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Abstract

In this thesis I explore two pertinent avenues of the AdS/CFT correspondence: the rich,
pragmatic context of non-relatavistic holography and the story of holographic multiboundary
wormholes and their relation to the profound interplay between bulk geometry and boundary
entanglement. In chapter 1, I introduce the AdS/CFT correspondence and review the key
ideas that motivate and underlie the work in subsequent chapters. In chapter 2 we consider
the development of a holographic dictionary for asymptotically locally Schrodinger spacetimes
for z < 2 in a massive vector model in various spatial dimensions. We carry out a linearised
analysis of bulk perturbations and identify the boundary data as sources and vevs for the dual
stress-energy complex. We verify that a sensible asymptotic expansion of bulk perturbations
in sub-leading powers of r exists by expanding them in eigenvalues of the boundary dilatation
operator. The third chapter extends the work of the Chapter 2 to the case with z = 2 in the
massive vector model, in various dimensions, where the additional lightlike direction is regarded
as internal from the boundary point of view, qualitatively unlike the z < 2 case. Chapter 4
considers the entanglement structure of states holographically dual to multiboundary wormholes
in the high-temperature limit, in which the thermal scale associated to each boundary is much
larger than the AdS scale. We find that the entanglement structure in this limit is almost entirely
bipartite in this regime. The fifth chapter investigates the extent to which the results of chapter
4 generalise to regions of small moduli. We utilise heuristic tensor network methods to construct
tensor network models of multiboundary wormhole states built by sewing tensors to Coxeter
tilings and their quotients. We find in several cases that we can construct holographic states
representing multiboundary wormhole geometries for which the entanglement structure is mostly,

or almost entirely bipartite.
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1 Introduction

There are at least a couple of reasons why any physicist should care about the AdS/CFT
correspondence. On the one-hand, it entails a fully non-perturbative definition of quantum gravity
and is arguably one of our most powerful hints for a framework that successfully marries gravity
according to Einstein with the microscopic paradigm of quantum mechanics [5-9]. On the other
hand, the AdS/CFT correspondence amounts to an extremely powerful strong/weak duality
providing us with a unique window into the behaviour of strongly-coupled quantum systems,
including condensed matter systems that we can actually realise experimentally [10, 11]. In this
section I present a review of the main ideas underlying the research conducted in this thesis.
I introduce black hole thermodynamics and the holographic principle of which the AdS/CFT
correspondence is an explicit realisation. I describe the AdS/CFT correspondence, discussing
the original result and its natural generalisations, including non-relativistic cases that bring the
powerful formalism of AdS/CFT to experimentally pertinent systems in condensed matter physics
[10, 40-42, 66]. I then discuss the fascinating interplay between bulk geometry and boundary
quantum information that continues to shed light on how the AdS/CFT correspondence is

realised holographically [12-16].



1.1 Black Holes & The Holographic Principle

Regarding the question of quantum gravity, one of the most important and remarkable results
found in recent times is that black holes are thermal objects; they radiate thermally, and they
carry entropy. Initially, Hawking’s area theorem demonstrated that the area of the event horizon of
a black hole is always increasing, analogous to the second law of thermodynamics [17]. Bekenstein
later argued that black holes would violate the second law of thermodynamics, if a thermodynamic
system was thrown into a black hole, unless the black hole carried an entropy proportional to the

area of its horizon H [18],

1
S = @Area(”;'-[) (1.1)

P

where [, is the Planck length.

This remarkable result (1.1), an inevitable feature of semiclassical gravity in black hole
geometries, has profound implications for the amount of information that can be contained in any
portion of space in a theory of quantum gravity. Consider, for simplicity, a spherical shell with
area A occupied by a collection of matter with total energy M which is collapsed to form a black
hole of mass M and horizon area A. According to the second law of thermodynamics, entropy
cannot decrease, hence the entropy of the collapsing system cannot exceed (1.1), as illustrated
in figure 1. A covariant generalisation of this result is provided by the Bousso-bound [19]. This
result strongly suggests that in a quantum theory of gravity, that physical information pertaining
to any portion of spacetime is encoded in its boundary'. This led Susskind and t'Hooft to propose
the holographic principle, according to which quantum gravity is holographic in precisely this

sense [20, 21].

The thermodynamic nature of black holes was decisively clarified by Hawking’s initially
surprising result that black holes evaporate thermally [22]. This result can be obtained most
cleanly by considering the fact that the near-horizon geometry of a Schwarzchild black hole is
locally Rindler space; the same as for a uniformly accelerating observer in flat space. Consequently,
the state of quantum fields observed by a fiducial observer outside the horizon is prepared by
the Euclidean path-integral on an infinite strip sliced in Rindler time, which prepares a thermal

state in the black hole exterior [10]. As such, the state of quantum fields in the exterior region

IFurther evidence for includes the fact that boundaries are physical in gravitational systems, since large
diffeomorphisms act non-trivially on physical configurations.
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Figure 1: A spherical shell of matter with radius R collapses to form a black hole with event
horizon radius R. The second law of thermodynamics means that the final black hole has a
greater entropy than the collapsing shell. Consequently, the largest amount of information that
can be contained in any spherical shell is bounded by the entropy of a black hole of the same size,

which scales with the area (as opposed to the volume) of the collapsing shell.

of a black hole, according to a fiducial observer, is thermal; if they carried with them a particle

detector they would observe thermal excitations.

In classical thermodynamic systems, the thermodynamic entropy counts the number of
microstates in the statistical ensemble. The question arises then as to whether or not the entropy
carried by the black hole is similarly a reflection of coarse-graining of an underlying microscopic
description. Naively we might think of the black hole entropy as counting classical black hole
microstates, but this is ruled out by the no-hair theorem, stating that a black hole (rather like
a point particle! [23]) does not have any classical microstates; they are uniquely determined
by their mass, angular momentum and charge. The suspicion is therefore that the microstates
associated to the black hole entropy must arise from quantum gravity. Remarkably, the result [24]
by Strominger and Vafa demonstrated that it’s possible to derive the black hole entropy in string
theory, where it arises as the degeneracy of D-brane configurations that support an extremal,
maximally supersymmetric black hole. Though this result also correctly predicts the black hole
entropy for certain non-extremal cases, it’s presently unknown if this result can be generalised to

Schwarzchild black holes.

The fact that the black hole entropy measures the area of it’s horizon in Planck units is perhaps
our most poignnant hint that in a quantum theory of gravity, spacetime should fundamentally be
quantised at o(l,) [25] (see figure 2. Most notably, the result (1.1) amounts to a highly non-trivial
constraint on any candidate theory of quantum gravity. Specifically, the thermodynamic character

of black holes in the IR (according to a fiducial observer in the exterior) must emerge as the



Figure 2: In quantum gravity, the black hole entropy can be thought to derive from microscopic
degrees of freedom associated to Planck-scale regions of the black hole horizon, since the Bekenstein-

Entropy measures the horizon area according to (1.1).

red-shifted picture of UV physics close to the horizon, so that the black hole entropy amounts to
an IR constraint on the UV physics of quantum gravity.

The existence of Hawking radiation leads to a startling puzzle known as the black hole
information paradox. Namely, a given infalling pure state is converted to a mixed (thermal) state.
When the black hole eventually evaporates it therefore appears that the information pertaining
to the infalling stuff has been removed from the universe. Hawking’s calculation assumes nothing
other than the effectiveness of local quantum field theory at low energies, locality and unitarily
evolving states. The black hole information paradox appears to offer the radical suggestion that
perhaps Hawking’s original calculation was incorrect, and that in particular some of these most
basic underlying assumptions may prove false in quantum gravity. In this sense addressing the
black hole information paradox might well require the conceptual leap that will utimately lead
to the foundations of a prevailing theory of quantum gravity. The general consensus on this
matter is not settled, though many suggestions have emerged, ranging from suggestions that
information loss in this sense is actually not pathological and even to attempts to modify quantum
mechanics itself. A remarkable answer to the question of black hole information loss comes from

the AdS/CFT correspondence, which we now describe.

1.2 The AdS/CFT Correspondence

In its original form, the AdS/CFT correspondence entails a conjectured full equivalence between
type-11B string theory with asymptotically AdSs x S5 boundary conditions and A/ = 4 Super
Yang-Mills, being a conformal field theory, living at the boundary of the AdS5 [5]. This duality

is a lucid manifestation of the holographic principle, since the 4-dimensional C'F'T lives at the

10



boundary of the 10 dimensional string theory (with 5 dimensions being the compact directions of
the Sy). The quintissential relation that captures this duality is an equivalence of the bulk and

boundary partition functions,

ZCFT [¢O] = ZString [¢7 ¢0] (12)

where the CFT is N =4 SY M and the bulk fields ¢ have corresponding boundary conditions ¢
realising the asymptotically AdSs x S5 boundary conditions [6]. As an elementary sanity check
we can observe that the symmetry group of AdSs x S5, along with supersymmetry, gives the
superconformal group in four dimensions, the group of symmetries of N'=4 SY M, so that both
sides of the duality have the same symmetries. Whilst the field theory lives at the boundary of
the AdSs, the role of the compactified directions in this sense is that their Kaluza-Klein modes

correspond to chiral operators in the CFT [7].

In the terminology of AdS/CFT, the CFT side of the duality is referred to as the boundary
theory, since it effectively lives at the boundary of the asymptotically AdS geometry. The

corresponding dual gravity side is referred to as the bulk theory.

In general we do not know how to compute Zg;,i,, since for example we do not know how to
quantise string theory with Ramond-Ramond fluxes. However, the r.h.s of (1.2) is tractable when
the string theory is well approximated by semiclassical type I1B supergravity, which is the case
in the limit of large-N and large t'Hooft coupling A = g% ,,N [6]. In this limit the relation (1.2)

becomes,

Zopr|do] = Z eSsuara($i(60)i) (1.3)

Where the summation runs over the set of bulk saddles supported by the bulk field configura-
tions (¢, (¢0);). Most cases seen in the literature consider a single bulk saddle where subdominant

saddle can be neglected, which drops the sum in (1.3).

The regime of large A means that the C'F'T is very strongly coupled and the supergravity
theory is weakly coupled. The ensuing strong/weak duality is an extremely powerful result
of the AdS/CFT correspondence that permits one to study the relatively intractable strong-
coupling regime of C'F'T's from the viewpoint of weakly-coupled, semiclassical gravity. There are
many similar AdS/CFT correspondences that can be motivated using the so-called “top-down”
approach akin to Maldacena’s original method, wherein one motivates the correspondence starting

with D-brane configurations in string theory [26, 27]. The more general and ambitious claim is

11



that the AdS/CFT correspondence is an equivalence between any theory of quantum gravity
with asymptotically AdSgy; X X boundary conditions (where X is an arbitrary geometry) and a

CF'Ty which lives at the boundary of AdS;,;. Thus we assume the relation,
Zqal: do] = Y 5o @O) = Zopn () (1.4)

where the first equality is approximately true in the semi-classical case only. This relation

fundamentally represents an equivalence between quantum theories.

But how are observables in each theory related according to (1.4)? There is a natural way to
associate, to each bulk mode in (1.4) a corresponding holographic dual observable operator in the
CFT. In Maldacena’s top-down motivation of the AdS/CFT correspondence, bulk perturbations

¢ couple to the D-branes at spatial infinity on which the C'F'T lives via the interaction term,

Hip = /dd:c 0O (1.5)

where ¢ is the asymptotic value of the corresponding bulk field ¢, which acts as a source for the
operator O in the CFT and the coordinates x run along the D-brane worldvolume [5, 6]. This
suggests that the asymptotic values of a given bulk field should be interpreted as source for a

holographic dual operator in the CFT' [6, 28] so that,

Zaal, do) = <exp { /| ¢00]> (1.6)

By using (1.6) we see that turning on a bulk scalar gives rise to a boundary dual primary operator.
It’s easy to see that the scaling dimension of this primary operator is related to the mass of
the dual bulk field [6]. Gauge fields naturally couple to conserved currents in (1.6) so these are
holographically dual to conserved currents in the C' F'T. Additionally the fact that boundary stress
tensor is the functional derivative of the Zopp with respect to the boundary metric, we ascertain
that the bulk metric asymptotics are sources for the boundary stress-tensor. As mentioned earlier,
it’s according to (1.6) that the holographic duals of bulk Kaluza Klein modes wrapping the S5 in
the AdSs x S5 case are the chiral operators of N'=4 SY M.

The complete holographic dictionary that we ascertain from (1.4) is therefore that the
asymptotic conditions for the metric, together with the normalisable bulk modes, determine

a holographic dual state in the C'F'T" which is prepared by the Euclidean path-integral on the

12
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Figure 3: Cartoon of the holographic dictionary for AdS/CFT.

asymptotic geometry along with operator insertions corresponding to operators holographically
dual to the bulk modes that are switched on. This general picture of the holographic dictionary
in AdS/CFT is depicted in figure 3

In fully quantum gravity we do not know what the physical states are [25, 29|, but in the
semi-classical regime they are classical gravity configurations, so that a choice of bulk saddle
corresponds to a holographically dual state in the CFT according to (1.4). The asymptotic
conditions M for the bulk fix the geometry on which the CFT lives so that Z[¢g, OM|crr
computes the Euclidean path-integral on OM [30]. In this language it’s straightforward to show
that empty AdSy is holographically dual, via (1.4) to the ground state in the dual CFT. Empty
AdSy is just global AdS,; which is trivially asymptotically AdS. The geometry of global AdSy is,

ds? = I>(— cosh® p dt* + dp* + sinh® p dQ3_,) (1.7)

The boundary of Euclidean AdSy (for which we analytically continue t — it) is OM = R, x S92,
so that the holographic dual state is prepared by the Euclidean path-integral on dM which gives
the ground state in the C'F'T, as claimed.

In practice, using the relation (1.6) entails determining C'F'T correlation function by taking
functional derivatives of the bulk gravity action evaluated on an appropriate bulk saddlepoint [6],
however this is generically divergent at the boundary at spatial infinity. On the C'F'T side the

correlators contain UV divergences that need to be renormalised with appropriate counter-terms.

13



We can use the techniques of renormalisation in this case to obtain a finite bulk action principle
by introducing a cut-off at some finite value of » = € and then adding boundary counterterms
to the bulk action so as to render it finite in the limit as e — 0 at the boundary. This is the
process of holographic renormalisation [31]. An important upshot of this discussion is that the
extra radial direction in AdS/CFT is seen to be holographically related to energy scale in the
boundary CFT [32].

We have mentioned the top-down approach to AdS/CFT where one starts from string theory
and heuristically derives the corresponding C'F'T', but we may conversely consider a “bottom-up”
approach in which one starts from the CF'T" and then asks which gravitational theory it might be
dual to. C'F'T's with holographic duals are called holographic C'F'T's. For a holographic C'F'T' to
have a semiclassical holographic dual we require that the C'F'T has a huge denegeracy of states

at high-energies and furthermore that the C' F'T" has a mass-gap or equivalently small degeneracy

of low-energy states [33]. We also require that the bulk and boundary central charges coincide?.

This tantalisingly beautiful correspondence, in a very real sense, entails a fully non-perturbative
and background-independent definition of quantum gravity. More remarkably (1.4) implies that
gravity’s quantum avatar is not fundamentally the formidably geometric creature of Einstein’s
theory. Indeed (1.4) suggests that in some immediately obscure sense, quantum gravity is an ordi-
nary, background-dependent conformal field theory 3. Though this relation gives us a definition of
quantum gravity and tells us exactly what theory is it, we first have to decipher what gravitational
dynamics mean to the dual boundary C'F'T" before we can ask interesting questions about the bulk,
quantum gravity side of the duality. So far we've seen that at the semiclassical level we have some
substantial traction in this direction, but if we want to explore gravity in the genuinely quantum
regime via this relation we will have to include loop corrections, or equivalently corrections in %
Remarkably, AdS/CFT appears to offer a complete (if similarly opaque) resolution of the black
hole information paradox: since the bulk gravity dynamics are fundamentally the same thing as a

unitary boundary C'F'T', then the whole process of black hole formation and evaporation must

accordingly be described completely by a unitary, information-preserving C F'T'.

2The bulk central charge arises from two copies of the Virasoro algebra which generate the asymptotic
symmetries of asymptotically AdS spacetimes [34].

3In the present context this makes sense because boundary conditions are not gauge artefacts in gravitational
theories

14



1.3 Non-Relativistic Generalisations

It’s extremely tempting to suppose that the correspondence (1.4) can be generalised even further.
The most general statement might be to relax the condition that the boundary is asymptotically
AdS, or equivalently, that the dual theory is not necessarily conformal. Such generalisations
can actually be realised as deformations of a CFT' [35-38], where the holographic dictionary
for AdS/CFT can be applied perturbatively. From a pragmatic perspective, we might hope to
harness the power of the strong/weak coupling duality entailed by the correspondence in order
to carry out computations in strongly-coupled quantum systems appearing in nature, which
frequently exhibit non-relativistic scaling symmetries [10, 39]. This leads us presently to the
story of non-relativistic generalisations of AdS/CFT, which will set the backdrop for chapters 2
and 3 [40]. One hope is that we can formulate a generalisation of AdS/CFT to the context of
non-relativistic field theories. This has the added bonus of conferring insight as to the extent to
which the formalism of AdS/CFT can be generalised to arbitrary backgrounds, which may in

turn lead to valuable hints in our attempts to formulate a quantum theory of gravity.

When we learn about field theory it is often presented as a solely relativistic animal. This is
because relativistic quantum field theory is the natural context in which to construct a quantum
theory of interacting particles which is local and causal according to relativity. Needless to
say a quantum field theory need not be relativistic by construction. Non-relativistic quantum
field theories (NRFTs) have preferred time and space directions; the synthesis of spatiality
and temporality of relativity does not occur and the newtonian intuition prevails. A notably
distinct feature is that non-relativistic theories the stress-energy tensor is no longer symmetric;

the off-diagonal elements are independent and furnish a so-called stress-energy complex,

Ty = & Energy density

T,; = P, Momentum flux density
T, = (1.8)
Ty = E; Energy flux density

T;; = II;; Stress density

which is conserved [41].

Many of the strongly coupled, non-relativistic systems found in experiments have hyperscaling

symmetries such as those that describe fermions at unitarity [42—44]. In this case, schematically

15



we have a symmetry;,

r— v t—= Nt (1.9)

where 2z is the so-called critical scaling exponent [40, 41]. A geometry with this kind of scaling

symmetry is the Lifshitz geometry,
2 2 2 250 pdr
ds” = | —r¥dt” + ridz; + " — (1.10)
r

which is invariant under the scaling x; — Ax;, 7 — Ar,t — A*t and [ sets the scale of curvature.
Noteably for z = 1, (1.10) is exactly AdS,;. The Lifshitz symmetry group of (1.10) appears at
critical points in condensed matter systems describing low-dimensional magnetic materials, liquid
crystals and cold atoms [43, 44]. In order to bring the machinery of AdS/CFT to bear in these
cases, it is worth considering gravitational theories that are asymptotically of the form (1.10).
We can then assume, for that theory, that a relation of the form (1.4) holds, i.e that a form of
asymptotically-Lifshitz /Lifshitz-N REF'T duality holds and set about establishing an analogue of
the standard holographic dictionary that relates observables in each case. With this in hand,
we can translate computations in the strong-coupled Lifshitz field theory to calculations in the
bulk gravity side. In [45], a holographic dictionary for geometries which may asymptotically be
written locally in the form (1.10) was established in precisely this way. Since the non-relativistic
scaling preferentially treats the time and space coordinates differently, this motivates us to work
with frame-fields instead of the metric. That is, we achieve the required asymptotic conditions

for the metric by imposing suitable boundary conditions on the frame fields.

We can write the metric (1.10) with the following choice of frame fields
G = efef’r;AB O e§°) =r? 651) = rdx; (1.11)

where other frame components are set to zero and where n4p is the flat metric and the local
frame indices A = ((0), (¢), (r)). We can partially fix a gauge in which eV = ir~L and € = 0 for
a = (t,z;) running over the time and spatial coordinates. The form (1.11) for the frame fields
motivates the boundary conditions of [45] in which a metric is called asymptically locally Lifshitz

if the frame fields have the following asymptotic form at the timelike boundary at r — oo.

(r,xq), el) = rzég)(r, Tq) (1.12)

16



where the expansion around of the é(r, x,) around r — co contains a finite leading piece, plus
sub-leading terms that decay in the limit. This conditions allows the boundary metric to be
locally (1.10). So far we’ve not mentioned which theory we're considering and the conditions
(1.12) are appropriately generic since the precise, subleading terms appearing in the metric will

be determined by the dynamics of a given theory realising (1.12).

In [45] the asymptotic conditions (1.12) are realised as a particular solution of the massive

vector theory coupled to gravity with the action,

1 1 1
S = d%3x\/—g (R —2A — ZFWFW — émQAMA“)

1
167G

det2p /=
oo [ K, (L

for which the massive vector field A supports the non-relativistic hyperscaling symmetry. Sources
and vevs in the boundary N RF'T are identified as the leading terms that appear in a linearised
analysis of bulk perturbations to the frame fields compatible with the asymptotic conditions. In
accordance with an appropriate generalisation of (1.4), this leads to an identifcation between
bulk asymptotics and sources for the boundary stress-energy complex in addition to an irrelevant
operator dual to the time-components of the massive vector. In chapters 2 and 3 we will explore
in detail how this rich story generalises to geometries with are asymptotically locally Schrodinger,
again in the context of gravity coupled to a massive vector. The upshot in these cases is that while
we remain agnostic to the existence of the boundary N RE'T, appropriate holographic dictionaries

analogous to (1.4) are shown to exist.

For a generic bulk theory, it is not necessarily possible that boundary conditions such as (1.12)
exist, that is that an asymptotic expansion of bulk fields in subleading powers of r consistent with
the interpretation (1.6) exists. In chapters 2 we will see that in the generalisation of AdS/CFT to
asymptotically locally Sch’/odinger backgrounds, the existence of a “good” asymptotic expansion

is strongly dependent on the dynamical critical exponent appearing in the metric.

1.4 Entanglement Entropy

In the last subsections we've described the AdS/CFT correspondence and how this formalism can
be applied to more generic, specifically non-relativistic backgrounds. In view of understanding
what AdS/CFT has to tell us about quantum gravity more generally, an extremely important

question is how a relation like (1.4) can possibly work, that is, how are gravitational dynamics
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encoded holographically in a non-gravitational context in the C'F'T? We know so far that fixing
the asymptotic conditions in (1.4) for the bulk fixes a choice of state in the boundary CFT, so a
pertinent question to ask in the semiclassical case is, how is the geometry in the bulk encoded
holographically? Overwhelmingly the answer appears to be that the key aspect of this is the
interplay between bulk geometry and boundary quantum information, namely entanglement
entropies. This correspondence has led to the inception of the field of holographic entanglement
entropy which has led to intensely rich and exciting developments. Before proceeding further we

should briefly review the idea of entanglement entropy in quantum systems.

Entanglement entropy diagnoses a kind of correlation between quantum systems which is
only possible due to the superposition principle and is therefore a property unique to quantum

mechanics.

Suppose there are two rooms A and B and suppose that Alice and Bob, two observers, are
placed in seperate rooms A and B respectively. Suppose that the total quantum state is the
pure density matrix p in a Hilbert space bipartitioned so that H = H4 ® Hp. Supposing that
Alice has no means of measuring B then the quantum state seen by Alice on A the described by
the reduced density matrix associated to the factor H 4, obtained by tracing out the degrees of

freedom in B,

pa=Trp(p) (1.14)

That is, ps contains all of the information about correlation functions in A measurable by Alice.
The density matrix p4 is generically a mixed state due to the fact that Alice and Bob’s systems
may be correlated. Entanglement entropy diagnoses precisely this kind of correlation between
subsystems, that manifests in the case of pure states in the way that the state on a given subsystem
appears mixed. The Von Neumann entropy of the reduced density matrix A measures the amount

of quantum entanglement between A and A® in the pure state p;

S(A) = —Tr(palog pa) (1.15)

Equivalently, this quantity diagnoses whether or not a given state on the product of factors is

seperable, that is whether or not it can be write as a product of states on each seperate factor.

For a generic pure state p = [¢)(¥| it’s entanglement entropy is simply S = — Tr(plog p) =
(¥|log 1|yp) = 0, so the entanglement entropy for pure states vanishes.
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Figure 4: Cartoon illustrating that entanglement between subsystems A and B of qubits counts
the number of entangled qubits between A and B. Each node represents a qubit, and the lines
connecting nodes depict maximally entangled qubits. In this case, 4 pairs of qubits are maximally
entangled, hence S(A) = 4log2.

The poster-child for an entanglement in quantum mechanics is the maximally-entangled Bell

state of two qubits,
1

V2

The entanglement entropy of a single qubit (the first one, for example) in the state (1.16) is,

[¥) (10)10) + [1)[1)) (1.16)

1 1
1 . . 1 , ... .
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since py = %]2 is diagonal. The entropy (1.15) is maximal when p,4 is diagonal, in which case we

say that the state p, is maximally mixed, or maximally entangled with p c. The state (1.16)

evidently maximally entangles the two qubits.

Generally a quantum state in H 4 can be described as a state of N qubits where dim(H 4) = 2V.
If a state on ‘H is maximally entangled we have S(A) = N log2 = log[dim(H 4)] otherwise S(A)
is smaller. This means that the entanglement entropy is bounded by S < log[dim(H 4)].

According to (1.17), one way to interpret entanglement entropy S(A) is that it measures the
number of entangled qubits between A and A®, as depicted in the figure 4. Conversely, given
a state p4 in a closed system A with entanglement entropy S(A) < Nlog2 = log[dim(#H4)], N
counts the minimum number of qubits in an auxilliary system B required to be entangled with
pa in order that p4 can be obtained by tracing out B from a pure state p4p. In this case we say

that the auxilliary state pp purifies the mixed state p4.
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For a pure state [¢)) € H = Ha ® Hp with (dim[H ], dim[Hp]) = (m,n), there exists a
basis {|a;)} € Ha with i =1,...m and {|b;)} € Hp with ¢ = 1,...n so that |¢) has the following

Schmidt decomposition,

=2 @ ) (1.18)

where p; are real and positive. One can immediately deduce the reduced density matrices on the

factors A and A“,

PA = Zpilaz’><ai| pB = sz‘bz><bz’ (1.19)
i=1 =1

This makes evident that the entanglement entropies associated to each reduced density matrix

are equal, since their eigenvalues coincide. This expressed that for pure states we have,
S(A) = S(B) (1.20)

whis is manifest in figure 4. For a pure state then we have the further constraint that S(A) <
min(log(n),log(m)).

Entanglement entropy in simple quantum mechanical systems, where there are only a finite
number of degrees of freedom such as in the familiar case of a 2-qubit system, are easy to compute.
In field theories, on the other hand, we have an infinite number of degrees of freedom and
computing entanglement entropies is far more difficult. The fact that field theories contain an
infinite number of degrees of freedom means that the entanglement entropy associated to any
spatial subregion diverges in the UV. One can consider taking a field theory on a lattice and
keeping the leading contribution to the entanglement entropy as the lattice spacing goes to zero
in the UV. This regularised piece captures physical information about the entanglement entropy
of the corresponding subregion [46]. For a useful review of the basic properties of entanglement

entropy in quantum mechanics and quantum field theory, see for example [16, 47].

1.5 The Ryu-Takayanagi Conjecture

A remarkable conjecture, relating quantum entanglement and bulk geometry in the context of
AdS/CFT was motivated by Ryu & Takayanagi [12, 16, 47]. Their claim is that the entanglement
entropy of the reduced density matrix associated to a spatial subregion A of a C'FT is equal to
the area of a minimal-area codimension-2 spacelike surface v, in the bulk which is homologous

to A, as depicted in figure 5. Given a subregion A of a holographic C'F'T', the Ryu-Takayanagi
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Figure 5: Cartoon of the RT-formula 1.21 for the entanglement entropy of a subregion A
(shaded) in the boundary C'F'T, which is given by the area of an extremal codimension-2 surface

in the bulk whose boundary is the boundary of A (shaded green).

conjecture states that,

1
= 4GnArea(7A) (1.21)

Sa
This relationship represents perhaps the most striking equivalence between bulk geometry and
boundary entanglement entropy and has recently been derived from the AdS/CFT dictionary by

Lewkowycz and Maldacena by applying the replica trick to the Euclidean bulk path-integral [15].

There’s an immediately striking resemblance between (1.21) and the Bekenstein-Hawking
entropy 1.1 of a black hole and in fact the RT formula actually generalises the latter. To see
this, consider applying the formula (1.21) in a black hole background to it’s entire asymptotic
boundary. In this case the appropriate bulk extremal surface v has no boundary, as illustrated in
figure 6. However, the presence of the horizon in the bulk represents a topological obstruction,
meaning that the only surfaces permitted by (1.21), due crucially to the homology constraint,
are those that wrap the horizon. The minimal area surface in this case is precisely the horizon
itself, so that the formula (1.21) gives exactly Sa = ﬁAr@a(Horizon), which is exactly the

Bekenstein-Hawking entropy formula (1.1) (in natural units).

A covariant generalisation of (1.21) exists called the HRT prescription, which is applicable to

time-dependent cases [48].

The simplest example to check for (1.21) is with the bulk geometry being AdSs, which is
dual to the ground state in the C'F'T;. The most trivial exercise is to consider the entanglement
entropy of the state on the whole boundary, which we know is the pure ground state. The minimal

area surface on a constant-time slice which is homologous to the whole boundary is simply the
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Figure 6: Schematic depiction of the homology contraint in the RT-formula (1.21) applied to
black holes. The red surface cannot be continuously deformed to the pink-shaded boundary
subregion due to the black hole. However, adding the combination of the red and blue surfaces,
the latter being the black hole horizon, gives a candidate RT-surface which is homoglous to the
pink-shaded region.

\

L\%

Figure 7: The RT-formula (1.21) equates the entanglement entropy, in the ground state, of the
CFT,; subregion A (blue-shaded) of length L to a length of boundary-anchored geodesic 4 (red)

on a constant time-slice of AdSs.

empty set, for which the formula (1.21) tells us correctly that the entanglement entropy is zero.
A more interesting case to check is the entanglement entropy of a spatial subinterval A of size L
in the CFT; in the ground state. The conjecture (1.21) implies that the entanglement entropy of
this subinterval is given by the length L(7) of a boundary-anchored geodesic on a constant time

slice of AdSs, as depicted in figure 7.
For AdS3 with the geometry,

2

ds* = l—z(—dt2 + da* + dr?) (1.22)
r

The boundary anchored geodesic on the spatial slice with endpoints (zo,z1) = (—%, %) is the
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semicircle,

x(1) = 5 COST, r(r) = —=sint, 7T€ (=, 71— =) (1.23)

where € is introduced to regulate the UV divergence as the geodesic tends to the boundary at

spatial infinity as € — 0 [49]. The formula (1.21) then gives the entropy of A

L L
Sy = TN log (?) (1.24)

This agrees exactly with the known C'F'T; result,

c L
up to the identification
3l
= — 1.2
c ST (1.26)

This is precisely the Brown-Henneaux central charge for the two copies of the Virasoro algebra

which furnish the group of asymptotic symmetries for asymptotically AdSs spacetimes [34]%.

1.6 Holographic Eternal Black Holes and ER=EPR

We have already talked about the holographic dual of empty AdSy, which is holographically
dual to the ground state in the C'F'T', but there are many bulk gravity solutions which are
asymptotically AdS with interesting holographic dual descriptions. Some of the most interesting

are AdS black hole solutions and their multiboundary generalisations which we now describe.

The Schwarzchild- AdS,; black holes have two timelike boundaries at spatial infinity, as depicted
in the Penrose diagram 8. The simplest asymptotically AdS black hole is the 3-dimensional case
found by Banados, Teitelbohm and Zanelli appropriately named the BT Z black hole with two
asymptotic boundaries [50]. The Euclidean BT'Z black hole has the geometry,

dr? 4
— 174" G~ o+ ToTHI (1.27)

ds® = (r* — 1)dr* +
( ) 3

r2

Rescaling by a factor of §/27 we find that the boundary at spatial infinity is I5 x S' where
I3 = (0, 3) denotes the periodic Euclidean time direction (with period ) which connects the two

4Interestingly though this result predates the AdS/CFT correspondence by 11 years, the relation to the
conformal group in two dimensions was not apparently acknowledged at the time.
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Figure 8: Penrose diagram of the extended Schwarzchild AdS space. Regions I and II are
exterior to the black and white hole horizons in regions III and IV respectively, and their timelike
boundaries 0% lie at spatial infinity in regions I,II. Spacelike singularities are contained behind

the horizon in regions III and IV.

pfjiH ef%H
/, \\ ,’, ;/‘\
! \ ! ! \
. | ool
Sll. ll |‘ !l | S
"\ I 1 '\ I
\/ \\‘ \\ //
P P
s s
2 2

Figure 9: The Euclidean path-integral that prepares the thermofield double (T'F D) state on
two copies of S! (highlighted) on the ¢ = 0 slice of the boundary of the BT Z black hole.

circles on the t = 0 slice. The path-integral that prepares the holographic dual state on each
boundary circle on the ¢ = 0 is the the Euclidean path integral on I5/5 x S*, two of which are
sewn together to give Iz x S' as depicted in figure 9. This path-integral generates the thermofield
double state in the dual CFT,

ITFD) =" e |E), @ |Ep)s (1.28)

This result redounds to a general feature of holographic duality, namely that bulk black holes
are dual to thermal states in the CFT. The thermofield-double state has the property that the
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Figure 10: The RT-surface for the single boundary B; (shaded blue) on the ¢t = 0 slice of BT'Z

is the horizon H which maximally entangles the two boundaries.

reduced density matrix on either factor is the thermal density matrix,

PThermal = eiﬁH (129>

with inverse temperature 5. This means that on any given boundary the state looks exactly
thermal. Since the total state is pure, the thermal character of the state on an single boundary is
entirely a consequence of the entanglement between the two-boundaries, that the state on one
boundary is purified by the state in the opposite boundary. The entanglement entropy on one
boundary on a constant time slice is given by the area of the BT Z horizon which is A¢ = 472/8,

as depicted in figure 10.

Maldacena and Susskind argued that the entanglement between the two boundaries for the
AdS-Schwarzchild black holes, is the wormhole connecting them [14]. Indeed, the boundary
CFTs in the TF D state are not coupled to one another, so that in a sense their correlation comes
entirely from the wormhole that connects them. This underlies the essence of the FR = EPR
conjecture, that the entanglement between a maximally entangled pair of qubits is fundamentally
the same thing as a highly quantum wormhole connecting the qubits (see figure 11); in this sense,

quantum entanglement and bulk connectivity are fungible [51].

The bipartite BT Z wormhole supports the entangled T F D state in the boundary. The
natural generalisations of AdS black holes are the asymptotically AdS multiboundary wormholes
geometries that connect multiple asymptotic boudaries [52-55]. The ER = EPR intuition
suggests that there may be a sense in which intrinsically multipartite entanglement is necessary in
order to support multiboundary wormhole geometries in the bulk (see figure 12). This question is
generically very difficult to answer on the one-hand, since unlike for the BT'Z case, we know far less

about how to do the path-integral that prepares the states holographically dual to multiboundary
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ER - Bridge

Figure 11: Cartoon depicting the ER = EPR conjecture: an EPR pair is conjectured to be
fundamentally equivalent to a highly quantum FE R-bridge connecting the locations of the two

qubits.

72977
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Figure 12: (Left) The entanglement between the two boundaries in BT'Z can be distilled to
bell pairs crossing the horizon, meaning that the entanglement is entirely bipartite. (Right) for a
triply-connected, three-boundary wormhole with three horizons (red, green and blue), we might

anticipate that the entanglement structure is in some sense intrisically tripartite.

wormholes. The so-called high-temperature regime, which is the subject of chapter 4, is one such
regime where we can understand the path-integral for holographic multiboundary wormholes. An
additional complication here is that intrinsically multipartite entanglement is much harder to
diagnose than bipartite entanglement, for which many such measures exist. In both chapters
4 and 5 we attempt to understand the entanglement structure of holographic multiboundary

wormbholes.

1.7 Holographic Bulk Locality & Quantum Error-Correcting Codes

In AdS/CFT, the boundary C'F'T does not manifestly respect locality in the bulk, except insofar
as we've seen at a heuristic level where it is related to energy scale in the CFT. However for

certain C'F'T states to be holographically dual to local bulk geometries then clearly there must be
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a sense in which bulk locality is encoded in C'F'T' states. One could thus consider to what extent
one’s access to bulk information is limited by resticting to access to only a portion of the C'F'T.

One way to gain a handle on this question is via the approach of holographic bulk reconstruction

[56, 57], which we now describe.

To motivate this approach begin by considering the usual holographic dictionary, where the
restriction of a bulk operator to the boundary defines the source for a corresponding boundary

operator

lim r2¢(z) = ¢o(z) (1.30)

r—00

where ¢ is the source for the dual operator of conformal dimension A in the CFT. The “inverse”
of (1.30) is the fact that one can express the bulk operator as an integral over the whole boundary

of the ¢y weighted with the integration kernel K known as the bulk-to-boundary propagator,

o) = [ e KXot (1.31)

The role of K is to implement the kinematic constraint (1.30) as well as the dynamics in the form
of the bulk wave equation for ¢. Equation (1.31), it should be stressed, is a statement purely
about bulk fields and their asymptotics. The relation (1.31) suggests the following C'F'T" analogue,

wherein one can construct an operator in the CF'T" which is local in the bulk,

O (X) = /8 e K(Xi)0() (1.32)

where again the role of K, here called the “smearing function” is to implement the kinematic and
dynamical constraints for the bulk local operator Oy (X). In contrast to (1.31), (1.30) is now a
statement about operators in the CF'T. The operator Oy (X ) manifestly acts non-locally in
the CF'T. Here then we have a relation that proxies bulk locality purely in terms of non-local
operators in the CFT. We may call Oy a local bulk operator to the extent that it’s a quantity
which is local in the bulk, but again this is genuinely an operator in the CF'T. Causality requires
that Opu(X) commutes with O(y) for X and y spacelike seperated. This means that K, which
reconstructs Opuk(X) according to (1.32) can be chosen to be supported only on a portion of
the CFT which is the set of points spacelike seperated from X. This is the idea of global AdS

reconstruction [58].

Naturally we can consider further restrictions of K to a subregion A of the CFT. The
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Figure 13: Cartoon of AdS-Rindler wedge reconstruction. The Rindler wedge C'4 corresponding
to a boundary subinterval A on a constant time slice is the bulk domain of dependence of A,
whose boundary on that constant time slice is the minimal spacelike surface v4. In AdS-Rindler
reconstruction, operators localised in the pink shaded region can be reconstructed as an operator

supported entirely within A.

existence of non-existence of K4 in these cases is then a statement about whether or not A
contains information about the support of Opu(X), which leads to the idea of “subregion-

subregion” duality.

A well-established form of bulk reconstruction for boundary subregions is the AdS-Rindler
reconstruction [56, 57], which describes how to construct a local bulk operator of the form (1.32)
in the Rindler wedge C'4, or bulk domain of dependence of a connected C'F'T subregion A, as
illustrated in figure 13. This is an explicit example of subregion-subregion duality wherein a
connected C'F'T' subregion A contains information about C'4. The ensuing encoding of bulk
non-local operators 1.32 is highly redundant due to the fact that a given bulk point lies within the
Rindler wedge of an infinite number of boundary subregions, as illustrated in figure 14 a). Naively
we would claim that reconstruction of a local bulk operator in any wedge (were it possible) gives
rise to the same operator, but this leads to issues, namely that if this were true then Schur’s
lemma forces the operator to be trivially proportional to the identity. The end result is that
a local bulk operator Oy has a different representation in the C'F'T" on each subregion from
which it can be constructed. The fact that local bulk operators are encoded in a highly redundant
manner in the C'F'T" has motivated some to draw strong parrellels between this feature and the

way in which information is redundantly encoded in quantum error correcting codes.

According to the proposals of [59], bulk locality is encoded in a holographic CF'T state at

the level of a sub-algebra of light bulk observables which realise an operator-algebra quantum-
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error-correcting code (QEC). The basic idea, which closely parrellels AdS-Rindler reconstruction,
is that bulk information, namely information about operators that are localised in the bulk, is
robust up to erasures of the C'F'T subregions. If for example we erase a C'F'T" subregion A whose
causal wedge contains the bulk point X, then operators supported at X cannot be reconstructed
on AY. How sensetive Opyy is to erasures of the boundary depends only on how far X is into
the bulk, as illustrated in figure 14 b). Notably, because bulk locality is herein related only to
the size of the dual erasure threshold, this proposal supports the idea that one can carry out
bulk reconstruction (1.32) outside of the causal wedge, into the entanglement wedge. This latter
idea has recently seen explicit realisations [60, 61]. The QEC proposal maintains that local bulk
information is encoded as a quantum secret-sharing scheme in the boundary state, where access
to information in any particular portion of the bulk requires a sufficiently large share of the
boundary in hand, as depicted in figure 14 ¢). In chapters 4 and 5 we will observe that the key

features of this relation are realised in the context of holographic multiboundary wormholes.

The redundant nature of the encoding of bulk information in the Q EC proposal has been
compared with gauge invariance in the CF'T', suggesting that boundary gauge invariance may play
a key role in realising the emergence of locality in the radial direction [62, 63]. Remarkably it has
been recently proposed that the holographic entanglement entropy formula (1.21) can be derived

from the QEC proposals [64] which similarly highlights the role of bulk gauge transformations.

Very recently the notion of causal density matrices in quantum field theories has offered
the tantalising suggestion that the QEC proposals are more generic and far-reaching than has
previously been thought [65]. This approach may in turn shed light on holography beyond
AdS/CFT.

1.8 Outline of the Thesis

In this introduction we’ve described the AdS/CFT correspondence and outlined many of it’s
salient results. Additionally we've discussed non-relativistic generalisations of AdS/CFT and
also the problem of understanding the entanglement structure of holographic multiboundary
wormholes. These ideas will set a backdrop for this thesis. In chapter 2 we consider generalising
the formalism of AdS/CFT to the case of asymptotically locally Schédinger backgrounds, where
the dynamical critical exponent z < 2 boundary conditions analogous to (1.12) are motivated and

for the massive vector gravity theory, suitable asymptotic expansion for the bulk fields are found
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Figure 14: Cartoon of the QEC proposal of [59]. a) The operator O(y;) lies within the red
and blue causal wedges of the CFT subregions A and B respectively, and can be accordingly
reconstructed from C'F'T operators supported entirely on either subregion. As such, the encoding
of O(yy) is redundant in the CFT. b) Regions A and B are chosen so that the points y;,ys lie
just within the tips of the causal wedges C 4 and Cg. If we erase regions A or B we can no longer
reconstruct operators at y1,ys respectively. Since ys is deeper in the bulk than y;, information
about O(ys9) is less sensitive to boundary erasures of a given size. ¢) To reconstruct the operator
O(r = 0) at the central point requires access to a share that is at least half the size of the boundary
[59], the disconnected intervals A contain the central point within it’s entanglement wedge (green),
but not inside the causal wedges of A; and Ay. This implies that one can reconstruct O(r = 0)
within the entanglement wege of A. Since |A| > |B|, information about O(r = 0) cannot be

reconstructed from B. These features furnish a quantum secret-sharing scheme.

with which we associate bulk asymptotics to corresponding sources in the boundary NRF'T in
cases with different dimensions. In chapter 3 we work in the similar setting but in the qualitatively
distinct setting where z = 2. In this case the leading asymptotics include contributions from
the additional null direction. We argue that in this case the null direction should be regarded
as an internal spacefrom the boundary N RF'T point of view, by analogy with the similar story
that occurs in AdSs x S® = SY My—,4 case, where the leading asymptotics similarly contain
contributions from the S5 directions. Here, as for the z < 2 case we establish the existence of
a good holographic dictionary in this context for the same massive vector theory in cases with
different dimensions. In chapter 4 we turn to the question of investigating the entanglement
structure of holographic multiboundary wormholes. We explore the entanglement structure in the
three-dimensional gravity case wherein we can utilise the powerful quotient formalism to construct
multi-boundary geometries. We explore the limit in which the states in each boundary are taken
to have infinitely large temperatures, the so-called high-temperature limit, where substantial
geometric simplifications occur, culminating in the result that the entanglement structure of

the dual state for multiboundary wormholes is almost exclusively bipartite in this limit. In
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chapter 5, we address the question of understanding the entanglement structure of holographic
multiboundary wormholes at generic values of the moduli by using powerful tensor network
methods to proxy the path-integral in this tractable setting. We find, surprisingly, that in many of
the cases we consider, we can construct holographic tensor network states modelling the wormhole
which are entirely, or almost entirely bipartite, suggesting that the main result of chapter 4 might
be more generic than one might have initially supposed. We comment on the fact that these

tensor network models reproduce many of the salient features of the QQEC' ideas.
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2 Schrodinger Holography for z < 2

The work in this chapter is reproduced from a collaborative paper [1] with Dr. Tomas Andrade, Dr.
Cindy Keeler and Prof. Simon Ross. In this work we investigated holography for asymptotically
Schrodinger spacetimes, using a frame formalism. Our dictionary is based on the anisotropic
scaling symmetry. We consider z < 2, where the holographic dictionary is cleaner; we make some
comments on z = 2, which is subsequently addressed in chapter 2. We propose a definition of
asymptotically locally Schrodinger spacetime where the leading components of the frame fields
provide suitable geometric boundary data. We show that an asymptotic expansion exists for

generic boundary data satisfying our boundary conditions for z < 2.
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2.1 Introduction

Holography for non-relativistic field theories has been actively studied for several years now. It has
the potential to offer us tools to study a broader class of field theories holographically, which may
include theories of interest for modelling condensed matter physics [42, 66, 67]. It also offers the
possibility to deepen our understanding of holographic relations between field theories and gravity.
The non-relativistic theories of interest are characterised by the existence of an anisotropic scaling
symmetry which treats the time and space directions differently, ¢t — A\*t, = — Az, where z is
called the dynamical exponent. There are two main cases of interest, Schrodinger and Lifshitz.
In the first case the theory has a Galilean boost symmetry; in the latter case there is no such
symmetry, so the theory has a preferred rest frame. As a result Schrodinger theories have a
conserved particle number which is not present in the Lifshitz case. The case z = 2 is special for
Schrodinger, in this case the theory has an additional special conformal symmetry. A holographic
dual for theories with Schrodinger symmetry was proposed first [42, 66|, but the Lifshitz case
[67] has been more fully explored, because of its greater simplicity and close resemblance to the

well-understood AdS case.

For Lifshitz, the holographic dual has a metric

dt?  dr? + dr?

2 _
ds® = 5 ,

o . (2.1)
with dg spatial directions 7, which has an isometry ¢ — \*t, © — Az, r — Ar realizing the
anisotropic scaling symmetry. The bulk geometry has a single additional direction, r, related
to energy scale in the dual field theory. Points for which » — 0 are identified with the region in
which the boundary theory lives, although, due to the anisotropic scaling, there is no conformal
boundary properly speaking. Motivated by this, in [41] it was proposed that it is convenient to
describe the geometry in terms of frame fields in constructing the holographic dictionary, and
this dictionary was worked out in detail in [45]. This has been further developed in [68-72], and

an alternative perspective based on a deformation of AdS for z near one developed in [73, 74].

For Schrodinger, the bulk metric is

dt?*  2dtd€ + di? + dr?
% T 2 :
T T

ds® =

(2.2)

Here we have once again chosen coordinates for which the boundary corresponds to » — 0 in the

33



sense explained above. The isometry t — N*t, x — Az, & — A\27*¢ r — Ar realises the anisotropic
scaling symmetry, and there are isometries ¥ — & +0t, { - — U -7 — %UQt, which realise the
Galilean boost symmetry. The presence of the additional null direction ¢ can be understood in
field theory terms as arising from realizing the non-relativistic field theory with Galilean boosts as
the light cone reduction of a Lorentz-invariant theory in one higher dimension [42, 75]. For z = 2
this reduction is compatible with the anisotropic scaling symmetry. Thus, from the field theory
point of view & appears to play a kinematical role, as a useful device for realizing the symmetries
of a Schrodinger theory in the more familiar framework of relativistic theories; momentum in
the ¢ direction can be interpreted as a conserved particle number. Its role holographically has
however remained somewhat unclear. The scaling symmetry acts non-trivially on £ for z # 2, so
in this case it is only the higher-dimensional theory that is scale invariant, and it seems natural to

assume that the holographic dictionary is formulated in terms of this higher-dimensional theory.

By a coordinate transformation ¢t — ot, £ — 071, the metric (2.2) can be rewritten as

o2t 2dtde + di? + dr?
- + . .

ds® = (2.3)

22 r

and for small o the geometry outside of some neighbourhood of r = 0 can be viewed as
a deformation of AdS. This motivated the programme of [35-38], which studies Schrédinger
holographically as the perturbation of a relativistic theory by an irrelevant vector operator,
decomposing the linearised fluctuations of bulk fields in terms of sources and vevs of operators of
given scaling dimension with respect to the relativistic scaling symmetry. This programme has
had some success, but because the deforming operator is irrelevant, the understanding can only

be perturbative in o.

Our aim is instead to formulate a holographic dictionary based on identifying modes in
the bulk with sources and vevs of operators of definite scaling dimension with respect to the
anisotropic scaling symmetry, by applying the insights gained from the study of the Lifshitz case.
Focusing on this non-relativistic perspective will allow us to treat the problem non-perturbatively.
We formulate the dictionary in terms of frame fields. Such a formulation was attempted in [76]
for z = 2, where an appropriate choice of frame fields and boundary conditions was identified,
but difficulties were encountered in solving the equations of motion in an asymptotic expansion
for general boundary conditions. One of our key insights is that it is easier to treat the case

z < 2, where the derivatives with respect to the boundary coordinates all come with powers of r,
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so dependence on these coordinates is negligible at leading order, and can be incorporated by

adding appropriate subleading corrections to bulk fields.

The difference between z < 2 and z = 2 can be illustrated by considering a scalar field
on a fixed Schrodinger background. The massive scalar wave equation (¢ — m?¢ = 0 in the

background (2.2) is
r?02¢ — (ds + 1)r0,¢ + r*(20,0¢¢ + 02¢) + r* 029 — m’¢ = 0. (2.4)

For z < 2, all of the derivatives along the boundary are suppressed at small r, appearing as
720y, 17?0 and 10z, and the asymptotic radial falloff of the bulk solution is independent of the
dependence on t,£, #. Thus we can solve the equation in a power series in r, allowing the leading
term in the series to have an arbitrary dependence on t,&, #, and adding subleading corrections
depending on derivatives of the leading term. For z = 2 by contrast, the J¢ derivatives are not

suppressed, and dependence on £ cannot be treated in this way.

Physically, this difference in the asymptotic expansion is due to a difference in the holographic

dictionary. For z < 2, ¢ (with the usual boundary conditions) is holographically dual to a local

operator O of dimension A = £(d, + 2) + \/zl;(ds +2)2 +m? (with respect to the anisotropic
scaling symmetry) which lives in a space parametrised by t,&,7.° For z = 2 by contrast, it is

natural to decompose ¢ into Fourier modes, ¢ = Zk€ Dre (7, 7)e*<¢ | and identify each mode Dre

with a dual operator Oy, of dimension A = 3(d, +2) + \/i(ds +2)% +m? + k¢, living in a space
parametrised by ¢, Z. In this z = 2 case, the correlation functions of Oy, are constrained by the

scaling symmetry.°

This distinction between z < 2 Schrodinger and z = 2 Schrodinger is analogous to the
distinction between Lifshitz and the AdS, x R? geometry, which is the z — oo limit of Lifshitz.
For Lifshitz we think of the spatial directions as part of the space the field theory lives in, but
for AdS,; x R? the R? directions are internal directions which are not affected by the scaling
symmetry, and we think of the dual as a quantum mechanics living just in the time direction,

with operators Oy labelled by the momentum in the R? directions.

% Also, for z < 2 the anisotropic scaling symmetry acts non-trivially on the ¢ direction, so we have a scaling
invariance only in this higher dimensional theory. If we restricted to the sector of a given momentum k¢, non-zero
ke will break the scaling symmetry of expressions in the ¢, & space. So for instance the form of correlation functions
in ¢, ¥ is not constrained by the symmetry.

6Tt is also interesting to note that once we restrict to a sector of fixed ke, the scalar wave equation has a
non-relativistic structure; the equation is first order in time derivatives.
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Thus, if we take the anisotropic scaling symmetry and the corresponding frame decomposition
as the central elements in formulating the holographic dictionary, it is easier to work out the
correspondence for z < 2, where the dual theory naturally lives in all the ¢, &, 7 directions. The
heart of our discussion will be a detailed treatment of 1 < z < 2 in the context of a massive vector
theory, showing that it is possible to formulate the holographic dictionary in a familiar fashion,
solving the equations of motion for given boundary data depending on t, £, 7 in an asymptotic
expansion in powers of r, and constructing a well-behaved action by adding local boundary
counterterms to the bulk action. As in the discussion of Lifshitz, the leading terms in the frame

fields in the bulk will be interpreted as sources for the stress energy complex in the field theory.

Although we do not consider z < 1 in this chapter, we expect that our definitions and frame
analysis can be equally well applied in that case. For the other end of our range, z = 2, our
procedure will need modification. For z = 2 we would want instead to formulate a dictionary in
terms of a non-relativistic theory living in the ¢, 7 directions, where the different Fourier modes
of the bulk fields are each thought of as corresponding to an operator in this field theory with
ke-dependent scaling dimension, as discussed above for a scalar field. The { direction is at least
asymptotically null, so we cannot decompose the metric in a standard Kaluza-Klein reduction.
However, in our holographic context it is more natural for us to think in terms of the frame
fields, which are one-forms, which we can simply decompose into the component along d¢ and
the components along the remaining boundary directions. In this z = 2 case, the zero-modes
in the leading terms in the frame fields in the bulk will be interpreted as sources for the stress
energy complex in the non-relativistic field theory living in the ¢, Z directions. In addition, for
z = 2 there are potential logarithmic terms in the asymptotic expansion which need to be treated

carefully. We therefore leave a detailed study of z = 2 until the next chapter.

We start in the next section by reviewing the Schrodinger solution in a little more detail,
introducing the massive vector theory we will work in for the remainder of this chapter (although it
should be easy to extend these ideas to alternative realizations of Schrodinger such as topologically
massive gravity). We introduce our frame decomposition of the metric following [76] and discuss
how the frame rotation symmetry can be partially fixed by relating the frame fields to the massive
vector. We then define our asymptotically locally Schrodinger boundary conditions in terms
of these frame fields. In section 2.3, we review the structure of the stress energy complex for
non-relativistic theories, and discuss the description in the higher-dimensional theory including

the ¢ direction. In section 2.4 we give a linearised analysis around the Schrodinger solution for
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z < 2, and identify the linearised modes with sources and vevs for the stress energy complex and
matter operator. In section 2.5, we discuss the asymptotic expansion for z < 2, and show that a
solution can be obtained in an expansion in powers of r,” and that all divergences in the action
can be eliminated by adding boundary counterterms which are local functions of the boundary

data.

2.2 Asymptotically locally Schrodinger boundary conditions

We consider the metric (2.2) as a solution of the theory with a massive vector introduced in [42].

The action is

1 1 1
S = /dds+3x\/—g (R —2A — ZLF“”FW — §m2AHA“)

1
167G

G

[y, 29

where 7 is the induced metric on the boundary and K is the trace of the extrinsic curvature, with

2 1
m? = oz +dy), A=— 0t >2(d8 +1 (2.6)
The equations of motion that follow are
1 1/ 1 m? 1
R'u,y — éRg;w + Ag#u = 5 (F HFCW - ZF29MV) + 7 (AHAV - 514291“’) (27)
V. " =m*AY (2.8)
The metric (2.2) is a solution of (2.7), (2.8) supported by the matter field
2(z —1
A=ar7dt, a= g (2.9)
z

The massive vector field A, physically singles out the ¢ direction as special.

We want to define a class of asymptotically locally Schrodinger spacetimes which asymptoti-
cally approach (2.2) locally as » — 0. Inspired by the analysis in the Lifshitz case, it is natural to

do so by introducing an appropriate set of frame fields. We will adopt the frame decomposition

"In our analysis, this is traded for an expansion in eigenvalues of a suitable dilatation operator, but the existence
of a dilatation expansion implies the existence of an expansion in powers of r, since each term in the dilatation
expansion has an expansion in positive powers of r.
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proposed in [76] ,

ds? = gapetel = —etet +2ete” +elel + e, (2.10)

for some frame fields e, A = +, —, I, 7. We will always adopt the radial gauge choice " = r~ dr.
In the background (2.2) e™ = r=2dt, e~ = r*=2d¢, e! = r~'da?, so each of the frame fields has a
well-defined scaling with r at large 7.® Note the main novelty compared to more familiar cases is
that to achieve this simple form for the individual frame fields, we take the frame metric g4p to

have off-diagonal components.

The decomposition of the metric does not fix the choice of frame fields uniquely; it is invariant
under transformations which preserve the metric gap, so we have the freedom to redefine the e?

infinitesimally by
et wet+ale!, e —e +p%, e el —plet +al(et —e) (2.11)

and

et = et +yet, e —e +y(et—e). (2.12)

The decomposition is also invariant under rotations among the spatial frame fields e/. We could
leave this symmetry unfixed in the spirit of the treatment of the Lifshitz case in [71, 72|, but we
prefer to relate the distinguished frame fields to physical quantities, fixing this symmetry as much
as possible. This will simplify the task of identifying the sources for the operators in the stress

energy complex.

In our massive vector theory, the symmetries (2.11,2.12) will be restricted by assuming a form

1

for the massive vector field. We can first restrict (2.11) by assuming A has no e’ component, so

A=Aet+A_e + A€ (2.13)

The transformations which preserve this are those with A af + A_B! = 0, together with the
rotations of the spatial frame fields. The action of (2.12) is

Ay 5 A +v(AL+A)), A A —~A_. (2.14)

Since the frame field e is a null vector, it doesn’t have a fixed length. The symmetry (2.12)

8Note that for this flat background, the frame index I and the coordinate index i are equivalent.
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rescales it; we can therefore use this flexibility to fix the value of the projection of A along et. A

convenient choice is to set A, = «, its background value.

Thus we choose

A=alet +ve +s.e"), (2.15)

where « is the constant background value in (2.9), and v is the single scalar degee of freedom
in the boundary conditions for the matter field, and we’ve taken an overall factor of a out for
convenience. We will find that the operator dual to 1 is irrelevant, so we always set the source

part to zero.

Given any solution of the massive vector theory, we can write the metric and vector field as
in (2.10,2.15). The physical degrees of freedom are then the frame fields e and the scalar . As
in Lifshitz, a part of the degrees of freedom in the massive vector field has been assigned to the
frame fields, to make physical some of the components that would have been pure gauge. Unlike
in Lifshitz, this does not make all of the components of e, e~ physical. The remaining gauge

symmetry is
et —wet —yplel, e —e +plel, e =l —plet —ypllem —e), (2.16)

together with the rotations of the spatial frame fields e’.

We then say that a spacetime is asymptotically locally Schrodinger if the metric and massive

vector can be written as in (2.10,2.15) with

+ —z 5+ — z—2 43— 1 —141 (217)

and the scalar ¢ = T’A_@/A} for some exponent A_,? where the fields é4, zﬂ are arbitrary functions
of t,&, %, r with finite limits as » — 0. The boundary limits of the é# (which with characteristic
abuse of notation we will sometimes refer to simply as é) define the boundary geometry for
our asymptotically locally Schrodinger spacetime (while the scalar 1& is the source for a scalar

operator in the dual field theory).

9This leading asymptotic falloff of the scalar will be determined later by the linearised analysis, where for
ds = 2 we find that A_ = 2 — 2z, corresponding to a scalar operator of dimension 2z + 2 in the dual field theory.
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2.3 Stress energy complex and dimensional reduction

We want to view this data as describing the geometry our field theory lives in, so it should
provide sources for the stress energy complex. Let us therefore review the structure of this in a
non-relativistic theory. Any non-relativistic theory, Lifshitz or Schrodinger, will have an energy

density £ and an energy flux £, satisfying the conservation equation (in a flat boundary space)
0E + 0, =0, (2.18)

along with a momentum density P; and a spatial stress tensor II;; satisfying the conservation
equation

P + 0,11 = 0. (2.19)

The Schrodinger theory additionally has a conserved particle number, so there is a particle number

density p and a particle number flux p’ satisfying
Op+ 0;p' = 0. (2.20)

The scale invariance implies 2€ + II¢ + (2 — 2)p = 0; the additional term for z # 2 is associated
with the breaking of the scaling symmetry by non-zero particle number. £ has dimension z + dg,
which implies £ has dimension 2z + d; — 1, and P; has dimension 1 + d,, which implies II;;
has dimension z + d;. The particle number has dimension 2 — z, so its density p has dimension
2 — z+d, so p* has dimension 1+ d,. In fact, in a non-relativistic theory p* = P; = pv’, where v

is the local velocity of the particles, so these are not independent operators.

In the Lifshitz story the stress energy complex was realised directly in the holographic dual,
but in Schrodinger the non-relativistic field theory is constructed as the reduction of a one higher
dimensional field theory over a null circle labelled by the coordinate £. For z < 2, it is the
higher-dimensional quantities that we expect to appear in our holographic dictionary. In [77],
non-relativistic quantities were obtained by dimensional reduction from the stress tensor of a
relativistic theory. In the present chapter, we work in a frame formalism adapted to the anisotropic
scaling symmetry, so the description in the higher-dimensional theory is still not relativistic; in
particular different components have different scaling dimensions even in the higher-dimensional

description.

In the higher-dimensional theory for z < 2, we expect to have an energy current whose sources
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are in the frame field é7, a {&-momentum current which is physically identified with particle
number whose sources are in é~, and spatial momentum currents whose sources are in é’. The
energy current consists of an energy density F, an energy flux E? in the spatial directions, and

an energy flux E¢ in the null direction. The conservation equation is
OE + 0;E" + 0:E* = 0. (2.21)

The relation between these d; + 2 dimensional operators and the above d; + 1 dimensional theory
is that the densities in the ds; + 1 dimensional theory are the integral of the higher-dimensional
densities over the £ circle, so & = § d€F etc. Thus E has dimension d, + 2, so that integrating
over d¢ (which has dimension z — 2) gives £ dimension z + ds. This can also be understood
directly in the higher-dimensional theory; the densities in this theory are per unit volume in ¥
and &. The volume element d¢ d%z has dimension z — 2 — d,, so £ has dimension d, + 2 so the
total energy obtained by integrating over the volume element has dimension z. The spacetime
volume element in d; 4+ 2 dimensions has length dimension dg + 2 with respect to the anisotropic
scaling, so this is the dimension of a marginal operator. The conservation equation implies E*

has dimension z + ds + 1 and E° has dimension 2z + ds, as 9, has dimension 2 — 2.

The spatial momentum currents similarly consist of the spatial momentum density F;, a stress
tensor 7;; in the spatial directions, and a stress Tf in the £ direction, satisfying the conservation
equation

0P, + 0;T) + 9, TF = 0. (2.22)

P; has dimension 3 — z + d,, so that the total momentum has dimension 1, and the integral over
¢ gives P; = ¢ d€P; dimension dg + 1 as expected in a non-relativistic theory. The conservation

equation then implies that T;; has dimension d, + 2 and Tf has dimension z + ds + 1.

Finally, the {-momentum current consists of the momentum density P in the £ direction,
which will be identified with particle number density. This density comes with a particle number

flux Pg in the spatial directions and Pg in the ¢ direction, satisfying
0y P + 0;P] + 0P = 0. (2.23)

P: has dimension 4 — 2z 4 d,, implying Pg has dimension 3 — z 4+ d; and P§ has dimension

ds + 2.As noted earlier, Pg = P;, and T;; is a symmetric tensor. The Ward identity from the
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scaling symmetry is zF + T} + (2 — z)Pfg =0.10

Apart from these Ward identities the components of the stress complex are independent;
note in particular that Tf and Pg have different dimensions, so the stresses in the spatial and &
directions cannot be combined into a symmetric tensor. Note that F¢, E' and Tf are irrelevant

operators.

For z < 2, our holographic dictionary will naturally be formulated in terms of this ds + 2
dimensional field theory, and the frame fields é* provide sources for the corresponding currents,
which can be arbitrary functions of ¢, £, 7. We can view these currents as the components of the

non-symimetric tensor

__ 1 94
S VbR

The residual gauge symmetry (2.16) corresponds to the fact that there are not independent

T, (2.24)

physical sources for P;, Pg, while the symmetry under rotations of the é’ corresponds to T}; being

a symmetric tensor.

As in the Lifshitz case, there are irrelevant operators in the stress energy complex, and we
would expect to need to set their sources to zero. For generic sources, there is no diffeomorphism-
invariant part in the source for Tf, as we can always make a £-dependent redefinition of the 2
coordinates to set the d¢ components in e to zero.!! Therefore the only diffeomorphism-invariant
sources for irrelevant operators are in e, and we can set these to zero by adopting the irrotational
condition

et Adet =0. (2.25)

As in Lifshitz, this can be viewed as a condition that the boundary geometry defined by the é4
admits a foliation by surfaces of absolute time, as is appropriate for a non-relativistic theory.
As in Lifsihtz we will find that there is a range of values of z for which solutions exist in an
asymptotic expansion even if we do not impose this condition. Since the energy flux E' is
irrelevant for all z > 1, one might expect that we would always need to set its source to zero.
But the diffeomorphism symmetry implies that only derivatives of this source actually appear, so
there is a range of values for which the asymptotic expansion exists even in the presence of this

source, as in Lifshitz. Here the relevant range is z < 3/2.

19The Ward identities (2.18,2.19,2.20) and z€ + II¢ + (2 — 2)p = 0 are obtained by taking the above identities
and integrating over the £ circle.

"' The zero-mode of the source of Tf along the ¢ direction is diffeomorphism-invariant, so in the discussion of
z = 2 we will have to explicitly set this to zero.
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For z = 2, the story is different. We argued in the introduction that because the anisotropic
scaling symmetry doesn’t act on { and the asymptotic falloffs of bulk modes of different k¢ are
different, the appropriate holographic dictionary is now in terms of a theory that lives in ds + 1
dimensions, with modes of different k¢ identified with distinct operators in this theory, whose
scaling dimensions may be k¢ dependent. Thus, to identify the boundary data é%,1 as sources
for the dual operators, we should expand them in Fourier modes in &. For the frame fields, we
should also decompose them as

et =elda" + efde, (2.26)

where a runs over ¢, *. For the zero modes, where é4

is independent of £, this decomposition is
the analogue in our frame language of the Kaluza-Klein decomposition of the metric and massive
vector field. With respect to the {-independent diffeomorphisms acting in the lower-dimensional

boundary coordinates, e/ will transform as a one-form and e? will transform as a scalar.

As noted above, the operators in the stress complex in the d, + 1 dimensional non-relativistic
theory are obtained by integrating the higher-dimensional densities over the £ circle, & = ¢ d§E
etc. That is, they are the zero modes of the higher-dimensional fields along this circle direction.
The sources for these operators are thus the é-independent part of the sources é2. The conservation
equations (2.18 - 2.20) are obtained by integrating (2.21 - 2.23) over the & circle; the last terms in
the latter equations will drop out on doing the integral as they are a total derivative. Thus, for
z = 2, we could obtain correlation functions of the non-relativistic stress energy complex just by
considering appropriate ¢-independent sources é. We can also consider é-independent sources

ég‘, which are interpreted for z = 2 as providing sources for some particular scalar operators.!?

2.4 Linearised analysis for z < 2

We now turn to a linearised analysis of the equations of motion (2.7,2.8) for z < 2. We will
see that this analysis confirms that the limits as 7 — 0 of the rescaled frame fields é4 can be
interpreted as the sources corresponding to the stress energy complex 75, in that the modes
canonically conjugate to the sources in the symplectic flux satisfy the expected Ward identities
as a consequence of the linearised equations in the bulk. We will identify ) as the bulk dual of
an operator of dimension 2z + 2 when d; = 2. We will see that the equations can be solved in a

power series in 7 in the asymptotic region, where the subleading terms are determined locally in

12The situation is similar to the Lifshitz theories obtained by dimensional reduction in [70].
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terms of the sources.

We will consider the case ds = 2, which is physically the most interesting (the results for other
values of d; will be similar in structure) and dy = 0, which is a special case and was previously

analysed in [36], so discussing this case will be useful for comparison purposes.

The linearised version of our frame fields is

e = (14 6¢f)dt + def de + o¢ da’, (2.27)
& = (1+dé; )de + dé; dt + bé; da', (2.28)
e' = (6] + bef)da’ + be]dt + belde. (2.29)

The linearised fields are then déZ and the v, s, in (2.15). The constant modes in §¢7' are assumed

to represent sources for the corresponding components of 7°.

The linearised version of the residual gauge symmetry (2.16) is 0¢; — dé; +4 del — del — B
(where 37 = >~13%). This implies that the sources for T+, = P, and T" ¢ = P¢ are not independent,
as expected. The rotation symmetry of the e! also implies that only the symmetric part of 56]1»
provide independent sources. The equations of motion are easier to discuss in the metric language,
so we will resolve this gauge symmetry by passing back from the frame fields to the metric and

vector for this linearised analysis.

In the metric language, the linearised perturbations are hy,, a,. The linearised equations in

the metric language are as in [41]'3

1
Vil = Vu(WAEY) = V™ Yy SVEY = ma” (2.30)
and
2 1 1 1 1
RY = = Ahy + = finF A+ fa L — = FEinFooh™ — ——— [, F g,
[ d—2 1% +2fu>\ 12 +2f>\ % 2 u)\ 2(d-2)f>\p gﬂ
1 1 1 1

+mF)‘pFaph>\ggNV - mF)\pF/\PhMV + §m2auAy + EmzayA;m (231)

13Note that hy, denotes the perturbation of the metric, and indices are raised and lowered with the background
metric, so h*" is the perturbation of the metric with the indices raised, not the perturbation of the inverse metric.
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where d = d, + 3 is the dimension of the spacetime, f,, = d,a, — 0,a, and

1
RY) = égAU[VAvuhua + V/\vuh/w - VMVVhAU - VAV"h/“’]' (2'32)

iz

It is convenient to write

htt = ’I"_QZHtt, ht§ = T'_QHtg, hgg = 7"2(Z_2)H§§, (233)
hti = T_(Z—H)Hti h&' = TZ_3H51', hij = 7’_2Hij, (234)
a, = ar s, a; = ar s, ag = ozrz_235 a; = arls;. (2.35)

Then, a given linearised mode will contribute at the same order in 7 in all the different fields, and
the power of r will correspond to the scaling dimension of the mode. The s, here is the same as
in (2.15), and the other fields are related to the linearised frame fields by

Hy = =20ef +2r°726e;,  Hy = —r?"220ef + 0é; 4+ 0¢f,  Hee = 2r°7%6¢f, (2.36)

Hy = —r'7286F 27108, +r720el,  He = r'770¢f +r'7%0el,  Hyy = oel + ¢, (2.37)
sy =06, s¢= 7“2_2Z5é2 +1p, s =17t (2.38)

Note that in the expansion about a flat background the I and ¢ indices are equivalent at leading

order, so in these equations, d¢, should be understood as ¢! dy;.

2.4.1 Linearised solutions for d, = 2

Let us now study the equations for ds = 2. Our interest is in understanding the identification of
the solutions of the linearised equations with sources and vevs for the dual operators. We identify
the sources with the leading constant parts of the linearised frame fields dé#, which appear in the
linearised fields in the frame language as set out in (2.36 - 2.38). Since we have not yet carried
out a holographic renormalization procedure, the vevs will also have divergent contributions from
the source modes, but we are interested in identifying the relation between the bulk solutions
which are not locally determined by the sources and the finite part of the vevs. In many cases, we
can identify the mode corresponding to the vev by its conformal dimension alone, but in general

we follow [78] and identify the vev as the linearised solution which is canonically conjugate to the
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source with respect to the symplectic inner product defined by calculating the symplectic flux.

Since dependence on the boundary directions introduces only subleading terms for z < 2, we
can first understand this identification by considering constant modes, which are independent of
the boundary directions. We then discuss briefly the linearised equations for non-constant modes
and check that the solutions we are identifying with the vevs do indeed satisfy appropriate Ward

identities as a result of the asymptotic equations of motion in the non-constant cases.

When the fields are independent of spatial coordinates !, the rotation symmetry in these
directions will be unbroken, so we can decompose the linearised fields into a tensor, vector and
scalar part with respect to this linearised symmetry. Below we will treat these tensor, vector
and scalar modes first, initially for constant modes and then including dependence on t,£. To
make this decomposition we should further decompose H;; into a trace and a trace free part,
H;; = ko;; + P_[ij, where HZ = 0. The tensor mode is P_[Z-j. The vector modes are Hy;, He; and s;.
The scalar modes are Hy, Hie, Hee, k, ¢, S¢ and s, (which is determined algebraically in terms of
the other modes). We will always assume the ¢, £ dependence is harmonic, e“+¢¢ 5o in writing

equations we will make the replacements 0, — iw, 0z — ike.

When we include dependence on the z¢, there is a different decomposition, which splits the
modes into scalars (which now include scalar-derived vectors and tensors) and vectors (including
vector-derived tensors). We set up the equations for this general case in section 2.4.1.4, and

comment on the Ward identities.

2.4.1.1 Tensor modes

The tensor equation of motion is
r?Hl, — 3rH]; — (kir*®™?) + 2kewr®)H;; = 0. (2.39)

The solution for w = k¢ = 0 is

corresponding to the source and vev for the trace free part of the spatial stress tensor 7;;. For
general (k¢,w), we will have an infinite series of subleading corrections which involve boundary

derivatives of these leading terms. As the equation of motion only involves the combinations kew
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and kg, the solution can be written as

Hy = Z aij(m,n)(kng)zm(kgr%z)%+k§w2r4 log Z bij(mom) (kewr®)?™ (ker®=%)?". (2.41)

m,n>0 m,n>0

We can take a;j(0,0) = Efi(](-) ) and aij(2,0) = ]:Ii(f) as the independent coefficients. The expansion
includes log terms because a subleading term determined by ﬁi(jo) and the independent term _Z-(;-l )
occur at the same power of . The subleading terms in the expansion are all determined in terms
of HZ-(]Q) and Hi(f) by solving (2.39) in a power series in k¢, w. The explicit factors of ke, w in
(2.41) imply that there will be no factors of k¢, w in the equations for the a;;(m,n), bijim,n), S0 the
subleading terms are determined locally in the boundary directions. They are solutions of ODEs

in the radial direction.

2.4.1.2 Vector modes

The vector equations of motion are

r?s! —3rs, —[(z — 1)(z +3) + k£27’4_2z + 2kewr?]s; + ZTHéZ- +2(z — 1)Hg; = 0, (2.42)
k)g[T(Hél + HL{Z) + (Z - 1)<H§z - Hm‘ — 251)] + WT2272[TH&- + (Z - 1)H§z] = 0, (243)
r?HY + (22 — 5)rHy + [(z — 1)(2 = 5) — r?kew] He; + kir* ™ Hy, =0, (2.44)

and

rHy — (22 + 1) Hy + (2 — 1)(z + 3) — kgr* ™ — r’kew] Hy
+2(z = D[(z+3)s; — (2 — 1)Hg; — 7(s; + Hg;)'] + (rPkew + r#w?) He; = 0. (2.45)
For ke = w =0, (2.43) is trivially satisfied, and we solve (2.42,2.44,3.37). For general k¢, w, we
solve (2.42,2.43,2.44), which imply (2.45).

For k¢ = w = 0, the solution for the vector modes can be written as

H&' _ (SZ(—) + H(i—))rlfz + H(:‘)T5727 (246)
- —z -) z— z (Z B 4) —z
Hy = —35 Irl=x 4 Ht(i It 4 Ht(j)r P 2(3—2) Hﬁ(j)rg) J (2.47)
) 1—s ¥ —z z
8; = sg Jpl=z 4 —2(2 — 1)Hg)r5 + s§+)r +3, (2.48)
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We have chosen to define and normalise the independent modes so that the solutions with a (—)
superscript correspond to the sources, coming from the constant modes in the frame fields. From
(2.38), we see that sg_) corresponds to the constant part in d¢;, the source term for the energy
flux £, From (2.37), H, 5(1_ ) is then the constant part of 5é£ , the source term for the stress Tf, and
Ht(;) is the source term for the momentum density P;. The modes with a (+) superscript should

then correspond to the vevs of these operators. By dimensions alone we see that (P;) ~ Héj ),

The vevs (E') and (T*) should be related to Ht(;r) and sgﬂ.

We can work out the identification by computing the symplectic flux at the boundary
r = 0, and identifying the modes canonically conjugate to the sources with the vevs, following
[78]. Generically, the symplectic flux will have divergent contributions involving just the source
modes, corresponding to the divergences in the vevs which need to be removed by holographic
renormalization, but we focus on constant perturbations for which the result is finite, enabling us
to relate the (+) modes to the finite part of the vevs. The appropriate symplectic current for the
Einstein-massive vector theory we are considering was worked out in [79]. Tt involves combining

the usual gravitational symplectic current j& with an additional component jf,

Jh=gk 4k (2.49)

These are respectively given by
i = PP (R 5V his — hiagViubs.s), (2.50)
= a3, (f1* — WPAEY — BV FY + %th“”) — (1 2), (2.51)

where

ro 1 174 (0% vV « 174 vV « 174 (0% 14
prraBys é(gu gv( 95)5 +gu(vg5) g B +gu( gﬂ) 975 —g"™yg /3975 _ gu(vgﬁ)( gﬁ) _gu( gﬁ)(vg@ )’
(2.52)

indices in parentheses are symmetrized, and * indicates complex conjugation.

Given the current found from two linearised solutions, the symplectic flux through the
boundary, F, is defined as the pullback of the current to the surface r = 0. As usual, this is

defined by evaluating the pullback at some cutoff surface r = r. and taking the limit r. — 0, so
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we write
)

1 _ ds Mg
F= rln_n)0 5 Ed xd&\/ynt j,, (2.53)

r=r
where n,, the unit outward-pointing normal to the boundary. The overall factor of i/2 is purely

conventional.

As mentioned above, for constant perturbations the flux turns out to be finite. In the vector

sector we find

Feci [ atade| ) n@HD - 08 200 £ 1)

. —1)(z+2
L O A erw ¢ EZDEED) o)
z

, (2.54)

where AANB = A1 By — Ay By, where 1,2 label the two linearised solutions which define the current.

This enables us to identify, up to an overall normalization which we neglect for simplicity,

) -1 2
(P =20, (T8 = 2l — (= — )5, (B —omth ¢ EZDETD 0 5 5

I >

For non-zero k¢, w, the solutions of the linearised equations of motion can be given in a power
series expansion; since the equations involve only kew and k7, this will be of the same form as in
(2.41). The interesting new feature here is that because of the different structure of the equations
(we now need to solve (2.43)), there is a reduction in the number of independent mode solutions.

Solving (2.43) at leading order implies a relation among the coefficients,
ke[2HSD — (2 = 1)s) + 2wHED = 0, (2.56)
which corresponds to the Ward identity

O P; + 0T =0, (2.57)

confirming our identification of the linearised solutions with the vevs.
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2.4.1.3 Scalar modes
We consider now the scalar modes Hy;, Hie, Hee, k, S, St, S¢. They are governed by the equations
k
0= (%z + wzr22_2> Hee — kezk + (2 — 2) (ke + wr®™?) s¢ + kers, — kezs,

+ (ke + wr** ) rsg — i (kgr® ™ 4 2kewr® 4 2(z + 2)r° %) s, (2.58)

1 1 1 2.
0= — Er(z + 2)Hé€ —+ <§w2r22 — 22 + Z) Hgg — BTHt/{ — ’I“zkngtg + §k§HttT4 2

— 3k’ — (kZr*™ + 2kewr®) k + (2 — 1)[rsg + 225, — iher® s, (2.59)
w 1 9-92: , 93 w 15,
0= §rHé£ + (ﬁk‘g(z —1)re 4 §w(z - 1)) Hee + (E - 51{:57“ rHy
1
— §k§T2_22TH£t +wrk + (2 — D)r* ke [Hy — k + 4]
—w(z—1)se —i (2°+2—2)r%s, (2.60)
1 k 1
0 = — 5(,«)7‘22_27’]‘[%5 — (Z — 1) <wr22—2 —f- f) Hg& + 5]{357"];.’25 + k)g?“k,7 (261)

1 1 5
0= §r2Hg£ + 7 Hy + §T’2H££ + 72" +r (z - 5) Hie +2(2° — 32+ 2) Hee

— (2 +2)rHj + %(1 —42)rHy, +2 (2> = 1) Hy + (2 — 4)rk’

— (kgr' ™% 4 2kewr® + W*r¥) k —2(z — V)rs; + 4 (22 — 1) s,

+ (1= 2)rse +4(z — D)se + iz — 1) (ker? % + 2wr?) sy, (2.62)
0 =r?Hf + (42 — T)rH{ + 4 (2° — 42 + 3) Hee — 2k2r* >k, (2.63)
0= T’QH& + 27“2Ht”5 + K" + (w*r® — 4z + 4) Hee — 6r Hye + k§r4_2tht

+ (z — 4)rH{e — 3rk — (KZr'™* + 2kewr®) k

— 2kewr? Hye + 2(z — 1)[iker® s, — sy + 4s]. (2.64)
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In addition, we have equations

0 =7r"s{ +2(z — 1)zHee + kr* s, + (22 — 5)rsy + 2rH,

— (kewr® + 82 — 8) s¢ + iker® % (2s, — rs).), (2.65)
0 =7r%s{ + r’s} — kewr®s; + (w*r* — 22 — 2z + 4) s¢ — 3rsg — (22 + L)rs,
1
+ §eré§ — zrk’ + 2i (kezr?™% + wr®) s, — i (ker® 7 + wr®) rs), (2.66)
1 1 3
0= 5" H g T 27“2]:7;'5 + k" + 5(2 — 2)rH{e +2 (22 =32+ 2) Heet
3
— §TH;§ — 3k’ — (kgr*™ + kewr?) k. (2.67)

For constant modes, (2.58,2.60,2.61) are automatically satisfied if s, = 0, and (2.65,2.66,2.67)
are non-trivial equations. For general k¢, w, we solve (2.58-2.64), which imply (2.65,2.66,2.67).

The solution for constant modes is

s =0, (2.68)
H, = (32 _63)52_)7,2—% . 25§0) + 27“22—2Ht(t_) + 7’22+2Ht(t+)
) (6 — 52)HY . (6K (2 —4) + 55 (2 — 1) (2 + 2) 4 2.69)
4(z —3)(z —2) 6(z —3) ’

Hye = — (Hg(g) + ;sé_))r2_23 +5 Ht( ) ;Héz) 6=2z 4 (—(Z — 1>6(Z +2) 524) — k:(4)) rt
(2.70)
Hee =2H 7% + HG 5>, (2.71)
b=gsg 7 4 2k ﬁf{&” r67% 4 (2.72)
S¢ = (Hég) + séf))rzdz + 524)704 + —Q(ZZ_ 1)H§(2)r62z, (2.73)
T . L (2 L *j”?”) . )

We have once again chosen the definition and normalization of the modes so that the (0) and
(—) modes correspond to constant leading terms in the frame fields. The r-independent modes
with a (0) superscript correspond to sources for the diagonal components of the stress energy
complex: s§°) is the constant part of ¢;", so it is the source for the energy density F, Ht(g ) is the

constant part of de;, so it is the source for Pg , and k() is the constant part of 6¢!, so it is the
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source for the trace of the spatial stress tensor T}. There is a single mode Ht(_) of dimension
2z — 2, which comes from the constant part of dé; , so it is the source for the particle number
density P¢. There are two modes of dimension 2 — 2z, corresponding to sources for operators
of dimension 2z + 2. The first is Hg(g ), which comes from the constant part of (5é2’, and hence
corresponds to the source for the energy flux E¢. The second must be the source part of v, so
we learn that this is dual to an operator O of dimension 2z + 2. The source for this should not
change (5ég, so we can identify this source as s{7). Note that as in the Lifshitz case, the source

mode for this matter operator also appears in other fields, unlike the source modes for the stress

tensor, whose appearance is constrained by the boundary diffeomorphism invariance.

We would again like to identify the remaining modes with the vevs of these operators.
Dimensions alone suffices to fix () ~ Hg(;), to relate (E), (T¢) and (P§> to k¥ and 524), and
to relate (E%) and (O) to Ht(t+) and SEH. To determine the relation we use the symplectic flux,

which is calculated as in the vector sector. The symplectic flux is again finite and is given by

1
F=i d% xd¢ {s?) A (21{(4) + 5(2 —1)(2® — 42 — 6)3?)

r=0

1
+ Ht(g) A (Qk(4) + 5(2 —1)(z+ 2)3?)

2 _
+ KO A (—4/<;<4> + 53—z + 1)s§4>) — 20, ANHY

_ 2(z — 1 2022 —1) (_
—HD A (2H§t+) y2D >sg+>> S sﬂ . (@)
This implies the identifications
1
(P.) = 2H§g>, (Pf) = —2k™ — g(z —1)(z+ z)sg‘*), (2.76)
1
(E) = =2k — (= 1)(* — 42— 6)s{"), (2.77)
and

4 9

(T3 = (T} + (T3) = 4k™ — g(z —1)(22 + 1)s§4>. (2.78)

The Ward identity from the scaling invariance is 2 FE + T + (2 — z)Pf = 0, which is indeed satisfied

by these vevs. The other vevs are

(B8 =2H[D 4+ 22— (2.79)
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Operator Source | Expectation value

E s\ —2k® — L (2 —1)(2% — 42 — 6)sL)
Ei SZQ—) 9 Ht(lf) + (z+1)z(z+2) SZ(+)

B¢ Y | 2HyD + s

P =P} | 2HS)

T! + T2 KO | 4k® — 2(z — 1)(22 + 1)st”
13,1 | 2Y | A

TS H§> 21 — (2 —1)s\")

P |28

Pt HY | —26W — 1z — 1)(z +2)st"
0 =T

Table 1: The identification of linearised modes with sources and vevs for the operators in the
dual field theory.

and

@»:%ilﬁéﬂ (2.80)

z

For a solution with non-zero k¢, w, there is a power series expansion of the same form as in
(2.41), with an extra factor of k¢ in s,. As in the vector case, there is a reduction in the number of
independent mode solutions because of the different structure of the equations of motion. There

is a linear combination of (2.58,2.60) which is independent of s,. That and (2.61) imply the

relations
1
ke (kz(4) + 6(2 —1)(z+ 2)524)) — WHf(Z) =0, (2.81)
-1 1
—Q@(Hﬁt%@ )é”)+w<%@+54z—ugi—@—ﬁp?):o; (2.82)
z z

which correspond to the Ward identities

0y Pe + 0: P = 0, (2.83)

OE + 0:E* = 0. (2.84)

This confirms our identification of the vevs in terms of the linearised modes. The identification of

sources and vevs for the different operators is summarized in table 1.
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2.4.1.4 Linearised solutions with spatial dependence

The most general linearised solutions include spatial dependence. Considering a single Fourier
mode in all boundary directions, we can use the rotation symmetry to orient the spatial coordinates
so that the spatial momentum is along the x direction, so the coordinate dependence in all modes
s eiwitikettikar Then the modes split up into the scalar modes Hy, Hye, Hee, Hiwy, Hery, Huwy Hy,

St, Sz, Sy and the vector modes Hy,, Hey, H,y, s,. As in the discussion with no spatial dependence,
these all have an expansion in powers of kewr? and kZr2. The leading terms take the same form

as for the constant modes above.

The equations of motion in the vector sector are

rko[r*wHe, + ker® *(Hy, + Hey)| — (kgr*™* + 2kewr®)H,,, — 3rH,,, + r*H, =0, (2.85)
2(z — 1) Hey — k2r?sy — (kir' ™% 4 2kewr® 4+ (2 — 1) (2 + 3))s, + r(zHy, — 3s, + 1s)) = 0,
(2.86)
ke[(z — 1)(Hy — Hey + 2s,) — r(Hy + He,)') — wr®[(z — 1)Hey + rH, | — kr*H,,, =0, (2.87)
ko (ker® * Hyy — kor®Hey) 4+ kZr' ™ Hy + ((z — 1)(2 — 5) — kewr?®) He,
+r((22 = 5)H,, +rH;,) =0, (2.88)
kot (rFwHyy — korHy,) + (kewr® — kir* ™ — (z = 1)(z + 3)) Hyy 4 2(z — 1)(2 + 3)s,

+ (kewr? + w*r® — 2(z — 1)*)Hey + r(rHy, — 2(z — 1)(Hey + s,)' — (14 22)H{,) = 0. (2.89)

We can solve these equations order by order in kew and k2. The subleading components determine
the subleading terms in the expansion of the fields. But there are also additional constraints
on the leading terms, corresponding to the expected Ward identities. Equation (2.87) gives at
leading order

ke[2HS — (2 = 1)s{0] + 2wHY + kA =0 (2.90)

which corresponds to the Ward identity

0P, + 0T, + 0, T = 0. (2.91)
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In the scalar sector, the equations of motion are

0 = 2k,r(ker® ™ + wr)(Hy, + Hey) + k272 <%Htt - % e — Hie = k) = 2(1 = %) Hy
+2(2 =32+ 2% Hee — (ker® ™ 4+ wr®)?k +i(2 — 1) (ker® % + 2wr®)s, — 4(1 — 2%)s;
—4(1 — 2)s¢ — (2 + 2)r Hie + %(22 —5)rH{ + (2 —4)rk" — (2 — 1)rs;.
+7r[(1—42)H], — 2(z — 1)s;] + ;T2H£,’5 + 7’2H£§ + ;TQHé’E + 2K, (2.92)
0 =kyr (kngHm 4 (2ker®™ + wrz)H&,) — 22 (He + Hee + k) + 4(22 — 32 + 2) Hee
— 20k % - wher)k — 37 (Hjg — (2 = 2)Hig + 2K ) + r*Hig + 2l + 2%, (2.08)
0 =rk,[wr®(Hee + k) — 2i(2 — 1)s, — ke Hy + (wr® — ker®™?) Hye]
+ (B2r* % + kewr® — (2 — 1)(2 + 3))Hyp — (kewr® + w*r® — 2(z — 1)*)H,
—2(z = 1)(z +3)so + (22 + V)rHy, + 2r(z — 1)(H, + s,) — r*H},, (2.94)
0= — kakgr?’_zﬂfx + k‘iTZH& —4(z—1)(z — 3)Hee + 2k:§7“4_2zk: + (77— 4,2)7”Hé£
— r’HY, (2.95)
0 =k,r (kgrz’z(Htf + k) — wrZH§§> — kgr* ™ Hy, + <k§wr2 —(z—=1)(2 — 5)) He,
+ (5 — 22)rH{, — r*H, (2.96)
0 =r’k" +r*Hf, + 2r*Hje — (z — 1)rsg — 3rk’ + (z — 4)rHg — 6rHj + 8(z — 1)s¢
+2i(z — hker®%s, — (K22 4 2wker?)k + (4(1 )+ w27“22> Hee — 2kewr®Hye
+ kZr* T Hy, (2.97)
0 =2k,r (k;grQ_Z(Hm +2H,) + wrzH&) — r?k2(2Hy, + Hee) + 77K + 7“2Hg£
—2(z = V)rsg — 3rk’ 4 (2 — 4)rHe — 6rHye + 8(z — 1)s¢ + 2i(z — 1)ker® %,
(k2 1722 4 2wker?)k + <4(1 —2)+ w2T2Z>H§§ — 2kewr? Hye + k§r4_2ZHtt, (2.98)
0 = koher® %s, — k2r’se + 22(z — 1) Hee 4 2iker® % s, + kir' s, — (8(2’ —1)+ k‘gtd’l“2> Se
rzHge — iker®?s, + (22 — B)rsg + r’sf, (2.99)
0 = sk, (ker® ™ 4+ wr®)s, — 2k21%(se + s¢) + 4i(zker®™* + wr®)s,
+ (2w2r22 —4(z—1)(z+ 2))85 + 2rHye — 221k — 2i(ker® ™ + wr®)rs) — 6rs; — 2kewr?s,
—2(1+ 22)rs; + 2r®s + 2r°s{, (2.100)
0 = k,7[2is, + ker® %5y + (ker® % + 177w)se — irsl] + 2(2 — 1) He,

— (kZr* ™ + 2kewr® + (2 — 1)(2 + 3))sq + 2rHg, — 3rs), + 1750, (2.101)
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and additionally,

0 =kgr' % Hy + 2kekyr® * Hyy — 2(k3 + kew)r® Hye + 2rky (ker®™* 4+ wr®) He,

— <k:§7‘2 +22(z—1)+ w2r2> Hee — (2]{?27”4_22 + (k2 + 4]{;@)))1@

— 2ike(z — 1)r* s, +42(z — 1)s¢ — 6rHye — (2+ 2)rHye — 6rk' +2(z — L)rs;,  (2.102)
0= m((z — 1) (Hy + Hey) — rHt;) b (2 — 1)(ker®™* + 3wr) Hee — 2ke(z — 1)1~k

—2i(z — 1)(2 4+ 2)s, — 2(z — Dwrse + ker®™* (2(2 —1)(Hy + s¢) — rH£t>

+ (—ker® ™ + wr®)rHye +wr*t (Hy + ), (2.103)
0= — l{:ﬂ((z — 1)He, + rHéx> — (2 — 1) (ker® ™ + 2wr®) Hee + ker® 7 Hi — rwr” Hy,

+ 2ker* TRk, (2.104)
0 =ke(z — 1)r* *(Hy — Hep + 25,) — (2 — Dwr*Hey — ker® *H,, — (ker®™ % + wrz)rHéz

+ /{:J((z — 1) (Hee + 25¢) + 2r(Hje + Hl + k:’)), (2.105)
0 = k,7(22He, + 25, + 18,) — 2ik2r?s, + (ker®™ % + 2wr®) 2 Hee — 22ker® k

—2i (k;gr‘l_zz +2(z+2) + 2k§wr2) sp 4+ 2(2 — 2)(ker® ™ + wr®)sg + 2ker® #(— 28, + 75))

+ 2(ker® ™ 4 wr?) sg. (2.106)
Again, the constraints corresponding to the Ward identities are modified. Equation (2.105) gives
ke[2HSY — (2 = 1)s$9] 4 2wHS + k2@ — %(2 ~1)(22+1)] =0, (2.107)

which corresponds to the Ward identity
Py + 0TS + 0,TF = 0; (2.108)

(2.104) gives
1
ke (k(4) + -1+ 2)324)) —wH —kHS =0, (2.109)

which corresponds to the Ward identity

0P + 0cPf + 0,P¢ =0; (2.110)
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and there is a linear combination of (2.106) and (2.103) which is independent of s, which gives

2(z—1 1 1
ke (2H§J)+Ms§“) —w<2k(4)+3—(2—1)(z2—4z—6)) he (2HE 4~ (= 1) (2+2)500) =0
z z 2
(2.111)
which corresponds to the Ward identity

OE + 0:E* + 0,E" = 0. (2.112)

Thus the full linearised perturbations behave as we expect.

2.4.2 Linearised solutions for d, =0

The solution for other values of d, is qualitatively similar to the one discussed above, but the
three-dimensional bulk is a special case. In this case there are no spatial dimensions. Hence the
previous analysis of the spatially independent modes corresponds to the general analysis in this
case, and there are no vector or tensor modes, so the structure is similar to the scalar mode
analysis in dg, = 2. There will be no field k£ in this case, corresponding to the absence of the trace

of the spatial stress tensor.

The solution for the constant modes is

5 =0, (2.113)
Hy = 25 4 HOh2 4 gph2es 2(;?%) ’(?"24: S+ 22(2( ;_1)27;%;2’7 (2.114)
Hye = s+ Ht(gm - Hé(E_)TQ_?Z - S _21()51_6(22);4_22 + 2(z — 1)7"2322), (2.115)
Hee = 2Hr?7% 4 Hirt ™, (2.116)

Se = (Hg) + S(*))T,Z—Zz + 7"2322) + %7 (2.117)

As in the previous case, the r-independent modes correspond to sources for the stress energy
complex: SEO) is the constant part of §é;, so it is the source for the energy density E, and Hfg ) is
the constant part of de;, so it is the source for Pg . There is a single mode Ht(t_) of dimension

2z — 2, which comes from the constant part of dé; , so it is the source for the particle number
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density P:. The two modes of dimension 2 — 2z are H, 5(5_)7 which comes from the constant part of
5é2, and hence corresponds to the source for the energy flux E¢, and sé_), which is the source for

an operator O of dimension 2z + 2.

We would again like to identify the remaining modes with the vevs of these operators.
Dimensions alone suffice to fix (F) ~ Hg), to relate (F) and (Pg) to 322), and to relate (E%)
and (O) to Hfj ) and sgﬂ. The symplectic flux is

F=—i / d® xd¢ {Hég) ANHSD + H Y AHY
r=0

+2(z — 1)52_) AsiT = 2(z - l)Ht(g) A 522) —(z=1)(z—2)s A 5?) : (2.119)

This enables us to identify the vevs

2

(Pe)=HY, (Pf)=—z2(z—1)s{, (2.120)
(E) = —(2 = 1)(z — 2)s%, (2.121)
which indeed satisfy the Ward identity from the scaling invariance, which is zE + (2 — z)Pf =0,

(ES) = HD (2.122)

Y

and

(0) =2(z — 1)si ™. (2.123)

For non-zero k¢, w, there will be Ward identities O,F + 9¢E* = 0, 0, P + (95]35 = 0 and

zE+ (2 — z)Pgf = 0, which leave us with just one free vev in the stress energy complex.

2.4.2.1 Comparison to previous work

In [36], a full linearised analysis for z < 2 and d, = 0 was carried out. They write the Schrodinger
metric in a different radial coordinate, p = r2, and introduce o as discussed in the introduction by

rescaling the boundary coordinates, u? = —t/0?, v? = —02¢2, so the Schrodinger metric becomes

2 d_p2 n 2du dv n 02du2.

ds® =
4p? p %

(2.124)
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Their focus is on z < 1, where 0 > 0; for the range 2 > 1 we are interested in we need o2 < 0.
We will henceforth set 02 = —1; then their b is identical to our «. The linearised perturbations
are written as

AV =a,, gl = p e, (2.125)

where = u,v,r, a,b = u,v. Relative to our definitions above,
se,  ap=ap Vs, (2.126)

and

P = Pl_tht, Py = HtEa Py = pz_ngg- (2127)

In [36], the perturbation is decomposed into a part which only affects the metric hy, and a V

mode which enters in both a,, and hg, (following the decomposition into T and X modes in [35]).

To relate to our analysis above, we will consider the case where the modes are constant in
the boundary directions, so hq, a, are functions only of p. As in our analysis, this implies that
a, = 0. The metric can be written as

(1-2)

1 —z —z
hvv = h(O)vv + ph(Q)vm huv = h(O)uv + ph(2)uv - —P1 h(O)vv - ,02 h(2)vv; (2128)

2 2(2 - 2)
z z 1
huu =h U h w4 AN 272zh vv T 2z 3 — 27Zh uv hV
0)uu T PN(2) (1= Qz)ﬂ (0) 13— 2Z>ﬂ (2) 5 ZP 2)uv T Ny
(2.129)
where
zZa

Oih}fu = Tpl—za,,(p-z/%v) + 2ad,(p~?ay). (2.130)

In solving this equation, we will take kY, to have no constant or linear pieces in p, so that h(oyuu

and h(2)y, represent the whole of the p” and p coefficients. The vector field satisfies

p40

p0, 00, ()] = =

P D200, (2.131)

z(1

z/28 [ lfza z/2 - (1 — 1*28 _ ;Z)Oé *35/2}1 Z2_C¥ 1732/2}1 : (2,132
P00 0p(p" " au)] = — (1 = 2)p™*Dpa 1 P Thowt (@ovs (2:132)

and there is a single constraint for constant solutions,

— 4h2yuw — 22p1_zh(2)w + 2zap1_z8p(pz/2av) = 0. (2.133)
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Solving this system of equations, we find that

—z z QY —z
a, =ayp~? 4 Bp*? + mh(z)wl 2, (2.134)
_ —z/2 22 F 1-32/2 %5 1-2z/2 = h 1-32/2
Gy, Oy P + ﬁup Ay — 2avp Qﬁvp + 4(22 — 1) (0)vvP
za
hayoop® 32 2.135
T e L (2.135)
h — h + Ph o ? P3_2Z _ 1 h p2—z
UL (0)uu (2)uu 2(2 _ 2) (22 — 3) (2)vv (2 _ Z) (2)uv
2
zo - e 9 s
_ ” S —h—— 7 2.136
R 2(2_2)5p (2.136)

where the constraint (2.133) implies that h@yuw = ZQT"‘ By. The constants o, ,, B, correspond to

the V' mode solutions of [36].

Comparing to our constant solutions, we see that we can identify the sources

hoyow = 2H§(§_), h(oyuw = s+ Ht(go), hoyuu = 2H,,, (2.137)
ay = a(Hég) + sé_)), ay = sl (2.138)
and vevs
h(2)vv = Hé?? h(2)uv = Z<Z - 1)822)a h(?)uu = Ht(:_)a (2139)
By =asd, B.=as. (2.140)

As we might have expected, while the sources for the momentum density and flux appear only in
the metric modes, the sources for the energy density and flux appear also in the V' modes. The
vev mode s?) also appears in the V' modes. The source and vev for the operator O appear only
in the V' modes and not in the metric modes. The constraint (2.133) imposes the trace Ward

identity.

When we go beyond constant modes, there will be subleading terms in the V' modes,
determined by solving the equations in [36]. There are also additional constraints; there is a
constraint

a'uh(2)uv = 8uh(2)uu; (2141)
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which corresponds precisely to the expected Ward identity 0; P + 85P§ = 0, and a constraint

Oy0phun = Ouh2yuw + %&p’z/Q(—Qauav + 2za, — 4p0,a, — p'0,a,) (2.142)

2

S —z
+ Tp /2(4auh(0)vv =+ 4pauh(2)v'u + Pl (avh(())'uv + pavh(Q)vv»'

The p derivative of this constraint vanishes by virtue of the other equations of motion; the
constant part gives

avh(Z)uu = 8uh(2)uv - Zaauﬂyy (2143)

which is precisely the expected Ward identity 0;F + 9; E* = 0.

Thus our solution is consistent with the one in [36], but our frame perspective offers a different
physical interpretation with a new organisation of the sources and vevs. We agree with [36]
on the split of the linearised solutions into sources and vevs, but we give a different physical

interpretation to these sources and vevs in terms of operators in the field theory.

2.5 Asymptotic expansion for z < 2

In this section, we want to go beyond the linearised analysis by showing that solutions of the
bulk equations of motion exist for arbitrary boundary data. To do so, we will solve the equations
of motion in an asymptotic expansion: that is, we work at large r, and solve the equations in
an expansion in powers of r. We will follow closely the treatment of the asymptotic expansion
for asymptotically Lifshitz spacetimes in [45, 80, 81], using a radial Hamiltonian framework to
analyse the equations. In the course of demonstrating the existence of this asymptotic expansion,
we will also see that when the asymptotic expansion exists we can cancel the divergent terms in
the action in the usual way by adding appropriate local counterterms determined by the boundary

data.

The action we consider is a massive vector theory, which is the same as the theory considered
in [45], so the equations are the same. However [45] considered a four-dimensional bulk, whereas
our main interest here is a five-dimensional bulk, so some dimension-dependent factors are different.

For generality, we write the equations for general ds. By taking the trace, we can rewrite (2.7) as

) 1
Ry = ——Agu, + ~FaF> —

1
y— 5 B\, Fg,, + =m?A,A,, (2.144)

1
A(d — 2) 2
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where d = dg + 3 is the dimension of the bulk spacetime. The Gauss-Codazzi equations on a

surface of constant r are then

. 2 1 2
Kos+ KKopg — 2K K, =Rpg — ——Ahog — =Fo F,' 4+ ——hogFogF?
s+ 8 v g 8 g giMes T 5 7/3+8(d—2) 8L'5s
1 2 1
— =T, —h, T — Zm?A,Ag, 2.145
yTaTs F gg gy ™™~ g™ Aady (2.145)
7 4 Kn® + Vg FP* = m? A~ (2.146)
and the constraints become
@ «@ ]' @ 1 2
VoK 5~ VﬁK o= 5 BaT + §m AﬁAn, (2.147)
2 af 1 « 1 afs 1 2 A2 1 2 «
K — KOCBK =R —2A + §7To¢7r - Z_L a,BF + §m An - §m A(XA . (2148)
and
V,m® = —m?*A,. (2.149)

In the above equations the Ricci tensor R,z and covariant derivatives Vg are those determined
by the induced metric h,p on a surface of constant r. Because we work here in coordinates where
the boundary is at r = 0, the outward-pointing normal one-form is n = —dr/r, and consequently
there are some sign differences in radial terms relative to [45]. K,z is the extrinsic curvature
of the surface of constant r, 7, = n#F,, = —rF,, is the conjugate momentum for the massive
vector, the radial component of the gauge field is A,, = n*A, = —rA,, and "denotes the derivative
in the normal direction, that is —r0,.

We want to re-express these equations in terms of frame fields e, As in [45], we introduce a

A

)

frame extrinsic curvature K4, = e%¢é2, which is not a symmetric object, unlike the usual extrinsic
curvature. Note that frame indices will be raised and lowered with the metric g4p, which is not

diagonal in our case, so it is useful to keep track of the ‘natural’ index positions in tensor objects.
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The equations in frame indices are

2

. 1 1
K KK —(KcaK% — KacK,F) + = - ¢
(AB)T (AB) T 5 ( cAlt' g Acip ) + 5 TAT B ad— 2)77AB7TC7T
R 2 A L p R+ 2 FonFCP — 2m24,4 (2.150)
- N - = D are—— — =m .
AB d—2 NAB 5 Acl'p 8(d_2)77AB CD 5 AAB,
T Kt — K4nP = —VpFBA  m?A4, (2.151)
and the constraints
A A 1 A 1 2
\Y% K(AB) — VK 4= 5 BAT + ém ABAn, (2.152)
1 1 1 1
K? — Kap K*P — §7TA7TA = R—2A — ZFABFAB + §m2Ai — §m2AAAA, (2.153)
Vard = —m2A,. (2.154)

Here Fup = eje%Fw, and V4 = e4V,, where the covariant derivative V,, is a total covariant

derivative (covariant with respect to both local Lorentz transformations and diffeomorphisms).

Assuming that the metric is asymptotically locally Schrodinger according to the definition

(2.17) then implies that

Kt =z+épet, K_=r¥?e_et, Kt =r"l¢et, (2.155)
K- = 2—2z4 A— K- =29 A oA— K= = 1—24 A—
L =T ere _=2—z+e_€e , =1 "ere
K' =rt7e e, K'_=r7le e, K'; =6 +e¢,e.

Since we choose the frame fields so that the massive vector is A = a(et + e~ + s,€”) everywhere

in the bulk, the canonical momentum 74 has components

7 =a(K*, + 0rs,),
my =a(K", + 0;s,),

m_=a(+ KT 40_s,). (2.156)

To show that a solution exists in an asymptotic expansion, we want to fix the sources, which
will fix the terms appearing on the RHS of these equations, and see that we can satisfy the

equations by introducing appropriate subleading terms in 7 in the expansion which will contribute

63



to the radial derivative terms on the LHS of the equations. For this to work, the source terms
need to involve positive powers of r. Explicit powers of r enter where there are derivatives along
the boundary directions: these all come with positive powers of r for z < 2. There are also

explicit powers in the Ricci rotation coefficients, determined by de® = Q 4 e A eB. These are

Q, T~ QT e, QT QT (2.157)
Q. " ~r% QT ~rPT QL T~ QT ~ (2.158)

Thus, for z < 2, the only term that causes problems is ©_; ", which has a power that becomes
negative for z > 3/2. This is associated with the 0; derivative of the source for E¢, and the 9_
derivative of the source for ‘. Hence imposing the geometric condition é* A dé* = 0, which will
set the sources for F¢ and E’ to zero, eliminates the leading constribution to this one dangerous
term (as well as the leading contribution to Q;, ). Note that because of the diffeomorphism
invariance, it is only derivatives of these sources that appear. Thus, even though E' is irrelevant
for all z > 1, the asymptotic expansion exists even in the presence of its source for 1 < z < 3/2. It
is only for z > 3/2 that we have to set this source to zero to have a good asymptotic expansion. In
addition, a source for the operator dual to the matter field would make a contribution A_ ~ 72722,

so we need to set this source to zero for all z > 1.

Thus, we expect that an asymptotic expansion will exist for z < 3/2 for arbitrary sources in
é? so long as we set the source for the irrelevant operator O to zero, and for 3/2 < z < 2 if the
frame fields satisfy the constraint é* A dét = 0 and we set the source for the irrelevant operator

O to zero.

Explicitly analysing the equations of motion is however somewhat messy because of the
off-diagonal structure, so we will demonstrate the existence of the asymptotic expansion using
the elegant radial Hamiltonian framework of [80, 81].'* This involves expanding in eigenvalues of
an appropriate bulk dilatation operator. Assuming that we impose some appropriate boundary
or regularity condition in the interior of the spacetime, the on-shell solution of the equations of

motion will be uniquely determined in terms of the asymptotic boundary data, so the on-shell

4 An extended version of this formalism for Lifshitz was introduced in [82, 83], but as we work in the frame
formalism, we can work simply with an adapted version of the original formalism with a single dilatation operator.
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action is a function of the boundary data, which we can write as a boundary term,

S = /ddlm\/—_'y)\(e(A),w). (2.160)

We can then think of the canonically conjugate momenta as determined by functional derivatives

of this action as in a Hamilton-Jacobi approach, so

)
A
- \/__76g >5€&B) S, (2.161)

Loy
Ty = ——09.
VAT

For the action (2.5), this gives Tap = map + 214 Ap, where map = Kap) — Kgap. The leading

(2.162)

scaling of v is 72, so if we define the dilatation operator

o ) ) )
op=— [ d¥2 [ 2e) " 12— 2)e) 4D A ). 2.1
D / T (Zea (56((;—) + ( Z)ea 56&_) + €a 5651]) 77Z)5,¢) ( 63)

then acting on any function of e, 9, this will agree with the radial derivative at leading order in

large r, p ~ r0,. Applying this operator to the action, we have

(ds+2—=0p)A=2T" +(2—2)T_+T", — A_ymy. (2.164)

Now we look for a solution in an expansion in dilatation eigenvalues A. Any function of
the boundary data will be by construction an eigenfunction of this dilatation operator, so it will
contribute only at one order in the expansion in dilatation eigenvalues. We would then want to
expand the action, and hence T, Ty, in an expansion in eigenfunctions of the dilatation operator.
Because of the coincidences in the powers noted in our linearised analysis, there will be some
degenerate eigenvalues, and A does not actually have an expansion in terms of eigenfunctions;
the dilatation operator dp is not diagonalisable, but can only be written in a Jordan normal
form. This corresponds to the appearance of the logs in the expansion in powers of r in e.g.
(2.41).'5. However, the first such degenerate eigenvalue occurs at A = d, + 2, where the dilatation

eigenvalue expansion first makes a finite contribution to the action. Thus, for the purposes of

15Similar logarithms appear in the Lifshitz case for z=2 [84, 85]; for Schrédinger they occur for arbitrary z
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considering the terms that contribute to divergences in the on-shell action, we can expand

A= )0 AW 5B = AN, (2.165)

ds+2>A>0

where ... represents terms of higher order which will include logarithms.

Let us now set the source for the irrelevant operator ¢» = 0. Expanding in dilatation

eigenvalues, (2.164) then becomes

(de+2— AND® =17 @ 21 @ 47! B (2.166)
=(4— 22)7(_A_) + 47TS_A_) + 27711(A) + zar™

Expanding the constraint equation (2.153) in dilatation eigenvalues will enable us to evaluate
the RHS of (2.166) in terms of the sources and terms at lower orders in the dilatation expansion.

The expansion of (2.153) gives

m2

A— (s
> {QK(S)K( ) — 2K\
S<A/2

1
+ |:K(A/2)2 _ K((ﬁg)KAB(A/Q) _ §7T£1A/2)7TA(A/2) _

1
FAB(A=s) _ FS)WA(A_S) (VAWA)(S)(VBTFB)(A_S)} (2.167)

1

P (VAWA)(A/Q)(VBWB)(A/2):| = src®),

where srcl®) is the source contribution from the RHS of (2.153) which is calculated below in
(2.172) and following. The terms in the sum at s = 0, together with one term at s = A_, will
give us the RHS of (2.166). To see this, we need the values of the leading terms in the expansion
in dilatation eigenvalues. These are determined by the assumed leading asymptotics of the bulk

fields (2.17). We have
KT O =z K ©O=90_» K O=¢, (2.168)
For the vector momentum we have
71'53) = ozK++(O) =za, 7V =0. (2.169)

From this we can calculate that

T4, = —(d, + 4)0%5, (2.170)
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which is encouraging, as it indicates that this can arise as the functional derivative of a simple

constant term, A(*) = —(d, 4+ 4). More importantly, (2.166) can now be combined with (2.167) to

give
(dy 42 — AXNB) = — gp®) (2.171)
1
+ Z |:_2K((Z)B)7TAB(A—S) . T‘-S)WA(A_S) . ﬁ(vAﬂA)(s)(vBﬂ_B)(A—s)}
s<A/2,5#0
+ [_K((jjg)ﬂ_AB(A/z) . %WEXA/2)WA(A/2) . 21 . (VAT‘_A>(A/2)(VB7TB)(A/2):|
m

Now let’s consider the sre®). We have
1 ap M A
src =R —2A — ZFABF — TAAA ) (2.172)
Since we are going to turn 1 off, AyA4 = 0, and F45 becomes
Fap=20,5"A,. (2.173)
The Ricci scalar is
R = —4049: + QoapQ94P + 2Q04p QP4 449, 0P, (2.174)

which has contributions at A = 2,4 — 22,6 — 4z, while F? contributes at just 4 — 2z and 6 — 4z.
Thus only —2A contributes to src®. At A = 2 we have

src® = —40,Q,  —40_Q, A — 40,0, +20,, QY 4 Q0K (2.175)
+4Q, Q1 440 T 140, 0 T 120, 0 T 40, QT

+40,, 705 4+ 20, 505" + 80,105 7 + 40,105,
where A, B are taken to run over 4+, — and all of the I directions. And for 4 — 2z we find

Src(472z) - _ 487914714 _ QIJ +QIJ+ _ 4Q+[+Q,I+ _ 2Q+,+Q,++ (2176)
+4Q Q420 1,0 420, POy 4440, A0, B

—a? (=2(Q, ") +4Q,, QT+, QM) .
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Lastly for 6 — 4z we have
srcl®4) = (=2 —2a%) Q_, TQ_*. (2.177)

For z < 3/2 this is a positive eigenvalue and we can allow this term, but for z > 3/2 it is negative,

so we need to restrict the sources so that é* A dét = 0, so that srcl6=4) = 0.

Thus, the source terms will produce contributions to A®) at A = 2,4 — 2z and for z < 3/2
at A = 6 — 4z. These in turn generate terms in 7“5, which we should substitute in the quadratic

terms in (2.171) to obtain further contributions to A. There are two issues to note here.

The first is that some of the expressions for K45 in terms of ¢ involve explicit positive
powers of r, so in attempting to solve in a power series in r, one might be concerned that having
a solution for K“4 in positive powers of r might not necessarily imply that the solution for é4
only involved positive powers of r. But by solving first for A\ and then determining 745 from
it, we avoid this issue. When we functionally differentiate A, we pick up a contribution to the

dilatation eigenvalue from the different scalings of the different e, so

AA) —>T++ (A)’ T (A)’ TIJ(A), T+I (A‘H—Z)’ T, (A+Z—1)7 (2.178)

7l (Atz-1)

I (A+1-=2)
+ , T

T (A+2-22) = (A+2:-2)

g +

)

The terms where K4, in terms of ¢ involve explicit positive powers of r correspond to those
where the functional derivative increases the dilatation eigenvalue. So if we have an expansion
in positive powers of r for A, it will imply that there is a solution for ¢4 only involving positive

powers of r.

Contrariwise, one might be concerned that the functional derivative can also lower the
dilatation eigenvalue in (2.178), for 7" , 7%, and 7' _. This could lead to contributions to these
T4, with negative dilatation eigenvalues appearing from terms in A with positive dilatation
eigenvalues. This could lead to contributions in the sum over quadratic terms in (2.171) with
negative eigenvalues, invalidating our assumption that the sum in A involves only positive
eigenvalues. For example, differentiating src(6=*2) looks like it could lead to a contribution in 7
of eigenvalue 8 — 6z, which is negative for z > 4/3. There is an elegant argument that such a term
cannot arise: the stress tensor contribution obtained by this functional derivative is a function of

the boundary data, and is a scalar under boundary diffeomorphisms. Any scalar function of the
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e/} can be expressed in terms of the Ricci rotation coefficients 2, ;¢, and there is no combination
of these coefficients that has this dilatation eigenvalue. Hence the functional derivatives that

would give these terms must actually vanish.

It is nice to see this more explicitly however, so we will give the calculation in a couple of
cases. We find 75 from varying with respect to the frame field as in (2.161), with S as in (2.160).
Since the integrand of S contains a factor of \/—v we first compute the frame field variation of

this term, finding

o) %\/_—: YT (2.179)
Ca

Next, since src terms consist of factors of Q¢ or e‘(’A)aa, we work out their variations; functions
are included in these generic expressions to keep track of derivatives in integration by parts.
included in these g ic expressi to keep track of derivatives in integration by part

For 0 we have

0 o
o) / T frel 0y = — e eyl D fo = — 10805 fo. (2.180)

For variations of €2 we find

00 ¢
e / o = 208 + 050008 f + 05003 (0ueh) S + F05Qap” (2.181)
Y

where [AB] = $(AB — BA).

Using these results we can now quickly compute the contribution to 745 coming from src(6=42),
We find that all of the potentially negative contributions (T*_, T", and T! ) actually vanish

(4—22)

identically. Considering then the src term, we find this leads to

T o —4 (14 0%) (00,,7) Q. +4Q.7F (50, 7) o —4a’Q QT (2.182)

As predicted by the general argument, the only possible term is quadratic in Q_,; . So if 2 > 3/2,
where we set this term to zero, no contributions are left. For 2 < 3/2, T"_ does indeed receive
this contribution at A = 6 — 4z; the contribution is however unproblematic there because it is

still at a positive A.

The story for T+I is similar; all terms remaining after the variation have a factor of {2_ I*.
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We have

T4 o= 47 (50, 460, ) AL+ AR IR, - AL+ AR, Y60

+40_ 5,60, +4Q, _T6Q, T +4Q, 160, T +4Q, 760, K (2.183)

+8Q, 60, T +80, 450, 7.
Many of the terms here are already multiplied by an _,; . We need only compute two explicitly:

50, t=-0, % (2.184)

00 ! =07, " (2.185)

All terms in T;"®7*%) coming from src®=22 have a factor of Q_,*. As in the previous case, for
z > 3/2 this vanishes. For z < 3/2, 5 — 3z > 0, and so all of these contributions are at positive A

and thus not a concern.

For T!_ we find similarly
T3 o —9(1 4+ A2)Q7KH60,, b — 41 + A2)Q_TH6Q, T +4Q T (2.186)

Using
0 =20 0k, (2.187)

(5—32)

we again find that every term in 7" coming from src®=2?) has a factor of Q_, 7.

Thus, to summarise, there is a solution for A in a series of positive dilatation eigenvalues
A. Taking functional derivatives of this solution gives the expression for T4, in an expansion in
dilatation eigenvalues, which can be used to reconstruct e in an expansion in positive powers
of r which satisfies the equations of motion (with logarithmic terms appearing in the expansion

from order rdst2

onwards, corresponding to the degenerate eigenvalues in the A expansion). The
terms in the A expansion of A\ with A < d; + 2 are the divergent contributions to the bare action
so we also see that we can cancel these terms by adding local functions of the boundary data as
boundary counterterms to the action. We can explicitly check that the required counterterms
are local functions of the boundary data by solving for the dilatation expansion coefficients \(%)

explicitly. To do this one can insert covariant dilatation expansions of the canonical momenta

into the equations of motion (2.150) and the constraints (2.152) [80]. Solving for the dilatation

70



coefficients this way is much more difficult in our case owing to the off-diagonal structure of
the metric in our chosen frame basis. To verify that the boundary counterterms are local thus
requires a more complete analysis than that we have carried out here. We leave this interesting

question for future work.

2.6 Discussion

We have shown that one can construct a holographic dictionary for z < 2 Schrodinger along very
similar lines to the one constructed for Lifshitz in [45]. This dictionary is based on classifying
fields in terms of the anisotropic scaling symmetry of the Schrodinger background, unlike some
previous explorations of holography for Schrodinger which have interpreted it as a deformation of
AdS and focused on the relativistic scaling symmetry of the AdS solution. We have shown that
in this formalism there is an asymptotic expansion for arbitrary boundary data (assuming we set
the sources for irrelevant operators to zero) and the subleading terms in this expansion are all

determined locally in terms of the sources.

The most important direction for future work is to extend this analysis to z = 2, and we
address this in the following chapter. As stressed in the introduction, in our frame formalism it is
clear that the structure of the dictionary for z = 2 will be qualitatively different from z < 2. As
already noted in [35], the dimensions of operators for z = 2 depend on the momentum k;. We
interpret this as meaning that the dual theory will live just in the ¢, ¥ directions, and modes of
different k¢ correspond to different operators in this theory. This will imply a different structure
for the dictionary; but we expect the frame formalism will still be useful for organising the bulk
modes naturally in terms of the sources for the boundary geometry seen by the field theory, and
we expect it will be possible to give an asymptotic expansion at least for arbitrary sources for the

ke = 0 operators.
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3 Schrodinger Holography with z =2

The work in this chapter is reproduced from a collaborative paper [2] with Dr. Tomas Andrade, Dr.
Cindy Keeler and Prof. Simon Ross. We investigated holography for asymptotically Schrodinger
spacetimes, using a frame formalism based on the anisotropic scaling symmetry. We build on
the results of the previous chapter for z < 2 to propose a dictionary for z = 2 case. For z = 2,
the scaling symmetry does not act on the additional null direction, which implies that in our
dictionary it does not correspond to one of the field theory directions. This is significantly different
from previous analyses based on viewing Schrodinger as a deformation of AdS. We study this
dictionary in the linearised theory and in an asymptotic expansion. We show that a solution
exists in an asymptotic expansion for arbitrary sources for the relevant operators in the stress

energy complex.
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3.1 Introduction

In this chapter we consider constructing a holographic dictionary for asymptotically locally
Schrodinger spacetimes with z = 2, thus extending the work of the previous chapter beyond
the z < 2 regime considered there. The analysis in this chapter thus follows very closely that
undertaken in chapter 2; we consider the same massive vector model and impose the same gauge
choices that we made there. Consequently the requisite review material for this chapter is already
presented in chapter 2. However, for completeness, we briefly recall the key points of this review

below.

Recalling from the previous chapter, the metric for a (ds + 3)-dimensional Schrodinger

spacetime is,

dt*  2dtd¢ + di? + dr?
— =t N
r r

ds® = , (3.1)

where the boundary lies at » — 0 and the number of spatial boundary dimensions is ds. The
isometry t — N\t, ¥ — Az, £ — A272E, r — Mr realises the anisotropic scaling symmetry, and
there are isometries ¥ — ¥+ vt, { - — 07 — %UQt, which realise the Galilean boost symmetry.
Notably in this chapter, where we consider z = 2, we see that the scaling symmetry does not act

on £.

As in the previous chapter, our aim is to formulate a holographic dictionary for asymptotically
locally Schroedinger spacetimes with z = 2, based on the anisotropic scaling symmetry, using a
frame formalism as in the Lifshitz case [41, 45]. For z = 2, focusing on the anisotropic scaling
symmetry gives a qualitatively different dictionary to the dictionary constructed in the previous
chapter. In the relativistic theory, the usual scaling symmetry acts non-trivially on all the
boundary coordinates, so one thinks of the dual as living in the (¢, ¢, ¥) space. Bulk fields are
dual to local operators O(t, &, ¥). The anisotropic scaling, by contrast, does not act on the &
direction. Furthermore, as has been known since [42], the asymptotic behaviour of bulk fields, and
hence the scaling dimension of dual operators, depends on k. (Some of these will be irrelevant
operators, whose sources we must either set to zero, or deal with perturbatively) Hence if we
want to focus on the anisotropic scaling symmetry, the natural dual is a field theory living in
the (¢, Z) space, with local operators Oy, (t,7). To relate bulk fields holographically to these

operators, we need to expand the bulk fields in Fourier modes in the ¢ direction.'® The situation

16For scalar fields, this is a straightforward Fourier expansion. For tensor fields, we also need to perform a
decomposition into components along £ and in the transverse space. This is complicated by the null nature of £ in
the background (3.1), as we discuss below.
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is analogous to AdS, x R? backgrounds, where the dual is a theory with local operators Oy(t)
whose dimensions depending on momentum in the spatial directions [86]. The limit as z — 2

from below is analogous to the z — oo limit of Lifshitz, which gives the AdS, x R? geometry.

As we remarked in the previous chapter, the £ direction is at least asymptotically null, so we
cannot decompose the metric in a standard Kaluza-Klein reduction. However, since our boundary
conditions are naturally formulated in terms of frame fields, we can decompose these into their
component along d¢ and their components along the remaining boundary directions. The key
distinction between the holographic dictionary for z = 2 will be then that the zero-modes (under
O¢) in the leading terms in the frame fields in the bulk will be interpreted as sources for the stress
energy complex in the non-relativistic field theory living in just the (¢, Z) directions, and not the
¢ directions. We will therefore primarily focus on understanding holography for z = 2 for the
sector with ke = 0, that is, for {-independent sources. This class includes arbitrary sources for

the stress energy complex in the non-relativistic field theory.

As in chapter 2 we consider the metric (3.1) as a solution of the massive vector theory

introduced in [42], whose action we recall is given by

1 1 1 1
S = —m dds+3flf\/ —g (R —2A — ZFMVFMV - §m2AMA“) - % / dd5+2[E\/ —hK, (32)

with

(d +2)(ds + 1)

m? = z(z+d,), A=-— 5

(3.3)
Again, d, labels the number of boundary spatial directions. The equations of motion that follow

are
2

1 1 1 m 1
Ry = 5B + Mg = 5 (FP“F,W - ZF2gW) +5 (AuAV - §A29W> : (3.4)
V. " =m?A". (3.5)
The metric (3.1) is a solution of (3.4), (3.5) supported by the matter field

2(z—1
A=ar2dt, o= M (3.6)

z

We will henceforth set z = 2, which implies a = 1.
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Once again we choose a set of frame fields e, A = 4, —, I, r such that the metric is

ds® = gapee? = —etem +2eTe +elel - eme. (3.7)
In the background (3.1) at z = 2, e™ = r~2dt, e~ = d¢, el = r~1dx, so that each of the frame
fields has a well-defined scaling with r at small r, near the boundary. We adopt exactly the same
choice of gauge for the frame fields and the matter field as seen in the previous chapter. These
comprise a radial gauge choice e” = r~1dr, and the further restriction that the vector field can be
written as,

A=e" +e + s, (3.8)

where 1) is the single scalar degree of freedom in the boundary conditions for the matter field and
s, labels the radial component of the field which is left arbitrary here. Again, we will find that

the operator dual to v is irrelevant, so we always set the source part to zero.

In the previous chapter, a spacetime was defined to be asymptotically locally Schrodinger if

the metric and massive vector can be written as in (3.7, 3.8) with

+ —z A+’ — Z*2éf I —14I (39)

and the scalar ¢ = rAwﬂ for some exponent A_, where the fields é4, 1/3 are arbitrary functions of
t, &, 2, r with finite limits as 7 — 0. Note we do not directly impose a boundary condition on s,
since it does not represent an independent degree of freedom; it is determined algebraically by

the other components.

This definition requires modification for the case of z = 2. As we argued above, we think
of the dual field theory as living in just the ¢, 7 directions. As a result, it is just the Fourier
zero modes of the frame fields that we expect to provide geometrical boundary data, that is the
sources for the dual stress tensor complex living in the ¢, Z directions. We therefore say that a
spacetime is asymptotically locally Schrodinger for z = 2 if the Fourier zero modes of the frame
fields satisfy

v 2aF = = T 1T
Chemo =7 €', €og=€, =7 €. (3.10)

The non-zero modes of the frame fields will have fall-offs that depend on the momentum £ in
the & direction (we will see this explicitly in the linearised analysis in section 3.2). These will be

dual to some additional tensor operators in the field theory. We do not make any assumption
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about the boundary conditions for these fields in defining our asymptotically locally Schrodinger
boundary conditions, but clearly some of them will be irrelevant operators, and to satisfy our

boundary condition (3.10) we will need to set the sources for the irrelevant operators to zero.

In section 3.1.1, we discuss the analogue of Kaluza-Klein reduction in our frame formalism.
In section 3.1.2, we review the structure of the stress energy complex for non-relativistic theories.
In section 3.2 we set up the linearised analysis around the Schrodinger solution for z = 2 in
general dimensions. Section 3.3 discusses the case of two boundary spatial dimensions, ds; = 2,
identifying the linearised modes with sources and vevs for the stress energy complex. Section 3.4
discusses the special case ds = 0, including its degenerate Ward identities, and compares it to
previous work. In section 3.5, we discuss the asymptotic expansion for z = 2, and show that a
solution can be obtained in an expansion in powers of r,'” and that all divergences in the action
can be eliminated by adding boundary counterterms which are local functions of the boundary

data. We summarise and discuss future directions in section 3.6.

3.1.1 Kaluza-Klein decomposition

Since we want to relate the bulk theory to a boundary theory living just in the ¢, Z directions, it
is useful to set up a decomposition of the bulk fields in the analogue of Kaluza-Klein reduction

on the ¢ direction. It is natural to decompose the frame fields as
SA _ A g a | sA
e’ = e da® + e d, (3.11)

where a runs over ¢, 2. This decomposition is the analogue in our frame language of the Kaluza-
Klein decomposition of the metric. Each of these components should then be expanded in Fourier

components with respect to &.

In the bulk, there are diffeomorphisms which preserve our choice of radial gauge, generated

by the vector field
a Lo Lo Lo o
X = X"0q + 010, — 3" 0;00; — 3" Ogo 0y — 5(7” Oyo + In10:0)0k, (3.12)

where x®, o are functions of the boundary coordinates ¢, ¥, . We use a to denote all nonradial

"Tn our analysis, this is traded for an expansion in eigenvalues of a suitable dilatation operator, but the existence
of a dilatation expansion implies the existence of an expansion in powers of r, since each term in the dilatation
expansion has an expansion in positive powers of r.
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spacetime coordinates; thus o runs over ¢, 2z, £. These generate the diffecomorphisms xy® of the
boundary coordinates, which act on the boundary frame fields by the Lie derivative 6é* = £, &4,
and an anisotropic Weyl transformation o on the boundary, which acts as dé¢™ = 20é™,0é~ =
0,6¢! = oé!. In the context of our Kaluza-Klein decomposition, it is natural to decompose y®
and o in Fourier modes in £. The zero modes in the Fourier decomposition of x*, o correspond
to diffeomorphisms and a Weyl transformation of the field theory background, while that of x¢ is

naturally interpreted as a gauge transformation of the vector €, , ensuring that the dual operator

is indeed a conserved current.

For the non-zero modes, in a Kaluza-Klein reduction the usual approach is to gauge-fix them.
That is, since we are singling out a direction to reduce along, it is natural to use a formalism
which is covariant in the lower dimensional space, but where we fix symmetries which depend on
the additional direction. In the usual Kaluza-Klein reduction, where we split the metric into a
lower-dimensional metric, vector field and scalar, the usual gauge fixing is to set the non-zero
modes of the vector and scalar to zero, so that the physical content is a massive tensor field.
Analogously, in our frame based description, we will gauge fix the diffeomorphisms x® by setting
the non-zero modes of é? to zero. That is, we use the diffeomorphism symmetry to make the
components along the extra dimension constant in £. We also have non-zero modes in the Weyl

scaling o, but we will not gauge fix this as the scaling symmetry may develop an anomaly.

The zero modes of é4 for A = +, I then define the boundary geometry, which provides a
background for the dual field theory living in the ¢, ¥ directions, and will correspond to the sources
for the stress complex in the field theory, which will be reviewed in the next subsection. The
zero mode of ¢, is a one-form vector field which provides the source for the conserved current
associated to particle number. The zero modes of ég‘, which were interpreted as geometrical
in the relativistic context, and in our previous discussion for z < 2, are in this decomposition
instead just sources for additional scalar operators, as is @/}.18 After the gauge-fixing above, the
non-vanishing components for the ¢-dependent modes are the é2, which are sources for additional
massive vector operators in the dual field theory, with k¢-dependent dimensions. Our analysis

will focus mainly on the zero-modes, as in the usual Kaluza-Klein decomposition.

18The ég are sources for operators which are scalars under coordinate transformations, but vectors under frame
rotations.
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3.1.2 Stress energy complex

We reviewed the structure of the stress energy complex in a non-relativistic theory in chapter 2.
We present the important observations again here. In a non-relativistic theory the components of

the stress energy complex satisfy the conservation equations,

0.+ 0, =0, (3.13)
O, P; + ;1) = 0. (3.14)
dip + 0ip' = 0. (3.15)

Where we recall that £ is the energy density, £ is the energy flux, P; is momentum density, II;; is
the spatial stress tensor, p is particle number and finally p° is particle number flux (we recall that
the particle number is conseved in a Schrodinger theory). The scale invariance for z = 2 implies
26 +11i = 0. &€ has dimension 2+ d,, which implies £ has dimension 3 + d,, and P; has dimension
1 + d,, which implies II;; has dimension 2 + ds;. The particle number has dimension zero, so
its density p has dimension d;, so p’ has dimension 1 + d,. In fact, in a non-relativistic theory
pt = P; = pvi, where v* is the local velocity of the particles, so p' and P; are not independent

operators.

The sources for these operators are then the zero-mode components of the frame fields, é2:
the components of é* provide the sources for £, £%; the components of é~ provide the sources for
p, p'; and the components of é! provide the sources for P;, Hf We can think of &, &%, P;, Hf, as

components of the non-symmetric tensor

)

T B — —\/__h@S

(3.16)
The residual gauge symmetry (2.16) corresponds to the fact that there are not independent
physical sources for P; and p°, while the symmetry under rotations of the é/ corresponds to the
symmetricity of I;;.

There are scalar operators whose sources are ég‘. Because of the relation to the higher

dimensional stress complex, it is natural to refer to these as £, p¢, and Pf for A =+,—,1

19Tn the z < 2 discussion in the previous chapter, we were interested in the stress complex in a higher-dimensional
spacetime with ¢,&, ¥ coordinates, but here we are interested in a dual living just in ¢, Z, so the relevant stress
tensor complex operators are those appearing in (3.13), (3.14), and (3.15) below.
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respectively, but we stress again that these are not components of the stress complex in the dual
field theory; they are just some scalar operators (with respect to coordinate transformations; Pf
is a vector with respect to frame rotations). They have dimensions 4 + d, 2 + d,, and 3 + d;
respectively. The marginal dimension is 2 + d;, so £, £¢ and Pf are irrelevant operators, and as
we will see in the linearised analysis in the next subsection, so is the operator O dual to the
scalar source 1. For z = 2 the asymptotic expansion only exists if we set the sources for all these
operators to zero. For the scalar operators O, £ and Pf we need to set the sources to zero by
hand. This implies that of the frame fields, only e~ is allowed to have a leading component along
d¢. The only irrelevant operator in the stress tensor complex is £°. We can set its source to zero

by adopting the irrotational condition we encountered in the previous chapter,

et Adet = 0. (3.17)

3.2 Linearised analysis: generalities

We now turn to a linearised analysis of the equations of motion (3.4,3.5) for z = 2. This will
enable us to confirm several of the features we have asserted in our discussion so far: we will see
how the scaling behaviour of bulk fields depends on the momentum k¢, and we will see that the
set of solutions for k¢ = 0 has the expected structure to correspond to the stress tensor complex
and its sources. In this section, we set up the general formalism. In the following two sections we

will discuss dy; = 2 and d; = 0 in detail.
The linearised version of our frame fields are, as before, given by (2.27),(2.28) and (2.29).

The linearised fields are then §é4 and the 1, s, in (3.8). The zero modes in §é2 are assumed
to represent sources for the corresponding components of the stress tensor complex. The zero

modes in (5ég‘ are sources for scalar operators.

The linearised version of the residual gauge symmetry (2.16) is 6¢; — dé; + 3, 6el — dél —
(where 87 = r3%). This implies that the sources for P; and p' are not independent, as expected.
The rotation symmetry of the e’ also implies that only the symmetric part of 5e§ provide
independent sources. The equations of motion are easier to discuss in the metric language, so we
will resolve this gauge symmetry by passing back from the frame fields to the metric and vector

for this linearised analysis.

In the metric language, the linearised perturbations are h,,, a,. The linearised equations in
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the metric language are as in [41]%°

1
Vol = V(WYY = VWY Fry 4 §VAhFA” = m2a” (3.18)
and
2 1 1 1 1
1) _ A A Ao A
R(}) = T M+ S E A+ S E = S — 57 FroF g,
1 1 1 1
+—2(d — 2)F,\pFaphMgW )] 2)F)\pF/\phuV + §m2auA,, + §m2a,,AM, (3.19)

where d = d, + 3 is the dimension of the spacetime, f,, = d,a, — 0,a, and

1
R(l) = ég)\g[v)\vuhyo =+ v/\vuhua - vuvuh)\o - V)\Vah,uu]' (320)

Nz

It is convenient to write

htt = 7174Htt7 ht{ = TﬁZHtg, h,gf = Hgg, (321)
hti = 7’73Hn’ hfi = TﬁlH@', hij = 7072Hij7 (322)
ar =1 1ts, ar =125, ag = S¢ a; =1 ts;. (3.23)

Then a given linearised mode will contribute at the same order in 7 in all the different fields, and
the power of r will correspond to the scaling dimension of the mode. The s, here is the same as

in (3.8), and the other fields are related to the linearised frame fields by

Hy = —26ef +2r°0¢;,  Hye = —r720ef +0é; +0¢], He = 2r 20¢f, (3.24)
Hy = —r~'6¢} +roé; +rée{, Hg=r"'d¢f +r'6¢f, H;=del+def, (3.25)
sy =06, s¢= 7"_2(5‘62r +1p, s =116 (3.26)

In (3.25) and where appropriate subsequently, the reader should understand d¢! in Hy; to stand

for (5é{ 01;, where dp; is the Kronecker delta, and similarly for other components with an 7 index.

20Note that h,, denotes the perturbation of the metric, and indices are raised and lowered with the background
metric, so h*¥ is the perturbation of the metric with the indices raised, not the perturbation of the inverse metric.

80



3.2.1 Flux and inner product

We will identify the modes corresponding to components of the stress tensor by adopting the
approach of [78], computing the symplectic flux at the boundary r = 0, and identifying the modes
canonically conjugate to the sources with the vevs. The appropriate symplectic current for the
Einstein-massive vector theory we are considering was worked out in [79]. It involves combining
the usual gravitational symplectic current j# with an additional component from the massive
vector field, 74

=17y + i (3.27)

These are respectively given, as before, by (2.50), (2.51). Given the current, the symplectic flux
through the boundary, F, is by definition the pullback of the current to the surface r = 0. As
usual, this is defined by evaluating the pullback at some cutoff surface r = r. and taking the limit
re — 0, so we write

F = lim % dt %z dé/Anj,, (3.28)
Te—> r=re

where n,, is the unit outward-pointing normal to the boundary.

We will also be interested in determining which linearised modes are normalizable, to determine
which can be allowed to fluctuate in quantising the bulk theory. This requires us to define a
suitable inner product. The inner product is usually defined in terms of the symplectic current

by considering

({h1, a1}, {h2,az}) = %/E*j({hLCu},{hz,az}), (3.29)

where j is the symplectic current defined above, * is the Hodge dual and X is a spacelike
surface. However, in the Schrodinger background, there is no natural spacelike surface to consider;
Schrodinger is not stably causal and therefore has no global time function. (The level sets of a

time function would have supplied a natural choice of X.)

We will take ¥ to be a surface of constant . We want to argue that this is a natural choice,
as close as we can get to the usual construction in this case. The irrotational condition (3.17)
ensures that even the perturbed spacetime has a foliation, and asymptotically this foliation will be
described by a constant ¢ surface. Also, although this surface is null in the background spacetime,

linear perturbations satisfying our boundary conditions will generically render it timelike.?! From

21The norm of the normal n = dt is n-n = —r4H£§. The leading contribution to He¢e comes from the source (Ségr

for £5, but this is set to zero by the boundary conditions. We will find in the linearised analysis below that the
leading vev term is the particle number density, which is physically non-negative, so the normal becomes timelike
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an initial condition perspective, the fact that constant ¢ surfaces will continue to foliate the
spacetime under perturbations makes them appealing. Given that they are null in the background,
our remaining concern would be information which propagates ‘parallel’ to the constant ¢ surfaces;
that is, along the £ direction. However, we work in Fourier modes with constant k¢, and moreover
focus on the sector with ke = 0 (even setting some k¢ # 0 components to vanish via gauge choice).
For the crude question we want to ask (for a given mode, is this inner product finite?) this seems

sufficient.

On surfaces of constant t, the expression (3.29) simplifies to

l

({h1,a1}, {h2,a2}) 2/2drddsxdf\/gjt({hl,al},{hz,az}). (3.30)

3.3 Linearised analysis with spatial directions

We now specialise to the case with dy = 2. (We will make some comments on differences for
other values.) In this case, the analysis closely parallels the discussion for z < 2 in the previous
chapter. The main difference is that dependence on the null direction ¢ affects the linearised
solutions at leading order, so that we need an independent discussion for the zero modes and the
modes with non-zero k¢. The discussion of the zero modes is most interesting, both because this
sector contains the stress energy complex of the dual field theory and because subtleties such as

anomalies appear only in this sector.

As in the previous chapter, we are interested in identifying the modes corresponding to
sources and vevs of dual operators. In many cases, this identification can be made simply using
the scaling dimensions of the modes. Otherwise we use the flux to identify the vev as the mode
canonically conjugate to the source following [78]. We consider first constant modes, independent
of the boundary directions, to identify all sources and vevs, and then verify that they satisfy

appropriate Ward identities in the non-constant cases.

We will discuss the case where the fields are independent of spatial coordinates x’. The
rotation symmetry in these directions is then unbroken, so we can decompose the linearised fields
into a tensor, vector and scalar part with respect to this linearised symmetry. Below we will
treat these initially for constant modes and then including dependence on t¢,£. To make this

decomposition we should further decompose H;; into a trace and a trace free part, H;; = kd;; +I:I,~j,

unless the particle number density vanishes.
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where ﬁf = 0. The tensor mode is ﬁij. The vector modes are Hy;, He; and s;. The scalar modes
are Hy, Hy, Hee, k, s, s¢ and s, (the last is determined algebraically in terms of the other
modes). We will always assume the ¢, ¢ dependence is harmonic, e+ ¢¢ 5o in writing equations

we will make the replacements 0, — iw, 0 — tke.

The extension to include dependence on the 2° is a straightforward extension of the calculation

for z < 2 carried out in chapter 2, so it is postponed to appendix A.

3.3.1 Tensor modes
The tensor equation of motion is
r?HY; — 3rH]; — (ki + 2kewr?)H;; = 0. (3.31)

This is simpler than the equation in the z < 2 case, so it can be solved in closed form for arbitrary

ke, w. For ke = 0, the solution is simply
Hy; =Y + AW, (3.32)

corresponding to the source and vev for the trace free part of the spatial stress tensor 1I;;. For

non-zero kg, the solution is

Hi; = B 720, (—iv/2kewr) + B 12Y, (—in/2kewr), (3.33)

where J, and Y, are Bessel functions of the first and second kind and v = /4 + k;g These modes
are the source and vev for some tensor operator; the asymptotics r**” tell us that this is an

operator of dimension 2 4 v. This is an irrelevant operator for all k¢ > 0.

3.3.2 Vector modes

The vector equations of motion are

r?s] — 3rs; — [5 + ki + 2kewr?]s; + 2rHy, + 2He; = 0, (3.34)
ke[r(Hg, + H{;) 4+ (Hei — Hy — 2s;)] + wr? [rH; + Hei) =0, (3.35)
r*HY; — rHg; — (34 r’kew)He; + ki Hy = 0, (3.36)
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and

r*Hj, — 5rHy; + [5 — ki — r’kew]|Hy,
+2[5s; — Hei — r(si + He)'| + (rPkew + r*w?)He; = 0. (3.37)
3.3.2.1 Zero modes

For ke = w = 0, (3.35) is trivially satisfied, and we solve (3.34,3.36,3.37). The solutions are

obtained as the limit as z — 2 of the solutions in chapter 2:

si= s 4 HS S 4 0, (3.38)
Hy=—s v + H v — HP P+ HOw, (3.39)
Hei = (HG +si )t + Hr®. (3.40)

We have chosen to define and normalise the independent modes so that the solutions with a (—)
superscript correspond to the sources, coming from the constant modes in the frame fields: Sgi)
is the source term for the energy flux £, H, 5(1_ ) is the source term for the extra vector operator
P, and Ht(i_) is the source term for the momentum density P; = p'. The modes with a (+)

superscript should then correspond to the vevs of these operators. By dimensions alone we see

that (P;) ~ Hg). The vevs (£7) and (Pf) should be related to Ht(f) and S§+).

For k¢ = 0, the flux can also be smoothly obtained as the limit 2 — 2 of the results in the

previous chapter:

F= i / dt dx d {Héi A @HT = s w2l N HE
r=0

+ s A ESY + 25|, (3.41)

where AN B = A1Bs — A3 By, with 1,2 labelling the two linearised solutions which define the

current. This enables us to identify, up to an overall normalization which we neglect for simplicity,

(P =2HS), (PY =2mH — s, (€ =2 + 257 (3.42)

For non-zero w, the solution is modified first in that (3.35) is no longer trivially satisfied; it

sets H, g) = 0, corresponding to the expected Ward identity 9,P; = 0. Secondly, there is an w?
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term in (3.37), which implies the solution is modified by subleading contributions. In this case

there is a single subleading contribution. The solution is

;= Sl(—)rfl 4 5§+)T57 (3.43)
_ _ 1 _

Hy=—s\r '+ H v + ZWQHé(i 't (3.44)

He; = H v (3.45)

3.3.2.2 Non-zero kg

For non-zero k¢, the leading-order solution with w = 0 can be written as

He = HD e 4 = H + r ™ HED + (v — 2)R2HS 037 + (v + 2)RZHE D, (3.46)
5; = rl_”Hé;) + rHVHg)
— ¥ HSD[24(v — 2) + K2 (v — 8)] — P HEY 24(0 + 2) + K2 (v + 8)), (3.47)
H, = _r17uH§(i—) _ T1+uHE(Z_+)

— P HSI2(v — 2) + k(v — 6)] — P HEY[12(0 + 2) + K2 (v + 6)], (3.48)

where v is as before. We see that we have a source and a vev for an operator of dimension 1+ v,
and an operator of dimension 3 + v. The latter is irrelevant for all k¢ > 0, the former is relevant
for kg < 5. The mode Hg(fif ") whose dimension is independent of k¢ is a pure diffeomorphism.
We see that this mode corresponds to a non-zero mode of (5é£, as expected. As argued in section
3.1.1, the natural approach is to gauge-fix these ¢-dependent diffeomorphisms by setting this
mode to zero. The physical content in this non-zero mode sector is thus a pair of vector operators
of dimensions 1+ v, 3 + v. Including non-zero w will lead to an infinite series of subleading

corrections in powers of kgwr2.
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3.3.3 Scalar modes

We consider now the scalar modes Hy;, Hie, Hee, k, s, S¢, s¢. They are governed by the equations

0 = (ke + 2wr?) Hee — 2kek + kersy — 2kesy + (ke + wr?)rsy — i (kf 4 2kewr® +8) s, (3.49)

1 1
0= — 27’H£~§ + (§w2r4 - 2) Hgé - ?)T’Htlg - 7‘2]€5WH15§ + §]€2Htt

— 3k’ — (ki 4 2kewr?) k + [rsg + 4s¢ — ikes,], (3.50)
w 1. 5, 3 w 1,
0= ErHég + (§k57" 2+ §w> Hee + <§ - 51{:57’ 2) rHy
1
— §k5r’2rH£t + wrk’ + 1 2ke[Hy — k + 8] — wse — 4ir~ s, (3.51)
Loy 2 k§ 1 / ’
0= —gurirHe — \wr™+ 5 | Hee + gher Hyg + kerk, (3:52)
1 2 i 2 i 1 2 2. 1 / / 7 / /
0= 3" Hee +r°Hye + 57 Hy, +r°k" — §TH§£ —4drH — érHtt +6Hy — 2rk
— (kg + 2kewr? + w*r*) k — 2rs| + 125, — 15 + 4se + i (ke + 2wr?) s,, (3.53)
0 =7r*H{; + rH — 4Hee — 2kZk, (3.54)

0 :7”21_"-]&’£ + 27’2[171{'5 +72K" + (w'r* — 4) Hee — 67 Hye + k?Htt

— 2rHy, — 3rk" — (ki 4 2kewr®) k — 2kewr® Hye + 2[ikes, — sy + 4s¢]. (3.55)

In addition, we have the radial-component gravitational constraint equations:

0 =7r%s{ + 4Hee + kis, + 3rse + 2rHie — (kewr® + 8) s¢ + ike(2s, — 1)), (3.56)
0 =7r%s{ + r’s} — kewr®s, + (w*r* — 8) s¢ — 3rsg — brs,
+ rHie — 2rk" + 20 (2ke + wr?) s, — i (ke +wr?) rs),, (3.57)
1 1 3
0= §T2Hg§ + 57"2Ht”5 +r2k" — §THt’§ — 3rk’ — (kg + kewr?) k. (3.58)

3.3.3.1 Zero modes

For ke = w = 0, (3.49,3.51,3.52) are automatically satisfied if s, = 0, and (3.56,3.57,3.58) are
non-trivial equations. The solution for the scalar modes is not a smooth limit of the solution in
chapter 2, as that solution involved factors of (z —2)™!, so it does not have a smooth limit. This

arises because some powers of r in the mode solution which are distinct for z # 2 coincide for
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z = 2. As a result the solution involves logarithms. The solution is

s, =0, (3.59)
Hee = 2HS r=? + HOr?, (3.60)
Se = 7‘_2(82_) + Hf(g)) + H(g 2 4 8(4) 4, (3.61)
k= %sé)r2 + 2k 4 %Héz 24 kWt (3.62)
Hye = —r 2(H{) + gsg—b + s + HY — %H ot (§ L= kD), (3.63)

1
H, = gsé )p=2 _ 23§ ) H(+) 2(1+4logr) + 2Ht(t )y

10
+ (2k<4> - 3524)) rt 4+ HDrS. (3.65)

In the familiar AdS case, there are logarithmic terms in the Fefferman-Graham expansion for
even boundary dimension, which are related to the anomaly in the scaling symmetry [87].?* One
might expect that the logarithm appearing in (3.65) would similarly contribute to an anomaly
in the anisotropic scaling symmetry here. However, the anomaly is determined by the variation
of the action under the scaling symmetry 0,5, and because the background metric has g = 0,
H,;; cannot contribute to the action at linear order. Thus there is no anomaly term coming from
(3.65). The logarithmic term will however have implications for boundary conditions, as in the
case of a scalar field at the BF bound, see e.g. [89]. The appearance of the logarithm implies that
the only scale-invariant boundary condition is one which fixes the coefficient of the logarithm
H, 5(5 If we impose a boundary condition fixing Ht(t ) at some scale, this evolves into a mixed
boundary condition under scale transformations: r — Ar maps Ht(t_) — A~ (Hft + 2log AH, +)).
This is surprising because H, (5 ) corresponds to a component of the stress energy complex, whereas

we had been assuming that our boundary conditions would fix the boundary geometry, encoded

in the (—) modes. We will discuss these issues below after considering the flux and inner product.

We calculate the flux to identify the canonically conjugate pairs of modes and hence identify

the components of the stress tensor complex. The flux is a smooth limit of the expression for

22 As noted in [88], the log terms in the FG expansion are proportional to the variation of the integrated anomaly.
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z < 2 in the previous chapter,

. 5 4
F=i| dtd*zde {sf” A <2k<4> - §s§4>) +HY A <2k(4) - §s§4>)

r=0

+EO A (—4k(4) + ?s?)) — 20, NHP
—HY A (2H,ft+) v s§+)) — 357 A sﬂ . (3.66)
This implies the identifications
(&) = —2kW + gs?), (3.67)
and
() = (1) + (113) = 4k — 2509 (3.65)

The Ward identity from the scaling invariance is
28 + 11 =0 (3.69)

which is indeed satisfied by these vevs. This confirms that, as argued above, the scale anomaly

vanishes for these modes despite the presence of logarithms in the radial profiles. The other vevs

are
(€8 =2H + 7, (3.70)
4
<:0> = 2H§(§+)7 <p£> = _2k(4) - 5824)7 (371)
and
(0) = 35", (3.72)

We would now like to consider the possible boundary conditions. To make the flux through
the boundary vanish, boundary conditions should fix one of each conjugate pair in (3.66).
In addition, we want to fix the non-normalizable modes for which the inner product (3.29)
diverges. For k¢ = 0, the inner product is finite in the UV provided we set H, g(g_) = sé_) = 0.

If we allow for non-zero k¢, to cancel subleading divergences we must set also k© = 0. With

the conditions Hg(; Ly (O 0, the only divergence that is left is proportional to
kgr_l(Hg)Hg)), so we need at least one of Ht(g) =0 or Hg) = 0. A consistent choice is then
to set Hg(g) =) = SEO) = kO = Ht(g) = 0; then both Ht(t_) and Hg) are normalizable, and

)

we can choose to fix either of them. We would originally have thought we wanted to fix Ht([ ,
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Operator Source Expectation value
& sef = s | —2k® + 2524)
g def =57 | 2H) + 257
& def = HY | 2HLD + s
r de; = Hyy ) | 20
P =p d¢; = Hy | 20
o dé; = HY | —2k@ — 45
I} + 113 gl = KO | 45® — 1058

. (0 (4
H% — H%, H% 56]1 = Hiij) Hi(j)
Py sel = HY | 20 — s
O s 33§+)

Table 2: The identification of linearised modes with sources and vevs for the operators in the
dual field theory. Note that the sources are the zero modes of the indicated frame field component.

corresponding to fixing the boundary geometry, but as noted above, this is not a scale invariant
boundary condition; the only scale invariant boundary condition is to fix instead H g) =0. In

the field theory, this is fixing the particle number density to zero, rather than its source.

For non-zero w, (3.49,3.51,3.52) become non-trivial. One of these fixes s,; the other two
linear combinations give the expected Ward identities 0;€ = 0 and 0;p = 0, setting H 5(;) =0 and
kY = 2324). This confirms the identification of the modes corresponding to components of the

stress tensor, which is summarised in table 1.

For w = 0, fixing the particle number to zero was a natural choice of boundary condition,
as it preserved scale invariance, but other possibilities exist. The particle number at non-zero w

vanishes as a result of the Ward identity, so we no longer have any freedom in choosing it.

There are also subleading terms in w? in solving the other equations. As in the vector case,
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there are a finite number of subleading terms, and the full solution for non-zero w is

w (1 _ - 4
s = —ig (§(H5(5) — 5! )) + sé )7"6) ) (3.73)
_ (=),.—
H&‘ = 2H§€ T 2, (374)
9, (= - 4
se = r2(s7) + HO) + 500, (3.75)
1 _ j R 9 (4
k=20 42k — B 4 250, (3.76)
_ o2 - 0 o 1 & e
Hie = —r?(Hy + 55( )+ s+ HY - 6‘92 o §H5(5 i, (3.77)
1 11 1 _ _ 3
5= —gsé r2 4 sﬁo) - gs?)r‘l + S§+)T’6 + 4_8(5H5(5 ) 4 35 ))W27"2 + @W%SS?)’ (3.78)
1y o B 5 1
H, = gs( Jp=2 _ 23,5 ) ¢ 2H,, )2 _ 532 Jpd g Ht(;r)rﬁ + ﬂ(sz(ﬁ) = sé ))wz(l + 4logr)r?
1 1 _ 1
— Ek(o)w%A + %Hé(é )w4(1 — 4logr)r® + Euﬂséﬂrs. (3.79)

We see that since the Ward identity sets H g) = 0, the previous logarithmic term is absent for
non-zero w, but there are new derivative terms with logarithms. As before, they will not give an
anomaly for the scaling symmetry, as Hy; cannot contribute to the action. These now involve
the (—) modes, which we are used to thinking of as sources, so it is not worrying that the scale

invariant boundary condition is to fix these modes.

If we study the scalar system for d, = 1 or dy, = 3, the logarithmic term involving H g) in the

constant modes is absent, but this logarithmic term in the w-dependent modes persists.

3.3.3.2 Non-zero kg

For non-zero ke, the leading-order solution with w = 0 has three independent bulk diffeomorphism
modes with dimensions which are independent of k¢, and six modes whose dimensions depend on
ke. The bulk diffeomorphism modes are generated by

?

2/<;§r2x6) O + (X* — ikexp log )0k (3.80)

X = x50 + (XB
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The resulting modes are

Sy = —ikeX(, (3.81)
St = —2X(» (3.82)
1
se = ikexor > + 5/{:?)(6, (3.83)
Htt = 4X6, (384)
o . t —2 1 2\ T . I3 2 r
Hie = —ikexor™" — 5(4 + kg )Xo + thexg + ke log g, (3.85)
Hee = 2ikexgr— + kixg, (3.86)
k= —xg- (3.87)

As argued in section 3.1.1, we can gauge-fix the boundary diffeomorphism symmetry by setting 5é£F
and 0¢; to zero; this corresponds to setting X5 and Xg to zero. We see that there is a logarithmic
term involving xgq; as this is now in Hy, it may contribute to the anomaly. However, we see
from (3.69), (3.68) (3.67) than only contributions to k®* and 524) participate in the corresponding
Ward identity, and, because these coefficients are zero in the solution (3.81)-(3.87), the anomaly

must vanish.

The physical degrees of freedom in the non-zero momentum sector are in the other six modes.

The scaling of the fields for these modes is 7> where A satisfies a sixth-order equation

BA® — 36A° 4 (120 — 9kZ)A* + T2k A+

(9k¢ — 112k7 — 528)A® — 4(9k; + 32k7 — 144) — (3k{ + 8k¢ — 272k7) = 0. (3.88)

The solutions to (3.88) can be found in closed from, although the explicit expressions are not
very illuminating. They are plotted in figure 15. The solutions come in pairs which sum to 4, so
we can identify them as the sources and vevs for three scalar operators. Two of these operators
are irrelevant for all k¢ > 0, and the third becomes irrelevant at some critical value of k¢, as we

can see from figure 15.

3.4 Linearised solutions for d, =0

We now consider the linearised solutions for d;, = 0. This case will clearly have a different

behaviour from our present perspective: the absence of spatial directions modifies the structure
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Figure 15: Scaling dimensions of the non-diffeo modes in the scalar sector for dy =2, z =2 as a

function of k¢. Pairs of dimensions that add to four are plotted in the same color, using solid and

dashed lines.

of the linearised equations, and implies that the stress energy complex simplifies, as there are

now no spatial fluxes. This case has also been extensively studied in previous work [35-38], under

the name of null warped AdSs, so we consider it in detail to make contact between our analysis

and previous work. In this case, we only have the analogue of the scalar modes in the above

discussion. However, the Ward identities in this case become degenerate, so new behavior arises

which was not present in the d; = 2 case.

The equations of motion read

0 = (ke + 2r’w) Hee — 2kesy — i(4 4 kZ + 2wker?)s, + (ke + r*w)rse + kersy,
0 = 2keHyy + 2kes, — 2r2w55 — dis, + (ke + 37“2w)H§§
+ wr®Hge 4 (r*w — ke)rHye — ker Hy,,
0= wr?’Héé + (ke + 2r°w) Hee — ker Hie,
0 = 4s¢ + Hee(r'w? — 2) — 2ker®wHye + kgHtt — 2ikes, — 2rHi — 2rHy + 2rsg,
0 =168, + 2Hee + 4s¢ + rH{e — 4rHje — 5rH{, + 8Hy + 2is, (ke + 2r°w)
— 2rsg — 4rs) + 2r° Hyg + r* HY, + r* Hyj,
0= 37’H§§ + 72 gg,
0= 4Hee + kisy — (4 + wher®)se + 2rHie — ikers,, +rsg + 18,
0 = 2ikes, — ker’ws, + (r'w® — 4)s¢ + rHfe — i(ke + 1°w)rs),

—rsp — 3rs; +r’s{ + 175

92

(3.89)
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For constant modes, (3.89), (3.90), (3.91) trivialise, becoming simply s, = 0. A full solution
can be found by solving (3.92)-(3.96). For general k¢, w, a complete set of equations is given by
(3.89)-(3.94), and we can easily check that (3.95) and (3.96) follow as a consequence of them.

3.4.1 Zero modes

The solution for constant modes is again not a smooth limit of the one in the previous chapter
because of the appearance of factors of (z — 2)~!, which are replaced by logarithmic terms. The

solution is

Hee = 2Hr™* + HY, (3.97)
He=—H 2+ 50 + HY + HE (1 + logr) + 25012, (3.98)
Hy = —23150) + Hg(g)(l +2logr) + 2Ht(t7)7n2 - 45?)(1 + 2logr)r? + Ht(:r)réla (3.99)
s = 0, (3.100)
1
Sp = ——sé Jp2 4 s§0) — Hg(;) logr — séﬂrz + s§+)r4, (3.101)
3
o= (0 + HD 1 B o 3102

As in the higher-dimensional case, we have logarithms. The logarithms in Hy; and s; cannot
contribute to the anomaly at linear order for the same reason as above: since the background
has ¢ = 0, we cannot build a scalar out of Hy or s;. The logarithm in Hy could in principle
contribute to the anomaly, but this is not the case as we shall see below. The logarithms lead to
inhomogeneous transformations under scaling, as in d;, = 2. When r — Ar, SEO) — s§°) —H S(gr) log A,
and Ht(t_) — Ht(t_) —|—4sé+) log A. These again have the surprising feature that modes that correspond
to the components of the boundary geometry have an inhomogeneous transformation depending

on vev modes, implying that we cannot have a scale invariant boundary condition that fixes the

boundary geometry.

To determine the identification of the components of the stress energy complex, we calculate
the flux for these constant modes. This is again the z — 2 limit of the previous expression (for

the appropriate definition of the modes),

F=—i / dt d¢ {Hg(g) NHSD + Y NS 250 s -2 AsT | (3.103)
r=0
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Note we have redefined the modes here relative to the z < 2 case in order to cleanly separate the

vevs from the sources. This enables us to identify the vevs

(o) = HS, (o) = —2s{", (3.104)
(BS) = Hy", (3.105)

and
(0) = 25", (3.106)

Since there is no term in the flux involving sgo), we conclude that the vev of £ vanishes. Moreover,

this allows us to conclude that the Ward identity for the scaling symmetry is non-anomalous
for constant modes. In fact, in the absence of any spatial directions and with z = 2, this Ward
identity is just 26 = A, where A is the anomaly. Our flux calculation shows that £ = 0, so it
must be the case that A = 0.

The calculation of the flux also enables us to identify possible boundary conditions consistent
with flux conservation. An analysis of the inner product (3.30) reveals that the leading divergence

in (3.30) is of order r~5 and it involves the modes parametrised by H, g ) and séf). In addition,

there are subleading divergences at order =3, r=! and r~!logr with are proportional to HE(;).

We conclude then that the modes parametrised by Hé(g ), H 5(;) and sé_) are non-normalizable.

The boundary conditions should fix these modes, and allow the conjugate modes Ht(;r ), Ht(;) and

S§+) to vary. Both Ht(g0 ) and séﬂ are normalizable, so we can fix either. If we fix Hégr)

0)

=0, we

can also fix sg in a scale invariant way.

3.4.1.1 Non-zero w

When we generalise to non-zero w for k¢ = 0, the structure of the linearised solutions is different
from what we might expect. This is because for non-zero w, the structure of the Ward identities

is qualitatively different from the higher-dimensional case. The Ward identities are
8t5 = 0, atp = 0, 28 = A, (3107)

where we allow for a non-zero anomaly in the trace Ward identity. Note that because of the

absence of spatial directions, £ and p are now just the energy and particle number, rather than
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densities. The first equation says &£ is a constant. The trace Ward identity will then imply a
restriction on the sources: the term appearing in the anomaly for the trace Ward identity must
also be a constant.?> Any non-zero w modes in A must vanish for us to be able to consistently
quantise the theory on a given background. The point is that the Ward identities viewed as a
system of linear equations for the non-zero w modes of the vevs are degenerate, and so they have

no solutions in the inhomogeneous case (with an anomaly source on the right-hand side).

This might seem a remarkably novel feature, but actually the same degeneracy happens for

141 dimensional relativistic field theories. There the Ward identities are in general
OT! +0,TF =0, BT +0,T2 =0, T} +T:=A~ RO, (3.108)

where we have noted that the anomaly in this case is proportional to the Ricci scalar of the
background geometry. These equations are not generically degenerate, but if we consider the
special kinematics where w = +k, that is 9; = +9,, then we have T} = FIF = +£T! = —T7, so

the left-hand side of the last equation vanishes, and the anomaly contribution must vanish.

This implies that the metric component h,,, cannot have a contribution which is just a function
of v and independent of u, and h,, cannot have a component which is just a function of v and
independent of v, where u, v = t + x are light-like boundary coordinates. Physically, this is setting
some potential non-gauge components of the boundary geometry to zero. In general, the boundary
metric in the relativistic 1+1 CFT is pure gauge; by a diffeomorphism and a Weyl transformation
one can set the boundary metric to be flat. Working about a background ds? = —2dudv, the
diffeomorphisms and conformal transformation generate a linearised perturbation hy, = 20,&,,
hoo = 20,0, huw = Owéy) + 0. But a component h,, which is independent of u cannot arise
from differentiating &,, and similarly a component h,, which is independent of v cannot arise
from differentiating &, so these modes are not diffeomorphism modes (assuming x is periodically
identified, so we do not allow linear functions in £). But it is precisely these modes that are set
to zero by the above anomaly argument, so the theory can only be studied consistently on a

background which is in fact diffeomorphic to the flat metric.?*

230ur analysis of the constant modes above found that (£) = 0, indicating that the constant part of A also
vanishes, but this statement is (at least potentially) special to the specific holographic theory we are considering,
while the vanishing of the non-constant modes of A is a consequence of the general structure of the Ward identities
and must be true for any such theory.

24Modulo components which are independent of both u and v; these are also not diffeomorphisms, but are not
ruled out by the anomaly.
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Returning to the non-relativistic case, this analysis of the Ward identities predicts that for w
non-zero, we will have H 5(2) = 0, one restriction on the source modes, and some set of subleading

terms involving w?. This is precisely what we find. The solution for non-zero w is

Hee = 0, (3.100)
Hy = s\ + HY + 25712, (3.110)
Hy = —2s" 4 2H % — 43?)(1 + 2logr)r? + H vt — %TGwQSéJF), (3.111)
5y = %(sé) + s§+)r4), (3.112)
5p = —%sé_)r_2 45— sé+)7“2 sty }lw%ﬂsé_) + %wQTGSé—H, (3.113)
Se = Sé_)T_Q + sé+)7‘2. (3.114)

It turns out that the restriction on the sources is to set H, 5(5_ ) = 0. This is the source for &S, which
is the extra component in the stress energy complex which is left undetermined because of the
degeneration of the Ward identities. It is a non-diffeomorphism mode, as in the above discussion

of the relativistic case.

We can learn more about the structure of the scale Ward identity by looking at the (first
order) radial components of the equations of motion. More concretely, when we have not yet
imposed these first order equations, the 7? term in (3.110) appears as an independent constant,
which we denote by Hfgr ). This will of course propagate to the other functions, but we do not
need the details here. Plugging the solution of the second order equations into the first order

equations we learn that

wHG =0 (3.115)

w(H —25{) =0 (3.116)
1,

2(H —25) = inHég) (3.117)

Equations (3.115)-(3.117) correspond to the Ward identities (3.107) provided we identify

p~HEY e~ HT -2 A~ WPHY (3.118)

where the ~ indicates equality up to an w-independent constant. Hence, the anomaly is propor-

tional to wQHg(g ), and is set to zero due to the conservation equation w& = 0.
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It is also useful to note that the relativistic and Schrodinger restrictions are related. If we take
the b — 0 limit of the Schrédinger solution, we recover AdS, and the null coordinate £ becomes a
null coordinate in AdS, so considering zero modes kg = 0 corresponds in this limit precisely to
the special kinematics w = +k where the AdS Ward identities degenerate, and H, g(g_) = 0 reduces

to the restriction coming from the Ricci scalar noted above.

3.4.2 Non-zero kg

We now consider the sector of non-zero k¢. For our purposes, this sector is less interesting, as the
bulk modes are just dual to some higher dimension operators in the field theory. However, in
previous work on Schrodinger as a deformation of AdS, attention has naturally focused on this
discussion, as this is the generic kinematics. We will therefore give the full results for purposes of

comparison.

For non-zero k¢, we generally expect the scaling dimensions to depend on k¢. However, just
as in the higher-dimensional case, there are some modes which can be generated by acting with

an appropriate {-dependent diffeomorphism.

For w = 0, the full solution is

Hee = Hr™? — %kgsf”, (3.119)
Hye = —%HéE)TQ + Ht(g) — %log rk§s§0), (3.120)
Hy = =25 +4(1 = 6;)s8 701700 1 4(1 + 6y) s Pyt ton, (3.121)
Sp = 8(0) + sgl_)rl_‘sl + s,§1+)r1+‘51 + s§3‘)r1—53 + s§3+)r1+‘53, (3.122)
5, = —kg ( + k2! (1), 1-61 4 k25§1+)r1+51 N S§3+)T1+63> ’ (3.123)

s¢ = }L(Hég I 2) - 23+ st (3 gyt s
- %(1 — )t ks ) — %(1 48kt (3.124)

where §; = (/1 + k2, 63 = /9 + k;2 The bulk diffeomorphism modes are HE& , Ht(g) and s§°),

which correspond to (565 , 0¢¢ and dé; . As discussed in section 3.1.1, we can set the first two to
zero by gauge-fixing the £-dependent boundary diffeomorphisms. The logarithmic term does not
contribute to the anomaly, as it does not enter at O(r?), which is the right order to modify the
vevs and participate in the Ward identity.
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The other four modes correspond to sources and vevs for scalar operators of dimension

A=1+,/1+k} A=1+44/9+Fk. (3.125)

These are both irrelevant for all k¢ > 0. For general w, if we set the diffeomorphism modes to
zero, we can find the solution for these modes in the same way as in [35]. We find that we can set
Hie = Hee = 0 without loss of generality (they only carry diffeo modes), and eliminate Hy and s,
algebraically. One is left with two coupled second order equations for s; and s¢, which can be
decoupled by increasing the number of derivatives. The diff-invariant dynamics are then captured

by the following fourth order equation

s 4+ 2rs¢ — (94 2k + Akewr®)r?s¢ + (9 + 2kF — dkewr?)rs,

+ [k (8 + kZ) + dkew(4 4 k)r? + 4kew?r*]se = 0. (3.126)
The solutions to this equation have the form

se =18 Z sy (3.127)
i=0
where the s¢(;) are constants and the values of A are those found in the w = 0 case, corresponding

to the source and vev for two operators of dimensions (3.125).

3.4.3 Comparison to previous work

We now consider the comparison of our results to previous work on null warped AdSs;. We focus

on the linearised analysis in [35, 38] and the analysis of boundary conditions in [90].

Our analysis of the linearised solutions for k¢ # 0 is the same as in [35]. The diffeomorphism
modes are what they call the T modes, and the operators of dimension (3.125) correspond to their
X modes. The significant difference between our analysis and theirs is our emphasis on the role of
the zero modes. For [35], the zero modes are not especially interesting: T modes are the source for
the relativistic stress energy complex, and the zero modes are a special subsector of non-generic
kinematics, which they do not consider explicitly. But in our non-relativistic description, the dual
field theory lives in one lower dimension, and the zero modes are accordingly the most important

sector to understand. We have also seen that the analysis of the zero modes has novel features
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which do not appear in the discussion for k¢ # 0.

The importance of this sector can be stated in a different way that is more independent of
our interpretation: Apart from terms determined by the anomalies, the stress tensor only has
non-zero components with k¢ = 0. Our perspective focuses in a natural way on this part, and
at the price of not being fully covariant in both the ¢ and ¢ directions, simplifies the duality by
only introducing sources for the potentially non-zero part of the stress tensor at k¢ = 0. The
ke # 0 part of the T mode sources considered in [35] are simply set to zero by gauge-fixing in our

approach.

In [38], it was proposed that the appropriate sources for the relativistic stress tensor at
ke # 0 involve a combination of the T and X modes. This does not arise in our analysis. Such a
mixing was possible only because the analysis is perturbative in b; in our analysis at finite b, the
diffeomorphism modes and the other modes have different dimensions, so it is not possible for

them to mix.

In [90], a notion of asymptotically Schrodinger boundary conditions was proposed, and it
was found that the asymptotic symmetry group for these boundary conditions was an infinite
extension of the isometry group. Their boundary condition is different from ours, and does
not appear to be satisfied bty our linearised solutions. Their analysis was for asymptotically
Schrodinger rather than asymptotically locally Schrodinger boundary conditions, so one might
think it should be recovered by setting the boundary geometry modes in our analysis to zero.
However, it is easy to see that our zero mode solutions do not satisfy their boundary conditions in
+)
13

this case. In the constant modes (3.97), a non-zero H, E( generates a constant metric perturbation

hee. This perturbation violates their boundary conditions, which require that kg ~ O(r?) in

(+H) ()

our notation. In addition, turning on s; * will generate a term hy ~ s, r~2logr, violating their

boundary condition hy ~ O(r=2).

What if we consider other boundary conditions? In fact H g) is a non-normalizable mode, so
we should take a boundary condition where it is fixed. If we take Hg) = 0, this is consistent
with the boundary conditions of [90]. However, this is fixing the particle number to zero, which
seems a strong restriction on the dual field theory. Both S§+) and its conjugate mode Ht(g ) are
normalizable, so we can choose a boundary condition where sgr) =0 and Ht(g ) fluctuates. This
has two drawbacks: it’s setting the field theory energy to zero, and while we get rid of the problem

with sgr), allowing Ht(g ) to fluctuate generates fye ~ t(g )r_2, which is again inconsistent with
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their boundary conditions, which require e ~ O(r?).

Thus, there is no obvious choice of boundary conditions for our zero modes which will satisfy
the assumptions of [90]. It would clearly be interesting to analyse the asymptotic symmetries for

our boundary conditions defined in section 3.1, but we leave this for future work.

3.5 Asymptotic expansion

In this section, we want to go beyond the linearised analysis by showing that solutions of the
bulk equations of motion exist for arbitrary boundary data in precisely the same way as we did
in section 2.5 in the previous chapter, for the z < 2 case. Again, we will solve the equations
of motion in an asymptotic expansion: that is, we work at large r, and solve the equations in
an expansion in powers of r. Here we restrict ourselves to considering the Fourier zero modes,
which include the sources for the stress energy complex, and we will of course be setting sources
for irrelevant operators to zero. In the course of demonstrating the existence of this asymptotic
expansion, we will also see that when the asymptotic expansion exists we can cancel the divergent
terms in the action in the usual way by adding appropriate local counterterms determined by the

boundary data.

The general formalism was discussed in the previous chapter, but we review it here. We
work in terms of the frame fields, and adopt a radial Hamiltonian formalism. The momentum
conjugate to A, is my = n*F,, = rF,,. The conjugate to the frame fields is written in terms of a
frame extrinsic curvature K*; = e%é2, which is not a symmetric object. The equations in frame

indices are

. 1 1 2
Kap+KKap) + 5 (KCAKCB - KACKBC) + =TATE —

= C
2 2 4(d —2)MBTeT

2 1
= Rup — ——Anap — =FacF& + ———
A = 5 Mg — 5 lackp +8(d—2)

T Kt — K4nP = —VpFBA 4 m?A4, (3.129)

1
napFepFP — §m2AAAB, (3.128)
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and the constraints

1 1
VAK(ap) — VK™, = §FBA7TA + §m2AB7’A,,, (3.130)
1 1 1 1
K? — KapK*P — EWAWA =R —2A — ZFABFAB + 5m?(mr)2 — §m2AAAA, (3.131)
Var? = —m?rA,. (3.132)

Here Fyp = e“AeBBFaf;, and V4 = e%V,, where the covariant derivative V,, is a total covariant
derivative (covariant with respect to both local Lorentz transformations and diffeomorphisms),

and " denotes the derivative in the normal direction, which is —r0,.

To show that a solution exists in an asymptotic expansion, we want to fix the sources, which
will fix the terms appearing on the RHS of these equations, and see that we can satisfy the
equations by introducing appropriate subleading terms in 7 in the expansion which will contribute
to the radial derivative terms on the LHS of the equations. For this to work, the source terms need
to involve positive powers of r. Explicit powers of r enter where there are derivatives along the
boundary directions. There are also explicit powers in the Ricci rotation coefficients, determined

by de® = Qe A eP.

We restrict ourselves to considering sources which are independent of the £ coordinate; that
is, we assume that the boundary data has a Killing symmetry 0¢. Note that we do not assume
that O is either null or Killing in the bulk; it is only the boundary sources that are required to
have this symmetry, and we can allow the vev modes to be arbitrary functions of &, this will not
affect the derivation of the asymptotic expansion.?” This is thus slightly different from a similar

case considered in [76], where J¢ was taken to be a Killing vector in the bulk.

We need to set to zero the sources for the irrelevant operators. We set the scalar sources 1,

é¢ and ¢/ to zero by hand. Thus, we assume that
et =eéfda, el =eldx®, & = e (d+ e, da"). (3.133)

The one-forms é;, ¢! will then define the boundary geometry the dual field theory lives in, while

€, is a one-form gauge potential (as usual infinitesimal z* dependent transformations of the &

25We would not expect it to be possible to extend the construction of an asymptotic expansion to include sources
with arbitrary dependence on &; since the dimensions of the dual operators increase as we increase k¢, sources
with large enough k¢ are sourcing irrelevant operators, which should cause the expansion to break down. It may
be possible to extend the analysis to include sources with sufficiently small k¢, but as it is not clear what the
interesting values might be, we have not attempted to pursue this.
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coordinate induce gauge transformations of €, ), dual to the conserved particle number. Note
that because we chose to set the d§ components of the other frame fields to zero, non-degeneracy
implies €. # 0. We will set the source for the irrelevant operator £ to zero without choosing a
coordinate system by setting

et ANdet =0, (3.134)
so that the boundary geometry admits a foliation by surfaces of absolute time. For z = 2, all
these restrictions are necessary to ensure the existence of the asymptotic expansion.

These restrictions on the frame fields imply that the Ricci rotation coefficients

Q, =0, Q, =0, Q, =0 Q=0 Q. '=0. (3.135)

Q. ~r Q) ~r? Qpl ~ (3.136)

Q, ~~rt QT ~r QT ~r QT (3.137)

Jrf

The structure of the one-forms implies e_ has only a d; component, so 0_ vanishes. Thus, the
only derivatives appearing are 9., which comes with a factor of r2, and 9y, which comes with a
factor of r. Thus, we expect an asymptotic expansion to exist for any such boundary data, with

arbitrary dependence on t, 2 subject to é* A dét = 0.

This can be checked by analysing the theory in the radial Hamiltonian framework of [80, 81],
as in chapter 2. This involves expanding in eigenvalues of an appropriate bulk dilatation operator.
Assuming that we impose some appropriate boundary or regularity condition in the interior of
the spacetime, the on-shell solution of the equations of motion will be uniquely determined in
terms of the asymptotic boundary data, so the on-shell action is a function of the boundary data,

which we can write as a boundary term,

S = / A e/ =N (e ). (3.138)

We can then think of the canonically conjugate momenta as determined by functional derivatives
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of this action as in a Hamilton-Jacobi approach, so

1 o
T, = el S, 3.139
BV= sesP) ( )
1 6

Ty = ——309. 3.140
VST ( )

The leading scaling of v is r®-, so if we define the dilatation operator

) 4] 4]
op = — /d4x (zegj) + e - A_w—> , 3.141
Y selH seh o ( )

then acting on any function of e, 1, this will agree with the radial derivative at leading order in

large 7, dp ~ r0,. Applying this operator to the action, we have
(ds +2—6p)A=2T" + T, — A_vmy. (3.142)

Compared to the z < 2 case, we note that (3.141) does not involve e(=), and (3.142) does not
involve T, as this component does not enter into the trace Ward identity. We determine A by
expanding in dilatation eigenvalues and using (3.142) and (3.131) to determine the contribution

at each order in terms of the contributions at earlier orders and the sources.?® The expansion is

A=) A® 4 5B = ANE) (3.143)

ds+2>A>0

where ... represents terms of higher order which will include logarithms. The dilatation eigen-

functions A®) are determined by

(dg +2 — A)ND) = — spcl®) (3.144)

S —s s —s 1 s —s
+ Z {—QK((A)B)WAB(A ) — 7T1(4)7TA(A ) — ﬁ(vfm“)( (VpnP)& )]

s<A/2,57#0
A2 1 ap 1
+ {_K((A]g))ﬂ.AB(A/Q) _ §7T1(4 / )WA(A/2) -5 (VAWA)(A/Q)(VBWB)(A/Q)} ]

The quadratic terms in this expression involve lower orders in ¢, which are determined from the

26 As for z < 2, there is not actually a complete expansion in dilatation eigenvalues, as the logarithms in our
linearised solutions indicate that the action of the dilatation operator is not completely diagonalizable. The
linearised solution indicates that A = 2 would be the first order of concern, so these terms contribute at positive
powers and thus do not impede the existence of an expansion.
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action by the variations (3.139,3.140). We want to focus on the sources:

1 ap M A
src =R — 2\ — ZFABF — 7AAA ) (3.145)

Since we are going to turn ¢ off, A4A4 =0, and F4p5 becomes
Fap =20, A, (3.146)

Because of the constraints on the Ricci rotation coefficients, the only non-zero term is £, ;, so [

has no non-zero contributions (as g™ = 0). The Ricci scalar is
R = —4049: + QoapQ94P + 2Q0ap QP4 + 49, ,4QPC. (3.147)

Because of the constraints on the sources, particularly the irrotational condition (3.17), the Ricci

scalar has contributions only at A = 2. Thus only —2A contributes to src¢(®. At A = 2 we have

sre® = — 40,0, 4 —40_Q,, 4 — 40,9, + Qi QK (3.148)
+4Q, 1,0 +40Q QT

+40,, 705 4+ 20,505 1 80,105 7 + 40,1057,

where A, B are taken to run over 4+, — and all of the I directions. Since the €2’s only contribute to
sources with positive eigenvalues, we now know a solution for A involving only positive eigenvalues
of §p will exist. As in the previous chapter, we could additionally be concerned that T | T,
and T?_ might pick up contributions at negative dilatation eigenvalue from the derivatives of
A as in (3.139). However, as discussed in the previous chapter, any such contribution would
be a boundary scalar, writable entirely in terms of the §2; as the only nonzero 2 have positive
powers of r, the T%, cannot pick up a contribution at negative eigenvalue. Consequently, the
desired asymptotic expansion must exist. As we noted in the previous chapter, we could check
whether or not the counterterms for the on-shell action are local by explicitly plugging in covariant
dilatation expansions of the bulk on-shell momenta and solving for the divergent contrubitions in
the dilatation expansion of the on-shell action. The essential difficulty in this case, exactly as
for the z < 2 case considered in the previous chapter, is that the off-diagonal structure of the
frame metric makes inverting the covariant expansions very difficult, and so again we leave this

question for future work.
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3.6 Discussion

In this chapter, we have constructed the holographic dictionary for Schrodinger spacetimes with
dynamical exponent z = 2 based on a frame field formalism. We have proposed a notion of
asymptotically locally Schrodinger boundary conditions, identified the sources and vevs for the
stress tensor complex, and demonstrated that solutions satisfying our boundary conditions exist
in an asymptotic expansion. We worked in a theory with a massive vector action in 3 and 5 bulk
dimensions. Our method is readily generalizable to other dimensions, and in principle to other

supporting matter.

The main difference from our previous analysis of the Schrodinger 2z < 2 case in chapter 2 is
that in the z = 2 case the ¢ direction becomes auxiliary; it is invariant under radial rescalings. We
argued that consequently, as in AdS,, x R¢ holography, the appropriate dictionary is formulated
by expanding the bulk fields in Fourier modes in ¢ and identifying each Fourier mode with the
source and vev of a boundary operator O, whose conformal dimension depends on k. This is
also different from previous work starting with [35] which treated z = 2 Schrédinger spacetime as

a perturbation of AdS.

In addition, as in the Lifshitz z = 2 case studied in [70, 84], there are logarithmic terms in
our linearised analysis. In the AdS and Lifshitz cases, the logarithmic terms corresponded to
anomalies in the scaling symmetry. However, we find that because of the null structure of the
background, some of the logarithms that arise in our case do not contribute to the anomaly at
linear order. It would be interesting to understand this from the field theory point of view, or to
explore it in the full non-linear theory. We also found a curious feature in the ds; = 0 case: there
is a degeneracy in the Ward identity for the zero modes in £ that forces us to set source modes
that contribute to the scaling anomaly to zero. We noted that a similar feature also appears in

the relativistic case for lightlike modes.

Our analysis followed the philosophy of the work in [41, 45] on Lifshitz and chapter 2 on
Schrodinger. We therefore gauge fixed the frame transformation symmetries as much as possible.
It would be interesting to explore the analogue of the discussion of Lifshitz in [71, 72, 91, 92]
instead, where this symmetry is left unfixed. This has been argued to give a more general

perspective on the boundary geometry.
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4 Hot Multiboundary Wormholes from

Bipartite Entanglement

The work in this chapter is reproduced from a collaborative paper [3] with Prof. Don Marolf, Dr.
Henry Maxfield and Prof. Simon Ross. In this chapter we analyze the 141 CF'T states dual to
hot (time-symmetric) 241 multiboundary AdS wormholes. These are black hole geometries with
high local temperature, n > 1 asymptotically-AdSs regions, and arbitrary internal topology. The
dual state at t = 0 is defined on n circles. We show these to be well-described by sewing together
tensor networks corresponding to thermofield double states. As a result, the entanglement is
spatially localized and bipartite: away from particular boundary points (“vertices”) any small
connected region A of the boundary CFT is entangled only with another small connected region
B, where B may lie on a different circle or may be a different part of the same circle. We focus
on the pair-of-pants case, from which more general cases may be constructed. We also discuss
finite-temperature corrections, where we note that the states involve a code subspace in each

circle.
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4.1 Introduction

The thermofield double (TFD) state

ITFD) =) e "/’T|E)|E) (4.1)
E

on two copies of a quantum field theory serves as the poster child for many ideas [12-15, 30, 48, 93]
relating the emergence of bulk geometry to entanglement in some dual theory. As explained in
[30], although a single copy of a CFT can be naturally dual to bulk quantum gravity with a single
asymptotically AdS boundary, the particular entanglements between the two copies described
by (4.1) allow it to be dual to a two-sided eternal black hole in which two distinct asymptotic
regions are connected by an Einstein-Rosen bridge?”. The state also typifies relations between
the area of codimension-2 surfaces and CF'T entanglement encapsulated in the Ryu-Takayangi
conjecture [12] and the covariant generalization by Hubeny, Rangamani, and Takayanagi (HRT)
[48]. Here and below we work in the regime where the bulk planck scale ¢, is small in comparison
with the bulk AdS scale {445 (which we generally set to 1), or equivalently where N > 1 in the
CFT (i.e., large central charge ¢ for a 1 +1 CFT).

In discussing |T'F D), it is natural to focus on the bipartite entanglement between the
associated two copies of the CFT. This entanglement has a special structure: as shown in [95],
the entanglement is both local and bipartite in the sense that, when studying regions of the CFT
of size greater than the thermal scale, a given region can be said to be entangled only with the
corresponding spatial region in the second CFT. In particular, when we consider regions A, B (in

the same or opposite CFTs) separated by more than this scale, the mutual information
I(A: B)=S(A)+ S(B) — S(AB), (4.2)

vanishes at leading order in large N. This result can easily be understood from a CFT path
integral point of view. In general, the thermofield double state is calculated by a CFT path
integral over a cylinder, linking the two copies of the spatial section the state (4.1) is defined
on. In the high temperature limit, this cylinder becomes short compared to its circumference, so
when we consider regions larger than the length of the cylinder, the resulting state naturally only

entangles regions on one boundary with the corresponding region on the other boundary.

2"Though there may be interesting subtleties; see e.g. [94].
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Figure 16: A simple tensor network displaying the localized purely-bipartite entanglement
characteristic of holographic |TF D) states at large N on scales longer than the thermal scale.
Each node represents a region in the CFT of scale longer than the thermal scale. We focus mainly
on CFT states on S* x R where one takes a high-temperature limit in order to fit many such
long-distance regions onto the circle, though one may equally-well consider the planar case. The
solid links are the entangling tensors implied by (4.1). The dashed lines guide the eye by linking

neighbouring regions in each of the two CFTs.

It will be useful below to visualize this result in the language of tensor networks; see e.g.
[96]. The rather trivial nature of the above entanglement then translates into a similarly-trivial

coarse-grained tensor network description of |T'F' D) as shown in figure 16.

While the thermofield double state is a useful simple example, it is important to find further
examples where we can understand the relation of bulk geometry to CFT entanglement structures.
We are also interested in exploring the role played by multi-party entanglement in connections
between 3 or more subsystems and what form it takes in the associated CFT states, see e.g.

[97-99)].

The vast literature on holographic entanglement has focused primarily on bipartite relations
between a given subsystem in the CFT and its complement, so that relatively little is known about
multiparty issues. One general result is the monogamy of holographic entanglement established
in [100]. But a more detailed investigation of multipartite entanglement was recently initiated
in [98] using a class of 2+1-dimensional black hole spacetimes [52-55] describing a collapsing
wormhole that connects n regions each asymptotic to (global) AdS;. When the corresponding
Euclidean geometries define the dominant saddle of a natural path integral, such geometries are
dual to entangled states on n copies of a 141 dimensional CFT on S! x R defined by a path
integral on a Riemann surface ¥ with n circular boundaries [30, 101-103]. The corresponding
entanglement was found to display a rich dependence on the moduli, including regimes of purely

bipartite entanglement, and others of strong multipartite entanglement. Interestingly, the strongly

108



multipartite regions identified in [98] corresponded to bulk black holes with temperature less than
the AdS scale®®. The recent work [104] describes an infinite family of generalizations of results

from both [100] and [98].

We focus below on the opposite limit in which all bulk black holes have high temperature.
The length of their horizons is then very large with respect to the AdS scale. We will show that
these geometries are dual to states constructed by sewing together copies of |TF D), as shown in
figure 17. The entanglement is thus both local and bipartite away from small regions containing

¢

certain “vertices” where the sewing involves three or more copies of |TF' D). From the CFT path
integral point of view, this arises because the boundary circles are large compared to the distance
between them; in a conformal frame where the boundaries are finite size, there are thin strips
joining them, corresponding to the short tensor networks in figure 17. In section 4.4 we will justify
this picture more quantitatively by showing that local pieces of the surface ¥ are described by
regions of BTZ up to exponential corrections. As a result, as in [105] tripartite entanglement
appears to localise in isolated AdS-scale regions of the bulk. Away from these vertices, the
construction of the state involves only the sewing together |T'F'D)’s of inverse temperature (;

and [, giving a local version of the |T'F' D) of inverse temperature 31 + 2. Since we focus on

1+1 CFTs, we henceforth refer to the limit of large central charge c rather than large V.

Note that nothing prevents sewing operations that link together disjoint regions in the same
CFT as shown in figure 17 (bottom). As we will see, this also provides an interesting picture in
our limit of CFT states dual to single-boundary black holes with internal topology. The reader
should thus be aware that, while we use term “multiboundary” below, this explicitly includes the

very interesting case n = 1 as well as n > 2.

One may expect each local piece of |T'F' D) in figure 17 (right) to correspond to a bulk region
whose geometry near t = 0 is well-approximated by a corresponding piece of BTZ. We show in
section 4.5 that this is indeed the case, and thus that bulk Ryu-Takayanagi (or, more precisely,

HRT) calculations are consistent with the entanglements shown.

We begin by reviewing aspects of general multiboundary wormholes and their relation to CF'T
states in section 4.2. Section 4.3 then studies the high temperature (equivalently, large horizon

length L) limit of the geometry of 3. We show that the region between the horizons in ¥ becomes

28Tt remains an open question whether such phases ever dominate the path integrals described above. But even if
not, one presumes them to be dual to some other class of CFT states whose entanglement must be correspondingly
multipartite.
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Figure 17: Two topologically-distinct ways in which three copies of the tensor network in
figure 16 can be sewn together (left figures) into a single tensor network (right figures) defining
a state on 3 copies of the system. The dashed lines (red in color version) internal to the left
diagrams guide the eye toward recognising the 3 constituent copies of the network in figure 16.
The gray nodes depict identifications between nodes which are identified by sewing together
copies of the network in figure 16. Links that meet across adjoining pairs of dashed lines are
contracted, establishing entanglement between the remaining boundaries (marked 1, 2, and 3).
In the bottom-left figure, two parts of the outermost tensor network are contracted with each
other, resulting in two well-separated regions of boundary 1 becoming entangled with each other
as shown in the bottom-right figure. As discussed below, all 3-boundary time-symmetric vacuum
wormholes with pair-of-pants topology (orientable with no handles) and large horizons correspond
at the moment of time-symmetry to one of the cases shown, or to the degenerate case that
interpolates between them, when described in the “round” conformal frame in which the energy
density is taken to be constant along each of the 3 boundaries. Although we show only a simplified
cartoon of the full tensor network, we argue below that sewing the actual |T'F'D) tensor networks
together in this way describes the corresponding CFT states with exponential accuracy away

from the two ‘vertices’ in each diagram where 3 |TF D)’s meet.

unimportant in this limit. This allows us to argue in section 4.4 that the CFT path integral
produces the structure described by figure 17. Section 4.5 then describes how this same result is
seen in the bulk HRT calculation and argues that the desired bulk wormhole does indeed dominate
the corresponding bulk path integral. Section 4.6 briefly addresses finite temperature corrections

and we conclude in section 4.7 with discussions of the general n-boundary case, internal topology,
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higher dimensions, and future directions. In particular we comment explicitly on examples with

n = 1.

4.2 Path integrals, states, and bulk geometries

We now commence our review. As is well known, the thermofield double state of inverse
temperature § is computed by the CFT path integral on the cylinder of circumference 27 and
height /2. Here one regards each of the two circular boundaries as the (say) ¢ = 0 slice of a
corresponding CF'T. The path integral between field configurations ¢;, ¢, on the two boundaries
then gives the wavefunction W(¢y, ¢5) of the joint state of the two CFTs.?? At sufficiently high
temperatures, the corresponding bulk path integral is dominated by a saddle point associated
with the Euclidean BTZ black hole. In this case we may say that, to good approximation, the
corresponding Lorentz-signature bulk black hole is dual to |TF D).

The cylinder of circumference 27 and height /2 plays two important roles in the BTZ
geometry. First, it is conformally equivalent to (half of) the boundary of Euclidean BTZ. This
is what allows Euclidean BTZ to be a saddle for the desired bulk path integral. But this same
cylinder is also conformal to the BTZ geometry at t = 0, which may be equally-well considered
as a slice of either the Euclidean or the Lorentzian black hole. This may be seen by recalling
[106] that Euclidean BTZ can be constructed as a quotient of global Euclidean AdS; (i.e., of the
hyperbolic three-space H*) by an isometry. The simplest statement requires two steps. One first
writes Euclidean AdS3 in terms of its slicing by hyperbolic planes H? (equivalently, by copies of
Euclidean AdS,) as

% = dt%, + cosh® tpd>?, (4.3)
where dX? is the metric on the unit-radius H?. One then quotients each H? slice by a discrete
group I' = {¢g" : n € Z} generated by some hyperbolic element g of its SL(2,R) group.*® The
action of ¢ and its fundamental domain in H? are indicated in figure 18. Since the different H>
slices in (4.3) differ only by the overall scale factor cosh® ¢, the same is true of their quotients.

The spatial slice at t = 0 (equivalently, ¢tz = 0) is thus conformal to the geometry at tp = —o0.

This is half of the Fuclidean boundary, with the other half being {5y = +00. We may therefore

29In this discussion we assume for simplicity that the CFTs admit (anti-unitary) time-reversal symmetries T'
which can be used to map bra-vectors to ket-vectors and vice versa, and which can therefore be used to construct
(4.1) from the thermal operator e~ 2°H.

30In other words, thinking of SL(2,R) as the Lorentz group SO(2, 1) of 2+1 Minkowski space this g must be a
boost preserving some spacelike direction.
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Figure 18: The quotient of the hyperbolic plane H? by I'. The pair of labeled geodesics are
identified by g, so the region between them forms a fundamental domain for the quotient. The

minimal closed geodesic H is the horizon for the resulting BTZ geometry.

write |TF'D) as given by the CFT path integral over the Riemann surface defined by the ¢t = 0
slice of the corresponding BTZ geometry.

This final conclusion can be extended to a much larger class of states. Any Riemann surface
¥ with n boundaries can be written as a quotient of H? by some discrete subgroup I's, of SL(2,R).
We may use (4.3) to construct a corresponding quotient of Euclidean AdS3, with ¥ conformal
to both the slices at t = 0 and tg = —o0. So long as this saddle point dominates the bulk path
integral with boundary conditions defined by the tg = —o0 slice, to good approximation the
corresponding Lorentz-signature bulk solution — given by substituting ¢tz = —it into (4.3) —is dual
to the CF'T state defined by the path integral over the slice at ¢ = 0. For notational simplicity
we identify ¥ with this slice below and write the CFT state as |X). These quotients of AdS;
were first considered in [53], and the holographic relation to |¥) was introduced in [101-103]. An

exploration of the entanglement properties of these states was initiated in [98].

The Lorentz-signature solutions describe wormholes connecting n asymptotically-AdSs bound-
aries. By topological censorship [107, 108], each boundary is associated with a distinct event
horizon. A special property of AdS3 vacuum solutions is that the geometry outside each event
horizon is precisely that external to some BTZ black hole. This allows us to define a useful
“round” conformal frame, in which the usual rotational symmetry of this BTZ region is a symmetry

of the boundary. That is, for each of these exterior regions there is a coordinate ¢; such that
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Oy, 1s an exact rotational Killing field in the region outside the horizon (and in fact in an open
neighbourhood in the interior of the horizon as well). The round conformal frame is the one in

which the CF'T lives on a spacetime with standard cylinder metric
ds* = —dt* + d¢? (4.4)

with ¢ ~ ¢ + 27. In addition, the BTZ exterior implies that the bifurcation surface of each
horizon — where the future and past horizons meet — is a geodesic in the t = 0 surface. The key

novelty in the n > 2 cases is the existence of a “causal shadow” region in between these horizons.

Our ideas will apply to a codimension one limit in the moduli space of such Riemann surfaces
for any n, but for simplicity we will focus our discussion on the case where ¥ is an orientable
surface with three boundaries and no handles. Such surfaces are topologically the same as a
pair of pants. This is the simplest non-trivial example, and is also a primitive building block
for constructing other cases, since a general orientable Riemann surface can be constructed by
sewing together pairs of pants. The relevant quotient of H? is depicted in figure 19. The moduli
space of pair-of-pants Riemann surfaces can be parametrized by the lengths L, (a = 1,2, 3) of
the three horizons, which as usual we take to be measured in units with £449 = 1. Without loss

of generality we take L3 > Ly, Ly. The causal shadow is the region in between these geodesics.

Properties of such states were explored in [98], with most emphasis on the so-called puncture
limit L, < 1. In particular, [98] showed that in this limit ¥ is conformal to the Riemann sphere
with small holes removed around n points, and hence |X) can be related to an n-point function in
the CFT. For the three-boundary case, the state was determined up to some constant factors to

be, in the round conformal frame,

[2) =Y Cigpe P30 e300 ), | | k), (4.5)
ijk

where

Bo=Pa—2Inr; —2In3, (4.6)

and Cjj;;, are the three-point OPE coefficients, 8, = 4L7T—2 is the inverse temperature of the BTZ
geometry associated with the region near the a’th boundary, and r4 is an undetermined constant
independent of the moduli. The rather explicit expression (4.5) exhibits both dependence on the

structure of the CF'T and Boltzmann-like suppression factors similar to the thermofield double
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Figure 19: The surface X as a quotient of the Poincaré disc for n = 3. The pairs of labeled
geodesics (blue and red in colour version) are identified by the action of I'. The region of the
Poincaré disc bounded by these geodesics provides a fundamental domain for the quotient. Bj,
By and By = By, U B;_ become the desired three circular boundaries. There are corresponding
minimal closed geodesics Hs, Hy and H; = H;, U H;_. The lengths L, of these geodesics fully

characterize the geometry of X.

state.

4.3 Geometry of Y in the high temperature limit

Our current aim is to elucidate the structure of |X) in the limit L, — oo with fixed ratios L/ Ly.
This is the opposite of the limit emphasized in [98, 105]. We assume L3 > Lj, Lo, so the ratios
Ly/Ls, Ly/ L3 take values in (0, 1]. In this limit, the geometry of ¥ again simplifies. The essential
point is that the causal shadow region will play a relatively unimportant role. We will focus on
the pair of pants case, but the discussion is easily extended to arbitrary Riemann surfaces. We

comment on this extension in section 4.7.

Our limit can be characterised as a high temperature limit, in the sense that the BTZ horizon
in each of the exterior regions becomes large compared to the AdS scale (as for a high 7' BTZ
black hole). But we note that the restriction of the state |X) to a single boundary is not necessarily
even approximately thermal: as discussed in [98], when one L, is larger than the sum of the other
ones, reduced density matrix in that exterior region has much less entropy than the thermal value

at the same energy.

To understand the geometry of X in our limit, it is useful to introduce a different presentation
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Figure 20: The region >, bounded by the geodesics G, half each of By, Bs, and By, shown in
the Poincaré disc (left) and the BTZ frame strip (right). The BTZ presentation is chosen to place
the half-horizon Hj, along the BTZ horizon. The geodesics G13, Gz are respectively the lines

r=—-F 1= %. In contrast, GG15 lies in the upper half of the strip; its endpoints have z = z1, x5

with p = +o00. Half each of By, By is mapped respectively to the line segments x € [—%,xl],

T € [xg, %] at p = oo respectively, whilst half of B3 is mapped to p = —oo. The corresponding ¥

is the symmetric region below Gas in the Poinaré disk (left) and has an identical representation
in the BTZ strip.

using two patches with BTZ coordinates on each3!. We split figure 19 in half along the horizontal
geodesic (not drawn explicitly) joining boundaries By and B,. This divides ¥ into two identical
regions X, each containing half of each horizon H,. The surface Y is then recovered by gluing
together >, along three geodesics, the two identified geodesics in figure 19 and the new split. We
label these geodesics Gy, = Gy With a # b labelling the boundaries they run between; see figure
20 (left). They can be described more formally as the fixed points of a Zs isometry of 3, which
acts as a reflection ¢ — 2w — ¢ in the round conformal frame on each of the boundaries (with
appropriate choices of the origin ¢ = 0 on each boundary). The event horizon H, of boundary a
is the unique geodesic that runs orthogonally between the two geodesics Gy, Gae (b # ¢) that

end on boundary a. Our partition of ¥ into > also breaks each horizon H, into two pieces H,.

It is useful to describe ¥4 in planar BTZ coordinates.*? Consider for definiteness ;. We

31Tn the actual history of our project, this description was also inspired by computing mutual information on
pairs of pants with large L, using the technology of [109].

32By planar BTZ we mean the usual BTZ coordinates with no identification on the spatial coordinate on the
boundary; this provides a coordinate system on the whole of H?, thought of as the ¢ = 0 surface in AdS3. Since
our X4 are subregions of H2, they can be conveniently described in these coordinates.
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(a) Li+ Lo > Lg

(b) L1+ Ly~ Ls
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(C) L3> L1+ Lo

Figure 21: Half of the pair-of-pants (either ¥, or ¥_) described as a region in planar BTZ.
Three examples are shown representing distinct regions of moduli space: L; + Ly > L3 (top),
L1 + L2 ~ L3 (mlddle), Lg > L1 + L2 (bOttOHl).

choose the BTZ coordinates to be

dshry _ dp?
Cas PP +1

+ (p* + 1)da?, (4.7)

with p € (—o00,00). Thus our reference BTZ solution has inverse temperature 2. Without loss of
generality, we take L3 > Lo > L; and orient X, such that the portion of H3 in ¥, lies along the
horizon at p = 0, and the boundary Bj lies at p = —o0, in both cases for = € [— L3 /4, L3/4]. Since
the geodesics G13 and Gy intersect Hs orthogonally, they will lie at © = —L3/4 and x = L3/4 in
these coordinates. The other two boundaries By and Bs lie at p = oo, for x € [—L3/4, 1] and
x € |29, L3/4] (with 21 < 23), and the remaining geodesic G5 runs between these points x1, 5.
The portions of Hy, Hy in ¥ are the geodesics running from the edges of the strip to meet G5

orthogonally. These coordinates are illustrated in figure 20.
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The half-surface ¥, is thus a strip « € [—L3/4, L3/4] in the planar BTZ coordinates, with
a bite cut out of the middle above G15. It is important to emphasize that the boundaries at
—L3/4, L3 /4 are not identified with each other; instead they and Gj, are identified with the

corresponding boundaries in a second copy of this region.

In general we could check that a subregion of planar BTZ in the coordinates (4.7) we consider
covers half of the pair-of-pants geometry by taking the explicit forms of the metric in the inner
and outer charts for the pair-of-pants wormhole found in [103]. There, maps from the outer and
inner charts of the pair-of-pants to portions of the Poincare patch of AdS3 are given. Relating
these coordinates to our BTZ coordinates would allow us to determine an explicit map from half
of the corresponding ¢ = 0 slice to the region of planar BTZ illustrated in figure 20 (right). We

do not do this calculation here.

As we verify in appendix B, varying the endpoints x1, 25 of B, By generates all possible
lengths Ly, Ly for the remaining horizons Hy, Hy and the map (z1,xs) — (L1, Ls) is both smooth
and one-to-one. When we take the limit of large L, (at fixed ratios), the results simplify, with a

form that depends on the relative lengths. For Ly — (L; + Lo) > 1,

L, L Ly Lo
~ B 0g2 2y~ 2222 02 4.
T~ o= —log 2y wy ~ = o Flog2, (4.8)

where the tildes (~) represent agreement up to exponentially small corrections. Note that up to
a fixed order-one offset, the endpoints are respectively L;/2 and Ly/2 from the ends of the strip.
In the complementary case Ly — (L; + Ly) < 1, we find instead

(4.9)

ri+a2 Li—Ly wp—x1 L4 Ly — Ly
2 i 2 P 4 '

In our BTZ presentation, the long length of H3 corresponds directly to the large width of the
strip. The horizons Hy, Hy are also long as a result of extending over a large coordinate distance
in the x direction and possibly also from extending out towards the boundary of the strip at large
p. If both of them together are shorter than Hj (L; + Ls < L3), they terminate on G in the
interior of the strip, staying within an order one distance from the horizon Hj3 at p = 0 along
their whole length, as in the last panel of figure 21. When the sum is larger (which includes the
case where the three lengths are equal), the length of the interval x5 — 2 is exponentially short,

hence Hi, H, meet G5 at large p, as in the first panel of figure 21. In both cases, H; and H,
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approach Hj exponentially for |x — x5 > 1.

The contributions to Ly, Ly from the width of the strip or from H; and Hs running to large
p look different, but we should remember that ¥, treats the three horizons symmetrically, so
this is just an artifact of our choice of coordinates. The symmetry can be made manifest in an
appropriate Poincaré disk representation; see e.g. figure 8 of [98]. The relationship between any
pair of horizons is thus much the same; consider for example H; and Hs. We can see explicitly
from the calculation in appendix B that the minimal distance between them is exponentially
small, and that they remain exponentially close over a large region. Thus, the area of the causal

shadow region remains finite even as their length becomes large.

In fact, since the boundaries of the causal shadow are closed geodesics (and thus have vanishing
extrinsic curvature), the Gauss-Bonnet theorem requires this area Acg to be independent of the
moduli L, (for any fixed genus g and number of boundaries n). For the pair of pants we find
Acs = 2m; more generally Acg = 2(n — 2 + 2g)w. As we will see in the next section, this implies
that the causal shadow region plays little role in the path integral construction of the CFT state
|X) at high-T.

In the case where Ly — (L + Ly) > 1, the endpoints of the geodesic G2 are far apart
in coordinate distance, and it will also be exponentially close to Hz over most of its length.
When we glue >, and ¥_ to form 3, the section of Hj that is close to G2 will lie close to the
corresponding section of Hy in ¥X_, as in figure 17 (right). All remaining cases with Lz > Lo > L

are intermediate between the two just described.

4.4 The CFT state at large L,

Let us now consider the implications of the above results on the structure of ¥ for the CFT state
|¥). In this section we will argue for large L, that |X) will be described to exponential accuracy
by figure 17 (right). In particular, when restricted to appropriate regions it agrees to exponential
accuracy with the corresponding restriction of a thermofield double state |TF D). We also show,
under the assumption that non-handlebody contributions can be ignored, that the Euclidean bulk
geometry (4.3) dominates the bulk path integral defined by using ¥ as the conformal boundary.
It follows that, to exponential accuracy, our bulk pair-of-pants wormhole is dual to the state

described by figure 17 (right).

Recall that |3) is defined by the CFT path integral over Y. We will use the BTZ representation
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of ¥4 associated with figure 21 to break ¥ into three pieces ¥; 3 that are topologically cylinders,
corresponding to figure 17 (left). Each piece ¥, will contain the entire pair-of-pants boundary
B,, but no portion of the boundaries By, for b # a. The decomposition is defined by drawing a
graph in X as shown in figure 22. As noted in the figure caption, far from the vertices the piece
Y., nearly coincides with the region E, of ¥ exterior to H, (i.e., lying between H, and boundary
a). The geometry in this latter region is just that of the appropriate BTZ solution outside the

horizon and is conformal to a round (rotationally-invariant) cylinder.

We wish to regard both E, and 3, as path integrals constructing states |E,), |X,), each
of which is defined on two copies of our CFT (on the outer and inner boundaries of E, or ¥,
respectively). Indeed, we may write |Z,) = S,|E,) where S, is the operator defined by the path
integral over the causal shadow region S, = ¥,/F, in 3, beyond the horizon H,. We specify
the conformal frames of all states by again taking ¢, to define the standard angle on the CFT
cylinder; this involves a natural extension of ¢, through the causal shadow S,. The region S,
is topologically an annulus and so can be conformally transformed to a cylinder. But S, is
exponentially thin over most of its circumference; indeed, setting a = 3 (so that we may replace
¢3 by 27/ Ly times the BTZ ) and multiplying the BTZ metric (4.7) by €,5¢(1 + p?)~! gives a
metric

dsg, = da® + dy?, (4.10)

where y = tan™! p ranges over [0, f(z)] with f(z) is exponentially small far from the vertices of
our graph. Introducing § = y/f along with & such that d¥ = dz/f, and multiplying (4.10) by
2 gives a metric

[2dsy, = di” + (dg + f'ydz)?, (4.11)

where f' = df /dz, on cylinder of unit height § € [0, 1] but with exponentially large circumference.
The metric is not flat, though it differs from the standard cartesian flat metric dz? + dg? only by
exponentially small corrections proportional to powers of f’. It follows that there is a further
conformal transformation to a metric cylinder of unit height — and with exponentially small
difference in circumference from the range of & — whose action on the region far from the vertices

is exponentially close to the identity map33.

Rescaling this cylinder to one of circumference 27 allows us to write the path integral over S,

33Here we use the fact that conformal transformations satisfy an elliptic equation with a Green’s function that
decays exponentially along a strip. We expect that similar arguments are common in the literature, but for a
specific example the interested reader interested in details may consult for comparison e.g. section 3.1.1 of [98].
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Figure 22: The decomposition of ¥ into pieces ¥4, Yoy, 23+. We then glue ¥, to X, along
the relevant GG,; to make pieces ¥, conformal to cylinders with >, containing all of boundary a.
The decomposition is determined by a graph. In cases (a) and (c), the graph has two trivalent
vertices. In case (a) each piece X4 contains one vertex vy. The 3 edges of the graph each connect
vy to v_ running between two distinct horizons H,, H, for a # b. In case (c) both vertices v, v/
lie on the cut along G1s, as does the edge that connects them. The other two edges are loops
connecting v to v or v’ to v’. One lies between H; and Hs3 while the other lies between Hy and
Hj. Case (b) represents a degenerate limit interpolating between the two in which we choose to
fuse the two vertices into a single 4-valent vertex lying on G15. The graph has two edges, each
of which are loops. One lies between H; and Hsz while the other lies between Hy and Hs. In
the regions far from the vertices the pieces ¥, 23 defined by cutting > along the edges of the
appropriate graph differ from the cylinders defined by the regions outside horizons H; 23 only by

exponentially small amounts.

in terms of the operator e ¥ with exponentially small 3. Up to exponentially small corrections,
this operator acts as the identity with respect to degrees of freedom associated with spatial regions

of order-one size as measured by the original spatial coordinate ¢,. So far from the vertices we
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may identify |E,) and |X,) with exponential accuracy.

On the other hand, the exterior region F, is half of the BTZ t = 0 surface, so |E,) is given
by a path integral over a cylinder of length /4, so it is a copy |TF D), of (4.1) at twice the
temperature of the associated bulk horizon. Thus |3,) is, up to exponentially small corrections, a
thermofield double state. Recall that for large L, such |TF D), are described by a tensor network

of the form shown in fig. 16.

It remains only to sew the |X,) = |TF D), together into |X). The sewing procedure is defined
by the way the path integrals 3 o 3 combine to form ¥. Away from the vertices of the graph, this
identifies the horizons in E 5 3: for Ly + Ly > Lg, parts of Hs are identified with each of H; and
H,, and the remaining parts of H; and Hy are identified with each other. For Ly + Lo < L3, H;
and Hy are each entirely identified with corresponding parts of Hsz, and the remaining regions
of Hs along (G1, are identified with each other. Since the sewing operation on path integrals
coincides with the sewing operation on tensor networks — one simply sets all arguments equal
along the seam and integrates over allowed values®'— this implies that the state |X) is given to
exponential accuracy by fig. 17 (right), with the top picture relevant for L; + Ly > L3 and the

bottom picture relevant for L; + Lo < Ls.

Finally, we also wanted to see that |X) is dual to our bulk geometry with moment of time
symmetry Y. As in [98] we assume that the dominant saddle of the associated bulk integral
is a handlebody. The other possible bulk saddles discussed in [98] correspond to disconnected
Lorentzian geometries. It is natural to expect this saddle to dominate at large temperatures,
by analogy to the familiar result for |TF D) that disconnected solutions dominate only at low
temperatures. But one can now make a further argument based on entanglement. If the HRT
proposal is correct, and in particular if entanglement is associated with extremal surfaces in the
real Lorentz-signature geometry, the disconnected geometries cannot reproduce the entanglement
structure of figure 17 (right), which involves entanglement between the different boundaries at
leading order in the central charge. It would be interesting to verify this conclusion by direct

computation of the Euclidean actions, as it would serve as a check on HRT.

34Here for simplicity we again make use of the time-reversal symmetry mentioned in section 4.2 to turn
bra-vectors into ket-vectors.
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4.5 Holographic entanglement calculations

The previous section used the CFT path integral to show that the CFT state |X) is given by
figure 17 (right), so that the state has local bipartite entanglement with the same local structure
as the thermofield double state. In this section we will buttress that argument by showing that
our picture of the geometry of ¥, now thought of as the ¢ = 0 surface in the bulk spacetime,
gives consistent results for entanglement from holographic Ryu-Takayanagi calculations. Indeed,
in the history of our project we originally discovered that the state had this simple bipartite
structure by performing these holographic calculations explicitly. We consider the entanglement
for a region in boundary 3, since our coordinates are adapted to this boundary, but by symmetry

similar results apply in the other cases.

Consider first a region in boundary 3 where the horizon Hj is exponentially close to either H
or Hy, that is x; —x > 1 or x — x5 > 1. In the exterior region Ej3, the planar BTZ coordinate
x is identical (up to a scale and a shift of origin) to the round conformal frame coordinate ¢3
defined in section 4.2: ¢3 = i—’;x In the other exterior region, at similar x but outside Hy, Hs,
because the horizon H; » is exponentially close to H3, the planar BTZ coordinate x agrees with
¢12 (up to a scale and a shift of origin) up to exponentially small corrections. We can take for
example ¢, = i—’lrx This is manifestly true near p = 0 (see (4.7)) and continues to hold at large
p due to the properties of geodesics in hyperbolic geometry®®. So for z; — 2 > 1, x — 25 > 1

we may take x to define the round conformal frame on all three boundaries up to exponentially

small corrections.

The above relations allow us to easily map those geodesics involved in any HRT calculation
of the mutual information between subregions of boundaries 1 and 3 (or 2 and 3) that lie far from
x1, 9 to geodesics in BTZ. The BTZ calculation was studied in [95], who found that for regions
much larger than the thermal scale, the mutual information is simply proportional to the size of
the overlap between the two regions. The overlap is maximal when the two regions are directly

opposite each other, in which case the high-temperature result (3.27) of [95] becomes

L (Ap+2m— (27— A¢)) L A¢
4G 2m T 2G 21

35Two geodesics on H? fired at slightly different angles from the same point will diverge exponentially as
measured by the proper distance separating them as the curves approach the boundary. So curves of constant
¢1,2 and x that meet at the horizon also diverge in a similar manner near the boundary. But two geodesics fired
orthogonally from different points x’, 2’ of the horizon again diverge exponentially at precisely the same rate. So
a curve of constant ¢; o that meets the horizon at #’ with |2’ — z1 2| > 1 will meet the boundary at some " with
|z"" — 2’| still exponentially small.

I(A:B)=S(A)+S(B)—S(AUB) = + O(LY). (4.12)
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Applying appropriate scalings to (4.12), the mutual information between corresponding regions
of boundaries 1 and 3 with z; — 2 > 1 is

Ls Ags

0(1) = 252+ 0(). (4.13)

_ Lidg

1
I(A:B) = s=8e+0(1) = 7557

2G

In addition, since the region of boundary 1 with x; — z > 1 is well-separated in the bulk from
the region of boundary 2 with x — x5 > 1, it also follows that these two regions share no mutual
information. The situation is exactly similar for the region in boundary 3 with x — x5 > 1, which

has a mutual information of the same form with a region in boundary 2.

If |xo — x1| < 1, there are large parts of Hy, Hy that are far from Hj, and so have yet to
be described. This indicates that there are large intervals of ¢,, along boundaries 1 and 2
with z-values close to the endpoints x1, x5. But it also implies a large conformal transformation
between the round conformal frame for B;, By and the planar BTZ coordinate x. As a result,
the renormalized length of any geodesic connecting boundary 3 to these regions of boundaries 1,2
is very long and HRT calculations give no mutual information between boundary 3 and these

regions.

For |xs — 1| < 1, the above results describe the entanglement properties of boundary 3, with
the exception of a region with length of order the thermal length scale (which in the planar BTZ
coordinates is of order the AdS scale) near x1,z5. So away from the vertices the entanglement
structure obtained from bulk calculations corresponds precisely with that predicted by the state

pictured in the top panel of figure 17, given by sewing together thermofield double states.

We now turn to the complementary case |xo — 21| > 1. There is then a large region of
boundary 3 not covered by the regions z; —x > 1, x — x5 > 1 studied above. But across the
region satisfying both z — z; > 1 and x5 — x > 1, the geodesic G5 lies exponentially close to
Hjs. So sewing together >, and > _ in this region is well-approximated by simply gluing to each
other the boundaries of E3 (the region outside Hs; the lower half of each diagram in figure 21)
along Hs; i.e., the result is well approximated by the region of the two-sided BTZ geometry with

1 <T < To.

Note that the two asymptotic boundaries of this new BTZ geometry are identified with
different regions of boundary 3 coming respectively from ¥, and ¥_. In particular, since our
slicing of the pair of pants into >, was performed using the Z, reflection symmetry, we see that

a given value of x with x; < x < x5 corresponds both to some point ¢3 and also to 27 — ¢3 in
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terms of the usual coordinate on boundary 3 that defines the round conformal frame. Thus, in
this case the mutual information of a region in boundary 3 with the corresponding region on the
opposite side in boundary 3 will be as given in (4.13), supporting the local thermofield-double like

entanglement between the two pieces of this boundary as indicated in the bottom panel of fig. 17.

4.6 Finite size corrections

We have shown that [2) has a simple structure in the high temperature limit. To use this as a
systematic approximation to the state corresponding to finite-size wormholes, it is interesting to
investigate finite-temperature corrections to this. In this section we will consider this first for the

simple two-boundary case and then for three boundaries.

4.6.1 Two boundaries

In the two-boundary case, we want to understand and characterise the departure from the trivial
network pictured in figure 16. The departure will be significant when we consider small regions,
of order the thermal scale or smaller. For simplicity, we diagnose this by considering the mutual

information between a subregion in one boundary and the whole of the other boundary.

The key finite temperature effect is that, for small regions, there is a competition between
different possible minimal surfaces in the bulk homologous to A. For S(A), we need the smaller of
[(a), the length of the minimal (connected) geodesic v4 homotopic to A, or I(y4c)+ L, where y4e
is the minimal (connected) geodesic homotopic to A¢ and L is the length of the closed geodesic
at the horizon. Similarly S(A) is determined by either [(v4,.) or {(v4) + L, and there is an

interesting competition between these two possibilities when A is nearly the whole boundary.

At high temperature the geodesics 74, v4, behave as shown in figure 23. As a function of the
angle ¢, they drop quickly from the boundary to the horizon, hug the horizon while traversing an
angle nearly 2m — A¢, and then quickly return to the boundary. One thus finds

I(ya) = L?—f +O(LY), I(yae) =L (1 — g—f) +O(L), (4.14)

which reproduces the behaviour in (4.12) found in [95].

At finite L, corrections to (4.14) are exponentially small in L when A and A° are larger than

the thermal scale, and the entropy remains close to linear in A¢. But for any finite L there is a
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Figure 23: The geodesics giving, in the high-temperature limit, the phases of entanglement
entropy of the union of a pair of intervals (cyan) lying on opposite boundaries, along with the
event horizon added to satisfy the homology constraint, marked by the horizontal dashed line.
When one of the intervals is a whole boundary, there are only two relevant phases (left), otherwise
a third phase (right) may dominate, for which the corresponding geodesics cross the horizon and

have endpoints lying on opposite boundaries.

Figure 24: Left: Plot for L = 10 of the mutual information I(I;;2) between an interval I; of size
A in B; and all of Bs, as a function of A, scaled by the maximal value 2S. The mutual information
increases approximately linearly in A and becomes non-zero at the phase transition where A ~ [~!
(vertical line near left edge). Right: Plot of the deviation in the mutual information shown at
left from the high-temperature estimate 2.5 %. This deviation is very small; for readability the
vertical scale has been magnified relative to the left-hand plot. The deviation is most significant

for small and large values of A, and decays exponentially in L at intermediate values as expected.

Ryu-Takayanagi phase transition when either A or A becomes sufficiently small. In that regime
the relevant entropy S(A) or S(A¢) becomes controlled by the disconnected geodesic. Thus, when
the length of A falls below 27 log2/L + O(e~L/L) one finds I(A : B) = 0. For A¢ smaller than
this threshold, one finds I(A : B) = 25(B) = 2. Plotting the full (A : B) at large but finite T
clearly shows these “plateaux” as in figure 24. These plateaux were studied in [110]; they can be

characterised in terms of saturation of the Araki-Lieb inequality as discussed in [111].

The fact that small intervals do not capture the entanglement with boundary 2 indicates

that this information is encoded in a way that is non-local on the thermal length scale. This is
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not surprising, but it is useful to note that this correction to the large L picture has a natural
expression in the language of [59]. It says that at finite temperature the information about the
entanglement between the two boundaries is not encoded locally in degrees of freedom at individual
spatial points, but rather in a code subspace in each boundary, which entangles individual spatial
degrees of freedom on the thermal scale. The ability to recover all of the information from any
sufficiently large spatial subset of the degrees of freedom is the characteristic signature of such
encoding in a code subspace. In [59], the size of the region needed to access information in a code
subspace was related to the radial location of the bulk region encoded. Similarly, in BTZ this

size is related to the radial position of the horizon.

On a related note, the plateau at large A¢ appears precisely when the Ryu-Takayanagi surface
for region A is v(A) plus the horizon. In other words, it occurs precisely when the so-called
entanglement wedge [93] — the region inside this Ryu-Takayanagi surface — reaches all the way to
the horizon. Indeed, in this case we see that it touches each and every point on the horizon and
on A’s side of the horizon it misses only a small part of the space near A¢. This suggests that the
bulk near-horizon degrees of freedom are encoded non-locally in the CFT in such a way that they
can be perfectly recovered from a large spatial subset A that remains slightly smaller than the

entire boundary.

4.6.2 Pair of pants

For the pair of pants, we again study finite temperature corrections by considering the departure
of the mutual information between a region in one boundary, say boundary 3, and the whole of

another boundary, say boundary 1,

I(Ag . 1) == SA3 + Sl — SA3U1, (415)

from the approximation suggested by (4.13). As for the two boundary case, we expect the
main departure to come near transitions between different phases, where different geodesics are
exchanging dominance in the calculation of the holographic entanglement entropies. For this case,
the phase transitions depend on two parameters: the size of A3 and its location on boundary
3. The different possible phases for S(A3) and S(As U B;) are illustrated in figures 25 and 26

respectively.

The calculation of the associated geodesic lengths can be easily automated using the description
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(a) Phase 1: 1 (b) Phase 2: g;

(c) Phase 3: 92_1 (d) Phase 4: 9291_1

Figure 25: The geodesics giving the four possible phases of entanglement entropy of a single

interval, in red, along with the event horizons added to satisfy the homology constraint, marked

by dashed lines.

(a) Phase 1: 1 (b) Phase 2: g;*

=1

) Phase 3: g2 ) Phase 4: gggf

NG

Figure 26: The geodesics giving the four possible phases of entanglement entropy of the union
of a single interval A; and the whole of boundary 2, in red, along with the event horizons added
to satisfy the homology constraint, marked by dashed lines.

of the geodesic lengths as traces of corresponding SL(2,R) group elements exploited in [109].
The lengths of the relevant geodesics can be found by computing the appropriate matrix products
and traces. While the exact form of the answer is complicated and unilluminating, the general

structure is fairly simple, being built mostly from polynomials in parameters encoding horizon
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Figure 27: Deviation of the mutual information I(A : Bj) between a region A = {¢3 €
[0 — Ap/2, 0+ A¢/2]} in By and the whole of boundary 1 from the piecewise-linear form implied
by figure 17 (lower right) for Ly =9, Ly = 15, L3 = 30. We plot the ratio between the error and

the maximal mutual information (twice the entropy of B;). Here ¢3 = 0 is the leftmost point in

figure 17 (lower right) and for comparison the inverse temperature f3 is % ~ 1.3. The error is

exponentially small in L, except in a region of thermal scale around certain phase transitions,
where the order LY terms in (4.13) contribute. The diagonal lines with largest error occur where
an endpoint of A leaves the region of B3 entangled with B;. The vertical lines with similarly

large error are along a plateau phase transition, as occurs in the two boundary case.

lengths and the position of the interval. With a list of all contributing monomials in hand, finding
the length in the large L limit is equivalent to finding the maximum of a set of linear functions.

This calculation is implemented in Mathematica by performing a truncated series expansion.

Of course, the full series can also be computed numerically. The results are summarized
in figure 27, which shows numerical results at finite-temperature for deviations from the high-
temperature approximation (4.13). The errors are indeed largest near the regions where nearby
horizons are not exponentially close (i.e., where the causal shadows become large) and for intervals
of size comparable to the thermal scale. Such regimes are close to phase transitions in the mutual

information, where pairs of minimal curves exchange dominance.

In addition to the bipartite entanglement, at large but finite temperature one expects to find
tripartite entanglement associated with the shadow region between the horizons. But as noted
above the area of the pair-of-pants causal shadow is Acg = 27 in AdS units for all values of the
moduli L,. Chopping off the exponentially thin “arms,” it can be useful to model this region as

an AdS-scale disk. This is quite reminiscent of the picture obtained in the tensor network model
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of the AdS vacuum in [105], where different spatial regions mostly had bipartite entanglement,

with a residual multipartite component corresponding to an AdS-scale region.

4.7 Discussion

Our main result is that, in the limit of large black hole horizons, the pair-of-pants wormhole in
241 gravity is dual to a CFT state formed by sewing together thermofield doubles in one of the
manners shown on the right of figure 17, or to the degenerate case that interpolates between
them. We showed this by directly analyzing the CFT path integral defining the state |X), and
used consistency with bulk holographic calculations of the mutual information to argue that the
Y-wormhole dominates the associated bulk Euclidean path integral. We focused on the pair of
pants for simplicity but — as will be discussed further below — it is easy to extend the central

aspects of our discussion to more complicated wormhole spacetimes.

We also focused on the case of circular boundaries, but the same conclusions apply to the
planar case. In 241 bulk dimensions, such high-temperature n-boundary planar cases are just
AdS3 in non-standard coordinates corresponding to performing certain conformal transformations
on the dual CFT vacuum that are singular at n points on the circle, with each segment running
between two such singular points representing a distinct planar boundary. One may also consider

wormholes having both planar and circular boundaries.

Let us now briefly describe the extension to more general Riemann surfaces. Recall that a
general orientable Riemann surface ¥ (other than the sphere or annulus) can be decomposed into
pairs-of-pants. Let us think of 3 as the t = 0 slice of a wormhole spacetime with n boundaries
each asymptotic to AdS3;. Then the surface contains geodesics H; (i = 1,2,...,n) that define
bifurcation surfaces of the event horizons for each boundary. In addition, it contains a number
of internal geodesics. Each pair-of-pants decomposition of ¥ corresponds to cutting > into
pair-of-pants pieces along some set of these internal geodesics. It will be convenient for us to
also cut along the H; so that we in fact decompose ¥ into n cylinders C; and some number of
pair-of-pants pieces >;. In a somewhat redundant notation, we will refer to the geodesics forming
the three boundaries of ¥; as Hy, for a = 1,2, 3. Note that the set of Hj, includes the horizons
H;. In this decomposition, the moduli space of the Riemann surface is parametrised by the
lengths Lj, of the Hy, and the twists 0, specifying the relative rotation between the two pairs of

pants on the internal geodesics where we are sewing pairs of pants together.
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Figure 28: A decomposition of the torus wormhole (left) with one boundary B into a single pair
of pants ¥; and a single cylinder C;. Taking boundary 3 of ¥; to adjoin C}, we see that there are
three distinct moduli: the length Ly of H, Ly = Ly = L, and a possible twist 6. Tensor networks
for § = 0 dual CFT states with large Ls, L are also shown for Ly < 2L (middle) and Lz > 2L
(right). In both cases, corresponding cyan and orange links are to be identified as dictated by the
twist angle 6. For # = 0, this identification is reflection about the vertical axis through the center
of each diagram. (Without this reflection, the spacetime is a punctured Klein bottle instead of a
torus.) The cyan and orange links should be viewed as exponentially short, while the black links
have length /2 set by the inverse effective temperature § of the black hole. So for # = 0 these
identifications generate exponentially short closed loops which can be removed from the tensor
without changing the state at leading order in large Ls, L and central charge c. See discussion in

main text below.

Each ¥; has the same geometry as the causal shadow region lying between the three horizons
in figure 21 as defined by the corresponding Ly,. So each ¥ has area precisely 27, independent
of moduli. Any Hj, which is long will lie exponentially close to another Hy, (or another region of
the same Hjp,) across the causal shadow region. As a result, a large number of such ¥; can be
sewn together without introducing an appreciable causal shadow or an appreciable reduction of
the local energy density along each boundary. Away from the special points in each boundary
corresponding to vertices in our previous discussion, the effective |T'F' D) temperature remains
uniform in the round conformal frame specified by the cylinders C;. Note that this is needed for
consistency with the fact that the solution is precisely BTZ outside each horizon H;, so that each
boundary has constant energy density in our round frame®. Some simple examples are shown in
figures 28 and 29, the former being a 1-boundary wormhole whose causal shadow at t = 0 has the

topology of a punctured torus.

36When the number of such pieces becomes comparable to the lengths L; of the horizons H;, the qualitative
effect on the CFT state |X) will depend on how these pieces of causal shadow are distributed along each boundary,
and in particular on whether any regions of the boundaries do in fact remain far enough away to retain their
|TEFD) description.
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Figure 29: (Left diagrams) Two pairs-of-pants ¥ and ¥’ are each cut along Hjs (red) and
the pair of interior portions are sewn together along the cuts with twists § = 0, 7/2, 7 to form
a four-boundary wormhole. Here we consider the case with L3 > L1 + Lo, Ly > Ly + Ly. In
(a,c left) each pair of pants is bisected by an additional closed geodesic (not shown) that runs
vertically around the diagram. In the high-temperature limit, the corresponding entanglement
structure is given by identifiying the outer boundaries Hs 3 of a pair of “eyeglass” diagrams,
shown in red on the right-hand figure. This identification entails a twist 6 which is represented
by the dot in each cut which are identified across the join in accordance with the twist. For § =0
(top) we infer that boundaries 1 and 2 are each entangled only with 1" and 2’ respectively. For

T

0 = % (middle) and the chosen values of L, intervals within any given boundary are entangled
with intervals in each of the others. The pattern of such entanglements become chaotic at generic
0, though a twist in this setting never entangles two distinct intervals within the same boundary.

For § = 7 (bottom) boundaries 1 and 2 are each entangled only with 2" and 1’ respectively.
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Interesting new behaviour can arise as a function of the twists as we sew together pairs of
pants with the structure of the lower panel in figure 17, as we illustrate by example in figure 29.
Consider for example a four-boundary wormhole with external horizons Hy, Hy, H{, H), and split
it into two pairs of pants along an internal geodesic Hy = Hj separating H; » from Hj,. We take
L3> Ly + Ly, Ly > L) + L),. If H3; and H) are identified via some twist 6, a given region in
say H; is entangled with a region in Hs, which is in turn identified with some region in Hj. For
generic 6 at large L this will be entangled with some other region in Hj, which is then identified
back to Hs. For large Ls we will cycle through the identification between Hs and H} many times
before finally identifying the region with one of the other horizons (Hsy, Hy/, Hy). In the limit
where L3 is much larger than the external horizons, the identifications resulting from a general
twist are chaotic and appear to give a fractal entanglement structure. It would be interesting to
characterize these structures in more detail, and to relate this behavior to the well-known chaotic

dynamics of geodesics on compact hyperbolic spaces.

Another subtlety arises in cases like that shown in figure 29 a), where we consider the
four-boundary system with zero twist, and take for simplicity L; = L} and L, = L}, with L again
very large. Then sewing together the two copies of figure 17 (lower right) indicates that Bj is
entangled only with By, and that Bs is entangled only with By, As a result, taking A = B; U By
and B = By U By, the CFT state has (A : B) = 0 (at leading order in large ¢ and L). This result
may seem is surprising from the bulk point of view, as ¥ contains a closed geodesic that runs
vertically around figure 29 (a), separating A from B. So HRT predicts I(A : B) = L/2G, where
L is the length of this geodesic. This would be consistent with the above prediction as large Ls
makes this geodesic exponentially short so that its length can be ignored at leading order. Note
that this geodesic is short only for zero twist: we saw that for small-but-nonzero twist 6 a part
of By is instead entangled in a local [T F'D) state with part of By, so the mutual information is
non-zero and grows as we scale up the L,. Thus A and B can no longer be separated by a closed

bulk geodesic of negligible length37.

Despite the above consistency, the appearance of such a short geodesic also suggests that
our Y-wormhole may not in fact be the dominant bulk saddle for the CFT state |X). It seems
natural to conjecture that — unless forbidden by global features like a choice of spin structure —

when ¥ contains such exponentially short geodesics there will be another bulk saddle of smaller

37This is also clear from the fact that the local bulk geometry of these regions is essentially that of a segment of
BTZ, and any such separating geodesic must traverse part of this segment of BTZ and thus have non-negligible
length
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Figure 30: The entanglement structure of the 4-boundary wormhole (figure 29) with large
Ly = Ly for Ly = Ly = Ly = Lo = iLg and 6 = HT’T. The state is well-described by a tensor
network analogous to figure 17 right. The state on any pair of boundary intervals formatted
in the same way (color, dots/dashes/solid lines) is a local piece of [T F'D); the labels 1,1’,2,2’
indicate the boundaries connected to each TFD segment. The TFD intervals join at four vertices
A, B, D, E located as shown. Each vertex connects the 3 local TFD states listed in the key below
the diagram. C,F are not vertices, but are simply in the middle of the indicated (relatively
long) TEFD intervals. Some TFD strips connect oppositely-oriented intervals, while some preserve

orientation.

action where the geometry is modified so that these geodesics are contractible when viewed as
living on the boundary of the new saddle. That is, we conjecture that |¥) in such cases is in fact
dual to a bulk geometry with ¢ = 0 surface ¥’ built by cutting 3 along all exponentially small
geodesics and capping off the resulting holes with small disks. This ¥'— “wormhole” may not then
connect all the boundaries. From the tensor network point of view, the point is that the network
obtained by gluing together two copies of figure 17 with no twist breaks up into two disconnected
components, one connecting B; and By, and one connecting By and Bsy,. The remaining chains
merely form closed loops. At leading order in large central charge ¢ the properties of the state |X)
are unchanged if we remove all chains that form closed loops rather than ending on boundaries.
The resulting tensor network defines the manifold 3. The difference between |X) and |Y') is
then exponentially small at large ¢, and we conjecture the Y¥'-“wormhole” to be the leading bulk

saddle describing both states. This feature also arises for the punctured torus shown in figure 28
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for Ly < 2L (middle figure) with vanishing twist 6.

It is worth elaborating further on this last point. As noted in the caption for figure 17, the
diagrams in this chapter include only a simple cartoon of the |T'F D) tensor networks from e.g.
[14]. The full tensor network for |X) obtained by sewing together |T'F D) pieces as we describe
will be correspondingly more complicated as well. In particular, returning to the simple example
of two pairs of pants with very large L3 sewn together along the corresponding boundary, this full
tensor network will certainly not factorize into unentangled states on By By and B, By. Instead,
it will merely imply that the mutual information between B; By and B, By remains of order 1 at
large central charge c¢. This is analogous to |T'F'D) below the Hawking-page transition where it
describes two entangled copies of a thermal gas on pure global AdS3 backgrounds. Our conjecture
is thus that the dominant bulk geometry at ¢ = 0 is correctly predicted by removing parts of the
full tensor network that fail to transmit mutual information of order ¢. We note that evaluating
this criterion requires understanding the tensor structure of each node in the tensor network
implied by the CFT dynamics; it is not apparent from the graph representation of the tensor

network alone.

So far we have considered tensor networks constructed by sewing together pair of pants
networks in the way suggested by bulk wormhole geometries. But it is possible to consider a more
general class of states defined by sewing together high-temperature |TF' D) states in arbitrary
fashions. For example, one may sew a |TF D) to itself (or others) so as to introduce a ‘bud’
on the tensor network as shown in figure 31. Second, some pieces of some |T'F'D)’s — or even
entire such states — may now be entirely internal to the tensor network, lengthening some chains
and thus lowering the local temperature. In general, the chain length can then be non-uniform
across any boundary. Together, these two effects recover the freedom to make arbitrary conformal
transformations relative to the round conformal frame used above. That is, these more general

states must be related to the states considered above rewritten in a more general conformal frame.

Finally, one may also generate non-orientable ¥ by performing antipodal identifications on
some circle boundary. For example, doing so one one boundary of a cylinder shows that the CFT
state dual to the high-temperature AdS3 geon (see e.g. [112]) is given by the thermofield double

tensor network on a Mobius strip.®® The Mobius strip can of course be constructed by cutting

38This creates a local connection between antipodal points on the boundary. The fact that the bulk geodesic
between antipodal points is short in the large temperature limit can be seen from the explicit formula for the
geodesic lengths in [113], although it is incorrectly stated there that the length of the geodesic through the
identification is always longer than the one outside the horizon.
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Figure 31: Another way to sew three |TF D) states together. Here the outer |TF D) has been
sewn to itself at the ends as well as in the middle. The sewing at the ends creates features we call
‘buds.” Such buds are removed if one transforms the result to the round conformal frame. One
may construct similar buds from the vacuum by applying a smooth conformal transformation
approximating over some region the singular one that gives the infinitely long planar thermofield
double state.

open the cylinder along ¢ = 0 and gluing the two ends back together with a half twist. It is an
interesting question to what extent such gluing operations reproduce desired states when applied
to particular e.g. MERA-like tensor network representations of states at finite temperature and

finite central charge c. Results related to this issue will appear in [114].

While we have stressed the limit where all L, become large, the discussion may be generalized
to allow some L, to remain small. The pair-of-pants CFT states |X) are then described by figure
17 (right) with the small-L boundaries contracted to points that merge with the vertices where
the approximation by local TFDs breaks down. But regions of any large-L boundaries far from
the new vertices remain well-described by the indicated local TFDs. One should be aware that,
due to the possibility of bulk phase transitions like those described above, having some L, small
may make it less clear which bulk spacetime is in fact dual to |3). Nevertheless, the local TFD
description of |¥) remains valid. In particular, any entanglement of large-L boundaries with those
having small-L will be confined to intervals no longer than the effective thermal scale. The tensor
network issue dual to uncertainties regarding bulk connectivity is that some new vertices may
now be trivial in the sense that they no longer lead to order-c mutual information with the small
boundary. When this occurs and creates a ‘bud’ as in figure 31, the bud may again be absorbed
into a neighboring vertex without changing the large-c structure of the state other than by acting
with a conformal transformation®”. Similar comments apply to ¥ having more boundaries or

more general topology when some of the L, remain small.

Although we have discussed 2+1-dimensional bulk geometries above, but many of our

39Tt is then the diagram without the bud that describes the round conformal frame.
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considerations clearly apply to the higher dimensional case as well. In particular, sewing together
high-temperature |TF D)’s defines a zoo of interesting states |X) and conformal geometries .
And it is again natural to conjecture the CFT states |X) defined by such sewing operations to
be dual to ¥'-wormholes defined by having a moment of time-reflection symmetry on which the
induced geometry differs from (planar) Schwarzschild-AdS only by small corrections outside a
finite number of AdS-scale regions. But much remains to be understood and the details will
prove interesting to explore. In particular, one would like to find an algorithm that takes the
tensor network naturally associated with |X) defined by the above gluing procedure and turns
it into one in which the geometry of ¥’ is manifest — e.g., with the tensor network providing a
cellular decomposition of ¥’ in terms of AdS-scale cells [115-118]. One wonders if solving the
Euclidean Einstein equations to construct ¥’ from ¥ can be related to a renormalization-group

flow on tensor networks akin to those discussed in [119, 120].
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5 Tensor Network Models of Multiboundary

Wormbholes

The work in this chapter is reproduced from a collaborative paper [4] with Prof. Simon Ross. In
this chapter we consider the entanglement structure of states dual to multiboundary wormhole
geometries using tensor network models. Perfect and random tensor networks tiling the hyperbolic
plane have been shown to provide good models of the entanglement structure in holography. We
extend this by quotienting the plane by discrete isometries to obtain models of the multiboundary
states. We show that there are networks where the entanglement structure is purely bipartite,
extending results obtained in the large temperature limit. We analyse the entanglement structure

in a range of examples.
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5.1 Introduction

Multiboundary wormhole geometries are a useful laboratory for studying the relation between
the entanglement structure of CFT states and the bulk geometry. In [98], an investigation
of the entanglement structure of a class of asymptotically AdS 2 + 1 dimensional spacetimes
with n asymptotic boundaries was initiated; these are dual to states in n copies of the CF'T on
St x R. These solutions were introduced in [52-55], and their holographic study was initiated
by [101-103]. The CFT states are given by a path integral on a Riemann surface ¥ with n
boundaries. The entanglement structure of these states has a complicated dependence on the
moduli of the Riemann surface, exhibiting regions of multipartite entanglement but also regions
where bipartite entanglement between different copies is dominant. In the previous chapter,
the entanglement structure in a region of large moduli, where the CFT states involve highly
excited states on each S' x R factor, was explored in more detail. This is effectively a regime
of high temperature, although the reduced density matrix in a single copy of the CFT is not
necessarily thermal. The structure in this regime is dominated by local, bipartite entanglement
between subregions on each boundary on a scale set by the effective temperature. There can be a
multipartite component in this regime, but it is associated just with a single thermal volume, so

it is a small part of the overall state.

It is difficult to gain more insight into the entanglement structure for more generic moduli
from the full CF'T path integral. This motivates the study of tensor network models, which
share many of the entanglement and geometrical features of the full state.’® Other approaches to
multiboundary wormholes have recently been explored in [125, 126]; see also the interesting work

on multipartite entanglement in tensor networks [127].

The models we consider were introduced in [105, 128, 129] to model the relation of the
entanglement structure of the vacuum state to global AdS, explicitly exhibiting the ideas of code
subspaces in [59]. They are based on tiling the hyperbolic plane with perfect or random tensors,
and were shown to reproduce the Ryu-Takayanagi formula for entanglement entropies. Following
[130], we consider discrete quotients of the tiled plane, and use the tensor network on the quotient

space as a model of the CF'T states dual to such multiboundary geometries. In these models,

40The most robust model of the holographic entanglement structure are MERA networks [96, 121], which
provide a good description of the ground state in conformal field theories, and have been related to holographic
descriptions of the state [115, 117, 122, 123]. A MERA version of the quotient giving BTZ was constructed in
[124]. However, it appears difficult to extend this construction to the more general quotients we are interested in
with multiple generators. We will therefore focus our attention on more phenomenological models.
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we can explore intermediate regions in the moduli space of Riemann surfaces, and study the

entanglement structure of the corresponding states.

Surprisingly, we find that even at generic values of the moduli, there can be tilings where the
entanglement structure is purely bipartite. Although this result presumably reflects the limited
resolution of the discrete tensor network models, it is interesting as it provides explicit illustration
of the way in which a connected multiboundary state can be built up from purely bipartite
entanglement. In these cases, the state is distillable to a state containing just Bell pairs. For other
tilings, there is a residual multipartite component, and we attempt to characterise the multipartite
structure in its entanglement using negativity of the reduced density matrices, comparing to a
random state on the same Hilbert space. Further characterisation of this multipartite component
is an interesting challenge for further work. Our computations are for low bond dimension, and it

would also be interesting to see how they extend to higher bond dimension.

In the next section, we review previous work on multiboundary wormholes. In section 5.3, we
construct tilings of the Riemann surface Y for discrete values of the moduli by quotienting tilings
of the hyperbolic plane by discrete isometries. We discuss the discrete analogue of horizons and
the causal shadow region in these tilings, and show that in some cases there is no causal shadow
region. In section 5.4, we review the tensor network models built on the tilings of the hyperbolic
plane. In section 5.5, we apply these methods to the tilings of the Riemann surface > and analyse

the entanglement structure of the resulting states.

5.2 Holographic Multiboundary Wormbholes

The holographic description of multiboundary wormholes generalises the relation between the
thermofield double state

B
2

ITFD) =) e 2" |E); |E), (5.1)

E
in two copies of the CFT and the eternal black hole [30]. This state is obtained as the result of a
Euclidean CFT path integral on a cylinder of length 3/2 (taking the S! to have period 27). The
trace over one copy gives a thermal density matrix, at inverse temperature 5. At sufficiently high
temperatures (small ), the dominant bulk saddle for these boundary conditions is a Euclidean
black hole. Analytically continuing to Lorentzian time, the two copies of the CFT live on the two

boundaries of the black hole, and the entanglement of the state (5.1) is essential to account for
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the connectedness of the bulk geometry.

In [98], this picture was extended to consider the role of the entanglement in the CFT
in multiboundary wormhole geometries. In 2 + 1 dimensions, such geometries can easily be
constructed by considering quotients of vacuum AdS3. The Euclidean quotients we are interested

in are usefully described by writing the Euclidean AdSs, equivalently H3, in a coordinate system

ds® 2 2 2

% = dty + cosh” tpdX (5.2)
where tg is Euclidean time and d¥? is the unit-radius metric on H2. The eternal BTZ black hole
arises as a quotient by a discrete subgroup I' of the SL(2, R) isometry group of this H? generated
by a single hyperbolic element [106]. This converts H? into a cylinder with two boundaries, with
a hyperbolic metric. The more general quotients we are interested in correspond to considering
discrete subgroups I' generated by k hyperbolic elements. These geometries were introduced in [52—
55]. The resulting surface ¥ = H?/T" is a smooth Riemann surface with genus g and n boundaries.
This Riemann surface has 6g — 6 + 3n moduli, which are encoded in the choice of discrete group I'.
Since the quotient acts on the surfaces of constant ¢z, we can define a corresponding Lorentzian
geometry by analytically continuing tgy — —it. This has n asymptotically AdS regions, connected
by a collapsing wormhole which generalises the Einstein-Rosen bridge in the eternal black hole.
Topological censorship implies that associated to each boundary of the geometry is a horizon

[107, 108]. The absence of local degrees of freedom implies that the geometry in the exterior

regions outside the horizons is exactly the BTZ geometry exterior to a black hole.

We want to understand the structure of the dual CF'T state which encodes this geometry,
and specifically its entanglement. The holographic description of these geometries was initiated in
[101-103]. The conformal boundary of this spacetime lies at ty — 00, and consists of two copies
of the surface 3. The CFT path integral over this surface has a rich phase structure [98, 131].
In a region of the moduli space, the dominant bulk contribution comes from the multiboundary
wormhole (5.2), where the spatial slices are the Riemann surface 3. Thus, in this region of moduli
space the ¢t = 0 bulk geometry X corresponds to a CF'T state on the n boundaries obtained by a
path integral on X..

For the BTZ black hole, the entanglement structure of the state (5.1) is purely bipartite. In
the high temperature limit, this has a particularly simple structure: high temperature is small (3,

so the cylinder is short, and if we consider scales larger than the thermal scale 3 on the spatial
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Figure 32: The surface ¥ as a quotient of the Poincaré disc for the pair of pants. The pairs of
labeled geodesics (blue and red in colour version) are identified by the action of I'. The region of
the Poincaré disc bounded by these geodesics provides a fundamental domain for the quotient. Bj,
By and By = By U B;_ become the desired three circular boundaries. There are corresponding
minimal closed geodesics Hs, Hy and H; = H;, U H;_. The lengths L, of these geodesics fully

characterize the geometry of .

circle, the path integral simply identifies states on the two boundaries. This local character of the
entanglement was verified in [95] by considering mutual informations between subregions on the

two boundaries.

The next simple example is the three-boundary wormhole or pair of pants, whose Euclidean
geometry is obtained by quotienting by a group I' generated by a pair of hyperbolic elements
g1,92. A fundamental domain of the identification on H? is the region bounded by a pair of
geodesics identified by g; and a pair of geodesics bounded by go, as depicted in figure 32. This
surface has three moduli, corresponding to the lengths of the three minimal closed geodesics
shown in the figure. In the Lorentzian spacetime, these geodesics become the bifurcation surfaces
of the event horizons in each asymptotic region. The CFT path integral on the pair of pants is
hard to do analytically, but it simplifies in limits of the moduli space. In [98] the entanglement
properties of the dual state were studied in the “puncture limit”, where the minimal geodesics

are short.

In chapter 4, the structure in the “high-temperature” limit, where the geodesics are long,
was studied. This leads to particular simplifications. For the three-boundary wormbhole, the

“high-temperature” limit is defined by scaling the sizes of all of the horizons to infinity, whilst
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fixing their ratios, which then characterise the high temperature geometry. The geometry outside
the horizons are high-temperature BTZ solutions, which justifies the name, although the CFT
state on the boundaries is not thermal. Since the exterior cylinders are BTZ, they behave in the
same way as before: considering scales above the thermal scale, the state on the boundary is
identified with the state on the horizon. There is a causal shadow region between the horizons,
but its volume is fixed in AdS units by the Gauss-Bonnet theorem, so as the horizons become
long, the distance between them shrinks over almost all of the horizon. The causal shadow region
is thus effectively a seam which connects the horizons of the exterior regions and whose shape
is determined by the ratios of the moduli. Thus, in the high-temperature limit we infer that
the path-integral just identifies states across this seam, so that intervals in different boundaries
which are opposite each other across the shadow region are maximally entangled, and again the
resulting entanglement structure is almost entirely bipartite and local. This behaviour is depicted
in figure 33. There could be some residual multipartite component, but this would only involve a

subregion of order the thermal scale on each boundary.

Note the figure depicts the regime where the horizons are all roughly of the same length. If
we take Ly > Lo > Lg, this is the regime Ly < Lo + L3, referred to in the previous chapter as the
“wheel” regime, after the figure on the right side of figure 33. The alternative regime L; > Lo+ L3
is referred to as the “eyeglass” regime. The entanglement remains primarily bipartite in this
regime, but there are regions of boundary 1 which are entangled with other regions of boundary

1, rather than with one of the other boundaries.

The result generalises easily to wormholes with more boundaries and topology behind the
horizon. Any Riemann surface can be decomposed into pairs of pants, sewn together across
minimal geodesics. There is a region of the moduli space where all the minimal geodesics involved
in the sewing are long, and the individual pairs of pants are in the high-temperature configuration
described above. The path-integral then identifies states across the regions between minimal
geodesics, again generating a local bipartite entanglement structure which can be characterised

by appropriate compositions of the diagrams of which figure 33 ¢) is an example.

5.3 Hyperbolic Tilings & Quotients

The tensor network models of [105, 129] are based on tiling the hyperbolic plane with perfect

or random tensors. We want to take a quotient of these networks by a discrete isometry of
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(b) ()

Figure 33: The geometry of the pair-of-pants in the high temperature limit and the resulting
entanglement structure. a) the pair-of-pants geometry with the three coloured boundaries
indicated and labelled 1-3, the black lines depict the horizons pertaining to each exterior region,
and are labelled H,, a = 1,2,3. The interior of the horizons is the causal shadow region. b)
Cartoon of a) in the high-temperature limit, with fixed ratios of the moduli. The exterior cylinders
shrink (the strips should be thought of as being extremely thin, we've exaggerated them here)
and the distance between the horizons across the causal shadow region is small almost everywhere.
The black lines represent identifications between horizons, which is true to exponential accuracy
away from the junctions. c) The resulting entanglement structure can be depicted with this
“wheel” diagram: the path integral locally identifies the states in portions of the three boundaries.
States localised in some boundary interval are purified by an interval of the same size on the
opposite side of the seam, which may lie on any of the three boundaries, as the ratios of the

moduli are varied. The resulting entanglement structure is almost entirely bipartite.

the network to obtain a model of the multiboundary wormholes. We can usefully seperate the
geometrical aspects of choosing a tiling of the hyperbolic plane and its quotients by discrete

isometries from the choice of tensors, so we will first discuss the geometric aspects in this section.

Introducing a regular tiling of the hyperbolic plane provides us with a natural discretization of
H?. A particular choice of tiling will preserve some discrete subgroup of the SL(2,R) isometries
of H?, and we can quotient by some of these isometries of the tiling to obtain discretizations of
the Riemann surface Y for some discrete values of the moduli. In this section, we describe the

tilings and quotients, and define analogues of the horizons in the tiling.

As in [130], we describe the tilings in terms of Coxeter groups [132-134]. A constant curvature
connected Riemann surface can be tiled by repeated reflections of a seed triangle about its edges.
If the interior angles of the seed triangle are given by 7, % and % for p,q,r € Z* then the set of
all reflections in its edges form a Coxeter group, denoted [r,p, ¢]. The triangulation of a space

obtained by repeated reflection of a seed triangle in its edges is referred to as a Coxeter tiling,
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Figure 34: The [2,4,6] tiling of the hyperbolic plane H?. One of the seed triangles is indicated,
the whole tiling is covered by the action of reflecting the seed along its edges. The black, primary

tiling lines divide the network into a regular array of hexagons.

and the Coxeter group forms the discrete isometries of the tiling. By the Gauss-Bonnet theorem,

for hyperbolic spaces, the required seed triangle must have

1 1 1
S S4-<L (5.3)
poq T

The [r, p, q| tilings satisfying (5.3) tile H? with a regular array of ¢-gons. These Coxeter tilings
underly the tensor networks considered in [105, 129, 130]. An example hyperbolic tiling is
illustrated in figure 34. The edges of the ¢g-gons are geodesics in H?, so the volume of each g-gon

is of order the AdS scale.

The tensor networks considered in [105, 128, 129] are constructed by thinking of the tiling as
a graph, and taking the tensor network to be the dual graph. That is, each ¢g-gon face in the
tiling is replaced by a vertex in the tensor network, which has ¢ legs, connecting it to the tensors
in the adjacent faces, across the edges of the tiling. There are uncontracted legs at the boundary

of the hyperbolic plane.

The tiling is invariant under reflections in any of these edges, forming the Coxeter group
associated with the tiling. We can quotient by any subgroup of this group. In the construction of
the Riemann surface ¥ in the previous section, we considered quotients by hyperbolic elements,
which identified pairs of geodesics in the hyperbolic plane. We can obtain such hyperbolic elements

by combining a pair of reflections in distinct geodesics [130]. We can see that this follows by
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considering AdSs as the hyperboloid embedded in Ry,
X+ X - X -X3=1? (5.4)

the t = 0 slice corresponds to X3 = 0. Now consider the two hyperplanes P, and P, with corre-
sponding normals n; = (0,0, 1,0), ny = (cosh(#),sinh(3),0,0) respectively. Under a reflection in

the hyperplane with normal n, a point X transforms as

X=X-2(n-X)n (5.5)

So that under the pair of subsequent reflections, first in P, and then in P, the t = 0 slice is
preserved whilst the Xy and X, are Lorentz boosted, by
Xo —cosh(n) sinh(n) Xo

= : (5.6)
Xo cosh(n) —sinh(n) Xs

Thus, the hyperbolic element identifying any pair of geodesics which form edges of the tiles
will be an isometry of the tiling. We can thus quotient by discrete groups I' composed of such
hyperbolic elements to obtain a tiling of a Riemann surface ¥ = H?/T', and hence (considering
the dual graph) a tensor network with the topological structure of 3. We can construct this
tiling only for some discrete choices of the moduli of the Riemann surface, as given a tiling,
the area of the tiles, and hence the distance between the geodesics to be identified, is fixed by
the Gauss-Bonnet theorem. In [130], this approach was used to obtain tilings and hence tensor
networks corresponding to the BTZ geometry. We now want to generalize this to multiboundary
wormholes. Our detailed analysis will focus mainly on the pair of pants. An illustrative example

of the construction is given in figure 35.

Despite the discretization of the moduli of 3, the minimal geodesics will not generally lie
along edges of the tiling. Thus, it is important to identify the analogues in the tiling of these
minimal geodesics. We will take this to be the minimal closed path along the edges of the tiling
homologous to each boundary. This is natural because once we introduce the tensors in each

tiling, this path will cut across the links between tensors.*! This will lead to degeneracy in some

4INote that this is slightly different from the prescription in [130], where the BTZ horizon in the example in
figure 35 was identified with a tensor in the network, as the actual minimal geodesic runs along the middle of the
tile. For the more general case we consider, it is more natural to take the definition above, even though this leads
to an artificial degeneracy in the BTZ case.
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Figure 35: An illustration of the quotient operation in the [2,4,6] tiling. We take r4, rg, r¢ to
be the reflections in the geodesics labelled in the left-hand diagram. Quotienting by I' generated
by g1 = rarg gives the tiling of BTZ shown in the middle diagram. Quotienting by I' generated
by g1 = rarp and go = rgre gives the tiling of the pair of pants shown in the right-hand diagram.

The unshaded region is a fundamental region for the identification in both cases.

cases, where there can be multiple paths of the same length along the edges. Some examples are

illustrated in figure 36.

An interesting feature is that in some cases there is then no causal shadow region in the tiling;
the minimal length paths in the network can coincide. We will see below that this leads to tensor
networks where the entanglement is entirely bipartite. In the continuum, there is of course still a
causal shadow for these choices of 3, which partially covers some tiles, so this could be viewed
as just a discretization error, but we argue that it is actually an interesting feature. It implies
that in the context of the tensor network models, it is possible to have a network on the pair
of pants that gives rise to a state with only bipartite entanglement, providing further evidence
that multipartite entanglement is not an essential component in obtaining multiply connected
geometries. These explicit examples help us to understand how the geometry arises from purely

bipartite entanglement.

5.4 Tensor Networks & Holography

We now turn to the specific tensor network models we use, following [105, 129]. We obtain a
network from the tiling by considering the dual graph, with a network vertex in each tile and legs
connecting the vertices in adjacent tiles. In general, a network is used to define a quantum state
by first associating a tensor T;, ; to each vertex in the network, with the rank of the tensor

equal to the number of legs at the vertex. We then associate a state |T) in a tensor product
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Figure 36: Illustrations of three-boundary tilings obtained by quotienting the tilings of the
hyperbolic plane indicated by each column, and with discrete moduli in the regimes indicated
by each row. The unshaded region is a fundamental region for the identification. The minimal
closed paths along tile boundaries homologous to each conformal boundary are indicated. The
cases with two paths of the same colour, where one is dashed, represent degeneracies in the choice
of closed path. The second group of examples show cases where there is no causal shadow; the

minimal closed paths coincide, so the entanglement between different regions is entirely bipartite.

Hilbert space H = ®,,H,, with the tensor,

|T> = Zﬂlznhl)l @ ... |in>n7 (5.7)

i

147



where |ix)y is a basis for the kth factor with iy = 1,..., Dy where Dy is the dimension of Hy,
which we will take to be some constant x for all legs, called the bond dimension. Taking the
product over all the vertices defines a product state [{T'}) = ®v/|T"). For each leg joining two

vertices, we make a projection onto the maximally entangled state

X

= S0 @ ),
|@]>—ﬂ;| )i @ la); (5-8)

in the associated Hilbert spaces. This defines a state in the Hilbert space associated to the

uncontracted legs,

IT) = @y (@I, (5.9)

where the product runs over all the contracted legs, which could include self-contractions in

general.

If we take the network constructed from the dual graph of a Coxeter tiling of H?, the remaining
uncontracted legs are located at the boundary of the hyperbolic plane. Given a choice of tensor
at each vertex, this defines a state on the boundary legs. This is referred to as a holographic
state. In an alternative construction, a ¢ + 1 legged tensor is associated to each vertex, leaving
one uncontracted leg at each vertex in the network, which are referred to as bulk legs, in addition
to the uncontracted boundary legs. This network can be viewed as a map from the Hilbert space
Hpuic of the bulk legs to the Hilbert space Hpoundary 0f the boundary legs. This model can be
used to study the encoding of local bulk operators in the boundary Hilbert space, so it is referred

to as a holographic code.

Holographic states realise a discrete version of the Ryu-Takayanagi formula [12], relating the
entanglement entropy of some subset of the boundary legs to the length of a cut in the bulk.
Suppose we have two boundary regions A and A®, and a cut 4 in the bulk, which is a path in
the bulk along edges of the tiling, which cuts through tensor legs, separating the network into two
components, such that one component has boundary v4 U A and the other has boundary 4 U A°.
Then the number of legs |y4| along the cut provides an upper bound for the entanglement entropy

of the reduced density matrix on A in the holographic state given by the network [105]:
Sa < Jyallny, (5.10)

where x is the bond dimension. We obtain the tightest bound by considering the minimal cut,
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Figure 37: Some examples of topologically interesting holographic states constructed from
quotients of various coxeter tilings. The fundamental domain between colour-coded pairs of
identified cuts is the unshaded region in each case. These are holographic states representing

the three-boundary wormhole (left), a torus wormhole (centre) and a four-boundary wormhole
(right).

which we can think of as the network analogue of a minimal surface. This bound is saturated if
the two components of the network are isometries from 4 to A and from v4 to A°. This then
realises a lattice version of Ryu-Takayanagi, relating the entropy to the length of the minimum
cut. There can be degenerate minimal cuts in the networks, though this does not alter the bound

5.10 as in such cases, the minimal cuts are of equal length.

Applying the same prescription to the quotient tilings, we can build tensor networks on a
Riemann surface ¥, giving states and codes for multiboundary geometries. A selection of examples

are illustrated in figure 37.

5.4.1 Perfect Tensors

In [105], the tensors at each vertex were taken to be perfect tensors. A perfect tensor is a 2n
index tensor 7" such that for any division of its indices into a set A and its complement A® such
that Dim(Ha) < Dim(Hc), T is proportional to an isometry from H4 to Hc. That is, the
map from H 4 to H o preserves the inner product up to an overall factor. If we denote the indices

in A by a collective index a, and the indices in A® by ¥/, the condition is
> THTye = Coae (5.11)
b/

for some constant C. A visual depiction of isometric tensors is given in figure 38,
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Figure 38: Cartoon illustrating the property of isometric tensors. a) The tensor T' has two
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AI

legs A and B, so it describes a state in the Hilbert space H4 ® Hp. Equivalently, T defines a
linear map from a state in H,4 to a corresponding state in Hp. b) The property that T is an
isometry from H, to Hp (or equivalently from the leg A to B) implies that contracting 7" with
its conjugate on leg B, as depicted, resolves the identity map on leg A. ¢) the isometry property
b) is usefully depicted using arrow assignments, as shown. In this case, the fact that one arrow is

incoming on leg A and another is outgoing on B represents the fact that 7" is an isometry from A
to B.

The isometry property implies that we can convert an operator acting on H 4 into an operator

acting on H 4c; given an operator O acting in H 4, we define
6= Lrort (5.12)

C

acting in ‘H 4c, so that TO = OT. In a holographic code, this enables us to rewrite an operator
acting on a bulk leg as an operator acting on some subspace of the boundary Hilbert space, by
using the perfect tensors in the network to push the operator outwards, as illustrated in figure 39.
An example depicting how operator pushing can be used to reconstruct bulk legs from portions
of the boundary of a holographic code is illustrated in figure 40. This provides a tensor network
realisation of bulk reconstruction. Since we can use the perfect tensor property to map the bulk

leg to different subsets of the boundary legs, it can be mapped to operators acting on different

subspaces of the boundary Hilbert space, realising the ideas of [59].

In [105], a greedy algorithm was introduced to identify the portion of the bulk that can be
reconstructed from a given region A of the boundary, not necessarily connected. This proceeds
by taking some initial region that can be reconstructed from the boundary region (consisting of

tensors in the asymptotic region) and iteratively adding to this region a tensor with more than
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Figure 39: Cartoon depicting operator pushing through isometric tensors. a) The tensor 7 is
an isometry from leg A to leg A, as represented by the arrow assignments. b) Because T is an
isometry, the light blue operator O acting on the legs A of T is equivalent to the orange operator
O acting on the legs A® of T, where © = TTOT is depicted in ¢). We say that because T is an
isometry from A to A, then the operator O acting on A can be “pushed through” T onto the
legs A® (becoming @), according to the arrow assignment. d) The spectrum of O on the legs
A is the same as the spectrum of O on the legs A, as depicted, due to the isometry property
of T shown in a). Consequently, the fact that O can be pushed through 7" means that we can

reconstruct the action of O on legs A from the action of @ on legs A°.

half of its legs connected to tensors already in the region, until there are no more such tensors.
The boundary of this region is a cut of the network referred to as the greedy geodesic y4. In
the case of the holographic state, the collection of tensors G4 lying between A and v4 define
an isometry from v4 to A. For holographic codes, we have an isometry from v, and the bulk
Hilbert space in G4 to A. This gives a tensor network realisation of the idea of the bulk wedge
associated with a given boundary region. Since G4 defines an isometry, we can view moving from
the boundary region A to v4 as a process of distillation, extracting the degrees of freedom in A

which are entangled with A°.

If we divide the boundary into several different regions, there will be a greedy geodesic
associated to each of them, and the union of the different wedges G4 may not cover the whole

network. The remaining portion was called in [105] the residual multipartite region, and can be
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Figure 40: Bulk reconstruction for the holographic heptagon code. Due to the fact that each
tensor is perfect, the local bulk operator O acting on the bulk leg of the yellow-highlighted tensor
can be pushed to a non-local boundary operator in multiple ways, corresponding to different
arrow assigments that describe isometric maps from a given bulk leg to different (not-necessarily
connected) boundary subregions. Two examples of such isometric maps are indicated by the red
and green arrow assignments. The green arrow assignment defines an isometry from the bulk leg
of the yellow-highlighted tensor to the operator O acting on the connected interval shown in
green, while the red arrow assignment defines an isometry from this site to an operator O; acting
on the disconnected interval shown in red. For the maps defined by the arrow assignments to be
an isometry, we require that for each tensor with outgoing arrows, that the number of ingoing
arrows is more than half of the total number of legs. For this heptagon code, this requires that
every tensor with outgoing arrows must have at least four ingoing arrows assigned to its legs.

This is indeed the case for the arrow assignments depicted.

thought of as encoding the entanglement between the different boundary regions. We expect the

causal shadow region in our quotient networks to play a similar role.

It was also shown in [105] that for holographic states, for any connected region A on the
boundary of a simply-connected perfect tensor network of non-positive curvature, the lower bound

in (5.10) is saturated, so that the lattice Ryu-Takayanagi formula holds.
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5.4.2 Random Tensors

In [129], a different approach was taken based on selecting the individual tensors in the network
independently at random from a suitable distribution. This corresponds to taking the state at

the individual vertices (5.7) to be a Haar random state.

In the limit of large bond dimension Y, the calculation of the second Renyi entropy averaged
over the randomness was mapped to a partition function of an Ising spin system. This was used

to show that these random tensor networks also satisfy a lattice Ryu-Takayanagi formula.

Random tensors are not perfect tensors, but it was shown that in the limit of large bond
dimension, they are approximately perfect tensors. This is essentially because the Page theorem
[135] says that a random tensor is approximately an isometry from any subset of less than half
of its indices to the remaining set. The maximum entanglement entropy of the reduced density

matrix on an n-dimensional share of a state in an (m + n)-dimensional Hilbert space is

Smax = Log(m) — % + ... (5.13)

(13 m

where the “...” terms refer to terms subleading in "*. For a Haar random state of dimension
n = xN, defined by an N-legged tensor T" with bond dimension Y, (5.13) implies that the reduced
density matrix on any subset of M < % legs is approximately maximally mixed and hence the map
from the M legs to the remaining (N — M) legs is an approximate isometry. This approximate
isometry is sufficient for results similar to the perfect tensors to apply; we can map local bulk

operators in a holographic code to operators acting on subspaces of the boundary, and given a

boundary region there is a corresponding bulk region which is reconstructable.

5.5 Multiboundary Networks
5.5.1 BTZ

We now apply these tensor network constructions to the tilings obtained for multiboundary
geometries in section 5.3. If we consider first the BTZ black hole, there is a single identification.
Asymptotically far from the black hole, the network will look like the network for H2. The region
outside a large black hole was already analysed qualitatively in [105]. For holographic states,

the network lying between the minimal closed path and the boundary will be an (approximate)

153



Figure 41: BTZ networks exhibiting tiling artifacts. The network shown on the left has two
equal-length minimal cuts, being either of the orange, dashed cuts. The continuum horizon is not
a mirror of the tiling underlying this network. The network in the centre has a unique minimal
cut, but has a bipartite residual region consisting of the 6 tensors lying inbetween the pink greedy
geodesic (being a pair of disconnected cuts). Due to the identification, there are too few legs
crossing the greedy geodesic to be able to push it to the minimal cut. The network on the right
exhibits the behaviour we expect; there is a unique minimal cut that is reached by the greedy
geodesic so that we can distill all of the entanglement between the two boundaries to Bell pairs

crossing the minimal cut.

isometry, so we can think of the network legs lying across the minimal closed path as representing
the distilled entanglement between the two asymptotic regions. This minimal closed path provides
a minimal cut in the network, where we take the region A to be the whole of one of the boundaries.
In this case the entanglement is entirely bipartite, with each leg across the cut corresponding to
a pair of Hilbert spaces in the maximally entangled state (5.8) - the analogue of a Bell pair for

systems of dimension y.

Our choice of a minimal closed path as the analogue of the horizon introduces some minor
differences from the analysis of [130]. As previously noted, some choices of BTZ tiling lead to
degenerate minimal closed paths, as in the left example in figure 41. This is just a failure of the
discretization; the actual minimal geodesic does not lie along the tile boundaries, so there are

degenerate approximations to it.

The greedy algorithm can also fail to reach all the way to the minimal closed path, so the
greedy geodesic associated to one boundary may be different from the minimal closed path,
leading to the appearance of a non-trivial bipartite residual region, as depicted in the central
example in figure 41. The failure of the greedy geodesic to reach the minimal closed path arises

because of closed loops in the network, where the number of legs pointing “out” towards the
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boundary is smaller than the number of other legs. Since we have not yet reached the minimal
closed path, the number of legs pointing “out” must overall be less than the number of legs
pointing “in”, but the legs around the identification can lead to situations where the exterior legs

do not contain enough information to reconstruct the tensors in the shadow region.

Self-contractions of tensors within the network are an interesting special case which are a
new feature of the quotient networks. For the perfect tensors, the self-contracted tensor is no
longer an isometry from a subset of the remaining legs to the other legs. For sufficiently generic
perfect tensors, it is however still an approximate isometry from less than half the remaining legs
to the other subset of remaining legs. This feature can inhibit bulk reconstruction by preventing

greedy geodesics from crossing loops in order to reach a minimal cut, as depicted in figure 42.

For closed loops, each tensor remains a perfect tensor, but if there are the same number of
legs below and above a loop, there will not be enough information in the legs below the loop to
be able to push onto the loop itself and subsequently be able to reconstruct the outgoing legs, as
depicted in figure 42 a). If there are more legs below, we can push onto the loop and push past it,

as in figure 42 b).
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Figure 42: Reconstruction with loops and self-contractions within tensor networks. for a) there

is not enough information on the lower legs for the greedy algorithm to push across the loop
(green), in either the random or perfect tensor case. b) There is enough information on the
lower legs of the central tensor for the greedy algorithm to push onto the loop using the arrow
assignment depicted. ¢) The self-contracted tensor is not an isometry from the upper to the lower
legs. d) there are sufficiently many legs below for the self-contracted tensor to be an approximate

isometry from the upper to the lower legs in the large x limit.

5.5.2 Multiboundary wormholes

Considering a more general Riemann surface ¥, the portion of the network between a given
boundary and the minimal cut homologous to this boundary is the same as for BTZ; thus, this
defines an isometry from the minimal cut to the boundary, and we can distill the state on the
boundary to a state on the legs crossing the cut, which describes the entanglement with the
other regions. Hence, the causal shadow region lying between these minimal cuts encodes the
entanglement between the different boundaries. For the three boundary case, this causal shadow

region will encode the residual tripartite entanglement between the three boundaries.

As noted in section 5.3, we can have examples where there is no causal shadow region. In
this case, we can now see that the entanglement in the holographic state is entirely bipartite,
encoded in the maximally entangled states (5.8) on each leg crossing the cuts. This is similar to
the entanglement structure seen in the high temperature limit of the CFT path integral, but it is
surprising that we can find cases where the entanglement is entirely bipartite, and that this can
occur even for generic moduli. Examples of this behaviour for the wheel and eyeglass regimes are

illustrated in figure 43.

In other cases, there will be a tripartite residual region, and we can ask about the importance
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Figure 43: Purely bipartite tensor network states for low-T three-boundary wormholes. The
fundamental domain is the unshaded region, and the minimal cuts homologous to each region are
colour-coded. In each case, there is no multiparty residual region, and states across the minimal
cuts are identified. The set of Bell pairs corresponding to states identified across each cut are
depicted below each network; coloured lines guide the eye to recognise across which minimal
cuts states are identified. These reproduce, schematically, the known structure of the high-T

entanglement.

of this region and the nature of its entanglement. It is interesting to first make contact with
our previous work in the high-temperature limit. We can do so by carefully choosing a low-T
network and then letting the quotient mirrors retreat to produce a high-T network with large
horizons. What we expect to find in this limit is that the minimal cuts associated to each of the
three boundaries become identified for most of their length up to an AdS scale tripartite residual
region consisting of only a small number of tensors, whose size remains fixed in this limit. One
example of this behaviour is illustrated in figure 44. Note however that it requires a choice of
network to realise these expected features; in other cases the causal shadow grows (or disappears

altogether) due to the tiling artefacts illustrated in figure 41.

The main interest in studying the tripartite residual region in these tensor network models,
however, is that we can study the structure for small values of the discrete moduli, where the
network in the causal shadow region is of modest size, and we can hope to analyse the resulting
state on the legs crossing the horizon, and directly address questions about the nature of the
entanglement. An example is shown in figure 45. However, even for the smallest values of
the moduli we are in a regime where there is no full classification of multipartite entanglement

structures, so there is a shortage of general expectations to compare to. In [98], the entanglement
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Figure 44: Taking the high-T limit of a low-T three-boundary network. For convenience, only
half of the tiling (left) is displayed, the non-visible half (the mirror image of what is depicted) is
located on the opposite side of the black mirror. We can take a high-T limit by letting the red,
blue and black mirrors retreat, increasing the length of each horizon by the same amount. This
produces a wheel network in which the horizons have approximately equal lengths. Notably, the
tripartite residual region representing the causal shadow, being the central tensor (along with
it’s unseen reflection) between the coloured cuts, is invariant in the limit. This accords with
our intuition that the size of the causal shadow is fixed due to the Gauss-Bonnet theorem. As
the minimal cuts become larger, they become identified for most of their length, giving rise to
the entanglement structure depicted in the cartoon (right). Bell pairs are identified across the

minimal cuts, up to the pair tensors depicted, inhabiting the tripartite residual region.

entropies obtained from holographic calculations were found to be consistent with those expected
for random states in a reduced Hilbert space. This motivates us to compare the results obtained
for the network in the causal shadow region to those for a Haar-random state on the legs crossing

the minimal cuts, drawn as a blob in the right panel of figure 45.

We characterise the states by considering the entanglement entropy associated to each of the
asymptotic regions, and by considering the logarithmic negativity for pairs of regions [136, 137].

The logarithmic negativity for a density matrix p on a Hilbert space H4 ® H 4c is defined as [138]
L =1log(2N +1) (5.14)

where N is the entanglement negativity defined to be,

o™ -1

Na 5

(5.15)
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Figure 45: (Left) The tripartite residual region of a network representing a very low temperature
three-boundary wormhole. The coloured region containing circular boundary nodes depict the
three different boundaries, and the cuts of the same colour indicate the horizon corresponding to
each boundary. We compare the entanglement structures of the tensor network state and a state

in the same Hilbert space defined by a Haar random state (right).

and where p’4 is the partial transpose of the density matrix p on the factor A. If p has components
Pab o'y, The components of the partially transposed density matrix are (p74)ap o = (074wt ap-
The logarithmic negativity (5.14) provides an upper bound for the distillable entanglement, or
the number of Bell pairs that can be distilled between the factor A and its complement [139].
Consider a Hilbert space of dimension x” (such as the state defined by an N-legged tensor with
bond-dimension x), the maximum number of Bell pairs that could be ideally distilled from this
state is Npen = N logy(x). When we have L < Npg it indicates that there can be some component

of the entanglement between A and A® which is intrinsically multipartite.

Results comparing the entanglement structure of tripartite residual regions for low-temperature
wormholes built from a selection of tilings are shown in figure 46. We find that the distinction
between these networks and random blobs depends strongly on the tiling. Not surprisingly, for
choices of tilings where the causal shadow contains a single tensor, the results are as for a Haar
random state, as is the case for the examples shown in figure 47. In contrast, networks for which
the causal shadow region contains multiple tensors generically exhibit distinct entanglement
structure, as with the networks shown in figure 46. The right-hand plots of figure 46 correspond
to non-vanishing logarithmic negativities on a single boundary factor. This is qualitatively unlike
the GHZ state, for which the logarithmic negativity on any single factor vanishes, and suggests

the presence of some bipartite entanglement even in the state in this tripartite residual region.
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Figure 46: Results comparing the entanglement structures of tripartite residual regions (high-
lighted regions of each network) of very low-temperature networks built out of Haar random
tensors. We compare a pair of networks in each of the eyeglass (A and B) and wheel (D and E)
regimes with a corresponding random states (C and F respectively) with the same dimensions.
We compare the resulting entropy and logarithmic negativity on the light-blue factor in each
case and compare the result with an appropriate random state, as shown in the plots on the
right; error bars are barely perceptible. In the cases illustrated, the entanglement structure is

quantitatively distinct to a random state. Here we take y = 3.

Figure 47: Networks for low-T three-boundary wormholes for which the causal shadow (unshaded)

is presicely a Haar random state, in the eyeglass (left) and wheel (right) regimes.

The fact that the logarithmic negativities do not reach their maximum value however implies a
degree of intrinsically multipartite entanglement, as we expect. Though our results correspond
only to relatively low bond-dimension, we expect the results for high bond-dimension should be
at least qualitatively similar insofar as the entanglement structure of tensor network states is

primarily dependent on the set of contractions within it.
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Figure 48: A holographic septagon code for three-boundary wormhole in the wheel regime.
Dangling bulk legs are indicated by thicker lines. The red and green arrow assignments depict
our attempts to reconstruct the operator bulk site at the centre. The red arrow assignment
corresponds to choosing the 1 and 2 for which we can reconstruct the central site. The green arrow
assignment attempts to reconstruct the central site from just boundary 1 and 3’ (half of boundary
3) and fails. The code thus behaves like a quantum secret sharing scheme, for which access to
information, here pertaining to local bulk information, is only accessible with a sufficiently large

share in hand; in this case being a sufficiently large portion of the boundary.

It is also interesting to take a holographic code network, and consider the reconstruction of
operators in the causal shadow region in terms of boundary operators. This requires us to push the
operator back to the boundary through the tensors in the network. If there are self-contractions
on the tensors this can lead to obstructions, but in general we find results that are consistent with
the expectation that we can reconstruct an operator in this region from a subset of the boundary
including more than half the legs along the boundary of the causal shadow region. An example is

given in figure 48.

We can also consider cases with more boundaries. These will then contain internal cycles,
which can lead to important differences from the Haar random blob structure for the multipartite
residual region. Short internal cycles constrain the maximum value of the entropy associated to
a given subregion to less than the typical maximal value. One example is the four-boundary

wormhole with a short internal cycle. In the continuous case it is easy to see that sufficiently short
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Figure 49: A four boundary wormhole with horizons H,, a = 1,...4 (cyan, brown, pink, purple)
and internal cycles I, b = 1,2 (orange,blue) depicted. Here, I} < Hy + Hs, H3 + H, and so
I is the RT surface for regions 1 & 2 and regions 3 & 4. A corresponding holographic state
(right) is depicted, with colour-coded horizons and emphasised internal cycles indicated. Having
|I1| < |Hy|+ |Hs| constrains S(1U2) < |I1]Inx = 3Inx. In contrast, for a Haar random blob we
would have S(1U2) < In(dim(H; @ Hz)) = 5lnx.

internal cycles are dominant RT surfaces, as illustrated in figure 49 (left). In a corresponding
network this amounts to a constraint on the maximum entropy of the state on a set of boundaries
for which the internal cycle is shorter than it’s corresponding greedy geodesic, as illustrated in

figure 49 (right).

Another example with internal topology is the torus wormhole. We find that networks
constructed on tilings of the torus wormhole exhibit the expected features of their continuum
analogues, up to tiling artefacts like those shown in figure 41. In particular, we expect the
torus networks to have a minimal cut homologous to the boundary that wraps the throat of the
torus. Behind this region is the causal shadow with the topology of a torus. We expect that for
low-temperature torus wormholes, the causal shadow region is reconstructible only with the entire
boundary, whereas for higher temperatures we expect to be able to reconstruct information in
the causal shadow with only subsets of the boundary. Examples of this behaviour are illustrated

in figure 50 a) and b).
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Figure 50: low-T torus wormhole networks. a) A very low-T octagon state for which the
minimal cut (dashed, green) wrapping the throat coincides with the greedy geodesic for the whole
boundary (purple). Here we cannot reconstruct the central tensor encoding the causal shadow. b)
A higher-T octagon state for which the greedy geodesic is trivial meaning we can construct the
central tensor lying behind the minimal cut from the whole boundary as we expect. In fact, we
can reconstruct the tensor at the centre from only a subset of the boundary, as depicted by the
yellow greedy geodesic associated to the portion of the boundary highlighted in the same colour,
which passes through the central tensor. This mimics the anticipated high-T behaviour. ¢) A very
low-T pentagon state with tiling artifacts in which the residual region does not reach the minimal
cut. d) A higher-T pentagon state with the same tiling artifacts wherein we cannot reconstruct
the region behind the minimal cut even with the whole boundary, because its corresponding

greedy geodesic cannot penetrate the identifcation.

163



Outlook

The work in this thesis invariably presents outstanding issues that are sources for further questions;
here I outline some of these questions, as well as some approaches that have generated results in

related directions.

In chapters 2 and 3 we established the existence of a good holographic dictionary for
asymptotically locally Schrodinger spacetimes. One issue with this work is that we remain
agnostic to the existence of a dual field theory; it’s assumed to be the dual Schrodinger field
theory of the asymptotically locally Schrodinger bulk massive vector theory. From the condensed
matter point-of-view finding a holographic Schrodinger field theory to proxy systems seen in
nature (such as cold atoms at unitarity) would be extremely desirable. In this case the generalised
holographic machinery that we’ve developed can be brought to bear. A top-down approach
which derives the Schrodinger geometry in the context of string theory via a so-called null Melvin
twist is discussed in [140]. Related top-down approaches to non-relativistic holography may
identify explicit NRFT constructions applicable to condensed matter systems seen in nature. We
compare our results with the related approach [35-38] which treats Schrédinger field theory as a
perturbation of a relativistic CF'T by an irrelevant vector operator. Our construction, in contrast,
is non-perturbative owing to the identification of boundary data as sources and vevs for boundary
operators with definite scaling dimensions with respect to the non-relativistic, anisotropic scaling
symmetry. Another approach that could provide valuable hints in this direction is non-relativistic
holography for 3D higher-spin theories [141, 142]. There, the huge amount of redundancy deriving
from the higher-spin gauge transformations leads to very large asymptotic symmetry groups.
The naturally constraining nature of symmetries may lead to the successful identification of a
Schrodinger field theory with these corresponding, large symmetry groups. For z > 2 we do not
know if a sensible holographic dictionary is possible, since as we’ve stated, the leading asymptotics
no longer carry leading r dependence. There’s then no immediately obvious way to interpret
boundary data as boundary sources in the usual sense, nonetheless this by itself does not rule out
the possibility that there is a tenable holographic interpretation; this is an interesting question
for future work. An interesting problem for Schrodinger holography and for non-AdS holography
in general is whether or not the RT formula holds unchanged in these cases. The result [143]
would seem to suggest, as least for the asymptotically Lifshitz case, that naive application of the

usual holographic entropy calculations may be fraught with additional subtleties. A similar story
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may persist for the asymptotically locally Schrodinger geometries.

One of the main open questions of chapter 4 is the extent to which the results there generalise
suitably to regions of smaller moduli. There we had some discussion as to what can happen
when not all of the moduli are large, where the identifications of boundary states persist away
from the smaller boundaries. In general the work in chapter 5 is an attempt to provide an
answer to this question using the formalism of holographic tensor networks. In the latter case
we unearthed the interesting suggestion that the main result of chapter 4 does generalise even
to cases of very small moduli. It would be interesting to explore how the results of chapter 5
generalise to large bond-dimensions, where the random tensors should more closely resemble
perfect tensors. Exploring this regime presently entails a computationally expensive barrier.
Another issue is that the tensor network models considered in chapter 5 are highly heuristic,
they merely serve as proxies for the path-integrals on Riemann surfaces and do not pertain
to any particular dynamics. A more robust approach could entail looking for an appropriate
generalisation of the M ERA network to multiboundary states. It was shown in [124] that one
can obtain thermal states as quotients of M ERA. This naturally suggests that one can take
similar quotients to obtain network models for the pair-of-pants geometry, for example. One
can indeed show that an appropriate quotient construction for the pair of pants geometry exists
[144], but what is far less obvious is a sensible choice of cut-off that respects the symmetries of
the quotient. In a related approach [119] it was shown that through a prescribed series of local
replacements called tensor network renormalisation (TNR) that one can coarse-grain the tensor
network representation of the Euclidean path-integral on the infinite strip to generate precisely
the M ERA for the CF'T ground state. This suggests that one might be able to apply a similar
tensor network replacement algorithm to a lattice network on the pair-of-pants geometry in order
to obtain a M ERA for the corresponding boundary state. It’s not clear that there’s a way to
apply TNR to such a network without leading to inconsistencies. We can choose to start from the
networks obtained in chapter 5, but then it seems that one cannot implement local replacements
in a scale-invariant way. The results of chapters 4 and 5 also play a part in shedding light on ideas
of bulk reconstruction, particularly the idea of entanglement vs. causal wedge reconstruction
and whether or not information pertaining to boundary regions is sufficient to reconstruct bulk
information localised beyond the horizons, which in turn is related to the hotly debated story of
firewalls and the black hole information paradoxes [145-150]. The general intuition, especially in

relation to the QFEC proposals [59], is that reconstruction of local bulk operators located beyond
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the horizon is possible due to the quantum secret-sharing character of holographic states. In
the multiboundary holographic states considered in chapter 5 we find that boundary regions of
sufficient size may be used to reconstruct operators located within the causal shadow region in

accordance with these proposals.

Since its inception almost 20 years ago, interest in the AdS/CFT correspondence has bloomed.
The correspondence continues to generate vast bodies of powerful and far-reaching results in our
attempts to understand quantum gravity, strongly-coupled condensed matter systems and beyond.
In time, the significance of the relation between bulk geometry and boundary entanglement has
been explicated in many different examples and while many exciting open questions abound, it
seems that in this regard we are drawing surely closer to an understanding of the inner workings
of the correspondence. The great expectation is that it’s only a matter of time before this fruitful
story inspires the next great step that will lead to the formulation of a successful theory of

quantum gravity.
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Appendices

A Spatially dependent modes for z = 2

We consider here for completeness the linearised equations for d, = 2 with dependence on the
spatial directions ¥ included. The equations are the z — 2 limit of the analysis in chapter 2.
Considering a single Fourier mode in all boundary directions, we can use the rotation symmetry
to orient the spatial coordinates so that the spatial momentum is along the x direction, so the
coordinate dependence in all modes is e+ Then the modes split up into the scalar
modes Hy, Hye, Hee, Hip, Hey, Hyy, Hyy St, Sg, 5, and the vector modes Hy,, Hey, Hyy, 5. As in
the discussion with no spatial dependence, these all have an expansion in powers of kewr? and

k2r?. The leading terms take the same form as for the constant modes above.

The equations of motion in the vector sector are

0 =rky[r*wHe, + ke(Hy + Hey)) — (kf + 2kewr?)Hyy — 3rH),, + r* H, | (A1)
0 =2H¢, — k2r’s, — (ki + 2kewr® +5)s, + r(2Hy, — 3s, +rs)), (A.2)
0 = ky(ker Hyy — kor® Hey) + kZ Hyy — (3 + kewr®)Hey 4 r(—Hy, + rHE,), (A.3)

0 = kor(r*wHyy — korHyy) + (kewr® — kZ — 5)Hy, 4 10s, + (kewr® + w*r' — 2) He,

+ T(T’H{’y — 2(Hgy + sy)" — 5Ht’y), (A4)
and additionally,
0 =ke[(Hy — Hey + 2s,) — r(Hy + Hey)'| — wr?[He, + rHg, | — kor?H),,. (A.5)

We can solve these equations order by order in kew and k2. The subleading components determine
the subleading terms in the expansion of the fields. But there are also additional constraints on
the leading terms, corresponding to the expected Ward identities. Equation (A.5) gives at leading
order

ke[2HY — s$9] + 20HED + 2k, HLY = 0. (A.6)

At k¢ = 0, this corresponds to the Ward identity

0P, + 0,112 = 0. (A7)
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In the scalar sector, the equations of motion are

0 = 2har (ke + wr) (o + Heg) + K25 (5 e — %H& — Hig — k) + 6Hy — (ke +wr®)%k

+ i(ke + 2wr?)s, + 125, + 4s¢ — 4r Hj, — %TH& —2rk" — rsg — r[TH{, + 25, + %T2Ht’;

PP H P Y 4 (A5)
0 = hyr (e Hue + (2h + wr) Hey ) — K2r(Hug + Hee + ) — 2(K2 + wher)k

= 37 (Hig + 21" ) + r*Hig + r2Hl + 202K, (A.9)
0 =rky[wr?(Hee + k) — 2is, — keHy + (wr? — ke) Hye] + (k2 + kewr?® — 5) Hyg

— (kewr® + w*r* — 2)Hey — 105, + 5rHy, + 2r(H{, + ) — r*Hy,, (A.10)
0= — 2k kerHey + kir® Hee + AHee + 2kik — rHy — r* Hi, (A.11)
0 = kor (e(Hie -+ k) — wr®Hge ) — KEHu + (kewr? + 3) Hey + rHY, — r2HY,, (A.12)

0 =r’k" +r*Hf + 2r°Hyp — rsy — 3rk' — 2rH{ — 6r Hje + 8s¢ + 2ikes, — (ki + 2wker®)k

+ ( — 4+ w2r22> Hee — 2k5wT2Ht§ + k:gHtt, (A.13)
0= 2]{:xr<k5(Hm +2H¢,) + wr2H§x> — r?k2(2H, + Hee) + 72K + TQHé'E — 2rs; — 3k’

— 2rHy, — 6rHye 4 8s¢ 4 2ikes, — (ki + 2wker?)k + < —4+ w27"4) Hee — 2kewr® Hye

+ kf Hy, (A.14)
0 = kokers, — kar’se + 4Hee + 2ikes, + kis, — (8 + kgwr2> s¢ + 2rHie — ikers, — rs;

+ sy, (A.15)
0 = kor(ke +wr?)s, — 2k2r? (se + s¢) + 4i(2ke + wr?)s, + 2<w2r4 — 8) S¢ + 2rHie — 4rk'

— 2i(ke + wr?)rsl, — 6rsy — 2kewr?s, — 10rs) + 2r’s) + 2r°sy, (A.16)
0—kyr <2isr + ks + (ke + 1r2w)se — z’rs;> 4 2H,, — (kg + 2kewr? + 5) So -+ 2rHL,

— 3rs), +r?s!, (A.17)
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and additionally,

0= kgHtt + 2k§kxTHtx — Q(k‘g + k§W)r2Ht§ + 27nkx(k§ + wTQ)fo - (k?CTQ +4+ w27’2)H§§

— (2]6? + 72 (k2 + 4k5w))k‘ — 2ike¢s, + 8s¢ — 6rHy — 4rHie — 6rk" + 2rsg, (A.18)
0= kﬂ((Hm + He,) — rHt/x> + (ke + 3wr?)Hee — 2kek — 8is, — 2wr?se

+ ke (2(Htt + 8¢) — rHt’t> + (—ker® ™ + wr®)rHye + wr*™ (Hge + ), (A.19)
0= —k,r <H§$ - THégC) — (ke + 2wr®)Hee + ker Hye — rwr? He 4 2kerk, (A.20)

0 =ke(Hyy — Hep + 25,) — wr2H€z — kerHy, — (ke + wrQ)rHéx
+ er<(H§5 + 2s¢) + 2 (Hl + Hjg + k’)), (A.21)
0 = kor(4Hey + 255 + 15.) — 2ik2r%s, + 2(ke + 2wr?) Hee — Akek — 2i(k:§ +8+ 21{:50.;7"2) 5

+ 2ke (=28 4 rsy) + 2(ke + wr?)sp. (A.22)

Again, the constraints corresponding to the Ward identities are modified. Equation (A.21) gives
at leading order

5
ke[2HLY — s + 2wHE + Ky [26® — gsg N =0. (A.23)

At k¢ = 0, this corresponds to the Ward identity
0P, + 0,1 = 0. (A.24)

Equation (A.20) gives
2
ke (K9 + 25) —wH — kHE =0, (A.25)

At k¢ = 0, this corresponds to the Ward Identity
Op + Oxp” = 0. (A.26)

Finally, there is a linear combination of equations (A.22) and (A.19) which eliminates s, giving,

x x

5
ke <2H§j> + s§+>) - w(2k:(4) . gs?)) 4k, <2H§+> n 2s<+>> —0. (A.27)
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At k¢ = 0, this corresponds to the Ward Identity

OE + 0,6 = 0. (A.28)

Thus the full linearised perturbations behave as we expect.
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B  The horizons H,, H, in BTZ coordinates

We now compute the parameters characterising the region X, corresponding to half of the t = 0
slice of the three-boundary wormhole with horizons Hy, Hy, H3, of respective lengths Ly, Lo, L.
In chapter 4 we ordered the lengths so that Ls > Li, Lo; this assumption is relaxed here. The
region Y, is bounded by three geodesics G, running between the boundary components labelled
by a and b, and meeting horizons H,, H, orthogonally.

We use the metric (4.7) with Hj lying at p = 0 and Gh3, Go3 lying at @ = £, Thus z €

5.4

%, %], Consider a geodesic parameterised by arclength s, using a dot to denote differentiation

with respect to s. From translation invariance, there is a conserved quantity (1 + p?)&, which for
geodesics with both endpoints at p = oo is given by /1 + p3, where pg > 0 is the minimal value
of p. The geodesic is then given by

tanh
p=pocoshs, x=uxy+tanh™* <M> : (B.1)

V1+ag

Consider first the geodesics G2 and that corresponding to Hy, (see fig. 51 for the various
relevant geodesics and quantities). The endpoints of G lie at © = x1, 22, and it will be convenient
to parametrise these by the centre z = “2& and the half-width Az = #5%. We intend to find
Ly in terms of these parameters, and along the way will also obtain the minimal distance d;3

between H;, and Hj,, as well as the position at which G, and H;, intersect.

The geodesics are given by

cosh s
sinh Az’

L
Hy, :p=sinhdiscoshs, x= _ZS + tanh™* (

Gu:p= x =T +tanh™' (tanh Aztanhs), s¢€R, (B.2)

tanh s

Ly
— B.
2 B3

_— <s<
COShdlg) » 0sss

with the constraint that they intersect at right angles at the endpoint of H;,, where the arclength

Ly

along Hy, is s = %', and along G5 is s = s1, say, where s; < 0.

The condition that two geodesics intersect orthogonally determines the value of p at which

they meet in terms of the conserved quantities for the two geodesics; for Hy, and G5 it gives

p? = sinh®dy3 + coth? Az = cosh? dy3 + csch? Az at intersection. (B.4)
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p=—00

Figure 51: The geodesics GG, bounding the patch ¥, in BTZ coordinates. The horizons H,
are also shown. The p direction runs vertically, and x horizontally. The positions where the
geodesics intersect are labelled with the arclength along each curve, measured from the deepest

point (minimal p), and d;3, d23 mark the minimal distances between the horizons.

We now get two equations from identifying the value of p at intersection with the values of p for
G at s = 51, and for Hyy at s = % A third comes from identifying the x coordinates at these

same arclengths:

L
coth Az = sinh d;3 sinh 71, (B.5)
sinh s; = — sinh Ax cosh d;3, (B.6)
L tanh £t
T + tanh ™' (tanh Az tanh s;) = —Z?’ + tanh™! ((:o:h—dig> : (B.7)

We then solve for Lq,d;3, s1 in terms of Z, Az to obtain

L, sinh (% + :E) cosh Az tanh Ax

h—=—+—-*—~ tanhdi3= ————, tanhsy = ——————.
o8 R cosh(%%—a?:)7 e tanh(%jta’:)

2 sinh Az (B8)

It is straightforward to translate these results into expressions for Lo, the distance dy3 between

horizons Hoy and Hj,, and s, the arclength along G5 at which it intersects Hoy:

L, sinh (% — f) cosh Az tanh Ax

h—= = tanhdy3 = —————, tanhsy = —————
o ) Lant s Cosh(%—f)7 ant s tanh(%—i)

2 sinh Az (B.9)

Finally, the above can be inverted to find z, Az, and d,, (where, in particular, djs = s9 — s1
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is the minimal distance between Hiy, Hoy ) in terms of Ly, Lo, Ls.

Ly Lo o; L3
(cosh 5 cosh 5 ) sinh 4

sinhz =

)
\/ cosh? % + cosh? % + 2 cosh % cosh % cosh %

sinh Az =

inh L3
sinh 5

)
\/ cosh? % + cosh? % + 2 cosh % cosh % cosh %

cosh % cosh % + cosh %

coshdys =

sinh % sinh %

(and permutations)

(B.10)

(B.11)

(B.12)

In particular, the explicit inversion shows that the mapping between (z1,z5) and (L, Ls) is

bijective and smooth.

We may now work out the asymptotic values of these quantities in the limit where all lengths

L, are large. The typical expressions reduce to sums of exponentials of linear combinations of L,,

so there are separate regimes depending on the relative sizes of the exponents; these turn out

to be three regimes where one horizon is longer than the sum of the others (L; > Ly + L3 and

permutations), and the regime where no horizon is dominant in this way.

Ax ~

d12 ~

(
L Lexp(—limbe-la) [0S [, 1 L

—H b gexp (—BEEE) Ly> Lo+ Ly

% otherwise

\
(

exp (—%) L1 > Ly+ Ls
exp (—%) Lo > L1+ Ls
W—i—log? L3>L1+L2
(_L1+I:12*L3)

[ exp otherwise

(
—Lgiglilq + 2 lOg 2 L3 > L1 + Lg

2€Xp (—%) L1 > LQ + L3
2exp (—4) Ly > Ly + Ls
k2 exp (—%) otherwise

(B.13)

(B.14)

(B.15)

The corrections in each case are exponentially small in the L,, except when L3 — L — Lo is order
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one, for example.

The interval [z1, 2] looks qualitatively different in each of the four regimes. When L3 >
Ly + Lo, it is long (the same order as the horizon lengths), and at a generic position. When
Ly > Ly + Lg, it is exponentially short, and also close to the right end of the strip; it is similarly

short and close to the left end when Ly > L1+ L3. In the remaining regime, it is again exponentially

short, but in a generic position.
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