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Abstract: The development of machine learning (ML) has provided the High
Energy Physics (HEP) community with new methods of analysing collider and
Monte-Carlo generated data. As experiments are upgraded to generate an increasing
number of events, classical techniques can be supplemented with ML to increase our
ability to find signs of New Physics in the high-dimensional event data. This thesis
presents three methods of performing supervised and unsupervised searches using

novel ML methods.

The first depends on the use of an autoencoder to perform an unsupervised anomaly
detection search. We demonstrate that this method allows you to carry out a
data-driven, model-independent search for New Physics. Furthermore, we show
that by extending the model with an adversary we can account for systematic
errors that may arise from experiments. The second method develops a form of
quantum machine learning to be applied to a supervised search. Using a variational
quantum classifier (a neural network style model built from quantum information
principles) we demonstrate a quantum advantage arises when compared to a classical
network. Finally, we make use of the continuous-variable (CV) paradigm of quantum
computing to build an unsupervised method of classifying events stored as graph
data. Gaussian boson sampling provides an example of a quantum advantage unique

to the CV method of quantum computing and allows our events to be used in an



anomaly detector model built using the Q-means clustering algorithm.



Contents

Abstract

1 Introduction
1.1 The Standard Model .
1.1.1 The Gauge Terms
1.1.2  The Fermionic Terms .
1.1.3 The Higgs Terms
1.1.4 The Yukawa Terms
1.1.5 Going Beyond the Standard Model .
1.2 Collider Phenomenology
1.3 Machine Learning in HEP .
1.3.1 Neural Network Architecture

1.4  Quantum Computing

2 Adversarial Autoencoders for Anomaly Detection
2.1 Motivation
2.2 Data Generation and Smearing Procedure
2.3 Supervised Classification of Jets

2.3.1 Supervised Adversarial Anomaly Detection .



Contents

2.4

2.5

Anomaly Detection with an Autoencoder

2.4.1 Unsupervised Anomaly Detection

2.4.2  Adversarial Extension to Autoencoder

2.4.3 Corrupted Training and Applications to Other Models

Conclusions

Classification Using a Variational Quantum Classifier

3.1

3.2

3.3

3.4

3.5

3.6

Motivations

Structure of a Variational Quantum Classifier

3.2.1 State Preparation

3.2.2  Model Circuit

3.2.3 Measurement and Postprocessing

Optimisation

3.3.1 Backpropagation

3.3.2  From Classical to Quantum Gradient Descent .
Analysis Setup

Network Performance

Conclusions

Graph Classification on Photonic Quantum Computers

4.1

4.2

4.3

Motivations

Analysis Setup

4.2.1 Data Generation

4.2.2  Constructing the Graphs

Anomaly Detection on a Classical Computer

58

59

60

63

65

67

68

70

72

73

75

76

76

7

79

80

83

85

86

89

39

91

94



Contents 7
4.4  Anomaly Detection on a Photonic Quantum Device 97
4.4.1 Gaussian Boson Sampling 102

4.4.2 Constructing a GBS Circuit 105

4.4.3 Creating Feature Vectors from GBS Samples 107

4.4.4 K-means Anomaly Detection using Gaussian Boson Sampling 109

4.5 Q-means Clustering 110
4.5.1 Implementation, Performance and Scalability 113

4.6 Conclusions 113

5 Summary and Conclusions 115
A The Quantum Geometric Tensor 117
B SwapTest 121
Bibliography 123






Declaration

The work in this thesis is based on research carried out in the Department of Physics
at Durham University. No part of this thesis has been submitted elsewhere for any

degree or qualification.

o Chapter 2 is based on A. Blance, M. Spannowsky and P. Waite, Adversarially-
trained autoencoders for robust unsupervised new physics searches, Journal of

High Energy Physics 2019 (Oct, 2019) , [1905.10384]

o Chapter 3 is based on A. Blance and M. Spannowsky, Quantum machine
learning for particle physics using a variational quantum classifier, Journal of

High Energy Physics 2021 (Feb, 2021) , [2010.07335]

o Chapter 4 is based on A. Blance and M. Spannowsky, Unsupervised Event
Classification with Graphs on Classical and Photonic Quantum Computers,

2103.03897

During my studies I also contributed to :

« A. Blance, M. Chala, M. Ramos and M. Spannowsky, Novel b -decay signatures
of light scalars at high energy facilities, Physical Review D 100 (Dec, 2019) ,

[1907.13151]

e S. Abel, A. Blance and M. Spannowsky, Quantum Optimisation of Complex

Systems with a Quantum Annealer, 2105.13945


https://doi.org/10.1007/jhep10(2019)047
https://doi.org/10.1007/jhep10(2019)047
https://arxiv.org/abs/1905.10384
https://doi.org/10.1007/jhep02(2021)212
https://doi.org/10.1007/jhep02(2021)212
https://arxiv.org/abs/2010.07335
https://arxiv.org/abs/2103.03897
https://doi.org/10.1103/physrevd.100.115015
https://arxiv.org/abs/1907.13151
https://arxiv.org/abs/2105.13945

10 Declaration

Copyright © 2021 Andrew Blance.
The copyright of this thesis rests with the author. No quotation from it should be
published without the author’s prior written consent and information derived from

it should be acknowledged.



Acknowledgements

First, I would like to thank my supervisor Michael Spannowsky. Over the last four
years Michael has provided fantastic and invaluable guidance in all of our projects
together. His insights and ideas have taught me an enormous amount, and without

him this work would not have been possible.

The IPPP has provided a brilliant place to carry out my research over the course of
my PhD. There are far too many people to thank individually, but everyone in the
community has always been so friendly and welcoming and are all so important in
making the experience as good as it has been. I will give a special mention though
to Parisa, Dorian and Joe, the other three people who occupied OC321. Our office’s

wine time, book club and large plant collection were all PhD highlights.

I’d also like to thank Dorian, Elliott, Hitham, Jack, Jonny, Joe Aylett-Bullock, Joe
Walker, Khadeejah, Lucy, Mia, Parisa and Ryan who generously offered to proofread
this thesis, and whose comments were very helpful in making this document as

readable as it is.

During the last 3 years I have had two flatmates/bandmates, Balthazar (who was
perfect) and Elliott (who was great, but compared to Balthazar was only ok tbh),
thank you both. I would also like to thank my girlfriend Parisa for her love and

encouragement!

Finally, thank you to my family (mam and dad and Catherine and Matthew) for all

their support over the entire time I have been in academia.






Chapter 1

Introduction

Machine learning methods have become a key part of the high energy physics data
analysis pipeline. From the use of binary decision trees (BDTs) at trigger level at
the Large Hadron Collider (LHC) or using neural networks to help analyse and
classify event data, machine learning is widely used. A natural property of particle
physics data - namely, the high number of dimensions that are seen when analysing
collider (or Monte-Carlo generated) events - means machine learning methods have
the potential of being useful in the field. As the dimensions of a dataset grow many
classical methods become less viable to use. In contrast, a well trained neural network
can be used to find correlations in high-dimensional data with high accuracy. While
many of the methods discussed in this thesis focus on this complexity (for example,
how quantum machine learning may provide better optimisations on datasets with
large number of features), it is worth noting that machine learning models can benefit
from being trained on large datasets. As the high luminosity upgrade will increase
the amount of data the LHC can gather the value of machine learning methods are

likely to grow.

This thesis will discuss three applications of machine learning, on both classical and
quantum hardware. We aim to introduce methods to help boost the sensitivity in
searches of New Physics by showing how machine learning methods can be used to

perform supervised, and unsupervised, searches.
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In Chapter 2 we begin with a neural network architecture known as an autoencoder.
Autoencoders can be trained to perform unsupervised anomaly detection. These
types of searches are appealing for particle physics, as we would only need to train
our models on background data. This, of course, is useful as if we were to perform
a true data-driven search (i.e. using only real data) we cannot expect to be able to
gather a training set of beyond the Standard Model events. However, performing
a search using only LHC data will introduce the problem of the classifier becoming
biased by any systematic experimental error. We address this here by extending the
autoencoder model with an adversary. We show that by doing this we can create an

anomaly detection method that is robust against experimental error.

To look for novel methods of applying machine learning we can turn to quantum
computing. Typically, quantum computers use what is known as a qubit as its
fundamental object. Qubits exist in either state |0), |1), or a linear superposition of
both. In a classical computer, which uses a binary bit, the state can only ever be 0
or 1. By applying operations onto the qubit its state will evolve and one can then
measure it. Powerful algorithms can be embedded into a quantum computer and
be shown to provide a large advantage over classical machines. Quantum machine
learning is therefore an emerging field aiming to apply quantum advantages to
machine learning methods. This is the topic of Chapter 3 and 4. Firstly, in Chapter
3 we introduce the concept of a variational quantum classifier. These models are

neural network style structures built using quantum information theory concepts.

While the predominant method of quantum computing is the qubit-based paradigm
we explore another method in Chapter 4. The continuous-variable (CV) paradigm dif-
fers by using a qumode as its fundamental object. Qumodes are infinite-dimensional
objects, implemented using quantum photonics hardware. We use Gaussian boson
sampling, a process with a quantum advantage unique to CV quantum computing,

to help build an anomaly detection method.

First, though, we will discuss the Standard Model of particle physics, perhaps the

most successful theory in Physics. The Standard Model describes the fundamental
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Table 1.1: The Standard model of particle physics. In the top and
bottom left of the table are the three generations of
quarks and leptons. These make up the fermionic matter
of the universe. To the right of those are the gauge
bosons. These mediate the interactions. The top right
contains the Higgs boson.

building blocks of nature and how they interact. Following this, we discuss collider
phenomenology and some of the observables used to describe final states in event
data. We then introduce some applications of machine learning in HEP and give
some insight into the construction and theory of neural networks. This chapter then

ends with a brief introduction to the qubit model of quantum computing.

1.1 The Standard Model

The Standard Model of particle physics (SM) is our current best understanding of
the universe. The model details the most fundamental constituents of nature and
their interactions. These consist of fermions, the matter particles of the universe, and
bosons, the particles which mediate their interactions. The model has remarkably
predictive powers and is a testament to the development of fundamental physics
over the last century. Even with the enormous energy scales that are reached with
modern colliders we find that the Standard Model predictions, for the most part,

remain consistent with experimental results.

Quantum field theories (QFTs) are a framework that allows one to combine the ideas
of quantum mechanics and special relativity. In this framework, particles are seen as

excitations in a quantum field. The Standard Model is itself a QFT, with a particle
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content shown in Table 1.1, and belonging to the gauge group

SU(3). x SU(2), x U(1)y-. (1.1.1)

This group contains two significant parts: the quantum chromodynamic (QCD)
and the electroweak (EW) sectors. The group SU(3), is the gauge group of QCD,
with ¢ referring to the colour charge [6-8]. QCD is the theory that describes the
strong force. This is mediated by the 8 gluons, which interact based on an objects
colour. Meanwhile, SU(2);, x U(1)y describes the electroweak sector [9-11]. Here,
the quantum number Y represents the Hypercharge and L informs us that only
left-handed objects couple in the SU(2) field interactions. This group represents the
unification of the weak and electromagnetic forces. This leads to the production of
the W* and Z° vector bosons, the mediators of this force. The SU(2), x U(1)y
electroweak interaction, via the Higgs mechanism, is spontaneously broken [12-14].
The group breaks down to a U(1) group describing quantum electrodynamics (QED)
[15-18]. QED is the field theory that describes the interaction between matter and

photons.

We note that U(1)y is an abelian group, while SU(3), and SU(2),, are not. Instead,

they are non-commuting and follow the Lie algebra

GRAET i (1.1.2)

ab¢ ig a structure constant. What follows from this, is

Here, t is some generator and f
that gauge theories derived from the SU(3), and SU(2);, groups will not commute

either. This results in the self-interaction of the bosons associated with these groups.

The dynamics of a QFT can be described by its Lagrangian density £. The Standard

Model Lagrangian will therefore describe the interactions within the model and can
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be written as [19-21]
L
'CSM = _ZF F#V
+ U PV
+|D,HI* = V(H)

(1.1.3)

Here, F* is the gauge field strength tensor, ¥ is the spinor (a two component
vector-like quantity) of a matter field, H is the Higgs doublet and y;; are the Yukawa
couplings. Alongside these are I), the covariant derivative, and V(H), the Higgs
potential. The rest of this section will be devoted to the further discussion of all these
objects. To do this, we will treat each line of Eq. (1.1.3) individually, thus splitting

the Lagrangian into four distinct parts - Laguges Lrermions LHiggs a0d Ly ykawa-

1.1.1 The Gauge Terms

The first part of the Lagrangian we will investigate is responsible for the dynamics of
the gauge fields. It will be used to describe the self-interactions in the gauge bosons

used in the strong and electroweak force. The terms for these fields are

1
'CGauge = _7FNVF;W
‘11 X ' (1.1.4)
A ~A,uv I I,uv v
= _ZG#VG my ZWNVW w EBM B/U/’
where G,fl,, W,fy and B"” are field strength tensors. These fields correspond to the

SU(3), SU(2) and U(1) groups, respectively. For a SU(N) group, the indices can

A

run from 1 up to N? — 1. From this, we can see that the G,

belonging to SU(3),
runs up to 8 and thus accounts for the 8 different gluons of the strong force. The
SU(2) group field W/f,, runs up to 3, giving us three bosons W', W? and W?. We

will see in Section 1.1.3 that W' and W? can mix to give W* while W* can mix
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Field SU(3), SU((2), U(l)y
eh 8 1
w! 1 3

1 1

I

B* 0

Table 1.2: How the Gauge field are represented in the SM. Where
1 indicates it is a trivial representation for the SU(N)
groups. A value aside from 1 represents the fundamental
representation of the group.

with the U(1) boson B to give Z°, A. The full gauge group representations for the
field strength tensors are shown in Table 1.2. The three tensors can are used to

define the field strength tensors

Gﬁzx - 8,uG1V4 - az/G;,‘ + gszBCGEGS’a
W, =0,W. —0,W, + g’ Wwr, (1.1.5)

B,, = 8,B, —8,B,.

For SU(3), and SU(2), there are associated structure constants, f*”¢ and the
Levi-Civita tensor ¢/7%. The fields also have two parameters, ¢ and g,, which are
coupling constants. An important distinction between B, and the other fields is the
lack of terms resembling B, B*. The result is that, unlike G, and W, that contain
g. [P CGE GY and ge' 7K W[L] WX there will be no self-interaction between the bosons
associated with a U(1)y group. If we perform an infinitesimal gauge transform on

these fields they transform as

1
A A A | _ABC B~C
G, — G, ——0,a" +7"a"Gy,

9s
1

Wi — Wi — =9,a" + "5’ Wi, (1.1.6)
9
1

B;U' — B,LL — ga‘ua

In the final line of Eq. (1.1.6) the coupling constant of the U(1)y gauge group

is introduced as ¢’. In all three cases, o acts as a term that parameterises the
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transformations. The fields transforming in this manner ensures the Standard Model
lagrangian has a local symmetry. For all three lines of Eq. (1.1.6) we can propose
a term like GﬁGA“ , W;{ W or B, B". Each of these however is not invariant. The
consequence of this is that a mass term resembling mQBuB“ would be unwelcome
in the Standard Model Lagrangian. Unless we introduce a method of breaking the

symmetry this forces the gauge bosons to have a mass of zero.

1.1.2 The Fermionic Terms

We now consider the second line of Eq. (1.1.3). This considers the interactions of the
fermions, the spin—% matter fields of the Standard Model. These fields all couple to

the gauge fields described in Section 1.1.1 through the covariant derivative

1 T4
Wi gy Gy (1.1.7)

’ T!
D, =0,-igYDB, — z'g§

This covariant derivative depends on the three coupling constants ¢, g and gg and
a set of generators. These are Y for the U(1) field, 7/ (proportional to the Pauli
matrices) for the SU(2); group and T for the SU(3), group. Depending on the

field the covariant derivative is acting on, its definition will change. For example, if

applied to an SU(2), field, the derivative would only contain the relevant terms.

The fermion fields can be described as spinors, ¥. As with the bosons in the previous
section, we can define these fields through their representation under SU(3),., SU(2),
and U(1)y. Fermion fields are further split into three generations, each with the
same set of charges but differing amounts of mass and mixing values (discussed in
Section 1.1.4). Furthermore, fermions can be categorised as either quarks or leptons.
Looking only at the first generation we can consider ¢, a SU(2); doublet, that

contains the left-handed quark fields

q = (Zj) (1.1.8)
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Field SU(3), SU2), U(ly

qr 3 2 %
UR 3 1 %
dp 3 1 —2
I 1 2 1
en 1 1 -2

Table 1.3: How the fermion fields are represented in the Standard
Model. Where 1 indicates it is a trivial representation
for the SU(N) groups. A value aside from 1 represents
the fundamental representation of the group.

Individual quarks (such as uy) exist as a triplet representation of SU(3).. These

fields are represented as

up = |l |, (1.1.9)

where r, b and g are the three QCD colours. The left-handed lepton field doublet

contains a generation’s charged lepton and neutrino

I, = <:L> (1.1.10)

Unlike the quarks, individual leptons have a trivial representation in SU(3), and
therefore have no colour charge. Another fundamental feature of the lepton sector is
the difference between how left and right-handed objects are treated. Left-handed
leptons exist as a SU(2);, doublet. This is contrasted by right-handed particles
where, up, dp and ep are only singlets and transform under a trivial representation

in SU(2). Note, there is no right-handed neutrino in our model.

All these fields can then also be described by how they are represented under SU(3),,
SU(2) and U(1)y. Table 1.3 contains the quantum numbers for the left and right-

handed objects discussed. Using these fields, we can define a term for the Lagrangian
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‘CFermion D) gLi/yuDqu + aRZ./VMD,uuR + JRiquudR ( )
1.1.11

+ iLi’yuD#lL + éRZ.’}/MD#GR.

Other Lagrangian terms will exist, so that all three generations are included. We
can see then that the Standard Model really treats left and right handed objects
differently. Right-handed leptons transform differently to left-handed leptons. For a

field v we can project out the handedness of the field using

Yr = Pprv, (1.1.12)

where Pp ; are the projection operators

1
Pr = 5(1+75), (1.1.13)
and
1 5
PL=5(1-7"). (1.1.14)

Here, L and R indicate the handedness of the field, and v° = i7°y'y?y® (which each
~ being one of the gamma matrices). Using these we can derive the mass term we
would expect to find in the Standard Model Lagrangian. However, this term will

rely on fields of both chiralities, such that

As left-handed fermions contain different charges to their right-handed equivalents
these terms will not be gauge invariant. This means we cannot add explicit mass
terms related to fermions into the Lagrangian. Similar to what we saw in the gauge
sector, if we cannot find a way to break this symmetry, fermions in the Standard

Model will be massless.
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Field SU(3). SU@2), Uy
H 1 2 1

Table 1.4: How the Higgs is represented in the Standard Model.
Where 1 indicates it is a trivial representation for the
SU(N) groups. A value aside from 1 represents the
fundamental representation of the group.

1.1.3 The Higgs Terms

As we have seen in Sections 1.1.1 and 1.1.2 it is difficult to add mass terms for the
fermions and gauge bosons into the Standard Model Lagrangian. To do this we will
begin by introducing the Higgs boson [12-14]. The Standard Model Lagrangian has
terms (shown in line 3 of Eq. (1.1.3)) that detail the self-interactions of the Higgs
and its interaction with the gauge bosons. The inclusion of these terms, as we will
see, introduces spontaneous symmetry breaking. This is the method we will use to

generate masses for the gauge bosons and fermions.

The Higgs field can be described by the SU(2) complex doublet

. ¢+> _1<¢1+i¢2)
H_<¢O = sl i) (1.1.16)

The doublet includes four degrees of freedom, described by the four real scalar fields
01, O, ¢3 and ¢,. The full gauge group representation is given in Table 1.4. The

Higgs potential takes the form

V(H)=—p*H'H + \(H'H)?, (1.1.17)

where ) is positive and describes the self-interactions of the field. For p? < 0 the
potential has a minimum at zero. Values of u* greater than zero lead to what is
known as symmetry breaking. A symmetry is spontaneously broken if the Lagrangian
has a symmetry not visible in the ground state. Here, we are about to break the
SU(2), x U(1)y symmetry to U(1) gy,. In scenarios where z® > 0 the Higgs potential

shifts to a non-zero minimum at |H| = vV H'H. The potential is minimised when
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the field takes the form

(Hy =2 =/ (1.1.18)

where v is known as the vacuum expectation value (VEV). From here we have a
choice of which of the four fields from Eq. (1.1.16) will contain the VEV. If we wish
to conserve electric charge a VEV can only be acquired from a neutral field. This
means the VEV must be chosen as either ¢, ¢, or a mixture of the two, as they are

electrically neutral. This leads to the traditional choice of

¢s =0+ h, (1.1.19)

where h, a pertubation around the VEV| is a real scalar field that we interpret as

the physical Higgs boson. Using this, the Higgs field can be written as

. ¢ 1 $1 + 1o
a- ()= (i) aam

The three fields ¢, ¢, and ¢5 are massless Goldstone bosons, each with a VEV of
0. These can be gauged away [22], removing them from the Lagrangian, and leaving

the Higgs scalar doublet to be written as

H = \%(Vih) (1.1.21)

By considering a non-zero VEV we find the Lagrangian is invariant under the group
SU(2), xU(1)y. However, it will still conserve electromagnetic symmetry. Therefore,
we can say the symmetry group is broken as SU(2);, x U(1)y — U(1)gy. The U(1)
group corresponds to electromagnetism, and means in the vacuum we still conserve
the symmetry. As we will see, this will lead to the boson fields associated with the
broken generators acquiring mass (the SU(2) fields associated with 7), while the

unbroken field (EM) does not.
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The physical Higgs boson mass can be derived using Eq. (1.1.17) and Eq. (1.1.18)

to be

mp, = 2\° = —2u°. (1.1.22)

Experimentally, the mass of the Higgs has been found to be m;, ~ 125 GeV [23].

Aside from V(H), the Higgs part of the Standard Model Lagrangian also contains a
term |D,H . By investigating this we will see how the Higgs couples to the gauge
bosons and the origins of their mass. Applied to the Higgs the covariant derivative

takes the form

I
Dy = 0, ig'Y B, —igz Wj. (1.1.23)

By applying this to Higgs doublet shown in Eq. (1.1.21) we arrive at

1

—i4(W, — W, h
Dﬁ:( 5 nt u)<’;+ ) ) (1.1.24)
V2\Oh+ i(—g'B, + gW,;)(v + h)
We can then see that the Lagrangian will contain terms that look like
1
|DHI? 5=¢*(v + h)* (W, — iW2) (W + W)
8 (1.1.25)

1
+ g+ 1) (=g B+ gW)”

In the first term we note the combinations of Wj and Wi These are related to the

physical W* bosons as

1 .
W, = E(Wj FiW2). (1.1.26)

By reading from the Lagrangian (taking the terms associated with %), we can define

the mass of the W bosons as

(1.1.27)
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where myy has been found to be 80.38 GeV [24]. Just as we determine W* to be
a combination of Wj and Wi we can define 7, in a similar way. From the second

term of Eq. (1.1.25) we take Z, to be

3
7, = =9 But Wy
/92 +g/2

Using this definition of Z, allows us to extract the mass from the Lagrangian as

(1.1.28)

(92 + ng ) V2

1.1.29
4 ? ( )

2
my =

which has been measured as 91.18 GeV [24]. To find the mass of A, we will briefly

consider Z, as

Z, = cwW) — swB,, (1.1.30)
where ¢ and sy, are combinations of g and ¢’ *. We then take A, to be
A, = cwW) + swB,, (1.1.31)

the state orthogonal to Z,. This does not appear in Eq. (1.1.25) and does not get a

coupling to the Higgs. Therefore, m% = 0 and we identify this boson as the photon.

In summary, the gauge bosons are typically unable to have mass terms in the
Standard Model Lagrangian. Instead, they gain their mass through a coupling with
the Higgs boson. The Higgs potential takes a non-zero VEV, leading to spontaneous
symmetry breaking. This takes us from the SU(2); x U(1)y to U(1)gys. As we have
seen, this leads to the gauge bosons associated with the broken generators (those
of SU(2)) to attain a mass, while the one associated with the unbroken generator

remains massless.

g
2 12
9 +g

1CW and sy, are defined such that ¢y = and sy =

g
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1.1.4 The Yukawa Terms

In the previous section, we were able to successfully give the gauge bosons mass.
Now, we turn our attention to the fermions. Fermion mass is generated from the
interactions within the Ly 1400 part of the Standard Model Lagrangian. This part

of the Lagrangian includes terms like

Ly urawa D —We)ij ' He' — (y)i;0 Hu — (yq)i;4 Hd + h.c., (1.1.32)

where y,, v, and y, are the Yukawa coupling factors and H = io?H. Focusing in on
a single fermion in the first generation we can find the generated mass terms. We

begin with the up quark:

Ly ukawa O —[(yu)nﬂRﬁTQL + (yZ)IIQLf{uR] (1.1.33)

Eq 1.1.33 is the Lagrangian term for the up fermions of the first generation. This is

equivalent to

(yu)uv (Yu)11,
Ly ukawa D — uu — huu, 1.1.34
Yuk V2 V2 ( )
leading us to mass terms such as
my = 2% (1.1.35)

V2
A similar process allows us to find the down fermion and electron masses. Note,

these terms give the neutrino no mass. As there are multiple generations of quark,

the Yukawa coupling factors are in fact matrices.

Recall, W* and Z did not align with the gauge bosons from the original L Gauge and
were instead mixtures. Now, we must ensure the fermion states derived here can be
related with what we saw in Lpemion. If we assume the fermions discussed above

are not physical, we must find a way to mix them into the objects we observe. We
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will do this by first considering the Yukawa matrices. While we do not know the

form these matrices may take, we will diagonalise them such that

Me = EzyeERa
M, = UlyUs, (1.1.36)
M, = DTLydDRa

where Iy g, Uy r and Dy p are unitary matrices. By using the mass matrices in
Eq. (1.1.36) a fermion can be rotated into the mass basis. These transformations

will go like e;, — FEer, taking us from an unphysical basis to a physical one.

For a neutral Z interaction (where up and down fields are not mixed) these terms
will cancel, such that DED ; = 1. However, in a charged W interaction it is possible
to see terms that resemble u;~"d;. When this is transformed to the mass we end up
with terms like u L’y“(UzD 1)dr. Here, we could have an interaction between fermions

of different families and generations. We can define a matrix

V =UlD,. (1.1.37)

This is known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix. The CKM matrix
allows us to parameterise how the states mix in these currents. The 3 X 3 matrix
contains 9 complex numbers, resulting in 18 parameters. Since this is a unitary
matrix, we are constrained to 9 parameters. Of these 9 free parameters, 6 are phases
and 3 are angles. Then, by redefining the quark fields we can reduce the number of
relative phases. This allows us to describe the CKM matrix with only 4 values - 3

rotations and a single phase.

1.1.5 Going Beyond the Standard Model

As we have seen, the Standard Model provides a successful description of nature. It

explains the interactions of the strong, weak and electromagnetic forces and dynamics
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of our fundamental particles. However, while it is accurate to very small scales, the
Standard Model does not explain all phenomena and has some theoretical problems.
The physics that must exist to describe these phenomena make up a part of what is
known as Beyond the Standard Model (BSM) physics. As we worked through the
Standard Model Lagrangian we began to see where some problems may occur. Some
of the hints that physics must exist beyond what we account for in the Standard

Model are:

o From Eq. (1.1.32) we saw that fermion masses are generated from the Yukawa
matrices and the following mass matrices. However, the construction of these
required the fermions to have right-handed components. As neutrinos have
no right-handed component it is implied they are massless. This is in contra-
dictions to recent observations of neutrino oscillations, which suggest massive

neutrinos [25].

e From cosmology measurements we can infer the existence of Dark Matter.
This form of matter could make up to 85% of the matter of the universe but

currently is not included in the Standard Model [26].

o To explain the nature of how the universe is expanding it is necessary to
introduce a new form of energy. Dark Energy has been proposed for this

purpose [27].

e A naive assumption would be that the amount of matter and anti-matter in
the universe is equal. This does not align with observation. In fact, there is
an asymmetry - most of the universe is made from matter [28] While there are
some CP-violating processes in the Standard Model, these cannot explain the

asymmetry seen.

o The Standard Model does not contain an explanation of gravity. There is

no bosonic field to mediate the force, as you may expect. Attempts to add
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a “graviton” into the theory have not been successful. Einstein’s theory of

relativity still remains the best explanation of gravity.

This list is no by no means exhaustive and other problems exist. For example, the
hierarchy problem relates to the large separation between the Higgs mass and the
Planck scale. Then, the flavour problem relates to the large separation of masses
between the fermions themselves and also the nature of constructing and using the
Yukawa matrices. While this thesis does not attempt to provide solutions to these
problems, it is important to understand that while the Standard Model is very

successful, it does not provide a full explanation of our universe.

1.2 Collider Phenomenology

To test Standard Model predictions, and look for answers to BSM mysteries, we need
a tool that is capable of probing the behaviour of particles. The tool we use for this
purpose is a particle collider. Currently, the largest and most powerful one is the
Large Hadron Collider (LHC). The LHC is a 27 km ring built beneath the border of
France and Switzerland. Inside the ring, two beams of protons circulate in opposite
directions at relativistic speeds. As they journey through the collider, thousands of
magnets, super-cooled to around -271 °C, are used to guide them. The protons travel
through the beams in bunches and can be made to collide at numerous points. Two
of these points are inside the ATLAS [29] and CMS [30] detectors. These detectors
are used to record the outcomes of the collisions. From here, the recorded data can

be catalogued and sent across the world for analysis.

As two protons collide, their partons can interact, each carrying a fraction of their
parent proton’s energy. The initial objects can radiate energy in the form of gluon
emissions - a form of radiation known as initial state radiation. The colliding partons
can decay and undergo hadronisation. These hadronised objects can themselves then

decay. By looking for collimated decay objects we can construct what are known as
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Figure 1.1: A cross-section of the CMS detector system at the LHC.
Taken from Ref. [31].

jets, which we can use to help us analyse the decay. By viewing the final states we
can imperfectly reconstruct what happened in the collision. We hope to be able to

separate any interesting events from Standard Model background.

To look at how these collisions are handled, we will focus on the CMS detector - a
cross-section of which is shown in Fig. 1.1. The detector is made up of layers, each

having a different purpose. The four layers are:

e (i) The Tracking Chamber. Here, the trajectory of a charged particle can be
tracked. This section also houses the vertex detectors. This is of importance
for b-tagging jets. A hadron containing a b quark has a relatively long lifespan
before decaying. By tracking these decay products one can accurately tag a jet
originating from a b quark. The tracking chamber is also useful for reducing
Pile Up. Each bunch of protons will lead to multiple collisions, with each of
these producing new particles. We need to be able to separate these events.
This is what is known as Pile Up. Careful tracking of the vertices can help

mitigate this.
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o (ii) The Electromagnetic Calorimeter (ELAC). The ELAC measures the energy

for electrons, positrons and photons

o (iii) The Hadron Calorimeter (HLAC). This layer is used to detect the high
energy hadrons. These decay into further products, which can be clustered

into jets.

e (iv) The Muon chambers. Muons pass through the first three layers and into
the Muon chambers. These chambers, like the first layer, curve the path of the

particle, from which we can infer its properties.

With information from the detector, we can build a picture of the event. Having
access to observables such as a particle’s energy and mass allows us to begin analysing
the process. Another observable we note is the object’s momentum. To define an
invariant quantity, we choose a coordinate system such that the z-axis follows the
beam direction. Using this, we can measure the momentum associated with the
(x,y) plane. Thus, the transverse momentum pz, should sum to zero for an event.
Missing pp is, therefore, an indicator that we have not accounted for something, such

as an undetected neutrino or a new physics object.

There are a series of angles, measured from the beam axis, which are also of interest
to us. Namely, the azimuthal angle ¢ and the polar angle . We can also define

quantities known as rapidity and pseudorapidity:

1. E+p,
= —In
=3 E—p,’
6
n=—In tan§, (1.2.1)

where F is the energy and p, is the momentum in the z direction. The rapidity vy,
for a massless particle, is equivalent to 7. For the final state objects in the event,

y = n gives a good approximation. Using the pseudorapidity, we can construct a
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measure of the angular difference between two particles

AR =\ A¢* + An*. (1.2.2)

The amount of information we collect (i.e. the number of events generated) is de-
pendent on the experiment. An important value associated with this is a collider’s
luminosity. Over time, at the LHC, it has been upgraded. There are two relavant
values to consider: instantaneous luminosity and integrated luminosity. Instantan-
eous luminosity describes how many collisions can occur per unit time, over an area.

For a rate of events being detected in a period of time dN/dt, we expect a luminosity

L= ar (1.2.3)

1 dN

s
where o(s) is the cross-section (the probability that an event will occur) at a given
centre-of-mass energy s. By finding the integrated luminosity, one can find the total

number of events that will be produced in the time ¢, for a cross-section o(s) [32].

We find

N = /Edt o(s), (1.2.4)

By increasing the luminosity of an experiment over its lifespan the amount of data
it gathers also increases. Run 1 of the LHC operated at an integrated luminosity
of 20 fb™*, Run 2 increased this to 150 fb™*, and Run 3 will operate at 300 fb™'.
This trend will continue with the development of the High-Luminosity Large Hadron
Collider (HL-LHC). Here, it is hoped that we will be able to gather data at an
integrated luminosity of 3000 fb™'. Since the number of gathered events grows as
N ~ [ Ldt it is clear that the upgrade will have a profound effect on data collection

and analysis efforts [33].

Once data is collected we wish to use it to make a discovery. This can be done

through resonance searches. In a collision, a high-mass state known as a resonance
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may be produced. These will be unstable and have short lifespans. However, the
existence of such a resonance can be inferred from the event data. A process that

includes a resonance will follow the Breit-Wigner probability distribution

k

f(E) = (EQ _ M?)Q + M (1.2.5)

where M is the mass of the resonance and I' is the decay width. The factor k is a
constant dependant on M and I'. If we were to plot this function, we would find a

peak around M, with a width proportional to I'.

By plotting how the number of events varies with the energy we can, firstly, tell if a
resonance really exists and, secondly, infer its mass and width. A good channel for
searching for a resonance will have a high production rate and final state topologies

that are easy to decipher.

The discovery of the Higgs follows this method. The search was dominated by two
channels - the diphoton channel and the four lepton channel. These two channels
both have topologies that are relatively simple to identify. In Fig. 1.2 we see results
from ATLAS for such a search. There is a clear resonance at m; ~ 125 GeV, which
belongs to the Higgs boson. Predicting resonances, then finding them, is how many

discoveries in high energy physics occur.

While searching for resonances is a successful method of making discoveries, a collider
is inherently limited in what resonances it can produce. There is a limit to how
massive a particle it can find, and therefore what models it can confirm or theories
it can test. If we want to see heavier resonances than the LHC can generate, we
must build a collider capable of reaching higher energies. Reaching higher energies
can be accomplished by building a larger collider. The reasoning for this can be
seen by considering the amount of synchrotron radiation an experiment will produce.

As a particle travels through a collider it loses energy, requiring the magnets to
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Figure 1.2: A resonance search, in the diphoton channel, showing
a bump at m; ~ 125 GeV corresponding to the Higgs
Boson [34].

compensate. The amount it loses in one rotation is

4
AE x }1% (5) , (1.2.6)

where R is the collider radius, F the beam energy and m is the particle’s mass.
In a collider, an amount of energy has to be spent to counteract the effect of the
synchrotron radiation. Effectively, this will limit the maximum centre-of-mass energy
achievable to a collider. However, as we increase the radius of a collider (or increase
the particle mass), we can reduce the effects of the radiation, allowing us to access
higher energies. The precursor to the LHC, the Large Electron—Positron Collider
(LEP), accelerated electron and positrons. Here, a centre-of-mass collision energy of
200 GeV was achievable. At the LHC, around 14 TeV can be achieved. The proposed
Future Circular Collider, with a radius of 100 kM, will likely be able to reach an
enormous 100 TeV [35]. By increasing the energies we can probe, we can test a wider

range of BSM theories and continue expanding the Standard Model.
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1.3 Machine Learning in HEP

In the previous Section, we noted that the increasing luminosity of experiments
has a large impact on our ability to gather data for analysis. Currently, one event
generated at the LHC requires roughly 1 Mb to store. The task of parsing and
storing this data in real-time is enormous. Since around 40 Tb is being generated
per second it is impossible to permanently store every event. A series of real-time
cuts are applied, resulting in around only 0.01% to 0.001% of events being chosen
for storage. What is left is tens of petabytes of data, per year, needing to be stored
and analysed [36]. Finding patterns in this high-dimensional data is important for
continuing the search for new physics. With this goal, one can look for opportunities

to use novel methods to analyse this information.

Traditionally, analysis of event information is performed by applying cuts on the
event properties. Then, using this reduced dataset, statistical methods are ap-
plied [37]. However, performing these techniques can become problematic as the
number of dimensions in the dataset increases (for example, visualising a high-
dimensional histogram or the computational complexity of fitting a high-dimensional
probabiity distribution) [38]. Machine learning, which has the potential to work well
on large-dimensional datasets, can be used to supplement and hopefully improve

these methods.

Machine learning is a wide set of algorithms that through being exposed to data
learn to make predictions. Generally, these techniques form a subset of artificial
intelligence (AI) and have the capacity of becoming extremely accurate. Unlike
traditional modelling methods, which may require the user to directly input the
behaviour of a system, ML algorithms aim to learn these behaviours themselves.
These models can improve their predictive abilities as they are trained on larger
datasets. Fields in which dataset sizes are extremely large are therefore incentivised
to explore techniques based on machine learning theory. Throughout industry,

whether in social media companies, or finance and health, rapidly increasing dataset
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sizes have led to machine learning becoming ubiquitous. Furthermore, improvements
in the algorithms themselves, and the availability of powerful machines that are
capable of running them in a reasonable time, have also lead to their increased

usage.

Machine learning techniques generally undergo a training procedure where internal
parameters are adjusted to improve the quality of the model. At this time, the
algorithm is passed data and an output is produced. The output will then be used
to help update the parameters of the model, with the goal of improving the quality
of the prediction. By performing this step repeatedly, the internal state of the model
can be tuned such that the output improves. The range of models and potential
uses are vast. This section will therefore focus only on applications in HEP and the

architecture of neural networks, a popular ML method.

A range of ML techniques have been adopted by the HEP community. Two popular
algorithms are Binary Decision Trees (BDTs) and Neural Networks (NN). A BDT
is an ML method that forms a branching graph structure. At each node a binary
decision is made (i.e. is py > 107, is # < 0.37) and the dataset is split. Depending
on how an event traverses the tree, based on the rules set at each node, it can be
classified. This structure is popular as it provides a fast, interpretable and reliable
way to classify objects. BDTs are commonly used at trigger level at the LHC, to

quickly decide which events to keep [39].

A neural network is a powerful algorithm, made from a complex system able to
approximate a function (we will go into more detail in Section 1.3.1). NNs are
extremely versatile, suitable for use in a wide range of problems. Generally, in HEP,
they will be used for classification and regression. Classification techniques will
focus on separating a signal (or multiple signals) from a background. In regression
tasks, the aim is to fit continuous values. Neural networks have been used for
jet tagging [39], solving ordinary differential equations [40], determining parton

distribution functions [41] and evaluating amplitudes [42,43].

We can further categorise machine learning methods based on whether they are
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supervised or unsupervised. A supervised algorithm has access to the labels of the
dataset during training time (for a classification problem this may be the class the
data belongs to). As a model is being trained, it is shown whether its prediction is
correct, and can use this information to help improve itself. The model will aim to
ensure its output matches the provided label. If the ML method is unsupervised, the
algorithm is unaware of the “truth” and its predictions must be based on patterns
in the data alone. This can lead to models with less predictive power than a
supervised equivalent, however, this method can be very useful in cases where
labelled datasets are not available. For this reason, unsupervised searches for new
physics are appealing, as creating a labelled dataset of BSM events from LHC data
would be unrealistic. Techniques such as K-means classification, or an autoencoder,
can be used to perform anomaly detection (as will be shown in Chapters 2 and 4).
Since an unsupervised method does not need to be trained with any signal data,
this powerful technique allows us to perform model independent searches for new

physics, as we shall see in Chapter 2.

1.3.1 Neural Network Architecture

An important concept in both the quantum, and classical, computing chapters in
this thesis is the training and architecture of neural networks. Neural networks
are powerful algorithms that allow for complex relationships to be found in high-
dimensional datasets. Building a NN allows its designer a lot of flexibility when
choosing the structure, leading to a wide range of use-cases. These models were
originally inspired by the biology of the brain - where information from one neuron
“flows” into another, resulting in a highly interconnected structure. While this is an
imperfect comparison (a trained network lacks the adaptibility of the human brain)
it does share some conceptual and aesthetic similarities. It may be more accurate to
think of a network as learning abstract representations of the data it is being trained
on. Earlier layers in the network typically learn very general features of the dataset

(shapes, edges), while deeper layers will learn its more nuanced features.
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Regardless, models that emulate the structure of the brain have been discussed for
decades [44]. However, due to their reliance on large matrix multiplications it has
only recently been practical to create and train them. The increase in computing
power and availability of GPUs designed to perform matrix calculations quickly,

have allowed NN research to further advance.

As a framework to help us understand a NN, we can describe them as being formed

by three pillars. These are:

i. An adaptable complex system able to approximate a function.
ii. The calculation of a loss function based on the output of the network.

iii. A method to update the network’s parameters based on the result of the loss

function.

Pillar (i) is accomplished by forming layers out of interconnected nodes. The first

layer of nodes takes an input vector x and transforms it, such that

oWz 40y = O, (1.3.1)

where W and b are matrices known as the weights and biases. During training, the
weights and biases will be altered to improve the quality of the model. The function
o is known as the activation function, and is included to break the linearity of the
node. Without this, the network could learn only linear functions. Finally, R is
the node output from the first layer. These nodes (a singlular node in a layer is
shown in Fig. 1.3, with weights w that would be a component of a weight matrix,
and an output y that would be passed forward) will be stacked upon, and alongside,

each other. The next layer of the network will then look like

S(WORO 4 1) = 50, (1.3.2)
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Figure 1.3: A node of a neural network. It will take a vector x
of data (or information passed from a previous node)
and weight the input accordingly using a value w and
a weight b. An activation function, o, is applied to this
and the output is passed forward.

As we have moved to the next layer of the network, the input to each subsequent
node will not be z, but rather the outputs from the previous layer of nodes. This
will be repeated, until we reach an output layer. Depending on the number of layers,
and the quantity of nodes in each layer, the network’s ability to successfully model
the data will be affected. These choices also determine the dimensions of W and b.

The resulting network will have a structure similar to Fig. 1.4.

Mentioned above were the activation functions, designed to break the linearity of
the network. These have a direct impact on the network performance, guiding what
sort, of functions the network can learn to emulate. The internal, hidden, layers of
the network typically use ReLLU or tanh activations, while the output layers tend
to make use of something such as a softmax layer (shown in Figure 1.5). Included
in Figure 1.5 is the linear function, which could be used instead of a activation
function. However, as the name suggests, this will not break linearity. ReLU and
tanh are both widely used, but do have some common issues. Using the ReLLU

function can lead to “dead neurons” - a situation where a neuron output gets set to
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Figure 1.4: The structure of a dense neural network made from a
series of interconnected nodes.

0 and essentially cannot contribute to the network. The tanh function is susceptible

to what is known as the “vanishing gradient problem” - here, we note that certain

values of the gradient of tanh can be very close to 0, disturbing the optimisation

process.

The number of layers, the quantity of nodes within each of them and the activation

functions used are all hyperparameters of the network. These are parameters which

can be tuned to increase model performance. This leads to a versatility that allows

neural networks to be able to perform a wide range of tasks.

Pillar (ii) is the calculation of a loss function, L. The loss function will compare the

output of the network against the truth in order to give a metric for how well the

network has performed. The goal of training a network is, typically, to minimise a

loss function. Generally, as the output of L decreases we can say that the network is

improving its ability to carry out its training objective. The choice of loss function

is decided by the task the network is designed to carry out. A network designed to

classify objects would typically use a binary cross-entropy function, while a regression

problem would use a mean squared error function. The binary cross-entropy function
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Figure 1.5: Representations of functions that can be used as, or
instead of, neural network activation functions. Shown

is (a) ReLU, (b) tanh, (c) linear and (d) sigmoid.

typically takes the form

L= =3 yilog(p(z;)), (1.3.3)
i=0
where p(z;) is the probability of seeing a given result, and y; is the label, for the ith
object in a dataset. Mean squared error has the form

L= LS - )t (1.3.4)

nizy

with f(x;) being the model output and y; being the true value.

Pillar (iii) makes use of the result of the loss function to update the trainable

parameters in the network (i.e. the weights and biases of the nodes). This is done
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by performing backpropagation. This process finds the gradient over the network,
for a given set of parameters. Using this information, new parameters can be chosen.

The simplest option for this is gradient descent:

Giy1 = ¢ — QV¢L(¢2‘)> (1-3-5)

where ¢ is the network’s parameters and « is the learning rate. The learning rate
decides how large a step you take when you change the parameters of the network. In
parameter space, this step moves the network parameters down the slope of steepest
descent. The best values for the parameters will lie at the bottom of this valley.
Choosing a learning rate too large will result in the algorithm always stepping over
the true minimum, choosing a value to small will result in you never getting there. A
common technique is to set a learning rate schedule. Here, you would begin with a
large learning rate (to quickly explore the parameter space) but as the loss plateaued
the learning rate would reduce. The aim is to help the model settle into the correct

result.

These three pillars make up the basic training loop for a neural network. During
training, it is standard practise to split the dataset the network will be applied to into
two (and sometimes three) different sets. A training set will be used only at training
time, and a test set will be used only for evaluation. A concern during training is
that your model will learn to overfit. Overfitting is the scenario where your model
learns your training data precisely, but performs very poorly on a never-before-seen
sample. By having a set of samples that is hidden from your model during training

it is easier to tell if your model has overfit.

As the network is being trained, the training data can be batched. If the number of
batches is one, then the gradient calculated during backpropagation is found using
every sample in your training dataset. The number of batches can be increased,
decreasing how much data goes through the network at once. This results in the

network’s trainable parameters being updated using multiple subsets of your dataset.
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After the entire training dataset has passed through the network, it is said an epoch

has passed. Overall, the process looks like:

i. Perform a forward pass of the network and calculate the loss function.

ii. Using the output of the loss function, backpropagate and update the paramet-

ers.

iii. Perform steps (i) and (ii) for every batch.

iv. The first three steps are repeated until a set number of epochs has passed, or

the loss value has accomplished some set criteria.

These steps provide a large hyperparameter space to tune. The batch size, epoch,
number of nodes and layers, activation functions, loss function, learning rate and

method of optimisation can all be tuned to improve the networks performance.

Constructing a model in this manner, with its inheritent customisability, allows it to
be very powerful. Here, we have discussed the simplest form a neural network can
take - an artificial feed-forward network. However, a range of other architectures
exist. Of importance is the convolutional neural network structure (popular for
image-based problems) and the recursive neural network (useful for tackling time
series data). Even without these more complex structures though, a network can be
trained to be a universal function approximator, i.e. a neural network could learn
to emulate any function [45]. Networks have been designed to play complex games
like Chess [46] or Starcraft [47] and learn to drive cars [48]. They have been taught
to perform tasks like classification, image recognition [49,50] and natural language
processing [51,52]. Other uses include generating new data such as images [53] and
text [54]. The following chapters of this thesis apply the techniques discussed here

to both supervised and unsupervised searches for new physics.
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1.4 Quantum Computing

As well as machine learning, another field that has been proposed to boost the per-
formance of particle physics methods is quantum computing. A quantum computer
is a fundamentally different device from a classical computer. Classical devices store
information in bits. These fundamental objects are binary systems - they are either
in state 0 or 1. Instructions and data are stored as binary numbers and executed

and interpreted by the computer’s CPU.

Quantum computers do not depend on bits, instead, they are built up from qubits
[55,56]. A qubit, like a bit, also contains two states |0) and |1). What separates the

qubit and bit though is the qubit can exist as a linear combination of states,

[¥) = al0) + BI1). (1.4.1)

The state |¢) depends on « and [, complex numbers that tell us how “mixed” the
qubit is. In a classical computer, we can easily probe a bit to find its state. In this
case, it will always either be 0 or 1. However, if we measure a qubit we must deal
with probabilities. Performing a measurement will result in observing state |0) with

a probability |a|?, or state |1) with probability |5]*.

We can also write a qubit in the form

|Y) = COSZ|O> + ewsingﬂ). (1.4.2)

This is a useful interpretation, as the angles # and ¢ can be used to define a point

on a sphere. This sphere, known as the Bloch sphere, is shown in Fig. 1.6.

While we can only measure a qubit as being in state |0) or |1), the qubit itself
contains a lot of information. There is an infinite number of potential states that
can exist on the Bloch sphere. We can apply operators onto these states, evolving

them. These manipulations will then also change the outcomes of the measurements
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11

Figure 1.6: Representation of a 1 qubit state |¢)) on a Bloch sphere.
Taken from Ref. [55].
we make. As we shall see, by performing a series of operators we can implement

algorithms that can be run on a quantum computer.

By expanding to include two qubits, we can write a state

1) = cigo|00) + g1 [01) + c1p[10) + vy [11) (1.4.3)

Now, there are four possible results that can be attained after measurement. Each
result has a corresponding probability a. These coefficients are known as amplitudes.
As we expand the number of qubits, n, in a system, the number of amplitudes

increases as 2".

To gain insight into why using qubits to perform computations may be useful, we
shall consider a specific two-qubit system. This system, the Einstein, Podolsky, and
Rosen (EPR) pair, displays an interesting property. An EPR pair, or Bell state, has

the form

1 1
E|00> + E|11>. (1.4.4)

Two physicists, Alice and Bob, could each have a qubit from this pair. Now, if the pair



46 Chapter 1. Introduction

physically separated the qubits, they would still remain entangled. A measurement
of Alice’s qubit would reveal an observation of |0) with probability 0.5 or |1) with
probability 0.5. Now, if Bob measures his qubit he will always get the same result
as Alice. This simple state is highly correlated and shows the potential of achieving
non-local effects in the quantum computing systems we design. For example, we can

use EPR pairs to design a system to teleport a state.

To design programs on a quantum computer we must have a method of evolving the
state of a qubit. This is done by the application of a unitary operator known as a
gate. A series of gates applied to qubit (or multiple qubits) is known as a circuit.
Creating circuits is the typical method of implementing programs on a quantum
computer. There are a large number of gates available. They will be introduced,
as needed, in Chapters 3 and 4. For now, we will limit our discussion to the single

qubit phase gate

1 0
R, = - (1.4.5)
0 e
If the R, gate is applied to our original state, described in Eq. 1.4.1, it will be

evolved to

Rylv) = a|0) + Be'|1). (1.4.6)

While this is a simple evolution, it still demonstrates that by applying a gate to a
qubit, we change its state. This manipulation, in turn, will affect the result found

from a measurement.

Quantum computing presents then a unique way of performing computations. The
use of a qubit, and the quantum properties it inherently has, is fundamentally
different than the classical bit. Using a qubit as the fundamental object for a
computation, however, is not a purely theoretical exercise. There are a set of

processes that can be performed on a quantum computer that demonstrate what
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is known as a quantum advantage. These advantages arise when the quantum
device can perform a task that no classical computer could solve in a reasonable
time. Broadly speaking, algorithms displaying an advantage fall into one of three

categories:

o Search Algorithms. A standard quantum computing algorithm is Grover’s
search algorithm [57]. Search algorithms on a quantum computer can give
a potentially quadratic speedup compared to what is possible on classical
machines. Typically, to search through N objects using classical techniques

require ~ N operations - quantum equivalents can do this in ~ v/ N.

o Algorithms based on Fourier transforms. Performing Fourier transforms make
up a large part of many computational algorithms. Compared to a classical
machine, there is a large efficiency increase associated with using a quantum
device. Classically, to transform N = 2" numbers, where n is the number of
bits (or qubits), will take ~ n2" steps. On a quantum device, this can be
designed to take ~ n? steps. Shor’s algorithm makes use of this to perform

fast factoring of numbers [58].

o Simulation of systems. Using a quantum computer for simulating a quantum
system also appears to be an avenue to achieving an advantage. On a classical
machine, storing a state with n components takes roughly 2" bits (as you need
to be able to account for entanglement between states). This can be accom-
plished using a quantum computer with n qubits, as the quantum properties
of the system are naturally described by qubits. This reduction in required
memory may allow us to efficiently simulate systems that we previously, on a

classical device, could not.

Alongside these applications, quantum computers have become a popular method
to solve a range of tasks. Quantum annealers have proven to be a robust way to

optimise a potential. Using a quantum method allows you to more consistently find
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the true minimum compared to classical techniques such as Nelder-Mead [5,59-61].
Building circuits from quantum gates have been used to write parton showering
algorithms [62], jet clustering algorithms [63] and mapping field theories to quantum
walks [64].

So far, we have focused on the qubit paradigm of quantum computing. Now, we
shall consider the continuous-variable (CV) paradigm [65]. In this other paradigm,
instead of the qubit, the fundamental object is the qumode. The qumode is an object
with an infinite-dimensional Hilbert space associated with it, leading to states of the

form

0) = [b@))de. (1.47)

By considering a quantum computer constructed from qumodes, one can take ad-
vantage of advantages associated with the CV paradigm [66]. While this branch of
computing is fundamentally different to the discrete qubit form, we still use gates
and circuits to implement algorithms. In Chapter 4 we return to these concepts and

use them to perform anomaly detection.

Directly relevant to this thesis is quantum machine learning. Quantum machine
learning is an emerging subfield, which aims to find quantum advantages associated
with building ML models that operate based on quantum information principles.
One option is to build a quantum neural network [67]. Here, the trainable parameters
of the network are the parameters of the quantum gates used to create a circuit.
The use of quantum machine learning techniques will be discussed in more detail in

Chapter 3 and 4.



Chapter 2

Adversarial Autoencoders for

Anomaly Detection

The separation of anomalous signal events from Standard Model background events
is an important task for data searches at the LHC. It is in cases like this that
performing a data-driven search can be beneficial. This involves training a model
to identify features in the background events without making assumptions about
what your signal may look like. A method, as we will discuss, would still leave
you open to an experiment’s systematic uncertainties. This motivation is expanded
upon in Section 2.1. To reduce the impact of these errors, we propose combining an
autoencoder designed for anomaly detection with an adversarial network to detect
smearing in an event’s final state objects. The generated data and smearing process
are shown in Section 2.2. Section 2.3 details a supervised classifier that we use
as a baseline. The autoencoder and its adversarial extension are introduced and

explained in Section 2.4. The chapter ends with a summary and conclusion.

2.1 Motivation

As discussed in Chapter 1, machine learning in particle physics has become a popular

method of performing both classification and regression tasks. These techniques
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can search through high-dimensional parameter spaces, analysing large amounts of
observables simultaneously. These searches allow one to find areas in the parameter
space where there is an excess of signal events compared to the background. The
application of these algorithms to new physics searches at the LHC allows for greater

sensitivity.

To classify HEP data, a supervised search can be performed. In a supervised search,
the label of the event is used as information while training the classifier. To train the
classifier, one must generate pseudo-data of the background and signal samples using
a Monte-Carlo event generator. As the label of the sample is given to the algorithm
during training time a powerful classifier can be created. However, models trained
this way are limited in their scope - they only can have predictive power on models
they have been trained on. Furthermore, samples created by event generators will
be subject to their own theoretical uncertainties. Any model trained on generated
data will therefore also be biased by these uncertainties. Training a model using
generated data could result in classification being made based on the uncertainties
involved, rather than on features that could be seen in a collider. To protect against
this, or to help stop models becoming biased towards certain features in a dataset,
adversarial models have been proposed [68-70]. We will design our model based on

this architecture.

One method of removing model dependence on generator uncertainties is to not train
on generated data at all. Instead, one could try a data-driven search. Here, the
model is trained on experimental data. However, this can introduce a new problem.
To train a supervised classifier the data must contain a suitable amount of well
separated background and signal events. For a rare new physics signal this could be
an incredibly difficult, even impossible, task. Regardless, performing a data-driven

search remains an appealing option.

To perform a data-driven search, an unsupervised model could be trained using only
background samples. The model would learn the kinematic features of these events.

If shown an event that did not possess these traits it could be flagged as signal.
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Unlike a supervised search, where you train on a specific set of signal models, this
method is independent of your choice of signal events. Since generator errors have

been removed from model training, what remains is systematic experimental error.

The method of unsupervised classification presented in this chapter is based on the
use of an autoencoder [71,72] . Autoencoders are neural network structures which can
perform denoising [73], generative [74] and anomaly detection tasks [70,75-77]. The
training goal of the autoencoder is to “copy” the input data to the output. This task
is made non-trivial by forcing an information bottleneck in the centre of the network.
As the input and output of the network will match, the bottleneck is implemented
by reducing the number of nodes in the centre of the network. As it is unable to
produce a perfect reproduction of the input, the network is forced to learn the intrinsic
features of the training set in order to minimise the loss function. To minimise the
loss function, the output must contain as much information about the input as
possible. When the trained model is shown a signal event, it can be expected then
to have a lower ability to reproduce it compared to the background. This is because
the kinematic features of the background and signal will be different. Therefore, the
resulting values of the loss function will differ from that of the background set. An
anomaly detector can be built by thresholding these values and deciding everything

above this value will be counted as signal.

Adversarial networks can be used to remove a model’s dependence on features
within the training data. Generally, an adversary aims to make a prediction based
on the original model’s output. The adversary and original model are in a zero-
sum game. If the adversary can correctly make a prediction, the base model will
be penalised. However, if the base model can perform its training goal then the
adversary is penalised. This setup is discussed more in Section 2.4. To account for
systematic experimental uncertainties we extend our autoencoder with an adversary.
We show that by training this extended model, the classification is desensitised to
some uncertainties while still retaining classification ability. To perform the training

we use Monte-Carlo generated pseudo-data, with experimental uncertainty being
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represented by the systematic smearing of the original events.

2.2 Data Generation and Smearing Procedure

To carry out the anomaly detection we focus on heavy resonance searches. The
events generated are based on work using fat jets to reconstruct highly boosted top
quarks [78-81]. The background and signal samples used here consist of pp — ¢t
events and pp — Z' — tt events, respectively. The background events have been
generated with a centre-of-mass energy of 14 TeV. In each event, we force one of
the final state top quarks to decay hadronically and the other top quark to decay
leptonically. A heavy new boson, Z' [82], is used as signal, with a mass of 2 TeV and
a decay width of 89.6 GeV. Consistent with the background events, one top quark
decays hadronically and the other leptonically. For all events, a cut of pp > 500 GeV
is placed on the transverse momentum of the top quarks to ensure we are in the
boosted region. All events are generated using MADGRAPHS5__AMCQNLO [83]

while the parton showering and hadronisation is performed with PyTHIA 8.2 [84].

The hadrons and the non-isolated leptons are clustered into fat jets (jets from
massive, boosted particle decays) with a radius R = 1.0, using the Cambridge-
Aachen algorithm [85]. With such a large radius, we expect to capture the full
collimated decays. The kp algorithm is implemented using FASTJET [86] to recluster
the hardest two fat jets into jets with radius R = 0.2. Jets are b-tagged based on
proximity to a B-meson, whilst requiring them to have a transverse momentum
pr > 30 GeV. We also demand any isolated leptons to have a transverse momentum
pr > 10 GeV. These cuts aim to remove the softer emissions and radiation we are

uninterested in.

The selection of these events is then based on numerous criteria. One fat jet per event
must contain at least one b-jet whilst the other fat jet must contain at least two light
jets and one b-jet. The events must also contain a minimum of one isolated lepton

and are required to have a scalar-summed transverse momentum of Hy > 1 TeV.
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The following analysis is carried out using the four-momenta of the two b-jets, two
light jets and isolated lepton, as well as the missing energy (F) in the event. This

results in 21 total observables.

To create data to represent systematic uncertainties we apply a smearing procedure
to the properties of each event’s jets and missing energy. By smearing an event
upwards (or downwards) we are acting as if all the systematic error is going in
one direction (either all error is positive or all negative). For the event’s jets and
leptons, the procedure is based on Refs. [87,88] where the object’s three-momentum
is smeared. The values chosen to smear the bins of the histogram are based on the
resolution of the jet energy [89]. The relative amount of the smearing is larger for
smaller values of py. For missing energy, the smearing is proportional to v/Hyp [90].
In all cases, smearing is always performed in the same direction, either moving the
values up or down. The value chosen to smear by is increased by a factor of three,
thus increasing the effect of the procedure. This ensures that we account for the

systematic uncertainty, but will also demonstrate our setup’s effectiveness.

The smearing procedure is applied to the sets of background samples. This results in
a total of three samples based on background events: (i) an original, unsmeared set,
(ii) a set smeared in the upward direction and (iii) a set smeared in the downward
direction. The signal set is left unsmeared'. Each set of samples comes from a
statistically independently generated sample. After performing the described cuts,
100,000 events from each set of the four samples remain. Of the 400,000 events, 20%
are used for a test set. Before being used for model training, the data is scaled using

the StandardScaler method from the scikit-learn package [91].

Fig. 2.1 shows the generated data. The effect of smearing on the pp of the hardest
b-jet and light jet, the missing energy of the event and the invariant mass of the jets

and lepton in the background samples is demonstrated. By comparing the smeared

1t would be possible to perform this with smearing signal set too, however, this is not carried
out here. We aim instead to demonstrate resilience against background smearing. In a worst case
scenario, we would have to compare an upwardly smeared background set against a downwardly
smeared signal set - we hope to have covered a similarly challenging situation by factoring the
applied smearing to the background by 3.
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Figure 2.1: The unsmeared background and the signal samples com-
pared to the smeared sets for (a) the pp of the hardest
b-jet, (b) the pp of the hardest light jet, (c¢) the missing
energy and (d) the invariant mass of the jets and lepton.

background events to the signal distribution it is clear that some background sets

(depending on the direction of the smear) will be easier to discriminate from signal

than others.

2.3 Swupervised Classification of Jets

Before training an autoencoder to perform unsupervised anomaly detection we first
train a supervised model. This sets a signal-background discrimination benchmark.

The supervised model was trained on both the signal and background events. As
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the model is trained on both sets of samples and shown the sample set labels, we

expect this method to outperform any unsupervised methods.

The supervised approach uses a standard neural network. This network is constructed
from two hidden layers, each with 20 nodes and ReLU activations. The final layer
consists of one node with a sigmoid activation, a standard choice for classification
tasks. Since there are only two classes (signal and background) a binary cross-entropy
loss function is chosen. The loss function is weighted based on the class to account
for the higher frequency of background samples in the training data (for each signal
event there are now three background events). While training we use the Adam
optimiser [92] with a learning rate of 0.01 and a batch size of 500. Training lasts for
500 epochs. Throughout this paper the networks are implemented and trained using

KERAS [93] with a TENSORFLOW [94] backend.

The results from the trained model are shown in Fig. 2.2. The results are presented
in two forms: (a) shows the distribution of the network output while (b) presents
the receiver operating characteristic (ROC) diagram. These curves show a measure
of how well the network performs with respect to true and false positives. A perfect
result, where everything is correctly classified, would be represented in a ROC plot by
a curve reaching entirely up to the upper-right hand corner. A curve for a classifier
with no predictive power would be a diagonal line (i.e. the classifier randomly
guessing). The results in the ROC plot are created by comparing each background
set (no smearing, smeared up and smeared down) against the signal samples. Also
provided are the area-under-curve (AUC) scores. Also provided is an overall AUC
score calculated from passing all samples through the model at once. While this
would not naturally happen, this value is presented simply to give an overall sense of
the model’s performance. The figures show that the network performance is strongly
dependent on how the smearing has been applied. In Fig. 2.2 (a) the upward smeared
background set overlaps the most with the signal set. Looking at Fig. 2.2 (b) shows

that the classification performance is negatively affected because of this.
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Figure 2.2: The output of the supervised neural network classifier
(a) and ROC plots (b) for a classifier trained to classify
the signal and background events. The different back-
ground distributions result from the different directions
of smearing.

2.3.1 Swupervised Adversarial Anomaly Detection

To mitigate the effects of smearing on the network’s performance we will extend the
classifier with an adversarial network. This adversary is designed to take the network
output and discriminate which style of smearing (smeared upwards, downwards, or
left unchanged) was originally applied to it. The aim for the anomaly detector is
to remove its performance being dependent on the smearing. This will result in the
adversary being unable to make a prediction [68,69]. The classifier and adversary
are in a zero-sum game. The classifier predictions must be made without using
information derived from the smearing such that the adversary cannot discriminate
the origin of the background samples. This is done by forcing the two networks
to have opposite optimisation goals, meaning the classifier will be penalised as the

performance of the adversary increases.

The adversarial network is a neural network made up of two hidden layers of 20
nodes with ReLLU activations. The input for the adversary comes from the output
of the classifier. The final layer of the adversary has three nodes (one for each

smearing category) with a softmax activation function and categorical cross-entropy



2.3. Supervised Classification of Jets 57

loss, customary for multi-class classification problems. The model is trained using

the following procedure:

1. The classifier network is trained for three epochs, with the same parameters

as discussed in the previous section.

2. The classifier is then frozen while the adversary is trained for three epochs.
This is done using mini-batch gradient descent with a learning rate of 0.01 and

a batch size of 500. This training is carried out only using background events.

3. The classifier is then trained for one epoch. This is done with a mini-batch

gradient descent with a batch size of 500. The loss function is described by
‘Ctot = ‘Cclass - aEadV : (231)

This new loss function accounts not just for performance of the classifier, but
also for the adversaries. In this loss, two class weightings are applied. The
first accounts for the higher frequency of background events in the training set,
while the second accounts for the higher frequency of unsmeared events (half

of all events are unsmeared).

4. The adversary is trained on background events for one epoch. This uses a

mini-batch gradient descent optimisation with a batch size of 500.

5. Steps 3 and 4 are repeated 1000 times. A learning rate decay schedule is
implemented. Initially, a value of 0.01 is set while the schedule lowers this

every 100 epochs by a factor of 0.75.

The loss function shown in Eq. (2.3.1) is weighted by a factor . This determines
the relative importance of the two objectives during optimisation. If set to zero, the
adversary does not affect training. If set too large, then the adversary’s objective
will dominate and the classifier performance is negatively affected. Here, we set «

to be 100. In our scenario, during training, we update the two network’s weights
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Figure 2.3: Output of an adversarially trained supervised neural
network classifier trained to classify signal and back-
ground events (a) and ROC plot (b). The different

background distributions results from the different dir-
ections of smearing.

separately. While the adversary weights are being updated, the classifier weights are

frozen, and vice versa. It is also possible to update the model weights simultaneously,

however we find our method results in more stable training.

Fig. 2.3 shows the results of training the adversarial classifier model. Unlike in
Fig. 2.2, where it was clear that the performance was heavily dependant of the direc-
tion on smearing, here, the network performance is almost entirely independent of it.
Whether the background is smeared up, or down, the classifier output distribution
mirrors the non-smeared distribution. This results in the ROC and AUC scores
also becoming very similar. The inclusion of the adversary has reduced the overall

classification ability of the network. This is a trade-off required to decrease the

model’s dependence on the direction of smearing.

2.4 Anomaly Detection with an Autoencoder

Supervised learning requires a label for each entry in your dataset. In our case,

performing a data-driven supervised search is an unrealistic option. This would
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require creating a labelled dataset of both standard model background and rare
BSM signal. Instead, an unsupervised anomaly search can be performed. This
would use a model only trained exclusively on standard model background samples.
In this section, we propose the use of an autoencoder to perform such an unsupervised

discrimination task.

2.4.1 Unsupervised Anomaly Detection

An autoencoder can be used as a method of unsupervised anomaly detection. We
construct our model with three hidden layers of 10, 3 and 10 nodes, each with sigmoid
activation functions. The input layer and final output layer each have dimensions
that match the number of features in the input. In our case, this is 21. The loss is the
mean squared error between the input of the network and the output. This results
in the autoencoder having the training goal of reconstructing the input as fully
as possible. However, this task is made non-trivial by the encoding and decoding
process. Specifically, this is caused by the information bottleneck in the centre of

the network forcing the information into a lower-dimensional space.

The network is trained on background events using the Adam optimiser for 500 epochs
with a learning rate of 0.01. Since the autoencoder sees only background events
during training one expects that the model will be able to reconstruct them with
greater accuracy. Fig. 2.4 (a) shows the reconstructed background events consistently
have a lower associated loss value than the signal samples. This information can be
used to create a classifier. By placing a cut on the loss a classification can be made.
Events below this cut are classified as background and events above are classified as
signal. Varying the classification threshold changes the number of events classified

as signal, resulting in the ROC plot drawn in Fig. 2.4 (b).

The ROC diagram presented for this scenario follow a similar pattern to the su-
pervised example in Section 2.3. The smearing of the background samples has a

profound effect on the autoencoder’s ability to classify events. Events which are
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Figure 2.4: Autoencoder loss (a) and ROC plot (b) for an autoen-
coder trained only on background events. The different
background distributions results from the different dir-
ections of smearing.

smeared upward are more likely to be misclassified as signal than events smeared
down. The autoencoder generally performs worse than the supervised classifiers,
visible in Fig. 2.2. However, this is to be expected as the autoencoder is not exposed
to any of the signal events during training. Furthermore, when training the classifier
the training objective is to perform a strong classification. This is not the case for

the autoencoder.

2.4.2 Adversarial Extension to Autoencoder

Just as we combined the supervised classifier with an adversary we now extend
the autoencoder with an adversarial network. As we saw, samples presented to
the autoencoder are classified based on their loss. To ensure the model can make
predictions without dependence on the smearing, the loss of the autoencoder is used
as input into the adversary. This is analogous to our previous model, where the
classifier network’s output is used as the adversary input. There too, a cut is placed

on the output of the network to discriminate signal from the background.

The adversarial network has two hidden layers, each with 20 nodes and ReLU
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Figure 2.5: Architecture of the adversarial autoencoder. The loss
function of the autoencoder is used as an input to the
adversary for it to discriminate the smeared background
samples.

activation functions. The final layer has three nodes with softmax activations and
uses a categorical cross-entropy loss. The network architecture is shown in Fig. 2.5.
The training procedure follows a similar pattern to the previous adversarial network,

however here we use only background samples:

1. The autoencoder is trained for three epochs using an Adam optimiser set with

a learning rate of 0.01 and the batch size of 500.

2. The adversary is trained for three epochs. This is done using mini-batch

gradient descent with a learning rate of 0.01 and a batch size of 500.

3. The autoencoder is then trained for one epoch. This is done with a mini-batch

gradient descent with a batch size of 500. The loss function is described by

Etot = Lauto - aﬁadv . (241)

4. The adversary is trained for one epoch. This uses a mini-batch gradient descent

optimisation with a batch size of 500.
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Figure 2.6: The loss (a) for an adversarial autoencoder trained only
on background events and the ROC plots (b). The differ-
ent background distributions results from the different
directions of smearing.
5. Steps 3 and 4 are repeated 1500 times. A learning rate decay schedule is

implemented. Initially, a value of 0.01 is set while the schedule lowers this

every 100 epochs by a factor of 0.75.

Using these settings provides us with a stable method of training our model. As
before, we set the relative weight between the autoencoder and its adversary to
a = 100. Fig. 2.6 shows the network’s performance after training. By applying an
adversarial extension the background distributions have been shaped such that they
are independent of the smearing direction, as shown in Fig. 2.6 (a). This results in
the ROC plots presented being almost identical. This shows our method of using
an adversarial autoencoder for anomaly detection can allow for signal-background
discrimination independent of the inherent uncertainties of final-state reconstruction

at the LHC.

We note that the model also performs well when tested on background sets with
lower amounts of smearing. While we trained on samples smeared by a very large
amount the network can interpolate to smaller quantities. Furthermore, testing on
samples that have lower amounts of smearing increases the AUC score, giving similar

results to a network trained using less smearing.
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By combining an adversary with the autoencoder network we have managed to
perform unsupervised anomaly detection without dependence on systematic error.
We began by generating three background sets - a default one, one smeared upwards
and one smeared downwards. The smearing was applied to the jets, leptons and
missing energy of events. A set of signal events was also generated and left unsmeared.
The effect of the smearing was to shift the kinematic features of each event, as shown
in Fig. 2.1. Practically, this meant that some background events became harder to

distinguish from signal.

2.4.3 Corrupted Training and Applications to Other

Models

So far, training has been carried out using sets of pure background samples (i.e. there
are no signal events in the set). However, in a true data-driven search the analysis
carried out will not look like this. Realistically, background samples gathered using
real data would also contain, if it exists, new physics events. It is therefore important
to account for this. This can be done by injecting a number of signal events into the
background event samples. By training and carrying out analysis on these corrupted
background sets we can view how sensitive the autoencoder is to corrupted training

sets.

Fig. 2.7 shows the results from training our autoencoder model, using training sets
“corrupted” by signal samples. The band shows the difference in the AUC for the
upward and downward smeared sets, while the green line shows the overall AUC.
During the training of these models all hyperparameters are held constant, with
only the amount of signal injected into the training set changed. From Fig. 2.7 we
see that corrupting the training set has little effect on our classification ability even
when the amount of corruption is very large. This demonstrates our adversarial

autoencoder method’s potential to be applied to real data.

As well as testing our model’s performance while using corrupted datasets we can
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Figure 2.7: Effect of contaminating the training sample with an
increasing fraction of signal events. The central line
shows the overall AUC score while the band represents
the difference between the upper and lower AUC scores.

expand our tests to include other new physics signals. A benefit of using the
autoencoder over supervised techniques is that training is done using only background
events. This allows it to be independent of the signal we wish to test on. We
now introduce other models and test the autoencoder with them. Owur choices
are motivated by our aim to quantify the effects that a resonance may have on

performance. The three models used are:

o Two other Z’ cases. These have widths of 10 GeV and 200 GeV. In both cases

the masses are held at 2 TeV.

» A scalar colour-octet [95]. This has a mass of 2 TeV. The scalar and axial

parameters fixed to ensure the width is ~ 89.6 GeV.

o A scalar colour-singlet with a mass of 2 TeV and a width of 89.6 GeV.

In all cases the autoencoder is trained on the same background samples as before.
Table 2.1 shows the results of testing the model on these new signals. In all cases, the
overall AUC is similar to the previous signal models. We see that in all scenarios the

adversary can perform well, resulting in a low difference between the upper and lower
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Signal Overall AUC Upper-Lower Cross Section Limit (pb)
7 10 cev 0.662 0.009 0.0101
7 06 cev 0.656 0.009 0.0098
2! 00 cov 0.650 0.009 0.0105
Scalar 0.654 0.010 0.0104
Octet 0.659 0.010 0.0102

Table 2.1: The overall AUC score, difference between the largest
and smallest AUC scores and the cross section limits
found from using the adversarial autoencoder trained
only on background events and tested on five signals.

curves. The table also provides estimates of potential limits. These are found from
the classification performance of the autoencoder. These values are found by finding
the point on the ROC plot curve that maximises S/v/B. This is then compared to
the background cross-section assuming an integrated luminosity of 100 fb™'. The
value of S/v/B is required to be greater than 2 to ensure a 95% confidence limit.
We see that the limits are insensitive to our choice of signal and are comparable to

limits found by ATLAS [96].

2.5 Conclusions

Ideally, machine learning algorithms would be used as part of a data-driven search.
This allows for the use of experimental data rather than generated pseudo-data
and hence removes the inclusion of any theoretical uncertainties from a Monte-
Carlo generator. However, even in these scenarios, residual uncertainties from the
reconstruction of the final-state objects can remain. These uncertainties in the data
can bias attempts to make classification models. This chapter proposed a method of
performing data-driven searches that are robust against systematic uncertainty. The
proposed solution involves the use of an autoencoder. Autoencoders can be used to
perform unsupervised anomaly detection. To incorporate the effect of uncertainties
in our data we create extra training sets by smearing the features of our background
set upwards and downwards. We then extend our autoencoder with an adversary,

designed to remove any dependency the classification has on information found in



66 Chapter 2. Adversarial Autoencoders for Anomaly Detection

the smearing.

We apply our model to semileptonic t¢ final state resonance searches. We show that
an autoencoder (without an adversarial extension) can discriminate these events
from Standard Model background and therefore perform this search. However, these
classifications are strongly dependent on the smearing of the samples, showing the
need to extend the model. When using the adversarial autoencoder model we find
that the dependence on the smearing to make classifications is significantly decreased,
at the cost of the model’s predictive power. Our model is only slightly affected
by corrupting the training set with signal, suggesting the method is appropriate
to use with real data. Compared to a supervised model, the autoencoder has a
weaker classification performance. However, the supervised method requires access
to signal samples at training time while the autoencoder needs only to be trained
on background data. This allows for data-driven searches using only experimental

data to be carried out.

While we applied our method to Monte-Carlo generated pseudo-data, we believe the
same process could be applied to experimental data also. Analogous to our process,
labelled smeared datasets can also be created from real data, allowing an adversary
to be trained. Our setup proves to be a robust and data-driven way to perform an
anomaly detection procedure for new physics searches. The results are independent
of the smearing of the reconstructed final state objects and can even be extended to

corrupted backgrounds.



Chapter 3

Classification Using a Variational

Quantum Classifier

Quantum computers have been demonstrated to have numerous advantages over
classical computers. A branch of this research is quantum machine learning (QML).
QML is a nascent field aiming to apply these quantum advantages to machine
learning. In this chapter, we build a quantum computing model, based on the
structure of a neural network, and use it to classify particle physics events. We
develop the motivations to build such a model in Section 3.1. The model used in
this chapter is known as a Variational Quantum Classifier (VQC) and is detailed in
Section 3.2. Like a classical neural network, we have a choice in how to optimise
our quantum neural network. One option is to construct a quantum equivalent of
gradient descent, known as quantum gradient descent. This extension is introduced
in Section 3.3. We describe the events we generate for classification in Section 3.4
and the results we find after training our model in Section 3.5. Finally, we end with

a summary of the model and conclusions in Section 3.6.
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3.1 Motivations

Chapter 2 introduced our first application of machine learning. We saw how neural
networks, such as autoencoders, are powerful tools for classification and anomaly
detection. In this chapter, we introduce how quantum computing can extend the
performance of these networks. Techniques in HEP often rely on machine learning
algorithms that show an ability to find correlations in high-dimensional parameter
space. These can be used to discriminate signal from background processes. Al-
gorithms can be trained to classify events based on the physical observables of
reconstructed objects, e.g. the transverse momentum of a jet py; or the total
missing transverse energy Fp. Just like traditional machine learning algorithms,
quantum machine learning (QML) can be applied to these searches as well. Here,

we will develop a method of QML to apply to new physics searches.

The construction of a quantum neural network will follow many of the same principles
of a traditional artificial neural network (NN). As described in Chapter 1.3.1, these

systems are built on three pillars:

i. An adaptable complex system that allows the approximation of a function. In
the NN, this is the interconnected collection of nodes that form the network’s

layers.

ii. The calculation of a loss function from the output of the final layer which is
used to define the objective of the NN algorithm. This function is minimised

during the training of the network.

iii. A way to update the network during training, based on the result of the
loss function e.g. through backpropagation. This aims to minimise the loss

function.

Quantum machine learning is an emerging field aiming to use the prowess of quantum

computing to improve machine learning methods. A quantum neural network com-
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bines quantum information processing principles and the pillars used to create artifi-
cial neural networks. With present and near-term devices, quantum algorithms can
recreate individual pillars. This allows us to use hybrid quantum-classical machine

learning approaches.

Novel techniques are being developed that can be used to support each of the pillars
above. Pillar (i) can be performed on a quantum device by connecting trainable
quantum nodes together. Usually, this is in the form of quantum gates that can
evolve a state. These can form a variational circuit [97-99] or be combined with a
classical neural network in a hybrid approach [100,101]. For pillar (ii), the calculation
of a loss function, we can use a quantum algorithm such as a variational quantum
algorithm approach [102,103]. Finally, to support pillar (iii), optimisation of the loss
function can be done using a quantum annealer [104,105] or a quantum optimisation
algorithm [106, 107].

This chapter will therefore focus on combining quantum computing techniques with
classical neural network principles. Specifically, we will focus on using the discrete,
qubit-based, model of quantum computing. By applying our methodology to prob-
lems in particle physics, we aim to get a performance increase seen when sometimes
using quantum computing algorithms. Overall, this will hopefully lead to improved

sensitivity in searches for new physics.

An important task for machine learning algorithms in particle physics is classification.
To aid this we will construct a novel hybrid neural network, based on a variational
quantum classifier (VQC). These systems are known to have an advantage over a
traditional neural network with respect to the model size [99]. Variational quantum
classifiers have a similar structure to a traditional neural network. Therefore, they
provide a good framework to discuss how the three pillars of classical neural networks
can be supported using quantum information techniques. Finally, we extend our

model with a quantum optimisation algorithm known as quantum gradient descent.

Our model will be applied to a Z’ resonance search, which decays to a pair of top

quarks [96,108,109]. We use the same events that were generated in the Chapter 2.
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However, here, we limit ourselves to only using two features as input to our network -
the transverse momentum of the hardest b jet py;, and the missing transverse energy
in the event Fr. While it is possible to extend our feature space and potentially
increase the networks predictive power, we are limited by the number of qubits
available. Increasing the model size too far would prevent us from running the

hybrid quantum neural network on a real device.

We compare the results from the VQC to a classical network with a similar number
of trainable parameters. By comparing to a classical NN, we can investigate whether
a quantum advantage arises from using a quantum neural network and quantum
gradient descent. Since current devices are prone to noise errors and are limited in
their number of qubits, we are prohibited from creating larger models. State-of-the-
art networks that use a large number of input features could easily outperform the
smaller VQC setups we present. However, we are optimistic that the advantages
associated with using a VQC will still be relevant when larger quantum devices

become more readily available.

3.2 Structure of a Variational Quantum

Classifier

Variational quantum classifiers are a form of quantum neural network that can be
used for supervised classification. This is achieved by designing a quantum circuit
that behaves similarly to a traditional machine learning algorithm. Quantum circuits
are built from quantum gates designed to evolve the state of a qubit. This evolution
will be determined by the gate itself and the gate’s parameters. The quantum
circuit will therefore also depend on the quantum gate’s parameters. We can treat
the network similarly to a neural network and apply a training procedure to it.
During training, the circuit parameters can be optimised to reduce the value of a

loss function. This is analogous to the weights in a neural network being optimised
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at training time. The trained circuit is described by the form

fw,b,x) =y, (3.2.1)

where f is the network with trainable parameters w and b. Then, there is the input
data x, and y is the network output used to calculate the loss function L. Thus, the
structure of a VQC shares many similarities with a traditional neural network. In
both cases, the network f is built from discrete modular blocks (nodes in the classical
neural network and quantum gates in a quantum neural network). Furthermore,

both the classical and quantum models learn by minimising a loss function.

Measurement and
Postprocessing

State Preparation Model Circuit

Figure 3.1: A variation classifier described by 3 parts. The state
preparation circuit is desgined to take our input, z,
and encode it on a N-qubit quantum state. The model
circuit will apply trainable and non-trainable gates to
this state. In the final steps we measure the states and
apply any postprocessing necessary.

Our classifier is designed as a circuit-centric quantum classifier [99]. It is structurally
depicted in Fig. 3.1 and consists of three parts: (1) the state preparation circuit, (2)
the model circuit and (3) measurement and postprocessing. These three parts can
all be related to the three pillars of machine learning, discussed in Section 3.1. Our
classifier corresponds to (i) a complex adaptable system that calculates input to the

(ii) loss function. The optimisation of the trainable parameters w and b relates to
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(ii).
More specifically, the state preparation step encodes the input data to an N-qubit
quantum state. Then, the model circuit is constructed from gates that evolve the

input state. The circuit is based on unitary operations and depends on external

parameters that will be adjusted during training.

Finally, the postprocessing step measures the state. Traditionally, we measure the
output of the first qubit. This step will also include any classical postprocessing we

may wish to include.

3.2.1 State Preparation

Before applying the model circuit of our classifier (the main trainable part of our
model), we use a state preparation circuit S, to encode the input data into a quantum

state. S, acts on the initial state |¢) as
T Suld) = S:|0)°" = |z) (3.2.2)

where |¢) = |0)®". The number of qubits n is defined by the number of features in
our dataset (i.e. since we have two features in the dataset we will require only two

qubits).

There are many options on how to encode data into a quantum circuit. The choice
of parametrisation of the encoding can potentially influence the decision boundaries

of the classifier [110]. Here, we use the angle encoding

|z) = écos(xi)|0) + sin(x;)[1) , (3.2.3)

where x = (zg, ...x N)T. Practically, this amounts to using the input data x as angles
in a unitary quantum gate. We take the state preparation circuit as the rotation

unitary gate
R, (0) = cos(0/2) —sin(0/2) | (3.2.4)
sin(0/2)  cos(0/2)
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3.2.2 Model Circuit

Given a prepared state, |x), the model circuit, U(w), maps |z) to a vector ) =
U(w)|z). In turn, U(w) consists of a series of unitary gates and can be decomposed
as

Uw) =0, (w,__)..U(w)..Uy(w) , (3.2.5)

max)

where every U;(w;) is a layer in the circuit, with its corresponding weight parameters,
and [, is the maximum number of layers. These are constructed from a set of single
and two-qubit gates which will evolve the state |x). The gates include parameters
that will be trained during the optimisation of the network. A single qubit gate can

be written as a 2 X 2 unitary matrix with the form

i8 iy .
Gla, g, =0 | © ) (3.26)

—e sin(a) e Peos(a)

We can neglect €' as it only gives rise to a global phase that has no measurable
effect. Thus, the parameters «, 3, and v are all that is needed to parametrise a

single qubit gate.

The circuit we use in our model in shown is Fig. 3.2. This is constructed using a
rotation gate, R, and CNOT'. The rotation gate is a single qubit gate that is applied

to both qubits in our system. This gate is designed to rotate our state based on a

' The controlled-NOT (CNOT) gate is a quantum register that can be used to entangle and
disentangle quantum states. The matrix representation of a CNOT gate is

CNOT =

S O = O
= o O O
O = OO

1
0
0
0
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o

Figure 3.2: Circuit diagram for our variational quantum classifier
model made of two qubits in each of the two layers.

set of learnable parameters w = («, 3, 7)

R(a, B, v) = Rz(7) Ry (B)Rz()
e eos(8/2) —e @ sin(5/2) (3.2.7)
e @ sin(8/2) " “Meos(8/2)

The angles of Eq. (3.2.7) are a subset of all trainable parameters of the model and

make up the parameters in the weight vector w e R™*3*!

, where n is the number
of qubits and [ is the number of layers in our network. This object, w, will contain
some of the parameters that will be learned during training time. While the number
of qubits will mirror the number of features in our dataset, the number of layers in
the network, [, is a hyperparameter we can tune. In the circuit centric design we are

using, the number of qubits is held constant, however, the model could be extended

for a more flexible network design [98].

Each layer in our model contains two CNOT gates - a standard 2-qubit gate in
quantum computing with no learnable parameters. These gates flip the state of
a qubit based on the value of another control bit. Each gate in the layer uses a

different qubit as the control bit.
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3.2.3 Measurement and Postprocessing

After applying U(w) to the initial state we need to measure its output. We do this

by applying the Pauli Z operator on the first qubit and taking the expectation value

E(0.) = (015.(2)'U(w)'OU (w) S, ()[0) = (w, ), (3.2.8)

where O = o, ® I®"™Y. To obtain an estimate, we run the circuit repeatedly. The

number of repetitions we do is known as the number of shots S.

Classical postprocessing is applied to the expectation value of the circuit before
returning a final classifier output. Like in a classical neural network approach, the
postprocessing step gives a great deal of flexibility to the user to tackle the problem
how they see fit. Generally, it will include the addition of any bias terms, the
drawing of a classification decision boundary, the calculation of a loss function and

the optimisation procedure.

The bias term b will also be a trainable parameter. Its introduction increases model
flexibility. We can write the output of our model, before drawing a decision boundary,

by combining the expectation value of the model circuit 7(w, z) and the bias term b

flw,b,z) =7m(w,z)+b. (3.2.9)

A decision boundary is drawn to seperate the value of f(w,b, x) into the two classes.
The binary classification result, cls(w, b, z), is calculated as

1 if f(w,b,z) >0,
cls(w, b, x) = (3.2.10)

—1 else.

Following this, the loss function is calculated and the optimisation procedure is

carried out. This will be discussed in Section 3.3.
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3.3 Optimisation

As alluded to above, during training we aim to find values of w and b to optimise a
given loss function. This is analogous to a traditional neural network. In both cases,
the methods of optimisation you can perform are similar. For a quantum neural
network and a traditional neural network, we perform a forward pass of the model
and calculate a loss function. Then, we can backpropagate through the network
and update the trainable parameters. This is the equivalent of the third pillar of

machine learning, mentioned in Section 3.1.

During training we have chosen to use mean squared error (MSE) as the loss function'.
The allows us to measure a distance between the truth and our model’s predictions,
represented by the value of the function

Enj[ e fw, b)) (3.3.1)

1
n =1

We train our model using vanilla gradient descent and quantum gradient descent [107].
The latter is a quantum optimisation algorithm designed to be performed on a hybrid

network such as the model we have proposed.

3.3.1 Backpropagation

To perform backpropagation for a network with adjustable parameters 0 = (w, b)
we must compute the gradient % f. This is equivalent to computing the change of
the output of the network when varying 6. The gradient over a quantum circuit
can be calculated using the parameter-shift rules [112,113]. Being able to calculate
gradients for a quantum circuit opens up the possibility of using gradient descent
methods to train our variational quantum circuit. The methodology is identical to

how optimisation and training techniques are performed on classical neural networks.

' As discussed in Chapter 1.1, the binary cross-entropy is a preferred measure for the loss function.
In this case, we find that the choice of BCE or MSE leads to similar results. As a result, we choose
to follow the choice for the loss function of Refs. [99,111]. On testing the difference, we find that
either loss function results in a model performance of around 70% accuracy.
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The parameter-shift rules provide the relation

ge =7 |f(0+s)—fO—s)| (3.3.2)

where the shift s = 7/4r. The value of r is an arbitrary normalisation factor which
we choose in our implementation to be r = 1/2'. From Eq. (3.3.2) we can calculate
gradients over quantum gates by shifting their parameters. As the difficulty of
calculating % f has been reduced to simply probing the quantum circuit at different

parameter points, it is now possible to evaluate the gradient on a quantum device.

3.3.2 From Classical to Quantum Gradient Descent

The geometry of the parameter space has a direct impact on the reliability and
efficiency of an optimisation algorithm [114]. Therefore, a suitable choice of optim-
isation strategy is a key performance factor for a variational quantum circuit. It is an
open question as to what is the best form of parameter space to use and whether the

use of a traditional Euclidean geometry is appropriate for variational models [115].

For our problem, we propose to augment the vanilla gradient descent method, often

used in classical neural networks, with a quantum gradient descent method [107].

In vanilla gradient descent, the network parameters 6,, at each iteration step ¢, are
updated to 6,,,. The goal is to choose the parameters 6,,, such that the loss function
L(#) is minimised. One approach is to update 6, in the direction of the steepest

decline, —V L(#), weighted by a learning rate n

While all parameters are updated with the same step size, the rate at which the loss
function changes for each model parameter can vary by large amounts. By using

this form of gradient descent it is possible to miss the global minimum in the space

"The rule is similar to the traditional finite differences (FD) method of finding a derivative.
However, unlike the parameter-shift rules, FD is an approximation. Also, parameter-shift requires
a shift of /2 while the shift in a FD setup must be << 1.
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of the loss function.

An improvement would be to change the coordinate system to ensure the loss function
changes consistently with each step, for each parameter. One way to address this
problem is to use natural gradient descent, which makes use of the Fisher Information

Matrix [116,117]. This is a classical extension to vanilla gradient descent method.

When a new set of parameters are proposed it is possible to compare the new output
distribution from the model to what it previously was. A distance between these
two distributions can be found using the KL-divergence. The goal of this form of
gradient descent then is to limit how far a new distribution can be from the previous
one, using this distance. The Fisher Information Matrix (which can be derived from
the KL-divergence) is used to weight the gradient, ensuring the output distribution
of the network always shifts by the same amount as the parameters are updated.
We have gone from the parameters of the network always being updated by the
same step size to the distance of the network’s output always being shifted the same

amount.

Algorithmically, natural gradient descent can be written as
0,1 =0, —nF 'VL(9) , (3.3.4)

where F'is the Fisher Information Matrix. In each optimisation step, the paramet-
ers are updated in the direction of steepest descent of the information geometry
rather than the Euclidean geometry. The inclusion of F~' in Eq. (3.3.4) generally
improves the performance of the optimisation algorithm. In most classical deep
neural networks, calculating the inverse of a large matrix becomes prohibitively
expensive because of the computations involved. However, in our hybrid network,
which benefits from a small model size, it follows that the parameter space will also
be small. Thus, our aim is to use a quantum optimisation equivalent of this method

that we can use on variational circuits.

The parameter space of quantum states has can be described by an metric. Similar to

how the Fisher Information Matrix is used to promote the gradient descent method
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to the natural gradient descent method, the Fubini-Study metric g (derived and
elaborated on in Appendix A) exploits the geometric structure of the variational
quantum classifier’s parameter space to establish the quantum gradient descent

method. Here, the optimisation algorithm reads [107]

01 =0, —ng VL(0), (3.3.5)

where g" is the pseudo-inverse of the Fubini-Study metric. We implement this using
the Python package PENNYLANE [118]. This allows us to find the steepest descent in
the parameter space of the quantum states. The approach of Eq. (3.3.5) is designed
to optimise the parameters of the quantum variational circuit only, i.e. the quantum
gates with trainable parameters w = (o, 3,7). To perform a full optimisation of
our hybrid model, we need to consider the classical components of our model -
the bias term. Thus, we propose to optimise our weights using quantum gradient
descent (3.3.6) while using vanilla gradient descent for the classical bias term b. By

calculating both gradients at each optimisation step,

0 = 0 —ng V" L(0)

Orn = 0 —nv'L(0) (3.3.6)

we can be sure that our entire range of parameters is optimised simultaneously.

3.4 Analysis Setup

Our analysis will be performed using background and signal samples consisting of
pp — tt events and pp — Z' — tt events, respectively. These events are generated

using the same method as found in Chapter 2.2.

The analysis is based exclusively on the transverse momentum of one b-jet, prp, ,
and the event’s missing energy, £;. We show the distributions of these observables

in Fig. 3.3 and their heatmaps in Fig. 3.4.
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Figure 3.4: Heatmaps of signal and background of the (a) pr of the
hardest b-jet and the (b) missing energy.
Our data z is normalised using min-max scaling such that Zy.jeq € [0, 7]. This allows
our features to be encoded as an angle in a qubit rotation when we begin training.

The target labels are defined as —1 for the background set and 1 for the signal set.

3.5 Network Performance

We compare three models: a classic neural network with vanilla gradient descent
(NN-GD), a VQC with vanilla gradient descent (VQC-GD) and a VQC trained using

our quantum gradient descent implementation (VQC-QGD).
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The VQC is built using two qubits, each corresponding to a feature in the samples
(prp, and Fr) and two layers. Each layer consists of a rotation gate for each qubit
followed by two CNOT gates. This model, depicted in Fig. 3.2, is implemented
using PENNYLANE [118]. It was trained for 30 epochs using a batch size of 32
events and an initial learning rate of 7 = 0.01. A learning rate reduction schedule
is implemented throughout training, where the learning rate is reduced whenever
the loss plateaus. However, in this instance, it appears to have little effect on the
performance of the trained network. The networks poor capacity to discriminate
signal from the background is reflective of the similarities of the two sets. Fig. 3.4

shows the probability density for the events to populate areas in the feature space

(pr, ET)

We anticipate that a significant advantage of the variational quantum classifier lies
in its smaller network structure. This allows us to employ computationally more
expensive optimisation algorithms (as detailed in Section 3.3), which in turn will
give rise to a faster training time (in terms of the number of iterations required).
Such a method would be particularly advantageous in cases where one has to train

directly on a limited amount of data, e.g. rare decays.

To compare the quantum and classical networks ability to learn quickly, we use
a total of 2500 events for the signal and background samples respectively. We
impose a 60-20-20 split between training-validation-test sets, i.e. we train on 1500
events. To get an understanding of the effect that the size of training samples have
on the model performance, we train another set of models using only 500 events
each. While training is carried out on PennyLane’s inbuilt simulator, we test the
model’s performance on the PennyLane simulator, the IBM Q simulator' and IBM
Q Yorktown?. Accessing the IBM hardware was done through PennyLane’s Qiskit

plugin [119,120]. For all backends, in training and testing, we use a total of 8192

132-qubit backend: IBM Q team, "IBM Q simulator backend specification V0.1.547," (2020).
Retrieved from https://quantum-computing.ibm.com

%5-qubit backend: IBM Q team, "IBM Q 5 Yorktown (ibmqx2) backend specification V2.1.0,"
(2020). Retrieved from https://quantum-computing.ibm.com
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shots.

For a baseline, a classical neural network is trained using vanilla gradient descent for
optimisation. To provide as fair a comparison as possible, the network is constructed
to have a similar number of trainable parameters as the VQC model. The classical
network has one hidden layer with three nodes with a ReLU activation function.
The remaining hyperparameters match those that were chosen for the VQC model.

This was implemented using Keras [121] with a TensorFlow backend [122].

Training with the classical neural network was found to be unstable, sometimes
resulting in the loss plateauing at around 1. To attempt to account for this, we
trained 15 separate instances of the model. The results presented in Fig. 3.5 show the
average loss from these runs for each model. From Fig. 3.5, we see that optimising
using the quantum gradient method leads to a faster convergence than when using
the traditional gradient descent optimisation. Furthermore, the VQC outperforms

the classical neural network trained with traditional gradient descent.

Out of each of the three sets of 15 trained models, one was chosen that had a loss
value that had converged to a point during training that was similar to the average.
These models were used for testing. In Fig. 3.6 we see an example of the variational
classifier output before the decision boundary is applied (a) and the ROC curve for
the chosen VQC-QGD, VQC-GD and NN-GD models (b). While the model was
trained on a simulator, we can test it on a variety of devices. Table 3.1 shows the
performance of the quantum gradient descent method when the test data is applied
to it for different devices. We see that the model, trained on the simulator, still

performs well on the real hardware.

Device Accuracy (%)
PennyLane default.qubit 72.6
ibmq qasm_ simulator 72.6
ibmqx2 71.4

Table 3.1: Test set results from model trained with quantum gradi-
ent descent sent to PennyLanes in-built simulator, IBM
Q simulator and IBM Q Yorktown (ibmqx2).
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Figure 3.6: (a) Output of a QVC model trained with quantum gradi-
ent descent and (b) ROC curve for a QVC model trained
with quantum gradient descent, a QVC model trained
with vanilla gradient descent and the classical NN.

3.6 Conclusions

Classification of rare signal events from standard model background is an important
part of machine learning algorithms in collider phenomenology. Recently, more effort

has been dedicated to the development of novel techniques to find correlations in
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high-dimensional parameter spaces. In this chapter, we present a novel quantum-
classical hybrid neural network. Models such as the one developed make up part
of what is known as quantum machine learning (QML). This is the emerging field
aimed at applying quantum computing benefits to machine learning. By applying
the power of quantum computing to machine learning, it is hoped that one can create

classification techniques which will increase sensitivity in new physics searches.

The model proposed here is based on a variational quantum classifier. Variational
quantum classifiers are in many ways analogous to classical neural networks. An
advantage that a VQC classifier provides over a classical neural network is its small
model size. The model shown here uses a quantum algorithm equivalent to natural
gradient descent. Typically, due to the need to invert large matrices, natural gradient
descent is computationally prohibitive when training neural networks. However,
thanks to the model-size advantage of the VQC, we can make use of quantum

gradient descent to optimise our network.

We combine the use of quantum gradient descent to optimise the quantum gate
parameters in the model with classical gradient descent to optimise the classical
bias term. This model was used to perform a Z’ resonance search. We compared
the performance of this model against a purely classical neural network and a VQC
optimised with standard gradient descent. The hybrid approach proved successful
in maximising the learning outcome. The hybrid approach learns faster than an
equivalent classical neural network or the classically trained VQC. Even on small
data samples the hybrid VQC still retains a high classification ability. While we
applied this methodology to generated data, we believe this approach can prove
useful in data-driven classification problems where there is a small amount of data

available.



Chapter 4

Graph Classification on Photonic

Quantum Computers

In Chapter 3 we discussed using the discrete, qubit-based, model of quantum comput-
ing to perform event classification. In this chapter, we will branch out to a separate
quantum computing paradigm. While the continuous variable (CV) paradigm is
distinctly different to the discrete model it still maintains a set of advantages over
classical devices. One such advantage is demonstrated through Gaussian Boson
Sampling (GBS) - a sampling method difficult to perform classically. We propose
using a novel combination of Gaussian Boson Sampling and (Q-means classification
(a quantum equivalent of K-means) to perform anomaly detection on events stored
as graph data. We motivate these decisions and give a more in-depth introduc-
tion to these ideas in Section 4.1. The events we generate, and their subsequent
transformation into graphs, are detailed in Section 4.2. In Section 4.3 we present
a classical anomaly detection methodology we can use as a baseline. A discussion
on CV quantum computing and how GBS can be used to generate samples for use
in anomaly detection models is given in Section 4.4. A second anomaly detection
method is based on the use of Q-means and is detailed in Section 4.5. Finally, a

summary and conclusion is given in Section 4.6
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4.1 Motivations

Chapter 3 demonstrated how to use a quantum computer to aid new physics searches.
We showed that the use of a quantum device can allow a performance boost to be
achieved when training a machine learning model. Furthermore, in Chapter 2 we
discussed the importance and potential benefits of performing anomaly detection.
Unsupervised anomaly detection methods have the advantage over supervised tech-
niques by not requiring any signal data during training. In our case, this means
that the method requires only Standard Model background data, which can be easily
generated. Using these unsupervised anomaly detection techniques also opens up
the possibility of performing a data-driven search, i.e. training directly on LHC data.
In this chapter, we combine these two concepts and perform unsupervised anomaly

detection using quantum information concepts.

We begin by careful consideration of how our data is represented. Data in HEP
very naturally fits into a graph structure, i.e. particle decays, or final states. The
benefit of a graph structure is in its ability to give a natural method of defining
not only individual constituents of an event but also their relationship to each
other. Graph structures have proven to be a powerful way to encode particle physics

events [123-125]. We will make use of this here.

Chapter 3, and previous work in general, focuses largely on quantum annealers or
the discrete, qubit-based paradigm of quantum computing. While these models are
very successful, another scheme can be employed. The continuous-variable (CV)
model of quantum computing differs by its use of qumodes over qubits [65]. Here,
data is embedded into a qumode, an infinite-dimensional object. This is typically
an electromagnetic field, allowing CV devices to be constructed using quantum
photonics hardware. While the discrete and continuous paradigms have different
theoretical foundations, programming photonic devices proceeds in similarity to
qubit-based models. Both methods allow for the construction of a quantum circuit

out of a series of gates. As qumodes are represented by an infinite-dimensional
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uncountable basis, the CV model can be seen as a more natural choice to simulate
continuous systems. Of particular interest to this chapter are CV applications using

graph data [126] and machine learning [127].

A photonic device uses single photon emissions, manipulated through squeezers
and beamsplitters. Even a device that uses a non-interacting source of photons
can still exhibit quantum properties such as entanglement. An example of this is
boson sampling [66]. Boson sampling techniques, such as Gaussian boson sampling
(GBS), is an application of continuous-variable quantum computers where there
is a demonstrated quantum advantage [128]. A GBS device emits photons into
an interferometer and generates a sample by counting the photons that exit the
device. This can be constructed as a quantum circuit for a photonic device. The
advantage comes from the difficulty of classically simulating this process. To simulate
a Gaussian boson sampling probability distribution requires the calculation of the

hafnian, a #P problem’.

However, when access to GBS devices become more accessible, samples can be
generated at the rate of 10° every second [67]. These fast response times could
allow GBS-based anomaly detection methods to be suitable to implement at the
trigger level in future runs of the LHC. While the L1 trigger operates at 1 us, the
higher-level trigger functions at < 100 ms. A GBS device could produce around

100, 000 samples in a similar time frame.

We aim to harness the power of continuous-variable quantum computing, specifically
Gaussian boson sampling, to survey particle physics events represented as graphs.
By embedding graph data into such a device we can generate a lower-dimensional
representation of the data. Matrices representing the graphs are embedded into
the GBS devices interferometer, thus guiding the probability distribution associated

with detecting photons when they exit the device. As the photon counts will now be

'This refers to a class of complexity problem. A P problem is one which an algorithm can
provide a solution in polynomial time. A related category is a NP problem - one which can be
verified in polynomial time. The category of #P relates to counting problems, asking how many
solutions a problem may have.
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influenced by the graph data these samples can be used to create a lower-dimensional
representation of the graph. These samples could then be used as input into various

anomaly detection techniques.

To show these samples allow for predictions to be made, and that GBS sampling is
a viable technique for embedding particle physics events, we first present a simple
anomaly detection method built using the K-means clustering algorithm. We then
expand this to a quantum extension of K-means known as Q-means. This method
can be implemented on both a qubit-based, and qumode-based, quantum device.
In its most basic form, Q-means presents a substantial advantage over K-means.
Typically, in K-means, the time complexity of the algorithm grows linearly with
the size of feature vector. In Q-means it grows logarithmically, an exponential

improvement [129, 130].

The method of anomaly detection presented here has three steps: (i) the creation
of the data and graphs, (ii) embedding the graphs into a lower-dimensional repres-
entation using the GBS sampling device and (iii) the classification procedure. The
feature vectors created in step (ii) can be used in any standard machine learning
anomaly detection approach (such as the one presented in Chapter 2). Here, however,

we will use a method based on K-means and Q-means.

These steps are applied to a search for hadronically decaying pseudoscalar resonances
produced via H — 2A — 4X (where A is a pseudoscalar and X a SM state) in the
pp — HZ channel [131,132]. We shall consider the scenario where the pseudoscalars
decay into gluons, described as a “buried Higgs” model [133]. Our analysis will
involve investigating jet substructure to uncover this decay in the data. To allow the
process to trigger, we require the Higgs boson to recoil against a boosted leptonically-
decaying Z boson. The major Standard Model background for such a signal is

pp — Z + jets.

These events can be represented as a set of graph adjacency matrices, weighted

by an event’s constituent’s features (i.e. invariant mass m,; or the distance AR).

Z?j

Using GBS sampling, we find lower-dimensional representations of this data that we
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will use to perform anomaly detection. As a baseline, we create lower-dimensional
feature vectors using the matrices’ eigenvalues and classify them using the K-means
clustering algorithm. Then, we propose a novel method using GBS to create the
embeddings and perform anomaly detection using Q-means. We find the GBS
embedding method performs favourably compared to the classical version. To be
clear, the sections introducing the concepts of adjacency matrices, CV quantum
computing and GBS act as a short literature review. Using GBS in the context of
particle physics, and having the generated embeddings used as input to K-means

and Q-means anomaly detection are novel methods that we are proposing.

4.2 Analysis Setup

4.2.1 Data Generation

To use as background and signal samples we generate pp — Z + jets and pp — HZ
events, with subsequent decays H — A; Ay, Ay — gg and A; — gg. All events have
been generated with a centre of mass energy of 14 TeV and a minimum p; of the hard
process of at least 140 GeV. We force the Z boson to decay leptonically to either e
or i. We have set the Higgs mass to 125 GeV, the A, mass to 40 GeV and the mass
of A; to be 60 GeV. Events were generated, and parton showering performed, using
PyTHIA 8.2 [134]. Such a scenario could be realised through derivative interactions
between the Higgs boson and the pseudoscalars A; and A,, which in turn form an
effective, yet highly suppressed, interaction with gluons. Their decay to gluons could
still be prompt, whereas their direct production cross-section in proton collisions is
tiny. In such scenarios, the observation of A; or A, would have to proceed through

Higgs decays.

Our analysis follows the methodology of using the jet substructure to find the
Higgs [135-137]. We will cluster our events into a fat jet, before reclustering its

contents into “microjets” [80,136]. First, though, we impose a rapidity cut of 2.5
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Figure 4.1: (a) shows the invariant mass of the leptons and fat jet
while (b) shows the transverse momentum of the fat jet.

and a pp cut of 10 GeV on all final state leptons. To reconstruct the Z boson we
ensure to retain two charged leptons within |y;| < 2.5 and require them to have
an invariant mass of 80 < my; < 100 GeV. To explore the boosted region, we only
consider events where the pr of the Z boson is greater than 150 GeV. Based on the

fat-jet properties only, signal events resemble background events very closely.

The remaining objects are subject to a rapidity cut of 5. Using FASTJET [138] we
cluster these objects into jets using the Cambridge-Aachen algorithm with R = 1.5
[139]. We demand that there is at least one jet in the event with a transverse
momentum of py > 150 GeV. Fig. 4.1 shows the invariant mass of the leptons and

fat jet in the event and also the transverse momentum of the fat jet.

The hardest jet is then reclustered into a series of “microjets” using the anti-kt
algorithm [140]. Here, we choose R = 0.2 and force a transverse momentum of
pr > 5 GeV. Of what remains, events with 3-6 microjets are selected for analysis.
This is motivated by constraints we will face when trying to embed larger graphs into
a GBS device: larger graphs begin to take inhibitive amounts of time to be sampled
on a simulator. The number of jets chosen strikes a balance between the length of
time taken and being able to capture the maximum amount of information on the

event. The number of microjets found, and the total mass of a fat jet’s microjets is
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Figure 4.2: (a) shows the number of microjets in each fat jet. (b)
shows the total mass of each fat jet’s collection of mi-

crojets.
Cuts background signal
1 pair of leptons, n < 2.5, pr > 10 GeV 0.74 0.54
pr, > 150 GeV, 80 GeV < My <100 GeV 0.65 0.72
1 fat jet with pr > 150 GeV 0.94 0.97
2 < number of microjets < 7 0.42 0.62

Table 4.1: Cut efficiencies relative to the previous event reconstruc-
tion step for signal and background events.

shown in Fig. 4.2. These microjets are the objects used to construct our graphs. The

result of the cuts we have applied is shown in Table 4.1. Here, we see the fraction

of remaining events after each constraint is applied.

4.2.2 Constructing the Graphs

Graphs can be constructed from our events using only final states [123,124]. Spe-
cifically, we use the microjets found from the procedure detailed in section 4.2.1 as

the nodes in a graph. We choose to connect these nodes found from the final state

to every other node.

These graphs can be used to generate weighted adjacency matrices that capture the

information found in the graph and hence the event’s final state. Adjacency matrices
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Figure 4.3: An example of an adjacency matrix and its correspond-
ing graph.
are matrix representations of a graph where the rows and columns are defined by
the graph nodes. Usually, entries in the matrix are either 1 or 0, based on whether
2 nodes are connected. However, more information than this can be stored - the
matrix entry can be weighted to show how strongly the nodes are connected. An

example is shown in Fig. 4.3.

Fig. 4.4 shows an example of a graph we may construct. Signal graphs in our sample

contain on average 4.9 nodes, while background graphs contain 3.9.

In some graph classification methods, the graph information is separated into feature
and adjacency matrices [141]. In these cases, the adjacency matrix will include
information on how the nodes in the graph are connected while the node’s features
are detailed in the feature matrix. However, many graph sampling techniques require
symmetric matrices as input and therefore a feature matrix cannot be easily included.
We are limited to how we can manipulate adjacency matrices. Our aim is to construct
a set of symmetric matrices that will include as much information about the node
connections, and therefore our event, as possible. This does not require the use of a
model as complex as a neural network. We aim to simply find a representation of

the graph that will be useful for anomaly detection tasks.

To produce the first matrix in our set, an adjacency matrix can be constructed with

connections between nodes weighted by their distance to each other in the (y, ¢)
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plane. This distance is given by

AR =\ Ay* + A¢?, (4.2.1)

where Ay is the difference in rapidity between particle ¢ and j, while A¢ is the
difference between their azimuthal angles. The dimensions of the resulting matrix
will be determined by the number of nodes in the graph. The entries of the matrix
will be weighted using Eq. (4.2.1). Eventually, the matrices will need to be compared
to others derived from different events. To do this reliably it will be useful to ensure
all matrices have the same dimensions. Therefore, we pad each matrix with zeros on
the right and lower sides such that they all have dimensions of 6 x 6. To be thorough,
we can also construct weighted matrices from A¢ and Ay. Other adjacency matrices

can be constructed using a measure of 2 object’s energy E;F; or invariant mass m, ;.

To be able to compare features of individual events with the global properties of
the background event sample, each set of adjacency matrices are individually scaled
with a constant

s=1/x, (4.2.2)

where z is the maximum value in the set of matrices made from the background
samples. For example, the m, ; matrices are scaled by a term Smy ;> while the I F;
matrices are scaled by SE,E,- Thus, the five matrices (AR, Ay, A¢, E,E; and m;, ;)
are all scaled accordingly. Of course, we cannot take x to be the maximum value in
the signal set, as this information would be hidden from us. In data-driven anomaly

detection methods, only background data is used during training.

Fig. 4.4 shows the entire process discussed in this section. To summarise, to create

a graph that corresponds to a single event:

1. Use the procedure detailed in Section 4.2.1 to create an event and find a set

of final state microjets.

2. The microjets can be thought of as nodes in a fully interconnected graph, which

can be written as an adjacency matrix.
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y

Figure 4.4: For a graph we find five weighted adjacency matrices,
each one capturing features of the graph nodes. These
five are then scaled and padded, giving the final matrices
on the right. These can be embedded and used as input
to classification algorithms.

3. From this adjacency matrix, five can be created. These five are each weighted

by AR7 Ay7 Agb, EzE] and mz’]

4. All five are then normalised, then padded to have dimensions 6 x 6. This set
is what is shown shown as the final set of matrices in Fig. 4.4 and is what will

be embedded in a lower-dimensional space and used as input into a classifier.

These steps are performed for each generated event, such that each event will have

5 corresponding matrices.

4.3 Anomaly Detection on a Classical Computer

To make predictions using our graph adjacency matrices they will be embedded into
vectors. By being 1-dimensional vectors, rather than a 2-dimensional matrices, it
is simpler to use them as input for a classifier. The vectors will then be used as
input to an anomaly detection method based on the K-means clustering algorithm.
Here, we aim to see if the vectors have enough information included in them to be

predictive and if our methods of embedding are viable for anomaly detection.
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Another option would be to use a kernel-based method of graph classification. Doing
this would involve embedding the entire graph dataset into a kernel. These kernels
measure how similar each graph is to the other. These objects can then be passed to
a kernel-based classification method (such as an SVM) and from there a classification
can be made. While this is a popular method and has been shown to have predictive
powers it is not without its limitations. By creating a graph kernel one is required to
use a kernel-based algorithm. However, by creating a feature vector from the graphs
we are free to be more versatile when creating a model. Instead of being limited to
kernel-based algorithms the range of algorithms is broader - we can now choose any

algorithm that accepts a vector as input.

The adjacency matrices created in Section 4.2 will be the objects used to create
feature vectors. In this classical example, we will embed the matrices into a vector
by simply taking the matrix eigenvalues'. Each of the five matrices will return six
eigenvalues. These five vectors are combined to give a vector of length 30. Another

round of scaling is then applied using StandardScaler from scikit-learn [91].

We prepare 1000 background samples and 200 signal samples to use. The background
set is split into 800 training events and 200 test events. We limit the number of events
used here due to the nature of sampling from a simulated GBS device. Simulating a
device is computationally expensive and necessitates the use of small datasets. The

GBS device is discussed in Section 4.4.

K-means clustering is a popular method of unsupervised classification [143,144]. Its
aim is to separate samples into several clusters. Each cluster has a centroid that
is defined by the mean p of the samples inside it. To begin finding these clusters
the centroids can be initialised randomly. Then, the centroids are updated by the
algorithm by repeating 2 steps: (i) assign every point a label. This label describes

which cluster it belongs to and is decided by the centroid closest to the point. In step

'This method of creating a vector from a graph is based on the use of Laplacian Eigenvalues [142].
This method first transforms the adjacency matrix into its Laplacian - another form of graph matrix
representation. The eigenvalues are taken from this and ordered. We found that the use of a vector
created with this method gives similar results compared to our simpler method.
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(ii) the positions of the centroids are then updated by taking the average of every
point in the cluster. These steps repeat until the change in centroid location is less
than a selected value. As the centroids are updated the process aims to minimise
the within-cluster sum-of-squares

n

D03 Ml =l (4.3.1)

i=0 2€C;
where C' is the set of clusters (C1,...,C,) each with a mean (uq,...,p,). In our
method, we only cluster our samples into one cluster. In this scenario, clustering
is a somewhat trivial problem. However, our choice of algorithm here is simply
to develop a baseline to allow us to compare our classical sampling technique to a
quantum equivalent. Regardless, the cluster is created using the 800 background
training samples and results in the centroid ¢. When testing on a sample, x, we can

then define a loss function

L = distance(c, ), (4.3.2)

which measures the distance between a point and the cluster centroid. Intuitively,
it can be assumed that points closer to the centroid will be more likely to come
from the background sample while points further away will more likely be signal.
Therefore, a threshold can be applied to the loss such that a point above this limit

can be classified as an outlier and, thus, as signal.

Fig. 4.5 (a) shows the ROC curve from testing the fitted K-means algorithm, giving a
result of 0.74 AUC. Fig. 4.5 (b) shows the distribution of distances for the background

and signal test sets.

To give some context for this result we can compare it to another classical method of
anomaly detection. This will be done using an autoencoder. As we saw in Chapter 2,
autoencoders are neural networks whose input and output dimensions match while
the middle of the network forms a bottleneck. The network’s optimisation task is to
recreate the input exactly in the output, but this, of course, is impossible due to the

smaller number of nodes in the centre of the network. Like the K-means method, the
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Figure 4.5: (a) shows the ROC curve for K-means anomaly detec-
tion method trained on classically constructed feature
vectors. The distribution of the loss for the signal and
background test sets is shown in (b).

autoencoder is only trained on background data. By comparing the loss associated
with background test data and signal data one can create an anomaly detector [1].

We find this method gives the same AUC of 0.74.

4.4 Anomaly Detection on a Photonic Quantum

Device

In Section 4.3 we described a classical method of embedding the matrices we created
into a vector and classifying them. Here, we replace the embedding procedure with

an equivalent that can be performed on a quantum device.

The continuous-variable quantum computing regime differs from traditional, discrete,
qubit-based quantum computing in many key areas. In the qubit system we can

describe states as being in the form
|¥) = a0) + B|1). (4.4.1)

However, when we move to the CV form of quantum computing our states are no



98 Chapter 4. Graph Classification on Photonic Quantum Computers

longer represented as qubits, but rather as qumodes. Qumodes are vectors expressed

in an infinite dimensional uncountable basis

0) = [ (@)} da. (4.4.2)

While having an infinite dimensional basis is a fundamental change of the configur-
ation space of our quantum system compared to Eq. (4.4.1), the dynamics of the
state |¢) are still governed by unitary operators. Thus, by embedding data into a
qumode one can apply gates to evolve the state, which is then measured at the end

to obtain the result. States can be described in the Gaussian or Fock basis.

For certain problems, it can be useful to introduce a countable basis (instead of
measure x or p, instead you may wish to count discrete single photons entering a
detector). Fock states provide such a discrete and countable basis. A quantum
device, made up of multiple qumodes, can be described by a state | X) = |zq, ..., xy),
where N is the number of qumodes in the system. Each x; which forms the state
X is an integer number. These are the number of photons found in each detector
after exiting the device. If the device emits n total photons, we can define ®, y -
the entire set of all possible device output patterns. This leads to a state [66]

W)= > ax|X), (4.4.3)

Xed, v

where ay are complex numbers such that 3 |ax|* = 1. The probability of observing
a given state, [1), is

P(X) = |ax]* = [(v[X)[". (4.4.4)

The probability of an input state, |I) = |iy, ..., iy), transitioning to | X) is shown to

be [145]

P([—>X) — |Per(UI,X>|2

(4.4.5)

This calculation depends on the permanent, Per, a matrix manipulation described
in further detail in Section 4.4.1. Eq. (4.4.5) also depends on Uy x, a representation

of the device itself.
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To describe a Gaussian state, it is useful to consider the evolution of the vacuum
state

[¥)) = exp(—itH)|0), (4.4.6)

where t is the evolution time and H is a Hamiltonian. A specific qumode k, at its

simplest, can be described as a harmonic oscillator [146]

A

1
Hy, = 5(25% + lei"i)a (4.4.7)

with the position and momentum operators

heoy,

P = — 7(% - &L)a (4-4-8)

. oo
2 = ka( g ab). (4.4.9)

These operators both depend on the creation and annihilation ladder operators a'

and a. A Gaussian state is one in which the Hamiltonian is, at most, quadratic with
respect to the ladder operators. Such states are described by a displacement term «
that describes the centre of the & and p distributions and a squeezing term z that

decides the rotation and variance.

As described above, a continuous variable device will be constructed from multiple
qumodes, each evolved by a series of quantum gates. While this is similar to the
discrete qubit paradigm of quantum computing, the gate-set available to construct a
CV circuit differs [98,146]. A gate can take the form of the unitary U= exp(—%tﬁ ),
where H is the generating Hamiltonian with time t. When constructing circuits
it is typical to use squeezing, rotation and displacement operations. Here, we
consider the term gate and operator as synonymous, with a gate being the physical

implementation of the operator.

Squeezing refers to the reduction of one observable in a state, while amplifying
another. The effect of squeezing on one qumode can be described with the Hamilto-
nian [65]

A

i = z‘hg(e%” — e742), (4.4.10)
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where a and a are the ladder operators. The amount of squeezing or amplification,
and the phase of this change, is parameterised by x and ¢, respectively. The squeez-
ing Hamiltonian is quadratic, with respect to its ladder operators, and hence will

construct a Gaussian gate. Looking at the unitary operator for such a Hamiltonian
2 K ipat? —ipa2
U =exp (—2(6 a' —e "% )t) : (4.4.11)
we can construct a squeezing gate
N 1 a2 AT2
S(z) = exp (2(2 a* — za )) : (4.4.12)

The gates depends on a parameter z = —rexp(i¢), where r = kt. The value r
controls the squeeze amount and ¢ is the squeeze phase angle. The gate, applied to

a mode, performs the transformation

A

For a position-momentum pair, the squeezing gate will amplify one while reducing

the other. Similarly, to rotate the state, a rotation operator
R(0) = exp (iba'a), (4.4.14)

can be constructed. Here, 6 controls the rotation angle. The gate’s application on a

state will rotate a state’s position and momentum

A

R (0)2R(0) = #cos(h) — psin(h),

A

RY(0)pR(A) = pcos(8) — Esin(6). (4.4.15)

The final Gaussian gate we will introduce is the beamsplitter gate

A

B(6,0) = exp (6(ctnah — e alay)). (4.4.16)

This a 2 mode gate (ie. it takes two qumodes as input) that transforms two qumodes

based on its parameters ¢ and 6.
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E(@, @) = 11cos(f) — sin(0)[Fyc08(@) + Posin()],
B0, ¢)'5,B(6, ¢) = prcos(0) — sin(0)[prcos(¢) — asin(e)],
B(6, ¢) = #yco(0) + sin(6)[#1cos(¢) — pisin(¢)],

B(6,6)'$:B(0, ¢) = pacos(6) + sin(6)[picos(¢) + #ysin(¢)]. (4.4.17)
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Beamsplitter gates evolve one qumode based on the properties of another. They are

useful for creating devices such as interferometers.

As well as Gaussian gates there are also a set of non-Gaussian gates. These gates
differ from Gaussian gates as they will only ever have 1 mode as input, and also
through the degree of H. If the Hamiltonian has as degree of 3 or more (i.e. the
position, momentum or a ladder operator in the gate is cubed, or more) it is classed

as non-Gaussian. An example of this is the cubic phase gate

A,

V(7) = exp <igrﬁ3> . (4.4.18)

The cubic phase gate evolves a state depending on the parameter v, such that

A

Viy)iV(v) = 1,

VI)pV (y) = p + i’ (4.4.19)

With a set of Gaussian gates it is possible to construct all quadratic unitaries. How-
ever, a gate-set combining both Gaussian and non-Gaussian gates allows for universal
quantum computation. This is defined by the computer’s ability to implement, in a

finite number of steps, with arbitrary precision, a unitary which is polynomial [65].

Continuous-variable photonic quantum devices have been shown to solve some clas-
sically difficult problems. One such problem is Gaussian boson sampling. This is
the quantum method we will use to embed our matrices. For now, the classification

step (K-means) will remain unchanged.



102 Chapter 4. Graph Classification on Photonic Quantum Computers

4.4.1 Gaussian Boson Sampling

An area in which photonic devices demonstrate a quantum advantage is through
boson sampling [66,128]. Our goal is to use such a device to create an embedding
of our graph adjacency matrices. Boson sampling devices are designed to emit
single photons into an interferometer. The photons output from the interferometer
are counted by detectors. There will be a probability associated with observing a
photon in a specific detector. Therefore, the device output can be represented by a
probability distribution. Specifically, a distribution can describe the probability of
observing specific photon count patterns from the device. A photon count pattern
is a vector describing, for a single run of the device, how often a photon is seen
at each detector. A boson sampler can be thought of as probing this probability
distribution and acquiring samples from it. Matrices can be embedded into the
device’s interferometer, deforming the distribution. When the device is running (and
the distribution sampled) the output will be related to the information embedded in
the interferometer. By probing the device repeatedly one can use the samples created
to build vectors to use for classification. These new vectors will try to capture some
information as to how often photons are seen by each detector. In our scenario, the
boson sampler will be a circuit created by the gates described in Section 4.4. This
circuit can be run on a photonic device. We will embed graph adjacency matrices
into this circuit and find samples. These samples are used to create feature vectors

and are fed into our anomaly detection methods [67,126, 147].

A simple analogue to boson sampling is the Galton board. A Galton board is built
from a vertical board with a series of pegs attached. Balls are dropped into the
device and make their way down the board, their path being altered by the pegs
they hit. At the bottom of the board the balls are collected. In the boson sampling
device however bosons can be emitted from multiple locations, instead of just one.
Similar to the balls in the Galton board, the bosons do not interact with each other.

To encode information into the device one can change the layout of the “pegs”. The
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probability of finding a ball in a specific bin (or a photon at a specific detector)
requires the calculation of the permanent. As shown in Eq. (4.4.5), this can also
be used to calculate the transition probability between two states in a photonic

quantum device. The permanent is given by

n

Per(4) = > [[ 4ire)- (4.4.20)

TESy i=1

The permanent is found from a matrix A (which, in our example, will contain
information about the setup of the interferometer) and Sy is the entire set of
permutations of N photons. As shown in Eq. (4.4.5), the permanent can be used
to calculate the transition probability between two states. The permanent can also
be defined by its relation to graphs. Calculating the permanent of the adjacency
matrix of a bipartite graph is the equivalent of summing all of the graph’s perfect
self-matchings. A single graph, or subgraph, can be described as a “matching” if
every vertex in the graph is connected with, at most, one other internal vertex. A
“perfect matching” is the situation in which every vertex in a graph is connected to
one other internal vertex. This can be an intensive, combinatoric, calculation. For

this reason, finding the permanent is hard to solve on classical computers [148].

Boson sampling requires the generation of deterministic sources of single photons -
something not currently available. Extensions to the above boson sampling model
have been proposed to get around this. One of these is Gaussian boson sampling
(GBS) [128]. GBS, instead of single photon states, uses single mode squeezed states.
This setup has the same problem complexity as typical boson sampling. However,
since photon states can be difficult to generate compared to squeezed states, it is

easier to generate larger systems of states.

Unlike “standard” boson sampling, which requires the calculation of the permanent,

to simulate Gaussian boson sampling requires the calculation of the hafnian. The
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hafnian and permanent are related through

Per(M) = Haf oM (4.4.21)
M0

where M is a matrix. The hafnian calculates how many perfect self-matchings are
in an arbitrary graph. If the edges are weighted (i.e. there is a weighted adjacency
matrix) the hafnian calculation sums the weights associated with the vertices of the

perfect matchings. The hafnian is calculated as
Haf(M) = > ] M), (4.4.22)

meP, (u,v)er

where M is a generic symmetric adjacency matrix. Here, P, is the set of all per-
mutations of pairs from a list of indices n long. For example, if n = 4, then
P, =1{(1,2),(3,4)}, {(1,3),(2,4)},{(1,4),(2,3)}]. For a graph containing n nodes,
P, would find every set of perfect matchings. Note, in the n = 4 example that the
three sets found are the indices of nodes in the three possible perfect matching sets.
If n were an odd number, there could not be a perfect matching and the hafnian
would equal zero. The hafnian is a more general function than the permanent but,

similarly, there is no known method of classically calculating it efficiently.

The state prepared by a GBS device with N modes is fully described by a 2N x 2N
covariant matrix ¢ and a displacement term, d. Here, we focus solely on o. For such
a state the GBS device can be sampled. What will be output is an array of photon
counts. The array n is filled such that n = [n,, ..., ny], where each n; represents how

many photons have been counted at each detector. The probability of observing a

result n is
1 Haf(A,
P(n) = a“(' 7). (4.4.23)
det(Q) "™
Here, 7! = nylnyl..ny!. The matrix A, (a modified version of A;) and Q are

both related to the covariance matrix ¢. This can be seen through the relations
Q=0+1/2, A=X(I—-Q ")and X = (9]) [128]. In Eq. (4.4.23) the hafnian of A

is not being found, but rather that of a modified version A, . This new matrix will
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be the same, except for the removal (or duplication) or certain rows and columns
from A, depending on the values in 7. If 7; = 0, then the i-th row and column of A
will not be included, if n; = 1 the row/ column will not change, and if n; > 1 the

row/ column will be duplicated. Finally, if all values in 72 are 1 then A = A,

For our purposes, we need to be able to embed our graphs into the device to retrieve
samples. Therefore, there is a need to relate the adjacency matrices A to the

covariance matrix o. This is done through the double encoding strategy
A=Agp A (4.4.24)

Eq (4.4.23) can be written such to show the probability of sampling a photon event

n with respect to our adjacency matrices

1 |Haf(Aﬁ>|2
Jdet(@) b

Again, the hafnian of the entire matrix A is not found, but rather a submatrix A;.

P(n) =

(4.4.25)

Practically, to sample from this distribution we embed the matrix into the device

via parameters in the squeezing gates and interferometer of our photonic circuit.

Overall, the probability of a set of photons n being detected is therefore proportional

to the weighted number of perfect matchings of the subgraph A;.

To find the probabilities associated with GBS is a classically hard problem. By build-
ing a real device, which is fast to run, you can experimentally find these probabilities
and avoid having to do the classical computation. It is through generating samples

from a GBS device we can create feature vectors to use as input to classifiers.

4.4.2 Constructing a GBS Circuit

As we have seen, to classically simulate the GBS device and calculate the probability
of seeing a specific output pattern requires the calculation of the hafnian. It is this
reliance on the hafnian calculation that makes the process difficult to simulate on a

classical machine. However, probing a real photonic device is computationally cheap



106 Chapter 4. Graph Classification on Photonic Quantum Computers
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Figure 4.6: A Gaussian boson sampling device. It consists of a
set of squeezing gates, an interferometer and photon
detectors. In this implementation, the interferometer is
constructed from rotation gates and beamsplitters.

- a real GBS device can be sampled 10° times every second [67]. Through running
the device repeatedly the probabilities of seeing specific patterns could be found (i.e.

experimentally finding the results of Eq. (4.4.25)).

Using quantum gates, one can build a Gaussian boson sampling device that will
run on a photonic quantum computer. The GBS circuit is created from squeezing,
rotation and beamsplitter gates and is shown in Figure 4.6. It is through these gate

parameters we can embed our adjacency matrices. The gate parameters (detailed in

Egs. (4.4.12), (4.4.14) and (4.4.16)) are all determined by an adjacency matrix A.

Each matrix will be embedded individually. To retrieve the gate parameters from

A, we must first decompose it using the Takagi-Autonne decomposition, to obtain
A = Udiag(\y, ..., \w)UT. (4.4.26)

Here, U is a unitary matrix and the set of \’s are the matrix eigenvalues [126].

Squeezing gates require one parameter: z. To find this we must first introduce two
new terms: ¢, a scaling parameter and 7, the mean number of photons that will exit

the GBS device [126]. This value, 7, is a parameter we can choose. The scaling term
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¢ is chosen such that

N .
= , 4.4.27
! Z 1—c)\f ( )
where N will be the number of qumodes in the device. Using the set value of ¢
and the appropriate A\ allows us to find the parameter for the squeezing gate for a

particular qumode

z; = tanh ™' (c),). (4.4.28)

The interferometer of the device will be found using the unitary matrix U found

from Eq. (4.4.26). The process of retrieving the interferometer gate parameters from

U is discussed in Refs. [149-151].

When the GBS circuit is probed the result is informed by the matrix embedded
within it. In a classical scenario, finding information about the output would be
time consuming due to the nature of running the simulation. However, this is not
the case for a real device. Creating the circuit (and the embedding of a matrix) is

accomplished by using the Python library STRAWBERRY FIELDS [152].

4.4.3 Creating Feature Vectors from GBS Samples

Previously, we used an eigenvalue method to embed graph adjacency matrices into
a feature vector. This one-dimensional form then made it simple to use the data as
input into a variety of classification algorithms. Here, we will do something similar.

However, the feature vectors will be created from the GBS device.

By representing the graphs as adjacency matrices they can be embedded into the
GBS device. As discussed in Section 4.4.2 of this chapter, this is done by using
properties of the matrix as parameters in the quantum gates that make up the GBS
circuit. When the device is sampled the process will therefore be driven by the

information contained in the matrix.

The generated samples can be used to create feature vectors to use in a classification

procedure. The output from the GBS device will be arrays of length N, where N
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is the number of nodes in our graph. This vector will be made from information on
frequencies of measurements from the device. As we run the device, we can choose
from either thresholding the output, or not. In “threshold” mode, the output sample
of the device only tracks if a photon has been detected in a specific mode or not,
rather than count how many have been seen. On a simulator, not thresholding the
results proved very time-intensive. Therefore, the sample results are gathered using
the thresholding method. The output of the device will therefore be an array N long,

filled with zeroes or ones depending on whether one or more photons were detected.

With or without thresholding, sampling using a simulated GBS device is time-
consuming. This constrains the amount of data we can use. As mentioned, feature
vectors are built from frequencies of certain measurements from an event’s set of
samples. It follows that we need to sample each graph multiple times to accurately
determine these measurements. The amount of samples taken from each event is
another factor that influences runtime. We choose to sample each of the 5 matrices
in a single event 6500 times, giving a total of 32,500 samples per event. This value

gives us a good result.

The generated set of samples can then be used to calculate feature vectors. Here,
a few methods exist to construct these [67]. An option is to craft a vector that
contains probabilities of a photon being observed at each detector. If we have an

event with a device containing k& photon detectors we can construct a vector

v = (pklvpk27 "'7pkN)- (4429)

Here, p;, is the chance a photon will be seen in this position by the detector. For each
graph, we have a set of five adjacency matrices. For each matrix a feature vector
is found (just as in Eq. (4.4.29)). The five vectors representing the graph are then
combined, making a vector of length 30. This procedure mirrors how we handled
the classical eigenvalue scenario. However, here we create the samples from the GBS

device.
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To summarise our procedure:

1. For an event, one of its associated matrices is embedded into a GBS device.
This is done by decomposing the matrix to give values for the gate parameters

of a quantum circuit.

2. The GBS device is sampled repeatedly, giving a series of outputs that detail

the photon counts seen from the detectors.

3. With a set of photon counts, we create a vector describing the probability of

observing a photon at a specific detector.

4. Steps 1-3 are repeated for all five matrices associated with a event. The five
resulting vectors are combined. This combined vector will be input to the

classification method.

4.4.4 K-means Anomaly Detection using Gaussian Boson

Sampling

To set a benchmark for anomaly detection with samples from the GBS device we will
once again use K-means clustering. The pattern for this will match what was done
in Section 4.3. The vectors will, firstly, be scaled using scikit-learn’s StandardScaler.
The K-means algorithm will then be run on 800 background samples to find a
centroid. Distances can be calculated from the centroid to points in our test set of
400 background and signal graphs. This distance will be used as an error value in

the fit, as shown in Eq. (4.3.2).

Results for this method are shown in Fig. 4.7. We achieve an AUC score of 0.79. This
is an improvement over the classical scenario where an AUC of 0.74 was achieved.
The GBS sampling method appears to provide an advantage in creating samples to

use for anomaly detection tasks.
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Figure 4.7: a) shows the ROC curve for K-means anomaly detec-
tion method trained on feature vectors constructed from
GBS samples. The distribution of the loss for the signal
and background test sets is shown in b)

4.5 Q-means Clustering

As discussed in Section 4.1 we can consider our anomaly detection problem in three
parts: (i) the creation of our graphs, (ii) the embedding of these graphs into a
lower-dimensional feature vector and (iii) the classification method. In Section 4.4.3
we showed a quantum method for step (ii), the embedding of the graphs. Here, we
introduce Q-means clustering, a quantum equivalent of K-means clustering. This
will be our quantum version of step (iii), and will be the classification method we

use in this section.

The K-means algorithm can be described as having two steps: (i) assigning points
a label and (ii) updating the centroids. To successfully complete part (i) you must
deduce which node is closest to each point in your sample set. In this variant of

Q-means we focus specifically on this.

As with the GBS device, we can use quantum gate computing methods to implement
the Q-means clustering algorithm. The circuit that is constructed to perform Q-
means is designed to give a measure of how close a point is to a centroid. Just as in

Chapter 3 (wherein a circuit was designed to use a quantum neural network), the



4.5. Q-means Clustering 111

circuit itself can be considered in parts. These will be the data embedding, distance

calculation, and readout sections.

After using this circuit to find the closest centroids to the points, we can move onto
the second step of the clustering procedure - updating the centroids. The centroids
are chosen such that they are the mean of every point in the cluster. These steps
will be repeated until the distance between the updated cluster location and the

previous location is less than a threshold e [129].

To build the quantum circuit, we will first consider the discrete qubit scenario. First,

to embed the samples into a quantum circuit we will use U; gates,

N[

—exp(i)) sin(Z
Us(0, 0, \) = cosl(3) p(iA)sin(3) . (4.5.1)

expli)sin(2) exp(i(6 + \)) cos(2)
The samples are embedded in the 0, ¢ and A parameters. This takes the values and
embeds them as angles in a qubit. For vectors with more than three features we
must use more than one qubit. Both the centroids and the samples can be embedded

into quantum states for comparison.

After being embedded, the states must enter a circuit designed to measure some
metric of distance. This measure of distance will be used to determine how similar
two states are. This will be done using the SwapTest circuit. See Appendix B for
more information. For two states |a) and |f), the SwapTest routine will measure
the overlap between them. If we find a probability of P(|0)) = 0.5 then the two
states are orthogonal; if P(|0)) = 1 then the states are the same. By embedding
the centroids into the circuit alongside the sample vectors, we can find the centroid
which overlaps most with the vector. The centroid with the most overlap will be

chosen as the closest and the vector will be assigned to that cluster.

SwapTest circuits are constructed from Hadamard H and CSWAP gates [153], re-

spectively

H=_—" (4.5.2)
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Figure 4.8: Diagram of the Q-means quantum circuit. The feature
vector and centroid is encoded through Us gates, while
a SwapTest is used to provide a measure of their simil-
arity.
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A CSWAP gate is similar to a SWAP gat(;, Eq. (4.5.é), but depends on the state of a
control bit. The Hadamard gate is used regularly when building quantum circuits to
introduce entanglement into the system. These gates, alongside the U; embedding
gates are combined to form the circuit shown in Fig. 4.8. The circuit shown is
designed for a model where vectors contain between 6 and 9 features, and hence
need to use 3 qubits to store the information. The vectors created from the GBS

method contain 30 elements and hence will require 10 qubits.

We have focused on a single variant of Q-means here. However, the model can be
expanded to improve its performance further. Including other quantum algorithms
(such as Grovers) can improve the label assigning stage [129], while a deeper reliance
on qRAM can allow for an improved scaling complexity with respect to the data-set

size itself [154].

What is appealing about the construction of this circuit is that (assuming states are
prepared) the SwapTest routine does not depend on the number of points in a vector.

To encode a state into quantum memory has the time complexity of O(log(N)),
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where N is the number of features in our vector (i.e. the number of components in
the training vectors) [129,130]. For regular K-means we expect a time complexity of
O(N). By using a quantum variant of K-means we see an exponential performance

increase, with respect to the number of features in our sample.

4.5.1 Implementation, Performance and Scalability

The discussion in the previous section is based on the discrete qubit quantum com-
puting regime. However, this methodology is also possible to carry out in the
continuous-variable, qumode scenario. The Q-means method presented here is based
on using the SwapTest to measure the overlap of two states. This has been shown
to be the equivalent of Hong-Ou-Mandel effect [155]. The Hong-Ou-Mandel effect
presents a way to compare two arbitrary states in quantum photonics. Making use of

this would allow one to implement Q-means on a photonic device straightforwardly.

To implement the Q-means quantum circuit shown in Fig. 4.8 we use the Python
package PennyLane [156]. The Q-means algorithm is trained with the same para-
meters as the previous two scenarios - using 800 background samples, each with
30 features. We use both methods of generating samples to train the model (i.e.
the classical eigenvalue method and the GBS sampling method). In both cases, we
find Q-means and K-means results to be equivalent. If one judges the Q-means
performance based on the potential efficiency improvements there is a clear benefit
to its use. The power of Q-means lies in its ability to scale to larger feature vectors.
The increase in the availability of quantum devices, and the ability to run these

algorithms on their native devices, allows clustering methods to be more viable.

4.6 Conclusions

Unsupervised, data-driven techniques of event classification are useful for separating

rare signal events from the abundant Standard Model background in LHC searches.
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When building models used to perform these searches it is important to consider
how these events are being represented. Graphs provide a suitable structure to store
HEP events, allowing for the relationships between event constituents to be naturally
captured. To classify these graph structures one either has to use a model that this

structure naturally fits (such as a graph neural network) or embed them.

In this chapter, we propose the use of a continuous variable (CV) quantum computing
technique, known as Gaussian boson sampling, to embed these graphs into a lower-
dimensional structure and perform classification on them. CV quantum computing
differs from the discrete qubit paradigm due to its reliance on infinite-dimensional
qumodes. This paradigm offers a unique set of quantum advantages, one of which
is demonstrated through boson sampling. Boson sampling can be used to create
samples by detecting photons exiting an interferometer. This is a classically difficult

task, requiring complicated matrix manipulations.

Gaussian boson sampling, on a near-term quantum device, can be performed ex-
tremely quickly and thus provides a continuous-variable photonic device with a
quantum advantage. Using GBS samples to create feature vectors which are used
as input to an anomaly detection method performs favourably when compared to
methods using classically generated feature vectors. It would be useful to expand our
analysis to include more classical techniques, allowing us to further the claim of a
quantum advantage arising that also increases classification performance. A further
quantum advantage can be found by using the Q-means clustering algorithm. This
quantum extension of K-means gives equivalent results but can scale to large feature
vectors more efficiently. The variant of Q-means presented here has a O(log(N))
complexity, with respect to the size of the feature vector N. This is compared to
the K-means complexity of O(N). As the development of quantum devices moves
forward, and we are able to use the GBS to create larger vectors, the power of a
method similar to Q-means will become more apparent. While Q-means is imple-
mented here in the discrete qubit-based model it should be possible to expand this

to the CV paradigm.



Chapter 5

Summary and Conclusions

Over the course of this thesis we have introduced several machine learning methods
that can be applied to searches for New Physics. While the Standard Model provides
a descriptive account of the fundamental constituents of nature, it is clear that it
cannot describe every aspect of the universe. Using colliders to probe the high
energy frontier to search for hints of what lies beyond the Standard Model generates
enormous, high-dimensional datasets. Gathering this data uses some of the most
advanced machines ever devised and is a process vital for us to expand our knowledge
of fundamental physics. To ensure we make the full use of this data it is therefore

also important to search for novel analysis thechniques.

We began in Chapter 2 by introducing a neural network structure known as an
autoencoder. Autoencoders can be used for unsupervised anomaly detection, which
we applied to a tt resonance search. While the performance of this model was lower
than a supervised search the use of the autoencoder provides a large benefit. The
autoencoder, by being an unsupervised approach, needed only to be trained on
background data. This had two benefits of note - it would be possible to perform a
data-driven search using only real LHC data, and that the anomaly detection method
is model independent. While training on real data avoids any error associated with
Monte-Carlo generators it did leave the possibility of the model’s classification ability

being influenced by experimental error. We saw that by applying an adversarial
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extension to the model that one can create a robust method of anomaly detection,

that is not dependant on systematic errors.

Quantum machine learning, a field of quantum computing aimed at applying quantum
advantages to ML, is used in Chapter 3. A quantum neural network (QNN) can be
constructed from a quantum circuit. This is analogous to a traditional neural net-
work, where the quantum gate parameters act similarly to the weights and biases in
the network’s nodes. These QNNs allow one to use smaller networks when compared
to classical NNs. We used this to our advantage to perform optimisation techniques
that would be computationally expensive to do on a larger network. We saw that a
quantum neural network, trained using a quantum equivalent to gradient descent,
can outperform a classical network of a similar size. Furthermore, these networks

can be used on near-term quantum hardware.

In Chapter 4 our focus shifted away from qubits and onto qumodes - the fundamental
object used in the continuous-variable paradigm of quantum computing. The CV
paradigm makes use of quantum photonic hardware to build device and has a selec-
tion of quantum advantages unique to the method. Here, we made use of Gaussian
boson sampling (GBS) to sample events stored in a graph structure. Graph struc-
tures are well suited to store particle physics data, as they can capture relationships
between the event’s constituents. The output of the GBS device was then used as
input to a Q-means (a quantum equivalent of K-means) anomaly detection method.
The act of running a GBS device shows a quantum advantage, as it is a difficult
process to simulate classically. However, the results also suggest that it is possible

for the anomaly detector to achieve a performance boost using this method.

As the LHC has been upgraded the amount of data it has gathered has steadily
increased. This is set to continue with the development of the HL-LHC. To be able
to efficiently work with this large and high-dimensional dataset many approaches
can be taken. Machine learning, and extensions using quantum information theory,

provide powerful methods of allowing us to continue the search for new physics.



Appendix A

The Quantum Geometric Tensor

Geometric quantum mechanics states that the traits of a quantum system can be
described by geometric features on a complex projective space. In this space, there
is an invariant metric tensor, the Fubini-Study tensor (FST), that can be used to
describe distances between quantum states [157-159]. The FST can be found by
taking the real part of the Quantum Geometric Tensor (QGT). This tensor is used

for the optimisation of quantum neural networks.

We will give a general introduction to this tensor before briefly discussing how it can
be approximated on real hardware and how it relates to our VQC. We will construct
the QGT by considering the distance between the states |¢y(#)) and [¢y(6 + df)),
where 1 is a general wave function state. We can write the probability to excite the

parameter from 6 to 6 + df as

ds® =1 = |(16(0) [t (6 + dB))|* . (A.0.1)

The amplitude of a state being excited from |1y(6)) to |1, (6)) can be written as

ty, = (V0 (0 + dO)[v0(0)) (A.0.2)

whereas the probability for a transition between states to occur can be found by
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evaluating

ds* =Y |an| = d6,d0; G ; + O(|do)") | (A.0.3)
n#0
where G;; is the Quantum Geometric Tensor, defined as

Gij = (0iho| 05100) — (Oitbo[ o) (vo| Oj¢bo) - (A.0.4)

This tensor therefore signifies the distance between the two quantum states [160].
The Fubini-Study metric is the real part of this tensor, g;;(6) = Re[G;;(0)]. We
will use this as a distance measure between wave functions, or transition probability

between the states [158].

Importantly, G;; can be calculated on quantum hardware [107]. We consider a
variational circuit where each layer [ is parametrised by 6, and includes gates U(6;).

We can represent a unitary gate in the form
U(9) = e, (A.0.5)
where V' is the Hermitian generator of U(6;). From these gates result in the relations

o,U(0,) = —iV;Uy(0)) ,

OU(0) = ~iV;UN(0)) (A.0.0)
where V; and V; are Hermitian generator matrices. From Eq. (A.0.6) we can find

(00|00 ) = (Wil ViVileh) (A.0.7)

i<¢9mj¢0> = <¢l’vj\¢l> - (A.0.8)

By considering both A.0.7 and A.0.8, a representation of the Quantum Geometric

Tensor can be formed for a block of parameters that exist in layer [
Gij = (WViViln) — (Vi) (ol Vilen) (A.0.9)

The quantum states ¢; can be determined experimentally from the variational



119

quantum classifier. This approximation of the QGT also allows us to find the

Fubini-Study metric by taking the real part, such that gf;j = Re[Géj].

For use in quantum neural network optimisation techniques, such as quantum gradi-
ent descent, it is desireable to find the inverse. To do this, we use the Moore-Penrose

pseudo-inverse

gt =("9) """ (A.0.10)

This method allows us to find an inverse matrix even for matrices that cannot be
inverted, as shown in Eq A.0.10. In cases where the matrix is invertible, the matrix

pseudo-inverse and matrix inverse are identical.






Appendix B

SwapTest

A SwapTest circuit provides a method of checking the overlap between two states.
Following [130], we can construct the circuit from Hadamard and CSWAP gates.
We will use the information on the overlap of the states in our implementation of
a quantum K-means routine. To understand how SwapTest operates we begin by

defining a state

[¥) =10,a,8). (B.0.1)

The state 1) contains the two states we wish to measure, a and /5 (which can contain
multiple qubits) and a control qubit. This initial state is evolved by applying a

Hadamard gate to the control bit, resulting in the new state

1
V2

The next gate applied is CSWAP. The controlled SWAP gate will swap qubits based

1) = —= (10,0, 8) + 1, 0, ). (B.0.2)

on the value of the control qubit. The application of a CSWAP will therefore evolve

our state to

) = 12(|0,a,b> +11,5,0)). (B.0.3)
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Finally, another Hadamard gate is applied to the control qubit:

0 = 3 10) (. 8) + 18,0) + 51 (s B) ~ 6.0)). (B0

The probability of measuring the state |0) will give us a measure of the overlap.

P0)) = |3 (010) (Jo, 8) +18,00) + 5 (011 (1, 8) ~ 18, )| (.05
= 21(00,8) + |8, ) (.06
= 2(4518) (ala) + {8]a) {a]8) + (al5) (8la) + (ala) (BI8)  (B0.7)
= 2+ 5 B (B.03)

If states |a) and |B) are identical then P(|0)) will equal 0, if they are orthogonal
than P(|0)) = 0.5
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