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Abstract: We examine the effects of accelerating both isolated and coupled black
holes in a variety of contexts.

A detailed investigation of the thermodynamic phase space of a charged, rotating,
and accelerating black hole placed in a background of negative cosmological con-
stant is performed, and novel effects due to acceleration are identified. A modified
Christodoulou-Ruffini formula for the solution is shown to hold, providing compelling
evidence that the mass used, identified using holographic techniques, is the correct
one.

Motivated by the holographic results, we then identify the mass of an array of black
holes connected by conical deficits and without cosmological constant, of which the
C-metric is a special case. This mass is shown to obey a first law of thermodynamics,
with the string tensions acting as a thermodynamic charge. The black holes are
coupled in such a way that a variation applied to one affects all of the others. A
similar Christodoulou-Ruffini formula is shown to hold in this context.

We then examine a family of three-dimensional solutions analogous to the four-
dimensional C-metric. We identify three classes of geometry. From these, we con-
struct stationary, accelerating conical deficits; novel one-parameter extensions of
the static BTZ family which resemble the C-metric; and braneworld solutions. We
comment on the extent to which our solutions may be considered “accelerating black
holes”.
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gravitational constant, reduced Planck constant and Boltzmann constant are set to
unity:

c = G = ℏ = kB = 1 .

We work with the mostly-minus signature (+ − − − . . .) for Lorentzian geometries,
with the Einstein summation convention implicit. Component indices may of course
be raised and lowered by contraction with the relevant metric tensor. The action of
general relativity is
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16π

∫
dDx
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(
Tr[g−1R(g)] − 2Λ
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|det g|Lmatter ,

where R(g) is the Ricci curvature of the metric g and where D is the dimension of
the manifold. This gives the equations of motion

R(g) − 1
2gTr[g−1R(g)] + Λg = 8πT ,

with T the stress-energy tensor of the matter Lagrangian-density L. The components
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Chapter 1

Introduction

General relativity [4, 5] is arguably one of the most successful theories in the history
of the physical sciences. From its conception in 1916, the predictions of relativity
have remained unfalsified to the present day. Its early successes reproducing the
perihelion precession of Mercury and predicting the deflection of light on both solar
system [6] and galactic [7] scales have paved the way for increasingly accurate tests
of the validity of the theory. Even in the present day, experimental precision is not
yet sufficient to observe significant incongruities [8].

One of the most striking predictions of the theory is the existence of black holes:
regions of spacetime possessing such a strong gravitational field that not even photons
may escape.

Though difficult to observe directly, there exists a substantial body of evidence
for the existence of black holes. In particular, it is widely believed that at the
centre of Earth’s own galaxy lies a black hole, Sagittarius A*, possessing a mass
around four million times that of the Sun [9–11]. This hypothesis has proven
fruitful in explaining the orbits of stars [12]. Further, as recently as 2015 the first
observations of gravitational waves were performed and accurately explained as a
consquence of binary black hole merger [13]. Even more recently, in 2019 direct
observations of the gravitational lensing of light around an extragalactic object
proposed to be a black hole, Messier 87*, were performed [14–18]. The results
are consistent with modeling the object using the Kerr metric [19], an appropriate
description of the late-time behaviour of a rotating black hole [20, 21]. Additionally,
a number of analogue systems exist [22–26] wherein the dynamics of the theory
may be tested in a laboratory setting. Such analogue systems have been used to
experimentally test a number of relativistic predictions about black holes, including
the spontaneous emission of thermal radiation [27, 28], superradient scattering [29–
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31], and cosmological effects1 arising due to inflation [33].

In some sense, black holes are simple objects. The “no-hair theorems” limit the
number of charges the black hole can carry. Axisymmetric stationary black holes
with matter satisfying reasonable assumptions at infinity are uniquely characterised
by their mass, electric charge(s), and spin(s)2. This simplicity is deceptive, however;
black holes exhibit a variety of complex behaviours. In particular, classically they
obey the laws of black hole mechanics, closely analogous to the laws of thermody-
namics [36]. When one considers quantum effects, these laws are promoted to true
thermodynamic relations. It was discovered by Hawking that stationary black holes
emit black-body radiation [37–39] at a temperature T inversely-proportional to their
mass M :

T = ℏc3

8πGkBM
= 6 × 10−8

(
M⊙

M

)
. (1.0.1)

This discovery paved the way for an entirely new understanding of black objects as
true thermodynamic objects with entropy.

In this thesis we analyse the thermodynamic effect of accelerating a black hole, and
attempt to construct novel models of accelerating objects within general relativity.
In chapter 2, we briefly review the thermodynamic laws which black holes obey. We
then introduce the prototypical model of an accelerating black hole, the C-metric,
in chapter 3. We outline its basic properties and review the formulation of the
first law of thermodynamics and Smarr relation. In chapter 4, an investigation
of the thermodynamic phase space of a charged, rotating, and accelerating black
hole placed in a background of negative cosmological constant is undertaken. We
analytically identify novel critical-points in phase space resulting from acceleration.
We also use the model to add to the body of evidence that black hole mass should be
interpreted as the enthalpy of spacetime. A modified Christodoulou-Ruffini formula

— expressing the enthalpy as a function of other thermodynamic quantities — is
shown to hold, indicating that the solution enthalpy decreases as acceleration is
increased and providing evidence for the mass written in the literature. In chapter
5, we turn our attention to black holes in the absence of cosmological constant. We
consider a static array of collinear black holes, of which the C-metric is a particular
case. A first law of thermodynamics for the system is formulated, and the black
holes are shown to be coupled; a variation of one black hole impacts all the others. A
similar Christodoulou-Ruffini formula for the C-metric is shown in this case. Finally,
in chapter 6, we attempt to identify novel solutions of gravity describing acceleration

1We refer the interested reader to [32] for a review of experimental tests of general relativity on
cosmological scales.

2These theorems are now understood to be somewhat limited [34, 35], although the essential
point is that a typical black hole is characterised by a small number of degrees of freedom.
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so that one may better understand its effects. To this end, we examine a family of
three-dimensional solutions analogous to the four-dimensional C-metric. We find
three classes of geometry. From these, we construct stationary, accelerating conical
deficits; novel one-parameter extensions of the static BTZ family of black holes,
which resemble the C-metric; and braneworld-like solutions. We call into question
the extent to which the black hole solutions may be considered “accelerating black
holes”, as has been suggested in the literature [40].





Chapter 2

Black hole thermodynamics

2.1 Early indications of black hole
thermodynamics

The earliest indication that black holes might be thermodynamic objects was the dis-
covery that, classically, black holes in general relativity obey a set of laws analogous
to the four laws of thermodynamics [36].

Zeroth law: The surface gravity κ remains constant over an event horizon. If the
matter content of the theory satisfies the Null Energy Condition, Tµνvµvν ≥ 0
for all null vectors v, this can be proven when the black hole is either static
[41], or stationary with a (t, φ) → (−t,−φ) reflection symmetry [42, 43]. A
more general proof exists for all stationary solutions if the vector v is instead
timelike [41].

First law: For two parametrically close, stationary, asymptotically flat black holes in
four dimensions, the difference in horizon area is determined by the differences
in mass M , spin J , and electric charge Q [36]:

δM = κ

8πδA+ ΩδJ + ΦδQ , (2.1.1)

where Ω and Φ are potentials associated with the angular and electric charges.
This law also holds for matter falling dynamically across the horizon, if the
black hole returns to a stationary state [44].

Second law: In any classical process, the area of the event horizon cannot decrease
[45, 46]:

δA ≥ 0 . (2.1.2)
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Third law: One cannot reduce the surface gravity of a horizon to zero in a finite
number of steps [47].

Although the two sets of laws look similar, classically these laws are simply a formal
analogy to the laws of thermodynamics. Since classically a black hole can only absorb
matter and radiation, heat can never flow away from the horizon and it must have
zero temperature. However, Bekenstein considered what would happen if an object
was dropped across the horizon. The dropped object has entropy. On the other
hand, both before and after the absorption of the object the black hole is completely
determined by its mass, charge, and angular momentum. This suggests that the
classical black hole has zero entropy and that the second law of thermodynamics
has been violated during the absorption. One should therefore conclude that a
purely classical viewpoint is naïve; the black hole does indeed possess an entropy.
Bekenstein argued [48] that this entropy should be proportional to the area of the
event horizon, a surprise given that entropy is extensive.

This hypothesis was vindicated a year later when Hawking [38] showed that horizons
radiate a black-body spectrum at a temperature proportional to their surface gravity

T = κ

2π . (2.1.3)

For a free field propagating on a classical black hole geometry, Hawking computed
the expected number of particles in each mode at infinity at late times, discovering
that it corresponds to a black body of finite size. Later it was shown [49] that all
properties of the final state are congruent with black-body radiation. The result is
quite general to theories of gravity, relying only on the the analysis of quantum fields
exterior to the horizon; it does not rely on the gravitational field equations. The key
insight in the calculation is that the null energy condition may be violated by the
quantum fluctuations of the field, allowing the classical theorems we have discussed
to be circumvented, allowing the black hole to radiate and decrease in size.

Given that quantum effects grant black holes a true physical temperature and one
should expect a black hole to carry entropy, it is clear that the first law of black
hole mechanics should indicate a true thermodynamic law. Insertion of the Hawking
temperature (2.1.3) into the first law (2.1.1) indicates that one should identify the
constant of proportionality between horizon area and entropy as one quarter:

S = A

4 . (2.1.4)
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2.2 Black hole thermodynamics via the path
integral

A thermal partition function associated with a given Lorentzian gravitational solution
may be attained through a Wick rotation [50].

The partition function for a Euclidean gravitational solution with classical action
I [g, ψi] is given by

Z(β) =
∫

D [g] D [ψi] e−I[g,ψi] . (2.2.1)

The sum is taken over all (smooth) geometries g (and matter fields ψi) with an
isometry along a compact direction with proper length β at infinity. The matter
fields must also satisfy suitable fall-off conditions at infinity. For Lorentzian solutions
with a Killing horizon, a possible conical singularity in the Euclidean section can
appear at what was the horizon’s location. The proper size of the compact direction
shrinks to zero here. To attain a smooth solution, the singularity must be removed
by a particular periodic identification. This required period β may be interpreted as
an inverse temperature [50]. Working in a saddle-point approximation, we consider
the classical contribution which possesses an extremised action.

− logZ(β) ≈ I [g, ψi] . (2.2.2)

This approximation should give a reliable result for weakly curved spacetimes. In-
terpreting Z(β) as the partition function for the canonical ensemble, we can equate
the classical action with the product of the periodicity and Helmholtz1 free energy
F(T ) = E(S) − TS of the system, since

logZ(β) = −βF . (2.2.3)

The energy E and entropy S of the solution may then be calculated via the standard
formulae

E = −∂ logZ(β)
∂β

, (2.2.4)

S = −
(
β
∂

∂β
− 1

)
logZ(β) . (2.2.5)

In order to evaluate the Euclidean action of the gravitational solution one requires
some method of renormalisation, as the quantity is divergent. Early attempts at
this, particularly when working with asymptotically flat space, came in the form

1As we will see later in this chapter, it is technically more correct to say that we are working in
the Gibbs ensemble and that the free energy is the Gibbs free energy; in the absence of pressure
and volume considerations, the two free energies coincide.
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of background subraction [51], where one subtracts from the desired action that
of a reference spacetime, typically flat space, with matching asymptotics. A more
reliable approach—available for asymptotically anti-de Sitter spacetimes—has its
footing in the holographic correspondence [52–54]: it has been shown that the
intrinsic boundary geometry may be used to construct counterterms for the action
which regulate its divergences [55].

This partition function-based approach also neatly illustrates the connection between
horizon area and statistical entropy. Considering only the contribution to the action
from an area of spacetime close to the horizon, we can choose coordinates (τ, r, ϕi)
such that τ parametrises the time-circle, dr is normal to the horizon which lies
at r = r+, and a set of coordinates ϕi parametrise the other dimensions. We may
integrate over a small disk D, centred at the horizon point. The relevant contribution
to the action is the Gibbons-Hawking-York boundary term for the edge of the disk,
necessary to ensure that the action vanishes under arbitrary variations of the metric,

Idisc = 1
8π

∫
∂D
dD−1x

√
dethK , (2.2.6)

where h is the induced metric on D, and K is the trace of the extrinsic curvature
over the boundary. Near the horizon, the metric is approximately ds2 ≈ r2κ2dτ 2 +
dr2 + r2

+dΩ2, where dΩ2 gives the metric on the unit SD−2 ball parametrised by the
ϕi coordinates. Calculating the surface term,

Idisc = − 1
8π

∂

∂ϵ

∫
r=r++ϵ

dD−1x
√

deth = − 1
8π

∂

∂ϵ
(2πϵA) (2.2.7)

By (2.2.5), the Euclidean calculation then gives an entropy which explicitly matches
the numerical factor expected from combining the first law with Hawking’s result
for the temperature:

S = A

4 . (2.2.8)

2.3 Extended thermodynamics

In the thermodynamics we have considered to this point, there is a significant
deviation from terrestrial thermodynamics: the first law for black holes lacks a term
involving pressure and volume. In recent years, an approach to more closely align
the first law of black hole thermodynamics and a typical Clausius-Clapeyron relation
has been investigated by considering the cosmological constant to exert a vacuum
pressure of the form familiar to cosmologists. To exert a positive pressure P on
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spacetime, in this thesis we consider only the case of negative cosmological constant:

P = − Λ
8π > 0 . (2.3.1)

This may then be related to the anti-de Sitter length scale ℓ by

P = (D − 1)(D − 2)
16πℓ2 . (2.3.2)

By embedding the gravitational theory in some more complete theory, one can
envisage the cosmological constant arising as an expectation value from some set of
dynamical fields. In this way, the cosmological constant can evolve in time, providing
a varying pressure for the spacetime. One should then expect such variations to
impact the first law, to providing a novel additive term in the first law. The first
attempts at incorporating the cosmological constant dynamically were performed in
[56, 57], who induced it from a three-form gauge potential coupled to the gravitational
field. This mechanism can be derived from a Kaluza-Klein compactification [58] of
M-theory on S7. The dynamical cosmological constant was then incorporated into
the first law in [59]2. The interpretation of pressure’s conjugate quantity was then
uncovered in [62], wherein a first law and Gibbs–Duhem equation were written down
for static black holes. These results were later generalised to rotating black holes
with electric charge3 [59, 63, 64]. This extended first law reads

δM = TδS + V δP + ΩδJ + ΦδQ , (2.3.3)

where, in the spirit of a typical Clausius-Clayperion relation the conjugate quantity
to pressure

V = ∂M

∂P

∣∣∣∣∣
S,J,Q

(2.3.4)

has the dimensions of a spatial volume. The form of (2.3.3) indicates that, while
traditionally associated with the black hole’s internal energy U , M should more
correctly be identified as a kind of spacetime enthalpy

M(S, P ) = U(S, V ) + PV . (2.3.5)

In constructing a black hole, there is an additional amount of work which need to be
done creating the cosmological environment in which it resides. The two quantities
M and U are, of course, related by a Legendre transformation which allows one to
work with whatever fundamental thermodynamic relation one prefers.

The novel pressure-entropy terms in the state function widen the thermodynamic

2See also [60, 61] for a similar investigation with a modern perspective.
3Such black holes may possess up to ⌊(D − 1)/2⌋ independent rotations; we include only one.
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phase spaces of black holes significantly, aligning them much more closely with the
familiar phase spaces of chemical reactions. The field of examining black holes
from this perspective was hence christened black hole chemistry [65, 66]. To date,
a number of novel behaviours have been found within this framework. Notably,
charged, static black holes with anti-de Sitter asymptotics obey an equation of state
qualitatively similar to the van der Waals equation, and exhibit a first-order phase
transition between small and large black holes [67, 68]. There is a critical point
at one end the coexistence curve between the two phases, at which the transition
becomes second-order and which possesses mean-field exponents. The system closely
mimics the liquid-gas transition of an interacting fluid4.

One might reasonably wonder if the enthalpy is the “true” energy of the black hole.
Indeed, Gwak [70] argued that dropping electrically charged test particles into a near-
extremal electrically charged black hole violates the second law of thermodynamics.
Similar contradictions were subsequently acknowledged in a number of scenarios [71–
79]. Gwak assumed that, in the extended thermodynamics framework, the energy of
the particle should be converted to internal energy within the black hole. The issue
was rectified by Hu et al. [80], who argued that—since it is the quantity calculated
as a conserved charge at the boundary—the enthalpy M is the true measure of the
energy of the spacetime and matter or radiation which imparts energy to the black
hole should contribute it to the enthalpy of the geometry. When this is the case,
there is no guaranteed violation of the second law; the area of the horizon should
increase in accordance with Hawking’s area theorem. A review of this argument is
given in appendix A. We return to this point in chapter 4 where we argue similarly
that a Penrose process must extract enthalpy from spacetime. These arguments give
a clear indication that the true measure of a system’s gravitational energy is it’s
enthalpy.

One straightforward way to see that the thermodynamic pressure and volume must
enter the laws of black hole thermodynamics is to consider the Gibbs–Duhem relation,
which in the context of black hole thermodynamics is usually referred to as the “Smarr
relation” [81]. The following argument was proposed in [82]. A function f , dependent
on some set of parameters Qi, is homogeneous if it satisfies

αa0f(Qi) = f(αaiQi) (2.3.6)

for all non-zero scalars a0 and ai with i ∈ {1, . . . , N}. By taking the derivative with

4It is even possible to reverse engineer a black hole, coupled to well-behaved matter, which
obeys exactly the van der Waals equation of state [69].
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respect to α, we see that f satisfies the scaling relation

a0f(Qi) =
N∑
i=1

ai

(
∂f

∂Qi

)
Qi . (2.3.7)

Assuming the back hole mass to be a homogeneous function of the entropy, pressure,
and charges M = M(S, P, J,Q), Considering the dimensionalities of the various
quantities leads one to conclude that

(D − 3)M = + (D − 2)
(
∂M

∂S

)
S + (−2)

(
∂M

∂P

)
P

+ (D − 2)
(
∂M

∂J

)
J + (D − 3)

(
∂M

∂Q

)
Q . (2.3.8)

The usual definitions of conjugate quantities, T = ∂M
∂S

∣∣∣
P,J,Q

, Ω = ∂M
∂J

∣∣∣
S,P,Q

, Φ =
∂M
∂Q

∣∣∣
S,P,J

, then give the Smarr relation

M =
(
D − 2
D − 3

)
(TS + ΩJ) −

( 2
D − 3

)
V P + ΦQ . (2.3.9)

Though the argument just given relies on the assumption that M is homogeneous of
degree one half, it has been shown to hold directly for a wide variety of gravitational
theories and solutions, including typical rotating, charged black holes with compact
horizons [82], eternal black holes with a positive cosmoligcal constant [83], black
holes evolving in cosmological enviroments [84], and three-dimensional topological
black holes [85, 86]. Further, for theories with Killing vectors, it is possible to argue
the Smarr relation from a geometric perspective. The argument is cleanest in the
language of differential forms; we follow [87].

Consider a stationary, axisymmetric vacuum black hole with horizon generated by
the vector field

η = k + Ωm, (2.3.10)

where m is a Killing vector generating rotations in some spatial two-plane, k is
a Killing vector which is timelike at infinity, and Ω is the angular velocity of the
horizon. The vector field η is Killing so satisfies ∇ · η = 0 and ∇2 · η = −R(g) · η.

Consider first the Ricci-flat case. Translating the relation for a Killing vector that
we just wrote down, the horizon generator’s dual one-form η♭ satisfies d ⋆ dη♭ = 0.
After integration over some spacelike hypersurface Σ extending between the horizon
and infinity, one can apply Stokes’ theorem to find

0 =
∫
∂Σ
⋆dη♭ =

∫
⋆dη♭ −

∫
S∞

⋆dη♭ , (2.3.11)

where H is a spacelike slice of the horizon and S∞ is the (D − 2)-sphere at spatial
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infinity. The integrals over S∞ define two quantities conserved under translations in
time [88, 89], the mass M and angular momentum J :

M = − (D − 2)
16π(D − 3)

∫
S∞

⋆dk♭ , J = 1
16π

∫
H
⋆dm♭ . (2.3.12)

It was shown in [36] that the integral over H gives a product of the horizon surface
gravity and area, which we identify as the temperature and entropy by the arguments
of the previous section:

1
16π

∫
H
⋆dη♭ = TS . (2.3.13)

Combining these results brings (2.3.11) straightforwardly into the form of the Smarr
relation

(D − 3)M = (D − 2) (TS + ΩJ) . (2.3.14)

The preceding argument extends to the case of a negative comological constant [62].
As we stated, η is Killing and so satisfies d ⋆ η♭ = 0. Hence, locally there exists a
two-form ωη such that η♭ = ⋆d⋆ωη. This two-form may be added to the integrands of
(2.3.12) to form similar conserved charges in an asymptotically anti-de Sitter space
[90, 91]. In the presence of a cosmological constant, the Einstein equations imply
R(g) = 2(D − 2)−1Λg so the horizon generator now satisfies d ⋆ dη♭ + 2Λ ⋆ η♭ = 0.
Employing the definition of ωη we get

d ⋆ dη♭ + 2Λd ⋆ ωη = 0 . (2.3.15)

Integrating similarly to the Ricci-flat case, we may break the integral up into four
terms:

0 =
∫
S∞

(
⋆dk♭ + 2Λ ⋆ ωη

)
+ Ω

∫
S∞

dm♭ +
∫

H
⋆dη − 2Λ

∫
H
⋆ωη , (2.3.16)

Of course, ωη is not unique. There exist translations by a one-form ωη → ωη+ν which
leave the right hand side of (2.3.16) invariant. Firstly, if ν is co-exact, ν = ⋆d ⋆ ξ for
any three-form ξ, then the integral of ⋆ωη over either S∞ or H is invariant by Stokes’
theorem. Secondly, if ν is co-closed, d ⋆ ν = 0, then although each of the integrals∫
S∞ ⋆ωη and

∫
H ⋆ωη are altered, their difference remains invariant, since∫

S∞
⋆ωη −

∫
H
⋆ωη =

∫
Σ
d ⋆ ν = 0 . (2.3.17)

We seek to interpret the four terms in (2.3.16) similarly to those in (2.3.11). Firstly,
the solution’s angular momentum may be defined as in (2.3.12). The result (2.3.13)
may also be used. On the other hand, the integral

∫
S∞ ⋆dk♭ is divergent so we cannot

define mass as we did for the Ricci flat black hole. However, the integral
∫
S∞ ⋆ωη

is also divergent. The relation (2.3.16) guarantees that the two conspire in such a



2.3. Extended thermodynamics 13

way that the combination
∫
S∞

(
⋆dk♭ − 2Λ ⋆ ωη

)
is finite. However, as we remarked,

this combination is not invariant under gauge transformations of ωη; the best be
can do is to choose a gauge in which − (D−2)

16π(D−3)
∫
S∞

(
⋆dk♭ − 2Λ ⋆ ωη

)
is coincident

with the correct mass, which must be determined by another method, typically
holographically as we discuss in section 2.3.1. In this gauge, a definition of the
thermodynamic volume is

V = 2 −D

16π

∫
H
⋆ωη . (2.3.18)

2.3.1 Calculating gravitational mass

Although the Komar integral may be used to calculate gravitational mass in Ricci-flat
spacetimes possessing a Killing vector which is timelike at spatial infinity, in section
2.3 we described how this process can fail in the presence of a negative cosmological
constant. Fortunately, in asymptotically (locally) anti-de Sitter spacetimes we have
another route to the black hole mass. This technique has its roots in the “holographic
correspondence” which posits an equivalence between the partition functions of
(certain) theories of quantum gravity in D dimensions and an ordinary quantum
field theory in D − 1 dimensions [52, 53].

As mentioned in section 2.2, the addition of counterterms is necessary to ensure
finiteness of the Euclidean action

I = 1
16π

∫
M
d4x

√
g
[
R(g) + 6

ℓ2

]
+ 1

8π

∫
∂M

d3x
√

|h| K − 1
8πIct . (2.3.19)

Here, K is the trace of the extrinsic curvature of the boundary metric h. The
counterterms Ict necessary to remove the divergences are quantities constructed
from the intrinsic geometry h of the conformal boundary.

We assume that the manifold we are dealing with is the interior of a manifold with
boundary, and that the bulk metric g has a second order pole at the boundary.
We then assume there exists a defining function z which is positive in the interior,
vanishing at the boundary, and for which the exterior derivative of which is non-
vanishing at the boundary, such that z2g smoothly extends to the boundary and
is non-degenerate there. We call such a manifold “asymptotically locally anti-de
Sitter” [92]. There are infinite possible defining functions z, and so the boundary
is equipped with a family of conformally equivalent metrics, known as a conformal
structure.
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The minimal counterterm action, in various bulk dimensions D, is given by [55]

Ict =



∫
∂M

d2x
√

−h
(1
ℓ

)
, D = 3 ,∫

∂M
d3x

√
h

(
2
ℓ

+ ℓ

2R(h)
)
, D = 4 ,

∫
∂M

d4x
√

−h
(

3
ℓ

+ ℓ

4R(h)
)
, D = 5 ,

∫
∂M

dD−1x
√

|h|
(
D − 1
ℓ

+ ℓ

2 (D − 3)R(h) + . . .

)
, D > 5 .

(2.3.20)

In the above, ellipses denote additional counterterms which are higher-than-first-
order in the boundary Ricci curvature.

Variation of the complete counterterm action in the usual way defines a stress-energy
tensor [93] from which a conserved charge associated to a given Killing vector of the
boundary theory may be calculated [51]. Explicitly, the stress tensors relevant for
our purposes in later chapters are:

Tµν = 1
8π


− (Kµν − Khµν) − ℓ−1hµν , D = 3 ,

− (Kµν − Khµν) − 2ℓ−1hµν

+ ℓ
(
R(h)µν − 1

2R(h)hµν
)
, D = 4 .

(2.3.21)

Note that the metric h diverges as z−2 as the conformal boundary is approached
z → 0. We may multiply through by the defining function squared to define a finite
stress tensor associated with the manifold’s conformal structure. A conserved charge
[51] associated with a killing vector η is given by [93]

Q[η] =
∫

Σ
dD−2x

√
σ (u · T · η) , (2.3.22)

where σ is the induced metric on, and u is the future-pointing unit normal to, a
time-slice Σ of the boundary geometry. Once a suitable generator η of a timelike
isometry of the boundary geometry has been identified, one attains a mass.

It should be noted that other means of calculating conserved quantities in asymp-
totically anti-de Sitter spaces have been attempted. In particular, in the literature
surrounding the four-dimensional accelerating black hole we discuss in chapter 3, a
definition of mass exploiting the conformal structure of the boundary due to Ashtekar
and Das [94] is sometimes encountered. While this may be viewed as an alternative
(equivalent) approach for a theory with an odd dimensional boundary, for black holes
with even dimensional conformal boundaries it has been shown to fail to reproduce
the appropriate conserved charge [95, 96]. This is due to the counterterms breaking
conformal invariance in the boundary theory in these cases.
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2.3.2 The Reverse Isoperimetric Inequality

The nature of thermodynamic volume is not well understood. A number of attempts
at relating thermodynamic volume to a purely geometric quantity have been attemp-
ted, including attempts to compute the volume by integrating “inside the horizon”
[97–99], attempts at defining an internal volume of the black hole using quantities
defined outside the horizon [100], and attempts based on dynamical considerations
[101]. None of these are particularly compelling; they all fail to reproduce the ther-
modynamic volume of desirable spacetimes, in particular that of Kerr-AdS. The
best definition we have available is the one utilising the Killing co-potential (2.3.18),
which is not entirely geometric as it relies on one’s ability to define the spacetime
mass. That said, there is some understanding of the behaviour of the thermodynamic
volume. We now discuss a conjecture relating it to the area of the horizon.

The Isoperimetric Inequality states that the area of a two-dimensional shape is
maximised when its perimeter forms a circle. The higher-dimensional analogue of
this statement is that a (D − 1)-dimensional closed volume V and the (D − 2)-
dimensional volume A of its boundary are related by

Π ≡
(

(D − 1) V

vD−1

) 1
D−1 (vD−1

A

) 1
D−2

≤ 1 , (2.3.23)

where vn is the volume of an n-dimensional unit ball:

vn = π
n
2 +1

Γ
(
n
2 + 1

) . (2.3.24)

It was noticed in [87] that, at fixed thermodynamic volume, compact black holes
seem to have maximal entropy when static. This led to the conjecture that for
asymptotically anti-de Sitter black holes, the Reverse Isoperimetric Inequality holds
between the thermodynamic volume V and horizon area A:

Π ≥ 1 . (2.3.25)

The conjecture has been shown to hold in a variety of contexts, including compact
black holes with spherical horizon topology [87], and ultraspinning black rings with
toroidal horizon topology [64]. Even apparent exceptions to the hypothesis [102, 103],
for which the black hole horizon is non-compact, have since had their incongruity
resolved [104]. We will return to this conjecture in chapter 4, where we shall prove
it for accelerating black holes.





Chapter 3

Accelerating black holes in four
dimensions

3.1 Overview

In order to investigate the effects of accelerating a black hole, one requires a suitable
model. This is provided by the C-metric, the prototypical model of a stationary
black hole undergoing acceleration. The C-metric, in its most simple form, consists
of a compact black hole horizon with the topology of a two-sphere less two points.
At these antipodal points, one finds conical singularities which extend outwards in
opposing directions. These topological defects are under tension, and an imbalance
in the two provides a force of acceleration and distorts the horizon. The C-metric
also has generalisations which include rotational and electromagnetic charges. In
this chapter we will refer to a number of these as “the C-metric”; the geometry under
consideration should be clear from context.

The conical singularities may be considered first-order approximations to physical
objects, such as finite-width cosmic strings [105] and magnetic flux tubes [106]. These
physical objects are examples of topological defects, solitonic solutions to field theories
which can arise when the vacuum manifold possesses a non-trivial fundamental group
[107]. Specifically, a (local) cosmic string is an approximately two-dimensional object
(with local support in the transverse directions), which may arise when one couples
the gravitational field to other matter.

The prototypical model of such a string is the Nielsen-Olesen vortex [108], a solution
to the Abelian-Higgs model in which the phase of the Higgs scalar field winds around
a line-like “core”. Both the U(1)-gauge and Higgs modes are strongly localised,
decaying rapidly in directions orthogonal to the core. This decay is exponential in
the absence of a cosmological constant, with a rate set by the mass of the Higgs
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[109, 110]. The spacetime away from these localised matter fields is curvature-free,
(save for a possible contribution from a cosmological constant). However, the proper
circumference of a circle enclosing the string is found to be in proportion to its proper
radius from the core by a factor not-equal to 2π. For a string of positive energy
density, the circumference is found to be “shortened” by a quantity proportional to
that energy density. The core is thus referred to as a conical deficit.

When observed from a distance, the key attributes of a cosmic string are then en-
capsulated in the behavior of the conical defect. Thus, by constructing models of
spacetimes containing cosmic strings, one can begin to understand the interactions
between strings and black holes. In particular, one can gain insight into the thermo-
dynamic behavior of these objects. Further support for this approach arrived with
the discovery of solutions of Einstein-Maxwell theory for which the Nielsen-Olesen
vortex passes through the horizon of a black hole without incident [111–113]. The
C-metric is one such solution [105].

In the rest of this chapter, we introduce the C-metric in its generalised form. We
present its basic attributes in section 3.2, before specialising to the case of negative
cosmological constant in section 3.3. We explain the existence of a phase in which
the acceleration of the black hole is low enough that the solution exhibits a single,
isolated, compact horizon, and review some recent success in understanding the
thermodynamic behaviour of the solution in this phase.

3.2 The Plebański-Demiański solution

Though the static form of the C-metric has been known for over a century [114], it
has more recently been shown by Plebański and Demiański [115] (and independently
by Debever [116]) that a broader class of solutions exhibiting both electromagnetic
and rotational charges exists. In fact, this generalised solution accommodates the
existence of a non-zero cosmological constant. This possibility of forming a C-
metric-like solution with Anti-de Sitter asymptotics [92] later proved invaluable in
formulating a consistent thermodynamic description of such systems. We will discuss
these developments in section 3.3.

We wish to understand the interplay between acceleration and other charges so we
take the Plebański-Demiański metric [115] as our starting point. It reads

ds2 = 1
(x− y)2

 P (y)
1 + (xy)2

[
dτ + x2dσ

]2
− 1 + (xy)2

P (y) dy2

− 1 + (xy)2

Q(x) dx2 − Q(x)
1 + (xy)2

[
y2dτ − dσ

]2 , (3.2.1)



3.2. The Plebański-Demiański solution 19

with metric functions

P (y) = −
(

Λ
3 + κ

)
+ 2ny + εy2 + 2my3 +

(
κ+ e2 + g2

)
y4 ,

Q(x) = κ− 2nx− εx2 − 2mx3 −
(
κ+ e2 + g2 + Λ

3

)
x4 ,

(3.2.2)

and associated gauge field

B = ey

1 + (xy)2

[
dτ + x2dσ

]
+Bτdτ +Bσdσ + gx

1 + (xy)2

[
y2dτ − dσ

]
. (3.2.3)

We have chosen to parametrise the metric functions slightly differently to the original
form [115]. However, the salient point is that P and Q are each are fourth order
polynomials. Note that any choice of Bt and Bσ will solve the equations of motion in
some region, though there is no choice of both which makes B globally well defined
for non-zero magnetic charge. Though x and y are dimensionless coordinates, the
Plebański-Demiański form of the solution has the unfavourable attribute that both
τ and σ have dimensions of length squared. One may resolve this by introducing two
length scales to the system via new parameters, a and A. These possesses dimensions
of length and inverse length, respectively, and we refer to them as the rotational and
acceleration scales. One may now form dimensionless coordinates

x → (aA)
1
2 x , y → (aA)

1
2 y , τ →

(
a

A3

) 1
2
τ , σ →

(
a

A3

) 1
2
σ , (3.2.4)

and introduce dimensionless parameters and metric functions

m →
(
A

a

) 3
2
m, n →

(
A

a

) 1
2
n , e →

(
A

a

)
e , g →

(
A

a

)
g ,

ε →
(
A

a

)
ε , κ → A2κ , P → A2P , Q → A2Q .

(3.2.5)

The line element then takes the form [117]

ds2 = 1
A2 (x− y)2

 P (y)
1 + (aAxy)2

[
dτ + aAx2dσ

]2
− 1 + (aAxy)2

P (y) dy2

− 1 + (aAxy)2

Q(x) dx2 − Q(x)
1 + (aAxy)2

[
aAy2dτ − dσ

]2 , (3.2.6)

with metric functions

P (y) =
( 1
A2ℓ2 − κ

)
+ 2n
A
y + εy2 + 2mAy3 + A2

(
κa2 + e2 + g2

)
y4 ,

Q(x) = κ− 2n
A
x− εx2 − 2mAx3 +

(
a2

ℓ2 − A2
(
κa2 + e2 + g2

))
x4 .

(3.2.7)
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The gauge field must also be updated:

B = ey

1 + (aAxy)2

[
dτ + aAx2dσ

]
+Bτdτ +Bσdσ

+ gx

1 + (aAxy)2

[
aAy2dτ − dσ

]
. (3.2.8)

Again, any reasonable choices of Bτ and Bσ solve the equations of motion in some
region.

This general metric has two disjoint Killing horizons at x = ±1. These are known
as Misner strings—massless, singular sources of angular momentum [118–120]—and
introduce significant complications to the thermodynamic analysis [121, 122]. As
we are interested in understanding acceleration only, we will consider only the case
for which this “NUT charge“ vanishes [115]. This in general requires a particular
choice of n. See [123, 124] for studies of accelerating black holes possessing NUT
charge. After removing the NUT charge, the parametrisation above is in keeping with
[125] and, as we will see later when the true physical quantities of the solution are
calculated, allows one to interpret m,A, a, e, and g as measures of mass, acceleration,
rotational charge, electric charge, and magnetic charge respectively [126, 127].

One will note that there are two parameters we have not yet discussed: κ and ϵ. In
fact, by examining the curvature invariants of the spacetime, one finds that these
are entirely gauge. There are two common choices of these parameters. The most
obvious is to take

κ = 1 , ε = 1 . (3.2.9)

In this case we must set n = 0 to remove the Misner strings [117]. Upon taking
the limit a → 0, this gives the (non-rotating) C-metric in a form familiar to most
relativists: the one originally written down by Kinnersley and Walker [128] in Ricci-
flat space and subsequently generalised to the case of non-zero cosmological constant
by Griffiths and Podolsky [126]:

ds2 = 1
A2 (x− y)2

P (y)dτ 2 − dy2

P (y) − dx2

Q(x)dx
2 −Q(x)dσ2

 , (3.2.10)

with metric functions

Q(x) = 1 − x2 − 2mAx3 − A2
(
e2 + g2

)
x4 ,

P (y) = 1
A2ℓ2 −Q(y) .

(3.2.11)

While common in the literature, the form of the C-metric using the gauge (3.2.9) is
less than intuitive, in part due to the unwieldy structure functions. It was shown by
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Hong and Teo that for the non-rotating case a = 0, an alternative gauge fixing allows
the structure function Q(x) to be (at least partially) factorised [129]. This result
has since been generalised to the cases of rotation without cosmological constant
[130], rotation with cosmological constant [125], and rotation without cosmological
constant but with NUT parameter [124]. It seems probable that factorisation of
Q(x) will soon be achieved for the general Plebański-Demiański solution. We quote
the second of these results, as it is general enough for our purposes:

κ = 1 , ε = 1 + a2

ℓ2 − A2
(
a2 + e2 + g2

)
. (3.2.12)

To remove the NUT charge in this instance, one must set n = −mA2. The metric
takes the form (3.2.6) with the metric functions

Q(x) =
(
1 − x2

)(
1 + 2mAx+

(
A2(a2 + e2 + g2) − a2

ℓ2

)
x2
)
,

P (y) = 1 + a2A2y4

A2ℓ2 −Q(y) .
(3.2.13)

The discovery of this factorisation of Q(x) also had the unforeseen consequence that
one can now easily recognise that the geometry forms an extension of a well-known
family of black holes by making the following transformation to Boyer-Lindquist
coordinates (t, r, θ, φ) [115, 125, 128]:

τ = A
(
t

α
− a

φ

K

)
, y = − 1

Ar
, x = cos θ , σ = φ

K
. (3.2.14)

Here, α is some as yet undetermined dimensionless quantity which we may insert by
exploiting the isometry generated by the Killing vector ∂t. A particular value will
prove necessary for the discussion of thermodynamics later in the chapter; at this
point it is immaterial. We have also introduced a dimensionless parameter K such
that the period of φ is 2π. K typically tracks the presence of conical deficits in the
spacetime and thus has physical content. The line element is now

ds2 = 1
H2

f(r)
Σ

[
dt

α
− a sin2 θ

dφ

K

]2

− Σ
f(r)dr

2

− Σ
g(θ)r

2dθ2 − g(θ)
Σ

sin2 θ

r2

[
a
dt

α
− (r2 + a2)dφ

K

]2
 , (3.2.15)
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with metric functions given by

f(r) = (1 − A2r2)
[
1 − 2m

r
+ a2 + e2 + g2

r2

]
+ r2 + a2

ℓ2 ,

g(θ) = 1 + 2mA cos θ + (Ξ − 1) cos2 θ ,

Σ = 1 + a2

r2 cos2 θ , H = 1 + Ar cos θ ,

Ξ = 1 +
(
e2 + g2

)
A2 − a2

ℓ2 (1 − A2ℓ2) .

(3.2.16)

Notice that a limit A → 0 of the geometry exists. By the translational symmetry
of φ, one may then choose K = Ξ to recover the Kerr-Newmann geometry with a
cosmological constant [131], describing a charged and rotating black hole. Of course,
by setting either or both of a and the pair e and g to zero, one can recover the
Kerr [131–134], Ressiner-Nordström, or Schwarzschild solutions with a cosmological
constant. One may then formally take the AdS length scale to infinity to attain their
asymptotically-flat counterparts. Given this limit, it seems appropriate to consider
a, e, and g to be rotational, electric, and magnetic parameters respectively. We will
soon calculate the true conserved charges and show that this is justified. The gauge
field associated with the line-element (3.2.15) is

B = − e

Σr

[
dt

α
− a sin2 θ

dφ

K

]
+ Φtdt+ g cos θ

Σr2

[
a
dt

α
− (r2 + a2)dφ

K

]
. (3.2.17)

For concreteness, we now choose to make specific choices of Bτ and Bσ, encoded in

Φt = er+

α (a2 + r2
+) , (3.2.18)

such that the gauge potential −η · B vanishes on the surface r = r+. Here, η is
normal to the surface.

3.3 Properties of the C-metric with negative
cosmological constant

We now examine the properties of the charged, rotating, C-metric with a negative
cosmological constant, described by equations (3.2.15), (3.2.16), and (3.2.17). We
require the solution to describe a compact black hole horizon, disjoint from the
boundary. As we will see, there may also be a non-compact “acceleration horizon”
in the space, for certain choices of parameters.

As is common, and without loss of generality, we take a non-negative acceleration
parameter A. Similarly, we also consider e and g non-negative. A change in the sign
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of a may be compensated by a change in the sign φ; we have the freedom to choose
a ≥ 0. Finally, flipping the sign of m may be compensated by similar redefinitions
of the coordinates r and θ. We thus have the freedom to take m ≥ 0.

The metric (3.2.15) has coordinate singularities at θ = 0, π. These dictate the north
and south poles of our black hole; we thus require g(θ) > 0 on (0, π). The non-zero
components of the Weyl and Ricci curvature tensors are [125]

Ψ2 =
(
H(e2 + g2)
r − ia cos θ − (1 + iaA)

)(
H

r + ia cos θ

)3
,

Φ11 = e2 + g2

2

(
H2

r2Σ

)2

,

Λ = − 3
ℓ2 .

(3.3.1)

There is thus a Kerr-like ring singularity at r = 0, θ = π/2. The maximal range of r
is then

0 < r < r∞ where

− 1
A cos θ if θ > π

2 ,

∞ otherwise .
(3.3.2)

Positivity of the conformal factor H, constrains Ar cos θ < 1 and sets the location
of the conformal boundary rbd. = −1/A cos θ. In some sense, for θ ≤ π/2, the
conformal boundary is situated “beyond infinity” in these coordinates. The true
location of the boundary is more clearly expressed in the coordinates (3.2.6), for
which the boundary is defined by the surface x = y. Since we require a black hole,
we demand that f have a root r+ for r+ > 0 for which f ′(r+) > 0. Roots of f define
null hypersurfaces in the spacetime; the surface r = r+ is the black hole horizon and
has normal η = ∂t + Ωr+∂φ, where

Ωr+ = aK

α (r2
+ + a2) (3.3.3)

is the angular velocity of an observer at the horizon moving on an orbit of η with
respect to a stationary observer. The region between r+ and either a larger root of
f or the conformal boundary is then the immediate black hole exterior.

These constraints restrain the metric parameters significantly. First, g(θ) ≥ 0 gives
a bound on the possible values of the dimensionless mass:

mA <

Ξ/2, for Ξ ∈ (0, 2],
√

Ξ − 1, for Ξ > 2.
(3.3.4)

However, the fact that the black hole horizon does not intersect the boundary requires
Ar+ < 1, hence the Kerr-Newman potential multiplying (1 − A2r2

+) in f(r+) = 0
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must be negative. This in turn requires

m2 > a2 + e2 ⇒ m2A2 > Ξ − 1 + a2

ℓ2 > Ξ − 1 . (3.3.5)

Thus, by comparison with (3.3.4), we see that Ξ > 2 is not allowed. Hence

mA ≤ Ξ
2 < 1. (3.3.6)

Another significant constraint one can impose is that the black hole be slowly ac-
celerating. Usually, an object under uniform acceleration will have an acceleration
horizon, as ultimately the object will asymptote the speed of light. In particular this
is true for the Ricci-flat C-metric attained by formally taking the ℓ → ∞ limit of
(3.2.15). However, in AdS spacetime, the negative curvature of the space means that
an isolated black hole held a fixed finite displacement from the centre of the space-
time can actually undergo uniform acceleration, if the parameter A is small enough.
This means its (Boyer-Lindquist) time coordinate is proportional to the asymptotic
time for an observer near the conformal boundary. This régime of accelerating black
hole solutions that are truly static with respect to an observer at the boundary are
called slowly accelerating black holes [135]. For the black hole to be isolated in this
way (i.e. the only event horizon being that of the black hole) we require no zeros of
f on the boundary. Define a function

Υ(x) = 1 + a2A2x4 − A2ℓ2Q(x) , (3.3.7)

where Q(x) is given by equation (3.2.13). The slow acceleration condition is then
the straightforward algebraic bound

Υ(x) > 0 . (3.3.8)

This condition must of course be satisfied in conjunction with the existence of a
black hole horizon. This is a rather involved set of constraints which are most easily
examined numerically. This has been done in considerable detail in the literature
[136]. We make some general comments here. Roughly speaking, the criterion for
slow acceleration is that the scale set by acceleration A−1 is much larger than the
AdS radius: Aℓ ≲ 1. The true limit is dependent on the mass, charge, and angular
momentum of the black hole. As the acceleration increases, the position of the
suspended black hole moves closer to the boundary until at Aℓ ∼ 1 there is a shift in
the global structure of the spacetime and for Aℓ ≳ 1, the black hole now accelerates
in from, and out to, the AdS boundary. See [137] for a discussion of the causal
structure of the C-metric.

In this slowly accelerating régime, one can make a straightforward argument that
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x
′  1  x

x=π/5

x=2π/5

x=3π/5

x=4π/5

x
′  π  x

y<0

y=0

y>0

r=∞

(a) Aℓ = 0.3

x
′  1  x x=π/5

x=2π/5

x=3π/5

x=4π/5
x
′  π  x

y<0

y=0

y>0

r=∞

(b) Aℓ = 0.9

Figure 3.1: Anti-de Sitter space in slowly accelerating coordinates.
Lines of constant x (equivalently θ) are shown in solid
blue. Lines of constant y (equivalently r) are shown
in dashed orange. y → −∞ (r = 0) is shown as an
off-centre point, while y = 0 (r → ∞) is denoted in
dashed black.

the black hole is accelerating [135]. Consider the non-rotating, vacuum black hole,
defined by a = 0, e = 0, and g = 0. Consider making the horizon radius incredibly
small by taking the limit m → 0. A particle at a fixed radius r = r0 then follows a
well-defined worldline with normalised four-velocity

uµ =
 αH√

f(r)
, 0, 0, 0

µ ∣∣∣∣∣∣
r=r0

. (3.3.9)

Calculating the magnitude of the associated four-acceleration aν = uµ∇µu
ν at the

black hole’s location yields |a| = A [135]. We see that the local acceleration of the
small black hole is exactly given by the acceleration parameter. The geometry of
this argument is shown in figure 3.1, where we show the extent of Boyer-Lindquist
coordinates. The small black hole is drawn closer to the boundary as A increases.
As A → 1, the black hole merges with the boundary and black hole ceases to be
slowly accelerating.

Though we have established that the black hole is accelerating, we have not yet
provided a mechanism for the acceleration. The acceleration in the C-metric is
provided by two line-like topological defects. There exist other mechanisms—for
example immersion of the black hole in an external electromagnetic field [138–144]—
however such solutions typically exhibit undesirable behaviour at infinity. The
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C-metric possess up to two topological defects: one lying along the North pole
θ = θ+ ≡ 0 and the other along the South pole θ = θ− ≡ π. As remarked earlier,
such deficits are interpreted as cosmic strings emerging from the black hole [145],
as the conical deficits can be smoothed out by a typical cosmic string core [105,
111–113]. A conical deficit betrays a ratio of (proper) circumference about a point
to the (proper) radius to that point which differs from 2π. The presence (or not) of
conical deficits is revealed by expanding the angular components of the metric near
each axis:

dθ2 + (h(θ) sin θ)2 dφ
2

K2 ∼ d(θ − θ±)2 + (Ξ ± 2mA)2 (θ − θ±)2dφ2 . (3.3.10)

The ratio of proper circumference to radius is then

C
R

= 2π
(Ξ ± 2mA)K

(
h(θ) sin θ
θ − θ±

)
, (3.3.11)

This quantity is then demonstrably not equal to 2π at the points θ = θ±. The
deviation from the expected result, δ = 2π − R−1C dictates the tension µ in the
string via δ = 8πµ. Calculating the deficits along the North and South axes gives:

µ± = δ±

8π = 1
4

[
1 − Ξ ± 2mA

K

]
. (3.3.12)

Often in the literature, K is chosen such that µ+ vanishes. This regularises the North
axis. Note that for A ̸= 0, no choice of K is possible which regularises both poles
simultaneously. We do not wish to entangle the physics of deficits with the physics
of acceleration so will not restrict ourselves thus and instead allow both tensions to
vary. There is clearly a sense in which K = Ξ(1 − 4µ̄)−1 tracks the average tension
µ̄ between the two deficits, while the acceleration parameter tracks the difference in
tensions via mA = (µ− − µ+)K.

3.3.1 Thermodynamics of the C-metric in anti-de Sitter
space

We now turn a discussion of the thermodynamics of the system. Given that increasing
the acceleration parameter from zero distorts the event horizon, it is clear that the
thermodynamic parameters of the solution must change. In fact, even the simple
act of adding an average deficit through the Kerr-Newmann-AdS solution alters the
horizon area, and thus the entropy, of the black hole by a factor of K. This suggests a
question: after determining how all of the thermodynamic charges should be modified
by the introduction of parameters K and A, does the first law of thermodynamics
still hold? This question was first posed for static black holes in [146] with the
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answer in the affirmative if the conical defects remain fixed. This breakthrough
owed its success to the existence of the slowly accelerating phase of the C-metric
with negative cosmological constant. As we remarked, in this phase there is a single,
compact, black hole horizon and there are no acceleration horizons. This renders all
thermodynamic quantities calculable with current technologies; there is no consensus
in the literature regarding the correct way to calculate thermodynamic quantities
for solutions with non-compact horizons [147]. In fact, choosing to fix the conical
deficits obscured the more general result that the first law still still holds when the
tensions are allowed to vary [148, 149]. In this case, each string tension acts like a
thermodynamic charge in the first law, with an associated conjugate quantity: the
thermodynamic length. A similar conjugate quantity with dimensions of length was
later shown to hold for more general stationary solutions [150, 151]. We now review
this general result for the geometry (3.2.15) in its slowly accelerating phase.

The entropy of the solution is the easiest quantity to calculate, being simply given
by one quarter of the area of the black hole horizon:

S =
π
(
r2

+ + a2
)

(1 − A2r2
+)K . (3.3.13)

The temperature of the black hole is also straightforward, due to the trick of imposing
regularity on the Wick-rotated geometry. To attain the Euclidean section, we perform
the Wick rotation tE = it and introduce real variables aE = −ia and eE = −ie. We
then transform to new coordinates (τ, φ) via

tE = τ , ϕ = φ− iΩr+τ . (3.3.14)

These variables are such that the horizon generator becomes η = i
(
∂τ − iΩr+∂φ

)
.

The Euclidean geometry is regular at r = r+ provided we identify (τ, φ) ∼ (τ + β, φ)
together with (τ, φ) ∼ (τ, φ+2π). We may identify (the reciprocal of) the periodicity
β of τ with the temperature T :

T = β−1 = r2
+f

′(r+)
4πα (r2

+ + a2) . (3.3.15)

In the (tE, ϕ) coordinates, the identification becomes twisted and one finds that
traversing a complete orbit of the time circle effects a shift in ϕ proportional to the
horizon’s angular velocity:

(tE, ϕ) ∼ (tE + β, ϕ+ iβΩr+) . (3.3.16)

Many of the other thermodynamic quantities are most reliably calculated by holo-
graphic techniques [149] (see also [150–152]). The first step in this process is to
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transform the metric to Fefferman-Graham gauge

ds2 = − ℓ2

z2dz
2 + ℓ2

z2

(
g(0) + z2g(2) + z3g(3) + O(z4)

)
. (3.3.17)

Here, g(0), g(2), and g(3) are covariant two-tensors. One may achieve this Fefferman-
Graham gauge near the boundary using a systematic expansion [149]. This is most
easily performed from the coordinates (3.2.6), from which the entire boundary is
accessible.

y = ξ +
∞∑
m=1

Fm(ξ)
(
z

ℓ

)m
, x = ξ +

∞∑
m=1

Gm(ξ)
(
z

ℓ

)m
. (3.3.18)

Expanding the metric in this way, and enforcing Fefferman-Graham gauge at suc-
cessive orders in z, one may determine g0, g(2),and g(3) perturbatively. The resulting
representative of the conformal structure is found to be

g(0) = Υ2(ξ)
A2F1Σ3

Q(ξ)
[
aAξ2

(
Adt

α

)
−
(
1 + a2A2ξ2

) dφ
K

]2

− Υ(ξ)
[
a

ℓ

(
1 − ξ2

) dφ
K

− 1
Aℓ

(
Adt

α

)]2

− Σ3

Υ(ξ)Q(ξ)

 . (3.3.19)

One may then define a stress-energy tensor Tz at some surface of constant z, by the
method of section 2.3.1. In the Fefferman-Graham gauge, this definition (2.3.21) is
written

Tz = − ℓ

8π

−
(

R(g(0)) − 1
2g(0) Tr[g−1

(0)R(g(0))]
)

+
(
g(2) − g(0) Tr[g−1

(0)g(2)]
)

+ 3z
2
(
g(3) − g(0) Tr[g−1

(0)g(3)]
)+ O(z2) . (3.3.20)

To attain the expectation value of the holographic stress tensor ⟨T ⟩, one then takes
the limit approaching the boundary

⟨T ⟩ = lim
z→0

(
Tz
z

)
. (3.3.21)

The terms involving g2 act to regulate divergences arising from the intrinsic curvature
terms; the resulting stress is completely determined by g(0) and g(3). With rotation
included, evaluation of (3.3.21) yields an incredibly unwieldy expression. However,
in the static case a = 0 the result is much more tractable:

⟨T ⟩ = 1
A2

Q′′′(ξ)Υ 3
2

96πα3ω3

 (−2 + 3A2ℓ2Q(ξ)
)
∂t ⊗ dt
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+ ∂ξ ⊗ dξ +
(
1 − 3A2ℓ2Q(ξ)

)
∂φ ⊗ dφ

 . (3.3.22)

It is straightforward to define the expected boundary gauge field and field strength

⟨B⟩ = lim
z→0

B , ⟨dB⟩ = lim
z→0

dB , (3.3.23)

together with an associated boundary electric current one-form

⟨j⟩ = lim
z→0

(
n · dB
z3

)
. (3.3.24)

The stress tensor and electromagnetic quantities satisfy a pair of Ward identities,〈
∇̄ · j

〉
= 0 ,

〈
∇̄ · T

〉
= − ⟨j · dB⟩ . (3.3.25)

The fact that the boundary theory is odd-dimensional also procludes the existence
of a trace anomaly [153]: 〈

Tr[g−1
(0)T ]

〉
= 0 . (3.3.26)

Given a Killing vector η̄ of the boundary theory, one may construct an operator

T · η̄ + (B · η̄) j (3.3.27)

which is conserved 〈
∇̄ ·

(
T · η̄ + (B · η̄) j

)〉
= 0 . (3.3.28)

This operator ensures the existence of a conserved charge defined by

Q[η̄] ≡
∫
∂M

√
γ
(
u · T · η̄ + (u · j) (B · η̄)

)
, (3.3.29)

where the integral is taken over a spacelike surface of constant time with future-
directed unit normal u and induced metric γ. There are two linearly independent
Killing vectors of the boundary geometry (3.3.19), given by linear combinations of
∂t and ∂φ. The vector ∂ϕ is the obvious choice from which to calculate a rotational
conserved charge:

J ≡ Q[∂φ] = ma

K2 . (3.3.30)

On the other hand, when rotation is present the choice of vector to generate a mass
is a little more subtle. In [151] the choice ∂t + Ωbdy.∂φ was taken as an ansatz, where

Ωbdy. = − aK (1 − A2ℓ2Ξ)
α (1 + a2A2) ℓ2Ξ . (3.3.31)
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The mass is then

M ≡ Q[∂t + Ωbdy.∂φ] =
m
(
Ξ + a2

ℓ2

)
(1 − A2ℓ2Ξ)

αΞ (1 + a2A2)K . (3.3.32)

Indeed, the ansatz (3.3.31) gives a result matching the one attained from the action
calculation we will outline in a moment. It also recovers the known non-accelerating
result [82] in the A → 0 limit. Some justification for (3.3.31) was given in [150]. The
angular-velocity of a zero angular momentum observer in the bulk is given by the
ratio of the t− φ and φ− φ components of the four-dimensional metric g:

Ωr = − gtφ
gφφ

=
a
(

(r2 + a2) g(θ) − r2f(r)
)

α
(

(r2 + a2)2 g(θ) − a2r2f(r) sin2 θ
) . (3.3.33)

We have already made use of the value of this expression at the horizon, Ωr+ . Unlike
a Ricci-flat black hole, a typical black hole in an anti-de Sitter universe exhibits
rotation at the boundary [82]. Unlike the case A = 0, the expression at the boundary
must be handled carefully since Ωr is θ-dependant there. The authors of [149] chose
to evaluate (3.3.33) in the limit m → 0 (and cos θ = 1 when electromagnetic charge is
present), giving (3.3.31). In some sense, Ωbdy. is the angular velocity of the boundary
theory. Incidentally, this also identifies the chemical potential Ω which should enter
the first law conjugate to J [82]:

Ω = Ωr+ − Ωbdy. . (3.3.34)

The conserved total electromagnetic charges are also holographic quantities, attained
by integrating the electric and magnetic charge densities over the boundary:

Qe = 1
4π

∫
∂M

⋆dB = e

K
, Qm = 1

4π

∫
∂M

dB = g

K
. (3.3.35)

The appropriate way to calculate the associated electrostatic potential in the canon-
ical (or Gibbs) ensemble is via the Hawking-Ross prescription [154]. One should
determine the difference between the electric potential at the horizon −η · B|r=r+

and the zero-mode of the potential at the boundary, defined by

Φe = 1
4πQeβ

∫
∂M

√
hnµ(dB)µνBν , (3.3.36)

where hµν is the induced boundary metric and nµ is the outwards-pointing unit
normal. In our gauge, the potential at the horizon vanishes, so we will have Φe

entering the first law conjugate to Qe. Explicitly,

Φe = e r+

4πα (r2
+ + a2) . (3.3.37)
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A similar integral may be performed for the magnetic potential, although it is simpler
to exploit electromagnetic duality to exchange the electric parameter for the magnetic
one [151]:

Φm = g r+

4πα (r2
+ + a2) . (3.3.38)

As a check of the quantities calculated, one may re-employ the Wick rotation used
to find the temperature and compute the action

I = 1
16π

∫
M
d4x

√
g
[
R(g) + 6

ℓ2 − (dB)µν (dB)µν
]

+ 1
8π

∫
∂M

d3x
√
h

[
K − 2

ℓ2 − ℓ

2R(h)
]
. (3.3.39)

Here, h is the induced boundary metric, K is the extrinsic curvature of the boundary
giving the Gibbons-Hawking boundary term, and R(g) and R(h) are the intrinsic
curvatures of the bulk and boundary respectively. The addition of the boundary
counterterms cancels the divergences from the bulk, resulting in a finite action [55,
93]. Upon evaluation, the action is [149, 151]

β−1I = m (1 − a2A2 − 2A2ℓ2Ξ)
2α (1 + a2A2)K −

r+
(
r2

+ + a2
)

2αℓ2 (1 − A2r2
+)2

K
−

(e2 − g2) r2
+

2α (r2
+ + a2) , (3.3.40)

which satisfies the quantum statistical relation:

β−1I = M − TS − ΩJ − ΦeQe , (3.3.41)

This allows us to interpret G = β−1I as the Gibbs free energy of an ensemble at
fixed temperature, pressure, and chemical potential [155] and indicates that the
expression (3.3.32) has the interpretation of spacetime enthalpy. It also indicates
that the somewhat mysterious choice of Ωbdy. is correct.

The pressure is of course given by the usual extended thermodynamics value P =
3(8πℓ2)−1.

As mentioned at the start of this section, the key to attaining the first law was to
understand that the string tensions behave like thermodynamic charges. One seeks
a first law of the form

δM = TδS + ΩδJ + Φeδqe + ΦmδQm − λ+δµ+ − λ−δµ− + V δP , (3.3.42)

where λ+ and λ− are the thermodynamic lengths of the strings and V is the thermo-
dynamic volume. On dimensional grounds we should also expect a Smarr relation
of the form

M = 2 (TS + ΩJ − PV ) + ΦeQe + ΦmQm . (3.3.43)
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To acquire the values of V , λ+, and λ−, one examines the definition of the horizon
radius, f(r+) = 0, and examines its variation:

0 = ∂f

∂r+

∣∣∣∣∣
r=r+

δr+ + ∂f

∂m

∣∣∣∣∣
r=r+

δm + ∂f

∂a

∣∣∣∣∣
r=r+

δa

+ ∂f

∂e

∣∣∣∣∣
r=r+

δe + ∂f

∂g

∣∣∣∣∣
r=r+

δg + ∂f

∂A

∣∣∣∣∣
r=r+

δA + ∂f

∂K

∣∣∣∣∣
r=r+

δK . (3.3.44)

The variation δr+ may be easily written in terms of δS, δa, δA, and δK. One may
then use the expressions for M , J , Qe, Qm, µ+, and µ− to massage the equation
into the form of the first law. One finds the following thermodynamic lengths and
volume:

λ± = r+

α(1 ± Ar+) −
m
(
Ξ + a2

ℓ2
(2 − A2ℓ2Ξ)

)
α (1 + a2A2) Ξ2 ∓

Aℓ2
(
Ξ + a2

ℓ2

)
α (1 + a2A2) , (3.3.45)

V = 4π
3αK

r+
(
r2

+ + a2
)

(1 − A2r2
+)2 +

m
(
a2 (1 − A2ℓ2Ξ) + A2ℓ4Ξ

(
Ξ + a2

ℓ2

))
Ξ (1 + a2A2)

 , (3.3.46)

with the process being consistent if

α =

√
(1 − A2ℓ2Ξ)

(
Ξ + a2

ℓ2

)
1 + a2A2 . (3.3.47)

These values then also satisfy the Smarr relation (3.3.43). In chapter 4 we will show
that the mass may be written entirely in terms of the thermodynamic quantities
which do not depend upon α in such a way that the well-known Christodoulou-Ruffini
formula for the non-accelerating case are recovered in the appropriate limit. Firstly,
this indicates that the value of α, and therefore mass, used above is the correct one.
Secondly, it will demonstrate that all of the potentials we have derived are indeed
the appropriate partial derivatives of the enthalpy when the other charges are held
fixed. For example, Ω = ∂M

∂J

∣∣∣
S,P,Qe,Qm,µ±

.

At this stage, the value of α may seem mysterious. The need for a particular
normalisation of the time coordinate when calculating mass was first acknowledged,
(following [156]), for the (non-accelerating) rotating black hole with anti-de Sitter
asymptotics by Caldarelli, Cognola, and Klemm [82], who noted that it was required
to ensure that the appropriate so(3, 2) Lie algebra was generated asymptotically
[157]. In more physical language, the Boyer-Lindquist time coordinate must coincide
with the asymptotic time for an observer near the conformal boundary.

The story is similar for the accelerating black hole. Consider a small (m → 0),
uncharged, non-rotating, slowly accelerating black hole. The geometry is one we
discussed earlier and is depicted in figure 3.1. The space described by the Boyer-
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Lindquist coordinates is (a portion of) AdS4 with a conical defect1, although the
coordinate system does not make this fact clear. Upon performing the coordinate
transformation [149]

1 + R2

ℓ2 =
1 + (1 − A2ℓ2) r2

ℓ2

Ω2(r, θ) (1 − A2ℓ2) , R sinϑ = r sin θ
Ω(r, θ) , (3.3.48)

one finds more familiar coordinates which one can easily extend to the complete
global space:

ds2
AdS4 =

(
1 + R2

ℓ2

)
dt2 − dR2(

1 + R2

ℓ2

) −R2
(
dϑ2 + sin2 ϑ

dφ2

K2

)
. (3.3.49)

This transformation works if and only if α =
√

1 − A2ℓ2, which coincides with
(3.3.47). A similar mapping to global space may be made in the uncharged, rotating
case by first transforming to a rotation subtracted frame φ′ = φ− Ωbdy.t. We refer
the interested reader to [150] for details.

1less a point at the location of the small black hole.





Chapter 4

Accelerating black hole chemistry

4.1 Overview

Over the past decade, an interpretation of the cosmological constant as a thermody-
namic pressure has been explored [56, 62, 63, 66, 67, 87, 158, 159]. A key conceptual
development was understanding that the mass term in the first law of thermodynam-
ics, related to the mass parameter m in the Newtonian potential of the black hole,
was not in fact the internal energy of the black hole, but rather its enthalpy [62], i.e.
the natural first law for a black hole with a cosmological constant includes not only
the charges of electromagnetism and rotation, but also the impact of the non-zero
energy coming from the cosmological constant in the volume inside the black hole:

δM = TδS + V δP + ΩδJ + ΦδQ . (4.1.1)

Once one includes the possibility of a varying pressure, black hole thermodynamics
more naturally resembles conventional thermodynamics, not only in its differential
sense, but also in its integrable sense: the ideal gas relations dU = TdS − PdV and
U = cV PV have their counterpart in the differential first law (4.1.1) and an integral
Christodoulou-Ruffini [82, 160] relation, that for four-dimensional Kerr-Newman-AdS
black holes reads

M2 = S

4π

[
1 + πQ2

S
+ 8PS

3

]2

+ 4π2J2

S

[
1 + 8PS

3

]
. (4.1.2)

This can be massaged into an ideal-gas like relation at large volume/entropy1. Al-
though the formulae for the enthalpy, charges and potentials are naturally derived

1That is, for large black holes the Schwarzschild contributions dominate and we find M ∝ PS3/2

at leading order. The entropy scales with horizon radius squared while the thermodynamic volume
scales with the horizon radius cubed, so we have M ∝ PV .
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from the black hole geometry, and written in terms of the metric parameters and
horizon radius, expressing the thermodynamic potentials and enthalpy purely in
terms of extensive quantities (as in [63, 159]) allows a natural identification with
classic thermodynamics, and elucidates the chemical nature of the phase space of
black holes.

There is another reason to specify the closed form of the black hole charges and
enthalpy. While it is possible for material systems to have many charges and chemical
potentials, the black hole is typically believed to carry only mass, charge, and angular
momentum, due to the no-hair theorems [161, 162] . While these theorems are now
understood in a broader context to be somewhat limited, the basic picture from the
perspective of classic black hole thermodynamics is that thermodynamic potentials
are still narrowly restricted to be functions of entropy, rotational and magnetic
charges, and thermodynamic pressure. Recently however, a new type of “charge”
for a black hole has been explored and added to this stable: a conical deficit [146,
148–150, 163], often interpreted as a cosmic string, that can either run symmetrically
along the axis of the black hole [111–113, 145], or have different values along the
North and South axes, leading to an accelerating black hole. This accelerating black
hole is encoded by the C-metric (with negative cosmological constant) [115, 128],
which we reviewed in chapter 3. We are interested in the effects of acceleration in
particular, and so choose to consider the case where there is neither NUT parameter
nor magnetic charge. The geometry we consider is given by the metric (3.2.15). We
restate it here,

ds2 = 1
H2

f(r)
Σ

[
dt

α
− a sin2 θ

dφ

K

]2

− Σ
f(r)dr

2

− Σ
g(θ)r

2dθ2 − g(θ)
Σ · sin2 θ

r2

[
adt

α
− (r2 + a2)dφ

K

]2
 , (4.1.3)

with g set to zero, so that now

f(r) = (1 − A2r2)
[
1 − 2m

r
+ a2 + e2

r2

]
+ r2 + a2

ℓ2 (4.1.4)

g(θ) = 1 + 2mA cos θ + (Ξ − 1) cos2 θ , (4.1.5)

Σ = 1 + a2

r2 cos2 θ , H = 1 + Ar cos θ , (4.1.6)

Ξ = 1 + e2A2 − a2

ℓ2 (1 − A2ℓ2) . (4.1.7)

Note that the black hole is assumed to spin on its axis, the acceleration term
modifying the angular parts of the metric and distorting the sphere to a teardrop,
with a conical deficit at (at least) one of the poles. This deficit is revealed by taking
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the limit of the metric as we approach each pole, and is encoded by the tension

µ± = 1
4

[
1 − Ξ ± 2mA

K

]
. (4.1.8)

(with ‘+’ corresponding to the North Pole, and ‘−’ the South) interpreted as a cosmic
string emerging from the black hole, causing it to accelerate.

In this chapter, we consider only the case where the black hole is slowly accelerating;
there is no acceleration horizon. We discussed the structure of the solution and
the bounds imposed by this constraint in section 3.3. This assumption allowed the
thermodynamics of conical deficits and slowly accelerating black holes was explored
[146, 148–150, 163] (see also [142, 164]). The key insight was to use tools from
holographic renormalisation to properly calculate the various charges of the slowly
accelerating black hole spacetime [149, 150]. The net result is a set of thermodynamic
variables for the black hole, expressed in terms of the black hole metric parameters
and the horizon radius r+, that include the conical deficit as a charge, and introduce
the conjugate chemical potential, a thermodynamic length. For reference, we restate
the thermodynamic parameters we reviewed in section 3.3:

M = m

KΞ

(
Ξ + a2

ℓ2

) 1
2 (

1 − A2ℓ2Ξ
) 1

2 ,

T = r2
+f

′(r+)
4πα (r2

+ + a2) ,

S =
π
(
r2

+ + a2
)

(1 − A2r2
+)K ,

J = ma

K2 ,

Ω =
(

aK

α (r2
+ + a2)

)
−
(

−aK (1 − A2ℓ2Ξ)
αℓ2Ξ (1 + a2A2)

)
,

Q = e

K
,

Φ = e r+

4πα (r2
+ + a2) ,

P = 3
8πℓ2 ,

V = 4π
3αK

r+
(
r2

+ + a2
)

(1 − A2r2
+)2 +

m
(
a2 (1 − A2ℓ2Ξ) + A2ℓ4Ξ

(
Ξ + a2

ℓ2

))
Ξ (1 + a2A2)

 ,

λ± = r+

α(1 ± Ar+) −
m
(
Ξ + a2

ℓ2
(2 − A2ℓ2Ξ)

)
α (1 + a2A2) Ξ2 ∓

Aℓ2
(
Ξ + a2

ℓ2

)
α (1 + a2A2) .

(4.1.9)

As we are only considering electrically charged black holes, we have dropped the
subscripts from the electric charge and potential. The first law satisfied by these
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quantities has full cohomogeneity:

δM = TδS + ΦδQ+ ΩδJ − λ+δµ+ − λ−δµ− + V δP , (4.1.10)

with all the physical parameters of the geometry corresponding to a thermodynamic
charge. One of the key difficulties in determining the correct enthalpy was in properly
identifying the timelike Killing vector for determining the mass of the black hole.
The slowly accelerating black hole, being at a fixed point from the boundary, has
the same time coordinate (up to a factor) as the asymptotic AdS spacetime, and
the mass can be found via a holographic renormalisation procedure. The resulting
enthalpy thus contains factors dependent on this acceleration parameter that then
propagate throughout the expressions for thermodynamic volume and length. The
accelerating black hole also obeys a Smarr relation [81]

M = 2(TS + ΩJ − PV ) + ΦQ , (4.1.11)

that does not contain any trace of acceleration or tension.

While the expressions (4.1.9) are perfectly adequate for the implicit study of black
hole thermodynamics, the “chemical” nature of the black hole is less transparent, and
typically has to be studied numerically, and parametrically in terms of the horizon
radius r+.

4.2 Chemical expressions for the accelerating
black hole

To elucidate the chemical nature of the black hole, and to allow a more general ana-
lytic analysis of the phase space our aim is therefore to have closed-form expressions,
such as (4.1.2), i.e. an integral expression of the form M2(S, P,Q, J, µ±), together
with expressions for the chemical potentials in the form ϕi = ∂M/∂qi, where qi
stands for a charge, S, P,Q, J, µ± and ϕi its corresponding potential T, V,Φ,Ω, λ±.
Given that the Smarr relation is a statement about scaling dimension, and is given
in terms of charges and potentials, it does not preclude an expression for M that
includes the tensions.

The new physics in the accelerating black hole is that of the conical deficit(s), and
while the individual tensions are natural geometric variables, they do not distinguish
between an overall conical deficit, such as the cosmic string threading a black hole
(that does not have issues with a slow acceleration limit) and a differential conical
deficit that produces a net force on the black hole, inducing acceleration. From the
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perspective of black hole chemistry, it turns out that the conical deficits are more
conveniently encoded in the average and differential conical deficits of the spacetime:

∆ = 1 − 2(µ+ + µ−) = Ξ
K
, (4.2.1)

C = (µ− − µ+)
∆ = mA

K∆ = mA

Ξ . (4.2.2)

The tensions are bounded below by requiring positivity of energy (or tension) and
above by the fact that the maximal conical deficit is 2π. With A ≥ 0, so that
0 ≤ µ+ ≤ µ− ≤ 1/4, this translates into 0 ≤ C ≤ Min

{
1
2 ,

1−∆
2∆

}
. Although ∆ and C

are not unconstrained – introducing an acceleration necessarily also introduces an
overall average deficit – it proves to be the best way to express the impact of the
conical deficit on the thermodynamics. Often, when considering an accelerating black
hole, the deficit on one axis (here µ+) is set to zero, in this case C = (1 − ∆)/2∆,
thus the upper bound is saturated and ∆ ∈ [1

2 , 1]. We are interested more generally
in how conical deficits impact thermodynamics, so will keep C and ∆ arbitrary,
within their allowed ranges.

Now turn to the mass formula (4.1.2). A check of the thermodynamic expressions
(4.1.9) shows that M , S, and Q all scale as K−1 while J scales as K−2. This suggests
that scaling each by ∆−1 (or ∆−2 in the case of J) is a promising starting point.
Some manipulations then reveal the appropriate remaining modifications, and give
the mass formula

M2 = ∆S
4π

(1 + πQ2

∆S + 8PS
3∆

)2

+
(

1 + 8PS
3∆

)((2πJ
∆S

)2
− 3∆C2

2PS

) . (4.2.3)

Note that all of the quantities on the right-hand side of equation (4.2.3) are inde-
pendent of the normalisation α. Given that we have attained the known expression
for the mass of the Kerr-Newmann-AdS black hole [165] supplemented by an additive
term accounting for acceleration, (and simple rescalings accounting for the average
deficit) we take this as compelling evidence that the normalisation (3.3.47) written
in chapter 3 (and thus the mass of the black hole) is the correct one.

It is now a matter of algebra to confirm that the thermodynamic potentials conjugate
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to the charges, T = ∂M
∂S

∣∣∣
P,J,Q,µ±

etc. correspond to the expressions (4.1.9) and are:

V = 2S2

3πM

[(
1 + πQ2

∆S + 8PS
3∆

)
+ 2π2J2

(∆S)2 + 9C2∆2

32P 2S2

]
,

T = ∆
8πM

(1 + πQ2

∆S + 8PS
3∆

)(
1 − πQ2

∆S + 8PS
∆

)
− 4π2J2

(∆S)2 − 4C2

 ,
Ω = πJ

SM∆

(
1 + 8PS

3∆

)
,

Φ = Q

2M

(
1 + πQ2

S∆ + 8PS
3∆

)
,

λ± = − S

4πM

(8PS
3∆ + πQ2

∆S

)2

+ 4π2J2

(∆S)2

(
1 + 16PS

3∆

)

− (1 ∓ 2C)2 ± 3∆C
2PS

 .

(4.2.4)

Since everything is now written in terms of the charges, this elucidates the “chemical”
structure of the accelerating black hole, and allows for a more intuitive and natural
analysis of the thermodynamics, as well as clarifying some of the new phenomenology
of accelerating thermodynamics. We will now illustrate this by making some general
observations on the impact of conical deficits, before concluding by presenting a new
entropy bound for black holes with conical deficits.

The conical structure of the spacetime appears in two ways: the ‘overall’ conical
deficit, encoded in ∆, that can be present whether or not there is acceleration. ∆ < 1
means that the spacetime contains a conical deficit, and if C = 0, the deficit cuts
through the whole spacetime, piercing the black hole. Acceleration appears via the
parameter C. This is now more interesting, as, unlike angular momentum and charge,
that contribute to the enthalpy positively, C contributes negatively, indicating an
exothermic nature to this particular property. This now opens the possibility of
new phenomena in phase space, as, apart from the extremal limit, T → 0, we also
potentially have a limit M → 0 that signals a breakdown in the thermodynamic
description. This breakdown occurs approximately, though not precisely, at the
breakdown of the slow acceleration régime.

4.2.1 The free energy and the Hawking-Page transition

Let us begin by exploring the impact of an overall conical deficit, setting C = 0 and
allowing ∆ to vary. It might seem that as ∆ simply enters as a rescaling parameter,
it does not change the qualitative thermodynamics, but the story is more subtle.
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Figure 4.1: The impact of the conical deficit (∆), and acceleration
(C) on the free energy for large and small values of J as
labelled, relative to the AdS lengthscale, ℓ, set to unity
in these plots.

For example, consider the free energy G = M − TS, which in full is

G = ∆S
8πM

(2πJ
∆S

)2 (
3 + 16PS

3∆

)
− 4C2

(
1 + 3∆

4PS

)

+
(

1 + 8PS
3∆ + πQ2

∆S

)(
1 − 8PS

3∆ + 3πQ2

∆S

) . (4.2.5)

For an uncharged, non-accelerating black hole, the magnitude of the free energy is
decreased by adding a conical deficit. The Hawking-Page transition [166] therefore
still occurs at THP =

√
8P/3π = 1/πℓ, and the critical point at which the specific

heat of the black hole becomes positive (i.e., the minimal temperature that a black
hole can have) also remains at Tm =

√
3THP/2, however, the free energy curves are

strongly modified with ∆, and the entropy, or size, of the black hole at each of these
critical points is lowered: Sc = ∆/8P , SHP = 3∆/8P . With the addition of charge
and/or rotation, the behaviour is not as simple and depends on the magnitude of
the charges Q and J . Increasing the deficit lowers ∆, thus amplifying the positive
contributions of J and Q to G, on the other hand, the contribution from the negative
PS/∆ term is also amplified. Put together, the general effect of adding a deficit is
to make the behaviour of the free energy that of a ‘larger’ black hole, where ‘large’
is defined relative to the AdS length scale ℓ. Thus, for large charges the free energy
is increased by the addition of a deficit, whereas for a smaller charges the effect is
more nuanced, as seen in figure 4.1.

Now consider adding acceleration, via the C term. For large black holes with or
without charge, the presence of acceleration in itself does not impact strongly on the
thermodynamics, rather, it is the fact that acceleration requires an average deficit
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that modifies the thermodynamics. However, as the charge, or size of the black
hole drops, things become much more interesting. From (4.2.5), this clearly lowers
the free energy, and for sufficiently low charge and overall deficit, can eliminate any
regions of positive G. The lack of a Hawking-Page transition (for the simple reason
that there is no spacetime with ‘half’ a cosmic string without a black hole) was
discussed in [146].

4.2.2 The snapping swallowtail

With acceleration there is also a novel phase transition, first noticed numerically in
[167] and subsequetly explored numerically in [168]. This occurs precisely because
of the exothermic nature of acceleration, and so is not present for non-accelerating
black holes.

Recall that the third law usually provides a lower bound on the entropy, correspond-
ing to the size of the extremal black hole at which T = 0. However, in the presence
of acceleration, we have a new limit coming from the positivity of M2. To explore
this, abbreviate notation by writing

x = 8PS
∆ ,

πQ2

∆S = q
C2

x
,

πJ

∆S = j
C2

x
, (4.2.6)

so that

M2 = ∆S
4π

[(
1 + x− q+

C2

x

)(
1 + x− q−

C2

x

)
+ 4j2C4 (1 + x)

x2

]
, (4.2.7)

where q± = 2 − q ± 2
√

1 − q. If q ≤ 1, then the roots q± are real, and there is a
range of j for which M → 0 at some x0. Further, since T = 1

2M
∂M2

∂S
∝ 1

M
∂M2

∂x
, this

occurs before the extremal limit is reached. For this range of low charge/rotation
to acceleration ratios, small black holes are no longer cold, but instead, like their
uncharged counterparts, are hot, and have a negative specific heat as the enthalpy
tends to zero. As the charge/rotation increases, a critical limit is reached, qc(j) for
which M2 has a repeated zero, at which T is finite, and above the critical values of
charge/rotation, the black hole once again exhibits a swallowtail. These behaviours
of the enthalpy and free energy of a non-rotating accelerating black hole are shown in
figure 4.2 to demonstrate the phenomenon. This “snapping” of the swallowtail was
discovered in [167], although the snapping point could not be determined analytically
from the implicit expressions (4.1.9) for the thermodynamic variables.

Using the chemical variables, we can analytically find the one-parameter family of
critical charged, rotating, and accelerating black holes that have infinite enthalpy, but
finite temperature at the snapping point of the swallowtail. These critical entropies
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Figure 4.2: The behaviour of the mass and Gibbs free energy of a
non-rotating black hole with ∆ = 0.5, C = 0.25. Three
curves are drawn, demonstrating charges below, at, and
above the critical snapping charge.

and temperatures are given implicitly by the value of x at which the mass becomes
zero, x0, and C:

Q2
S = 3∆2

8πP (1 + x0)
[
1 + x0 −

√
(1 + 2x0)2 − 4C2

]
,

J2
S = 1

2

(
3∆2

8πP

)2

(1 + 2x0)
[
2C2

− (1 + x0)
(

1 + 2x0 −
√

(1 + 2x0)2 − 4C2
) ]

,

TS =
√

2P
3πx0

[
(4x0 + 3)(1 + 2x0) − 4C2

− 2(1 + x0)
√

(1 + 2x0)2 − 4C2
]1/2

,

(4.2.8)

where x0 ∈ [
√

1+4C2−1
2 ,

√
1+12C2−1

3 ]. The lower limit has J = 0, Q2 = ∆2C2ℓ2, as
noted in [167], and the upper limit corresponds to Q = 0, J = ∆2ℓ2x0

√
1 + 2x0/2.

What is interesting here is how the overall deficit plays a role in the critical values
of Q and J , except for the pure charge snapped swallowtail, where it seems to be
the acceleration that is primary driver. As the acceleration decreases, C → 0, and
the range and size of x0 correspondingly decreases, thus the critical temperature
for the snapping point also becomes higher, with the critical temperature increasing
as x0 moves towards the lower end of the range (zero angular momentum). The
maximum value of acceleration, C = 1/2, corresponds to a deficit of 2π along the
South axis, and has the lowest values of critical temperature and the largest range
of q and j. The absolute lowest critical snapping temperature occurs for Q = 0, and
is T =

√
2/π. A snapping swallowtail for an electrically charged, accelerating black

hole is shown in figure 4.3, while one for a rotating, electrically neutral black hole is
shown in figure 4.4.
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Figure 4.3: The snapping swallowtail for J = 0, ∆ = 0.5, C = 0.25,
P = 3(8π)−1. Various values of electric charge Q are
shown. The critical value of charge Q = ∆C = 0.125 is
shown in dashed orange. The critical point is (Tc, Gc) =(
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, indicated by a circle at the
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Figure 4.4: The snapping swallowtail for Q = 0, ∆ = 0.5, C = 0.25,
P = 3(8π)−1. Various values of rotation J are shown.
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1 + 12C2 − 1)/3, is shown in dashed
orange. The critical point is indicated by a small circle
at the end of the coexistence curve.
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4.3 The Reverse Isoperimetric Inequality

We now consider the Reverse Isoperimetric Inequality [87] for this family of black
holes. The Isoperimetric Inequality is the simple geometric statement that the largest
surface area enclosed by a loop of string is when the string is circular (or its higher-
dimensional analogue): (A/A0)D ≥ (V/V0)D−1, where the subscript 0 indicates the
volume or area of a unit sphere. However, for the black hole, the area directly
determines the entropy, thus we would expect that for a given volume, a black hole
would want to maximise its entropy, which runs counter to the standard inequality
that would mean a spherical black hole would be the lowest entropy for that volume,
and hence unstable. Analysing a wide range of solutions, Cvetic et al. [87] discovered
that black holes always seemed to satisfy the inverse of this inequality:

( A
A0

)D
≤
( V

V0

)D−1
(4.3.1)

leading to their Reverse Isoperimetric Inequality conjecture.

Let us now explore this inequality in the context of black holes with conical deficits.
Note that

4πM2

∆S =
(

1 + πQ2

∆S + x

)2

+ 4 (1 + x)
(
π2J2

∆2S2 − C2

x

)
(4.3.2)

=
(

3πMV

2S2 − 2C2

x2

)2

− 4
(
πQ2

∆S

)(
πJ

∆S

)2
− 4

(
πJ

∆S

)4
− 4(1 + x)

x
C2 .

(4.3.3)

At this point, we spot that the term in brackets on the right-hand side contains the
seed of the isoperimetric ratio:

M2
(3V

4π

)2 (π
S

)4
≥
(

3πMV

4S2 − C2

x2

)2

≥ πM2

∆S (4.3.4)

from which we may conclude a new Reverse Isoperimetric Inequality, appropriate
for spacetimes with a conical deficit:

(3V
4π

)2
≥ 1

∆

( A
4π

)3
(4.3.5)

with equality if and only if C = J = 0. The larger the conical deficit, the smaller the
entropy is with respect to the volume, thus conical defects appear to render black
holes sub-entropic.
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4.4 Evidence for the exchange of enthalpy during
gravitational interaction

For an asymptotically flat solution, the usual definition of the efficiency of a Penrose
process would be

ηU = U(J = Jext.) − U(J = 0)
U(J = Jext.)

, (4.4.1)

where we slow a maximally spinning black hole to a ron-rotating phase by passing one
or more test particles through the ergoregion. We expect the particles to each collect
some of the internal energy from the black hole and carry it to infinity. We then
define the efficiency as the percentage of the black hole’s initial internal energy U

extracted. The problem with this definition is that the denominator, which expresses
the initial amount of energy in the system available to be used in the process, only
accounts for the amount of energy stored within the black hole. Within the extended
thermodynamics framework, the system is not an isolated black hole, but rather
the complete gravitational solution in which the black hole resides. This includes a
contribution to the total available energy from the pressure (and associated conjugate
volume) induced by the cosmological constant. As is canon in the thermodynamics of
chemical reactions, this energy “budget” is the enthalpy of the system, M = U+PV .
Such an argument has led previous authors [159] to consider an updated definition
for the efficiency of the maximum-energy extracting Penrose process:

η = U(J = Jext.) − U(J = 0)
M(J = Jext.)

. (4.4.2)

However, as we will see, both of these attempts at definitions for the efficiency of a
Penrose process result in pathological behaviour for accelerating black holes. The
difference in internal energy between the initial and final states may exceed both the
initial internal energy and the initial enthalphy, implying a superefficient process.
We will argue that such pathologies may be removed if one no longer assumes that
the Penrose process extracts internal energy from the black hole, instead assuming
the extraction of enthalpy from the spacetime. In other words, the correct formula
for efficiency is

ηM = M(J = Jext.) −M(J = 0)
M(J = Jext.)

. (4.4.3)

For simplicity, let’s consider a rotating black hole without electric charge. Then the
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three relevent thermodynamic potentials [1] are

V = 2S2

3πM

(1 + 8PS
3∆

)
+ 2

(
πJ

∆S

)2
+ 2

(
3∆C
8PS

)2
 ,

T = ∆
8πM

(1 + 8PS
3∆

)(
1 + 8PS

∆

)
− 4

(
πJ

∆S

)2
− 4C2

 ,
M2 = ∆S

4π

[(
1 + 8PS

3∆

)2
+ 4

(
1 + 8PS

3∆

){(
πJ

∆S

)2
− 3∆C2

8PS

}]
.

(4.4.4)

The internal energy is given by

U = 1
2πM

[
1
2∆S(1 + x) + (πJ)2

∆S (2 + x) − C2∆S
(

2 + 3
x

)]
, (4.4.5)

where
x = 8PS

∆ . (4.4.6)

We can calculate the value of J for the extremal solution, for which temperature
vanishes:

Jext. = S

2π

√
32
3 PS (2PS + ∆) + ∆2(1 − 4C2) . (4.4.7)

In the final state of the complete Penrose process, where rotation vanishes, M has a
single positive root given by

PS = 3∆
16 (−1 +

√
1 + 16C2) . (4.4.8)

As discussed earlier in this chapter, for vanishingly small accelerations the massless
solution satisfying (4.4.8) is unobtainable for black holes of finite size.

For context, first consider the Penrose process around a rotating black hole with a
conical deficit but without induced acceleration. It is straightforward to write down
both ηU and ηM :

ηU =
(

2PS + ∆
4PS + ∆

)
− ∆ 3

2

(8PS + 3∆)(4PS + ∆) 3
2

(
6
√

2PS + 3∆/
√

2
)
, (4.4.9)

ηM = 1 −

√
2∆(4PS + ∆)
8PS + 2∆ . (4.4.10)

Neither of these seem desperately exciting, giving efficiencies in the range (0, 1) for
all legal values of ∆ and for all sizes of black hole. The efficiencies are plotted against
horizon size for a range of string tensions in figure 4.5. In particular, the ∆ = 1 case
was examined by Dolan [159] who did not find unphysical behaviour.

Once we introduce acceleration, the story changes. Pathological behaviour becomes
manifest if one relies on ηU for the definition of efficiency. Consider an extremal
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Figure 4.5: Efficiency of the maximum-energy extracting Penrose
process for the Kerr geometry pierced by a conical defi-
cit. Left: assuming the process extracts internal energy.
Right: assuming the process extracts enthalpy.

rotating black hole of a fixed horizon size, average deficit ∆, and fixed non-zero
C. Consider slowing the rotation of this black hole via a Penrose process, until the
black hole is effectively static. If the passing test particles extract internal energy
from the black hole, one should compare the internal energies of the initial and final
black hole states. If the hole the process is applied to is small (that is, its horizon
area is only slightly larger than the minimal value for which the mass vanishes) any
non-zero acceleration results in a process with ηU > 1. This is shown in figure 4.6.
One would conclude that the test particles can extract more internal energy than
the black hole initially possessed. Similar pathologies apply if one assumes that the
internal energy is extracted from an “available budget” of the initial enthalpy, as in
(4.4.2).

We propose a resolution of this by instead assuming that is is in fact the enthalpy
of the spacetime which is transferred to the deflected particles during scattering.
Looking at the proposed definition (4.4.3) of ηM , one sees that roots of M(J = 0)
precisely give the points at which the efficiency becomes unity. For M(J = 0) > 0,
(and less than M(J = Jext.), which will always be the case), ηM lies between unity
and zero. This is demonstrated in figure 4.7. The pathologies for positive mass
black holes are no-longer observed, with the process becoming perfectly efficient
only for spacetimes of vanishing mass. A superefficient process could only attained
for non-physical solutions obtaining negative mass (not shown in figure 4.7). Black
holes undergoing uniform acceleration are seen to give a minimally efficient Penrose
process for moderately sized black holes, and the presence of slow acceleration is
seen to become negligible in the large black hole limit, where efficiency approaches
1/2 regardless of the value of C.
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Figure 4.6: ηU for the maximum-energy extracting Penrose process
applied to the rotating C-metric, with ∆ = 1/2 and at
various values of acceleration. The efficiencies are given
by solid coloured curves. The process becomes super-
efficient (ηU > 1, indicated by the black, dot-dashed,
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acceleration. The efficiencies are given by solid coloured
curves, with the associated M = 0 limit for each value
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4.5 Conclusions

We have established “chemical” expressions for the thermodynamic potentials of the
accelerating black hole, expressing them as functions of the thermodynamic charges
varied in the first law. In particular, we have found a Christodoulou-Ruffini-like
formula for the mass. The mass is expressed entirely in terms of thermodynamic
charges which do not scale with the normalisation α of the time-coordinate of the
solution and thus the formula provides compelling evidence that the value of α
(3.3.47) used to define the mass in [150] is the correct one. Using these formulae, we
were able to easily show that the potentials are the appropriate partial derivatives
of the enthalpy.

The string tensions naturally form two variables, governing the thermodynamic
effects due to average deficit and acceleration respectively. We used these variables
to understand the effects of acceleration on the phase space. We were able to
analytically find the set of black holes which can exhibit a snapping swallowtail, and
explained this as a consequence of the fact that, unlike any of the usual charges, the
addition of acceleration is an exothermic process. This allows for the existence of
non-extremal black holes of vanishing mass. It would be interesting to find other
examples of gravitational solutions with exothermic charges; they may also exhibit
the snapping phenomenon.

We were also able to prove the Reverse Isoperimetric Inequality for this class of black
holes.

Finally, we considered the efficiency of a Penrose process for a rotating, acceler-
ating black hole. Using the “chemical” expressions (4.2.3) and (4.2.4), we showed
that, within the extended thermodynamics framework, defining the efficiency of
the process by assuming an extraction of internal energy from the black hole leads
to inconsistencies. This argument mirrored that of Gwak [70], who argued that
dropping electrically charged test particles across the horizon of a near-extremal
electrically charged black hole violates the second law of thermodynamics. Similar
contradictions were subsequently acknowledged in a number of scenarios [71–73,
75–79]. Gwak’s issue was rectified by Hu et al. [80], who showed that by instead
assuming that the absorbed particles increase the enthalpy of the black hole, no such
violation of thermodynamics exists. We reviewed this in chapter 2. We resolved
our issue in a similar manner: the Penrose process is well-behaved if one assumes
an exchange of enthalpy between the black hole and the scattered particles. Our
argument provides further evidence that the black hole mass should be considered a
true thermodynamic enthalpy.





Chapter 5

Thermodynamics of accelerating
black holes with vanishing
cosmological constant

5.1 Overview

As discussed in chapter 2, the thermodynamic charges of a black hole such as entropy
and temperature, while intrinsically quantum in nature, are related to classical
attributes such as horizon area and surface gravity [38, 48, 50, 169]. Indeed, it was
considering the classical response of a black hole to infalling matter that led Bardeen,
Carter, and Hawking to make the link between black hole variations and the first law
of thermodynamics in their seminal paper [36]. More recently, our understanding of
black hole thermodynamics and the interpretation of the various parameters has also
been improving. The first law of thermodynamics in gravitational systems has been
more comprehensively understood as an extended thermodynamic law by including
pressure in the guise of variations in vacuum energy [56, 62, 67, 158, 159], and a
more complete understanding of the nature of “M” for the black hole has emerged
as the enthalpy of the system [62]; see [66] for a review.

These attempts at understanding the first law have largely considered single, isolated,
black holes, as in the Kerr-Newman family of solutions. Indeed, it was from this
perspective that we analysed the thermodynamic behaviour of individual accelerating
black holes in chapter 4. However, there are more complex, and therefore more
interesting, multi-black hole systems for which exact solutions are known. Such
geometries are thus amenable to thermodynamic analysis. For example, the Israel-
Khan solution [170] is an asymptotically flat geometry consisting of two black holes
kept apart by a “strut”—a conical defect with an angular excess—corresponding to
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a negative tension cosmic string. More generally, one can sacrifice global asymptotic
flatness to remove the unphysical negative-tension defect by running a positive
tension cosmic string through the spacetime [111, 112, 145]. In doing so, one retains
local asymptotic flatness away from the core. Generalising further, the accelerating
black hole, encoded in the C-metric [115, 128], consists of a black hole with a
protruding cosmic string [105] (or an imbalance between antipodal strings) that
provides an accelerating force. In this case, not only is asymptotic flatness lost near
the string extending to spatial infinity, but a non-compact acceleration horizon forms.
Such systems beg the question: how does one define thermodynamics for a geometry
which is neither asymptotically flat, an isolated black hole, nor (in the case of the
Israel-Khan solution) stable?

Early thermodynamic investigations of black holes with conical defects focused on a
fixed deficit threading the horizon [145, 171–174], or a deficit “variation” during the
capture of a cosmic string [175]. The thermodynamic consequences of a truly varying
deficit, were worked out in [146, 148]. In particular, an accelerating, asymptotically
locally anti-de Sitter black hole has provided a context within which one maintains
excellent computational control. This is owing both to one’s ability to accelerate
a black hole without forming an acceleration horizon, and the availability of the
holographic dictionary [92]. A fully general first law was hence derived [146, 148],
accounting for a variation in a string’s tension µ:

δM = TδS − λδµ+ · · · . (5.1.1)

This tension comes paired with a conjugate thermodynamic potential λ, christened
the thermodynamic length of the string [148]. These results were later generalised to
accelerating black holes carrying rotational and U(1) gauge charge [149, 150]. We
reviewed these advances in understanding the thermodynamics of the AdS C-metric
in chapter 3, and explored their physical consequences in chapter 4. Interestingly,
the expression for thermodynamic tension parallels that of the gravitational tension
of Kaluza-Klein black strings [176–178], a set-up with no conical deficits.

Some understanding of the origin of thermodynamic length has also arisen. Consid-
ering a system of two black holes coupled by a strut, Krtouš and Zelnikov [179] have
found a thermodynamic length corresponding to the strut worldvolume evaluated
at some fixed time. This has since been verified for similarly coupled Kerr-Newman
black holes [180, 181].

As stated above, much of the progress in formulating the first law of thermody-
namics for accelerating black holes has been assisted by endowing the system with
a negative cosmological constant. Though the system’s accessibility allowed us to
identify the novel thermodynamic features introduced by acceleration, (see chapter
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4), from an astrophysical perspective such a set-up is not ideal. In that context, one
should be interested in solutions with vanishing cosmological constant, for which
holographic technology is unavailable and the formation of an acceleration horizon
is unavoidable. Some attempt at calculating a mass for the C-metric without cos-
mological constant has been attempted in the literature. Specifically, since in this
case the horizon generators behave as boosts at infinity, one can find an associated
dimensionless charge by performing a background subtraction with the background
taken to be Minkowski space with a conical deficit [173]. This charge can then
be promoted by hand to a dimensionful mass by multiplication by a dimensionful
quantity. However, the C-metric possesses two length scales – the horizon radius
and the acceleration – rendering this definition ambiguous. Further, this definition
obscures the connection to non-accelerating black holes: the Schwarzschild solution’s
horizon generators do not behave as boosts at infinity and so there does not exist a
suitable “non-accelerating limit” of the C-metric’s mass. In this chapter we address
this shortcoming, showing how to correctly identify the mass in a manner consonant
by the holographic calculations.

Taking a step back, one should also expect that if gravitational solutions are truly
representatives of a first law of thermodynamics in the classical limit, then one will
find common features no matter the number of black holes involved. We demonstrate
this here, by calculating variations of an array of collinear black holes – connected by
strings – which may be accelerated by external strings so as to form an acceleration
horizon. We allow all parameters in the solution to vary and thereby prove a general
first law,

δM =
∑
I

TIδSI −
∑
J

λJδµJ , (5.1.2)

wherein the temperatures TI and entropies SI of the compact black hole horizons
contribute together with the thermodynamic lengths λJ and tensions µJ of the
strings. We justify the quantities appearing in (5.1.2), and consider its implications
in a number of instructive cases, including a triple black hole system and the C-metric
geometry. A key feature of our result is that the system behaves as a composite; the
individual black holes are not thermodynamically isolated, but each interacts with
the other, a variation of one having implications for all the rest.

Note also that the first law (5.1.2) further supports the notion of M as enthalpy [62],
even though there is no cosmological constant present here. The energy momentum
of the conical deficit, or cosmic string, takes the form of a worldsheet cosmological
constant: the string has a tension equal in magnitude and opposite in sign to its
energy density. Thus, the “−δµJ” term in (5.1.2) is in fact a “+δpJ” term, or
pressure term, for the cosmic string. That the first law contains a λδp, rather than
pδλ is indicative that M truly represents an enthalpy, and not an internal energy as
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previously imagined.

The outline of the chapter is as follows: In section 5.2, we review the construction
of black hole arrays and acceleration horizons in Weyl gauge [114]. In section 5.3 we
formulate a first law for such systems, justifying the charges and potentials involved.
Section 5.4 discusses implications of the result via some instructive examples and
demonstrates a novel Christodoulou-Ruffini mass formula [160] for the C-Metric.

5.2 Four-dimensional Weyl metrics: black hole
arrays

In this section we briefly review the multi-black hole solutions we will be analysing.
We will largely follow the presentation of [182], with minor notational changes. The
main new result in this section is a discussion of the determination of the acceleration
scale for an array of accelerating black holes in (5.2.31). The black holes are aligned
along an axis, and are static in the sense of possessing a time-like Killing isometry
in the region between the black hole and acceleration horizons. Though an Israel-
Khan-like solution for two rotating black holes is known analytically [183, 184],
exact solutions for three or more Kerr black holes remain elusive1. To make the
investigation of the system’s thermodynamics accessible, we sidestep any discussion
of rotation here. One expects that rotational charges may be included in the obvious
way, once an appropriate family of geometries is written down.

With temporal and axial symmetry, the metric can be written in a block diag-
onal (Weyl) form, with metric functions γ, ν, and α depending only on transverse
coordinates r and z:

ds2 = e2γdt2 − e2(ν−γ)(dr2 + dz2) − α2e−2γdϕ2 . (5.2.1)

The Einstein equations are:

∆α = −8παe2(ν−γ) [T rr + T zz ] (5.2.2)

∆γ + ∇γ · ∇α
α

= 4πe2(ν−γ)
[
T tt − T rr − T zz − T ϕϕ

]
(5.2.3)

∆ν + (∇γ)2 = −8πe2(ν−γ)T ϕϕ (5.2.4)
∂2

±α

α
+ 2(∂±γ)2 − 2∂±ν

∂±α

α
= 8π[Trr − Tzz ± 2iTrz] (5.2.5)

1The existence of arrangements of more than two aligned Kerr black holes (with or without
intermediating objects) has, however, been demonstrated; see for example [185] and references
therein.
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where T ba is the energy momentum tensor of bulk matter, ∆ is the two-dimensional
Laplacian (∂2

r + ∂2
z = ∂+∂−), with ∂± = ∂r ∓ i∂z the derivatives with respect to the

complex coordinates (r ± iz)/2.

In the absence of matter or a cosmological constant, these have a very elegant
solution: one simply fixes the conformal gauge freedom remaining in the metric
(5.2.1) by setting α ≡ r/K, which is consistent with (5.2.2). Note, we introduce
the parameter K here to maintain a 2π periodicity of the ϕ−coordinate; this will
become relevant when we discuss conical sources. With α ∝ r, (5.2.3) becomes a
cylindrical Laplace equation for γ in vacuo, with solution

γ = −2
∫ S(r′)d3r′

|r − r′|
(5.2.6)

for a source with energy density S(r). Note then that the metric component γ is
nothing but the Newtonian source of axial symmetry. In turn, ν is determined from
γ via (5.2.5). Since the equation for γ is linear, its solutions can be superposed;
the nonlinearity of Einstein gravity shows up in the solution of ν. Note that, since
regularity of the r-axis requires ν(0, z) = − logK, in general there will be conical
singularities when regular solutions for γ are superposed. These can be interpreted
as strings or struts supporting the static sources in equilibrium.

5.2.1 The Schwarzschild solution

As described in [182], a black hole may be represented by a finite-length line source2,
8πS(r) = δ(r)/r for z ∈ [−m,m], yielding

γS = −1
2

∫ m

−m

dz′

[r2 + (z − z′)2]1/2 = 1
2 log R− − Z−

R+ − Z+
, (5.2.7)

where
Z± = z ∓m , R2

± = r2 + Z2
± . (5.2.8)

Integration of (5.2.5) then gives

νS = 1
2 log E+−

2R+R−
, (5.2.9)

where
E+− = R+R− + Z+Z− + r2 . (5.2.10)

2We make the gauge choice to centre the rod at z = 0.
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Although this does not look like the familiar Schwarzschild black hole, the simple
transformation

z = (ρ−m) cos θ , r2 = ρ(ρ− 2m) sin2 θ (5.2.11)

in fact returns the metric to its standard spherical form, with 2m = 2MS representing
the Schwarzschild radius.

5.2.2 Rindler space

Interestingly, one can formally introduce an acceleration horizon by adding a semi-
infinite line source (SILM) [186], where 8πS(r) = δ(r)/r for z > z0:

γR = −1
2

∫ ∞

z0

dz′

[r2 + (z − z′)2]1/2 → 1
2 ln R0 − Z0

ℓγ
, (5.2.12)

where Z0 = (z − z0), R0 =
√
r2 + Z2

0 , and the infinite integral has been regulated by
the lengthscale ℓγ. Solving for ν yields the Rindler metric in Weyl coordinates:

ds2 = (R0 − Z0)
ℓγ

dt2 − ℓγ
2R0

[dr2 + dz2] − ℓγr
2

(R0 − Z0)
dϕ2 . (5.2.13)

Since Rindler spacetime is simply flat spacetime as observed by an accelerating
observer, we can transform (5.2.12) to Minkowski spacetime (in cylindrical polars)
via the transformation

t = ℓγ
2 log

(
ζ + τ

ζ − τ

)
, r = ρ

ℓγ

√
ζ2 − τ 2 , z − z0 = τ 2 + ρ2 − ζ2

2ℓγ
. (5.2.14)

The origin of Minkowski corresponds to z = z0, r = 0, (i.e. the start of the SILM),
as expected. The origin of the Weyl system corresponds to ζ =

√
2ℓγz0, which

gives a natural choice of gauge for the Weyl system. Note that the values of z0

and ℓγ are independent from the perspective of solving the Einstein equations, the
former is a gauge choice—the origin of the z-coordinate—and the latter because the
same Rindler horizon can apply to observers with differing accelerations A = 1/ℓγ;
see figure 5.1. Interpreting the origin of the Weyl system as the location of the
accelerating observer, thus fixing the gauge, gives z0 = 1/2A from ζ = 1/A.

5.2.3 Many black holes

Now we can consider superposing solutions for γ, to build up multi-black hole
solutions as described in [182]. We will briefly review these solutions, using a slightly
different notation to [182] that is more suited to our argument. Each black hole
is represented by a rod of length 2mI , I = 1 . . . N , and acceleration is represented
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ζ

τ

τ 
ζ

τ 
-ζ

Figure 5.1: Rindler worldlines of observers with differing accelera-
tions asymptoting the same horizon.
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z1 z2 z2I−1 z2I z2N−1 z2N

2m1 2mI 2mN

· · ·· · · · · ·· · · zn

(z, ρ)

R2I−1

R2I

Rn

z

Figure 5.2: The source arrangement for the multi-black hole system
of section 5.2.3. In the non-accelerating case, the point
zn, representing the start of the SILM (thick red arrow),
and the SILM itself are absent; its neighbouring string
(dashed black) instead extends to z → ∞.

by a SILM as described above. We will label the rod ends at zi, where i = 1..n
and z1 < z2 < ... If we have an array of accelerating black holes, n = 2N + 1, and
the SILM begins at zn, if we have an array of (non-accelerating) black holes, then
n = 2N is even. This arrangement is depicted in figure 5.2

A natural generalisation of previous notation is

Zi = z − zi , R2
i = r2 + Z2

i ,

Xi = Ri − Zi , Eij = RiRj + ZiZj + r2 .
(5.2.15)

The solution for γ is simply the superposition of the general potentials from (5.2.7),
with ν then obtained by quadrature:

γ = 1
2

n∑
i=1

(−1)i+1 log Xi

ℓγ
,

ν = 1
4

n∑
i,j=1

(−1)i+j+1 log Eij
ℓ2
ν

+Onγ .

(5.2.16)

Here, the ℓ’s are integration constants that cancel only if n is even, and On acts as
a “switch” for additional terms when n is odd:

On = n− 2
⌊
n

2

⌋
=

1 n odd

0 n even
. (5.2.17)

As we move to the thermodynamics of the system, we will need the limit of these
functions as we approach the axis, r → 0. We therefore conclude this subsection by
finding the behaviour of (5.2.16) as r → 0, and discussing the conical deficits on the
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axis. Noting that Ri → |Zi| as r → 0, we see that

Xi ∼ |Zi| − Zi + r2

2|Zi|
=

2|Zi| z < zi

r2

2Zi
z > zi

, (5.2.18)

hence

γ ∼ 1
2

p∑
i=1

(−1)i+1 log r2

2|Zi|ℓγ
+

n∑
i=p+1

(−1)i+1 log 2|Zi|
ℓγ

: z ∈ (zp, zp+1) (5.2.19)

where p = 0 if z < z1 leaving only the second sum, and conversely the first sum for
z > zn.

Next,

Eij ∼

2ZiZj z < Min[zi, zj] , z > Max[zi, zj]
r2(zi−zj)2

2|ZiZj | Min[zi, zj] < z < Max[zi, zj]
. (5.2.20)

Hence if we approach the axis at the Ith black hole, for which z ∈ (z2I−1, z2I),

ν ∼1
4

2I−1∑
i,j=1

(−1)i+j+1 log
(

2ZiZj
ℓ2
ν

)
+ 1

4

n∑
i,j=2I

(−1)i+j+1 log
(

2ZiZj
ℓ2
ν

)

+ 1
2

2I−1∑
i=1

n∑
j=2I

(−1)i+j+1 log
(
r2(zi − zj)2

2|ZiZj|ℓ2
ν

)
+Onγ .

(5.2.21)

Away from the black holes, writing ν0 = 1
2 log

(√
2ℓν
ℓγ

)
, we have:

ν(0, z) = Onν0 z < z1

=
2I∑
i=1

n∑
j=2I+1

(−1)i+j+1 log(zj − zi) +Onν0 z2I < z < z2I+1

= On

[
n−1∑
i=1

(−1)i log(zn − zi) + ν0

]
z2N < z < zn .

(5.2.22)

Notice that zj − zi+1 < zj − zi < zj+1 − zi, thus ν(0, z) < ν0 for the first string
tension, and (for accelerating black holes) νN < ν0.

We can now identify the conical structure on the axis. The axis will have a conical
defect if the circumference of circles of proper radius ∆r around it are not 2π∆r.
For small r, ∆r ∼ eν(0,z)−γ(0,z) and the circumference is 2πre−γ(0,z)K−1, hence the
deficit angle δ is

δ = 2π lim
r→0

[
1 − e−ν(0,z)

K

]
, (5.2.23)

which is related to the cosmic string tension via δ = 8πµ. (5.2.22) dictates how the
deficit angle changes as we move between the black holes. The tension between the
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Ith and (I + 1)th black hole is

µI = 1
4

1 − e−Onν0

K

2I∏
i=1

n∏
j=2I+1

(zj − zi)(−1)i+j

 . (5.2.24)

The final black hole has µN as the deficit for z > z2N ,

µN =


1
4

(
1 − 1

K

)
n = 2N

1
4

(
1 − e−ν0

K

∏N
i=1

(zn−z2i−1)
(zn−z2i)

)
n = 2N + 1

, (5.2.25)

and for the incident tension, z < z1, we have

µ0 = 1
4

(
1 − e−Onν0

K

)
. (5.2.26)

We now see the interpretation of K. For the non-accelerating black hole array, there
is an ambient tension running through the system, as the deficit outside the array
(z < z1 and z > z2N) have the same conical deficit of

µ0 = µN = 1
4

(
1 − 1

K

)
. (5.2.27)

Equation (5.2.22) shows that eν(0,z) < 1 between the black holes. Hence, if we did
not insert the parameter K, instead retaining a 2π periodicity of ϕ for z < z1 and
z > z2N , the conical singularity between any two of the black holes would be an
excess δ < 0, corresponding to a negative tension “cosmic strut” as in [179]. Although
one can consider such systems [172, 179–181], we prefer to keep physical sources.
We therefore take K large enough that all the conical singularities are deficits and
correspond, in principle, to physical cosmic strings [111, 112]. Note however that
if K > 1, there is an ambient conical deficit through the spacetime, irrespective of
whether there is acceleration.

For an accelerating black hole array, we follow the convention of [1, 149] that K
measures the ambient deficit, i.e.

µ0 + µN = 1
2

(
1 − 1

K

)
. (5.2.28)

This in turn allows us to determine ν0:

eν0 =
(√

2ℓν
ℓγ

)1/2

= 1
2

(
1 +

N∏
i=1

(zn − z2i−1)
(zn − z2i)

)
≡ 1

2 (1 + Vn) . (5.2.29)

thus we have

µ0 = 1
4

(
1 − 2

(1 + Vn)K

)
, µN = 1

2

(
1 − 2Vn

(1 + Vn)K

)
. (5.2.30)
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Note however that the choice of K is not unique; this one, (5.2.30), corresponds
to the same normalisation as the standard C-metric, however, if one were viewing
the metric as a split cosmic string, then an alternate natural choice might be to
normalise the “initial” deficit. That is, we could choose µ0 = 1

4

(
1 − 1

K

)
, in which

case µN = 1
4

(
1 − Vn

K

)
.

Finally, we are left with the length scale ℓγ , which is (only) present in an accelerating
array, This parameter represents the net acceleration scale of the spacetime. We
expect that for small accelerations (large zn) this should asymptote the Rindler value
ℓγ ∼ 2zn. Interpreting the acceleration as the overall mass of the composite black
hole system divided by the overall force measured by the differential deficit, we are
led to

ℓγ = M

µ0 − µN
= Vn + 1
Vn − 1

N∑
1

(−1)kzk , (5.2.31)

where M = ∑
mIK

−1 is the total mass of the system (see section 5.3.1). We see
that ℓγ has the required large zn limit and a clear physical interpretation in close
analogy with its pure Rindler cousin from section 5.2.2.

5.3 Thermodynamics of an array of black holes

We now derive a first law for collinear black holes with varying positive tension
strings and a possible acceleration horizon, the solutions for which were presented
in section 5.2.3.

5.3.1 Deriving the thermodynamic parameters

First we need to derive these relevant thermodynamic parameters. For the entropy
of a given black hole, we compute the area of the relevant horizon

SI = lim
r→0

π

2K

∫ z2I

z2I−1
reν−2γdz = πmI

K
lim
r→0

reν−2γ . (5.3.1)

For the temperature, the standard techniques apply, yielding

TI = lim
r→0

1
2π

e2γ

reν
= mI

2KSI
. (5.3.2)

The limit of reν−2γ as we approach the axis is given by (5.2.19), (5.2.21), and using
(5.2.29), we obtain:

log(reν−2γ) → log 2 +On log
(
ℓγe

ν0

2

)
+

2I−1∑
i=1

n∑
j=2I

(−1)i+j+1 log |zj − zi| . (5.3.3)
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The most challenging thermodynamic quantity to identify is the total mass. This
is in part due to the fact that external strings which extend to infinity prevent
global asymptotic flatness3and thus render the ADM mass [188] ill-defined. The
presence of a non-compact acceleration horizon further complicates matters. Some
attempt has been made [173] to redefine ADM mass in the presence of a conical
defect by calculating the mass relative to conical Minkowski space, rather than pure
Minkowski as one would in the usual construction. However, such a construction
gives undesirable results. In particular, one would conclude that the mass of the
C-metric is vanishing. This is puzzling from the perspective of having no smooth
transition to the non-accelerating black hole. It is also counter to the intuition gained
from the slowly accelerating black hole in AdS, for which the mass is MAdS = mK−1.
One may be confident in the AdS calculation due to the holographic correspondence.

Although one may struggle to find a useful notion of ADM mass, the existence of the
∂t isometry means that one still has a Komar construction [88, 89] at one’s disposal.
Focusing first on the non-accelerating case, the ADM mass for a system of collinear
black holes without external strings (µ0 = µN = 0) has been calculated [172]. One
can compute the asymptotic behaviour,

e2γ ∼ 1 − 2(ΣN
I=1mI)
r̃

+ O(r̃−2) , ν ∼ O(r̃−2) , (5.3.4)

where r̃ is a suitable radial coordinate, and simply read off the mass. As discussed
above, when we have an ambient conical deficit the ADM mass is undefined. However,
we may instead read off the Komar mass as M = ∑N

I=1 mI/K.

When an acceleration horizon is present, the situation requires more explanation. We
take k = ∂t as our Killing vector field generating time translations. The normalisation
of k is implicit in the choice (5.2.31) of ℓγ; see the discussion given at the end of
section 5.2. The covector associated to k is k♭ = e2γdt. Taking the exterior derivative
and Hodge dual, we find

⋆dk♭ = r

Ke2γ

[
(∂re2γ)dz − (∂ze2γ)dr

]
∧ dϕ . (5.3.5)

The causal structure of the spacetime is now significantly more complicated than
in the non-accelerating case, but there is still a well defined spatial infinity [189].
To calculate the total mass, one could, in principle, integrate this form over a two-
surface there. That said, it is more instructive to use Gauss’ law to rewrite the
boundary integral as the sum of integrals over each black hole horizon and a bulk

3A misleading notion of “local asymptotic flatness” has led to some incorrect calculations of
mass in the literature [187].
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integration:
1

8π

∫
∞
⋆dk♭ = 1

8π

N∑
I=1

∫
HI

⋆dk♭ +Mbulk . (5.3.6)

The quantity on the left hand side is the total mass4 M . From (5.2.19) and (5.2.21),
we have the relevant behaviour for the integrand on the right hand side of (5.3.6)
near the Ith horizon HI ,

∂re
2γ ∼ r

2 |z2I+1z2I |
, e−2γ ∼ 4 |z2I+1z2I |

r2 , (5.3.7)

making the integrand straightforward:

lim
r→0

[
⋆dk♭

]
z∈(z2I ,z2I+1)

= 2
K
dz ∧ dϕ+ . . . . (5.3.8)

Hence we conclude that the integral over HI , which we interpret as the mass of an
individual black hole in the array, is

MI ≡ 1
8π

∫
HI

⋆dk♭ = mI

K
. (5.3.9)

Finally, we note that the volume integral Mbulk vanishes, and that the strings
themselves make no contribution to the above calculation.

The conclusion is that the total Komar mass is directly related to the rod lengths of
compact horizons. The same result for the mass of the solitary accelerating black hole
has been proposed in [150], albeit with a non-commital attitude to the normalisation
of k. We also observe a clear similarity with the holographically calculated mass of
a slowly accelerating black hole in AdS [149].

5.3.2 The first law of thermodynamics

We now show how to derive equation (5.1.2), the first law of thermodynamics for
an array of collinear black holes. Consider a variation to the array. The solution
(5.2.16) describes a coupled system; any variation of one black hole will impact on
all the others. Therefore, we do not expect individual first laws for each black hole.
Instead, it makes sense to consider a variation of the total mass

M =
N∑
I=1

mI

K
, (5.3.10)

4There is a caveat here that we have divided through to retain only the mass of objects on one
side of the acceleration horizon.
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as this is a state function of the complete system. Indeed, this is the philosophy for
the first law derived in [179]. Thus, to derive a first law, we must compute

δM =
N∑
I=1

1
K
δmI −mI

δK

K2 . (5.3.11)

We begin by computing the variation in entropies for the individual black holes:

N∑
I=1

TIδSI = 1
2

N∑
I=1

δ
(
mI

K

)
+ SΣ + OnM

2

(
δℓγ
ℓγ

+ δν0

)
, (5.3.12)

having replaced ℓν = e2ν0ℓγ/
√

2, and where

SΣ =
N∑
I=1

mI

2K

2I−1∑
i=1

2N∑
j=2I

(−1)i+j+1 δ(zj − zi)
zj − zi

+On

N∑
I=1

mI

2K

2I−1∑
i=1

(−1)i δ(zn − zi)
zn − zi

. (5.3.13)

This contains part of what we need for a first law, but has a rather messy sum!

Now we turn to the cosmic strings. We write the thermodynamic lengths for the
strings as λI = −eνILI , and then vary the tensions in (5.2.24), (5.2.25), and (5.2.26)
to obtain the contribution to the first law coming from the tensions:

−
N∑
I=0

λIδµI =
N∑
I=0

LIδK

4K2 +On

N∑
I=0

LI
4Kδν0 + µΣ , (5.3.14)

where

µΣ =
N−1∑
I=1

LI
4K

2I∑
i=1

2N∑
j=2I+1

(−1)i+j+1 δ(zj − zi)
zj − zi

+On

N∑
I=1

LI
4K

2I∑
i=1

(−1)i δ(zn − zi)
zn − zi

.

(5.3.15)

Putting these two expressions together, we have:

N∑
I=1
TIδSI −

N∑
I=0

λIδµI

= δM

2 + SΣ + µΣ +
N∑
I=0

LIδK

4K2 + On

4K

N∑
I=0

(LI + 2mI)δν0 + 2mI
δℓγ
ℓγ

.

(5.3.16)

First, let us deal with the sums SΣ and µΣ in these expressions. Observing that
mI = (z2I − z2I−1)/2, we can rewrite the entropy sum as

SΣ =
2N∑
k=1

2[ k+1
2 ]−1∑
i=1

2N∑
j=2[ k+1

2 ]

(−1)i+j+k+1

4K zk
δ(zj − zi)
zj − zi

+ On

4K

2N∑
k=1

2[ k+1
2 ]−1∑
i=1

(−1)i+kzk
δ(zn − zi)
zn − zi

(5.3.17)
Generalising [179] for the thermodynamic lengths of strings in between horizons as
LI = z2I+1 − z2I (with the exception of L0 and LN – see later) gives the tension sum
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as

µΣ =
2N−1∑
k=2

2[ k
2 ]∑

i=1

2N∑
j=2[ k

2 ]+1

(−1)i+j+k
4K zk

δ(zj − zi)
zj − zi

+ On

4K

2N−1∑
k=1

2[ k
2 ]∑

i=1
(−1)i+k+1zk

δ(zn − zi)
zn − zi

+ LN
4K

2N∑
i=1

(−1)i δ(zn − zi)
zn − zi

.

(5.3.18)

We now see that many of the terms in SΣ are cancelled by terms in µΣ, leaving just
k = 1, 2N from the entropy sum, and intermediate i, j terms from each when 2[k+1

2 ]
differs from 2[k2 ] + 1:

SΣ + µΣ

=
2N∑
j=2

(−1)j+1

4K z1
δ(zj − z1)
zj − z1

+
2N−1∑
i=1

(−1)i+1

4K z2N
δ(z2N − zi)
z2N − zi

+
2N−1∑
k=2

 2N∑
j=k+1

(−1)j+k
4K zk

δ(zj − zk)
zj − zk

+
k−1∑
i=1

(−1)i+k+1

4K zk
δ(zi − zk)
zi − zk


+ On

4K

(2N−1∑
i=1

[
(−1)i(LN + z2N) − zi

] δ(zn − zi)
zn − zi

+ LN
δ(zn − z2N)
zn − z2N

)

=
2N∑
j=2

j−1∑
i=1

(−1)i+j+1

4K (δzj − δzi) + On

4K

2N∑
k=1

(−1)k(LN + z2N − zk)
δ(zn − zk)
zn − zk

.

(5.3.19)

We now have to identify LN (and L0). We write

LN = zc − z2N , L0 = z1 − zc (5.3.20)

in keeping with the expressions for LI , where zc is a normalisation, similar to that
of the SILM in γ, to be determined. We can therefore reduce this combination to

SΣ + µΣ =
N∑
I=1

δmI

2K + On

4K

2N∑
k=1

(−1)k
(
δ(zn − zk) + (zc − zn)δ(zn − zk)

zn − zk

)

=
N∑
I=1

δmI

2K (1 −On) + On

4K (zc − zn)
2N∑
k=1

(−1)k δ(zn − zk)
zn − zk

=
N∑
I=1

δmI

2K (1 −On) − On

4K (zc − zn)δVn
Vn

.

(5.3.21)

Having simplified SΣ +µΣ, we now turn to the rest of the putative first law, (5.3.16).
We note that the sum of the thermodynamic lengths can be related to the sum of
the masses:

N∑
I=0

LI =
N−1∑
I=1

(z2I+1 − z2I) + LN + L0 = −2
N∑
I=1

mI . (5.3.22)
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Hence,

N∑
I=1

TIδSI −
∑
µ′s

λIδµI = δM

2 +
N∑
I=0

LIδK

4K2 +
N∑
I=1

δmI

2K

+ On

4K

[
N∑
I=1

2mI
δℓγ
ℓγ

−
N∑
I=1

2δmI − (zc − zn)δVn
Vn

]

= δM + On

2K

[
mtot

δℓγ
ℓγ

− δmtot − (zc − zn)δVn2Vn

]
,

(5.3.23)

where mtot = ∑
I mI is shorthand for the sum of the individual rod lengthscales.

Thus, we have derived the first law (5.1.2) for a general array of black holes, provided
we identify

zc = zn + 2mtotδℓγ/ℓγ − 2δmtot

δVn/Vn
= zn −

(
4Vn

V 2
n − 1

)
mtot , (5.3.24)

for the accelerating black hole. For the non-accelerating black hole, the first law is
automatically satisfied and we set L0 = LN = (z1 + z2N)/2.

5.4 Exploring multi-black hole spacetimes

Having derived these expressions, it is interesting to explore some sample accel-
erating and non-accelerating black hole arrays to gain an understanding of the
interdependency of black hole entropy, and to see how the strings contribute to the
thermodynamic system as well as cross-checking against known results.

5.4.1 Non-accelerating arrays

We start by considering non-accelerating black holes. This includes the Schwarzschild
case as a basic cross-check of our results, and the two black hole system which has
already been considered in the literature [172, 179–181].

Schwarzschild with a string

As discussed in section 5.2, the Schwarzschild solution (with an axial conical defect)
has n = 2, N = 1, and z2 − z1 = 2m. Conventionally, we set the centre of the
rod at the origin so that z2 = −z1 = m. From (5.3.1) and (5.3.2) we find that
the entropy and temperature are S = 4πm2/K and T = 1/8πm respectively, as
expected. For the cosmic string piercing the horizon, we have µ0 = µ1 = 1

4

(
1 − 1

K

)
,

and λ0 = λ1 = m in agreement with [148].
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z1 z2 z3 z4

2m1 2m2

z

z0

Figure 5.3: The source arrangement for two (non-accelerating)
black holes.

Two black holes

The first law for the two black hole system, with K = 1, was explored in [179]. The
arrangement of Newtonian sources for this solution is shown in figure 5.3. This value
of K means that there are no strings running to infinity; instead, the black holes are
held apart by a negative tension strut. Nevertheless, for larger K,

K ≥ z2
0 − (m2 −m1)2

z2
0 − (m1 +m2)2 (5.4.1)

where z0 is the distance between the centres of the two rods, we find results harmo-
nious with their conclusions: the first law holds with the thermodynamic length of
the defect connecting the black holes given by the worldsheet volume of the string
per unit time. The thermodynamic lengths of the semi-infinite strings are now

λ0 = λ2 = z4 − z1

2 = z0

2 + m1 +m2

2 . (5.4.2)

That is, the system responds to the average mass, and the distance between the
black holes. Note that λ1 = −(z3 − z2)eν1 also has a factor of the separation that
is important for consistency in varying the net conical deficit of the system. We
discuss this in more detail below for three black holes.

Three black holes

The three black hole system has rods on the intervals (z1, z2), (z3, z4), and (z5, z6);
see figure 5.4. We are interested in exploring how the locations of the sources affect
entropy and tension, and how a perturbation of one black hole impacts on the
others. Hence, we consider a set-up in which the two outer black holes have equal
mass and spacing from the middle black hole, which is centred around the origin:
z6 − z5 = z2 − z1 = 2m0, and z6 = −z1 = z0, z4 = −z3 = m. The entropies and
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oz1 z2 z3 z4 z5 z6

2m0 2m 2m0

z

z0 z0

Figure 5.4: A source arrangement for three (non-accelerating) black
holes. The two outer holes have equal masses 2m0, while
the central hole has independent mass 2m. The origin
of coordinates o is marked.

tensions then become:

S1 = 4πm2
0

K

(z0 +m0)(z0 +m0 +m)
z0(z0 +m0 −m) = S3

S2 = 4πm2

K

(z2
0 −m2

0)(z0 +m0 +m)2

z2
0(z0 −m0 +m)2

µ0 = 1
4

(
1 − 1

K

)
µ1 = 1

4

(
1 − z2

0(z2
0 − (m0 −m)2)

(z2
0 −m2

0)(z2
0 − (m0 +m)2)K

)
= µ2 .

(5.4.3)

It is easy to see that µ1 < µ0. This is to be expected: in order to retain equilibrium,
additional force must be applied on the outer black holes to counterbalance their
attraction of the middle one.

For the thermodynamic lengths we have:

λ0 = (z6 − z1)/2 = (z0 +m0) = λ3 ,

λ1 = −(z0 −m0 −m)(z2
0 −m2

0)(z2
0 − (m0 +m)2)

z2
0(z2

0 − (m0 −m)2) = λ2 .
(5.4.4)

Thus the thermodynamic length of the ambient deficit—that is, the total from both
string 1 and 4—is the distance from the north pole of the topmost black hole to the
south pole of the bottom-most black hole. The length associated to the intermediate
strings is minus the distance between the horizons of adjacent black holes (see figure
5.5).

We have found an interesting phenomenon where the thermodynamic lengths of
the outer strings are positive whereas those of interior strings are negative. This is
puzzling from the perspective of the individual black holes. However, upon taking
the system as a composite it makes sense: if we alter the overall tension, we must
account for the contributions from both inner and outer cosmic strings. The negative
contribution from the interior lengths then counteracts the positive contribution from
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the outer lengths. Explicitly, first set up the three black holes so that there is no
deficit between the central and outer black holes. That is, K takes the value

K0 = z2
0(z2

0 − (m0 −m)2)
(z2

0 −m2
0)(z2

0 − (m0 +m)2) . (5.4.5)

We now “add” a cosmic string to the system by increasing K to K0 +K1, so that

δµ0 = K1

4K0(K0 +K1)
, δµ1 = K1

4(K0 +K1)
= K0δµ0 . (5.4.6)

Note that the tension of the ambient cosmic string through the whole spacetime
increases from µ0 = (1 − 1/K0)/4 to µ0 + δµ0. However, the region between the
black holes, which initially had no deficit, now exhibits a cosmic string with tension
K0δµ0, i.e., a slightly greater tension than the increase in ambient string tension.
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Figure 5.5: The variation of tensions and thermodynamic lengths
of the three black hole system: Left: for equal masses as
a function of black hole separation, and Right: for fixed
black hole separation but varying the mass of the outer
black hole. On the left, the tension is set by taking the
minimal value consistent with zero tension between the
black holes at minimum separation, zmin = 3, giving an
ambient tension of 41/324. On the right the separation
is set at z0 = 10, and the outer black hole mass varies
from zero to 8.8, which is very close to the merger limit
of maximal tension, µ0 ∼ 0.244.
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Now let us look at the overall change in energy:

3∑
I=0

λIδµI = λ0δµ0 + λ1δµ1 + λ2δµ2 + λ3δµ3

= 2(z0 +m0)
K1

4K0(K0 +K1)
− 2(z0 −m0 −m)

K0

K1

4(K0 +K1)

= (4m0 + 2m)K1

4K0(K0 +K1)
.

(5.4.7)

This is the total length of string captured by the black holes multiplied by the
tension. We conclude therefore that the thermodynamic lengths really do behave
in concert, combining in such a way that the overall modification of tension has a
sensible impact on the overall thermodynamics of the system.

Turning to the entropies, one sees that S2/m
2 > S1/m

2
0. Essentially, this is saying

that the inner black hole has a higher entropy in units of its mass (squared) than
the outer ones. We understand this from the impact of the conical deficits: entropy
is decreased in general by having a conical deficit, as part of the horizon is “cut out”,
leaving a rugby, as opposed to soccer, ball shape. We would expect that the entropy
of the middle black hole would be relatively higher, as the deficit running through
this black hole is less than the deficit emerging from the outer poles of the outer
black holes.

The picture is a little more subtle than this broad brush expectation however; the
central black hole has a uniform tension, µ1, running through it, so naively, we might
expect that the entropy might be tracked by 4πm2(1 − 4µ1), but in fact the entropy
is higher than this. For the outer black holes, we might expect the entropy to be
tracked by the average tension between the poles, but again, it is higher. Indeed,
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Figure 5.6: The entropy of the outer (left) and middle (right) black
holes for equal masses as a function of black hole sep-
aration. The black holes all have unit mass, with an
ambient tension of 41/324. The tension is set by taking
the minimal value consistent with no strut between the
black holes at minimum separation, here zmin = 3.
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the entropy is higher even than the Schwarzschild entropy for a range of separation
values z0; see figure 5.6.

Similarly, we can track what happens to the entropy of one black hole as a result of
changing the mass of the others. For example, keeping the central black hole at unit
mass, and keeping the other two black holes at a given distance, we can see how the
entropy of the central black hole

Scentral = 4π
K

(1 −m2/z2
0)(1 +m/z0 + 1/z0)2

(1 −m/z0 + 1/z0)2 (5.4.8)

alters as we change the mass of the outer black holes. The mass of the outer hole
m0 can range from zero to z0 − 1, however at this point the horizons merge and to
maintain a non-negative tension between the black holes we would have to have a
maximal deficit of 2π. Instead, we choose a maximal mass mmax, and set K so that
at the maximal mass there is no deficit between the black holes:

K = Kc ≡ z2
0(z2

0 − (mmax − 1)2)
(z2

0 −m2
max)(z2

0 − (mmax + 1)2) . (5.4.9)

Figure 5.7 shows the variation of the entropy of the central black hole for a separation
z0 = 10, and a mass range up to mmax = 8.8. This is very close to the merger limit,
giving a large external tension µ0 ∼ 0.244, so a deficit angle of (2π)−1δ ∼ 0.977. As
before, the entropy is normalised by the entropy of a single black hole in a spacetime
with both this ambient deficit (SK = 4πK−1) as well as that of a black hole with a
cosmic string of tension µ1 running through (Sµ = 4π(1 − 4µ1)).

We now see a more nuanced behaviour. Initially, at m = 0, the spacetime is
precisely that of a single black hole of unit mass pierced by a cosmic string of tension
µ0 = µ1 = 4−1(1 − K−1). As we switch on the black hole mass at z0, µ1 decreases,
and this results in an increase in entropy, but this is over and above what we would

0 2 4 6 8
m00.0

0.5

1.0

1.5

2.0

2.5

S1/SK

S1Sμ

0 2 4 6 8
m00

2

4

6

8

10

S2/SK

S2Sμ

Figure 5.7: The entropies of the outer (Left) and central (Right)
black holes as a function of the mass m0 of the outer
black holes. The mass of the central black hole is fixed
at 1, and the outer black holes have the same mass m0.
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expect simply from a drop in µ1. This comes primarily from the m dependence in
(5.4.8). As we increase the mass further however, while the function S2/SK continues
to grow, the ratio S2/Sµ, of the entropy to that of a black hole with the µ1 cosmic
string starts to drop, eventually becoming less than one. We can understand this as
being a consequence of the very large deficit in the majority of the spacetime, even
though locally, at the central black hole, there is no cosmic string. The outer black
holes are very close (within a Schwarzschild radius) to the central black hole, thus
the geometry is strongly distorted there.

5.4.2 Accelerating arrays

Now let us consider accelerating black hole arrays of the type depicted in figure
5.2. The main difference with the non-accelerating array is that we have chosen
the parameter K to represent the ambient tension, so that the asymptotic tension
in principle varies with the locations of the rod ends. The expressions for entropy,
temperature, tension and thermodynamic length are readily worked out from (5.3.1)
and (5.3.2), though are not particularly illuminating. However, we can intuit the
general behaviour as we vary the black hole masses and positions.

First, note that µ0 > µN . We expect this because since the black holes are acceler-
ating there must be an imbalance between the tension of the string coming in from
infinity and that of the string exiting through the acceleration horizon. Next, as we
increase the first black hole mass m1, the first tension µ1 will drop, as more of the
pulling power of the string will be used to accelerate the increased mass. Whether
the subsequent string tensions increase or decrease depends on the masses of the
individual black holes: the second black hole will be attracted to the first (and third,
if present) which provides an additional attractive force over and above that of the
cosmic string. Typically, if the black holes are well separated relative to their size,
the string tensions will cascade down in magnitude as one moves along the array, but
for large black holes, this need not be the case (see the two black hole case below).

The C-metric

It is worth briefly checking the C-metric results, first proposed in [150]. The C-
metric has a single horizon and a SILM so we have n = 3 and N = 1. This source
arrangement is shown in figure 5.8. The metric in Weyl form is

ds2 = X1X3

ℓγX2
dt2 − ℓγE12E23

4R1R2R3E13

(
z3 − z0

z3 − z2

)2
[dr2 + dz2] − r2 ℓγX2

X1X3

dϕ2

K2 , (5.4.10)
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Figure 5.8: The source arrangement for the C-metric.

where z0 = (z1 + z2)/2 is the centre of the black hole rod, and we have replaced
V3 = (z3 − z1)/(z2 − z2). Here, ℓγ = 2(z3 − z0) is shown to be the reciprocal
of the acceleration of a small black hole in appendix B, where we also note the
transformation between this metric and the more familiar spherical coordinates.

Turning to the thermodynamics, we compute zc as

zc = z3 − (z3 − z2)(z3 − z1)
(z3 − z0)

= (z3z0 − z1z2)
(z3 − z0)

. (5.4.11)

Meanwhile, the entropy and thermodynamic lengths are

S = 4πm2

K

(z3 − z0)2

(z3 − z2)(z3 − z1)
→ 4πm2

(1 − 4m2A2)

λ0 = eν0(zc − z1) = m
(z3 − z1)
(z3 − z2)

→ m(1 + 2mA)
(1 − 2mA)

λ1 = eν1(z2 − zc) = m
(z3 − z2)
(z3 − z1)

→ m(1 − 2mA)
(1 + 2mA)

(5.4.12)

in agreement with the parameters proposed in [150].

It is also straightforward to write down a Christodoulou-Ruffini-like formula [160] for
the C-metric. Following [1], define a quantity ∆ characterising the average tension
emerging from the black hole horizon, and a quantity C characterising the tension
differential:

∆ = 1 − 2(µ0 + µ1) = 1
K
,

C = µ0 − µ1

∆ = z2 − z1

4ℓγ
→ mA .

(5.4.13)

Then one finds that
M2 = ∆S

4π
(
1 − 4C2

)
. (5.4.14)

Increasing the acceleration of the black hole while maintaining a constant ambient
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deficit removes energy from the black hole. This result is not as unsettling as it
may first appear, as energy may be lost both across the acceleration horizon and as
gravitational radiation at future infinity [137].

Electromagnetic charge Q and rotational charge J fit into the above story in a
straightforward manner. By analogy with the asymptotically AdS case [1], one
should expect that the Christodoulou-Ruffini formula will take the form

M2 = ∆S
4π

(1 + πQ2

∆S

)2

+
(2πJ

∆S

)2
− 4C2

 . (5.4.15)

From the charged, rotating, (asymptotically flat) C-metric written in Boyer-Lindquist
type coordinates, one may explicitly calculate the conserved charges using Komar-
like integrals. This was done in [150]. One then finds that (5.4.15) holds only if
the temporal Killing vector is normalised as it was in [150], (where the choice of
normalisation was made in order to make the first law and Smarr relations hold).
Since the quantities Q, J , S, ∆, and C are independent of the choice of normalisation,
one may interpret (5.4.15) as evidence that the mass proposed in [150] is the correct
one.

Two accelerating black holes

As a less trivial example, we present results for the two accelerating black hole
system, first explored in [182]. The arrangement of Newtonian sources is shown in
figure 5.9. We have

ℓγ = 2z5 − (z2
4 − z2

3 + z2
2 − z2

1)z5 − (z4 − z3 + z2 − z1)(z1z3 + z2z4)
(z4 − z3 + z2 − z1)z5 + z1z3 − z2z4

∼ 2(z5 − zcom) + O
(
z−1

5

)
,

(5.4.16)

where zcom = z2
4−z2

3+z2
2−z2

1
2(z4−z3+z2−z1) is the centre of mass of the pair of black holes (this

formula generalises to any number of accelerating black holes).

Placing the two black holes at ±zb fixes the gauge, and we can see how the string
tensions and black hole entropies react to changes in black hole mass and distance
to the horizon (without loss of generality we can keep zb fixed as a choice of scale).
Writing

S0 = (m1 +m2)(m1 +m2 + 2zb)(m1m2 − z2
b + z2

5)2

(z5 + zb +m1)(z5 − zb −m2)(z5(m2 +m1) + zb(m2 −m1))
, (5.4.17)
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Figure 5.9: The source arrangement for two accelerating black holes
The source arrangement for two accelerating black holes.

the entropies are

S1 = 4πm2
1

K

S0

(2zb +m1 −m2)(z5 + zb −m1)
,

S2 = 4πm2
2

K

S0

(2zb +m2 −m1)(z5 − zb +m2)
.

(5.4.18)

We can quickly see that if m1 = m2, the entropy of the first black hole will always be
less than that of the second, which would be expected as the mean deficit through
the first black hole is greater than that through the second. However, normalising
the entropies with respect to their reference SK = 4πm2

I/K, we can see that the
multiplicative factors in (5.4.18) show that both initially decrease as m2 increases
from zero before turning, although S2/SK shows a sharper decrease and eventually
drops below S1/SK . Again, this behaviour is easy to see from the ratios in (5.4.18).
Figure 5.10 shows this behaviour with varying mI .

In order to compare the impact of varying the masses of the black holes and their
separation, we first fix the outgoing tension at z → −∞, so that we are comparing
the same conical asymptotics. Figure 5.10 shows the effect of varying the mass of the
inner and outer black hole respectively on the entropies and thermodynamic lengths.
In each case, we fix one of the masses at unity and vary the other. In both cases,
varying the mass of the black hole closer to the acceleration horizon (m2) causes a
“crossover” behaviour.

Figure 5.11 shows how the entropy, length (and tension) are affected by moving
the black holes apart. As before, the outgoing tension is fixed at 1/8, and both
black hole masses are fixed at m1 = m2 = 1; the acceleration horizon is at z5 = 12.
The normalised entropy of the black hole closer to the acceleration horizon increases
as the black holes are moved apart, whereas the entropy of the other black hole
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decreases sharply. We can get a rough understanding of this by looking at the string
tensions; the tension between the second black hole and the acceleration horizon
drops off sharply at large separation, meaning that less of the angular direction is cut
out by the deficit, thus increasing entropy. The tension between the black holes, µ1,
in contrast increases, leading to an expectation that the first entropy will decrease.
While these statements are broadly true – note that we have already normalised the
K factor out of the entropy, indicating that the effect of this geometry is magnified.
As expected, the thermodynamic lengths exhibit a scaling with increasing separation,
with the intermediate length λ1 negative and decreasing to compensate the increase
in λ0.

5.5 Conclusions

To sum up: we have proven a thermodynamic first law for a composite system of black
holes, both accelerating and isolated. We have allowed the varying of the tensions of
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Figure 5.10: The variation of entropies and thermodynamic lengths
as a function of mass in a system of two accelerating
black holes. The outgoing tension is fixed at µ0 = 1/8,
and the displacement of each rod from the origin at
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varying from zero to 4. The upper plots show how the
entropies, normalized by 4πm2
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the cosmic strings along the axis that are necessary for maintaining the equilibrium
configuration. As with the accelerating AdS black hole thermodynamics previously
developed, these strings have a corresponding potential, the thermodynamic length,
which has a direct specification in terms of the Weyl coordinate parametrising the
axis of symmetry of the black hole array.

We have presented a range of accelerating and non-accelerating black hole systems
to illustrate the various facets of the thermodynamic parameters. The main point is
that the black holes form a fully composite thermodynamic system—the variation
of one black hole affects all the others. We also see how the tensions and lengths in
a composite system collude in such a way that the overall picture makes intuitive
sense, whereas the individual black hole contributions may be less transparent.

Our findings, that the thermodynamic lengths between compact horizons is related to
the proper distance along the axis, are in agreement with previous results [179–181].
However, in our construction there are also semi-infinite strings for which this proper
distance would be infinite, yet this is not what we would expect thermodynamically.
The thermodynamic length represents the contribution to the enthalpy from the
tension (negative pressure) of the cosmic string inside the black hole, thus should
be finite. We take this into account via a renormalisation process, the zc, similar to
the renormalising of the metric coefficients.

Open questions remain as to the inclusion of electric charge. Explicit solutions to
Einstein-Maxwell theory describing two electrically charged black holes connected by
a conical singularity, without exterior strings, are known and have been investegated
thermodynamically [179, 181]. One could, therefore, proceed as in section 5.3,
adding exterior semi-infinite strings to the system and determining the necessary
modifications to the resulting thermodynamic lengths. However, since charging the
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Figure 5.11: The variation of thermodynamic parameters for the
double accelerating black hole set-up where the two
black holes have equal mass m1 = m2 = 1 and the
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black holes destroys the linearity property present in (5.2.3), it is not currently
known how to construct arrays containing an arbitrary number of charged objects.

While the system of many black holes is not stable, it is nonetheless interesting that
it too displays sensible thermodynamic properties, further supporting the inclusion
of cosmic strings in the thermodynamic picture.



Chapter 6

The three-dimensional C-metric

6.1 Overview

As we have established, the four-dimensional C-metric [128] is the prototypical model
of an accelerating black hole. It consists of a compact black hole horizon, undergoing
uniform acceleration, isolated from a second black hole by a non-compact acceleration
horizon. The force of acceleration is provided by a tension or compression in one
or two codimension-two topological defects, which connect the horizon either to the
second black hole or to infinity.

Similar solutions of the Einstein equations exist in the presence a negative cosmo-
logical constant [135, 190] and with the addition of rotational and electromagnetic
charges [115, 125]. Such asymptotically (locally) anti-de Sitter solutions exhibit a
“slowly accelerating” phase in which there is neither an acceleration horizon nor a
second black hole. The drastic simplification which occurs in this phase has led to
significant advances understanding the role of acceleration. In particular, the con-
sistency of thermodynamic laws for slowly accelerating black holes has recently been
established [146, 148–150]. First laws of thermodynamics have also been established
for “rapidly accelerating” black holes [3], which possess an acceleration horizon. In
these constructions, the thermodynamic tension of the defect is promoted to a ther-
modynamic charge [1], with the conjugate quantity being the defect worldvolume
[179] renormalised in a suitable manner. We discussed these advances in chapters
3 and 4, wherin we showed how to formulate a first law for such black holes, and
investigated the new thermodynamic phenomena which arise as a result of the defect.

Despite these advances in understanding the classical aspects of acceleration, relat-
ively little is known about the quantum properties of the accelerating black hole.
There are two apparent approaches towards addressing this shortcoming.
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The first is to exploit the holographic correspondence, attempting to understand
the quantum gravitational system via its dual description as a quantum field theory
[52]. It has recently been shown that particular supersymmetric C-metrics may be
realised as Kaluza-Klein truncations of eleven-dimensional supergravity solutions
devoid of topological defects [152]. These uplifted solutions give a first step towards
a direct holographic understanding of the C-metric. See also [191, 192], for studies
investigating the holographic data available from conical defects which have been
“smoothed” by matter fields.

The second approach is to exploit the simplification of general relativity in dimensions
fewer than four, for which the theory is topological [193]. Lower-dimensional gravity
still exhibits many of the interesting features shared by its higher-dimensional sibling,
including the admission of black holes [194, 195]. However, from the perspective of
the path integral, the lack of dynamics renders the theory radically simpler [196]. In
fact, for asymptotically AdS solutions (without defect singularities) the path integral
may be evaluated explicitly [197]. Were one able to construct three-dimensional
solutions analogous to the C-metric, one may be able to apply similar technology to
gain insight into the nature of acceleration. It is this latter approach we follow in
this chapter.

Though we have motivated the C-metric as a description of an accelerating black
hole, more generally one may select less typical ranges of parameters in the C-metric
to find a menagerie of solutions [198]. In this way, one can construct geometries with
horizons that extend to the conformal boundary; they are dual to strongly coupled
field theories living on black hole backgrounds. Such solutions are known as either
black funnels or black droplets [199]. In fact, the acceleration horizon formed in the
rapidly accelerating phase of the AdS C-metric is one such droplet. In this chapter
we demonstrate that an analogous collection of solutions exists in three dimensions,
providing a range of black funnel and droplet solutions. This builds on the work of
[40], which presented both a solution describing an accelerating conical deficit [200],
and a solution analogous to the C-metric descibing a BTZ black hole [194] with a
codimension-one defect emerging from its horizon. This defect is under compression
so is commonly referred to as a “strut”; it possesses a negative energy density. We
show that not only can a more physical solution be constructed, describing a BTZ
black hole with the defect appendage under tension, the solution with a strut exhibits
a richer phase structure than acknowledged in the literature, possessing a “rapid
phase” in which a disconnected black droplet forms. This phase transition to a
droplet solution is directly analogous to the formation of an acceleration horizon in
the four-dimensional theory. We also construct a solution analogous to the C-metric
describing a white hole and one exhibiting a black funnel. We calculate the masses
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of our solutions using holographic techniques, and comment on their other physical
properties.
The chapter is organised as follows. In section 6.2 we outline the process for construct-
ing solutions from a C-metric-like ansatz, categorizing the resultant possibilities into
three classes. In sections 6.3 and 6.4 we construct and analyse accelerating conical
defects. In section 6.5 we construct a novel white hole solution, with a domain wall
defect under tension, analogous to the C-metric. In section 6.6 we clarify the results
of [40], discussing their BTZ-like solution with a domain wall under compression.
We show that the solution exhibits a more broad range of behaviours than previously
acknowledged, and call into question the author’s conclusion that this is an “acceler-
ating” BTZ black hole. In section 6.7 we demonstrate a similar, yet more physical,
family of black holes possessing instead a domain wall under tension. We construct
a novel three-dimensional black funnel in section 6.8, and conclude in section 6.9.

6.2 C-metric-like solutions in three dimensions

We start with an ansatz similar to the typical form of the four-dimensional C-metric
[115, 135], as in [40, 201],

ds2 = 1
Ω̄2

[
P̄ (y)dτ 2 − dy2

P̄ (y)
− dx2

Q̄(x)

]
, (6.2.1)

with the conformal factor given by

Ω̄ = Ā(x− y) . (6.2.2)

Here, Ā is a parameter with dimensions of inverse-length. The conformal boundary
lies at x = y. The Einstein equations with negative cosmological constant Λ = −ℓ−2

are explicitly solvable, with solution

Q̄(x) = c+ bx+ ax2 , P̄ (y) = 1
Ā2ℓ2

− Q̄(y) . (6.2.3)

All three parameters a, b and c are, in principle, arbitrary real numbers, provided
the correct signiture is retained. However, there exist gauge redundancies which
allow us to eliminate two of the three. Firstly, eliminate b by noting that the metric
is invariant under translation:

x → x+ s , y → y + s . (6.2.4)

There exists also a dilatation symmetry:

τ → sτ , x → sx , y → sy . (6.2.5)



84 Chapter 6. The three-dimensional C-metric

Class Sgn ∆Q̄ Sgn c
I + +
II + −
III − +

Table 6.1: The three classes of solution and their defining charac-
teristics.

The effect of dilatation is to scale a by a positive factor of s squared. We thus have
the freedom to choose |a| = |c|. There are two possibilities; either the signs of a and
c are the same, or they differ. The upshot of this discussion is that the parameter
space consists of 3 possible classes of geometry1 distinguished by the sign of c and
that of the discriminant ∆Q̄ = b2 − 4ac. Their definitions are given in table 6.1.

Symmetry under parity
x → −x , y → −y , (6.2.6)

allows us to take x > y. This is the same as a choice one can make for the four-
dimensional C-metric2.

Finally, a simple parameter redefinition A = Ā/
√

|c| shifts all of the dependence on
c into the timelike component of the metric which, since the geometry is static, we
are free to absorb by a rescaling τ → τ/|c|. We have arrived at a set of canonical
gauges in which all of the dependence on a, b, and c has been removed. The metric
in this gauge takes the form

ds2 = 1
Ω2

[
P (y)dτ 2 − dy2

P (y) − dx2

Q(x)

]
, (6.2.7)

with the conformal factor given by

Ω = A(x− y) (6.2.8)

and the metric functions in table 6.2. Also given in table 6.2 are the maximal ranges
of x for which Q(x) is positive.

Before giving a procedure to construct solutions with a domain wall, it will be helpful
to describe how each solution class may be grouped into phases distinguished by
causal structure. Geometries of Class I fall into three possible subclasses: those
which satisy the slow acceleration condition A2ℓ2 < 1 lack event horizons, wheras

1In fact, there is a fourth possible class, with both c < 0 and ∆Q̄ < 0, for which no range of x
gives a Lorentzian signature. We disregard this case.

2However, in four dimensions there is an equivalent alternative: the symmetry for the four-
dimensional metric is x → −x, y → −y, µ → −µ, where µ is the coefficient of the y3 term now
present in P (y). This has led some authors [198] to fix µ > 0, which leaves a choice of orderings
for x and y. We do not have such an option here since P is quadratic.
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Class Q(x) P (y) Maximal range of x
I 1 − x2 1

A2ℓ2
+ (y2 − 1) |x| < 1

II x2 − 1 1
A2ℓ2

+ (1 − y2) x > 1 or x < −1
III 1 + x2 1

A2ℓ2
− (1 + y2) R

Table 6.2: The metric functions in canonical gauge, together with
the largest available range of x.

those with A2ℓ2 > 1 possess two distinct event horizons. Solutions which saturate
the bound possess a single event horizon at y = 0. We christen these subclasses slow,
rapid, and saturated respectively. Solutions of Class II have a persistent horizon
structure over all values of A and ℓ. However, they may be instead categorised by
the choice to take x to live in a particular connected component, with either x < 1
or x > 1. We christen these the left and right subclasses of II respectively. Metrics
of Class III attain P positive only if A2ℓ2 < 1. There are then two event horizons,
with the valid range of y between them.

6.2.1 Adding a domain wall

Having identified the largest available range of x in each solution class, we now
seek solutions with one regular semi-axis and one domain wall coincident with the
oposing semi-axis, where we interpret x as an angular variable. To do so, we take a
solution written in canonical form and restrict x to take values in some subset of the
maximal range, such that the newly restricted range extends between a root x1 of Q
and some finite value x2. We then glue two copies of the resulting chart, “mirroring”
along the surfaces x = x1 and x = x2. The Israel junction conditions

Πij|right − Πij|left = 8π
∫ right

left
Tij (6.2.9)

give the stress induced in the glued surface induced by a discontinuity in canonical
momentum Πij = Kij −Khij across it. The (inwards pointing) unit normal to the
bounding surface x = constant is

n = ±Ω−1Q− 1
2dx . (6.2.10)

Equation (6.2.10) takes the ± sign for x1 ≶ x2. The extrinsic curvature Kij = ∇inj

is then easily computed:
Kij = ∓A

√
Qhij . (6.2.11)
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Using this result to evaluate the discontinuity in momenta across x = constant
reveals the smeared stress to be proportional to the induced metric∫ right

left
Tij = µhij , (6.2.12)

with induced tension
µ = ± A

4π
√
Q(x) . (6.2.13)

As we glue along x = x1 we find smooth spacetime. However, along x = x2, which
is not a root of Q, we instead find a non-zero induced stress which signals a domain
wall. The domain wall fulfils an analagous role to that of the conical deficit or cosmic
string found in the four-dimensional C-metric, although in that case the defect has
instead a codimension of two.

Throughout this chapter, when µ is positive we will refer to the domain wall as a
tensioned-wall. Similarly, when µ is negative, we will refer to it as a strut. We restrict
ourselves to a discussion of solutions containing only one domain wall. We will refer
to such geometries either generically as single-wall solutions, or more specifically as
either single-tensioned-wall or single-strut solutions.

Note that, since Class III solutions have Q everywhere positive, it is clear from
(6.2.13) that this class does not admit a tensionless cutting and gluing of the type
described above. Thus, single-defect solutions may be constructed from Class I or
II solutions only.

When restricting the range of the x coordinate, it may be that the new range of
parameters “avoids” one or more of the event horizons that would have been present,
or changes the number of horizons that meet the conformal boundary, had the full
range of x been considered. As a concequence, (with t timelike) there are eight
qualitatively distinct single-tensioned-wall and seven qualitatively distinct single-
strut solutions one can construct through various choices of x1 and x2.

Figure 6.1 shows all of the possible distinct single-tensioned-wall solutions construct-
able from Class I geometries. Figure 6.1a shows the rapidly accelerating subclass
Irapid, with three possible single-tensioned-wall solutions: A denotes a choice of
x+ ∈ (−1,−yh) with y < 0, for which there are no horizons. B denotes a choice of
x+ ∈ (−yh, 1) with y < 0, for which there is a single horizon. C denotes a choice
of x+ ∈ (−yh, 1) with y > 0. There are three similar solutions for Isaturated, shown
in figure 6.1b. D denotes a solution with x+ < 0 and E one with x+ > 0. Having
chosen x+ > 0, one may then constuct single-tensioned-wall solutions with either
y > 0 or y < 0. Figure 6.3a shows the unique single-tensioned-wall solution which
can be derived from Class II. Table 6.4 gives a representation of all the possible
single-tensioned-wall solutions with t > 0.
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Similarly, figures 6.2 and 6.3b show all of the possible qualitatively distinct single-
strut solutions constructable from Class I and II geometries respectively. The letters
A, B, C, and D in figures 6.2a and 6.2b denote choices of x+ that determine whether
the constructed solution has (for B and D), or does not have (for A and C), a
horizon. Table 6.5 gives a representation of all the possible single-strut solutions
with t > 0.

6.3 Class I: A particle pulled by a domain-wall

Upon adding a domain wall to a Class I geometry by the method of the previous
section, one can obtain an accelerating conical singularity held a fixed proper distance
from the conformal boundary by a “pulling force” exerted by a domain wall.

To construct the accelerating conical defect, we start with the metric (6.2.7) with
the Class I metric functions given in table 6.2. Choose some value x+ ∈ (−1, 1)
and define a patch with x ∈ (x+, 1]. Glue two copies of this patch, mirroring along
both x = x+ and x = 1. The identifications are shown in figure 6.6. The x = 1
axis of the newly formed spacetime is regular, and the x = x+ axis marks the
position of a domain wall of positive tension µ = A(4π)−1

√
Q(x+). A conical deficit

is present at y → −∞. If A2ℓ2 ≥ 1, two (possibly coincident) horizons are present
at ±yh = ±

√
1 − A−2ℓ−2. If A2ℓ2 < 1, no horizons are present. One can now see

why we call these three possibilities slow, saturated, and rapid; if the acceleration
parameter A becomes too large, the geometry forms a Killing horizon at y = −yh,
which we refer to as an acceleration horizon. If, then, we choose x+ < −yh, as in
the Irapid,A and Isaturated,D geometries, this horizon is non-compact and masks part
of the conformal boundary. The domain wall extends between the conical defect
and the conformal boundary. If, instead, we choose x+ > −yh, as in the Irapid,B and
Isaturated,E,y < 0 geometries the horizon “wraps around” to mask the entire conformal
boundary. In this case the domain wall extends between the conical defect and the
horizon. Note that the saturated solution possesses the lowest possible value of A
whilst retaining an acceleration horizon. To describe an accelerating conical defect,
we restrict ourselves to values of y between y → −∞ and either the conformal
boundary at y = x or the horizon at y = −yh, whichever is encountered first as y is
increased.

Following the (3 + 1)-dimensional wisdom, intuition can be gained by introducing
dimensionful coordinates r = −(Ay)−1 and t = αA−1τ . We also introduce an angular
coordinate x = cos(ϕ/K). The parameter K ≡ π/ arccos(x+) encodes the range of



88 Chapter 6. The three-dimensional C-metric
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Figure 6.1: Coordinate ranges for single-tensioned-wall solutions
constructed from metrics of Class I (with t timelike).
Three qualitatively distinct solutions are shown in fig-
ure 6.1a, three in 6.1b, and one in 6.1c.
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Figure 6.2: Coordinate ranges for single-strut solutions constructed
from metrics of Class I (with t timelike). Two qualitat-
ively distinct solutions are shown in figure 6.2a, two in
6.2b, and one in 6.2c.
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x = −1x = x+

−yh

x
=
y

y = −1

(a) IIleft
x = 1

x
y = 1

slow rapid

yh

−yh

x
=
y

(b) IIright

Figure 6.3: Coordinate ranges for single-defect solutions construc-
ted from metrics of Class II. Figure 6.3a shows a
tensioned-wall solution, while 6.3b shows two qualit-
atively distinct strut solutions.

the x coordinate, fixing the range of ϕ to be (−π, π). The metric is now

ds2 = 1
[1 + Ar cos (ϕ/K)]2

[
f(r)dt

2

α2 − dr2

f(r) − r2dϕ
2

K2

]
,

f(r) = 1 + (1 − A2ℓ2)r
2

ℓ2 .

(6.3.1)

With foresight, we have left explicit the possibility of rescaling t by some dimen-
sionless parameter α. This coordinate system covers both of the conjoined (x, y)
patches when y < 0 for positive r values and both glued (x, y) patches when y > 0
for negative r values.

The conical deficit, if present, lies at r = 0. Moving out from the conical defect along
a fixed angle ϕ and in the direction of increasing r, one meets first the conformal
boundary if |ϕ| is large enough, an acceleration horizon at rh = (A

√
1 − A−2ℓ−2)−1

if both |ϕ| is smaller and A2ℓ2 ≥ 1, or a breakdown of the coordinate system with r

diverging if |ϕ| < π/2 and A2ℓ2 < 1.

The conical deficit, which one may be inclined to refer to as the “particle mass” [202],
is

mc = 1
4

(
1 − 1

K

)
, (6.3.2)

while the tension in the domain wall is

µ = A

4π sin
(
π

K

)
. (6.3.3)

We have that K ≥ 1. When K = 1, both the conical deficit (6.3.2) and domain wall
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single-tensioned-wall solutions

I

rapid

A B C

saturated

D E

y > 0 y < 0

slow

II

left

Figure 6.4: Classification of distinct single-tensioned-wall solu-
tions with t timelike. Each leaf node represents a
qualitatively-distinct solution.

single-strut solutions

I

rapid

A B

saturated

C D

slow

II

right

slow rapid

Figure 6.5: Classification of distinct single-strut solutions with t
timelike. Each leaf node represents a qualitatively-
distinct solution.

tension (6.3.2) vanish, and the geometry becomes global AdS3 written in an accel-
erated frame. We have monotonically increasing particle mass as K increases. As
K → ∞, the particle mass asymptotes 1/4, and the domain wall tension asymptotes
zero. The domain wall tension lies within the range (0, A/4π); see figure 6.7. As
A → 0, the mass of the particle is unaffected and the tension of the domain wall
goes to zero. Note that, in the rapid or saturated phases, it is the magnitude of the
particle mass relative to the other scales in the system which determines the horizon
structure. For light particles mc ∼ 0 (x+ ∼ −1, K ∼ 1), the acceleration horizon is
non-compact and the domain wall reaches the boundary. For heavy particles, the
acceleration horizon compactifies and one attains the de Sitter-like state.

To identify that the conical defect is accelerating, consider the four-acceleration
along the worldline traced by the origin. The origin r = 0 of the coordinates (6.3.1)
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x = 1 = x′x = x+ x′ = x+x = −1 x′ = −1

x
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(x, y) patch (x′, y′) patch

y = 0
r → −∞

r →∞

y → −∞
r → 0+

y →∞
r → 0−

Figure 6.6: The two patches of type I spacetime used to construct
a slowly accelerating conical defect pulled by a domain
wall under tension.

has normalised four-velocity

u = αΩ√
f

∣∣∣∣∣∣
r→0

∂t . (6.3.4)

The associated four-acceleration is then given by a covariant derivative,

a = ∇uu , (6.3.5)

which has magnitude
|a| =

√
− (∇uu)2 = A . (6.3.6)

We see that the acceleration parameter gives the locally experienced acceleration of
the particle.

One can also identify the particle’s acceleration by considering the temperature of
the horizon in the rapid phase. In this phase, demanding regularity of the Euclidean
section indicates a horizon temperature of

T = A

2πα

√
1 − 1

A2ℓ2 . (6.3.7)

For accelerations which are large compared to the AdS scale, A ≫ ℓ−1, the particle
is close to the acceleration horizon and provides effects which dominate the effect of
the background curvature. In this regime, the geometry is approximately flat, and
one should expect α ∼ 1. The horizon is then seen to be Rindler, with temperature
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T = (2π)−1A.

We now wish to identify the correct mass associated with this solution. This is
typically tricky in the presence of acceleration horizons, though we refer the reader
to chapter 5 for some recent progress. To sidestep the issue, focus on the slowly
accelerating phase, A2ℓ2 < 1, which possesses no horizons. In order to identify the
correct mass, one must normalise the generator of time translations ∂t to that of an
observer located at the boundary [82]. That is, we wish to choose α in (6.3.1) such
that t is the same time coordinate as when the geometry is written in global gauge

ds2 =
(

1 + R2

ℓ2

)
dt2Global − dR2(

1 + R2

ℓ2

) −R2dϑ2 . (6.3.8)

Note that the function f has the same form as the comparable function in the C-
metric in four dimensions, in the limit of vanishing mass parameter [189]. Hence,
the transformation between local and global coordinates is already known to be(

1 + R2

ℓ2

)
= f(r)
α2Ω(r, ϕ)2 , R sinϑ = r sin (ϕ/K)

Ω(r, ϕ) . (6.3.9)

This holds only if the temporal rescaling is

α =
√

1 − A2ℓ2 . (6.3.10)

This mapping to global gauge allows for an intuitive picture of the spacetime to be
constructed. By compactifying onto the Poincaré disk, we attain figure 6.8 for the
slowly accelerating conical deficit, which is plotted at some fixed time t. The details
of the compactification are given in appendix C. One must use two (x, y) patches to
cover both the eastern and western hemicircles, as in figure 6.6. Note that, since t
aligns with the global time coordinate, one may stack an infinite number of identical
diagrams to visualise the complete space. We find a conical deficit “pulled” closer

2 4 6 8 10
K

0.2

0.4

0.6

0.8

1.0

sin(π/K)

Figure 6.7: Plot of 4πA−1µ, showing the effect of K on the wall
tension.
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x
′  1  x

x  x+x
′  x+

Figure 6.8: The slowly accelerating conical deficit with A = 0.9ℓ,
pulled by a domain wall, mapped onto the Poincaré disk.
The deficit is shown as a black point and accelerates
southwards. A “wedge” is removed from the global
space, with its edges x = x+ and x′ = x+ (long-dashed
black) identified to attain a domain wall under tension.
Several lines of constant x are shown in blue, with lines
of constant y in dashed orange.

to the boundary than the origin of global coordinates by the removal of a distorted
wedge.

In fact, although defining a mass in the rapidly accelerating case is difficult, we
can already determine the appropriate Killing vector one should use once a reliable
definition becomes available. Consider the portion of AdS3 described by the metric

ds2 =
(

−1 + R2

ℓ2

)
dt2Rindler − dR2(

−1 + R2

ℓ2

) −R2dϑ2 , (6.3.11)

with r > −1 and ϑ ∈ R. This geometry possesses a non-compact bifurcate Killing
horizon at r = −1, generated by ∂t, and we will refer to it as either the planar BTZ
geometry or Rindler wedge. Close to the conformal boundary at large r, t is the
usual timelike coordinate of the Poincaré patch. This time coordinate provides the
zero-mass state for AdS3 [93]. As such, the appropriate normalisation of t for the
rapidly accelerating particle is given by choosing α such that the time coordinate of
the solution (6.3.1) matches that of the Rindler wedge (6.3.11). This choice of Killing
vector closely mirrors the choice made in chapter 5, where—for four-dimensional
accelerating black holes without cosmological constant—the generator of the Rindler
horizon was shown to provide a mass satisfying a first law. The transformation
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between the rapid Class I and planar BTZ geometries is given by(
−1 + R2

ℓ2

)
= f(r)
α2Ω(r, ϕ)2 , R sinhϑ = r sin (ϕ/K)

Ω(r, ϕ) , (6.3.12)

where we must take
α =

√
A2ℓ2 − 1 . (6.3.13)

Much like the slowly accelerating case, the transformation between local coordinates
and the Rindler wedge may be used to understand the rapidly accelerating conical
deficit as a subset of AdS3. For light conical deficits (mc ∼ 0), this space is the
planar BTZ geometry with a wedge removed. This is shown in figure 6.9. We must
plot two (x, y) patches in order to cover the Rindler wedge. Details of the mapping
onto the global space given in appendix C. A key feature is that the Rindler time
coordinate and the global time do not align. In figure 6.9, global time runs vertically,
aligned with the axis of the cylinder. The conical defect on the other hand is seen
to accelerate in from the conformal boundary at early times t, then move back out
towards the boundary as t → ∞. Both of these events happen in finite global time,
resulting in the particle experiencing an acceleration horizon. It is already known
that the planar BTZ geometry describes an acceleration horizon for test particles
[195]; our solution describes a particular physical object undergoing acceleration,
with the force of acceleration provided by a physical domain wall.

For heavy conical deficits (mc large enough that x+ > −yh), the “wedge” removed is
so large that includes all of the conformal boundary. This is shown in figure 6.10. In
this phase, the bifurcation surface is compactifies to become a circle and the horizon
structure is similar to that of de Sitter space.

6.3.1 The holographic mass

In this subsection, we identify the holographic mass of the slowly accelerating conical
deficit.

Following the prescription of Brown and York [51], a quasi-local gravitational energy
can be obtained by varying the action with respect to the boundary metric, provided
the variational problem is well-posed. To correctly formulate the variational problem
for an asymptotically AdS spacetime, one can add counterterms to regulate the UV
divergences arising near the boundary [93, 203].

Following the recipe, one expands the metric in the Fefferman-Graham frame

ds2 = − ℓ2

z2dz
2 + ℓ2

z2

(
g(0) + z2g(2) + z4g(4)

)
. (6.3.14)
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Figure 6.9: The Class Irapid,A solution embedded within global AdS3.
The deficit’s worldline is shown in solid black. Several
surfaces of constant t are plotted. The event horizons
are demonstrated by the surfaces at early and late t.
The bifurcation surface is shown as a green line. A
“wedge” is removed, with its edges x = x+ and x′ =
x+ identified. These edges are shown in long-dashed
black within each time-slice, and in dashed red at the
boundary. The boundary of the classically accessible
subset of the global boundary is shown in red. Lines
of constant x are shown in blue, with lines of constant
y in dashed orange. To guide the eye, the axis of the
cylinder is also shown in black.

Here, g(0), g(2), and g(4) are covariant two-tensors. Note that this expression is exact;
in 2 + 1 dimensions the series terminates at order z2 [93, 153, 204]. The holographic
stress tensor ⟨T ⟩ is completely determined by g(0) and g(2):

⟨T ⟩ = − ℓ

8π
(
g(2) − g(0) Tr[g−1

(0)g(2)]
)
. (6.3.15)

We now transform the metric (6.2.7) to Fefferman-Graham gauge near the boundary,
as in [149], using the transformation

y = ξ +
∞∑
m=1

Fm(ξ)
(
z

ℓ

)m
, x = ξ +

∞∑
m=1

Gm(ξ)
(
z

ℓ

)m
. (6.3.16)
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Figure 6.10: The Class Irapid,B solution embedded within global
AdS3. The deficit’s worldline is shown in solid black.
Several surfaces of constant t are plotted. The event
horizons are demonstrated by the surfaces at early
and late t. The bifurcation surface is shown as a green
line. The surfaces x = x+ and x′ = x+ identified.
Lines of constant t within these surfaces are shown in
long-dashed black. None of the conformal boundary is
included in the solution. Lines of constant x are shown
in blue, with lines of constant y in dashed orange. To
guide the eye, the axis of the cylinder is also shown in
black.

It is then straightforward to solve for the unknown functions order by order. For
example, to determine G1 we perform the above transformation, expand the res-
ulting metric to order z−2, and enforce the lack of a cross term gzξ = 0. We then
expand to order z−1, then z−2, and so on, sequentially fixing the Fm’s and Gm’s to
acquire Fefferman-Graham form. In this process, F1 remains unfixed, appearing as
a conformal factor in the boundary metric g(0). Also, the metric expansion explicitly
terminates at O(z2): once one gauge fixes gzz = ℓ2z−2 and gzξ = 0 at order m = 7,
the other metric components at the same order vanish identically. This property per-
sists at orders m > 7; one is always able to add terms to the coordinate expansions
(6.3.16) such that the g(n) with i ≥ 5 are identically zero to arbitrary order.

For notational convenience, we define a dimensionless quantity Υ(ξ) ≡ 1−A2ℓ2(1−ξ2).
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A strategic redefinition of conformal factor

F1(ξ) = Υ3/2

Aℓω(ξ) (6.3.17)

in terms of a new (non-zero) function ω simplifies the boundary metric found by the
process described above:

g(0) = ω(ξ)2

A2

[
dτ 2 − A2ℓ2 dξ2

1 − ξ2

]
. (6.3.18)

Note that g(0) has the correct dimensions of length squared. The leading correction
is also diagonal:

g(2) = 1
2A2ℓ2

1 − A2ℓ2 + (1 − ξ2)Υ2
(
ω′(ξ)
ω(ξ)

)2
 dτ 2 +

 1 − A2ℓ2

2(1 − ξ2)Υ2

+
(
1 − 3A2ℓ2(1 − ξ2)

) ξ

(1 − ξ2)Υ

(
ω′(ξ)
ω(ξ)

)2

+ 3
2

(
ω′(ξ)
ω(ξ)

)2

− ω′′(ξ)
ω(ξ)

dξ2 . (6.3.19)

Note that g(2) is dimensionless, as expected. We will not write down g(4) as it will
not be needed. Raising and lowering indices with g(0), the non-zero components of
the stress tensor are

16πω(ξ)2ℓ⟨T ττ ⟩ = −
(
1 − A2ℓ2

)
− 2ξ

(
1 − 3A2ℓ2

(
1 − ξ2

))
Υ
(
ω′(ξ)
ω(ξ)

)

+
(
1 − ξ2

)
Υ2

2ω
′′(ξ)
ω(ξ) − 3

(
ω′(ξ)
ω(ξ)

)2
 (6.3.20)

and

16πω(ξ)2ℓ⟨T ξξ ⟩ =
(
1 − A2ℓ2

)
+
(
1 − ξ2

)
Υ2

(
ω′(ξ)
ω(ξ)

)2

. (6.3.21)

As expected for a two-dimensional boundary theory [153, 205], tracing this stress
reproduces the usual Weyl anomaly

⟨Tr[g−1
(0)T ]⟩ = cVirasoro

24π R(g(0)) , (6.3.22)

where R(g(0)) is the Ricci scalar of the boundary metric g(0):

R(g(0)) = − 2Υ
ℓ2ω(ξ)2

ξ (1 − 3A2ℓ2(1 − ξ2)
) ω′(ξ)
ω(ξ)

+ (1 − ξ2)Υ
(ω′(ξ)

ω(ξ)

)2

− ω′′(ξ)
ω(ξ)

 . (6.3.23)

The central charge is calculated to be cVirasoro = 3ℓ/2, suggesting the existence of
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a locally Virasoro asymptotic symmetry group. The stress tensor is covariantly
conserved; ∇µT

µ
ν = 0.

We are now in a position to write down the mass. Being careful to include the
contributions from both (x, y) patches, accounting for their orientations, the mass—
calculated with respect to ∂t—is

M = 2A
∫ 1

x+

√
− det g(0) ⟨T ττ ⟩ dξ , (6.3.24)

where the integrand is

√
− det g(0) ⟨T ττ ⟩ = − 1

8πAα
√

1 − ξ2

1 − A2ℓ2

2Υ + ξ
(
1 − 3A2ℓ2(1 − ξ2)

)(ω′(ξ)
ω(ξ)

)

+ (1 − ξ2)Υ
3

2

(
ω′(ξ)
ω(ξ)

)2

− ω′′(ξ)
ω(ξ)

 . (6.3.25)

The dependence upon the conformal representative arises as a result of the usual
transformation properties of the stress tensor for a two-dimensional CFT. The stress
tensor in two dimensions is not a primary operator (it is only quasi-primary). Such
an operator transforms under conformal mappings with additional terms involving a
Schwarzian derivative [206]. Since in dimensions greater than two all quasi-primary
fields are primary, such terms do not appear in the boundary stress tensor for the
four-dimensional C-metric. In order to obtain the correct holographic information in
two dimensions, we need to choose a particular conformal representative of the bound-
ary metric. For three-dimensional gravity, we should choose the Brown-Henneaux
condition [205, 207, 208], setting the boundary metric to be a cylinder. In fact, this
is necessary for a well defined variational problem [92]. This choice corresponds to
selecting the ground state for the boundary CFT. We thus fix the conformal factor
to be ω = 1. The integral then takes the form

M = − 1
8πα

√
1 − A2ℓ2

∫ 1

x+

dξ

Υ
√

1 − ξ2 , (6.3.26)

which is readily integrated, yielding

M = − 1
8πα

√
1 − A2ℓ2

π
2 − arctan

 x+√
1 − A2ℓ2

√
1 − x2

+

 . (6.3.27)

To make this expression more intuitive, let’s use the parameter K instead and
substitute the value of α from (6.3.10). The mass is then written

M = − 1
8π

π
2 − arctan

 cot
(
π
K

)
√

1 − A2ℓ2

 . (6.3.28)
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Figure 6.11: The holographic mass of the conical deficit pulled by
a domain wall under tension with various acceleration
parameters: A = 0 (solid red), A = 0.5ℓ (dotted blue),
A = 0.99ℓ (dashed orange).

The mass is plotted for various acceleration parameters in figure 6.11. In comparison
to the magnitude of the conical deficit, the value of the acceleration parameter A is
seen to make little difference until it becomes comparable to ℓ.

As a check, one can take the limit of vanishing acceleration parameter A. We recover
exactly the Casimir energy of pure (global) AdS3 with a conical deficit [93, 153, 209]

MAdS3 = − 1
8K . (6.3.29)

6.4 Class I: A particle pushed by a strut

One can also construct a conical deficit accelerated by a strut. In fact, the asymp-
totically flat counterpart of this construction (which can be achieved by taking the
ℓ → ∞ limit) has been studied by Anber [200].

Start with the metric (6.2.7) with the Class I metric functions and coordinate
ranges given in table 6.2. Choose some value x+ ∈ (−1, 1) and define a patch with
x ∈ [−1, x+). Glue two copies of this patch, mirroring along both x = −1 and
x = x+. The identifications are shown in figure 6.12. The x = −1 axis of the newly
formed spacetime is regular along x = −1, with the x = x+ axis marking the position
of a domain wall of negative tension µ = −A(4π)−1

√
Q(x+). This solution shares

many features in common with the solution of section 6.3 so we will discuss it in less
detail.

The solution can be written more intuitively in dimensionful coordinates r = −(Ay)−1

and t = αA−1τ . We also introduce an angular coordinate x = − cos(ϕ/K) with
the parameter K = π/ arccos (−x+) encoding the range of angular coordinate. The
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x = −1 = x′x = x+ x′ = x+x = 1 x′ = 1

x
=
y

x
′ =

y
′

x x′

y y′

(x, y) patch (x′, y′) patch

y = 0
r → −∞

r →∞

y → −∞
r → 0+

y →∞
r → 0−

Figure 6.12: The two patches of type I spacetime used to construct
a conical defect accelerated by a pushing strut.

metric then takes the form

ds2 = 1
[1 − Ar cos (ϕ/K)]2

[
f(r)dt

2

α2 − dr2

f(r) − r2dϕ
2

K2

]
,

f(r) = 1 + (1 − A2ℓ2)r
2

ℓ2 .

(6.4.1)

We anticipate a rescaling of time by α. By similar arguments to those of section 6.3,
we find that one should take α =

√
|1 − A2ℓ2|. The local acceleration of the particle

is again |a| = A, by the same reasoning. The particle mass and wall tension are,
respectively,

mc = 1
4

(
1 − 1

K

)
(6.4.2)

and
µ = − A

4π sin
(
π

K

)
. (6.4.3)

By mapping the solution to a portion of global space, we attain figure 6.13 for the
slowly accelerating deficit. The details of the mapping are given in appendix C. The
interpretation of this figure is similar to that for the particle accelerated by a domain
wall under tension, (cf. figure 6.8 and the discussion given in section 6.3).

In the rapid and saturated phases, much like with the particle accelerated by a
tensioned-wall, changing the magnitude of conical deficit can induce a phase trans-
ition. For light conical deficits (mc ∼ 0), the gluing surface x = x+ connects the
conical defict’s worldline to a horizon. In this case, one removes a “wedge” which in-
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x
′  1  x

x  x+x
′  x+

Figure 6.13: The slowly accelerating conical deficit with A = 0.9ℓ,
pushed by a strut, mapped onto the Poincaré disk.
The deficit is shown as a black point and accellerates
southwards. A “wedge” is removed from the global
space, with its edges x = x+ and x′ = x+ (long-dashed
black) identified to attain a domain wall under com-
pression. Several lines of constant x are shown in blue,
with lines of constant y in dashed orange.

cludes part of the acceleration horizon from the planar BTZ geometry. This situation
arises for the Irapid,B and Isaturated,D single-strut solutions. The Irapid,B single-strut
solution is shown in figure 6.9. On the other hand, for heavier conical deficits (mc

large enough that x+ < yh), the identified surfaces connect the deficit’s worldline
to the conformal boundary. The portion of space then removed from the Rindler
geometry is then so large that it includes the entireity of the horizon. This situation
arises for the Irapid,A and Isaturated,C single-strut solutions. The Irapid,A single-strut
solution is shown in figure 6.10.

6.4.1 The holographic mass

Considering again the slowly accelerating phase, the holographic calculation proceeds
identically to that of section 6.3. In particular, the expressions for the Fefferman-
Graham expansion (6.3.17), (6.3.18), (6.3.19); the stress tensor (6.3.20), (6.3.21);
and the Ricci scalar of the boundary metric (6.3.23) all hold.

The limits for the mass integration must be updated,

M = 2A
∫ x+

−1

√
−g(0)⟨T ττ ⟩dξ , (6.4.4)



102 Chapter 6. The three-dimensional C-metric

Figure 6.14: The rapidly accelerating light conical deficit with
A > ℓ−1, pushed by a strut, embedded within global
AdS3. The deficit’s worldline is shown in solid black.
Several surfaces of constant t are plotted. The event
horizon is demonstrated by the surfaces at early and
late t. The bifurcation surface is shown as a green
line. A “wedge” is removed, with its faces x = x+
and x′ = x+ identified. These faces are indicated by
long-dashed black curves within each time-slice, and
in dashed red at the boundary. The boundary of the
classically accessible subset of the global boundary is
shown in solid red. Lines of constant x are shown in
blue, with lines of constant y in dashed orange. To
guide the eye, the axis of the cylinder is also shown in
black.

however evaluation gives the same result (6.3.28). Thus, it appears that although
one might naïvely associate a negative mass with the negative tension domain wall
[200], this is erroneous. The mass again reduces to that of global AdS3 with a conical
deficit in the limit of vanishing A.
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Figure 6.15: The rapidly accelerating heavy conical deficit with
A > ℓ−1, pushed by a strut, embedded within global
AdS3. The deficit’s worldline is shown in solid black.
Several surfaces of constant t are plotted. The surfaces
x = x+ and x′ = x+ are identified. Edges of x = x+
are shown in long-dashed black within each time-slice.
x+ is taken positive enough that the entireity of the
boundary is removed from the space before identifica-
tion. The boundary of the classically accessible subset
of the global boundary is shown in red. Lines of con-
stant x are shown in blue, with lines of constant y
in dashed orange. To guide the eye, the axis of the
cylinder is also shown in black.

6.5 Class IC: A black hole pulled by a
domain-wall

It is also possible to construct from the Class I geometry a black hole with a
topologically circular bifurcation surface, together with a single domain wall of
positive tension extending from its horizon out to the conformal boundary. We
may do so in either the rapid or saturated phase, from which we get the Irapid,C or
Isaturated,E,y > 0 single-tensioned-wall solutions respectively.

Consider a Class I geometry in the rapid (or saturated) phase, so that A2ℓ2 ≥ 1.
Choosing to consider positive values of y, there is a Killing horizon in the space at
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yh =
√

1 − A−2ℓ−2. One can constuct a single-tensioned-wall solution by choosing
some value x+ ∈ (yh, 1); cutting the space along x = x+; and gluing two copies of
the chart, mirroring along both x = x+ and x = 1. Diagrammatically, we are joining
two copies of the most heavily shaded region in figure 6.1a, wherin the relevant value
of x+ is denoted by C. There is no tension along the gluing surface x = 1. Along
x = x+, there is a domain wall with positive tension

µ = A

4π
√

1 − x2
+ . (6.5.1)

This positive tension domain wall extends out in the direction of increasing y from
the compact horizon to the conformal boundary at y = x.

We can form another coordinate system

τ = At

α
, y = 1

Aρ
, x = cos (ϕ/K) , (6.5.2)

where K = π/ arccos (x+). Since for these solutions x+ ∈ (yh, 1) and yh ≥ 0, we
have that K > π/ arccos (yh) > 2. K can only approach its minimal value of 2 as
the solution becomes close to saturated. The metric takes the form

ds2 = 1[
Aρ cos

(
ϕ
K

)
− 1

]2
(
f(ρ)dt

2

α2 − dρ2

f(ρ) − ρ2dϕ
2

K2

)
,

f(ρ) = 1 − (A2ℓ2 − 1)ρ2/ℓ2 .

(6.5.3)

The range of ϕ is (−π, π), covering both (x, y) patches. The horizon lies at ρh =
(Ayh)−1, with the conformal boundary ρconf. = (A cos(ϕ/K))−1 satisfying 0 < ρconf. <

ρ < ρh. With this parameterisation, the domain wall lies on the line ϕ = ±π and
has tension

µ = A

4π sin
(
π

K

)
. (6.5.4)

The tension is bounded above by

µmax = A

4π , (6.5.5)

which is only approachable for saturated or (nearly saturated) solutions with values
of K very close to 2. It is monotonically decreasing with K and bounded below by
zero.

An alternative parameterisation of the solution is available via the substitutions

m = 1
K
, A = A

m
; t̃ = t

m
, r = mρ . (6.5.6)
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Figure 6.16: The parameter space of the Irapid,C solution (shaded
purple).

The metric becomes

ds2 = 1
Ω(r, ϕ)2

(
F (r)dt̃

2

α2 − dr2

F (r) − r2dϕ2
)
,

F (r) = −m2(A2r2 − 1) + r2

ℓ2 ,

Ω(r, ϕ) = Ar cos (mϕ) − 1 .

(6.5.7)

The bounds on K translate into bounds on m:

0 < m <
1
π

arccos (yh) <
1
2 . (6.5.8)

Since m is bounded above by one half, no geometries of this type are possible with
Aℓ < 2. In fact, after the reparameterisation, yh now depends on m. This makes
the second inequality in (6.5.8) slightly tricky; it is more easily expressed as a bound
on Aℓ:

1
m

≤ Aℓ < 1
m sin (mπ) . (6.5.9)

This effective upper bound on m combines with the lower bound provided by the
rapid acceleration condition to form an allowed range of m values for a given Aℓ,
shown in figure 6.16.

The conformal boundary lies at rconf. = (A cos(mϕ))−1 ≥ A−1. The minimal value
of A−1 is achieved only at a single point: the point on the boundary for which ϕ = 0.
For a rapid (mAℓ > 1) solution, the horizon lies at

rh = mℓ√
m2A2ℓ2 − 1

(6.5.10)

and satisfies rh > A−1. As the solution becomes saturated (mAℓ = 1), the horizon
moves out to infinity and these coordindates become less useful.

One might be concerned that r is decreasing as one nears the conformal boundary.
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Figure 6.17: The “circumference” of loops of constant r. ℓ is set to
unity with A = 10. Three values of m (6−1, 8−1, and
9−1) are shown (in solid red, dotted blue, and dashed
orange respectively). The value at the horizon radius
r = rh is marked by a shape.

The length of a closed ring of constant r is

∫ π

−π

r

Ar cos (mϕ) − 1dϕ = r

m
√

A2r2 − 1
arctanh

√Ar + 1
Ar − 1 tan

(
mπ

2

) . (6.5.11)

This function is monotonically decreasing with r, as shown in figure 6.17. A ring
close to the horizon is smaller than a ring close to the boundary; the system is
behaving in an intuitive fashion, despite the unintuitive metric.

To better understand the solution, we can map it to a subset of global AdS3 and
plot it by compactifying the spatial section. This process is described in appendix C,
with the result being figure 6.18. One finds a result qualitatively similar to the BTZ
black hole, (cf. figure C.1), but with non-zero stress present in the identification
surface. This is the key to understanding the Irapid,C and Isaturated,E,y > 0 solutions. The
static BTZ black hole is constructed by taking the AdS3 Rindler wedge (6.3.11) and
identifying complete orbits of the Killing vector generating rotations, (see appendix
C.2 for a short review). The Class IC black hole is constructed similarly, though one
is identifying instead surfaces of constant x.

6.5.1 Physical properties

A short discussion of the time coordinate we have written down for the solution
is warranted. The coordinate t of (6.5.3) is in fact the Rindler time of the gauge
(6.3.11). The explicit mapping of the Class IC geometry to the planar BTZ geometry
(6.3.11) is given by(

−1 + R2

ℓ2

)
= F (r)
m2α2Ω(r, ϕ)2 , R sinhϑ = r sin (mϕ)

mΩ(r, ϕ) , (6.5.12)
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Figure 6.18: The Class Irapid,C solution, as a portion of global AdS3.
Several surfaces of constant t are shown. The hori-
zon is shown by the surfaces at early and late times,
with the bifuration surface shown in green. The lines
x = x+ and x′ = x+ within each time-slice (shown
in long-dashed black) are identified, which imbues the
birfurcation surface with the topology of a circle. Lines
of constant x are shown in blue, with lines of constant
y shown in dashed orange. The classically accessible
subset of the global boundary is delimited in red. To
guide the eye, the locus of the cylinder is shown in
solid black.

where the time coordinates are related by

t̃ = tRindler

m
. (6.5.13)

The above transformation necessitates

α =
√
m2A2ℓ2 − 1 . (6.5.14)

There are then two obvious candidates, ∂t and ∂t̃, for the Killing vector from which to
compute physical quantities such as the mass and temperature. It is not clear which,
if either, of these is the correct choice, as the solution is not smoothly connected
to any familiar ones. In this subsection we compute quantities with respect to the
Rindler time Killing vector ∂t.
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Figure 6.19: A plot of 8παM at various values of Aℓ: Aℓ = 2.0
(solid red), Aℓ = 2.8 (dotted blue), Aℓ = 5.0 (dashed
orange), Aℓ = 10 (dot-dashed green). The grey ver-
tical lines denote the asymptotes where the divergences
Aℓ = (m sin(mπ))−1 are met. Negative values of M
are forbidden by the lower bound m ≥ (Aℓ)−1.

Since the geometry possesses one isolated, compact horizon, the calculation of holo-
graphic mass goes through similarly to those for the accelerating particle solutions
constructed in sections 6.3 and 6.4. The limits of integration need updating for the
Irapid,C solution:

M = 2mA
∫ 1

x+

√
− det g(0) ⟨T ττ ⟩ dξ , (6.5.15)

where recall that now x+ > 0 and mAℓ ≥ 1. The integral may be evaluated to
obtain

M = 1
8πα

√
m2A2ℓ2 − 1 arcoth

[
cot (mπ)√
m2A2ℓ2 − 1

]
. (6.5.16)

As we approach saturation, mAℓ → 1 from above, the mass vanishes. The mass,
with the normalisation (6.5.14), is plotted against m in figure 6.19. Though it might
appear that negative values of M are possible for small m, in fact, negative masses
are forbidden by the condition that the solution is rapid or saturated; the roots of
M occur exactly at the saturation point m = (Aℓ)−1. The mass spectrum of the
solutions is non-negative, although there is a narrow range of allowed m for each
Aℓ. Within the allowed parameter space, the holographic mass is monotonically
increasing with m, and can become unboundedly large.

Calculating the minimal value of (6.5.11), the horizon is seen to have entropy

S = ℓ arctanh
[
mAℓ (1 + yh) tan

(
mπ

2

)]
. (6.5.17)

The entropy is monotonically increasing in m, with the massless solution attaining
the minimal entropy

SM=0 = ℓ arctanh
[
tan

(
π

2Aℓ

)]
. (6.5.18)

The entropy is plotted against m, for various values of Aℓ, in figure 6.20. In the



6.6. Class IIright: A BTZ black hole pushed by a strut 109

●●

■■

◆◆
▲▲

▼▼
0.1 0.2 0.3 0.4 0.5

m

0.5

1.0

1.5

2.0

2.5

3.0

S·Gℓ-1

Figure 6.20: The entropy ℓ−1S of the Irapid,C solution at various val-
ues of Aℓ: Aℓ = 2.5 (solid red), Aℓ = 3.0 (dotted
blue), Aℓ = 5.0 (dashed orange), Aℓ = 10 (dot-dashed
green), Aℓ = 40 (long-dashed purple). A solid grey
vertical line denotes an asymptote where the diver-
gence Aℓ = (m sin(mπ))−1 is met. A dashed grey line
dentotes the value of m for a massless solution; the
entropy at this point is marked with a shape.

figure, the entropy of the massless solution is marked by a shape. The entropy is
monotonically increasing with the mass and diverges as m approaches its supremum.

By regularity of the Euclidean section, the horizon temperature is

T = |f ′(rh)|
4πα = 1

2πℓα
√
m2A2ℓ2 − 1 . (6.5.19)

It is interesting to note that either of the possible normalisations ∂t and ∂t̃ yield a
temperature independent of the acceleration parameter A. At the saturation point
mAℓ = 1, where the solution is massless, the system approaches absolute zero.

6.6 Class IIright: A BTZ black hole pushed by a
strut

Starting from a patch of Class II spacetime (6.2.7) with x > 1, as presented in
table 6.2, one may construct a one parameter extension of the static BTZ solution
describing a black hole with a strut defect emerging from its horizon. The existence
of such a black hole was proposed in [40], although several features, including the
possibilty of a “rapid” phase possessing a non-compact acceleration horizon, went
unacknowledged. We seek to clarify the discussion and highlight these additional
features here.

Choose some value x+ > 1 and define a patch with x ∈ [1, x+). Glue two copies of
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Figure 6.21: The two patches of type II spacetime—with x > 1—
and the identifications used to construct a black hole
accelerated by a pushing strut. Separate diagrams are
given for the case when x+ < yh where there is no
acceleration horizon, and the rapid phase x+ > yh.

this patch, mirroring along both x = 1 and x = x+. The identifications are shown in
figure 6.21. The x = 1 axis of the newly formed spacetime is regular, while x = x+

marks the position of a domain wall of negative tension µ = −A(4π)−1
√
Q(x+).

The resulting spacetime describes the exterior of a black hole with horizon located
at −yh = −

√
1 + A−2ℓ−2. If x+ is larger than yh, there is also a “droplet” horizon

[199] present at y = yh for x > yh. This rapid phase is a novel feature which went
unacknowledged in [40]. The existence of such a phase strengthens the analogy with
the four-dimensional accelerating black hole.

To cast the metric in more intuative coordinates, take x = cosh (ψ/K) where K =
π/ arcosh(x+). Defining dimensionful coordinates ρ = −(Ay)−1 and t = αA−1τ , the
metric becomes

ds2 = 1(
1 + Aρ cosh

(
ψ
K

))2

(
f(ρ)dt

2

α2 − dρ2

f(ρ) − ρ2dψ
2

K2

)
,

f(r) = −1 + (1 + A2ℓ2)ρ2/ℓ2 ,

(6.6.1)

where again we leave room for the possibility that t should be scaled by some
dimensionless quantity α. The parameter K has been chosen such that the range
of ψ is (−π, π). We require both K > 0 and π/K < arcosh(yh). This patch does
not cover the entire region between the black hole horizon and the boundary (and
the acceleration horizon). The region immediately exterior to the black hole has
r > 0. Proceeding from the black hole along a line of constant ψ in the direction
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of increasing r, one encounters a coordinate singularity as r → ∞, which is a
geometrically uninteresting locus. One must take a second patch with r < 0 to cover
the region bounded by the conformal boundary (for small ψ) and possibly also the
acceleration horizon (for large ψ). The conformal boundary is then approached as
r → − [A cosh (ψ/K)]−1. There is a regular semi-axis at ψ = 0, while along ψ = ±π
there lies a domain wall of (negative) tension

µ = − A

4π sinh
(
π

K

)
. (6.6.2)

These Class IIright solutions form a one parameter extension of the well-known family
of static BTZ black holes. To highlight the relationship, take the metric (6.6.1) and
make the parameter redefinitions K = m−1 and A = mA. Also, make the coordinate
rescalings r = mρ and t̃ = m−1t. The metric becomes

ds2 = 1
Ω(r, ψ)2

[
F (r)dt̃

2

α2 − dr2

F (r) − r2dψ2
]
,

F (r) = −m2(1 − A2r2) + r2

ℓ2 ,

Ω(r, ψ) = 1 + Ar cosh(mψ) .

(6.6.3)

We require that both m > 0 and the slow acceleration condition—which is now
m sinh (mπ) < (Aℓ)−1— hold. A chart with r > 0 covers the region immediately
exterior to the black hole horizon, which lies at r = mℓ(1 +m2A2ℓ2)−1/2. A second
chart with r < 0 covers the region bordered by the conformal boundary, which lies
at r → − [A cosh(mψ)]−1.

To understand the solution, we can again perform a mapping to global AdS3, the
details of which are given in appendix C. A solution in the slow phase x+ < yh

is shown in figure 6.22, while one in the rapid phase x+ > yh is shown in figure
6.23. In the slow phase, there is a single bifurcate Killing horizon generated by ∂t.
Upon making the appropriate identification, the bifurcation surface of this horizon
aquires the topology of a circle. All of the lines of constant x (and t) connect the
bifurcation surface of this horizon to the conformal boundary (consider the blue lines
in figure 6.22). This construction mirrors that of the usual, static BTZ black hole (cf.
figure C.1). Of course, when constructing the Class IIright,slow black hole, surfaces of
constant x are glued. This effects a domain wall under compression. In the usual
BTZ construction the surfaces to identify are specifically chosen—by quotienting (the
universal covering space of) AdS3 by the group of integers—to maintain regularity.
In the rapid phase, ∂t generates two disjoint bifurcate horizons. There exist lines of
constant x > yh (and t) which connect the black hole bifurcation surface to a second,
disjoint bifurcation surface with topology R. While the slow phase is qualitatively
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Figure 6.22: The Class IIright,rapid black hole. Several surfaces of
constant t are shown. The lines x = x+ < yh are
shown in dashed black, and are identified with their
partner within the same time slice, wrapping the bi-
furcation surface (shown as a horizontal red line) into
a circle. The early and late time-slices demonstrate
the event horizon. Lines of constant y are shown in
dashed orange. Lines of constant x are shown in blue.
The classically accessible region of the boundary is de-
limited in red.

similar to the traditional, static BTZ solution—albeit with induced tension in the
identified surface—the rapid phase hitherto absent from the literature is qualitively
distinct.

6.6.1 The holographic mass

Proceeding as for the accelerating deficits, we calculate the holographic mass from
the metric (6.2.7) with the Class II metric functions given in table 6.2. Once again,
it is difficult to define the mass of a gravitational solution in the presence of a non-
compact horizon. Sidestepping this issue, we focus on the case where the parameter
A is small enough that

π/K < arcosh
(√

1 + A−2ℓ−2
)
. (6.6.4)
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Figure 6.23: The Class IIright,rapid black hole. Several surfaces of
constant t are shown. The lines x = x+ < yh are
shown in dashed black, and are identified with their
partner within the same time slice. The early and late
time-slices show the event horizons. The black hole
event horizon has a compact bifurcation surface with
topology S1, shown in red, while the green line denotes
the “acceleration horizon” or droplet’s bifurcation line
with topology R. Lines of constant y are shown in
dashed orange. Lines of constant x are shown in blue.
The classically accessible region of the boundary is
delimited in red.

Before proceeding with the calculation, a comment is warranted on the choice of
Killing vector from which to calculate the conserved charge. To identify α, one
might try to again posit that ∂t is the appropriate Killing vector with which to
calculate the mass when it coincides with the time coordinate of the Rindler wedge.
In fact, a slight modification of this procedure is required: one should scale the time
coordinate by a factor of m in order to reproduce the zero-mass of AdS3 as the black
hole horizon size is taken to zero [194]. The mapping between the Class II geometry
and the Rindler geometry is(

−1 + R2

ℓ2

)
= F (r)
m2α2Ω(r, ψ)2 , R sinhϑ = r sinh (mψ)

mΩ(r, ψ) , (6.6.5)
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where we must also scale the time coordinate

t̃ = tRindler

m
(6.6.6)

and set
α =

√
1 +m2A2ℓ2 . (6.6.7)

Note that, as m is taken to zero, the metric (6.6.3) becomes

ds2 = 1
(1 + Ar)2

(
r2

ℓ2 dt̃
2 − ℓ2

r2dr
2 − r2dψ2

)
. (6.6.8)

The transformation
R = r

1 + Ar
(6.6.9)

reveals the parameter A to then be a gauge artifact; the geometry is simply Poincaré
AdS3:

ds2 = − ℓ2

R2dR
2 + R2

ℓ2

(
dt̃2 − ℓ2dψ2

)
. (6.6.10)

This conclusion is solidified by noticing that the stress

µ = −mA
4π sinh (mπ) (6.6.11)

inducing the domain wall also vanishes in this limit. Poincaré AdS3 sets the zero-
point energy of three-dimensional gravity holographically [93]. As such, it is natural
that the mass of the Class II solutions should be calculated with respect to t̃, using
equation (6.6.6). Though rather ad hoc, this prescription to calculate the mass with
respect to t̃ = m−1tRindler is the one usually followed for the BTZ black hole. Indeed
it has led to a number of interesting results including providing a first law [86]. We
proceed to calculate the conserved mass with respect to ∂t̃, and leave a detailed
justification for future work.

We expand the Class II metric given in table 6.2 using (6.3.16), and seek Fefferman-
Graham form order by order. Again, a sensible redefinition of conformal factor

F1(ξ) = Υ3/2

Aℓω(ξ) , (6.6.12)

where now
Υ = 1 − A2ℓ2(ξ2 − 1) , (6.6.13)

simplifies proceedings. The boundary metric is then

g(0) = ω(ξ)2

A2

[
dt2

α2 − A2ℓ2

(ξ2 − 1) Υ2dξ
2
]
. (6.6.14)
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The leading correction in the Fefferman-Graham expansion is

g(2) = − 1
2A2ℓ2α2

1 + A2ℓ2 −
(
ξ2 − 1

)
Υ2

(
ω′(ξ)
ω(ξ)

)2
 dt2

+
 1

(ξ2 − 1) Υ

[
1

2Υ
(
1 + A2ℓ2

)
+ ξ

(
1 − 3A2ℓ2(ξ2 − 1)

) ω′(ξ)
ω(ξ)

]

+ 3
2

(
ω′(ξ)
ω(ξ)

)2

− ω′′(ξ)
ω(ξ)

dξ2 . (6.6.15)

The non-zero components of the stress tensor are

8πω(ξ)2ℓ⟨T ττ ⟩ = 1
2
(
1 + A2ℓ2

)
+ ξ

(
1 − 3A2ℓ2(ξ2 − 1)

)
Υω

′(ξ)
ω(ξ)

+ (ξ − 1) Υ2

ω′′(ξ)
ω(ξ) − 3

2

(
ω′(ξ)
ω(ξ)

)2
 (6.6.16)

and

16πω(ξ)2ℓ⟨T ξξ ⟩ = −
(
1 + A2ℓ2

)
+ (ξ − 1) Υ2

(
ω′(ξ)
ω(ξ)

)2

. (6.6.17)

The Ricci scalar of the boundary metric is

R(g(0)) = 2Υ
ℓ2ω(ξ)2

(
ξ
(
1 − 3A2ℓ2(ξ2 − 1)

) ω′(ξ)
ω(ξ)

+
(
ξ2 − 1

)
Υ
ω′′(ξ)
ω(ξ) −

(
ω′(ξ)
ω(ξ)

)2
) , (6.6.18)

which satisfies the conformal anomaly relation (6.3.22) with central charge cVirasoro =
3ℓ/2.

Accounting for the two patches needed to cover the full region exterior to the horizon,
the mass associated with ∂t̃ is given by

M = 2mA
∫ x+

1

√
−g(0)⟨T ττ ⟩dξ , (6.6.19)

which when evaluated gives

M = m

8πα
√

1 +m2A2ℓ2 arctanh
[√

1 +m2A2ℓ2 tanh (mπ)
]
. (6.6.20)

This is plotted at various values of A in figure 6.24, both as a function of m and
of x+. In the limit of vaishing A—where the geometry reduces to that of the static
BTZ black hole—the formula for mass reproduces the expected M = m2/8.
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Figure 6.24: The holographic mass M of the BTZ black-hole pushed
by a strut at various values of the acceleration para-
meter: A = 0 (solid red), A = 0.5ℓ−1 (dotted blue),
A = ℓ−1 (dashed orange), A = 2ℓ−1 (dot-dashed
green).

6.7 Class IIleft: A BTZ black hole pulled by a
domain-wall

It is also possible to construct another one parameter extension to the family of
static BTZ black holes, where the defect emerging from the horizon has a positive
energy density. As such, this solution is arguably more physical than the solution of
section 6.6.

Starting from a patch of Class II spacetime (6.2.7) with x < −1, as presented in
table 6.2, choose some value x+ ∈ (−yh,−1), where yh =

√
1 + A−2ℓ−2, and define a

patch with x ∈ (x+,−1]. Glue two copies of this patch, mirroring along both x = x+

and x = −1. The identifications are shown in figure 6.25. The x = −1 axis of the
newly formed spacetime is regular. Along x = x+, one finds a domain wall of positive
tension µ = A(4π)−1

√
Q(x+). In contrast to the soluton with a strut, here there is

always one—and only one—compact horizon present at y = −yh, regardless of the
values of A and x+. As |x+| → yh, instead of the system forming a non-compact
horizon. the black hole horizon merges with the conformal boundary,

To cast the metric in more familiar coordinates, take x = − cosh(ψ/K), where K =
π/ arcosh(−x+). Defining dimensionful coordinates ρ = −(Ay)−1 and t = αA−1τ ,
the metric becomes

ds2 = 1
[1 − Aρ cosh (ψ/K)]2

[
f(ρ)dt

2

α2 − dρ2

f(ρ) − ρ2dψ
2

K2

]
,

f(ρ) = −1 + (1 + A2ℓ2)ρ2/ℓ2 .

(6.7.1)

Yet again, we anticipate a rescaling of t by α. The range of ψ is (−π, π). This
(ρ, ψ) patch covers both (x, y) coordinate patches; it covers the entire region region



6.7. Class IIleft: A BTZ black hole pulled by a domain-wall 117

x = −1 = x′x = x+ x′ = x+

−yh

x
=
y

x ′
=
y ′

(x, y) patch (x′, y′) patch

Figure 6.25: The two patches of type II spacetime used to construct
a black hole with a domain wall under tension.

between the black hole horizon and the conformal boundary (the region shaded
purple in figure 6.25). The coordinate ρ is everywhere positive in this domain. As
long as the acceleration parameter A is sufficiently small, it is possible to set the
magnitude of x+ as large as one wishes. We thus have two conditions on K for this
solution: K > 0 and π/K < arcosh(yh).

The semiaxis ψ = 0 is regular, while the domain wall, which now lies along ψ = ±π,
has tension

µ = A

4π sinh
(
π

K

)
. (6.7.2)

Much like the solutions with a strut considered in section 6.6, the solutions we have
constructed in this section comprise a one parameter extension to the family of static
BTZ black holes. One may demonstrate this in a similar way. Take the metric (6.7.1)
and again make the parameter redefinitions K = m−1 and A = mA. Also, make the
coordinate rescalings r = mρ and t̃ = m−1t. The metric becomes

ds2 = 1
Ω(r, ψ)2

[
F (r)dt̃

2

α2 − dr2

F (r) − r2dψ2
]
,

F (r) = −m2(1 − A2r2) + r2

ℓ2 ,

Ω(r, ψ) = 1 − Ar cosh(mψ) .

(6.7.3)

We now have the conditions 0 ≤ m sinh (mπ) < (Aℓ)−1. Note that, much as for the
solution with a strut, the point m = 0 in parameter space was inaccessible using the
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Figure 6.26: The Class IIleft black hole. Several surfaces of constant
t are shown; those of large positive and negative t
outline the event horizon. The surface x = x+ – shown
in dashed black – is identified with its partner within
each time-slice. The bifurcation surface of the Killing
horizon is shown in green and has topology S1. Lines
of constant x and y are shown in solid blue and dashed
orange respectively. The classically accessible region
of the conformal boundary is delimited in red.

parameterisation (6.7.1). The black hole horizon lies at r = mℓ(1 + m2A2ℓ2)−1/2.
The tension in the domain wall is an increasing function of m:

µ = mA
4π sinh (mπ) . (6.7.4)

It is interesting to note that the bounds on m translate into bounds on the induced
defect stress:

0 ≤ µ <
1

4πℓ . (6.7.5)

To understand the geometry, we map onto a subset of global AdS3 and plot the
geometry by compactifying the spatial section. This process is described in appendix
C, with the result being figure 6.26. One finds a spacetime qualitatively similar to
the BTZ black hole, (cf. figure C.1), but with non-zero tensile force present in the
identification surface. The bifurcate Killing horizon generated by ∂t has a compact
bifurcation surface, with the topology of a circle.
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6.7.1 The holographic mass

As the geometry never forms an acceleration horizon, one is free to calculate the
holographic mass over the entire range of K (equivalently m). We again make the
decision to calculate the conserved charge with respect to ∂t̃, where t̃ = m−1tRindler.
This is justified similarly to the argument given in subsection 6.6.1. The transforma-
tions as written in (6.6.5) hold in the present case (though of course one must use the
appropriate Ω), leading to the same value of α (6.6.7). The procedure to construct
the holographic stress tensor is then identical to the one performed in section 6.6; we
will not repeat the details. In particular, the expressions for the Fefferman-Graham
expansion (6.6.12), (6.6.14), (6.6.15); the stress tensor (6.6.16), (6.6.17); and the
Ricci scalar of the boundary metric (6.6.18) are all identical.

The limits for the mass integration must be updated for the present case,

M = 2A
∫ −1

x+

√
−g(0)⟨T ττ ⟩dξ , (6.7.6)

but the evaluated value is identical to the mass of the black hole with a strut:

M = m

8πα
√

1 +m2A2ℓ2 arctanh
[√

1 +m2A2ℓ2 tanh (mπ)
]
. (6.7.7)

The mass is plotted at various values of A in figure 6.27, both as a function of m
and of x+. As A → 0, M approaches the mass of a standard BTZ black hole [93]
MBTZ = m2/8 appropriately. As m → 0, the expression (6.7.7) for M vanishes. In
this limit, simple coordinate transformation

R = r

1 − Ar
(6.7.8)

applied to the line element (6.7.3) recovers (6.6.10), the Poincaré patch of AdS3

with a periodically identified spatial coordinate. In consonance with (6.7.7), this
geometry has vanishing mass [93].

6.8 Class III

As stated in section 6.2, if A2ℓ2 ≥ 1 then P is everywhere non-positive. We thus
restrict to the case where A2ℓ2 < 1. There are then two disconected, non-compact
horizons in the spacetime at y = ±yh, where yh ≡

√
A−2ℓ−2 − 1. Solutions of Class

III have no roots for Q(x) and so the acceptable range of x is x > y > −yh. The
(x, y) parameter space is shown in figure 6.28. Since there are no roots of Q at which
to form a regular semi-axis, it is not possible to form a single-tensioned-wall solution
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Figure 6.27: The holographic mass M of the BTZ black-hole pulled
by a tensioned-wall at various acceleration parameters:
A = 0 (solid red), A = 0.5ℓ−1 (dotted blue), A = ℓ−1

(dashed orange), A = 2ℓ−1 (dot-dashed green).

with the interpretation of x as an angular coordinate. While it is possible to form a
black hole solution with two tensioned-walls, we do not do so here.

Although it is not possible to make a single-tensioned-wall solution with a periodic
x coordinate, One could—if one desired—cut the patch denoted in figure 6.29 along
some line x = x+ which connects the y = −yh horizon to either the conformal
boundary (for x+ < yh) or the y = −yh horizon (for x+ > yh). Identifying two
copies for the remaining space along the cut still gives a solution, although x is not
periodic. Four such solutions are possible, depending on a choice of signs for x+ − yh

and x− x+. This solution is a stark departure from the ones we have considered in
previous sections. In particular, the resulting space is some subset of two copies of
the anti-de Sitter covering space, AdS3 × AdS3; the solution is no-longer guaranteed

x
=
y

x

y

yh

−yh

x
=
y

Figure 6.28: Coordinate ranges for the Class III solution.
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Figure 6.29: The Class III solution. Several surfaces of constant τ
are shown, with those at very early and very late times
outlining the two disjoint bifurcate Killing horizons.
The red bifurcation surface is y = −yh, while the green
bifurcation surface is y = +yh. The black dot denotes
the point x → ∞. Lines of constant finite x are shown
in solid blue, with lines of constant y shown in dashed
orange.

to be embeddable within a single copy of AdS3. This is a “braneworld solution”, with
the brane at x = x+ dividing the two copies of global space. We will not comment
on the detailed properties of these solutions here, but it is worth acknowledging as
a curiosity.

6.9 Conclusions

In this chapter, we have constructed within three-dimensional general relativity a
broad family of solutions resembling the four-dimensional C-metric, showing that
the set of possible geometries is much richer than acknowledged in [40]. We found
solutions describing both conical defects and black holes, and computed the mass
of each holographically for phases without non-compact horizons. It is interesting
to note that even with the presence of domain walls, a qualitative property of the
theory’s spectrum is unchanged: the theory is “gapped”, with conical defect solutions
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and black holes occupying the negative and positive-mass sectors, respectively.

In sections 6.3 and 6.4, we found a set of solutions wherein a conical defect is accel-
erated by a domain wall. We demonstrated the existence of both rapidly and slowly
accelerating phases, showing that there is a region of parameter space for which the
formation of a non-compact acceleration horizon may be circumvented. Much of the
behaviour of such a conical defect is reminiscent of a very small four-dimensional ac-
celerated black hole described by the C-metric (with negative cosmological constant).
Both the three and four-dimensional solutions possess slowly and rapidly accelerat-
ing phases. In their slowly accelerating phases, both solutions describe a (nearly)
point-like object held a fixed distance from the origin of pure anti-de Sitter space by
a topological defect under compression/tension. This defect guides the object along
a worldline with a constant four-acceleration. The rapidly accelerating phases of the
four-dimensional C-metric and three-dimensional conical defect solutions also share
similarities. In particular—at least for small black holes in four dimensions—both
geometries are approxiately Rindler [189, 190].

On the other hand, the three-dimensional conical defects possess novel-phases which
are not shared by their four-dimensional cousins. Consider for example the Class
Irapid,A single-tensioned-wall solution, describing a rapidly accelerating particle pulled
by a domain wall under tension. While for light conical defects the structure is
similar to a small, accelerating black hole in four dimensions, as particle mass
increases a phase transition occurs and one attains the Class Irapid,B single-tensioned-
wall solution. This latter solution is compact and entirely distinct from any of the
four-dimensional phases. After compactification the only access to the conformal
boundary is at the two points in the far future and past of the Rindler worldline;
one may say that the dimensionality of the (previously two-dimensional) boundary
theory drops to that of an instantaneous point. A similar compactification occurs for
the Class Irapid,A and Irapid,B single-strut solutions, although in this case the accessible
region of conformal boundary is still two-dimensional. The interpretation of such
novel compact phases is not clear.

It should also be acknowledged that the topological nature of three-dimensional
gravity creates further distinctions from the four-dimensional theory. Consider again
the Class Irapid,A single-tensioned-wall solution. As we said, this is similar to a
four-dimensional accelerating black hole with vanishingly small mass parameter. As
discussed in section 3, analytic extension necessitates the existence of a “mirror
black hole” on the other side of the acceleration horizon [190]. However, for this
three-dimensional solution the domain wall was inserted topologically, by choosing
some value of x at which to cut and identify. As such, there is no requirement that
one identifies similarly in the “mirror” region when performing an analytic extension;
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one may simply find oneself in a region of pure AdS3 spacetime after crossing the
event horizon.

We also constructed black holes with domain wall appendages in sections 6.6 and
6.7. In particular, the Class IIleft and Class IIright single-defect solutions each form
a one-parameter extension of the standard family of static BTZ black holes. We
showed how these solutions may be constructed from identifications of the Rindler
wedge of AdS3, as the BTZ black hole was by Banados et al. [195]. It is the choice
to identify across a surface of constant tension which induces the domain wall; the
particular choice of identification surface giving zero tension produces the static
BTZ solution. Apart from the presence of a string-like domain wall, the Class IIleft

solution is qualitatively similar to the usual BTZ black hole without a defect. It does
not form a second horizon for any value of the acceleration parameter. However,
this is not true of the Class IIright single-strut solution. Here, both “rapid” and
“slow” phases exist. The rapid phase attained for large acceleration parameter is
qualitatively distinct from the usual BTZ black hole, possessing a non-compact
horizon reminiscent of the acceleration horizon which can be present in the four-
dimensional AdS C-metric geometry. In some sense the solution is a hybrid between
the BTZ black hole and the four-dimensional AdS C-metric.

However, one should be careful not to carry this analogy too far. While the conical
deficit solutions of sections 6.3 and 6.4 may uncontroversially be called accelerating
objects, it is not so clear that the same may be said of the Class II black holes.
This statement was made by Astorino of the Class IIright,slow solution [40]. It is
the author’s view that this was overzealous: there is no meaningful sense in which
these solutions are “accelerating BTZ black holes”. As mentioned above, one may
argue that the four-dimensional AdS C-metric describes an accelerating black hole
by shrinking its (compact) horizon size to zero and calculating the four-acceleration
of the resulting object [210]. In taking this limit, one retains a cosmic string under
tension which provides the acceleration for the small black hole. However, for either
of the Class II black holes, shrinking the horizon size to nothing would require
taking the limit m → 0. Note that from equations (6.6.11) and (6.7.4) we see that
in either case this necessitates removing the domain wall; the residual geometry is
simply Poincaré AdS3. Physically, there is then no object with which to “accelerate”
anything. Mathematically, one can understand the issue from the topological nature
of three-dimensional gravity. While the four-dimensional solution is a “true” black
hole, the three-dimensional black hole is constructed by imposing identifications on
the acceleration horizon of a fictitious observer [195]. There is then no meaningful
sense hitherto established in which one may talk of the acceleration of this extended
object. For the Class IIright black hole in its rapid phase, the temperature of the
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non-compact “acceleration” horizon also suggests that the black hole is inertial. By
regularity of the Euclidean section, the temperature—with the correct normalisation
of Killing vector (6.6.7)—is found to be T = m(2πℓ)−1, which is independent of A.
If the parameter A did in some way parametrise an acceleration of the black hole,
the Unruh effect would be violated.

An obvious next step in understanding the three-dimensional C-metric is to establish
a consistent thermodynamic description of the system. Given the four-dimensional
results described and explored in chapters 3, 4, and 5, one should expect that the
tension of the domain wall should take the role of a thermodynamic charge. This
may also provide interesting perspectives from which to understand the role of the
defect in the boundary theory, since two-dimensional conformal field theories are
radically different from higher-dimensional ones. Realising these topological solutions
as truncations of supergravity solutions is also an open problem.



Chapter 7

Summary

In this thesis, we have taken several approaches to understand the impact of accel-
eration on black holes.

After motivating the study of black holes as thermodynamic systems in chapter 2,
we discussed the features of the C-metric in chapter 3 and reviewed some recent
successes [149] in utilising holographic technology to define consistent thermodynamic
quantities for it. These quantities satisfy a first law of thermodynamics, with each
defect’s tension playing the role of a thermodynamic charge.

In chapter 4, by managing to rewrite the thermodynamic potentials as rational
functions of the thermodynamic charges, we saw how the tensions in the antipodal
strings may the naturally be grouped into one quantity which tracks an overall
average deficit through the spacetime and another which tracks the acceleration. A
Christodoulou-Ruffini formula for the asymptotically locally anti-de Sitter C-metric
was shown, providing evidence for the mass formula found in the literature [150].
This formula also indicated a peculiar “exothermic” nature of acceleration: as the
black hole is accelerated, the enthalpy of the solution drops. This exothermicity was
used to explain the recently observed “snapping swallowtail” phenomenon exhibited
by accelerating black holes [167].

We also utilised the accelerating black hole to provide support for extended thermo-
dynamics in general. By scattering particles from a rotating, accelerating black hole,
we performed a thought experiment supporting the interpretation of black hole mass
as a true thermodynamic enthalpy. Our conclusion mirrors the resolutions to appar-
ent incongruities in similar thought experiments [70, 80] involving the absorption of
charged particles by near-extremal Reissner-Nordström black holes.

We then advanced to arrays of asymptotically-locally flat black holes in chapter 5,
attempting to utilise their source-rod structure to define their mass. This led to a
first law mirroring the holographic system: the string tensions act as thermodynamic
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charges with conjugate thermodynamic lengths. We demonstrated that the array
behaves as a coupled system, with the defects transferring energy between the
individual black holes. In the particular case of the C-metric, Our thermodynamic
quantities satisfied a Christodoulou-Ruffini formula showing that accelerating the
black hole is, again, an exothermic process. The finite length strings’ thermodynamic
lengths were confirmed to be the worldvolumes of the defects. However, the nature
of the semi-infinite strings’ thermodynamic lengths remains a mystery. Presumably
some sort of renormalisation of their (divergent) worldvolume is required. This
would be an interesting direction for future work, especially within a holographic
framework where renormalisation procedures are typically well-defined.

Finally, in chapter 6, building on the work of Astorino [40], we worked in three
spacetime dimensions and examined geometries with a C-metric-like ansatz for their
metrics. The two most interesting solutions we formulated were a conical deficit
accelerated by a line-like defect of codimension one, and a black hole resembling
the static BTZ solution with a domain wall appendage emanating from its horizon.
Both solutions are much like the four-dimensional C-metric, though in different
ways. The accelerating particle pulled by a domain wall under tension behaves like a
small four-dimensional black hole. The solution exhibits both a slowly accelerating
phase, in which the particle is held a fixed proper distance from the boundary of
global anti-de Sitter space, and a rapid phase for which the particle follows a Rindler
worldline. For these phases the particle may reasonably be called “an accelerating
object”; it is hoped that the solution may be used to shed light on the nature of
accelerating bulk objects from a holographic perspective. The black hole solutions
we discussed resemble the BTZ black hole. We showed how one can construct them
in a similar way, via identifications of the Rindler wedge. The solution of section 6.6
in particular resembles the anti-de Sitter C-metric, possessing a “rapid” phase for
which a non-compact horizon forms. However, we questioned the legitimacy of the
claim that it is an accelerating object. Although it may not be accelerating, given
the relative simplicity topological gravity, we hope that the solution will provide new
perspectives on the C-metric. Understanding the common features of black holes
with topological defect appendages1in both two and three dimensions may assist
with the quest to find C-metrics in higher-dimensional gravity [212–215].

A number of open questions still remain. In particular, although the role of string
tension within the laws of black hole mechanics is understood, it is not clear what
microscopic thermodynamic property they quantify. This question mirrors the his-
torical development of horizon area and surface gravity, which were initially thought
to merely be analogous to true thermodynamic entropy and temperature. Similarly,

1See [211] for a non-C-metric example.
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both the string tension and thermodynamic length are geometric quantities, given
by the magnitude of conical defect and string worldvolume. It would be interesting
to understand if these have thermodynamic interpretations.

An obvious open question is if the three-dimensional solutions of chapter 6 admit
similar thermodynamic laws to the four-dimensional C-metric, with the domain wall
tension acting as a charge. One would expect so. Confirmation may help to shed
light on the thermodynamic nature of the defect quantities, since computation of
microscopic quantities is often easier for two-dimensional boundary theories [216,
217]. In such holographic setups, it would also be interesting to understand the role
of the defects in the boundary theory. As our cosmic strings (or domain walls) extend
to the boundary, in some sense the conformal symmetry in the ultraviolet is broken.
The point at which it meets the boundary corresponds to a non-renormalisable
modification of the ultraviolet theory, known as a “conformal defect” [218]. For
the four-dimensional accelerating black hole described in section 3.3, the SO(3, 2)
conformal symmetry of the boundary theory is broken to that of a one-dimensional
conformal theory cross rotation, SO(2, 1) × U(1). The group SO(2, 1) gives the
symmetries a conformal quantum mechanics extending along the vortex worldline;
one may say that there is a conformal quantum mechanics living on the boundary
defect [192]. In a similar way, the three-dimensional black hole solutions—for example
that of section 6.7—should have their SL(2,R)L × SL(2,R)R conformal symmetries
broken to a conformal quantum mechanics. These ideas suggest an approach towards
identifying the microscopic quantities macroscopically quantified by string (or domain
wall) tension and thermodynamic length.





Appendix A

A proposed violation of the second
law in extended thermodynamics

In this appendix, we review the argument due to Gwak [70] that, within the exten-
ded thermodynamics framework, the second law is violated during the absorbsion
of a particle by a near-extremal, electrically charged black hole. We present the
subsequent resolution due to Hu, Ong, and Page, who argued that no violation of
the second law occurs if the enthalpy of spacetime is considered the true measure of
black hole energy. The argument of this appendix should be compared with the one
given in section 4.4.

Consider the static, charged, spherically symmetric black hole with negative cosmo-
logical constant in four dimensions

ds2 = f(r)dt2 − dr2

f(r) − r2dΩ2 ,

f(r) = 1 − 2m
r

+ e2

r2 + r2

ℓ2 ,

(A.0.1)

The thermodynamic parameters of the solution are

M = m, S = πr2
+ , T = f ′(r+)

4π ,

Q = e , Φ = e

r+
, P = 3

8πℓ2 , V = 4πr3
+

3 ,

(A.0.2)

which satisfy
δM = TδS + V δP + ΦδQ . (A.0.3)

The energy of a particle of charged particle of charge ep, dropped radially with
momentum |pr| across the horizon, is

Ep = Φep + |pr| . (A.0.4)
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First, let us assume that the particle both transfers its charge to, and contributes
its energy to the internal energy of, the black hole:

Ep = δU , ep = δQ . (A.0.5)

Employing the first law, we find

Φδep + |pr| = δ (M − V P )

= TδS − PδV + ΦδQ .
(A.0.6)

That is,
|pr| = TδS − PδV . (A.0.7)

For near extremal black holes, T is close to zero, which implies that PδV < 0. In
terms of the variation of metric quantities, this statement is equivalent to δr+ < 0.
On the other hand, the second law of thermodynamics—or Hawking area law—
δS > 0, implies the exact opposite: δr+ > 0.

Assume instead that the particle transfers its energy to the total enthalpy of the
spacetime:

Ep = δM , ep = δQ , (A.0.8)

In this case,
Φδep + |pr| = δM

= TδS + V δP + ΦδQ .
(A.0.9)

That is,
|pr| = TδS + V δP . (A.0.10)

If the process occurs isobarically, we have |pr| = TδS > 0. In this case we have
resolved the issue, as the second law holds. If the process occurs at variable pressure,
then δS ≥ 0 if and only if |pr| ≥ V δP = −r3

+ℓ
−3δℓ. If somehow |pr| < −r3

+ℓ
−3δℓ,

then an additional contribution to δM would be needed, though we do not consider
this possibility1.

1In holography, one works with a large number of degrees of freedom N in the boundary
conformal field theory. In order to change N , one could imagine embedding the field theory within
a larger boundary theory containing some dynamical fields which determine an effective N for the
conformal part. As these dynamical fields evolve, the effective N varies. In this process, energy is
transferred between these fields and the conformal sector and so the bulk energy changes. In order
to determine how changes in N affect the black hole entropy, one would need to know the specifics
of the complete theory. The salient point is that there is no solid argument here that the second
law is violated; the classical bulk geometry may not be sensitive to all of the degrees of freedom in
the complete quantum field theory.



Appendix B

Coordinate systems for the
C-metric

In this appendix, we collect the transformation formulae between the standard C-
metric (expressed in Hong-Teo form [129]) and the Weyl form of section 5.2. Similar
transformations have been performed in the literature for the rotating C-metric [117,
219, 220]. The C-metric in Weyl form is

ds2 = X1X3

ℓγX2
dt2 − ℓγE12E23

4R1R2R3E13

(
V3 + 1

2

)2
[dr2 + dz2] − r2 ℓγX2

X1X3

dϕ2

K2 , (B.0.1)

where ℓγ = z3 − z0 = z3 − (z1 + z2)/2 is the z-distance to the centre of the black hole
rod.

Now let m = (z2 − z1)/2 and A = ℓ−1
γ . Define

r =
r̄ sin θ

√
f(r̄)g(θ)

(1 + Ar̄ cos θ)2 ,

z − z0 =
r̄ (Ar̄ + cos θ)

(
1 − m

r̄
+mA cos θ

)
(1 + Ar̄ cos θ)2 ,

(B.0.2)

where

f(R) = (1 − A2r̄2)
(

1 − 2m
r̄

)
, g(θ) = (1 + 2mA cos θ) . (B.0.3)

Then the Weyl metric (B.0.1) transforms to the C-metric in Hong-Teo coords [129],
rather than the standard Kinnersley-Walker coordinates discussed in [182]:

ds2 = 1
(1 + Ar̄ cos θ)2

[
f̄(r̄)dt2 − dr̄2

f̄(r̄)
− r̄2

(
dθ2

ḡ(θ) − ḡ(θ) sin2 θdϕ2
)]

. (B.0.4)

Here we see the interpretation of ℓγ as the acceleration length scale; for small m,
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A = ℓ−1
γ corresponds to the magnitude of the four-acceleration of the black hole

[189].



Appendix C

Embedding coordinates for the
three-dimensional C-metric

In this appendix, we collate mappings from the geometries constructed in chapter 6
to subsets of global AdS3. These mappings were used to create the 3D embedding
diagrams 6.8, 6.9, 6.10, 6.13, 6.14, 6.15, 6.18, 6.22, 6.23. 6.26, and 6.29.

C.1 Global AdS3

First, we define global AdS3 by its embedding as a hyperboloid in R2,2. The embed-
ding is

X0 = ℓ

√
1 + R2

ℓ2 sin
(
T

ℓ

)
, X1 = R sin Θ ,

X3 = ℓ

√
1 + R2

ℓ2 cos
(
T

ℓ

)
, X2 = R cos Θ .

(C.1.1)

The hyperboloid is
3∑
i=0

ηiiX
2
i = ℓ2 , (C.1.2)

with induced metric
3∑
i=0

ηiidX
2
i =

(
1 + R2

ℓ2

)
dT 2 − dR2(

1 + R2

ℓ2

) −R2dΘ2 . (C.1.3)

Note in the above two sums that η implements the signature (+ − −+). The
coordinates lie in the ranges T ∈ R, R ∈ (0,∞), Θ ∈ (−π, π).
Conversely, the global coordinates are defined from the embedding coordinates by

TG = arctan
(
X0

X3

)
, RG =

√
X2

1 +X2
2 ,

XG = X1 , YG = X2 .

(C.1.4)
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We may then compactify the spatial two-section to attain the Poincaré disk:

X̂ = XG

ℓ+
√
ℓ2 +X2

G + Y 2
G

, Ŷ = YG

ℓ+
√
ℓ2 +X2

G + Y 2
G

. (C.1.5)

The global space then appears as a cylinder in (TG, X̂, Ŷ ) coordinates. This cylinder
is defined by |TG| < π/2, X̂2 + Ŷ 2 < 1.

Given some metric ds2
3, by finding a set of embedding coordinates Xi such that

3∑
i=0

ηiiX
2
i = ℓ2 , (C.1.6)

and
3∑
i=0

ηiidX
2
i = ds2

3 , (C.1.7)

one may plot the geometry as a subset of the global cylinder by applying the
transformations (C.1.4) and (C.1.5).

C.2 The Rindler wedge and the static BTZ black
hole

For the non-rotating BTZ geometry,

ds2
3 =

(
−m2 + r2

ℓ2

)
dt2 − dr2(

−m2 + r2

ℓ2

) − r2dϕ2 , (C.2.1)

the embedding is well known [195]:

X0 = B(r) sinh
(
rht

ℓ2

)
, X1 = A(r) sinh

(
rhϕ

ℓ

)
,

X3 = A(r) cosh
(
rhϕ

ℓ

)
, X2 = B(r) cosh

(
rht

ℓ2

)
,

(C.2.2)

where
A(r) = ℓ

r

rh
, B(r) = ℓ

√(
r

rh

)2
− 1 , (C.2.3)

with
rh = mℓ . (C.2.4)

If ϕ is taken to be non-compact, then we have a portion of AdS3 bounded by a
bifurcate acceleration horizon and the conformal boundary [195]. This geometry is
the planar BTZ geometry or Rindler wedge. In this case m is a gauge parameter
which may be set to unity by a rescaling of both r and ϕ. Alternatively, one may
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identify ϕ → ϕ + 2π to attain the static BTZ black hole [194]. We plot both
geometries as subsets of global AdS3 using the technique described above in figure
C.1.

C.3 Class I solutions

The Class I geometry is given by

ds2
3 = 1

Ω2

[
Pdτ 2 − dy2

P
− dx2

Q

]
, (C.3.1)

where
Q = 1 − x2 , Ω = A(x− y) . (C.3.2)

In the slowly accelerating phase, A2ℓ2 < 1 and the lapse function is given by

P = y2 + S2 , S =
√

1
A2ℓ2 − 1 . (C.3.3)

The embedding is then

X0 =
√
P

SΩ sinSτ , X1 =
√
Q

Ω ,

X3 =
√
P

SΩ cosSτ , X2 = Aℓ

Ω

(
Sx+ y

S

)
.

(C.3.4)

In the rapid phase, A2ℓ2 > 1, so the lapse function now has roots:

P = y2 − y2
h , yh =

√
1 − 1

A2ℓ2 . (C.3.5)

We thus require the alternative embedding

X0 =
√
P

yhΩ
sinh yhτ , X1 =

√
Q

Ω ,

X3 = Aℓ

Ω

(
yhx− y

yh

)
, X2 =

√
P

yhΩ
cosh yhτ .

(C.3.6)

C.4 Class II solutions

The Class II geometry is given by

ds2
3 = 1

Ω2

[
Pdτ 2 − dy2

P
− dx2

Q

]
, (C.4.1)
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(a) Planar BTZ geometry (b) BTZ black hole

Figure C.1: The planar and compact (static) BTZ black holes.
Lines of constant ϕ are shown in blue, with lines of
constant r in dashed orange. Several surfaces of con-
stant time t are shown. The classically accesible subset
of the boundary is bounded in red. To guide the eye,
the locus of the cylinder is shown in solid black. (a):
ϕ ∈ R, giving the planar BTZ geometry or “Rindler
wedge”. The bifurcation surface (green) has topology R.
(b): ϕ identified with period 2π, giving the BTZ black
hole. Lines of constant t and ϕ = ±π are plotted in
long-dashed black, pairs of which are identified across
the same time-slice. The bifurcation surface (green)
has topology S1.
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with metric functions

P = −y2 + y2
h , Q = x2 − 1 , Ω = A(x− y) , (C.4.2)

where

yh =
√

1 + 1
A2ℓ2 . (C.4.3)

The embedding in the region where P is positive is then

X0 =
√
P

yhΩ
sinh yhτ , X1 =

√
Q

Ω ,

X3 = Aℓ

Ω

(
yhx− y

yh

)
, X2 =

√
P

yhΩ
cosh yhτ .

(C.4.4)

C.5 Class III solutions

For the Class III solution of section 6.8, the line element is

ds2
3 = 1

Ω2

[
Pdτ 2 − dy2

P
− dx2

Q

]
. (C.5.1)

The metric functions are

P = −y2 + y2
h , Q = 1 + x2 , Ω = A(x− y) , (C.5.2)

where

yh =
√

1
A2ℓ2 − 1 . (C.5.3)

The embedding for |y| < yh is then

X0 =
√
P

yhΩ
sinh yhτ , X1 = Aℓ

Ω

(
yhx+ y

yh

)
,

X3 =
√
Q

Ω , X2 =
√
P

yhΩ
cosh yhτ .

(C.5.4)
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