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Abstract

Since the discovery of non-zero neutrino masses, through the observation of neutrino

flavour oscillations, we had a plethora of successful experiments which have made

increasingly precise measurements of the mixing angles and mass-differences that

drive the phenomena. In this thesis we highlight the fact that there is still signifi-

cant room for new physics, however, when one removes the assumption of unitarity

of the 3 ˆ 3 neutrino mixing matrix, an assumption inherent in the 3ν paradigm.

We refit all global data to show just how much non-unitarity is currently allowed.

The canonical way that such a non-unitarity is introduced to the 3 ˆ 3 neutrino

mixing matrix is by the addition of additional neutral fermions, singlets under the

Standard Model gauge group. These “Sterile Neutrinos” have a wide range of the-

oretical and phenomenological implications. Alongside the sensitivity non-unitarity

measurements have to sterile neutrinos, in this thesis we will study in detail two

additional signatures of low-scale sterile neutrinos; the case of one or more light

O(1eV) sterile neutrinos detected by their effect on neutrino flavour oscillations,

and heavier O(100 MeV) detected via their subsequent decay to Standard Model

particles. These two regimes have markedly different phenomenology, but are both

measurable at terrestrial short-baseline experiments. We consistently use the Fer-

milab Short-Baseline Neutrino program as a concrete example which would produce

world-leading bounds in both scenarios.
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Chapter 1

Introduction
“Duncan, have I not told you that when you think you know

something, that is a most perfect barrier against learning?”

Leto II Atreides

In this introductory chapter we will explore, in brief, the turn of events that lead

to the discovery of the neutrino and creation of the successful electroweak sector of

the Standard Model. We will highlight the fact that non-zero neutrino masses, which

have now been solidly proven by numerous experiments over the past decades, is

the first concrete experimental example of new physics beyond the Standard Model.

The massive nature of neutrinos was discovered through two important phenomena

which we will introduce and discuss in detail, the mis-alignment of the neutrino

flavour and mass states leading to the possibility of neutrino flavour oscillations.

We will then give an overview of the current global experimental scenario and use

this to motivate further chapters.

1.1 Historical Overview

Neutrinos have long had a history of controversial and surprising discoveries, dating

back to their inception in 1930 where there were conjured up by Wolfgang Pauli to

solve the serious contemporary problem surrounding the observed energy spectrum

in nuclear β-decays. The emitted β-particles were observed to have a continuous

spread of energies, and not a distinct line, as the conservation of energy would dic-

tate for such a two-body decay. Pauli proposed the idea that a new neutral fermion,

1



1.1. Historical Overview 2

the “neutrino”, was also emitted in the decay 1. This neutrino, which was extremely

weakly interacting and promptly escaped detection, carried away with it sufficient

energy to balance the observed β-spectrum. Although the idea of introducing a

light, near-impossible to detect, invisible particle seemed drastic, it was no more

desperate than the alternative; that conservation of energy did not hold for individ-

ual atomic decays.

In 1934 Enrico Fermi used the neutrino in his aptly, albeit perhaps understated,

titled paper “An attempt of a theory of beta radiation” [1] which signalled the begin-

ning of nearly a century of weak-interaction model building that continues today2.

Fermi’s theory of β-decay was so successful that the existence of the neutrino soon

became a widely accepted view, although none had ever been observed. On the

topic of the mass of this new particle Fermi concluded

“..that the rest mass of the neutrino is either zero, or, in any case, very small

in comparison to the mass of the electron.” .

Fermi’s theory very successfully explained β-decay in what we now know is a cor-

rect manner; the three-body transition of a neutron to proton, electron and neutrino

(nÑ p`e´`νe). Influenced by Fermi’s theory it was suggested that to validate the

model, the neutrino could be detected by searching for the reverse process, inverse

β-decay, in which an anti-neutrino interacts with a proton to form a neutron and

positron (νe`p
` Ñ n`e`) [3]. In 1956, using a nuclear reactor as an intense source

of anti-neutrinos, Clyde Cowan and Fredrick Reines used inverse β decay to confirm

the existence of the neutrino [4], for which Reines was awarded the Nobel Prize in

physics in 1995 3.

1Pauli originally named his proposed particle a neutron, but with the discovery of the currently-

named neutron just two years later in 1932, Enrico Fermi coined the term neutrino for Pauli’s

mysterious particle, meaning “little neutral one” in Italian.
2For an English translation of Enrico Fermi’s seminal paper see F.Wilson’s article [2].
3Reines accepted the prize solely, as Cowan passed away in 1974.
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Fermi’s theory had four fermions interacting at a single local point, and was suc-

cessfully used to explain muon decay and many other phenomena without a need to

change the coupling constants. A term in the Lagrangian with four fermions is non-

renormalizable, however, and was not a consistent theory or well behaved in many

regimes, with the cross-section for such a scattering calculated in the four-fermion

model scaling indefinitely with energy, σ9E2
ν , violating unitarity and breaking down

at high energies. However, at low energies it was remarkably successful. If one

viewed the Fermi four-fermion operator as an effective theory, in which two pairs of

fermions exchanged a very heavy intermediately boson, then things could be made

consistent, as we show illustratively in Figure (1.1). Such a new boson would have

to be quite massive, O(100 GeV), in order to achieve the very short range of the new

force, and would have to carry ˘1 electric charge to account for the flow of charge.

No such particle was known to exist, and so the search began for both theoretical

models to explain such a particle and experimental hints of its existence.

W−

u

νe

d

e−

gL

gL

u

νe

d

e
−

∝
ig2

L

m2

W

Figure 1.1: At high energies, left, inverse beta decay can be seen to be the

exchange of a massive charged boson that couples to each of the (νe, e
´) and (u, d)

pairs equally with a coupling constant gL. At low energies, right, the interaction is

approximated by a four-fermion contact interaction whose strength is proportional

to g2
L suppressed by the mass of the intermediate boson. The coupling of the four-

fermion interaction is thus a measurement of GF “
?

2g2
L{p8m

2
W q.

The next controversial and surprising point in the history of weak-interactions
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occurred in 1956 when, motivated by recent results anomalous results in Kaon de-

cay, T. Lee and C. Yang pointed out that there was simply no evidence whatsoever

for, or against, parity conservation in any experiment involving weak-interactions

thus far [5]. This was in stark contrast with Electromagnetism and the Strong force

where it was seen to be conserved in all prior experiments. A parity transformation

involves the flip of all spacial directions, sending a phenomena to its mirror image. It

was a long held belief that the laws of nature and physics were identical under such

a mirror image, and Fermi’s original theory of β-decay was constructed from parity

conserving vector currents. Several experiments were quickly suggested to test this

and in early 1957, by studying the decay of Cobalt-60 in a magnetic field, C.S Wu

showed conclusively that Parity is violated in the weak-interactions [6], breaking

decades of prior belief and guaranteeing a Nobel Prize for Lee and Yang that very

year.

Any Dirac fermion can be decomposed into its chiral left-handed and chiral

right-handed components, ψ “ ψL ` ψR. It is useful to define the chiral projection

operators PLpRq ” p1 ˘ γ5q{2 with the property to select a given chiral component,

PLψ “ ψL, PRψ “ ψR and PLψR “ PRψL “ 0. Incorporating this parity violation

required a reworking of the underlying theory. If neutrinos were indeed massless,

however, it was noted that such a parity violating lagrangian could be naturally

produced. This is due to the fact that, although ψR and ψL are both needed to

describe a massive fermion, in the absence of mass a single chiral state, e.g ψL,

is sufficient as the Dirac equation decouples into two fully independent equations,

i{BψL “ 0 “ i{BψR. So theories in which neutrinos are described by left-handed

chiral states only naturally produce what is called vector-axial vector (V-A) cou-

plings. This name refers to how the structures, ψγµψ and ψγµγ5ψ produced in

couplings, such as ψγµPLψ, transform under parity transformations, as a vector

and an axial-vector respectively. The success of such theories led to neutrinos being

treated as de-facto massless in the majority of theories of Electro-Weak interactions.

It was known by 1948, by studying the energy spectra of the emitted electrons,
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that muons must decay to two neutrinos alongside the electron, not just one. Many

hypothesised these neutrino might be different, with the name neutretto even being

briefly used to distinguish them. Similarly, the neutrinos emitted alongside muons

in pion decay were not known to be the same as those from the reactor experi-

ments in the fifty’s. In 1962 this was conclusively proven to be true by studying

the reactions induced by a beam of, what we now know to be, νµ from pion decay.

If they were indeed the same as νe the the reaction ν ` n Ñ p` ` l´ would only

produce electrons. L. Lederman, M. Schwartz and J. Steinberger showed in such an

experimental setup at Brookhaven National Labs that in a beam of νµ significantly

more muon events were recorded that electron [7], proving the existence of the muon

neutrino, for which the Nobel prize was awarded to them in 1988.

The culmination of all these experimental hints and theoretical work, along with

a considerable amount more, was that the weak sector was known to be a parity

violating V-A theory that conserves Lepton number and contains multiple mass-

less neutrinos, and whose force is mediated by a massive charged boson. It was

well known at this point that demanding local invariance of symmetries provided a

consistent way of predicting Lagrangians, couplings and generating force carrying

bosons. For example, demanding that a theory was invariant under a Global Up1qEM

showed that electric charge was conserved, but demanding it was invariant under

a Local Up1qEM transformation, a so called Gauge-Symmetry, generated all of the

QED Lagrangian, complete with a massless photon mediator.

In this vein, in 1961 Glashow [8] put forward a theory based on an global

SUp2q b Up1q Gauge symmetry which introduced a neutral Z gauge boson in con-

junction with the, still hypothetical at the time, charged W˘ boson responsible for

the Fermi theories success. Such a gauge theory could correctly account for almost

of all the experimental observations. However, the issue that faced theorists in the

mid 20th century, was that although such a theory provided gauge bosons that could

explain the various interactions required, if one demanded that the theory was gauge

invariant this required the gauge bosons to be massless. If massless they would cor-
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respond to a long-ranged force, as the photon does, and would necessarily have been

discovered already, not to mention being in stark contrast to the very massive boson

needed to explain the success of the Fermi theory. Adding a mass for the bosons

directly by hand provided the necessary weak short-ranged forces that agreed with

experiments, but directly breaks the Gauge symmetry that introduced them.

The solution to this conundrum was developed independently by Brout, En-

glert [9], Higgs [10] and Kibble, Guralnik and Hagen [11] circa 1964 and involved

the dynamic breaking of the SUp2qL b Up1qY gauge symmetry down to the observ-

able Up1qEM subgroup, although it required the existence of an additional field and

associated scalar boson, the Higgs Boson. No fundamental scalar boson had ever

been observed in nature at this point.

With this last piece of the puzzle in place, all Electro-Weak interactions were

explained in a single unified theory, the Weinberg-Glashow-Salam [8, 12, 13] Model

which forms the Electro-Weak sector of the Standard Model, although it took almost

10 years from the discovery of the Higgs mechanism. Of the many predictions of

the theory, derived purely from the principles of the SUp2qbUp1q gauge symmetry,

was the required existence of neutral currents via the proposed Z-boson, although

there was no experimental evidence for such an interaction. The measurement, or

absence, of such interactions quickly became a hot topic, whose existence would

be seen as a tremendous success of the Weinberg-Glashow-Salam model. In 1974

the Gargamelle bubble chamber experiment proved conclusively, after much global

scrutiny, the existence of neutral current interactions, very much in line with that

predicted by the SUp2q b Up1q gauge symmetry [14]. This success ingrained the

Weinberg-Glashow-Salam model as an accurate model of nature in the minds of

physicists, and subsequently the Nobel prize in physics was awarded to Weinberg,

Glashow and Salam in 1979, for their pioneering work.

It was many years later before the W-Boson and Z-Boson were directly measured

themselves, using the high energy SPS accelerator at CERN in 1983 by the UA1
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and UA2 experiments [15, 16], with their spokesmen Carlo Rubbia and Simon van

der Meer being awarded the Nobel prize the following year for their experiments

efforts. Significantly more time had to elapse, however, before the Higgs Boson was

finally discovered in 2012, again using the most powerful accelerator of the time, the

LHC at CERN. The 125 GeV boson was discovered by the two experiments CMS

and ATLAS [17], again warranting a Nobel prize, this time to the theorists Higgs

and Englert for their pioneering work that theorised a particle 48 years before its

discovery.

In the intervening time the Standard Model has grown to encompass an addi-

tional generation of leptons and quarks, with the discovery of the tau-lepton [18]

and its associated neutrino [19], as well as the Top [20,21] and Bottom Quarks [22].

The Standard Model remains one of the most successful physical theories to date,

making extremely precise predictions and has stood the rigours of decades of exper-

imental tests [23].

Neutrinos, however, had one more unexpected discovery to release on the world.

Despite the numerous successes of the theory of massless neutrinos, discrepancies

began to emerge; Anomalies at first in the rates of observed neutrinos originating

in the Sun, then in the fluxes of Atmospheric observations, followed by spectral

distortions in reactor anti-neutrinos and accelerator neutrinos. All experimental

results pointed to the simple and undeniable fact that neutrino are most definitely

not massless. This is due to the fact that massive neutrinos exhibit the phenomena

of flavour mixing and neutrino oscillations, as we will see in Section (1.3), behaviours

that have been measured and quantified to high precision in the past decades. We

will discuss in detail the historical measurements which first showed this in Section

(1.5). Neutrino mass truly represents the first major failure of the Standard Model,

the importance of which was highlighted in 2015 with the awarding of the Nobel

Prize in Physics to Arthur B. McDonald and Takaaki Kajita for the discovery of

Neutrino Oscillations.
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1.2 The Electro-Weak Sector of the Standard Model

The Standard Model is a chiral theory, meaning it treats differently the left-handed

and right-handed chiral fields of a fermion ψ “ ψL ` ψR. The left-handed chiral

components of the fermions form weak isospin doublets LαL “ pναL, αLq
T for the

leptons and similarly for the quarks. While the right-handed chiral fields form nine

SUp2qL singlets, αR, uiR and diR. There are no neutral fermion right-handed fields

in the Standard Model. The quantum numbers of all Standard Model field content

before Electro-Weak Symmetry Breaking is given in Table (1.1).

In relation to neutrino physics we concern ourselves primarily with the Electro-

Weak sector of the Standard Model, governed by the weak isospin and hypercharge

symmetries of the SUp2qLbUp1qY gauge group, and will not mention the myriad of

successes the non-abelian SUp3qC gauge group has achieved in explaining the strong

nuclear force4.

It is worth taking time here to describe the process of Electro-Weak Symmetry

Breaking (EWSB) that gives rise to not only the mass for the gauge bosons, but also

all massive fermions in the Standard Model. Focusing solely on the Lepton sector,

the Electro-Weak sector Lagrangian is the most general renormalizable Lagrangian

that can be written given the field content of Table (1.1),

LEW “

LGauge Kinetic
hkkkkkkkkkkkkkikkkkkkkkkkkkkj

´
1

4
AiµνA

µν
i ´

1

4
BµνB

µν
`

LFermion Interact+ Kinetic
hkkkkkkkkkkikkkkkkkkkkj

iLL {DLL ` ilR {DlR

` pDµHq
:
pDµHq ` λH:Hpv2

´H:Hq
loooooooooooooooooooooomoooooooooooooooooooooon

LHiggs

´Y l
pLlLHlR ` lRH

:LLq
looooooooooooomooooooooooooon

LYukawa

, (1.2.1)

where we have broadly split up the Lagrangian into the four sectors governing dif-

4Of course neutrinos are detected through scatterings off nuclei, so a detailed understanding of

the nuclear effects involved is crucial, especially now as experiments are precise enough to need

extremely accurate cross-section predictions. This is an area of intense study [24], but is a thesis

worth of topics in itself and we will forgo such discussions.
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ferent phenomena. The covariant derivative is given by

Dµ “ Bµ ` i
gL
2
Aiµσi ` i

gY
2
BµY, (1.2.2)

where σi are the Pauli-matrices, generators of SUp2q, Y is the hypercharge operator,

and gL and gY are the corresponding coupling constants. The field strength tensors

are given by Bµν “ BµBν ´ BνBµ for Up1qY gauge boson and Aµνi “ BµAνi ´ B
νAµi ´

gLεijkA
µ
jA

ν
k for the SUp2qL Bosons. Note as we have said all particles, with the

exception of the Higgs, are strictly massless at this point, as any fermionic Dirac

mass term 9ψLψR will directly violate the chiral nature of the Standard Model,

with left and right handed fields transforming differently.

The Higgs Sector

The Higgs sector of the EW Lagrangian governs how the Electro-Weak gauge bosons

gain mass through the Higgs mechanism. Minimising the Higgs self interaction terms

leads to the Higgs obtaining a vacuum expectation value (vev) of 〈H〉 “ 1{
?

2p0, vqT ,

by construction. Expanding out the first term in LHiggs in this case leads to,

pDµHq
:
pDµHq

HÑ〈H〉
ÝÝÝÝÑ

EWSB

1

2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¨

˝

gYBµ ` gLA
3
µ gLA

1
µ ´ igLW

2
µ

gLA
1
µ ` igLW

2
µ gYBµ ´ gLA

3
µ

˛

‚

¨

˝

0

v{
?

2

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

.

(1.2.3)

If we then define four new bosonic fields from orthogonal combinations of Aiµ and

Bµ

W˘
µ “

1
?

2

`

A1
µ ¯ iA

2
µ

˘

,

Zµ “

a

g2
L ` g

2
Y

gY gL

`

gLA
3
µ ´ gYBµ

˘

,

Aµ “

a

g2
L ` g

2
Y

gY gL

`

gYA
3
µ ` gLBµ

˘

, (1.2.4)

we see that the kinetic Higgs term, after EWSB, is precisely the mass terms for W˘
µ

and Zµ

LHiggs Ą pDµHq
:
pDµHq

HÑ〈H〉
ÝÝÝÝÑ

EWSB
m2
WW

:
µWµ `m

2
ZZµZ

µ, (1.2.5)
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with masses mW “ gLv{2 and mZ “ v
a

g2
Y ` g

2
L{4. The fourth field, Aµ remains

massless as is the Photon field of the remaining Up1q symmetry Electromagnetism5.

This is the principle by which boson masses that break a gauge symmetry can exist

in the Standard Model.

The Fermion Interaction Sector

Taking the definitions of the physical massive gauge bosons from Equation (1.2.4)

we turn our attention to LFermion Interact expanding out the covariant derivative and

dropping kinetic terms,

LFermion Interact “´
1

2
gLLLA

i
µγ

µσiLL `
1

2
gYBµγ

µLL ` gY lRBµγ
µlR,

“´
gL
?

2
νeL {W`lL `H.C

loooooooooooomoooooooooooon

LCC

` e
`

lL {AlL ` lR {AlR
˘

loooooooooomoooooooooon

LNC,γ

´
1

2
e
gY
gL

«˜

1´

ˆ

gL
gY

˙2
¸

lL {ZlL ` 2lR {ZlR

ff

´
gLgY

2e
νeL {ZνeL

looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

LNC,Z

,

(1.2.6)

where we have made the connection e2 ” g2
Y ` g2

L, as this way the NC coupling of

the photon field Aµ to a charged lepton reduces to the QED theory of Up1qEM as

required. The charged current sector of the Lagrangian depends only on the SUp2qL

coupling constant gL, as the physical massive W˘ bosons are combinations of only

the charged SUp2qL bosons A1,2. The neutral current sector, however, is more com-

plicated with the neutral SUp2qL boson A3 mixing with the B boson of hypercharge

to form the physical Z and Photon fields.

The coupling of the neutrinos to the Z-Boson in the NC Lagrangian, and cou-

pling to the W˘-Bosons in CC sector are the only places in which neutrinos couple

with the remainder of the Standard Model, and it is through these interactions that

5The relationship between the physical neutral gauge bosons and those of SUp2qL ˆ Up1qY

is often given in terms of the Weinberg mixing angle, Zµ “ sin θWA
3
µ ` cos θWBµ, and Aµ “

cos θWA
3
µ ´ sin θWBµ with the mixing angle given by gL sin θW “ e “ gY cos θW , θW « 28˝.
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all neutrino observations must arise. This is unlike all charged fermions whose right-

handed fields couple to the Higgs though Yukawa terms. Note that as the Higgs is

not present in the Fermion Interaction Lagrangian, these couplings are not effected

by EWSB.

The Yukawa Sector

Before an in depth discussion of neutrino flavour effects, it is worth considering the

flavour and masses of the charged leptons, as the two concepts are intricately linked.

Before EWSB the Standard Model does not provide a way to distinguish the three

generations of charged leptons and quarks. With identical quantum numbers there

is experimental signatures that can separate an electron from a muon, for example.

Of course experimentally we know fermions have mass, and part of the success of

the Higgs mechanism is that in breaking SUp2qLbUp1qY masses are also generated

for any fermions which couple to the Higgs through Yukawa couplings.

The general Yukawa section of the Standard Model lagrangian, LYukawa, in Equa-

tion (1.2.1), post EWSB, takes on the form

LYukawa
HÑ〈H〉
ÝÝÝÝÑ

EWSB

v
?

2
l̃LỸ

l l̃R `H.C. (1.2.7)

We now note the matrix of Yukawa couplings, Ỹ l, is not assumed to be diagonal

and most generally is a complex 3ˆ 3 unitary matrix. We will use tildes to refer to

the fact that in an arbitrary basis the fermion fields may not have definite masses

due to these off-diagonal Yukawa elements. We are, however, free to diagonalise Ỹ l

through a bi-unitary transformation, V l
L
:
Ỹ lV l

R “ Y l, leading to a now diagonal Y l.

Our Yukawa term in this basis then reads

LYukawa “
v
?

2
V l
L
:
l̃L

loomoon

”lL

Y l

”lR
hkkikkj

V l
R

:
l̃R `H.C,

“
v
?

2
lLY

llR `H.C. (1.2.8)
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Fermions (Spin 1/2) Weak Hyper Electric Charge

Isospin I Charge Y pQ ” I3 ` Y {2q

Lepton Doublets LαL “

¨

˝

ναL

αL

˛

‚

1
2

´1
0

´1

Charged Lepton

Singlets
αR 0 ´1 ´1

Quark Doublets Qi
L “

¨

˝

uiL

diL

˛

‚

1
2

1
3

2
3

´1
3

Quark Singlets
uiR

diR

0
4
3

´2
3

2
3

´1
3

Bosons (Spin 1) Weak Hyper Electric Charge

Isospin I Charge Y pQ ” I3 ` Y {2q

Higgs Doublet H “

¨

˝

H`

H0

˛

‚

1
2

1
1

0

A Triplet A “

¨

˚

˚

˚

˝

A1

A2

A3

˛

‹

‹

‹

‚

1 0

`1

´1

0

B Singlet B0 0 0 0

Table 1.1: The Electro-Weak sector of the Standard Model, pre EWSB.

Shown are the eigenvalues of Weak Isospin (I) and Hypercharge (Y ), for the Stan-

dard Model field content, as well as the Electric Charge Q of the conserved Up1qEM

remaining after EWSB. I3 is the third component of Isospin, and takes the val-

ues ˘I for each respective element of the weak isospin doublets and `I,´I and 0

for the triplets, respectively. We note that unlike all charged fermions, there is no

right-handed chiral fields for the neutrino. If included they would be singlets under

weak isospin, and have 0 hypercharge and electric charge. The index α is over the

three lepton families, electron muon and tau, which differ only in mass. The index

i “ 1, 2, 3 is over the three Quark generations, ui over up, charm and top, and di

over down, strange and bottom.
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Which is none other than a Dirac mass term, mll, for the Dirac fields, l ” lL ` lR,

of the charged leptons of definite mass, mα “ vY l
αα{
?

2.

Having obtained a mass through the Higgs Mechanism, the three generations of

charged leptons are no longer identical, so it is their masses we use to experimentally

differentiate between them. Thus we observe an “electron flavour” lepton if we see

a charged lepton with mass me « 0.5 MeV, a muon is a charged lepton with mass

mµ « 100 MeV and a tau is a charged lepton with mass mτ « 1800 MeV. Usually

these are measured via their subsequent decay products using the long-ranged elec-

tromagnetic force. However, this implies the massive fields lL are also the fields of

definite flavour, by virtue of definition.

Neutrinos, on the other hand, do not interact electromagnetically, nor have

masses large enough to be measured directly using today’s technology. Their only

direct coupling to a charged particle is solely through CC weak interactions as de-

scribed in Equation (1.2.6). As this always occurs in the presence of a charged

lepton6, we naturally choose to define the flavour of a neutrino by the flavour of the

associated charged lepton in a charged weak interaction. As the flavour of a charged

lepton is itself defined by its mass, we are in essence defining the flavour of a neu-

trino by the mass of the associated charged lepton in that SUp2qL doublet. In what

follows we will explore the details and consequences of this definition.

6The neutral current coupling to the Z-Boson is flavour blind, so although such scatterings can

identify a neutrino interacted, they cannot specify a flavour and so are not useful in determining

neutrino flavour.
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1.3 Neutrino Mass and Flavour

In order to define the neutrino flavour fields we turn our attention to the lagrangian

term that leads to the weak charged current interaction,

LCC Ą ν̃Lγ
µl̃LWµ `H.C, (1.3.9)

Ą νL
loomoon

νL”V
l
L
:
ν̃L

γµlLWµ `H.C. (1.3.10)

As we have shown lL represents the physical massive eigenstates for the charged

leptons, νL is therefore the neutrinos created alongside them in a weak interaction

and by definition, the neutrino fields of distinct flavour νL ” pνeL, νµL, ντLq
T .

In the scenario that neutrinos were massless, as they are in the Standard Model,

this would be the end of the discussion with the flavour fields as defined here being

massless fields, and any combination of massless fields remains a massless field, thus

the flavour fields are mass-eigenstates also.

However, it is now known beyond any doubt that neutrinos do in fact have mass,

albeit very small in comparison to all other known massive particles of the Standard

Model. As we will show shortly, there is no possible mechanism to generate mass for

the neutrinos in the Standard Model, and as such non-zero neutrino represents one

of the few failures of the Standard Model, requiring the addition of new undiscovered

physics. The details of the experiments which discovered neutrino masses through

oscillation is left to Section (1.5), where we will discuss historical and contemporary

experimental measurements of the neutrino sector. For now we will focus on the

theory of massive neutrinos beyond the Standard Model.

As there is no right-handed chiral fields belonging to a neutral fermion in the

Standard Model, it is impossible to write down a Yukawa coupling to the Higgs that

post-EWSB would give rise to a Dirac mass term for the neutrinos7 as was done

7With the addition of right-handed “sterile neutrinos” one can construct such a Dirac mass.

This is discussed in detail in Section (2.2).
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for the leptons in Equation (1.2.8). There is, however, another way to generate a

mass term without the need for a right-handed chiral field, as was discovered by

Majorana in 1937 [25], and we will now discuss its relevance to the neutrino sector.

Majorana Masses

It is possible to write down a solution to the Dirac equation for a massive Fermion

field ψ, piγµBµ ´mqψ “ 0 where instead of ψ having two independent Weyl compo-

nent spinors, ψ “ ψL`ψR as is the case for the massive charged fermions, but only

one, ψL. To achieve this we would require a function of ψL, FpψLq, that behaved

like a right-handed chiral field, in order to form a Dirac-like mass mψLFpψLq`H.C,

as well as transforming like ψL under Lorentz transformations, so that the quantity

FpψLqψL is a Lorentz scalar. It turns out that this function is none other than the

charge conjugated field

FpψLq “ ψCL “ CψL
T
, (1.3.11)

where C is the charge conjugation matrix. One can easily see that this behaves as a

right-handed chiral field by acting on it with the left-handed projector

PLpCψL
T
q “ C

¨

˝pPRψL
loomoon

“0

q
:γ0

˛

‚

T

“ 0. (1.3.12)

and under a Lorentz transformation ψpxq Ñ ψ1px1q “ Aψpxq, it can be shown that

the charge conjugated field transforms

ψCL
Lorentz

ÝÝÝÝÝÝÝÝÝÑ
Transformation

C
`

ψ1:px1qγ0
˘T
“ CpA´1

q
TC´1ψCL pxq “ AψCL , (1.3.13)

in the same manner. Thus, the field

ψ “ ψL ` CψL
T
, (1.3.14)

allows us to construct a mass term using ψL alone,

Lmaj
mass “ ´

1

2
mψCLψL `H.C “

1

2
mψTLC

:ψL `H.C. (1.3.15)

Although a simple and elegant solution, requiring no additional field content or

interactions and in fact using one less Weyl spinor than a traditional Dirac mass
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term, generating a Majorana mass for the neutrinos in the Standard Model fails. We

can see this by noting that under a Up1q transformation both ψ and ψT transform

as ψpT q Ñ eiφψpT q, so a Majorana mass term would violate such a transformation.

For Up1qEM this means ψ must be a neutral fermion in order to not violate conserva-

tion of charge. Perhaps encouragingly, as the only neutral fermions in the Standard

Model, neutrinos are thus the only particles that could potentially have a Majorana

mass term. We do note, however, that as this term violates any U(1) transforma-

tions the accidental Lepton number symmetry in the Standard Model is broken by

the inclusion of such a Majorana mass term.

The fact that this term violates SUp2qL b Up1qY is not immediately a concern

as it may arise from a symmetry conserving term at higher energy scales in the

same way as Fermion masses do. However, if this mass were to arise post-EWSB

from a Yukawa-like coupling to the Higgs it would require a term in the Lagrangian

containing two SUp2qL doublets LαL, which transforms as a weak isospin triplet. As

the standard model does not contain an isospin triplet, it would need to be formed

out of two Higgs doublets to ensure the Lagrangian remained invariant at the higher

scale. This automatically leads to operators such as

L5 “
g

Λ

Isospin triplet
hkkkkkkkikkkkkkkj

`

LTLC:σ2~σLL
˘

Isospin triplet
hkkkkkikkkkkj

`

HTσ2~σH
˘

`H.C, (1.3.16)

EW Symmetry
ÝÝÝÝÝÝÝÝÑ

Breaking

gv2

2Λ
νTLC:νL `H.C. (1.3.17)

This term, however, is forbidden in the Standard Model framework as it is of en-

ergy dimension 5 and thus non-renormalizable. This further reiterates the fact that

non-zero neutrino masses represent the first confirmed physics beyond the Standard

Model. This is, in fact, the only unique operator that can be formed at dimension 5

using the field content of the Standard Model. It is known as the Weinberg opera-

tor [26,27], and its sole role, post EWSB, is the generation of neutrino masses. The

term Λ has dimension of energy, and if this term originated at some high scale, Λ "

TeV, it would be expected, by naturalness arguments, to be of the order of the scale

of new physics. Thus for Op1q couplings and the Higgs vev as normal, it naturally

would produce small neutrino masses, mν “ gv2{Λ. If we explicitly add extra sterile
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degrees of freedom, then additional dimension 5 operators can be formed, but we

will leave this discussion until Section (4.2.2).

Despite the fact this approach fails for the Standard Model as is, with the inclu-

sion of extra field content, or if one considers the Standard Model as a low-energy

effective theory allowing such non-renormalizable terms in the Lagrangian, Majo-

rana mass terms become an attractive solution. We explore this in more detail in

Section (2.2) when we discuss some specific models beyond the Standard Model that

can generate the Weinberg Operator.

1.3.1 Neutrino Mixing

Although the exact mechanism by which neutrino mass is generated is currently

unknown, the fact that neutrinos do have mass is concretely proven. For the pur-

poses of discussing the phenomenological effects that arise due to non-zero masses,

it suffices here to treat the Standard Model as an effective theory, and include the

dimension 5 Weinberg operator that generates a Majorana mass term for the neu-

trinos, as defined in Equation (1.3.17). In fact, one could argue that the discovery

of neutrino masses shows that the Standard Model is an low-energy effective theory,

and we are very justified in this assumption. In this manner we can elaborate on

the effects of neutrino masses without concretely moving to a model, or adding any

field content to the Standard Model.

With the inclusion of mass for the neutrinos, the definitions of charged leptons

mass and flavour states remains the same, but now the neutral leptons can have a

Majorana mass term in the Lagrangian,

Lmass “
1

2
ν̃L

TC:M̃ν̃L `H.C, (1.3.18)

where we have extended M̃ as a complex symmetric Majorana mass matrix. Follow-

ing the same procedure as the charged leptons we can diagonalise this to define the

neutrino fields of definite mass using the unitary transformation, V ν
L
TM̃V ν

L ” M .

The massive chiral neutrinos are then given by nL “ V ν
L
:ν̃L which form a diagonal
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Majorana mass term for the neutrino

Lmass “
1

2
nTLC:MnL `H.C. (1.3.19)

Thus it is nL ” pν1L, ν2L, ν3Lq
T that represent the massive neutrinos.

Just as with the case of massless neutrinos, we now turn to the charged current

lagrangian to precisely define the “flavour” fields for massive neutrinos. Rewriting

the charged current lagrangian in terms of the physical massive fields for both the

charged leptons and neutrinos we obtain

LCC 9 ν̃Lγ
µl̃LWµ `H.C, (1.3.20)

9 pV l
L

:
V ν
L

loomoon

”UPMNS

nLqγ
µlLWµ `H.C, (1.3.21)

9 νLγ
µlLWµ `H.C, (1.3.22)

where in the final line we have the neutrino flavour states, νL, defined as we have

chosen, to be those which are created along side charged leptons of definite mass.

νL
loomoon

Flavour

“ UPMNS nL
loomoon

Mass

“

¨

˚

˚

˚

˝

νeL

νµL

ντL

˛

‹

‹

‹

‚

. (1.3.23)

The unitary matrix that represents the basis transformation between the neu-

trino mass basis and flavour basis is known as the Pontecorvo–Maki–Nakagawa–Sakata

matrix or PMNS matrix [28–30]. A priori the Standard Model tells us nothing about

the values of elements in this matrix. It could be equal to the identity matrix, mean-

ing the flavour and mass eigenstates are equal, or it could have off-diagonal complex

elements meaning flavour neutrinos would not have definite mass, but are superpo-

sitions of neutrinos with definite masses.

This is directly analogous to the quark sector, where it has been found that the

quark flavour and mass eigenstates mis-align. However, it has been shown that the

mixing matrix, the CKM matrix, is close to the identity matrix with only small

perturbations from this, proportional to the Cabibbo mixing angle, θC « 13˝, at

leading order. As we will see in Section (1.5), the situation significantly deviates

from this in the neutrino sector.
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Parameterization of the PMNS Matrix

A general 3 ˆ 3 unitary matrix has 32 “ 9 parameters and can be decomposed

into three angles and six complex phases. Three of these six phases are unphysical,

however, and they can be removed by rephasing the massive neutrino, νiL Ñ eiφiνiL,

and charged lepton fields, lαL Ñ eiφαlαL appropriately. If we define Upθij, δq is as

a rotation of angle θij around the i ´ j plane, with complex phase δ, then a near

ubiquitously used parameterization of UPMNS is given by

UPMNS “ Upθ23, 0qUpθ13, δCP qUpθ12, 0qDM ,

“

¨

˚

˚

˚

˝

1 0 0

0 c23 s23

0 ´s23 c23

˛

‹

‹

‹

‚

looooooooomooooooooon

Atmospheric Sector

¨

˚

˚

˚

˝

c13 0 s13e
´iδCP

0 1 0

´s13e
iδCP 0 c13

˛

‹

‹

‹

‚

loooooooooooooooomoooooooooooooooon

Reactor Sector

¨

˚

˚

˚

˝

c12 s12 0

´s12 c12 0

0 0 1

˛

‹

‹

‹

‚

looooooooomooooooooon

Solar Sector

Majorana Phases
hkkkkkkkkkikkkkkkkkkj

¨

˚

˚

˚

˝

eiα1 0 0

0 eiα2 0

0 0 1

˛

‹

‹

‹

‚

,

(1.3.24)

where cij ” cospθijq and sij ” sinpθijq and the labels refer to the colloquial names

governing oscillations at their respective scales. If neutrinos are Dirac fermions, they

contain two additional Weyl-spinor degrees of freedom allowing two more phases to

be removed, leaving five of the six phases unphysical, removing α1 and α2 in the

above equation.

1.4 Oscillation Phenomenology

The fact that neutrinos are massive does not alone imply the existence of vacuum

neutrino oscillations. As we will see below there needs to be a mass difference be-

tween one or more of the active neutrinos, and the mixing matrix (UPMNS), between

the flavour and mass states must contain off-diagonal elements. As we now know,

nature has indeed chosen these two conditions, and through neutrino oscillation ex-

periments, we have gained unprecedented knowledge of the neutrino section.

In this section we will derive the oscillation formula in detail, as it represents

a key phenomena of massive neutrinos, and one that we have derived the major-



1.4. Oscillation Phenomenology 20

ity of knowledge in the neutrino sector from. As the more standard “equal-energy”

derivation can be found in many textbooks and while it generates the correct answer

in many cases, it contains unphysical assumptions does not account for additional

phenomena, we will instead here derive the oscillation probability though a more

rigorous quantum mechanical method, following the approach of C.Giunti [31].

The experimental setup we wish to model consists of the production of a neutrino

in a definitive flavour eigenstate, |ναy “
ř

i U
‹
αi |νiy, via the decay of a particle

driven by the weak interaction. The neutrino then propagates across a baseline

L as a coherent superposition of its mass eigenstates, and is detected (again as a

pure weak, but possibly different flavoured, state |νβy) at a time T through a weak

scattering event. We model the propagating state as a Gaussian wave-packet. This

is by no means the only shape possible, but is sufficiently simple to provide exact

analytical results, yet contain enough physics to gain insight.

Ψjpk, kj, σk|prodq “
1

4

b

2πσ2
k|prod

exp

«

´
pk ´ kjq

2

4σ2
k|prod

ff

, (1.4.25)

with mean momentum kj and width associated with its production in momentum

space of σk|prod. We additionally will assume that we are working in a highly rela-

tivistic situation and will work to leading order in ε ” m2
i {E

2
i . As this work focuses

on terrestrial experiments with lowest energy’s in the MeV range, and sterile mass

splittings of less than 103 eV2, we see that even for the most extreme cases ε ď 10´9

and this is an extremely well motivated assumption. We will also assume that the

wave-packets are well peaked in momentum space at production, corresponding to

E2
i {m

2
i " σk|prod. These two approximations allow us to express the energy of a given

mass state as Eipkq « Ei ` vipk ´ kiq where vi is the corresponding group velocity,

vi “ ki{Ei. After expanding to leading order in ε these take the analytically simple
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forms

Eipkq « Eν ` p1´ ξq
m2
i

2Eν
, (1.4.26)

ki « Eν ´ ξ
m2
i

2Eν
, (1.4.27)

vi « 1´
m2
i

2E2
ν

, (1.4.28)

where ξ is a production process specific factor and Eν is the energy of a massless

neutrino in the same kinematic situation. Bringing this all together it allows us to

write the state that is produced in the decay as

|ναptqy “
ÿ

j

U‹αj

ż

dkΨjpk, kj, σk|prodq e
Ejpkqt |νjpkqy , (1.4.29)

whereEj is the energy of the jth propagating mass state as given by Equation (1.4.28).

Moving to physical space, |ναpx, tqy “ xx|ναptqy, we have the following form

|ναpx, tqy “
1

4

b

2πσ2
k|prod

ÿ

j

U‹αj exp

«

´iEjt` ikjx´
px´ vjtq

2

4σ2
x|prod

ff

, (1.4.30)

where similarly kj is the momentum of the jth propagating mass state. The state

that is detected, as flavour β, is constructed in a similar manner with the exception

that this state does not propagate and is destroyed upon detection, and the Gaussian

wavepacket will have a different width associated with the detection process σk|det

which does not equal the production width.

|νβptqy “
ÿ

j

U‹βj

ż

dkΨjpk, kj, σk|detq |νjpkqy , (1.4.31)

which corresponds in physical space to

|νβpxqy “
1

4

b

2πσ2
k|det

ÿ

j

U‹βj exp

«

`ikjx´
px´ vjtq

2

4σ2
x|det

ff

. (1.4.32)

The amplitude in which a neutrino of definite flavour να is produced at L “ 0 and

is detected as flavour νβ at a time T later after propagating a baseline L, is then

given by

Apνα Ñ νβ : L, T q “

ż

dx xνβpx´ Lq| |ναpx, T qy , (1.4.33)

9
ÿ

i

U‹αiUβi exp

«

´iEiT ` ikiL´
pL´ νiT q

2

4pσ2
x|prod ` σ

2
x|decq

ff

. (1.4.34)
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The probability that we are looking for is then proportional to the square of this

amplitude,

Ppνα Ñ νβ : L, T q 9 |Apνα Ñ νβ : L, T q|2, (1.4.35)

9
ÿ

i,j

U‹αiUβjU
‹
βjUαi exp

„

´i
∆m2

ij

2Eν
tT p1´ ξq ` ξLu ´

pL´ viT q
2 ` pL´ vjT q

2

4σ2
x



,

(1.4.36)

where σ2
x ” σ2

x|prod ` σ2
x|dec. The time at which a specific neutrino arrives is not a

measured quantity in any neutrino experiment, as such we integrate over all time

leaving only a dependence on the baseline L, which is traditionally fixed for any

given experiment. In doing this we will enforce the normalisation of the probability

such that
ř

β Ppνα Ñ νβq “ 1. This expression notably has terms dependant on T ,

T 2 and independent of T ,

Ppνα Ñ νβ : Lq “

ż `8

´8

dTPpνα Ñ νβ : L, T q (1.4.37)

9
ÿ

i,j

U‹αiUβjU
‹
βjUαi exp

„

´i
∆m2

ij

2Eν
ξL´

L2

2σ2
x



ˆ (1.4.38)

ˆ

ż `8

´8

dT exp

„

´iT
∆m2

ijp1´ ξq

2Eν
` T

pvi ` vjq

2σ2
x

` T 2
pv2
i ` v

2
j q

4σ2
x



.

(1.4.39)

We note that the remaining time integral is of the form
ş`8

´8
e´ic1xec2xe´x

2c3 which

has an exact solution provided c3 ”
v2
i`v

2
j

4σ2
x

is greater than zero,

ż `8

´8

dx e´ic1xec2xe´x
2c3 “

c

π

c3

exp

„

´
pc1 ` ic2q

2

4c3



. (1.4.40)

This, along with the normalisation condition, then gives us the probability for de-

tecting a neutrino of flavour β at a baseline L, in a beam of neutrinos of flavour

α,

Ppνα Ñ νβ : Lq “
ÿ

j,m

U‹αmUαjU
‹
βjUβm exp

”

´2πi
L

Losc
loooomoooon

Oscillatory Term

Losc”
4πEν

∆m2
jm

´

Coherence Term

Lcoh”
4
?

2E2
νσx

|∆m2
jm
|

hkkkikkkj

ˆ

L

Lcoh

˙2

´2π2
p1´ ξq2

ˆ

σX
Losc

˙2

looooooooooooomooooooooooooon

Localisation Term

ı

.

(1.4.41)
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We note that if one repeats the above calculation but starting with states of

anti-neutrinos

|ναy “
ÿ

i

Uαi |νiy , (1.4.42)

all kinematic statements and integration remains unchanged, leading to an identical

result up to complex conjugation of the leading coefficients (elements of the UPMNS

matrix). This gives the corresponding anti-neutrino oscillation probability

Ppνα Ñ νβ : Lq “
ÿ

j,m

UαmU
‹
αjUβjU

‹
βm exp

”

´2πi
L

Losc

´

ˆ

L

Lcoh

˙2

´2π2
p1´ ξq2

ˆ

σX
Losc

˙2
ı

.

(1.4.43)

Alongside the traditional oscillatory term there are two exponentially damping

terms. We will now discuss the physical interpretations and effects of the three

terms appearing in the exponential individually.

The Coherence Term

Lcoh ” 4
?

2
E2
νσX

|∆m2
ij|
, (1.4.44)

« 5.7ˆ 1015

„

Eν
GeV



”σX
m

ı

„

|∆m2
ik|

eV2

´1

m. (1.4.45)

This term suppresses the transition probability for experiments whose baselines are

greater than Lcoh. It originates from the fact that, in a given time, wave packets as-

sociated with multiple massive neutrinos will travel different distances, with heavier

mass states propagating at a slower velocity and hence not as far. If the different

wave-packets representing each mass state become sufficiently separated in an ex-

periment, L ě Lcoh, then they cannot all coherently interact at the detector, and

thus the oscillatory effects (which arise from such coherent interference) are greatly

suppressed.

The larger the mass splitting between any two neutrino, the smaller the coherence

length, but this also corresponds to a proportional reduction of the oscillation length.

Shown in Figure (1.2) is the region (shaded green) in which decoherence effects
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Figure 1.2: Parameter space in which the massive neutrino wave-packets are sep-

arated sufficiently in space that they do not interact coherently within the detec-

tor, suppressing the interference necessary to produce oscillations. The size of the

wavepacket, σX , is estimated by looking at the dilated lifetime for decays in vacuum

σX « τγ, and the mean free paths when decays occur in a medium. Shown are some

example values for methods often used to generate a neutrino flux.

become large, relative to the oscillation length Losc “ Lcoh. As can be easily seen,

decoherence effects are not an issue for terrestrial experiments except for situations

involving very small wave-packets.

The Localisation Term

The second damping term is the localisation term which suppresses oscillation if the

wave-packet size begins to become comparable to the oscillation length, if σX ą Losc.

If this is the case, the mass states at production are not localised to the production

region and can even overlap with the detector, washing out interference between the
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Figure 1.3: Regions in which the massive neutrino wave-packets are large enough

such that the production and detection are no longer localised events (Area above

each coloured line).

different mass states. It follows that the experiment can no longer even be consid-

ered as a neutrino propagation experiment.

To estimate this effect we look at what is the largest value that σX can reasonably

take. For neutrino experiments in which the beam is produced via particle decay,

even for highly relativistic parent particles, the wave-packet size is limited by the

size of the decay tunnel which is usually of O(100 meters), e.g. Booster beam tunnel

at Fermilab is 50m while the NuMI beam is at the extreme edge of design space at

675m. As can be seen in Figure (1.3), for scenarios with very large mass splittings

the localisation term may not be ignorable, as was pointed out in [32]8.

8Note in [32] what we refer to here as the localisation term is called the “decoherence” parameter.
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Figure 1.4: Examples of 3ν oscillation probabilities, for a hypothetical experiment

with fixed 1300km baseline. On the left we show the νµ Ñ νe appearance oscillation

probability (blue curve), and on the right the νµ Ñ νµ disappearance probability

(green curve). Very fast oscillations will not be resolvable in any given experiment

so shown in both cases is a (red curve) where the analytic oscillation probability

has been convoluted with a Gaussian to approximate finite energy resolution of 20%

Eν . This has the effect of averaging out very fast oscillations as can be seen. This

plot assumes Normal Ordering and all mixing angles and mass splittings are fixed

at the global best-fit values, see Table (1.2). Note that no real experiment would

have sensitivity over such a wide L{Eν , this is merely to highlight oscillation effects.

The Oscillation Term

For the majority of experiments, especially in the standard 3ν scenario, both the

coherence term and localisation term effects have a negligible effect on the transition

probability and can be safely ignored, with the probability reducing to the traditional

form,

Ppνα Ñ νβ : L,Eνq “
ÿ

j,m

U‹αmUαjU
‹
βjUβm exp

”

´ 2πi
L

Losc

ı

. (1.4.46)



1.4. Oscillation Phenomenology 27

By expanding the exponential in terms of sines and cosines, and invoking the as-

sumed unitarity of the UPMNS matrix,

ÿ

j

|Uαj|
2
|Uβj|

2
“ δαβ ´ 2

ÿ

kąj

Re
“

U‹αkUαjU
‹
βjUβk

‰

, (1.4.47)

we can then rewrite this probability into a sum of sin and sin2 frequencies

Ppνα Ñ νβ : Lq “ δαβ´4
ÿ

mąj

Re
“

U‹αmUαjU
‹
βjUβm

‰

sin2

ˆ

∆m2
mjL

4Eν

˙

(1.4.48)

`2
ÿ

mąj

Im
“

U‹αmUαjU
‹
βjUβm

‰

sin

ˆ

∆m2
mjL

2Eν

˙

. (1.4.49)

This equation governs the behaviour of all neutrino oscillations in a vacuum, or

in situations where the matter effect is small enough to be ignored. Note that

we have not made any assumptions on the number of neutrinos so this master

equation is valid for any number of neutrino species. We plot an example of the

νµ Ñ νe appearance oscillation probability and νµ Ñ νµ disappearance probability

in Figure (1.4), for the case of three neutrinos, and mixing angles according to a

global fit of neutrino experiments. Neutrino experiments are not sensitive to very

fast oscillations at frequencies below the achievable experimental energy resolution,

we can account for this effect by convoluting the oscillation probability given in

Equation (1.4.49) with a Gaussian with width appropriately chosen to represent the

approximate energy resolution for a given experiment,

Pavg
pνα Ñ νβ : L,Eν , σq “

ż 8

0

dE‹Ppνα Ñ νβ : L,E‹q
1

?
2πσ2

exp

ˆ

pEν ´ E
‹q2

2σ2

˙

.

(1.4.50)

The effect of this can be clearly seen in Figure (1.4), where the fast oscillations are

averaged and we are left with a constant normalisation shift in probability, effec-

tively setting
〈
sin2 x

〉
Ñ 1{2 for L{Eν " ∆m2, but the oscillations at smaller L{Eν

can be resolved fully.

With the understanding of how and why neutrino flavour oscillations occur, we

will now turn out attention to the current global situation in the field of neutrino

physics, as well as exploring the crucial results that lead to the definitive discovery

of non-zero neutrino masses.
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1.5 Global Situation of 3ν Paradigm

Our knowledge of the distinct PMNS neutrino mixing matrix elements comes from

the plethora of successful experiments that have run since the first strong evidence

for neutrino oscillations, interpreted as νµ Ñ ντ oscillations, was discovered by

Super-Kamiokande in 1998 [33]. A comprehensive review of the current status of

the global situation in neutrino physics is beyond the scope of this work. It does,

however, remain prudent to briefly discuss the main results of the field in order to

motivate the subsequent chapters. For detailed reviews of the global oscillation fits

see [34]9, [35, 36].

Experiments have long made use of naturally produced neutrinos, from nuclear

reactions in the Sun, cosmic ray events in the upper atmosphere and even geo-

neutrinos released in radioactive decays in the Earth’s interior [37]. In the case

of the two mass-splittings observed thus far, the so called Solar mass-splitting and

Atmospheric mass-splitting, it was in natural sources of neutrinos that anomalies

were first measured. Terrestrial man-made neutrino sources, such as neutrino super-

beams [38,39] and Nuclear fission reactors, are crucial for confirming these anomalies

as they often have a far better understood source with smaller systematic errors.

In the three ν paradigm, there are two independent mass splittings corresponding

to frequencies at which oscillations occur, as once two mass-splittings are defined

the third is merely a linear combination of the others, e.g ∆m2
31 ” m2

3 ´ m2
1 “

∆m2
32 ´∆m2

21.

1.5.1 The Solar Parameters, ∆m2
21 and θ12

The first sign of something unusual in the neutrino sector came from the Homes-

take radio-chemical experiment in 1968 [40], and along with data collected over the

next 25 years, showed only about a third of the expected solar neutrino flux was

reaching earth, a discrepancy of over 3σ. Over the next decades many gallium based

experiments, such as GALLEX [41] and SAGE [42] also saw a large deficiency in

9NuFIT 3.0 (2016), www.nu-fit.org.
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expected νe rates from the sun. It was not until larger water Cherenkov detectors,

such as Kamiokande and its successor Super-Kamiokande, and the heavy-water Sud-

bury Neutrino Observatory (SNO), began to publish results, that a clearer picture

of what was happening emerged. SNO crucially was able to measure both the νe

charged current reactions, as well as flavour independent neutral currents, of the 8B

νe solar neutrinos. The ratio of these measurement fluxes at SNO were so precise,

ΦCC

ΦNC

“ 0.340˘ 0.023 (stat)`0.029
´0.031 (sys), (1.5.51)

that they showed a staggering 17σ deviation from the expected value of 1 [43].

Although initial suggestions by Pontecorvo that the νe’s were oscillating to an-

other neutrino species as they propagated the vacuum from the Sun to the Earth [44],

a full analysis of all solar data showed it preferred a solution in which the solar neu-

trinos underwent a strong resonant flavour transition due to the Mikheyev-Smirnov-

Wolfenstein (MSW) matter effect [45,46] as they streamed from the core of the Sun

(where the vast majority of nuclear reactions take place) to the less dense outer lay-

ers of the Sun. The global best fit of all solar experiments favour a mass-splitting10

of ∆m2
21 “ 5ˆ 10´5 eV2 and a mixing angle θ12 of 33.8˝. This oscillatory behaviour

proved of course, that the neutrino mixing matrix must have off-diagonal elements.

Although this explanation provided a neat solution to the solar problem, a ter-

restrial experiment to measure ∆m2
21 here on Earth in more laboratory conditions

was proposed in the form of the Kamioka Liquid scintillator Anti-Neutrino Detector

(KamLAND) experiment. KamLAND used MeV anti-neutrinos from Japan’s 53

nuclear reactors, at a average distance of 180 km to directly measure the frequency

and amplitude of the oscillation. KamLAND found values of the oscillation param-

eters of ∆m2
21 “ 7.6ˆ 10´5 eV2 with a mixing angle θ12 “ 34.2˝, in agreement with

the MSW induced resonant solution of the solar experiments. In Figure (1.5) we

plot the 1, 2 and 3σ ranges for both the solar experiments as well as most recent

10 In the simplified two neutrino models originally used to analyse the data, this mass-splitting

was referred to as the “solar mass-splitting”, ∆m2
solar.
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Figure 1.5: Measurements of the solar mass-splittings and θ12, using both solar and

terrestrial accelerator experiments. This plot assumes a fixed value of θ13 “ 8.5˝.

Results taken from the nu-fit global fits.

KamLAND measurements. One can see there is slight tension between the mea-

sured mass-splitting, with solar results favouring slightly lower values. However,

one can also see the complementarity between the solar and long-baseline reactor

results with KamLAND being stronger at measuring the frequency and the solar

results bounding the amplitude to a greater extent.

1.5.2 The Atmospheric Parameters, ∆m2
31 and θ23

Cosmic rays interacting in the upper atmosphere are an important source of elec-

tron and muon neutrinos. In 1988 it was noticed that the number of νµ-like events

expected in the Kamiokande experiment was about 60% of what was expected given
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the knowledge of the atmospheric fluxes at the time [33]. This alone would not

have warranted new-physics as the fluxes were not extremely known, however, the

νe-like events observed were in complete agreement with the predictions and were

highly correlated with the expected νµ fluxes. Disappearance of νµ due to neutrinos

oscillations would explain this, but would require a very different frequency to that

linked to the solar phenomena, one of O(100) times that of ∆m2
solar.

In 1998 Super-Kamiokande presented a « 6σ result showing that νµ travelling

upwards through the Earth disappear when compared to down-going events. This

was consistent with the theory that the upward going νµ neutrinos were oscillating

away to ντ neutrinos, while the downward going neutrinos do not propagate for

a long enough distance to disappear. If the oscillation model was to be believed

it indicated a mass-splitting of ∆m2
atmos « 2.4 ˆ 10´3 eV2 and maximal mixing,

sin2 2θatmos « 1.

Super-Kamiokande took data at L{Eν values from 1 km/GeV all the way up to

104 km/GeV, and it is was in the upper half, ě 102 km/GeV, in which the deficit

was observed. Unlike the solar-scale oscillations, which would require baselines of

O(15,000 km) to see with standard super-beam neutrino experiments, the atmo-

spheric oscillation region is easily probe-able using terrestrial νµ and νµ super-beams.

The K2K experiment in Japan was the first experiment to attempt this check of at-

mospheric oscillations, consisting of a « 1 GeV νµ beam fired over 250km to the

Super-Kamiokande detector. KEK observed 107 events that were fully contained

and reconstructable, in comparison to 151 expected in the absence of oscillation.

The observed events were also crucially in spectral agreement with oscillations of

maximal mixing and ∆m2 “ 2.8ˆ 10´3eV2 [33].

The majority of our current sensitivity to ∆m2
32 and θ23 come from three accelera-

tor νµ disappearance experiments; MINOS, an on-axis magnetised steel-scintillator

detector using the Fermilab NuMI beam with a baseline of 735 km, T2K the spiri-

tual successor to K2K, using a 30 GeV proton beam at J-PARC sent slightly off axis



1.5. Global Situation of 3ν Paradigm 32

● ●

★★

◇◇

0.30 0.35 0.40 0.45 0.50 0.55 0.60 0.65 0.70
1.8

2.0

2.2

2.4

2.6

2.8

3.0

3.2

Sin2θ23

Δ
m2

32
[1

0-
3

eV
2 ]

NormalOrdering
All at 90% C.L

NOνA 2017

T2K 2017

MINOS 2014

● NOνA BF: Δm232 = 2.67x10-3 eV2, Sin2θ23 = (0.404,0.624)

★ T2K BF: Δm232 = 2.54x10-3 eV2, Sin2θ23 = 0.532

◇ MINOS BF: Δm232 = 2.37x10-3 eV2, Sin2θ23 = 0.41

Figure 1.6: Measurements of the atmospheric mass-splitting and mixing angle,

showing the slight tension in the most recent results from the three main accelerator

experiments NOνA [47], T2K [48] and MINOS [49]. Although MINOS and T2K are

consistent with maximal mixing, θ23 “ π{4, NOνA on its own disfavours it at 2.6σ

significance.

(2.8 ˝) 285 km to the Super-Kamiokande water Cherenkov detector and NOνA ,

also using Fermilab’s NuMI beam, but directed off-axis by « 1˝ 810km to a mineral

oil scintillator detector. All three use near detectors at Op100qm to measure the flux

before oscillation, and can run in anti-neutrino mode to probe CP violating effects.

The final run of MINOS has come to an end, but NOνA and T2K continue to collect

data, with their most recent publications in January 2017 [47, 48]. The most up to

date results from these three detectors can be seen in Figure (1.6), which include

νµ Ñ νµ and νµ Ñ νµ disappearance as well as νµ Ñ νe appearance data. As can be

seen, both MINOS and T2K are consistent with maximal mixing in the atmospheric
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sector, however, NOνA favours a non-maximal value, with θ23 “ π{4 being excluded

at the 2.6σ level.

In addition to the question of whether or not θ23 is maximal, there is also the

question of which octant it falls into. In a simple 2 ν approximation, measurements

of θ23 using νµ disappearance are completely degenerate in this regard, with the os-

cillation probability being proportional to sin2 2θ. This degeneracy is weakly broken

when one introduces measurements of νµ Ñ νe appearance, with the probability

containing terms proportional to sin2 θ23 and sin 2θ23. This can be directly observed

in the nearly symmetric bounds around sin2 θ23 “ 0.5 in Figure (1.6). The deter-

mination of this octant is one of the primary remaining goals of neutrino oscillation

physics.

1.5.3 The Reactor Parameter, θ13

Nuclear reactors provide an intense source of anti-electron neutrinos produced by

the β-decay of many neutron-rich nuclei produced in the decay chain of Uranium

(235 and 238) and Plutonium (239 and 241). These anti-neutrinos have energies

of O(MeV) and stream isotropically from the reactor cores. Detection of electron

anti-neutrinos takes place through the observation of a twin coincidence signal con-

sisting of a prompt positron alongside that of a delayed neutron capture signal,

both released by the electron anti-neutrino in an inverse neutrino decay reaction,

νe ` pÑ e` ` n.

KamLAND has already been mentioned as a strong measurement of the solar

oscillation parameters through observation of an oscillation at a frequency ∆m2
21.

Here we wish to consider a second generation of reactors which looked for oscilla-

tions at the much larger atmospheric mass-splitting, ∆m2
31. This was driven by the

desire to measure the final mixing angle of the UPMNS matrix, θ13. θ13 was long

known to be much smaller than the solar and atmospheric mixing angles, due to

non-observation at reactor experiments, such as CHOOZ [50], and there was much

theoretical motivation for a zero or near-zero values of θ13 through the study of
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discrete symmetries [51, 52]. These O(km) reactor measurements provide a mea-

surement of θ13 that is crucially independent of other mixing angles

P pνe Ñ νeq « 1´ sin2 2θ13 sin

ˆ

∆m2
31L

4Eν

˙

. (1.5.52)

In the case that θ13 was indeed very small, several experiments were designed

to utilise the intense nuclear reactors at a short-baseline O(1 km). The first mea-

surement of a non-zero θ13 was announced by the Daya Bay collaboration at a

significance of 5.2σ in 2012 [53], after 55 days exposure and only 5 years after the

experiment was proposed in in 2007 [54]. Daya Bay achieved this rapid measurement

by utilising eight identical detectors at three different locations relative to six 2.7

GWthermal fission reactors. The measured value of θ13 “ 8.8˝ was larger than many

expected, which greatly helped the speed at which it was discovered. This was soon

verified by the Double CHOOZ [55] and RENO [56] collaborations.

The most recent measurement of Daya Bay using 1230 days of exposure measure

sin2 2θ13 “ 0.0841 ˘ 0.0027 stat ˘ 0.0019 sys and ∆m2
32 “ p2.45 ˘ 0.06 stat ˘

0.06 sys q ˆ 10´3 eV2 [57], assuming Normal Ordering. This represents the most

precise measurement of any neutrino parameter thus far, with over 2.5 million νe

events recorded.

1.5.4 The CP violating phase, δCP

The discovery of not only a non-zero θ13, but a large non-zero θ13 at approximately

8.5˝ opened up the possibility of measuring CP violation in the neutrino sector. If

one studies the mixing matrix in Equation (1.3.24) , we notice that the possible CP

violating phase, δCP, always enters attached to sin2 θ13. If θ13 was indeed zero, then

all neutrino and anti-neutrino oscillation probabilities in the 3ν paradigm would be

equal. One can see this explicitly by looking at an analytical approximation to the

νµ Ñ νe and νµ Ñ νe appearance probabilities in a constant matter potential V
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directly [55],

P pνµ Ñ νeq « 4 sin2 θ13 sin2 θ23
sin2 ∆31p1´ Aq

p1´ Aq2
` α2 sin2 2θ12 cos2 θ23

sin2A∆31

A2
`

(1.5.53)

` 2α sin θ13 sin 2θ12 sin 2θ23 cosp∆31 ˘ δCPq
loooooooooooooooooooooooooomoooooooooooooooooooooooooon

Only term sensitive to CP violations

sin ∆31A

A

sin ∆31p1´ Aq

p1´ Aq
,

(1.5.54)

where the ˘ refers to neutrino and anti-neutrino probabilities and for clarity we

have defined,

∆31 ”
∆m2

31L

4Eν
, A ”

2EνV

∆m2
31

. (1.5.55)

The above probability an approximation to second order in the two small parame-

ters α ” ∆m2
21{∆m

2
31 « 0.032 and sin θ13 « 0.14. As matter is made up of neutrinos

and not anti-neutrinos, the matter potential, V , also changes sign when looking at

anti-neutrino oscillation probabilities. This interferes with the search for non-zero

δCP, as matter-effects can induce CP violations in the observed events, even with

δCP is CP conserving.

Precise measurement of δCP is one of the primary physics goals of two of the

largest next generation long-baseline neutrino experiments; DUNE (Deep Under-

ground Neutrino Experiment) [58], which will fire a beam of predominantly νµ

from Fermilab «1300km to the Homestake gold mine in South Dakota, and Hyper-

Kamiokande [59], a gigantic 1 million metric ton water Cherenkov detector based on

the highly successful Super-Kamiokande experiment. Depending on the exact value

of the remaining oscillation parameters, exact detector and accelerator final design

choices, DUNE should be capable of achieving ď 30˝p10˝q resolution of δCP with

a total exposure of « 120p1000q kt-MW-years, and to exclude CP conservation in

« 50% of δCP values at ě 3σ significance [60]. DUNE is expected to achieve « 120

kt-MW-years by «2035. Similarly, Hyper-Kamiokande should be able to achieve

18˝ resolution of δCP, for all possible values of δCP with approximately 5 years data

collection [59].
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Figure 1.7: First results from T2K [48] using a combined electron-neutrino and

anti-electron neutrino appearance analysis. Current preference is for values of δCP

close to maximally CP violating, although significance of this statement is low.

Shown also is the independent measurement of θ13 from reactor anti-neutrino dis-

appearance at Daya Bay [57].

In the meantime, direct searches for δCP are undergoing. The first exciting result

of a dual νµ Ñ νe and νµ Ñ νe accelerator search at T2K has been released, showing

a weak preference to the maximally CP violating value of δCP “ 3π{2 [48]. Crucially

the measured values of θ13 and ∆m2
31 are consistent, and if one uses the reactor θ13

measurements as a prior the suggested range for δCP shrinks further, as can be seen

in Figure (1.7).

We collect all the above information on the current best fit and ˘1σ ranges of

the neutrino mixing angles and mass-splittings in Table (1.2).
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Parameter Global Best-Fit

θ12 33.56˝`0.77
´0.75

θ23 41.6˝`1.5
´1.2 (50.0˝`1.1

´1.4 )

θ13 8.46˝ ˘ 0.15

δCP 261˝`51
´59

∆m2
21 7.50˝`0.19

´0.17 ˆ 10´5 eV2

|∆m31|
2 2.524`0.039

´0.040 ˆ 10´3 eV2

Table 1.2: Global best-fit values for neutrino mixing parameters in 3ν paradigm,

as taken from the nu-fit global fit analysis [34].

1.5.5 The Mass Ordering

Although the sign of ∆m21 is known from the MSW interpretation of solar data,

it must be noted that only |∆m2
31| is known precisely. Thus there are two distinct

orderings for the neutrino masses which are possible: the so-called normal ordering

(NO) in which m1 ă m2 ă m3, and the inverted ordering (IO) where m3 ă m1 ă m2.

This is shown qualitatively in Figure (1.8). Note that here we make a distinction be-

tween the mass ordering and the “mass hierarchy”. The mass hierarchy is a related

concept but is defined relative to the absolute neutrino mass scale and can be nor-

mal (m3 " m2,m1), inverted (m2,m1 " m3 ) or quasi-degenerate (m1 « m2 « m3)

which would occur if m2
1 " |∆m

2
31|.

11

1.6 Thesis Summary

There is much evidence for the validity of the 3ν paradigm, but discoveries arise from

repeated strict validation of a model and any discrepancies found whilst doing so. It

is crucial that we continue to probe the validity of the 3ν paradigm over the coming

11Note, if the mass hierarchy is inverted or normal, so too is the ordering. But one can have

a degenerate hierarchy alongside either an inverted or normal ordering. This distinction is not

universal in the literature.
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Figure 1.8: The normal (left) and inverted (right) mass orderings of the three

neutrino paradigm. Neutrino oscillations are insensitive to the absolute mass scale

of the neutrinos, represented by the position of the y axis relative to zero. The

colours represent the approximate flavour components of each mass eigenstate.

years. In Chapter 2 we will investigate one such signature that we live in a non-3ν

paradigm world, the possible non-unitarity of the 3ˆ 3 UPMNS matrix. Unitarity is

a fundamental property of any theory required to ensure we work in a theoretically

consistent framework. In comparison with the quark sector, experimental tests of

unitarity for the 3ˆ 3 neutrino mixing matrix are considerably weaker. We perform

a reanalysis to see how global knowledge is altered when one refits oscillation re-

sults without assuming unitarity, and present 3σ ranges for allowed UPMNS elements

consistent with all observed phenomena. We calculate, for the first time, bounds on

the closure of the six neutrino unitarity triangles, with the closure of the νeνµ tri-

angle being constrained to be ď 0.03, while the remaining triangles are significantly

less constrained to be ď 0.1 - 0.2. Similarly for the row and column normalization,

we find their deviation from unity is constrained to be ď 0.2 - 0.4, for four out of

six such normalisations, while for the νµ and νe row normalisation the deviations

are constrained to be ď 0.07, all at the 3σ CL. We emphasise that there is signif-
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icant room for new low energy physics, especially in the ντ sector which very few

current experiments constrain directly. As the canonical method for introducing a

non-unitarity is through the addition of sterile neutrinos, we end the chapter with

an introduction to sterile neutrino phenomenology.

Although we argue the discrepancy between the amounts of allowed non-unitarity

from experimental measurements and the requirement of strict unitarity in the 3ν

paradigm is reason enough to investigate sterile neutrinos, there is also a number of

experimental anomalies that hint towards the existence of such sterile states. Per-

haps the strongest motivation for studying low-scale sterile neutrinos is the anoma-

lous νe appearance at the LSND and MiniBooNE experiments, consistent with neu-

trino flavour oscillations driven by a new mass-splitting at O(1 eV2). In Chapter

3 we discuss this exciting anomaly in greater detail, exploring the phenomenology

of low-scale oscillating sterile neutrinos. We proceed to investigate the ability of

the Short Baseline Neutrino (SBN) experimental program being built at Fermilab

to test the globally-allowed (3+N) sterile neutrino oscillation parameter space, as

motivated by the LSND and MiniBooNE anomalies. We explicitly consider the

globally-allowed parameter space for the (3+1), (3+2), and (3+3) sterile neutrino

oscillation scenarios. We find that SBN can probe with ą 5σ sensitivity more than

85%, 95% and 55% of the parameter space allowed at 99% confidence level for the

(3+1), (3+2) and (3+3) scenarios, respectively. In the case of the (3+2) and (3+3)

scenarios, CP-violating phases appear in the oscillation probability terms, leading

to observable differences in the appearance probabilities of neutrinos and antineu-

trinos. We explore SBN’s sensitivity to those phases for the (3+2) scenario through

the currently planned neutrino beam running, and investigate potential improve-

ments through additional antineutrino beam running. We show that if antineutrino

exposure is considered, for maximal values of φ54, SBN could be the first experiment

to directly observe « 2σ hints of CP violation in the lepton sector.

When one considers “low-scale” sterile neutrinos, it is almost always light os-

cillating sterile signatures, such as those described in Chapter 3, that are being
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discussed. In the final Chapter, we will move our discussion to an alternative sig-

nature of low-scale sterile natures involving somewhat heavier states. Nearly-sterile

neutrinos with masses in the MeV range and below would be produced in the beam

of the SBN program at Fermilab. In this Chapter, we study the potential for SBN to

discover these particles through their subsequent decays in its detectors. We discuss

the decays which will be visible at SBN in a minimal and non-minimal extension

of the Standard Model, and perform simulations to compute the parameter space

constraints which could be placed in the absence of a signal. We demonstrate that

the SBN programme can extend existing bounds on well constrained channels, such

as N Ñ νl`l´ and N Ñ l˘π¯, while, thanks to the strong particle identification ca-

pabilities of liquid-Argon technology, also place bounds on often neglected channels,

such as N Ñ νγ and N Ñ νπ0. Furthermore, we consider the phenomenological

impact of improved event timing information at the three detectors. As well as

considering its role in background reduction, we note that if the light-detection sys-

tems in SBND and ICARUS can achieve nanosecond timing resolution, the effect of

finite sterile neutrino mass could be directly observable, providing a smoking-gun

signature for this class of models.

Although perhaps less theoretically motivated from a neutrino mass generation

perspective, sterile neutrinos at the eV and MeV scales provide an intensely phe-

nomenologically rich environment at short-baselines at which to probe the leptonic

sector. By studying the possible signatures of one or more low-scale sterile neutrinos,

be it their effect on the unitarity of the 3ˆ 3 UPMNS matrix, their oscillatory effects,

direct observation of their decay products or a different new anomalous signature

altogether, their discovery would open up a window up to a new sector outside the

current Standard Model, and revolutionise our understanding of the universe. The

Fermilab SBN program is arriving at a crucial point at which it will be able confirm

or deny the light sterile neutrino hypothesis for LSND and MiniBooNE anomalies,

and we stress throughout that a search for decaying heavy sterile neutrinos is a com-

plementary new physics analysis to this search for eV-scale oscillations, and would

extend the Beyond the Standard Model physics program of SBN while requiring no
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additional beam or detector modifications. These multi-pronged search strategies

are necessary if we are to probe in depth the vast parameter space for sterile neutri-

nos that, we will see, our current experimental understanding of the neutrino mixing

matrix allows.



Chapter 2

Unitarity of the 3ˆ 3 U PMNS

Matrix
“I never approve, or disapprove, of anything now.

It is an absurd attitude to take towards life.”

Lord Henry Wotton

2.1 Unitarity

With the knowledge of sin2 2θ13 now at the sub 5% level, and interplay between

the long baseline accelerator νµ Ñ νe appearance data [61, 62] and short baseline

reactor νe Ñ νe disappearance [53, 55, 56] data, combined with prior knowledge of

θ23 from νµ Ñ νµ disappearance data [63–65], suggesting tentative global hints at

δCP « 3π{2, there is much merit to argue that we are now in the precision measure-

ment era of neutrino physics.

However, one must always remember that our knowledge of the matrix elements

comes predominately from high statistics νe disappearance and νµ disappearance

experiments, with the concept of unitarity being invoked to disseminate this infor-

mation onto the remaining elements. The concept of mixing angles is only valid as

a parameterisation if the unitarity of the PMNS matrix is assumed. Figure (2.1)

gives an idea of which experiments bound which UPMNS elements, rather than the

mixing angles as was discussed above.

42
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Figure 2.1: Info-graphic indicating where the strongest bounds on combinations of

UPMNS elements arise from. As can be seen, the majority of historic high-statistics

measurements focus on the νe-sector (and to a lesser extent Uµ3), with the assump-

tion of unitarity being invoked to disseminate this information to the remaining

UPMNS elements.

Unitarity of a mixing matrix is a necessary condition for a theoretically con-

sistent description of the underlying physics, as non-unitarity directly corresponds

to a violation of probability in the calculated amplitudes. In the neutrino sector

unitarity can be directly verified by the precise measurement of each of the mixing

elements to confirm the unitarity condition: U :U “ 1 “ UU :. In this there are

twelve conditions, six of which we will refer to as normalisations (sum of the squares

of each row or column, e.g the νe normalisation |Ue1|
2 ` |Ue2|

2 ` |Ue3|
2 “ 1) and six

conditions that measure the degree with which each unitarity triangle closes (e.g the

νeνµ triangle: Ue1U
˚
µ1 ` Ue2U

˚
µ2 ` Ue3U

˚
µ3 “ 0). The concept of a unitarity triangle

closure is diagrammatically explained in Figure (2.2) for the νeνµ triangle. See X.

Qian et al. [66] for a detailed discussion of the current and future state of measure-

ments of the νe normalisation. Before any measurements take place, all we know for
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Figure 2.2: Any three complex numbers drawn in the complex plane will form

a triangle if their sum is equal to zero. The unitarity triangle closure is the Real

number defined as the absolute value of the sum, and is representative of the degree

by which any pair of rows or columns violate unitarity, a value of 0 indicating the

triangle closes.

certain is the ordering, |Ue1| ě |Ue2| ě |Ue3|, as the mass eigenstates are defined and

labelled by decreasing νe content.

In the quark sector, the analogous situation involving the Cabibbo-Kobayashi-

Maskawa (CKM) matrix has been subject to intense verification, as many ex-

periments have access to all of the VCKM elements individually. Current data

shows that the assumption of unitarity for the 3 ˆ 3 CKM matrix is valid in the

quark sector to a high precision, with the strongest normalisation constraint being

|Vud|
2 ` |Vus|

2 ` |Vub|
2 “ 0.9999 ˘ 0.0006, and the weakest still being significant at

|Vub|
2 ` |Vcb|

2 ` |Vtb|
2 “ 1.044 ˘ 0.06 [23]. Unlike the quark sector, however, ex-

perimental tests of unitarity are considerably weaker in the 3 ˆ 3 UPMNS neutrino

mixing matrix. It remains an initial theoretical assumption inherent in many anal-

yses [35, 67,68], but is the basis for the validity of the 3ν paradigm.

This non-unitarity can arise naturally in a large variety of theories. A generic

feature of many Beyond the Standard Model scenarios is the inclusion of one or

more new massive fermionic singlets, uncharged under the Standard Model gauge
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group, SUp3qCbSUp2qLbUp1qY . If these new states mix with the Standard Model

neutrinos, then the true mixing matrix is enlarged from the 3ˆ 3 UPMNS matrix, an

example of which is to a nxn matrix,

UExtended
PMNS =




U3x3
PMNS︷ ︸︸ ︷

Ue1 Ue2 Ue3 · · · Uen
Uµ1 Uµ2 Uµ3 · · · Uµn
Uτ1 Uτ2 Uτ3 · · · Uτn
...

...
...

. . .
...

Usn1 Usn2 Usn3 · · · Usnn




.

These so-called sterile neutrinos have been a major discussion point for both the

theoretical and experimental communities for decades. A priori these new states

can sit at practically any mass as there is no known symmetry to dictate a scale.

Any given subset of the total extended mixing matrix, such as the 3 ˆ 3 subset

involved in neutrino oscillations, will thus not necessarily be unitary as the known

neutrino mass eigenstates may contain some admixture of the new sterile states.

This is the canonical model of how new physics, introduced at any scale, breaks

observed unitarity in the neutrino sector. We will discuss sterile neutrinos in detail

in Section (2.2), and although they are the chief method invoked in the literature to

generate a Non-Unitarity, we believe focusing on the unitarity of the UPMNS matrix

alone is a worthwhile exercise.

If this physics enters solely at a high scale, as in the Minimal Unitarity Violation

(MUV) scheme [69], then one can utilise weak decays, rare lepton decays (e.g. µÑ

eγ) and EW precision measurements to bound the amount of non-unitarity to the

level of 0.5%, with 90% C.L ranges of [70];

ˇ

ˇUU :
ˇ

ˇ

MUV
“

¨

˚

˚

˚

˝

0.9979´ 0.9998 ă 10´5 ă 0.0021

ă 10´5 0.9996´ 1.0 ă 0.0008

ă 0.0021 ă 0.0008 0.9947´ 1.0

˛

‹

‹

‹

‚

. (2.1.2)
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Here we consider the alternative case in which the new physics that provides

this non-unitarity enters at a relatively low scale, as several current experimental

hints suggest, with anomalous results from LSND [71], MiniBooNE [72], theggallium

anomaly [41, 73] and the Reactor anomaly [74]. In this regime neutrino oscillations

are the most important experimental probe we have access to. The most convincing

means of verification of unitarity in the neutrino sector would be analogous to the

quark sector, via direct and independent measurement of all the UPMNS elements,

to overconstrain the parameter space and confirm that the 12 unitarity constraints

hold to within experimental precision. However, we do not currently have access

to enough experiments in the νµ and ντ sectors to bound all of the elements to a

sufficient degree to verify all 12 conditions. Thus we must look for alternative ways

to constrain the UPMNS elements.

One can perform indirect searches of unitarity by searching for mixing elements

outside those of the 3ν mixing regime. These class of searches do not measure the

3 ˆ 3 mixing elements per se, but rather by looking for additional states one can

constrain the violations they would induce in the 3 ˆ 3 subset. One proceeds by

noting all null results at frequencies distinct to those of the 3ν paradigm. We do

not wish to perform a global fit for new physics, as this has been well covered in

the literature [75, 76], instead we focus on what unresolved physics can do to our

current precision, hence we do not include any positive signals such as LSND or the

MiniBooNE anomaly.

Such a sterile driven approach requires additional assumptions on the exact ori-

gin of the non-unitarity, thus losing some model-independence. However, as an

extended UPMNS matrix encompasses many beyond the Standard Model scenarios,

it is natural to include this in our analysis. To proceed one must then consider what

scale the new physics enters at. However, as we do not focus on the origin of such

non-unitarity we choose to marginalise over the new scale(s) assuming the possibil-

ity that they enter in at an oscillating scale, with at least |∆m2| ě 10´2 eV2. Below

this scale, states degenerate with Standard Model neutrinos leads to requirements
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of a much more detailed analysis.

A non-unitary mixing matrix can be parameterised as a 3 ˆ 3 matrix hosting 9

complex non-unitary elements, 5 phases of which can be removed by rephasing the

lepton fields, leaving 13 parameters: 9 real positive numbers and 4 phases. There

are many ways to parametrise this matrix, e.g [77], however, for clarity we choose

to keep it directly in terms of its matrix elements. The oscillation probability for a

neutrino (anti-neutrino) of initial flavour α and energy Eν to transition to a neutrino

(anti-neutrino) of flavour β after a distance L with such a non-unitary mixing matrix

is given by

P
´

(–)

να Ñ
(–)

νβ

¯

“

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

i“1

U˚βiUαi

ˇ

ˇ

ˇ

ˇ

ˇ

2

(2.1.3)

´ 4
ÿ

iăj

RepUβiU
˚
βjUαiU

˚
αjq sin2

ˆ

∆m2
ji

L

4Eν

˙

(—)

` 2
ÿ

iăj

ImpUβiU
˚
βjUαiU

˚
αjq sin

ˆ

∆m2
ji

L

2Eν

˙

,

where now, without assuming unitarity, the leading term is not a function of ∆m2L{Eν

and is also not necessarily equal to 1 or 0 in neutrino disappearance and appearance

experiments respectively. This term has been called the “zero-distance” or “instan-

taneous oscillation probability” in the literature.

Although violations of unitarity such as these modify the oscillation amplitudes

and total normalisation of the probability, they do not have any effect on the os-

cillation frequency, which remains a function of the mass differences and L{Eν

only (ignoring higher order non-unitary matter effects). Thus, for simplicity of

analysis, the global best fit values for the mass squared differences are assumed

(∆m2
21 “ 7.6ˆ 10´5eV2, |∆m2

31| “ 2.4ˆ 10´3eV2) [23].

For each observed oscillation one can then directly compare the measured am-

plitude with the non-unitary expression for the oscillation probability. It is this

amplitude-matching that we use to undertake a global-fit and provides us the ranges

for UPMNS that would successfully reproduce the measured oscillation amplitudes and
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normalisations. A table containing some example non-unitary amplitudes, as well

as the corresponding unitary values, for a variety of appearance and disappearance

neutrino experiments, is shown in Table (2.1). Also given is the row normalisation,

or unitarity triangle-closure normalisation that the corresponding experiment can

probe if the total flux uncertainty is sufficiently known. As a concrete example, take

the νe Ñ νe oscillations as observed by short-baseline reactor experiments, such as

Daya Bay and Reno

PνeÑνe “
`

|Ue1|
2
` |Ue2|

2
` |Ue3|

2
˘2

¨

˚

˚

˚

˝

1´
4p|Ue1|

2 ` |Ue2|
2q|Ue3|

2

p|Ue1|2 ` |Ue2|2 ` |Ue3|2q
2

looooooooooooooomooooooooooooooon

Visible Amplitudes

sin2

ˆ

L∆m2
31

4Eν

˙

˛

‹

‹

‹

‚

,

if Unitary “ 1´

Compare Directly
hkkkikkkj

sin2 2θ13 sin2

ˆ

L∆m2
31

4Eν

˙

.

(2.1.4)

Provided the normalisation is within experimental error, it is impossible to distin-

guish a measured amplitude that originated from a single degree of freedom, θ13, or

a degenerate combination of mixing elements.
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Figure 2.3: Marginalised 1-D ∆χ2 for each of the magnitudes of the 3ˆ3 neutrino

mixing matrix elements, without (red solid) and with (black dashed) the assumption

of unitarity. In order to highlight the importance of normalisation and sterile search

data on these non-unitarity studies, also shown is the results of the fit when no

normalisation data is used (blue dotted). Note in this scenario while the νe row

worsens slightly, the νµ and ντ sectors lose almost all sensitivity. The x-axis is the

magnitude of each individual matrix element, and the y-axis is the associated ∆χ2

after marginalisation over all parameters other than the one in question.



2.1. Unitarity 50

E
x
p

e
ri

m
e
n
t

M
e
a
su

re
d

q
u
a
n
ti

ty
w

it
h

u
n
it

a
ri

ty
W

it
h
o
u
t

u
n
it

a
ri

ty
N

o
rm

a
li
sa

ti
o
n

R
ea

ct
or

S
B

L
(ν

e
Ñ
ν
e
)

4|
U
e3
|2
p1
´
|U

e3
|2
q
“

si
n

2
2θ

1
3

4|
U
e3
|2
p|
U
e1
|2
`
|U

e2
|2
q

p|
U
e1
|2
`
|U

e2
|2
`
|U

e3
|2
q2

R
ea

ct
or

L
B

L
(ν

e
Ñ
ν
e
)

4|
U
e1
|2
|U

e2
|2
“

si
n

2
2θ

1
2

co
s4
θ 1

3
4|
U
e1
|2
|U

e2
|2

p|
U
e1
|2
`
|U

e2
|2
`
|U

e3
|2
q2

S
N

O
(φ

C
C
{
φ
N
C

R
at

io
)

|U
e2
|2
“

co
s2
θ 1

3
si

n
2
θ 1

2
|U

e2
|2

|U
e2
|2
`
|U

µ
2
|2
`
|U

τ
2
|2

S
K

/T
2K

/M
IN

O
S

(ν
µ
Ñ
ν µ

)

4|
U
µ

3
|2
p 1
´
|U

µ
3
|2
q
“

4
co

s2
θ 1

3
si

n
2
θ 2

3

`

1
´

co
s2
θ 1

3
si

n
2
θ 2

3

˘

4|
U
µ

3
|2
p U

µ
1
|2
`
|U

µ
2
|2
q

p |
U
µ

1
|2
`
|U

µ
2
|2
`
|U

µ
3
|2
q2

T
2K

/M
IN

O
S

(ν
µ
Ñ
ν e

)
4|
U
e3
|2
|U

µ
3
|2
“

si
n

2
2θ

1
3

si
n

2
θ 2

3
´

4
R

et
U
e3
U
˚ µ
3

`

U
e1
U
˚ µ
1
`
U
e2
U
˚ µ
2

˘

u
|U

e1
U
˚ µ
1
`
U
e2
U
˚ µ
2
`
U
e3
U
˚ µ
3
|2

S
K

/O
P

E
R

A
(ν
µ
Ñ
ν τ

)
4|
U
µ

3
|2
|U

τ
3
|2
“

si
n

2
2θ

2
3

co
s4
θ 1

3
´

4
R

et
U
τ
3
U
˚ µ
3

`

U
τ
1
U
˚ µ
1
`
U
τ
2
U
˚ µ
2

˘

u
|U

τ
1
U
˚ µ
1
`
U
τ
2
U
˚ µ
2
`
U
τ
3
U
˚ µ
3
|2

T
a
b
le

2
.1

:
E

x
am

p
le

ex
p

er
im

en
ts

an
d

th
e

le
ad

in
g

or
d
er

fu
n
ct

io
n
s

of
U

P
M

N
S

m
at

ri
x

el
em

en
ts

th
ey

m
ea

su
re

,
in

b
ot

h
th

e
u
n
it

ar
y

an
d

n
on

-u
n
it

ar
y

ca
se

,
as

w
el

l
as

in
th

e
st

an
d
ar

d
th

re
e

n
eu

tr
in

o
p
ar

am
et

ri
za

ti
on

in
th

e
ca

se
of

u
n
it

ar
it

y.
T

h
e

th
ir

d
co

lu
m

n
sh

ow
s

th
e

n
or

m
al

is
at

io
n

th
at

ca
n

b
e

b
ou

n
d

if
th

e
ex

p
er

im
en

ta
l
m

ea
su

re
m

en
ts

of
th

e
fl
u
x
es

an
d

b
ac

k
gr

ou
n
d
s

ar
e

k
n
ow

n
to

a
h
ig

h
en

ou
gh

d
eg

re
e.



2.1. Unitarity 51

We focus on the physically motivated subclass of unitarity violations such that

|Uα1|
2`|Uα2|

2`|Uα3|
2 ď 1, for α “ e, µ, τ , and |Uei|

2`|Uµi|
2`|Uτi|

2 ď 1 for i “ 1, 2, 3.

One must also use the knowledge of the unitarity of the true extended mixing matrix

to invoke Cauchy-Schwartz inequalities and place six geometric constraints on the

mixing elements [69]. Without the unitarity of the extended mixing matrix the

strongest statement about the two rows of 3ˆ 3 subset would be
ˇ

ˇ

ˇ

ˇ

ˇ

3
ÿ

i“1

UαiUβi
˚

ˇ

ˇ

ˇ

ˇ

ˇ

2

ď

3
ÿ

i“1

|Uαi|
2

3
ÿ

i“1

|Uβi|
2, (2.1.5)

for α, β “ pe, µ, τq, α ‰ β.

As one expects the L.H.S. to be small if unitarity violations are small, and the R.H.S

to be Op1q this statement represents a very weak bound, and does not influence the

available parameter space for the mixing elements. However, by forming the same

inequality using only the extended mixing elements (note the sum is now from 4 to

N elements),
ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

i“4

UαiUβi
˚

ˇ

ˇ

ˇ

ˇ

ˇ

2

ď

N
ÿ

i“4

|Uαi|
2
N
ÿ

i“4

|Uβi|
2, (2.1.6)

for α, β “ pe, µ, τq, α ‰ β,

and by the virtue of the assumed unitarity of the extended mixing matrix,
řN
i“4 UαiUβi

˚
“

´
ř3
i“1 UαiUβi

˚ and
řN
i“4 |Uαi|

2 “ 1 ´
ř3
i“1 |Uαi|

2, we can rewrite as two much

stronger bounds on the rows and columns of the 3ˆ 3 subset,
ˇ

ˇ

ˇ

ˇ

ˇ

3
ÿ

i“1

UαiUβi
˚

ˇ

ˇ

ˇ

ˇ

ˇ

2

ď

˜

1´
3
ÿ

i“1

|Uαi|
2

¸˜

1´
3
ÿ

i“1

|Uβi|
2

¸

,

for α, β “ pe, µ, τq, α ‰ β,
ˇ

ˇ

ˇ

ˇ

ˇ

τ
ÿ

α“e

UαiUαj
˚

ˇ

ˇ

ˇ

ˇ

ˇ

2

ď

˜

1´
τ
ÿ

α“e

|Uαi|
2

¸˜

1´
τ
ÿ

α“e

|Uαj|
2

¸

,

for i, j “ p1, 2, 3q, i ‰ j. (2.1.7)

These Cauchy-Schwartz constraints enable precision measurements in a single sector

to be passed subsequently to all elements of the mixing matrix1.

1These Cauchy-Schwartz inequalities are analogous to the commonly used statement that one
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2.1.1 What we really know about the UPMNS matrix

To perform the analysis, for each experiment considered2 we take the observed am-

plitude of the να Ñ νβ (or να Ñ νβ) oscillation alongside its published uncertainty

and construct a chi-squared for the associated non-unitary amplitudes, along with

any necessary normalisation systematics as pull factors. For short-baseline (SBL)

sterile searches, if an experiment publishes the resultant χ2 surface of their analyses

in a 3+N format then this is used as a prior to bound any non-unitarity. Otherwise

an appropriate prior is estimated by performing a 3+N fit to published data.

We minimize the constructed χ2 over all parameters, satisfying the Cauchy-

Schwartz constraints, using a Markov chain Monte Carlo minimizer. The results

of the analyses are shown in Figure (2.3), without unitarity (red solid line) and

with the assumption of unitarity (black dashed line). The non-unitary analysis was

performed under the strict assumption that any non-unitarity comes solely from an

extended UPMNS and that no new interactions, such as an additional Up1q1 which

can lead to strongly modified matter effects, are active at oscillation energies. Total

event rate normalisation in a given experiment often has significantly large the-

oretical and experimental uncertainty, but is crucial for the measurement of the

zero-distance unitarity effect, corresponding to the case in which a sterile neutrino

has averaged out before being detected in the detector. The results of a fit in which

only the spectrally observed amplitudes associated with the known two mass dif-

ferences are used, with no normalisation or associated sterile data, is also shown in

Figure (2.3) as the blue curve.

can bound νµ Ñ νe appearance by the associated νµ and νe neutrino disappearance limits, in 3+N

sterile neutrino scenarios. Indeed, in the case of unitarity the inequality is saturated as an equality,

reducing the number of degrees of freedom.
2The experimental data considered in this analysis is: Bugey [78], CCFR [79–82], CDHS [83],

CHORUS [84], CHOOZ [50], Daya Bay [85,86], Double Chooz [55], ICARUS [87], KARMEN [88],

KamLAND [89, 90], MINOS [62, 64, 91, 92], NOMAD [93, 94] , NOνA [95], NuTeV [96], OPERA

[97,98], RENO [56], SNO [43], SciBooNE [99], Super-Kamiokande [63,100–102], T2K [65,103].
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The effects of a sterile neutrino on unitarity measurements can be reduced to one

of three ways. If an experiment is taking place at an L{Eν , such that oscillations

due to light steriles have not yet taken place (the limit ∆m41 Ñ 0) then there will

be no change in oscillation probability from that of the 3ν equations, and will only

be detectable by its impact on the unitarity of the 3 ˆ 3 subset of UPMNS. In the

context of a νe disappearance example, this would require precise enough measure-

ments to discern that |Ue1|
2`|Ue2|

2`|Ue3|
2 ‰ 1. The light almost-sterile mass states

are still produced in the coherent superposition, but have no effect on the probability.

If, however, the sterile is sufficiently heavy, such that the oscillations have av-

eraged out by the time of detection,
〈
sin2 p∆m2

41{4Eνq
〉
“ 1{2, this would lead to

an additional contribution to the normalization of the oscillation probability, and

correspondingly different amplitude. If we let the violation of unitarity be defined

as 1´ ρ2 “ |Ue1|
2 ` |Ue2|

2 ` |Ue3|
2 for brevity, then we can rewrite Equation (2.1.4)

as

PNon-Unitary
νeÑνe

“
`

1´ ρ2
˘2

ˆ

1´
4p1´ |Ue3|

2 ´ ρ2q|Ue3|
2

p1´ ρ2q
2 sin2

ˆ

L∆m2
31

4Eν

˙˙

,

“ 1´ 2ρ2
`

1´ ρ2
{2
˘

loooooooooomoooooooooon

in the SBL limit ∆m31Ñ0

. (2.1.8)

Where as a sterile neutrino that has averaged out will produce a νe disappearance

probability of

PAveraged Sterile
νeÑνe

“
`

1´ |Ue4|
2
˘2

ˆ

1´
4p1´ |Ue3|

2 ´ |Ue4|
2q|Ue3|

2

p1´ |Ue4|2q
2 sin2

ˆ

L∆m2
31

4Eν

˙˙

` |Ue4|
4,

“ 1´ 2|Ue4|
2
p1´ |Ue4|

2
q

looooooooooooomooooooooooooon

in the SBL limit ∆m31Ñ0

. (2.1.9)

So we see, that in the SBL limit ρ2 « |Ue4|
2´ |Ue4|

4{2`Op|Ue4|6q and non-unitarity

is approximately measuring |Ue4|
2 up to corrects of order |Ue4|

4. This holds for any

number of sterile neutrinos.

If the sterile neutrino is even heavier still, too heavy to be kinematically pro-

duced in meson decay, then the superposition formed will not contain the sterile
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mass eigenstate and the sum over massive states in Equation (1.4.49) would not

contain the almost-sterile state.

As the use of non-observation of additional light oscillating frequencies is more

model specific, and does not measure the mixing elements directly, the red curve

of Figure (2.3) where these bounds are included should be considered a best-case

scenario in which the new states introduced have no additional interactions what-

soever. In the case of null appearance short baseline experiments, any interactions

that increase the decay of the light sterile state, through decays to a dark sector for

example, can drastically reduce sensitivity. In comparison, by measuring the mixing

elements via only the direct observation of oscillating amplitudes, the blue-dotted

curve, one can see that although a much more model independent and generic re-

sult, the precision is dramatically worse, with only the νe sector having any degree

of certainty of the values of individual mixing elements.

Upon minimization the best-fit points agree in the unitary and both non-unitary

fits. From this point on we focus predominately on the results including null short-

baseline light sterile experiments, as without their inclusion there is little or no

sensitivity. To compare how the precision varies we consider the frequentist 3σ

ranges of the one-dimensional ∆χ2 projections without unitarity assumed (with

unitarity), where we marginalise over all parameters except the one in question, we

obtain

|UPMNS|

w/o Unitarity
(with Unitarity)

3σ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0.76 Ñ 0.85 0.50 Ñ 0.60 0.13 Ñ 0.16

p0.79Ñ0.85q p0.50Ñ0.59q p0.14Ñ0.16q

0.21 Ñ 0.54 0.42 Ñ 0.70 0.61 Ñ 0.79

p0.22Ñ0.52q p0.43Ñ0.70q p0.62Ñ0.79q

0.18 Ñ 0.58 0.38 Ñ 0.72 0.40 Ñ 0.78

p0.24Ñ0.54q p0.47Ñ0.72q p0.60Ñ0.77q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (2.1.10)

The ranges for the individual elements, assuming unitarity (bracketed numbers in

above expression), are in good agreement with published results in contemporary

global fits such as ν-fit [67].



2.1. Unitarity 55

As a further metric, if we define the shift in range of allowed values as the ratio

of the difference in 3σ ranges without and with unitarity, to that derived with uni-

tarity, the increase in parameter space for |Uei|, i “ 2, 3 and |Uµi|, i “ 1, 2, 3 are all

ď 10% (4%, 8%, 8%, 7% and 4% respectively), with |Ue1| taking the majority of the

discrepancy in the νe sector, with an increase of allowed range of 68%, primarily due

to the weaker bounds from KamLAND compared to the SBL reactors. The entire

ντ sector, however, may contain substantial discrepancies from unitarity with shifts

in allowed regions of 37%, 46% and 104% respectively.

2.1.2 Bounds on unitarity violation

We must stress that even if the 3σ ranges of the UPMNS elements agree closely with

the unitarity case, as is the case with the νe sector, this does not equate to the

neutrino mixing matrix being unitary. In the unitary case the correlations are much

stronger, and choosing an exact value for any one of the mixing elements drastically

reduces the uncertainty on the remaining elements, a fact which is hidden in the

1-D projections in Figure (2.3) . One can address this issue by looking at the row

and column unitarity triangle closures and the row and column normalisations to

better understand the level at which we know unitarity is violated or not.

For the case of the six neutrino unitarity triangles, we present, for the first time,

the allowed ranges for their closures in Figure (2.4). For the three row unitarity

triangles the bounds originate from a combination of the corresponding Cauchy-

Schwartz inequalities along with appearance data in the respective channel. The

column unitarity triangles, being bound primarily by the geometric constraints and

not direct measurement, are less known. Only one unitarity triangle does not contain

a ντ element, the νeνµ unitarity triangle, and hence it is the only unitarity triangle

in which it is constrained to be closed by ď 0.03 at the 3σ C.L, compared to ď 0.1

- 0.2 at the 3σ C.L for the remaining unitarity triangles. This hierarchical situation

will not improve unless precise measurements can be made in the ντ sector.
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Figure 2.4: 1-D ∆χ2 for the absolute value of the closure of the three row (solid)

and three column (dashed) unitarity triangles when considering new physics that

enters above |∆m2| ě 10´2 eV2. There is one unique unitarity triangle, the νeνµ

row unitarity triangle, in that it does not contain any ντ elements, and hence is

constrained to be unitary at a level half an order of magnitude better than the

others. By comparison to Figure 2.5, one can clearly see the Cauchy-Schwartz

constraints are satisfied.

We also plot the resultant ranges for the normalisations in Figure (2.5). We see

that the νe and νµ normalisation deviations from unity are relatively well constrained

(ď 0.06 and 0.07 at 3σ C.L respectively), primarily by reactor fluxes and a combi-

nation of precision measurements of the rate and spectra of upward going muon-like

events observed at Super-Kamiokande [100]. We note the νµ normalisation deviation

from unity is constrained slightly (« 1%) better than the νe normalisation. This

is due to the large theoretical error, 5%, on total flux from reactors assumed [104].

The remaining normalisation deviations from unity are all constrained to be À 0.2

- 0.4 at 3σ C.L.
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Figure 2.5: 1-D ∆χ2 for deviation of both UPMNS row (solid) and column (dashed)

normalisations, when considering new physics that enters above |∆m2| ě 10´2eV2.

If one wishes to proceed with measurements of unitarity, without the assumption

of an extended UPMNS matrix and its subsequent Cauchy-Schwartz constraints, then

prospects for improvement are essentially limited to measuring the νe normalisation.

Improvement of all νe elements is possible, especially if the new generation reactor

experiments, JUNO [105] and RENO50 [106], proceed as planned, see reference [66].

In order to qualitatively develop new probes of the UPMNS mixing elements, in the

νµ and ντ sector, one would have to develop high statistics νe Ñ ντ and νµ Ñ ντ ap-

pearance experiments in which one could ascertain an oscillation amplitude, rather

than the tail of the oscillation probability, as is the case with OPERA. Even more

useful, although perhaps more wishful, would be a muon disappearance experiment

on the solar mass scale « 15, 000 km/GeV. However, this is well beyond what is

currently technologically feasible except for the scenario of a full scale neutrino fac-

tory [107]. Possibilities of directly probing the τ sector are even further disjointed

from the present, with a ντ disappearance experiment defying anything more ad-

vanced than speculation at the moment.
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Improvements due to indirect sterile neutrino searches are more promising. The

Fermilab Short Baseline Neutrino [108] program consisting of the SBND, Micro-

BooNE and ICARUS experiments on the Booster beam, will be capable of probing

a wide range of parameter space for 3+N models, increasing both the appearance

and disappearance bounds. Subsequently, the long baseline program DUNE [109]

will also be able to significantly extend the constrained region of νµ Ñ νe appear-

ance to lower mass differences, leading to increased constraints on the νeνµ unitarity

triangle in this regime. An understanding of the neutrino flux and cross sectional un-

certainties are crucial for unitarity measurements. However, no one experiment can

probe all scales and complementarity is vital to definitively make a statement about

unitarity from new low-energy physics. Perhaps crucially for ντ measurements,

Hyper-Kamiokande [59] will be quite sensitive to atmospherically averaged steriles,

ě 0.1 eV2, and will significantly improve the current bounds on |Uτ1|
2`|Uτ2|

2`|Uτ3|
2

in this regime, to approximately 1 ´ |Uτ1|
2 ` |Uτ2|

2 ` |Uτ3|
2 ď 0.07 at the 99%

C.L [110], which would bring all sectors inline with each other.

We strongly emphasise the fact that current experimental bounds on unitarity

within the 3ν paradigm allows for considerable violation, and without the unitarity

assumption, the precision on the individual UPMNS elements can vary significantly

(up to 104% in the case of |Uτ3|). However, we find no evidence for non-unitarity.

The prospects of directly measuring all the 12 unitarity constraints with high pre-

cision are poor, currently we can only constrain the amount of non-unitarity to be

À 0.2 - 0.4, for four out of six of the row and columns normalisations, with the

νµ and νe normalisation deviations from unity constrained to be ď 0.07, all at the

3σ C.L, see Figure 2.5. Similarly, five out of six of the unitarity triangles are only

constrained to be À 0.1 - 0.2, with opening of the remaining νeνµ unitarity triangle

being constrained to be ď 0.03, again at the 3σ C.L, see Figure 2.4. One must be

careful when assessing the current experimental regime with the addition of new

physics we are currently insensitive to, as without the assumption of unitarity there

is much room for new effects, especially in the ντ sector where currently significant
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information comes from the unitarity assumption and not direct measurements.

2.2 Sterile Neutrinos

Although verifying the unitarity of the 3ˆ3 UUPMNS matrix should be an aim of the

neutrino community, regardless of the possible sources of the non-unitarity, in order

to confirm we truly are in a 3ν paradigm, we turn our attention now to specific mod-

els Beyond the Standard Model that can extend the neutrino sector mixing matrix

in such a way to break the unitarity of the 3ˆ3 UUPMNS. We use the bounds derived

from the current global experimental situation as concrete motivation to study such

BSM physics. For the remainder of this thesis we will focus on these BSM physics

in a less model-independent manner, discussing additional motivation for their in-

clusion and the potential for next generation facilities to probe such scenarios.

As mentioned in the previous Section, the canonical method for introducing non-

unitarity to the 3ˆ 3 subset of the UUPMNS matrix is the introduction of additional

fermionic degrees of freedom which mix with the standard model neutrinos. LEP

showed that there are no additional active neutrinos below half the mass of the

Z-Boson [111], so if light degrees of freedom do exist they must be singlets of the

Standard Model gauge group SUp3qC b SUp2qL b Up1qY . To investigate the effects

of such a state, we introduce now a single right-handed chiral state, nR , which a

priori can mix with the neutral neutrinos of the Standard Model though Yukawa

terms such as ,

Lyuk Ą ´yαnRH̃
:LαL `H.C, (2.2.11)

EW Symmetry
ÝÝÝÝÝÝÝÝÑ

Breaking
“ ´

yαv
?

2
nRναL `H.C. (2.2.12)

where LαL is a single left-handed lepton doublet of flavour α such that Lα “

pναL, αLq
T containing the left-handed chiral states ναL, and in the second line the

Higgs has obtained vev post-Electroweak (EW) symmetry breaking in the manner

described in Section (1.2), 〈H〉 “ 1?
2
p0, vqT . This is of course the same Yukawa
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structure in the charged fermion sector that leads to the creation of a Dirac mass

term for the charged leptons. Recall that such a term could not be used to generate

masses in the neutrino sector, as in the Standard Model there is no right-handed

neutrinos, and we were forced to investigate Majorana mass terms for the neu-

trinos instead. The sterile right-handed state nR, however, assumes this role and

Equation (2.2.12) can be rewritten as L “ ´mνν, a pure Dirac mass term, with

m “ yαv{
?

2 for the Dirac neutrino field ν “ ναL ` nR.

These right-handed states, nR, are colloquially called “Sterile Neutrinos”. We

use this term when referring to any Standard Model SUp3qC b SUp2qL b Up1qY

gauge singlets, even if no mixing is present. In this extreme case they truly are

completely sterile, having no interactions with the Standard Model particles, other

than gravitational . Other terms which have been used in the literature are “Heavy

Neutral Leptons” (HNLs) or “inert neutrinos”.

As the inclusion of these states allows for the introduction a mass term for the

neutrinos, via the same Higgs mechanism that generates masses for all charged

leptons and quarks in the Standard Model. This looks like a promising manner

to solve the problem of neutrino masses. However, the smallness of the observed

neutrino masses raises a naturalness issue with this, as it would require Yukawa

couplings far smaller in magnitude than those which generate the masses for the

leptons and quarks. If the same Higgs field and boson is responsible for both neutrino

and charged fermion masses, then the ratio of masses is equal to the ratio of Yukawa

couplings. Looking at this ratio for the electron and top quark, the two most extreme

masses in the Standard Model, we have (assuming « 0.1 eV neutrino masses),

mν

me

“
yν
ye
« 10´7, (2.2.13)

mν

mtop

“
yν
ytop

« 5ˆ 10´13. (2.2.14)

Although the Standard Model already requires « 6 orders of magnitude in Yukawa’s

to successfully explain the hierarchy of masses between electron and top quark

masses, we would require a void of an additional 7 orders of magnitude before we
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can explain neutrino masses. Due to the vast differences in scale, many feel this is

evidence that neutrino masses are generated by an entirely different process to that

of the Standard Model Higgs mechanism. Possibilities as to what this mechanism

could be arise when one studies further the possible additions to the Standard Model

Lagrangian, with the inclusion of one or more sterile neutrinos.

In addition to the Dirac mass term generated by introducing nR, the sterile

neutrino itself can form additionally a Majorana mass term, as described in Equa-

tion (1.3.15), expanding the mass Lagrangian (post EWSB) to

Lmass “
1

2
mRn

T
RC

:nR ´mDnRνL `H.C, (2.2.15)

where mD ” yαv{
?

2. When combined with a possible Majorana mass term for the

left handed neutrinos, 1{2mLν
T
LC

:νL, as referenced in Chapter 1, we can rewrite the

mass Lagrangian as

Lmass “
1

2
N T
L C

:MNL `H.C, (2.2.16)

where NL is a now a single column matrix of left-handed chiral fields only

NL ”

¨

˝

νL

CnTR

˛

‚, (2.2.17)

and M is a generic symmetric mass matrix given by

M “

¨

˝

mL mD

mD mR

˛

‚. (2.2.18)

Studying and diagonalising this matrix allows us to calculate the physical masses

for the neutrinos for a wide variety of scenarios.

2.2.1 The See-Saw Mechanism

It is instructive here to focus, as a simple but canonical example, on a standard

model-like scenario containing one active neutrino and one additional sterile state.

As mentioned in Chapter 1, the active left-handed chiral neutrino that is involved
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in Standard Model weak interactions is forbidden under the Standard Model gauge

group to have a Majorana mass term, as the term νTLC
:νL has total hypercharge

Y “ ´2, thus mL is required to be vanishing to preserve the symmetry. The sterile

state nR, however, being a singlet under the Standard Model, can have a non-zero

Majorana mass mR, and in fact unless an additional symmetry is imposed there is no

reason not to write down such a term. At a cursory glance, a direct Dirac mass term

« mdnRναL is also forbidden by Standard Model as it also violates SUp2qLbUp1qY ,

however, it is trivial to arrive at such a term post-electroweak symmetry breaking

using the Standard Model Higgs mechanism as described in Eq.(2.2.12). One would

expect this mass term to be of order the symmetry breaking scale, by arguments

of naturalness, and so in the Standard Model should be « Op100GeVq. As the

sterile is a singlet under the Standard Model there is no scale, a priori, which could

dictate where the Majorana mass, mR, should lie. If we expect it to be generated

around the symmetry breaking scale, one possibility is that it is generated at the

scale that the Standard Model breaks down, the scale of grand unification 1013´1016

GeV [112,113].

This well studied limit, mL “ 0 and mR " mD, which is known as the famous

“See-Saw” mechanism [114–117], once can show that Equation (2.2.18) reduces to,

M “

¨

˝

0 mD

mD mR

˛

‚, (2.2.19)

which, after diagionalization, leads to the following physical massive eigenstates,

mlight « mD

ˆ

mD

mR

˙

, (2.2.20)

mheavy « mR. (2.2.21)

Thus the heavier the right handed Majorana mass term, the lighter the neutrino

mass being suppressed by the small factor mD{mR, giving rise to to the aptly named

“see-saw” moniker. For mD « 1 GeV, a Majorana mass term for the sterile neutrino

of mR ě 109 GeV is required to generate sub-eV neutrinos masses as required by

experimental bounds. For a Dirac mass equal to that of the top-quark, also thought

to be generated by the same Standard Model Yukawa terms, mR is required to be



2.2. Sterile Neutrinos 63

ě 1013 GeV.

This simple example provides a succinct and compelling method to generate the

smallness of observed neutrino masses. The addition of multiple generations of ac-

tive neutrinos and sterile states is necessary to provide multiple masses consistent

with experimental observations. It is easily generalised, however, to three active and

three sterile neutrinos by promoting the mass terms to matrices leading to the three

light physical states of mlight «MT
DM

´1
R MD.

If the right-handed sterile neutrino mass, mR, is indeed very large, then one can

integrate the massive degree of freedom out of our theory, in the same vein that

one removes the massive W-boson leading to Fermi’s four-fermion interaction. This

leaves an effective term in our Lagrangian, formed from the nrLL Yukawa terms

that directly couples two left-handed doublets LL and two Higges H,

Leff «
y2
α

mR

`

LTLC:σ2~σLL
˘ `

HTσ2~σH
˘

`H.C, (2.2.22)

EW Symmetry
ÝÝÝÝÝÝÝÝÑ

Breaking

m2
D

mR

νTLC:νL `H.C. (2.2.23)

This is none other than the Weinberg dimension 5 operator, as discussed in

Equation (1.3.17), which generates a Majorana mass term for the Standard Model

neutrinos, where we have now identified the heavy Majorana mass, mR, with the

high scale Λ, and the coupling constant g with the neutrino Yukawas y2
α. The ad-

dition of a right-handed sterile neutrino with a large Majorana mass is thus one

way to generate the Weinberg operator. It is said to be a UV completion of the

effective theory, where now all terms are indeed renormalizable, and is referred to

as the Type I completion.

There are two other ways in which one can complete the non-renormalizable

Weinberg operator, in addition to the Type I completion. One can introduce an

additional scalar triplet (Type II) or a fermionic triplet (Type III). We will not go

into detail about the Type II or Type III completions of the Weinberg operator,
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nor the masses they can generate, however, we show all three diagrammatically and

briefly discuss them in Figure (2.6).

The Weinberg Operator

νL

〈H〉

νL

〈H〉

Mν

N N

νL νL

〈H〉〈H〉

yN
ν

yN
ν

(a) Type I

mν « yNν
2 v2

MN

∆

νL νL

〈H〉 〈H〉

µ∆

y∆
ν

(b) Type II

mν « y∆
ν µ

∆ v2

M2
∆

Σ Σ

νL νL

〈H〉〈H〉

yΣ yΣ

(c) Type III

mν « yΣ2 v2

MΣ

Figure 2.6: Three UV completions of the four-point dimension 5 Weinberg opera-

tor (schematically given on top), that can all lead to the formation of a Majorana

neutrino mass. In the Type I completion, we introduce a right-handed sterile neu-

trino, N , with a Yukawa coupling to the Higgs. In the Type II a scalar triplet, ∆,

has a direct coupling to both the Higgs and the left-handed neutrinos. In the Type

III completion we introduce a fermionic triplet, Σ, that couples to both the Standard

Model neutrinos and Higgs. Shown also is the approximate Majorana mass that the

active neutrinos receive due to the dimension 5 operator, post EWSB.

2.2.2 The Many Scales of Sterile Neutrinos

The Type I See-Saw mechanism is but one example of a theoretically motivated

scale for which sterile neutrinos might exist, however, the associated mixing matrix
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required to diagonalise this mass matrix contains mixing angles of

θ «
mD

mR

, (2.2.24)

which for the values discussed above θ ! 10´10, almost completely decoupling the

heavy states from the light active states, meaning that they are not observable at

the energies of terrestrial experiments. As they lack a known symmetry to dictate

their mass, sterile neutrinos can potentially have masses varying over tens or orders

of magnitude. Such a vast range of potential energy scales leads to an equally vast

range of qualitatively distinct phenomena that they are involved with, with many

having much more observable impact, and larger mixing, than the aforementioned

high-scale “see-saw” sterile neutrinos.

In Table (2.2) we collate a selection of example masses and the corresponding

phenomenology sterile neutrinos at a scale that it might be involved with. This is

by no means an exhaustive list, but helps highlight the vast amount of experimental

and theoretical potential that sterile neutrinos encompass. Note that such sterile

neutrinos need not have any connection with the generation of light neutrino masses,

indeed their own masses may be due by an entirely separate phenomena, although

one would have to be careful as to explain why the Majorana and Dirac mass terms

as described above do not arise, perhaps by imposing a global symmetry that forbids

them, such as the case of a Up1q B-L symmetry which forbids the Majorana mass

term for the sterile neutrinos, mRn
T
RC

:nR.

For the remainder of this thesis, we will focus entirely on two of the most phe-

nomenologically rich regimes of sterile neutrino behaviour in the context of current

and near-future Short-Baseline neutrino experiments. In Chapter 3, we will explore

in detail the potential of Fermilab’s Short Baseline Neutrino Program (SBN) to

probe light oscillating sterile neutrinos at 0.01 eV2 to 100 eV2 mass-splittings in the

(3+1), (3+2) and (3+3) scenarios, with a special focus on the CP violating phases

introduced in the (3+2) sterile neutrino scenario. Although not involved with the

generation of neutrino masses, sterile neutrinos at this scale are motivated by several

low-energy anomalies, as was discussed briefly already.
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And in Chapter 4, we explore the idea of using the same SBN program to probe

heavy O(100 MeV) non-oscillating sterile neutrinos, which through their subsequent

decay to visible particles can be observed. In this chapter we will delve into more

detail about the possible interactions that a sterile neutrino can have, rather than

focus on the generation of light neutrino masses as we have in this chapter. We

stress these two separate regimes can be searched for simultaneously, without the

need for any detector or beam modifications allowing the physics reach of such a

short-baseline program to cover a wide range of possible mass scales beyond what

it was designed for.
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Mass Scale Associated Phenomenology

! eV

Superlight sterile neutrinos ∆m2
41 ď ∆m2

sol, almost degenerate

with lightest active neutrino. Explains absence of upturn at

low energies of the solar neutrino energy spectrum [118,119],

and could possible be measured at future facilities [120]. If

degenerate with ∆m2
31 can interfere with measured value of

θ13 [121].

O(eV)

Active oscillations at facilities of L{Eν of « O(100m)/GeV.

Experimentally motivated, as possible to explain LSND [71],

MiniBooNE [72], the gallium anomaly [41,73] and the Reactor

anomaly [74]. See Chapter 3 for more details.

ď 100 keV
Produces kinks in the β-decay spectrum of a wide array of

elements such as 3H , 187Re, 63Ni, 35S, 20F [122–126].

O(keV)
keV sterile neutrinos are a potential warm dark matter

candidate [127].

MeV ´ GeV

Produced in the decay of π˘, K˘ and D˘ mesons. Results in

monochromatic lines in energy spectrum of associated

lepton [128] or by their subsequent decay to visible particles.

See Chapter 4 for more details.

GeV´ TeV

Can be produced in LHC collisions, can be detected through

their decay to dileptons/jets [129,130] or missing energy and

displaced vertices if long-lived [131–133]. Theoretically TeV

scale steriles might be sufficient to produce low-scale

Leptogenesis [134].

109 ´ 1016 GeV

Generate light neutrino masses naturally via see-saw

mechanisms [135–137] . Produce leptogenesis from asymmetric

decays in early universe [138].

Table 2.2: A summary list of scales at which sterile neutrino masses could be

realised and some of the corresponding phenomenology associated with those scales,

along with corresponding references (and references therein) for further reading.
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Light Sterile Neutrinos, OpeV2q
“A honey bee never volunteers an attack, or acts on

the offensive, when it is gorged or filled with honey.”

L.L Langstroth; Father of Modern beekeeping,

Great-Grand Father of Clyde Cowan,

Discoverer of the Neutrino

3.1 Motivation: LSND and MiniBooNE

During the past two decades, concurrently with the experimental exploration of the

three-neutrino oscillation paradigm, several additional oscillation-like anomalous ex-

perimental signatures have surfaced, which may require new physics to interpret.

One possible such new physics interpretation is that of additional, light sterile neu-

trinos [139] as was briefly alluded to in the previous Chapter. In this section we will

investigate these light states further, and go into detail about their phenomenological

effects at modern short-baseline experiments. The mass range we will focus on is of

order 0.1´10 eV, leading to small-amplitude neutrino oscillations at relatively small

L{E „ 1 m/MeV. As we have seen, in the context of muon neutrino and electron

neutrino mixing, the constraints imposed by unitarity of the overall neutrino mixing

matrix, together with existing experimental bounds on the elements of the neutrino

mixing matrix (see, e.g. [140, 141]), lead us to assume at most O(1%) level mixing.

If one assumes a neutrino beam of « GeV energy, then the corresponding baselines

at which mass-splittings of order ∆m2
41 « 0.1 Ñ 10 eV2 are spectrally active is ď 1

km, hence this signature is often referred to as short-baseline oscillations.

68
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LSND
MiniBooNE
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Figure 3.1: The antineutrino appearance oscillation probabilities as measured by

both LSND (blue) and MiniBooNE (red) alongside two example oscillation proba-

bilities under the 3+1 (dashed) and 3+2 (dotted) light oscillating sterile neutrino

hypothesis. Agreement is good between both antineutrino data sets.

The first hint of a third frequency at which oscillations were active in the neu-

trino sector came from the Liquid Scintillator Neutrino Detector (LSND), which

ran at the Los Alamos National Laboratory from 1993-1998. The LSND beam pri-

marily consisted of anti-muon neutrinos produced in the decay-at-rest of µ`. The

anti-muons are produced from a very high energy proton beam, 798 GeV, produc-

ing a intense source of π`. The majority of π´ are captured without the release

of neutrinos, leading to a very small fraction of νe in a well understood νµ beam.

The detector consisted of 167 tons of liquid scintillator, inside a cylindrical tank ap-

proximately 8.3m long with 2.35m radius [142]. This was situated « 30m from the

primary proton target 1. The signal of νµ Ñ νe oscillations was through the reaction

νep Ñ e`n, in which the emitted positron is observed as well as an additional 2.2

1Note that the exact target composition and location was changed over the running time of the

LSND experiment, although 30m baseline is correct for the majority of protons-on-target (POT).
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MeV photon from the re-absorption of excited neutron via npÑ γd.

The first publications from LSND in 1996 showed the existence of 22 anomalous

events over an expected background of 4.6 ˘ 0.6 events, consistent with νµ Ñ νe

oscillations [142]. After further data taking and background re-evaluation, LSND

published a final excess of 87.9 ˘ 22.4 ˘ 6.0 events in 2001 [71]. At such a short-

baseline the effect of the known three neutrino mixing angles and mass-splittings

are negligible and are ignored, this is the so called short-baseline approximation, and

the analysis was performed under a two neutrino approximation in which there is

only one mass-splitting, ∆m2
41, and one mixing angle, θµe. The values of ∆m2

41 and

θµe that the LSND anomaly favoured can be seen in Figure (3.11) below, with best

fit values of

sin2 2θLSND
µe “ 0.003, ∆m2

41
LSND

“ 1.2 eV2. (3.1.1)

The significance of this anomaly is « 3.8σ, although later independent re-

analyses argue a lower estimate of 2.3σ Ñ 2.9σ [143,144] due to larger backgrounds.

Irrespective of the exact value, the LSND anomaly represented a very strong signal

of new physics in the neutrino sector and the neutrino community adapted accord-

ingly to investigate this new phenomena. One of the primary tools in this endeavour

was to the the MiniBooNE detector.

The MiniBooNE detector was designed and built with the goal of definitely veri-

fying, or bringing into question , the νµ Ñ νe oscillation interpretation of the LSND

anomaly. The MiniBooNE experiment was built at a different baseline and neutrino

energy than the LSND experiment, but at the same L{Eν ratio, as to be sensitive

to the same oscillation frequency and thus perform an independent search. Un-

like the LSND neutrino beam which was primarily from decay-at-rest µ`, the O(1

GeV) neutrino beam that impinged on MiniBooNE was produced from the « 8 GeV

Booster proton beam at Fermi National Accelerator Laboratory [145], that struck a

Beryllium target to produce pions and kaons which were subsequently focused and

allowed to decay in a 50m decay pipe, to form the predominately νµ beam. The

MiniBooNE detector consisted of a 12.2m diameter spherical tank of mineral oil
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(CH2) located approximately 500m from the proton target. A total of 1280 8 inch

PMT’s covered the outside of the detector, and utilised the Cherenkov light emit-

ted by charged particles to detect electrons and muons that were produced though

neutrino charged current scattering.

The MiniBooNE experiment could look for νe appearance, νµ disappearance, and

though the reversal of the magnetic horn current, run in anti-neutrino running mode

to perform νe appearance and νµ disappearance also. The first νµ Ñ νe results us-

ing 6.46e20 POT in neutrino mode observed an excess of 128.8˘ 20.4stat˘ 38.3sys

electron-like events [146], spectrally consistent with νe charge current scattering.

Unexpectedly, however, this excess did not strongly favour the LSND anomaly,

with the excess occurring within reconstructed neutrino energy of 200 Ñ 475 MeV,

whereas oscillations matching the LSND parameter space would be expected to ap-

pear at higher energies. This excess at a lower energy than expected is often called

the MiniBooNE “low-energy excess” to distinguish its possible origins to that of the

LSND anomaly.

MiniBooNE continued to collect data in anti-neutrino running mode, resulting

in a combined νµ Ñ νe and νµ Ñ νe oscillation analysis [147] using an additional

11.27e20 POT of anti-neutrino running. An excess of 78.4˘28.5 events was observed

in antineutrino running mode, alongside an updated 162 ˘ 47.8 excess events in

neutrino mode. The combined excess of 240.3 ˘ 62.9 represented a 3.8σ significant

signal consistent with sterile neutrino oscillations. Spectrally the excess in anti-

neutrino running mode was at a higher energy, allowing for greater agreement with

the LSND anomaly, although due to the much lower energy anomaly in neutrino

mode, MiniBooNE data favours a best fit corresponding to a much lower mass-

splitting with maximal mixing,

sin2 2θMiniBooNE
µe “ 1.0, ∆m2

41
MiniBooNE

“ 0.037 eV2. (3.1.2)

As the LSND search was performed using antineutrinos, it is worth pointing out

MiniBooNEs antineutrino data is in good agreement with LSND on its own. We

show the exact L{Eν dependence of the LSND and MiniBooNE νµ Ñ νe in Fig-
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ure (3.1). As we will discuss in detail later, the addition of more than 1 sterile

neutrino allows for CP violating effects so the tension between neutrino and anti-

neutrino running mode results can be alleviated by the including of additional light

sterile neutrinos. As LSND and MiniBooNE antineutrino data show very similar os-

cillation probabilities, this is strong motivation for considering more than one light

sterile neutrino, as one can maintain the good agreement with antineutrino data

sets and alleviate the tension with neutrino mode using CP violating phases.

Although consistent with the LSND anomaly, the MiniBooNE νe and νe appear-

ance data certainly does not confirm with certainly the νµ Ñ νe sterile neutrino

oscillation interpretation. Crucially, MiniBooNE being a Cherenkov light detector,

cannot distinguish electrons from photons, meaning the low-energy electron-like ex-

cess might be a previously undiscovered nuclear effect or background.

It is worth briefly mentioning there exists additional motivation for a O(eV2)

sterile neutrino. A third observation consistent with short-baseline oscillations has

been provided in the νe disappearance channel from calibration measurements em-

ploying intense radioactive sources of high νe flux in radiochemical experiments,

during the mid 1980’s [42, 148], the so-called “gallium anomaly”. A similar fourth

hint had been provided by past reactor-based short-baseline oscillation searches;

specifically, recent reactor data re-analyses using updated reactor flux predictions

showed evidence of a deficit in the reactor electron antineutrino event rates mea-

sured collectively by several experiments at L{E ranging between 2-20 m/MeV.

This has been referred to as the “reactor anomaly” [74]. However, recent realisa-

tions that large and unaccounted-for systematic uncertainties are associated with

reactor neutrino flux predictions (see, e.g. [104, 149, 150]) dictate that the reactor

anomaly cannot yet be interpreted decisively as a light sterile neutrino oscillation

signature; such interpretations should await either improved reactor antineutrino

flux modelling or dedicated searches for light sterile neutrino oscillations at reac-

tor short baselines which are sensitive to distortions in reconstructed event spectra

that are L{E dependent. Such searches are now under way with a number of ex-
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Figure 3.2: The variety of mass-splittings that recent (and future in the case of

SBND and ICARUS) experiments are sensitive to light neutrino oscillations. Each

experiment has two scales of interest; a point below which oscillations have not

yet happened, indicated by the lower end of each coloured band. And a point at

which the oscillations are averaged out and thus are only sensitive to normalisation

shifts, indicated by the light coloured bands stretching upwards. These points are

not clear and distinct and are a function of energy resolution and other systematic

uncertainties, and are representative values for qualitative information.

periments [151–157]. In this work we predominantly focus on SBL accelerator effects.

Interpreting the above νµ Ñ νe appearance and νe disappearance observations as

sterile neutrino oscillations would imply large νµ disappearance observable at short

baselines, as the mixing angle sin2 2θµe being non-zero demands a non-zero Uµ4 in

the (3+1) sterile neutrino interpretation. Thus, a νµ Ñ νµ disappearance search can

be used as a probe if combined with prior νe or νe measurements. Such disappear-

ance signatures have not yet been observed; on the contrary, multiple experiments

have imposed stringent bounds on sterile neutrino mixing parameters involved in

the νµ disappearance channel including MiniBooNE itself where the disappearance
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searches show no evidence of oscillations [99, 158].

This tension between appearance and disappearance results brings the viability

of sterile neutrino models into question [159]. The most recent νµ disappearance

data sets include IceCube [160] and MINOS+ [161]. The most up to date global

fits and results, incorporating IceCube constraints, are presented in Ref. [162]. De-

spite the strong disappearance constraints, the MiniBooNE, LSND, and arguably

the calibration source experimental results still stand as significant anomalous ob-

servations that require independent direct tests. Tension in global fits alone, even

strong tension, will not be sufficient to rule out the sterile neutrino interpretation.

3.2 The Fermilab Short-Baseline Neutrino Pro-

gram

To definitively address these collective anomalies, the Short Baseline Neutrino (SBN)

experimental program [108] was successfully proposed and is now under construc-

tion in the Booster Neutrino Beamline (BNB) at Fermilab. The BNB provides a

high intensity, sign-selected, primarily (ą99%) muon neutrino (and muon antineu-

trino) flux [146]. Three liquid argon time projection chamber (LArTPC) detectors,

comprising the already operating MicroBooNE detector, the SBND detector which

is under construction, and the ICARUS detector which is under refurbishment, sit

within the νe and ν̄µ flux content at three distinct baselines. This allows SBN to

perform an electron neutrino appearance search and a muon neutrino disappearance

search with highly competitive sensitivity coverage [108]. Note, however, that the

discovery potential of SBN has only been considered for the simplest sterile neutrino

scenario in the proposal, the (3+1) model.

ICARUS is the first large-scale LArTPC neutrino detector ever constructed, and

has previously operated at Gran Sasso National Laboratory in Italy, starting in 2010.

It is presently being refurbished and prepared for transit to Fermilab in Spring of
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2018. It has an active mass of 476 tons of liquid argon and will be placed 600 me-

ters from the neutrino production, forming the far detector of the SBN program.

MicroBooNE is the mid detector, and it has already began operations in the BNB,

in October 2015, and already presented Michel electron results at Neutrino 2016 in

London. The MicroBooNE active mass is 89 tons, and it is located at 470 meters

from neutrino production, at roughly the same baseline as the MiniBooNE experi-

ment. SBND will act as a near detector of the SBN program, located at 110 meters

from neutrino production and with an active mass of 112 tons. It is currently under

construction and is scheduled to begin taking data with ICARUS and MicroBooNE

in late 2018 [108].

In Figure (3.2) we show the regions of light sterile neutrino mass scales that

the three detectors of the SBN program are sensitive to, alongside several other

contemporary and historical neutrino oscillation experiments. The dark shaded re-

gions represent the regions that spectral distortions of the neutrino flux are to be

expected at the L{Eν of the experiment due to light sterile neutrino induced oscilla-

tions. Below these regions oscillations from small mass-splittings have not occurred

yet. The light shaded regions above show the mass-splittings that produce too fast

an oscillation to be probed spectrally in any given experiment, but would average

out to produce a possibly detectable normalisation shift. As can be seen, all three

detectors that make up the SBN program sit directly around the 0.1 Ñ 10 eV2 re-

gions motivated by the LSND anomaly.

LArTPCs represent a significant advancement forward in neutrino detection tech-

nology for the study of both the MiniBooNE low-energy anomaly and the LSND

anomaly. LArTPCs have extremely good energy and angular resolution [108] and

crucially allows for the distinguishing of electromagnetic showers originating from

an electron/positron from those from photons that pair produces. This is achieved

utilising the calometric capabilities of LArTPCs to studying the rate of energy depo-

sition of the initial few cm’s of a candidate track, the dE{dx. Photons that convert

to e`e´ pairs will deposit roughly twice as much energy compared to a single elec-
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tron track [163]. In addition to this, if a vertex is identified by hadronic activity,

LArTPC’s have sufficient position resolution that it is possible to see the non-ionizing

conversion distance that would accompany photons but not electron/positrons. Ar-

goNeut has shown that LArTPC’s can potentially be sensitive to protons as low as

20 MeV [164] allowing for very good vertex tagging.

The strength of the SBN program comes from the utilisation of each of these

three detectors in concert. SBND in particular will be recording incredibly high

statistics of interactions of the (mostly unoscillated) neutrino flux, and thus will be

capable of constraining flux and cross section systematic uncertainties for the farther

detectors. Since all three detectors share the same detector technology, their detec-

tor uncertainties can also be correlated. This will grant unprecedented sensitivity

to short-baseline neutrino oscillations, allowing for the verification or ruling out of

a large area of parameter space for (3+N) sterile neutrino oscillations.

In this chapter, we perform an independent phenomenological study where we

expand beyond the (3+1) scenario and evaluate SBN’s sensitivity to sterile neutrino

oscillation models with two and three additional sterile neutrinos, referred to as

(3+2) and (3+3), respectively. Furthermore, for the (3+1) scenario, we re-evaluate

SBN’s sensitivity to electron neutrino appearance without the explicit assumption of

negligible disappearance of intrinsic νe backgrounds, unlike what has been followed

by the SBN collaboration [108]. Because of the large (3+N) parameter space dimen-

sionality for N “ 2, 3, in order to provide definitive statements on SBN’s sensitivity

reach with respect to (3+N) models, we exploit existing experimental constraints to

sterile neutrino oscillation scenarios, provided in the form of global fits to a repre-

sentative sample of short-baseline oscillation data sets (both signal and null results).

The Chapter is organised as follows: In Section 3.3, we will discuss the phe-

nomenology of light sterile neutrino oscillation within the short-baseline approxi-

mation invoked in this work. In Section 3.4 we give the prescription used to fit

global sterile neutrino oscillation data to reduce the parameter space over which the
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SBN sensitivity is subsequently quantified. We also summarise the results of fits

performed under each oscillation hypothesis in Sections 3.4.1-3.4.3. In Section 3.5,

we introduce the SBN experimental facility in detail. In Section 3.5.1, we describe

the analysis method followed to estimate SBN’s sensitivity to (3+N) sterile neu-

trino oscillations; more specifically, in Section 3.5.2 we describe the method used

to predict the SBN measureable event spectra given any set of (3+N) oscillation

parameters, and in Section 4.3 we describe the SBN fitting framework and χ2 cal-

culation. We present sensitivity results for (3+1), (3+2) and (3+3) in Section 3.6,

and we further explore SBN’s sensitivity to CP-violating phases measurable in the

(3+2) and (3+3) scenarios in Section 3.7. Finally, a summary and conclusions are

provided in Section 3.8.

3.3 Light Sterile Neutrino Phenomenology at Short-

Baselines

When we derived the oscillation probability in Equation (1.4.49) we noted that no

assumptions were made about the number of neutrino species. Thus this equation is

the same probability that governs neutrino oscillations, whether it be due to active

to sterile neutrinos. Let us recap it here for convenience,

Ppνα Ñ νβ : Lq “ δαβ´4
ÿ

mąj

Re
“

U‹αmUαjU
‹
βjUβm

‰

sin2

ˆ

∆m2
mjL

4Eν

˙

(3.3.3)

˘2
ÿ

mąj

Im
“

U‹αmUαjU
‹
βjUβm

‰

sin

ˆ

∆m2
mjL

2Eν

˙

, (3.3.4)

where the `p´q in the last term describes neutrino (antineutrino) oscillation.

As the existence of a light sterile neutrino is motivated directly by experimental

anomalies, in this Chapter we will assume that the first sterile neutrino mass state

will be on the order of 1 eV2, which follows from past and recent global fits [76,162].

The two lowest mass-squared splittings, ∆m2
21 and ∆m2

32, are both well-established

and of order 10´5 eV2 and 10´3 eV2. As both are sufficiently small, we apply the
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short baseline approximation, wherein the three lowest mass states are set to be

degenerate at m1 „ m2 „ m3 „ 0 eV. This also assumes a hierarchy where the ν1,

ν2 and ν3 mass states are the lightest. As we will be solely in the short-baseline

approximation, working with sub kilometre baselines, we ignore the effect of matter

on the oscillation probability. We will consider three scenarios, the (3+1), (3+2)

and (3+3) sterile neutrino scenarios corresponding to the addition of one,two and

three additional sterile states on top of the three active neutrinos of the Standard

Model.

Although Equation (3.3.4) is all one needs to calculate the oscillation proba-

bilities in all scenarios, we expand and study each one in turn here for reference.

For a (3+1) sterile neutrino model, the oscillation probabilities for appearance and

disappearance are given by

P pνα Ñ νβq “ 4|Uα4|
2
|Uβ4|

2 sin2 x41, (3.3.5)

and

P pνα Ñ ναq “ 1´ 4|Uα4|
2
p1´ |Uα4|

2
q sin2 x41, (3.3.6)

respectively, where xij ” 1.27∆m2
ijL{E. Thanks to the short baseline approximation

and the unitarity of the PMNS matrix, this case reduces to the well known approxi-

mation of two neutrino oscillations, where appearance and disappearance mixing an-

gles are often defined as sin2 2θαβ ” 4|Uα4|
2|Uβ4|

2 and sin2 2θαα ” 4|Uα4|
2p1´|Uα4|

2q

respectively. The (3+1) sterile neutrino scenario is CP conserving, so να appear-

ance and disappearance probabilities are identical to those given above for neutrino

oscillations. 2

2Note that the (3+1) sterile neutrino scenario is only CP conserving when working in the

short-baseline approximation. If you are probing oscillations at long baseline, such as DUNE at

« 1300km, an additional CP violating phase φ42 is present on top of the standard 3ν phase, δCP.

See Gandhi et al [165] for more details.
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For a (3+2) sterile neutrino model, the oscillation probability is given by

P pνα Ñ νβq “ ´ 4|Uα5||Uβ5||Uα4||Uβ4| cosφ54 sin2 x54

` 4p|Uα4||Uβ4| ` |Uα5||Uβ5| cosφ54q|Uα4||Uβ4| sin
2 x41

` 4p|Uα4||Uβ4| cosφ54 ` |Uα5||Uβ5|q|Uα5||Uβ5| sin
2 x51

` 2|Uβ5||Uα5||Uβ4||Uα4| sinφ54 sin 2x54

` 2|Uα5||Uβ5||Uα4||Uβ4| sinφ54 sin 2x41

´ 2|Uα4||Uβ4||Uα5||Uβ5| sinφ54 sin 2x51,

in the case of appearance (β ‰ α). Note that this is the sum of not only two individ-

ual oscillations at frequencies driven by ∆m2
41 and ∆m2

51, but also an interference

term between the two. This interference term contains the CP violating phase,

φ54. Indeed, for all (3+N) sterile neutrino models with N ě 2, one must consider

the complex phases of the associated mixing matrix. These CP violating phases

φij in the oscillation probability are defined as φij “ argtU˚αiUβiUαjU
˚
βju for neu-

trino oscillations, and φij “ argtU˚βiUαiUβjU
˚
αju for antineutrino oscillations. This is

equivalent to substituting φij with ´φij when considering antineutrino appearance

probabilities.

The (3+2) sterile neutrino scenario is of particular interest to us as it is the

simplest CP violating theory, when working in the short base-line approximation.

It has one phase, φ54, which represents a possible source of observable CP violation

in the lepton sector. One of the main parameters of interest in studying this is the

CP asymmetry defined as

ACP
54 ”

P pνµ Ñ νeq ´ P pνµ Ñ νeq

P pνµ Ñ νeq ` P pνµ Ñ νeq
. (3.3.7)

We show in Figure (3.3) typical values for the CP asymmetry parameter for L{Eν

appropriate for the three SBN detectors. The colour indicates weather more events

would be seen in neutrino mode (red) or anti-neutrino running mode (blue). We

highlight the approximate L{Eν that each detector of SBN covers in the right-hand

panel. As can be seen, SBND alone covers a much smaller L{Eν than MicroBooNE

and ICARUS. SBND’s role is predominantly that of a very accurate measurement
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Figure 3.3: Contours of CP Asymmetry as defined in Equation (3.3.7). The same

colour scale is in both figures. Highlighted in the right hand figure is the approximate

L{Eν that each of the three SBN detectors cover.

of the fluxes at a smaller baseline. At the increased baselines, and thus larger L{Eν

coverage for a given flux, ICARUS and MicroBooNE will see larger variances in the

probabilities. We do stress, however, that statistics at any given L{Eν , especially

larger values, might be very low with poor resolution. Each experiment will gener-

ally be most sensitive to one or two oscillation peaks at the centre of their applicable

L{Eν ’s.

In the case of (3+2) sterile neutrino models, the disappearance probability takes

the form

P pνα Ñ ναq “1´ 4|Uα4|
2
|Uα5|

2 sin2 x54

´ 4p1´ |Uα4|
2
´ |Uα5|

2
q|Uα4|

2 sin2 x41

´ 4p1´ |Uα4|
2
´ |Uα5|

2
q|Uα5|

2 sin2 x51. (3.3.8)
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Lastly, the (3+3) sterile neutrino model oscillation probability is given by

P pνα Ñ νβq “ ´ 4|Uα5||Uβ5||Uα4||Uβ4| cosφ54 sin2 x54

´ 4|Uα6||Uβ6||Uα4||Uβ4| cosφ64 sin2 x64

´ 4|Uα5||Uβ5||Uα6||Uβ6| cosφ65 sin2 x65

` 4p|Uα4||Uβ4| ` |Uα5||Uβ5| cosφ54 ` |Uα6||Uβ6| cosφ64q|Uα4||Uβ4| sin
2 x41

` 4p|Uα4||Uβ4| cosφ54 ` |Uα5||Uβ5| ` |Uα6||Uβ6| cosφ65q|Uα5||Uβ5| sin
2 x51

` 4p|Uα4||Uβ4| cosφ64 ` |Uα5||Uβ5| cosφ65 ` |Uα6||Uβ6|q|Uα6||Uβ6| sin
2 x61

` 2|Uβ5||Uα5||Uβ4||Uα4| sinφ54 sin 2x54

` 2|Uβ6||Uα6||Uβ4||Uα4| sinφ64 sin 2x64

` 2|Uβ6||Uα6||Uβ5||Uα5| sinφ65 sin 2x65

` 2p|Uα5||Uβ5| sinφ54 ` |Uα6||Uβ6| sinφ64q|Uα4||Uβ4| sin 2x41

` 2p´|Uα4||Uβ4| sinφ54 ` |Uα6||Uβ6| sinφ65q|Uα5||Uβ5| sin 2x51

` 2p´|Uα4||Uβ4| sinφ64 ´ |Uα4||Uβ5| sinφ65q|Uα6||Uβ6| sin 2x61,

(3.3.9)

in the case of appearance, where now we have three CP violating phases, φ54, φ64

and φ54. The corresponding disappearance probability is given by

P pνα Ñ ναq “1´ 4|Uα4|
2
|Uα5|

2 sin2 x54 ´ 4|Uα4|
2
|Uα6|

2 sin2 x64 ´ 4|Uα5|
2
|Uα6|

2 sin2 x65

´ 4p1´ |Uα4|
2
´ |Uα5|

2
´ |Uα6|

2
qp|Uα4|

2 sin2 x41 ` |Uα5|
2 sin2 x51 ` |Uα6|

2 sin2 x61q.

(3.3.10)

We note here that for all (3 ` N) sterile scenarios, in both appearance and disap-

pearance, the neutrino oscillation probabilities take the form of a sum of defined

oscillations with amplitudes given by the mixing matrix elements, at frequencies of

either sin2 xij or sin 2xij. We will use this fact in Section (4.3) to aid in in the simpli-

fication of computation and calculation of SBN’s expected spectra. This is true for

all neutrino oscillations, as can be seen easily in Equation (1.4.49), but is also true

when one includes a matter potential, as the probability can be re-parameterized

in the same function form but with shifted mass-splittings and effective mixing an-

gles [166,167].
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3.4 Globally Allowed (3+N) Parameter Space

Although we have qualitatively discussed the parameter space that drives the LSND

and MiniBooNE anomalies, it is instructive here to study in more detail the global

situation of light sterile neutrinos. We will use this to quantitatively motivate what

exact parameter space future experiments, such as SBN, should be sensitive to

in order to have the strongest capability to confirm or rule out the LSND and

MiniBooNE anomaly. To such an end, for each (3+N) scenario under consideration,

a fit is performed over all existing short-baseline neutrino experiment data, to extract

the globally-allowed 90% and 99% C.L region. The experimental data sets included

in the global fit are summarised in Table 3.1. We omit the recent MINOS+ [161]

and IceCube [160] constraints from the global fits, although we note that in the

future those constraints should be included for more quantitatively accurate results.

We expect that the qualitative conclusions drawn in this work stand regardless of

inclusion of those more recent constraints

.

Given the sheer scale of the parameter space, particularly for (3+3) oscillations,

which features twelve fully independent mixing parameters, a grid scan of any rea-

sonable resolution would be computationally impossible. Instead, we elect to per-

form a more efficient scanning of the mixing parameters for each oscillation scenario

using the a Markov chain minimization routine, following the method employed in

Reference [76]. We define range of intererest in which each oscillation parameter is

allowed to vary as follows:

0 ď Uαi ď 0.5, 0.01 ď ∆m2
i1 ď 100 eV2, 0 ď φij ă 2π. (3.4.11)

where α “ e, µ and i, j “ 4, ..., 3 ` N . Initial values for the N additional neu-

trino mass states, mixing matrix elements and CP violating phase(s) are gener-

ated randomly from within their appropriate ranges. Then, each parameter θ

is generated for each successive step using the recursive Markov chain condition

θnew “ θold ` pR ´ 0.5qpθmax ´ θminqs where R is a random number in (0,1) and s

is a configurable maximum step size. Additionally, we apply further unitarity con-

straints on Uαi, by rejecting parameter points where any of the following definitions
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Dataset Oscillation Channel

Appearance

KARMEN [88] ν̄µ Ñν̄e

LSND [71] ν̄µ Ñν̄e

MiniBooNE - BNB [72,146,168,169]
p´q

ν µ Ñ
p´q

ν e

MiniBooNE - NuMI [170] νµ Ñ νe

NOMAD [93] νµ Ñ νe

Disappearance

KARMEN, LSND (xsec) [171] νe Ñ νe

Gallium (GALLEX and SAGE) [42,148] νe Ñ νe

Bugey [74,172] ν̄e Ñν̄e

MiniBooNE - BNB [99,173]
p´q

ν µ Ñ
p´q

ν µ

MINOS-CC [174,175] ν̄µ Ñν̄µ

CCFR84 [79] νµ Ñ νµ

CDHS [83] νµ Ñ νµ

Atmospheric Constraints [176–180] νµ Ñ νµ

Table 3.1: The short-baseline oscillation data sets included in global fits to (3+N)

sterile neutrino oscillation scenarios, and used to provide allowed regions over which

SBN’s sensitivity is quantified.
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are invalid
ř

i“4,...,3`N |Uαi|
2 ď 0.3 for α “ e, µ, and

ř

α“e,µ |Uαi|
2 ď 0.3 for i “ 4, 5, 6.

For each given step, a χ2 is calculated for the entire set of oscillation parame-

ters and is compared against the χ2 from the previous step, χ2
old, to determine the

probability PT of accepting this new point into the Markov chain. This probability

is given by PT “ minp1, e´pχ
2´χ2

oldq{T qq, where T is the “temperature” of the Markov

chain, which can be static or vary itself. The case of slowly dropping temperature,

or simulated annealing, is a very powerful technique to help ensure the Markov

chain reaches the global minimum χ2 while evading local minima. Multiple starting

chains, with randomly chosen intial R, s and T further ensure that the true global

minima is located.

For each experimental data set included in the global fit, a Monte Carlo predic-

tion is calculated using the oscillation probability derived for a given set of sterile

neutrino oscillation parameters, and compared against observed data from the ex-

periment. The resulting χ2 for each experimental data set is summed to form a

global χ2 for each sterile neutrino model, assuming that there are no correlations

among data sets.

We use the resulting global χ2 to determine the parameter space allowed at a

certain confidence level, using a ∆χ2 cut relative to the global χ2 minimum, χ2
min,

that the Markov Chain found. Once a globally-allowed region for a certain scenario

is obtained, the region gets discretized over a grid of 100n spacepoints, where n is

the number of oscillation parameters in the given scenario. The spacepoints are

evenly distributed over the ranges defined above, and in a linear scale in mixing

elements Uαi and a logarithmic scale in ∆m2
i1. For illustrating two-dimensional pro-

jected allowed regions, we profile over the oscillation parameter space and thus a

∆χ2 cut of 4.61 (90% C.L) and 9.21 (99% C.L) using 2 degrees of freedom (dof)

is applied. However, to extract the n-dimensional phase-space over which we later

quantify the SBN sensitivity, the ∆χ2 cuts applied more appropriately correspond

to n dof , where n “ 3, 7 and 12 dof for (3+1), (3+2) and (3+3), respectively.
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In the following sections we will provide a summary of the global fit results we

obtain using this method. These regions will then subsequently be used as input to

further detailed sensitivity studies.

3.4.1 (3+1) Globally Allowed Regions

Figure 3.4: The 90% and 99% C.L regions allowed by a simultaneous fit to all data

sets listed in Tab. 3.1 and following the prescription in Section 3.4, under a (3+1)

sterile neutrino oscillation hypothesis. Overlaid are results from other recent global

fit analyses, which do includethe new constraints from the IceCube experiment [160].

There are three free oscillation parameters in this fit, but here we profile over them

to provide 2D projections in regions of ∆m2
41 and sin2 2θµe “ 4|Ue4|

2|Uµ4|
2 that are

allowed at the chosen confidence levels, assuming 2 dof .

In this section, we summarise the results of the global fit to all data sets listed

in Tab. 3.1 under the (3+1) oscillation hypothesis. The best fit parameters ob-

tained in this fit, and corresponding χ2
min{dof , are provided in Tab. 3.2. A two-

dimensional allowed region profiled into ∆m2
41-sin2 2θµe is illustrated in Figure (3.4),

where sin2 2θµe “ 4|Ue4|
2|Uµ4|

2. The region at around 1 eV2 is largely driven by the
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LSND and MiniBooNE anomalies, the two strongest signals of new physics. Note,

however, that the recent IceCube constraints appears to shift this allowed region

slightly, to higher ∆m2
41 and slightly low mixing amplitudes. The χ2 difference be-

tween the ∆m2
41 „ 1 eV2 and ∆m2

41 „ 2 eV2 regions has been reported to be very

small, which is why we have proceeded to carry out sensitivity studies without the

IceCube constraints included.

3.4.2 (3+2) Globally Allowed Regions

Figure 3.5: The 90% and 99% C.L regions allowed by a simultaneous fit to all data

sets listed in Tab. 3.1, and following the prescription in Section 3.4, under a (3+2)

sterile neutrino oscillation hypothesis. There are seven free oscillation parameters in

this fit, but here we profile over them to provide 2D projections in regions of ∆m2
41

and ∆m2
51 that are allowed at the chosen confidence levels, assuming 2 dof .

In this subsection, we summarise the results of the global fit to all data sets listed

in Tab. 3.1 under the (3+2) oscillation hypothesis. The best fit parameters obtained

in this fit, and corresponding χ2
min{dof , are provided in Tab. 3.2. A two-dimensional

allowed region profiled into ∆m2
51-∆m2

41 is illustrated in Figure (3.5).
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Figure 3.6: The 90% and 99% C.L regions allowed by a simultaneous fit to all data

sets listed in Tab. 3.1, and following the prescription in Section 3.4, under a (3+3)

sterile neutrino oscillation hypothesis. There are twelve free oscillation parameters

in this fit, but here we profile over them to provide 2D projections in regions of

∆m2
41 and ∆m2

51 that are allowed at the chosen confidence levels, assuming 2 dof .

As mentioned above, in adding a second light sterile neutrino one also adds the

CP-violating phase, φ54. This additional phase can be influential at short baselines

and can relieve some of the tension between neutrino and antineutrino data sets,

providing a better overall fit to global data. This improvement has been demon-

strated to be the case in particular when considering appearance-only data sets (see,

e.g. [75, 76, 159]). As can be seen in Figure (3.5), one mass-splitting at the « 1eV2

level is required to explain the LSND and MiniBooNE anomalies in the same was

as the (3+1) scenario, however, the second mass splitting can vary « 0.1 Ñ 4 eV2.

3.4.3 (3+3) Globally Allowed Regions

Finally we summarise the results of the global fit to all data sets listed in Tab. 3.1

under the (3+3) oscillation hypothesis. The best fit parameters obtained in this

fit, and corresponding χ2
min{dof , are provided in Tab. 3.2. Two-dimensional allowed
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Figure 3.7: The 90% and 99% C.L regions allowed by a simultaneous fit to all data

sets listed in Tab. 3.1, and following the prescription in Section 3.4, under a (3+3)

sterile neutrino oscillation hypothesis. There are twelve free oscillation parameters

in this fit, but here we profile over them to provide 2D projections in regions of

∆m2
41 and ∆m2

61 that are allowed at the chosen confidence levels, assuming 2 dof .

regions profiled into ∆m2
51-∆m2

41 and ∆m2
61-∆m2

51 are illustrated in Figure (3.6) and

Figure (3.7), respectively.

With the addition of yet another light sterile degree of freedom comes with five

additional parameters, including an additional independent mass splitting, two ad-

ditional mixing elements, and two additional CP-violating phases. This further

increases the hypervolume of parameter space allowed under the global data sets,

although the preference for one of the best fit ∆m2
i1 being close to Op1eV2

q evident

in the (3+1) and (3+2) hypotheses seems to persist. Furthermore, as in the (3+2)

case, the additional CP-violating phase(s) has been shown to lead to a further re-

duction in tension between neutrino and antineutrino data sets as well as an overall

lessening of the disagreement between appearance-only and disappearance-only fits

(see, e.g., Refs. [75,76,159]).
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(3+1) ∆m2
41 Uµ4 Ue4 χ2/dof

Best Fit 0.92 0.17 0.15 245.6/240

(3+2) ∆m2
41 Uµ4 Ue4 ∆m2

51 Uµ5 Ue5 φ54 χ2/dof

Best Fit 0.46 0.15 0.13 0.77 0.13 0.14 5.56 238.2/236

(3+3) ∆m2
41 Uµ4 Ue4 ∆m2

51 Uµ5 Ue5 ∆m2
61 Uµ6 Ue6

Best Fit 0.68 0.18 0.12 0.90 0.13 0.14 1.55 0.03 0.12

φ54 φ64 φ65 χ2/dof

5.60 4.31 3.93 232.5/231

Table 3.2: Global best-fit parameters obtained under the (3+1) (top), (3+2) (mid-

dle) and (3+3) (bottom) oscillation hypothesis. Mass-squared splittings are pre-

sented in eV2 and CP violating factors are given in in radians. The null hypothesis

has a χ2{dof of 299.5{243.

3.5 SBN Sensitivity to (3+N) Oscillations

The global fits as calculated above are extremely powerful tools for guiding the pa-

rameter space that experimentalists focus on, but they do not replace, nor should

they be thought of, a single dedicated experiment. Global fits can involve a tremen-

dous amount of simplifications, approximations and assumptions which may vary

significantly and unexpectedly from those of the original experiments which they

attempt to combine. No matter how much global combined data disagrees with the

LSND anomaly, until a single experiment can definitely rule out or confirm the light

sterile oscillation hypothesis it will still be considered an open anomaly by many.

None the less, they do provide a useful reference for the parameter space of interest.

For the remainder of this Chapter we will focus on determining how sensitive SBN

is to this parameter space associated with the LSND and MiniBooNE light sterile
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oscillations, and attempt to answer the question “Will SBN definitively be able to

cover the light oscillating sterile anomaly?”.

3.5.1 Sensitivity Analysis Method

In order to evaluate SBN’s sensitivity to (3 ` N) sterile neutrino oscillations, we

consider the oscillation-induced fluctuations that are measurable in the exclusive νe

(and ν̄e) charged-current (CC) and νµ (and ν̄µ) CC event spectra of each of the SBN

detectors. The event spectra are provided in terms of reconstructed neutrino energy,

and are estimated as described in Section 3.5.2.

The νe CC spectrum is sensitive to potential νµ to νe appearance in the νµ-

dominated BNB beam. For this sample, because background contributions are

comparable to signal contributions for most of the globally-allowed (3+N) oscil-

lation parameter space, we additionally consider the effects of (1) disappearance of

the νe (and ν̄e) intrinsic background in the beam; and (2) νµ (and ν̄µ) disappear-

ance of the mis-identified background from νµ (and ν̄µ) CC interactions. We assume

that the mis-identified background from neutral-current (NC) interactions will be

measured and constrained independently and in situ for each of the SBN detectors,

and therefore we ignore any oscillation variations on that particular background in

these fits.

The νµ CC spectrum, on the other hand, is sensitive to exclusively νµ disappear-

ance. In this case, we ignore not only oscillation variations on any backgrounds, but

also background contributions from NC π˘ production events altogether. Based on

Ref. [108], this background contribution has negligible effect on the SBN sensitivity.

Combining νe and νµ CC measurements thus allows one to simultaneously con-

strain both appearance and disappearance probabilities for νe and νµ oscillations.

The fit method is described in detail Section 3.5
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3.5.2 Predicting SBN Event Spectra

The SBN νe and νµ CC event spectra were fully simulated on an event-by-event ba-

sis. The raw rates of each flavor of neutrino impinging on the three SBN detectors

were evaluated using the flux predictions in Reference [181]. Events are generated

in GENIE 2.8.6 [182] (default settings used) separately for each neutrino type (νe,

νµ, ν̄e, ν̄µ) and for the beam polarity in both neutrino and antineutrino mode.

Ten million events were generated for each flavor, detector, and beam polarity.

This corresponds to 8ˆ 1020 POT for the SBND neutrino mode νµ flux, and signif-

icantly more for all other samples. Weights were applied to all events to normalise

them to the rates predicted by GENIE for the expected exposure and each detector

mass.

Subsequent to event generation, events were processed further to emulate the

reconstructed and selected νe CC and νµ CC spectra presented in Ref. [108]. More

specifically, to estimate detector effects without the need for a full detector simu-

lation, neutrino interaction product energies were smeared according to a Gaussian

around their true value, to emulate expected detector energy resolution discussed

in Ref. [108]: electrons and photons received a 15%/
?
E smearing, whereas muons

and pions received a 6%/
?
E smearing; all protons with true kinetic energy below

21 MeV were assumed to be non-reconstructable, while those above this threshold

as well as other charged hadrons had their kinetic energies smeared by 5%. All

smeared hadronic energies were added to form the hadronic activity, and the re-

constructed neutrino energy was then defined as the total sum of visible (smeared)

lepton or photon energy and hadronic activity, as well as the rest masses of all lep-

tons and non-proton charged hadrons. A lower threshold of 100 MeV was placed

on electron and photon energies in order for them to be defined as reconstructable.

This is quite a conservative estimate, as the true threshold in liquid argon should

be substantially lower than this, but was chosen to be in line with the SBN proposal.

The fiducial volume cut efficiency for each detector was then emulated by ran-
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domising the neutrino interaction vertex position within the predefined active vol-

ume, and applying geometric cuts, with the position and direction of all simulated

muons and e/γ showers accounted for to accurately estimate backgrounds and ef-

ficiency’s. This is of utmost importance to the νe appearance signal as π0 Ñ γγ

decays, in which only one photon is reconstructed successfully, are a major back-

ground. The following contributions are included explicitly in the νe CC sample:

• Intrinsic νe CC events are the largest contribution to the νe CC sample. All

appearance signal (from potential νµ Ñ νe oscillations) and intrinsic beam νe

CC events producing an electron with reconstructed neutrino energy Ereco ě

200 MeV are included with an overall 80% identification efficiency. This value

of 80% was taken from the SBN proposal, where it was estimated from hand-

scanning MC simulated events.

• NC single photon events, from either NC ∆ production followed by radiative

decay, or π0 production followed by decay into two photons where only one

photon is reconstructable, are also considered as potential background contri-

bution in the νe CC sample. In particular, events in which the photon is recon-

structed too close (within 3 cm) to a vertex identified by significant hadronic

activity (defined as Evisible hadronic ě 50 MeV), or in which no hadronic activ-

ity is visible, are included as backgrounds if the reconstructed event energy

satisfies the 200 MeV threshold. Those selected events receive an additional

scaling assuming a 94% photon rejection efficiency.

• νµ CC events in which the muon is mis-identified as a pion and simultaneously

an additional photon (e.g from π0 decay) mimics the electron from a νe CC

event are also included as a background contribution to the νe CC sample.

To quantify this background, all νµ CC events with a track length ě 1 m

are assumed to be identifiable as muons and are rejected. Those with a track

length below 1 m are accepted as potential mis-identified events, if any photons

in the event are accepted under the same conditions as in the NC single photon

events, above.

• Interactions outside of the TPC producing photons that propagate inside the
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active volume are a potential source of backgrounds as well. These “Dirt”

backgrounds are included with rates taken directly from Ref. [108]. We assume

that independent measurements of these backgrounds at each detector location

will render this contribution insensitive to any oscillation effects.

• Cosmogenic backgrounds are expected to be well constrained by topological,

calometric and timing cuts, with the background contribution scaling linearly

with beam exposure (POT). The numbers we use are taken directly from

Ref. [108] and correspond to 146, 88 and 164 cosmogenic background events

for SBND, MicroBooNE and ICARUS, respectively. Although significantly

smaller than the intrinsic νe CC backgrounds, as they tend to accumulate

at low energy, they are included in our analysis following the approach in

Ref. [108].

Similarly, for the νµ CC sample, intrinsic beam νµ CC events are assumed to

be selected with an 80% reconstruction and identification efficiency. Potential back-

ground contributions would result from NC π˘ interactions where the π˘ can be

mis-identified as a muon. This is mitigated by requiring that all contained muon-like

tracks have a track length larger than 50 cm, and that all escaping tracks that have

a track length of less than 1 m are rejected. This is the same methodology as what

was followed in Ref. [108].

We show the results of the νe CC and νµ CC simulations for all SBN detectors in

Figure (3.8), along with an estimated appearance-only signal prediction for a bench-

mark (3+1) sterile neutrino oscillation model with ∆m2
41 “ 0.39eV2 and mixing for

νe appearance of sin2 2θeµ “ 0.013 in the upper plot, and νµ disappearance for a

sterile neutrino with ∆m2
41 “ 1.1eV2 and sin2 2θµµ “ 0.1 in the lower panels.
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In quantifying sensitivity, we consider primarily two fitting methods:

• νe appearance-only fits, where Nosc
k p∆m2

i1, Uαi, φijq is evaluated assuming only

νµ Ñ νe oscillations, and no νe or νµ disappearance; this is the method followed

by past MiniBooNE oscillation searches [72] as well as in Ref. [108]; and

• combined νe dis/appearance and νµ disappearance fits, whereNosc
k p∆m2

i1, Uαi, φijq

is evaluated assuming νµ Ñ νe oscillations, νe disappearance, as well as νµ dis-

appearance. We note that this is the first time that SBN sensitivities are evalu-

ated without the implicit assumption of no significance νe or νµ disappearance;

we note, as demonstrated in the results section, this implicit assumption can

have a significant effect on the SBN sensitivity.

Finally, when considering the νe and νµ CC inclusive samples for antineutrino

running mode, we follow the same methodology as above. It should be noted that

none of the SBN detectors are assumed to be capable of differentiating between a

neutrino and an antineutrino interaction on an event by event basis.

3.5.3 SBN χ2 Calculation

To facilitate a multi-baseline, multi-channel, and multi-mode (neutrino and antineu-

trino running) oscillation search with the SBN detectors, we use a custom fitting

framework to generate, and subsequently fit the reconstructed νe CC and νµ CC

inclusive spectra expected at each detector with and without oscillations, and for

each running mode, simultaneously. This framework is refered to as “SBNfit”. This

simultaneous, side-by-side fit of multiple event samples by way of a full covariance

matrix which contains statistical and systematic uncertainties as well as systematic

correlations among the different samples, baselines, and running modes, is an ap-

proach that has been followed by the MiniBooNE collaboration for several analyses,

e.g. [72, 99, 146, 168, 169, 173], as well as by the SBN collaboration (although not in

a multi-channel fitting manner as we utilise here). We have chosen this approach

specifically so that we may exploit powerful correlations shared within and among

the spectra that are measurable by each of the three detectors.
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Figure 3.9: 690ˆ690 fractional correlation matrix for combined νe-like and νµ-like

signals at all three SBN detectors, in a dual neutrino and antineutrino running mode

configuration. As this is a direct visualisation of the correlation matrix, the x and

y axis just refer to each matrix element. For details of construction see text.

The SBN fit quality is quantified over an n-dimensional oscillation parameter

space volume p∆m2
i1, Uαi, φijq by way of a χ2. The χ2 is calculated over concatenated

νe CC inclusive and νµ CC inclusive spectra for all three detectors, as

χ2
p∆m2

i1, Uαi, φijq “
M
ÿ

k“1

M
ÿ

l“1

“

Nnull
k ´Nosc

k p∆m2
i1, Uαi, φijq

‰

E´1
kl

“

Nnull
l ´Nosc

l p∆m2
i1, Uαi, φijq

‰

,

(3.5.12)

where Nnull
k is the number of events expected under the no oscillation hypothesis

(defined as Uαi “ 0 @ α, i, j) in the kth bin of reconstructed neutrino energy;

Nosc
k p∆m2

i1, Uαi, φijq is the number of events predicted to be observed in recon-

structed neutrino energy bin k under an oscillation hypothesis described by the
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set of parameter values p∆m2
i1, Uαi, φijq; and Ekl is a full M ˆM covariance ma-

trix containing the total systematic and statistical uncertainty, including systematic

correlations between any two bins k and l. The νe CC and νµ CC samples for each

detector location are binned in 11 and 19 bins of reconstructed neutrino energy, re-

spectively, as shown in Figure (3.8). This binning is the same as used in all previous

MiniBooNE analysis, as well as SBN proposal, although due to improvements in res-

olution the effect of modifying binning should be investigated going forward. Thus,

for all three detector locations, the concatenated spectra Nnull
k and Nosc

k consist of

a total of M “ 90 bins for neutrino mode only, and M “ 180 bins for neutrino and

antineutrino combined fits.

The covariance matrix, which is a 90 ˆ 90 matrix for neutrino only fits, and a

180 ˆ 180 matrix for combined neutrino and antineutrino fits, is calculated as the

sum of individual sources of systematic and statistical uncertainties,

E “ Estat
` Eflux

` Ecross section
` Ecosmic

` Edirt
` Edetector . (3.5.13)

Table (3.3) summarises the assumed variations on specific contributions to the inclu-

sive νe and νµ CC samples due to different sources of systematic uncertainty; those

variations were used to calculate the fractional systematics covariance matrix. The

assumed numbers are based on Ref. [108]. Flux systematic uncertainties are esti-

mated by assuming an overall 20% normalization uncertainty fully correlated among

the intrinsic νe (background and signal) and νµ events, with the exception of exclu-

sive samples that are assumed to be constrained in situ; namely, dirt, cosmogenic,

and NC backgrounds in the νe CC sample. A 60% νe ´ νµ flux correlation coef-

ficient is assumed among νe and νµ events. Cross section systematic uncertainties

are estimated by assuming an overall 20% normalization uncertainty fully correlated

among CC-only events, and a corresponding 30% normalization uncertainty among

NC-only events. Again, dirt, cosmogenic, and NC backgrounds in the νe CC sample

are exempted from this uncertainty. A 50% CC-NC cross section correlation coeffi-

cient is assumed among CC and NC events. Furthermore, neutrino and antineutrino

run CC cross section uncertainties are assumed to be 100% correlated, and likewise

for NC cross-section uncertainties. Detector systematics are assumed to be fully
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Source of Uncertainty Assumed variation

νe flux 15.3% on νe events

νµ flux 15.1% on νµ events

CC cross section 20% on CC events

NC cross section 30% on NC events

detector effects 2.5% on all events

Table 3.3: Assumed variations on exclusive event samples due to different system-

atic uncertainties, used to evaluate the total systematics covariance matrix. See text

for more details.

uncorrelated among different detectors, and contribute to the overall uncertainty at

the level of 2.5%. These are taken to be fully correlated for neutrino and antineu-

trino run samples in any given detector.

The dirt event rate uncertainty is assumed to be constrained through in situ

dirt-enhanced sample measurements at each detector and in each running mode. A

15% normalization uncertainty is assumed for dirt events, taken to be uncorrelated

between the different detectors and the neutrino and antineutrino run samples. Sim-

ilarly, the cosmogenic background uncertainty is assumed to be constrained through

in situ off-beam high-statistics rate measurements at each detector. A 1% normal-

ization uncertainty is assumed for cosmic backgrounds, assumed to be uncorrelated

between different detectors, but fully correlated between neutrino and antineutrino

run samples within any given detector. Finally, NC backgrounds are also assumed

to be constrained through an situ NC π0 event rate measurements in each detector,

thus the estimated statistical uncertainty of the in situ measurement is taken as the

systematic uncertainty on these backgrounds. This corresponds to a 0.24%, 1.3%,

and 5% normalization uncertainty for the SBND, MicroBooNE, and ICARUS NC

background rates, respectively. This systematic uncertainty is assumed to be uncor-

related for neutrino and antineutrino run samples. We show the resultant fractional

correlation matrix in Figure (3.9). When operating in neutrino running mode (or
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Figure 3.10: 345 ˆ 345 fractional correlation matrix for combined νe-like and νµ-

like signals at all three SBN detectors in neutrino mode only. This is a zoomed

in detail of Figure (3.9). Full Osc refers to both the fully oscillated νµ Ñ νe and

νµ Ñ νe fluxes.

anti-neutrino running mode) only the appropriate 345ˆ345 subset is used. This

subset is shown in detail in Figure (3.10) where we highlight each of the electron

like spectra and each of the muon-like spectra.

As we have previously noted in Equation (3.3.9) both the neutrino appearance

and disappearance oscillation probabilities, for any number of sterile neutrinos, are

the sum of a finite number of frequencies of either sin2 x or sinx functional form.

When calculating the χ2, rather than compute the event spectra at SBN for every set

of oscillation parameters by running over each event in the 40 million event input
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flux files, a very lenghtly and computatenly intense proceedure, we elect to pre-

compute six sets of 100 spectra corresponding to the expected events at each SBND,

MicroBooNE and ICARUS for both a sinx and sin2 x frequency oscillation with unit

amplitude. These 100 spectra correspond to 100 mass-squared differences ranging in

a log-scale from 0.01 eV2 to 100 eV2. The calculation of a given χ2 then involves the

loading of the expected spectra from the pre-computed frequencies corresponding

to input ∆m2. This is then weighted by input UPMNS elements accordingly to form

each amplitude. The final spectra at each SBN detector site is the sum total of each

individual spectra calculated this way.

3.6 SBN Sensitivity to Sterile Neutrino Oscilla-

tions: Results

3.6.1 (3+1) Scenario at SBN

Throughout this analysis we will use the globally allowed regions of sterile neutrino

parameter space, as described in Section 3.4, to investigate which parameter space

areas SBN should be strongest at probing. For reference, we first explore SBN’s

sensitivity reach in neutrino running mode under three separate oscillation cases:

• νµ Ñ νe appearance-only (assuming no νµ or νe disappearance whatsoever).

We note that this case requires an unphysical assumption in a (3+1) oscillation

hypothesis, as νµ Ñ νe appearance implies both νµ and νe disappearance.

However, in the past this case has been applied to MiniBooNE searches to

a reasonably valid approximation, and has furthermore been applied to SBN

sensitivity studies in Ref. [108]. We therefore consider it only as an instructive

example, and to further argue that it is not a reasonably valid approximation

to use for SBN.

• νµ disappearance-only (assuming no νe dis/appearance). We consider this case

only as an instructive scenario, as the interpretation of short-baseline positive
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Figure 3.11: The estimated 90% C.L exclusion contours for the entire SBN pro-

gram for νe appearance only (yellow solid line) with full detector, flux and cross-

section systematics included as well as statistic only (blue). The same contour as

estimated in the SBN proposal is shown in (black dashed) line. This vastly covers

the current 99% (3+1) allowed regions (crimson) and LSND 90% allowed region

(green). Shown also is the µBooNE only contour (orange) which can probe a large

fraction of the global allowed region.

signals also require νe dis/appearance. However, νµ disappearance only is

physically allowed if Uei “ 0, unlike appearance only.

• νe disappearance-only (assuming no νµ disappearance or νe appearance). We

also consider this case only as an instructive scenario, as the interpretation of

short-baseline positive signals require both νe and νµ disappearance (and νe
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appearance).

Figure (3.11) shows the SBN appearance-only sensitivity reach in ∆m2
41 vs. sin2 2θeµ

under a (3+1) hypothesis obtained using the χ2 definition described in Section 4.3

and applying a “raster scan” over this reduced two-dimensional parameter space.

The appearance-only sensitivity is provided here merely for comparison to the sensi-

tivity presented in the SBN proposal [108], which uses the same assumption of no νe

background disappearance, as a means of validating our methodology. The results of

this work when incorporating full detector, cross-section and flux systematics (yellow

curve) is consistent with the results as published in the SBN proposal (black curve).

The statistics-only sensitivity curve obtained in this work is shown in blue. Compar-

ing the blue and red curves demonstrates the effect of systematic uncertainties on the

sensitivity, which is to diminish sensitivity to higher-∆m2
41 oscillations. This is due

to the fact that the dominant systematic is the flux and cross-section normalization

uncertainty. The comparison also demonstrates the power of exploiting correlations

that exist among multiple baselines and multiple interaction channels. Accounting

for these correlations leads to an effective cancellation of systematic uncertainties in

particular in the low-∆m2
41 region. Shown also is the MicroBooNE-only (µBooNE)

result after its first run corresponding 6.6e20 POT. Overlaid over all these curves is

the LSND 90% C.L allowed region (shaded green area) as well as the (3+1) 99% C.L

globally allowed region from Figure (3.4). The raster scan sensitivities are obtained

using a ∆χ2 cut for 1 dof , while the globally allowed region corresponds to a global

scan using a ∆χ2 cut for 2 dof .

The SBN νµ disappearance-only search gives the sensitivity curve shown in Fig-

ure (3.12) (red curve). As the sensitivity presented in the SBN proposal (black

curve) does not include detector systematics, it outperforms the one obtained in

this work. This is expected, as detector systematics across the three detectors are

taken to be fully uncorrelated in our fits. As a cross check, we compare to the

statistics-only sensitivity obtained in this work (blue curve), which is found to lie

mostly to the left of both other curves, as expected. Shown also is the prediction

for MicroBooNE (µBooNE) after its first 6.6e20 POT exposure.
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Figure 3.12: The estimated 90% C.L contours for the combined SBN using νµ

disappearance only. The globally allowed region in ∆m2
41 and sin2 2θµµ is completely

covered. Shown also is the prediction for MicroBooNE after 6.6e20 POT.

Due to the proximity of the SBND experiment to the BNB target, the flux of

intrinsic νe at the detector is extremely large. Specifically, SBND expects to record

over 35,000 CC events in 6.6e20 POT. This allows for an additional oscillation

channel to be probed, that of νe disappearance. The SBN νe disappearance-only

sensitivity reach is shown in Figure (3.13) (red curve). We note that this is the first

time that SBN’s sensitivity to νe disappearance is being explored. Although this

search is less sensitive to the 1eV2 region, due to the fact that the νe flux has a

higher mean energy, at a higher ∆m2
41 values it is comparable in sin2 2θee reach to



3.6. SBN Sensitivity to Sterile Neutrino Oscillations: Results 104

●
●
● ●●

●
●●

●●●● ●
●

●
●

● ●●●● ●●●
●

● ●●
●

●● ●●
●●● ●● ●●

●

●●

●
●

●●● ● ●● ●
●

● ●●
●

● ●●●● ●
●

●
●●

●
●● ●

● ●●
●
● ●● ●● ●●

●
● ●● ●
●

●
●● ●

●
●● ●● ●●●
●

●
●

●
●

●
●

●
●

● ●●
● ● ●

●
●●
●

●●●
●

●
●

●●● ●
●

● ●●
●●●

● ●
●●● ●●● ●

●
●

●
●●● ●

●

●
●● ●●●● ●● ● ●●

●●●
●

●● ●●
●

● ●●
●● ● ●

●
●●● ●

● ●●●
●

●

● ●● ●
●

● ● ●●●●● ●●
●●●●

●● ●
● ●●●

●● ●● ● ●● ●● ●●
● ● ●

● ●
●

●
●●●

●●●●
● ●●

●●
● ●

●
●

●●
●

●●● ●
●

● ●● ●●●● ●● ● ●
●

●
●

●
●● ●● ● ●●

●
●

● ●●● ● ● ●● ●●●● ●●● ● ●●●●●● ● ●
●● ●●●● ●●●●●● ●●●● ●● ●● ● ●●● ●● ●● ●● ●● ● ● ●● ●●●● ● ● ●●● ●● ● ●● ● ● ●●●●

●
● ●● ●●●● ●●●
●●●● ●● ●● ●● ●● ●●● ● ●●● ●●● ●

●●● ●●● ● ● ●● ●
● ●●

●
● ●●● ●●

●
●● ●●●●● ● ●●● ●●● ●●●●● ●●●●

●●
● ●●

●
●● ●

●●
●●●

●●
●●●

●

●
●● ●●●● ●
●

● ●
●

●

●
●

●
●

● ●
● ●●● ●● ●●● ●
●● ●

●
● ●●●● ●

●

●
● ● ●●
●

●●
●

●
●● ●●
●●

●● ●●● ●● ●●●
●

● ●●
● ●

●●● ●●
● ● ● ●●● ● ●●

●
● ●
●

●
●

● ●
●

●● ●●●●●● ●
●●● ●●●●
●●
●●●●●● ●●

●
● ●●● ●

●
● ● ●●●

●●●●
●● ● ●●●● ●●● ●●

●
●●
●●

● ● ● ●● ●● ●●● ●●●
● ●

●
●●

●● ● ●● ●●
●

●●
● ●●● ●●● ●● ● ●

●
●

●
●

●● ● ● ●●● ●
●●

●●●
●● ●

●
●●●● ● ●●

●
●●

●
● ●●●

●
●●

● ●● ●●●●
●

● ●●
●

●●● ●● ●
●

●●
●

●
●● ●● ● ● ●●● ●●●●●● ●●● ● ●● ●● ● ●●●● ● ●● ●

●●●●●● ●●●● ● ●● ●● ●●
●

●
●●● ● ● ●●● ●● ●●●

●
● ●● ● ●●●●●

●●●●●●● ● ●●●● ●●● ● ●●●
●●● ●● ●● ●● ●●

●
● ●●●

● ● ●●●
●
●● ●●

● ●
●

●● ●● ●●
●
●● ●●● ● ●
●●● ● ●●●●● ●●●

●● ●●●● ●
●

●●
●● ●

●

●
●

● ● ●●
●●
●

●

●

●
●● ●●●●

●● ●● ●
●

●
●

● ●●
●●

●

●●
●

●
● ●●●●● ●

●
●

●●● ●● ●● ●●
●● ● ●● ●●● ●●●
●

●● ●●
●●

●
●

● ●
●

●●
● ●● ●●

●
● ●●
● ●

● ●
●
●

●● ●●
●

●●
●

● ●
●

●●
●

●
●●●

●
●
●

●●●
●●
●

●● ●●
●● ●● ●●

●●
●● ●● ● ●

●

●
●● ●

●●
●● ● ●

●
●●● ●● ●●● ●
●

● ●
●

● ●
●●● ●
●●

●●●
● ●● ● ●● ●● ●● ● ●●●●●

●●
● ● ●●

●
●● ●●●● ●●

● ●●● ●●
●

●
●

●
●

●● ●●
● ●
● ● ●

●

● ●●
●

● ●●
●● ● ● ●●●●● ●

● ●●
●
●
●●●

●
● ●●●

●
● ●
●●● ●

● ●●
●

●●● ●●●●
●

●
● ●

●●
●

●●●
● ● ●● ●

●●
●● ●●●

●
●

●●●●
●

●● ●
●

●
●●

●
● ●● ●●

●
● ●● ●● ●●● ● ●● ●●

●
●●

●
● ●●

● ●●●●●
●

●● ●
● ●● ●

●
● ●● ●●● ●● ●●

●
● ●
●

●● ● ● ●●
● ● ● ●●● ●● ●● ●

●
●● ● ●● ● ●

●
●

●●●
●

●
●

●● ●●
●

●
●

●● ●
●

●●
● ● ●●●● ● ●● ●● ●●● ● ●● ●●● ●

●●
●

● ● ● ●
●

●● ●● ●●● ● ●●●
●

●● ●● ●●●●● ● ●●● ●● ●●
● ● ● ●●●●●●●

● ●● ●●●●● ●● ● ● ● ●●
●

●●
●●

● ●●●● ● ●●●
● ●● ●●● ●

●
● ●●●

●
● ●

●
●●●● ● ● ●● ●●●●●● ● ●●● ●●●●●● ●● ●● ●●●●

●● ●●
● ●● ●●●● ●●● ●●●

●●●●
● ●● ●●●●

● ●●● ●
● ●

●
●

●●● ●●
●● ●●●●
● ●●● ●●●● ●●●●●●●● ● ●●● ● ●

●
●

● ●●● ●
●●● ●● ● ●●●●●● ●

● ●●●
●
● ●●●●● ● ●●● ●●●●● ●●

●
●

●●
● ● ● ● ●● ● ●●●● ●●●●

● ●● ●●
●

● ●●●●
●●

●

●● ●
●
●● ●●● ●●

●● ●●
●

●
●

●
● ●●
●

●●● ● ●
●

●
●

● ●●
●●

● ●

●●●● ●● ●● ●● ● ●●
●●● ●● ●● ●
●● ●● ●●

● ●●
●

●●●● ●
●

●●● ●
● ●●

●
●

●● ●
●● ● ●●●●●

●
●●

● ● ●
●● ●

● ●● ●●●● ●
●● ●

●
●

● ●● ●
●

● ● ●●
●

● ●●● ●●● ● ●●● ●●
●

● ●
● ●●

●● ●● ●
● ●●●●●●
●

●●
● ●

●●
●
●●
●●
●●

●● ●
●
● ●●● ●●●

●● ● ●●● ●
●●

●●●
●

● ●
●

● ●●● ●● ●
●

● ●● ●● ●● ●● ● ●●●
●
● ●

●
●●● ●●●●● ● ●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●● ●●● ● ●●●●●●●● ●●● ●● ●●●●●●● ●●● ●●●●●●●● ● ●● ● ●●●●●●●●● ●● ●

●●●
●● ● ●●● ●●●

●
●

●● ●●
●
●● ● ● ●● ●● ●
●●●● ●●●●

●
●

●●
● ●●

● ●
●● ● ●● ●●●●● ● ●●● ●●●

●
●

●● ● ●●● ● ●
●●

● ●●
●
●● ● ●● ●●●● ●● ●● ●●● ● ●● ●
●● ●● ●

●● ●●
●

●
●
●

●
●

●
●● ●

●
● ● ●

●
●● ●●

●
●

●●
● ● ●●● ●● ●●

●
●

●● ●●●
● ●

●
●
●●● ●
●

●
● ●●● ●●

●
●

● ●●
● ●

●● ●●●
●

●●
● ●●

● ●●●
●●●

●
●●● ●

●
●● ●●

●
●●●

●
●

●● ●●
●

●● ●● ●●● ● ●
●●

● ●●●●
● ●●

●●
●●●●

● ●● ●●● ●
●

●●
●●● ●●● ●● ●

●

●●
●

●● ● ●●●
●●

●
●
●

● ●
●● ●

●● ●●●
●

●●
●● ●

●
●●

●●●●
●● ●● ● ●● ●●

●
●● ● ●

●●● ●
●●

●
●

●● ●
● ●●

●● ●
●

● ●
●

●
●● ●

●
● ● ●●

● ●●
●

● ●●
●

●
●

●
●

●
● ●●

●●

●

● ●
●

●
●

●● ●● ●●●●
●

●● ●
●

● ●
●

●●
●● ●●● ● ●●●

●
●●● ●● ● ●●

●
● ●● ● ● ●●

● ●
●●●

●
●

● ●●
●● ● ●

●

●
● ● ●

●
●●
● ●●● ●

●
●● ● ●●● ●● ●● ●

● ●●
●

●
●

●
● ●

●
● ●● ●●●● ●●●● ●● ●●

●●●
●●● ●●●● ●●● ● ●●●●● ●● ●●● ●●● ●●●● ●●● ●

●● ●● ●●● ●●● ●●● ●●● ●● ●● ● ●●●●●●● ● ●● ●●●●●● ●●●●●● ●● ●● ● ●●●● ●●●●
●●● ●●● ● ● ●●

●
● ● ●●●● ● ●●●●●●●●●●●● ● ● ●●●●● ●●●

●●●
●● ●●

●●●
●

● ●●●

●

●●● ● ●●
●●

●
●●● ●●
●●

● ●● ●● ●● ●● ●●●
●

●
●

●●
● ●●●

●

●

●

●
● ● ●●●● ●●● ●●

● ●● ●●●
●● ●●
●

●● ●
●● ●● ●● ● ●● ●●●● ●● ●●●● ●

●
●● ● ●● ●● ●●● ●●●

● ● ●●
● ●

● ●●
●

● ●●●
●

● ●● ●
● ●●●

● ● ●●●●
●

●

●●●● ●
● ●● ●● ●

●
●● ●
●

● ●
●

●
●

●
●● ●● ●●

● ● ●●● ●●
●

● ●●● ●●
●

● ●
● ●
●

●●
●● ● ●●● ●

●● ●● ●

●
●●

●
● ●●●

●
●

●
● ● ●●●●

●
● ● ●● ●●●●

●
●
●

●
● ● ●●● ●● ●●● ●●
● ●

●

●
●● ●

●
●

●
●

●
●

●

●
●●

●●
● ●

● ●● ●
●●

●●
●

●
●

●● ● ●●●
●

●
●

● ●●
● ●●

●
● ●●

●● ● ●●●●●● ●● ● ● ●●●● ● ●●

●

●●
●

●
●● ● ●●●

●●●●●
● ● ●●● ●● ●● ●● ●● ●●●

●
● ●●●

●
●● ● ●● ●●

● ●
●
●● ●● ●

●
●●
● ●

●
● ●● ●●● ●●●●

●
● ●●●●

●
●

● ●●● ●●
●●● ●●

●
●

● ●
●●●●

● ● ●
● ●●●

●
●

● ●
●

●
●

● ●
●

●●
●

●●●● ●●● ●
●

● ●
●●

● ●●●●●●●●● ●●●● ● ●●●●●●●●● ●●●●●●●●●●●● ●●●●● ●●●● ● ●●●●●●●●● ●●●●● ●● ●●●●●● ●●●●●●● ●●●●● ●●●●●● ●●●●●●●●● ●● ●●● ●●●●● ●●● ●
●●

●● ●
●

●
●

●
●
● ●

●●●
●● ●●

●
●●● ●●●

●

●

●
●● ●● ●●●

●
●
● ●

●● ●
●

●● ●●● ●● ● ●● ●●●●●● ● ●● ● ●● ●● ●●●● ● ● ●●● ●● ●● ●●
●

●●
●

● ●
● ●● ● ●

●
●

● ●●●●
●

●
● ● ●●● ●●● ●●●●● ●●

●●
● ●

●
● ●● ● ●

● ●● ●
● ●●●● ●●● ●● ●●

●
● ●●●●●●●● ● ● ●●●● ● ●●● ●●● ● ● ●●●

●
● ● ● ●●

●
● ● ● ● ●●●●●

● ●● ●
●●

●● ●● ● ● ●
●

● ●●●
●●

● ●●●●
●●● ●●● ●

●
● ●●●●●●● ●

●
● ●

●
● ●

●●
●●●

●
● ●●

●
●●

●
●

●●
●

● ● ● ●
●●
● ●

●

●●
● ●●

● ●
●●

●●
●● ●●●

●●
●● ●

● ● ● ●●
● ●●
●

●●
●

● ●●●
●●

● ●

●

● ●● ● ●●●
●●

●
● ● ● ●

●
● ●●●● ● ●● ●● ●
●

●● ●●● ●
●

●● ●●● ● ●
● ●● ● ●●● ● ● ●●● ●●● ●

●
● ● ●●● ●●●

●●● ● ●
●●● ●●●● ●●

●
●
●●●

●
●

●
●

●
●
●
●● ●

●●
● ● ●●● ● ●●● ●

● ●

● ●
●

● ● ●●
●● ●

●
● ●

●
●●
●

●
●

● ●
● ●
●

● ●● ●●
●●●
● ● ● ●●●●
● ●●●

●
●

●●● ●●●● ●● ●● ●●●●● ●●●● ●● ● ● ●● ●● ●●● ●●●●● ● ● ● ●●● ●●● ● ●●● ●● ●●● ●
●

●●

●

● ●●●
● ●
● ●●

●●● ●
●● ●

●● ●

●

●
●●●
●

● ●
● ●
● ● ●●

●
●

●

●
●● ● ●●●

●●●●●●
●●

●

●
● ●●
●

● ●
●

● ●● ●●●● ●
●

●●● ● ●●● ●●
●

●
●● ● ●
●●

● ●● ●● ●● ●●●
●

● ● ● ●●● ●●
●

●
●

●●
●●

●●●
● ●● ●●

●●
●

●●
●●● ●

●
●
●● ●● ●

●
●● ●

●● ●
●

●

●
● ●

● ● ●
● ● ●●● ●● ●● ●●● ●

●

●
● ●

●
●

●
●● ● ●●

●●
●● ●

●●
●● ●

●
●

●●
●

● ● ●●
●

●● ●
●

●
● ●●●●● ● ● ● ●

●
●● ●

● ●● ●● ●
●● ●● ●●● ● ●● ●●●● ●● ● ●● ●
● ● ●● ● ●

●● ●
● ● ● ●● ● ●● ●●

●
●

●
●

● ●●
●●●

●
● ● ●●

●● ●●● ●●
●●● ●● ●●

● ● ●●● ● ● ● ●● ●●
●

● ● ●
● ●

●●●●
●

●● ● ●●●
●● ●●

●
●

● ●●● ●● ●●● ●● ● ●● ● ●●●
● ● ● ●●

●
●●● ●● ●

●●
●

●
● ● ● ●●● ●● ●● ●●●

●● ●● ●
●●

●
●

●● ●● ●●
●

●●
●

●
●●●

●
●

● ●
●● ●

●●
●● ●
●

●
●● ●

●●● ●● ●● ●● ●●●
● ●●● ●●
●

●
● ●●● ● ●●●● ●● ●● ●●●

●
● ●●

●
●● ●●● ●●● ●● ●● ●● ●●● ●
● ●●●

● ●●●
● ● ●● ● ●

●● ●●
●

●
●● ●● ●●●● ●●● ●●● ● ●●●●●●

● ●
●●●●

●
●

● ●● ●●●●
●● ● ● ●●●● ●

●●
●

●
● ●●●●●● ●●

●●● ● ●●●● ●● ●
● ● ●●●
●● ●● ●

●● ●●
● ●●

●●●●●● ●● ●●● ●
●●

●●● ●● ●●● ● ●
●

●
●

●
● ●●●●

●●
●
●

● ●● ●
●

●
● ●

● ●●●● ●
●●

●● ●●
●

● ●
●

●

●
●

●●●● ●● ●
● ●
●
●● ●

●●
●● ●●

● ●
●● ●● ●● ●● ●

●● ●●● ●●
●●

●
●

●
●

●
●

●●
●

●
●

●
●

● ●
● ●
● ●
●● ● ●

● ● ●●● ●
●

●●
●●●

●
● ●
● ● ●● ●

● ●● ●● ● ● ●●●
●

●● ●
●

●
●

● ●●
●

●
● ● ●●●●●

●
● ●● ●●●● ● ●●

●● ●●

●
●

● ●●
●

●
●

● ●●● ● ●
●●

●
●

●
●●● ●●●

● ●●●● ● ●●●● ●●
●

● ●
●

● ●● ●
● ●● ●

●
●●

●
● ●● ●●● ●● ●●●● ●● ●● ●●●

●
●●●

●●
●●● ●●●

● ●
● ●

●● ●● ● ●● ●
●

●● ● ●●
●

●●
● ●● ●● ●●

●
●●

●● ●●● ●●
●

● ● ● ●

● ●● ●● ●●
●

● ●●●

●
● ● ●●●● ●● ● ● ●●● ●● ●

●
● ● ●●● ●● ●●● ●●

●
●●
●

● ●

● ●●
●

● ● ●●
●

●
●● ● ● ●● ●

● ●
●

●
● ● ●●●● ●● ● ● ●●●●●●

●
●●
●●

●● ●●
●

●●● ●
●● ●●

● ●
● ●●

●
●

● ●● ●● ●●
●● ●
●● ●●

●
●
●● ● ●●● ● ●●● ● ●

● ●●
●

●

●
● ●● ●

●
● ●●

●

●
●

●
●

● ●
● ●● ●

●
●

●●●● ●●
● ●

● ●
●●● ●● ● ●●●

● ●
● ●● ●● ●● ●●●

●●
●●●

●
●

●
● ●

●
● ●

●
●● ●
●● ●● ●● ● ●●●
●

● ●
●

● ●● ●
●

● ●●● ●●

● ● ●
● ●●

● ●● ●● ●● ●
●

●● ● ●
●

●
●● ●

●
●

●
● ●

●
●

●
●● ●●● ● ●● ●●

●●●
● ● ●●● ●●● ●

●
●●

●
●

●
●● ●

●
●
● ●● ● ●

●
●●

●
●●

●
●
●● ●●●●●

●● ●●● ●●●

●
●

●●
●

●●
●●● ●●

● ●
●● ●●

●
●● ●● ●

●
● ● ●●● ●●●

●●

●

●
●●

●
● ●

●

●
●●●

●

●

●
●

●
● ●● ●●
●

● ●●●
●● ●● ●●
●●

●
●

●●● ●●●● ●● ● ●● ●●
●

●● ● ●●● ● ● ●●●●
●

●●
●●

● ●●●● ●● ● ●
●●

●●

●

●

● ●● ●● ●●●
●
●

●
● ●●

●
●

●● ●● ●
●

●●●●
●

●
●● ●●●

● ●● ●
●

●
●

●●●
●

●●
●

●● ●●● ●●
● ●

● ●●●
●● ●

● ●
●
● ●

● ● ●● ●●● ●
● ●

●
●●

●●● ●● ●
●●

●
●
●● ●●

● ●
●

●
●
●

●●●● ●● ●● ● ● ●● ●● ●●●
●

●●
●●● ● ●●● ● ●

● ● ●●● ●● ●
● ●● ●●●● ●

●●
●●

●
●

●●● ●● ●● ●
● ●

●● ● ●
● ● ●
●● ●●●● ● ●●●

●
●

● ●● ●
●

●
● ●●

● ●● ●●● ●● ●●
●
● ● ●●● ● ●●●●

● ●
● ●● ●●
● ●
●
● ●●●

●
●
●

●●
●

●● ●●● ●
●● ●

●
●● ●●● ●● ●
●● ●

●●●
●
● ●● ●●
●

●
●

●● ● ●●
●

●● ●● ●● ●● ●●
●

●
● ● ●● ● ●●● ● ●●● ●●● ●●

●● ●●●
●● ●

●
●●●●● ● ●●

●
● ● ●●● ● ●● ● ●● ●●●● ●●●● ● ●●●
●●● ●● ●

●
● ●●● ● ●●● ● ●

●● ●

●● ● ●●
● ●●

● ●●●
●
● ●●● ● ●

●
● ●● ●

●● ●
● ●

●
●●●

●
● ●
● ● ●

●
●

●●●
●

●● ● ●●● ● ●●
●
●

●●
●● ● ●

●●
●●

●●
● ●

● ●●
● ● ●●● ● ●●

● ●● ●●● ●
●●●●●
●

●
●● ●●

●

●
●●●● ●●

● ●●
●
●●

●
●

●
●

●●● ●●● ●●
●

●
●

●
● ●●

●
● ●

●
●●

●
●● ●

●
●●

●●
●

●●●
● ●
●● ●●

●
●●●

●
●

●
●● ● ●

●
●●

●●● ●
●

●●●●● ● ● ●●● ● ●● ●
●

● ●●
●●
● ●●● ●● ●
●● ●

● ●
● ●●
●

● ●● ●
●

●
●● ●

●
●

●
● ●● ●

●●
●

●● ●● ● ●
●●●

●●●
●●

●

●
● ●● ● ●●●
●●

●
● ●
●

● ●●●●●● ● ●●
● ●●● ●

●● ●●● ●●●● ●
●

● ●●●
●●

●
● ● ●●●

●
●● ●●

●
●●● ●

●
●

●● ●
●

●● ●●
●● ●

●
●●

●
●

●
●●

●
●●

●
●●

●●
● ●

●

●
●

● ● ●
●

●
●

● ●
●

●●●● ●
●● ●●● ●●

● ●
●

●● ●● ●
●

●
●●●
● ●

● ●●● ●
●

●
●

●
● ●

● ● ● ●●● ●●
●

●
●
●● ●

●
● ●●● ●● ●●

●
●

●
●

●
● ● ● ●● ●

●
● ●●●

●● ●●●●●●● ●● ●● ●● ● ● ●● ●●●● ● ●●●●●● ●● ●● ● ●●● ●●●● ● ●●
●

●● ●●●● ● ●●●●● ● ● ●
● ●● ●●

●
● ●● ●
●

●
●

●●● ●●
●●● ●
●

● ● ●●
●

●
●

● ●
● ● ●● ● ●● ●
● ●

●
●

●
●

● ●
●
●● ● ●●● ● ●●

●● ● ●
●

●
●

●
● ●●

● ●●
●

●
●

● ●●●
● ● ●

●●● ●●● ●●● ●
●● ●

●●● ●● ● ●● ●●● ●
●

● ● ●● ●●
●

●
● ●● ●●● ● ●

● ● ●
● ●●●●

● ● ●●●
●

● ●● ● ● ●● ●●● ● ●
●●●●●●

●
●

●● ●●
●

● ●●● ● ●●
●
●●

●●
●

●● ●● ●●●● ●
● ●● ●●●

●
●

●●●

●
●

●
●●●●

●
● ●● ●

● ●

●

●

●● ●● ●●
● ●

●
●

●
●

●
●●

● ●
●● ●

●

●
●●● ●● ●

● ●
●

●● ●
●● ●

●●
●

● ●●
●

● ●
●

● ●
●

●●●
●●

●
●● ●●
●

●
● ●● ●●●

●
●● ●● ● ●●

●
●●●● ●● ●●

●
●
●● ●

●

● ●● ● ●●
●

●● ●●● ● ●
●
●●

●

●●

●●
●● ●●●●●

●●●●
●
● ●● ●●
●●

●●● ●●

●●
● ●● ●●●

●
● ● ●● ● ●●●

● ●● ●
●

●● ●● ●● ● ●● ●● ● ●
● ●● ●

●●
●● ● ●●●

●●
● ●●● ● ●●● ●●

●
●

●
●

●● ●
●

●● ●
● ●

● ● ●
●

●●● ●●●●●● ●●●● ●● ●●●● ●●●●● ● ●● ●● ● ● ●●● ●● ●● ●
● ●● ●● ● ●● ●● ● ●●● ●● ● ●● ●

●● ●
●●
●● ●

● ● ●
●●

●●
●

●
●●

●

●● ● ●●● ● ●● ● ● ●●●
●
● ●

●
● ●

●
●● ● ●● ●●●

●

● ●● ●
● ●● ●●

●●
●

● ●
●

● ●
●●● ● ●●●

●
●●

●
●● ●●●

●●
●●●● ●

●●● ●
● ●● ●
● ●●●

●
●●●●●● ● ● ●

● ●● ● ●●●
●●

●● ●
●

●● ●●

● ●
● ●

●● ●●● ●

●

●● ●● ●● ●●
●

●● ●●●
●● ● ●

●
●

● ● ●●● ●● ●●●●● ●● ● ●
● ●●● ●●●●●

●
● ● ●●●● ●● ●●●● ●●● ● ●

●●● ●●● ● ●● ●●●● ● ●●
●● ●

●
●●
●

●● ●●● ● ● ●
●

●

●
●● ●●●

●
●

●●
●● ●

● ●●●●

● ●
●●● ●

● ●● ●
● ● ●● ●●

●
● ●●●
● ●●●●

●
● ●

●
● ●●

●
● ●

●●●●
● ●

●
● ● ●●●

●●
●

●
●● ●●●● ●

●
●● ● ●● ●●

●
●

●

● ●
● ●

● ●●
●

●
●

●
●
●

●
●

● ●● ●●
●

●
●●

●
●●

●
● ●

●●
●●

● ●● ● ●●●
●

●●
●● ● ● ●●●● ●

●
● ●

●● ●
●●

●● ●
●

●● ●●
● ●

●
●● ●● ●

●

●
●

● ●
●●

● ●

●
● ●●

●
●●

●
●

●
●

●●● ●
● ●●

●
●

● ●
●● ●●

●
●● ●● ●● ●●● ●●● ●

●

●●
●●● ●

●
● ● ●

●● ●●
●

● ● ●●● ●●
●

●
●

●

●
●

● ●●●● ● ●●●
●●

●
●
●

● ●
●● ● ● ●●●● ●●●

●
● ●●●● ●●

●
● ●● ● ●

●●●● ● ●● ●● ●● ●●
●● ●●● ●

●
● ● ● ●

●●
●●● ●

● ● ●
● ●●

●●● ●● ●
●●

●
●● ●

● ●● ● ●
●
●

● ●● ●● ● ●●●
●

● ●● ●● ●●
●●

●
●●

● ●● ●●● ●● ●●● ●●● ●● ●●
● ●

●●
● ●

● ● ●●● ● ●●●
●

●

●
●

●
●

●
●

● ● ●
●

●●
●

● ●● ●●● ●● ●
● ● ● ●● ● ●●●●

● ●●● ●●● ●●● ●● ●●● ●●●● ●● ●●●

●

●
● ● ●● ●
●

●● ●●● ●●
●

●●●● ● ●●
●

●●●● ●●
●

●
●

● ●●
●●● ●● ●●●

●
●

●
● ●● ●● ●●●

● ●● ●
●●●●● ● ●

●

●
● ●

● ●●● ●● ● ●●●
●
●●●

●
● ●●

● ●
● ●● ●

●●●
●

●
● ●● ●● ●

●
●

●● ●●●● ●● ●● ●● ● ●
●

●●●● ●
●

●
● ●● ●

●
●

●
● ● ●

●
● ●● ●● ●● ●●● ●

●
● ●●

●
● ●●● ●●● ● ●●●

●
● ● ●●● ●●●●●●● ● ●●●● ●● ●●●● ●●● ●●●● ●● ● ●● ●●●● ●● ●●●●

● ●
●

●● ● ●●
●

●
●● ● ●●● ●● ●● ●●●●●● ●● ● ●●

●
●

●●● ● ●●
● ●●

●
●●

●● ●
● ●●

●
●

●
●● ●

● ●
● ●

●
●● ●●

●
● ●

●●
●
●●

●● ●●●●
● ●

● ●
●

●
●

● ● ●● ● ●●●
●

●●● ●●

●
●●●● ● ●

●
●●●

● ●●
●

●● ●● ●
● ●●●

●
●

●●
●
● ●

● ● ●●
●

●●
●

●● ●●●
● ●
● ●●● ● ●●
●

●●
●

●●
●
●●●● ●●●● ● ●● ●

●●
● ●

●
● ●

●●●

● ●●
●

● ●
●●● ●●
●

●● ●
● ●● ●

●
● ●

●
●

●
● ●● ●●●● ●●●●
● ●● ● ● ●● ●● ●● ●

●
●● ●● ●●
●●●●● ●●● ●●

● ●●●
● ●

●
●● ● ●

●
●

● ● ● ●●●● ●
●●● ●●●● ●● ●

●● ●● ●●
●●

● ● ●
●
● ●● ●
●

●●●
● ●

●
●●

●●● ● ●
●

●
●● ●

● ●●●
●

● ●● ●
● ●

● ●●●● ●●
●●

● ●●
●

● ●● ●● ●
● ●

● ●●● ● ●● ●●● ● ●
●

● ●●● ●● ●●●
●

●

●
●●

●

● ●
●

●
●

● ●
● ●● ●

●
●●

●
● ●●

●● ●●●
●● ●

●
● ●

●
●●● ●● ●

●
●●● ●

●
●

● ●●

●
● ●●

●
● ● ● ●● ●●

●
●●

● ●
● ●●

●

●
●

●● ●●
● ●●

●
● ●

●
●

●
●

●
● ● ●

●
●

●
● ●

● ●● ● ●●●

●
●● ● ●●

● ●
● ●● ●

●● ●
● ●● ●

● ● ● ●●●●● ● ●● ●
● ●

● ●●● ● ●●● ● ●● ●
●

●●
●●

●
●●●● ●● ●

●
●● ●● ●
●
● ●

● ●●
● ●● ● ●

●
● ●

●● ●●● ●●● ●● ●●
●

●●●●● ●●●
●● ●●● ●●●

● ● ●●
●

●
●● ●●●

●●● ●
●

●● ● ● ●●●●
●

● ●●● ●●●
●●

●● ●●● ●●
●● ●●

● ●
●●●

● ●
● ●●●●● ●●

● ●
●

● ● ●● ● ●
●

●
●●

●

●
●

●
●●

●
●● ●

●
●●●● ●●

●●
●● ● ●● ●

●
●

●●
●●

●●
● ● ●●

●● ●● ●●
● ●●● ●●●●

●
●

●
●

●●
●

● ●●
●

●● ●● ●
●

●●●●
● ●

●●●●
●

●● ●● ● ●
●●● ●●●
● ●

●●●●●
●
● ●● ● ●● ● ●●●●●● ● ●●●

●
●● ●

●● ●● ●
●●● ●

●
●● ●● ●

● ●
● ●

●
●
●● ● ● ●● ●●

●
●●●● ●

● ●● ● ●●
● ●●● ● ●● ● ●● ●● ●●● ●● ●

●● ●
● ●●● ●

●
●● ● ●●●

●●● ●● ● ●● ●● ●●
●● ●● ●● ●●●● ● ●●●● ●● ●
●

●●● ● ●
●

● ●●●●● ● ●● ●
●● ●

● ●● ●●● ●●●
●●

● ●● ● ●● ● ●●●●
●●● ●●

● ●●●●●
●

● ●●● ●●●
●

●● ●● ●● ● ●●

●
●

●●● ●●●
●●

●
●
● ●●●

●
●● ●●

●
● ●● ● ● ●●

●● ●
●
● ●● ●

●
●●

●
●

●●● ●● ●● ● ●●● ●● ● ●
●

●●● ● ●●● ●
●● ●●● ●● ●● ●● ●

●
●●●●

●●
●

●
● ●

●●
●

●●●●
● ●● ●●

●

●
●

●
●●●

●●
●

● ●● ●●
●

●●
●

●● ● ● ●●
●●●

●● ●● ●●
● ●●●

●
●●●

●●
●

●
● ●

●

●● ●●
●

●
●

●●
●
●● ●● ●● ●●●●

●●
●

●

●
●

●
●

●●
●●

● ●● ●●
●●

● ●●
●
●●●● ●●● ●●●●●● ●● ●●● ●●●●●●●●● ●●●● ●●●●●● ●●●● ●●●●● ● ● ● ●●● ● ●● ●●

●
● ●●

●●●
●

●●●● ●●●● ●●
●

●●
●
● ●●● ●

●● ●● ●
●

●
● ●● ●
● ●●● ●●●●

● ●●
● ●●● ●

●
● ●

●
●

●
●

●
●
● ●●

●
●●●
●

● ●● ● ●●● ● ● ●●● ●●●
●

● ●●●
●●●

●●●
●● ● ●●●●● ● ●

●
●● ●

●● ●●● ● ● ●
●

●● ●● ●● ●●● ●● ●● ●● ●
● ●●● ●● ●

●●

●
●
●●●● ● ●
●

● ●● ●● ●● ●
●

●
●

● ●●
●

● ●● ●●●● ●● ● ●● ●
●●●●

●
● ● ● ●● ●●● ● ●● ● ●● ●●●

●●
●● ●● ●
●

●
●●

●●●● ●● ●●●● ● ●●● ●●
●● ●●● ●
●

● ●●
●● ● ●

●
●

● ● ● ●● ●● ●
●

● ●
●●

●●●
●

● ●● ●
●

●● ●
●

●● ● ●●● ●●● ●● ●● ●
●

●
●

●
●●●

●
●

●
● ●

● ●
●

●●●
●● ●● ●●

●
● ●●●●●● ●

●●● ●●
●

●● ●
●●

●● ●●
●●

●●● ●●
● ●●●●●● ●●

●
●

● ●●
● ●

● ● ●
●● ●

●
●● ● ●● ● ● ●

●
● ● ●

● ●●
●

●
● ●

●
●●●

●
●

●● ●●● ●● ● ●● ●
●

● ●●● ●
●

●●
●

●●● ● ●● ●
●● ●

●
● ●●

●
●●● ●

●
●●● ●●

●●
●● ● ●●●

●
●

● ●●● ●●
●●

● ● ●●● ●●
●

●
●

●
● ● ●●●

●

●● ●
●

● ●● ●
●●● ● ●●●●

● ●● ●●●
●●

●
●●

●
●● ● ●

●● ●
● ●● ●

●● ●● ●●● ●
● ●

● ●
●●●● ●
●●●

●
●

●
●

●●● ●
●

●●● ● ●●

● ●● ●
●

●● ● ●●●
●

●
●

● ●●
● ●●●●●● ●●●

●● ●
●●● ●

●● ● ●●●●
● ●

●
●●

● ● ●

●
●● ●● ● ●●

●
●● ● ●

●●● ●
●
●● ● ●● ●● ●●●● ●● ●

● ● ●●●●● ●●●● ●●●● ● ●●●●
●● ●

●
●● ●

●● ●
●●●

●●● ●●
●

● ●● ●
● ●● ●●

● ●●●
●
● ●

●
●

● ●
●

●
●

● ●● ● ●●● ●● ● ●
● ● ●●
●

●●
●

● ●● ●●
● ●

●●
●

●
● ●● ● ●● ●● ●

● ●
●
●●

● ●● ●●●● ● ●●● ●
● ●● ●●●

● ●●● ●● ● ●● ● ● ●
●

● ●●
●●● ●●

●
●● ● ●●●

●● ●
●

● ●
●

●● ●
●

● ●● ●
● ●

● ●● ● ●●●

●
● ●
● ● ●

●
● ● ●●● ●●

●● ●●● ●●
● ●● ●●●
● ●

●● ●●●
●

● ●● ●
●

●● ●
●

●
●

●

●

●
●

● ● ●
●
● ●● ●

● ● ●●
●●●● ●●●

●●
●

● ●

●
● ●

●
●●●●●

●

●●● ●
●

● ● ●● ●●● ●
●●

●
●

●
●

●
●●

●
●●

●● ●●● ● ●
●

● ●

●●
● ● ●●

● ●●
●● ●

●
● ●●● ●●

●●● ● ●●●●● ●●

●

● ● ●● ●●●
●

●● ●
●

●
●

●●
●

●●
●

●●●●
●

●
●
●

●

●

●●●
●●

● ● ●
●● ●●● ●

●●
●●

●
●

●
●● ● ●

●
●●

● ●

●
●● ● ●● ●●

●●● ●
●

● ●
● ●

●●● ●●● ●
●
●

● ● ●
● ●

●●● ●●
● ●

●●
● ●● ● ●

●

●● ●●
●● ●●

●●
● ●● ●● ●●● ●●

●
●●● ●●●

● ●
●

● ●
●

● ●
●

●
●

●
●● ●● ●● ●●

●
●
●● ●●●●

● ●●
●

●● ●●
●

●● ● ●●● ● ●
●

●●
●

●●● ●● ●●
●● ● ●
●

●
●

● ●●● ●●● ●● ●● ●● ●●●●● ●●● ●● ●●● ● ●
●

●
●

●
●● ●●● ●●● ● ● ●●

● ●
● ●●●●●

●
●

● ●
●●

●●
●

●

●● ● ● ●
●

● ●●● ● ●● ●
●● ● ●

●
● ●●

●
●

●● ●●●● ● ●●
●● ●●● ●● ● ●●●● ●●

●

●●
● ●●●● ●● ● ●

●●
● ●●● ● ●

●
●

●● ●
●● ●

●

● ●●●
●

●● ● ●●● ●
●

●
● ●●

●● ●●
●

●
●● ● ●

● ●●
● ●●● ●

●● ●● ● ●●
● ●● ●●● ● ●●●● ● ●●● ● ●
●● ●

●
● ●●●●●● ●●● ● ●
●● ●● ● ●● ●●

●
●

●
●●● ●●

● ● ●●● ●●
● ●●

●
●

●
●●●● ●● ●●● ●●

●
●●●

● ●
● ●●● ●

●
●● ●●
●

●● ●●
●●●●

●
● ●

●
● ●●
●● ● ●● ●●

●
●● ●

●
● ●● ● ●

●
●

●
●

●
● ●●●● ● ●● ●● ●●

● ●●
●

● ●
●

● ●●
●

●
●

● ●● ●
●

●
●

● ●
●

●●
●

●
●●

●●
●

●● ●●●● ●●● ●

●
●

● ●
●●

●
●●● ●●●●● ●

● ●●
●●● ●● ●

●
●
● ●●●●

●● ●●
●●

●● ●●●● ●
● ●

●

●●●●● ● ●● ● ● ●●● ●
● ● ●●●

●
●● ●
●●● ●●●

●
●

●
●●

● ●●● ●●
●●●

●●
●

●● ●● ●●
● ●

● ● ●●
●●

●

●
●

●
●

●●● ●● ●●
●

●●●
●

●
●● ●● ●●●

●
●●● ●●

●
● ●●

●●
●●
●

●
●

●●
●● ●● ●● ●● ●●● ●●●●

●●
●

●● ●
● ●
● ●

●
● ● ●● ● ●
●●

●● ●● ●
●●● ●●● ●● ●●● ●●● ● ●●●

● ● ● ●●● ●● ●●●● ● ●
●●●●
●

● ● ● ●●● ●●
●●●

●●● ●●●● ● ●●●●●● ●●●
● ●

●
● ●● ●● ●●●

●● ●
●

● ●●
● ●

●●● ●●
●

●● ●●● ●●
●● ●● ●●● ●

●
●●
●

●
● ● ●●

●
●

●●
● ●●

●●
● ●

●
●● ● ●●● ●●

●
●●

●● ●●
● ●
● ●● ●

●● ●● ●●
●

●●
●

●●● ●●●
●

●

●
● ● ● ●

●● ●●
●

●
●

●●●● ●
●

●
●

●
● ●● ●●●● ●●●

●
●●●● ● ●

●
●● ● ●

●●
●●

● ●
●●

●
●● ● ●●●● ● ●● ●●●
●● ●

●
●●●● ●

●●
●
● ● ●●
●

●
●

● ●● ●● ●
●●●● ● ●

● ●
● ●

●
●●● ●
●

●
● ●● ● ●●●● ●●● ●●●● ●●
●

● ●● ●
● ●

●● ●● ●●
●

●
●

●
●● ●●

● ●● ●●●●●

●
● ● ●● ●

●● ● ●● ●●● ●
●

● ●●
●● ●● ●●

● ●
●●

●●
●

●

● ● ●
●

● ●●●
●●

●
●
●●

● ●
●●

●

●●●
● ●

●
●

●●
●

●

●
●
●● ●

●
●

●

●

● ●● ●
● ●
●●

● ●
●●
●

●
●

●

●
●

●
● ●●

●
●

●●● ●●●● ●
●

●
●

●● ●●
●

● ●●●
●● ●●

●
●●●● ●● ●

● ●●
●●

●
● ●●●

●
●

● ●
●● ●

●●
●

●●●●●
●● ●●●

● ●● ●●●
● ● ● ● ●●
●

●
●

● ●● ● ●
●

● ● ●●
●●●●

●● ●●● ●
●

●
●●● ●●

● ●
●●●
●

●
●●●

● ●● ●●●●●
●

●
● ●

●
● ● ●●

●●
●● ●

●●● ●
●●●

●●
●

●● ●●
●

●
● ●●
●●

●● ●
●

●
●

●
●

●● ●●
● ●
● ●●

●
● ● ●

●
●●

●● ●
●

● ●● ●●● ●●● ●
●

●● ● ●●● ●●● ●● ● ●● ●●
●

● ● ●●● ●● ●● ●●●
● ●●● ●
● ●● ●●

● ●● ●● ● ●●
●

●●
● ●● ● ● ● ●●● ●●●●● ●●● ● ●●●

●

●●● ●●●● ●
●●

● ● ● ●● ●●●● ● ●●
●

● ●
●● ●●

●
●●

●

●● ● ●
●

●●
●●

● ●
● ●

● ●
●● ●●● ●

●
● ●● ●●

●
● ●●

●
●●

● ●
●● ●●● ● ●●● ●●●●●

● ●● ●
●●● ●
●●●

●
●●● ●● ● ●● ●●● ●●● ●●●

● ● ●
●

●● ●●●
●●

●●
●

●● ●● ●●● ●
●

●● ●●● ● ●●● ●●●●
●

●●
●●

●
●● ● ●●●

●

●●
●●
●

● ●
●

●
●● ●●

●● ●● ● ●
●● ● ●●

●● ●●●● ● ●● ● ●● ●●● ●● ●●● ●●●● ●
●●

●● ●●● ●●
●

●● ●●●● ●
●

●
●

●●● ●
●

●●●
●●●

● ● ●
●

●●
● ●

● ●●●
●

● ●●
●

●●●
●● ●● ●● ●●

●
● ●● ●●●● ●

●●●●
●

● ●
●● ● ●●

● ●● ●
● ●● ●●●● ●●

●
● ● ●

●
●

●

●●● ●
● ●

● ●●●
●

●●
●

●●
●

●● ●●
●
●

●
● ●● ●●
●

● ● ●
●

●●●
●

●● ●
●

●● ●
●

●
●

● ●● ●●
●

●
●● ●

●
●●● ● ●● ●●

●
●● ●● ●●

●●● ● ●●● ●

●
● ●●● ●

● ●
● ●

●

●
●●

●
●

●●
● ●● ●

●
● ● ●●●

●

●
●●● ●

●
●

●
●● ●

●
● ●● ● ● ●●

●
●

● ●●
● ●●

● ●
●● ●● ●

● ●
● ●●

●
●

● ●
● ● ●●
●

●

●
●● ●

●

●
●

● ● ●● ●● ●
●● ●● ●

●●
● ●●● ● ●

●
● ●● ●●●● ● ● ●

●
●● ●●

●
●● ●● ●●● ●

● ● ● ●●●● ● ●
●
●●

● ●●
●
● ● ●● ●●●● ●●

● ●●● ●●
●

●●●●●● ●● ●●● ●●● ●
●● ● ●●●●

●● ●
●● ● ●● ●●● ●●●

●

●

●

●● ●●
●

●● ●
●

● ●● ●● ●● ● ●
●

●
● ●●● ●

●
● ● ●

●●
●

●●●● ● ●● ●● ●●●● ●
● ●● ●●

● ●● ●●●
●

● ●●
●

●●●● ●● ●
● ●●● ●●●

●
●

● ●
● ●

●
● ●● ●● ●● ●● ●● ●
●

●
●●● ●●●● ●●

●●
●

●
●●

●
●●●

●
● ●●●●● ● ●

● ●
● ●●

●
●

●● ●
●

● ●●
●

● ●
●●●

●
●

●
● ●●

●
●●●● ● ●

●
●
●●● ●● ● ●●●●● ●●

●
●●

●●
●
●

●
●

●
● ●●●●●
●

●●●
● ● ●● ●● ●●
●●

●
●

●
●

● ●●
●●
●

●
●●

●●
●●● ● ●●● ●

●● ●●●
●

●
●●●●

●
● ●● ● ●●

●
●● ●● ●

●
●●

●●

●
●●● ●●●

●
●●●●

●
●●

●
●

●● ●
● ●●● ●● ● ●●
● ●●● ● ●● ●●

●● ●●● ● ●●● ● ● ●
● ● ●●● ●

●
●● ● ●● ●●●●

●●
● ● ●●●●● ●●● ●●● ●●●●● ●● ●● ●●●●●

● ●●●● ●
●

●
● ● ●●● ●

●●● ● ● ●●
● ●● ●●

● ● ● ●●●● ●●●
●●●● ●● ●● ●● ● ●●● ●

● ●● ●●
●● ●● ●● ●●●● ●

●
● ●●● ● ●

●
●●● ●●●● ● ●

● ●
●●

●● ●● ●●● ●●
●

●● ●● ● ●●
●

●
●●

●● ●●
●

● ●● ●●● ●● ●● ●●
●●

●
● ● ●

●
● ●● ●● ●●●●●● ●●●● ●● ● ●● ●●● ● ● ●●●● ●● ●● ●● ● ●●● ●●● ●●● ● ●

●
●●

●● ●●●
●

● ●
●● ● ●● ● ●

●
●
●

● ● ●
●

● ●●● ● ●
● ●●

●●●
● ●● ● ●
●

●● ●
●

● ●
●

●● ●●●
●●● ● ●●●●

●
● ●●

●● ●● ●●● ● ●● ●●● ●●●
●● ● ●●●●●● ● ●● ●●●●●●● ●● ●●● ●● ● ●●●

● ● ●●●●
●

● ●● ●
●

● ●● ●●● ● ●●
●● ●

●●● ●● ●● ●●● ●● ● ● ●●●
●

●● ●
●● ●

●
● ●

● ●
●

●●
● ●

●

●● ● ●
●

●
● ●
●

● ● ●
●

● ●
●

● ●●
●
● ●

●
●● ●

● ● ●
●

●● ●● ●
●●

●

● ●● ●● ●
●

●
●●

●●
●

●
●

● ●● ●
● ● ● ●● ●●● ●

● ●● ●

●

● ●●● ●● ●● ●●● ● ●●● ●
●

● ●●● ● ●

●
● ● ●● ●

●●
●
●● ●● ●●

● ●●● ● ●● ●● ● ●
●●● ●●● ●●● ●●

● ●● ●
● ●

●●● ●●
●
●● ● ●● ● ● ● ●●

●
●

●●
●

●
● ●

● ● ●●●● ●
●

●●●
● ●●●

●
● ● ●● ●

●●● ●●
●

●●●●
●

●
●

●
●

● ●● ●● ●● ● ●● ●● ●●●●● ●●● ● ●●●●● ● ●●● ●●● ●● ●●●● ● ●●● ●●● ●● ●● ●● ●●● ● ●
●●●●●

● ● ● ● ● ●●● ●●
● ●● ● ●

● ●●
●

● ●●●● ●
●
●

● ● ●●● ●
● ●●● ●● ●

● ●
● ●●● ●
● ●

● ●●● ●●● ●●●●●
●

● ●
●

●● ●● ●●●
●
●

●
●

●

●●●● ●
●●● ● ●● ●
●

●●● ●● ● ●●
●

●●● ●● ●● ●● ●●● ●●● ●● ●
●● ●●●

●
● ● ●●●●
● ● ●●

● ●
● ● ●● ●● ●

● ●
●
● ●● ●

●
●●

● ●
●

●
● ●●● ●●
●●●●

●●
●● ● ●●● ●●●●●● ●
● ●●●● ● ●●●● ●

●●●
● ●●● ● ●●●●

●●
●
● ● ●

●
●●●

● ●
●

● ●●
●●

● ●●●
●●

●●●●
●
● ●●

●● ●
● ●● ● ●●

●●●
●

● ● ●●● ● ●● ●
●●

●● ●● ●
●

●
●

●●●
● ●●

● ●●
●

●● ●●●
● ●● ● ● ●

●●● ● ●
● ● ●●

●
●

●●
●

●
● ●●

● ●● ●●
●●●
● ●

●
●

●
● ● ●●

●
● ●● ●

●

● ●●
●

●
●●●● ●● ● ●●

●
●●● ●● ●

●

● ●●
●● ●●

●
● ●●

● ●● ●
●

● ●
●●●● ●●●

●
●

●
●

●●● ●● ●
●

● ●● ●● ●● ● ●●
● ● ●

●
● ●● ●●● ●●

●
●

●●● ●●●
●●●

● ● ● ● ●● ●●●● ●●●●
●

● ● ●●●● ● ●
●

●
●

●● ●● ●●● ●●● ●● ●●●● ● ●●
●

●●● ●● ●●
● ●
●●

●
●●●

●
●

●● ●● ● ●●●●
●● ●●●
● ●●●●● ●● ●●●●● ● ●● ●

●● ● ●●●
●●

●
●

●●●
●

●
●

●
● ●● ●●●

●
● ●

●
● ● ●● ●●

● ●
●

●
●●

● ●●
●

●● ●● ●
●

●
●● ●●●
●●

●
●●● ●●

●●
●●● ●●●● ● ●● ●●

●●
● ● ●●

●

●●
● ●●●

●● ●●●
● ●●● ●● ●

● ●● ● ●●
●

●●●●
●

●●
●

●●● ●●
● ●●

●
● ●●●

● ●●●● ●
●

●
●

●●●
●

●
●

● ●● ●● ●

●
●

●
● ●

●

●●●
●

●
●

●● ●● ●● ●● ●
●

●
●●● ●● ●

● ●● ●
● ●●

●● ● ●●●
● ●●

●●● ●●
● ●

●
●●●● ●● ●

●● ● ●●●●
●

●
● ●● ● ● ●●●● ● ● ●
●●● ●●
●

●●●
●● ●● ●

● ● ●●
●

●●
●

●●
● ● ●●● ●

●
● ●● ●●

● ●
●● ●

●
●

● ● ● ●●●
● ●●

●● ● ●●
●●●● ●●●● ●●

● ● ●●●●
●

●
●

●●● ● ● ●

●
● ● ●●●●

●
●● ●

● ●●
●

●●●
●
●●

●
●● ●

● ● ●●
● ●●
●●●
●●

●● ● ●●●● ●● ●● ●● ●● ●●
●

●● ●
●
● ●●●
● ●

●
●

●
●

●
●●● ●

●
●●●● ●●●

●●
●● ●● ● ●

●
●
● ●

●
● ●● ●● ●● ●

●
●

●
●●●

●
●

●
●●●
●● ●

●
●●● ●● ●● ●

●
●● ●

● ●●● ●●

●
●● ●

● ● ●●
●

●
● ●● ●
●

●● ●
●

●● ● ●●● ●
●●

●
● ●

●
●

●
●●● ● ●

● ●
●

●●●

●

●
●●
● ●●● ●

●

●● ● ●● ●
●

●●
●

●
●●
●●

● ● ●●●
●

●● ●●●
●

●● ●● ●
●

● ●●
●

●●
●● ●

●●
●

●●
● ●●● ●●

●
● ●

●
●● ●●
●●

● ●●●
●

●●● ● ●
●

● ●● ●
● ●

●
● ●●● ●

●
● ● ● ●● ● ●● ●● ● ●●●●●●●●● ●

●●
●
●

●●●●●
●● ● ●

●●
●● ●● ●● ●●
● ●●●● ●

● ●●
●●● ●● ● ●●

●●
● ●●●

●
● ● ● ●●●●

● ●
● ●●

●
●

●
●●●

● ●
● ●

● ●
●

●● ●●
●

●●●
●

●
●●●●●● ●●

●
●

●● ● ●
●

● ●●
●

●●

●
●

●
●● ● ●●●●●

●
●

● ●
●

●
●

●
●●●

●● ●● ●

●●● ●
●●
●
●●●

● ●● ● ● ●● ●●●●● ●●● ●●● ●● ● ●● ●●●●●● ● ●
● ●●

● ●
●●
●

●● ●●●
● ●

●● ●●
●●

● ●
●

● ● ●
●●

●
●●

●●●
●●

● ●●
●

●● ●●
● ●● ●
●

● ●
●

●●
●

●●
●

● ●
●●

● ●● ●● ●●● ● ●● ●
●

●● ●● ●●● ●● ●
●●●● ●

●

● ●
●

●
●●

●● ●
●

●● ● ●● ●
●

●
● ●

●
●● ●●● ● ●● ●●● ●

●
● ●

●
●

●
●

●●
● ●

●
● ●
●
●

● ●● ●●

●
● ●●● ●

●●
●●
●

●
●● ●●
● ●●●

●
●

● ●
● ●

●●● ●
● ●● ●●

●

● ●
● ●● ●● ●● ●●●● ●● ●

●● ●●●●● ●
●

● ●
● ●

●
●

●● ●● ●●● ●● ● ●
● ●

● ●● ●●● ●
●

●●●●
●

●● ●
●

●●●
●
● ●●●

●
●

● ●● ● ●● ●● ●
●●●

● ●
●

●●● ●●
●

●●● ●
●

● ●● ●●● ● ●●●● ●● ●●
●● ●●● ●● ●●
●

●●
●

● ●● ● ●●● ●
●

●
●

●
● ●

● ●● ●●●● ● ●●● ●● ● ●

●
● ● ●● ● ●● ●●

● ● ● ●● ●●● ● ●●● ●●●● ●
●● ●●● ●● ●●● ●

●
● ● ●● ●●● ●●
●

● ●●● ●●
●● ●●

●
●

●
●●

● ●● ● ●●●
●●

●
●● ●

●
●

●
●

●
● ●

●
●

●
● ●
●
● ●●●● ● ●● ●●● ●●● ● ●●
●●

●

● ●●● ●●● ●●● ●
●

● ●●
●

● ●● ●● ●● ●●● ● ●●● ●
●

● ● ●●●● ●
●●● ●

●
● ●●● ●●●

● ●●
●● ● ●●

● ●
● ●● ●● ●●

●
●

● ●
●

●●●
● ●

●●● ●
●

●● ●●●
● ●

●
●

●
● ●●

●
●●●

●
●●

● ● ●●●● ●●● ●
● ● ●● ●●

●●●

●
● ● ●● ●●●

● ●● ● ●● ●● ●●●●
●●

● ●● ●●
●

●
●

●
● ●● ●●

●
●

●● ●● ●● ●● ●
●

● ●●
●

●
●

●
●● ●

● ●
●
● ●● ●● ●

●
●

●
●

● ●●●
●

● ●●●●● ●
●

● ●● ●●●
●
●●●

● ●
●

● ●● ● ●●●
●● ● ●●

● ●
●

● ●●
● ●
●●

●

●
●

●
●

●
●● ●●● ●

●
●

●
●

● ●
●●

●● ●
●
●

● ●● ●
●

● ●●● ●
●● ● ●●

●
●

● ●
●

●
●●● ●●● ● ●●

●
●

●

● ●● ●●
● ●● ●● ●●● ●●
●

●● ●●
●

●● ●● ●
●

●● ●● ● ●
●

● ●●● ●●●
●● ●●

● ●●●
●

●
●● ●● ●● ●

●
●

● ●●● ●●●● ●
●●
●

●●●●● ●● ●●
●

●
●
●●

● ●●
●

●
●● ● ●●
●● ● ●●● ● ●●

●
●

●
●
●

●

●
●●● ● ●● ●● ●● ●

●● ●
●

● ●
●

●
● ●●

●●●●●● ●
●●

●

● ●●● ● ●●● ●●● ●●● ●
● ●●●●

● ●
●

● ●● ●● ● ●●● ●● ●
●

●● ●●● ●● ●●●●● ●
●●

● ●● ●
●

●●
●●●● ●

●●
● ●

● ● ●●● ●●
●

●
● ●●
●●

●
●

● ●
●●

●●
●

●●
●

●● ● ●●●
● ● ●●●●
●

●
● ●●●

●
● ●● ●

● ●
●

●
●

●
●● ●●● ●●

●
●●●

●

● ●●● ●●● ●
● ●

●● ●●●
●

● ●●●●
● ● ●●●

● ●● ●●
●

●●●
●

●● ●● ● ●● ● ●● ●●●
● ● ● ●●● ●●●● ●

●
● ●●

●
●

●
● ●●● ●

●
● ●

●
●●

● ●●●●
● ●

●● ●● ● ●● ●●● ●
●

●●
●

● ● ●
●

●●●
●

●●
●

●
●● ●●

● ●●● ●● ●
● ●

●●
●

●
●

●

●●●

●
● ●●

●
● ●●●

● ●
● ●

●● ●● ● ●● ● ●●
●● ● ●● ●

● ●
●

●●●● ●● ●● ●● ●●●● ●● ●●● ● ●●● ● ●● ●●● ●●● ●

●
● ●●
●● ●● ●● ●●● ● ●●●●

● ●●
●

● ●
●●

●
●

●
●
●

● ●
●●

●● ●● ● ● ●●●
● ●●

● ●● ●● ●

●
●●●

●
●

●●
● ●● ●● ●●●●●● ● ●● ●●
●

●●●● ●●●● ● ●●● ●
●

● ●●●
● ●●●●● ● ● ●

●●
●●

●●
●

●
●

●
● ●● ● ●●●

●

● ● ●
●

● ●●●
●

●
●
●

●
●●● ●● ●●
● ●●

●
●●

●●● ● ●●● ●
●

●
●

● ●●●● ●●●
●

●● ● ●
●

●● ●
●

●●
●
●●
●● ●
●●

●●●
●

●● ●● ● ●●●●
●● ●● ● ●
●

●●●●● ● ●● ●● ●● ●●●
●
● ●●●●

●● ●●
●

●●
●●●

● ●
●
●
●

●●● ●
● ●

●

●●

●

●
●●

●
● ●
●

●●
●

● ●●
●

● ● ●● ●● ●
●●●
●●●● ● ●●● ●● ● ●●●●● ●●● ●●●● ● ● ●●● ● ● ● ●● ●● ●● ● ●●●●●●● ●●●● ● ●●● ● ●●● ●● ● ●●●● ● ●● ●●●●●● ●● ● ● ●● ●● ● ●●●●●●●●●●●● ● ●● ●● ●●●●● ● ●● ●●

●
●

● ● ●● ●● ●●
●

●●
●

● ●
●

●
● ●●● ●

●
●●● ●

●
● ●●● ●●●●●●● ●●● ● ● ●●● ● ●● ●● ● ● ● ●●●● ●●● ●● ●● ● ●

●
●● ●●●

●
●●●

●
●

● ●● ●● ●●● ● ●●● ●●
● ●

●

● ●●●
● ●●● ●●

●
●●●●
●●● ●

●
●●

●
●●● ● ●●

●
●

● ●●
●

● ●●●● ●
●

●●● ●●
●
● ●●

●
●●

●●
●● ●

● ● ●●
● ●●● ●●

●●● ●●● ●
●● ● ●

●●
●

●● ● ●●● ●● ●● ●●
●

● ●● ●●●
● ●●●●

●●● ●
●

●
● ●● ●

●●● ●● ●

● ●● ●●● ●●● ●● ●● ●●● ●●
●
● ●●●

●
●●●

●
●● ●● ●● ●●●

● ●●
●

●
●● ●

●

●
●

●● ●
● ●●

●●● ●
●●●

●
● ●

●●
●

●● ●●
● ● ●

●
●● ●● ● ●● ●●●

● ●●● ● ●

Daya Bay 90% C.L

Bugey 90% C.L

SBN Sys+Stats

SBN Stats Only

Gallium Anomaly

95% C.L

Global Allowed

99% C.L Region

10-4 0.001 0.010 0.100 1
0.01

0.10

1

10

100

Sin22θee

Δ
m

41
2
(eV

2 )

νe Disappearance Only

SBN defined as:
SBND,ICARUS 6.6x1020 POT
μBooNE 13.2x1020POT
Beam in ν Mode

3+1

Figure 3.13: Due to the very large intrinsic νe component of the beam at SBND,

one can also perform a νe disappearance only analysis directly probing sin2 2θee at

high ∆m2 ě 0.2eV2. This is traditionally probed using reactor antineutrinos at a

much lower MeV scale energy, and so would provide yet another way of probing

the low-energy sterile neutrino anomalies. This is a direct probe of sin2 2θee using a

neutrino beam rather than the lower energy (MeV) reactor antineutrinos.

that of reactor short-baseline ν̄e disappearance bounds. It is also a direct probe of

sin2 2θee using a high-energy neutrino beam in complementarity with the MeV-scale

antineutrino reactor flux.

We note that, although instructive, none of the above three cases are appropriate

for an SBN oscillation search if one believes the sterile neutrino contains mixing to
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both the electron and muon sectors. Instead, a proper search for oscillations at SBN

should consider the simultaneous effects of both νe disappearance and νµ disappear-

ance and, consequently, νe appearance. We therefore adopt this case, referred to

as νe dis/appearance and νµ disappearance, as the proper SBN sensitivity search

method, and we present results corresponding to this case throughout the following

sections.

As the primary physics goal of the SBN programme is to definitively probe the

light sterile neutrino sector that could be responsible for the low-energy anomalies,

we define here a new metric used to quantify how well SBN can achieve this goal

under each of the (3+1), (3+2) and (3+3) scenarios. This metric is referred to

as Global X% C.L Coverage, and it refers to the fraction of hypervolume of the

X% C.L globally-allowed oscillation parameter space that can be ruled out by SBN

with a certain confidence level, if SBN observed no oscillations. To estimate global

coverage, we first discretize the sterile neutrino parameter space in 100 points in

each independent mass-squared difference and mixing element. The mass-squared

difference is discretized over the range of 0.01 eV2 to 100 eV2 (in grid points that are

equidistant in logarithmic scale), while the mixing elements |Uα4| are discretized in

100 linearly spaced grid points ranging from 0 to 0.5, and the CP violating phases in

100 points ranging from 0 to 2π. This allows to calculate a hypervolume represented

by the number of space points or the “size” of parameter space that is preferentially

allowed by global data at a given confidence interval (i.e. 99%). We can then express

SBN’s sensitivity reach as the fractional number of space points or fraction of this

hypervolume that SBN can exclude at any given confidence level.

A concrete example of this methodology is shown in Figure (3.14), where we show

the percent of the 99% C.L allowed region that SBN can exclude at a given ∆χ2 in

a νe appearance only (dotted line), a νµ disappearance only (dashed line), as well

as a νe dis/appearance and νµ disappearance (solid line) fit, assuming 6.6E20 POT

collected concurrently with all three SBN detectors, after the first MicroBooNE-only

run of 6.6E20 POT. The results for the (3+1) scenario are shown in the top panel.
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Shown also are the results for the (3+2) and (3+3) scenarios, in the middle and

bottom panels, which will be discussed in their respective sections below.

From the top panel, it is evident that the best performance is possible in the case

of a νe dis/appearance and νµ disappearance search (solid line). In that case, SBN

can cover close to 100% of the 99% C.L globally allowed (3+1) parameter space at

3σ, and similarly 85% of the parameter space at 5σ. In contrast, an appearance-

only search can only cover 85% of the parameter space at 3σ, and only 50% of the

parameter at 5σ. We note that in drawing these comparisons we use ∆χ2 cuts cor-

responding to three dof for all three cases (νe appearance, νµ disappearance, and νe

dis/appearance and νµ disappearance.

Nevertheless, although a νe dis/appearance and νµ disappearance search provides

a more powerful sensitivity to the (3+1) parameter space, one would like to see a

strong exclusion in both the exclusive νe appearance search and the exclusive νµ

disappearance and νe disappearance searches individually in order to conclusively

rule out any light sterile neutrino oscillation hypothesis. The POT at which such

a statement can be made is explored in Figure (3.15), which shows the SBN 3σ

and 5σ coverage (in yellow and red, respectively) as a function of POT delivered

to the SBN program. As we assume that MicroBooNE has already ran for 6.6e20

POT by the time that the three-detector SBN program commences, the x axis cor-

responds explicitly to the POT delivered for the three-detector operations, and the

plot by construction demonstrates the MicroBooNE-only (6.6E20 POT) coverage

at x “ 0. We note that even a MicroBooNE-only combined νe dis/appearance and

νµ disappearance search would yield a 3σ coverage of 25% of the (3+1) globally-

allowed parameter space. In general, the total coverage is driven primarily by the νµ

disappearance channel, as evident by the dotted line(s) lying close to the solid line(s).
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Figure 3.14: SBN coverage, showing the fraction of 99% C.L allowed global fit

region that SBN can exclude at any given ∆χ2, for the (3+1) (red, top) (3+2) (blue,

middle) and (3+3) (green, bottom) sterile neutrino oscillation scenarios. The dotted

curves correspond to νe appearance only searches, the dashed curves correspond to

νµ disappearance only searches, and the solid curves correspond to a combined νe

dis/appearance and νµ disappearance search, which provides the highest sensitivity

overall. The percentage covered is shown as a function of ∆χ2 on the bottom x-axis

and as a function of significance on the top x-axis, assuming 3, 7 and 12 dof for

(3+1), (3+2), and (3+3) fits, respectively.
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Figure 3.15: The percentage of 99% C.L globally allowed (3+1) parameter space

that SBN can exclude at the 3 (orange) and 5 (red) σ C.L for νe appearance only

(dotted), νµ disappearance only (dashed) and a combined appearance and disap-

pearance fit (solid), as a function of POT. We assume that MicroBooNE has already

obtained 6.6e20, hence the plateau at low POT.

3.6.2 (3+2) Scenario at SBN

To achieve its goal of definitely addressing these oscillations, SBN will need to have

extensive coverage of the (3+2) (and similarly (3+3)) sterile neutrino oscillation

parameters as well. In the case of the (3+2) scenario, the additional parameters

introduced when one adds another light sterile neutrino happen to enlarge the size

of the parameter space that is preferred by the global fits. Nevertheless, as can

be seen in the middle panes of Figure (3.14), the percentage of globally allowed

(3+2) parameter space (at 99% C.L) that SBN can cover at any given confidence

level is generally comparable to that of the (3+1) scenario. SBN is able to cover

100% (95%) of parameter space the 3(5)σ level in a combined νe dis/appearance and

νµ disappearance under the (3+2) scenario. In contrast, using νe appearance-only

fits, SBN is limited to a maximum of 82(46)% possible coverage at 3(5)σ, assuming

a nominal exposure of 6.6E20 POT. The SBN 3σ and 5σ coverage of the (3+2)
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parameter space as a function of POT can be shown in Figure (3.16). We note that

in drawing these comparisons we use ∆χ2 cuts corresponding to seven dof for all

three cases.

3+2
νe App+ νμDis, 3σ

νe App+ νμDis, 5σ

νμ Dis, 3σ

νμ Dis, 5σ

νe App, 3σ
νe App, 5σ

0.001 0.005 0.010 0.050 0.100 0.500 1
0

20

40

60

80

100

120

POT/6.6e20

G
lo

ba
l

99
%

C
.L

C
ov

er
ag

e
at

N
σ

Figure 3.16: The same as Figure (3.15) but for the 3+2 light sterile neutrino

scenario. The percentage of 99% C.L globally allowed 3+2 parameter space that

SBN can exclude at the 3 (dark blue) and 5 (light blue) σ C.L for νe appearance

only (dotted), νµ disappearance only (dashed) and a combined appearance and

disappearance fit (solid), as a function of POT.

3.6.3 (3+3) Scenario at SBN

The (3+3) scenario represents the most difficult scenario for the SBN program to

definitively rule out, containing a total of three independent CP violating phases and

twelve independent mass and mixing parameters. As can be seen in Figure (3.14),

bottom panel, at its full planned exposure of 6.6E20 POT, the SBN program can

cover only 90(57)% of the globally allowed 99% C.L region at greater than 3(5)σ,

and only with a combined ν´e dis/appearance and νµ disappearance search. In a νe

appearance-only search, SBN only covers 25(5)% of the globally allowed parameter

space at 3(5)σ. The SBN coverage of (3+3) allowed regions as a function of delivered

POT is shown in Figure (3.17).
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Figure 3.17: The same as Figure (3.15) but for the 3+3 light sterile neutrino

scenario. The percentage of 99% C.L globally allowed 3+3 parameter space that

SBN can exclude at the 3 (dark green) and 5 (light green) σ C.L for νe appearance

only (dotted), νµ disappearance only (dashed) and a combined appearance and

disappearance fit (solid), as a function of POT.

3.6.4 νe disappearance effects at SBN

As this is the first time that SBN’s sensitivity to νe disappearance has been demon-

strated, we find it interesting to consider explicitly the effect of ignoring νe disap-

pearance effects in the measured νe CC spectra, when performing combined νe ap-

pearance and νµ disappearance fits. As such we additionally show, in Figure (3.14),

the SBN coverage under the (3+1), (3+2), and (3+3) scenarios in a combined νe

appearance and νµ disappearance only search (dot-dashed line). By comparing this

to the scenario in which the νe background is allowed to oscillate away, it is evident

that performing an SBN search for sterile neutrino oscillations without the explicit

assumption of negligible disappearance of intrinsic νe backgrounds has a significant

effect on SBN’s sensitivity, and warrants careful consideration of systematic corre-

lations among exclusive samples measurable at SBN.
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3.7 CP violating phases at SBN

The addition of CP violating phases in the (3+2) and (3+3) sterile neutrino sce-

narios introduces the potential of new probable phenomena at SBN. Although there

is currently no planned antineutrino running for SBN, when one begins to consider

the possibility of the existence of sterile neutrino CP violating phases it is natural

to ask the question if SBN’s sensitivity coverage improves with the inclusion of a

combination of neutrino and antineutrino running. In particular does SBN’s ability

to rule out the low-energy anomaly if one fails to observe a signal increase with the

addition of antineutrino running? Similarly if a potential signal is indeed observed,

would antineutrino running allow for more precise measurements of these new neu-

trino mass splittings and mixing and any CP violating phases associated with the

N additional states.

3.7.1 Antineutrino exposure in the absence of a signal

To initially investigate the impact of antineutrino running at SBN, we expand the

fit as described in Section 4.3 to include observable νe CC and νµ CC spectra at

the three SBN detectors in antineutrino running mode, as well as neutrino mode.

The same background definitions are considered as in neutrino mode, and the back-

grounds are re-evaluated assuming no right- or wrong-sign discrimination. Cosmics

and dirt background contributions are taken to be identical to the neutrino running

mode samples (scaled only according to POT). Statistical and systematic uncer-

tainties on the antineutrino νe CC and νµ CC spectra are also considered, and the

covariance matrix is expanded to include both those as well as correlations between

neutrino and antineutrino spectra.

First, coverage is evaluated for a variety of beam POT exposures assumed for

each running mode. Figure (3.18) shows the exposure in POT for both neutrino

and antineutrino running mode that the SBN program requires in order to probe

the 99% C.L globally allowed regions at 3σ (solid curves) and 5σ (dashed curves) for
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the (3+1) scenario, at a percentage coverage as indicated explicitly on each curve.

We focus on the strongest excluding case as shown in Sec (3.6.1), corresponding to

combined νe dis/appearance and νµ disappearance fit, as such a combined search

at SBN has significantly better coverage than appearance-only search for the same

POT. We highlight that it is far more efficient to cover a given fraction of parameter

space with neutrino-only rather than antineutrino-only or any combination of neu-

trino plus antineutrino running. This is evident from these figures as no point on any

curve deviates from the origin by a distance smaller than the curve’s x-coordinate

for y “ 0. This is not unexpected as neutrino and antineutrino oscillation probabil-

ities under the two-neutrino oscillation approximation we’ve employed are identical

by construction in the (3+1) scenario. Therefore, antineutrino running offers no

additional information, and is generally less efficient due to the lower flux and cross-

section, and, hence, event statistics.

Figures (3.19) and (3.20) show the same information for the (3+2) and (3+3)

scenarios, respectively. Interestingly, just as in the (3+1) case, we observe again that

it is far more efficient to cover any given fraction of parameter space with neutrino-

only rather than antineutrino-only or any combination of neutrino plus antineutrino

running. At first this may seem counter-intuitive, as it may be expected that an-

tineutrino running would provide visibly more coverage due to enhanced sensitivity

to CP-violating phases in these scenarios. However, the increased statistics per

POT that are available in neutrino mode running are far more efficient in constrain-

ing all other mixing parameters and masses allowed in each oscillation hypothesis.

Since these plots quantify overall coverage of the n-dimensional phase-space in each

scenario, it is quite reasonable (and arguably expected) that antineutrino running

proves less effective in terms of this metric.

In the absence of a possible signal, additional POT in antineutrino mode does

not help to rule out the null hypothesis faster. Improvements due to antineutrino

running tends to suffer from the significant wrong sign neutrino contribution inher-

ent in the beam. Further studies into methods to mitigate this by differentiating
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Figure 3.18: The amount of POT required in neutrino and antineutrino running

modes for SBN to cover a given percentage of the 99% C.L globally allowed regions at

3σ (dashed curves) and 5σ (solid curves) in the (3+1) light sterile neutrino scenario.

This corresponds to a combined νe dis/appearance and νµ disappearance search.

Note that, as MicroBooNE will have already collected 6.6e20 POT in neutrino mode

before SBN begins its run, the x-axis refers to additional POT beyond this 6.6E20

POT collected for MicroBooNE-only neutrino mode running.

between neutrino and anti-neutrino events, such as µ´ absorption rates on Argon

or exploratory studies into the difference in Q2 distributions from ν and ν driven

scatterings, would be especially useful at this crucial time in LArTPC development.

If, on the other hand, SBN does observe a sterile neutrino-like signal the focus

would quickly turn to the subsequent measurement of the new parameters. Here

the impact of SBN antineutrino running is more complicated, giving access to a

distinctly different oscillation probability than purely neutrino running mode would

allow. In the (3+2) and (3+3) scenarios the inclusion of CP violating phases could
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Figure 3.19: The same as Figure (3.18) but for the (3+2) light sterile neutrino

scenario.

convolute the measurement of these parameters, as with a finite neutrino energy

resolution, they become degenerate with many of the neutrino mixing parameters.

In what follows we focus solely on the (3+2) scenario with a single CP violating

phase φ54, for simplicity, but note that these metrics can be applied to the (3+3)

scenario with minimal expansion.

3.7.2 Sensitivity to φ54

The sensitivity of SBN to the CP violating phases is studied under the hypothe-

sis that SBN observes a signal consistent with multiple light sterile neutrinos. To

analyse this sensitivity we inject potential signals, for a given set of oscillation pa-

rameters into the fit. These injected parameters are labelled as “true” parameters,

and the spectra produced when one assumes these parameters take the place of the

background only spectra in the χ2 and covariance matrix as described in Section
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Figure 3.20: The same as Figure (3.18) but for the (3+3) light sterile neutrino

scenario.

(4.3). This χ2 will then allow us to gauge the potential sensitivity of SBN to sterile-

active mixing parameters given a hypothetical signal. Unlike the case of ruling out

the null hypothesis, in which νµ-disappearance is a driving force, sensitivity to φ54

is due solely to the νe-appearance channel in which it uniquely appears. Due to

this as well as the large number of degree’s of freedoms in (3+2) and (3+3) sterile

neutrino scenarios we make here the simplifying assumption U2
e4U

2
µ4 “ U2

e5U
2
µ5 and

analyse under the assumption of νe appearance only, so as to better understand and

convey the behaviour in 2D of the main parameter of interest, φ54. Although allow-

ing all parameters to vary uniquely does indeed change the quantitative results, the

qualitative phenomenology remains consistent.

In Figure (3.21) we show a sample scenario in which we inject a true φ54 of

3π{2, for values of mass splittings closest to the global best fit that we simulate on

our grid, ∆m2
41 “ 0.48 eV2 and ∆m2

51 “ 0.83 eV2. We then vary the strength of
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the active neutrino-sterile neutrino mixings, U2
e4U

2
µ4 and show the range of possible

reconstructed φ54, at a given confidence level, all the while profiling over remaining

mixing elements.

For a sterile neutrino of ∆m2
41 « 1 eV2, in order to explain the LSND anomaly,

requires mixings of order U2
e4U

2
µ4 « 10´4 Ñ 2ˆ 10´3. We note that φ54 resolution in

this region varies from no-sensitivity to ˘ 40˝ at the 1σ level. Under the standard

exposure of 6.6e20 POT in neutrino mode alone (red solid line) one can see there is

no sensitivity for even the largest values of mixing parameters consistent with the

(3+2) global data, U2
e4U

2
µ4 « 2ˆ 10´3. As such we concentrate on whether of not it

is advantageous to run further in neutrino mode (red dashed line) or a combination

of neutrino and antineutrino running mode (purple shaded regions). As can be seen,

for unrealistically large mixings, SBN can strongly pick out the true φ54, but as the

mixings drop the resolution on φ54 reduces until one reaches U2
e4U

2
µ4 « 4 ˆ 10´4,

by which all values of φ54 are indistinguishable. We also show the 2σ contour for

the case in which we run entirely in neutrino-mode (red dashed lines) and note that

for the majority of the parameter space, is worse than a combined neutrino and

antineutrino exposure.

The exact sensitivity of φ54 depends not only on the magnitude of mixings, on

the assumed mass splittings also. In Figure (3.22) we repeat the same analysis for

φ54 “ π{2, ∆m2
41 “ 0.16 eV2 and ∆m2

51 “ 1.0 eV2. This point corresponds to the

point with largest mixings allowed in our (3+2) global fit at the 99% C.L. The green

shaded region assumes 6.6e20 POT in both neutrino and anti-neutrino running and

shows sensitivity to φ54 for values of U2
e4U

2
µ4 as low as 10´4. Again we see that

running in 50:50 neutrino and antineutrino running mode, over pure neutrino mode

(red lines), allows one to exclude the same regions at a higher significance level,

going from ď 2σ to ě 3σ for a wide regions of parameter space.
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Figure 3.21: Sensitivity of SBN to a (3+2) scenario sterile neutrino signal, as a

function of true mixing U2
e4U

2
µ4 for φtrue

54 “ 3π{2. We show the regions of recon-

structed φ54 that is in agreement at 1,2 and 3σ significance in purple shaded regions

for a combined 6.6e20 POT neutrino running mode and 6.6e20 POT antineutrino

running mode. In dashed red we also show the equivalent 2σ contour for 13.2e20

POT neutrino running mode only. The mass splittings correspond to the global

(3+2) best fit point. As the true mixings are fixed in each test case, the contours

are drawn at ∆χ2’s of 1, 4 and 9, corresponding to the 1 remaining dof , φ54, after

profiling over all other parameters.

3.7.3 Prospects for CP violation searches

A related measurement to that of determining the value of φ54 given an observed

signal, is the significance with which SBN could potentially rule out CP conserving

values of φ54, 0 and π. Definitive CP violation in the sterile neutrino sector would be

a crucially important discovery and of potential worry to future experiments looking

to measure the standard 3ν phase δCP [165]. To estimate this, for a given injected
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Figure 3.22: Same as Figure (3.21) but for injected φtrue
54 “ π{2 and mass splittings

corresponding to the largest mixing allowed by current global (3+2) best fit point.

See text for more details.

signal with φ54 “ φtrue and fixed values of ∆m2’s and mixings Uαi’s, we form the

metric

χ2
CPpφtrueq ” Minrχ2

pφ54 “ 0|φtrueq, χ
2
pφ54 “ π|φtrueqs.

In each component χ2 all active-sterile neutrino mixing elements are then varied in

order to find the set which minimises the χ2 under consideration, to account for

possible degeneracies in the observed spectra. To get as realistic a measurement

as possible we relax the simplifying constraint that U2
e4U

2
µ4 “ U2

e5U
2
µ5 and allow all

parameters to vary, fitting to a combined νe appearance and νµ and νe disappearance.

We show in Figure (3.23) is results of such an analysis for the same two possible

injected signals, the global (3+2) best fit point (red lines) as well as the aforemen-

tioned maximum allowed mixing point (blue lines). For smaller values of mixings,
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corresponding to the best fit point, little or no spectral shifts can be measured due

to varying φ54, and as such even for maximally violating CP angles, φ54 can always

be mis-reconstructed to one of the CP conserving value, with shifts in U ’s to com-

pensate for the rate. The standard 6.6e20 POT in neutrino mode is shown by the

solid line and shows no sensitivity to CP violation, similarly if we assume an ad-

ditional 6.6e20 POT in neutrino mode, the situation does not change (dotted line)

significantly. Although the inclusion of 6.6e20 POT in antineutrino mode (dashed

line) does double the potential sensitivity, this remains a sub 1σ effect and thus it is

clear that within reasonable exposure SBN is completely insensitive to CP violation

if nature does choose sterile neutrinos at this mass splitting.

As the strength of mixing increases, individual variations in the energy spectrum

due to φ54 driven oscillations becomes harder for degeneracies in mixing to explain

and the significance at which certain CP violating phases are in disagreement with

φ54 “ 0 or π increases. This is evident when we look at the CP violation curves

assuming the “maximum allowed mixing” sterile neutrino parameters. If we again

assume a standard exposure of 6.6e20 POT in neutrino mode (solid blue line) it is

evident that SBN has no sensitivity to CP violation, with significance’s of less than

1σ even with maximum CP violation. Doubling the POT in neutrino mode (dotted

blue line) gives an effectively negligible increase, but it is here that the benefits of

including antineutrino running over purely additional neutrino mode POT is most

evident. An additional 6.6e20 POT in antineutrino mode allows for 2σ significance

at maximal mixing, with ą 1σ significance over 68% of φ54 parameter space. Al-

though certainly not enough to claim discovery, SBN could provide the first hints

of CP violation in the sterile neutrino sector.

It is worth clarifying that although if nature is kind enough to choose a maximally

CP violating phases, φ54 “ π{2 or 3π{2, SBN could indeed potentially observe CP

violation at the « 2σ significance level, this requires large mixings already somewhat

in tension with global data U2
µ5 « 0.0038, and is not true for all sterile neutrino mass

splittings. For non-maximally violating CP phases the significance at which SBN
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can make statements diminishes rapidly, and for the majority of the parameter

space motivated by the low-energy anomalies, the potential for SBN to measure a

CP violating phase to the accuracy necessary to rule out CP conservation is very

low and insignificant. Conversely, for values of active-sterile neutrino mixings and

∆m2 splittings outside that of those considered here, namely ones which help less

to explain the low-energy anomalies but could be interesting models none the less,

the sensitivity to CP violation could be significantly greater than those presented

here.

3.8 Summary of SBN capability

In this chapter we have considered SBN’s sensitivity to extended light sterile neu-

trino oscillation scenarios. We find that, in the case of a (3+1) oscillation scenario,

SBN is capable of definitively exploring (i.e. with 5 σ coverage) 85% of the 99% C.L

parameter space region which is allowed by global short-baseline oscillation data (for

3 dof). This is possible after a three year neutrino mode run with all three SBN

detectors, running concurrently to collect data corresponding to 6.6ˆ1020 POT, and

with a combined νe dis/appearance and νµ disappearance search. Furthermore, by

performing such a combined search, MicroBooNE alone, during its first three years

of running prior to the SBN program commencing, will be able to test 25% of the

globally allowed (3+1) oscillation parameter space at 3σ.

In the case of a (3+2) scenario, in its three year neutrino run, SBN can defini-

tively explore 95% of the 99% C.L allowed parameter space (7 dof). In this scenario,

a single CP-violating phase, φ54, enters in the νµ Ñ νe appearance probability and

leads to differences in neutrino and antineutrino appearance probabilities. Dedi-

cated BNB antineutrino mode running for three years (6.6 ˆ 1020 POT), beyond

the currently planned neutrino mode running, does not significantly expand SBN’s

5 σ sensitivity coverage. Overall, by performing a multi-baseline and multi-channel

oscillation search with sign-selected neutrino and antineutrino beams, the SBN ex-

periment will be able to, within six years of operation, overconstrain a significant
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Figure 3.23: Significance at which SBN can observe CP violation in the (3+2) ster-

ile neutrino scenario, as a function of true φ54, for two injected signals corresponding

to the global (3+2) best fit point (red lines) as well as the parameter point with

largest total mixings (blue lines), for a variety of POT in neutrino and antineutrino

running modes. Unlike previous plots we make no assumption on mixing and fit

to νe appearance and both νe and νµ disappearance simultaneously, profiling over

Ue4, Uµ4, Ue5 and Uµ5. As all remaining parameters are profiled over, and only 1 dof

remains, the
a

χ2 will approximate the significance of the measurement.

fraction of parameter space which is currently allowed by global fits to sterile neu-

trino oscillation.

Although the addition of antineutrino running mode POT does not aid in the
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exclusion of the null hypothesis in the absence of an oscillation signal, in the case

where a potential signal consistent with multiple light sterile-neutrinos occurs, ded-

icated antineutrino running at SBN proves to be of substantial value in increasing

the significance of an observation of CP violation. For the (3+2) sterile neutrino

scenario, an additional 6.6e20 POT in antineutrino running mode could allow SBN

to provide the first 2σ hints of CP violation in the lepton sector, provided na-

ture chooses maximal CP violating phases φ54 “ π{2 or 3π{4, and mixing elements

consistent with global data at the 99% C.L, ∆m2
41 “ 0.16 eV2, ∆m2

51 “ 1.0 eV2,

U2
e4 “ U2

e5 “ 0.026, U2
µ4 “ 0.036 and U2

µ5 “ 0.0038. For SBN to be able to observe

CP violation at a greater significance than this would require active-sterile mixing

already in significant tension with global data.

Finally, we must point out a caveat in these studies, in that the data sets used to

constrain the (3+N) oscillation parameter suffer from large apparent incompatibility

in the parameter space they seem to prefer. We argue that this incompatibility leads

to overestimated in size global allowed regions, and it is arguably a more conservative

approach to consider these larger allowed regions provided by these fits in exploring

SBN’s discovery reach.



Chapter 4

Heavy Sterile Neutrinos, OpMeVq
“Don’t worry, dear Pamela,

I’ll do my scientific best to command your fleet.”

Diana

4.1 Introduction

As we have discussed at length in Chapter 1, the neutrino sector of the Standard

Model is known to be incomplete. The observation of oscillatory behaviour be-

tween neutrino flavour states [33] suggests that neutrinos possess a mass matrix

with off-diagonal terms in the flavour basis. There are many models that have

been invoked in the literature to explain this observation as well as the lightness

of neutrino masses, ranging from the ever popular See-Saw mechanisms [135–137]

to radiative mass generation [183, 184] or even more involved constructions such as

neutrino masses originating from extra-dimensions [185]. It will ultimately be the

role of phenomenology to find ways to distinguish between potential candidate mod-

els, and explore what can be deduced about the completion of the neutrino sector

from the analysis of contemporary experiments. In Chapter 2 we introduced a com-

mon, although not necessary, feature in many Beyond the Standard Model models

which successfully account for neutrino masses. The presence of sterile neutrinos.

We have already discussed their role in the generation of neutrino masses, and the

introduction of a non-unitarity to the 3 ˆ 3 UPMNS matrix, but in this Chapter we

will delve further into the possible interactions of these sterile neutrinos, such as

their production and decay to Standard Model particles through mixing-suppressed

123
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gauge interactions.

In the preceding chapter we have discussed at length one of the best known

examples, the short-baseline oscillation signature associated with a sterile neutrino

mass around the eV-scale. We have shown that the Fermilab SBN program will be

able to extend the current bounds on light oscillating sterile neutrinos, thoroughly

exploring the eV-scale sterile neutrino mass region, whilst also pursuing many other

physics goals [108]. In this Chapter, we assess SBN’s potential to contribute to the

search for much heavier sterile neutrinos, in a manner complementary to the oscilla-

tory analysis. The new fermions in our study are assumed to have masses around the

MeV scale. These particles are light enough to be produced in neutrino beams via

meson decay, but have masses sufficiently large to prevent oscillatory effects with the

active neutrinos through loss of coherence (see e.g. Ref. [186]), instead propagating

long distances along the beamline. Due to the presence of mixing they are unstable,

and their subsequent decay products can be observed in neutrino detectors. We

stress that the search for MeV-scale sterile neutrinos is entirely compatible with the

primary goals of SBN, and requires modification of neither the beam nor detector

designs.

The same properties of LArTPC detectors that allow for such precision in the

(3+N) sterile neutrino searches apply here too. The reconstruction [187, 188], en-

ergy resolution [189] and excellent calorimetric particle identification capabilities of

LAr [190] technology means the SBN program provides an ideal scenario to study

this “decay-in-flight” of sterile neutrinos. This technology allows for a high degree of

background suppression on well studied decay modes while also allowing the study

of channels which have been poorly bounded by similar experiments due to large

backgrounds and challenging signals. For example, the differentiation between an

electron- or photon- induced EM shower can be achieved by studying their rate of

energy loss in the first 3 cm of their ionising track [163]. Furthermore, as we dis-

cuss in Section (4.3.4), if a sufficiently good timing resolution of scintillation light

is achieved, the timing structure of markedly sub-luminal sterile neutrinos can be
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PS-191 SBND MicroBooNE ICARUS

POT 0.86ˆ 1019 6.6ˆ 1020 13.2ˆ 1020 6.6ˆ 1020

Volume 216m3 80m3 62m3 340m3

Baseline´2
p128mq´2 p110mq´2 p470mq´2 p600mq´2

Ratio/PS-191 - 38.5 3.3 5.5

S/
?
B Ratio - 16.3 1.8 1.1

Table 4.1: A comparison of the relative exposure at each SBN detector compared

to PS-191, the experiment which resulted in the current best bounds on heavy sterile

neutrinos. One would expect all three SBN detectors to see increased numbers of

events than PS-191 did, with SBND seeing the largest enhancement of a factor of

38.5. The final row takes into account the scaling in masses leading to increased

backgrounds, although the achievable reconstruction of LAr should reduce these

significantly. Despite being a smaller detector, the POT and baseline of SBND

results in significantly larger rate of expected events.

utilised as both a rejection mechanism for beam related backgrounds as well as a

further aid for model discrimination and mass measurement.

We restrict our analysis to sterile neutrino masses below the kaon mass. Kaons

and pions are produced in large numbers at BNB, and their subsequent decays

will generate a flux of sterile neutrinos. In this mass range, the strongest bounds

on sterile neutrinos which mix with electron and muon neutrinos come from PS-

191 [191, 192], a beam dump experiment which ran at CERN in 1984. PS-191 was

constructed from a helium filled flash chamber decay region, followed by interleaved

iron plates and EM calorimeters. It was located 128 m downstream of a beryllium

target and 2.3˝ (40 mrads) off-axis, obtained 0.86ˆ 1019 POT over the course of its

run-time, and had a total detector volume of 6ˆ 3ˆ 12 “ 216 m3. We can estimate

the sensitivity of the three SBN detectors and how they will compare to PS-191 by

estimating the experiments’ exposure, defined here as POT ˆ Vol ˆ R´2. We com-

pare the three detectors to PS-191 in Table (4.1), which indicates that all detectors
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of the SBN complex expect a larger exposure, with SBND seeing the greatest en-

hancement by a factor of around 40. In addition to the larger exposure, there is also

an enhancement of the expected decay events at SBN due to its lower beam energy.

The sterile neutrinos at SBN are produced by the 8 GeV BNB beam and have a

softer spectrum than those produced by the 19.2 GeV CERN Proton Synchrotron

beam used at PS-191. As we discuss in more detail in Section (4.2), the probability

that the sterile neutrino decays inversely scales with momentum, 1{|PN |, and we

would therefore expect any BNB detector to see more events than PS-191 even if

considering equivalent neutrino exposures.

However, exposure alone does not dictate the resulting sensitivity. PS-191 was

purposefully built to search for such decays of heavy fermions. To minimise the

background induced by active neutrino scattering, the total mass of the detector

(and therefore number of target nuclei) was chosen to be small (approximately 20

ton). Conversely, the SBN detectors were designed to search for neutrino interac-

tions and thus have significantly larger masses (112, 66.6 and 476 tons respectively).

SBN will not only see a greater number of decay events than PS-191 but also a

greater background for a given exposure. Therefore, the degree of background re-

duction will be crucial in determining its ultimate performance. We return to this

issue in Section (4.3.2).

This Chapter is structured as follows. In Section (4.2) we present an overview of

sterile neutrino decay in minimal and non-minimal models relevant for beam dump

experiments. We then present the details of our simulation in Section (4.3) and

show illustrative event spectra for some channels of interest. In Section (4.4), we

present and discuss the exclusion contours that SBN could place on the model in

the absence of a signal. We then study how the event timing information could be

used to test the hypothesis of sterile neutrino decay-in-flight and to help constrain

the particle masses if a positive signal were detected. We make some concluding

remarks in Section (4.5).
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4.2 Sterile neutrino production and decay

The most general renormalizable lagrangian extending the Standard Model to in-

clude a new gauge-singlet fermion N is given by

LN “ LSM `Ni{BN `
´mN

2
N cN ` yαLαHN `H.C

¯

, (4.2.1)

where N represents a massive Majorana sterile neutrino with mass mN , as described

in Chapter 1. The extension to multiple new fermions involves promoting y and mN

to matrices with indices for the new states, but will offer no real phenomenological

difference in the following analysis.1 Much work has been done understanding the

phenomenology of such novel neutral states, which varies significantly over their large

parameter spaces. Lagrangians similar to this have been used in the literature for a

wide range of purposes. If the new particle has a mass around 1012-1015 GeV it could

provide a natural way to suppress the size of active neutrino masses through the

Type I or III see-saw mechanisms [135–137]. A lighter neutral fermion, with a mass

around the keV scale, remains a promising dark matter candidate [127]. A synthesis

of these ideas is found in the so-called νMSM which simultaneously can explain dark

matter, neutrino masses and successful baryogenesis [193]. If we consider sterile

neutrinos at even lower energy scales, with masses at the eV scale or below, these

particles can alter the neutrino oscillation probability, leaving observable signatures

at oscillation experiments. Indeed, such particles have been proposed to alleviate

short-baseline oscillation anomalies; although, no minimal solution seems to provide

a compelling universal improvement to the current data [75,76].

A key feature of models of sterile neutrinos are the weaker-than-weak interac-

tions which arise from mass mixing. In the minimal lagrangian in Equation (4.2.1),

the only direct couplings to new sterile flavour eigenstates are neutrino–Higgs inter-

actions. However, these couplings generate off-diagonal neutrino bilinears below the

electroweak symmetry breaking scale, leading to mixing-mediated interactions with

Standard Model gauge bosons for the mostly neutral mass eigenstate. This allows

1This minimal single N extension does not allow for the observed masses of the neutrinos, as

the mass matrix is rank 1. We assume that an appropriate extension has been introduced to satisfy

neutrino oscillation data while introducing no new dynamics at the lower energy scales of interest.
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them to be produced in and decay via Standard Model gauge interactions, albeit

suppressed by the mixing angle.

The possibility remains that extra particles exist beyond the minimal lagrangian

and these mediate other interactions, either directly with Standard Model fields or,

as before, via mixing. Throughout our work, we assume that the production of N ,

described in Section (4.2.1), is generated by the interactions in Equation (4.2.1).

However, we will return to the idea of a non-minimal lagrangian in Section (4.2.2)

when discussing the decay modes of N .

4.2.1 Production at BNB

For sterile neutrinos which are light enough to be produced from a meson beam,

there is a qualitative divide in the phenomenology somewhere between keV and eV

masses2. If the sterile neutrinos are massive enough for their mass-splittings with

the light neutrinos to be larger than the wavepacket energy-uncertainty associated

with the production mechanism, they no longer oscillate, as we showed in Equation

(1.4.41) [186]. Neutral particles produced in the beam will propagate towards the

detector and may be observed by their subsequent decay into Standard Model par-

ticles. Experiments seeking to measure such decays are generally known as beam

dump experiments, where proton collisions with a target produce particles to be

observed down-wind of the source [191, 192, 194–198]. It has been pointed out that

the difference between a beam dump and a conventional neutrino beam is more a

matter of philosophy than design, and we can expect many experiments to have

some sensitivity to novel heavy states [109,199,200].

For the BNB, we can estimate the mass at which the oscillatory behaviour is

suppressed as follows: the decay pipe for BNB is around 50 m in length, which

is considerably shorter than the decay lengths of the mesons in the beam, and we

assume that this length defines the wavepacket width at production. The relevant

2The precise mass range depends on details of the process under consideration.
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parameter is the localisation parameter ξ “ 2π λd

λν
, where λd “ 50 m and λν is the

standard neutrino oscillation length λν “ ∆m2{4Eν . For ξ " 1 the wave packet is

insufficiently broad to accommodate a coherent superposition of the heavy and light

neutrino states. We estimate that this occurs for the BNB at ∆m2 Á 100 eV2.

In a conventional neutrino beam, most neutrinos are derived from meson decay,

and we assume in this work that the sterile neutrinos are produced from the decays

of pions and kaons, and subsequent muons , restricting our sterile neutrino mass to

mN ď mK . Larger sterile neutrino masses could be probed by working at higher

energies in the initial proton beam, where the neutral fermions could come from

decays of charmed mesons such as D˘. This strategy will be used by the upcoming

SHiP experiment [197,198] but will not be considered further in the present work as

D mesons are produced in extremely small numbers due to the relatively low energy

of the BNB beam [145]. As such we restrict ourselves to the naturally defined mass

range of interest for SBN, eV ! mN À 494 MeV. We focus on mN Á MeV scale

states where the prospects for detection are greatest due to enhanced decay rates.

Although novel dynamics may lead to enhanced production rates of sterile neu-

trinos by alternative unconventional means, we neglect this possibility and assume

that the sterile component of the BNB flux arises solely from meson (or secondary

µ˘) decays. This process requires only mass-mixing from the N -ν Yukawa term

in Equation (4.2.1). It follows that the amplitudes for these decays are related to

those of the standard leptonic decays of mesons via an insertion of the mixing ma-

trix element Uα4, and to leading order in the mass of the sterile neutrino over the

meson mass, the N -fluxes will be a rescaling of the fluxes for the active neutrinos.

However, in order to account for flavour-specific effects, it is necessary to go beyond

this approximation and consider the kinematic differences of heavy sterile neutrino

production. The flux of sterile neutrinos produced from the decay of a given meson

M is approximated by

φNpENq « φναpEναq|Uα4|
2 ρ pδaM , δ

i
Mq

δaM p1´ δ
a
Mq

2 , (4.2.2)
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Figure 4.1: Total kinematic enhancement of flux from meson decay when decaying

to massive sterile neutrinos. Red shows decays originating from parent pions, blue

from parent kaons. Solid lines represent Uµ4 dominant mixing producing a muon

alongside the sterile neutrino, where as dashed Ue4 dominant mixing associated

with electron production. The huge enhancement due to helicity un-suppression of

π˘ Ñ e˘ν can clearly be seen for both parent pion and kaon.

where ρpa, bq “ FMpa, bqλ
1
2 p1, a, bq is a kinematic factor consisting of a term propor-

tional to the two body phase space factor, λpx, y, zq “ x2`y2` z2´2pxy`yz`xzq

and a term proportional to the matrix element, FMpa, bq “ a ` b ´ pa´ bq2, with

δ
apiq
M “ m2

lapνiq
{M2 [201]. We plot this enhancement for sterile neutrinos of mass

ďMK˘ , from parent pion and kaon decays in in Figure (4.1).

The kinematic factor leads to two effects. First, it provides a threshold effect

of suppressing the production when the phase space decreases near a kinematic

boundary. Secondly, it allows for the helicity un-suppression of channels which in

a conventional beam are highly suppressed. For example, the decay π˘ Ñ e˘νe

which is significantly suppressed compared to the muonic channel, sees no such sup-

pression when the neutrino is replaced with N . This kinematic effect for the pion

and kaon can be very substantial. For π Ñ eν this factor can be as large as 105,

which more than compensates for the significantly smaller intrinsic flux of νe intrin-
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sic to the BNB, which is around 0.52% of the total flux [145]. The approximation in

Equation (4.2.2) starts to fail as the mass of the sterile neutrino increases, and we

begin to see components of the active flux having energies less than the sterile mass

which are truncated by the kinematic factor. In order to keep the normalisation of

total neutrino events constant, before Uα4 and kinematic scaling, any events which

are below the sterile neutrino mass threshold are removed and the remaining flux is

scaled accordingly.

0.1 0.2 0.3 0.4 0.5
0.001

0.005

0.010

0.050

0.100

0.500

1

MνN(GeV)

B
ra

n
ch

in
g

R
at

io

|Ue4
2=|Uμ4

2=|Uτ4
2

ννν

νe+e-

γν

π+e-

π0ν π+μ-

νμ+e-

νμ-μ+

Figure 4.2: The branching ratios for heavy sterile neutrino decays in the minimal

3 sterile neutrino Standard Model extension, with masses between 1 and 500 MeV.

We assume a flavour independent mixing pattern, with Ue4 “ Uµ4 “ Uτ4.
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4.2.2 Decay at SBN

The fermions N will generally be unstable, albeit possibly long-lived, allowing for

decays-in-flight into Standard Model particles. In what follows, we try to keep an

open mind about the interactions of the sterile neutrino and consider all kinemati-

cally possible tree-level decays to visible Standard Model particles for sterile fermions

produced by pion and kaon decays, 10 MeV À mN À mK . The precise decay rates

and branching ratios for these channels are model dependent. In this section, we

discuss the decay rates for a minimal extension of the Standard Model, as well as

the implications of a non-minimal model.

Minimal model

We define the minimal sterile neutrino model by the Lagrangian in Equation (4.2.1).

This encompasses the best known model of sterile neutrino phenomenology — the

UV-complete Type I see-saw (and its low-scale variants) — but also provides an effec-

tive description of more complicated extensions of the Standard Model in which the

additional field content does not directly affect the neutrino sector at low energies.

Decays of sterile neutrinos in such a model proceed via Standard Model interactions

suppressed by the mixing angle and have been studied in Ref. [201–203]. We have

plotted the branching ratios for sterile neutrinos in our mass range in Figures (4.2)

and (4.3), and we will now briefly summarise the decay rates most important for

the present study.

The decays of the minimal model depend only on the mass of the N and the size

of neutrino mixing to various flavours, parameterized by the elements of an extended

PMNS matrix, e.g. for one additional particle Uα4 for α P te, µ, τu. The branching

ratios for these decays are shown in Figures (4.2) and (4.3), as a function of mass

for two sets of assumptions about the PMNS matrix. In Figure (4.2), we show the

branching ratios if all mixing elements are of a similar size, whereas in Figure (4.3)

we assume that only Uµ4 or Ue4 are non-zero. This leads to certain semi-leptonic

decays being forbidden, significantly changing the phenomenology of the model for

some masses.
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Figure 4.3: The same as Figure (4.2) but where we assume there is a hierarchical

flavour scenario in which either Ue4 (solid lines) or Uµ4 (dashed lines) is the dominant

mixing-matrix element.

For sterile neutrino masses less than the pion mass, the dominant decay is into

three light neutrinos. This channel is for all practical purposes unobservable and

we will not consider it further. The dominant decay into visible particles will be

into an electron-positron pair with a branching fraction of around 38%. This is

true regardless of the flavour structure of the mixing matrix; although, this decay

channel is not flavour-blind. If the sterile neutrino mixes primarily through Ue4, the

decay proceeds via both neutral and charged currents, but for Ue4 “ 0, this channel

occurs via neutral current only. We illustrate the Feynman diagrams of the studied

decay rates in Figure (4.4).The decay rates we use follow the notation of Ref. [202].

We repeat them here in the interests of clarity. The decay rate for this channel is



4.2. Sterile neutrino production and decay 134

W±

α∓

α∓N

γ

να

Uα4

Z
0

N

να

νβ

νβ

Uα4

Z0

N

να

β+

β−

Uα4

W+
N

νβ

β+

α−

Uα4

π
+

W
+

N

d

u

α
−

Uα4

π
0

Z
0

N

d

d

να

Uα4

Figure 4.4: Left Column: On top we have the loop level photonic decay, with the

emission of the photon off the lepton or charged W. On bottom we have the 3ν decay

which, although a large branching fraction at low masses, is unobservable. Middle

Column: The two charged leptonic decays, on top we have the neutral current

componant, and on the bottom the charged current, depending on the exact flavour

structure one of these may be forbidden. Right Column: On top we have the

semi-leptonic decay involving a charged pion, while on bottom we have the neutral

current driven π0 production.

given by

Γ
`

N Ñ ναe
`e´

˘

“
G2

Fm
5
N

96π3
|Uα4|

2

„

pgLgR ` δαegRq I1

ˆ

0,
me

mN

,
me

mN

˙

`
`

g2
L ` g

2
R ` δαep1` 2gLq

˘

I2

ˆ

0,
me

mN

,
me

mN

˙

,

where gL “ ´1{2 ` sin2 θW, gR “ sin2 θW. The two functions, I1px, y, zq and

I2px, y, zq are integrals over phase space such that I1p0, 0, 0q “ 1 and I2p0, 0, 0q “ 0,

and

I1px, y, zq “ 12

ż p1´zq2

px`yq2

ds

s
ps´ x2

´ y2
qp1` z2

´ sq
a

λps, x2, y2q
a

λp1, s, z2q,

I2px, y, zq “ 24yz

ż p1´xq2

py`zq2

ds

s

`

1` x2
´ s

˘

a

λ ps, y2, z2q
a

λ ps, y2, z2q,

λpa, b, cq “ a2
` b2

` c2
´ 2ab´ 2bc´ 2ca.

Although the electron-positron channel dominates the visible decays at mN ď

m0
π, we also consider the radiative decay N Ñ νiγ which would generate an obser-
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vationally challenging single photon signal [204]. In the minimal model the decay

occurs via a charged-lepton/W loop, as shown in Figure (4.4), and has a rate given

by

ΓpN Ñ νiγq “
G2

Fm
5
N |Uα4|

2

192π3

ˆ

27α

32π

˙

.

This decay channel is significantly suppressed by the light mass of the sterile neu-

trino, the mixing-matrix elements and the loop factor. It can be estimated at around

ΓpN Ñ νiγq{pGeVq « 10´20pmN{GeVq5. We see in Figure (4.2) that this leads to a

branching ratio of around 10´3.

Additional leptonic decays open up for sterile neutrino masses which satisfy

mN ě mµ `me. Although with a smaller branching ratio, decays involving muons

are clean signatures at LAr detectors. In the case of N Ñ ναµ
`µ´ the decay occurs

by both neutral and charged currents and follows from the N Ñ ναe
`e´ decay given

above with the replacementme Ñ mµ. The mixed-flavour decays, e.g. N Ñ ναµ
˘e˘,

occur by charged current only and are given by

ΓpN Ñ ναβ
´α`q “

G2
Fm

5
N |Uβ4|

2

192π3
I1

ˆ

mβ

mN

,
mα

mN

,
mα

mN

˙

,

with tα, βu “ te, µu. The next thresholds lie just above the pion mass, where two

further decays become possible: N Ñ νπ0 and N Ñ e˘π¯. These processes quickly

become the dominant decays at this mass range. The decay rate for the first process

is given by

Γ
`

N Ñ νiπ
0
˘

“
ÿ

α

G2
Ff

2
πm

3
N |Uα4|

2

64π

«

1´

ˆ

mπ

mN

˙2
ff

.

The decay into a charged pion and a lepton is an important channel, and one of the

most constrained in direct decay experiments due to its clean two-body signal. Its

decay rate has a similar algebraic form to the rate of N Ñ νπ0 with the addition of

a CKM matrix element arising from the W -vertex,

Γ
`

N Ñ l˘π¯
˘

“ |Ul4|
2 G

2
Ff

2
π |Vud|

2m3
N

16π
I

ˆ

m2
l

m2
N

,
m2
π

m2
N

˙

, (4.2.3)

with

Ipx, yq “ rp1` x` yq p1` xq ´ 4xsλ
1
2 p1, x, yq .
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For N Ñ e˘π¯ the kinematic function Ipx, yq produces only weak suppression

(Ipx, yq ě 0.5) for sterile neutrino masses above mN Á 150 MeV, whilst for N Ñ

µ˘π¯ the equivalent threshold is mN Á 270 MeV.

If it is allowed by the flavour structure, the N Ñ e˘π¯ channel dominates the

branching ratios for sterile neutrino masses which satisfy mπ˘ À mN . However, as

it is mediated by a W boson, in the absence of Ue4 mixing, this decay would be

forbidden and the decay into a neutral π0 and a light neutrino would be dominant.

Once the mass of the sterile fermion is above mN Á 235 MeV, the µ˘π¯ charged-

lepton pion decay opens up. This is another strongly constrained channel, and

its decay rate is already given in Equation (4.2.3) with ml “ mµ. Although this

decay rate can also be arbitrarily suppressed by reducing the size of Uµ4, due to the

constraint that all sterile neutrinos must be produced through Uµ4 or Ue4 mixing,

in no case will both of the l˘π¯ channels be absent. As can be seen in Figure (4.3),

we can expect one of them to dominate for higher masses.

Non-minimal models

In the previous section we have discussed the decay rates for the minimal model

of Equation (4.2.1). Although such low-scale see-saw models provide a viable and

phenomenologically interesting region of parameter space for both masses and mix-

ing, they lack a theoretically appealing mechanism to explain the sub-electroweak

sterile neutrino mass scale and the sizes of active neutrino masses. Alternative mod-

els exist which feature light neutral particles, but these rely on additional fields or

symmetries to help explain these scales. Indeed it has been stressed before [205]

that the discovery of a light sterile neutrino would necessitate not just the addition

of new neutral fermions to the Standard Model but would be a sign of the existence

of some non-trivial new physics with which to stabilise the mass scale.

If heavy novel fields are present in the full model, we can view Equation (4.2.1)

as the renormalizable terms of an effective lagrangian, just as we did when con-

sidering neutrino masses in Chapter 1. The effective field theory of a Standard
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Model extension involving new sterile fermions has been considered at dimension

5 [205, 206], dimension 6 [205] and dimension 7 [207]. We extend the field content

of the Standard Model by a set of sterile fermions Ni. The lagrangian can then be

decomposed as a formal power series of terms of increasing dimension d, suppressed

by a new physics energy scale Λ,

L “ LN `
8
ÿ

d“5

1

Λd´4
Ld,

where LN is given by Equation (4.2.1) as the sum of the Standard Model and

renormalizable terms including Ni. In Ref. [206] the phenomenology of the effective

operators at dimension 5 are considered in detail. Along with the Weinberg operator,

which could be the source of a light neutrino Majorana mass term [208], the authors

find two effective operators: an operator coupling the sterile neutrino to the Higgs

doublet and a tensorial coupling between the sterile neutrino and the hypercharge

field strength

L5 Ą
aij
Λ
N c
iNjpH

:Hq `
bij
Λ
Ni

cσµνNjBµν .

At energies below the electroweak scale, and after diagonalisation into mass eigen-

states for the neutrinos, these operators generate novel couplings, for example a ver-

tex allowing N Ñ hν (N1 Ñ hN2), N Ñ νZ (N1 Ñ ZN2) and N Ñ νγ (N1 Ñ N2γ)

at a rate governed by the scale of new physics suppressing these operators. Of par-

ticular interest is the electroweak tensorial operator, which induces a rich range of

phenomena [206]. In the mass range of interest in the present work, bounds on such

an operator are fairly weak: strong constraints from anomalous cooling mechanisms

in astrophysical settings apply only for lower sterile neutrino masses, whilst collider

bounds only become competitive for higher masses. This could also be related to

the enhanced N Ñ νγ decay rate introduced in Ref. [209,210] to explain the short-

baseline anomalous excesses. See also Ref. [211] for a discussion of decay rates in

the effective sterile neutrino extension up to dimension 6.

If light degrees of freedom are present in addition to (or instead of) heavy ones,

the predictions could be very different from those derived from the minimal model or

the low-energy effective theory. For example, models with sterile neutrinos that also
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feature novel interactions can have significantly different decay rates and branching

fractions, strengthening some bounds and invalidating others [212]. As an example,

a model with a leptophilic Z 1 [213] could enhance the magnitudes of some leptonic

decay rates, such as N Ñ νe`µ´, while leaving unchanged semileptonic processes

like N Ñ e˘π¯. Often, the bounds on masses and mixing angles in these models

need to be reconsidered.

For the reasons discussed so far, it is desirable to place bounds on all possible

decays of a neutral fermion allowing for non-standard decay rates to visible particles.

The main consequence of this is that there is a priori no known relationship between

the magnitude of the different decay rates — a single channel may be enhanced be-

yond its value from Section (4.2.2) — and bounds inferred from the non-observation

of a given channel may not hold in a non-minimal model when applied to another

channel. We therefore do not restrict our study to those decays which lead to the

most stringent bounds on the parameters of the minimal model, instead studying

all kinematically viable decays independently.

4.2.3 Existing bounds on Uα4

The minimal lagrangian in Equation (4.2.1) has been the basis of many prior ex-

perimental searches for heavy sterile fermions, leading to a variety of bounds on the

magnitude of the active-sterile mixing relevant for sterile neutrino masses around

the MeV-scale. In this section we discuss the relevance of three key bounds on our

model: peak searches, beam dumps and non-terrestrial considerations.

An established way to find strong model independent bounds on heavy sterile

neutrinos is through the study of two-body decays of mesons, particularly pions and

kaons [214, 215]. Due to the two-body kinematics, the magnitude of the neutrino

mass manifests itself as a monochromatic line in the charged lepton energy spectrum

at El “
´

m2
πpKq `m

2
l ´m

2
N

¯

{m2
πpKq. These peak searches provide strong bounds

on the sterile-active mixing, while remaining agnostic as to the ultimate fate of the
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sterile neutrino, which may be extremely long lived3. Meson decay peak searches

have taken place for π Ñ νepµq and K Ñ νepµq and strongly bound active-sterile

mixing angles at low masses. The strength of these bounds is not a function of

sterile neutrino decay-rate, and as such, peak searches tend to perform worse at

higher masses in comparison to bounds from experiments which derive their signal

from large sterile neutrino decay rates.

The tightest bounds on MeV scale sterile neutrinos come from beam dump ex-

periments. Beam dump experiments study the particles emitted during proton col-

lisions with a target. Although BSM particles may be produced directly [216, 217],

sterile neutrinos would predominantly arise as secondary decay products of mesons

produced in the initial collision. The set-up required for such an experiment is quite

minimal — a proton beam, a target and a down-wind detector — and for this rea-

son searches of this type have taken place at many accelerator complexes, taking

advantage of preexisting proton beams in their design. Seeking to produce and ob-

serve the subsequent decay of the sterile neutrinos, the sensitivity of beam dump

experiments is driven by both flux intensity and the decay rate of the heavy sterile

neutrino, which typically scales as pΓ 9 m3
Nq Γ 9 m5

N for (semi-) leptonic decays.

As such they typically set tighter bounds as the sterile neutrino mass increases. As

discussed in the introduction, PS-191, which ran in parallel with the BEBC bubble

chamber, provides the strongest limits on active-sterile mixing for masses below the

kaon mass. Above this mass, a higher energy proton beam is needed to further

the same strategy. This was achieved by moving from the CERN PS to the SPS

proton beam in both the CHARM [195] and NA3 [218] experiments. Beam dumps

are incredibly sensitive to active-sterile mixing and limits |Ue4|
2 ď 10´8–10´9 were

set for mN ě 200 MeV.

Results from beam dump experiments are most often presented, as we did above,

3If, on the other hand, the sterile neutrino is extremely short-lived, these bounds may in fact

be weakened. If the particle decays on the scale of the experiment, it may produce a multi-lepton

final state and escape observation by the single-lepton analysis cuts.
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as upper limits on active-sterile mixing in the context of the minimal model. How-

ever, beam dump experiments actually set two bounds: there is also a lower bound

on the mixing-matrix elements, where the decay rate is so large that the sterile

neutrino beam attenuates en route to the detector. In the minimal model, this

lower bound is often at very large (or unphysical ě 1) values of |Uα4|
2, presenting

consistency issues with unitarity data, and is justifiably ignored. If one considers

enhanced decay rates in a non-minimal model, however, care must be taken with

existing bounds as an enhanced decay rate would modify both bounds. This can

reduce the applicability of certain bounds to non-minimal models. It is instructive

to discuss how to scale existing bounds on the minimal model, or indeed the bounds

we will present in Section (4.4), to an extended model which has an enhancement in

the decay rate for one or more channels. By comparing the flux-folded probabilities

to decay inside a detector for a beam dump experiment of baseline L and detector

length λ, we can map the published lower bound, given by tilded mixing parameters

|rUα4|
2, to both the new upper and lower bound on the mixing matrix element in a

non-minimal model, |Uα4|.

For a generic non-minimal model in which the total decay rate is scaled by a

factor A with respect to the minimal model, and the decay rate into the channel of

interest is scaled by a factor B, the constraint takes the form of Lambert’s equation

(at leading order in λ{L), and the bounds on the non-minimal mixing-matrix element

are given by the two real branches of the Lambert-W function,

|rUα4|
2

Bκ
W´1

ˆ

expκ
B
?
A
κ

˙

ď |Uα4|
2

ď
|rUα4|

2

Bκ
W0

ˆ

expκ
B
?
A
κ

˙

,

where κ ” ´ΓTL{p2γβq with ΓT the total decay rate calculated with |rUα4|
2. The

upper bound is primarily dependent on the decay rate into the channel of interest,

governed by the parameter B, whilst the lower bound is predominantly sensitive

to the total decay rate and the parameter A. Physically, the upper bound is seen

to depend on how many decays are produced and is sensitive to the (possibly en-

hanced) decay rate into that channel, while the lower bound arises when the beam

attenuates due to decay before the detector, the rate of which is governed by the
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total decay rate.

Although the exact behaviour of the bounds for a non-minimal BSM extension

are model-dependent due to correlations between A and B, in many situations the

upper bound can be significantly simplified. We consider two distinct scenarios

depending on whether the enhancement affects the decay rate of the channel being

observed, or another decay channel. We write the total decay rate as ΓT “ Γo` Γc,

where Γc denotes the channel whose decay products are being measured and Γo the

sum of all other decay rates. In our first scenario, the only enhancement is to the

channel of interest, and the total decay rate can be written as ΓT “ Γo ` BΓc. In

this case, the upper bound from Equation (4.2.3) can be simplified by expanding in

the published bound4, |rUα4|
2. In this approximation, the new bound is seen to be a

simple scaling of the old bound

|Uα4|
2
ď
|rUα4|

2

?
B

.

This follows our näıve expectations: a larger decay rate produces more events and

so bounds are proportionally stronger.

The lower bound on |Uα4|
2 has no corresponding simple form, but numerically

can be seen to follow a similar scaling relationship: as the enhancement goes up, the

bound moves to lower values of the mixing-matrix element. In this case, apart from a

replacement of the minimal |rUα4|
2 by an effective mixing-matrix element |Uα4|

2{
?
B,

the bounds are to a good approximation unchanged. The situation is qualitatively

different in our second scenario, however. In this case, we consider an enhancement

to Γo, so that ΓT “ AΓo`Γc. We find that the upper bound is unchanged to leading

order, |Uα4|
2 ď |rUα4|

2. However, the lower bound moves to smaller values as the

enhancement increases. For large enhancements, this can significantly reduce the

region of parameter space in which an experiment can bound the model. We will

return to these simplified models of decay rate enhancement in Section (4.4), and

4These are typically of the order 10´4–10´8 and so such an expansion is an extremely good

approximation.
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give diagrammatic examples.

We note in passing that the limit of large λ{L can also be relevant for Equa-

tion (4.2.3). This corresponds to experiments where production and detection occur

inside the detector, which can be seen as zero baseline beam-dumps. We find that

these experiments produce only an upper bound on the mixing angle, as the number

of incoming sterile neutrinos can no longer be attenuated through decays occurring

before the detector.

Although peak searches and beam dumps set some of the most stringent up-

per limits on mixing, non-terrestrial measurements may also place bounds on such

long lived sterile neutrinos due to their effect on the evolution of the early universe.

Heavy sterile neutrinos can have a strong impact on the success of Big-Bang Nu-

cleosynthesis (BBN) by both speeding up the expansion of the universe with their

additional energy, and thus effecting an earlier freeze out of the neutron-proton

ratio, as well as potentially modifying the spectrum of active neutrinos via their

subsequent decays. If, however, the sterile has sufficiently short lifetime then their

effect on BBN is mitigated as the bulk of thermally produced sterile neutrinos have

decayed long before TBBN « 10 MeV [219]. The strength of these bounds have been

estimated conservatively for a single sterile neutrino, mN ă mπ0 , as [220,221]

τN ă 1.287
´ mN

MeV

¯´1.828

` 0.04179 s for Uµ4 or Uτ4 mixing,

τN ă 1699
´ mN

MeV

¯´2.652

` 0.0544 s for Ue4 mixing,

at the 90% C.L Although the scenario for mN ą mπ0 has not been studied in as much

detail, an often quoted bound is that τN ą 0.1 s is excluded under current BBN

measurements [220]. In the minimal model, this upper bound on the sterile neu-

trino lifetime is directly mapped to a minimum bound on the active-sterile mixing

elements Uα4. However, even a modest increase in the total sterile neutrino decay

rate, for example by additional interactions in the sterile neutrino sector leading

to decays that are not mixing suppressed, pushes the total sterile neutrino lifetime

below 0.1 s and avoids these bounds, while still leaving channel specific signatures
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observable at SBN as the upper bounds are independent on total decay rate. Sim-

ilarly in a non-standard model of the early universe, these bounds may not apply.

Therefore, although setting important complementary bounds on models of sterile

neutrino decay, model dependent factors make it possible for discrepancy between

peak search, beam dump and cosmological constraints. As such a wide program of

experimental work is desirable, with as varied a methodology as possible, to best

identify new physics.

4.3 Simulation of SBN

SBN consists of three LArTPC detectors (SBND, MicroBooNE and ICARUS) lo-

cated in the Booster neutrino beam. The Booster neutrino beam is a well understood

beam, having been recently studied by the MiniBooNE experiment. For the purposes

of this analysis each detector is assumed to be identical apart from their geometric

dimensions. We simulate the event numbers and distributions at each detector site

using a custom Monte Carlo program which allows efficiency’s to be taken into ac-

count arising from experimental details such as energy and timing resolution in a

fully correlated way between observables, and provides us with event level variables

for use in a cut-based analysis. We compute the total number of accepted events in

channel “c” via the following summation,

Nc “
ÿ

i

dφ

dE

ˇ

ˇ

ˇ

ˇ

Ei

PD pEiqWc pEiq ,

where PDpEq is the probability for a sterile neutrino of energy Ei to travel the

baseline distance and then decay inside the detector labelled D. The simplest ap-

proximation is to ignore all geometric effects, so that every particle travels exactly

along the direction of the beam line, which gives the following probability

PD pEq “ e´
ΓTL

γβ

´

1´ e´
ΓTλ

γβ

¯ Γc

ΓT

,

where ΓT (Γc) denotes the rest-frame total decay width (decay width into channel

c), and L (λ) the distance to (width of) the detector. The combination γβ is the

usual special relativistic function of velocities of the parent particle and provides
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Figure 4.5: Left: The composition of fluxes of νµ and νµ at MicroBooNE with

horn in positive polarity (neutrino mode), scaled by an illustrative scattering cross-

section, σ9E2
ν , in order to stress that the low-energy flux is not very important for

traditional scattering experiments. “Other” refers to contributions primarily from

meson decay chains initiated by meson-nucleus interactions. Right: Sterile neutrino

fluxes weighted by the probability to decay inside MicroBooNE, for a sample 25 MeV

sterile neutrino with equal |Ue4|
2 “ |Uµ4|

2. Requiring that the sterile neutrino decays

inside the detector has the effect of vastly increasing the importance of lower energy

bins. The difference in importance of high and low energy fluxes in scattering and

decay experiments respectively is dramatic, leading to very different kinematics.

the sole dependence on energy and sterile neutrino mass mN of the expression

1

γβ
”

mN
a

E2 ´m2
N

.

As we are exploring a large parameter space, often this expression takes a sim-

plified form depending on the size of ΓTλ{γβ:

ΓTλ ! 1 PD “ e´
ΓTL

γβ
Γcλ

γβ
`O

`

Γ2
Tλ

2
˘

, (4.3.4)

ΓTλ " 1 PD “ e´
ΓTL

γβ
Γc

ΓT

`O
ˆ

1

ΓTλ

˙

, (4.3.5)

where the rate for slowly decaying particles can be seen to grow with detector size

until a width of λ „ γβΓ´1
T . For detectors longer than this scale, the event rate
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becomes independent of detector size, as most sterile neutrinos decay within a few

decay lengths.

The spectral flux of sterile neutrinos impinging on a SBN detector, dφ{dE, is

estimated as described in Section (4.2.1). Of crucial importance to this is accurate

knowledge of active neutrino fluxes at all three SBN detectors. These are calculated

from published MiniBooNE fluxes [145], after scaling by appropriate 1{r2 baseline

dependence, e.g. p470{540q2 « 1.3 at MicroBooNE. This is similarly scaled by 1{r2

for ICARUS at 600 m, however, an additional energy dependent flux modifier is

applied for SBND at 110 m to account for the softer energy spectrum due to the

proximity of the detector to the production target [108]. We consider sources of

neutrinos that are relevant including wrong sign neutrinos, smaller sub-dominant

K` Ñ π` Ñ να sources as well as other contributions, predominantly from meson

decay chains initiated by meson-nucleus interactions.

In Figure (4.5) we highlight a crucial point about the neutrino and sterile neu-

trino fluxes. We note that the flux of impinging sterile neutrinos is not the exact

parameter of interest, rather what we are interested in is the flux of sterile neutri-

nos that subsequently decay. In the right panel, we show the effective spectrum of

decaying particles at MicroBooNE. As the decay probability for any given sterile

neutrino scales as 1{|PN |, we see an enhancement of the lowest energy parts of the

spectrum. This is in stark contrast to standard neutrino interaction cross sections,

which tend to scale as approximately E2
ν at low energies. In the left hand panel of

Figure (4.5) we show the active neutrino spectrum at MicroBooNE where we have

weighted the flux by E2
ν in order to stress the difference in regions of importance

between scattering and decaying neutrinos. This, low-energy bias for decays natu-

rally exaggerates further the kinematic differences between our decay-in-flight signal

and the dominant background events, the majority of which are neutrino induced

scattering events.

Finally, the function WcpEq is a weighting factor which accounts for all effects

which reduce the number of events in the sample: for example, analysis cuts or
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detector performance effects. To compute these factors, we run a Monte Carlo sim-

ulation of the decays for a large number of sample events with a given energy. Each

sterile neutrino event is associated with a decay of type c. We then apply experi-

mental analysis cuts to the decays based on our assumptions about the detector’s

capabilities and backgrounds, to produce a spectrum representing the final event

sample when considering events in the bucket timing window (See Section (4.3.2)

for details of the background analysis). The percentage of accepted events defines

the weight factor for that energy. In this manner the full spectral shape of the signal

is included in the total rate analysis.

4.3.1 PS-191 Bound Reproduction

As a consistency check of our methodology as described above we reproduce here

the bounds on |Ue4| and |Uµ4| for sterile masses below mπ as published by PS-191.

The detector geometry is assumed to be 6m ˆ 3m ˆ 12m and was located 128m

downstream of the Beryllium target using 19.2 GeV protons from the PS proton

beam. Fluxes of all neutrinos produced from pion sources at PS-191 were obtained

from [222]. No accurate kaon sources could be obtained and as such only low mass

bounds are reproduced here. It must be noted that PS-191 ignored all neutral

current contributions to N Ñ ναe
`e´ and assumed the sterile neutrinos were Dirac

particles; the effect of this is that the bounds published are not directly comparable

to the minimal model discussed above, and must be scaled appropriately. The

bounds reproduced are in good agreement with published data.

4.3.2 Background reduction

In order to estimate the impact of potential backgrounds we have performed a

Monte-Carlo analysis using the neutrino event generator GENIE [182]. This provides

generator level information about the kinematics of the beam-driven backgrounds,

with rates normalised by expected NC and CC inclusive values as published in the

SBN proposal. Energy and angular smearing is then implemented to allow for ap-

proximate estimates of the effects of detector performance to the level necessary for
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Figure 4.6: Estimated 90% confidence limits on the sterile neutrino mixing pa-

rameters |Ue4|
2 and |Uµ4|

2 for a heavy sterile neutrino decaying to ναe
`e´ at PS-191.

The dotted black lines are the 90% C.L results as published by PS-191, and the blue

and red curves are the results of our simulation for 0.86ˆ1019 POT, using the above

mentioned methodology and code.

this analysis, without the need for a full GEANT detector simulation. Energies are

smeared according to a Gaussian distribution around their true MC energies, with

a relative variance σE{E “ ξ{
a

pEq, where ξ is a detector dependent resolution.

For this study we take the energy resolution for EM showers, muons and protons to

be 15%, 6% and a conservative 15% respectively, alongside an angular resolution in

LAr of 1.73˝ [108].

Of utmost importance in all studied channels is the identification of a scattering

vertex, which cleanly indicates that the process is not a decay-in-flight event. Any

hadronic activity localised at the beginning of the lepton track is a smoking gun for

a deep-inelastic or quasi-elastic beam-related scattering event. Therefore we reject

any event containing one or more reconstructed protons or additional hadrons. For

counting this proton multiplicity we assume a detection threshold of 21 MeV on

proton kinetic energy in liquid Argon [164], after smearing. Background events with

energies below this threshold and events that do not contain any protons (such as
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Figure 4.7: Reconstructed sterile neutrino energy spectra for CCνµ backgrounds

in comparison to a 350 MeV decaying sterile neutrino at MicroBooNE, normalised

to 10 signal events. Total expected background of 98,013 events is reduced to « 27

by successive kinematic cuts (as listed in legend) which utilise the stark differences

between decay-in-flight and scattering kinematics. Further cuts on energy would

allow for even greater reduction.

events originating from coherent pion production) remain a viable background and

further rejection must come from the kinematics of the final state particles only.

The kinematics of such daughter particles originating from decay-in-flight and back-

grounds from scattering events, however, have strikingly different behaviour leading

to strong suppression capabilities.

In all channels a cut on vertex activity is applied, in addition other channel spe-

cific cuts are used to estimate sensitivity. We will now provide a brief description of

the backgrounds and additional cuts considered for each channel.
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N Ñ µ˘π¯

The decay N Ñ µ˘π¯ represents the channel with largest expected beam related

backgrounds in all SBN detectors, the dominant component of which arises from

genuine charged current πµ production. These events can be produced incoherently,

often with large hadronic activity and so will greatly be reduced by the cut on

a scattering vertex, or from coherent scattering, where the neutrino scatters from

the whole nucleus. Coherent cross-sections for these processes have been studied

in MiniBooNE [223], MINERνA [224] and lately T2K and cross-sections appear

to agree with Monte Carlo calculations based on the Rein-Sehgal model [225] and

generally do not have an additional hadronic component to cut on. Kinematics of

the daughter particle alone but be used for background rejection. There has been a

noted deficit of forward going muons [225] in these coherent cross-sections, which is

in stark comparison to the relatively forward behaviour of sterile neutrino decays.

Furthermore, this channel, and indeed e˘π¯, has a powerful discriminator in the

reconstructed invariant mass of the charged particle pair, e.g. M2
l˘π¯ “ m2

l `m
2
π˘ `

2pElEπ´|Pl||Pπ| cos θsepq for N Ñ π˘l¯, which sum to that of the the parent sterile

neutrino (within detector resolution), whereas the background forms a broad spec-

trum across the energies of the incoming neutrinos. On top of this strong invariant

mass discriminator, these two body decays allow for reconstruction of the parent

sterile neutrino angle with respect to the beamline which is very close to on-axis, as

opposed to the more isotropic backgrounds. We find that approximately 95% of the

reconstructed sterile neutrino angles from these decays are inside a 4˝ cone centred

on the beamline.

We show the effect of our cuts for this channel in Figure (4.7), which ultimately

leads to a reduction in the inclusive µπ event rate at SBND (MicroBooNEand

ICARUS) from 1,530,900 (98,013 and 164,716) to 323 (27 and 46) while maintaining

a signal efficiency of 56%. This level of background suppression crucially relies on

the angular and energy resolution of LAr detectors, but requires no modification to

the current design.
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N Ñ e˘π¯

The expected numbers of eπ events in the SBN detectors is significantly smaller

than that of the µπ channel, as the fraction of intrinsic νe in the BNB beam is of

Op1%q level in comparison to νµ. However, additional backgrounds to the eπ channel

originate from the dominant νµ component of the beam. CC νµ events which contain

an additional photon pµ ` γq have the potential to be be mis-identified as an pπeq

event, provided the muon has a sufficiently short track length, ă 0.5 m, in order to

mimic a π´. Additionally the photon must be mis-identified as an electron, with

an efficiency of 94% using dE{dx measurement, and must convert to an e`e´ pair

close enough to the interaction vertex as so there is no visible gap, ď 3 cm. As

energy resolution for EM showers is lower than muons, the invariant mass cut is less

powerful requiring all events have an invariant mass below 500 MeV. A cut on the

opening angle between lepton on meson, θlπ ă 40˝ as well as individual emission

angles, θl,π ă 80˝ further reduces the potential background. The e´π` channel is

one of the cleanest channels under consideration in this analysis, with 9,223 events

in SBND reducing to 22 expected events post cuts, and with MicroBooNE and

ICARUS expecting a reduction of 784 (1,317) events to 2 and 3 respectively, with a

signal efficiency of 71%.

N Ñ ναe
`e´ and N Ñ γνα

A sufficiently boosted, and thus overlapping, e`e´ pair is topologically indistin-

guishable from a converted photon in a LAr detector. Additional, non-topological

measures such as the rate of energy loss, dE{dx, is also identical to a pair-converted

photon. Thus we split this channel into two sub categories, when the e`e´ is overlap-

ping and photon-like, defined to be all events whose angular separation is ď 3˝ [226]

and all remaining separable two track events. The opening angle between the e`e´

in a photon pair production scales roughly as « me{Eγ, with 3˝ corresponding to

100 MeV and used as a lower bound on energy. These backgrounds are also appli-

cable to the N Ñ γνα channel.
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The predominant source of backgrounds is the decay of a neutral pion in which

a single photon is not resolved or escapes the fiducial volume. This background,

however, is relatively isotropic in distribution in stark contrast to the very forward

signal arising from the decay in flight of N . We place cuts on visible photon energy,

Eγ ě 300 MeV, and angle of the observed photon to the beamline, θγ ď 5˝. This

reduces the number of expected events from 42,580 (3,620 and 6,082) to 176 (46,

and 110) events in SBND (MicroBooNE and ICARUS), while retaining a signal ef-

ficiency of 93%.

For the opposite scenario both daughter electrons have a well defined and large

separation and thus can cleanly be identified as two distinct single electron show-

ers. There are few significant processes that produce high energy, distinguishable

e`e´ pairs. Instead the majority of the backgrounds are due to misidentifying two

photons. We apply the same photon cuts as defined above. To further reject back-

grounds in this channel, we apply a cut on the angle of separation between the

distinct e`e´ tracks of θsep ď 40˝ and total energy, Ee` ` Ee´ ě 100 MeV. This

reduces the number of expected background events from 173 to 5 for SBND.

N Ñ π0να

Single neutral pions are produced in great numbers at the three SBN detectors, so

the lack of any nuclear recoil is crucial in eliminating the incoherent neutral pion

production background. Only events in which two photons convert inside the fiducial

volume and reconstruct the pion invariant mass are accepted. We further require

the reconstructed pion is within 10˝ of the beamline and has an energy above 500

MeV. SBND expects 127,211 π0 events, of which « 602 survive all cuts with a signal

efficiency of 32% for a sample 350 MeV sterile neutrino. MicroBooNE (ICARUS)

sees a similar reduction, from 10,813 (18,172) events to 51 (86) post cuts.
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N Ñ νµ˘µ¯

The primary background for this channel is genuine νµ CC events in which a π˘ is

also produced and is misidentified as a secondary muon. All pions with reconstructed

tracks longer than 50 cm are considered a potential muon. After this track length

cut, there is 2,044,380, 177,972 and 292,034 events in SBND, MicroBooNE and

ICARUS respectively. As we cannot directly reconstruct the parent sterile neu-

trino mass or angle, we again rely on the kinematical difference between scattering

events and decays. After these cuts, significant backgrounds remain, and we use a

multivariate analysis, an adaptive boosted decision tree (BDT), in order to further

reduce them. We use five parameters in this analysis, the energy and angle with re-

spect to the beamline of each muon, as well as the angular separation between both

muons. We take a minimum muon energy of 200 MeV. Cutting on the BDT response

variable allows for background efficiency of 0.13%, with a corresponding signal ef-

ficiency of 44%. This allows for a S{
?
S `B « 8 with approximately 1000 sterile

neutrino events. Similar performance is achievable at MicroBooNE and ICARUS,

with 117,972 and 292,034 events being reduced to 534 and 876 events respectively.

N Ñ νe˘µ¯

We consider here two potential sources of backgrounds: the first derives from true

νµ CC events in which a single photon, either from nuclear processes or from the

decay of a π0 in which only photon converts inside the fiducial volume, subsequently

mimics the electron. We apply the same cuts on the photon as in previous channels.

Secondly we consider intrinsic νe CC events in which a final state π˘ is misidentified

as a muon due to a long (ě 50 cm) track in the TPC. In conjunction with the

requirement of no visible scattering vertex we expect 7,103, 618 and 1,014 events

in SBND, MicroBooNE and ICARUS, respectively. To reduce this further we em-

ploy the same multivariate analysis as described for the N Ñ νµµ channel above,

assuming a representative 250 MeV sterile neutrino decaying. A cut on the BDT

allows for a background efficiency of 0.5% , signal efficiency of 36% with a resultant

S{
?
S `B of 7.9. For MicroBooNE and ICARUS the backgrounds, 618 and 1,014

respectively, can be brought down to sub 10 events.
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4.3.3 Non-Beam related backgrounds

Cosmogenic events are a potential source of background for any analysis at SBN as

all three detectors have minimal overburden. In the case of cosmic muons, ICARUS

expects to see approximately 2.5 ˆ 106 cosmic events in the 211 second beam spill,

which are reduced to approximately 5 events expected after utilising the spill struc-

ture, scintillation light patterns and cuts on dE
dx

[108]. Alongside this impressive

cosmic rejection, our signal events are focused heavily along the beamline with dis-

tinct kinematics, hence we do not expect cosmics to be a major source of background

to any channel. In situ beam-off cosmic studies will also allow potential backgrounds

to be extremely well understood by the time of an analysis such as this, and for these

reasons, we do not include cosmogenic backgrounds in our analysis.

4.3.4 Role of event timing

On top of the impressive background rejection capabilities of LAr from kinematic

cuts, there is the potential for an even greater background suppression by consid-

ering the time of arrival of observed events. Although the drift time of electrons

in LAr can be as large as 100 µs, the ionisation and excitation of Argon from the

passage of a charged particle also produces 128 nm scintillation light of which there

is a nano-second scale contribution from the decay of the excited state Ar˚2 [227].

LAr is transparent to this light, and if the light detection system (LDS) employed

by the SBN detectors has a nanosecond resolution, this can allow for precise timing

to be attached to each TPC triggered event.

Light neutrinos propagate and reach the furthest detector of the SBN complex

after approximately 2µs. In the conventional physics program of the SBN, the timing

of these events play an important role in the analysis of backgrounds, tight timing

windows are placed around the 19.2 µs beam spill to limit constant rate backgrounds

such as cosmogenic events [108]. The LDS of both SBND and ICARUS, however, are

potentially able to achieve significantly better timing resolution than this, around

1–2 ns depending on the exact technology used, which potentially allows for the use
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Figure 4.8: An illustrative picture of the Booster Neutrino Beam bucket cycle.

Most neutrinos are expected to be in a roughly « 2 ns bucket. If SBN detectors

can observe events outside of this bucket, they are less likely to be beam-induced

backgrounds.

of both bucket and spill structure in the background analysis. The BNB consists of

81 Radio-Frequency buckets of approximately 2 ns length, separated by 19 ns, to

form the 19.2 µs spill with a frequency of 3Hz [108]. We illustrate this in Figure (4.8)

If this nano-second resolution is indeed achieved, it allows for events in individual

buckets to be identified. Such a nano-second resolution was achieved previously by

the PMTs used in MiniBooNE [108], with potential for improvement in the next

generation SBN detectors.

As particles with finite rest mass, heavy sterile neutrinos will propagate at sub-

luminal speeds which can produce observable timing delays. This effect begins to

become relevant when the sterile neutrinos have MeV-scale masses and above. As

the flux of decaying sterile neutrinos is inversely proportional to its momentum after

convolving with their decay probability, many of these low energy sterile neutrinos

are travelling at sufficiently slower speeds than their light counterparts to be distin-

guishable. Shown in Figure (4.10) is the fraction of events that are expected to fall

outside the bucket window in both SBND and ICARUS. For the purposes of this

plot we define the beam-correlated window to be a 6 ns period, 2 ns each side of the

2 ns beam bucket. The exact width of the beam bucket window can be modified and

optimised if studying channels with low expected backgrounds. In this section, we

consider only the timing of events relative to the bucket window5, a structure which

5Absolute arrival times could in principle be used, but this would require good synchronisation
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Figure 4.9: The timing delay of sterile neutrino decays in nano-seconds for both

a 25 MeV (top) and 350 MeV (bottom) sterile neutrino at the SBND and and

ICARUS detectors (110 and 600 m respectively). A 4 ns beam bucket window is

shown highlighted in red from 0 to 4 ns, followed by an additional 17 ns gap. The

timings are calculated as a difference to the time of flight of a active neutrino,

assuming the decay occurred in a uniform sample across the 50 m BNB decay pipe.

A timing resolution of 1 ns is assumed to smear the observed events.

repeats every 21 ns. Delayed events can be observed in any subsequent window,

producing a 21-fold degeneracy in their reconstructed arrival time. This lends a

cyclical nature to the timing information, with a distinctive structure at the differ-

ent detector sites for larger masses. Some illustrative timing distributions are shown

in Figure (4.9) for two sterile neutrinos at the extreme ends of the masses studied,

between geographically separated clocks. Alternatively, the relative timing between signal and

beam-related backgrounds could be used. However, we do not consider these options further.
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a 25 MeV sterile neutrino and a 350 MeV sterile neutrino.
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π+→e+NICARUS
π+→μ+NSBND
π+→e+NSBND
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Figure 4.10: The percentage of sterile neutrino decay events that fall into the

inter-bucket region as a function of sterile neutrino mass for SBND and ICARUS,

assuming a flux derived from Ue4 (Uµ4) mixing in solid (dashed) lines. Both SBND

and ICARUS see a sizeable fraction of total events outside the beam bucket windows

when the sterile neutrino mass exceeds « 10 MeV.

We find a significant proportion of sterile neutrino events distributed through-

out the inter-bucket region. Events which fall into the beam-bucket timing window

have to be analysed on top of all known beam-related backgrounds, but events in

the inter-bucket window have significantly reduced beam-correlated backgrounds.

For larger masses, we have shown that the majority of events fall into these regions,

and this may allow for a low background search strategy for decaying sterile neu-

trinos. Instead of beam-correlated backgrounds, the constant rate backgrounds will

limit the sensitivity for this analysis. Understanding these backgrounds in detail is

beyond the scope of this work; however, we expect the strongly forward kinematics,
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combined with in situ beam-off measurements will allow for a very low backgrounds

to be obtained.

In the following sections, timing information will inform our work in three ways.

First we will compute SBN’s sensitivity to decaying sterile neutrinos assuming the

full backgrounds, reduced only by the cut-based analysis discussed previously. This

is a proven sensitivity, applicable for all sterile neutrino masses and detectors and

is independent of the attainable timing resolution. Secondly, we compute a back-

groundless sensitivity. This can be seen as either the result of improved analysis

techniques, or as the inclusion of timing information at SBND and ICARUS for

the largest masses. Finally, in Section (4.4.2), we will study the use of the timing

information itself to constrain the underlying model of decaying sterile neutrinos.
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Figure 4.11: Characteristic spectra for the total energy of observed e`e´ pairs seen

at MicroBooNE produced in the N Ñ νe`e´ decay mode, for three representative

masses. In the left panel, the spectra have no analysis cuts or detector reconstruction

effects applied, while on the right these are included, reducing the number of lowest-

energy events.

4.3.5 Event spectra

The differential distributions from heavy sterile neutrino decay tend to produce

distinctive low-energy distributions of events with an appreciably forward direction.

The tendency towards low energies is predominantly due to the higher decay rates of
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low-energy particles, which leads to factors of 1{Eν in the event rate formula Equa-

tion (4.3.4). The forward trajectory is inherited from the kinematics of a boosted

object decaying in flight. However, this effect is slightly mitigated by the preference

for lower energy decays, meaning that lower energy sterile neutrinos are more likely

to decay, which are the least boosted objects.
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Figure 4.12: The expected angular distributions for the e`e´ pair from a sterile

neutrino of mass mN “ 100 MeV. The red histogram shows the true expected

distribution, while the blue histogram shows the distribution if we do not take into

account the preferential decay rate for lower energy particles, instead using an energy

independent decay rate.

We show an example of a distribution for electron-positron production in the

left panel of Figure (4.11). For the lowest masses that we consider, almost all events

have energies below 0.5 GeV, in this case illustrated by the blue histogram. The dis-

tribution tends towards larger energies as the mass of the sterile neutrino increases,

but for sterile neutrino masses less than the kaon mass, never produces significant

numbers of events above 1 GeV. As we can see in Figure (4.11), the number of events

in the lowest energy bin is strongly indicative of the mass of the parent particle, and

therefore the lowest energy events will play a strong role in model discrimination.

However, in the cut-based analysis which we outlined in Section (4.3.2) the lowest en-
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ergy event distribution is significantly reduced due to poor efficiency’s at low-energy

in our cuts, as can be seen in the right panel of Figure (4.11). In Figure (4.13)

we show the same distributions for electron-pion production, noting similar spectral

features of the electron-positron channel. Indeed this behaviour qualitatively exists

in all channels studied. In the inset of Figure (4.13), we highlight the differences

that an accurate timing resolution can give, with the in-bucket and out of bucket

spectra showing very significant differences. Through optimisation of this part of

the analysis, we expect the sensitivity to these models can be improved; however,

this is beyond the scope of the present work.
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Figure 4.13: Characteristic spectra for the reconstructed neutrino energy for

N Ñ e˘π¯ and a sterile neutrino masses of 150, 250 and 350 MeV. The insert shows

the stark differences in spectrum when one considers events falling within the beam

bucket window and without.
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The angular spectrum is expected to be very informative in these models, and the

events are predict to align with the beam direction. The red histogram in the lower

panel of Figure (4.12) illustrates an expected distribution for the four momentum of

a e`e´ pair in the decay N Ñ νe`e´. We compare it to the expected distribution

found for events without the low-energy biasing effect of decay-in-flight, with an

unphysical energy independent decay rate (denoted ‘flat’, shown in blue). Not only

does the decay-in-flight probability lead to a lower energy events, but it also makes

the angular distribution less forward.

4.4 Results

In this section, we present the results of our simulation for two analyses. In the

first, we compute exclusion contours which could be expected to be set by SBN if

no signal is seen. We compute these for all decay modes presented in Figure (4.2).

Our second analysis considers the phenomenological potential of energy and timing

spectral information at the SBN experiment if a potential signal is observed.

Due to its proximity to the BNB target, SBND provides the majority of the

statistics, and hence the sensitivity, to sterile neutrino decays. The addition of Mi-

croBooNE and ICARUS increases the event rate by approximately 6%. However,

the power of the three detector SBN setup arises not from the increased statistics,

but rather from the additional phenomenology of a multi-baseline experiment. We

show below that ICARUS, being the furthest detector, can play an important role

in study of any observed signals through precision timing measurements. Similarly,

although MicroBooNE contributes a small fraction to the raw number of sterile neu-

trino events expected, the MicroBooNE experiment is significantly more advanced

than its two SBN counterparts. At the time of writing, MicroBooNE has already

collected close to 50% of its planned POT (around 3.5ˆ 1020 POT) and has already

presented its first results on νµ CC inclusive and νµ CCπ0 interactions [228]. As

such, MicroBooNE is in a unique position in that it has the potential to observe any

excess in advance of SBND or ICARUS and thus to inform a possible search using
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the full SBN programme. Non-observation of any excess at MicroBooNE would not

negatively effect the subsequent search for new physics at SBND or ICARUS signifi-

cantly, however, as a large fraction of the testable parameter space is only accessible

through the enhanced exposures of the full SBN programme.

4.4.1 Limits on sterile neutrino mixing

We have computed the bounds that SBN could place on sterile neutrino mixing-

matrix elements for all kinematically accessible visible decays. Figure (4.14) presents

the results of our analysis assuming a combined 6.6 ˆ 1020 POT at SBND and

ICARUS, and 13.2 ˆ 1020 POT at MicroBooNE. We plot the predicted upper

limits on sterile neutrino mixing for the leptonic decay channels N Ñ ναe
`e´,

N Ñ ναµ
`µ´ and N Ñ ναµ

˘e¯ as well as the semi-leptonic and photonic chan-

nels N Ñ l¯π˘, N Ñ ναπ
0 and N Ñ ναγ. The plot on the right (left) assumes

that the mixing-matrix element with the electron (muon) flavour is dominant. The

y-axis refers to a single mixing element, |Uα4|
2, but each bound is equally appli-

cable to the combination |Uα4||Uτ4|, as although production must proceed through

electron-neutrino or muon-neutrino mixing, the decay can take place through Uτ4

driven processes. The lower solid coloured lines are the background-less 90% C.L

upper limit contours defined as 2.44 events following the procedure of Ref. [231].

This represents the best expected sensitivity at the SBN program, assuming perfect

signal efficiency. We also present the results of the cut based background analysis

discussed in Section (4.3.2) (upper solid coloured lines). Depending on the optimisa-

tion of the analysis, including the possibility of using improved timing information,

we expect the ultimate sensitivity to be within the solid-shaded region, lying be-

tween the proven cut-based sensitivity and the backgroundless one.

The increased event rates at SBN compared to those of PS-191 allows for an

improvement of the bounds on |Ue4|
2 and |Uµ4|

2 in all channels studied over wide

regions of parameter space. The strongest bounds come from the semi-leptonic

N Ñ l˘π¯ searches, where mixing-matrix elements greater than |Ue4|
2 ď 10´9 can

be excluded at the 90% C.L for mN « 0.350 GeV. The bounds have the potential



4.4. Results 162

0.01 0.05 0.10 0.50 1

10-9

10-8

10-7

10-6

10-5

MνN (GeV)

|U
μ
4

2

νN→νe+e-

νN→π±μ∓

90% C.L sensitivity

SBND/ICARUS 6.6e20 POT

μBooNE 12.3e20 POT

PS 191

π- Peak Search K -
Peak Search

0.01 0.05 0.10 0.50 1

10-9

10-8

10-7

10-6

10-5

MνN (GeV)

|U
e4

2

νN→νe+e-

νN→π±e∓

PS 191
π - Peak Search

K- Peak Search

90% C.L sensitivity

SBND/ICARUS 6.6e20 POT

μBooNE 12.3e20 POT

0.01 0.05 0.10 0.50 1
10-9

10-8

10-7

10-6

10-5

10-4

MνN (GeV)

|U
μ
4

2

νN→νγ

νN→π0ν

NOMAD

νN→
νμ
γγ

ISTRA+

90% C.L sensitivity

SBND/ICARUS 6.6e20 POT

μBooNE 12.3e20 POT

0.01 0.05 0.10 0.50 1
10-9

10-8

10-7

10-6

10-5

10-4

MνN (GeV)

|U
e4

2

νN→νγ

νN→π0ν

90% C.L sensitivity

SBND/ICARUS 6.6e20 POT

μBooNE 12.3e20 POT

0.01 0.05 0.10 0.50 1

10-8

10-7

10-6

10-5

MνN (GeV)

|U
μ
4

2

νN→νe±μ∓ νN→νμ+μ-

90% C.L sensitivity

SBND/ICARUS 6.6e20 POT

μBooNE 12.3e20 POT

PS
191

0.01 0.05 0.10 0.50 1

10-8

10-7

10-6

10-5

MνN (GeV)

|U
e4

2

νN→νe±μ∓

νN→νμ+μ-

90% C.L sensitivity

SBND/ICARUS 6.6e20 POT

μBooNE 12.3e20 POT

Figure 4.14: The predicted 90% C.L upper limit contours for the combined SBN

detectors. Shown also in black solid lines is the prior best bounds from PS-191, scaled

to show bounds on the minimal extension as discussed here, as well as bounds from

lepton peak searches in pion and kaon decay [214,215] (dashed black lines), although

kaon peak searches are not competitive in the minimal model. Note that the peak

searches are only valid when bounding pure mixing combinations, e.g. |Uµ4|
2 and

not |Uµ4||Uτ4|. The photonic channels have little or no direct bounds, with ISTRA+

bounding the radiative decay [229] and reinterpreted N Ñ νγγ bounds at NOMAD

on N Ñ νπ0 [230]. In all panels, the mixing matrix elements not shown on the

y-axis are zero.
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to improve upon the π´ peak search bounds for mN ď 0.033 GeV and mN ď 0.138

GeV for muon and electron mixing respectively, if the backgrounds can be further

suppressed, possibly through the use of timing information.

Additionally, we show that the previously poorly bounded photonic-like channels

N Ñ ναπ
0 and N Ñ ναγ can be probed across the entire parameter space, providing

new constraints on exotic sterile neutrino signatures. The potential beam-related

backgrounds are large for these photonic channels, the effect of which is a much

wider separation between our cut-based limits and the optimal ones. These pho-

tonic channels allow SBN to probe the electromagnetic nature of the sterile neutrino,

placing bounds on any models containing enhanced couplings to photons. For sterile

neutrinos whose mass lies m0
π ď mN ď m˘

π ` mµ and mix primarily with muons,

the N Ñ νµπ
0 channel can extend the limits beyond that of the traditional e`e´

searches to probe new parameter space, even in the purely minimal model. For size-

able Ue4, the π0 bounds are less powerful than that of the semi-leptonic N Ñ e˘π¯

when one assumes the minimal model.

Although we have plotted the limits on mixing angles in Figure (4.14) in terms

of the parameters of the minimal model, they are model independent in the sense

that an enhanced decay rate in that channel would only alter the interpretation

of the y-axis. If the enhancements to the decay rates are modest, to reinterpret

any bounds on Figure (4.14) in the context of a non-minimal extension in which

the channel of interest is enhanced by p1 ` αq then the quantity bounded on each

vertical axis is given approximately by |Uα4|
2{
?

1` α as discussed in Section (4.2.3).

However, for larger enhancements, the lower-bound on the mixing-matrix ele-

ment must also be considered. In Figure (4.14), this bound lies at large values of

|U |2, and is not shown in the plots, but it is also affected by an enhanced decay

rate and can become relevant of reasonable enhancements. This can be seen in

Figure (4.15), where we show the region of parameter space that SBN could ex-

clude when studying the decay mode N Ñ νe`e´ as we increase its decay rate by
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Figure 4.15: The 90% C.L contours for the decay N Ñ νe`e´ assuming dominant

Ue4 mixing in non-minimal scenarios, at leading order in λ{L. We enhance the rate

of the e`e´ channel itself by factors shown in the labels while keeping all other decay

rates constant. The excluded region remains roughly constant but shifts downwards.

factors of 10, 102, 103 and 104. As was shown analytically in Section (4.2.3), the

upper bound scales as 1{
?

1` α as the number of events in the detector increases.

However, the enhancement eventually leads to significant beam attenuation before

the detector. This alters the lower bound, which begins to move to smaller values of

the mixing-matrix element, opening up a region of parameter space in the top-right

of the plot.

In Figure (4.16), we show an alternative non-minimal model in which the decay

rate Γ pN Ñ νe`e´q is held constant, but the total decay rate is enhanced. This

could be due to the enhancement of a decay to visible or invisible final states. In this

scenario, the upper bound remains unchanged as the rate is enhanced (to leading

order in λ{L), but the enhanced total decay rate leads to beam attenuation and

fewer sterile neutrinos reach the detector. Eventually, the lower bound is reduced

significantly, and the experiment loses sensitivity over much of the parameter space
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Figure 4.16: The same as Figure (4.15), except where we show the effects of

keeping the N Ñ νe`e´ decay rate constant, but enhancing the total decay rate.

The sensitive region shrinks quickly as α increases, allowing non-minimal models

to escape detection. Note that for large values of α, heavy sterile neutrinos with

relatively large mixing, |Ue4|
2 « 10´2´ 10´4, are no longer bounded by beam dump

experiments.

of the minimal-model. Although an enhanced total decay rate could produce a larger

visible signal in another channel, or indeed in another experiment, if the decay is

predominantly to three neutrinos or dark sector particles many existing bounds may

not apply. We note that enhancements on the scale of α “ 104 could be expected

if the novel decay proceeds without mixing suppression. Every bound presented

in Figure (4.15) can be reinterpreted in terms of these non-minimal models using

the scalings as discussed in Section (4.2.3), and highlights why searching across the

whole parameter space is necessary in all kinematically allowed decay channels.

4.4.2 Timing information to study an observed signal

In addition to being able to reduce beam-related backgrounds, a precise knowl-

edge of the timing of any observed events can also be used to discriminate between
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potential models and aid parameter estimation. If a potential signal is observed,

it would be highly desirable to establish whether the excess is associated with a

heavy particle travelling from source to detector. An analysis based on the energy

spectrum alone would struggle with this determination — we could not discount

mis-understood beam-related backgrounds, unknown nuclear effects, or other mod-

els that mimic the low-energy spectrum. The angular distribution of events would

also be highly informative, we have seen that heavy particle decays are likely to be

associated with collimated decay products, but this would be only indirect evidence

of a heavy particle, and could be associated with other models. For example, active

neutrino scattering via a light mediator could also mimic this behaviour. However,

as all beam-related backgrounds will be correlated with the Booster proton buckets,

the observation of events with times outside of the BNB beam bucket window (and

travelling in a forward direction) would be a smoking gun signal of a sub-luminal

propagating parent.

We estimate the required timing resolution by simulating the distribution of

arrival times for a given sterile neutrino mass. We then compute the compatibility

of this data with a beam-bucket hypothesis, where all event timing is consistent

(within errors) with being within the beam-bucket. We only study the shapes of

these timing distributions, allowing the normalization to float, and in this sense the

beam-bucket hypothesis encompasses all sources of particles which would appear

beam-correlated. The beam-bucket hypothesis is defined as the assumption that all

events originate in a 6 ns window surrounding the BNB beam spill, smeared by a

Gaussian with a width of the assumed time resolution. We define our test statistic

as [23]

tm “ ´2 ln pLq “ 2
N
ÿ

i“1

"

µipmq ´ ni ` ni ln

„

ni
µipmq

*

,

where µipmq is the expected number of events in bin i if the sterile neutrino is of

mass m. Using this statistic we have run a binned Maximum Likelihood analysis of

the reconstructed time of arrival ∆T , assuming events are Poisson distributed. We

compute the distribution for tm by Monte Carlo to ensure that we account for all

non-gaussianity in the likelihood function.
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Figure 4.17: Expected significance at which ICARUS can exclude a beam-

correlated origin from timing information alone, as a function of assumed timing

resolution. This assumes a hypothetical signal of 100 e˘π¯ events consistent with

N Ñ e˘π¯. For larger time resolutions, ě 6ns, although one could achieve a 2σ

measurement, ICARUS would not be able to confirm that the events came from the

inter-bucket window.

As the timing is solely a function of the initial sterile neutrino energy and mass,

these results hold for all channels studied. Without loss of generality, we restrict

our discussion to the semi-leptonic channel N Ñ e˘π¯. In Figure (4.17), we show

the timing resolution required to exclude the beam-bucket hypothesis at a given

statistical significance. This plot assumes that ICARUS has observed an excess of

100 events due to a 300 MeV sterile neutrino. To guarantee that ICARUS can reject

the beam-bucket hypothesis at least 3σ significance in 95% of pseudo-experiments,

we require a timing resolution of ď 3.5 ns.

If we relax this simulation and vary the signal strengths we see that as the

number of observed events increases, the timing resolution required to rule out a

beam-correlated origin decreases, as we show in Figure (4.18). Thus, even if only
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Figure 4.18: As the number of observed events goes down, it is significantly harder

to establish a time delay. We show the timing resolution required for a given number

of events for the median experiment (solid line) as well as for 1σ (dashed line) and

2σ (dotted line) downward fluctuations.

« 6 ns timing resolution is achieved, any anomalous signal would prompt ICARUS

to continue running until it can achieve 1000 events, thereby granting the same

sensitivity to the temporal nature of the signal.

Although establishing that a signal arrived outside of the beam window would

be an exciting sign of new physics, it would not necessarily establish a heavy prop-

agating parent. For example, if an unaccounted for process had a fixed time delay

with respect to the neutrino beam, ∆t, such as the relaxation time of an excited

atom, it could produce events in the inter-bucket region for ∆t « O(ns). Simi-

larly, other exotic BSM physics could be the source a fixed time decay signature

without relying on a heavy propagating sterile neutrino. The scenario described

in Ref. [209, 210] is one such case, it considers a sterile neutrino produced inside

the detector through neutral current scattering of an active neutrino. The heavy

particle promptly decays, with a decay length of the order O(1) m, producing the

visible signal. Although the sterile neutrinos are produced inside the detector with

no timing delay from active-neutrino scattering, the finite lifetime of these particles



4.4. Results 169

could lead to events falling in the inter-bucket window.

However, in both the BSM scenarios as well as generic backgrounds with a fixed

timing delay, the temporal spectra of event arrival time would be expected to be

constant across all three detectors. The SBN program is perfectly designed to ac-

count for this, however, through its multiple detectors at different baselines, as if the

excess is indeed due to heavy particle propagation, then the sterile neutrino would

have to travel further to reach each subsequent detector. This leads to observable

shifts in the arrival timing spectra at each experiment. In particular ICARUS, would

be most suited to studying heavy particle propagation, as particles must travel ap-

proximately 6 times further before detection.

We show the consequences of this effect in Figure (4.19) where the ratio of events

at SBND and ICARUS are plotted as a function of time delay. A constant time delay

would produce a ratio of unity, and curves that lie on the grey circle. We see a clear

distortion in this ratio, with a generally low value inside the beam-bucket window

and a larger value outside. Measuring this distortion would be definitive proof of

the heavy particle having propagated the distance from target to detector and not

merely being produced in situ. In figure Figure (4.20), we show how the attainable

timing resolution affects this measurement. For a resolution of 10 ns, there is no

spectral difference, but distortion starts to be apparent for resolutions better than

10 ns .

Assuming a positive signal is found and is identified as a heavy sterile neutrino

decay thanks to the time delay, the temporal and energy analyses could be used

to measure the heavy sterile neutrino mass. For an arrival time delay (behind a

luminal or near luminal particle) over a distance L denoted by ∆T , the mass of a

sterile neutrino with an energy E can be reconstructed as

mN “ E

d

1´
1

`

1` c∆T
L

˘2 .

Exact knowledge of the deposited energy and time of flight would be sufficient to
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Figure 4.19: Ratio of arrival time spectra of N Ñ ναe
`e´ events in ICARUS to

SBND after scaling out 1{R2 flux dependence. If events were due to an unknown

background with a fixed time delay after the neutrino beam, one would expect the

ratio to be a constant value of 1 (shaded grey ring). As the sterile neutrinos have

to travel approximately 6 times further to ICARUS than SBND, increasingly higher

energy sterile neutrinos can leave the beam-bucket (red arc) and populate the inter-

bucket region leading to the distinct signature. This assumes a timing resolution of

1 ns.

establish the mass, but of course these data are in most cases not available: energy

and timing resolution impair the reconstruction, and many channels have missing

energy from active neutrinos in the final state. Moreover, due to the cyclic nature

of the BNB beam buckets, an observed event could have originated from any of the

previous buckets in the current spill, and not just the one closest to the tagged event

timing. As such the absolute time of flight is not known. Only the relative timing

since the last bucket, ∆T , is known and from this one can obtain up to 81 degenerate

solutions for the sterile neutrino mass. Although absolute timing information could

be found by studying the first few buckets for the onset of a signal, this would rely
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Figure 4.20: The same as left for fixed 50 MeV sterile neutrino with 1 ns (solid),

3 ns (dashed) and 10 ns (dotted) timing resolution showing the decreasing effect on

the ratio. As can be seen for the 10ns resolution curve, once the timing resolution

is comparable to the BNB frequency then naturally no affect can be seen, and the

temporal ratio between SBND and ICARUS is flat

on precise absolute timing measurements between source and detector, and would

also reduce the signal statistics by O(0.01) and we do not consider this information

in the analysis. Given these limitations, we have studied how well mN could be

reconstructed, using then energy and periodic time since last bucket ∆T . We have

generated Monte Carlo event data tagging each event by an arrival time, accounting

for a systematic uncertainties on the time and energy measurement. We smear the

true energy to represent detector effects as described above, and additionally smear

the time of each event with a Gaussian of width σT « 1 ns for SBND and ICARUS.

We use the same Monte Carlo analysis and test statistic as in the temporal analysis

above, expanded to include a binned energy spectra. The reconstructed mass is

defined as the mass which minimises the test statistic tm.
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Figure 4.21: The reconstructed sterile neutrino mass as a function of true mass for

energy only (dashed) and energy with timing information (solid). This assumes the

heavy sterile neutrino decays to N Ñ νe`e´ and that 100 events consistent with a

decay-in-flight are seen at ICARUS. A 1 ns timing resolution has been assumed to

have been is achieved.

The results of our analysis are shown in Figures 4.21 and 4.22. In both fig-

ures, we show the allowed region in reconstructed mass as a function of true sterile

neutrino mass for an energy only analysis (dashed black lines), as well as for an

energy and time-of-flight analysis (coloured bands). Figure (4.21) we show the re-

sults for the fully leptonic decay N Ñ νe`e´ while Figure (4.22) shows our results

for the semi-leptonic N Ñ e˘π¯ channel. In the case of the 2-body N Ñ e˘π¯

channel, resolution of approx 45 MeV at 2σ level is achievable for the entire range

of sterile neutrino mass allowed. We estimate the N Ñ µ´π` channel would be

approximately 10% better due to the improved energy resolution possible when re-

constructing muons in LAr. For these semi-leptonic decays the energy spectrum
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Figure 4.22: The same as Figure (4.21) but for heavy sterile decays to e˘π¯. Note

that as there is no missing energy in this channel, the mass resolution is significantly

better and less is gained from the addition of timing information.

is very informative, as the parent particle’s energy can be reconstructed from the

invariant mass of the decay products’ four-momenta. As such, we see temporal in-

formation only trivially improves the reconstruction of parent mass. In contrast, for

the 3-body N Ñ νe`e´ channel, there is significant missing energy taken away by

the active neutrino. In this case, timing information is much more valuable, almost

halving the 2σ mass range from around 300 MeV to 150 MeV for widest region of

parameter space.

4.5 Conclusions

In this Chapter, we have studied the prospects for the measurement of MeV-scale

sterile neutrinos at the Fermilab Short-Baseline Neutrino program. MeV-scale neu-



4.5. Conclusions 174

tral states would naturally be produced in the Booster Neutrino Beam from mixing-

suppressed meson decays. To assess SBN’s potential to constrain these models, we

have estimated the dominant backgrounds and signals. Thanks to excellent particle

identification and the distinctive kinematic properties of our signal, high levels of

background suppression can be expected, allowing SBN to improve on the current

bounds on decaying sterile neutrinos over most of the parameter space.

We have shown that, in the absence of signal, SBN can place bounds on the

active-sterile mixing-matrix elements of |Ue4| ď 10´6 for mN ď 33 MeV and |Uµ4|
2 ď

2 ˆ 10´8 for mN ď 138 MeV in the N Ñ νe`e´ channels. For semi-leptonic

decays, these bounds increase up to |Ue4| ď 8 ˆ 10´10 for mN ď 388 MeV and

up to |Uµ4|
2 ď 7 ˆ 10´10 for mN ď 493 MeV. The neutral pion decay chan-

nel, N Ñ νπ0, which may be the dominant decay mode for masses in the range

m0
π ď mN ď mπ˘ `mµ, can be used to place bounds of around |Uα4|

2 ď 3ˆ 10´9.

These can be expected to be the most stringent bounds placed by upcoming ex-

periments in the region of parameter space we study here. In particular, although

significantly more sensitive for sterile neutrino masses above the kaon mass, SHiP

produces weaker constraints than PS-191 for the case of a single sterile neutrino

produced via kaon decay [198]. Any improvements in the bounds by SBN at lower

sterile neutrino masses, mN ď mK , will therefore complement the strong bounds

placed by SHiP at higher masses.6

We have also discussed searches for non-minimal models of heavy sterile neutrino

decay, which could lead to observable decays over a wide range of parameter space

which is conventionally excluded if the branching ratios are assumed to arise from

6A purpose built SHiP-style experiment situated near the beam dump of a lower energy beam

such as BNB could improve on this. Simple scaling arguments like those in Table (4.1) predict event

rates around 104 times larger than PS-191, even for steriles mN ď mK . This is not unexpected as

SHiP consists of a huge decay volume designed to search for such particle decays. Such a simple

scaling, however, does not take into consideration the complexity of working near an active beam

dump.
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the minimal model. We have shown how to map existing minimal-model bounds

onto non-minimal models and how bounds could be weakened in the case of specific

enhancements to a decay channel. This motivates the search for particle decays in

all channels over the full parameter space. We argue that some of these decay chan-

nels considered in this work are in fact poorly constrained by similar experiments,

and show that SBN could place the first direct bounds on these processes.

We have commented in detail on the phenomenological role of timing informa-

tion in this analysis. As well as providing a means of background suppression,

nanosecond scale timing resolution could allow SBN to make direct measurements

of the kinematic properties of heavy particle propagation. We have shown that if

100 events are seen at ICARUS, a 3.5 ns timing resolution would allow an observable

timing delay to be established at 3σ in 95% of experiments. We have seen that the

unique design of SBN would allow for the distribution of event times to be compared

between the nearest and farthest detectors, allowing for any model with a finite time

delay to be excluded when compared to a propagating sterile neutrino model. We

have also shown how timing information can be used in sterile neutrino mass re-

construction. For the decay N Ñ νe`e´, the inclusion of event timing information

(with an assumed 1 ns resolution) can lead to the 2σ allowed region being reduced

from around ˘300 MeV to ˘150 MeV.

We point out that this analysis is complementary to the central physics pro-

gramme of SBN — studying eV-scale oscillating sterile neutrinos — and requires

no additional detector or beam modifications. We have shown that SBN could con-

tribute valuably to the search for sterile neutrino decays-in-flight, and moreover, if

an anomalous signal is discovered, would play a central role in determining its origin,

and the necessary extension of the Standard Model.



Chapter 5

Summary
“There is no real ending.

It’s just the place where you stop the story.”

Frank Herbert

The history of the Electro-weak sector of the standard model, including the

very existence of the neutrino, has been rife with controversial, unexpected and

era-defining discoveries. In particular, in the last few decades the implications of

non-zero neutrino masses have had a large impact on the neutrino community; from

a theoretical point of view the mechanism by which they are generated is unknown,

and experimentally, it has allowed us to deeply probe the neutrino sector through

neutrino flavour oscillations. This trend of discoveries is set to continue forward,

with the first tantalising hints of CP violation in the lepton sector appearing from

accelerator and reactor measurements, along with plans well underway to discover

the neutrino mass ordering and θ23 octant.

In this thesis we have explored three distinct signatures of new low-scale physics

that would conclusively prove that we do not live in a 3ν paradigm. These were

directly measuring the 3 UPMNS neutrino mixing matrix for signs of non-unitarity,

looking for additional frequencies (corresponding to new mass-splittings) in neutrino

flavour oscillations, and finally, searching for the direct decay products of heavier

sterile neutrinos decaying into Standard Model particles.

The success of the Standard Model alongside the 3ν paradigm can correctly ex-

176
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plain the vast majority of experimental observations in the neutrino sector, and as

such it is often claimed we are in the precision era of neutrino physics. However, it

must be noted that it is necessary to invoke the assumption of unitarity in order to

provide indirect bounds on many of the 3ˆ3 UPMNS mixing matrix elements. When

this stringent assumption is relaxed, we have shown in Chapter 2, the bounds on

individual UPMNS elements increase dramatically. Although we find no evidence for

non-unitarity we must note there is significant room for new physics in the neutrino

sector, especially when one considers mixing with the tau neutrino. The canonical

way in which one can introduce non-unitarity in the 3ˆ 3 neutrino mixing matrix is

though the addition of neutral singlet states of the Standard Model that mix with

the active neutrinos. From a purely theoretical perspective, the addition of multiple

sterile degrees of freedom is very well motivated and a common feature in Beyond

the Standard Model scenario, as they can generate masses for the active neutrinos,

as well as naturally explain their smallness. Two crucial concepts that the Standard

Model as of yet has no explanation for. In addition to this, several anomalous ex-

perimental measurements suggest the existence of a light, but still massive, sterile

neutrino of O(eV2), which is in strict disagreement with the 3ν paradigm.

Sterile neutrinos, whose mass can lie at a huge variety of scales, have thus at-

tracted great attention and effort in the international neutrino community, and a

plethora of successful past, present and future experiments have arisen to search

for signs of them in the neutrino sector. To this end, Fermilab’s Short-Baseline

Neutrino program was proposed to study the possible existence of the O( eV2) light

oscillating sterile neutrino that would explain the LSND anomaly. Consisting of

three LArTPC detectors at different baselines, SBND, MicroBooNE and ICARUS,

the SBN program will have unprecedented sensitivity to neutrino flavour oscillations

at the 0.01´ 100 eV2 mass scales. SBN will be able to probe the (3+1), (3+2) and

(3+3) sterile neutrino scenarios, ruling out the vast majority of parameter space in

the event of observations consistent with the null hypothesis. On the contrary, if

the existence of one or more light sterile neutrinos are indeed confirmed by SBN,

attention will turn to precision measurements of these new sterile states. In the case
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of multiple light sterile neutrinos SBN has the potential to be the first experiment

to directly observe CP violation in the lepton sector, induced by the (3+2) sterile

neutrino scenario parameter φ54.

Although designed primarily with the observation of such light oscillating sterile

neutrino in mind, the precision LArTPC detectors that make up SBN will also be

sensitive to significantly heavier O(100 MeV) sterile neutrinos that would be pro-

duced alongside the active neutrinos in standard meson decay. These heavy sterile

neutrinos do not contribute to neutrino oscillations, but rather they are directly

observed through completely different phenomenology; their subsequent decay to

electromagnetically charged Standard Model particles. By utilising the dramatic

kinematic differences between neutrino scattering events, now a background, and

such decay-in-flight signals, we show in Chapter 4 that SBN can improve upon the

previous best bounds for sterile neutrinos below « 500 MeV, in all channels stud-

ied. This is directly complementary to the planned experiment SHiP which would

place very strong constraints on heavier, mN ě GeV, sterile neutrinos produced in

D-meson decays. SBN is extremely suited to studying this class of sterile neutrinos

by taking full advantage of the multi-baseline setup to study the sub-luminal time

of flight of these very heavy neutrinos. If sufficient timing resolution can achieved,

ď 3.5ns, we point out that such a time of flight analysis could lead to a “smoking-

gun” signature of decay-in-flight sterile neutrinos.

We are poised at the beginning of a fascinating time for neutrino physics, with

either the conformation of the LSND anomaly as a sterile phenomena, the first par-

ticle beyond the Standard Model and at the same time ruling out the 3ν paradigm,

or the exclusion of the light oscillating neutrino hypothesis. In this thesis we have

used three approaches to inform us about low-scale sterile neutrinos, their effect on

unitarity, their effect on neutrino flavour oscillations and their decay to Standard

Model particles. Measuring any one of these would invalidate the 3ν paradigm com-

pletely. We emphasise that SBN is a perfect example of a multi-faceted approach

to sterile neutrino phenomenology, allowing us to cover a wider range of potential
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sterile neutrino parameter space within the same experimental arrangement. This is

all the while undergoing intense R&D and commissioning of LArTPC detectors, pi-

oneering the technology that the next generation long baseline experiments, DUNE,

will need to have a full and comprehensive understanding of in order to probe the

neutrino sector as in depth as possible. It is during this crucial time of R&D that

phenomenological studies, such as those presented in this thesis, are of greatest use

to the neutrino community, increasing the physics goals of experiments, highlighting

possible modifications, enhancements or suggesting new search strategies entirely,

all with the end goal of exploring just what other surprises in the neutrino sector

our Universe has for us to discover.
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