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Abstract

We consider two cases of solid skeleton of porous materials: fixed skeleton saturated
with fluid in motion and deformed skeleton.

In the first case, we study a problem involving the onset of thermosolutal con-
vection in a fluid saturated porous media when the solute concentration is subject
to a chemical reaction in which the solubility of the dissolved mineral is a function
of temperature, particularly the effect of a reaction rate on the stability of the sys-
tems. We consider the Darcy model, the Brinkman model, and the Darcy model
with anisotropic permeability and thermal diffusivity. Moreover, in all models the
systems are subjected to heat on the lower boundary and salt on the upper or lower

boundary.

In chapter 2 we show that the solutions to the Darcy and the Brinkman ther-
mosolutal convection depend continuously on the reaction term when the chemical
equilibrium is a linear function in temperature by establishing a priori bounds.
While in chapter 3 we show continuous dependence of the solution to the Brinkman
thermosolutal convection on reaction using a priori bounds for the solution when

the chemical equilibrium function is an arbitrary function of temperature.

In chapter 4 we investigate the effect of the reaction terms on the onset of sta-
bility in a Darcy type porous medium using the energy method. We use the D?

Chebyshev Tau technique to solve the associated system of equations and the cor-



v

responding boundary conditions. We obtain the energy stability boundaries for
different values of the reaction terms and compare them with the linear instability
boundaries obtained by Pritchard & Richardson [83]. We find that the two bound-
aries do not coincide when there is reaction and a region of potential sub-critical

instability occur.

In chapter 5 we use the energy method to obtain the non-linear stability bound-
aries for thermosolutal convection porous medium of a Brinkman type with reaction.
We implement the compound matrix technique to solve the associated system of
equations with the corresponding boundary conditions. We compare the non-linear
stability boundaries for different values of the reaction terms and the Brinkman coef-
ficient with the relevant linear instability boundaries obtained by Wang & Tan [124].
Our investigation shows that a region of potential sub-critical instability may appear

as we increase the reaction rate.

We study the effect of the mechanical anisotropy parameter and the thermal
anisotropy parameter on the stability of a Darcy reactive thermosolutal porous
medium in chapter 6 using the energy method. Particularly, we restrict consid-
eration to horizontal isotropy in mechanical and thermal properties of the porous
skeleton. We find that the anisotropic permeability has opposite effect to that of

the thermal anisotropy parameter on the stability on the system.

In the second case, deformed solid skeleton, we study wave motion in elastic
materials of double porosity structure.

In chapter 7 we derive the amplitude and describe the behaviour of a one-
dimensional acceleration wave based on an internal strain energy function. The
overall situation is complicated as a wave moves in a three-dimensional body, there-
fore in chapter 8 we investigate the propagation of an acceleration wave in three-

dimensional fully non-linear model.
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Chapter 1

Introduction

Porous media studies are of great interest and well investigated by many researchers
due to their wide range of applications in sciences and engineering, such as mate-
rial science, filtration, petroleum engineering, etc. The Darcy and the Brinkman
equations are often considered to be the equations governing the flow of fluid in
porous media. The Darcy equation describes the proportionality of the velocity and
the pressure gradient in the direction of flow. To describe a porous flow situation
when the porosity is large, the Darcy equation is usually replaced by the Brinkman

equation, cf. Straughan [99].

Normally, a fluid in a horizontal porous medium subjected to a heat on the upper
boundary will remain in a stable state. Alternatively, if a fluid is exposed to heat on
the lower boundary, the fluid in the lower part of the layer will expand and this gives
rise to a buoyancy force which once it exceeds the gravitational force acting down-
ward will give rise to instability. This is the thermal convection problem. Thermal
convection in porous media problems and stability analysis returns back to Horton
& Rogers [40] and Lapwood [52] who examined the change of stability of fluid in a
porous medium subject to a vertical temperature gradient. This problem which is
well known as the Horton-Rogers-Lapwood problem was revisited by Nield & Bar-

letta [70] in which the effects of pressure work and viscous dissipation were included.

However, there is another kind of convection in porous media studies. Ther-

1



Chapter 1. Introduction 2

mosolutal convection or thermochemical convection is the process in which both
temperature and some dissolved mineral contribute to the buoyancy of the fluid, it
is also referred to as double-diffusive convection. If the fluid exposed to heat and salt
on the lower boundary and the salt concentration with the presence of a sufficient
heat lead to a chemical reaction so that the reaction, in the form of a buoyancy
force, overcomes the gravitational force acting downward then the system will be
unstable. While if the fluid exposed to heat on the lower boundary and salt on the
upper boundary, then the system may be stable or unstable according to whether
the salt concentration with the presence of enough heat from the lower boundary
will lead to a strong chemical reaction, in the form of a buoyancy force, to overcome
the gravitational force. The state of instability is translated as convective periodic
cells covering the whole horizontal plane. For example, the Rayleigh-Bénard con-

vection cells take the shape of hexagons.

The problem of thermosolutal convection in a horizontal layer of porous ma-
terial saturated with an incompressible fluid has attracted the attention of many
writers, see e.g. the account in Straughan [100]. An important class of such prob-
lems involving a chemical reaction with the solute has attracted recent attention,
with Pritchard & Richardson [83] tackling the problem in a Darcy porous layer,
Wang & Tan [124] analysing the analogous problem in a Brinkman porous layer,
while Malashetty & Biradar [60] studied the equivalent problem in a Darcy layer
but when the permeability and thermal conductivity are anisotropic. All of these
writers assumed the chemical equilibrium function which arises in the conservation

law for evolution of the solute field is linear in the temperature field.

This thesis consists of three parts related to porous media and stability. To
be clear on what we mean by stability, we observe that asymptotic stability of a
solution to partial differential equation means that the solution decays with time
for all possible disturbances. The system is called unstable if for any perturbation
the solution grows with time and will not return to the normal or original state, cf.

Straughan [99,100,103].
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The first part, chapters 2 - 3, represents the qualitative analyses of stability.
A mathematical model such as these involved in the convection studies mentioned
above, [83], [124], [60], is only reasonable if one can establish respectable properties
of the solutions to the equations governing the model. The question of continu-
ous dependence of the solution on the reaction rate is one which belongs to the
general class of structural stability problems. Structural stability(or continuous de-
pendence on the model itself) is one of major importance and it may be argued that
it is as or more important than the widely accepted notion of stability as contin-
uous dependence upon the initial data, cf. Hirsch & Smale [39]. Within the field
of continuum mechanics Knops & Payne [48] made a major contribution studying
structural stability in elasticity, and the same writers improved their estimates in
Knops & Payne [49]. Further continuous dependence on modelling in continuum
mechanics is due to the work of Payne [74-76], Payne, Song & Straughan [78],
Straughan & Hutter [110], Lin & Payne [53,54], Tu & Lin [118], Liu, Du & Lin [57]
and Straughan [102]. Since then there have been very many articles dealing with
questions of structural stability in continuum mechanics many of these are described
and/or reviewed by Payne & Straughan [79-81], Gentile & Straughan [36] and in the
books of Straughan [100,103]. The qualitative analysis is needed to assess models
before the numerical work and therefore the first part of this thesis is devoted to

precisely this goal.

The second part, chapters 4 - 6, represents the quantitative stability analyses
of the models. It is an investigation on the onset of double diffusive convection or
thermosolutal convection in the Darcy and the Brinkman porous media. In partic-
ular, we are considering the effect of chemical reaction on the stability of fluid flow
in saturated porous media of Darcy and Brinkman types. Nield [69] carried out the
first linear instability analysis of a double-diffusive system in a porous layer. He
showed that the oscillatory instability may be possible when a strongly stabilizing
solute gradient is opposed by a destabilizing thermal gradient. He used a Fourier

series method to obtain the eigenvalue equation which involves the thermal and so-
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lutal Rayleigh numbers. Then subsequent development of Nield [69] work is carried
out by Rudraiah et al. [92].

Wollkind & Frisch [125] carried out the earliest analysis of reactive effects on con-
vection in a fluid layer. They investigated the stability to infinitesimal disturbances
of a horizontal layer of dissociating fluid heated from below or above. They used a
normal mode linear perturbation analysis. Their result shows that for a nonreactive
fluid layer heated from below there is a slight departure in the onset of convective
instability from the classical Bénard problem. The same authors extended the lin-
ear perturbation problem in Wollkind & Frisch [126] to include a nonlinear stability
analysis of a horizontal layer of dissociating fluid, heated from above or below. Then
Bdzil & Frisch [8] did a complementary work in which they performed a linear sta-
bility analysis where the fluid was catalysed at the lower boundary of the layer. The
same writers developed the previous work in Bdzil & Frisch [9] and simultaneously a
similar work carried by Gutkowicz-Krusin & Ross [38]. See also Nield & Bejan [71],
Ingham & Pop [44,45], Vafai [121,122] and Vadasz [120]. Many recent studies in

double and multi-component convection are accomplished by Rionero [85-87,89].

Regarding reactive convection in a porous medium, the first study was due to
Steinberg & Brand [96,97]. They presented a linear instability analysis of a reac-
tive binary mixture in a rectangular box with fast chemical reaction in a porous
medium heated from below or from above. More studies were carried out by Gat-
ica et al. [33,34], Viljoen et al. [123] and Malashetty & Gaikwad [59]. Pritchard &
Richardson [83] explored a model similar to that of Steinberg & Brand [96,97]. They
considered the Darcy model to study the onset of thermosolutal convection of a bi-
nary fluid in a horizontal porous layer subject to fixed temperatures and chemical
equilibrium on the bounding surfaces, when the solubility of the dissolved compo-
nent depends on temperature. They used a linear instability analysis to study and
develop understanding on how the dissolution or precipitation of the solute affects
the onset of convection. Wang & Tan [124] extended the previous work of Pritchard
& Richardson [83], in which Wang & Tan [124] considered the Darcy-Brinkman
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model for a sparsely packed porous medium. They discussed how the onset of
double-diffusive convection varies with the Darcy number, the Lewis number and
the reaction term. They derived a non-dimensional model of double-diffusive convec-
tion with thermally controlled equilibrium solubility on the basis of the Brinkman
model. Then, they used the normal mode analysis to carry out a linear instability

analysis.

Recently, many research articles investigated convection in anisotropic porous
materials. A well documented review of research articles on convective flows in
anisotropic porous media can be found in Storesletten [98]. Malashetty et al.
31,32, 61] studied the onset of double diffusive convection in anisotropic porous
media with different effects, like rotation, cross-diffusion effects, and soret effect.
Recently, Malashetty & Biradar [60] studied the onset of double diffusive reaction
convection in anisotropic porous layer of Darcy type. Srivastava & Bera [95] consid-
ered the onset of thermosolutal reaction convection in a couple-stress fluid saturated
anisotropic porous medium. Gaikwad & Begum [30] investigated the onset of a rotat-
ing double-diffusive reaction convection in anisotropic Darcy type porous medium.
The authors in the six articles mentioned above used a linear theory and a weak
non-linear theory to study the stability. The linear analysis is based on the normal
mode technique, while the non-linear analysis is based on a truncated Fourier series

representation.

We are studying non-linear stability using an energy stability technique which is
used extensively by, for example, Amendola & Fabrizio [3], Amendola et al. [4,5],
Capone et al. [15,16,18], Capone & De Luca [17], De Luca [24], De Luca & Rionero
25], Lombardo & Mulone [58], Rionero et al. [88,90,91], and Straughan [99,100,105].
The aim of our study is to obtain the nonlinear stability boundaries below which
the solution is globally stable using the energy method and to investigate the effect

of the chemical reaction on the onset of stability.

The third part of this thesis, chapters 7 - 8, deals with acceleration waves be-
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haviour in non-linear elastic double porosity materials. This direction of study takes
our attention due to its great importance in real life situations, for example, in civil

engineering and geophysics.

1.1 Notations and Preliminaries

Let Q be a bounded domain in R? with boundary I' smooth enough to allow the
application of the Divergence Theorem. Throughout this thesis we use standard
indicial notations and Einstein summation convention is used for repeated indices,
where Roman indices run from 1 to 3 and subscript , i denoting 0/0x; and subscript
,t denoting 0/0t. Standard vector and tensor notations also used throughout, for

example, the divergence of a vector field is defined by

divv=uv,=— =Y~

e 8% =1 8xz
The Laplace operator acting on a general function f is defined by

0*f O*f  O*f
Af=fa= 922+ 0y? o

Moreover, the horizontal Laplacian is defined by

0? 0? 0?
AN—pn- L T P
022 Ox? + oy?’

from which we define a new operator D to be

D=—.
dz

In addition we denote the inner product on the space L*(€2) by (-,-) and we denote

the associated norm by || - ||. For example, if f and g € L?(£2), then

(f.9) = /Q fgdv,

and the norm of a function f is defined by

1]l = / f2av.
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For later purposes, we recall the following inequalities,

Poincaré inequality is defined as
Il < CIVII, (1.1.1)

for functions f which vanish on at least a part of I' and (' is a constant depending

on ). While Cauchy-Schwarz inequality is

fmars () ([

or in terms of L? norm and inner product notation it may be written in the form

[(Foal < I fIllgll- (1.1.2)

The Arithmetic-Geometric Mean inequality is

1
ab < —a® + g62, for any a,b,a > 0. (1.1.3)
2c0 2

The Young’s Inequality is
ab? bl

ab < — 4+ — | (1.1.4)
p q
where a and b are nonnegative real numbers and p and ¢ are positive real numbers
such that
1 1
-+-=1.
p g

Moreover, the Sobolev inequality is defined as

Iflla <&IVAL, (1.1.5)

for £ > 0 depending on €2, and for functions f which are zero on at least a part of

I

To this end, we recall two lemmas, which are useful in our subsequent analysis.
The first one arises from a Rellich identity, Payne & Weinberger [82], and may be
found in Payne & Straughan [80], inequality(A10).

Lemma 1 Let ¢ be a harmonic function in €2 with boundary values M,

1.€.
Ad=0in Q,
(1.1.6)
¢=M(x,t)onT.
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Then one may derive explicit constants ¢, and cy such that

2
Vo +017{ (?) dA < @j{ |V, M|*dA (1.1.7)
r n r

where n 1s the unit normal vector and V¢ denotes the gradient in suitable

orthogonal tangential directions to the unit normal.
The second lemma may be found in Payne & Straughan [80], inequality(A12).

Lemma 2 Let 1 be the torsion function which satisfies the boundary

value problem
AYp=—1,1in
(1.1.8)
=0, onl.
Then by the maximum principle 1» > 0 in €2, and for a function ¢ satis-

fying problem (1.1.6) one has

2 (6V6, V) + []° < v 7{ M2dA, (1.1.9)
T
where
0
U1 = mal’r’a—;ﬁ\- (1.1.10)

The reader may refer to appendix A for the proofs of the two lemmas.

1.2 Bénard Problem and Navier-Stokes Equations
While we are interested in the effect of a chemical reaction it is useful to introduce

the basic equations for thermal convection in a viscous fluid without such a reaction.

1.2.1 Basic Equations

In general, the equations for evolution of the velocity v and pressure p, have the

following forms of the Navier-Stokes equations
p (Vig + vjviy) = —pi + pdv; — gkip , (1.2.1)

vis =0, (1.2.2)
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where p is the density, g is the gravity, p is the effective viscosity, and k; = (0,0, 1).
In general, the density of the fluid changes with temperature. Then we adopt a

linear relation for the density of form
p(T) = poll - a [T~ Ty (1.23)

here « is the coefficient of thermal expansion and py and Tj are constants. Then we
adopt a Boussinesq approximation which roughly states that we cannot ignore the
temperature in the expansion term gk;p in (1.2.1) but we may ignore the temperature

in the inertia term p (v;; + v;jv;;) . In this case we may replace equation (1.2.1) by
po (Vig + 050 5) = —pi + pAv; — gkipo (1 — [T —Tp)) . (1.2.4)

The transport of heat equation is
T, +vT; = kAT | (1.2.5)

where k is the heat effective diffusivity.

1.2.2 Bénard Problem

The whole system consists of equations (1.2.4), (1.2.2), and (1.2.5) as follows
po (Vig +vjvi5) = — pi + plAv; — gkipo (1 — T — Tp])
v =0 (1.2.6)
T+ vT; =kAT.
Equations (1.2.6) is a system of 5 equations in 5 unknowns, vy, ve, vs, p, and T. We

will use the standard Bénard problem for system (1.2.6) to explain the method used
to find the stability and instability boundaries.

As the temperature gradient acts vertically, we consider T to depend on z only.

In the steady state we are looking for

=0, T=T(z), p=pl2). (1.2.7)

T depends only on z, so equation (1.2.6)3 is kAT = 0, which reduces to d*T'/dz* = 0,

in which the solution is 7' = az + b. Using the boundary conditions

v;=00n 2=0,1,
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T=1T,0n2=0,
T=Tyonz=d,

where the parameters 77, and Ty are constants and 77, > Ty, imply b = T}, and

a=—(Ty, —Ty)/d = =0, here (3 is the temperature gradient. Then
T = —BZ + TL.

Moreover, p depends on z, reduces the momentum equation to

s
d—]: = —gpoafz — gpo (1 — a[Ty, — Ty)),

which gives a quadratic form of solution for p

1

p@%Z—§mwM%2—gm(1—aﬁi—7H)Z+Aw

where A is an arbitrary constant.

1.2.3 Perturbations and Non-dimensionalisations

To study the stability, we have to introduce perturbations to the steady state in the
form

vi=v4u, T=T+0, p=p+m.

Employing these into the system (1.2.6) with the use of the steady solution, gives

the full system of perturbation equations in terms of u;, 7, 6, in the form

1
Uit + UjU; 5 = — p—ﬂ,i + gak;0 + vAu; ,
0

u;; =0 , (1.2.8)

G,t + uﬂ,i :511) -+ kAG s

where v = p1/py and w = ug.

By introducing the non-dimensionalisations

d> v pov? V33
= *d t:t*— ’L: >f<—’ ot * R 0:9* —_—,
x=x y T T TR gkd2a
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9 %99

the system of non-dimensional perturbation equations is, after dropping the ,
Wiy +uu;; = —m,; + Au; + R0,
ui; =0 (1.2.9)
Pr0;+u0,;) =Rw+ A,
where Pr = v/k is the Prandt]l number, and the Rayleigh number Ra is defined by

Ra = R? = d*gaf3/kv. The corresponding boundary conditions are

Wy, =w=0=00n2z=0,1. (1.2.10)

1.2.4 Boundary Conditions

We have to introduce the derivation of two kinds of boundary conditions due to the
importance of distinguishing between the use of them in different systems of porous
media. For example, in chapters (4) and (6), we assumed the porous medium has
low porosity structure in which the Darcy model is applicable. While in chapters
(3) and (5), we assumed that the porous medium has a high porosity structure in
which the Brinkman model is relevant. The Darcy model requires just one veloc-
ity boundary condition because it has no velocity derivative terms. On the other
hand, the Brinkman model contains velocity derivatives term of second order which

requires two velocity boundary conditions.

Fixed (No-Slip) Boundary Conditions

To derive the no-slip boundary, we assume that the fluid has zero velocity at the

boundary, i.e. v; = 0. Then we have that

v=0, (1.2.11)
w=0onz=0,1,

and we know that in €2,

Ju n ov n ow 0
or oy 0z
therefore by continuity,
u v 00, (1.2.12)

oz Toy T oz
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By differentiating (1.2.11); w.r.t  and (1.2.11)y w.r.t y, implies that Ju/0x =
Ov/0y =0 on z =0, 1. Using this result in (1.2.12) leads to dw/0z =0 on z =0, 1.

It follows that the no-slip boundary conditions for w are

w=0, w,=0, onz=0,1

Stress-Free Boundary Conditions

For a free-surface the stress vector t; = 0 on the boundary, i.e. t; = t;;n; = 0on z =
0,1, where

tij = 2,Udl] — 7T51'j s (1213)

is the stress tensor and d;; = 1/2(u;; + u;;), and again we assume that the fluid
velocity at the boundary is zero, w = 0 on z = 0,1. Since we need to obtain the
boundary conditions for w, we set j = 3 in (1.2.13), then when i = 1 and i = 2,

(1.2.13) gives
ou  Ow

t13 = [L(U1,3 + Ug,l) = /L(& + %) =0onl s (1.2.14)
and
ov  Ow
tog = M(Ug,g + Ug,g) = M(& + a—y) =0onTl , (1.2.15)

where we have used the fact that 6;; =0, if i # j.
But w, =0on I and w, =0 on I'. Using these in (1.2.14) and (1.2.15) we obtain

u,=0onl,

(1.2.16)
v,=0onTl.
We know that u, +v, +w_, =0 on I', by differentiation w.r.t. z, gives
Ugs +Vy, + W, =0o0n T (1.2.17)

Employing (1.2.16) in (1.2.17) gives

then

w,, =0onl.

It follows that the stress-free boundary conditions for w are

w=0,w,,=0,o0nz=0,1
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1.2.5 Linear Instability

To find the linear instability boundaries of the system (1.2.9), we have to drop the

nonlinear terms
ui,t = — 7T,i + Auz + Rk:ﬂ s

— (1.2.18)
P?”Qt =Rw + A6,

Because system (1.2.18) is linear, using separation of variables, we may write
u; = e”uy(x) , T =e'r(x), 0 =e"0(x), (1.2.19)

where ¢ is the growth rate. The terms in (1.2.19) are called Fourier modes and
the full solution is a combination of modes, i.e. u;(x,t) = 3°°_ ey (x). We will
consider only (1.2.19) because one term is sufficient for instability.
Employing (1.2.19) in (1.2.18) gives

ou; = — m; + Au; + RE;0

u;; =0, (1.2.20)

Pr o0 =Rw + AG.

1.2.6 Exchange of Stabilities

The idea is that the growth rate o is complex, ¢ = o, + i0; with o, , 0; € R.
The principle of exchange of stabilities holds if o; # 0 = o, < 0. If g, > 0 then
the system is unstable for all possible perturbations and any instability in this case
is called an overstable oscillation. The instability boundaries therefore occur when
o, = 0. While if o; = 0 always, i.e. ¢ € R, then exchange of stabilities always holds,
cf. Straughan [100] and Chandrasekhar [19].

When thermal convection commences, the fluid is seen to form regular patterns
known as convection cells and these are periodic in the (z,y) plane. We assume
that u, 6, p have an (x,y)—dependence consistent with one that has a repetitive
shape that tiles the plane, such as two-dimensional rolls or hexagons. The hexagon

solution was originally given by Christopherson [22] namely,

1 1
u(z,y) = cos 5@(\/395 + y) + cos 5@(\/§x —y) 4 cosay . (1.2.21)
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In particular, the (x,y)—dependence is consistent with a wavenumber, a, for which
u satisfies the relation A*u = —a?u, where A* is defined in section(1.1). Whatever
shape the cell has in the (z,y)—plane, its Cartesian product with (0, 1) is the period
cell V.

Let V' be a period cell for the solution and let system (1.2.20) be complex,
i.e. u; = ul +dul, with similar expression for 6. Multiply equation (1.2.20); by u} =
u? —iu!, which is the complex conjugate of u;, and integrate over V. Likewise multiply
equation (1.2.20)3 by #* = 6" — i’ and integrate over V, where |lu|]* = [, uu;dV’
and ||0]|* = [,,06*dV. Considering the periodicity in the x and y directions and
adding the results, we find that

o ([lal* + Priglf) = — [[Vul|* — [ Vo||*
+ R[(0w") + (wb")] ,

(1.2.22)

where Ouw* + wh* = 2 (0,w, + 0;w;) € R. Since 0 = o, + i0;, by considering the
imaginary part of (1.2.22), i.e. o; (||u]|* + Pr||6]|*) = 0, because (||ul|* + Pr||0]|*) #
0 implies that o; = 0. Therefore ¢ € R. We are interested to find the boundary
where o changes from negative to positive. Therefore, we set ¢ = 0 in (1.2.20) and
the system reduces to
i =Au; + Rk;0
- (1.2.23)
0 =Rw + A6.
Taking the double curl of (1.2.23); reduces system (1.2.23) to
A*w + RA*0 =0,
(1.2.24)
Af + Rw =0,
where A* is the horizontal Laplacian. Write w = W (z) f(z,y) and 0 = ©(z) f(x,y),
where f is a plane tiling function of the form f(z,y) = @ *+™) and A*f = — (1> +
m?)f = —a®f; a is the wave number. Then system (1.2.24) is
(D? - a®)*W — Ra®0 =0 ,

(1.2.25)
(D?—a?) © + RW =0 ,
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which is an eigenvalue problem for eigenvalue R, where D = d/dz and A = D?* —
a®. Considering the boundary conditions, we may write W = Wsinnrz and © =
Osinnnz. Employing these, system (1.2.25) may be written in a matrix form as

A

A?> —Ra? %%

.| =0,
R —A )

where A = n?7% + a?. Setting the determinant of the matrix to zero gives

(n27r2 + CL2)3
—

R =

a

To find the value of R for which the instability first occurs, we have to minimise >
in n? to find that the minimum is when n = 1, further minimization in a? yields

a?., = m/2, and the corresponding minimum R value is R?,, = 277 /4.

crit T crit
This linear value of R guarantees instability, i.e. for all R > R..; the system is
unstable but we can not determine whether the system is stable or not for R < R
using the linear method. Therefore, we will use the energy method to obtain the

nonlinear boundary below which the solution is stable.

1.2.7 The Nonlinear Stability

For the problem in hand (1.2.9), Straughan [99] used the energy method to find
the nonlinear stability boundary. Considering a period cell V', multiply equation
(1.2.9); by u; and equation (1.2.9)3 by # and integrate over the domain using the
integration by parts, the divergence theorem and the suitable inequalities. Then,

form the energy identity by adding the obtained equations

dE
—=RI—-D 1.2.26
- , (1.226)
where ) p
B ==llall? + Z1g112
(1) =3Il + =617
D(t) =[Vul* + Ve]* ,
I(t) =2(0,w).
Define Rg by
L 1 1.2.27
i = max - (1.2.27)



1.2. Bénard Problem and Navier-Stokes Equations 16

where H = {(u;,0)|u;,0 € H(V),u; =0,06 =0 on '}, and w;, 6 are periodic in
and y. Returning to the energy identity

dFE 1
—=R—-D-D
dt D
1
< ) =
_RDmgx(D) D
R
=—D-D
Rg

o(-£)

Now, if R < Rg, then 1—(R/Rg) > 0,say that 1—(R/Rg) = (Rg—R)/Rg = a; > 0,

implies
dE
Using the Poincaré’s inequality, one can find a bound for D, and then from (1.2.28)
we obtain
dE 5
% < —&1D < —2a1k7r E(t) = ,ulE(t) N (1229)

where k = min{5-, 1}. Integrating (1.2.29) yields
E(t) < E(0)e"", (1.2.30)

Inequality (1.2.30) shows that F(t) — 0 as t — oo, and then [[u(¢)||* — 0, and
160()]> = 0 as t — oo.
The maximum (1.2.27) requires Rgdl — 6D = 0. Using Calculus of variation, we

obtain the following Euler-Lagrange equations

— (1.2.31)
A0 + Rpw =0.

These are the same as the linear instability equations (1.2.23). Thus in this case, the
linear instability Rayleigh number is equivalent to the nonlinear stability Rayleigh
number, i.e. R, = Rg. This means that, for the problem in hand the linear insta-
bility boundary coincide with the nonlinear stability boundary and that there is no
region of potential sub-critical instability. The system is stable for R? < 277*/4 and

it is unstable for R? > 277*/4. Which is not always the case, in general Ry > Rp.
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In chapters (4), (5) and (6) we investigate thermosolutal convection models where
the two boundaries do not coincide and a region of potential sub-critical instability

reveals.

1.3 Overview

Our work in chapters 2-6 is an extension of the work done by Pritchard and Richard-
son [83]. Indeed, we are working on the model proposed by them and a generaliza-
tion. We consider the system of basic equations for double diffusive convection in
porous media of Brinkman and Darcy type with a chemical reaction in a domain
2 x (0,7) for some T < 0.

Our models consist of either the Darcy equation with the density in the buoyancy

term as a function of temperature and salt concentration

pi = =720 = poll — ar(T = Tb) + ac(C = Co)lghi | (1.3.1)

or the analogous Brinkman equation

Pi = =720+ M, = pof1 — ar (T = Ty) + ac(C = Co)lghi . (1.3.2)

the continuity equation

vii =0, (1.3.3)

the advection-diffusion equation for the transport of heat

1
Mrt + Uiri = kZTAT 3 (134)

and the advection-diffusion equation for the transport of salt with reaction term
¢C; +v:Cy = ohc AC + k[Ceo(T) — C] (1.3.5)

where the quantities p,v;, T, C' are pressure, velocity, temperature and salt concen-
tration, K is the matrix permeability, u is the fluid viscosity, pg is the fluid density.
The coefficients k¢, kr are the molecular diffusivity of the solute through the fluid
and the effective diffusivity of the heat through the saturated medium, respectively.
The quantity M is the ratio of the heat capacity of the fluid to the heat capac-

ity of the medium, the matrix porosity gg is the ratio of the volume of the fluid
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to the total volume of the fluid and the solid, k is the reaction coefficient, and
Cey(T) = fo+ f1(T' — Tp) in Pritchard & Richardson [83] and Wang & Tan [124],
where fo, fi and T are constants. Moreover, g is the gravity, k = (0,0,1) and ar
and a¢ are the thermal and solutal expansion coefficients respectively. The term A
is the effective viscosity (Brinkman coefficient), for Darcy type problem A = 0 and
for Brinkman type problem A # 0.

We impose the following boundary conditions for the Darcy model

T=T,onz=0andT =Ty on z =d,
vn,=0onz=0and z=4d , (1.3.6)
C=Cronz=0and C=Cyponz=d,

while the analogous boundary conditions for Brinkman are

T=T,onz=0and T =Ty on z =d,
v, =00onz=0and z=d, (1.3.7)
C=Cronz=0and C=Cyonz=d,

with T, > Ty since our systems are heated below, where 17, Ty, Cp,, Cyy all constants
and n is the unit normal vector to I'. Moreover, the fluid occupying a horizontal layer

(z,y) € R? 2z € (0,d) and the equations are taken in the domain R?x (0, d) x {t > 0}.

The reason for imposing the boundary condition v;n; = 0 for Darcy and v; = 0

for Brinkman is that, the Darcy model only has the term v; which does not require
specification of each component of the velocity vector only the normal component.
The Brinkman system has the Awv; term which because of the second derivatives
requires specification of all components of the velocity vector.
For the salted above porous medium Cy > C}f, while Cf, > Cy for the salted below
case. Following Pritchard & Richardson [83], Wang & Tan [124], and [60,95], it is
assumed that the equilibrium solute concentration is a linear function of tempera-
ture so that Cey(T') = fo + f1(T —1p). The following lines will explain in detail how
the form of C(z) is obtained and the key point in which Pritchard & Richardson [83]
and Wang & Tan [124] assume that C.,(T) = C(2).
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In the steady state, we look for

v; =0,
T =T(2), (1.3.8)
C =C(2)

Equation (1.3.3) is automatically satisfied i.e.,

— a'Ijl 8?72 8173

ii= o+t +—5-=0,

v, ox + dy + 0z

since ¥; = (¥, Va, 3) = (0,0,0) . Now considering equation (1.3.4), T is a function
of z and so 9T /0t = 0, also v; = 0 therefore ;0T /0z; = 0, and so we are left

with % + ?;—y:gf + %25 = 0, therefore d*T'/dz? = 0, which has the form of solution,

T(z) = 1z + po, where p; and po are constants of integration and we have to find
them using the boundary conditions (1.3.6), T(0) = T, and T(d) = Ty. It follows
that

- T, — T,
T(z):TL—<%)z ; I > Ty .

Which can be written as

_ T, — T,
T(z)=—Prz+1TL; Br = Ld v

. (1.3.9)

Considering equation (1.3.5), we know that C' = C(z) and v; = 0, which implies
that 9C' /0t = 0, 1;0C /0x; = 0, and AC = d>C/dz?, so we have left with

% + ¢% [C.q (T) —C] =0. (1.3.10)
Suppose that C,,(T) is a linear function in 7', i.e. 3 pg , pg such that
Ceg(T) = 13T + pua.
Put A% = (ijic, then equation (1.3.10) becomes
C" — AC = —ACoy(T) = —A* (usT + pa) = — A (s {Brz + T} + pa]

So, the steady state solution for C'(z) is found from

Cvl/ - A2C_’ = —Az,ugﬁTz — A2 (/LgTL + ,u4)
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which can be written in the following form
C" — A*C = —psz — g (1.3.11)
The solution to equation (1.3.11) will be the following
C(z) = pgsinh(Az) + 1o cosh(Az) + Coarticular solution- (1.3.12)

Try C_’particular solution = J72+ g, where p7 and g are constants, substitute in (1.3.11)
and equate the like terms in order to find the values of 7 and ug. Therefore the

solution (1.3.12) will be

C(z) = pgsinh(Az) + o cosh(Az) + %Z n %

Employing the boundary conditions (1.3.6), C'(0) = C, and C(d) = Cy, the follow-

ing values of uy9 and pg are obtained

pio = Cp, — %7
o = Cy — ASQd — 45 — (O — 4¢) cosh(Ad)
) sinh(Ad) '
Hence ;
_ Cpy— B2 B _ (O — & h(Ad
Clz) =L AT A7 ( i) cosh(4d) sinh(Az)
u ps |
+ [C’L — A—g} cosh(Az) + A_ZZ + A—62.

The steady state solution for C(2), equation (1.3.13), is quite complicated. The
key point is that, for the Darcy model of Pritchard & Richardson [83] and also for
the Brinkman model of Wang & Tan [124] they assumed that C.,(T(z)) = C(z).
So that AC' = 0, then usT + py = C(z). Hence, by employing equation (1.3.9),
C(2) = —usPrz + ps + psTr, which can be written as

C(2) = —p112 + ph2- (1.3.14)

To find the values of the constants 17 and 12, the boundary conditions (1.3.6) have
to be employed, C'(0) = O, and C(d) = Cy, to obtain

_ Cr—Cy

C(2) = =foz+Cr; fo=—— (1.3.15)
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Since in the steady state 0p/0x = 0p/0y = 0, the momentum equation (1.3.1),

becomes
oD _ _
8_]: = —gpo[l — ar(T = Tp) + ac(C — Cy)]. (1.3.16)
Using the solutions (1.3.9) and (1.3.15), the momentum equation (1.3.16) will be
95
3_Z = —gpo[l — ar(Ty, — prz — Ty) + ac(—Becz + CrL — Cy)]. (1.3.17)

Integration of (1.3.17) gives p as a quadratic function of z of the form

P(2) = w132 + paz + pus

where j113 , p14 , and py5 are constants of integration.

In chapter 2 we show continuous dependence of the solutions to the Darcy and
the Brinkman thermosolutal convection models on reaction when the chemical equi-
librium is a linear function in temperature. While in chapter 3 we prove continuous
dependence of the solution to the Brinkman thermosolutal convection on reaction

when the chemical equilibrium is an arbitrary function of the temperature.

Chapters (4 - 6) represent quantitative data analysis. In chapter 4 we assume
that the porous medium has low porosity structure and therefore, we use the Darcy
thermosolutal convection system with the presence of reaction to study the onset of
stability and the effect of increasing the reaction rate on the critical Rayleigh num-
ber. When the porosity is high, we replace the Darcy equation with the Brinkman
equation and we study the effect of the reaction rate and the Brinkman coefficient
on the stability of the system. This is the content of chapter 5. Moreover, we assume
that the porous skeletons in chapters 4 and 5 are fully isotropic, which is not always
the case. Therefore, in chapter 6 we study the onset of thermosolutal convection
with reaction in a Darcy porous medium with anisotropic permeability and thermal
diffusivity. Particularly, we investigate the effect of the horizontal isotropy in the

mechanical and the thermal diffusivity tenors on the stability of the system.

In the last two chapters (7-8), we move away from convective fluid motion and we

turn our attention to studying the behaviour of the acceleration waves in nonlinear
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elastic materials. But we are still in the field of porous media studies, particularly
in materials of double porosity structures. In chapter 7 we obtain the amplitude
and the behaviour of a one dimensional acceleration wave, while in chapter 8 we

investigate the behaviour of a three dimensional acceleration wave.



Chapter 2

Continuous Dependence of Darcy
and Brinkman Convection on

Reaction

2.1 Introduction

In the current chapter, we analyse the general structure stability for a problem of
continuous dependence on the reaction term for a model of flow in a porous medium
of a Brinkman and/or a Darcy type for double diffusive convection by establishing
a priori bounds for the solution. In the model we adopt, the chemical equilibrium
is taken to be a linear function in temperature. We consider a saturated porous
medium occupying a bounded three-dimensional domain 2 with boundary I' smooth

enough to allow the application of the Divergence Theorem.

2.2 Basic Equations

We are investigating systems of equations consisting of either the Darcy equation
or the Brinkman equation with the density in the buoyancy force depending on the
temperature and salt concentration, the conservation of mass, the energy balance
and the conservation of solute equation. For the problem in hand, where x € () and

t denote the time, such that 0 < ¢ < 7T for some T < oo, the Darcy system with the

23
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corresponding boundary and initial conditions may be written as

0
P — RTg: - R,Cg; — v,
8[[‘1‘
Ov;
av =0
T
a1 L a7 or (2.2.1)
o TVig— = ;
oC oC
— + Levi— = AC + 1T — hC,
ot e ox; *
with boundary conditions
T=Tg C=Cp, vin=00nT x[0,T) (2.2.2)
and initial conditions
T(x,0) =Ty(x), C(x,0) = Cy(x), x € Q. (2.2.3)
The analogous Brinkman system is
dp
= RTg; — R;Cg; — v; + Ay,
8:132-
dv;
av .
T
a7 N or o (2.2.4)
ot " om T
oC oC
— + Levy— = A IT — hC,
€1 T + Lev oz, C+ C
and the corresponding boundary conditions are
T=T5 C=Cg, v;=00nT x[0,7) (2.2.5)
and initial conditions
T(x,0) =Ty(x), C(x,0) = Cp(x), x € €. (2.2.6)
Where g; is vector representing the gravity field and we may assume that
9| <G (2.2.7)

for some constant G, without loss of generality and €; is a positive constant. The

quantities p,v;, T, C' are pressure, velocity, temperature and salt concentration, R
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and R, are Rayleigh numbers for temperature and salt respectively, | and h are
the reaction terms, Le is the Lewis number, and A is the effective viscosity term
(the Brinkman coefficient), for Darcy type problem A = 0 and for Brinkman type
A # 0. Therefore, I will handle the general case and I will work on system (2.2.4)
and the corresponding boundary and initial data (2.2.5) and (2.2.6). The term [T
represents the chemical equilibrium function, C,,, in Pritchard & Richardson [83],
Wang & Tan [124] and Malashetty & Biradar [60]. Moreover, Tg, Cg, Ty and Cj are
prescribed functions and n is the unit normal vector to I'. Throughout, we let ||.||,
denote the norm on LP()), p > 2. Moreover, let the boundary-initial value problem

comprised of equations (2.2.4)-(2.2.6) be denoted by P.

2.3 A priori Estimates

To show continuous dependence of the solutions to (2.2.1) and (2.2.4) on the reaction

terms h and [, we need estimates for the temperature 7" and salt concentration C'.

2.3.1 A priori bounds for ||T|J?* [|C|? f(fHTHst, fOtHCH2dS,
Jy IVCIPds, [ 9T |Pds

To find the estimate for C, we introduce a function ¢ (x,¢) as a solution to the

boundary value problem

AD =0 in Q, (2.3.1)

®=Cgonl, (2.3.2)

and similarly, to find the estimate for 7', we have to introduce a function © (x,t) as

a solution to the boundary value problem

AO =0 in Q, (2.3.3)

©=Tgonl. (2.3.4)

The reason for introducing these functions is, because we know that on the boundary

[, the term (C' — ®) = 0. Therefore using integration by parts and with the aid of
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the Diwvergence Theorem, we show
/Q(C—CID)ACda::/QV[(C—QD)VC]dx—/QVC’.V(C’—q))dx.
Applying the Divergence Theorem to the first term on the right hand side, we obtain
/Q(C—CD)ACdxzjggg(C ®)dA — /]VC| d:ic—l—/VCV(I)dx (2.3.5)

Since C'— ® = 0 on I' the boundary term is zero. Then, the last term of (2.3.5) is

/ VO Vodxr = / V(CV®P)dx — / CAdPdzx. (2.3.6)
Q Q Q
Since A® = 0 in 2 the second term on the right is zero, we see
d
/VC.VCI)d:B = fCa—dA (2.3.7)
Q (971

Thus, putting (2.3.7) into (2.3.5), we find

o
/ (C — ®) ACdz = —/ IVC2dx + 75 9%
Q Q r a

The same reason applies for introducing the function ©. Now, we form the combi-

nations
t
/ / (C—d) (61075 + Lev;C; — AC = 1T + hC) dxds = 0, (2.3.8)
Q

and

/ / (T —0)(Ts+vT; — AT)dzxds = 0, (2.3.9)

where t is some number such that 0 <t < 7.
Next, integrate by parts in (2.3.8) and employ the boundary condition (2.3.2) to

obtain

1 1 ¢ ¢ ¢
561”0”2 — 561”00”2 + HVCHQCZS - / (C, ZT) ds + / (C, hC) ds
0 0 0
¢ ¢
— €1 (D,C0) + €1 (9o, Cp) + €1 / (®5,C)ds — Le/ / Pv,C ;dxds (2.3.10)
0 0 Jo

/fc—dAdH/ (@,lT)ds—/Ot (®,hC) ds = 0.

We now multiply equation (2.2.4); by wv;, integrate over 2 and employ the the

Poincaré Inequality and Cauchy-Schwarz Inequality to see

VP + MV < Ivl? + AV < RGITHvIE+ RG]
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which implies
(1+ XM\ ||v]| < RG|T|| + RsG||CY, (2.3.11)

where \; is a constant depends on the geomerty of the domain. Squaring both sides

of (2.3.11) and then applying the Arithmetic-Geometric Mean Inequality gives

1
L+ AN II? < RGHTIE + 2rR.G* (T + JICI?) + RGO,

Rs

where v > 0 is a constant to be selected. If we choose v = 2=, we obtain

(1+ M) v]]? < 2R2GH|T|? + 2R*G?| C|%. (2.3.12)

Then, we have to bound the cubic term in equation (2.3.10). To do this, let ®,, be
the maximum of Cg on I' x [0, 7] which exists by the mazimum principle (Protter

and Weinberger [84]). Then,

t t t
//(I)viQidxds < q»m\// |yvu2d5/ IVC|P2ds
0 Q

V200G \// R2||T||? + R2||C|?) ds/ |V C||2ds,

(14 A A)

which implies that

/ /qmc drds < \f( +A N (/ R*||T|? ds+/ R2||C]? ds)

D,
61 G / IVC|?ds
1—{—)\ A)

(2.3.13)

where we have used the Cauchy-Schwarz Inequality, the Arithmetic-Geometric Mean
Inequality, inequality (2.3.11) and where 3; > 0 is a constant to be chosen.

We now employ (2.3.13) in equation (2.3.10) and make repeated use of the Arithmetic-
Geometric Mean Inequality, for positive constants s, 83, B4, B5, Bs, B7, B, to be se-

lected, to see

¢ € € € ¢
AlCIF +4s [ IVCIds < AlCall + 2200l + L2 [ oI

1 t
— — | dAd — 2dAd
v 3 f(5) s [ fichasn

t t t
n Aﬁ/ ||C||2ds+A7/ ||T||2ds+A8/ |||2ds,
0 0 0
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where
€1 €1
Ay = —+ L
’ 2 28,
ﬁlcmeLG
A o= 1ol
V2(1+))
€1 €1
Ay = —— —
° 2 285
€1 (I)mGLeRQ lmﬁt’) hmﬁG hm hm
As = —+ Sy + oo
"2 V2+NA 0 2 2 26 25
n - ®,,G LeR? N m N I
! V2(I+ N B 285 2067
lm67 hmﬁS
Ay = 7
8 2 + 2 )
and where h,, and [,,, are the maxima of h and [. If we choose f; = (1+2) , B = 2,

V2®,,GLe
and B3 = 1 = B5 = Bs = Pr = Bs = 1, then

€ 1 [t €
i+ 5 [ IVCIFds < alGolf + a0 + Gl

t 1 [t o 2
+%/ y|d>,s|!2ds+§/ ]{(Z_) dAds
0 o Jr AN (2.3.14)

1 t t
+—/ ]{CédAds—IrAg/ IC|2ds
2 0 I 0

t t
+A10/ ||T||2d8—|—A11/ ||q)||2d8
0 0

where

e P2G?Le*R? 1,  3hpy,
Ay = S+ ——m t5 +—F
2 TN 22
4 BGLER
10 <1+/\)2 ms
R, 4 L,
AH - 2 .

Returning to equation (2.3.9) integrating by parts and employing the boundary

conditions (2.3.4), we obtain

1 1 t
SITIE = 31Tl + [ 19705 = ©.7) + (80.T:)

t t t a@
—I—/ (0,,T)ds —/ / Ou,T;dxds —/ ]{T—dAds =0.
0 0 Ja o Jr On

(2.3.15)
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Next, we have to bound the cubic term in equation (2.3.15) using Cauchy-Schwarz

Inequality and inequality (2.3.11), where ©,, is the maximum of 75 on I' x [0, 7],

¢ ¢ ¢
/ /@vifidxds < @m\// ||V||2d8/ VT |%ds
0o Jo

< VGO \// R2||T|? + R%||C|?) /||VT||2ds

(14+X)

employing the Arithmetic-Geometric Mean Inequality, to see

' GO e a— "o
Ou,Tdxds <————— RT||*ds + [ R:||C|“ds
0o Ja V21 4+ MG \Jo 0

t
+M/ IV T %ds,
V2(1+ ) Jo

where ¢; > 0 is a constant to be chosen. Now, using (2.3.16) in (2.3.15)and make

repeated use of the Arithmetic-Geometric Mean Inequality, we may show that

1 1 [t 1 1 [t
—||TH2+—/ IVT|J?ds < ||To|!2+H@Il2+—H@o||2+—/ 10.5]%ds
4 2 Jo 2 2 Jo

1 [t 1/t 00\ ?
- T2dAds + — — | dAd 2.3.16
+2/07£B ”2/0}{(%) s (2316)
t t
+Bg/ |\TH2ds+B4/ |C2ds,
0 0

where

1 ©2G*R?
By = s+ —3,
2 (1+XMN)
0% G*R?

By = —ml
L+

and where we have chosen

G = (1+ AN
'Vage,,

Then, we add (2.3.14) and (2.3.16), to obtain

€1 2 1 2 1 t 2 1 ¢ 2
JICIE+ TP + 5 [ IVCIPds+ 5 [ [VTIPds
. 0 0 (2.3.17)
g(A9+B4)/ ||C||2ds+(A10+B3)/ IT|*ds + E(t),
0 0
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where E(t) is a term we will show that it is bounded by data and is defined by

€1 1 €1 t
E(t) =allColl® + I 7o) + e [ @1 + 1O1 + Z1Poll* + 5160l + 5/0 I1©,5[[*ds

1 t t 1 t 1 t
+—/ ||@,5||2ds+An/ ||<I>||2ds+—/ fogdAdH—/ y{TédAds
2 0 0 2 0 JT 2 0o JIT

1 [t 0P\ ? 1/t 00\ 2
— — | dAd — — | dAds.
*2/07£<6n) ”2/0?{((%) ’

In order to find bounds for E(t) in terms of data, we have to employ the Rellich

(2.3.18)

identity (1.1.7) and identity (1.1.9). To explain it clearly, the following lines will
show the use of these inequalities to bound each term of E(t) separately.

Starting by the third term of E(t¢) up to the last term respectively,
a9l < et § Chaa
I < x § T3dA
1@l < Gun § Chpda
r

1 1
Slenl? < o f T8
T

9 [waipas < Gon [ f 03 aaa
2 0 - - 9 1 o Jr B 7,
L [1oapas < b [ f 3,040
2 0 S §=> 2 1 o Jr B, 7,
t t
All/ |®[|*ds < Alﬁh/ %C%dAdn,
0 0o JTU
1 /[t 1 [t
3 / f ChdAds < 5 / ]f C3dAdy,
2Jo Jr 2 Jo Jr
1 /[t 1 [t
3 / ]{ ThdAds < / f{ T2dAdy,
2Jo Jr 2 Jo Jr
5 —— ) dAds < — V.,Cp|*dAdn,
2/07€(8n> 8_201/07€| 5| N
1 [t [ (00} t
—/ j{ = | dAds < 0—2/ jl{|VsTB|2dAd77.
2Jo Jr\on 2c1 Jo Jr

In fact, we have shown that

E(t) < D(1), (2.3.19)
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where

D(t) =e1||Col* + | To|)? +61w1]{C2 dA+w1]{T2dA+ wlfchdA

1

+ 51 ngBdA+ m/ }{C]éndAdw m/ ]{Tgnd/xdn
/ j{CBdAdm / jfTBdAd +—/ 7{|V Cpl*dAdn
1

Note that D(t) is composed of terms which depend only on the initial and boundary

(2.3.20)

data of the problem, Cy, Ty, Cp, Tg, and their known derivatives.
Then from inequality (2.3.17) we may derive

Fl — ksFy < D, (2.3.21)

where ks = max {Ag + By, A1jp + B3} and where we have introduced the function

Fi(t) defined by
Fi(t) = /t (1||T||2 + E—1||C||2) ds
s \4 4

Upon integration of the differential inequality (2.3.21), one may show that

Fy < Dy(t), (2.3.22)

t
t) :/ DeFslt=9) s
0

Furthermore, setting Dy(t) = D + k5D, we may use inequality (2.3.21) to find

where

1 €1
F =TI+ 2C)P < s,

which implies

IT||* < 4D, (2.3.23)
4

IC|I* < =D, (2.3.24)
€1

Moreover, inequality (2.3.22), implies

t
/ |T||*ds < 4Dy, (2.3.25)
0

t
4
/ |C|2ds < —D;. (2.3.26)
0 €1
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Returning to inequality (2.3.17),we have that
/ 1 ' 2 1 ' 2
Fi+- [ [VC|Pds+ = | ||VT|*ds < Ds,
2.Jo 2.Jo
which implies
t
| 1veipas <2p. (23.27)
0

t
/ |VT||*ds < 2D,. (2.3.28)
0

2.3.2 Bounds for the Supq,(|C| and Supg.-|T]

The next step is to derive bounds for supox.-|C | and supQX[O,T]|T|. For these, we
have to introduce a function I (x,t) as a solution to the following boundary value

problem

AT =0in €, (2.3.29)

I=C¥ " onT, (2.3.30)

similarly, we introduce a function H (x,t) as a solution to the boundary value prob-

lem

AH =0 in (), (2.3.31)

H=TF"'onT, (2.3.32)

where p € N. These are different from (2.3.1) — (2.3.4) because the boundary

conditions are different. Then we form the combinations
t
/ / (C*~1 —1I) (e1Cs + Lev;C; — AC = IT + hC') dxds = 0, (2.3.33)
0o Jo
and
t
/ / (7%~ — H) (Ts +vT; — AT) dzds = 0. (2.3.34)
0o Ja

Next, integrate the terms in equation (2.3.33) by parts and employ the boundary

condition (2.3.30). For clarity, we will integrate each term separately. The first term

t
/ / 6 C?1C dads = - / O%dy — L / C2dz. (2.3.35)
0 Ja 2p Jo 2p Jg

18
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The second term integrated to

ov;

t
Le/ /CQplviCidxds— / / [ vZC’2p —Ccr = 16[ ds,
0o Jo ’ ox; ox

employing the Divergence Theorem to the first term on the right, we obtain

t L t L t
Le/ /CQplfuiC,idxds = —6/ %niviCZPdAds - —6/ /Cvai,idxds
0 Ja 2p Jo Jr 2p Jo Ja

Using the boundary condition v; = 0 for Brinkman or v;n; = 0 for Darcy, the first

term on the right is zero and since v;; = 0 in €2, the second term is also zero.

Therefore, the second term is
t
Le/ / C* 1y, C ydxds = 0. (2.3.36)
0o Ja
The third term is integrated through the following steps

2p—1
//021” 'ACdzds = — //v (C*~'V0) dxds+// oc aC dxds,
ox; Ox;

applying the Diwvergence Theorem to the first term on the right, we obtain

/ /CQP 'ACdxds = — / 7{”10213 1VCdAds+/ / 2p — 1) C*~ 225 gfd ds,

which can be written as

t
—/ /CzplACd:vds

P P
/j{ncﬁp 'VCdAds + (2p — 1) / / L OCTOCT s (2.3.37)

2 Jx; Ox;
— / 7{ niC’Qp‘lvc*dAder / / VCPVCPdxds.

o Jr 0o Jao
The fifth term is

t t
—61/ / IC jdxds = —¢; {/ (C’I|6 —/ C’I,Sds) dx]
0 Jo Q 0

t
= —€1 (I, C) + €1 (I(), C()) + € / ([75, C) ds.
0

(2.3.38)

The fourth, sixth and eighth terms are integrated in the proceeding lines. Using

integration by parts, the seventh term is

¢ ¢ ¢
//]ACdxds:/ /V(IVC’) dxds—/ /V]VC’dmds
0 Jo 0 Jo 0o Jo
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Applying the Divergence Theorem to the first term and making repeated use of

integration by parts on the second term, we see

t
//IAC’dxds—/ ?{nz IdAds — / / 0 3[0 dx—/C’AIdx ds
axl 0 Qﬁxz 8951 Q

again we have to use the Divergence Theorem in the second term. Moreover, the

last term is zero since Al = 0 in 2. Therefore

t
//IACdxds—/ fnl IdAds—/ fnigC’dAds. (2.3.39)
azz 0 JI azl

Now, we employ (2.3.35), (2.3.36), (2.3.37), (2.3.38) and (2.3.39) in (2.3.33) to see
that

2(2 t
( / / ChC%drds = € / C2Pdx 4 2pe; (I, C) — 2pe; (In, Cy)
Q

61/02pd$+L1>
Q p 0
—2p61/ (I5,C) ds+2p/ %C’B—dAds

+ Qp/ / C?*~Y(IT — hC) dxds
0 Jo

t
—2p/ /I(lT—hC)d:Eds
0 Ja
t
+2pLe/ /IviC’idxds.
0 Ja

To move on from equation (2.3.40), we proceed as in Payne and Straughan [80]

(2.3.40)

employing the steps leading to their inequalities (A21)-A(25). But we have to handle
the last three terms on the right of (2.3.40). First, employing Young’s inequality to
see that

t
2p //CQP_I(ZT—hC)dxds
0 JQ
I 2p—1 [* 2
< 2pln, [— / / T*drds + = / / (Cpty dxds}
2p Jo Ja P Jo Ja

2
1 [t w—1 [! 2p
+ 2phy, {—/ /C'Zpdxds+ P //(C'QPI)Q’”‘1 dxds]
2p Jo Ja 2p Jo Ja

on simplification, we obtain

t t
2p/ / C*~ 1 (IT — hC)dxds <{(2p — 1) I, + 2phm}/ / C*dxds
0 Jo 0o Jo

t
—I—lm/ /T2pdxds.
0 Ja

(2.3.41)
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A further application of Young’s inequality on the penultimate term in (2.3.40) leads
to

t 1 [t ) 2p—1 [* _2p_
Qp/ /I(lT—hC) dxds < 2pl, —/ /Tpda:ds—l— / /I2P1da:ds
0 Ja 2p Jo Ja 2p Jo Ja
1 /[ 2p—1 (! p
+ 2phn, [—/ / C*dxds + P / / [ﬁldxds]
2p Jo Ja 2p Jo Ja
simplifying and combining the like terms
¢ t t
Zp/ /[(lT—hC) drds < lm/ /Tdea:ds—l—hm/ /Cdexds
0o Jo 0 Ja 0o Jo
¢ o
+ 2p—1) L+ hm) / / Iz=1dxds
0o Ja

Applying identity (1.1.9) to last term of the previous inequality and using the bound-

ary condition (2.3.30), we obtain

¢ t ¢
2p/ / I(IT — hC)dzxds Slm/ /TQdedS + hm/ / C*dxds
0 JQ 0 JQ 0 JQ (2342)

t
(2= 1)U (b + h) / j{ C2Pduds,
0 I

The last term of (2.3.40) will be

¢ t ¢
2pLe / /Iviqidxds < 2pLelm\// ||V||2d8/ IVC|2ds
0 Jo 0 0

\/§G /t t
< 2pLel,,—— R2||T||? + R2||C? ds/ VC|J2ds,
< wret, 20 [ i o s [ e

where [,,, denotes the maximum value of I on I' and Cauchy-Schwarz inequality and
inequality (2.3.11) have been employed. An application of the Arithmetic-Geometric
Mean inequality together with (2.3.25), (2.3.26) and (2.3.27) yields

9pLeGl,, 4
2pLe / / [v,Cidwds < \(fp iGA) {4R2D1 +—R§D1+2D2] (2.3.43)
1 €1
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Thus, combining (2.3.41), (2.3.42) and (2.3.43) in (2.3.40), to find with the aid of
Cauchy-Schwarz inequality

t t
o / C?dr <e, / C2dz + 2 (NIINICH + o ICol) +2pe1\/ / |1, 12dn / ICl12dn
Q

+%¢/femmw/¢(M)¢Mmgl//TWMU

V2pLeGl,,
(1+ X))

+[(2p—-1)ln+2p+1)h //C’2pdxd77

{4321)1 + —R2D; + 2D2}

2= 1)1 (o + L) / 74 2Py,
o Jr
(2.3.44)
Next, we have to bound the second, third and fourth terms on the right of the

previous inequality. In order to bound the second term we have to use the prescribed

boundary conditions, identity (1.1.9) and inequality (2.3.24), so that the second term

D
24/ = +1|Col
€1

The third term is bounded by using inequality (2.3.26) together with identity (1.1.9),

18

2per (JIN|CIl + HolllIColl) < 2per? (]{ Cfép_QdA) (2.3.45)
r

to obtain
: 2 ' 2 4D, ' 2p—1 2 2
2pey IL,]1%dn | [|C|2dn < 2pery/ —( [ tu [(OB ) n] dAdn
0 0 €1 0 r ’

(2.3.46)

Finally, we bound the fourth term by using the Rellich identity

t ¢ 7\2
zﬁ/ﬁ%mjf@gﬂm

(2.3.47)

<2p\/g(/ %CQdAdn) (/ Ja{\v cr? dAdn>é.
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Substituting (2.3.45), (2.3.46) and (2.3.47) in (2.3.44), we find

1 3 D
€ / C%dr < € / CPdx 4 2peyip? ( ]{ (Jép‘sz> 2,/ =2 + || Coll
Q Q r €1
[iD, [ ! PNEE :
+ 2pe —1 (/ wlj{ (Cép 1)777} dAdn)
+ 2p,/62 (/ j{(JBdAdn) (/ f|v o 1|2dAdn)

L 2p—1
+ 2, / / Tordzdy + Y2PECCn [y, + 2 rep, 4+ op,
o Jo (14 A1) €1

+ [2p—1Dlp+2p+1) / / C?dxdn
@t [ f Oaady
0o JI

where Cp,, is the maximum of C'z on I'. To move on, we commence as in Payne and

Straughan [80], going through the steps leading to their inequality A(25), to find

el/CQdeS[(Qp—l)l +2p+1)h //Cdexdn+61/dea:
0

V2pLeG
Ty ;j N o [41%21)1 + aRng + 2D2} o

| 2perti ()7 (2 D: e, H)
C(Bm

2pe¢ [tm(T)]2
+ = 10123 ,/ (/%c;ndAdn) o
2 ) A 2
+op /21D (/fwcmd dn) oz,

+(2p—1) (hy + 1) wltm(F)C%% + QZm/ / TP dadn,
0o Ja

(2.3.48)

=

where m(I") is the surface measure of I

Returning to equation (2.3.34) and performing various integration by parts, to see

- 2(2p—1) (7 I B 2
T?dy + ——= 0T dwdny = | 1o dx + 2p (H,T) — 2p (Ho, Tp)
Q p o Jao Q

—Qp/ (H dn—|—2p/ j{TB—dAdn
+2p/ /Hvifida:dn.
0 Ja

(2.3.49)
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Now, we have to handle the last term on the right of (2.3.49), where H,, is the

maximum value of H on I x [0, 7],

t t t
w [ Hviridxdnszpﬂm\/ [ lelian [ goriean
0 Q 0 0
B \/ﬁG t t t
<2T2p1—/R2T2d+/R§C’2d /VTQd,
S A TEsw |T°(|2dn i 1C||2dn 0|| [2dn

where Tp,, is the maximum of Tg and where we have used the Cauchy-Schawrz

inequality and inequality (2.3.11). We now make use of the Arithmetic-Geometric

Mean inequality and employ (2.3.26), (2.3.25) and (2.3.28) to arrive at

¢ 4
2p / / Hu;Tidaxdn < /2pT2-! AR*D; + —R2D; + 2D2} . (2.3.50)
0 JQ €1

|
(1+ X))
Employing (2.3.50) in (2.3.49) and make use of the Cauchy-Schawrz inequality to

obtain

t t
[rvar < | Tépdxwp(uHHHTu+\|HouuTon>+zp\/ JACRRTNGRT
Q Q 0 0

4
+ VopTt [4321)1 + €—R§D1 + 2D2}
1

T+ M)

t t 2
N ¢ [ fraanay [ § (22 asay
o Jr 0 JT on

Furthermore, using the Rellich identity, inequality (2.3.24) and employing the pro-

cedure leading to inequality A(25) of Payne and Straughan [80], to find

2 4
/ T*dz < / Ty dx + _ VG {4R2D1 + —R§D1 + 2D2} T
Q ( )\1)\) TBm €1

200 () [w_ )] 72,

TB m

f (2.3.51)
2

+2p,/ (/ fyv Ty dAdn) T

opii (tm %
+ ( / ]4 TBndAdn) T,
Bm
Next, add (2.3.48) and (2.3.51) to arrive at
el/C’Zpda:—i-/Tdexg[(Qp—l)l +2p+1)h / /Cdexdn
@ @ (2.3.52)

t
—|—2lm/ /TZpdxdn—l—K(p),
0o Jo
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where the value of K(p) is

V2pLeG 4
K(p) = C?d T2 AR?D, + —R2D, +2D,| C%

V2pG
(1+ M\ Tgn

L e [m(D))° (2\/72 +|Co H) Com
CBm

+ QP%T— 2v/Ds + 1Tl | T,

9 tm(T'))? [4D; :
.\ pelwlC [m(D)]* | ( / 7{ andAd'r;) o
Bm €1
n p€1¢1T(2m ( / %TéndAdn) T,
Bm

1 op, [ UMD (/ j[CQdAdn> (/ ]f|v O] dAdn) o
C1 CBm
+2p,/ ) < / ]{ TBdAdn> ( /O ]£|VSTB|2dAdn> T

+(2p—1) (hm + 1) Y tm (D) C2P .

4
{4}2:21)1 + —R?D, + 2D2} T
€1

-

(2.3.53)
If ke = max{(2p — 1) L, + (2p + 1) hyn, 21,, }, then inequality (2.3.52) can be written

as

t t
61/C2pdx+/T2pdx§k6 |:61/ /C’2pdxd7]+/ /TZpda:dn} + K(p),
Q Q 0 Jo 0 Jo

which can be integrated. Setting Fy(t) = ¢ fo Jo C’dea:d'r]+f0 Jo T?Pdxdn, the above

differential inequality can be written as
Fy — kely < K(p),
upon integration, we obtain
t
R0 < [ VK @),
0

which is

t t t
61/ /Cdexdn~l—/ /T2pd:vd77§/ M= [ (p)dn. (2.3.54)
0o Ja 0o Ja 0
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Inequality (2.3.54) implies that

t
/ / C?dxdn < < - eF = [ (p)dn, (2.3.55)
0

t t
/ /Tdexdng/ M= [ (p)dn. (2.3.56)
0 Jo 0

Then, we take the 2ip power of (2.3.55) and (2.3.56), to find

t ﬁ 1 t ﬁ
{/ /C’2pdxdn] < {—/ ekb‘(t_”)K(p)dn}
0o JO €1 Jo
t % t 3
{ / / Tde:cdn} < { / ekﬁ(t”)K(p)dn] . (2.3.58)
0 Jo 0

Let now p — oo and then (2.3.57) and (2.3.58) lead to

and

(2.3.57)

and

SUPQX[O,T}|C| S max {|T0|ma |OO|m7 SUP[O,T]|CBm|, SUP[O,T}lTBm|}

supax o] |T| < maz {|To|m, |Colm, supjo+|Crml, supo.r|Tpm| }

We henceforth denote the right-hand sides of the above two inequalities by C,, and

T,, respectively, to arrive at

supax(o|C] < Cp, (2.3.59)

supoxo,|T| < T (2.3.60)

Inequalities (2.3.59) and (2.3.60) are the a priori estimates we need for C' and 7.
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2.4 Convergence of K(p)

In this section, we have to prove the convergence of the term K (p). To do that, we

have to use the fact that if a; > ay > a3 > ay > ---ay > 0, then

1
2p 2p 2p| 2p
a as: a
aq ay a1

1 a
< N%=a; = N#maz {ay,as,as3, - ,ay}.

1
2 2 2
(a1p+a2p—|—a3p+-~-—l—aN)2p = m

(See Payne and Straughan [80], page 322), in our case N = 11, because K (p) has

11 terms. So

1

t 2p
[k < e oo o)
0

As p — o0,
1
- i
o = | [ [eremaciam]” = i,
LJo Ja
1
- , %
ay = / / ekﬁ(t_")Topdxdn} — |To|m
LJo Ja
rpt 1 2p
as+as+ar+ay = / ¥ U= Ly + 15+ 17 + 1o} Céindﬁ} — supjo,r)|Cm|
LJo
1
rrt 1 2p
s+ ag + as + ap = / ke (t—n) {ra+re+1rs+ 110} Té’;ﬂdn} — SUPo,7] |Tm|
/o
1
rpt 9 2p
ay = / Mo (2p = 1) (hyn + L) wltm(F)CB%dﬂ] = supjo)|Cpm-
LJo
Where aq, as, as,- - ,ay; are the terms of K(p) and 73,714,735, - - are the correspond-

ing terms after factoring C7 or T3 respectively.

2.5 Continuous Dependence on the Reaction Term

To investigate continuous dependence on the reaction terms h and [, assume that we
have two solutions {u;, p1,T1,C1} and {v;, pe, To, Co} which satisfy (2.2.4), (2.2.5)
and (2.2.6) for the same boundary and initial conditions, but for different reaction

terms hq, hy and [, 5. Define the difference of the two solutions by,

Wi =u; — v, T=p;—p, 0=T1 =T, ¢p=C) — Cy,
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and define the difference of the reaction terms by,
h:hl—hg andl:ll—ZQ.
Then, we find that {w;, 7,0, ¢} satisfies the boundary-initail value problem,

7 = Rgi0 — Rsg;¢0 — w; + AAwy,

w;; =0,
(2.5.1)
Q,t + uiQi + wiTgﬂ' = A@,
Elgb’t + Leuiéyi + Lewngﬂ- = A¢ + lTl + l2(9 — hCl — hggb,
on  x (0,7], together with
w; =0,0=0, =0, on T x (0,7], (2.5.2)
0 (x,0) =0 and ¢ (x,0) =0. (2.5.3)

We want to estimate the solution {w;, 7, 8, ¢} in terms of h and [. Multiply equation
(2.5.1); by w;, integrate over 2 and suppose that |g;| < G. Using Cauchy-Schwarz
inequality followed by the Arithmetic-Geometric Mean inequality the following is

obtained,

Y e e I e e e S Y
where a,3 > 0 are constants to be selected. If we choose a = ﬁ and 8 = 2R ShE G
we get

SIwl? 4 AW < B2G0)” + RGP0l (25.4)

Furthermore, multiply equation (2.5.1)3 by 6, integrate over 2 and employ the
Cauchy-Schwarz inequality and the Arithmetic-Geometric Mean inequality to ob-
tain,

2
20

T2m041

210112 < ~ V]2 + Ton Wl [ V6] < —[[V0]12 + —5—Ivoll*,

dt 2
where a1 > 0 is a constant to be chosen and T, is the maximum of 75. Employing

inequality (2.5.4) and choose oy = ﬁ to obtain,

1 1 1
9> < —=||VO||* + = A ||0)> + =B 2
CBIP < —SI90I7 + L Aol + L Bullol®
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which implies
d
EIWII2 < Au67 + Billol® (2.5.5)

where A; = 273 R?G? and B, = 273, R2G>.

Going through the same procedure, multiply equation (2.5.1)4 by ¢ and integrate

over (), to see

_ _ I , I . s
73 —lloll* = Vol °| o (pw;Cy) dx + Le i (dw;; + ¢ w;) Codx

+ U(T1,¢0) +1:(0,¢) — h (Cy,¢) — hal|o|?

Applying the Divergence Theorem to the second term on the right and since w;; = 0
in  the third term is zero, then

dﬁl

SRVl = IV6IP - Le § oumCadA + Le | 6.Cads
r Q

+ I(T1,¢0) +12(0,¢) — h (Cy, ) — hal|o|”

and since w; = 0 on I', the second term is zero. So, we obtain

d61

GRN6IP = = V6l + Le [ dunCade +1(T3,0)
Q

+ 12(0,¢0) —h(C1,0) — h2||¢||2

Making use of Cauchy-Schwarz inequality, we see

d€1

S <~ IVOIP + LeConlwlIVoll + Tl o]

+ Lol + RIClol + hallol

Using the Arithmetic-Geometric Mean inequality in addition to inequality (2.5.4),

we find
d €1 2 2 L€CQmC(2 2 LGCQmR2G2 2 L€CQmR2 9
— oIt g Zoimts T
GGl < = [Vl + =22 w2 4 T2 g4 ST
la Lo
+ 3H¢H2 HTlH2 - 4||925||2 ; 16
4
ha
+ 5H¢||2+—|101\|2+h2|!¢H2

where an, a3, a4, as > 0 are constants to be chosen and Cj,, is the maximum of

Cy. If we choose ay =

dEl
dt 2

1 _2 =2 _2
m,ag—l,()q—b anda5—h,then

1 h? 12
D012 < =5 IVOIP + NG + L IT P + Aoll0) + Ballgl
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where
2

l
Ay = 22 + Le*C3 R*G?
and
By =3+ hy + Le*C? R*G*

2m~ s

This implies that,

d
561”@5”2 < mllO)? + p2l| ol + kih? + kol (2.5.6)

C 2 Ty |12
IC 1| ky = T3]

where py = 2Ay , i = 2By , by = 4

Next, add inequalities (2.5.5) and (2.5.6) to obtain
d
= (161 + e ll8l”) < & (61" + e | SIF) + ks (h* + ) (2.5.7)

where k3 = max {ky, ke} and k = max {A; + p1, By + p2}. Inequality (2.5.7) can

be written as a differential inequality in the form

d
EF—kng:g(hQJrlZ) :

where F(t) = (||0]|*> + €1]|¢||?). Upon integration, the solution will be

T

F(t) < =2 (P —1) (h* +1%) on [0,7] . (2.5.8)

=|

Inequality (2.5.8) shows continuous dependence on the reaction terms, h and [ , of 6
and ¢. To derive continuous dependence of w, we have to employ inequality (2.5.8)

in inequality (2.5.4) to see

Wl < k(U0 + o) < 25 @ 1) (2 4 2) on 0.7, 259)

where k4 = maz {2R*G? 2R?G*}. Inequality (2.5.9) demonstrates continuous de-

pendence also in the L? measure of w.



Chapter 3

Structural Stability for Brinkman

Convection With Reaction

3.1 Introduction

In this chapter we address the fundamental question of continuous dependence of
the solution on the reaction rate but we allow the chemical equilibrium function
to depend in an arbitrary way on the temperature field. We allow the saturated
porous medium of a Brinkman type to occupy a bounded three-dimensional domain
2, the boundary of which, I'; is sufficiently smooth to allow application of the Diver-
gence Theorem. This chapter may be considered as an extension or a generalization
of chapter 2 in which we showed continuous dependence of the Darcy and/or the
Brinkman convection on reaction but the chemical equilibrium was a linear function
in temperature. Moreover, here we follow a different route to study the continuous
dependence on reaction for the Brinkman convection problem due to the Brinkman

term and the route is not applicable for the Darcy.

3.2 Basic Equations

The equations we adopt in this chapter are the Brinkman equation with the density
in the buoyancy force depending on the temperature, the conservation of mass, the

energy balance and the conservation of solute equation. Let x € €2 and let ¢ denote

45
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time, where 0 < ¢ < 7 for some 7 < oo and then, without loss of generality for the

problem in hand, these equations may be written as

81‘2-

o0

or o, (3.2.1)
ot laxi ’

oC oC

where v;(x, 1), p(x,t), T(x,t) and C(x,t) denote the velocity, pressure, temperature
and solute concentration, respectively. In equations(3.2.1) g; and h; represent gravity
functions, A > 0 is the Brinkman coefficient, a, b are positive constants as are L and
K and f(T) is a known function of temperature which is bounded and differentiable
for T bounded. The term Lf(T) is denoted as a chemical equilibrium function, C.,,
in Pritchard & Richardson [83], Wang & Tan [124], and in Malashetty & Biradar [60].
Equations(3.2.1) are assumed to hold on the domain €2 (0, 7) while on the boundary

vi(x,t) =0, T =Tp(x,t), C =Cp(x,t) (3.2.2)

on I' x [0,7), where T and Cp are known functions. Equations (3.2.1) are also

subject to the initial conditions
T(x,0) = Ty(x), C(x,0) = Cy(x), (3.2.3)

x € (), where T and Cj are given. The boundary-initial value problem comprised
of (3.2.1), (3.2.2) and (3.2.3) will be denoted by P. In addition we suppose, without
loss of generality, that

lg| <1, |h/<1. (3.2.4)

For a general derivation of equations not dissimilar to (3.2.1), employing contempo-
rary methods of continuum thermodynamics, the reader may wish to consult Morro
& Straughan [68], or the interesting recent papers involving phase changes of Berti
et al. [12], Berti et al. [11], Bonetti et al. [13], and Fabrizio et al. [27-29].

In many cases the reaction rates L and K are closely linked. However, we here treat

the general case and so to study continuous dependence of the solution to (3.2.1),
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(3.2.2) and (3.2.3) we suppose (u;, p1, 171, C1) and (v;, p2, T, Co) are solutions to the
boundary-initial value problem P for the same constants g;, h;, A\,a and b and for
the same functions f, Ty, Cp, Ty and Cy, but for different reaction coefficients Ly, K
and Lo, K5, respectively. We define the difference variables w;, 7,8 and ¢ by
Wiy = U; —V; , T =DP1— P2,
0=T~Ty, ¢=C, — Ch, (3.2.5)
l=L— Ly, k=K — K.
From equations (3.2.1)-(3.2.3) one determines the equations governing the variables

(w;, 7,0, ¢) to be

O 40— hé — w, + Mw,
al’i
awi
3@» N 07
00 00 0Ty
0 0 oC
05+ b+ b St = Ao+ Ly (1)) = F(T)] +1(T) — Kig — G,
(3.2.6)
on € x (0,7), together with
w;=0,0=0, ¢=0, (3.2.7)
onI' x [0,7), and
§=0, =0, (3.2.8)

for x € 2, at t = 0.

We wish to derive estimates which show that a suitable measure of w;, 6 and ¢ is
bounded in a precise sense by a function of [ and k, with the coefficients in the
bound being truly a priori in that they depend only on 7 and the boundary and
initial data of the problem. Before proceeding to this goal we must derive some a

priori estimates for the solution to equations (3.2.1), (3.2.2) and (3.2.3).

3.3 A priori Estimates

Let || - [[s denote the L (£2) norm and define

T = maz {|| oo, supjo. |75l } - (3.3.1)



3.3. A priori Estimates 48

then one may employ the function
=T —Tu" = sup(T —Tp,,0),
cf. Payne et al. [77] to establish that
supaxo|T(x,t)| < T, (3.3.2)

where 7' is the temperature function in equations (3.2.1)-(3.2.3).

Let || - || and (-, -) denote the norm and inner product in L?(Q2) and let || - |4 denote
the norm on L*(Q). We require a priori bounds for ||C||, ||C|l4+ and fot IVC|*ds
and now proceed to derive these. To progress with bounds for the function C' in
equations (3.2.1)-(3.2.3) we introduce auxiliary functions H(x,t) and I(x,¢) which

satisfy the boundary value problems

AH =0, in Q,
(3.3.3)
H=Cg(x,t), onT
and
Al =0, in €,
(3.3.4)
I=C%(x,t), onT.
We begin by forming from equation (3.2.1), the identity
t t
a/ (Cs,C— H)ds+b/ (v;,C;,C — H)ds
0 0 (3.3.5)

t t t
:/ (AC,C—H)ds+L/ (f(T),C—H)ds—K/ (C,C — H)ds.
0 0 0
Denote the terms in this expression by I; — I5 and then one may show after integra-

tion by parts
L = g ([IC]1* = ICol*) — a (H,C) + a (H,y, Co) + a/ot (C,H,)ds, (3.3.6)
where Hy = H(x,0).
L=b /0 (0iCr, C)ds + —b /0 C(wC, H) ds, (3.3.7)

using the Divergence Theorem the first term integrated to zero and from the max-
imum principle the maximum of H in Q x [0, 7] exists, say H,,, then using the

Cauchy-Schwarz inequality

¢ ¢ ¢
I, = —b/ (v;C;, H)ds < Hmb\// HV||2dS/ IVC||%ds. (3.3.8)
0 0 0
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Multiply equation (3.2.1); by v; and integrate over €2 to find after use of the

Arithmetic-Geometric Mean inequality,

1 1 a p
2 2 2 2 2
A < —||T —||C —+ =
VI + MTVIP < e 171+ gelClP + (5 + 5 ) v
for o, 5 > 0 at our disposal. Pick a = = 1/2 and then we find
1
SIVIZ+ MVVIE < I + (IO (3.3.9)

Use of this in inequality (3.3.8) allows one to show

t t
L < \/Eme\// (17|12 + HC’H2)ds/ IVC|[2ds. (3.3.10)
0 0

After some integration by parts I3 may be manipulated to derive

t t aC t
—/ HVC’HQdS—i—/ j{C—dAds—/ (AC, H)ds
0
/Hvon ds +/% —dAds
b oCoH
//5’@ (axz )dxds—i—/ /98]32 6’xzdxd8
/ HVCH d8+/ %CB—dAdS—/ f—CBdAdS
+/ / (C’Hﬁ,-)dasds—/ /CHJZ-d:vds
ox;
/ Vel ds+/ ch—dAds

The term I is bounded with the aid of the Cauchy-Schwarz inequality to see that

(3.3.11)

t L t L t
I, < L/ |.f(T)||?ds + —/ 1C|*ds + —/ | H ||*ds. (3.3.12)
0 2 Jo 2 Jo
Finally, for I5 we have
' 2 K [ 2 Ky [* 2
I<—K [ ||C|2ds + — [ ||C|)2ds + —L [ |H|ds. (3.3.13)
0 27 Jo 2 Jo

Now f is known and 7" is bounded as in (3.3.2). Thus, f(f |.f(T)|>ds may be bounded
by data (7,). The terms in (3.3.6)-(3.3.13) in H, H, and 0H/0On are bounded in
terms of C'p by using (1.1.7) and (1.1.9). Thus, combining (3.3.6)-(3.3.13) in (3.3.5)
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we may arrive at an inequality of form

a t Dq(t
§MW+AHWW@s{Q+2 o1+ 5= [ e

Jai
b m“3/ IVC|ds

/MW%—K/MW@+—/WQWS

(3.3.14)

for puq, pa, p3, v > 0 at our disposal and where D (t) is a data term. We pick v = 1/2,
p1 =2, u3 = 1/4/2bH,, and then from (3.3.14) we obtain

t t
%||C|!2+/0 [VC|I?ds < Dy(t) + (% +L+2b2an)/O 1C|?ds. (3.3.15)
and

t
Dy =2a||Co||* + azpl?{CgBdA + 262an/ |T||ds
0

~

t t
+/ fc%dAdsHL/ ||f(T)|\2ds+2a¢1]§c;dA
—|—au2¢1/ %CésdAds—l— (L+ )wlf ]{C’ZdAds
+ 2 / 7{ V. Cp|?dAds,
€1 Jo Jr

we may integrate inequality (3.3.15) to derive

/ 1C(s)||ds </ =)D, (s)ds, (3.3.16)

where Dy = 2D, /a and ¢; = E + 2L 4 %. Then from (3.3.16) and (3.3.15) we
find
t
/ |VC|]*ds < Ds(t), (3.3.17)
0

where Ds is the data term
t
D3 = Dy + (ﬂ + L+ 2b2an) / e =) Dy(s)ds,
H2 0
together with

ICI* < Daft) + Cl/o e Dy(s)ds = Da(t). (3.3.18)

Inequalities (3.3.16), (3.3.17) and (3.3.18) furnish data bounds (truly a priori bounds)
for ||C|?, fot |C||?ds and f(f |VC|]?ds. Tt remains to bound ||C|,.
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Now commence with equation (3.2.1), and form the following identity,

t t
a/ (075, C’3—I)ds+b/ (UZ-C’J, C'B—I)ds
0 0
t t
:/ (AC, C* 1) ds+L/ (f(T), C*—1)ds (3.3.19)
0

0

t
—K/ (C, C*—1)ds.
0

Recall the definition of I in (3.3.4) and we follow a similar procedure to that leading
to inequality (3.3.14) except we now employ Young’s inequality to the term involving
fC3. Denote the terms in (3.3.19) by r; —r5 and then one may show after integration

by parts

a 4 _a 4 '
r =2 IC = ZlColls —a | (Cs,I)ds
. . 0 . (3.3.20)
= 4IC1 = §ICalli = a(C.1)+ a(Coto) +a [ (1) s

where Iy = I(x,0). From the maximum principle the maximum of I in Q x [0, 7]

exists, say I,,, then using the Cauchy-Schwarz inequality

¢ ¢ ¢
ry = —b/ /viC,i]dxds < ]mb\// ||V||2d5/ |V C|2ds
0 Jo 0 0

Use of inequality (3.3.9) allows one to show

t t
ra < \/§Imb\// AT + 11C112) ds/ IVC|2ds. (3.3.21)
0 0

After some integration by parts r3 may be manipulated to derive

t t
7"3:/ /C’SAC'da:ds—/ /IAC’d:cds
/ / V (C*VC) - 3(CVC)?] dads — / / IACdzds
/7{03—dAd ——/ VC?||?ds
0
— / [V(IVC) — (VIVCO)] dzds (3.3.22)
0 JQ
t
/fc?’—dAd ——/ VC?||*ds /%I—dAds
0o JIr
—i—/ /V(CV[)da:ds—/ /CAIdxds
0 JQ 0 JOQ

¢ ¢
I

__3 ||VC'2||2ds—|—/ fCBa—dAds
4 0 0o Jr on
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The term r, is bounded with the aid of Young’s inequality, Cauchy-Schwarz inequal-

ity and the Arithmetic-Geometric mean inequality to see that

L [ 3Le'3 [ L [ L [
ro< o [ M@+ 2 [cnias+ 5 [ Is@pds + 5 [ ireas

0 0 0 0
(3.3.23)

Finally, for r5 we have
ry < K/ IC|[4ds + —/ IC|2ds + —/ 17]2ds (3.3.24)
Thus, combining (3.3.20)-(3.3.24) in (3.3.19) we may arrive at the inequality

a
Yeti+ [ ivesias+ & [ felias

I,b

a
<8l — alto, o)+ 2 [ (TP + fe?) ds

/ IVC|2ds +/ ]{CB—dAds

tds + 227 [Mepa
+Zg0Hﬂ)M5+ : On|us (3.3.25)

K [t K+ L t
+—/ HC|\2ds+( )/ I1||%ds
2 0 2 0

L t
+ 5/0 IA(T)|[Pds + al[ I][[|C]]

t t
+a¢/uumwfucww,
0 0

for ¢ > 0 and A\; > 0 to be chosen. Since we have data bounds for ||T|, ||C]|,
[7 IV C|12ds, we know Cy and Cp, and ||I|| and [, §. (2£) dAds may be estimated

in terms of Cp by using lemmas 1 and 2, we may choose ¢ = (4(K + 1)/3L)%*
and then inequality (3.3.25) furnishes directly a data bound for ||C||, and also for
3 IV C?|[2ds. Thus, employing lemmas 1 and 2 together with (3.3.16)-(3.3.18) and
(3.3.2) we may derive data functions Ds(t), Dg(t) and D7(t) such that from inequal-
ity (3.3.25)

t t
/ |C|3ds < / eI Ds(t)ds (3.3.26)
0 0
4 t
IC(t)|l3 < Ds(t) + 5/ et Ds(t)ds = Dy(t) , (3.3.27)
0

and

t t
/ IV C2|2ds < %D5(t) +/ e+ D (t)ds = Da(t). (3.3.28)
0 0
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3.4 Continuous Dependence on the Reaction

We firstly multiply equation (3.2.6); by w; and integrate over € using the boundary

conditions to see that
[w([? + AMVw* = (g:0,w;) — (hiop, w;) .

After using the Cauchy-Schwarz and Arithmetic-Geometric Mean inequalities on the

right hand side we may then deduce that
1
IWI® + AIVwl® < [0 + llo] (3.4.1)

Next, multiply equation (3.2.6)3 by 6 and integrate over  to find after using the

boundary conditions and (3.2.6)a,
dl

0|1> = —|| Ve 2+/Twi6’idx
20" = =IOl + | Tiwid

T2
<jWWW (3.4.2)

T
< (1617 +1161%)
where (3.3.2) and (3.4.1) have been employed.
The next step is to form the inner product on L?(2) of ¢ with equation (3.2.6),.

Upon using the boundary conditions we find

da, o 9
SN0l =~ VI + Ly (F(T2) — £(T3),6)
+1(f(Th), 6) = Kil|o]]” — Kk (Ca, ¢) (34.3)
b iCo0dx .
+ /Q’LU 2@57 T

Using Lagrange’s Theorem f(77) — f(T3) = f'(£)60 for some & € (T1,Ts) and then

from (3.4.3) we may obtain

d
o8l < = IVl + L (F/(€)6, 0)

dt 2
(™ ] P [
l k
* 2 * 2 - 4K,

b bu
+ ﬂllvcbll2 + Wl

(3.4.4)

for > 0 at our disposal. From the Sobolev inequality, see e.g. Gilbarg & Trudinger
[37], there is a constant & > 0 depending on €2 such that

[wlla < &f[ VW] (3.4.5)
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and we employ this on the last term on the right of (3.4.4), so that

bu bu

S IWIEICaE < &IV wIPIC: (3.4.6)
Pick now 1 = b/2 and then from (3.4.4) and (3.4.6) we obtain

ol <Ly (7/(8,9) + L

@) 1O
3.4.7
+ PRk 1% (3.4.7)

dt2

251 v C
VW] Ca]1? -

Since T is bounded it follows £ is bounded and since we know also f’(§) this is likewise
a priori bounded, say by fi, on I' x [0, 7] . Likewise from (3.3.18) and (3.3.27), ||Cs|
and ||Cy|4 are also a priori bounded on €2 x [0, 7]. Thus, we may add (3.4.2) and
(3.4.7) and use (3.4.1) to see

d 2
7 (1617 + 181%) <Tll6IF" + Tllo1” + —L1f1||9||2
||¢DH2

2
2n ol + L0 By ey e
;2 b25
+ g |Gl + Il (161 + ol).

This means that there are functions d; (t) and ds(t) which depend only on the data,
Q and I', such that

d
7 (1617 + 1101°) < a1ll6N® + 6|01 + ik + dal” . (3.4.8)

Put § = max {d1, 9>} and then we may integrate inequality (3.4.8) to derive

W@W+MMMP3(Alwwm@mgkz

t
+ (/ ed(t_s)dg(s)ds) 12
0

Inequality (3.4.9) demonstrate continuous dependence on the reaction rates k and [

(3.4.9)

and is truly a priori in the sense that d; and ds depend only on data. By employing
inequality (3.4.1) one may directly obtain an a priori continuous dependence estimate

in the measure of ||w(t)| or |[Vw(t)]],

1 t t
§ku2 + Vw2 < (/ 65<t8>d1(s)ds) K+ (/ e5<”>d2(s)ds) 2.
0 0



Chapter 4

The Energy Stability of Darcy
Thermosolutal Convection with

Reaction

4.1 Introduction

The work in this chapter may be considered as an extension of the work of Pritchard
& Richardson [83]. We use the energy method to study the nonlinear energy stability
of the Darcy convection model with reaction, where the system is either heated below
and salted above or heated and salted below. The aim of this study is to discuss how
the onset of thermosolutal convection varies with the reaction terms. Considering a
porous medium of Darcy type occupying a bounded three-dimensional domain, we
derive a perturbed dimensionless model of double-diffusive convection with reaction.
Then we carry out a nonlinear stability analysis by using the energy method and
we implement the D? Chebyshev Tau technique to solve the system. The reason
behind using the energy method is because the linear instability boundary specifies
the space where the solution is unstable, using the energy theory we obtain the
nonlinear stability boundary below which the solution is globally stable. By globally

stable we mean that the solution is stable for all initial perturbations.

95
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4.2 Basic Equations

We consider a layer of porous porous medium saturated by a fluid, bounded by two
parallel planes with distance d between them. We will carry out the analysis of two
cases of the layers of porous media, heated from below, salted from above and heated
and salted from below. Our model consists of Darcy equation with the density in
the buoyancy term depends linearly on the temperature 7" and salt concentration C,
the continuity equation, the advection-diffusion equation for the transport of heat

and the equation for the transport of solute with reaction terms,

Di = _%Ui = po[l — ar(T = To) + ac(C = Co)lgki,

Vii = 0,

. (4.2.1)

Mrt + UZ'T:Z‘ = kTAT,

0Cy +0,C; = dkaAC + k[ f1(T — Ty) + fo — C.

Where v;, p, T, C are the velocity, pressure, temperature and salt concentration fields
respectively, K is the matrix permeability, p is the fluid viscosity, po is the fluid
density, and k¢ and kr are the molecular diffusivity of the solute through the fluid
and the effective diffusivity of the heat through the saturated medium. The quantity
M is the ratio of the heat capacity of the fluid to the heat capacity of the medium,
¢ is the matrix porosity, k is the reaction coefficient and fy + f; (T —Ty) = Ceo(T)
in Pritchard and Richardson [83] and Wang and Tan [124], where fy, f1 and T are
constants. Moreover, g is the gravity, k = (0,0,1) and a7 and «a¢ are the thermal
and solutal expansion coefficients respectively. The fluid occupying a horizontal
layer (z,y) € R% 2 € (0,d) and the equations (4.2.1) are taken in the domain
R? x (0,d) x {t > 0}. The boundary conditions are

vin; =0 on z =0,d,
T=Tronz=0, T=Tyonz=d, (4.2.2)
C=Cronz=0, C=Cyponz=d,

with T, > Ty since our system is heated below, where 17, Ty, C', Cy all constants.

For the salted above porous medium Cy; > (', while Cf, > Cy for the salted below

case. The steady solution to (4.2.1) which we are interested in studying its stability
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and which satisfies (4.2.2) is

v; = 0,

T(z) = —Brz + T, (4.2.3)
C(2) = —feoz + Cy,

where Sy and (¢ are the temperature and salt gradients given by

T, =Ty, ,  Cp—Cy
I

To analyse the stability of the solutions(4.2.3) we define perturbations (u;, 7,6, ¢)

Br , Be

such that v; = v; +w;, p=p+m, T =T +60, C = C+ ¢. Using these perturbations

in equations (4.2.1) we derive the equations governing (u;, 7,0, ¢) as

T = —%Uz + pogk,;ozTQ — pogkiOéC¢ )

U5 = 0,
1 (4.2.4)
Me’t +u;0; = Brw + krAf |
004 + Ui = Pow + Gk Ad + kf16 — ko,
where w = uz. We define the length, time and velocity scales L, 7 and U by
L=d, 1 =d/MU, U = kr/d, to non-dimensionalize equations (4.2.4). Then we
introduce pressure, temperature and salt scales as
p— % ’ T8 — uprkr ’ o — ,UﬁCkTLeM
K arpog K acpogK o

where Le = kr/kc is the Lewis number. The temperature Rayleigh number and the

salt Rayleigh number are defined as

R Brd? K arpyg
kT,u ’

d’K L d?K L
R, = pe Aochog ¢ when Cp, > Cy or Ry = e ~ QCPog =€ when Cp, < Cy.
okrp okrp

Then, the fully nonlinear, non-dimensional form of (4.2.4) is

T = —U + Rk’lg - Rsk‘qu N
ui; =0,
(4.2.5)
Q’t + uiQ,i = Rw + A6 s

L
edy + fw = FRw+ Ap+ hb —no |
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where ¢ = M Le and h and 7 are the reaction terms

k f1d>T* kd>
h=— and n=—.
Pk C? Pk
Moreover, +R; is taken when Cf > Cy(i.e. Bc > 0), which means that the system
is salted from below, and —R; is taken when Cf, < Cy(i.e. fc < 0), which means

that the system is salted from above. The boundary conditions becomes

w=0=¢=00nz=0and z=1. (4.2.6)

4.3 The Linear Instability Analysis

In order to study the linear instability of the system (4.2.5) we neglect the nonlinear
terms of the system and we take the third component of the double curl of equation

(4.2.5)1, so equation (4.2.5); will be
0= _(uj,ij — AUZ> + R(k’je,ij — k‘zAQ) — Rs<kj¢,ij — szgb) s (431)

using (4.2.5) and then taking the third component, i.e. take i = 3, equation (4.3.1)
will be
0=Aw— RA"0+ R,A"¢ (4.3.2)

2 2 . . . .
where A* = % + aa—yQ. The linearized system of equations is

Aw—RA*0 + R,A*¢ =0,
0, = Rw+ A0, (4.3.3)
epr =F Ryw + Agp + hO — no.

Because this is linear, we consider a perturbation to the solution to (4.3.3) of the

form
0 =e”'0(x;) = e”'O(2) f(z,y) = 7' Ope™™ ™ sin(nrz)

w = e w(x;) = "W (2) f(z,y) = " Woe™ ™ sin(nrz) | (4.3.4)
¢ = e”'o(x;) = 7 ®(2) f(z,y) = 7' D™ ™ sin(nrz)
where o is the growth rate. The terms in (4.3.4) are referred to as a Fourier modes.

The full solution will be a combination of modes. Since it is sufficient for only one
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destabilizing disturbance to cause instability, we will consider only (4.3.4), because
by taking different values of the real numbers [ and m we can determine the most
destabilizing term. One can deal with other cell shapes rather than rectangles as
described by (4.3.4), cf. Chandrasekhar [19] and the explanation on pagel3. For
example the form of the solution for a hexagonal shape was given by Christopherson
22], cf. equation (1.2.21).

Then using (4.3.4) in our system (4.3.3), we obtain

Aw—RA0 + RA*G =0,
00 = Rw + Af (4.3.5)

eop =F Rsw + Ap + hd —no .

This is an eigenvalue problem for o to be solved subject to the boundary conditions
w=0,0=0,¢=00nz2=0,1

with the periodicity in (z,y), we introduce a plane function f and a wave number
a, such that
A*f = —d*f.

With the representations

w=W()f(z,y), 0§ =060)f(r.y), ¢=2(2)f(z,y)
equations (4.3.5) reduces to solving

(D? — a®>)W + Ra’© — R,a*® =0,
00 = RW + (D? — a0 , (4.3.6)
co® = FRW + (D? — a®)® + hO — nd |
on z € (0,1), where D = d/dz and a? = [* + m?. Equations (4.3.6) are to be solved
subject to the boundary conditions

W=0,0=0,d=0 on 2=0,1 (4.3.7)

We solve equations (4.3.6) and (4.3.7) exactly by analytical means, but also nu-

merically using a D?-Chebyshev Tau numerical method, cf. Dongarra, Straughan
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& Walker [26] and Straughan [101]. By writing W, ©, ® as a series of the form
sin(nmz), one may derive linear instability threshold. The system (4.3.6) can be

written in the following matrix form

—A  Ra? —R.a? W 0
R -A—o0 0 @0 =10
TR, h —AN—n—o¢ d 0

where A = n?7? 4+ a?. Setting the determinant of the matrix to zero, a quadratic

equation in R is obtained

bhR*4+ciR+d =0, (4.3.8)
in which
by = a’A +na® +eoa® |
¢, = —Rsha® | (4.3.9)

dy = +R?a*(A+ o) — N> —nA* — coA* — oA* — no A — eo®A.

Two cases will be considered,
case(i) : o = iw, where w is a real number, and

case(it) : o =0.

Case(i): 0 =iw (Oscillatory Mode)
Substituting ¢ = iw in the quadratic equation (4.3.8)-(4.3.9) and solving the equa-

tion for the real and imaginary parts of R?, the following are obtained
real part : £R2a*A + (a®A +na®)R* — Rsha®’R — A* — nA? + cw?A = 0.

imaginary part : £R%a* +ea®R? —eA* — A* —nA =0,

When there is No Reaction i.e. h=n =20

A% — ew?

real part : R* = FR2 + 5 ,
a

R? (e +1)A?
F

imaginary part : R? = 5
ea
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minimizing firstly over n, one finds n = 1, and then a further minimization over a?

yields

2 2

Qeritical

which implies
2
: 1
R(Q:ritical = :F? + 47T2(1 + g)
Case(ii): 0 =0 (Stationary Mode)
Substituting o = 0 in the quadratic equation (4.3.8)-(4.3.9) and solving the equation

for R?, we get in the case of a reaction i.e. h # 0 and n # 0
+R2a*A + (a*A + na*)R* — R,ha>R — A* — nA* = 0.

When there is No Reaction i.e. h=n=10
A2
2 2
R = :FRS + ? ,
minimizing firstly over n, one finds n = 1, and then a further minimization over a?
yields

2 2

eritical = T 5

which implies

R? = IFRz + 472,

critical

The linear instability results for the Darcy-model with reaction has been discussed

and analysed by Pritchard & Ritchardson [83].

4.4 The Non-Linear Energy Stability Analysis

In order to study the nonlinear stability of the Darcy model for the double diffusive
convection, consider the nonlinear system of equations in the dimensionless form
(4.2.5) and the corresponding boundary conditions (4.2.6). Taking into considera-
tion the periodicity of the system and the smoothness of the boundary to allow the
application of the Divergence Theorem. Multiply equation (4.2.5); by u; and inte-
grate over V using integration by parts. Likewise, multiply equation (4.2.5)3 by 6
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and equation (4.2.5); by ¢ and integrate. The following system of energy equations

is obtained
0= —|ul®+ R(6,w) — Ry(¢,w) ,
dal
dt 2
de
SN = FR.(6,w) — IVl + h(6,0) — o

Now we have to form the combination of the equations in system (4.4.1) as

10]1* = R(0,w) — [IVO]|*, (4.4.1)

(4.4.1); + (4.4.1)9 + \(4.4.1)3,

where ) is positive constant we are using as a coupling parameter. This leads to the

energy equation

dE I
— —=]-D=-D(1-—
dt (=35

1

I
< — _ ) = — -
D(1 —max —) = —D(1 ),

(4.4.2)

where H is the space of admissible solutions. In this case
H = {u;,0,¢lu; € L*(V),0,0 € H (V)},

subject to zero boundary conditions on z = 0, 1 and periodicity in the x, y directions.

The nonlinear stability ensues when Rg > 1 which implies that 1 —1/Rg > 0, where
1 1
and

1 A
E= §||9||2 + 7”(15”2 :
I =2R(0,w) + Ah(0,) — (1 £ \)Ry(¢,w) , (4.4.4)

D = [ul* + [IVO]* + AV [* + Anllo]*.
Inequality (4.4.2) can be written as

— < —a; D 4.4.5
dt -~ a ) ( )

where a; = 1 — 1/Rg > 0. In order to obtain a bound for D, we have to use the
Poincaré inequality

D = [ul* + Mllgl* + IVO* + A Vo*

> [[u]|® + Al ]|* + 7*[|0]]* + 7N ||

(4.4.6)
> 72)|0|* + A4l
MLe
MLe

> w0 + 7 A——IlgII*.
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If MLe <1, then (4.4.6) implies
MLe
2010112 1 2 25 219112 4+ 22\ 2
R0 + AT I 2 0l + 2Acllo]
If MLe > 1, then (4.4.6) implies
MLe
2019112 o 2 2 2912 1 2 2
R0 + AL 1 < w0 + 2 Acllo]
From inequalities (4.4.7) and (4.4.8), we conclude that
1
R0 + 72Acllol 2 K161 + Acl61P)] . where k= min{—1—.1}
Now employing inequality (4.4.9) in inequality (4.4.6), we get

191 + Aellol®
2

D > 2kn? ( ) = 2k’ F |

So inequality (4.4.5) will be

dE
s < —ayD < —2a,km*E = —ukE

from which

d
@ E) <0,

and then after integration we obtain
e"E < E(0).

Therefore,

E(t) < E(0)e ",

(4.4.7)

(4.4.8)

(4.4.9)

(4.4.10)

Inequality (4.4.10) shows that under the condition Rgp > 1, E(t) — 0 as t — oc.

This result according to the defined value of F(t), equation (4.4.4);, proves that

16]12 — 0 and [|¢]]> — 0 as t — oc.

It remains to show the decay of ||u||. So, from the energy equation (4.4.1); and by

using the Arithmetic-Geometric Mean inequality, we have

||11||2 = R(eaw) - RS(¢,W)
Ra
2

R,
2

R R
< Y12 2 sy 2 2
< oo™ + = llwll +2BH¢” + = lwl

(4.4.11)
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Using the fact that ||w|* < ||lu||?, inequality (4.4.11) will be

Ra RS
2< e S
Il < (5

(4.4.12)

R R
) alP + 5161 + S lol?

where o and 3 are constants to be chosen such that Ra + R;8 = 1, which gives

a=1/2R and = 1/2R,. According to that our inequality (4.4.12) will be,
[ull* < 2R%|0* + 2R 6]|*. (4.4.13)

Relation (4.4.13) shows that Ry' guarantees in addition to decay of ||0|| and ||¢]|,
also decay of [|u]|.

The nonlinear stability threshold is given by the variational problem (4.4.3). We have
to determine the Euler-Lagrange equations and maximize in the coupling parameter

A to obtain the best value of R. The maximum problem is

— = max . 4.4.14
o = X T+ VO + AV eI+ il (4.4.14)

Rescaling ¢ by putting ¢ = v A¢. equation (4.4.14) will be

Rp # al> +[IVOI* + IVl|> + nllo||?
where
1+ A
A)=——.
) =25
Hence, the Euler-Lagrange equations arising from (4.4.3) requires
d I I
D= ='p ="

where ¢ refers to the ”derivative” evaluated at e = 0, or, upon calculation,

ol I 1 I 1 1
— ——0D=—(0] — =0D) = —=(0] — —6D) =
i) DQ(S D((5 D(S ) D((5 RE(S )=0,
which means that the maximum requires
0D — Rpol =0 (4.4.16)

Let us define u; , 6 and ¢ in terms of arbitrary C?(0, 1) functions, ¢; , 8 and ~, with
G(0) = ¢(1) = B(0) = 5(1) = v(0) = (1) = 0 and find the derivatives at € = 0,
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where € is a small parameter,

u; = u; + €G
o= ¢+ €.

Thus using the defined values of I and D, equations (4.4.4), and incorporating the

constrained u;; = 0 in I, we find

0D = —2(BA0) — 2(yAd) + 2(Cius) + 20(d7) (4.4.18)
and )

oI =2R(0 2R — R, — R,

(0Cs) + 2R(wp) N f(9Gs) — Raf (wy) (4.4.10)
+ VAOY) + VAR(GB) = (PiCs).
Using (4.4.18) and (4.4.19) in equation (4.4.16), the following is obtained
(Gi.2u; — 2RRpki0 + R,Rp fki¢ + RpPy)
+(B8,—2A8 — 2RpRw — VAREh) (4.4.20)

{7, —2A¢ 4 2n¢ + Ry R, fw — VARgh) = 0.

Since (; , 8 and ~y are arbitrary apart from the continuity and boundary condition

requirements, we must have the following

—2A0 — 2RpRw — VARgho = 0 (4.4.21)
—2A¢ + 2n¢ + ReRs fw — VARghO = 0.

The system (4.4.21) is the Euler equations that give an eigenvalue problem for R.
Taking the double Curl of equation (4.4.21); and retaining only the third component

of the resulting equation, our new system of equations will be

1+ A ~
Aw— RRpA 0+ [ ~=2) RuRpA*G =0

\/Xhé =0, (4.4.22)

2
- 14\ Vh
(A=) — RpR, <—2\/X)M+RE—2 0=0.
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Since ¢ = VAp, we can write the system (4.4.22) as

1j:

A

Af+ RpRw+ Rp=-6 =0, (4.4.23)
1+ A h

(A—n)qb—RERs( 0 )w+RE—9_o

Because the system of equations (4.4.23) is linear, we may look for solutions of the

form

w=W()f(z,y),

0=0(2)f(z,y), (4.4.24)

¢ = ®(2)f(2,y)
where the function f satisfies A*f = —a®f and a is a wave number, D = d/dz ,
A =n?r? 4+ a? and

A=A+ 3—2 =D?*—a* = —A.
022

Substituting (4.4.24) in the system of equations (4.4.23), we obtain the following

eigenvalue problem
AE1
—AfW 4+ RgRa*fO© — ( 5 ) R,Rpd’f® =0,

A
RpRfW — AfO + RpJhf® =0, (4.4.25)

At1

—RgR, ( N

)fW+RE O — (A +n)f® = 0.

Our system of equations (4.4.25) can be written in the following matrix form

A —a’RgR a*Rp(22)R,\ [ Wo 0
—RpR A _%RE @0 =10
RpR, (52) -LRg A+ ol 0

Setting the determinant of the matrix to zero, a quadratic equation in R is obtained
boR?> + csR+dy =0, (4.4.26)

where

by = 4R%a*(A + 1) ,
co = —2(1 £ \)Ry,R.a’h |

dy = —4A® — 4pA\2 + R2, (Ah? u j;A) Ra 2> A.
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We set Rg = 1, since this yields the stability threshold and the quadratic equation
(4.4.26) has to be solved for R in terms of the other parameters.
If there is No Reaction i.e. h =n = 0, then

A2 (1£A)2R?

R? = -
a’R%, 4\

(4.4.27)

Minimizing firstly over n, one finds n = 1, then a further minimization over a? yields

2 2

Qeritical — T

which implies
2 A2 B (1+£N)2R?
critical RZE A\ :

4.5 The Numerical Method

Numerically, we use the D? Chebyshev tau method, cf. Dongarra et al. [26], to solve
equations (4.4.23) in the form

1+
(D* — aH )W — (T)RSREa% = —RRpa’0©
hA
(D? — a0 + RE7(D = —RRpW (4.5.1)
1+ A h
—R,Rg( o YW+ RE§@ +(D? —a®> —n)® =0,

subject to the boundary conditions
w=0=¢=0, 2=0,1. (4.5.2)
The functions W, © and ¢ are expanded in terms of Chebyshev polynomials

W(z) =Y w,T,(2), O(2) = B_,0,T,.(2), ®(2) = X2, 6,T0(2).

n

Since T),(+1) = (£1)", T/ (£1) = (£1)"'n? , implies that the boundary conditions
(4.5.2) become

wy +wy +we + -+ +wy =0,
(4.5.3)

w1+w3+w5+---+wN_1:O
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with similar representations for 6,, and ¢,
02 + 05+ 06+ + 0y =0,
(4.5.4)
01 +03+05+ - +0y 1 =0
G2+ Qs+ P+ + oy =0,
(4.5.5)
P11+ O3+ ¢s+ -+ on_1 = 0.

Therefore, the Chebyshev tau method reduces to solving the matrix system Ax =

RBx, where x = (wy,ws, -+ ,wy, b0,

B are given by

4D? — a’I —(Z2)R,Rpa’l
BC1 0---0 0---0
BC?2 0---0 0---0
0 AD? — I Rp™1
A= 0---0 BC3 0---0
0---0 BC4 0---0
—RgR,(32)] R4l  AD*—(a®>+n)l
0---0 0---0 BC5H
0---0 0---0 BC6
0 —Rpa*l 0
0---0 0---0 0---0
0---0 0---0 0---0
—Rgpl 0
B=10---0 0---0 0---0
0---0 0---0 0---0
0 0
0---0 0---0 0---0
0---0 0---0 0---0

' 70N7¢17"'

,¢n) and the matrices A and

where in the matrix A the notations BC'1, BC2 refer to the boundary conditions
(4.5.3), BC3, BC4 refer to (4.5.4) and BC5, BC6 refer to the boundary conditions
(4.5.5). The matrix system is solved by the QZ algorithm, cf. Dongarra et al. [26].
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4.6 Numerical Results and Conclusion

The critical Rayleigh number of the energy stability theory Rag is obtained by

performing the optimization problem
Ra3 = max Hclzén R2(a?; ). (4.6.1)

While the critical Rayleigh number of the linear instability theory Ra; has been

calculated by performing the optimization
Ra3 = Hi%n R3 (a?). (4.6.2)

We analyse the numerical results of two different systems, heated below and salted
above and heated and salted below, in the following subsections. The analyses

supported by graphical figures.

4.6.1 Heated below and salted above system

The linear instability threshold Raj, guarantees instability. Thus, in figure (4.1), any
point in (Rs?, R?) space which is above the solid curve (Ra?) represents an unstable
solution. On the other hand, if (Rs?, R?) lies below the dashed curve (Ra%) in figure
(4.1) there is nonlinear stability for all initial perturbations. The values of Ra? in
equation (4.6.2) and Ra% in equation (4.6.1) are obtained numerically using the
D?*-Chebyshev Tau method to determine the eigenvalues. Table (4.1) shows that
the linear and energy results are close to each other in the nonreactive case (i.e.
h =n=0). As can be noticed in figure (4.1)(a), that Ra? = Ra% when h =1 =0
and so we may conclude that the linear theory has covered the essential content
of convection. Numerical values given in table (4.2) and table (4.3) are presented
graphically in figures (4.1)(d) and (4.1)(f), respectively, and are included to show
the effect of an increasing reaction rate. The linear instability boundary begins
to diverge from the nonlinear stability one as the reaction rate increases. There
is definitely instability if Ra®> > Ra? whereas there is definitely global nonlinear
stability when Ra? < RaZ%. Figure (4.2) shows the gap between the linear instability
boundary and the energy stability boundary when the difference between the values

of the reaction rates h and 7 is huge. As it is clear in figure (4.2)(a) that there is a
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larger gap between the linear and energy boundaries when the value of h is bigger
compared to the value of . On the other hand, the two boundaries coincide when

the value of h is smaller, see figure (4.2)(b). We note that increasing n for fixed

Linear Theory Energy Theory
Rs Ra;, ar, Rs Rag ag A
0.0826 6.2832 3.1 0 6.283186 3.14 1
0.2 6.28 3.14| 0.5 6.263260 3.14 1
0.4 6.27 3.14 1 6.203098 3.14 1
1.865 6 3.14 2 5.956377 3.14 1
3.805 5 3.14 3 5.520727 3.14 1
4.845 4 3.14 4 4.845454 3.14 1
5.521 3 3.14 5 3.805053 3.14 1
5.956 2 3.14 | 6.12  1.422683 3.14 1
6.263 0.5 3.14(6.282 0.122081 3.14 1
6.2832 0 3.14 | 6.283 0.048361 3.14 1

Table 4.1: Critical Rayleigh numbers of linear theory, Rar, and nonlinear energy
theory, Rag for the salted above Darcy convection problem, with their respective
critical wave numbers ay, ap when there is No Reaction 7.e. h = n = 0. A is the

coupling parameter.

h leads to the energy stability boundary being closer to the linear instability one.
This is to be expected from equations (4.5.1) since —n¢ is effectively a stabilizing
term. On the other hand, in equations (4.5.1) the term hf will generally destabilize
the solution and this effect is borne out in figures (4.1) and (4.2). In particular, in
figure (4.2)(a) we see that when h = 20 and n = 1 the gap between the nonlinear

and linear thresholds is relatively large.

4.6.2 Heated and salted below system

It is instructive to write system (4.2.5) and the boundary conditions (4.2.6) for the

salted below case as an abstract equation of form

Auy = L(u) + N(u),
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Linear Theory Energy Theory
Rs Ra;, ar, Rs Rag ag A
1.5713 6.283 3.23 1 6.283186 3.14  1.69
1.5800 6.282 3.23 2 6.216381 3.25  3.77
1.5972  6.28 3.23 3 5.946768 3.32  1.82
1.6781 6.27 3.24 4 5477767 3.38  1.42
1.8202 6.25 3.25 5 4.729768 3.43 1.24
24599 6.12  3.29 6 3.466519 3.45 1.12
2.8700 6 3.32 | 6.12 3.245767 3.45 1.11
4.7211 5 3.44 | 6.25 2974599 3.45 1.09
5.6857 4 348 | 6.27 2929212 3.45 1.09
6.2764 3 348 | 6.28 2906083 3.45 1.09
6.6183 2 3.46 | 6.282 2.901421 3.45 1.09
6.7619 1 3.42 | 6.283 2.899085 3.45 1.09
6.7290 0 3.36 7 0.655904 3.46 1.0029

Table 4.2: Critical Rayleigh numbers of linear theory, Ray, and nonlinear energy

theory, Rag for the salted above Darcy convection problem, with their respective

critical wave numbers ay, ag when h =5 and n = 3. X is the coupling parameter.

where u = (uy, us, ug, 0, ¢), N(u) represents the nonlinear terms in (4.2.5) so

0
0
0 )
_uie,i

—%Uzﬂii

and L is the linear operator. In fact, the linear operator for (4.2.5) is

0 0 0
0 0 0
~1 R -R,
R A 0
R, h A—n
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If the reaction term h were not present, i.e. h = 0, then we may split L into a

symmetric plus skew-symmetric parts as follows

L=Ls+La,
where
-1 0 0 O 0
0 -1 0 0 0
Li=10 0 -1 R 0 )
0O 0 R A 0
0 0 0 0 A-—np
and
00 0 0 O
00 0 0 O
La=10 0 0 0 —R,
00 0 0 O
00 R, 0O O

For the salted above case, previous subsection, L 4 would be zero and the analogous
linear operator L would be symmetric.
Even when h = 0 in the salted below case, we expect some problem with non-

linear energy stability theory since

(u, L(u)) # (u, Ls(u))

where (-, ) is the inner product on (L*(V))? x (H'(V))? with V being a period cell
for the solution. For the problem of this subsection, governed by equations (4.2.5)
and (4.2.6) for the salted below case, we have two sources of anti-symmetry, the R;
term and the h term.

The results are presented graphically for different values of the reaction rates
h and 7 in figure (4.3). As the figure shows, increasing the values of the reaction
terms resulted in increasing the distance between the linear instability boundary
Raj and the energy stability one Rag. Moreover, the position of the transition
point where the linear instability boundary switches from stationary convection to

oscillatory convection becomes lower and lower as the the reaction rates increase.
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According to the curves in figure (4.3), the difference between the nonreactive case
(i.e. h=mn=0) and the case h = n = 1 is unnoticeable compared to the case when
h =15 and n = 9 where the area or the gap between the linear instability boundaries
increased. On the other hand, the energy boundary Rag remains constant for all
the taken values of the reaction rates. If Ra®> < Ra% there is globally nonlinear
stability, whereas there is definitely instability if Ra*> > Ra%. To investigate the
effect of each of h and 7 in the stability of the system, a slightly larger difference
between their values is considered for different values of €. Comparing the two cases
when h =10, n=1and h =1, = 10, as is shown in figures (4.4), (4.5) and (4.6),
the linear instability boundary for h = 10 always lies above the linear instability
boundary for n = 10 for all the chosen values of € (¢ = 2,3,5). But at a certain
point (Rs? Ra?) the two boundaries intersect each other and the opposite situation
occurs, the linear boundary for n = 10 is above the linear boundary for A = 10
and the gap between them remains at a constant value as is clear in figures (4.6)(b)
and (4.5)(c). This is to be expected from equations (4.5.1) since —n¢ is a stabilizing
term and h# generally will destabilize the solution and that what is actually noticed
in the figures. But then the term +Rsw will dominate for the fixed values of h and
1 which explains what happened after the intersection. While the energy boundary

remains unchanged in all cases.
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R"2

Rs’ Rs’

(e) h=15,n=9 (f)y h=20, n=16

Figure 4.1: Linear instability and Energy stability boundaries for the salted above

Darcy convection problem for different values of the reaction rates h and 7.
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Figure 4.2: Linear instability and Energy stability boundaries for the salted above

Darcy convection problem when the difference between h and 7 is huge.
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Linear Theory

Energy Theory

Rs Ray, ar, Rs Rag ag A
3.024502 6.7313399 3.53 | 0.01 6.283186 3.14 0.0016
3.027284 6.731335 3.54 | 0.02 6.283186 3.14 0.0032
3.029454  6.73133  3.54 | 0.1 6.283186 3.14 0.016
3.039739  6.7313  3.54 | 0.5 6.283088 3.14  0.09
3.089217 6.731 355 1  6.283162 3.14 0.19
3.163901 6.73 356 | 2 6.283184 3.14 0.46
3.731663 6.7 3.68 | 3 6.28318 3.14 0.89
4.881631 6.5 394 4 6.28318 3.14 1.69
5.495110 6.3 408 | 5 6.270139 3.44 3.13
5.545822 6.28 4.1 | 5.8 5.972402 3.99 2.59
5.619278 6.25 411 6  5.858324 4.02 231
5.907456 6.12 418 | 7  5.061064 4.17 1.56
6.139228 6 4.24 | 7.3 4.712228 4.19 1.43
7.410971 5} 4.5 | 7.5 4.432304 421 1.36
8.098929 4 457 | 7.8 3.898452 4.2 1.4
8.466344 3 453 7.9 3.670777 4.19 1.21
8.594079 2 4411 8 3.398999 5.17 0.5
8.235507 0.02 4 8.3 1.578162 5.03 0.7
8.227812 0 4 85 1.517708 5.52 0.7

Table 4.3: Critical Rayleigh numbers of linear theory, Ray, and nonlinear energy

theory, Rag for the salted above Darcy convection problem, with their respective

critical wave numbers ay, agp when h = 20 and n = 16. X is the coupling parameter.
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Figure 4.3: Linear instability and Energy stability boundaries for the salted below

Darcy convection problem for different values of h and 7.
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Chapter 5

The Energy Stability of Brinkman
Thermosolutal Convection with

Reaction

5.1 Introduction

This chapter may be considered as an extension of Wang and Tan [124] and Pritchard
and Richardson [83]. In chapter 4 we used the energy method to carry out a non-
linear stability analysis of the Darcy thermosolutal convection with reaction. In the
current chapter, the energy stability of the Brinkman thermosolutal convection with
reaction is considered. We use the compound matrix numerical technique to solve
the associated system of equations with the corresponding boundary conditions, in
which we investigate two systems separately, the heated below-salted above system
and the heated below-salted below system. We obtain the energy stability bound-
aries for different values of the reaction rates and compare them with the relevant
linear instability boundaries. Some linear instability boundaries are obtained by
Wang and Tan [124], but they do not correspond directly to what we require and

hence we recompute also the linear values using the D? Chebyshev Tau method.

Our aim is to obtain the nonlinear stability boundaries below which the so-
lution is globally stable by using the energy method and compare the nonlinear

80
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boundaries with the relevant linear instability boundaries obtained by Wang and
Tan [124]. Considering a porous medium of Brinkman type occupying a bounded
three-dimensional domain, we discuss the variation of the onset of thermosolutal

convection with the reaction rate and the Brinkman coefficient.

5.2 Basic Equations

Our model consists of Brinkman equation with the density in the buoyancy term
depends linearly on the temperature 7" and salt concentration C, the continuity
equation, the advection-diffusion equation for the transport of heat and the equation

for the transport of solute with reaction terms,

pi= _%%’ = po[l = ar(T' = Tp) + ac(C — Co)lgk; + AMAwv;,

Vi = 0,
(5.2.1)

1
MT,t + 0, T; = kpAT,

$C i+ v;C; = Pka AC + k[f1(T — Ty) + fo — C).
Where as in the previous chapters, v;, p, T, C' are the velocity, pressure, temperature
and salt concentration, K is the matrix permeability, p is the fluid viscosity, pg is
the fluid density. The coefficients k¢, kr are the molecular diffusivity of the solute
through the fluid and the effective diffusivity of the heat through the saturated
medium. The quantity M is the ratio of the heat capacity of the fluid to the heat
capacity of the medium, qg is the matrix porosity, k is the reaction coefficient and
fo+ fi(T — 1) = Cey(T') in Pritchard & Richardson [83], where fo, f1 and T are
constants. Moreover, g is the gravity, k = (0,0, 1), and ar and a¢ are the thermal
and solutal expansion coefficients respectively. The equations (5.2.1) are taken in

the domain R? x (0,d) x {t > 0}. The boundary conditions are
v;=0o0n z=0,d,
T=T,onz=0, T=Tyonz=d, (5.2.2)
C=Cronz=0, C=Cyonz=d,

where Ty, Ty, Cp,Cy all constants, with 77, > Ty since our systems are heated

below. For the salted above porous medium Cy > Cp while for the salted below
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case C, > Cy. In the steady state, we look for

’DZ’ — 0,
T —T(2), (5.2.3)
C =C(2).

Equation (5.2.1), is automatically satisfied since v; = 0. Equation (5.2.1)3 will give

T(Z) = 1z + M2,

using the boundary conditions (5.2.2), implies

_ T, — T,
T(z) = —Brz+Ty; fr=—— p = (5.2.4)
Considering equation (5.2.1), we get
&C k _ _
Sy M (T -T 0] =
PR ke [f1( o) + fo—C| =0,

assuming C.,(T(z)) = C(z) implies that AC = 0. Hence employing the boundary
conditions (5.2.2)3 imply

_ Cr—Cy

O(Z) = —ﬁcZ + CL ) BC = d s (525)
and the momentum equation (5.2.1); becomes
op
% = —4gpo [1 - O[T(TL — BTZ — To) + O{cf(CL - Bcz - Co)] kz (526)
Integration of (5.2.6) gives p as a quadratic function of z of the form
p(2) = az® + Bz + 1. (5.2.7)

Therefore, we find the steady solution or the basic state to (5.2.1) which we are

interested in studying its stability and which satisfies (5.2.2) as

T(z) = —ﬂTz + 17, (528)

é(Z) = _BCZ + CL7
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where Sr and (¢ are the temperature and salt gradients respectively.
To analyse the stability of the solutions (5.2.8) we define perturbations (u;, m, 0, ¢)
such that

V; = 172' —l—ui,

p=p+m,

. (5.2.9)
T=T+09,
C=C+¢

Using these perturbations in equations (5.2.1) we derive the equations governing

(uiu ™, 97 Qb) as

i = —%Ui + pogkiaTﬁ — pogkiacqﬁ + >\Auz )

U5 = 0,
. (5.2.10)
M

Gb 1 + wid; = Bow + ko Ad + kfLl — ko,

9775 + UZ‘QJ‘ = ﬁTw -+ ]{/’TAQ s

where w = ugz. To non-dimensionalize the system (5.2.10), we define the length, time
and velocity scales, L, 7 and U, by L = d, 7 = d/MU and U = kr/d. We introduce

pressure, temperature and salt scales as

_ Udp ’ T — uprkr oF — ppckr Le

P bl ~)
K arpog i acpog Ko

where Le = kr/kc is the Lewis number. The temperature and salt Rayleigh numbers

R Brd?>Karpog
k?T,LL ’

when Cp > Cy or R, =

are defined as

d’K L 2K L
R, — \/50 acpoglLe |Be|d*K acpogLe when Cp < Cy.

ng‘T[L (gk'T,U
Then, the fully nonlinear, perturbed dimensionless form of (5.2.10) is
T = —u; + Rki0 — Rski¢ + yAu,;
Uip = 0,

(5.2.11)
QJ + u,ﬁ’i = Rw + Af s

L
by + fuqﬁ = FRw+ Ad+ho — o |
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where e = M Le, ¥ = MK /ud? the Brinkman coefficient and h and 7 are the reaction

terms

. k frd?T* ka?
e Ok

Moreover, + R, is taken when C', > Cp, which means that the system is salted from

and n

below, and —R, is taken when C}; < Cp, which means that the system is salted

from above. The corresponding boundary conditions are

Dv=w=0=¢=00onz=0and z=1. (5.2.12)

5.3 Linear Instability Theory

To study the linear instability, we drop the nonlinear terms of (5.2.11) and take
the double curl of equation (5.2.11); and retaining only the third component of the
resulting equation to reduce (5.2.11) to studying the system

Aw — RA*0 + RA* ¢ — 7A%w = 0,

gy = FRsw + A¢ + hO — 0o,
where A* is the horizontal Laplacian. Assuming a normal mode representation for
w, 0 and ¢ of the form w = W(z)f(z,y) , 0 = O(2)f(z,y) and ¢ = ®(z)f(x,y)

where f(z,y) is a plan tiling function satisfying
A'f=—df; (5.3.2)
cf. Straughan [99] and a is a wave number. Using (5.3.2) and applying the normal
mode representations to (5.3.1), we find
(D? — a®>)W + Ra’© — R,a*® — 5(D? — a®)*W =0,
00 = RW + (D* — a*)0, (5.3.3)
eo® = FRW + (D? — a®)® + hO — nd,

where D = d/dz. This is an eigenvalue problem for o to be solved subject to the

boundary conditions

DW=W=0=®=0, onz=0,1. (5.3.4)
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We solved system (5.3.3) with the corresponding boundary conditions (5.3.4) using
the D? Clebyshev Tau method and the Compound Matrix technique. Detailed
numerical results for the heated below-salted above and heated below-salted below
are reported separately in the subsections (5.6.1) and (5.6.2). We determined the
critical Rayleigh number given by Ra? = ming R*(a®) where for all R? > Ra? the

system is unstable.

5.4 Nonlinear Energy Stability Theory

In order to study the nonlinear stability of the Brinkman model for the double dif-
fusive convection, consider the nonlinear system of equations in the dimensionless
form (5.2.11) and the corresponding boundary conditions (5.2.12). Taking into con-
sideration the periodicity of the system and the smoothness of the boundary to allow
the application of the Divergence Theorem. Multiply equation (5.2.11); by u; and
integrate over V using integration by parts. Likewise, multiply equation (5.2.11)3
by 6 and equation (5.2.11)4 by ¢ and integrate. The following energy equations are

obtained
0= —|[ul® + R(6,w) — Ry(¢,w) — 7| Vul*,
d1
dt 2
de
ﬁw = TR (¢, w) — [VoI* + (0, ¢) — nllo|>.

Then we form the combination of the equations in system (5.4.1) as

6] = R(0,w) — [[VO]* , (5.4.1)

(5.4.1); + (5.4.1)5 + A(5.4.1)3,

where A a coupling parameter. This leads to the energy equation

C;—E:I—D:—D(l—é)
! (5.4.2)

where H is the space of admissible solutions. Namely

H:{ui,H,quEHl(V):uizﬁng:()onz:(],l},



5.4. Nonlinear Energy Stability Theory 86

and
1 I
= maryg—,

Rg D
1 A
E=—|0|> + =]¢|?
617 + s 5
I =2R(0,w)+ Ah(0,¢) — (1 £ \)Rs(p, w) ,
D = [u]* + VO + AVl + Mll¢ll* + 7] Vul*.
The nonlinear stability ensues when Rz > 1 which implies that 1 — 1/Rg > 0.

Inequality (5.4.2) can be written as

dE
% < —CllD s (544)

where a; =1 —1/Rg > 0. Then, using the Poincaré inequality in order to obtain a
bound for D
D = |[ul* + Mllo))* + [VOI* + AV |* + 5| Vul?

> [[ull* + Anlloll* + 701" + 7> A |* + 7 ul|*

=m0l + 7 A¢|” (5.4.5)
MLe
> 2 0 2 2A 2
> 202 + w27l
0] + A 2
s ot (I MO g
where k = min {2—,1} . Then inequality (5.4.4) will be
dE
= < —a1D < —2a,kn’E = —uFE |
from which
d
—(e"E) <0
GE) <0,
integration leads to
E(t) < E(0)e™ (5.4.6)

Inequality (5.4.6) shows that under the condition Rp > 1, E(t) — 0 as t — oo.
This result according to equation (5.4.3)s, proves that ||0]|> — 0 and ||¢||*> — 0 as
t — oo. To show the decay of ||ul|, we have to use the Poincaré inequality and the

Arithmetic-Geometric Mean inequality in the energy equation (5.4.1); to obtain

Jull> = R(6,w) — Ry(¢, w) — 7||Vul®
(5.4.7)
< R(0,w) — Ry(¢,w) — 37| |u|?
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which can be written as

(1 +37)[ul* < R(0, w) — Ry(d, w)
Ra

R.5 (5.4.8)
2 2

R R
< g12 2 sy 2 2
< o lol" + = llwll +26||¢|| + —— vl

Using the fact that ||w|* < |Ju||?, inequality (5.4.8) is

Ra

- R, R R,
el < (5 + B2 a4 S0 + 2ol (59)

where o and ( are constants to be chosen such that Ra + R,8 = 1, which gives
a =1/2R and = 1/2R,. According to our choice of o and 3, inequality (5.4.9)
will be

1

(5 +3m)ull® < R)I61° + Ello], (5.4.10)

which shows that R guarantees in addition to the decay of ||0]| and ||¢||, also decay

of [[u]l.

Turning our attention to the maximization problem (5.4.3);, we have to deter-
mine the Euler-Lagrange equations in order to solve it. The maximum problem

18

1 2 — R,(1 £ )\)(o,
R d a2+ [[VO[2 + AVl + Anllol* + ([ Vul|
Rescaling ¢ by putting ¢ = v/ A¢. equation (5.4.11) will be
1 2 5 — R, 5
L 2R(0,w) + VA0, 6) RifN(@w) (5.4.12)
Re i > +[[VO]2 + Vo[ + nllolI* + 7 Vul|?
where
1+ A
A) = ———.
) =5
Hence, the Euler-Lagrange equations arising from (5.4.3); requires
L
deD' "D 7

where ¢ refers to the ”derivative” evaluated at e = 0, or, upon calculation,

ol I

1 1
30D = %(51 - é(sp) = (6T~ -0D) =0,

E

which means that the maximum requires

§D — Rpsl =0, (5.4.13)
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to obtain the Euler equations that give an eigenvalue problem for R. Let (, 8 and vy
be arbitrary fixed C*(V') functions that satisfy the boundary conditions and define
neighbouring functions u; = u; +€G , 0 =0+ €8, ¢ = ¢ + ev. Hence

01 =2R((3,0) + 2R(w, B) — Rof(N)(G, @) — Ref (V) (w,7) (5.4.14)
+ VAR(, 0) + VAR(B, &) — (G, Pi) E

and

0D = — 29(Aus, G;) — 2(A0, B) — 2(A¢,7) + 2(wi, &) + 20(, 7). (5.4.15)
Thus, the Euler-Lagrange equations arise from the variational problem (5.4.3); are
2u; — 2RRgkf + RyRpfki¢ — 29Au; = —RpP;
—2A0 — 2Rz Rw — VARghe = 0 (5.4.16)
—2A¢ + 2n¢ 4+ RpRsfw — VAREhI = 0,
where P is a Lagrange multiplier. To remove the Lagrange multiplier, we take the

double Curl of equation (5.4.16); and retaining only the third component of the

resulting equation to reduce (5.4.16) to studying the system

1+ A
Aw — RREA*Q + (T) RSREA*QZ) - ’?A%U =0 s

Ah
1+ A h
(A —n)p — RgR; (T) w + RE§9 =0,

where A* = 9%/0x? + 0%/0y? is the horizontal Laplacian. Introducing the normal

mode representation as presented in section 5.3, system (5.4.17) becomes

(D* — a> )W — 5(D* — a*)*W + a®RpRO — a*RpR, <H) P =0,

2
9 9 hA
RgRW + (D —a )@ + 7 Rp® =0, (5418)
1+ A h
RpR; (T) W — §RE@ +nd — (D2 — a2)CI> =0.

The Laplace operator is equivalent to A = D? — ¢, where D = 9/0z. The corre-

sponding boundary conditions are
DW=W=0=&=0, onz=0,1. (5.4.19)

We can determine the critical Rayleigh number given by Ra% = max, min,: R?(a?, \),

where for all R? < Ra3, the system is stable.
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5.5 The Numerical Method

We used the D? Chebyshev Tau method, cf. Dongarra et al. [26], and the Compound
Matrix technique to find the bound for the linear instability theory, system (5.3.3)
and the corresponding boundary conditions (5.3.4). Both methods give exactly the

same solution. For the energy theory I have used the Compound Matrix technique.

5.5.1 The D? Chebyshev Tau method for the linear theory

In this subsection, I describe the D? Chebyshev Tau method and in the next sub-
section I will describe the Compound Matrix method since I used it for the energy
stability theory.

Using the D? Chebyshev to solve (5.3.3) subject to (5.3.4), we have to introduce a

variable x such that y = Aw. Then, equations (5.3.3) will be

(D* —a> )W — x =0,
F(D?* — a*)x — x — a*RO + a*R,® = 0,
(5.5.1)
(D* —a*)© + RW = 00,
(D? — a®)® — n® + hO F R,W = cod.

The functions W, x, © and ® are expanded in terms of Chebyshev polynomials
W(z) = Efz\lewnTn(Z)» x(z) = Eizv:anTn(Z)’ O(z) = Zg:lenTn(Z)v P(2) = Egzl@an(z)'

Since T),(+1) = (£1)", T/ (£1) = (£1)"'n? , implies that the boundary conditions
(5.3.4) become

wy +wy +we + -+ +wy =0,

(5.5.2)
’LU1+’LU3—|-1U5—|-"‘+UJN_1 =0
with similar representations for 6,, and ¢,
O+ 04 +6s+---+6y =0,
(5.5.3)
Oy + 05+ 05+ +0y_1 =0,
P2+ Qs+ s+ -+ on =0,
(5.5.4)

Q1+ @3+ @5+ +on_1 =0,
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while the boundary condition Dw = 0 becomes

22wy + 42wy + 6*wg + - - + N2wy =0,
(5.5.5)
wy + 32’LU3 + 52w5 + -+ (N - 1)2?1)]\7,1 =0

Therefore, the Chebyshev Tau method reduces to solving the matrix system Ax =
oBx, where x = (wy, W, ,WN, X1, X2, " 5 XN, 01,0, 0N, 01, -+, dn) and the

matrices A and B are given by

4D? — a?I —1I 0 0
BC1 0---0 0---0 0---0
BC?2 0---0 0---0 0---0

0 4D? —a2l—§ —a2R§ asté
BC7 0---0 0---0 0---0
Ao BC8 0---0 0---0 0---0
RI 0 4D? — 2] 0
0---0 0---0 BC3 0---0
0---0 0---0 BC4 0---0
FR,I 0 hI 4D?* — (a* +n)I
0---0 0---0 0---0 BC5
0---0 0---0 0---0 BC6
0 0 0 0
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where in the matrix A the notations BC1, BC?2 refer to the boundary conditions
(5.5.2), BC3, BC4 refer to (5.5.3) , BC5, BC6 refer to (5.5.4) and BC7, BC8 refer to
the boundary conditions (5.5.5). We solved the matrix system by the ) Z algorithm,
cf. Dongarra et al. [26].

5.5.2 The Compound Matrix technique for the energy the-
ory

To employ the compound matrix method, cf. Lindsay & Straughan [56], we have to
write system (5.4.18) as

2 1 2 2 /14
D'W = —a'W +2a2D*W — LW + ZD?W + RyRL 0 - L (T) RyR.®,
5 5 5 5

hA
D*0 = a*0 — RgRW — (7> Rp®,
h 1+

(5.5.6)
The compound matrix for (5.5.6) works with the 4 x 4 minors of the 8 x 4 solution

matrix formed from

!/ iz n / /
W17 Wl’Wl 3 Wl 7@1, @17 @1,@1 9

2

5.5.7

We, Wi WY WY O3, 0, &g, P ( )
3, VVg3, VVg, V¥g , Y3, Y3, ¥3, *3

Y

U =( )
Uy = (Wa, Wy, W) WS Oq, 04, &y, D))
Us = ( )

( )

U4 - W47 Wziv Wzi/a Wziﬂy ®4a 9217 (b47 CDQL

The solutions U; for i = 1,2,3,4 are independent solutions to (5.5.6) for different

initial values, U;’s correspond to solutions for starting values
(0,0,1,0,0,0,0,0)" , (0,0,0,1,0,0,0,0)%,

(0,0,0,0,0,1,0,0)" , (0,0,0,0,0,0,0,1)%,
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respectively. We define C§ = 70 new variables g, -+ - , y7o as the 4 x 4 minors. For

example

W We Wi Wi
Wi Wy Wi Wi
wyowy oWy wy
Wllll WQ/// Wé// Wi//

Y1

implies that y; = WiWiWiW," + .. which gives 24 terms for y;. So, the idea
is to derive ys, - - - , Y7o similarly and then obtain differential equations for the y;’s
by differentiation. There is no need to write out the whole determinant each time.
The first term, y;, suffices. The 70 variables are included in Appendix C. By
differentiating each y; and substituting from equations (5.5.6) we obtain differential
equations for the y;’s, see Appendix C. These equations are integrated numerically
from 0 to 1. We keep the boundary conditions (5.4.19) at z = 0 and replace the

ones at z =1 by

W(0) = W3"(0) = ©5(0) = €4(0) = 1, (5.5.8)

which using the y;’s yields the initial condition for the y.’s as

Yeo(0) = 1. (5.5.9)

Using y;’s, the final condition which satisfies (5.4.19) is seen to be
y11(1) = 0. (5.5.10)

The eigenvalue R is varied until (5.5.10) is satisfied to some pre-assigned tolerance.
For more details on the compound matrix method and it’s application on solving
boundary value problems, the reader may refer to the books of Straughan, chapter
19 of Straughan [99] and chapter 9 of Straughan [100], and the article by Lindsay
& Straughan [56].

5.6 Numerical Results and Conclusion

In this section, analysis of the numerical results of two different systems, heated

below-salted above and heated below-salted below separately is reported in the fol-
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lowing subsections. Numerical data and graphical figures are included to support

the analysis.

5.6.1 Heated below salted above system

The numerical integration is carried out for different values of the reaction rates,
h and n and different values of the Brinkman coefficient 4. We found that when the
layer is heated below and salted above in the case of no reaction i.e. h =7 =0 and
when Brinkman coefficient ¥ = 1 that the numerical methods used give exactly the
same values for Ra; and Rag. The graphical representation of these values shows
that the linear instability threshold coincide with the energy stability threshold as
it is clear in figure (5.1)(a) and that there is no region of subcritical instability. As
we increase the values of the reaction rates h and 7, the linear instability boundary
starts to diverge from the energy stability boundary. Figure (5.1) shows the effect of
increasing the values of the reaction rates, as we increase the values of h and 7, the
gap between the boundaries increases. Any point (Rs?, Ra?) in the space above the
linear instability boundary, the solid line Ra?, represents a region where the system
is unstable because the linear instability boundary guarantees instability. On the
other hand, if (Rs?, Ra?) lies below the energy stability boundary, the dashed line
Ra?%, represents the space where the system is definitely stable. Note that as the
reaction rates increase, the peak of the linear instability curve moves to a higher
position resulting in a wider region of possible subcritical instability between the
energy stability threshold and the linear instability threshold. Moreover, there is a
slight noticeable decrease in the energy stability threshold as the values of Ry — +00.

Table 5.1 represents some numerical values obtained.

To study the effect of each one of h and 1 on the stability of the system, a big-
ger difference between their values is considered. It has been noticed that when h
is bigger compared to 7, the region of possible subcritical instability is wider and
increasing the value of h implies more divergence of the linear instability boundary
from the energy stability boundary and a movement of the peak value of the linear

instability threshold to a higher position, as figure (5.2)(a) and (c) shows. Com-
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Figure 5.1: Linear instability and energy stability boundaries for the salted above

Brinkman convection problem for different values of the reaction rates h and 7.

pared to the case when n has a bigger value than h, the linear and energy boundaries
coincide, figure (5.2)(b) and (d) and the linear boundary covers the content of sta-
bility. This is expected, as system (5.2.11) shows that h© is a destabilizing term
while —n® is a stabilizing term.

Examining the effect of different values of the Brinkman coefficient (effective vis-
cosity term) on the stability boundaries, reveals that increasing the value of 4 results
in a wider space of global stability below the energy stability threshold and a wider
region of potential subcritical instability. The effect of different values of 4(= 0.5, 2)
are presented graphically in figures (5.3), (5.4) and (5.5).
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R?  ap Ra? ap Ra?, A

1 3.13 1766.156 3.12 1752.197 0.055
3 313 1775442 3.12 1752.187 0.099
5 3.14 1781.378 3.12 1752.179 0.132
6 3.14 1783.775 3.12 1752.175 0.146
12 3.15 1794.255 3.12 1752.157 0.220
20 3.15 1803.123 3.12 1752.137 0.304

Table 5.1: Some numerical values obtained for the linear boundary Ra; and en-

ergy boundary Rag temperature Rayleigh number with corresponding salt Rayleigh

number R, and the the corresponding critical wave numbers ay and ap when ¥ =1,

h =9 and n = 6 in the case of heated below salted above system.

5.6.2 Heated and Salted Below system

It is instructive to write system (5.2.11) and the boundary conditions (5.2.12) for

the salted below case as an abstract equation of form

Auy = L(u) + N(u),

where u = (uy, ug, us, 0, ¢), N(u) represents the nonlinear terms in (5.2.11) so

0
0
0

—u;f;

_L_Aeuigb,i

@

and L is the linear operator. In fact, the linear operator for (5.2.11) is

0 0 0
0 0 0
~1+5A R -R,
R A 0

—143A 0
0 —147A
0 0
0 0
0 0

R, h A—p

We may split L into a symmetric plus skew-symmetric parts as follows

L=Ls+ Ly,
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Figure 5.2: Linear instability and energy stability boundaries for the salted above
Brinkman convection problem. The difference between the values of the reaction

rates h and 7 is large.

where
—1+7A 0 0 0 0
0 —1+73A 0 0 0
L, = 0 0 —-145A R 0 |.
0 0 R AL
0 0 0 B A—q
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Figure 5.3: Linear instability and energy stability boundaries for the salted above

Brinkman convection problem when the Brinkman constant 7 is 0.5.

and

I
o o o o o

0
0
0
0
0

o o o O

R,

0
0
0
0
h
2

For the salted above case, see the previous subsection, L, would be zero and the

analogous linear operator L would be symmetric.

Even when h = 0 in the salted below case, we expect some problem with non-

linear energy stability theory since

(u, L(w)) # (u, Ls(u))



5.6. Numerical Results and Conclusion 98

I
3540

R*2
3360 3380 3400 3420 3440 3460
Rr2

I
3460
I

T
0 20 40 60 80 100 0 20 40 60 80 100

3600 3650
L L

R"2
R"2

3550

3500
L

T
0 20 40 60 80 100 0 20 40 60 80 100

Figure 5.4: Linear instability and energy stability boundaries for the salted above

Brinkman convection problem when the Brinkman constant 7 is 2.

where (-,-) is the inner product on (H'(V))® with V being a period cell for the
solution. For the problem of this subsection, governed by equations (5.2.11) and
(5.2.12) for the salted below case, we have two sources of anti-symmetry, the Ry
term and the h term.

The numerical values are presented graphically for different values of the reaction
rates h and 7 in figure (5.6). It has been noticed that as the reaction rate increases,
the gap between the linear instability and energy stability boundaries increases due
to the divergence of the linear threshold yielding a wider region of potential subcrit-
ical instability. Whereas, the energy stability threshold is approximately constant
or more precisely it is decreasing unnoticeably as shown in figures (5.6) and (5.7).

As expected from system (5.2.11) one sees that h© will destabilize the system while
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Figure 5.5: Linear instability and energy stability boundaries for the salted above
Brinkman convection problem for different values of the Brinkman constant, ¥ =

0.5,1,2.

—n® will stabilize the system which is clear and shown in figure (5.7) i.e, when the
value of h is smaller compared to 1 the space of possible subcritical instability is less
compared to the case when h is larger than 7. The effect of changing the value of ¥
can be noticed in figure (5.8) for ¥ = 0.5 and figure (5.9) for 4 = 2. The gap between
the boundaries increases and the space of global stability is wider as 7 increases.

The numerical values and their graphical representations show that the linear insta-
bility theory does not necessarily represent accurately the onset of convection and
we may explain that this is due to the two sources of anti-symmetry the R, term
and the h term. By this we mean that the linear instability boundary is definitely a
threshold for instability, but in this case, it may be possible for instability to arise
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with a Rayleigh number below the linear instability boundary.
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Figure 5.6: Linear instability and energy stability boundaries for the salted below

Brinkman convection problem for different values of the reaction rates h and 7.
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Brinkman convection problem. The difference between the values of the reaction
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Chapter 6

Thermosolutal Convection in a
Darcy Porous Medium with
Anisotropic Permeability and

Thermal Diffusivity

6.1 Introduction

In chapters 4 and 5 we used the energy method to study the non-linear stability of
the Darcy and the Brinkman thermosoultal convection with reaction, respectively,
where the porous media were isotropic. Malashetty and Biradar [60] studied the
onset of the double-diffusive reaction convection in an anisotropic porous medium
of a Darcy type considering a model similar to that of Pritchard and Richardson [83].
They analysed the linear and weak non-linear stability of a reactive binary mixture
in a horizontal porous layer with anisotropic permeability and thermal diffusivity.
The work in this chapter may be considered as an extension of Malashetty and
Biradar [60]. Our concern is to use the energy method to study the nonlinear
stability aspect of the problem. The aim of the study is to obtain the non-linear
stability boundaries below which the solution is globally stable. We analyse and
compare the effects of the reaction terms, the anisotropic permeability, and thermal

diffusivity tensors on the onset of stability with the relevant results obtained by

104
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Malashetty and Biradar [60].

6.2 Basic Equations

We consider an anisotropic porous layer of Darcy model for the momentum equation
with the density p being a linear function in temperature 7" and salt concentration
C. In addition we need the continuity equation, the advection-diffusion equation for
the transport of heat and the advection-diffusion equation for the transport of solute

with reaction. The governing system of equations is

pv; = —Kip j — Kijkjgpo[l — ap(T — Tp) + ac(C — Cy)],

vi; =0,

)

1 (6.2.1)
ﬁT,t + T = (kriT;).,

¢C; + ;0 = pheAC + k[f1(T — Tp) + fo — O,

where as mentioned in the previous chapters, v;, p, T, C, u, po are the velocity, pres-
sure, temperature, salt concentration, the fluid viscosity and the fluid density re-
spectively. Moreover, K = K,ii + K,jj + K,kk is the permeability tensor, kr =
krgii+kryjj+ kr.kk is the thermal diffusivity tensor, k¢ is the molecular diffusivity
of the solute through the fluid and k is the reaction rate. The system is taken in

the domain R? x (0,d) x {t > 0}, and the corresponding boundary conditions are
vin; =0o0n z=0,d,
T=T,onz=0, and T =Ty on z =d, (6.2.2)
C=Cronz=0, and C =Cy on z=d.

Where T}, > Ty since we are considering the heated below case, while Cyy > C7, for

the salted above system and C';, > Cy; for the salted below system. The steady state
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whose stability is under investigation is

171' :0,

T(z) = — prz + 11,

C(2) = — Bez + Cy, (6.2.3)
p(z) =— %QPO(OéTﬁT — acfe)z’

— gpo[l — O(T(TL — To) + Oéc(CL — C(])]Z +p0,

where O = (T, —Ty)/d, Be = (Cr, — Cy)/d, and py is the pressure at z = 0.

To study the stability, we introduce perturbations (u;, 7,6, ¢) to the steady so-
lutions (6.2.3) in such a way that

v, = 1_11' + Uj,
p=p+m,
) (6.2.4)
T=T+0,
C=CH+¢

Substituting (6.2.4) in (6.2.1) and using (6.2.3) we derive the equations governing
(u;,m,0,0) as

pu; = Kijkjgpoard — Kijkjgpoacd — Kijmj

ui; =0,

' (6.2.5)
ﬁe,t +wi; = Brw + (kri0 ;) ,

G 1+ s = Bow + ok A+ kfi0 — ko,
where w = uz. We introduce an inverse permeability tensor M;; which satisfies
M;; K, = i,

where
k 0 0

Mi=|0 k 0|; K#ks.
0 0 K3
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In terms of the inverse permeability tensor M;;, equations (6.2.5) are equivalent to

M;jpu; = —7; + kigpoart — kigpoacd
ui; =0,

, (6.2.6)
ﬁe,t +u;0; = Brw + (kri;0;), |

b +uis = fow + koo + kfif) — k.
To non-dimensionalize equations (6.2.6), we define the non-dimensional variables

T =Pr*, u, =Uu;, 0= T4,
(6.2.7)
¢ =Cr*, x; =dal, t =Tt
Employing (6.2.7) in (6.2.6), choose the time, velocity, pressure, temperature and

salt scales as

d sz
=—, U= P=dU
7- MU ) d ) ILL )
e _ Britkr o = Bepkr: 7
gpoar gpoCc

and define the temperature and salt Rayleigh numbers by

n_ gpocvr Brd? ’
,Usz

A2 d?L
R, = gpoac|5c|A € when Cp <Cyor Ry = M when Cp, > Cy,
Msz¢ usz¢

where Le = kr,/kc is the Lewis number.
The non-linear, non-dimensional system of equations, after dropping the stars,
is
Miju; = —7; + kRO — kiR
Ui = 0,

) (6.2.8)
0;+wl, = Rw+ aA™0+ D0,

L
b, + fw = FRaw+ Ad+ h — o |

where a = kry/kr,, € = MLe, D = d/dz, A* is the horizontal Laplacian and h and

71 are the reaction coefficients

. kfi T d?Le
szCué

kd?Le
and n = bt
Tz
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Moreover, — R, for the salted above system and + R, for the salted below system.

The corresponding boundary conditions are
un; =0,0=0, ¢=0at z=0,1, (6.2.9)

with {u;, 0, ¢} satisfying a plane tiling periodicity in (x,y) direction.

6.3 Linear Instability Theory

In order to study the linear instability, we drop the non-linear terms in system
(6.2.8) and retain the third component of the double curl of equation (6.2.8); to

reduce (6.2.8)-(6.2.9) to investigating the system

—RW,,, — kgA"w = —RA™0 + R,A%
0; = Rw+ aA*0 + D?0 | (6.3.1)
Py =FRsw+ A¢p+ h0 —no .
Following the same procedure as in the previous chapters and assuming a normal

mode representation, system (6.3.1) is

2 2

2
(DQ— a KB)w+a_R@_a_qu):O ,
K K K
00 = RW + (D? — d®0)® , (6.3.2)

ec® = FRW + (D* —a®> —1)® + hO .

Equations (6.3.2) are to be solved subject to the boundary conditions
W=0=d=00n2=0,1, (6.3.3)

using D? Chebyshev-Tau method, cf. Dongarra et al. [26]. The numerical method

and the analysis are presented in sections 6.5 and 6.6.

6.4 Non-Linear Energy Stability Theory

Returning to the non-linear, non-dimensional perturbed system of equations (6.2.8)

and the corresponding boundary conditions (6.2.9). Multiplying equation (6.2.8); by
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u;, equation (6.2.8)3 by ¢ and equation (6.2.8)4 by ¢ and integrate over the domain

using integration by parts to obtain the following system of balance equations

- (Mijuj7 uz) + R(evw) - Rs((ba w) =0 )
d1
a3
d

=9l = FR.(6,w)  [IV6]* + 16, 6) ~ nll6]]*.

We form the combination of equations (6.4.1) as

101 = R0, w) — | VO|* — (1 — a)[|6-]1* , (6.4.1)

(6.4.1) + (6.4.1)5 + A(6.4.1)s,

where )\ is a coupling parameter, to derive the energy identity in the form

dE
—=1-D, (6.4.2)
where
1 A
B(t) = 1012 + S llol*
I =2R(0,w) + Ah(0,¢) — (1 £ N)Ry(,w) , (6.4.3)

D = (Mjuj,w;) + || VOI* + (1 = a)[|0.:[1* + M[Vo[* + Al o]
Then, provided that Rg > 1

dE 1
— < -D(1 - — 6.4.4
<D0 o) (6.44)
is an energy inequality which follows from the energy identity (6.4.2).
Where

— = max — (6.4.5)
and
H = {u;,0,¢ |u; € L*(V), 0,¢ € H'(V), u;; =0 and u;,0,¢ are periodic in x,y}.

We can show
(Mijuj,u;) > rollull* s ko = min{k, r3}

and
D > kollul® + am®(|0]]> + (1 — @)[|0,:]1> + An?(| o[ + Anl|]®

> ar?||6]| + 72\ 6|
ML

> ar?||6]| + 72\ =—||¢||”
MLe

0]12 + Al ]2

2

> 2kn? <| > = 2km?E(t) ,
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where k& = min{ 1}. Then from (6.4.4) we may derive the inequality

_1
aMLe’
dFE

- < —2a1km*E(t)

where the coefficient a; is defined by

Rp—1
Rg

ap =
Upon integration we obtain

E(t) < E(O)€_2a1k7r2t,

which shows that E(t) — 0 as t — oo. Therefore ||6(¢)|] — 0 and ||¢(t)|| — 0 as
t — oo according to (6.4.3);.
To show the decay of ||u||, we have to employ the Arithmetic-Geometric Mean

inequality in (6.4.1);

R Ray sﬁl
rollull* < (Miju;, u;) < 2—H9H2 = lwl” + H¢||2 ——llwl*, (6.4.6)
using the fact |Jw]|? < ||ul|? in the previous inequality leads to
RO‘l + Rsﬁl 2 2 s 2
- 0 . 6.4.7
(o= A5 Jul? < 5ol + 5 el (6.:47)

Inequality (6.4.7) shows the decay of ||u||* under the condition

R R
- T RSB
2
Regarding the maximum equation (6.4.5), the nonlinear stability threshold is

given by the variational problem

RINNN s 2R(0,w) — (14 N)Ry(o,w) + hA(B, )

Rp H D H (Myuy,w) + o[ VO|? + (1—Oé)||9,z||2+A||V¢||2+77A||(¢||2')
6.4.8

We have to determine the Euler-Lagrange equations and maximize in the coupling

parameter \. Rescaling ¢ by putting ¢ = v/A¢, equation (6.4.8) will be

Rp i (M u],uz)JrOAIV@II2 (1—a)||9,z||2+IIV¢>|I2+77II¢||2’

where

fA) =
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Hence, the Euler-Lagrange equations require

d I I

——le=0=0(—=)=0 )

de D=0 (D)
which means the maximum requires

§D — Rpdl =0 . (6.4.10)

Let us define u;, 0, ¢ in terms of arbitrary C?(0,1) functions, (;, 8 and v with ¢;(0) =
G(1) = B(0) = B(1) = ~v(0) = (1) = 0 and consider solutions of the form

u=u; +€G, 0=0+¢e8, ézé‘i‘ﬁ’%

By standard calculation, the Euler-Lagrange equations which arise from the varia-

tional problem (6.4.5) are
2Mju; — 2RRpkif + R.Rpf(\kip + RgP; =0 ,
—2aA0 —2(1 — a)f.. — 2RRpw — VARRpd =0 | (6.4.11)
—2A¢ + 216 — VAhREO + RRpf(\w =0 .

Rescaling gz~5 again, system (6.4.11) can be written as

1+ N R
(T) R,Rpki¢ — RRpk;0 + Miju; = —TEPZ )

A
ald + (1= a)f.. + RRpw + ShRi¢ =0 (6.4.12)

h 1+

Taking the double curl of (6.4.12); and retaining just the third component, our

system will be

1+ A
- (T) RSREA*¢ + RREA*Q — RW zz — Kng*’lU =0 s
A
alAd + (1 —a)l ., + RRpw + §hRE¢ =0, (6.4.13)

h 1+ A

Assuming normal mode solutions, as in the previous chapters, system (6.4.13) gives

rise to

2 2 1+ )\ 2

(02 4 “3) W+ SRRy — (—) CRRp® =0,

K K 2 K
s Ah

RRgW + (D* — a*a) © + 5 Re® =0, (6.4.14)

1+ A h



6.5. Numerical Method 112

and the corresponding boundary conditions are
W=0=&=0 at z=0,1. (6.4.15)

We solved system (6.4.14)-(6.4.15) numerically using the D? Chebyshev Tau method

as explained in the next section.

6.5 Numerical Method

Following the procedure of chapters 4 and 5, the functions W, 0, and ® and the
boundary conditions are expanded in terms of Chebyshev polynomials, cf. Don-
garra et al. [26]. Therefore, for the linear theory, system (6.3.2)-(6.3.3), the Cheby-

shev Tau method reduces to solving the matrix system A;x = oB;x, where x =

(wy,we, -+ ,wn, 01, ,0n, 01, -+, ¢n) and the matrices A; and B are given by

AD? —a?%2]  CRJ R,
BC1 0---0 0---0
BC?2 0---0 0---0
RI 4D? — a?al 0

A= 0---0 BC3 0---0 ;
0---0 BC4 0---0
FR,I hI AD? — (a® + 1)1
0---0 0---0 BC5H
0---0 0---0 BC6
0 0 0
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While for the nonlinear theory, system (6.4.14)-(6.4.15), the Chebyshev Tau method

reduces to solving the matrix system A;x = RB>X, where the matrices A, and B,

are given by

4D2—a2“—§[ 0
BC1 0---0
BC?2 0---0

0 AD? — a’al
Ay = 0---0 BC3
0---0 BC4

—R,Rp(122)I ARpl
0---0 0---0
0---0 0---0

0 —ZRgl
0---0 0---0
0---0 0---0
—Rgpl 0
Byo=10---0 0---0
0---0 0---0
0 0
0---0 0---0
0---0 0---0

—(5) 5 RoRpl

4D? — (a* 4+

0---
0---

BC5
BC6

0

)

where in both systems BC'1, BC2, BC3, BC4, BC5 and BC6 represent the bound-

ary conditions in expanded form of Chebychev polynomials, i.e.

BC1 :ws +wy +wg+ -+ +wny =0,

BC?2 IUJ1+U)3+U15+"‘+'LUN_1:0,

BC3292+94+96+"‘+0N:0,

BC4Z(91+93+95+"'+9N_1:O,

BC5 g+ ¢a+ s+ -+ dn = 0,
BCﬁZ¢1+¢3+¢5+"‘+¢N—1:O.

(6.5.1)
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We solved the matrix systems by the QQZ algorithm, cf. Dongarra et al. [26] and
Straughan [99].

6.6 Numerical Results and Conclusions

6.6.1 Salted above system

Numerically, the results show the coincidence of the linear instability boundary
and the energy stability boundary for different values of the anisotropy parameters
when there is no reaction, h = 7 = 0. As figure (6.1) shows that there is no region of
potential subcritical instabilities. To investigate the effect of increasing the reaction
rates, different values of h and n are implemented for o = kp,/kr, = 0.5 and
x = K,/K, = 10. Increasing the reaction rates, see figure (6.2), results in a wider
gap between the linear instability and nonlinear energy stability boundaries, and
therefore, a wider space of potential subcritical instability.

To study the effect of each of h and 1 on the onset of convection, a large difference
between their values is implemented for different values of o and x as figures (6.3)
and (6.4) show. For all chosen values of a and y, when 7 is larger than h the two
boundaries coincide, which is expected from system (6.2.8), as —n¢ is a stabilizing
term but the region of stability varies due to the effect of the anisotropy parameters
a and . On the other hand, implementing larger values of i than 7 for different cases
of a and Y, reveals regions of potential subcritical instability which is a result of a
divergence of the energy stability boundaries(dashed lines) and the linear instability
boundaries(continuous lines) from each other, which is also expected from system
(6.2.8)4 as +h# is a destabilizing term.

The effect of the thermal anisotropic parameter o« = kp,./kr., and the mechanical
anisotropic parameter x = K,/K, may be interpreted as follows: When x < 1,
keeping the vertical permeability constant K, = 1 and decreasing the horizontal
permeability K, lowers the the energy stability boundary and the linear instability
boundary indicating that the effect is destabilizing as figure (6.3)(a, ¢), (b, d) shows.
When y > 1, keeping the horizontal permeability constant K, = 1 and increasing

the vertical permeability K, shifts the two boundaries to higher positions indicating
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that the effect is stabilizing, as is clear in figure (6.3)(e, g), (f, h). Figure (6.4) is
included as a support of the above interpretation when o = 0.5 while figure (6.3)
is when a = 1. Moreover, the numerical values obtained reveal that increasing
the mechanical anisotropy parameter, shifts the minimum of the Rayleigh number
towards smaller values of the wave number. For example, from table (6.1) we observe
that when R? = 14, y = 2, a;, = 3.5 whereas for the same value of R, but y = 10,
we have a; = 2.16. This indicates that the cell width increases with increasing
mechanical anisotropy parameter.

Figure (6.5) indicates the effect of the thermal anisotropy parameter o = kp,/kr, <

1 for fixed values of the mechanical anisotropy parameter y and reaction rates h and
1 which can be interpreted as follows.
Keeping the horizontal thermal diffusivity constant, k7, = 1, and increasing the ver-
tical thermal diffusivity, k7., lowering the two boundaries which results in smaller
definite stable space below the energy stability boundary(dashed lines), see figure
(6.5)(a,c), (b,d), as an indication of a destabilization effect. Note that the effect of
the thermal anisotropy parameter « is opposite to that of the mechanical anisotropy
parameter x when y > 1. This result agrees with the finding of Malashetty and Bi-
radar [60].

We conclude that the reaction rates may stabilize or destabilize according to
the values of each of the reaction terms h and 7. h plays the role of destabilizing
while 7 plays the role of stabilizing. When the vertical permeability is high (x > 1),
the system is more stable. While decreasing the horizontal permeability for fixed
vertical permeability such that (xy < 1), the system will be more unstable. When
the vertical component of the thermal diffusivity is high (a < 1), the system is more
unstable. While increasing the horizontal component of the thermal diffusivity for
fixed vertical component of the themal diffusivity such that (o < 1), the system will
be more stable. The results reveal the opposite effect of the anisotropic parameters
when the vertical components are higher, as fig.(6.6) and fig.(6.7) show. This finding
agrees with the conclusions of [60], [31], and [62].
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X =2 x = 10

2 2 2 2 2 2
R ap Raj ap Ra R:  ap Ray ag Raz

0 2.64 57524295 2.64 57.524296 | 0 1.77 170.98696 1.77 170.98694
1 284 65.867328 2.47 47.728294 | 1 1.84 191.04848 1.7 150.33782
2 293 68.841697 242 43309404 | 2 1.88 199.25623 1.68 141.54712
5 3.13 73.662351 2.31 34.178499 | 5 1.97 215.18329 1.63 123.86981
7 3.24 75450431 227 29.564022 | 7 2.01 222.86906 1.62 115.00238
10 3.36 77.054094 2.22 23.809327 | 10 2.08 232.23865 1.59 103.86712
12 343 77.634638 2.19 20.527939 | 12 2.12 237.51810 1.58 97.388428
14 3.5 77925078 217 17.593690 | 14 2.16 242.22792 1.57 91.478747
18 3.61 77.835481 2.14 12584275 | 18 2.23 250.33498 1.55 80.961612
20 3.66 77.520858 2.13 10.447675 | 20 2.27 253.86249 1.54 76.217504
25 3.76 76.114746 2.11 6.0404112 | 25 2.35 261.48666 1.52 65.521436
30 3.84 73.984800 2.1 2.8499080 | 30 2.43 267.74073 1.5 56.177642
35 391 71.258474 2.11 0.8246665 | 35 2.5 27291206 1.5 47.932140

Table 6.1: Some numerical values obtained for the linear boundary Raj and the
energy boundary Rap with corresponding salt Rayleigh number R, and the the
corresponding critical wave numbers a; and ap when a« = 1, h = 20 and n = 0
in the case of heated below salted above system. For two cases of the mechanical

anisotropy parameter y, y = 2 and y = 10.
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Figure 6.1: Linear instability and energy stability boundaries for the salted above

Darcy convection problem for different values of the anisotropic parameters when

there is no reaction.
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Figure 6.2: Linear instability and energy stability boundaries for the salted above
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6.6.2 Salted below system

It is instructive to write system (6.2.8) for the salted below case as an abstract
equation of the form

Auy = L(u) + N(u),

where, as in the previous chapters, u = (uq, us, us, 0, ), N(u) represents the non-

linear terms and L(u) represents the linear terms as

0
0
N(u) = 0 ,
—u;f
—%Ui(ﬁ,i
and
— My 0 0 0 0
0 — My, 0 0 0
L= 0 0 —Mss R —R;
0 0 R aA*+ D? 0
0 0 Ry h A—n

If h =0, then we may write L as a symmetric plus skew-symmetric parts as

L =1L,+ Ly,
where
— My, 0 0 0 0
0 — My 0 0 0
Ls= 0 0 —M33 R 0 )
0 0 R aA*+ D? 0
0 0 0 0 A—n
and
00 0 0 O
00 0 0 O
La=10 0 0 0 —R,
00 0 0 O
00 R, O O

v
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For the salted above case L4 would be zero and the linear operator would be sym-
metric. For the salted below case, the problem of this subsection, even when h = 0,
(u, L(u)) # (u, Lg(u)). So for the problem in hand we have two sources of anti-
symmetry, the Rs term and the h term.

The numerical results are presented graphically in which the effect of the reaction
rates, the mechanical anisotropy parameter and the thermal anisotropy parameter
in the stability of the system is investigated. The effect of reaction is shown in
figure (6.8). In contrast to the salted above case, the linear instability boundary
and the energy stability boundary do not coincide even when the reaction does not
present, h = n = 0, i.e. there is always a region of potential subcritical instability.
As the value of the reaction rate increases the space below the energy stability
boundary(dashed line) decreases whenever the value of h is greater than 7 value
which explains that h is a destabilizing term while 1 has a stabilizing effect.

The effect of the anisotropic permeability parameter y = K,/K, can be ex-
plained as follows. When y < 1, keeping the vertical permeability constant K, =1
and decreasing the horizontal permeability K, lowers the energy stability boundary
as well as the linear instability boundary, which results in a smaller definite stable
space below the energy stability boundary as figure (6.9)(a, ¢), (b, d) shows, indicat-
ing that the effect, according to the energy stability theory, is destabilizing. When
X > 1, increasing the vertical permeability K, and keeping the horizontal permeabil-
ity constant K, = 1, shifts the two boundaries to a higher position, resulting in a
wider definite stable space below the energy stability boundary, indicating that the
effect is stabilizing as is clear in figure (6.9)(e, g), (f, k). Furthermore, we notice that
increasing the mechanical anisotropy parameter, shifts the minimum of the Rayleigh
number towards smaller values of the wave number, indicating that the cell width
increases with increasing mechanical anisotropy parameter.

Figure (6.10) indicates the effect of the thermal anisotropy parameter a =
kr./kr, < 1 for fixed values of x = 10, h and 5. Similar to the salted above
case, it is noticed that the thermal anisotropy parameter has opposite effect to that
of the mechanical anisotropy parameter when the mechanical anisotropy parame-

ter is greater than 1. Keeping the horizontal thermal diffusivity constant kp, = 1
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and increasing the vertical thermal diffusivity k7., shifts the two boundaries to a
lower position indicating that the effect is destabilizing which is presented in figure
(6.10)(a, c), (b,d). Moreover, we find that increasing the thermal anisotropy param-
eter shifts the minimum of the Rayleigh number towards smaller values of the wave
number. For example, from table (6.2) we observe that when R? = 5, a = 0.5,
ar, = 2.1 whereas for the same R, value but o = 1 one has ar = 1.76. This indicates
that the cell width increases with increasing thermal anisotropy parameter. It is
noticed that the effects of the mechanical and thermal anisotropy parameters on
the onset of double-diffusive convection discussed above are in agreement with the
results obtained by Malashetty and Biradar [60], Gaikwad et al. [31] and Malashetty
and Swamy [62].

Over-stability may be obtained due to the strong effect of the porosity € on the
oscillatory behaviour of the flow as demonstrated by Mamou [63]. Hence, its effect
is investigated in figure (6.11). Increasing the porosity precipitates the transition
to oscillatory convection, shifting the minimum of the Rayleigh number towards
a bigger value of the wave number indicating that the cell width decreases with
increasing porosity. For example, from table (6.3) we observe that when R? = 10,
e =3, ar, = 1.99 whereas for the same R, value but ¢ = 5 one has a; = 2.02.

Figure (6.12) shows the effect of the mechanical anisotropy parameter x and
figure (6.13) presents the effect of the thermal anisotropy parameter « for fixed
values of the reaction rates h = 20 and n = 0 when the porosity € = 3. The effects
are exactly the same as for the case when ¢ = 1 discussed above and presented
graphically in figures (6.8), (6.9) and (6.10) and in agreement with Malashetty et
al. [60].
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a=0.5 a=1

R* ap Ra? ag Ra?, R?  ap Ra? ag Ra?,
0 21 14776908 2.1 147.76908 | 0 1.77 170.98696 1.77 170.98696
1 21 148.12131 2.1 14776908 | 1 1.77 171.38094 1.77 170.98696
2 21 14847355 2.1 147.76908 | 2 1.77 171.77493 1.77 170.98696
5 21 149.53027 2.1 147.76908 | 5 1.76 172.95496 1.77 170.98696
7 21 150.23475 2.1 147.76908 | 7 1.76 173.74164 1.77 170.98696
10 2.1 151.29146 2.1 147.76908 | 10 1.76 174.92165 1.77 170.98696
12 2.1 15199594 2.1 147.76908 | 12 1.76 175.70832 1.77 170.98696
14 2.09 152.70026 2.1 147.76908 | 14 1.76 176.49499 1.77 170.98696
18 2.09 154.10849 2.1 147.76908 | 18 1.75 178.06612 1.77 170.98696
20 2.09 154.81261 2.1 147.76908 | 20 1.75 178.85149 1.77 170.98696
25 2.09 156.57289 2.1 147.76908 | 25 1.75 180.81494 1.77 170.98696
30 2.09 158.33319 2.1 147.76908 | 30 1.74 182.77671 1.77 170.98696
35  2.09 160.09348 2.1 147.76908 | 35 1.74 184.73694 1.77 170.98696
40 2.08 161.85299 2.1 147.76908 | 40 1.74 186.69717 1.77 170.98696
50  2.08 165.37177 2.1 147.76908 | 50 1.73 190.61156 1.77 170.98696
60 2.07 168.89030 2.1 147.76908 | 60 1.72 194.52177 1.77 170.98696
70 2,07 17240728 2.1 147.76908 | 70 1.71 198.42803 1.77 170.98696
80 2.07 175.92425 2.1 147.76908 | 80 1.71 202.32929 1.77 170.98696
90 2.06 179.43982 2.1 147.76908 | 90 1.70 206.22549 1.77 170.98696
120 2.05 189.98285 2.1 147.76908 | 120 1.68 217.89006 1.77 170.98696
150 2.04 200.51952 2.1 147.76908 | 150 1.66 229.51770 1.77 170.98696

Table 6.2: Some numerical values obtained for the linear boundary Ra; and the

energy boundary Rapr with corresponding salt Rayleigh number R, and the the

corresponding critical wave numbers a; and ary when y = 10, h = 0 and n = 20

in the case of heated below salted below system. For two cases of the thermal

anisotropy parameter a, « = 0.5 and o = 1.
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€e=3 €=23

R?  ap Ra? R*  ap Ra?

0 2.1 147.7690755 | O 2.1 147.7690755
1 225 166.2869491 | 1  2.25 166.2869491
2 232 174.8063078 | 2 2.32 174.8063078
) 2.5 193.0438038 | 5 2.02 183.5537000
7 1.99 2079504079 | 7 2.02 183.9537000
10 1.99 208.9504079 | 10 2.02 184.5537000
12199 209.6170746 | 12 2.02 184.9537000
14 199 210.2837412 | 14 2.02 185.3537000
18 1.99 211.6170746 | 18 2.02 186.1537000
20 1.99 212.2837412 | 20 2.02 186.5537000
25 1.99 213.9504079 | 25 2.02 187.5537000
30 199 215.6170746 | 30 2.02 188.5537000
35 1.99 217.2837412 | 35 2.02 189.5537000
40  1.99 218.9504079 | 40 2.02 190.5537000
50 1.99 222.2837412 | 50 2.02 192.5537000
60 1.99 225.6170746 | 60 2.02 194.5537000
70 1.99 228.9504079 | 70 2.02 196.5537000
80 1.99 232.2837412 | 80 2.02 198.5537000
90 1.99 235.6170746 | 90 2.02 200.5537000
120 1.99 245.6170746 | 120 2.02 206.5537000
150  1.99 255.6170746 | 150 2.02 212.5537000

Table 6.3: Some numerical values obtained for the linear boundaries Ra;, with corre-
sponding salt Rayleigh number R, and the the corresponding critical wave numbers
ar, when a = 0.5, x = 10, h = 20 and n = 0 in the case of heated below salted below

system. For two cases of the porosity €, ¢ = 3 and € = 5.
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Chapter 7

One-Dimensional Acceleration
Waves 1in Non-Linear Double

Porosity Materials

7.1 Introduction

In this chapter we move away from the content of the previous five chapters although
we still remain in the remit of porous media. In the previous cases the solid skeleton
of the porous material remains fixed while the fluid moves. However, when one is
dealing with waves it is arguable that one should consider deformation of the elastic
skeleton itself. Therefore, we now change direction and study wave motion in an
elastic body but we allow the body to have a double porosity structure.

Elastic double porosity materials play a considerable interest recently and are
available in abundance in nature. There are relatively large pores called macro pores,
but additionally fissures or cracks, which are pores on a much small scale, and these
are known as micro pores. To the macro pores there is an associated pressure
field and another pressure field is associated to the micro pores. An example of such
double porosity, macro and micro, structure is presented in the photographs of Masin
et al. [65]. Double porosity materials are of great importance in civil engineering,
in geophysics, in petroleum recovery, and the subject of attention in modelling gas
production via the technique of fracking, c¢f. Kim and Moridis [47] and Sarma and

134
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Aziz [93].

Modelling double porosity elastic materials begins with Barenblatt et al. [7], in
which they presented the basic concepts of the motion of liquids. Under certain as-
sumptions, Barenblatt et al. [7] obtained an expression for the intensity of the trans-
fer of liquid between the fissures and the pores. Recently, the work of Barenblatt et
al. [7] has been employed and generalised by many researchers, cf. Berryman and
Wang [10], Masters et al. [66], Zhao and Chen [127], Gentile and Straughan [35],
Jeong et al. [46], Straughan [104, 106], Ciarletta et al. [23], Svanadze [112,113],
lesan [41], Kumar et al. [50], Marin et al. [64], Scarpetta and Svanadze [94], and
Tsagareli and Bitsadze [117].

Berryman and Wang [10] generalised the quasi-static results to incorporate wave
propagation effect and conclude that the double porosity dual-permeability analy-
sis has the capability to explain both wave propagation and attenuation in earth
materials. Ciarletta et al. [23] considered the coupled linear theory of flow and
deformation processes of the double porosity media. They established the basic
properties of linear harmonic plane waves and they proved the uniqueness theorems
for classical solutions of the boundary value problems of steady vibrations. Gentile
and Straughan [35] proposed a model for a nonlinear elastic body with a double
porosity structure. They allow the strain energy function and the macro and micro
porosity structures’ effective permeabilities to be general nonlinear functions of the
deformation gradient, macro and micro pressure gradients and of the macro and
micro pressures themselves. They developed the analysis of a fully nonlinear accel-
eration wave and derived and completely analysed the amplitude equation for an
acceleration wave in the one-dimensional case for a wave moving into a constant
strain and constant macro and micro pressures state. lesan [41] investigated a lin-
ear theory of elastic solids with a double porosity structure using the method of
potentials to study the basic boundary-value problems. Then he established some
existence and uniqueness results.

Recently, many investigations are carried out in thermoelastic materials with
double porosity structure, see e.g. Svanadze [113], Scarpetta and Svanadze [94],

lesan and Quintanilla [42], lesan [43], chapter 7 of Straughan [100], see also Straughan
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[108] and the references therein. Svanadze [113] considered the linear theory of ther-
moelasticity for solids with isotropic double porosity. He formulated a wide class of
boundary value problems of steady vibrations and proved the uniqueness theorems
for classical solutions of these problems. Scarpetta and Svanadze [94] investigated
the linear quasi-static theory of thermoelasticity. They obtained the Green’s formu-
las and established the formulas of integral representations of classical solutions and
they proved the uniqueness theorems. lesan and Quintanilla [42] generalised the
idea of Nunziato and Cowin theory [72] of materials with voids to derive theory of
thermoelastic solids with double porosity structure. They proved the uniqueness of
solutions by using the logarithmic convexity arguments, cf. Ames and Straughan [6]
page.17, and they investigated the deformation of an elastic space with a spherical
cavity.

Gentile and Straughan [35] described acceleration wave behaviour in a non-linear
elastic body with a double porosity structure by employing a non-linear elasticity
theory with double porosity based on an internal strain energy function which is
a general function of the constitutive variables. Here, we are analysing a more
general acceleration wave than Gentile and Straughan [35] in which the fluxes satisfy
the same constitutive theory as the internal strain energy function. Gentile and

Straughan [35] chose a special form for the fluxes.

7.2 Basic Equations

Let @w be a body deformed from a reference configuration at time ¢ = 0 into a new
configuration at time ¢. Denote the points in the reference configuration by X. The

mapping to the new configuration denoted by
r=xz(X,t). (7.2.1)

By referring to the reference configuration, the displacement u of a typical particle

moving from X in the reference configuration to x at time ¢ is

w(X,t) =x(X,t) — X . (7.2.2)
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The deformation gradient tensor is

Ox
Fo — 7.2.3
which leads to the displacement gradient
X
w2 O OX o (7.2.4)

T 0X 90X 00X

We consider the theory of double porosity elastic materials based on an internal
strain energy function W. The basic equations for double porosity elastic materials
involve the elastic displacement, u(X,t), a fluid pressure associated with the macro
pores, p(X,t), and a fluid pressure associated with the fissures, ¢(X,t). The govern-
ing equations in 1-Dimension are the momentum equation, an equation which arises
from a Darcy law connected to the macro pores and an equation which comes from

a Darcy law connected to the micro pores. The basic system of equations is

(W0 o
PU=X \oux )~ ax P~ ox V11
oJ ou
L _O0J o a0 7.2.5
ap =5~ Alp —q) BaX’ (7.2.5)
. OM ou
51Q—8—X+)\(p—Q)—76—X,

where p is the density, § and « are constitutive functions of p and ¢ which couple
equations (7.2.5), A > 0 is the interaction coefficient, the inertia coefficients a > 0
and (1 > 0 are constants. Throughout we employ standard notation, subscript , X
denotes 0/0X with X fixed and a superposed dot denotes 0/0t, namely, partial
differentiation with respect to time. The terms J and M are the fluxes associated
to the pressures p and ¢, which satisfy the same constitutive theory as W.

For constitutive theory we use the list of variables

X = Uux, Px, 49x, P, 4,

and suppose that

W =Wi(x), J=J(x) and M = M(x). (7.2.6)
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7.3 Acceleration Waves

We need the compatibility relations to study and analyse the acceleration waves. The
compatibility relations may be found in Truesdell and Toupin [116] and Chen [21].
We define an acceleration wave for the system (7.2.5) as a surface S such that u(X, t),
p(X, 1), ¢(X,t) and their first derivatives are continuously differentiable everywhere
but the functions i, x,u xx, P, P x,Pxx,q,¢x and g xx and their higher deriva-
tives suffer a finite discontinuities. The jump of a function across the wave,|[f], is

defined as

fl=f"=1, (7.3.1)
where
I7=
and
I= Xh—{g* '

The amplitudes a(t), P(t), Q(t) of the acceleration wave are defined by

a(t) = [a], P(t) = [p(t)], Q) = [4(t)]. (7.3.2)

To find the wave speeds of an acceleration wave we begin with equations (7.2.5).

By the chain rule, employing the relations (7.2.6), system (7.2.5) may be rewrit-

ten as
G O*wW Y n *wW n *wW
P _8uX8uX XX aanUXpXX aarUX Ixx
n *W n *W _ Bpy — B
OpBux Px Dq0ux qx Px DX P
— BeGxp — Y4x — VpPxq — Vq4x4q
a'——aju +8J +6J +8J +y (733)
p Dux XX ) XpXX 8 gdxx 8 Px 8q gx -9
ot
8M oM oM oM oM
B1g =—uxx + —pPxx + —qxx + —Px + —qx
(9 DX 6 qx 8}7 8(]
ot
+ A(p —4) =~ Tax
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To proceed we evaluate equations (7.3.3) on either side of S and in this way we take
the jumps of equations (7.3.3), employing the definition of the acceleration wave S

and the constitutive theory (7.2.6) to obtain

plu] = Waxux [Uxx] + Wpyux [Pxx] + Waxux[axx]

aJ aJ a0J
0= %[UXX] + a]TX[pXX] + @[QXX] — Bluex] (7.3.4)
oM oM oM

0= %[UXX] + a]TX[PXX] + @[QXX] — Yuex]-

Next, we employ the Hadamard relation, sometimes known as the kinematic condi-
tion of compatibility, cf. Truesdell and Toupin [116] and Chen [21],

%m — [g_ﬂ 1V {g_)j;} , (7.3.5)

where 0/t denotes the time derivative at the wave and V' is the speed of the wave.
Since u, p,q € CI<R)7 [ut] = 07 [UX] = 07 [pt] = 07 [pX] = 07 [Qt] = 07 [QX] = 07 S0
by using the Hadamard relation (7.3.5),

O ] = ] + V], 0=

0= 5 = &[UX] = [ux¢ + Vuxx] ,
0= %[pt] = [pul + Vipx], 0= %[px] = [pxi] + Vipxx] (7.3.6)
0= %[Qt] = [C]tt] + V[th] ; 0= %[QX] = [QXt] + V[QXX] .
Thus,
[utt] = —V[Utx] = V2[UXX] )
[ptt] = —V[th] = VQ[PXX] ) (7'3'7)

1] = —V]aix] = VQ[QXX]-

Employ relations (7.3.7) in equations (7.3.4) to derive the three jump equations

(PV? = Wagux) a(t) = Wy P() + Wou Q(1)
(Jux +BV)a(t) = —Jp P(t) — Joy Q1) (7.3.8)
(Muy +9V)a(t) = =My, P(t) — My Q(t).

Solving for P(t) and Q(t) in terms of a(t) only, from equations (7.3.8)s and (7.3.8)3

yields
JQX (MUX + /YV) -
MQX Jpx -

Jo M,

Px

P(t) = alt) (7.3.9)

a9x
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and

Q(t) _ Jpx (Mux + ’VV) — Mpx (JUX + 5‘/)
MPX JQX - Jpoqx

Substitute the expressions (7.3.9) and (7.3.10) into equation (7.3.8); to obtain the

a(t) . (7.3.10)

1-Dimensional wave speed equation
JQX (MUX + ’YV) — MQX (‘]ux + Bv)a(t)
—J

MQXJPX ax pPx (7311)

‘]PX (MUX + fyv) B M’PX (Jux + ﬁv)a(t)
MPX J‘IX - JPXMqX

For a non-zero amplitude a(t) = [uy] we see from (7.3.11), that

(pv2 - WUXUX) a’(t) :WPXUX

—"_ WqX ux

B Y
IOV2 + E (quuprx - WPXUXMQX) + E (prux qu - quux JPX) Vv
JuX M’lLX
+ ? (quuXMpX - WPXUX MQX) + ? (WPXUX JQX - WQXUX ‘]px) - Wuxux =0.

(7.3.12)
Here == M, J, — Jp M, .
Thus, the speed of the wave is
Ey E? E,

V=— —1 , == 7.3.13
% Ve + . ( )
where
M. J J, M,
El = <6 :px — ’erx) quux + (ry% - ﬁ?qx> WPXUX ’ (7'3'14)
and My Jye  JuM
Eg _ WuXuX + ( u;; pPx UX: px) WqXUX
= - (7.3.15)
n (Juxé\/[qx _ M‘”éjqx) Woux -

Actually, equation (7.3.12) allows for two waves, a right moving one and a left mov-

ing one. We here only deal with one, the one moving to the right.

Gentile and Straughan [35] chose the form of the fluxes as
Jas = k(x)p and Mgs = m(x)q.
The jump reduces their system to
plit] =Wauy [uxx] + Waypy [Pxx] + Waygxlaxx]
0 =klpxx]| — Blux] , (7.3.16)

0 =mlgxx] — v[ux] ,
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and using the Hadamard relation gives the following forms of Pgs(t) and Qgs(t)

v v,
V60t and Qostt) =~ agr)

Pes(t) =

and the speed of the wave is

Vas = —

9

2p 4p? p

where

g gl
EGS = EWuxpx + EWUXQX'

Comparing our system (7.3.4) to (7.3.16) shows that J,,, = M,, = J,, = M,, =0,
Jpy =k, and M, = m in Gentile and Straughan [35].

7.4 Amplitude Equation

We may proceed to derive the amplitude equation for an acceleration wave by dif-
ferentiating equation (7.3.3); with respect to X and equations (7.3.3)2 and (7.3.3)3
with respect to ¢, and then take the jumps of the resulting equations. Moreover, to

simplify the calculations we suppose that the state ahead of the wave is constant,

+: +:

constant, q constant, and quX = constant, which implies p} = 0,

1., p
Pxx =0, =0,¢% =0,¢%x =0,¢" =0, uxy =0 and @’ = 0 and therefore
many terms disappear. We employ the expressions obtained from the Hadamard

relation (7.3.7) together with the product jump relation
[ab] = a™ [b] + b [a] — [a][b] . (7.4.1)

One requires further relations and these may be obtained from the Hadamard rela-

tion as
[ |=— [ixx] | 1 da [axx] _lix] 1 da
XX E Ty Ty XTI Ty
. _ .
[UXXX] :M ié_a ; [pXXX] — [pXX] _5_P 7
V2 o V3ot 1% V3 5t
) D 1 6P D 2 0P
_[pxx] :%‘{‘WE , [pXX)(] :[‘/—XQ]—{—ﬁE , (742)
o lgxx] | 16Q [Gx] 1 4Q
lgxxx] = VvV T vest [dxx] v + V2 st
Clgx] 2 0Q
[QXXX] _W ﬁﬁ .
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The jump of the X derivative of (7.3.3); yields the equation

pliix] =Wayux [Uxxx] — Wasuxux [Uxx])
— Waxuxpx [Uxx][Pxx] = Wayuxax [uxx]laxx]
+ Whxux Pxxx] = Wosuxux [Pxx][uxx]
= Wosuxpx [pXX]2 — Wuxax Pxx|[axx]
+ Waoxux[@xxx] = Woxuxux [uxx]lgxx] (7.4.3)
— Wayuxpx [axx][Pxx] = Waxuxax [axx]
+ Wauxlaxx] + Wyux [pxx] — Blpxx]
— Bpp " [pxx] — Byp™ laxx] — Y]axx]
— " [pxx] = 74q " laxx] -

After taking the ¢ derivative of (7.3.3), we take the jump to arrive at the equation

alp] =Jux [ixx] + Juxux [uxx][ix] = Juxpy [uxx][Px]

- ‘]UXQX [UXX][QX] + Jpx [pXX] - Jpxux [uX][pXX}

- JPXPX [pXXHp ] - ‘]pqu [pXXHq.X] + qu [qu] (7'4'4)
— Joxux [QXX][I'LX] — Joxpx [QXX][p ] — Joxax [QXX][QX]
+ Jplpx] + Jolgx] — Bliix] -

Further, the jump of the t derivative of (7.3.3)3 yields

Bulg] =My [ixx] — Muyuy [uxx][ix] = Muypy [px][uxx]
- MUXQX [QX][UXX] + MPX [pXX}
- MPXUX [pXX][uX] - MPXPX [pXX][p ]

o MPX(]X [pXX][QX] + MQX [QXX]

(7.4.5)

- MQXUX [uX][qu] - MQXPX [pXHQXX]
— Myyqx ldx]laxx] + Mp[px] + My[gx] — ~[iix] -

We have to remove the third derivative terms in equations (7.4.3), (7.4.4) and (7.4.5)

by employing (7.3.7) together with (7.4.2). To achieve this we form the combination

WQXUXMPX B prux ax +(7 4 5) % WPXUX JQX _ quux ‘]px
v 4.

743)x=2+(74.4
(743) xZ+(744) x - ,
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where as defined in section (7.3) 2 = M, Jy, — Jp My,
We then employ the wave speed equation (7.3.11) to show that a(t) satisfies the

amplitude equation

— + —alt) + —d*(t) =0, (7.4.6)

where da/dt is the rate of change of the amplitude as seen by an observer moving

with the wave and the coefficients «;, i = 1,2, 3, are given by

=VE? {WPXUX(MQXcl CQ) qxux( JDXC2 - Mchl)} (747)
+ VE2 {2Wuxux‘~ + WQXUXC5 :DXUXC6} )
and
Q2 :V252(qugl — Jox C2) {WPUX - f- ﬁpp+ - qu+}
+ VZE2 (Jpy G = My G) {Wauy — B =7 — 700"}
— C3V" Cl J 2 J Vv -+ OéVQ
qX { j (7.4.8)

— GV E(Mgy C1 — Joy

( )
(M. C2)
— GVE(px G — My 1)y
( C2) M,
(Jpx G2 — Xfl){MV+51V2}

—(VE
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and
—3 —2
Qg = — = Wuxuxux - 2WUXUXPX‘:’ (MQX<1 - JQXCZ)

= 2Wasuxax Z (Jpx G = My G1)

— Wxpxux E(May G — g G2)?

— 2Whxaxux Z2(Max G — Sy G2) (Jpy G2 — My G1)
— Waraxux Z(Jpx o = My G1)?

G { B2 2 E(Max G = S G2) }

+ 2Jgxux EG(Jpx 2 — MpyG1)

+ Jpox (Mo G = Jox G2)? (7.4.9)
+ 2 pax G3( Moy Gt — Joy G2) (Jpx o — My 1)

+ Joxax G (Jpx G = My (1)

+ G { Muyu B2 + 2Mp i E(My G — T4 G2) }
+ 2Moyux ECi(Jp G2 = My G1)

+ My py Ca(Myy C1 = Joi G2)?

+ 2Mp gy Ga( Mg G — Jo G2) (Jpx G2 — My G1)
+ Myyax (T Go = My G1)?

where

CQZMUX+7V7

G =W,

gxux

M, — Wy M,

pPxux q9x

C4 = WPXUXJ

q9x

- W,

axux

J,

pPx »

G = MUX JPX - MPX JUX )
G = MqXJuX - MUXJQX'
Equation (7.4.6) may be written as

i—? + \at) + Aa(t) =0, (7.4.10)

where A} = as/a; and Ay = a3/ay. Under the conditions that V; A\; and Ay are con-

stants ahead of the wave, equation (7.4.10) may be integrated to yield the amplitude
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a(t) as
a(0)
t) = 7.4.11
alt) eMt+ (Aga(0)/Ap){eMt — 1} ( )
The blow-up time is
1 A2a(0)
_ = Al
T = N In (—1 " >\2(I(0)> . (7.4.12)

A1
For the blow-up,

1) if A2a(0)/A; < —1, we need Ay > 0, which implies either
(a) A2 < 0 and a(0) > 0 such that [A2a(0)] > A; , or
(b) A2 > 0 and a(0) < 0 such that |A2a(0)] > Ay ,

2) if A2a(0)/A1 > 0, we need Ay < 0, which implies either
(a) Ay < 0 and a(0) > 0, or
(b) A2 > 0 and a(0) < 0.

3) if Ay = 0, then a(t) satisfies the amplitude equation

da 9
This gives
a(0)
t) = —————
o) = Tt

a similar case to this has been discussed in Straughan [100]. In which for the blow-

up time, 7' = —1/a(0) Ay,
if a(0) < 0, we need Ay > 0, and

if a(0) > 0, we need Ay < 0.

7.5 Special Case: Given Strain Energy Function

To solve (7.4.10) and obtain some useful information we need to know the strain

energy function W = W(x), the fluxes, M (x), J(x), and the constitutive functions,
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B(p,q) and y(p, q). Suppose
W (x) =t1uXx + tauxp + tstxq + Lapq + 1sp° + 170
+ tspxqx + Lodx
M (x) =tioty + t11uxp + ti2uxq + t13pq + tuap” + s>
+ LePx + LrPxx + sl (75.1)
J(X) =t1oux + taotxp + ta1Uxq + t22pq + t23p” + t24q”
+ ta5px + l26Dxdx + Lordx
B(p, q) =tasp® + taopq + 304> ,
V(P q) =t310° + t32pq + 1334
for constants ¢q, ts, ..., t33. Then,
Wuyx = 201ux + tap + 13q ,
Wiux = 201,
Wixuxux =0,
Wixuxpx = Wuxuxax = Woxpxux = Woxaxux = Woxaxux =0, (7.5.2)
Wosux = Wyxux =0,
Wouy = 2,
Waux = t3
Moreover,
My = 2110ux + t11p + 1124
Myyuyx =210 5
Myuy = Myuy =0,
My, = 2u6px + t179x
My = tirpx + 20189x (7.53)

Mp = 111Ux + L139 + 2014p

My = tiaux + t13p + 2t15¢
Mpxpx =26 ,

Mpyqx = 117,

Myyqx = 2018 ,
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and
Jux = 2t19ux + Loop + 219 ,

JuXuX - 2L19 3
JPXUX = JQXUX - O ’

Jpy = 225Dx + L26Gx

Jox = L26Px + 2t27qx
= (7.5.4)

Jp = looUx + t22q + 223D ,
Jg = ta1ux + taaD + 21044

J,

PXPX 295
‘]pqu = l26

J

axax = 2lor-

While the derivatives of the constitutive functions 5(p, ¢) and 7(p, ¢) are

Bp = 2t98p + L29q ,
By = tagp + 2309 ,
Bpq = t29
" (7.5.5)
Vp = 2t31p + L1329 ,
Vg = L32p + 233q

Ypg = L32-

Then, by using (7.5.2)-(7.5.5), it follows that the wave speed is

V= \/% (7.5.6)

da oy da
5 T =g+ hal®) =0, (7.5.7)

Whereas the amplitude equation is

because a3 = 0 and

: 2L1
o =2(201)23 [ — |
p

201
(0%) :_1':2(MqXC1 - JQXCQ) {Wpux - B - Bpp+ - 7pq+} (758)

+ —E (oo — My 1) {Woux — Bep" —v — 00t}
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for

E :MPX J‘IX - Jpoqx

(7.5.9)
=(2u16L96 — 2t17La3)Px + (Al1gtar — Aliglos)pxqx + (2t17tar — 21ste6)q%
and
C1 =2t19ux + Logp + L21q
2L
+ 71@28]92 + t29pq + L21q2) ;
G2 =2t10ux + Lt11p + L12q
2L
+4/ 71031]92 + t32pq + L33q2) ;
C3 :C4 =0 )
(7.5.10)
Cs =(4L10025 - 4b16L19)UXpX + (2b10L26 - 2L17b19)UXQX
+ (2t11t25 — 2t16L20)PPx + (t11t26 — tirta0)PYx
+ (2t12t95 — 2t16L21)qpx + (t12t26 — t1721)9qx
Cﬁ =(2L17L19 - 2L10L26)UXPX + (4L18L19 - 4L10L27)UXQX
+ (ta7t20 — t11t26)PPx + (2u1st20 — 2011L27)Pgx
+ (L1721 — t12t26)qPx + (2u18L21 — 2t12L27)qqx -
Therefore, the amplitude equation (7.5.7) gives
In a(t) —In a(0) = =\t , (7.5.11)
which implies
a(t) = a(0)e M. (7.5.12)

From (7.5.12), we see that a(t) will decay exponentially in time if A; > 0 and will

grow up in time if A\; < 0.



Chapter 8

Three-Dimensional Acceleration
Waves in Non-Linear Double

Porosity Materials

8.1 Introduction

In the previous chapter (7), we derived the equations governing the wavespeed and
the amplitudes of an acceleration wave in a one-dimensional model describing the
behaviour of a nonlinear elastic body containing a double porosity structure. While
this is very useful and leads to important results, the overall situation is more
complicated as a wave moves in a three-dimensional body. Here, we are investigating
the propagation of an acceleration wave in three-dimensional fully nonlinear model.

Let By be a body deformed from a reference configuration at time ¢ = 0 into a
new configuration at time ¢. Denote the points in the reference configuration by X 4,

where A = 1,2,3. The mapping to the new configuration denoted by

By referring to the reference configuration, the displacement u of a typical particle

moving from X in the reference configuration to x at time ¢ is

wi(Xa,t) =x;(Xa,t) — X, (8.1.2)

149
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The deformation gradient tensor is

6@»
Fip=—, 1.
470X, (8.13)

which leads to the displacement gradient

ou; 0x; 0X;
R — — — =F4—0ia. 1.4
Ui, A P )TA P )TA P ).VA 1A 52A (8 )

We consider the theory of double porosity elastic materials based on an internal
strain energy function W. The basic equations involve the elastic displacement,
u;(Xa,t), the fluid pressure associated with the macro pores, p(X4,t), and the
fluid pressure associated with the micro pores, ¢(X4,t). The governing equations of

double porosity elastic materials in three dimensions are

0 ( oW ) - % (Biap) — 9 (Viaq) ,

PU =X 4 \ Ouia 09X,
8.J.4 O,
. RV 8.1.5
P =55, Ap —q) — Bia X, (8.1.5)
OMy i
— A _— —_— Z _—
bi=55.+ (p—q) TAGX,

In these equations W is the strain energy function, J4 and My are the fluxes as-
sociated with the macro and micro pores, respectively, referred to the reference

configuration. For constitutive theory, we use the list of variables
X=UUA, PA,qa, P, q,
and suppose that

W =WI(x), Ja=Ja(x), and Ma = Ms(x) , (8.1.6)

and

Bia = Bia(p, q) and via = via(p, q)- (8.1.7)

8.2 Acceleration Waves

An acceleration wave for a system of a non-linear double porosity elastic material in

three dimensions is defined as a surface S such that u;(Xa,t),p(Xa,t),q(Xa,t) are
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C' everywhere and the second and higher derivatives of u;(X4,t), p(Xa,t),q(Xa,t)
are allowed to have finite discontinuities across the surface S.
The amplitudes a;(t), P(t), Q(t) of the three dimensional acceleration wave are de-

fined by
ai(t) = [i], P(t) = [H()], Q(t) = [4(t)]-
To find the wave speed of an acceleration wave, we begin with equations (8.1.5). By

the chain rule, employing the relations(8.1.6), system (8.1.5) may be rewritten as

. O*W 0*u; OP*W 9*p oW 0%q
P a0, 5 0XaDX s | Dualp s OX10X5 | Ouiadqp 0XA0X s
O*W  Op O*W  Oq Op  OBia Op
Ou; 10p0Xa | Ouindq0Xa Biagx, ~ “ap ox,”

dBia Oq dqg  Ovia Op dvia Oq
T Tog axaL T TMaxX, T ap aXal Tag ax.
0JA 8216,' 8JA 82]9 @JA 82([ &]A 8p

) = 8.2.1
D= axoxe T opodxeoXe T dgeoxoxe tap axe o2
07, dg D
+ Dq OXrx AMp —q) @Am ;

ﬁ . _8MA 82ui i 8MA 82]) i 8MA 82q 8MA 8]9
Y w0 0Xo0X ke | Ope OXcOXx | Dqc 0Xc0Xk | Op 0Xx
M, g B
3q 0Xx AMp—aq) — NGy

General compatibility relations for a function f(X,t) are needed across the surface
S, cf. Chen [21] and Straughan [100]. If f is continuous in R?® but its derivative is

discontinuous across S then
[fa] = N*B where B =[N%fg]. (8.2.2)
When f € C'(R?) then
[fap] = NANPC where C = [NEN®frg]. (8.2.3)

In (8.2.2) and (8.2.3), N4 refers to the unit normal to S in the reference configuration
and [f] is the jump of a function across the wave as defined in chapter (7), equation
(7.3.1).

To proceed we evaluate equations (8.2.1) on either side of S by taking the jump,

employing the definition of the acceleration wave S, and the constitutive theory
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(8.1.6) to obtain
pluiu] = Wa, au; 5N NB[ NRNS]
+ Way ap s N NP[p s NN
+ Way aan N NPlg rs NEN®] |

o 2 A NANCu; rsNENS] + 0 ZANANC[p rgNENY)
Ou; ¢ Ip.c (8.2.4)
aJA ApC R\’ST _ 4. . AC
—N“N [ N N ] /BzAN [uZ,CN ] )
3(1 c
M
0= P4 NN, psNENS) 4 PMA NaNCp, L NN
8“@ C ap c
M
8 = NANC[g psNENS] = 314 N*[it; ¢ N°).
8q c
The relation corresponding to the Hadamard formula (7.3.5) in three dimensions is
J : A
S = 4] + Un [N*1.4], (8.2.5)

where §/6t denotes the time derivative at the wave, f = 0f/dt|x, fa = 0f/0X 4,
and Uy is the speed at the point on S with unit normal N4,
Since Uiy P, q € Cl(Rg)a [ui,t] = O, [ui7A] = 07 [pt] = 07 [p,A] - Oa [qt] = 07 [q7A] = 07

so employing the Hadamard relation in three dimensions, i.e. equation (8.2.5), we

obtain
5 N 5 | ]
0= 5 —uie] = [wige] + Un[NP0; 4], 0= E[Ui,A] = [0, 4] + UN[N"u; a5] ,
) . ) )
0= E[p,t] = [pu] + Un[N*p.4l , 0= Q[P,A] = [p.a] + Un[NPp.as] ,
) . ) )
0= &[Q,t] = [qu) + Un[N?G.4] , 0= &[Q,A] = [g.a] + Un[NPqag] .
(8.2.6)
Thus,
[it;] = —Un [N 4] (8.2.7)
which implies
NAG, 4] = = 2.
[ U ,A] UN ) (8 8)
and
[NAUZ‘7A] = —UN[NANBUZ'7AB]. (829)

Combining (8.2.7) and (8.2.9) gives

[i;] = UJ%Z[NANB%,AB], (8.2.10)
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likewise

5] = UXIN"Np ag), (8.2.11)

and

4] = UR[N*N®q p]. (8.2.12)
Using relations (8.2.7) — (8.2.12) in (8.2.4) we derive the three jump equations

(péijUJQ\f - WUi,A“j,BNANB) a; (t) = Wu' LAD, BNANBP<t) + WU' AQ,BNANBQ(t) )

0Ja . arc A 0J4 4 OJa  anc
NZN AN U i(t) = ———N"N"P(t — NN
(am BTy ) ailt) = 2 ()= EANINCQL)
NN i NAU i ——N“N*YP(t —— NN
(am N ) at) = 5 () = GANNQ(r).
(8.2.13)
Let
b= DTANANC | g = DTAyane
dq,c op.c
M M
Mzza—ANANC, Mlza—ANANC,
op.c dqc
Y= 8 — Sapa
[y =L +%aN*Uy and A; = K; + BiaN*Uy ,
where
M
K; = T4 NANC and L, = OMa yaye
8ulc 8”10

Then equations (8.2.13) may be rewritten in the form

(P05 UR — Qi) a;(t) = PiP(t) + QiQ(1) ,
Nia;(t) = =& P(t) — &Q(t) (8.2.14)
Lia;(t) = —paP(t) — mQ(t)

where the terms @Q;;, F;, and @); are given by

Qij = WUi,AUj,BNANB ) P =W,

Ui, AD,B

NANE Qi =Wy, ,q, NNV .

Solving for P(t) and Q(t) in terms of a;(t) only from equations (8.2.14), and

(8.2.14)3, 1.€.
SERS P(t) —A;a;

Mo 1 Q(t) —I'a;

Y
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implies
P(t) 1 m —& —N\a;
Q) F\-m & ) \-Ta)
which yields
P(t) = (%) ai(t) | (8.2.15)
and
Qt) = (%) ai(t) . (8.2.16)

Substitute the expressions (8.2.15) and (8.2.16) into equation (8.2.14); to obtain

(p0iU% — Qij) a;(1) :% {& (L +7aN"Uy) — i (K + BaN"Ux) } a;(t)

+% {1 (K + BiaN"Un) = & (L + 7aN"Un) } a;(t)

(8.2.17)
Equation (8.2.17) may be written as a wavespeed relation as follows
Rija; = pdi;Uxa; (8.2.18)
where
Rij = Qi + % {& (Lj +9aN"Ux) = pu (K + BjaN"Un) } (5.219)
+% i (K + BiaN*Un) = & (B + 94N Un) }- -

Relation (8.2.18) is an eigenvalue/eigenvector equation. The wavespeeds U% are the
eigenvalues of R;; and a; are the eigenvectors. This equation governs the propagation
of a nonlinear acceleration wave and yields the wavespeed in three dimensions. Since
the reference configuration By is deformed to a new current configuration B, it means
that there is an applied transformation to the surface S. Moreover, when applying
a transformation to the surface S it is useful to derive normals n; for the resulting
surface s in the current configuration from the original normals N4.
The transformation is well known, c¢f. Chen [21] Eq.(4.10) and Gentile & Straughan

[35],
NA —F ’vXS|

iAnim : (8.2.20)
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We use this in all the expressions in R;; to write R;; = R;;(n;). So, we write

PW
ij = —— NAN?B
Q J 8uj738u¢714
V5| ?
= Wy, puy s Frans Fipny (m (8.2.21)
= Qij(ni) -
Then we have to write
Pl - Wui,AP,BNANB
| V5| ?
= Wui,Ap,BFTAantBnt (’VXS’ (8222)
and
Qi = WUi,Aq,BNANB
|Vx5| 2
= Wui,Aq,BFT'AnTFtBnt (m (8223)
= Qz(nz) .
Then we write (8.2.14); as
(PO UR — Qi3 (na)) a;(t) = Pi(na) P(t) + Qi(n:)Q(t) (8.2.24)
and then
Rij(n)a; = pd;Uxa; (8.2.25)

defines the correct relation from which we may deduce the existence of a plane ac-

celeration wave that may propagate if a; is an eigenvector of R;;(n;).

The wavespeed may be calculated if we know the direction of an acceleration
wave, say a; = am;, where m; is the unit vector in the direction of a;.

Taking the inner product of (8.2.25) with m; one may solve for the wavespeed as

vz = Hmim; (8.2.26)
0
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However, R;; involves Uy so the wavespeed equation is

2

pUJQV :Qijmimj + (€2ijimj - :ulijimj>

Y
Qi .

+ 5 (peKymim; — & 1mimy)

b (8.2.27)
+ UNgz {fQ’VjANAmimj - NlBjANAmimj}
+ UN% {paBiaN"mm; — &y;aN*mm;}

which may be written as
pU% + AUy + A3 =0, (8.2.28)

thus, the speed of the wave is

2
A AL A (3:2.29)

Usn —
M2 42 p

where
A_E A NA M — A NAYmem @ A NAm — A NAYmam.
1= {mBjaN*mim; — EyjaN*mym; }+ S {&vjaN* mm; — pofjaN*mim;}

and

[

Qi
S (§2ijim]~ — ulijimj) + i (M2ijim]’ - glemimj) :

AQ = Qijmimj +

Equation (8.2.28) allows for two waves, a right moving one and a left moving one.



Chapter 9

Conclusions and Future Work

Convection in porous media, particularly double-diffusive convection in porous me-
dia, has attracted our attention due to its wide range of applications in geological
process and a variety of geotechnical applications, cf. Malashetty & Biradar [60].

We worked on a model of thermosolutal convection in porous media proposed
by Pritchard & Richardson [83], Wang & Tan [124], and Malashetty & Biradar [60]
and a generalization. They used the linear instability technique to investigate the
stability of the systems. We used the energy method to obtain the space of definite
stability because the linear instability technique guarantees instability but it does
not specify any information about stability.

In chapters 2 and 3 we studied continuous dependence of the Darcy and the
Brinkman thermosolutal convection on reaction. This investigation was needed to
assess and study the properties of the models before the numerical work which
follows in chapters 4 - 6. We obtained the nonlinear boundaries numerically using
the energy method. Our study reveals regions of potential sub-critical instability
when there is a reaction as we have shown in chapter 4 for the Darcy porous medium
and chapter 5 for the Brinkman porous medium. In chapter 6 our investigation shows
that the mechanical anisotropy parameter has opposite effect to that of the thermal
anisotropy parameter on the stability of the Darcy thermosolutal convection system,
in which we have restricted our consideration to the horizontal isotropic porous
medium.

For further work, one may use the energy method to study the stability of the
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reactive Brinkman thermosolutal convection with anisotropic permeability and ther-
mal diffusivity. There are more than one form in which one may consider for
the mechanical and thermal anisotropy parameters, the horizontal isotropic form
m;; = diag{m, m, ms3} or the general form m;; = diag{mi1, ms2, 1}. We may refer
the reader to an article on nonlinear thermal convection in anisotropic porous media
by Kvernvold & Tyvand [51] and the references therein. Moreover, one may consider
the configuration of Tyvand & Storesletten [119] and Straughan & Walker [111] for
the permeability. These writers studied a porous medium in which the permeability

is transversely isotropic.

Regarding a deformed skeleton, we investigated the behaviour and the amplitude
of a one-dimensional acceleration wave in non-linear double porosity materials in
chapter 7 and we analysed the wave speed in three-dimensions in chapter 8. A
further extension to this work is to obtain the amplitude equations for the three-
dimensional acceleration waves in nonlinear double porosity materials, c¢f. Chen
[21], Chen [20], and Lindsay & Straughan [55]. There are many application areas
for multi-porosity elasticity, for example carbon sequestration in fissured aquifers,
capacitive de-ionization water treatment process employing dual porosity electrodes,
and many other applications, cf. Straughan [107] and the references therein.

Another possibility and interesting opportunity would be to study the behaviour
of the acceleration waves in triple porosity elastic materials, cf. Straughan [108],
Straughan [107], Svanadze [115], and Svanadze [114]. One may examine the be-
haviour of the acceleration waves for different forms of the terms representing con-
nectivity between the pressures in the various pore scales as modelled by Straughan

107).
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Appendix A

Useful Expressions

In section 1.1, we recalled two lemmas due to their usefulness in the qualitative
stability analysis. Here, we are introducing the derivation of the identities used in

our qualitative analysis by providing the proofs of the lemmas.

A.1 The Proof of lemma 1

Proof: To derive the Rellich Identity we begin by writing

Q

which can be written as

upon integration of (A.1.2) by parts, we obtain

0 9
/Q(‘)_xk (idid ) AV — /chka—xk (z;¢.:)dV =0,

using the Divergence Theorem, implies

74 vi b pd A — / 616715V — / 6 w216 edV = 0,
T Q Q

which can be written as

2
172

1 0
%x@,mkgﬁ,kd/l — / ¢7k¢7i$i7kdv - = / Ti— (qb,kgb,k) dV = 0. (A13)
r Q o Oz
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Integrating by parts on the last term of (A.1.3) and with the aid of the Divergence

Theorem, we obtain

1 1
74 ribinndd A — / 640 s ndV — = f i b adA + = / 216 xdV — 0.
g o 2 2 Jo

Using the fact that x;; = d;x, we see

1 1
fwi(bi%dfl“‘_/¢k¢kdv—_j{$ini¢k¢kd/1:0,
1" 787/’/ 2 Q ’ ’ 2 1—\ ’ ’

which can be written as

1
7{:@@ gbdA - —Hv¢|y2 fxqusy dA = 0. (A.1.4)
Employing the fact that on the boundary I', the gradient of ¢ is defined as
¢
= — A.l.

where V¢ are the components of the surface gradient vector. Using (A.1.5) in

(A.1.4), we obtain

%xmi (g—z) dA—i—]{ vV ¢ (bdA—i- HV¢H2 = ]{x ni|Vo|*dA =0. (A.1.6)
r
Squaring both sides of (A.1.5), leads to
96\ 2
V0P = V.00 + 29.0n5% + (2] (AL7)

since V¢ and ni% are orthogonal vectors on the surface, their product is zero.

Therefore, (A.1.7) will be

2 2, (09
Vo2 = [Vl + (an) (AL8)

Now, employing (A.1.8) in (A.1.6) we obtain

2
%n (_n) A+ 7{ v¢—dA+—r|v¢u

(A.1.9)
—lj{x<n»|v gzﬁ\?dA——j{acn % dA=0
2 T 1'% S 2 1'% an - Y
which can be written as
1 1
—j{azn (%) dA + —HWHZ j{xmz\v o|2dA — fx.vsd)%am
2 Jr on r r on(A1.10)

1
<1 7( 2| V. s|2dA
2 fi
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Assume that 2 is star shaped so that x;n; > Ky > 0 on I' and also z;n; < By on I,

where Ky and By are constants. Therefore, from inequality (A.1.10) we may show

0\ 2 09* 2
Ky 7{ (%) dA+ Vo] < f zin; (%> A+ Vol

r

that

< B § V.o
r
from which we conclude that
3 09\ .
Vo2 + Ko ¢ [ == | dA < By ¢ |V.0|*dA. (A.1.11)
r \on T

This ends the proof. O

A.2 The Proof of lemma 2
Proof: To prove the inequality (1.1.9), we begin by writing

/Q bdAGdV = 0.

Using integration by parts, gives

0 I ) o¢
/Q O (¢¢3xi> av — /Q oz, (Vo) o, dV =0. (A.2.1)

Applying the Divergence Theorem to the first term, we obtain

¢ 0 o9 .
éwgb%dv /Q . (¢o) . dV = 0. (A.2.2)
Since 1» = 0 on I, condition (1.1.8),, the first term of (A.2.2) is zero, implying that
0 0¢
/Q o (o) o dV = 0. (A.2.3)

Equation (A.2.3) may be written as

Q Q

Handling the first term of (A.2.4), we see

[ wstoidv = [ 2 waooav — [ vadtav — [ v.s,0av.



A.2. The Proof of lemma 2 175

which implies that

. . — a H2 _ . h2
2 [wsoosav = [ (i) av = [ vadtav. (A.25)

Applying the Divergence Theorem to the first term in the right hand side of (A.2.5)

and employing condition (1.1.8); to the second term, we obtain

R O (PR B Ar
/Qw,mﬁab,idv =3 égb 5 dA+ /Qd) av. (A.2.6)

Substituting (A.2.6) in (A.2.4), gives

1 5 O 1 / 9 / N B
5 7{925 andA—l— 5 Q(b dV + ngzﬁ,qu,zdv =0, (A.2.7)
which can be written as
0
2(690.V0) + 0l = - § 65" dA
r n
< f{ M?dA,
r

in which (1.1.10) and (1.1.6)s have been used.
This ends the proof. O



Appendix B

The Chebyshev Tau Method

Throughout this thesis, we have used the Chebyshev Tau method to solve the eigen-
value problems numerically. In this appendix we will introduce the Chebyshev poly-
nomials and their properties which make them useful to apply and solve the equa-
tions. Then we will show how this technique work by applying it to a differential

system of equations.

B.1 Chebyshev Polynomials

Chebyshev polynomials are a sequence of orthogonal polynomials which are related
to de Moivre’s formula and which can be defined recursively. In the study of differ-

ential equations they arise as the solution to the Chebyshev differential equations
(1 —2%)y" — 2y’ +n’y = 0.
The Chebyshev polynomials of the n'* degree, T;, : [—1,1] — [—1, 1], are defined by
T, (cos(0)) = cos(nh); n=1{0,1,2,3,...}. (B.1.1)

The first two polynomials, the polynomial of degree 0 and the polynomial of degree
1, are defined by setting n = 0 and n = 1 respectively in (B.1.1) to find that

(B.1.2)
Ty = cos(0).

176
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Then to define the higher degree Chebyshev polynomials recursively, we start by

defining 7,1 and T},_; using the known trigonometric identities, to find that

Th11(cos(f)) = cos((n + 1)8) = cos(nd) cos(#) — sin(nd) sin(6) ,

(B.1.3)
T, —1(cos(0)) = cos((n — 1)0) = cos(nld) cos(#) + sin(nd) sin(0) .
Adding (B.1.3); and (B.1.3)2, we obtain the recurrence relation
Tri1(cos(0)) + T,—1(cos(0)) = 2 cos(nb) cos(8). (B.1.4)

We now use the known polynomials, i.e. Ty and T3, in (B.1.4) to find the higher
degree Chebyshev polynomials. Setting z = cos(#), (B.1.4) may be written as

Toi1(z) + Ty (x) = 22T, (2). (B.1.5)

It follows that the full set of Chebyshev polynomials is

To(z) =1,

Ty(z) =z ,

Ty(z) =22 — 1,

Ts(z) =42° — 32, (B.1.6)
Ty(x) =8z —82* + 1,

Ts(x) =162° — 202° + 5z |

etc.

B.2 Roots and Extrema

A Chebyshev polynomial of degree n has n different roots in the interval [—1,1].
Using the trigonometric definition and the fact that

cos (g(2k + 1)) =0,

one can easily prove that the roots of T;, are

2k —1
Tk = COS (E ) o k=1,2,...,n.

2 n

The extrema of 7,, on the interval —1 < 2 < 1 are located at

k
T} = COS (—ﬂ') ; k=0,1,...,n.

n
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The Chebyshev polynomials have extrema at the endpoints, given by
(B.2.1)

One unique property of the Chebyshev polynomials is that on the interval —1 <

z < 1 all of the extrema have values that are either —1 or 1.

B.3 Orthogonality

The fact that the Chebyshev polynomials form a sequence of orthogonal polyno-
mials is employed in the Chebyshev Tau method. In this section we explore the
orthogonality property of the Chebyshev polynomials. We start by considering a
weighted integral of T,,T,,, over the interval [—1,1].

T (z) T ()

1 ™
/_1 ﬁda: :/0 cos(n#) cos(mb)do

e (B.3.1)
_ 5/ [cos (1 + m)8) + cos (|n — m|9)] do.
0
We consider three cases, n # m, n=m =10, and n =m # 0.
Case 1: n#m
In this case, we integrate (B.3.1) to obtain
1 g
/_1 %dw :/0 cos(nf) cos(mb)do
_ / [cos ((n + m)8) + cos (|n — m|9)] d6
0 (B.3.2)

sin ((n +m)0) N sin (|[n —ml0)]"
n+m |n — m)| 0

S N N

Case 2: n=m=20

Here, in order to avoid the division by zero we simplify our expression to obtain

/11 %dw = /07r cos(nf) cos(mf)do

Wigr
= % /0 W[1 +1]dd (B.3.3)

=T .
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Case 3: n=m#0
In this case, we have to simply the second term before integrating it to avoid the

division by zero.

/11 %\/%@d‘” = /0” cos(nf) cos(mo)do

/O7r [cos ((n 4+ m)0) + 1] do

B.34
[sin ((n+m)0) " ( )

+0
n-+m 0

O N N =

Therefore, the Chebyshev polynomials are orthogonal with respect to the weighted
inner product in L*(—1,1) so that

(

0; n#m,

—d‘r: N p— pu—
) m ™, n m 07

5; n=m#0.

\

B.4 Chebyshev Differential Matrices

In this section we will derive the coefficient of the Chebyshev differential matrix D.
A continuously differentiable function defined in (—1,1) may be expanded in terms

of Chebyshev polynomials such that

flz) = Z faTn(z) (B.4.1)

where f,, are the coefficients of the expansion. If f is a polynomial of degree n,
then the series will be finite, truncating at n = N** term. The derivatives of f take
similar form to (B.4.1), so that in general

o

FO() =S f9, () (B4.2)

n=0

where f® is the k' derivative of f, with f© = f, and f{¥) are the coefficients

related to the Chebyshev expansion of the k" derivative of f.
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We start by differentiating 7,,(x) with respect to z so that

dT,(r)  dT, df

de — df dx
_ nsin(nb) (B.4.3)
~ sin(9)
from which we obtain
1, 1, 1 . :
n—HTn-&-l(I) - mT\n_u(I) = Sm—@{sm ((n+1)0) —sin((n — 1))}
= 2cos(nb) (B.4.4)
=2T,(z) , n>2.
When n = 0 we have
Ti(x) + T (x) = 2Ty(x) , (B.4.5)
and when n = 1, we need to multiply (B.4.4) by n — 1 we find that
Ty(x) = 0. (B.4.6)
Use of (B.1.6) shows that (B.4.5) and (B.4.6) are true and therefore
1 \ ]' \
Therefore,
LS @) = Y 0T
dx nin — n n
n=| n=0
I, 1 . 1,
=5 S . 1Tn+1(~’17) - mﬂnq\(?ﬂ) (B.4.8)
n=0
1d 1 1
e (1) T -
2 dx ;f“ {n+ pTenl@) = 2= "‘1<x)}
So
d d T T:
2 (foTo + HTh 4+ ...) = - <fél) (T, +Ty) + fV <?2> + £ (33 — T1) 4. )
d T T:
-0 <T1(2fé” — B+ F AR = B+ 2R - A1)+ ) ,

(B.4.9)
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where we have used (B.4.7) and (B.4.6). Equating the coefficients of T; we have that
2fo=0,
2fi =2f" = 157,
2, = 51— 47
2fy = %(fz(l) — 1y, (B.4.10)
2= 108 = 1),
26 = (8 - ).
etc.

which leads to the recurrence relation
. 1 .
2jf; = ¢ fiy — fih for =1, (B.A.11)

where ¢p = 2 and ¢; =1 for j > 1.

Taking the sum of both sides of (B.4.11) from j =n+ 1 to j = co where n > 0
such that j +n is odd, i.e.

. 1 1
2 > dfi= 2 enahh -
j=n+1 j=n+1
j+n=odd j+n=odd
1 1 1 1 1
= (Cnfr(Ll) - fr(z+)2) + (Cn+2f7(z+)2 - f7(1424) + (Cn+4f7(z—g4 - fr(z+)6) +o
= Cnqul) )

(B.4.12)
where we have used the fact that ¢; = 1 for ¢ > 1, and we have cancelled all the

terms except the first term. It follows that

o

2

n - = i

B=— 2 if (B.4.13)

j=n+1

Jj+n=odd

Therefore, in general

2 « -

f==3" i n>o0. (B.4.14)
" j=n+1

Jj+n=odd
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The Chebyshev expansion of f*)(z) is now truncated at n = N term to find that

FP@) =3 T (@) + enila) | (B.4.15)

where ey is the error which is assumed to be small and that there exist a function

f (k) () which approximate f(k)(x) so that
~ N ~
n=0

If we define a vector f*) = (fék), fl(k), fQ(k), fék), e ,f](f))T and then substitute into
the expression (B.4.14) to obtain

. 2 _
O =205 Y >0, (B.4.16)

Then we may construct an (N + 1) x (N + 1) upper triangular matrix D such that
f® = D f=1) where the matrix D is given by

0

8 0 12 0 16
0 10 0 14 0

(B.4.17)
8 0 12 0 16
0

10 0 14 0

o o o o O
o o o o =
o O O s~ O
o O o O W

(B.4.17) is the first Chebyshev differential matrix. The second differential matrix
D? is defined by f® = D2 f(* -2 By matrix multiplication, we expect D? to be

0 0 4 0 32 0 108
0 0 0 24 0 120 O
0 0 0 0 48 0 192
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To verify this we start from (B.4.14)

[e.9]

2 )
f7(z2) :C_ Z ijgl)

" j=n41
j+n=odd

[o.¢] (o]
2 2
:C— E J; E pfp
" oj=ntl 7 p=j+l
Jj+n=odd p+j=odd

:é Z J Z Pl ¢>1=1

j=n+1 p=j+1
j+n=odd p+j=odd

n

+i(n—i—S)[(n+4)fn+4—|—(n+6)fn+6+(n+8)fn+8+---]

Cn

+i(n+5) [(n+6) fays + (0 +8) fuys + (n+10) foyr0 + - -

Cn

)+ 2) e

Cn

+ 4 (n+1)+ (n+3)] (n+4)fasa

Cn

+i[(n+1)+(n+3)+(n+5)](”+6>fn+6

Cn

£ 21+ (1 48) + (0 +5)+ (7)) (14 8) fuss

Cn
4+
4 00 j—1
2 i) .
Cn j=;r2 T p;-l g

j+n=even p+n=odd

:Ci(n + 1) [<n+ 2)fn+2 + (n+4>fn+4 + (n+ 6)fn+6 + - ]

(B.4.19)
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We may simplify the finite sum as

]i p:(n+1)+(n+3)+<n+5)—|—(n—|—7)+...+(j_1)

Pnodd -
- (n+2g+1)
- 1(-n-2) 3(i—n=2)
— (n+1) qz; 1+2 qZ; g (B.4.20)
=(n+1) (5(] — n)> +2 (%(j —n— 2)) % (%(J —n))
om0
- %(j —n) En + %J}
= 167 —)

Employing (B.4.20) in (B.4.19), it follows that

oo

1
IR == 3 et 20, (B.4.21)
j-i:ngen

from which we find that

P = 4fy +32f, + 108f5 + - - -
@) — 24 fs + 1205 4 - -- B.422)
) 481y + 1925+ - --

etc.
Similar expressions to (B.4.21) may be found for higher derivatives. Following the

truncation method procedure used to obtain the first differentiation matrix, we find

that (B.4.21) approves the matrix (B.4.18).

The Chebyshev tau method may be used to compute higher order derivative

matrices, detailed explanation of the technique may be found in Dongarra et al. [26].
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B.5 Application of Chebyshev Tau Method

In this section, we will show how to apply the Chebyshev-Tau method to solve the
system (1.2.25) introduced in chapter 1 which is

(D* — a®)’W — Ra’0 =0 (B51)
5.1
(D* —a®)© + RW =0 ,

where W is the velocity in the Z direction, © is the temperature, a is the wave

number, and R is the Rayleigh number. The corresponding boundary conditions
DW=W=0=00n%=0,1. (B.5.2)

We have to make the transformation from z € (0,1) — z € (=1,1),i.e. 2 =22 — 1.
Under this transformation D = d/dz = 2d/dz. We have to introduce a variable x
such that x = Aw. Then equations (B.5.1) will be

(4D* — > )W —x =0
(4D* — a*)x — Ra*© =0 (B.5.3)
(4D* — a®>)© + RW =0,
we consider (B.5.3) to be an eigenvalue problem with eigenvalue R, and we have to

obtain the critical Rayleigh number R..
We expand the functions W, y, © in terms of Chebyshev polynomials such that

W(z) = ZWnTn(Z)7 X(z) = ZXnTn(Z)v O(z) = ZGnTn(z)a

Wz) =Y WPIT,(2), X"2) =Y XPTu(2), O"(2) =Y _ 0P T (2),
n=0 n=0

n=0

where W,,, ©,,, and x,, are the coefficients of the expansions. Truncating the expan-

sions in the n = N** term, so that the functions are approximated as

W(z)=> WaTu(2), X(2) = > xaTu(2), O(2) = > _ 0,T0(2),
n=0 n=0 N =0 (B.5.4)

Wh(z) =Y WPT(2), X'(2) = Y xPTu(2), 0(2) = ) OPTu(2) .

=0 n=0 n=0

3
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The error resulting from this truncation may be expressed as

W (2) = a®W(2) = X(2) = nTy-1 + Ty
>~<(2) (Z) - OJZ)Z(Z) - Razé(Z) = TgTN,1 + T4TN , <B55)

0¥ (2) — a’6(2) — RW(2) = 75Tn-1 + 76T ,

where the 7/s are the error measurements.

Taking the weighted inner product of (B.5.5) with T} for j =0, 1,2, ..., N —2 and us-
ing the orthogonality property of the Chebyshev polynomial on L?(—1,1) to remove
the 7/s. In this way we obtain (2N — 2) equations. Then we define vectors W =
(Wo, Wi, Wa, oo, W), X = (Xos X15 X250 Xv) T and © = (6g, O, 0, ...,0Ox)7, and
make the substitution W® = 4D2W, y® = 4D%y, and ©® = 4D?0. We may then

write our system in the form
AD*W —a®*W —x =0,
4D*Y — a®x = Ra%0 , (B.5.6)
AD*© —a’6 = RW .
We have to add two rows of zeros to the bottom of the matrix D? To make the matrix
square. Then we have to overwrite these two rows by the boundary conditions, in
which we have to employ the property of the Chebyshev polynomials at —1 and 1,

that
To(H1) = (£1)", Th(E1) = (1) 02 |

so that the boundary conditions may be expressed in the form

(—1)"W, =0,

N Zf:

n*W, =0, —)" 1w, =0.
> > (1)
n=0

=0

3

Our system is now in the form of a generalised eigenvalue problem, in the form

Ax = RBx, and can be solved using the (QZ algorithm, cf. Moler & Stewart
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[67], where ¢ = (WO)WMW%~~7WN7X07X17X27---,XN7607@17@27~-7@N) and the

matrices A and B are given by

AD? — 2] —I 0
1,1,1,1,...,1 0---0 0---0
1,—1,1,.., (=N 0---0 0---0
0 AD? — o] 0
A= 0,1,4,9,...,(N)? 0---0 0---0 :
0,1,-4,9,—16,...,(=1)MIN2  0---0 0---0
0 0 4D? — a1
0---0 0---0 1L,1,1,1,..,1
0---0 0---0 1,-1,1,....(=1)N
0 0 0

0---0 0---0 0---0

0---0 0---0 0---0
For more details, explanation, examples, and implementation of the Chebyshev-Tau
method, we refer the reader to the books of Straughan [99,100], Dongarra et al. [26],
Bourne [14], and Orszag [73].



Appendix C

The Compound Matrix Method

In chapter 5, we employed the Compound Matrix method to solve the Brinkman
thermosolutal convection with reaction system. Below is the list of the 70 Compound

Matrix variables which we generated:

g = WA + -

Yy = WiW,W3'dy + - - -

yr = WiW,W3'e, + - -
Y10 = W1W,030) + - --
Y13 = WilV,0504 + - - -
i = WAWSWNe, + -
Yo = WiW WD, -
Yoo = Wi, 05D} + - - -
Yos = Wi, &3P + - - -
Yog = W1V O3D) + - - -
Y31 = WiW 03 + - - -
Yzg = W10,030) + - -
Y37 = WiWL W3 e + - - -
Yao = WIW3030) + - - -

Yo = WIW W30 + - - -
ys = Wi, W5} + -
ys = WiW,W3hdy + - - -
Y1 = WilW,030, + - -
Y1 = WAW,059) + - -
yir = WAW,W3hey + - -
Yoo = WiW3 050 + - -
Yoz = WiV, O3, + - - -
Yos = W1V, 030 + - - -
Yog = WA "O3P, + - - -
Ys2 = W10,05P4 + - -
Y35 = W10,03P) + - - -
yss = WIWo W3'®y + - - -
yu = WiW303P, + - -

188

ys = WiW,W3'ey + - -
ye = WiW, W0, + - - -
Yo = WiW W3y + - - -
Y12 = WiW,030) + - -
Y15 = WiW,03®) + - - -
Y18 = WiWo W3, + - - -
Yor = WiW, 03Py +- - --
You = WiW, 03P} - - -
Yor = W15 O3Dy + - - -
Yso = Wi ©5d)y + - -
Y33 = W102,05P) + - - -
yse = WIWL W3Oy + - - -
ysg = WIWR W3 ®) + - -
Yao = WiW3 03P} + - -
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Ya3 = WiW;@},CDZl T Y= WfWQ\\@}s(I)Z +oo yas = WIW 03P, - -
Yse = WIS O30} + -+ gy = WIW'O3Dy + -+ yus = W' O3P) + - - -
yig = WiWR O304 + -+ yso = WiWR O30, + -+ g5y = WyW @30} + - -
ys2 = W102030y + -+ sy = Wi02050) + -+ ysq = W10050) - -
Yss = WIOLD3®) + -+ ysg = WIWDOR0) + -+ ysr = WIWLOydy + - -
Yss = WIWL'Og®) + - -+ 59 = W) WR'O3Dy + - -+ ygo = Wi, 03P} + -
Yor = Wy WL ' ®3®y + -+ ygp = W'O205P, + -+ yg3 = W)'O,050) + - -
Yoa = W1 OoP3D) + -+ ygs = W'OLD3D) + -+ yge = W' O05P, + - - -
Jor = PO, + - oy = WPOLB, + -+ gy — WYOLBE, + -
Yro = ©10,P5P) + - -

The above 70 variables satisfy the 70 differential equations

2

a a2 [1F )\
y\1 = REngg - REng (i) Ya

2
Ys = Y3 + Yo
ys = yr + a’ys — RE%ZM
Yy = Ys + Us

h
ys = Yo + (a® + n)ys — RE§?/2

1 a’> (1T )
Yo = Y7 + Y16 + <2a2 + §) Yo + REng (T) Y11

1 a? hA a> (1F )
Yr =17+ (2“2 + 5) Y3 + REnglo +a’ys — Rp (—) ys + REng <i) 13

2 2
\ 2 1 a’2
Ys = Yo + Y18 + | 2a” + % Y4 + REngn
1 a? a’> [1F ) h
Yy = Y19 + (2G2 + §> ys + RERgZ/lz - RERS§ (T) yis + (@® + n)ys — RE§y6

h\
Yio = Y20 — RE (7) Y11

Y11 = Y12 + Y13 + Yz
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Yo = Y14 + Y22 + (CL2 +n)yn

?J\13 = Y14 + Y23 + a2y11

hA

h
Y4 = Yoa + a’y1o — Rp <7> yis + (@ +n)yis + RE§y1o

h
Yis = Y25 + RE§y11

a’> (1F )\
Yig = Y17 + Yse + REng (T) Y21

a? A\ @ [1F\
Yir = ys7 + RERgiU% + a’y16 — RE7918 + REng (T) Yo3

2
a
Yig = Y19 + Yss + REngm

a® a’> ([1F )\ h
y\lg = Y39 t+ RER;?J% - RERs? <T) Y25 + (CL2 —+ n)y18 — REEylﬁ
hA
Yso = Yao + Y26 — RE7?J21

Yy, = Ya1 + Yor + Yoz + Yoo
Yoo = Y2 + Yos + You + (a® 4+ n)yx
Yys = Ya3 + Yoo + Youa + a*ya1

hA h
Yoy = Yaa + Y30 + a*yay — RE7?J25 + ((l2 +1)y2s + REEyzo

h
Yss = Yas + Y31 + RE§ZU21

1 hA a2 [1F A
Yo = Yas + (2a2 + T) Yoo — RE <—> Yor — RERs— <—) Y32

1
Yoy = Yar + Y20 + Yas + (20&2 + §> Y21

1 a> (1F A
Yos = Yas + Yso + (a° 4 n)yar + (2@2 + 5) Y22 + REng (T) Y34

1 a2
Yng = Yo + Y30 + a’Yar + <2CL2 + 5) Yo3 + REng:m
Y30 = Yso + | 2a” + 5 You + RER?ZU?B + a1y — R - ) s + (a® + 1)yao

a’> ([1F N\ h
+ RpRs— <—) Y35 + RE =Y
ot 2 2
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1 a? h
3/;),1 = Y51 t+ (QGQ + 5) Y5 + REngM + RE§y27

Yyo = Y33 + Us2

hA
Yss = Ys3 — Ri (7) ysa + (@ + n)ys
Ysa = Y54 + Uss

h
Y5 = Ys5 + 02934 - RE§?J32

a? a’> (1T A\
y},(s = Y37 — (CL4 + g) Yo + REng (—) Ya1

2
a? h\ a? a? [1F )\
Yy, = RpR—yao + a’yss — Ri <—> Ysg — <a4 + T) ys + RpRs— <—) ya3 + Rp Ry
v 2 y gl 2
\ a2 L @
Ysg = Y39 + RER—yan — (& + T) Ya
v Y
a® a’> [1F )\ h
Yso = RER—yso — RpRs— | —— | yas + (G2 +1)yss — Re=yse
Y Y 2 2
2
4 Q 1FA
= C) ys — RpR, [ —-2
(o (5,
hA
Yio = Y16 — RE (7> yn + RepRy,
Yu = Yar + Ya3 + Yao
\ 1F A
Yo = Yag + Yaa + (a® +n)yn — ReR, (T) Y2
9213 = Ya9 + Yaqa + a2y41 — RpRy,
\ hA h 1T\
Yis = Ys0 + 0’Yaz — Rig <7> yas + (0 +1)yas — ReRys + RE§y4o — RpR; (T) Y3
h 1FA
Ve = ys1 + Rpoyn — ReRy | —-2
Ygs = Y51 + E2y41 E ( 3\ )y4
h\ 1 a?
Yis = Ys6 — RE (7) Yo7 + (2@2 + §> yao + RpRys + (a4 + g) Y10
a’> ([1F )\
— RpRs— <—) Ys2
v 2

Yar = Ys7 + Yag + yag + | 2a +§ ya + | a +§ Y11
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1 == a?
Yis = Yss + Yso + (a2 +n)yar + (2@2 + 5) Ya2 — RpRs ( ) Ye + ( + 3) Y12

2\

1F A\

+ RpRs— (i) Ys4
o 2

1 a? a?
Yo = Yso + Yso + a*yar + (2@2 + 5) Yaz + RERTy52 — RpRys + (a4 + ?) Y13

2

2 1FA h I1FA
+(G4+%) 914+RERS;V( :2F >Z/55—RERyg+RE2?/46 REpR; <—:F )?/7

1 a® hA
Yso = Yeo + (2612 + 5) Yaa + RER y53 + a’yas — Rpg ( ) ys1 + (a® +1)ya

2
1 a® a® h 1F A
oy =ye1 + (20 + = | yus + ReR—yss + | a* + — | y15 + Re~vyar — RpRs | ——— ) ys
Y Y Y 2 2\

Yso = Ys2 + Yss — ReRyn

hA 1F )\
Yss = Vo3 — Ri (7) Ysa + (a® +0)ys2 — ReRy1s — ReR, ( ;F)\ ) Y10

1F A
Ysy = Yoa + Yss — ReRs (T) Y11

2\

a? hA 1= A
Yse = (@4 + g) Y20 — Rp ( 5 ) ys7 — RpRs— ( :2F ) Yoo + RpRyss

h 1F A
s = ves + @ + ReRyss — Reoyse — Rk, (_) »

v 4 a?
Ysr = Yso +UYss + | @ +§ Y21

FA a? LF A
Yss = Yoo + (a® + n)ys7 — ReRs ( N ) Y16 + ((14 + g) Yoo + RpRs— 5 (T o

2 2
a a
Ysg = Yeo + a2y57 + RERTyGQ — RpRy1s + (a4 + ?) Yo3

a? hA 9 4 a?
yGO_RER7y63+ay58_RE D3 Ye1 + (a® +n)yso + | @ +§ Y24

1F )\ h 1= )
+ RERS ~ -t Vs — RERy19 + Rp—yse — RpRs -2 Y17
s\ 2 2 o

2

a a® h 1 1FA A
3/251 = RpR—yes + at + — Y25 + Rp=ys7 — RpR; Y18
8l v 2 2N

Yso = Yoo + Yos — R Ry

h\ 1F )\
Yss = Ye1 — R ( 5 ) Yos + (a® +1)ye2 — Rp Ry — RpR, ( ;; ) Y20
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1F A
Ysa = Yos + Yos — ReRs (7) Y21

h 1F A
Yos = Yoo + a°Yos + R Ryas — Rp5Ye2 — Rplis (T) Y23
\ 4 a’ 2 1
e =—(a —|—§ ys2 + | 2a —i—% Ye2 + Yo — ReRy2r

a? 1 hA
Yor = — (a4 + T) Y3z + <2a2 + 5) Yes — Rp (7) Yes + (a” +1)Yss

Y
a’> [1F ) 1F A
— RpRs— i Y70 — RERYyss — ReR | —+ | Y26
o 2 2\
a? 1 1F A
yég = - (a4 + T) Y3a + <2a2 + 7) Yea + Ysg — REp R (—) Yo7
gl gl 22

a? 1 a?
Yso = — (a4 + ?) Y35 + <2a2 + 5) Ye5 + RERg?J?o + a*yes + ReRys

h 1F A
— Rp—-yss — RpR; <7) Y29

1F A
Yro = ReRyss — ReR,; (T) Y32



