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Active frequency stabilization of a laser to an atomic or molecular resonance
underpins many modern-day AMO physics experiments. With a flat background
and high signal-to-noise ratio, modulation transfer spectroscopy (MTS) offers
an accurate and stable method for laser locking. Despite its benefits, however,
the four-wave mixing process that is inherent to the MTS technique entails that
the strongest modulation transfer signals are only observed for closed transitions,
excluding MTS from numerous applications. Here, we report for the first time the
observation of a magnetically tunable MTS error signal. Using a simple two-magnet
arrangement, we show that the error signal for the 87Rb F = 2→ F ′ = 3 cooling
transition can be Zeeman-shifted over a range of ∼ 10 GHz to any arbitrary point
on the rubidium D2 spectrum. Modulation transfer signals for locking to the 87Rb
F = 1→ F ′ = 2 repumping transition as well as 1 GHz red-detuned to the cooling
transition are presented to demonstrate the versatility of this technique, which can
readily be extended to the locking of Raman and lattice lasers.
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1 Introduction

1.1 Motivation

It is no exaggeration to say that, ever since its advent in the early 1960s, the laser
has exerted tremendous influence on the direction of modern physics research. This
is especially true in the field of atomic, molecular and optical (AMO) physics,
where the laser—due to its ability to produce intense, coherent, tunable and
monochromatic light—has replaced lamps to become the primary source of optical
radiation.

Expedited by this laser revolution, much of present-day AMO physics research
revolves around the interaction of light and matter in one fashion or another. Laser
sources that can be tuned to particular atomic transitions are now a workhorse tool
in nearly every atomic physics laboratory, with their most prominent uses being
in optical pumping, high precision spectroscopy, laser cooling and trapping, etc.
For many such applications, active frequency stabilisation (or, more conventionally,
‘locking’) of the laser to some stable reference, is paramount. Many a time, it
is necessary that the laser be stabilised to well below the natural linewidth of a
transition, e.g. to less than a few hundred kilohertz in the care of alkali metal
D-transitions.

To this end, a myriad of spectroscopic techniques have been developed. These
include single-beam methods such as dichroic atomic vapour laser locking (DAVLL)
[1–3]; and pump-probe schemes such as saturation absorption spectroscopy (SAS)
[4], polarisation spectroscopy (PS) [5, 6], frequency modulation spectroscopy (FMS)
[7], and modulation transfer spectroscopy (MTS) [8–10]. While their names might
sound a mouthful, the common idea behind these approaches is simple: to generate
a dispersive error signal whose zero-crossing is centered on an atomic resonance,
and which can be used to provide a feedback for locking the laser.

Of those outlined above, FMS and MTS have emerged as two of the most popular
laser locking techniques. However, MTS is often preferable to FMS for two important
reasons [Fig. 1.1]: firstly, the method readily creates dispersive-like lineshapes that
reside on a symmetric, Doppler-free background. Secondly, the generated signal is
suppressed for open transitions and undesirable crossover features arising from the
pump-probe scheme. The resultant spectrum is ‘clean’, displaying strong signals
with unambiguous zero-crossings at closed transitions only.

The second feature is particularly useful in the event that the frequency spacing
between consecutive transitions is small, as is usually the case in the alkali metals,
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Figure 1.1 | Comparison between (b) modulation transfer spectroscopy
and (c) frequency modulation transfer spectroscopy for the
87Rb F = 2 → F ′ = 3 cooling transition. The saturation
absorption spectrum is shown in (a) for completion.

but also presents a problem when one wishes to lock away from the closed transition—
an example being the 87Rb F = 1 → F ′ = 2 repumping transition. FMS is
advantageous in this regard, as it is able to produce error signals for all sub-Doppler
features with amplitudes corresponding to those in the saturation absorption
spectrum. Notwithstanding this, the non-zero background that accompanies the
FMS technique means that the lock point is at risk of ‘hopping’ (amongst other
pathologies) from one transition to another.

In answer to the above, and following growing interest in performing thermal
vapour experiments in the hyperfine Paschen–Back regime [11–20], here we present
a technique to shift the MTS error signal in the presence of a large magnetic field.
This method exploits the Zeeman effect, wherein the spectral line of an atom can be
split in the presence of an external magnetic field; as well as the fact that so long as
a transition is closed we obtain a modulation transfer lineshape, to produce multiple
‘copies’ of lock signals that are magnetically tunable. Specifically, we will show that
it is possible to Zeeman-shift the MTS signal for the 87Rb F = 2→ F ′ = 3 ‘cooling’
transition by ±8 GHz, including onto the 87Rb F = 1 → F ′ = 2 ‘repumping’
transition, using a 4.7 kG magnetic field.

It is worth mentioning before going any further that, though the application of
bias fields to spectroscopy setups is not new, previous demonstrations lack either
the high signal-to-noise ratio of the MTS technique [21, 22], or the flexibility of

2



1.2. Thesis structure

having a widely-tunable stabilised source that is the focus of this work [23, 24].
This contrasts with the proposed method which, aside from preserving all the
aforenarrated advantages of MTS, has the additional benefits of being highly
adaptable and reproducible.

Another point to note is that, while tuning can also be achieved with acousto-optical
modulators (AOMs), this tuning is often fixed and in the few hundred MHz range.
There is also the fact that much efficiency is lost over these components, and that
they tend to be prohibitively expensive. In the same vein, though a range of very
flexible beat-locking methods exist to accomplish widely tunable offset locking, not
infrequently it is sufficient that the lock frequency maintains some stable offset from
the atomic reference. On such occasions, the introduction of an additional reference
laser in the master–slave configuration adds to the system not only complexity
but cost, especially when only one laser frequency is needed. This extra layer of
complication and expense is not required with Zeeman-tunable modulation transfer
spectroscopy.

1.2 Thesis structure

The thesis is structured as follows:

• Chapter 2, in which the basic theory modulation transfer spectroscopy and
the Zeeman effect are laid out. The chapter ends with a proposal of how the
combination of the two can be used to improve the existing MTS scheme.

• Chapter 3, in which the experimental apparatus and techniques used to
carry out the investigations in this thesis are detailed. Specifically, we will
show the designs for the 2 mm Rb vapour cell, the heat-resistant holder in
which it is to be placed, as well as the permanent magnets which provide the
external field.

• Chapter 4, in which we demonstrate Zeeman-tunable modulation transfer
spectroscopy, i.e. that the error signal for the 87Rb F = 2→ F ′ = 3 cooling
transition can be arbitrarily translated on the rubidium D2 spectrum by
virtue of a large axial magnetic field. We also show the theoretically predicted
Zeeman-shift and linewidth as compared to the experimentally measured
values.

• Chapter 5, in which we draw our conclusions. Potential applications and
areas for improvement will also be discussed.

1.3 Publications

Publications arising from this work

• C. So, N. L. R. Spong, C. Möhl, Y. Jiao, T. Ilieva, and C. S. Adams, Zeeman-
tunable modulation transfer spectroscopy, Opt. Lett. 44, 5374–5377 (2019)
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Related publications

• C. Möhl, N. L. R. Spong, Y. Jiao, C. So, T. Ilieva, M. Weidemüller, and
C. S. Adams, Photon correlation transients in a weakly blockaded Rydberg
ensemble, arXiv:1910.13155 [physics] (2019). To appear in J. Phys. B: At.
Mol. Opt. Phys. (2020)
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2 Theory

2.1 Modulation transfer spectroscopy

Based upon standard saturation absorption spectroscopy, modulation transfer
spectroscopy is a pump-probe method that generates sub-Doppler lineshapes well
suited for laser locking. The experimental layout for MTS is shown in Fig. 3.1(b).
By convention, we shall denote the two counter-propagating laser beams as the
pump and probe.

In MTS, the phase of the pump beam is modulated by an electro-optic modulator
(EOM) or an acousto-optic modulator (AOM). The transmitted light can be
expressed by

Epump = E0 sin(ωct+ δ sinωmt)

= E0

[ ∞∑
n=0

Jn(δ) sin(ωc + nωm)t+
∞∑
n=1

(−1)nJn(δ) sin(ωc − nωm)t

]
,
(2.1.1)

where ωc is the carrier wave frequency, ωm is the modulation frequency, δ is the
modulation index, and Jn(δ) is the n-th order Bessel function.

If the interactions of the pump and probe with the atomic vapour are suffi-
ciently non-linear, sidebands will appear on the counter-propagating probe field
Eprobe = E0 sin(ωct). This transfer of modulation has been described as an example
of degenerate four-wave mixing (FWM) [27, 28], whereby in a three-photon excita-
tion process—successively, absorption, emission, and absorption—a fourth photon
carrying the modulated amplitude and phase shift is emitted along the direction of
the probe [Fig. 2.1]. Then the MTS signal, which is a function of the detuning from
the atomic transition ∆, is given by the beating between the generated sidebands
and the probing light [29]:

Sδ,ωm,φ(∆) =
C√

Γ2 + ωm
2

∞∑
n=−∞

Jn(δ)Jn−1(δ)

× [(L(n+1)/2 + L(n−2)/2) cos(ωmt+ φ)

+ (D(n+1)/2 −D(n−2)/2) sin(ωmt+ φ)].

(2.1.2)

In this expression, Γ is the natural linewidth of the excited state, φ is the detector
phase relative to the modulation applied to the pump, C is a constant dependent

5



Chapter 2. Theory

on the photodiode detection parameters and laser intensity, and

Ln(∆) =
Γ2

Γ2 + (∆− nωm)2
, Dn(∆) =

Γ(∆− nωm)

Γ2 + (∆− nωm)2
, (2.1.3)

specify the absorption and dispersion of the medium, respectively. Typically δ < 1,
so considering only the first-order sidebands Eqn. 2.1.2 can be simplified to

Sδ,ωm,φ(∆) =
C√

Γ2 + ωm
2
J0(δ)J1(δ)

× [(L−1 − L−1/2 + L1/2 − L1) cos(ωmt+ φ)

+ (D1 − L1/2 − L−1/2 + L−1) sin(ωmt+ φ)].

(2.1.4)

Two observations can be made from the above: firstly, by varying the phase shift φ
between the sine and cosine terms (from 0 to π/2), the absorption and dispersion
components of the spectroscopic signal, as well as a combination of the two forms,
can be retrieved using a phase-sensitive detector. Secondly, pairwise comparison of
the terms in n and −1 + n yields that Sδ,ωm,φ(∆) is always an odd function in ∆,
and that S(0) = 0. Practically this has the meaning that, in the resultant signal,
negative detunings are seen as increases in amplitude, positive detunings are seen
as decreases in amplitude, while the line centre is represented as a zero-crossing.

(a)

(b)

ωc+ωm

ωc

ωc

ωc−ωm

probe pump

ωc+ωm

ωc−ωm

ωc

ωc

ωc

ωc

ωc+ωm

ωc−ωm

ωc+ωm

Figure 2.1 | Pictorial illustration of four-wave mixing in MTS (a), in
which two frequency components of the pump beam com-
bine with the counter-propagating probe to generate a
fourth wave in the direction of the latter (b). Modulation
on the carrier frequency is shown in the figure as blue stripes. In
this example we considered only the ωc + ωm sideband, but the same
applies to its ωc − ωm counterpart.
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2.2. Atom-light interactions in magnetic fields

It is interesting to point out that, much of the competitive edge MTS possesses
comes from the FWM process. To begin with, the MTS method readily creates
dispersive-like signals that reside on a symmetric, Doppler-free background. The
reason is that, whereas FMS relies on the direct detection of vapour absorption
and dispersion by the modulated probe beam, the MTS signal originates from
the frequency-dependent FWM process in which the probability of the stimulated
four-photon transition falls off rapidly away from resonance. The lineshape baseline
stability thus becomes insensitive to the residual linear-absorption of the medium,
and is immune to dispersive elements (e.g. parasitic etalons) which can alter the
location of the lock-point by adding an offset to the demodulated error signal. The
zero-crossings of the modulation transfer signals are accurately centered on the
corresponding hyperfine peaks, providing stable, unambiguous frequency references
to which the laser can be locked.

Another reason to prefer MTS-based laser locking is that the generated signal is
suppressed for open transitions and undesirable crossover features arising from the
pump-probe scheme. This is as a result of the FWM process only being efficient
for closed transitions, where dissipation to atomic states other than the ground
state is minimal and the interaction time between atom and light is long [30, 31].
The resultant spectrum is ‘clean’, displaying strong signals with steep gradients
for closed transition lines only. Whilst this can be useful in the event that the
frequency spacing between consecutive transitions is small, as is usually the case in
the alkali metals, it also presents a problem when one wishes to lock away from
the closed transition—an example of this is the 87Rb F = 1→ F ′ = 2 repumping
transition. FMS is advantageous in this regard, as it is able to produce error
signals for all sub-Doppler features with amplitudes corresponding to those in the
saturation absorption spectrum. Be that as it may, the non-zero background that
accompanies the FMS technique means that the lock point is at risk of ‘hopping’
(amongst other pathologies) from one transition to another.

2.2 Atom-light interactions in magnetic fields

2.2.1 87Rb atomic structure

We now turn to consider the electronic structure of rubidium 87, which is crucial
to the understanding of the underlying physics of the experiment. Akin to atomic
hydrogen, rubidium is a Group I element with a single electron in the valence
orbital. Naturally occuring rubidium have two isotopes: 85Rb (72.2%) with nuclear
spin I = 5/2, and 87Rb (28.8%) with I = 3/2. A detailed analysis of the structure
of the alkali metals can be found in most atomic physics text books (e.g., Ref. [32]),
but for the sake of completeness we cite here a few of the key findings.

2.2.1.1 Fine structure

The level structure diagram of the 87Rb D2 transition which, jointly with the D1

transition form a fine-structure doublet, is shown in Fig. 2.2. The fine structure

7



Chapter 2. Theory
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Figure 2.2 | Unperturbed (a) coarse, (b) fine, and (c) hyperfine struc-
ture diagram of the 87Rb D2 transition. The approximate
Landé gF -factors for each individual F state are given, along with
the Zeeman splittings between adjacent mF levels. Adapted from
[33].
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2.2. Atom-light interactions in magnetic fields

splitting is a result of the coupling between the orbital angular momentum of the
outermost electron L and its spin angular momentum S:

J = L + S (2.2.5)

where J is the total electron angular momentum and the permitted values of J = |J|
are

|L− S| ≤ J ≤ L+ S. (2.2.6)

For the 87Rb ground state, L = 0 and S = 1/2, so J = |0− 1/2|, ..., (0+1/2) = 1/2.
There is only one possible value of J , and because the energy of any particular level
is shifted with respect to this value, the ground state has no fine structure. This is
not the case for the first excited state, which has L = 1 and consequently J = 1/2
or 3/2. Using the n2S+1LJ notation, the term symbol for the single ground state is
52S1/2, whereas the two possibilities for the excited state are labelled 52P1/2 and
52P3/2 [Fig. 2.2(b)].

We define the two possible transitions from the ground to either of the J = 1/2 or
J = 3/2 state as the 87Rb ‘D1’ and ‘D2’ transitions, accordingly. In the absence
of any external fields (electric and magnetic), the two lines are separated by
approximately 7.1 THz, which is sufficiently large to be resolved by most lasers. In
the context of this thesis, we shall look only at the D2 transition.

2.2.1.2 Hyperfine structure

In addition to fine structure, there exists a much smaller effect in the D2 transition
named the ‘hyperfine’ structure—this is a consequence of the further coupling of J
with the total nuclear angular momentum I. The total atomic angular momentum
F is then given by

F = J + I. (2.2.7)

As above, the magnitude of F falls in the range

|J − I| ≤ F ≤ J + I, (2.2.8)

and its projection onto the quantisation axis, mF , can take values

− F, (−F + 1), ..., (F − 1), F. (2.2.9)

For the ground state in 87Rb, J = 1/2 and I = 3/2, so F = 1 or 2. This splits the
ground state into two levels separated by 6.83 GHz, which can be seen from the
bottom half of Fig. 2.2(c). For the F = 1 level there are 2F+1 = 3 degenerate states
mF = −1, 0,+1; whereas F = 2 has 5 degenerate states mF = −2,−1, 0,+1,+2.

For the excited state (52P3/2), the possible values of F range from |3/2− 3/2| = 0
to |3/2 + 3/2| = 3. These levels (top half of Fig. 2.2(c)) are separated in frequency
by 495.81 MHz, which is smaller than the Doppler width even at room temperature
and is therefore unresolved. In zero magnetic field, the degeneracy of each of the

9



Chapter 2. Theory

individual F state occurs as follows:

F = 0, mF = 0

F = 1, mF = −1, 0,+1

F = 2, mF = −2,−1, 0,+1,+2

F = 3, mF = −3,−2,−1, 0,+1,+2,+3.

In the section to come, we are going to see this degeneracy of the mF states lifted
in the presence of an external magnetic field.

2.2.2 The Zeeman effect

The energy levels of an atom shift in response to an applied magnetic field B in an
effect known as Zeeman splitting. This is due to the coupling of the field to the
electron orbital motion, the electron spin, and to the nuclear spin via [32]

ĤB = −µB

~
(gLL + gSS + gII) ·B, (2.2.10)

where µB is the Bohr magneton, and gL,S,I are the g-factors that account for various
modifications to the corresponding magnetic dipole moments. ĤB is a term in the
atomic Hamiltonian Ĥ:

Ĥ = Ĥ0 + Ĥfs + Ĥhfs + ĤB (2.2.11)

with Ĥ0, Ĥfs, and Ĥhfs defining respectively the coarse, fine, and hyperfine interac-
tions; and together the unperturbed Hamiltonian of the atom.

In the absence of any external fields, the expectation value of each respective
operator Ĥ0 � Ĥfs � Ĥhfs, and the expectation value for the operator ĤB = 0.

2.2.2.1 Weak field

As the field strength increases, we cross into the weak field regime where the
expectation values of Ĥfs � Ĥhfs � ĤB, and ĤB 6= 0 act as a perturbation to the
zero-field eigenstates of Ĥhfs. J and I couple to one another via F = J + I, such
that F and its projection mF appropriately describe the bunching of the energy
levels. The magnetic field component of the Hamiltonian, ĤB, is given by

ĤB = −µB

~
(gLL + gSS) ·B, (2.2.12)

in which the nuclear term is neglected because gI � gL,S. In this regime, known as
the hyperfine linear Zeeman (HLZ) regime [34], the energy levels shift proportionally
to the magnetic field strength B according to

∆E|F mF 〉 = µBgFmFB. (2.2.13)

This is the anomalous Zeeman effect.

10



2.2. Atom-light interactions in magnetic fields

2.2.2.2 Intermediate and strong fields

When the coupling to the external field becomes similar in strength to the hyperfine
interaction, i.e. the expectation value of Ĥhfs ∼ ĤB, we are said to have entered
the intermediate regime. The relationship between the shift and the magnetic field
is no longer linear, and the lines begin to curve since neither of the two effects
dominate. In this intermediate regime it is often said that there are no ‘good’
quantum numbers, which means that the relevant eigenstates cannot be described
by a single of the L, S, J , I or F quantum number or its projection m.

If the magnetic field is sufficiently strong that the expectation value of ĤB greatly
exceeds that of Ĥhfs, J and I decouple as individually they couple more strongly to
the field than to each other. In this hyperfine Paschen–Back (HPB) regime, F and
mF are no longer valid quantum numbers, and the eigenfunctions of the atomic
state are best represented with the total angular momentum J , mJ and nuclear
spin I, mI quantum numbers. The interaction Hamiltonian ĤB is given by

ĤB = −µB

~
(gJJ + gII) ·B. (2.2.14)

At still larger fields, there are the Paschen–Back and normal Zeeman regimes for the
fine structure, where even J cannot be called a good quantum number. Nonetheless,
this is nowhere in the vicinity of the states and field strengths considered in this
thesis, and so are beyond the scope of the present discussion.

In numerically solving for the eigenvalues of the Hamiltonian for each value of B,
the splitting of the energy levels in the ground and excited manifolds of the 87Rb
D2 transition are computed and displayed respectively in Figs. 2.3 and 2.4. When
B = 0, the mF states are degenerate as the atom has no preferred orientation in
space (quantisation axis). We see only the F = 1, 2 and F = 0, 1, 2, 3 branches of
the ground and excited states and no additional splitting. As the field becomes
non-zero, the magnetic field vector B establishes a quantisation axis, and the
degeneracy of the mF states is removed. This is seen in the splitting of the branches
into individual sublevels.

The hyperfine linear Zeeman, intermediate, and hyperfine Paschen–Back regimes
are clearly distinguished in both figures. In the low-field HLZ regime, the levels
split linearly with B according to Eqn. 2.2.13. In the intermediate regime, the
competition between Ĥhfs and ĤB is manifested in the curvature of the lines. When
the lines become linear again, we are said to have entered the HPB regime. At
this point, ĤB � Ĥhfs, so the states are no longer arranged by F and mF and
instead by J , mJ and I, mI . By way of example, in Fig. 2.4, the magnetic sublevels
in each F state set out degenerate with one another and later rearrange into an
order defined by their mJ value. In groups of four, these states are ordered by
mJ = −3/2,−1/2,+1/2,+3/2; and within each group by mI which has values
between −3/2 and +3/2.∗

∗To avoid repetition, and also because (as the reader shall see) the main experimental signal
occurs on the 87Rb D2 line, the analysis for rubidium 85 is moved to Appendix A.
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2.2. Atom-light interactions in magnetic fields

2.2.3 Driving transitions

Not all transitions between atomic energy levels are allowed. Whether or not a
transition can occur depends not only on the energy, but also on the conservation
of momentum and angular momentum, as well as symmetry rules. Given two states
|n, L,m〉 and |n′, L′,m′〉, the transition is said to be allowed where the transition
dipole matrix element

d = 〈n′, L′,m′|d̂|n, L,m〉 (2.2.15)

has at least one non-zero component

dj = 〈n′, L′,m′|d̂j|n, L,m〉 , with j = x, y, z. (2.2.16)

Evaluation of these integrals reveals that dj 6= 0 only in those transitions where the
change in the magnetic quantum number ∆m = 0,±1. Moreover, an electric dipole
transition (which is the leading-order process in electronic transitions) demands
that ∆L± 1 and that the spin does not change, i.e. ∆S,∆I = 0.

In the 87Rb D2 transition, ∆L = +1. If the quantisation axis is taken to be along z,
the following components of the radiative transition matrix element are non-zero:

〈n, L+ 1,m+ 1|d̂x + id̂y|n, L,m〉 , with ∆m = +1;

〈n, L+ 1,m− 1|d̂x − id̂y|n, L,m〉 , with ∆m = −1;

and
〈n, L+ 1,m|d̂z|n, L,m〉 , with ∆m = 0.

Considering a dipole and its characteristics of absorption, the first two correspond
to the case of two superimposed electric dipoles that are separated in phase by π/2
oscillating respectively in the x and y planes. This leads to the observation of a
circularly-polarised electric field vector propagating along the z axis, which is to be
matched by the polarisation of the driving field. Thus a σ+ (∆m = +1) transition
is driven by left-circularly polarised light, and a σ− (∆m = −1) transition is driven
by right-circularly polarised light. The third corresponds to that of a photon
linearly-polarised along the z axis and propagating on any axis in the xy plane,
with selection rule ∆m = 0 on the atom.

In the absence of an external magnetic field, the magnetic sublevels of an atom
are degenerate, so the σ± (and indeed the π) transitions have the same energy. As
the B-field builds up, the sublevels in both the ground and excited manifolds will
split, and the transitions are no longer identical in energy. Fig. 2.5(a) shows the
dipole-allowed σ transitions for the 87Rb D2 line in a 4.7 kG magnetic field: here
we are in the HPB regime, so the energy levels are labelled by the mJ,I quantum
numbers which dominate the atomic eigenstates, with selection rules ∆mI = 0
and ∆mJ = ±1. The Zeeman shifts of the transitions are depicted in Figs. 2.5(b)
and 2.6.
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2.3 Hypothesis

Our hypothesis is therefore this: knowing that an MTS error signal can be obtained
for a closed atomic transition, and making use of the fact that the atomic energy
levels shift in response to an external magnetic field (the Zeeman effect), we propose
a scheme which combines the two components to allow the arbitrary relocation of
an MTS error signal.
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3 Experimental apparatus

3.1 Experimental setup

The experimental setup for Zeeman-tunable MTS (ZMTS) is illustrated in Fig. 3.1(a).
The experiment uses an ultra-narrow linewidth MSquared SolsTiS laser to achieve
the desired spectral range (15 GHz), but typical diode lasers may also be used in the
case of a smaller range. 4.6 mW of 780 nm light is separated into pump (3.5 mW;
1/e2 radius 0.52±0.01 mm) and probe (1.1 mW; 1/e2 radius 0.55±0.01 mm) beams
with a low-order half-wave plate and a polarising beamsplitter. The pump beam is
phase modulated by an electro-optic modulator (Photonic Technologies EOM-02-
12.5-V), driven below the resonant frequency at 8.5 MHz to prevent ‘kinking’ of the
error signal [10]. To minimise the effects of residual amplitude modulation (RAM)
[36], the polarisation of the incoming light can be adjusted via a half-wave plate
before the EOM. A non-polarising beamsplitter is then used to reflect the pump
and its accompanying sidebands into a 2 mm long vapour cell of natural abundance
rubidium, where it interacts with the counterpropagating probe beam via the χ3

susceptibility of the medium in a FWM process. The generated sideband, now
induced onto the probe, beats with the carrier to produce an oscillating signal
at the modulation frequency ωm. This signal is detected on a fast photodiode
(Hamamatsu C10508-01), amplified (Mini-Circuits ZFL-500), downmixed (Mini-
Circuits ZX05-1L-S), and finally fed into a proportion-integration-differentiation
(PID) controller (Toptica FALC 110) to output the MTS error signal. The relative
phase shift between the modulation signal and the reference signal supplied to the
mixer can be set digitally using a two-channel RF generator (Tektronix AFG 1062)
with phased-matched outputs and variable offset.

This setup differs from conventional MTS [Fig. 3.1(b)] in that a large constant
magnetic field is applied to the vapour cell along the axis of the propagating beams.
This is provided by a pair of ‘top hat’-shaped NdFeB magnets, as depicted in
Fig. 3.1(a) in a cross-sectional view. Ideally, the magnetic field strength, and thus
the position of the lock signal, can be varied easily by changing the separation
between the magnets. The two quarter-wave plates on either side of the magnets
serve to control the circularity, and more importantly the handedness, of the
incoming pump and probe polarisations. This allows the selective driving of σ+

and σ− transitions with right- (RCP) and left-circularly polarised (LCP) light
respectively, adding another level of tunability to the already versatile method. In
the sections to come, each of these components shall be examined in turn.
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Figure 3.1 | Experimental setups for (a) Zeeman-tunable modulation
transfer spectroscopy and (b) conventional modulation
transfer spectroscopy, where λ/2 = half-wave plate, λ/4 =
quarter-wave plate, BS = 50:50 non-polarising beamsplitter, EOM
= electro-optic modulator, PBS = polarising beamsplitter, and PD
= photodiode. The sideband-modulated pump and unmodulated
probe beams are allowed to propagate collinearly through a heated
rubidium cell of natural abundance and length 2 mm, across which a
uniform magnetic field of up to 7 kG is applied. A half-wave plate
can be placed in front of the EOM to reduce residual amplitude mod-
ulation effects. The shaded region highlights the main differences
between the two schemes. The electronic signal lines are drawn here
in black and are omitted in (b) for simplicity.
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3.2. Vapour cell and heaters

3.2 Vapour cell and heaters

3.2.1 2mm vapour cell

Moderately large magnetic fields are necessary for the purposes of this investigation.
In the current setup, field strengths of up to 7 kG are implemented using a pair of
‘top-hat’ NdFeB magnets. Though possessing the advantage of making large fields
easily accessible, the small inter-magnet separations required for the permanent
magnets to achieve such fields, and to achieve them homogeneously, necessitate
very compact vapour cells.

(a)

0.6

0.8

1.0

T
ran

sm
ission

,S
0

0.8

1.0

−0.01 0.00

Time (s)

(b)

22.0 mm

2.0 mm

68.6 mm

19.5 mm

Figure 3.2 | Schematics of (top) the 2mm Rb vapour cell used in the
experiment and (bottom) a typical 70mm-long cell, (a). The
2 mm cell consists of two parts: a glass window for optical access,
and a vertical side-arm which acts as the rubidium metal reservoir.
Shown in (b) are their respective saturated absorption spectra for
the 87Rb F = 2→ F ′ = 3 cooling transition.

The dimensions of the 2 mm rubidium vapour cell used in the experiment are shown
in Fig. 3.2(a). Containing rubidium in its natural abundance (72.15% 85Rb; 27.85%
87Rb) and fabricated from borosilicate glass, these reference cells are commercially
available from Triad Technology. Without telescopes, the effective sub-Doppler
linewidth of the 87Rb F = 2→ F ′ = 3 cooling transition is found to be 12.72 MHz.

3.2.2 Heater

At ambient conditions, the vapour in the 2 mm cell is optically thin and no
absorption peaks are visible. This is overcome by Ohmic heating of the vapour cell
to temperatures of around 125◦C—see Fig. 3.2(b).

Figs. 3.3 and 3.4 show the ceramic heater (Thorlabs HT19R) and the mount designed
for the heater-cell combination, respectively. Ceramic heaters are employed due
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to their ability to endure high temperatures (up to 350◦C), whereas the mount is
3D-printed from the heat-resistant and insulating polycarbonate (Ultimaker PC)
material. The utilisation of 3D printing has rendered the fabrication process highly
flexible, cost-effective and time-efficient. The body has room for a 2 mm vapour
cell sandwiched by two ceramic heaters, and features a cut out for the stem of the
cell and holes for optical access.

Ø 23.0 mm

Ø 4.0 mm

Figure 3.3 | Photograph showing the dimensions of the ceramic heater.
One heater is placed either side of the vapour cell, heating it to
∼125◦C to provide a sufficient optical depth for the probe.

44.19 mm
Ø 4.0 mm

89.51 mm

Figure 3.4 | Design for the 2mm vapour cell mount employed in the
experiment. The mount is 3D-printed from the Ultimaker PC
filament and can withstand temperatures of up to 130◦C. The stem
of the cell sits in a carved-out slot, such that it is not directly heated
and cooler than the cell windows. Holes with diameter 4.0 mm have
been cut out to allow the laser beams to pass through.
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3.3 Permanent magnets

The magnetic field Bz of a single annular magnet at position z0 and along the axis
of symmetry z can be described by the following formula:

Bz =
B0

2

(
z − z0 + d√

(z − z0 + d)2 +R2
− z − z0 − d√

(z − z0 − d)2 +R2

)
(3.3.1)

where B0 is the remanence of the magnet, and 2d, R are the length and radius
of the cylinder respectively. Since the magnetic field B too obeys the principle of
superposition (in free space at least), the field for a ring magnet with outer radius
Ro and inner radius Ri is just that from a cylinder of radius Ro deducted by the
field from a cylinder of radius Ri. In the same way, the field profile of any magnetic
material with cylindrical symmetry can be calculated.

The magnetic field in this experiment is generated using a pair of ‘top hat’-shaped
N52 grade NdFeB magnets [Fig. 3.6(a)], custom-made by and purchased from
Shanghai Jinmagnets. Here we choose to work with permanent magnets over
current-carrying solenoids for two main reasons, namely that no power is required,
and that large fields are more easily accessible. The magnets are mounted on an
aluminium block in threaded brass holders, which can be screwed in and out and
thereby allow the achievement of different magnetic field strengths by varying the
inter-magnet separation. A schematic of the magnets being held in the aluminium
block is shown in Fig. 3.5.

Figure 3.5 | Schematic of the aluminium magnet holder. The magnets can
be screwed in and out with a lever.
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Figure 3.6 | Field profiles of the N52 grade NdFeB magnet pair in the
axial direction, Bz. (a) Schematic of the ‘top-hat’ magnets, un-
derneath which (b) the theoretical axial field profile (to scale with
(a); shown in black) is plotted as a function of axial distance, z. The
dashed red and blue lines display the field profile of each individual
magnet. The purple circles signify Hall probe measurements, with
error bars too small to be seen. The region normally occupied by
atomic vapour is shaded in grey. (c) shows a zoomed-in view of the
field profile between the magnets, along with the residuals. At this
distance, the average magnetic field across the cell is 6.6 kG, with a
peak-to-peak variation of smaller than 0.2% of the measured field.
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Fig. 3.6(b) shows the field profile of the magnet pair in the axial direction, Bz.
The axially polarised magnets are arranged in a Hemholtz geometry, such that the
sum of the fields at z = 0 is constructive. At this separation, the magnetic field
across the cell (−1 ≤ z ≤ 1; grey strip in the figure) is 6.4 kG, with a peak-to-peak
variation of less than 0.2% of the measured field. This is verified experimentally
with a Hall probe (results presented as purple dots). The slight difference between
the calculated and observed profiles is attributed to the loss of magnetisation of
the neodynium since production. The average B-field in the cell as a function of
the distance between the magnets is given in Fig. 3.7.

20 30 40 50 60

Magnet separation (mm)

2

3

4

5

6

7

B
ce

ll
(k

G
)

Figure 3.7 | Average magnetic field strength in the 2mm vapour cell,
Bcell, as a function of magnet separation. The calibration data
is fitted to a cubic equation: Bcell = −2.84× 10−5s3+5.54× 10−3s2−
−4.14× 10−1s + 1.29, with s being the magnet separation. The
shaded region encloses possible values of the magnetic field within
one error bar of the calibration curve. Data taken by D Carr for
Ref. [37].

The field variation is an important quantity upon which the linewidth of the shifted
transition is highly contingent. In this instance, the theoretically calculated field
variation of 0.2% assumed that the vapour cell was positioned centrally between
the two magnets, and that the magnets were separated by exactly 19.8 mm. In
reality, however, the variation of the field depends strongly on both the position of
the cell and the distance between the magnets. This is demonstrated more clearly
in Fig. 3.8, where the root-mean-square (rms) and peak-to-peak (ptp) variations
are visualised respectively in red and blue. In the case of the rms variation, we
find from the theoretical model that the separation between the magnets must be
set to 14.6± 0.2 mm to avoid additional line broadening. As for the positioning
of the vapour cell, the variation within the cell, even when placed centrally, is
above the upper limit at which the 87Rb D2 lines remain unbroadened. Clearly, the
requirements become even more stringent if we consider instead the ptp variation.
The effects of field inhomogeneity on the linewidth of the Zeeman-shifted transition
will be examined in greater detail in Section 4.2.2.
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Chapter 3. Experimental apparatus

Unshielded, the current setup has an axial leakage field that falls to that of the
Earth’s at a distance of 0.7 m [Fig. 3.9]. Further information regarding field
uniformity and magnet design can be found on the Durham University Collections
repository (doi:10.15128/r2r207tp335) as well as in Refs. [38–40].
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Figure 3.8 | The rms and ptp variation of the applied field as a func-
tion of (a) cell position and (b) magnet separation over the
extent of the atomic vapour. The magnets are separated by
19.8 mm in (a). The dashed horizontal lines show the maximum vari-
ation the field can exhibit, at which the rubidium 87 D2 σ-transitions
remain unbroadened.
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Figure 3.9 | Leakage field of the magnets in the axial direction when
maximally wound out. From the edge of the magnet, this field
falls to that of the Earth’s (shaded in purple) at a distance of 0.7 m.
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4 Zeeman-tunable modulation trans-
fer spectroscopy

4.1 Experimental demonstration
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Figure 4.1 | First experimental demonstration of Zeeman-tunable mod-
ulation transfer spectroscopy. Doppler-free spectrum of the D2

line in Rb vapour with (a) B = 0 and (b) 4.7 kG; and the ZMTS
spectrum using (c) right- and (d) left-circularly polarised light. (c)
shows the MTS error signal for the 87Rb F = 2 → F ′ = 3 cooling
transition Zeeman-shifted onto the 87Rb F = 1→ F ′ = 2 repumping
transition, and (d) vice versa. (c) and (d) are interchangeable by a
90◦-rotation of the quarter-wave plates. The plethora of error signals
in (c) and (d) is ascribed to contamination by 85Rb. Colour: pink,
with RCP incident light; blue, LCP.
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Chapter 4. Zeeman-tunable modulation transfer spectroscopy

Here we find confirmation of our initial hypothesis. The large applied magnetic
field, in conjunction with the ability to select polarisations, support up to ∼10 GHz
of freedom in the error signal location (in practice, anywhere on the rubidium D2

spectrum). To illustrate, Fig. 4.1 shows that by merely changing the helicity of the
incident polarisation it is possible to select from lock points that are gigahertz apart.
In particular, we show that the MTS error signal for the 87Rb F = 2 → F ′ = 3
cooling transition can be Zeeman-translated onto the 87Rb F = 1 → F ′ = 2
repumping transition (and vice versa) using a 4.7 kG magnetic field, as well as how
via a simple 90◦-rotation of the quarter-wave plates, i.e. changing from RCP to
LCP incident light, one might individually address the σ+ and σ− transitions.

Apart from the highlighted feature, we notice the plethora of smaller error signals
in Figs. 4.1(c) and 4.1(d). We also note that, intriguingly, the main feature does not
occur where the optical depth (OD) is greatest, even though intuitively one would
expect the closed transition to give the highest OD. Both these observations are
imputed to contamination by 85Rb, which coexists with 87Rb in natural abundance
inside the vapour cell, and which renders the medium so optically thick in regions
that the closed transitions become buried. A full breakdown of the observed features
can be found in Section 4.2.1.
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Figure 4.2 | A comparison between (c) ZMTS and (d) FMS for the 87Rb
F = 1 → F ′ = 2 repumping transition. Also shown are
the (a) normal and (b) Zeeman-shifted pump-probe spectra for the
F = 1 → F ′ transitions. Note that the dip at F = 1 → F ′ = 0
(leftmost in the first panel) is caused by optical pumping.
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4.2. Comparison with theory

The form of the error signal, despite having been translated magnetically by 6.6 GHz
from the 87Rb F = 2→ F ′ = 3 cooling transition, is preserved. In stark contrast
to that produced by the FMS technique, the dispersive lineshape sits on a flat,
zero background that is unencumbered by residual linear-absorption effects, as
is exemplified in Fig. 4.2(c). There is also the added advantage that only one
dominant error signal is present on the spectrum, such that there is little ambiguity
in the location of the lock-point—this allows a much more accurate determination
of the spectral zero-point and, as a consequence, locking of the laser.

4.2 Comparison with theory

4.2.1 Detuning

To determine the experimental Zeeman-shift (detuning), the distance between the
magnets is varied, and oscilloscope measurements of the error signal along with
the reference spectrum are taken at each separation. Using the known frequency
relation between the rubidium hyperfine peaks, the measurements are converted
from time to frequency space. The detuning, then, is just the frequency shift in
the error signal location from when B = 0.

Fig. 4.3 shows the frequency detuning of the ZMTS error signal with increasing
magnetic field strength. As can be seen, the experimental detuning exhibits excellent
accord with the theoretically predicted Zeeman-shift, enabling one to accurately
predict the frequency shift simply by knowing the magnetic field. In agreement
with our hypothesis, we identify the two main features to be due to, respectively,
the 87Rb |−1/2,+3/2〉 → |−3/2,+3/2〉 transition for σ− (LCP) laser excitation,
and 87Rb |+1/2,+3/2〉 → |+3/2,+3/2〉 transition for σ+ (RCP) laser excitation.∗
Represented in the present figure as solid black lines, these correspond to transition
components 8 and 9 in Fig. 2.6. The rest of the spectral features are accounted for
in full by the theory lines for the rubidium D2 σ-transitions, shown in the figure as
grey curves.

We note in passing that there also occurs a small amount of shifting due to the
Earth’s continuously changing magnetic field, but this shifting is on the order of
1 MHz and is therefore negligible.

4.2.2 Linewidth

The MTS signal is related to the linewidth of the transition, Γ, via Eqn. 2.1.4. In
view of this, it is important that consideration be given to the linewidth of the
Zeeman-shifted transition, which affects not only the capture range but also the
steepness of the lock signal.

As pictorialised in Fig. 4.4, the experimental linewidth is acquired firstly by fitting

∗Here, and for the remainder of this thesis, we shall write our eigenstates in the |mJ ,mI〉 basis.
Without exception, all transitions will be from 5S1/2 → 5P3/2.
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Chapter 4. Zeeman-tunable modulation transfer spectroscopy
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4.2. Comparison with theory
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Figure 4.4 | Determination of the linewidth of the Zeeman-shifted tran-
sition. The full width at half maximum (grey shaded region) of the
fit Lorentzian (black) is taken to be the homogeneous linewidth of
the transition.

a Lorentzian profile over the Zeeman-shifted saturated absorption feature, from
which the full width at half maximum is then extracted. The theoretical linewidth,
on the other hand, is obtained by taking into account the Zeeman-broadening
arising from the magnetic field variation within the cell, and convolution of the
resultant frequency distribution with the natural linewidth of rubidium [Fig. 4.5].

Though following the general trend of theory, the experimental linewidths (red
circles in Fig. 4.6) are noted to be significantly higher than predictions of the
theoretical lineshape model (Γ = 6.065 MHz; blue). The breakdown of the model
at weaker fields, despite the absence of Zeeman-broadening (e.g. at B = 0 where
the measured linewidth is 12.72 MHz), is suggestive of the fact that alternative
broadening mechanisms—namely, power [41, 42] and transit-time broadening [43–
46]—are in play. Convolving instead with this linewidth, fairly good agreement
is found between the observed and calculated linewidths at high magnetic field
strengths (> 4 kG). More work remains to be done to ascertain the source(s) of
departure from theory at smaller fields.

4.2.2.1 Power broadening

Consider a two-level atom interacting with a steady light source. At any given time,
the atomic populations are governed by the steady-state equilibrium between cw
radiative excitation and various decay processes such as spontaneous emission and
collisional relaxation. The experimentally observed signal (which has a Lorentzian
dependence on ∆), Ssteady, is then related to the excited state population 〈P2〉 by
[47]

Ssteady ∝ 〈P2〉 =
1

2

(I/Isat)

1 + (∆/β)2 + (I/Isat)
. (4.2.1)

where ∆ = ω0 − ω is the detuning of the laser with respect to the atomic Bohr
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Chapter 4. Zeeman-tunable modulation transfer spectroscopy
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Figure 4.5 | Theoretical broadening of the 87Rb 5S1/2 |+1/2,+3/2〉 →
5P3/2 |+3/2,+3/2〉 transition (left), and variation of the
magnetic field within the vapour cell (right) at (a) B =
1.9 kG, (b) 5.7 kG, and (c) 7.9 kG. The theoretical lineshape
(blue) is obtained via linear convolution of a Lorentzian lineshape
with full half-width 6.065 MHz (red; representative of the natural
linewidth of rubidium) with the frequency distribution arising from
inhomogeneities in the local field (olive). The purple lineshape is
similarly obtained, convolving instead with Γ = 12.72 MHz, the
effective sub-Doppler linewidth in the 2 mm cell. The theoretical
linewidth (light purple strip) is taken to be the FWHM of the purple
profile.
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4.2. Comparison with theory
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Figure 4.6 | Experimental (red circles) versus theoretical linewidth of
the 87Rb 5S1/2 |+1/2,+3/2〉 → 5P3/2 |+3/2,+3/2〉 transi-
tion. The theoretical linewidths are computed by convolving the mag-
netic field distribution in the 2 mm cell with, respectively, Lorentzian
profiles of full-halfwidths 12.72 MHz (purple) and 6.065 MHz (blue).
The dashed black lines correspond to the B-fields at which (a) the
magnets are maximally wound out [Fig. 4.5(a)], (b) the field variation
reaches a local maximum [Fig. 4.5(b)], and (c) the field variation
reaches a local minimum [Fig. 4.5(c)]. The olive dash-dotted line
shows the magnetic field variation with increasing field strength.

frequency ω0, β is some width parameter, and Isat is the characteristic intensity at
which the rate of stimulated emission is equal to that of spontaneous emission.

Eqn. 4.2.1 represents a conventional view of power broadening : an increase in the
driving intensity I is expected to broaden the width of the Lorentzian line profile.
This is because, as the radiation field becomes more intense, the atomic population
oscillates faster between the two levels (though never spending more than half the
time in each). Intuitively, this can be understood from Heisenberg’s uncertainty
principle which states that

∆τ∆ε = ~/2 (4.2.2)

Here, the uncertainty in the energy of the excited state ∆ε is determined predomi-
nantly by its spontaneous lifetime (∆τ ≈ τ0). Hence the increased Rabi frequency,
which can be thought of as the excitation and de-excitation having ‘less time’, will
lead to a larger ∆ε. In a spectroscopic measurement, this is manifested in the
broadening of a spectral line.†

†When all is said and done, however, the intensity dependence of the sub-Doppler linewidth in
(Zeeman-tunable) modulation transfer spectroscopy is not trivial to calculate. Eqn. 4.2.1 assumes
a simple two-level system which the four-wave mixing process intrinsically is not.
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Chapter 4. Zeeman-tunable modulation transfer spectroscopy

4.2.2.2 Transit-time broadening

If the interaction time of an atom with a driving field τtt is small relative to the
spontaneous lifetime of the excited state, the linewidth of the sub-Doppler transition
is not anymore limited by the spontaneous transition probabilities, but by the
transit-time through the radiation field (in this case the laser beam). This effect is
known as transit-time broadening.

An analogy can be drawn between excitations in an atom and a forced harmonic
oscillator, in that the oscillator amplitude is proportional to the that of the driving
field. Thus an atom traversing a laser beam with a Gaussian intensity profile
E = E0 exp(−r2/w2) cosωt will have amplitude x = x0 exp(−r2/w2) cosωt, where
w is the waist of the Gaussian beam profile. Fourier transformation of the temporal
signal yields [48]

I(ω) = I0 exp
(
− (w − w0)

2 w
2

2v2
)
, (4.2.3)

with a transit-time limited FWHM

δωtt = 2(v/w)
√

2 ln 2, (4.2.4)

which is inversely proportional to τtt. Once more, this can be understood in terms
of the mathematical uncertainty principle for Fourier transformations.

How such broadening effects may be circumvented will be discussed in Section 5.1.1.
We acknowledge the presence of additional broadening due to collisional interactions
with the background gases. Nevertheless, this buffer gas broadening affects the
linewidth at all magnetic fields equally and so will not be covered here in depth.

4.3 Long-term stability

The frequency of a laser, even that which is locked, drifts around—this is why we
needed an error signal in the first place. A lock is considered ‘good’ if the following
can be said about it: i) the amplitude of the frequency oscillation is small compared
to the natural linewidth of the transition, and ii) this oscillation remains small for
a demonstrable amount of time.

To evaluate the long-term stability of our method, the overlapping Allan deviation
[49, 50] of the beat note frequency between the ZMTS-locked laser (Toptica DL Pro)
and an independent, MTS-stabilised laser was measured over a period of 24 hours.
The laser remains locked for the entirety of this duration and exhibits frequency
fluctuations well below the natural linewidth of the atomic transition (6.065 MHz),
as can be seen from Fig. 4.7 which shows a combined frequency instability of
< 1 MHz for the two lasers over times up to 103 s. The larger deviations at τ ∼1 s
is thought to have originated from the unoptimised PID control; whereas the
longer-term deprecation (τ >104 s) is attributed to drifts in ambient temperature.

The combined coherence time of the two lasers, which is the time for which their
beat note frequency stays in phase, is found to be 0.33 µs [Fig. 4.8]. That being
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4.3. Long-term stability

said, we notice in a setup with two lasers that drifts in either destroys the coherence.
So, unless they always drift in the same direction and for the same amount, the
coherence time for a single, ZMTS-stabilised laser is almost certainly better than
the stated value.

The demonstrated stability is sufficiently good for various applications such as laser
cooling and, if required, could be further improved by incorporating the intensity
stabilisation method discussed in Ref. [23].
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Figure 4.7 | Overlapping Allan deviation of the beat note frequency be-
tween the locked laser and a separate, MTS-stabilised laser.
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Figure 4.8 | Coherence of the beat note produced by two lasers, sta-
bilised respectively with ZMTS and MTS. The two figures
here aim to convey the same information: in (a), the coherence is
shown with colour transparency (determined by the alpha parame-
ter), by overlaying 1000 shots of the beat signal with low alpha in a
‘persistence’-type plot. In (b), the same is displayed, but this time
with amplitude by summing over the different shots. The combined
coherence time of the two lasers, which is the FWHM of the approxi-
mately Gaussian envelope of the beat (shaded in grey), is found to
be 0.33 µs.
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5 Outlook and Conclusion

5.1 Outlook

5.1.1 Scope for future work

As have been alluded to above, the biggest drawback of the ZMTS technique lies
in the linewidth, or the broadening thereof, of the Zeeman-shifted transition. From
Fig. 4.5 it is apparent that different effects contribute to the observed broadening
in different regimes.

At low magnetic field strengths, power and transit-time broadening are the dominant
broadening pathways (see Sections 4.2.2.1 and 4.2.2.2). These deficits can easily be
reversed by the use of telescopes, which enlarge the laser beams to have the effect
of decreasing the intensity and increasing the time of flight [Fig. 5.1].

same P, larger A, smaller I

I = P/A(a) (b) 𝜏tt ∝ w/v

same v, larger w, larger 𝜏tt

x

Figure 5.1 | Effect of the telescope on (a) power broadening and (b)
transit-time broadening. In the case of power broadening, since
the intensity is the power per unit area (I = P/A), and magnifying
the beam does not change the source power, adding the telescope
serves to decrease I by increasing A. In the case of transit-time
broadening, the transit-time limited halfwidth, δωtt, is inversely
proportional to the laser beam waist (ω). Hence the use of telescopes,
which increases ω, reduces the broadening.

Zeeman-broadening, on the other hand, becomes the primary broadening channel at
large B. Contrary to the low-field case, this broadening is technical in nature: the
non-uniformity of the magnetic field, with which the spectral width of the transition
line increases, stems from fundamental flaws in the magnet design. Ideally, this
could be solved by redesigning the magnets; alas, we find in actuality that achieving
with permanent magnets a homogeneous field over the interested range is highly
challenging. A viable alternative is to use a solenoid, which produces a nearly
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Chapter 5. Outlook and Conclusion

uniform field at the core. Nevertheless, this comes at the expense of the portability
and relative ease of use offered by the current setup. Yet another improvement that
can be made to the setup involves the motorisation of the magnet holder. This
permits a more precise tuning of the separation between the magnets, which in
turn controls both the homogeneity and strength of the magnetic field.

Moving away from considerations of the linewidth, a penultimate suggestion would
be to increase the range over which the magnet separation is tunable. At present,
the largest separation achievable with the setup is 60.0 mm, equalling a smallest
attainable field of 1.8 kG and ∼ 2.5 GHz detuning in the main error signal’s location.
Doubling this distance reduces the magnetic field experienced by the vapour cell by
a further magnitude, to 0.5 kG which corresponds to a Zeeman-shift of ∼ 0.7 GHz.

Finally, we register that elements of the experiment such as the magneto-optical trap
and optical molasses may be sensitive to the large, stray magnetic field. However,
this can easily be resolved by mu-metal shielding the magnets or, alternatively, by
fibre-coupling the ZMTS setup.

5.1.2 Applications

Though demonstrated here in the context of rubidium, the ZMTS method can be
conveniently extended to other atomic and molecular species. Indeed, the method
might even find use in the trapping of the different isotopes of an element.

We note that the following is better implemented in a solenoid system, but a useful
implication of this Zeeman-tunability is that the frequency of the locked laser can
be changed simply by changing the magnetic field. To put simply, a lock with
a tunable bandwidth can be achieved by sending an alternating current to the
electromagnet, assuming the laser PZT is able to keep up. In principle, this can be
used to address and trap the different isotopes in a multi-isotope magneto-optical
trap.

Where ZMTS is most apt, still, is when the laser has to be locked to some fixed
frequency detuning from an absorption line, e.g. in Raman and lattice lasers. These
form a fundamental building block of any AMO physics experiment, and as such
we expect our technique to find widespread applications in laser spectroscopy, laser
cooling and trapping, and precision measurement with atoms and lasers [51–53].

5.2 Conclusion

Active frequency stabilisation of a laser is paramount to many areas of research.
On account of its zero background and excellent signal-to-noise ratio, modulation
transfer spectroscopy has emerged as one of the most robust and widely employed
laser locking techniques. For all its virtues, the four-wave mixing process which
underlies MTS means that the observation of strong modulation transfer signals
only occurs at closed transitions, precluding MTS from numerous use cases.

Improving upon the existing MTS scheme, we present in this thesis a technique
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5.2. Conclusion

to magnetically translate the spectral location of an MTS error signal by simple
application of a large axial magnetic field. Retaining all of the advantages of MTS,
the proposed scheme generates ideal error signals based on stable atomic references,
with the additional benefits of being highly tunable and reproducible. Limited only
by the strength and homogeneity of the applied field, we show that the error signal
for the 87Rb F = 2→ F ′ = 3 cooling transition can be arbitrarily shifted on the
D2 spectrum, including onto the the 87Rb F = 1→ F ′ = 2 repumping transition.
Excellent agreement is found between experiment and theory.

Locking the laser to the shifted signal gives a frequency stability of better than
1 MHz for timescales up to 103 s. While the technique was demonstrated in the
context of the 87Rb D2 line, the same method can be conveniently extended to
other atomic species and types of lasers (e.g. Raman and lattice lasers).
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A 85Rb atomic structure

Naturally occurring rubidium consists of two isotopes: rubidium 85, the only stable
isotope of rubidium; and radioactive rubidium 87, which decays extremely slowly
and is therefore effectively stable. Like 87Rb, 85Rb has 37 electrons, only one of
which is in the outermost shell. Since many of an atom’s physical and optical
properties are determined by the valence electron, much of what was discussed in
Section 2.2.1 remains relevant here.

The level structure diagram of the 85Rb D2 transition is presented in Fig. A.1. The
gross structure is determined by the principal quantum number n and the orbital
angular momentum of the electron L. Due to the spin–orbit interaction [Eqn. 2.2.5],
these terms are further split into fine-structure levels labelled by the total angular
momentum quantum number J = 1/2 for the ground state, and J = 1/2 or 3/2 for
the first excited state. The resultant transition, 52S1/2 → 52P3/2, will be the only
transition we consider hereafter.

On top of the fine structure splitting, the further coupling between the total
electronic angular momentum J and nuclear spin angular momentum I gives rise to
a much smaller effect termed the ‘hyperfine’ structure [Eqn. 2.2.7]. For the ground
state in 85Rb, J = 1/2 and I = 5/2, so |J − I| ≤ F ≤ J + I can take values 2
or 3. In the absence of any external fields, there are 2F + 1 degenerate magnetic
sublevels mF for each F state:

F = 2, mF = −2,−1, 0,+1,+2

F = 3, mF = −3,−2,−1, 0,+1,+2,+3.

For the 52P3/2 excited state, the possible values of F ′ range from |3/2− 5/2| = 1
to |3/2 + 5/2| = 4. The degeneracy of each of the individual F ′ state occurs as
below:

F ′ = 1, mF ′ = −1, 0,+1

F ′ = 2, mF ′ = −2,−1, 0,+1,+2

F ′ = 3, mF ′ = −3,−2,−1, 0,+1,+2,+3

F ′ = 4, mF ′ = −4,−3,−2,−1, 0,+1,+2,+3,+4.

The degeneracy of 2F + 1 per F state breaks down as the magnetic field B (and by
extension ĤB) becomes non-zero: this is just the Zeeman effect. The magnetic field
dependence of the ground and excited states of the 85Rb D2 transition are shown
respectively in Figs. A.2 and A.3. The Zeeman shifts of the transition frequencies
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Appendix A. 85Rb atomic structure

are depicted in Fig. A.5.
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Figure A.1 | Unperturbed (a) coarse, (b) fine, and (c) hyperfine struc-
ture diagram of the 85Rb D2 transition. The approximate
Landé gF -factors for each individual F state are provided, along
with the Zeeman splittings between adjacent mF levels. Adapted
from [54].
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Figure A.5 | Zeeman shift of the 87Rb D2 transition for the absorption
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B B-roll

B-roll are figures I would like to have seen make into the thesis, but which for
various reasons did not.

Chapter 4
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Figure B.1 | (a) ElecSus-predicted weak-probe versus (b) experimental
Doppler-free spectra at B = 4.5 kG. The dotted lines show
the location of the spectral features from the experimental traces,
with the ‘main’ features in Figs. 4.1 and 4.3 indicated in black.
While intuitively one would expect the greatest error signal to occur
where the optical depth is greatest, the medium is so optically thick
in regions (for instance, where transitions due to 87Rb and 85Rb
coincide) that the closed transitions become buried.
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Appendix B. B-roll
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