2,3}.

% satis-
KLU, d*

DO|—
N =

1 1 1
AR ARAL A

only if the paraneters p

N[ —
* hs\"—‘

Lemma 2.2.3. The ball 5-tuple <% % +
if

fies the ¥INT condition with S = {2,3}.
are in the set R~ UZ" U {oo}.

1
e *
an k,

L
p

0,

Proof. For m = 2,n = 3 we have
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For other pairs, we have:

L k
Hi2 = p13 = =K,
-G+ -G
1 /
M1,4: :k7
L=G-f+p) -Gty
1
pi5 = =d",
=G5+~ G+
1 >k
H2.4 = U3 4 = =P,
1-(G—)— (G5 + )
L l
H25 = U35 = =1,
-3 -5H-GE+D
1 /
Ha5 = =1.
-G +9) G +3)

In the case that a parameter is negative(or co), then there are m,n € {1,2,3,4,5} such
that p, , is negative(oo), that is, py, + pn > 1(= 1). Either case satisfies the YINT
condition.

In the positive case, we have fi,, , < 1. The X¥INT condition is satisfied if and only
if that parameter is also integer.

O
As stated in [21], the presentation of the 2-fold symmetry case can be written as
BY" =R = (BiRoA)* = A} = (RoBiRoA1)! = I,
['=( Bi, Ro, A1: (A1R)? = (B1Ro)* =1,
bry(Bi, Ro), bra((BiRoA1)™2, Ry), bra(A1, Bi)
Proposition 2.2.4. The presentation
Ao — Bb — (¢ — DabeFmesa—gee — BACAD — I,
244 = <A,B,C,D : (AB)% - (AC)% — (AD)% =1, >
bry(A, B), bry(A,C), bra(B,C)
is equivalent to
B =RY =(BiRyA)? = Ak = (RyB1RoA,)! =1,
I'= <Bl, Ro, A1 : (A1Ry)% = (B1Ry)*" =1, >
bry(Bi, Ro), bra((BiRoA1)™2, Ro), bra(A1, Bi)
Moreover, the parameters p*, p’, k, k', [, I', d* correspond to the parameters b, a, c, %,

d 4ack. 4abky
Y ac—2a—2¢’ ab—2a—2b’

respectively.
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Proof. Identify A, B,C with Ry, By, A1, respectively. Then, their orders a, b, c corre-
spond respectively with the orders p’, p*, k.

Assume the properties of A, B,C and D according to I'g 4 4. Then, we have

B1ROA1 = BAC

= (AD)",
RoB1RyA; = ABAC
=AD 1AL,
ARy = CA,
B1Ry = BA.

This gives the relations for the rest of the orders. Now, we have br(B;, Ry) = br(4, B) =
4 and br(Ay, B1) = br(B,C) = 2. So, all that is left is to show br((B;RoA41)"%, Ro) =
br((BAC)~2, A). See that

ATYBAC)2A(BAC)? = A7'c7 A7 (B7'Cc™HYAT' BT ABA(CB)AC
= A lct A (¢ B YA B! ABA(BC)AC
=Alc'A7\c ' B A7 B"Y(ABAB)C AC
=AlctATlc ' B AT BT (BABA)CAC
=A"tctATlctAcAC

This means that br((BAC)™2,A) = 2 if and only if br(A,C) = 4. Note that we
only use the other two braiding relations in proving this. Thus, br((BAC)™2,A) =
br((BAC)?, A) = 2 as required.

Conversely, assume the conditions for Bi, Ry, A1 as in I'. Since the existence of D
and all the orders in I'y 44 result from the braiding relations of A, B,C, it is enough
to prove that the braiding relations hold. We have br(A, B) = br(By, Ryp) = 4 and
br(B,C) = br(A;, By) = 2 already. As mentioned before, these two braiding relations
imply that the relation br(A;, Rog) = 4 is equivalent to br((B; RgA1)~2, Ry). Hence, the
two presentations are equivalent. Because the orders of each transformation is either
arbitrary or is a result of the braiding relations, they are naturally identified. O

Since the orders of the two presentations correspond to each others, the relations
between the orders in one presentation would also be the same as those in another.
Thus, for the YINT condition to hold in the presentation I's 4 4, according to the result
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we have from I', the integers ky, k¢, kg from should all be 1. Hence,

b 2ab
ab — 2a — 2b’

;o 2ac

T ac—2a—2¢

J - 2ad
ad — 2a — 2d’

2abc

. . / / ! —
From this point on, we let V', ¢’,d" be as such, and d = ;"5

The ball 5-tuple we have in this case is
(111111111111)

2Ta T2 @2 @2 e b e
Basing on Lemma the XINT condition is satisfied if the corresponding parameters
in this presentation, a, b, c,d,V,c,d’, are integers whenever they are positive. Also, note
that the set of parameters (a,b,c,d) is the same as (a,(b), p(c), ¢(d)) where ¢ is a
permutation of b, c¢,d. Hence, the ball 5-tuple associated with them are also the same

(after permuting some of the cone points).

2.2.2 3-fold Symmetry

To get a 3-fold symmetry, we want another element of the ball 5-tuple to be % — L1 We

a
have shown earlier that b, c,d are symmetric, meaning that it does not matter which

element in the ball 5-tuple we choose. In this case, we choose % + é - %. Then, b = 3.
Lemma 2.2.5. If b= §, then d = ¢ and ¢ = d'.

Proof. Consider the definitions for d and d’, we have

and
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Lemma 2.2.6. The ball 5-tuple (% +i-11 171 172 12, %) satisfies the
YINT condition with S = {2,3,4}. if and only if the parameters a,c,d,b’ are in the
set R™UZT U{oo}.

Proof. For the indices in S = {2, 3,4}, we have

1
me3 =M24 =M34 = 7 T 1, O
-G-9
For other pairs, we have:
1
N2 =MN13 =MN14 = T 1 1 T 1, G
I-G+a-2)-G-2)
1 /
s = T, 1_1 1y, — U
1-(GG+a—a) -G +2)
1
Nos =MN35 = N45 = =d.

Similarly to Lemma we can conclude that the ¥INT condition with S = {2,3,4}
is satisfied if and only if each parameter is an integer whenever it is positive.
O

We assume that the whole group does not have a common fix point. Moreover, let
there be a map R whose square is B while sharing the same mirror as B and is conjugate
to A (which always exists in case of complex reflections).

Lemma 2.2.7. Let A, R be non-commuting complex reflections in SL(2,1). Then,
brz(A, R) if and only if bry(A4, R?) and A, R are conjugates.

Proof. See that the braiding relation brz(A, R) means

AR?AR?’A™'R2A7'R™? = AR(RAR)RAT'R"Y(R'A"'R"HR™!
= AR(ARA)RAT'R Y (A'RTAH)R™!
= (ARA)(RAR)A'R'A7'R'AIR™!
= (RAR)(ARA)A'R'AIR1A-IR™!
=1

Thus, br3(A, R) implies bry(A, R?). Also, A= RARA™'R~! is a conjugate of R.

Conversely, suppose that bry(A4, R?) and that A, R are conjugates. Since they are
conjugates, they share the same angle, say #. Then, their eigenvalues are u?,u=! u=!

where u = €. The relation bry(A, R?) implies that AR?AR? commutes with both A
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and R? and, therefore, is a complex reflection.

Let nar be a polar vector of AR?AR?. It is then in the mirrors of A and RZ.
Following what we did with R, R in we get that the trace of AR? is of the form

v? — 20" cos (T) =92

where v? is its eigenvalue of the polar eigenvector. Now, consider the eigenvectors of R.

There is n4p lying in the mirror of R. Suppose that the eigenvector ng is polar to the
mirror of R and mpg is another eigenvector in its mirror. Then,

Rngr = uQnR,
Rmpg = u_lmR,

Rnap =u 'nag.

We can write the matrix R with respect to this basis as

u? 0 0
R=10 ut 0
0 0 wu!l
Now, since Anap = u 'nap, we have
a b 0
A=|c d 0
e f ut

Since we know that the trace of A is u? +u~' +u~!, we have that a +d = v> + v~ L.

Consider that

AR?nap = A(u*QnAR)

= u_gnAR.

Since nag is the polar vector of AR?, we have v? = u~3 and the trace of AR? is u 3.
Compare this to the trace we get from the product of A and R?, we have

v =aut +du? +u 3
Thus, au* + du™2 = 0. We can then solve for a and d as

u_l —U5

- 1—u3’d: 1—ud’

a
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Now that we have these values, the trace of AR is

tr(AR) = au® + du™ +u™?
L =l +u?
Cl-wd 11—l

:u+u72

2
= —2u cos <;> + u 2.

Hence, A and R braid with length 3. O

Since R shares B’s mirror, it also commutes with C.

Lemma 2.2.8. The transformation (AR)? is the same as (AB)?, and thus, is a complex
reflection of order b'.

Proof. See that

(AR)®> = AR(ARA)R
= AR(RAR)R
— AR?AR?
= (AB).

Hence, it is a complex reflection of order b'. O
Lemma 2.2.9. The transformation J = RAC is of order 3.

Proof. See that

JRJ' = RACRC'A~'R™!
= RA(CR)C'A™IR™!
= RA(RC)CT'AT'R™!
= RARA'R™!
= A,

JAJ ' = RACAC1A™IR!
= R(ACAC'A H)R™!
= R(C™'AC)R™!
= C Y RAR™YH)C
=C (A TRA)C,

J(C7YAT'RAC)J ! = RAC(CT'AT'RAC)C~TA'R™!
= R.
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Hence, J? commutes with R, A, C"'A~'RAC, and thus, with B. It also commutes with
C' because
JCJ ' = RACCC 'A'R™!
= RACA™'R™Y,
J(RACATIR™Y)J! = RAC(RACA™'R™Y)C7 1A IR
= RA(CR)ACA Y (R'Cc™HA'R™!
= RA(RCYACA Y (C'R™HA'R™!
= (RAR)(CACAT'C Y)Y (R*A™IR™Y
= (ARA)(AT'CA)(ATIRTIATY
= ARCR 'A7!
=ACA™,
J(ACA Y ™1 = RAC(ACA™HYC1ATIRT!
= R(ACAC)A™'C1AIR™!
= R(CACAATICIATIRT?
= RCR™!
=C.

Hence, J3 fixes all the generators A, B, C. It is then the identity transformation. O

Since J = RAC, we have the transformation

Meanwhile,

(AC)* = (R™1J)?
=R'YJR'J
=R YR MNJIT
=R Y JR YT H?
—RlA1gL

meaning that D = A7'J'R™! = R(AC)2R~! is a conjugate of (AC)2. Thus, their
orders, d and ¢/, are the same, corresponding to our prior result. Another pair of
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transformations to consider are

(AD)* = (J7'R™')?
_Jlp-ly-1p-1
—_ J2R71J71R71
=JJRYJHR!
= JA'R7L,

and C = A"'R™1J = J71(AD)?J, which agree to the previous relation ¢ = d'.

The resulting presentation is

6a

T';= <A,R,J: (AR)a—6 = (R—lj)ﬁ = (A'R7Y)e =1,
brs(A, R), bry(A, A"LR7LT), bro(A™'R71J, R)

A® =R = J3 =1, >

In [22], Pasquinelli constructed the 3-fold case geometrically. But to give the subse-

quent group presentation, we only need to state the transformations and their algebraic
relations. The group presentation given is

v (s PR, Ry TS =P =R =Ry = (PTU)E = (BB =1,

’ ’ Y ! D— Il oI— ) :

We claim that this presentation identifies with I ; by assuming A ~ R/, R ~ R} and
JrJ.

Lemma 2.2.10. The presentation

6a

FJ = <A7R7J . (AR)‘JfS == (R_IJ)% == (A_IR_IJ)C == I,
brs(A, R), bry(A, A='R™LT), bra(A'R71J R)

A® =Rt = J3 =1, >

is isomorphic to the presentation

13 _ p3d* _ p _p® _p-1gn\k _ (plpl gyl _
I = <J’,P,R’1,R’2 : J,2 z_sz’lP—_lR:lJ';z;};?—f}gi R{1>/2’— (RyRy ') =1, >
given A, R, J are mapped to R}, R}, J, respectively.
Proof. Consider the map ¢ : (A, R, J) — (J', P, R}, R}) given by
$(A) = Ry,

¢(R) = R,
o(J) =J'.
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Since ¢ maps generators to generators, while P can also be written as R R}, ¢ is a
bijection. Then, for it to be homomorphic, ¢(P) = ¢(R}R)) = RA. Now, we can
identify some of the words in both presentations:

¢(AR) = RyR;
= (R P)Ry
=R PR,
¢ ((R—IJ)2) — qj)(R—lA—lJ—l) — R/171R1271J/—1
= (JRYR)

— (J(RyRYJ)T ),
p(AT'R7YI) = ROIRLT
=pLy.

This means that the orders of A, R, J, AR, (R™'J)?, A='R~1J are the same as those of
LRy, T RTYPRY J(RYRy I T Y, P71, respectively. Thus, the parameters

2a 2ac
a

) M 7C
a—6 ac—2a— 2c

are equal to
pLd Lk

Now, consider the braiding relations, we have

ARA = RAR

#(ARA) = ¢(RAR)
RyR\ Ry = RIRy R}

RLP = PR}

R, = PR{ P!,
AT'RTYJR=RAT'R™YJ
AT'RTIJR=ATTRAT
JR=AJ

A=JRJ!

R, =J Ry JL

br3(A7 R)

bray(A"'R71J, R)

[ A A A A

The relation bry(A4, A=LR™1J) is implied by bra(A~'R~1J, R). Hence, the map ¢ is an
isomorphism. O
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Lemma 2.2.11. Suppose that b = § and a is even, the group

A,B,C,D: (AB)® = (AC)%* = (AD)*¥ =1,

A* =BY =(C¢ =D?=BACAD =1,
[o44 = < >
bry(A, B), bry(A,C), bry(B,C)

is either the same group as or a subgroup of index 3 of

Av =R =3 =1,
Ty = <A,R,J: (AR)as = (R-LJ)a= 2% = (A"'R-LT)e =1, >
brs(A, R), bra(A, A"'R=1J), bra(A~'R"\J, R)

Proof. Let the elements A from both groups be the same, R? = B and J = RAC. Then,
D = (BACA)™ = (RJA)™' = A"'J'R!. Since b = ¢ implies ¢ = d’ and d = ¢, all
the relations on the generators’ orders are the same. The braiding relation bry(A4, C) is
already in both groups and the braiding relations brs(A, R), bro(A~'R~1J, R) are equiv-
alent to the braiding relations bry(A, B),bry(B,C), respectively. Thus, A, R, J could
generate all the generators A, B, C, D with all their properties intact.

In the case that J € I'g 44, then so is R = JC~YA~1. Since we have bry(C, R),

ARA = A(JC71A™HA
=AJC™!
= JRC™!
=JC 'R
= (RAC)C'R
= RAR.

That is, brg(A, R). Hence, the conditions in I'j hold. The two groups are the same.

Otherwise, when J is not contained in I' 4 4, consider the relations it has with each
generator of I'y 4 4. According to some relations of J in Lemma we have
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JA=CTATTRACT
— O lpg 12
=c a7ty
JtA=RJ!
= RJJ
= R(RAC)J
= BACJ,
JB = JR?
= A2,
J'B=J'R?
= (C'A'RAC)? T
= C AT R?2ACT !
=Cc At BACT Y,
JC = J(AT'R7LT)
= (JATHR™J
_ (C—1A—1B—1J—1)R—1J—1
=Cc A B YU tR !
=Cc Al BTt AT RTIR !
—c Al ctaTtiBTh !
_ (C—lA—lB—l)2J—17
JWCo=J1A'RYT
= (J'ATHR
= (R HRJ
= (RYJNHRJ
= (ACJ)R™'J
= AC(JR™YHJ
= AC(A7' )T
= ACAT L

Since D = (BACA)™!, it can be excluded from the generators of Iy 44.

Clearly, any finite words in JUT's 44 can be written in either the form ~,~.J or vJ~*
where 7 € I'y 4 4. This is because, as we have shown above, we can shift J through any
generators in I's 4 4 to the right.
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If any of the words v;J7 is the same as a word voJ*, then J9=F ¢ 'y 44. Thus, j = k(
mod 3) and v = 72. This also implies that I' 4.4, 1'2 4 4/, F274,4J_1 are all distinct. Thus,
I'3.4.4 is a subgroup of index 3 of I';. O

2.3 Thompson’s E; groups

In his thesis, Thompson [25] investigated groups generated by three complex reflection
R1, Ro, R3 of order 2 so that the pairs (R;, Rit1), (Ri,lRiR;ll, R;41) all braid to finite
orders and so that RjRoR3 also has finite order. Here the indices are taken mod 3. See
also [10], where the order of the reflections is increased but the setting is the same. One
of Thompson’s families, called Eq, is characterised by

brg(Ra, R3), bra(R1, Ra), bra(Ri, R3),bra(R1, RoRsRy '), brg(R1 RoRy !, Rs).
When the R; have order p=3,4,6,12, the group is a lattice. By construction, these groups

correspond to the parameters (a;b,c,d) = (p;p,3,6). Using the automorphisms given
by permuting b, ¢, d we can identify them with some of the Deligne-Mostow groups.

e Case p = 3, the quadruple (3;3,3,6) corresponds to I’ (%2“)
, 3,3,5,6,7

e Case p = 4, the quadruple (4;3,4,6) corresponds to I' (T)

e Case p = 6, the quadruple (6;3,6,6) corresponds to I' (%)

e Case p = 12, the quadruple (12;3,6,12) corresponds to T’ (%)



Chapter 3

Geometry of (r,4,4;4) triangle
groups

We are going to show that there is a subgroup of the group I's 4 4 generated by complex
reflections with braidings (r,4,4;4), see Section 3.1 below. We will construct it accord-
ing to the braiding relations provided under the assumption that the generators’ mirrors
are in general position, i.e. they do not all share a common fixed point.

We consider the case where the generators are the three reflections Ry, Ro, Rz with
arbitrary orders, which is allowed because of the even braidings. Hence, we choose the
braidings with length 4 as 4 is the smallest length with some degree of freedom on the
generators’ orders excluding length 2 braidings as those are just commutativities.

3.1 (r,4,4;4) triangle groups

Let the braiding lengths br(R1, R2), br(R1, R3) and br(R;, R§1R2R3) be 4 and br(Rz, R3)
be an arbitrary integer r. Since br(Rj, Ra) = 4, their mirrors reflect each other and
create a sequence of mirrors Ry, Ro, Ry 1R1R2, RiRoRy ! (The sequence with reversed
direction is just a conjugate of this sequence). The same happens between Rp, R3 and
also between Ri, Ry 'RoR3. In this sense, it is convenient to have a map that fixes R;
and rotates the maps Rg, R3, Ry !RyR3 around. Suppose that such map S; exists where
SiR1S;7Y = Ry, S1R2S7! = R3 and S1 R3S = Ry'RoR; . Because S1ReS; ! = Rj,
it means that Ro and R3 are conjugates and must have the same order. Now, since
br(Ry, R2) = br(Ry, R3) = br(Ry, R3'RaR3) = 4, we also have the relations from

36
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Ip|> = 2cos (ﬂ - 7r> , (3.1)
q D

7|2 = 2 cos <7T - ”) , (3.2)
qg m

o — @3p| = 2 cos (” - ”) . (3.3)
q D

Since p = m, the equations (3.1)) and (3.2) imply that |p|> = |7|?>. Proposition m
shows some ambiguity in the choices of parameters p,o, 7. This means that we have
some freedom in the choice of arguments for p,o and 7, so we let p = 7. From the
definition of S, we have
S1RoR3R; 'St = S1 Ry ST S R3S S 1 Ry 1S
= R3(R;'RoR3)R3!
= Rs.

and, from the braiding relation between R; and Rs, we can infer another relation:

RiR2R3Ry ' RiRoR3 R, = Ry S; ' RyS1 RSy RaSy
= ST 'R1RyR1 R2S,
= ST 'RyR1RyR1 S,
= RoR3Ry'R1RaR3R; ' Ry,

that is, br(Ry, R2R3R2_1) = 4. Since the trace of R1R2R3R2_1 is

m

tr (RiRaR3Ry ') = uw(2 cos (W — W) — |po — B37?] + @*w?,
q

we have

|po — 537| = 2 cos (W — W) .
q

m

Also, from ({3.2)), we get
7% = |po — 5372 (3.4)

The equations (3.1)) and (3.3) give
lp? = loT — @?pl*.

Since p = T and v = w, we have
o — 332 = 1.

This and (3.2)) imply that |7|> = 1. Let y be such that o — 73 = ©3y%, meaning that
ly] = 1. We can now express o in terms of v and y as

o=y’ + 7).
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Proposition 3.1.1. Suppose that Ry and Rs3 are complex reflections with the same
angle and that br(Ry, Ry) = br(Ry, R3) = br(Rl,RgleRg) = 4. Then there exists a
map S satisfying S7HS; = H and

SlRlSl_l = Ry, SleSl_l = Rj3, SleSl_l = R3_1R2R3.

Proof. Since R, R3 have the same order, it is enough to show that there exists a map
51 satisfying S7HS) = H and so that, up to scalar multiples. Sin; = n;, Siny = ns3,
Sinz = Ry 1n2.

Assume that the polar vector of R; is the jth basis vector n;. Then Sin; = ny,
Siny = ng, Sing = R§1n2 imply that

a 0 0
Si=(0 0 f
0 h fo36
Ifr=p
—iud + i’ —1ip ip
H= ip —iv3 + i3 —io
—ip 10 —iv3 + iv3
then
|a?(—iu® + iw?) ahip —af(1—v%5)ip
SfHS, = ~ —haip |h|*(—iv® +i0°) hfitSa
fa(l —v30)ip —fhivo |f12(—iv3 4 iv3)

From this we see that |a| = |f| = |h| = 1 and

1= —ah, o=—-hft%s, —1= fa(l-%0).

In particular, h = —a and v30 = 1 +af. Without loss of generality, we suppose that
1 = det(S) = —afh, and so f = a%. Hence S; has the form

a 0 0
Si=10 O a2
0 —a a+a?

Set a = 32 and 0 = v3(1 + y%). Then, such S; that fulfils all of the conditions exists.
O
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Hence, we have

7> 0 0
Si=10 0 yt

u? up —up
Ri=10 @ 0

0 0 @2

720 0
Ry=|—vp v* 2%y + 7%

0 0 02

02 0 0
Rs= 1|0 02 0

4

vp PP+ v

The eigenvalues of S; are y*, 72, 7%. Seeing as ( 10 O)T is in an eigenspace of dimension

1 correspondig to the eigenvalue y* of S; which makes the eigenspace positive and
T, . . . . . . 9

(O 1 1) is in an eigenspace of dimension 2 corresponding to the eigenvalue ¢ whose

eigenspace is also positive, 57 is indeed a complex reflection.

Proposition 3.1.2. The map S; braids with length 4 to both Ry and Rs. In fact,
S1R251R2 = R251R251 = 51R351R3 = R331R351.

Proof. By the settings of S, we also have that
SlR2R3 = R351R3 = R3R51R2R381 = RQRgSl,
that is, it commutes with Ry R3. Moreover,

S1R2S1 Ry = R3S1R3S1 = R3R3 ' RaR351 51 = RaR3S?,
S1R3S1 Ry = S1R3R3 ' RoR3S1 = S1R2R3S1 = RaR3S%,
RyS1RyS1 = RaR3S%,
R3S1R3S1 = R3R3 ' RaR3S} = RoR3S}.

Thus, SlRQSlRQ = RgSleSl = Sleisg = R351R381. ]

We now have a system between Rp, Ro, R3,S1. We also see that any mirror in
the sequence of mirrors Ra, R3, R3 1R2R3, Ry 1R2_ 1R3R2R3, ... is just a conjugate of the
previous mirror in the sequence by S; and can be written as SFR2S; . From this,
together with the fact that S1 RS 1 — Ry, we have that any map in the sequence braids
with length 4 with R;.

Lemma 3.1.3. Let k be a positive integer, the word SFRyS; ¥ is



CHAPTER 3. GEOMETRY OF (R,4,4;:4) TRIANGLE GROUPS 40

1. (R;'R;")"= R3(RyRs)"= when k is odd, and

k )
2 when k is even.

2. (R;'R;")2 Ry(RyRs)
Proof. Using induction on k starting from k£ = 0, we have
SYR9SY = Ry = (R 'Ry 1) Ry (RaR3)°.

Now, suppose that k is odd, then
k —k —1p—1yE1 k=1
SYRyST" = (R3 'Ry ") 2 R3(RaR3) 2,

k—1

SRy STF L = S (Ry 'Ry "2 Ry(RyRs) = Sy°
Jo—
= (S1R5 'Ry 'S; 1) T Sy ReSy N (S1RaR3 S )

k—1 k—1
Ry'R;Y) ™2 Ry'RoR3(RoR3) 2
—1 k-1

= (
= (Ry'Ry")"7 (Ry' Ry V) Ra(RaRs) (RaR3) 7
= (

k-1
2

k41 E+1

Ry'Ry")™S Ry(RoRs) =,
and when k is even, we have

SERySTH = (R Ry )5 Ry(RoR3) 5,
SFR, ST = Sy (Ry 'Ry 1) 2 Ry(RyR3)2 Sy
= (S1R5 Ry 'S )2 S RyST (S1 Ro Ry ST
= (R3'Ry") Ry(RyRs)

(k+1)—1 (k+1)—1

= (R;'Ry")" 2 R3(ReRs)™ 2

[NIES

as we required. ]

If we assume that S is of finite order n, then
STR2S7" = Ra.

However, the above lemma stated that either
STRaS" = (Ry'Ry")"7 Ry(RoRs)™7
or
ST RyST™ = (R3 'Ry 1) 2 Ra(RaR3)>.
In the former case, we have
Ry = (R3'Ry")"T Ry(RoRs) "7,

n—1 n—1

(RoR3) 2 Ry = R3(RaR3) 2,
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while the latter gives us

Ry = (Ry'Ry )% Ry(RoR3) 2,
(R2R3)2 Ry = Ry(RoR3)>
RQ(R3R2)% = R2(R2R3)%

n n

(R3R2)? = (RaRs3)2.

Y
)

In either case, we have that n is divisible by r = br(Rg, R3). To see that it is indeed n,
suppose otherwise. According to the above computation,

r—1

STRyS;™ = (R3'R;") "= Rs(RyRs3) "
— R27

or

STRyST" = (R3'Ry")2 Ro(RaRs)2
= Ry.

Thus, ST commutes with Ry. Since Rz = S1R2S5] 1, it also commutes with S7. Recall
that R commutes with Sy, and thus, with S7. Ultimately, ST commutes with Ry, R2, R3,
hence, it is an identity. The order of Sy is r.

We now have a group generated by Rji, Ro, R3,S1 with defined orders. With the
same arguments made in Lemma we also have the orders ¢/, 7’ of (R1R3)?, (R351)?

satisfying

11 1 1
2 p q ¢’
11 1 1
2 p r 7

The group generated by them is
RI —Rl —§ —1,

e __4pr
R]_, Rz, RS) S]. : (RIRS)PQ—Qppq_Qq = (RgSl)pr—Qpp—Qr — I7 '
bro(R1,S1), bry(R1, R3), bra(Rs,S1),

S1Ry = R3S,

Any relations involving Ro can be inferred from S1Re = R3.51, so we just left them out.
Considering just the transformations Ry, R3, S1, we have braiding relations

bry(Ry, R3),
bry(R3, S1),
bro(R1,S1).
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These relations are the same as those of A, B,C in I'y 4 4. Moreover, their orders and
the orders of their products relate in the same ways as those in I'y 4 4 as well. Similarly
to Lemma we have a complex reflection Sy = (RyR3S51R3)~! of order s where

1 _ 1 1 1
+5—a—|—;—|—g.

N[

Similarly to the braiding relations of D in I'g 44 where bry(A, D) and bry(C, D), we
have bry(Rs, S2) and bra(S1, S2). With this, we have the exact same group (R1, Rs3, S1, S2)
as (A, B,C, D).

We want to create a new system containing So and the other two reflections R RgRl_l
and Ry LRiRy left from the sequence of R; and Rs. These two act in a similar way to
Ry and Ry as well. First of all, they braid with length 4 since

br(RyReRy ', Ry RiRy) = br(Ry'RiRoR{ 'Ry, R{ 'Ry ' R1RoRy)
= br(Ry, RaR1Ry ")
= bl"(RQ, Rl).
Also,

br (R2 RlRQ,Rg) br(R2R2 R1R2R2 ,R2R3R2 )
bl"(Rl,RzRgRQ )
bl"(islSl ,51R2R3R2 15 )
= br(

That is, br(R;lRle,Rg) = 4. So, we want R;lRle to act as Ry and RleRl_1 to

act as Ry for this system. However, RleRfl and R3 need not braid with length r. See
that S acts as S for the system in the sense that

SoRy'RIR2 Sy = So(S; Ry S1)R1 (S R3S1)Sy !
= (S2Sy )Ry (S1R1S; ) R3(S15, 1)
= (S7'S2) Ry (R1)R3(S5 " S1)
SoR1ReR; 'Syt = R,
SoR3S; 1 = Ry 'Ry ' RiRoR3.
Since
Ry = (RiRoR") Y (Ry'R1R2)(R1 R Ry Y,
Ry = (Ry'RiR2)(R1RaRy M) (R 'R1Ry) ™,

we have

SyR1S;" = Ry'R;' Ry RyR; ",
SoR2S; ' = Ry 'RiRaR3 Ry Ry Ro.

For the sake of labeling, we name the maps R R R} L as Ry and Ry 'R{Ry as Rs.
Then Sy interacts with Rs, R4, R3 in the same way S; does with Ry, R, R3.
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Proposition 3.1.4. The map Sy commutes with R5 and braids with length 4 with both
R3 and R4. Moreover, 52R4551 = R3 and SgRgSgl = R§1R4R3. In the sense of polar
unit vectors, the new ones n4 and ns corresponding to R4 and Rs can be written as
ng = Ring and ns = Ry 1. The transformation Sy maps n4 to the direction of ng and
preserves the direction of ns.

The proof is done in the same way we handled the maps S, R, Re, R3 since there is
a symmetry between those maps with the maps S, Rs5, R4, R3.

Now that we have the presentation of the group and S; is defined, we have finally
realized our aim of constructing a subgroup of I'y 4 4.

Lemma 3.1.5. The group

Rg =857 =55 =(R3S1R352)7 =1,
4 4pr 4ps
1—‘;‘,474;4 = <R3751a S2 : (SlR352)Pq*2p;*2q = (R351)P7"72pp727" — (R35’2)ps—21;—2s — I’ >,
bry(S1,S2), bra(Rs,St1), bra(Rs,S2)
whose (r,4,4;4)-subgroup is
Rl =R, =Rl =1,
__4pg __4pg
[y4a4=( Ri,Ra, R3: (RIRQ)P‘Z*QP*ZQ = (R1R3)p472p72q =1, ,
bry(R1, Ry), bra(Ry, Rs), bry(Ri, Ry RyRs), bry(Ra, Rs)

is isomorphic to the group

A,B.C,D: (AB)a5-m = (AC)w5a% = (AD) Ttartar = ],

A% = Bb = (¢ = Daerme-samae — BACAD = I,
[o44 = < >
bry(A, B), bry(A,C), bra(B,C)

when p=a,q=b,r=cand 5+ =2+ 1 + .

Proof. We will first show that I 4 ;4 contains Ry and Rz, including all their relations.
This can be done by letting Ry be (R3S51R352)~! and Ry be Sl_leSl. Assume all the
relations in I‘;’4’4;4. Then, R; is of the same order ¢ as Rfl = R351R359, and since Ry
is a conjugate of Rs, the order of Ry is also p. Moreover,
RiR3 = (S; 'Ry 'S 'Ry R3
=Sy 'Ry1S L
Hence, its order is as required. We also have that
RiRy = Ry(S7'R3S1)
= (R1S; ' R3S1)
= (S;'R1) R3S,
= Sl_ 1R1R3S17
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a conjugate of Ry Rs3. Thus, they share the same order. Now, for the braiding relations,
we start with the braiding relations between R; and R3. See that

R3R1R3Ry = R3(Sy; 'Ry "SRy ) R3(S; ' Ry PSR )
= R3(Sy 'Ry 'ST)(Sy 'Ry ST RS
= R3Sy 'Ry (7S5 )Ry ST Ry
= R3Sy 'Ry (Sy 'Sy )Ry ST Ry
= (R3S, 'Ry 'Sy ) (ST Ry ST RS )
= (83 'Ry 'Sy ' Ra)(Ry 'Sy Ry ST
= Sy 'Ry 'Sy (RaRy ) Sy Ry ST
— S;lR:;lS;lS;lelS;l
= Sy 'Ry (Sy ST Ry ST
= Sy 'Ry (871 Sy )Ry S
= (83 'Ry Sy )(Sy 'Ry ST
= (R R3)(R1R3)
= RiR3R1R;.

Thus, we have bry(R;, R3). Next, since
RSy = (S 'R3YSTIRI NS,
= Sy (R3S Ry ' 8)
= Sy ' (S1R3 ST Ry )
= (83 'SRy ST Ry
= (515, )Ry 'SRy
= S1Ry,
we have that R and S; commute. This leads to bry(R1, R2) because
RoRiRoRy = (ST R3S1)R1(S; ' R3S1) Ry
= ST R3(S1R1ST Y R3(S1Ry)
= ST R3(R1)R3(R1S1)
= S7 Y (R3R1R3R1)S,
= ST (R1R3R1R3)S,
= (S7'R1)R3R1 R3S
= (R1S7 ) R3(S1S7 ) R1 R3S,
= Ri1(S;'R3S1)(S; ' R1) R3S
= Ri(R2)(R1S; V) R3S;
= RiRyR1 Ry
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The third braiding relation can be obtained in the same way using the fact that

R;'RyR3 = Ry (S R3S1)R;
= R;'R3S1 R3St
= Slesfl.

This is just the case of braiding between R; and Ry = S| 1R35’1 where we switch Sy
and S;'. Thus, we claim bry(Ry, Ry ' RoR3). The last braiding relation br,(Rz, R3) is
because of the fact that Ry = S| 'R3S,. As shown earlier, Lemma implies that the
braid length between Rs and Rjg is the same as the order of S.

Next, we show the isometry between I'g 44 and I, 4 ;4. Let ¢ : 17, ;4 = T244 bea
homomorphism defined by

P(R3) = A,
¢(Sl) = C?
¢(S2) = D

1 1.1 1 1
i 27370 ¢
11 1 1
2Ty gy
1
-1

The generator B = D' A~1C~1 A~ is, by homomorphism, defined to be Sz_lelelel.
In other words, it is R; we defined above. Thus, it works like R; and satisfies the rest
of the order relations. The braiding relations brs(A, B), brs(A, C),bra(B, C) are equiv-
alent to the braiding relations bry(R;, R3),bry(Rs,S1) and bry(R1,S1) we already had.
Conversely, the relations bry(S1,.52), bry(Rs, S2) are equivalent to bre(C, D), bry(A, D)
which were already known relations in I's 4 4. Hence, they are isomorphic as required. [J



Chapter 4

Deraux-Parker-Paupert’s
Algorithm

In [10], the group generated by three reflections of the same order but with distinct mir-
rors was studied. It was then used to construct fundamental polyhedra for the group.
Since the group I' generated in the previous chapter is just a generalization of the group,
we want to apply the algorithm to it as well.

4.1 DPP-Fundamental Domain Construction

We will construct our fundamental domain in the same manner as in [10], so we will
roughly state the algorithm used there. Since the notations a, b, ¢ are used in [10], from
this point on, they will be used as such and must not be confused with the ones used
in I'p 4 4. We start off with combinatorial construction and make a geometric realization
of it later. In [I0], the fundamental domain is set to be bounded by the spherical shell
surrounding the fixed point of Ry RoR3.

Being bounded by a spherical shell means that the domain is chosen to be on the
‘inside’ of a copy of S2, which is the boundary of a 4-ball. To make sure of that, there
are some rules from [10] we want to mention and some notation we need to define.

The polyhedron was built by connecting pyramids in bisectors. Each pyramid, se-
quentially, could be determined by an ordered triangle that is one of its faces.

Given an ordered complex hyperbolic triangle, let the edges be associated to complex
reflections a, b, ¢ and call the respective edges a, b, c. There is also the assumption that
a,b and ¢ have the same order p. The edge a is called the base, while the other two
edges b and c intersect at the apex of the triangle. For convenience’s sake and to keep
the reference consistent, we will denote the inverses with bars.

46
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The reflections b, ¢ both act on the projective line of complex line through the inter-
section of b and ¢ as rotations of angle 2%_ Their product bc is also a rotation on the
projective line. An example given in [I0] is the case where their braid length is 5. The

result is as seen in Figure

bebeb = ébebe

beb cbe

b C

Figure 4.1: Triangle group on the projective line through the intersection of b and ¢

Any counter-clockwise consecutive rotations have a product of be. This can help us
keep track of our orientation. The 5-braiding between b and ¢ gives a pentagon similarly
to what we have with Rs, Ry and S; earlier when r = 5.

This also applies to any braiding lenth n, which will hold the property that the prod-
ucts between any two counter-clockwise consecutive rotations are bc. When considering
the pyramid with the mirror of @ as the base and b, ¢ as lateral edges, the result is the
same as when we start with a and any consecutive pair in the sequence as the lateral
edges in the same orientation, such as ébc and ¢bcbe. The pyramid in the 5-braiding case

is as in Figure
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Figure 4.2: Pyramid corresponding to the ordered triangle a, b, c

By shifting through the triangle edges a, b, ¢, either to b, ¢, a or ¢, a, b, the result pyra-
mid might be different due to the braiding relations between them and will be discussed
later. Note that, this pyramid with a pentagon as its base is just an example in the
case of brs(b,c). In the generalized case where br,(b,c), as in our case where we think
of Ry, Ro, R3 as a, b, ¢, respectively, this results in a similar pyramid with an r-gon as its
base. This, too, will be explored later.

4.1.1 Side pairing

The aim of using the polyhedron as fundamental domain will require it to satisfy the
Poincaré Polyhedron theorem. In order to do that, it is necessary to define the side
pairing. The sides in the space are actually the 3-faces.

In this case, the pyramids were intended to be the sides. For each pyramid, there is
a base and there is naturally another pyramid paired with it, that is, the image pyramid
under the reflection whose mirror is at the base, or under its inverse. For instance, the
previous pyramid associated to the triangle a;b, c has the mirror of a as the base. The

side pairing map associated to the pyramid is either a or a~!.

Consider the triangle a;b, ¢, since the reflection a fixes the edge associated with it,
there are two possible images of the triangle: a;aba,aca and a;aba,aca depending on
whether it is under a or a~!'. That leads to a rule frequently used in [10], and conse-

quently here, to keep tracks of the choices, the 123-rule.

The name 123-rule corresponds to the fact that we want to keep building around the
fixed point of Ry RoR3, and also to the algorithm of the rule itself. The rule states that,
we will choose a pyramid associated to a triangle a; b, ¢ if and only if either abc = 123



CHAPTER 4. DERAUX-PARKER-PAUPERT’S ALGORITHM 49

or bca = 123 where 123 is R1RsR3 and the products abc and bca are done in the
triangle-group sense where we take the braiding relations into account. An example
is the choices we left unfinished earlier, between the pyramids associated to a;aba, aca
and a;aba,aca. In this case, since we started with a;b,c, we let abc = 123 and so
a(aba)(aca) = 1(121)(131) = 123, while a(aba)(aca) = 1(121)(131) = 231 # 123. Thus,
the former pyramid is selected as the mirrored side.

There are many restrictions here for the sake of selection to satisfy nice properties.
First of all, the selection should be done so that the block is invariant under the sta-
biliser, which is P in the symmetry case, and @ in the non-symmetry case. In our case,
the stabiliser is a bit different and will be shown later.

Next , we want nice ridge cycles. To be precise, for each ridge(2-face, in this case)
on a side, it should be contained in exactly two sides. According to the side pairing,
the paired sides contain a common ridge, its base. It is naturally selected to be con-
tained in exactly those two sides. For the lateral sides, the choices are not as obvious.
Take the triangle a;b, ¢, for example. This triangle can be shifted to b;c,a and c;a,b,
both associated to their own pyramids. According to the 123-rule, either abc = 123 or
bca = 123. If abc = 123, then the triangle c; a, b satisfies the rule, while b; ¢, a does not.
Otherwise, when bca = 123, the rule applies to b;¢,a but not ¢;a,b. Similarly to the
pyramid associated to a; b, ¢, for these pyramids to be well defined, the braiding relations
between a and b(a and ¢ in the latter case) should be finite.

4.1.2 Geometric Realization

Realizing the block geometrically was done dimension by dimension, starting from the
0O-faces, the vertices. There is some notation for specific terms in [I0]. We will continue
to use it in this section, although we will later use our own labels for our case instead.

Vertex realization. Let the pyramid be a;by, b2, a pyramid with the mirror of a
as its base and one of its lateral ridges is the triangle with edges a,by,ba. The rest of
the lateral edges are labelled (in order) as bg,by,...,by, respectively. An additional as-
sumption was made so that the mirrors of the edges of any triangle are pairwise distinct,
and that they do not all intersect at the same point. Complex lines may not intersect
in H(%, but they always do in Pé.

Lines v and w with distinct polar vectors v and w, respectively, intersect at a unique
point u in Pé. We denote this by ©u = v X w, additionally to the usual line-intersection
notation (See [23] for how this is properly defined). The point u lies in HZ if and only
if (u,u) < 0. When (u,u) > 0, the two lines have a common perpendicular complex line
u.

Now, we begin the realization for each vertex. There are three types of vertices: the
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top ,the base and the mid vertices.

The top vertices are the vertices resulted from intersection of two lateral edges. In
fact, if a top vertex lies in H% or its boundary, then every lateral ridge shares the same
top vertex. Otherwise, complex lines containing lateral edges intersect in Pé outside of
H2, so there will be a complex line, which will be called d, polar to the intersection
point. This line is also common among all the ridges and will intersect the n lateral
lines, resulting in n vertices. We will also call them top vertices in this case, and we say
that the vertex by X by is truncated by the line d.

A base vertex is, as the name suggested, the vertice at the intersection point of the
base a and another line. For any k, the intersection point between a and by is called
dy. If this point lies in the closure of H%, then it is called a base vertex. If not, there
is a line di polar to di and perpendicular to a,by. Then, the line dy intersects a at a
point a X di, which we will also call a base vertex, and intersects by at a point b, X dj
called a mid vertex.

Edge realization. From the vertices obtained, we can link two of them up by a
geodesic arc to get an edge. There are different types of edges depending on the pair of
vertices they connect.

If the apex of the pyramid is truncated, then there is a common complex line d polar
to the apex and a corresponding n top vertices, dNby,dNbs,...,dNby,. The top edges
are the ones joining d N by to d Nbg41 (including the one between d Nby, and dNby).

Now, consider the base. Recall that dj is the intersection point between a and by.
However, like the apex, it may not be in H%. In that case, there is a mid vertex dy Nby.
When linked to the top vertex by N dk41(d N by if the apex is truncated), we get an
edge joining a top vertex and a mid vertex.

Moreover, in the case that there is a mid vertex, we also get an edge joining the mid
vertex dy N by to the base vertex dy Na as well.

In the case that there is no mid vertex on by, then the top vertex (either by N dk41
or d Nby) can be directly joined to the base vertex by Na by an edge.

The last kind of edges are the bottom edges joining base vertices to other base ver-
tices. These base vertices can be either in the form by Na or dx N a depending on if
there is a truncation there (and the forms of both base vertices are also independent to
each other).

Ridge realization. For the sake of realizing the bottom ridge, we restate an as-
sumption from [10].
Assumption. The (ordered) polygon obtained by taking the bottom edges joining the
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bottom vertices a N by or aNdk is an embedded (piecewise smooth) topological circle
in the (closure in HZ of the) complex line a, equivalently this polygon bounds a disk in
that (closed) complex line.

Thus, the bottom ridge is defined. There may be a similar ridge at the top of the
pyramid in the case that d = by N bg lies outside of H(%. The n top edges create an
n-gon referred to as top ridge. The embeddedness is also assumed for it to be a ridge.

For the lateral ridges, there are many possibilities depending on the existence of
truncations. The figure show every types of possible lateral ridge containing the
edges by and byy1.

b b b b
by bi41 by et K ket K bi41
dk_|_1 dy dk+1 dy
a

a a a
d d d d
b b b b
by brt1  bx et K ket K by1
dit1 di di+1 dg
a a a a

Figure 4.3: Possible lateral ridges.

There will be a need to discuss triangles with vertices outside of the closure of H%.
Thus, it is necessary to define some notation on these triangles. A triple of pairwise
distinct complex lines e;,eq,es with polar vectors eq, e9, eg, respectively, encompasses a
triangle. The triangle’s vertices are the intersections of any pair of the lines, denoted by
v; = e; ey, where 1, j, k are pairwise distinct. The vertex v; is called the vertex opposite
to the edge e;.

We define a height similarly to a triangle’s height for this complex triangle. A com-
plex height of the triangle through v; is a complex geodesic in H% orthogonal to e; with
projective extension containing the opposite vertex v;. If such height exists through v;,
then it is also unique. It is, in fact, the complex line polar to v; X e;.

The intersection point between the height (if it exists) and the edge e; is called the
foot of the complex height. The foot is given by f; = v; — {“e. The height through

(€isei)
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v; exists if and only if the foot f; is negative.

A proper definition of complex hyperbolic triangles given in [10] is:

Definition 4.1.1. (Definition 4.3 from [10]) A complex hyperbolic triangle is a triple of
pairwise distinct complex lines that admits three complex heights.

From here on, we let all the triangles be complex hyperbolic triangles. Hence, each
one has three pairwise distinct edges with three different well-defined complex heights.
Here are some useful results of the assumption obtained in [10]:

Proposition 4.1.2. (Proposition 4.4 from [10]) Given a complex hyperbolic triangle a,
b,c in complex hyperbolic space, there is a unique bisector B, such that

1. a is a complex slice of B, and,
2. the extended real spine of B, contains b X c.

Lemma 4.1.3. (Lemma 4.6 from [10]) Let L be a complex line orthogonal to a complex
slice of a bisector B. Then L N B is a geodesic, contained in a meridian of B.

Proposition 4.1.4. (Proposition 4.5 from [10]) The bisector B, from Proposition [4.1.2]
contains the 1-skeleton of the geometric realization for a;b, c.

Since each ridge is contained in exactly two sides, there should also be another side
constructed by choosing b or c, according to the 123-rule, as the base instead of a.

The bisectors B,, By and B¢ are called the natural bisectors associated to the tri-
angle a; b, c. The triangle is said to be real if it is the complexification of a triangle in a
copy of H%{. This is equivalent to saying that their polar vectors can be scaled so that
their pairwise inner products are real.

Finally, we have

Proposition 4.1.5. (Proposition 4.7 from [10]) Let a;b,c be a non-real complex hy-
perbolic triangle. The natural bisectors satisfy the following properties.

1. BaNnBy, =By, NB., =B, NB..

2. The above intersections have at most two connected components, and each com-
ponent is a proper smooth disk, called a Giraud disk, in H(%.

3. The 1-skeleton of the corresponding ridge is contained in (the closure of ) only one
of the connected components.

These assumptions make sure that each pyramid is contained in a unique bisector,
and that the base and top ridges are in complex lines, while lateral ridges are in Giraud
disks.
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4.2 I'-Fundamental Domain Construction

We will now start the construction on the group I' we had, mimicking the algorithm
from the previous section. We declare the shell for the domain to be the spherical shell
surrounding the fixed point of S1S55, i.e. the intersection of the mirrors of S; and Ss.
The transformation S; S5 is equal to (R; RoR3) ™!, thus, having the same notation as the
fixed point used in [10].

In the equilateral case of [10], the constructed polyhedron was stabilised by the trans-
formation P, where P? = R;RoR3. In our case, the polyhedron will be stabilised by the
group (S1,52) & G, x Ci.

The domain we are about to construct consists of hyperbolic pyramids. We will start
from the triangles which are ridges on these pyramids. Citing the settings of [10], for
any ordered triangle in complex hyperbolic space, we can denote the triangle by its edges.

In our case, there are three pyramids associated to three triangles that we will use
to build our polyhedron. The shell consists of these three pyramids and all their images
under the elements of (S, S2). The first ordered triangle’s edges are Rj, Ry, R3, with
R; being the base. Consider the reflections Ro, R3. These two mirrors intersect at the
mirror of (RaR3)" and create a triangle with one edge being the shell. While Ry, R3 act
as rotation on the triangle by angle 2%, their product RyR3 also rotates the triangle,
although with different angle, as illustrated in Figure 4.4

7 \
’ \
’ \

RyR3RyR3 'Ry £ S R3'R;'R3Ry Ry
RoR

RoR3Ry* R;'RyR3

Ry R3

Figure 4.4: Triangle group for Ri; Rs, R3

The products between any two consecutive rotations in counter-clockwise direction
are always RoR3. Since Rs braids with R3 with length r, the figure is an r-gon.

We also apply the 123-rule here, where R;, Ry, R3 are denoted as 1,2,3, respec-
tively. This means that the triangles we will consider are, for example, Ri; Ro, R3
and Rs3; Ry, R1. The former is the one we discussed before and will be paired with
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Ry; R1R3R1_1,R1,R1R2R1_1. The latter, Rs3; Ro, R1, is chosen instead of Ro; R1R3 be-
cause of the 123-rule. The side pairing map chosen for it is, according to the algorithm,
Ry and it is paired with Rs; Ry 'Ry R3, Ry 'RaR3. Since Ry and Ry braid with length
4, there are four triangles generated by them.

RiRyR;! R;'Ri Ry

R1 RQ

Figure 4.5: Triangle group Rs3; R3 'RiRs, Ry 'RyRs

Hence, we get the two pyramids as sides inside the shell, both containing the ridge
Ry, Ry, R3.

Figure 4.6: (1) Pyramid corresponding to the ordered triangle Ri; Ra, Rs.
(2) Pyramid corresponding to the ordered triangle Rs; Ry, Ro.

The reason that the pyramid associated to R3; R1, R2 is shown upside down in figure
is so that the side-pairing map R3 ! will map it to a pyramid in the original orienta-
tion as opposed to what the side pairing map R; does to the Ri; R, R3-pyramid.

Another side we will consider is associated to the triangle R, 'RiRy; RleRl_l, Rs,
or just, in short, R5; R4, R3. This satisfies the 123-rule. The reason we chose this trian-
gle and not the other two (RleRl_l; R1, R3 and Ry; Rz_lRle, R3) is because they will

later be seen in orbits of the ones we are working on now.
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We have similar relations between Rs, R4 and S as we have with Ry, R3, S;. Here,
since we assume the order s of Sy, we have brg(Rs, R4). Since they interact with each
other in the same way, the pyramid associated to Rs; R4, R3 will be just like the one
associated to Ry; Ro, R3, albeit with s-gon as its base instead of an r-gon.

4.3 Geometric realization for I'

With the setting we have established from the previous section, we can geometrically
realize the group I'(and, in turn, I'44) as a polyhedron in the projective space. We
label the vertex associated to each R; with the integer ¢ and, for the sake of labelling,
we think of S7 and Sy as Rg and R7. We make slight changes to the notation of vertices
from the previous section.

Vertex realization Considering the triangle Ri; Ry, R3, we have r copies of this
triangle generated by S7. Every triangle has the mirror of R; as its base and words gener-
ated by Ry and R3 as lateral edges. The edges are either in the form RyR3Rs ... Ry 1R3_ 1R2_ !
or Ry 1R5 1R§ L .. R3RyRs. We will depict them in the vertices connecting to them using
only the indices of R put consecutively into words, while the inverses are noted by bars.
For example, we use 232 for RyR3R; ' and 32323 for Ry 'Ry R3RyR3. Moreover, we
use Zy,w, = w1 X wy where wy, wy are words consisting of elements in {1,2, 3,4, 5,6, 7}.
Recall that Ry = RleRl_l,R5 = R;lRlRQ,RG = 51 and R; = S5. Also, note that
Rs; X Ry is actually the vertex z13 = R; X Ry and we will denote it as such instead of
Z45-

As for when zy,y, lies outside HZ ((2u,wy: Zwiws) > 0), we get a truncation and
there are vertices 2y, X 2y, and zy,w, X 2y, in the shell, instead. This notation also
works for z12 X z4 as 54 = 212121 = 12. We denote 2y, w, X 2w, by 2ol

In this way, we can realize the vertices as done in section [4.1.2| with a different system
of notation. Note that the pyramid associated to Rj; R, R3 is made up of r tetrahe-
dra in the same S; orbit. Hence, we will only pay attention to one of the tetrahedra,
namely, the one with Rj; R, R3 as a lateral ridge, from now on. We consider only the
tetrahedron with Rs; R4, R3 for the pyramid associated to it.
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223

Si

<16

<16

S1

21231

Ry

234

So
213

212 257

213 257

212
So

25435

<3123

235 <35
34

Rs

213 223

Rs

235

212

Figure 4.7: Sides of the polyhedron

Edge and ridge realizations Edges and ridges are also realized like in section
We denote the edge joining two vertices by an ordered pair containing them in
any order (thus, the orders of the pairs are meaningless and is more akin to a set) and
denote the ridges containing n vertices by an n-tuple, also in any order.
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223
(212, 223) (213, 223)
(2127213)
Z12 Z13
223
(219, 223) (213, 223)
2%2 Z%?)
(2%27 2%2) 1 1 (3%37 273)
?12 %13
(2537 25’3)
233 Z§’3
(Z127 233) (Z137 233)

12 (z12,213) ~13

(2§3a 333)

2 3
223 223

(2%27 253) (Zzlss, z§’3)

2 3
212 213

(2%2’ 2%2) 1 1 (2%37 2%3)
Z12 213

223

3
(212, 223) (2137 223)

3
213

1 .3
z z
F12 (219, 215) 2113( 13: 7ia)

(213, 223)

213

Z12 Zl (2%37 2%3)

(Z%?n ng)

233 z:233
2 2
z z
( 12> 23) (2137233)
Z%2
(2%272%2) 1 213

Z12

Figure 4.8: Possible ridges on Ry; Ro, R3.

4.3.1 Side pairing

o7

We define the polyhedron by its sides, which are shown in figure [£.7] along with their

images under the side pairing maps.

We call the side containing zs3, 216, 213, 212 as S1, the one containing z34, 257, 235, 212
as so and the one containing z19, 293, 213, 234, 235 as s3. The side s; shares the ridge
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(223, 213, z12) with the side s3, while so shares the ridge (z34, 235, 212) with s3.

Our 7Y is the group (S1, 52 : ST = S5 = I, 5152 = S251). Now, consider the actions
of S1 and S5 on our sides.

Starting with the action of S; on the side sp, it shifts the ridge (223,216, 212) to
the ridge (223, 216, 213) which is another ridge on this side and also shifts it to another
ridge (z23, 216, 21323). Thus, S just maps the side s; to another side sharing the ridge
(223, 216, 213) with s1. Continuing this and we end up with a looped sequence of sides
with r distinct sides.

The transformation Sy does the same to the side so where it shifts so to a side sharing
the ridge z34, 257, 235 with s9 and continues to shift the sides around until it goes back
to s9 again with a total of s sides in the sequence.

The side pairing v is defined by ¢(s;) = Ry and Ri(s1) = s}, ¥(s2) = Rs and
Rs(s2) = s, ¥(s3) = R3 and R3(s3) = s4 where s}, s, s5 are the mirrored sides of their
respective sides in figure Moreover, the side pairing maps 1(s}),¥(sh), ¥ (s5) are
just the inverses of their counterparts.

For a side Ss; where S € T and i = 1,2 or 3, the side pairing map assigned to ¥(S's;)
is St(s;)S~! so that the side pairing v is compatible with Y.

The map ¢ we have defined now satisfies the first condition of a side pairing along
with the compatibility with Y. Since all the side pairing maps are cell-preserving maps
and the images of sides under them only coincide in one side each, the condition R~!(E)N
FE = s is fulfilled for each side pairing maps R associated to the side s.



CHAPTER 4. DERAUX-PARKER-PAUPERT’S ALGORITHM 59

Figure 4.9: Some ridges and their images under the side pairing maps

There are also the ridges which lie on the mirrors of R;, Rs and Rs on the sides
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s1, 82,83, respectively, as well. These are preserved by their respective side pairing
maps.

4.4 Ridge cycles

Each ridge lies in two sides. For example, R1; Ro, R3 and Rgs; Ra, Ry are the same ridge
seen in s; and s3, respectively. In this section, we construct ridge cycles starting from
a ridge, passing through sides it is contained in and applying side pairing maps until it
goes back to the original one.

We list the ridges, the sides they are contained in, the maps associated with the sides
and the resulting cycles in table [4.1] first.

Note that, for the last three cycles in the table, the orders ¢’,7’, s’ are the orders
of R1R3,51R3, 59R3, respectively. The words shown in the cycle column are the ridge
cycles to the power of their orders so that they are all actually the identity.
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Ridge Sides Map Cycle
(216, 212, 213) s1N sy Ry
(216, 212, 213) 5108 RY
(257, 245, 235) 59 N s} Rs
(2’57, 245, 235) So M 812 Rg
(213, 223, 253, 243) 3N 84 R3
(213, 223, #53,243) s3 M S% RY
(223, 216, 212) 51N S| 51 Ry
(21231, 216, 212) ) NS s SRS
(223, 216, 212) 511 Sf181 SRS Ry
(234, 257, 212) 52 M S5 52 Rs
(25435, 257, 212) sh 1185 s} Sy ' R3S
(234, 257, 212) 59N Sy 1o Sy 'R 1Sy R
(223, 212, 213) $1M 83 Ry
(21231, 212, Z13) Sll N 52_183 52_1R352
(21231, z12, 2123121) S;lenglsgﬁ S;leleSlsz
Sy 1S sy
(212315 212312321+ 2123121) RlRQR:&REllRfllS{lelSsﬂ 5152
SQ_ Sl_ S1
(223, 212, 213) 51N 53 R351R3S52 Ry
(234, 245, 235) S2 M 83 Rs
(215435, 245, 2’35) 8/2 N 51_133 SfleSl
(Z5435, 245, 2’5435215) Sf1R3S1R583ﬂ SflsglR;J,SgSl
StSy sy
(25435, #54354345 2543535) | L5 RaR3 Ry 1135_ 1151_ LS5 a3 5251
Sl_ SQ_ 59
(234, 245, (235) 59N 53 R3S55R351 R5
B (Z%zgz%m Zi)w Zilz) S3 R3_1
(231537 #3133 3193 25153) s’ S;tsy!
(Zir)Qy 2%27 Z%Q’ Z%z) 53 (51_152_1]%3_1)2(1/
(%%37 25’37 253) 51 Ry
(21531 #1931 Z12s1) 51 5118 ,
(Z§3a 25’37 233) S1 (SfngRl)T
(%5‘,‘47 25’4, 75;4) 52 R
(%5435 %5357 Z3435) 53 Sy '8 /
(234, 234> 234) 52 (52_151]%5)3

Table 4.1: Ridges and their corresponding sides, side pairing maps and ridge cycles

To see how this table came to be, we trace the actions of side pairing maps and the
transformation on the ridges we have as done in section Note that we can just add
51871, 87181, 82851 or S5 1S, in between the word to group maps in the word so that
it is in the form AB where A is a word consisting of only elements from T and B is a
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word consisting of only side pairing maps. Thus, we can just find a sequence of maps for
each ridge that preserve it and get a ridge cycle from that. For example, see the ridge

cycles for the ridges (223, 213, 212) and (234, 235, 245) in figures and [4.11]

Ry R3 T Ry RiR3R;!
1

N

Iy Ry Rs R;'RoRs

A

—1
Ry RyR3 R 5’% R3 Ry % Ry RsR3
1 3

R;'RiR; Rs

Figure 4.10: Ridge cycle of (223, 212, 213)

Ry R3 T Ry R5R3R5_1
5
k\
s Bs Rs R;'RyRs
RgT
-1
Ry RyR3 Ry 5’% R3 Ry % Ry Ry R3
2 3
R;'R5R3 Ry

Figure 4.11: Ridge cycle of (234, 235, 245)
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The cycle we get for (223, 212, 213) is

R3S1R35: Ry = R351(5255 1) R3S Ry
= R35152(S5 ' R3S2) Ry
= (5152(S152) 1) R3(S5152) (S5 ' R3.S2) Ry
= (5152)((S192) * R3(5152))(S5 ' R3.S2) Ry.

This corresponds to the method of tracing along the side pairing maps associated to
the side a ridge is on since (223, 212, 213) is on the side s; with ¢(s;) = R;. Then the
ridge is sent to (21931, 212, 213) = (21237, 212, 213) on the side s} by Ry. It also lies on the
side 52_183 with qb(5’2_183) = S;leSg = Ry4. Then, the ridge is sent by R4 to the ridge
(21231, 212, Z193151) This ridge lies on the sides R4S, *s3 and Sy 'S 's3. The latter is as-
sociated with the side pairing map ¢(S; 'Sy 's3) = S5 17  R351Ss. The ridge is sent to
(21231, Z12312321> Z123121) Which is on the sides Ry RoR3Ry 'Ry S5 1Sy s3 and S5 1Sy sy,
Thus, the map 5155 sends it back to where it started.

Since the ridge (234, 235, 245) is symmetric to the previous ridge, it acts in the same
way. This ridge is the intersection of s and s3 and is sent by Rs to (zs435, 245, 235)
on the sides s, and Sy 's3. The corresponding transformation ¢(S;'s3) = S;' R3S
sends it to (25435, 245, Z543515) on the sides Sy R3S)Rss3 and S; 'Sy 's3. The latter
side is associated with the side pairing map S;1S51335251 which sends the ridge to
(25438, 254354315, Z543515) on the sides RsRyR3R; 'Ry 'S 1S5 s3 and S, 1S, 'sy. Finally,
5159 sends it back where we started.

These cycles show that the maps R3S1R3S52R1 and R355R351 R5 are in the stabilizers
for their respective ridges and, since these ridges are only preserved by the identity
map, are exactly the identity map. This gives us the relation Sy = R3 151_ 1R3_ 1R1_1 =
Ry'Ry'R{YS!. Since

uly? ui?p —ui?p
SiRi=1| o 0 u?yt
and
72 0 0 02 0
RoRs = | —vp vt 172y3(y3 + 373) 0 v? 0
0 0 v? vp = PR+ ) ot
4 0 0

po—vP = v =g PP+ ) |
PP+ ) v?
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we have
u4z74y4 + ﬂ2v2y4 . a2v2§2 —uv2y4p uv2y4p -1
Sy = (S1R1RyR3) ! = w?oytp —w20%yt — @20 @tody?
atvty? —avty?p avty?p
— | @vy?p —u25%y? — atvty? atotey?
aogtp — iy —u25292 + Tt

By seeing all the ridges these cycles cover, we can see that all the ridges are in a ridge
cycle as required. However, this is only for the non-truncation cases. If a truncation
exists, there are some more ridges to consider.

4.4.1 Truncated Polyhedron

In the case that a vertex v of the polyhedron lies outside the space, i.e. (v,v) > 0, the
polyhedron is cut and gives birth to a new ridge. The ridge could be either a triangle or
a rectangle depending on which vertex is cut. For instance, if the vertex 23 is outside
the boundary, the vertex z12 which is in the same orbit also lies outside the boundary
and this results in two more new ridges.

235
3
2923
6
23 >
223 3

S Ry 213
216 212

R, Z12

Figure 4.12: Polyhedron truncated at zo3

Symmetrically, in the case that the polyhedron is truncated at z34, we have two new
ridges identical to the previous case.
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3
234
235
3
234
7
Z34 P
234 3

So Ry Z35
257 212

R;5 Z12

Figure 4.13: Polyhedron truncated at zs34

Another vertex which could be truncated at is z1s, which is actually named z12 and z45
as well. This angle is in the same orbit as z13 and z35 under S7 and SS9, respectively, so
the polyhedron is truncated through these two vertices as well.

223

5
2%3 o Bs
13 12 f%g —
Z16 R : 5 ?12
212 212 212

Figure 4.14: Polyhedron truncated at zio

These truncations lead to new ridges at where the polyhedon is truncated at, we have a
triangle with vertices on the mirrors of S1, Re, R3, another triangle with Ss, R4, R3 and
a rectangle with vertices on Ry, Rs, R4, Rs5, respectively.
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Figure 4.15: Half the ridge cycle of the ridge bounded by R;, Ra,
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6 6 _
293 #1931
Ry
2 3 121 131
23 “23 #1231 #1231
St ) Sy
223
3 323
223 223
7 T
234 25435
Rs
4 3 545 535
234 234 %5435 25435
St S1
2 7
234
3 343
234 Z34

Figure 4.16: Ridge cycles for the ridges bounded by S1, R2, Rs and by S5, R4, R3
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These cycles are exactly the cycle relations we need for each truncation. There
are ridge cycle (5’1_15'2_11%51)2 for the ridge (21, 2%, 235, 215), ridge cycle Sl_lSQ_IRl
for (235, 235, 28;) and ridge cycle S, 'S1Rs for (23, 244, 244). These cycles need not be
identity and we will consider their orders later in section |4.6

4.5 Consistent system of horoballs

Another aspect to consider for our polyhedra is the existence of a consistent system of
horoballs in the case where cusps exist. As stated earlier in section the existence
depends on whether the generators of the cusps’ stabilisers are non-loxodromic. To see
that, we consider the stabilisers for each vertex that could possibly be a cusp in the
polyhedron.

The cusps exist when any of our vertices lies on the space boundary, namely, when
q,r" or s’ is co. Each case of co is independent to another and two or more can exist at
the same time like in the case of truncations.

We will now identify the stabilisers for each of our vertices. This can be done by
taking into account all the cycles that preserve a vertex from the section For a start,
consider the vertex z1o. It lies on the sides sq, 82, s3. The vertex is on the mirror of R
on the side s7. On the side s3, it is on the mirror of R;lRlRQ. This means that these
two maps are in its stabiliser.
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Rg Sl

R3

SRy Syt <3123

S1R3ST!

Figure 4.17: Cycles around the vertex zio

By tracing through all of the cycles of z15 in our fundamental polyhedron, we obtained
the figure According to it, any cycles that preserve the vertex zi12 would be a
combination of words in the form

R3Z319351 2312352212,

where Z; is a transformation in (Ry, Ry ' Ry Ra), Zs195 is a transformation in (R3, Ry ' Ry Ra)
and Zg; 93 is a transformation in <52R1551, 51R35f1> = <R§1R51R1R2R3,R§1R2R3>.
However, seeing as
R3S = SQRlRQRl_l,
Ry 'R1R2Sy = SoRy 'Ry R,
Sy R1S5 15182 = S152Ry,
S1R3S7 18182 = 5182 R1Re Ry,
R39:81 = Ry 'Ry,

any words generated from these would end up being generated by Ry, R5 'RiRs, Ry RQRI_I,
or simply just by Ry, Ry. Thus, the stabilizer for z15 is (R, R2).
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Proposition 4.5.1 (Proposition 4.6 of [16]). When ¢’ > 0, the group (Ri, R2) is the
stabilizer of z19 and is a central extension of the orientation preserving subgroup of a
(2,p, q) triangle group by a group of order ¢/, thus its order is 2¢%.

4ri 27i _ 2w 4mi 27i

Proof. The eigenvalues of Ry are e3¢ ,e 3¢ e 3¢ . The eigenvalues of Ry are e e 3p |

2mi _ 2mi

27 T T T i
e~ 3 . The eigenvalues of R Ry are ie3 " 3a, —je3r 30 e 30 30 . So, (R Ry) acts as the
orientation preserving subgroup of a (2, p, q) triangle group. We also have that (R1Rs)?
generates the centre of (Ry, Ry) with order ¢'. O

In the case where ¢’ < 0, however, the truncation does not happen and there are no
new ridges, hence, no new ridge cycles.

Lemma 4.5.2. If ¢/ <0, it is an integer.

Proof. From the cases of possible values for p and ¢, we have that ¢ is either 2, 3,4 or 5.
In the case that it is 2, ¢ = —p which is an integer. When ¢ = 3, negativity occurs only
when p is 3,4 or 5 resulting in ¢’ being —6, —12 and —30, respectively. When ¢ = 4, p
can only be 3 and ¢’ = —12. The last case we have (p,q,q) = (3,5, —30). Hence, ¢’ is
an integer when it is negative. O

In the case of 293 and its orbit, we have the following figure:

51585 Ry So St

Rs3
Ry _
S1 223 » 21231 S1

Figure 4.18: Cycles around the vertex zo3

As there are only the transformations R3 and S; and no other cycles exist that preserve
the vertex zo3, the stabiliser is (R3,S1). And, in the same way, we have for z34 = 23157
the figure:

S2S7 R3S185 !
R3

R;'Ri Ry
SQ S2

Figure 4.19: Cycles around the vertex z34
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This means its stabiliser is (Rs, Sa).

By applying the same logic as we did to z12, we get the following propositions.

Proposition 4.5.3. When 7’ > 0, the group (S1, R2) is the stabilizer of 223 and is a
central extension of the orientation preserving subgroup of a (2, p,r) triangle group by
a group of order 7, thus its order is 2r'2.

Proposition 4.5.4. When s’ > 0, the group (Ss, R3) is the stabilizer of z34 and is a
central extension of the orientation preserving subgroup of a (2,p, s) triangle group by
a group of order s, thus its order is 2s'2.

Since there are automorphisms to interchange between ¢,r and s, we can use them
to interchange ¢/,7’ and s’, respectively. Thus, these propositions are derived from
Proposition [£.5.1]

When ¢’ = oo, the vertex 215 is a cusp. As shown in Proposition its stabiliser
is (R1, R2). Since the generators are both complex reflections, they are non-loxodromic.
This means they preseve the horoballs and so do any of their combinations. Thus, we
have a consistent system of horoballs on this cusp.

Similarly, the case when 1’ = oo, the vertex 2,3 is a cusp and the stabiliser is (S7, R3)
while when s’ = oo, we get the cusp at z34 with stabiliser (S2, R3). Since Si,S2, R are
all complex reflections, the same reasoning implies that all of the stabilisers preserve the
horoballs as required.

In the case when there are truncations, there are extra vertices whose stabilisers might
be irrelevant to the consistent system of horoballs, but are still useful when calculating
for Euler characteristics.

Proposition 4.5.5. The stabiliser of z1,, when it exists, is (R, (R1R2)?).

Proof. The figure shows the actions of transformations on z{,.
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Sa

Ry
S1
><%3
R3
313
S Qi%
S, Sy S2
_ S, /_
212, 512
“3123 ° 212
Rs Ry 'Ry R, B2 'RiR»

S1

Figure 4.20: Cycles around the vertex 21,

We pick a spanning tree of the graph, which in practice can be any of them. The one we
pick is as in We want to represent each edge in the original graph with a circuit
starting from z1, through the shortest path in the spanning tree to one end of the desired
edge and return from the other end through another shortest path in the tree back to
z1,. Note that, edges on the tree are represented by the identity map I.
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() ()

R3 RS

5313\, 313
3123 S 13

(2

Sl Sl

212
212

R3 RS

Figure 4.21: A spanning tree for the graph in figure @

The resulting circuits are as in the following table:
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Edge Original transformation Circuit
(2%27 3%3) S R352R3_151
= Ry'RIR!
(215, 232123) So R38581 R385 R385 ' Ry
= Rl—l
(25153”25125 St RyS1 Ry Sy ' Ry 5115y Ry !
= RoR1 Ry
(zg?g:a’ Z%z) 52—1 Sz_leISflel
=R
(257, 2315;) S R3515557 185 1Ry !
=1
(213, 213) Ry R38R 'Ry R3Sy ' Ry
=R
(=132 213 Ry'RiRs R3S251Ry 'R Ry ST LS5 L Ry L
=R
(2533’ Zgg?,) Ry 'RiR; R3S1Ry 'R Ry ST Ry

In this way, we can represent any circuit starting at z{, by a combination of these
circuits through the tree. As all the circuits can be generated by Ry, (R1R2)?, and since
both of them are indeed in the stabiliser, the stabiliser of z1, is (R1, (R1R2)?). O

%%2 in the same way.

Following the proposition, we can find the stabiliser for z
Proposition 4.5.6. The stabiliser of z%2, when it exists, is <R2_1R1R2, (R1R2)2>.

Proof. The graph around 22}2 is the same as that of zl, from We also chose
the same spanning tree. Since there is a path R39951 from 2312 to z{,, if we extend a
circuit C' starting from z{, into a circuit S; 'S, 'Ry 'C'R3S52S1, we get a circuit starting

from 2212 instead. In fact, we get every of its circuits this way. Since R; and (R1R2)2

12 >
generate the stabiliser for z112, their equivalents S| 15’; IR?: 1R1R352517: R 'Ry Ry and
Sl_nglelRleRleRgSgSl = (R1R2)2 generate the stabiliser for zf%Q O

Now, for another orbit of vertices 235, 2131, we have a similar figure of circuits around
them.

Proposition 4.5.7. The stabiliser of 2%,, when it exists, is (Rg, (R1R2)?).
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Proof. As we have done in we have the graph:

R3

Si
2 N 3
@ 7\ 213

S1

Figure 4.22: Cycles around the vertex 2%,

The spanning tree we choose is:

75
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()

Rg Rl
¢ ~131
S Qiﬁ
Sl Sl
121
<12
Ry'RiRy I3

Figure 4.23: A spanning tree for the graph in figure m

The table we will get for this one is:
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Edge Original transformation Circuit
(232: 233) S R3S>R15
=Ry!
(23, 231213 S R38:81 Ry S, Ry S5 Ry !
= Ry'Ry'RT
CIEE o St RyS1 Ry 'Ry RoSy Ry 1SS, Ry !
— Ry
(22128212 ;2 Syt Sy 'Ry RiR2STI Ry !
=R RoRy
(13", 23125) S R3S19:8; ', Ry !
=1
(22, 213") Ry R35251 Ry
=Ry!
(=131, 212) Ry'Ri Ry Ry'RiRy S 1Sy 'Ry *
=R R Ry
(213, 213) Rs R3SoRyR3Ry S5 'Ry
=Ry
(23123 25125) It R3S1Rs S Ry
— Ry
Hence, the stabiliser of 23, is (Rg, (R1R2)?). O

Proposition 4.5.8. The stabiliser of z}31, when it exists, is (R RoR] ', (R R2)?).

Proof. There is an edge R; going from 22, to zgi. By the same argument as in m
the circuits starting at 231 are exactly the circuits in the form RyCR;* where C is a
circuit starting at zf,. According to the stabiliser of 2%, is (R, (R1R2)?). Thus,

the stabiliser of 2{2! is Ry(Ra, (R1R2)?)R; " = (R1Ra Ry ', (R1 R2)?). O
Proposition 4.5.9. The stabiliser of 22;, when it exists, is (Ra, (S1R2)?).

Proof. Following the graph for circuits around zgg and the chosen spanning tree
is:
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R3

2 ), 323
%93 JS <93
1 Rs S
Sa
Ry
o 131
7\ #1231
1 S
S Ry

Figure 4.24: Circuits around the vertex 233 and its spanning tree

Each edge is represented by the circuits as in the following table:

78
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Edge Original transformation Circuit
(3,32 Ry Py
=S 'RytS!
(235°, Z1337) Sy ST RSy S?
=R9S1 RS,
(#1331 #1387) St S;1S2S RS,
=S 'Ry 'SRy
(21531 233) Ry RI1S;1S,
=S1R2S1R>
(233, 233) R3 S R3S

79

All the circuits are generated exactly by Rs and (S1Rs)%. Thus, the stabiliser of 23,

is <R2, (51R2)2>

Proposition 4.5.10. The stabiliser of z3;, when it exists, is (R3, (S1R3)?).

Proof. According to the circuits starting at 25’3 are as in the table:

Edge Original transformation Circuit
(235, 233°) Ry ST'Ry'ST
(25, 21231) Sy RSy
=R351R351
_ _ B B
(21331 21231) S1 S2ST Ry
=S, 'Ry Ry
(1331 233) Ry SRSy
=51R351 R3

O]

The circuits are generated by R3 and S;R3S51Rs. Hence, the stabiliser of z§3 is

(R3, (S1Rs3)?)

O]

Proposition 4.5.11. The stabiliser of 2121 when it exists, is (RleRfl, (SgRleRf1)2>.

1213°

Proof. Symmetrically to we can draw the graph around z12L, as:

1213
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52 \623512

2
7\ #123212

2193212

S Ry'RiRy

121

Figure 4.25: Circuits around the vertex z;57, and its spanning tree

The circuits representation of each edge is then:
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Edge Original transformation Circuit

121 31213 -1 —2 -1

(21513 Z1213") Ry Sy "Ry
_ o1 —1p—-1lg-1
31213 2123212 -1 —1p—1p-1 —1¢2
(21213"> #193572 ) ST Sy "Ry "Ry R2S1 53

=SoR1Ro Ry ' So Ry Ro Ry !
Sy 1818, Ry PRI Ry S,
=S, 'R Ry 'Ry S PR Ry R
Ry'RT'RyS[1S,

2123212 .2 -1
(2123512 #123312) Sy

(2%23212’ Zig%?)) Ry'RT'Ry
=S9R1RoR; ' Sa Ry Ra Ry
(23513 #1213 Rs Sy R3S,
=R RoR*
The generators for all these words are RlRQRl_l and (SeR1RaR| 1)2. Thus, the
O

stabiliser is (RyRoRy Y, (SoR1R2 Ry 1)?).

Proposition 4.5.12. The stabiliser of z3,.,, when it exists, is (Rs, (S2Rs3)?).

Proof. From the graph we can get the circuits starting at zf’ﬁg as:

Edge Original transformation Circuit
121 31213 -1 —1p—1g—1
(213137 21213 ) Rq Sy R3S,
31213 2123212 -1 1p-1 1
(232735 2123512 ) St Ry "Ry RSy 52
:R352R352
2123212 .2 -1 “1p-1
( 123212 123?12) S2 5152 Rz RiRy
=S, 'R3S; ' R3
1 “1p-1 “1p-1 1
(2%23212723%3) Ry "Ry R SoRy "Ry RyS|
:R352R3S2

The generators are R, (SoR3)? and so, the stabiliser is (R3, (S2R3)?).

4.6 Angles of central elements

In the section 4.3 we have obtained some words which preserve ridges and thus, are
contained in some stabilisers. Moreover, we claim that these words are indeed central

elements of the stabilisers as well.
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Lemma 4.6.1. The words (51_152_1]%3_1)2, Sl_ngRl and S;lSle, are central elements
in the groups (R1, Rs), (S1, R2) and (S3, R3), respectively.
Proof. Using the fact that S159R1RoR3 = I, we have
(S71Sy Ry = (831 ST Ry )
= (R1R2)*.
Also,
Sy 1SRy = S; ST Ry IR,!
= (7'’ 1)
Now, because R3S2R3S51Rs = I, we have
Sy 181 Rs = (Sy 'Rz )2

So, the three words become simpler words (R; Re)?, (S; 'Ry 1)2, (S5 'Rz 1)2. Since br(Ry, Re) =
br(Sy, R2) = br(S2, R3) = 4, they commute with the generators of, and thus are central
elements of, the groups (R, R2), (S1, R2) and (Sa2, R3), respectively. O

The orders of R1 and Ry are both ¢ and the orders of Ro, R3 and R4 are p. The
order of S7 is the same as the braid length between Ry and Rs which is r. Let the order
of S9 be s. Note that, by the symmetry between (S, Ry, R, R3) and (S2, Rs5, R4, R3),
the braid length between R4 and Rj is s, the order of Ss.

Now, since

@ty —avty?p avty?p

atvgtp — gttt 02522 + atotyt
its eigenvalues are a*v*y*, —u02y?, —u?v?y?. This means that %—I— % — é — % is an integer
multiple of % and we assume that it is indeed % Thus, % + % = % + % + %

To make things simpler, we try to see the symmetry between the maps that we have
by assuming an automorphism from (Rj, Re, R3,S1,S52) to (Rs, R4, R3,S2,51). These
two presentations are indeed equivalent as br(Ry, Ra) = br(Ry, R3) = br(Ry, Ry ' RaR3) =
br(Rs, R;) = br(Ry4,Rs) = br(R§1R4R3,R5) = 4 and br(Rg, R3) = r = |S1| whilst
bI‘(R4, R3) =S = |SQ‘

There is also an automorphism from (R1, R, R3, S1,S2) to (S1, R, R4, R1, R3S2R3 ') as
the braiding relations br(Sy, Re) = br(S1, Ry) = br(Sl,RZIR2R4) = 4 as well and we
would want br(Rz, R4) to be the same as the order of R;, which is g.

Lemma 4.6.2. The maps Ry and R4 braid with length gq.
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Proof. Consider that, for an integer k, (R2R4)k = (RgRle)k(R1)_k and (R4R2)k =
RiRy(RaR1 Ry)* 'R "Ry. Then,

(R2R1)*(R4R2)™* = (R1) " ®(RaR1 R2)* Ry (RoR1 Ro)  *RY RS 'R
= (R1) " *(R2R1Ro)* ' Ry(RoR 1 Ro) " * RV Ry R!
= (R)) " Y(RoR1 R2)*2Ry(RoR1 Ry)* "RV Ry R

— (R1)172kR2<R1>2kR2—1R1—1.

When 2k = ¢, we have that (RoRy)* = (R4R2)".
In the case of (R2R4)kR2 and (R4R2)kR4, we have (R2R4)kR2 = (RQRlRQ)k(R1>7kR2
and (R4R2)*Ry = RiRa(RayR1 R2)*Ry*~1. Then,
(R2R4)*RaR; Y (R4R2) "k = (R1) ®(RaR1R2)*Ro(RaR 1 Ry) "RV RyYR
= (Rl)fkfl(RgRlRQ)kflRQ(RQRlRQ)17kR’f+2R2_1R1_1
= (R1) " %(RyR1R2)* 2Ry(RaR1 R2)* *REFB R IR

— (Rl)_ZkRQ(R1)2k+1R51R;1.

When 2k + 1 = ¢, we have that <R2R4)kR2 = <R4R2)kR4.

The group (Ri, R2) is a central extension of a triangle group (2,p,q) with only the
relations of the forms RY, Rb, (R1Rs)?. 1If there is a power j such that (RaR4)’ =
(R4R2)7, then we have in the triangle group

(RyR4)’ = (RoR1Ry)Y Ry? = R{ ¥
and ' o . )
(Ry4Ry)’ = Ry (RaR1Ry)Y R{7Ry = Ry 'R ¥ Ry = (R; 'Ry Ry) ™.
In another case when (RoRy4)’ Ry = (R4R2)? Ry, we have
(RoR4)’ Ry = (RoR1 Ry R{7Ry = R{ ¥ R,
and ' ‘ ‘ '
(RyRy)’Ry = Ry Y (RoR1 Ry Ry7™" = RiRyRT 1.

In any case, for the two to be equal, we need Rl_Qj = (R;1R1R2)_2j or R;Qj_l =
(Ry 1R1R2)_2j ~1 . As both sides are powers of elliptic maps with distinct fixed points,
they are equal if and only if they are identity, meaning that the power is a multiple of
q. Hence, Ry and Ry braid with length q. O

This means that groups with parameters (p;q,r, s) and (p; ¢, s,r) are isomorphic and
the groups with parameters (p;q,r, s) and (p; s,, q) are isomorphic. So the permutation
among (q,r,s) are allowed and we can assume g < r < s when calculating for possible
values of these parameteres.
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4.7 Possible parameters

I 2pq I 2pr I 2ps 11 1
Let ¢ = vi2p3 " T proap=ar S T pac2pos- We note that 70 s are less than a
half so ¢/, 7', s’ are greater than 2 when they are positive.
. 31,11 1,1+ 1 . 11 11
Since T etrts=pta >3 2 < g < 6. Moreover, from the relations 5 — 5T <3

1_1_ 1 11 _1_ 12 ; 1,1 _1,1,1
and 3 5 s < 3,53— 3 SSP.Butsmcep—i—Q—q—i—T—i—s,wehave

L (4.1)

g 67 p
We will start from the case where ¢ = 2. In this case, % = % — % — % = —% always holds.
Also, from , p < 9. So,

pl | s

3] 4 |12

3166

415 |20

41 6 |12

41 8 | 8

5110 |10

6|12 12

9118 |18

are the possible parameters generality. Next is when ¢ = 3 in which case p < 18. Also,

% = %— % — % = % — %, s0 3,4,5,6,7,8,9,10,12, 15, 18 are the possible values for p. Thus,

plr]| s
313]6
3 14| 4
4 13|12
4 14| 6
6 | 4|12
6 6] 6
8 |4 |24
1015115
126 |12
181919
are the possible parameters. For ¢ = 4, p < 36 and %—% = % means that the possible

values of p are 3,4,5,6,8,12,20. So the possible parameters are
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plr]| s
4 141 4
5 (415
6 (4] 6
8 4] 8
121412
1216 6
And when ¢ = 5, %—i—%:%—i—% S%z%, which means p > 10. Also, p < 90 and
13—0 — % = % The possible values of p are 10 and 20. We only have p = 10,7 = s =5 as

plausible parameters.

4.8 FEuler Characteristic

Euler characteristics can be calculated from fundamental domains which, in our case,
is the polyhedron we constructed. We then form orbits of facets of the polyhedron and
find the stabiliser for each orbit. The Euler characteristic is the reciprocal sum of the
orders of odd-dimension facets’ stabilisers subtracted by those of the even-dimension.
Recall that p is the order of Rs, R, RleRfl = Ry,

q is the order of R, R2_1R1R2 = Rs,

r is the order of S1 = R,

s is the order of Sy = Ry,

q,r', s is pq_QQI;q_Qq, pr—22ppr—2r’ ps—22pps—25’ respectively.

Without lost of generality, we write down the Euler characteristic for each case of
(p,q,r,s) under the assumption that ¢ < r < s in the following table:
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plalr|s|d ||| x
3024|123 |-12|12| &
312/6[6| 3|00 0| 15
313/3[6] 6|60 15
303|446 |-12]-12| &
4125 (20| -4 (2| 5 | 3%
40216 (12| -4 |12] 6 | &
4128 |8|-4]|8 |8 |
4 13| 3 [12|-12|-12| 6 | &
4 1314]6|-12]| 00 |12 | &
41414400 | 00| 0| &
512[10110( -5 | 5 | 5 | 3
504045 (20 20|10 | 45
6 (21212 6| 4 | 4 | &
6 3|4 [12| 00| 12| 4 | 3
6 [3[6|6]|cc| 6|6 1
6 |4|4]6 12|12 6 | 2
8 3|4 |24| 24| 8 | 3 | 3
8 (4|48 8 |8 | 4|3
9 (21818 9|3 | 3 |&
1035 |15]15| 5 | 3 | %
10(5(5(5]|5 |5 |5 |3
1236 [12] 12| 4 | 3 | &
12|44 (12] 6 | 6| 3|3
12/416 6| 6 | 4| 4| F%
1813999 |3 |3 |28
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To verify this, we will calculate the Euler characteristic for each set of parameters.
Note that the polyhedron looks different depending on if there is a truncation or not.
So, we can find as a formulae the Euler characteristic for each case starting from the
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non-truncation case. Then, in the truncation case we can just find the differences the
truncations make on the Euler characteristic. In the cases with several truncations, those
truncations are independent and we can compute the Euler characteristic by adding all
the changes from each truncation. The following lemma will be needed when figuring
out the stabiliser of the edge (212, 213) and can be applied to many other edges.

Lemma 4.8.1. The orientation of the edge joining z15 and 213 cannot be reversed by
the provided side pairing maps.

Proof. We claim that the generators of all the side pairing maps do not reverse the
orientation of the edge. To see that, we portray some of the facets as a graph:

I 4 I 4

—  %932123 T %2123 7 %3123 7 2323123
\ \ \ 4

— 21233 — 212 — 213 — 21323 —
\ 4 \ 4

— 212312321 7 Z123121 T F123131 7 Z12313231
I 4 I 4

where the indices refer to two of the mirrors that the vertices lie on. The edges are
displayed in arrows where the directions of the arrows represent the orientations. The
map 57 shifts the arrows once to the right whilst Sy shift them up once. The map Rj
fixes 23193, 213 and maps z3;93 to 212, thus, preserves the orientations. Since the edge
lies on the mirror of Ry, the map fixes the arrows. Hence, these maps preserve the
orientations of the arrows. As they generate the side pairing group, the rest in the group
also do. Thus, none of them reverse the orientation of the edge. O

1. In the non-truncation case, the parameters ¢’,r’, s’ are all negative.

e Vertex orbits There are a total of five distinct orbits.

— There are two orbits with one element: {216} and {z57}. The stabilisers
for these orbits are (R;,S1) and (Rs, S2), respectively. As R; commutes
with S1 and Rs commutes with So, the orders of the stabilisers are the
products of their orders, which are gr and g¢s.

— (A) The orbit denoted by triangle marks in is {223, 21937 } With sta-
biliser generated by R3 and Sp, Proposition shows that its order is
2772,
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— (O) Symmetrically, the orbit denoted by rectangle marks is {234, 25435 }
whose stabiliser is generated by Rs, S2 and according to Proposition [£.5.4]
the order is 25",

— (o) The last orbit denoted by circles is {z13, 212, 23123, 235 }. The stabiliser
is (R1, R2) and the order, according to Proposition @ is 2¢'2.

e Edge orbits Any pair of edges with end points from the same pair of vertices
orbits are in the same orbit. Therefore, we can denote these orbits by a pair
of marks at the end points. There are a total of seven such orbits.

— (A, z16) We start with the orbit {(z23, z16), (#1237, 216) }. Its stabiliser is
(S1) of order r.

— (0, 216) The other orbit containing z1¢ is {(z13, 216), (212, 216) }. Its sta-
biliser is (R;) of order g.

— (O, z57) Symmetrically, the orbit {(z34,257), (25435, 257)} has stabiliser
(S2) of order s.

— (o, z57) The orbit {(z12, 257), (235, 257} has stabiliser (Rj5) of order q.

— (A, 0) The next orbit is (223, 213), (223, 212), (223, 23123), (21231, 213), (21231, 212)
with stabiliser (R3) of order p.

— (0, 0) The orbit {(z34,212), (234, 23123), (234, 235), (25435, 212), (25435, 235) }
also has stabliser (Rj3) of order p.

— (o0,0) The last orbit is the one containing points from the same orbit:
{(z13, 212), (213, 23123), (212, 235), (23123, 235) }. In cases like this we have to
be mindful of the existence of a map that preserves the orbit but changes
the orientation as well. In this case, there is no such map according to

Lemma and the stabiliser is (R;) of order g.

e Ridge orbits We can also see the orbits of the ridges in a similar way:
through the orbits of the vertices they contain. There are also seven ridge
orbits. Some of them lie on the Giraud disk and, hence, have trivial stabilliser
of order 1. The only orbit of vertices that can appear twice in the same ridge
is the one containing z;2. The Lemma shows that such ridges cannot be
flipped by a side pairing map.

- (A, o, 216) The orbit {(2’23, Z13, 216)7 (223, Z12, 216), (2’1231, 213, 216)7 (21231, 212, 216)}
lie on the Giraud disk.
— (O, 0, z57) The orbit isomorphic to that one is
{(234, 235, 2’57), (2’34, Z12, 257), (25435, Z35, Z57), (255435, 212, 2’57)}, so it also lies
on the Giraud disk.
— (A, 0,0) Another orbit on the Giraud disk is
{ (223, 213, 212), (223, 213, 23123) (223, 212, 235), (223, 23123, 235), (21231, 213, 212) }-
— (O, 0,0) Again, since the orbit
{(234, 212, 235), (234, 23123, 235), (234, 213, 212), (234, 213, 23123), (25435, 212, 235) }
is isomorphic to the previous orbit, it has trivial stabiliser.
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— (216,09, 0) The orbit {(z16, 213, z12) } lies on the R; mirror plane and so it
has stabiliser (R;) of order q.

— (z57,0,0) Similarly, the orbit {(z57, 212, 235)} lies on the mirror plane of
Rs and has stabiliser (Rs) of order q.

— (A, 0,0,0) The last orbit {(za3, 213, 234, 235) } lies on the R3 mirror plane
and so, R3 is in the stabiliser. We claim that a map that fixes z93 and
z34 but switches z13 with z35 does not exist for if it did, it must commute
with R3 and is contained in the stabilisers of z23 and 234, namely (R3, S1)
and (Rs,S2). This means that it can be written as a product of some
power of R3571R351 and some power of R3 whilst can also be written as
a product of some power of R3S55R3S2 and some power of R3. In either
case, since R3571R351, R3S52R3S2 and Rg either fix z13 and z35 or shift
them around without switching them, the claim is proven. Thus, the
ridge has stabiliser (Rg3) of order p.

e Side orbits There are only three orbits of sides: {S1, 5]}, {S2, 55}, {S3, 55}
all with trivial stabilisers.

e The polyhedron The polyhedron D has stabiiser (S;,S2) of order rs.

234
223 4 234
3 3
S1 Ry Sa Ry
213
216 212 257
R, Rs 212

Figure 4.26: Orbits in the polyhedron



CHAPTER 4. DERAUX-PARKER-PAUPERT’S ALGORITHM 90
Orbit Stabiliser | Order
223, 21231 <R3, Sl> 27"/2
234, 25435 (R3, S2) 25"
216 (R1,51) qr
257 (Rs5, S2) qs
213, 212, 235 (Ri,Ry) | 24
(223, 216), (21231, 216) (S1) r
(223, 212), (223, 23123), (223, 213), (223, 235), (21231, 212), (21231, 213)) (R3) P
(2165 212), (216, 213) (Rq) q
(212, 213), (212, 235), (23123, 213), (23123, 235) Ry q
(234, 257), (25435, 257) (S2) s
(234, 235), (234, 212), (234, 23123), (234, 213), (25435, 235) (25435, 212) (R3) P
(257, 235), (257, 212) (Rs) q
(223, 216, 212), (223, 216, 213), (21231, 216, 212), (21231, 216, 213) 1 1
(223, 212, 213), (223, 212, Z13), (223, 235, 212), (223, 235, 23123), (21231, #12, 213) 1 1
(216, 212, 213) (R1) q
(234, 257, 235), (234, 257, 212), (25435, 257, 235), (25435, 257, 212) 1 1
(234, 235, 212), (234, 213, 212), (234, 235, 23123) (234, 213, 23123) (25435, 235, 212) 1 1
(257, 235, 212) (Rs) q
(213, 223, 234, 235) R3 p
S1, 5] 1 1
So, S 1 1
S3, Sé 1 1
D <Sl, S2> s
The Euler characteristic of the polyhedron is then
T U B B A A UURE NE SOt
r qr q S qs p q T S P q s
 (2p+29—-pg)? | 2p+2r—pr)?  (2p+2s—ps)* 1 1 1 2
82 8p2r2 8p?s? @ qs rs p
- 3 3 11 1 1 2 2 2 11 1 11 1 2
—@—2p+§(q—2+r—2+?+a+£+g)+g(§+§)—§(E+§)—7+f
_ 3 3 1. 1 1 1 1 2 5
2w 3 E DT T,
_3 3.3 (1 1 2
P op 4 <2 - p) ’

If the constructed polyhedron got truncated at one of its vertices, there will be
changes to vertices and edges which will affect the overall Euler characteristic as

well. In our case, there are three possible vertices to be truncated, z1s, z93 and z34.

2. In the case where the polyhedron is truncated at z1o, this means ¢’ > 0.
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e Vertex Orbits There are eight new vertices 21y, 22, 275, 215, along with their
reflections across the Rs-mirror. This also creates more vertices through the
orbits of the edges as shown in the figure all of which can be put into
two distinct orbits: {213, 219, 22 53, 219, 25193 235} and
{203, 219, 22,93, #12+ 23,93, 735 }- The original orbit lies on the mirrors of Ry and
R3 whilst these two new orbits lie on one of them and the mirror of the new
ridge (R1R2)? on the boundary So their stabilisers are (Rp, (R1R2)?) and

(R3, (R1R2)?) of orders W and pq,, respectively.

e Edge orbits As for the edge orbits, we gain one new orbit
{(2la, 21a), (22, 212), (21, 21a), (21, 20a), (213, 273), (235, 235), (23193 %3123
(23 193> Z3193) (251935 Z0193)> (25193, Z5193) } With stabiliser ((R1R2)?) of order ¢/
and another orbit {(z1y, 213), (279, 235), (23,93, Z13), (22,93, 235) } With the same
stabiliser as the original edge.
As for the edge orbits, we gain one new orbit
{(2%27 Z%Z)’ (2%2723112) (212, 2?21 (212, 21a), (213, 213), (235, 235 ) (2’%12237 3193); /
(23123 312> (%3195 3123) (2319 3123)} Wlth stabiliser ((R1R2)®) of order ¢

and another orbit {(21,, 213), (212, 235), (231930 213)s (2293 235) } with the same
stabiliser as the original edge.

¢ Ridge orbits There is also one new orbit of ridges

1 .2 5 4 1 2 5 4 ~ e
{(212; 212, 272, 212), (231935 23193> Z5103 Z3123) - Lhis one has stabiliser (R Ra)
of order 2¢’.

This means that, the change in Euler characteristic in the case that the truncation

exist is
1 N 1 N 1 1+ 1 3/1 1 1\2
29”7 q¢  pq 27~ 2\2 p q/)°

3. When the vertex z93 lies beyond the boundary, the parameter ' is positive.

e Vertex orbits There are two new orbits of vertices: {283,2?231} with sta-
biliser (S1, (R351)?) of order rr’ and {235, 235, 22,47, 25,57} With stabiliser
(R3, (S1R3)?) of order pr'.

e Edge orbits There are two orbits of edges which are just the original ones
truncated at one end. There are also two new orbits:

{(zgg,,z%g),(zgg,zg’z,)),(zfzgi,zfzgi) (z %31, 1231)} with stabiliser ((R3S1)%) of
order 7' and {(22;, 23;), (279375 #1937)} With stabiliser (R3S51) of order 2r'.

e Ridge orbits The new orbit of ridges {(23;, 233, 235), (2?2317 25231, 1231)} has
stabiliser (R3S51)? of order 7.

Thus, the change in Euler characteristic is

1 1 11 1 1 3/1 1 1\?
22 eyt ot ! 20 ! 2 )



CHAPTER 4. DERAUX-PARKER-PAUPERT’S ALGORITHM 92

4. In the case of truncation at z34, as the vertex is symmetric to the former, we can
get the resulting change in Euler characteristic by replacing r, 7’ with s, s’. Hence,

2
the change is —% (% -1 1) .

Summarizing all of these results, we get our main theorem.

Theorem 4.8.2. The fundamental domain of a non-elementary group generated by
three complex reflections

Ré) =951 =55 = (R351R352)q =1,
4 4dpr 4dps
I‘:’,4,4;4 = <R37 51,5 (51R352)pq*2ppq*2‘1 = (RgSl)pr*QPP*” = (RgSQ)PS*QPP*ZS =1, >
bra(S1,52), bry(Rs,S1), bra(Rs, S2)

where % + % = é + 14 %, has its Euler characteristic determined by the parameters

!
(p.q,r,s), given by

1 1\? 3. /1 1 1\ 3 /1 1 1\ 3 /1 1
H2/Tyuaa)=3(=—=) —=2&(=->—= ey (e R
X(HE/Tras) 3<2 p) 2§1<2 p Q> 2§2<2 P T> 2§3<2 P

where

OWhen§—5—6<0,
52:{1When%—;—11n>0,
Owhen%—%—%<0,
{3_{1When%—%—%>0,
OWhen§—5—§<0

The theorem agrees with many existing results. For example,

e Theorem 5.3 of [24] has the Euler characteristic formulae

PP H12p-60 (11 1\?
X= 16p?

/1 1\ 11 3\ 1 1/1 1 1\?
- \2 p 2\2 »p 22 2\2 r p/)’

which is one-third of what we have in Theorem in the 3-fold maximally
truncated case because our groups are subgroups of index 3 and thus, have three
times the Euler characteristics. Also, recall that the 3-fold symmetry implies ¢ = %
and % = % + % + %
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e Mostow’s second kind group (Theorem 5.1 in [24]) has the Euler characteristic

formulae
11 1\? Ll(ro1n
X= 2\2 »p r\2 p r
/111 11 1 1
S \2 p 22 2\2 r p) -
This is our 3 fold case where £§; = 0,8 = &3 = 1.

There is also a special case when ¢ < 0, which we do not list here. This will collapse
the ridges on the mirrors of R; and Rs. This will, in opposition to what a truncation
does, add to the value of the Euler characteristic by q%. Some examples for this case are

Livné groups (p; —p, 2, §) and Mostow’s first kind groups (p, ¢, 5, s), both of which have
q < 0.

4.9 Lattices

Now that we have the sets of parameters and their Euler characteristics from Theorem
m we want to identify each of the configurations (p,q,r,s) with a Deligne-Mostow
lattice.

By comparing our parameters to Pasquinelli’s through I'; 4 4 (See Section , the
cone angles
1+1 11 11 11+1 11+1
2 a ¢'2 a2 a2 a bbb ¢

become
<1 1 11 11 11 1 11+1>

20 2 P2 P2 qg

in the 2 fold case. In the 3 fold case, we have the quintuple

which is

in both cases. This complies with the fact that ¢, and s are symmetric. Also, note that
the quintuples can be written in terms of just three parameters from (p, ¢, r, s). Paquinelli
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expresses the lattices in the form of (p*, k, p’) which is (¢,r,p) in our case (although, as
we tend to list our parameters increasingly, taking advantage of the symmetry between
q,r, s, the corresponding parameters may not be in this order, as seen in table 4.2)).
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(p,q,r,5) X | Associated lattice in [21] | Associated volume | Deligne-Mostow lattice
(3,2,4,12) | & (2,4,3) = I(2247.9)
(3,2,6,6) | 15 (6,6,3) 1 r(Ll24d)
(3,3,3,6) | 13 (3,3,3) 1 r(LL3ad)
(3,3,4,4) | & (4,4,3) L T(228,1.7)
(4,2,5,20) | & (4,5) 3 p(3551L1)
(4,2,6,12) | §2 (4,6) 18 r(33378)
(4,2,8,8) | & T(22255)
(4,3,3,12) | & 3,3,4 z r(33558)
(4,3,4,6) | &5 (3,4,4) P (33567
(4,4,4,4) | & r(LL222)
(5,2,10,10) | 55 (10,10, 5) 3 P(28368)
(5,4,4,5) | 400 (4,4,5) 9 /(669910
(6,2,12,12) | % (12,12,6) x [(24407)
(6,3,4,12) | & T (44457
(6,3,6,6) | 1 (6,6) L I(22233)
(6,4,4,6) | £ (4,4,6) 13 T (445:58)
(8,3,4,24) | & F(%)
(8,4,4,8) | 35 T(33:334)
(9,2,18,18) | {5 (18,18,9) i3 I(2L1.1010)
(10,3,5,15) | 1% T(48868)
(10,5,5,5) | = T( 2,2,?2,2)
(12,3,6,12) | % r(35556)
(12,4,4,12) | 3 F(4,4,152,5,6)
(12,4,6,6) | o F(4,5i52,5 5)
(18,3,9,9) % F(2,4,491,4,4)

Table 4.2: Table of possible values for (p, ¢, 7, s) and their corresponding lattices.
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4.10 Conclusion

We considered groups (A, B, C') generated by complex reflections that satisfy the braid
relations bra(B, (), bra(A, B) and bry(A, C). We showed that these groups all contain
a further complex reflection D defined by BACAD = I and so that bry(A, D) and
bro(C, D) are satisfied. Such structure lets us identify the group presentation (when D
is included) to Pasquinelli’s groups ([21],[22]), showing that each such group is isomor-
phic to a group in the family containing Deligne-Mostow groups. We also showed that
B,C, D can be permuted and the group will still retain the same structure except the
orders of the elements, effectively proving that all the Thompson groups of type Eqy are
subgroups of a group of this type. We used this to show that all Thompson groups of
this type are monodromy groups of higher hypergeometric functions.

We then considered a subgroup (Ri, R, R3) of (A, B,C) generated by complex
reflections satisfying the braid relations br,(R2, R3), bra(Ri, R2), bra(Ri, R3) and
bry(R1, Ry ' RaR3). We applied the Deraux-Parker-Paupert algrorithm [I0] to this group
to produce a combinatorial fundamental domain. We were not able to prove that this
combinatorial fundamental domain can be made geometric, but we are able to produce
strong evidence that this may be done. For example, we can compute the orbifold Euler
characteristic of the polyhedron. The condition that this fundamental domain satisfies
the Poincaré polyhedron theorem is equivalent to the Deligne-Mostow group indicated
above satisfying XINT and its orbifold Euler characteristic matches ours.
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