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Abstract: Supersymmetric indices for o-models are known to compute topological
invariants of the target space on which the o-model is built. In the case where
the target space is a K3 surface, the worldsheet of the o-model enjoys an N = 4
superconformal symmetry. A supersymmetric index known as the elliptic genus can
be constructed for this theory and decomposed into a sum of massless and massive
characters of the A/ = 4 superconformal algebra governing the symmetries. This
index exhibits a phenomenon known as Mathieu moonshine, in which the coefficients
of the massive characters in that decomposition are dimensions of representations
of the sporadic group Mathieu 24. In this thesis, motivated by this moonshine
phenomenon for theories with A/ = 4 superconformal symmetries, we consider o-
models which exhibit a larger N = 4 superconformal symmetry on the worldsheet,
and discuss two supersymmetric indices which could be applied to such o-models in
search of a new moonshine. We discuss the states which contribute to these indices

and calculate one of them for some specific theories.
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Chapter 1

Introduction

The world is both relativistic and quantum mechanical. The Standard Model of
particle physics is a quantum field theory which reconciles the principles of special
relativity and quantum mechanics and is, simultaneously, a gauge theory that unifies
three of the four fundamental forces of Nature. It is perhaps the most well-tested
theory of modern physics. Its success tells us that any fundamental theory should
look like a quantum field theory at sufficiently low energies. However, incorporating
gravity within this framework has proven impossible so far, as quantum corrections to
general relativity diverge very badly. The inability to reconcile quantum mechanics
and general relativity suggests that the quantum theory which will unify the four
fundamental forces may not even be a field theory, although it must encompass the

Standard Model as an effective low energy theory.

String theory is one such quantum theory. By nature, a relativistic quantum string
theory is a theory of general relativity that contains gauge interactions and avoids the
ultraviolet divergences that plague quantum theories of relativistic particles. This
is because its fundamental objects, the one-dimensional strings, do not interact at
spacetime points. String theory has been an active area of research since the 1960’s
and many good introductory texts on the subject exist, such as [Ton09; BBS0G;
Pol98; GSWS8T; Kirll; BLT12; Zwi04] among others.

In string theory, the string sweeps out a two-dimensional surface known as the string
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worldsheet as it evolves. Two-dimensional non-linear sigma models (o-models) there-
fore arise naturally in the context of string theory, where the fields are interpreted as
spacetime coordinates, i.e. they are maps from the string worldsheet into the ‘target
space’, which we call spacetime. The Polyakov action, that is the classical free bosonic
string action, is invariant under global spacetime Poincaré transformations, local
changes of scale (Weyl transformations) and two-dimensional reparameterisations,
which include local conformal transformations. The quantisation of the Polyakov
action may be achieved through the path integral formalism, and requires the elimin-
ation of as much of the redundancy encoded in the local symmetries of the Polyakov
action as possible, through a process called ‘gauge-fixing’. After gauge-fixing, there
remains enough symmetry to fix the two-dimensional intrinsic metric through combin-
ing a local conformal transformation and a Weyl rescaling. This residual symmetry
allows a portion of the Polyakov action to be considered as an action where the
intrinsic two-dimensional metric is fixed (also called a non-linear o-model), which
therefore corresponds to a two-dimensional conformal field theory (CFT). Since the
bosonic string theory propagating on D-dimensional Minkowski space is consistent
only if D = 26, one might consider substituting 22 of the string spacetime coordin-
ates with a CFT through the use of the residual symmetry described above, and
interpret this as a compactification from 26 to 4 spacetime dimensions. The bosonic
string, however, suffers from the presence of tachyons and the absence of fermions,

two facts that are in stark contradiction with observations.

It is remarkable that the introduction of fermions in string theory naturally leads to
the concept of supersymmetry, which in turn eliminates tachyons from the theory.
The basic idea is to introduce one fermionic partner for each bosonic string coordinate
in the form of a two-dimensional spinor in the Polyakov action, and to impose a two-
dimensional (or worldsheet) supersymmetry that transforms bosonic and fermionic
degrees of freedom into each other. This leads to a superstring theory which is
consistent only in 10 dimensions. As in the case of bosonic string theory, the

superstring action retains some residual symmetry after gauge-fixing. It is again



possible to replace a portion of the (super) Polyakov action by the action of a (super)
CFT, a supersymmetric non-linear o-model, and use this mechanism to compactify
down from 10 spacetime dimensions in an attempt to model Nature realistically.
The choice of compactified space (target manifold) determines the spectrum of the
theory after compactification. In particular, Calabi-Yau 3-folds have received a lot of
attention as their geometry allows for spacetime supersymmetry, which guarantees
a tachyon-free theory. Furthermore, the existence of covariantly constant complex
structures on the target manifold is intimately linked to the presence of extended
supersymmetry on the worldsheet, and therefore Calabi-Yau 3-folds allow for N =1
spacetime supersymmetry and A/ = 2 extended worldsheet supersymmetry. This
may sound phenomenologically promising, but the number of non-diffeomorphic
Calabi-Yau 3-folds is unknown and the problem of knowing how to choose one is

known as the string landscape problem.

A classification of supersymmetric o-models was provided in [AF81], and the authors
argued that N = 4 was the largest amount of worldsheet supersymmetry one could
obtain for a o-model. In particular, they showed that N/ = 4 extended supersym-
metry occurs when the target space is hyperkahler. In two complex dimensions,
such a space is either a 2-tori or a K3 surface, which is a simply connected compact
Kéhler manifold of complex dimension two admitting a Ricci-flat metric. All K3

surfaces are diffeomorphic.

K3 theories, on the other hand, are N' = (2,2) superconformal field theories at
central charges ¢ = 6, ¢ = 6 with spacetime supersymmetry, integral left and right-
moving u(1) charges and elliptic genus (discussed further on page 4) given by the
elliptic genus of K3 [Wit88; HBJL92; Gri00; Wenl5]. In other words, a K3 theory is
an N = (4, 4) superconformal field theory at central charges ¢ = 6,¢ = 6 and elliptic
genus given by the (geometric) elliptic genus of K'3. Although a proof that every K3
theory allows a non-linear 0 —model interpretation on a K3 surface does not exist to
date, compelling arguments put forward in [Wen15; NWO01; Wen00| strengthen the

expectation that the statement is correct. It is in this string-related context that
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the Mathieu moonshine phenomenon, which we elaborate on below, was observed.

The underlying algebraic structure of K3 theories is a left and a right N' = 4
superconformal algebra (SCA) at central charge ¢ = 6. The modular properties
of the NV = 4, ¢ = 6 characters, which are the building blocks of the worldsheet
partition function, are such that it has been impossible so far to write a generic
modular invariant partition function for the ¢ = 6,¢ =6, N’ = (4,4) SCFT (i.e. for
a generic point in the moduli space of SCFTs describing strings compactified on
K3). However we know how to do so at specific points in that moduli space. In
particular, one way of constructing such an N' = (4,4) partition function is through
the use of Gepner models [Gep87]. Their construction involves taking the tensor
product of minimal A = 2 theories in order to construct a theory with ¢ = 6, and
augmenting the algebra generated by the N/ = 2 SCA of each factor by the operator
of two-fold spectral flow [EOTY89]. This gives a method of constructing modular
invariant partition functions for N' = (4,4) theories based on the known modular
properties of the minimal N' = 2 characters. Such a partition function depends on
variables ¢, q, z, z, and can be written as a power series in ¢, ¢ with a typical term
being of the form ¢(m,n,j, ) ¢"q" 'z where ¢(m,n,j, ;) is the number of states
with conformal weights (m,n) and u(1) charges (j,7). Here u(1) is the zero mode
subalgebra of the u/(T) Kac-Moody subalgebra of N' = 2 (or of the 51\(2) Kac-Moody
subalgebra of N'=4). The partition functions of these theories clearly depend on
the combination of minimal A/ = 2 theories which are tensored together. However,
one can construct a moduli-independent quantity known as the (conformal field
theoretic) elliptic genus, a quantity first introduced in the context of field theories
by Witten [Wit87]. For an N/ = 2 or N = 4 theory the elliptic genus may be defined
as the restriction of the partition function to the R sector (the sector where fermions
are periodic in both torus periods) and evaluated at the point z = 1. This has the
effect of projecting onto only right-moving ground states, and hence this quantity

counts i—BPS states.

The elliptic genus is an example of a supersymmetric index, that is a quantity which



is invariant under small perturbations of the relevant moduli. The first example of
such a quantity is the Witten index Tr(—1)%, introduced by Witten in order to study
supersymmetry breaking [Wit82]. The Witten index counts all bosonic states with
a +1, and all fermionic states with a —1. In a theory with spontaneously broken
supersymmetry, where the ground state has positive energy, all bosonic states have
fermionic partners, and hence a suitably regularised version of this sum is guaranteed
to be zero. In an unbroken theory, this quantity gives the difference between the
number of bosonic and fermionic ground states. Witten showed that for a one-

£ is equal to the Euler

dimensional non-linear o-model with target space M, Tr(—1)
characteristic x(M). As an index, the elliptic genus of a two-dimensional o-model
is also moduli space invariant and can be shown to be related to other topological
invariants of the target space. As a specialisation of the modular invariant partition
function, the elliptic genus also has well defined modular properties and can be
shown to be a weak Jacobi form of weight zero and index one. The space of such

forms is one-dimensional and hence the elliptic genus can easily be written in terms

of Jacobi theta functions [EOT11].

Since the elliptic genus is constant across connected components of the moduli space
of K3 compactifications, the Gepner models give a simple way to calculate the el-
liptic genus of any K3 compactification [EOTY®89]. Eguchi, Ooguri and Tachikawa
[EOT11] observed that when this elliptic genus was expanded in terms of the char-
acters of the underlying N' = 4 SCA, a mock-modular form Y(7), multiplied by
the massive N = 4 characters at threshold was obtained. Furthermore, the first
few coefficients of 3(7) as a g-series were calculated, and were all observed to be
dimensions of representations of the sporadic group Mathieu 24 (Ms,). This suggests

that a graded module of My, with X(7) as its graded dimension exists.

This phenomenon has become known as ‘Mathieu moonshine’ due to its similarities
with a phenomenon called ‘monstrous moonshine’. In monstrous moonshine the
coefficients in the g-expansion of a particularly important modular function known

as Klein’s j-invariant (or simply, the j function) were noticed to coincide with dimen-
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sions of representations of the largest sporadic group, the Fischer-Griess Monster
(M) [CNT9]. It was therefore conjectured that there existed a Monster module which
had j(7) as its graded dimension. A proof of this follows from bosonic string theory
compactified on a Zs-orbifold of a real 24-dimensional torus known as the Leech
torus T2t [DGHS8S]. This torus is formed by quotienting R?* by the unique even
unimodular rank-24 lattice without roots, the famous Leech lattice Agy [CS13]. The
chiral part of the CF'T describing the worldsheet theory has an action of M and
partition function given by j(7). Given the similarities between the monstrous and
Mathieu moonshines, one should consider moonshine to be the study of surprising
connections between the representation theory of sporadic groups and modular (as

well as mock-modular) forms.

Gannon has proved that in X(7) = ¢7V/8(—2 4+ ¥,.en Anq™), the coefficients A,, are
all characters of representations of My [Ganl6] and hence proved the existence of
the conjectured Mathieu moonshine module. However, the graded module of My,
has not been explicitly constructed and the origin of My, symmetry in K3 o-models

is still poorly understood.

Subsequently, Mathieu moonshine has been incorporated into a larger theory of
moonshine known as ‘umbral moonshine’ [CDH14a; CDH14b|. In umbral moonshine,
the Niemeier lattices, the remaining 23 even unimodular rank-24 lattices (with roots),
are also connected to a moonshine. These lattices are uniquely determined by their
root systems, which admit an ADFE classification. The Niemeier lattices are therefore
referred to as (X)), where X is an ADE root system whose components all have
the same Coxeter number. Specifically, there exists a process for constructing a
(vector-valued) mock modular form known as the umbral form, for each lattice (X)*.
For each form the coefficients in the g-expansion are observed to be dimensions of
representations of a group known as the umbral group G* (which is defined for each
lattice (X)*). When one takes the Niemeier lattice (A2*)", the umbral group can be

shown to be May4, and the (single component, vector valued) umbral form is (7). In

this way Mathieu moonshine may be viewed as one component of umbral moonshine.



However, based on the above definition of moonshine, it should be noted that not all
of the umbral groups are sporadic, and so the definition of moonshine should perhaps
be weakened to include finite non-sporadic groups. Umbral moonshine has also been
connected to the elliptic genus of K3 o-models through the ADFE classification of du
Val singular points that a K3 surface may possess [CH15]. In particular, a way to
split the elliptic genus into a ‘singularity’ term and a term dependent on the (vector
valued) umbral forms was described. As for the other examples of moonshine, for
each of the umbral groups a graded module is conjectured to exist whose graded
dimension gives the umbral forms. That such a module exists in each case has
been proved [DGO15], though as for Mathieu moonshine, in all but one case no
construction of the module exists [DH14]. There also exist moonshine conjectures
for other sporadic groups including the pariahs [GM16; DMO17a; DMO17b] though

a discussion of these is beyond the scope of this thesis.

In the Mathieu and umbral moonshines (viewed separately), the N' = 4 symmetry
plays a key role. In Mathieu moonshine, the importance of ' = 4 came from
decomposing the elliptic genus into N' = 4 characters and identifying the function
multiplying the massive character at threshold. In the umbral moonshine case, the
N = 4 characters are used to construct the umbral forms. Moreover, the splitting
of the elliptic genus of K3 in [CH15] is also defined in terms of N' = 4 characters.
However, as shown in [SSTV88a; STVS88] if Wess-Zumino terms are added to the
o-model then, on non-abelian group manifolds, a larger SCA than the usual ‘small’

N =4 SCA discussed above can be obtained, namely the A, SCA we now introduce.

Besides Calabi-Yau manifolds, other types of target manifolds include orbifolds and
group manifolds. This thesis will be primarily concerned with SCFTs with N = 4
extended worldsheet supersymmetry, known as ‘large’ N’ = 4 theories, or again as
A, theories, where v is a real parameter. These were first studied in [SSTV88a;
STVS88] and are related there to compactifications on group manifolds. The A,
SCA also provides a unifying viewpoint in the context of N' = 4 Liouville theory,

as for two specific values of the A, central charge, corresponding to two different
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dilaton background charges, the theory reduces to the Coulomb branch (‘short string’
sector) and the Higgs branch (‘long string’ sector) of a string theory in an NS5-NS1
background [ES16; CHS91]. As we shall see, the algebra A, contains a greater number
of operators than the ‘small’ AV = 4 algebra associated with K3 compactifications,
which we shall just refer to as the N' = 4 SCA. The ultimate motivation of this thesis
has been, in analogy with Mathieu Moonshine, to identify a moonshine phenomenon
in the context of certain theories exhibiting A, symmetry; that is, to discover a
number theoretic function (possibly a mock modular form) whose g-series expansion
exhibits coefficients that are the dimensions of representations of a finite group. In
light of the previous discussion of N' = 4 theories, a natural question is then whether
there exists an index for A, theories which could be used to track a new moonshine
phenomenon. Although one can show that the trivial extension of the definition of
the elliptic genus to A, theories is identically zero, an alternative index which we call
I, has been proposed for A, theories in [GMMS04]. Furthermore, a coset method
exists to construct a class of partition functions exhibiting Aw symmetry, with /[7

an algebra closely related to A, [OPT92; PT93].

The work presented here provides an understanding of the A, representation theory
and of the I; index generalising the Witten index, offering an original description of
the states it counts in terms of representations of the zero mode subalgebra of A,
(which is shown to be equivalent to su(2|2) in the Ramond sector). Young supert-
ableaux [BB81] are utilised to consider the branching of Ramond representations of
A, into its zero mode subalgebra su(2|2) [Feal8]. This thesis also aims to construct
a modular invariant partition function for a theory with A, symmetry and calculate
the index I; of this theory. This requires us to understand the character sum rules,
derived from the knowledge that realisations of 1217 on certain group cosets together
with a number of free fermions exist. In particular, in order to capture a potential
new moonshine phenomenon, one must understand better the contributions to the
sum rules from the massive representations of A, within the sum rules. We present

here a relatively simple example of partition function, as part of a wider project with



collaborators [FTT18].

The structure of this thesis is as follows. In Chapter 2, we give an introduction
to two-dimensional superconformal algebras. After briefly recapping the notion
of a conformal algebra, we review the results of [AF81] and [SSTV88a; STVS8S|,
showing how a o-model on a non-abelian group manifold can possess the ‘large’
N = 4 superconformal algebra known as A,. In particular, we explicitly construct
an almost-quaternionic structure on the SU(3) group manifold, since this example

will be relevant later in the thesis.

We then discuss the representation theory of A, in Chapter 3, developed in [GPTV89].
In particular, we discuss the existence of an isomorphism known as spectral flow for
A, [DSTS88], and how this implies that there is no unique highest weight state for a
Ramond representation of A,. This introduces some subtleties in the representation
theory of A, such as the representation being labelled by charges which no state
actually possesses. We also discuss the relation between A, and the non-linear algebra
fly. We then show how one can construct the character formulae for irreducible

representations of A, [PT90a; PTI0b].

In Chapter 4 we introduce the supersymmetric indices which play a role in the
Mathieu moonshine story, namely the Witten index [Wit82] and the elliptic genus
[Wit87] of a field theory. We show how for a 1d ¢-model, the Witten index and
the signature of a target space manifold M may be defined as the analytical index
of a supercharge, and how this demonstrates the results of the Atiyah-Singer index
theorem from the perspective of the o-model [Alv83]. The elliptic genus is then
seen to be a generalisation of the Witten index to the case of the two-dimensional
o-model and is the analytical index of an operator on the loop space of M [Wit88|.
Furthermore, the elliptic genus is known independently in the mathematical literature
as a homomorphism from the cobordism ring into a ring of modular functions [Och09]

and we therefore discuss the relation of the two definitons.

We then show that the obvious extension of the definition of the elliptic genus for

N = 4 theories is identically zero for any theory with A, symmetry at the start
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of Chapter 5. Since the elliptic genus is of no use for these theories, we therefore
introduce the index I; [GMMS04]. This index counts the spectral flow orbits of
the massless A, highest weight states appearing in the theory [Sau05] and hence
counts states throughout the massless representations which satisfy the masslessness
conditions [GMMS04]. This index therefore obtains contributions of theta functions
from massless representations of A, [GMMS04]. We show how the factorisation
of A, into the non-linear flv and the algebra Agy may be used to interpret the
contributions to the index. Next, we show how one can describe the contributions
of a representation of A, using Young supertableaux. We show that the zero mode
subalgebra of Ramond representations of A, is the Lie superalgebra su(2|2) and
explicitly construct a basis for su(2|2) which satisfies the algebra of A,. We then
introduce the representation theory of su(2|2) and describe how such representations
may be classified by supertableaux [BB81]. We introduce the supertableaux method
for the branching of s1(2]2) into su(2) x su(2) xu(1) [BB82]. This can then be applied
to A, and we show how supertableaux can be used to branch A, into su(2|2). We
compare this with earlier results to identify the representations of su(2|2) containing

the states of A, which are counted by I;.

In Chapter 6, we then apply the results of the previous chapter to explicitly calculate
the index I; for a class of theories with A, symmetry. We introduce the character

sum rules for A,, relating characters of A, to those of mt/@ [OPT92; PT93]. We

22)
investigate the massive /17 contributions to the sum rules and obtain results for
k+ e {2,3,4,5}. We then use the sum rules to construct modular invariant diagonal

A, theories and show how one may calculate their /; index.

Finally, we conclude the thesis in Chapter 7, summarising the main points and

suggesting avenues for future research.



Chapter 2

2d Superconformal Algebras

The aim of this chapter is to remind the reader of the structure of the 2d Conformal
charge algebra (the Virasoro algebra) and to introduce its superconformal extensions,
the ‘Small’ N/ = 4 SCA and the ‘Large’ N' = 4 SCA. We briefly discuss the
representation theory of the Virasoro algebra before discussing the representation
theory of A, in Chapter 3. We shall assume the reader has some familiarity with 2d
Conformal Field Theories (CFTs); there are many excellent texts on CFTs, readers
who would like to familiarise themselves with anything not covered in details here are
referred to [DMS97; Ton09; Sch96; Sch08; Gin88|. Section 2.1 is very standard and
similar discussions will appear in many introductory CFT texts. We include it here in
order to introduce some basic terminology and definitions which we will use later in a
less standard context. In section 2.2 we introduce the notion of the o-model and the
Wess-Zumino-Novikov-Witten model (WZW model). Following [AF81; SSTV88a;
STVS88], we then discuss the possibility for extended supersymmetry on o-models
and WZW models. In particular, we introduce an N' = 4 SCA known as A, and

show that a WZW model on SU(3) has this algebra for its charge algebra.
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2.1 The Conformal Charge Algebra

2.1.1 The Stress-Energy Tensor for a 2d CFT

In this work we are primarily interested in 2d conformal field theories. We define a
2d conformal transformation to be an invertible change of coordinates which fixes

the metric up to a scale,
at — xlﬂa g,iLV(x,) = A(x)gﬂl/(‘r)7 MV < {07 1} (211>

For an infinitesimal transformation z'# = x* + ¢* and A(z) = 1 — 2X\(z), and for the

Euclidean metric 4, eq. (2.1.1) yields the 2d Cartan-Killing equation
Opey + Op€y = 0,,0,€”. (2.1.2)

A quantum field theory is said to be conformal if both the action and the measure

are invariant under such transformations.

In two dimensions, it is convenient to introduce complex coordinates on the plane,

given in terms of the cartesian coordinates as
2= 2" + izt z:=2" —ix!, (2.1.3)
along with the Wirtinger derivatives,
1 . = 1 :
0= 82 = 5((90 - 2(91), 0:= ag = 5(80 + 281). (214)

It is usual to extend the domain of the cartesian coordinates x* to C such that
eq. (2.1.3) defines a change of coordinates on C? and z, z are are then viewed as
independent complex variables. We must then remember that physically relevant
answers lie in the real subspace R? C C? defined by z = 2*, where 2* now defines

the complex conjugate of z.

Under the change of coordinates eq. (2.1.3), and defining €(z, z) := € +i€', €(z, 2) :=
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e® —ie', requirement eq. (2.1.2) that the metric change only by a scale factor implies,

0:€(2,2) =0 and 0.é(z,2) =0, (2.1.5)

which is equivalent to the Cauchy-Riemann equations for a holomorphic (antiholo-
morphic) function. Any holomorphic function €(z) (respectively antiholomorphic
function €(z)) satifies the first (respectively second) equation in eq. (2.1.5), so that

any infinitesimal transformation
z— z+€(z) (respectively z — z + €(2)) (2.1.6)

is conformal. It follows that finite 2d conformal transformations are coordinate

transformations given by
z = w(z) and zZ—w(2) (2.1.7)

for w(z) (respectively w(Z)) an arbitrary holomorphic (respectively antiholomorphic)
function. We refer to z and z as the holomorphic and antiholomorphic variables

respectively.

Whenever we have a continuous symmetry, parameterised by a set of infinitesimals
wq, Noether’s theorem tells us that we have a classically conserved current j# and
an associated conserved charge Q, = [d? 'z j%. At the quantum level we will be
interested in statements about correlation functions, where consistency conditions
due to symmetry are known as Ward identities. The conserved charge (), can
then be seen to be the generator of the symmetry on the operators of the theory.
The conserved current associated with translation symmetry, a simple example of a
conformal symmetry, is known as the energy-momentum tensor, whose tracelessness

is a key feature of a classically conformally invariant system.

Example 2.1.1. Let us consider some of the features of conformal field theories
mentioned above in the simple example of a free scalar field theory. We begin by

writing the action for a free scalar field on the plane in cartesian coordinates with
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the standard flat metric,

5 = / A%z 8,609, (2.1.8)

If we let the new coordinates z'# be given by

(% 2"h) = (2,2) = ((f )", =), (f ) (2", 21)), (2.1.9)

where, using eq. (2.1.3),

L =P e, P =P (s, (2.1.10)

then the action transforms as

0 0
2 v
S5 = [dalg S0l (@) (), (2.1.11)
where g, is the transformed metric tensor.
The measure transforms as
1
dz’dzt — 3 dzdz. (2.1.12)

Note that this is the standard volume form

w= /g dzdz, (2.1.13)

where ¢’ is the determinant of the matrix (¢’) whose components are those of the
metric tensor, i.e. (¢')ay = glp, for a,b € {z,z} in that order. The matrix (¢') and

its inverse are given by,

0 3 0 2
(9) = . ()= : (2.1.14)
10 2 0
Finally, the derivatives of the fields transform as
0 a ,, 0 ,
3 :0@) = o—d'(2") = o (f(2)), (2.1.15)

ozt ox'H Qe
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so we have ) 9 5
S,:/*d d— rab_~ / /
(5 d=d2)g" 52 6 (&) 5 b () -
- 2/dzd2 06 Do,
We now consider the effect of an infinitesimal translation
e " (") = o(a'). (2.1.17)

Clearly this is a symmetry of the action and so we have an associated Noether
current, the energy-momentum tensor (sometimes called the stress-energy tensor)

given by
oL
TH .=
Y 0(0u9)

where L is the Lagrangian density. Applying this to eq. (2.1.16), we therefore have

Oy — L, (2.1.18)

T2 =2(000¢ - 090¢) =0, T =20¢0¢,

) ) (2.1.19)
T? = 2(0¢ 0 — ¢ ) = 0, T? = 20¢0¢.
We can therefore see that the energy-momentum tensor is traceless
TH =0, pe{zz} (2.1.20)

In fact, this is a feature of conformal invariance at the classical level. A proof of this

can be found in, for example, [DMS97].

If we lower the indices using the metric we get

Tzé = 07 T»?* = 5¢5¢a

(2.1.21)
The classical conservation equation 9,7*" = 0 becomes
OT., = 0Tz = 0, (2.1.22)

and so we see that 7)., T:; must be holomorphic and antiholomorphic respectively.
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This motivates the definitions

T(z):=—=27T,, = —2mw0¢p09,
(2.1.23)

T(2) := —21Tsz = —2m0¢0p,

where the normalisation will turn out to be convenient later. It might not be clear
that the expressions for 7,, T;; in eq. (2.1.21) are holomorphic and antiholomorphic
respectively, but the conservation equation 9,7*" = 0 holds for solutions obeying

the equations of motion which for this example are
20¢ = 0, (2.1.24)

with the general solution

d(z,2) = ¢(2) + ¢(2), (2.1.25)

and hence T'(z) and T'(%) are clearly holomorphic and antiholomorphic respectively.

A

2.1.2 The Witt Algebra

We now consider the generators of local 2d conformal transformations. As dis-
cussed in the previous section, the finite 2d conformal transformations are given by
eq. (2.1.7), or infinitesimally by eq. (2.1.6) where we can expand the holomorphic

function €(z) as a Laurent series
e(z) = a,z"th (2.1.26)

While we are living in the extended coordinate space of C?, where z and Z are
independent, then we should view €(Z) as an independent function. From here on,
we shall only write down statements about the holomorphic coordinate z and the
effects of the infinitesimal conformal transformation given by €, and shall take it for

granted that all such statements have an antiholomorphic counterpart.
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The change of coordinates is generated by
l, == —2"110, (2.1.27)
by which we mean that spinless, dimensionless fields transform as

56 — —€(2)06 — €(2)06 = 3 (anlnd + Anlyd). (2.1.28)

The labelling of the Laurent modes may appear odd, but with this choice the

generators satisfy the Witt algebra,
L, L] = (M — 1)l (2.1.29)

The antiholomorphic [, generate another copy of the Witt algebra

L, U] = (M — 1)y, (2.1.30)

which commutes with the holomorphic copy, i.e. [l,,,1,] = 0.

We should note that the infinitesimal transformations given in eq. (2.1.6) do not
necessarily exponentiate to globally defined invertible transformations. In fact the
Witt algebra has a finite subalgebra generated by I_1, [y and I, isomorphic to sl(2,R),
and the direct product of the finite subalgebras of the holomorphic and antiholo-
morphic Witt algebras, sl(2,R) x sl(2,R) = sl(2,C) = so(3, 1) is the Lie algebra of

globally defined conformal transformations.

Up to this point we have not been concerned with quantising our theories, that is
we have really been discussing 2d classical conformal field theory. When we quantise
the theory we expect to obtain a Hilbert space of states which could be described by
a projective representation of the classical symmetry algebra. We therefore should
be interested in the projective representations of the Witt algebra. However, we can
instead lift projective representations of the Witt algebra to true (non-projective)
representations of the unique central extension of the Witt algebra, the Virasoro
algebra. We will not discuss the Virasoro algebra in this context further, but instead

refer the interested reader to [Sch08].
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2.1.3 Operator Product Expansions and Ward Identities

The preceding sections have focussed on 2d CFT; we now turn our attention to
the quantised version of a classical CF'T theory with action S[¢], bearing in mind
that a Wick rotation might be necessary. In the quantum theory we will mainly be
interested in the correlation functions of some operators O;(x;), each at position x;.

The correlation function of n operators is defined as

(O1(x1) ... On(x,)) = (0| T(O1(x1) ... On(xy)) |0)

) (2.1.31)
= E /'ng 6_5[¢]O1(X1) ces On(xn)v

where 7 is the time-ordering operator, defined by

01(X1)02<X2) < .T(l) > a:g,
T(01(x1)02(x2)) = (2.1.32)

OQ(XQ)Ol(Xl) < [L’g > [L'(l),

and

Z = /ng =511, (2.1.33)
is known as the partition function.

The operator product expansion (OPE') states that inside correlation functions, the
product of two operators at nearby points can be approximated by a sum of operators
at one of the points, with radius of convergence given by the location of the nearest
other operator in the product. That is, two fields O;(z), O2(w) have an operator

product expansion of the form

(©01(:)0:0)X) = (3 2 ) v, (2.1.34)

= (z—w)!

where X denotes the product of other operators
X = O3(25?) ... Op(xh*).

The radius of convergence for this statement around w would be given by |w — ;]|
if z; is the nearest other operator in the insertion. This is shown in fig. 2.1, where

the dashed line shows the radius of convergence of the OPE.
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Figure 2.1: The Operator Product Expansion

The OPE is usually written without the explicit brackets for the correlator, (), so

we would typically write eq. (2.1.34) as

O1(2)0x(w) = 3

—0o0

(2.1.35)

where the product is implicitly assumed to belong to a time-ordered correlator.

In the classical theory, Noether’s theorem told us that for every continuous symmetry
we should have an associated current; the energy-momentum tensor was defined as
such a current, associated to translation invariance. In the quantum theory, the effect
of a symmetry (defined to leave the partition function invariant) is expressed through
the Ward identities. For brevity we shall not give the derivation as this is standard
and may be found for example in [DMS97]. Given an infinitesimal transformation
defined by

O'(x) = O(x) — iw,G,O(x), (2.1.36)

such that

50 = —iw,G,O (2.1.37)

for a set of infinitesimals w,, the Ward identity for the current j* is
(G (x)O1(x1) ... Op(x,)) = =1 Y _6(x — x;){O1 ... G,Oi(x;) . .. On(x,). (2.1.38)

=1

G, is then defined to be the generator of the transformation. Equation (2.1.38) can
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then be integrated to identify the conserved charges

Q, = / 4z (%), (2.1.39)
as the generators of the transformation,

[Qa, O] = —iG, 0. (2.1.40)

Taking the transformation to be an infinitesimal conformal transformation given by

eq. (2.1.6) leads to the conformal Ward identity

1
271

1
271

5EE<X> - =

)

]2 dz e()(T(2)X) + 72 dz é3)(T(2)X), (2.1.41)

where X denotes a product of local fields at positions x;, and C' is taken to be a
contour containing the positions of all the fields in X. Since the conformal current
€(2)T(z) is holomorphic, we can compute the (holomorphic) integral appearing in
eq. (2.1.41) using the residue theorem. We can therefore use this conformal Ward
identity to calculate the OPEs of fields with the energy-momentum tensor if we know
how the field transforms under a conformal transformation. Since this information
is encapsulated by the singular terms of the OPE, these will be the only terms
of the OPE that we are interested in; we therefore suppress non-singular terms
when writing down OPEs in the following and use ~ to indicate equivalence up to

non-singular terms.

To be able to make use of the conformal Ward identity to calculate OPEs, we therefore
need to know how fields transform under conformal transformations. Under a local
infinitesimal conformal transformation z — z + €(2), a primary field ¢ is one which

transforms as
A+

5e¢ = _(ha€¢ + €a¢)7 h 9

(2.1.42)

for A the scaling dimension and s the spin of ¢. h is called the weight of the
field, sometimes known as the conformal dimension. Primary fields also have an

antiholomorphic weight h defined similarly. From this transformation, we can read
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off the T'(2)¢p(w) OPE as

how) |, 99(w)

TR ~ ot -, (2.1.43)

In fact, this gives an alternate definition of a primary field of weight A as one whose

OPE with T'(z) is of the form in eq. (2.1.43).

Example 2.1.2. Let us return to the example of the free boson. Our starting point

is the propagator for ¢,

(¢(2)p(w)) = —41 In(z — w). (2.1.44)

7

We will not prove this here for brevity, but as the Green’s function for the operator

(—0?%) it may be calculated using standard methods.

Due to the logarithmic behaviour of the propagator of ¢ we will be more interested

in the behaviour of ¢ whose OPE with itself is

_
An(z — w)?’

0¢(2)0p(w) ~ — (2.1.45)

This OPE with one singular term is characteristic of a free field; this is crucial in
order for us to define the energy-momentum tensor. We already calculated the form

of T'(z) for the free scalar field in example 2.1.1 for the classical case as
T(z) = —2w0¢p0P.

Now we are interested in the quantum theory, and the product of operators at the
same point is badly defined, so we should normal order. For a free field, whose OPE
with itself contains only one singular term, we can normal order by subtracting the

propagator which ensures the vanishing of the vacuum expectation value;

T(2) = —2m: 08(2)08() : = 2 lim (96(2)00(w) — (96(2)0(w))).  (2.1.46)

We want to calculate the T0¢ OPE as a valid statement inside a time-ordered

correlator. Wick’s theorem tells us that the time-ordered product is equal to the
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normal-ordered product plus the sum of all possible contractions. We therefore

calculate the time ordered OPE as

T(2)0¢(w) = 27 : 06(2)06(2) : 0p(w) = — 4 : 96(2)Dp(2) : D6 (w)
0p(z)  O¢(w) | ao(w) (2.1.47)

(z—w)? (z—w?) z—-w’

where we have expanded d¢(z) around w to put the OPE in the form of eq. (2.1.35).
As explained previously, it is the poles of the OPE that contain the information we
are interested in, and so we have suppressed all regular terms. Comparing this to
eq. (2.1.43), we see that the field 0¢ is a primary field of weight one. This is what
we should expect, since in two dimensions the free scalar ¢ has scaling dimension

0, hence 0¢ is spin 1 and dimension 1, giving a conformal weight of one using

eq. (2.1.42).

Finally we calculate the 77" OPE in a similar manner to above,

T(2)T(w) = 47* : 0p(2)0¢(2) :: Op(w)IP(w) :

[

I 1 |
=872 : 0p(2)0p(2) 1 Od(w)IP(w) : +167% : OP(2)0p(w) :: OP(2)0p(w) :
1/2 N 2T (w) N 0T (w)

z—w? (z—w? z-w’

~J

(2.1.48)

The energy-momentum tensor is therefore not a primary field. JAN

As the previous example showed, T'(z) is not a primary field, since its OPE with
itself contained a (z —w)™® term. T(z) is an example of a quasi-primary field of
weight 2, meaning it has an OPE of the form

On(w) N hO(w) +80(w)

i (z—w) (z—w)? z—-w

: (2.1.49)

for n € N and O, of dimension 4 —n, or alternatively that 7(z) transforms according
to eq. (2.1.42) only for global conformal transformations. The most singular term

a quasi-primary operator of weight 2 can have in a unitary CFT, is a term c-
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proportional to (z —w)™* and hence the most general form for the 7T OPE is

c/2 N 2T (w) +8T(w)

(z—w)?t (z—w)? z—-w

T(2)T(w) ~

, (2.1.50)

where ¢ is known as the central charge of the algebra.

2.1.4 The Virasoro Algebra

Being able to relate OPEs to (anti)commutation relations is a useful skill as it the
symmetry information encoded in the OPEs to be expressed in operator language.
The method for this is described in standard CFT books, such as [DMS97]. For brev-
ity, we only give a few pointers here that can be used to relate the OPE eq. (2.1.50)

to the Virasoro algebra.

1. The radial quantisation of 2d CFTs is particularly helpful in this context
as the time ordering within correlation functions becomes radial ordering.

Consequently, the left hand side of OPEs must also be radially ordered.

One way to think of the process of radial quantisation is from the point of view
of closed string theory, where the Euclidean worldsheet CFT is naturally defined
on an infinite cylinder, parameterised by the complex coordinate w = io + T,
for o € [0,27) and 7 € R, indicating that we take the cylinder to be of radius

1 here. We can then make the conformal transformation
z =€, (2.1.51)

which maps the infinite cylinder to the punctured plane as shown in fig. 2.2.
Spatial slices of the cylinder therefore get mapped to circles in the plane, where
a later time slice gets mapped to a circle of greater radius than a earlier time
slice; this is shown with the dashed lines in fig. 2.2. One does not have to start
with a string picture in order to consider radial quantisation however; on the

Euclidean plane, there is no preferred direction to be chosen as the time-like
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direction, and so one may still freely choose to identify spatial slices as circles

around the origin.

—
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Figure 2.2: A map from the cylinder to the plane

2. The quantisation of a field ¢(z, z) with conformal dimensions (h, h) proceeds

from Laurent expanding it as,

$(z,2) = S v hEhg, o (2.1.52)

and promoting the modes ¢, 5 to operators. This is consistent with first
considering the theory on a cylinder, Fourier expanding ¢(o, 7), promoting the
Fourier coefficients to operators via quantisation, and then mapping to the

plane using eq. (2.1.51).

We note here that, if one drops the antiholomorphic dependence of the field ¢,

the Laurent expansion takes the form

$(2) =Y 2", (2.1.53)
nez
where
1
Gn = Tm%dz 2L (2). (2.1.54)

3. Radial quantisation suggests that well-defined asymptotic states for Euclidean

time 7 — —oo should be defined as

1) = [h h) = lim 6(2,2) [0) = ¢_, |0}, (2.1.55)

given eq. (2.1.51) and assuming that a vacuum state |0) exists and that the

Hilbert space for the theory is built by acting on it with creation operators.
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Note that this requires that the operators satisty,

®nn|0) =0, whenever n > —h or n > —h. (2.1.56)

We can also construct a well-defined asymptotic out state through the hermitian
conjugate field,
oz, 2) =272 2hg(1/2,1/2), (2.1.57)

with Laurent expansion,

oz, 2) = 3 2T, (2.1.58)
n,nEL
where,
(¢n,ﬁ)T = Qbfn,fﬁ- (2159)

This yields, for ¢ =1/z and £ =1/,
(ol = Jim, (016,91 = i €€ 0166, = 06z (2160

Given two operators O;,i € {1,2} written as contour integrals of holomorphic
fields 0;(z),
O, = ]{oi(z) dz, (2.1.61)

their commutator can be calculated as

(01, 0,] = fg dwj{v dz 01(z)oa(w), (2.1.62)

where the z-integral is taken around w, and the w-integral is taken around the

origin.

We demonstrate the usefulness of radial quantisation by returning to the conformal
Ward identity, eq. (2.1.41). We shall consider the variation of a single field ¢ under a

conformal variation €(z), and we focus only on the holomorphic part of the identity,

ded(w) = —L, dz €(2)T(2)p(w), (2.1.63)

2w Jo

where we recall that C' was to be a contour containing w and which we therefore
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take to be a small circle centred on w. Since we have radially quantised, the implicit

time-ordering 7 in the correlator becomes radial ordering R,

01(2)0z(w) <<= |z] > |w|,
R(O1(2)0z(w)) = (2.1.64)
OQ(W)01<Z) < |w| > |Z|

We therefore need to split the contour up to account for this radial ordering, which
we can do as indicated in fig. 2.3, where the contour on the left-hand side represents

the contour C' around w.

C 4

-

Figure 2.3: Contour for radial ordering

We see that the integral in the conformal Ward identity (eq. (2.1.63)) then becomes,

1
dep(w) = _Tm( " dz €(2)T'(2)p(w) — o, dz ¢(w)e(2)T'(2)) (2.1.65)

= —[Qc, o(w)],

where we have defined the conformal charge

Q. = eri]fdz e(2)T(2), (2.1.66)

which by eq. (2.1.40) we recognise as the generator of conformal transformations.

If we expand the energy-momentum tensor into modes as in eq. (2.1.53), we get

1
T(z) =3 2" "L, Ln=o= fdz 2IT(2), (2.1.67)
T

n
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and so if we also expand

€(z) = > enz™t, (2.1.68)

meZ

then we can identify the conformal charge defined in eq. (2.1.66) as
Q=Y €mLn. (2.1.69)
mEZ
We therefore see that the modes L,, of the energy-momentum tensor are the generat-
ors of local conformal transformations in the quantum theory in the same way that

the [, of eq. (2.1.29) generated the classical local conformal transformations.

We can now calculate the charge algebra of the L,,’s.

(L, L] = ;:2 (% dz}{dw — fdw%dz) 2T () T (w)
= 4_7T12 %dwidz 2P () T (w)
[zm“ il ( c/2 27T (w) N 8T(w)>]

“ (z—w)? (z—w)? z—-w

- 5. d R z=w
211 WO

_ 1 ntl( m+1 m < 2 _ 1y, m—2
- ?{dw W (@O (@) + 2(m + " T(w) + Tom(m? = 1w )

= (m —n)Lyn+ 1—62771(7712 — D)dmino,
(2.1.70)

where in the second line, for fixed w we recognise the radially ordered integrals as

equal to integrating z in a contour around w as in fig. 2.3.

We see that the L,, satisfy an almost identical algebra to the Witt algebra, but with
a central extension C' = ¢l from which the central charge ¢ gets its name. This
algebra is known as the Virasoro algebra and can be shown to be the unique central
extension of the Witt algebra, [Sch08]. Obviously, in all of the preceding discussion
we have been ignoring the antiholomorphic parts, and hence the full algebra for the

quantum theory is given by two commuting copies of the Virasoro algebra,

[Lon, Ln] = (m —n) Ly + —m(m* — 1) im0,

<
12
= . ¢
[Lim, L) = (m — 1) Ly + ﬁm(m2 — Ddmsno; (2.1.71)
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Note that for T'(z) |0) to be well-defined in the limit z — 0 we must have
L,0)=0 n>-—1. (2.1.72)

We therefore have that L_;, Ly and L; all annihilate the vacuum. Since these
elements generate the algebra of global conformal transformations sl(2,C), this

means the vacuum is invariant under global conformal transformations.

2.1.5 Representations of the Virasoro Algebra

In the previous section we have seen that the local conformal transformation gen-
erators are the modes of the energy-momentum tensor L,. In fact, by considering
eq. (2.1.69) we see that for a dilation on the plane with €(z) = €z then the conformal
charge is given by (). = ¢yLg. Since we have seen that the conformal charge is the
generator of the transformation, this means that Lg is the generator of dilations on
the plane. In radial quantisation however, the dilations are time translations, and

hence the Hamiltonian is proportional to Lj.

The importance of primary fields is now demonstrated through the state-operator cor-
respondence, which gives a bijection between states of the theory and local operators

through the asymptotic ‘in’ states of eq. (2.1.55), now extended to all fields®

6n) = lim 6(2)[0)

For primary fields of weight h, we also refer to the state as |h). We now show that

these states are eigenstates of the Hamiltonian Ly. We will need
Loy 6(@)] = h(n + 1u6(w) + w0 196(w), (2.1.73)

which is easily shown using the same contour technique used in eq. (2.1.65). We

!Here again, we drop the antiholomorphic dependence of fields for simplicity.
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therefore have
w—0 w—0 (2174)
— 1im h9(w) [0} = h[1).
where we have used the fact that Ly |0) = 0. Since the conformal weight h is the
eigenvalue of the Hamiltonian Ly we will also refer to h as the energy of the state

|h). Note that since h is the eigenvalue of the Hamiltonian, it must be real for the

Hamiltonian to be a Hermitian operator.

Using the commutation relations of the Virasoro algebra eq. (2.1.71), we can imme-

diately see the effect of acting on a state of energy h with the generators L,

LoLy, |h> = ([LOa Ln] + LnLO) |h> )
(2.1.75)

= (h—n)L, |h) .

For n > 0 then, the operators L, lower the energy of the state |h), whilst the
operators L_, raise the energy of the state. We therefore refer to L, and L_,, as
lowering and raising modes respectively. Obviously we want the energy spectrum of
our theory to be bounded below and for the primary states |h) we see that this is

exactly what happens, since for n > 0

Ly |b) = lim[ L, 6()] [0},
(2.1.76)

=0,
where we used egs. (2.1.72) and (2.1.73). Taking Hermitian conjugates leads to a

similar requirement for the dual states,

(h|L_,=0 ¥V n>0. (2.1.77)

Given a primary state |h), we therefore have a lowest-weight representation of the
Virasoro algebra with lowest-weight state |h). We note here that although |h)
behaves like a lowest-weight state, it is commonly referred to as a highest weight

state in the literature. The basis for this representation is taken to be the descendant
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states,

Ly, Ly, ...L_y |h), 1<n; <...<n, (2.1.78)

where the commutation relations eq. (2.1.71) of the Virasoro algebra have been used
to put each descendant into a standard ordering as indicated. We define the level of
a descendant state to be,

N=ni+ne+...+n,, (2.1.79)

and the level of the primary state |h) to be 0. Clearly a descendant state of a primary
state |h) of level N has energy h+ N. States at level n = ny +. ..+ ny are orthogonal
to all states at level m =m; + ...+ my, for m # n, since the relevant inner product
is of the form,

(B Lony -+ Lo, L - Ly |), (2.1.80)

where without loss of generality we assume that m > n. In writing this inner product

we have used eq. (2.1.59) to write the hermitian conjugates of the raising operators,
L', =L, (2.1.81)

We now commute the positive modes L,,, past the negative modes L, using the
Virasoro commutation relations eq. (2.1.71). Since the positive modes L,,, annihilate
|h) for m; > 0, and the non-central piece of the commutator [L,,, Ly,] is proportional

t0 L, 1n; and by assumption m > n, the states are orthogonal.

As mentioned above, since local conformal transformations are generated by the
modes L, the set of a primary, lowest-weight state and all its conformal descendants
form a module for the Virasoro (Vir) algebra. Knowing the set of primary operators
for a given theory, or equivalently their associated primary states, is equivalent to a
full understanding of the Hilbert space of the theory. A (highest-weight) Vir-module
is characterised by the weight of the lowest-weight state it is built from and the
central charge of the Virasoro algebra; we therefore label such a Vir-module as

Ve, h).
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To each Vir-module we can assign a character

Lo—c/24
Y

Xen(T) i= Try(e,n) q (2.1.82)

2miT

where ¢ = ™7, 7 € H, H the Poincaré upper half-plane and the trace is taken
over the Vir-module in question. The character is the generating function for the
degeneracy of states at each energy level,

Xen(T) = > dim (V) g" e/,

’VZEZZO

(2.1.83)

where V., is the linear subspace of the Vir-module of states of weight h + n.
The highest-weight free Vir-module generated by the modes L_, is known as a
Verma module. The character of a Verma module is easily computed by considering
eq. (2.1.79); a state at level NV may be obtained from any partition of N, interpreted

as the Virasoro raising modes to apply to the primary state |h).

Example 2.1.3. For example, beginning with a primary state |h), the states at

level 5 are given in table 2.1. A

Partition State
(L,L,1,1,1) | L3, |h)

(2,1,1,1) | L_oL3, |R)

(2,2,1) | L2,L_ |h)

(3,1,1) | L_sL%|h)

(3,2) L_3L_5|h)

(4,1) L_4L_1]|h)
G) | L

Table 2.1: The states of a Verma module at level 5.

It is therefore easy to see that the number of states at level n in a Verma module

is given by p(n), the number of partitions of n. The generating function for the
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partition numbers is easily seen to be,

1
= q1/247]_1(7'), (2184)

> o) = 1

n€Z>o ne€lso - q"
in terms of the Dedekind eta function, n(7). Using this we can write the character

for the Verma module as

Xen(T) = "0 7 (7). (2.1.85)

Since the states of a conformal field theory must fall into irreducible representations
of the Virasoro algebra, it is more interesting to study the irreducible unitary highest-
weight representations of the Virasoro algebra. It is easy to see that the physical
requirement of unitarity, the lack of negative-norm states, puts restrictions on the

parameters of a Vir-module. If we have a primary state |h) of positive norm then
(L[l |* = (h| LaLoy [l = (h|[L1, L] |h) = (h|2Lo [h) = 2h (h[h),  (2.1.86)

giving us the requirement A > 0 in order for this state to be of non-negative norm.

Similarly considering the state

L )2 = G L [1) = (B (L, L] 1) = (200 + Sl = 1)) (bl
(2.1.87)
which will be negative for sufficiently large n if ¢ < 0. Unitarity therefore requires

c>0and h > 0.

Further, it is possible that in a given representation of the Virasoro algebra, some
states may be singular, that is there may exist some state p other than the lowest-

weight state |h) which satisfies
L,|p)=0 vV n>0. (2.1.88)
This state is orthogonal to the entire Vir-module, since

(B Lo, ... Lo, |p) = 0. (2.1.89)
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Moreover, each descendant of |p) is also orthogonal to the whole Vir-module;
(h|Ln, ... Ln Ly, ... Ly, |p) = 0. (2.1.90)

Clearly if the states are of different levels then they are automatically orthogonal
as described before. If not, then letting m = >>;m;, n = >, n;, we must have
n > m, since n = m + M where n is the level of the descendant state and M is the
level of |p). The state |p) is then itself the lowest-weight state for an entire Verma
module of null states - states of zero-norm - since all these states are orthogonal to
themselves. Such a Verma module is known as a null submodule. If such states exist
in a Vir-module, then the module is not irreducible, since the module built from
the singular state |p) gives a non-trivial submodule. In order to form irreducible
highest-weight Vir-modules, one should quotient the Verma module by its maximal
proper submodule, identifying states if they differ by a null state in the module. In
fact, given any null state |w), we can apply raising operators until we reach a singular
state |p), and hence if we work in the irreducible module obtained by quotienting out
all null submodules we have removed all states of zero-norm. Since the irreducible
modules are obtained through the process of quotienting out null submodules, their
characters are not given by eq. (2.1.85) but instead depend on the embedding of null

states in the Verma module [FF90].

2.2 Superconformal Algebras

In this section we will introduce theories with extended conformal symmetry, that
is theories whose current algebra contains the Virasoro algebra as a subalgebra. As
well as additional bosonic currents, it is possible to introduce fermionic currents in
theories with supersymmetry. The first supersymmetric extension to the Virasoro
algebra was introduced by Ramond in the context of introducing fermions into
what was then known as the Dual Resonance Model [Ram71]. Shortly after, a

different model was considered by Neveu and Schwarz which also attempted to add
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fermionic operators to the theory [NS71a; NS71b]. The modern perspective is that
these algebras are the algebras of superconformal field theories, which are usually
introduced from the point of view of string theory, where the worldsheet theory is
now a 2d superconformal field theory (SCFT). The modes of the fermionic currents
satisfy anticommutation relations as opposed to the commutation relations of the
Virasoro algebra, eq. (2.1.71). This means that the SCAs have the structure of Lie
superalgebras rather than simply the Lie algebra structure of the Virasoro algebra.
Lie superalgebras are discussed for example in [Cor89] and some relevant definitions

may be found in Appendix D.

The main goal of this section is to introduce and discuss a family of so-called ‘large’
N =4 SCA, which was first discovered during an investigation into the possibility
of extended supersymmetry on 2d o-models [SSTV88a; STVS88; STV8E] building
on earlier work by [AF81]. In particular, the o-models considered in [SSTV88a;
STVS88; STV8S] add a Wess-Zumino term to the usual o-model action [Wit84] and

take the target manifold to be an absolutely parallelisable group manifold.

2.2.1 The Wess-Zumino-Novikov-Witten Model

The Wess-Zumino-Novikov-Witten model, also known as the Wess-Zumino-Witten
model and referred to hereafter as the WZW model is a 2d o-model with the
addition of a Wess-Zumino term. We briefly introduce the non-linear o-model and
discuss the WZW model and its charge algebra in this section before considering its

supersymmetric generalisation in the section which follows.

Bosonic strings evolving in spacetime sweep a two-dimensional worldsheet X whose
shape depends on the type of strings considered. The bosonic string quantisation

proceeds from taking the Polyakov action
Polyakov T 2 nv a b
ST (9, h) = — [ A V=R 00,670, (2.2.1)

where ¢ : X — M is a differentiable map from the worldsheet space X to a d-



2.2. Superconformal Algebras 35

dimensional target space M, taken to be spacetime with Minkowski metric 7,4, and so
¢*,a € {1,...d} are the string coordinates. The symmetric tensor h,,, i, v € {0,1}
is the intrinsic metric on X. In the case of closed strings, X is an infinite cyclinder
parameterised by x° € R and x' € [0,1]. The parameter T is the string tension.
As is well-known, the Polyakov action is invariant under global spacetime Poincaré
transformations, local changes of scale (Weyl transformations) and two-dimensional
reparametrisations, which include local conformal transformations. The theory
can then be quantised using the path integral technique. The massless spectrum
of the closed string contains a rank-2 symmetric tensor (graviton g¢,), a rank-2
antisymmetric tensor (b-field b,,) and a scalar (dilaton ®). These zero modes are
emitted and absorbed by the closed strings and, from the target space perspective,

they are massless particles.

A non-linear o-model in this context encodes the effect of these massless particles as

a background in which the string evolves. The action is given by [FT85; CFMP8&5],

S = / A%z [ V=Rh" 9(0)a0u 0" 00 + €b(0)ar0u0" 00" + V=hP () RP(h) |

(2.2.2)
where g(¢)ap, b(P)ap and the dilaton ®(¢) are couplings chosen to ensure the resulting
theory is consistent quantum mechanically. In the above, R® is the worldsheet
Ricci scalar. Turning on the background fields potentially destroys the conformal
invariance of the theory. Since the conformal invariance of string theory is a gauge
symmetry it needs to survive quantisation for the theory to be consistent. The
conditions on the background fields to ensure conformal invariance at the lowest
order of approximation are a set of differential equations worked out in [CFMP85],
and amount to calculating the so-called [-function for the non-linear o-model at
first loop in string perturbation theory and setting it to zero. Alongside a 3-form
h = db, these equations involve connections and curvatures that are calculated with

the metric gq,(@).

The background field equations may be obtained as the Euler-Lagrange equations
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of a d-dimensional action which, when the dilaton field is set to zero (we are only

interested in this case here), is given by [GSW8&T]

S = /ddm\/—_gR(f), (2.2.3)

where the Ricci curvature R(I"), is calculated using the connection

~ 1
Fabc = I‘abc - igadh‘dea (224)

with I'%. the Levi-Civita connection and the totally antisymmetric tensor hpeq (from
h = db) being the generator of a torsion. It turns out that the background field

equations are encoded in the field equations
R(I)a = 0. (2.2.5)

One way to solve the equations eq. (2.2.5) is to select a group manifold as target
space, as such manifolds are parallelisable, i.e. one can construct a connection with

torsion and zero curvature on them.

The action of the WZW model that we describe next provides the correct framework
to study strings propagating on a group manifold. We take the target space to be a
compact simply-connected Lie group G and we let the map from the worldsheet to
target space be given by,

¢:S*— G, (2.2.6)

where we have extended the worldsheet space from the complex plane to the Riemann
sphere. The first step is to rewrite the first term of the non-linear o-model action
eq. (2.2.2), which involves the spacetime metric g(¢), - call it S, - in terms of a
group element

¢ = exp(¢?Ty), Ac{l,...,dimG}, (2.2.7)

with T4 the generators of the Lie algebra g of GG satisfying the commutation relations

[Ta, Ts) = fasTc-
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On the group manifold the Killing form,
K(z,y) = Tr (ad (z) ad (v)) , (2.2.8)

induces a metric since all invariant bilinear forms are simply scalar multiples of the
Killing form. In terms of the Lie algebra structure constants, the Killing form is
given by Kap = fac? fgp°. Using this we can write the standard kinetic term for

the o-model on a group manifold as
S,=C / A% TH(0,0710"9), (2.2.9)
S

where C' is a normalisation factor, proportional to the Dynkin index if ¢ is taken in

a representation other than the adjoint.

Note that the o-model has global G x G symmetry; that is under ¢ — a¢(zx)b for

a,b € G we have

S0 € [ dn TH(@,(67 67 ™) aoh)),

(2.2.10)
e / A2z Tr(b"'9,0 a " ad"$b) = S,
SQ
due to the cyclicity of the trace.
We rewrite eq. (2.2.9) as
S—_C /S &% Tr(679,067'0"9) (2.2.11)

and we take g in the adjoint representation as we wish to use the Killing form as

metric. With the help of eq. (2.2.7), we get

¢ 0. = e, 0,0 Ta (2.2.12)

A A B

where e”, is the vielbein, and the action Sy is recovered with g(¢)., = dape”,e”,.

As we have just seen, the above construction is based on a metric built up from
the vielbein, and therefore the curvature of the manifold would be computed with
the Levi-Civita connection. In general, i.e. for groups other than tori, this would

not yield a zero Ricci curvature as in eq. (2.2.5), and the conformal invariance of
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the theory would be lost. In order to ensure conformal invariance, a topological
term containing a totally antisymmetric coupling was added to eq. (2.2.9) by Witten

[Wit84]. This term is the Wess-Zumino term
Swz =D / &y TG00 70,6 & 0kd), (2.2.13)
B

where again D is a normalisation factor, and ¢ represents the extension of the map
¢ : S? — G to the 3-ball B3, whose boundary is the original space S2. Since the
second homotopy group m(G) describes the homotopic equivalence classes of maps
S? = G, and since m,(G) = 0 for any compact, connected Lie group, any map ¢ on
B? is homotopically equivalent to ¢ when restricted to the boundary B3 = S?. The
group manifold G has a 3-form defined in terms of the structure constants fe¢, and
the Wess-Zumino term can be seen to be the pullback of this 3-form to B3. Roughly,
this can be seen by realising that the structure constants can be obtained from the

Killing form evaluated on an orthonormal basis with respect to the Killing form,

K(Ta,[TB,Tc]) = K(T4, fBCDTD) = fBCD(sAD = faBc- (2.2.14)

If a basis of T, B® is given by 0,,, then 4 defines a map d¥, : T, B*> — T5(,)G known
as the pushforward. Since we can translate on a Lie manifold by using the left group
action, we can identify the tangent space T5,)G with the Lie algebra — the tangent
space at the identity — by now translating by 5~!. We therefore see that the 7*13—;
are elements of the Lie algebra of GG, and that the Wess-Zumino term just pulls
this back to X as stated. Note that since this gives a 3-form on a 3-manifold it is

automatically closed.

The extension of ¢ to ¢, that is from S? to B? is not unique. The difference between
two extensions can be seen to be equivalent to a map from S* — G; since the two
extensions ¢ and ¢, both restrict to ¢ on the boundary, the difference between
them therefore gives an embedding of their union, S® to G. The third homotopy
group 73(G) gives the homotopic equivalence classes of maps from S — G, and

for a compact, connected, simple Lie group G we have 73(G) = Z. The pull-back
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of the 3-form to S® is then proportional to the winding number of the map. If
the normalisation of the Wess-Zumino term is chosen such that Sy, 4 is well-defined

modulo 27, then the path integral will be equivalent for any integer multiple of Sy .

We have the Wess-Zumino term given schematically by

SWZ::Aﬁvcw (2.2.15)

where w represents the closed 3-form and v* denotes the pull-back by . Poincaré’s
lemma states that the closed 3-form is locally exact — locally G = R™ and Poincaré’s
lemma states that all closed forms are exact on R™ — and hence, using this and

Stoke’s theorem, we have schematically

SWZ:/ 'y*w:/ 'y*db:/ v*b, (2.2.16)
B3 B3 9B3=52

where locally w = db. Using this, we can rewrite the Wess-Zumino term eq. (2.2.13)

as

%q:D/fﬂ#%M@@wa&. (2.2.17)
s
To summarise, the full action for the WZW model,

k
WZw _ d2 T —1au
Sy Tomcn Jso x Tr(0,0 0"¢p)+

Ly TG00 071 0,0 67 Dk9),
(2.2.18)

247X R /B

is conformally invariant at the quantum level [Wit84]. The Dynkin index yp has
been introduced to allow for g to be taken in any unitary representation. The integer

k is known as the level of the WZW model.

Furthermore, in order to make contact with the next section, we note that the action

eq. (2.2.18) can equivalently be written in the form

S = [ dagu(@)0,0°0°0" + buy(0)¢ 0,60, (2.2.19)

where the kinetic term has been written in terms of the metric g and the Wess-Zumino

term has been written in the form of eq. (2.2.17).

The equation of motion for eq. (2.2.18) [Wit84; DMS97], written in terms of the
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complex variables z, z,

d9.(¢p~19:0) = 0, (2.2.20)

implies the conservation of the antiholomorphic current

J:(2) == ¢ 00,  0.J: =0, (2.2.21)
which in turn implies the conservation of the holomorphic current,

J.(2) = 0.007",  9:J. =0, (2.2.22)

since

0-(¢7'0:0) = 0.6710:¢ + ¢~ 0.0,

= ¢7'0:(8.00 "),
where we have used 9,0~ = —¢10,¢¢ !, which itself follows simply from 9(¢1¢) =

(2.2.23)

0. The conservation of the two currents results from the invariance of the action

eq. (2.2.18) under local G(z) x G(Z) transformations,

#(2,2) = A(2)d(z,2)A71(2), (2.2.24)

for independent A, A € G.

Expanding the currents in a basis of the Lie algebra g of G of dimension 7,
Z JA(2)Ty, (2.2.25)

and using the methods of section 2.1.3, one can show that the currents satisfy the

current algebra

k‘SAB ZfAB Iow) ) (2.2.26)

( —w’

JA(2)JB (w) ~

where as usual f,5¢ are the structure constants of the Lie algebra g,
[Ta, Ts] = fap“To, (2.2.27)

and we have suppressed all non-singular terms in the right-hand side of the OPE.
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Expanding the currents in terms of Laurent modes,
=3 Jite (2.2.28)
nez
and using the methods of section 2.1.4 one can then show that this OPE is equivalent

to the commutation rules for the modes,
[J2A TP = Z FanCIE m + kM a0 n,0, (2.2.29)

which are the commutation rules for the affine Lie algebra at level k, gj.

A process known as the Sugawara construction can be used to construct the energy-
momentum tensor for the WZW model as a bilinear in the currents J4 [DMS97].
The very fact that the energy-momentum tensor can be constructed out of bilinears
in the currents is the reason why the resulting algebra underlying the symmetries
of the WZW model is larger than the Virasoro algebra. With respect to this energy
momentum tensor, the current J® is primary with conformal dimension 1 and the

central charge for the algebra is given in terms of Lie algebra ¢, data as,

kdim g

- V=YgV 41 2.2.30

where h" is known as the dual Coxeter number, r is the rank of the Lie algebra g
and the a;" are known as the comarks, being the coefficients of the highest root of

gk, 0 in the basis of the coroots «;",

0=> a"a;". (2.2.31)

2.2.2 o-models with Extended Supersymmetry

In [AF81], Alvarez-Gaume and Freedman investigated the possibility of a supersym-
metric o-model having extended supersymmetry. Beginning with a supersymmetric

extension to the sigma model eq. (2.2.2) (without potential),

1 o
S[@] = . /d%: d20 g;;()D®' D&Y | (2.2.32)
1)
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for a superfield with component expansion,

. . _ 1- .
O (z,0) = ¢'(x) + 0Y'(x) + 599Fz(x), (2.2.33)
and spinor derivative D, = % —i(6y*ad,), the action eq. (2.2.32) can be expanded

in terms of component fields as [FT81; AF81]

Slo, Y] = ;/dzf’f <9ij(¢)au¢i3“¢j +igi; (9) V'V Dy + éRikzj(i/_Ji@Dk)(lElW)) :
(2.2.34)
with covariant derivative D, = 0,0 + T%.8,¢7¢*. The bosonic fields ¢ still
parameterise the manifold M for which g;; is the metric, and the covariant derivative

D,, shows that the fermionic fields ¢ transform as tangent vector fields on M.

The action eq. (2.2.32) is invariant under the supersymmetric transformation of the

component fields defined by
St = &’ o' = —idd'e — Ty (e ), (2.2.35)
where @ uses the Feynman slash notation,
@ :=~*0,. (2.2.36)

The authors of [AF81] show that the requirement for the existence of additional
supersymmetries is that the manifold M can be equipped with covariantly constant
almost-complex structures which preserve the metric. That is, a second supersym-

metry requires a degree (1,1) tensor f satisfying

f2 =—1, g(f : U,f ' U) = g<u7v>7 fo =0, (2237>

for all vectors u,v,x € T,M and all points p € M. The above requirements on f
are the requirements for M to be a Kéhler manifold. Furthermore, they show that
the existence of a third supersymmetry, or equivalently a second almost-complex
structure f’ automatically implies the existence of a fourth supersymmetry given by

f" = f-f', and these four supersymmetries define a quaternionic structure on the
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tangent space of M.

As we have seen however, the general (potential-free) o-model action described
by eq. (2.2.2), which was extended to a supersymmetric action in egs. (2.2.32)
and (2.2.34) by [AF81], can be generalised to include a Wess-Zumino term as in
eq. (2.2.19), defining the WZW model. One can ask therefore what the requirements
for extended supersymmetry are if one starts from a supersymmetric generalisation of
the WZW model action 2.2.19; this is the question discussed in [SSTV88a; STVSS8S;
SSTV88b| which we shall now review.

Starting with the bosonic WZW action for a manifold M as described in eq. (2.2.19)

and defining the spinors ¥* as the supersymmetric partners of the bosonic fields ¢¢,
00" = e, (2.2.38)

the requirement that the commutator of two supersymmetries acts as a translation

for all fields leads to the supersymmetric WZW-model with action [SSTV88a]

S10,0] = = 5 [ o (0(0)0,6°0°6 + Ay 8,00,
+ g Py’ — i?ﬁi’wi&iv“wi Rabcd(l“+)> , (2.2.39)

Dy =0," + (4" + T " )3,0"

D,, defines the covariant derivative and I'y. defines the torsionful connection,

1
. = §gad(9db,c + Gacb — Goe,a £ 2T ane), (2.2.40)

for a totally antisymmetric torsion tensor 7. This action is invariant under the

supersymmetry defined by

56" = @, S = Pl (e Tt e Su s )+l (e T 0 +E45_ %0 ).

(2.2.41)
Similarly to the o-model without Wess-Zumino term considered in [AF81], the
authors of [SSTV88a] then investigate the restrictions on the model that the existence

of further supersymmetries impose. Given a generic supersymmetric transformation
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of the bosonic field
5o = e J )t (2.2.42)

the invariance of the action eq. (2.2.39) under the transformation requires that J, %,

is covariantly conserved and preserves the metric,
J+ab;c = 0, J+Cagcdj+db = Jab- (2243)

This can be used to show that the action is invariant under the supersymmetry

transformation defined by replacing 1% with J,“¢% in eq. (2.2.41).

Ensuring that these two supersymmetries obey the extended supersymmetry algebra

imposes the requirements
Jbo+J =0,  N,,=0, (2.2.44)
where N, ¢ is the Nijenhuis tensor, defined as

a

Ny = J+daj+c[b,d} - JerbJJrc[a,d]' (2.2.45)

It is simple to show that egs. (2.2.43) and (2.2.44) together imply that J, is an
almost complex structure,

J+aCJ+Cb - — ab, (2246)

and the vanishing of the Nijenhuis tensor eq. (2.2.44) is known to be the integrability
condition of the almost complex structure, that is the almost complex structure
is induced by a unique complex structure on M. Note that the existence of an
almost complex structure implies that M must be even (real) dimensional. We now
recognise the second condition of eq. (2.2.43) as the hermiticity condition for the
metric and the first condition of eq. (2.2.43) as the requirement that the complex
structure J is preserved by parallel transport. Equation (2.2.43) is therefore the

Kaéhler condition, and M is therefore a Kahler manifold.

If there exist more almost complex structures J;, then requiring the corresponding

supersymmetries satisfy the extended supersymmetry algebra means imposing a
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Clifford algebra structure on the complex structures,
i I+ T3 T = —20%04. (2.2.47)
These almost complex structures are also required to obey the Nijenhuis conditions,
N;% = %Iy 0 + T ae Ty ® = 0. (2.2.48)
The original supersymmetry can be included in the above by identifying
Jo"y = Jop" = 0%. (2.2.49)

If Rapea # 0, eq. (2.2.43) constrains the possible total number of supersymmetries
which one can define on a super WZW model. Since J is covariantly constant, it
is invariant under the action of the holonomy group. The map J; : T,M — T,M
therefore defines an endomorphism of the holonomy module. Assuming the manifold
is irreducible, that is the action of the holonomy group has no invariant subspaces,
then by Schur’s lemma the endomorphism ring of this module is thus a division
algebra over the reals, and hence is at most four-dimensional. This shows that there
can be no more than four supersymmetries defined for a super WZW model on an
irreducible manifold with curvature, that is we have A/ < 4. The authors therefore
consider the case that M is a manifold without curvature and with completely

antisymmetric torsion, they therefore restrict to the case of absolutely parallelisable

manifolds [SSTV88al.

We now focus on the specific case of the SU(3) group manifold, as this will be
particularly relevant to the ‘sum rules’ discussed in Chapter 6. In the following
example, we show how the almost-quaternionic structure (that is, the three complex
structures which satisfy the Clifford algebra structure of eq. (2.2.47)) can be defined
on su(3).

Example 2.2.1. We denote the generators of su(3) in the fundamental representa-

tion as

R
N —

Y (2.2.50)

.
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where A are the standard Gell-Mann matrices. Following [SSTV88a], we rename

these generators as

T ZTl, Ti :T2> T, :T4> 15 :T57
(2.2.51)
T3 - T67 Tg == T7, T4 == Tg, TZ; == Tg.

Since A\* and A8, are the diagonal Gell-Mann matrices, we have the Cartan subalgebra

(CSA) generated by Ty, T;. We now define the first complex structure J on su(3) as

JT; = =T, JT; =1T;, (2.2.52)
where the second equation follows from the first since we have J? = —I. This ensures
that J takes the standard general form

0 Iy
J = , (2.2.53)
—lgp 0

for d the dimension of the Lie algebra, 8 in this example, and where we order the
generators such that the first d/2 indices refer to the generators T; and the second

d/2 indices refer to the generators 75.

From the generators of the real Lie algebra defined above, we can define the generators

of the complexification in the standard way,
T, =T, +ilz, Tp=T,—ilz = (T})", (2.2.54)

where here, the *x denotes complex conjugation. In terms of the complex generators,

A

JT, = JT; +iJT; = =T, + 4T, = iT;,  JT» = —iT}, (2.2.55)

hence J is diagonalised on this new basis. This satisfies the general construction of

[SSTV88a], namely
JH=H,  JE,—=iE,,  JE ,—=—iE_,, (2.2.56)

where B, = T, and E_,, = —T,- and hence the Nijenhuis condition eq. (2.2.44) is
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automatically satisfied. Note the complex basis is a Cartan-Weyl basis for su(3).

The positive roots corresponding to Tl, Ty and Tj are

. . 1 3 A 1 3
Tl—)Ch:(l), T2—>042:<2+i\£_>, T3—>063:<—2+i\g_>,

(2.2.57)
and with this (non-standard) labelling we have a; and a3 as the simple roots and
a9 = aq + a3 as the highest root, which from here on we refer to as 8. We therefore

also refer to Ty as Ty. This set of non-zero roots for su(3) is shown in fig. 2.4.

Qs g =0

—Q a1

—Qlg = —0 —Qs3

Figure 2.4: The root system of su(3)

The requirement to be able to define a second complex structure on the algebra is as
follows. First, split the positive roots into two sets, those orthogonal to the highest
root 6 form a set Ay and those positive roots not orthogonal to 6 form a set A,.
From A 4, take a highest root of this subset of roots perpendicular to #, which we
will call #’. We then repeat the process, dividing A4 into subsets depending on
whether or not the roots are orthogonal to # and so on. The highest roots obtained
at each step are known as basic roots. Eventually this process will terminate when
we get to a basic root 6 for which A is empty. The hermiticity condition on the

metric then gives the requirement
"0 =0, (2.2.58)

where 0™ = —(0,,)*. For this example of su(3) we have § = ay as the highest root,
and no roots orthogonal to 6. Since 6 is therefore the only basic root, there is no

obstruction to defining a second complex structure.
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The action of K is then given by
1 , 1., .
KE, = Zk?g(l +iJ)[E_g, Es) — Zk:e(l —iJ)[Ey, E4), (2.2.59)

where kg is a complex number whose phase is arbitrary and whose modulus is given
by
0,0 |kp|? = —1. (2.2.60)

For our example, we have 6,, = (% + z@) and hence ™ = (—% + z?) This gives,

Iko| = 1, (2.2.61)

and since the phase is irrelevant, we set the phase equal to 0. We therefore find
the action of the second complex structure on the generator corresponding to the

highest root (letting o = ),

KT, = 1(1 +iJ)(Ty + V3Ty) = 1(1 +iV3) T, (2.2.62)
and its conjugate,

KTy = 1(1 — i) Ty + V3Ty) = 1(1 — BT, (2.2.63)
Finally we calculate the action of K on T} by letting a = 1 in eq. (2.2.59),

L1 s oo L 5o

(2.2.64)
(14 D)y = 21T
= —— 7 * = *
1 3 9 3%
and similarly
S P i T T YT a
KTy = (L4 i) [Ty, Ty = (1 = i) [Ty, Te),

: X (2.2.65)

The action of K on Tg, Tg*,T4 and 7] 1+ is now easily obtained using K? = —1. One
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can also easily check that J and K anticommute, for example

1 . 1 .
JKTy = (14 iV3) I Ty = —in (14 ivV3)Ty,

1 (2.2.66)
KJT, =ik =iz (1+ iV/3) Ty,
and therefore as expected we have,
{J,K}Ty = 0. (2.2.67)

Finally, a third complex structure L, can be defined similarly to the second, however
requiring the second and third complex structures to anticommute forces ly = iky.

Note that this is equivalent to defining
L:=KJ, (2.2.68)
which makes the anticommutativity of L with K and with J clear since
L]=KJJ]=-K, JL=JKJ=—-JJK =K, (2.2.69)

where we have used the fact that J and K are already known to anticommute. One

can show the anticommutativity of L and K in the same way. We therefore have

LTl = —%Tg*, LTQ = %(1 + /L\/g)Tﬁl*a
: , (2.2.70)
. T . 1 , ~
LTI* = —§T3, LTQ* = —1<1 - Z\/§)T47
with the action of L on the remaining generators being found using that L? = —1.

We now see that the maximum number of complex structures that can be defined
on su(3), or in fact on any other non-abelian group manifold, is at most 3. If there
were a fourth complex structure @, it would act in the same way as the second, but
with gy = +iky in order for K and () to anticommute. However, we would then have

that L and () commute rather than anticommute.

We have therefore constructed 3 anticommuting complex structures that along with
0%, satisfy the Clifford algebra structure of eq. (2.2.47). This therefore defines the

almost-quaternionic structure on su(3) and hence the super-WZW model on SU(3)
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has N = 4 supersymmetry. A

The previous example of su(3) is particularly simple, since the process of iteratively
defining the second complex structure on the Lie algebra generators corresponding
to elements of Ay for some highest root # then continuing from the set A4, only has
a single step, since A g = ¢. In this case, the quaternionic structure acts between
the generators Fy, E_y and the two Cartan generators of su(3), which form an
su(2) x u(1) subalgebra, but also on the four non-orthogonal roots which span the

tangent space at the identity coset of the homogeneous space

W) SUB)

= U@ < T (2.2.71)

More generally, we always have the generators corresponding to the highest root 6
and its negative transforming into 2 elements of the CSA under the second complex
structure. The su(2) x u(1) subalgebra they form is hence fixed by the action of the
complex structure. The quaternionic structure also acts on the other 4(h" — 2) roots
(hY is the dual Coxeter number) which are not orthogonal to the highest root 6 and
which are associated with a Wolf space. In other words, at this stage of the process,
the set of generators corresponding to A,y forms a pointwise fixed subalgebra, and

the remaining Lie algebra generators corresponding to Ay form a coset algebra,

Ay
A x su(2) x u(1)’

(2.2.72)

where by an abuse of notation we have labelled the algebras by the sets corresponding

to the appropriate roots. The associated symmetric spaces

G
H x SU(2) x U(1)’

(2.2.73)

correspond, up to the factor of U(1) in the denominator, to the quaternionic Kahler
symmetric spaces, also known as Wolf spaces [Wol65]. We recall that a symmetric
space is a homogeneous space G/H where infinitesimally, g = h @ € such that
[h,h] C b, [h,€ C tand [t € Ch. We therefore see that the quaternionic structure

is defined at each stage on the su(2) x u(1) subalgebra corresponding to the highest
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root, its negative, and 2 elements of the CSA and on the Wolf space spanned by the
remaining generators whose roots are not orthogonal to #. The most relevant Wolf

space for our purposes is the space

SU(N)

W(N) = SU(N —2)x SU(2) x U(1)’

(2.2.74)

where our previous example corresponded to the case N = 3. We defined the
quaternionic structure on the Lie algebra associated to W (3) and the Lie algebra
su(2) x u(1) such that the structure was then defined on su(3). So the Lie group

SU(3) is a quaternionic group manifold of dimension 8.

Note that of the N* — N non-zero roots of su(N), N> — 5N + 6 lie in the su(N — 2)
orthogonal to the highest root of su(/N) and 2 lie in the su(2) x u(1) in which the
highest root transforms, leaving 4(N — 2) in the Wolf space W (N). Indeed, in the

case where G = SU(N), the dual Coxeter number is h¥ = N.

2.2.3 Current Algebras on Supersymmetric c-Models

In the previous subsection we showed how one can define a supersymmetric o-model
on a group manifold which supports two supersymmetries if there is a complex
structure defined on the Lie algebra and which supports four supersymmetries if it is
possible to define an almost-quaternionic structure (three complex structures which

satisfy the Clifford algebra structure of eq. (2.2.47)).

On group manifolds, the super-WZW action eq. (2.2.39) considered in the previous

subsection can be written as

S = < /dzw Tr[0,9~'0"g — YY) — /d3x e Trlg " gag " 909 gb]>
4WXR
(2.2.75)
and can be shown [STVS88| to be invariant under conformal and supersymmetry
transformations, as well as under Kac-Moody and super Kac-Moody transformations.
Each of these symmetries has a corresponding Noether current and just as we have

seen for the Virasoro algebra in section 2.1.3, the OPEs between these currents give
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rise to an affine Lie algebra structure for the modes of the currents; as in section 2.1.4,
the modes of the energy-momentum tensor 7'(z) generate the Virasoro algebra, and
as we saw in section 2.2.1, associated to a Kac-Moody transformation for the group
G is a current J(z) whose modes satisfy the g affine Lie algebra. Due to the existence
of the supersymmetries present in this model, we also have dimension—% currents
associated with the super Kac-Moody symmetry. These super Kac-Moody currents
are just given by the fermions ¥ (z). The Sugawara construction can be used to
construct an energy-momentum tensor from these Kac-Moody currents; in the case
of a quaternionic structure defined in stages as explained in the previous subsection,
the energy momentum tensor is defined using the GKO coset construction [GKOS6]
for each stage individually. For example in the case of the simple group SU(2M +
1), on which the quaternionic structure may be defined in M’ stages of the form

W(E2M' +1) x SU(2) x U(1) for 1 < M’ < M, the energy-momentum tensor at the

first stage is given by
L = Lr+ Lsv@mt1) — Lsu@m—1).- (2.2.76)

Here, L is the contribution of the 8M free fermions (the dimension of W (2M +
1) x SU(2) x U(1)), 4(2M — 1) of which span the Wolf space W (2M + 1) and 4
corresponding to the highest root vy, its negative 1? and the 2 elements of the CSA
Y™ 1), which the quaternionic structure transforms % and 1, into. Lsun+1) 18
the energy-momentum tensor created using the standard Sugawara construction for
the Kac-Moody currents associated to SU(2M + 1) and similarly Lsya—1) is the

Sugawara energy-momentum tensor for SU(2M — 1).

In the case that we have an almost-quaternionic structure on the group manifold,
and hence that the super-WZW model has N' = 4 supersymmetry, the complex

structures can be used to construct further dimension—% operators. Explicitly,

Us(z) = (z) = 0(2),  y(z) = Ji(2), ¥r(z) = K¥(z), ¢r(z) = Lip(2).
(2.2.77)
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For each operator v;(z),i € {6,J,K,L} one can construct a dimension—% oper-
ator associated to the superconformal transformations which is usually denoted
Gi(z) [STVS88]; this operator G; should not be confused with the group G on which
the super-WZW model is built. The OPEs are simplified if instead of considering

the G;, one forms the complex linear combinations [STVS88|
1 _ 1 ‘
Gy = 5(6’5 +1iGy), Gig = §(G5 +iGk). (2.2.78)

As for the energy-momentum tensor, in the quaternionic case these operators should

be defined separately for the different stages of the algebra.

If all possible OPEs between these operators are considered, extra dimension-1
operators will need to be introduced in order to close the algebra. The net result
is a superconformal algebra defined at each stage of the construction reviewed

above, containing the dimension-2 energy momentum tensor 7'(z), four dimension-

o~

% supercharges G,(z), seven dimension-1 operators corresponding to an su(2) x

—

w/@ x u(1) Kac-Moody algebra and 4 dimension-3 operators @Q,(z) where here

a € {£,+K}; these dimension—% operators correspond to the fermions associated
with the su(2) x u(1) subalgebra. Operators defined at different stages of the algebra
commute and hence one obtains a copy of this N' = 4 SCA for each stage of the
algebra. This SCA is governed by 2 parameters, namely the levels of the 2 affine

—t
su(2). The su(2) are usually referred to as su(2) and the levels are therefore denoted

k*. The central charge for the algebra is given in terms of these levels as

+1.— +1.—
LA e (2.2.79)
ket + k- k

where we have defined &k =kt + k.

This N = 4 superconformal algebra is known in the literature as A,, where
= 2.2.80
,y k Y ( )

and the central charge ¢ = 6k+y(1 — ) are the quantities which appear most directly

in the algebra. The algebra is also referred to as the ‘Large’ N' = 4 SCA in order
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to differentiate it from the ‘small’ N' =4 SCA of Ademollo et al. [Ade+76b], which
contains only a single ﬁu/(?) Kac-Moody subalgebra. The OPEs for these operators
can be found in the original paper [STVS88] - the commutation relations that the

modes of these operators satisfy can be found in Appendix A.

In summary, all operators defined at different stages commute, and all operators
defined at a given stage are primary with respect to the energy-momentum tensor
at that stage. At each stage, these operators satisfy the commutation relation of the
large N' = 4 superconformal algebra A, [STVS88|. As a consequence of this fact,
one cannot assert that the super WZW model describing a superstring propagating
on an arbitrary group manifold exhibits A, symmetry, but rather, that several A,
SCA emerge in stages within the model. If there is more than one stage (M’ > 1),
there is no action that provides the currents representing A, at any stage. If there is
exactly one stage however, the situation is obviously different. In fact, superstrings
propagating on the 4-dimensional quaternionic group manifold SU(2) x U(1) or the
8-dimensional quaternionic group manifold SU(3) are described by a super WZW
model which exhibits A, symmetry. We will return to the SU(3) quaternionic group
manifold in chapter 6, where we set the scene for the potential discovery of a new

moonshine phenomenon.

In the following chapter we will consider the representation theory of A, where the

commutation relations will be of more direct use than the OPEs.



Chapter 3

The Representation Theory of A,

In this chapter we study the representation theory of the Large N' = 4 SCA A,
introduced in the previous chapter. It will be advantageous to also briefly discuss
the related algebra 1217, which is formed from A, by decoupling the four dimension-
% operators and the dimension-1 operator corresponding to the u/(T) Kac-Moody
subalgebra as described in [GS88]. The representations of interest to physics will be
unitary representations whose spectrum is bounded below, that is unitary highest
weight representations (UHWRs) and hence these are the representations which
we will be interested in here. We will discuss the structure of UHWRs of A, first
studied in [GPTV89] before discussing character formulae for these representations as
developed in [PT90a; PT90b]. The Ramond sector of the A, algebra is complicated
by the fact that there is no unique highest weight state for any representation and so
we first discuss the Neveu-Schwarz representations in section 3.2, before introducing
an isomoprhism between the two sectors and using this to discuss the Ramond
representations in section 3.3. Finally in section 3.4 we first derive the formulae for

Verma modules of A, and sketch how one constructs the character formulae for the

irreducible modules of A, from the characters of the associated Verma modules.
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3.1 Avandfl7

We first recall from section 2.2.3 that A, is a SCA containing the dimension-2
energy-momentum tensor 7'(z), 4 dimension—% supercharges G,(z), for a € {£+, £ K},
7 dimension-1 operators forming an 511/(2)\;5+ X 5u/(2)\,;_ X ﬁ) Kac-Moody subalgebra
and 4 dimension-3 operators Q,(z), for a € {4, £K}. The modes of these operators

satisfy the commutation relations listed in Appendix A. The central charge of the

algebra is given in terms of the levels k= and k = k% 4+ k™ as,

Gkt k™
c=——. (3.1.1)

In physically relevant representations of A,, the representations of the subalgebras
5@ must be integrable representations, meaning the projection on to the su(2)
subalgebra associated to any real root of 5@ must be finite dimensional. This
is because correlation functions involving the primary fields associated to highest

weights of non-integrable representations of su(2)* are zero, hence such primary fields

decouple from the theory [DMS97]. The 5u(2)fi affine algebras admit integrable

representations if the levels satisfy,
ke Z,. (3.1.2)

This implies that the A, central charge ¢ is bounded from below (3 < ¢). We then
see that A, is a one parameter family of SCAs, the one parameter being given by
k™ Kt

v = %, or alternatively by 1 —~ = =-.

As shown in [GS88], one can decouple the free fermionic fields as well as the bosonic
u/(T) current from the rest of the algebra, leaving a non-linear algebra known in
the literature as A, containing an energy-momentum tensor T(z), four fields G(z)

which have weight % under the new energy-momentum tensor T(z) and six fields

T+(2) which have weight 1 under T'(z). The central charge ¢ of T'(z) is given by

i=c—3, (3.1.3)
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—_—

and the weight 1 fields 7+(z) form an 5u(2)»;5+ x su(2)- Kac-Moody subalgebra,
where the levels are given by
E=kT -1 (3.1.4)

Explicitly, the fields in A, are given in terms of the fields in A, by [GPTVS8Y]

~ 1
L=L+—(UU+0Q"Q,),

k
A 200 2 0v0e0t — Eob(ai T ooiT 3.1.5
Ga—Ga+ UQa 3k2€abchQQ ]{ZQ( T abT) ()
Tii:Tii—k (:ll:bz a b

where normal ordering is implicit and the non-zero values of a; £l are

+3 _ ! - _t -+ _t
A - = Ty X 4K T o X 4Kk T T
Z, ; (3.1.6)
+3 ++ -
e = F- a’t e =—= al o= .
YK -K 1 K 5’ +-K =5

3.2 Representations of A, in the Neveu-Schwarz

Sector

In this section we describe representations of A, in the Neveu-Schwarz sector. Fol-
lowing the notation of [GPTV89; PT90a; PT9I0b] we derive the allowed ranges of the
quantum numbers for these representations. The results are summarised in table 3.1

at the end of the section.

In a unitary highest weight representation (UHWR) of A, we have a highest weight

|2) defined to satisfy
Lo [Q) = TE Q) = U, Q) = T 0) = Q1 |0) = G210y =0, (3.21)

forn € Z; = {1,2,...}, and r € Zy — 1 (Neveu-Schwarz (NS) sector) or r € Z
(Ramond (R) sector). NS representations of A, are classified by the eigenvalues of

their highest weight state (HWS) |Q2) under the zero modes of the algebra,

Lol =h|Q).  UplQ) = —iu|0),  T5*|0) = 1510)., (3.2.2)
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and hence a UHWR of A, is labelled by the quantum numbers h,u, lg:lzz as well as
the central charge of the algebra ¢ and the paramater . The classification of R
representations is more subtle due to the non-trivial structure of the ground level,
which is built by acting on a state |{2) satisfying eq. (3.2.1) with the zero modes of
the A, generators. Besides ¢ and v, R representations are labelled by the maximal
values of 511./(27i charges appearing at ground level. Unlike in the NS sector, these

charges correspond to the T3 eigenvalues of different zero mode states.

Since we may also construct a representation of the sister algebra /17 on |Q), it is
clear that in the Neveu-Schwarz sector, where the fermionic generators do not have
zero modes, the state |Q2) has the same charge under the su(2)* of A, as the su(2)*

of 1217. That is

TR =151, TR =110, =03 (3.2.3)

We now consider the allowed values for the quantum numbers h, u, l% in a UHWR.
As we shall shortly see, the Ramond sector is slightly more complicated and we
therefore begin by considering the Neveu-Schwarz sector. First, we consider the
quantum number u; since the generator of the Lﬁ) current algebra was a free
boson we see from Appendix A that the zero mode U, commutes with all the other
generators of A, and hence all states in a UHWR have the same charge under the

—

u(1). We see that unitarity does not give any restrictions on u other than u € R,
1Uo |9) |2 = (Q] — UpgUp |Q) = —(—iu)(—iu) (QQ) = u?, (3.2.4)

where the minus sign is due to U being an antihermitian operator, so the hermitian
conjugate Ul = —U_, as in Appendix A. Unitarity of the representation hence
requires |Up |Q) |> > 0 <= u € R. Note that one must be careful with Bra-Ket
notation when dealing with antihermitian operators such as U. Recall that the
Bra-Ket notation just refers to an inner product on the Hilbert space. It is usual to

think of operators between the Bra and the Ket as acting on either the left or right,



3.2. Representations of A, in the Neveu-Schwarz Sector 59

as for a Hermitian operator H,
(Q,HQ) = (HQ, Q). (3.2.5)

For non-hermitian operators such as U this does not hold and hence we must always
treat non-hermitian operators as acting on the Ket. Since this notation is common
in the literature we choose to use it here regardless and hence all operators will be

taken to be acting on the right.

Next we consider the allowed values for the quantum numbers l(iz, the charges under
the two 5@. Firstly, from the general theory of Kac-Moody algebras, we know
that for integrable representations of m with highest weight A, the Dynkin labels
satisfy

\Ni € Zy, (3.2.6)

and the zeroth Dynkin label is given by
X =k —(\0), (3.2.7)

where ) is the finite part of the affine weight A and 6 is the highest root of su(2).
There are therefore only a finite number of integrable highest weight representations

of @ labelled by the spin [,

1

0<i<g, l€L, (3.2.8)

[N

where the factor of half is obtained in the change from the Chevalley to the spin
basis of su(2) where,

Ty N = 1])) = A; IA) . (3.2.9)

We therefore expect the quantum numbers I3 to satisfy 0 < I3 < % As shown in
[GPTV89), the su(2)i. charges cannot obtain the maximum value of % in the NS
sector. To see this one can consider the states T |Q), assuming [+ = % These

states have norm squared

Q| TETH Q) = (Q (=215 + k) Q) =0, (3.2.10)



60 Chapter 3. The Representation Theory of A,

and hence in an irreducible representation of A,, where we have quotiented out
null-modules, these states must be identically zero and hence so must all their
descendants. However, the descendant states Q) /QTfﬂ+ 12y = —foﬂ ©2) have

positive norm, giving a contradiction.

Given that any representation of A, gives rise to a representation of flv as explained
in section 3.1, we find another way to demonstrate the restricted maximum value of

[*. Writing the allowed values of [* as

+ 1 ki
0< It < (k‘lz) == (3.2.11)

using eq. (3.1.4), we realise that the maximum value of [* already obtained is

the maximum one should expect using the general Kac-Moody argument for a

representation of fLY with levels k* = k* — 1.

Finally let us consider the conformal weight of the state |2) in the NS sector. We

obtain a unitarity bound by considering the norm of the state Q7 /QGfl /2 1€2),
QT G, 1) P = i (kh = k- = k71T = (17 = 17)? = ?), (3.2.12)
which implies that in a unitary representation we have
kh > kY™ + k71T + (1T = 17)? + 4, (3.2.13)

where saturation of this bound implies that the state Q*, ,G", ,|Q2) is identically 0
in a unitary representation, since such representations are formed by quotienting out
all null modules as explained in section 2.1.5. A representation where the conformal
weight saturates this bound and the aforementioned state disappears is known as
a ‘massless’ or ‘short’ representation of A,. When the conformal weight lies above
this bound the representation is said to be ‘massive’ or ‘long’. The ground level is
therefore identical for both massless and massive representations of A, in the NS
sector and a generic such ground level is shown in fig. 3.1. The highest weight state
|©2) is the top right state in this figure, which shows the ground states of a massless

—

representation of A, where the su(2)* charge has been plotted against the su(2)-
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charge and the states are labelled by their multiplicities. As for all representations
of A, in the Neveu-Schwarz sector, one has a singular hws which in this example

— —

forms a triplet of su(2)* and a quintuplet of su(2)~ as expected given the charges.

2]

.1 4 .1 .1
.1 2 .1 .1
_6; -1 1 : 51 2
01 -2 .1 01
01 -4 b1 01

Figure 3.1: The ground states of a massless NS representation of A,. This
representation has k™ =5k~ =71t =1, = 2.

At the ground level of a representation of A, in the NS sector, there is no difference
between a massless and a massive representation. The only exception to this is

when one or both of the 5@ charges takes their maximum allowed values of

+ +_ . . . .
I+t = % = %, as in this case the representation is forced to be massless; no

unitary massive representations can exist where either of these charges obtains its

maximum value as we will now show. We will assume that the su(2)* charge is the

k*

5~ as the argument for the other charge is

one which obtains its maximum, [T =

very similar. We consider the norm of the state T4 G™, /2 1),
TR G, Q)17 = (Q G, T TH G, 19) =0, (3.2.14)

as is easily shown using Appendix A. So in a unitary representation we must have

THGT, /2 |©2), as well as all descendants identically equal zero. In particular we
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therefore have

_ 1 _
0=QiATH G, |Q) = Q7 ,GT, ,|9Q) + §Tf1+T0 Q) (3.2.15)
but since |Q) is a hws, it is annihilated by T; ", and so we have Qfl/QGle/Q 12) =0
and hence the representation is massless. This may also be shown more simply in
A, since in this algebra we must have T4 |Q) = 0 if [T = 7“; and by a similar
argument to the one used above this implies we have G’fl /2 |€2) = 0. This is the

massless condition for flw and implies that the corresponding representation of A,

is also massless.

One can also see that when this bound is saturated, the level 1 states Q™ /2 |€2) and
Gt /9 |2) become linearly dependent; in this case there is therefore one less maximal
s@ X 57(27— multiplet at level 1 as for a massive representation. In fig. 3.2 we
see the level 1 states for a massless and massive representation of A,; it is clear that

—

in fig. 3.2a there is one less EW-quadruplet, su(2)~-sextuplet as in fig. 3.2b.

To summarise the results for the Neveu-Schwarz sector, a UHWR of A, for fixed ~y
and c is given in terms of four quantum numbers, h, ", u. The quantum number
u is required to be a real number, u € R, and the other charges are as shown in

table 3.1.

—

Type of Rep. | su(2)* Charges Conformal Weight

A, Massless | 0 <lig <5 | khys = 0 + (g — lys)? + klhs + ks

A, Massive | 0 < l3g < i“i;l khys > u® 4+ (Ihs — Ing)* + ks + kT lyg

Table 3.1: A summary of the charges of A, representations in the
NS sector

3.3 Representations of A, in the Ramond Sector

Having considered representations of A, in the Neveu-Schwarz sector in the previous

subsection, we now turn to the Ramond sector. The highest weight state for such a
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(a) Massless
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6 -
l2 l4 l4 l2
4t
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L] L) L) .
2 L
l4 la la l4
-3 -2 -1 1 2 3 24
l4 la la l4
-2+
¢4 Ca -8 t4
-4t
¢2 '4 ¢4 t2

(b) Massive

Figure 3.2: The difference between massless and massive representations of
A, in the NS at level 1; although these figures look similar we see
that the multiplicities of states differ between the two. These
figures show the level 1 states for the massless and massive
representations of A, with parameters k™ = 5k~ = 7,17 =
1,1l = 2 as in the previous figure.
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representation is still defined to satisfy eq. (3.2.1) and as we shall see shortly a hws

|©2) for a representation in the Ramond sector also satisfies

TRy =0, Gt Q) =o. (3.3.1)

To study the properties of representations in the Ramond sector we will make use

of the spectral flow automorphism [DST8S].

Proposition 3.3.1. There exists an automorphism of A, known as spectral flow. In
terms of the Laurent modes of the algebra, spectral flow is an automorphism relating

different modings; explicitly we have the following automorphism,

kt k™
[P — Lm _ T+3 T—3 vo2 o2 5m Urn — Um
" (PTo” + 0T+ \ g™+ g5 ) Omos [ :
: kt k= .

Pt _ E + psmiE _N=x
Gmi(p+n)/2 =G * ('Ok; - 77k,> ms mE(p+n)/2 T Cmo
G,Dﬂ?;iK _ G:I:K + E + k; +K pEK _ NEK

mE(p—n)/2 ~ Tm P T | Sms m(p—n)/2 T m

p,1;+3 +3 k* p,m;++ ++
T7717 ’ = Tm — p7 67n707 Tmip = Tm >
TPm=3 — =3 k~ ) TP+ _ -t
m —4Itm 777 m,0; m+n — Itm >
(3.3.2)
If one considers this automorphism in the case of p = —1,n7 = 0, one obtains

an isomorphism between the Ramond and Neveu-Schwarz modings. In fact, this
automorphism extends to an isomorphism between representations; given a hws
| b, It,17,u) for a representation of A, in the NS sector, the state |Qg) :=

kt—20T;NS . ) .
<T an ) Q) is a hws for a representation of A, in the Ramond sector!. It
is straightforward to check that the positive modes of the Ramond representation

annihilate this state; it is more work to check that the zero modes in egs. (3.2.1)

and (3.3.1) annihilate this state so we shall demonstrate that this is indeed the case.

! Alternatively one can flow with p = 0, = —1, flowing in the 511/(27* direction instead of the

-

su(2)* direction obtaining a state known in the literature as [2_) which could equally be treated
as a highest weight state, though now annihilated by QéJ“*K}, GéJr’*K}.
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Firstly, showing that the zero mode of T~ annihilates this state is trivial. Under

the spectral flow isomorphism with p = —1,7 — 0, we have
(TN (TR, (3.3.3)
We therefore need to consider
(T Y |Qn) = (T H)VS(TH 28 ) = (TH 20 T4 Q) = 0, (3.3.4)

since [T, T,"] = 0 and since |Q2) is a highest weight state of the NS representation

m )T n

and hence is annihilated by T ™.

Before we check the remaining zero modes, we prove a short lemma that will be

useful for the remaining calculations.

Lemma 3.3.2. Let |x) be a hws for a representation of A,. Then,

(TP 1) P = D (TE)P(TE) |x)
|_(k*—207)! p <kt —olt (3.3.5)

‘T2 —p)D’

0, p >kt —20T.

Proof. Firstly, we have
O (ITPTE ) = p(k* =207 = [p = 1)) (XTI - (3.3.6)

Note that if p = kT — 2[" + 1 this gives zero norm. Next we proceed by induction,
and hence if p > kT — 2I" there will be a factor of 0 somewhere in this product and
hence the state has zero norm. If p < k* — 2" we have

O (TE)P(THDP x) =p(ET =207 = [p— 1)) (TP HTHD)P XD
(b 21t (3.3.7)

=p!
Pl —2 —py-

Next, we check that (77;7)¥"~2"VS|Q) is annihilated by (T;")®, we hence need to
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consider

(T(;H-)R |QR> o (Tj-;-)k+_21++1;NS |Q> _ O, (3.3.8)
since it has zero norm by applying lemma 3.3.2.

Since under the spectral flow automorphism G* — G* + Q% (schematically), it is
easiest to next check that (Q({)+’+K})R |Qr) = 0; the two calculations are very similar.

Under spectral flow,
QSN |QR) < (QUE NS (TH)F 2N ). (3.3.9)

To see that this is zero, we consider the norm of these state in the NS sector. Using

Appendix A and lemma 3.3.2 we obtain

(@) VS (TENF NS |0) [P = — QU (T ) Q@0 1o (THN 2 9,

= O’
(3.3.10)

where {m,p} € {{—,+},{—K,+K}}. Since the states have zero norm, in a unitary

representation of A, they must be identically zero and hence we must have

QTR |2g) = 0. (3.3.11)

Checking that (Gé+’+K})R annihilates the Ramond ground state is similar to the

calculation above for Q5. The steps for (G{)® and (G{¥)E are identical. We

have,
+\R + k* + NS (p++\kt—20T;NS
(G) " [Qm) 4 (GTy )+ =-Q7, o) " (T7T) NSIQ) (3.3.12)

and since by eq. (3.3.11) we already know that QY/Q annihilates (T -27NS 1),

we need only consider the norm of (Gf1/2)NS(Tff')k+*2l+;NS €2).

(GEONS (T )F 25N 1) |2 = (Q (T )Y 72 GG (THD)Y 27 |9),

(3.3.13)

using Appendix A and lemma 3.3.2 as before. Since this is a state of zero norm, it
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must be identically zero in a unitary representation. Hence,

(GEPHENE Q) = 0. (3.3.14)

A highest weight state for a Ramond representation therefore satisfies eqgs. (3.2.1)

and (3.3.1) as previously claimed.

Under the spectral flow isomorphism with p = —1,n = 0, we have

(L) = (Lo)™S = (T2 + 2

4 (UO)R = (U0>NS7

- (3.3.15)

(Ty™)" = (™)™ = =, (Ty*)" = (15",

and hence the representation of A, in the R sector has quantum numbers,
kTt .

LO|QR> = <h—l+—|—4> |QR>, UO|QR> :ZU|QR>,

(3.3.16)
+3 LA -3 -
15719 = {5 =17 | Q) T5 7 |R) = 17 [QR)

This now allows us to comment on the allowed values of the quantum numbers for
unitary representations of A,. Since the allowed values of I* for a hws of an NS

representation were 0 < [+ < %, then the charges

T2 198) =18, 19r),  T5°1Qr) =g, ), (3.3.17)
must satisfy
. k* _ -
gSlb, <% 0<l, <o (3.3.18)

Similarly, if one flows from a massless representation in the NS sector, whose con-
formal weight satisfies hk = kT~ + k71" + (I" — 17)* + u?, then one obtains a

representation in the R sector with conformal weight

Lo|QR) = ha,, |Q) (3.3.19)
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satisfying
ket (kT ket )
k (hQR + Z§R> =ktlg, +k (2 — Z§R> + (2 — I - ZQR> + g,
ktk~
khoy, = (I, + Loy ) + gy, + =

(3.3.20)
A representation of A, in the R sector whose conformal weight satisfies eq. (3.3.20)
is known as a massless representation. If one considers the state Q™ Gy ™ |2z) one

finds it has norm

1 _ ktk~
‘Q(TKG(TK 1QR) ‘2 — 1 (khQR — [l(JgR + ZQR]Q — u?)R ) ) , (3.3.21)

and hence in the Ramond sector one has a unitarity bound of

kTk~

khog > (I, +la,) +ub, + 7

(3.3.22)

The saturation of this bound agrees with the previously identified conformal weight
for a massless representation in the Ramond sector and hence for a massless rep-
resentation of A, in the Ramond sector one has Qy Gy ™ [Qz) = 0 and the states
Qo X |Qr) and Gy ® |QR) become linearly dependent. In this case, the generic sixteen
su(2) x su(2) hws which exist in the massive representation [PT90a] and which are

shown in fig. 3.3a are reduced to eight su(2) x su(2) hws shown in fig. 3.3b.

In a Ramond representation of A, the state |{2g) satisfies the definition of a highest
weight state, that is it is annihilated by both T;f™ and T; *. However, unlike in
the NS sector, it is not the ground state with the highest 5u/(27* charge, merely the
top state of the 57(-2)\— multiplet from the largest 5@ multiplet. In a massless R

representation, the state [Q_) := Gg™ |Q2z) has charges

1 _ _ 1
Lol@) = ho, 0, T 100) = (i, =5 ) 1900, T*120) = (Ia, +5) 120),
(3.3.23)

and is the unique ground state with highest su(2)~ charge. In a massive R repres-
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a) The sixteen su(2) x su(2) Ramond hws in a massive A. representation
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(b) The eight su(2) x su(2) Ramond hws in a massless A, representation

Figure 3.3: The su(2) x su(2) hws of a Ramond representation of

A, for massive compared to massless representations.



70 Chapter 3. The Representation Theory of A,

entation, the state [Q_) := Qy* Gy™ |Qz) has charges

Lo|Q-) = ha, 1Q-), T, |Q-)

(= 1) 19, T5°10) = (lg, +1)12-),
(3.3.24)

and is the unique ground state with highest su(2)~ charge. In both cases, the state

|Qg) is known in the literature as |2,) and the ground state with highest 5u/(27—
charge is known as |Q2_). As noted above, |2_) is the state we would have obtained

as our hws if we had flowed in the su(2)~ direction rather than the su(2)* direction.

If the 5@ charges are labelled as

T57°194) = 11 |4, T5°194) = 15 |94),

(3.3.25)
TR0 =), Tt =1 jo),
then the representation of A, is labelled by the charges
Ih =17, lg=1_. (3.3.26)

In terms of the representation labels lﬁ, the allowed ranges of the 5@ charges
now take the more symmetric form

k:l:
<I*F< 5 (3.3.27)

DN | —

and if either charge is equal to % we automatically have a massless representation.
The massless bound for Ramond representations should also be given in terms of

the representation label /3 as

Tk~
4 Y

1 2
hk = (zg + 15 — 2) +u? + (3.3.28)

though we should perhaps note that the bound for a massive representation is

kTk~

4 Y

hk > (1 + 1 1)+ + (3.3.29)

due to the existence of the state Qu Gy ™ |Qg) in a massive representation.

In fig. 3.4, we show the difference between the ground levels of massless and massive

representations of A, in the Ramond sector with parameters k™ = 4, k= = 3,1T =
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%, [~ = 1. The massless representation is easily distinguished due to the non-existence

of a state with (su(2)*,su(2)~) charges (I, — 1,1, + 1) compared to the ground

state with charges (I, lg,)-

To summarise the results for the Ramond sector, a UHWR of A, for fixed v and
c is given in terms of four quantum numbers, h,(*,u. The quantum number u is

required to be a real number, u € R, and the other charges are as shown in table 3.2.

harges Conformal Weight

C
<UE<E | khp=u?+ (I + 1z — 12+ 2

A, Massless

Ay Massive | 1< Iig < 550 | kg > o + (I + 1 — 1) + 54

Table 3.2: A summary of the charges of A, representations in the
R sector
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Figure 3.4: The difference between massless and massive Ramond represent-
ations of A, at level 0. Both representations have levels k% = 4
and £~ = 3. The massless representation is taken to have

3

charges [T = 3,

I~ = % The massive representation is taken to

have charges [t = %, [~ = 1. Note that this means the highest
weight state |€2,) has the same charges in both representations.
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3.4 Characters for A,

In section 2.1.5 we defined the character of a module V (¢, h) of the Virasoro algebra
as

Xc,h(T) = TrV(c,h) qLO_C/24-

We can similarly define characters for A,-modules such as discussed in the preceding
subsection. As discussed in sections 3.2 and 3.3, at fixed values of k* (or equivalently,
at fixed values of ¢ and 7), representations of A, are classified by quantum numbers
{h,17,17}. We therefore define the characters of a module V(c, h,I*,17) of A,
as [PT90a/,

+3 -3
ISt K 175,24, 20) = Tryee i (@072 2200), (3.4.0)

2miT

where as usual we have ¢ = ™" and now we have two further variables corresponding

to the two 57(2?5 charges defined as z; = ¢*™+ for wy € C. Note that we have
suppressed a possible dependence on the Uy charge (this corresponds to setting the
variable y = 1 in [PT90a] equation 2.17). In the following we will primarily be
concerned with characters of Ramond modules of A,. Once we know the Ramond
characters, we will be able to obtain the Neveu-Schwarz characters simply by utilising
the spectral flow isomorphism discussed in section 3.3. Explicitly, since the modules

are isomorphic, we have (for a massive representation)

_ NS _ 2T+3,NS 2T73,NS
NS (117, 2, 2) = Ty (g2, 200 20

?

+3,R | .+ —3,R
_ LE4T Byt ja—c/o4 _2T5 " +kT/2 2T
= Trv(q 0o T4o [4—c/ zy o )

)

+/4 kt/2 R_, +3,R o3I
:qk /4z+/ TrV(qLO /24[q1/22+]2TO PRI

)

kT kT
= qk+/4zi+/2XA7’R(h — T —, = =17+ 1;¢, ql/QZ—i-a z-),

47 2
(3.4.2)
where we have suppressed the levels of the subalgebras in the character as these are
unaffected by the spectral flow isomorphism, and we have called the A, module V.
Note that the character is labelled by the greatest 5?(2?[ charges from any ground

o —

state, and hence although the spectral flow does not alter the su(2)~ charge of our
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highest weight state, it does affect the representations labels as in eq. (3.3.26). This
isomorphism also exists at the level of flw [PT90b] where the characters are related

by,

X NS (T 175 g, 2y, 2 ) =

Massive

il 4 -~ k. 1k
¢ (h—l+4,l++2,2—l;q,2+,q5Z>7

A, NS 574 7 i—/4 k- AR - kT = 1
XMZLssless(ﬁ_?l y 45 2+, Z—) = qk /425 XM;ssleSS <l+’ 7 —1 74,240,922 | .
(3.4.3)

Note that these previous equations correspond to flowing in z_ rather than z, and

equivalent expressions exist for the case one flows in z, .

As in the case of the Virasoro algebra, the character of a Verma module of A,
can be calculated very simply. We saw in section 2.1.5 that each of the bosonic
raising modes L,, contributed a factor of (1 — ¢")~! and hence taking all the raising
modes into account gave a contribution of [T,ez_,(1 —¢")~". In A, we have four
such sets of raising modes which simply increase the conformal weight, specifically
L,, U,, T.F* and T3, for n < 0. Each of these therefore contributes a factor of
[Thez., (1 —¢")~" to the character of A,. We also have the bosonic 5@ raising
and lowering operators T:>" and T~. Clearly we may not act with the zero
modes of raising operators on the highest weight state and hence for the raising
operators T2 we require n > 0. Each time we act with a raising operator, we
increase the 5@ charge by 1, and so the raising modes give a contribution to the
character of [T,ez_, (1 —23¢") "' (1 —22¢")"". For the lowering operators we are also
allowed to act with the zero modes. Similarly to the raising modes, each action of a

lowering operators lowers the su(2)* charge by 1 and so the lowering operators give

a contribution of [T,ez. (1 — 27°¢") 7' (1 — 22%¢") ™. Let us therefore define

BT (g, 24, 2-) = [[(1=22¢") " (1—22¢" ) M (1—22¢") H(1—222¢" ) (1—¢") 2,
n=1
(3.4.4)

as the contribution to the character of the su(2)* operators.
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For the fermionic operators we may not act with any particular mode more than
once due to the anti- commutation relations these operators satisfy. If we consider
one particular fermionic operator, say @, then the modes Q* for n < 0 raise
the conformal weight by n and change the 5@ and su/(QT— charges by % and
—% respectively. The contribution of these modes to the character is therefore

* (1 + z,271¢"). The contribution from all 8 fermionic operators (excluding the
zero modes momentarily) is therefore [F®(q, 2, z_)]?, where

FR(q, 24, 2 H T+ 2:2.¢") (142022 ¢ 1+ 20 2o g™) (1 + 20122 q"), (3.4.5)

since the contribution from the ()*’s is identical to the contribution from the G*’s.

In the NS sector the result is similarly given by

[e.9]

F¥(g,zy,22) =[] (042024 (4 2022 ") (1 + 272 ¢") (1 + 20200,
n=1/2

= ¢ P07 (q)0s(g, 21 2-)05(q, 2427")

(3.4.6)
where now n runs over the positive half-integers. For the second line, we use the
definitions of the Jacobi theta functions as in Appendix B. Finally, in the R sector
we may act on our highest weight state with fermionic zero modes. By eq. (3.3.1),

Qé—i—d-K} or Gé+’+K}

we may not act with , so we only have the contributions from

Q™ and G5, namely (14 27120)2(1 + 251222

Combining all these contributions, we finally get the character for the full reducible

A, module in the Ramond sector as

A, _ . _
Xredlﬁlble(k—‘r?k 7hvl+7l 14, Z—HZ—) :B+ (Q7 Bty % )[FR< y Ry 2 )] (1+Z+ Z—)2

x (L+z2722) [ (1 —q¢")
n=1
(3.4.7)
To find the characters for the irreducible modules of A, we must now subtract mod-
ules built on singular vectors, the null modules mentioned at the end of section 2.1.5.
As described in section 2.1.5, in order to obtain an irreducible A,-module, we should

take the quotient of the A, Verma module by its maximal proper submodule. To
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complete the calculation for characters of the irreducible modules we therefore need
to identify all the singular vectors of A,. It turns out to be simpler to consider the
singular vectors of flv and hence to give the irreducible characters of 1217 from which

the characters of A, can be found using
Ch(h, 1}) = ChAev! x Ch(h, 1L), (3.4.8)

where I € {NS,R} and Agy is the algebra of the four fermions and the u/(I)
generator that were removed from A, to obtain 1217 as explained in Section 3.1. We
have [PT90a] IS = IS and 1% = [B — 1 due to the fermionic zero modes in Agy ™.
The quantum numbers in eq. (3.4.8) are therefore equal for the NS sector, but differ

by 3 1 for the R sector.

Using similar reasoning to above, the character for Agy is easily seen to be

(1—q™ 1, (3.4.9)

3

ChAQU’NSCu; q, Z+, Z*) = qu2/k71/8FNS<q7 Z+7 Z*)

n=1

since the central charge of the four fermions and one boson gives ¢ = 3 and by
eq. (3.2.13) the bosonic generator contributes “—]j to the conformal weight. In the
Ramond sector we must also take into account the fermionic zero modes. The hws of
Agu has quantum numbers [T = £, I~ = 0 (see [PT90a; GPTV89; GS88] for details)

and hence the contribution from the fermionic zero modes is ¢*/*z, (1 + 27 '2=1) (1 +

27 2_). We therefore have,

ChAev R (u;q, 2, 2 ) = ¢ MY FR(q, 2 2 H (1—g¢") "+ 272 (2 + 20)

(o) (g

—=: Ch?*v ' (u; q) x ChAe (g, 2, 2_).

(3.4.10)

As stated above, we now consider singular vectors of 1217. In lemma 3.3.2 we showed
that the su(2)* operator (74)¥" ~2"+1 annihilated the hws of the representation.
Since this argument only relied on the su(2)* subalgebra of A,, which is identical

in /L,, it also applies to a hws of fl,y, with level ™. Furthermore, the argument
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presented relied only on the condition that T}t annihilated the hws. It therefore
holds for any singular state if one replaces the charge [T with the su(2)* charge
of the singular state, since by definition singular states are also annihilated by the

positive modes of operators as in section 2.1.5. Since we are considering A, here, a

state is singular (of the + type) if

Lulo) = T p) = Gilo) = T 1p) = Go™" o) =0, n€Zy, a € {& £K}
(3.4.11)
where the tilde operators are the operators of /L, formed from those of A, by removing
the {Q® U} system as in [GPTV89; GS88]. We therefore find that for singular |p),
the state (TH7)F 20741 | p) is singular, where Ty % |p) = LT |p). Similarly the state

(Ty )22+ |p) is singular as one would expect for su(2)~ and satisfies the conditions

eq. (3.4.11).

As discussed in section 3.3 in the case of A,, given a R hws [€),) there is a second
state which can be considered to be a R hws known as |©2_) and which is annihilated
by GE{)J“*K}. Given a singular state |p) = |p.), there also therefore exists a singular
state [p_) (of the — type) which satisfies all but the final condition of eq. (3.4.11)
and instead satisfies

GSH Y py = 0. (3.4.12)

From this singular state one can also construct the further singular states (75 )2 1 [p_)

and (T-")F 227+ |p_), where Ty * |p_) = L™ [p_).

As discussed in detail in [PT90b], these form chains of singular states, the modules
built on which must be successively removed and added into the reducible character
to obtain the irreducible character of fl,y. Further care must be taken as to which
fermionic zero modes can be used to construct the module built on each singular
state. To construct the irreducible character of the module built on a hws |2), one
therefore starts with the character for the Verma module buit on |Q) (given by
eq. (3.4.7) divided by eq. (3.4.9) or eq. (3.4.10) depending on the sector). From this,

one then subtracts characters with quantum numbers appropriate for the singular
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state being considered and with the appropriate fermionic zero mode factors removed,
then adds characters for doubly removed states and so on (the relevant embedding
diagrams are simple chains). Finally, one obtains the irreducible character formulae

for A, [PT90b],

ChAW’N-S (’/;Jr, %+J+J—7 hiq, 2y, 2) = qh—c/24+1/8FNS(q7 0 z_)B+_(q, 2 2)

Massive
(o]
ny—1
< [T —4¢"
> 27+ 27, T s
nckT+m k= +2nlT+2ml~ m+n _—1_-—1
x D 4 q" e 2
m,n=—00
_ 2ei (It +nkt) 2e_ (I~ +mk—
XY epezals z+€+( nk?) 2e- (7 4m ),

ep,e_e{£l}
(3.4.13)

ChMasswe(k+7 %Jr? Z+, ’[77 ha 4,2+, Z*) = qhic/24+1/8FR(Q7 24, Z,)B+7(q’ 24, Z,)
XH 1—g") '+ 22+ 2000

o0 ~ ~ ~
n2kt +m2k~+2nlt4+2ml—
x >4

> Z e Z_2-6+(l++nk+)zie_(l*+mk’)7
er,e_e{£l}
(3.4.14)
Chipimtens (K7 4 T3, 20, 20) = g BENS (g, 2y 2 )BY (g, 24, 2)
x [J(1—¢")™
n=1
% i qn27ci++m27€i’+2nl~++2ml~’ qurnZ;lZ:l
« Z epe 22 Ziﬁ+(l++nk+) 2e_ (I~ +mk~ )(1 + qn+m+1/22’i+26 )L,
ey,e_e{x1}
(3.4.15)
Chﬁ;;iess(%+v E+’ ’lv+7 ZN_; 4, z+, Z—) = qh_c/24+1/8FR(q7 Z4, Z_)B+_ (q, 24y Z_)
H (1—g") M + 2L+ 2020
% i qn2k+-l—mzzf—‘,—2nl~+-‘r2mfl1
> Z e Z_2:+(l++nk+)zie,(l_+mk_)( ;e+q + Z:e,q_m)_l7
ep,e_e{£l}

(3.4.16)
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where BT~ and F/ are as defined in eqgs. (3.4.4) to (3.4.6). The characters for A, are
then finally given by multiplying the above expressions by eq. (3.4.9) or eq. (3.4.10)

depending on the relevant sector.

Finally, we note that the characters of /~17 satisfy

S R T
Oyt (B K T T3 g, 2 2 )+ O (R R T 4 5T 4 D102 20)

Massless Massless 2

— OWANS (T T T T :
_ChMassive(k 7k 7l 7l ;hMa5516857Q7Z+7Z—>7

(3.4.17)
where Apassiess denotes the value of A which saturates the massless bound for 1217. A

massive character formally evaluated at this value of h is said to be at threshold.



Chapter 4

The Witten Index and The

Elliptic GGenus

Index theory, rooted in topology, offers insights on several areas of mathematics and
theoretical particle physics. The classical index theory we refer to is based on the
celebrated Atiyah-Singer theorem as formulated for a smooth compact manifold M
of dimension d = 2n. In this context, the representation theory of spin groups and of
classical Lie groups plays a prominent role [Atil4]. Indices are topological invariants
that can be used as tools to help decide whether two mathematical objects might
be equivalent. For instance one can consider the Euler characteristic of a manifold;
since this is a topological invariant, two manifolds with different Euler characteristics
cannot be homeomorphic. In general however one cannot conclude that two manifolds
with the same Euler characteristic are homeomorphic, as for example both the 2-
sphere and Mobitis strip have Euler characteristic 0, but the Mobiiis strip is non-
orientable and so cannot be homeomorphic to the sphere. Classical index theory
has been beautifully related to field theory, which describes the physics of point
particles, through the work of several particle physicists building on a seminal paper
by Witten, where constraints on supersymmetry breaking are explored [Wit82]. In
field theories, the spectrum of massless particles is governed by index theorems — the

index of the Dirac operator ) for example, is the difference between the number of
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massless fermions of positive and negative chiralities — which encode information on

the topology of the manifold on which the particles evolve.

In 1984, the first ‘string revolution’ was triggered by the discovery that the cancel-
lation of anomalies in string theory constrained the possible gauge groups [GS84]
and physicists began to take string theory seriously as a candidate for a theory
of quantum gravity. Since the Atiyah-Singer index theorem is instrumental in the
discussion of anomalies in field theory, this classical theory was revisited with a
view to applying it to string theory and studying conditions for anomaly-free string
theories. This was the line of attack taken by Alvarez, Killingback, Mangano and
Windey in 1985 in an unpublished work entitled The index of the Ramond operator
and later revisited by them in [AKMWS87b; AKMWS8T7a]. By then, Witten had pub-
lished his paper on Elliptic genera and quantum field theory [Wit87] and Schellekens,
Warner and Pilch had published their works on anomalies [PSW87; SW86a; SW86b;
SW8T7]. Not surprisingly, the natural framework turned out to involve loop spaces
of manifolds instead of the manifolds themselves, and the representation theory of
loop groups, generalising the framework of the classical index theory and leading to
the theory of elliptic genera. One of the difficulties encountered when operators act
on infinite dimensional spaces is that their kernel might be infinite dimensional, and
the calculation of their indices is considerably easier if the kernel can be partitioned
in an infinite set of finite-dimensional subspaces, which transform according to dif-
ferent representations of some group. This partitioning may be realised through a
character-valued index, as is discussed by Witten for the equivariant Dirac-Ramond
operator in [Wit85; Wit87]. There is a rich literature on this subject, which highlights
the intense activity amongst mathematicians and theoretical particle physicists over
almost four decades. In the following we will focus on these indices as topological
invariants and their application to questions of anomalies will not be studied further
here. Although the theory of elliptic genera is by now pretty much established from
a mathematics point of view, we will see that the formulation of some elliptic genera

in terms of mock modular forms in the context of closed superstring theory uncovers
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a new type of moonshine that has not yet received a satisfactory explanation within

string theory.

As a build-up to the material presented in the following chapter, it feels appropriate to
provide a brief review of Witten’s field-theoretic approach to what has become known
as the supersymmetric Witten index - and which belongs to classical index theory -
and of subsequent works by several authors (including Witten) on the elliptic genus,
as they illustrate the power of topological invariants both in mathematics and physics.
The material in the present chapter is not new. The Witten index is introduced and
discussed in [Wit82] and the relation to the Atiyah-Singer index theorem is presented
in [Alv83]. The elliptic genus appears in [Wit87] and is discussed in relation to index
theorems in [Wit88; AKMWS87h; AKMWS87al. Since the motivation driving our
thesis has been the hope to establish whether a theory with A, symmetry can
exhibit some kind of moonshine phenomenon, we felt it was necessary to understand
the elliptic genus as it applies to small N/ = 4 theories before discussing indices
for A,. We therefore review the above mentioned papers, adding material from the
mathematical literature [HBJL92; Och09; Gri00] in an attempt to present a wider

picture.

The first section highlights some well-known aspects of classical index theory. We
consider indices which can be defined for supersymmetric field theories. In particular,
we discuss the Witten index [Wit82], which for a one-dimensional o-model turns
out to be related to the Euler characteristic of the target space. We then turn to
the elliptic genus [Wit87] which, for a two-dimensional o-model, encodes the Euler
characteristic of the target space as well as other classical topological invariants such
as the Hirzebruch signature of the target manifold. We show how the elliptic genus
may be thought of as the index of an operator on the loop space of a manifold. Special
attention is given to the elliptic genus calculated from data encoded in superstring
theories compactified on a K3 manifold, whose worldsheet supersymmetry is governed
by the small NV = (4,4) superconformal algebra at central charges (c¢,¢) = (6,6).

This allows us to summarise the emergence of Mathieu moonshine in section 4.2.3.
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In Chapter 5 however we will see that applying the prescription to obtain the (field-
theoretic) elliptic genus of an N/ = (4,4) SCFT to the partition function of any
SCFT with large N' = (4,4) symmetry yields a vanishing quantity. In this case one

may consider instead a generalisation of the elliptic genus.

4.1 The Witten Index

In this section, we recall how the Atiyah-Singer index theorem naturally appears
in the context of the one-dimensional o-model. In particular, we highlight how
the generalised Gauss-Bonnet and Hirzebruch signature theorems (theorem C.4.12)
appear in this context. This section largely follows [Wit82; Alv83; FW84]|, though
we have expanded the on the underlying topological aspects in order to make it more
accessible. We provide Appendix C to introduce some of the mathematical concepts

used in this chapter.

4.1.1 The Index of the Supercharge

For notational ease, we restrict to the case of N' = 1 supersymmetry (SUSY) for

this section. In one dimension, the supersymmetry algebra is given by [Alv83]

{Q.Q" =20, {Q,Q}={Q"Q"} =0, (4.1.1)

where H is the Hamiltonian and Q is the supercharge. From @ and QT, one can

form a hermitian operator,
Q_Q+@
V2

which clearly satisfies Q% = H. We see that the energy of any state in the theory is

(4.1.2)

bounded from below by 0, since () is hermitian and hence has real eigenvalues. In fact,
in a system with unbroken supersymmetry, where the ground state is annihilated by
the supercharges, this state must necessarily have zero energy. If the ground state

of a theory is non-zero we therefore must have broken supersymmetry.
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Given a spin operator J?, whose eigenvalues take values in %Z, we can define an

operator (—1)¥" which anticommutes with the supercharges as,

(_1)F _ €2m'J3

o AEDLQ =) Q = {(-1)",Qy =0.  (4.13)

We now see that states of non-zero energy are paired under supersymmetry. Consider

a bosonic eigenstate of the Hamiltonian |b), with non-zero energy E.
Hb) = E|b)y, E > 0. (4.1.4)

We can now act with Q on |b) to obtain another state with opposite fermion number
which we call |f). This state is also an eigenstate of the Hamiltonian with non-zero
energy FE,

HIf) = HQ ) = QH|b) = E|f)., (4.1.5)

since clearly we have {Q, H} = 0. However, a bosonic state of zero energy must
satisfy Q |b) = 0, since we have Q)% = H. We therefore see that whilst positive energy
states are paired under symmetry, zero energy states are not. We denote the number
of bosonic zero-energy states as n5= and the number of fermionic zero-energy states

as nk=0,

If we now consider varying the parameters of the theory (the volume, the masses
or the coupling constants), the states of non-zero energy will move about in energy
level, remaining in Bose-Fermi pairs. If a pair of states drop to the ground energy
level, then both n£=" and n£=° will increase by one. Similarly if the parameters are
varied in such a way that states of zero-energy gain non-zero energy, then both n£=°

0

and nZ=% must increase by one, since as soon as a state gains a non-zero energy

it must have a supersymmetric partner of the same energy level. The difference

nE=0 — n£=0is therefore invariant under a change of parameters.
The invariant quantity n£=° —nZ=° may now be regarded as the trace of the operator

(—1)¥, since states of non-zero energy do not contribute to that trace. Indeed, bosonic
states have integer Js-eigenvalues and hence each contributes (+1) to the trace of

(—1)*, while fermionic states have J3-eigenvalues in Z+ 3 and hence each contributes
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(-1) to that trace. Since the non-zero energy states always come in pairs consisting

of one bosonic state and one fermionic state of the same energy, the net contribution

0 0

to the trace solely comes from n£=% — n£=% Now we note that the infinite sum
over the Hilbert space is not well-defined; since the infinite series is not absolutely
convergent, it depends on the ordering of the terms. We must therefore regularise
the trace and this is achieved by inserting the regulator e ## with 3 an arbitrary
positive real number in the trace. Since states with F # 0 do not contribute to the
regularised trace, the regularised trace does not depend on  and we are at leisure
to evaluate it at any value of 3 we see fit. In the limit 3 — 0 one recovers Tr(—1)%".
We therefore have,

Tr(—1)Fe 1 = nE=0 — k=0, (4.1.6)

a topological invariant known as the Witten Index of the theory. If the Witten
index is non-zero, the net number of zero-energy states in the theory is non-zero
and hence supersymmetry is not broken. However, a zero Witten index does not
imply broken supersymmetry, since it is possible to have n£=0 = n£=% #£ 0, and
to therefore still have unbroken supersymmetry. The Witten index thus provides
a powerful tool in the context of supersymmetry breaking: for instance, given that
there is no clear evidence of supersymmetry in experiments to date, the knowledge

of whether a candidate field theory exhibiting supersymmetry at tree level remains

unbroken when quantum corrections are taken into account is extremely valuable.

We will now see that the quantity Tr(—1)% should be thought of as the index of an
operator. Let us split the Hilbert space 7 into bosonic and fermionic subspaces,
H = Ay ® He. Since the supercharge  maps bosons to fermions and vice versa

it takes the form of an off-diagonal operator,

B 0]Q
QO=|—»>1—1, (4.1.7)

Q|0

acting on states of the form, (B|F )T, where T denotes the transpose.
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Now, as discussed above, since H = Q?2, the states of zero-energy are those which
are annihilated by Q. Zero-energy bosonic states are therefore the states ¢ € #%
such that Q¢ = 0 and zero-energy fermionic states are therefore states ¢ € % such

that Q¢ = 0. Since QT is the adjoint of () we therefore have

Tr(—1)Fe P = pB=0 — nE=0
= {no. of solutions to Q¢ = 0} — {no. of solutions to Q¢ = 0},
= dimKer Q —dimKer Q' = dimKer @ — dim Coker Q,

=: Index(Q).
(4.1.8)

4.1.2 The Witten Index for a Simple o-Model

We first comment on the Witten index for a o-model with 0 + 1-dimensional world-
sheet. We will see that in this simple case we can already identify the Witten index
with a well known topological invariant, specifically the Euler characteristic of the
associated target manifold. Furthermore, we show how a path integral formulation

for this index recreates the Gauss-Bonnet theorem.

We take as our starting point the supersymmetric sigma model eq. (2.2.34) with
worldsheet space S!, target space M of dimension d and fields ¢7, % with j, k €

{1,2,...,d} functions of 2° only,

1 L - 1 - o
S16,6) = 5 [ da® (g5(0)5' + iguy ()67 Do + <Ry (6'4) (')
(4.1.9)
Doy’ = + Ty,

where ~ := 9y and the covariant derivative is with respect to the Levi-Civita
connection. As noted in section 2.2.2, this shows that the fermions v transform as

vector fields on M.

Following [Wit82], we change to a basis in which 7" = diag(1, —1) and ¥; = (x;, X;)T,

where X; is the hermitian conjugate of x; and these Weyl spinors satisfy the anti-
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commutation relations

faoat=0dodr=0 {axd =g (4.1.10)

with g;; functions of the fields ¢*. We can therefore interpret y; and X} as annihilation
and creation operators respectively. The supercharges are calculated using Noether’s

theorem as
d d
Q :iZXIPiv Q" =—id> xipi, (4.1.11)
i=1 i=1
where p; is the momentum conjugate to ¢’. These supercharges satisfy the super-

symmetry algebra

Q*=(@)=0 {QQ}=H. (4.1.12)

Now an important and far reaching realisation is that the Hilbert space of this model
is described by the space of square-integrable differential forms on the manifold: if
a state |(2) satifies x; |2) = 0 Vi, it is bosonic and must be given by a (complex)
function of only the scalar coordinates, A(¢*); acting on such a state with XzT creates
a fermionic state of type ¢, which must therefore be given by a (complex) function
with one index tangent to the manifold, A;(¢*); applying X}, j # i on the latter
state yields a two-fermion state which must be given by a (complex) function A;;(¢*),
antisymmetric in the indices 7, j to account for the anticommutation of the creation
operators XI, X;r_ In general a state containing & < d fermions in this theory must be
represented by an antisymmetric rank-k tensor field A17,,,7k(¢i), while a state with d
fermions is given by a scalar function by Hodge duality. This construct is exactly

the (complex valued) de Rham complex of the manifold M.

In this differential geometry context, we remark that the supercharge operator
Q=ix%, XZTp,- acts as the exterior derivative of the de Rham complex decribed

above. Indeed, the exterior derivative of a p-form w is a (p + 1)-form given by,
dw = (@-wil,_._,ip)dxi Adxt AL N dx. (4.1.13)

The action of @ on the p-form A, with components A;_; (¢*), produces a sum
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of states, each with an extra fermion created by a different XI, and at the same
time @ differentiates the original state with respect to ¢ since the momentum p;
conjugate to ¢’ is contracted with XI in Q). Therefore the form (A has antisymmetric

components,

(QA) i ..iy] = Dpdiy, iy (8F), (4.1.14)

where p; = D; := The creation of a fermion via X;r has the effect of changing

. D
—i B
the form from a p to a (p 4+ 1)-form while differentiating the components of the
p-form and hence, as announced,

Q=d. (4.1.15)

In a similar manner, the operator Qf = —i 3, x;p; can be identified with the adjoint

of the exterior derivative, d*. The Hamiltonian
H=QQ"+Q'Q = dd* + d*d, (4.1.16)

is therefore equivalent to the Laplace-deRham operator A = (d + d*)?. The states of
zero energy, those satisfying H |¢) = 0, where |¢) may be bosonic or fermionic, are
therefore exactly equivalent to the harmonic forms AA;(¢*) = 0, where I is some
set of fermionic indices. The Hodge theorem states that there is an isomorphism
from the space of harmonic forms to the de Rham cohomology of M and hence the
space of harmonic k-forms with complex coefficients and the k" cohomology class
H*(M,C) have the same complex dimension. This dimension is by definition the
k'™ Betti number b;. See Appendix C for a brief introduction to cohomology. Since
our indices {71, ...,7,} tell us the number of fermions in a given state, the p-forms
are to be regarded as bosonic in the case that p is even and fermionic in the case
that p is odd. This brings us to the result
d
Tr (—1) e P =ng= —np= => (1) b, = x(M), (4.1.17)
p=0

where x (M) is the Euler number of M and d is the dimension of M.

As is well known, the trace appearing in the Witten index has a path integral
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representation. Since the Hamiltonian is the generator of time translations, the
Witten index describes a path integral over the bosonic and fermionic fields of the
theory. The Witten index can therefore be expressed as

Tr (—1)Fe™PH = STy P = e Dy Dty Dipe™E, (4.1.18)

where the integral is taken over all field configurations with periodic boundary con-
ditions. The (—1)% insertion comes from taking the fermions to be periodic in time.
This is explained in more detail in many textbooks, but see for example [DMS97].
As shown in [Alv83], for the one-dimensional (worldsheet) o-model considered in
this subsection, if the dimension of the target space M is even, d = 2n this integral

can be evaluated to give

- (=" i ingn b

1
= P£(Q
(2m)n /M (1),
(4.1.19)
where Pf(2) denotes the Pfaffian of the curvature two-form,
1 c d

The curvature form on a d = 2n dimensional Riemannian manifold is a two-form
which takes values in the Lie algebra so(d) of the holonomy group SO(d). We can
therefore think of the curvature form in this case as a d x d skew-symmetric matrix
whose elements are two-forms on M. The Pfaffian of this matrix is therefore of order
n in two-forms and hence is a top form and can be integrated over the manifold. We

now recognise eq. (4.1.19) as the generalised Gauss-Bonnet formula.

4.1.3 Other Indices in the 1d c-Model

In the previous subsection we saw how the Witten index Tr(—1)¥ for a one-dimensional
(worldsheet) o-model calculated the Euler characteristic of the target space manifold

M. In this subsection we briefly show how other topological invariants of M can be
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calculated as indices.

The o-model defined in eq. (4.1.9) has a discrete chiral symmetry given by 1) — 5
[Alv83]. Defining Q5 to be the operator which implements this symmetry and
considering two supersymmetry operators of definite chirality (), we note that

these operators satisfy the relation

Qs5Q+ = £QLQs. (4.1.21)
The condition Q5@ = —Q_()5 can be thought of as analogous to the relation
(-1)FQ; = —Qi(—1)" and we can repeat similar arguments as in sections 4.1.1

and 4.1.2 with Q5 now in place of (—1)¥. For states of non-zero energy we therefore
have for each eigenstate [¢) of Q5 with eigenvalue +1, an eigenstate given by @ _ [¢))
which necessarily has Q5 eigenvalue —1, since Q5Q_ [¢) = —Q_Q5 |) = —Q_ |1).
As before, states of zero-energy are annihilated by ) and so form one-dimensional
representations of the supersymmetry algebra and do not necessarily come in pairs.
We can therefore define a quantity Tr )5 which is given entirely by the zero-energy
states. As before, the quantity Tr Q5 is independent of small changes to the

parameters of the theory.

We can again interpret this in terms of the (complex valued) de Rham complex.
The creation and annihilation operators y and x! were defined as eigenstates of v,
with eigenvalues +1 and —1 respectively. Now since 57 = —707s, the operator
implementing this chiral symmetry ()5 exchanges the operators of eigenvalue +1 and
—1; that is, Q5 exchanges y <+ x!. Considering a 0-form in the de Rham complex,
which by definition is a state annihilated by any of the annihilation operators, we
realise it must be mapped under ()5 to a state which is annihilated by all the
creation operators; we therefore realise this must be an d-form if M is of dimension
d. Similarly, a 1-form containing one creation operator XZT must be mapped to an
annihilation operator y; acting on the n-form containing all of the creation operators,

schematically

X! |68 2 xaxixd x| (4.1.22)
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We can now use the anticommutation relations of the y and x' operators to remove
one of the creation operators resulting in a state containing n — 1 creation operators,
which we recognise as an (d — 1)-form in the de Rham complex. In general )5 sends

p-forms to (d — p)-forms; @5 should be identified as the Hodge * operation.

Tr Qs (or Tr Qse PH) is therefore given by the number of harmonic forms in the
positive eigenspace of the Hodge * operation minus the number of harmonic forms in
the negative eigenspace of *. Let us consider a form in the positive eigenspace of *,
a = ap+...+ag, where each o; is an i-form. Since * sends p-forms to (d — p)-forms,
it must be the case that xag = a4 and *ay = ap. Hence oy + «y is itself in the
positive eigenspace of x. However we now realise that ag — oy must be in the negative
eigenspace of *. In general for any state formed as the sum of a p-form (p # %) and
an (d — p)-form in the positive eigenspace of *, there must be a state in the negative
eigenspace of x. However for n-forms, where d = 2n, * is a map from n-forms to

n-forms. Hence we have
Tr Qs = n"0(Qs = +1) — nF=%(Q5 = —1) = dim H" — dim H",  (4.1.23)

where H is to be understood as the space of harmonic n-forms in the positive

eigenspace of x and similarly for the negative eigenspace.
If we consider the non-degenerate bilinear form
I:H"xH"—C
B (4.1.24)
(@8) = [ and,
M

where /3 denotes the complex conjugate, then we see that I is positive-definite on

H x H" and negative-definite on H" x H", as given a € H"} and § € H"

[(a,a):[(a,*a):/Ma/\*&: (o, ) >0,

18.8) =~ 1(8,#8) =~ [ Bn+B=—(3.8) <0,
[<0475) :_I(a>*ﬂ) = —<Ck,ﬁ> = _<57a>
= _[<67*05) = —I<5,0é) = _I(CV?B) :()7

(4.1.25)
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where
(a, B) == /Ma A %83, (4.1.26)

defines an inner product on p-forms.

Again, by the Hodge de Rham theorem the space of harmonic p-forms is isomorphic
to the p! cohomology group of M. Hence the above bilinear form I is equivalent to

the intersection form
H:H"(M,C)x H*(M,C) — C,

(o, B) = (o — B, [M]),

(4.1.27)

where — denotes the cup product which is defined in Appendix C. In the case that
M is of dimension d = 4k, then the cup product on 2k-forms is symmetric, since for

a, a p-form and 3, a g-form,

ap — By = (=15, — ap). (4.1.28)

In this case, the difference between the dimension of the positive eigenspace and
negative eigenspace of the associated symmetric bilinear form, the signature of the
form, is known as the Hirzebruch signature of the manifold (cf. definition C.4.10).

Therefore for a d = 4k-dimensional manifold M we have
Tr Qse 7 = dim H¥ — dim H* = dim H?* — dim H* = (M),  (4.1.29)
where 7(M) is the Hirzebruch signature of the manifold.

As in the previous subsection, we can compute the index density by using the func-
tional integral form of Tr(Qse "). Since the operator Qs splits the fermionic space
into a positive and negative eigenspace, we now have to integrate over periodic
boundary conditions for bosonic and fermionic configurations in the negative ei-
genspace, but antiperiodic boundary conditions for fermionic configurations in the

positive eigenspace of Q5. We then obtain [Alv83]

(M) = Tr(Qse " / Htanh L (4.1.30)
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where y, are the (skew-)eigenvalues of the skew-symmetric matrix iQab. Since
these eigenvalues are two-forms for all a, as discussed in section 4.1.2, the function

L(M) =] mﬁ?‘m (4.1.31)

(0%
known as the Hirzebruch polynomial, defined through its Taylor expansion contains
a finite number of terms, terminating with a top form. We therefore obtain the

signature of M by integrating this top form over M.

If we now define Q(x) = such that L(M) = [IL, Q(z;), then as discussed

tanh(z)
in Appendix C.4, we expect to be able to write L(M) as a homogeneous multiplic-
ative sequence in the elementary symmetric polynomials e;(z?); that is, L(M) is a
polynomial in Pontryagin classes. The top form that we should take to calculate
eq. (4.1.30) is the homogeneous term of weight d from this multiplicative sequence,

where as above, d is the dimension of M. This is exactly the definition of the genus

associated to the characteristic series Q(z), the L-genus. We therefore find
T(M) = Tr(Qse™ ) = ¢ (M), (4.1.32)

and we have reproduced the Hirzebruch signature theorem from the g-model.

One can similarly find the index of the Dirac operator i) and the Dolbeault index,

ind(9), over spin and complex manifolds respectively. The densities for these indices

take a similar form to that of eq. (4.1.30),

ind(iD) = / AM),  ind(d) = /Mtd(M), (4.1.33)

M
where
A Xa/2 W
AM:”i td]\/[:”i 4.1.34
(M) =t sinh(xa/2)’ (M) ol —ewa’ ( )

define characteristic polynomials for the indices. In each case the characteristic
polynomial gives a finite polynomial in two-forms terminating in a top form and it

is this form we should integrate over the manifold. The w, appearing in eq. (4.1.34)
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are the eigenvalues of the curvature form in complex coordinates,

Q5= iROMdz7 dz’. (4.1.35)

The previous calculations for the index densities can be combined into the following
equation known as the Atiyah-Singer index theorem for compact, oriented, differen-

tiable manifolds of dimension d = 2n [HBJL92; EGHS0],

ind(D) = (=1)" ( mZO(eleiw C)h(Ei)

td(TM ® @)) (M), (4.1.36)

where D = (D; : TE; — T'E;11), i € {1,...,m} is an elliptic complex and e(E) =
[} x; is the Euler class of the bundle, written in terms of the Chern classes z; of the
bundle E. In the case of the Euler characteristic, where by eqgs. (4.1.8) and (4.1.15)
we have y(M) = ind(d), the elliptic complex is given by the complex-valued de
Rham complex AY(T* @ C) with the exterior derivative acting on the forms. In
the case of the signature 7(M) = ind(Q_), the elliptic complex is given by the +1
eigenspaces of * = ()5 where () moves from the +1 eigenspace to the —1 eigenspace

and vice-versa.

We do not define an elliptic complex in general, but for an elliptic complex we
always have D;D; ; = 0, and we can therefore consider the cohomology of the

elliptic complex
. Ker(Dy)

= D] (4.1.37)

This allows us to define the index of an elliptic complex.

Definition 4.1.1. The index of an elliptic complex D where D; : T'E; — I'E;,; for

i€{l,...,m} is given by

ind D = (—1)"dim¢ H* =) (-1)'R’, (4.1.38)
=0 1=0

where we define h* = dim¢ H°.

Note that if m = 1 then we have a single D, : 'y — I'F; and

ind(D) = ind(Dy) := dim¢ Ker Dy — dim¢ Coker Dy. (4.1.39)
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As shown in Appendix C,

tMTM@C%ﬂMTM@TU@:fh—D"

i=1

T L
l—e®l—en’

(4.1.40)

where here n = g, and so we can formally factor out the Euler class,

= 1] 2 (4.1.41)
=1

to give the formal equation [HBJL92],

ind(D) — ((é( 1%) ch(E ) E[ (1 — _16%)) M), (4.1.42)

We now show through examples how this reduces to give the index densities for the

Euler characteristic and the signature.

Example 4.1.2. By eq. (C.2.29) we have,
ch(d>_A(T* @ C)y H 1+ ye™)(1+ye ™). (4.1.43)

i=0 j=1
For y = —1, this is exactly the sum of Chern characters appearing in eq. (4.1.42)

since as described above, this is the relevant elliptic complex for this case. This sum

of Chern characters therefore exactly cancels the denominator from the Todd class,

leaving
ind(d) = H z;[m] =e(M)[M] = x(M). (4.1.44)
Note that we may also define the Euler class to be given by (2;)71 (€2). This then
gives
1
M) = / PE(Q), 4.1.45
O = [ G PHE) (4.1.45)
in agreement with eq. (4.1.19). A

Example 4.1.3. For the signature, the elliptic complex is given by the positive
and negative eigenspaces of ()5 (in the mathematical literature this is the operator
7 = PP~D+"% which acts on the spaces AP(T* ® C) and satisfies 72 = I) which we

call E, and E_ respectively. As explained in section 4.1.3, we define the signature
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for a manifold of dimension d = 4k, then we have [HBJL92]
2%
ch(EL) —ch(E_) = [ (e — ™). (4.1.46)

i=1

Substituting this into eq. (4.1.42) gives,

a0 = (Tl - 1T (124 _16%.)) ),
2k 0 (pi)2 4 o)
- 1:[1 je(gcj/2 —+e—xj/2 )) [M]7 (4'1'47>
- jl_ll tanh(;j/Z)) M) = (jl—ll tanh?xj)) (M)

where the final two products only agree in the homogeneous term of weight 2k. This
however is a cohomology class in H* (M), and is therefore the class that we need

to integrate over the manifold. It is therefore the only term that needs to agree.

We therefore see that

(M) = (1:11 mﬂﬁ@)) [M] = L(M)[M] (4.1.48)

in agreement with egs. (4.1.30) and (4.1.31). A

4.2 The Elliptic GGenus

The previous section introduced the Witten index Tr(—1)Fe " and showed how
it was given by the index of the supercharge (). For a one-dimensional o-model,
it was shown how this was related to the Euler characteristic as well as how other
topological invariants arose as indices. The o-models which we discussed in Chapter 2
and those of relevance to string theory are two-dimensional o-models which describe
maps from the string worldsheet to a target space M. In this section, we therefore
want to discuss indices for two-dimensional o-models and in particular, we want to
introduce the elliptic genus. We first give a general definition of the elliptic genus

and discuss the geometric interpretation of the index. We then define the elliptic

genus more specifically for the case of a two-dimensional N' = (2,2) or N = (4,4)
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o-models. The elliptic genus is particularly important to our story, as this is the

index which exhibits moonshine in the case of N' = 4 theories.

4.2.1 Elliptic Genus for a 2d Super-o-Model

In the previous section, we regularised the Witten index with a factor of e ##. The
resulting expression T7(—1)F e ?# may therefore be interpreted as the partition
function of the theory with the insertion of the (—1)" operator. We then used a
path integral representation of the partition function to evaluate the index of the
supercharge. Let us now consider the partition function for a two-dimensional o-
model. In analogy with the one-dimensional case, we therefore consider the conformal
field theory on the cylinder, compactified in the time direction. As in the one-
dimensional case, the Hamiltonian H of the theory generates the time translations,
but in two dimensions a state may also be translated in space and these translations
are generated by the momentum P. Consider a bosonic two-dimensional conformal
field theory on a torus with complex periods w; and w», that is a torus formed by
taking the quotient of C by the lattice A = w1Z ® weZ. It is common to work with
the equivalent lattice L = W%A =7 ® 14. If we let 7 = 1 + i1y, then we require
71 € R and 75 € R which we can always achieve by permuting w; and w, if necessary.
We will always assume that w; and ws are chosen such that 7 := Z—f € H for H the

upper half-plane. The partition function is then given by,
Z(7) 1= Tr yp e~ 2rm2fH2mim P (4.2.1)

where 7 is the Hilbert space of the theory and where the momentum and Hamilto-

nian are given by

H:L0+EO—%, P:LO—E(). (422)
Defining ¢ = €*™" and ¢ = e 2™7, T = 7, — iy, we can therefore rewrite the partition

function as,

Z(7) = Ty qho=/gho=/?, (4.2.3)
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Witten first introduced the (conformal field theoretic) elliptic genus for a superstring
o-model with Ramond boundary conditions for the right-movers and Neveu-Schwarz
boundary conditions for the left-movers [Wit87]. Here, the elliptic genus was defined
as the index of a right-moving supercharge () which anticommutes with a right-

moving fermion operator,
Q(—1)r + (-1)frQ = 0. (4.2.4)

As in eq. (4.1.8), by index we mean the dimension of the kernel of @) minus the
dimension of the cokernel of (). Since () now also commutes with the momentum
operator P one can consider the index of () on individual eigenspaces of the mo-
mentum operator separately. This leads to the definition of the character-valued

index.

Definition 4.2.1. Consider the subspace 77, defined as the subspace of the Hilbert
space where the momentum operator has eigenvalue A. Denote the index of @)
restricted this subspace 7, as hy. We then define the character-valued index of @)

in terms of a formal variable ¢ to be,
F(g) = hq. (4.2.5)
A

We can now write this character-valued index as the trace of an operator on the
Hilbert space as

F(q) — Tr ((_1)FRqLo—c/24qZ0—c/24) 7 (426)

since F(q) is only counting supersymmetric states which necessarily have Ly =

C

5+ oOtates with Lo # 3 drop out of the above trace due to the pairing by Q.

By eq. (4.2.2), such states have momentum Ly — and we therefore see that

29
eq. (4.2.6) calculates the index of the eigenspaces of momentum as in definition 4.2.1.
Comparing this with eq. (4.2.3), we see that this elliptic genus is an insertion of

(—1)'% into the partition function for a the two-dimensional conformal field theory.

Since () acts on states representing string configurations this is the index of an
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operator on a space known as the loop space of the target space M, LM.

Definition 4.2.2. The free loop space of M is given by

LM = {g:S" — M]|g is differentiable}. (4.2.7)

The rotation of the string generated by the momentum operator P therefore defines
an S! action on the loop space of M. Under a few assumptions, this allows us to

define an S'-equivariant index on M [HBJL92].

Definition 4.2.3. Suppose M is a complex manifold of dimension d with an elliptic
complex D = (D; : 'E; — ['E;44). If there is a topological group G which acts on M
by holomorphic maps, and if the G action extends to the bundles F; and commutes
with D;, then for ¢ € G we can define an equivariant indez,

ind(g,D) =Y (=1)' Trp: g. (4.2.8)

=0

Since the trace of the identity gives the dimension of the space we clearly have
ind(D) = ind(I, D), (4.2.9)

where ind(D) is defined as in definition 4.1.1.

Consider a fixed point submanifold under the G-action, M7. Since M is assumed to
be complex, for any p € M there exists a Hermitian metric on the tangent space T, M
and hence g acts unitarily on 7,,M. This tangent space therefore decomposes into a
sum of eigenspaces for eigenvalues of modulus one, and one obtains an eigenbundle
over M. One can show that the equivariant index can be computed as the sum
over ¢ of the fixed point submanifolds M. The contribution to the index from each
fixed component can be calculated using the regular Atiyah-Singer index theorem
(eq. (4.1.42)) modified to take account of the decomposition of the tangent bundle
over M into eigenbundles over M{ [HBJL92]. When the action is a U(1)-action, since
all representations of U(1) are one-dimensional, the tangent bundle of M decomposes

into a sum of bundles Nj, on each of which ¢ € G acts as multiplication by ¢*, for
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ke Z.

The loop space LM has a U(1) action given by,

u(g(z)) = g(z — ), (4.2.10)

for g € LM and u € U(1). The fixed point set under this U(1)-action is M itself,
embedded in LM as the set of constant loops g(z) = m € M, Va € U(1). The
tangent bundle of the loop space LM restricted to M, embedded in LM as above
can then be shown to decompose as [HBJL92],

T(LM)|y =TMEP ¢"T°, (4.2.11)

n>0

with TC = T X defined as in definition C.2.13. By the discussion in the preceding
paragraph, we see that the U(1)-equivariant index of a an elliptic complex D on the
loop space LM can be calculated using the regular Atiyah-Singer index theorem on
M taking into account the contributions of the decomposition in eq. (4.2.11). After
evaluating the Atiyah-Singer index theorem on M, one therefore obtains a ¢ series
where the coefficient of ¢* is given by the index of D on the eigenbundle where g

acts by multiplication by ¢*. This is the character valued index of D.

F(q), the character-valued index of @, is now seen to be a U(1)-equivariant index
of @ on the loop space of M. Witten [Wit87; Wit88] showed that the index of
this operator (known as the Dirac-Ramond operator) on the loop space LM can be

calculated using the Atiyah-Singer index theorem as,

indQ =q V| AM)ch( & ApT K Su7T) | [M], (4.2.12)

k€Z>o+1 leZ>0
where AT, SuT are defined as in eq. (C.2.21) for the antisymmetric and symmetric
powers of the tangent bundle to M respectively, and where d is the dimension of M.
This generalises the fl—genus of M to a U(1)-equivariant index on the loop space of
M. Equation (4.2.12) makes it clear that the elliptic genus is a topological invariant,

since we have written it purely in terms of topological data of M.
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4.2.2 Elliptic Genus for N = (2,2) or N = (4,4) Theories

In the previous subsection, we saw how the addition of a U(1) action generated by
the momentum, led to a graded index of the o-model known as the elliptic genus.
When calculated for a o-model with A/ = (1, 1) supersymmetry and where we take
left-moving fermions with NS boundary conditions and right-moving fermions with

Ramond boundary conditions we obtained a generalisation of the A—genus.

If our o-model admits a second U(1) action generated by K which commutes with
the supercharge, we may consider the index of the supercharge restricted to states
with momentum A\ and K eigenvalue k. We then obtain a character-valued index
F(q,0) =Y hypgte™, (4.2.13)
Ak
where hy j, is the index of ) restricted to J7, i, the space of states of charge k and
momentum \. As in the previous subsection, we can write this new index as a trace

on the Hilbert space of states,
Tr <(_1)FRQLO—C/24q—E0—c/24€i9K) (4‘2'14)

since as before, states with Ly = h > 7, K = k will cancel from the trace as they

will be paired by Q.
In the case of an N = (2,2) theory, the right moving U(1)-charge Jy can be treated
as the generator of the additional U(1) mentioned above and so we define the elliptic

genus of an A = (2,2) theory as the index of one of the right-moving supercharges.

Definition 4.2.4. For an N = (2,2) theory, we define the elliptic genus to be given
by

e(r,y) == Tr%(_1)FqL0—c/24qE0—6/24ZJ0’ (4.2.15)

where ¢ = *™7 2z = ™ 1.y € C,Im(7) > 0. Here we take 5 = % @ H#" to
be the sector of the theory where both right and left moving fermions have Ramond
boundary conditions. Note that we also now use the left-right fermion number

operator (—1)f := e2mi(Jo—Jo)
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The elliptic genus of an N' = (2, 2) theory may also be given in terms of the partition

function of the theory.

Definition 4.2.5. In an NV = (2,2) theory, as well as having conformal weights
h, h, states are also charged under the U (1) symmetry giving them ‘isospins’ [, [, the
charge under Jy, Jo. The partition function for an ' = (2,2) conformal field theory
is then defined by

Z(q,q,2,%) = Try qLo—c/24qZ0—E/24Zngjo7 (4.2.16)
where ¢ = ™7 z = €™ 2 7 € C, Im(7) > 0.
The elliptic genus is then given by,
e(r,y) = Z (9,4, 2,2 = 1), (4.2.17)

where Z , denotes the partition function restricted to #7%, with a (—1)* insertion,

that is with the fermions periodic in time rather than antiperiodic.

For a theory with N' = (4,4) SUSY, one can define the elliptic genus similarly to
the N' = (2,2) case. The N' =4 SCA contains an 5/(2\) subalgebra and so the zero
mode T§ generates a U(1) algebra. We can therefore grade states by their charges
under this U(1), and hence define an equivariant partition function for theories with
N = (4,4).

Definition 4.2.6. The partition function for an N' = (4,4) conformal field theory
is given by

Z(q,q, 2, 2) = Tuyp qroe/HAgho=e/20,205 2205, (4.2.18)
where ¢ = ¥ 2 = ¥ 2 7€ C, Im(7) > 0.

The elliptic genus for an N' = (4,4) theory is then defined in a similar way as for
the N' = (2,2) case (cf. definition 4.2.4 and eq. (4.2.17)).

Definition 4.2.7. The elliptic genus for an N' = (4,4) theory is defined by

e(q.2) = Zp(q, @, 2,2 = 1) = Trpr(—1)Fqlo—e/2gho=e/24,278 (4.2.19)
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Note that the right-moving contribution to the index is given by,
Tr e (—1)Frgho—e/24, (4.2.20)

where now ¢ is the right-moving Hilbert space and this is simply the Witten index

for the right-movers.

Note that the boundary conditions in definition 4.2.7 differ to those in section 4.2.1.
However, similarly to the A, algebra discussed in Chapter 3, the ' = 4 algebra has
an isomorphism known as spectral flow [SS87], which allows us to relate the NS and
R sectors of the theory. Using this, we can also relate the elliptic genus to other

topological invariants which we have already discussed.

Proposition 4.2.8. The elliptic genus of an N = (4,4) o-model with target space
M can be evaluated at different values of y in order to obtain other topological

invariants.
5(7_, 0) :Trij(_1)FqL0—c/24qio—E/24 _ X(M);
£(7,1/2) = T pn(—1)Frqlo—e/2igho=e/2 — [ (q), (1.2.21)
e(7, (T +1)/2) = Trpnsgpen(—1)rglo—e/2gh=e/2 — p(g) = F(q)

where SN @ % denotes the sector with left-moving NS conditions and right-
moving Ramond conditions, F,(q) is the loop-space index generalising the signature,
and Fji(q) = F(q) is the index introduced in section 4.2.1 which generalises the

A- genus.

We now notice that the topological invariants obtained by evaluating the elliptic

1)

genus at the particular values of y discussed above, (0 are the invariants
associated with the x, genus at the values (—1,1,0) respectively (example C.4.15).
We should therefore expect the elliptic genus to be the equivariant generalisation of
the x, genus. The x, genus can be given by the Atiyah-Singer formula eq. (4.1.42)
as

Xo(M) = ch(A,T*) td(M)[M], (4.2.22)
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where A,T* is defined as in eq. (C.2.21) and T is the holomorphic tangent bundle
THOM. The elliptic genus can then be defined similarly [Gri00; Wen15].

Definition 4.2.9. The (geometric) elliptic genus of a complex d-dimensional mani-

fold M can be given in terms of characteristic classes of M as
e(M) = ch(E,,) td(M)[M], (4.2.23)
where K, , is the bundle

Epy =y QA 11 T @A _ynT* ®@ ST ® Sy T, (4.2.24)
n>1

for T' the holomorphic tangent bundle and where S, T is defined as in eq. (C.2.21)

but for symmetric rather than antisymmetric products.

We briefly comment on the modularity of the elliptic genus for N' = (2,2) and
N = (4,4) theories.

Definition 4.2.10. A weak Jacobi form of weight k and index p is a holomorphic

function ¢ on H x C satisfying

L) = (e Tt )
e +d (4.2.25)

(7,2 + AT + p) = (— PO ImAOTE (7, ),

oy 7

a b
for v = € SL(2,Z), A\, p € Z, and with Fourier expansion satisfying
c d
o(r,z) = > fn, 1)), (4.2.26)
zgtz-koz

Proposition 4.2.11. The elliptic genus of an N = (2,2) or N = (4,4) theory on

a Calabi-Yau d-fold M transforms as a weak Jacobi form of weight 0 and index g.

This is proved using the field-theoretic definition of the elliptic genus in [KYY94]

and using the geometric definition in [Gri00].
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4.2.3 Elliptic Genus and Moonshine

The motivation for this thesis was in investigating whether a similar phenomenon to
that of Mathieu moonshine exists when the conformal algebra of the theory has A,
(i.e. large N = 4) symmetry rather than N' = 4 symmetry. Having now introduced
the elliptic genus for N' = 4 theories, we are in a position to state what the Mathieu
moonshine observation is. There is much one could discuss about moonshine and so
this subsection will not try to be exhaustive, but simply mention some of the basic

features of moonshine as it is known to relate to the elliptic genus.

By proposition 4.2.11, we know the elliptic genus of a o-model with a Calabi-Yau
(CY) d-fold target space is a weak Jacobi form of weight 0 and index 4. If we consider

Calabi-Yau 2-folds, then the only possibilities are tori and K3 surfaces.

Proposition 4.2.12. The elliptic genus of a o-model with target space T* or K3 is

given respectively by,

_ (%) (Bsla. )\ (0a(g.2))
era(q,2) =0,  exs(q,2) =8 ((02((]’0)) + (03((]70)) + (04((]70)) ) :
(4.2.27)

Proof. The elliptic genus for such a o-model must be a weak Jacobi form of weight
0 and index 1. The space of such forms is one dimensional [Gri00], and one may

take as a generator the form

o= (i) () -GG

)2, (4.2.28)

where 6;(q, z) are the Jacobi theta functions.

By proposition 4.2.8, the elliptic genus evaluated at z = 0 gives the Euler character-

istic. We clearly have

$o,1(¢,0) = 3, (4.2.29)
and hence for a g-model with target space M a CY 2-fold,

~x(M)

en(q,2) = =3 901(¢: 2)- (4.2.30)
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Since the torus 7% has x(7%) = 0 and K3 has x(K3) = 24, we therefore obtain the

result. O

K3 is a hyper-Kéhler manifold, and hence by section 2.2.2 a o-model on K3 must
have N = (4,4) SUSY. One therefore expects to be able to express the partition
function for the o-model in terms of characters of the left and right N' = 4 SCA.
The elliptic genus must then also be expressible in terms of N' = 4 characters, since
by definition 4.2.7 the elliptic genus is just the partition function in a particular
subsector, evaluated at z = 1. Although there is no known complete classification
of modular invariant partition functions for K3 theories, some modular invariant
partition functions have been calculated at particular points of the moduli space of
K3 theories, namely for Gepner models or T*/Z, orbifold theories [EOTY89]. Since
the elliptic genus is a topological invariant, it can be calculated at any point on
the moduli space, and thus, for instance, at a Gepner point. It is given in terms of

N = 4 characters as [EOTY89; EH09; Oog89],

ex3(q, z) = 20 Cth=1/4, 1=0(q, 2)—2 Chfl?:l/z;, l=1/2<‘17 Z)+Z 24, Cth=n+1/4, l:l/Q(QJ z),

= (4.2.31)
where Ch” denotes a trace taken in the Ramond sector with a (—=1)¥ insertion, and
h, [ indicate the conformal charge and isospin respectively. As the elliptic genus
computes the Witten index for the right movers, then massive representations of
N = 4 (which necessarily have Witten index 0) do not contribute, and hence the
only contribution from the right-moving sector is the Witten index of the massless

representations of N = 4. The explicit values of A, were calculated for small n in

[O0g89; EHO09]. The first eight are,

(4.2.32)

A, |45 231 770 2277 5796 13915 30843 65550

and in [EOT11] it was noted that the first five coefficients are dimensions of irredu-

cible representations of the sporadic group Mathieu 24, or My,. Gannon [Ganl6]
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proved that the coefficients A,, are indeed the dimensions of representations (re-
ducible or not) of My, for all n. This is reminiscent of ‘Monstrous Moonshine’ in
which the coefficients of the modular function j(7) are all expressible in terms of
dimensions of representations of the Monster group, which is the largest sporadic
group. Furthermore, the analogue of the McKay-Thompson series which appear in
Monstrous Moonshine were computed for My, in [EH11; GHV10a; GHV10b; Chel0]
and it was confirmed that these so-called twining genera have the required proper-
ties for a ‘Mathieu Moonshine’ to hold. This strongly suggests the existence of an
analogue to the Monster module V¥, but despite sustained efforts, this module has
not been constructed so far. The fact that there is no K3 o-model possessing full
Myy symmetry [GHV11] is intriguing, and the nature of the My, action on the K3

o-model model is still poorly understood.

Having discussed supersymmetric indices in general, and as applied to theories with
N = 4 SCAs, in Chapter 5 we consider the indices that may be applied to A,
theories and the states which contribute to these indices. In the following Chapter
we take a representation theoretic approach to indices for A, following eq. (4.2.17).
In [GMMSO04; Sau05] an attempt is made to give a geometric interpretation of one

of these indices.



Chapter 5

Indices for A7 Theories

Having discussed the structure of representations of A, in Chapter 3, and having
introduced the idea of indices in Chapter 4, we can now discuss supersymmetric
indices that may be applied to theories with A, symmetry. Although the Mathieu
moonshine phenomenon seems rooted in the elliptic genus (section 4.2.3), there has
been work which shows that generalisations of the elliptic genus may be instrumental
in a deeper understanding on moonshine [KT17; Son17; Wen17]. As we will first show,
the ‘field-theoretic’ elliptic genus that we have reviewed in the previous chapter is not
an interesting index for such theories as it always vanishes. In 2004, Gukov, Martinec,
Moore and Strominger [GMMS04] introduced an index I;, which generalises the
‘new index’ of Cecotti, Fendley, Intriligator and Vafa [CFIV92] with a view to probe
symmetric product theories with A, symmetry. In this chapter we introduce the
index I; and study in detail which states it counts when applied to the partition
function of an A, theory. In particular, we will show how one may calculate the
contribution to the index from the representation of flfy on which a representation of
A, is built. We will also consider which representations of the zero mode subalgebra
of A, in the Ramond sector contribute to the index I;. Realising that this zero mode
subalgebra is described by su(2|2) we will use the technique of Young supertableaux
to consider the index I; applied to representations of the zero mode subalgebra. The

work contained in this chapter is currently being prepared for publication [Feal8].
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5.1 The Elliptic Genus for A, Theories

In section 2.2 we introduced the ‘large’ N' = 4 algebra A, and we then studied
its representation theory in Chapter 3. In particular in section 3.4 we defined the

character of an A, module V (e, h,1T,17) as,

ChA'WS(q’ 2y, Z_) = XA’Y’S(]C_‘_, ]{J_, h, l+7 l_7 q; %+, Z—)a
(5.1.1)

_ ort3 o3
Lo 0/242:+ 0 %o ’

= Try(enit (g

where ¢ = €2™7, 2z, = ™% 1w, € C, Im(7) > 0. Due to the twosfu(?) subalgebras
of A, under which states are charged there is some ambiguity in how one should
define the elliptic genus for a theory with A, symmetry. For the N' =2 and N' =4
cases we defined the elliptic genus to be given by the partition function in the R
sector, specialising the right-moving superconformal characters to z = 1 (or more
precisely to @ = 0 where z = ¢?™®). This means that the resulting quantity loses
track of the right-moving U(1) charge of all right-moving states. An important
feature about the elliptic genus is that it counts only short (massless, BPS) right-
moving multiplets. That is, the elliptic genus of a bilinear in N/ = 4 characters gives
the left-moving module multiplied by the Witten index of the right-moving module.
This means that the elliptic genus only counts supersymmetric (or BPS) states and

hence as the index of the supercharge, is constant through smooth deformations of

the moduli of the theory.

Given the recent interest in Mathieu moonshine, it is tempting to explore whether
theories with A, symmetry could hide a new moonshine phenomenon in one of their
genera. In this case, we have two affine @ Kac-Moody algebras and hence two
u(1) charges in both the left and right-moving sectors of the theory. There are
therefore more choices of right-moving u(1) charges to ‘lose track of’. For instance,
one might define an index by setting z, = 1 whilst keeping the angular variable z_,
or by setting some linear combination of z, and z_ to 1 instead. In each case, the

right-moving sector retains a dependence in one angular variable, which signals a
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departure from the ‘small’ N' = 4 situation. In analogy with the latter, it is tempting
to define an elliptic genus for A, through a natural extension of the elliptic genus of

N = 4 theories.

Definition 5.1.1. The elliptic genus of a theory with A, symmetry for both left-

movers and right-movers is given by

e(g, 21, 2-) i = Tropn(=1)

9

Fr+Fr qLo—c/24 QEO_E/M ZiTJ : ZETO_S
(5.1.2)
— Zyal 2 0 = E = 1),
where (—1)Ft := ¢2™Ty” and (—1)F® := ™15’ Here and in the following we take
2y = ™+ and zy = ¥+ for wy, wy € C. Any state which is not annihilated
by ég for a € {£,+K} has a partnered state with the same conformal weight but
opposite sign under (—1)F = (=1)f2 =, The same is true for any state not annihil-
ated by Qg for a € {£,£K}. This index therefore counts only states annihilated by
QaGe for a € {+,+K}.

We can also form an index which counts only states annihilated by Q&G for a €

{£K} by taking the trace,

O(q, 24, 2_) i = Tr:yfR(—1)FqLO’C/M(jiO’E/MZiTDH23T0_352(T33+TJ3)’
(5.1.3)
= j{)R(QVZJr?Z*?quJr =2z :2)
Similarly, we can form an index which counts only states annihilated by Qgég
for a € {£} by instead taking the partition function in the R sector and setting
z, = z_%
However, none of the elliptic genus or the other two indices mentioned above are

useful invariants of A, theories due to the following proposition.

Proposition 5.1.2. Both the massless and massive Ramond characters of A, have

a zero at 24 = —z_.

Proof. By eq. (3.4.8), the characters of A, factor into those of flv and those of Agy.
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Recall that the characters of Agy in the Ramond sector are given by eq. (3.4.10),

o0

Che (g, 2y, 2 ) = ¢ FF (g, 2y, 20 ) TT (=g 7 (123 22 (1427 2 )24,
n=1

(5.1.4)

where the contribution from the zero modes is
(T+ 27" 221+ 20 20 ) 2, (5.1.5)
which clearly has a zero at z, = —z_. Therefore, both the massless and massive
Ramond characters of A, have a zero at z; = —z_ due to this zero mode contribution.
O

Corollary 5.1.3. The elliptic genus of a theory with A, symmetry is identically 0.

Proof. As previously stated, the partition function for an A, theory can be expressed
in bilinears of characters of A,. To calculate the elliptic genus for the theory by
definition 5.1.1, one should evaluate the right-moving characters of A, in the R
sector at z, = z_ = z. Given that (—1)"% was defined as (—1)F = 27T in
definition 5.1.1, we can flow from the Ramond sector to the R sector by letting
w_ — w_ + 3 such that Zifo_s — (—7_)T ®. The elliptic genus is therefore given by

evaluating the right-moving Ramond characters at z, = —z_. By proposition 5.1.2

all such characters are 0 and hence the elliptic genus is zero. O]

Note that the above proof also shows that the other two indices mentioned above are
identically zero since the proof of the above corollary relied only on z, = —Zz_, not
the explicit value of Zi. In the case where one evaluates at z, = —z_! one uses the
fact that Ty ® — —T,* gives an isomorphic algebra (where the roles of the various

raising and lowering operators are switched).

5.2 A New Index for A, Theories

If one considers the characters of flv in the Ramond sector as given in eqs. (3.4.14)

and (3.4.16), then one can see that the massive A, characters also have a zero at
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2z, = z_ whereas the massless characters do not have a zero at this point. Following

[GMMS04], one can therefore define an index for A, which we refer to as I.

Definition 5.2.1. Since the massless Ramond characters of A, have only an order
one zero at z, = —z_ one can form a non-zero index by taking a derivative. Given
a theory D, with partition function Z?, we therefore define the left-index I; as

_ _ 0 _
Il(D)(q,z+,z,,q, Z) L= _erﬁZDJR(q’ Z+7277Q7z+72’;> )

Z, =7 =%
=Tr (_FR(_l)FqLOc/z4qL05/24ZJ2FTJ3ZiTO‘?’Zz(T;%TD—% ,
(5.2.1)
2miTy 3

where as before (—1)f% := 2™ " and fof% denotes the restriction of the partition

function to the R sector.

The index I; is constructed so that only massless representations of A, can contribute
on the right, and we now consider the contribution of a massless representation of
A, to the index. This contribution is elegantly expressed in terms of level-k theta

functions which we first define.

Definition 5.2.2. The level-k theta functions ©, (7, w) for k € Z, p € Zqgy, are

defined in terms of z = 2™ ¢ = €™ by,
2 w2 2
Our(t,w) = Y gzl =gty gt (5.2.2)
e, neL
{=p mod 2k

These theta functions satisfy
O (7, —w) = Ok (T, w). (5.2.3)
We therefore define the even and odd theta functions,

Definition 5.2.3. The even and and odd level-k theta functions are given by

@ik(T’ W) = Oup(T,w) £ O_, k(T w),
u 2 (5.2.4)
=g Z qkn +nu(z2kn+u + Zkanﬁu)’

nez
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where we take the + sign for the even theta functions and the — sign for the odd

theta functions.

The only non-zero contribution to /; from massless representations of A, comes from
taking the derivative of the zero mode term of Agy. Using the odd level-k theta
functions one then obtains the following contribution to the index from a massless

representation of A, [GMMS04].

Proposition 5.2.4. The contribution to the index I, from a massless representation

of A, is described by,

d

—z— Ol T (1R e (7). (5.2.5)

4=z

where k = kT 4+ k™ is the sum of the levels of the affine s@ s, p=2(1"+17)—-1

and z = 2™

Note that in a massless representation of 1217, the hws is annihilated by ég for
a € {+,+£K}. The ground level of an A, representation therefore has a bosonic
5@ X 57(27— multiplet containing (21" — 3] + 1)(2[I~ — ] + 1) states, and one
fermionic 57(27+ X 5@ multiplet containing (2[IT — 1] 4+ 1)(2[I~ — 1] 4+ 1) states.
The quantity p = 2(I" +17) — 1 is therefore the Witten index of the representation

of A,.

Short representations of A, are known to combine into long threshold ones as encoded

in the character formula

1 1 N 1
Ch (1, 17) + O (1 = 1 4 5) = Co (151 +3), (526

where Chy, Ch,, denote massless and massive threshold characters of A, respect-

ively. Using proposition 5.2.4 we can now verify that I is invariant under BPS
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representations joining to become non-BPS representations, since

1 1
$(Chg™ " (17, 17) + Chg™ (1" = 5,17+ 5)),
1 1
= L(Chg ™™ (1%,07)) + L(Chy ™ (1 = 5,17 + ),
= (_1>2l_+1qu2/k@;(l++l—)—1,k(7—7 w) + (_1)2l_QUQ/k@;(H-i-l—)—l,k:(Tv w),

= 0.
(5.2.7)
Furthermore, modular invariance under T-transformations requires that the bilinears
appearing in the partition function satisfy h — h € Z. Since the index I; only counts

massless representations of A., whose conformal weights are discrete, then under

9
any smooth deformation of the parameters of the theory, the conformal weights of
the massive representations appearing in the index must also be fixed. The index Iy

is therefore invariant under any smooth deformation of the parameters and hence

truly is an index for A, theories, as already argued in [GMMSO04].

A simple but important observation is that the contribution to the index I of a right-
moving massless representation of A, as given in proposition 5.2.4 is a g-series. This
index therefore counts more than just the ground states, it also receives contributions
from excited states with Ly charge given by kn?+nu for n € Z. This is qualitatively
different from the elliptic genus discussed in section 4.2.2, where the right-moving
massless representations contribute to the index by way of their Witten index which
is simply an integer. In the next sections we therefore consider the nature of the

states which contribute to I;.

5.3 Right-Moving States Contributing to [,

We now briefly discuss the states which contribute to the index I;. We return to
this question in section 5.4, where we consider the question from the point of view

of the su(2|2) representations that A, branches into.

Recall that the index I; counts only right-moving massless Ramond representations
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of A, and specifically that the index applied to such representations gives an odd
level-k theta function as in proposition 5.2.4. Unlike the elliptic genus for N' = 2
or N' = 4 theories, which counted right moving massless representations simply by
their Witten index, the index [ is a function of ¢, and hence receives contributions
from throughout the massless representation. We can understand the nature of these
states by considering their charges. By definition 5.2.1, the power of Z in eq. (5.2.5)
is the charge of the state under 2(7;™ + Ty %). Equation (5.2.5) then tells us that

the states counted by I; have
2Ty + T57) = +j1 (mod2k), (5.3.1)

where i = 2(I* = 17) — 1, the Witten index of the underlying right-moving repres-
entation of 1217. Similarly, the power of ¢ in eq. (5.2.5) tells us the charge of the
states under Ly — . We therefore have

¢ 2

_ — — 2
Lo— o=+ (TP +15%) (5.3.2)

B 1
24k k
When applied to the hws, we recognise eq. (5.3.2) as the condition for the rep-
resentation to be massless. The states counted by I; therefore satisfy the massless

eq. (3.3.20) in terms of their own charges. These ‘massless’ states behave like massless

ground states by the following proposition.

Proposition 5.3.1. All states contributing to the index Iy are annihilated by Qg * GgX.

Proof. This follows easily by contradiction. Assume there exists some state |y) =
|h; I, 1~) which contributes to the index I; (that is, it does not cancel in the index)
which is not annihilated by Qy* Gy . Then we have four linearly independent states
), Qo¥Ix), Go¥lx), Qo®Gy™ |x). Their contribution to the character Ch*#

is therefore given by
ChArf = (22 22 4 9212012 | 20020040y 4 (5.3.3)

After flowing to the R sector, and assuming without loss of generality that [~ € Z,
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we therefore have,

ChAR — q,h(ziﬁg%i— _ 22i([+—1/2)23(i—+1/2) + Ei(i+—1)53([_+1)) 4+ (5.3.4)

If we then take the index we have

- faa Ch |, o o =g —4l" —2+20 +2)220") =0, (5.3.5)
Z_

Hence |x) does not contribute to the index, contradicting our initial assumption.

The index I; therefore only counts states annihilated by Q,*Gy™ (for the right

movers). O

As noted by [Sau05], the conditions given in eqs. (5.3.1) and (5.3.2) are invariant

under symmetric spectral flow.

Proposition 5.3.2. The conditions given in egs. (5.3.1) and (5.3.2) are invariant

under ‘symmetric’ spectral flow as in eq. (3.3.2) with p =n = 2n for n € Z.

Proof. Under this isomorphism, we have

L%n,Zn _ LO—QH(TOJFB'—FTJS)—F/WIQ, T0+3;2n,2n — T(;r3—nk+, T(;3;2n,2n — Tofg—nkf.

(5.3.6)
We therefore have,
2(le—3;2n,2n + TO—&-S;Qn,Zn) _ 2(T0+3 + T6|—3) o an’
= tp + 2k(m —n),
om2n € 3 _3 2 €
L — 2= Lo —2n(T, + T57°) + kn® — o0 (5.3.7)
2
1
_ % + (T T8 = 2n(T 4+ T5°) o+
=2 n %(Tg—?’z 2 ersinam2
and so we see that egs. (5.3.1) and (5.3.2) are satisfied after the spectral flow. [

We now realise that each state counted by I; can be thought of as the image

under spectral flow (for some n) of the states counted at the ground level, namely
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), GF \sm = 100, (T (T ) 194, (T (T )-6F|y) =
Ty~ 25T, - 1Q_), where [T and I~ are defined as in eq. (3.3.26), as per the
+

following proposition.

Proposition 5.3.3. The states counted by the index I are the spectral flow orbits of
Q) 1Q0), (T )5 (Ty )™+ |Q4) and (Ty ) (Ty )~ Q) under spectral flow
as in eq. (5.3.6).

Proof. Firstly, as noted above, only states satisfying eqs. (5.3.1) and (5.3.2) can
contribute to the index I;. We now show that all such states lie in spectral flow orbits
of the four states mentioned above. Let us call the states (7" )2l+ +(Ty )%+ |9g)
and (T(T’)Qlt (Ty )%= 1Q2), [—Q4) and |—Q_) respectively, since the charges of the

states are the negatives of |2, ) and |Q2_) respectively.

Firstly, we note that the above four states themselves satisfy eqs. (5.3.1) and (5.3.2).
In a massless Ramond representation, €2, ) is the state with charges |h, ", [~ — 1/2).

We therefore have

AT +T57) 194) = p, 2157+ T5°) |2-) = p,
(5.3.8)
AT+ T =) = -, AT +T5°) [-0-) = -,

and hence these four states all satisfy eq. (5.3.1). That |, ) satisfies eq. (5.3.2) is
clear, since |{24) was our hws. Since all the states at the ground level have the same
conformal charge h, and all states in the module have charge —iu under the U(1),
then the only change in contribution to eq. (5.3.2) between the states is their charges
under 57(-2?[. However, since eq. (5.3.2) depends only on the square of the sum of

these charges, then clearly all four states have the same contribution and hence all

four satisfy the massless bound.

Now assume there is some state |x) which satisfies egs. (5.3.1) and (5.3.2) and is not
a ground level state already considered. Firstly, we note that |y) cannot be another

ground state, since it would have to satisfy

(157 +T67%) ) = £(157° + T5°) 1924) - (5.3.9)
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As discussed in section 3.3, in a massless Ramond representation of A, Qy™ [€2)
and Gy *|Q.) are linearly dependent and Qy*Gy” annihilates |Q,). There are

therefore only two states |p) which satisfy,
(T + T5%) 1) = (T + Ty ) 194) (5.3.10)
namely |{21). Similarly there are only two states which satisfy
(T2 +T5°) Ip) = —(T57° + T5°) 194) (5.3.11)

namely |—€4). The state |x) can therefore not be a ground state unless it is one of

the states already considered.

Since |x) satisfies eq. (5.3.1), then without loss of generality let us assume it satisfies

2157 +157°) Ix) = p + 2mbk, (5.3.12)
for some particular m € Z. By eq. (5.3.7) with n = m, |) is a state with 2(T0+3;2m’2m+
Ty 5*™%™) |x) = p. But by proposition 5.3.2, egs. (5.3.1) and (5.3.2) are preserved

under spectral flow. Since the only states at the ground level satisfying eqs. (5.3.1)
and (5.3.2) are |[Q1), |—Q4), then |x) is in the spectral flow orbit of one of the

states [Q4), |—Q4). O

We consider a brief example which hopefully should make this clear.

Example 5.3.4. The massless representation of A, with kT =3, k= =2, It =

, T = % is particularly simple, since for these values of [*, the underlying repres-

N =

entation of fLY has a singular ground state. The ground level of this representation

is shown in fig. 5.1.

—

Clearly these states all have diagonal su(2) charge equal to p = 1, that is we have

21,7 + T,°) |[£Q4) = £1[£94)  (mod k),
(5.3.13)
ATy + Ty ) |[£Q) = £1|+Q-)  (mod k).

If we let the conformal charges of these states be given by h, then the next two

contributions to the index I; come from states at level h +4 and h + 6, as can easily
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21

1.0

0.5

-0.51

~1.08
Figure 5.1: The ground level of a massless Ramond representation

of A, with k* =3k~ =2,1T =117 =1

be calculated from eq. (5.2.5). The levels h 4+ 4 and h + 6 of this representation of
A, are shown in fig. 5.2. If we focus on the states with both 5?(2\)i charges positive,

then the states contributing to the index at level h + 4 have

20157 4+ T57®) [Xnta) = 9 Xnga) = (= + 2k) [Xpsa) - (5.3.14)

Similarly those at level h + 6 have

2T5™ +T57°) [xnae) = 11 | Xngs) = (1t + 2K) [Xnve) - (5.3.15)

We therefore see that the states |xs44) (Where we mean the pair of states of maximal

diagonal charge at level h + 4) are in the orbit of |—Q.), since by eq. (5.3.6),

Lg> 7 =Qp) = (h=1+45)|-Qy),
_ 1 .
T Q) = (<L 43)-0)), T ) = (042)|-9),
(5.3.16)
which are the correct charges for the bosonic state at level h+4. Note that since the

su(2)* charges change by k% € Z under the symmetric spectral flow, then a bosonic

state always flows to another bosonic state and a fermionic state flows to a fermionic
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state. We can similarly check that |—Q_) flows to the maximal-diagonally charged

fermionic state at level h + 4.

Similarly, the states |xn1¢) are in the orbit of |4 );

Lo |94) = (h+1+5) Q)

. 1 9
TH22 |0, ) = (5 £3)[0L), T22(0,) = (0+2)[9,),

(5.3.17)

and similarly for |Q_). A

As described in Chapter 3, given a representation of A, one can always consider
the underlying representation of flq, formed by decoupling the algebra Agy of the
four free fermions and the free boson from A,. We can therefore consider how the
states which contribute to the index I; break into a contribution from fl7 and a
contribution from Agy due to the factorisation of characters described in eq. (3.4.8).

This leads to the following proposition.

Proposition 5.3.5. By proposition 5.2.4 we know that the states which contribute
to the index Iy are described by the theta function ©,,(q,2). The contributions to

this index from Agy and A, are described by

@;,k<Q7 Z) ::qﬂ2/4k Z qkn2+n,u<z2kn+,u . Z—2kn—,u)7

neL
i, i
/8 h—é/ ( ) (BT 4k~ )n2+2n (I +I7)
1/8 h—¢/24 n(2n+1 kT+k7 ) n“+2n(IT+1~
=q"q q q
N, “ 5.3.18
R (5.3.18)
i, i,

SAn+1 Z2n(l~c++l~c*)+2(l~++l~*) _ ,—an-1 z—2n(12++12*)—2(i++l‘)
S—— —— ’
Aqu Agqu

X

where as in Chapter 3, ~’s refer to objects in fly. Since the representation of 1217 is

massless, h could be written in terms of the charges I*.

Proof. This follows since Agy is itself a representation of A, with k* = 1, [* =
: [GS88; PT90a]. Since a representation Agy is a representation of A, we can

therefore consider whether the states in Ay fall into ‘massive’ multiplets of the zero
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(b) Level h + 6

Figure 5.2: The states contributing to the index [; at levels h + 4
and h +6 from a massless Ramond representation of A,
with k™ =3k~ =21t =11" = 1.
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mode algebra as described in proposition 5.3.1 or ‘massless’ multiplets. If we consider
a ‘massive’ multiplet of Agy then the multiplet of A, formed by multiplying this
multiplet against a fixed state of flv must also cancel from the index [; as argued
in proposition 5.3.1. We therefore realise that the only contributions to I; must be
described by ‘massless’ multiplets of Agy. But we already know how to count all
such ‘massless’ multiplets which contribute to the index, by proposition 5.2.4 they
are given by odd level-k theta functions. We therefore find that the index of Agy is

given by,

N

d D u u?
_Z+aChAQU7R _ qTGiQ(W,T) _ qTJF% Z qn(2n+1) <24n—|—1 _ Z—4n—1)‘

Zy=z_ nez

(5.3.19)

Now at any fixed power of ¢, we know by eq. (5.3.1) that the power of z of any
state in A, contributing to the index must be £ + 2kn. Considering the positively
charged states, we therefore require that the contribution to the power of z from /17

plus the power of z identified as coming from Aqy above satisfies

An+1+m = p+ 2kn,
m=2(1"+1"—1)+2n(k — 2), (5.3.20)

=21 +17) + 2n(k™ + k),

where m is the power of z coming from flv. Similarly, by proposition 5.2.4 we know
that for fixed n the power of ¢ must be given by g + kn? + nu. For fixed n, having
identified the contribution to the power of ¢ coming from Agy we can therefore

calculate the contribution to the power of ¢ coming from fly. We therefore find

U2 2 2

1 U "
—+= 2n + 1 =—+ " +kn?
k—|—8+n(n+)+p k+4k+n+7w,

p=Fk"+k N2+ 20t +17)+h—

5.3.21
. (53.21)
24’

where p is the power of ¢ coming from IZL,. Here we have used the expression for h
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and ¢ in terms of the representation data k%, I* as [PT90b],

R
h=——+ T+ D)1 +17 +1),
_FR kit (5.3.22)
4k ’
KR 1
24k 8

We therefore find that the theta function which gives the contribution to the index
may be written in terms of the states coming from Agy and those coming from IZL,

as claimed. O

5.4 A Description of I; Using Supertableaux

In this section, we investigate the contributions to the index I [GMMS04] considered
in section 5.2, in terms of representations of the zero mode algebra of A,. We first
show that the zero mode subalgebra of A, in the Ramond sector is described by the
Lie superalgebra su(2|2). Note that in the case of the NS sector, the finite (super)
subalgebra now contains the % and —% modes of the odd elements and in fact is

described by the sum of the finite superalgebra D(2|1; ) and a u(1) [STV8S], where
o= ﬁ Since the index I is calculated in the R sector, we will have no use for this
in the following. We then discuss the representation theory of su(2|2) and describe
the classification of representations of su(2]|2) by Young supertableaux. We then

discuss the branching of su(2|2) into its bosonic subalgebra, su(2) x su(2) x u(1) and

use this branching to investigate the index I; of A,.

5.4.1 From the Lie Supergroup SU(M|N) to the Lie
Superalgebra su(M|N)
We avoid going into detail about the general structure of Lie supergroups and their

associated algebras, referring the interested reader to [Cor89|. In this section we

show how to obtain first the real ‘super’ Lie algebra associated to the supergroup
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SU(M|N) and then the Lie superalgebra su(M|N) from this real Lie algebra. This
will be done more as an example, referencing the relevant theorems as we require
them. For readers unfamiliar with superalgebra and supermatrices, some important

definitions may be found in Appendix D.

Since we are interested specifically in su(2|2) and hence SU(2|2) we focus on this

example. An element of the supergroup SU(2|2) is an even supermatrix G satisfying
G'G=1,, SDetG = lcp,. (5.4.1)

An element of the ‘super’ Lie algebra of SU(2|2), g, is then defined by
gt +g9= O, ,(CB))> STrg = Ocp, - (5.4.2)

If the element g is written in terms of its submatrices as in definition D.2.1, then

the first condition of eq. (5.4.2) becomes the conditions,

(A + A =0, (D*)Y+ D=0, (B*)'+C=0. (5.4.3)

Similarly, the second condition of eq. (5.4.2) becomes the condition
TrA="TrD, (5.4.4)

where we have used the fact that ¢ is even — as explained in Appendix D.3 — to

expand the supertrace.

The elements of A are elements of CBjy, hence we can split A into its real and

imaginary parts as

A=A, +iA, (5.4.5)

where now A, and A; are matrices whose matrix elements are elements of RB; .

Using proposition D.1.11 we see that,

A% = (A, +iA)* = AF + (iA)* = A, —iA;. (5.4.6)

The condition (A#)! + A = 0 now becomes A’ —iAl + A, +iA; = 0. We therefore
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have that A, is antisymmetric and A; is symmetric. Similarly we can split D into
its real and imaginary parts D, and D; and find that D, is antisymmetric and D; is

symmetric. Obviously Tr A, = Tr D, = 0, hence the trace condition (5.4.4) becomes

Since B has its elements in CBy 1,
B* = B + (iB;)* = —iB, — B, (5.4.8)
so the condition (B#)! + C' = 0 becomes —B! + C, +i(C; — B!) = 0, implying
BI=C;, B'=0C, (5.4.9)

where we have written B and C' in terms of real and imaginary parts as before.

We can now write a general element g of the ‘super’ Lie algebra as

iX1! X2 4+iX3| 0! +i62 03 464
- X% 4+4X3 iX4 ©° + {05 07 +i68

g = : (5.4.10)
0?2460 ©°%4i0° iX° X6 +iXT

O+ O3 4+iO7 | — X0 4+ iX7 X' 4iXt—iXP

We therefore find the generators for the ‘super’ Lie algebra to be given by

icg, 010 0 0 €|0 0 0 iy |0 0
0 00 0 e, 00 0 ies, 00 0
M' = . M? = . M= ,
0 00 0 0 0]0 0 0 0100
0 0|0 ie 0 000 0 0100

(5.4.11)
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0 01]0 O 0 0[O0 0 00, 0 O
0 i€ |0 O 0 0[O0 0 0 0f 0 O
M* = M° = M° =
0 01]0 O 0 Olie, O 0 0] 0 e
0 0 |0 i€y 0 0] 0 —ueg 0 0] —e O
0 0 0 0 Ole O 0 Ofie O
0 0 0 0 0[]0 O 0O 00 O
M = N' = N? =
0 0 €4 —ie, 010 O —€ 0] 0 0
0 Ofiep O 0 0[]0 O 0O 0,0 O
010 € 0 0]0 dey 0 0 0
0[{0 O 0O 0(0 O 0 € 0
N? = N* = N =
0[{0 O 0 0(0 O 0 —ieg | 0 O
—ie, 010 O —€5 010 O 0 0 0
0 O 0 O 0 0 |0 0 0 0 0
0 0 |ieg O 0 0 |0 € 0 0 i€y
N°® = NT = N® =
0 —€| 0 O 0 0 |0 0 0 0 O
0 O 0 O 0 —ieg |0 O 0 —€ |0 O

(5.4.12)
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where M and N refer to even and odd generators respectively.

In terms of these generators, the general element g in the ‘super’ Lie algebra can be

written as

7 8
g=>_ X'M'+> &N (5.4.13)

i=1 j=1

Note that the generators N’ do not satisfy the condition given in proposition D.3.2,
but the combination ©'N? does indeed satisfy this condition for 1 < i < 8 as we

demonstrate in the following example.

Example 5.4.1. Consider the generator

0 0]0 dep
0O 010 O
N* =
0O 010 O
—€4 010 O
Then using definition D.2.4 we have
0 00 6% 0 0|0 —ie!
0 0[O0 O 0O 0[]0 O
0 0[O0 O 0O 0[]0 O
et 0]0 0 -0t 010 0
since ©* is an odd element.
We therefore have g* + g = 0 as expected A

It should now hopefully be clear that any g = 327, X'M' + 3% © N7, for M*, N*
as defined in eqgs. (5.4.11) and (5.4.12), satisfies the conditions of proposition D.3.2

and hence is an element of the ‘super’ Lie algebra.

From the ‘super’ Lie algebra, we wish to construct the Lie superalgebra su(2]2).
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Definition 5.4.2. A complex Lie Superalgebra is a complex super algebra (as in
definition D.1.1) L, = Ly @ L4, whose product is given by the superbracket [, ]s. The

superbracket is defined to obey the following properties:

1. [A)Bls € L, VA BeL;,
2. [A,BB +’70]s = /B[A7B]S +’7[A70]57 VA,B, Ce Esa 67’7 € (C,

3. For homogeneous elements A, B, the element [A, B], has degree (deg A+deg B)
modulo 2. This is necessary by definition, as the superbracket must respect

the grading of the algebra.
4. [B, Ay = —(—1)dee4desB[A B] =~ VA B € L,,

5. For homogeneous elements A, B, C' € L, the superbracket satisfies the general-

ised Jacobi identity

(_1)degAdegC[A7 [B7 C]S]S+<_1)degBngA[B’ [07 A]S]S+(_1)deg0degB[07 [Av B]S]S = 0.

Following the common physics notation, we use [,] for the superbracket if one
or both of the elements is even, and {,} for the superbracket between two odd
elements of the algebra. A real Lie superalgebra is defined similarly, as a real super
algebra satisfying the same properties as above, now restricted only to real linear

combinations in property 2.

Given any associative superalgebra, one can define the superbracket to be the super-
commutator

[A,B] = AB — (—1)deAdeeBp o (5.4.15)

for all elements A, B of the superalgebra. It is easy to check that such a definition of
the superbracket satisfies the properties of definition 5.4.2. When the superbracket
is defined as in eq. (5.4.15) we shall refer to [,] and {, } as the commutator and

anticommutator respectively.
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Definition 5.4.3. We can now define the Lie superalgebra su(2|2). If we let
M' = eym’, N' = eyn’, (5.4.16)

for M', N' as in eqgs. (5.4.11) and (5.4.12), then the complex matrices m’, n’ are the

generators of a real Lie superalgebra, su(2|2).

Example 5.4.4. The following example shows how the supercommutator of the Lie
superalgebra su(2|2) (definition 5.4.3) appears naturally from the commutator of
the ‘super’ Lie algebra. We shall consider the generators N' and N3. First, in the
‘super’ Lie algebra, we calculate the commutator [©* N, ©3N?3], recalling that the
‘bare’ generators themselves are not elements of the algebra (eq. (5.4.13)). Note that
by definition D.2.4 we think of ©! and ©2 as diagonal matrices and hence we can

commute © and N7, since N7 involves only the Grassmann identity.

[@1N1’ @3N3} — @1N1@3N3 o @3N3@1N1 — @1@3<N1N3 4 N3N1),

= 0'0%,(n'n® + n®n!) = 010*{n!, 1’} = —0'0%m’ = —0'03M",
(5.4.17)

A

5.4.2 su(2]2) Basis Satisfying the A, Zero Mode Algebra

As described in section 5.4.1, su(2|2) is a real Lie superalgebra, with the even basis
elements given by the m' of definition 5.4.3 and the odd basis elements given by the

n'. That is, a general element of the superalgebra can be written as

7 8
g=Ya'm +¥ i,
i=1 i=1

for real numbers o', 3¢ and square complex supertraceless matrices m*,n‘. From

eq. (5.4.3) and definition 5.4.3 we can see that these matrices satisfy

(m")* + (m")" =0, i(n?)* + (n’) =0, (5.4.18)
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and are ‘block-diagonal’ and ‘block-antidiagonal’ respectively, in the sense that

A0 | o|B
m=|——|, ni=|—1—]. (5.4.19)

0D cl|0

These conditions can in fact be taken as the definition of su(2|2).

The goal of this subsection will be to show that (the complexification of) this
superalgebra is isomorphic to the zero mode algebra of A, in the Ramond sector.
We will argue this in two ways, first by appealing to structure theorems of simple
Lie superalgebras and the classification of such algebras [Kac77]. We also construct
the isomorphism explicitly, by changing basis in su(2|2) such that the new basis
satisfies the commutation relations of A,. Since we therefore write elements of A,
as four by four square matrices, that is we take our elements of su(2|2) to be given
by the fundamental representation, this clearly gives a representation of A, and we
will see that it is the representation with [T = [~ = % In general, one could start
with a representation of su(2|2) other than the fundamental in order to construct a

representation of A, with [T, # %

If we denote the zero mode algebra of A, in the Ramond sector as A,,, then we

707
can immediately see that A, is the direct sum of the one dimensional abelian Lie
(super)algebra generated by Ly — or Uy which is linearly dependent with Ly — and a

simple Lie superalgebra

Ay =LA, (5.4.20)

where we have denoted the abelian Lie algebra generated by Ly as L and the simple
Lie superalgebra as A. By a simple Lie superalgebra, we mean that A does not
contain a Zo-graded ideal. This simple Lie superalgebra A is a classical Type
I complex superalgebra, which means the representation of the even part of the
algebra Ay on the odd part A; — formed by letting Ay act on A; through the
adjoint action — is the direct sum of two irreducible representations of Ay. This

is clear by considering the commutation relations of A, specifically eqs. (A.0.11)
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and (A.0.14), as Ay is the direct sum of the two su(2) algebras, and the Q* and G*
zero modes of A; both transform as four dimensional irreducible representations of
su(2)@su(2). Ais therefore a classical complex simple Lie superalgebra of rank 2, the
Cartan subalgebra being generated by T53. Considering the classification of simple
superalgebras [Kac77], we see that there are four families of Type 1 superalgebras,

the families known as

If we consider the family members of rank 2, we find that A(1|0) has a 3 dimensional
even subalgebra, C'(2) has a four dimensional even subalgebra, P(2) has an 8 dimen-
sional even subalgebra and A(1|1) has a 6 dimensional subalgebra. On dimensional
grounds we therefore see that A must be isomorphic to A(1]|1). A(1]|1) has a real
form given by the quotient of su(2|2) by the one dimensional ideal generated by the

identity I; and hence A, is isomorphic to the complexification of su(2[2) as claimed.

We now construct the isomorphism between su(2|2) explicitly. The relevant commut-
ation relations of A, can be found in Appendix A. Since we are trying to construct
a matrix representation of A., writing the generators in terms of the m* and n’ of
definition 5.4.3, we see that L and U have to be scalar multiples of the identity. By
definition, L acts on the highest weight state of the representation as multiplication

by the conformal dimension of the representation, h. Therefore we necessarily have

h 000
0 h 00
L= . (5.4.21)
00 h O
000 h
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Similarly, U acts on the highest weight state as multiplication by —iu, so

U= . (5.4.22)

In terms of the su(2|2) generators m’ (using eqs. (5.4.11) and (5.4.12) and defini-

tion 5.4.3), we can write the identity as
I =i(m' +m*+mP), (5.4.23)
and hence we find

L = hi(m' +m* +m?), U =u(m' +m"+m’). (5.4.24)

Identifying the remaining bosonic generators is also straightforward. Since we are con-
structing a four-dimensional representation of A, (using four-dimensional matrices)
and the smallest representation of su(2) is the fundamental two-dimensional repres-
entation, the two orthogonal su(2)s must both be two-dimensional representations.
Recalling that the even elements are represented only in blocks A and D in the
sense of eq. (5.4.19), to ensure orthogonality and without loss of generality we will
assume that su(2)" is represented in submatrix A and that su(2)~ is represented in
submatrix D. As is well known, the two-dimensional representation of su(2) can be

constructed using the Pauli matrices
o1 = s 09 = s 03 = s (5425)

as

1
T* = 5(01 +ioy), T = 03 (5.4.26)
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We can therefore represent su(2)* as

T+ 10 710
TJri — — |, T+3 — — |,
010 00
(5.4.27)
010 0] 0
T*=|—— T3 = —
0T 0|7%
where T%,T% are as in eq. (5.4.26).
In terms of the su(2|2) generators, we therefore have
T SR I b3 Tl 4
T77=—-(m*—im°), T =—=(m"+im>), T =—(m —m"),
% % _QZ (5.4.28)
Tt = §(m6 —im"), T~ = E(m6 +im"), T3 = ?(m‘r’),

With the bosonic generators identified, knowing that the fermionic generators have
entries only in submatrices B and C, we can deduce the form of the fermionic
generators using the commutation relations of A,. We will show some of the main
steps in deducing the fermionic generators; we start by considering (), which as an

odd element must have the general form

0 0 bl b2
0 0 b3 M4
Qs =
cl ¢2 0 0
c3 ¢4 0 0
Now we consider the relations
+3 1
[T 7Q+] = *Q+a

2
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and explicitly calculate the commutator on the LHS to obtain

0 0
0 0
0 ¢2/2
0 +c4/2

+£b1/2 52/2
0 0
0 0
0 0

0 0
0 0
c1/2 ¢2/2

b1/2 b2/2
b3/2 b4/2

0 0

and hence bl = b3 =b4 =cl =c3 =c4 = 0.

c3/2 c4/2 0 0

The relations between T** and each of the Q, for a € {£, £K} can be used to

reduce each of the ), to only 2 degrees of freedom (DOF). Next, the various relations

between T+* and the Q,, as well as T~ and the @, can be used to show that there

can be only be a maximum of 2 DOF in total among all the ,. Finally, the relations

{Q+,Q-} ={Q.k,Q_k} = —%I show that there is only a single DOF for all the

Q.. Explicitly we find

Qix =

o

4q

—q 0 0

00 0 O

4q

in terms of the one remaining DOF which we have now called gq.

Similarly, the relations between the two su(2)s and the G, for a € {4+, £K} show
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that the G, are of the form

oooh‘%/24 00 0 0

000 0 00%/240
G+: 5 G_= )

0 g0 0 00 0 0

000 0 g 0 0 0

ooh—;/”‘o 000 0

0 0 0 0 000—“;i
G+K* 7G7K* ?

0 0 0 0 g 00 0

0 —g 0 0 000 0

in terms of one DOF g.

Finally, the relations between the ), and GG; can be used to show that the two DOF
are related as g = 24(1 + iu) and that the representation of A, must satisfy the
massless requirement k(h — &) = u® + i. Note that since we are representing the

two su(2)s as doublets, we have [T = [~ = 1. Our four basis states are therefore

5.
1Q.),G_ Q) ,G_k |Q4) and G_G_k €2, ), where |2, ) is the ‘highest weight state’

(c.f. section 3.3).
Since €2 ) is the highest weight state, we require
TTQ) =T [Q4) = G4 Q) = Gix [Q4) = 0,

this requires

1,) = (1,0,0,0)". (5.4.29)

Similarly,

T++G,K ’Q+> — T7+G,K ’Q+> - G+G,K ’Q+> — G,KGfK ’Q+> - O,
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and therefore

G_k |94) = (0,0,1,0)". (5.4.30)

Solving this equation, in terms of the matrix representation of G_j that we have
constructed, requires us to fix g = 1 and so our representation is now fully determined

in terms of the representation labels of A,.

The odd elements of A, (in the [* = 1 massless representation) can therefore be
written in terms of su(2|2) generators as
Qi = 2t —in®) = Znd —in®), @, = " i) 1 (b S (i
2 8¢ T2 24 ’
— s _ g3y _ K5 6 I AV ¢ 5 6
Q- 2(” in”) 8q<n in’), G_—7(n —zn)+<h—24>(n —in®),
Qix = L(n® —in") — ﬁ(nl — in?) Gix = l(n8 —in’) + (h - C) (n' —in?)
2 8¢ ’ 2 24 ’
— , k , —1 , c :
Q_k = 7q(n2 +in') + 871( T—in®), G-g= 7(”2 —in') — (h - 24> (n" —in®),
(5.4.31)
where
k
q= )
1 + 2iu , (5.4.32)
c
h——)=—(u’>+>).
(h—5p) =@ +7)

Hence these two algebras are isomorphic, as claimed.

5.4.3 su(2|2) Representations and Supertableaux

In section 5.4.2 we saw that the zero mode algebra of A, is isomorphic to the Lie
superalgebra su(2|2). We can therefore study the branching of A, representations
into su(2|2) representations, where clearly each level of A, will be able to be written
in terms of su(2|2) representations. In this subsection we will therefore introduce
the representation theory of su(2|2) and show how su(2|2) representations can be
identified with Young supertableaux as first introduced by [BB81]. This will be seen
to be very similar to the way that representations of su(n) can be given by Young

tableau.
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We begin by considering the fundamental representation of the supergroup SU(2|2).
We let SU(2|2) act on the complex Grassmann space CB;” using matrix multiplic-
ation as in Appendix D.2. Following the notation of [BB81] we denote the basis

2,2
vectors of CB;” as,

Pa
§a = : (5.4.33)

Ya
where a, € {1,2}, a € {3,4} run over the even and odd parts of the space. This
fundamental representation is therefore a 4-dimensional representation. These basis

vectors then transform under g € SU(2|2) as,

§a— &y =gk, (5.4.34)

where as usual, repeated indices are to be summed over (Einstein summation).
Clearly this can be expanded linearly to all of CB?’Z, such that a vector U = ¥4¢,

transforms under g € CB?” as

U — U =g (UB¢p),

(5.4.35)
= (—1)tsBas=BgBeRe, — gpUhey,
so we can think of the components transforming as
T4 — U = gAgB (5.4.36)

as is common in the physics literature. Clearly, since (CB?’2 is a complex vector
space, the components ¥4 can be taken to be complex. However, it wil be useful for
us to consider CB?? as a supermodule as defined in definition D.1.14, such that the

components U4 can be taken to be arbitrary elements of CB;.

As explained in [BB81], there are actually two fundamental representations of SU(2|2)
which are known as Type I and Type II fundamental representations. In a Type
I representation, we let &, = ¢, live in the even part of the Grassmann space,

(CB?’O and &, = 9, live in the odd part of the Grassmann space, CB?’Q. In a
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Type II representation, we instead let &, live in the odd part of the Grassmann
space and &, live in the even part of the space. The representation theory of Type I
representations and Type II representations can be seen to be identical [BB81], that is
every Type I representation is a Type II representation with the grading reversed. If
we therefore consider tensor products of Type I or Type II representations exclusively
then we may choose to only consider representations of Type I. Here we will not
need representations on mixed tensors and so we will assume all our fundamental

representations are of Type 1.

It will be convenient to associate a Young diagram to our representations as in the
case for SU(N), so we will associate to the (Type I) fundamental representation of

SU(2|2) the single box tableau in fig. 5.3.

Figure 5.3: The fundamental representation of SU(2|2)

Similarly, one may define a conjugate fundamental representation where g € SU(2|2)

is defined to act on the dual of CB}? as
£ = ¢t =gieh, (5.4.37)

for &+ € (CB?’2 L. This is the same definition of the conjugate fundamental repres-
entation as for SU(N), and following [Kin70] can be associated the single dotted

Young tableau shown in fig. 5.4.

Figure 5.4: The conjugate fundamental representation of SU(2|2)

As in the case of SU(N), more representations can be constructed from tensor
products of the fundamental and conjugate fundamental representations. As before,
we shall consider <CB%2 to be a supermodule, so we now want to define the tensor

product on CB?’2 as a supermodule.
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Definition 5.4.5. Given two rings R, S, an R-S-bimodule is an abelian group (V, +)

such that

o V is a left R-module,
o V is a right S-module,

e (rv)s=r(vs)VreRseSmeV.
An R-R-bimodule will be simply called an R-bimodule.

Given a supercommutative (definition D.1.4) superalgebra A, then every left A-

supermodule V' may be regarded as an A-superbimodule by letting
a-v=(-1)lly.q, (5.4.38)

for all homogeneous elements a € A, v € V and extending linearly. In this manner
we can think of (CB?’2 as a superbimodule by defining the right action as above, since

CB;y is supercommutative.

Definition 5.4.6. The tensor product of two A-superbimodules V, W can now be
defined as,
VoW .=FV xW)/E, (5.4.39)

where F(V x W) is the free module generated by the cartesian product of V' and

W, and F is the submodule generated by the equivalence relations,

(v1,w1) + (v, wr) ~ (V1 + vz, w1), (v1 - a,wr) ~ (v1,a-wy),
(5.4.40)
(v, w1) + (v, w2) ~ (Vi Wy + wy), a- (vi,v2) ~ (a-vi,v2),
for v;, w; € V, W respectively and a € A.
V @ W has a grading defined by,
(VeWw)= b V; © W, (5.4.41)

(4,k)|j+k=i (mod 2)

and is therefore a left A-supermodule.
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We can now define a representation of SU(2|2) on the tensor product CB7* @ CB}?
by letting SU(2|2) act with the fundamental action on each of the factors of the
tensor product. Since each fundamental representation was 4-dimensional, this

tensor product representation is therefore a 16-dimensional representation. Consider

E®EeCB” ®CB?, then g € SU(2|2) acts as,

E®E = (E®E) = (g ® gh). (5.4.42)

This action can then be extended linearly to arbitrary elements of CB7* @ CB7>. As
it is common in the physics literature to write this action in terms of the components
of the tensor, we can use the description of (CB?’2 as a CB; module to write £ =
&4e 4, where e4 has €4 in the A™ position and 0 in all remaining positions. Using

definition 5.4.6 and eq. (5.4.35) we can therefore expand (€ ® £) as,

@8 =("ew @ ep) =M (eal? ®@ep),

) ) (5.4.43)
=P en @ep) =V (en @ep),
and similarly,
(E®&) = (g€ @gd) = (94 ¢ ew ® g Pep),
- gﬁlfA(eA’gggB X 63/) = gﬁlfA(gglgBeA/ & GB/)’ (5444)
= gﬁ’ Agg/gB(eA, ® eB/),
such that one may consider the components of eq. (5.4.45) transforming as,
68 = (¢1€P) = gaeV gp €. (5.4.45)

Clearly, one can now define an action of ¢ € SU(2|2) on (CB??)®™ @ (CB>?)+en

for arbitrary m,n € Z, by applying ¢ or ¢* to each factor as appropriate.

The tensor product representation is not irreducible however [BB81], as may be seen

by considering a permutation operator,

P VW —->WxV,
(5.4.46)

VRWH— WU,
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for v € V,w € W. This can be seen to commute with the action of SU(2|2) on the

tensor product,

P(g(¢ ®§)) = P(g¢ ® g€) = (g€ ® g¢),
=g(® &) =g(P(E®Y)),

and yet is not a multiple of the identity operator on (CB?’2 ® CBy”, and so by

(5.4.47)

Schur’s lemma, the tensor product is not irreducible. However, as for the case of
SU(N), irreducible representations of SU(2|2) are given by suitably symmeterised
and antisymmeterised tensor products of CB;” and (CB;?)*, each of which may
be associated to a supertableau as in fig. 5.5 (the dashed diagonals are explained
later in section 5.4.4). Note that since the Levi-Civita tensor is not an invariant of
SU(M|N), a tableau containing dotted boxes (that is a representation on tensors
containing covariant indices) may not be converted to a tableau containing only

undotted boxes.

Figure 5.5: A generic representation of SU(2|2)

Example 5.4.7. Let us consider the example of the symmetric tensor product on

two copies of CB3. This is described by the supertableau in fig. 5.6.

The symmetric tensor product of &, & € CB?’Q, which we will denote as =, is given

by

[11
|
ass
®
AN
+
A
®
o

(5.4.48)
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which, as in eqgs. (5.4.43) and (5.4.44), we can expand in terms of components as

(1]

=(@{+E{RE= (P + 4¢P (ea®ep),

= (P + (—=1)AIBIEBEN (e @ ep).

(5.4.49)

We now see that the components of this tensor are symmetric unless both A and
B take values in the odd part of the space (i.e A = o, B = ( as in eq. (5.4.33)),
in which case the components are antisymmetric. Using the usual convention of

parentheses to denote symmetric indices, we therefore have
EUB) — ¢AgB 1 (—1)MIIBIgBEA (5.4.50)

The dimension of the symmetric space is therefore the sum of the number of independ-
ent components of 2%, 2% and Z*7. These have three, four and one independent
components respectively, since the first two are symmetric and the final one is an-
tisymmetric, for a,b, € {1,2} and a,8 € {3,4}, so ZAP) has eight independent

components and the symmetric space is 8-dimensional. A

Figure 5.6: The 2-fold symmetric representation of SU(2|2)

It is now clear that, due to the Grassmann nature of the odd part of the space,
whenever we symmeterise two indices, the components behave as antisymmetric
indices when both indices lie in the odd part of the space. For this reason, [BB81] refer
to the tensors as ‘symmeterised’ and ‘supersymmeterised’, to mean symmeterised
on the even part of the space and antisymmeterised on the odd part of the space.
Similarly, when we antisymmeterise indices, the components behave symmetrically
when both indices lie in the odd part of the space; there is therefore no limit to the

length of a column for a supertableau.

Definition 5.4.8. It will be useful to define the horizontal and vertical eccentricity

of a (totally un-dotted) supertableau to be the number of boxes in the first row and
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first column respectively. The supertableau show in fig. 5.7 has horizontal eccentricity

m and vertical eccentricity n. Such a tableau will be said to have eccentricity (m,n).

m

/_/%

/]

/

Figure 5.7: A supertableau of horizontal eccentricity m and vertical
eccentricity n

Definition 5.4.9. A (totally un-dotted) supertableau of eccentricity (m,n) contain-

ing N boxes will be called mazimally eccentric if
N=m+n-1, (5.4.51)

and non-mazximally eccentric if

N >m+n. (5.4.52)

Hence the tableau in fig. 5.7 is maximally eccentric, whereas the tableau shown in

fig. 5.8 is non-maximally eccentric.

/

Figure 5.8: A non-maximally eccentric supertableau of eccentricity
(m+2,n+2).

Now, given the generators m! and n’ of definition 5.4.3, we can write a generic

element of the superalgebra su(2[2) as
7 . . 8 . .
m=> z'm' +> 6n, (5.4.53)
i=1 j=1
for 2%, 67 € R and similarly a generic element of the ‘Super’ Lie algebra as

7 3 7 3
M= X'M'+Y &N =33 Xem' +> Y Olen’, (5.4.54)

i=1 j=1 i=1 p =1
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for XZ, @ﬂ € R. Elements of the Lie supergroup SU(2|2) near the identity are then
given by,
G=exp(M)=exp(D_X'm'+> &n), (5.4.55)

i=1 j=1

where now X, ©7 are elements of RB; close to the identity. The Lie superalgebra
elements are therefore the linear terms appearing in the expansion of the supergroup
elements, and hence as for Lie groups and Lie algebras, a representation of the Lie
supergroup SU(2|2) gives a natural representation of the Lie superalgebra su(2|2) as
the linearised action of the supergroup. A more formal description of the connection

between tensor representations of supergroups and the associated superalgebras is

discussed in the case of GL(M/N) in [Fioll].

An irreducible representation of su(M|N) can therefore be described using a supert-
ableaux which describes the suitably symmeterised tensors on which su(M|N) acts
as the tensor product of fundamental and conjugate fundamental representations as

necessary.

In section 5.4.2 we showed how the fundamental representation of su(2|2) was iso-

morphic to the zero mode algebra of a massless representation of A, with [ = % in
the Ramond sector. Thanks to the results of this subsection, this can therefore be

summarised as

Chyyil, = (Z) "+ (5.4.56)

5.4.4 Branching Rules for su(2|2)

Having shown that the su(2]2) superalgebra is isomorphic to the A, zero mode
algebra in section 5.4.2, we know that the even subalgebra of su(2|2) is su(2) x
su(2) x u(l). It is clear that given a representation (I',V') of an algebra g, with
subalgebra h C g, then (I, V') also provides a representation of the subalgebra §. In

general, this representation will be reducible, and so will be given by the direct sum
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of several irreducible representations. This decomposition,
(T, V) = D an(Tn, V2), (5.4.57)

where (I',,,V},) are irreducible representations of the subalgebra h and a, are the
multiplicities at which they appear in the decomposition, is known as a branching
rule for the algebra g. In this subsection we will show how to calculate the branching
of an irreducible representation of su(2|2) into irreducible representations of the
bosonic subalgebra su(2]2) — su(2) x su(2) x u(1) using Young (super)tableaux

[BB82).

Following [BB82], we first describe the process for calculating the branching of a
representation of SU(M + N) — SU(M) x SU(N). Given an irreducible repres-
entation of SU(M), (I'1,V}) described by a Young Tableau 7} and an irreducible
representation of SU(N), (I's, Va) described by a second Young tableau 75, then
the representation (I'y ® I'y, V) ® V3) of dimension dim(V;) dim(V5) appears in the
decomposition of an irreducible representation, (£2, W) with multiplicity equal to
the multiplicity of (€2, W) in the decomposition of the tensor product of T} and Tp
now treated as representations of SU(M + N). This is hopefully made clear in the

following example.

Example 5.4.10. Consider the representation of SU(3) described by

|

which has dimension 8, and the representation of SU(4) described by

[ 1]

which has dimension 10. We want to check whether the 40-dimensional representation

of SU(3) x SU(4) described by

(SRas)

appears in the decomposition of the 882-dimensional representation of SU(7) de-
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scribed by

We therefore want to calculate the Clebsch-Gordan decomposition of

P

where now the tableaux are understood to refer to representations of SU(7). As is
well known, this decomposition can easily be found using the Littlewood-Richardson

rule. In this example this gives the result,

- O, I e e

12 x 28 = 1008  + 882 + 756+ 490,
(5.4.58)

where the dimension of each representation is shown underneath the corresponding

tableau.

From this calculation we conclude that the representation

()

of SU(3) x SU(4) appears with multiplicity 1 in the decomposition of the SU(7)

representation

To fully calculate the branching from SU(7) to SU(3) x SU(4), we therefore need

to check which other representations of SU(3) x SU(4) contain the representation

|

of SU(7) in their Clebsch-Gordan decomposition (when treated as tableaux of SU(T7)).
Note that since we treat the tableaux of both SU(3) and SU(4) a tableaux of SU(7),
then on the level of the diagrams the decomposition must be symmetric with respect

to the factors, as the tensor product is symmetric. However after appropriately



5.4. A Description of I; Using Supertableaux 147

symmeterising the tableaux, one must still simplify the tableau such that no columns

are of length greater than N for a tableau of SU(N). The full decomposition is then

@) -

- ([B9) - 5
({0 - BHY) L,
+ (T ) + (.1 1)
(8 - B
(o) - ()

where 1 denotes the singlet representation — the empty tableau. In terms of the

dimensions of the various representations this is
882+ 15 + 60 + 24 + 60 + 60 + 135 + 100 + 120 + 48 + 60 + 80 + 120, (5.4.60)

where the order of the representations has been kept the same as the tableaux in

the previous equation. A

The branching for su(M|N) — su(M) x su(N) x u(1) works similarly, by considering
the superspace CB;™" to be the direct sum CB}}, & CB},; [BB82]. The even part of
the space therefore transforms under the su(A/) and is a singlet under the su(N),
while the odd part of the space transforms under the su(N) and is a singlet under
the su(M). Additionally, the u(1) generator is embedded in su(M|N) as
=10
w=|—L 1, (5.4.61)
0

L
N

such that is supertraceless. Therefore a vector in the even part of the space has

1

u(1) charge 57, while a vector in the odd part of the space has charge % We can
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therefore branch a (totally contravariant, using only un-dotted boxes) representation
of su(M|N) in the same way as we branch SU(M + N). However since supert-
ableaux show supersymmeterisation of the tensor space, we should reflect the su(V)
tableau through its diagonal as indicated in fig. 5.5 in order to show the correct

symmeterisation for the odd part of the space, as described in section 5.4.3.

We now consider an example of branching an su(2|2) representation into a sum of

su(2) x su(2) x u(1) representations.

Example 5.4.11. Consider the representation

of su(2]2). In example 5.4.10, we calculated the decomposition of this tableau for
SU(M + N) (in fact we assumed M = 3, N = 4, but on the level of the tableau the
answer is valid for any M, N as long as we did not simplify the tableau, which we
did not), so now to calculate the branching of su(2|2), we simply have to transpose

the tableau in the second part of each product on the right hand side. This gives

— ( ‘,1) + 1,
540

(@), - (o

2+3

+2

N

— 2 (5.4.62)
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Njot

N

n (Djjal) i <D71)5 (5.4.63)
+ (0), +(Om),
+ (DjD)g

where we have labelled each representation of su(2) x su(2) with the u(1) charges for
both the even part of the space and the odd part separately in the first line, then

written the total charge only in the second line while simultaneously simplifying the

tableau due to any 2 box columns being equal to a singlet.

Branching supertableaux also gives us a way to see that we must allow supertableaux

with more than 4 rows for su(2|2).

Example 5.4.12. We know that it is not possible to take the antisymmetric 5-fold
representation of su(4) — we cannot antisymmeterise more than four basis vectors

without repetition:

dim = 0. (5.4.64)

However, if we branch the 5-fold antisymmetric representation for su(2]2), it is clear

that we obtain the following branching rule (note that the u(1) is clearly 2 for each
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representation, so the u(1) charge is not shown in the following):

— 1 + ] + @Dj

o () I (N ) B (Y mmmm
- (OO) + (O.O01m) + (W)

(5.4.65)
and therefore
dim =(1x4)+(2x5)+(1x6),
(5.4.66)
=20 # 0.
YA

Example 5.4.13. This branching rule also gives an easy way to show that the

dimension of the n-fold symmetric tensor representation of su(2|2) is 4n.

n
/_/%

n n—1 n—2
A A= L T T k] (5467)

and hence

n
/_/%

dim [T [ =(n+1]x1)+(nx2)+(n—1] x 1), (5.4.69)

= 4n.

A

When we calculate the tensor product of two representations defined by tableaux,
using the Littlewood-Richardson rule to decompose as a sum of irreducible represent-
ations, we do not care about the order of the two factors. Our method for checking

whether an irreducible representation of su(M) x su(N) appears in the branching
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of a representation of su(M + N) is dependent on whether the tableau describing
the representation of su(M + N) appears in the decomposition of the tensor product
of the su(2) representations. Therefore, it is clear that the representation described
by (T3,Ts) appears in the branching of a representation 7' of su(4) if and only if
the representation (7%, T}) also appears in the branching, where T, T} and T; are to
represent suitable Young tableaux. We then branch the representation of su(M|N)
described by the (super)tableau T by reflecting the su(/N) tableau in each of the
summands calculated by branching 7" as an su(M + N) representation. This is
demonstrated in egs. (5.4.59), (5.4.62) and (5.4.63) for the case of su(4) (or equival-
ently SU(4)) and su(2|2) respectively. We therefore have the following propositions,

the first two of which appear in [BB82].

Proposition 5.4.14. The irreducible representation of su(M) x su(N) described
by (11, T,) appears in the branching of the irreducible representation of su(N + M)
described by T if and only if the irreducible representation described by (Ty,T) also

appears in the branching. We summarise this rule as,
(T1,Ty) €T — (T, T1) € T.

Proposition 5.4.15. The irreducible representation of su(M) x su(N) described
by (Th, (12)") appears in the branching of the irreducible representation of su(M|N)
described by T if and only if the irreducible representation described by (Ty, (T1)") also
appears in the branching, where (T;)" denotes the transpose of T; on the diagonals

indicated in fig. 5.5. We summarise this rule as
(T, (1)) € T = (To, (1)) € T

Proposition 5.4.16. Let the branching of an irreducible representation of su(M|N)

described by supertableau T be given by

T > (T, To),
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then

T 30 (1) (1)) (5.4.69)

The final two propositions give the immediate corollary for su(N/N):

Corollary 5.4.17. Given an irreducible representation of su(N/N) described by

supertableau T, then

dim (T') = dim (T%).

Proof. By proposition 5.4.15, if the branching of T' contains (77, (73)"), then it also
contains (Ty, (T1)") of dimensions (dim (7) x dim ((73)*) and (dim (7%) x dim ((71)")
respectively. Then by proposition 5.4.16, the branching of T* contains ((77)%, T5) and
((Ty)',T1) of dimensions (dim ((77)") x dim (73)) and (dim ((73)") x dim (77)). O

It will also be useful for us to note that since we are interested specifically in su(2|2)
and its branching into su(2) x su(2), that representations described by tableau with
more that 2 rows of length strictly greater than 2, as shown in fig. 5.9, are zero
representations. This is due to the supersymmeterisation of the su(M|N) indices; if
we branch the su(2|2) representation to find the su(2) x su(2) content, one of the
two representations of su(2) must be described by a tableau with at least 3 rows

which is clearly a zero representation of su(2).

Figure 5.9: A zero representation of su(2|2)
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5.4.5 The Index of A, Using Supertableaux

We have established that the zero mode algebra of A, in the Ramond sector is
su(2|2) section 5.4.2 and that we can study the su(2) x su(2) x u(1l) content of
an su(2|2) representation by studying the branching of the supertableau describing
the su(2|2) representation section 5.4.4. We can therefore now identify su(2|2)
representations whose s1(2) x su(2) content matches representations of A, at a

given level; The general method to do this is described in example 5.4.19.

Example 5.4.18. We have already considered the case of a massless representation
of A, with [* = % in section 5.4.2; and in section 5.4.3 we identified the ground level
of this A, representation with the fundamental representation of su(2|2). Now that

we have seen how to branch su(2|2) supertableaux, we can branch the fundamental

representation as

] H(D,1>l+<1,D) , (5.4.70)

1

and recognise the two su(2) doublets (one of su(2)* and one of su(2)~) which appear

at ground level in A, as shown in fig. 5.1.

21

1.0e

0.51

=

. . L & 21

-0.5r

-1.0

Figure 5.10: The ground level of a Ramond representation of A,
kT =3k =21t =11 =1

2
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As noted at the end of section 5.4.3, we therefore have
AR B h
ChO,k+:3,k—=2,li:% - (Z) qg +.... (5.4.71)
A

Example 5.4.19. Similarly, we can consider the level 1 states of the same repres-

entation of A, (kT =3k~ =2,I* = 1,1~ = 1) shown in fig. 5.11.

2

Figure 5.11: Level 1 states of a Ramond representation of A, with
kT =3k =2t =11"=3

To find the su(2|2) representations which contain the right su(2) x su(2) content we
follow the following method: We identify the largest multiplet of su(2)*, in this case
the quadruplet which is a singlet of su(2)~; We identify the smallest representation
of su(2]2) which contains this su(2) x su(2) content, in this case the representation

described by

We calculate the branching of this representation of su(2|2) (suppressing the u(1)

charge),

A7~ (CE) + (C0. ) + (00
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We now identify the next largest multiplet of su(2)*, in this case the one remaining
copy of
and find the smallest representation of su(2|2) which contains this but does not

contain any representations of su(2) x su(2) already considered, namely

We now identify the next largest representation of su(2)* and continue this process.

Using the method described above, one finds this representation of A, can be

branched into su(2|2) representations as

AR
Ch[),kvL:S,k*:Q’li:l = (Z) qh+ ZIZIZ +2 + qh“—i-. . (5472)

2

JAN

This process can easily be continued to higher levels of the A, representation. For

1

the massless representation with [* = $ we have calculated branchings into su(2|2)

representations up to the sixth excited level.

We can also of course calculate the branching of other representations of A,. We
first give examples showing the branching of the ground level for a few different
representations of A,, before giving the general statement of the branching for the

ground level.

Example 5.4.20. Next, we consider the ground states of the k™ =3, k= = 2,1t =

1,17 =1 A, representation shown in fig. 5.12.

This can be solved in terms of su(2|2) representations as

AR
Ch g g p-—pprm1-=1 = ( ) "+ (5.4.73)
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21

o -2 ¢

Figure 5.12: The ground level of a Ramond representation of A,
with k7 =3k~ =2/t =1,1" =1

Example 5.4.21. The ground states of the k¥ = 4, k= = 31" = 31" =1 A,

representation shown in fig. 5.13 can be solved in terms of su(2|2) representations as

AR
Cho,k+=4,k—=3,z+:g,z—:1 = ( ) "+ (5.4.74)

A

Example 5.4.22. The ground states of the k* = 5.k~ = 7,i" = 2,1 = T A,

representation shown in fig. 5.14 can be solved in terms of su(2|2) representations as

Ay,R o h
Chg R b5 oot = " +.... (5.4.75)

JAN

It is clear that in all of these examples, the ground level is described by a single
maximally eccentric supertableau. This can be made precise with the following

proposition.
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21
01 2»1 -1
.1 .3 1t
. 3 . 4 e
-3 -2 -1 2
01 03 -1F
01 -2 D1 -1
Figure 5.13: The ground level of a Ramond representation of A,
with kT =4,k =31t =3,1" =1
2]
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Figure 5.14: The ground level of a Ramond representation of A,

with k’+:5,kf:7,l+:g,l*:%

21,

21
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Proposition 5.4.23. The ground level of a unitary irreducible representation of A,
described by parameters k™, k™ and quantum numbers IT,1™ is described by a single
representation of the superalgebra su(2|2), which is in turn described by a maximally

eccentric Young supertableau of eccentricity (217,217).

Proof. We have already showed in section 5.4.2 that su(2|2) satisfies the zero mode
algebra of A, and so it is clear the the ground level of an irreducible representation of
A, can be given by a representation of su(2|2). This representation of su(2|2) must
be irreducible, since the representation of A, was assumed to be. We are therefore
left only to show that this irreducible representation is described by a maximally

eccentric supertableau of eccentricity (21, 2(7).

In section 3.3 we saw that the generic massless Ramond representation of A, had 8
highest weight states of su(2) x su(2), as shown in fig. 3.3b. We therefore have that
the ground level of A, is given by

AR _ _ _ _
Chy i = (xﬁxl_é X 21X 20X
(5.4.76)

+ X?L+71Xz_—fg + Xﬁng_—1> @+
where
Xzi = Xi(24)
is the su(2)* character for a representation of dimension 2/ + 1. We now want to

calculate the branching of
20

/]

/

to check the su(2) x su(2) content of this representation.
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21t
[a—— 20 +1 210 — 1 21t 217 —1
M AL A A AL
i - (L [ NN NN
2l
/]
2”,52 21—151 2”,:2 21—153
+ (L L [ NN RN
211;52 21—1\71 2l+j:1 21—152
+ (L L [ NN NN
21+;1 20" 21173 21—;2
+ (L L [ BRI
(5.4.77)

where we have suppressed the u(1) charges and simplified trivial columns of length

2 on the right hand side.

The representation of su(2) described by

is the (n + 1)-dimensional representation with character

n

/_/%

[T 1]

Xz (2),

and so by comparing eq. (5.4.76) and eq. (5.4.77) we see that the ground level of a

massless representation of A, in the Ramond sector with su(2) charges [T and [~ is

described by the supertableau

as claimed.

21t
/_/%

/]

20~

/

]

Similarly we can recognise the su(2|2) representation that describes the ground level
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of a massive representation of A, in the Ramond sector. We first give a lemma on
the branching of non-maximally eccentric supertableau that will be useful for the

massive case.

Lemma 5.4.24. Under branching into su(2) x su(2) representations we have the

following equivalence:

/Z_lti 20t —1 o1+
/] ——— —
_ /] ]
= -
20~ 207 -1
207 -2
Z 51(2) x5u(2) Z Z su(2) xsu(2)

(5.4.78)

Proof. This is proved simply by branching both sides and checking that they agree.
m

Proposition 5.4.25. The ground level of a unitary irreducible representation of
A, described by parameters kT, k™ and quantum numbers IT,1” is described by a
single representation of the superalgebra su(2|2), which is in turn described by a
non-mazimally eccentric Young supertableau of eccentricity (207,217), as shown in

fig. 5.15.

20 —2

200 =2

/

Figure 5.15: A supertableau which describes the ground level of
a representation of A, with su(2) quantum numbers
I, .

Proof. In section 3.3 we saw that the generic massive Ramond representation of A,

had 16 highest weight states of su(2) x su(2), as shown in fig. 3.3a. We therefore
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have that the ground level of A, is given by

AR _ _ _
Chy ' = <X1++Xl—1 205 X T2 s
+ 05X A G XX (5.4.79)

+ 2X;7%X;_7% + ZX;—,%X;—,% +X;—-2Xl—1) qh + .. .y

Using lemma 5.4.24 and the branching of a maximally eccentric supertableau given
in the proof of proposition 5.4.23, it is simple to check that the su(2) x su(2)
multiplets which appear in the branching of the representation of su(2|2) shown in
fig. 5.15 agree with eq. (5.4.79). We therefore see that the ground level of a massive
representation of A, in the Ramond sector with su(2) charges I* and [~ is described

by the supertableau

20t —2
/_/H

/]

207 -2

/]

as claimed. O

Before commenting on the index of A,, we note one more useful fact about the

branching of su(2|2) supertableaux.

Proposition 5.4.26. The generic non-zero totally-contravariant representation of
su(2|2) described by a supertableau as shown below satisfies the following equivalence

under branching into su(2) x su(2) representations:

p q
— N
/ q

(5.4.80)

s Z su(2) xsu(2)

su(2) xsu(2)
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Proof. Step 1: We argue that we have the branching equivalence for p > 2

p q p—1 q
/_H_/H T~ ~
7] = 7 . (5.4.81)
su(2) xsu(2) su(2) xsu(2)

To show this, we first calculate the branching of a supertableau of the type shown

in eq. (5.4.81):

P q p q p—l q+1 T
—_—A—— —_—A— A A
I EERE + )

1P I
-1 q f r—1 q—1 f
* (ﬁ I Y i U B B )
p—2 qg+1 it p—2 q ft
HE NN 1P ’
(5.4.82)

where we have not simplified trivial columns of two boxes on the right hand side.
The representations indicated by * will appear only for ¢ > 1 and the representation
indicated by ** will appear only for ¢ > 2. Similarly, the representations indicated
by T will only appear for p > 1 and the representations indicated by ™ will appear
only for p > 2. Therefore all representations appear when p > 2,q > 2. Since the
block of columns of length two may be trivially cancelled for su(2), we will get an
equivalent set of representations of su(2) x su(2) on both sides of eq. (5.4.81) if

p > 2.

Now as noted in the proof of corollary 5.4.17, if a supertableau contains the branching
component (71, (T3)") then the transposed supertableau T* contains the component

((Ty)",T1). We therefore immediately get the following equivalence for r > 2 as a
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corollary to the previous equivalence:

T r—1
= : (5.4.83)
su(2) xsu(2) su(2) xsu(2)
Step 2: We argue that the equivalence
P q p—1 q
Z su(2)xsu(2) Z su(2) xsu(2)
(5.4.84)

for p > 1 follows easily from eq. (5.4.81). This is done by noting that the column of
length s must be moved to the right hand factor of su(2) and transposed, otherwise
the left hand factor of su(2) will have a column of length > 3 and hence will be
a zero representation. Clearly the result of moving this column over to the right
hand factor, taking the appropriate tensor products where necessary, does not affect
the p dependence of the branching. It is therefore clear that after cancelling trivial
columns of length two, the branching of the two sides of eq. (5.4.84) agree as long

as we have p > 1.

Step 3: This previous step can trivially be extended to give the branching equival-

ence
P q p—1 q
—N— —N
su(2)xsu(2) su(2) xsu(2)
(5.4.85)

for p > 1 using the same argument as for the previous step, except for now we must
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clearly take the two columns of lengths r + s and s to the right hand side, again
taking tensor products where necessary. Again, this will not affect the p dependence
of the branching and so after cancelling trivial columns of length two, the branching

of the two sides of eq. (5.4.85) agree as long as we have p > 1.

Step 4: Finally we again use the proof of corollary 5.4.17 to obtain the equivalence

p q p q
P S —_— A

Y -

r = r—1 )
su(2) xsu(2) su(2)xsu(2)
(5.4.86)
for r > 1.
Using Step 3 p times and Step 4 r times we now obtain
p q
— N
-/ g
L
, = , (5.4.87)
s Z su(2) xsu(2)
su(2) xsu(2)
as required.
O

We can now finally calculate the index I; for all totally covariant supertableaux as

appear in our decompositions of A, representations.

Proposition 5.4.27.

7 = (=1)" (a7 = gt (5.4.88)
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Proof. In the proof of proposition 5.4.23 we calculated the branching of a maximally
extremal supertableau into su(2) x su(2) representations and checked that the su(2)
characters contained in this branching agree with the su(2) characters that appear
in a massless representation of A, at the ground level as given in eq. (5.4.76). We

therefore have

Ch =X Xzt + X1 Xz + 2X a1 X2y

/

(5.4.89)

+2Xh_ Xaz1 + Xh_ Xazs + Xhos X2y
2 2 2 P} 2

In this sense, we think of the supertableaux as describing the representation con-
tent of A, in the Ramond sector. Recall that the contribution to the index of a

representation of A, is given by

Z, (Ch* ) = —Z+£ ChR : (5.4.90)

Zo=zy=z
therefore to calculate the index we need to flow to the R sector, that is to consider

the supercharacter rather than the character of the representation of su(2|2),

m m

/_M

V] (24,2-) :=Ch V] (z4,—2_). (5.4.91)

/] /]

By some straightforward algebra one then obtains,

SCh

m

—
SCh ] (z4,2.) = (X

/]

The index [; as defined in eq. (5.4.90) is evaluated at z, = z_ and clearly we have

(X%(@) - X%(Zf))

= 0. Therefore we need only consider the term where the
4=z
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differential a% is applied to this zero. We therefore have

: /]
L = ()" (2 = 2) (xmaa(2)xza(2)
n ( ) ( ’ ’ (5.4.93)
/]
— X1 (2)X0z1 (2))
We now use the identity
L2 _ 20141
= 5.4.94
to show that
(X -1(xz1(2) = Xt (D22 (2)) = =g 4 (). (5.4.95)
Substituting this into eq. (5.4.93) we finally obtain
- 1
7, = ()" (27" = 2) xmpn_4(2),
" 2 (5.4.96)
/]
— (_1)n (Z—m—n—i-l . Zm—i—n—l) )
O
We now have the immediate corollary due to lemma 5.4.24.
Corollary 5.4.28.
- /]
7 = 0. (5.4.97)

/

Proof. Since the index at a given level of A, is dependent only on the s1(2) x su(2)

information, we simply use the branching of the supertableau in lemma 5.4.24 to
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obtain

7 =T L + 17 ] ,
n+1 n+2
n{z ] ]

(1) (2 ) () (2 gnt2)

=0.

We also have the following corollary due to proposition 5.4.26.

Corollary 5.4.29.

1, { 0,
S{z

which follows immediately from corollary 5.4.28 and proposition 5.4.26.

Finally, since they give zero representations, we clearly have

p q
— "

I

Il { = 07

as well as

for any tableau larger than those already considered.

(5.4.98)

(5.4.99)

(5.4.100)

(5.4.101)

Since they are the only supertableaux with non-zero index, we now see that the

only contributions to I; from representations of A, come from these maximally
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eccentric representations of the zero mode subalgebra su(2|2). Using eq. (5.2.5) we

can therefore summarise the su(2|2) representation content of A, relevant to I; as

Ay,R M h

Cho,H,k = q

/

+ (non-maximally eccentric su(2|2) representations) ¢

h+1

I»LQ +4u?

+ ... 4 ¢ ® T #(maximally eccentric representation with 2k — p boxes) + . ..

2+ — 2
/_/H
A’Y?R — h
Ch, - = q

200 -2

/]

+ (non-maximally eccentric su(2|2) representations) ¢

(5.4.102)

h+1
4

Now that we have a more comprehensive understanding of the states contributing

to I;, we calculate the index for a set of A, theories in the following chapter.



Chapter 6

AV Character Sum Rules and the

Index I

Having developed a deeper understanding of the type of states counted by the new
index I; in the context of ‘abstract’ unitary highest weight representations of A,
and 1217 in the previous chapter, we now pave the way for the potential discovery
of a new moonshine phenomenon. In order to do so, we first return in Section 6.1
to the super WZW model describing superstrings propagating on the 8-dimensional
quaternionic group manifold SU(3) that was reviewed in sections 2.2.2 and 2.2.3
and exploit character sum rules introduced in [OPT92; PT93] in this context. One
of the challenges with the sum rules is to identify their explicit dependence in A,
massive characters, with a view to constructing explicit modular invariant partition
functions in terms of A, massless and massive characters. Once such a partition
function has been constructed, the new index I; may be applied to the right moving
massless and massive A, characters, in analogy with the procedure followed with
the Witten index in K3 theories which led to Mathieu moonshine. In Section 6.2,
we identify an infinite set of A, massive characters appearing in every sum rule,
encoded as threshold characters multiplied by g¢-series F;(q) (¢ = exp 2mit) for which
we do not have a closed form in most cases at present. One can however proceed

and apply the index I; on diagonal partition functions of interest and analyse the
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results obtained. This is sketched in Section 6.3, and is work in progress [FTT18].

6.1 Character Sum Rules

We saw in sections 2.2.2 and 2.2.3 that the super WZW model with the SU(3)
group manifold as target space possesses A, symmetry. The underlying SCA can be
characterised by two integers k% which are the levels of the two 5u/(27i Kac-Moody
subalgebras of A,. We also know from Section 3.1 that four free fermions and one
boson corresponding to the u/(T) subalgebra of A, can be decoupled, leaving the
non-linear SCA Av characterised by the levels k* = k* — 1 of its two 5u/(27i Kac-
Moody algebras. We are interested in realisations of A, on SU(3), built by defining
the action of A, on W(3) and on SU(2) x U(1) where W(3) is a 4-dimensional
Wolf space to which 4 free fermionic fields are associated as in section 2.2.3. We
naturally call these fermions the ‘“Wolf space fermions’ These are used to construct
a realisation of the 5u/(27* currents, while the 5@ currents may be constructed

from the currents associated to the highest root EI(\Z) subalgebra of 5m+, where

N := k™ + 1. Hereafter we choose k~ = 2 for simplicity.

In [PT93], the authors consider the space,

—

HA KT) = HYS @ H O (6.1.1)

—

where H"® is the Fock space of the 4 Wolf space fermions and Hf\u(s)’H is an
su(3);+ module with highest weight A. This space is shown to provide not only
representations for flw but also the rational torus algebra Ajsj, an extension of the

u(1) subalgebra of A,.

The aforementioned equivalence between representation spaces,

H(A, ]%Jr) - ED (,HAWO,IZ*,I; ® Hé‘:’k) @ (@nf"'[gwhn,zj+ ® Hfﬁ’“) (6.1.2)

i J
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leads to the character sum rules, which can be expressed in the N.S sector as

3 3 3
XWS,NSXiu( ) _ {XWS,Nst\u( )}0 + {XWS,Nst\u( )}m7 (6.1.3)

where {5V XT(?’)}O contains the contributions from the massless representations
of A, and {x"VSVSy O contains the massive contributions. We will now explain
this sum rule in more detail, showing how the massless and massive parts are written

in terms of flw and As; characters.

Firstly, we will need expressions for the various characters involved in the sum rules.

The character for the Wolf space fermions in the NS sector is given by

XN (g2 2) = P TT (4 22y V) (L4 2702, )

Yy
n>1

x (1+ z_zy_lqn_lﬂ)(l + z:lzyqn_l/z), (6.1.4)

_ (g, 2-2) Os(0. 22, )
n(q) n(q)

where 65(q, z) is defined as in Appendix B.

The other character we need to construct the left-hand side of the character sum

rule is that of an su(3);, representation with highest (affine) weight A. We therefore

make a few definitions for characters of affine Lie algebras.

Definition 6.1.1. The character of an integrable highest weight representation of
an affine Lie algebra g with highest weight A is given by,
ch(A) = > multy(N)e?, (6.1.5)
AEQA
where Q is the weight space of the representation and mult,(\) denotes the multi-

plicity of the weight X in the representation.

Such a character may be evaluated at an affine weight £ = —2mi((, 7,t) where — up
to the factor of —27i — ( is the finite weight, 7 the level and ¢ the grade (of &), by
defining

e €) = e, (6.1.6)

In order to calculate the su(3);: characters of interest, we will make use of the affine
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Weyl-Kac formula, written in terms of generalised theta functions.

Definition 6.1.2. Given two affine weights A and { = —27i({, 7, t) of an affine Lie

algebra g, we define the generalised theta function evaluated at & as,

®A(£) :e—2ﬂ'ik’t Z e—m’[?k(av7C)+2()\,C)—Tk|ocv+)\/k:|2}’ (617)

aveQy

where " is a coroot in the coroot lattice @Y and X is the finite part of A.

The affine Weyl-Kac formula now gives us an expression for normalised characters

xa(§) of the module A of g evaluated at the point £ as [DMS97],

wew €(W)Ouatp (§)
Swew €(W)Oup(€)

where W is the (finite) Weyl group of g, e(w) € {£1} is the signature of w and p is the

xa(§) = (6.1.8)

affine Weyl vector. We evaluate the character at the point £ = —2mi(>1_, z;;/, 7,0)

such that this character then calculates [DMS97]
XA (7, 2) 1= XA (§) = Trp @7rhoe > 2 51, (6.1.9)

where A/ is a generator of the affine Lie algebra in the Chevalley basis and we used

the shorthand z = (21,...,2,).

The derivation of the characters for /NLY was outlined in section 3.4, and the formulae
for the massless and massive characters of flv in the NS sector may be found in
eqs. (3.4.13) and (3.4.15). In the character formulas in [PT93; OPT92] however, the

massless A, characters appear in the linear combinations,

: L
Chy™ ™V (L = 0, 25) = — Chyd (“ =0 =g Zi) |
~ Ly
ChioMS(L=1,... k—3:q,24) = Chﬁlsﬁfss ( =5 =107 =0, Zi)
Li_L
~ Ly
O™ (L = k = 21, 22) = — Chigie, (7 = (k= 3).07 = 054, Zi) ’
(6.1.10)

where the &% labels and (q, z+) dependency has been suppressed for legibility.
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We consider only dominant highest weight representations of su(3), which are neces-
sarily integrable representations and this guarantees the unitarity of the representa-

tion spaces.

Definition 6.1.3. A highest weight representation of an affine Lie algebra g with
highest weight A is said to be dominant if all the Dynkin labels of the highest weight

are non-negative integers. That is if in the basis of fundamental weights

A=A +16, (6.1.11)

=0
where @; are the fundamental weights and ¢ is the imaginary root, the Dynkin labels

A; are all non-negative integers.

Since the zeroth Dynkin index satisfies
A=k —()\0), (6.1.12)

where A is the finite part of A and @ is the longest root, we see that for a dominant

highest weight representation we have
k> (X\60)=> a/\. (6.1.13)
i=1

There are therefore a finite number of dominant highest weight representations of g.

—

For su(N), the comarks a; are all 1, and hence we have
M=k—=>_ X\, (6.1.14)
i=1

with the requirement that all A; > 0. We label the set of dominant weights at level k

—

PF. If we therefore consider su(3) at level 2, the possible dominant highest weights

of interest are then given in terms of Dynkin labels as
PJQr ={]0,0,2],[0,1,1],[0,2,0],[1,0,1],[1,1,0],[2,0,0]}. (6.1.15)

For consistency with [PT93] we label the finite part of A as A = (ay,a2) with
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a1 2 € Z> and by the above, satisfying

ay +ag < kY, (6.1.16)

—

for a representation of su(3);. .

Massive flw characters appear in the sum rules at threshold.

Definition 6.1.4. A massive character of A, (A,) is said to be at threshold if
the conformal charge h (h) is taken at the saturating value of the massless bound
eq. (3.2.13). These characters (written here in the case of A, but equivalently for

A,) are then denoted,

Gl ™ (k15 g, 2 + £) = 2 ChA NS (k% 15 by g, 24), (6.1.17)
where
1
Ah=h— %(kﬂ* + kT 4+ (1T —17)2 + ). (6.1.18)

Finally, the characters of Asj are given by [DVVV89],

1 n4m 2 2k n4 2 9m,3k(Q7Z2/3)
(g 2) = e 3 o) 2O ) Omaild 277

n(q) =, n(q) (6.1.19)

We can now give the expressions for the massive and massless parts of the sum rule

as [PT93],
3) & A A
OV (g e 2 ) e = DL Y My, (4, 24,22, 29) Fope (@), (6.1.20)
ol+=0 nEZy,

. . “rA . .
where the massive matrix My, is given by,

N ~ A, NS
M£+,n(% Zpy 2, 2y) = Chn: (li;% zi)x?ik2a1+2a2+6l~++6n<% 2y). (6.1.21)

and

k—2 ~
DI (g, 20 2) X @ 2 2o = X MY(a,2,) Chg ™ (Lig.2s), (6.1.22)
L=0
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where the massless matrix MF is given by,

Mk(q, Zy) =—0r0 [5111,0)(3224-3(97 Zy) + 5a2,0X§k2a1—3(Qa Zy)
+ 5a1+a2,/€*3X211€—a2+3k(Q7 Zy)}
+ 0 2 {5a1,0X§§273(k71)<q, zy) + 6a2,0X§k2a1+3(k71)(Q7 zy)
+ 5a1+a2,k73X2lf7a2 (Q7 Zy)i|
(6.1.23)
+ (1= 010)(1 = Orp-2) [5ka*2*“1Xilf+2a273(kfl)(qﬂ 2y)
+ 5L7k_2_a2x?lk2a170,24»3(]@‘71) (q7 Zy) + 5L7U’«1+0«2+1X2]ffaz (q7 Zy)

3k 3k
- 5L7a1 Xa1+2a2+3(Q7 Zy) - 6L,GQX72a17a273(q7 Zy)

3k
- 5L,k—3—a1—a2X(z1—a2+3k<Q7 Zy)} )

6.2 The Functions Fj(q)

The only n dependence in the massive matrix given by eq. (6.1.21) is in the m index

3k
m

of the rational torus model character 27, which gives three times the u(1) charge
of the highest weight state of the torus module modulo 6k. These characters are
therefore identical under m — m + 6kn for n € Z, as can clearly be seen from their
character formula in eq. (6.1.19). This implies that the g-series F2/;~ T which when
multiplied by the finite number of threshold characters in the massive matrix give

the contribution from an infinite number of massive characters not at threshold —

are also only well defined for n modulo Z;. That is, these functions satisfy

Epy () = Fiyy (@) (6.2.1)
These functions can also be shown to satisfy the following equivalences,

A A A A
F2f+,n(q) - F2if,—n—2i+ <q)’ F2f+,n(q) = Fl?:+—1—2i+,n+2l~++2(q)7

A _ p9e(d)
F21~+,n(Q> - F2[+7n+€+%(6_1)a1+%(€+1)a2 (Q),

(6.2.2)

where for A = ((al, as), kt, 0), A is the conjugate representation given by

Ac = ((a2,a1),k%,0) (6.2.3)
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and with e = 41, the order 3 function ¢ is defined by

d(ay, az) == (az, kT — (a1 + az)), d(AN) == (¢(ar, az), (kT),0). (6.2.4)

As an example we now give the sum rule for the representation A = ((0,0),2,0)
of @2. Although the sum rules in [PT93] are written in terms of the linear
combinations of massless characters introduced in eq. (6.1.10), since we will shortly
discuss partition functions we find it clearer to have all modules appearing with
positive integer multiplicities. We therefore use eq. (3.4.17) to re-write massive

threshold characters as sums of massless characters in order to achieve this.

Example 6.2.1. As stated at the start of this subsection, we take k&~ = 1 and we

now also fix k* = 2. We then consider the singlet representation of su(3), with

A =1((0,0),2,0). The sum rule in this case is then,

3 A, NS [ 1
XWSVNS((L Z—, Zy)XiJ( )(Q7 Z—H Zy) = Ch0 K (07 57 q, z:l:) {Xé5(Q7 Zy) + X1—53(Qa Zyﬂ
A, NS A,,NS 1
—i_(jh()’y (0,0;Q,Zj:) X[l)s(qv Zy) + (jhO’Y <17 §7QJ Z:I:) X%g(QVZy)

+Chy N (1,05, 22) [¥33(a ) + X (2. 5)]

+Chin(0,05¢, 22) [Fi(0)x8”(¢ 2) + Fo (x§(a, 2) + x50, 2))
+ Fa(q) (x13(a 2) + "0, 2) )|

i (5,000, ) [Fi@)xiE(a,2) + F2 (W0, 2) + x50 )

+ Fy(a) (X5°(a,2) + x53(a, )]

(6.2.5)
where we used the slightly condensed notation,
Chg ™ (1,1 q, 22 ) = O, (K 5 17 g, 2
We also rename the equivalence classes of the FQI} ., functions where,
1
Fi(q) ~ B0 (0) = 5. Bal) ~ BV (). Fale) ~ B (), |
6.2.6

,0),2,0 1,0),2,0 ,0),2,0
Fi(g) ~ B57%2(),  Fylg) ~ FS7*V(q) — =, Falg) ~ F57*(g),

1
2
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up to equivalence. The factors of % appearing in F; and Fj come from rewriting the
massless combinations of eq. (6.1.10) which appear in the sum rules into a sum of

massless representations with positive inter coefficients using eq. (3.4.17). A

We now want to make some comments on the functions F*

ol Firstly, we can easily

count how many independent functions there are.

Lemma 6.2.2. Let the number of functions F2/}~+ s Lgnoring the relations in eq. (6.2.2),

be given by Np(k'), then
N 1-, - N N
Np(kt) = §k+(k+ + 1)(kT +2) (k" + 3). (6.2.7)

Proof. First note that the number of pairs (a;, as) € Z;O such that a; + ay < k7 is

the triangular number given by

(k™ +1)(kT +2)
> :

Then [T lies in the range 0 < 20" < kt — 1 containing k+ values and n € Z;, has
k = kT + 3 values and hence the number of (dependent) functions F2‘}+ ., is given by

lemma 6.2.2. O

We now calculate the effect of the relations given in eq. (6.2.2). In the following, we

let A = ((ay,as), kT, 0) and recall that 0 < 2[* < k+ — 1.

Proposition 6.2.3. Let the number of independent functions FX,  under the equi-

20t n
valences of eq. (6.2.2) be given by N;(k) then,
. 1., - . - L[k [ET +2
N;(kT) = ﬁk:*(k:+ + D) (kT +2) (kT +3) + 3 {A { ; W : (6.2.8)

Proof. The first observation we make is that a general F2, lies in an equivalence

20t n
class of 12 elements under the relations given in eq. (6.2.2). This can be seen by
noting that the first and second of these transformations commute, for fixed € the

second and third commute, and that the effect of applying the first transformation

followed by the third with € = 1 is equivalent to first applying the third with e = —1
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and then applying the first. Since the first 2 transformations are of order 2 and the

third is of order 3, then the general equivalence class is of order 12.

However, there are two cases in which an equivalence class can be smaller than 12

elements. The first of the equivalence relations in eq. (6.2.2) has fixed points when,
a; = ag, on + 20" =0 (k). (6.2.9)

When k' is even, such that k is odd, then 2 is an invertible element in Z; and hence
for each value of [, there is a unique value of n such that 2n + 2I* = 0(k). When
k* is odd, then 2n + 2I* = 0(k) has 2 solutions when [t € Z and 0 solutions when
IteZ+ % These fixed points are paired under the action of the second equation
in eq. (6.2.2), which itself never has fixed points, so one obtains shorter equivalence
classes of 6 elements, each of which contains 2 elements fixed under the first equation
in eq. (6.2.2).

The other case leading to smaller equivalence classes is if the image of F2‘; i under
the first relation in eq. (6.2.2) is the same as the image under the second equation.

This occurs when
a =ay, AT=k-—4, 2n=2 (k). (6.2.10)

This can only occur when &kt is odd as 20T € Z. When k™" is odd there are then two

solutions to eq. (6.2.10) which necessarily lie in the same equivalence class.

There are {%J + 1 representations A which are invariant under conjugation, that
is with a; = ay. Putting this all together, when k" is even, there are f’% + 1 pairs
a; = ag, no solutions to eq. (6.2.10) and ’% pairs of solutions to eq. (6.2.9) for each
pair a; = as, giving il%* (/~<;+ + 2) short equivalence classes of 6 elements. When &+
is odd, there are {%J + 1 pairs of solutions to eq. (6.2.9) and one pair of solutions
to eq. (6.2.10) for each pair a; = as, giving a total of 1 (/;:Jr + 1) (/;;Jr + 3) short

equivalence classes of 6 elements. The total number of short classes, N, 5(l~€+) can
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then be given by

- L.+ L+ 9
Ng(it) = F“ﬂ F‘" + w (6.2.11)
2 2
Finally we can count the number of independent functions F2‘; o N ](/~€+) as,
- Np(k*t)  Ng(k*
Ny(ity = Fol) A,
12 2 ~ ~ (6.2.12)
= L e o) 4 L [ 2 B
24 2| 2 2 |

We can now use the sum rules egs. (6.1.3), (6.1.20) and (6.1.22) to calculate the
early terms in the g-expansion for the independent FQ/} o which we will henceforth
refer to simply as Fj for i in an indexing set of size N;(k*). We have carried out
these calculations using Mathematica and we give our results for the case kT = 2

below.

Example 6.2.4. As explained above in proposition 6.2.3, when k+ = 2 there are
N;(2) = 6 independent functions F;. We have calculated the first 29 terms for each
of these 6 functions which we give the first 16 of below, along with a representative

of each equivalence class.

1
0,0),2,0
Fi(g) ~ Fy$Y )(Q)—5=Q(l+q+q3+q4+2q5+q6+q7+q8+3q9
+2¢" + 3¢" + 3¢ + 3¢" + 3¢" + 5¢"° +..),
F o FUO020) N 2/501 02 103 1 A L 968 o7 1208 4 200 4 2010
2(q) ~ Foy (@) =¢"A+¢+¢+q" +2¢" +¢"+2¢° +2¢° + 2
+2¢M +3¢"% + 2¢" + 4¢M + 44" + .. ),
F;(q) NFéff’O)’Q’O)(Q) =P+ + P+ ¢+ + 28+ ¢ + 28+ 2¢°
+3¢" + 2¢M +4¢" + 3¢" + 4¢" + 44" + .. ),
((1,0),2,0) _ 1/5 2 3 4 5 6 7 8 9
Fy(q) ~ Fyp (@) =q¢"”1+q+++2¢"+ ¢ +2¢° +2¢" +3¢° + 3¢

+3q10+3q11+5q12+5q13+5q14+6q15+---),
(6.2.13)
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1
Fy(q) ~ B0 (q) - 5 =+ a+ @ +a° +20" +2¢° + 2¢° + 20" +3¢° + 3¢°)
+4¢" + 4¢™ 4 5¢"% + 5¢" + 64" + 6¢"° + ...),
Fo(q) ~ R57%V(q) = ¢P(1 4+ 2¢% + ¢ + ¢* +2¢° + 2¢° + 247 + 3¢° + 3¢°

+4¢" + 3¢" +5¢" + 44" + 60" + 74" +..).
(6.2.14)

Note that the factors of % appearing here in F| and Fj are as in 6.2.1. A

Remark 6.2.5. Up to the offset, the power of ¢ factored out at the front in
eqs. (6.2.13) and (6.2.14), the coefficients of these functions agree — to as many
coefficients as we have been able to calculate, ~30 — with some known functions. In

particular, the g-expansions we have obtained agree with,

F=¢")?
Fy(q) ~ Q2/5f(—(q2f1—)q3)’ Fi(q) ~ q72/5\111(q), 615
_5)2 2.
Rl ~ 0 LT R~ wola)
where
fla,b) =" qntntD/2pnin=1)/2 f(—a) = f(—a, —a?), (6.2.16)

nez
is the Ramanujan general theta function [Ber12], and ¥y(q) and ¥;(q) are 5" order
mock theta functions. The expansions of these four functions may be found at [Somb;
Hicb; Soma; Hica] respectively. The 5" order mock-theta functions used here seem
to have first appeared in [Hic88]. Although we have not been able so far to identify a
compact form for the series Fi(q) and Fg(q), it is clear from the sum rules eq. (6.2.5)
that we expect forms of weight 1/2 (modular or mock-modular). For the complete
theory of mock-modular forms, see [Zwe02; B+04; Zag09].This could be inferred
from the identifications eq. (6.2.15) as mock-theta functions are mock-modular forms
of weight 1/2. We will comment further on this in the next section, after reviewing

the concept of modular invariance and covariance.
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As noted in [PT93], for k= = 1, k* = 5, the central charge from A, is

Et+ 1) (k= +1
G D G B (6.2.17)
kt+k—+2

and could therefore be relevant for string compactification. We have therefore
calculated the first 11 terms in the g-expansion for each independent F;(q) for
k+ e {2,3,4,5}. The results for k+ = 2 are presented above in 6.2.4 and the results

for k+ € {3,4,5} are tabulated in Appendix E.

One would like to obtain exact analytic expressions for these functions rather than
simply the first terms in a g-expansion. Hoping to derive the modular transforma-
tions of these functions we have begun work to derive the modular transformation
properties of the /NLY characters directly rather than in linear combinations as used
in [PT93]. Since the authors of [PT93] make an assumption as to the independ-
ence of their massless and massive sectors under modular transformations, a direct
calculation would provide a useful alternative method. Since the modular trans-
formation properties of the other characters in the sum rules are known, one could
then determine the modular properties of the F; functions and then hope to use
known properties of the vector spaces they inhabit to deduce the exact form of these
functions from their early coefficients. Calculating the S-transformations of the
massless flv characters has proven to be technically challenging and so this work is
still ongoing. We hope to publish these S-transformations alongside the implications

for the functions F; soon [FTT18].

6.3 Diagonal Theories and the Index [,

The quantisation of the bosonic string can be performed through the path integral
formalism, and leads, among others, to the so-called vacuum-to-vacuum amplitude
for closed bosonic strings, interacting or not. It is given by,

oo

Z(1,7) =Y (g5)?0 / DS Dhy,, e ), (6.3.1)

=0
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where SPol¥akov(33 ) was introduced in eq. (2.2.1). The discrete sum is over compact
Riemann surfaces, classified by their genus 7 and weighted by a power of the string
coupling constant g,, with an offset of g;2 to ensure Z has the right dimensions. The
combination 2(y — 1) which therefore appears as the power of the string coupling is
the topological quantity known as the Euler characteristic discussed in Chapter 4.
This discrete sum therefore counts all possible worldsheets swept by a closed string
evolving in spacetime from the infinite past to the infinite future — the string state
at infinity is given by the insertion of the appropriate vertex operator (the identity
operator in the case of the vacuum to vacuum amplitude) and a conformal trans-
formation allows us to bring the leg at infinity to a finite distance, we therefore
have a worldsheet given by a Riemann surface as expected. For genus v = 0, the
Riemann surface is a sphere and models free closed strings. The torus (y = 1) is the
worldsheet of a closed string splitting into two closed strings that later rejoin — the
relative power of g2 compared to the vacuum weighs the splitting and the rejoining.
The integral | Dh,, is over all intrinsic shapes of a particular Riemann surface (that
is, over all metrics for the Riemann surface), while the integral [ D?%¢ is over all

different ways to embed the two-dimensional surface in spacetime.

In the context of string theory, the one-loop partition function is the name given
to the vacuum-to-vacuum amplitude on the torus and this is often simply referred
to as the partition function. The torus is parameterised by a complex variable 7
(its modulus), and one expects the partition function not to depend on how the
torus is parameterised. The group of 7-transformations that do not change the
shape of the torus (i.e. that do not change the underlying lattice) is SL(2,Z). This
is readily seen when expressing the modulus in terms of the periods w; and ws
of the underlying lattice, say 7 = o [BBS06]. These transformations are global
conformal transformations called modular transformations. Since {£I} C SL(2,7Z)
yield the same transformed modulus, it is common to consider the modular trans-
formations in PSL(2,7Z) := SL(2,Z)/{£I} instead, which are generated by the two

transformations S : 7 — —1/7 and T : 7 — 7 + 1 with S? = (ST)? = 1.
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For the bosonic string, the partition function takes the general form,

Z Moz xY" (1) XY= (7), (6.3.2)

where xY"(7) is the character of the unitary representation of the Virasoro algebra
with highest weight state |a) corresponding to the (left-moving, holomorphic) primary
field labelled by ¢, that is,

X[\lhr( ) TI'% 627"2‘7'([’0_2%1) (633)

with the trace taken over the Hilbert space of all positive norm states descending
from the highest weight state |a). Similar conventions are taken for the right-moving,
anti-holomorphic sector. The partition function sums over all the physical states of
the theory, and therefore the multiplicities M,; € Z>¢. If (a,a) = (0,0) labels the

vacuum state, then one requires My, = 1 to ensure unicity of the vacuum.

Characters of the Virasoro algebra transform covariantly under the modular group,
by which we mean that each transforms into a (discrete) sum of all Virasoro characters

of that theory under PSL(2,Z). In particular,

(7 Z Toxy"(r) and xY*(—1/7) = Z Sap X2 (1), (6.3.4)

with T" a diagonal matrix of phases and S is a unitary, symmetric matrix. If
the states of a particular theory are then organised into such representations of
the Virasoro algebra, then it is reasonably easy to construct a modular invariant
partition function, i.e. to find multiplicities M,; that ensure eq. (6.3.2) is modular
invariant. In matrix notations, modular invariance of the partition function requires
[M,T] = [M,S] = 0, where we have already argued that M is a matrix of non-
negative integers with My, = 1. The classification of modular invariant partition

functions has been successfully performed in certain classes of theories, for which

the first was in [CIZ87b; CIZ87a).

In the case where the symmetries of a theory are governed by an extended Virasoro

algebra — in particular, a SCA — one argues along the same lines as before, with
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the Virasoro characters replaced by the characters of the SCA in question. If
one is interested in constructing modular invariant partition functions that could
correspond to theories whose symmetries are governed by superconformal algebras,
the torus partition function must sum over all states in the theory, including summing
over all spin structures, which correspond to the various periodicity conditions for the
left-moving and right-moving fermions when they wrap the two cycles of the torus.
We note in passing that being able to exhibit a modular invariant partition function
does not guarantee the existence of an underlying physical theory: alongside the
modular invariant partition function, the correlation functions must also be modular

invariant.

The task we want to perform here is to construct modular invariant partition func-
tions built on the flv characters presented in Chapter 3. We are in the process of
calculating analytically the behaviour of 1217 characters under S and 7' [FTT18], but
we already know that the S-transformation of the massless characters exhibits fea-
tures that are reminiscent of those encountered in dealing with the S-transformation
of massless N/ = 4 characters, and which are actually at the origin of the Mathieu
moonshine observation. In fact, in the sector of the theory relevant to a potential
new moonshine, the massless flv characters can be written as finite sums where each
term is the product of a ratio of Jacobi theta functions and Dedekind functions
(transforming with weight &’ = —1) and of an Appell function at level ¢ = 2kTk~
[STTO05], which is a mock modular form of weight £ = 1. In practical terms, this
means that the S-transformation of our massless fL characters at levels kT — 1
involve an integral over the massive flw characters alongside a finite sum of massless
/ZLY characters. This integral complicates matters greatly if we were to use brute
force techniques to construct a modular invariant partition function, and this is out
of scope at present, as it was in the case of K3 theories. In order to circumvent this
difficulty, we resort to looking for special types of theories where the building blocks
of the partition function are discrete — albeit infinite — sums, where each term is

the product of an fl,y character and some rational torus character, and which can
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be expressed in terms of a finite set of characters from other theories that trans-
form among themselves under PSL(2,7). What we are looking for is precisely the
structure encountered in the character sum rules of Section 6.1.

The sum rules were shown to relate modules of A, to those of su(3);., and we can
use invariants of su(3) to construct invariants for ‘extended’ flv theories. Having

constructed modular invariant partition functions we can then calculate the index

I; for these models using definition 5.2.1 and proposition 5.2.4.

By definition 5.2.1, the index I; depends only on the R sector of the partition
function. We therefore need to write the sum rules of eq. (6.1.3) in the R sector,
rather than the NS sector. As discussed in sections 3.3 and 3.4, there exists an
isomorphism of the algebra flw which relates the characters for representations of
fLY through spectral flow eq. (3.4.3). For instance, we may flow from the N.S sector
to the R sector by evaluating the N'S sum rules at —z_¢~ /2 instead of z_ with the

characters of fl,y flowing as,

~ o - R
Ch?/{éﬁ%(”a 73q, 24, —2-q %) = ¢ ¥ A (=2 )F Chﬁ;’;:less(lﬂ 5 [=5q,24,2-).
(6.3.5)

Under spectral flow, the Wolf space fermion character eq. (6.1.4) also ‘flows’ as,

XIS (g, —2q7?, 2) == 02 (q)05(q, —q P22 05(q, —q P2z ),
= — g V()01 (g, 2 2,) 00 (g, -2 ), (6.3.6)
— VA SRy o o),

as is easily shown using the product formulae for the #-functions as in Appendix B.

We are ultimately interested in partition functions involving A, characters rather
than flv characters in the present framework of sum rules. A close look at eq. (6.1.2)

reveals that the sum rules we have considered involve a rational torus theory with

—

3%(q,z,) eq. (6.1.19), which is the extension of a u(1) algebra by a

characters x;,

dimension-3k operator and its hermitian conjugate [DVVV89]. We may view this

—

u(1) affine algebra as the subalgebra of A, whose current U decouples alongside the
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four fermionic currents Q-, Qg when considering A, [OPT92]. So to obtain sum
rules with A, characters, we multiply both sides of the sum rules by the character

for the four free fermions. In the R sector, these are given by,

B -1
ChAQ’R(q, Z4, Z_) _ 91 (Q7 Z+z;72f;§q’ 24 Z—) ’ (637)

as can be checked by sending z_ — —z_ in Ch?*@%(¢, z,, z_) from eq. (3.4.10).

Defining Chg‘”’R(L; q,z+) as the spectral flow of Ché”’NS(L;q,zi) multiplied by

ChAQ’R(q, Z.,2_), we write the sum rules for A, in the R sector as,

01(q, 242 )01 (g, 25 2) ' 01(q, Zfzy)el(%zfzy_l) su(3)

X q7Z 72
ng(q) ng(q) A ( + y)
= Z (@) ME(q, 2) Chg™ (L g, 22) (6.3.8)
k+ 1 © AR . N
—+ Z Z Ch , . q, Zi) U(Q)X32a1+2a2+6l~++6n(q’ Zy)F2[+7n(Q)>
2]+ =0 nEZLg

where we have set v = 0. By CAh::’R, we mean the massive character of A, in the
R sector taken at the threshold value of the conformal weight h, as for the N.S
sector. As explained in section 6.2, although the massless characters appear in linear
combinations with negative coefficients in eq. (6.3.8), in practice we can always use
eq. (3.4.17) to rewrite the sum rule in such a way that all characters appear with

positive integer coefficients.

Before proceeding, we wish to come back on the nature of the F4, (q) series that

20+ n
appear in the sum rules eq. (6.1.20), as promised at the end of the previous section.
Examining the sum rules in the R sector, we note that the LHS is a product of the
character of four Wolf space fermions (which is invariant under S) and of characters
which transform covariantly under S with weight 0. The RHS has terms which are
either products of rational torus characters and massless 1217 characters, or products
of rational torus characters, massive A, characters and Fj(¢) functions. The rational

torus characters transform covariantly under S with weight 0 and the massless /NLY

characters are mock modular forms of weight 0. On the other hand, the massive /NLY
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characters, which are not mock, transform with weight —1/2. We therefore expect

at least some of the functions F}, (q) to be mock modular forms of weight 1/2,

20t n

while the rest are modular of weight 1/2.

—

Using Appendix B as well as the well known diagonal su(3) invariant [Gan94], we
see that we can write the R — R sector of a modular invariant partition function for

a theory with ‘extended’ flv symmetry as,

2

91((] z+z_)91(q Z_T_lz—) 01(Q7Z*Zy)01(Q>Z*Z_1) su(3)
Jsn = d ’ Y )y Bty 2 )
R Z n2<q> 772<q> XA (q + y)

(6.3.9)

kt
AePF

where PE is as in eq. (6.1.15). Having finally constructed the R — R sector of a
modular invariant partition function, we can now calculate the index I; for such a

theory.

As discussed in section 5.2, the index [; annihilates right-moving massive repres-
entations of A, and counts right-moving massless representations as per eq. (5.2.5).
Recall that as well as the quantum numbers flowing under spectral flow, the rep-
resentation labels can also change when multiplying by a representation of Agy
as discussed in section 3.4. Omne can easily check that starting from an /L, NS
representation, flowing to the R sector then tensoring against Agy gives the same
representation as first tensoring against Agy and then flowing to R. Either way the

net result is,

i == ~ 1 kK -
Chle[’;;];qfss(l—i_? l_> — Chl\A/[’;g:less <l+ + ia 7 - l_> ) (6310)
AW:NS 7+ 77— A~y ,R ol B ~
ChMassive,threshold(lJr?l ) - C‘hMassive,threshold <l+ + 15 7 —1 ) . (6311)

Labelling the R — R sector of the partition function of the diagonal theory as Zg’g
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and the theory itself as Dj, we can now calculate the index I; of this theory as,

o 0
]1(D]}+>(q72+72_72y;q,Z,Zy) = aiz k+ )
< Z4=Z_
=2 Ay R
— P (3 M) O i)
AepFt =0
Et—1 R AR
+ Z Z M2/>+,n(q7z+7 Z—y Zy)FQ[;+ n II (Z MA Cho (L q, )> .
20+=0n€Zi
(6.3.12)
We abuse notation in the above by defining,
k—2 . AR 69 k—2 A, 12
I (Z My Ch{™ (L)) = —5+8? <Z My Chy (L )) , (6.3.13)
L=0 -

Zi=7_

to mean the contribution to the index from the massive part of the sum rule.

Example 6.3.1. Let us consider the case k* = 1. By proposition 6.2.3, we see that
there are only 2 independent functions in this case and they have been calculated

as [OPT92],

1 o n2 oo . 5
Fi(q) ~ Fé(oo)lo )—522(] ; F2(Q)~F((OO 10) Z (2n=1)%/4
n=1

(6.3.14)

The contributions Iy ( K2 MF Chg‘”’R(L)> can then be calculated by eq. (5.2.5),

u? [k

recalling that we have set u = 0 (or equivalently cancelled the ¢ term from both

sides of eq. (6.3.8)) as

(ZM 0,0),1,0)( )Chg‘ R( aQVZﬂ:)) = 054(7, 2)x0° (T, Zy) — 05.4(T, 2)x15(7, Zy)

—03.4(a0,2) (X6*(@, 2) + X5(3.2)) +014(a,2) (°(@,2) + X130 %))
(6.3.15)

2
(Z Ml 110/(@ %) Ch (L ,wg) 05,3 INEE) — 0543 N5
— 0540 2) (X\'%(@.2) + x2(@ 5)) + 0140 2) (32 2) + X130 %)),
(ZM 1,0) 10) )Chg‘ R( a(jazﬁ:)> = 924(% )X 8((1»%)‘924(% )XiQ((jaZy)

—054(3,2) (X1°(@: ) + X3, ) + 014(2,2) (X200, ) + x50 2)) -
(6.3.16)
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A
Example 6.3.2. When &kt = 2 we only have the first terms of the g-expansions for
the functions Fj, i € {1,...,6} as given in example 6.2.4.

The massive contributions to the sum rules can be calculated as in example 6.3.1 to
give,
& L AR
7z R os — (7 2 (V5 = 15 (= =
Il (Z M((O,O),2,O) (Q7 Zy) ChO (L7 q, Z:I:)) - 9175(q7 Z) (X35(q7 Zy) + ng,(q, Zy))
L=0
+055(0, X0 (@ ) + 055(7, 2)X12(0 7)) + 0157, 2) (x33(a, 2) + x2(a, 2))
3 N
— = Ay R/ p . - = o= = = _
I (Z M(L(o,l),z,o)(qa Zy) Chy " (L; q, 2+) | = 9175(q,2)xé5(q,2y)
L=0
— 055(0,2) (X4(@, 2) + X13(0. ) — 035(2,2) (x12(@, 2) + x1(7, )
+015(0, 2)x50(0 ),
3 -
— AyRyp - = o= (= = _
[1 (Z M(L(LO),ZO) <q’ Zy) ChO (L7 q, Zi)) - 91,5(Q: Z)X£55(Q7 Zy)
L=0
— 055(6,2) (X¥°(32) + X20(a, %)) — 055(02) (X110 2) + xP(@, )
+015(7, 2)x10(T: Zy),
3 -
— AR _ — - = _
I (Z M{1y.20)(@, 24) Chg " ( ;(L%)) = 0,5(7,2)x12(. Z)
L=0
— 055(@.2) (X6*(@: ) + X550 2)) = 055(@.2) (\°(@.2) + x5(3. %))
+ 94_,5(57 E)Xég)(@ 51,/)7
: L Ay,R 1
L (Z M(0,220)(a: 2y) Chy (L3 , zﬁ) = 015(0,2) (°(@. %) + X003, )
L=0

+055(0 210(T 5) + 055(0 D)X 3T %) + 015(7, 2) (X570 2) + X157, 5))

3 _

- AR, ; — _ o = = _ _

I (E M(L(Q,o),z,o)(qa Zy) Chy <L7Q7Zi>> = 91,5((172) (le)?(q,Zy) + X%?(%%))
L=0

+055(0 2)x0(@ 5) + 055(7, 2)X32(T 3y) + 055(0.2) (X (T 3) + X320 5)) -
(6.3.17)

A

From these examples, we see that the index [; counts an infinity of states in the right-

moving sector, and although we gained an understanding of the A, states counted
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in Chapter 5, much remains to be studied, even within these simple examples. If
there is a moonshine phenomenon here, one would expect it to appear in the term

of the form

Et—1 k—2 -
( > > Mzﬁ,n(%Z+7z_,zy)F2Al~+,n(Q)) -1 <Z M (q,%,) Chy ™ (Ls q, Zﬂ:)) :
ol+—=0 nE€ZLg L=0
(6.3.18)

from eq. (6.3.12). This is work in progress.
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Conclusion

This thesis was motivated by Mathieu moonshine, where the decomposition of the
elliptic genus for a K3 theory into characters of the ‘small’ NV = 4 superconformal
algebra at central charge ¢ = 6 has revealed a surprising connection with the sporadic
group Myy. Since the underlying NV = 4 symmetry is important to this observation
in the context of strings propagating on a K3 manifold, it is natural to ask whether
a theory with the ‘large’ N' = 4 symmetry governed by the A, SCA could exhibit
a similar phenomenon. The algebra A, was discovered in the late 1980’s [IKL88b;
IKL88a; Sch88] and studied in [SSTV88a; STVS88; STV8S| in the context of super
Wess-Zumino-Witten models describing superstring propagating on group manifolds

allowing a quaternionic structure.

The A, SCA has 8 bosonic operators which, apart from the energy-momentum tensor
of conformal weight 2, includes the 6 bosonic generators of two s@ x+ subalgebras
and the bosonic generator U(z) of a u(1) subalgebra, as well as 4 conformal weight 3 /2
operators corresponding to the supersymmetry generators and 4 generators QQ%(z)
of conformal weight 1/2 corresponding to free fermions. Unitary representations
require y = k,kﬁ with k= € N.

Amongst the elementary quaternionic group manifolds, only two yield a theory with
a single energy-momentum tensor: SU(2) x U(1) and SU(3). In the first case, the

bosonic currents of the o-model satisfy the OPEs of an 5u/(3) algebra at integer level
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n and of a u(1) algebra at level 1. These bosonic currents together with their four
fermionic superpartners — whose OPEs are standard free fermion OPEs — generate
a representation of A, for k= = 1 and k™ = n + 1, which yields a central charge
c=6(n+1)/(n+2). Although the limit n — oo is known to reduce the A, algebra
to the ‘small’ NV = 4 algebra at ¢ = 6 [STV88], this corresponds to a limit where
the SU(2) x U(1) group manifold becomes U(1)%, and such a theory describing
superstrings propagating on a 4-torus has elliptic genus zero [NW01; Wen00]. The
elliptic genus of a theory with A, symmetry is also zero for all finite values of k%,
as shown in Chapter 5 and discussed already in [GMMS04]. The emergence of a
moonshine phenomenon through the elliptic genus in this framework is therefore
doomed. A similar conclusion can be reached starting with the group manifold SU(3),
where the 8 g-model bosonic currents and their fermionic superpartners generate a
representation of A, at k- =2 and k™ = n + 1, with the n — oo limit being ‘small’
N = 4 with central charge ¢ = 12. In this case however, the theory is richer than in
the previous situation, as the root diagram of su(3) has a non-empty set of non-zero
roots, non-orthogonal to the highest root, and which span the 4-dimensional Wolf
space SU(3)/(SU(2) x U(1)) as in section 2.2.2. We have thus chosen the super

WZW model for SU(3) as a test bed for ideas that might lead to a new moonshine.

Although the elliptic genus for such a theory is trivial, another supersymmetric
index I; (defined in section 5.2) was introduced in the context of theories with
A, symmetries in [GMMS04] as a generalisation of the new index of [CFIV92].
The motivation there was to identify a holographic dual to a string theory on
AdS3 x S? x 83 x St [GMMS05; BPS99; EFGT99]. In this thesis, we have not
followed this line, but instead revisited the approach initiated in [OPT92; PT93| of
constructing modular invariant partition functions for theories with A, symmetry.
The building blocks of these partition functions are provided by the character sum
rules of Chapter 6, which exploit realisations of flv on cosets [SSTV88a; STVSSS;
GPTV89; Van89; ST90], in particular on SU(N)/SU(N — 2) via a realisation on
W(N) and on SU(2) x U(1) where W(N) is a Wolf space — we have focussed on the
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case N = 3, as in this case there is a single energy-momentum tensor. In section 3.1,
we recall how the non-linear algebra /17 is obtained by decoupling the four free
fermion generators Q*(z) and the u/(T) bosonic generator U(z) from A,. In the case
of interest (N = 3), the four Q%(z) generators correspond to the superpartners of the
bosonic generators associated with the SU(2) x U(1) factor, which means that after
they decouple and A, reduces to flw, the only remaining fermionic generators are
those corresponding to the Wolf space W (3), i.e. to the four non-zero roots of su(3)
other than the highest root and it negative. The character sum rules of interest to
us encode realisations of /Ly extended by a rational torus algebra — itself obtained
through extension of the u/(T) subalgebra of A, by a dimension 3(k* + k™) operator
and its hermitian conjugate — where one uses the four free Wolf space fermions and
the currents of 51(\?))1#—1 with k¥ — 1 =n.

Manufacturing modular invariant partition functions is reasonably straightforward
since the sum rules relate the /L characters to those of free Wolf space fermions
multiplied by 5/@ w+_1 characters, for which the modular transformations are known
[Kac94; Gan94]. Here we have considered diagonal invariants for the two simplest
values of £t = 2 and kT = 3, building on the work of [OPT92; PT93]. The case
kT = 2 is somehow special as it corresponds to v = % (since k= = 2 here) and
yields the N/ = 4 SCA with so(4) subalgebra at ¢ = 6 of Ademollo et al. [Ade+76b;
Ade+T76a]. We have in particular concentrated on the massive sector of the sum
rules, i.e. on the contribution from massive 1217 characters to the sum rules. In the
R sector, these appear as infinite sums of the form Y% | ¢, Chfj’é(ix +n,1F), for h
the threshold conformal weight and with all coefficients ¢, positive, and correspond
to unitary representations of A, built on primary fields with conformal weights
h+n ¥n € N. These sums of characters can be written in terms of threshold massive
characters using 2% ¢, Chﬁ]’R(ﬁ +n,1*) = CAhiw’R(sz, 1) 3°%° ¢,q". These series
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>0 1 enq™, generically labelled F'(q) for ¢ = ™7, are expected to be either modular
or mock modular forms of weight 1/2 as discussed in section 6.3. We have compelling

evidence that in the case k* = 3, some are 5'""-order mock theta functions, and some



194 Chapter 7. Conclusion

are ratios of Ramanujan theta functions, but we are still studying the nature of
these series for a range of k*-values. We provide the first 11 (16 in the case k™ = 3)

coefficients of the series Fj(q) for k* € {3,4,5,6} in Appendix E.

As mentioned in section 6.2, we had hoped to find formulae for the S-transformations
of the massless and massive characters of 1217. Although the calculations for massive
characters are reasonably straightforward, those for the massless characters of /NLY
have proven technically challenging and so this work is still ongoing. Once we have
calculated these S-transformations, we hope to be able to provide exact expressions
for the functions F;(q), which at present are only accessible via their Fourier expan-
sions within the character sum rules (see Appendix E). We are encouraged to pursue
this avenue, as some of the forms appearing in umbral moonshine can be written
similarly in terms of mock theta functions [CDH14b]. Ultimately, we want to under-
stand the dimension of the vector space spanned by the functions Fj(q) pertaining

to a particular theory characterised by k= = 2 and arbitrary integer k™ > 2.

Also in Chapter 6, and in analogy with the pathway to the Mathieu moonshine
discovery, which involves the calculation of the elliptic genus, we have calculated the
supersymmetric index I; on the partition functions constructed from the character
sum rules of section 6.3. In the case of Mathieu moonshine, the elliptic genus
was found to be a weak Jacobi form for H x C (where H is the upper half-plane).
The contribution to the elliptic genus from right-moving massless representations
of N' = 4 is the Witten index of these representations (integers). The partition
function is there reduced from a function from H? x C? to a function from H x C
under the elliptic genus. The factor multiplying the massive threshold characters in
the elliptic genus, the mock modular form identified in section 4.2.3, is just a function
of ¢. The index I; for A, is more complicated. As we saw in section 5.2, massless
representations of A, contribute to the index I; in the form of theta functions
0,1(q,z), where p is the Witten index of the underlying A, representation. The
contribution of massive threshold characters of A, to I; is therefore a function of the

form A(q, 24, 2,; G, 2y, Z) as in eq. (6.3.12). We expect any moonshine phenomenon,
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if any, to emerge from this massive threshold contribution corresponding to the
left-moving massive A, characters multiplied by I; applied to the right-moving A,

characters. This is quite a complex analysis, which is still ongoing.

In our journey to Chapter 6, we have had to learn a substantial amount of background
material, which is not new but which we present from our personal viewpoint in
Chapters 1 to 4 and some appendices, focusing on aspects which are essential for our
work in Chapter 6. This abundance of background material reflects how moonshine
phenomena lie at the interface of group and representation theory, algebraic geometry
and number theory, as well as string theory. We go from the emergence of A,
symmetry in super WZW models on group manifolds with quaternionic structures
introduced in Chapter 2 to the representation theory of A, and /17 in Chapter 3, and
to the notion of supersymmetric indices as topological invariants in one- and two-
dimensional o-models, embedded in a synthesis of the mathematical and physical

literature surrounding these supersymmetric indices in Chapter 4.

Chapter 5, which builds on the broad ideas of index theory reviewed in Chapter 4,
contains original work. Contributions to the supersymmetric index I; were shown to
come from spectral flow orbits of four particular ground states, a fact observed by
Saulina earlier [Sau05]. We also demonstrate how the contributions to the index [;
split into contributions from A, and from Agy, the algebra of 4 fermions Q%(z) and
one boson U(z). After introducing the notion of a Lie supergroup and its associated
Lie superalgebra, it was proved that the superalgebra su(2|2) describes the zero
mode subalgebra of A, in the Ramond sector by constructing a basis of su(2]2)
which satisfies the commutation relations of A,. Young supertableaux were used to
classify representations of su(2|2) and, by considering the branching of su(2|2) into
su(2) x su(2) x u(1l), we have shown how one may organise the finite-dimensional
representations of the zero mode subalgebra of A, occurring at any given level, into
s5u(2|2) representations. We also indicated how to consider the index I; acting on
a supertableau and showed that the only supertableaux which contribute to I, are

the maximally eccentric ones which contain the ‘massless’ states of A, — those in
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the spectral flow orbits of massless A, highest weight states (and their su(2) x su(2)

lowest weight counterparts) [Feal8|.



Appendix A

The Commutation Relations of the

Large N =4 Algebra A,

We present here the commutation relations for the ‘large’ N' = 4 algebra, A, first

discovered in [STVS88] with the commutation relations first given in [STV88|. This

algebra contains the energy-momentum operator 7'(z) of conformal dimension 2,
3

four supercurrents G*(z) of dimension 2, as well as operators 7*(z) and U(z) of

dimension 1 and Q*(Z) dimension 3.

The Virasoro modes satisfy the usual Virasoro algebra with central charge c,
(Lo L] = (m — 1) Ly + sz(wﬁ — D)bpino, (A.0.1)

with commutation relations between the Virasoro modes and the modes of the other

operators fixed by the conformal dimensions of the operators,

[Lma ¢n] = [<d¢ - 1)777, - n]¢m+n7 (AOQ)

where d, is the conformal dimension of ¢, i.e dg = %,d%i =dy = 1,dg = % for

i€ {+, —,3}.
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The modes of the supercharges satisfy the commutation relations,

c 1 I
{G+,mv G—,n} = Limqn + 6(m2 - Z)ém—&-n,o - (n - m) ['7+T:1_in + Tmin} )
c 1 I
{G+K7m> G—KJL} = Lm—i—n + 6(m2 - Z)ém-‘rn,o - (n - m) [7+Trjz_in - Tmin} )
{G:I:,mv G+K,n} - :l:fy:t (n - m)T;rI;er:n? {G:E,Tm G—K,n} - j:fﬁ (TL - m)Tii:n?
(A.0.3)
where we use the notation,

where kT, k™ are the levels of the two affine sj(?) algebras known as 5@ respect-
ively. The central charge of the Virasoro algebra is defined in terms of the levels of

the affine algebras as,
ktk~
c=6 o (A.0.5)

The modes of the affine su(2)* satisfy the usual affine commutation relations,

[Tt T =215 + mk™6,4n.0, [T T =T,
: (A.0.6)
T3 T%) = G =Omsmo T T) = ~T,

The modes of the four dimension % operators Q)1 tx satisfy the following relations

o —

with the modes of the su(2)*,

[T’r—TiL_-i_? Q+n] =0, [T$+> Q-rn] = —Q+m+n,
75" Q+rn] =0, [T, Q-n] = Qirmin,
[T Qinl = —Q-kmin, [T, Q-xul =0, (4.0
T4, Qi) = Qmimtn T57,Q-,] =0, B
[Tnt?)a Q+,n] = ;Q+,m+n7 [Tntsa Q—K,n] = _;QK,m+nu
1 1

[Trjz_37 Q-l—K,n] = §Q+K,m+n> [Trjz_Ba Q—,n] - _iQ—,m—&-na
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—

and similarly with the modes of the su(2)-,

[TT;"F? Q-‘r,n] = 07 [Té—h Q+K,n] = _Q—l—,m—i-na
[T%—Fy Q—K,n] =0, [Tn:+a Q—,n] = Q—K,m+n7
[Tn:_v Q+,n] = _Q+K,m+na [Tr;_7 Q+K,n] = 07
(A.0.8)
[Té_v Q—K,n] = Q—,m+na [Tn:_a Q—,n] =0,
_: 1 _ 1
[dea Q+,n] = §Q+,m+n> [nga Q+K,n] = _§Q+K,m+n7
1 _ 1
[Tyﬁ37 Q—K,n] = §Q—K,m+n7 [Tm37 Q—,n] = _iQ—,m—&-n'
These equations can be condensed considerably by forming the doublets,
(@1,Q2) = (Q+,—Q-x) or (Qix,Q-) forsu(2)*,
(A.0.9)

—

(Q1,Q2) = (Q4,—Qyx) or (Q-k,Q-) forsu(2),

and letting 7 for i € {+, —, 3} be the standard doublet representation of SU(2),

N |

T+ g , 7'_ g s 7'3 = y (AO].O)

e}

e}

—_

=)

e}
I

N[ =

such that these doublets transform under the su(2)* as,

[Tr:rlj27 (Qh QQ)n] = (Qb Q2)m+n7—i- (AO].l)
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The supercharge modes transform under the SU(2)" modes as

[T Gin] = 0, (T2 Gyn) = ;G+,m+n — 7 MQ4 mtn,
[T+, G sl = 0, (1%, G rscal = 3G ki = 7 M@kt
157Gl =0, 15,6 sead = =56 Kt + 7 Qi
1
1,7, G- =0, (15, G_ ] = —§G—,m+n +9"mQ— min, (A.0.12)
[T Gokn] = =G nin + 27 MQt i,
[Tnt+> Gan] = Gy Kkmin — 27 MQ 4K min,
[T, Gin] = =G _gmin + 27 MQ—_K min,
[T Gikn) = G- min — 27 MQ_ jrym,
and under the SU(2)~ modes as
[T Gl =0, [T7% Gn) = ;G—&-,m—i-n + Y TMQy mtns
(TG n] = 1%, ] = 3G msn + 7 MQ s
T, Gl =0, T, i) = = (G s + 7 Q)
1.6 =0, T8, ] = (3G min + 77 MQ i),
T, %, Gikn) = —(Gimin + 27" MQ 4 in),
(T, G_n) = G_gman + 27" MQ_K mosn,
T, Gin) = —(Gikimen + 27" MQ 4 ki)
T 7 Gkn) = G g + 27" MQ_ 1.
(A.0.13)

As for the modes of the (),, these equations can be condensed considerably as,

[Tiia (G1,Ga)p) = ((Gla G2)min F 27Tm(Q, Q2)m+n) Ti, (A.0.14)

where i € {+, —, 3} and (G4, G2) given similarly to equation (A.0.9)
(G1,Ga) = (G, —G_g) or (Gyx,G_) for su(2)*,

o —

(G1,Gs) = (G, —Gyk) or (G_g,G_) forsu(2)". (A.0.15)
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Finally, the remaining non-trivial commutation relations are given by

1 1 1
{Qﬂznm GJF,n} = :Fi(Tr—r’j—n - Tr;in) + §Um+na {Qﬂ:,ma G—i-K,n} - iTrjn:i:na
1 1 1
{QiK,m: G$K,n} = :Fi(T;nrin + Trﬁin) + §Um+n, {Qi,m’ G—K,n} - _iTnf—::—:nv
1 1
{Q+K,m7 C;1:|:,n} - _iTT:YEi:n7 {Q—Kfm? G:E,n} - iTier:ru
1
[Um> Ga,n] = m@a,m+na [Um7 Un] = _imkdm—i-n,Oa
1 1
{Q+,m7 Qf,n} = _zkaern,Oa {Q+K,m7 Q—K,n} - _Zkém—i-n,O;
(A.0.16)
where a € {£+, +K}.
The hermiticity properties of the modes are given by
LL = L,n, U;i = _Ufn7 Gi,n = G*,fn7 Q:—,n = —Q,7,n,

GT—i—K,n = G*K,*na Q:—K,n = _Q*IC*n? (TTIiS)T = T—i'r?7 (TniJr)T = T—i;
(A.0.17)



Appendix B

Theta Functions and the Dedekind

Eta Function

This short appendix is included as a reference for the definitions of the Jacobi theta
functions and the Dedekind eta function, as well as their transformation properties
under the modular group. The modular transformations either follow immediately
from the definitions (in the case of the T-transformations), or are proved using
Poisson summation (in the case of the S-transformations). These are classical
results and as such are available in many places including for example [DMS97].

In this appendix we repeatedly abuse notation by writing functions of 7 in the upper

2miT

half-plane H and w € C in terms of the nome ¢ = e and z = e*™_ In all the

following definitions we always take 7 € H and w € C.

Definition B.0.1. The Dedekind n-function is defined as,
n(r) =g [T —q"). (B.0.1)
n=1

The Dedekind 7n-function is also commonly written in terms of the Euler ¢-function

as,

() = (), d(r) = ﬁ (1-q"). (B.0.2)

We also define the Jacobi theta functions as functions from H x C — C.
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Definition B.0.2. The four Jacobi theta functions are defined as,

1

Or(r,w) =i Y (—1)"g2" 2 s,

Or(1,w) = > g2 e
T (B.0.3)
O5(1,w) : = Z ¢T ",
oo n2
Os(T,w) := > (=1)"¢z 2"

Using the Jacobi triple product, one can write product formulae for these theta

functions as,
01 (1, w) =ig"52 P T = ") (1= ¢ '2) (1= q"z ),
n=1

Or(r,w) = "5 T[ (1= ¢ (A + ¢ ') (1 + ¢ 271,
n=1

- (B.0.4)
s(m0) = [1(1 = ") (1 +g""22) (14 q" 227,
Oy(T,w) = ﬁ(l —q¢")(1— q”’l/Qz)(l — q"’l/Qz’l).

Proposition B.0.3. The modular transformations of n(t) as well as the Jacobi

theta functions are given by,

n(r)° = 77(—71_) = \/—itn(T), n(r) =t +1) = 6%77(7')7

91'(7',2)5 :91(—3,8), ‘91'(7—72)T 3:91'(7'4—1,&1),
T T
0,(1,2)% = —i(—ir %e’”w?zé’ T, W), 01(r,0)" = 501 (7, w),
(7, 2) (—i7) 2 1(T,w) | (B.05)
Oy(1,w)° = (—iT)%e”in94(7', w), 02 (7, w)" = €7 03(7,w),
O5(1,w)% = (—iT)%emngg(T, w), 03(1,w)" = 04(7,w),

94(7_7 W)S = (_iT) 56”1‘?02(7—’ w)’ 04(7'; W)T = 93(77 W)'



Appendix C

Characteristic Classes and Genera

The aim of this appendix is to introduce some mathematical notions, which while
standard in the mathematical literature are less well known in the physics literature.
In particular, we wish to define a genus as a homomorphism from the cobordism
ring to some unital Q-algebra and this section introduces the basic definitions that
we need for this. We start by briefly introducing the dual notions of homology and
cohomology, as cohomology classes will be key for much of this chapter. We then
introduce the notion of characteristic classes, which associate cohomology classes
to bundles over a base space. Next we define the equivalence notion of bordism
as a courser way to classify manifolds than through diffeomorphically equivalent
manifolds. In particular we show that the equivalences classes of manifolds up to
bordisms has a ring structure. Finally we use characteristic classes to define a genus
as a homomorphism from the (oriented) bordism ring to some Q-algebra A. We
finish this appendix by explaining what it means for a genus to be elliptic and give

some examples of elliptic genera.
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C.1 Homology and Cohomology

C.1.1 Simplicial Homology

In general, homology theory is a procedure for associating a sequence of abelian
groups to an object such as a topological space. There are many different types of
homology theory that one can consider, but here we will consider simplicial homology
as this enables us to consider the homology in a visual way. For spaces which admit
a triangulation, simplicial homology is isomorphic to singular homology which we

consider in Appendix C.1.2.

Definition C.1.1. The convezr hull of a set T in Euclidian space is the smallest

convex set that contains 7.

Definition C.1.2. A k-simplex is a k-dimensional polytope in Euclidian space which
is the convex hull of its k + 1 vertices in general position as taken with the subspace
topology. This simply gives us the point, the closed line, the triangle, the tetrahedron
etc. Further, we refer to the convex hull of any subset of (m—1) points of a k-simplex

as an m-face of the simplex.

Note that this definition does not require the simplex to be regular, if the simplex

is regular then it is called a regular simplex.

Definition C.1.3. A simplicial complex ., is a topological space formed as the
union of k-simplices of possibly different dimensions which satisfies the following two

conditions:

1. The face of any simplex X € ¥ is also a simplex in X..

2. The intersection of any two simplices oq, 09 € ¥ is a face of both oy and 5.

A simplicial complex can easily be constructed from k-simplices of increasing dimen-
sion. If we begin with a point set (0-simplices), then we may attach lines (1-simplices)

to the set freely, as long as we ensure that each line ends on a simplex in order to
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satisfy property 1 of definition C.1.3 and as long as the lines do not intersect away
from the vertex set in order to satisfy condition 2 of definition C.1.3 . We may now
attach triangles (2-simplices) to our complex in a similar manner; the triangles must
have their edges as lines in the complex and must not intersect each other at any
points not already in our complex. We can continue attaching simplices of higher
dimensions in this manner until we stop after attaching a set of n-simplices. We

then refer to our complex as having dimension n.

If we label the vertices of our simplex as 0, ..., n, then our simplices naturally inherit
an orientation. The edges are oriented as (4, 7) if i < j and as (j,¢) otherwise, where
i,j are the vertices. Similarly, a k-simplex is oriented in increasing order of its

vertices.

Realising a topological space in terms of a simplicial complex is known as a tri-
angulation of the space. Any real, differentiable manifold can be seen to admit a

triangulation by the Whitney embedding theorem.

Definition C.1.4. The chain group Cy(X) of a simplicial complex X, is defined as

the Q-vector space over X, where X, is the set of all k-simplices in X.

An element z € Cy(X) is called a k-chain on X.

Example C.1.5. It is clear that for fig. C.1 we have
€1 = (Ul,vg), €5 = (’U3,U4), o1 = (Ul,’UQ,Ug). (C].].)

The chain groups are

CO(X) = Span{vlu U27U37U4}7 CI(X) = Span{€17 €9, €3, €4, 65}7 (C 1 2)
Co(X) = Span{oy, 02}

A

We introduced homology in order to help us describe the topology of a space. The
preceding definitions have been introduced to allow us to define the notion of a

boundary in a manner that agrees with our intuitive understanding of the notion of
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€4
V2 V4
02
X €1 €3 €5
01
(%1 U3
€2

Figure C.1: A simple chain complex

a boundary. We define a boundary operator as a linear map 0 : Cx(X) — Cr_1(X)

for some complex X.

Definition C.1.6. Let (vg,v1,...,vx) =[0,1,...,k] and let [0,...,7A,..., k] be the

simplex with all the vertices O, ..., k aside from n, then we can define,
k
010,..., k] => (=1)"0,...,7,..., k. (C.1.3)
n=0

One can easily check that this agrees with our standard notion of boundary.

Example C.1.7. Consider the closed path e3 + e5 — ey.

6(63 +e5 — 64) = 8[2, 3] + 8[3,4] — 8[2, 4},

(C.1.4)
= [2] =Bl + 8] - 4] - [2] + [4] = 0,
which shows a closed path has no boundary as expected. A
Lemma C.1.8.
0* = 0. (C.1.5)

Proof. 0%[0,..., k] =XF (=1 4+ (=)0, . . k) =00 O

m,n=0

Definition C.1.9. k-cycles on X are chains in Ker 0, denoted Z;(X)
k-boundaries are chains in Im 0, denoted By (X)

Bi(X) = Im(Og41).
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Now since we have proved that 0 necessarily satisfies 9% = 0, by lemma C.1.8, we have
that k-cycles are boundariless, that is By(z) C Zx(X), so Bi(X) is a linear subspace
of Zx(X). Since our chain groups are abelian groups and we have Zy(x) C C(X),

then Z;(X) is abelian and hence By (X) is normal in Z;(X).

It therefore makes sense to define the quotient group and this is what we define as

the k' homology group of a simplicial complex X.

Definition C.1.10. We define the k& homology group of a simplicial complex X as

Hy(X) = (C.1.6)
and we can construct a chain complex for our example C.1.5
o))

LS00 B aX) B ex) L0

that satisfies 9> = 0, or more precisely d; o 9, = 0.

Geometrically we can think of ‘holes’ in the space X as cycles in Z;(X) that are
not the boundaries of higher dimensional simplices. This is exactly the information

captured by the homology groups of X.

Definition C.1.11. The n* Betti number b, of a topological space X is the rank

of the n'* homology group H,(X)
b, (X) =rank H,(X).

The Betti numbers can be thought of as the number of k-dimensional holes in X.

The Betti number by tells us the number of connected components of X.

C.1.2 Singular Homology

In singular homology we begin by considering singular chains of standard n-simplices.
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Definition C.1.12. The standard n-simplex is the set

A" = {(tg,...,tn) ER"™D t;=1,¢>0,i=0,...,n}

This definition agrees with our understanding of the simplex as defined in defini-
tion C.1.2. Note that we could also choose to define the standard n-simplex in R”

instead, but this embedding into R™*! automatically defines us a reqular n-simplex.

Definition C.1.13. Given a space X, a singular n-simplex is a continuous map
o : A" — X. This map need not be injective. For instance, any constant map from

a n-simplex to X may be viewed as a singular n-simplex.

As in the case of simplicial homology (Appendix C.1.1), we can now use the singular

n-simplices to form singular n-chains.

Definition C.1.14. o A singular n-chain is a formal linear combination of sin-

gular n-simplices, Y, n;o;.

o The singular chain group, S,(X), is the free abelian group with a basis of
the set of all singular n-simplices on X. A singular n-chain is therefore any

element of the chain group 5, (X).

The advantage of considering singular homology rather than simplicial homology is
that in simplicial homology we needed to state that the homology groups obtained
are independent of the triangulation of the space. In singular homology, since we
are considering all maps from the standard simplices into the space X, then this
ambiguity is removed, but in return we are left with much larger (usually uncountable)

chain groups.

We can now define the boundary of a singular n-simplex as a formal sum of the
singular (n—1)-simplices obtained by restricting the singular simplex o to the faces of

the standard n-simplex and taking an alternating sign to take account of orientation
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as in the simplicial case. That is, for the vertices, we have
(A7) = (17 01,5y (€.1.7)
where 1g is the natural embedding of the standard simplex spanned by S into the

standard n-simplex, and as before, S = (0,...,%,...,n) is taken to mean the set of

points of S not including i.

C.1.3 Cohomology

Cohomology arises by considering the algebraic dualisation of homology. Rather
than considering the chain groups C} and the linear boundary maps 0, between
them, we consider the dual spaces C}, the cochain groups, and the transpose of
the boundary operators, 6" : C_, — C, the coboundary operators or differentials.
The coboundary maps clearly satisfy §"1§" = 0 since 6"™16" = (0,41)"(0,)" =

(0,0n41)" = (0)" = 0 and hence we can form a cochain complex

5n+1 on 6n—1
O = O —

_ Ker(6"t1)

We can then define the n'* cohomology group H"(X) TR

In cohomology it is possible to define a product operation on the elements of the
cohomology groups in order to obtain a cohomology ring. This operation, known as
the cup product, defines a way of combining a p-cocycle with a g-cocycle to obtain a
p + g-cocycle. It can then be shown that this cup product on the cocycles induces
a product on the cohomology classes. Having introduced singular homology in
Appendix C.1.2 we will now use this to define the cup product in singular cohomology.
In singular cohomology the cup product of a p cocycle, ¢, and a ¢ cocycle, d? is
given by

(P —d")(0prq) = (Oprq 0 to,.p) * A(Op1q O Ly, piq); (C.1.8)

where tg is the natural embedding of the standard S-simplex into the standard

(p+q)-simplex. 0,400, pand 0,140 Lp11. piq are often referred to as the p™ front
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face and ¢ back face of o, , respectively.

Since the coboundary map ¢ is the dual of the boundary map 9, we have
be(o) = o(d9) = Y (~1elo 0105 ) (€.19)

This leads to the following standard lemma,

Lemma C.1.15.

§(c? — d7) = (6" — d7) + (—1)P(c? — 8d7). (C.1.10)

From this we have two simple corollaries.

Corollary C.1.16. The cup product of two cocylces, ¢, d? is a cocycle, §(c? — d?) =
0.

Corollary C.1.17. The cup product of a cocycle and a coboundary is a coboundary.

The cup product therefore induces a product for the cohomology classes

HP(X) x HU(X) — HP*(X), (C.1.11)

One important example of a cohomology theory is de Rham cohomology. In de
Rham cohomology, the cochains are the elements of the spaces QF(M) of k-forms on
the smooth manifold M and the differential is the exterior derivative d : QF — QFFL,
We call a form « ezact if it is the image of a form under the exterior derivative,
a = dp. We call a form « closed if its exterior derivative is equal to 0, da = 0. Since
d? = 0, all exact forms are closed and we can consider the quotient space of closed
forms modulo exact forms. We call these spaces the de Rham cohomology groups,
HY.(M). In de Rham cohomology, one can realise the cup product as the wedge

product of differential forms.
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C.2 Characteristic Classes

Characteristic classes are a way to associate cohomology classes of a space X to
vector and principal bundles on the space. Specifically we wish to consider the Chern

classes and the Pontryagin classes.

Chern classes are characteristic classes which are associated to complex vector
bundles — bundles whose fibres are complex vector spaces with C-linear transition
functions. The Chern classes of a complex vector bundle E over a manifold M
are elements of the cohomology ring H*(M,Z). Specifically, the i** Chern class
ci(E) € H¥(M,Z).

We take the Chern classes to be defined in the following way.

Definition C.2.1. To a complex vector bundle E of complex rank n over a smooth
manifold M, we may associate distinguished elements of the cohomology ring
H*(M,Z) known as Chern classes. The Chern classes may be given by the coefficients
of the characteristic equation of the curvature form 2 on F,
(2 ,
det (; + I> =Y (Bt (C.2.1)
@ i

This follows from the Chern-Weil homomorphism and hence is independent of the

choice of connection on F.
Definition C.2.2. The total Chern class for a rank n complex bundle £ is given by

¢(E)=>«(E)e H(X,Z). (C.2.2)

00
i=1

Note that we always have ¢o(E) = 1 for all complex bundles E.

An alternate axiomatic definition is given in [HBJL92].

Definition C.2.3. Given a complex vector bundle F over a manifold X, we may
define the Chern classes as characteristic classes uniquely satisfying the following

properties:
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1. ¢(E) € H*(X,Z), ¢o(E) = 1.
2. ¢(f*E) = f*¢;(E), where f:Y — X is a continuous map.

3. c(E®F) =c(E)-c(F), where F' is another complex vector bundle over X and
E & F' is the Whitney sum of the two bundles, that is the fibrewise direct sum
of the bundles.

4. ¢(H) = 1—g, where H is the Hopf bundle over CP™ and g € H*(CP"™,Z) is the
generating element of the cohomology ring of CP". (C")* = C™\ {0} naturally
fibres over CP™; If CP™ is seen as the image of the map p : (C")* — CP"
defined by p(Az1, Aze) = (21, 22) for non-zero A € C, then the restriction of p to

the unit norm elements of C" defines the fibration known as the Hopf fibration.

For notational ease we also make the following standard definition.

Definition C.2.4. We can define the Chern classes of a smooth manifold M as the

Chern classes of the tangent bundle to the manifold,

(M) == ci(TM). (C.2.3)

We use the following proposition, taken from [Hat03] without proof.

Proposition C.2.5. Given a manifold M, the group of isomorphism classes of com-
plex line bundles on M under tensor products is isomorphic to the second cohomology
group of M, H*(M,Z). Specifically the isomorphism is given by ci, so for complex

line bundles Ly, Lo we have

Cl(Ll & LQ) = Cl(Ll) + Cl(Lg). (024)

This has the following simple corollary,

Corollary C.2.6. Given a manifold M, consider a complex line bundle L with first
Chern class ¢1(L). Then the first Chern class of the dual bundle L* is given by
Cl<L*) = —Cl(L).
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Proof. We note that the tensor product of L with L*, L ® L* = Hom(L, L) is a
trivial bundle, since it is a rank 1 bundle with a nowhere vanishing section given by

the identity map. We then have
0=c;(Hom(L,L)) = c;(L ® L*) = e1(L) 4+ 1 (L7), (C.2.5)

and hence ¢;(L*) = —c¢;(L). O

We note the following theorem about the tangent bundle to CP", a proof of which
may be found in [Coh98].

Theorem C.2.7.
TCP"® e &2 @, 1 H, (C.2.6)

where €1 is a trivial line bundle and H* is the dual to the Hopf bundle defined in

definition C.2.3.

Using this theorem we can prove the following lemma.
Lemma C.2.8. The total Chern class of CP™ is given by
co(CP") = (1+ )", (C.2.7)

where g is the generating element of the cohomology ring of CP™ as in definition C.2.3,
and where by the Chern class of a manifold we implicitly mean the Chern class of

the tangent bundle.

Proof. We have
¢(CP™) :=¢(TCP™) = ¢(TCP" @ ),
= (B HY) = c(H*)™, (C.2.8)
= (1+g)"*,
where in the first line we use proposition C.2.5 to show that c(e;) =1+ ¢1(e1) = 1.
Since the trivial line bundle is the identity of the group structure on the isomorphism

classes of line bundles it gets mapped to zero under the isomorphism to H?(M,Z)
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given by ¢;. We then use the Whitney sum rule as defined in definition C.2.3 to split
the Chern classes of the direct sum bundles into the products of their Chern classes.

In the final line we also used corollary C.2.6. O

A theorem known as the ‘splitting principle’ [HBJL92|, means one can consider any

statement about Chern classes as a statement on sums of line bundles.

Theorem C.2.9. Consider a vector bundle 7 : E — X of rank n. Then there exists

a space FI(E), known as the flag bundle of E and a map p : FI(E) — X such that

e the induced homomorphism of cohomology, p* : H*(X) — H*(FI(FE)) is inject-

1ve.

e the pullback bundle p*m : p*(E) — FI(E) breaks up as a direct sum of line
bundles, p*(E) = E1 ® Ex @ ... E,.

The point is that we may always consider any statement about the Chern classes on
the flag bundle FI(E) and then push forward to the space X with p. The fact that
p* is injective on the cohomology rings means that any equation which the Chern

classes satisfy in H*(FI(F)) holds in H*(X).

Using this principle we can calculate the total Chern class of some specific vector

bundles.

Example C.2.10. Consider a rank n complex vector bundle E. By the splitting
principle, in any calculation about Chern classes, we may consider E to be given
by the direct sum of n complex line bundles, £ = E; @& Fy & ... & E,. These line

bundles have total Chern class

and so let us define x; := ¢;(F;). The total Chern class of E is then given by the
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Whitney sum rule as,

C(E) :C(El@EQ@---@En)7

=c(Ey) ... c(Ey),

i=1

Now let us calculate the Chern class of the dual bundle ¢(E*) = ¢(Ef & ...

and so we have

Let us also calculate the Chern class of A*E),

c(NEy=c P L,®..0L,),

1<i1<..<ip<n
= I G+a, 4.+
1<i1<..<ip<n

Combining these two results gives

c(N*E*) = I Q= (i +.. 4 x)).

1<i1 <. < <n

(C.2.10)

@ Ep),

(C.2.11)

(C.2.12)

(C.2.13)

(C.2.14)

In order to make contact with the Atiyah-Singer index theorem, we will also need

to define the Chern character.

Definition C.2.11. Given a complex vector bundle E of rank n, the splitting

principle (theorem C.2.9) shows that it has total Chern class

n

c(E) = H(l + x;),

i=1

(C.2.15)
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where x; := ¢, (F;). We then define the Chern character as

n

ch(E) =) €™, (C.2.16)
By definition we have
Ch(El D EQ) = Ch(El) + Ch(EQ), (0217)

for the Chern character.

Example C.2.12. We can now calculate the Chern character of the bundles con-

sidered in the previous example.

For E*, we showed that ¢(E*) = [T~,(1 — z;), and hence we have
ch(E*) =) e ™. (C.2.18)
i=1
For A*E, we showed that ¢(A*E) = [T1<;, <. «i,<n(1 + i, + ... + 24, ), and hence

ch(A*E) = > efattrg (C.2.19)

1<i1<...<ip<n
and similarly

ch(A*E") = Y elmatetm), (C.2.20)

1<i1<..<ip<n

If we now define
MNE =) (NE) -1, (C.2.21)
i=0
then we have the following formula for the Chern character of the dual bundle to FE,

ch(A ") = ch(3 (AEY)E),

1=0

ch(A"Et, (C.2.22)

I
-

~
Il
o

I
s

s
Il
—

(1+te™™),

where in the second line we used the additivity for the Chern character noted in

definition C.2.11. AN

Given a real vector bundle, one can form a complex vector bundle.
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Definition C.2.13. Given a real vector bundle F, one can form a complex vector

bundle known as the complezification of E,
EC =E®e, (C.2.23)

where as in theorem C.2.7, ¢; is the 1-dimensional trivial complex line bundle. We
will also denote the complexification by E® = E ® C, where here C stands for the

trivial complex line bundle.

Similarly, given a complex vector bundle, we can easily create a real vector bundle.

Definition C.2.14. Given a complex vector bundle E of rank n, we can form a real
vector bundle of rank 2n which we denote Ex by forgetting the complex structure

on the fibres.

Lemma C.2.15. Given a complex vector bundle E of rank n, we have
(Er)* =Fr@C=EQE, (C.2.24)

where E is a complex vector bundle known as the conjugate bundle to E which is
isomorphic to E as a real vector bundle, but where complex numbers act on the fibres

through their conjugates.

Proof. E has structure group GL,(C). On the underlying real bundle Eg, we let

m = m, + im; € GL,(C) act through the map r(m), where

r(m) = . (C.2.25)

m; m

On the complexification of this bundle (Eg)®, we should be able to act with arbitrary

complex numbers, and hence the structure group is G Ly, (C). Denote the inclusion
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map from GL,(R) to GL,(C) by C. Consider the matrix n € G Ly, (C),

1 I il
= — , C.2.26
=7 ( )
il 1
then we have
m 0
nC(r(m))n~* = . (C.2.27)
0 m

We therefore see that acting on the vector space (Eg)® with a m € G L, C is equivalent
to acting on the vector space E @ E with m @ m, and therefore we have the bundle

isomorphism (Eg)® = E @ F as claimed. O

We can now calculate the total Chern class and Chern character for real vector

bundles.

Example C.2.16. For a real rank 2n bundle E, we can use the splitting principle
to treat it as the direct sum of n rank 2 bundles ' = @], E;. The 2-dimensional
fibres all have a natural complex structure, and so we can define z; = ¢;(E;) as

before. The Chern character for E® is therefore given by
(EY)=c(B1®C)®...® (B, ®C)),
=c(F1®C)...c(E,®C),
—c¢(F\®E)...c(E,®E,), (C.2.28)
=c(E1®EY)...c(E, B E}),

where we used lemma C.2.15 since the E; are the underlying real bundles of complex
line bundles. Note also that a Hermitian metric on the bundle gives an isomorphism

between E and E*.

The Chern character of E® is therefore zero as one would expect by the addition

property given in definition C.2.11.
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Finally, we can calculate the Chern character for A;(E*C) := 30 (AY(E* @ C))t* as
ch(A(E*)) = ch(D_(AY(E* ® C))t),
o (C.2.29)
H (14 te™)(1 4 te™ ™)),

using eq. (C.2.22) A

The Pontryagin classes, p;, are characteristic classes associated to real vector bundles

over a manifold. We define the Pontryagin classes as follows:

Definition C.2.17. Given a real vector bundle E over a manifold M, we define the

Pontryagin classes, p;, by
pi(E) = (=1)'cy(E®C) € HY(X,Z). (C.2.30)
Similarly to the case for Chern classes we then define the total Pontryagin class as

sz ) € H*(X,Z). (C.2.31)

As for the Chern classes, we also define the Pontryagin classes of a manifold M to

be the Pontryagin classes of the tangent bundle to the manifold,
pi(M) == pi(TM). (C.2.32)

Lemma C.2.18. For a complex vector bundle F,

i( 1)'pi(Er) = c(E i_o: (C.2.33)

Proof. By lemma C.2.15, given a complex vector bundle E we have Fr@ C = EQ E.

We therefore have

-1 Er) = (B €)= (B )
= > (coi(E) + coi1(E) -1 (E) + ...
= (C.2.34)

c1(E) - coi1(E) 4 cai(E)

B)-3 (-1

=0
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O
Lemma C.2.19.
p(CP") = (1 + g*)"*! (C.2.35)
Proof. By lemma C.2.18, we have
Z(—l)ipi((CP” = c¢(CP™) Z Yei(CP™) = (1 +¢)" ™ (1 —g)" +1,
=0 =0 (C.2.36)
= (1—¢")"",

using lemma C.2.8. Then by considering the dimensions of the Pontryagin classes

as elements of the cohomology ring we obtain,
p(CP™) = (1 + g*)"*! (C.2.37)

as claimed. O

We can use the Pontryagin classes to obtain Pontryagin numbers by pairing them

with the fundamental class of the manifold, which we will first define.

Proposition C.2.20. The top homology group of a closed, connected, orientable

manifold H,(X) is isomorphic to Z.

Proof. First consider a triangulation of M. If the manifold is of dimension n, then
by definition there are no simplices of dimension (n + 1) in the triangulation. Hence
the top homology group, H™(X), is generated by Ker(d,). The set of n-cycles of the
manifold is generated by the sum of all the n-simplices. Hence the top homology

group is isomorphic to Z. O

Definition C.2.21. The fundamental class of an oriented manifold M of dimension
n is an element of the top homology group of M. By Proposition C.2.20 we know
that this homology group is isomorphic to Z. Therefore this homology group has a

single generator, which we call the fundamental class, [M]| € H,(M,Z).
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Definition C.2.22. Consider a smooth manifold, M, of dimension 4n and a parti-
tion of n, (iy,ds,...,1), i.e. Z?Zl i; = n. Recall that the cup product endows the

cohomology groups with the structure of a graded ring,
—  HP(M) x HY(M) — H"*(M). (C.2.38)

If we take the cup product of the Pontryagin classes then we have l_[?:lpij(M ) €
H*(M). Now we recall that the cohomology classes are dual spaces to the homology
classes, hence we can evaluate the above product of Pontryagin classes against an
element of Hy,(M); we have a natural such element - the fundamental class [M].
This product of Pontryagin classes is known as the Pontryagin number of M4" for a

partition (i, ...,4) of n

Py ig,.ir, = Piy (M) — piy(M) — ... — py, (M)[M]. (C.2.39)

We will now consider the Chern classes on a direct sum of line bundles and see that
we may think of the Chern classes as symmetric functions. Consider a complex
vector bundle E of rank n, which is the direct sum of complex line bundles E;,

E=FE®E,®... 5 FE,. The total Chern class of the bundle E is by definition
c(B)=1+c(FE)+...ch(E). (C.2.40)

Now since the bundles FE; are line bundles, the only non-zero Chern classes are
co(E;) =1 and ¢;(E;) := z;. We therefore have ¢(E;) = (1 + ;). Now by property 3
of Definition C.2.3, we have
c(E)=c(Ey) c(Ey) ... -c(E,)
=(1+z)1+z)...(1+x,) (C.2.41)

=1+ Z em(T1y ..., Tn),
m=1

where e,,(11,...,7,) is the m' elementary symmetric polynomial in the z;’s. Now
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by considering the dimensions of the cohomology classes we see that we have

Gi(E) =ei(xy,...,x,). (C.2.42)

We may do something similar for the Pontryagin classes. We consider the real
vector bundle Eg of rank 2n. It can be shown that the Pontryagin classes satisfy

p(F @ F)=p(F)-p(F) mod 2. By the splitting principle we therefore have

p(Er) = p(Er1) ... p(Erp) (C.2.43)
for 2-dimensional bundles E; z. Now for the 2-dimensional bundles E; r we have

p(Eir) =1+ pi1(Eri) =1— ca(Er,; ® C)
(C.2.44)

=1—c(E® EZ) =1—c(E) —a(E)- cl(Ei) — CQ(Ei).

Now since E;, E; are of complex dimension 1, then cy(E;) = c3(E;) = 0. By

eq. (C.2.12) we have ¢;(E) = (—1)%¢;(E) and hence
p(Eir) = (1+a(E)?) = (1+27), (C.2.45)

where we let x; := ¢;(FE;) as before. As before, by considering the dimensions of the

cohomology classes, we therefore see that we have

pi(E) = ei(xi,. .. x}). (C.2.46)

rn

C.3 Oriented Bordism

In order to make a precise definition for a genus, we need to briefly introduce the
notion of oriented bordism. For more details, see for instance [Wal60] or the lecture

notes by Alexander Kupers [Kup12].

It is known that it is impossible to algorithmically decide if two manifolds are
diffeomorphic. One way to proceed is to introduce invariants, which can tell whether

two manifolds are not diffeomorphic. Another way to proceed is to introduce a new
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equivalence relation, which can then be used to classify manifolds; this relation is
oriented bordism. As in the diffeomorphic case, invariants can then be found which
can be used to decide whether two manifolds are equivalent up to bordism. For the

following, by manifold we mean a smooth compact manifold, possibly with boundary.

Definition C.3.1. Given two oriented d-dimensional manifolds M?, N¢, we say M
and N are bordant if 3 W+ such that OW is diffeomorphic to M LN as an oriented
d-dimensional manifold, where N is defined as N with the opposite orientation, and
LI denotes the disjoint union. We refer to W as a cobordism (or simply bordism)

between M and N.

Example C.3.2. In fig. C.2, we have a cobordism from the disjoint union of two

S1’s to a single S*. A

Figure C.2: A cobordism from the union of two copies of S! to a
single S*.

Note that since 9> M = 0, then our cobordism must be a manifold with boundary
by definition, but the manifolds M and N which are bordant must be manifolds

without boundary.

Lemma C.3.3. Bordism is an equivalence relation between manifolds, that is it

satisfies the properties of identity, symmetry and reflexitivity.

Proof. The manifold M x I gives a cobordism between M and itself for any oriented

M, so the identity property is clear. If W provides a cobordism between M and N,
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then W defines a cobordism between N and M, so cobordism satisfies the symmetry
property. Finally, if W defines a cobordism between M and N, and W’ defines a
cobordism between N and O, then the manifold W”, formed by gluing together
W and W’ on the boundary given by N for each cobordism, provides a cobordism

between M and O. O

Since bordism is an equivalence relation between manifolds, it defines equivalence

classes. We denote the class of all manifolds equivalent under bordism to M as [M].

The set of bordism classes forms an abelian group under the disjoint union of
manifolds. We think of the empty set ¢ as an n-dimensional manifold for any n and
the disjoint union of any manifold M with ¢ clearly has the same cobordism class
as M. ¢ is therefore the identity in each bordism class. The inverse of a manifold
M is then M, since M x I with boundary M L M gives a bordism between M
and M, and hence also gives a cobordism between M LI M and ¢. We require that
the group operation respects the equivalency condition, but it clearly does since if
My ~ My and Ny ~ Ny then M, LI Ny ~ Ms I Ny by taking the disjoint union of the

cobordisms.

Definition C.3.4. Q39 is the set of all d-dimensional oriented manifolds modulo
bordism. As we will only discuss oriented bordism here we will henceforth drop the

superscript SO.

We can enrich ); with a ring structure by considering the cartesian product of
manifolds. Given M™ and N™ with orientation, M x N is an (m + n)-dimensional
manifold with a canonical orientation inherited from its factors. As long as this
product respects the equivalence relations then we have a graded ring with identity

2, = @jen 2. We now check that this is well-defined.
Lemma C.3.5.

M~M, N~oN = MxN~M xN (C.3.1)
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Proof. Let W be the cobordism from M to M’ and let V' be the cobordism from N
to N’. Then W x N is a cobordism from M x N to M’ x N. Similarly M’ x V is a
cobordism from M’ x N to M’ x N’. Taking the union of these manifolds at their
common boundary M’ x N gives a cobordism from M x N to M’ x N’ and hence

this product is well-defined on the bordism groups. O
One can consider the tensor product of an abelian group with the rationals, Q, to
obtain the so called free or torsion-free part.

Example C.3.6. Consider Zy; ® Q. Elements in this group are of the form a ® b
where a € Zsy,b € Q. Then we have a ® b = a®25b = 2a®% = 0®% = 0, by

bilinearity. A

Then, due to the fundamental theorem of finitely generated abelian groups, any
finitely generated abelian group G is isomorphic to the direct sum of primary cyclic
groups and infinite cyclic groups. We can write G = 2" ®© Z,, ® ... ® Z,,, where g;

is a prime power and n is the rank of the group.

In [Tho54] Thom studied the structure of 2, ® Q. From this we have the following

theorem which we will not prove here.

Theorem C.3.7. The structure of 2, ® Q:

e 2, ®Q=0 fordin

o Q. is a finitely generated abelian group of rank equal to the number of partitions

of k.

e The spaces CP*™, of dimension 4n, are a basis sequence of 2, ® Q. That is,

0, ® Q= Q[CP? CP4,. ..

We can now define a genus, following [HBJL92; Och09].

Definition C.3.8. Let A be a unital Q-algebra. A genus is a ring homomorphism

b1, — A (C.3.2)



C.4. Genera and Multiplicative Sequences 227

C.4 Genera and Multiplicative Sequences

We have already defined a genus in Appendix C.3 as a homomorphism from the
oriented bordism ring to some other ring A. In this section we will develop the idea
of a genus by considering multiplicative genera and define the notion of an elliptic
genus as introduced by [Och09].

From definition C.2.22, we have that the Pontryagin numbers are a dual space for the
oriented bordism ring 2, ® Q, which in turn (by theorem C.3.7) has the spaces CP?"
as a basis sequence, i.e. Q, ® Q = Q[CP? CP*,...]. In definition C.3.8 we defined
a genus, ¢, as a homomorphism from the cobordism ring to a ring A, ¢ : Q, — A.
Since we have a good understanding of the structure of €2, ® Q, we will now consider
our genus only on this free part, which is mapped through ¢ to an integral domain R.
Our goal will be to be able to express this genus in terms of a power series. We want
to find a polynomial expression related to the power series that, when we substitute
the Pontryagin numbers of a manifold M into the expression, gives us the value of

the genus on M.

Consider an even power series Q(z) with constant term 1 and coefficients a; € R,
Q(z) =1+ agr® + agz* + ... (C.4.1)

A product Q(z1)Q(x2) ... Q(z,) is symmetric in the z;.

Example C.4.1.

Q1)Q(2)Q(x3) = 1+ az(2y + x5 + x3) + aj (w723 + 2¥25 + 2573)

+ ay(x] + x5 + 23) + aj(viwield)

(C.4.2)
+ agay (1ol + 2iad + ajad + 22xh + 22ah + x5a))
+ ag(a® + 2§+ 25) + ...
We now use
(z] + x5 + 23) = (22 + 25 + 23)? — 2(2?23 + 2323 + 23523) ©43)
4.3

_ 2
= e] — 2ea,
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where, as before, e; are the elementary symmetric polynomials though now in terms

of the z2, as well as
(zia3 4 wird + wyxk + vixy + viws + virs) = ejes — 3es, (C.4.4)
and
(28 + 25 + 23) = e} — 3ejen + 3es, (C.4.5)
to obtain

Q(Il)Q(Ig)Q(Ig) =1+ aseq + CL4€% + (CL% - 2@4)62 + ((Ig - 3&4(12 + 3@6)63

+ (asay — 3ag)eres + agel + . ..

(C.4.6)
Hence we have
Q([El)Q(fﬁg)Q([Eg) =1 + Kl(el) + Kg(el, 62) + Kg(el, €9, 63) 4+ ... (047)
where the terms Kj(ey,...,e;) are homogeneous polynomials in x?, written in terms
of the elementary symmetric polynomials e;. AN
In general [HBJL92], we have
Qz1)...Q(z,) =1+ Ki(er) + Ka(er,ea) + ...
(C.4.8)

+ Kp(er,...,en) + Kppi(er, ..., e,,0) + ...

where the polynomials K; for 1 < i < n do not depend on n. We call the sequence
{K;} of polynomials K;, the multiplicative sequence of polynomials associated to the

power series Q(x).
Lemma C.4.2. The polynomials K; are multiplicative in the sense that the identity
Yoert =Y e > ela" (C.4.9)
i j k
implies that

Y Kiler,....e)z =Y Kj(e, ...,z - Y Ki(ell,... e)". (C.4.10)
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We do not give a proof of this lemma here, but it may be found in [HBS66].

Example C.4.3. Consider the K; we obtained in the previous example

Kl = ageq, Kg = a46% + (CL% — 2&4)62,
(C4.11)
K3 = (a3 — 3asas + 3ag)es + (agas — 3ag)eres + ages.
Considering the powers of z, eq. (C.4.9) implies we have e; = €] + €{. Then

Ki(e1) = as(e) + €]) = Ki(e}) + Ki(ef). Similarly, eq. (C.4.9) implies we have

ey = € + e + ejef. If we substitute this into Ky we get

Kg(el, 62) = CL4€% + (ag - 2(14)62

N

= ayg(e] + ) + (a5 — 2a4)(ey + € + €rel)
(C.4.12)
= Ky(e|, ey) + Ky, ) + asee]

= K(el, ey) + Ks(el, e5) + Ki(e}) - Ki(ef),

which satisfies equation (C.4.10). Similarly equation (C.4.9) implies that we have

es = e + e + el e + ehel. Substituting this into K3 shows that K3 also satisfies

eq. (C.4.10). A

Now we can define how to obtain a genus ¢ : 2, ® Q — R from a power series Q(x).

Definition C.4.4. The genus corresponding to a power series Q(x), ¢g, is defined

for every compact oriented differentiable manifold M of dimension 4n by
do(M) := Ku(p1,...,pn)[M] € R, (C.4.13)

where p; = p;(M) € H*(M,Z), and we set ¢g = 0 if the dimension of the manifold

is not divisible by four.

The genus belonging to a power series () is therefore a linear combination of Pontry-

agin numbers.

Lemma C.4.5. A genus ¢q defined from a power series Q) is a well-defined homo-

morphism, ¢q : . ® Q = R, for R an integral domain.
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We do not prove this here, but the proof is found in [HBJL92].

We now want to define the logarithm of a genus ¢g.

Definition C.4.6. Given an even power series, Q(z), with constant term 1 and

T

G This is an odd power series with first

coefficients in R, we define f(x) :=

1

term z and coefficients in R. Now let y = f(x) and put g = f~' as the inverse of

fy9(f(x)) = g(y) = x. The power series g is known as the logarithm of the genus
¢q-

The logarithm gives us important information about the genus by the following

lemma.

Lemma C.4.7.

9'(y) =D 9a(CP")-y". (C.4.14)
n=0
Proof. By lemma C.2.19, the total Pontryagin class of CP" is given by,
p(CP") = (1 + )", (C.4.15)

where we have renamed the generator of H*(CP™,Z) from g to x as we want to
interpret the Pontryagin classes of TCP™ as symmetric polynomials in z as in

eq. (C.2.46).

Since the sequence of polynomials associated with the power series (x) is multi-

plicative, we therefore have

K(p1,...,pn) = K(p)"" = Q(x)™ . (C.4.16)
Therefore
T n+1 - n+1
CP" = (-2}  [CP"] = the coefficient of " in | ——
Pq( ) (f(x)) [ | = the coefficient of z" in <f(x)>
1 1\ 1 1 (CA17
- Tm/ﬁ (f(@) = omi /fm gtd W )

= the coefficient of y" in ¢'(y)

by the residue theorem. O
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Example C.4.8. Consider the power series

T z? 1 2
= =14+ — —2'+ a4+ ... 4.1
Q) tanh(z) * 3 45 * 945" * (C.4.18)
Let f(z) := 55 = tanh(z). Then we have
/ 2 dy 2 / 1 2,4
fla)=1=f@)7 g =1=v,  dW =g 5 =T+y+y+... (C419)

Hence we have a genus that takes that value 1 on all the spaces CP™. This genus is

known as the L-genus, ¢,.

Using the general multiplicative sequence calculations from example C.4.3, we can
write the first three elements of the multiplicative sequence associated to the L-genus
in terms of the Pontryagin classes as

1 1 )

Ki(p1) = gph K (p1,p2) = 4*5(7]72 —p1);
) (C.4.20)
K3(p1,p2,p3) = %(621)3 — 13p1p2 + 2p7)
JAN
Example C.4.9. Consider the power series
x/2 z? T, 31
=——=1—— — C.4.21
Q@) = S/ 24 57607 T 96TeR0" ( )

The genus associated to this power series is known as the fl—genus. The first three
elements of the multiplicative sequence associated to the fl—genus in terms of the

Pontryagin classes are

1 1
K = K = ——(—4p, + Tp3
1(p1) 5Pt 2(p1,p2) 5760( pa + D7), Ca22)
| 4.
Ks(p1,p2,p3) = m(—mm + 44p1ps — 31}7‘%)-
A

Definition C.4.10. Let M be a connected oriented manifold of dimension 4n. Then

the cup product induces a non-degenerate, symmetric bilinear form

H?™(M,R) ® H*"(M,R) — H*(M,R) = R. (C.4.23)
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The signature o(M) of M is the signature of this bilinear form. We can trivially
extend this definition to non-connected manifolds of dimension 4n by adding the

signatures of the components.

The signature satisfies the following important lemma.

Lemma C.4.11. If M and N are bordant manifolds of dimension 4n, [M] = [N],
then (M) = o(N).

The signature is therefore an invariant of bordism of the type mentioned at the start
of Appendix C.3. The signature can therefore be used to check if two manifolds
are not bordant; if the signature for the two manifolds does not agree then the two
manifolds can not be bordant. Having the same signature is not enough to ensure

that two manifolds are bordant however.

It is known that the signature of the spaces CP" is equal to 1 Vn, and hence we

have:

Theorem C.4.12. Hirzebruch Signature Theorem

For all 4n-dimensional manifolds M

o (M) = ¢1.(M). (C.4.24)

Since the spaces CP" form a basis sequence for the cobordism ring, it is sufficient
to check the result on these spaces. We know that the signature of these spaces is
always 1, and by our example C.4.8 the L-genus is always 1 on these spaces too, so

we are done.

Since the signature is given by a genus, specifically the L-genus, we now have a proof
of lemma C.4.11 since by lemma C.4.5, such a genus is a well defined homomorphism

from the (free) bordism classes to the ring R.

Having shown that the signature is a genus, it is natural to wonder whether the

FEuler characteristic is also a genus.
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Lemma C.4.13. The Fuler characteristic is not a genus.

Proof. This follows quickly by contradiction. Suppose the Euler characteristic is
a genus, then by lemma C.4.5 it must be equivalent for different representatives
of a given bordism class. All handle-bodies are bordant to the empty manifold,
since they are the boundary of the solid handle-body, and so form a single bordism
class. However 2 = x(S?) # x(T?) = 0, and we have a contradiction. The Euler

characteristic is therefore not a genus. O

We should perhaps be careful here to clarify which bordism ring we are discussing the
Euler characteristic as a possible genus from. The context in this section has been
that of oriented bordism, though as a sum of Betti numbers the Euler characterstic
may be defined for unoriented manifolds such as real projective space in even dimen-
sions. One can define unoriented bordism and hence the unoriented bordism ring
09 and one might wonder if the Euler characteristic is a genus for the unoriented
bordism ring. The same argument as used in the proof of lemma C.4.13 shows that
it cannot be a genus for this bordism ring either. However x(mod2) is a genus for

unoriented manifolds.

Another cobordism ring one can form is the complex cobordism ring. We can
therefore define complex genera as homomorphisms from the complex cobordism
ring to some other ring R. Given a complex manifold M of real dimension 2n and a

power series (Q(x), one can now define the genus corresponding to Q(z) as
d(M) = K(c,...,cn)[M], (C.4.25)

where as usual the ¢; are the Chern classes of M and K, is the homogenous polyno-
mial of degree n formed from @(x) as in eq. (C.4.8). Note that this complex genus

is now defined for Q(x) not necessarily even.

Example C.4.14. Consider the power series

Qz) = : (C.4.26)
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The genus associated to this power series is known as the Todd genus, td(M). A

Example C.4.15. Given y € C, consider the power series

z(1 + ye2(1+Y)

Q) = =, (C.4.27)

This is the characteristic power series associated with a genus known as Hirzebruch
Xy genus. This complex genus is particularly interesting, since at particular values

of y it reduces to other characteristic power series that we have already seen.

When y =0
x
= 4.2
Q,0) = — . (C.4.28)
and we have
Xo(M) = td(M). (C.4.29)
When y =1
z(l — e ) T
1) = = C.4.30
Q. 1) l—e 2 tanh(x)’ ( )
and we have
x1(M) = 7(M). (C.4.31)
There is one other value of y for which we want to consider Q(z), namely y = —1.

At this value of y, both the numerator and denominator go to 0 and the value of
Q(z) is undetermined. However we can consider Q(z) in the limit y — —1 and use

I’Hoépital’s rule,

1 —z(1+y)
lim Q(z) = lim Oyl +ye )

y——1 y——1 ayl — e—x(1+y) =l+uz (0-4-32)

This power series can be associated with the Euler characteristic x (M) [HBJL92].

We also note that

_ T ep B2
Q. 0) = 1_e= © sinh(z/2)’ (C.4.33)
and so
Xo(M) = td(M) = /2 A(M). (C.4.34)
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We can now give the definition of an elliptic genus.

Definition C.4.16. A genus ¢ is called an elliptic genus if its odd power series

flz) = Oy satisfies one of the three following equivalent conditions:

. f/2:1—25'f2+€‘f4

o) = ALt

2f(u) f' (u
- s =

Example C.4.17. Consider the L-genus defined by f(z) = tanh(z), then we have
f'(x) =1~ f(x)?ie. f'()*> =1-2f*x)+ f4(x) which is therefore elliptic with
0=€e=1. A

Example C.4.18. Consider the A-genus defined by f(z) = 2sinh(z/2), then

f'(x) = cosh(z/2),

(f'(x))? = cosh®(x/2) = 1 + sinh®(z/2), (C.4.35)
1
=1 + ZfZ(x)7
hence the fl—genus is elliptic with 6 = —é, e =0. A

Given a lattice L = wZ & w7, the Weierstrauss g-function,

p(z; L) = 212 + > <(Z_1w)2 - 1) : (C.4.36)

weL\{0} w?

is an elliptic function which satisfies the differential equation

0'(2) = 4(p(2) — e1)(p(2) — e2)(p(2) — €3), (C.4.37)
where
Wy W w1 +ws
e = go(?), ey 1= p(?), e3 = o 5 ). (C.4.38)

These points are known as the 2-division points of L, since they are the unique points

p satisfying —p = p (mod L) or equivalently 2p = 0 (modL).
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The function f(z) = 1/\/p — 1) then satisfies [HBJL92]
fl(2)2=1-26f(2) +ef(2)", (C.4.39)

\/@ )—e1)

is therefore an elliptic genus. We therefore have an elliptic genus associated to every

where § = —3¢; and € = (e; — €3)(e1 — e3). The function Q(z

lattice L, or equivalently if we have an elliptic genus, we may find ¢ and € and hence
determine an associated lattice L. Note that the elliptic genus discussed explicitly
so far, the L-genus with § = €2 = 1 and the fl—genus with 6 = —g, ¢ = 0 arise from

degenerate lattices.

If we consider an equivalent lattice ' = af), € C\ {0}, then the 2-division point

e, for this new lattice is

el(af)) = a2e(Q), (C.4.40)

since clearly
o(az;al) = a *p(z; L). (C.4.41)
We therefore find that § = —%el is a lattice invariant of weight 2 and € = (e; —

es)(e1 —e3) is a lattice invariant of weight 4. Due to the differential equation given in
definition C.4.16 that f(z) satisfies, f(2) is therefore a homogenous polynomial in ¢

is therefore also a homogeneous polynomial in § and €, where the

and €. Q(z) = &
coefficient of 22" in (z) is a polynomial of weight 2n. Since the genus associated to
()(z) is obtained by substituting homogenous polynomials of weight % in Pontryagin
classes in place of powers of z?*, and then evaluating against the fundamental class,

the genus picks out the 2" term from Q(z). The elliptic genus of a manifold M of

dimension 4n is therefore a homogeneous polynomial in § and e of weight 2n.

Given a homogeneous lattice function of weight k, we can associate to it a modular

form.

Lemma C.4.19. Consider a function

F:{(L,w)| L a lattice, w e L, Nw=0 (modL)} — C, (C.4.42)
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which is homogeneous of degree k,
F(aL,aw) = a " F(L,w). (C.4.43)

Then the function f(1):= F(TZ ® Z,1/N) satisfies the modular transformation

fyr) = (e + d)F f(7), (C.4.44)
for all v € I'y(N), where
1 x
[''(N)={y€ SL(2,Z)|y = (modN)}. (C.4.45)
01

Proof.

foym)(er +d)~*

at +b K
F 7D 7Z,1/N
<C7_+d ®7Z,1/ )(CT—i-d) ,

d
—F ((m +O)Z D (cr + d)Z, CT; ) ,
d
—F (rz ®Z, %r + N) : (C.4.46)
=F(tZ®Z,1/N),
= f(7).
[
Note that I'1(2) = I'g(2), where
['0(2) :={y€ SL(2,Z)| c =0 (mod2)}, (C.4.47)
and hence e; := p(%; L) defines a modular form of weight 2 for I'y(2). Since
6 = —3e, 0 similarly defines a modular form of weight 2 for I'p(2). In the same way,

¢ defines a modular form of weight 4 for I'g(2). In fact, using the valence formula,

one can show that the ring of modular forms for I'g(2) is generated by ¢ and e,

M.(To(2)) = C[5,€]. (C.4.48)
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Since the elliptic genus of a manifold of dimension 4n is a homogeneous polynomial

of weight 2n in § and e, it is therefore a modular form of weight 2n for I'y(2).



Appendix D

Superalgebras and Supermatrices

D.1 Superalgebras

The algebra A, is an example of an affine Lie superalgebra. To make clear the
connection between A, and su(2|2), we shall first introduce the group SU(M|N)
which will be the focus of this section. All the material in this section is standard
and may be found for example in [Cor89]. We include it here for reference. Although
we introduce su(2|2) starting from the supergroup SU(2|2), note that one may also
use super Harish-Chandra pairs, which consist of a real (resp. complex) Lie group
and a Lie superalgebra (satisfying certain natural conditions) without requiring the

notion of a Lie supergroup [Kos82].

Definition D.1.1. A superalgebra A is an associative Zs-graded algebra.
Such a superalgebra A, admits a decomposition into its even and odd parts,
A=Ay A, (D.1.1)

where Aj is the subspace of A generated by the even elements of the basis and

similarly A; is the odd subspace.

Definition D.1.2. An element a of a superalgebra A is homogeneous if a € Ay or

GEAl.
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Definition D.1.3. The degree of a homogeneous element a of a superalgebra A is
given by

0 ae Ao,
dega :=

1 CLEAl.

We also use the notation dega = |a].

Definition D.1.4. A superalgebra A is supercommutative if
y-x= (=)W .y,
for z,y € A.

The particular Lie superalgebras we are interested in may be defined in terms of
supermatrices. These are matrices whose elements are elements of a Grassmann

algebra.

Definition D.1.5. A Grassmann algebra is a supercommutative associative algebra

generated by a finite set of I elements w; for i € {1,...,I}, such that
W w]' = —Wj * Wi,

fori,7 € {1,...,I}. Clearly therefore w; - w; = —w; - w; =0, V w;.
Note that by generated by the elements w;, we mean that the elements of the algebra

are polynomials in the elements w; and the identity 1, with coefficients in C (or

similarly R). The identity element is defined by
1’(,02‘ = W - 1 = Wi, Vwi. (D12>

Note that every element of the Grassmann algebra can be uniquely put into the form
Wi wj- ... wy, where 1 <1 < j <k < I. We shall call an element ordered in this

way in terms of the generators in standard ordering.

Definition D.1.6. A non-zero product of the generators of the Grassmann algebra,
in standard ordering, has level equal to the number of generators. We use the

notation N (¢;) for the level of the element ¢;.
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Definition D.1.7. To each set of integers 1 = {y1,. .., in(w }, ordered such that
I < pp < pg < ... < pn < I we can uniquely associate an element of the

Grassmann algebra in standard ordering
€p = Wy Wyy " Wy (- (D.1.3)

Note that this element has level N(e,) = N(u). In this notation, the identity element

1cp, is given by 4.

Using this notation, we see that

0 pOv#o,
€ €y = (D.1.4)
te, = e wNv =g,

where the sign of €, depends on the number of exchanges of generators required to

put €, into standard ordering.

Definition D.1.8. The Complex Grassmann Superalgebra, denoted by CBy, is the
Grassmann algebra defined in definition D.1.5, over C, with grading given by the

degree
dege; := N(¢;) (mod 2). (D.1.5)

The algebra CBy is of complex dimension 2/ and both the even and odd subspaces

are of dimension 2171,

Concretely, using the notation of definition D.1.7 elements of CB; are of the form

E =) E.e,, (D.1.6)
"
for £, in C.

We can similarly define the real Grassmann superalgebra by taking the base field to

be R. This is denoted RB; and is of real dimension 27.

To define the supergroup SU(M|N), we clearly need some notion of an adjoint. We

define this first for CB; in two steps as follows:
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Definition D.1.9. The complex conjugate of an element £ = 3°, E, ¢, of CBy is
given by
Er=)" ELeu, (D.1.7)
m

where £ is the complex conjugate of E,.

Definition D.1.10. The adjoint of an element E =3~ E,¢€, of CBy is given by

# _ * A
E7 =Y Eer, (D.1.8)
o
where we define
€ dege, =1,
et=1" 8 (D.1.9)
—1i€, dege, = —1.

Proposition D.1.11. Two important properties that the Grassmann adjoint satisfies

are, given B, E' € CBy,

1. (E+E)* = E* + E'*.

2. (E-E* = E'#. E*.

The proof may be found in [Cor89] for example.

Let us now define the real Grassmann space RB;"".

Definition D.1.12. The real Grassmann space RB}"" is defined to be m copies of
the even subspace RBy ¢ and n copies of the odd subspace RB;;. Following [Cor89],
an element of the space RB7"" will be written as (X!, X?,..., X™, 0!, 0% ..., 0"),

or more concisely as (X; @), where
(X;0) = (X' X% ..., X™e'e%. . . e, (D.1.10)

in the obvious way. Each of the components X* and ©* are real Grassmann elements,
with the X* even and the ©% odd, and therefore have expansions of the as described

in definition D.1.7.

X'=) Xie,, O =) 0l (D.1.11)
Iz H
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We similarly define the complex Grassmann space CB}"", where now the X* and ©°

are complex Grassmann elements.

RB"™ and CB}"" form real and complex vector spaces of dimension m + n respect-
ively, but we would like to be able to multiply elements of RB;"" and CB;"" by
elements of RB; and CBj respectively. Since these Grassmann algebras are not
fields, we cannot define RB;"" and CB;"" to be ‘Grassmann vector spaces’, but

instead we can define them to be Grassmann supermodules.

Definition D.1.13. Given a ring R, a left R-module V', is an abelian group (V, +)

with an R-action -y : R x V — V which, V r,s € R and v, w € V satisfies

e ry (VHwW) =Ty v+TyWw,

(r+s)vv=r-yuv+s-yo,
e (rers)vuv=r-y(syv),
. lrvv=u,

where 1g is the multiplicative identity of R.

Similarly a right R-module is an abelian group (V, +) with an R-action -y : V x R —
V' satisfying the same requirements, except with the R action now from the right

rather than the left.

Definition D.1.14. Given a superalgebra G, a left G-supermodule V is a left G-

module with a direct sum decomposition
V=V, (D.1.12)
such that under the left action of G,
Gi-¢V; CVigj, (D.1.13)
for 7,5 € Zs.

CBj;"" is then a left CB-supermodule.
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D.2 Supermatrices

The supergroup SU(M|N) is a matrix group like its non-super counterpart. We

therefore need to define the set of even supermatrices.

Definition D.2.1. A block matrix of dimensions (p 4+ q) x (r + s)

M=|——], (D.2.1)

where

o Aisapxrmatrix and D is a ¢ X s matrix both with entries in CB; ),

« Bisapx s matrix and C is a ¢ X r matrix both with entries in CB; 1,
is an even supermatriz of dimension (p|q) x (r]s).

Similarly. one can define an odd supermatriz by letting A and D take values in the
odd part of the Grassmann algebra and B and C' take values in the even part of the

Grassmann algebra.

We can put a grading on the space of supermatrices by introducing a degree

Definition D.2.2. The degree of a supermatrix M is given by

0 M even,
deg M = (D.2.2)

1 M odd.
We then define the set M,,(CBy) to be the set of all supermatrices with p =r, ¢ = s.
These are sometimes known as square supermatrices, though we should note that

whilst A and D (in the sense of definition D.2.1) are square matrices, B and C are

not required to be.

We can define a group structure for invertible matrices, using the standard rules for

multiplying two matrices. Note that the multiplication of supermatrices respects
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the Zsy-grading on the space and hence the set of even supermatrices is closed under

multiplication.

Definition D.2.3. We call the element I,., = Diag(lcp,,. .., lcp,) the identity

supermatriz. Note that this is an even supermatrix. For any other supermatrix My,
Lpyg - Myjg = Mypjg - Lpyg = My (D.2.3)
We shall need to define the scalar multiplication between a supermatrix and a

homogeneous element of the Grassmann algebra B € CB;y or CBy ;.

Definition D.2.4. Let M € M,,(CB; be partitioned as in definition D.2.1, then

given a B € CByy or CB;; we define

BI, 0 A| B
B - M= . , (D.2.4)
0 (—1)degBB]Iq C\|D
and _ -
Al B BI, 0
M. B = . . (D.2.5)
C|D 0 (—l)degBB]Iq

Definition D.2.5. An invertible supermatriz is an M &€ M, ,(CBr) such that there

exists an inverse matrix M~ € M,,(CB;) satisfying

M-M'=M"'M=1,,. (D.2.6)

It should now be clear that the set of square even invertible supermatrices, which
we denote G'L,,(CBy) (for supermatrices of dimension p|q) forms a group under
multiplication. It is not enough to simply check the determinant to see if an even
supermatrix is invertible, though a theorem which may be found with proof in

[Cor89] states,

Theorem D.2.6.
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e An element M € M,,;,(CB;) may be decomposed as
M=% M, (D.2.7)
o

where M, is a complex matriz of dimension p X p. M is invertible if the

Grassmann identity component My is invertible as a complex matriz.

e Let M € M, (CBy). M is invertible if its even submatrices A, D, as in defini-

tion D.2.1, are invertible as elements of Myo(CBy) and Myo(CBy) respectively.

To define SU(M|N), and subsequently its Lie Algebra su(M|N), we need to define

the trace, determinant and adjoint as used for supermatrices.

Definition D.2.7. The supertrace for a supermatrix M, in terms of its submatrices

as in definition D.2.1, is given by
STrM =Tr A — (—1)%M Tr D, (D.2.8)

where Tr is the usual matrix trace. Since we are mainly interested in even super-

matrices, we note that for an even supermarix M the supertrace is given by

STrM =TrA—-TrD. (D.2.9)

We now see why we defined scalar multiplication as in definition D.2.4, since if the
scalar B € CBy is odd and the supermatrix M is even, then BM is odd. The scalar

multiplication we have defined ensures we still have the expected properties
STr(BM) = BSTr(M), STr(MB) = STr(M)B. (D.2.10)

Definition D.2.8. The superdeterminant of an M € GLy4(CBy), in terms of its

submatrices as in definition D.2.1, is given by

Det(A — BD™1C)
Det D

SDet M = (D.2.11)

Two properties of the superdeterminant, found in [Cor89], which we state here

without proof, are
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Theorem D.2.9.

1. SDet(M N) = (SDet M)(SDet N),

2. SDet(exp[M]) = exp[STr M].

The final definition we need is the notion of an adjoint for the supermatrices

Definition D.2.10. The superadjoint of a supermatrix M € M,,(CBy) is

(AF) | (C*)!
Mt = : (D.2.12)

(B#)"| (D#)f

where (A#)! denotes the transpose of the matrix (A#), which in turn is the matrix

whose components are the Grassmann adjoints D.1.10 of A. That is,
[(A%) s = (Apa)*. (D.2.13)
Proposition D.2.11. Given M, N € M,,(CBy), the superadjoint satisfies

(M- N)t = N*t. MH, (D.2.14)

D.3 The Supergroup SU(M|N) and the

Associated ‘Super’ Lie Algebra

We can finally define the supergroup SU(M|N).
Definition D.3.1.
SU<M|N) = {G € GLM‘N(CB[) | GiG = Hp+q, SDet G = 1(CB1 = €¢} (D31)

We note that this is indeed a subgroup of G' Ly n(CBy), since by D.2.9 and D.2.11,
given M, N € SU(M|N), SDet(M - N) = SDet(M) - SDet(N) = lcp, = €4 and
(M.N)i:Ni.Mi:

p+q-
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Since all Lie supergroups can be seen to also be real Lie groups (essentially since
RB}"™ can be thought of as a real vector space of dimension (m + n)2/71), then
SU(M|N) has an associated real Lie algebra, which we refer to as the real ‘super’
Lie algebra. This is not a real Lie superalgebra. Since elements of the real Lie group
near the identity can be found by exponentiating elements of the real Lie algebra,

we can write elements G(X, ©) of SU(M|N) as
G(X, ©) = explg(X, ©)]. (D3.2)
for (X, ®) a generic element of the real ‘super’ Lie algebra.

Proposition D.3.2. The defining relations of the ‘super’ Lie algebra of SU(N/M)
are

g'+9=0r, ),  STrg=0cs,. (D.3.3)

The proof of this is standard and follows using theorem D.2.9 as well as standard

properties of exp.

Note that since the even element M € SU(M|N) is given by M = exp|g], then ¢
must also be an even supermatrix in order to guarantee the evenness of M after

exponentiating.



Appendix E

Coetftlicient Data for the Functions

Fi(q) with k* € {3,4,5}

In this Appendix, we present the coefficient data for the functions F;(q) of section 6.2

in the cases k™ € {2,3,4,5}. In each table below, one for each value of k. we

label the function F; alongside a representative of its equivalence class and give the

coefficients up to ¢'°. In each case we have factored out an overall power of ¢ which

we call the offset such that the first term is ¢°.

E.l1 kt=2

Name Representative Coefficient of ¢*
E; Fy. offset | ¢ ¢" ¢ ¢ ¢ ¢ ¢ ¢ & ¢ ¢°
FORYY L g 11 0 11 2 1 1 1 3 2
F, OO 11 0 1 1 1 0 2 1 2 2 2
F RS5O 11 0 1 1 1 1 2 1 2 2 3
£ R0 ¢# 11 1 1 1 2 1 2 2 3 3 3
B R -1l ¢ 11 1 1 2 2 2 2 3 3 4
Fi G020 A1 0 2 1 1 2 2 2 3 3 4

Table E.1: The coefficients of the 6 independent functions F; ap-
pearing in the sum rules when &t = 2
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E.2 k=3

Name Representative Coefficient of ¢*

F; Fy. ., offset | ¢ ¢ ¢ ¢ ¢ & ¢ 7 ¢ ¢ ¢°
L S L A R 1 3 3 4 4 6 6
j28 Fy 030 ¢2 11 0 1 1 2 1 3 2 5 5 7
Fy F5O20 # |1 0 1 2 2 2 4 4 6 T 9
F F00 211 0 2 1 2 3 5 4 7 7 11
F PO g b1 1 1 2 3 3 5 6 7 10 12
Fy F{P030) 11 0 1 2 2 2 4 4 6 8 9
F R0 ¢/¢ 11 1 2 1 3 3 5 5 8 9 13
Fs RO 10 ¢ 11 1 2 2 3 4 6 7 9 11 15
Fy FiG00) 11 0 2 2 3 3 6 6 9 10 15
Fio R3O0 111 2 2 4 5 6 8 11 13 17
iy RO S 11 1 2 2 4 4 7 7T 11 12 17
Fio Fig030) ¢211 1 1 2 3 3 5 5 &8 10 13
Fg  FGO*O 10 ¢ |1 2 2 3 4 6 8 10 13 16 20
F R0 ¢/* 11 1 2 2 4 5 6 8 11 14 18
Fis FG030 # 1 1 2 3 4 5 7 9 12 15 19
Fi R0 ¢/2 11 1 2 3 4 5 7 9 12 16 19
Fp RO ¢ 11 2 2 3 5 6 8 11 13 17 22
Fie R0 ¢/ |1 2 2 4 5 6 10 12 15 20 26

Table E.2: The coefficients of the 18 independent functions F; ap-
pearing in the sum rules when kT = 3



E.3. kt =4 251
E.3 kt=4
Name Representative Coefficient of ¢*
E Fy. offset | ¢ ¢" ¢ ¢ ¢ ¢ & 7 & ¢ ¢°
FORS”Y 11 g 11 1 2 1 3 4 6 7 11 1
j23 R0 711 0 1 1 2 2 4 3 7 8 12
Fy RSO gt 1 0 1 2 3 3 6 6 11 13 18
F FQOAO g2t 1 0 2 2 3 4 8 8 13 16 23
Iy o0 ¢ 1 1 2 2 4 5 8 10 14 19 26
Fy PO #7101 2 3 3 6 7 11 14 20
F; RSO0 ¢®"11 1 1 3 4 6 8 11 15 22 27
Fy o0 ¢ 11 1 2 3 5 5 10 13 18 23 32
Fy RO ¢/7 11 1 2 2 3 4 7 8 13 16 23
Fo R0 ¢ 11 1 2 3 4 5 9 11 16 21 29
Fy RGO g |1 0 2 2 4 5 8 10 16 20 28
Fis FGOMO g1 1 2 3 6 7 11 15 21 28 39
Fis RO ¢7T11 1 3 3 6 8 12 16 24 30 42
Fia FOOAO g1 1 2 3 5 7 11 13 20 26 36
Fis RO 7T 11 1 1 2 4 4 7 9 13 17 25
Fg  FGOYW 10 ¢ 1 2 3 4 6 9 13 18 26 34 46
Fir O AT l1 1 2 3 5 7 11 14 21 28 39
Fis GO0 g |1 1 2 4 6 8 13 17 25 33 45
Fio FUOA g2t 2 3 5 7 11 16 22 30 42 55

Table E.3: The coefficients of the 38 independent functions F; ap-

pearing in the sum rules when kt =4, Part 1
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Name Representative Coefficient of ¢*

F, Fh, offset [0 1 2 3 4 5 6 7 8 9 10
F RO g7 |1 2 3 4 8 10 15 21 30 39 54
Fy FOOA0 g7 111 2 3 5 8 11 15 21 30 40
Fa FGOO g 111 3 3 6 8 12 16 23 31 43
Fos RO "1 1 22 4 5 9 10 16 20 30
Fy, RO ¢ 11 1 3 3 6 7 12 15 23 28 41
Fs FiGo0) ¢ 11 1 3 3 6 8 13 16 24 30 44
Fag FyGoO0) M7 |1 0 23 5 5 11 13 20 25 37
Fyy FGO @7 111 3 3 6 8 13 1T 25 33 47
Fos KGO 11 ¢ 11 2 3 5 7 11 15 23 30 43 56
Fg F{§O40 @7 |1 1 3 4 7 10 15 20 30 39 55
F GO0 @71 2 2 5 7 10 14 21 28 39 52
Fy R0 #7111 33 6 8 12 16 23 32 43
Fyp BV 1 g 11 2 34 7 10 14 20 28 37 51
Fis FiG o) @711 2 4 6 8 13 17 25 34 46
Fy, R0 ¢V 11 2 3 5 8 11 17 23 32 44 59
Fys R0 ¢/7 11 2 3 5 8 11 17 24 34 47 64
Fi F{DA0) @7 |1 2 3 5 8 12 18 25 35 49 66
Fi; G0 /7 [1 2 3 6 9 13 19 28 38 53 T2
Fos  FGUYO 11 ¢ 11 3 4 7 10 15 23 32 44 60 82

Table E.4: The coefficients of the 38 independent functions F; ap-
pearing in the sum rules when k* = 4, Part 2
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E4 kt=5
Name Representative Coefficient of ¢*
5 Fy. ., offset | ¢° ¢' ¢ ¢ ¢ & & 7 & ¢ ¢°
FORYY L g 111 2 2 3 4 7 9 14 16
j28 RO 11 0 11 2 2 5 4 8 10 16
Fy RSS9 g2 1 0 1 2 3 4 7 8 14 18 26
F FQO»0 g1 0 2 2 4 5 10 11 19 24 36
Fy R0 ¢ |1 0 2 3 4 5 11 13 20 27 39
Fy FQUSO gt 1 2 3 4 6 10 13 19 27 37
F; P00 g |1 0 1 2 3 4 7 9 14 20 28
Fy GO0 211 1 1 3 5 7 11 15 22 32 44
Fy o0 ¢?* 11 1 2 4 6 8 14 19 28 40 54
Fio OO 11 1 2 3 5 8 12 17 24 34 48
ol o0 #1110 1 2 4 4 8 10 18 22 34
Fio B0/ 1 3 3 7 8 14 18 29 38 56
Fis RO ¢/ 11 1 2 2 4 4 8 10 16 21 32
Fy RO L0 ¢ 11 1 2 3 5 6 10 14 21 28 41
Fis RGP0 @11 0 2 2 4 6 10 12 21 27 41
Fig R3O0 21 1 2 3 7 9 14 20 31 42 60
Fir RGOS0 g®f 11 1 3 4 8 10 18 24 37 50 73
Fis RSO0 ¢ |1 1 3 4 7 11 17 23 36 49 70
Fig FGO50 g7/ 1 2 3 6 8 14 18 28 37 56
Fo RGO ¢2 11 1 1 2 4 5 8 11 17 23 34
Fp  FOO9 10 g 11 2 3 5 7 11 16 24 35 49 69
Fy {020 ¢2 1 1 2 3 6 8 13 19 28 40 57
Fos GO0 41 1 2 4 7 10 16 24 35 50 71
Fay FGOS0 g4 1 2 3 6 9 15 23 33 48 69 96
Fos OO #? |1 2 4 6 11 16 24 36 53 74 105

Table E.5: The coefficients of the 76 independent functions F; ap-

pearing in the sum rules when k™ = 5, Part 1



254 Appendix E. The Functions F;(q)

Name Representative Coefficient of ¢*

F, F2/}+,n offset [ ® ¢ @ & ¢ &£ & 7 & @ ¢\
Fag FG050 @ |1 2 3 5 9 14 21 31 45 64 90
Fy PGS0 g¥ 1 1 2 3 6 9 14 20 30 43 61
Fog FG050) #4111 3 4 6 10 15 21 32 44 63
Fao GOS0 g3 1 2 4 5 10 14 23 31 48 66 96
Fio R0 A1 1 2 4 6 10 16 23 34 49 70
Fy FG050) @ |1 1 3 4 8 11 19 26 40 55 81
Fi FGOS0 gt 1 2 4 6 10 15 23 34 49 70 98
Fis FGO0 ¢/* 11 1 2 3 4 6 11 14 22 30 44
Py RGOS0 gi/f 1 1 3 4 7 9 16 20 33 43 64
Fis FiG050) ¢ |1 1 3 4 7 10 17 23 35 48 69
Fig F5O0 ¢V 11 0 2 3 6 7 14 18 30 40 60
jo FGO0 A1 1 3 4 8 11 19 26 39 54 79
Fis Fi&050) g9 |1 1 4 4 9 12 20 27 43 56 &4
Fi RGOS0 gt 1 1 3 4 7 10 17 23 35 48 69
Fo FEO0 M1 1 2 2 5 6 11 14 23 30 46
Fu FEOS0 g4 1 3 4 7 10 17 24 36 52 T4
Fo  FEO%0 11 ¢ |1 2 3 6 9 14 21 32 46 67 94
Fys F5O20 g |1 1 3 5 8 13 21 30 45 65 92
Fu FGOS0 g4 1 3 5 9 14 22 32 49 69 99
Fis F{G050) ¢/ |1 2 4 7 11 17 27 40 58 83 117
Fis FEOS0 g2 1 2 4 6 11 16 25 37 54 77 110
Fyr FEOS0 g2 1 3 4 7 11 18 26 39 55 79
Fis PGS0 lgd4 1 2 3 5 9 13 20 30 43 62 88
Fig  EGO9 11 ¢ |1 2 4 6 10 16 24 36 53 76 108
Fo 00 S 1 1 3 4 8 11 20 27 43 59 89

Table E.6: The coefficients of the 76 independent functions F; ap-
pearing in the sum rules when k™ = 5, Part 2
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Name Representative Coefficient of ¢*

E ng}-ﬁ—,n Oﬂ‘set qO ql q2 q3 (]4 q5 qﬁ q7 q8 q9 q10
Fy GO0 ¢ |1 2 3 6 10 16 24 36 53 76 108
I, GO0 ¢/ 11 1 4 5 10 14 24 33 52 71 105
Fs R0 S 11 1 3 4 6 10 15 21 32 45 63
Fy RO -1 0 ¢ 11 2 3 5 8 12 18 27 39 55 78
Fys FODO g1 1 2 4 7 10 16 24 35 51 72
Fig R0 @ |1 2 3 6 10 15 24 35 50 73 102
Fyr R0 g% 11 2 4 7 11 17 27 39 57 82 114
Fi FQDS0 g8 1 2 03 6 9 14 22 33 48 70 101
Fo R0 A1 2 3 6 9 15 24 35 52 75 107
Fso R0 ¢/ |1 2 3 7 11 17 28 41 60 88 125
Fei RSO g1 3 5 9 15 23 36 54 78 112 159
Fe FODSO s 2 4 7 12 19 29 44 65 94 134
Fys {0 ¢/ |1 2 4 6 11 18 28 42 62 90 128
Foo  EGVO 10 ¢ |1 3 5 9 14 22 34 51 75 108 152
Fys RG>0 11 1 3 4 8 11 19 26 40 56 82
Fig R0 A1 2 4 6 11 16 25 36 54 76 108
Fsr RS0 2 4 6 11 16 26 37 56 77 112
Fis RGP0 ¢ |1 1 2 5 8 12 20 28 44 62 89
Foo FEYPO 11 ¢ |1 2 4 5 9 14 22 31 46 65 94
Fro RGO ¢/ 1 2 4 7 12 19 29 44 65 94 134
P FEVO 10 ¢ |1 3 5 9 14 23 35 53 77 112 158
Fry FGH»0 A1 2 4 7 13 20 31 47 70 101 144
Fog G0 g/t |1 2 4 6 11 17 27 40 60 87 124
Fry F§D0 ¢/ |1 2 4 6 12 18 29 42 66 94 137
Frs R0 ¢/ |1 2 4 7 12 19 30 46 68 99 142
Frg G0 S |1 3 4 9 14 23 35 54 77 115 160

Table E.7: The coefficients of the 76 independent functions F; ap-

pearing in the sum rules when k™ = 5, Part 3
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