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Abstract

Local estimates of the maximal curvatures of admissible spacelike hypersurfaces in
de Sitter space for k-symmetric curvature functions are obtained. They depend on
interior and boundary data. The curvature function is also assumed to depend on

the tilt/slope of the hypersurface and an additional growth condition holds.
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Chapter 1

Introduction

The study of the curvature of geometric objects has been one of the major sub-
jects in differential geometry. In the special case of hypersurfaces (submanifolds of
codimension one), the extrinsic notion of curvature and how it is influenced by the
nature of the ambient space is also a classical topic.

The problem of classification of hypersurfaces in Euclidean space by their curva-
ture values has been widely investigated. With the introduction of new tools from
partial differential equations, many conjectures and results have been proven.

One of the equations that appears naturally in differential geometry when one
tries to prescribe the Gauss curvature of a hypersurface in Euclidean space is the
Monge-Ampere equation. For convex hypersurfaces this is the so called Minkowski
problem, and the existence of smooth solutions for the two-dimensional case was
established independently by L. Nirenberg and A.V. Pogorelov [19,21]. Later on, a
complete proof for the n-dimensional Minkowski problem was given in [8] by S-Y.
Cheng and S-T. Yau.

In a series of papers dedicated to fully nonlinear elliptic equations, L. Caffarelli,
L. Nirenberg and J. Spruck [4-6] provide the theory needed to study the prescribed
curvature problem for a larger class of curvature functions, namely those that can
be represented by a symmetric homogeneous function of the principal curvatures.
Since these equations are concave for admissible solutions, in order to carry out the
classical method of continuity, it is necessary to obtain C*“-regularity. A funda-

mental result in the theory of elliptic fully nonlinear equations of second order of
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Chapter 1. Introduction 2

concave type (see [10,13,17]) is the Evans-Krylov theorem, which guarantees that
the needed Holder estimate of a solution will follow from the C? a priori bound.

In [6] Caffarelli et al describe how to obtain the existence of star-shaped hy-
persurfaces with prescribed k-symmetric curvature in Euclidean space. Firstly it is
shown how this problem fits in the frame of concave elliptic fully nonlinear equations
and how to get the estimates needed: using barriers for the C° bounds, estimating
the strict star-shapedness to get the C! a priori estimate, and getting bounds for
the maximal curvature of the hypersurface to conclude the C? interior bound using
the maximal principle on a clever test function.

For smooth strictly convex hypersurfaces B. Guan and P. Guan in [14] solved
the problem of existence and uniqueness when the prescribed function is defined on
S™ in terms of the inverse of the Gauss map. They parameterise the hypersurfaces
by means of the support function, a tool widely used in convex geometry, and from
the bounds of the eigenvalues of the inverse of the second fundamental form, they
show how to derive the C° estimates using the so called Cheng-Yau’s lemma, and
from C? and CV estimates, they show a C? a priori bound. They also observed that
it is not possible to apply the continuity method for the resulting equation, but it is
possible to use it for an auxiliary equation and apply degree theory arguments using
a group invariance assumption, and then they proved the existence of a solution.

The question of existence of hypersurfaces in Riemannian manifolds of constant
sectional curvature has also been investigated. Moreover, star-shaped hypersurfaces
with given k-symmetric curvature in the sphere is obtain in [18] by Y. Li and V.
Oliker. They used C?, C! and curvature estimates proven by M. Barbosa, L. Herbert
and V. Oliker in [2]. Also in [2], one can also find the C° and C' a priori bounds for
hypersurfaces of prescribed curvature in hyperbolic space. The remaining curvature
bound and existence result were proved by Q. Jin and Y. Li in [16] using similar
arguments of W. Sheng, J. Urbas and X. Wang [22].

For spacelike hypersurfaces in Minkowski space and Lorentz manifolds various
results have been proved by R. Bartnik and L. Simons, C. Gerhardt, Y. Huang
[3,11,12,15], and the references provided in them. The curvature estimates in these

cases rely on the Gauss formula, and the Lorentzian nature of de Sitter space requires
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additional assumptions in the prescription in order to apply the maximum principle.

In this thesis we obtain similar curvature estimates as in [15] in de Sitter space.
As in [15] we impose a growth assumption on the right hand side of the equation in
terms of the tilt function of the hypersurface, to be defined below.

We introduce in Chapter 2 the fundamental equations of hypersurfaces in Rie-
mannian and Lorentz manifolds. We also provide explicit expressions for hypersur-
faces in de Sitter space after providing several examples. In Chapter 3 we give the
formulation of the problem in terms of partial differential equations. In Chapters 4

and 5 we present the main results and their corresponding proofs.



Chapter 2

Geometry of hypersurfaces in

Riemannian and Lorentz manifolds

We will recall the fundamental formulae for hypersurfaces in Riemannian and Lorentz
manifolds. We refer the interested reader to [9,20] for more details of the topics in
this chapter. These formulae relate the concept of curvature of the hypersurface
with the curvature of the ambient space. We also give explicit expressions of the
second fundamental form of different hypersurfaces. In the case of strictly convex
hypersurfaces in Euclidean space the formulae are given when we parameterised the

hypersurfaces via the support function.

2.1 Geometric formulae for hypersurfaces in Lorentz
manifolds

We will recall some geometric formulae for hypersurfaces in Lorentzian manifolds
and at the end we will apply them to the case of spacelike hypersurfaces in de Sitter
space.

Let {01,...,0,, N} be a coordinate frame of a Lorentzian manifold (M,g) and
M a Lorentzian (not necessarily spacelike) hypersurface with induced metric g such
that {0;} span T M, let N be the unit normal field to M and put e = g(N, N) = +1.

When the induced metric is positive definite, then we say that M is a spacelike
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hypersurface, then g can be represented by the matrix ¢;; = ¢(0;,0;) with inverse
denoted by ¢¥.
The Gauss formula for X, Y € T reads

DxY = VyY +eh(X,Y)N, (2.1.1)

here D is the connection on M, V is the induced connection on M and the second

fundamental form h is the normal projection of D. In a coordinate basis we write
hij = h(0;, 0;). (2.1.2)
The shape operator is obtained by raising an index with the inverse of the metric

hi = g™ hy;. (2.1.3)

j:

The principal curvatures of the hypersurface ¥ are the eigenvalues of the symmetric
matrix (h%). The tangential projection of the covariant derivative of the normal
vector field N on X, V;N = (Dy,N)" is related to the second fundamental form by

the Weingarten equation

The curvature tensor is defined for X, Y, Z € TY as

R(X,Y)Z =VyVxZ —VxVyZ + VixyZ. (2.1.5)

The Christoffel symbols are given by

1
FZ‘ = 59“ (0igj1 + 0;9a — 9945) , (2.1.6)

and the curvature tensor in terms of Christoffel symbols is

Riji = R Om = (0T — O + L5, — TT5,) O (2.1.7)

js— ik s+ jk
Contracting with the metric

Rijii = g (R(0;,0;)0k, 0) = gum Rij- (2.1.8)
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We can also write the curvature tensor of the ambient manifold in terms of the
curvature of the surface and the second fundamental form
= D;(D;0y) — D;(D;0k)
’ ’ (2.1.9)
= (V; + D) (V0 + €hieN) — (Vi + D) (V01 + €hjiN)
= Rijk + ehiijN — ehjkViN + EDJJ' (hN>Zk — EDlJ_(hN)jk,
where Df(hN)jk = Df(hjkN) — I hyy N — FfthkN.
From the last identity, when the ambient manifold is flat, we obtain the Codazzi

equation given by the identity

Note that the first and second covariant derivatives of the second fundamental form

are given by

Vihij = Oihij — Ty — Tjjhi, (2.1.11)
Vlehij = ak(VZh”) - F;;lvrhij - invlhrj - szvlhir. (2112)

The Gauss Equation expressed in orthonormal coordinates is given by

Rijiy = Rijr — € (hichji — hahjy) - (2.1.13)

When M is a hypersurface of a flat manifold leij = 0, the last equation simplifies
to the identity
Rijiy = € (hix hji — hji har) - (2.1.14)

Note that A is a bilinear symmetric tensor, and the following Ricci tdentity holds
VleAij - VleAij = RkljrAir + RklirArj- (2.1.15)

In the following we will write V'u(0;,, ..., 0;.) simply as V;,i,...;, u.
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2.2 Hypersurfaces as graphs in Euclidean space

Consider ¥ C R™*! parametrised as the graph of a smooth function f : R® — R.
Then at any point p € ¥ there is a neighbourhood U C R™ such that every y €
YN f(U) can be written as y = (z, f(x)) for some x = (z!,...,2") € U.

In these coordinates, the basis for the tangent space 7, is given by

yliaxi

= <€i7fi>7

where {e;} is the standard basis of R". Let Df = (f1,..., fn) be the usual gradient

vector of f. Then a unit normal vector field in ¥ is given by

V1+IDf*

To compute the second fundamental form h;; = g(D;y;, ) we observe that

n =

0%y

Pibi = puiow

= (07 flj)a
then its normal projection is

fii
V1+I[Df]?

Since we are using the standard metric of the Euclidean space, then the induced

hij = (Djyi, 1) =

metric on X is given by
9ij = Wi, y5) = 0i5 + [fif;
The inverse of the metric is then

i fifj
=g, — 2%
g Y1+ |DfIF

and the shape operator is given by

Ai':gikhk‘:Z(&_ fifw ) i _ 9 fi
1= =2 %= 1378 ) \ Vi io7e) " o0 \ Vs o)
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2.3 Strictly convex hypersurfaces and support func-

tion in Euclidean space

Let n : ¥ — S™ be the Gauss map of a strictly convex hypersurface ¥ C R**!. Then
n is an isomorphism with inverse Y : S” — ». The support function of ¥ is the

function u : S — R given by
u(z) =z -Y(x) x e S, (2.3.16)

where the - is the usual inner product in Euclidean space which will also be denoted
by (-,-) and we write o for the induced metric on the unit sphere S".

Now we want to recover the hypersurface X via the support function. Geometri-
cally, the support function measures the distance from the origin to the plane with
unit normal direction x that passes through the point Y (z), equivalently, the dis-
tance from the origin to the tangent plane of 3 at Y (x). Then any point Y (z) can
be written as the sum of the vector u(z)r and a vector a(x) which lies entirely in

the tangent plane of ¥ at Y'(z), that is
Y(z) =u(z)r + a(x) (2.3.17)

Let D be the Levi-Civita-connection of the ambient space R*™!, and denote by
V the tangential component to the sphere and V+ the orthogonal component. That
is D =V + V. Now, if we take the derivative of (2.3.17) in the direction v € T}, S"
then we have

D,Y = (Dyu)x + u(x)h + D,a. (2.3.18)

Now, since Y is a diffeomorphism then DY is an isomorphism between tangent
spaces, and then DY has no normal component, that is (D,Y,z) = 0. On the
other hand, since a(z) is orthogonal to z then (a(x),z) = 0 implies that 0 =
(Dya,x) + (a(x),v). Then taking the component in the z- direction of (2.3.18) we
obtain that



2.3. Strictly convex hypersurfaces and support function in Euclidean
space 9

(DY, z,) = ((Dyuw)z, x) + (u(z)v,x) + (Dya, )
0= D,u— (a(z),v)
Dyu = {(a(x),v).
Since the last equation is valid for every tangent vector h, then we must have that
a(x) = Vu.

Finally, recalling that all derivatives were computed at the point x € S" we can

write

Y(z) = u(x)z + V|,u.

We use now indices a, b, i, j, k,l,m = 1,2,...,n. Direct computations of Y, and Y,

give us the identities

Gab = (ugma + vfnau) Umjajk (ualb + V?bu) Jlk

and

hap = (Yap, ) = uoa + V.
Combining these equations we get
ab = Pam0™ huy,
from which it follows that the inverse of the shape operator B is
A% = (B = ho g = 0% Ry,
Then the eigenvalues of the matrix
A=0""Vu+ul (2.3.19)

are of the form 1/k; where k; are the principal curvatures of .
Note that the Minkowski problem of finding a strictly convex hypersurface with
prescribed Gauss curvature K > 0, can be formulated as the problem of finding a

solution to the equation

det(A) = o,
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on the unit sphere S" under the condition that ¢ = 1/K > 0.
Minkowski found also that a necessary and sufficient condition to solve the prob-

lem is that
/S o) (i) = 0

holds. Moreover, note that from the change of variables formula the following holds:

/n o(x) (E;,x) = . K () (E;, z)dx

= K ' (2)(E;, z)dx
n(X)

- / K~ (n(y)) {Es, n(y))] det duldy

~ [ Bty

= / div(E;)dy = 0.
nt(x)

The following result is sometimes referred as the Cheng-Yau lemma [8]. This
provides the key estimates of second order needed to establish the existence of a

solution of the Minkowski problem for dimension n > 3.

Lemma 1. Let M C R™ be a compact convexr C* hypersurface. Let K be the
Gauss curvature function defined on S™. Then the extrinsic diameter of M can be

estimated from above by

1\771 . ke
Cn (/n ?) {Jélsfn . max (0, (u, w)) K(w) )

where the positive constant c, depends only on n.
There exist also a positive constant r depending only on an upper estimate of
Jon K71 and a lower estimate of [, max(0, (u,w)) K (w)™", such that we can always

put a ball of radius r inside the hypersurface M.

Proof. We only outline the first part of the proof which uses change of variables
formula, Stokes’ theorem and the isoperimetric inequality. Since the Gauss map

n: % — S" is diffeomorphism, the change of variables formula reads

/H(E)fz/z(fonﬂdet(dn)h
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Note that the Gauss curvature is K = det(dn). Let M be the domain enclosed by

Y. The integration by parts formula is given by

/M div(vF) = /M Vo F+ /M v div(F),
j;mWMﬂ:iévF-n

Apply Stokes’ theorem with F = V|z|? =2z € M C R""™ v = 150 F-n = 2u(n(x))

and Stokes theorem:

is the support function when restricted to X, i.e.

/MA:U _ 2/2<$,n(x)>

_ Q/Z(uon)(x)
= Q/Z(u o n)(a:)% |det(dn(x))| dx

u
=2/ —.
SnK

Recall the isoperimetric inequality
|Z|n Z nn|]\4|n—1wn7

where | - | is the corresponding volume and w,, is the volume of the n-dimensional

unit ball. On the other hand note that the volume of the set enclosed by ¥ is

1

Y| =wol(X) = —.
5l =woi(s) = | &

Since in R™*! we have
Alz]* =2(n +1),

and using the fact that for any unit vector w € S™, the support function at w satisfies

u(w) > L max{0, (v, w)},

where L is the extrinsic diameter of M, and we have moved the origin to be the
midpoint of the segment of length L joining two suitable points {p, ¢} in M. Then
the inequality follows.
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In 2002, P. Guan and B. Guan (see [14]) initiated the investigation of the ex-
istence of strictly convex hypersurfaces ¥ in Euclidean space with normalised k-
symmetric curvature prescribed by a positive function ¢ : S* — R*. They also
made use of the support function and they used a group invariant assumption on
the prescription function v, namely, those functions which are invariant under an
automorphic group G of S" without fixed points: ¥(gx) = 1(z) for all ¢ € G and

T e S"



2.4. Star-shaped hypersurfaces in de Sitter space 13

2.4 Star-shaped hypersurfaces in de Sitter space

Let R}*? = (R"2 g) be the Minkowski space with metric § = —da? + dz? +
-+ +dz2 ., and covariant derivative D. Then de Sitter space is defined as S7*" =
{z € R{*?: g(z,2) = 1} with the induced Lorentzian metric which we will denote
by g and covariant derivative D. Moreover, any point in S7™! can be written as

(r,&) € Rt x §", with the induced metric
g = —dr® + cosh®(r)o, (2.4.20)

where ¢ is the round metric on S*, and later we will use V to denote the covariant
derivative for the metric o. The vector field 0, will be written separately from any
other index notation d,, d;, ..., etc., the latter indices taking values from 1 to n.
Let u: S™ — [0, 00) be a smooth function and consider a spacelike hypersurface
in STt given by the graph ¥ = {(u(¢),€)}. The tangent space of the hypersurface
at a point Y € ¥ is spanned by the tangent vectors Y; = u;0, +09;, and the covariant

derivative V corresponding to the induced metric on X is given by
Gij = —ugu; + cosh’(u)oy;. (2.4.21)

Since the metric is positive definite, the inverse can be computed

1y Jn
o uy oMy,

cosh?(u) — cosh?(u)|Vu|2’

G = cosh™*(u)o + (2.4.22)

where Vu = ou;0; and V| := o“u;ui. Note that for this to be well defined we
need to have |Vu[?> # cosh?(u), and this is the case when the surface is spacelike.
A unit normal vector to ¥ at the point Y can be obtained by solving the equation
g(Ya,n) =0, and then we get

) -
P cosh”(u)0, + Vu (2.4.23)

\/e (— cosh*(u) + cosh2(u)|@ul2> |

and moreover, since Y. is spacelike, then the following inequality must hold

|Vu| < cosh(u), (2.4.24)

because the unit vector 72 normal to 3 is time-like, that is g(n,n) = —1.
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The second fundamental form is the projection of the second derivatives of the

parameterisation Dy, Y3 on the normal direction. Notice that
Dy, 0, =0; Dy, 0; =tanh(r)d;; Dy,0; = cosh(r)sinh(r)o;;0, + ffjak, (2.4.25)

and use them in

Dy,Y; = Dy, +o, (u;0r + 9;) (2.4.26)

= UjUjDaTaT + UiDaTaj + uijc?T + UjDaiaT + Daﬁj.
Then A,p = g(Dy, Y3, n) is given explicitly by
cosh?(u)

\/cosh4(u) — cosh?(u)|Vul?

. inh
(iju — Q%Uiuj + sinh(u) COSh(U)UiJ) :

Aij -

(2.4.27)
Then applying the Gauss equation (2.1.13) to the surface as a submanifold of

codimension two ¥ C S7™ € R 1! we have

0 = Riju = Riju — e1(hawhji — hathyjy,
7 st = €x(hichy i) (2.4.28)
= Rijkzl - 52(Aik:Ajl - Az‘lAjk) - 61(hikhjl - hilhjk)v

where ¢, = g(Y,Y) =1 and 3 = g(n,n) = —1.



Chapter 3

Geometric Fully Nonlinear

Equations.

In this chapter we will outline the general theory of existence of solutions for fully
nonlinear elliptic partial differential equations of concave type. The main reference
for the topics in this chapter is [13]. The continuity method is also discussed, along
with the a priori estimates needed, which we apply to the question of existence of a
hypersurface with prescribed curvature.

Let 2 be a bounded open subset of R”, £ > 0 an integer and 0 < o < 1. We

recall that the Holder space C**((), is a Banach space of functions f with norm

| flora) = | florg) + Iﬁ}‘gj |D" flce(ay, (3.0.1)
where
Fleve = maxsup|D7f| ;| flone = sup LD =T W (3.0.2)
<k zeo oty T —y|®

3.1 The general equations
The equations that we will be considering are of the form
F(z,u,Vu,V?u) =0 in QcCR" (3.1.3)

where F' is a real function defined on Q x R x R™ x M, and M is the space of real

symmetric n X n matrices, where dim(M) = n(n + 1)/2.
15
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We say that F'is elliptic in a subset U C QxR xR" x M if for any (x, z,p,r) € U
F is differentiable with respect to the variable r and the matrix given by F'¥ = E‘?TZ
is positive definite. F is said to be elliptic with respect to u € C?*(2) if in the
definition we take the subset U to be the range of x — (z,u, Vu, V?u).

Note as well that the ellipticity of F' implies the following comparison principle
(see [13], Theorem 17.1): Let u,v € C*(Q), where Q is a bounded domain and
suppose we have that v > v on 9Q and F(z,u, Vu, V*u) < F(x,v, Vv, V?) in Q.

If the following hold

(a) F is continuously differentiable with respect to the corresponding variables

Z? p7 T'
(b) F' is elliptic with respect to tu + (1 — t)v for all ¢ € [0, 1].
(c) F is non-increasing in the variable z.

Then v > v in Q.

3.2 Prescribed curvature equations
In this work we will consider solutions to fully nonlinear equations of the form
F(A) = f(A,...,\) =9 in Q CS", (3.2.4)

where A is the second fundamental form of a spacelike hypersurface in de Sitter
space dS", f is a symmetric function of the eigenvalues of A, and 1 is a function of
the position vector and the tilt of the surface (see (4.1.6)).

We will also assume that the hypersurface is the graph over an open set of the
sphere of a function. More precisely, let 2 C S™ be a smooth domain and v : 2 — R

a positive smooth function such that the graph
Y = graph(u) = {(u(§),&) [ € Q CS"} C dS" (3.2.5)

is a spacelike hypersurface in de Sitter space dS™. For A = (A\y,...,\,) € R, let

Sk(A) = Ei<ij<ocip<ni, - Aiy, and define the normalised symmetric polynomial
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Hy(\) = (Z) Sk. In this paper we will be considering the case where f is homogeneous

of degree one given by

FO) = HFW), (3.2.6)

defined in an open convex cone I' which is symmetric and with vertex at the origin
and contains the positive cone I'" = {A e R*|\; > 0,Vi =1,2,...,n}.

Then F' can be expressed as the k-th root of the sum of the principal minors of the
shape operator A’ = G Ay;, and from equations (2.4.22) and (2.4.27) we will have
F(A) = F(&,u, Vu, V). A solution u of (3.2.4) will be called admissible if ¥ given
by (3.2.5) is a spacelike hypersurface and the principal curvatures A = (Aq, ..., \,)
belong to I'.

Under these conditions, the ellipticity and concavity of the nonlinear operator
F are established by properties of f. For instance, if fy, >0 foralli=1,2,... ,n,
and f(\) is concave in I', then it follows that F is elliptic and concave.

Moreover, let
oF

8aij ’
then it will follow that F¥ is diagonal when A is diagonal, and we have F¥ =

diag(f1, ..., fn)-

A direct computation shows that

Fii .=

(3.2.7)

"L OS

=n—k+1)S;_ 3.2.8
> o = (0= kS (323)
or equivalently
- aH _ Hy
R = Zf, =y = (3.2.9)
=1 =1 Hkk

The theory of existence of solutions of such equations has been studied exten-
sively and in more generality in [5] by L. Caffarelli, L. Nirenberg and J. Spruck.
In [6], they proved the existence of star-shaped hypersurfaces in Euclidean space
with prescribed k-symmetric curvature using a priori estimates needed to carry
out the continuity method. The idea behind it is the following: Suppose that one
wants to show that a solution of the equation F'(u) = 0 exists. Consider a one
parameter family of problems Fi(u) = 0 depending continuously on t such that

Fi(u) = F(u) is the problem we wish to solve and Fy(u) = 0 is a problem that
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we know how to solve (in our case when u is a suitable constant). Then define
A = {t € [0,1] |one can solve F;(u) = 0}. The existence of a solution follows by
showing that A is non-empty, open and closed. In suitable functional spaces the
openness follows from a version of the inverse function theorem for infinite dimen-
sional vector spaces, and the closedness by establishing suitable a priori estimates.

The existence of a solution for the Dirichlet problem is reduced to obtaining the
a priori estimate

’u‘cza((z) S C (3210)

for some 0 < a < 1. Then, as in the quasilinear case we have to establish estimates
for supq |u| , supgq |Dul, supg |Du|, and additionally sup,q, |D?u|, supg, | D*ul.
In the case when F' is a uniformly elliptic fully nonlinear concave equation, the

Evans-Krylov theorem [10] [17] gives the following a priori estimate
|U‘CQ,Q(Q) S C\u|cl,1(m (3211)

when €2 = B; is the unit ball and C' depends only on the concavity property of
F. See also [7], where the authors present the regularity theory for fully nonlinear

elliptic equations in more detail.



Chapter 4

First Curvature Estimate

We obtain similar curvature estimates as in [15] in de Sitter space. As in [15] we

impose a growth assumption on the right hand side in terms of the tilt 7 (see (4.1.6)).

Theorem 1. Let ) C S™ be a domain in the round sphere, and let u € C*(Q)NC?(Q)

be an admissible solution of the boundary value problem

F(A) = Hi(MA)) = (Y1) in Q

u o= @ on 0f)

where A is the second fundamental form of a spacelike surface X in de Sitter space

given by (2.4.27), v € C>*(Q), ¥ > 0 and convex in 7. Assume additionally that
e (X, )T = (X, 7) 2 0
for all X € S} and 7 € [1,00). Then
sup |[A] < C,
Q

where C'is a constant depending on n, ||¢llc1@), |Vc2.0,1,00) and supyg |Al.

19
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4.1 Commutator formula, tilt and height func-
tions

We are now going to prove that if the curvature of the hypersurface is bounded, then
the C? estimate of the solution will be a consequence of the equation of the second
fundamental form (2.4.27). We will need the commutator formula for the second
order derivatives of the second fundamental form, given by Ricci’s identity (2.1.15),
together with the Gauss equation of the surface as a codimension 2 spacelike sub-
manifold of Minkowski space. This is on account of equation (2.4.28), which gives
the following

Riji = —(AinAj — AgAji) + (hishji — hahj), (4.1.1)

where we are using A;; as the second fundamental form of the spacelike hypersurface
in de Sitter space, and h;; denotes the second fundamental form of de Sitter space

in flat Minkowski space. Substituting in equation (2.1.15) we get
ViViAy; = ViV Ai + Z RyajrAir + Z Riiir Arj
= ViVidy + > {=(AAi = A Ay) + (highir = hiehg)} Air
+ Z {—(AriAy — AprAi) + (hiihyy — higphis) Y A
Moreover, notice that by the Codazzi equation and Ricci identity (2.1.15) we get

=ViViArj + Rigir Arj + Rigjr Ay
=ViViAij + Rikrr Arj + Rikjr Akr-Rir Arj + Rigjr Aper-

Using coordinates such that A is diagonal, from equation (4.1.1) we obtain

ViVl = ViVidj; + AwAf; + hjchinAjy — hichiAj;
— A Apy + hyjhige Ak — hjkhjpAge. (4.1.2)

The first covariant derivative of (3.2.4) is given by
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and the second covariant derivative
FiijVkAij + Fij’lekAijvaml = Vi Vi (4.1.3)
By multiplication of £/ with (4.1.2) and adding repeated indices

FIN NV Ay = FIINL VR Ajy + AkijjA?j — F7 A
— FIA AL + A Y P77 (4.1.4)

J

Let H = >, A, we will use the identities above to compute F#V;V;H that

will be used later. From (4.1.4) we have
FPV;V;H = F7 Vi VA + HFT A
k
—nFY A — FIAY AL+ HY P
k J
Since H ,1/ s homogeneous of degree 1, it holds that F7/A;; = 1, and then

FYV;V;H =Y FIV,VAj;
k

+H (Fﬂ‘jAﬁj +> Fjj> — <n +> A§j> .
J J

Using equation (4.1.3) we can rewrite the first term of the left hand side above

and we get

FPV;V;H = — Z FHmN L AV e A + Z ViV
K

k
+H (FJ’J’AJ?J. +)° Fjj> — <n +) A§j> . (4.1.5)
J J
Now we consider the following parameterisation of the hypersurface
Y = sinh(u(€))E) + cosh(u(§))¢, &€ S",

where E;, = (1,0,...,0) € R*"11 The tangent space to ¥ is spanned by the vectors
Y; = w; (cosh(u)Ey + sinh(w)) + cosh(u)§; = u;0, + 0;. We will write Y; = V; and

u; = Oju = cosh(u)&u.
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Note that
cosh(u)d, = (cosh(u)E; + sinh(u)¢) = cosh(u)? E;+cosh(u) sinh(u)é = Ey+sinh(u)Y.

The tilt and the height functions are given respectively by

7= (B = cosh”(u) —— ;o =(Y,Ey) = —sinh(u), (4.1.6)
\/COShQ(U) — |Vu|?
and
exp|®(u, )] = % expla(T) — An].

The following proposition provides very useful formulae to be used in the next

section and next chapter.
Proposition 4.1.1. For 7 and n defined as above, the following holds:
1. Vin=—TA;; —ngij.
2. Vit = —g* Ay Vin.
3. V;Vit = —g™"V, AV + T A" A + Aijn.
Proof. Using the Weingarten equation (2.1.4) we obtain
VT =(V;n, By) = —(AlY;, E))
= —g" A Vi, Br) = =" Ay Vil Br) = —g™ Ay Vin.

From the Gauss formula note that at any point p € S7*' we have h;; N, = —g,;p,

and this implies h;; N1 = —g;;n. Then it follows using the Gauss formula twice

= —TAi; — n9ij,
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and from this we have
Vi = Vi(=9"" AniVmn)
= —=V;9"" ApiVinn — """V ApiVin — " ApiVingn
= —9""V;AuVmn — g"" Ani Vi
= —g""V, AijVmn — g™ Ani(=T Apj — 19mj)
= —g""VpAijVimn + TAp;g"" Ani + 9" Apitigim;

4.2 Proof of Theorem 1

Proof of Theorem 1. Since 1p = ¥ (Y, 7) and from the assumption that v is convex
in 7 and Proposition 4.1.1(3), in an orthonormal frame such that A is symmetric it

holds (see [15]) that

D ViV =0, Y ViV + e > (Vir)? = C1H — Gy
k k k (4.2.7)

>, (=ViHVin + 1A Ak + Hn) — C1H — Cs.

We continue from equation (4.1.5), and we will make use of the last inequality
(4.2.7), the concavity of F, the fact that H > 0 and )3, F// > 0. Note that at the
maximum of H we have VH=0 and V;V,;H<0, it also follows 0>F"V,;V,H, then

0> ViVi+ H <FﬁA§j +) Fﬂ) — (n +) Af.j)
Kk J J

> 1y (ZTAZWFHTI) — CiHl — Cy+ HFVAG — o (”JFZA?J')
j

k

> —Ch—mtp + (b — C1) H + FIASH + (b7 — ) Y Ay
k

Since (¢,7 —1) > 0 and by the Newton-Maclaurin inequalities Hy1Hy—1 < H? one

can show (see [23]) the following

g 1
FYA Ay > _S;/ksh
n
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and from this it follows that

0> —Ch—ny + (Y- — C1) H + CspH?
which implies H is bounded, hence A is bounded. O



Chapter 5

Second Curvature Estimate

In this chapter we give an interior estimate when the growth condition is strict, and

the boundary data is spacelike and affine.

Theorem 2. Let Q) C S™ be a domain in the round sphere, and let u € C*(Q)NC?()
be an admissible solution of the boundary value problem
F(A) = HEAA) = ¢(Y.7) in ©

Y

u o= @ on 0f)

where A is the second fundamental form of a spacelike surface X in de Sitter space

given by (2.4.27), v € C>®(Q), ¥ > 0 and convex in 7. Assume also that
(X, 7)T — (X, 7) >0

for all X € S and T € [1,00), and that the domain Q C R™ is C?, uniformly
convex. If the boundary value ¢ is spacelike and affine, namely o is the restriction
of an affine function on ambient Minkowski space of dimension n + 2, then for any
Q' CC Q there is a constant C' depending only on n, 2, dist(SY',09), [[¢llc1 @) and

1Y|lc2(1,0,0,00)), Such that
sup |[A] < C.
QI

25
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5.1 Proof of Theorem 2

Proof. Consider the function v = ¢ — u, v > 0 in €2, and let
®(§) = In(Ann) + a7) + Bn(y),

with first covariant derivative

A .
V0 = Vidu a'V;T + Vil (5.1.1)
A11 Y
The second covariant derivative is:
V.V, A, VAL )
VP =T _ J " )
V,V; i, ( " ) +a" (V1)
2
+ O/VjVjT + BVJXJ’Y - ﬁ (_V;Y) .

Use the commutator formula (4.1.2) and computing F¥V,;V;®, we have

FPIV;V ;0 = ™ {FIN VA + F7 A A + FPhyph Ay
— Fiihyyhg Ay — FIA; AL+ FP Ry by A

2
T s 5,07
All

—FV hjhje A} — F7 <
2
+O/FijjVj7' +5F]‘jm — BF7I (M) .

v v

Note that in coordinates such that h;; = 9d;;, some terms in the brackets cancel.

Now, using the identity F¥7A;; = ¢ from the homogeneity of (3.2.6), we can write
P,V @ = - PV, A, + FIA2 — (A !
iVi® = g 1Vidj; + i 11+A— (0
11 11
g (VAL g )
4 FI . pai (J_> + o"FI( T
; All ( J )

2
+ o' FIIN V7 + BFY ViViY _ gpis (—Vﬂ> :
Y Y
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Using equation (4.1.3) in the last equation we get

. 1 .
FIV,V,;® = ——— FIMG | A,V Ay + ViViy
A An
(An‘i‘AL)w-i-F”A +ZFJJ
11

i (ViAuN® 2 | 7
- F A—H + o' F (VjT) + o' F Vjv]'T
2
i ViV g (m) . (5.1.2)
v g
Then as in [15], by Proposition 4.1.1(3) and using (Y, 7) we have
ViViy > ¢ ViViT — C1 A — Gy
=1r <— Z V, AuV,n + AL T + A11511> — C1An — Ca.

Then we have the following inequality:

VIAVHW > A11 Z V, A1 Vo + 0 AnT 4 01, — Cy — Zzl (5.1.3)
On the other hand, using the assumption that ¢ is affine we have
FIN Vv > —C. (5.1.4)
Also we are assuming control over |V,;v| < C, and then
FINV AV <CY FY, (5.1.5)

J
which will be used at the end. If we carry on using inequalities (5.1.4) and (5.1.3)
n (5.1.2) we obtain

. 1 -
Fi,V,;® > —A—F’J”“lleijlekz
1

1

Z V,AuV,n

C g
+ Y- AnT + Yo — Cr — A_2 + FIA%
1

VA \?
- Jj gi [ V341
(A11+A11)¢+ZF -F ( Aqy )

2
+ Oé”Fjj (Vj’/_)z + Ol/FijjVjT — ﬂ; — ﬁFjj (%) .

All
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Using again Proposition 4.1.1(3), we replace the term o/ F97V;V;T to get

F]JV]'V]'(I) > —A—F”’klleijlekl A ZV A11Vr77
11

11

C -~
+ wq—AllT + <¢7— + « 1/)) 511 — Cl A2 + E F
11 X
J

2
(1 O{,T)Fjinj _ <A11 + AL) W — i <VAA11)
11 11

2
+ CY//Fjj (va)2 —a Z ervrn - ﬂ; — ﬁFjj (%) .

Now, at the maximum of ® we have V®=0 and Vjv]‘¢§0 and by ellipticity
0>FiV;V;®. Then we get

\V4 AH . / VT’V
wT; G V= wZ( 7B ) Ve,
and since V,¢ = 1, + 1, V,7, we have that

v, A , Ve, C
_¢T Z Allllvrn —Q Z Vﬂ/lvrﬁ = Z (ﬁ ’y’)’ —Q 1/}7’> VM? > _Tﬁ - Ca

T

then,

FIV.V.® > —— FIRg, AV, A _ 2 _98= _
V;V;® > i V1AyViAw — C 1, ﬂ S C

+ (Y7 — ) Ay + (¢r + ') o1y

+ (1 +aT)FTA2 — —+ Y F/
( ) All Z

Jj

2 2
_ i (le_AH> + "FI(V,7)* — BFY (E) . (5.1.6)
11 Y

Case 1: In this case we will use the concavity of F' and drop the term with the
second derivatives F* in the inequality (5.1.6), and we will suppose that there is

> 0 such that
Ann S _HAH;
this implies that

2
FiAz > a2 S i, (5.1.7)
n -

and also

Frro> Z i
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Note that
Fi(V;1)° = FTAZ(Vn)® < CF7 A2,

At the maximum of ® we have V,;® = 0 and from (5.1.1) we have

VjAn 2 . ' Vj“Y 2
( AH > = <a VJT—FBT s (518)

and moreover, for all € > 0 we have

( :

Note now that if (o” — (1 + €)(a/)?) < 0,

V;v)Q < (14 @2V, + (14 )82 <m)2 (5.1.9)

v

(& — (14 €)()?) FI7(V;7)° > Oy (o — (1+€)(e)?) F7 A2 (5.1.10)

ik
then from (5.1.6),

C
FIIN,V,® > 5——0 ﬁ——Cl—A—2+(wT T — 1)) An
11

+ (Y + o' )o + {(1+ 1)+ C1 (o' — (1 +€)()?) } FPAZ,

_Ai+{1_(5+(1+5—1 )B%) }ZF”. (5.1.11)
1

Now, in order to control the coefficients of F77 A2, we solve the following ordinary

3i
equation
and we find solutions of the form

a=—In(1 +a),

where a > 0 to be specified. Moreover, the first and second derivatives are

/ 1 " 1
a = o 5
T+a (T +a)?
and then it is clear that
9 €
o' —(1+e)(a)” =~ <0,
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from which we can see that for ¢ = a?/2C; we have

/ "o n2y— 4 _ Cie
(@7 +1) + Ci(a (1+6)(a))_r+a (7 +a)?
a(t +a) Cie a’

— — >
rraf  G4ap Aryap=70

then from (5.1.11) we get

o240 couC o G
+ (Y7 — ) A + (Yr + )1
+ Oy P A2,

—Aiu+{1—(ﬂ+( )ﬁﬂ%}ZFﬂf

J
Note A1 > -+ > A, and this implies that

ZFJJ_

from this it follows that
Z Fil >0y > 0.

J
Using the growth assumption ¢,7 — ¢ > 0, the inequality (5.1.7), and choosing
B> 0 such that {1 — (8 + (1 +¢1)5?) %} > 0, we obtain

Cy 1 ,
> _f— — Yoo o2 YR ,
0 /3 C - 5 e 03,411

Now we make use of the assumption A\; > 1 so that

@ > yAr.
U

Case 2: Looking back at inequality (5.1.6), the assumption for this case is the

existence of p > 0 such that

Ann Z _MA117

and in this case we will make use of the term with F“*. Note also that Aj; > —pAin,
forall  =1,2,...,nsince Aj; > Ay > - > A,

Consider the following partition of the indices {1,2,...,n},

I={j|F7 <4F"}, and J={j|FV/>4F"}.



5.1. Proof of Theorem 2 31

Now, for j € I, at the maximum, equation (5.1.8) and inequality (5.1.9) hold for

any € > 0, namely

( :

For j € J, at the maximum, since V,;® = 0 in equation (5.1.1), we have for any

2

Vj)Q < U+ (@) (V) + (L) (?) etk

€ > 0 that

V A11)2 S 1+4+€
All 5

From these two inequalities we can get

(Vv 2 ‘.(V-A11> 1+€ + et (V'A11>2
=Ll 4+ Fi L i (V1) J
P < vy ) A o Z 5 A

vjAH)Q

, 1+et
g1 (a V,T+ ()3 (V;7)* + 3 ( A,

jeJ
+ﬁZFﬂ( ) (1+e) (@)D FI(V;7)?
Jjel jel
V»A11)2
+(1+ I 2=
(A+e)s < ) ]EZJ <A11

<dn{f+ (1+e B pFY (%)

+ (L4 &)1+ 87)() F7(V;7)?

2
H{l+ (L4 )BT}y FP <—VAA“) .
11

jeJ

Using the last two estimates in (5.1.6) at the maximum we obtain

1 Cy
> R AV, A — 2 _9p=
02 = FUIV, 4,14y = ) — = 57 C

+ (Ve =) A + (U7 + O/ZU) d11

+ (14 a'T)FITAZ — A + Z Fii
11 -

2 2
_ pii (Vﬂ‘A“> + o FI (V1) — BFY (m> |
Y
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Solving @” — (a/)? = 0 as in Case 1, we obtain (5.1.10) then

R C
S - ikl g _ 22 _ 9= _
02— PNV A Vi Ay — G = 2 2% e
(o7 = 9) A+ (8 + %) 11 — -
11

g+ ey (2 DY
{1 +a'7)+C (@ = 1+ (1 + 571 ()? )}FjjAazj

V'AH 2
—{1+(1+e -1 I (J_> ,
{ B ™

JjEJ

and moreover for € = €(a), there is Cy > 0 such that the last term is improved by

R C.
> ij,kl .. — _2 — —
02— PNV A,V A = O - 2 2% S -C
(= 9) Au+ (W + 0'9) by — -
11

—An{B+ (1+ € V)B2}FM ( ”) + Z Fii

{1+ a'r) + Oy (o = (1+ )1+ 7 (o))} AT,

—{1+ 005—1} E :Fjj (vJ_A“)Q (5.1.12)
, An S
jeJ
It is also known (see for instance Lemma 2.20 and Lemma 2.21 in [1]) that for

any symmetric matrix n;; we have

Fz]k:ln 7 82f L nun; _'_Z f] 2
TR N 0N, No— A,

and whenever F' is concave, then the second term of the right hand side of the
equation is non-positive and it should be read as a limit when A\; = A;. Then, using

this Lemma, the Codazzi equation (2.1.10) and since 1 ¢ J we have the following

inequality
1. 2 J1—J;
— —FURN ALV Ay > —— I TN A2
N V1A ViAp " E - )\jlvl 151

f4
)\jj ‘VjA11|2.
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Then following from (5.1.12) we get

0> 01—5—2—25——C+(¢TT—¢)A11+(¢T+Q'¢)5H

11
K Vi)’
39 A2 7] “p2vpll [ Vi)
+ CsF A]J An + Ej Fi —an{f+ (1+€e ")B°}F ( 5 )

(VAL 2 f
_ —1 57 74111 e 1
L+ )Y F <—A11 ) P

jed

f VA2 (5.1.13)
J

Put § = Cp871, and recall that since j € J we have f; > 4f;. If A\; > 0 then the
equation

(1 — 5)f]A1 Z 2f1/\1 - (1 + 5)f]/\] for ] € J, (5114)

holds with § = %. If \; <0, then since A\, > —pA; and thus \; > —pA; for all
j=1,2,...,n, then we have |);| < pA;. This implies that (5.1.14) is also satisfied
if  =1/4 and u = 1/5. Recall that this choice implies a value for § which depends
on supg |Vul.

Equation (5.1.14) implies the inequality

2 fl fj
)\1)\1 AjT

i

(1+00ﬁ ) 29 jEJ,
)‘1

for § sufficiently small, and then we can drop the last two terms in (5.1.13)

0> 01—5—2—26——0
11 Y

+ (Y7 — @/)) A+ (Y + ') 61y + C3F7 A%,

Jj _ - Vv ’
T a2

Now, recall from (5.1.5) we get

0> 01—5—2—25——O+(¢TT—¢)A11+(¢T+QI¢)5M

11

Fll
+ C3FIAY — AH +Y FY —dn{B+ (1 + ‘W}O
J
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which gives us at the end an estimate of the type

1 Fll
04)\1—0—03}711)\% < 0(14—;4—?) ,

which concludes the proof of the theorem.



Chapter 6

Conclusions

The curvature estimates obtained for the curvature equation of spacelike hypersur-
faces in de Sitter space work for a class of prescribing functions that also depend on
the slope or tilt of the hypersurface and with a given growth rate. This dependency
makes it possible to control in particular the term — A;; that appears when no
dependency in 7 is assumed together with the growth assumption.

This result helps us to address the existence of such spacelike hypersurfaces.
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