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Abstract: We analyse the long-term dynamics of the two-dimensional Navier—
Stokes equations on a rotating sphere and the periodic S-plane, which can be con-
sidered as a planar approximation to the former. It was shown over fifty years ago
that the Navier-Stokes equations can be described by a finite number of degrees of
freedom, which can be quantified by, for example, the so-called determining modes
and determining nodes. After considerable effort, it was shown that, independently
of rotation, the number of determining modes and nodes both scale as the Grashof

number G, a non-dimensional parameter proportional to the forcing.

Using and extending recent results on the behaviour of the rotating Navier—Stokes
equations, we prove under reasonable hypotheses that the number of determining
modes is bounded by ¢G'/2 + ¢'/2M | where 1/¢ is the rotation rate and M depends
on up to third derivatives of the forcing. Our bound on the number of determining

nodes is slightly weaker, at ¢ G*/3 4+ £1/2M.
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How can we go from finity to infinity? Unless finity can become
infinity we can never understand either. An individual never

understands anyone else.

— from The field of Zen by D. T. Suzuki
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Chapter 1

Introduction

The incompressible Navier—Stokes equations describe the flow of a fluid and are used
in applications such as weather prediction, modelling air flow around aircrafts and

studying ocean currents. The equations are given by

ov+v-Vu+Vp=pulAv+ f,, (1.0.1)
V-v=0,
where v = v(a, t) is the fluid velocity at a point © = (z1,...,2,) € R", n =2 or 3

and time ¢t € R, p is the pressure, u is the kinematic viscosity and f, is the forcing.
The existence and uniqueness of solutions to the three-dimensional case in general
are still unknown; in contrast, these are well-known for the two-dimensional case
([2]-[4]). In this thesis we consider the case of n = 2 on a doubly periodic plane and

the unit sphere.

It is often useful to consider (1.0.1) on a rotating frame, as this is a naturally arising
situation in which we consider a fluid, for example with the effect of the earth’s
rotation on ocean currents and the atmosphere. By describing the earth’s rotation
by a constant vector €2, the Coriolis parameter is given by f = 2Qsin 6§, where 6 is
the latitude (defined to be 0 at the north pole). We frequently model a fluid flow
on the surface of the earth by using a unit rotating sphere, on which the Rossby

parameter becomes 3 := 0,f = 2{2cos . The rotating Navier-Stokes equations on



2 Chapter 1. Introduction

the unit sphere thus read as

2
Ov+v-Vu+ =cosfvt + Vp=pAv + fo,
€

V-v=0. (1.0.2)

A simpler method of modelling a fluid on the earth’s surface is the -plane approx-
imation, which is useful for phenomena that occur on a scale much smaller than the
domain itself [5]. On such scales, one can reasonably approximate the behaviour of
the fluid by instead considering it as being on a tangent plane, so that it becomes
convenient to use a Cartesian coordinate system (z1,23) = (x,y) instead. Using the
B-plane approximation involves allowing the Coriolis parameter to vary linearly, so

that we describe it near latitude 6, as

f:f0+ﬁy7

where fj is the Coriolis parameter at 6y, 8 = 0, f is the gradient of f in latitude and
y is the meridional distance from 6,. Due to incompressibility, a constant rate of
rotation does not affect the dynamics, i.e. without loss of generality we can consider
the fluid at the equator. This gives fy = 0, with which we obtain the S-plane

approximation of (1.0.1):
o +v - Vo + Byvt + Vp = pAv + f,, (1.0.3)

where vt = (—vy,v1), with v; and v, denoting the x and y components of v respect-

ively.

Physical intuition suggests that the flow of a fluid on a rotating plane or sphere
would become more zonal with increasing rotation rate; there are numerical works
[6] and analytical proofs that agree with this ([7], [8]). Notably, both on the -plane
and the sphere, a rotation rate scaling as Sy will eventually make the non-zonal part
v of the flow bounded by

Vxd7. < O). (1.0.4)



In this thesis, we combine this result regarding the smallness of the non-zonal flow

undergoing fast rotation, with determining modes and nodes.

It has been known for over half a century [9] that the two-dimensional Navier—Stokes
equations can be described by a finite number of degrees of freedom. For periodic
boundary conditions, an upper estimate on the Hausdorff dimension of the global

attractor A was made by Constantin et al [10], giving
dimy(A) < ¢G*3 (1 +1og G)'/?, (1.0.5)

where G :=|f,|;2/(p?K2) is the Grashof number, a parameter used to describe how

turbulent a flow is. A lower bound on the attractor dimension was given by Liu [11]:
cG*3 < dimy(A), (1.0.6)

thereby proving that the aforementioned upper estimate is in fact sharp, up to a
logarithm. For the rotational case with periodic boundary conditions, Al-Jaboori

and Wirosoetisno [7] showed that with sufficiently large 5, dim 4 (A) = 0.

The theory of determining modes was introduced by Foias and Prodi [9], to describe
the number of degrees of freedom of the two-dimensional Navier—Stokes equations.

One considers two solutions of (1.0.1), with the same viscosity u:

Ov+v-Vu+ Vp =pAv + f, (1.0.7)

o +v7 . Vol + Vp? = pAv? + fou,

where |(fy, — fo#)(t)|;2 = 0 as t — oco. The rough idea is that when we consider
the projection of the difference dv := v — v¥ to lower and higher wavenumbers
(modes), if the difference in the lower modes converges to 0 after time, then the
whole of Jv will also eventually converge to 0. This will be made rigorous in the
relevant chapters. Over the years, progress has been made in bounding the number
of determining modes, or the minimal threshold wavenumber required to guarantee
this convergence. Jones and Titi [12] proved that on the periodic plane, the number

of determining modes scales as k ~ ¢G'/2, which agrees with what is expected based
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on physical arguments ([13], [14]).

The idea of determining nodes was first introduced by Foias and Temam [15]. Sim-
ilarly to determining modes, one considers the difference between two solutions of
the Navier—Stokes equations (1.0.7). The approach here is that with the solutions
being identical at a large enough (but finite) number of points, the difference in
the solutions will again converge to 0 after sufficient time. Foias and Temam gave
bounds on the maximal distance between these nodal points, depending only on
p, the domain and the forcing; others such as Jones and Titi [12] instead proved
bounds on the total number of nodes required, which scales as N ~ ¢G. Robinson
and Friz [16] showed that the number of nodes is bounded from below by the fractal

dimension of the global attractor:
dim(A) < cN. (1.0.8)

We are unaware of results in the opposite direction, i.e. lower bounds on the attractor
dimension in terms of the number of nodes, which would be useful in practice when

combined with our results, as listed below.

In this thesis, we prove that under a sufficiently fast differential rotation, the number
of determining modes and nodes are reduced for both the torus and unit sphere,
when compared with the general non-rotating case. The structure of the thesis is as
follows. After listing a collection of definitions and general inequalities in Chapter
2, the main content starts in Chapter 3, where we derive bounds on the number
of modes over the torus. We then prove similar bounds on the number of modes
over the sphere in Chapter 4, after stating and/or showing the necessary spherical

equivalents of results from the previous chapter.

We formally introduce the concept of determining nodes in Chapter 5, followed by
an auxiliary lemma from Jones and Titi [12], recast in a more suitable form for
generalisation to S? later in Chapter 6. Using these, we prove our improved bounds
on the nodes. Finally, in Chapter 6, we derive our bounds on the nodes over the

sphere. For this we require a spherical analogue of the aforementioned auxiliary



lemma, which we obtain via an icosahedral triangulation of the sphere.

We note that even though we require different tools and auxiliary results to prove
our theorems over the torus and the sphere, the results themselves are of the same
order over each domain. This suggests that even though there are technical differ-
ences between the domains, the rotating 2D Navier—Stokes equations behave in a

fundamentally similar way over them.






Chapter 2

Background

The purpose of this chapter is to collect definitions and well-known inequalities used
throughout the thesis for reference. The majority of the results hold over both the
torus and the sphere; some definitions and results on the sphere have been deferred

to Chapter 4.

2.1 Notation

For this thesis, we work with either a torus T? := [0, L] x [—L/2, L/2] or the unit

sphere S? := {(0,¢) : 0 € [0,7],¢ € [0,2m)}.

Let Q be either T? or S?. For 1 < p < 0o, we denote by LP(Q) the Lebesgue space,

consisting of the space of Lebesgue measurable functions u : £ — R™ such that

/ lu(z)|P de < oo,
Q

with respect to the corresponding metric. When 1 < p < oo, LP(€Q) is also a Banach

space when equipped with the norm

1/p
[u|Lp (o) = </Q lu(x)|? dm)

For p = 0o, L>®(2) consists of functions on 2 that are measurable and essentially
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bounded. It is also a Banach space, when equipped with the norm

|U|Loc(9) 1= esssup |u(x)|
xe)

= inf {sup [u(z)|: A C Q, Q\A has zero measure}.
TeA

In the special case of p = 2, L*(Q) is also a Hilbert space, with inner product and

norm defined by

(U, V) 2 = /Qu(zc)v(w) de,

1/2
\u’m(g) (u, U)L/2(Q)

where ¥ denotes the complex conjugate of v. When the domain of integration is
clear and no confusion would arise, we may write |- |, := |- |, || =[], and

(+,) == (+,-) 2 for conciseness.

The Sobolev space H*(§2) consists of functions with derivatives up to order s lying
in L?(Q):
H*(Q) :={u:D™u e L*(Q), V|m|< s},

where
m . QM1 Am2
D™u = 0 0,7 u,
|m| = mq + mao, my, my > 0.

The inner product and norms are defined by

(U, ) sy = Z (D™ u, D™0) 12 (q),

jml<s

1/2
|u Hs(Q) *= (Ua“)h{s(g)»

which is equivalent to the norm defined by

Im|=s
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Furthermore, for u satisfying
udx =0, 2.1.2
A (212

(2.1.1) is also equivalent to

[ulfzy ~ Do (D™u, D) p2 g, (2.1.3)

Im|=s
due to the Fourier coefficient w;, = u ) (for Q2 = T?) or spherical harmonic coeffi-
cient w,,, = uy, (introduced in Chapter 4, when Q = S?) being zero by definition.
Functions we consider in this thesis all satisfy (2.1.2) over the respective domain
and hence (2.1.3) is equivalent to the H® norm; we thus abuse notation slightly and

denote instead by H*(£2),

H*(Q) ={u:D™u € L*(Q), VY|m|=s} (2.1.4)

As a useful (dimensionless) parameter to describe how turbulent a flow is, we define
the generalised Grashof number G by

G = |f;|fﬂé”) (2.1.5)
where 1 is the kinematic viscosity, kg = ko(€2) is the Poincaré constant (see Lemma
4). Using higher derivatives of f,, we define “higher Grashof numbers” by
_ V" foliz

= g

(2.1.6)

where the denominator ensures that G,, is dimensionless for all m. We note that

Go = G exactly, with this definition.

Throughout the thesis, unnumbered constants ¢ denote dimensionless constants that
may change value from one use to the next. We will also drop all dimensional
quantities except length; it will thus become convenient to define the dimensionless

2
parameter vy := LK.
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2.2 Preliminary inequalities

We make extensive use of several well-known inequalities, which we collectively state

here for convenience.

Lemma 1 (Young’s inequality). Suppose a, b > 0 and 1 < p,q < oo are such that
1/p+1/q=1. Then
P

ab< T+ (2.2.1)
P q

Lemma 2 (Hoélder’s inequality). Suppose f € LP(T?) and g € LY(T?), where 1 <

p,q<occandl/p+1/q=1. Then fg € L*(T?), and

|fg|L1(’]I‘2) < |f|Lp(11‘2) |9|Lq(1r2). (2.2.2)

Lemma 3 (Holder’s inequality on the sphere). Suppose f € LP(S?) and g € L(S?),

where 1 < p,q < oo and 1/p+1/q=1. Then fg € L'(S?), and

|f9lris2) < |fle(s2) 19]pas2)- (2.2.3)

Lemma 4 (Poincaré’s inequality). Suppose v € H'(X) for bounded X. Then there

exists kg > 0, depending only on X, such that
H0|U|L2(X) S |VU|L2(X)' (224)

For X = T? and u such that [;. u = 0, the Poincaré constant s is given by

Ko :llgf “vuquLQ
.2
: 2 2 2 1/2
=gt (X BPleP) /(S ) = 2a/L.
keZy, keZy,

where Zj, := {(2nly/L,27ly/L) : (l1,12) € Z*} and uy, are the Fourier coefficients of
u. The corresponding Poincaré constant for X = S? will be computed in Chapter 4,

after a suitable expansion of v € L?*(S?) into its harmonics is introduced.

Lemma 5 (Agmon’s inequality in 1D). Suppose u € L>=([0,1]) N H'([0,1]). Then

1/2 1/2
|U‘L°°([071]) Sq ‘u’Lé([O,l])‘VU‘L/Q([OJ]): (2.2.5)
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where ¢, = 1/m + 2.

Proof. Let v,z € [0,1]. By the fundamental theorem of calculus,

ﬁu»=Mmo+Lﬂﬁ@»wy:u%w+2ﬁﬂmmmwdy

We bound this from above as

< u?(y) + 2|UUI|L1([0,1])

S UQ(’V) + 2|U|L2([071]) |U,|L2([071]) by Holder.

Integrating both sides from v = 0 to 1 gives
2 ! 2 /
w(@) < [ ) dy + 2ulslu]y
= |ul3 + 2July[u],
< kg Mulyu' ]y + 2July|u |, by Poincaré

— (5" +2) sl

The Poincaré constant for [0, 1] is bounded by 1/7 [17], so taking the maximum

value of the left side gives

ulls < (5" +2) lulsl

< (77 2)[uly|u |,

We note that this one-dimensional version of the more well-known Agmon’s inequal-
ities in R? or R? is particularly useful when we consider zonal (i.e. independent of

x) functions. This will be made clear in the relevant chapters.

Lemma 6 (Agmon’s inequality in 2D). Suppose u € L°°(T?) N H'(T?). Then there
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exists a constant cy(T?) such that

1/2 1/2
|u’L°°(’I[‘2) S Cy ‘U|L/2(T2)|AU|L/2(T2)' (226)

There are many different interpolation inequalities that are useful for bounding
functions in Sobolev spaces. We will only be requiring the following for the purposes

of this thesis:

Lemma 7 (Ladyzhenskaya’s inequality). Suppose u € H*(S2), where 0 = T? or S

Then there ezists a constant c4(§2) such that

1/2 1/2
|ulpae) < ¢ ‘U|L/2(Q)|VU|L/2(Q)' (2.2.7)

We will make extensive use of the following Gronwall-type inequality ([13], [18]):

Lemma 8. Let p be a locally integrable real function on (0,00) such that

t+1

lim inf p(T)dr >0, (2.2.8)
t—o00 t
t+1
lim sup p~ (1) dr < o0, (2.2.9)
t—00 t
where p~ := max{—p,0}. Also, let o be a real locally integrable function on (0, c0)
such that
' L
Jlim o (1)dr =0, (2.2.10)

where o7 := max{o,0}. Suppose & is an absolutely continuous non-negative function

on (0,00) such that
d
af +pf <o almost everywhere on (0, 00).
Then £(t) — 0 as t — oo.
We also often use the following integral inequality.
Lemma 9. Let v > 0 be fized and u(t) > 0. Suppose that for any t > 1, we have

t
/ u(r)e’"Y dr < M.
0
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Then for any t > 0,
t+1 t41 t+1
/ u(r) dr < / /Ty (r) dr < / "=y (1) dr < e" M. (2.2.11)
t t 0






Chapter 3

Determining modes on the

periodic f-plane

In this chapter we prove our main result concerning the number of determining
modes on the rotating torus T? = [0, L] x [~L/2,L/2]. We outline the existing
theory on the modes for the Navier—Stokes equations in Section 3.1.2, which will
become the basis for Chapter 4 also. We then introduce the zonal and non-zonal
components of the vorticity in Section 3.2, as well as citing a useful control on the
non-zonal vorticity from [7]. Combining these two elements together, we state and

prove our result on the number of determining modes in Section 3.4.

Whilst the [-plane is an approximation of the sphere, we will see later in Chapter 4

that our results on the periodic plane and the sphere are of the same order.

3.1 Statement of the problem

We derive the vorticity form of the Navier-Stokes equations below, which is both
more convenient for our purposes and more useful for numerical simulations. We

recall that when there is no ambiguity, we may write |- |, = |- |z, |- | =]-|.,. and

(" ) = (" ')L2'
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3.1.1 Vorticity form
We recall the -plane approximation of the Navier—Stokes equations:

o +v - Vo + Byvt + Vp = pAv + f,, (3.1.1)

V.-v=0.
By Hodge’s decomposition theorem (see [19]), v can be written as
v=Vp+Vy+H, (3.1.2)

where @, 1 are scalars and H is a (curl-free and divergence-free) harmonic vector

field. Since V - v = 0, taking the divergence of (3.1.2) gives

0=V-v=V -Vp+V.-V+V - H
= Ap. (3.1.3)
Expanding Ay in Fourier series leads to
Ap(z,t) = — > |k|Pppe™® =0, (3.1.4)
keZy,
where we recall Zj, := {(2nly/L,2nly/L) : (l1,15) € Z*}. This implies that ¢, = 0
for k # 0, thus

p(e,t) = D ™™ =y (), (3.1.5)
keZr,

implying that ¢ is constant in x, i.e. Vi = 0. Hence (3.1.2) becomes
v=Vy+ H. (3.1.6)

There are exactly two independent harmonic vector fields in T?, which we can take
to be the constant vector fields e, and e, ([19]). Without loss of generality (see

[20]), we can take H = 0, which is equivalent to

/2 v(x,t)de=0  Vt>0, (3.1.7)
T
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which we assume. Consequently, we also require
/2fv(w,t) dz=0 V>0 (3.1.8)
T

With these assumptions, v is determined uniquely from w.

Requiring compatibility of the Byv* term over the periodic domain implies the

following natural symmetries, which we also assume:

Ul(xv _y7t) - Ul(x7y7t)7 (319)

UQ(x7 -v, t) - _UQ(xv Y, t)? (3110)

where we recall that v; denotes the x component of v and similarly for v,. Together

with periodicity, (3.1.10) implies that
vo(x, —L/2,t) = —vqo(z, L/2,t) = 0. (3.1.11)
We impose analogous symmetries on f,, which we assume to be time-independent:

f’l)l('r’_y) :fm(xay)7 (3112)

fvz(mﬁ_y) :_fvz(xvy)' (3113)

With these assumptions, we take the curl V+- of (3.1.1), where Vv = OpV2—0yv; =:

w is the scalar vorticity:
V- 0w+ V. (v-Vo)+ BV (yoh) + V- Vp = uVE- (Av) +V*- f,. (3.1.14)
The first term becomes
VE 0 = 0,(0v)y — 0,(0v); = 0,(0pv2 — Oyv1) = . (3.1.15)
The second term of (3.1.14) is given by

Ve (v- V) =V (0,0, + 120, (v1,02))
= 81 (Ulagﬂ)g + 'UgayUQ) — ay (’01050?]1 -+ Ugay?]l)

= —0,v1 (0,01 + Oyva) + 0yv2(0yv1 + Oyva)
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+ vlﬁx(ﬁwvg — 83/01) + ’Ugay(ax’l)g — 8yvl)
= 010, (0,2 — Oyv1) + V20, (0pv9 — Oyv1)
(since O,v1 + Oyv2 = 0 by (3.1.1))

= 0,1 Oyw — Oytp Qo =: (¥, w), (3.1.16)

where 1) := A~'w is the streamfunction defined uniquely by [z % = 0. The Jacobian

J(+,-) has the properties that

(8(a,b),b) = / (Bpadyb — 0,0 0,b) b da
T2

(—0y(a d:b) + a 02,b + 0y(adyb) — ad2,b) b dx

2

5S— 5—

(~0,(a0:b) — 0u(a d,b))bda

2

(—ad;b0,b+ a0,b0,b) dx by integration by parts

TQ
~ 0, (3.1.17)
and
(&(a,b),c) = / (Bpa dyb — 0,a0,b) ¢ daz

’I[‘Q

— / (~0,(a0,b) +0,(ad,b)) ¢ da
'ﬂ‘Q

= / (a0yb0yc — adyboyc) de = (9(b, ¢), a)
TQ

= (0(c,a),b) by symmetry (3.1.18)

for all real a, b and ¢ such that their integrals over T? vanish and the expressions
above are defined. To compute the third term of (3.1.14), we first replace y by the
periodic extension of

1 ify=-L/2
Y(y) =
y otherwise.

Taking the (distributional) curl of Yot gives

V. (Yo') =YVt vt 4ot VY =YV v +ovt - VY =Y, (3.1.19)



3.1. Statement of the problem 19

where Y'(y) = 1 — Lé(y — L/2) is the distributional derivative, with § being the
Dirac distribution, and the third equality follows from (3.1.1b). We note that (3.1.11)
implies that Y'(L/2) vo(x, L/2,t) = 0, so we can replace v2Y" in (3.1.19) by ve. Thus,

the third term of (3.1.14) becomes

5Oy = B2 8,0p. (3.1.20)
£ £

where rg/e := . The pressure term of (3.1.14) becomes, by the properties of the

curl and gradient,
V+.Vp =0. (3.1.21)
The first term on the right hand side of (3.1.14) becomes
pV*E - (Av) = pAV* v = plAw, (3.1.22)

due to the commutativity of the Laplacian and the curl. Finally, we define the
forcing on vorticity by

fi=V"Y fo=0ufo, — Oyfurs (3.1.23)

which inherits the time-independence of f,. Putting all these terms together, we
obtain the vorticity form of the two-dimensional S-plane approximation of the Navier—

Stokes equations:

O + A, w) + %aw = phw + f. (3.1.24)

We also note that due to the property of the curl, (3.1.7) implies

/ Wi t)de=0 V>0 (3.1.25)
TQ

3.1.2 Theory of determining modes

In this section, we formally introduce and define the determining modes of the
Navier—Stokes equations. Having derived the vorticity form, we now consider two

solutions w, w* (with corresponding streamfunctions v, 1) of (3.1.24) with the same



20 Chapter 3. Determining modes on the periodic S-plane

forcing and possibly different initial conditions:

0w+ Ot w) + = O,t) = pdwo + . (3.1.26)

Dt + AWk, wh) + % D, = uAwt + . (3.1.27)

We note that our assumption on the forcing is slightly stronger than that made by
Foias and Temam, in that we assume the forcings are equal (i.e. f, = f,+) rather
than lim;e [(fo — for)(t)] = 0. Qualitatively this does not make a difference, the
general case being a straight forward extension; we have made the assumption purely

for simplicity. By defining dw := w — w* and 1) := 1) — ¥*, we note that

(Y, w) — O, W) = 0p1h Oyw — b Dy — P Dyw* + y1h* 0y
= 0,0* 0w — 0, 0w — 0,0 0w + 0,1 Oy + Dp1p Oyw
— 0" 0y — Oyt Oy + 0P 0w
= 0,0* 00w — 0,1 0,0w + 0,00 Dy — 0,01 Dy

= I(V*, 6w) + A(6¢, w).
Hence subtracting (3.1.27) from (3.1.26) gives
0w + D(F, 0w) + A(, w) + % 8,00 = uAdw. (3.1.28)
We expand dw in terms of its Fourier coefficients dwy:

= Y Swi(t)e™, (3.1.29)
keZy,
where we recall Z;, := {(2xl;/L,2nly/L) : (I1,l) € Z*}. By fixing a threshold
wavenumber k > kg, we define P,, as the L? projection to lower wavenumbers:
dw=(z,t) == Pdw(x, t) := > dwi(t)e™™, (3.1.30)
|k|<k
and the projection to higher modes by

dw” (x,t) := ow(x,t) — ow=( = Y Swg(t)e™ ™. (3.1.31)

|k|>k
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Using these definitions, we obtain the following Poincaré-type inequalities:
57 = 3 1ol < 3 (KI/w) e = SIVow R (3132)
|k|>kK |k|>kK K

and an inequality in the opposite direction,
(Vow=[7: = D |k|* |owi]* < D K&*|owk|* = K*0w=|72. (3.1.33)

|k|<r k|<r
It was shown by Foias and Prodi [9] that if one takes large enough &, the behaviour
of the (non-rotational) two-dimensional Navier—Stokes equations (1.0.1) can essen-
tially be determined by the behaviour of the lower “modes”, in the sense that if
|P.dw(t)|;2 — 0 as t — oo, then |dw(t)|;» — 0 also. Manley and Treve ([13] [14])
conjectured that, based on physical arguments, the minimum number of determining
modes in the general case scales as k/kg ~ Qé/ ?. Jones and Titi’s later result [12]

agrees with this:

Theorem 10 (Jones and Titi ‘93). Suppose ow satisfies (3.1.28). There exists an

absolute constant c, such that if
K/Kko > ¢, 901/2, (3.1.34)
then
Jim Pdw(t)| 22y =0 implies Jim |0w(t)|p2(p2) = 0. (3.1.35)
Our aim for this chapter is to obtain an improved bound on this existing result,

making use of the regularising effect of rotation on the dynamics.

3.2 Zonal and non-zonal components of the

vorticity

In order to improve bounds on the number of determining modes, it can be helpful

to separate the vorticity into its zonal and non-zonal components, which we define
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y,t): L/ w(z,y,t)dr, (3.2.1)

oz, y,t) :=w(x,y,t) — w(y,t). (3.2.2)

We also express these in Fourier space as

w0y, t) = wi(t)e™, (3.2.3)

k1=0

Oz, t) = > wi(t)e*™. (3.2.4)

k10

For convenience and consistency, we write

We k’l =0
O = (3.2.5)

0  otherwise,

and

0 k=0
e = (3.2.6)

w otherwise.

Thus w and @ are orthogonal in H™ for m =1,2,---:

k1= k1#0

—0. (3.2.7)

We note that by definition, 0,0 = 0, which is particularly useful when we consider

that
0,U =0,V =0 implies ou,v)=090,U09,V—-0,U0,V =0 (3.2.8)

for any U, V such that the expression is defined. We also note that w being spatially

one-dimensional allows the use of Agmon’s inequality (2.2.5).

With @w and @ thus defined, we state the following result by Al-Jaboori and Wiro-

soetisno [7] (using our definition of G,,), which we will use frequently. Recall that



3.3. Consequences of different forms of forcing 23

vy = pKZ.
Theorem 11. Assume that the initial data v(0) € L*(T?) and that [Af| 22y < 00

Then there exists a time To(|v(0)|2(p2)) and a constant c5(vo) such that

t+1
(O8] Z2(r2) + “/t VO (7) |72 g2y A7 < eMy/k2, (3.2.9)

t
|0 () 72 x2y + u/ V() 722y dr < eMy/k? (3.2.10)
0

for all t > Ty, where

My = c5 G2G3(1 + GF). (3.2.11)

We note that the constants in [7] may include lengths, while ours do not, which
accounts for the extra factor of 52, We also note that our M is a slight improvement
on that given in [7], with a G, G3 dependence instead of G3. This is because the “worst”
term in the original result (in the sense of requiring the highest order Grashof number
to bound it) was |Af|;2|Aw|;., which was further bounded as |Af|,.|Aw|;. <
c(|Af])3:+|Awl?:) (by Young) in order to simplify a long sum. Thus the |Af]2, term
could only be bounded by G3, but leaving it simply as |Af|,2|Aw|,. automatically

gives us a Gy Gz bound instead.

3.3 Consequences of different forms of forcing

Finally, before stating our main result, we consider different types of zonal forcing
f and their effects on the flow. We give three different examples below, which are

used often in numerical simulations.

Bandwidth-limited: f = P,.iff (ks > ko), (3.3.1)

e Ll

Algebraic decay: | fon| < NACEENIE Go (s >5/2), (3.3.2)
E tial d ol < 22 (—20)" gr0-twiim 0 3.3.3
xponential decay: | fior| < 2/<Jo<1+2’7> e Go (v>0), (3.3.3)

where ((s) := Y22, n~* is the Riemann zeta function. We note that the bandwidth-

limited f is the conceptually important case to us; the algebraically and exponentially
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decaying cases can be considered as smoother and more “realistic”.

The requirement for (3.3.2) that s > 5/2 is purely to ensure f € H?(T?), so that
we can apply Theorem 11. The precise expressions for (3.3.2) and (3.3.3) have been
chosen to guarantee that |V~'f|/(uuro)?> < Go, in order to be consistent with the

definition of the Grashof number given in (2.1.5):

e k|

| fom| < \/_C(2+25)1/2

Go implies that

25—2 25—2
17 Vo Ko go Vo Ko go —925-2
VP =30 1Pk < : = k|
klz:() ke@zﬁ:/L) 2¢(2 + 2s)|k|?s+2 2¢(2 4 2s) keg/m

25—2
vk
=00 30 9 Z k272 by symmetry

§(2 + 28 k>ko

LAl i il

=02+ 25) Jue K22 (254 1)C(2 + 25) Go.

which leads to the bound

—-1/2

VL (o)® < (25 +1)¢(2+25)) " Go < (6¢(2+25))*Go < Go,

since ( is decreasing in s and lim,_,, ((s) = 1.

Considering f satisfying (3.3.3) instead,

2

2 1/2
| fom] < 2V0<1+72) e (=lkl/xo0) g implies that
Ko Y

VG2 1 2y e2v(1=[k|/ro)
VRS Y Il < (2 s S
k

k1=0 T Akg \1+2y e(2n/L)
4 72 2v(1—|k|/ko)
Vo 9o < Y ) e
— —_— b t
k3 \1+ 2y k;m k2 Y symmetty
< u'ry G3 7 ) ey e 2k/ro since k > Ko
k>ko

7 )/(1 —e ) < utky G2 for all v > 0,
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leading to
V| (o) < Go

With these forms of f in mind, we state and prove the following intermediate results.

Lemma 12. Suppose w satisfies (3.1.24) and define 0~/ := P, @, w0*/ 1= w0 — @~/
for some Kk > kgo. Assume vy = pri < 1. Then there exists an absolute constant c,

such that:

(a) if f satisfies (3.3.1), then
t
/0 V& |32 (p2)e” " dr < 3¢, (e M) /v ; (3.3.4)

(b) if f satisfies (3.3.2), then

[ 9@ a0 dr < (M) + 5 (K(J)QSHQQ d
£ v, —
o | IAm)e T= G (25 +1)C(2s +2) \ Ky 0>
(3.3.5)
(c) if f satisfies (3.3.3),
t
/ V@™ [72(02)e” T dr < ¢, (eMo)? /v + 8 e 7r1/%0) G2 (3.3.6)
0

Proof. We begin by multiplying (3.1.26) by &>/ in L?:

Ro

(O, 77) + (A, w), @) + —(0ath, @77) = p(Aw, &™) + (f,7)). (3.3.7)
The first term becomes

(Oyw, @) = (0,0, @) + (O, @>7) + (B>, @>7)

1d
= (8t@>f,a)>f) — §&|(D>f‘27 (338)

by the orthogonality of @ and @& (3.2.7). By splitting w = @ + @ and ¥ = 1 4 1), the

second term of (3.3.7) becomes

O, w),w””) = (0, w),w”) + (0(¢, w),w0)
= (0(w,w?), )+ (O, 0),w™") by (3.1.18)

= (0(y, w),w”7) by (3.2.8)
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= (0(¢,@),0™) + (0(¢), @), 0"
= (0@, 9),0) + (0(¢, @), 0" by (3.1.18)

= (0(¢, @), @) by (3.2.8). (3.3.9)

20, 7) = 200, 57) + 2 (0s), )
= %(&,ﬂ[},d}”) since 9,1 = 0
=S ke = ’10( Y bt Y kl@zk@k)

|k‘>f€f |k‘>l€f ‘k|>l€f
k1=0 k140

=0. (3.3.10)

We note the following property of the Laplacian:

(—Au,u) = — /T? u (0%,u+ 0;,u) de
== /| w2 udr — /1r2 uajyudw
= /T2 ((8mu)2 + (Gyu)Q) dx by integration by parts
= [Vul? (3.3.11)

for u € H*(T?), by which the first term on the right hand side of (3.3.7) becomes

= (Ao, &) by (3.2.7)

= u(Aw™!, 07 = —pu| Vo2 (3.3.12)

Collecting (3.3.8) to (3.3.12) gives

1d -
§&|(D>f‘2 Va2 = — (0, @), @) + (f,&7). (3.3.13)
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The first term on the right hand side of this can be bounded by

(00, @), &) = (@, 1)), @) by (3.1.18)
< |V |@],| V™), by Holder
2 ~
gﬂmw@mﬁ+?wx% by Young. (3.3.14)

Similarly, we bound the forcing term by

(f, @) = (f,077) < VT Ve ],

IN

2 —
SV 4 Evar . (3.3.15)
L 8
Thus (3.3.13) becomes
d 3 4 _ -~ 4 _
TP+ SulVeT P < S VYR + — VTP
7 7

Assuming large enough ¢, we can use the bound on || from Theorem 11 to give

€M0

d 3 .
G PGV P < e— \lez !V’1f>f|2-

Using Agmon’s inequality (2.2.6) on the right hand side leads to

5MO

d, . 3 iz
G+ gulver P < !V *+ \V sl

We then apply Poincaré’s inequality (3.1.32) on the |Vw>/| term on the left hand

side:
M, -
>f|2 ‘|_>f|2 glvw_>f|2 - O|V |2 |V_1f>f|2

@

Vot

and multiply by e

4 _
7(eu0t|@>,f|2) u0t|v >f|2 |V |2 uot eyotlv_1f>f|2,
dt 1

then integrate in time and multiply by e ! to obtain

t
@ OF + £ [ err0|ve 2 ar
0

ceM,
VQ/{%

t 4 _
< e_V0t|£D>f<0)|2 + / |V(D|2euo(fr—t) dr + —|V‘1f>f|2
0 J22 %)
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C*<6M0)2
2 V3KE

4 _
n %|V*1f>f|2’ (3.3.16)

where we have used (3.2.10) and assumed ¢ is large enough to absorb the |@>7(0)|?

term into the (¢ Mp)? term, in combination with the adjusted constant c,.

We now consider the consequences of the hypotheses (3.3.1) to (3.3.3). When f

satisfies (3.3.1), we have f>/ = 0 by definition, so that (3.3.16) becomes

Cy (€M0)2
218K3

oot
L / (=01 y 512 dr < , (3.3.17)
0

where we have used Lemma 9 and dropped the first term on the left hand side. With

our assumption that 1y < 1 and hence " < 3, we arrive at
t
/ TV 2 dr < e, (eMy)? /v,
0

which is (3.3.4).

When f satisfies (3.3.2), we have

T I ST NCYI N i LM I
k| >r ko 26(2+ 2s)
kl 0 k:1:

:VOKOS 2g(] Z ‘ |252
202 +25) =,
k1 =0
25—2
— Vo ki Gy DN by symmetry

C(2+2s)

k’>f$f
R /°° dk v (ko/kyp)* "1 G5 (3.3.18)
T C(2428) Jup k22 (25 4+ 1)C(2 + 28)KG o
0 (3.3.16) becomes
. 8(ko /K )% 1%
(r—t) >f 2d < e, M, 0/™vf 2 3.1
| e Tve R ar < e (Mo + IS (3.3.19)

which is (3.3.5).

Finally, when f satisfies (3.3.3),

— V4 g2 2*}/ 627(1_“‘:‘/“0)
VPR = X /R < Y ()
b & A3 \Tx2y) P
k1=0 k1=0
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Z g ( ~ ) 027(1=k/ko) b
_ y symmetry
k>ky Ao \1+2y W
e
< % 9 ( ) v(1—k/ko) since k > Ky > Ko
_l’_
Syog()( j >e271 K§/Ko) 1_|_e2’Y_|_e ’Y_|_...>
_ VO QO Y 2y(L=ry/ro) Vg 2v(1—kyf/ko) (2
< — ) - < mé o G2, (3.3.20)
0 (3.3.16) becomes
t L(eMy)?
/ |V |2 dr < @ + 81y e Irr/mo)Ga (3.3.21)
0 Yo
giving (3.3.6). -

3.4 Bounds on the number of determining modes

We now have all the definitions and intermediate results required for the proof of

our main result, which we state below. We assume, as with Lemma 12, that 1y < 1.

Theorem 13 (Determining modes for the S-plane). Let dw be the solution of (3.1.28)
with f € H*(T?). Then the low modes are determining, i.e. lim; o |P,§5w(t)|L2(TQ) =
0 implies that limy oo [0w(t)|2(q2) = 0, if any of the following hold for constants cg,

¢, ¢y and € sufficiently small:

(a) if f satisfies (3.3.1) and
kKo > cg max{(eMo)"*, (ks /ro)** Gy'*}: (3.4.1)

(b) if f satisfies (3.3.2) and
kKo > ¢; max{(eMy)"/4, g{F OBy ) (3.4.2)

(c) if f satisfies (3.3.3) and
kKo > cg max{(eMo)"*, F, (vg "/ Go)¥/® Go/*Y, (3.4.3)

where the function F, is defined in (3.4.40) below.
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The smallness requirement on ¢ is given in (3.4.28), (3.4.35) and (3.4.41) below for f
satisfying (3.3.1), (3.3.2) and (3.3.3) respectively. Technically these requirements are
not essential and can be removed in exchange for adding another e-dependent term
in the bounds (3.4.1), (3.4.2) and (3.4.3); we have chosen to include them purely to
simplify the statement of the theorem.

We note also that for large u, F,(u) ~ logu/(2y), so that the last term in (3.4.3)

scales (up to a logarithm) as Qé/ :

Our proof below suggests that the (eM)'/* bounds can be thought of as an effect
of the non-zonal f and the G, bounds as arising from the zonal f. For small ¢, one
may therefore consider the rotating Navier—Stokes equations as a combination of a
one-dimensional (zonal) “average” and a two-dimensional small (non-zonal) noise,
which agrees with the physical expectations [6]. It is therefore unlikely that, whilst
using our same approach, a bound with a smaller power of Gy could be obtained.

Finally it is worth noting that since we require s > 5/2 in order to apply Lemma 12,

the worst case dependence we have is of the order gg’/ 17,

Proof. We begin by multiplying (3.1.28) by dw> in L? to obtain

(00w, 6w™) + (O(1*, 6w), dw™) + (9(6¢), w), dw™) + %(8365@/), dw”) = (LAdw, dw”).

(3.4.4)
Fourier expansion shows that the /e term is 0:
500,60, 6w”) = "0 3" iky duiy, dop
€
|k|>kK
Ko . 2 v
= —ik: [k 000k
|k|>k
=0 by symmetry, (3.4.5)

so that (3.4.4) becomes

L0 P V8P = (D, 80),0”) — (D60, ), 0) — (D07 ), 5.
(3.4.6)
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For the first term on the right hand side, (3.1.17) implies that (9(¥*, w>), dw>) = 0,
S0

(O(1)*, 6w), dw™) = (D(Y*, 6w=), dw™). (3.4.7)

We split w = & + @ to write the last term of (3.4.6) as
(0(0Y~,w), 0w ) = (0(0Y~, W), dw”) + (O(d¢~, @), dw™). (3.4.8)
Using (3.2.8), the first term on the right hand side of this becomes
(0(0)”, @), bw™) = (D(6¢~, @), 6&7). (3.4.9)

In order to apply the bounds we obtained in Lemma 12, we write w = 0w~/ 4+ w7,

where 0/ = P, @ and &”/ =@ — w</. Now (3.4.9) becomes
(D(6”, @), 007) = (O(6¢7, <), 07 + (9(6¢~, @), 67). (3.4.10)

We thus expand (3.4.6) as

;i|5w>]2 + p|Vow|?
= — (0", 0w=), 6w™) — (B(89, w), 6w”) — (O(6Y”, @), bw™)

— (0(697,@<1),607) — (9(0)>, @”7), 6007). (3.4.11)
We bound the first two terms on the right hand side by

[(O(*, 6w=), 6w™)| = [(D(0w™, ¥*), 6w™)| by (3.1.18)

< | V| | Vw5 |0ws], by Hoélder

’ o0

4
< ;\Vwﬁ\go\éwﬂg + %\V&f\g by Young, (3.4.12)
and

(00697, w), 0w™)| = [(O(6w”, 6¢), w)]
< [Vow[o| Vo= fwl,

4
SR 2 w2 + %\wmg. (3.4.13)
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The third term on the right hand side of (3.4.11) can be bounded as

(0(697, @), 6w™)| < [V~ | o[ Vily]w” ]

< |V~ Y2 Vow” [Y2)6w” | Vo) by (2.2.6)
< E|V5w>||5w>||Vd}| by (3.1.32)
2 4 ¢ ~1215, > ]2
< 16]V(5w |© + Hz\Vw] |ow” |7, (3.4.14)

and the fourth term as

1(0(6¢7,@<7),607)| = [(9(0)>, Vw<'), V™)) by integration by parts

< c|Aw | |Vayl
1/2
< c"‘307|A@<f,1/2\v3@<f|1/2|5w>|2 by (3.1.32) and (2.2.5)

33)1/2
Mwwq 60| [Vow?| by (3.1.33)

K > |2 Rok f 2 > |2
< 1—6|V6w |+ ¢ S |Vwl|?|ow™|*. (3.4.15)
We bound the final term of (3.4.11) by

(0697, @77), 6w™)| = [(0(6w”, 697), &™)
< [Vow [, Voy[ylw™]

CHé/2|@>f|1/2’v@>f|1/2|v5w>||V5¢>| by (2.2.5)

1/2
<o (:O) V&> || V6w || V6| by (3.1.32)
f
1/2
gc(’*o) V| V6w | |60 by (3.1.32)
K /if
> 2 C HO > >12
< 16|V(5w |* + ]V ?|6w| by Young. (3.4.16)

Collating these and rearranging, we arrive at

d
D52+ Vw2 < SV 5w P + Vs Pl + S [V w2
de I It 1%

P PRI

3
KoK

+ e~ L |Vw[|dw|? +
UK
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Applying (3.1.32) on the |[Véw~|? term on the left hand side and rearranging gives

d c KoK C Ko _
15w 12 5w |2 L v 7 TP fV 2 \ViniL:
107 o™ = 519 — e S Tt — S5 v )
8 8
< — VY3 ows]? + = |Voy =[5 Jw]. (3.4.17)
fu 1t
We now apply Lemma 8, with
3
p= i = Vol — L [Vuf? - |V
K2 I KK f
8
0= ;(\W&\MP + V<3 lw]?),
£ = |dw|?, (3.4.18)

i.e. p is the bracket on the left hand side of (3.4.17) and o is the right hand side. In
order to validate that the hypothesis of the lemma concerning ¢ is met, we quote
the following result from [7], which give bounds on the derivatives of the vorticity:

G (1 + ¢ (m)r5Gg)™
(k) 2m—2

t
|Vmw<t)’%2(qr2) +M/0 ‘Vm+IW|%2(T2)GUO(T_t) dr S c(m) (3419)

for all t > T,,,(|v(0)],|V™ L f]; 1); we note that the bounds themselves are independ-
ent of the initial data. Thus the hypothesis concerning ¢ is met because |Vw| is
bounded when integrated over time and |dw<(t)| — 0 as ¢ — oo by construction

(since finite-dimensional norms are equivalent).

The hypothesis on £ holds since the regularity of the 2D Navier—Stokes equations dir-
ectly implies that |w| has a continuous derivative. We therefore need the hypothesis
on p to be fulfilled, which would follow from

t+1 1 K /433
lim sup (\V&)F + ﬁ|Vw]2 + %\V@”F) dr < cux?, — (3.4.20)
K> I UK2K

t—o00 t

which in turn is implied by

t+1
lim sup |Vo?dr < cp’s?, (3.4.21)
t—00 t

t+1 2,8

lim sup |Vw|? dr < e Rg , and (3.4.22)
t—o0 t /‘fo/ﬁ;f

o2 2 aby
lim sup Vo' |2 dr < ep®r*—. (3.4.23)

t—oo  Jt Ro
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For the first of these conditions, we recall that (3.2.9) implies
t+1
/ V|2 dr < Mo/,
t

so (3.4.21) follows when
K/Ko > c(eMy /)4, (3.4.24)

By (3.4.19), the second condition (3.4.22) is implied when

cGovo < 1PK°[(kok}) = K[k > cugl/s(nf/no)f”/sgé/“. (3.4.25)

In order for (3.4.23) to be fulfilled, we first consider the case when f satisfies (3.3.1).

Recalling (3.3.4), we apply Lemma 9, so that
t+1
/ Vo™ [2 dr < e (eMo)? /2, (3.4.26)
t
i.e. (3.4.23) is met when
K/ko > ¢ (5M0)1/2y65/4(/<;0//1f)1/4. (3.4.27)
This bound is weaker than that of (3.4.24) when
eMy < cvi(ky/ko), (3.4.28)

which we will assume. Combining (3.4.24), (3.4.25) and (3.4.27), we arrive at (3.4.1).

When f instead satisfies (3.3.2), we apply Lemma 9 to (3.3.5) to obtain
i 2 2/ 3 2 2
/t (Vo™ 12 dr < ¢(eMy)? /vy + cec(s)vo(ko/kp) TGS = I (3.4.29)

where 1/c¢(s) := (25 + 1)((2s + 2). Thus (3.4.23) would be satisfied when [; <
c1?*k*(ky/Ko). Analogously to what we did to (3.4.20), this is implied by
(k/ko)* > c(eMo)?vy ®(Ko/ky), and (3.4.30)

(k/K0)* > cee(s) vy (ko k)12 Gy (3.4.31)
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Since both (3.4.22) and (3.4.31) must be met, we equate these bounds to find
(ki p/ ko) = CCC(S)VO_I/2 Go (3.4.32)
which fixes k, turning both (3.4.22) and (3.4.31) to
K /Ko > c (CC(8)3/2V()—(5+5/2)ggs+5)1/(8s+14). (3.4.33)
Using s determined in (3.4.32), (3.4.30) becomes
K/ ko > s (e My)V/ 2y ¥/ H+1/(16128) 1/ (Bs14) (3.4.34)

—1/(8s+14)

where ¢; = cce(s) , noting that since we require s > 5/2, the exponent of G

lies between —1/34 and 0, giving a weak dependence. This bound is dominated by
that of (3.4.24) when
eMy < cotyy st g2/ st (3.4.35)

Assuming this, (3.4.2) follows from (3.4.24) and (3.4.33).

Finally, when f satisfies (3.3.3), Lemma 9 and (3.3.6) imply that
t+1
Vo 2 dr < e(eMy)?/vd + cyy e Iri/mo) G2, 3.4.36
A 0 0

As in the previous case, (3.4.23) would be satisfied if the following both hold:

(k/ko)* > c(eMo)?vy (Ko Ky), and (3.4.37)

(k) ko)t > cuy e 1=re/m0) (1 /1 1) G2. (3.4.38)
Equating (3.4.25) and (3.4.38) gives
(/if//io)5/2 e2V(ss/ro=1) — Cy VJI/Q Go, (3.4.39)
which can be inverted to give

Kp/ko = FV(QU/I/é/Z) where F'(y) = y? 2D fe (3.4.40)
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With x; thus fixed, (3.4.24) would dominate (3.4.37) when
eMy < c1i3(ky/ ko). (3.4.41)

Assuming this, (3.4.3) follows from (3.4.24) and (3.4.25). O



Chapter 4

Determining modes on the sphere

In this chapter, we state and prove our theorem concerning the number of determ-
ining modes on the sphere. We begin by introducing the necessary definitions and
properties of functions over S? in Section 4.1, followed by deriving the spherical
equivalent of Lemma 12 in Section 4.3. With these results established, we prove our

theorem in Section 4.4.

One could argue that due to the more “realistic” nature of the domain, this chapter
is more useful in practical applications. We also note, however, that despite the
[-plane of the previous chapter being an approximation of the sphere, the results of
the two chapters are of the same order, supporting our argument that the g-plane

is a good approximation for our purposes.

4.1 Definitions and inequalities on the sphere

We begin by defining our coordinate system. The unit sphere is defined by S? :=
{(0,0,r =1):0 €[0,7],¢ € [0,27m)}, where 6 is the polar angle or latitude (with
= 0 corresponding to the north pole) and ¢ is the azimuth angle or longitude.

The corresponding Jacobian (determinant) is sin, so that the integral of a scalar
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function u over the sphere is

/S2UdA = /()W/O%U(Q,gb)sinedqﬁde,

We recall that when there is no room for confusion, we use the notation |- | =|-|;2,

|1y =1+ oo and () = () 2

The spherical gradient, Laplacian, curl and covariant derivative are given by

1
Vu =0, — 0, ,
U hu e, + Sn g pU €y
1 2

1
Au = ——— 05,u + ——— Op(sin 0 yu),

sin26 ¢ sin 6

(Vxu)-e. = (0y(sinfuy) — dpuy)/sinb)e,,
Vv = (u-V)v
= (g Opgvg + uy0,vy/ sin0) ey + (ug Ggvy, + uy Oy, / sin ) e,
where e, = cosflcospe, + cosfsinge, —sinfe,, e, = —singe, + cosge, and

e, = sinflcosp e, +sinfsin ¢ e, + cosf e, are the unit vectors in the corresponding

directions. Thus integration by parts leads to the following identity:

B T r2r ] 5 T 27 .
(u, —Au)2 = —/0 /0 0 u0F4u do dd —/0 /0 u 0p(sin 0 Oyu) dop Ao

:/0”/02” ! \a¢u12d¢de+/oﬂ/02ﬂsme|agu\2d¢de

sin 6

— |Vl = [(—A)2ufs. (41.1)
The Jacobian is given by
D(th,w) = Sillle(agz/} Oy0 — By Oy, (4.1.2)
which, as in the planar case, satisfies the following properties:
@t = [ | T (—0,(ad,b) + Oy(a dyb)) ¢ de A0
= /07T /O%(a O Opc — a0sb 0yc) dp df by integration by parts

= (0(b,c),a) = (0(c,a),b) by symmetry, (4.1.3)
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and

(9(a,b),b) = (3(b,b), a) by (4.1.3)

=0 by (4.1.2), (4.1.4)

for all real a, b and ¢ such that their integrals over S? vanish and the expressions
above are defined. We also note that for a, b such that 9,a = d;b = 0, the Jacobian

simplifies to
1
~ sinf

Analogous to Fourier expansion in the planar case, we expand u using the spherical
harmonics Y},,, following the conventions given in [21]:
9] l
w(®,0,6) => > w,, ()Y, 9), (4.1.6)
=0 m=-1
where Y}, is defined by

(I—m)!(20+ 1)
A (I 4+ m)!

Yim (0, ¢) = ( >1/2eim¢le(cos 6) (4.1.7)

and the associated Legendre polynomials P/™ are solutions to

(1 = 23) 5 B(w) = 20 = P"(2) + <z(z 1) - 1_$2>PZ () = 0.

The coefficients u,,, of (4.1.6) are given by

Uy () = [ 08, 6,0)¥in (0, 0) dA,

where (7) denotes the complex conjugate. The operator —A has Y}, as its eigenfunc-

tions with corresponding eigenvalues [({ + 1):
— AVi = U1+ 1)Yim, (4.1.8)

which implies that Y}, form an orthonormal basis of L?(5?) (see [22]). Hence this

justifies the expansion in (4.1.6), because of the completeness and orthonormality of
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2T
L [ im0, )V (6, 6)510.0.d6 40 = 6 1,60, (4.1.9)

where ¢ is the Kronecker delta.

By definition, one immediately sees that

00 l
Oy = ad)z Z Win Yim = Z Z Wiy Yim =Y Y imwy, Y.

=0 m=—1 =0 m=-I =0 m=-—1

Using Y}, and (4.1.9), the inner product becomes

2
/ / Z Z ulmnm Z Z Ulml/zm sin @ d¢ do
=0 m=-1 =0 m=—1

i Z: Dl (4.1.10)

for u, v € L*(S?), analogous to the Cartesian case. By (4.1.1) and (4.1.8), this

implies that

) l
Vul? = (u, —Au) =Y > 11+ 1)|wm|*. (4.1.11)
=0 m=-1
Using spherical expansion, we obtain
[0550* < |(=A)20,0f?
= — /52 O4v - Adyvsinb do df by integration by parts
= Z Z m?|v,, |* 11 + 1) by the orthogonality of ¥,
=0 m=—1
< Z Z P4+ 1), > = |Av]*. (4.1.12)
=0 m=-1

Finally, to conclude our collection of basic spherical properties, the Poincaré constant

Ko is exactly V2 by definition:

|V l 00 l ) 1/2
Ko *1nf|7 = ((Z > UL+ 1) |y, ) (Z > gl ))
=0 m=-I =0 m=-I

— V3.
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4.2 Statement of the problem

We recall the Navier—Stokes equations on the rotating sphere:
2 L
v+ Vv + —cosv + Vp = pulAv+ f,, (4.2.1)
£

V-v:=

sin 6

(Og(sinbvy) + 0yvy) = 0,

where 1/¢ is the angular velocity at which the sphere rotates about a fixed axis and

v! is v rotated by /2.

By Hodge’s decomposition theorem (see [19]), v can be written as
v=Vp+ Vi, (4.2.2)
where ¢ and ¢ are scalars. Taking the divergence of (4.2.2) gives

0=V.-v=V -Vp+V. -V

= Ay, (4.2.3)

and by expansion in spherical harmonics,

Ap(0,6,8) = =" 3 10+ 1 (6)Yiun(6,6) =0, (1.2.4)

=0 m=—1
which implies that ¢,,,,(t) = 0 for [ # 0. Thus ¢(8, ¢,t) = o (t) Yo, implying that
Ve =0.

Now, taking the curl (i.e. V*-) of (4.2.2) gives
w:=Vt v=V.- Vi =Ay (4.2.5)

(where we fix ¢ uniquely by requiring that [g 1) = 0). Therefore, any sufficiently

smooth and divergence-free v can be written as v = V¢ = VIA~lw,

Turning to (4.2.1), we take its curl to obtain the vorticity form:
2
Ow + 0(V,w) + B Opt) = pAw + f, (4.2.6)

where f := V= . f, necessarily has 0 integral over S2.
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We define the determining modes on the sphere analogously to the planar case. As
in (3.1.28), we consider two solutions w, w* (with corresponding streamfunctions 1,

Y*) of (4.2.1), with the same f but different initial conditions:
2
Ow + (Y, w) + B gt = pAw + f, (4.2.7)
2
Ow 4+ (), W) + - O Ut = pAw + f. (4.2.8)
By defining dw := w — w* and 6 := 1 — ¢, we have
1
(1), w) — O W) = = (0g0* 056w — D, Dgdw + Dydrh By — 0,60 gw)
= O(V*, dw) + A(6¢, w). (4.2.9)
Subtracting (4.2.8) from (4.2.7) thus gives
2
Oy0w + (W, 6w) + O(dh, w) + - 0,01 = pAdw. (4.2.10)

Then, by fixing a threshold wavenumber x > kg, we define P,, as the L? projection
to lower modes:
dw<(0,¢,t) == P ow(d = Z dwim (t)Yim (0, 0), (4.2.11)
1<k m=—1
and the projection to higher modes by
dw” (0, ¢,t) == dw(0, P, t) — dw=( =3 Z dwim (t)Yim (6, ¢). (4.2.12)
I>k m=—1

Using the definition of P,, we obtain the following Poincaré-type inequalities:

bw P =" Z |dwim|? <D Z

>k m=—1 >k m=—1

|5 tm|* = 7|V5w>|2,

which gives

klow”| < |Vow?|, (4.2.13)

and

I I
(Vow=> =" > 1+ 1) [dwim]* < k(s +1)D Y [dwim|? = Kk + 1)[dw=]?,

1<k m=-—1 1<k m=-1
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leading to
|Vow<|* < ¢, k*[0w=]?, (4.2.14)

where ¢, = 14+ ko' =14+ 1/V/2.

Our aim for this chapter is to obtain an improved bound on the existing general case
result (3.1.34) on the rotating sphere, i.e. to find a tighter bound on the threshold
wavenumber x such that |dw=<(¢)| — 0 implies |dw(t)] — 0. Analogously to Chapter
3, we separate the vorticity into its zonal (zero frequency) and non-zonal components,

which we define by

]_ 2
5(,1) == %/0 w0, 6,1) do, and (4.2.15)

50, ,1) == w(0, 6. 1) — &(6,1). (4.2.16)

Using spherical harmonics, these are expressed as

B0,1) =3 w6, )Yio(0, ). and (4.2.17)
=0
) l
@(0,0,8) =D > wWin(0,0,1)Yim(0,9), (4.2.18)
=0 m=-1
m7#0

since w being independent of ¢ implies that all m # 0 terms in the expansion must

be 0. For convenience and consistency, we write

wy,, m =20

Wi = (4.2.19)
0 otherwise,
and
0 m =0
Qi = (4.2.20)
wy,,, otherwise.

Thus w and @ are orthogonal in H® for s =1,2,---:

00 !

(@, @) s =Y > (U1 +1))* Qton Oim

=0 m=—1
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00 00 l
=> 1+ 1)) @odn+ D > (U +1))° D G
=0 =0 m=—1

m##0

Il
e

(4.2.21)

With @ and @ thus defined, we state the main result by Wirosoetisno [8], using our

definition of G,,. Recall that vy = ux3.

Theorem 14. Assume that the initial data v(0) € L*(S?) and that |Af| 252y < 0.

Then there exists a time To(|v(0)|12(52)) and a constant cy(vo) such that

t+1
|O(8)]72(s2) +u/ VO (7)[72(g2) AT < eMy/K2, (4.2.22)
t

t
O ()72 s2) + u/ V() 7252y dr < eMy /K2 (4.2.23)
0

for allt > Ty, where

My = ¢4 G2Gs(1+ G3). (4.2.24)

Again, the constants in [8] may include lengths, whereas ours are dimensionless,

which accounts for the extra factor of 2.

4.3 Consequences of different forms of forcing

For the purposes of this chapter, we consider the below forms of zonal forcing,

modified from those mentioned in Chapter 3 for the sphere.

Bandwidth-limited: f =P, f (kf > ko), (4.3.1)
‘ _ 1/2 /{5—1 l l—f— 1 —s/2
Algebraic decay: |fo| < = \;§C((2(+ 25))1)/2 Go (s >5/2), (4.3.2)
_ 1/2 27 1/2
Exponential decay: |f,| < \/50 (1 9 ) =R GO (4 > 0), (4.3.3)
Ko v

where ((s) := Y02, n~* is the Riemann zeta function. Again, the requirement for
(4.3.2) that s > 5/2 is purely to ensure that f € H?(S?), so that we can apply

Theorem 14. The precise expressions for (4.3.2) and (4.3.3) have been chosen to
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ensure that |V f|/(uro)? < Go, in order to be consistent with the definition of the

Grashof number given in (2.1.5):

v kg (11 + 1)~
V20(2 + 25)1/?

Go implies

| frol <

e el = vy ko' G
V= fla= ; 1+ 1) = ; 2C(242s)(I(1 + 1))s*!

_ Vé ’f(2)s_2 gg K252 Vo KOS ? go Z (1+1
2¢(2 +2s) ° 2¢(2 + 2s)

/L "{0 g() 1/0 Iios 3g0 e
= 2¢(2 4 2s) + 20(2 + 2s) /NO (k(k+1)) dk

< peg Go Vo’fos 3go/ 252 qj
22+ 25) T 2((2+ 25
_ p' kg G ' G
2((2 1 25)  2(25 + 1)§(2 + 25)
M ’fo go :
< 5/2 4.34
{2+ 25) since s > 5/2, ( )

where the sum in the first line has been taken from [ = 1 because our assumption

that [¢2 f = 0 implies that fyo = 0, by definition. Rearranging (4.3.4) thus gives
V1 (0)” < (€2 +29)) 7 Go < Go,

since ( is decreasing in s and lim,_,o, ((s) = 1. We also check that

_ 2 2,}/ 1/2
<2 ( ) eV(1=1/ro) implies
| fool < V2rg \1 + 29 o p
2
V—l r12 _ ‘flo,
v = 1)
- 98( v )ez,yi e~/
— k3 \1+2y I(1+1)

1
< u'ky G2 (1: > 7z:e_zw”o since (I(1+1))7' < 5= Ky
< u'ky G2 (1_:27> (I1+e > +e™+--+) since ky' <1

Y _
:,u4ff§gg(1+27>/(l—e ) < p'kg Gy for all v > 0,
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which implies that

IV F1/ (us0)® < Go.
With these forms of f in mind, we state and prove the following intermediate results.

Lemma 15. Suppose w satisfies (4.2.6) and define 0=/ := P, 0, @ = w — @</
for some Ky > Ky. Assume vy = ,uli% < 1. Then there exists an absolute constant c,,

such that

(a) if f satisfies (4.3.1), then
t
/0 |V(I)>f|%2(32)ey0(7_t) dr S 30**(€M0)2/Vg; (435)

(b) if f satisfies (4.3.2), then

/t\V>f]2 (1) g < ( ]\/[)2/ 3 4y (lio>23+1g2
w 2(g2)€ T Cyx\E V, — , or
0 L2s%) = O IT0 (25 +1)¢ (25 + 2) \ ks 0
(4.3.6)
(c) if f satisfies (4.3.3),
¢
/ ]V@>f|%2(52)e”0(7_t) AT < can(eMp)? /13 + 81y 21 7rs/R0) G2,
0
(4.3.7)

Proof. We first remark that conceptually, this proof is analogous to that of Lemma
12. The differences are purely down to the individual results and inequalities used
having planar and spherical versions (for example, Lemma 14 being the spherical
analogue of Lemma 11), and the types of forcing being defined differently. We

therefore omit individual technical details to avoid complete repetition.
We begin by multiplying (4.2.7) by @>/ in L?:
2
(00, ) + (0(0,),57) + Z(0,6,57") = (B, &™) + (L,57). (438)

The first term becomes

(O, ") = =—|w>’|? (4.3.9)

by the orthogonality of w</ and w>/ and (4.2.21). By splitting w = @ + @ and
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) = 1) + 1), the second term of (4.3.8) becomes

), @) + (9, @), &™)

&

(0, w), w™’) = (O(¢,

= (0, @), 0™). (4.3.10)

&

Integration by parts shows that the third term of (4.3.8) is 0:

2 2 ~ 2 - 2 ~ -
g(3¢1/1,@>f) = g(a¢¢,@>f) + g(a¢¢,@>f) = g(a¢¢’@>f) since dy = 0
92 X l B .
€ 1=0m=-1
=0 by (4.2.19), (4.2.20).
(4.3.11)
The first term on the right hand side of (4.3.8) becomes
p(Aw, w™") = p(Aw, w™') + p(Aw, w=7)
= u(Aw,w”’) by (4.2.21)
— N(Aw<f w>f) + /L(A(D>f,w>f)
= u(Aw”’ w7 by the orthogonality of @</ and @™’
= —u| Vo7 |? by (4.1.1). (4.3.12)
Collecting (4.3.9) to (4.3.12) gives
1d —>f|2 —>f|2 T~ o> f —>f

Assuming t is large enough, we apply Theorem 14 so that the first term on the right

hand side of this can be bounded as

((0(h,@),@77)| = (0@, ), )] by (4.1.3)
< |V7;|4’@’4|V@>f’2 by Holder

2 ~
< IVOlial + §Ive P by Young

SVl va| + g|vcv>f|2 by Ladyzhenskaya
W

IN
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< §5M0|wiy|vw| + gwaﬁfy? by (4.2.22)
0
M,
<0\l + Eivarp by Poincaré. (4.3.14)
LY 8

Similarly, we bound the forcing term by
—>f 2 “1ps112 L B2
(177) < 2V 4 Eva (4.3.15)
Thus (4.3.13) becomes
d 3 e M, 4 -
— @ P+ Spl Ve P < e —— Vol + = |V 4.3.16
IO SV < e STl 4 29| (43.16)

We use the Poincaré-type inequality (4.2.13) on the |Vw>/| term on the left hand

side:
d ~>f|2 —sr2 . Mo~ eMo o - 4 o1z
— S|V )P < e = |Vo)P + |V P 4.3.17
G+ la P+ BIVE P < SvaP £ VTR san)
and multiply by e*°f,
d ot -sr2y L Moo — 5112 eMo o 12 de™ i
&(e ot)>| )+§e V| Scm\VM e Ot—i—T\V 7. (4.3.18)

We then integrate in time and multiply by e 0%

t
|@>f(t)|2+g/ eVO(T_t)|V(IJ>f|2 dT
0

My [t 4 -
< e P (0)* 4 ¢ < g / Vo8 dr + — |V L2
VoK Y0 J2a )
cx(eM)? 4 Ol
<+ — |V 4.3.19
T T s (1.3.19)

where we have used (4.2.23) and assumed ¢ is large enough for the adjusted constant

¢« to absorb the |[0>7(0)|? term into the (eMy)? term.

We now consider the consequences of the hypotheses (4.3.1) to (4.3.3). When f

satisfies (4.3.1), we have f>/ = 0 by definition, so that (4.3.19) becomes

cx(eMy)?

2 Y

lu/t vo(T—t) V*>f2d <
2o © Vo [Pdr < 23K

(4.3.20)

where we have used Lemma 9 and dropped the first term on the left hand side. With
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our assumption that 1y < 1 and hence " < 3, we arrive at
t
/ 0|V 2 dr < 3, (eMo)? /14, (4.3.21)
0
which is (4.3.5).

When f satisfies (4.3.2) instead, we have

|V_1f>f|2 _ i |fl0‘2 < i VO’%(Z)S 2(l(l + 1))_(S+1) g2

S l0+1) T4 2¢(2 + 2s) 0
25—2 0o
_ Voko 2 —(s41)
—_0% g I(1+1
20(2 + 2s) 70 g;f ( )
ViRESTS e di

< 00 -
<G %, o
(since terms in the sum are non-negative and decreasing)

S O e = e € (1322
S 20(2+25) O ey BT 225+ 1)C(2+25) B

so after ignoring the first term on the left hand side, (4.3.19) becomes

4vg(ko/kyp)* Tt

(25 + 1)C(2s + 2)

/ (0| 7o> 2 dr < ¢, (eMy)? /v a2, (4.3.23)
0
which is (4.3.6).

Finally, when f satisfies (4.3.3),

a 0 2 oo 4 ) 627(1—l/1€0)
‘v—1f>f|2: Z |flO‘ < Z Yo < Y ) gg

l>ﬁfl(l+1) 2/@0 1+2v/ I(l+1)
o0 V4 2,}/
< 0()627(1””0) Gs  since [(1+1) > kp
l;:f 2k \1 + 2 0 0
4
Yy ( ) 2v(1—1/ko)
= — e
ko \1+ 2y l;;f
< ’/61( v > G? ez’Y(l_”f/NO)(l Fe W pe 4. 2
= Rd\142y/)7°
4 2v(1—ry/kKo) 4
_ Vio 8 2 € Yo 2v(1—kyf/Ko) 32 4.3.24
I{%<1+2’7>go 1 — o2y _,‘iée g{)v ( . )

0 (4.3.19) becomes

t
/ TV P dr < cu(eMo)? /vy + 8 eI GE (4.3.25)
0
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giving (4.3.7). O

4.4 Bounds on the number of determining modes

We now state the main theorem for this chapter. We assume, as with Lemma 15,

that vy < 1.

Theorem 16 (Determining modes on the sphere). Let dw be the solution of (4.2.10)
with f € H*(S?). Then the low modes are determining, i.e. limy o [Pr0w(t)]2(52) =
0 implies that lim;_, |5w(t)|L2(52) =0, if any of the following hold for constants c,,

Ci1, €1y and € sufficiently small:
(a) if f satisfies (4.3.1) and
kKo > c1p max{(eMo)V4, (ks /r0)*® Goy/*: (4.4.1)
(b) if f satisfies (4.3.2) and
K /Ko > ¢qy max{(eMo)/4, g{H o/ By (4.4.2)
(c) if f satisfies (4.3.3) and
K /Ko > 1o max{(eMo) 4, F, (g ? Go)?® G}, (4.4.3)

where the function F., is defined in (4.4.41) below.

As in Theorem 13, the smallness requirements on ¢, which will be given in (4.4.29),
(4.4.36) and (4.4.42), are in place purely to simplify the statement of the theorem
and can be removed at the expense of longer expressions for the bounds on x. The
function F, in (4.4.3) is, up to a multiplicative constant, equal to its planar analogue

F. in (3.4.3).

Proof. This proof essentially follows that of the planar case, with spherical inequal-
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ities replacing their planar analogues. We multiply (4.2.10) by dw> in L? to obtain

(06w, dw™) + (O(Y*, dw), dw™) + ((6¢, w), dw™) + i((%&/}, dw”) = (Adw, dw”).

(4.4.4)
Harmonic expansion shows that the 2/ term is 0:
2 2> Lo _
= (000, 0w7) = =) > im oy, 0wy,
€ € >k m=—I
9 X l
= =22 > iml(l+ 1) 0,00,
€ I>km=-1
=0 by symmetry, (4.4.5)
SO
1d 2 2 i > > > >
§a|5w>|2 + M|v5w>|2 = _(a(?/’ ,(SW),(SCU ) - (a(6w<aw)a5w ) - (8(5¢ 7w)75w )

(4.4.6)
For the first term on the right hand side, (4.1.3) and (4.1.4) imply that (0(¢*, dw”), dw>) =
0, so

(0¥, 6w), 0w™) = (A(¥F, 6w™), 0w”). (4.4.7)
We split w = & + @ to write the last term of (4.4.6) as
(0(0Y”,w),dw”) = (0(d0Y~, W), dw”) + (O(d~, @), dw™). (4.4.8)
The first term on the right hand side of this becomes
(D0, @), 6w>) = (D6, @), 0w™) + (D(6¢™, @), dw”)
= (8(6¢7, @), 6w?) by (4.1.5)
= (0(0), @), 0607) + (D(6¢~, @), 607)

= (0(w,607),097) + (0(6¢”,@),007) by (4.1.3)

= (9(0”, @), 667) by (4.1.5).  (4.4.9)

In order to apply the bounds we obtained in Lemma 15, we split w = w</ + w>7,
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where w</ = P.,w and W =w—w<. Now
(0(69”, @), 0607) = (D(6¢)7,@0<"), 07 + (D(6¢~, @), 6&7). (4.4.10)
Thus (4.4.6) becomes

;i|5w>\2 + p|Vw|?
= — (O(W*, 6w"), 6w™) = (B0~ w), 6w™) — (B(6¢™, @), 6w”)
— (0(8¢7, w<1), 607 — (8(0), ™), 607). (4.4.11)

We bound the first two terms on the right hand side by

(D(F, 0w™), 0w™)| = [(D(dw=, w™), ¥F)|
< ||V ow= | Vow™ |, by Holder
< iw%vwi + Bivau by Young
< ;Wuwmva@<|m5w<| v %\v(swﬂ? by Ladyzhenskaya, (4.4.12)

and

(00697, w), 0w”)| < [Voy=[y|Vwly|ow™],

c
< S VoY= IVl + cqumolde 2
Ko
¢ < < 2 | HhRo > >
< |Voy<||dw=||Vw|* + 16 |dw”||[Véw”| by Ladyzhenskaya
Hko

< Ve ||0w |Vl + L v ow? by Poincaré.  (4.4.13)
Jn 16
The third term on the right hand side of (4.4.11) is bounded by

(0697, @), 0w™)| < [V~ |, Vlyldw™]y

< | Vo |y 2|V ow 5216w |, |V &), by Ladyzhenskaya
< S |Vow|,|ow” |, VL, by (4.2.13)
K
< 1ﬂ6|v5w>|2 + MZZ|V&J|2|5W>|2 by Young. (4.4.14)

The rest of the proof is almost exactly identical to that of Theorem 13; we therefore
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omit duplicate technical details. The fourth term on the right hand side of (4.4.11)
is bounded by

3
- H 2 CRoRy 215, > 2
> <f > < = > . Rz N
1(0(0y7, %), 0w7)| < g5 Vow™ |+ — G Vel |ow] (4.4.15)
We bound the final term of (4.4.11) as
- H 2GR0\ g->1p2 2
(0™, w?’), dw”)| < —|Viw” ——| V@™ |*|ow " 4.4.16
(060 &), 87)] < {£]80  + 00 VG | (4.4.16)

Collating these and rearranging, we arrive at
d
0w + V8w P < S|V V6w A 4+ [ V60 || Ve
H Hko

3
C Kok
+ Ve Psw 2 + 0 VWP sw|?
Jr? JkS
CRo

+ —5— V@ Plow]?. (4.4.17)
HEZK f

Applying (4.2.13) on the |Véw~|? term on the left hand side and rearranging gives

c momi’c CKo

JukS

[Vl -

d
1607 [? 4 6007 [ (pc® — w‘;ww - Ve |?)

[ik2K g

C C
< ;ywﬁuwmvamumm + %\wwwmuwﬁ (4.4.18)

We apply Lemma 8, with

3
C ~ C KoKk CRo _
p=pr® — W\VWP - /LT@-”VW’Q - m’vw>f\27

C C
o = —[F|| VY| Vows[| Adw=| + —— |V a<||ow=||Vw]?,
" pro

£ = |ow|?, (4.4.19)

i.e. p is the bracket on the left hand side of (4.4.18) and o is the right hand side. In
order to validate that the hypothesis of the lemma concerning o is met, we quote
the following result from [8], which give bounds on the derivatives of the vorticity:

G (1 + ¢ (m)15G5)™
(prio)?m=2

¢
|Vmw(t)|%2(52) —I—[L/ |Vm+1w|%2(52)e”0(7_t) dr < ¢(m) (4.4.20)
0

for all t > T,,(Jv(0)|r2(s2), V™ flr2(s2); ). Again, these bounds themselves are
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independent of the initial data. Thus the hypothesis concerning ¢ is met because
|0w=(t)] — 0 as t — oo by construction and |Vw]| is bounded when integrated
over time (4.4.20). The hypothesis on £ holds also due to the regularity of the 2D

Navier—Stokes equations.

We therefore need to fulfil the hypothesis on p, which would follow from

t+1 1 K /{,3
lim sup <2|V&J|2 + Lg|Vw|2 + F;O|V@>f|2) dr < cpk?®.  (4.4.21)
t—oo Jt UK UK HR K §

This in turn is implied when all of the following are satisfied:

t+1
lim sup Vo2 dr < cvg(k/ko)?, (4.4.22)
t—o00 t
t+1
lim sup |Vw|? dr < cvi(k/Ko)®(ko/ky)?, and (4.4.23)
t—o0 t
t+1
lim sup Vo> |2 dr < cvji(k/ko)* (Kt Ko)- (4.4.24)
t—o00 t

As before, (4.2.22) implies that the first condition follows for
K/kKo > ¢ (eMy/vd)Y4, (4.4.25)
By applying Lemma 9 to (4.4.20), the second condition (4.4.23) is implied when
cvo Gy < v5(k/ko)" (Ko/g)°,

or equivalently, for

1/8(

K/Ky > cyy Hf/ﬁ0)3/sgé/4. (4.4.26)

We first consider the case when f satisfies (4.3.1). As in the periodic case (3.4.27),

we apply Lemma 9 to (4.3.5), so that

t+1
/ V@™ |? dr < c¢(eMy)? /v, (4.4.27)

t

i.e. condition (4.4.24) is met when

kKo > ¢ (eMo)?uy ™ (ko /i p) V2. (4.4.28)
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This bound is weaker than that of (4.4.25) when
eMy < cvj3(ky/ ko), (4.4.29)

which we will assume. Combining (4.4.25), (4.4.26) and (4.4.28) gives (4.4.1).

When f instead satisfies (4.3.2), we apply Lemma 9 to (4.3.6) to obtain

t+1
/ |V |2 dr < e (eMy)? /vy + cec(s)vo(ko /)t GE = I} (4.4.30)

t

where 1/c¢c(s) = (2s + 1)((2s + 2). Thus (4.4.24) would be satisfied when I <
c u?k* (ks /ko). Analogously to what we did to (4.4.21), this is implied by
(k/ko)* > c(eMo)?vy®(ko/Ky), and (4.4.31)
(k/ko)* > cec(s) vy H(ko/rs)* TGP (4.4.32)
Since both of conditions (4.4.26) and (4.4.32) must be met, we equate these bounds

to find
(ks /k0)* T2 = cee(s)vy 7 Go, (4.4.33)

which fixes ky, turning both (4.4.23) and (4.4.32) to
kKo > ¢ (cc(s) vy TP GRs o)L/ (Bst14) (4.4.34)
Using s determined in (4.4.33), (4.4.31) becomes
/Ko > ¢ (Mp)Y/2yg 5/ HH1/(165428) =1/ (Bs414), (4.4.35)

where ¢, = cc¢(s)7Y @+ noting that since we require s > 5/2, the exponent of G,
lies between —1/34 and 0, giving a weak dependence. This bound is dominated by
that of (4.4.25) when

eMy < cotyy /et g2l stT) (4.4.36)

Assuming this, (4.4.2) follows from (4.4.25) and (4.4.34).

Finally, when f satisfies (4.3.3), Lemma 9 and (4.3.7) imply

t+1
/ Vo2 dr < e (eMy)? /vg + cyp e Iri/ro) G2, (4.4.37)

t
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As in the previous case, (4.4.24) would be satisfied if the following both hold:

(k/ko)* > c(eMo)?vy ®(Ko/Ky) and,

(k/Ko)* > cuo_le%(l_“f/m)(/io/ﬁf) Gs.
Equating (4.4.26) and (4.4.39) gives
(Kf/ﬁ0)5/2 627(51[/){071) = C,y/ V()_1/2 g07

which can be inverted to give

kg0 = Fu(Go/ny'®) where (Fy)™'(y) = y"2%20 D e,

With x; thus fixed, (4.4.25) would dominate (4.4.38) when
eMy < cvi(ky/ko).

Assuming this, (4.4.3) follows from (4.4.25) and (4.4.26).

(4.4.38)

(4.4.39)

(4.4.40)

(4.4.41)

(4.4.42)



Chapter 5

Determining nodes on the periodic

p-plane

In this chapter, we state and prove our theorem concerning the determining nodes on
the rotating torus T? = [0, L] x [-L/2, L/2]. We begin by introducing the concept of
determining nodes, followed by existing results that have been shown for the general
(non-rotating) Navier—Stokes equations. We then prove an auxiliary lemma relating
norms of a function to its nodal values, which is of key importance to our theorem.
Finally, in Section 5.2, we prove our main result of the chapter, as well as discussing

its consequences and comparing to its modes’ analogue of Theorem 13.

Although closely related to the determining modes of Chapter 3, the nodes differ in
that they are concerned with the fluid’s velocity or vorticity in physical space, rather
than its wavenumber counterparts in Fourier space. This can make the theory more
useful in practice, for example when one takes data from physical experiments or

observations, rather than having to Fourier transform them first.

We recall the following from Chapter 3. The vorticity form of the S-plane Navier—

Stokes equations is given by

O + A, w) + % 0yt = plw + f. (5.0.1)
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Then dw = w — w! satisfies
0,6 + (W, dw) + O(d2), w) + % 0,00 = pAdw, (5.0.2)

where w, w* are solutions to (5.0.1) with the same f and different initial conditions.

We also recall the definition of the zonal and non-zonal components of the vorticity:
1 (L
w(y,t) = —/ w(z,y,t)dz, and
L Jo
o(z,y,t) = w(x,y,t) —w(y,t).

As in previous chapters, where there is no ambiguity, we write || = [-| .., [-[, = | |1»
and ('7 )= ('7 ')LQ'
5.1 Theory of determining nodes

We explain the concept of determining nodes, introduced by and the existence of

which was proved by Foias and Temam [15], which is related to the modes presented

in Chapter 3. The set & = {x!,--- &} C T? is said to be a set of determining
nodes if
lim dv(z',t) =0 foralli € {1,--- N} implies  lim [6w(£)[2(p2) = 0.

Foias and Temam’s approach to this idea involved bounding the maximal distance
between neighbouring nodal points, in order to quantify how “dense” the points
would have to be within the domain. Slightly more recently, Jones and Titi [12] took
a different approach and derived bounds on the number of nodal points required for

the general (1.0.1) case:

Theorem 17 (Jones and Titi ‘93). Let v and v* satisfy (1.0.7). There erists an

absolute constant ¢35 and a set of determining nodes € = {x!,--- ,x™N} C T?, where
N > Ci3 gOa

i.e. limg o0 [v(2',t)—v# (2, t)| = 0 fori € {1, , N} implies limy o0 [0w(t)| 12 g2y =
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It is believed that this bound is qualitatively optimal, in the sense that it agrees with
estimates based on physical principles conjectured by Manley and Treve [14]. We will
prove improved bounds on the number of nodes, under the additional assumption

that the domain is undergoing a differential rotation.

We also require the following estimates from [12], which relate the H* and L norms

of a function to its value at the nodes.

Lemma 18. Let u € H*(T?). Define

n(u) = max fu(@')];
where T? is divided into N equal squares with corners at x', for i € {1,--- N}.
Then
s < (P00 + S Bulta). 611
Valbagen Wl < eos(N0P) 4 Sl ). 612

where ¢y, is an absolute constant.

We will give the proof below, written in a slightly different manner (and possibly
different constants) to that in [12], so that it will be easier to compare with the

analogous collocation lemma for the sphere, presented later in Chapter 6.

Proof. Let @ = [0,1] x [0,{] be a square and assume that we know the values of
v € H?(Q) at the corners (0,0), (0,1), (1,0) and (I,1). We will obtain bounds on the
“one-dimensional” L? norms of v over @ (i.e. norms with one variable fixed), then
use these to bound [u|z2po).

We first aim to integrate v € H?(Q) from (0,0) to P = (z,,v,) € R = [1/2,1]x[1/2,]]
(i.e. R is the quadrant of @ furthest from (0,0)). By the fundamental theorem of

calculus,

v (2, y) = v (2,7) + /xp 0,0* (', y) da, (5.1.3)
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where © € [0,z,]. Integrating this with respect to x and y over the rectangle

Q, = [0,,] x [0,y,] gives

/yp/ (zp,y dxdy—‘vhz +/ / / 0,0 (2 y)da’ dedy.  (5.1.4)

_______d? ————— y=1/2

(0,0) T=1Ip

Figure 5.1: Illustration of R and (2, within Q.

The left hand side of (5.1.4) is equal to

Yp [Zp
L7 [ gy dady = fo| [ X wpp) dy = gyl ey, (5-15)

where we have used the absolute value of x,, to emphasize that this is the length

(x, — 0), rather than the coordinate itself. The right hand side of (5.1.4) becomes

[v]720,) + /pr /oz /; 0,v* (2, y) da’ dz dy
<foliaey +2 [ [ ool y) o’ dudy
<ol +2 [ [ [ dseltal ) o’ dzdy
= |U‘%Q(Qp) + 2|z | GIU’LI(QP)
< [vliagq,) + 2lzpllvlL2(@,) 00020, by Holder
< 2M[iaq,) + |2p]*10:0] 20, by Young.

(5.1.6)
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Thus applying (5.1.5) and (5.1.6) to (5.1.4) gives
2 2 2
|v(@y, ‘)|L2(o,yp) < @|U|L2(Qp) + |‘TP||8$U|L2(QP)' (5.1.7)
Similarly to (5.1.3) but by integrating in the y-direction instead, we have
Yp
v (z,y,) = (2, y) + | O0% (2, y) dy, (5.1.8)
)
where y € [0,y,]. By symmetry, we obtain
2 2 2
|’U('ayp)|L2(0,xp) < w\’”\p(np) + ’ypHayU’LQ(Qp)' (5.1.9)

Equipped with (5.1.7) and (5.1.9), we integrate u from (0,0) to (z,y) € R as follows.

By the triangle inequality, we have
u(z,y) —u(0,0) < lu(z,y) — u(0,0)] < |u(z,y) — u(z,0)] + [u(z,0) — u(0,0)],
which, after rearranging, implies that
w?(x,7) < 3u*(0,0) + 3|u(z,y) — u(x,0)]* + 3|u(x,0) — u(0,0)[> (5.1.10)

By applying (5.1.7) to v = O,u, x, replaced by z and y, by y, the second term on

the right hand side of this is bounded by

y 2
ate,g)—ulw O = | [ dyutw. )y < 0,u(z, )

<1 ’2L2(o,y) |0yu(z, ) ’%2(0,?;) by Holder

= |yl|9yu(z, ')‘%Q(D,y)

2
<N =18y ul B o w091 T 121102, 6l 220 21 0.90) by (5.1.7)
||

2 2 2 2
< W(jgp v + Il

= 4|0yul2 ) + 1102, ul72(q)- (5.1.11)

Similarly, we would like to apply (5.1.9) to v = J,u. We note that we need to rotate

() in order to do so, since we require ¥, = 0.
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(0,1)
p
¢
Q
| R
Q, |
(@, 0)
Figure 5.2: Rotation of () in order to define R 3 (x,,0) and corres-
ponding €2,,.

Thus by integrating v = d,u from (0, 1) instead of (0,0), we bound the last term of
(5.1.10) by

lu(z,0)—u(0,0)]

/8ux 0) da’

< )
< Uz2(0.0) 10005 0) 20, by Holder
= o o>|%z(o,x>

= 4|0, ul72 ) + 1117107, ul72(q)- (5.1.12)
Applying (5.1.11) and (5.1.12) to (5.1.10) gives

u?(z,y) < 3u*(0,0) + 3lu(z,y) — ulz,0)* + 3[u(z,0) — u(0,0)*
< 3u*(0,0) 4 12|80, ul72(g) + 12]05ul72 ) + 6|1102,ul?2 ()
< 3u*(0,0) + 24| VulZ2(g) + 6]1°102,ul72 (o)
= 3u*(0,0) + 24| Vul72(g) + 6|Q||02,ul72 ). (5.1.13)

We integrate this over R, giving

[uf22(r) < 3IRIU2(0,0) + 24| R||Vul22(0) + 6| R|[Q|10%,ul32(g)- (5.1.14)
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We then “rotate” R three times and take the sum to cover @) (i.e. we integrate from

the three other nodes too, over all the quadrants):

[ulfz(q) < 3|QImax{u®(0,0),u*(0,1), u*(l, 0),u*(,1)}

Now that we have bounds on [u];» ), We use these to bound |ulpspsy. We divide T?
into N equal squares Q;, i € {1,---, N}, each of side length L/v/N, and place the
nodes at their corners (noting that periodicity implies that we have VN rows and

columns of nodes, rather than v/N + 1). We apply (5.1.15) to Q = @, which gives

|U|L2 ) < 3|Qiln* (u) + 24|Q‘||VU|%2(Q-) + 6|Qi|2|a§yu|%2(Qi)

4
= 3|Qs|n* (u )+24 |Vu|L2 02 u|iz(Qi). (5.1.16)

L
6ﬁ| Ty

Taking the sum over i € {1,---, N} gives

L? L
|u]%2(11~2) < ?)ITQ‘T]2(U> + 24W|VU|%2(T2) + 6ﬁ|a§yulizm2)

21,.2 L2 2 L4 2
< 3’T ‘T] (U) + 24N|VU‘L2(T2) + 3W|AU’|L2(T2)

L? L*
=3L*n*(u) — 24 N — (U, Au) 22y + 3]\72 |Au\%2(w) by (3.3.11)
< 3L%? 2452 A 3L4A 2
< n-(u) + [ulu| 11 p2y + N2| ul72(p2
< 3L%? 24L2 A L A by Hold
< 3L*n"(u) + |l L2 (m2) [ Al 272 N2’ ul7s (T2) y Holder,

(5.1.17)

where the second line is due to integration by parts and the periodicity of the domain:

|62 |2_/L/2 /L( 9
ayl = L/2Jo Y
L/2 ) =L L 3
= /L/Q({Gyu 8xyu} . —/O Oyu 8myu da:) dy
L/2 L
_ 3
= /L/2/0 Oyu 0y, udx

y=L/2
= / <[8 u@ixu} - / 82 ud? u dy) dz
y=—1L/2 L/2 vy

2 a2
—/ /L/Qﬁxuﬁyyuda:
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_2/< )? +202,u 02 u+ (07, )) x
:f|Au|2.
2

Thus (5.1.17) becomes

L2
lul* < 3L*n*(u )+24—|u||Au|—|—3 |Au|2

< 3L%n*(u) + |u|2 + 288 |Au|2 + 3 |Au|2 by Young,
leading to
lul* < 6L*n*(u) + 582—|Au|2

which is (5.1.1). Applying this to (3.3.11) gives the first part of (5.1.2):

Vul? = —(u, Au) < [uAul|, < |u||Au] by Holder

N L?

< ﬁ\quLﬁMuP by Young
N 12

< 2L2<6L2772( )+582—|Auy ) N|Auy2 by (5.1.1)

583 L?

— 3Nn? ZAul?

BN () + 2 A

Using Agmon’s inequality instead of (3.3.11) and following the same steps as above

gives
lul?, < c|ul|Aul by Agmon
2 L? 2
<-o- < e Np“(u) + ¢ —|Aul?,
N
which is the second part of (5.1.2). This concludes the proof. O

An alternative approach to prove the same lemma is to adapt the following lemma
from Pasciak [23] (see [24] also). The collocation operator I describes the unique
operator that interpolates u to the equally spaced nodes of T?, via the approximation
space Sy := span{e*? : |k| < 2rN/L}. It can be compared to the inverse of the
discrete Fourier transform. Our N below refers to the total number of nodal points

(as is in the entirety of the thesis), which corresponds to N? in Pasciak’s paper.
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Lemma 19. Let Iy denote the collocation operator on u € L*(T?). Then there
exists an absolute constant c,5 such that

| 2

T
]u — ]INu|L2(']I‘2) S Ci5 T’AU|L2(T2)' (5118)

The lemma immediately implies that

| 2|2

/11‘2 (u(w) - ]INu(:c)) da = |u—Iyul* < ¢ —|Aul’.
Expanding the brackets and rearranging gives
|22
/2(u2(w)+(]INu(a: ) a;<2/ |u(x x)| dx +c e | Aul?
T
|T2| 2 .
< 2Ju|[Iyu| + ¢ —=-|Aul by Holder
T

]u\2+2\]INu|2+c | Aul? by Young.

Removing the second term on the left hand side and rearranging again gives (see
[23] for the last inequality)

T 2|2 TP 2|2

|u|2 <4l u|2 +ci— |Au|2 < c|']I‘2|77 (u) + |Au|2

which is exactly (5.1.1) up to a constant. As in our proof, (5.1.2) can be easily

derived from this.

5.2 Bounds on the number of determining nodes

As with our proof on the determining modes (Theorem 13), we consider different
forms of the zonal forcing f, as given in (3.3.1) to (3.3.3), and the consequences they

have on the number of determining nodes.

Theorem 20 (Determining nodes on the periodic 5-plane). Let dw be the solution
of (5.0.2) with f € H*(T?). Then there exists a set of determining nodes & =

{z!', -, &} C T? when
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(a) f satisfies (3.3.1) and
N > ¢14(v) max{€1/2M01/2, (ks /k0)"? 93/3}, or (5.2.1)

(b) f satisfies (3.3.2) and
N > c-(1, 5) max{51/2M01/2, go(4s+5)/(6s+5)} or (5.2.2)

(c) f satisfies (3.3.3) and
N > ci5(vp) max{el/QMOl/Q, Fj(yo’1 93/3)1/3 93/3}, (5.2.3)

for constants cyq, 17, 15, I defined as in (5.2.27) below and sufficiently small e.

The above-mentioned smallness requirements on ¢ are given in (5.2.18), (5.2.24) and
(5.2.28). We have chosen to state them later and separately from the statement of
the theorem for clarity; one could include them here in exchange for longer and more

complicated-looking bounds on N.

We note that since we will use Lemma 18 in the proof that follows, the implicit

assumption of the theorem is that N is the square of an integer.

Similarly to Theorem 13, (5.2.27) implies that F7(u) scales as logu/(2y) for large
u, so that the second and larger (dominant) bound in (5.2.3) scales basically as
3 /3 log Go.
We also note immediately that these bounds are qualitatively worse than the modes’
equivalent given in Theorem 13, since one would expect N to scale as (k/kg)? (this
is apparent by comparing the dimensions of N and x/kg), but our bounds on N
are worse. Our speculation is that this is purely due to a technical and artificial
issue such that we cannot (almost entirely) carry over the proof for the determining
modes, rather than there being a fundamental qualitative difference between the

modes and nodes.
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Proof. We begin by multiplying (5.0.2) by dw in L%
(90w, 0w) + (AW, dw), dw) + (D01, w), ow) + %(axw, dw) = pu(Adw, dw). (5.2.4)
As in (3.4.5), the fourth term is 0:

%(axaw, dw) = % S ik 51y dioy,

k
= 203 ik R[50, 50, = 0.
k
Furthermore, the second term is also 0, due to (3.1.17). Thus (5.2.4) becomes

;;s’MQ (60, w), 6w) = p(Adw, 6w), (5.2.5)

of which the right hand side becomes, as in (3.3.12),
p(Adw, dw) = —p|Véw|?. (5.2.6)
By splitting the vorticity into w = w + @, the second term of (5.2.5) becomes
(0(0Y,w), dw) = (0(d, @), dw) + (O(59, @), dw). (5.2.7)

Similarly to (3.4.10), we further split the zonal vorticity w into w = w</ +w>/, where
W' =P,,wand w’ =w—w for some ry > Ko that we will fix later. Rearranging
(5.2.5) thus gives

Ld

5 7 |l VBl = —(0(5, @), 60) — (A3, &), 6w) = (O(F, &), 6w). (5.2.8)

Now we choose £ to be the set of N equally spaced points over T? (i.e. arranged

in a square grid). We use (5.1.2) to bound the first term on the right hand side of

(5.2.8):
|(0(69, @), 0w)| < V| |V s|dw]y by Holder
< cul];\;]V(SMzo + fj\j|VcD]2|5w]2 by Young
< cui\g N (V) +I]’\:|v5w|2 +f£\j|vm|2|5w|2 by (5.1.2). (5.2.9)
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We then use (5.1.1) on the second term on the right hand side of (5.2.8):

|(0(6¢), @), dw)| < [V | [V y]dwl,
¢ kg [N G V2 An< V2V 6| dw) by Agmon
< ¢ (koky) VG| VY| [dw] by (3.1.33)

< C(Fco/”vf)l/QIVwIIW@/)IICSWI

L4
< CHTa ]V&MZ CN2 Kok f| Vwl|?|dwl? by Young
N 2,2 L* 2 cL? 205 12
< CHrg Lo~ (Voy) + mlv&d + MN2monf|Vw| |dw|® by (5.1.1).
(5.2.10)
We bound the last term of (5.2.8) as
(069, w77), 6w)| < [V oo V™[5 |0w]
12
< \VfWI2 N!V@>f|§I5WI§ by Young
N L? cL?
< o Y [ A2 L~ 2| L LT o215, 12 1.9).
< el Nn* (Vo) + N|V5w| —I—MN|Vw |*|ow|* by (5.1.2)

(5.2.11)

Finally, we also apply (5.1.2) to the second term on the left hand side of (5.2.8) and

rearrange to obtain
L2
|6w|* < ¢ (Nn%V(W)) + N|V5w|2>

N?
= Chpsy \5w[2 — gy (Vo) < p|Viwl?. (5.2.12)
Thus putting together (5.2.8) to (5.2.12) gives

L? L* L?
VO e Vel — S Ve

N2 T N

d
£|(5wl2 + |dw]?
N?
< 7 ) (V). (5.2.13)
We seek to apply Lemma 8 to & = |dw|?, p being the bracket on the left hand
side and o the right hand side of (5.2.13). The hypothesis of the lemma on o =
(cuN/L?)n*(Vév) is met because Vi (x',t) — 0 as t — oo for all 4 and |Vw] is
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bounded due to (3.4.19), while that on ¢ follows from the regularity of the Navier—

Stokes equations.

The hypothesis on p would follow immediately if

4

L? N
Vuwl|? V>f2)d < cp—
Kok f|Vw| —i-’uN\ w7 ) dr < cp

t+1/ [2 L
li —|Val?
ey (;uv' "+ L2’

t—o0 ,LLN2

which is equivalent to

) t+1 1 9
lim sup (]/]V|VCU| +
0

t—00 t

1 lif 2 1 _
LV — |V ! 2) dr < cyyN, (5.2.14
V0N2I€0| w’ +VON‘ w ’ T ClpLV, ( )

where we recall vy = pk3 = 47?u/L?. Without any further assumptions, we would
require that each of the three terms on the left hand side satisfies the inequality

independently.

For the first term, we note that (3.2.9) implies
t+1
/ |V(IJ|2 dr S&Mg/yo,
t
so (5.2.14) for the |V&|? term would be satisfied for
N? > ceMy/vg. (5.2.15)
For the second term, we recall from Chapter 3 that (3.4.19) implies
t+1
/ |Vw|?dr < c1pGy,
t

so the |Vw| part of (5.2.14) is implied by

1/3
N> S (“f) G2/, (5.2.16)

I/é/ 3\ Ko
For the inequality involving |V@>/|? in (5.2.14), we need to handle the cases separ-

ately according to the different forms of f.

We consider first when f satisfies (3.3.1). By (3.3.4),

t+1
/ |V > dr < ce?MF/vg,

t



70 Chapter 5. Determining nodes on the periodic S-plane

so the |Vw>/| part of (5.2.14) holds if
N > ceMy /v (5.2.17)
This bound is dominated by (5.2.15) when
eMy < cvp. (5.2.18)

Assuming this, (5.2.1) follows from (5.2.15) and (5.2.16).

For f instead satisfying (3.3.2), we apply Lemma 9 to (3.3.5) to remark that

t+1
/ (VO™ |2 dr < ce® MG Jvg + cee(s) vy (ko /ks) T GF = 1, (5.2.19)

t

where 1/c;(s) = (25 4+ 1) ((2s + 2). Therefore, the |Vw>!|? part of (5.2.14) would

be satisfied if I; < cvaN?; analogously to what we did with (5.2.14), this in turn is

implied by
N? > c(sMy)?*/v3,  and (5.2.20)
N> & ce(8)(ko/rs)* ™ Gp. (5.2.21)
Vo

Since (5.2.16) and (5.2.21) must both hold, we equate these bounds (noting that
(5.2.21) scales as N? instead of N) to find the optimal x; that will minimise the

bounds on N:

) g ()

Ly Rf 2 Ko
= (ky/ro)®T = cee(s) uo‘lgg/?’. (5.2.22)
Thus fixing xy, both (5.2.16) and (5.2.21) now read

N > c(ce(s)yy t Gasto)l/(6+5) (5.2.23)

As with the case when f satisfies (3.3.1), we compare (5.2.15) and (5.2.23) to find

that the bound given in (5.2.15) dominates for

eM, < 01/372/(68%)(0((8) ggs+5)2/(6s+5), (5.2.24)
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which we assume, thus giving (5.2.2).

Finally we consider f satisfying (3.3.3). Applying Lemma 9 to (3.3.6) gives
t+1
/ Vo™ |2 dr < ¢ (eMy)? /g + cvy eV Imri/R0) G2,
t
As before, the |Vw>/|? part of (5.2.14) is satisfied when both of the following hold:
N? > c(eMy)yy®, and (5.2.25)

N? > cyyte?imrr/ro) g2 (5.2.26)
We equate the right hand side of (5.2.16) and (5.2.26) to obtain

/3
€ 29(-rs/ro) g2 — € (Hf)2 4/3
e G=—5(L) g
14 0 1/3/3 Ro 0

= (ry k)2 e s /m0=D) = & g G2/,
which we invert to find
kplko = FX(51Gy?), (5.2.27)
where (F2)7!(y) := y*3ev=1 Jer,
We compare (5.2.15) and (5.2.16) to determine that the bound given by (5.2.15)

dominates when we assume

1/3
My < ¢ ("f> 3G (5.2.28)
Ko

This gives (5.2.3). O






Chapter 6

Determining nodes on the sphere

In this chapter, we state and prove our theorem concerning the number of determining
nodes on the rotating sphere. One could argue that this is the most “applicable”
result of this thesis, in the sense that it is based on a rotating sphere (which can be
used to approximate the behaviour of the earth’s atmosphere or ocean currents, for
example), and requires knowledge of the relevant function at physical points, rather

than its harmonics, as was with the case of modes.

In order to prove our theorem, we need a spherical analogue of Lemma 18, which
requires us to choose how we allocate the nodes. We do this by triangulating the
sphere, the manner of which is described in Section 6.1. The bulk of the proof of

the auxiliary lemma is in Sections 6.2.2 and 6.2.3.

We begin by recalling the necessary definitions and results. From Chapter 4, we
recall that the vorticity form of the Navier—Stokes equations on the sphere is given
by

Ow + (¢, w) + iaw = nAw + f. (6.0.1)

Then for w, w? satisfying (6.0.1) with the same forcing and different initial conditions,

dw = w — w satisfies

040w + O(1*, 6w) + O(dh, w) + i 0,00 = pAdw. (6.0.2)
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The zonal and non-zonal components of the vorticity are given by

5(0,1) = ;ﬂ /O%w(@,gzﬁ, £) do, and

00, 0,t) :==w(B,o,t) —w(b,t).

We also recall the idea of determining nodes from Chapter 5 and adapt it to the

sphere. The set £ = {x!, -+, &} C S? is said to be a set of determining nodes if

lim dv(x’,t) =0 foralli € {1,--- N}  implies tli}rn |0w(t)] ;2 = 0.

t—o00

6.1 Triangulation of the sphere

The implicit assumption on Lemma 18 was that the nodes were placed at equal
spacings within the domain. Since we evidently cannot divide S? into squares the
same way as in the planar case, we will need to allocate the nodes in a different

manner for our spherical analogue.

Our approach is based on the icosahedral triangulation of the sphere, as follows.
At iteration 0, we place Ny = 12 nodes at the vertices of an inscribed regular
icosahedron, and project the edges to the corresponding geodesic segments on the
sphere (this is understood in what follows). The sphere is thus divided into Fy = 20
equal (spherical equilateral) triangular faces. At each successive iteration, we put
a new node in the middle of each edge, splitting the edge into two new edges, and
connect the three new vertices on each face by new edges. The number of faces at
iteration n is thus F,, = 20 - 4", the number of edges is F,, = 3F, /2 (since each face
has three edges, each of which is shared by two faces) and by Euler’s formula, the

number of nodes is N,, =2 — F, + E,, =2+ 10 - 4".

We note that unlike the planar case, this approach implies that the faces formed
by the placement of the nodes will have different sizes, for n > 0. In particular,
the original N, = 12 nodes will always be part of exactly five neighbouring faces,

whereas all other nodes will form part of six faces.
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n=>0 n=1 n =2
Figure 6.1: Subdivisions of a triangle at iteration n (not to scale).

Shaded subtriangles are equilateral.

The triangulation also has the following property:

Lemma 21. Any triangle A in the icosahedral triangulation, at any level, has corner
angles that satisfy
53° < pg, 1, Py < T3°. (6.1.1)

Geometric considerations and numerical computation suggest that the sharp bounds
are 72°, which is the angle of the triangles in the icosahedron, and 54°. We seek
instead to show (6.1.1) in order to keep the proof simple; these could be improved
to 54~ and 72" with some extra work but minimal conceptual difficulty. We defer

the proof to the end of this chapter.

6.2 Collocation lemma

We now state the analogue of Lemma 18 for the sphere. We will use similar notation
as we did in the proof of Lemma 18, in order to highlight the similarities and

differences.

Lemma 22. Let u € H*(S?). Define

n(u) = max |u(a’)],
where €' € S?, 1 € {1,--- | N}, are the vertices of the icosahedral triangulation of

S2, as described above. Then

|52|2
JulZ2(s2) §619(|52|772(u)+ e |Au|iz(52)), (6.2.1)
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5%
[Vl [l 52y < ro M) + 5 1Bl ). (622)

where c,q s an absolute constant.

We note that we have chosen to leave |S?| as it is, rather than replace with |S?| = 4,
to show how these inequalities relate to Lemma 18 and to emphasize the (length)?
dimension. The N here is the number of nodes N,, in the icosahedral triangulation,

i.e. it takes values of N,, = 2 + 10 -4".

The proof of Lemma 22 is split into parts as follows. In Section 6.2.1, we compute
bounds on “one-dimensional” norms (i.e. with one variable fixed) of an arbitrary
function v € H?(A,). Here, A, is an arbitrary spherical triangle with the constraints
that its (corner) angles satisfy Lemma 21, and that its sides are no larger than those of
the n = 0 triangles (i.e. no larger than a, = 7/2 — tan~'(1/2) = 1.10714871779 - - - ).
We then use these to compute an estimate for [u|;»(, ) in Section 6.2.2, followed by
bounds over the whole of S? in Section 6.2.3. We conclude in Section 6.4 by proving

Lemma 21.

6.2.1 Bounds with one variable fixed

We begin by proving an intermediate result, bounding the norms of a function on
A, that is fixed in one variable. We first choose our coordinates such that A, lies in
the northern hemisphere with one of its edges along the equator § = 7/2 and one
of its nodes at (0, ¢) = (7/2,0). We denote by ¢ = (0., ¢.) the centroid of A, and
define R as the intersection of A, and the spherical sector {(6,¢) € S? : § < 6.}.
We define h as the height of A, (i.e. the geodesic distance between the top node of
A, and the equator), and the (left and right) longitudes where the bottom edge of

R intersects A, by ¢; and ¢,..

Using the spherical metric, we define the one-variable norms of v over a line of

constant 6 or ¢ as follows:

0, ,
0,0, = [ (6,0 0, (6:2.3)

0
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1 / Y,
(8, ) o, o) ::/d) (¢, )| sin @ do. (6.2.4)

0
However, in this chapter we only apply (6.2.4) at the equator, such that we only

concern ourselves with norms of the form:

¢
05 /2.) g0 = [ 10(/2.6) Ao, (6:25)

0

With these assumptions, we state the following lemma, which gives an analogue of

(5.1.7) and (5.1.9) for the sphere.

Lemma 23. Let A, be a triangle satisfying (6.1.1), and suppose that the values of

v e H*(A,) at all corners are given. Then, for any (0,, ¢,) € R, one has
|¢ |
|U('?¢p)|%2(9p,7r/2 |6, ] 5in 6, v |L (2,) + - |8¢U|L2 Q,) (6.2.6)
P
9 9 cos@
[w(m/2,)|L2(0,,) < M‘Ulﬂ(ﬂp) + sin?6, “10gul22(q,): (6.2.7)

where Q, = [0,,7/2] x [0, ¢p] and L*(,) is defined using the spherical metric.

(7/2,0) 4

" o=4 6=0, 6=6, 1o
+0,

Figure 6.2: Illustration of R and €2, for some A,.

Proof. We begin by integrating v from (7/2,0) to P = (0,,¢,) € R. By the

fundamental theorem of calculus,

(0, 8,) = v +/ 0,0%(0,¢) Ao, (6.2.8)
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where (0,¢) € . We integrate this with respect to 6 and ¢ over €2, using the
spherical metric (i.e. dA =sinf df d¢):

/;/2 /¢,, 0,0,)sin0do db = [of3. o) +/”/2/¢p " 9,0%(0, ') A’ sin 0 do .
(6.2.9)
Recalling the “fixed-¢” norm defined in (6.2.4), we replace sin @ by sin 6, to bound
the left hand side of (6.2.9) from below by

/2 rop /2
/0 / 0, 6,)sind do d = |¢p|/ (0, ) sin 6 d

7r 2
> |,) / 0, 6,) 5100, A0 = |6, Sin O, 0(-, &) 2aq, npoys  (6.:2.10)

where the absolute value of ¢, has been taken to emphasize that we mean the length
(¢, — 0), rather than the longitude itself. Using the spherical metric again, the right
hand side of (6.2.9) is bounded by

/2 rop
o220 )+/ / / 9,020, &) d¢/ 46 dg
bp  [op
<|U|L2(Q +2/ / / [vd,v|(0,¢") dg' sin 6 d¢ d

b [Pp
< [v2a(q +2/ //|ua¢v| #)sinde’ dp do

< M%?(Qp) + 2[dpl[v]12(0,)|0pv] 120 by Holder
< 2|U|%2(Qp) + |¢p|2|8¢v|%2(9p) by Young.
(6.2.11)

We then apply (6.2.10) and (6.2.11) to (6.2.9) to obtain

190l 15 10
_n0p|a¢U|L2(Qp), (6212)

2
2 2
(-, ¢p)|L2(9p,7r/2) < |6, sin 9p|U|L2(Q

which is (6.2.6).

In the planar case, we could obtain the y-direction analogue of the bound in the
x-direction by symmetry, however we cannot do this on the sphere, due to the non-
equivalence between # and ¢ and the triangular shape of the domain. We therefore

explicitly follow the steps below.
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Similarly to (6.2.8), the fundamental theorem of calculus implies that
(/2,6 )+ / 8,00, $) ¢, (6.2.13)
where (0, ¢) € €. Integrating this with respect to 6 and ¢ over Q, gives

/2 rép ‘ ) T2 rdp (w2, L

/9 /0 vi(m/2,¢)sinf0dep df = ’U|L2(QP)+/9 /0 ; Opv(0', ¢) df' sin O de db.
(6.2.14)

The left hand side of this is equal to

/HW/Q/O% v?(7/2,0)sin 6 dé do —/ sm9/ 2(n/2, ¢) sin(7/2) do df

p

O=n/2 [Pp .
= [— cos 9} 0 /0 v2(1/2, ¢)sin(n/2) d¢ = cos b, [v(7/2, -)IQLQ(MP).

o=

(6.2.15)
The right hand side of (6.2.14) is bounded by
2 /2 op /2 2(pn/ .
2 +/ / ,0%(¢', ¢) d6' sin 8 de A0
P o, Jo Jo
9 /2 pop /2 , .
< IU|L2(QP)+2/9P /0 /9 |v Oyu|(0', @) dO' sin 6 d¢ dO
w2 oy )2 sin ¢/ ,
< ol3a,) +2/9P /0 /9 [0 0u1(0,0) = 2 46/ do sin 6 a9
2 /2 o (/2 / . / / :
< leliaa, + g / / / [0 8,0|(¢, &) sin @' A8’ d¢b sin @ 46
2 O=m/2 ®p
= |v|%2(ﬂp) + o Qp —COSQ / / / |0 Opu|(0', $) sin @' O’ d¢
cos 6 )
< ’U’%Z(QP) + 2 Sin 9: \v]Lz(Qp)](?@v\Lz(Qp) by Holder
20,
< 2|v\%z(Qp) + ZOS |8911\L2 by Young.
(6.2.16)
Applying (6.2.15) and (6.2.16) to (6.2.14) thus gives (6.2.7):
2,200y < 2 COS@?’ 5 6.2.17
[v(m/ a')|L2(0,¢>p) > mhf‘p(ﬂp) | 9U|L2 : (6.2.17)
[

Using this lemma, we bound [u|;24 ) in the following section.
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6.2.2 Bounds over a triangle

The main part of the proof of Lemma 22 is split over this section and Section 6.2.3.
We return to our function u € H%(S?) and derive bounds over A,, which depends

on values of u outside of A,.

Proof of Lemma 22: We begin by integrating u from (7/2,0) to (6,¢) € R C A,.

By the triangle inequality, we have
u(@,¢) —u(m/2,0) < [u(0,¢) = u(r/2,¢)| + |u(r/2, ) — u(n/2,0)],
which implies that
u?(0, ¢) < 3u*(m/2,0) +3|u(d, ¢) —u(r/2, p)|* + 3|u(n/2, ¢) — u(r/2,0)|?. (6.2.18)
The second term on the right hand side of this is bounded by

(6,0) —u(w/2. 00 =| [ ¥ 9)00] < 4 D)0

< ‘1|%2(9,n/2)|3au('7 ¢)|i2(e,ﬂ/2) by Holder
= (7T/2 - Q)Iaﬁu(a ¢)|%2(9,7r/2) < |h’||89u(7 ¢)|%2(9,7r/2)
< [Al|Bgul-, &) T2 (r2—homs2)- (6.2.19)

We apply (6.2.6) to v = Jyu, 6, replaced by our 6 € [7/2 — h,0.], ¢, being our
¢ € ¢y, ¢,] and Q, = [0, 7/2] x [0, ¢] to bound this further by

(0, 6) — u(m/2,6)|* < |hl|Ogul, 0) 12 (x/2nms2)

cb
<|h ’(|¢| nglae |L2 | | |89¢U|L2 )

2 9]
< 22 r 2 22 > 9.
- |h|<|¢,y sinr/z — hy 120l + G i gy 1Obetliay ) (62:20)

where Q, = [7/2 — h,7/2] x [0,¢,], and the last line follows by observing that
617 < 6], 1/5in8 < 1/ sin(r/2 — h) and |4] < [,

Similarly, the third term on the right hand side of (6.2.18) can be bounded by using



6.2. Collocation lemma 81

(7/2,0) ¢

+0,

Figure 6.3: Illustration of €2,.

(6.2.7) on v = Jyu:

()2, 6) — u(r/2,0)| ‘/ d,u(r/2, ¢') sin(r/2)

S |1|%2(07¢)|8¢u(ﬂ-/2, )|L2(0,¢) by HOlder

< [0pu(m/2, )11 0

<o, ||8¢u(7r/2, '>|%2(0,¢T)

cos
<, |< |8¢U|L2 + 2o |80¢U|L2 Q) )

< 10,1y sl n%@wmm) (6.2.21)

where the last line follows from noting that 1/ cosf < 1/cos ., cos < cos(mw/2 — h)
and 1/sin?6 < 1/sin?(7/2 — h). Thus by using (6.2.20) and (6.2.21), (6.2.18)

becomes

u*(0,¢) < 3u®(7/2,0) + 3[u(0, ¢) — u(r/2,0)]* + 3lu(m/2, ¢) — u(m/2,0)[*

6|h| |2[l¢, |
< 2 2 22 2 22
< 3u (ﬂ-/ 70) + |¢l| Sin(ﬂ'/2 — h) |50U’L (Qq + 3 SlIl(7T/2 )|89¢U|L (2q)
6|¢r‘ 2 ’¢7" COS(T‘-/Q — h) 2
+ cos 6, 10stlz2(,) sin?(m/2 — h) [0/ 22(,)

hl ||
< 2 2 ( | ' ) 22
< 3u™(7/2,0) +6 || sin(7/2 — h) + cos 0, Vulr (§2q)

Bll6,| . |, cos(n/2 ~ h)
3(81n(7r/2 —h) T Sin2(7r/2 —h) )|ag¢u|%2(9

(6.2.22)
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We integrate this over R to obtain

| &, |
ultaey < 3IRE(r/2.0) + 61 s R )IVulisa,
[Fo]|, |6, | cos(m/2 — h)> ),
. 2.2
+3IR] <sin(7r/2 —h) + sin?(m/2 — h) |0l 120, (6.2.23)

Recalling the periodic case (5.1.15), in order to bound |u[;s(g2) we would like to
“rotate” R twice so that the union of the three Rs corresponding to the three nodes
will, by definition, cover A,. We denote by R’ and R” the two other regions defined
analogously to R, corresponding to the different choice of node of A, being at (7/2,0),
with Qy and €, also defined similarly. Taking the sum of (6.2.23) corresponding
to each node gives us a bound on u over A,, keeping in mind that £, U Q, U Qg is

not contained within A_:

ulFoga.y < lulZogry + [ulizmy + [ulZ2gpm)

|| sin(m/2 — hy) €08 O

< R 1 (0) + 0B

(IVulta, + [Vuliaq,,) + Vultg,))

|Fel || |rs| cOS(m/2 — h.)
* 3Rmax(sin(7r/2 — hy) sin?(m/2 — h) )

: (|83¢U’%2(Qq) + |8§¢u|ig(9q,) + |392¢U|%2(Qq,,))7

where Ry := max{|R|, |R'|,|R"|}. The % subscript denotes the (same) choice of
node such that the right hand side is maximal (i.e. h,, ¢,,, ¢,, and 6., individually

may not necessarily be the largest of their corresponding parameters).

Now that we have bounds on u over A_, we return to our triangulation of the sphere.
We denote by A;, i € {1,--- | N = N, }, the triangles covering the sphere; they can
be compared to @, in the periodic case. For fixed £ € S?, we choose our A, to
be the A, containing «. Then €, is covered by the union of at most 6 other A,,
ie. Q, C U A, (via a possible relabelling of the indices). We “rotate” R twice

(i.e. define R and R" as before) and take the sums of their corresponding forms of



6.2. Collocation lemma 83
9 |
i Qq//
C
\ Qy )
Figure 6.4: €, and its “rotations” €, {2y, which are defined via
the choice of corner node.
(6.2.23) to cover A;:
U320y < IRmaxn? (1) +6Rmax( i + 911 )\VU|%2 18 A
(&) = || sin(m/2 — hyr) — cos O (Vk=1Bo0))
|hir ||| | ¢ | cos(m/2 — hl’)) 2 .12
3Rmax e [ 8 - 7
N <Sin(7r/2 — hyr) sin?(mw/2 — hy) o (UiZ120))
(6.2.24)

where the ¢’ subscript denotes the choice of node of A; to integrate from, such that

the whole right hand side is maximal. We thus have a bound on u over each A,.

In the next section, we sum (6.2.24) over S? to obtain our desired bounds of (6.2

and (6.2.2).

6.2.3 Bounds over 52

1)

Now that we have a bound on u over each A;, we take their sum to obtain a bound

over S?. Summing (6.2.24) over i gives

|U|i2(s2) = |u|%2(uf.\’:1Ai)

[P [
< OIS () + 6. 18miax{|Ai|(|¢w| ST et ‘/)}\vu@(%

|hir ||| |@rir| cos(m/2 — hzf))} 2 1o
1 A i ri
+ 3 8m2ax{\ Z| (Siﬂ(ﬂ'/? — hZ/) + sin2(7r/2 — hz/) ’09¢U‘L2(S2)

o] [e8Y] )
- 20g2|A 2(g2
max’(|¢lM| sin(ﬁ/2 _ hM) + COS@CM |u|L (S )’ u|L (S2)

< 91S%n*(u) + 108|A
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|hoi || D20 | ¢ M|COS(7T/2—hM)) 5 1o
- - 82, ul20 e, (6.2.25
SiIl(7T/2 _ hM) Sin2(’ﬂ'/2 . hM) ‘ 0¢U|L (S2)> ( )

+ 5418

where |A_ .| is the area of the largest triangle, the M = M (n) subscript denotes the
choice of both triangle and node such that the right hand side is maximal, and the

second line follows from applying (4.1.1) to the second term on the right hand side.

From here on, all norms are over the whole of S?. By applying (4.1.12) to the last

term, (6.2.25) becomes

| D]
2< 21..2 1 A ( ’ M rM ) A
< 91522 (0) + 10818l (o g + e el
h 2—h
+54|Amax’( | M||¢_TM| |¢TM|2COS(W/_ M)>|Au’2.
sin(m/2 — hy,) sin®(mw/2 — hy,)

Applying Young’s inequality to the second term on the right hand side gives

1
ul? < 9182} (w) + 5 ul?

hal |0 ?
+ 1458 Amax2< .’ M + it ) Aul?
| | |Gl sin(m/2 = hy) — cos(m/2 = hy,) A
n 54|Amax’( ' sy |¢TM|QCOS(W/2 - hM))|Au]2.
sin(m/2 — hy,) sin®(mw/2 — hy,)

Rearranging this, we obtain

o YIRS
2 < 18182 n? [2916( LY TM) 108’}A 2 Aul?
‘U’ = | ’77 (U) + |¢1M\sin(7r/2 . hM) + COS@CM + CM ‘ max’ ‘ U’
<18|S2|772(u)+c?\/,|52|2[2916( Foag| + 9] >2+108c’M]|Au|2
- N2 |Gl sin(m/2 — hy)  cos O

(6.2.26)
which is (6.2.1), where

chy = iy +‘¢TM|COS(7T/2_hM) and

sin(m/2 — hy,) sin?(m/2 — hy,)

Cy = |Amax| N/|52|7

i.e. ¢, is the ratio between the largest and average triangle areas. Clearly ¢, is
decreasing in n, thus it is bounded by its value at n = 0. Using (6.4.25) and (6.4.26)
below and explicitly computing all triangles of generations 0 to 4, we found that the

worst value of |hy|/(|¢;] sin(m/2 — hy,)) is in fact attained at generation 0, and
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that of |¢,,,|/ cos.,, is approached in the limit of large generation.

Applying Young’s inequality to (6.2.1) will give the first part of (6.2.2):

Vul?s = —(u, Au) < |ulu|;: < |u|pz|Aul;. by Holder
< |u|? + @|Au|2 by Young
- 2|52 2N
<c (|52|772(u) + |52|2]Au|2) + @\AuF by (6.2.1)
= “9197] N? oN

= e (G + Bl )
N .
Applying Agmon (2.2.6) and following essentially identical computations gives the
second part of (6.2.2):
[uls < clul]Aul
2 |i2| 2
<< Nnp“(u) + |Aul” ).
N
To finish the proof, we prove Lemma 21 in Section 6.4, which immediately implies

that the right hand side of (6.2.26) can be bounded independently of the number of

iterations n.

6.3 Bounds on the number of determining nodes

We now state and prove our main result. As with our proof on the modes, we
consider different forms of the zonal forcing f, as given in (4.3.1) to (4.3.3), and the

consequences they have on the number of nodes.

Theorem 24 (Determining nodes on the sphere). Let 0w be the solution of (6.0.2)
with f € H*(S?). Then there exists a set of determining nodes € = {x',--- &V} C

S? when

(a) f satisfies (4.3.1) and

N > cy0(0) max{€1/2M3/27 ("“Jf/"fo)l/3 g§/3}> or (6.3.1)
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(b) f satisfies (4.3.2) and
N > ¢y (10, 8) max{al/zMolm, QO(4S+5)/(65+5)} or (6.3.2)

(c) f satisfies (4.3.3) and
N > c99(1p) I]naux{&:lﬂ]\/[(}/2 (v Q2/3)1/3 g2/3} (6.3.3)
for constants cyy, 91, oy, F defined as in (6.3.27) below and sufficiently small ¢.

The above-mentioned smallness requirements on ¢ are given in (6.3.17), (6.3.23) and
(6.3.28). We have chosen to state them later and separately from the statement of
the theorem for clarity and simplicity; one could include them here in exchange for

longer and more complicated bounds on V.

Proof. The proof is essentially identical to that of the planar case, but using the
spherical estimates we have derived in place of their planar analogues. We begin by

multiplying (6.0.2) by dw in L%
2
(940w, dw) + (D(Y*, 6w), dw) + (D(61, w), dw) + g(ﬁd,&p, dw) = u(Adw, ow). (6.3.4)
As in (4.4.5), the fourth term is 0 by the antisymmetric property of 8¢A*1:

i(%é@[),&d) (8¢5¢ AdyY) = i > iml(l+ 1) 6%, =

=0 m=—1

The second term of (6.3.4) is also 0, due to (4.1.4). Thus (6.3.4) becomes

1d

2dt|(5w|2 (0(6¢,w), dw) = u(Adw, dw) = —pu|Viowl|>. (6.3.5)

By splitting the vorticity into w = w + @, we expand the second term of (6.3.5) as
(O(650, w), 8w) = ((0, @), 6w) + (O(69, ), 0w). (6.3.6)

We further split the zonal vorticity w into w = W</ +w>’, where we recall W</ = P,

and w>/ = w — w=’/, for some Ky > Ky that we fix later. We thus rearrange (6.3.5):

: dt|5w|2+ﬂ|v5w|2 (A6, &), 6w) — (D5, @<7), 5w) — (D(Se, @7, 6w). (6.3.7)
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As mentioned earlier, we choose £ to be the set of N vertices of the icosahedral
triangulation of S%. We then apply (6.2.2) to bound the first term on the right hand

side of (6.3.7):

(D06, 2), 6w>|s|vaw| V]l by Holder
5% o -
|SQ| |V52/1\2 M—N|Vw]2|6w]2 by Young
pN 2 ‘52’ 2 ‘52’ ~12 2
<ci— — — ) b 2.2).
< e gy [N (V06) £ T VAP |+ e CUIVBPIa by (6:2:2)
(6.3.8)

Next, we apply (6.2.1) on the second term on the right hand side of (6.3.7):

|(0(6¢h,w77), dw)| < [VEl,| V™| |0wl,

< ek 2V EQ||[ Vo V2| Ao |V w) by Agmon
< ¢ (koks) 2| Vw|| V]| 0w by (4.2.14)
“ |V§¢|2+c| S Kok | Vwl|?|dw|? by Young
|52|2 pN?
2|, 2 |52 2 522 215 12
‘52’2 |57~ (VoY) + N2 |Vowl CMNQ kokf|Vw|*|ow]® by (6.2.1).
(6.3.9)
We bound the last term of (6.3.7) as
|(0(8¢, @), w)| < [V |oo| VO™ |a]du]5
G2
‘52’ |V5@/J|2 + c 157 ]Vw>f| |6w]|? by Young
pN | 5| 1S%] oo s 2152
— — 71716 b 2.2).
s N (Vou) + =7 IVowl te y Ve Flowl” by (6:2.2)
(6.3.10)

Finally, we apply (6.2.2) to the second term on the left hand side of (6.3.7) and
rearrange to obtain
2 2 5] 2
16w|? < c(Nn (Vou) + = Vow )

N N?
= |’“‘SZ||5W|2 Tsy (V) < p| Vw2 (6.3.11)
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Thus putting together (6.3.7) to (6.3.11) gives

d N S? S22 S?
&|5wl2+|5w|2 cr; 7y | ||V 2 — |MN| K fif|Vw|2 |MN|]VUJ>"|2
N2
< 0?52! nQ(V&p). (6.3.12)

We seek to apply Lemma 8 to & = |dw|?, p being the bracket on the left hand
side and o the right hand side of (6.3.12). The hypothesis of the lemma on
o = (cuN?/|S?|) n* (V) is met because Viy(x',t) — 0 as t — oo for all i (by
construction) and |Vw| is bounded due to (4.4.20), while that on £ follows from the

regularity of the Navier—Stokes equations.
The hypothesis on p would follow immediately if

|57
N

2
N
ok | Vw? + | ‘|v >f|2>d <

vopr +
V&l™ + EZk

lim sup
t—o00

t+1 ’5*2
G

which is equivalent to
t+1 1
lim sup ( IVo|® + Kf |V ? + N|V@>f|2> dr <cyyN, (6.3.13)
t N Vo

t—o00

where we recall vy = px2. In turn, this follows when each of the three terms on the

left hand side satisfies the inequality independently.

For the first term, we recall (3.2.9), which implies that
t+1
/ |V(:}|2 dr S EM()/I/(),
t
0 (6.3.13) for the |V@]? term would be satisfied for
N? > ceMy/vg. (6.3.14)
For the second term on the left hand side of (6.3.13), we recall that (4.4.20) implies
t+1
/ Vw|?dr < c1y Gi,
t
so the |Vw| part of (6.3.13) is implied by

1/3
N>-$ (“f> G23, (6.3.15)

1/3 Ko
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For the inequality involving the |V@>/|? term in (6.3.13), we need to handle the

cases separately according to the different forms of f.

First we consider when f satisfies (4.3.1). By (4.3.5),
t+1
/ |V 1> dr < ce? MG /g,
¢
so the |Vw>?| part of (6.3.13) holds if
N > ceMy /v (6.3.16)
This bound is dominated by (6.3.14) when
eMy < cup. (6.3.17)

Upon assuming this, (6.3.1) follows from (6.3.14) and (6.3.15).

For f instead satisfying (4.3.2), we apply Lemma 9 to (3.3.5) to observe that
t+1
/ (VO™ |2 dr < ce® MG /v + cee(s) vy (ko/rp) >t GF = 1, (6.3.18)
¢

where 1/c¢(s) = (25 +1)((2s + 2). Thus the |V&>/|? part of (6.3.13) would be

satisfied if I; < cp2N?; analogously to what we did with (6.3.13), this in turn is

implied by
N? > c(sMy)?/vg, (6.3.19)
c
N? > - ce(8)(ko/kyp) >t G2 (6.3.20)
0

Since (6.3.15) and (6.3.20) must both hold, we equate these bounds to find the value

of ky that minimises the bounds on N:

L Cls) (Fvo)%“ G- ¢ (vaf/‘”’ i
Y Ky 0 Vg/g Ko 0
= (ky/R0)* T = cee(s) yglg§/3. (6.3.21)

Thus fixing xy, both (6.3.15) and (6.3.20) now become

N > c(ce(s)yy t Gasts)/(6st5), (6.3.22)
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As before, we compare (6.3.14) and (6.3.22) to observe that the bound given in
(6.3.14) dominates for

eM, < cyng/(6s+5)<cC<S) ggs+5)2/(6s+5), (6.3.23)

which we assume, giving (6.3.2).

Finally, we consider f satisfying (4.3.3). By applying Lemma 9 to (4.3.7), we note

that
t+1
/t Vo2 dr < e(eMo)? /v + cvg e mrs/mo) G2,

The |Vw>/|? part of (6.3.13) is satisfied when both of the following are satisfied:

N? > c(eMy)?/vg, (6.3.24)
N2 > S g2rli=rs/mo) g2 (6.3.25)
Y

In order to obtain the optimal x; that minimises our bound on NV, we equate the

right hand side of (6.3.15) and (6.3.25), which leads to

< e21(1=ry/ro) gg _ ¢ ('%f>2/3g4/3

140 F ) 0
= (ky/ro)Y3 e mi/mo=l) — vy Ga®, (6.3.26)
We invert this, which gives
kp ko = F25 (v 'G) ), (6.3.27)

where (F2) 7 (y) == y*2e?@V /cz,.

We compare (6.3.14) and (6.3.15) to conclude that the bound given by (6.3.14)

dominates when we assume

1/3
eMy < ¢ (’”) VERGR, (6.3.28)
Ko

This gives (6.3.3). O
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6.4 Proof of Lemma 21

Proof of Lemma 21: Our methodology is as follows. We begin with the n = 5
triangulation and fix one arbitrary “ancestor” triangle A := A®) and consider all
its “descendants”. To reduce clutter, we denote the sides of A by a, b and ¢ (the
latter does not denote a generic constant, for this proof only), with corresponding

angles «, § and ~. Direct numerical computation shows that

A0 A0)
0.928---‘45| < |A®)| < 1.206- - - | vE | and (6.4.1)
a® a®

where A® denotes the original n = 0 triangle with sides a(®. Since |A| < 1073 is

already very small, we will prove that any level n descendant A™ with sides aE?))

satisfies

|AM| ~ 457 A (6.4.3)
(n) ~ 99—1

to a very good approximation, to be made precise below.

We consider a level 6 descendant of A with corner angle v and adjacent sides a/2

and b/2. We denote the inner side by c¢;.

g
e
v A A
\\‘ 9\‘\\\
s o
A6)
¥ « , YO\ N :
U bj2 -
B g

Figure 6.5: Illustration to show relationship between A and A(©).
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We start by considering the areas of A and A©® which are given by

(3172 = e A e (6:45)
an1012) = oo (649
and seek to prove that |A©®)| ~ |A|/4.
We note that, for n = 5,
a>0b/2, b>a/2, and (6.4.7)
siny > 2/3. (6.4.8)

It is readily apparent below that these hold for all subsequent iterations.

Using Taylor’s theorem for tan, tan™' and sin, we write (6.4.5) and (6.4.6) as

ab 3
A = —sm’y + = E (absiny)?p(o), (6.4.9)
ab . 1 .
]A(G)\ =3 siny + 0 (absinvy)?*¢(o0), (6.4.10)

where the sides a, b and ¢ satisfy (6.4.7) and (6.4.8) and ¢ denotes an arbitrary
function, which may change from one use to the next, such that |p(g)| < 1. Since

|A©)] is very closely approximated by |A|/4, we compare these to obtain

@ _ 1AL 3 Al 3 Ap
201 = B 2 g o) = 2L Bapag

- |i| (1+2.4]Alp(0)). (6.4.11)

Now we consider the inner side Cs of A©®) We recall the cosine rule:
cos ¢ = cosacosb + sinasinbcosy. (6.4.12)

Similarly to our approach on the estimates of the areas, we use Taylor’s theorem on

cos to approximate ¢; by ¢/2. Applying (6.4.12) to A©) gives

cos ¢; = cos(a/2) cos(b/2) + sin(a/2) sin(b/2) cos

— (1 - ;(G/QV + L(a/Q)%(g)) (1 = ;(6/2)2 + L(b/2)4so(g))
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+ a2+ 5(0/2P0(0)) (/2 + 50/2P0(0) ) cos

=1- ;((a/2)2 + (b/2)* — ;abcos 7) + 12(515 absin v)zgo(g), (6.4.13)

where we have used the assumptions of (6.4.7) and (6.4.8) to simplify the expression.

We expand the left hand side of (6.4.13) as

cosc; =1 — ;cf + i' ¢t ¢(0). (6.4.14)
Equating (6.4.13) and (6.4.14) thus gives
2t 112 () = (a/2)% + (b/2)° — “26 cos + 24 (; absin 7>2 (o)
= (¢/2)” + 24| A9 (o), (6.4.15)

where we have used the planar cosine rule and the fact that |[A©®| > (absin~y)/8
(being the area of the planar triangle with the same a, b and ) for the second line.
This expression clearly has 4 real roots in ¢;; discarding the 2 negative roots, we
consider the remaining 2 possible solutions. Denoting by ¢ the right hand side of
(6.4.15), the roots of (6.4.15) are approximately at

—1+4/1—(g/3)p(0)
©(0)/6 ’

(6.4.16)

c? A g or
since ¢4 < 1. The second possible solution of c% is, however, incompatible with
¢; > 0, so the only feasible solution is that ¢; ~ |/g.

Returning to (6.4.15), rearranging the expression gives

& (14 2 1A pl0)) = (¢/22 (1+ 5 ole)) + 244 (o)
= (¢/2?(1+ 518l e(0)) + 242020 (¢/27 o(0

= (¢/2 (1+ 2189 o(0)) + 48]0 (¢/2)* o(o)

(6.4.17)

by assuming ¢; > a/4,b/4 and a, b > ¢;. Rearranging this further results in

c 1/2
¢ = 5(1 +50[A@ (o)) . (6.4.18)
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Thus ¢, is well approximated by c/2.

Obviously, analogous expressions to (6.4.11) and (6.4.18) apply to the two other

corner descendants. Temporarily denoting the corner descendants by A, Agj), A(f)

and the central descendant by A26)7 we have

AT = 18] = 1A - 1AP] - AP (6.4.19)
Thus we have also
A
A9 = U(l +2.4|Al (o)), (6.4.20)

and bounds analogous to (6.4.18) also hold for the sides of Agj). Thus (6.4.11) and

(6.4.18) hold for all four descendants of A. We also note that

4
L+2.4/A[p(0) < 3 (6.4.21)
By induction, we have
A(n—1) -
A0 = ||(1 +24|A0Vp(g))
A _
= 4’71‘5 (1+24]ATDp(0)) -+ (1 + 24| Al p(0)) (6.4.22)
A

We shall make use of both these bounds below. Similarly, the sides of A(™ satisfy,

with the obvious notation,

. a " 1/2 1/2
o = (14 50]A]p(0)) - (14 50]A0p(0))
. b . 1/2 1/2
b = s (1 50[AMp(e) - (14 50[ A0 (o))
(n) ¢ (n) 12 (6) V2
© T ﬁ(l +50]A™ () - (1+50[ A0 p(e)) (6.4.24)

As for the products on the right hand side, we have the upper bound

1/2

(1+501Ag () -+ (1+ 504 o(0))

< exp(25z |A<J‘>|> < exp (12.5]A]), (6.4.25)

=6
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where for the last step we have used (6.4.23). Using the fact that e™* < 1 — z for

|z| < 0.5, we find the lower bound

(14 50]A0[p(0)) - (1 + 50] A0 (o))

> exp<—50 3 |A(j)\> > exp (—25/A]). (6.4.26)
j=6

We recall that |A| < 1073, This concludes the proof of Lemma 21. ]
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