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Abstract: We consider the trajectories of a renewal random walk, that is, a random
walk on the two-dimensional integer lattice whose jumps have positive horizontal
component. In a contrast to the usual limit theorems for random walks, we do not
require the jumps to have width 1, and we consider models in which the height of
each jump may depend on its width. We prove a Functional Central Limit Theorem
for these trajectories: the distribution of their fluctuations around a limiting profile
converges weakly to that of Brownian motion. We also derive a conditional version
of this theorem, under large-deviations conditions on the terminal height and the
integral of the trajectories. We find the shape of the corresponding limiting profile,
and prove the convergence of the distribution of the fluctuations around this profile

to that of a conditioned Gaussian process.
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Chapter 1

Introduction

The aim of this thesis is to describe the asymptotic behaviour of the trajectories of
a renewal random walk, when those trajectories are placed under large-deviations
conditions on their area and terminal height. The question lies at the intersection
of three areas of probability: renewal models, limit theorems for trajectories, and
the study of Gaussian processes. Each is a significant field of study in its own
right, so we can only touch on their significance before beginning a discussion of the
particular model, the particular theorems, and the particular processes in which we

are interested.

1.1 Historical Context

1.1.1 Renewal Models

Renewal models are a family of random models, which are used to count the number
of randomly-occurring events that have happened up to a particular time. Examples
of renewal models include a count of the number of customers arriving in a shop and
the number of times we have had to replace a lightbulb, given the distribution of its

length of life.
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We suppose that the lifespans of the lightbulbs, X, X5, ..., are independent and

identically distributed, and take strictly positive values, and let

N; :sup{n : ZXj < t}
j=1

be the number of lightbulbs we have replaced up to time t. When X has an

exponential distribution with parameter A\, N, is a Poisson process with intensity A.

The early study of renewal models stemmed from the observation that the renewal

function

satisfies the renewal equation
t
m@zF@+/nM—@M@L (1.1.1)
0

where F(t) = P(X < t). In 1941, Feller composed a survey [23] of the literature

about equations of the form

mw:g@yggu@—me@>

— a more general version of Equation (1.1.1) — in which he noted that an earlier paper
by Lotka [45] had cited 74 references, and provided a further 16 which had appeared
since. While these integral equations were widely studied throughout the 1930s and
1940s, renewal theory was brought into the realm of probability in 1948, when Doob
[17] discussed the connection between the equations and our “lifespan” formulation

of the models.

One of the principal results in renewal theory - described by Karlin and Taylor [39]
as “one of the most basic theorems in applied probability” - is the renewal theorem.
First proved for discrete random variables by Erdés, Feller, and Pollard in 1948 [20],
it was generalised by Blackwell [5] to a form which holds for both continuous and

discrete random variables. The strong law of large numbers applied to the renewal
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model tells us that as ¢ — oo,

1
-N; —
t T E[X]

as long as E[X] < oo; the following local renewal theorem gives us more information

about how m(t 4+ h) — m(t) behaves, when h is fixed and ¢ — oo.

Theorem 1.1.1 (Blackwell’s theorem). If X is a discrete random variable and h is

a multiple of its span, or if X is a continuous random variable and h > 0, then

m(t+ h) —m(t) — EX,]

ast — oo.

In other words, the expected number of renewals in an interval of width h converges

. h
to the ratio B

An interesting, and not necessarily intuitive, property of renewal models is that, for
any fixed time ¢ > 0, the distribution of the lifetime of the lightbulb in use at time ¢
is not in general the same as the distribution of the lifetime of the first (or fourth,

or nth) lightbulb.

Within the family of renewal models, we are most interested in renewal-reward
processes. One of the most famous illustrations of this type of process is the bank
balance of an insurance company, as customers pay in premiums and take out claims.
While the premiums arrive at a predictable, constant rate, both the timing and the
size of each claim is random. We model the time delay between successive claims
using a sequence X1, Xs, ... of independent, identically-distributed, strictly-positive-
valued random variables; as in the classical renewal model, these time delays are
often chosen to be exponentially distributed. Our running count of how many claims

have been made is the renewal process

Nt:sup{n:Zngt}.
j=1

Next, we take a sequence Wi, Ws, ... describing the cost of each of the claims. The
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costs are again independent and identically distributed and (unfortunately for the
insurance company) positive valued, and are independent of X3, X5, .... The running

total of payments made by the company is
N

}/t — Z Wj.
j=1

At the same time, the company is receiving premiums at a constant and (unfortu-
nately for the customers) positive rate c. If the initial bank balance is x, then at

time ¢ the company will hold a balance of
Bi=z+ct-Y, (1.1.2)

in its account, assuming there are no external factors like interest rates, overdraft
fees, or credit limits. A question of some importance to the insurance company is:
will this balance ever hit zero? And if so, how soon? These questions were posed in
Lundberg’s doctoral thesis [46] in 1903, and the theory was later clarified by Cramér
in a review [10] which described Lundberg’s proofs as “formulated with oracle-like
abstruseness” [6]. Cramér’s work on these models sparked the field of ruin theory,
and the classical version, in which both X and W have exponential distributions,
is called the Cramér-Lundberg model. The general setting, in which X can have
any distribution, is known as the Sparre Andersen model, after his discussion of the
model in a 1957 paper [51]. In the Cramér-Lundberg model, the probability of ruin,

as a function of the initial capital, is given by

(1- 25 1{z >0} E[W1] < cE[X]

cE[X1]

R(QZ‘) = )
0 E[W;] > cE[X]
see for example Section 5.7.G of [39], or Example 2.6.11 of [18]. In other words, the
company will be bankrupt almost surely if the average payout exceeds its income
over an average claim interval, and the ratio of these two quantities determines the

ruin probability otherwise.

The probability of ruin is not the only interesting feature of this model. In Section
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10.5 of [30], Grimmett and Stirzaker describe the renewal-reward theorem, which

uses the strong law of large numbers to tell us that

1 E[Wi]
1T R

as t — oo, both almost surely and in £;. They further discuss how the renewal-
reward theorem can be applied even when the cost process Y; is modelled as piecewise
linear. In this context, the insurance company metaphor falls apart, but we can
instead think of a freelancer (or research assistant!), taking contracts of random
lengths and which pay fees at a random, constant rate. Then the situation of

Equation (1.1.2) is reversed, and our freelancer’s bank balance is given by
x—ct+Y;,
where now ¢ > 0 is the rate at which they spend money, and Y; tracks their income.

The image of the freelancer is a helpful one to consider as we introduce the model
studied in this thesis. In order to apply the results arising from the Sparre Andersen
model, we would need to consider a situation in which the fee for each contract
is independent of its duration. In the real world, this is an unrealistic stipulation:
of course we expect that longer contracts should be associated to higher total fees,
but we can also envisage a freelancer whose daily rate depends on the length of the

contract, so that there might be a complicated dependence between X; and W;.

1.1.2 Limit Theorems for Trajectories

The next stop on our tour of probability is the study of limit theorems for trajectories.
Where the Central Limit Theorem describes the convergence of real-valued random
variables, the Functional Central Limit Theorem describes the convergence of random

functions.

The Central Limit Theorem states that, for a sequence of independent and identically-
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distributed variables X, X5, ... with mean p and variance o2,
S, —n
Z, =" D g
no?

Here S, = X; +---+ X, Z ~N(0,1), and L, means convergence in distribution,

that is,
Fy (x) = Fz(x)

for all continuity points = of F.

To move from this theorem to a version which makes sense for the trajectories of
random walks, we need to understand the process that will take the place of the

Normal distribution, as well as what we mean by convergence in distribution.

In place of the Normal distribution, the limiting process is Brownian motion. Inspired
by Robert Brown’s observations of the movement of a particle of pollen suspended in
water [8], Brownian motion was described as a financial model by Bachelier in 1900
[2], and separately as a physical process by Einstein in 1905 [19]. Strictly speaking,
Brownian motion is a physical phenomenon, which is described using a stochastic
process via the Wiener measure [55]. In practice, the two terms are often used

interchangeably. See, for example, [48] for a nice discussion of the theory.

The standard Brownian motion can be defined by the following three criteria (cf

[39]):

1. Every increment B(t + s) — B(s) is normally distributed with mean 0 and

variance s.

2. For every pair of time intervals with disjoint interiors [sy, sq], [t1,t2], 51 <
sy < t1 < tg, the increments B(ts) — B(t;) and B(sy) — B(s1) are independent

random variables, and similarly for any n disjoint time intervals.

3. B(0) =0, and the function ¢t — B(t) is continuous at time 0.

See Figure 1.1 for a sample path of Brownian motion, over the interval [0, 1].
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standard Brownian Motion

025 1

0.00

—0.25 A

—0.50 A

=0.75 1

=1.00 A

-1.25

-1.50 4

0.0 0z 0.4 06 0.8 10

Figure 1.1: A sample path of Brownian motion on [0, 1].

In Section XIV.6 of An Introduction to Probability Theory and its Applications (Vol.
1) [22], Feller describes how the trajectories of a simple random walk, appropriately
scaled, converge to the trajectories of Brownian motion. More formally, Donsker
[16] proved in 1951 that, given a sequence of independent and identically-distributed
random variables Xy, Xs,..., with their partial sums S, = X; + --- + X,,, the

functions

1
t— —— (S| — [nt
o (Sine) = [nt) )
converge in distribution to the trajectories of Brownian motion.

We have still not defined what we mean by “convergence in distribution” in the
context of random functions. While we were able to describe the convergence in
distribution of random variables using their cumulative distribution functions, we
cannot define such functions for our trajectories. Instead, we use an equivalent con-
dition (see, for example, Chapter 3 of [18]): the variables X, converge in distribution

to X if and only if, for any bounded continuous function g, we have

E[g(Xn)] — E[g(X)].

This version of convergence in distribution can be applied to random objects living in

a general metric space — not only those living in R. The Portmanteau Theorem (for
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example, Theorem 2.1 in [4]) gives three further equivalent conditions for this type
of convergence, which we now call weak convergence. When this is the case, we write
X, = X asn — oo, or we say that X, converges weakly to X. Patrick Billingsley’s
book Convergence of Probability Measures [4] gives a thorough overview of the
theory of weak convergence for trajectories of random walks in one dimension with
independent or asymptotically independent increments. A survey of the application

of this theory to random walks in higher dimensions is available in [44].

Theorems 8.1 and 15.1 of [4] give sufficient conditions for weak convergence of random
functions with continuous and cadlag trajectories, respectively. We will only quote
Theorem 8.1 here. It deals with two conditions: convergence of the finite-dimensional

distributions, and tightness of the distributions.

We say that the finite-dimensional distributions of a sequence of elements X, of the
set C' = C[0, 1] of continuous functions on [0, 1] converge to those of X € C' if, for

every ke Nand 0 <t <ty <--- <t <1, we have

If the convergence in Equation (1.1.3) is in probability or in distribution, we say
that the finite-dimensional distributions converge in probability or in distribution.
The name finite-dimensional distributions highlights the reason for our interest in
these objects: they allow us to study the k-dimensional vectors (X, (t1), ..., Xn(tx)),

rather than the infinite-dimensional space C'.

Next, we say that a family of distributions IT defined on a metric space (.5, d) is tight

if, for every ¢ > 0, there exists a set K which is compact under d such that

inf P(K)>1—e.
Pell

Several alternative conditions for tightness are established in [4]. The tightness
criterion allows us to exclude the possibility that, although the finite-dimensional
distributions converge, the process itself does not have a weak limit; see, for example,

(3.5) in [4] or Example 4.16 in [44].
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Now, we can state our theorem for weak convergence of random functions, a func-

tional version of the Central Limit Theorem.

Theorem 1.1.2 (Theorem 8.1 in [4]). Let X1, Xs,... be a sequence of random
elements of C; denote the law of Xy by L(Xy). If, for some X € C, the finite-
dimensional distributions of X, converge in distribution to those of X as n — oo,

and if {L(X,)} is tight, then X,, = X as n — oo.

Using Theorem 7.4.1 of [52], Whitt has shown in [53] that the distributions of the
trajectories of the renewal random walk fulfil the conditions of Theorem 1.1.2, so
that they converge weakly to the trajectories of Brownian motion. In this thesis,
we will show that the distribution of sections of the trajectory, when placed under
certain conditions, also fulfil both conditions of Theorem 1.1.2, so that they converge

weakly to the distribution of the trajectories of an appropriate Gaussian process.

One additional limit theorem of interest to us is an extension of Slutsky’s theorem to
the space of random functions. For real-valued random variables, Slutsky’s theorem

(see for example Theorems 11.3 and 11.4 in [31]) states that

Theorem 1.1.3. Let X1, X5, ... be a sequence of real-valued random variables con-
verging in distribution to a random wvariable X, and Y1,Ys,... be a sequence of
real-valued random variables defined on the same probability space, which converge

in probability to a constant c,
P(|Y,—c|>¢)—0
for all e >0, as n — oo. Then

X, +Y, B X tec

X,Y, B cx
X, p X
Y, c’

where the last convergence holds as long as ¢ # 0.
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This theorem is sometimes attributed to Cramér [31].

Theorem 4.1 of [4] allows us to construct a version of Slutsky’s theorem for random

functions which are defined on the same separable metric space.

Theorem 1.1.4. Let X1, X5,... be a sequence of random wvariables defined on a
separable metric space (S,d), which converge weakly to a random variable X, and

Y1,Ys, ... be a sequence of random variables defined on the same space such that
P(d(X,—-Y,) >¢)—0

for every e >0, as n — co. Then Y, converges weakly to X as n — oo.

1.1.3 Gaussian Processes

Finally, we take a closer look at some specific Gaussian processes. The most famous
of these is Brownian motion, which we met in Subsection 1.1.2. Gaussian processes
more generally are members of the family of stochastic processes X () such that,
for any sequence t; < ty < --- < t; and any real numbers ¢y, ¢s, . .., ¢k, the random

variable ¢1 X (t1) 4+ co X (t2) + - - - + ¢ X (tx) is normally distributed.

A particularly useful property of Gaussian processes (see, for example, Lemma 13.1
in [38]) is their characterisation by their mean and covariance functions. In other
words, the distribution of a Gaussian process X (¢) on [0, T is completely determined
by the functions E[X(¢)],0 < ¢t < T and Cov(X(s),X(t)),0 < s <t < T. Using
this characterisation, for the standard Brownian motion we have E[B(t)] = 0, and

Cov(B(s), B(t)) = min(s, t).

We are interested in a particular subset of Gaussian processes, known as generalised
Gaussian bridges. The first example of these is the Brownian bridge. A heuristic
definition of the Brownian bridge on [0, 1] is that it is the Gaussian process which has
the same distribution as Brownian motion on the same interval, under the condition
that B(1) = 0. See Figure 1.2 for a realisation of a sample path of the Brownian

bridge. We can equivalently define the Brownian bridge via its mean and covariance
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Brownian Bridge
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Figure 1.2: A sample path of the Brownian bridge on [0, 1].

function: we have

E[X(t)] =0 0<t<1

Cov(X(s), X(t)) = s(1 — 1) 0<s<t<l1.

Another helpful interpretation of the Brownian bridge is written in terms of standard

Brownian motion: we have
X(t) = B(t) — tB(1), 0<t<1
(see, for example, Section 13.6 in [30]).

Of course, since Brownian motion is not the only Gaussian process, the Brownian
bridge is not the only Gaussian bridge. Given a general Gaussian process G(t), we

define the related Gaussian bridge on [0, 1] by
X(t) = G(t) —tG(1) 0<t<l.
A nice summary of results about Gaussian bridges is in [26].

We can place further conditions on Gaussian bridges, to obtain generalised Gaus-
sian bridges. Extensions of the Brownian bridge are studied in [3] and [1], and

representations of a wider class of generalised Gaussian bridges are given in [50].
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Zero-Area Brownian Bridge

0.2

00 A

00 0z 0.4 06 0.8 10

Figure 1.3: A sample path of the zero-area Brownian bridge on
[0, 1].

In the context of this thesis, we are interested in zero-area Gaussian bridges. As
the name suggests, the zero-area Gaussian bridge on [0, 1] has the same distribution
as the Gaussian bridge on [0, 1], under the additional condition that [ X (¢)dt = 0.

The following characterisations of the zero-area Brownian bridge are from [28].

Using our classification of Gaussian processes by their mean and covariance functions,

the zero-area Brownian bridge M is defined via

E[M(t)] =0 0<t<1

Cov(M(s), M(t)) = s — st — 3(s — %) (t — t?) 0<s<t<l.

We can also obtain the zero-area Brownian bridge from standard Brownian motion:
we have

M(t) = B(#) — (3t — 2)B(1) — 6¢(1 — 1) /01 B(s)ds.

See Figure 1.3 for a realisation of the zero-area Brownian bridge.
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1.2 Motivation

In this thesis, we establish convergence results for sections of the trajectories of
the renewal random walk introduced in the previous section, under large-deviations
conditions on their area and terminal height. The initial motivation for such work
comes from the study of skeletons arising from phase boundaries in statistical phys-
ics, particularly the Ising model. The approach in this thesis provides a general
framework which can be applied not only in this context, but for contours arising
from a wide range of two-dimensional models. Although such applications, including
to the Ising model, are beyond the scope of this thesis, the next few paragraphs give

an indication of the general structure.

We consider the Ising model on the two-dimensional lattice, at low temperature, and
restrict our attention to configurations in a finite volume with fixed total magnet-
isation and periodic boundary conditions. In other words, we take a large rectangle
A C 72, and consider configurations o € {—1,+1}* such that

Y 0. =ay,

zeA
for a suitably chosen constant . Note in particular that ay must be between —|A|
and |A|, and must be an integer with the same parity as |A|; we also suppose that,

when we take A 7 Z2, the ratio ‘C“TA' converges to some constant a.

The classical Dobrushin-Kotecky-Shlosman theory [15] establishes that the typical
configurations in this setting exhibit phase separation, with a single macroscopic
droplet whose rescaled shape can be described by the Wulff shape, as in Figure 1.4.
By “zooming in” on a macroscopic section of this droplet and studying the behaviour
of the phase boundary there, we can better understand the fluctuations around the
Wulff profile and hence the behaviour of the droplet as a whole. In particular, a
sharper description of typical configurations under the condition > o, = a, will
lead to sharp asymptotics for the large-deviations probabilities P (3° 0, = ary), and

hence a large-deviations principle for the total magnetisation.



16 Chapter 1. Introduction

Figure 1.4: A sample configuration in the Ising model under fixed
total magnetisation, in which the phase separation and
Wulff profile can be seen. Taken from Figure 4.23 in
Section 4.12 of [25], reproduced with permission of Cam-
bridge University Press through PLSClear.

In order to represent a section of the phase boundary as a renewal random walk, we
construct a skeleton. We take a configuration of the Ising model in a (smaller) finite
volume, with Dobrushin boundary conditions, and identify the unique contour con-
necting the left-hand and right-hand boundaries of the volume. In order to construct
a skeleton, we identify the points on the contour with unique horizontal projection,
as shown in Figure 1.5. This separates the contour into distinct, indivisible “bridges”,
which form the increments of our renewal random walk. This construction produces
increments whose widths are always positive integers, and which do not take values
only on a sub-lattice of Z?; it is less straightforward to verify that the model fulfils

the remaining assumptions 2.1.6, 2.2.7, and 2.2.15.

The construction of such skeleton models which represent contours, and which fulfil
the assumptions set out in Chapter 2, should be applicable to a wider class of models
arising from statistical physics; we hope to investigate such models in more detail in

future work.



1.3. Main Results 17

Figure 1.5: An illustration of the construction of a skeleton based
on a section of phase boundary.

1.3 Main Results

In this section, we give an overview of the main results contained in this thesis.

We study the trajectories of a renewal random walk on the integer lattice. The
renewal random walk resembles the renewal-reward processes described in Subsec-
tion 1.1.1, with the key distinction that we do not suppose that the horizontal and
vertical parts of each increment (the “time” and “cost”; in renewal-reward process

terms) are independent of each other.

We take a set F containing all possible increments of our walk. To ensure that the
model is well-defined, we suppose that every increment in F has strictly positive
horizontal part. We can construct realisations of the renewal random walk by
taking repeated independent samples from F according to some distribution A, and
attaching them in sequence. For n € N, we consider sub-trajectories whose total

width is exactly n.

We assign height functions to each sub-trajectory £, in two different ways; both are
defined on [0, 1], rather than [0, n]. The first, which we denote G, is a cadlag function,
which has constant value over intervals of random widths, with jumps of random
heights between them. The second, g, is found by linearly interpolating between
the jumps of G (see Figure 2.4 for an example of the two trajectories). By the end
of this thesis we will have proved that, conditionally on large-deviations events of
the type {g(l) ~ an, [y g(t)dt ~ ﬁn}, the distributions of the random functions g()

converge weakly to those of the sample paths of a Gaussian process, taken under a
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corresponding large-deviations condition.

In Theorem 3.2.1, we prove a Central Limit Theorem for the vector (g(l), Iy g(t)dt)

when it is appropriately centred and rescaled, and for vectors of the form

(G(m —G(0),..., G(tr) — Glter), g(1) — Glt), /0 1 g(t)dt)

with £ € Nand 0 < t; <ty < --- < t, < 1. In Theorems 4.1.2 and 4.2.2, we
establish the corresponding Local Central Limit Theorems, and combine them to

obtain the convergence of the finite-dimensional distributions, under large-deviations

conditions on (g(l), Iy g(t)dt).

In Chapter 5, we show that the functions

- jﬁ (9(t) — G(1))

converge in probability to zero in the space D([0,1]) of cadlag functions, with
the uniform norm. Using Slutsky’s Theorem 1.1.4; this allows us to obtain the
convergence in distribution of the finite-dimensional distributions of G in Theorem
4.3.3. Finally, in Chapter 6, we establish in Theorem 6.0.3 that the distributions are

tight.

This work extends the results found in [14] which apply in the F = F; case and only
consider an area condition. As in that paper, it is partially motivated by the study
of skeletons approximating contours arising in the low-temperature, two-dimensional
Ising model. We anticipate that the more general framework we develop will allow
for applications to a wider range of statistical mechanics models, as briefly discussed

in Chapter 7.



Chapter 2

Definition and Properties of the
Model

In the first part of this chapter, we introduce the model, most of the notation we
will use to describe it, and state the assumptions necessary for the analysis. In
the second, we establish properties of the model. We particularly focus on three
partition functions associated with the model, and various ways in which they can
be approximated. These partition functions, and their approximations, appear
repeatedly in Chapters 3 to 5; to avoid repetition, this chapter collects the key

properties of the partition functions in one place.

2.1 Definition of the model

We consider the trajectories of a renewal random walk. In this section, we will
define what we mean by "renewal random walk", as well as "trajectories', and several
other important features of the model. We will also introduce the key assumptions

necessary for the analysis in the rest of this thesis.

It may be helpful to keep in mind the following example of a renewal random walk,

as we define our notation.
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Figure 2.1: A realisation of SSRW, with n = 36 steps, and its decim-
ation according to a sequence of independent Bernoulli
random variables.

Example 2.1.1. Consider the simple symmetric random walk (SSRW) on Z. At
each time, SSRW moves up or down by one with equal probability, as in the first
part of Figure 2.1. This is itself a (somewhat trivial) example of a renewal random

walk.

To obtain a more interesting example, we consider the walk obtained by including or
excluding the steps of the SSRW according to an independent sequence of Bernoulli
random variables, shown in the second part of Figure 2.1. We may imagine that
the SSRW is happening somewhere, but that due to some independent interference,
we are only sometimes successful in observing it. Now, the width of each increment
(or the time between consecutive successful observations) is strictly positive and

geometrically distributed, while the heights follow a centred binomial distribution.

Let F be a non-empty subset of N x Z. The elements of F are increments; we write

n = (w(n),h(n))

and refer to w(n) as the horizontal component, or width, of i, and h(n) as its vertical

component, or height.

For k € N| let
Fr={neF:wn =k}

be the set of increments of width k.
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Example 2.1.2. In the i.i.d. example, all increments have width 1 and so F = F;.

We are already ready for our first assumption.

Assumption 2.1.3. We assume that
ged{k >1:F, A0} =1.

In other words, we assume that the horizontal projections of the increments and

sub-trajectories do not live on a sub-lattice mZ for some m > 1.

Example 2.1.4. If h(n) = 0 for all n € F, then the model is equivalent to a renewal

model on the integers.
Given several increments 1y, 7s, ..., Nn, we can form a sub-trajectory &. We write

E=mUnU---Uny,

for the sub-trajectory formed by appending 7,72, ..., n, in order; note that this
definition of £ depends not only on the increments, but also on their order. We use

#& = m to denote the number of increments that form &.

It is natural to define the width and height of ¢ as the total width and height,
respectively, of its increments, so that
w(§) = w(n) h(€) = > h(n;).
i=1 ;

Jj=1

Just as we collected all increments of width £k into Fj, we define the set of all

sub-trajectories of width n:

Hp ={€:w(§) =n}.

Our assumption 2.1.3 is equivalent to the requirement that, for all n sufficiently

large, H,, is non-empty.

Example 2.1.5. In the context of Example 2.1.2, every sub-trajectory of width n

is formed of precisely n increments.
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0 a b

Figure 2.2: An illustration of a partition of [0, b], represented using
a partition of [0, a] and another partition of [a, b].

In order to describe the horizontal projections of the increments of £, we will often
use partitions. We denote the set of partitions of the segment [a,b] into integer

pieces by P, . We represent partitions v € Pj, ) in the form
V= (Vla S 7Vk—17b>a

where k € N and v; < v;4 for each 0 < 57 <k — 1, with the convention vy = a. We

write |v| = k, and use the shorthand Py, = Pn.

Now, every & € H, corresponds to exactly one v € P,, with |v| = #¢, and, if
E=mU---Uny,, we have
J
Vj:Zw(m) 1<ji<m-—1.
i=1
When this is the case, we write £ ~ v; this decomposition of H,, according to the
elements of P,, will be helpful as we define the partition functions. We describe the

locations v; as the cutpoints of £ (or v). This is to emphasise that, at each of these

cutpoints, v can be separated into two smaller sub-partitions, as in Figure 2.2.

It may be useful to point out that partitions in the set P, o4y can be connected to
elements of P, via a shift of a: for each ™ € Pj4 444 there is an element v € P,, with

|V| = |7T| and T = CL‘I—I/]‘ for eachj < |1/|

The description of sub-trajectories via partitions is immediately useful, as it allows

us to describe the area associated to each trajectory. For a partition v € P,, we
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0 Vj Vit+1 n

Figure 2.3: An illustration of our construction of the area; the con-
tribution of the increment 7; is the area of the region
shaded in blue.

write

Vi + Vj+1

c(v) =——;

for the location of the central point of the block between v; and v;,. Then, if § ~ v
and § =n; Uny U--- Umny|, we write
|v|
A(8) zjz_:l(n—c(vj))h(m)- (2.1.1)
As we see in Figure 2.3, this representation of the area separates the trajectory
into horizontal strips corresponding to each of the increments. Note that this inter-
pretation of the area is based on a linear interpolation between the heights, rather

than strictly the heights themselves; we keep this in mind as we define the height

functions.

We are not only interested in the total height of our sub-trajectories £, but in how the
cumulative height progresses as we add the increments. In the insurance company
model in Subsection 1.1.1, for example, we are interested in whether the company’s

balance has ever dipped below zero, not only in its precise value at some time t.

We represent the developing height of £ using two functions, defined on the interval
[0, 1]. The first is piecewise-constant, and has the advantage of taking values in the
integers; the second is piecewise-linear, and has the advantage of being continuous.

For t € [0,1], let N,:(€) be the number of increments “to the left” of nt,

Npp = Ny (§) =sup{j > 0:v; <nt}.
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0 1

Figure 2.4: The height functions associated with a realisation of
a sub-trajectory of width 24. The piecewise-constant
height function G is shown in red, while the piecewise-
linear version g is shown in blue.

Then we let
Nnt

G(t) = ;h(m)

be the piecewise-constant cumulative height function and

nt — vn,,

g(t) =G(t) + R(NN+1)

UNni4+1 = VUNpy
be the piecewise linear interpolation between the cumulative heights, as shown in
Figure 2.4. In the context of Subsection 1.1.1, G(t) corresponds to the situation of the
insurance company, where each claim arrives “all at once”, whereas g(t) represents

the situation of the freelancer, where the payments arrive gradually over time.

Throughout this thesis, we use two different regimes to describe the behaviour of the
sub-trajectories: when we talk about the height function GG, which takes arguments

in [0, 1], we will use

t=(t, ... t)

with 0 =1ty <ty < --- <t < tiyy1 = 1; when working with partitions, on the range

[0,n], we will instead write
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with the convention that 0 =Ty < T} < --- < T} < Tyy1 = n. We say that such t

(or T) is a vector of times.

Note that while the rescaling [0, n] — [0, 1] does not affect the height of the trajectory,

the area is rescaled; in particular, we have

A©) =n [ g0yt

Throughout this thesis, we will use the definition of area based on g rather than G,
including in the sections dealing with the convergence of G. We prefer g because
in the context of potential applications, we expect the continuous version to be of

more interest.

In our study of the finite-dimensional distributions, we will deal with the increments

of G and g. For s < t, let
Gls, t] = G(t) — G(s)
gls,tl = g(t) — g(s),
so that, if s <t < wu, G[s,u] = G|s, t] + G[t, u].
We denote the finite-dimensional distributions of G corresponding to t by

Go(t) = (G[O, 4], Gl o), - Glts 1, tk]>, (2.1.2)

o(t) = (G100, Glins ol Gltir, ], Gl 1), /01 ol)it). (2.1.3)

In the particular case k = 0, we write
1
va(h) = (G, [ g(t)dt)
0

With our height functions defined, we now introduce a probability distribution on
the sub-trajectories. Place a measure A on F, such that A(n) > 0 for all n € F, and
such that

Z A(n) = 1.

neFr
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Our choice of A allows us to define a probability measure on H,,. For £ € H,, with

§=mUmnU-- Uy, let
A€ = [T Amy)-
j=1
This defines a measure P on (F,27), via P({£}) = A(€).

Now, for any A C H,, let

_ Yeen, 1{E € AJAE)
Seon, NE)

P, (A)
We denote the related expectation by E,,.

In this thesis, we are interested in the behaviour of ¢ — ¢(t) under conditions on the

value of Y,,(1); for A C H,,, let

PrP(A) =P, (A] Ya(1) = (o, B))
P, (A N {Ya() = (o, 5)})
P, (Ya(1) = (a, 5))

whenever (o, 8) is such that P, (Y, (1) = (o, 8)) > 0. (Note in particular that we

must have («a, 5) € Z x %Z) We write E2# for expectations under this conditional

distribution.

Here, we introduce some assumptions about A. Without loss of generality, we suppose
that, for all ¢,
P <h(77) = c) <1
w(n)

in other words, our random walk is not composed solely of increments with gradient
c. (In this case, we always have g(t) = nct and our description of ¢(t) —nct would be
very short!) For notational simplicity, we assume that E[h(n)] = 0, which is indeed
the case in many models which arise in applications. Otherwise, all of our results
still hold in the general case E[h(n)] # 0, with the condition Y, (1) = (a, 8) replaced
with Y,,(1) = E[Y,,(1)] = (o, 8), and corresponding adjustments to the tilts, measures

and constants introduced later.
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We suppose that increments selected according to A have finite exponential moments:

Assumption 2.1.6. There exist uy > 0 and us > 0 such that

3 erlhmituzwln )\ () < 0.

neF
This is equivalent to the requirement that, under A, ||n|| has exponential moments
for any norm || - || on R?; in particular, the height and width of increments of our

random walk have jointly finite exponential moments.

We also introduce the family of tilted probability distributions associated with A.

First, for u € R and A C Fy, let

Soner, 1{n € A} M(n) exp {uh(n)}
Syer A7) exp {uh(n)}

Next, for u = (u,ug) € R* and A C H,, let

Qi(A) =

_ Teen, 1{E € APA© exp {mh(6) + 2 A(¢)}

(A
QL(A) Seren, A(E') exp {Ulh(gl) + %A({’)}

(2.1.4)

Note that we use the area corresponding to the functional version of the trajectory,
which is equal to + A(€). The expectations associated with Q* and Q2 will be denoted

E* and I_Eg, respectively.

These distributions are referred to as the Cramér transforms of P, by den Hollander
[33]; they also appear in Fredrik Esscher’s article On the probability function in the
collective theory of risk [21], and so are referred to as Esscher transforms in the field

of actuarial science.

For k> 1,n > 1, and z € C, we write

Fi(z) = > An)exp{zh(n)},

nEFk

H, (2) = D &) exp{zh(&)},

§€HR
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and, for z = (z1,29) € C%,

Bu(2) = 3 MO exp{zh() + 2A@©)}.

§€EHR

We use the convention Hy (2) = By (2) = 1.

We will see in the following sections how the partition functions Fj, (z), H, (z), and

B, (z) are connected to each other. For now, we note that, for v € C,

B fexp {oh(n)}) = o020,
while for u € R? and v € C?,
B2 fowp {v- V(DY = 2,

A particularly useful property of the Cramér transforms arises from the observation

that, for any u € R?, we have

QL (1) = (0 ) = T B (1) = (0) 2.15)
for any (o, 3) € N x iN, and
euratuof
Qy (Ya(t) =x) = B, (u) P, (Y,(t) = x) (2.1.6)

for any x € NF! x %N such that x1 4+ -+ - + 251 = @, Tpyo = B.

In particular, for any such x,

B - P, (Yalt) =x) Qi (Ya(t) = x)
P (V) = xVall) = (@ 8) = 5 N = ) ~ @ (v, (1) = (@ 9))°

We can therefore select a convenient tilt u - or sequence of tilts u,, - under which to

study the asymptotics of such ratios of probabilities.

Throughout this thesis, we will use || - || to represent the Euclidean norm on R* for

k > 1, and we write

B(a,r):{:cERk e —al| <r}.



2.2. Properties of the Partition Functions: Part One 29

We denote complex numbers by z, and their real and imaginary parts by «w and v

respectively, so that z = u + iv.

2.2 Properties of the Partition Functions: Part

One

The rest of this chapter is dedicated to establishing the relationships between the
partition functions Fj, H,, and B, as well as approximations found by considering
only sub-trajectories ¢ in which the width, height, or gradient of increments is
bounded. We begin with an analysis of Fj, and H,, based on the renewal structure

of the horizontal projections of our walk.

We begin with a property which will hold for all three partition functions.

Proposition 2.2.1. For all k > 1 and z = u + v,
|Fi (2)] < Fi (u) .
Proof. We have

[Fi (2)] = | 22 A(m)e™™

nEFk

<3 [Am)e™)

nEF

< Z )\(n)euh(n)

nEF

< Fi (u). O

To see the corresponding result for H,,, we use a polymer decomposition (see, for

instance, [41]).

Proposition 2.2.2. For all z € C and n € N,

|v|

Hy(z)= > [ F)-v,_. (2).

veP, j=1
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Proof. We choose v € P, and consider all £ € H,, such that £ ~ v. For such

trajectories, we have

|v|

> I A(my) exp {zh(n;)}

5!\/]/ ]:1

V|

=11 Y Am)exp{zh(n;)}

Jj=1 njefujfujil

V|

= H FVj—Vj—l (Z> :
j=1

Taking the sum over all possible profiles v € P,, we get

|v|

H, (z) = Z H FVJ*ijl (2),

as claimed. O

Combining Propositions 2.2.1 and 2.2.2, we have the following two corollaries.

Corollary 2.2.3. Foralln > 1 and z = u + v,
Corollary 2.2.4. For all z € C and n € N,

H,(2) =Y Fi(2) Hyx (2). (2.2.1)

k<n
Proof. For k < n, consider the set of partitions v € P, such that vy = k. This set is

in one-to-one correspondence with Py, ,;, and hence with P,,_j, so that

V|
Hy(z)=3 > I[F-. ()

k<n vePn:v1=k j=1

|v|

= ZFk (Z) Z HFVj—Vj—l (Z)

k<n vEPp 1=k j=2

||

=Y"F.(z) Y T[Fryor, ()

k<n TEPk,n) J=1

= > Fy(2) Hug (2),

k<n

where we use Proposition 2.2.2 in the final line. O



2.2. Properties of the Partition Functions: Part One 31

Corollary 2.2.5. For any partition v € P, and u € R,

|v|

H, (u) > [ F—r, s (u).

j=1
Equation (2.2.1) represents the renewal structure of the horizontal projections, which
we can separate according to the location of the first renewal. It also allows us to
place ourselves in the context of [37], and to inherit many of loffe’s results, both

about the convergence of %log H, (u), and about the behaviour of the renormalised

increment width distribution.

Wherever it exists and is finite, let

1
m(u) = lim —log H, (u).

n—oo n,

Remark 2.2.6. The existence of m at u = u; is a consequence of Assumption 2.1.6,
as can be seen, for example, in Section XIII.10 of [22]. As a result, m exists for

u € [O,Ul].

Note that, in the i.i.d. model in Example 2.1.2, the partition functions are multi-

plicative and we have

for all n and wu, so that
m(u) = log F (u)
and

ilog H, (u) = m(u).

In the more general setting, we might heuristically consider m as representing the
i.i.d. random walk model which “best approximates” the renewal random walk, in

the sense that the rescaled log-characteristic function

llo H, (u+ iv)
n 08 H, (u)
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is well-approximated by m(u + iv) — m(u).

Assumption 2.2.7. We assume that there exists u* € R such that

1. u* is in the interior of the set

{u € R:m(u) < oco}.

2. We have

1 1
lim —log H, (u*) > limsup % log Fj, (u*) .

n—oo n, k—00

Remark 2.2.8. A weaker version of part 2, namely

1 1
lim sup — log H,, (u) > limsup — log F, (u) ,

n—oo T n—oo M

holds for all u € R, as a consequence of the renewal structure.

To see this, fix v € R and choose k € N such that Fj (u) > 0, and consider the

subsequence {H, (u)}nen. From Corollary 2.2.5, we know that

and hence
log Hpi (u) > nlog Fy (u) .
Dividing by nk and letting k& — oo gives the desired inequality.

Under Assumption 2.2.7, we have the following result.

Proposition 2.2.9. [Theorem 2.1, [37]] There exist a constant ¢ and a complex
neighbourhood Z of u*, on which m can be extended to an analytic function, the

function
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is non-zero and analytic and, uniformly in z € Z, as n — o0,

7{Llog H,(z) —m(z) = :Llog w(z) +o(e™").

The following two properties arise as part of the proof of Theorem 2.1 in [37], and

are particularly useful.

Corollary 2.2.10. For allu € ZNR, the sequence {e ¥ F}, (u)}ren is a probability
distribution, and there exists p = p(u) > 0 such that

S etEmWTI B (1) < o0

k>1

In other words, the probability distribution has exponential tails.

Note that the mean of the distribution {e=*™® Fy (u)} is ﬁ > 1.

Remark 2.2.11. Proposition 2.2.9 allows us to obtain a sharper asymptotic for
the convergence of Llog H, (u) to m(u), in terms of the mean step length under
{eFm() [y (u)}. This, in turn, will help us to understand the behaviour of B, (u) in
greater detail, while Corollary 2.2.10 allows us to estimate the impact of trajectories

with particularly wide increments.

Proposition 2.2.12. There exists a compact region Z' C Z, on which, for all j > 1,

the function

is analytic and bounded, along with its derivatives. In particular, there exist positive

constants T > 0 and cy, ¢y, ... for which the following uniform bounds hold:

sup | f5(2)] < coe™7
zeZ!

(4) 50

Proof. Firstly, the functions f; are analytic since both F; and exp m are analytic on

sup < cpe 7

zeZ!

Z.
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Next, for u € ZNR, f;(u) > 0 and Corollary 2.2.10 implies that for each u there

exist finite positive constants C' and 7 such that
fi(u) < Coe™ 7 (2.2.2)

holds for each j. We can find a compact interval ¢ of the real line such that

U C ZNR, on which the upper bounds in Equation (2.2.2) can be made uniform.

Now, for z € Z, we have

1f:(2)] < ‘ej(m(U)—M(Z))

fi(u)

and, since m is analytic, there exist a bounded region Z’ C Z with Z'NR = U, and

a constant 7/ < 7, such that

sup | (m=mE)| < pit=r)
zeZ’ -

and hence

sup | f;(2)| < Coe™7.
zeZ!

Finally, we take ¢ > 0 such that Z° = {z € Z: B(z,¢) C 2’} is non-empty. Using
the estimates in Proposition B.1.1, we have

|(dd> (2)

k! o
< 7006—]7'

for all K € N and z € Z°.

]

The following Proposition is a result of the proof of Theorem 2.1, together with

Proposition 2.3, in [37].

Proposition 2.2.13. Let € > 0 be such that 2° = {z € Z: B(z,e) C Z} is non-

empty. There exists a constant a > 0 such that, for all n large enough,

|H,, (u+iv) | <

e—anlvl® 2.
RO (2.2.3)
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holds uniformly in z = u + iv € 2% such that |v| < 7.

Remark 2.2.14. Starting from the neighbourhood Z from Proposition 2.2.9, we
obtain a new, smaller neighbourhood from which we will draw our arguments. First,
as in Proposition 2.2.12, we take a compact subset Z’ C Z; we then find ¢ > 0 such

that 2% = {z € Z': B(z,2¢) C Z'} is non-empty.

Then Proposition 2.2.13 holds for all z € Z¢, and upper bounds on derivatives such
as those in Proposition B.1.1 hold for all z € Z%. Moreover, the constant p in

Corollary 2.2.10 can be made uniform in wu.

From now on we will refer to this smaller neighbourhood as Z, and we will write U

for its intersection with the real line.

Assumption 2.2.15. We suppose that there exist constants C' and c such that, for

allue U, ke N, and p > 0, we have
Q“(|n(n)] > pklw(n) = k) < Ce™.

Remark 2.2.16. The existence of such constants for fixed k and p, at u =0, is a
consequence of Assumption 2.1.6; however, the existence of uniform constants for

all £ and p is not in general guaranteed.

Example 2.2.17. Any model in which there are only finitely-many possible values
of w(n) will fulfil Assumption 2.2.15. In particular, under the i.i.d. model from

Example 2.1.2; Assumption 2.1.6 implies Assumption 2.2.15.

2.3 Properties of the Partition Functions: Part

Two

In this section, we focus on the partition function B,, and its relationship to Fj
and H,. Several of the results in this section are analogous to those in the previous

section; when comparing the two, it is helpful to remember that, if we exclude the
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area condition by setting zy = 0, we have

By (21,0) = > M) exp {z1h(&)}

£€HR

=H, (z).

Throughout the rest of this chapter (and the rest of this thesis), [a,b] will always

refer to a segment with integer endpoints.

Proposition 2.3.1. Let z = (21, 29).

Then

|v|

Bo@) =3 Il Foor, <21 + 2 m—c (yj))> . (2.3.1)

veP, j=1

The polymer decomposition, analogous to Proposition 2.2.2, forms the basis of our
analysis of B,. To simplify the notation throughout this section, we introduce the

following shorthand.

Definition 2.3.2. For z € C? and = € [0, 1], let
z2(x) =21 + 2(1 — ).

Definition 2.3.3. For intervals [a,b] C [0, n], let

b+a a+b
Fled (=) = Foa (Zl T (1 o )) = fia (Z ( 2n )) ’

b+a a+b
Hied (=) = Hoo (Zl T <1 o )) = o (Z < 2n )) .

Note that, for any partition v, we can write

F[Vj,VjJrl] (Z) = FVj+1_Vj (Zl + 20 (1 - C(VJ))) .

Remark 2.3.4. In our new notation, Equation (2.3.1) becomes

|v|

Bu(z)= Y I Furu (2). (2.3.2)

Vepn ]:1
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Corollary 2.3.5. Foralln>1 and z =u+ v,
B (2)] < By ().

Corollary 2.3.6. For any partition v € P, and u € R?,

|v|

B, (u) > H F[Vj—hl’j] (u) .

j=1

Proof of Proposition 2.3.1. As in the previous section, we select v € P, and consider

the trajectories £ € ‘H,, such that & ~ v.

Using our construction of the area (recall Equation (2.1.1), if £ ~ v then

|v|

ah(@) + 2A©) =3 (51 + 2 (= e () bl

%z (C(Zj)) h(ns)

Now,

20 e (v
5 exp {2h(6) + 249} A©) = T e {Zz () hom} \©)
v o j=1

=2 ﬁ A(1;) exp {z (C(Vj)> h(m)}

gr\al/jzl n

58> A(m)exp{z((”(gﬂ‘))h(m)}

Jj=1 njEFijujil

_ ﬁlej_yjl (Z <C<nyj)>> '

Taking the sum over all partitions v € P,, gives Equation (2.3.2), as claimed. O

Using this polymer decomposition, we can add a third partition function to those

introduced in Definition 2.3.3.

Definition 2.3.7. For any interval [a,b] C [0,n], and z = (21, 29) € C?, let

||

Biay (z) = Z H Fia;_1m) (2) -

WEP[a’b] J=1
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Proposition 2.3.8. For any 0 < a <b<n and z = (21, z) € C?, we have

n

n—b b—a
B[a,b] (Z):Bb_a <Z1+Zo o , 20 >

Proof. Let ™ € Pjq4), and let v € P,_, be such that

=T; —Qa

for 1 <j <|m|. Now,

At n—e(m) =t (ot e()

n—>b 1 b—a
=ata — Tty (b—a—c(vy)).

As a result,

vl
n—b b—a
By (2) = > I Fiyorw] (21 +20— =% )

VEPy_ 4 j=1 n

b b—
=By_q (Zl + ZOL, Zoa> . O
n n

Remark 2.3.9. We can view B,y (z) in two different ways. First,

By (u+iv) -, . : "
Bt~ oo {mties) + oo [oa]

n

(Note that when [a, b] = [0, 1] we recover By (z) = B, (2).)

In light of Proposition 2.3.8, we also have

B[a,b] (u + iV)

_ rufa,b] .
Boaqw B fexp {ivie.t]- Yo ()],

where z[a, b] = (2'1 + ZonT_b,Zob;a).

n

Proposition 2.3.10. For any n € N and z € C?,

B, (z) = ) _ Fiox (2) B (2)-

k<n

Proof. As in the proof of Corollary 2.2.5, fix k < n and consider the set of partitions



2.3. Properties of the Partition Functions: Part Two 39

v € P, such that vy = k. This set corresponds exactly with Py |, so that we have

v|
B, (z) = Z Z H Flu; 1) (2)

k<n vePn 1=k j=1

||

- Z Flo (2) Z H Finy_y ] (z)

k<n TEPk,n) 5=1
= > Flox (2) Birw (2) .- O
k<n

Proposition 2.3.11. For anyn € N, 0 < a < n, and u € R?,

B, (u) > B[O,a] (u) B[am] (u) .

Proof. Consider
Pr={veP,:3j<|v|:v;=a}.

Each partition v € P? corresponds with exactly one pair (7!, 7%) € Pio,a] X Plan]s S0

that

Py = {V = (r',7%) i 7' € P, € P[am]} :

n

Now, since Fj,p) (1) > 0 for all [a,b] C [0,n], we have

|v|
B, (u) = Z H IS (u)

vEPy ,]:1

writing v = (7!, 7%), we can separate

|v|

H Fly; 1, (0)
j=1

as

j=1 k=1
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Writing Py, = Plo,q] X Plan, We have

|v|

oI Py ()= > HF Jl_](u) > HF“2 )

vePg j=1 TlePp,q) =1 T2€Pq,n) k=1 j

= B[Om (11) B[a,n} (u) . ]

Corollary 2.3.12. For any integers ag =0 < a1 < ay < -+ < ap < n = apy1, and

any u € R?,

For any integers by = 0 < by < by < -+ < by, < n = by41 and any u € R?,

k k

> H (b, by 40] (1 H N

j=0 J=1
Remark 2.3.13. We have

k1
Qp (¢ has cutpoints at a;,1 < j < k)

and

Qp (€ has consecutive cutpoints at by;_; and by, 1 < j < k)
1 k k

- Bn(u)]l—[o [b25, b2J+1 ]1_[1 [b2j—1, b2]
Definition 2.3.14. Let
ZA = {(Zl,Zo) €C?:Vte[0,1],21 +tz € Z}.
Similarly, let

Z/{A = {(ul,uo) < R2 Vit € [O, 1],'&1 +tU0 EZ/{}

We can also consider Z2 and U in terms of the complex line segments [z1, 21 + 2]

and [u1, uq + u).
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Proposition 2.3.15. For any [a,b] C [0,n], and u € U™, we have
Biap (1) > Hygyy (u)
Proof. Take v € Pp,y. We write
e, .. (U (C(Va‘)>> {15, <u (“ - b)) £, (u (%)
I e (v (50)) = 8 o)) 2 i)

as we noted in Section 2.1, the ratio of the partition functions can be viewed as an

expectation, so that

M = Eu(%b) [eXp {1:: (C(Vj) S b) h(ﬁj)H

(o) 7

and

HF(U(H))) ) 'u Eu(%)l [exp {i‘; (C (v;) — a;b) h(%‘)}:

_gel=) {exp {1;0 'z <c (v;) — T) h(m)} ,

=1

where E¥ is the expectation based on the product measure Qy, xQy,_, x--X QZ_VM.

v2—r

Now, consider the partition m € P|, ) obtained by inverting the order of the blocks

of v, so that

Tj=b+a—vy; 1<y <yl
We have

v |7

e (o(5)) =1 (o (550))

i1 2n i1 2n
while

a+b a+b
c(vj) 5 9 c(m;)

We have
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so that

ﬁ' Fy, (“ ((Z:)) ey {1 (e“: S (el =252 ) h(ny) +61:?Z].”_1(c<uj>“;b)h<m>>}
=1 By (u (%))

Now

VEP,  j=1 n
> 3w e (o))
=i a 2n
> H[a,b] (u)

2.4 Approximation Based on the Width of

Increments

In the following sections, we see how restricting our attention to sub-trajectories
¢ € H, whose increments do not exceed a given height, width, or gradient affects
the value of B, (z). As long as our upper limit on these quantities grows suitably

with n, the resulting approximations are close to the true partition function B, (z).

In Proposition 2.3.10, we found a decomposition of B, according to the width of the
first increment of the sub-trajectory. In this section, we find similar decompositions
of B, based on the position of an increment elsewhere in the sub-trajectory - for

example, the increment exactly in the middle.
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2.4.1 Approximations Based on a Single Increment

Definition 2.4.1. For T' € [0,n|, let Ay be the pair describing the increment at

location 7" in the sub-trajectory &; in other words, we write
AT = (67 T)

if the sub-trajectory contains an increment with endpoints at T'— ¢ and T + r. If
T is a cutpoint of the sub-trajectory, we write ¢ = r = 0. See Figure 2.5 for an

example. We write wp = {7 + rr.

If v is the partition associated with &, we write
v~ (4r)
to indicate that, for some j, v; =T — ¢, and v, =T + 1.

Let
AT ={,r):0<t<T,0<r<n—-T,T—¢T—r¢cN}
be the set of all possible values of Ar.

When T € N, we include (0,0) as an element of AT to represent the possibility that

T is a cutpoint.

IfT=0o0rT =n, we define Ar = (0,0) for every sub-trajectory . In this case,
AT ={(0,0)}.

Let

wr TgN

Then wy is positive, even when wy = 0; this construction will be useful when we

discuss the gradient of the height function g.
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N3

0 n

n
2

Figure 2.5: Two partitions of [0, n] into integer pieces. In the first,

there is a cutpoint at 7; in the second, the increment

A% is shaded in blue.
Proposition 2.4.2. For any integer 0 <T' <n and z € ZA, we have
Bn (Z) = Z B[(LT—E] (Z) F[T—Z,T—i—r] (Z) B[T—H’,n] (Z) . (2.4.1)
(¢,r)eAT

Proof. We have

lv|
B, (z) = Z H Flo, 1) (2) -
veP, j=1

As in the proof of Proposition 2.3.11, we categorise the partitions v € P, using the

elements of AT. For (¢,r) € AT, consider the set
Pler) — {1/ EPL v (ﬁ,r)}.

The cutpoints of v “to the left” of Ay form a partition of [0,7 — ¢], while those “to
the right” form a partition of [T" 4 r,n]. We can therefore describe the elements
of 77,2”) using pairs (m, ;1) € Por—g X Piryry), and this characterisation forms a

bijection between the set 73,(1“) and Pior—g X Pirsrmn)-

As a result,
v |7 ||
Z H F[l'jfh'/j] (z) = Z H F[ijhﬂﬂ (z) Fir—g v (z) Z H F[ujﬂ,uﬂ (z)
vEr) =t mEP, 1) J=1 WEPT 11 n) =1

= Bjo.r—q (2) Fir—e741) (2) Birgrn) (2) -

Taking the sum over all pairs (¢,7) € AT gives

B.(z)= Y Bor—q(2) Fir—orir (2) Birirn (2)

(L,r)eAT
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as claimed. Note that the term corresponding to (¢,7) = (0,0) is

B[O,T] (Z) B[T,n] (Z) .

We limit our attention to pairs (¢,r) such that ¢ + r is not “too big”.

Definition 2.4.3. For 0 < 6 < n, let
Ao ={(t;r) e AT t+7 <0}

Let

|v|

an(Tﬁ) (z) = Z Z H F[Vj—lij] (z).

(Z,T)GAQ VZ/(E’T) 7j=1

In practice, we will use 8 = n”, for some v < 1; in the next proposition we will see
that the penalty for excluding such trajectories from the characteristic function is
exponentially small in 6. Later, we will find asymptotic bounds on the behaviour of
Fy (2) which allow us to control the contribution from such increments in the other

direction.

Proposition 2.4.4. For all 0 < € < 1, there exists a constant ¢ > 0 such that for

allz =u+1iv € Z* and large enough n,
B,.(2) = Byiraw) (2)| < Ce™"' B, (u) (2.4.2)
holds uniformly in 0 < T < n.

Remark 2.4.5. The left-hand side of Equation 2.4.2 is exactly the part of Equation

2.4.1 coming from partitions in which the increment around 7' is wider than 6.

Corollary 2.4.6. In particular there exists a finite constant C' such that, for any

0<t<1anducU® and for any W > 0 large enough, we have

QY (wpy > W) < Ce= W,
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Proof of Proposition 2.4.4. We have

|v|

Z H F[VJ 1, VJ]

v Ay j=1

‘Bn(z) B, (TW) ‘

For (¢,r) & Aw, we have

id _ By (2) Fir—e741) (2) Birgr,n) (2)
> H Fluy 1y (2

n( ) £ B, (u) ’

uw(f r)

and by Corollaries 2.3.5 and 2.3.12,

Bio,r—0 (2) Fir—e.17+40 (2) Birgrn (2) < Bor-g (0) Fir—e 40 (W) Birgrp (1)
B, (u) B B, (u)

B[o r—q (0) Fir—¢740 (W) By (1)

Bio,r—q (0) Bir—e, 1441 (@) Birrn) (0)

)

)
Fir—¢ 140 (1)

()’

<
BT ¢, T+ (1

Now, we know from Proposition 2.3.15 that

Fir—o140) (1) < Fir—erin (u)
Birorin (@) = Hrgrie (1)

For k € N and u € U, we have

Fr(u)  Fp(u)eFm®
Hy (u)  Hg (u) e km@)’

For k large enough, Proposition 2.2.9 implies that

H, (u) e P > Z ()

for all u € U, while Corollary 2.2.10 allows us to find constants ¢ and C such that
F (u) e 7P < Ok,
Since p is bounded on U, there exists C” such that

Fk (U’) < C/G_Ck.

=
=
~—
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Now, for each k > W there are k — 1 pairs (¢,r) with £+ r = k, so that

F[T—Z,T—i—r] (ll)

< Z C/e—c(f—H")
(£r)¢Aw Hir—t747) (0) (6, Ay

<> (k—1)Cle*

k>W

< C/e—C,W
for some constant ¢’ > 0 which does not depend on W. O]

Proof of Corollary 2.4.6. We have

Seen, T{wn > WHAE) exp {urh(€) + 2A()}
Seen, ME) exp {urh(€') + L AE) }

B, (u) — B, r,w) (u)
B, (u) 7

Q) (wne > W) =

by Proposition 2.4.4, we therefore have

Q" (wpy > W) < Ce™ W,

2.4.2 Approximations Based on Several Increments

Proposition 2.4.4 tells us that the set of sub-trajectories with a particularly wide
increment around 7" have an exponentially small contribution to the behaviour of B,,.
We can extend this analysis to require that multiple increments are, simultaneously,

not wider than n°. Recalling Definition 2.4.1, we introduce the following notation.

Definition 2.4.7. For T = (T},...,T}), let At be the list of pairs describing the

increments at locations T, ..., T} in the sub-trajectory &, so that

Ar = (1) = ((el,rl), L (ﬁk,rk)>

if A, = ({;,7;) for each 1 < j < k. Note that the pairs (£;,r;) may not all describe

distinct intervals, for example in the event that 7} 4 r; > Tj.; holds for some j.
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If v is the partition associated with &, we write
v A (L)

to indicate that v ~ (ﬂj,rj) for 1 <j <k

For 0 <60 <nand k€N, let
Apo={(€,1): ({;,r;) € Ng,1 < j < k}.

Where necessary, we use the convention ¢, = rg = 0.

In the rest of this section, we focus on an interval [a,b] C [0,n]. We suppose that
a=To<Ti<Ty <--- <Tk<b:Tk+1,
and that

min  T; —T;_1 > 20.

1<5j<k+1
In particular we must have b — a > 26.

Proposition 2.4.8. For all (£,1) € Ay and all z € Z2,

[v| k+1 k
> HF[VJ L) (2 HB[TJ virsnty—5] (2) 1T Firy -ty 1101 (2) -
j=1

VN(Z r)

Proof. The requirement
1
max (¢; +r;) <6 < - min T; —Tj_,

1<<k 2 1<j<k

ensures that the increments A, are distinct. As in Proposition 2.4.2, each element

of the set
{u EPy v (e,r)}
corresponds to precisely one element of the set

{(71'1,71'2 e ,7rk) = Piry_iirj -, 1 < J < k+ 1}.
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As a result,

|v| !
Z H i, 10 (2 (Z H F[ﬂl_ ] (Z)) X Flty—ty 4] (2) X

VN(Z r) -

|72 |k +]
X (ZHF[TK_Q.:“WZ] (Z) (Z H F k+11’7rk+1 Z))

72 j=1 a1l =1
k1
- H B[tj 1+r—1,T5—¢; ] H ET —4;,T) +7"J} ( ) :
Jj=1 Jj=1

]

Remark 2.4.9. In Proposition 2.4.8, we separate each sub-trajectory & into k + 1
smaller sub-trajectories, joined by k increments. We refer to the horizontal projec-

tions of each of these increments as
Apj = [T; = 4;,T; + 1),
and those of the sub-trajectories between them as
g = [T+ 71, T = 4],

Definition 2.4.10. We write

|v|

Bagre (@)= > > Il Fu (2

(f,l‘)GAhg IJI(LI‘) Jj=1

When [a, b] = [0, n] we write

Bion),(1,0) (2) = B (1,0) (2)

Remark 2.4.11. For all segments of non-zero width, we have

n—b b—a
Biap,(1.0) (21, 20) = By—a,(17,0) <Z1 + 20 n y 20 n > )

where T} = (T} — a).

Remark 2.4.12. Proposition 2.4.8 allows us to write

k+1

Bagme (@) = D TIBuysir, 101 (@) 1 Firy—e; 1500, (2)

(£r)EAL 6 5=1 j=1

Ea
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= Y T B, T Fa, 2.

(Lr)eAy g =1

Corollary 2.4.13. For any z = u +iv € Z°,
1B 1) (2)| < Biag ) (1)
Remark 2.4.14. Since
{v™ (1) (&) € Ak} C Py,
and Fy (x) is non-negative on U, we have

Biay,(1,0) (1) < By (1) .

Remark 2.4.15. Just as the ratio

B, (u+iv)
B, (u)

represents the characteristic function of Y,,(1) under the tilt u, we can view B, (9) (1)
as the partition function associated with a restricted distribution. Let P 4 be
the measure obtained by restricting Q8 to the set of sub-trajectories ¢ for which

At € Ayp. Writing B 1 ) for the related expectation, we have

iv-Yn(l)} _ B, (10 (u+1iv)

E. e
(T,0) [ B, (t) (u)
Proposition 2.4.16. There exists ¢ such that for all n large enough, and all z =

u+ivezZA,

‘B[a,b} (2) = Bia,i,(T.0) (Z)’
Bio ()

= O (exp {—ch}).

Remark 2.4.17. The asymptotic in Proposition 2.4.16 holds even when |T| grows

polynomially with n.

Corollary 2.4.18. In particular there exists a finite constant C' such that, for any

finite collection 0 < t; < --- <t; <1, anyu € UL, and any W > 0 large enough,
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we have
Q) (max Wht, > W) < Ce 9V,
1<i<;

Corollary 2.4.19. For any § € (0,1), there exists ng such that, for all n > ngy and

any segment [a,b] C [0,n],
B[a,b] ( ) (1 —|— 5)8(1 b] T nf) (11) .

Proof of Proposition 2.4.16. As in Proposition 2.4.4, Bja ) (2) — Blay,t,0) (z) repres-
ents the contribution to By, (z) from partitions v < (£,r) in which at least one of

the (¢;,7;) pairs has ¢; +r; > 6. Using Proposition 2.2.1, we have

o
Bl (2) = Busro @) = | > Y TI Fiy1a) (2)

(Lxr)EAk.0 T(e r)J 1

|v|

< 2 2 I Fww

(¢, I‘)QAk 0 T(K I‘)j 1

We separate Ayjy according to the index associated with the widest block. For

1 <5<k, let
A]:{(é,r)éj—l—rj:lrg%)i&—km}

Now, if v L £,r) for some (£,r) € A, then in particular v 2 l;,r;), so that
j 3T

|v| |v|

Z Z HFVJ 11’3] Z Z HF[Vz 11’1]
(E0)EA; X ) 7! R

By Proposition 2.4.4,

||

2 2 TPy (w) < €7 Ba(w),

(e, I‘)E.A (e,l‘) J=1

and

||

k
Blas) (2) = Basira) (2)] = 3 > 1 Fivyaw) (W)

J=LEr)EA; Ty T
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We can therefore find constants ¢ and C’ such that

|Bias) (2) = Biagy,r) (2)| < C'e™B,, (u).

2.5 Approximation Based on the Gradient of

Increments

In this section, we restrict our attention to sub-trajectories ¢ € H, in which no
increment has a gradient steeper than some quantity p. We will see how this
restriction affects the values of Hy, and B, ), and use these results to find an upper

bound on the difference B,y (z) — Hqyp) (2) for certain segments [a, b] C [0, 7).

Definition 2.5.1. For k € N and p > 0, let
Fi={ne Fi:|h(n)| < pk}.
Let

FL(2) =Y e"DA(n),

7
neF,

and for [a,b] C [0,n] let

a+b
Fy (2) = K, <Zl + % <1 ~ 5, )) :

Let
vl
H(2)= > T F-0, ., (),
VG’Pn j:1 ‘ ‘
a+b
i) =1 (=[50 )
and

||

By @ = 2 11F, .., @

VEP[a,b] j=1
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Proposition 2.5.2. There exist constants C' and ¢ such that, for all z = u+1v € Z,

keN, and p >0,

|Fi (2) — F{ (2)] < Ce P Fy (u) . (2.5.1)

Proof. 1t is sufficient to prove Proposition 2.5.2 for arguments u € U, since

B (2) = F{ ()| =] > Alm)e™
77€]'—k\]'—£

< Z )\(n)e“h(n)

T}E]'—k\]'—lf

< By (u) — FY (u).

Next, if Fy (u) = 0 then F} (u) = 0, while if F}, (u) > 0 we have

Fy (u) — F (u)

= Qi(lh(n)] = pk).
By Assumption 2.2.15,

Fy (u) — FY (u) —ep
k T (u)k < Ce™ .

O

Proposition 2.5.3. There exist constants C' and ¢’ such that, for allz =u+iv €

ZA neN, and p > 0,

1B, (z) — B (z)| < C'ne=¢? exp{C'ne “"}B, (u).

By setting zp = 0, we obtain the following corollary.

Corollary 2.5.4. Forall z € Z, n € N, and p > 0,

|H, (2) = HE (2)] < C'ne*? exp{C'ne "} H, (u)

Proof of Proposition 2.5.3. As in the proof of Proposition 2.5.2, the proof for com-
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plex arguments follows directly from the proof for real arguments, since for z = u+iv,

Z )\(éj)ezlh(ﬁ)—l-zoAg(l)
EEHA\HS,

< Z )\(g)eluh(ﬁ)—l-qug(l).
EeMn\HE

|| lv|
Z (H Fluy 1) (1) = H F[/;j_l,u]-] (u)) ‘

veP, \j=1 j=1
> 11 [ Hees
S F[l,j_hl,].] (u) L kLt A 1.
veP, j=1 j=1 F[Vj—l,l/j] (u)
By Proposition 2.5.2, we have
13
u
| [vj—1,v4] ( ) 1l < CecP
Fly, 1.0y (1

for each 1 < j < |v|; by Proposition B.1.7,
v P
vl F[Vj,huj] <u>

e |
j=1 F[ijlvl/j] (u)

< ((1+Cer)" —1)
<nCe PexpnCe ¥,
so that

|B,, (z) — B (z)| < Cne”* exp{Cne"*}B, (u).

Proposition 2.5.3 implies that, for any sequence p, such that ; (fgn — 00, the restric-

tion “consider only sub-trajectories in which the gradient never exceeds p,” has an
increasingly small effect relative to the value of B,,. Next, we will see that if p,, does
not grow too quickly, then the value of Bf, (z) is essentially Hf", (z) on certain
intervals [a, b] C [0, n].

Proposition 2.5.5. Let 0 < v < %, and let {p,} be a sequence of positive numbers

2v—1

such that p,n — 0. Then for all n large enough, uniformly in intervals [a,b] C
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[0,1] such that b—a < n”, and for all z € Z*,
By (2) = Hizy (2)] < |z0*0}n "2 HEzy (w).

Remark 2.5.6. For any k£ € N, v € U, and p > 0, the ratio

Ff (u+v)
FY (u)

can be viewed as the moment-generating function of the height of an increment 7

drawn from F7, according to the distribution

Yperp Am)e ™ ™1 {n € A}
Zn'e}‘,f A(n’)e“h("/)

PIY(A) =

Then

ka (U + U) — %P {evh(n)} )
FYY (u) ;

Proof. We begin with the case z = u € U*, in which the proof follows similar lines

to that of Proposition 2.3.15. We write

s - 3 [ (o)

VEP[qp) J=1 "
v a+b>> F,Z",,,] . (u (C(Zj)»
= pn 3
2 (o(90) 5 i)

Using Remark 2.5.6, we have
v| fen (u <C(Vj))> (), M
Vj—Vj-1 n Pn Ug a+b
=K, ? exp§{ — (c Vi) — > h(n; ,
) oA
where E“? is the expectation based on the product measure Qur x Q) x -+ X

Q?’L lll‘

Let m € Pjq be the partition obtained by inverting the blocks of v, i.e.

7Tj:b+a,—Vj 1§j§|V|
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Then
[v| b |7] b
e (5 (52
1 J J— 277/ 1 J J— 2n
J j
and
a+b a+b
)= 5 == (e - 152).
so that

For each v € Py, the contribution from v to the difference Bf;', (u) — Hf (u) is

therefore
b lv|
on a+0b\\ zu(%L)on Ug _a+b N
H FVJ_V] 1 < < 2n )) ]EV COSh n = C 2 h’(n]) 1 .

Under the restrictions n; € Ff» and [b — af < n?, we have

|

|v|
Ug a+b ’U0|
I COEE S IIESS SEROEE
=1
< Luol °|n2”pn,
n

so that for n large enough,

as long as n*""!p, — 0 as n — oo.
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We therefore have

id a+b
2 ) 1 0] < P 32 TERE, (o0

veEP, J 1

< Juo[*ppn 2 HEY (a) .

Now in the complex case,

o= ¥ fr, (o(22)

VEPq,p) =1

z a+b F’fyn*'/] 1 (z (C(Zj)

Z/E’P[a’b] j=1

We have

so that

ﬁF (= (222

F’fyn*'/y 1 (u ( 2Zb)>
_ i)

[exp {Z (2 (con-3") + oo (7)) ’WH |

Using our method of pairing up partitions, this expectation becomes

(55 ) e [cosh (jf ;gll <c (v) — “;b> h(m) exp {w (‘T’) ; h(nj)H .

Meanwhile,

HEy ()= Y f[' e, 1( <a+b>> o (2(52))

vE€Pap) J=1 2n F,,’;",V] 1 (u (Ltf))
a+b B a+b\ . fa+bd
i 2n Y 2n - 2n
so that
" n a + b u(aznb),pn . a + b
H[‘;b ; ]:[lF,Z_,,J 1( ( o ))EV [exp{w( o >Zh(n])}]
v n J

with
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Subtracting terms, we need an upper bound on

EZ(GTH))% {ew(a;b)zi ;) (cosh (j;) i (C(Vj) - a—2|—b> h(ﬁj)) - 1)] .

Now
o 2
ew(#)zj h(n;) (Cosh ( <0 (c () — a—+ b) h(m)) — 1)‘
=1 " 2
|vl
< |cosh (ZO Z (C(Vj) ot b) h(%)) 1
n o 2
vl
20 a+b
< — h
< |23 (e - 57 ) hon)
< |2of2p2nt2,
so that

o a+b
By (2) — oy ()] < Y- T 22 ( <2n )), gt

veEPy =1
< |ZO|2 ot QH[pnb}( z).
]

Corollary 2.5.7. Let 0 <y < 1 5, and let p, be a sequence of positive numbers such

that

. Pn Pn
lim = 00 and lim -
n—oo log n n—00 n, Y

=0.

Then there exist constants c1,co such that uniformly in segments [a,b] C [0, n] with

b—a<n", and inu € U?,
‘B[a,b] (z) — Hiay) (z)‘ (3clne 2/ oxp{eyne” P} + |22 p2n®” 2) Higp) (u),

for alln € N.

Remark 2.5.8. In particular, when p, = n'=27=? for some ¢ € (0,1 —27), and given

a threshold ny we can find constants C', Cy, C3, Cy such that

‘B[a,b] (z) — Hia (Z)‘ < (Clefcgnk%ié + 03’2’0’2”726) Higp) (u)
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< C4n_25H[a,b] (a)

holds uniformly in z € Z2 for all n > ny.

Note that, when |29| = 0, Bjoy (z) = Hjp (2z) so that these asymptotics hold

whatever the value of |z|.

Proof. By Proposition 2.5.3,

1
=~ 1 —nCecrnexp{nCe=crn} " |

) ) (+(7)
(“Onf)_"zyf} - 1) Hiay) (u).

B[a,b}( ) ab]( )

while by Proposition 2.5.5,

By () < eXp{

(
< (exp {

As a result,

as long as n is large enough.

Now, writing

n " . a+b
1By (2) = Hiapy (2)] < |Bia (2) = By (2)] + ‘Bﬁhb] (z) — Hiy (2 <2>>‘

. a+b
i

and applying Proposition 2.5.3 to the first term, Proposition 2.5.5 to the second,

and Corollary 2.5.4 to the third, we have

Bius) (2) — Hiag) (2)| < (3cime=" explerne™"} + |z 202n"7~2) Hig ().
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2.6 A New Version of the Partition Function

In the final part of this chapter, we introduce a version of B,, in which z; takes
different values depending on the location of each increment. We will see that this
version of B,, allows us to create a good approximation for the characteristic function
of Y, (t), just as the polymer decompositions in the previous sections allowed us to

find approximations for the characteristic function of Y;,(1).
Definition 2.6.1. Let Z, be the set
Zo, = {z = (21,2041, 20) € CF2 iy =y, (25,20) € 28, 1<j<k+ 1}

Each element z of Z{, can be viewed as a collection of k+ 1 elements z; = (2}, 29) €
Z whose real parts, and second components, all coincide. For z € ZkAH, we will not
distinguish between u = (uy, ..., u1,up) € R¥?2 and u = (u1, up) € R?; particularly
when discussing the characteristic function of Y,,(t), we will use u to refer to the tilt

vector (uy,ug) € U,

For S € [0,n] and z € Z£,,, let

J<k+1
Let
zr (2) = > z1{Tj-1 <nx <T;} + z(1 — z)
§<k+1
= Y zi(x)1{Tj-1 < nx <Tj}. (2.6.1)
J<k+1
Let

v|
B[a,b],T (Z) = Z H ﬂyj717,,j} (ZT (Vj—l)) . (262)
VGP[a,b] Jj=1
This is an analogue of B, (z), in which we replace the fixed pair z = (21, 29) with

the varying pairs z; = (z;, 29), according to the position of the left endpoint of each

increment. As usual, when [a,b] = [0,n] we write By 1 (2) = By (2).
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We denote

2T; —b
Z;(C%b) = Zj + 20 (1 - ]‘I—(I> .

2n

Remark 2.6.2. If k=0 and T = (T'), we have when x < T
zp(x) = 21 + % (n—x)

while when x > T,

2
zi}(x):zrl—go(n—x).

In particular,

Z|
z}(a) = 21+E0(n—a)

z}(b):z2+@(n—b).
n
Remark 2.6.3. When u € 2, N R¥,
Bn,T (U) - Bn (u> :

Remark 2.6.4. We have

" Bnn

Ex [exp {iv-Y,(t)}] = anl(lz))

Proposition 2.6.5. Let p < min; T; — Tj_y. For each (£,r) € Ay ,, we have
v k+1 k

Z H F[Vj—l’l'ﬂ (ZT (ijl)) = H B[Tj—1+Tj—1,Tj—fj] (ZJ') H Ffj”j (Z;(gj’ 73-)) .

W’E(&r)]:l j=1 j=1

Proof. For this proposition, the proof will be given only in the case k& = 1; the
arguments remain the same by induction for larger values of k, with increasing

complexity in the notation.

Let (£,r) € Ay,. As in the proof of Proposition 2.4.2, every v ~ (£,r) may be

written in terms of two sub-partitions m € Pjor_g and p € Py, describing the
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cutpoints to the left and right of At respectively. Now, the definition

Z1 if Vi1 < T
zr (vj-1) =
Zo if Vi1 > T

assigns the argument z; to precisely the blocks of v corresponding to 7, and zs to

the blocks corresponding to u, so that

|v|

Z HF[Vj—l,Vﬂ (ZT (ijl))

uz(f,r) i=1
|| 1z
= Z H F[ﬂ—mflyﬂm] (Zl) F€+T (ZT(£7 T)) Z H F[Mmfly,uﬂm] (Z2)
mE€Pr_p m=1 HEPp_T—r m=1
= Blor-q (21) Forr (27(€,7)) Birsrm) (22)
as claimed. For the case k > 1, the similar statement follows by induction. O]

We can use this polymer decomposition to construct a good approximation for
EY [exp {iv - Y,,(t)}]. We consider a restriction of the partition function B, 1 (z) to
the set of trajectories in which the increments at locations Tj, as well as certain

other increments, are of width at most n®.

Definition 2.6.6. Let S = (Sy,...,5;) be a vector of times, such that each of the
elements of T appears in S. Note that we can separate S into k + 1 sub-vectors with
endpoints Tj_; and 7. We denote these sub-vectors S;. Let

|v|

Bn,T,(Sﬁ) (Z) - Z Z H F[Vj—l,Vj] (Z*(Vj—l)) .

(é,r)eA|S‘79 ui(e,r) j=1

Notice that if z; = 2 for 1 < j < k+1, then we recover the version seen in Definition
243, and Bn,T,(S,G) (Z) = Bn,(S,@) (Z)
We have the following polymer decomposition, an extension of that in Proposition

2.6.5.

Corollary 2.6.7. We have

k+1 k

Burso (@) = Y TI Bew,is,0 () 1 Fryin, (2(65,75))
1

(r)eA, o J=1 Jj=
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and

B, 1,80 (1) = By (s (u1,uo) -

Remark 2.6.8. As in Remark 2.4.15, we view B, 1 ,s,) (z) as the partition function

ul7

associated with a restricted distribution. Let ]P’ "O) be the measure associated with

the restriction of our distribution Q{#1%0) to trajectories in which the increments at
1,U

the locations indexed in S have width at most #; and write Efzu(s g)) for the related

expectation, so that

. B S0 (Z)
E(ULUO) ezv-Yn(t) — n,nt,(S,0) )
n,(8.6) [ } Bn,nt,(S,G) (u)

Note that our requirement that u; = uy = - -+ = up,1 allows us to use the tilt vector

u = (u1,up) € R? as in the previous sections, without further complication.

The following proposition is an analogue of Proposition 2.4.16.

Proposition 2.6.9. Let € > 0. Then there exists ¢ such that for all n large enough,

and all z with z; € ZA for each 1 < j < k+1,

m ’Bn,T (Z) - nT (S, ns) ‘ - eXp{_an})7

as n — Q.

Proof. First, note that

|v|

ZHFVJ ) (2 (V)| (26.3)

l/]l

where the sum is over partitions v that do not correspond to any (€,r) € Ajg) e.

Now, for all v € P, and j < |v/|, the real part of z*(v;_1) is uy, so that, by Proposition

2.2.1,

| Fluy 1) (2 (050)| € Flyy ) () |
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As a result, the right hand side of Equation (2.6.3) can be bounded above by

1 v

B, (u) Z H Fly, v (W)

v =1

and, as we saw in the proof of Proposition 2.4.16, this is at most O(exp{—cn¢}). O

Remark 2.6.10. As in the case of Proposition 2.4.16, this Proposition holds also

when |S| grows with n, in particular when |S| ~ n'~7 for some ¢ < v < 1.

2.7 A Rescaling of a Partition Function

As we saw in Corollary 2.2.10, the collection {e*™® [, (u)} forms a probability

distribution, with mean ﬁu); in other words, for any u € U,

ST EF (u) e P p(u) — 1= 0.

k>1
In this section, we will establish versions of Corollary 2.2.10 and Proposition 2.2.12
which hold on Z, including when the arguments of exp{—km(-)} and p(-) differ from

that of Fj- by a small amount.

Definition 2.7.1. For [a,b] C [0,n] and z € Z2, let

Fiate) = Rastre = [ (- (5) e (- (2)) (- (2))

For a point T' € [0,n], and a segment [a,b] C [0, n] such that a < T < b, and a pair

of arguments z,,z, € Z2, let

b
Fator.22) = Fy ) exp{ = [ 0 55(0) i b a0 1 a1 0).
Remark 2.7.2. When z; = 0, we take the left endpoint of the interval to obtain
Fo (2) = Fy_a (21) e OO0 ().

Proposition 2.7.3. There exist positive constants C,c, and T such that, for all
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[a,b] € [0,n] and z, € Z*,

b—a)?
‘F[Z,b] (z1) SCgeXp{—(b_a)T+CO|ZO|2( a) }

2n
0 b—a)? .
‘asz[Z,b] (z1)] < Oy exp{—(b_a)7+cl|z()|2( 2n) } =01

0 2 (b—a)? .
‘MF[Z’H (z1) SCgexp{—(b—a)T+02|zo| e J,k=0,1.
Moreover, there exist constants 7,C,c, and ¢ such that, for all [a,b] C [0,n] with
a < T <b, and whenever z,,2z, € Z° coincide in their second argument - that is,

z1 = (21,20) and 2z = (22, 29) - we have

b— 2
\F[z,bmzl,m)\SCeXp{—<b—a>T+c|ZO|2< o +<c’<b—a>+c">|zl—zQ|<b—T>}.

Proof. These estimates follow from those in Proposition 2.2.12, and in Section B.2.

]

Lemma 2.7.4. Let 0 < e < % Then there exist constants ay,as, as such that for all

integers 0 < T < n,

2

2 .

Z F[Z”*Z,TJrr} (z) —1| < a1—| 02| + ape”*3"
(évr)eAl,nE n

holds uniformly in z € Z°.

Proof of Lemma 2.7.4. We use a series of approximations to establish the conver-

gence of 3y pen, e Flimriin (z) to 1.

Let
Flap(z,7) = Fya (2 (2)) e O (2 (2)) (2.7.1)
We write
" . - 2T —(+r
Yo Frr (@) 1< Y | Frerin (2) = Froeri <Z, 271)’
(e,T)eAlynE (Z,'I‘)GAl’ns
. 2T —l+r A T
+ Z F[T—Z,T+r] (2, 2) - F[T—Z,T+r] (Z, )
(é,’f‘)EAl’nE n n

(2.7.2)
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+

A T
Z F[T—Z,T+r} (z, > -1
n

(Z,T’)GAl ,n€

We will show that each of the parts of Equation (2.7.2) converges to zero.

First,

I

(20 i (= (5)) e (= (222))

o~ (rnm(=(Z+50)) u(z(Z+50))

T+r
. ~ 2I'—Cl+7r\ e e ™
F[TfE,TJrT} (z) = Flr—e ) (Za m )

so that we can use Equation (B.2.1) and Proposition 2.2.12 to write

. A 2 —l+r (+7r)3 |- 2T —(l+r
‘F[TZ,TM] (z) = Fir—o140 <Z, 271) ‘ < Claol? 2 N R
(L+1)? (t+r)7

< Lol sup ()] coe
n z€EZ
As a result,

2
7 % - )T
> ‘FEF—K,T—H] (z) = Fir—erin (2, 0)’ < 01’ 02’ >~ (7))
(Z,T)GAL,,LE n (Zvr)eAl,nE

2
Z
< 02—| 02| .
n

For the second term, the contribution to the sum from pairs (¢,7) with ¢ = r is
clearly zero. We note that our definition of 2 (7—¢,7+r) Only depends on the value of

¢+ r, and not on ¢ and r themselves; by matching up the pairs (¢,r) and (r,¢), we

see that
. 2T — 0 +r . T
Z Fir—o i (Z, 2) — Flr_o1440) (Z; )
(L.r)EN e n n
1 A 2T — 0 +r A 2T —r + ¢ A T
=35 Z F[T—E,T—l—r] (Z, 2) + F[T—Z,T-i—r] (Z, 2) - 2F[T—£,T+r] (27 ) .
() EAT ne n n n

Proposition 2.7.3 allows us to use the upper bound in Equation (B.1.3) to write
~ 2T —(+r . T
Y. Frerin <Z7 2) — Flr—or4n) (Z, >
(Z,T)GAL,,LE n n

N2
< Z ‘20’20(T é) 67(£+r)‘r

n2
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Finally, we note that for each k& € N there are k — 1 pairs (¢,r) with £ +r = k, so
that by Proposition 2.2.9 we have
A T
Z Z Fir_oria (»27 ) =1
keN t+r=k n
and
A T A T
> Frori <Z> > —1==>" > Frtri (Z, ) :
(6, €AY e n k>ne 41—k n
By Proposition 2.7.3, there exist constants Cy, Cy, C'5 such that

< Z Z C«Oe—(f-l-r)T

k>n¢ l+r=k

N T
> Fir—irid <Z, ) -1
n

(fﬂ") EAl,ne

< 046_05n .

Now we have

Z F’[}—K,t—kr} (z) — 1] <

(evr)eAl,nE

as claimed. O

Lemma 2.7.5. Let 0 < e < % Then there exists a constant C' < oo such that, with

the constants aq, as,as as in Lemma 2.7.4, and for all 1 < j < k,

Z F[%-z,nw] (2j-1,2;) — 1
(é,T‘)EALnE

o2
< Cnflv; — vj_1| (1 + al% + age” B
n

|20)?

_ £
+a1—5 + aze asm
n

holds uniformly in z € Zf ;.

Remark 2.7.6. In the case z;_; = z;, this lemma becomes Lemma 2.7.4. We will

use this similarity to simplify the proof.
Corollary 2.7.7. In the context of Lemma 2.7.5, there exists C' < oo such that, if

additionally |v;_1], |v;| < n=zt for some ¢ < 1 — ¢, then

41
Z F[}j—&Tj'f‘T’}(Z]'_l’Zj) —1] < Cntz,
(f,T’)EAl,nE
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Proof of Lemma 2.7.5. We first write

Z F[*ijz,ij (2j-1,2;) — 1

(é’r)eAl,nE
S Z ﬂ}jfzyTj+T] (Zj717 Z]) - F}}j*f,Tjﬁ’T] (Z]) + Z F[?j*f,Tj#»T} (Z.]> - 1
(Z,T)EAl’ns (E,T')EAIJLE

As noted in Remark 2.7.6, an upper bound on the second term is given in Lemma

2.7.4.

For the first term, we write

exp {— " m (= (7)) dep i (= (57))

38

F[*ije,Tﬁr](ijla zj) = F[*ije,Tﬁr] () -

exp {12 m (2101 (2)) o} Ju (5 (57))

We use the upper bound in Corollary B.2.6 to write
Z F[*Tj—é,T]-Jrr}(Zj—la zj) — F[}j—é,Tj+r] ()
(EJ’)EALHS

< N B aryen (2)] (€4 7) + O]z — 2 fel Ol
(@,T)EAl,nE

since £ +r <n°and |z; — zj_1| < n’%“, we have that
Z F[’)}j—f,Tj-i-?”](Zj*l’ Z]) - F[:}j—é,Tj-‘rT’] (Z])
(Z,T)eAl,nE

< Cloy; —vjaln® Y ’F[*Tre,Tﬁr} (Zj)‘
(e,T)EAlyns

2
so that

Y Freman(zi,2) — 1

(Z,T)eAl’nE
15 |ZO‘2 —asn® ’ZO|2 —asn®
< enfluj — vj| 1+ a1—5 + age +a1— + age .

n n




Chapter 3

Convergence of Finite-Dimensional
Distributions of a

Piecewise-Constant Trajectory

We return to the “functional” perspective of our trajectories, through the lens of
the height functions g and G. Recall that our aim is to prove convergence of the
distributions of the fluctuations of the trajectories g(¢) around some limiting profile
Coo(t), under conditions on g(1) and [y g(t)dt. In this chapter, we will use properties
of the partition functions derived in Chapter 2 to establish Central Limit Theorem
results for Y,,(1) and Y, (t) under the tilted distributions Q, and discuss how our
choice of condition determines c(t), as well as the best choice of u. These will help
us to prove Local Central Limit Theorems for Y,,(1) and Y,,(t) under unconditional,
tilted distributions in Chapter 4, as well as a Local Central Limit Theorem for G,,(t)

under our conditional distribution.

3.1 The Distribution

We begin this chapter with a reminder of some important notation, as well as

definitions of some new objects.
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Recall that
Gnls, t] = G(t) — G(s),

and that for t = (¢,...,1;), we defined the finite-dimensional distributions of G,

and Y,, in Equation (2.1.2) by

G(t) = (G[o, ti], Gltr, tal, . ., Glte 1, ta], Gltw, 1]),

Ya(t) = <G[O, 1], Gt ol Glte 1. 4], Glt, 11, /01 g(t)dt).

In Equation (2.6.1), we defined

zr (v) = Y 2 (2) 1{Tj1 < nx < Tj};

§<k+1

for z € Z, |, let

1
fu2) = [ m (2 (@) da
k+1
—Z/ m(z + 20 (1 — z)) dz.
We denote the gradient of f at z by V f(z). Note that for £ = 0, we have
1
fi(z) = /0 m(z1 + 20 (1 —x))dx.
For [a,b] C [0,n], let

S R0 I ) )

We draw attention to the value of ¢, in two specific situations. When [a, b] = [0, n],

we write ¢jo ., (z) = ¢, (z) and note that
1
on (2z) = nfi(z) + 5 log i (21 + 20) 4t (2141) -
Meanwhile, if nt;_; < a < b < nt;, and 2y = 0, then

Plas) (2) = (b—a)m () + log pu (z;) -
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Recall that, as in Equation 2.6.1,

|v|

Bayr(z)= > [l Fuiw(zr (vj-1));

VEP ) =1

let
far (2) = Blay,r (2) exp { = (2)} (3.1.1)
Similarly, let
(b T.(8.0) (2) = Blag 1,(8.6) (2) exp {—gow,} (z)}

be the version of B, ; 1 (2z) in which we consider only the trajectories in which the

increments around locations .S; have width at most 6. When k = 0 we refer to

B[;,b],l,(s,na) (z) or B[*a,b],(s,ns) (2).

For 0 <e <~ <3, let p, =n7, and k, = [n7]. Let

S,,[0,n] = (k;n,%n, o MJ kn) .
For [a,b] C [0,n] with b —a > k,, let
b—a
S,la,b] = <a,a—|—kn,a+2kn,...,a+ { ’ Jkn> (3.1.2)

The vector S,[a, b] divides the interval [a, b] into segments of width approximately

n7; note that the number of such points is approximately (b — a)n™7.

In this chapter and the next, our usual choice of S = S,, will be found by constructing

Sn[ntj_1,nt;] for each j, so that

S, = (80, nt1], Sulnty, nta], . .., Sulnts, n]). (3.1.3)

In Section 2.7, we found several properties of the rescaled partition functions F; (o]
which took different forms in the two cases a <71 < band Tj_; < a < b < Tj. Note

that, in the notation of this chapter, both definitions of F| o,y can be expressed in
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the form

Fioyy (2) = Flo (2) exp {~ppas (2)} 1 <zT (Z)) y <ZT (2)) . (3.1.4)

3.2 Central Limit Theorems

In this section, we prove the following Central Limit Theorem.

Theorem 3.2.1. Let u = (uy,up) € U2, Under the measures Q2, we have for all

kENandt:(t17--'vtk)7

= () =V f(w) 2 2

as n — 0o, where Z has a (k + 2)-dimensional Normal distribution with mean 0 and

covariance matrix Yo given by

0 .
(Zk+2)j7g = 9000, fe(u+ ZV)’V
J

-0’

Moreover, for any sequence u,, € U> such that ||u, —ul| — 0 as n — oo, under the

measures Qpm,

\}ﬁ (Ya(t) = nV fu(u)) 2 Z (3.2.1)

as n — oo, where, as above, Z has a (k + 2)-dimensional Normal distribution with

mean 0 and covariance matriz g o.

Remark 3.2.2. If additionally y/n|u, — u|| — 0 as n — oo, we can replace the

centering terms nV fi(u,) in Equation (3.2.1) with nV fi(u).

In order to prove Theorem 3.2.1, we study the behaviour of the characteristic func-

tions. As outlined in Theorem A.0.1, it is sufficient to prove that, as n — oo,
log B [e™ O] —n (fuu +iv) - fu(u))

: : . 1
converges to zero uniformly in z = u+iv € Z,; such that ||v|| <n~27, for some

¢>0.
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In fact, it is sufficient to prove that we have uniform convergence of

log B} [ 0] — (20 (2) — g (w) )| = 0,

as we can find an upper bound on the difference

1 (21 + 20) pt (2r41)
‘(gon (z) — ¢n (u)) - ”(ft(z) - ft(u))’ D) |log 5(u1 + uo)Z(ukH)

using the fact that log i is analytic: there exists a constant ¢ < oo such that

[(in (2) = 0n () ) = n(fil2) = fulw))| < clor + vo| + clug

: 1 .
and, if ||v| < n~2%¢, this difference converges to zero as n — co.

3.2.1 Central Limit Theorem in 2 Dimensions

We begin with the case k& = 0, and proceed with an auxiliary result, using the

distributions P} g 4 discussed in Remark 2.4.15.

Proposition 3.2.3. Let 0 <e <y < %, 1%’ <6<1—=2y,and0<(<3. LetS,
be as in Equation (3.1.2). Then there exist constants Cy and Csy such that, for all n

large enough and any segment [a,b] C [0,n] with b —a > n7,

E;z,b},l,(s,na) (Z) — 1‘ S Cl|Zo|27’L27_1 + 02711_7_26

holds for all z € Z2 such that ||v|| < n~27¢.

Corollary 3.2.4. Under the same conditions as in Proposition 3.2.3, there exist

finite constants C| and CY such that
’10% Biap1,(s:n%) (2) = $layy (Z)’ < Oflzn® ™t + Cynt 72

holds for all z € Z* such that ||v|| < n=3+e for some ¢ € (0, 3).

Remark 3.2.5. In light of Remark 2.4.11, there exists an integer ng such that, for

all n > ng and all segments [a,b] C [0, n] with b — a > ng, we have

108 B 1.(8.0e) () = @apy (W)] < CJu|n® =" 4 Chn! 7%
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for all u € UA.

Lemma 3.2.6. Let 0 <e <y < é Then there exist finite positive constants C' and
C’, and 0 < 6 < 1 —2v such that for all n large enough, we have for every segment

[a,b] with n® <b—a <n?,

Bl (2) = 1) < On % + C'n¥ |z
holds uniformly in z € Z2 such that |v|| < n=2 for 0 < ¢ < 3

Proof of Proposition 3.2.3. Recalling the polymer decomposition of Bi),1,s) (2)
in Remark 2.4.12, along with Equations (3.1.1) and (3.1.4), we write
IS[+1 S|

Bfa,b],l,(S,nf) (z) = Z H BES,]’ () 1_[1 Fzs,j (),
=

(l>r)€A\S|,n5 Jj=1

so that
[S|+1 S|
Bio p.1.(5.n0) (z) — 1‘ < Z H §s] 1 H FXSJ (z)
(€r)ENg) ne | I=1 j=1
S|
+ > Il Fa, (=)~ (3.2.2)
(lVr)EAlsn\,nE ]:1

First, note that

ISn|

Z H ngn’j (z) — 1| =

(evr)eA\Sn\,ne ]:1

|Sn|

I > FR, , (2) = 1;

Y
j=l (Zj,rj)eAl,na

applying Proposition B.1.7 to the upper bound in Lemma 2.7.4, we have for n large

enough and positive constants C, Cs, ¢y,

<on{s.| (2w o) o

< exp {Cl|20|2n7_1 + 026_2‘31”6} —1. (3.2.3)

Sal

Z H AS',L] _1

(K,F)EA‘S |,n€ ] 1

We once again use Proposition B.1.7, this time with the upper bound in Lemma
3.2.6, to see that for some constants C3, CYy,

[Sn|+1

H Bésng )—1

< exp {(|Su] +1) (Csn ™ + Cin® 2| *) } — 1
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< exp {an1_7_25 + C’4|zo\2n27_1} -1

<2 (3.2.4)

for n large enough.

Finally, we note that

|Sn|+1

3 I1 \F;SM_ (z)\ 1

(evr)€A|Sn|+1,n5 Jj=1

[Sn|+1

I > \ngm(z)\_1

J=1 (Lr)eA e

We have

3 \ngm (z)‘ 1

< ¥ ||, @) F, )+
(Lr)EA; e

(Z,r)GAl,ns

> FRg, (@) —1].

(Z,r) EAI’nE

The upper bounds in Proposition 2.7.3 allow us to use Proposition B.1.3 to write

‘ ‘FXSHJ (Z)' — I}, (1) ‘ < Oy v]|2ec2llitrs)

S C5n71+2<6702(€j+7‘j) ,

so that
5 [P, @] £, ()] < oo
(Z»r)eAl,nE
and
* —1+42¢ |uo|? -
D ‘FASM (Z)‘ — 11 < Cgn + C1—— + Cye
(Evr)EAl,nE n
2
<y ‘7202’ + Che ™,
By Proposition B.1.7, we have
[Snl+1 |Sn|+1
Z H ‘FKSH,]‘ (Z)‘ < Z H ’Fzsn,j (Z)’—l +1

(gvr)€A|Sn\+1,n5 j=1 (f,l‘)EA|Sn‘+1’ns j=1

‘U’O’Z —cinf
<expq([Sal+1)(Ch + Cre

n2

< exp {C’gluo|2n771 + Cgefcmg} : (3.2.5)
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Combining the upper bounds in Equations (3.2.3), (3.2.4), and (3.2.5), we have

ra,b],l,(s,ne) (Z) - 1‘ < exp {C's|zo\2n7‘1 + Cge_clna} 1

S Cg|20|2n7_1 + Cge_clng.

]

Proof of Lemma 3.2.6. As in the proof of Lemma 2.7.4, we use a series of approxim-

ations. Let z € Z28 = Z4,

Let
) (2) = Hap) (2) exp {—s%,b] (Z)} ,
and
Hiay) (2) = Hiap) (2) exp {_%ﬂ (Z (a 22 b) | O) } |
Then
o (2) = 1| < |Bhy (2) = Hiy | + [H iy — Hiagy (2)] + [Hiay (2) = 1]
First,

f (2) = Hiy| = Bl (2) = Hia (2)| [exp { =100 (2)}]
By Remark 2.5.8, we have

Bias) (2) = Hiay) (2)] < Cn~* Hyuyy ()
and by Corollary B.2.4,

lexp {—ppy (2)}| < C <1 + |Zo|2(b ;ga)3> exp {—%bl (u (a;;b> 70> } )

so that

A

< (Cn% + Clz0)? (b- a)3> Hig g (). (3.2.6)

Bfa,b],l (Z) - H[tz,b} n2
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Next,

exp { —pia) (2) ]

[Hioss = Hias (2)] = exp { ol (2 (%) 0) } | )
so that using Corollary B.2.3 we have
Hiy = iy @)] < Ol P |y ()] (327)

Finally, we establish upper bounds on ‘f] [a,0] (z)’ and ‘FI b (2) — 1‘ using Proposition

2.2.9: we have

: b (2) — 1’ < Ce =) < Ce™ < Cn™%, (3.2.8)
and
\ﬁ[a,m (Z)\ <14 Ce™ <2, (3.2.9)

as long as n is large enough. Combining Equations (3.2.6) - (3.2.9), we have

2 (b—a)’

n2

Bl (2) = 1| < Cn2 4 O

< On™2 4+ C'n¥ 72 52

Proposition 3.2.3 implies the convergence of

jﬁ (Ya(1) — ¥ fi(w))

under the measures }P’zf(sm pn)” It will also be helpful in the proof of our Central Limit

Theorem under the unrestricted measures QU.

Proof of Theorem 3.2.1, in the case k=0. As we noted earlier in this section, it is

sufficient to prove that

‘logEE {ei"'y"(l)} — (gpn( ) — ¢n (u )’ — 0
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as n — oo, uniformly in z = u +iv € Z2 such that ||v|| < n=27¢. We have

log £ |:€iv-Yn(1):| _ (sOn (z) — ¢n (u))‘

‘10 Bt (@) - )
Balutiv) |, B (04 )
B, (u) B (sne) ()

B, (s.ne) (0 +iV)

B0 (1) - (% (z) — ¢n (u))‘ ,

< ’bg

+ |log

We know that the second term converges to zero, as a consequence of Corollary 3.2.4.

To see that the first also converges to zero, we note that by Proposition 2.4.16, we

have
’ (W +iv) B B, (sne) (U +iv)
B, (u) By (s.ne) (1)
< B, (u+iv) — B, (s (1 + V) |Bn,(s,n5) (u+1v) ‘Bn (u) = By (s0,00) (W)
- B, (u) B, (s .ne) (0) B, (u)

As a result, there exists a radius r < 1 such that, for n large enough,

B, (u + iV) Bn,(S,ns) (u -+ iV)

, , and e vjvE (B2)
Bn (u) Bn,(s,ni) (u) Xp { Z J k 2 }

1<] k<2

all lie within B(1,r) in the complex plane, so that they lie on the same branch of

the complex logarithm and in particular

B, (u+iv) ~log By, (sney (0 +1iv)

log
Bn (u) Bn,(S,nE) (u)

converges to zero as n — oo.

As a result, by Theorem A.0.1, we have that

1

vn

as n — oo, under the measures Q1, and

(Ya(1) =V fi(w) B 2

(Y, (1) = nVfi(u,)) D Z

3l
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as n — oo, under the measures Q. ]

3.2.2 Central Limit Theorem in k£ + 2 Dimensions

In this section, we extend the results of the previous section for k£ > 0. The proofs
will largely follow a similar structure, with the principal difference being more
complicated notation. As before, we begin with an auxiliary result concerning the
distributions P} g ). Throughout this section, we will use the definition of S,, given

in Equation (3.1.3).

Proposition 3.2.7. Let 0 < ¢ < v < 3, Y« <1-2y, and 0 < ¢ < 3.

2
Let k € N, and let t = (t1,ts,...,tx) be a vector of times. Then there exist finite
constants C1 and Cy such that for all n large enough and any segment [a,b] C [0, n]

with b —a >n7,

[*a,b],nt,(S,ns) (Z) — 1‘ < 01|Z()|2n27_1 + CQTLI_V_% + C3n5+4_%
holds for all z € Z2,, such that ||v| < n~2+¢.

Corollary 3.2.8. Under the same conditions as in Proposition 3.2.7, there exist

finite constants C, CY, and C4 such that
- . 1
‘log Bia ) nt,(s.05) (2) = Play (Z)’ < Cflao*n® ™ + Cyn! 7 4 Oyt e

holds for all z € Z£,, such that ||v]| < n==t, for some ¢ € (0, ).

Proof of Proposition 3.2.7. The polymer decomposition in Corollary 2.6.7 allows us
to write
k+1

k
Binaesar @) = 20 1B, 1 (syme) (Z)HlFint,j (2).
J:

(Lr)EAy e J=1

Note that, in the notation of Section 2.7,

FXT,]- (z) = F[*:'ijzj,TjJrrﬂ (zj-1,2;) -
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Now,
k+1 k
Bl @) — 1| < 3 [15:, 1 (s0) @ — 1| TL 4, (2)
(Er)eNy ne |7=1 j=1
k
Y IF., @1 (3:2.10)
(Z,I‘)EAk’"E j=1
Applying Proposition B.1.7 to the upper bound in Corollary 2.7.7, we have
k k
Z H ant,j <Z) - 1 = H Z ant,j (Z) - ]‘
(f,l‘)EAkms j=1 j=1 (f,l‘)EAlyns
k
<(1+cCnrr) -1
< C'nftea, (3.2.11)

Using the upper bound in Proposition 2.7.3, we have

(0 +15)

’anm_ (z)‘ < Cexp {—(Ej +7)T + c|20|? >

+ (G +r)|vj-1 = Uj|7"j} :

The restrictions ¢; +r; < n and |v;_; — v;| < n~27¢ allow us to find a constant C’

such that, if n is large enough,

F4,, (2)] < Ce”(Fm),

nt,j

so that

> 11|k, @] =11 3., (@)

(Lr)EA ne J=1 J=1(Lr)EA e

k
<J] Cle~GtmT < o (3.2.12)
for some constant C”.

Finally, for every (£,r) € Ag,-, we can use Proposition B.1.7 with the upper bound
in Proposition 3.2.3 to see that
k41

2 9y—1 1—y—28)FH1
HlBEM,j,L(sj,ns) () = 1| < (1+ Culzo[>n® ™" 4 Con!72)7 — 1
‘7:

< Oz + Chnt 2, (3.2.13)
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Combining the upper bounds in Equations (3.2.11), (3.2.12), and (3.2.12), we have

E(a,b},nt,(s,ng) (Z) — 1’ < Ci’|20|2n27_1 + anl_’y_% + Cé/ns“'é"_%.

Proof of Theorem 3.2.1. As in the k = 0 case, it is sufficient to prove that, for

u+iv € Z%, such that [|v]| < n-3te,

‘log E" {eiv'Y"(t)] — (gpn (z) — ¢n (0) )’ -0

as n — oo, uniformly in z = u +iv € Z2 such that ||v]| < n=2¢. Now

‘log E" [eiv'Y"(t)} — (SOn (z) — ¢ (u) )‘

S log B[O,n},nt (u + ZV) _ log B[O,n],nt,(s,ns) (u + ZV)
B[O,n],nt (LI) B[O,n],nt,(s,ns) (lI)
Bjon)nt,(s,ne) (U +7V) :

+ [log ———"= — (pn (u+iv) —pn (u) )]
Bio,nj,nt(s.0e) (W) ( )

The second term converges to zero as a result of Corollary 3.2.8, while we can use
Proposition 2.6.9 to write

B[O,n],nt (u + iV) B log B[O,n] 1t (S,ne) (u -+ iv)

log
B[O,n},nt (ll) B[O,n],nt,(s,nf) (U)

= O(exp{—cn°}).

As in the previous section, there exists a radius » < 1 such that, for large enough n,

1
, and exp{—2 > Ujvk(2k+2)j,k}

1<j,6<k+2

Bio,nnt (0 +iv) Bio,njnt,(8,ne) (U +iV)
B[O,n],nt (u) 7 ? B[OVnLnt’(S’nE) (u)

all lie in B(1,7) in the complex plane. As a result, the difference

Jog B[] — (i (0 +-v) e ()

converges to zero uniformly in v such that ||v]] < n=27¢, and by Theorem A.0.1, we

have that

(Y, (t) —nVfi(n) 2 Z

-
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as n — 00, under the measures Q), and

(Yo (t) = nVfi(u,)) 2 Z

Si-

as n — oo, under Q. O

3.3 Tilts

We are now in a position to discuss the optimal choice of tilt u for each n. While our
Central Limit Theorem 3.2.1 holds for all u € U*, we will obtain sharper asymptotics
in the Local Limit Theorem by carefully choosing the tilt applied with reference to

a, and (,.

As noted in Theorem A.0.1, under a fixed constant tilt u, we have

lim TEE[Y 2(1)] = Vfi(u),

where

fi(z) = /01 m(z + (1 — x)z)dx.

In other words,

0
lim SEUG()) = 5 filu+ )|,
— [+ (1= o)
=m(uy) — m(uy + up)
and
1 0
b 2500 - Lo
1
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These two equations define a set of possible limiting values for E2[Y,,(1)]. Let

1

A= { (e + o) = mw), [ (1= )+ (1 = D) : (n,0) €U}

then for every (o, 3) € A, there exists u € U* such that

lim LE2[Y,(1)] = (. §).

n—oo n,

We are interested in the behaviour of the trajectory under the large-deviations

condition
Y,(1) = (an, Bn),

for pairs (o, 8) € A; however, as Y,,(1) takes values in Z X %Z, we can only mean-
ingfully discuss the behaviour of the trajectories under large deviations conditions

of the form

Yn(l) = (anaﬁn)7
where o, € Z, 3, € %Z, and (o, Bn) — (a, 5).

There is some flexibility in the choice of sequence («,, 5,), but we require that

1
— lan —ay,| = 0

vn

1
ﬁ |pn — pn| — 0, (3.3.1)
while
o, €7
2np, € 7 (3.3.2)
1
g(anu 5n) € A

For n € N, we let u,, be the tilt such that

Ep [Ya(1)] = (o, Ba),
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and let u be the tilt such that
li 11@:“ Y, (1)] = 3.3.3
Then under the conditions (3.3.1),
|u, —ul| — 0,

as n — oo by the implicit function theorem.

We can also view our choice of u and u,, in terms of the convex conjugate of the

log-moment generating functions.

For u € U%, let

(3.3.4)

and let

Then our requirement

is equivalent to
VLy, (un) = (o, Bn),
and using the properties of the convex conjugate as seen in [29], we see that
L5 (ay) = a, - u, — Ly, (u,) (3.3.5)
when a,, = (v, Bn)-

Now, for any sequence (ay,, 3,) satisfying conditions (3.3.1) and (3.3.2), the corres-

ponding sequence of tilts u,, is suitable for use in our Central Limit Theorem 3.2.1,
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for any value of k.

We can also use the Central Limit Theorem result in this chapter to find an explicit

form for our limiting profile, ¢ (t). For ¢t € [0, 1], consider

Ya(t) = (G(t),G(l) -G, | 1 g(s)ds) |

From Theorem 3.2.1, we know that

;ﬁ (Ya(t) = nV fi(w,) (3.3.6)

converges in distribution to a Normally-distributed random variable. We write

0

cn(t) = a—UIft(un) (3.3.7)

and

Coo(t) = aT“ft( u).

To get an explicit formula for ¢, we only need to find the partial derivative of f;

with respect to vy, evaluated at v = 0. We have

9
31}1

_/ m' (w1 + uo(1 — x))d

Coo(t) = /t m(z1 + z0(1 — 2))dz + /t1 m(zs + z0(1 — 2))dx

v=0

=m(uy + ug(l —t)) — m(ug + up).

We note that c.,, given in this form, corresponds with the Wulff construction as
set out in [9]. We also have the following Law of Large Numbers, a consequence of

Theorem 3.2.1.

Theorem 3.3.1. The trajectories g obey a weak law of large numbers, in the sense

that for every t and e,

u (‘:Lg(t) - coo(t)‘ > 5) 0

as n — Q.
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If o, and f,, have been chosen such that /n|lu, — u|| — 0, then we can use ¢y
in place of ¢, as the centering term in Equation (3.3.6). It may not in general be
possible to choose such «,, and ,; in the rest of this thesis, we use ¢, as the centering

term.



Chapter 4

Local Central Limit Theorems

In the previous chapters, our analysis of the trajectories has been in terms of the
unconditioned distributions P, and Q. In order to move from these results to a
discussion of the trajectories under P2#» we need to take one more step. By finding
Local Central Limit Theorems for Y;,(1) and Y,,(t) under the unconditional distribu-
tions, we can at last establish convergence results for G, (t) under the conditional

distributions P%#». Recalling Equations (2.1.5) and (2.1.6), we have

B, (Ga(t) = X[Ya(1) = (. o)) = 2= ({Gn&n TYj(}l? Eiéi?ﬁj)()an, Bu)})

(4.0.1)

In order to understand the asymptotics of the probability on the left, we will first

study each of the numerator and denominator in the fraction on the right.

4.1 Local Central Limit Theorem in 2

Dimensions

In this section, we begin with the Local Central Limit Theorem for Y,,(1). The proof
of this result contains most of the analysis necessary for the corresponding theorem

for Y,,(t) in the next section.
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Definition 4.1.1. Let
A, = [—W n,w\/ﬁ} X [—77 ng,ﬂ\/ﬁﬂ.

For v € A,,, we write v = (v, vp). Let

V(1) = <= (o) = no | g(t)it —ns).

and let

x = { (@1 20) : P(Va(1) = (21, 20)) > 0}

1
C {(a:l,xo) :vV/nwy +na € Z,\/nxg +np € ZZ}.
n
Note that, for any u € U=,
QE(?TL(l) = (33'1,150)) >0 <— ]P)n(ffn(l) = (.1'1,1’0)) > 0.

Theorem 4.1.2. Let u and u,, be a sequence of tilts satisfying /n||u, —u| — 0 as
n — oo. Let ¢po(x,y) be the density of the two-dimensional Normal distribution with

mean 0, and covariance matriz o = 3g(u) as in Theorem 3.2.1. Then

sup [n°Q" (Va(1) = x) = da(x)| = 0,

XEX

as n — o0.

In order to compare the behaviour of Qu» (f/n(l) = x) and ¢(x), we rewrite them
using the Inversion Formula. See, for example, Section 36 of [27] for the derivation,

or Proposition 2.2.2 of [42] for the lattice case.

Proposition 4.1.3. For any u € U*, and any x € x, we have

Q. (ffn(l) = X) = 1/A D {exp {iv- (Yo(1) — X)H dv.

 4m2n?
If N has a 2-dimensional Normal distribution with mean 0 and covariance matriz

Y., then its density ¢ satisfies

Pa(x) = <217r>2 /R2 exp {—iv -X — ;VTZV} dv.
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Lemma 4.1.4. Let k € N be such that Fy, (0) > 0. Ford € N, let
Pas = {v € P, : v has two consecutive cutpoints at sd and sd + k},

and
Pd,s 1 S S S Ngq
Pl = ,

Pit1s ng+1<s<2ny4

where ng = [%j — 2. Let

A =1{veP,:{~v}.
Then there exist p € (0,1), and integers dy and ng such that, if d > dy and n > ng,
for any finite sequences 1 < s; < - < s; <t < 2ng and {eq,...,e;} € {0,1} we

have
QA =1 A =er, A =e5) > p,

for allu € UA.

Proof of Theorem 4.1.2. Let € > 0. By the Inversion Formula, we have

(2m)” (n*Qi" (Ya(1) = x) — 62(x))

_ S 1
= / exp {—iv-x}EM™ [ew'Y”(l)} dv — / exp {—iv FX — VTZV} dv.
A, R2 2
Forn e Nand A > 0, let

Rl = [_AaA]Q
Ry =R*\ R,

Rs3(n) = A, \ Ry,
and let

_ . 1
L = / exp {—iv-x} (E;L‘” [eW'Y"(l)} — exp {—VTZV}) dv
Ry 2
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1
I, = / exp{—iv-x— VTZV} dv
Ry 2

Iy = /Rg(n) exp {—iv - x} E {ei"'?”(l)} dv
Then
(2m)? (n?Q (Ya(1) = %) = ¢2(x)) = [ + I + I;

we will show that we can choose A such that for all n large enough, we have |I;| < £

for each of j = 1,2, 3.

First,
U, iv-f/n(l) 1 T
E. {e } — exp —§V Yvp|dv.

nl< |/
Ry

By Theorem 3.2.1, for any A > 0 we can find ny such that for n > ny, the difference

of the characteristic functions is sufficiently small that

€
|Il| < g

Next, there exists A > 0 such that we have

1
|| = ’/ exp{—z’v -X — VTEV} dV’
R 2

1
S/ eXp{—vTEv}dv
R 2

2
< [ exo{~cv|*} v

R
<
5

IN

For the remainder, we use a stochastic dominance argument.

Recalling Lemma 4.1.4, take k£ € N such that F; (0) > 0, and d € N such that

d > 2dy + 2k. We also suppose that n > ng as established in Lemma 4.1.4.

Since Fj (z) is analytic, and 27-periodic in the imaginary direction, there exists a

constant ¢ > 0 such that

| Fi (u+iv)| < exp {a(cos(v) - 1)} F (u) (4.1.1)
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holds for all v € U, and |v| < 7.

As in Lemma 4.1.4, we write
Pas = {v € P, : v has two consecutive cutpoints at sd and sd + k},

and

Pds 1§S§nd

)

P = ,
Payis na+1<s<2ng

where ng = Lﬁj — 2. Let
A =1{weP.:{~v},
and for z = (21, 29) € Z2, let

z1+Zn—°(n—sd—§> 1<s<ny
zl+%°<n—s(d+1)—§> ng+1<s<2ny
and denote the real and imaginary parts of 2} by w; and v}, respectively. Recall that

for a partition v € P,, and a sub-trajectory &£ € H,,, we write £ ~ v if the cutpoints

of £ correspond with the cutpoints of v.

Then, combining Equation (4.1.1) with Proposition 2.2.1, for any v € P, and

1 <j < |v| we have

2ng
‘F[,,jfl,l,j] (z)’ < Fy, ;) (0)exp {Z 1{vj_.1 =sd,v; =sd+ k}a (cos( ¥) - 1)}

so that for any u + iv € Z2,

|v|

Z HFV] 17”]]

vEP, =1

|v] 2ng
<> 11 Fuyi,) (w) exp {Z 1{reP}a (Cos( ¥ — 1)}

vePy, j=1 s=1

1B, (u+iv)|
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As a result, we have

—ur v B, (u+iv
[Ezfe )] = ‘ l;n x )
1 v 2ngq
< > T Fuyoayt (@ exp{ 31 {v € Pl}a(cos(v}) — 1)
B, (u) veP, j=1 s=1

:E;;

exp {znf A;a(cos(vz) — 1) }] :

s=1
Now, Lemma 4.1.4 allows us to use Lemma 1.1 of [43] to show that the law of the
variables A’ stochastically dominates the law of a sequence of independent Bernoulli

random events X, with the same index set 1 < s < 2ny and some parameter p > 0,

so that
B, (u+iv) 2nq
———~ | <E X, =1 ,
Biw) | =X exp {Szzl a(cos(vs) )}]

where Ex is the expectation based on the joint law of the X;s.

Let
Z,() = 5 > X1 = eox()).
and
Z(v) = ;Sgﬂxs(l — cos(v7));
then
|Bl§u(+u>v> < Ex[exp{~20Z, ()} Ex [ exp{~20Z,(v)}].

We will show that, for all v € R3(n), this product of expectations is suitably bounded
so that

B, (u + zﬁv)
B, (u)

dv <

/Rg (n)

holds for all n large enough.

<
3
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We note that Z,,(v) fulfils the conditions of Corollary 2.4.14 in [13], with
1 1
Gny(T1, . ) = = xs<cos —; —1),
d d 2 ; <\/ﬁ )

so that for y > 0 we have

Pr(Z,(v) < BxlZu(] - 1) < exp{ 2L},
As a result, we can write
y?
Ex[exp{—2aZ,(v)}] < exp{ —2a(Ex[Z,(v)] — y)} + exp {—QW} . (4.1.2)

It is therefore sufficient to establish the asymptotic behaviour of Ex {Zn ( 1 v)] and

Ex [Z{l (ﬁv)}, for v.€ R3(n).

S

First, we will show that there exist § > 0 and a constant ¢; € (0, 1) such that, for

all v € Rs(n) with |vg| > d/n,

oo ) )

Then, using y = 5¢1n4 in Equation (4.1.2), we have

) > ¢ing. (4.1.3)

B, (u + zﬁv)
B, (u)

2
< exp{—acing} + exp {—Czlnd}
< exp {—cina}

for some constant ¢ > 0, so that

B, (u + zﬁv)
B, (u)

J av < [Rafrn)| e~
veERs(n):lvg|>6v/n

<

M

holds for all n large enough.

Next, we will show that if v € R3(n) and |vg| < d1/n, we have

wa (Bx |2, (J=v) | Bx |20 (o)

| EC R
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for some constant c; > 0; as a result, there exists a constant ¢, > 0 such that
Equation (4.1.2) becomes

B, (u + zﬁv)
B, (u)

col||v|*
< ox {-aavlP} + o { -2

Qnd

< exp {—c}[Iv]]*}
for all v € R3(n) with |vg| < d4/n.

As a result

B, (u + zﬁv)

dv < —lIvI% g
B, (u) v [ e v

R>

/V€R3(n):|v0|<5\/ﬁ

<

[«> N0

holds for all n large enough.

We only have to verify the lower bounds in Equations (4.1.3) and (4.1.4). We first
note that, for all v € R3(n), we have
1 D 1,
EX [Zn <ﬁv>‘| = 5; <1 — COS (\/ﬁ?}s)>,
and we can use the identities in [40] to write

nd

1, sin(5dngx) ng—1
;COS (\/ﬁvs) = sin(Ldz) cos (a+d 5 x)
. ld
< 8”,1(21”‘””) (4.1.5)
sin(5dx)
where a = % (vl +vo(1 — %)), and x = —ﬁ. Similarly,
(1 P 1
Ex lZn (V)] == (1 — cos | —=v} >,
)7 2 e )
and we have
2ng 1
1 sin(3(d + 1)ngz) , ng — 1
)| = +(d+1
S%H cos (\/ﬁUS) sin(1(d + Do) cos (a ( ) 5 x)
n(L
[pus "
~ | sin(5(d+1)x)
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2(d+1)+k)>‘

where @' = ﬁ (v1 + (1 — =5
As we see in Proposition B.2.7, the upper bound in Equation (4.1.5) is =F-periodic

in 2. Moreover, whenever z is not within 2 i T of any integer multiple of , we have

sin(3dngx) 1
A | S 5N
sin(zdz) 3
Similarly, the upper bound in Equation (4.1.6) is = +1—per10d1(: in z, and is bounded
above by the same constant %nd whenever z is not within (dfﬁ of any multiple

f27r

2t Since d and d + 1 are coprime, and the width of these neighbourhoods is

proportional to n;l, for all n large enough they do not overlap except at integer

multiples of 2.

Since z = \}’%3 , the only such integer multiple
available is at zero. As a result, there exists a constant ¢ which only depends on d
such that |vo| > dy/n implies |z| > 2 and hence
ld 1, 2nd 1, 1
n (SZ:ICOS (\/ﬁvs> , S%:Hcos (\/ﬁvs) ) < gnd,
and
Ex lzn (\}ﬁv> >§ y

Finally, if |vg| < d4/n, we can use the quadratic part of the upper bound in Proposi-

tion B.2.7 to write

sin(3dngx)
sin(3dx)

while

—1 2 —1 \?
cos <a+dnd2 > <1—(a+dnd2 )

T2

holds for all @ and x under consideration; as a result,

g:lcos (\;ﬁv;) < ny (1 - (aj;l:d)Q) (1 - WQ ( +d"d2_ L )2> .
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Evaluating this upper bound when a = -1 (vl + vo(1 — 2d—““)) and r = — 25 allows

n 2n NG

us to find a constant ¢ such that

so that

holds for v € R3(n) with |ug| < dv/n.

Proof of Lemma 4.1.4. Recall

Plas) (2) = /abm <znt <Z’;>) dx + ; log 1 <znt (Z)) " (Znt (Z)) :

by Remarks 2.4.11 and 3.2.5, for any 6 > 0 there exist dy and ng such that, for any

n > ng and any integer segment [a, b] C [0,n] with b — a > dj, we have

(1~ 6) exp{ipfan) (W)} < By (w) < (1+8) exp{ppas ()}, (4.1.7)

We fix § > 0, and choose d > 2(dy + k).

We also note that, for any 0 < a < b < ¢ < n, we have

exp {<P[a,b} (W) + Pprag (W) = Plag (u)} Flpp+r) (1)

DR e ) ot

so that we can find a positive constant p such that

exp { Pl (W) + Pprad (W)}
eXp {@[a,C] (u)}

F[b,b+k] (u) Z P (418)

holds uniformly in u € #*, and in a, b, and c.

We first consider the case e; = 1. If j = 1, then

u (g / QrA,=1nA. =1
Q1 (4= 14, =1) = BT
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_ Bio,sa) (W) Fisa,sarr) (@) Bisaria) (@) Firaparr) (W) Birasim (1)
B B[O,sd] (11) F[sd,sd+k] (11) B[sd+k,n] (u)
. B[sd+k,td] (u) F[td,td+k] (u) B[td+k,n} (u)
B B[sd+k,n] (u) ‘

Note that, since t < ng = [%] — 2, we have n — (td + k) > d > dy, so that we can

(4.1.9)

use the asymptotics in Equations (4.1.7) and (4.1.8) to write

(1= 6)2exp {@[sd—i—kid] (u) + Ptathn (U)}

n (A =1A =1) >
Qn ( ’ ) 2 (14 6)exp {so[sd+k,n} (‘1)}

Flaarr (1)

Now, if 7 > 1, we can write QY (.Af5 =1 ’ A, =e,..., A, =1) in the form

Qi (A =1 A, =ep,.. AL =1) = Bosa ) (WBysasiaa (W) Faaarng () Biarin (1)
B[O sd+k] (u)B[scH—k,n] (U)

Y

where B[Ovsd%](u) is the contribution to B sat) (1) from partitions v € P, corres-

ponding to the conditions A, =e;,...,A.

51 = €15 that is,

||

B[O,sdJrk}(u) = Z H Fu, ,, Ve]

veP(e1,....ej) {=

with

Pler, ... e;) = {v € Posyarn 1 v € P

L

1ffeg:1}.

We see that

Qi (A =1 A, =er A =1) = Q2 (A =1 ] A, =1)

_ B[sd-{—kz,td]( )F[td td+k] (11) B[td+kn ( )
B[sd—&—k,n} (LI)

(1-9)?
149 P

Now when e; = 0, we again begin with the case j = 1, and note that

Q (A =0)=1-Q) (A =1)

Bio,sq) (W) Fisa,sa+k] (1) Bsain) (1)

— ]_ —_
Bio,n (u)
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2
>1_(1+5) _

> s (4.1.10)

Now, let

d
A’sd+k:{(f,r):lﬁﬁﬁsd—l—k;,lﬁrﬁ20r€:7’:0}.

Recalling Definition 2.4.1, we write Ag = (¢,r) if the nearest cutpoints of the

trajectory to the left and right of S are at S — ¢ and S + r respectively. We have

Qs (4 = 1]4; = 0)

> > Q) (AQ =1, Asarx = (4, r)‘.A’S = 0)

(Z,r)EAéCHk

> 3 O (A= 1A = (47), AL = 0) Qi (Duaar = (£,7) AL =0).

(Z,T)GA’sd+k

For each pair (¢,7) € A, we have td — sd — k —r > dp, so that if £,7 > 0 we have

QY (A = 1A = (£,7), A, =0)
i B[O,sd+k—£] (u) F[sd+k—e,sd+k+r} (u) B[sd—i—k—i—r,td] (11) F[td,td-&-k] (11) B[td+k,n] (U-)
B Bio,sa+i—e (0) Fisask—,sdtktr] (@) Blsarirrn) (1)
o B[sd+k+r,td] (11) Fi [td,td+k] (ll) B[thrk:,n} (11)
B Bisatktrn (1)

(1—0)

>
— 1494 P

while if £ =r =0,

Qz (A; = 1’Asd+k = (ga T),A; = O)
_ B[o,sd+k] (11) B[sd+k,td] (U) F[td,td+k] (11) B[td+k,n] (11)
Bio,sd+] (u) Bisaik,n) (u)

and the same upper bound holds.

Meanwhile,

' QY (Aggrr = (¢,1r), AL, =0)
> @ (Aan = =0) =1 3 S
(¢,r)eA! ( " ’ ) ()N, Qn (A, =0)

sd+k
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Qp (Asayr = (4,1))
Z - u !/
(Zvr)QA,scH»k Qn (As - 0)

Qr (wsd—i—k > d)
e Y =)

>1-—

Using Corollary 2.4.6 and the lower bound in Equation (4.1.10), there exist constants

C and c¢ such that

u r r (1 B 5)2 Ce_c% .
Qn (At_l‘AS_O) Z _'_5 p 1_ 1_ (1+65)2p )
1—

we can choose d large enough that, for example,

Qs (4 =1]A, =0) >

Finally, for 7 > 1 and e; = 0, we use a similar approach as in the e; = 1 case, to

write

Qr (A; =1 ‘Asjdwc = (l,r), A, =e1,... "A/sj- - O)

_ B[O,sjd+k—q(U)F[sjd+k—e,sjd+k+r] () Bis,drksrta) (0) Faearr) (@) Biasr,n (1)
B

)

[0,5;d+k—£) (U)F[sjd+k—e,sjd+k+r] (u) B[sjd+k+r,n] (11)

where as before [;)[075].(14_;@_3](11) represents the contribution to Bjgs;a4x—q (u) from

partitions corresponding to the conditions A} = e, ... ,A;j_l =€
Now, for j > 1, if the last j, values among ey, ..., e; are all zero - in other words,
€i—jo = 1, Cj—jo+1 =+ = €5 = O, then

QA =1] A =er,... A, =0)

J

> 3 QA =1A =) | A =e,. . A =0)

(Lr)eA]

= Z QZ‘(A;:l’AS:(E,F)7¢4;1:ely---aA;j:O>

(L,r)eN's

x Qi (As= (LA, = e, AL =0),

where

S8
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As in the j = 1 case, we can use the asymptotics in Equation (4.1.7) to write

(1-¢)

Qi (A =1]A = (Lr), A, =ep,.. A =0)>
whenever (£,r) € AL, while
d
Z Qn (As = (¥, r)‘Agl =eq,... ,«4/5]. = O) >Qn <Igastji < 2)
(Lr)elN’s =70

>(1- C’e_CjOW),

by Corollary 2.4.18.

4.2 Local Central Limit Theorem in k& + 2

Dimensions

In this section, we move on to the Local Central Limit Theorem for Y, (t). We

suppose that k € N, and t = (¢, ..., ), are fixed throughout the section.

Definition 4.2.1. Let

}kJrl

AF = {—7? n,m/n X {—71’ ng,ﬂ\/ﬁ3] .

For ¢t € [0,1], let

and for s <t € [0,1] let

Let
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Vi (t) = <é[0,t1], Glt bl Clter tal, Gt 11, \/15 (/Olg(t)dt _ nb) )

and let
Xk = {X cRFFZLP (Y, (t) =x) > 0}
1
- {($1, c. ,$k+1,$0) : \/ﬁﬂ?j + ncn[tj_l,tj] €eZ,1<j<k+1, \/ﬁl'o +nb e QTLZ} .
Theorem 4.2.2. Let u and u,, be a sequence of tilts such that v/n|ju, —u|| = 0 as

n — 00. Let ¢pi2(x) be the density of the (k + 2)-dimensional Normal distribution

with mean 0, and covariance matric Xy, o = Ygio(u) as in Theorem 3.2.1. Then

sup [n22Q (V,,(t) = x) — ¢raa(x)| = 0,

XEXK

as n — Q.

We once again use the Inversion Formula.

Proposition 4.2.3. For any u € U*, and any x € X, we have

k+2
Qy (?n(t) = X) = <27T1\/ﬁ> 711//\;3 Dl {exp {iv- (Yo (t) — X)H dv.

If N has a (k + 2)-dimensional Normal distribution with mean 0 and covariance

matriz X, then its density ¢rio(X) satisfies

1 k+2 1
Ori2(x) = (27r> /Rk+2 exp {—iv SX — 2VTEV} dv.

Proof of Theorem 4.2.2. As in the 2-dimensional case, we note that

(2m)"42 (n32Qp (Ya(t) = x) = drya(x))

_ s 1
_ i un | iv-Yn(t) . i~ T
= /Aﬁ exp{—iv-x}E" {e } dv /}Rk+2 exp{ Wex—gv Ev} dv.
Let

Ry = [-A, A

R2 — Rk+2 \ Rl
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R3(n) = A, \ Ry,
and let

_ - 1
L = / exp{—iv-x} (E,‘:" [e""y"(t)} — exp {—VTEV}> dv
Ry 2
1
I, = / exp {—iv -X — VTZV} dv
R 2

I = / exp {—iv - x} E™ eV ®] gy,
’ R3(n) P { } [ }
As before, we have
(2m)"*2 (nF QR (Va(t) = x) = Gpsa(x)) = 1 — I + I;

we will show that we can choose A such that, for all n large enough, we have |I;| < §

for each of j = 1,2, 3.

The upper bounds for I; and I, follow the same arguments as in the 2-dimensional

case, while for I3 we have
i [e50)] < [, o]

The exponential decay of ‘I_Eg" [e""y’l(l)” established in the previous section for

v € R3(n) means that there exist a finite box size A and a constant C' > 0 such that

/veRg(n) ’I_E’l:n {exp {iv ' Y/"(t)H ‘ dv < /VeRg(n) ‘E:ﬁ [exp {iV ‘ Y/ntl(DH ‘ dv

< e~y
R3(n)

< |Ra(mle=" < <

holds for all n large enough. O]
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4.3 Local Central Limit Theorem Under the

Conditional Distribution

We are now able to establish a Local Central Limit Theorem for the finite-dimensional

distributions G(t), under the conditional distribution P,

We begin with two intermediate results, which are specific cases of Theorems 4.1.2

and 4.2.2.

Corollary 4.3.1. As n — oo, we have

[P*Q (Ya(1) = (cn, Ba) — 62(0,0)] = 0,

where ¢o(x,y) is the density of the two-dimensional Normal distribution with mean

0, and covariance matriz o = Yo(u) as in Theorem 3.2.1.

Proof. We have

Qi (1) = () =@ (T = (2222 201 ),

so that Theorem 4.1.2 implies that

QI (Ya(1) = (s Bu)) — b2 (O‘" —na - ”5)‘ S0

vnooYn
as n — 00. Meanwhile, our choice of (a,, (3,) as in Equations (3.3.1), means that,

as n — oo,

¢ (C(n—TLOé ﬁn_nﬁ
2

NN >—¢2(0,0)|—>0.

Recalling Equation (2.1.2), for a vector of times t we have

G (t) = (G[O,tl],é[tl,tg], . .,G[tk_l,tk]>.
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Let

Xk,o,8 = {x € R* . pors (én(t) = x) > 0}

Q {(ZL’l, ce ,l‘k) . \/ﬁl‘j +ncn[tj_1,tj] S Z,l S] S ]{?} .
For x € Xp,q,8, We write

k
(x,a,b) = (ml,...,xk,a—ij,b> )
j=1

Then, we have

{Gut) = x 3,0 = a8} = (Tl = (x, 2700 )

Corollary 4.3.2. As n — oo, we have

rﬁ“@;‘" <§~/n(t) _ <X7 Oy — noz7 Bn — nﬂ)) _ ¢k+2(xjo,0)‘ — 0,

sup
xeXk?xan,Bn \/ﬁ \/ﬁ
where ¢ri2(x1, ..., Trr1,To) is the density of the (k + 2)-dimensional Normal distri-

bution with mean 0, and covariance matriz Yy o = Xyyo(u) as in Theorem 3.2.1.

Proof. As in Corollary 4.3.2, we can use a Local Central Limit Theorem from earlier

in the chapter. We have that

i (0= (s 20 ) o (0 B o

as n — 00, by Theorem 4.2.2, while

sup
XEXk,an,Bn

a, —na B, —np
— 0,0)] =0
XEXSklylaIz“gn (karQ <X7 \/ﬁ ) \/ﬁ ) ¢]€+2 (X7 ) )‘
as n — oo through our choice of «,, and f3,. O

With Corollaries 4.3.1 and 4.3.2 in place, we have our first result about the behaviour

of the conditional trajectories.

Theorem 4.3.3. The finite-dimensional distributions ofé(t), under Penfn  converge

in distribution to the finite-dimensional distributions of a Generalised Gaussian bridge

on [0,1], M(t).
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Proof. Combining Corollaries 4.3.1 and 4.3.2, and recalling Equation 4.0.1, we have

ko ~ k2 (x,0,0
xexskl}gﬁn n2Panfn (Gn(t) = X) _¢ ;22070) )
. ns+2 Q;L: (f/n(t) = (x, anzne, B"JE"B)) _ Pr2(x,0,0) 0
XEXk . n? Qpr (Ya(1) = (o, Bn)) $2(0,0)
as n — oo.
Pr+2(%,0,0

Finally, we note that the ratio ) is the density of the appropriate finite-

$2(0,0)
dimensional distribution of a generalised Gaussian bridge. The initial Gaussian

process X; has zero drift, and the covariance between X, and X;, s <, is given by

Cov(Xs, Xy) = /Stm(ul + up(1 — x))dx.

The density ¢p+2 (X, ¥, z) describes the joint distribution of the increments of X; with
its integral; when we set y = z = 0 and divide by ¢,(0,0), we obtain its distribution

conditional on the event X; = 0, fol Xidt = 0.






Chapter 5

Convergence in Finite-Dimensional
Distributions of a Piecewise-Linear

Trajectory

So far, we have established the convergence of the finite-dimensional distributions
of the piecewise-constant trajectories G(t), under conditions on the values of g(1)
and [ g(s)ds. In this chapter, we obtain similar asymptotics for the piecewise-linear

trajectories g(t).

We will prove that, under the conditional distributions P%# the finite-dimensional

distributions of g(t) — G(t), when properly rescaled, converge in probability to zero.

Definition 5.0.1. Recalling that

enlt) = 2 fi(un)

- 8”1
where u,, is chosen according to the conditions «,, and £, as in Equation (3.3.7), let

(1) = nea(t)

Vn

Theorem 5.0.2. The finite-dimensional distributions of the trajectories G(t) — §(t)

g(t) =

converge in probability to zero; in particular, there exist constants ¢ and C' such that,
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forany k € N and t = (t1,...,t), and any € > 0,

Pznﬂ" (max g(t]) — é(%)‘ > 6) < C]fe—cs\/ﬁ_

1<j<k

Corollary 5.0.3. The finite-dimensional distributions of the trajectories g(t), under
the measures PP - converge in distribution to the finite-dimensional distributions

of the zero-area Gaussian bridge M (t).

Definition 5.0.4. Recall Definition 2.4.1, in which we describe the horizontal pro-
jection of the increment at location 7" in the sub-trajectory using Ay = (br,ry) if

the endpoints of the increment are 7' — {7 and T + rp.

Let
hr = h(Ar)
be the height of that increment; then we write A% = (br, 7, hy).

Proof of Theorem 5.0.2. We begin with the case k = 1; let ¢t € [0,1]. We suppose

that w,; > 0; otherwise, g(t) = G(t). As we see in Figure 5.1,

gnt
) — Gt) = —2—hy,
o(6) = G(O) = b
so that
3() - (1) = —=(G() — g(1))
N4
1 14
_ = nt hnt~
\/ﬁgnt + 'nt
We therefore have
P ([a(t) = G(0)] > ) = P (| = 2| > e/
" " ént + T'nt

<P (|| > ev/n).

Now, for any u € U?, we have

B P, Rt n,Y,(1) = (ay,, B,
Fie (> ) = F
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nt — gnt nt nt + Tnt

Figure 5.1: The difference between g¢(¢) and G(t), in terms of the
increment A,,;.

Q8 (bl > £y, Yal1) = (0 Bu)
Qi (Ya(1) = (o, Bn))
Q (|Ane| > ey/n)
- Qn (Yn<1) = (an, 571))

We have

Q3 (il > ev/m) = 3 @3 (bl > ev/nlAn = A) @2 (A = A).

AeAnt
We separate this sum into two parts, according to the value of ¢ + r. Recalling

Definition 2.4.3, we have
A, ={r) A" L +7 <0},
Now

QS (Jhntl > ev/n) < 5 QY (Jhutl > ev/nlAn = A) + Q (wne > p).

AEAl,p

We use p = n%; by Corollary 2.4.6, we have

1

L 1
Q. (wnt > ng) <e .

We now turn to the range of A such that ¢+ r < ns. Note that, under the condition

Ay = A = ({,r), the height h,, is independent of the behaviour of the rest of the
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sub-trajectory, so that
Q3 (ot = bl D = A) = QS (h(n) = h).

When we consider the whole sub-trajectory of width n, the tilt applied to the
increment A is u (¢(A)); as a result, it is the correct tilt to use when we consider

only the increment A.

Now, by Assumption 2.2.15, there exists a constant ¢ > 0 such that

QU (1h()| > ev/n) < exp {_C, evn }

{4+

< exp {—c’gné} .

As a result, for all u € Y* and n large enough, we have

Wl

, 1
Q (\hm\ > 8\/5) <e et pemen

1
/!
- 4
< g ¢cen

Y

and we can find a > 0 such that

/! l‘
Z Q?lml (’hnt‘ > 6\/ﬁ|Ant = A) < ‘ALP\e’C en6
A€M,

2
< nse

1
< e—aeng

Now, as we saw in Theorem 4.1.2, there exists C' > 0 such that

@ (Ya(1) = (0, Bu) 2 5C(0,0)

holds for all n € N. We therefore have

lp
7thm

Poron (|a(t) = G(t)] > €) = Pymin ( T

> e\/ﬁ>

<P (| > ev/n)
1

< et g 5.0.1
=co0,00" ¢ (501
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as n — o0.

Now, for k > 1, we write

{ma‘x g(t;) — G(tj)‘ > 5} - 6 {

1<j<k

so that

Py (max at;) — G(t)| > 5) < 2P ([a(t) - G1)] > <)

1<j<k

As a result, the finite-dimensional distributions of § converge in probability to those

of GG.

]

Proof of Corollary 5.0.3. By Theorem 4.3.3, the finite-dimensional distributions of
G, under the conditional measures P #» converge in distribution to those of the
Gaussian process X. As we have just seen, under the same measures the finite-
dimensional distributions of § converge in probability to those of G. By Slutsky’s
theorem (Theorem 1.1.4), the finite-dimensional distributions of g, under P

converge in distribution to those of X. O






Chapter 6

Tightness of the Conditional

Distributions

We have now finished our investigation into the convergence of the finite-dimensional
distributions, both of G and of g. As we noted in Theorem 1.1.2, the convergence
of the finite-dimensional distributions is not sufficient for weak convergence of the
trajectories: we also need to prove that the family of distributions induced by P

is tight, in order to ensure that the trajectories themselves also converge as functions.

Once we have done so, we will be able to prove the following result.

Theorem 6.0.1. The distributions of the trajectories §(t), under the measures P25

converge weakly to those of the zero-area Gaussian bridge M (t).

We use the following tightness criterion, a particular case of Theorem 12.3 in [4] or

Corollary 16.9 in [38].

Proposition 6.0.2. The family of distributions associated with a sequence of random

functions X1, Xo,... in C([0,1]) is tight if it satisfies these two conditions:
1. The family of distributions associated with X1(0), X2(0),... is tight.

2. There exist constants v > 0, a > 1, and a finite constant ¢ such that

E[(Xn(t) = Xn(s)"] < c(t = 5)".
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holds for alln € N, and all 0 < s <t < 1.

Since we have ¢g(0) = 0 for all n, condition 1 holds for our trajectories and it is

sufficient to prove the following theorem.

Theorem 6.0.3. There exists a finite constant ¢ > 0 such that

sup  sup sE [(G(1) = 3(9)"] < e
neN 0<s<t<1 (t — s)2

in particular, the family of distributions associated with {g,} is tight.
As part of the proof of Theorem 6.0.3, we establish that the gradient of g at a given
point ¢ has finite exponential moments.

Proposition 6.0.4. For t € [0,1], let hy and w,l, be as in Definitions 5.0.4 and
2.4.1. There exist a neighbourhood V of the origin, and a constant c, such that for
allt € [0,1], allv €V, and alln € N,

Pt
EenBn | oxp 4yt
" [p{w}

Proof of Theorem 6.0.3. Let n € N; we consider s,t € [0, 1] according to two differ-

<c

ent regimes. Throughout, we use the notation f[s,t] = f(t) — f(s), for the sake of

notational simplicity.

SIS

First, we consider 0 < s <t < n such that (t —s) <n

Recalling Definition 5.0.1, we have

where

with u,, chosen according to o and (3.

We note that, as we see in Appendix A,
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so that

Njw

+C(t—s)

[s, 8] — Egnf[g]s, t]]>4

Eq |(gls. 1)) < Epm [(g Yo

and it is sufficient to prove that

o (g[s,ﬂ — Eg [g[s,tn)4

n(t — s)

is bounded by a constant for all n and all s,¢ under consideration.

First, if there exists k& € N such that % <s<t< %, we have A,,, = A,; and as

we noted in Figure 5.1, we have

(1) — 9(s) = nlt —5) "

As a result,

s (21 B |

= (Valt - 5)) B [( fne

+
wns

an,Bn
n

Tas

+
w?’LS

)|

In light of the exponential moments of % established in Proposition 6.0.4, we can

ns

find a finite constant C' such that, for all n and s,

h B 1\
OanBn ﬁ _ an,ﬂn ﬁ
o was ere[ie]) | <e
so that
t] — Eanbn[g[s, £]]\* 1
ot | (=B Tlols AN e L (6.0.1)
Vi n?

holds whenever % <s<t< %

Next, if s and ¢ are such that ns and nt are integers, and (t — s) < n_%, then by

Jensen’s inequality in Proposition B.1.5,

vn
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A I T = o VI AN

o Qgil v )]
9 o | (915 2] = oo [gl 1t )]
= 3 [( v )l

Using the upper bound in Equation (6.0.1), we therefore have

E?m[@bﬂ—%Z&M&my

<(lt—9)nlt-9S  <(t-s)iC

n

whenever ns and nt are integers and n2(f — s)2 < 1 — that is, (t — s) < n

e oi— i _ . . 1 . .
Now if % <s< <1 and % <t< % with kK — 7 < n5, we can combine the previous

two estimates using Jensen’s inequality, so that

Eyﬁlgmﬂ—%z%m&my

4

Second, we consider s and ¢ such that n™5 <t — s < 1. Let

[S1[9)

< 27C(t — s)2. (6.0.2)

— By [g[s, t]]

Vt—s ’

and note that for any random variable X we have

Zo(s,t) = 9121

EXY <> (k+1)'P(X]| € (kk+1))

k>0
< Sk + 1)B(X] > b)
k>0
Now
Qn,5 4
Egmﬁn g[S, t] B ]Enn7 n[g[sa t]] _ Egn,/g’n ( )
n(t —s)

-5,

B, (12,5, 0)] > /A, Ya(1) = (s Bu)
PPN B, (Ya(1) = (an ) '

<> (k+ 1)Peme <‘\1F o(s,1)

k>0

and in particular we can write

D [(\}_Zn(s, t)>4

3

(6.0.3)
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In order to evaluate the fraction, we introduce a new tilted probability measure. In
addition to the tilts u; and g corresponding to Y, (1), we apply a further tilt w*
corresponding to Z,(s,t).
For segments [ns,nt] C [0,n], £ € H,, and w = (w*, wy,wp) € R3, let
* Wo
W Z(€) = W' Z,(5,0)(€) + wih(€) + "L AQ),

and define

_ Xeep, 1{E € AFME) exp{w - Z(§)}
Yeep, M) exp{w-Z({)}

fs0(A)
We have already met the denominator in this fraction: writing t = (s, ) and recalling

Definition 2.6.1, we have

5,%:% )\(5/) exp {w . Z(f')} = Bn,nt <w1, wy + \/;U:—S,wl,wo> .

Note that when the event A is of the form

Ap = {Zn(svt) = k\/ﬁa Yn(l) = (avb>}7

we have the following analogue of Equations (2.1.5) and (2.1.6):

eV kv, (w1, wp)

w*
Bn,nt (wla Wy + Vi-s’ w1, Wo

w*k\/ﬁerlaeroan 0.0
= ¢ 500 _p (4.
Bt (wh wy + = Wi, wo)

@F;,t] (Ak) =

) Q" (A)

By choosing w as a function of k, we can understand the behaviour of @fz’t] (Ax) and
hence that of P, (Ax). To do so, we recall Equation (3.3.4), in which we introduced

the log-moment generating function of Y,,(1),

B, (u)
B, (0)

Ly, (u) = log

Similarly, let £z, be the joint log-moment generating function of Z,(s,t) and Y, (1),
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so that for w = (w*, wy, wp) we have

Bn,nt (U)l, w1 + \/%, Wy, ’wo)
B, (0) '

Ly (w)=log

Now for k € Z, we define wy, as the argument (w*,w;,wy) € R? such that
VLz, (Wi) = apn = (kv/n, an, B,) - (6.0.4)

Note that we can also connect wy and ay, using the convex conjugate of the log-

moment generating functions, as in Equation (3.3.5): let
L, (a) = SUp {a-w—Lg (W)}.
Then wy, is the maximal argument in £% (ay,,), that is,
Ly (Akn) = app - Wi — Lz, (Wg).
In particular, we have

P, (Ar) = exp {—L}, (an) } Q% (Ar). (6.0.5)

Note that these are not the probabilities in Equation (6.0.3), where we instead
require |Z,(s,t)| > ky/n. In order to relate the two, we look closer at the case k = 0.
First, when w* = 0, the expectation under ng 1% coincides with that under Q¥t-*o,

As a result, we have
L7, (0,w1,wo) = Ly, (w1, wo), (6.0.6)

and because of our choice of centering, if u,, as defined in Equation (3.3.5) is given

by (u1,up), we have
V£Zn(0,ul,u0) = (O, Oén,ﬁn), (607)
so that (using the properties in [29]) we also have

V‘C}n (07 Oy, 677,) = (07 Uy, U()).
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Since Lz, is strictly convex, so is £7 , and w* > 0 if and only if k¥ > 0. As a result,

for £ > 0 we have

so that for £ > 0,

P, (Zu(s,t) > kv/n, Ya(1) = (an, )

< exp { =Ly, (@) | Q% (Zals,1) > b/, V(1) = (an, B))

while we can use a similar argument for £ < 0, to obtain

P, (Za(s,t) < kv/n, Ya(1) = (am, )

< exp { =Ly (arn) } Q% (Zals,t) < kv/m, Yo(1) = (an, Bu)) -

Using the asymptotics in Equation (2.1.5), along with Equation (6.0.6), we have

P, (Ya(1) = (an, Bn)) = exp {—E}n (aO,n)} Qu (Ya(1) = (am, Bn)),

so that

P, (1Zu(s, )| > b/, Ya(1) = (an, Bu))
P, (Ya(1) = (an, Bu)
_ o { L3, ()} Qi (1Zu(s,0)] > by, Ya(1) = (00, 5,))
exp { Ly, (a0.) | Qi (Ya(1) = (an, ) |

(6.0.8)

We study the asymptotic behaviour of each of the fractions in Equation (6.0.8)

according to the magnitude of k.

Let
wr
w* = <w1,w1 + m,wl,w()) .

First, we note that if (wy, wy) and (w; + \/%, wp) are in U2, by Proposition 2.6.9,
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we have, for 0 < € < %,

‘Bn,nt (W*) = Bt (nt.ne) (W*)‘ = O(exp{—cn®}),

where as in Definition 2.6.6, By, nt,(nt,ne) (W) represents the contribution to By, n¢ (W)

from sub-trajectories £ € H,, in which the increments at s and ¢ are not wider than

n€

Next, by Corollary 3.2.8, there exist C' and ~, with 0 <e < v < %, such that
1—
108 Byt nt.ne) (W) = o (W)| < O,

where
(0= [ (e () e+ o o () (s (2))

As a result, if n is large and (wy, wp) and (w; + 7\;%, wp) are in U,
1—v
’Ezn(W*) — o] (W*)’ <Cn7, (6.0.9)

and by the Cauchy integral formula in Proposition B.1.1, the derivatives of L, also

converge to those of ¢jg,. In particular, since

ot () = [ (o (1)) e+ 5 10g 1 (Wi (0)) 1 (Wi (0).

L7 and all of its partial derivatives are of order n.

Now, in order to identify for which k these estimates are appropriate, we recall that
wo = (0, uy,up), and (uy,up) is in the interior of Y. In particular, it is sufficient to
find the range of k for which wj € B(w§, p(t — s)), with p taking the role of ¢ in
Remark 2.2.14. In light of this constraint, Equation (6.0.4), and our estimates on
the partial derivatives of Lz, , there exists § > 0 such that, for all £ < §\/n(t — s),

we have wi € B(w, p(t — s)).

As a result, for such k, we can use the fact that the Hessian matrix of £, is related
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to that of L7 via

H(wy) = (Hee(apa)

(see, for example, [29]). Now the convergence result in Equation (6.0.9) implies that
for some ¢ > 0 we also have

0? . 1
oLz, @) = — (6.0.10)
for all |k < §y/n(t — s).
As a result, we can use the convexity of L% , together with Equations (6.0.7) and
(6.0.10) to write
c
£2n<ak,n) - E}n (aO,n> Z ﬁ(k’\/ﬁ>2 (6011)

for all |k| < §y/n(t — s).

Moreover, this lower bound and the strict convexity of L3

7, imply that, for & >
dy/n(t — s), we have

Ly (arn) — L7 (ag,) > 2c0y/n(t — s)k

> 2¢m 10 k,

where in the final line we recall that n(t — s) > ns

As a result, we have

exp{~Ly, (@)} _Je ™ K< anl—s)
exp{—ﬁ*zn(ao,n)} B o—2eon 1k k| > 5\/m‘

Turning to the second ratio in Equation (6.0.8), we recall that for |k| < §\/n(t — s)
w), satisfies (wy,vp), (w1 + w*,vy) € US, so that the Local Limit Theorem 4.1.2

applies, and we can find a constant C' > 0 such that

QY (12u(s,0)] > ky/m, Ya(1) = (am, 8a)) < Q% (Ya(1) = (o, Bn))

< Cn~?¢(0,0)
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holds for all n € N and k < §,/n(t — s).

We can also use Theorem 4.1.2 to find a constant C” > 0 such that, for all n,

Qi (Yo(1) = (am, Bn)) = C'n2¢(0,0),

so that there exist C; and C such that

Qly (1Zu(s, )] > kv Ya() = an, B,)) _ JOr Ikl < 5y/n(t —s)
QE" (Yn(l) = (O'/naﬁn)) - C’{nz |k| < 5\/7@.

Now, we have

P, (1Zu(5,8)] > b/, Yal(1) = (0, Bu)) _ Chet* [k < &y/n(t - s)
]Pn (Yn(l) = (an,ﬁn)) a Clnge_gc\/ﬁk ’k” > 5\/@

As a result,

1Pr ([ Z0(s, )] > ky/n, Yo (1) = (o, Bn))
ICZZO(k N 1) Pn (Yn(l) = (Ozn, Bn))

is finite and bounded for all n € N, and in particular there exists a constant C' such

that

w

ol

<Ot—s)2<Ct—s)

Een {(9[5,1&] T/%C"[S’t]y

holds for all n, and all 0 < s < ¢ <1 with (t — s) > n"5.

In conjunction with the upper bound for 0 < s < ¢t < 1 with (¢t — s) < n7s in

Equation (6.0.2), this proves the result. O

Proof of Proposition 6.0.4. Recall Definition 5.0.4, in which we write A", = (¢,r k)

if the increment at location nt has endpoints at nt — ¢ and nt 4+ r, and height k.

Using this notation, we can write

o h,, k B
o -Pn lexp {fo = > )exp {Uﬁ—i-r} pan-p (AZt = A),

nt A=(lrk

where the sum ranges over all possible values of A", - that is, (¢,7) € A" and k € Z.
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We have

Pt (Al = A) =P, (Ah = AlYa(1) = (an, )

- P, (Yn(l) (l/mﬂn ’Ant - )
(an =) P, (Y,(1) = (o, Ba))

and, using Equation (2.1.5), we can rewrite this equality using tilted probabilities:
for any u € U2, we have

Yn(1> O‘mﬁn ’Ant = )
Qr (Ya(1) = (an, Bn))

Panﬁn (A}'I};t: ) @u( nt:A) @z(

& @3 (Ya(1) = (cn, B)| AL, = A)
=(6,rk) Qi (Ya(1) = (an, Bn)) '

(6.0.12)

In order to estimate the sum in Equation (6.0.12), we separate it according to the

magnitudes of £ + r and k. We first recall some preliminary estimates: note that
Qp (Al = A) = Q3 (hne = k| Ane = (6,7)) Q2 (A = (4,7)) 3

by Assumption 2.2.15, there exist constants C' and ¢ such that

Qn (]hnt] > k‘Am = (¢, 7’)) < Cexp {—c } (6.0.13)

{4+

In the rest of this proof, we will suppose that |v| < 5.

Meanwhile, by Corollary 2.4.6, there exist constants C’ and ¢’ such that
QU (U + 1 > W) < CleW (6.0.14)

holds uniformly in W.

Finally, by Theorem 4.1.2, there exist constants v and 7’ such that for all n, and

taking u as identified in Equation (3.3.3), we have

1
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Now for each (¢,7) € A™ we can use the upper bounds in Equations (6.0.13) and

(6.0.15) to write

Ya(1) = (an, Ba)| A = (£,7,k))
Qi (Ya(1) = (an, Ba)

Z 6%% @E (AZt = (6’ T, k)) Q;: (

1
|k|>n® (¢+7)

o=

1
n

<gn2ex {—c }
o P {+r ’

while by Equations (6.0.14) and (6.0.15) we have

Q3 (Ya(1) = (o, B)| Al = (£,7,K))

Sy e Qi (Al = (k) Q2 (Yo (1) = (s )

1 1
L+r>nt |k|<n® (L+7)

/
< —n?exp {—c'n

=

We can therefore restrict our attention to A = (¢,r, k) such that £ +r < n%, and
k| < n3. In this case, we further separate our sum according to the height of
the trajectory at the left endpoint of A. We write H,; , for this quantity; note
that although it is equal to, for example, G(t), we prefer to work in terms of the
unrescaled sub-trajectories £ € H,, to avoid confusion later in the proof. Now, we

have

3 (a0 =tan, B[l = )

=>.Q; (Yn(l) = (an, Bn), Hpp—o = j\AZt = A) : (6.0.16)

JEL
in order to understand the probabilities in the sum, we construct a new sub-trajectory
&, obtained by removing the increment described by A from £. Note that, since the

width of £ is n, £ will have width n — £ — r.

We can use Figure 6.1 to see how the height and area of £ differ from those of €. In
particular, we note that the difference in area does not only come from the horizontal
strip, shown in red in the figure and corresponding to our interpretation of the area

in Figure 2.3; we also have to consider the vertical part, shown in blue. Now, if
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k
J
0 nt — /¢ nt +r n
Figure 6.1: A trajectory of width n, in which the single increment
between nt — ¢ and nt + r is highlighted along with its
contributions to the height and area of the trajectory.
& €M,y has h(€) = h, A(E) = A, and H,,_¢(§) = j, then we must have
WE)=h—k
, —r ,
Ay =A—- n—nt+? k—jl+r), (6.0.17)

and ¢ must have a cutpoint at nt — ¢, with H,; (') = j. We let

hAJ' = O./n—/{?

Anj =np, — (n—nt+£;r>k’—j(€+7’),

and we write

Rni—¢ = {there is a renewal at nt — ¢}

Rpt—e; = {there is a renewal at nt — ¢, Hy—y = j}

For the sake of space, we will write n’ =n — ¢ —r,

A(€) = exp {wih(€) + “4(6) | A©).
and
A€ = exp {unh(€) + LAE) )

let u’ = (ul,u0%>.
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Now, using Equations (6.0.17), we have

A(€) = exp fuck + (04 1) fA) N (€),

where u¢ = uy + uo(l —t- ZQ_—NT) is the value of u (x) when z is taken at the centre

of the increment A.

In order to rewrite the probabilities in Equation (6.0.16) in the context of these new

sub-trajectories, we first write

> 1{Al = AP 1{YL(1) = (o, B)} A"()

EeHn
_ euck)\(A)e%oj(f-f—T) Z I{Rut—r;} L{Yn (1) = (haj, Ar )} A (&)
5/6,}-[’"//

Meanwhile, as in Remark 2.3.13 we have

> L{A, = AFN(E) = By (u1,u0) Qi(A}, = A)

E€EHR

= B[O,nt—ﬁ] (u) 6u¢k}\(A)8[nt+r,n} (u) s
while similarly

Z 1 {Rnt—ﬁ} )\UI (6/) = B[O,ntfé] (u,) B[ntfé,n/] (u/) .
&et,

Note that here, the segments [0, nt — ¢] and [nt — ¢, n/] are considered relative to the

interval [0, 7], instead of our usual context of [0, n]. Writing
Bini—en) (') = Bp—t)—r (ul’uon(l—nt)—r> ;
we see that
Bini—eny (W) = Bty (1)

where [nt + r,n] is taken relative to [0, n] in the right-hand side.

Meanwhile, in the context of [0,n'] we have

n —nt+/{
Bioni—g (') = Bpi—e (Ul =+ TUOa Uo)
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n—nt—r
=Bni—v¢ (U + ——up, ug | ;
n
since log B,;_, is analytic, there exists a constant ¢ such that
n—nt—r u n—nt+/{
Bi— (Ul + Ug———— U, Uo) < 66|70‘(£+T)Bnt—é <U1 + ug——Uo, Uo) .
n n

Now, the identity

n—nt+¥

By <u1 + U, Uo) = Bjont—g (1)

allows us to place this term in the context of [0, n], so that

ZfleHn/ 1 {Rntfg} )\u/ (£/> _ B[O,nt—[} (u/> B[nt—[,n’] (u')
Secr, L{AL = Aba(€) B (W) " AMA) B (1)
1

< | 22 |(e+r) - -
= e FA(A)

Since we are only interested in pairs (¢,r) with ¢ 4+ r < né, there exists a constant

C such that

Seren,, T{Rn—e} A () < 1
Seen, L{AL = ApAn(§) — e FAA)

Now, we have

@ (Ya(1) = (s B), Hueo = j| A% = A)
 Seen, L{AL = A Hypp = j} 1{Y(1) = (an, )} A(E)
- Seen, 1{AL = A} A
itz Y, L{Rues} 1 V(1) = (o, )} 2 (€))
Seen, LR} X (€)
J(L+r)

S CGUOT@E: (Yn/(l) = (hAJ,AA,j),Hm_g = j’Rnt_g) .

<C

By Lemma 4.1.4, there exist £ and p such that

Q% (Rr) > p

holds for all u € U2, whenever min(nt — £,n —nt —r) > k.

Since there are only finitely-many other values of T to consider, we can find a
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constant p; > 0 such that

@;‘? (Rr) > p1

holds for all T such that Q%(Rr) > 0, all n large enough, and all u € U*.

As a result, we have

QY (Yn’<1) = (hay, Aaj), Hut—e = j‘Rnt—€>
1 ) .
< p—l@b (Yo (1) = (hay, Aa;j), Hyt—e = J, Rp—s)
1 f .
< p—QZ, (Yo (1) = (hay, Aa,), Hpi—e = J)
1

for all n large enough, all ¢ € [0,1] and all £ < ns.

Moreover, by writing
j (£+1) / -
euO] " @E/ (Yn’(l) = (hAJv AAJ)7 Hypy = j)

J+r)

= e QY (Zu ([0, — €)) = 5, V(1) = (hay, A )

in the notation of our previous proof, we can use the analysis of L there to note
that, if vy, vy are fixed, there exist 6 > 0 and a finite constant ¢ such that for all

z € C with |z| <4,
,CZR(Z,’Ul,’Uo> § ‘CZR(O,’Ul,"Uo) + O

Since here we have z = ug™Z+/nt — ¢, and { +r < ns, we do have |z| < 8 for all

t € [0,1] and all n large enough. As a result,

J(e+r) o’ .
e" nQu (Y (1) = (hA,ja AA,j), Hyio =)
< e“QY (Yiu(1) = (hay, Any)s Hu—e = j)

holds for all j € Z, as long as n is large enough.

Using the upper bounds in Equations (6.0.13) to (6.0.15), we are therefore left to
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find a constant upper bound for

Y exp{—ggf_r = c(£+r)}

1 1
l+r>n6 |k|<n® ((+r)

X TL2 ZQE/ (Yn/(l) = (hA,j7 AAJ'), Hnt_g = j) .

First, there exist constants Cy and C) such that, if
J— B [Hul| < Cov/m,
then we also have
|ha,; —n'al < Chv/n,

and

W=

INA
w‘@

L.
i+l < Zat,

so that
! A "Bl < Cf
Now, using Equation (6.0.15),

Qw (Yo (1) = (hags Aay)s Huoe = 5) < @ (Yr(1) = (hag, Aay))

) 1
(;gb(() 0). (6.0.18)

Meanwhile, the Local Central Limit Theorem 4.2.2 implies that, for n large enough,
the distribution of H,; , is approximately normal and in particular has exponential

moments. We can find a constant ¢ such that for all p and all n large enough,

(\/_]Hm o — EY[H,y]| > p> <e (6.0.19)
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As a result, the sum

n? ZQEZ (Yo (1) = (haj, Aaj), Hut—e = j)
jez

is bounded above by a constant which is uniform in n. Now there exists a constant

C such that for any ¢ € [0,1], any n € N, and any v with [v| < § as in Equation

h
nt

(6.0.13),

<C.

]

Proof of Theorem 6.0.1. As noted in Theorem 1.1.2, we need both convergence in
finite-dimensional distributions and tightness. The first is proved in Corollary 5.0.3,

and the second follows from Proposition 6.0.2 and Theorem 6.0.3. O



Chapter 7

Conclusion

The motivation of this work is to develop a framework under which to study a range
of statistical mechanical models, and in particular to obtain sharp asymptotics for the
shape of the phase boundary in the low-temperature, two-dimensional Ising model.
The models in question possess contours which can be locally well approximated by
discrete skeletons supported on the integer lattice, and hence related to the renewal
random walk studied here. The connection between these frameworks is a topic for
future research, in addition to that in [14] and [36] which we hope to further explore

in future work.

The study of Functional Central Limit Theorems for random walks stretches back
to Donsker’s work in the 1950s. In this thesis, we have proved a Functional Central
Limit Theorem for a very specific random walk, which extends the classical i.i.d.
case in two ways. First, each “step” of the walk is not constrained to have width
1, but takes a random width from among the positive integers. A section of the
walk whose width is n therefore consists of at most — but not necessarily exactly — n
steps. This introduces a dependence structure between the widths of the increments:
within a section which has been conditioned to have width n, the knowledge that
one increment is unusually wide gives us some information about the widths (and

hence the heights) of all the other increments.

In addition to this dependence between increments, we further place large-deviations
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conditions on the trajectories of the walk. We describe a section of the walk whose
total width is n using the height function ¢(¢) with time rescaled so that ¢ € [0, 1].
We ask the question: what does g(t) look like, when g(1) is close to na and f; g(s)ds

is close to nf?

Using the results in Chapter 3, we can pose this question more precisely. Based on
the original distribution of the increments, we find a neighbourhood A of viable con-
ditions («, 3). We construct a sequence (ay,, 3,) of conditions which are asymptotic
to (na,nfB), such that P, (g(l) = ap, [y g(s)ds = ﬁn) > 0, and study the behaviour

of the trajectories under the conditional distributions
5 1
Py () =B, (+[o() = an, [ gls)ds = 5,).

Using an exponential tilting argument applied to the unconditioned distributions,

we prove the following theorem.

Theorem 7.0.1. For every (a,5) € A, there exist functions c,(t) converging to
a limit coo(t) € C([0,1]) such that, under the conditional distributions PYPn the

trajectories

g(t) = nea(t)

NG

converge weakly to the trajectories of a zero-area Gaussian bridge M (t).

In Chapter 3, we give an explicit form for the limiting profile ¢ (t); we prove
convergence of the finite-dimensional distributions of a different version the traject-

ories under the conditional distributions in Chapter 4, and relate this to the “true’

trajectories in 5. In Chapter 6, we prove that the family {P2#»} is tight.

Along the way, we also prove convergence in finite-dimensional distributions of
the height function under the unconditional, tilted distributions Qp", as well as of
the piecewise-constant height function G under the conditional distributions. The
arguments of Chapter 6 apply here too, so that we can obtain full weak convergence

in both cases.
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This work offers (at least) two possible avenues for extension. Firstly, our conditions
g9(1) = na, fol g(s)ds =~ nf3 were chosen with certain applications in mind, but could
be generalised to other additive functionals of the trajectories. Using the techniques
in this thesis with an appropriate version of the partition functions, it should be
possible to prove Functional Central Limit Theorems for renewal random walks

whose trajectories have been placed under a more general finite set of conditions.

Secondly, we consider the importance of Assumption 2.2.15 in the model. We require
the existence of constants ¢ and C' such that, uniformly in p > 0, £k € N, and v € U,

we have
Q" (|h(n)| > pklw(n) = k) < Ce™ .

In the particular case of u = 0, these constants exist for fixed k£ and p, as a result
of Assumption 2.1.6; the additional constraint is the requirement that they hold
uniformly, not only for different choices of k and p, but also for each of the measures
Q. It should be possible to relax this assumption by using different techniques in

the proofs in Chapters 2 and 5.

Finally, we want to draw attention to an application of this work. Renewal random
walks of the type discussed in this thesis appear in representations of certain models
in statistical mechanics. Similar results in the i.i.d (F = F;) case [14] have been used
to describe interfaces in the one-dimensional Solid-On-Solid model [35]. Meanwhile,
the shape of macroscopic sections of the phase boundary in the low-temperature
expansion of the two-dimensional Ising model with fixed total magnetisation is well-
approximated by skeletons which obey the renewal random walk framework. In this
case, the limiting profile c,, describes the shape of the corresponding section of the
Wulff shape obtained from the surface tension using the classical Dobrushin-Kotecky-
Shlosman theory [15] and whose formula is given explicitly in [47], while our results
about the fluctuations of the trajectories around c., allow us to derive a sharp large
deviations principle for the total magnetisation. A shortened proof of these ideas

is presented in [36]; in future work we plan to further expand them. Moreover, the
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renewal random walk model provides a framework, with which we can study a wider
class of two-dimensional models which can be represented by contours. We expect
our exploration of this class to produce sharp asymptotic results which will have

implications in a wide range of settings, including those discussed in [56].



Appendix A

Characteristic Functions and

Convergence

In Chapter 3, we prove that the log-characteristic functions of the variables Y;,(1)
and Y,,(t) take a particular form as n — oo, as part of the proof of Central Limit
Theorems for those variables. In this appendix, we justify this approach and make
the connection between the asymptotic behaviour of the log-characteristic function
of a variable, and the convergence in distribution of the variable after centering and

rescaling.

Throughout this appendix, we will refer to random variables X, X, ... taking

values in R, with characteristic functions defined for t € R by

vx,(t) =E [eit'xn} :
We will suppose that each X,, has finite first and second moments, and write pu,, =
E[X,], and 3, = E[(X; = 1) "(Xs = fin)]-

We denote the d-dimensional Normal distribution with mean p and covariance matrix

£ by N(,5).
We write 0 = (0,...,0) € R%

We take a connected, open neighbourhood Z C C¢, and write Z NR% = Y. We
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take a function f which is analytic on Z, and write V f for the gradient vector

(Vf(z); = a%jf(z), and H; for the Hessian matrix, (H(z)),x = %;Zkf(z).

Our main focus will be to prove the following result.

Theorem A.0.1. Let (u,) be a sequence in U, such that for some u € intl, we

have ||u,, —u|| = 0 as n — co. Let

Y, = \/1% (Xn - :un)
Y = jﬁ (X, — 0V f(un)
Y! = jﬁ (X, — nVf(u)).

and let N, N',N" be random vectors with distribution Ny(0, H¢(u)). Then a sufficient

condition for

Y, 2N (A.0.1)

Y BN (A.0.2)
asn — 0o is

sup ‘10g ox, (V) — n(f(un +iv) — f(un)>’ — 0,

where the supremum is over v such that u, +iv € Z, and ||v]| < n-z. If additionally

Vnllu, —u|| = 0 as n — oo, then under the same condition
Y! B N". (A.0.3)

Example A.0.2. If X,, = >°% ; §;, where the {;s are independent and identically
distributed with finite mean and covariance matrix, and with common characteristic

function v, then

and Theorem A.0.1 becomes the Central Limit Theorem in d dimensions.

In the proof of Theorem A.0.1, we will use some elementary properties of character-
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istic functions. First, the Cramér-Wold device [11] allows us to place ourselves in a

1-dimensional context.

Proposition A.0.3. Let X be a random variable taking values in R?. Then
X, DX asn — 00

if and only if

asn — oo for all v € RY,

Next, we can establish the convergence of v - X,, using the following proposition -

see, for example, Theorem 5.9.1 in [31].

Proposition A.0.4. Let X, X, Xs,... be random variables taking values in R.

Then X, converges in distribution to X as n — oo if and only if for each t € R,
ox, (1) = px(t)
as n — oo.

Using the results about convergence of logarithms in Appendix B, we can replace

the condition in Proposition A.0.4 with
log ¢x,, (t) = log x(t).

Finally, we note some properties of the log-characteristic functions px,, .

Remark A.0.5. For any random variable X = (Xj,..., Xy) with characteristic

function ¢, we have

log p(0) =0
o) . .
87%108? @(V)’VZO = {E[X}] V1<j3<d
2
0 log so(v)!vzo = —Cov (X}, Xp) V1<, k<d.

Ov;0vy,
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If N has distribution Ny(u, X)), then

1
oN(V) = exp {iv,u - 2VTEV} :

Proof of Theorem A.0.1. We begin with the convergence of Y,. By Proposition

A.0.3 it is sufficient to show that
v-Y By N

for any v € R%. Using Proposition A.0.4, we can reframe this in terms of the

convergence of the functions
t — log oy (tv)
to log on(tv).
We have
t ot
log py (tv) = log ¢x, <\/ﬁV> - 1ﬁV -nV f(uy),
so that

1
log oy, (tv) + 2t2VTHf(u)V‘

o () o))
ol (i) = ) =i Vi) - (1) v )y

1
+ §t2 [VTHf(u,)v — vVTH (u)v|.

By assumption, the first term converges to zero for every ¢t and v, as n — oc.
Meanwhile, the second term is the remainder in the second-order Taylor expansion

of the function

g:s—nf(u, +isv),
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evaluated at s = ﬁ By Proposition B.1.2, we have

t t £ t 1\ (1= s)?
— ] —g(0) — —=4'(0) — —4"(0)| < —/7(3)tdt
|g<\/ﬁ> 9(0) \/ﬁg() 2n9()|_‘<\/ﬁ> g (st)
For any 6 > 0, there exists n large enough such that u,, + iﬁv € B(u,d); we can

choose ¢ such that this ball is contained in Z, where f is analytic and so has bounded

derivatives. As a result, there exists ¢ such that, when n is large enough,

/01 M9(3)<St)dt

5 < cn,

so that the second term in Equation (A.0.4) is bounded above by

and so converges to zero as n — oo.

Finally, since f is analytic on Z, whenever n is large enough that u,, + iﬁv ez

we can bound the third term in Equation (A.0.4) from above by
cltv]*[a, —ul,

where ¢ is a constant depending on the second partial derivatives of f. For any ¢

and v fixed, we can make this term arbitrarily small through our choice of n, so that
L,
log py: (tv) + §t viHy(u)v| — 0

D
as n — oo, and hence Y/ — N'.

Now, to show that Y, and Y] converge in distribution, we use Slutsky’s theorem

(Theorem 1.1.4); it is sufficient to show that, for every ¢ > 0,

P([Yn = Y,[[>2) =0

P(Y, =Y, >¢e) =0
as n — 00, or equivalently that

1
ﬁ H/ln - nvf(‘-‘n)” =0
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jﬁ [0V £ (w) — 0V f(u,)]| — 0.

The second assertion follows from the analyticity of f on Z and our assumption that

Vvnllu, —ul]| = 0 as n — oo.

Finally, we note that the components of the vector

M — an(U.n)

are the partial derivatives of
ox,. (V) = nf (un +iv);

using Cauchy’s estimate in Proposition B.1.1, and the same choice of § as in the
earlier part of the proof, there exist constants ¢;, 1 < j < d, such that
cj :
[ =0V () <2 sup logox, (v) = n(f (un +iv) = f(u,))].
viu,+ive B(u,d)
As a result, both Y,, — Y] and Y/ — Y/ converge in probability to 0, and we have

convergence in distribution of all three variables. O
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Appendix

In this appendix, we collect several results from probability theory and functional
analysis. The first part contains general results, which we apply in the second part

to find estimates relating to the functions m and log .

B.1 General Results

In this section we present some useful results from probability and functional analysis.

We begin with the Taylor expansion, and Cauchy’s integral formula, for holomorphic

functions on C. They are stated here as in Theorems 2.13, 2.15, and 2.33 in [32].

Proposition B.1.1. Let Q C C be an open set, and let a € ) and R > 0 be such

that B(a, R) C Q. Suppose that f is a holomorphic function on Q. Then

e The sum

F(z) = f: an(z — 0"

converges uniformly on all open subsets of B(a, R), where the coefficients a,

are given by
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o For~(t)=a+re™, where r < R and t € [0,27], we have

) = g [ L

T o (z —a)rtt 7

for all n € N. In particular, if

sup [f(2)] <,
zeQ)

we have

We will use the Taylor expansion with the following specific form of the remainder,

first proved by Darboux in 1876 [12]. It corresponds to the case ¢(t) = % in the
original paper.
Proposition B.1.2. In the setting of Proposition B.1.1, we have
/ h? " 3 ! (1 — t)Q (3)
fla+h) = fla) = hf'(@) + 5 f'(@) + | =D a+ ht)dt,

whenever a + h is in the interior of B(a, R).

Proposition B.1.3. Let f : C* — C be an analytic function defined over C*, for

some k € N. Let Z¥ C CF be a neighbourhood, such that U* = Z¥NRF is non-empty.
Suppose that there exist constants cy, cj, ¢; ; such that

sup |f(z)] < co

zeZk

0
sup |=—f(z)| < ¢ for each 1 < j <k

zeZk 82‘3

92
Zseug 8ziazjf<z) < ¢ for each 1 <14,j <k,
and that
inf f(u) > 0.

ucuk



B.1. General Results 143

Then there exist finite constants C,C" > 0 such that, for all z = x + iy € Z¥,

[f(z) = () < Cllyll (B.1.1)

1f(=2)] = f=)] < Cllyl” (B.1.2)

Proposition B.1.4. Let f be an analytic function defined on a connected neigh-

bourhood Z C C, such that Y = Z N R is non-empty. Then there exists a constant

C" such that
‘f(xl) + f(ws) - 2f (xl‘g“)] < C"(a1 — 22)? (B.1.3)
and
[ rwat - =g (P2 <O —mp By

hold for all x1,29 € U.

Proposition B.1.5 (Jensen’s Inequality). Let f be a convex function on R. Then

forany k > 1, and any x1,...,x € R and ay,...,a, > 0 such thatZ;‘f:laj =1,

f (2_:1 @jxj) < ;ajf(%‘)-

Proposition B.1.6. For any compact subset Z of C\ {0}, there exist constants ¢,

and co such that

log(1 — 2)| < 2]

le* — 1| < eolz].

Proposition B.1.7. Let {z;} be a sequence of n complex numbers, and ¢ > 0 such

that, for each 7 <n, we have

’Zj—H SC.
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Then for any K < n,

<(1+0)f -1 (B.1.5)

Proof. This can be neatly seen using a proof by induction. For K = 1 it is clear that
21— 1] <c=(1+c) -1

Now, supposing that Equation (B.1.5) holds for K = k — 1, we note that |z;| < 1+,

so that we have

k k=1
Tz =1 <zl |]] 25— 1] + |2 — 1
j=1 j=1

§(1+c)((1+c)k’1—1)+c

<(1+o)f -1

Finally, since ¢ > 0, we have (1 +¢)% —1 < e®® — 1 for all k < n. O

B.2 Specific Estimates

By applying the upper bounds in Equations (B.1.3) and (B.1.4) to the functions

fit=m(z+20(1—=1) =m(z(t))

gt logpu(z + 20(1 — 1)),
we find the following upper bounds.

Proposition B.2.1. There exist constants ¢,c, and ¢’ such that, for any segment

[a,b] C [0,n], and (21, 2) € Z2,

()= (- (50)) o

(b—a)’

n2

(b—ay

< d|zo)?

S C/|ZO|2
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Moreover, if |z0\2@ is bounded, then

ool L) n (- (:22) )

b 2
< €C’|Z0|2( 22)

and

|2M.

n2

S C//’ZO

ol L) = (2]

Proof. The first upper bound is a direct application of Proposition B.1.3, with an

additional factor of I%Z arising from (for example) the substitution u = 0t inside
the integral. The remaining upper bounds come from applications of Proposition

B.1.6. U

Proposition B.2.2. There exist positive constants C,C", and C" such that, for any

segment [a,b] C [0,n], and (21, 20) € Z2,

- () (- (2)) -t - (429 s =22
JCERCEE)| _ oo
CE) |
W (Z OLL))M(Z)(Z)) -1 gc”rzo\2(b a)?

Using Proposition B.1.7, we can combine these results to obtain the following Corol-

lary.

Corollary B.2.3. There ezists a constant C such that, for any segment [a,b] C [0, n]

and (21, 2) € 22,
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L)) e

(B.2.2)

Corollary B.2.4. There exist constants C,c,c such that, for any segment |a,b] C
[0,n] and (21, z) € Z5,
exp {— f;m (z (%)) dx}

< 1+Oz02(b_a)3
Beoc | )

exp {0~ aym (= (%52)))

In particular, if (b — a) ‘U (‘ib) ‘2 is bounded,

e {- fm< <%>>d}
@)

We also use the following upper bounds on the differences

§\+
~—
¥
D
>
o]
/—"\
/\
(=
|
IS
3
/7~
<
/
o
y|¥
S S]
N—
~—
——

< e(c(b—a)—‘rc’) |v(

< (1+ o) exp (=~ (1 (57))}

N

m(z1+ 20(1 —t)) —m (22 + 20(1 — t)) = m (21 (t)) — m (22 (1))

log pu (21 + 20(1 — 1)) —log 1 (22 + 20(1 — 1)) = log pu (21 (t)) — log pu (22 (1)) -

Proposition B.2.5. There exist constants ¢, C' and ¢, C" such that, for any segment

[a,b] C [0,n] and (21, 20), (22, 20) € 22,

[ ) -m(o ()
o (o () v o 2))] -

2

< clzg — 22)(b— a)

Moreover, if |21 — z3|(b — a) is bounded, then

ool (o (3)) (- (3)) )

< €c|21722|(b*‘1) (B23)
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Proof. For the first pair of upper bounds, the analyticity of
y—m(y+z(l—1t))

(respectively log p (y + 20(1 —t))) allows us to find an upper bound on its first
derivative; the remaining bounds are, as in the previous Proposition, consequences

of Proposition B.1.6. O]

Corollary B.2.6. There exist constants ¢ and C' such that, for any segment |a,b] C

[0,n] and (21, 20), (22, 20) € 25,

ool (o () (- (3)) )

S (C(b - a) + C)|Zl — Z2|e(c(b*a)+c)|21722|.

Proposition B.2.7. For any k,d € N, the function

i kd
sin (:U 5 )

: d
Sin (l‘ 5)

s 2Fw—periodic in x and we have

sin (224) g k(1= (52)%) 0<|z[ <2
. d —_—
sin (z§
(25) 2k =L e <2
Meanwhile, if |x| < m, we have
2
cos(x) <1-— P:cQ

Proof. First, for 0 <y <, we have

3

y— % < sin(y) <,
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so that

sin(y)

v
sin(%) §k<1_ﬁ2>7

setting y = x% gives the first part of the inequality.

2
Next, if 2 < |z| < 7, then

‘ =
QU

1

sin (%)

)
)

sin (ac N

< <—-<

SHIES
W =

NI | N

sin (x
Finally, we note that

cos(z) — 14+ —a?
T

has roots at 0 and at £+, and is negative between —7 and m, from which we obtain

the final upper bound.
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